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Abstract

We prove the existence of weak solutions of a class of multi-species cross-diffusion systems as well
as the propagation of chaos result by means of nonlocal approximation of the nonlinear diffusion
terms, coupling methods and compactness arguments. We also prove the uniqueness under further
structural assumption on the mobilities by combining the uniqueness argument for viscous por-
ous medium equations and linear Fokker—Planck equations. We show that these equations capture
the macroscopic behaviour of stochastic interacting particle systems if the localisation parameter is
chosen logarithmically with respect to the number of particles.

1. Introduction

Multi-species cross-diffusion models are systems of coupled equations which describe the evolution of
densities of n different species (n > 2). The solution of the cross-diffusion system is a vector-valued
function p = (p1,...,p,) defined on RY, where py is the density of kth (k=1,2,...,n) species. We con-
sider a class of cross-diffusion systems on R as follows

Oipr — V - (bkpk VP (p)) = oA py,

k=1,2,....n, (1.1)
Pk (0) = pro,  pro € L'NL>® (RY),

where the parameter by > 0 denotes the mobility, o > 0 denotes the diffusion coefficient, and the motion
is driven by pressure gradients through Darcy’s law, for ax > 0,

—1

n m
P(p)= Zakpk , mz=2.
k=1

1.1. Problem statement
In this work, we consider the well-posedness of the cross-diffusion system (1.1) as well as its particle
approximation. The system can be written in gradient flow structure as

b oA
dpr= —V - <pN> : (1.2)
ax dpx

where the energy functional A is given by

1 “ " " a
Alpts--ypn) = %/Rd Zakpk dx—i—zb—:a/ﬂgdpklogpkdx. (1.3)
k=1 k=1

© 2026 The Author(s). Published by IOP Publishing Ltd and the London Mathematical Society.


https://doi.org/10.1088/1361-6544/ae3655
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/ae3655&domain=pdf&date_stamp=2026-2-18
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-8819-4660
https://orcid.org/0000-0003-0261-5781
mailto:guo@maths.ox.ac.uk
mailto:carrillo@maths.ox.ac.uk

10P Publishing

Nonlinearity 39 (2026) 025009 J A Carrillo and S Guo

The energy functional defined above can be regularised at a formal level,

< e 1 - e "’ - k < e
Ae [plw"non} = a/Rd (devg*pk> dx+zbfk0/deklogpkdx, (1.4)
k=1 k=1

where we denote the variable of the regularised functional as p® = (p5,...,p7), and mollifer V= which
is obtained from nonnegative even function V€ C°(R) with [, V(x)dx = 1, by scaling V= (x) :=
e7%V(x/e). As € — 0, V¢ converges to the Dirac-delta &y, and the regularised energy functional A,
formally converges to .A. The regularised functional leads to the nonlocal equation

n m—1
O =V - | bipf V Ve % <Z aVe® x pf) +o0Apg, (1.5)

I=1

with initial data pf(0) = px o, which plays an important role below as an intermediate system between
the cross-diffusion system and its particle approximation.

From a physical perspective, each subpopulation consists of a large number of interacting particles,
which can represent molecules, cells, individuals, and so on depending on the application. Our motiv-
ation is to derive the cross-diffusion system (1.1) from stochastic many-particle systems. For the
sake of notational simplicity, we take the same numbers of particles in each species as N € N. Let
(2, F,(F)i»0,P) be a filtered probability space, for any k=1,...,n, (f}i),}l is a sequence of i.i.d ran-

dom variables on R? with the common law Pk,05 (B};)Ql are i.i.d d-dimensional F;-Brownian motions
that are independent of &}. The dynamics of particle system of kth species is described by the following
SDEs. For k=1,...,nand i =1,---,N, it is written

N
aX () = =i [TV [ DSOSV (=X () (Xi° () de+ V20dBL (1), 16

X;°(0) = ¢,

where all coefficients are the same as in (1.1) and potential V¢ is the same as in (1.4). The map s —
s™~! is Lipschitz continuous when m > 2, and V¢ is bounded when ¢ is fixed. Then the existence and
uniqueness of strong solution of (1.6) follow by standard SDE theory [36, theorem 3.1.1]. The distri-

bution of particles X;f(t) is represented by plgl)’N’E(t), which is the first marginal of the joint law of N

particles in the kth species. We will show that p,(cl)’N’E converges to p; which is a measure-valued solu-
tion of (1.5) when N — oo, and then p{ converges to p which is the weak solution of (1.1) when € — 0.
In addition, we introduce the regularised McKean—Vlasov type nonlinear process Y»¢ = (Y}°,..., Y:€)

satisfying the SDE below, for any k,

n m—1
dvy© (1) = by VVE*(ZalVE*p‘f> (Y;f(t)>dt+\/£d3;;(t),
. , =1 (1.7)
" (0) =&,

Law(Y;f (t)) = (1),

where we choose the random variables &; and Brownian motion Bi(t) the same as in (1.6). We abused
the notation a bit that we use (p5,...,pZ) denoting the distribution of solution of SDE (Y}<,...,Y:¢)
in (1.7). But we notice that, fixing ¢ for any k and applying It6’s formula, the distribution pf formally
coincides with the solution of the nonlocal equation (1.5) as

m—1
apg (3 - £ £
?tk =V- bkkaVS* <;a1V€*pl> +0Apk
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For every fixed ¢, __, a/V° * pf is a bounded finite measure and VV* is compactly supported, which
implies that the Lipschitz continuity holds

|vv€ % <Z aVe % p;> (x) — VV° « (Z apVe % p;> ()

=1 =1
<
L

n m—1
(Zalvg * plg) dz
=1
< Celx—yl.

VVe(x—2z)—VV*(y—2)

Then the existence and uniqueness hold for solutions of (1.7), both trajectorially and in law [39,
theorem 1.1].

1.2. State of the art

Cross-diffusion systems have many applications in various fields, including biology, chemistry and pop-

ulation dynamics. We refer to [29] for a detailed discussion of cross-diffusion systems, particularly those
admitting a gradient flow structure. There, the functional A is a functional of p = (pi,...,p,) given by

A[p]=/Rde(p)dx,

for some function e: [0,+00)" — [0,400). The corresponding system can then be written in the form

0A
o= (B()VE ).

where the diffusion matrix B(p) is positive and semidefinite. We have adopted this gradient flow struc-
ture and chosen a suitable functional A representing nonlinear diffusion modelling cell dynamics with
volume exclusion [7, 11, 19] in tissue growth. In this work, we consider cross-diffusion models with
more general pressure P(p) = (Zzzl akpk)m_l where m > 2 compared to [17, 18, 30] with the addi-
tion of linear diffusion. These cross-diffusion systems are also related to aggregation-diffusion used in
mathematical biology [1, 5, 10].

To derive macroscopic models from microscopic dynamics, one way is to take suitable scaling limit
as the number of particles diverges. The mean field limit is one of the widely considered regimes.
For deterministic cases, [24] provides a comprehensive review, while stochastic cases are discussed in
[27, 39]. In the stochastic case, the N-particle microscopic dynamics is governed by SDEs (1st order
system) as

> K (X (1) = X (1) dt+ V20dB (1),

j=1

ax ()=

where K is interaction kernel and B are i.i.d standard Brownian motion. Oelschliger proposed the mod-
erate interaction scaling as

X (1) = —%ZVWN(X"(t) — X1 (1)) dt +v20dB (1),

where the kernel is written in gradient form and depends on the number of particles [32]. A usual
choice is WN(x) = N#¥W(NPx) where 3 € (0, ﬁ), and WV converges to a Dirac delta §, when N goes
to infinity. The term ‘moderate’ means that this nonlocal interaction is more local than the mean field
regime, but when N goes to infinity, particles will move in an asymptotically deterministic force field.
Oelschldger [32, 33] rigorously derived the viscous porous medium equation from this moderate inter-
action. This interaction regime has recently seen rising interest, see for example [4, 22, 25, 28] and its
application on cell-cell adhesion [11, 12, 16, 20].

In the realm of deriving cross-diffusion systems from interacting particle systems, the literature
is growing. Notably, [38] focuses on the chemotaxis models and [26] deals with reaction-diffusion
equations. It considers Maxwell-Stefan equation as the hydrodynamic limit of two-component Brownian
particles in [37], while [23] derives nonlocal Lotka—Volterra cross diffusion system as large popula-
tion limit of point measure-value Markov processes. [15] derives cross-diffusion systems of Shigesada—
Kawasaki-Teramoto (SKT) type from Markov processes with mean-field scaling. Moreover, [14] adopts

3
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the idea of moderate interaction, where they prove the many-particle system converges to an interme-
diate nonlocal diffusion system (N — 00), and then obtain local cross-diffusion system when inter-
action potentials approach the Dirac delta distribution (¢ — 0). Further work [13] derives SKT type
cross-diffusion system from stochastic particle system, where a two-step limit is also applied. The cross-
diffusion systems considered in [14] are of the form

8 n
% =V- (; aklkam) +UkApka (1.8)

for smooth initial data, pi o € H*(RY) with s > d/2 + 1, sufficiently small.
In [21], the authors consider the single-species viscous porous medium equation with exponent
m>1:

o _

. m—1
ETie \% (pr ) + Ap. (1.9)

They generalised the result of [35] and [34] for m =2 and proved that the (very) weak solution of the
viscous porous medium equation can be obtained by the limit of solutions of the following nonlocal
equations

€

dp
ot

V. (pEV (vs % (V *pe)’"—l)) AN

The connection between nonlocal equations and porous-medium type equations sheds light on the
particle approximation (see [6, 8, 9, 31]). The authors also derive the above nonlocal equation from
stochastic particle system, thereby showing the convergence of the particle approximation of viscous por-
ous medium equation.

Comparing to the system (1.8) and (1.9), we study a class of multi-species cross-diffusion system
with the parameter of nonlinearity m > 2:

n m—1
Opi =V - | bepi (Z azﬁ?) +oApg.
=1

The main difficulty lies in obtaining higher integrability and regularity for each species due to the
coupled structure. To prove the existence, we use nonlocal to local approximation, which can cover the
cases with different mobility by. The higher regularity of each density is obtained by the linear diffusion,
which is crucial to show the strong convergence in L'. While the proof of uniqueness is more delicate
where we have to assume the same mobility for different species. The result comes from the important
observation that the sum of the densities satisfies a viscous porous medium equation, and the evolution
of each species can be considered as a linear Fokker—Planck equation with the fixed pressure. In terms
of particle approximation, as in [21], we also obtain a logarithmic scale relation between the number

of particles N and the localisation parameter ¢, and present it under the framework of propagation of
chaos.

1.3. Notations
Throughout the paper, we use the following notations. Let M (R?) be the space of probability
measure equipped with the following metric which measures the weak convergence in M (R¥), for

i, 2 € M(RY)

d(p, p2) = sup
feBL

b

e (@)= [ flx) (@)

R4

where the function space BL denotes the set of functions which are bounded with Lipschitz constant 1.
Let C2(R?) be the space of bounded and twice differentiable functions, which is common to be used
as the space for test functions. We denote the weighted space-time L’-function space by L?([0, T] x

RY, udxdt), where the weight 1 on [0, T] x R? is given in the form p = p(t)dt by means of a family of

nonnegative measures (,u(t)) 0,7 O0 R and the norm is given as

T
p . 2
R A RIC )

4



10P Publishing

Nonlinearity 39 (2026) 025009 J A Carrillo and S Guo

By denotes the closed ball in R? centred at origin with radius R, while B is its complementary set. Also,
we denote the M-fold tensorisation f® on R*™ by

FOM (o) = () f() - f ()
where f is a function on R,
1.4. Main results
The well-posedness of nonlinear processes (1.7) implies the following proposition.

Proposition 1.1. Assume initial data py o is a probability measure and with density py o € L' N L°(R?), then
there exists a measure-valued solution pf € C([0, T], M(R)) of (1.5).

Actually, we can obtain higher regularity of solutions of the nonlocal intermediate PDE (1.5), but the
statement in the proposition above is enough for our argument in this paper.
The quantitative error estimate between particles and nonlinear process is as follows.

Proposition 1.2 (error estimate of the stochastic systems). Under the assumptions above, the distance
between the strong solutions of SDEs (1.6) and (1.7) can be estimated as, for fixed € > 0

ZE

where the constant C(e,t) can be made explicitly.

C(e,t)
N 9

sup
0<s<t

‘(- Y“@ﬂ <

See section 2 for the proof of this proposition. In terms of the distribution of particles, we have the
following remark.

Remark 1.3. By the definition of 2-Wasserstein metric, for any kth species, the distance between the one-

particle distribution p(l) Ne(r) = Law(X;(’E(t)) and p{ (1) = Law(Y;{’E(t)) can be estimated as follows, for
te[0,7),

W2< (N2 (7)o (t)) < Ié:lW% (pil)’N’s(t)mi(t)) < ;E Uxﬁf(t) - Y?E(f)‘z]

. . 2
X () =Y )

n
< ZE sup
o7 [oss<T

Remark 1.4. According to proposition 1.2 and the expression of C(e, t) (see (2.2)), we can take suitable log-
arithmic dependence of € and N as € = €(N) which goes to 0 when N goes to co. Then it holds for ¢ € [0, T],

W, (p,({l)’N’E(N) () ,pi(N) (t)) — 0,as N — oo.

Now we define the weak solution of the cross-diffusion system (1.1):
Definition 1.5. A weak solution p = (py,...,p,) of the cross-diffusion system (1.1) on the time interval

[0, T] satisfies that, for each species k,

(1) px € C([0,T), M(R%)) is a measure-valued solution with initial data py o € L' N L>(R%);
(2) for almost every r € [0, T], p(t) is absolutely continuous with respect to Lebesgue measure (for
simplicity which is also denoted by p(t)), and pi € L™ ([0, T] x R9);

(3) (27:1 alpl)mi1 € Lnt (0,T; W msT (Rd));
(4) for almostany t € [0,T] and f€ C'([0, T, Ci(Rd)), it holds

[ senmeet [ [ ostomisnias= [ 505000
—l—a/ /RdAfsx Pk (s,x dxds—/ / bipk (s,x) Vf(s,x) - <Za1,01 sx) 71dxds. (1.10)

The following theorems give the well-posedness of the cross-diffusion system (1.1).

5
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Theorem 1.6 (existence). Up to a subsequence, the solutions of nonlocal equation (1.5) (pf)e>o converge in
C([0, T], M(R?)) to px a weak solution of (1.1).

See section 3 for the proof of this theorem.

Remark 1.7. We emphasise that theorem 1.6 characterise all possible adherence points of the convergent
subsequences as € goes to 0, as weak solutions of the cross-diffusion system (1.1).

Theorem 1.8 (uniqueness). If we assume further that all the species have the same mobility, i.e.
by =...=0b, =b >0, then there exists a unique weak solution of the cross-diffusion equation (1.1) defined as
in definition 1.5.

We give the proof of the uniqueness result in section 4.

Remark 1.9. It is an open problem to show the uniqueness for (1.1) without the assumption of having the
same mobility.

As the direct consequence of proposition 1.2 and theorems 1.6, 1.10 together with corollary 1.11 is
our second main result concerning particle approximation.

Theorem 1.10 (particle approximation). Under the assumptions of theorem 1.8, for almost any t € [0, T] and
any species k, the distribution of the particle (1.6) converges to the weak solution of the cross-diffusion
system (1.1) when N goes to infinity, and then ¢ goes to 0 that

lim lim p,(( )Ng(t) = pi(1).

e—0N—00

In fact, we can take ¢ depending on N as in remark 1.4 and combine the two-step limit into one as
limy—soo N (1) = p(e).

Let M be a fixed natural number and p,EM)’N’E is the joint law of X;f, i=1,2,...,MonRM je. the
M-marginal of the joint law of N particles. We denote the independently tensorised solution of cross-
diffusion system on R by p®". We obtain the following propagation of chaos result, Under the
assumptions of T

Corollary 1.11. Under the assumptions of theorem 1.10, it holds

(M),Ne (@M
lim lim py (0) =p " (1)

The paper is organised as follows. Section 2 delves into the error estimate between moderately inter-
acting particle system and associated nonlinear nonlocal process; in section 3 we investigate the conver-

gence from nonlocal to local cross-diffusion system, which implies the existence of the limiting cross-
diffusion system. Section 4 shows the uniqueness of the cross-diffusion system.

2. Proof of error estimate for the stochastic systems

In this section, we investigate the large N limit of the particle system (1.6). In particularly, we will prove

the convergence limy_; oo p(l) e _ = p5.

Since X© 25(0) = Y;é (0) = &i, Holder’s inequality implies

X (0 ¥ (1) = ]/t/R BVVE (2) Z?\;ZN:VE( X9 -2)
¢ JRA =1 j=1
(Zale*pf (S,Yi 5) > ]dzds
' o - "
gt/o RdkaVs(z)\ NZW( Xp°(s) — X7 (s) — )

2

n m—1
_ (Z a Ve * pf (s, Ve (s) — z)) dz | ds.
I=1

6
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The following equality holds by the scaling of V°(-) = ~9V(/¢),
1 C
/ IVVE (2) |dz = f/ |VV(z)|dz < =%,
Rd & Jrd €
where Cy is independent with &, then

m—1
/VVE )dz x sup l(ﬂ % NVE()CE XJE() J’))

X% () — Y= (1) |” < 1}

yER? =1 " j=1

" m—1
- (Zulvs * pf (5,1/‘]'(’5 (s) — )) :|

=1

Czb2 /
et Jo yeRd
—12

n m—1
- (Zm w0 (5779 —y))
I=1

2
ds

N

( % vs(x’es) X2 (s) — y)>

I=1 j=1

B

ds.

When m > 2, it holds that
’(ilivﬁ(xw X’E()—y)> _<zn:a,v€*p,€(s,ygf(s)—y)>
= j=1 I=1

S (00 9) - S (3570 )

m—12

n 2

< Qvefl

=1

And the quadratic term can be estimated as follows

ZWZVE(’E - X (s )Za,w*p,(, “(5)-)
I=1 j=1

2

+3njalz Zve( (5)—)/)—;XN:VE(YZE(S)—WE(S)—Y)
=1 j=1

+3nzn:a,2 >ove( () =7) = Vo pi (5 7(9) — )
=1

= I+

For any t € [0, T], we take the expectation of (2.1) to obtain

B sup (9 Vi <s>|2] < Go@)e | sup (1] +E 1] + £ [1]) o

0<s<t y€ERA

where the constant

V=2 1
~ .
2 52md74d+2

Co(e) ~

The first term ]’i’k and the second term ];’k can be estimated thanks to the Lipschitz continuity of V¢
fixed € as

)

n 2 N
a € e
C<Bn|VVE R e X () = YT ()
=1 " j=1

7

(2.1)
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and

B <30 VVE e [X07 () - YT (9.
I=1
For the third term J5¥, we let Z' := YZ’E — y to simplify the computation
E []g’k} = SHiale |:
=1
<Y BN E[(V(Z 1) v (2)) (V (2 ¥) - vt (2))]

I=1 Jid!

2

j=1

Recalling the definition of nonlinear process (1.7), we can see that the randomness of Y?’E for different

index j comes from i.i.d Brownian motions B{ and initial data YJIE(O) When i # j#j/, the sum vanishes
because

E[(VF(Z-9) = veupi (7)) (v (7= Y1) = veuni (2))]
_E [E [(Vf (zi - yﬂ,) — Ve pf (zf)) (VE (z" - yﬂl) — Ve pf (z")) ’Z’H
—E[E [V (7 -¥]7) = Vo upi (2) | 2] B[V (7= ¥]) = Vo epi (2) | 2] ] =0,
where the last line is due to that ¥°(s) and ¥} *(s) have the same distribution p¢(s) for any s € [0, T].
Fixed the index i, number of elements in the set
S = {j,j’|At least two of indexes i,j,jare equal}
is 3N — 2. Thus we can bound E[J}*] as

B[] =m0 & 5 B[(v (2 ¥) - Vst (2)) (v (2= 17) v ()]

=1 i
e LS B [(ve (£ ) — v (2)) (v (2= 1) v et ()]

12(3N = 2) || Ve|[f >0, a7

<
h N?

Now we possess all ingredients to estimate E [SuPogsgt X (s) — Y',:E(s)\z} as

E

0<s<t

sup |X;%(s) = Y;° (s) |2]
< Gy (e) t/otysgﬂg (E {]ifk} +E [];xk} +E []ng ds

¢ n . .
< G (6)1‘/0 <3n||vvf|%oo ZQ%E|X;’E (s) = Y¥<(s) ’2
I=1

jie PUNERS 12(3N = 2) 2| Ve |2 S0,
+3”HVV€||%ooE|Xk’ (s)— Y} (s)| Zalz+ N L =14 g
I=1

We sum up species index k from 1 to n, then we can see that

n n
. : C £ ¢ . .
S| swp 0 -1 OF| < v aen [ E 9 - o)
k=1 [0Sst N 0 k=1
where
1 1
Ci(e) ~ Co(e) V¥ [[7 ~ Samd—2d12’ Cy(e,T) ~ Co(e)[[VV[foe ~ c2md—2d+4"

8
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Gronwall’s inequality implies the estimate as

D OE| sup |Xp7(s) = Y (5)
k=1

0 st

where

2C (e _ m—
Cle.t) = 17()2€C2(67T)t ~ g6T20m=1) oy (t/€4+2d( 1)) . (2.2)
(CZ (57 T))

3. Proof of existence for the cross-diffusion systems

In this section, we will prove the nonlocal to local convergence, i.e. for any species k, the measure-valued
solution pf of equation (1.5) converges to a weak solution pj of the cross-diffusion system (1.1) when ¢
goes to 0 (up to a subsequence).

Let us define the nonnegative functions g° : [0, 7] x R? — R as

g () =Vx (ZﬂzVs *pi (t)> (),
=1

further define the regularised solution of nonlocal equation (1.5) as
W= Ve,

which is also a nonnegative probability measure, then g& = V= (Y[, auf )m_l. Then we convolve both
sides of (1.5) with V¢ to obtain the equality

Oty =V - (bipi V) x Ve + o0 Aug = (bkpp V) * VVE + o Aug,
which leads to
O (axug) = (axbrpi Ve ) * VVE + a0 Aug.

Summing up species index k from 1 to n, testing against it by (>, axu{)™ ! and integrating in time, we

get
/Rd (Zk:akui (t)) dx—/Rd (zk:akui (0)) dx
= /‘/R (Zﬂk”i> (Zukbking*f) * VV=dxds
0 JREN T k
+U/O /Rd (;akui> A <Xk:akui> dxds
—/t/R V Ve x (Zawi) . (ZakbkingE> dxds
0 JR? k k
— (m— 1)0/0 /Rd (Zk:akui> \Y% (;akui> ‘ dxds

X[ [ @& - 1o [ (;kk> ‘v (;u> ‘zdxds,

where we applied the following fact in the second equality, for some integrable f and h,

Vg

f(x) (h*VV®) (x)dx = —/ (VVE %) (x) h(x)dx.
R R
By the assumption pyo € L' NL> C L™ and ug(0) = pio * V<, which implies

[[uic (0)

Then we get the uniform in ¢ estimate as follows.

L (RA) < ||Pk,0||L"'(Rd) < o0.

9
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Lemma 3.1. For each species k and t > 0, the following estimate holds
m ' 5
Zakui (1) +Z/ / akb| V| (s, dx)
P xS0 R
\Y <Z awi)
k

v [ f (o)

Remark 3.2. From above lemma, we can deduce that for each k the nonnegative sequence (1 ) is
bounded in L>(]0, T], L™ (R¥)). And the equality
\Y (Z akui>
k

‘ m—2 2 ‘
4
axus v ayus dxds = —/ /

implies the sequence (3", akui)m/2)€>0 is bounded in L([0, T], H' (R%)); and for each k,

m

2
< < 0.

Z Ak Pk,0
k

m

2
dxds,

t
/ Vg (s,%) ’2p,f (s,dx) ds is uniformly bounded in ¢.
R4

Notice that we are not able to get higher regularity for uf from the estimate above, but only for the sum
Dok M.
We now state the following lemma.

Lemma 3.3. For each k, the sequence (p5)__, is relatively compact in C([0, T], M(R?)).

>0

Proof. To apply the Arzela—Ascoli theorem, we need to verify the following two claims, for each kth species,

(1) there is a relatively compact subset Ky C M (R?) which is independent of ¢ and ¢, that for any ¢ € [0, T]
and € > 0, p{ (1) € Ki;

(2) the sequence (pj})->0 is equicontinuous, i.e. for every 7 > 0 there exists ¢ such that, for all £ > 0 and
t,s € [0, T] such that |t — s| <, then it implies d(pj (s), p; (1)) <.

We start with proving the first statement. A subset of M (R?) is relatively compact if and only if it is
tight, then it is equivalent to show for any ¢ € [0, T] and 1 > 0, there exists a compact set K; C R with

pi(Ki) = 1 —n for all € > 0. Recall the nonlinear process Y; (t) defined by (1.7) with Law(Y¢(t)) = p{(¢)
satisfies the SDE

dYs (t) = =V (8, Y5 (1) dt+V20dBy (1)

Then p§ (Ky) > 1 — 1 is equivalent to P[ Y5 (#) € K§| < 7. We can take the compact set as a closed ball with
radius R > 0, then the probability of Y} being outside the closed ball can be estimated as

P[|Yi<r>|>R]=P[

70 - [ Vg (s, Y (5)) ds 4 V2B (0

2

<P{|Yﬁ(0)|>ﬂ+ﬂ"[

by / Vg (5,Y; (5)) ds

> ﬂ +IPU\/%B;<(t)’ > ﬂ :

where the first term and the third term goes to 0 as R — co. For the second term, we deduce

P[bk/otvgf (s,ms))ds\ >3] < ZE [ b [ V¢ (5779 ]
< Mg / v SHERY
_ ol

RZ

t
/ IV (5,%) [205 (5, d) s,
0 R4

which goes to 0 by sending R to co by remark 3.2.

10
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Now we prove the second claim. For s, ¢ € [0, T}, the distance between pf (s) and p; () has the following
estimate

A2 (). () = sup | [ ) o5 (1.dx) — WW@M‘
feBL|JRd R

= sup [E[f(Y; ()] — E[f(Y5 (5))] |

feBL

<(E[o-nor])".

and by Minkowski’s inequality
(o -vior)" = (B[l [ ve w+fWK>V5W%®W
<bi(E| /ng Y5 (1)) dr Dl/z+\/ﬁ(1@ [1B1(o) — Be()] )
<bu(sfli—d [ v (i) Pa]) 4 vari— g
=wwmbk1AQWﬂmW¢maw¥”+ﬂd

< C|t—s\1/2,

1/2

where the constant C is independent with € by remark 3.2 again. In conclusion, lemma 3.3 is proved. O

We have shown that for each species k the sequence (pf)_. , has a convergent subsequence. We now
fix such a convergent subsequence, which is still denoted by (pf) Let p; € C([0,T], M (R9)) be its

limit, i.e.

e>0"

pi = pr in C([0,7],M(R%))ase— 0. (3.1)
Lemma 3.4. For each species k, the sequence (uf ), , converges to py in C ([0, 7], M (R?)) up to a subsequence.

Proof. The lemma can be implied by

sup d(pg (¢),u;(t)) =0 as e—0.
0<E<T

To verify this, we notice that for any ¢ € [0, T] and f € BL, the following equality holds

o () ds— [ gt ()| =| [ 700) ()5 V) s [ gt |

ya

((f* V) (x) = f(x)) pic (:dx) |,

‘Rd

where V¢ is even. And then it holds

|| g (ex)de— | ) 0.9
< [ ([ vsn =00 v ) ok e
< v @ iy =ce

which implies our lemma. U

By a priori estimate lemma 3.1, for any species k, the sequence (u} ).~ is bounded in
L>([0, T], L™ (R%)). Banach—Alaoglu theorem implies that, up to a subsequence, it weakly* converges in
L>=([0,T],L™(R%)). Thus by lemma 3.4, we get px € L([0, T], L™ (R¥)). Next, we are going to prove the
convergence also holds in L™ ([0, T] x R9).

11
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Lemma 3.5. For each species k, up to a subsequence, (u5)__  strongly converges in L™ ([0, T] x RY) to py.

e>0

We claim that it suffices to prove the convergence result in L!([0,T] x Bg) for any fixed R > 0, i.e.
u — py strongly in L' ([0, T] x Bg)as € — 0. (3.2)

It is true because of the following remark.

Remark 3.6. By Vitali convergence theorem, the sequence (u5).~q converges in L™ ([0, T] x R?) to py if and
only if

(i) the sequence (u})-~o converges in the Lebesgue measure on [0, T] X R to pi;
(ii) the functions (uf)™ are uniformly integrable;
(iii) for every 1> 0, there exists a set E,, € [0, T] x R? of finite measure, such that [},
n

ug|" < nforalle.

Actually, by lemma 3.4 and Prokhorov’s theorem, for any k, (1).>o are uniformly tight. Thus for
any 7, > 0 there exists R,, > 0 such that for any € > 0, it holds

R’I

Then for any J > 0, there exists a ball Bg, such that for any € >0

T 5 T 5
/ / up (t,x)dxdr < - and / / Pk (t,x) dxdt < =
0 < 4 0 C 4

Rs Rs

T T T
//|ui—pk|dxdt:// ol [ [t = e
0 R4 < 0 BRrS
/ / — pildxdtr
B

Rs

And we have

That is to say if for any By the sequence ().~ converges to pi in L'([0,T] X Bg), then it implies the
convergence also holds in L'([0, T] x RY), which further implies the convergence holds in Lebesgue
measure. Statement (i) of the remark is satisfied for sure.

By remark 3.2 the sequence (3", akui)m/z is bounded in L* ([0, T],H" (R?)). If w € H'(R?), then we
have w? € WH(RY) € LY @=D(RY) for d > 2. So (3 axuf)" is bounded in L ([0, T}, L=V (R4)). By
the positivity of each a; and u, for any k, it holds

()" € 12 (10,11, L6 (R ) € L9600 (jo. 1] x BY).

which deduces that the following uniform in € bound holds

T
//(u;(t,x))%dxdtgck.
0 R4

Since for any set A C [0, T] x R with the characteristic function x4 and volume |A|, we have

1 d—1

4 T K
lim sup//(ui(t,x "dxdt < lim sup / / (xa)"dx / / (”i(tax))% dxdt
[A]=0e>0 )/ A |Al=0c>0 R4 0 JR4

< lim \A| C" =0,

= al-
which verifies (ii). And we get
m (m—=1)(d=1)
T 1—d+md » 1—d+md
/ / (uf (t,x))" dxdt < / / (t,x) dxdt / / (t,x) 4T dxdt
0 JBy, i i
C£n£7d+md
)

12
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i.e. (iii) has been verified, then our claim follows.

The following discussion is analogous to that in [21]. To prove our strong convergence result (3.2),
we need to prove for each k, the sequence (u5).>o is a Cauchy sequence in L'([0,T] x Bg). From lemma
3.1 and remark 3.2, we can only deduce higher regularity about the sum ), axu;. For single species ug,
we will take advantage of the mild form of the solution. We firstly introduce a fractional-type Sobolev
space X, for0<a<1:

+h)—w()|n
Xa —dwe Ll (Rd) ’ sup ||W< ) W( )HL (R4) <400 b
0<h|<1 k|

One can check that this is a Banach space endowed with the norm

w(-+h)—w() ;1
”WHXQ = ||WHL1(R"’) + sup || ( ) - ( ) HL (]R‘).
0<|h|<1 |h|

By the Riesz—Fréchet—Kolmogorov theorem [3, theorem 4.26], any bounded subset of X,, is compact in
L'(2) for any bounded domain © C R4

Lemma 3.7. The sequence (1 ). is uniformly bounded in L' ([0, T], X, ) for any 0 < o < 1.

Proof. We recall that
O =V - (bepp Vg ) * Ve +oAug,  ug (0) = pro* VE.

Let ff = (hkp Vgg) x V=, then we can write above equation into mild form as:

up (1) =T (1) *, 1z (0) —|—/0 (T (t—s) *, divfi (s))ds
=T () x, uf (0) + /0 (VT (t—5) % f7 (s))ds
where I'(#,x) is the heat kernel given by

2
——e = fort>0
Oy fort=0.

In [21], forany 0 < o < 1 we know I', VI" € L' ([0, T], X, ). Also, by the fact

H /Or } V.I'(t—s,x—2)f; (s,2) dstH

LY([0,T],Xa) < || ||L1 (lo,1],X HfHLl ([0,T]xR4)?

one need the L!-estimate of f; that
T
oy < | 06198 (0l 1.0

<//Rdb|vgstx| (t,dx)dt)l/z.

Therefore, the sequence (1 ).~ is uniformly bounded in L' (0, T], X, ). A priori estimate lemma 3.1, for any
species k tells us f; is bounded in L' ([0, T] x R?) uniformly in e. O

Fix 0 < ar < 1, and take some big s> 0 such that M(Bg) < H*(Bg) continuously. And for any
§ >0, there exists a constant Cs such that for any smooth function f on R the following inequality
holds (see also [21])

Al 8oy < Ollfllxe + CollAllr—(ao)- (3.3)

13
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Taking ¢ and ¢’, applying (3.3) to u(t) — uf (f) and integrating in time, we obtain

||“i*“i,||u([o 1] B) < 0|uf —uf ||L1 ([0,T], X, )+C5||”k Ui ||L‘ ([0,T],H(Bg))

<H“kHL1<[o,TL (f0,11,X )*C‘SH”k ”?HU([o,TLHﬂ(BR))
T !
<G <5+c5/ d(uz(t),uz (t))dt).
0

By the convergence of (u5).>¢ in C([0,T], M(R?)), we have

hmePH“k uli/HLl([O,T]xBR) < G,

which implies that (u)_ is a Cauchy sequence in L' ([0, T] x Bg) by the arbitrariness of d. Together
with claim (3.2), lemma 3.5 has been proved.

We finally show that for any k, the limit py is a weak solution of cross-diffusion system (1.1) with
initial data py as in definition 1.5.

Proposition 3.8. For each k species and any test function f € C'([0, T, C2(R?)), the limit py satisfies the
following equation:

[ senmnact [ [ oftomisnias= [ 502000
+J/ /RdAfsx Pk (s,x dxds—// brpk (s,x) Vf(s,x) - (Zalpl sx) _ dxds.

Proof. In terms of (1.5), for any f € C'([0, T], C2(R?)), we have

(3.4)

Fles)pi )+ [ [ 0ften) ot (s d9ds= [ 091050

R4

+ O'/t Af(s,x) pf (s,dx)ds
0 JR4
—/ /]R b Vf(s,x) - Vg (s,x) pf (s,dx) ds. (3.5)
0 d

Given that p converges to px in C([0, T], M(IR?)) as & approaches 0, we are able to pass to the limit for the
first four terms of (3.5). For the last term, it has

‘/o g Vf(x)- Vg (s,x) pg (s,dx)ds — /0 y Vf(x)-V <zl: ap; (s, x)> Pk (s, %) dxds‘
< ‘ /0 y Vf(x) - Vg (s,x) pi (s,dx)ds — /o g Vilx)-V (Zl: ajuy (s,x)) uj, (s,%) dxds‘
+ ‘/ y Vf(x) (Zal”l 5, X ) g (s,x) dxds
_ / (Z aip (s, x)) . Pk (s,%) dxds‘
0 JRr ;

=L+

14
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For [5, noticing V*(x — y) = V°(y — x), we have

_’//Rd de (Zalu, sy) _ Vs(x—y)pi(s,dx)dyds
/ /R V0 (Zﬂluz Sy> _ VE (y — x) pf (s, dx) dyds

m—1

< /Ot/Rd/Rde(x)—Vf()’)”V (Zl:aluzs(sa)/)> ’VE(X—y)pi (s,dx) dyds
< HVZJCHLOO /Ot/Rd/Rd’V (Z:azuf(s,y)>m_ “x_)”VE(X—)/)pi(s,dx)dyds;

recall that V € C®(RY), then

sup  |x—y| < Cs,
x,yEsupp Ve

which implies that

It <eC V],

m—1
v (Zmuf <s,y>> 45 (5.9) dyds.
1

And we have

m—1
v (Xai )|
‘“k (Zlal“l> L1([0,T] xR4)
m—2
= (m— 1) ||ug (;alﬁ) v (Zamf) ‘Ll([O,T]XRd)
m/2-1 m/2—1
o0 (350 () e (572)
| m—2 2011/2 /2
. m
Sl (E) (S 2

L1([0,T] xRY)
which is bounded according to a priori estimate lemma 3.1. Thus we obtain I goes to 0 as € — 0.
For I5, we have

L2([0,T] x R4)

([0, 7] xR’

t
I <[Vl i

\Y <Z ajuy (s,x)) ug (s,x) =V (Z aip; (s, x)) Pk (5,%) ‘dxds.
1 1

To prove I5 — 0 as € — 0, we need to prove

\Y <Z apuy (s,x)> ug (s,x) > V <Z aip; (s,x)) pr(s,x)  stronglyin L' ([0,T] x Rd) .
1

1

We possess that for any k
u — p stronglyin L™ ([0,7] x R%)ase — 0. (3.6)

So we only need to verify that

m—1 m—1
\Y (Z amf) -~V (Z alpl> weaklyin L ([0,T) x RY)ase — 0. (3.7)
! !
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Lemma 3.9. Assume m > 2, for any function h such that h € L ([0, T] x R?) and h"/* € *([0, T], H'(R%)),
" = (RY),

then k"~ € L#=1([0, T], W" =
Proof. For m =2, the lemma holds trivially; for m > 2, k=" € L#-1 ([0, T] x R?) is apparent, we need to
prove VA"~! € La=1 ([0, T] x R%) as follows

T T
/ / !th’1|ﬁdxds:cm/ / |h?*lvh?
0 R4 0 R4
T w1\ m 2 = T R o
< Cn (/ / h(zfl)mmdx(h) (/ |vh? ﬁdeds)
0 R4 0 R
r Wt ([T o\
= Cn (/ / hmd_xds) (/ |Vh?| dxds) < 0.
0o JR? 0 JRI

77 dxds

O

By remark 3.2, we have u§ € L"([0, T] x R?) and (3", axu)™/? € L*([0, T}, H' (R?)), which implies the
limit p € L"([0, T] x RY) and (3", axpx)™? € L2([0, T], H' (R)). Applying the lemma above, we have

m—1 m—1
(Za,uf) and <Z am;) € Lnt ([O, ), Wha=t (Rd)) )
1 I

For any test function h € L™ ([0, T], W"™(IR9)), it holds

‘/Ot/Rdh(x,s) V(Z:azuzE (S,x)>m —V(Z:alpl(s,x)>m dxds‘

- ‘/Ot Rdvh(x,s) (Zl:azuzs (S,x)>m - (Z:azpl(s,x)> N dxds’

t
< VAl (o, xR //Rd
0

which goes to 0 as € — 0 thanks to

m

m
m—1
dxds

9

<Z arj (S»x)> - <Z aipi (S’x)>
1 !

m—1 m—1
(Z amf) — (Zalpl) strongly in  L#—1 ([0, 7] x RY).
] !

Now for any h € L™ ([0, T] x R?), it can be approximated by a sequence (h,),>1 € L"([0, T], W1 (R%)).

Thus
¢ m—1 ¢ m—1
// hV <Za1uf(s,x)> dxds—>// hVv (Zam;(s,x)) dxds,as e — 0,
0 JRd ; 0 JRd ;

which is due to both (3, uf)mil and (Y1) "~ are bounded in L#1 ([0, T], W51 (R4)) and the dom-
inated convergence theorem enables to let /1, — h. Hence, the weak convergence as expressed in (3.7) is
achieved as desired. Combining (3.6) and (3.7), we obtain I5 — 0.

Thus we finish the proof of proposition 3.8. O

In conclusion, p = (p1,...,p,) is a weak solution of the cross-diffusion system (1.1).
4. Proof of uniqueness for the cross-diffusion systems

In this section, we will prove theorem 1.8 under the assumption that mobilities by, ..., by are the same.
Namely, the cross-diffusion equation (1.1) reduces to the following system

n m—1
Opx = bV - | &V (Zazm) +olpr, k=1,2,...,n, (4.1)
=1
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If we sum up the cross-diffusion system with weights ay, then it holds

O (Z asz) =bV- (Z aip VP (P)) +0A Z aipr.
; 1 I

Let u= ), ap; with ug =) aip; o, which satisfies formally that
O =bV - (uVum*I) +oAu, (4.2)

where 1y € L' NL>(RY). Weak solutions of (4.2) are understood in sense of the following definition.

Definition 4.1. A weak solution of (4.2) on the time interval [0, T] satisfies u € L™ ([0, T] x R?) and u™~! €
L1 (0, T; W" 71 (R%)). And for any f€ C'([0, T], C3(R?)) and almost any € [0, T}, it holds

/ftx txdx+// (s,%) sfsxdxds—/fOxuo

/ Af(s.x)u (5xdxds—b/ /R (5,%) VF(s,%) - V™! (5,x) dxds.

(4.3)

Given pio € L' NL>®(RY) for k= 1,...,n, if the weak solution of (4.2) defined as definition 4.1
is unique with initial data 1o =), axpxo, then the pressure of the cross-diffusion (4.1) satisfied by
P(p) = u™~! is uniquely determined with certain regularity. Thus, each pj satisfies the linear Fokker—
Planck equation

Ok = bV - (V") + o Ap,

which has a unique weak solution p; € L™ ([0, T] x R?) in sense of definition 1.5 [2, theorem 9.3.6].
Formally, we test (4.2) with u™~! and integrate in space and time to obtain the a priori estimate

T mm T T mm
||M( )”L +b/ / ulvum71|2dxdt+o_(m_l)/ / um72|vu‘2dxdt< ||u(0)HL .
m 0 R4 0 R4 m

The above estimate can be derived by regularising u as u® = V* x u, showing the analogous estimate to
lemma 3.1 for u°, and then passing to the limit as 4#* — wu. It implies that, for any k, the vector field
Vu=! € [2([0,T] x RY, prdxdt), i.e.

T T
/ / pk|Vum_l|2dxdt</ / u|Vu™ 1 dxdt < oo.
0 R4 0 R4

It also implies V! € L'(]0, T] x R%, prdxdt) as follows

T T
//Pk|vum71|dxdt</ / u| V"~ dxdt
0 R4 0 R4
| T 3
< el o, 1oy (/ / u|Vu’"12dxdt> < o0,
0 JR4

which verifies the condition needed in [2, theorem 9.3.6].

Therefore, to show theorem 1.8, it is sufficient to prove the following proposition, which is well-
known [21, 40] but we adapt it here to our regularity setting. Note that we perform integration by
parts only once in the last term of (4.3). This differs from the standard definition of weak solutions to
equations of the form 0,u = AF(u), where integration by parts is applied twice to transfer the Laplacian
onto the test function.

Proposition 4.2. The weak solution of (4.2) defined as definition 4.1 is unique.

Proof. Without loss of the generality, we assume b = ¢ = 1 in the proof. The first step is to show u €
L™+1([0, T] x RY). Recall the smooth mollifier V¢ defined as in (1.5) and let

ue (t,) =u(t,")x Vo,
then it holds in sense of weak form (4.3) that
Oy =V - ((uVum_l) * VE) + Aux Ve,
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We take smooth test function

flx,1) :/tT<mn:1um+u> * Veds

with
T
Vf(x,t) = / (uVu" " + Vu) % Vods.
t

We plug in f into (4.3). The right-hand side of the equality follows

Rdf(O,x) Ue (O,x)dx—i—/OT/Rd ugAfdxdt—/oT/Rd Vi ((uVu") % V) dxdt
:/Rdus(o)/oT<mT;1um+u)*V€dt
/()T/Rd ((uVu" '+ Vu) = V°) (/tT((uVu’”1 + Vu) *W)ds> dxdt

T'm—1 1
—/}Rdua(O)/O < o +u)*V€dt—2/Rd

where integration by parts is performed to transfer one derivative from f to u., allowing us to handle the
second-order term. The last step follows from Fubini’s theorem. While the left-hand side of (4.3) yields

2

/T((uVum_l —|—Vu) * Vs) dt| dx

f(T,x) ue (T,x)der/OT/Rd e (£,%) O,f (¢, x) dxdt
_/T/Rdusat ([(’”;Um@ *vfds> dxdt
L

Combining both identities above with the fact 4" < u™ * V* due to Jensen’s inequality, we get that

—I/T/Rd (ua)’”“dxdt+/0T/Rd(us)2dxdt+;/Rd
/Rd"s /( y +u>*V5dtdx
<o [ [ (

< e e (™

R4

u —|—u> * Vedxdt.

T
/ ((uVum_l + Vu) * Vs) dt‘zdx
0

u +u> * Vedtdx

o) + Nillngo, T]XW))

Taking the limit as £ — 0, we obtain u € L"*!(R% x [0, T]).
Similar as the argument above, we assume that two solutions # and # of (4.2) have the same initial data
i.e. u(0) = u(0). Their regularised versions 1. := u* V* and #. := u x V* satisfy the following equation

O (. —u.)=V- ((uVu’”fl — itVitmfl) * VE) +A(u. —ue). (4.4)

We take test function

18
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and plug in it into the weak form of (4.4) as follows
T
f(T,x) (ue (T, x) — 0 (T, x)) dx + / / (ue (t,x) — v (8, %)) Oyf (£, x) dxdt
R o JRi
T
— [ 50 (0 @) axt [ [ (o) A
R 0o JRri

T
N / VF - ((Vu™") « Ve — (aVa™=") « V°) dxdt. (4.5)
0 R4

The right-hand side reads as

T
Rdf(O,x)(uE(O) — us(O))der/O /Rd(us — ue ) Afdxdr
T
—/ / V- (uVu" ")« Ve = (uVa™ ") * V°) dxdt
o Jrd
= —/T/ (uVu" '+ Vu—uVa"' — V)« V°
o Jrd

T
X </ (uVu™ '+ Vu—ava"! Vu)*VE)ds> dxdt
t

fl/
2 Jpa

And the left-hand side of the identity (4.5) yields

2

T
/ ((uVu’”fl + Vu—uViu"~" — Vi) « V°)dt| dx.
0

Rdf(T,x) (ue (T,x) — 6 (T, x)) dx—i—/o /]Rd (ue (£,x) — B (£,x)) Of (£,x) dxdt

T — —
:/ / (ue—ﬁ€)<m lum—i—u—m 11‘[”—11)*V8dxdt.
0 Rd m m

T J— —
/ / (ugug)(m 1u”‘+u77m 1umu>*V€dxdt
0 Rd m m
1

where we take the limit € — 0 and infer that

T p— p—
/ / (uu)(m luerufm lumu)dxdtgo.
0 Rd m m

But convexity of the function 1™ + u implies

Namely, we have

T
/ ((uVum_1 +Vu—avVa" !l — Vﬁ) * Vf) dt’zdx <0,
0

1 1
(u—a)<mm u’”+u—mma’"—a) >0

holds everywhere, which is also integrable because u € L"+1(]0, T] x R?). Therefore, it follows u = # almost
everywhere. O
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