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Combination preconditioning of saddle point
systems for positive definiteness

Jennifer Pestana Andrew J. Wathen

Amongst recent contributions to preconditioning methods for saddle point sys-
tems, standard iterative methods in nonstandard inner products have been use-
fully employed. Krzyzanowski (Numer. Linear Algebra Appl. 2011; 18:123-140)
identified a two-parameter family of preconditioners in this context and Stoll and
Wathen (SIAM J. Matriz Anal. Appl. 2008; 30:582-608) introduced combination
preconditioning, where two preconditioners, self-adjoint with respect to different
inner products, can lead to further preconditioners and associated bilinear forms
or inner products. Preconditioners that render the preconditioned saddle point
matrix nonsymmetric but self-adjoint with respect to a nonstandard inner prod-
uct always allow a MINRES-type method (W-PMINRES) to be applied in the
relevant inner product. If the preconditioned matrix is also positive definite with
respect to the inner product a more efficient CG-like method (W-PCG) can be
reliably used. We establish eigenvalue expressions for Krzyzanowski precondition-
ers and show that for a specific choice of parameters, although the Krzyzanowski
preconditioned saddle point matrix is self-adjoint with respect to an inner product,
it is never positive definite. We provide explicit expressions for the combination
of certain preconditioners and prove the rather counterintuitive result that the
combination of two specific preconditioners for which only W-PMINRES can be
reliably used leads to a preconditioner for which, for certain parameter choices, W-
PCG is reliably applicable. That is, combining two indefinite preconditioners can
lead to a positive definite preconditioner. This combination preconditioner out-
performs either of the two preconditioners from which it is formed for a number
of test problems.
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1 Introduction

Consider the real symmetric saddle point system

T
Az = {g ?01 v=b, (1.1)

where A € R™ " is symmetric positive definite, C' € R™*™ is symmetric positive semidef-
inite, B has full rank and m < n. Under these assumptions A4 is invertible [5, Theorem
3.1]. Such systems arise in a vast number of applications including constrained optimiza-
tion, computational fluid dynamics and mixed finite element discretizations of elliptic
PDEs [5, Section 2]. Often A is large and sparse and it is natural in these instances to
solve the saddle point system by preconditioned Krylov subspace methods.

Many preconditioners P € R"+m)x(4+m) for saddle point problems have been pro-
posed, surveys of which can be found in, for example, Benzi, Golub and Liesen [5] and
Benzi and Wathen [7]. If P is symmetric positive definite the system can be solved
by preconditioned MINRES. However, many effective preconditioners are nonsymmet-
ric or symmetric indefinite. Although it is possible to apply a nonsymmetric Krylov
method to the preconditioned system in this situation, it may be appealing to turn
instead to a Krylov method in a nonstandard inner product (x,y)y = 2T Wy, where
W e ROvtm)x(ndm) i symmetric positive definite. For certain preconditioners P~'A
is self-adjoint with respect to a known inner product (-,-)y , i.e., (P71Ax,y)y =
(x, P71 Ay)yy for all z,y € R™™ in which case MINRES in (-,-)y can be used. If,
in addition, (P~' Az, z),y > 0 for all nonzero x € R*™™ so that P~1A is W-positive
definite, a conjugate gradient method in (-, -)yy can be applied instead. The attraction of
these nonstandard methods is that they minimize the residual or error with respect to a
norm and require only three-term recurrences. One potential disadvantage is that com-
putations with (-, -);, must be performed at each iteration. Often, however, the inner
product depends on the same blocks as the preconditioner, that are generally sparse, and
computational savings can be made by careful consideration of the operations involved
[22]. We note that an alternative Krylov subspace method when the preconditioned
saddle point matrix is self-adjoint with respect to a symmetric bilinear form (that is not
positive definite) is SQMR [13].

There exist several preconditioners for which the preconditioned linear system can
be made self-adjoint with respect to an inner product (see, for example, [8,10, 11,23, 29,
33,35]). The Bramble-Pasciak (BP) [8] construction is a particularly well used example.
Recently, Stoll and Wathen [33] showed that two such preconditioners could be com-
bined to give a new preconditioner such that the preconditioned saddle point matrix is
self-adjoint with respect to a symmetric bilinear form that can, in many cases, be made
an inner product. They also introduced the Bramble-Pasciak™ (BPT) preconditioner.
One might expect that if one or both of the preconditioned linear systems P! A is
positive definite with respect to an inner product then the combination preconditioner
could either inherit the positive definiteness property or lose it. What is perhaps more
surprising is that a combination preconditioner can be constructed for which the com-
bination preconditioned saddle point matrix is positive definite with respect to an inner
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product from two preconditioners for each of which P~!A is indefinite with respect to
an inner product. This combination preconditioner is described and investigated here.

The remainder of the paper is structured as follows. We detail pertinent concepts
related to symmetric bilinear forms and inner products in Section 2 and describe in Sec-
tion 3 the nonstandard methods we will use, W-PCG and W-PMINRES. An overview of
some existing preconditioners for saddle point matrices is provided in Section 4, where
we also show that a preconditioner suggested by Krzyzanowski [22], that we call the
“Schoberl-Zulehnert” (SZ*) preconditioner, is such that the preconditioned coefficient
matrix is indefinite with respect to an inner product. Section 5 describes combination
preconditioning and proposes two combination preconditioners, each of which is built
from preconditioners for which P~!A is indefinite. The BPT-SZ* combination precon-
ditioner is also indefinite with respect to an inner product but for the BPT-BD combi-
nation preconditioner definiteness can be achieved, where BD denotes a block diagonal
preconditioner that is described below. Numerical results for the latter combination
preconditioner are given in Section 6 with conclusions made in Section 7.

Throughout, we denote by S = BA™*BT + C the (negative) Schur complement. We
assume that approximations Ay of A, and Sy of S, are symmetric positive definite.

2 Self-adjointness

In this section we define symmetric bilinear forms and inner products and present back-
ground material necessary to understand Krylov methods in nonstandard inner prod-
ucts. We consider only symmetric bilinear forms on R” but the extension to symmetric
bilinear, or Hermitian sesquilinear, forms on C" is straightforward.

A nonderogatory symmetric bilinear form [14, Section 2.1] on R™ satisfies

(&, y)w =y Wa (2.1)

for all z,y € R™ and an invertible symmetric matrix YW € R™*". An inner product on
R" is a symmetric bilinear form for which W € R™*" is symmetric positive definite.

In the case that (2.1) is an inner product we can associate with it a WW-(vector) norm
for x € R",

[zllw = v/ {z, x)w

and a W-matrix norm for B € R™"*",

| B|lw

lzlhw

HBHW:rg%(

A matrix B € R™*" is W-self-adjoint, i.e., self-adjoint with respect to (-, )y, if and
only if (Bxz,y)w = (x, By)w, or y' BTWz = y!WBuz, for all 2,y € R*. Thus, an
equivalent condition for self-adjointness is that

WB = B™W, (2.2)
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which shows that we require that WB is symmetric. A matrix B is self-adjoint with
respect to some inner product if and only if it is diagonalizable with real eigenvalues
(see, for example, [34]).

A W-self-adjoint matrix B is W-positive definite if and only if (Bz,z))y >0 Vx €
R™, z # 0, which is equivalent to requiring that

2" WBz > 0 (2.3)

for all nonzero z. Since B is self-adjoint with respect to (-, )y, WB is symmetric and it
follows that the eigenvalues of a W-positive definite, WW-self-adjoint matrix are not only
real but positive.

3 Krylov subspace methods in nonstandard inner
products

We now outline two short-term recurrence methods in nonstandard inner products for
the preconditioned linear system

Pl Ar =P b, (3.1)

where P~1 A is self-adjoint with respect to an inner product (-, -)yy. Although we focus
on left preconditioning here, methods for W-self-adjoint right preconditioned systems
can be similarly derived.

3.1 W-PCG

The conjugate gradient method of Hestenes and Stiefel [19] can be applied in a non-
standard inner product [2,3,9,16,17,23,33]. The reliable application of the W-PCG
method in Algorithm 1 requires that P~ A be self-adjoint and positive definite with
respect to an inner product (-, ).

Algorithm 1 W-PCG method
Choose xq, compute 7o = P~1(b — Axg), set py = 7o
for k=1,2,... do
<?/€7 ?k’>W

(P~ Apr, pi)w
Th+1 = T + Pk
?k+1 =7} — osz_IApk
<Test for convergence>

(Tt The)W
/8]6 - T =~ ~.\
(Tk, Tk>w
Prt1 = The1 + Brpe
end for

A =
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The W-PCG method minimizes the error e, = x — x; over xg + Ki(P~1A, P~ 1ry),
ie.,

L = ar min T — -
k gyGIO+’Ck(P_1A,P_1r0) H y||W7> 14,

which can be bounded similarly to the error for I-CG.

Lemma 1 The error, e, of the kth W-PCG 1iterate is given by

Mﬂg min max |p(A)]. (3.2)
leollwp-14 ~ pemlip)=12ea(P~14)

Proof Since P~!A is self-adjoint with respect to an inner product it is diagonalizable. As
a consequence, the proof is almost identical to that for the conjugate gradient method in the
Euclidean inner product in, for example, [12, Section 2.1.1]. =

From Lemma 1 we discern that when a preconditioned coefficient matrix has eigen-
values for which polynomials, satisfying p(0) = 1, can be found that are small at each
eigenvalue, convergence will be rapid. This is the motivation behind choosing precon-
ditioners for which P~'A has nicely distributed eigenvalues, similarly to the standard
preconditioned conjugate gradient method.

3.2 W-PMINRES

The original I-MINRES algorithm of Paige and Saunders [24] minimizes the /-norm of
the residual. Analogously, the W-PMINRES method in Algorithm (2) minimizes

-1 - i - . 3.3
1Pl = min PO = Ayl (3.3)

Each iteration of the W-PMINRES method is more expensive than that of the W-PCG
method but its reliable application requires only that P! A is self-adjoint with respect

to the inner product (-, ).

The minimization property again allows us to bound the preconditioned residuals of
W-PMINRES [6, 26].

Lemma 2 Let P~ A be self-adjoint with respect to (-, -)y. Then, W-preconditioned MR
residuals are bounded by

M min max |p(\)]. (3.4)
IP~=1rollw ~ pelly, p(0)=1 Aea(P-1.4)

Proof See [6, Section 3] or [26, Lemma 1]. m
Lemma 2 shows that preconditioners that make P~ A self-adjoint with respect to an
inner product with which it is practical to work and achieve a nice eigenvalue distribution

will define an effective W-PMINRES method for (1.1).
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Algorithm 2 W-PMINRES
Vo = 0,?1]0 = 0,w1 =0
Choose g, compute v; = P~1(b — Axy), set 71 = |lv1lw
Set n=71,50=5=0,co=c; =0
for k=1,2,... do
Uk = Ui/ Vi
51{ = (P‘lAvk,vk>W
Vg1 = P Av, — Opv — Yvk—1
Vo1 = [[vks1llw
Qo = CkOk — Cr—15kVk
Q1 =4/ O‘g + 7/3-1—1
Qy = S0k + Cr—1Ck Yk
a3 = Sp—17Vk
Cr1 = 040/041, Sk4+1 = 7k+1/061
Wry1 = (Uk — Q3Wg—1 — a2wk)/a1
T = Th—1 T Ch1MWk+1
n = —Skg17
<Test for convergence>
end for

4 Preconditioners for saddle point matrices

One of the best known Krylov subspace methods for (1.1) in a nonstandard inner product
is the Bramble-Pasciak (BP) preconditioned conjugate gradient method [1,4, 8,20, 27,
28, 35] in which (1.1) is left-preconditioned by

4 0
P-[5 )

where Ay is a symmetric approximation to A. The coefficient matrix P~ A is self-adjoint
with respect to (-, )y, where

0 Il

An inner product is defined by YW when A — Ay > 0 which is also the condition for P~ A
to be W-positive definite [8]. In this case a W-PCG method, that can be efficiently
implemented [27, 32], can be reliably used to solve (1.1). This coincidence of desirable
properties makes the Bramble-Pasciak approach popular.

An alternative is to apply a constraint preconditioner, such as the Schoberl-Zulehner
(SZ) preconditioner [29, 35]

[ 1 0][A 0 ][I A;'BT
P_[BAol IHO —SJ {0 I | (4.1)

It is suitable for symmetric saddle point matrices with zero (2,2) block, particularly
those arising from optimal control problems [18, 25, 29]. The preconditioned saddle point

w5
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matrix is self-adjoint with respect to the symmetric bilinear form defined by

Ag— A 0
W=1" BAJ'BT — S|’ (42)
which is positive definite when Ay > A and BA;'B” > S;. Furthermore, when (-, -)yy
is an inner product, P~*A is W-positive definite [29].

The major drawback of both the BP and SZ preconditioners is that often Ay must be
scaled for W to define an inner product. This typically requires an approximation to the
smallest eigenvalue of A;*A, the computation of which can be costly. To circumvent this
difficulty, Stoll and Wathen [33] proposed the Bramble-Pasciak™ (BP*) preconditioner

P2 o] (43

for which P~ A is self-adjoint with respect to (-, )y, where
_|A+A O
W= { 0 50] '

When A, Ay and Sy are symmetric positive definite, W is symmetric positive definite and
defines an inner product. However, in contrast to the Bramble-Pasciak preconditioners
above, P71 A is indefinite with respect to (-, )y [33, Section 5]. Consequently, W-PCG
cannot be reliably applied although it is always possible to use W-PMINRES.

Similarly to the BP* preconditioner, the SZ preconditioner can be modified so that
W always defines an inner product, so that the potentially costly scaling of Ay is not
required. We call this the Schoberl-Zulehnert (SZ™) preconditioner. It appeared in [22,
Table 3] and is given by

[ 1 0][A O0][I —A;'B”
P= [—BAO1 J} {0 SJ [0 I ’ (4.4)

so that P~1A self-adjoint with respect to (-, )y, where

W:

{A + Ay (4.5)

BA;'BT + 501 '

W in (4.5) is clearly positive definite whenever A + Ay > 0 and BA;'BT + S, > 0,
so that a sufficient condition for positive definiteness is that Ay and Sy are themselves
positive definite, and it is always possible to apply a W-PMINRES algorithm to the SZ*-
preconditioned system. However, as we prove below, P! A is never positive definite with
respect to this inner product.

Theorem 3 Let A in (1.1), with C = 0, be left preconditioned by the SZ* preconditioner
(4.4). Then P~YA is indefinite with respect to (-, )y, where W is defined by (4.5).
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Proof To ascertain whether P~1A is W-positive definite, recall from (2.3) that an equivalent
condition for positive definiteness is that WP 1A be positive definite with respect to the
Euclidean inner product. Accordingly, we first factor WP 1 A as

1, [A+ A Ayt AGBTSM T I A BT
WP A= [ BAy'BT + 5, Sy BA;' Il |B 0
B I M I MY (A+ A)WBT (4.6)
| BW(A+Ag)MT T T I ’ '
where
M=A+AAG A+ (A+ A)) Ay ' BT Sy ' BAGH (A + Ay), (4.7)
W= A"+ A BTS; ' BAS! (4.8)
and
T=BWW ™! — (A4 Ag)M (A + Ay))WBT. (4.9)

The congruence transform (4.6) shows that P~1A is positive definite with respect to (-,-)w
whenever M > 0 and T > 0. Since Ag and Sy are positive definite and B has full rank,
W and M, given by (4.7) and (4.8), are the sum of positive definite matrices and so are
positive definite. However, the matrix 7" in (4.9) is negative definite as we now show. Negative
definiteness of T is equivalent to

W < (A4 Ag)M YA + Ap)
or, since M and W are positive definite, to
W > (A+ Ag) 'M(A+ Ag)~ L.
Substituting for W and M gives that
At + ATBTSIBAGY > AgTA(A + Ag) Tt + Ayt BT S, BAS!

or that
0> Ay A(A+ Ag) ! — Ayt (4.10)
Now,

1

AgTA(A+ Ag) = A [A(A+ Ag) T Ao Agt = At (AT + AT AT

and so (4.10) can be expressed as
0> A (A7 + AgH ™ — Ag) At

This holds if and only if
At <At + 471

which, since A~! is positive definite, is satisfied. Therefore, T is negative definite while M
is positive definite. By considering (4.6) we see that by Sylvester’s law of inertia WP 1A is
indefinite. It follows from (2.3) that P~1A is indefinite with respect to (-,-)yy. =
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Preconditioner Ap approximation | Sy approximation c d €
Block diagonal Ao So 0 0 1
Bramble-Pasciak Ay -1 1 0] —1
BP* Ao So | —1 0 1
SZ Ag —So 1 1 1
SZ+ Ag So | -1 1] -1 1

Table 1: Krzyzanowski parameters for saddle point preconditioners.

A third preconditioner for which P~1A is always indefinite with respect to an inner
product is the block diagonal (BD) preconditioner [15,21, 31]

P = {fé‘) go} (4.11)

for which P~!A is self-adjoint with respect to the symmetric bilinear form defined by

W = [’%0 590} : (4.12)

Indeed, the self-adjointness requirement (2.2) that WP~ A is symmetric is trivially sat-
isfied since WP~1 A = A, the original symmetric saddle point matrix. The indefiniteness
of A, however, means that P~1A is indefinite with respect to (-, ).

Each of the preconditioners in this section is a special instance of the Krzyzanowski
preconditioner [22]

[ I 0][A 0][I dA;'BT
P= [cBAgl 11 {0 SJ [0 I | (4.13)

with |c|,|d| < 1. The specific parameter values are given in Table 1. As shown in [22],
the Krzyzanowski preconditioned matrix P~ A is self-adjoint with respect to (-, )y,
where

(4.14)

W_€|:A0—CA 0 :|

0 Sy + cdBA;*BT + dC

and € = £1.

The Krzyzanowski preconditioner allows us to make statements that apply to each
of the previously described preconditioners, along with several others [22]. Lemmas 1
and 2 indicate that eigenvalues influence the convergence of a W-PCG or W-PMINRES
method applied to the Krzyzanowski preconditioned system. We prove below that the
eigenvalues of the Krzyzanowski preconditioned saddle point matrix depend on certain
generalized Rayleigh quotients when C' = 0.

Lemma 4 Let the symmetric saddle point matriz

efp ]

B 0
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be left preconditioned by the Krzyzanowski preconditioner (4.13) and let VW in (4.14) be
positive definite. If \ is an eigenvalue of P~YA with associated eigenvector

[, o]

u € R", v € R™, then A is real. Additionally, X # 0 and when ¢ is nonzero X # 1/c. If
Bu =0 then

ul Au
A= ————. 4.15
ul Agu ( )
Otherwise,
\— 1—(c+dwx+/(1-(c+dw)?+4¢ — cdw)w (4.16)
B 2(¢) — cdw) ’ '
where T
u o
= 4.17
V= (4.17)
and T RT A 1T 1
B (cdBA; B So) "B
= W BedBA B+ S Bu (4.18)
ul Au
Proof The eigenvalues of P~ A are those of the generalized eigenvalue problem
A BT [u] _ NEC dB” u
B 0] |v] " |eB ¢dBA;'BT + S| |v
which, in component form, is
Au+ BTy = Mou + \dBTv (4.19)
Bu = AcBu + McdBAy ' BT + Sp)v. (4.20)

Since P~ A is self-adjoint with respect to an inner product its eigenvalues are real. If A = 0,
(4.20) implies that Bu = 0. Premultiplying (4.19) by u” gives that u” Au = 0 which, since A
is positive definite, can only be true if u = 0. However, then (4.19) reduces to BTv = 0. The
matrix B has full rank and it follows that v = 0. We conclude that zero is not an eigenvalue
of P~1A. More generally, u # 0 since the definiteness of Sy + cdBAy ! BT which follows from
the assumption of positive definiteness of YW—means that when u = 0, (4.20) can only be
satisfied when v = 0.

If ¢ # 0 and A = 1/c we again find from (4.20) that v = 0. It follows that (4.19) can be
simplified and rearranged to give that (Ap — cA)u = 0. However, positive definiteness of W
ensures that Ag — cA is definite which shows that u = 0. Thus, A # 1/c.

Let us now determine the eigenvalues of P~'A. When Bu = 0, (4.20) becomes

AMedBAG' BT + Sp)v =0

which implies that v = 0, since chAalBT + Sp is definite and A # 0. Substituting v = 0 into
(4.19) gives that Au = AApu which, since u # 0, yields that

ul Au

N LA
ul Agu
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When Bu # 0, rearranging (4.20) gives that

v = <§ - c> S~ !'Bu,

where S = chAalBT + Sp. By substituting for v in (4.19) we obtain the equation
1 .
Au+ (1 - \d) <X - c) BTS™1Bu = MMyu

for A. Premultiplying by Au” and dividing by u” Au leads to the quadratic equation

_1- (c+ d)w £ /(1 — (c+d)w)2+4(w—cdw)w.

A 2(¢ — cdw)

Remark Although (4.16) is complicated it simplifies in each of the cases in Table 1 and
so provides useful information in these specific instances. Knowledge of the extreme
values of (4.17) and (4.18) allow the eigenvalues of P~'A to be bounded and a priori
information about the convergence of a W-Krylov subspace method to be obtained.

5 Combination preconditioning

Combination preconditioning [33] allows two preconditioners, for each of which the pre-
conditioned coefficient matrix is self-adjoint with respect to a symmetric bilinear form,
to be blended. The result is a new preconditioner and a symmetric bilinear form with
respect to which the combination preconditioned coefficient matrix is self-adjoint. The
process is controlled by two parameters, for certain choices of which the combination
preconditioner is more effective than either of the original preconditioners and is no
more costly to apply than the more expensive of the two. The process of combination
preconditioning is described in Lemma 3.5 in [33] which we reproduce below using our
notation.

Lemma 5 If Py and Py are left preconditioners for the symmetric matriz A for which
symmetric matrices Wi and W exist with P; ' A self-adjoint in (-, )y, and P;'A self-
adjoint in (-, )y, and if

anT)/Vl + BPQ_TWQ = P:;TWP,
for some matriz Py and some symmetric matriz Ws, then Py ' A is self-adjoint in (-, -)yy,.

To combine preconditioners described in the previous section, we first apply Lemma
5 to two different Krzyzanowski preconditioners

[ 1 04 O][I diA4;'BT
P= [clBAgl 1} {o SJ {o I ’ (5.1)
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nd I A I dyAy'BT
Pr= LQBAol ﬂ [ 0 go} {o = } (5:2)
with bilinear forms defined by
Wi=a lAO _oqA So+ cldlB/(l)OlBT + dlc} (5.3)
and
We=e {AO _oCQA So + CQdQB;x]OlBT + dgo] ' (54)

The following theorem shows that under certain conditions a combination preconditioner
can be constructed that retains the structure of a Krzyzanowski preconditioner.

Theorem 6 Let Py, Pa, Wi and Why be defined by (5.1), (5.2), (5.3) and (5.4). Then, if
Cl = Cy = ¢,

P="P;= { ! 0} {aeliﬁezAO 0} {[ (&€1d1+5€2d2)AolBT}

¢BA;' 1 0 Sol [0 I

is a combination preconditioner, formed from Py and P, for which P~1A is self-adjoint
with respect to the symmetric bilinear form defined by

(Ag — cA) 0 } |

W - W3 - |: O (()461 + /662>S(] -+ (OéEldl + /662d2)<CBAalBT + C)

Alternatively, if dy = dy = 0, the combination preconditioner

_ _ I 0| [Ao 0
P= 7)3 o |:<Oé€1C1 + /86262)81461 [:| |: 0 ! S :|

aertBex 0

is such that P~1A is self-adjoint with respect to the symmetric bilinear form defined by

(e + Pey)Ag — (aereq + Pegen) A O] .

W:W3:|: 0 So

Proof In general, application of Lemma 5 to (5.1), (5.2), (5.3) and (5.4) gives that
Py Wy = aPrTWy + 8Py TW,

oV aW a? o
—oa | ] e |95 O 3
Gayr Gy Gar G
where, for i =1, 2,
G\ = (Ay' + cid; Ay ' BTS; ' BAG ) (Ag — i A),
G(Z = —CiAalBTSO_l(SO + CidiBAalBT + dlc)> (5 6)
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When ¢; = ¢ = ¢, it is straightforward to show that (5.5) becomes

PiiWir PioWas

P_TW - 9
3 Po1Wi1 PyWos

where

Pi1 = (aep + Bea) Ayt + (aerdy + Beadz)cAg ' BT Sy BAG Y,
Py = —cAy'BTS;

Py = —(aerdy + Beads) Sy P BAG (Ag — cA),

Py = S5t

Wi1 = Ag — cA and Wae = (aeq + fea)Sy + (aerdy + ,Bﬁgdg)(CBAalBT + C). Thus, a natural
choice is

Pyl = [P P QH
Py Py
so that
N Wi 0
Ws = [ 0 ng}

and Pj is as stated in the theorem.
Similarly, when d; = da = 0 we find from (5.5) and (5.6) that

_T . Aal((ael + 562)140 + (Ozelcl + ,3626214)) —(aelcl + ,BEQCQ)AalBTsal
,Pg W3 — O I

and so we can take

=l _ At 0 I 0
3710 (e + 562)5’0_1 — (€101 + BEQCQ)BAal I
and

Wa — {(0661 + Bea)Ag — (aercy + Pesea) A 0}
3 = .

0 So
[

Stoll and Wathen [33] introduced a BP-BP* combination preconditioner and a BP-
SZ combination preconditioner, the former of which takes 5 = 1 — a and the latter of
which differs from the preconditioner that would be obtained by Theorem 6. Clearly,
combination preconditioners are not uniquely defined, although the above characteri-
zation certainly makes it straightforward to construct combinations of preconditioners
that satisfy the conditions of the theorem.

5.1 The BP"-SZ" combination preconditioner

Theorem 6 applied to the BPT preconditioner (4.3) and SZ* preconditioner (4.4), for
which ¢; = ¢ = —1,d; =0, dy = —1 and ¢; = ¢5 = 1, gives that

I 0] [-L A, =B BT
_ atp atpB
P {—BAO1 I] [ 0 So (58)
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and

(5.9)

W:W?):{A—FAO 0 }

0 (a+ B)Sy + BBA;'BT |-
However, like the BP™ and SZ* preconditioners, the combination is never positive defi-
nite with respect to an inner product.

Theorem 7 Let

e[p ]

B 0

be left preconditioned by the BPY-SZ* combination preconditioner (5.8), so that P~*A
is self-adjoint with respect to {(-,-)w, where W is defined by (5.9).
When

I. a+8>0andp >0, W defines an inner product;

II. a+pB8<0andp >0, W defines an inner product when

B
a+p

Sy < — BA;'B”;

III. a+ 5 <0 and B <0 W does not define an inner product;

IV. a+5>0and B <0, W defines an inner product when

6 -1 T
Sy > Oz+ﬁBAO B*.

When (-, -)w is an inner product, it is one with respect to which P~'A is not positive

definite.

Proof By (2.3), P~'A is W-positive definite if and only if WP~ A > 0, where

1y I 0] [M 0][I M~ YA+ Ay)VBT
WA= ooy e [] [O T] [O f L (5.0)
with
M = (a+ B)(A+ Ag)Ag A+ B(A+ Ag) Ay ' BTS; 1 BAG (A + Ap)
= (a+ B)AAT + AgHA + B(A+ Ag) Ay 'BTS;'BAS (A + Ap), (5.11)
T=BV[V™t—(A+ A)M YA+ Ap)|VBT. (5.12)
and
V= (a+B)Ay" + BA; ' BT S; ' BA . (5.13)

The congruence transform (5.10) shows that the inertia of WP 1A is determined by the
eigenvalues of M and T which, in turn, depend on « and 3. We consider separately each of
the four cases in Figure 1.
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Figure 1: Regions (distinguished by different colours) that are considered in Theorem 7
for the BP*-SZ* combination preconditioner.

I. Case I corresponds to taking oo + 8 > 0 with 5 > 0. By observation, W, V and M are
positive definite. However, T in (5.12) is negative definite. To show this, we first observe that
T < 0 if and only if

V< (A4 Ag) M (A + Ap)

or, since V and M are positive definite,
V>(A+ Ao)_lM(A + AO)_l.

It follows from substituting for V" and M using (5.13) and (5.11), that T is negative definite if
and only if

(a+ B)Agt > (a+ B)Ay T A(A + Ag) .
Premultiplying and postmultiplying both sides of this inequality by Ag and dividing by the
positive scalar a + 8 gives the equivalent condition

Ag> A(A+ A7) Ag = (Agt + A D!

which implies that Ay L« Ay L4+ A1 Since A > 0, this last inequality holds and T is negative
definite. We conclude that P! A is indefinite with respect to (-,-)yy, when a + 8 > 0 and

8> 0.
II. Consider now a+ 8 < 0 and 8 > 0 and let v be the positive parameter v = B

a+f
For these values of « and 3, (a + 3)Sy + ,BBAEIBT > 0 when ’yBAngT > Sp.
The matrix M given by (5.11) is positive definite if and only if

(a+B)(A+ Ag) Ay A+ B(A + Ag) Ay ' BT Sy 1 BAG (A + Ap) > 0
or, upon premultiplying by Ag(A + Ap) and postmultiplying by its transpose, if and only if

(a+ B)A(A + Ag) 1Ay + BBTSoB > 0
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or, equivalently, (A~ — Ay 1)_1 < WBTS(; !B. However, since B has a nontrivial nullspace
yBTS; !B is positive semidefinite. In contrast, (45" + A~!)~! is positive definite. Conse-
quently, M is not positive definite and P~1A is not positive definite with respect to (-, ).
III. The third case we investigate is « + 8 < 0 and 8 < 0. For these choices of o and S,
however, (a + 3)So + 5BAJIBT < 0and A+ Ay > 0 and W is indefinite.
IV. We consider now Case IV, for which a4+ 8 > 0 and 8 < 0 and introduce the quantity
v = _aLiﬁ > 0. Now, W > 0 when (a + 3)Sy + ﬁBAalBT > 0 or, if A\jpin and M. are the

smallest and largest eigenvalues of Sy 1BAa LBT | respectively, when

mTBAalBTa:

> A >
- maxr — xTSOx

2 )\mzn > 0.

2=

Let us express this inequality in a form that is more conducive to determining whether M
is positive definite. Any eigenvalue A of Sy 1BAa I BT satisfies the eigenvalue problem

Sy'BA;'BTx = \x
= Ay BTS;'B(Ay ' BTz) = \Ay ' BT 2
= BTSO_IBy = ApAy,

where y = AalBTx. (Note that y = 0 < x = 0.) Thus, any eigenvalue of SalBAalBT €
R™*™ is an eigenvalue of A, lBTSa 1B € R"*". To determine the remaining n—m eigenvalues
of AalBTSO_lB, we note that this matrix is similar to A(;I/QBTSO_IBAEI/2 which, in turn, is
congruent to the rank m matrix BTSO_ 1B € R™*™. Tt follows from Sylvester’s law of inertia
that ASIBTSJIB, like BTSJIB, has n — m zero eigenvalues.

If Ain and Ajpge are the minimum and maximum eigenvalues of Sy 1BAS BT they bound
the generalized Rayleigh quotient

\ < :CTBAalBTx <
min = szox — max

and it follows that

1 yTBTS 1By
> Mnae > ——2—2>0
y T mer ST T Ay <
or that
Ayt >BTS;'B (5.14)

is an equivalent condition for positive definiteness of W.
By examining (5.13) we find that V' > 0 if and only if

(a+B)Ay" > —BA;'BTS; BA!

or, equivalently
Ayt >yBTS; !B, (5.15)

which is precisely the same as (5.14) and so is satisfied when W defines an inner product.
Now, M > 0 if and only if

(a+ B)(A+ Ag) Ay A+ B(A+ Ag) Ay ' BT Sy BAG (A + Ag) > 0.



COMBINATION PRECONDITIONING FOR DEFINITENESS 17

Premultiplying by (A + Ag)A, 1 and postmultiplying by Ay (A 4+ Ag) gives the equivalent
condition

(o + B)A(A+ Ag)*Ay > —BBTS; 1B,

or (Aa1 +AH > VBnglB. If this is positive definite then using the same arguments as
for the first case above shows that 7' < 0. Thus, when ae+ 3 > 0, 8 < 0, P! A is not positive
definite with respect to (-,-)yy. m

That the combination preconditioned saddle point matrix is indefinite is perhaps
unsurprising given the indefiniteness of the BP™ and SZ* preconditioned saddle point
matrices and we do not consider this combination preconditioner further. What is more
startling is that the BPT-BD combination preconditioned saddle point matrix described
below is positive definite for certain parameters even though separately the BPT and
BD preconditioned saddle point systems are indefinite with respect to inner products.

5.2 The BP"-BD combination preconditioner

Theorem 6 applied to the BP™ preconditioner (4.3) and the BD preconditioner (4.11),
with ¢y = =1, ¢ =0, dy =dy =0 and €; = €5 = 1, gives that

Ay 0
P = { o ] (5.16)
—arB @pSo
and
0 So

As we shall see, for this choice of P and W there do exist o and 3 for which P~1 A
is positive definite with respect to an inner product.

Theorem 8 Let (1.1) be left preconditioned by the BPT-BD combination preconditioner
(5.16), so that P~ A is self-adjoint with respect to (-, )y, where W is defined by (5.17).
When

I. a>0anda+pB <0, W defines an inner product, with respect to which P~ A is
positive definite, if and only if

«

A.
a+ 37

Ay < —

II. >0 anda+ B3>0, W defines an inner product with respect to which P~*A is
indefinite;

III. a <0 and a+ B >0, W defines an inner product if and only if

(67

A
a+f

Ay > —

but P~LA is indefinite with respect to this inner product;



18 J. PESTANA AND A. J. WATHEN

IT

Figure 2: Regions (distinguished by different colours) that are considered in Theorem
8 for the BP*-BD combination preconditioner. The horizontal lines show where P~ A4
can be made positive definite with respect to (-, -)yy by choosing o and /3 appropriately
or by scaling Ag and Sp.

IV. a<0and a+ 5 <0, W does not define an inner product.
Proof Recall from (2.3) that P~ A is W-positive definite if and only if WP~ A > 0, where

WP-1A — |:04AA61(A+A0)+/BA aAAalBT—i-(a—l—B)BT}
aBAG (A4 Ag) + BB aBA;'BT — (a+B)C
I 0] [M 0 I A-'BT
= [BA—l I} [0 T—BA‘IMA—lBT] [0 I } ! (5.18)

with
M = aAAG A+ (a+ B)A = A(aAg' + (e + B)A™HA (5.19)
and T = aBA;' BT — (a + B)C.
From (5.18) and Sylvester’s law of inertia it follows that P~ A is W-positive definite when
M >0and T > BA"'MA~'B”. The latter condition is equivalent to requiring that

aBA;'BT — (a+B)C > aBA;'BT + (a + B)BA'BT
or that
—(a+B)C > (a+B)BA™IBT. (5.20)
The conditions for positive definiteness of P~!A with respect to (-,-)yy are, therefore, that
M > 0 and (5.20) is satisfied, which we consider for each case in Figure 2.
I. f a+ 3 <0 and o > 0, W is positive definite if and only if

As T8y

0-

This is also the condition for positive definiteness of M in (5.19). Now, (5.20) is equivalent
to C > —BA™'BT, the left-hand side of which is symmetric positive semidefinite and the
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right-hand side of which is negative definite. Thus, this inequality is always satisfied and we
have that when o+ 3 < 0, & > 0 and W defines an inner product, P~ A is W-positive definite.
II. When @ > 0 and a+ 8 > 0, W and M are positive definite. However, since C' is
positive semidefinite, A is positive definite and B has full rank, (5.20) cannot hold. Indeed,
T — BA'MA-'BT <0 and P71 A4 is indefinite with respect to (-, -)yy.
III. When o < 0 with a4+ 8 > 0, W defines an inner product if and only if

1
a+p

A< —le.
(6%

Furthermore, M in (5.19) is positive definite if and only if €45+ (a4 B)A~! > 0 which, since
Ap and A are positive definite, is equivalent to

1
a+p

It follows that M > 0 whenever W > 0. However, as in Case II, (5.20) is not satisfied and
T—BA'MA-'BT < 0. Thus, when a+ 3 > 0 and W defines an inner product it is one with
respect to which P! A is indefinite.

IV. If a <0 and a+ 8 < 0, W is indefinite and does not define an inner product. =

The pivotal result of Theorem 8 is that when o + 8 < 0 with a > 0 it is possible
to obtain from the BP* and BD preconditioners—for which the preconditioned saddle
point matrices are indefinite with respect to inner products—a combination precondi-
tioner for which P~ A is self-adjoint and positive definite with respect to a nonstandard
inner product. One of the advantages of positive definiteness is that W-PCG may be
reliably applied instead of W-PMINRES. Even for W-PMINRES, the eigenvalues of
a W-positive definite preconditioned saddle point matrix lie on the positive real line
and, if clustered, might lead to faster convergence than can be achieved for an indefi-
nite system. Indeed, we shall see below that for these parameters convergence of the
combination preconditioner for both W-PMINRES and W-PCG is rapid.

Regardless of whether W-PMINRES or W-PCG is applicable, convergence for the
BP*-BD preconditioned system depends heavily on the eigenvalues of P~ A. These can
be bounded when C' = 0, as the following theorem shows.

A< —le.
(6%

Theorem 9 Let (1.1) be left preconditioned by the BPT-BD combination preconditioner
(5.16) and let W in (5.17) be positive definite, so that P~1A is self-adjoint with respect
to an inner product. Additionally, let

T
y" Aoy
0<6<y= <A 5.21
Ay (5.21)
for all y € R™ and
2IBTS;'Bz
<w=—>+—-—-X< 22
0=w 2T Az =@ (5.22)

for all z € R™.
If X is an eigenvalue of P~YA with eigenvector [uT,+T], u € R", v € R™, then if

Bu =0,
1

— <\t <
NS <

. (5.23)

S| =
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Otherwise, when
I. a>0 but a+ B <0 the remaining eigenvalues \*, which are all positive, satisfy

lg/\JrS(1+a¢)+\/(1+&¢)2+45¢(a+6) (5.24)
A 20
0< ¥ < (14 ag) — /(1 + ag)? + 46¢(a + B) (5.25)

20 7
IT and III. o + 8 > 0, the remaining positive eigenvalues A\™ of P~1A satisfy

1 < < (1+ag) + /(1 +agp)? +4d¢(a + B)
A 20

while negative eigenvalues X\~ are bounded by

(1+ap) — /(1 + ag)? + 46¢(a + 3)
20

<A <O. (5.26)

Proof The BP™-BD combination preconditioner is a Krzyzanowski preconditioner with ¢ =
_O%FB’ d = 0 and Sy replaced by #550. Thus, by Lemma 4, A # 0’_0%1-[3 and u # 0.
Additionally, when Bu = 0,

\ ul Au
uT Agu
and (5.21) then implies that
1 <AL L
A~ 745

If Bu # 0 then , by Lemma 4,

(1+ aw) £ \/(1 + aw)? + dYpw(a + B)
2 ’

where we have multiplied the top and bottom of (4.16) by « + 8. These roots must be real
since P! A is self-adjoint with respect to an inner product. However, it is possible, albeit
tedious, to verify this using the condition that a(A + Ag) + SAg > 0. Cases I-1II in Figure 2
require separate examination to determine bounds on the eigenvalues. We present the proof
for one case here; proofs for the remaining two are similar.

I. Let @ >0 and a+ 8 < 0. Both roots in (5.27) are positive, since a + 3 is negative, ¢
is positive and w is nonnegative. The larger root is given by

A=

(5.27)

(1+ aw) + /(1 + aw)? + 4yw(a + B)
2y

which we see, by considering (5.21) and (5.22), is minimized when w = 0 and ) = A and so
A > X. Conversely, (5.28) is maximized when w = ¢ and ¥ = ¢ which gives that

A= (5.28)

1, (0+ad)+ /(1 +0ag)>+46¢(a+B)
AT 26
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The smaller root of (5.27) is

(1+aw) — /(1 + aw)? + 4w(a + B)
21) ’
which is also minimized when w = 0 and ¥ = A. This implies that A > 0. However, we

concluded previously that A # 0 and we must have that A > 0. Additionally, (5.29) is is
maximized by choosing ¢ = § and w = ¢ which gives that

< (+0a9) = V(I +ag)’ +1466(a + )
- 20

A=

(5.29)

A

When combined, these bounds give those for Case I in the theorem. =

Remark Neither (5.25) nor (5.26) bound the eigenvalues of P~1 A away from the origin.
The difficulty is caused by (5.22). However, it may be possible to bound the eigenvalues
away from the origin for certain applications.

If it is possible to obtain bounds of the form (5.21) and (5.22) without too great
an expense we can ascertain a priori the eigenvalue distribution of P~1A. This often
determines the convergence of both W-PMINRES and W-PCG. Moreover, it may be
possible to use these bounds to choose o and 8 (and scale Ay and Sy if necessary) to
obtain good eigenvalues.

6 Numerical examples

The four test problems to which we apply the BPT-BD combination preconditioner
are the Stokes problems in [12, Chapter 5], discretized by Taylor-Hood (Q2-Q1) finite
elements by the Matlab package IFISS [30]. Since Taylor-Hood elements are stable,
C = 01in (1.1). The approximation A, is a no-fill incomplete Cholesky factorization,
computed by the ichol command in Matlab while the Schur complement approximation
is the pressure mass matrix computed by Ifiss. Since ;DinbA can be made positive
definite with respect to an inner product, we apply both W-PMINRES and W-PCG to
the combination preconditioned system, while W-PMINRES is used to solve separately
the BP* and BD preconditioned systems. The termination criterion for both methods
it that the preconditioned residual is reduced by a factor of 107% in the Euclidean norm.

We have tabulated in Tables 2 and 3 the lowest iteration count for the combination
preconditioner for which W,,» defines an inner product and, for the conjugate gradient
method, for which P~ A is positive definite with respect to this inner product. For
most problems this count is obtained by multiple choices of a and 5. It is clear that the
combination preconditioner offers superior performance to either the BP* preconditioner
or the BD preconditioner. The relative reduction in the number of iterations required by
the combination preconditioner, in comparison to the better performing of the BD and
BP™ preconditioners, is 19.8% on average for W-PMINRES and 20.3% on average for V-
PCG. We additionally remark that in many cases the optimal choices of o and 3 for W-
PMINRES and W-PCG coincide and the number of iterations for each method is close.
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Problem h BPT | BD | Comb («, 3) | % reduction
273 | 41 | 38 | 27 (1.3,-2) 29
Channel flow 2741 59 57 | 43 (1.7,-2) 25
27° | 95 | 95 | 86 (0.7,-0.6) 9
2731 57 | 55 | 41 (1.4,-2) 25
Backward step 274 | 88 83 | 69 (1.4,-1.6) 17
27% | 147 | 148 | 140 (1.2,-1) 5
273 | 34 | 32 | 21(1.1,-1.8) 34
Regularized cavity | 274 | 52 | 48 | 40 (1.2,-1.5) 17
275 | 88 | 81 | 73(1.9,-2) 10
273 28 | 28 | 20(1.1,-1.8) 29
Colliding flow 274 | 46 | 41 | 34 (0.8,-1) 17
2751 72 | 71 | 56 (1.4,-1.5) 21

Table 2: Iteration counts for the BP* preconditioner, the BD preconditioner and best
possible BPT-BD combination preconditioner for W-PMINRES. Also included is the
percentage reduction in the number of iterations required by the combination precondi-
tioner compared with the better performing of the BP* and BD preconditioners.

W-PCG: W >0 W-PCG: W # 0

Problem h BP* | BD | Comb («,f) | % reduction | Comb (c, ) | % reduction
273 [ 41 | 38 | 27 (1.3-2) 29 21 (1,-1.9) 15
Channel flow 2741 59 57 | 43 (1.6,-1.9) 25 34 (1.3,-2) 40
25+ 94 | 92 | 80(1.9,-2) 13 58 (1.7,-2) 39
273 57 | 55 41 (1.4,-2) 25 31 (0.8,-1.7) 44
Backward step 24| 88 83 | 70 (1.4,-1.6) 16 56 (1.2,-1. 9) 33
2-5t| 145 | 155 118 (1.7-1.8) 19 99 (1.7,-1.9) 33
273 [ 34 | 32 | 22 (1.3,.2) 31 19 (1,2) a1
Regularized cavity | 274 | 52 48 | 40 (1.2,-1.5) 17 33 (1,-1.9) 31
275 | 88 | 81 | 73 (1.4-1.5) 10 59 (1.3,-1.9) 27
273 [ 28 | 28 | 21 (1.3,1.9) % 19 (1,2) 32
Colliding flow 9-4 | 46 | 41 | 35(1.2-1.5) 15 31 (1.2,-2) 24
275 | 72 | 71 | 58 (1.5-1.6) 18 51 (1.3,-1.9) 28

* For positive definiteness of P~1A with respect to (-, -)yy it was necessary to scale Ay by 0.9. Thus,
Ag =0.9LLT, where L is the incomplete Cholesky factor computed by ichol in Matlab.
T For positive definiteness of P~!.A with respect to (-, -)yy it was necessary to scale Ay by 0.7.

Table 3: Iteration counts for the BP* preconditioner, the BD preconditioner and best
possible BP*T-BD combination preconditioner for W-PCG. Also included is the percent-
age reduction in the number of iterations required by the combination preconditioner
compared with the better performing of the BP™ and BD preconditioners.
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Figure 3: Convergence plots for the BPT-BD combination preconditioner with W-
PMINRES and W-PCG for (a) the backward step flow with & = 1.4 and f = —1.6
and (b) for regularized cavity flow with a = 1.2 and § = —1.5.

This suggests that W-PMINRES performs best when P~1A is W,,,-positive definite.
It also appears that for these problems the cheaper W-PCG method is preferable to
W-PMINRES.

Convergence plots for the backward step and regularized cavity flows with h = 27*
for the values of a and f listed in Table 2 are shown in Figure 3. We observe that the
W-PCG and W-PMINRES curves are very similar and decrease more rapidly than those
of BP* and BD preconditioned W-MINRES.

Although optimal PMINRES convergence occurs when W,,,,;, defines an inner prod-
uct, faster convergence can be observed for the conjugate gradient method when W,y
is not positive definite, as can be seen from Table 3 and Figure 3. The average relative
reduction when compared with the better of BW- or BPT-PMINRES is 34.8%. However,
robustness is not guaranteed when (-, -)y, . is not an inner product and we caution that
the BPT-BD combination-PCG method may fail for other approximations of Ag or Sy or
for different saddle point problems. Note also the non-monotonic convergence in these
cases.

We additionally examined the effect of scaling the BP™ and BD preconditioners
separately, by setting # or a to zero and varying the other parameter. Both precondi-
tioners were sensitive to scaling, although the optimal scaling appeared to be problem
dependent.

7 Conclusions

The Krzyzanowski preconditioner provides a useful framework for examining precon-
ditioners that render a symmetric saddle point matrix self-adjoint with respect to an
inner product. We have derived expressions for the eigenvalues of the Krzyzanowski pre-
conditioned saddle point matrix, when C' = 0, in terms of certain generalized Rayleigh
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Figure 4: W-CG Convergence plots for (c) the backward step flow with = 1.2 and
f = —1.9 and (d) the regularized cavity flow with a = 1 and f = —1.9. W is not
positive definite for these parameter choices.

quotients. These can be used to obtain bounds on the eigenvalues for specific instances
of the Krzyzanowski preconditioner that can, in turn, either help to predict the conver-
gence of W-PCG or W-PMINRES applied to the saddle point system or to tune the
preconditioner for optimal performance. We have also proved that the SZ* precondi-
tioned saddle point matrix that is always self-adjoint with respect to an inner product
(-, )w but is never W-positive definite.

Expressions for combinations of certain Krzyzanowski preconditioners have been de-
rived. From these we constructed two combination preconditioners, for each of which
the constituent preconditioners were such that the preconditioned saddle point matrix
was not positive definite with respect to an inner product. The BP*T-SZ* combination
preconditioned saddle point matrix is never positive definite with respect to an inner
product. However, surprisingly, the BPT-BD combination preconditioned saddle point
matrix s positive definite with respect to an inner product for certain parameter choices.
This means that a W-PCG method may be applied to the preconditioned system, itera-
tions of which are cheaper than those of W-PMINRES. More importantly, it highlights
the power of combination preconditioning, which constructs a preconditioner P from two
preconditioners, P; and P,, such that P~'A can be made positive definite with respect
to an inner product when neither P, * A nor P~' A are.

The BP*-BD combination preconditioner can, additionally, be more efficient than
either the BP* or BD preconditioners and performs well when the combination precon-
ditioned saddle point matrix is self-adjoint and positive definite with respect to an inner
product. Even faster W-PCG convergence is observed when W does not define an inner
product for the particular problems examined here, although this may not always occur
and the reliability of the W-PCG method cannot be guaranteed in this case.

The BPT-BD combination preconditioner shows that combination preconditioning
can be used to achieve positive definiteness. It would certainly be interesting to deter-
mine other combinations for which this also occurs.
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