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Quantum algorithms have been developed for efficiently solving linear algebra tasks. However, they gen-
erally require deep circuits and hence universal fault-tolerant quantum computers. In this work, we pro-
pose variational algorithms for linear algebra tasks that are compatible with noisy intermediate-scale
quantum devices. We show that the solutions of linear systems of equations and matrix–vector multipli-
cations can be translated as the ground states of the constructed Hamiltonians. Based on the variational
quantum algorithms, we introduce Hamiltonian morphing together with an adaptive ansätz for effi-
ciently finding the ground state, and show the solution verification. Our algorithms are especially suitable
for linear algebra problems with sparse matrices, and have wide applications in machine learning and
optimisation problems. The algorithm for matrix multiplications can be also used for Hamiltonian simu-
lation and open system simulation. We evaluate the cost and effectiveness of our algorithm through
numerical simulations for solving linear systems of equations. We implement the algorithm on the
IBM quantum cloud device with a high solution fidelity of 99.95%.
� 2021 Science China Press. Published by Elsevier B.V. and Science China Press. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Quantum computing has wide applications in various linear
algebra tasks. A prominent example is the quantum algorithm for
solving linear systems of equations by Harrow, Hassidim, and
Lloyd (HHL) in Ref. [1]. Given an N by N sparse matrixM and a state
vector jv0i, the HHL quantum algorithm can prepare a state that is
proportional to jvM�1 i ¼ M�1jv0i, with a complexity polynomial in
log2N and condition number j, which is the ratio of the largest
eigenvalue to the smallest eigenvalue of a given matrix. As classical
algorithms generally have polynomial complexity in N, the HHL
algorithm suggests exponential speed-ups of quantum computers.
Recent developments of quantum algorithms for linear systems of
equations can be found in Refs. [2–8]. Another common linear alge-
bra task is matrix–vector multiplication by applying a sparse
matrix M to a vector jv0i as jvMi ¼ Mjv0i. The quantum algorithms
for linear equations can be similarly applied for matrix–vector
multiplications. Furthermore, they can be applied for quantum
optimisation and machine learning [9–11].

The conventional quantum algorithms generally require a long-
depth circuit for a fault tolerant quantum computer. This is chal-
lenging for current technology. Recently, there has been great
interest in quantum computing in the noisy intermediate-scale
quantum (NISQ) regime, for finding energy spectra of a many-
body Hamiltonian [12–25], simulating real and imaginary time
dynamics of many-body systems [26–30], applications with
machine learning [31–38], circuit learning [39–43], and others
[44,45]. These algorithms are generally hybrid in a sense that they
only solve the core problem with a shallow quantum circuit and
leave the higher level calculation to be performed with a classical
computer. Furthermore, even without error correction, noise in the
shallow circuit implementation can be suppressed via error mitiga-
tion [26,46–54], indicating the feasibility of quantum computing
with NISQ hardware.

In this work, we propose variational algorithms for linear alge-
bra problems, including linear systems of equations and matrix–
vector multiplications, implemented with NISQ hardware. The
main idea is to construct a many-body Hamiltonian so that its
ground state corresponds to the solution of the linear algebra prob-
lem. Then we apply the recently proposed variational methods,
such as variational quantum eigensolver (VQE) [12,55], imaginary
time evolution (ITE) [27,28] and adaptive variational methods
[56,57], to find the ground state and hence the solution. We also
introduce Hamiltonian morphing with an adaptive ansätz to
address the barren plateau problem [58]. Different from the con-
ventional scenario where the ground state energy is generally
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unknown, the ground state energy of the linear algebra Hamiltoni-
ans is designed to be zero in our algorithms, and this further
enables us to verify the correctness of the solution. Meanwhile,
we show that the variational matrix–vector multiplication algo-
rithm can be applied for Hamiltonian simulation as an alternative
to the one proposed by Li and Benjamin [26].

The soundness of our proposed algorithm is evaluated via
numerical simulations for solving linear systems of equations with
random matrices that have sizes up to 64�64. We discover a poly-
nomial scaling of the circuit depth and computation time with
increasing matrix size and condition number. Finally we present
an experiment implementing our algorithm on the IBM quantum
cloud device. Considering a 2-dimensional linear system, we show
a final state with 99.95% fidelity with respect to the target state.
This simple example is encouraging for the prospects of our algo-
rithm as an option for solving linear algebra problems when the
quantum devices with larger size and better statistics become
available.

2. Variational algorithms for linear algebra

We first introduce our variational algorithms for matrix–vector
multiplication. Given a sparse N by N matrix M and an initial state
vector jv0i, our task is to calculate the normalised state

jvMi ¼ Mjv0i
kMjv0ik ; ð1Þ

with kMjv0ik ¼ hv0jMyMjv0i and Mjv0i – 0. Here, we consider the
case that M can be a general (non–Hermitian) matrix. We find that
jvMi is the ground state of the Hamiltonian

HM ¼ I �Mjv0ihv0jMy

kMjv0ik2
; ð2Þ

with energy 0. Using universal quantum computers, one may apply
the conventional techniques [59,60], such as adiabatic state
preparation and phase estimation to find the ground state of HM .
With NISQ devices, we can instead consider the variational method
with a parameterised state. The main idea is to first consider a

state or ansätz, j/ð~hÞi ¼ Uð~hÞj0i, with Uð~hÞ ¼ ULðhLÞ . . .U2ðh2Þ
U1ðh1Þ;~h ¼ ðh1; h2; . . . ; hLÞ. Suppose the ground state of HM can be
represented by the ansätz with certain parameters, the ground state
finding problem is then converted to the minimisation problem,

~hmin ¼ argmin
~h

h/ð~hÞjHMj/ð~hÞi; ð3Þ

with the solution given by jvMi ¼ j/ð~hminÞi. We show how to mea-

sure the expectation value h/ð~hÞjHMj/ð~hÞi in the next section and
note that the solution given by the variational algorithms satisfies
h/ðhÞjHMj/ðhÞi P 0 (See the Supplementary materials I). The min-
imisation can be accomplished with various methods, such as gra-
dient based classical optimisation VQE [12], global search
algorithms [23], adaptive variational algorithms [56,57], ITE
[27,28], etc. In the main text, we focus on the VQE methods and
leave the discussion of other methods in the Supplementary mate-
rials II. With VQE via gradient descent [12], we start with a guess of

the solution,~h0 and update the parameters along the negative gra-

dient of the energy EMð~hÞ ¼ h/ð~hÞjHMj/ð~hÞi,
~hiþ1 ¼~hi � arEMð~hiÞ; 8i ¼ 0;1; . . . ; T ð4Þ
where a is the time step, and T is the total number of steps. We

show how to measure the gradient rEMð~hiÞ in the next section.
Next, we consider the problem of solving linear equations.

Given a sparse N by N matrix M and an initial state vector jv0i,
we want to calculate
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jvM�1 i ¼ M�1jv0i
kM�1jv0ik

; ð5Þ

where the state is normalised by

kM�1jv0ik ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hv0jðM�1ÞyM�1jv0i

q
;M�1jv0i – 0. When the matrix M

is not Hermitian, it can always be converted into an equivalent
problem with a Hermitian matrix by adding one ancillary qubit
[1]. We therefore focus on the case where M is Hermitian and
invertible. The solution jvM�1 i is the ground state of the Hamiltonian

HM�1 ¼ MyðI � jv0ihv0jÞM; ð6Þ
with energy 0 (See the Supplementary materials I). Again, one can
apply adiabatic algorithms to find the ground state with a universal
quantum computer [8]. Here, we focus on the variational algorithm
and consider the following optimisation problem

~hmin ¼ argmin
~h

h/ð~hÞjHM�1 j/ð~hÞi; ð7Þ

with jvM�1 i ¼ j/ð~hminÞi. With VQE, we start with a guess ~h0 and
update the parameters by

~hiþ1 ¼~hi � arEM�1 ð~hiÞ; 8i ¼ 0;1; . . . ; T ð8Þ

with energy EM�1 ð~hÞ ¼ h/ð~hÞjHM�1 j/ð~hÞi, time step a, and total num-
ber of steps T.

As the energy EM or EM�1 monotonically decreases with suffi-
ciently small a, the solution via VQE always at least corresponds
to a local minimum. Starting from several random initial positions,
one may find the true solution, i.e., the global minimum, whereas
there is no guarantee that the true minimum can be reached, espe-
cially with a short circuit ansätz. In conventional VQE, it is gener-
ally hard to verify whether the true ground state is achieved, owing
to unknown ground state or ground state energy. While for the
tasks considered in this work, we can verify the correctness of
the final state found, as discussed in the Section 4.

3. Implementation with quantum circuits

In this section, we discuss the implementation of our algo-
rithms with quantum circuits. To realise the VQE optimisation,
we need to obtain rEM�1 or rEM , which can be estimated either
with the finite difference formulae or quantum gradient finding
methods recently considered in Refs. [26,61,62]. Here, we only
focus on rEM in the main text and leave the discussion on the
implementation of rEM�1 in the Supplementary materials IV.

With the finite difference formulae, each component @EM=@hi of

the gradient rEM ¼ ð@EM=@hiÞ around ~h can be calculated as

@EM

@hi
� EMð~hþ dhiÞ � EMð~h� dhiÞ

2dhi
; ð9Þ

with dhi � 1. Note that EMð~hÞ ¼ 1� jh/ð~hÞjMjv0ij2 with an arbitrary

angle~h (Here we take normalised Mjv0i such as kMjv0ik ¼ 1). Sup-
poseM can be decomposed asM ¼Pjkjrj with unitary operators ri,

we can then obtain EMð~hÞ as
EMð~hÞ ¼ 1� j

X
i

kih/ð~hÞjrijv0ij2: ð10Þ

For each term, we denote h/ð~hÞjrijv0i ¼ h0jUj0iwith U ¼ Uð~hÞyriUv0

and jv0i ¼ Uv0 j0i. The real and imaginary part of h0jUj0i can be
evaluated with the Hadamard test or swap test quantum circuits.
An alternative method is to construct a linear combination of oper-
ators to represent Mjv0ihv0jMy and then we can obtain EM by mea-

suring the corresponding operators [42]. We can evaluate EM�1 ð~hÞ in
a similar way.
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We next discuss the resource estimation for measuring general
matrices. Suppose M consists of a polynomial number (with
respect to the number of qubits) of tensor products of local opera-
tors rj, we can then measure each term and efficiently calculate

EMð~hÞ. Meanwhile, even if M ¼Pjkjrj has exponential number of
terms with respect to the number of qubits, the algorithm is still
efficient if we can efficiently sample the probability distribution
jkij=

P
ijkij with a polynomial dependence of

P
ijkij on the number

of qubits. This includes cases where the coefficients have analytical
expressions, which enables efficient sampling, or the matrix is an
oracle-based sparse matrix. We note that the sample complexity
is related to C ¼Pjjkjj. According to Hoeffding’s inequality, we

need Oðlogðd�1ÞC2=e2Þ samples to measure h/jMjwi to an accuracy
e 2 ð0;1Þwith failure probability d. Specifically, C increases polyno-
mially with respect to the system size, when M is a sparse matrix
with only a polynomial number of non-zeros terms of the matrix
elements fðxðiÞ; yðiÞ;MxðiÞ ;yðiÞ Þgwhere the ðiÞ represents the index of
non-zero terms and MxðiÞ ;yðiÞ represents the matrix element at

ðxðiÞ; yðiÞÞ. SupposeM is an N � N matrix with n ¼ dlog2Ne and a bin-
ary representation of xðiÞ and yðiÞ. We can represent M as
M ¼PðiÞMxðiÞ ;yðiÞ jxðiÞihyðiÞj, which can be expanded as a linear combi-
nation of unitary operators. Therefore we can use the quantum cir-

cuits in the Supplementary materials to calculate EMð~hÞ. We can
also measure the matrices by sampling according to
qðiÞ ¼ MxðiÞ ;yðiÞ=

P
ðiÞMxðiÞ ;yðiÞ , which leads to a polynomial resource

cost C ¼Pjjkjj ¼
P

ðiÞMxðiÞ ;yðiÞ for measurements. The cost is small
when our assumption holds. We refer to the Supplementary mate-
rials III for more details.

With the quantum gradient finding method, we first express the
gradient as

@EM

@hi
¼ �2R

@h/ð~hÞj
@hi

Mjv0ihv0jMyj/ð~hÞi
 !

: ð11Þ

The term hv0jMyj/ð~hÞi can be efficiently measured with the afore-

mentioned method. To measure @h/ð~hÞj
@hi

Mjv0i, we have to first decom-

pose the derivative of the state as

@j/ð~hÞi
@hi

¼
X
s

f si j/s
i ð~hÞi: ð12Þ

Here j/s
i ð~hÞi ¼ ULðhLÞ . . .rs

i UiðhiÞ . . .U2ðh2ÞU1ðh1Þj0i, as the derivative
of the unitary is decomposed as @UiðhiÞ=@hi ¼

P
sf

s
irs

i UiðhiÞwith ten-
sor products of local operators rs

i and coefficients f si . Then we have
@h/ð~hÞj
@hi

Mjv0i ¼
P

sf
s�
i h/s

i ð~hÞjMjv0i where each term can be efficiently

measured with a quantum circuit. We refer to the Supplementary
materials IV for the implementation of rEM�1 .

4. Solution verification

After finding the solution, it is also practically important to ver-
ify whether it is the correct one. This is in general impossible for
conventional VQE as neither the ground state nor the ground state
energy is known. However, we can verify the solution of the linear
algebra problems as the exact solution should always have zero
energy. We first consider the matrix–vector multiplication prob-

lem. With a solution j/ð~hminÞi, we can estimate jh/ð~hminÞjvMij2 via

jh/ð~hminÞjvMij2 ¼ 1� EMð~hminÞ: ð13Þ

Therefore, we can also have the fidelity of j/ð~hminÞi to the exact

solution jvi from the energy EMð~hminÞ and the solution can be veri-

fied as correct whenever jh/ð~hminÞjvij2 is close to 1.
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For the linear equation, the fidelity jh/ð~hminÞjvM�1 ij2 cannot be

determined as jh/ð~hminÞjM�1jv0ij2 or hv0jðM�1ÞyM�1jv0i cannot be
measured directly. Nevertheless, we show that the fidelity is lower
bounded by

jh/ð~hminÞjvM�1 ij2 P 1� j2EM�1 ð~hminÞ; ð14Þ
with respect to the condition number j and the energy of the
Hamiltonian. A similar argument was firstly proposed in Ref. [63].

The quantum state /ð~hminÞ is close to the true solution when the
energy is close to 0, which provides a criteria for the solution veri-
fication. We refer to the Supplementary materials I for details. An
alternative method to verify the solution is by checking whether

jv0i / Mj/ð~hminÞi is satisfied. We can measure jhv0jMj/ð~hminÞij2=
h/ð~hminÞjMyMj/ð~hminÞi and the solution is verified as correct when
the value is close to 1. This can be an alternative cost function for
VQE.

5. Optimisation via Hamiltonian morphing

The VQE method tries to find the global minimum of a large
multi-parameter space. For each trial, one starts from a randomly
initialised parameter set and obtains a local minimum after several
optimisation steps. One can then verify whether the solution is cor-
rect by measuring the energy and restart from another random
parameter set until the energy is close to 0. This may need to be
repeated many times until a satisfactory solution can be found.
There are several potential issues that can affect the practical per-
formance. First, as the parameter space is large, it may require a
large number of repetitions starting from different initial random
parameters. This is a common issue in optimisation and machine
learning, where a combination of different algorithms may help
to speed up the search time. A more serious problem is that the
gradient may vanish for randomly initialised parameters in some
random quantum circuits of large systems [58]. In quantum com-
putational chemistry, physically motivated ansätz and a good
guess of initial parameters are considered to avoid vanishing gradi-
ent, see Refs. [64,65] for recent reviews. However, this is not
straightforward for the linear algebra tasks.

Here we propose a Hamiltonian morphing optimisation method
to avoid these problems. Similar methods have been introduced in
Refs. [66,67] for variational quantum simulation. The morphing
method is an analog to adiabatic state preparation, where one
slowly varies the Hamiltonian from Hi to Hf , as to gradually evolve
the corresponding ground state from jwii to jwf i. For our morphing
method, we consider the linear equation problem as an example
and it works similarly for the matrix–vector multiplication prob-
lem. Denote a time-dependent Hamiltonian HM�1 ðtÞ ¼
MðtÞyðI � jv0ihv0jÞMðtÞ with MðtÞ satisfying Mðt ¼ 0Þ ¼ I and
Mðt ¼ TÞ ¼ M respectively. Our algorithm starts from the ground
state jv0i of HM�1 ð0Þ and reaches the ground state of the target
Hamiltonian HM�1 ðTÞ as follows. Consider discretised time step dt
and MðtÞ ¼ ð1� t=TÞI þ t=T �M.

1. At the n ¼ 0 step with time t ¼ 0, we denote the parameters

that represent jv0i as ~hð0Þ, i.e., jv0i ¼ j/ð~hð0ÞÞi.
2. At the nth 2 ½1; T=dtÞ step, we use parameters~hððn� 1ÞdtÞ found

in the last step for HM�1 ððn� 1ÞdtÞ as the initial position to find

parameters ~hðndtÞ that correspond to the ground state of
HM�1 ðndtÞ.

For any positive matrix M, when we use a sufficiently small dt
and a powerful enough ansätz, our method is guaranteed to find
the exact solution according to the adiabatic theorem [68] and it
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has exponentially speed-up over classical ones [1]. For a generalM,
one can introduce an extra qubit so that the energy gap HM�1 ðtÞ is
non-vanishing. We refer to Ref. [8] for details. In practice, the ini-
tially specified ansätz may not be powerful enough to represent
the states at all time t. Fortunately, when the ansätz is insufficient
at any time t, one could detect its effectiveness by measuring the
energy. Then one can either simply choose a more powerful ansätz
or adaptively vary the ansätz by changing its structure and adding
more gates [41].
6. Numerical simulation

We numerically test the variational algorithm for solving linear
systems of equations. The simulation is based on the Quantum
Exact Simulation Toolkit (QuEST) package [69], which is a high per-
formance classical simulator of general quantum circuits. In our
simulation, we consider 2n by 2n positive complex Hermitian
matrices M with n qubits. Note that even though the matrix size
is assumed to be an exponential of 2, an m by m matrix with
2n�1 < m � 2n can be also handled with an n-qubit circuit. As this
work aims to verify the functioning of the algorithm, we consider
a general linear algebra task where the matrix is randomly gener-
ated with a given condition number j and the input state is also
randomly generated. Here, we use no prior information of the
matrix, and thus we consider the ansätz as shown in Fig. 1, where
each green blocks Vi has a fixed structure. We also vary the number
of blocks, called the circuit depth m, to endow the ansätz with dif-
ferent powers.

We also implement the optimisation based on Hamiltonian
morphing with an adaptive ansätz. We divide the total time T into
10 intervals with an equal duration, where T ranges from 20 to 100
depending on the matrix size. At t ¼ 0, we set HM�1 ¼ I � jv0ihv0j
with the ground state being the input state jv0i and start with all
Fig. 1. (Color online) The circuit ansätz. In total, n qubits are required to solve a
problem with a 2n � 2n matrix. Here, Ry and Rz represent single qubit rotations
around the Y and Z axes, respectively. The rotation angle (parameter) for each
single-qubit gate is initialised from a small random value, which is updated in each
of the variational cycles. At the beginning two single-qubit gates are applied to each
of the data qubit, followed by sets of CNOT gates, as depicted by the green block V.
Within each set, a CNOT gate is followed by two single-qubit gates. The number of
sets represents the depth of the circuit, which is gradually increased until the
desired target state is found. In the end, a set of CNOT gates is applied in reverse
order as in V. The aim of this set is to ensure that the eigenstate can be found at
t ¼ 0 when the Hamiltonian morphing technique is applied.
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single-qubit gates parameterised with a small random rotation
angle. In the ith variational cycle, the gradient descent method is
used to search for the ground state energy of a time-dependent
Hamiltonian HM�1 ðtÞ ¼ MðtÞðI � jv0ihv0jÞMðtÞ with
MðtÞ ¼ ð1� i=10ÞI þ i=10 �M, and a step size dt ¼ 0:1. We choose
initial parameters to be the ones obtained from the previous cycle.
A small circuit depth m is tried at the beginning and is increased
gradually until the fidelity of the qubit state to the target state is
higher than 99%, which is regarded as a success.

We study the complexity of our algorithm with respect to the
matrix size and the condition number of the matrix. In matrix
inversion problems, the condition number is an important measure
that quantifies the sensibility of the solution to perturbations of
the input data. The solution is less stable with a larger condition
number. In this experiment, we define success when the fidelity
of the final state is over 99%. From Eq. (14), we need to achieve a
small energy EM�1 to guarantee a high state fidelity for a large con-

dition number j. We first fix the matrix size to be 26 � 26 with 6
qubits and consider random matrices with different condition
numbers. For different condition numbers from 10 to 100, we test
our algorithm with different circuit depth. For each case, we run
4940 random trials to calculate the averaged success probability
with results shown in Fig. 2. Not surprisingly, we found that a lar-
ger circuit depth ansätz generally leads to a higher success proba-
bility. We also obtain the minimum depth required to guarantee
the success of finding jvM�1 i, shown in the figure inset. We find that
the minimal depth varies linearly with the condition number in the
experiments. In practice, we can design the circuit ansätz to
increase the representation capability.

Next, we vary the size 2n � 2n of the matrix M, by changing the
number of data qubits n in the circuit ansätz. For an n-qubit sys-
tem, the condition number is adopted as j ¼ 10n. As shown in
Fig. 3, the circuit depth leading to a non-zero success probability
also increases with respect to the number of qubits. The inserted
plot shows the minimum circuit depth for achieving a 100% suc-
cess probability. Overall, we find a super-linear increase of the cir-
cuit depth with respect to the number of qubits. Applied with the
minimum circuit depth for 100% success probability, we now plot
Fig. 2. (Color online) The probability to find the target state with increasing
condition number and circuit depths. This experiment is based on a 6-qubit circuit,
thus the matrix size is fixed to be 64 � 64. For a given condition number, the
success (having a solution with a fidelity higher than 99%) probability is shown for
the circuit with increasing depths, until it reaches 100% (i.e., all the 4940 runs). The
minimum depth required to find the target state with 100% success probability is
plotted in the inserted graph.



Fig. 3. (Color online) The probability to find the target state with an increasing
number of qubits and circuit depths. For a n-qubit system, the condition number is
j ¼ 10n, and the circuit depth is increased gradually until the probability reaches 1.
The inserted graph shows the minimum depth found in the simulation when the
target state is found with 100% probability.
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the computation time to find the solution in Fig. 4. The log–log
scale data points show a roughly linear relation, which is fitted
as the yellow dashed curve with the relation y ¼ 0:0024x3:1, where
y is the computation time, and x is the matrix size. This is not sur-
prising as we consider random matrices with random input states.
Even though we consider fixed condition numbers, it only determi-
nes properties of eigenvalues of the matrix. For any matrix M, all
other matrices UMUy with unitary U have the same eigenvalues
and hence the same condition number. As the unitary U is an arbi-
trary unitary, it can lead to a general solution state, which may not
be able to be prepared with shallow circuits. This explains the
super-linear dependence of the circuit depth with respect to the
number of qubits.
Fig. 4. (Color online) Time consumed to find the solution with increasing matrix
size. For a matrix with size 2n � 2n , the condition number is j ¼ 10n. For a given
matrix size, the circuit depth applied is such that the solution is found with 100%
probability (i.e., shown in the inserted graph in Fig. 3). The blue dots show the
computation time to find the target state. A linear fitted curve (dashed yellow) is
also plotted for reference.
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In a more practical scenario, we can assume that we have a
sparse decomposition of the matrix or sparse matrices as in Ref.
[1], and the input state is simple to prepare or it is obtained from
a previous calculation. Meanwhile, a better ansätz whose design
is informed by the matrix can be designed. For example, we can
try different ansätze, such as the Hamiltonian ansätz, defined
based on the Pauli decomposition of the matrix. We also note that
the chosen ansätz is not optimal for the problem, and a much more
compact one can be obtained from circuit compiling [41] as shown
in the Supplementary materials V. As our algorithm has the capa-
bility of verifying the solution, it also enables us to dynamically
varying the ansätz until the solution is found. In our simulation,
we dynamically increase the circuit depth and we expect more
profound circuit morphing techniques could be designed and
exploited. As this work only aims to verify the basic function and
effectiveness of the algorithm for general linear algebra tasks, we
leave the simulation of the restricted and practical cases to a future
work.
7. Implementation on the IBM quantum machine

We implement our variational algorithm using the IBM quan-
tum cloud device. The processor employed to conduct the experi-
ment is ‘‘ibmq-ourense”, which has five qubits with T2 time
ranging from 20 to 100 ls, single-qubit gate error
3:5ð	0:5Þ � 10�4, CNOT gate error 8:2� 10�3 and read-out error
2:2� 10�2. The circuit is implemented through Qiskit [70], a
python-based software development kit for working with Open-
QASM and the IBM Q processors. We consider a simple example
of solving linear equations with the variational algorithm. The

matrix considered is M ¼ 1:5 �0:5
0:5 1:5

� �
¼ 1:5I � 0:5iY , the initial

state is jv0i ¼ j0i and we aim to find jvM�1 i ¼ M�1jv0i. The trial
state vm can be prepared with a single-qubit rotation applied on
a data qubit. Starting from a small number around zero (0.08 as
the case we present here), the rotation angle is updated through
hiþ1 ¼ hi �rEM�1 ðhiÞ, where the circuits used to determine rEM�1

can be found in the Supplementary materials IV. To keep track of
the energy change, the energy in each step is obtained directly
by measuring hvmðhiÞjEM�1 jvmðhiÞi (method shown in the Supple-
mentary materials VI). The expectation value of each observable
is the aggregated result of 8192 runs (the maximum number
allowed).

The experimental result is shown in Fig. 5. Firstly we plot the
exact energy evolution as a reference. In the upper panel, as the
red dashed curve indicates, the energy decays and gradually
approaches 0. The purple data points, which align well with the
exact evolution, represent the result simulated in Qiskit with per-
fect circuits each evaluated 200 k times. The experimentally mea-
sured energy change is plotted as the green curve. We see a fast
decay followed with fluctuations between 0.05 and 0.1. The devia-
tion mostly results from noise within the circuit, especially the
notable readout error. However, if we calculate the energy directly
using the rotation angle discovered in the same experiment, as
depicted by the blue data points, the energy change nearly fits
the exact evolution. As a comparison, we also apply the same set
of experimentally obtained rotation angles to prepare the state

jvmi and plot the fidelity (jhvmjvM�1 ij2) change, as shown by the
grey data points in Fig. 5b. We see they nearly overlap with the
orange curve and lead to a very high fidelity of 99.95%. The result
suggests that our algorithm works with a small noisy device, and it
can be foreseen that solving linear systems with higher dimensions
can be achievable with quantum devices with higher gate and
measurement fidelities.



(a)

(b)

Fig. 5. (Color online) Energy (a) and state fidelity (b) change with increasing steps.
In the upper panel, the green curve shows the measured energy from the IBM
quantum processor, while if we put the rotation angle found in each step into a
perfect circuit to prepare the trial state, the energy change is depicted by the blue
data points. The purple curve refers to the simulation result with perfect circuit
implemented in Qiskit. For comparison, the exact energy evolution is plotted as the
red dashed curve. In the lower panel, the fidelity of the trial state prepared with the
rotation angle discovered (the same set of parameters used to plot the blue curve in
the upper panel) is shown as the grey curve. The exact evolution is also shown as a
reference.
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8. Applications

In this section, we discuss applications of our algorithm, includ-
ing Hamiltonian simulation and open systems simulation.

We first show the application for variational Hamiltonian sim-
ulation. Starting from jw0i, the Hamiltonian simulation task is to
prepare the state jwti ¼ e�iHt jw0i at time t with sparse Hamiltonian
H. For instance, when the Hamiltonian can be decomposed as a lin-
ear sum of polynomial terms H ¼Pjkjrj, we can make use of the
Trotterization method to have
jwti ¼
Y
i

e�ikjrj t=K

 !K

jw0i þ Oðt2=KÞ; ð15Þ
with K Trotter steps. As the circuit depth increases with the evolu-
tion time, the circuit depth can be large for long evolution time. The
variational quantum algorithm for simulating real-time dynamics
with a constant circuit depth has been proposed by Li and Benjamin
[26]. Here, we present an alternative algorithm based on matrix–
vector that can be more robust to the one in Ref. [26]. The key idea
of Ref. [26] is to prepare the state at any time t via a parameterised

state j/ð~hðtÞÞi with parameters ~h ¼ ðh1; h2; . . . ; hLÞ, and update the

parameters from ~hðtÞ to ~hðt þ dtÞ that effectively realise

e�iHdtj/ð~hðtÞÞi via a deterministic process ~hðt þ dtÞ ¼~hðtÞ þ _~hðtÞdt
with _~hðtÞ ¼ A�1C, where Ai;jðtÞ ¼ �Im @h/ð~hÞj

@hi

@j/ð~hÞi
@hj

� �
and
2186
CiðtÞ ¼ Re @h/ð~hÞj
@hi

Hj/ð~hÞi
� �

. Each term of A and C can be measured

via a quantum circuit.

Instead of deterministically obtaining~hðt þ dtÞ via _~hðtÞ, we make
use of the algorithm introduced in this paper. That is, to realise

e�iHdt j/ðh
!
ðtÞÞi, we can consider M ¼ e�iHdt � 1� iHdt and update

the parameters as j/ð~hðt þ dtÞÞi ¼ Mj/ð~hðtÞÞi. Therefore, for each
time step, we can update the parameters according to the
matrix–vector algorithm. We can verify the solution as discussed
in the Section 4. We note that the number of measurements at each
time is reduced from OðL2Þ to OðLÞ. This can be similarly applied for
the imaginary time evolution which aims to realise
jwsi ¼ e�Hdsjw0i. The matrix vector multiplication algorithm could
be leveraged for these dynamics simulation tasks, which are in
general challenging for classical computers to simulate real and
imaginary time evolution.

Our algorithms is efficiently applicable to problems when the
initial state vector v0 is a complicated many-qubit state. In this
case, we can even consider a simple sparse matrix M, such as a sin-
gle Pauli matrix. While such a simple M and complicated v0 might
not be a common classical linear algebra task, it could appear in
certain quantum computing subroutines. For example, to simulate
open quantum system evolution using variational algorithms, we
need to apply some jump operators on the quantum state [28].
More specifically, considering Lindblad master equation
dtq ¼ �i½H;q
 þLq, it can be equivalently described by the
stochastic Schrödinger equation, which averages trajectories of
pure state evolution under continuous measurements. The whole
process consists of two parts: the continuous generalised time evo-
lution and the quantum jump process. The simulation of the quan-
tum jump process requires the matrix–vector multiplication,
which in general could be hard for classical simulation. Our algo-
rithms can be leveraged to simulate this process. We refer to the
Supplementary materials for more details.

While in this work, we focus on the two problems of matrix–
vector multiplication and matrix inversion, other popular linear
algebra problems, like singular value decomposition, could also
be solved by the variational algorithm with a proper cost function,
as demonstrated by some recent works [71,72].

9. Discussion and conclusion

In this work we present variational algorithms for solving linear
algebra problems including linear system of equations and matrix–
vector multiplications with NISQ devices. We design an effective
Hamiltonian with the ground state as the solution of the target
problem, and solve it with the recently-proposed variational algo-
rithms. As the ground state has zero energy, it also enables us to
verify the solution and adjust the ansätz dynamically until the
desired accuracy is achieved. We also introduce the Hamiltonian
morphing technique to avoid local minima and to accelerate the
search progress, and numerically verify our algorithm for solving
the linear systems of equations. Owing to computation limitations,
we consider randomly chosen matrices with a small range of
matrix size. Within this range and with the non-optimal ansätz,
the result suggests that the circuit depth based on our algorithm
scales linearly with the condition number and super-linearly with
the number of qubits. The numerical simulations verify the basic
function of the algorithm for matrix inversion tasks with general
matrices and input states. We note that it can be challenging for
solving linear systems of equations in general, and it is an interest-
ing direction to discuss the potential speed-up for the restricted
and practical tasks. A proof-of-principle experiment conducted
on the IBM quantum cloud device is presented. In the presence
of significant noise including very appreciable readout error, the
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optimised parameter corresponds to a state with 99.95% fidelity,
which further verifies our algorithms are compatible with NISQ
hardware. We expect further improvements of the performance
of the algorithm for sparse matrices together with more compact
and sophisticated ansätze. We also expect that our results may
shed light on quantum machine learning and quantum optimisa-
tions in the NISQ era.

Note added Other related works have appeared around the same
time since our paper was posted on arxiv [63,73,74]. These works
discussed variational quantum algorithms for solving linear sys-
tems of equations, and our results can be compared.
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