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Abstract

Cavity quantum optomechanics is a field of investigation which studies the interaction be-

tween optical and mechanical degrees of freedom applying the powerful methods of quantum

optics. These theoretical methods and experimental techniques have been developed through

the second half of the 20th century and gained significant momentum following the invention

of the laser. Upon the realisation that coherent manipulation of the motion of mesoscopic, or

even macroscopic, mechanical systems was feasible using laser light, interest in cavity quan-

tum optomechanics grew and groups across the globe began working towards the preparation

of non-classical mechanical states. The field is now well established, but the preparation of

non-classical states of the motion via interaction with optical fields remains challenging to

explore, which is believed will open the door to studies of fundamental physics regarding

decoherence, the quantum-to-classical transition or may even shed light on the interface

between quantum mechanics and gravity.

This thesis explores Brillouin scattering in whispering-gallery-mode microresonators. The

parametric coupling between high frequency (11 GHz) elastic waves and infrared (1550 nm)

light via electrostriction is used to demonstrate several interesting cavity optomechanical

phenomena. This thesis contributes to developing this new approach to optomechanics in

four key ways.

By use of a pair of optical resonances of different transverse structure spaced by the

material’s Brillouin shift, reaching the cavity optomechanical strong coupling regime was ex-

perimentally demonstrated with a fused silica microrod resonator. Operation in this regime is

crucial for many optomechanical protocols, importantly optomechanical state-swap between

the optical and mechanical modes.

A similar resonator was employed to demonstrate measurement-enhanced optomechanical

sideband cooling. Here the measurement record of the continuously monitored heterodyne

measurement of Brillouin anti-Stokes scattered light is used to reduce the phase-space un-

certainty of the mechanical state, effectively cooling the mode beyond the sideband-cooling

limit. For this purpose the conservation of Gaussianity of the state (initially a thermal state)

under linear measurement (heterodyne detection) is used within a stochastic master equation

approach.

In another experiment, single-phonon addition and subtraction to a mechanical thermal

state was demonstrated, showing a characteristic doubling of the mean phonon number of the

mechanical mode. For this experiment a crystalline microresonator of barium fluoride was

used, a material which allows reaching superb optical quality factors combined with highest

elastic isotropy for a crystalline substance. The non-Gaussianity of the single-quantum

subtracted state is demonstrated.

Finally, the platform of Brillouin cavity optomechanics with high-frequency phonons

in crystalline (barium fluoride) whispering-gallery resonators at cryogenic temperatures is

discussed.
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Chapter 1

Introduction

In this chapter the key concepts are introduced and described which serve to provide a

foundation for the later results chapters.

This thesis explores the nonlinear optical phenomenon of Brillouin scattering in the

context of cavity optomechanics. Experiments were carried out with whispering-gallery mi-

croresoantors to demonstrate some interesting cavity-optomechanical phenomena, mediated

by the electrostrictive coupling associated with Brillouin scattering.

Brillouin scattering is a widely-studied phenomenon in the non-linear optics community,

in particular in non-linear fiber optics, however was only fairly recently demonstrated in

whispering-gallery-mode optical microresonators, when Brillouin lasing was observed by two

groups in 2009 [TC09; GMM09]. Most studies in this area are younger than 10 years.

This thesis work continues this line of research and shall make a contribution to estab-

lishing Brillouin cavity optomechanics with high-frequency phonons in whispering-gallery

resonators as a platform for experimental quantum science. Here I present some useful the-

oretical background, although to an expert in the field the results should be understandable

as self-contained.
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1.1 Quantum mechanics - basic theory

1.1.1 Closed quantum systems

As of 2019 quantum mechanics in all its facets represents the backbone of our fundamental

theory of nature, and as of today there are no known experimental observations at odds

with its predictions. In the non-relativistic regime, the fundamental equation of quantum

mechanics is the Schrödinger equation, the equation of motion for the quantum wave function

ψ.

ih̄
∂

∂t
ψ = Ĥψ (1.1)

where Ĥ is the Hamiltonian operator, i.e. the quantized version of the total energy function

of the system at hand. The Hamiltonian operator thus governs the complete time evolution

of a system and this time evolution is deterministic. This assumes that all parts and degrees

of freedom comprising the system are described and represented in the Hamiltonian, i.e. the

quantum system is isolated from its environment. While for some quantum systems this

closed quantum system description is a good one, in many scenarios and especially in the

context of cavity quantum optomechanics the coupling of the system’s degrees of freedom

to the environment can’t be neglected. The term “the environment” is used to describe the

many degrees-of-freedom that couple to and “surround” the system of interest for which we

have no control over, and only statements about averages can be made. A quantum system,

in which the coupling to the environment (in this context also often called “heat bath” or

“reservoir”) can’t be neglected, we call open.

Alternatively to the above description in terms of a wave function in the so-called

Schrödinger picture, a different approach to quantum dynamics has been formulated by

Heisenberg, in which the time evolution of a quantum system is carried by the observ-

ables, represented through Hermitian operators, while the quantum state is constant. Dirac

showed that these approaches are, in fact, equivalent, as in that they make the same predic-

tions about outcomes of experiments. The equation of motion in the Heisenberg picture is

2



the Heisenberg equation for time evolution of the observable Ô

d

dt
Ô =

i

h̄
[Ĥ, Ô] +

∂

∂t
Ô . (1.2)

where [ , ] stands for the commutator of operators.

While there is no doubt that the results obtained through application of the mathematical

formalism of quantum mechanics is in excellent agreement with observations of nature (e.g.

different flavours of quantum field theories regularly get praised for being the best theory

ever invented by humans), there is vast disagreement among experts about what the theory

means and what it actually says about the nature of the world1. Many working physicists

have therefore adopted the standpoint to not worry too much about the meaning as long as

the formalism makes correct predictions. Nevertheless it is important to keep the various

interpretations in mind, as some might turn out more fruitful than others for advancing our

understanding in the face of new evidence.

At risk of falling down a rabbit hole of mumbo-jumbo, very pictorially one could say:

At the fundamental level the natural world seems to possess both discrete (particle-like)

and continuous (wave-like) aspects, united. Associated with this is a scale at which the

acquisition of what one would classically call “full information” about the state of a system

(or the so-called reality) is principally impossible. Or alternatively: One can’t find out

anything about the state of the world without profoundly disturbing it in the process of

acquiring the information. This comes for example with far-reaching consequences like: The

future is impossible to predict, since we can’t determine the present.

Measurements in quantum mechanics

Quantum mechanics as a mathematical theory was rigorously developed in the second half

of the 1920’s and there are some axioms at the core of the mathematical formulation, which

were introduced by Dirac [Dir30] and von Neumann [vNeu32], working closely with many

1see e.g. [SKZ13]
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others. Here, only a short overview will be given.

The quantum state: the (pure) state of a physical system is represented by a vector

in a complex Hilbert space. When working in the position representation this space can

be thought of as the space of square integrable functions, in which all possible wave func-

tions solving Schrödinger’s equation 1.1 live. Cases of finite, infinite-countable and infinite-

uncountable dimensions of Hilbert spaces are all frequently found in quantum physics.

The usual way of describing the process of measurement, known as the measurement

postulate, is as follows. While Schrödinger’s equation 1.1 is deterministic in governing the

time evolution of a quantum system in a pure state, a very different time evolution is en-

countered upon measurement of a system. This is thought of when a microscopic system

in a quantum state interacts with a (classical) measurement apparatus, such that the large

classical measurement apparatus records a measurement outcome readable for the experi-

menter. Of course this separation into some parts of the natural world being described by

quantum mechanics and others by classical mechanics is, some have argued, arbitrary and

artificial. As a matter of fact, the experimenter will always measure only eigenvalues of the

operator representing the observable quantity he/she is measuring, independent of the input

state. Which eigenvalue is found, is as of current understanding purely random, and the

probabilities are given by the squares of the amplitude overlap between the state prior to

measurement ψ and the eigenstate associated with the obtainable eigenvalues φn, i.e. the

probability to find eigenvalue n is given through pn = |〈ψ|φn〉|2. This is called Born’s rule,

after physicist Max Born, who suggested the statistical interpretation of the wave function

[Bor26].

One crucial aspect of quantum physics lies in the fact that its governing equation of mo-

tion, the Schrödinger equation, is linear, and therefore allows for superpositions of solutions

to also represent solutions. This describes the observation that, prior to a measurement, a

system can indeed be found in a superposition of different eigenstates of that observable.

4



1.1.2 Modes, quantisation, and the quantum harmonic oscillator

In this work the notion of a mode will be of utmost importance. It is a term with many

aspects and uses in physics and we will give a working definition here. A mode is a self-

consistent field (also displacement field) configuration solving a linear wave equation. Its

excitation can be mathematically treated as a harmonic oscillator.

Its significance stems from the fact that any physical system that is in a stable equilibrium

around a minimum of the potential energy, responds harmonically (i.e. like a harmonic

oscillator) when displaced from equilibrium, in the limit of small displacements. This can

simply be seen from doing a Taylor expansion of the potential function around a local

minimum, where the lowest order terms will be a constant plus a parabola. As a constant in

the potential energy doesn’t affect the dynamics (the force is given by the derivative of the

potential energy), the parabolic (harmonic) potential is the lowest order term that needs to

be considered.

When treated quantum mechanically, a quantisation procedure leads to a description of

the modes formally equivalent to a collection of quantum harmonic oscillators. This holds

true for both the electromagnetic field (see e.g. [GL91; MW95; GW96; Lou00; WM08;

DH14]), as well as for acoustic/elastic waves (see e.g. [Fre32; Yar65; SS16; ZH16]).

The Hamiltonian of the harmonic oscillator is

Ĥ =
p̂2

2m
+

1

2
mω2x̂2 (1.3)

where p̂ is the momentum operator, m the mass, ω the oscillator’s eigenfrequency and x̂ the

position operator.

It can be shown that the spectrum of this Hamiltonian is a ladder of equidistant energy

levels, starting at the lowest energy state E0 = 1
2
h̄ω (the ground state) which possesses a

finite energy. The next energy levels have increasing energy in steps of h̄ω.

One can define raising and lowering operators which can be expressed in terms of the
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V(x)
potential energy En = (n+1/2) ℏω

energy:

number of quanta n

ψn(x)
wave functions

position x

Figure 1.1: Potential energy function, and energy eigenfunctions (Fock state wave functions)
of the first few states starting from the ground state of the quantum harmonic oscillator.
The spectrum is an equidistant ladder with the ground state possessing a finite energy of
half a quantum. Bosonic modes (as those of light and sound) are described by the quantum
harmonic oscillator, and their quanta are called photons and phonons, respectively.

position and momentum operators, and take one from an energy eigenstate to the next

higher/lower one. They are given through

a =
1√
2

(X + iP ) (1.4)

a† =
1√
2

(X − iP ) , (1.5)

where X and P are the dimensionless position and momentum operators of the oscillator,

which are linked to the position and momentum operators x and p via x =
√
h̄/(mω)X and

p =
√
h̄mωP . So X describes the displacement of the oscillator in the natural units of the

zero-point fluctuation.

Using these, the Hamiltonian can be rewritten as

Ĥ = h̄ω(â†â+ 1/2) . (1.6)

Its eigenvalues are the energies En = nh̄ω + 1/2.

A mode in the state with eigenvalue En in quantum field theory is then said to be excited

6



with n quanta, and is labelled by n which is the eigenvalue of the number operator n = a†a,

and we call it a number state (or Fock state) represented by the ket |n〉, with n̂|n〉 = n|n〉.2

1.1.3 Open quantum systems

We now come to the common scenario where the presence of an environment interacting with

the system of interest can’t be neglected. In general it can be said that we have little or no

control over the degrees of freedom of the reservoir and that the number of degrees of freedom

is very large. The uncontrollable interaction with the reservoir has the tendency of (from the

experimenter’s perspective) reducing the ”quantum coherence” in the system, such that its

quantum features decay with time. This disappearance of quantum coherence is, according

to decoherence theory, only apparent. The coherences persist between the enormous number

of degrees of freedom of the uncontrollable bath, and the degrees of freedom of the system

under study. In line with the fluctuation-dissipation theorem, the bath will both excite and

attenuate the system in an unpredictable way, only obeying stochastic laws [CW51]. In cavity

quantum optomechanics, the mechanical mode couples to its surrounding environment, which

causes rethermalization and decoherence of the mechanical motion.

We can divide the approaches to open quantum systems into two categories, one starting

from the Schrödinger picture, and the other starting from the Heisenberg picture of quantum

mechanics. The first route builds on the concept of the so-called density operator (or sta-

tistical operator) ρ, which unites the framework of statistics theory with the quantum state

of Schrödinger’s equation (classical probabilities are assigned to each pure quantum state

of the system). This approach is very powerful and general. The density operator’s time

evolution is then described in terms of a master equation, which is a first order differential

equation over time.

The second route starts from the Heisenberg picture and introduces randomness/noise

into the equations of motion by randomly fluctuating operators, the Langevin operators

2Hats to distinguish between operators and conventional variables will not be used unless strictly necessary
for clarity.
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[BR97]. The Langevin equations have a simple intuitive interpretation akin to classical

equations of motion.

Both approaches to open quantum systems will be drawn from in this thesis.

Quantum Langevin equations

The extension of the Heisenberg picture to describe the open quantum systems leads to

quantum Langevin equations. For an optical cavity mode coupled to a (heat) bath the field

operator dynamics are governed by

˙̂a = −κâ+
i

h̄
[Ĥ, â] +

√
2κâin (1.7)

where â is the cavity mode operator, κ its amplitude damping rate, Ĥ = h̄ω(â†â+ 1/2) the

system Hamiltonian, and âin the input noise (or Langevin) operator. This equation closely

resembles a classical equation of motion for the amplitude of an oscillator under dissipative

conditions, with the added element of quantum noise. More generally than optics, often it

can be assumed that the bath has a certain temperature, and is δ-correlated, i.e. fulfilling

〈â†in(t)âin(t′)〉 = n̄δ(t− t′) (1.8)

〈âin(t)â†in(t′)〉 = (n̄+ 1)δ(t− t′) , (1.9)

where n̄ is the mean number of quanta per degree of freedom in the thermal reservoir.

The density operator

The concept of the density (or statistical) operator ρ̂ to describe the quantum state of a

system unites the frameworks of statistical mechanics and that of the dynamics of pure

quantum states as governed by the Schrödinger equation 1.1. The density operator can be

defined by writing

ρ̂ =
∑
i

pi|ψi〉〈ψi| , (1.10)
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where pi is the (classical) probability that the experimenter assigns to finding the system

in the pure quantum state |ψi〉. The statistical operator thus holds the information at

any moment in time about a statistical mixture of quantum states. The density operator

contains all the information available to the experimenter about the state of the system at

a particular instance in time. Different observers, observing the same quantum system, will

in general have different records and different density operators associated with the state

of the system, as they both have incomplete information. The density operator therefore

doesn’t represent some fundamental truth about the universe, but rather incorporates all

information an observer has about the state of a system.

von Neumann equation

The von Neumann (or Liouville-von Neumann) equation derives directly from the Schroedinger

equation and describes how the density operator evolves in time. By combining equations

1.1 and 1.10 one finds

∂ρ̂

∂t
= − i

h̄

[
Ĥ, ρ̂

]
(1.11)

which applies to a closed quantum system in a mixed state. Although formally very similar

except for a different sign, this equation should not be confused with the Heisenberg equation

1.2, which describes the time evolution of observable quantities.

Master equations

In order to incorporate open system dynamics in the density operator formalism, quantum

master equations were developed. They include dissipation or decoherence terms, typically

obtained via an approximation of the many degrees of freedom a system couples to. The

effect of this coupling to the inaccessible environment is often the disappearance over time

of any quantum coherence that the system might originally possess. This effect manifests

itself typically as a reduction in the off-diagonal elements in the matrix representation of the

density operator. Compared to classical master equations the quantum master equations
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also include the time evolution of off-diagonal elements of the density operator (the system’s

“coherences”). Master equations are discussed in detail for example in references [Car93;

BP02; GZ04].

A simple master equation approximating dynamics fulfilling the Markov property (mem-

oryless stochastic process) is given by the master equation in Lindblad form

dρ(t)

dt
= − i

h̄
[H, ρ(t)] +

1

2h̄

∑
j

(
[Vjρ(t), V †j ] + [Vj, ρ(t)V †j ]

)
, (1.12)

where Vj describe the coupling between the system and the environment.

An introduction to the use of master equations in the context of cavity quantum optome-

chanics can be found in [MW11].

Stochastic master equations

Master equations can also be generalised to include a continuous measurement made on

the quantum system. In this thesis, such stochastic master equations are used to describe

dynamics of a continuously monitored optomechanical system.

The theory draws from stochastic calculus, in particular Itô calculus. The foundations

of this approach are discussed e.g. in [JS06; WM09]. At the core of Itô calculus is a new

chain rule, Itô’s lemma. Essentially, there is a new differential element dW introduced,

representing white noise. For this differential and the conventional time differential dt the

following pedestrian rules apply: dW 2 = dt and dt2 = 0, and dtdW = 0. We can apply this

such that we count dW as if it was dt1/2 when deciding which terms to keep in expansions

of functions of the differentials.

A generic stochastic master equation can be written in the form

dρ̂ =
1

ih̄
[Ĥ, ρ̂]dt+ Lenv{ρ̂}dt+

√
ηH[ĉ]{ρ̂}dW , (1.13)

where ρ(t) describes a “quantum trajectory” that the system follows in one particular ex-
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perimental iteration. Lenv is the Liouville superoperator, describing the system-environment

interaction, H[ĉ] is the measurement superoperator, and dW the Itô differential, which in-

corporates the stochasticity into the mathematical description.

The stochastic master equation will be used in chapter 5 and more details will be given

there.

1.2 Cavity quantum optomechanics

Generally speaking, cavity quantum optomechanics deals with the parametric coupling be-

tween mechanical degrees of freedom and an optical field. Under commonly found conditions,

the light field’s quantum character is readily observable, while the mechanical degrees of free-

dom’s quantum properties are somewhat hidden because of the hot environment (hot in a

quantum sense). As early as 1967 Braginsky and Manukin [BM67] realised the effects of the

momentum carried by photons in an optical interferometer, thus being one of the first works

in the direction of optomechanics. Here we are going to give a general introduction of some

important concepts. A nice introduction to the field of cavity optomechanics can be found

in the review article by Aspelmeyer, Marquardt and Kippenberg [AKM14].

Some of the main goals of the quantum optomechanics community include non-classical

mechanical state generation, and studies of quantum decoherence with massive objects, on

the fundamental side, as well as a large number of applied research directions which fit into

the quantum technology realm, e.g. microwave-to-optical conversion and high-precision force

sensing.

In these endeavours heating due to optical absorption and surface effects [Eic+09], e.g. in

silicon nanodevices, has presented a major challenge. A good figure of merit when evaluating

how well a mechanical oscillator performs with respect to reaching the quantum domain is

obtained by comparing its frequency to the decoherence rate, corresponding to the rate at

which quanta “flow in” from the thermal environment. This gives the number of coherent

oscillations, and it is proportional to the so-called Q× f product:
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ω

2n̄thγ
≈

n̄th>1

ω

2kBT
h̄ω
γ

=
h̄

kB

· 1

T
· ω

2

2γ
∝ Qm · ω . (1.14)

Here ω is the angular eigenfrequency, n̄th is the thermal mean phonon number, γ is the

amplitude decay rate in angular frequency units, and Qm is the mechanical quality factor.

So from this perspective, the quantum prospects of a mechanical oscillator, at a given

environment temperature T , are well measured by the Q × f product, and it is highly

desirable to improve mechanical Q× f products.

This thesis introduces a new experimental platform and makes significant advances to-

wards these highly sought goals. For the platform presented here, at room temperature

Q× f is already of the same order of magnitude as kBT/h ≈ 6 · 1012, thus offering compara-

ble performance at room temperature in this regards as the system presented, for example,

in [NMG16]. Towards cryogenic temperatures of ≈ 4 K, as both T decreases and Qm is

expected to increase, the system presented here will lie deep within the low decoherence

regime. Additionally, the backscattering geometry and high mechanical frequency have the

big advantage that the signal can be separated more easily from the pump light than in sys-

tems where pump and signal fields are co-propagating or scattered light is spectrally closely

adjacent to the pump fields. While the mechanical Q× f product in Brillouin scattering at

a particular temperature is frequency independent (i.e. the same for all light colours and for

forward and backward Brillouin scattering), the aforementioned comparison applies between

backward and forward Brillouin scattering platforms [Bah+12; Don+15].

1.2.1 Radiation pressure coupling in a Fabry-Perot resonator

The canonical example system in cavity optomechanics consists of the Fabry-Perot resonator

where one of the cavity mirror’s center of mass is considered harmonically bound (see figure

1.2).

For the following discussion of the Hamiltonian that the system comprises, we will con-

sider only a single optical mode and a single mechanical mode. In this configuration, the
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Figure 1.2: Canonical optomechanical system. An optical field within a Fabry-Perot cavity
is coupled parametrically via radiation pressure to the center-of-mass motion of one of its
mechanically compliant end mirrors. [Image adapted from CC Schmoele.]

eigenfrequency of the optical cavity mode will depend on the cavity length L, and thus

any displacement of the suspended mirror from the equilibrium length of the cavity L0 will

give rise to a frequency shift of the optical frequency. This gives rise to an optomechanical

coupling as we will see in the following pedestrian-level derivation:

Let’s start with the free Hamiltonian H = h̄ωla
†a+ h̄ωmb

†b, where a and b represent the

optical and mechanical field operators, respectively, and ωl and ωm are the optical cavity

and mechanical mode’s eigenfrequencies. Then the eigenfrequency of the Nth longitudinal

optical mode is given through ωl = 2πN · c
2L

= πNc
L0+x

, which we can expand in a Taylor series

for small x/L0 � 1, giving

ωl = ω0 − ω0 ·
x

L0

+O((x/L0)2) , (1.15)

where ω0 = πNc/L0 is the undisturbed optical eigenfrequency.

Then, using x = xzpf(b + b†)/
√

2, with the mechanical zero-point fluctuation xzpf =√
h̄/(2mωm), we obtain a Hamiltonian containing an optomechanical coupling term

H = h̄ω0a
†a+ h̄ωmb

†b+ h̄g0a
†a(b+ b†) , (1.16)

where g0 = ω0

2L0

√
h̄

mωm
is the optomechanical coupling rate.

While this coupling mechanism and derivation is frequently found in optomechanics, we

will later discuss a different kind of coupling, which is found in Brillouin optomechanics.
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In addition to the (coherent) optomechanical coupling rate, and the mechanical frequency,

other important quantities in cavity optomechanics are the damping (or decay) rates of the

optical and mechanical modes, associated with the (incoherent) coupling of these modes to

their respective environments. Coupling itself is, by nature, always coherent, but the lack of

control over the degrees of freedom makes it appear incoherent. The optical damping rate

κ can be attributed to loss through scattering, absorption or coupling to the side channel

(tapered optical fiber) in this work. For the mechanical/acoustic damping rate, we typically

write γ. It describes the loss rate of phonons from the mode of interest to the environment

via absorption or scattering. We will use the convention of amplitude decay rates throughout

this thesis, if not otherwise stated.

1.2.2 Resolved sideband regime

While the frequency of the electromagnetic field is generally (in optomechanics) much higher

than the mechanical frequencies (typically 100’s THz optical frequency versus typically kHz

to GHz regime of the mechanical frequency) the optical cavity linewidth can be larger or

smaller than the mechanical frequency, depending on the physical platform. The former case,

when the optical cavity lifetime is shorter than a mechanical oscillation period, is frequently

named the “unresolved sideband regime” (or “bad cavity regime”), while the latter case is

called the “resolved sideband regime”. In the resolved sideband regime, the condition

ωm � κ (1.17)

applies. A valid picture here, is to imagine the motion of the cavity mirror phase modulating

the optical field leading to sidebands in the optical spectrum.

This regime is well studied for optomechanical laser cooling (also referred to as side-

band cooling or back-action cooling) [Wil+07; Mar+07; Riv+11; Teu+11; Cha+11], state

transfer [PK99; ZPB03; Pal+13], which can be applied in a configuration such that the

optomechanical system implements a quantum memory [Nun+08], all associated with red
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detuned drive fields, and the generation of correlation and entanglement [Lee+11; Rie+18]

when used in combination with measurement, associated with driving blue-detuned. Also

the phenomenon of optomechanically induced transparency (OMIT) [Wei+10; Don+15] is

associated with this regime.

Importantly, the interaction Hamiltonian can be made to take the form of a beam-splitter

or two-mode squeezer type Hamiltonian in the resolved sideband regime, which is of great

importance for the results parts of the thesis, and will be further discussed in section 1.5.4.

1.2.3 Unresolved sideband regime

In the unresolved sideband regime, where the optical cavity lifetime is shorter than the me-

chanical oscillation period, or equivalently the cavity linewidth is larger than the mechanical

frequency

κ� ωm , (1.18)

some physical schemes include quantum-nondemolition measurement of mechanical position

via optical pulses [Van+11] or the cooling of the mechanical mode by measurement and

feedback (cold damping) which recently culminated in the cooling of a membrane to the

quantum ground state [Ros+18].

This thesis focuses on the resolved sideband regime, which is readily deeply reached with

the very large mechanical frequencies (≈ 10 GHz) in Brillouin backscattering and the narrow

optical linewidths (≈ 1 MHz) of fused silica and crystalline whispering-gallery resonators.

1.2.4 Thermodynamic picture of cavity optomechanics

When dealing with coupled oscillators, it can be helpful to draw pictograms of the thermo-

dynamic arrangement of the modes and all relevant heat baths that they are coupled to,

especially as the coupling to the thermal environment is a major point of concern in almost

all experimental studies of quantum optomechanics. The thermodynamic picture for a single
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optical and mechanical whispering-gallery mode of the microresonator (see section 1.3), as

used in this work, is shown in figure 1.3.

a b bin
ain

γκ Gaout

Figure 1.3: Simplified thermodynamic picture of cavity optomechanics. A single optical
mode with annihilation operator a and a single mechanical mode with annihilation operator
b are coupled to each other via an optomechanical coupling rate G, and to the environment
via their respective damping rates κ and γ. While the thermal occupation of the environment
at the mechanical frequency may be large, that of the optical input mode is practically zero
at room temperature.

1.3 Whispering-gallery waves

First, the phenomenon of whispering galleries was discovered for acoustic waves in air, when

people realised that certain concave, curved structures would guide the sound of spoken or

whispered word. The first to scientifically examine the effect (and giving it its name) was

Lord Rayleigh [Str78], using the dome of St. Paul’s cathedral in London. Here the pressure

wave is guided along the smooth, concave wall, making the sound pressure level decay much

slower than the usual inverse distance squared scaling. This makes it possible to hear the

whispers of a person normally too far away, if the sound source (mouth) and detector (ear)

are placed close to the wall.

The first studies on the phenomenon were done with acoustic (i.e. sound) waves. In gases

there is only pressure waves (no shear waves), such that the displacement in a continuum

picture is always longitudinal with the propagation direction. For the experiments presented

in this work, optical whispering-gallery microresonators which at the same time support

elastic whispering-gallery waves have been used. Here we shall introduce some physical
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background to these wave phenomena.

1.3.1 Elastic waves

In the glass and crystalline resonators used in this work, there is an analogous phenomenon

of the elastic wave nature3. In a general (elastically non-isotropic) crystalline solid, in the

bulk of the material, for a particular propagation direction, there are three different station-

ary plane wave solutions to the elastic wave equation. A (quasi-)longitudinal wave which

generally has the highest velocity, and two transverse waves (a slow and a fast one).

Generally speaking, the phase velocity of these elastic waves depends on the propagation

direction. In isotropic solids there is no such directional dependence. Fused silica, as used in

this work, and more generally glasses provide an example of elastically isotropic materials.

Interestingly, while the cubic crystal structure is optically isotropic, it is not elastically

isotropic. There is no elastically isotropic crystal structure. This is related to the symmetries

of the elastic tensor, which is a fourth rank tensor, compared to those of the dielectric tensor,

which is a second rank tensor.

Hooke’s law of elasticity in a homogeneous, but generally anisotropic, elastic medium,

which is valid in the limit of small displacements, reads

σij = Cijklεkl = Cijkl
∂uk
∂xl

, (1.19)

where σij is the stress tensor, εkl the strain, Cijkl the stiffness (or elastic constant) tensor,

and ui the displacement, and we use the Einstein summation convention of summing over

repeated indices.

Cauchy’s elastodynamic equation, which can be obtained from Newton’s second law

applied in a continuum setting, for the displacement vector ~u (the elastic wave equation)

3Note on nomenclature: Within this thesis, the terms “mechanical”, “elastic wave”, “acoustic”/“acoustic
wave”, or “sonic”/“sound” are frequently used interchangeably, and it is herewith pointed out that they
always refer to the wave phenomena as described in this section, i.e. pseudo-longitudinal elastic waves
guided by a convex boundary, analogous to the well-known whispering-gallery waves in the acoustic and
optical domains.
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then reads

ρ
∂2ui
∂t2
− Cijkl

∂2uk
∂xj∂xl

= 0 , (1.20)

where ρ is the density of the medium, and absence of external forces is assumed.

Making a plane wave ansatz for solving the elastic wave equation, in the form ui =

Upi exp(iω(t − ~n · ~x/v), where pi is a polarisation unit vector, ~n is a unit vector giving the

propagation direction, and v is the phase velocity of the wave, we obtain from equation 1.20

the Christoffel equation

(Mij − ρω2δij)pj = 0 , (1.21)

for a monochromatic plane wave with wave vector q, polarisation pj, frequency ω, through

a medium with density ρ, where Mij = qkCikljql is the Christoffel matrix.

In this work we are mainly interested in isotropic media (amorphous silica) or almost

isotropic media (crystals with cubic lattice), whose elastic tensors have few independent

components. By general symmetry considerations the 34 = 81 components of the elastic

tensor Cijkl reduce to 1
2
· 6 · (6 + 1) = 21 independent components. Isotropic media like fused

silica have only two independent parameters , and it can be written in Voigt notation4 as

Cαβ =



K + 4
3
µ K − 2

3
µ K − 2

3
µ 0 0 0

K − 2
3
µ K + 4

3
µ K − 2

3
µ 0 0 0

K − 2
3
µ K − 2

3
µ K + 4

3
µ 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ 0

0 0 0 0 0 µ


, (1.22)

where K is the bulk modulus, and µ is the shear modulus, while materials with cubic crystal

4Voigt notation is the mapping of indices (ij → α): (11 → 1), (22 → 2), (33 → 3), (23, 32 → 4),
(31, 13→ 5), and (12, 21→ 6).
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symmetry have three independent parameters, and their stiffness tensor can be written as

Cαβ =



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44


, (1.23)

with C44 = µ.

The eigenvalue problem of solving Christoffel’s equation results in, for each and every dis-

tinct propagation direction, three polarisations and corresponding wave velocities, of which

two are of transverse character, and one of longitudinal character. We are here only inter-

ested in the quasi-longitudinal waves. They possess the highest phase velocity, and thus

highest frequency at given wave number.

Elastic wave dispersion relation

The dispersion relation, i.e. the connection between the angular frequency ω and wave-

vector k of an elastic wave, characterizes the propagation behaviour, as it contains the

information about the speed of sound (phase velocity vph = ω/k ) and group velocity of a

pulse (vgr = dω/dk). It is generally obtained from solving the elastic wave equation 1.20 for

a given geometry and material.

In Brillouin scattering with visible and near infrared light, the acoustic wavelength, being

approximately half the optical wavelength (1550 nm used in this work), is much longer than

the intermolecular spacing in the glass/crystal. This is equivalent to saying the waves fall

into a part of the Brillouin zone close to the origin, where in a simple chain model of acoustic

waves the dispersion relation is to a good approximation linear. It’s widely agreed that in

this regime (elastic wavelength much longer than the intermolecular spacing) the concept of

phonons is well-defined even for disordered media like fused (vitreous) silica [TE97].
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Figure 1.4: Phonon dispersion relation: Frequency ω(k) as a function of wavenumber k
in the first Brillouin zone. (A) Simple phonon dispersion in a 1D two-atomic chain, with
mass ratio 3.6. (B) Phonon dispersion in BaF2 along directions of high symmetry (adapted
from [Jai+13]). Comparable calculations for fused silica have revealed phonon-like behaviour
and pseudo-zone boundaries [TE97]. The dispersion relation for acoustic phonons in bulk
Brillouin scattering is approximately linear. Relevant frequency and wavenumber ranges are
shaded green (not to scale).

In the proximity of material boundaries, or if the elastic waves are confined in the lateral

direction, the acoustic wave dispersion relation is altered from the linear bulk relation of

figure 1.4 to a relation that has a low frequency (= long wavelength) cut-off. This can be

intuitively understood from the fact that once the wave is laterally confined, the transverse

component of its wavevector k⊥ cannot take arbitrarily low values, such that the wavenumber

|k| =
√
k2
z + k2

⊥ obtains a lower bound. This then results in the phase velocity vph = ω/kz

obtaining higher values than the phase velocity of a plane wave in the bulk material for the

same propagation constant kz (component of the wavevector in the propagation direction),

see figure 1.5. An exact dispersion relation for acoustic whispering-gallery modes within the

theory of elasticity was obtained in [SB15b]

Types of elastic whispering-gallery waves

In a whispering-gallery resonator made of an elastic solid, there exist a few types of waves

of whispering-gallery character, guided by the material boundary. We can distinguish in de-

creasing order of their typical phase velocities: (pseudo-)longitudinal waves [SB15b], shear-
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Figure 1.5: Phase velocity ω/kz increase due to transverse guiding/confinement of sound
waves. In the whispering-gallery geometry kz is replaced by kφ = M/R, the component of
the wave-vector in the azimuthal direction.

polar waves, and Rayleigh-type surface acoustic waves (where the atoms at the surface

follow elliptic trajectories). For the purpose of this work we focus on the highest velocity

pseudo-longitudinal whispering-gallery waves, as they are believed to have the largest elec-

trostrictive coupling to optical modes, and are responsible for stimulated Brillouin scattering

in microresonators [TC09; GMM09]. Some numerical analyses were performed in [Zeh+11]

for whispering-gallery waves in isotropic spheres, and a more detailed theoretical analysis was

performed in [SB15b], which included the derivation of closed-form expressions for spheres

and cylinders. Figure 1.6 shows a result from this study, for a sphere, which has similarity

with the whispering-gallery modes used in the context of this work.

Figure 1.6: Pseudo-longitudinal acoustic whispering-gallery mode of a sphere. Plotted are
the components of the displacement field ~u. Reproduced with friendly permission from
[SB15b], J. Appl. Phys. 118, 013102. Copyright 2015, AIP publishing.
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1.3.2 Electromagnetic whispering-gallery waves

Convex surfaced dielectric objects with a polar symmetry possess electromagnetic excitations

similar to the phenomenon in the acoustic wave domain. The boundary between the dielectric

and the surrounding air or vacuum guides light and other types of electromagnetic waves

around the perimeter of the structure. In a ray-optics picture this may be understood as a

perpetual total internal reflection under glancing angles. First to theoretically examine the

electromagnetic whispering-gallery modes in dielectric resonators was Richtmyer [Ric39].

A nice review of electromagnetic whispering-gallery waves is presented in [Ora02]. Precise

spectroscopy of dielectric spherical resonators was done in [SB91] including identification of

modes. The ultimate optical quality factors of silica microsphere resonators were examined

in [GSI96], including identification of decay mechanisms and of time scales of quality factor

degradation.

While an analytic solution of Maxwell’s equations for a general axisymmetric dielectric

resonator has not been achieved, for dielectric spheres an analytical approach was found

by Debye [Deb09] using Debye potentials, which is laid out in [Ora02]. Precise analytical

approximations were found for spheroidal axisymmetric bodies [GF06] with the hint that a

generalisation towards arbitrary axisymmetric bodies is possible.

For a spherical resonator the solutions can be found from a scalar function U , the Debye

potential, which fulfils

∂2U

∂r2
+

1

r2 sin(θ)

∂

∂θ

(
sin(θ)

∂U

∂θ

)
+

1

r2 sin2(θ)

∂2U

∂φ2
+ k2U = 0 , (1.24)

where k = k0
√
εµ inside the sphere, k = k0 outside the sphere, and k0 = ω/c.

The magnetic H{r,θ,φ} and electric E{r,θ,φ} field components can then be directly obtained

from the Debye potential U . Making a separation of variables-ansatz for the Debye potential

U = R(r)Θ(θ)Φ(φ), one can find the following equations for the radial, polar and azimuthal
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dependency:

d2R

dr2
+
(
k2 − c1

r2

)
R = 0 , (1.25)

1

sin(θ)

d

dθ

(
sin(θ)

dΘ

dθ

)
+

(
c2 −

c3

sin2(θ)

)
Θ = 0 , (1.26)

d2Φ

dφ2
+ c3Φ = 0 , (1.27)

where c1, c2, c3 are constants.

Then the solution inside the dielectric sphere has the form

U i
mn(r, θ, φ) = CiP

m
n (cos θ)(kr)1/2Jν(kr)e

±imφ , (1.28)

and outside the sphere

U e
mn(r, θ, φ) = CeP

m
n (cos θ)(kr)1/2H(1)

ν (k0r)e
±imφ , (1.29)

where Ci, Ce are arbitrary constants, whose ratio are determined by the continuity condition

at the material interface, Pm
n (cos θ) are the adjoint Legendre polynomials, and Jν(kr) and

H
(1)
ν (kr) are the Bessel function and Hankel function of the first kind, respectively.

Numerically, using the finite element method, e.g. as in packages such as Comsol Mul-

tiphysics, optical whispering-gallery modes of more general axisymmetric bodies can be

straightforwardly computed. In figure 1.7 typical mode field functions (electric field distri-

bution) of two optical whispering-gallery modes are shown. They were numerically obtained

via the finite element method using the Comsol Multiphysics software package. It should be

noted that while such simulations can give relatively precise field distributions, the eigenfre-

quencies obtained are by far not precise enough to be matched with experimentally found

resonances. That’s due to the fact that the actual geometry of the physical resonator cannot

be determined with sufficient precision at the moment, and that minute deviations in the

glass mixture from a known refractive index function will have large effects on the eigenfre-

quency. The relative precision required in order to identify modes by their eigenfrequency
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Figure 1.7: Optical whispering-gallery mode profiles, obtained with the finite element method
using the Comsol Multiphysics software. Colour encodes the absolute value of the electric
field. Shown are the lowest order (left) and fourth polar order mode (right) of a fused silica
structure with an outer diameter of 660 µm, and a radius of curvature of 20 µm, approximat-
ing a microrod resonator with strong lateral confinement. The azimuthal mode number is
M = 2000 for both modes.

would be of order 10 MHz/200 THz = 5·10−8, which is not experimentally feasible at present.

For the eigenfrequency of optical whispering-gallery modes, we can write down a sim-

ple formula (neglecting “waveguide dispersion, such that transverse mode numbers are not

accounted for):

ν0 =
ω0

2π
= M · c

n(ω)πD
, (1.30)

where ν (ω) is the optical (angular) eigenfrequency, M the azimuthal (longitudinal) mode

number, c the (vacuum) speed of light, n = n(ω) the frequency dependent refractive index,

and D the resonator diameter.
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1.4 Brillouin scattering

The inelastic scattering of light from thermally or self-excited elastic waves (at the quantum

level: acoustic phonons) we call Brillouin scattering5 (or Brillouin-Mandelstam scattering)

and it is one of the most ubiquitous and extensively studied nonlinear optical phenomena

[Boy08; Agr13]. It was first predicted by Brillouin in 1922 [Bri22], and Mandelstam in 1926

[Man26], and first experimentally observed by Gross in 1930 [Gro30b; Gro30a], shortly after

Raman scattering was discovered two years earlier in 1928 [RK28].

In essence, it describes a particular regime of parametric coupling between light waves

propagating in a dielectric medium and acoustic waves (density waves) that this same

medium supports. The opto-acoustic interaction that lies at the core of Brillouin scat-

tering can also be understood as an optomechanical kind of interaction as light couples to

the local displacement of the (macroscopic) medium from its equilibrium position. Different

from other types of optomechanical interaction, Brillouin scattering is a bulk effect, and

characteristic for its dynamics is the ratio of wave velocities (typically 2 ·108 m/s light speed

versus 6 · 103 m/s sound speed), as well as the attenuation hierarchy of the electromag-

netic and acoustic excitations, where at room temperature typically spatial decay is much

faster for the phonons, while temporal decay timescales of the photons and phonons can be

comparable.

In its most basic configuration, we can imagine a continuous wave light beam, and a

sound wave, propagating in the same direction in a dielectric bulk medium, for example, a

block of glass (see figure 1.8). If the sound wave has a certain wavelength (about half the light

wavelength) it can form a moving Bragg grating for the light, and become very reflective,

Doppler red-shifting the incoming light beam upon reflection [Cha65]. The reflected beam

overlaps with the incoming beam and reinforces the sound wave by electrostriction.

The consideration of energy and quasi-momentum conservation in the Brillouin scattering

5Note on terminology: More generally Brillouin scattering does not only include the scattering of photons
off acoustic phonons, but also off scalar quasiparticles in a medium which carry quasimomentum associated
with refractive index modulation. Other than mass displacement waves (phonons) these excitations include
spin waves in magnetic materials (magnons) [CL86], and exciton-polaritons [BZB72; WU82].

25



Stokes field

density devia�on

from mean 

pump field

op�cal intensity

posi�on x

Figure 1.8: Brillouin scattering in one dimension, schematically. Arrows symbolize phase
velocity. A strong pump wave (blue) is moving in the positive x-direction, while a Stokes wave
of slightly bigger wavelength (difference not visible at this scale) is moving in the opposite
direction (red). Their overlap leads to a almost-standing wave, whose intensity maxima are
flashing at an instantaneous frequency of twice the optical frequency, while slowly moving in
the positive x-direction. Via electrostriction, which is not sensitive to the sign of the electric
field, the light induces density variation in the medium (green). Brillouin phase matching
between pump, Stokes and sound waves is fulfilled once the intensity pattern (purple) moves
at the speed of sound.

process returns what’s often called “phase matching” conditions. As the pump photon is

reflected, its wavelength is downshifted. The excess energy goes into the creation of a phonon.

As the process is a bulk effect, the involved fields (acoustic and electromagnetic) need to

maintain a fixed phase relationship over finite volumes of the dielectric medium in order to

lead to observable effects, and not have the scattering contributions from different regions

cancel.

Similar to other parametric processes6 Brillouin scattering is not dependent on the pres-

ence of an initial coherent sound wave, but can also be self excited. In fact it is most

commonly only then referred to as Brillouin scattering. For example, in the operation of

acousto-optical modulators the same acousto-optic coupling is exploited, but a coherent ul-

trasonic wave is generated using non-optical means. These bulk waves are typically excited

by driving a piezoelectric transducer with radio-frequency electrical signals and are used to

inelastically scatter light under glancing angles, in order to achieve frequency shifting and

switching of light fields.

6Depending on the definition, Brillouin scattering can be considered a non-parametric or parametric
process. As the phononic excitation plays a role analogous to one of the optical fields in three-wave mixing
or parametric fluorescence in χ(2) media, we will refer to the process as parametric in this work.
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In the common scenario when there is no coherent sound wave excited, light will undergo

thermal Brillouin scattering7. We can compute the Brillouin shift, i.e. the frequency shift

that the light undergoes when it is inelastically scattered from acoustic phonons in a bulk

medium. It is the frequency shift for which the optical beat note of incoming and scattered

light travels at the speed of sound (phase matching condition):

∆νB =
2 · va

c/n
· ν

1± va

c/n

≈ 2 · va

c/n
· ν , (1.31)

where ∆νB is the Brillouin frequency shift, va is the phase velocity of acoustic waves, c the

vacuum speed of light, n is the refractive index, and ν the optical frequency of the pump

wave. The Brillouin down- and up-shift are slightly different, with the plus sign in the

denominator holding for the Stokes process, the minus sign for the anti-Stokes process. Here

the factor of 2 can be interpreted as stemming from the non-sensitivity of the acoustic wave

to the sign of the electric field.

We will focus our attention here exclusively to the case of 180◦ backscattering, as this

is the relevant case for operating with fiber and microresonator geometries, where acous-

tic wave propagation is only supported in the directions parallel or antiparallel with the

light propagation direction. We will also not discuss the 0◦ forwards scattering case be-

tween different transverse optical modes which has been reported in the literature [SLB85]

and used with microresonators for cooling [Bah+12] and observation of optomechanically

induced transparency [Don+15], as this work is focussing on the high frequency phonons

addressable via the back-scatter interaction, whose thermal occupation will be close to unity

using standard cryogenic (4 K) equipment. In the forward Brillouin works the acoustic fre-

quency was 42 MHz and 95 MHz, respectively, and the acoustic azimuthal mode number is

suspected to be |Ma| < 10 ([Don+15] quote 6). In the general case (e.g. in a bulk medium

which supports wave propagation in all directions), when Brillouin scattering is observed

under an angle φ, the shift is scaled by the angle as in 2 · van
c
ν · sin(φ/2) [Bri22; Man26;

7Some authors have called this “spontaneous Brillouin scattering”, but this nomenclature should be
avoided as the majority of the effect is not due to the presence of acoustic vacuum fluctuations but the
thermal hypersonic excitations present in the material due to its finite temperature.
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Boy08], as already confirmed in the very first reported observation of Brillouin scattering by

Gross in 1930 [Gro30a].

The red-shifting process we call Brillouin Stokes scattering, while the blue-shifting process

we call Brillouin anti-Stokes scattering. The red and blue shifts can also be thought to arise

from Doppler red or blue shifting from a moving index grating, which the sound wave in

the dielectric medium constitutes. In the bulk case with only thermally excited sound, one

can think of phase matched spatial Fourier components which contribute to the scattering,

because they have the right periodicity, while most acoustic wavelength components don’t

contribute to the thermal Brillouin scattering. That this picture is indeed valid was, for

example, shown in [Cha65].

1.4.1 Classical equations of motion for stimulated Brillouin scat-

tering

Whenever the fields are large and single quantum processes or quantum noise can be ne-

glected, we can treat Brillouin scattering (which is then synonymous with stimulated Bril-

louin scattering, as the thermal and spontaneous contributions are neglected) by classical

equations of motion.

Following Boyd’s treatment [Boy08], let’s describe the classical waves in a one-dimensional

Brillouin-active medium by

E1(z, t) = A1(z, t) · ei(k1z−ω1t) + c.c.

E2(z, t) = A2(z, t) · ei(k2z−ω2t) + c.c.

ρ̃(z, t) = ρ0 +
(
ρ(z, t)ei(qz−Ωt) + c.c.

)
,

(1.32)

where A1(z, t), A2(z, t), ρ(z, t) are slowly varying amplitudes of the optical pump and Stokes

fields and acoustic fields, respectively, ρ0 is the mean density of the medium, Ω = ω1 − ω2

and q = 2k1.

Further we will assume that the density wave fulfils the acoustic wave equation including
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damping and driving terms (generalisation of equation 1.20 in the isotropic case).

∂2ρ̃

∂t2
− Γ

′∇2∂ρ̃

∂t
− v2∇2ρ̃ = ∇ · ~f , (1.33)

where the force density ~f = ∇pelstr is due to the electrostrictive pressure pelstr = −1
2
ε0γe〈E2〉.

Neglecting spatial variations of the density, one obtains the steady-state conditions

ρ(z, t) = ε0γeq
2 A1A

∗
2

Ω2
B − Ω2 − iΩΓB

. (1.34)

The spatial evolution of the optical fields is governed by the wave equation

∂2Ei
∂z2

− 1

(c/n)2

∂2E1

∂t2
=

1

ε0c2

∂2Pi
∂t2

, i = 1, 2, (1.35)

where the source term (polarisation) is given by P = ε0∆εE = εγe
ρ
ρ0
E.

Assuming phase matching and making the slowly-varying optical amplitude approxima-

tion, one arrives at the classical SBS equations of motion

∂A1

∂z
+

1

c/n

∂A1

∂t
=

iωγe
2ncρ0

ρA2 ,

−∂A2

∂z
+

1

c/n

∂A2

∂t
=

iωγe
2ncρ0

ρ∗A1 ,

(1.36)

which form a set of three coupled equations, together with equation 1.33.

Often a random acoustic noise force term fa(z, t) is heuristically added to the right hand

side of equation 1.33 in the classical treatment of Brillouin scattering, in order to describe

the thermal Brillouin noise. Such a noise term is, for example, necessary to describe the

initiation of SBS from thermal Brillouin scattering with a monochromatic optical pump field

in an optical fiber.
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1.4.2 Electrostriction and Brillouin gain

Electrostriction (photoelasticity), which is present in all dielectric media, is the force respon-

sible for Brillouin scattering [Wol+15]. The potential energy per volume u of a dielectric

medium is changed in the presence of an electric field by the amount u = 1
2
εε0E

2 compared

to the field-free case. If we now consider the situation where the density of a compressible

medium changes in a small volume in response to the field present in the volume, and asso-

ciated with that change will be a refractive index change, then we can write the change in

potential energy as

∆u =
1

2
ε0E

2∆ε =
1

2
ε0E

2

(
∂ε

∂ρ

)
∆ρ . (1.37)

As energy is conserved, the change in the energy per volume ∆u will correspond to the work

done per volume to compress the medium ∆w = pelstr∆V/V = −pelstr∆ρ/ρ, where pelstr is

the electrostrictive pressure. Combining these, we obtain

pelstr = −1

2
ε0ρ

(
∂ε

∂ρ

)
E2 = −1

2
εγeE

2 , (1.38)

where in the last step we defined the (dimensionless) electrostrictive constant γe = ρ(∂ε/∂ρ).

For centrosymmetric materials the value of the electrostrictive constant γe can be esti-

mated from the Clausius-Mossotti relation (or the equivalent Lorenz-Lorentz relation), which

relates the polarisability of a medium to its permittivity ε (or refractive index n)

γe = (n2 − 1)(n2 + 2)/3 , (1.39)

which shows that it is of order unity for condensed matter. For fused silica at 1550 nm with

a refractive index of 1.444 we obtain γe = 1.48 from this relation.

Electromagnetic radiation passing through any kind of dielectric material creates elec-

trostriction, the slight local compression (or expansion) of the dielectric in response to the

electric field applied. In the common use (and that’s how we’ll use it here) electrostriction

stands for the effect, where the response is proportional to the square of the electric field.
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It is therefore to be distinguished from the inverse piezoelectric effect, where the stress is

proportional to the electric field itself. The piezoelectric effect does not occur in amorphous

materials like fused silica. In the context of cavity optomechanics the electrostricition effect

gives rise to a type of optomechanical coupling different from the conventional radiation pres-

sure mechanism commonly found to occur at boundaries and related to the force that the

recoil of photons produces. We will use Brillouin optomechanical interaction and electrostric-

tive/photoelastic coupling synonymously in this work to refer to this type of interaction.

While in conventional radiation pressure cavity optomechanics the optomechanical cou-

pling can be obtained from the analysis of the frequency shift a mechanical displacement

imparts on the optical cavity’s resonance frequency, i.e. g0 = −∂ωcav

∂xm
·xzpf, where g0 is the in-

trinsic optomechanical coupling rate, ωcav is the cavity eigenfrequency, xm is the mechanical

displacement from equilibrium, and xzpf is the mechanical zero-point fluctuation (compare

equation 1.15, [AKM14]), the same cannot be done in Brillouin optomechanical coupling as

the cavity’s resonance frequency does not depend on the mechanical amplitude.

Rather a different approach is required, starting from the change in electromagnetic en-

ergy induced by a density fluctuation via the change in the dielectric constant tensor, similar

to what we discussed above for a DC electric field, see equation 1.37. Such a standpoint has

been presented e.g. in [Yar65].

It should also be noted that electrostriction, aside from Brillouin scattering, also con-

tributes to the (non-instantaneous part of the) third order susceptibility, namely by χ(3)(ω =

ω + ω − ω) = 1/3ε0CTγ
2
e [Boy08]. This can be seen by considering that there will be a den-

sity related effect of the electric field on the permittivity, and thus on the susceptibility

proportional to E2. Just, as a field is applied, this part of the third-order response of the

medium will be delayed related to the elasticity and density of the medium, as opposed to

the quasi-instantaneous response of the electronic shells, responsible for the χ(3) nonlinearity.

Following Boyd further, let’s now consider the scenario where a (strong) pump field tra-

verses a medium over a lengh L and focus on the stationary case, where we drop temporal

derivatives in equation 1.36. A light field counter-propagating and red detuned by approx-
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imately the Brillouin shift with respect to this pump field will then experience parametric

gain (Brillouin gain) and grow exponentially in the backwards direction, as we shall see.

Inserting equation 1.34 into 1.36 we obtain

dA1

dz
=
iε0ωq

2γ2
e

2ncρ0

|A2|2A1

Ω2
B − Ω2 − iΩΓB

,

dA2

dz
=
iε0ωq

2γ2
e

2ncρ0

|A1|2A2

Ω2
B − Ω2 − iΩΓB

(1.40)

and after defining the intensity Ii = 2nε0c|Ai|2 and the Brillouin gain g we obtain

dI1

dz
= −gI2I1 ,

dI2

dz
= −gI1I2 .

(1.41)

Here the Brillouin gain is given through

g = g̃0
(ΓB/2)2

(ΩB − Ω)2 + (ΓB/2)2
, (1.42)

with the peak Brillouin gain given by g̃0 = γ2
eω

2

nvac3ρ0ΓB
with units [g̃0] = m−1W−1. Note

here that the peak (line-center) Brillouin gain g̃0 is frequency independent, as the Brillouin

linewidth ΓB is proportional to ω2.

This expression can also be found in reference [LC03] and it is pointed out here, that

the experiment supports the observation in the respective expression that the Brillouin gain

curve has a temperature invariant area. This is especially interesting towards low temper-

atures, where in amorphous materials the closing of the two-level-system acoustic damping

mechanism leads to a significant narrowing of the Brillouin linewidth [VSH80; Phi81; LC03].

In a recent experiment [Beh+17] the authors showed how strong acoustic driving can saturate

the two-level system absorbers in an amorphous sample and significantly reduce the acoustic

attenuation in a “transparency window” around the drive frequency. This approach might

prove valuable when minimising two-level system acoustic damping at cryogenic tempera-

tures in amorphous microresonators. Aside from the derivation following Boyd [Boy08] there
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Figure 1.9: Stimulated Brillouin scattering scheme. A strong pump field (blue) sets up
Brillouin gain (blue curve) for a counter-propagating red detuned probe field (red) which
experiences exponential growth in the backwards direction, as long as the pump is not
depleted.

are alternative routes to derive the Brillouin gain, via the photoelastic coefficient tensor pijkl,

also called elasto-optic or Pockels coefficient tensor, which is defined via δεij = −ε2pij,klηkl,

where η is the displacement gradient tensor (strain) and ε is the permittivity (dielectric

constant) tensor. The expression is e.g. given in [NTR97]:

g̃0 =
2πn7p2

12

cλ2
pρ0va∆νBr

, (1.43)

where n the refractive index, p12 a component of the photoelastic tensor of the material,

c the speed of light, λp the pump (vacuum) wavelength, ρ0 the density of the material,

va the velocity of sound, and ∆νBr the Brillouin linewidth (FWHM). It turns out that

the connection between the electrostrictive constant and the component of the photoelastic

tensor is via γe = p12n
4. Note that aside from the pump wavelength the Brillouin gain

depends only on local properties of the material.

The photoelastic constants of fused silica have both been measured [Ved50; Sch80] and

theoretically computed from first principles [DBT03]. The experimental value is p12 = 0.28

(0.27 and 0.285, respectively). Donadio et al give the defining expression ∆ε−1
ij = pijklηkl, and

stress that the dielectric tensor is, here, to be understood as the response of the electronic

shell, i.e. evaluated at frequencies much higher than the lattice vibrations, but lower than

electronic transition frequencies. This range e.g. includes the visible and near infrared

range of the optical spectrum for most conventional glasses. For barium fluoride, which will

be discussed later in this thesis, the photoelastic constants were measured in [RN70], and
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the numerical value lies very close to that of fused silica, at p12 = 0.277, in line with the

expectation from their similarity of refractive indices (BaF2 at 1550 nm: n = 1.46) and the

Clausius-Mossotti relation.

1.5 Brillouin optomechanics in microresonators

While early work on Brillouin scattering was mostly concerned with the effects on the light

field [Boy08], in the context of (cavity) optomechanics, growing interest is being devoted

towards the acoustic part of the interaction and the study and manipulation of the mechanical

degrees of freedom that come with it. So far we have discussed the phenomenon of Brillouin

scattering in bulk samples or waveguides and how it is connected with the material properties,

and that it can be thought of as giving rise to parametric gain.

In this section we will discuss how the situation changes when one considers Brillouin

scattering in an optical ring resonator, particularly in whispering-gallery resonators, where

the electrostrictive interaction gives rise to an optomechanical coupling. Let’s imagine a

waveguide or optical fiber being continuously transformed into a closed loop ring resonator

[VBV16]. It becomes clear that now any light traversing the region will be recycled and

will traverse the same path repeatedly. Instead of an optical loss per unit length, we will

now be interested in a cavity quantity, that is the lifetime of the light in the cavity (or its

inverse, the linewidth). It also becomes clear that while in a waveguide there was a flat

continuous density of states, now the phase acquired on a round trip will lead to resonances,

see appendix A.

The same happens to the sound waves, but in room-temperature Brillouin optomechan-

ics with high frequency phonons (backscattering) the acoustic lifetime is much shorter than

the round trip time of the acoustic waves. Thus, the acoustical finesse F = ∆νFSR/∆νBr is

smaller than unity, and the cavity is not “felt” by the sound waves. We can call this the “Bril-

louin regime”. A very useful tutorial article on the related topic of Brillouin optomechanics

in nanophotonic structures was recently provided [WDM19].
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Early results that utilise of Brillouin optomechanical coupling in microresonators in-

clude the sideband cooling using Brillouin forward scattering of a 50 MHz sound wave

[Bah+12], and the observation of optomechanically induced transparency via Brillouin scat-

tering [Don+15], a cavity optomechanical phenomenon analogous to EIT in atomic systems.

In these studies forward scattering with low frequency sound waves was exploited, which has

the advantage of coming with much lower acoustic attenuation (acoustic attenuation in this

frequency range scales as ω2, see e.g. [Boy08]), but at the price of a much higher thermal

occupation.

1.5.1 Brillouin phase matching

A point of particular importance with Brillouin scattering in optical cavities is that of phase

matching. Here by phase matching we mean that the three waves taking part in the inter-

action maintain a certain phase relationship through the entirety of the interaction region,

such that scattering amplitudes from different regions constructively interfere. In waveg-

uides and optical fibers which have a flat optical density of states, Brillouin phase matching

is “automatically” fulfilled, as in, there will always be an optical mode present in the center

of the Brillouin gain profile, which will experience the highest parametric gain, see figure

1.10. Then, during the onset of stimulated Brillouin scattering this Stokes wavelength will

have the largest gain and lead to a narrow spectrum [YDT02].

Throughout physics, energy and (quasi-)momentum must be conserved, which are the

central conditions to phase matching in nonlinear optics and Brillouin scattering. These

requirements impose conditions on which (or alternatively how strongly certain) waves will

interact via the Brillouin optomechanical coupling, which can be represented by a three-

wave-mixing type Hamiltonian.
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These conditions can be formulated as

h̄ωp = h̄ωs + h̄ωm (1.44)

h̄kp = h̄ks + h̄km , (1.45)

where ω is the angular frequency, k the wave-vector of pump light (p), Stokes light (s) and

mechanical (m) waves.
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Figure 1.10: Automatic phase matching of Brillouin scattering in a waveguide (e.g. an
optical fiber supporting guided acoustic waves) supporting single optical and acoustic spatial
modes. The dispersion relations of the optical and acoustic waves cross at exactly two points,
corresponding to Brillouin Stokes and anti-Stokes scattering.

Brillouin phase matching in a whispering-gallery microresonator

In an optical cavity, the phase matching condition of Brillouin scattering is not anymore

automatically fulfilled. The alteration of the optical density of states makes phase matching

more complicated, as the optical (and also mechanical) spectra discretize in the presence of

boundary conditions.

In order to understand Brillouin phase matching let’s consider a forward (pump) optical

resonance, a backward (anti-Stokes) optical resonance and an acoustic whispering-gallery

mode with a decay width longer or shorter than the acoustic FSR. We assume that the

separation of the pump and anti-Stokes resonances is approximately the Brillouin shift in
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the material. The periodic boundary conditions of the cavity will create “resonances”, both

for the light and sound waves. While there can be a variety of transverse modes, on a

particular transverse mode, changing the number of wave cycles on a round trip brings us

from one mode to the next within what is sometimes called a “mode family”8. They are

labelled by an azimuthal mode number M which corresponds to the number of wave cycles

on a round trip (compare section 1.3). The frequency difference between two adjacent modes

of a mode family νM+1 − νM = ∆νFSR is the free spectral range (compare appendix).

Superimposing the pump and anti-Stokes optical waves, which are counter-propagating

with respect to each other, returns an intensity pattern that is slowly moving (it’s an “almost

standing wave”). Since both the pump and anti-Stokes waves are resonant by construction,

they will each have integer azimuthal mode numbers Mp and MaS. As one can convince

oneself the slowly moving beat note of the waves will have Mp + MaS intensity maxima: If

we assume two optical waves A and B, for simplicity with the same amplitude, counter-

propagating and resonant with two different whispering-gallery resonances, such that their

amplitudes are given by

A(φ, t) = cos(MAφ− ωAt) =
1

2

(
ei(MAφ−ωAt) + e−i(MAφ−ωAt)

)
B(φ, t) = cos(−MBφ− ωBt) =

1

2

(
ei(MBφ+ωBt) + e−i(MBφ+ωBt)

)
,

(1.46)

where we assumed MA,MB, ωA, ωB > 0, and manually added a minus sign in front of one of

the M ’s to represent counter-propagation, then the total intensity can be written as

|A+B|2 = 1 +
1

2
cos(2(MAφ− ωAt)) +

1

2
cos(2(MBφ+ ωBt))+

cos((MA −MB)φ− (ωA + ωB)t) + cos((MA +MB)φ− (ωA − ωB)t) .

(1.47)

In this expression all terms are oscillating at optical frequencies except the last term, which

is oscillating at the difference frequency ωA−ωB. This is the relevant term inducing density

variations via electrostriction.

8There seem to be different uses of the term “mode family” floating around, and they are almost orthog-
onal. We will use it here for the set of modes which only differ in their azimuthal mode number M , but have
identical transverse (polar, radial) profiles.
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Let’s now consider the electrostrictive effect that this optical beat note will have on the

acoustic wave. Only if the acoustic wave’s azimuthal mode number matches the number of

anti-nodes of the optical beat note, will there be a significant electrostrictive coupling, as

otherwise contributions from different sites around the perimeter will cancel. This can be seen

to formally correspond to the azimuthal part of the mode field function ∝ ei(±Mmφ∓Mpφ±MaSφ)

showing a wave number balance of the three interacting waves (compare 1.3). We can

formulate this condition for Brillouin back-scattering in the form

|Mm| = |Mp|+ |MaS| . (1.48)

At typical resonator dimensions, with πD ≈ 2 mm, and optical wavelength in the medium

of λ ≈ 1 µm the azimuthal mode numbers for the optical resonances would typically be

|Mp| ≈ |MaS| ≈ 2000, and the acoustic azimuthal mode number, with λm ≈ 0.5 µm, typically

be |Mm| ≈ 2|Mp| ≈ 2|MaS| ≈ 4000.

In the case that the acoustic azimuthal mode number differs from the number of anti-

nodes of the optical beat note (e.g. by 1) the sites of high intensity will coincide with an

anti-node of the acoustic wave on one side of the cavity, acting to contract the medium,

while on the opposite side sites of high optical intensity will coincide with nodes of the

acoustic wave, thus having the opposite effect. The contributions cancel. In this way the

optical resonance pair picks out/selects a particular acoustic azimuthal mode number, while

couplings to all other azimuthal mode number modes cancel. This is an advantage of the

whispering-gallery-resonator approach being pursued here.

Of course, equation 1.48 is a manifestation of wave vector conservation (equation 1.45),

as the azimuthal mode number and the wave vector are connected via ki = Mi

R
, where R is

the resonator radius.

But what about energy conservation? We write down the phase velocity of the acoustic
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wave and the velocity of the optical beat note:

vph,m =
ωm

km

=
ωm

Mm

·R (1.49)

vbeat =
ωaS − ωp

kaS − kp

=
ωaS − ωp

Mm

·R , (1.50)

where we used in the last step that equation 1.48 is already fulfilled.

So we have shown how the condition of energy conservation in the electrostrictive inter-

action, ωaS − ωp = ωm, is equivalent to the condition that the optical beat note of pump

and anti-Stokes optical waves travels around the perimeter at the speed of sound (acoustic

phase velocity). The phase matching situation in a whispering-gallery-mode microresonator

is illustrated in figure 1.11, with the resulting three-mode interaction picture depicted in

figure 1.12.

k=M/R

ω(k)

 
pump

forward
optical

backward
optical
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acoustic

ΔνFSR,p

 
1/R

Δ

Figure 1.11: Brillouin phase matching in a microresonator. The periodic boundary conditions
lead to resonances with integer azimutal mode number M (grey vertical lines). Shown are
only one forward and one backward optical mode family, as well as one acoustic mode
family, while mode families with different transverse (polar, radial) profiles are not shown,
for simplicity.

For the typical diameters of resonators used in this work (300 µm to 1.5 mm) the phonon

mean free path at the frequency of 11 GHz, lcoh = cm · τcoh ≈ 6km/s · 10 ns = 60 µm

is shorter than the round trip length L = πd ≈ 2 mm. Thus, we can speak of a quasi-
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Figure 1.12: Optical and acoustic density of states for Brillouin cavity optomechanics ex-
periments in the anti-Stokes scattering configuration (i.e. pump laser on the red resonance
of the optical resonance pair). Depicted is the three oscillator model with detunings.

continuum for the acoustic waves. While this is true at room temperature, it is expected

that at cryogenic temperatures because of reduced mechanical damping, the cavities will also

become resonators (finesse > 1) for the acoustic waves. This has been called the “coherent

phonon regime”, as opposed to the “Brillouin regime” [Ren+18].

Independent of whether one operates in the coherent phonon or Brillouin regimes, in

whispering-gallery Brillouin optomechanics the coupling will always be to a single acoustic

azimuthal mode within a mode family only. Nevertheless, multi-modeness can still arise in

the coupling to different transverse spatial acoustic modes with the same azimuthal mode

number, although it is expected that these acoustic modes will have a frequency spread, and

thus come with individual optomechanical detunings, additional to individual coupling rates

(see sections 1.5.2 and 4.5.5). This can be viewed from different angles, one of which is the

cancellation argument presented above (which also holds for heavily damped acoustic modes).

From this perspective, the azimuthal mode number conservation (wave vector conservation)

selects exactly one mode out of the quasi-continuum (see figure 1.11).

1.5.2 Optomechanical coupling rate

A quantity of key interest in cavity quantum optomechanics is the optomechanical coupling

rate, quantifying the strength with which optical and mechanical degrees of freedom coher-
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ently affect each other. The connection between the electrostriction effect, Brillouin scatter-

ing and optomechanical coupling was studied theoretically for nanophotonic and integrated

waveguides in recent studies [Wol+15; SS16; ZH16]. In Brillouin cavity optomechanics the

interaction Hamiltonian can be considered of three-wave-mixing type, with an interaction

term of the form

h̄g0(abluea
†
redb

† + h.c.) (1.51)

where g0 is the (bare) cavity optomechanical coupling rate, a, b are the annihilation operators

of the optical and mechanical modes, respectively.

The optomechanical coupling rate g0 is intimately linked to the Brillouin gain coefficient

g̃0 in the cavity (equation 1.43) [VBV16] and a relation can be specified between them:

g̃0 = 4|g0|2n2L/(h̄ωc2Γm).

An approximate expression for g0 was derived for forward Brillouin scattering [Tom+11],

and for standing acoustic wave optomechanical coupling experiments [Ren+18].

Tomes et al [Tom+11] obtain the result g0 = AoptLγequqEkEk+q/(2h̄), where Aopt is an in-

teraction area approximated as the optical mode area, L is the round trip length, and uk and

Ek are the zero-point fluctuation of the acoustic and optical modes with wavenumber k, re-

spectively, given through Ek =
√
h̄ωk/(2AoptLε) for the optical, and uk =

√
h̄/(2AmLρωmk)

for the acoustic field. In [Tom+11] the interaction area is assumed to be approximately equal

to the optical mode area in the case where the optical mode area is much smaller than the

acoustic mode area. We will now leave the interaction area general and make replacements

for q and ωm according to the acoustic dispersion relation and Brillouin phase matching

condition, after which we obtain

g0 =
γe
4

√
h̄ω3

cvan3ρ
· 1√

L · A1A2Am

A2
int

. (1.52)

Thus we see that the bare coupling rate g0 is proportional to something similar to 1/
√
V ,

where V is a mode volume. As we shall later see, the rate of the Brillouin scattering process

will be ∝ G2 = g2
0|α|2, where α is the (classically treated) coherent amplitude of the pump
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mode. With |α|2 = ncav = Pcav/(h̄ω) ∝ 1/κ ∝ Q and g2
0 ∝ 1/V we see that the rate of the

nonlinear process scales ∝ Q/V .

Renninger et al [Ren+18] quote an approximate (order of magnitude) bare coupling rate

of

g0 = i
ω2n3p13

2c

√
h̄

ωmρAL
(1.53)

for a z-cut crystal, where A is the common mode area of optics and acoustics, assumed for

simplicity to be a box function. This expression agrees with equation 1.52 except a factor of
√

2.

Let’s now focus our attention to the interaction area. The coupling rate will be propor-

tional to the triple overlap integral of mode field functions of the two optical and the acoustic

whispering-gallery waves of the form

∫
dφd~r⊥Ep(~r⊥, φ)Es(~r⊥, φ)um(~r⊥, φ) , (1.54)

where we assume the optical fields to have the same polarisation, and make the approxima-

tion that the gross part of the acoustic energy of the tl-modes is in the azimuthal direction

(for the validity of this assumption, please refer to [SB15a]). This overlap integral also em-

bodies the aforementioned important phase-matching condition for Brillouin scattering in a

microresonator equation 1.48, namely separating the azimuthal integration leads to a term

∫
dφeiMpφe−iMsφeiMmφ , (1.55)

with integer M ’s resulting in g0 ∝ δ|Mp|+|Ms|,|Mm| (for high frequency Brillouin optomechanics

pump and Stokes are propagating in opposite directions, so the absolute values were chosen

here for clarity). Assuming the azimuthal mode number matching to be fulfilled we are

left with the overlap integral in the transverse plane. As in our geometry the Brillouin-

active medium completely fills the cavity round-trip, this cancellation for all except one

azimuthal mode is exact and an important difference compared to work done with bulk

acoustic resonators [Ren+18], where coupling to a multitude of longitudinal modes occurs
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and even changes depending on placement of the bulk sample within the optical cavity. This

feature can therefore prove valuable in achieving single-mode optomechanical coupling.

If we define the mode field functions Ei(~r⊥) and um(~r⊥) as normalised, such that
∫
d~r⊥

|um(~r⊥)|2 = Am and likewise for the optics, we can write down the bare coupling rate in

terms of this overlap

g0 = γe

√
h̄ω3

8cvan3ρ
· 1√

πD
·
∫
d~r⊥Ep(~r⊥)Es(~r⊥)um(~r⊥) , (1.56)

where we assumed the optical fields having the same polarisation and the displacement field

in the azimuthal direction. We see that, apart from the transverse mode overlap integral,

the increase of the coupling rate with reducing the round trip length is only proportional

to 1/
√
πD. For spherical resonators, the coupling rate of equation 1.56 can be evaluated

based on the analytical results for the optical [Ora02] and (pseudo-)longitudinal acoustic

whispering-gallery modes [SB15b], or numerically for more general geometries. It is once

again stressed here that at the current state this can merely serve as a confirmation/cross

check for experimentally observed coupling rates, in the case that the participating modes

can actually be identified. This is a challenge in itself, but has been accomplished for optical

modes in [Sch+14]. The precision required to manufacture whispering-gallery resonators

with optimized coupling rate based on achieving phase matching for a particular mode trio

seems very challenging.

An important fact to point out here is, that a particular pair of optical resonances will

generally couple to several acoustic eigenmodes sharing the same azimuthal mode index

M , with individual optomechanical coupling rates gi0, which are also going to have indi-

vidual detunings, based on the exact eigenfrequencies ωim of the acoustic modes. Here i

is an index labelling transverse modes. It can be assumed that the acoustic mode density

decreases with stronger transverse confinement, such that the degree of mechanical multi-

modeness will on average be lower in such systems, and higher in e.g. a spherical geometry,

which might be exploited for exploration of multi-mode physics. The typical case is trivially

that one acoustic mode comes with the highest coupling rate and dominates the interaction
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Hamiltonian in a hierarchy of coupling rates. The experimenter might then choose optical

resonance pairs based on their degree of single-modeness or multi-modeness owing to such a

coupling/detuning hierarchy. Depending on the achievable damping rates, it might be possi-

ble at cryogenic temperatures to obtain a ”fingerprint” of the coupling/detuning landscape

of acoustic modes by an OMIT type measurement (see outlook).

It is conceivable that the radiation pressure/moving boundary effect will slightly mod-

ify the optomechanical coupling strength, but it can be assumed that for our geometry the

contribution will be negligible. An interplay of these different contributions to the optome-

chanical coupling in solid-state nanodevices was for example examined in [Rak+12].

1.5.3 Brillouin lasing

Once the round trip Brillouin gain in a resonator exceeds the round trip loss which an optical

(Stokes) field experiences, thermally scattered Stokes light will be exponentially amplified

via stimulated Brillouin scattering [CTS64], creating what is sometimes referred to as a

Brillouin laser. Instead of relying on optical gain based on a population inversion, it is based

on parametric gain. Thus it occupies somewhat of a middle ground between a conventional

laser and an optical parametric oscillator [Yar65].

An approximate expression for the Brillouin lasing threshold power is given by [GMM09]

Pthr =
π2n2V∆νp∆νs

c2g
, (1.57)

where V is the mode volume, ∆νp, and ∆νs are pump and Stokes linewidths, respectively,

and g is the Brillouin gain. This expression should give an order of magnitude estimate of

expected thresholds, where imperfect mode overlaps will increase the threshold.

Brillouin lasing was first experimentally observed in microresonators of fused silica and

calcium fluoride [TC09; GMM09], and has since been observed in a variety of other ge-

ometries and materials. Sturman and Breunig showed in a detailled analysis [SB15a] how

Brillouin lasing thresholds are affected by the transverse-longitudinal character of the pseudo-
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longitudinal acoustic whispering-gallery modes in microresonators, especially long “tails” of

the transverse component.

To the best of the author’s knowledge, the role of the three-mode detuning in conjunction

with the optomechanical mode overlap for Brillouin lasing in microresonators hasn’t yet been

fully appreciated in the literature. I think that the exact value of the detuning (as well as the

optical mode overlap) will affect the Brillouin lasing thresholds. In the context of this thesis,

Brillouin lasing was used from an early stage as an indicator of the presence of an optical

mode pair with significant optomechanical coupling rate. Also, experiments were conducted

in order to show the change in the degree of second-order coherence of the Stokes light

across the Brillouin lasing threshold (see outlook). This thesis focussed on experimental

advancements and does not aim to derive/advance the theoretical understanding of the

Brillouin lasing threshold.

1.5.4 Beam splitter and two-mode-squeezing type Hamiltonians

All experiments in this work are operating in the so-called resolved sideband regime of cavity

optomechanics. This means that the optical linewidth is much smaller than the mechanical

frequency κ � ωm, as discussed previously in section 1.2.2. From here onwards, by that

we mean that the condition applies to both resonances of an optical mode pair (depending

on their role called pump and Stokes (anti-Stokes) modes), while in conventional cavity

optomechanics most of the time only one optical resonance of the cavity is considered, and

the influence of other optical resonances can often be neglected [AKM14].

When exciting a particular carefully selected optical mode of the resonator with a co-

herent drive (“pump” laser), only either Stokes or anti-Stokes Brillouin scattering will be

resonantly enhanced through the optical cavity’s density of states, e.g. Stokes scattering

when pumping on the second mode from the left in figure 1.13. Thus the situation is dif-

ferent from waveguide or bulk experiments, where the optical density of states is mostly

flat and both Stokes and anti-Stokes scattering from thermal excitation is nearly equally

probable.
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Figure 1.13: Example sketch of a cavity’s optical density of states (pictorially). A particular
pair of optical resonances (first and second from the left) is separated by the frequency ωm

of an acoustic eigenmode, such that Brillouin scattering occurs if the modes substantially
overlap. While Stokes scattering is resonantly enhanced for photons occupying the second
mode from the left, anti-Stokes scattering is suppressed by the cavity’s density of states.
What a spectrum can not show is the matching of azimuthal mode numbers, or a spread
of the mechanical eigenmodes’ frequencies, thus a frequency difference in the right range is
only a necessary, but not sufficient condition for a potential significantly coupled mode trio.

Once a coherent drive is sufficiently strong, the quantum fluctuation of the drive field

can be neglected, and we can approximate the interaction Hamiltonian with ablue → α

(parametric approximation) as

Hint

h̄
= g0(abluea

†
redb

† + a†bluearedb) → HTMS

h̄
= G(a†redb

† + aredb) , (1.58)

introducing the pump-enhanced optomechanical coupling rate G = g0|α|. This Hamiltonian

is frequently referred to as a two-mode squeezing (TMS) hamiltonian, in analogy of optical

squeezing, where it was first studied [Hei+87]. It is of the same form as the Hamiltonian of

parametric fluorescence in photonics, but the physics is somewhat different due to the very

different speeds of light and sound waves, the substantial damping of sound waves, and the

very different thermal occupations of field modes typically found in the acoustic versus the

optical domain.

Analogously, we find the beam-splitter-type Hamiltonian, when driving on the red reso-

nance of an optical mode pair

HBS

h̄
= G(a†blueb+ ablueb

†) . (1.59)
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This Hamiltonian resembles that of an optical beam splitter, however, here the beam splitter

is between light and sound, rather than between two optical fields.

Two-mode squeezing and beam-splitter-type Hamiltonians are important as they form

an operator basis for all bi-linear operators in optomechanics. In radiation pressure coupling

they are only the consequence of an approximation, while fundamentally the interaction

Hamiltonian is nonlinear (compare equation 1.16).

One can note that even if both the red and blue sideband were equally resonantly en-

hanced by the optical cavity in Brillouin optomechanics, the coupling would not be to the

same acoustic mode, but to forward and backward propagating sound waves, thus a coupling

to the mechanical position X, like in the bad cavity regime of standard radiation pressure op-

tomechanics, cannot be easily engineered in Brillouin optomechanics with whispering-gallery

resonators.

Rotating frame and interaction picture

It is often helpful in practice to describe quantum phenomena of coupled harmonic oscillators

in a “rotating frame”. This corresponds to a rotation transformation being applied to the

state vector, such that the time evolution of this new state vector under the free Hamiltonian

(Hamiltonian excluding coupling terms) becomes simpler (or in some cases, trivial).

In order to go to a rotating frame, we apply a unitary transformation R(t) to the state

vector |Φ(t)〉 = R(t)|Ψ(t)〉, which will then obey a modified Schrödinger equation of the form

ih̄∂t|Φ(t)〉 = ih̄∂t(R(t)|Ψ(t)〉)

= (ih̄∂tR(t))|Ψ(t)〉+R(t)ih̄∂t|Ψ(t)〉

= ih̄Ṙ(t)|Ψ(t)〉+R(t)H|Ψ(t)〉

= ih̄Ṙ(t)R†(t)|Φ(t)〉+R(t)HR†(t)|Φ(t)〉

= H ′|Φ(t)〉 ,

(1.60)

with the Hamiltonian in the rotating frame H ′ = ih̄Ṙ(t)R†(t) +R(t)HR†(t). This Hamilto-
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nian can equivalently be written as H ′ = R(t)(H − ih̄ d
dt

)R†(t).

Choosing R(t) the adjoint of the free time evolution operator,

U †0(t; t0) = eiωp(a†pap+ 1
2

)t+iωaS(a†aSaaS+ 1
2

)t+iωm(b†b+ 1
2

)t , (1.61)

would bring us to the interaction picture, while we are going to a rotating frame with

respect to the optical pump and anti-Stokes fields, and to a detuned frame with respect to

the mechanical field, so that

R(t) = eiωp(a†pap+ 1
2

)t+iωaS(a†aSaaS+ 1
2

)t+i(ωm+∆)(b†b+ 1
2

)t , (1.62)

with the optomechanical detuning ∆ = ωaS − ωp − ωm, then we find that the full optome-

chanical Hamiltonian

H = h̄ωp

(
a†pap +

1

2

)
+ h̄ωaS

(
a†aSaaS +

1

2

)
+ h̄ωm

(
b†b+

1

2

)
+ h̄g0(apa

†
aSb+a†paaSb

†) (1.63)

transforms to the Hamiltonian in the rotating frame

H ′ = h̄g0(apa
†
aSb+ a†paaSb

†)− h̄∆b†b . (1.64)

1.5.5 Other nonlinear effects

Thermal nonlinearity

One of the first things one notices when performing experiments with optical whispering-

gallery microresonators is their thermal response. Changing the temperature of the material

in the optical mode volume affects the refractive index and thus the frequency of optical

resonances. Similarly the temperature affects also the linear dimensions of the cavity. Both

these effects lead to a shift of optical resonance frequencies depending on the temperature.

In fused silica, probed at 1550 nm, we have 1
n
∂n
∂T
≈ 5.8 × 10−6/K at room temperature,
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and 1
L
∂L
∂T
≈ 5× 10−7/K [LF06]. The refractive index depends both on the temperature and

probe light wavelength, and is most conveniently described empirically by Sellmeier formulae

[Sel71]. For fused silica both thermal expansion and refractive index effects contribute to

resonance shifts with the same sign at room temperature and the consequence is a red shift of

optical resonance frequencies by approximately 10 pm/K (or 1.2 GHz/K). The thermo-optic

coefficient for barium fluoride at 1550nm and room temperature is dn/dT = −1.6× 10−5/K

[LFK05; Web02].

The temperature dependence of the refractive index (thermo-optic coefficient) decreases

as temperature decreases, both for fused silica and barium fluoride, thus that thermal ef-

fects can be assumed to play a significantly smaller role when operating around the base

temperature of a 4 K cryostat.

A characteristic of the presence of thermal effects in a whispering-gallery resonator is

an asymmetric non-lorentzian lineshape, which generally will depend on the sweep direction

(blue to red or red to blue). In fused silica, upon sweeping blue to red, one will observe a

so-called thermal triangle induced by the red shifting of the resonance during the laser scan,

in which the laser becomes increasingly resonant with the line until eventually reaching zero

detuning, after this point, the heating power drops leading to a rapid increase of detuning,

resulting in a sharp flank observed in transmission. The exact shape of the thermal triangle

depends on sweep speed, optical power and bulk mass (thermal inertia) of the resonator.

For a depiction of a thermal triangle as observed in the experiments, see figure 2.9.

Kerr (χ(3)) nonlinearity and four-wave mixing

Aside the optomechanical and thermal nonlinearities, the third-order nonlinear susceptibility

χ(3) of the optical materials studied here, also referred to as Kerr nonlinearity, gives rise to

relevant physical effects. While only optical materials violating inversion symmetry possess

a non-vanishing second order susceptibility χ(2), which is associated with phenomena like

difference and sum frequency generation or parametric fluorescence, all optical materials

possess a third order susceptibility.
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It can be introduced by writing down the polarisation induced in a medium by the electric

field of a passing electromagnetic wave, and splitting it into a power series of the electric

field

P = ε0χ
(1)E + ε0χ

(2)E2 + ε0χ
(3)E3 + ... . (1.65)

Classically, this can be thought of as arising from the anharmonicity of the potential associ-

ated with displacing the charge distribution of the medium out of equilibrium.

Most relevant in the context of this thesis, amongst Kerr-induced phenomena, is four-

wave mixing. In microresonators it can lead to a type of parametric oscillation, called Kerr

frequency combs, which have recently developed into an active field of investigation. Such

a frequency comb is shown in figure 1.14. In this work, Kerr frequency combs arose as a
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Figure 1.14: A Kerr frequency comb observed in a fused silica microrod resonator of
≈ 660 µm diameter with a free spectral range of 100 GHz (97.3 GHz measured). Phase
matching is best three FSRs out from the pump resonance, and this is where paramet-
ric oscillation starts, then quickly the rest of the comb is populated by intercombination
FWM. The background noise is most probably amplified spontaneous emission (broadband
superluminescence) from the erbium doped fiber laser exciting the comb.

spurious unwanted effect during the push towards Brillouin optomechnical strong coupling,

effectively opening an extra loss channel for the pump light. In degenerate four-wave mixing

two pump photons are converted into a pair of photons, one redder and one bluer than the
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original pump field colour. The sub-threshold phenomenon of spontaneous four-wave mixing

can be exploited to engineer a heralded source of single photons (see outlook section).

Apart from the possibility of creating new colours of light, the Kerr nonlinearity in a

medium also leads to a shift in the refractive index which light fields experience, proportional

to the optical intensity present in the medium. This phenomenon is called the optical Kerr

effect and it is quantified by the nonlinear refractive index n2, which for negligible optical

absorption, can be expressed as n2 = 3χ(3)/(4n2
0ε0c), where n0 is the linear refractive index.

This effect is relevant, as it contributes to the optomechanical detuning dependence on the

light power, combined with the thermal effects, which also play a significant role. It can be

straightforwardly examined, by heating/cooling the structure to predefined temperatures and

observing dispersion of resonance shifts, at negligible optical power, such as to controllably

switch off the contribution of the optical Kerr effect. Further details about the optical Kerr

effect and the role of self- and cross-phase modulation are discussed in section 3.3.1.

The effects of thermo-optic, thermal expansion and Kerr nonlinearities on the instanta-

neous frequency shift can be summarised as

∆ν

ν
=

(
− 1

n

∂n

∂T
∆Tmode(t)− α∆T (t)− n2

Pcav(t)

Aeff

)
, (1.66)

where Tmode is the temperature of the mode volume, T an effective temperature of the

structure, α the thermal expansion coefficient of the material, and Aeff is the effective mode

area. As the precise modelling of the thermal response is non-trivial, this equation is put

here rather for pedagocical purposes.

Nonlinearities, and especially the interplay of thermal and Kerr effects in whispering-

gallery microresonators, have been studied since optical whispering-gallery microresonators

became a focus of attention [BGI89]. The interplay has been studied in silica microsphere

whispering-gallery resonators, with respect to chaotic behaviour [Fom+05], and its effect on

observed lineshapes at different wavelength sweep speeds [Sch+08]. In the latter work, no

clear separation of Kerr and thermal effects on the lineshape could be achieved.
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Chapter 2

Experimental setup

2.1 Setup overview

In this chapter an overview of the most common experimental techniques used in this work

is given. Details more specific to a certain experimental arrangement will be given in the

respective results chapters.

The experimental setup for the work conducted in this thesis is centered around a fused

silica (barium fluoride) microresonator mounted on a three dimensional translation stage, to

which light is coupled in and out of via a tapered optical fiber. The experiment is all-fiber-

based, operating at the telecommunications wavelength of 1550 nm. For the light sources,

we use two erbium doped continuous wave fiber lasers, with ultranarrow linewidth (NKT

Photonics Koheras Adjustik E series), which have a thermal tunability around their 1550 nm

operating point of +/- 0.5 nm, as well as a piezo tuning port, which is important in order

to tune to and stabilise the laser on whispering-gallery resonances of the microresonators.

The thermal tuning spans a range larger than the resonator’s optical free spectral range for

typical resonator dimensions. The bandwidth of the thermal tuning is slow (< 1 Hz), while

the piezo tuning bandwidth is of the order 10 kHz, with the piezo voltage span of 200 V

corresponding to a laser frequency shift of ∼ 3 GHz (∼ 25 pm), which is smaller than both

typical optical free spectral ranges of the microresonators used (∼ 100 GHz), and smaller
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than the Brillouin shifts of fused silica and barium fluoride (11 GHz and 8 GHz, respectively).

In a typical experiment one of the lasers would take the role of pumping the optical cavity

on a resonance. This laser would then be either actively stabilized (“locked”) to remain in

resonance, or forcing the cavity via its thermal response to stay resonant (passive/thermal

lock). A schematic of the experiment is depicted in figure 2.1.
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Figure 2.1: Setup overview. A whispering-gallery microresonator mounted on a 3D transla-
tion stage within a perspex box/cryostat chamber is coupled to via a tapered optical fiber.
A pump laser can be scanned in frequency and the transmission is observed with a pho-
todetector, showing optical cavity resonances. Pound-Drever-Hall locking can be applied to
lock to cavity resonances. Light backscattered from the resonator is observed using different
measurement aparatus. Optionally light can be filtered in the forward direction with tun-
able fiber Bragg gratings for Kerr four-wave mixing physics. The frequency difference of the
lasers can be stabilized at the Brillouin shift frequency (∼10 GHz) by feeding back to the
piezo tuning port of the local oscillator laser (not shown in scheme here).

During the course of this work, I first designed and set up a room-temperature setup, then

later began to work on a cryogenic setup, which is currently ongoing and looking promising

with respect to reaching the quantum regime starting from a temperature of 4 K. The re-

sults of strong optomechanical coupling and measurement-enhanced cooling were obtained

using the initial room-temperature setup, all featuring fused-silica microresonators. This

setup was also used to explore the Kerr-nonlinearity induced four-wave mixing physics, but

following the design stage of the experiment (described in outlook), the focus was shifted to-

wards Brillouin optomechanics. A silica microsphere resonator was also used with the room
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temperature setup to observe the transition from thermal Brillouin scattering to Brillouin

lasing (see outlook). The cryogenic setup was used for the measurements on single-phonon

addition and subtraction to thermal states, where a barium flouride whispering-gallery mi-

croresonator was used. This experiment provides the platform for Brillouin optomechanics

with crystalline (barium fluoride) whispering-gallery microresonators at cryogenic tempera-

tures, which is currently ongoing (see outlook section).

To explore the optical mode structure, the pump laser is scanned in frequency with a

ramp voltage on its piezo tuning port, while the optical cavity transmission is observed with

a photodiode. Once a suitable experimental configuration, for example of optomechanical

coupling, has been achieved, light backscattered from the resonator is separated from the

pump via an optical circulator, to be subsequently measured by either an optical heterodyne

detection scheme, or single-photon detectors.

As the optical cavity response is polarisation dependent, the setup is designed to use

polarisation maintaining (PM) fiber wherever applicable in order to achieve highest possible

stability of experimental conditions. The only parts of the setup which use non-polarisation

maintaining single-mode fiber are the tapered fiber used to evanescently couple to the mi-

croresonator, which is connected to the PM part of the setup on both the input and output

side with fiber polarisation controllers (“paddles”), and the fiber Fabry-Perot filters. Also,

since for the Brillouin optomechanics experiments small signals (due to comparedly low

thermal occupations at moderate temperatures) have to be measured in the back-scattering

direction, it was decided to use angled connectors (FC/APC) throughout, to suppress back-

reflections at interfaces.

2.2 Tapered fiber evanescent coupling to optical

whispering-gallery modes

In the experiment, light is coupled in and out of the whispering-gallery mode resonators via

a tapered optical fiber [Kni+97; CPV00]. This has proven to be a comparatively simple and
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effective way of coupling. For this purpose the tapered fiber is brought into close proximity

of the resonator surface (wavelength scale), such that the evanescent optical fields of the

travelling tapered fiber modes spatially overlap with the optical whispering-gallery modes

of the microresonator. This way, coupling between the side channel and the resonator can

be achieved, which is formally equivalent to the coupling mirror in a one sided Fabry-Perot

cavity [Yar00; AKM14].

Alternatives to this approach are e.g. prism coupling [BGI89] and coupling from an

angle-cut optical fiber. Prism coupling is robust and has been one of the early approaches

to couple to optical whispering-gallery modes, but alignment is challenging. It comes with

the advantage that phase matching can be achieved by adjusting the incident angle at the

total internal reflection, which can be useful when dealing with resonator materials with

a large deviation of the refractive index from the tapered fiber index. Coupling with an

angle-polished optical fiber has some advantages, like relative ease and robustness, and the

possibility to adjust the face angle to achieve phase matching, but has the inconvenience

that transmitted light is coupled to free space [Chi+10].

A tapered optical fiber, as used in the experiments, adjacent to a fused silica whispering-

gallery resonator is shown in figure 2.2, and also in figure 2.8 together with a barium fluoride

resonator.

Figure 2.2: Tapered fiber with fused silica microrod resonator. The rod in the picture has
two bulges supporting whispering-gallery modes, one of which is in use here being coupled
to via the tapered optical fiber (faint white diagonal line).
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2.2.1 Resonator and taper mounts

For room temperature experiments with fused silica resonators, the resonator was mounted

on an aluminium plate with a V-groove, which itself was mounted on a three axis translation

stage allowing for sub micrometer precision positioning in all three axes. The tapered optical

fibers were glued to a U-shaped aluminium bracket, mounted with screws in an upright

position. Then the resonator would be brought into proximity of the tapered fiber from

beneath via adjustments of the translation stage. The approximate relative position of taper

and resonator could be judged from a low magnification camera which was mounted above the

arrangement and could be lowered through a circular cut-out of the perspex box enclosing

the coupling setup. The adjustment knobs of the translation stage were accessible from

outside the perspex box through recesses of the latter. Photos of this coupling/mounting

setup are shown in figure 2.3.

Figure 2.3: Resonator and tapered fiber mounts. Left: Side view along the taper axis. U-
shaped taper holder, and resonator on aluminium mount. Right: View from the top through
cut-out of the perspex box. This room-temperature setup was used for the demonstration
of optomechanical strong coupling via Brillouin scattering and heterodyne-measurement-
enhanced cooling of a mechanical mode of the cavity.

In preparation for cryogenic experiments a coupling setup was designed to fit inside the

inner heat shroud of an attoDry800 low-vibration cryostat, which is able to cool a cold head

down to 4 K and possesses vacuum feedthroughs for optical fibers. For this purpose, a

taper holder in the form of an Invar steel-bracket was designed, which is connected to the

cryostat base-plate by four brass posts. The low thermal expansion coefficient of the steel
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ensures that the tapered fiber, which is glued to the bracket at room temperature, does not

experience a significant length change of its support (the thermal expansion coefficient of

fused silica is much smaller than that of, for example aluminium, which was used for room-

temperature brackets). A picture of the cryogenic coupling setup is shown in figure 2.4. The

vacuum is at this stage only required for the operation of the cryostat, as gas damping of the

mechanical modes is expected to be negligible. The cryostat allows the sample temperature

to be stabilised at any temperature between 4 K and > 300 K, which allows pre-cooling of a

silica Brillouin optomechanical system to a thermal occupation of ≈ 8, and the temperature

stabilisation is beneficial to maintain a phase matching condition. This temperature stability

was useful for the measurements presented in chapter 4.

Figure 2.4: Cryogenic coupling setup. Left: Taper bracket (here aluminium, identically
shaped Invar bracket used for cryogenic experiments) on brass posts and barium fluoride
microrod resonator on 3D piezo translation stage, mounted within the vacuum chamber
of an attocube attoDry800 cryostat. Middle: Inner heat-shroud and fiber. Right: View
of barium fluoride microrod resonator with fused silica tapered fiber viewed through the
windows of inner and outer heat-shrouds.

2.2.2 Polarisation control

The whispering-gallery modes of the microresonators are non-degenerate in polarisation, i.e.

their resonance frequencies are different for different input polarisations. In fact, the natural

polarisation axes of linear polarisation are given by the resonator’s symmetry axis, and the

axis orthogonal to it. Thus, once the linear polarisation of the light propagating through the

tapered fiber is not aligned with either of these axes, a substantial portion of the light will

not be resonant with respective resonances and thus be transmitted through the taper with
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no extinction. On the other hand, adjusting the polarisation to couple to both polarisation

resonance families of the cavity, allows one to examine both resonance families in a single

measurement.

In any case, in order to be able to access a particular resonance of the microresonator,

it is required to control the polarisation in the tapered fiber. The tapered fiber is made

from, and is continually transforming into single mode fiber, which is connected to the

polarisation maintaining fiber on both input and output sides. Due to the polar symmetry

of the single mode fiber, there is no way to match the tapered fiber orientation with respect

to the resonator, when splicing the connectors to the ends of the tapered fiber. Therefore

polarisation controllers are required.

While in free-space optics polarisation control of light beams can be conveniently achieved

using wave-plates, a standard way in fiber optics is to use “paddles”, where a controlled

torque on the single mode fiber induces birefringence. About 2 meters of single mode fiber

(SMF-28 for 1550 nm) is rolled up inside these pedals, which, depending on their rotation,

induce varying birefringence allowing (in principle) general rotations on the Poincaré sphere.

In practice, the movement of the (typically three) paddles only approximate the action of

lambda/4 and lambda/2 waveplates, and thus the desirable polarisation state can often only

be achieved following an iterative procedure.

2.3 Microresonators

In the research conducted for this thesis, three different types of microresonators were used:

Fused silica microrod resonators, which were used for most of the groundlaying experiments,

fused silica microspheres, and barium fluoride microrod resonators. Some experimental as-

pects of these resonators will be discussed here.
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2.3.1 Silica microrod resonators

Fused silica microrod resonators, with diameters ranging from 500 µm to 1.3 mm were fabri-

cated in collaboration with the Del’Haye group, at the National Physical Laboratory (NPL)

in Teddington, London, using a laser lathe, which was already set up at the NPL. To fab-

ricate these resonators, a fused silica workpiece, in the shape of a rod, would be placed on

a motorised spindle, while a focused CO2 laser beam is moved across the spinning surface.

After a first stage, where the end part of the spinning workpiece would be reduced in diam-

eter to the nominal design diameter of the resonator by laser ablation, in a second step, the

laser focus would be moved between two closely adjacent sites on the surface. The result

of this procedure is two ring-shaped troughs, with the remainder between them forming a

bulge around the perimeter, which can guide the light around by total internal reflection.

The manufacturing procedure is described in detail in [DDP13]. These resonators were used

for the experiments presented in chapters 3 and 5, and for the setup discussed in section 6.3.

The initial design choice in the diameter of 660 µm was oriented towards the photonics

line of research, to achieve a free spectral range of 100 GHz, which is a common channel

spacing in wavelength division multiplexing in telecommunication fiber networks. Resonator

diameters in the range of 300 µm to 1.5 mm turned out to work well for Brillouin optome-

chanics experiments. There exists a trade-off between spatial confinement for high coupling

rates, compare equation 1.52 (small resonators, strong lateral confinement, sparse mode

forests), and the probability to find a mode trio in a resonator within the laser’s tuning

range. The radii of curvature of the resonator side wall via this fabrication method can be

changed between 15 µm and 125 µm. For the Brillouin optomechanics experiments, a radius

of curvature of approximately 40 µm was deemed to be desirable, and aimed for in the fab-

rication process. Fused silica microrod resonators are shown in figure 2.5, and a plot of a

typical piezo laser frequency scan showing parts of the optical “mode forest” are shown in

figure 2.6.

The optical resonance linewidths achieved with these resonators were mostly found to lie

in the sub-MHz regime. The quality factors would then typically degrade on a time scale
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Figure 2.5: Left: Optical microscope image of a fused silica microrod resonator. The trans-
verse confinement (radius of curvature) can be varied between 15 µm and 125 µm [DDP13].
Middle: Optical resonance close to critical coupling (the resonator’s quality factor had al-
ready degraded at this stage due to dust). Right: Border of 1.3 mm diameter rod resonator
with visible diffraction fringe. Next to the two troughs there is a matte finish to the surface
due to deposited material.

of days to weeks (in ambient conditions). While the fast time scale can be attributed to

adhesion of atmospheric water to the resonator surface [GSI96], the slower degradation time

scale is connected to microscopic dust in the laboratory.

frequency [MHz]

tr
an

sm
is

si
o

n

Figure 2.6: Example of an optical spectrum of a microresonator, showing part of the “mode
forest”. If the tapered fiber is in close proximity of the resonator surface it can induce
substantial coupling between otherwise orthogonal whispering-gallery modes and lead to
asymmetric and Fano lineshapes [Li+11] based on interference in the evanescent coupling
region.

2.3.2 Silica microspheres

Some experiments were performed with fused silica microsphere whispering-gallery res-

onators. Predominantly they were used at the explorative stages of the work presented

in chapters 3, 5, and section 6.3, as well as for the measurements presented in section 6.2
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where freshly made resonators were benefitial in order to reach low (40 µW) Brillouin lasing

thresholds. These resonators are relatively easy to make and have been used in many studies

of nonlinear optical phenomena [Chi+10], [TC09]. In our case the manufacturing was done

using a fiber splicing machine (Fujikura FSM100). The splicer allows for a mode of operation

where a ball lens is formed at the stripped and cleaved end of a single-mode optical fiber. To

do this, the fiber glass is melted by an electric arc discharge which is maintained for several

seconds while the optical fiber is moved into the plasma. The surface tension leads to glass

spheres with very low surface roughness. In this way optical whispering-gallery modes with

quality factors in the Q ≈ 108 range (i.e. sub-MHz optical linewidths) were obtained. The

stalk is provided by the optical fiber which smoothly transitions into the sphere. The diam-

eter range accessible using this manufacturing technique is approximately 200− 500 µm. A

microscope image of such a resonator is shown in figure 2.7.

Figure 2.7: Fused silica microsphere resonator, as seen through a microscope. The sphere
diameter is 300 µm. The resonator is produced by melting the tip of a single mode optical
fiber with an electric arc discharge in a fiber splicer. The surface tension during the cool
down phase of the melted glass leads to very smooth surfaces resulting in optical quality
factors of Q ≈ 108.

2.3.3 Barium fluoride crystalline microresonators

Due to their expected lower acoustic attenuation, microrod resonators of crystalline material

were also developed during this thesis, with the main objective to facilitate the observation

of true quantum behaviour in this Brillouin cavity optomechanical platform. As explained in

the theory section, one particular point of attention here, apart from the desirable low optical

loss, is the anisotropy of a given crystalline material. Barium fluoride was identified, and
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confirmed, to have a unique combination of very low optical loss, and high elastic isotropy

(see outlook), making it a strong contender for the material of choice, for this roadmap. The

barium fluoride resonators described here were used for the experiments in chapter 4.

The procedure for making fused silica microrod resonators could not be applied to barium

fluoride crystalline samples, as the process is based on melting and would have transformed

the barium fluoride at the sample surface to an amorphous structure, which would not have

the desirable low acoustic attenuation rates. Therefore a mechanical procedure involving a

nano-lathe is required. Such a nano-lathe, employing a diamond cutting tool, was available

at Australian National University, Canberra, where collaborators (J. Janousek, B. Buchler,

and Ping Koy Lam) were able to cut and polish microrod resonators from commercially

available crystalline barium flouride samples, which were sent to Australia. The radius

of curvature for the initial barium fluoride resonators was chosen to be 40 µm, to match

the geometry, and successful lateral confinement previously demonstrated, in the fused silica

microresonators. Figure 2.8 shows the first barium fluoride rod containing three bulge shaped

whispering-gallery resonators.

Figure 2.8: Barium fluoride microrod resonators. Shown is a rod of 1.5 mm diameter con-
taining three bulge-shaped whispering-gallery resonators.

The diameter for the initial generation of barium fluoride resonators was 1.5 mm, due to

limitations of the diamond nano-lathe manufacturing. These are more of practical than of

fundamental nature, and future re-runs of the process should, according to our collaborators,
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be able to achieve lower resonator diameters.

2.4 Lasers, modulation, locking

The light sources used were two erbium doped continuous-wave fiber lasers operating at

1550 nm, which have a maximum optical output power of 200 mW, each. Their output

is linearly polarised along the slow axis of polarisation maintaining panda-style fiber, and

the polarisation is maintained throughout the setup by the use of polarisation maintaining

fiber. As discussed in chapter 3, section 6.2, and seen in figure 1.14, optical input powers

in the range of a few tens of µW to a few tens of mW are sufficient to observe all nonlinear

optical phenomena studied in this work. Typical circulating intracavity powers are then in

the range of one to tens of W, corresponding to typical intensities of ∼ 1012 W/m2.

2.4.1 Laser locking

It is desirable to be able to keep the laser light driving the cavity resonant with a particular

optical eigenmode. To do this, two approaches were followed, which will now be briefly

discussed here.

Passive/thermal locking

A simple way to keep a laser close to resonant with a resonance of a fused silica microresonator

is to rely on the thermal self-stability of the system. Here, instead of the laser being stabilised

with respect to a cavity resonance like in conventional feedback locking, the microresonator

reaches a dynamic equilibrium, and follows the laser frequency. For this purpose, the laser

is adjusted to a frequency slightly blue detuned from a resonance of interest. As a certain

optical power building up in the mode volume heats the resonator, its resonances will have

the tendency to shift to the red, as ∂n/∂T > 0. As the resonance shifts to the red, the

detuning grows and leads to less optical power in the mode volume, and thus less heat being
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deposited. Depending on the particular laser wavelength, there can be a variety of dynamical

equilibria reached on the blue flank of a cavity resonance. The technique is described in detail

in [CYV04]. The authors point out that there is two different thermal time scales involved in

this equilibration dynamics, namely the mode volume equilibrating to the resonator volume

(fast time scale), and the resonator volume equilibrating to the environment/support (slower

time scale). Depending on the particular geometry, this separation of time scales, and relative

magnitude of the contributions, should continuously transform, e.g. an infinite rod resonator

with a bulge will show quite different behaviour than in the reference.

Figure 2.9 shows a “thermal triangle” as frequently found in experiments with optical

whispering-gallery resonators, which is mostly a consequence of the temperature dependence

of the refractive index of the resonator material.

Figure 2.9: “Thermal triangle” with crossing of Brillouin lasing threshold in a fused silica
microrod resonator. Shown is a laser frequency scan from blue to red (left), resulting in a
triangular shaped resonance dip by virtue of the cavity thermally following the light source’s
frequency shift, and back from red to blue (right). The two dips correspond to the same
cavity resonance. In this particular case the Brillouin lasing power threshold is crossed at
some point along the flank, resulting in a kink, and the slope changes above the threshold
as the thermal response is altered. The asymmetry between scanning directions vanishes in
the limit of low probe light power.

It was experimentally observed that the slow time scale of the equilibration of the thermal

lock was of the order of tens of seconds for a fused silica rod resonator diameter of 660 µm.

While the technique is very simple and robust (no laser feedback is required), it has the

limitation that one can neither drive exactly on resonance (zero detuning) nor red detuned.
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It has also been observed that the stability of this locking technique does not only depend

on the thermo-optic response, but also seems to depend on the interplay between Kerr and

thermal nonlinearities. In the barium fluoride resonator, where ∂n/∂T has a different sign

than silica at room temperature, the thermal lock is not stable, while one could assume that

stable operation should be possible on the red flank of the resonance instead. It has also

been shown [Gru+11] that the thermal bistability on the red slope of resonances in fused

silica resonators can be compensated and made accessible by use of an additional laser field.

Pound-Drever-Hall laser stabilisation

An alternative to the thermal locking scheme is the Pound-Drever-Hall (PDH) locking scheme

[Dre+83; Bla01]. Here the laser light impinging on the cavity is phase modulated using an

electro-optic phase modulator, and the light from the cavity is subsequently detected and

this signal mixed down with the original modulation signal. The light signal coming back

from the cavity contains information about the phase response of the resonance, and it can

be shown that the mixed down signal has a detuning dependence allowing it to be used as

an error signal for feedback locking.

In practice choosing a modulation (sideband) frequency of 5-10 times the resonance

linewidth has proven as a robust rule of thumb. The phase of the mixed down signal can

be fine adjusted by changing the modulation frequency. It is desirable to chose the phase

such that a long flank, with a zero crossing at zero detuning is achieved. The error signal

is then fed into a PI (proportional+integrator) feedback controller, the output of which, is

connected via a high voltage amplifier to the piezo tuning input of the laser. With the sign

and PI gain adjusted correctly, it is then possible to keep the laser locked on a resonance

of the cavity. An example of an error signal is shown in figure 2.10. Optimal choices of the

phase modulation depth for PDH locking is e.g. also discussed in [Bla01].

It should be noted here, that while in Fabry-Perot cavities the phase response for PDH

locking is usually derived from the reflection, in our single coupler ring resonator system,

the signal is derived from the transmission.
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Figure 2.10: Pound-Drever-Hall error signal obtained with a whispering-gallery resonance
of a microrod resonator. Phase modulated light that has probed the cavity is mixed down
with the carrier to obtain a signal which has a linear flank around zero detuning, which can
be employed as an error signal for feedback laser stabilisation.

2.5 Optical measurement devices

There were several optical measurement devices used for the experiments presented in this

work, which will now be described here.

2.5.1 Photodetectors

Typically, the first measurement carried out with a microresonator is the exploration of its

optical spectrum, including the determination of typical, and narrowest resonance linewidths.

For this purpose, a triangle voltage signal is applied to the piezo tuning port of the laser,

linearly ramping up and down between 0 and 200 V, at relatively low frequency of 10-100 Hz.

This results in the laser wavelength being scanned linearly over a range of approximately

20 pm (2.5 GHz). With the laser frequency scanning, the transmission of light through the

tapered fiber is monitored with a photodetector while the microresonator-taper distance is

carefully reduced. Once evanescent coupling is achieved, the transmission through the taper

will be affected, see e.g. figures 2.5, 2.6, or 2.9. The photodetector used for this purpose was

a standard reverse biased InGaAs photodiode (Thorlabs DET01CFC).

2.5.2 Optical spectrum analyser

In order to confirm the occurrence of nonlinear optical phenomena like Brillouin lasing

or stimulated four-wave-mixing (FWM) and Kerr frequency comb generation, commercial

optical spectrum analysers were used (Yokogawa AQ6370D and Anritsu MS9740A). These
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analysers require a certain light power level in order to overcome their electronic noise floor,

thus precluding spectrally resolved measurements at the single/few photon level.

The minimum resolution of ≈ 3 GHz of the device allows the detection of stimulated

Brillouin scattering/Brillouin lasing which occurs at a frequency separation between pump

and Stokes light of ≈ 11 GHz in fused silica (≈ 8 GHz in barium fluoride). An example of

a spectrum of Brillouin lasing in a fused silica microsphere is shown in figure 2.11.
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Figure 2.11: Optical spectrum analyser recording of Brillouin lasing. The spectral width is
due to the minimum resolution bandwidth of the optical spectrum analyser.

2.5.3 Optical balanced homodyne and heterodyne detection

Whenever we want to measure a weak optical signal, for which the photocurrent would

be smaller than the electronic noise floor in a conventional photodetector, balanced dyne

detection can help, as it provides a purely optical linear amplification of the light field to

be measured before the electronic noise of the photodetectors is added. This type of linear

photodetection is used extensively in this work, e.g. in chapters 3, 4, and 5.

In optical balanced homodyne detection two photodiodes are arranged at the output ports

of a 50:50 beam splitter and their photocurrents are subtracted One input arm receives a

strong coherent state input referred to as the local oscillator, while the other input receives

the optical field of interest. For homodyne detection, this field of interest is typically derived

from a pump field with a rigid phase relationship with the local oscillator field (often from

the same source, therefore the nomenclature greek ὁμός (homos) = same, common).
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Figure 2.12: Optical balanced homodyne detection.

It can be shown then [Leo97] that the photocurrent difference is proportional to an optical

field quadrature of the input state of interest, where the phase angle is defined by the local

oscillator phase. The photocurrent difference is proportional to the difference of the photon

numbers impinging on the photodiodes in the two arms, that is

I− = I2 − I1 ∝ n̂2 − n̂1 ≈
√

2|αLO|X̂θ , (2.1)

where I is intensity, n̂ photon number, αLO coherent amplitude of the local oscillator field,

and X̂θ a quadrature operator of the input field, and the quality of the approximation grows

with the ratio of the amplitudes of the coherent state acting as the local oscillator, and the

signal light field to be measured.

In our experiments, the beam splitter is a 50:50 fiber coupler, and the photodiodes and

photocurrent subtraction are included in a high bandwidth (400 MHz cut-off) balanced

photodetector (Insight Photonics model BPD-1). As the scattered light of interest in the

experiment lies 11 GHz (8 GHz) away from the pump laser frequency, which exceeds the

bandwidth of the balanced photodetector, a second laser is used for the local oscillator input.

This laser is not phase locked to the pump laser and was for most experiments operated at

a frequency displaced from the Brillouin scattered light frequency (anti-Stokes or Stokes

frequency) by tens to a few hundred MHz.

This configuration can be called rotating homodyne detection, as the reference phase θ

is rotating with respect to the signal field. In the limit of fast rotation, which is chosen for
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the experiments in chapter 5, it is equivalent to optical heterodyne detection, in which two

orthogonal quadratures of the light field are measured simultaneously, such that a complex

amplitude is determined. Such a measurement corresponds to a projection onto a coherent

state.

2.5.4 Single photon avalanche diode (SPAD) photodetectors

For the detection of single quanta of light (as used for the experiments in chapter 4 and section

6.2), avalanche photodiodes (APDs) were used. They have a similar principle of operation to

that of the classic photomultipliers. The APDs are operated in Geiger mode, where a single

excitation in the depletion zone of the diode causes an electrical avalanche which completely

discharges the reverse bias of the diode (saturated regime of the gain-voltage characteristic).

Together with control electronics which allow gate times, dead times and other parameters

to be set, the APDs are housed in self-contained single-photon avalanche diode (SPAD)

detector modules.

An important figure of merit of such a detector is its quantum efficiency in relation to its

dark count rate. In the spectral range of 1550 nm, most photodiodes, as also the one in use

here, are based on indium gallium arsenide (InGaAs). The quantum efficiency of the module

can be adjusted, and for the experiments performed in this work, a quantum efficiency of

12.5 % was used. Characterisation of the device (IDquantique ID210), showed this efficiency

to provide the best quantum efficiency to dark counts ratio.

2.6 Optical filtering

Spectral filtering of light in our experiments is required if we want to do single photon

counting, as the photon counters cannot discriminate the colour of pump and signal photons,

and the optical power of scattered light, which carries the information about the mechanical

degrees of freedom, is much lower than the power of the unwanted elastically scattered
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light at the pump laser’s wavelength (mainly by Rayleigh scattering and elastic scattering

off static surface/dielectric inhomogeneities). Similarly, also in four-wave mixing via the

Kerr nonlinearity, filtering is required, where here the pump power which must be rejected

is many orders of magnitude higher, as both, signal and pump fields, propagate in the

forward direction. High frequency Brillouin optomechanics has the advantage over many

other optomechanical platforms that signal light is backscattered, thus not ending up in the

same spatial mode as the pump laser light (assuming appropriate separation using an optical

circulator).

For the specification of the filtering performance, the following parameters can be identi-

fied: Reflected pump power, expected signal power, pump-signal frequency separation, signal

bandwidth, insertion loss, and frequency tunability.

Amongst the options considered were fiber Bragg gratings and tunable fiber Fabry-Perot

etalons. Fiber Bragg gratings have the advantage to be able to filter out a single frequency

that satisfies the Bragg condition, and they can be made tunable, e.g. through the application

of variable mechanical stress. For filtering Brillouin scattered light, the filter bandwidth is

an important parameter. It needs to be substantially lower than the Brillouin shift in order

to provide effective filtering (pump suppression). Commercial fiber Bragg gratings available

at the time were unfortunately just shy of the required narrow bandwidths (�10 GHz).

Mechanically tunable fiber Bragg grating filters were, however, in the end chosen for a

project aiming at implementing a heralded single photon source (see section 6.3).

For the filtering in the Brillouin scattering experiments, two temperature tunable fiber

Fabry-Perot filters were acquired. The free spectral range was chosen to be 25 GHz, such

that with fused silica the pump light would be almost anti-resonant (11 GHz away), but

also the filter frequency would not be twice the Brillouin shift, such that spurious Stokes

(anti-Stokes) processes would be suppressed by the filter, too, when measuring anti-Stokes

(Stokes) scattering.

The filter bandwidth (i.e. FWHM pass-band linewidth) was chosen at 120 MHz. This

choice was based on expected signal bandwidths which would typically lie in the range of 1
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to 100 MHz, and desired extinction ratio. The filter finesse 25 GHz/120 MHz ≈ 208 results

in an extinction ratio (anti-resonant transmission) of −42.4 dB, as

T =
Tmax

1 +
(

2F
π

)2
sin2(φ)

, (2.2)

with transmission T , maximum transmission Tmax, finesse F , and round trip phase φ [ST07].

At the pump frequency offset (11 GHz), the extinction is still almost maximal at −42.3 dB

for each filter, while at twice the pump frequency separation (i.e. the Stokes/anti-Stokes

frequency) the filter is still suppressing light at −33.7 dB.

Two of these filters were used in series to suppress elastically scattered pump light in

the single-phonon counting experiments. The filters were separated by an optical circulator

in order to avoid undesired double-cavity effects (i.e. reflections). In combination, they

suppress anti-resonant light by 2 × 42.3 dB = 84.6 dB. This attenuation factor was shown

to be sufficient to reduce pump light on the photocounters to a negligible level (see chapter

4). The filters have an insertion loss of 1.0 dB and 1.3 dB, respectively.
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Chapter 3

Brillouin optomechanical strong

coupling

Here we are going to describe the experimental arrangement and theoretical considerations

associated with the first observation of cavity optomechanical strong coupling via Brillouin

scattering. Reaching the strong coupling regime with high-frequency acoustic waves is de-

sirable for quantum technology development, including quantum memory, transduction and

state-transfer, as well as fundamental studies of quantum behaviour of mechanical degrees

of freedom. Achieving such coupling rates with GHz-range frequency phonons has proved

challenging however, with a prominent hindrance being material- and surface-induced optical

absorption in many materials.

Optomechanical strong coupling was observed between a pair of optical and an acoustic

whispering-gallery mode of a fused silica microrod resonator via Brillouin scattering. An

optical heterodyne detection scheme was used to measure anti-Stokes light backscattered

from the microresonator and normal-mode splitting and an avoided crossing were observed

in the recorded spectra, giving unambiguous evidence of strong coupling. A model was set

up in order to theoretically understand the measurements. The optomechanical coupling

rate reaches values as high as G/2π = 39 MHz by use of an auxiliary pump resonance,

dominating both the optical (κ/2π = 3 MHz) and mechanical (γ/2π = 21 MHz) amplitude
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decay rates of the cavity.

This chapter describes one of the main results of this thesis, and the author played a

leading role in all aspects of this project apart from device fabrication, which was performed

with collaborators at the NPL. The chapter is based on the supplementary information and

main text of [Enz+19], first-authored by the author.

3.1 Introduction

Since its discovery in the 1920s [Bri22; Man26; RK28] Brillouin scattering has been a field

of intense and diverse study. Brillouin scattering is a three-wave mixing process where an

optical field interacts with a mechanical travelling wave and generates a frequency shifted

optical signal. There are two sides to this light-matter interaction: electrostriction, where

the electric field of light influences the mechanical wave, and photoelasticity, where the

mechanical wave modifies the light field. Momentum and energy conservation allow two types

of scattering processes: Stokes scattering, where the frequency of the light is downshifted

giving rise to optical gain and is commonly observed in the form of stimulated Brillouin

scattering or Brillouin lasing; and anti-Stokes scattering, where the light is upshifted giving

rise to a mechanical damping mechanism. The phase-matching conditions for the anti-Stokes

process utilized in this work are shown pictorially in figure 3.1, or see figure 1.11. Here, an

optical pump field interacts with a counter-propagating mechanical wave generating a back-

scattered optical anti-Stokes field. Since the pump and anti-Stokes fields are of a similar

frequency, the wavevectors in this back-scatter process are related via |km| ≈ 2|kp| ≈ 2|kaS|,

where the subscripts m, p, and aS refer to the mechanical, optical pump, and anti-Stokes

modes, respectively.
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Figure 3.1: Optical and acoustic wave vectors and energy in microresonator Brillouin scat-
tering.

3.2 Experimental setup

We used an optical microresonator that supports two optical whispering-gallery modes

spaced by approximately the mechanical frequency, see figure 1.12. A pump laser drives

the lower frequency auxiliary cavity mode (with small detuning δp) to generate a large in-

tracavity optical field. This field interacts with the mechanical mode and anti-Stokes light is

resonantly scattered into the higher frequency optical mode. As there are only two optical

modes that participate, the symmetry between Stokes and anti-Stokes scattering is broken

and the Stokes scattering is strongly suppressed. We label the angular frequency mismatch

between the mechanical frequency ωm and the difference between the anti-Stokes resonance

frequency ωaS and the pump laser frequency ωL by ∆ = ωaS−ωL−ωm. Note that the Brillouin

frequency does not correspond to the free-spectral-range of the microresonator. Rather, the

two optical modes with the desired frequency spacing are achieved by using different spatial

modes that provide significant overlap with the mechanical traveling wave.

The Brillouin frequency shift in bulk silica at 1550 nm is 10.7 GHz, which is obtained

from the simple relation ωm ≈ 2ωv/(c/n). Here, ωm is the Brillouin angular frequency shift,

v is the speed of sound in silica, c is the speed of light in vacuum, n is the refractive index,

and ω is the optical angular frequency. To measure the Brillouin frequency shift we pumped

the higher frequency mode of the optical mode pair and observed Brillouin lasing [TC09;
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Figure 3.2: Experimental setup for observation of strong optomechanical coupling via Bril-
louin scattering.

GMM09; SB15a] using an optical spectrum analyzer. We observed ωm/(2π) = (11.01 ±

0.09) GHz, which is consistent with previous stimulated Brillouin scattering measurements

in silica microresonators [TC09] and indicates that electrostriction is the dominant coupling

mechanism. The mechanical frequency in the anti-Stokes experiments discussed below must

lie very close to this value. We would also like to note here that, unlike in conventional

optomechanics, the Brillouin frequency shift has very little dependence on both the optical

power and temperature thus providing a robust and convenient platform.

A schematic of our telecom-fiber-based experimental setup is shown in figure 3.2. We

utilize a fused silica micro-rod-resonator [DDP13] (diameter: 700 µm, lateral radius of curva-

ture: ∼ 40 µm, free-spectral-range: 90 GHz) evanescently coupled to a tapered optical fiber.

The lower frequency cavity resonance of the pair is driven by a continuous-wave pump laser

and a thermal lock [CYV04] is used, which stabilizes the resonance to the pump laser. The

frequency upshifted light backscattered in the resonator is coupled out via the tapered fiber,

separated from the pump light by an optical circulator, and mixed with a local oscillator on a

50:50 fiber-beam splitter. We then observe this signal with a balanced detector, implement-

ing optical heterodyne detection with a local oscillator frequency offset of approximately

200 MHz. Heterodyne detection provides a large signal-to-electronic noise ratio and with

the frequency offset allows the shape of the spectra to be easily observed. The heterodyne

spectra are recorded using an electrical spectrum analyzer and the pump power is varied to
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characterize the Brillouin optomechanical strong coupling features.

The optical damping rates are obtained from separate transmission spectra measure-

ments. Figure 2.5 shows the cavity mode that enhances the anti-Stokes signal, which has

an amplitude decay rate of κaS/2π = 3.0 MHz. Similarly, the pump mode was measured to

have an amplitude decay rate of 3.5 MHz. As the mechanical frequency is orders of mag-

nitude larger than the damping rate of the anti-Stokes optical mode, the experiment lies

deeply within the resolved sideband regime, i.e. ωm � κaS, which strongly suppresses the

Stokes scattering. These optical damping rates have an intrinsic contribution for which the

major loss mechanisms have been identified [GSI96] and an external contribution due to the

tapered optical fiber coupling.

By fitting to our heterodyne spectra, the mechanical amplitude decay rate was estimated

to be γ/2π = (20.9± 1.6) MHz. This value is similar to previous room-temperature in-fiber

and bulk silica measurements at 1550 nm [Boy08; NTR97]. We would like to highlight

that it has been previously observed that the mechanical damping in such materials is

significantly reduced when operating at low temperature, reducing by an order of magnitude

at approximately 4 K [VSH80; LC03]. In our experiment, we observe that the detuning ∆
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Figure 3.3: Optical power dependence of the detuning. The effect can be attributed to a
combination of thermorefractive nonlinearity and the optical Kerr effect.

decreases linearly with increasing intracavity pump power, see figure 3.3. We attribute this

detuning change to the optical Kerr effect and a possible contribution from the cavity-mode-
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dependent thermo-refractive effect, which can both cause pump-power-dependent relative

frequency shifts between the two optical cavity modes. Further details are discussed in

section 3.5 on practical aspects.

3.3 Model

The Brillouin interaction may be described by a simplified Hamiltonian that couples the

two optical modes via the high-frequency mechanical oscillation. Since we are coherently

driving the optical pump mode, we approximate its associated field operator by a classical

amplitude, which acts to enhance the optomechanical coupling strength. In a frame rotating

with the two optical frequencies, we model our system with the Hamiltonian

H

h̄
= G

(
a†aSb+ aaSb

†
)
−∆b†b .

Here, aaS and b are the optical anti-Stokes mode and mechanical field operators, respectively,

and G = g0|α| ∝
√
Pcav is the intracavity-pump-enhanced optomechanical coupling strength.

Starting from this Hamiltonian, we compute the system dynamics using quantum Langevin

equations. We then utilize optical input-output theory and compute the noise power spectral

density of a rotating quadrature of the anti-Stokes field to describe the spectra observed with

our heterodyne detection measurements (see section 3.3.3).

It is important to note here that the present experiment operates in a regime where

the acoustic density of states is a quasi-continuum, as the damping rate of each mechanical

eigenfrequency component is larger than the mechanical free-spectral range. Even in this

regime, considering only one mode family, the optomechanical coupling can be regarded to

be to a single mechanical mode, which is represented in our model by the field operator b,

by virtue of the conservation of wave-vector which results in the azimuthal mode number

conservation criterion implied by the choice of a pair of optical whispering-gallery resonances

of the cavity (labelled “pump” and “anti-Stokes”) with azimuthal mode numbers Mp and

MaS, compare section 1.5.1.
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While the azimuthal mode number is conserved, there will generally be coupling to mul-

tiple other transverse modes at smaller optomechanical coupling rates gi0, where i is an

index labelling the transverse mode, according to smaller values of the triple mode overlap

discussed at equation 1.52 and 1.56, which we neglect here, for simplicity.

Consistent with our experimental observations detailed in the following section, our model

indicates that, for zero detuning, the system undergoes normal-mode-splitting when G >

|κaS − γ|/2. We would like to clarify that satisfying this condition does not necessarily

demonstrate that strong coupling has been achieved as the two peaks in the spectra may

not be clearly resolved. The conditions of strong coupling are met, when the coupling

strength G becomes larger than the effective damping rates of the hybrid optical-mechanical

modes, i.e. G > (κaS + γ)/2 (see section 3.4.1). Under these conditions, a clearly separated

avoided crossing may be observed in the spectra, which is an unambiguous signature of

strong coupling.

3.3.1 System Hamiltonian

In this section we will derive in some more detail how the simplified Hamiltonian is obtained.

The resonance frequencies of the two optical modes are separated by approximately the

frequency of the mechanical resonance (see figure 1.12), and the system is coherently driven

at a frequency close to the lower frequency (pump) optical resonance. The main dynamics

then take place between the higher frequency optical (anti-Stokes) mode and the mechanical

resonance, while the pump mode field is approximated as a complex-number, which acts

to enhance the interaction strength. Additionally, we account for the optical Kerr effect in

silica, which leads to pump-power dependent resonance frequency shifts of the pump and

anti-Stokes modes. More details of the mechanical eigenmode structure and the Brillouin

phase-matching conditions are given in section 1.5.1.
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The Hamiltonian of this interacting three-mode system is then

Ĥ =h̄g0

(
âpâ

†
aSb̂+ â†pâaSb̂

†
)

+ h̄ωpâ
†
pâp + h̄ωaSâ

†
aSâaS

+ h̄ωmb̂
†b̂ + Ĥdrive + ĤSPM + ĤXPM .

(3.1)

Here ωp, ωaS, and ωm denote the angular frequencies of the pump, anti-Stokes, and me-

chanical modes; âp, âaS, and b̂ are their field operators, respectively, and g0 is the Brillouin

optomechanical coupling strength. Throughout this chapter, hats denote operators, and

tildes denote their Fourier transforms. The additional terms are given by [MW95]:

Ĥdrive = h̄Ω∗eiωLtâp + h̄Ωe−iωLtâ†p

with Ω =
√
κePin/(h̄ωp),

(3.2)

which models the coherent drive. The remaining terms are the all-optical self phase modu-

lation (SPM) and cross phase modulation (XPM):

ĤSPM =
1

2
h̄χs(â

†
pâp)2 , (3.3)

ĤXPM = 2h̄χx(â†pâp)(â†aSâaS) . (3.4)

Here, χs and χx are each linearly related to the χ(3) third order susceptibility tensor.

Optical Kerr effect

The third order nonlinearity present in silica leads to the optical Kerr effect, which is usually

described in terms of a refractive index shift that linearly depends on the light intensity. The

self- and cross-phase modulation terms lead to a frequency shift of the pump and anti-Stokes

resonances depending on the circulating intensity in the pump mode. We can neglect self-

phase modulation of the anti-Stokes mode since the power circulating in this mode is many

orders of magnitude lower than the power in the coherently driven pump mode.
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The pump-power dependent frequency shifts of the resonances are given by:

ωp = ωp,0 − χn̂p (3.5)

ωaS = ωaS,0 − 2χn̂p (3.6)

where the zero-subscripts indicate the initial frequencies, and we use the fact that in isotropic

media (like fused silica) we have χs = χx = χ, which assumes the pump and anti-Stokes

modes have unity spatial overlap.

Equivalently, the resonance frequency shift can be expressed as due to an intensity de-

pendent change in the refractive index:

n(Ip) = n0 + n2Ip self phase modulation (3.7)

n(Ip) = n0 + 2n2Ip cross phase modulation (3.8)

where Ip denotes the pump intensity, and n2 is the nonlinear refractive index, which is

proportional to χ(3).

The factor of 2 in equations 3.6 and 3.8 is present if the modes have a perfect intensity

overlap. The overlap is not unity in our experiment as the pump and anti-Stokes modes

are not part of the same mode family and the precise value of the overlap is not known.

Nevertheless, the mode overlap may be estimated from our experimental data, which is used

to check the agreement between our model and the experiment. A more general treatment

is given in the next section.

For the case where the optical modes overlap well, the refractive index change described

by equations 3.7 and 3.8 leads to the detuning ∆ = ωaS − ωL − ωm = ωaS − ωp − ωm − δp

changing with the pump power circulating in the cavity Pcav in the following way:

∆−∆0 = −ωp
n

(
2n2

Pcav

Aeff

− n2
Pcav

Aeff

)
, (3.9)
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where we used ωaS ≈ ωp, and, Aeff is the effective mode area of the pump mode. Thus,

including the initial (low pump-power limit) detuning ∆0, the detuning then depends on the

pump power as

∆ ≈ ∆0 −
ω0n2

nAeff

· Pcav . (3.10)

It should be noted here that this expression is valid only when the pump and anti-Stokes

modes overlap well. For smaller intensity overlaps and different mode shapes of the anti-

Stokes mode, the slope of the linear relationship of equation 3.10 can change and even change

sign.

The thermal effect that is used to lock the pump optical resonance to the pump laser

[CYV04] is considered to have only a small effect on the detuning as the refractive index

change due to temperature affects both the pump and anti-Stokes modes in the same way.

Since the anti-Stokes mode is not perfectly overlapping with the pump mode whose absorp-

tion acts as the heat source, a significant difference of the thermo-optic responses of the two

modes may also contribute to the power-dependent detuning observed in our experiment.

Intensity overlap in the optical Kerr effect

The refractive index change via the optical Kerr effect that an optical mode A experiences

under the presence of optical power in a (partly) overlapping mode B (cross phase modula-

tion) is given via

∆nA = 2n2

∫
IB(~x)|uA(~x)|2d3x∫
|uA(~x)|2d3x

, (3.11)

where uA(~x) is the mode field function of mode A, defined via ~E(~x, t) = ~E0e
−iωtu(~x), and

IB(~x) is the intensity distribution of mode B, given by

IB(~x) = EB
c

n

|uB(~x)|2∫
|uB(~x)|2d3x

, (3.12)
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where EB is the energy stored in mode B. Putting this together, we obtain the expression

containing the intensity overlap integral:

∆nA = 2n2EB
c

n

∫
|uA(~x)|2|uB(~x)|2d3x∫

|uA(~x)|2d3x
∫
|uB(~x′)|2d3x′

(3.13)

The frequency shift of the resonance frequency νA = N∆νFSR = Nc/(nAL) is then simply

∆νA/νA = −∆nA/nA. Here N denotes the longitudinal mode number, and L the round trip

length.

Similarly the expression for self phase modulation is

∆n = n2E
c

n

∫
|u(~x)|4d3x

(
∫
|u(~x)|2d3x)2

. (3.14)

With E = P · trt, with trt the round trip time, and the effective mode area being defined

as

Aeff =
(
∫
|u(~x)|2d2x)2∫
|u(~x)|4d2x

(3.15)

we see that equation 3.14 applied to the pump mode is equivalent to the expression ∆n =

n2Ip = n2 · Pcav/Aeff used in the previous section.

Thus we obtain a more general expression for the contribution of the optical Kerr effect
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on the detuning

∆ = ∆0 −
ωp

n
(∆naS −∆np)

= ∆0 −
ωp

n

(
2n2Ecav

c

n

∫
|uaS|2|up|2d3x∫

|uaS|2d3x
∫
|up|2d3x

−n2Ecav
c

n

∫
|up|4d3x

(
∫
|up|2d3x)2

)
= ∆0 −

ωpn2LPcav

n

(
2L
∫
|uaS|2|up|2rdrdθ

L2
∫
|uaS|2rdrdθ ·

∫
|up|2rdrdθ

−
L
∫
|up|4rdrdθ

L2(
∫
|up|2rdrdθ)2

)
= ∆0 −

ωpn2

n
∫
|up|2rdrdθ

· Pcav ·
(

2

∫
|uaS|2|up|2rdrdθ∫
|uaS|2rdrdθ

−
∫
|up|4rdrdθ∫
|up|2rdrdθ

)
,

(3.16)

where we changed to polar coordinates, carried out the φ-integration, and are left with an

expression containing the difference of an overlap and an inverse effective mode area in the

azimuthal plane of the cylindrically symmetric microresonator.

This can be written as

∆ = ∆0 −
ωpn2

nA′
· Pcav , (3.17)

where A′ relates to the mode overlap, has dimensions of an area, and is used in the main

text. From the slope of the dependence of the detuning on the intracavity pump power (see

figure 3.3), we experimentally determine A′ = 3.9 µm2, based on the assumption that only

the optical Kerr effect affects the detuning.

For comparison, the mode overlap integral associated with the Brillouin optomechanical

coupling is given by

Iom =

∫
umuaSuprdrdθ , (3.18)

where um is the mechanical mode field function, compare [Bah+12] or equation 1.56.
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Simplifying the Hamiltonian

In order to simplify the Hamiltonian, we perform a change of basis in Hilbert space, trans-

forming to rotating frames with respect to the pump and anti-Stokes modes, and to a detuned

frame with respect to the mechanical mode. The self- and cross-phase modulation we treat

as a detuning that depends on the intracavity pump power, as described in the previous sec-

tion. We also linearize the cubic Brillouin interaction treating the pump-mode field operator

as a complex number. Starting from the Hamiltonian

Ĥ

h̄
=g0

(
âpâ

†
aSb̂+ â†pâaSb̂

†
)

+ ωpâ
†
pâp

+ ωaSâ
†
aSâaS + ωmb̂

†b̂ ,

(3.19)

we enter the rotating frame

Ĥ

h̄
= g0(âpâ

†
aSb̂+ â†pâaSb̂

†)−∆b̂†b̂ , (3.20)

and then make the approximation

âp → α = |α|eiφ â†p → α∗ = |α|e−iφ . (3.21)

Picking φ = 0, the Hamiltonian further simplifies to

Ĥ

h̄
= G(â†aSb̂+ âaSb̂

†)−∆b̂†b̂ , (3.22)

where G = g0|α| is the intracavity-pump-power enhanced optomechanical coupling strength.

At this point we put in the intracavity power dependence for G and ∆ and we arrive at the

Hamiltonian used to model our experiment.

It is useful to relate the intracavity pump amplitude α to the intracavity power via

|α|2 = 〈n̂〉 =
Pcav

h̄ωp

trt (3.23)
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where Pcav/h̄ωp is the mean circulating pump photon rate and trt the round trip time. We

then have

G = g0|α| = g0

√
πnd

h̄ωpc
Pcav . (3.24)

Here, we inserted trt = πnd/c, where d is the resonator diameter.

3.3.2 Quantum Langevin equations of motion

The open quantum system dynamics of the mode operators can be computed using the

quantum Langevin equations

˙̂aaS = −i

[
âaS,

Ĥ

h̄

]
− κâaS +

√
2κiâ

(i)
in +

√
2κeâ

(e)
in , (3.25)

˙̂
b = −i

[
b̂,
Ĥ

h̄

]
− γb̂+

√
2γb̂in . (3.26)

Here, γ is the mechanical (amplitude) damping rate, and κ is the total optical (amplitude)

decay rate, which consists of intrinsic κi and extrinsic κe contributions, where κ = κi + κe.

The two optical vacuum inputs and the mechanical thermal input noise terms are described

by â
(i)
in , â

(e)
in , and b̂in, respectively. Substituting, Ĥ/h̄ = G(â†aSb̂+ âaSb̂

†)−∆b̂†b̂, we solve these

coupled differential equations using the Fourier transform to obtain

−iωãaS = −iGb̃− κãaS +
√

2κiã
(i)
in +

√
2κeã

(e)
in (3.27)

−iωb̃ = −i(GãaS −∆b̃)− γb̃+
√

2γb̃in . (3.28)

Writing this as a matrix equation

κ− iω iG

iG γ − i(ω + ∆)


ãaS

b̃


=

√2κiã
(i)
in +

√
2κeã

(e)
in

√
2γb̃in

 ,

(3.29)
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and solving for ãaS and b̃, we obtain

ãaS

b̃

 = D ·

−i(ω + ∆) + γ −iG

−iG −iω + κ

 × ... (3.30)

×

√2κiã
(i)
in +

√
2κeã

(e)
in

√
2γb̃in

 (3.31)

where

D =
1

(−iω + κ)(−i(ω + ∆) + γ) +G2
. (3.32)

Cavity input-output theory

The field operator that describes the output of the cavity via the external decay channel

introduced by the taper is obtained via

ãout = ã
(e)
in −

√
2κeãaS . (3.33)

We can account for extra loss in the detection system by applying a beam splitter transfor-

mation with transmissivity t =
√
ηdet and reflectivity r =

√
1− ηdet to this output mode.

Here, ηdet is the total detection efficiency after the out-coupling from the cavity into the

tapered fiber, and we obtain

ã =
√
ηdet(ã

(e)
in −

√
2κeãaS) +

√
1− ηdetã

(bs)
in , (3.34)

where ã
(bs)
in represents the vacuum noise introduced by the open port of the beam splitter,

which models the loss associated with the finite detection efficiency. Putting in the first line
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of equation 4.16 we obtain

ã(ω) = 2
√
ηdet(iG)D

√
κeγ · b̃in

− 2
√
ηdet

√
κeκiD(−i(ω + ∆) + γ) · ã(i)

in

+
√
ηdet(1− 2κeD(−i(ω + ∆) + γ)) · ã(e)

in

+
√

1− ηdet · ã(bs)
in

= A1(ω)b̃in(ω) + A2(ω)ã
(i)
in (ω)

+ A3(ω)ã
(e)
in (ω) + A4(ω)ã

(bs)
in (ω)

(3.35)

where in the last row we abbreviated the coefficients in front of the noise operators.

3.3.3 Heterodyne power spectrum

In our experiment we measure the light backscattered from the cavity using heterodyne (more

precisely: rotating homodyne) detection. Given the mode â(t) impinging on the detector,

this rotating field quadrature is described by

X̂θ(t) =
1√
2

(
â†(t)eiωhett + â(t)e−iωhett

)
(3.36)

where the heterodyne frequency is given by the difference between the frequency of the anti-

Stokes cavity resonance and the freely chosen local oscillator frequency ωhet = ωaS − ωLO.

We write the power spectral density in terms of the Fourier transformed quadrature

operators

SXX(ω) =

∫ ∞
−∞

dω′〈X̃†(ω)X̃(ω′)〉 . (3.37)

Firstly,

X̃(ω) =
1√
2

∫
dteiωt(â†(t)eiωhett + â(t)e−iωhett) (3.38)

=
1√
2

(ã†(ω + ωhet) + ã(ω − ωhet)) . (3.39)
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Re-inserting this expression, we obtain for the power spectrum

SXX(ω) =
1

2

∫
dω′(〈(ã(−ω − ωhet))

†ã(ω′ − ωhet)〉

+〈ã(ω − ωhet)(ã(−ω′ − ωhet))
†〉) ,

(3.40)

where the two other cross terms are zero for a mechanical thermal state. In order to compute

SXX(ω), we take the expression for ã(ω) from equation 3.35 and compute its adjoint

(ã(ω))† = A∗1(ω)(b̃in(ω))† + A∗2(ω)(ã
(i)
in (ω))†

+ A∗3(ω)(ã
(e)
in (ω))† + A∗4(ω)(ã

(bs)
in (ω))†

= A∗1(ω)b̃in(−ω) + A∗2(ω)ã
(i)
in (−ω)

+ A∗3(ω)ã
(e)
in (−ω) + A∗4(ω)ã

(bs)
in (−ω)

(3.41)

Inserting this into equation 3.40 and assuming the noise terms are delta correlated we obtain

SXX(ω) =
1

2

[
|A1(−ω − ωhet)|2nb

+ |A1(ω − ωhet)|2(nb + 1) + |A2(ω − ωhet)|2

+|A3(ω − ωhet)|2 + |A4(ω − ωhet)|2
]
. (3.42)

Then, inserting the A-terms from Eqs (3.35 & 3.41) gives

SXX(ω) =
1

2
+ 2ηdetκeγG

2nb ·
(
|D(−ω − ωhet)|2 + |D(ω − ωhet)|2

)
. (3.43)

Lastly, putting in the expression for D(ω) from equation 3.32 we find the power spectrum

given by Eq (3.44).

SXX(ω) =
1

2
+ 2ηdetκeγG

2nb×

×
(

1

(G2 − (ω + ωhet)(ω + ωhet −∆) + κγ)2 + ((ω + ωhet)γ + (ω + ωhet −∆)κ)2

+
1

(G2 − (ω − ωhet)(ω − ωhet + ∆) + κγ)2 + ((ω − ωhet)γ + (ω − ωhet + ∆)κ)2

)
.

(3.44)
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3.4 Observation of normal-mode splitting and avoided

crossing

To characterize our Brillouin optomechanical system, we record the heterodyne spectra for a

wide range of intracavity pump powers. As Pcav increases, the optomechanical coupling rate

increases in proportion to
√
Pcav, and simultaneously, the detuning ∆ changes linearly with

Pcav. We then record and fit the heterodyne spectra to obtain estimates of the experimen-

tal parameters, aside from the two optical decay rates measured previously, and excellent

agreement between our model and the data is found. We would also like to highlight here

that the optical resonator does not exhibit optical mode splitting through backscattering

from imperfections of the material [KSV02], which enabled us to more easily confirm that

the signals observed originate from the Brillouin optomechanical interaction. We plot and

analyze the results of this work in terms of the intracavity pump power instead of the input

pump power, so that the dependence on the pump detuning δp and taper coupling conditions

is removed. This way also provides greater convenience, as the optomechanical coupling rate

G and detuning ∆ directly depend on Pcav. At close to critical coupling, the intracavity

power is approximately the input power multiplied by F/π ≈ 4000, where F is the cavity

finesse.

In figure 3.4 a subset of the observed heterodyne spectra with theoretical fits is plotted.

These plots show typical observed spectra, where the detuning varies from large and positive,

through zero, to negative, whilst the opto-mechanical coupling rate increases. The spectra

comprise a double peak structure on top of a flat optical vacuum background, where both the

widths and center frequencies of the peaks change as the intracavity power changes. For low

pump power and large positive detuning, the spectrum contains mainly a single narrow peak

(figure 3.4 A). As the pump power is increased the strength of the signal grows and a second

side peak becomes more pronounced (figure 3.4 B). As the power is further increased (figure

3.4 C), two well separated approximately symmetric peaks are observed. At this power, the

coupling rate dominates over all damping rates and the detuning in the system. For our
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Figure 3.4: Observed Brillouin optomechanical anti-Stokes spectra. Power spectral densities
of the Brillouin anti-Stokes heterodyne signal (blue) with theoretical fits (red). The spectra
are normalized such that a vacuum input corresponds to a value of 1/2. The heterodyne
frequency is 190 MHz. As the intracavity pump power is increased from (A) through to (D),
the detuning decreases, and the coupling rate increases. As the detuning goes through zero,
an avoided crossing and normal mode splitting are observed, see plot (C).
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particular physical implementation, the detuning passes through zero at this point and the

heights and widths of the two peaks observed are approximately equal. The two peaks in

the spectrum correspond to the in-phase and out-of-phase hybrid optical-mechanical modes,

being the eigenstates of the system in the strong coupling regime. The peaks are spaced

by 2G, and their widths are given by the hybrid optical-mechanical damping rates. As the

pump power is yet further increased, the peak to the left now becomes stronger and narrower

compared to the peak on the right (figure 3.4 D), and the separation between the two peaks

further increases.

Figure 3.5 plots the observed coupling rate with intracavity pump power for our complete

set of measurements. The data fits very well to the model and the predicted scaling G =

g0|α| ∝
√
Pcav is observed. From a fit to this data we observe that the coupling rate increases

by (3.605±0.016) MHz W−1/2 of intracavity pump power. To aid comparison we have overlaid

the mechanical amplitude decay rate, the optical amplitude decay rate, and the hybrid-mode

damping rate (κaS +γ)/2, on this plot. It is seen that the coupling rate surpasses the hybrid-

mode damping rate at an intracavity power of less than 10 W, corresponding to a very low

input-pump power for these silica systems of only 2.5 mW. With increasing pump power,

we can go deeply into the strong coupling regime, achieving a very high coupling rate of

approximately 40 MHz, which exceeds the mean of the decay rates by a factor of more than

3.25. Using this fit result for G and knowledge of the resonator geometry, we estimate the

underlying Brillouin optomechanical coupling rate to be g0/2π = (396.5 ± 1.8) Hz, which

is consistent with previous theoretical related work on Brillouin Stokes scattering [Wol+15;

SS16; VBV16; ZH16; Huy+16].

In figure 3.6 the observed evolution of the heterodyne spectrum with varying intracavity

power is shown. As the intracavity power increases, a second lower frequency peak appears

and grows, comes closer in frequency to the first peak and then the separation increases as

the optomechanical coupling rate further increases. This is an avoided crossing, which is an

unambiguous signature of strong coupling. In contrast to the more common avoided cross-

ing plots, where the system eigenfrequencies are plotted against the detuning, here, we plot
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intracavity pump power Pcav [W]

γm/2π = (20.9 ± 1.6) MHz 

(κ+γm)/(2·2π) = (12.0 ± 0.8) MHz 

κ/2π = (3.0 ± 0.2) MHz 

Figure 3.5: Brillouin optomechanical coupling rate vs damping rates. Observed coupling
strength, as determined from the measured spectra, plotted with the intracavity pump power.
The expected square-root scaling with the intracavity power is observed and the input-pump
powers used were up to 30 mW. The coupling rate achieved far exceeds the damping rates of
the system allowing us to go deeply into the strong coupling regime (above the purple line).

against the intracavity power, which acts as a proxy for the detuning because the detuning

changes linearly with the intracavity power. Our theoretical model for the heterodyne spec-

trum with intracavity power is plotted in figure 3.7 (A) for our experimental parameters.

This model accounts for both the intracavity power dependent coupling and detuning, and

we find excellent agreement with our observations plotted in figure 3.6 (B) for comparison.

An avoided crossing can be confirmed from our data (figure 3.4, figure 3.6) by noting that at

the point where ∆ ≈ 0 is reached (G/2π ≈ 36 MHz , Pcav ≈ 100 W) a splitting is observed

in the spectrum. Such a splitting would not be present at ∆ ≈ 0 if an avoided crossing were

not present. For convenience, a list of the main experimental parameters is given in table

3.1.
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Figure 3.6: (A) Experimentally observed heterodyne spectra of the anti-Stokes scattered light
with varying intracavity pump power. As the power increases, the point of zero detuning
is crossed, where an avoided crossing is clearly observed. (B) Measured spectra in a colour-
coded heatmap 2D plot with intracavity pump power. Note the excellent agreement between
theory (figure 3.7 A), which includes the power dependent detuning, and experiment.
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Table 3.1: Microresonator parameters achieving Brillouin optomechanical strong coupling.

Parameter Value
Microresonator diameter 700 µm

ωaS/2π ≈ ωp/2π 193 THz (λ ∼ 1550 nm)
κ/2π 3.0 MHz
ωm/2π 11.0 GHz
γ/2π 20.9 MHz

Anti-Stokes quality factor QaS 3.2× 107

Pump quality factor Qp < 2.8× 107

∆/2π -20 ... +102 MHz
g0/2π (396.5± 1.8) Hz

Input pump power Pin 0 ... 30 mW
Intracavity pump power Pcav 0 ... 126 W

G/2π 0 ... 39 MHz

3.4.1 Normal mode splitting and strong coupling condition in the

model

If the Brillouin optomechanical coupling between the anti-Stokes and mechanical modes is

sufficiently strong then normal-mode splitting and an avoided crossing will be observed in

the spectra. This phenomenon is associated with the emergence of hybrid optical-mechanical

modes.

In order to find the eigenfrequencies and damping rates of the system we diagonalize a

non-Hermitian Hamiltonian that includes the damping terms. These terms are chosen such

that in the Heisenberg equation of motion they explicitly produce the same damping terms

as found in the Langevin equations of motion.

The non-Hermitian Hamiltonian for our system in the rotating frame reads

Ĥ

h̄
= G(â†aSb̂+ âaSb̂

†)− (∆ + iγ)b̂†b̂ − iκâ†aSâaS . (3.45)

We can write this expression as a matrix equation

Ĥ

h̄
=

(
â†aS , b̂†

)
·

−iκ G

G −(∆ + iγ)


âaS

b̂

 . (3.46)
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Eigenfrequencies and effective damping rates of the system follow from this matrix. We

write down the characteristic polynomial and find its roots:

λ2 + (∆ + i(κ+ γ))λ+ iκ∆− κγ −G2 = 0 (3.47)

The two roots, and thus the complex eigenvalues of the matrix, are

λ± = −∆

2
− iκ+ γ

2

±

√
G2 +

(
∆

2

)2

−
(
κ− γ

2

)2

− i∆κ− γ
2

.

(3.48)

We know that the complex square root of z = x+ iy is given by

√
z =

√
|z|+ x

2
+ i sgn+(y) ·

√
|z| − x

2
(3.49)

with x = G2 +
(

∆
2

)2 −
(
γ−κ

2

)2
and y = γ−κ

2
∆.

From the negative of the real parts of this pair of eigenvalues we obtain the eigenfrequen-

cies, and from the negative of the imaginary parts we obtain the damping rates associated

with the modes. The general case of ∆ 6= 0 can not be brought into a simpler form. To

discuss the transition from weak to strong coupling we discuss the case of zero detuning,

which contains the essential features.

For ∆ = 0 the complex eigenvalues are:

λ±,∆=0 = −κ+ γ

2
i±

√
G2 −

(
κ− γ

2

)2

(3.50)

We see that the real part of this equation is 0 as long as G < |κ−γ|/2, corresponding to the

case of degenerate eigenfrequencies of optical and mechanical modes in the rotating frame.

In the case of vanishing coupling G→ 0, we observe that the imaginary parts approach the

uncoupled damping rates of the modes, i.e. −Im(λ±,∆=0)|G→0 = κ, γ.

As the coupling between the modes increases, the damping is redistributed among the
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new eigenstates up until the point where G becomes larger than |(κ− γ)/2|, at which point

the term under the square root becomes positive and the damping rates of both eigenmodes

are equal, given by (κ + γ)/2. It is also here that normal mode splitting occurs, as the

real part of equation 3.50 divides into the branches of the square root. In this parameter

regime we have hybrid optical-mechanical modes with equal contributions from both of the

oscillators.

We observe that normal-mode splitting formally occurs as soon as G > |(κ− γ)/2|, but

that this normal mode splitting is not resolved until the coupling strength G also overcomes

the effective damping rate of the hybrid optical-mechanical modes (κ+ γ)/2.

The criterion of strong coupling is fulfilled if the coupling is strong enough so that the

normal mode splitting at ∆ = 0 can actually be resolved. This occurs if

G >
κ+ γ

2
(3.51)

i.e. when G becomes larger than the damping rate of the hybrid optical-mechanical modes.

Figure 3.7 plots the predicted heterodyne spectra as a function of the intracavity power

to highlight different physical scenarios of variable detuning and coupling strength.

3.5 Practical aspects

For lack of funding there were no frequency offset locking electronics in place and the pump

and local oscillator lasers were free running, slowly drifting with respect to each other around

their individual thermally stabilised operating points. The fact that the heterodyne fre-

quency could not be fixed or made a simple function of the pump power complicated the

data acquisition and analysis.
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(A) (B)

(C) (D)

Figure 3.7: Contour plots of optical spectra and superimposed eigenfrequencies (black dashed
line) for different forms of the power dependence of the detuning ∆ and optomechanical
coupling strength G. A value of 1/2 on the colour scale corresponds to optical vacuum.
(A) Spectrum and eigenvalues for the parameters implemented in the experiment. (B)
Hypothetical situation with the same parameters however the detuning is constant at 0
(optical Kerr/thermal effect switched off). Plot shows the well-known bifurcation. (C) and
(D) Hypothetical scenarios where the Kerr effect is switched on, but the optomechanical
coupling strength G is assumed constant, at 10 MHz (C), and 25 MHz (D). Here we see that
the spectra and eigenvalues are symmetric around the zero detuning point found just above
100 W. Plots (C) and (D) represent classic avoided crossing plots.
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3.5.1 Identifying cavity-mode pairs

A first exploration of the system would include measuring cavity transmission and deter-

mining optical line widths. After finding a suitable relative taper-resonator positioning for

coupling, a step pursued to find optical mode pairs resulting in significant optomechanical

coupling would be to look for low-threshold Brillouin lasing ([TC09; GMM09]) via Stokes

scattering where the higher frequency cavity mode is driven. (For the present silica mi-

croresonator, this corresponded to ∼ 1 mW input power.) The roles of the modes would

then be swapped around and the pump laser would be tuned to “candidate Stokes modes” in

order to drive the anti-Stokes (up-conversion) process. Frequently there would be a couple

of optical resonances in the relevant range (i.e. 10.7 GHz red detuned with respect to the

pump laser in the Brillouin lasing search). The pump laser would then be tuned to each

of these optical resonances and scattered anti-Stokes light spectra would be measured via

heterodyne detection in order to evaluate the coupling strength.

It should be noted here that depending on the taper position relative to the microres-

onator (especially the transverse positioning with respect to the bulge) the coupling to optical

modes of the cavity can hugely vary. In practice the approach was taken to operate slightly

undercoupled with respect to most optical modes, with the taper not sticking to the res-

onator surface in order to provide a good trade-off between narrow optical linewidth and

pump-power build-up, in order to obtain low Brillouin lasing thresholds. Also, the taper

would typically be positioned around the center of the bulge, thought being that here the

coupling to the most fundamental modes with the smallest mode volumes would be found.

Clearly it can’t be excluded the case that the experimenter is missing mode trios where

coupling to the pump mode is very weak at the explored taper position.

3.5.2 Detuning dependence

The previously mentioned observed linear dependence of the optomechanical detuning ∆ on

the intracavity pump power can be attributed to thermal and Kerr effects. Focusing our
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discussion on the Kerr effect first, self- and cross-phase modulation cause power-dependent

shifts to the cavity resonances depending on the mode overlap and we can model the depen-

dence of the detuning on the intracavity power by ∆ ' ∆0−Pcavωn2/(nA
′) . Here, ∆ is the

detuning, ∆0 is the initial (low power) detuning, ω is the laser angular frequency, n2 is the

nonlinear refractive index, n is the refractive index, A′ depends on the difference between

the self- and cross-phase modulation terms and has dimensions of an area (see section 3.3.1),

and Pcav is the intracavity pump power. This purely optical mode overlap is different from

the Brillouin optomechanical mode overlap, in that it involves only two (optical) modes,

whereas the latter involves a triple overlap integral of one acoustic and two optical modes

(see section 1.5.2). From the fit shown in figure 3.3 we observe a linear shift of approxi-

mately 1 MHz W−1 of intracavity power. The measurements in 3.3 were performed at low

power in order to avoid nonlinear loss mechanisms, such as four-wave mixing parametric

oscillation. This detuning measurement was also used as a calibration to determine the

intracavity pump power in addition to the transmission measurement described in section

sec:intracavpower. We would like to remark that it may be practically possible to engineer a

cavity that eliminates the pump-power dependence of the detuning. This could be achieved

by exploiting both the self- and cross-phase modulation and using an optical mode structure

with an overlap such that the two modes have the same frequency shift as the pump power

changes.

In the measurements presented in figure 3.6 the thermal locking technique was used to

stabilize the cavity pump resonance with respect to the laser wavelength. In this locking

scheme, as the input pump power is increased the cavity becomes warmer and the thermal

locking point is shifted increasingly towards the red. In order to maintain a low pump

detuning δp the wavelength of the pump laser is adjusted in order to follow the red-shifting

resonance, such that a stable equilibrium is reached. In this way, for these measurement

runs, a typical thermal tuning range would reach ∆λ ≈ 100 pm. This corresponds to a

frequency shift of the pump resonance of ≈ 13 GHz. At the same time the optomechanical

detuning ∆ changes by ≈ 120 MHz (compare figure 3.3, and table 3.1). The optomechanical

detuning shift is thus only 1 % of the absolute frequency shift to the pump resonance. It
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is imaginable that the equilibrium temperature distribution in the mode volumes of the

two optical resonances would affect the detuning in this way. As the temperature changes

are small, the linear correspondence between heating power and detuning change are in

accordance with Newton’s law of cooling.

3.5.3 Kerr frequency comb as nonlinear loss channel

It was observed that when pushing up the input pump powers to reach the strong coupling

regime of cavity optomechanics, at a threshold intracavity power of approximately 45 W

the intrinsic damping rate of the pump optical resonance seemed to increase, manifesting

in a change in the cavity transmission levels when thermally locked. After further investi-

gation it showed that the system would here start to parametrically oscillate via stimulated

four-wave mixing induced by the Kerr nonlinearity of fused silica, and in fact generate a

frequency comb [Del+07]. This would appear to increase the internal loss contribution to

the damping. While initially operating the experiments close to critical coupling to achieve

the highest intracavity pump powers, the kicking-in of the four-wave mixing parametric os-

cillation would make the system become increasingly undercoupled as the internal loss of

pump power into the frequency comb increased, while the coupling to the taper remained

constant at constant taper-resonator distance (initially I thought that here some process, e.g.

thermal expansion, affected the distance between resonator and tapered fiber, thus shifting

the coupling condition from critical to undercoupled).

It was experimentally found that after crossing the frequency comb threshold, the intra-

cavity pump power would continue to grow with increasing the input pump power, despite at

a lower rate, as a substantial fraction of the added input power would be “pushed out” into

the frequency comb (see figure 1.14). Thus, the relationship between input pump power and

optomechanical coupling rate is a non-trivial function of both the pump laser detuning and

the power with respect to the parametric oscillation threshold, which could only be extracted

by using the linear detuning (figure 3.3) as a calibration and proxy of the intracavity pump

power in an iterative fitting procedure, which could not be fully automated, but required
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manual adjustments to the parameters.

To reach the high intracavity powers and cross the zero detuning point presented in figure

3.6 the taper-resonator distance was reduced, such that one would start with a substantially

overcoupled situation at low input powers. During the experiments the taper was hovering

over the resonator surface at a distance of the order of 1 µm, in order to maintain narrow

optical linewidths. The distance would be close to the distance where environmental vibra-

tions would cause the taper to get stuck on the resonator surface through the strong surface

force.

3.5.4 Determining the intracavity power

We determine the intracavity pump power via transmission measurements using the follow-

ing procedure. For low to moderate intracavity pump powers (< 40W), the pump-mode

linewidth (damping rate) is power independent as there are no significant optical non-

linearities present, such as four-wave mixing. We then use our knowledge of the pump

linewidth and the dimensions of the cavity to compute the finesse of the pump resonance

Fp = ∆νFSR/∆νp = c/(πnd∆νp). Here, ∆νFSR is the cavity’s free spectral range, ∆νp is the

pump-mode linewidth, and d is the microresonator diameter. We then compare the observed

transmission when thermally locked T to the minimum transmission when on-resonance T0

to determine the detuning δp of the pump laser from resonance. This requires knowledge of

the linewidth and cavity coupling conditions, i.e. being under- or over-coupled. Knowing

the detuning, total linewidth, finesse, and external cavity coupling rate, we determine the

intracavity power via Pcav = Fp/π ·Pin · (1−T )/(1−
√
T0). Note that this expression is valid

for the over-coupled condition and the sign in the denominator flips for the under-coupled

condition (compare appendix).

For higher powers (> 40W), the above procedure cannot be used due to optical nonlin-

earities becoming significant and increasing the pump-mode loss. (Note that the signal-mode

loss is not increased by these nonlinear effects.) In this regime, we determine the intracavity

power via the linear relationship between the detuning, as obtained from a fit to the het-
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erodyne spectra, and the pump-mode intracavity power (cf. figure 3.3). This method gives

consistent results with the above method for the low power regime.

3.6 Conclusions

Using an optically doubly-resonant silica micro-rod-resonator, we have experimentally demon-

strated optomechanical strong coupling via Brillouin scattering for high-frequency phonons

(11 GHz) in the back-scattering regime. We observe normal-mode splitting and an avoided

crossing in the optical emission spectrum, which give unambiguous signatures of the sys-

tem operating in the strong coupling regime. This large optomechanical coupling rate was

achieved by utilizing silica’s electrostriction and very low optical loss. We would like to high-

light that our silica system does not suffer from two-photon absorption and strong surface-

induced optical losses, which currently preclude many other micro-scale devices, primarily

those fabricated from silicon, from entering the strong coupling regime. The Brillouin inter-

action utilized here additionally provides the advantage that the signal (anti-Stokes) photons

are well separated from the pump field due the high mechanical frequency and being back-

scattered from the pump field. To the best of our knowledge, this platform demonstrates

optomechanical strong coupling with the highest mechanical frequency reported thus far.

The strong coupling performance achieved here can be even further improved via several

near-, mid-, and longer-term routes. These include: (i) optimizing the choice of cavity mode

pairs to simultaneously increase g0 and reduce the power-dependent detuning; (ii) using

higher optical quality factor resonances (quality factors of 109 can be routinely fabricated

that have an amplitude decay rate κ/2π = 100 kHz), which will allow lower input pump

powers to be employed; (iii) using crystalline materials to reduce the mechanical damping

rate [Gal+13; Ren+18; HSK10]; (iv) performing the experiments at cryogenic temperatures

to reduce the thermal occupation and decoherence rate, which also provides the further

advantage of reducing the mechanical damping rate [VSH80; LC03]; and (v) exploring the

use of resonators fabricated from other materials with a larger photoelastic coupling such
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as As2S3. We would also like to highlight at this point, that the heating due to intrinsic

material absorption in silica for 10 W of intracavity power is expected to be < 100 mK when

operating at a base temperature of 4 K.

The united favorable properties of this Brillouin optomechanical system provide a rich

avenue to develop a suite of new technologies including classical and quantum information-

processing applications, sensors, and even provide a path for coherent X-band microwave-

to-optical conversion. As highlighted above, operating at cryogenic temperatures and using

crystalline materials will dramatically reduce the mechanical damping rate. At 4 K, the

11 GHz mechanical mode will have a mean thermal occupation of n̄ ' 7.6, and making the

conservative assumption that the mechanical (material) damping rate reduces to γ ' 2 MHz

(assuming there is no geometrical contribution to the damping), the ratio of the mechanical

decoherence rate to the mechanical frequency is n̄γ/ωm = n̄/Q ' 10−3, which means there are

approximately 103 oscillations before decoherence becomes significant. With such reductions

to the mechanical damping rate, the mechanical coherence length can exceed the resonator

circumference, or equivalently, the mechanical free-spectral range can exceed the mechanical

decay rate, i.e. v/πD > γ/2π, where D is the resonator diameter. This parameter regime

will be easily entered for resonators of similar size at cryogenic temperatures and the system

will become resonant also for the elastic waves. Of the numerous applications and further

studies that can be performed in this regime, we would like to highlight that this system

can readily enter and explore the quantum-coherent-coupling regime where G > n̄γ. The

coupling rates achieved so far (G/2π ∼ 40 MHz), should be compared with our conservative

estimate for the decoherence (n̄γ/2π ∼ 15 MHz). Operating in the quantum-coherent-

coupling regime allows optomechanical state-swap to be performed. Moreover, the regime

allows Rabi-like oscillations with non-classical optical input states, such as single-photon

Fock states [Akr+10; Kha+10; Ver+12], to be observed, which is a key outstanding goal in

the field. Achieving the strong coupling regime for this system paves the way to pursue this

outlook and perform Brillouin-based quantum control of light and sound.
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Chapter 4

Single-phonon addition and

subtraction to a mechanical thermal

state

In this chapter we describe experiments implementing the addition and subtraction of a single

phonon to a mechanical thermal state via Brillouin scattering and single-photon detection.

These operations applied to a thermal state have the counter-intuitive effect of approximately

doubling the mean thermal occupation. This doubling signature is observed with an optical

probe field and a heterodyne detection scheme.

We model the return of the system to equilibrium and deduce that the optomechani-

cal coupling is consistent with being predominantly to a single mode. The application of

joint quadratic (click) and linear (dyne) measurements opens an avenue for quantum state

engineering and fundamental studies with macroscopic mechanical degrees of freedom.

The author spearheaded this project and took a leading role in the experimental setup

design, implementation, recording and analysing the data, as well as theoretical modelling.

The chapter is partly based on a manuscript which is about to be submitted for peer-reviewed

publication, with the author as first author.
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4.1 Introduction

Performing single-quanta-level operations to bosonic quantum systems provides a rich avenue

for quantum-state engineering, quantum-information and communication applications, as

well as exploring the foundations of physics. Prominent examples of quantum-state engineer-

ing at this level include the generation of non-classical states of microwave fields inside a cav-

ity [Del+08] or a superconducting circuit [Hof+09], and the motion of trapped ions [Lei+96].

Single-quanta level operations are also a key component in many quantum technologies such

as long-distance quantum communications with quantum repeaters [Dua+01; San+11], on-

demand single-photon preparation [Lau+06; Spe+11], and continuous-variable entanglement

distillation [Our+07]. Moreover, these operations allow for studies of non-classicality [ZVB04],

and the exploration of the interface between quantum information and quantum thermody-

namics [Vid+16].

A practical and powerful way to achieve these operations without having a significant

nonlinearity in the system of interest is to use an interaction with light followed by single-

photon detection on the scattered signal. These operations have been used to great success in

optics to create ‘kitten’ states by single-photon subtraction from squeezed vacuum [Our+06;

Nee+06], and to explore the properties of single-photon-added coherent states [ZVB04].

Single-quanta addition via single-photon detection has also been recently applied to atomic-

spin ensembles to create non-Gaussian spin states [Chr+14] that exhibit significant non-

classicality [McC+15]. These non-Gaussian operations can be used to create highly non-

classical states and it has been theoretically shown that the addition operation creates non-

classicality for any initial mean thermal occupation [Man86; AT92].

Curiously, when single-quanta addition or subtraction is applied to a thermal state, the

mean number of quanta actually increases in both cases. Indeed, for a thermal state of

mean occupation n̄, when applying a subtraction (addition) operation, the mean occupation

changes to n̄ → 2n̄ (n̄ → 2n̄ + 1). Though this transformation appears counterintuitive, a

qualitative understanding of this effect can be obtained by considering the Bayesian inference

with the information gained by the measurement that heralds this non-unitary operation.
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This behaviour has been observed for thermal optical fields by performing heralded single

photon addition/subtraction followed by homodyne detection [ZPB07; Par+07], and the

approximate doubling of the mean occupation was utilized for work extraction in refer-

ence[Vid+16]. Though these operations are now well studied for optical fields, they remain

far less explored for other bosonic systems. In particular, the approximate doubling of the

thermal occupation by these operations to a thermal state is yet to be demonstrated for any

system other than traveling light fields.

Quantum optomechanics now provides a means to explore heralded single-phonon addi-

tion and subtraction to macroscopic mechanical resonators [VAK13; Gal+14]. These opera-

tions were first demonstrated experimentally using optical phonon modes in bulk diamond

to create non-classical light-matter correlations [Lee+12] and entangled states of motion of

two diamond crystals [Lee+11]. Then, extending these techniques to silicon photonic-crystal

structures, second-order correlation function measurements [Coh+15] and Hanbury Brown–

Twiss-type interferometry [Hon+17] have been performed, and entanglement between two

of these structures [Rie+18] has also been demonstrated. Quantum optomechanics provides

significant scope for further exploration of single-phonon addition and subtraction, which

can be used for macroscopic quantum state engineering, studies of open-system dynamics,

and determining the mechanical mode-contributions.

In this chapter heralded single-phonon addition and subtraction to a mechanical thermal

state in a Brillouin optomechanical system is reported. We measure the temporal dynam-

ics of the resulting increase in the mechanical variance via a heterodyne detection scheme

and observe the aforementioned increase in the mean occupation to a high precision. This

observation indicates that the operation is performed with very low noise and is also used

to verify that the optomechanical coupling is predominantly to a single mechanical mode.

This work combines both photon counting and optical dyne detection in a single experiment

thus taking a step towards future hybrid quantum protocols that exploit both discrete and

continuous variables [MKV16]. Moreover, multiple applications of phonon addition or sub-

traction can be used for optics-based mechanical quantum state synthesis [VAK13], and the
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strong coupling [Enz+19] and ultra-long mechanical coherence times [Ren+18] achievable

in these systems provide a promising experimental path for the development of mechanical

quantum memories and repeaters.

4.2 Experimental scheme

In our optomechanical system we employ two-mode squeezer and beam-splitter-type optome-

chanical interaction in the weak coupling regime, by driving on the bluer and on the redder

mode of an optical mode pair, respectively, see figure 4.1. A part of the Stokes or anti-Stokes

light backscattered from the cavity is separated by a beam splitter, and is filtered by tunable

fiber-Fabry-Perot cavities in order to suppress elastically scattered light, and subsequently

sent to a single photon avalanche diode (SPAD) detector, to herald addition or subtraction

events, respectively. The other output of the beam splitter is directed towards a heterodyne

detection scheme, which is then used to verify a characteristic (doubling) feature of the

quadrature variances upon addition or subtraction of a single quantum to the thermal state

(compare figure 2.1).

The detection of a photocount by the SPAD, originating from the parametrically con-

verted mechanical excitation, is represented by the action of the phonon annihilation operator

b, and the phonon creation operator b†, when implementing the beam splitter, and two-mode

squeezer schemes, respectively. The scattered light field is continuously monitored by a het-

erodyne detection scheme (rotating homodyne), where the local oscillator is not phase locked

to the pump laser. Thus, the scheme measures a quadrature Xθ of the output light mode,

with a random reference phase angle θ. Since the thermal state does not carry phase infor-

mation and its Wigner function has polar symmetry in phase space, in the following we will

just write X for Xθ and refer to it as a generic quadrature of the output light field.

After state preparation by projection through the SPAD, the mean phonon number decays

back to its equilibrium value via interaction with the thermal reservoir. We calculate the

time dependence of the doubling feature by solving quantum Langevin equations for the
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mechanical and optical degrees of freedom of the cavity and computing the expectation

value of the mechanical quadrature variance conditioned on the detection of a photocount

(see section 4.5.2).

4.3 Setup

For the experiment, a setup as depicted in figure 4.1 (B) is used, where compared to the

strong-coupling and measurement-cooling experiments, Fabry-Perot filters and an SPAD

detector are used to herald the addition/subtraction operation.
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Figure 4.1: Scheme (A) and setup (B) used in the single-phonon-addition/subtraction ex-
periment. A barium fluoride whispering-gallery microresonator, as shown in figure 2.8, was
used for the measurements.

As the pump wave is in a large amplitude coherent state with photon numbers of≈ 108, we

can approximate it as a c-number, and are (in a rotating frame) left with a beam-splitter-type

Hamiltonian h̄G(a†b+ab†) when driving on the red resonance of the pair, while switching on

a two-mode-squeezing-type Hamiltonian h̄G(a†b† + ab) when driving on the bluer resonance

of the pair. It might be noted here that while in our experiment we are always pumping in

the forward direction, and observing scattered light in the backward direction, owing to the

system’s symmetry under simultaneous inversion of propagation directions of all three waves,

applying the pump light in backwards direction allows to perform addition and subtraction
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operations on the same mechanical mode, should it be desired.

In the all-in-fiber optical experiment, a barium fluoride whispering-gallery microresonator

with geometry similar to the one reported in reference [DDP13] is excited by a continuous-

wave pump laser running at a wavelength of 1550 nm via evanescent coupling from a tapered

optical fiber. A pair of optical whispering-gallery resonances of different transverse structure

is identified, which by virtue of its frequency separation being approximately equal to the

Brillouin shift and a significant value of the triple spatial overlap of equation 1.56 features

a significant optomechanical coupling [Enz+19]. Other than in the strong-coupling and

measurement-cooling experiments, the laser pump power is typically chosen comparably

weak at ≈ 1 mW, leading to optomechanical coupling strengths of typically 2-3 MHz, in

order to operate in a regime, where cooling/heating of the mechanical mode is negligible.

The pump laser is locked to either the blue or red resonance of the optical mode pair. In the

former case, the optomechanical coupling is predominantly to the forward (co-)propagating

acoustic mode (associated with the two-mode-squeezing Hamiltonian, see section 1.5.4) and

leads to frequency down-conversion of pump photons, while in the latter case the coupling is

to the counter-propagating acoustic mode, associated with a beam-splitter-type Hamiltonian,

leading to frequency up-conversion of pump photons.

Brillouin Stokes (anti-Stokes) light backscattered from the cavity is coupled out through

the taper and is separated from pump light via an optical circulator, see figure 4.1, before

impinging on an optical heterodyne detection scheme. Part of the light stream is picked

off at a 50:50 beam splitter and is directed onto a single-photon avalanche diode (SPAD)

module, after having passed through a sequence of two fiber Fabry-Perot spectral filters.

The temperature-tunable filters are manually tuned to the Stokes (anti-Stokes) resonance

frequencies of the cavity, and fulfil the role of suppressing elastically/Rayleigh scattered

pump light which is several orders of magnitude brighter than the weak Brillouin signal.

The filters possess a bandwidth (FWHM) of 120 MHz and a free spectral range of 25 GHz.

They are separated by an optical circulator, in order to suppress unwanted double-cavity

effects. Furthermore a second SPAD was used in some experiments for measuring the degree
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of second-order coherence of the scattered light. Furthermore an optical circulator was

needed to suppress spurious reflection of the strong local oscillator beam in the heterodyne

part of the setup from the single-photon counter. The output of the SPAD module is used

to trigger a digital storage oscilloscope recording of the balanced photodetector output. For

a summary of experimental parameters see table 4.1.

Table 4.1: Overview of parameters of system and experiment for single-phonon addi-
tion/subtraction to a mechanical thermal state.

Parameter Value
Microresonator diameter 1.5 mm

Microresonator free spectral range (FSR) 33 GHz
Pump power Pin 1 mW

Coupling rate G/2π ≈ 2 MHz
Mechanical frequency ωm/2π 8.21 GHz

Optical linewidths 2κ1/2π, 2κ2/2π 13.5 , 15.5 MHz
Mechanical linewidth 2γ/2π (34.0± 6.4) MHz

SPAD count rate ≈ 500 s−1

Total SPAD detection efficiency ηdet ≈ 0.005
Mean phonon number n̄→ 2n̄ 760→ 1520

4.4 Measurement results

For each measurement run, circa twenty thousand oscilloscope traces of the heterodyne

detection output are recorded, where each recording is triggered by the SPAD detecting

a photocount. For both, the subtraction and addition operations, we observe a doubling

signature in the mean (as in ensemble average) of the variance of the mechanical noise

contribution to the output optical quadrature, as shown in figure 4.2. The temporal dynamics

of the doubling feature follow precisely the shape described by a model, which predicts the

mechanical noise contribution on top of the temporally constant vacuum contribution (blue

baseline in figure 4.2). This model will be described in detail in the following section. A

small reduction of the order of 1 % is introduced by a finite ratio of photocounts to dark-

counts of the SPAD (The SPAD was gated at 50 kHz, with gate length set to 10 ns. At

these settings, the dark count rate, including spuriously transmitted light, was 3 counts/s,

while signal count rates were typically 300 counts/s to 600 counts/s).
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Figure 4.2: Measured mean quadrature variance around the time of single-phonon addition
and subtraction to a mechanical thermal state, and fitted model. The red trace shows
the total quadrature variance of the optical output signal, with the blue trace showing
the variance of optical vacuum, for reference (the signals are normalised such that optical
vacuum corresponds to 〈X2〉 = 1/2). Top left: Subtraction with narrow optical linewidth
2κ/2π = 7.6 MHz, 2γ/2π = 74.6 MHz (fit) and doubling factor D− = 1.96. Top right:
Subtraction with larger optical linewidth 2κ/2π = 15 MHz, 2γ/2π = 41.8 MHz (fit), and
doubling factor D− = 1.97. Bottom left: Addition with narrow optical linewidth 2κ/2π =
3.8 MHz, 2γ/2π = 18.0 MHz (fit), doubling factor D+ = 2.03. Bottom right: Addition
with broader optical linewidth 2κ/2π = 13.5 MHz, 2γ/2π = 32.6 MHz (fit) and doubling
factor D+ = 1.95. All these measurements were undertaken with the same optical mode
pair, at different coupling positions of the tapered fiber with respect to the resonator. For
each of the plots circa twenty thousand time traces were recorded. It can be assumed that
the coupling in all four measurements is to the same mechanical mode. The spread in the
mechanical linewidths obtained from fitting might be attributed to the insensitivity of the
fit function to changes in the faster one of the two entering rates (κ and γ), in situations
when the two rates are very different. Thus the mechanical linewidths determined from fits
of measurements using larger optical linewidths will be more reliable. The temporal offset is
due to a propagation delay between the counting, and heterodyne arms. It is consistent with
the delay due to filtering and optical and electronic cables, and has no physical significance
beyond that. The estimated uncertainty on the doubling factor is 0.02, mainly due to laser
power drift.
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The time scales of the doubling feature, whose height we denote by D+ and D− respec-

tively for the addition and subtraction configurations, are governed by an interplay between

the optical and mechanical damping rates of the cavity, κ and γ (see section 4.5.2). Cases

of different optical linewidth were experimentally explored by changing the position of the

tapered fiber relative to the microresonator. In the case of large optical linewidth (plot

figure 4.2, top right), the feature is temporally short (≈ 25 ns), while for narrower optical

linewidth the feature is temporally extended (≈ 75 ns, plot figure 4.2, bottom left). This

is an indication that the mechanical linewidth in this experiment is larger than the optical

linewidths, as the temporal decay of the doubling feature (thermal correlation timescale of

the output light) is given by the slower decaying species, according to our model, compare

equations 4.34 and 4.35.

In order to compare this finding to measurements of the Brillouin linewidth in a similar

material, we can look at the value for calcium fluoride, which was measured by Sonehara et al

[Son+07] in a bulk sample, obtaining an acoustic damping equivalent of 2γ/2π = 5.7 MHz

at 1550 nm. Due to the similar crystal composition and structure of these materials it

can be assumed that the bulk acoustic attenuation in barium fluoride will be of the same

order, if not lower. From the measurements it can be concluded that there is most likely an

additional, substantial dissipation mechanism at play, associated with the proximity of the

waves’ propagation path to the surface of the structure. This additional damping channel

could have to do with diffraction of acoustic waves (getting lost into the support), the

nanoscopic structure of the surface leading to scattering, or (less likely) external pollution

by dust. It is interesting to note that for both, the fused-silica, and the barium-fluoride

resonators, this damping, which arises additionally to the material’s intrinsic damping, is

of the same order, 20-30 MHz. Taking into consideration that the manufacturing process

for the two systems is very different, a melting process in the case of fused silica, and a

cut-and-polish-process in the case of barium fluoride, the similarity of the excess damping

might hint at a common role of geometry.

The measurements of the variance conditioned on photocounts of the SPAD were supple-
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mented by measurements of the second order autocorrelation function of the optical output

mode, g(2). These measurements confirmed the thermal nature of the output optical field,

with the cavity time scales imprinted.

For the beam-splitter-type interaction, and the weak two-mode-squeezing-type interac-

tion, another point-of-view can be adopted, in that the generated light field possesses thermal

statistics and we measure its classical correlation in an unconventional way, namely by em-

ploying a linear detector in the dyne scheme, and subsequently squaring its output, and

using a quadratic (click) type measurement alongside it, then correlating the two.

In fact, the rapid acquisition of temporal information about the correlation function

in our dyne-click combined scheme provides an interesting alternative compared with the

conventional approach of measuring g(2) to characterize sources. The approach should be

transferable to arbitrary input states.

4.5 Theoretical model

In this section we present theoretical considerations supporting the experimental findings.

First, we will present a calculation showing the effect of the application of a bosonic creation

or annihilation operator to a thermal state. Next, we will solve Langevin equations of motion

and find solutions for the system dynamics in the time domain. We then present an argument

how the variance of an optical quadrature can be computed around an addition/subtraction

operation, in time. Finally, we discuss how the detection by heterodyne measurement can be

represented in the model, and which conditions have to be fulfilled by the photon-counting

arrangement.
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4.5.1 Single-phonon addition and subtraction to a thermal state

In this section we show how single-phonon addition and subtraction to a thermal state

increases the mean occupation n̄ according to:

Addition: n̄→ 2n̄+ 1 Subtraction: n̄→ 2n̄ . (4.1)

In our experiment, we achieve single-phonon addition or subtraction by pumping the

higher-frequency or the lower-frequency mode of a pair of cavity resonances, respectively,

followed by single photon detection of the scattered signal that heralds the operation (see

figure 4.1). For the case of addition, the pump field drives a two-mode-squeezing-type

interaction, and the detected signal is red-shifted with respect to the pump. For the case

of subtraction, the pump field drives a light-mechanics beam-splitter-type interaction, and

the detected signal is blue-shifted with respect to the pump. These heralded processes are

then close experimental approximations to the single-phonon creation and (annihilation)

operators b† (b).

Change in the mean thermal occupation

Let’s first compute the effect of the single-phonon subtraction on an initial thermal me-

chanical state of motion. The density operator of the resulting mechanical state is obtained

via

ρsub =
bρthb

†

Tr(ρthb†b)
=
bρthb

†

n̄
, (4.2)

where ρth =
∑

n
n̄n

(n̄+1)n+1 |n〉〈n| is the density operator of a thermal state. (For clarity, we

have neglected here the proportionality factors that go into the heralding probability.) The
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mean phonon number of the single-phonon-subtracted state is then given by

〈b†b〉− = Tr(ρsubb
†b) (4.3)

=
1

n̄
Tr(bρthb

†b†b) (4.4)

=
1

n̄

∑
n

n̄n

(n̄+ 1)n+1
〈n|b†b†bb|n〉 (4.5)

=
1

n̄

∑
n

n̄n

(n̄+ 1)n+1
n(n− 1) (4.6)

=
1

n̄(n̄+ 1)

∑
n

qnn(n− 1) , (4.7)

where in the last line we introduced q = n̄/(n̄ + 1). We can now use d2

dq2 q
n = (n− 1)nqn−2,

and the sum of a geometric series, to write

〈b†b〉− =
n̄

(n̄+ 1)3

d2

dq2

∑
n

qn (4.8)

=
n̄

(n̄+ 1)3

d2

dq2

1

1− q
(4.9)

=
n̄

(n̄+ 1)3

2

(1− q)3
(4.10)

=
n̄

(n̄+ 1)3
2(n̄+ 1)3 (4.11)

= 2n̄ . (4.12)

The calculation for phonon addition, achieved using the two-mode-squeezing-type Hamil-

tonian, proceeds in a similar manner and results in 〈b†b〉+ = 2n̄+ 1.

4.5.2 Dynamics

In this section we derive the temporal evolution of the mean quadrature variance observed

in the optical heterodyne detection around the single-phonon addition/subtraction event.

For this purpose, we first solve quantum Langevin equations for the coupled optical and

mechanical modes, and compute the correlation between the single-phonon detection events

that herald the addition/subtraction operations and the heterodyne signal.

115



4.5.3 Quantum Langevin equations

The time evolution of the optical and mechanical modes, a and b, respectively, including

open-system dynamics, is modelled using quantum Langevin equations. These equations

read

ȧ = −i [a,H/h̄]− κ a+
√

2κ ain , (4.13)

ḃ = −i [b,H/h̄]− γ b+
√

2γ bin , (4.14)

where H is the light-mechanics Hamiltonian driven, κ andγ are the optical and mechanical

amplitude decay rate, respectively, and ain, and bin represent the optical and mechanical

environments, respectively. These latter noise operators have the following correlations:

〈a†in(t)ain(t′)〉 = 0 ,

〈ain(t)a†in(t′)〉 = δ(t− t′) ,

〈b†in(t)bin(t′)〉 = n̄thδ(t− t′) ,

〈bin(t)b†in(t′)〉 = (n̄th + 1)δ(t− t′) ,

(4.15)

where n̄th is the mean occupation of the mechanical bath, the optical bath is at zero tem-

perature, and correlations of any other combinations of the two operators is equal to zero.

We will now solve the dynamics for single-phonon subtraction, which uses the beam-

splitter Hamiltonian. The calculation for single-phonon addition, which uses the two-mode-

squeezing interaction, proceeds in a similar manner. Working in a frame co-rotating with

the optical and mechanical fields, we linearise the pump-field such that the Hamiltonian for

the interaction takes the form of beam-splitter-type Hamiltonian H = h̄G(ab† + a†b). After

inserting this Hamiltonian into equations 4.13 and 4.14, we write the equations in matrix

form in the frequency-domain, to get

Ã(ω)

B̃(ω)

 =
1

(iω + γ)(iω + κ) +G2

iω + γ −iG

−iG iω + κ


√2κ Ãin(ω)

√
2γ B̃in(ω)

 , (4.16)
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where Ã, Ãin, B̃ and B̃in, are the Fourier transforms of the operators a, ain, b and bin,

respectively.

Making the approximation that the coupling is weak, i.e. G� κ, γ, the frequency-domain

solution for the intra-cavity optical field simplifies to

Ã(ω) =

√
2κ

iω + κ
Ãin(ω)− iG

√
2γ

(iω + γ)(iω + κ)
B̃in(ω) . (4.17)

Returning to the time-domain by applying the inverse Fourier transform, and using the

convolution theorem, we arrive at

a(t) =
√

2κ
(
e−κt Θ(t)

)
∗ ain(t)− iG

√
2γ

κ− γ

((
e−γt − e−κt

)
Θ(t)

)
∗ bin(t) , (4.18)

where Θ(t) is the Heaviside-Lorentz step function.

Similarly, for the two-mode-squeezing-type Hamiltonian H = h̄G(a†b† + ab), one obtains

a(t) =
√

2κ
(
e−κt Θ(t)

)
∗ ain(t) +

iG
√

2γ

κ− γ

((
e−γt − e−κt

)
Θ(t)

)
∗ b†in(t) . (4.19)

Comparing equations 4.18 and 4.19, we see that they have a very similar form, where the

optical field operator a is correlated to the mechanical noise operator bin for the beam-splitter

interaction, and a is correlated to b†in for the two-mode-squeezing interaction.

Intra-cavity dynamics

Using the solutions to the Langevin equations, we now compute the temporal evolution

of the quadrature variance of the intra-cavity optical field, around the single-phonon addi-

tion/subtraction events. This quantity provides a proxy for the mechanics, and is used to

verify the effect of the operation on the mechanical oscillator.

It is important to note at this stage that although it is insightful to consider the intra-

cavity field, it is not experimentally accessible, and that cavity input-output relations, and
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SPAD

Figure 4.3: Simplified schematic of our experimental setup to implement and characterize
single-phonon addition and subtraction to a mechanical thermal state. Here, a represents
the optical cavity mode of the scattered signal, b is the mechanical mode, and Uab describes
the (weak) light-matter beam splitter/two-mode-squeezing-type interaction.

an appropriate detector model, must be accounted for when considering the actual mea-

surements. We omit this additional level of complexity for now, returning to it in section

4.5.4.

In figure 4.3, a simplified toy-model for our joint click-dyne detection scheme is shown,

where we have introduced an additional optical mode c, which participates in the optical

beam-splitter between the single-photon counter and the heterodyne detector. The quadra-

ture variance of the optical cavity mode X2
cav, for a general light-mechanics interaction, is

then determined by computing

〈X2
cav〉 =

1

P
Tr
(

c〈1|BacUab ρm⊗|0〉a〈0|⊗|0〉c〈0| U †abB
†
ac |1〉cX2

cav

)
, (4.20)

where Uab represents the light-matter interaction, Bac the beam-splitter dividing the signal

between the single-photon and heterodyne detectors, and P is the heralding probability.

Also note that the states produced here are phase invariant in phase space, meaning

that the statistics of the measurement are independent of the time-varying local-oscillator

phase. Thus, we can ignore the time-varying phase in the rotating quadrature operator and,

in practice, we do not need to lock the phase of our local oscillator.

For a weak signal field a, and having negligible probability of two or more photons at the

single-photon counter, we may write c〈1|Bac|0〉c = r a, where r is the reflectivity parameter
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of the beam splitter. This regime is relevant to our experiment and the heterodyne signal

variance thus becomes

〈(
Xcav(τ)

)2 〉
=
r2

P
Tr
(
ρm⊗|0〉a〈0| U †ab a

†(0)
(
Xcav(τ)

)2
a(0)Uab

)
. (4.21)

At this point we substitute the solutions to the Langevin equations, given by equations

4.18 and 4.19 respectively, to determine X2
cav(τ), so as to take into account the full cavity

dynamics. Note also that here we have used the time-stamp t = 0 to indicate when the

heralding event occurred and τ = t− t0 is the time after the heralding operation. The mean

heterodyne variance is then given by

〈(
Xcav(τ)

)2〉
=
r2

P
〈
a†(0)

(
Xcav(τ)

)2
a(0)

〉
=
〈a†(0)

(
Xcav(τ)

)2
a(0)〉

〈a†(0)a(0)〉
, (4.22)

where we have used P = r2〈a†(0)a(0)〉.

Inserting
(
Xcav(τ)

)2
= 1/2

(
a†(τ) + a(τ)

)2
into equation 4.22 we obtain

〈(
Xcav(τ)

)2〉
=
〈a†(0)a†(τ)a(τ)a(0)〉+ 〈a†(0)a(τ)a†(τ)a(0)〉

2 〈a†(0)a(0)〉
. (4.23)

To proceed, we apply the Isserlis-Wick theorem [Iss18; BR97], which states that for Gaussian

systems, the following is true:

〈ABCD〉 = 〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉 , (4.24)

where A,B,C and D correspond to (bosonic) operators. Using this, we arrive at

〈(
Xcav(τ)

)2〉
=
〈a†(0)a(τ)〉〈a†(τ)a(0)〉

〈a†(τ)a(τ)〉
+
〈a†(0)a(0)〉

2〈a†(τ)a(τ)〉

(
〈a(τ)a†(τ)〉+ 〈a†(τ)a(τ)〉

)
,

(4.25)

which, using the fact that the field leaving the cavity is stationary 〈a†(t1)a(t1)〉 = 〈a†(t2)a(t2)〉,

and that the two-time correlator has the symmetry 〈a†(0)a(t1)〉 = 〈a†(t1)a(0)〉∗, we can fur-
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ther simplify to get

〈(
Xcav(τ)

)2〉
=
|〈a†(0)a(τ)〉|2

〈a†(0)a(0)〉
+ 〈a†(0)a(0)〉+

1

2
. (4.26)

At this point, we have an expression that allows us to conveniently compute the quadrature

variance for both single-phonon addition and subtraction operations (substituting in equa-

tion 4.18 for the subtraction, and equation 4.19 for the addition). We also note that since

〈a†(0)a(0)〉 is included in 〈a†(0)a(τ)〉, we only need to evaluate the latter.

Let’s first compute the case of single-phonon subtraction. As the optical vacuum noise

has a mean photon number of zero (see equation 4.15), and cross terms between the optical

and mechanical noise operators vanish, only the thermal mechanical noise terms contribute,

and we obtain:

〈a†(0)a(τ)〉 = ...

=
2γ G2

(κ− γ)2

〈∫
dt′
∫
dt′′
((

eγt
′ − eκt′

)
Θ(−t′)

)((
e−γ(τ−t′′) − e−κ(τ−t′′)

)
Θ(τ − t′′)

)
b†in(t′) bin(t′′)

〉
=

2γ G2

(κ− γ)2

〈∫ 0

−∞
dt′
∫ τ

−∞
dt′′
(
eγt
′ − eκt′

)(
e−γ(τ−t′′) − e−κ(τ−t′′)

)
b†in(t′) bin(t′′)

〉
.

(4.27)

We then make a case distinction, assuming first τ > 0 :

〈a†(0)a(τ)〉τ>0 = n̄th
2γ G2

(κ− γ)2

∫ 0

−∞
dt′
(
eγt
′ − eκt′

)(
e−γ(τ−t′) − e−κ(τ−t′)

)
= n̄th

2γ G2

(κ− γ)2

[
e−γτ

∫ 0

−∞
dt′
(
e2γt′ − e(κ+γ)t′

)
− e−κτ

∫ 0

−∞
dt′
(
e(κ+γ)t′ − e2κt′

)]
= n̄th

2γ G2

(κ− γ)2

[
e−γτ

(
1

2γ
− 1

κ+ γ

)
− e−κτ

(
1

κ+ γ
− 1

2κ

)]
= n̄th

γ G2

(κ+ γ)(κ− γ)

(
e−γτ

γ
− e−κτ

κ

)
,

(4.28)
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and now τ < 0 :

〈a†(0)a(τ)〉τ<0 = n̄th
2γ G2

(κ− γ)2

∫ τ

−∞
dt′′
(
eγt
′′ − eκt′′

)(
e−γτ+γt′′ − e−κτ+κt′′

)
= n̄th

2γ G2

(κ− γ)2

[
eγ|τ |

∫ −|τ |
−∞

dt′′
(
e2γt′′ − e(κ+γ)t′′

)
− eκ|τ |

∫ −|τ |
−∞

dt′′
(
e(κ+γ)t′′ − e2κt′′

)]
= n̄th

2γ G2

(κ− γ)2

[
eγ|τ |

(
e−2γ|τ |

2γ
− e−(κ+γ)|τ |

κ+ γ

)
− eκ|τ |

(
e−(κ+γ)|τ |

κ+ γ
− e−2κ|τ |

2κ

)]
= n̄th

γ G2

(κ− γ)(κ+ γ)

(
e−γ|τ |

γ
− e−κ|τ |

κ

)
.

(4.29)

Thus, we can summarize the result for general τ :

〈a†(0)a(τ)〉− = n̄th
γ G2

(κ− γ)(κ+ γ)

(
e−γ|τ |

γ
− e−κ|τ |

κ

)
, (4.30)

giving

〈a†(0)a(0)〉− = n̄th
G2

κ (κ+ γ)
. (4.31)

For the case of single-phonon addition, the calculation proceeds in a similar manner, but

using the result in equation 4.19, and we obtain

〈a†(0)a(τ)〉+ = (n̄th + 1)
γ G2

(κ− γ)(κ+ γ)

(
e−γ|τ |

γ
− e−κ|τ |

κ

)
, (4.32)

and

〈a†(0)a(0)〉+ =
(
n̄th + 1

) G2

κ (κ+ γ)
. (4.33)

Inserting these terms back into equation 4.26, we obtain the expected quadrature variance

in the optical cavity mode for a single-phonon-subtracted thermal state

〈(
Xcav(τ)

)2〉
− =

1

2
+

G2

κ(κ+ γ)

(
n̄th + n̄th

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
, (4.34)
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and for a single-phonon-added thermal state

〈(
Xcav(τ)

)2〉
+

=
1

2
+

G2

κ(κ+ γ)

(
n̄th + (n̄th + 1)

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
. (4.35)

In equations 4.34 and 4.35 we can identify three terms: the vacuum noise in the opti-

cal cavity mode, the equilibrium value of the transduced mechanical thermal noise, and a

time-dependent non-equilibrium term corresponding to the effect of the single-phonon ad-

dition/subtraction operation. We see that at the time the operation is heralded (τ = 0),

the characteristic doubling of the mechanical quadrature variance is mapped onto these

expressions.

4.5.4 Detection

As can be seen from equations 4.34) and 4.35, the doubling of the mechanical quadrature

variance is mirrored in the intra-cavity field, but it is only the field outside of the cavity that

is accessible to our measurement. We now discuss how this output field is used to herald

the operation (via single-photon detection), and to also observe and verify the charactersitic

doubling in the quadrature variance (via heterodyne detection). A toy model of this joint

click-dyne detection scheme is depicted in figure 4.7.

Heterodyne detection

We first demonstrate how heterodyne detection of the output signal field is intimately linked

to the intra-cavity dynamics described in Section 4.5.3. Applying cavity input-output theory,

the optical field emerging from the cavity is given by

aout(t) = ain(t)−
√

2κ a(t) , (4.36)

where it is important to note that ain and aout have units of s−1/2, as opposed to intra-cavity

mode operator a, which is dimensionless. This field then passes through a filtering setup,
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and is picked off by a 50:50 beam-splitter, before arriving at the heterodyne detection setup,

as shown in figure 4.7.

Output-voltage signal of the balanced detector

The output voltage signal of the balanced detector used for (finite-bandwidth) heterodyne

detection in our experiment, can be modelled as

Uout(t) = ηbd eRfb |αLO|
(
F−1

{
H(ω)

})
∗
(
âout(t) e

−iωhett + â†out(t) e
iωhett

)
, (4.37)

where ηbd is the quantum efficiency of the photodiodes of the balanced photodetector, e is

the elementary charge, Rfb is the feedback resistance and H(ω) the transfer function of the

transimpedance amplifier, |αLO| is the coherent amplitude of the local osccilator, and ωhet

is the heterodyne frequency. The low-pass behaviour of the balanced photodetector used in

this experiment can be approximated by the transfer function H(ω) = 1/(1 + iω/ωc)
2, i.e. a

second-order Butterworth filter, where ωc is a characteristic frequency, related to the cut-off

frequency via ωco =
√√

2− 1ωc. This has been examined for example in [MKL17].

For an arbitrary filter function, written in the time domain, h(t) = F−1 {H(ω)}, we

can write the mean variance of the output-voltage signal of the balanced detector (for our

phase-insensitive state) as

〈
(Uout(t))

2
〉

= η2
bd e

2R2
fb |αLO|2

〈∫ ∞
−∞
dt′ h(t− t′)

(
âout(t

′) + â†out(t
′)
)

×
∫ ∞
−∞
dt′′ h(t− t′′)

(
âout(t

′′) + â†out(t
′′)
)〉

.

(4.38)

In our experiment, as the spectral width of the measured signal (≈ 30 MHz) is much less

than the bandwidth of the balanced detector (≈ 400 MHz), and the heterodyne frequency is

much less than the cut-off frequency (ωhet ≈ 100 MHz) such that the signal lies in a flat part

of the detectors response, we are able to neglect any filtering effects that the finite-bandwidth
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response of the detector may have on the signal.

Vacuum noise

The total vacuum noise contribution to the measured quadrature variance is given by

〈
(Uout(t))

2
〉

vac
= η2

bd e
2R2

fb |αLO|2
∫ ∞
−∞
dt′ h2(t− t′)

= η2
bd e

2R2
fb |αLO|2

∫ ∞
0

dω |H(ω)|2 ,
(4.39)

where we have used Plancherel’s theorem to go from the first to the second line.

It is important to note that as we are using a continuous-wave local oscillator, and are

performing the measurement outside of the cavity, extra vacuum noise is introduced into the

measurement, compared to what would be the case, if the intra-cavity field was otherwise

accessible, or a bandwidth-matched (pulsed) local oscillator was used.

The ratio of signal (or thermal noise) to vacuum noise is therefore reduced at the detector.

A consequence of this is that additional statistics are required, in order to verify the doubling

of the mechanical quadrature variance. We stress again here that the operation is indeed

applied to the mechanical mode, and that the effect of this operation is manifested in all of

the output fields that the mechanical mode is parametrically coupled to.

Doubling factor

We now look to find an expression that contains the dynamics and characteristic doubling

of the quadrature variance, that is similar to equations 4.34 and 4.34, but is experimentally

measurable. Considering the case of subtraction, we substitute equation 4.18 into equation

4.36, to obtain

aout(t) = ain(t) + iG

√
2κ
√

2γ

κ− γ
((
e−γt − e−κt

)
Θ(t)

)
∗ bin(t) , (4.40)

for the field emerging from the cavity.
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If we now consider the heralded mean quadrature variance, and neglect any filtering

effect of the finite-bandwidth balanced detector on the thermal contribution to the signal

(H(ω) ≈ 1 for this term), and once again make use of the fact that cross terms between the

optical and mechanical noise operators vanish, proceeding in a similar manner to equations

4.27 to 4.30, we arrive at

〈
(Uout(τ))2

〉
−

η2
bde

2R2|αLO|2
=

∫ ∞
0

dω |H(ω)|2 + ηout
2G2

κ+ γ

(
n̄th + n̄th

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
, (4.41)

where ηout = κe/κ · ηBS is a coupling efficiency, multiplied with efficiency describing beam

splitter loss and additional insertion losses between the optical cavity mode and the balanced

photodetector (compare figures 4.1 and 4.7).

The equivalent expression for addition is found accordingly, and is given by

〈
(Uout(τ))2

〉
−

η2
bde

2R2|αLO|2
=

∫ ∞
0

dω |H(ω)|2 + ηout
2G2

κ+ γ

(
n̄th + (n̄th + 1)

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
.

(4.42)

Once again, we can identify three terms in these expressions, corresponding to the opti-

cal vacuum noise, the steady-state mechanical noise contribution, and the dynamical term

describing the action of the single-phonon addition/subtraction.

Due to the large ratio of the bandwidth of the fiber-Fabry-Perot filters, which implement

an optical bandpass, to the typical signal bandwidths, we have neglected the filtering effect in

our modelling. It would become important for the doubling factor once the signal bandwidth

would become comparable to the filter bandwidth.

It is important to note that, in contrast to equations 4.34 and 4.34, the optical vacuum

noise in this case is, naturally, not equal to 1/2, as discussed in the previous section. However,

it is convenient to normalize equations 4.41 and 4.42, such that the shot-noise level in the

experiment does indeed correspond to 1/2, and we denote this normalized quantity as X, so

as to indicate that the heterodyne measurement corresponds to the measurement of a field-

quadrature (or more specifically, a field quadrature variance in this work). The normalised
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expression for subtraction is given by

〈X2(τ)〉− =
1

2
+ η

(
n̄th + n̄th

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
, (4.43)

and for addition

〈X2(τ)〉+ =
1

2
+ η

(
n̄th + (n̄th + 1)

(
κ e−γ|τ | − γ e−κ|τ |

κ− γ

)2
)
, (4.44)

where we have introduced the dimensionless parameter η = ηmm ηhet, which takes into ac-

count both the total efficiency of the heterodyne detection ηhet (starting from the mechanical

mode), and a mode mismatch parameter ηmm, which quantifies the “excess” shot noise due

to the cw nature of the experiment. It is important to note that ηhet captures the effi-

ciency of the effective light-mechanics beam-splitter, G2/(κ(κ + γ)), and the tapered fiber

output-coupler efficiency, as well as all other relevant detection efficiencies.

Using equations 4.43 and 4.44, we can define a (doubling) factor D±, which represents

the increase in the mechanical contribution to the measured quadrature variance, relative

to its thermal equilibrium value, upon heralded single-phonon addition or subtraction. For

subtraction, we have

D− =
〈X2(τ = 0)〉− − 1

2

limτ→∞〈X2(τ)〉− − 1
2

=
2n̄

n̄
= 2 , (4.45)

and for addition,

D+ =
〈X2(τ = 0)〉+ − 1

2

limτ→∞〈X2(τ)〉+ − 1
2

=
2n̄+ 1

n̄
. (4.46)

The calculation presented here was for the case of zero optomechanical detuning (∆ = 0).

It was checked that the characteristic doubling of the quadrature variance is unaffected by a

finite optomechanical detuning, though these calculations are not presented here. The pres-

ence of a finite detuning, which is generally expected experimentally (if no further measures

are taken), merely acts to reduce the effective interaction strength G.
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Single-photon detection events heralding the addition/subtraction operations

We now consider the detection of the single photons which herald the addition/subtraction

operation on the thermal mechanical state. It is important to note that the fidelity of the

operation is only affected by the ratio of photo-counts and dark-counts, however, as the

single-photon detectors employed in this experiment are unable to resolve photon number, it

is essential that the detection mode has a low mean photon number. This ensures that the

probability of multi-photon events is low, and thus detection of photon numbers greater than

one can be neglected, making certain that we are indeed performing single-phonon addition

and subtraction operations.

Using our detection model, as shown in figure 4.7, we will now demonstrate that a

detection event at the SPAD can be confidently taken to correspond to a single-photon

event, for the case of single-phonon subtraction (noting that the calculation for addition

follows along similarly).

The rate of photons R impinging on the detector from the cavity is computed using

equation 4.31 along with the cavity input-output relations, and is given by

R = ηoutηfilter 〈a†out(t)aout(t)〉 = ηoutηfilter
2G2

κ+ γ
, n̄th (4.47)

where ηout is an output effiency from the cavity, and ηfilter is the combined efficiency of the

fiber Fabry-Perot filters.

The total efficiency of the single-photon detection in our experiment is explicitly

ηdet = ηspad ηfilter ηout (4.48)

where ηspad is the quantum efficiency of the detector, ηfilter is the filtering efficiency, ηout is

an output effiency, which includes the efficiency of taper coupling, taper loss, and ηbs, the

efficiency of the beam splitter used for tapping off the light into two arms for single-photon

and heterodyne detection. The mean number of photo-counts at the detector (per gate) is
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then

n̄det = ηspadR tgate = ηdet n̄th
2G2

κ+ γ
tgate , (4.49)

where tgate is the effective gate length of the detector.

For our experimental parameters (see table 4.1), the overall detection efficiency is η ≈

0.005, and the number of photo-counts per gate is calculated to be of the order of n̄det ≈

0.01 for both addition and subtraction (noting that n̄th ≈ n̄th + 1 for our system at room

temperature). As n̄det � 1, the assumption of single-photon events at the detector is safely

valid.

4.5.5 Effect of multi-modeness

In this section we discuss how the doubling signature of the quadrature variance under

single-phonon addition/subtraction is changed in the scenario that the optomechanical cou-

pling embraces multiple mechanical modes, as schematically depicted in figure 4.4. In our

whispering-gallery Brillouin-optomechanical system, the coupling rate is proportional to a

triple overlap integral of the two optical and the mechanical mode field functions (compare

section 1.5.2). Due to the axial symmetry of the system, the azimuthal integral corresponds

to a sharp condition that the azimuthal mode indices of the interacting waves are connected

via Mm = |M |p + |M |S for the coupling rate not to vanish, where M is the azimuthal mode

number, and m, p, and S stand for mechanical, pump and Stokes modes, respectively, and

the absolute value was used to avoid definition ambiguity with respect to the propagation

direction (we are considering counter-propagating optical waves in this work). The frequen-

cies of the three involved fields, on the other hand, correspond to an individual value of the

optomechanical detuning ∆ = ωp − ωS − ωm for each combination of three modes. Due to

finite damping of both species, even in the presence of detuning, effective optomechanical

coupling is achieved.

Now, for a given pair of optical resonances, a finite optomechanical coupling is obtained
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for a multitude of mechanical modes all sharing the same azimuthal mode index, but differing

in their transverse (polar, radial) structure. Both the transverse overlap integral with the

optics and the individual detunings due to waveguide dispersion lead to different effective

coupling rates to these modes. In our system, a situation with predominantly single-mode

coupling can be achieved by careful selection of the optical mode pair.

Our correlator has a very similar form to the well-known degree of second order coherence

g(2), and it is known that for chaotic light fields the degree of second-order coherence at zero

time offset is g(2)(0) = 2 [GK04], which is generally true, also if the thermal field is multi-

mode. As we shall see the calculation of the dyne-correlator for a multi-mode thermal state

involves the same calculation as the g(2)(τ) for such a state, with the important difference

being in the vacuum noise floor of the dyne correlator, and that for a two-mode squeezing

Hamiltonian spontaneous parametric scattering leads to an additional +1 on the mechanical

noise, as above.

The optical and mechanical resonant structure can also be understood as a filter on an

(assumed) approximately spectrally flat white-noise heat bath, and thus it is clear that a non-

Lorentzian optical density of states, e.g. through the presence of more than one optical cavity

mode (compare figure 4.4), would result in a similar argument to what follows. However, the

optical mode structure of the cavity can be directly accessed by transmission measurements

with a scanning laser source, and it was in this way confirmed that the optical density of

states was well described by a single mode.

In order to demonstrate the effect on the doubling signature, we now consider two me-

chanical modes with damping rates γ1 and γ2, and detunings ∆1 and ∆2. As we shall see,

while the doubling feature persists also in the multi-mode case, the temporal evolution of

the mean quadrature variance shows an interference effect due to the spectral composition

of the field.
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Figure 4.4: Thermodynamic picture of multiple mechanical modes and reservoirs. Once a
photocount is detected in the optical output mode, it can be thought of as having originated
in one of multiple independent sources of thermal noise. The weighting of contributions is
according to the scattering rate (mean photon number) in the output mode from each of
the thermal reservoirs. Here only three out of a large number of mechanical modes, most of
which are only very weakly coupled, are depicted. The optomechanical coupling is weak, i.e.
Gi � κ, γi.

Multi-mode doubling feature calculation

From a two mechanical mode beam-splitter-type Hamiltonian in a rotating frame

H

h̄
= G1(ab†1 + a†b1) +G2(ab†2 + a†b2)−∆1b

†
1b1 −∆2b

†
2b2 (4.50)

we can derive the quantum Langevin equations of motion for the optical and mechanical

degrees of freedom

ȧ = −iG1b1 − iG2b2 − κa+
√

2κain

ḃ1 = −iG1a− (γ1 + i∆1)b1 +
√

2γ1b
(1)
in

ḃ2 = −iG2a− (γ2 + i∆2)b2 +
√

2γ2b
(2)
in .

(4.51)

After the application of the Fourier transform we obtain the equations in the frequency
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domain for the Fourier transforms of the mode operators


iω + κ iG1 iG2

iG1 iω + γ1 + i∆1 0

iG2 0 iω + γ2 + i∆2



Ã(ω)

B̃1(ω)

B̃2(ω)

 =


√

2κÃin(ω)

√
2γ1B̃

(1)
in (ω)

√
2γ2B̃

(2)
in (ω)

 . (4.52)

Inversion of the matrix leads to a general expression for the mode operator spectral

densities in terms of the noise operators. After some massaging we obtain for the optical

mode operator’s spectral density (focusing again on the mechanical noise contribution)

Ã(ω) = ...× Ãin(ω) − i
√

2γ1G1(ω − iΓ2)

G2
1(ω − iΓ2) +G2

2(ω − iΓ1)− (ω − iκ)(ω − iΓ1)(ω − iΓ2)
B̃

(1)
in (ω)

− i
√

2γ2G2(ω − iΓ1)

G2
1(ω − iΓ2) +G2

2(ω − iΓ1)− (ω − iκ)(ω − iΓ1)(ω − iΓ2)
B̃

(2)
in (ω) ,

(4.53)

where we wrote the short-hand Γi = γi + i∆i.

In order to obtain the time domain solution we perform the inverse Fourier transform.

The integration is non-trivial for the general case, but becomes easy if we make the weak

coupling approximation (as above in the single-mode scenario), i.e. assuming that G1, G2 �

κ, γ1, γ2, in which case we neglect the corresponding terms in the denominator. Then the

time domain solution reads

a(t) = ... ∗ ain(t) + iG1

√
2γ1

1

κ− γ1 − i∆1

((
e−(γ1+i∆1)t − e−κt

)
·H(t)

)
∗ b(1)

in (t)

+ iG2

√
2γ2

1

κ− γ2 − i∆2

((
e−(γ2+i∆2)t − e−κt

)
·H(t)

)
∗ b(2)

in (t)

(4.54)

Thus the optical and mechanical cavities act like filters on the (assumed) spectrally flat ther-

mal bath sources (presence of multiple optical frequency eigenmodes should have a similar

filtering effect).

Then we can write down the correlator (assuming that the Isserlis-Wick theorem still
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applies) associated with single-phonon subtraction:

〈X2(τ)〉 =
|〈a†(0)a(τ)〉|2

〈a†a〉
+ 〈a†a〉+

1

2
(4.55)

In comparison, for the g(2)(τ) we obtain

g(2)(τ) =
〈a†(t)a†(t+ τ)a(t+ τ)a(t)〉

〈a†(t)a(t)〉2
, (4.56)

applying the Isserlis-Wick theorem

g(2)(τ) =
〈a†(t)a(t+ τ)〉〈a†(t+ τ)a(t)〉+ 〈a†(t)a(t)〉〈a†(t+ τ)a(t+ τ)〉

〈a†(t)a(t)〉2
. (4.57)

This already implies that g(2)(0) = 2 if the Isserlis-Wick theorem is applicable, which is the

case for a multimode thermal field.

Then we can write

g(2)(τ) = 1 +
〈a†(t)a(t+ τ)〉〈a†(t+ τ)a(t)〉

〈a†(t)a(t)〉2
= 1 +

|〈a†(0)a(τ)〉|2

〈a†a〉2
, (4.58)

where in the weak coupling approximation we can write short for equation 4.54

a(t) = ... ∗ ain(t) + F1(t;κ, γ1,∆1, G1) ∗ b(1)
in (t) + F2(t;κ, γ2,∆2, G2) ∗ b(2)

in (t) . (4.59)

Thus, the only required term for us to compute in order to determine the heterodyne

variance excursion, and the g(2) is

〈a†(0)a(τ)〉 = n̄th

∫
dt′ (F ∗1 (−t′)F1(τ − t′) + F ∗2 (−t′)F2(τ − t′)) . (4.60)

In figure 4.5 there is shown a plot of the degree of second order coherence according to

equation 4.58 for the multimode thermal state, where we considered two mechanical modes

with linewidths of 6 and 8 MHz respectively, an optical linewidth of 50 MHz and detunings
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of -15 and +10 MHz. The relative rates ∝ G2
i have a ratio of 4 to 1.
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Figure 4.5: Degree of second order coherence g(2)(τ) of a multi-mode thermal field (left), and
the doubling feature for single-phonon subtraction (“click-dyne correlator”) with the same
system parameters (right), where the dashed line represents vacuum noise. The parameters
are given by the linewidths of 2γ1/(2π) = 6MHz, 2γ2/(2π) = 8MHz, an optical linewidth of
2κ/(2π) = 50 MHz and detunings of ∆1/(2π) = -15 MHz and ∆2/(2π) = +10 MHz. The
coupling rates are G1/(2π) = 1MHz and G2/(2π) = 0.5MHz.

4.6 Non-Gaussian nature of the prepared state

For thermal excitation n̄ � 1 the prepared single quantum added/subtracted states are

very non-Gaussian, with their Wigner functions showing a ”hole” in the middle of phase

space. As the states are symmetric in phase space, a marginal quadrature distribution of

the mechanical oscillator at any phase angle will be a non-Gaussian function.

In order to measure this non-Gaussian character of the prepared mechanical state, it is

necessary to read-out the state and overcome a certain minimum efficiency when doing so,

such that the non-Gaussian quadrature distribution is not covered by optical vacuum noise.

The beam-splitter drive, used for phonon subtraction, is implementing a continuous par-

tial light-matter state swap. Thus, it should be possible to see the non-Gaussianity of the

quadrature distribution when looking at the output of the continuously driven beam splitter,

as long as a minimum total efficiency of the read-out is fulfilled. This efficiency requirement

becomes easier to fulfil the more classical the thermal state is, i.e. n̄th � 1. In our case

we have n̄th ≈ 760 at room temperature. When approaching the ground state and n̄th ∼ 1,
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the single-quantum-subtracted thermal state qualitatively changes, and its Wigner function

becomes more Gaussian, as the quantum noise contribution becomes more dominant. The

two-mode squeezing operation, however, does only implement a similar operation like a beam

splitter in the limit of weak optomechanical coupling (small squeezing parameter):

For a two-mode squeezing operator S = eir(ab+a
†b†), for small squeezing parameter r one

has

S†aS ≈ a+ irb† , (4.61)

while the beam splitter operation for small reflectivity r gives

B†aB ≈ a+ irb . (4.62)

As this approximation fails for higher squeezing parameters, the two-mode-squeezer contin-

uous drive is not as predestined as the beam splitter drive to reveal the non-Gaussianity of

the prepared mechanical state. In the high-temperature limit the states prepared by single-

phonon addition and subtraction are indeed identical, while towards the quantum regime

they are fundamentally different. While single-phonon subtraction on a thermal state close

to the ground state (n̄ � 1) leaves the state almost unaltered, the single-phonon-addition

operation applied to the same state makes it highly non-classical, showing significant Wigner

negativity. The non-classicality of the single-phonon-added thermal state is also present for

arbitrarily high initial occupation.

A separation between state preparation and state read-out phases of the experiment,

which would naturally be tried to achieve, is not possible here at this stage, as the mechanical

damping rate, being of the same order of magnitude as typical optical linewidths, only permit

experiments on the nanoseconds timescale.
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4.6.1 Toy model and lossy read-out of non-Gaussian quadrature

distribution

Here we will present a toy model of the continuous optomechanical state read-out for the

beam splitter Hamiltonian case, revealing requirements for both state preparation and read-

out efficiency.

Quadrature distribution of the single-quantum-subtracted thermal state

Upon single-phonon subtraction the initial thermal state of the mechanical mode ρth changes

to

ρ− =
bρthb

†

P
, (4.63)

where the normalisation is given through P = Tr(bρthb
†) = Tr(ρthb

†b) = n̄, where n̄ is the

mean phonon number of the (initial) thermal state.

We can then write down the probability distribution for the position quadrature

Pr(X) = 〈X|bρb†|X〉/P

= 〈X|b 1

πn̄

∫
d2βe−|β|

2/n̄|β〉〈β|b†|X〉/P

=
1

πn̄

∫
d2βe−|β|

2/n̄|β|2|〈X|β〉|2/P

with |β|2 = 1/2(X2
β + P 2

β ) and |〈x|β〉|2 =
1√
π
e−(X−Xβ)2

=
1

4n̄π3/2

∫ ∫
dXβdPβe

−X2
β/2n̄e−P

2
β/2n̄(X2

β + P 2
β )e−(X−Xβ)2

.

(4.64)

The probability distribution of the position quadrature Pr(X) for the single-quantum-

subtracted thermal state is plotted in figure 4.6 for an initial thermal occupation of n̄ = 760,

as found in the experiment. The distribution can be thought of, in the classical limit n̄� 1,

as a result of the exponential phonon number distribution, combined with the scattering

probability being proportional to the phonon number n̄. Thus, after the acquisition of the

information that a photocount embodies, the probability that the instantaneous displacement
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of the oscillator is in the center of phase space is very low. This is apparent in the Wigner

function having a “hole” in the center, and the marginal distribution in the plot of figure

4.6 reflects this.

quadrature X

Pr(X)

Figure 4.6: Theory plot of quadrature distribution of phonon subtracted thermal state.

Toy model and mean phonon/photon number n̄

In order to better understand the experimental results, a toy model was set up and inves-

tigated. It considers the mechanical mode of the cavity in a thermal state as the source

of excitation, then follows the excitation to the detector through multiple beam splitters,

where the thermal nature of the fields is preserved by the beam splitters. A scheme of the

toy model is shown in figure 4.7.

In the weak coupling case (where G is small) the first light-matter beam splitter can be

also implemented by the two-mode squeezing Hamiltonian, as for small squeezing parameters

the interaction approximates a beam-splitter-type interaction.

The toy model does not consider cavity effects (as have been considered in the correlation

function calculation) or the cooling of the original mechanical mode, but offers appreciable

insight into the physics of the experiment.

When looking at figure 4.7, we can see how the mean phonon number in the respective

modes changes from initially n̄ ≈ 760 for the mechanical mode, to a mean photon number
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Figure 4.7: Toy model showing the detection scheme used to herald, observe and verify
single-phonon subtraction and addition to a mechanical thermal state. The mean number of
phonons in the equilibrium thermal state (identical to the reservoir occupation), photons in
the cavity mode, and photons per gate at the SPAD detector, are highlighted. Importantly,
multi-photon detection events at the SPAD are negligible, as the mean photon number per
gate is much less than one.

of n̄ ≈ 6 in the optical cavity mode, to n̄ ≈ 0.01 on the single photon avalanche diode

(SPAD) photodetector. This change in the mean phonon/photon number reflects all the

effective efficiencies in the path of the excitation, and also includes the effective efficiency of

the detector itself, which is given by a product of the detector’s quantum efficiency and its

gating duty cycle ηdet = ηqe · fgate · tgate = 0.125 · 50× 103 s−1 · 10 ns.

The low value of n̄� 1 in a detector gate is a requirement for the probabilistic preparation

to correspond to a single-phonon operation. In this case the probability of photon numbers

higher than 1 on the detector is negligible, and the SPAD, which is not photon number

resolving, operates as such when distinguishing photon numbers n = 0 and n > 0, thus

projecting onto the single photon Fock state 〈1|.

Read-out of quadrature distribution including loss

The following calculation will detail, how in the toy model the quadrature distribution of the

mechanical oscillator will be degraded by optical vacuum noise. A scheme of the calculation

is shown in figure 4.8.
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Figure 4.8: Toy model of quadrature distribution measurement including optical loss. The
phonon subtracted thermal state ρ− undergoes a beam splitter operation, related to the
overall efficiency/loss, and the quadrature distribution of the beam splitter output is then
to be measured using an optical homodyne/heterodyne setup. The other output mode is
traced over to model the loss.

As the action of a beam splitter operation is well known in the coherent state basis

|α〉A ⊗ |β〉B = |tα− rβ〉C ⊗ |rα + tβ〉D , (4.65)

with t2 + r2 = 1, see e.g. [BR97], we first express the density operator in a coherent state

basis |{α}〉 (Glauber-Sudarshan or P -representation), which reads

ρ =

∫
P (α, α∗)|α〉〈α|d2α , (4.66)

with the P -representation of a thermal state being a gaussian

P (α) =
1

πn̄
e−|α|

2/n̄ . (4.67)

The position quadrature distribution (identical for all quadrature angles, as the state is

symmetric in phase space) of the single-phonon subtracted thermal state undergone loss,
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then reads

Pr(X) = Trv

(
〈X|UBS

(
1

n̄
b

∫
d2βP (β)|β〉m〈β|b†

)
⊗ |0〉v〈0|U †BS|X〉

)
=

1

πn̄2
Trv

(
〈X|

∫
d2βe−|β|

2/n̄|β|2|√ηβ〉m〈
√
ηβ| ⊗ |

√
1− ηβ〉v〈

√
1− ηβ||X〉

)
=

1

π2n̄2

∫
d2γ

∫
d2βe−|β|

2/n̄|β|2|〈X|√ηβ〉|2|〈γ|
√

1− ηβ〉|2

with |〈X|√ηβ〉|2 =
1√
π
e−(X−√ηXβ)2

and |〈γ|
√

1− ηβ〉|2 = e−|γ−
√

1−ηβ|2

=
1

4π5/2n̄2

∫
dXγ

∫
dPγ

∫
dXβ

∫
dPβe

−
X2
β+P2

β
2n̄ (X2

β + P 2
β )e−(X−√ηXβ)2 × ...

...× e−
X2
γ+P2

γ
2
− 1−η

2
(X2

β+P 2
β )+
√

1−η(XγXβ+PγPβ)

=
(1 + ηn̄(3 + 2ηn̄+ 2X2))e−

X2

1+2ηn̄

(1 + 2ηn̄)5/2
,

(4.68)

where the last step was obtained using the symbolic computation software Wolfram Mathe-

matica.

We see that the quadrature distribution of equation 4.68, which we obtained from our

toy model, only depends on one parameter, namely ηn̄. As long as this “transmitted thermal

variance” is significantly larger than the quadrature variance of the vacuum noise (1/2), the

non-Gaussian character of the distribution function can be observed.

4.6.2 Experimental results

In order to observe the non-Gaussian character of the state, as discussed in the previous

section, the overall efficiency of the dyne measurement had to be substantially increased.

Also the vacuum noise needed to be limited to the bandwidth of the signal, in order to

maximize signal-to-noise ratio. To achieve this, the heterodyne frequency was moved to

DC, and a low-pass filter (consisting of a combination of low-pass filters 23 MHz slow cut-

off (minicircuits SBLP-39) and 48 MHz steep cut-off (minicircuits SLP-50)) was used, in

order to limit the effective detector bandwidth to approximately the signal bandwidth of
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the Brillouin scattered light. The optical pump power was increased compared to previous

measurements, from ≈ 1 mW to 9 mW. Additionally the 50:50 beam splitter was replaced

with a 90:10 beam splitter, which was affordable, as the light-matter beam splitter was now

much stronger with 9 mW pump power. While a flat-top distribution was relatively quickly

observed, it required an optimisation of all of these measures to observe the predicted dip

in the quadrature distribution.

Figure 4.9 shows a measurement of the non-Gaussian quadrature distribution.

Shown in figure 4.10 is the measured quadrature distribution around the time of the

subtraction event (click), at time τ = 0. It can be seen how the mode relaxes back to thermal

equilibrium. Also, as is already apparent in the doubling signature, the time symmetry of

the feature is clearly visible.

The single parameter quadrature probability distribution of the single-phonon subtracted

thermal state undergone loss, is fitted to the measured histogram data, and is shown in figure

4.11.

4.7 Outlook

Brillouin optomechanics with high frequency phonons [Chu+17; Kha+19; Enz+19], is emerg-

ing as a powerful new platform for quantum and classical optomechanics applications. Owing

to the favourable bulk properties of crystalline materials, such systems now set the state-

of-the-art for mechanical Qf products [Gal+13; Ren+18], where Qf > 1017, and provide

ultra-low mechanical decoherence rates even for modest cryogenic temperatures. At 4 K we

expect that the BaF2 crystalline resonators used here should also have such ultra-low me-

chanical decoherence rates and operate deeply within the ‘coherent phonon limit’ where the

mechanical coherence length is much greater than the resonator circumference. Moreover,

BaF2 is an ultra-low-loss optical material, which enables optically-induced heating to be min-

imized and Brillouin optomechanical strong-coupling to be readily achieved [Enz+19]. These

advantages, combined with the techniques demonstrated here, open a rich avenue for further
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(A)

(B)

(C)

(D)

Figure 4.9: Non-Gaussian quadrature distribution of phonon subtracted thermal state. (B) shows
a quadrature distribution of the output light mode at time of subtraction (centre of the doubling
feature in (A)). (C) shows the quadrature distribution 100 ns later. (D) shows optical vacuum noise
for comparison. For this experiment the coupling rate was high (non-negligible cooling) through 8
mW optical pump power, and a 90:10 beam splitter was used instead of a 50:50 beam splitter to
minimise loss on the homodyne measurement. Also a low-pass filter was used to suppress vacuum
noise beyond the signal bandwidth. The x-axis offset is due to an offset in the fast preamp of the
oscilloscope used for the acquisition.
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Figure 4.10: Time evolution of non-Gaussian quadrature distribution. Plotted are his-
tograms of the output mode quadrature, in time steps of 2 ns, centered around the time
of single-phonon subtraction at τ = 0. Observable is the relaxation of the mode to thermal
equilibrium. This occurs both in forward, and in backward running time.

142



Figure 4.11: Toy model fit to measured non-Gaussian quadrature distribution of a single-
phonon subtracted thermal state. The single fit parameter (except scaling the height) is
ηn̄th = 5.8.

studies. For example, the ultra-long coherence times attainable with these mechanical modes

[Gal+13; Ren+18] make these systems an interesting candidate for quantum memories and

repeaters [Dua+01; San+11]. Additionally, these properties are also well suited for me-

chanical quantum state engineering, for example mechanical superposition-state preparation

via mechanical squeezing and then single-phonon addition/subtraction [MKV16]. Follow-

ing a state preparation protocol, one can then utilize the strong coupling achievable with

these systems [Enz+19] for mechanical state reconstruction [VPK15]. Further exciting lines

of study opened by this direction include developing more advanced protocols in time in-

volving multiple single-phonon addition/subtraction operations [VAK13], and exploiting the

non-reciprocity of the Brillouin scattering interaction for quantum networking/routing ap-

plications.
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Chapter 5

Heterodyne-measurement-enhanced

optomechanical sideband cooling

In this chapter we introduce a scheme that enhances optomechanical sideband cooling by use

of the measurement record of a continuously monitored dissipation channel of the mechanical

mode. Heterodyne measurement is performed on the light scattered by the mechanical mode

of interest into an optical cavity mode of the whispering-gallery resonator, which couples out

of the cavity via a tapered optical fiber. The Gaussian state of the two-mode system is pre-

served under time evolution, given by the light-matter beam-splitter-type Hamiltonian and a

coupling to the environment, as well as measurement, only linear in the field operators. Thus,

the time evolution can be reduced to an evolution problem for the means and variances of

the two modes. The continuous measurement record is used to obtain a quantum trajectory

of the mechanical mode in phase space with reduced variance compared to the unmonitored

state, thus achieving an enhancement of sideband cooling by heterodyne measurement.

We experimentally demonstrate this protocol in a Brillouin optomechanical platform,

modelled as one acoustic mode and two optical whispering-gallery modes of a fused-silica

whispering-gallery resonator, operating at room temperature, by conditioning the state of

the system on past measurement outcomes.

An extension of the protocol allows the application of a retrodiction formalism by propa-
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gating the quantum state backwards in time [ZM17], which can only be done “offline” after a

time series of the continuous measurement record has been obtained. The protocol estimates

the mechanical state optimally which offers a rich avenue for sensing applications.

This project was led jointly with Magdalena Szczykulska on the experimental side, and

obtained valuable theoretical support from Jinglei Zhang and Klaus Mølmer, at the university

of Aarhus. I took a leading role in building the setup for this experiment, modelling of

the optomechanical system, finding favourable experimental conditions in terms of system

parameters, data taking and analysis, and interpretation of the findings. Jinglei Zhang and

Klaus Molmer developped the Gaussian state evolution model which is described in [ZM17]

and helped in applying it to our platform, with code written for solving the Gaussian state

evolution for a given measurement record by Jinglei Zhang, as well as obtaining analytical

results.

5.1 Introduction

Quantum control of mechanical systems lies at the heart of optomechanics. It is of major

interest in fundamental physics [Bre+08; AKM14; Nie+17; Rin+18] and applied sciences

such as precision metrology [Met14; Qva+18; Doo+14] and quantum information process-

ing [ZGB07; Fio+11; Wie+11; Bak+16]. Cooling of mechanical motion is an important step

for these areas and different cooling techniques have been considered. They include side-

band cooling (passive back-action cooling) [Teu+11; Cha+11; Pet+16; Bah+12; Kar+12;

Sch+11], conditional state preparation and cooling by measurement [Wie+15; Van+13], feed-

back cooling [KB06; Ros+18], cooling a hybrid system [Vog+13], and enhancing sideband

cooling by feedback [Ros+17].

Sideband cooling was first studied in atomic physics, where it allowed trapping of ions and

atoms [Die+89; Rei+13], and preparation of exotic atomic states [And+95; Hu+17]. With

the development of gravitational wave detectors, this cooling technique gained an interest

in the field of optomechanics to cool the mechanical motion of macroscopic objects [BM67;
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Bra68]. The principle here is to red-detune a pump laser with respect to an optical cavity

mode so that it results in damping of a mechanical mode of interest and the creation of fre-

quency upconverted photons in the respective optical cavity mode. This effectively leads to a

beam-splitter interaction Hamiltonian between these modes [AKM14]. Further advances and

miniaturisation of optomechanical systems enabled remarkable sideband cooling of mechan-

ical modes in micro- and nano-scale resonators [Gig+06; Arc+06; Bah+12; Kar+12] with

mechanical ground states reported in [Cha+11; Teu+11; Pet+16] starting from cryogenic

temperatures. Sideband cooling was also applied to cool the collective mode of an atomic

ensemble inside an optical cavity [Sch+11].

While sideband cooling reduces the thermal fluctuations of the mechanical state by re-

moving phonons from it, more information about the system can be inferred if the upcon-

verted light is continuously monitored. The state can then be conditioned on the mea-

surement record by invoking a suitable stochastic master equation model. Such conditional

state preparation is optimal in terms of minimising the mean-squared error of the associated

phase space trajectories [WM09] and effectively purifies the state [Van+11; Van+13]. Con-

ditioning on the past measurements allows real-time state estimation [Wie+15] and can be

incorporated into feedback protocols to prepare a thermal mechanical state of reduced fluc-

tuations [Ros+17; Ros+18; KB06; Pog+07; LKR11]. In particular, reference [Ros+17] uses

a (non-homodyne/heterodyne) feedback loop to enhance sideband cooling, and [Ros+18]

reports reaching the ground state of a mechanical mode of a nanomechanical membrane

resonator from cryogenic temperatures.

If real-time state estimation is not of importance, the corresponding uncertainty and

therefore our knowledge of the system can be further improved by employing both past and

future events from the measurement record. Such offline protocol can give rise to the so-

called past quantum state formalism [GJM13; ZM17] which shares similarities with quantum

state smoothing [GW15] in that both can be used to optimally extract information about

the system state given a complete measurement record.

The optimal choice of a measurement depends on the type of interaction Hamiltonian.
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While phase sensitive detection, such as homodyne, is a common measurement scheme in

optomechanics, it is not always the optimal one.

Here we present an experimental protocol for heterodyne-measurement-enhanced cooling

of an acoustic mode inside a Brillouin optomechanical system at room temperature. Here,

the third-order coupling Hamiltonian between the mechanical and optical modes associated

with Brillouin scattering, can be approximated under strong pumping as a light-matter

beam-splitter-type Hamiltonian. We show the advantage of heterodyne over the commonly

used homodyne detection for such interactions. We use the past quantum state formalism for

Gaussian systems [ZM17] to optimally estimate the phase space trajectories of the mechanical

state and the associated uncertainties. We consider the finite bandwidth of the detector and

verify that our conditional state assignment is correct. The protocol effectively purifies the

mechanical state which provides a rich avenue for sensing applications.

5.2 Theory

Figure 5.1 illustrates the principle of the purification protocol. The first aspect is sideband

cooling of the mechanical mode. For our platform, this is achieved by selecting two optical

whispering-gallery modes (WGMs) of different transverse profiles which are separated by

the frequency of an acoustic WGM of a microresonator, and which fulfil the phase matching

conditions as described in section 1.5.1. Pump laser light, resonant with lower frequency

resonance, scatters photoelastically off the thermally excited acoustic mode (subscript m)

into the higher frequency anti-Stokes mode (subscript aS). This is shown schematically in

figure 5.1 (A). Stokes scattering is suppressed by the cavity mode structure, as there is no

optical resonance of the cavity with a red-detuning from the pump corresponding to the

Brillouin shift. The amplitude decay rates of the optical and mechanical modes are denoted

by κ and γ respectively. The Hamiltonian of this interaction in an appropriate rotating
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Figure 5.1: Illustration of the heterodyne measurement cooling protocol. (A) Three-mode
Brillouin system with a beam-splitter interaction between the anti-Stokes and mechanical
modes with the pump laser acting as an auxiliary field. This interaction is associated with
sideband cooling of the mechanical mode. Here, ∆p is the detuning of the pump laser from
resonance and ∆ is the optical-mechanical detuning. (B) Heterodyne-measurement-enhanced
cooling in phase space. The left plot shows sideband cooling (dashed blue line) of the me-
chanical mode from the initial thermal state at room temperature(continuous black line).
The right plot shows the reduced uncertainty of the state by using the past measurement
record only (green line). Points and contours represent mean values and standard deviations
of X̂m and P̂m, respectively. (C) Effective phonon number as a function of time for different
detection schemes. Figures (B) and (C) are theoretical plots for the following system param-
eters: G/2π = 20 MHz, 2κaS/2π = 90 MHz, 2γm/2π = 42 MHz, η = 0.5, ∆/2π = 0, n̄ =
555, ωhet/2π = 150 MHz.
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frame is [Enz+19] (compare section 1.5.4)

ĤBS

h̄
= G

(
â†aSb̂+ âaSb̂

†
)
−∆b̂†b̂, (5.1)

where âaS and b̂ are the annihilation operators corresponding to the anti-Stokes and mechan-

ical modes respectively. G is the optomechanical coupling strength and ∆ = ωaS − ωL − ωm

is the optomechanical detuning, where ωL is the pump laser frequency.

The anti-Stokes light, produced as a result of this beam-splitter-type interaction, is cou-

pled out of the cavity and is continuously monitored by an optical heterodyne detector.

This is the second aspect of the protocol, where the full measurement record is incorporated

into the formalism. Here, the optomechanical state is evolved forward in time by inputting

the time-domain data into a stochastic master equation. It describes the evolution of the

density matrix ρ conditioned on the past measurements and this is the forward evolution of

the state.

This forward evolution can be complemented by a second equation which describes the

evolution of the effect matrix E conditioned on the future measurements and this the back-

ward evolution of the state. This backward quantum state formalism approach has not yet

been implemented on the experimental data, but is described in [ZM17].

The stochastic master equation of the general form of equation 1.13 here takes the form

dρ̂ = − i
h̄

[
Ĥ, ρ̂

]
dt +

∑
h

D[ĉh]{ρ̂}dt +
∑
h

√
ηhH[ĉh]{ρ}dWh(t) , (5.2)

where {ĉh} are the participating dissipation operators, D is the Lindblad superoperator, and

H is the measurement superoperator, which are defined through

D[ĉ]{ρ} = ĉρĉ† − 1

2

(
ĉ†ĉρ+ ρĉ†ĉ

)
(5.3)

and

H[ĉ]{ρ} = ĉρ+ ρĉ† − 〈ĉ+ ĉ†〉ρ . (5.4)
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dWh(t) is the Wiener increment. It satisfies the following relations: It has mean zero

〈dWh(t)〉 = 0. There is no correlation of its values at different times 〈dWh(t)dWh(t
′)〉 = 0

for t′ 6= t. And finally (dWh(t))
2 = dt.

The first term in equation 5.2 describes the unitary dynamics governed by the Hamilto-

nian, the second term describes the dissipation through the system-environment interaction,

and the third term describes the information gain and resulting quantum measurement back-

action through the monitoring (measurement) of dissipation channels with efficiency ηh.

For the system presented here, the dissipation operators take the form:

ĉ1 =
√

2γ(n̄th + 1)b̂

ĉ2 =
√

2γn̄thb̂
†

ĉ3 =
√

2κâaSe
−iωhett

(5.5)

Here, ωhet = ωLO− ωaS is the heterodyne frequency. These dissipation operators correspond

to the annihilation of a quantum of mechanical excitation through coupling to the thermal

reservoir (c1), the creation of a quantum of mechanical excitation received from the thermal

reservoir (c2), and the removal of quanta of optical excitation at a damping rate of κ (c3).

Here, the expectation value of the photon number of the optical environment at room tem-

perature is negligible and was set to zero. Also, an effective finite temperature corresponding

to the phase noise of the pump laser [Saf+13] at 11 GHz was neglected.

We then find the stochastic master equation describing the dynamics of the monitored

system:

dρ =− i

h̄
[H, ρ] + 2γ(n̄th + 1)D[b]ρdt+ 2γn̄thD[b†]ρdt+ 2κD[ae−iωhett]ρdt+ ...

...+
√

2κηH[ae−iωhett]ρdW (t)

(5.6)

At the start of the measurement-enhanced cooling scheme, the mechanical mode can be

considered to be in a thermal state at the sideband-cooled equilibrium temperature. This
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initial state is, naturally, Gaussian1. Since the Hamiltonian in equation 5.1 is only quadratic

in the field operators, the couplings to the thermal environment are considered only lin-

ear in the quadratures [GZ04] and a dyne measurement preserves the Gaussianity of the

state [Ser17], the state of the system will remain Gaussian throughout its time evolution. It

can therefore be fully specified by the means and variances (first and second moments) at all

times. Equations of motion for the first and second moments replace the more general equa-

tion 5.6 for the density operator ρ forwards in time (and the effect matrix E for backwards

time evolution).

We can introduce a vector ~̂r containing the mechanical position and momentum operators

Xm, and Pm, and the optical position and momentum quadratures XaS, and PaS (labelled aS

to refer to the optical mode which resonantly enhances the anti-Stokes Brillouin scattering

process) and its mean:

~̂r =



r̂1

r̂2

r̂3

r̂4


=



X̂m

P̂m

X̂aS

P̂aS


and 〈~̂r〉 =



〈X̂m〉

〈P̂m〉

〈X̂aS〉

〈P̂aS〉


(5.7)

Here X̂m =
(
b̂† + b̂

)
/
√

2 and P̂m = i
(
b̂† − b̂

)
/
√

2, and X̂aS and P̂aS are defined analo-

gously, with the mode operator b̂ replaced with âaS.

We describe the second moments by the covariance matrix σ with elements σjk =

〈{rj, rk}〉 − 2 〈rj〉 〈rk〉 such that the diagonal elements are twice the variances of the po-

sition and momentum operators of the optical and mechanical degrees of freedom.

The evolution of these quantities was calculated in [ZM17], for a general scenario, where

the condition for this approach to be applicable is that the Hamiltonian is at most quadratic

and the dissipation operators at most linear in the system’s quadrature/mode operators.

These conditions are fulfilled here. Then the equations of motion for the forward (regular)

1As in: it possesses a Gaussian Wigner distribution.
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time evolution read

d
〈
~̂r(f)
〉

= A
〈
~̂r(f)
〉
dt+ C(f)√ηdW, (5.8)

dσ(f)

dt
= Aσ(f) + σ(f)AT +D − 2C(f)η

(
C(f)
)T

. (5.9)

In [ZM17] it was shown that analogously one can define a backward time evolution which can

be performed offline, after a measurement record has been obtained. Here the conditional

quantum state at a time depends on future measurement records. For the backward time

evolution the equations of motion read

d
〈
~̂r(b)
〉

= −A
〈
~̂r(b)
〉
dt− C(b)√ηdW, (5.10)

dσ(b)

dt
= −Aσ(b) − σ(b)AT +D − 2C(b)η

(
C(b)

)T
, (5.11)

where superscripts (f) and (b) denote the forward and backward evolution, and T denotes

the transpose.

Here the matrices A, C, D and η are defined through

A =



−γ −∆ 0 G

∆ −γ −G 0

0 G −κ 0

−G 0 0 −κ


, (5.12)

C = σBT −NT , (5.13)

where

B =


√

(n̄th + 1)γ 0 0 0

√
n̄thγ 0 0 0

0 0
√
κ cos(ωhett)

√
κ sin(ωhett)

 , (5.14)
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and

N =


√

(n̄th + 1)γ 0 0 0

−
√
n̄thγ 0 0 0

0 0
√
κ cos(ωhett)

√
κ sin(ωhett)

 , (5.15)

D =



4
(
n̄th + 1

2

)
γ 0 0 0

0 4
(
n̄th + 1

2

)
γ 0 0

0 0 2κ 0

0 0 0 2κ


, (5.16)

and

η =


0 0 0

0 0 0

0 0 η

 . (5.17)

η is the total efficiency with which the light in the anti-Stokes optical mode is detected

and dW is a stochastic Wiener increment.

While the evolution equation for the first moments is non-deterministic and contains the

stochastic term dW , which represents the measurement back-action, the second moment

evolution is deterministic and depends only on the system parameters.

For a general quadrature of a Gaussian state, X̂θ = X̂ cos (θ) + P̂ sin (θ), the combined

effect of the forward and backward evolutions on that state results in the following mean

quadrature value

〈
X̂θ

〉
=

〈
X̂

(f)
θ

〉
Var

(
X̂

(f)
θ

)
+
〈
X̂

(b)
θ

〉
Var

(
X̂

(b)
θ

)
Var

(
X̂

(f)
θ

)
+ Var

(
X̂

(b)
θ

) (5.18)

and its associated variance satisfies [ZM17]

1

Var
(
X̂θ

) =
1

Var
(
X̂

(f)
θ

) +
1

Var
(
X̂

(b)
θ

) . (5.19)
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A pictorial example of how the measurement cooling protocol affects the mechanical mode

is shown in the phase space plots in figure 5.1 (B). Here, dots and contours represent mean

values and standard deviations of the mechanical quadratures respectively. The plot on the

left illustrates sideband cooling of the mechanical mode (dashed blue line) from the initial

thermal state at room temperature (continuous black line). The plot on the right shows the

conditional state after the (forward evolution only) measurement cooling protocol has been

applied to the measurement record (green line). The decreased standard deviations of the

mechanical quadratures are indicators of the increased purity of the conditioned state. The

ellipsoidal shapes of the green contours arise due to the finite heterodyne frequency ωhet/2π

as a result of which the measured quadrature rotates at this frequency. However, if the

system’s evolution timescale (the inverse damping rate) is appreciably longer than 2π/ωhet

then information about two orthogonal quadratures can be obtained. This is saying that

in the limit of the heterodyne frequency being much larger than the mechanical linewidth,

the rotating homodyne is equivalent to a true heterodyne setup, where the two orthogonal

quadratures are simultaneously measured. This is further captured in figure 5.2, where the

variances of the mechanical quadratures vary periodically at twice the heterodyne frequency.
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Figure 5.2: Oscillating variance of the position and momentum quadratures of the mechanical
mode, due to a finite heterodyne frequency, corresponding to continuous measurement of a
rotating quadrature, instead of simultaneous measurement of the X and P quadratures of
the light field, as in (true) heterodyne detection.

The figure of merit describing the purity of the state of the mechanical mode is the
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effective phonon number defined as n̄eff = 1/2(Varmax + Varmin) − 1/2, where Varmax and

Varmin are the maximum and minimum variances of the state quadratures at a given time

[Van+11]. The effective phonon number of a state describes the thermal occupation of

the state after undergoing the inverse of unitary displacement and squeeze operations. It

therefore quantifies the mixedness of the state.

The optimal choice of a measurement depends on the optomechanical interaction Hamil-

tonian. The beam-splitter-type Hamiltonian in equation 5.1 is proportional to X̂aSX̂m +

P̂aSP̂m, and from this we can see that both optical quadratures are affected by the mechan-

ical motion (P̂aS by X̂m and X̂aS by P̂m), thus motivating the simultaneous acquisition of

information about two orthogonal quadratures of light and use of heterodyne as opposed

to homodyne detection, which is commonly used in optomechanics. Figure 5.1 (C) shows

the advantage of the heterodyne detection over the homodyne detection in terms of the ef-

fective phonon number for a realistic set of system parameters for our Brillouin system. It

also shows the effect of finite heterodyne frequency which is a good approximation to the

ideal heterodyne scheme, where information about the two quadratures of light is acquired

simultaneously.

5.3 Experimental setup

As described in chapter 3, an optical whispering-gallery mode of a fused silica microresonator

of ≈ 700 µm diameter is excited via evanescent coupling to a tapered optical fibre by a pump

laser operating at 1550 nm. Anti-Stokes light backscattered from the cavity is observed

with an optical heterodyne detection scheme shown in figure 5.3. As described above, the

mechanical wave has a frequency of ωm/2π = 11 GHz, and an amplitude decay rate of

γ/2π ∼ 21 MHz, which is determined by fitting a theoretical model for the power spectrum

of the detected light (compare equation 3.44) to the observed spectra. The experimental

setup is thus almost the same as the one used in the observation of strong coupling of

chapter 3, with the important difference of a fast digital storage oscilloscope being used to
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sample the output of the balanced photodetector, in order to record time traces. Another

key difference is the taper coupling position, which was carefully optimised for best cooling

performance, as we will discuss in the next paragraph. On a practical note, the correlator-

technique discussed in section 4.5.5 of the previous chapter can be used here in order to

confirm that the optomechanical coupling is predominantly to a single mechanical mode.

Since the strong continuous wave pump field can be well approximated by a classical

coherent amplitude, the three-wave mixing interaction Hamiltonian associated with the anti-

Stokes scattering turns into a beam-splitter Hamiltonian, shown in equation 5.1, between the

mechanical and optical anti-Stokes modes. Optical linewidths are typically 10 − 100 MHz,

placing the system deep in the resolved sideband regime. In particular, the anti-Stokes

amplitude decay rate is κaS/2π = 45 MHz. The conversion of phonons into anti-Stokes

photons via optomechanical coupling and subsequent removal from the system via internal

loss or outcoupling via the tapered fiber represents a damping channel for the mechanical

mode, attenuating its thermal fluctuations and thus cooling it. The coupled optical and

mechanical modes can be considered as each coupled to a reservoir (compare figure 1.3),

thus implying a desirable hierarchy of the rates κaS > G > γm, in order to obtain the lowest

temperature of the mechanical mode. In practice, a trade-off between a broad anti-Stokes

linewidth κaS and a large coupling rate G needs to be made. The maximally available pump

power is limited, and the optomechanical coupling rate G = g0|α|, at a given pump power,

is proportional to the inverse linewidth of the pump resonance (compare appendix A). The

anti-Stokes and pump linewidths are both intimately linked to the position of the tapered

fiber relative to the surface of the bulge of the resonator. It is thus desirable to achieve

narrow linewidth of the pump mode, while at the same time obtaining a broad linewidth

(and ideally high efficiency) of the anti-Stokes resonance. Here, with the taper stuck on

the resonator’s surface by surface forces, sub-wavelength-scale positioning was aimed for,

navigating the nodes, and anti-nodes of pump and anti-Stokes resonances, while moving the

probing laser back and forth between them.

The collected time-domain data of heterodyne measurement on the anti-Stokes light are
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further input into the past quantum state formalism [ZM17], given in equation 5.18 and

equation 5.19, to reduce the uncertainty of the mechanical phase space trajectories. This

effectively purifies the mechanical mode and can be quantified via the effective phonon

number. The heterodyne detector has a bandwidth of ∼ 350 MHz and data is acquired at a

sampling rate of 10 GSa/s. Ten time traces, each of length 100 µs, are recorded corresponding

to different coupling rates G and therefore different detunings ∆, due to the power dependent

detuning present in the fused silica whispering-gallery resonator (compare section 3.3.1).
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Figure 5.3: Experimental setup: pump light (red) is evanescently coupled into the microrod
resonator and backscatters off fluctuations of one of the resonator’s acoustic modes. The
resulting anti-Stokes light (orange arrows) is heterodyned and further analysed to reveal
phase space trajectories of the mechanical mode with reduced uncertainties. The red curve
in the time trace represents a vacuum signal while the blue curve an anti-Stokes signal. PSD
stands for power spectral density and FT for Fourier transform.

5.3.1 Measured heterodyne current and its appropriate normali-

sation

The measured heterodyne current increments dy(t) are related to the monitored dissipation

operator c3 via

dy(t) = 〈c3 + c†3〉dt+ dW (t) , (5.20)

and after inserting c3 =
√

2κηae−iωhett with a = (XaS + iPaS)/
√

2 we obtain

dy(t) = 2
√
κη 〈XaS cos(ωhett) + PaS sin(ωhett)〉 dt+ dW (t) . (5.21)
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Once a particular measurement current has been measured, we would like to apply the for-

malism in order to compute a quantum trajectory of the mechanical and optical quadratures

(first moments, as the time evolution of the second moments is deterministic).

Equation 5.21 provides us with a connection between the measured current, the current

estimates of 〈XaS〉 and 〈PaS〉 and the Wiener increment, so we can use it to determine the

Wiener increments from the experimental record and use it in the (stochastic) equation of

motion for the means, equation 5.8.

dW (t) = dy(t)− 2
√
κη 〈XaS cos(ωhett) + PaS sin(ωhett)〉 dt . (5.22)

This equation is central to our protocol, as it combines the experimentally observed

current increment dy(t) with the current estimates of the optical quadratures according to

our model, to obtain dW (t) to be fed back into the time evolution equation 5.8.

Now, dy(t) is the measurement outcome in the natural units of the model, and a technical

detail is how to relate it to the measured difference photocurrent into 50 Ω, measured in

volts. So we need to appropriately calibrate our heterodyne current measurement. The

calibration will be determined by three main parameters which only have to do with the

particular experimental implementation of the heterodyne measurement, and that are the

local oscillator’s optical power, the bandwidth and gain of the balanced photodetector, and

the sampling rate. Correctly applying this calibration is a necessity for the protocol, but

following the derivation is not essential to understand the main message and results.

In order to apply the calibration, we notice that once the measurement efficiency is

turned to 0 in equation 5.21, it just reads dy(t) = dW (t). This situation corresponds to only

observing the vacuum noise on the now open port of the beam splitter, or equivalently the

shot noise of the local oscillator laser. If now our balanced detector had infinite bandwidth

(or at least a bandwidth beyond the sampling rate 1/∆t = 10 GSa/s) we would just have

to make sure that the standard deviation of the vacuum noise measured with our detector

corresponds to
√

∆t, as then in the continuum limit it fulfils the Ito rule (dW (t))2 = dt
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(compare e.g. [JS06; Zha18]). This practically means that the normalisation/calibration

condition is

stddev(yvac(t)) =
√

Var(yvac(t)) =
√

∆t . (5.23)

In this scenario the experimentally measured currents ymeas(t) would correspond to the

currents in the model y(t) via

y(t) = α · ymeas(t) with α =

√
∆t

Var(yvac)
, (5.24)

and thus similarly for the current increments dy(t) = α · dymeas(t), where ∆t is the inverse

of the sampling rate and Var(yvac) the variance of the measured vacuum noise.

If the sampling rate is higher than the balanced detector’s bandwidth, as was the case

in our experiment, we are sampling fast enough to resolve the low passing property of the

balanced detector on the white shot noise, which naturally comes with a constant power

spectral density up to arbitrarily high frequency and contains infinite power if unfiltered.

Therefore we chose the normalisation such that the measured power spectral density of the

vacuum noise is mapped onto the level of the power spectral density of a simulated white

noise signal which has a flat spectrum up to the sampling rate and a standard deviation of
√

∆t.

The numerical value of α can then be obtained by dividing the power spectral density of

this simulated signal by the reading of the electrical power spectral density in the flat part of

the spectrum (detector bandwidth used here was 300 MHz) and performing the square root

(as it’s an amplitude normalisation). In order to partially account for residual non-flatness

of the detector response, a fit to the cumulated spectral power of the experimental vacuum

noise can be performed (up to the cut-off frequency of the balanced photodetector), and α

extracted from the ratio of square roots of the slopes of this fit and the simulated signal of

variance ∆t.

It was confirmed in a simulation [Zha18] that the low-passing of the shot noise has no

significant effect on the informational cooling performance, since the signal and the dynam-
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ical timescale of the system under study lie within the detector bandwidth. An example of

trajectories obtained with simulated data of unfiltered Wiener noise and such noise filtered

by the detector response are shown in figure 5.4, where it can be seen that there is no signifi-

cant change to the reconstructed trajectories whether the bandwidth of the detector extends

to the sampling rate or has low-passing characteristic with a lower cut-off frequency.
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Figure 5.4: Quantum trajectory of the mechanical mode obtained with simulated data for
unfiltered and filtered shot noise at the detector. The low-pass filtering property of the
balanced detector has no significant influence on the reconstructed trajectories.

5.4 Experimental results

The outcomes of applying the past quantum state protocol (forward evolution only) to the

time-domain data, acquired by heterodyning the anti-Stokes light from the Brillouin optome-

chanical system, are shown in figure 5.5. Figure 5.5 (A) shows the estimated quadrature

trajectories of the mechanical mode with standard deviations of the position and momentum

quadratures denoted by shaded areas. The plots are for the dataset with the highest cou-

pling rate G/2π = 9.6 MHz and the corresponding detuning ∆/2π = −74 MHz. The mean

trajectories are obtained using equation 5.18 and require solving equation 5.8 and equation

5.10, where the measurement current is input via the Wiener noise term dW . The stan-

dard deviations are obtained through equation 5.19, which is fully deterministic, and require
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knowledge of system parameters only. The uncertainties associated with the mechanical

quadratures are reduced and the amount of cooling depends on two competing processes:

the decoherence rates and the rate at which information is acquired during the measurement.

Eventually, steady state is reached as shown in figure 5.1 (C).

 

 

(B)(A)

Figure 5.5: Heterodyne-measurement-enhanced cooling results. (A) Quantum trajectories
for the mechanical position (top) and momentum (bottom), with the continuous line repre-
senting the mean and the shaded area the standard deviation. The informational cooling has
reached base temperature after approximately 3 ns, compare figure 5.2, which corresponds
approximately to half a heterodyne period in phase space. (B) plain sideband cooling (black)
versus informationally enhanced cooling (red) and cross-check (green).

The cooling factor, defined as the ratio of the effective phonon number n̄eff and the

thermal phonon number n̄, for this room temperature experiment is shown in figure 5.5 (B)

(top) for the ten recorded datasets. The mean phonon number in the relevant degrees of

freedom of the environment is n̄th = 555 and n̄eff is related to the minimum and maximum

variances of the mechanical quadratures. The cooling factor therefore depends on the system

parameters only. The black points quantify the amount of sideband cooling while the red

points include the information gain due to the rotating homodyne measurement. Figure 5.5

(B) (bottom) presents the information budget for the mechanical mode before and after the

measurement. It is expected that the unmonitored mechanical quadrature variance (black
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points) is the same as the sum of the variance after the measurement (red points) and the

variance of the recorded mechanical phase space trajectories. The sum is given by the green

points and requires an input of the measured current. The close overlap between green and

black points suggests that the formalism is self-consistent.

A nice side-result of the theoretical analysis is a general expression for the amount of

plain sideband cooling and the amount of extra informational cooling obtainable in our

Brillouin optomechanical platform when a single mechanical mode coupling to a pair of

optical resonances, as described in section 1.5.2, is considered. The general expression for

plain sideband cooling is

n̄ = n̄th ·
G2(κ+ γ)γ + κγ((κ+ γ)2 + ∆2)

G2(κ+ γ)2 + κγ((κ+ γ)2 + ∆2)
, (5.25)

which for zero detuning, in the regime of strong optomechanical coupling G � κ, γ takes

the simple form n̄ = n̄th
γ

κ+γ
, which corresponds to a balance of rates, the rate at which

mechanical quanta are flowing in from the thermal bath (the simplest approximate form of a

“decoherence rate”) n̄thγ, and the rate at which mechanical quanta flow out of the mechanical

mode n̄κ+n̄γ, either parametrically upconverted by omnipresent pump-photons, leaving into

the optical environment, or flowing back into the thermal bath (compare figure 1.3).

A closed-form expression for the degree of informational cooling was obtained using Wol-

fram mathematica, but a sufficient simplification to make the expression useful for physical

insight was not achieved, therefore the multi-page expression will not be given here. The

advantage of heterodyne-measurement-enhanced cooling with respect to plain sideband cool-

ing can be examined though using this expression, and a contour plot of n̄eff/n̄sb is shown

in figure 5.6, where it is seen that the advantage of the measurement-enhancement of the

cooling vanishes as the mean thermal phonon number in the environment approaches 0. This

is intuitively clear when considering that the performance of the protocol is fundamentally

linked to the ratio of thermal noise to local oscillator shot noise, or measurement back-action

noise.
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Figure 5.6: Heterodyne-measurement-enhanced optomechanical cooling advantage com-
pared to plain sideband cooling. Plotted is the ratio of the effective phonon number with
measurement-enhanced cooling to the equilibrium phonon number for plain sideband cool-
ing (not using the measurement record) n̄eff/n̄sb for realistic system parameters of η = 0.4,
2κ/2π = 20 MHz, 2γ/2π = 5 MHz, ∆ = 0, as a function of the mean thermal phonon
number in the environment n̄th and the optomechanical coupling rate G/2π.

5.5 Summary

We have demonstrated a scheme that enhances optomechanical sideband (dynamical back-

action) cooling in a Brillouin cavity optomechanical platform at room temperature. In the

experiments a fused silica optical whispering-gallery resonator of rod-with-bulge geometry,

which also supports elastic whispering-gallery type waves, was used at an optical wavelength

of 1550 nm, and careful selection of a pair of optical resonances with different transverse

spatial character, separated approximately by the Brillouin shift (11 GHz), allowed a strong

parametric interaction via the photoelastic/electrostriction effect. Resonantly enhancing

the anti-Stokes and suppressing the Stokes process by the optical cavity’s density of states

implemented a beam-splitter-type interaction between the light and the elastic waves.

We then performed a continuous heterodyne measurement on the frequency up-converted

light that the optomechanical cavity scatters. This way we were able reconstruct a quan-

tum trajectory with reduced uncertainty compared to the plain sideband-cooled state via a
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Gaussian state evolution model derived from a stochastic master equation approach. The

effective cooling is quantified through an effective phonon number. Instead of simultane-

ously measuring the X and P quadratures of the anti-Stokes light field we employ a single

balanced photodetector with a fast rotating reference phase (rotating homodyne), at 150

MHz, which well approximates heterodyne measurement. We show that heterodyne mea-

surement outperforms homodyne measurement with respect to measurement cooling for the

beam-splitter-type Hamiltonian associated with Brillouin anti-Stokes scattering.

While the root-mean-square displacement of the mechanical mode is not reduced (cool-

ing in the classical, energetic sense), its phase space uncertainty is reduced (cooling in the

informational sense), motivating the introduction of an effective phonon number, quantify-

ing the informational degree of cooling additional to the sideband cooling. Extending the

approach to include feedback would allow the means of the mechanical mode to be stabilized

at zero, which is useful for some optomechanical protocols. This type of feedback would be

required to be implemented within the lifetime of the mechanical oscillator, which for our

room temperature setup is given by τ = 1/(2π∆νFWHM) ≈ 4 ns.
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Chapter 6

Outlook

In this chapter further lines of investigation in the microresonator platform are discussed.

The sections represent areas that I worked on during my doctorate, but are not yet finished

research projects, but rather can lay the foundation for further work.

6.1 Crystalline Brillouin cavity optomechanics with bar-

ium fluoride whispering-gallery microresonators

As it became clear during the research that the limiting factor to observe true quantum

behaviour in this platform is the acoustic damping rate, my attention was drawn onto crys-

talline materials which, as opposed to amorphous materials like fused silica, suffer less from

two-level system damping [Phi72; AHV72; Esq98], and are expected to have lower elastic

wave attenuation at cryogenic temperatures. It has been discussed in the literature how the

two-level system damping model can explain several low temperature properties of amor-

phous and crystalline solids like specific heat and thermal conductivity [HR86].

While there are crystalline materials which are optically isotropic, it turns out that an

elastically isotropic crystalline material does not exist. Due to phase matching considera-

tions, it is desirable in a whispering-gallery geometry to have a high degree of isotropy in
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the resonator plane, such that the phase velocity changes only by small amounts around the

perimeter of the cavity.

6.1.1 Material choice and elastic isotropy

We are looking for a material, transparent at 1550 nm and optically isotropic, which possesses

low loss for acoustic phonons, while at the same time having a small or ideally vanishing

dependence of the speed of sound on the propagation direction through the material. This

independence of the speed of sound on the propagation direction allows the Brillouin shift

to not depend on the azimuthal angle in a microresonator made from the material, which is

highly desirable.

For amorphous materials like silica or chalcogenide glasses (like As2S3), the second cri-

terion is fulfilled as they are isotropic with respect to their elastic properties, but it is an

empirical fact that phononic dissipation is typically significantly higher in amorphous ma-

terials compared to crystalline materials. Therefore the question arises which crystalline

materials should be tried.

The elastic properties are quantified in the most general case through the elastic (or

stiffness) tensor (see equation 1.23), a fourth rank tensor completely characterising the elastic

response of the material in the linear small displacement limit.

Taking Newton’s axiom in a continuum mechanical context and looking for plane elastic

wave solutions of the equation of motion (sometimes called Cauchy’s equation) leads to the

Christoffel equation 1.21, which constitutes an eigenvalue problem for plane wave solutions

to the elastic wave equation. Essentially for a given propagation direction in a material

(with respect to certain axes) solving Christoffel’s equation corresponds to finding three

polarizations and three sound velocities, which always include a quasi-longitudinal wave, as

well as a slow transversal and fast transversal wave. We are here only interested in the

quasi-longitudinal waves for Brillouin coupling.

Out of all the crystal classes, the cubic crystals come closest to elastic isotropy. When

166



looking for crystalline materials transparent at 1550 nm, possessing a cubic crystal structure

(which naturally comes with optical isotropy) and ideally being non- or weakly hygroscopic

and commercially available, not many materials remain; the fluorides, possessing similar

properties as fluorite, seem most interesting.

To see how large the variation of the speed of sound for a circular round trip in the

material is, one can numerically solve Christoffel’s equation (if the elastic tensor is known)

using a python program which was provided by Jaeken and Cottenier [JC16].

The relative variation of the speed of sound is then the same as the relative variation of

the Brillouin shift as they are linearly related, see equation 1.31. Figure 6.1 shows a colour

coded representation of the dependence of the acoustic phase velocity on the propagation

direction in a barium fluoride crystal. Then a next question arises, that is which plane

cutting through this sphere will minimise the root-mean square or peak-to-peak variation of

the speed of sound? Aligning the resonator’s symmetry axis with a [111] crystal axis can

then be seen as a good strategy to minimise the variation. Acoustic velocities for a circular

round trip in a plane perpendicular to certain symmetry axes (eventually to be aligned with

the symmetry axis of a cavity cut from the material) are plotted in figure 6.2.

Figure 6.1: Dependence of the acoustic phase velocity on the propagation direction in a
(infinitely extended) barium fluoride crystal. Colour coded according to scale (km/s), slow
transverse, fast transverse and quasi-longitudinal (primary) sound waves. Calculated nu-
merically using the Christoffel package [JC16].
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Degree of isotropy required

But how isotropic does it need to be? One can think of the following argument: If the relative

variation is much smaller than the inverse of the acoustic azimuthal mode index 1/Ma, the

acoustic wave will never run out-of-phase with the travelling optical beat note. While the

observation that the Brillouin shift depends on the azimuth angle [DAC17] suggests the

existence of a kind of inhomogeneous broadening, which would be observable in OMIT,

clearly what changes with azimuth angle is not the frequency of an acoustic wave, but its

phase velocity (wavelength). Thus it is anticipated that the sound wave will dephase and

rephase w.r.t. the optical beat note and no inhomogeneous broadening will be observed. The

amount of this dephasing and whether or not partial cancellation of scattering contributions

from different sectors of the resonator is significant will therefore depend on the absolute

size of the resonator compared to the wavelength D/λ, and can be calculated from

∂

∂φ
(Φm − Φbeat) = πD

(
νm

vph,m(φ)
− νbeat

vph,beat

)
, (6.1)

where φ is the azimuthal angle, Φm and Φbeat are the phases of mechanical wave and optical

beat note, D is the resonator diameter, νm and νbeat are the frequencies of mechanical and

optical waves, and vph,m(φ) and vph,beat their phase velocities, which for the mechanics is

expected to depend on the azimuthal angle due to crystalline anisotropy, as depicted in

figure 6.2. Assuming a mean optomechanical detuning of ∆ = 0 ⇔ νm = νbeat, the local

phase difference between mechanics and optical beat note then takes the form

∆Φ(φ) = πDνm

∫ φ1

φ0

(
1

vph,m(φ)
− 1

vph,beat

)
dφ , (6.2)

which can be integrated over the azimuthal angle to obtain a “gain dilution” due to dephas-

ing.

Many cubic materials that seemed attractive (i.e. are non-hygroscopic, and optically

transparent at 1550 nm) were investigated. From these, barium fluoride, [111] cut, turned out

to have the smallest relative peak-to-peak variation of the acoustic phase velocity. During the

168



Figure 6.2: Acoustic phase velocity in infinite bulk material over a circle orthogonal to [xxx]
crystal axis aligned with the resonator axis, as obtained from solving the Christoffel equation.
The spread of phase velocities should approximate that of pseudo-longitudinal whispering-
gallery modes on a resonator round-trip (the effect of the surface is not accounted for here).
Resonator axis Top-Left: BaF2 [111], δv/v ≈ 5×10−6, Top-Right: BaF2 [100], δv/v ≈ 2.5−3,
Bottom-Left: BaF2 [121], δv/v ≈ 2.5 × 10−3, and Bottom-Right: Gallium arsenide [111],
δv/v ≈ 5× 10−3, a commonly used material in nonlinear optics which also has cubic crystal
structure, for comparison.

169



investigation the author became aware of a work which investigated the direction dependence

of the Brillouin shift for different fluorides [DAC17], which helped to verify some of these

ideas.

The fluorides are a material class widely used for optical applications. High optical qual-

ity factor whispering-gallery resonators from fluorides have been demonstrated [Lin+14a;

Lec+16], and also Brillouin lasing has already been demonstrated in fluoride WGM res-

onators [GMM09; Lin+14b].

6.1.2 Temperature dependence of the Brillouin shift

The Brillouin shift at cryogenic temperatures will be substantially different from the one

found at room temperature, as the elastic constants and the refractive index of barium flu-

oride change. While the bulk Brillouin shift at room temperature is ∆νBr,BaF2 = 8.12 GHz,

increased to 8.21 GHz due to transverse confinement, at 5 K, we expect a number close to

∆νBr,BaF2 = 8.44 GHz, increased to 8.53 GHz due to transverse confinement. These num-

bers can be obtained by numerically solving the Christoffel equation [JC16] for propagation

directions perpendicular to the [111] crystal axis, and extracting the quasi-longitudinal wave

phase velocity. The elastic constants of barium fluoride were measured by Gerlich for tem-

peratures between 4.2 K and 300 K [Ger64].

6.1.3 Possible diffraction contribution to the acoustic linewidth

An open question is whether there is a geometry-dependent diffraction contribution to the

acoustic linewidth. The argument is based on the elementary insight that at a material

interface (like the surface of the whispering-gallery resonator) a longitudinal elastic plane

wave will, upon reflection, eject part of its energy into a transverse wave component, so as

to fulfil the boundary conditions (compare [LL12], section §22, problem 1). One might refer

to these modes as “leaky elastic wave modes”, as they radiate transverse bulk waves into

the support.

170



In spherical and cylindrical geometries it was shown [SB15b] that hybrid transverse-

longitudinal (pseudo-longitudinal) whispering-gallery mode solutions exist. While it can

be assumed that in spheroidal geometries the nature of these solutions is preserved, it is

not clear if in a tightly laterally confining geometry, like in the rod-with-a-bulge geometry,

where transverse wave energy could be lost into the support, the same will be true. It

is anticipated that such a loss mechanism will limit the achievable linewidth at cryogenic

temperatures. The experimental results obtained in this work (chapters 3 and 4) suggest

that there is a loss mechanism additional to the acoustic attenuation of the material. We

can compare measurements of sound attenuation for fused silica and calcium fluoride with

the measured mechanical linewidths in our microresonator experiments. For fused silica I

found a mechanical linewidth of (41.8± 3.2) MHz with a microresonator of 660 µm diameter

and a transverse (polar) radius of curvature of ≈ 40 µm, while the bulk value was reported

[NTR97; Boy08] to lie close to 16 MHz (at 1550 nm), thus obtaining an additional linewidth

contribution of ≈ 25 MHz. For barium fluoride an acoustic linewidth of (34.0±6.4) MHz was

measured in a resonator of 1.5 mm diameter, and transverse radius of curvature of ≈ 40 µm,

compared with a bulk value for calcium fluoride equivalent of 5.7 MHz [Son+07]. Although

the fluorides might somewhat differ in their attenuation of longitudinal sound waves, we can

estimate an additional linewidth contribution of ≈ 28 MHz.

In the case that the linewidth is indeed limited by such loss mechanism a mitigation

of the effect could be delivered by a choice of more spherical or spheroidal whispering-

gallery resonators. Staying in the microrod-with-bulge geometry, Brillouin back-scattering

from hybrid transverse-longitudinal Rayleigh-type surface acoustic waves, which according

to preliminary simulations do not suffer from geometric/radiation damping, will provide an

attractive path to GHz crystalline Brillouin quantum optomechanics in whispering-gallery

resonators. Modes of similar type were explored in stimulated forward scattering [Bah+11].

Surface acoustic waves in crystalline materials with planar surface were reviewed in [Fav+11],

highlighting important physics which is relevant to the Rayleigh-type surface acoustic modes

expected in the barium fluoride rod resonators explored in this work. These Rayleigh-

type modes are expected to have significant optomechanical coupling in a back-scattering
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geometry. Due to their proper surface wave character and lack of radiation loss they are

the most promising candidates for reaching the quantum regime in the barium-fluoride rod-

resonator platform. In this scenario of back-scattering from Rayleigh-type surface acoustic

waves, the acoustic linewidth at cryogenic temperatures would only be limited by surface

roughness and the anticipated very low material attenuation, and the system would emerge

as a very attractive platform for experimental quantum science, allowing optomechanical

ground-state cooling, and the quantum coherent coupling regime to be readily reached at

GHz frequencies with single-mode addressing.

6.1.4 Optomechanically induced transparency as a tool to mea-

sure mechanical detunings and linewidths

At cryogenic temperatures, where the acoustic attenuation of the material substantially de-

creases, optomechanically induced transparency [Wei+10; Don+15] can serve as a benchmark

tool to characterise the coupling to different acoustic eigenmodes.

According to the prediction that only a single azimuthal mode of any acoustic mode

family will (effectively) couple to the optical resonance pair, which was discussed in section

1.5.2, optomechanically induced transparency will be a powerful measurement configuration

for probing the individual optomechanical coupling strengths and detunings of different

acoustic mode families coupling electrostrictively to an optical resonance pair.

In a pump-probe scheme a (weak) probe laser field would scan an optical resonance of

the cavity. Once a (strong) pump laser, counter-propagating with respect to the probe field,

is then switched on, the lorentzian cavity response will be altered in the presence of op-

tomechanical coupling, and a transmission feature will appear similar to electromagnetically

induced transparency (EIT) in atomic systems [BIH91]. As in the EIT case, this can also

be viewed as probing a coherence which the system possesses, or a cancellation of excitation

pathways [FIM05]. For this measurement it is desirable that the optical linewidth is signif-

icantly broader than the mechanical linewidth(s). Then, individual detunings and coupling
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strengths of different acoustic mode families can be extracted.

As pointed out in section 1.5.2 a cancellation argument can be made, such that only a

single azimuthal mode out of each family will couple to an optical resonance pair, and only

one OMIT peak per mode family will be observable. This, together with the directionality

of the waves, makes the whispering-gallery platform in some sense cleaner than e.g. the

bulk acoustic resonator platform [Ren+18], which has already shown very low mechanical

linewidths, but where the coupling is to a whole variety of transverse and longitudinal

acoustic modes, and the cancellation of scattering contributions from different sites in the

sample is incomplete, such that the OMIT/OMIA spectra obtained in this platform show

a complex landscape and depend on the positioning of the bulk resonator inside the light

path. Furthermore, OMIT measurement can also serve as a perfect monitor for investigation

of tuning techniques discussed in section 6.1.6.

A central question is whether the dissipation channels can be reduced to the bare material

loss, in which case the system would develop its full potential for quantum science and

technology. In this regard, especially the constant proximity of the elastic wave-field to the

surface raises questions about the required surface quality.

6.1.5 Use of fused silica microresonators at cryogenic tempera-

tures and saturation of two-level system damping

It is well known from Brillouin scattering experiments with fused silica that the acoustic

attenuation when cooling to low temperatures (≈ 4 K) is reduced by at least one order of

magnitude compared to room temperature, see e.g. [VSH80; LC03]. Thus acoustic linewidths

of the order of 1 MHz can be expected when operating at base temperature (4 K) of a

standard helium cryostat.

In order to further reduce acoustic attenuation it might here be a possibility to saturate

the absorption due to two-level systems (tunneling systems), by applying a strong phonon

flux. This effect was demonstrated in [AMH78; Beh+17]. In the model, the glass behaves
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like an ensemble of two-level systems, which correspond to bistable microscopic molecular

configurations. These two-level systems have a continuous spectrum of energy splittings and

can absorb and emit phonons, and the absorption can be saturated by strongly driving the

two-level systems, analogous to the well-known saturation of optical absorption in atomic

physics. As the effect is broadband, an acoustic wave could be applied far detuned from

the relevant acoustic modes which couple to the optical fields via Brillouin scattering. This

can be called acoustic “hole burning”. For example, one might consider gluing a piezo

transducer to the rod resonator and coherently driving at a frequency detuned from the

relevant frequency range.

6.1.6 Physics

Sideband cooling to the mechanical ground state via Brillouin scattering

With the general cooling expression of equation 5.25, it is clear that with the experimental

parameters described here cooling of an acoustic whispering-gallery mode to the quantum

ground state (i.e. n̄ � 1) is possible if surface-induced dissipation channels of the acoustic

waves beyond the mere material attenuation can be mitigated.

Mechanical Fock state preparation by two-mode squeezing and heralding

As discussed for example in [VAK13; Gal+14] the ground state cooling of the previous sec-

tion will allow the preparation of the single-phonon Fock state by gentle two-mode squeezing

and subsequent projection onto the single photon fock state with the use of a click detec-

tor (SPAD or superconducting nanowire), in line with the results presented for the single-

phonon operations in section 4. A photon number resolving detector like a superconducting

transition-edge detector could also be applied to probabilistically prepare higher-order Fock

states.
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Figure 6.3: Sideband cooling of an acoustic whispering-gallery mode to the quantum ground
state via Brillouin scattering. Plotted is the final mean occupation of the mode n̄ versus the
optical cavity decay rate κ/2π, and the optical-mechanical detuning ∆/2π, at an assumed
bath temperature of T = 4 K, an optomechanical coupling rate of G/2π = 15 MHz, and an
acoustic damping rate of γ/2π = 0.25 MHz.

Tuning of Brillouin phase matching

As discussed in different parts of the thesis, a point of major interest is the tuning of the

Brillouin phase matching condition, namely the matching of the acoustic phase velocity of

an acoustic mode with azimuthal mode number Ma with the speed of the average intensity

pattern of two optical modes with azimuthal mode numbers Mp and Ms, with |Ma| =

|Mp| + |Ms|. With the dispersion relation ω = ck, this matching of velocities directly

corresponds to achieving the condition ∆ = ωblue − ωred − ωm = 0.

Thus we have many handles at our disposal to achieve the zero-detuning condition for a

particular mode trio (e.g. one with a large bare coupling rate according to 1.56):

We can use the temperature of the bulk resonator (a single mode of interest can still be

cooled) primarily via its effect on the refractive index and thus optical resonance frequencies,

and its effect on the acoustic phase velocity.

Differential cross Kerr tuning: An additional optical field can be used resonant with

a third optical resonance of the resonator, but detuned such that it is not affecting the
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Brillouin interaction. By a difference of the optical mode overlap with the pump and Stokes

(anti-Stokes) optical resonances a differential refractive index shift experienced by these

modes will shift their resonance frequencies and can thus be used to tune the Brillouin phase

matching condition. E.g. one might pick a mode from the same mode family (same polar

and radial mode indices) as one of the two modes of the optical mode pair, which differ in

their azimuthal index by a small integer (one or several free spectral ranges away). Thus the

optical mode overlap will be maximal with one of the modes, non-maximal with the other,

certifiedly obtaining a finite tuning effect.

These approaches don’t require any physical changes to the setup. With making more

or less intrusive modifications further tuning approaches can be explored:

One can explore sound velocity engineering in an amorphous material via saturation of

TLS damping and exploiting the connection between sound absorption and velocity via the

Kramers-Kronig relation [Beh+17]. While in principle the coherent sound drive required for

saturation can be obtained by exciting Brillouin lasing at a far detuned colour (e.g. around

1300 nm or 1064 nm), it might be also practical to irradiate it with a piezo transducer.

Other tuning approaches requiring more setup modification are tuning via mechanical

stress, which can allow for very wide tuning, as e.g. reported in [Kli+01], and also exploit-

ing the quadratic electro-optic effect (DC Kerr effect), which is available in all materials,

in contrast to the linear electro-optic (Pockels) effect, which is only available in materials

lacking inversion symmetry, like e.g. lithium niobate crystals. The latter would require the

installation of tuning electrodes. The review article by Strekalov presents in section 3 a nice

overview of some tuning schemes [Str+16].
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6.2 Transition from thermal Brillouin scattering to Bril-

louin lasing and the degree of second-order coher-

ence

Experiments were conducted with spherical fused silica microresonators of 350 µm diameter

with the aim to explore the transition from thermal Brillouin scattering to Brillouin lasing.

This was firstly primarily inspired by the frequently found term “spontaneous” Brillouin

scattering, as opposed to stimulated Brillouin scattering. While spontaneous parametric

scattering is a commonly studied phenomenon in quantum optics, in Brillouin scattering most

of the times the source of scattering is predominantly thermal excitation in the mechanical

degree of freedom and not the mechanical vacuum fluctuations, which would be associated

with the phrase “spontaneous”, thus it is encouraged that the term “thermal” Brillouin

scattering is preferredly used in this context.

It is well known that thermal states of light show a degree of second order coherence

g(2)(0) = 2. Indeed, the same property is observed for a single output mode of a para-

metric down-converter, if the other output mode is ignored (traced over). Thus, ther-

mal/spontaneous Brillouin scattering is expected to show thermal statistics down to ar-

bitrarily low thermal occupation.

The Brillouin lasing transition is a common example of an optomechanical parametric

instability. The question arises whether this transition can also be understood in terms of a

phase transition between an unordered and an ordered state [Hak83; Fin+18].

Certainly, the Brillouin lasing threshold is associated with a non-equilibrium dissipative

phase transition. The phase transition analogy for inversion based lasing has been studied

in [GH70; DS70], and Haken has extended these ideas into a much wider context [Hak75].

In the densely populated optical spectrum of the microsphere resonator a low threshold

(Pin,thr ≈ 40 µW) Brillouin lasing condition was found. A configuration was arranged were

the Brillouin back-scattered light was sent to a 50:50 beam splitter and from there to two
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SPADs which were synchronously gated, so as to implement a measurement of the degree

of second-order coherence g(2). The expectation was that across the lasing transition the

g(2) changes from that of thermal statistics with g(2)(0) = 2 to that of a coherent state with

g(2)(0) = 1, and such a measurement has thus far not yet been reported in the literature

for Brillouin scattering. In optomechanics, an experiment showing a change in g(2) upon

displacement of a thermal state has been reported in [Coh+15].

To complement the g(2) measurements, the back-scattered light was observed with an

optical spectrum analyser, and heterodyne time-traces were recorded below, at around, and

above the Brillouin lasing threshold. Figure 6.4 shows the measurement of the degree of

second-order coherence, plotted against the reconstructed intracavity power Pcav. The ex-

pected transition is precisely observed in the measurement. At around the threshold power,

the system behaves extremely unstably, and is rapidly transitioning from a lasing to a non-

lasing state (“flickering”). The excess of g(2)(0) in the threshold region seen in the data

(higher value around 7 W) can be interpreted as a manifestation of this flickering, as chang-

ing the intensity during a g(2) measurement systematically increases its outcome.
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Figure 6.4: Transition from thermal Brillouin scattering (“spontaneous”) to Brillouin lasing
in a fused silica microsphere resonator in terms of the degree of second order coherence
g(2)(0).

In figure 6.5 heterodyne spectra of the backscattered light are shown, corresponding to

178



measurements below, just below, and above the Brillouin lasing threshold. The phenomenon

of linewidth-narrowing can be observed.

including 20 dB
a�enua�on

Figure 6.5: Optical heterodyne spectra below, just below, and above the Brillouin lasing
threshold. Above threshold optical attenuation of 20 dB was used in order to prevent moving
into a nonlinear regime of the balanced photodetector.

While Brillouin lasing is a type of optomechanical parametric instability [BSV01] it is

to be distinguished from phonon lasing, which involves the stimulated emission of phonons,

while in Brillouin lasing stimulated emission of Stokes photons occurs due to parametric gain

associated with the bulk medium [Nun+14]. Phonon lasing has been observed in a couple

of systems, e.g. in a trapped ion system [Vah+09] and in an electromechanical platform

[Mah+13].

Interestingly, the Landau theory of phase transitions which relies on the thermodynamic

potentials, which themselves can only be defined in thermodynamic equilibrium, can be

successfully applied to the non-equilibrium system of the laser [GH70]. It has been shown

that the lasing threshold is analogous to a continuous second-order phase transition, i.e. one

where the second derivatives of thermodynamic potentials show discontinuities. In the case

of the laser, a pump parameter takes the role of a temperature in the Landau theory, while

the electric field amplitude is the order parameter [GH70; Hak70].

It has also been argued theoretically [YuH+10] that the Brillouin lasing transition can

be treated analogously to the inversion based lasing transition, such that it comprises a

second-order phase transition with the optical Stokes amplitude playing the role of the order

parameter.

Around the Brillouin lasing threshold it is expected that the system will show critical
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scaling, according to power laws with critical exponents, which are suspected to be universal

[Kad66; Lub72; Lüb04]. One such quantity is the correlation length, which will be accessible

via measurements of the optical Stokes field, e.g. via its autocorrelation function.

The preliminary results shown here are complemented by measurements of optical het-

erodyne time traces of the Stokes scattered light, taken at the threshold, when the system

shows a seemingly random flickering, shown in figure 6.6. An analysis of the autocorrelation

of such a signal might allow the determination of critical exponents, as in

ξ ∝ |p− pc|−ν , (6.3)

with ξ the correlation time, p a pump parameter related to the optical pump power, pc the

critical pump parameter, and ν a characteristic critical exponent.

Cryogenic temperatures in combination with the tuning techniques discussed in the pre-

vious section will allow the observation of ultralow-threshold Brillouin lasing.

6.3 Narrowband heralded single-photon source using

spontaneous four-wave mixing in a whispering-gallery

microresonator

Heralded single-photon sources based on the inherently probabilistic process of parametric

fluorescence (spontaneous parametric down-conversion) and spontaneous four-wave mixing

are, next to single-emitter based single-photon sources like quantum dots, cornerstones of

modern quantum photonics. The main idea here is that in order to prepare a single-photon

state of light one can exploit a process in which photons are naturally only created in pairs,

and engineer a system such that detection of one member of the pair heralds the creation

of the other. The approaches can mainly be divided into those relying on the second-order

nonlinear susceptibility χ(2), which is only available in non-centrosymmetric materials, and
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Figure 6.6: Heterodyne time trace of Stokes scattered light at the Brillouin lasing threshold
showing the “flickering” of the Stokes field. Within the excursion of the system above the
threshold, which here happens at typical timescales of ≈ 1 ms, there is additional oscillatory
behaviour (top right). The zoomed-in time traces (bottom) show the transition from the
unordered to the ordered phase, with increasing autocorrelation timescale (not shown).
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those relying on the third-order (Kerr) nonlinear susceptibility χ(3) which is available in all

materials. In the former case a pump photon spontaneously decays into two photons of

lower energy in a process called parametric fluorescence or spontaneous parametric down-

conversion, while in the latter case two pump photons are required to produce a pair of

photons at different colours in a process called spontaneous four-wave mixing.

While historically heralded single-photon sources were first implemented in bulk samples

and typically short, high-intensity pulses of light were used in order to achieve sufficient rates,

in recent years interest has grown into the use of resonant structures which comes with the

benefit of reducing the required pump power levels. In our experiment the χ(3) nonlinearity

of fused silica is used to make a single-photon source exploiting the process of spontaneous

four-wave mixing in a whispering-gallery microresonator. In this process, two pump photons

of the same colour (therefore also called degenerate four-wave mixing) are converted into

a pair of photons, one bluer and one redder than the pump colour, called the signal (blue-

shifted) and the idler (red-shifted) photons. The two main ingredients required to accomplish

this situation besides a pump light source and a nonlinear medium, are firstly a detector

able to detect single photons, and secondly some kind of discrimination tool to distinguish

pump, signal and idler photons. In bulk sources the latter would often be accomplished by

the angle under which the emission is taking place, as certain phase matching requirements

have to be met. In our experiments, which are all fiber-based, all fields are guided within the

same direction and spatial mode within the fiber, and with the same polarization (type-0),

and we therefore need to use narrow spectral filtering to discriminate between the photons.

frequency

"signal""idler" "pump"

Figure 6.7: Principle of spontaneous four-wave mixing. Two photons from a strong pump
field combine and are converted into a pair of photons spaced symmetrically in frequency
away from the pump field, via the third-order nonlinearity of the medium.
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It can be shown [Boy08] that from the nonlinear polarisation induced due to the χ(3)

nonlinearity of a medium follows an interaction Hamiltonian of the form

HSFWM ∝ χ(3)E(+)E(+)E(−)E(−) (6.4)

with E(+) and E(−) the positive and negative frequency parts of the electric field.

The Hamiltonian expressed in terms of mode operators

HSFWM ∝ χ(3)
(
a2

pa
†
sa
†
i + h.c.

)
, (6.5)

where p, s, and i stand for pump, signal, and idler waves, respectively, under the parametric

approximation for a strong pump field (ap → α) becomes ∝ (|α|2a†sa
†
i + h.c.), and the time

evolution operator, written in terms of frequency modes, acting on the vacuum can be written

as [∫ ∫
dω1dω2f(ω1, ω2)a†(ω1)a†(ω2)

]
|vac〉 , (6.6)

where f(ω1, ω2) is a function incorporating pump and phase matching conditions. For the

simple case of only two modes, where by modes we mean very generally time-frequency

modes (the operation in equation 6.6 would generally excite many modes), the time-evolution

resembles a two-mode squeezing operator

Ŝtwo mode = exp
(
r exp(−iφ)âsâi − r exp(iφ)â†sâ

†
i

)
, (6.7)

with the real squeezing parameter r, and the output state is a two-mode-squeezed vacuum.

It can be shown that this operation acted on the vacuum produces a photon number

correlated state

Ŝtwo mode|0, 0〉 =
∞∑
n=0

cn|n, n〉 , (6.8)

where we used the notation |n, n〉 = |n〉 ⊗ |n〉, and the coefficients are given by cn =

(tanh(r))n/ cosh(r) [WM08]. The photon number distribution of the two-mode squeezed

183



vacuum state is shown in figure 6.8 for different squeezing parameters. As figure 6.8 sug-
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Figure 6.8: Photon number distribution of the two-mode squeezed vacuum state for squeezing
parameters r = 0.05 and r = 0.5.

gests, in order to build a single-photon source we want to operate at low values of the

squeezing parameter r to minimize the two- or multi-photon contributions that can lead to

“accidentals” in an experiment.

6.3.1 Phase matching

As in other nonlinear optical processes, four-wave mixing occurs under the conservation

of (quasi-)momentum and energy and applying these conditions leads to phase matching

considerations. The photon pairs are generated in pairs of resonances spaced symmetrically

around the pump resonance by ±1,±2,±3, ...FSRs away, see figure 6.9. The symmetric

spacing within the same mode family is demanded by phase matching, and it readily fulfils

(quasi-)momentum conservation, i.e.

2kp = ks + ki ⇔ 2
Mp

R
=
Ms

R
+
Mi

R
⇔ Ms −Mp = Mp −Mi , (6.9)

where the subscripts p, s, and i stand for pump, signal and idler modes, respectively, and M

is the azimuthal mode number of the respective mode within the mode family.

At the same time energy is conserved in the process.

2Ep = Es + Ei ⇔ νs − νp = νp − νi (6.10)
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Figure 6.9: Phase matching of four-wave mixing in a resonator. The blue curve shows the
optical density of states (power build-up) of modes of a particular mode family of a fused
silica whispering-gallery resonator with hugely exaggerated dispersion and a low finesse of
F = 28, for better visualisation, corresponding to a = 0.95, |t| = 0.95 in equation A.4 (in
practice the finesse is much higher (≈ 104)). The non-equidistance of modes relative to the
pump resonance due to dispersion can be compensated for by blue detuning the pump laser
and the differential effect of self- and cross-phase modulation, resulting in photon pairs being
generated ±1,±2,±3, ...FSRs away.

While a frequency independent refractive index n would lead to perfectly equally spaced

modes within a mode family, material and waveguide dispersion correspond to the free

spectral range (frequency difference between adjacent members of the same mode family)

changing with frequency.

In order to fulfil energy conservation, pump detuning and the self-phase modulation and

cross-phase modulation which arises due to the Kerr nonlinearity, too, can be used. As

already discussed in section 3.3.1 self-phase and cross-phase modulation lead to a refrac-

tive index shift linear in the optical power (see equations 3.7 and 3.8), with cross-phase

modulation being an exact factor of 2 larger in magnitude than self-phase modulation for

the perfect intensity overlap within a mode family. Thus, the point of best phase-matching

will move out from the pump with increasing pump power. Indeed, in the strong-squeezing

regime where parametric oscillation sets on, a switching of parametric oscillation between

±3 and ±4 FSRs out from the pump under small perturbations of the intracavity power was

experimentally observed. Phase matching in fused silica microresonators in the context of

frequency-comb generation is discussed in detail in [Del11].
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Continuous-wave and pulsed excitation

While for the creation of photon pairs via four-wave mixing it is sufficient to use a continuous

wave (cw) pump field, for heralded preparation of single photons it is desirable to use a pulsed

pump field, such that the perfect frequency anti-correlation of signal and idler photons, which

stems from energy conservation, is decreased. By choosing a double-exponential pump pulse

shape whose spectral width matches the cavity linewidth, maximal decorrelation of the signal

and idler fields can be achieved, so that a high degree of spectral purity/factorability can be

achieved. In fact, in [Hel+10] it is stated that the Schmidt number can be as low as 1.09 for

pulsed operation, while being substantially larger towards longer pulse length. Techniques

how to measure the spectral purity and for characterisation of the joint spectral intensity

will be discussed below.

6.3.2 Pair generation rate

Following the treatments [Hel+10; HLS12; SKM16] the photon pair generation rate Rpair due

to spontaneous four-wave mixing in a microresonator considering a particular phase-matched

pair of optical resonances under continuous-wave pumping can be estimated as

Rpair =
Pi

hνi

=
1

64π

(
n2Ppcν

n2LAeff

)2
1

(∆νFWHM)3
, (6.11)

which assumes perfect phase matching, on-resonance pumping (zero detuning), and νp ≈

νi ≈ νs, as well as the refractive index np = ni = ns = n, for simplicity. It also assumes equal

linewidths for the pump, idler and signal modes, which is a reasonable assumtion, as they

have identical spatial profiles and closely adjacent wavelength. Pi stands for the idler power,

n2 the nonlinear index, which is proportional to χ(3), Pp the optical input pump power, and

L the resonator perimeter.

In this expression, we total over a whole resonance of the whispering-gallery resonator,

thus the generation bandwidth is identical with the linewidth (unfiltered case). This is due

to the fact that the fiber Bragg grating filters, with typical filter bandwidth of 0.2 nm or
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20 GHz, is much larger than the typical cavity linewidth (1-10 MHz). We see that the pair

generation rate scales as (∆νFWHM)−3, maybe surprisingly, as the four contributing fields

suggest a scaling as Q4 ∝ (∆νFWHM)−4. This is explained by the fact that the linewidth (Q

factor) also enters in the generation bandwidth. We also see that the process scales with the

square of the energy density of the pump, where Aeff is the effective mode area of the modes,

and L the round trip length.

For some typical parameters (∆νFWHM = 4 MHz, Aeff = 30 µm2, diameter 660 µm, and

n2 = 2.8× 10−20 m2 W−1) the pair generation rate under continuous wave pumping is given

by Rpair = 12× 103 s−1 ·
(

Pp

mW

)2

.

In pulsed operation, the squeezing parameter is the main quantity of interest (see figure

6.8), which is obtained for a certain peak pump power of the pulse. For strong squeezing, and

continuous wave pumping, the system reaches the regime of optical parametric oscillation

and soon after Kerr frequency-comb generation, as shown in figure 1.14. The SFWM pair

generation process in a high Q whispering-gallery resonator can therefore also be viewed as

the sub-threshold low-squeezing regime of a Kerr frequency comb, and this perspective is

described in [Che16].

In order to observe the photon pairs generated by the two-mode squeezing operation on

the vacuum, firstly the detected rate (accounting for inefficiencies) needs to substantially

overcome the dark-count rate of the detector, and secondly the filtering needs to sufficiently

suppress both pump light and other unwanted fields, e.g. from other squeezed modes or

amplified spontaneous emission in the laser. For these purposes filters were acquired which

will be further described in the setup section.

6.3.3 Setup and filtering scheme

Figure 6.10 shows the setup for the spontaneous four-wave mixing pair generation and her-

alded single photon-source experiment.

Pump light is filtered from broadband amplified spontaneous emission (ASE = superlumi-
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Figure 6.10: Setup for the four-wave-mixing-based single-photon source experiment.

nescence) with a tunable filter (Alnair inc), which limits the ASE to a range of ± < 1∆νFSR

around the pump laser frequency, such that it does not contaminate the frequencies of the

comb lines one or multiple FSRs away from the pump.

The PDH locking scheme described in section 2.4.1 can be used in continuous-wave

operation, but also in pulsed operation, once a low-pass filter with a cut-off below the

repetition rate of the pulsing is employed (slow PDH).

After interaction with the resonator the transmitted pump light is notched out by

two high-reflectivity tunable fiber Bragg grating filters (AOS photonics), which come with

a reflectivity of > 99.999 %, each. Thus the pump photon rate is brought down from

Pp/(h̄ωp) ≈ 1016 s−1 to the 106 s−1 range. The rest of the filtering is accomplished by four

tunable fiber Bragg grating filters (o/eland) which can be tuned to reflect the signal and

idler fields, respectively.

In free-running mode the InGaAs SPADs have a performance figure of merit (quantum

efficiency/dark count rate) of 10 %/4.5 kHz, while available superconducting nanowire single-

photon detectors have 80 %/5 Hz, thus achieving an improvement of 38 dB over InGaAs

SPADs.

The diameter of the silica microresonator for the experiment was chosen at 660 µm, in

order to obtain a FSR of 100 GHz and thus match a typical channel spacing in telecommu-
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nications networks using wavelength division multiplexing in the C-band.

6.3.4 Measurements

Here we present a list of measurements which are desirable to perform in order to characterise

the performance of firstly the photon-pair source, and secondly the heralded single-photon

source. A nice review of the basic physics of parametric nonlinear photon pair and single-

photon sources is given in [Cas+17].

The first interesting quantity to measure is the singles count rate (in either signal or

idler arm). This can be done in a continuous wave or pulsed pumping regime. Measuring a

quadratic scaling with input pump power will be a signature of spontaneous four-wave mix-

ing, and will allow to investigate how strongly modification of the phase-matching condition

by self- and cross-phase modulation changes this scaling at different linewidths.

Another quantity of interest is the coincidence rate of signal and idler fields. In a lossless

system this rate would be identical to the singles rate.

The marginal g(2), i.e. the degree of second-order coherence, in the signal arm, not

regarding (tracing over) the idler arm, is another cross-check whether a single mode of a

two-mode squeezer is being generated. In the limit of perfect spectral separability [Gra+18],

we expect a marginal g(2)(0) = 2, since tracing over the other mode in a two-mode squeezed

vacuum state leaves the system in a thermal state.

The heralded g(2) behaves in quite the opposite way to the marginal g(2). If the degree

of second order coherence g(2) of the signal arm is measured conditioned on a herald click

in the idler arm, the signature of single photon state preparation is a g(2)(0) < 1, which is a

truely non-classical feature. A pure N = 1 Fock state has a g(2)(0) = 0, i.e. there is never

a coincidence in the signal arm (as there is only one photon present). This measurement is

most conveniently performed with three single-photon detector modules.

It is interesting to examine the temporal correlations of the photon pairs within their

temporal envelope, as these correlations affect the purity of the prepared single photon
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states. Similarly to the well-known joint spectral amplitude, whose modulus squared, the

joint spectral intensity (JSI), is frequently measured in broadband parametric pair sources

to characterise correlations [Zie+18], one can define the joint temporal amplitude, which is

the Fourier transform of the joint spectral amplitude.

As the photons produced by this source are spectrally very narrow (≈ 1− 10 MHz), it is

going to be difficult to measure a joint spectral intensity. Rather it is conceivable to measure

a joint temporal intensity of signal and idler fields, as the photons are temporally longer

than the detector’s timing resolution. Such a measurement can reveal and quantify residual

signal-idler correlation. It has been investigated how self and cross-phase modulation affect

the purity in four-wave mixing photon-pair sources [Bel+15; ST16].

The waveguide dispersion in our system was not quantified through a mode-solver calcu-

lation, but the onset of parametric oscillation by four-wave mixing at a pump power threshold

of as low as 9 mW, and frequency-comb generation by intercombination four-wave mixing at

only slightly higher pump power, see figure 1.14, suggest that dispersion is not a problem in

our system and phase matching can be achieved by the combined effect of blue-detuning of

the pump laser and self- and cross-phase modulation (compare figure 6.9).

With our resonator having an FSR of 100 GHz by design (97.3GHz measured), match-

ing a common telecommunications channel spacing, the wavelength separations are small

and chromatic dispersion (which is usually dominating against waveguide dispersion at the

size-scale of resonators used here) is ≈ 300 kHz/FSR, which was calculated by applying

the Sellmeier formula [Sel71] and self-consistently solving for the resonance frequencies of

adjacent modes around 1550 nm.

Another interesting possibility for research applications in the platform, which is related

to the pair-generation process of degenerate four-wave mixing, is the appearance of squeez-

ing in the amplitude difference which can be observed with a balanced detector above the

parametric-oscillation threshold, as has been demonstrated in [Dut+15]. The amplitude

(and intensity) difference between the two parametrically oscillating fields is smaller than

the shot-noise level, which can be intuitively understood by the fact that photons in the two
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modes are always created and destroyed in pairs (compare equation 6.7).

Outlook

A single-photon source producing spectrally narrow (≈ MHz) photons might prove valuable

for certain branches of quantum information science, e.g. narrowband quantum memories, or

cases where there is strong dispersion present. The narrowband single-photon source outlined

here also has the potential of being itself useful as a tool for optomechanics experiments with

whispering-gallery resonators, e.g. as an ancilla, as the bandwidths of the single photons

can be precisely matched to the optical cavity linewidths. The whispering-gallery modes of

the photon source can in such a scenario be tuned to the required absolute frequency of the

optical mode of the optomechanical system using temperature tuning.
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Appendix A

Optical ring resonator compendium

In this section we are going to go through some basic ring resonator theory and derive some

simple, frequently used connections.

In many regards a ring resonator behaves very similarly to the familiar Fabry-Perot type

resonator. A ring resonator with only one coupling port, and no add-drop port (as used in this

work), behaves analogously to a one-sided Fabry-Perot resonator, with a perfectly reflecting

second mirror, where the transmission through the ring resonator coupler corresponds to the

Fabry-Perot reflection.

A ring resonator supports travelling optical waves (unidirectional), in contrast to the

standing waves obtained in a Fabry-Perot cavity.

Ring resonator coupling through a beam splitter

The evanescent coupling between a tapered optical fiber (in general a side channel) and a

whispering-gallery mode of a microresonator can be modelled by a beam splitter, with one

of its input and one of its output ports connected trough a resonator round-trip, as depicted

in figure A.1.

The lossless beam splitter having amplitude coupling parameter r (analogously to the

reflectivity), and amplitude transmittivity t, following Yariv [Yar00] the transformation of
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Figure A.1: Scheme of the coupling between a side channel and a microresonator modelled
through a lossless beam splitter.

input to output fields can be written as

Eo1
Eo2

 =

 t r

−r∗ t∗


Ei1
Ei2

 . (A.1)

Here Eii and Eoi stand for the input and output electric field amplitudes.

Modelling internal losses of the resonator by the round-trip attenuation parameter a,

stemming from the attenuation coefficient α acting over the length of a round trip L, and

by using the phase propagation constant β (i.e. the component of the wave-vector in the

propagation direction), the round trip propagation of the field amplitude can be written as

Ei2 = exp
(

(−α
2

+ iβ)L
)
Eo2

= a · exp

(
2πi

L

λ/n

)
Eo2 = a · exp(iθ)Eo2 .

(A.2)

From these two equations A.1 and A.2 one can solve for all four fields in terms of the input

field Ei1, and after modulus squaring readily find an expression for the transmitted power

and the power build-up inside the cavity:

Po1 = |Eo1|2 =
|t|2 + a2 − 2|t|a cos(θ − φt)
1 + |t|2a2 − 2|t|a cos(θ − φt)

· Pi1 (A.3)

Pi2 = |Ei2|2 =
a2(1− |t|2)

1 + a2|t|2 − 2a|t|cos(θ − φt)
· Pi1 , (A.4)
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where we introduced a coupler phase t = |t| exp(iφt). We can see that in the limit of low

loss (a→ 1, |t| → 1), the expressions are symmetric in a and |t|.

From equation A.4 we can derive the following expression for the full-width at half max-

imum (FWHM) linewidth, which is identical with the total energy damping rate (in plain

frequency units):

∆νFWHM =
2c

πnL
arcsin

(
1− a|t|
2
√
a|t|

)
(A.5)

In the practically well fulfilled small angle approximation for the sin and a|t| ≈ 1, we obtain

the following connection between |at| and the total damping rate:

a|t| = 1− π∆νFWHM

∆νFSR

= 1− κ

∆νFSR

⇔ 1

1− a|t|
=
F
π
, (A.6)

where κ is the amplitude decay rate and F is the finesse.

Inserting the expressions for a and |t| we obtain

κi

∆νFSR

= 1− a and
κe

∆νFSR

= 1− |t| , (A.7)

where we introduced the intrinsic and external damping rates, which represent the losses

and add up to the total damping rate κ = κi + κe.

Depending whether the losses are dominated by intrinsic or external damping, one speaks

of under- and overcoupling, and critical coupling if the two damping contributions are equal,

in which case the transmitted power on resonance completely vanishes, see figure A.2.

Q factors of up to 1011 have been experimentally achieved [GSI96], and atmospheric water

adsorption has been identified as the fundamental limitation to the Q factor with devices

operated under normal atmospheric conditions. Accounting for this effect still Q factors of

108 to 109 can be achieved in practice.

Besides the Q factor, the most important parameter of a resonator is its free spectral

range (FSR), which is defined as the frequency difference between two adjacent modes (of
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Figure A.2: Taper transmission for undercoupling (blue), critical coupling (purple) and over-
coupling (red) to an optical ring resonator. The example is for an FSR of 100 GHz and an in-
trinsic linewidth of 2κi/2π = 1 MHz, with external (taper coupling induced) linewidth contri-
bution of 2κe/2π = 0.1 MHz, 1 MHz and 3 MHz, respectively. The corresponding round-trip
amplitude transmittivity is a = 0.999969, and at critical coupling the effective beam-splitter
reflectivity parameter of the taper-resonator coupling is r = 0.0079.

the same mode family). It is given approximately by

∆νFSR ≈
c

n(ν)πd
(A.8)

Due to dispersion in silica, n in equation 1.30 cannot be regarded constant with respect to

wavelength, the consequence being that the FSR changes with wavelength. Aditionally there

is waveguide dispersion (also called geometric dispersion): The light doesn’t “perceive” the

guiding structure the same for different wavelengths (compare Goos-Hänchen effect).

In order to calculate free spectral ranges (considering only material dispersion) more pre-

cisely, one can numerically solve the self-consistent equation 1.30 after inserting the refractive

index given by a Sellmeier formula [Sel71], which allows conveniently embodying material

dispersion into calculations, as it specifies refractive index changes across a large wavelength

range with excellent precision. To correctly include the combined effects of material and

waveguide dispersion into calculations, for most geometries there is not known analytical

solutions for the mode frequencies, and this can, to date, only be achieved by means of a

numerical electromagnetic mode solver, e.g. [Kra11].
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Round-trip time and FSR

Directly related to the absolute size of the microresonator are the round trip time and its

inverse, the free spectral range (FSR). The round trip time and FSR are given by

trt =
πD

c/n
and ∆νFSR =

1

trt
=

c

nπD
, (A.9)

where D is the diameter of the axially symmetric resonator, and n the refractive index. Its

inverse is the FSR, and it is also the frequency spacing of adjacent azimuthal modes. As

the refractive index is generally frequency dependent, the FSR depends on the frequency

(other than vacuum-filled Fabry-Perot resonators). Also different transverse modes of the

whispering-gallery type will possess slightly different FSRs. Thus, at optical frequencies and

azimuthal mode numbers in the thousands, azimuthal modes with different azimuthal mode

numbers will spectrally intermix and produce an apparent “mode forest”, where spectral

grouping of transverse modes is stretched beyond typical scan ranges.

All modes which have the same polar and radial mode numbers, but only differ in their

azimuthal mode number (compare section 1.3.2) we call members of a “mode family” or

“azimuthal mode family”.

Attenuation and linewidth

Just as in any other electromagnetic cavity the light trapped in the cavity is attenuated,

i.e. photons are lost through different damping mechanisms. In the first section of the

appendix we distinguished between a round-trip attenuation and attenuation induced by the

beam-splitter coupler (external damping; tapered fiber coupling).

For whispering-gallery resonators of the type and sizes used in this work, major intrinsic

damping mechanisms have been identified [GSI96]. Without surface contamination and

adhesion of atmospheric water record Q-values of 1.5 · 1011 were reported in fused silica at a

wavelength of 1.55 µm. Under normal atmospheric conditions this record value then quickly
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(timescale of hours) decays to values in the regime ≈ 109 which could be maintained for

many months [GSI96]. In descending order of significance, the damping mechanisms include

i) absorption by atmospheric water microdroplets adsorbed to the surface, ii) scattering off

surface inhomogeneities, iii) Rayleigh scattering (i.e. elastic scattering off thermally induced

density fluctuations), iv) material absorption, v) bending losses (a non-planar dielectric

interface radiates). As mentioned before, additionally to these intrinsic losses the coupling

to the tapered fiber which is used to couple light into the cavity, also acts as a loss channel.

At resonator sizes of 300 µm to 2000 µm the radius of curvature is much larger than the

wavelength of light and bending/radiation losses are negligible [BGI89].

Practically, contamination of the resonator surface with scatterers/absorbers (dust) was a

significant experimental challenge. The use of a sealed vacuum environment will mitigate this

and also reduce the infrared attenuation from the OH-bonds in atmospheric water adsorbed

to the resonator surface.

Light is attenuated per unit length while travelling through the resonator, which we

denote α, and is coupled out to a side channel (e.g. tapered optical fiber) when traversing

the coupling region. As intensity is proportional to amplitude squared I ∝ A2 it will decay

at double the rate of the amplitude of the field. By dividing the intensity loss per round trip

by the time per roundtrip trt we obtain the intensity loss per time, which is the linewidth

∆νFWHM. The exponential decay in time of electromagnetic energy in a cavity mode due

to attenuation is associated with a Lorentzian line-shape function in frequency space, which

can be simply obtained by Fourier transform. The full-width at half-maximum linewidth

in plain frequency units, as determined in the experiment, is related to the frequently used

(angular frequency) amplitude decay rate κ via

∆νFWHM =
2κ

2π
. (A.10)

The linewidth is a very important quantity and one of the most frequently referred-to quan-

tities of a particular eigenmode of an optical whispering-gallery resonator. It can be directly
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measured in the experiment by frequency sweeping a narrow-band laser across the spectral

region of interest while monitoring the transmission through the tapered fiber coupled to

the resonator. In the case of narrow linewidths it can also be practical to do a ring-down

measurement, where the light intensity is abruptly changed and the information about the

cavity lifetime is inferred from the transient temporal response.

As different damping mechanisms typically don’t interfere, and cause individual expo-

nential damping factors, the observed linewidth is just a result of individual linewidth con-

tributions from different mechanisms:

κ = κdust + κRayleigh + κtaper + κtaper scattering + κabs + ... (A.11)

Often, not bothering about factors of 2 or 2π, κ is losely referred to as the linewidth.

Finesse and quality factor

From the linewidth we can define two other important quantities, the finesse F and the

(angular) quality factor (or Q factor) Q. The finesse

F =
∆νFSR

∆νFWHM

= 2π ·
t1/e

trt
(A.12)

is the ratio of free spectral range and linewidth, or also the ratio of the resonance lifetime

to the round-trip time. At a given surface-finishing capability of the manufacturing (given

linewidth) the finesse scales inversely with the absolute resonator dimension F ∝ 1/D. It

can be seen roughly as the quantity which tells how well the cavity resonance does its job of

recycling the light.

The quality factor

Q =
ν

∆νFWHM

(A.13)

is the ratio of the optical frequency to the linewidth. It is rather a quantity specifying the
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quality of an oscillator (with only one degree of freedom), thus interpreting one particular

resonance of a device supporting waves as an oscillator (which we of course implicitly do all

the time here). For optical whispering-gallery resonators with given linewidth it does NOT

scale with size. This quantity is directly sensitive to the loss mechanisms and not directly

to size.

As mentioned in the previous section, in the regime of weak damping (which is practically

always well fulfilled), damping mechanisms just add up, as in their damping rates, i.e. their

linewidths, add up: κtot = κ1 +κ2 + ...+κN . With ∆νFWHM = 2κ/(2π) and deviding through

the optical frequency ν, it’s clear that the quality factors add up reciprocally:

1

Q
=

1

Q1

+
1

Q2

+ ...+
1

QN

(A.14)

Above we summarized the intrinsic loss mechanisms in one number, the propagation loss

α.

In practice one often considers the “intrinsic linewidth”, which sums up all loss mecha-

nisms except those induced by the tapered fiber coupling, and it can be obtained by extrap-

olating the linewidth to zero coupling. The ratio of “intrinsic” loss to external coupling (to

guided modes of the tapered optical fiber) determines whether the resonator mode is under-,

over- or critically coupled, compare figure A.2. The taper, besides useful coupling, can also

induce scattering loss, and the ideality of the coupling can be defined as the ratio of these

[Spi+03].

Intracavity power build-up and photon number

The intracavity photon number can be obtained from the built-up intracavity power, the

energy per photon, and the cavity round trip time as

n̄ =
Pcav

h̄ω
trt =

Pcav

h̄ω ·∆νFSR

. (A.15)
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From input-output theory [AKM14] we know a =
√

2κe

κ−i∆ain, where the input power is

connected to the input operator Pin/(h̄ω) = a2
in and the intracavity power to the cavity

mode operator via Pcav/(h̄ω) = a2/trt = a2 ·∆νFSR . Then for the build-up factor (ratio of

intracavity power to input power) we obtain for general coupling condition and detuning

Pcav

Pin

=
2κe

κ
· κ2

κ2 + ∆2
· F
π
, (A.16)

which in the special case of critical coupling, where κe = κ
2
, and on-resonance pumping,

∆ = 0, takes the form of the useful rule-of-thumb

Pcav =
F
π
· Pin . (A.17)

The on-resonance transmission T0 of a ring resonator coupled to a side-channel (tapered

optical fiber) is related to the intrinsic and external damping rates via

T0 =
(κi − κe)

2

(κi + κe)2
, (A.18)

such that in the undercoupled case (κe < κi), we have κi = κ
2

(
1 +
√
T0

)
, and κe =

κ
2

(
1−
√
T0

)
, and flipped +/− signs in the overcoupled case.

In order to determine the intracavity pump power and mean photon number in practice it

is useful to consider the Lorentzian lineshape function and to obtain the following connection

of detuning and transmission,
(

∆
κ

)2
= T−T0

1−T .

Combining this relation with equations A.18 and A.16, we obtain an expression for the

intracavity power in terms of input power, finesse, transmission and on-resonance transmis-

sion

Pcav =
F
π
· 1− T

1−
√
T0

· Pin (A.19)

(overcoupled case, sign in the demoninator flipped for the undercoupled case).

Then, substituting for the finesse in equation A.16, we obtain the following relation for
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the intracavity photon number and amplitude of a coherently driven cavity mode

n̄ = |α|2 =
2κe

κ2 + ∆2
· Pin

h̄ω
=︸︷︷︸

crit. coupl.,
∆=0

Pin

κ · h̄ω
(A.20)
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Gro30b Gross, E. Über Änderung der Wellenlänge bei Lichtzerstreuung in Kristallen.
Zeitschrift für Physik 63, 685–687 (1930).

GMM09 Grudinin, I. S., Matsko, A. B. & Maleki, L. Brillouin Lasing with a CaF2 Whis-
pering Gallery Mode Resonator. Physical Review Letters 102, 043902 (2009).

Gru+11 Grudinin, I., Lee, H., Chen, T. & Vahala, K. Compensation of thermal nonlin-
earity effect in optical resonators. Optics Express 19, 7365 (2011).

GW96 Gruner, T. & Welsch, D.-G. Green-function approach to the radiation-field quan-
tization for homogeneous and inhomogeneous Kramers-Kronig dielectrics. Phys-
ical Review A 53, 1818–1829 (1996).

GW15 Guevara, I. & Wiseman, H. Quantum State Smoothing. Physical Review Letters
115, 180407 (2015).

Hak75 Haken, H. Cooperative phenomena in systems far from thermal equilibrium and
in nonphysical systems. Reviews of Modern Physics 47, 67–121 (1975).

Hak70 Haken, H. Laserlicht - ein neues Beispiel für eine Phasenumwandlung? Advances
in Solid State Physics 351–365 (Elsevier, 1970).

Hak83 Haken, H. Synergetics (Springer-Verlag Berlin Heidelberg, 1983).

Hei+87 Heidmann, A. et al. Observation of Quantum Noise Reduction on Twin Laser
Beams. Physical Review Letters 59, 2555–2557 (1987).

Hel+10 Helt, L. G., Yang, Z., Liscidini, M. & Sipe, J. E. Spontaneous four-wave mixing
in microring resonators. Optics Letters 35, 3006–3008 (2010).



209

HLS12 Helt, L. G., Liscidini, M. & Sipe, J. E. How does it scale? Comparing quantum
and classical nonlinear optical processes in integrated devices. JOSA B 29, 2199–
2212 (2012).

HSK10 Hofer, J., Schliesser, A. & Kippenberg, T. J. Cavity optomechanics with ultrahigh-
Q crystalline microresonators. Physical Review A 82, 031804 (2010).

Hof+09 Hofheinz, M. et al. Synthesizing arbitrary quantum states in a superconducting
resonator. Nature 459, 546–549 (2009).

Hon+17 Hong, S. et al. Hanbury Brown and Twiss interferometry of single phonons from
an optomechanical resonator. Science 358, 203–206 (2017).

Hu+17 Hu, J. et al. Creation of a Bose-condensed gas of 87Rb by laser cooling. Science
358, 1078–1080 (2017).

YuH+10 Yu-Huan, S., Jin-Wei, S., Min, O., Guo-Jian, Y. & Da-He, L. Theoretical Anal-
ysis of the Critical Phenomena of a Brillouin Laser. Chinese Physics Letters 27,
074203 (2010).

HR86 Hunklinger, S. & Raychaudhuri, A. Progress in Low Temperature Physics, Chap-
ter 3: Thermal and Elastic Anomalies in Glasses at Low Temperatures (ed Brewer,
D.) 265–344 (Elsevier, 1986).

Huy+16 Huy, K. P., Beugnot, J.-C., Tchahame, J.-C. & Sylvestre, T. Strong coupling
between phonons and optical beating in backward Brillouin scattering. Physical
Review A 94 (2016).

Iss18 Isserlis, L. On a Formula for the Product-Moment Coefficient of any Order of
a Normal Frequency Distribution in any Number of Variables. Biometrika 12,
134–139 (1918).

JS06 Jacobs, K. & Steck, D. A. A straightforward introduction to continuous quantum
measurement. Contemporary Physics 47, 279–303 (2006).

JC16 Jaeken, J. W. & Cottenier, S. Solving the Christoffel equation: Phase and group
velocities. Computer Physics Communications 207, 445–451 (2016).

Jai+13 Jain, A. et al. Commentary: The Materials Project: A materials genome approach
to accelerating materials innovation. APL Materials 1, 011002 (2013).

Kad66 Kadanoff, L. P. Scaling laws for ising models near Tc. Physics Physique Fizika 2,
263–272 (1966).

Kar+12 Karuza, M. et al. Optomechanical sideband cooling of a thin membrane within a
cavity. New Journal of Physics 14, 095015 (2012).

Kha+10 Khalili, F. et al. Preparing a Mechanical Oscillator in Non-Gaussian Quantum
States. Physical Review Letters 105, 070403 (2010).

Kha+19 Kharel, P. et al. High-frequency cavity optomechanics using bulk acoustic phonons.
Science Advances 5, eaav0582 (2019).

KSV02 Kippenberg, T. J., Spillane, S. M. & Vahala, K. J. Modal coupling in traveling-
wave resonators. Optics Letters 27, 1669 (2002).

KB06 Kleckner, D. & Bouwmeester, D. Sub-kelvin optical cooling of a micromechanical
resonator. Nature 444, 75–78 (2006).



210

Kli+01 Klitzing, W. v., Long, R., Ilchenko, V. S., Hare, J. & Lefèvre-Seguin, V. Frequency
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Lüb04 Lübeck, S. Universal scaling behavior of non-equilibrium phase transitions. In-
ternational Journal of Modern Physics B 18, 3977–4118 (2004).

Lub72 Lubkin, G. B. Universality and scaling in critical behavior. Physics Today 25,
17–20 (1972).

Mah+13 Mahboob, I., Nishiguchi, K., Fujiwara, A. & Yamaguchi, H. Phonon Lasing in an
Electromechanical Resonator. Physical Review Letters 110, 127202 (2013).

Man86 Mandel, L. Non-Classical States of the Electromagnetic Field. Physica Scripta
T12, 34–42 (1986).

MW95 Mandel, L. & Wolf, E. Optical coherence and quantum optics (Cambridge Uni-
versity Press, 1995).

Man26 Mandelstam, L. I. Light scattering by inhomogeneous media. Zhurnal Russkogo
fiziko-khimicheskogo obshchestva 58, 381 (1926).

Mar+07 Marquardt, F., Chen, J. P., Clerk, A. A. & Girvin, S. M. Quantum Theory of
Cavity-Assisted Sideband Cooling of Mechanical Motion. Physical Review Letters
99, 093902 (2007).

MKL17 Masalov, A. V., Kuzhamuratov, A. & Lvovsky, A. I. Noise spectra in balanced
optical detectors based on transimpedance amplifiers. Review of Scientific Instru-
ments 88, 113109 (2017).

McC+15 McConnell, R., Zhang, H., Hu, J., Ćuk, S. & Vuletić, V. Entanglement with
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