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Abstract
This paper considers some different measures for how additively structured a convex
set can be. Themain result gives a construction of a convex set A containing�(|A|3/2)
three-term arithmetic progressions.

1 Introduction

A convex set is a finite set A ⊂ R such that, if the elements are ordered A = {a1 <

· · · < an}, the consecutive differences

di = ai+1 − ai for 1 ≤ i ≤ n − 1

form a strictly increasing sequence. This is equivalent to the statement that A =
{ f (x) : 1 ≤ x ≤ n} for a strictly convex and increasing function f : R → R. In a
similar spirit to the sum-product problem, one expects that a strictly convex function
disturbs (or even destroys) the additive structure of a set or, to put this another way,
that a convex set cannot be additively structured.
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This vague principle can be quantified in various ways. It was conjectured by Erdős
and Hegyvári1 that the bound2

|A + A| � |A|2−o(1)

holds for any convex set A, with a similar conjecture for the difference set A − A.
This problem remains open, with the current best-known bounds

|A + A| � |A|30/19−o(1), |A − A| � |A|6681/4175−o(1)

due to Rudnev and Stevens [12] and Bloom [2] respectively. Note that the latter bound
gives a small improvement on the previous record with exponent 8/5 − o(1), due to
Schoen and Shkredov [15].

Another useful way to measure of the additive structure of a set is the additive
energy, defined by

E(A) := |{(a, b, c, d) ∈ A4 : a + b = c + d}|.

Since a convex set should be additively unstructured, one expects E(A) to be small
for any convex A. The trivial solutions a + b = a + b already give E(A) ≥ |A|2, and
the example of the first n squares shows that the energy can be slightly larger than
quadratic by a logarithmic factor. The best-known bound

E(A) � |A| 12350 +o(1) (1)

is due to Bloom [2], slightly improving an earlier bound of Shkredov [16]. There are
no known constructions of large convex sets A such that E(A) ≥ |A|2+c for a strictly
positive c. With this in mind, the following rather strong conjecture is not entirely
implausible, although we do approach it with some suspicion.

Conjecture 1 If A ⊂ R is convex then

E(A) ≤ |A|2+o(1) .

One can also consider solutions to other additive equations, and a close relative
of the energy E(A) is the quantity T3(A), which counts the number of three-term
arithmetic progressions inside A. That is, define

T3(A) := |{(a, b, c) ∈ A3 : 2a = b + c}|.

Trivially we have
|A| ≤ T3(A) ≤ |A|2 .

1 This conjecture has often been credited to Erdős, although the first written record of it (at least for |A−A|)
that we know of is in a paper of Hegyvári [6].
2 Here and throughout this paper, the notation X � Y , Y � X , X = �(Y ), and Y = O(X) are all
equivalent and mean that X ≥ cY for some absolute constant c > 0. The notation X 	 Y (or equivalently
X = �(Y )) indicates that both X � Y and X � Y hold.
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The lower bound comes from considering the trivial arithmetic progressions whereby
a = b = c, while the upper bound follows from the observation that fixing a and b
determines c. Since very structured sets (for example, arithmetic progressions) have
T3(A) � |A|2, the count T3(A) can be viewed as an alternative measure of additive
structure. To this end, it is natural to ask how it behaves for convex sets. Of course,
one can take convex sets which do not contain any non-trivial three-term arithmetic
progressions (for example, A = {1, 2, 4, . . . , 2n}), and hence T3(A) = |A| is certainly
possible. The interesting question is how large T3(A) can possibly be. In this paper,
perhaps surprisingly considering the above heuristic that convex sets lack additive
structure, we construct a convex set containing many 3-term arithmetic progressions.

Theorem 2 There are arbitrarily large convex sets A ⊂ R which contain � |A|3/2
many non-trivial 3-term arithmetic progressions.

Moreover, our construction generalises to give convex sets which have relatively
many copies of various additive configurations, including longer progressions. See
Theorem 6 for a more general form of the statement. The construction appeals to an
idea from a paper of Ruzsa and Zhelezov [13] in which they proved the existence of
a set A with the property that A + A contains a large convex set (see also Bhowmick,
Lund, and Roche-Newton [1]).

For upper bounds, we observe that Conjecture 1 would imply a nearly matching
upper bound T3(A) � |A|3/2+o(1). Indeed, since E(A) = ∑

x rA+A(x)2, the Cauchy-
Schwarz inequality yields

T3(A) =
∑

a∈A

rA+A(2a) ≤ |A|1/2 E(A)1/2 ≤ |A|3/2+o(1) .

Toput this observation in its contrapositive form, any constructionwithT3(A) ≥ |A|3/2
would also give a construction refutingConjecture 1.As an unconditional upper bound,
we have the following result.

Theorem 3 If A ⊂ R is convex then

T3(A) � |A|5/3.

Theorem 3 is an immediate corollary of an upper bound for the number of represen-
tations of an element of A+A. Let rA+A(x) denote the number of such representations,
that is,

rA+A(x) = |{(a, b) ∈ A × A : a + b = x}|.
Schoen [14] proved that the bound rA+A(x) � |A|2/3 holds for any convex set A and
any x ∈ R. Theorem 3 follows since

T3(A) =
∑

a∈A

rA+A(2a).
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In this paper we give an alternative proof of Schoen’s upper bound, and also give a
construction of a convex set such that

rA+A(x) � |A|2/3,

thus showing that Schoen’s upper bound for additive representations is optimal.
We also consider the problem of finding a large Sidon set in a convex set. A set is

Sidon if the only solutions to the energy equation a + b = c + d are the trivial ones
with {a, b} = {c, d}. Another way to measure the additive structure of the set is to
determine the size of the largest Sidon set contained within it. Given an arbitrary finite
set A ⊂ R, let S(A) denote this quantity, that is,

S(A) = max{|B| : B is Sidon and B ⊂ A}.

It follows from a more general result of Komlós, Sulyok, and Szemerédi [8] that
S(A) � |A|1/2 for any finite A ⊂ R, and one can see that this is optimal by considering
the very additively structured set A = {1, . . . , n}. (There are several ways to construct
Sidon sets of size � n1/2 in {1, . . . , n}. The first such construction is due to Singer
[18].) Intuitively, we expect that less additively structured sets should always contain
larger Sidon sets.With this inmind,we consider the following problem; given a convex
set A ⊂ R, how small can S(A) be? The next two statements give some partial answers
to this question.

Theorem 4 If A ⊂ R is convex then

S(A) � |A| 12+ 1
75−o(1).

From the other side, we obtain the following result.

Theorem 5 There exist arbitrarily large convex sets A ⊂ R such that

S(A) � |A|3/4.

This question has a similar flavour to a Sidon set analogue of the sum-product
problem posed by Klurman and Pohoata [9]. They conjectured that any set A ⊂ R

must contain either a large additive Sidon set or a large multiplicative Sidon set (i.e.
a large set containing only trivial solutions to the equation ab = cd). The proof of
Theorem 5 is a fairly straightforward consequence of the result of Ruzsa and Zhelezov
[13], and uses similar ideas Roche-Newton and Warren [10] used to refute a strong
form of the Klurman-Pohoata Conjecture. We refer to Shkredov [17] for more details
on this Sidon sum-product problem.

We conclude the introduction by summarising what we know and believe about
various structures within convex sets.

• Three-term arithmetic progressions: We know that, if A is a convex set, then

|A| ≤ T3(A) � |A|5/3 .
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The existence of convex sets with T3(A) = |A| is trivial (for example, take powers
of 2). In this paper we construct a convex set A such that T (A) � |A|3/2 and we
believe that

T (A) � |A|3/2+o(1)

for all convex A.
• Sidon sets: We know that, if A is a convex set, then

|A| 12+c � S(A) ≤ |A|

for any constant 0 < c < 1/75. The existence of convex sets with S(A) = |A| is
trivial (for example, take any geometric progression). In this paper we construct
a convex set A such that S(A) � |A|3/4. We think that it could be possible to
improve this upper bound to S(A) � |A|2/3, although we were unable to make
this construction work (see the discussion after the proof of Theorem 5 for more
details). We believe that

S(A) � |A|2/3−o(1)

for all convex A.
• Longest progression: Let P(A) be the length of the longest arithmetic progression
in A. We know that, if A is a convex set, then

2 ≤ P(A) � |A|1/2 .

The existence of convex sets with P(A) = 2 is trivial (for example, take powers
of 2). In this paper we construct a convex set A such that P(A) � |A|1/2 (see
Theorem 6).

• Largest structured subset: Let Q(A) be the maximal size of B ⊆ A such that
|B + B| ≤ 100 |B| (of course there is nothing special about the constant 100
here). We know that, if A is a convex set, then

Q(A) � |A|2/3 .

Indeed, if B has such small doubling then the pigeonhole principle implies that
there is some x ∈ B + B such that rB+B(x) � |B|. However,

|B| � rB+B(x) ≤ rA+A(x) � |A|2/3,

where the last inequality uses the fact that A is convex and the aforementioned result
of Schoen. In this paper we construct a convex set A such that Q(A) � |A|1/2.
We do not know where the truth lies.
It may be true that Q(A) � |A|2/3 infinitely often. Indeed, as far as we know, it
is even possible that there exist arbitrarily large convex sets A which contain sets
B of size 	 |A|2/3 such that B = P1 + P2 for some arithmetic progressions P1
and P2 (whence |B + B| ≤ 4 |B|).
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In Section 2 we construct a convex set with many three-term arithmetic progres-
sions, proving Theorem 2. In Section 3 we give a new proof of Schoen’s upper bound
rA+A (establishing Theorem 3) and a construction showing it is best possible. In Sec-
tion 4 we explain the connection to a well-known construction of Jarník. Finally, in
Section 5 we discuss Sidon sets in convex sets, proving Theorems 4 and 5.

2 Constructing a Convex Set with Additive Structure

The main goal of this section is to prove Theorem 2, constructing large convex sets
which contain many three-term arithmetic progressions. We derive this from the fol-
lowing more general result.

Theorem 6 For any n,m ∈ Nwith n ≥ 8m2 there is a convex set A of size |A| = �(n)

which contains at least n
4m disjoint arithmetic progressions, each of length m.

Proof For m ≤ � < 2m let

f�(x) = ax2 + �(x + n),

where a = a(m, n) > 0 is some parameter to be chosen later (all that matters is that
it is strictly positive and sufficiently small depending only on n and m). Note that, for
each fixed �, f�(x) is a strictly convex function of x , and for each fixed x , f�(x) is a
linear function of �.

For each m ≤ � < 2m let 1 ≤ y� ≤ � be an integer such that

n + y� ≡ 1 (mod �),

so that there exists some integer x� ≥ 1 with

�x� = n + (� + 1)(y� − 1).

Note that

x� − y� = n + y� − 1

�
− 1,

and hence n

�
− 1 ≤ x� − y� <

n

�
.

Similarly, since x� − y�−1 = x� − y� + (y� − y�−1) and the yi are not too far apart,
we have n

�
− � < x� − y�−1 <

n

�
+ �.

We now let, again for m ≤ � < 2m,

B� = { f�(k) : y�−1 ≤ k ≤ x�}.
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Note that, for this range of �, we have

n

4m
≤ |B�| ≤ 2n

m
.

As the image of an interval of consecutive integers under a strictly convex function,
each B� is a convex set. Moreover, we claim that the B� are pairwise disjoint, and
furthermore that A = ∪m≤�<2mB� is also a convex set. Both of these facts follow
from verifying the inequalities, for all m ≤ � < 2m,

f�(x�) − f�(x� − 1) < f�+1(y�) − f�(x�) < f�+1(y� + 1) − f�+1(y�).

Inserting the definition of f these inequalities are equivalent to

a(2x� − 1) + � < a(y2� − x2� ) + (� + 1)y� − �x� + n < a(2y� + 1) + � + 1.

By our choice of x� this simplifies to

a(2x� − 1) − 1 < a(y2� − x2� ) < a(2y� + 1).

The second inequality is true simply because x� > y� > 0 and a > 0. The former is
true for sufficiently small a > 0, as taking a small enough ensures a(2x� − 1) < 1/2
and a(x2� − y2� ) < 1/2, say. (In particular a can be taken to be of the order m2/n2.)

We have therefore produced a convex set A of size |A| = �(n). Moreover, since
y� ≤ � ≤ 2m, each B� contains

{ f�(k) : 2m ≤ k ≤ min
�

x�},

and hence A = ∪B� contains, for each 2m ≤ k ≤ min� x�,

Pk = { f�(k) : m ≤ � < 2m},

which is an arithmetic progression of lengthm. Finally we note that the disjointness of
the B� implies the disjointness of the Pk , and we are done (after noting that min� x� ≥
n/(2m), and hence there are ≥ n/4m many such progressions in A). 
�

It is worth noting that the condition n � m2 in the statement of Theorem 6 is
crucial, and it is not possible for such a construction to exist with n = o(m2). This is
because an arithmetic progression in a convex set A can have length at most O(|A|1/2)
(as we prove below in Corollary 13).

Applying Theorem 6 with n = �(m2) gives the following corollary, which encom-
passes Theorem 2 from the introduction.

Corollary 7 There are arbitrarily large convex sets A ⊂ R which contain � |A|1/2
many disjoint arithmetic progressions of length � |A|1/2.

In particular, for any fixed k ≥ 3 there are arbitrarily large convex sets A ⊂ R

which contain �k |A|3/2 many non-trivial k-term arithmetic progressions.
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Remark 8 The same bound also holds for other translation invariant configurations of
fixed size. For example, given any homogeneous linear equation

∑k
i=1 ai xi = 0 with

∑k
i=1 ai = 0, the convex set A constructed above yields � |A|3/2 many non-trivial

solutions.

3 Additive Representations for a Convex Set and Upper Bounding
T3(A)

The first goal of this section is to prove Theorem 3. The result is implicit in the work
of Garaev [5], and we have found a few slightly different proofs while working on
this paper. Perhaps the easiest method is to use an upper bound for the number of
representations of A + A. The following result can be taken from Schoen [14].

Theorem 9 For any convex set A ⊂ R and any x ∈ R,

rA+A(x) � |A|2/3.

The proof in [14] is elementary. We give an alternative elementary proof, using the
Erdős-Szekeres Theorem.

Theorem 10 (Erdős-Szekeres [4]) In any sequence of real numbers of length m there
exists a monotone subsequence of length

⌊√
m

⌋
.

Removing such a subsequence from S and applying this result again, and repeating
this process, we have the following corollary.

Corollary 11 Let S be a sequence of real numbers of length m. There exist t � m1/2

many disjoint monotone subsequences U1, . . . ,Ut , each of length � m1/2.

We will also require the following property of convex sets.

Lemma 12 Let A ⊂ R be a convex set and {a1 < b1 ≤ a2 < b2 ≤ · · · ≤ ak < bk} ⊆
A. If

bi+1 − ai+1 ≤ bi − ai

for 1 ≤ i < k then ∣
∣
∣
∣
∣
A ∩

(
k⋃

i=1

(ai , bi )

)∣
∣
∣
∣
∣
≥ k(k − 1)

2
.

In particular, k � |A|1/2.
Proof Let ni := |A ∩ (ai , bi )| for all i ∈ [1, k]. The largest distance between con-
secutive points of A in [ai , bi ], denoted by dmax

i , is at least bi−ai
ni+1 , while the smallest

distance between consecutive points of A in [ai+1, bi+1], denoted by dmin
i+1, is at most

bi+1−ai+1
ni+1+1 , for all i ∈ [1, k − 1]. Since A is convex

bi − ai
ni + 1

≤ dmax
i < dmin

i+1 ≤ bi+1 − ai+1

ni+1 + 1
≤ bi − ai

ni+1 + 1
,
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and therefore ni > ni+1. By induction it follows that, for 1 ≤ i ≤ k, we have
ni ≥ k − i , and hence

∣
∣
∣
∣
∣
A ∩

(
k⋃

i=1

(ai , bi )

)∣
∣
∣
∣
∣
=

k∑

i=1

ni ≥
k∑

i=1

(k − i) =
k−1∑

j=1

j = k(k − 1)

2
.


�
We digress slightly to note the following consequence of Lemma 12, bounding the

length of any arithmetic progression in a convex set, which follows taking P = {a1 <

· · · < ak+1} and bi = ai+1.

Corollary 13 If A ⊂ R is a convex set and P ⊆ A is an arithmetic progression then
|P| � |A|1/2.

We now return to the task of proving Theorem 9, an upper bound for rA+A.

Proof of Theorem 9 Translating A by −x/2 (which preserves both the convexity of A
and the value of max rA+A) if necessary we can assume without loss of generality that
x = 0. Let B := A ∩ (−A) ∩ R>0, so that rA+A(x) ≤ |B| + 1. It suffices therefore
to bound m = |B|.

Let B = {x1 < x2 < · · · < xm} and �i := xi+1 − xi . By Theorem 10 there are
t � m1/2 many disjoint monotone subsequences U1, . . . ,Ut of (�1, . . . , �m−1), each
of length |Ui | � m1/2. By Lemma 12, if Ui = (�u1 , . . . , �uk ) is non-increasing then

∣
∣
∣
∣
∣
∣
A ∩

⎛

⎝
k⋃

j=1

(xu j , xu j+1)

⎞

⎠

∣
∣
∣
∣
∣
∣
� k2 � m.

On the other hand, if Ui is non-decreasing then

∣
∣
∣
∣
∣
∣
A ∩

⎛

⎝
k⋃

j=1

(−xu j+1,−xu j )

⎞

⎠

∣
∣
∣
∣
∣
∣
� k2 � m.

In either case, if

Ai = A ∩
⎛

⎝

⎛

⎝
k⋃

j=1

(−xu j+1,−xu j )

⎞

⎠ ∪
⎛

⎝
k⋃

j=1

(xu j , xu j+1)

⎞

⎠

⎞

⎠ ,

then we have, for all 1 ≤ i ≤ t , the lower bound |Ai | � m. It remains to note that the
Ai are disjoint (since all the intervals (xi , xi+1) are disjoint subsets of R>0), and so

|A| ≥
t∑

i=1

|Ai | � |B|3/2 ,

and thus |B| � |A|2/3 as desired. 
�
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Theorem 3 now follows as a simple consequence of Theorem 9.

Proof of Theorem 3 We have

T3(A) =
∑

x∈2A
rA+A(x) � |A|2/3

∑

x∈2A
1 = |A|5/3.


�
Next, we will show that Schoen’s upper bound for rA+A(x) is optimal. For this

we need the following lemma, which shows that every sequence with non-decreasing
distances can be transformed into a convex set by slightly moving the points between
the non-increasing intervals.

Lemma 14 Let a < b < c be positive real numbers and B := {x0 < x1 < · · · < xk}
be an increasing sequence of real numbers such that

xi − xi−1 =

⎧
⎪⎨

⎪⎩

a if i = 1,

b if 1 < i < k, and

c if i = k.

There exists a convex set C of size |B| which contains x0, x1, xk−1, and xk.

Proof Let m := min{b − a, c − b} and consider the set

D =
{{

b − m
k i | i ∈ [− k−3

2 , k−3
2 ]} if k is odd and

{
b − m

k i | i ∈ [− k−2
2 , k−2

2 ] \ {0}} if k is even.

Let {d2 < d3 < · · · < dk−1} be D written in increasing order and let C := {y0 =
x0 < y1 < · · · < yk} be the increasing sequence of real numbers, such that their gaps
satisfy

yi − yi−1 =

⎧
⎪⎨

⎪⎩

a if i = 1,

di if 1 < i < k, and

c if i = k.

Since y1 − y0 = a this set contains x0 and x1. Furthermore, since

yk − y0 = a +
k−1∑

i=2

di + c = a + (k − 2)b + c = xk − x0,

this set also contains xk , and so since yk − yk−1 = c it also contains xk−1. Finally, this
set is clearly convex, since

a ≤ b − m < d2 < d3 < · · · < dk−1 < b + m ≤ c.


�
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Theorem 15 There exist arbitrarily large finite convex sets A ⊆ R and x ∈ A such
that x is the centre of �(|A|2/3) many 3-term arithmetic progressions.

Proof Let n ∈ N and
Q :=

{a

b
: 1 ≤ a < b ≤ n

}
.

Note that m := |Q| = �(n2). We order the elements of Q as

0 <
a1
b1

<
a2
b2

< · · · <
am
bm

< 1,

so that
ai
ai+1

<
bi
bi+1

.

We can therefore inductively choose a sequence of real numbers �1, . . . , �m with
�1 = 1 and

ai
ai+1

<
�i

�i+1
<

bi
bi+1

. (2)

Let B := {x1 < · · · < xm < xm+1 < xm+2 < · · · < x2m+1} be an increasing
sequence of real numbers such that

xi+1 − xi =
{

�i if i ≤ m and

�2m−i+1 if i ≥ m + 1.

Define x := xm+1. Since B is symmetric around x (that is, xi + x2m+2−i = 2x for
1 ≤ i ≤ m) we know that rB+B(2x) ≥ m.

We will construct a convex set A ⊇ B. For i ≤ m we add bi − 1 points in the
interval (xi+1, xi ) and ai −1 points in the interval (x2m−i+1, x2m−i+2). Note that both
of these intervals are of length �i . We choose these points such that the intervals are
split into equal parts of length �i

bi
and �i

ai
, respectively. By (2) we have, for 1 ≤ i ≤ m,

�i

bi
<

�i+1

bi+1
and

�i+1

ai+1
<

�i

ai
.

These inequalities, coupled with the fact that �m
bm

< �m
am

, ensure that the consecutive
distances are non-decreasing. Using Lemma 14 we can slightly move the newly-added
points to obtain a convex set A containing B. Finally, since |A| = |B| + ∑m

i=1(ai −
1) + ∑m

i=1(bi − 1) ≤ |B| + O(mn) = O(n3) we have

rA+A(2x) ≥ rB+B(2x) ≥ m � |A|2/3.


�
Corollary 16 There exist finite convex sets A ⊆ R and x ∈ R such that rA+A(x) �
|A|2/3.

123



    7 Page 12 of 16 Combinatorica             (2026) 46:7 

Curiously, the problem of upper bounding the number of representations of an
element of the difference set determined by a convex set has a very different answer.
Schoen [14] gave a construction of a convex set with rA−A(x) � |A| for some x �= 0.
The best possible multiplicative constant for this problem was precisely determined
by Roche-Newton and Warren [11].

4 A connection to Jarník’s Theorem

The following reformulation of a classical result of Jarník [7] answers the question of
how many grid points a convex curve can contain.

Theorem 17 (Jarník [7]) Let f be a strictly convex function and n ∈ N. The graph of
f intersects the integer grid [n]2 in O(n2/3) points.

In the same paper, Jarník showed that this result is optimal. That is, a construction
was given of a convex curve containing �(n2/3) points from [n]2. The purpose of this
section is to sketch how this same construction can also be used to deduce our earlier
Theorem 15. We begin by explaining Jarník’s construction, and one may immediately
observe some similarities between this and the construction in the proof of Theorem
15.

Let n ∈ N and let Q := { ab : 1 ≤ a, b ≤ n} \ {1}. The exclusion of 1 is necessary
to get one central point x for Theorem 15 and it will not change the asymptotics for
Jarník’s bound. As before we order Q as

1

n
= a−m

b−m
<

a−m+1

b−m+1
< · · · <

a−1

b−1
< 1 <

a1
b1

< · · · <
am
bm

= n

1
.

Note that, by the symmetry of the ratio set, we have ai = b−i for all −n ≤ i ≤ n.
We then construct a set of points X := {X−m, X−m+1, · · · , Xm} by setting X0 :=

(0, 0), Xi − Xi−1 = (ai , bi ) and X−i+1 − X−i = (a−i , b−i ) for i ∈ [1,m]. Let f be
any convex curve connecting X . X is a set of size 2m + 1 = �(n2) and is contained
in the grid [−mn,mn]2. Therefore, f and X show the sharpness of Theorem 17.

Now let Y be the set of points on f having integral y-coordinate in the range
[−mn,mn]. In particularX ⊆ Y . We map Y to the real line via π : (x, y) �→ x + y to
obtain the convex set Y0. For visual purposes it is easier to instead think of projecting
onto the line {y = x}. This projection is given by

(x, y) �→
(
x + y

2
,
x + y

2

)

,

and is therefore just a rotated and stretched variant (see Figure 1). Y0 is a set of
size ≤ 2mn + 1 and it contains the arithmetic progressions (π(X−i ), π(X0), π(Xi ))

for i ∈ [1,m]. This shows Theorem 15, moreover, it is even a special case of the
construction in its proof, where

ai
ai+1

<
�i

�i+1
= ai + bi

ai+1 + bi+1
<

bi
bi+1

.
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Fig. 1 An illustration showing how the construction ofTheorem15 can be derived fromJarník’s construction
of a convex curve with many lattice points.

5 Sidon Sets in Convex Sets

We now turn to the problem of finding large Sidon sets in convex sets. We first prove
Theorem 4, using a standard probabilistic argument.

Proof of Theorem 4 Let A′ ⊆ A be a p-random subset, where we include each x ∈ A
independently with probability p. The value of 0 < p < 1 will be specified later. The
expected size of A is p |A|. There are two kinds of non-trivial energy solutions that
we need to consider separately, namely the solutions to the equation

a + b = c + d

where the values a, b, c, d are pairwise distinct, and the solutions for which either
a = b or c = d. Let T denote the number of solutions of the latter type and note
that T is at most a constant factor times the number of non-trivial 3-term arithmetic
progressions in A. Let E ′ denote the number of solutions of the first type and note that
E ′ ≤ E(A). Therefore, the expected number of non-trivial additive quadruples is, for
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any ε > 0,

p3T + p4E � p3T3(A) + p4E(A) �ε p3|A|5/3 + p4|A| 12350 +ε,

where we have used (1) and Theorem 3. We choose p = c |A|− 73
150−ε for some suf-

ficiently small constant c = c(ε) > 0, so that the expected number of non-trivial
additive quadruples in A is at most

p|A|
2

= 1
2E|A′|.

In particular, if we let Q denote the number of non-trivial energy solutions in A′, then

E(|A′| − Q) ≥ p|A|
2

.

It follows that there exists a set A′ ⊆ A such that |A′| − Q ≥ p|A|
2 . Therefore,

after pruning the set A′ by deleting an element for each contribution to Q, we find
A′′ ⊆ A′ ⊆ A such that A′′ is Sidon and

|A′′| ≥ |A′| − Q ≥ p|A|
2

�ε |A| 77
150−ε .


�
We note that using the energy bound from Conjecture 1, rather than (1), in this

proof yields the existence of a Sidon set A′ ⊆ A with |A′| ≥ |A|2/3−o(1).
Finally, we turn to the task of proving Theorem 5. That is, we seek to show the

existence of a convex set A such that every set A′ ⊆ A with |A′| � |A|3/4 contains a
non-trivial additive energy solution. For this, we appeal to a graph theoretical argument
Erdős [3] used in order to establish the existence of a setwith very small additive energy
but still having fairly small S(A). First, we formally state a previouslymentioned result
of Ruzsa and Zhelezov [13] that will be used in the proof.

Theorem 18 Let n be a sufficiently large integer. There are sets B,C ⊆ Rwith |B| 	 n
and |C | 	 n such that B + C contains a convex set of size 	 n2.

Proof of Theorem 5 Apply Theorem 18. We obtain sets B and C , with |B| 	 n and
|C | 	 n, such that B + C contains a convex set A with |A| � n2. We can use the set
A to build a bipartite graph on B × C . Namely, for each a ∈ A, fix a representation
a = b+ c arbitrarily, with (b, c) ∈ B ×C . For each such a, draw the edge connecting
b and c.

Suppose that A′ ⊂ A is a Sidon set with size Kn3/2 for a sufficiently large constant
K . Then the subgraph corresponding to A′ contains Kn3/2 edges, and it follows from
the Kővári-Sós-Turán Theorem that this graph contains a C4.

In other words, there exist b1, b2 ∈ B and c1, c2 ∈ C such that

b1 + c1, b1 + c2, b2 + c1, b2 + c2 ∈ A′,
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which contradicts A′ being Sidon, since

(b1 + c1) + (b2 + c2) = (b1 + c2) + (b2 + c1).


�
As a final remark, let us discuss a potential improvement to Theorem 5. If we had

an unbalanced version of Theorem 18, namely with |C | 	 n2 and a convex set in
B + C with size 	 n3, then the same argument as above (applying a version of the
Kővári-Sós-Turán Theorem for an unbalanced bipartite graph) could be used to give a
construction with S(A) � |A|2/3. We were, however, unable to prove an unbalanced
form of the Ruzsa-Zhelezov result.
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3. Erdős, P.: Extremal problems in number theory, combinatorics and geometry. In Proceedings of the

International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), pp. 51–70. PWN,Warsaw (1984)
4. Erdös, P., Szekeres, G.: A combinatorial problem in geometry. Compositio Math. 2, 463–470 (1935)
5. Garaev, M.Z.: On lower bounds for the L1-norm of some exponential sums. Mat. Zametki 68(6),

842–850 (2000)
6. Hegyvári, N.: On consecutive sums in sequences. Acta Math. Hungar. 48(1–2), 193–200 (1986)
7. Jarník, V.: Über die Gitterpunkte auf konvexen Curven. Math. Z. 24, 500–518 (1926)
8. Komlós, J., Sulyok, M., Szemerédi, E.: Linear problems in combinatorial number theory. Acta Math.

Acad. Sci. Hungar. 26, 113–121 (1975)
9. Pohoata, C.: Sidon sets and sum-product phenomena. https://pohoatza.wordpress.com/2021/01/23/

sidon-sets-and-sum-productphenomena/, Jan 2021. Blog post
10. Roche-Newton, O., Warren, A.: Additive and multiplicative Sidon sets. Acta Math. Hungar. 165(2),

326–336 (2021)
11. Roche-Newton, O., Warren, A.: A convex set with a rich difference. Acta Math. Hungar. 168(2),

587–592 (2022)
12. Rudnev, M., Stevens, S.: An update on the sum-product problem. Math. Proc. Cambridge Philos. Soc.

173(2), 411–430 (2022)
13. Ruzsa, I.Z., Zhelezov, D.: Convex sequences may have thin additive bases. Mosc. J. Comb. Number

Theory 8(1), 43–46 (2019)

123

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2501.09470
https://pohoatza.wordpress.com/2021/01/23/sidon-sets-and-sum-productphenomena/
https://pohoatza.wordpress.com/2021/01/23/sidon-sets-and-sum-productphenomena/


    7 Page 16 of 16 Combinatorica             (2026) 46:7 

14. Schoen, T.: On convolutions of convex sets and related problems. Canad. Math. Bull. 57(4), 877–883
(2014)

15. Schoen, T., Shkredov, I.D.: On sumsets of convex sets. Combin. Probab. Comput. 20(5), 793–798
(2011)

16. Shkredov, I.D.: Some new results on higher energies. Trans. Moscow Math. Soc. 74, 31–63 (2013)
17. Shkredov, I.D.: On an application of higher energies to Sidon sets. Combinatorica 43(2), 329–345

(2023)
18. Singer, J.: A theorem in finite projective geometry and some applications to number theory. Trans.

Amer. Math. Soc. 43(3), 377–385 (1938)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Additive Structure in Convex Sets
	Abstract
	1 Introduction
	2 Constructing a Convex Set with Additive Structure
	3 Additive Representations for a Convex Set and Upper Bounding T3(A)
	4 A connection to Jarník's Theorem
	5 Sidon Sets in Convex Sets
	Acknowledgements
	References


