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Abstract

This thesis focuses on the development of high harmonic generation (HHG)
by using polarisation controlled quasi-phase matching QPM as well as related

topics.

A new class of QPM techniques called polarisation-controlled QPM is in-
troduced where linear or circlar birefringence enables the modulation of the
driving field’s polarisation state called polarisation-beating QPM (PBQPM)
for linear birefringence and optical rotation QPM (ORQPM) for circular bire-
fringence respectively. PBQPM uses a linear birefringence to modulate peri-
odically the driving pulse between linear and circular/elliptical polarisation
states. Because elliptical or circular polarisation of the driving pulse sup-
presses harmonic generation, by appropriately matching the beat length of
the driving field’s polarisation state to the coherence length of the harmonic
generation, QPM can be achieved. In the second technique, ORQPM, prop-
agation of the driving radiation in a system exhibiting circular birefringence
causes its plane of polarisation to rotate; by appropriately matching the pe-
riod of rotation to the coherence length, it is possible to avoid destructive
interference of the generated radiation. Not only does ORQPM have simi-
lar enhancements as true-phase matching, it is also the first proposed QPM

source for circularly polarised high harmonics.

The importance of phase modulation in QPM, especially relating to mode-

beating in hollow-core waveguides where harmonics is being generated are also



explored theoretically. Based on this, a novel technique for analyzing random
phase matching using a continuous phase-diffusion treatment has been devel-
oped; theoretical analytical models are shown to produce excellent agreement
with simulations. It is further shown that random phase matching may be re-
sponsible for additional broadening of the high harmonic spectrum, especially

at higher harmonic orders.

Because mode and polarisation control is central to polarisation-controlled
QPM, four waveguide mode decomposition techniques from single shot CCD
data have been developed. The extraction of phase and coupling coefficients
are demonstrated experimentally. A novel analytical general solution for the
phase introduced by a phase-only spatial light modulator to generate a given
far-field phase and amplitude was developed. The solution was demonstrated
experimentally and shown to enable excellent control of the far-field amplitude

and phase.

Finally, circular and linear birefringent waveguides were explored. Analytic
solutions to rectangular birefringent hollow-core waveguides were developed

and some initial demonstration experiments were performed.
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Chapter 1

Introduction

1.1 Motivation

The invention of the laser is one of the the most significant achievements in physics of the
twentieth century. The application of coherent light has found applications across all fields
from medicine to manufacturing to computer technology. In addition to advancements
in technology, the laser has become a fundamental scientific research tool in the areas
of spectroscopy, laser cooling, or even gene manipulation. Different applications require
different wavelengths, but most of the research focus in the first few decades of laser
development has been on the visible through to longer wavelength regimes due to the
ease in which population inversion can be obtained and with the available materials.

However, shorter wavelengths in the extreme ultraviolet (XUV - 10-120nm), soft x-ray
(0.1-10nm), or hard x-ray (< 0.1lnm) regimes have been much more difficult to achieve.
This is because in a traditional laser, the pump energy required scales as ~ 1/\}, where
Ao is the laser wavelength [50]. Hence, to achieve usable brightness in the x-ray or XUV
regime requires billions or trillion times more pump energy than say in the visible regime
for a given gain coefficient.

The generation of coherent short wavelength sources has been a tremendous area of



research in recent years. Different methods for achieving XUV or soft X-rays include
synchrotron, laser-plasma sources, free electron lasers (FELSs), or high harmonic genera-
tion. Although synchrotrons and FELs achieve high spectral brightness and high photon
energies, they are massive installations — some over a few kilometers long — and cost up
to billions of dollars to build. Hence, there is a real need for affordable and compact
coherent XUV or x-ray sources. This thesis focuses on one in particular, which is high

harmonic generation.

1.2 Coherent extreme ultraviolet or x-ray sources

This section gives a brief introduction to each of the various sources. Figure 1.1 gives
an overall map of the research area for XUV or soft X-rays sources. We note that peak

spectral brightness, B, is defined by,

N

B = 1.1
QA0 (1.1)

where N is the number of photons per pulse, €2 is the solid angle of emission, A is the
cross sectional area, 7 is the pulse duration, and o is the spectral bandwidth. The spec-
tral brightness B is usually given in units of s7! mrad ~2 mm ~2 per 0.1% of bandwidth.
We note that in recent years, the photon energy of phase-matched harmonics has been
extended using longer wavelength drivers, which should also extend the theoretical max-
imum of photon energy for quasi-phase matching as well [92]. Moreover, although high
harmonic generation cannot attain the type of peak brightness as an FEL, as mentioned
above, they are significantly cheaper and more compact. In the next few subsections, we

will discuss the various types of sources.
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Figure 1.1: Landscape of various coherent XUV or x-ray sources by peak spectral bright-
ness and photon energy. Figure adapted from [11; 97].

1.2.1 Synchrotrons

Synchrotrons are particle accelerators adapted to exploit the photon radiation generated
from accelerated particles. In the earlier days of particle physics, synchrotron radiation
was viewed as an undesirable consequence of electric and magnetic field driven circular
particle accelerators because they limited the particle energy which could be achieved in
a circular machine. Hence, the LHC at CERN in Geneva had to be built over 27 km in
circumference in order to achieve proton energies up to 4TeV required for its experiments.

In the context of coherent XUV or X-ray generation however, sychrotrons can be



built specifically for photon generation and can have very high brightness on the order
of > 10 s7! mrad =2 mm ~2 per 0.1% of bandwidth. Later generation synchrotrons can
inject maximally accelerated electrons into larger circular storage rings in high vacuum
that can hold particle bunches for hours to be used on demand. In the straight sections
of the storage rings, static magnetic fields in periodic opposite polarities can then be
employed to ‘wiggle’ the electrons bunches as they pass through. Given the high velocity
of the electrons, the magnetic field imparts very sharp acceleration onto them due to the
Lorentz Force Law, generating bright coherent high energy photons. Thus as a result,
these devices are called ‘wigglers’ or ‘undulators’.

In conclusion, synchrotron facilities can achieve high brightness and photon energies,
but due to the size and sophisticated engineering required, powerful synchrotrons are on
the order of several tens to hundreds of millions of dollars to build and very expensive
to maintain. Hence, there are limited number of them around the world with strictly

rationed beam-time.

1.2.2 X-Ray Free Electron Lasers

Free Electron Lasers (FELs) also utilize synchrotrons but are significantly brighter — up-
ward of a billion times more — since it utilizes complete coherent buildup of photons. In a
synchrotron, photons are generated uniformly and randomly which causes partial destruc-
tive interference of the light. An FEL, however, utilizes microbunches of electrons which
are periodic to the same wavelength of the generated XUV or X-rays. The microbunches
are spaced with the period of one optical wavelength, enabling in-phase radiation. Hence,
the light is able to coherently add in-phase giving the type of coherence only available
in conventional lasers. As of today, there are no effective X-ray mirrors given the lack
of materials required for high reflectivity in this wavelength regime so FELs use a single

pass geometry with around 1000 undulator periods, but this prevents the construction of



an FEL oscillator. However, even if such mirrors were available, the electron bunches are
very short. Hence, each round trip of x-ray photons would need to interact with a fresh
electron bunch.

Another major drawback of FELs is that they have a ‘noisy’ start-up and hence do not
allow for temporal coherence. Techniques to ‘seed’ the FEL with another X-ray source
have been used to address this issue. In fact, seeding FELs is one of the major potential
applications for HHG [38].

FELSs can be used for ultrafast physics given the fact that the microbunches are in the
order of femtoseconds [18], and the wavelength can be tuned by adjusting the magnetic
field or electron beam energy.

Like synchrotrons, FELs are prohibitively expensive (over one billion US dollars) and
there are only a few of them around the world. The first one was DESY at Hamburg
where it utilized a 30 m long undulator that was able to produce pulses of coherent
light at around 6.5nm in the soft X-ray regime. The first true x-ray FEL, the Linac
Coherent Light Source at Stanford has been able to produce x-rays in the hard x-ray
regime, and most recently the European x-ray free electron laser (European XFEL) is
under construction and expected to be in operation by 2017 generating coherent photons
with wavelengths down to 0.05nm [1]. Other examples of FELs include the SPring-8 in
Switzerland and the SACLA in Japan.

1.2.3 X-ray lasers

As mentioned above, the primary problem with generating coherent XUV or X-ray source
using a laser is the A\=* wavelength scaling factor. Moreover, the medium typically has to
be highly ionized in order for the gap between the energy levels to be the x-ray regime.
Two other major problems are that it is difficult to find materials that have the right

transitions required for an X-ray laser and that there are limited materials that have high



reflectivity in the XUV or X-ray regime so that the laser must be built with a single pass
geometry.

As of today however, there are no commercially viable X-ray lasers and hence the
research community has been exploring other alternatives. However, perhaps one of
closest X-ray laser designs to being commercially available is that pioneered by Rocca’s
group in Colorado State by using discharge excited x-ray lasers [99]. Most recently, a
team in California achieved a 10 Hz repetition rate laser was achieved with a wavelength
of 18.9nm. By using a two-stage pumping process, the optimum electron density was
achieved to increase the absorption for a specified gain region [60]. Even more recently,
the Rocca group achieved lasing down to 7.36nm at 1Hz using transitions of higher-7
nickel-like lanthanide ions using a similar approach [4]. The total optical pump energy
of 7.5J was one of the lowest ever reported at the time. However, the low repetition rate
and still relatively high pump energy implies that further development in this area is
required to make x-ray lasers commercially attractive. Finally, we would like to mention

two more detailed review articles on this topic, which can be found in Refs [29; 51].

1.2.4 High Z laser plasma sources

By focusing an intense laser pulse on order of 10 — 106 W/cm? onto a high-Z metal,
incoherent high energy photons can be generated. The heated plasma as a result of the
ablative reaction caused by the laser emits characteristic X-ray fluorescent lines and has
a short pulse comparable to the short pulse width of the driving laser pulse. Hence,
this source is useful for table-top, affordable but incoherent, uncollimated short pulses of

X-rays.



1.2.5 High harmonic generation

This thesis focuses on high harmonic generation (HHG), which is a compact and affordable
technique that enables the generation of bright, coherent, collimated, ultrafast XUV or
x-ray pulses. We note that the next chapter provides a more detailed discussion on the
physical process of HHG. The basic experimental setup of HHG is simple. By focusing a
laser to very high intensities on order of 10 W/cm? into a gaseous (or other) medium,
extremely high order of harmonics (>100) of the driving laser pulse can be generated.

The basic physics of this technique can be explained in the following semi-classical
way: the electric field of the driving laser pulse distorts the Coulomb potential of the
gaseous medium and enables an electron to quantum tunnel out. The electron is then
accelerated through the laser field and may recombine with the parent ion emitting a
high harmonic photon. The harmonic field that is generated exhibits similar coherence
properties of the driver.

However, one of the key limiting factors of HHG is that the driving field and the
harmonic field have different phase velocities causing cancellation of the harmonics. Var-
ious techniques have been developed to address this issue, which will be explored in the
following chapters. We also note that the medium for HHG can also be solid targets as

well, but that is beyond the scope of this thesis.

1.3 Applications for HHG

The three key characteristics of high harmonic light is that it has short wavelengths, is
coherent, and is ultrafast (femtosecond or attosecond time scales). This, combined with
the fact that the source is both compact and relatively affordable gives a wide breadth
of applications for HHG.

Imaging resolution scales linearly with wavelength. Hence, similar to above, HHG



can also be used for nano-scale coherent diffractive imaging (CDI) [101]. CDI is lensless
and uses a coherent beam scattering off an object. In the far-field, an image captured by
the detector proportional to the Fourier transform of the amplitude in the object plane
can be captured. Various phase retrieval algorithms can then be employed to reconstruct
the object. Moreover, the carbon K-absorption edge is around 284 eV (4.4nm) and
the oxygen K-absorption edge is around 539 eV (2.3nm), which can be used to probe
biological systems. In this wavelength range, the light is also transparent to water,
enabling observation of biological processes in vivo.

Given the ultrafast nature of HHG, another application includes time-resolved mea-
surements of molecular or electronic dynamics [22; 103; 117; 120]. Paul et al. [89] in 2001
first demonstrated trains of HHG pulses, each of order of 250as, using phase locking from
five consecutive harmonics in Argon, based on theory from Farkas and Toth [39] who pro-
posed that a broad spectrum of harmonics can generate pulses in the attosecond range.
Even more recently, it has been proposed that zeptosecond pulses may theoretically be

generated with high harmonics [49].

1.4 Scope of thesis

This thesis explores theoretical and some experimental aspects of high harmonic genera-
tion in hollow-core optical waveguides, in particular, on the use of quasi-phase-matching
by control of modes and/or polarisation states of the driving laser pulse.

The thesis is overall divided into three themes:

1. Introduction (Chapters 1-3) — These chapters give a brief introduction to HHG as
well as to the overall problem this thesis attempts to tackle. The next chapter,
Chapter 2, will give a brief introduction of the HHG process on an atomic scale
while Chapter 3 will give an overview of the phase mismatch problem and a broad

view of the various potential solutions to address it.



2. Theoretical Framework (Chapters 4-8) — These chapters develop some theoretical
groundwork. Chapter 4 provides a basic theoretical framework for waveguide modes
that will be critical for the remaining text of the thesis. Chapter 5 will discuss a
novel way of using linear birefringence for quasi-phase matching of HHG based on
our paper from [73]. Chapter 6 will discuss another novel method of using circular
birefringence to generate circularly polarized high harmonics based on our paper
from [72]. Chapter 7 develops a unified theoretical framework for modal and linear
birefringent quasi-phase matching based on our work in [74]. Finally, Chapter 8 is
a slight detour where we explore random phase matching using a novel theoretical

analytical model that follows from the previous chapters.

3. Tools, methodologies, and future work (Chapters 9-12) — These chapters cover some
of the tools and methods developed to be able to conduct experiments relating to
modal or polarization control HHG. Chapter 9 develops a few potentially novel
methods for extracting modal information based on a single CCD measurement.
Chapter 10 discusses a new and theoretically unified way of generating arbitrary
spatial beam profiles in the focal plane using a phase-only spatial light modulator
(SLM) based on our paper from [75]. Chapter 11 discusses some possible ideas on
building birefringent waveguides and provide some extremely preliminary experi-
mental results. Chapter 12 gives a brief conclusion and discusses possible future

work.

1.5 Role of the Author

The ideas for polarization controlled QPM — both polarisation beating QPM (linear
birefringence) and optical rotation QPM (circular birefringence) — were initially originated

by the Author and worked through in detail with Professor Hooker. The theoretical



framework for unifying modal and linear birefringent QPM (called MMPBQPM in later
chapters) was developed together by the Author and Professor Hooker. The theoretical
model for random phase matching was developed by the Author based on MMPBQPM
with some key insights from Professor Hooker.

The four mode analysis methods presented were developed independently by the Au-
thor. The new SLM theory and method were originated by the Author with its phase
unwrapping analysis supported by David Lloyd. The rectangular waveguide analysis and
twisted capillary experiment were conducted by the Author.

All simulations unless otherwise specified were conducted by the Author. Finally, the
Author built and conducted all experiments, and they were all advised by both Professor

Hooker and Dr. Kevin O’Keeffe.
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Chapter 2

High Harmonic Generation

High harmonic generation is a result of a nonlinear response to an intense driving laser
field interacting with a gaseous medium. Under the right conditions, high order harmonics
of the driving laser can be achieved. Typical experimental parameters for HHG include
laser intensities above 10W /cm?, driver wavelengths between 800 — 2000nm, low gas
pressures of order of 10s to 100s of mbar (although, the pressure can be as high as a few
atmospheres for long wavelength drivers [92]), and noble gas (Argon, Neon) as the species
medium. At this intensity, the laser field is much stronger than, or comparable with, the
field binding electrons to the atom; hence, the HHG process is non-perturbative, which is
why high-order harmonics can be observed. In this chapter, we will describe the origins
of these harmonics as well as specific properties in the generation process related to the

scope of this thesis.

2.1 Corkum’s Three Step Model

The simple theoretical semi-classical model written down by Corkum for high harmonic
generation gives a very useful framework for understanding the process [26]. It can be

broken down into three key steps, as illustrated schematically in Figure 2.1:
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Figure 2.1: 3-step model for HHG, figure from [97]

1. Tonization — The strong laser field perturbs the atomic Coulomb potential, which
the electron may become ionized via quantum tunneling and an electron is born

into the continuum.

2. Propagation — The electron propagates, assuming a classical trajectory, in the con-

tinuum under the electromagnetic force of the oscillating laser field.

3. Recombination — After the field reverses, the electrons are accelerated back to the
atom, and they have a chance of recombining with the atom, emitting a harmonic
photon with energy that is the sum of its kinetic energy plus the atomic binding

energy 1,.

The driving laser field at time ¢ with amplitude e and angular frequency w can be

described as,

E = [E,, E,] = e[cos(wt), s sin(wt)] (2.1)

where s = 0 for a linearly polarised driving laser field and s = 41 for a circularly polarised
driving laser field. Magnetic fields are ignored given that the electric field forces dominate
over the magnetic field forces, assuming that the speed of the electron is much less than

the speed of light. The ionisation tunneling rate Corkum uses is the Ammosov-Delone-

12



Krainov (ADK) approximation for hydrogen [5]. After the electron tunnels out, the

electron motion in the oscillating electric field are described classically by,

x = —xgcos(wt) — vout + Toy (2.2)
y = —sxgsin(wt) + svgyt + Yoy (2.3)
vy = vgsin(wt) + v, (2.4)
v, = —suvgcos(wt)+ voy (2.5)

where vy = ee/(mew), Tg = ee/(mw?), e is the electron charge, m, is the electron mass,
and Zoz, Yoy, Yoz, Voy are initial conditions that can be calculated for time ¢ = 0.

It may be shown that if the driving field is circularly polarised with s = +1, the
electron never returns to the parent ion, suggesting that circular polarisation inhibits the
harmonic generation process. This will be explored in a bit more in detail later in the
chapter, since this concept is key to polarisation beating quasi-phase matching explored
in this thesis.

For a linearly x-axis polarised driving pulse where s = 0, the electron trajectory can

be confined to the x-dimension, and is given by,

ot 7)) = —

o [cos(wT) — cos(wt) — (wt — wT) sin(wT)] (2.6)

where the trajectory of the electron depends on the initial condition phase ¢, = wr,
where 7 is the time of ionisation. Figure 2.2 shows some sample paths of the electrons
as a function of intial condition ¢, whilst Figure 2.3 shows the kinetic energy of the
electron on recollision. We note here that only for initial phases 0 < ¢, < 7/2 does
the electron recombine with the parent ion, and hence only half of the ionized electrons
return to their parent. Moreover, the recollision energy is dependent on the ¢, as well,

and in general there are two values of ¢, which yield the same recollision energy; for each
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Figure 2.2: Electron trajectories for ionisation at times 7 = ¢,/w in a linearly-polarised
electric field E(t) = ecos(wt). Electrons ionized at phases 0 < ¢, < 7/2 of the driving
electric field recombine, whereas those with 7/2 < ¢, < 7 do not return to the parent
ion, figure and caption from [97].

recollision energy the electron trajectory with the smaller value of ¢ is known as the
‘short trajectory’, the other being the ‘long trajectory’ as seen in Figure 2.3.

In general, the harmonic spectrum has a characteristic shape as shown schematically
in Figure 2.4. After the first few harmonics, there is a steep drop off in intensity followed
by a plateau region where the intensity is relatively independent of the harmonic order.
After which, there is a another steep drop off at the cut-off point, which is the highest

harmonic with appreciable intensity. This is called the cut-off harmonic; the energy for

the cut-off harmonic can be written as,

E,=1,+3.170, (2.7)

where U, = e?e? /4mw? is the pondermotive energy.
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Figure 2.3: Kinetic energy of electrons on recollision, as calculated from Equation (2.6).
The maximum energy is seen to be 3.17U,. For other recollision energies, it can be seen
that there are two possible trajectories every half-cycle of the driving electric field. Figure
and caption from [97]

2.2 Lewenstein’s Quantum Model

2.2.1 Sketch of the derivation

Corkum’s model gives a simple intuitive model on the process of high harmonic generation
but it does not contain some of the more nuanced quantum mechanical elements of the
phenomena. A semi-classical model by Lewenstein et al. provides a more comprehensive
view. In this section, we will sketch out the arguments below based on the full derivation
of the theory [68] and some intuitive simplifications made from [97].

For a complete quantum description, the time dependent Schrodinger’s equation
(TDSE) must be solved. In the length gauge, the full TDSE for an electron moving

in an atomic potential V (r) and laser field E(t) can be given by,

0 1, I L
251‘1’(7“775»: —§V + V(7)) — E(t)| V(7 1)) (2.8)

Of course the most direct way to solve the equation above would be to use numerical
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Figure 2.4: Harmonic intensity as a function of harmonic order, figure from [97]

methods. Unfortunately, purely numerical methods give limited physical insight. Hence,
with a few key assumptions, namely the strong field approximation, Lewenstein and

colleagues were able to afford a more physical interpretation of the quantum model [68]:

1. Only the ground state |0) is considered. The evolution of the system of all other

bound states can be neglected.

2. The depletion of the ground state can be ignored (U, < Ugy) where Ugy is the

saturation level.

3. The atomic potential V'(7) is assumed to have no effect on the electron when it is in

the continuum and is treated as a free moving particle (strong field approximation).

Lewenstein et al. noted that assumptions (1) and (3) are only valid for short range
potentials and when there are no intermediate resonances. Here we assume that we are
dealing with tunneling or over-the-barrier ionisation, e.g., when the Keldysh parameter
v =V15/20, <1.

Assuming the polarisation of the laser field £ = ecos(wt) is in the x-direction, the

dipole moment Lewenstein derives, in atomic units (h = e = m, = ap = 1 where ag is the
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Bohr radius), is,

(z(t)) = (W()]x|¥(t)) (2.9)

= / dT/d3p€ cos(7)dy [ — A(7))e PG5 — A(t)] + c.e. (2.10)

—

where = U+ A(t) is the canonical momentum and

S(ﬁ,m):/td#{ijp} (2.11)

is the semiclassical action.

Equation (2.10) has an intuitive physical interpretation. The first part of the integral
Gion ~ € cos(7)dy[f— A(7)] is the probability amplitude of the electron being tunnel ionised
at time 7 with canonical momentum p, where d,[..] is the dipole matrix element for a
Hydrogen-like atom. The electron then propagates through the continuum between times
7 and ¢ acquiring a phase factor ap,p ~ € moving under the laser field with momentum

p. Finally, the last part of the integral drecomp ~ di[p — /T(t)] describes the probability

amplitude of recombination at time ¢. Hence, Equation (2.10) can be loosely written as,
t

<I(t)> ~ / Qion X Aprop X ArecombdT. (212)
0

2.2.2 High harmonic spectrum

The acceleration of the dipole moment gives rise to electromagnetic radiation. Hence,
the intensity spectrum is the square of the Fourier Transform of the acceleration of the

dipole moment,

(2.13)

w) ~ ‘/%emdt 2
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However, Bandrauk et al. showed that the Fourier transform of both the velocity
of (x(t)) and just the dipole moment itself (z(t)) gives a similar enough results for the
spectra unless the driving field intensity is significantly greater than intensity required
for over-barrier ionisation [15].

Figure 2.5 shows the simulated HHG spectrum calculated with the following Fourier

relation [15; 97],

2

I(w) ~ ‘ / (x(t))e“ dt (2.14)

It is evident from the simulations that they match the schematic of the shape of the
harmonic spectrum: a sharp fall in harmonic intensity followed by a plateau region and
then a cut-off point scaled by I,43.17U,. Moreover, the harmonics are odd, which can be
argued from two reasons. First, from a symmetry consideration, a spherically symmetric
atom that has an induced polarisation must result from an odd function of the electric
field. An even function would not result in an induced polarisation. Alternatively, since
electrons can be ionised for positive and negative values of the electric field, electron
re-collisions occur — and hence harmonics are generated — twice per optical cycle. Hence,
the frequencies of the harmonics are spaced by 2w, leading to w 4 2qw, which are odd

harmonics.

2.3 Intensity dependent phase and spectral blueshift

Under the strong field approximation, the phase of the gth order harmonic can be written

as,
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Figure 2.5: HHG intensity spectrum for Argon with a driving laser of \y = 800nm and
pulse width of 50 fs and varying peak intensities, figure from [97]

19



120

2
100r
Post 3.17

80+
=)
E
g 601
&
4 40t 1
= e masatal

20F

L-z7 Pre 3.17

83 04 05 06 07 08 o085 1
Fundamental intensity (10'° W/cm?)
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tions. Phases as calculated from [Lewenstein Model| for the pre-3.17U, and post-3.17U,
components are shown by circles, figure and caption from from [37]

where S the semiclassical action is as before in Equation (2.11).

It is evident that the phase of the harmonic is dependent on the semi-classical move-
ment of the electron in the continuum, which in itself depends on the intensity of the
driver. Hence, the harmonic phase is dependent on driver intensity, as seen in the sim-
ulations conducted by Kan et al [37] or Shin et al [107]. In Figure 2.6 [107] the upper
curve shows a stronger dependence on intensity and arises from the long trajectory; short
trajectories give rise to the lower curve [37].

Another way of looking at this is by examining the fractional frequency shift of the

harmonic described as[107],

Awg 1 Agg 214 (dog\ OF
Wy qu At mg I

— 2.1
dly E (2.16)

where Awj is the frequency shift of the gth harmonic, At = ¢ — 7, I; is driver intensity,

and 0F is the electric field variation of the laser pulse during a half-optical cycle. The
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Figure 2.7: Order dependence of the intensity-dependent phase term, 1/q(d¢,/dI), ob-
tained from Ar at the laser intensity I; = 53 x 10 W/cm?. The solid line indicates
the intensity-dependent phase term for the short trajectory and the dashed line indicates
that for the long trajectory., figure and caption from from [107]

component % (%) is the intensity-dependent phase which depends also on harmonic
I

order. Figure 2.7 shows the calculated order dependency of the intensity-dependent
phase component as a function of ¢ for driver intensity of 3 x 10 W /cm?. For the short
trajectories, the slope of the phase dependency %% increases with harmonic order whilst
the opposite is true for long trajectories for a specific driver intensity and for harmonics
below the cut-off harmonic, e.g., post 3.17U,. However, these two branches merge around
the 53rd harmonic because that is the cut-off for this driver intensity.

Finally, it is shown that this fractional blue shift is caused by the intensity-dependent
phase component and the laser pulse shape. Figure 2.8 shows the dependency of the frac-
tional blueshift on intensity. A more thorough analysis with both theory and experiment

of the fractional blueshift can be found in Shin et al [107].
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respect to the applied laser intensity. The gas density was 2 x 1017 cm?, figure and caption
from [107]

2.4 Dependence of HHG on polarisation of the driv-
ing radiation

As mentioned in Section 2.1, if the polarisation state of the driving laser field is circular,
the classical trajectory of the electron does not return to the parent ion and hence circu-
larly polarised driving fields do not generate harmonics. We note that this is the crux of
the argument for polarisation beating quasi-phase matching, which is one of the key new
ideas described in this thesis and will also be explored in Chapters 5 and 6.

The dependence of HHG on the polarization of the driving laser field was first observed
in 1993 by Budil et al. [20]. Figure 2.9 shows the dependence of driver ellipticity for
harmonic intensity. Note that for non linearly-polarised drivers, the harmonic intensity
drops off very quickly. Budil et al estimated this as,

I, ~ (1 - Ez)q_l (2.17)

1+ &2
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Figure 2.9: Measurements of relative photon count as a function of driver ellipticity,
figure from from [107]

where ¢ is the driver ellipticity defined as the ratio between the minor axis to the major
axis of the electric field. This simplification is described further in Chapter 5.

We note here also that there are many different definitions of ellipticity in the litera-
ture, and for the sake of clarity, in this thesis we will only use this definition for the term
ellipticity and will point out other definitions when relevant.

The approximation in Equation (7.16) suggests that harmonic intensity becomes more
sensitive for higher harmonic orders. The theory of this explored in detail in [111] and
measured experimentally in [110]. Figure 2.10 shows the simulations and measurements
of threshold ellipticity (the ellipticity required to reduce harmonic intensity by a factor
of two) versus harmonic order.

Not only is the intensity of the harmonic influenced by the driver ellipticity, but also
the angle offset and ellipticity of the harmonic itself are affected by this parameter. A
recent description of this process can be found in Strelkov et al [112]. They showed
that although the offset harmonic angle ¢, the angle between the harmonic’s major axis

polarisation angle and that of the driving field’s major axis, can be described simply by
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Figure 2.10: Threshold ellipticity (i.e., the driving ellipticity for which the harmonic signal
is twice as low as that for the linearly polarized driving field) measured experimentally
in Ref. [110] and calculated theoretically, figure and capition from from [111]

Corkum’s model, the calculation of the harmonic ellipticity itself requires a full quantum
description.

For a driving laser linearly-polarized along the z-axis, Corkum’s model predicts that
the motion of the electron is restricted to the z-axis. However for an elliptically polarised
driver, the electron also moves in the y-direction. Hence, one can define the classical
rotation of the angle by the direction of the electron momentum at the time of the

recollision with its parent ion:

Dy — g/<t — T):| (218)

wclass = arctan |:
Dz

where p, and p, are the classical momentum components of the electron, ¥ is the trans-
verse shift caused by the non-linear driving field and t — 7 is the time of the electron
in the continuum as before. If we substitute the classical electron parameters into the

equation above, we find [112],

1 cos(wT)

=7 e L)/0) (219

wclass =£
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A more accurate picture would be to take the angle of the quantum mechanical complex

amplitudes of the electron wave packet [112],

Yqm = arctan [R(f,/f2)] (2.20)

cos(wr) = wlt = 7)sin(wr) (1 + ) + A= E)

- V= T + ) 221

where R is the real component, f, and f, are the respective complex electronic amplitudes,
Apr is the quantum uncertainty of the transverse electron momentum after ionisation
given by Ap2. = 2[,e cos(w) [111].

Although the Corkum model is able to give a classical estimate for the offset angle, it
is unable to provide a description for the ellipticity of the harmonic. Hence, to estimate
the harmonic ellipticity requires a quantum treatment. Stretlov et al. argue that the
harmonic ellipticity originates from quantum uncertainty of the electron motion [112],

which is defined as,

2

if, 7 €
g4 = arctan {?R {—y} } = —— ~ (2.22)
g fa Da [% 4 Aip%] Lw\/2(qw — 1)

where the last approximation assumes w(t — 7)21,/2(qw — I,,) > 1.

Figure 2.11 compares the analytical results from numerical simulations of the TDSE.
Except for lower harmonic orders, it seems that the analytical arguments agree. Moreover,
it appears that for the offset angle, the Corkum model agrees quite well with the quantum

argument.
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Figure 2.11: Harmonic rotation angle (a) and ellipticity (b) as functions of the harmonic
order, the laser parameters given as \g = 1300nm, peak intensity 2.2 x 101W /cm?, ellip-
tically polarised with ¢ = 0.1. Numerical results for the short quantum path (squares),
analytical quantum-mechanical results given by Eq. (2.21) (graph a) and Eq. (2.22)
(graph b) for the short (solid line) and the long (dashed line) quantum path. Graph (a)
presents also classical rotation angle given by Eq. (2.21), figure from from [112]

2.5 Conclusion

In this chapter, we explored the origins of high harmonic generation and sketched out
the arguments for Corkum’s simple three-step model as well as a more full quantum de-
scription with the Lewenstein model. The structure of the harmonic spectrum and its
relationship with driver intensity was explored. Moreover, we described the process deter-
mining the phase of the generated harmonics and how this causes blue-shifting. Finally,
the effect of elliptical or circular polarisation states of the driver was explored. Most

of the arguments presented in this chapter relate to a single atom response of the laser

26



field. In the next chapter, we will explore how propagation of the driver and harmonic

radiation in a microscopic system affect the intensity of the generated harmonics.
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Chapter 3

The phase-mismatch problem

3.1 Phase mismatch

In the previous chapter, we looked at a single atom response to a strong laser field for gen-
erating high harmonics. Moving now to the macro scale, we explore the phase-mismatch
problem, which is the most significant factor in restricting harmonic generation inten-
sity. Because the the harmonic and driving laser radiation propagate at different phase
velocities, after a certain propagation distance, the harmonics generated will become out
of phase with previously generated harmonics causing destructive interference. In this
chapter, we will calculate the origin of the phase mismatch, especially for the case of
harmonics being generated in a hollow core waveguide, and explore some existing as well

as novel techniques for tackling this problem.

3.1.1 Derivation of the phase mismatch

The amplitude of the driving radiation propagating along the z-axis can be expressed as,

E(w) )
EW@(z,t) = %e’[k(“’)z_wt] +c.c. (3.1)

28



where w is the angular frequency, k(w) is the angular wavenumber, FEj is the driving
amplitude modulus, ¢ is time, and c.c. is the complex conjugate of the previous term. At

z = 0, the driving radiation is given by,
E, .
EW(z,t) = 2™ tcc. (3.2)

The harmonic radiation is then characterized by the nonlinear response Py and oscillates

at frequency quw,

(qw)
Tl(\?’f) = —1\;’0 e 4 c.c. (3.3)

where P{j , is the amplitude of the nonlinear response; we also note that ’Pl(\?f) is a
function of Eéw) and of the atomic species. Because the driver field E“)(z,t) is known

for all z and t, it is invariant under time translation of t — t — k(w)z/w; meaning that,

k Ew)
E(w)<2,t) _ E(w) (0715 . (Z)Z) _ 5 ez[k(w)z—wt] (34)

The nonlinear polarisation also adheres to the same invariance, giving,

(qw) (qw) kw)z\  PEL o
PE (2, 1) = P (O,t - e > = ZNLD lak(e)z -t (3.5)

The electromagnetic field generated by this nonlinear polarization will oscillate with the
same frequency as the nonlinear polarisation. Using Maxwell’s equation, the harmonic

field is determined by,

V2B 4 k(qu)2E) = pg%o?PE) (3.6)
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where k(qw)? = (quw/c)?¢M (qw) is the linear part of the polarisation, and the second term
on the left hand side and the right hand side derives from partial time derivatives. We

now write the harmonic field in terms its envelope function £(4):
1 .
E(qw)(z,t) = §g(qw)(z)el[k(qw)z—qwt} +ecec. (3.7)

Substituting Eq. (3.5) and Eq. (3.7) into Maxwell’s equation Eq. (3.6) and making the
slowing varying approximation, meaning we neglect second order derivative terms of the
envelope, we get

dg(a)
dz

) 1 w
ik(qu)eMa)z=wtl ¢ e = —§,uq w ?I\?L)Oe’[qk Wt 4 e, (3.8)

Because this is invariant under time translation, we can ignore the complex conjugate

parts, leaving,

Qik(qw)eik(qw)zw —

R —MOQQwQTS\%) (3.9)

noting that the nonlinear term 9’53‘2?0 is oscilating with frequency gk(w) where Py q”) =

’P%i?oeqk(“’)z. Hence, we can rewrite Eqn. (3.9) as

d¢(aw) o
_ A(qw) iAk(qw)z 3.10
e e (3.10)
where A4 = iuoqszTg\%?o [2k(qw)] and
Ak(qw) = k(qw) — gk(w) (3.11)

is defined to be the wave vector mismatch. In the case of phase mismatch, which is when

k(qw) # qk(w) or Ak(qw) # 0, we can solve the differential equation Equation (3.10) by
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integrating across z:

) =
Alqw)

__—iAk(qw)z
ARG (1—e ) (3.13)

Alaw) g Ak(aw)2 1 (3.12)
(

The harmonic intensity is given by (%) = €¢|E(@) (2, ¢)|2. In the case of the envelope

approximiation, we then write,

109 = gl (z) ] (3.14)

[2A(9)]2¢,c Gin? Ak(qw) B
[Ak(qw)]? ( 2 )

(3.15)

It is clear from the equation above that the harmonic intensity oscillates with a period

of m/Ak. Hence, it is now convenient to define the coherence length:

Llaw) — T 1
: Ar(qw) (3.16)

which is the length it takes for the harmonic pulse and the driver pulse to be 7 out of
phase. In other words, the coherence length is defined by the length it takes for the
system to move from constructive inteference to desctructive interference. In the case
of phase-mismatch and without absoption, the maximum intensity of harmonic pulse
{[A@))2¢5c} /{[Ak(qw)]2} generated over 2L is shown in Fig. 3.3. Further in this
chapter, we will discuss the origins of phase-mismatch, especially for the case of a hollow-
core waveguide.

For Ak(qw) = 0, Eqn (3.13) becomes quite straightforward, and the intensity of the
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Figure 3.1: Harmonic intensity 7(%) as a function of propagation distance z showing both

the phase mismatched and the phase matched situations.

harmonics without absoption becomes:
(3.17)

w)12
](‘1"-’)(2> _ [A(q4)] 6022.

Here, the harmonic intensity experiences quadratic growth as can be seen in Fig.
3.3. In the rest of this chapter, in order to reduce the clutter, we will drop the (qw)
superscripts if it is clear from the context that we are refering to the harmonic pulse.

An intuitive way of thinking about the phase evolution and its effect on harmonic
intensity is to imagine that the amplitude of harmonic radiation generated in each slice of

material can be represented by a phasor of the form or angle arg(Akz) and magnitude A,

and hence the integral of Eqn (3.13) corresponds to the vector sum of the phasors. Under

phase matching conditions when Ak = 0, all the phasors point in the same direction and

hence the harmonics add up constructively as shown in the dotted blue line in Figure

3.2. If there is a phase mismatch however, the phasors rotate by 7 after one coherence
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Figure 3.2: Complex harmonic field £(9) progressing through the propagation axis. Blue
line and text representing perfect phase matching; black line and text representing no
phase matching. The x-axis represents the real component of the harmonic field whilst
the y-axis represents the imaginary component.

length. Hence, tracing the integral in the phase diagram in the black line in Fig 3.2, we

see that the complex harmonic field loops back on itself in a circle with a period of 2L,

which is consistent with the intensity osscilation with period of 2L, as evident in Fig 3.3.

3.2 Dispersion in a hollow-core waveguides

In this section, we will discuss the origin of the phase mismatch, especially in the case
of HHG in a hollow-core gas-filled waveguide. Although HHG was originally investi-
gated using free-focus geometry, hollow-core waveguides are frequently used to extend
the harmonic generation region beyond the Rayleigh length.

Three key dispersion elements for HHG in a hollow-core waveguide are: plasma,

neutral gas, and waveguide dispersion. These three dispersion elements can be added up
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linearly such that [35; 100],

Ak = Akplasma + Akneutml + Akwaweguider (318)

It is important to note that one we assume that each dispersion term is independent of

each other.

3.2.1 Plasma dispersion

As described in the previous chapter, HHG requires partial ionization of gases. Hence,
plasma dispersion contributes to the phase mismatch. In basic plasma physics, the index

of refraction of plasma is given by:

WA 2
Nplasma = 1-— <Cj> (319)
such that
N_e?
2 €0
= 3.20
“r €M ( )

where w), is the plasma frequency, w is the optical frequency, N, is the free electron density,
eg is the electron charge, and m, is the electron mass. For HHG, because ionization is low,
we can assume that w, < wy and w, < w,, meaning that harmonic and driver radiation
can propagate through the plasma without being reflected. Hence, we can linearly expand

Eqn. (3.19) and derive the wavenumber for the gth harmonic as:

2
w w 2mq  Nere)o
k asma ~ — 11— P — - 321
a2 (1= 22 ) = 270 20T (321)

where r, = €3 /[4megmec?] is the classical free electron radius and noting that the equation

applies also for ¢ = 1.
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The plasma phase mismatch between the driver and the gth harmonic for plasma

dispersion is thus given by [35; 100]:

Nore
Akplausma = qkplasma<w0) - kplasma(qw0> = _Nere)\oq + q2 . (322)

noting that the 2w/ cancels out and that the ¢* comes from A\, = \o/q.

In the case of high harmonics where ¢ > 1, we can drop the second term,

Ak‘plasrna = _Nere)\OQ' (323)

3.2.2 Neutral gas dispersion

The index of refraction in neutral gas differs for different wavelengths, contributing to
the phase mismatch. Assuming the ideal gas law, the index of refraction for wavelength

A due to neutral gas becomes,

2w P
kneura:_nas)\ 1—
tral )\ [ g ( )]( 77) Patm

(3.24)

where P is the pressure of the gas, Pum is gas pressure at STP (1 ATM and 298K), ngas
is the index of refraction of the specific gas at STP which can be found at any technical
database or relavent Sellmeier equation, and 7 is the ionisation fraction.

Hence, the phase mismatch caused by neutral gas for harmonic q is calculated to be
[35; 100],

2mq

P
Ak:neutra»l - )\_[ngas(/\()) - ngaS(AO/Q)](l - 77)P
0 atm

(3.25)
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3.2.3 Waveguide dispersion

If we are to generate harmonics in a waveguide, we must consider the waveguide disper-
sion. In Chapter 4, we will discuss waveguide dispersion and modes in more detail, but
we note here that the real part of the waveguide wavenumber for the £'H,, ,,, mode for is

given by [28]:

2T 1 [y mA 2

where R denotes the real part, w,,, is the mth root of the equation J,,_1(x) = 0 with
Jn—1 being the Bessel function of the first kind. Hence, the waveguide wavenumber for

the gth harmonic becomes,

2mq  Up o
kwave uide — - ; 3.27
guid )\0 4ma? ( )

where a is the radius of the waveguide. Using the same type of argument in Sec. 3.2.1,

we calculate the waveguide plasma mismatch being [35; 100],

u%,m)\q

4ra?

Akvvaweguide = (3 28)

For many of the phase matching experiments described, the fundamental £ H;; mode
is generally taken to be the driver mode. However, as we shall see in the following chap-
ters, waveguide dispersion can become an important lever for multi-mode or polarisation

control HHG.
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3.3 Phase matching, Ak =0

As described above, one way of avoiding the destructive interference is phase-matching
by setting Ak = 0. Instead of getting a periodic intensity modulation, one achieves
quadratic intensity growth. Phase-matching in a hollow core waveguide can be achieved
by balancing all the dispersion elements.

We can see this by putting all these dispersion elements together[35; 100],

Ak = Akplausma + Akneutral + Akvvaweguide (329)

2

271'(] P un,m)\q
= —Nrelog + )\_O[ngaso‘()) - ngaS()‘O/Q)](l - 77) Po T T ona? (3-30)

Because these terms are different signs, phase-matching can be achieved by adjusting
the pressure until Ak = 0. We note that the equation above is derived from the Taylor
expansion of certain equations, and small corrections can be applied if necessary.
Experimentally, this was first achieved by Murane and Kapteyn’s group in JILA
Colorado [35; 100], phase matched harmonics up to ¢ = 33 . Pulses from a Ti:sapphire
laser (4.5 mJ energy, 20fs pulse width, A = 800nm, 1kHz repetition rate) were focused
into a = 75 pum waveguide filled with xeon, krypton, argon, and hydrogen gases.
However, phase matching is limited to lower-order harmonics due to the fact that in
order for higher orders of harmonics to be generated, one requires higher driver energies,
which corresponds to higher ionisation fractions. However, there is a point where the
ionisation fraction is too high for pressure tuning to balance out the three terms. This
limit can be simply calculated by setting Akywaveguide = Akneutral, NOting that waveguide
dispersion is small compared with waveguide and neutral gas dispersion. The critical

ionisation fraction is hence,

2
Natm/\ore

T g (h0) — ngasuo/qﬂ) (3:31)

Teritical = (1 +
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Figure 3.3: Measured (a) and calculated (b) harmonic intensity as a function of pressure
tuning showing several peaks exhibiting phase matching conditions. In order of increas-

ing optimum pressure corresponds to the following gases: xenon, krypton, argon, and
hydrogen. Figure from [35]

In the case of argon it is found that nesitica =~ 5%, and for a 50fs, 800nm driving pulse,
Argon’s critical ionisation rate corresponds to phase matching being limited to A > 26nm
or g < 31 [97].

One way of circumventing this phase matching limit is to use longer wavelength
drivers. As discussed in the previous chapter, the harmonic cut-off scales linearly with
the pondermotive energy and thus quadratically with wavelength. Hence, by using longer
wavelength drivers, the harmonic cutoff is extended. Hence, higher harmonic orders could
be generated with lower resultant ionisation fractions giving a larger range for phase
matching. Most recently Murnane and Kapteyn’s group acheived phase matched HHG
pulses in the KeV range using a 3.9 pm driver (10 mJ, 80 fs, 20 Hz) using a parametric

chirped-pulse amplification laser system [92].

3.4 Quasi-phase matching

Because long wavelength drivers are not as readily accessible as Ti:Sapphire lasers and

because in theory even with long wavelength drivers one would still want to extend
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Figure 3.4: Schematic illustration of the coherent kev volt x-ray supercontinua emit-
ted when a mid-IR laser pulse is focused into a high-pressure gas-filled waveguide. The
experimental phase-matched harmonic signal grows quadratically with pressure, demon-
strating phase-matched coherent buildup with increasing pressure P. (B) Experimental
HHG spectra emitted under full phase-matching conditions as a function of driving-laser
wavelength (yellow, 0.8 pm green, 1.3 pm; blue, 2 pm; purple, 3.9um). (Inset) Fourier
transformlimited pulse duration of 2.5 as. (C) Calculated spectrum and temporal struc-
ture of one of the phase-matched HHG bursts driven by a six-cycle FWHM 3.9-m pulse
at a laser intensity of 3.3 10 W /cm?. Figure and caption adapted from [92]

the harmonics beyond the phase matching limit, it is important to explore alternative
approaches to enhancing harmonic intensity. One method is quasi-phase matching (QPM)
where corrections to either generation intensity or to the phase are used to ‘disrupt’ or
modify the destructive interference process.

QPM was first proposed by Pershan’s group at Harvard for second harmonic gener-
ation where the phase mismatch was corrected using periodically poled materials cor-
responding to the coherence length. In this case, the periodicity of the poled materi-
als equaled twice the coherence length of the interaction [56]. However, because gas is

isotropic and has no direction, periodically poled materials cannot be used to correct the

phase mismatch in HHG; other techniques must be developed.
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Figure 3.5: Normalised harmonic intensity (a), normalised harmonic generation coefficient

for A =2L. (b) and A = 6L, (c)

A simple example of QPM is to ‘turn off” harmonic generation in the destructive zones.
This can be acheived in a variety of ways described briefly below and in more detail in the
later chapters. If this process is completely efficient, then harmonic generation is 100%
‘turned on’ in the constructive zones and completely ‘turned off’ in the destructive zones.

Mathematically, this corresponds to the harmonic generation occuring over a square wave
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Figure 3.6: Harmonic field phasor diagram for QPM at A = 2L.. Note that the imaginary
and real axes are flipped for ease of formatting for the page.

with a period of A = 2L, expressed by

1 if2nl.<z<(2n+1)L,
['(z) = (3.32)
0 if 2n+1)L.<z<2(n+1)L.
where n = 0,1,2,3..., and ['(2) is the normalized efficiency coefficient of harmonic gener-
ation such that A — I'A. Fig. 3.5 shows the harmonic intensity for phase-mismatched,
perfect phase matching, and QPM for A = 2L, (dash-dot red line). Fig. 3.6 shows the
phase diagram of the progression of ¢ after 10L, for A = 2L..

In the following chapters, we will explore more general conditions for QPM, but
we note here that A = 2L, is the lowest order and most efficient QPM in this ideal
square-wave scheme; however, higher order QPMs may also exist. Fig. 3.5c¢ shows the
normalised coefficient for A = 6L, a higher order QPM, corresponding to the intensity
growth indicated in Fig. 3.5a. Moreover, other QPM schemes can perform better than

ideal square wave modulation such as optical rotation QPM as we will discuss later.
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Figure 3.7: Schematic diagram of a sequence of harmonic sources formed by gas-phase
generation media enclosed in thin tubes described in the main text. The sources are
arranged along the optical axis of a (gently) focused laser beam and pumped by the same
laser pulse. In the present proof-of-concept study we have used only two sources (shown
in black); further sources can be added for scaling the SXR harmonic yield in future
experiments (shown in grey). Caption and figures from [105]

3.4.1 Multiple gas jets

One of the most obvious ways of turning on and off harmonic generation is to modulate the
density of gas in the axis of propagation. The use of multiple gas jets was first proposed
by Shkolnikov in 1994 [108] but was not demonstrated experimentally until 2007 [105].
Figure 3.7 shows a schematic of this demonstration. The experiment was demonstrated
using a 15fs, 2mJ, 750nm wavelength laser at 1 Hz with a confocal parameter of 18 mm,;
the gas jets had a width of 0.4 mm. The separation of the gas jets were varied between 0
and 4 mm, an optimal separation was found at around 1.7 mm which corresponded to an
enhancement factor of approximately 10 for photons at 300eV. The authors here define
enhancement as the ratio between a single gas jet 0.4mm thick versus two gas jets both at
0.4mm thick. Fig. 3.8 shows the harmonic intensity as a function of optimal separation.
Further improvements and coherent control have been achieved in [43; 105; 127].

As discussed above, one of the biggest problems with free-focal geometry is the fact
that the interaction region is limited by the Rayleigh length. Hence, one could not achieve
a high number of coherence zones. Furthermore, higher harmonics correspond to shorter

coherence lengths, resulting in narrower gas jets, which presents a greater engineering
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Figure 3.8: Harmonic spectra from a single 0.4-mm-thick source placed approximately 1
mm downstream from the beam waist of the pump laser beam (green curve) and from two
identical 0.4-mm-thick successive sources with the second source pushed to close proximity
of the first one (red curve) and removed from the first source so that their centres were
separated by d ~ 1.7 mm (blue curve). The backing pressure for both sources was 120
mbar. The dashed line shows the ratio of the harmonic yields from the successive sources
placed at optimum separation (blue curve) and merged (red curve) on the scale shown on
the right vertical axis (the vertical error bars are standard deviations and the horizontal
error bars correspond to the channel width of the spectrograph). Caption and figures
from [105]

challenge.

3.4.2 Modulated waveguides

Harmonic intensity is very sensitive to driver intensity. Hence, one way of modulating
harmonic generation along the propagation axis is to modulate the driver intensity by
modulating the hollow-core waveguide diameter. This was originally proposed by Chris-
tov et al. in 2000 [25] and has been acheived by Murnane and Kapteyn’s group in 2003
[46; 88].

In these experiments, precision gas-blowing techniques were used to generate sinu-

soidal modulations of the waveguide diameter. Fig. 3.9 shows an image of one of the
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Figure 3.10: Harmonic intensity with standard constant width (black line) and modulated
width (red line) waveguides. Figure from [46]

capillaries with modulations of 0.25 mm, diameters on order of 50 microns, and length of
around 25mm. The authors used a 1 KHz Ti:sapphire laser system with a pulse energy of
1 to 3 mJ. Fig 3.10 shows that enhancements of up to 3 can be achieved with harmonics
corresponding to 110eV having the strongest enhancement. The authors calculated that
the phase-mismatch was around Ak = 20000m~! which roughly corresponded with the
waveguide modulation of 27 /A, = 25400m ™. We note that in Chapter 8, we discuss
an alternative interpretation of these results where the amplification of a broad spec-
trum may be due to random phase matching. This technique is limited by engineering

constraints given the glass-blowing requirements of the inner-diameter of the waveguide.
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Figure 3.12: (a) Measured enhancement as a function of z for trains of N = 1 (black line),
2 (green line), 4 (blue line), and 8 pulses (red line). (b) Measured enhancement of the
27th harmonic as a function of N (circles), as well as the expected scaling of harmonic
intensity with pulse number (solid line). Figure and caption from [85]

3.4.3 Counter-propagating waves

Another way of disrupting harmonic generation in a periodic way is to use a counter-
propagating wave [32; 76; 85; 90; 98; 136]. Even small amounts of energy in the counter-
propagating wave will disrupt the phase and hence the destructive zones. The counter-
propagating wave can be either parallel or perpendicularly polarized. The present group
has shown that the energy required for perpendicular polarized counter-propagating wave
to extinguish harmonic generation is twice as much as that for parallel polarization
[65]. When the counter-propagating polarization is parallel, the phase of the harmonic

generation is scrambled due to direct interference between the driver and the counter-
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propagating pulse as well as intensity dependent phase. However, when the counter-
propagating pulse polarization is perpendicularly polarized, the resultant elliptical driver
dampens harmonic generation.

In theory, N counter-propagating pulses contains N + 1 generating zones. Hence,
the harmonic intensity should scale as (N + 1)2. Most recently, up to eight counter-
propagating pulses have been achieved by the present group. A schematic of the exper-
iment can be seen in Fig. 3.11. However, enhancements of the harmonics flattened out
after four pulses suggesting drifts in the coherence length possibly caused by mode inter-
ference within the waveguide as seen in Fig 3.12. As a result, the present group developed
a method to generate continuously-tunable pulse trains that could theoretically adapt to
the drift in coherence length. In theory, this technique should be able to quasi-phase
match tens of microns in coherence length, enabling the enhancement of much higher

photon energies [84].

3.4.4 Multi-mode (parallel polarisation)

Similar to the modulated waveguides, if two or more modes with parallel polarisations are
coupled into the waveguide, the interfering modes may cause intensity modulations. If
these modulations are then properly matched with the coherence lengths of the harmon-
ics, then QPM enhancements may occur. The present group presented enhancements
of 3 orders of magnitude of 300eV harmonics and showed that mode beating may be
the primary reason for these enhancements [135]. The experiment was performed at
Rutherford Appleton Laboratories, where ~ 40 fs at ~ 50 mJ pulses were delivered to
a waveguide with a bore radius of ~ 90 pm. Figure 3.13 shows enhancement of water-
window harmonics at 20 mbar of argon, but at phase mismatched conditions of 42 mbar
of argon, enhancement was not observed. For 300 eV photons, the peak brightness was

estimated to be > 10*' photons/s/mm?/mrad?, making it the brightest water-window
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Figure 3.13: Quasi-phase-matched HHG in the water window. The red and blue traces
are two separate shots recorded at p ~ 20 mbar Ar with the signal corrected for system
transmission, while the black trace is obtained for mismatched conditions with p ~ 42
mbar Ar. Both harmonic signal traces (red and blue) are normalized to the value of the
peak of the blue trace (labeled x) showing the good short term reproducibility of the
data (3-minute interval). The dip in harmonic intensity at ~ 4.4 nm (labeled y) is due
to uncertainty in the absolute transmission around the C' K edge of the 0.2 pm Al/0.3 pm
CH filter used to block optical light. The raw data from the CCD are shown in the inset.
A lower limit of the conversion efficiency per harmonic order is calculated by vertical
integration of the background subtracted signal in the bright region over the interval
vo only and correcting for system transmission. Significant signal with clear harmonic
structure is present for one side lobe (marked v; in the inset) either side of the bright
central order, vg. Up to six side lobes were observed experimentally and are likely due to
off axis QPM. Figure and caption from [135]

x-ray from HHG at time of publication in 2007. One advantage the authors pointed out
about MMQPM is that high order modes enabled the quasi-phase matching of very short
coherence lengths, corresponding to very high order harmonics. The authors argued that
strong intensity beating over short distances enabled QPM to occur for very high order
harmonics [135].

Further in this thesis, we will explore mode beating in more detail and will argue that
perhaps mode beating enhancements arise not only from intensity modulations but also

also from more complicated phase modulations as well.
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3.4.5 Polarisation control

In this thesis, we propose a new class of QPM techniques by controlling the polarization
in an optical waveguide by either: (i) rotating the polarization of the driving field [71; 72]
in a circularly birefringent waveguide; or (ii) modulating the ellipticity of the driver
polarization [70; 73; 74] in a linearly birefringent system. The key advantage of this new
class of polarization-controlled QPM is its simplicity compared to other QPM techniques
since it avoids the need for additional laser pulses such as in counter-propagating waves
or longitudinally-structured waveguides. Instead, the only requirement is a waveguide
with a suitable value of birefringence. Moreover, as we show in Chapter 6, the circular
birefringent scheme affords significantly greater conversion efficiencies than other QPM
schemes and also provides the first circularly polarized quasi-phase matched or phase-
matched harmonic source. As we will also see, polarization control can also be achieved
in coupling in modes with polarization state control as well. Chapters 5-7 will focus on

discussing polarization-control in detail.

3.5 Random phase matching

The key to harmonic intensity enhancement is to make sure that the phase does not add
up destructively. The phase diagram in Fig 3.2 and Fig. 3.6 suggests that any mechanism
that enables the sum of all the phasors to be as far away from the origin as possible can
be effective in HHG enhancement. If each of the phasors are random in phase for each
step, then the harmonic field undergoes a random walk in the complex amplitude space
while it moves along the propagation axis. The total distance from origin is proportional
to v/N where N is the number of steps. In the Chapter 8, we will explore the exact

conditions for random phase matching.
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3.6 Conclusion

This this chapter, we derived the origin of the phase mismatch problem and gave a
brief introduction of the various solutions — phase matching (Ak = 0), various quasi-
phase matching schemes, and random phase matching. In the following chapters, we
will explore in more detail both from a theoretical and from an experimental perspective

mode beating, polarisation control and random phase matching.
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Chapter 4

Modes in lossy hollow-core

waveguides

4.1 Introduction

Last chapter we discussed the phase-mismatch problem and potential solutions involving
phase and quasi-phase matching. Most notably, we discussed phase matching and QPM
techniques in hollow-core waveguides, which is a main focus of this thesis. HHG in
hollow-core waveguides provides a few key advantages. First it extends the generation
zone of the harmonics by maintaining driver intensity for a longer length. Second, it
enables better control of gas conditions and pressures inside the hollow-core waveguide.
Finally, it makes it possible for phase matching or quasi-phase matching as described in
the previous chapter. Hence, in this chapter we will discuss the properties of modes and
mode propagation in a hollow-core waveguide in this chapter; in particular, we will focus

on radially symmetric modes.
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Figure 4.1: Schematic coordinate diagram for a hollow-core waveguide.

4.2 Basic solutions of hybrid modes

For most of the history of waveguide engineering, the focus has been on solid core waveg-
uides where the index of refraction of the core is slightly higher than that of the cladding.
As a result the laser field is confined inside the core due to total internal reflection. The
modes of this type of guiding have long been well understood and have been straightfor-
ward to solve analytically [83].

The interest in hollow-core waveguides, however, has been a more recent development.
Applications such as high harmonic generation or terahertz communications [52; 114] has
encouraged further study of the modal structures of hollow-core waveguides.

It was not until 2002 that the full equations for circular hollow-core waveguide modes
were derived [28]. In general, hollow-core modes can be grouped into transverse TE or
TM modes and into hybrid EH modes. However, Gaussian linearly polarised laser beams
are not suitable to couple into the transverse modes because the polarisation states are
not linear, so we will focus our discussion on hybrid EH; ,, modes, which do have linear
polarisation. We note that much of the derivation of the mode solutions can be found in

Cros et al. [28] and this chapter will focus on the key results relevant for high harmonic
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Figure 4.2: a) Radial and b) azimuthal components of the electric field of the EH11 mode
as a function of the radial position for wt — 5,z = 0 = 7/4, in the case of glass walls
€w = 2.25, an incident wavelength of 1 um and a capillary tube radius a = 25um, figure
and caption from [28].

generation.

Fig. 4.1 shows the general schematic and coordinate labels for a hollow-core waveguide
with a being the core radius, r being the radial coordinate, and z being the coordinate
in the direction of laser propagation. We also note that n = n,, is the refractive index
of the cladding material and we will set n = 1 for the refractive index of the hollow-
core. We also define the electric permittivity as €, = y/n, assuming that the magnetic
permeability is 1.

In general, a propagating mode electric field can be written as product of the trans-
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verse modal profile E (r,0) and the propagation term e iwi=h2),

E(z,7,0,t) = E(0,r)e @tk (4.1)
where k,, is the complex propagation constant of the mode,
kp = Bm + 10ty (4.2)

The constant (3, is the phase constant that describes the modal dispersion while the
constant «,, is the attenuation constant.
The propagating electric field in the z-direction for an EH,,, mode for » < a can be

written in cylindrical coordinates as [28§],

E., = —%Jn(umg) sin(nf) sin(wt — B,,z)e”*m* (4.3)
r. . U r a r
E, = {Jn_l(uma) sin(nf) cos(wt — B z) + Yha [(na + u;) Jn(uma)
9 _
+n an_l(umi)] sin(n#) sin(wt — Bmz)} e am? (4.4)
m a

Ey = {Jn_l(umg) cos(nf) cos(wt — B2) + 2::@ [(772 — ,u%) Jn(umg)

b (20 ) s D) costutsinn = ) e 4)

m

where J, is the Bessel function of the first kind, p = Ve, — 1, n = (1 + €,) /1, Up, is
solved via the dispersion relation and is the mth zero of Jy(z) = 0. For completeness,

the magnetic fields are given by for r < a,

B, = %Z—:Jn(umg) cos(nf) sin(wt — fBp,z)e” *m* (4.6)
B, = —%E@ (4.7)
By = %ET. (4.8)
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For outside the waveguide core (e.g., within the wall material), » > a, the electric

field of the modes are given by,

E, = _%Jn(um)\/gsin(ne) sinfwt — Bz — Bp(r — a)le” (4.9)
E, = B:—Zlujn(um)\/gsin(nQ) sinfwt — Bz — Bup(r — a)le” (4.10)
Ey = @Z—ZﬂJn(um)\/gcos(nH) sinfwt — Bz — Brp(r — a)le” ", (4.11)

and the magnetic field is similarly given by,

_ Pm um a . Cas

B, = U%Jn(um)\/;cos(nﬁ) sinfwt — Bz — Bmpu(r —a)le (4.12)

B, = -’ng, (4.13)

Bg = Ewﬁ—mEr (414)
w

For linearly polarised radially symmetric modes at zeroth order, we require n = 1.

We note that the propagation constant’s two terms for the EHy,, modes are given by

[28; 97],
B, — 2 ] 1 [ up 2 (4.15)
DY 2 \ 27a '
U \ 2 A2 n2 +1
_ (AT 1) 41
O (27T> 3 (2 ni—l) (4.16)

Figure 4.2 shows the electric field components F, and FEy for the EH;; fundamental
mode for a = 25um. It is evident that for » < a, the field profile is very much dominated
by the Bessel term. For r > a, the wave emerges and is slowly damped by the \/7/a

term, which forms the energy loss from the lossy waveguide.
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To get back to familiar Cartesian coordinates, we can perform a coordinate transform,

E, = E,sin(0) + Eycos(0) (4.17)

E, = E, cos(f) — Egsin(6) (4.18)
To zeroth order, we can approximate the z and y dependent electric field terms as,

E.(r,0) ~ Jn_l(um£>cos[(n—1)9] (4.19)

E,(r,0) = Jn_l(umg)sin[(n—l)G]. (4.20)

For the family of modes where n = 1, it is clear that the modes are linearly polarised in the
x direction as E, = 0. Hence, we can write the only component, e.g., the x-component,

of the linearly polarised EH;,, mode as,
Ey(r, z,t) = Jy (um5> e (W=fmz) gmam= (4.21)
a

Finally, for completeness, we normalise the modes,

! Ey(r) = o (Um) (4.22)
Vs B 7, 2mrdr

Elm(T’> —

NI

where * denotes the usual complex conjugate, and we assume that the electric field can

be neglected for r > a.

4.3 Mode Coupling

It can be shown that the normalized Bessel modes Ej,, are orthonormal and complete

in r for symmetric modes. Hence, any linearly polarised radially symmetric input beam
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profile can be expressed a linear combination of modes,
Ei(r) = i CinE1m (1) (4.23)
m=1
where C), is the complex coupling coefficient for the mth EH;,, mode, which is given by,
Cpn = /Oa 2rrdr By (1) - By (r). (4.24)
If the total power of input beam can be expressed as,

(4.25)

m)

P :/ 27T7“d7"Ein - B
0
then the fractional coupling of the mth mode is given by C,,C?, /P.

4.3.1 Gaussian coupling

For a linearly polarised Gaussian beam FEj,(r) = Eoe /% of waist size w, at focus

coupled into the waveguide, the coupling coefficient is given as,
C,, = EO/ QWTdrElme_’"Q/wg. (4.26)
0

To couple into the fundamental EH;; mode, it has been found that there is an optimal
beam width to waveguide radius ratio of wy = 0.6435a which gives C,Cy/P = 0.98, or
98% of incident power is coupled into the first order mode [28]. Figure 4.3 shows the

coupling power of the first four modes as a function of beam width to radius ratio.
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Figure 4.3: Proportion of the incident power coupled into the first four modes, as a
function of wy/a, the ratio of the incident spot radius to the capillary inner bore radius.
Waveguide attenuation increases for higher-order modes, so the transmission of a capillary
is maximised when the lowest-order mode is preferentially excited. Maximum coupling
into the lowest order mode occurs when wy/a = 0.6435, figure and caption from [97]

4.3.2 Spatial filtering

It is clear that for a Gaussian beam even optimal coupling excites approximately 2% of
higher order modes. Moreover, in a realistic experimental situation, perfect coupling is
even more difficult. As we will see in Chapter 10, spatial shaping of beams using a spatial
light modulator is one way of achieving better coupling. However, even in the absence of
ideal coupling, the waveguide itself acts as a spatial filter that amplifies the relative power
of the lower order modes. In fact the current group now use a longer 100mm waveguide
for QPM HHG experiments in order to achieve better mode quality [84].

Noting Equation (4.16), we notice that as m increases, u,, must increase as well.
Given that the o, term has a u?, relation, a higher order mode implies a higher damping
coefficient. Table 4.1 gives the 1/e* attenuation lengths for the first four modes. Hence,

after a some propagating distance, the higher order modes are damped away.
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4.4 Linear Mode Beating

For a combination of linearly polarised modes (in the same direction and polarisation

state), the electric field can be written as,

Blrat) = 3 Ol e (4.27)

J() U, = ) .
_ —zwt a +iBmz —omz 4.9
ZC CL\/_Jl um)e € ( 8)

We note here that each sum component is made up of four parts: C,, is the complex
coupling coefficient, the Bessel terms represent the spatial profile of the mode, the complex

exponent e”’m* represent the mode propagation along the z axis and the real exponent

e~ “m* represents the mode dampening term. Finally, the frequency term e~™! can be
factored outside the sum given that it is the same for all modes.
4.4.1 Intensity beating
Intensity of the propagating modes can be written as,
I(z,r) = 6;CEE* (4.29)

After some algebra, the interference period of the intensity, or beat length between two

modes m and m’ is given by,

2 27

2Ly m—m = =
> 1AB] 1B — B

(4.30)

As we shall also see in Chapter 5, this beat length is also the polarization beat length
under a birefringent system if m and m’ have perpendicular polarisations. Note also

that the factor of two in 2Ly ,,,_p, is meant to harmonize the definition of beat length as
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Figure 4.5: Figure (a) shows the intensity of the combined modes (assuming dampening),
I(z) as a function of propagation distance z. Figure (b) shows the phase differential
between the first order mode and combined modes (blue line) and between the fifth order
mode and the combined modes (red). Both figures assume a 800nm laser pulse in an
a = 51lum radius waveguide with wall index of refraction of n,, = 1.45
discussed in the forthcoming chapters.

Figure 4.4 shows the intensity modulation for a continuous beam of radiation with
A = 800nm with three different Gaussian mode coupling ratios (wp/a = 0.7,0.6435, 0.6)
with a hollow-core waveguide radius of a = 51um and index of refraction of n,, = 1.45.
It is clear that for wg/a = 0.6, the two main modes coupled are the m = 1 and m = 2
modes as seen in Figure 4.3, which has a beat length of 2L;,;_» = 10.4mm with these

parameters. It is clear from the figures that the areas of peak brightness are spaced

roughly apart by 10.4mm [97].
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4.4.2 Phase modulation

It is evident that mode beating will also cause the phase of the guided radiation to become
modulated. It is clear that for, say, two modes coupled into the waveguide, m = 1 and
m = 5, arg(l) # arg(C1Ey) # arg (CsE5). Figure 4.5 shows the phase differentials
arg(E) — arg(C1Ey1) and arg(E) — arg(CsE5). We see that the phase modulation has
the same period as the intensity modulation given by the mode beat length 2L;,_5. An
algebraic analysis of this will be conducted in Chapter 7.

Given the phase sensitivity for phase and quasi-phase matching in HHG, the phase
modulation from mode beating may play an important part of the generation process. In
Chapter 7, we will explore the impact of this on quasi-phase matching and in Chapter 8

we will see how this can potentially impact random phase matching.

4.4.3 Mode beating in pulsed lasers

Table 4.1: Modal properties for a A = 800nm, 50 fs laser pulse with a waveguide core
radius of @ = 51um and n,, = 1.45, table from [97]

Mode 1/€? intensity Group velocity Distance for 50fs

attenuation length separation from EHq;
EHy; 96cm 0.99998c N/A
EH;, 18cm 0.99990c 19.5cm
EH;3 7.4cm 0.99977c 7.0cm
EHy, 4.0cm 0.99957c 3.6cm
EHy5 2.5cm 0.99931c 2.2cm

In Section 4.2, we calculated the phase velocity or mode propagation constant f3,, for
different modes. So far, all the analysis above assumes a continuous-wave (CW) laser.
In reality, in order to generate harmonics, ultrafast, pulsed lasers must be used, which

are around the tens of femtosconds pulse width. The group velocity is also dependent on
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mode number and is given by,

-1 27~

Vgm = (aai;) =c [1 —i—% (%) ] : (4.31)
Table 4.1 gives calculated group velocities for its given parameters. Note that for higher
order modes, the group velocities decrease. This suggests that for a pulsed laser, as the
modes propagate down the waveguide, lower and higher order modes will slip as a result
of group velocity dispersion. Table 4.1 also calculated the distance it would take for a

50fs laser pulse of the specified mode number to separate from the first order mode.
To calculate the electric field of the mode moving along the first order mode, we need

to assume a pulse width 7 and shape. Assuming a Gaussian temporal profile, the field

propagating along m = 1 can be written as,

. (t—z/vg,m)?
Epi(z,1t) = Z Ch By (r)e @t m) g=amz o=2n 22— (4.32)
m
: o2 t=/rgm)? : :
where the last exponential term e 2 describes the mode slippage. We note

that the equation above is a simplification. In reality, the laser pulse contains a spectrum
of optical frequencies, and that to calculate propagating field, we need to integrate over
the frequencies. However, in the equation above, we have neglected chromatic dispersion
and any dependency on wavelength.

Figure 4.6 shows the mode beating intensity as a function of propagation distance for
a CW and for 50fs, 25fs, and 10fs pulses. Note that the mode beating effect is damped
faster for shorter pulses because the lower order modes no longer overlap with the higher
order modes. As we discuss in future chapters, this is one area of limitation for QPM

schemes based on mode beating.
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Figure 4.6: Longitudinal intensity variation in a capillary with wy = 0.6345a, due to
beating between the ten lowest order modes, for the case of three different pulse durations
as well as the CW case, figure and caption from [97]

4.5 Conclusion

In this chapter, we presented the modes for radially symmetric hollow-core waveguides
based on [28]. We then outlined the theory behind mode coupling and mode beating.
The basis for this chapter will provide the mathematical framework for discussions in the
next few chapters around polarisation-beating, optical-rotation, and multi-mode QPM,

whose schemes are all based on mode interference.
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Chapter 5

Polarisation Beating Quasi-Phase

Matching

5.1 Introduction

In Chapter 3, we discussed the origins and potential solutions of the phase-mismatch prob-
lem noting that QPM is a potential solution, and in the previous chapter, we discussed
how modes propagate through a hollow core waveguide. Now, we discuss a novel QPM
technique — polarization-beating QPM (PBQPM) — which utilizes polarization beating in
a birefringent waveguide to modulate the generation of harmonics [70; 73; 74]. The key
advantage of PBQPM is its simplicity, since it avoids the need for additional laser pulses
or longitudinally-structured gas targets. Instead, the only requirement is a birefringent
waveguide with a suitable value of the birefringence. Induced birefringence from mode

beating may also be exploited, which we will explore in Chapter 7.
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5.2 Polarization Beating QPM

In Chapter 2, we discussed the single-atom efficiency of HHG dependence on the polarisa-
tion of the driving field [7; 8; 20; 110], which arises from the fact that the ionized electron
must return to the parent ion in order to emit a harmonic photon.

In PBQPM a birefringent waveguide is used to generate beating of the polarization
state of a driving linearly-polarized driving laser pulse, thereby modulating the harmonic
generation process. QPM will occur if the period of polarization beating is suitably
matched to the coherence length of the harmonics. In a birefringent waveguide, the inci-
dent radiation can be resolved into two components polarized along the birefringent axes.
For linearly-polarized incident light these components are initially in phase, but the dif-
ference in their phase velocity will cause the two components to develop a phase difference
which increases linearly with propagation distance. As a consequence, the resultant po-
larization state will evolve from linearly polarized at an angle © to (for example) the fast
axis, through (say) right-handed elliptical polarization to linearly polarized at an angle
—0 to the fast axis, and thence through elliptical polarization back to linearly-polarized
radiation parallel to the incident light.

The polarization beat length L; is defined to be the distance for the two polarization

components to develop a phase difference of 7, and hence:
Ly=—=—=— (5.1)

where AS is the difference in propagation constant for the two polarization components,

AAB

5. 1s the dimensionless birefringence parameter

A is the vacuum wavelength, and B =
Thus, by matching the beat length to an appropriate multiple of L., harmonic gen-
eration can be turned on and off along the length of the waveguide in a controlled way

— enabling quasi-phase matching. As described in Chapter 2, since the harmonics are
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Figure 5.1: Cartoon schematic for PBQPM

generated most efficiently for linear polarization, the general condition for lowest-order
for PBQPM is that the separation, L, of adjacent points of efficient harmonic generation
is equal to an even number of coherence lengths, i.e. PBQPM requires, L, = nL., where
n is an even integer As is discussed in more detail below, since the coherence lengths for
harmonics polarized parallel to the z- and g-axes are different, for a given L, it is only
possible to quasi-phase-match one of these components. As a consequence the output
harmonics will be predominantly linearly polarised along the matched birefringent axis.
Moreover, as discussed below, © and the harmonic order ¢ determine the width of the

generation zone in relation to L, where © can be optimized. Figure 5.1 shows a cartoon

schematic for PBQPM.

66



5.3 The envelope function for PBQPM

If we write the electric field of the ¢gth harmonic as
Ey(2,1) = €z, t)elkas)z—at (5:2)

then, within the slowly-varying envelope approximation:

% _ AF(Z)G—i[k(qw)—qk’(w)]Z (53)

where ¢ is the electric field envelope, k(w) = S(w) is the propagation constant for radiation
of frequency w, A is a normalization constant and I'(z) is a relative source term.
As in Chapter 3, for each polarization the wave vector mismatch for a specific har-

monic, ¢, can be written as:

Ak = k(qw) — ¢k(w) (5.4)

= A]'{:plasw’wz + Ak:neutral + Akwaveguide (55)
and the envelope function can be solved as:
£(z) = A/ d2' e ART (). (5.6)
0

5.3.1 Effect of polarization state on HHG

The relative number of harmonic photons generated in the gth harmonic by a driving

beam of ellipticity € may be written as:

o~ (155) 5.7)

1+ &2
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where ¢ is defined as the ratio between the minor axis to major axis.

Within the perturbative regime o = ¢ — 1, as verified by Budil et al [20] for harmonics
g = 11 to 19, and by Dietrich et al for harmonics up to ¢ ~ 31 [31]. Schulze et al found
that for higher-order harmonics the sensitivity of harmonic generation to the ellipticity of
the driving radiation is lower than predicted by Eqn (5.7) with @ = ¢—1 [104], although in
this non-perturbative regime the efficiently of harmonic generation still decreases strongly
with €. Further measurements of the dependence of harmonic generation on ellipticity
have been provided by Sola et al [110]. It is recognized that Eqn (5.7) is an approximation,
but it will serve our purpose of demonstrating the operation of PBQPM.

The offset angle and ellipticity of the harmonics generated by elliptically-polarized
radiation have been shown to depend on the ellipticity and intensity of the driving radi-
ation, and on the harmonic order [7; 8; 77; 104; 112]. Propagation effects can also play
an important role. Since the amplitude with which harmonics are generated decreases
strongly with increasing ellipticity, we are most interested in the ellipticity of the har-
monics generated for small e. It has been shown that for higher-order harmonics, and/or
high driving intensities, both the ellipticity and change in ellipse orientation of the har-
monics generated by radiation with e ~ 0 are close to zero [8]. We will therefore make
the simplification that the generated harmonics are linearly polarized along the major
axis of the driving radiation, and that the harmonics polarized along the fast and slow

axes of the waveguide may be treated separately.

5.3.2 Birefringence & evolution of the ellipticity of polarization

In this section, the evolution of the driving field’s ellipticity will be developed. We assume
azimuthal symetry of the modes. Let £ and g be the birefringent axes of the waveguide

with the & axis being the slower axis such that 5, < B,. The driving field can be
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decomposed into the  and y components:

. @x ei([(ﬁyfA/B)szt] Sin 9
E(r,z,t) = = E(r) . (5.8)
@y ez[(ﬁy)z_wﬂ Ccos @

where E(r) describes the transverse electric field profile as a function of the distance r
from the propagation axis.

At a given point z the electric field has an ellipticity given by:

B sin? O COSQ(gbmm — Aﬁz) +cos2O COSQ(¢min)
5(2) - \/Sin2 © COS2(¢ma:p — Aﬂz) + cos2© COS2(¢mam) (59)
where
20 _ sin[2¢)]
tan”© = _sin[2(¢ + AB2)] (5.10)

Here ¢q: and ¢,,;, are the values of ¢ = wt which give respectively the maximum and
minimum magnitude of the electric field.

Although the ellipticity is periodic with period L,, the electric field is periodic with
period 2L,. The beating of the ellipticity as a function of propagation distance for various

different angles of incidence is shown in Figure 5.2.

5.3.3 Wave-vector mismatch in a birefringent waveguide

In a birefringent waveguide the wave vector mis-match Ak is polarization-dependent.
However, the only polarization-dependent term in Eqn (5.5)is Akyaveguide, the wave vector

mis-match arising from the waveguide dispersion. Hence we may write,

Akac,waveguide = Bx(qw) - QBI (Cd)
Aky,waveguide = 5y(qw) - qu(w)

(5.11)
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From this, we may then write,

Aky = Ak, + 6kyy,

where,

5kxy = Akjy,waveguide - Akm,waveguide (512)
= qAB(w) — Af(qw) (5.13)
~ qAB(w) (5.14)

and the approximation follows if the birefringence is small at the frequency of harmonic

q.
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5.3.4 Constructing the PBQPM envelope function

From the discussion in Section 5.3.1 we may treat each polarization separately, and hence

Eqn (5.6) becomes:
&alz) = A [ dz'e BT ()
§,(2) = A [7 d2'emiSbT, ()

(5.15)

where
[.(2) =/ fle(?')] sin©

0y(+') = V/FIE()] cos ©

(5.16)
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that Ly = 2L.,, ¢ = 27, © = 20° for PBQPM. Dashed magenta line shows perfect phase
matching, dashed black line for perfect quasi-phase matching, dot-dashed cyan line for
no phase matching. The solid blue line shows the relative amplitude squared for the z
component whilst the dashed yellow line shows the relative amplitude squared for the g
component. The thick gray line shows the total HHG intensity for PBQPM.

are the relative source terms. In terms of the faster polarization state (the § component),

§a(2) = Asin© [ dz'e”BbHadDZ / fle(21)]
&y(2) = Acos© [ d2'e kv |/ fle(2)]

(5.17)

Figure 5.3 shows an example of f[e(z)] and the real part of the envelope function
intergrand, assuming o« = ¢ — 1 and L, = 2L.,. Notice that integrating across the
y component would result in a monotonic increase of the HHG amplitude whereas for
the & component, no net increase in harmonic amplitude would result owing to the
rapid oscillations of the integrand. We conclude that the the polarization of the output
harmonic will be almost perfectly linear, in this case with an electric field parallel to the
y-axis since it is for that polarization that the polarization beating has been matched to

the coherence length
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Figure 5.4 compares PBQPM for these parameters against perfect phase matching
and perfect QPM; we define the latter to correspond to square-wave modulation of the
local harmonic generation with a period 2L. and complete suppression of the out of phase

zones.

5.4 Properties of PBQPM

5.4.1 Coherence length and beat length matching

For a waveguide with fixed birefringence B the condition for PBQPM can be realized by
tuning the gas pressure and/or adjusting the driving laser intensity until the period of
polarization beating and the coherence length are appropriately matched. The general
condition for QPM is that the distance over which harmonics are generated and that over
which generation is suppressed are both equal to an odd number of coherence lengths,
i.e. to (214 1)L, and (2m—+ 1)L, respectively, where [ and m are integers. Thus the QPM
period is in general 2(I +m + 1)L. = nL. and hence the general condition for PBQPM
is Ly, = nL., where n is even. Note that if the distances over which harmonics are
generated and suppressed are equal, i.e. [ = m, then PBQPM requires satisfaction of the
more restrictive condition L, = 2(2]+1)L.. These considerations are illustrated by Figure
5.5 which shows the calculated growth of the harmonic intensity for the cases n = 1,2, 3
and 4. It may be seen that monotonic growth of the harmonics does not occur when n is
odd, as expected. Notice that PBQPM does occur for the case n = 4, which corresponds
to the lengths of the suppressed and unsuppressed regions of harmonic generation being
unequal; this is possible for PBQPM since the efficiency of harmonic generation is very
sensitive to the ellipticity, so that it is possible for the harmonic generation regions to be

shorter than those in which generation is suppressed.
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Figure 5.5: PBQPM for © = 34°, ¢ = 27, and L, = nL., with n = 1,2,3,4. The top
graph shows the relative harmonic intensity as a function of propagation distance z for
perfect QPM (dashed black line), L, = 4L, , (dot-dashed red line), L, = 3L, (solid green
line), L, = 2L, (dashed blue line), and L, = L., (dotted magenta line). The bottom
four graphs show the p = y polarization source term I', as a function of propagation

distance z for (b)L, = 4L.,,(c)Ly = 3Ly, (d)Ly = 2L.,, and (e)L, = L.,
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5.4.2 Output intensity and coupling angle ©

It can be expected that the coupling angle © has an optimum: if © is small then the ¢
remains small for all z, and the harmonic generation is not sufficiently suppressed in the
out of phase zones; if it is too large then harmonics are only generated for a small fraction
of the in-phase zones. Figure 5.6 shows the relative harmonic intensity as a function of
propagation distance for various coupling angles ©. Figure 5.7a shows as a function of
O, and for various harmonics ¢, the normalized harmonic signal after one beat length.
Also shown is the optimum coupling angle as a function of harmonic order q.

The optimum coupling angle, O, will decrease with harmonic order since higher-order
harmonics are more sensitive to the ellipticity of the driving radiation as discussed in
Section 5.3.2 , and hence for these harmonics it is possible to couple more of the polar-
ization of the incident radiation along the polarization of the harmonics to be generated

by PBQPM. Figure 5.7b confirms this for the case of L, = 2L,,,.

5.5 Realisation of PBQPM

Having introduced the concept of PBQPM and explored its operation in theory, we now
discuss how this quasi-phase-matching scheme might be realized in practice. Several
types of birefringent waveguides have been developed to date: elliptical or rectangu-
lar waveguides [83]; waveguides made from birefringent materials [79]; waveguides with
nonuniform refractive index [83]; photonic crystal fibers (PCFs) [2; 23; 132]; waveguides
constructed with tunable piezoelectric material [119]; tunable stress-induced birefringent
waveguides [83]. Many of these birefringent waveguides employ solid cores, and are there-
fore not suitable for PBQPM. However, we note that (non-birefringent) gas-filled PCF's
have been used to generate high harmonics [48]. Moreover, commercially available hollow

core birefringent PCFs have been demonstrated with birefringence parameters as large as
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Figure 5.6: PBQPM for ¢ = 27 and L, = 2L., with © = 30°,80°,45°,20°. The top graph

shows the relative harmonic intensity as a funct

ion of z for perfect QPM (dashed black

line) and coupling angles of ©® = 30° (dot dashed red line), ©® = 80° (solid green line),
© = 45° (dashed blue line), © = 20° (dotted magenta line). The bottom four groups
show the p = y polarization source term I'y as a function of z for (b)© = 30°, (¢)© = 80°,

(d)® = 45°, and (e) © = 20°.
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Figure 5.7: Top graph (a): Relative HHG intensity as a function of coupling angle O,
normalized to perfect QPM after one beat length where L, = 2L, for ¢ = 15 (solid red
line), ¢ = 27 (dashed green line) , ¢ = 39 (dotted blue line). Bottom graph (b): Optimal
angle © as a function of harmonic order ¢ for L, = 2L,
B > 107 [2; 96], corresponding to matching a coherence length of ~ 1mm, and solid-core
PCFs with B > 1073 have been demonstrated [17]. The birefringence of optical crystals
can be as large as B ~ 0.4 [59]. Although the birefringence of hollow-core waveguides
made from materials of this type would be only a fraction of that of the wall material,
it seems likely that construction of hollow-core waveguides with sufficient birefringence
to match coherence lengths in the range of a few hundred microns will be possible. The
development and study of hollow-core birefringent waveguides of this type will form the
basis of future work.

The principal advantage of PBQPM (as is optical rotation QPM as we shall see

in the next chapter) is the simplicity of the experimental set up: a single laser pulse
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correctly coupled into a birefringent waveguide. Other QPM techniques are likely to be
limited by several factors: for pulse-train QPM, the number of ultrafast pulses which can
be generated; the precision with which corrugated waveguides or gas jet arrays can be
manufactured; or, for multi-mode QPM, different damping rates for the two waveguide
modes. PBQPM does not suffer from these difficulties. As for any HHG scheme limits
will be set by absorption of the harmonics and variation of the ionization level — and
hence of the coherence length — within the driving pulse; and as for other techniques
employing a waveguide, damping of the driving radiation may, in principle, limit the
length over which harmonics will be generated. A potential limitation unique to PBQPM
is dispersion of the two polarization components: the slower polarization will lag the
faster one until the two polarization states separate and polarization beating ceases.
In principle this limitation could be overcome by reversing the birefringence after the
two polarization components have slipped significantly; the limits imposed by all these
mechanisms will be explored in future work. Moreover, in our analysis we assumed that
phase and polarisation of the driving pulse to remain constant, which may not necessarily
be the case under experimental conditions.

Finally we note that it is also possible to achieve PBQPM in non-birefringent waveg-
uides by exciting different-order waveguide modes with nonparallel polarizations. In this
arrangement the different phase velocities of the modes will lead to polarization beating
in addition to the beating of the intensity which is utilized in multi-mode QPM [97; 135].
Indeed, driving PBQPM with different-order waveguide modes increases the available
parameter space and could allow higher-order harmonics to be quasi-phase-matched and
greater efficiencies to be achieved, and we will explore this concept, as mentioned, in

Chapter 7.
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5.6 Conclusion

In this chapter, we have proposed a new method for quasi-phase-matching HHG —
polarization-beating QPM (PBQPM) — in which polarization beating in a birefringent
waveguide is employed to modulate the efficiency with which harmonics are generated.
Quasi-phase-matching may then be achieved by suitably matching the period of polar-
ization beating with the coherence length.

We have developed a theoretical model of PBQPM and used this to demonstrate that
PBQPM can indeed enhance the intensity with which harmonics can be generated. This
model was also used to explore the optimum coupling angle for PBQPM and to show
that this depends on the harmonic order gq.

In the next chapter, we will discuss a natural extension of PBQPM, where instead of
linear birefringence, we explore what happens to QPM under circular birefringence. In
the chapter after that, we will discuss how mode beating and polarisation beating are
related, and in Chapter 10, we will discuss how spatial light modulators (SLMs) can be

utilized to achieve mode beating in a hollow-core non-birefringence waveguide.
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Chapter 6

Optical Rotation Quasi-Phase

Matching

6.1 Introduction

In the previous chapter, we proposed a new QPM technique: polarization beating QPM
(PBQPM) [70; 73]. In this approach, a linear birefringent system modulates the polar-
ization of the driving pulse, causing it to beat between linear and elliptical. Because
harmonic generation is suppressed for elliptically polarized light, QPM can be achieved if
the period of the polarization beating is suitably matched to the coherence length. In this
chapter, we discuss a novel, more efficient, QPM scheme that enables the generation of
circularly polarized high harmonics: Optical Rotation Quasi Phase Matching (ORQPM)
[71; 72]. ORQPM utilizes a waveguide with circular birefringence (as opposed to linear
birefringence), which causes the plane of polarization of linearly polarized light to rotate
with propagation distance at a constant rate, with period 2L,. By matching L, = L.,
the generated harmonics will grow monotonically. As we show in detail below, ORQPM
allows harmonics beyond the true phase-match limit to be generated with comparable ef-

ficiencies to that obtained with true phase-matching. Fig. 6.1 shows a schematic diagram
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Figure 6.1: Cartoon schematic of ORQPM.

of ORQPM. We note that we will follow closely our discussion in our paper [72].

6.2 Circularly and elliptically polarised XUV and
soft X-rays

ORQPM is the first QPM scheme to generate circularly polarized high harmonics; bright
sources of circularly polarized soft x-radiation would find widespread application in stud-
ies of ultrafast spin dynamics [63] and nano-lithography [91]. We also note that a po-
larization gating technique in metallic macrostructures has been proposed to generate
circuarly polarized high harmonics [55] and that phase matched circularly polarised har-
monics have been achieved using counter-rotating circularly-polarized laser pulses[61].

Moreover, we note that that second harmonic generation quasi-phase matching has been
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previously achieved in an optically active solid media [21]. In this chapter we describe
ORQPM in detail, demonstrate its operation by means of a simple model, and discuss

three techniques by which it might be realized.

6.3 Theoretical Derivation

The driving electric field can be written as a linearly polarized wave with a plane of
polarization that rotates with propagation along the z axes with period L, = 7/v, where

v is the optical rotation power:

. , cos(vz
Edriver(z, t) = E()@l(ﬂz_wﬂ ( ) . (61)
sin(vz)

where = k(w) is the propagation constant and Ej is the field amplitude. For the purpose
of demonstrating ORQPM, we will assume that the damping of the driving radiation is
negligible.

In the slowly-varying envelope approximation, the electric field of the ¢th harmonic

can be written as:

— —

By(2,1) = £(z, t)ea)zmast (6.2)

where 5 is the electric field envelope. The Rayleigh range of the harmonic beam will
be approximately ¢ times that of the driving beam; as such we will ignore the effect of
the waveguide on the wave-vector k(qw) of the harmonic beam. We note that in cases
where k(qw) is affected by the waveguide, ORQPM will still occur if there is a difference
between the circular birefringence experienced by the driving and generated beams.

Under a continuous-wave approximation, the amplitude of the x- and y- components
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Figure 6.2: (a) Relative HHG intensity for true phase matching (solid cyan line), ideal
QPM (dashed black line), and ORQPM for L, = 2L, (dot-dashed red line), 0.8 L, (solid
green line), L. (dashed blue line), 1.2L. (dotted pink line) normalized to the the output
after a single coherence length with no phase matching. (b) Phase difference A¢ =
arg(fx) — arg(éy) between the x and y polarization components as a function of z for
L.=1L..
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of the harmonic envelope will grow according to,

agz — Arm z ef’L'AkZ
;Z (=) (6.3)
% AT, (2)e

where A is a normalization constant, and I', and I', are the relative source terms. In
this case the driving radiation has the same intensity at all points along the system, and
is always linearly polarized. The locally generated harmonics will have a polarization
parallel to that of the driving beam, and hence I'; = cos(vz) and I'y = sin(vz).

Assuming that A and Ak are constant, Eqn. (6.3) yields,

533 (2) —iA Ak—e2F2[Ak cos(vz)4iv sin(vz)]

RS2 . (6.4)

—v+e2k2[y cos(vz)+i sin(vz
&(z) = A=t

ORQPM corresponds to setting v — Ak, whereupon,

~ . 2—itie 2iAkz
§x(2) = hmuﬁAk‘ K:}c(zﬂ = A%

(6.5)
> . —9; ’ _6—2iAkz
€y(2) = limyar [§y(2)] = A Hok Iik
From this the intensity, f(z) = f;f;* - éyéy* is found to be:
A 1 1-— 2Ak
i) = a2 | L2y Lo cosak) ) (6.6)

2 A(Ak)?

We see that the growth of the harmonic intensity comprises a quadratic term, which
dominates at large z, plus a weak co-sinusoidal modulation. It is clear that in the limit
of large z, ORQPM is half as efficient as would be true phase-matching — i.e. setting
Ak = 0 — under otherwise identical conditions.

These analytical results are confirmed by the results of numerical integration of Eqn.
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(6.3), as shown in Fig. 6.2. When properly matched, ORQPM causes the intensity of
the harmonic to grow almost monotonically, and it may be seen that at large z that
the intensity is half that which would be obtained with true phase-matching. Notice
that with ORQPM the harmonic intensity grows n%/2 ~ 5 times faster than ideal QPM,
defined to be the square-wave modulation of the local harmonic generation with a period
2L. and complete suppression of harmonic generation in the out of phase zones.

In Fig. 6.2(b) the phase difference between the two polarization states of the harmonic
is illustrated; it is seen that after a few coherence lengths this phase difference is close
to m/2, corresponding to circular polarization of the harmonic. This can also be seen in

Eqn (6.5), where the dominating terms for the x— and y— components of the envelope

function, éz and —%z respectively, have the same amplitude but are 7/2 out of phase,
corresponding to circular polarization. For fixed ¢, the rotation with z of the plane of
polarization of the harmonic radiation is in the same sense as that of the driving beam,
i.e. right(left)-hand polarized harmonics are generated by right(left)-rotating driving

radiation.

6.4 Experimental considerations

In order to achieve ORQPM in practise it would be necessary to guide a laser pulse
over an extended region using a waveguide with circular birefringence that has a rotation
length shorter than 1mm. Such a waveguide could be constructed in a number of ways.
One possibility for achieving ORQPM is a waveguide constructed from a material with a
high Verdet constant V', which would allow ORQPM to be achieved by tuning the applied
magnetic flux density B until v = VB = Ak. We note that Verdet constants lie in the
range 100 deg mm~! T~! to 105 deg mm~' T~! [62]. Solid-core waveguides exhibiting
Faraday rotation have been developed,although the hollow-core systems which would be

required for ORQPM have yet to be developed [133; 134].
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Alternatively, the waveguide walls could be constructed from optically active materi-
als, which have rotary powers in the range 10% to 10* deg mm~" [57; 64]. Further, we note
that polarization rotating photonic crystal fibres have been developed with L, < 1mm
[47] and that HHG has been acheived using PCF's [48].

Finally, we also note that ORQPM could be achieved in non-birefringent waveguides
by exciting two circularly polarized waveguide modes with different mode velocities. The
resultant superposition of these two modes will be linearly polarized with rotating po-
larization. Further exploration of circular birefringence waveguides will be conducted in
Chapter 11.

As for any QPM scheme limits will be set by absorption of the harmonics and variation
of the coherence length [85]. As for other QPM schemes based on polarization-control
of the driving laser, the distance over which ORQPM can be achieved may be limited
by relative slippage of the constituent polarizations similar to PBQPM discussed in the
previous chapter. However, we note that in principle this limit can be avoided by reversing
the rotation of the driving field when the two modes have slipped apart, although the
polarization of the resultant harmonic field may no longer be perfectly circularly polarized.
Finally, we point out that ORQPM may also be limited by chromatic despersion from

either waveguide or Faraday effects.

6.5 Conclusion

In this chapter, we have proposed a novel QPM scheme for high harmonic generation
that relies on rotation of the driving radiation using a circularly birefringent waveguide.
By matching the rotation length to the coherence length, circularly polarized harmonics
may be produced with an efficiency up to 50% of that obtained with true phase-matching
and 5 times more efficient than conventional QPM. These findings were confirmed by

numerical simulations. Three systems in which ORQPM might be achieved have been
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identified; exploration of these will form the basis of future work.
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Chapter 7

Polarisation Beating Quasi-Phase

Matching Using Mode Beating

7.1 Introduction

In Chapter 4 we outlined the idea of mode-beating where intensity and phase modulates
if two or more modes are coupled into a waveguide. As discussed in Chapter 3, this can
be employed for QPM — Multi-mode QPM (MMQPM), which relies on coupling in two or
more waveguide modes [33; 97; 135]. If the two modes travel at different phase velocities,
then the intensity will beat along the propagation length, thereby modulating harmonic
generation resulting in QPM . In this chapter, we investigate the effect on HHG of the
modulation in both the intensity and phase of the beating driving radiation. We show that
under certain conditions, phase modulation due to mode beating enables harmonics to be
generated with greater efficiency than ideal square-wave QPM modulation. Moreover we
show that MMQPM is dominated by modulation of the phase, rather than the intensity,
of the driving radiation — an effect which was not considered in the current group’s
earlier analysis [33; 97; 135].

In Chapter 5, we proposed a novel form of QPM based on modulation of the polariza-
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tion state of the driving radiation within a hollow core waveguide [70; 71; 72; 73]. This
chapter describes a generalization of MMQPM and PBQPM which combines these two
schemes: multi-mode polarization beating quasi-phase matching (MMPBQPM), which
utilizes beating between two waveguide modes to modulate the intensity, phase, and/or
polarization of the guided radiation. These modulations can lead to QPM if the coher-
ence length L. of the harmonic generation is appropriately matched to the beat length,
Ly, which is the distance it takes for the two modes to develop a phase difference of 7. In
addition to controlling the relative input polarizations of the two modes, the relative po-
larization angle between the two modes can also be controlled. This increased parameter
space affords greater opportunities for QPM.

In addition we further analyze MMPBQPM using a Jacobi-Anger and Fourier de-
composition which affords additional insight into the processes leading to QPM. Simi-
lar Fourier techniques used to analyze quasi-phase matching for HHG can be found in
[14; 108].

The chapter is organized as follows: in Sec. 7.2, the equations for MMPBQPM are
derived for two modes, Sec 7.3 presents the the Jacobi-Anger and Fourier analytical
analysis, and Sec. 7.4 discusses numerical simulation results. Moreover, we note that this

chapter is closely based on our paper in Ref [74].

7.2 Derivation of the Envelope Equation

7.2.1 Mode Propagation Equations

In this section, we develop the set of general mode propagation equations for two linearly

polarized modes with azimuthal symmetry. If we assume that two modes are excited,
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then within the waveguide the electric field may written in cylindrical coordinates as,

—

+ CQEQ(r)eiKﬂ#iaﬂz—wﬂ} (7.1)

where r is the radial coordinate from the propagation axes, E, and E, are the normal-
ized transverse electric fields of the driving mode m = 1 and modifying mode m = 2
respectively, Ej is the electric field amplitude constant, f,, and «,, are the propagation
constant and damping rate of mode m, and w is the angular frequency of the driving
radiation.

Here, the polarizations of the modes m = 1 and m = 2 are respectively taken to be

parallel to, and at an angle €2, to the x-axis:

N M1 T
Ey(r) = 0 ") (7.2)
Ms(r) cos
By = | et (7.3
My (r) sin(2)

where M,,(r) is the normalized transverse electric field profile for the mth mode.

At time t' =t + At, where At = —f3; /wz, the electric field components are given by,

¢, c1 M (r) cos(wt’

¢, 0

5 caMy(r) cos(§2) cos(wt’ + ABz)
+
i co Mo (1) sin(Q2) cos(wt’ + AfBz)

where A = 1 — 5, and the beat length L, = 7/(Ap).

90



From this, the values of ¢’ corresponding to the maximum and minimum electric field

amplitudes can be found, from which the ellipticity is given by,

cr.) = \/ére{ez[ a1, 2): 7 2]} 5

R{€[t 50 (s 2); 7 2112

where R[€]?> = R[€,]* + R[€¢,]?, and the angle of the major axis is given by,

o (R [ae (1, 2)5 7 2
O(r, z) = tan (?R[QS][t’ . );r,z])' (7.6)

max

It is useful to note that the relative intensity of the driving wave at any given point

is given as:

I(r,z) = &,(r,2)€.(r,2) + €, (r,2)€,(r,2) (7.7)

~ M+ M
+2¢1 Myco My cos(Q2) cos(ABz) (7.8)
assuming that the damping terms are small. For the remaining of the chapter, we will
focus on r = 0 and will define M; = M;(0), My = M5(0) to simplify notation. Moreover,
to simplify arguments, we will stipulate the following normalization condition: ¢?M? +

c2M? = 1 where we have taken c,, M,, to be real, which can always be achieved by a

suitable shift of the z or ¢ coordinates.

7.2.2 Derivation of the growth equation

If we write the electric field of the gth harmonic as,

—

E = g(qw i[k(qw)z— qwt]+cc (79)

91



then, within the slowly-varying envelope approximation, the equation for the growth of

the amplitude of the gth harmonic becomes,

, d€law)
Zik(qw)elk(qw)z gdz

= —io(qu)> P (7.10)

where ]315&“)) is the component of the non-linear polarization oscillating with angular fre-
quency qw. Now, ﬁ&w) = F'(I,€)e9r() where F'(I,€) gives the dependence of the non-
linear response on the intensity and ellipticity of the driving field, and ¢,(2) is the phase of
the driving field of the pth polarization component. We may write ¢, (2) = ki(w)z+1,(2)
and ¢, (2) = ka2(w)z+1,(2), where 1,(2) is the additional phase arising from interference
of the waveguide modes and k,,(w) = B,,(w) is the waveguide propagation constant for
the driving pulse. Henceforth all equations will refer to the ¢th harmonic, and so in

order to avoid clutter we will drop the (qw) superscripts. The growth equation for the

amplitude of the harmonic for the x- and y- components may then be written in the form,

d " . . — :

Bo Rt = o, || oo (1
z

d . ) — .

dgy _ Fy(], g)e—zAkgzezwy(z) _ my ‘F e—i—z\Ify(Z) (712)
z

where W, and V¥, are the total phase for the x- and y- components respectively; ‘f3
is a projection term that relates the nonlinear polarization to x- and y- components
of the envelope function, as developed below; Ak,, = k(qw) — gk (w): and F(I,€) =
ipio(qw)2F' (1, €)/2k(qw). We note that, as discussed below, F(I,¢) is in general complex
since the phase of the nonlinear polarization depends on the trajectory of the ionized
electron, and therefore on both the intensity and ellipticity of the driving field. In the

equation above, we have factored these phase terms into ¥, and ¥,,.
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Considering first the z-polarization, the driving field may be written as,

E. (T, z,t) = [clMl + c9 M, cos Qe_mﬁz] gi(Brz—wt)

= uy(z)e!Pramet) (7.13)
where A = 1 — fB2. Hence we find,

Ve(2) = arglug(2)]
) —co My cos Qsin(ASz)
c1 My + co My cos Q2 cos(ASz)

_ oM cos Q2 sin(AfSz) (7.14)
M,

= tan

Q

C1

where in the last step, the approximation is valid if |¢;| > |cp|. Similar considerations

show that ¢, = 0 and ¢,(z) = Bs.

The strength of the nonlinear polarization, |F(I,¢)|, depends on the intensity and
polarization of the driving laser field. Evaluation of |F(I,¢)| requires a model of the
interaction of the driving field with the atom, as, for example, developed by Lewenstein

et al. [68]. However, for our purposes it is sufficient to assume that the amplitude of the

nonlinear polarization, ‘F ‘ can be written in the form:

FlI(2),2(2)]

= AG[I(2)|H[(2)] (7.15)

where A o< pig(qw)?/2k(qw) is a constant, G[I(z)] is the intensity-dependent term ranging
from [0, 1], and Hle(2)] is the ellipticity-dependent term ranging from [0, 1].

For the purposes of illustrating the operation of MMPBQPM it is sufficient to assume
that the intensity-dependent term takes the form of a power law G(I) ~ I"2. We will
assume 7 ~ 6, in accordance with earlier work [7; 8; 33]; but note that the the broad

conclusions of the present chapter do not depend strongly on the value of 7.
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It is also well known that the single-atom efficiency of HHG depends sensitively on
the polarization of the driving laser field [20] which arises from the fact that the ionized
electron must return to the parent ion in order to emit a harmonic photon. Following
the argument given in Chapter 5 and in [73], for a given driving intensity the number of
harmonic photons generated as a function of ellipticity maybe approximated by:

he) ~ (1 + 52)M (7.16)

1— g2

where H(g) = y/h(e).

As per Chapter 5, it is predicted that 4 = ¢ — 1 within the perturbative regime, as
verified [20] by Budil et al. for harmonics ¢ = 11 to 19, and by Dietrich et al. for harmonics
up to ¢ =~ 31 [31]. Schulze et al. found that for higher-order harmonics the sensitivity of
harmonic generation to the ellipticity of the driving radiation is lower than predicted by
Eqn (7.16) with = ¢ — 1 [104], although in this non-perturbative regime the efficiency
of harmonic generation still decreases with €. Further measurements of the dependence
of harmonic generation on ¢ have been provided by Sola et al. [110]. It is recognized
that Eqn (7.16) is an approximation, but it will serve our purpose of demonstrating the
operation of MMPBQPM.

The offset angle and ellipticity of the harmonics generated by elliptically-polarized
radiation have been shown to depend on the ellipticity and intensity of the driving radi-
ation, and on the harmonic order [7; 8; 77; 104; 112]. Propagation effects can also play
an important role. Since the amplitude with which harmonics are generated decreases
strongly with increasing ellipticity, we are most interested in the ellipticity of the har-
monics generated for small e. It has been shown that for higher-order harmonics, and/or
high driving intensities, both the ellipticity and change in ellipse orientation of the har-
monics generated by radiation with e = 0 are close to zero [8]. We will therefore make the

simplification that the generated harmonics are linearly polarized along the major axis
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of the driving radiation and that we resolve separately the harmonics polarized along the

fast and slow axes of the waveguide. Thus, the projection term may be written as:

B(z) = : (7.17)

and by following the arguments of [73], the coherence lengths for harmonics polarized
parallel to the x- and y- axes are different, and hence for a given L, it is only possible
to quasi-phase-match one of these components. Thus, for the remainder of this chapter,
we will focus on analyzing the harmonics polarized along the z-axis. Therefore, we can
approximate I, = §:&; + §,§, ~ 8-

Moreover, the phase of the nonlinear polarization depends on the intensity of the
driving radiation [67; 107] and its ellipticity [8; 112]. We will ignore the effect of ellipticity
on the phase of F (1, €) since, as shown below, harmonic generation is dominated by those
regions in which the driving radiation is close to linear polarization. We may write the

intensity-dependent phase as a Taylor expansion around I,

(1) =P(L) + G|, (I —1Lo) + ... (7.18)

~ Oy +rvg(l—1). (7.19)

where v = d®/dI|, . For simulations in this chapter, we assume v/q ~ 0.2 rad/10"*W cm ™
based on previous calculations [107].

We may now gather the contributions to the total phase W, (z):

U, (2) = —®(ly) — Akiz+ qipu(2) —qv (I — 1y) (7.20)
~ Uy— Akyz — qCQJ\/[2 cos Q2 sin(Afz) (7.21)

a1V
—2quey Myco My cos 2 cos (ABz) (7.22)
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where Ug = —®(1y) — 2quey Mico My cos €2, and the approximation holds if |co| < |ey].
From Eqns. (7.12) and (7.22), we can rewrite the the differential equation for the z-

component as:

% = cos[O(2)] |[F[I(2),e(2)]| e"¥=() (7.23)
= AT(z)e V> (7.24)
where
Az) = Aeftvo (7.25)
[(z) = cos[O(2)]|F[I(2),e(2)]] (7.26)
U(z) = —U,(2)+ ¥y (7.27)
= Akjz+ vsin(ABz) + pcos(ASz) (7.28)

in which v = q% cos €1 is the mode interference phase term and p = 2qrcy Myco Mo cos €2

is the intensity-dependent phase term.

7.3 Analysis of the Growth Equation

7.3.1 Phase Analysis using the Jacobi-Anger Expansion

The exponential term in Eqn (7.24) can be expanded into the products of two infinite

sums using the Jacobi-Anger Expansion:

+oo
e—z\lfg(z) _ e—iAlﬂz [Z Z'lJl(_p>e+ilA,Bz]

l=—o00

X Lf Jj(—y)e“jMZ] (7.29)
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where J; and J; are Bessel functions of the first kind and {, j € Z. It is insightful to factor

terms of constant o = [ + j to give:
o—iVL(x) il _i U, cioh82 (7.30)
where
U= 3 ddi(=p)Js(=). (7.31)
I+j=0

We see that the modulation caused by intensity dependent phase and mode beating can
be resolved into harmonics cAfS of the difference in spatial frequency ApS of the two

modes.

7.3.2 Source Amplitude Spatial Fourier Analysis

The analysis above suggests that it would be useful to write the source modulus I' as
a superposition of Fourier components with frequency kAS (with k € Z). For periodic
modulation of the driving radiation, the source modulus can be written as a Fourier

series:

['(z) = f: | (7.32)

R=—00C

and hence the growth differential equation can be written as:

1 déx _ —iAk1z i(o+K)ABz
Y > UsVge . (7.33)

O,KEL

The terms that contribute to monotonic harmonic growth are those for which the

phase is stationary, in other words, 851’2 2 = (). This implies that for QPM we require
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Ak, = (0 +k)AB. We see that the harmonics of the modulation frequency allow QPM of
larger wave vector mismatch Ak or, equivalently, of shorter coherence lengths L.;. The
fundamental modulation spatial frequency A has a period 2L, = 27/AfS, and hence
we may write the QPM condition as L, = (0 + k)L.1 = nL.1, where n = ¢ + k is the
order of the QPM process. Factoring all the terms contributing to monotonic harmonic

growth, and ignoring the oscillating terms, the growth equation becomes:
1 d¢,
Ld& Y UV, (7.34)

A dz

o+K=n

for a fixed n, keeping in mind that each of the terms of the sum is complex and may
have different signs. Eqn (7.34) can easily be solved, from which the harmonic intensity

is found to be:
1 / 2
I, ~ §A Sz (7.35)

where S = ) U,V,. It is useful to note that the ¢ and k terms result from phase

o+Kr=n

and intensity modulation of the driver respectively.

7.4 Simulation Results

7.4.1 Detailed simulations for L, = 2L.; and L, = L.

To test these ideas, we have conducted a series of simulations. Figure 7.1 presents the
results of simulations for L, = 2L.; (n = 2) and three values of Q and ¢y M, for ¢ = 51
while Figure7.2 presents the same parameters for L, = L.; (n = 1), = 0° and two
different values of coMy for ¢ = 51. These values are compared against ideal QPM,
which is defined by the square wave modulation between zero and one of the harmonic

generation with a period of 2nL ;.
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Figure 7.1: Simulation results for Columns - (1) “Pure MMQPM” (co My = 0.002, Q = 0°)
(2) “Hybrid MMPBQPM” (e;Ms, = 0.01, Q = 60°), and (3) “Pure PBQPM” (c; My =
0.05, Q = 90°); all for L, = 2L, and ¢ = 51. Row (a) shows the relative HHG intensity.
Dot dashed cyan line shows ideal square wave QPM, solid red line shows the indicated
form of MMPBQPM, solid black line shows the intensity for no phase matching, and
the dashed blue line shows the harmonic intensity calculated from Eqn (7.35). Row
(b) shows the modulus of the intensity-dependent source term G[I(z)] (solid red line),
ellipticity-dependent source term H[e(z)] (solid green line), and the combined source
terms |F| = GH (dashed black line). Row (c) shows W, (z), the total phase of d¢,/dz
(solid black line) and W, for large z (dotted light red line). Row (d) shows the U,V

distribution as a function of ¢ and Kk forn = o + kK for n =2
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Figure 7.2: Simulation results for Columns - (1) the first resonance (coeM, = 0.0009,
2 = 0°) and (2) the second resonance (co My = 0.0091, 2 = 0°); all for L, = L. and ¢ = 51.
Row (a) shows the relative HHG intensity. Dot dashed cyan line shows ideal square wave
QPM, solid red line shows the indicated form of MMPBQPM, solid black line shows the
intensity for no phase matching, and the dashed blue line shows the harmonic intensity
calculated from Eqn (7.35). Row (b) shows the modulus of the intensity-dependent source
term G[I(z)] (solid red line), ellipticity-dependent source term H[e(z)] (solid green line),
and the combined source terms |F'| = GH (dashed black line). Row (c) shows U, (2), the
total phase of d€,/dz (solid black line) and ¥, for large z (dotted light red line). Row
(d) shows the U,V distribution as a function of o and « for n = o + k for n = 1.
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When 2 = 0° MMPBQPM is equivalent to “pure MMQPM?” since the driving ra-
diation remains linearly polarized at all points within the waveguide; this is seen in
Figure7.1-Col (1) where Figure7.1-(1)(b) indicates that modulation of the source term
arises from mode-beating alone.

When 2 = 90°, MMPBQPM is equivalent to PBQPM since the mode beating causes
the polarization of the driving radiation to beat in an analogous way to PBQPM driven
by a linearly polarized beam propagating in a birefringent waveguide. This is seen in
Figure 7.1-Col (3). More specifically, as seen in Figure 7.1- (3)(b), the modulation of the
source term is seen to arise from solely polarization beating. It should be noted that for
2 = 90° the simulations presented here agree with earlier calculations of PBQPM [73].
For intermediate values of Q (such as in Col (2) where 2 = 60°), modulation of both the
intensity and polarization of the driving radiation play a role in QPM.

Figure 7.1 also compares the growth of the calculated harmonic intensity with the
approximation of Eqn. (7.35). It can be seen that the approximation agrees closely with
the exact calculation, indicating clearly the dominant role played by the terms for which
0+ Kk =mn =2 as seen in Figure 7.1 - Row (a).

Moreover, Figure7.1 - Row (d) maps the values of U,V,, modulus phase (the terms
in the sum in Eqn (7.34)), as a function of o and x where o + k = n for a fixed n = 2.
Hence, only where 0 + k = 2 is U,V} is nonzero. For the case of Pure MMQPM, Col
(1), and Hybrid MMPBQPM, Col (2), the dominant contributing term is (o, ) = (2,0)
indicating that QPM arises predominantly from phase modulation of the driver, not
intensity modulation. This can also be seen in Figure 7.1-1c and Figure 7.1-2c where
the regions of harmonic growth occur for points where the phase ¥, is within 7/2 of the
phase of &, for large z. In contrast, for the case of Pure PBQPM, Figure 7.1 - Col(3),
the dominant term is (o, k) = (0,2). This suggests, as expected, that for Pure PBQPM,

phase modulation does not contribute to QPM but only the modulation of the amplitude
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of the source term caused by caused by polarization beating.

Figure 7.2 presents the same parameters in Figure 7.1 for n = 1 (or L, = L), for two
different values of ¢y My and € = 0. We see that for both columns, the only terms which
contribute are those for which ¢ + k = 1, as expected. For Col (1), optimal MMQPM
enables harmonics to be generated with intensities greater than for ideal square wave
QPM. As indicated in Figure 7.2-(1)(c), the region of harmonic growth coincides with ¥,
being within +7/2 of the phase of &, for large z . Moreover, the largest contributing term
of U,V in Figure 7.2-(1)(d) is (o, k) = (1,0); this suggests that QPM is caused primarily
by phase modulation, and not by amplitude modulation as reported earlier for MMQPM
[33; 97; 135]. Moreover, the phase modulation explains why higher growth than ideal
square-wave QPM occurs. Figure 7.2 - Col (2) shows the output at a different mode mix
where co My = 0.0091 and ¢; M; = 0.9909. As discussed below, the mode mixtures for
which results are shown in Fig 7.2 correspond to two of the peaks in a plot of the output

of harmonic ¢ = 51 as a function of ¢y M; and ¢y Ms.

7.4.2 Parameter Space Scans

This section presents a series of parameter space scans for optimizing the harmonic gen-
eration by MMPBQPM. In an HHG experiment, pressure, coupling angle §2, and the
mode mix ratio of ¢; to ¢y are parameters that can be adjusted. Pressure tuning equates
to tuning the coherence length, or tuning the ratio L,/L.; assuming that L, is fixed for
a specific pair of driving and modifying modes.

Figure 7.3a shows, for the MMQPM case (2 = 0°), the variation of the harmonic
output as a function of Ly/L.; and mode mix coM,. Note that here the magnitude
of the harmonic amplitude, not intensity, is plotted in order to show more clearly the
variation of the harmonic output. As expected, MMQPM is optimized for integer n.

Moreover, the peaks shift to increasing co M, with increasing n. When n = 1, the QPM
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Figure 7.3: Relative HHG amplitude |£,(z)| for ¢ = 51 at large z (2 = 10L.;) as a
function of Ly/L.; and m = 2 mode coupling strength c3 M3 where 2 M? = 1 — c3M3,
normalized to ideal square wave QPM for: (a) Q = 0°, and (b) Q = 90° .
condition becomes 0 +x = [+ j+ k = 1. The three lowest-order solutions satisfying this
condition are {l,j,x} = {1,0,0},{0,1,0}, and {0,0,1}. We therefore expect peaks in
the HHG intensity to occur for values of ca M5 corresponding to peaks in |J;(—p)Jo(—7)],
|Jo(=p)J1(—=7)|, or |Jo(—p)Jo(—7)|- The maxima along the line L,/L.; shown in Fig
7.3a arise from the variations of ¢y My which optimize the functions of |J;(—p)J;(—7)].
When n =2, 0 +k =1+ j+ k = 2, and the three lowest order terms are {1, 1,0},
{0,1,1}, or {1,0,1}. Thus the values of optimal for ¢;M, will be around the extrema
of |Ji(=p)Ji(—=7)|, |Jo(=p)J1(=7)], |J1(=p)Jo(—7)|. Because the positions of the local
extremas of the Bessel function increase with increasing |I| or |j|, optimal p and v and
thus optimal ¢ My will increase as well. Therefore, increasing n will result in larger values
of || and |j| contributing to the harmonic growth corresponding to the Bessel function
peaks shifted to higher values of (—p) and (—v) and hence higher values of ¢y Ms.
Similarly, Figure 7.3b shows the PBQPM case where = 90°. As discussed in [73],
PBQPM will occur when L, = nL.; and n is even — as is evident in Figure 7.3b. Since
Q2 =90° p =+ =0, and since J;(0)J;(0) = 0 unless [ = j = 0, monotonic harmonic
growth can only occur for 0 = [+ k = 0. Hence optimal PBQPM occurs when the Fourier
coefficient V}, is large for even k. Furthermore, PBQPM does not contribute to any phase

modulation because o = 0 as seen from Eqn (7.30). The optimal value of co My increases
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Figure 7.4: Relative HHG intensity at z = L; for L, = 2L.; as a function of ©,,,, =

tan ! (%) and ¢, normalized to ideal QPM.

with the order n of QPM since increasing this parameter shifts the Fourier spectrum of
the driving intensity modulations to higher orders. The optimal value of ¢y M is explored
more clearly in Figure 7.4, which shows the normalized harmonic intensity for 2 = 90°
as a function of the harmonic order q and the maximum angle ©,,,, = tan™* (%) the
major axis of the elliptical driving radiation makes with the z-axis. If ©,,,, is too close
to 0%, then the ellipticity modulation is not enough to suppress the destructive zones. If
Onae 18 too close to 90°, then the harmonic generation suppression zone is too large to
create efficient harmonics.

Figure 7.5 plots, for the cases L, = L.; and L, = 2L.;, the calculated relative
amplitude at z = 21 of the ¢ = 51 harmonic as a function of €2 and the relative intensity
of the m = 2 mode. In the case of Figure 7.5a, L, = L., the relative amplitude achieved
with “pure MMQPM” (i.e. 2 = 0) is greater than that of ideal square wave QPM as
explained above. For € = 0°, the intensity oscillates with increasing coMs, with the

size of the resonant peaks decreasing with increasing co M. These resonance peaks are
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Figure 7.5: Relative HHG amplitude for ¢ = 51 after 2L, as a function of coupling angle
Q and m = 2 mode coupling strength c2MZ where c2M? = 1 — c3 M3, normalized to ideal
QPM for: (a) Ly = L1, and (b) L, = 2L, ;.
caused by peaks of the products J;(—p)J;(—v) with p and v being a linear function of
co My (for small coMy) as explained above. For the case of pure PBQPM, i.e. Q = 90° and
L, = L., the harmonic intensity is seen to be very low and almost independent of the
relative intensity of the two modes since the phase-matching condition for lowest-order
PBQPM is not satisfied, and QPM is not achieved.

Lowest-order QPM occurs for n = 2, as shown in Fig 7.5b, a region of bright harmonic
generation occurs for 2 = 90° and co My ~ 0.04. When 2 = 0° the harmonic intensity

oscillates in a similar manner to that observed in Figure 7.5a.

7.5 Conclusion

We have developed a generalized analysis of MMQPM and PBQPM together with a sim-
plified Fourier analysis which gives additional insights into the dominant contributions of
quasi phase-matching. In addition we have shown that PBQPM could be achieved with-
out a birefringent waveguide by exciting a pair of waveguide modes with two orthogonal
polarizations.

Our analysis of MMQPM showed, in contrast to the group’s earlier analysis [33; 135],
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that QPM is dominated by the modulation of phase of the harmonic source term, not of
its amplitude. This allows, under optimal conditions, MMQPM to generate harmonics
with an intensity greater than possible with ideal, square-wave QPM.

We note that this analysis can be readily modified for the circular birefringence case,
where two circular polarisation states, one left-handed, one right-handed, with different
phase velocities can result in optical rotation. Moreover, this analysis can also be carried
out for three or more modes, which may be more realistic under experimental conditions.

In the next chapter, we generalize our Fourier analysis idea to random phase matching.
Finally, we note that MMPBQPM is just one way of achieving PBQPM. In the next
Chapters 9 and 10, we discuss how might one achieve mode control using a spatial light
modulator. In Chapter 11, we will discuss using birefringence waveguides as a method

for achieving PBQPM or ORQPM.
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Chapter 8

Random Phase Matching

8.1 Introduction

In the previous three chapters we described a novel QPM technique involving the control
of modes and polarisation states. In this chapter, we will focus on a potential way
of getting around the phase-mismatch problem called random phase matching. Some
initial simulations of random quasi-phase matching of high harmonic generation have
been performed by the Murnane Group; Bahabad et al. have shown that random QPM
may result in a wider harmonic spectrum and that it may be a way of enhancing harmonic
generation by a few orders of magnitude [13]. Random QPM, as defined by Bahabad et
al. is random spacing of the on and off zones of harmonic generation. Figure 8.1 shows
the simulated harmonic spectrum and theoretical enhancement versus square-wave QPM
from Bahabad et al. Work prior has focused on random QPM for broad spectrum second
harmonic generation [95] and for three wave mixing in bulk polycrystalline isotropic
nonlinear materials [16]. Figure 8.2 shows the schematic for random QPM in Ref [16]
where the author considers discrete grains in random phases contributing to output field
strength growth on order v/N where N here is the number of grains. In particular [16]

provides a discrete model for random QPM, which we develop independently below for
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Figure 8.1: (a), Spectral intensity of the emitted harmonic emission with random QPM
for enhancing the emission in a wide spectral window around the 183rd harmonic (black),
compared with the emission with no QPM. The intensity with random QPM is averaged
over an ensemble of 40 different random modulation patterns. (b), Power buildup of the
183rd harmonic as a function of propagation length for a periodic QPM (solid line), for
a typical random pattern (dashed line), and for the average over the ensemble (dotted
line). The inset shows a typical spatial modulation pattern, figure and caption from [13]
the analogous HHG situation.

In this Chapter, we consider an alternative form of random QPM, which we call ran-
dom phase matching. Instead of considering random spacing of QPM zones, we consider,
instead, random phase fluctuations in the driving or harmonic field, similar to phase
diffusion that causes laser linewidth broadening [66; 121]. Given the noisy realistic con-
ditions in many experiments, random phase matching may also be responsible for some
harmonic enhancements and spectral broadening in those situations, for example in Ref
[25; 46; 88]. QPM requires the different zones to add in phase, and the more zones the
more difficult this becomes [84; 85]. Some of the the potential causes for random phase
fluctuations might be due to pressure, ionisation, polarisation, or mode variations.

Although an analogous discrete model has been developed by [16], to date no work has
been done to derive the analytical theory behind continuous random phase matching or

phase fluctuations. Hence, Section 8.2 develops a continuous model based on phase diffu-

sion and show how that can lead to enhancement of a broad spectrum of high harmonics.
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Figure 8.2: Three-wave mixing mechanisms in bulk, powder, periodically poled and poly-
crystalline materials. In bulk nonlinear optical materials, the relative phase of the three
interacting fields grows continuously with the propagating distance, gaining a phase lag
of m every coherence length L.. The transfer of energy between the waves thus oscil-
lates with a period of 2L,, leading to a small (if not null) conversion efficiency (a). In
quasi-phase-matched materials, the orientation of the crystal is rotated every L., com-
pensating the phase lag of 7 so that the energy transfer E nl adds up constructively with
the propagating distance E,; o« N, where N is the number of grains) (c). In a totally
disordered material (powder, gas, liquid), each particle behaves independently, scattering
the nonlinearly generated fields in an incoherent way (b). In polycrystalline materials,
the relative phase diffuses in phase space, leading to a coherent growth of the nonlinear
generated fields according to E,; o v'N. Figure and caption adapted from[16].

We then independently develop a discrete model in Section 8.3 with similar arguments
as the one in [16]. We then show in Section 8.4 the connection between the discrete and
continuous models and show in Section 8.5 the connection between QPM and random

phase matching.
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8.2 Continuous phase-mismatch diffusion model

8.2.1 Set-up of the phase-mismatch diffusion equation

From the last chapter, we can write the harmonic growth equation for the gth harmonic

in the familiar form,

d
22’/{((1%)6'“(‘1“’)al—5 = poq*wWiPxL (8.1)
z
where k(w) is the propagation constant of angular frequency w, wy is the driver frequency,
¢ is the harmonic envelope function, pg is the permitivity of free space, z is the propagation

distance, and Pyy, is the nonlinear polarisation. As before, the nonlinear polarisation can

be written as,
Pxp = Py e’ (8.2)

where Pnp, o is the nonlinear polarisation amplitude modulus, ¢(z) is the phase evolution
of the driving pulse. We can write ¢(z) = k(wo)z + ¥o(z) + ¥ni(2) where ¢y(z) is an
additional phase term that could arise from any form of phase fluctuation of the driving
pulse such as mode beating and tnr,(2) is phase fluctuations of the nonlinear response
caused by effects such as intensity dependent phase or polarisation dependencies.

If we collect all the terms we can rewrite the Equation (8.1) as,

@ _

o= d,€(z) = Age™® (8.3)

where Ay incorporates contains all the constant terms and the total phase evolution ¥(z)

can be written as,

U(2) = —AK'(2)z + q(tho + ¥n1) (8.4)
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where

A (2)z = Akz + qar(z) (8.5)

is the phase-mismatch plus an additional phase term describing possible fluctuations in
ionisation, pressure, or other parameters. We can then collect all the fluctuation terms

as,

¥(2) = to(2) + ¥xi(2) — Yak. (8.6)

If ¢(z) =0, ¥(z) = Akz, then we have no harmonic growth, which is the no-phase
matched condition described in Chapter 3. However, for fluctuations around a dominate

phase-mismatch Ak, we can rewrite the phase-mismatch term as,

U(z) = Akz + q(2) (8.7)

where W is the total phase difference evolution between the harmonic and the driving
pulse as before and 1) is the total phase fluctuation. If we treat 1 as a continuous random

walk we can define the phase-diffusion constant as,

d(y?)

et (1*) is the expected value of 1% and, under a random walk, grows

where Dy =
linearly with propagation distance z. We note that for a given physical system, we can
expect Dy to remain constant across harmonic orders, but D itself is dependent on har-
monic order. Another interesting point is that given the ¢ relationship in Equation
(8.8), even very slight phase fluctuations in Dy may become noticeable at higher har-

monic orders. This may become an important effect, especially in extremely high orders
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of harmonics, such as in the case with mid-IR drivers [92]. In Figure 8.3, we performed a
Monte Carlo simulation, with 1,000 iterations, of harmonic growth assuming no absorp-
tion where D = 2Ak (which turns out to be the optimal diffusion coefficient as we will
prove below). We note that for all Monte Carlo simulations discussed, we sliced each
coherence length into 100 segments where dz — 6z = L./100. For continuous random
phase matching, the 9 term had a 50%-50% chance of increasing or decreasing by phase
step size v/ Ddz/6z in order to fulfill Equation (8.8).

(a)
25

m—— No phase-matching

Ideal QPM
m—— Averaged random phase matching
Random phase matching, example
Random phase matching, example

20F

15F

Harmoic intensity, normalised

W(z)/n

Figure 8.3: Plot (a) shows the harmonic intensity as a function of propagation distance
comparing no-phase matching, ideal square-wave QPM, Monte-Carlo averaged random
phase matching, and two random phase matching examples. Plot (b) shows the phase-
difference ¥(z) as a function of propagation distance comparing no-phase matching and
the two respective random phase matching examples.

112



8.2.2 Derivation of harmonic growth rates

Although we can explore the parameter space with Monte-Carlo simulations, it is more
insightful to derive an analytical theory around expected harmonic growth under random
phase matching. In order to do this, we need to use a similar approach to that discussed
in Chapter 7 or our paper in Ref [74]. In particular, we need to calculate the Fourier
transform of the growth equation %, where the zeroth order spatial frequency will give
us the harmonic growth rate because the non-zero spatial frequency components will be
integrated away for large z.

However, given that e’V is a random variable, we shall seek to find the expected value

of the modulus squared of the Fourier transform, (§F(d.€)F(d.€)*) = AZ(F ()T (™)),

instead, where § is the Fourier transform as defined by the following convention,

§(f) =FW) == 7 f(z)em"dz (8.9)
FUF) = f(2) = 5= [0 Fv)et=dz. (8.10)

To calculate this, we exploit a previously solved problem of phase diffusion of laser
line-widths [66; 121]. According to the Wiener-Khinchin theorem, the spectral density
of a function (in this case the spatial-spectral density) can be computed by taking the

Fourier transform of its autocorrelation. In our case,

(d.£(2)d.£(0)") = (Age™C) | Ape™ @) (8.11)

= A2(e™ | eW(0))pminkz (8.12)
It follows from [66] that,

<€iw ‘ eiw(0)> _ e*g(d’?(z)) (813)

D|z|

= ¢z (8.14)
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where we have substituted D|z| = (*(z)). Plugging Equation (8.14) into Equation

(8.12), we get,

(d:£(2)d.£(0)7) = A2e™ "7 eidk= (8.15)

which has a very familiar Fourier transform, which is the Lorentzian or Cauchy distribu-
tion [66]. Hence, it follows from Refs [66; 121] that the expected value of modulus squared
of the Fourier Transform of a phase diffusion function, e’¥ with diffusion coefficient D

and central frequency Ak can be written as Cauchy distribution as,

2(3)

F) = @S = Amp

(8.16)

(

where D, the diffusion coefficient, is also the FWHM of the Cauchy distribution. Note

2|

that this is the expected value modulus squared Fourier transform signal of a phase
diffusion shifted by Ak (if Ak = 0, then the center of the Cauchy distribution would have

been at v = 0). From Chapter 7 or Ref [74], we showed that for there to be harmonic

growth, we must have a stationary phase Cfl—f = (0. This means that we must pick out

the zero spatial frequency v = 0 component of F'(v). Hence, our expected value of the

intensity growth rate, G is,

e (8.17)
= F(0) (8.18)
= A D (8.19)

(D) + (Ak)?

Next, we can write the expected harmonic intensity by integrating Equation (8.19) along
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(l) = Gz (8.20)
D

A
(2)" + (Ak)?

P (8.21)

which, in general, is a function of propagation distance z and diffusion coefficient D. For
constant central Ak and phase-diffusion constant, the intensity of the harmonic grows
linearly with respect to propagation distance. We have also labelled the expected intensity
in the equation above as I, for this continuous model.

For ease of comparison across different coherence lengths or harmonic orders, Equation
(8.21) can be normalised against the harmonic intensity output of a single coherence
length with no phase-matching, which from Chapter 3, is Iy = %ﬁ. Figure 8.4 shows
both the expected harmonic intensity for three different values of diffusion coefficients
and their normalised respective expected value squared of the Fourier transform signal,
F(v). The value of F equals exactly with the linear rate of growth of the harmonics
as expected. We note that for D = 0.1Ak, the Monte Carlo simulations show a slowly
damped oscillation with period of 2L, and a slight offset because the phase diffusion rate
is much less than Ak. The peaks of the Cauchy distributions for all values of the diffusion
coefficient are located at v = Ak = /L. = 7w as expected, where v is normalised to L..

For a given coherence length, there is an optimal phase-diffusion constant, which can
be calculated by finding the zero of the first derivative of G(D) with respect to D,

oG [D? — 4(Ak)?]

_— 2 =
op ~ [4(Ak)? + D22 0 (8.22)

We find the optimal phase-diffusion constant to be,

D' = 2Ak (8.23)
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Figure 8.4: Plot(a) shows the expected harmonic intensity under random phase matching
(phase diffusion) as a function of propagation distance across ten coherence lengths for
three different values of diffusion coefficients D = 0.1Ak, 2Ak, 4Ak with D = 2Ak
being the optimal coefficient. The thick colored lines show the theoretical linear growth
whilst the black lines show the averaged Monte Carlo simulations. Plot (c) plots the
expected value modulus squared of the Fourier transform of %, F(v), normalised against
the output of one coherence length with no phase-matching, I,. As before, the thick
colored lines represent the calculated theoretical Cauchy distributions for D = 0.1Ak,
2Ak, 4Ak (magenta, yellow and cyan respectively). The black lines are the respective
averaged Monte Carlo results, which shows excellent agreement with the analytic theory.
Plot (b) is a magnification of Plot (c¢) around v = 0, where the value of G = F(0) equals
exactly with the harmonic intensity growth, as expected. For each diffusion coefficient,

the Monte Carlo simulation were conducted over 2,000 iterations.

where we took the positive root. Hence, the maximum relative growth per coherence

length normalised to [ is,

~ 0.7854 (8.24)

. Vs
I 4

Figure 8.5 plots G(D) normalized to the maximum intensity achieved in a no phase-
matching scenario, Iy. Both the analytic curve of G(D) and the averaged Monte Carlo
simulations (across 2,000 iterations per value of D) are plotted, showing excellent agree-

ment between the simulations and the theory. As calculated, the optimal value of the
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Figure 8.5: Intensity growth per coherence length GL. as a function of diffusion coefficient
D. The plot compares both the analytic theoretical model along with the averaged Monte
Carlo simulations.

diffusion coefficient sits at D’ = 2Ak with the relative normalised linear harmonic growth

rate of /4 ~ 0.7854 as seen in Figure 8.5.

8.2.3 Broad high harmonic spectrum

The relatively broad profile in Figure 8.5 suggests that random phase matching may lead
to the amplification of a broad spectrum of harmonics. To test this idea, we conducted
a simulation under realistic parameters for harmonics generated in a ¢ = 51 pm radius
10mm long hollow-core waveguide with wall index of refraction of n = 1.5, with harmonics
generated at ionisation fraction of n = 0.3 and average pressure of 30mbars. Absorption
was ignored to focus on the impact of random phase matching on harmonic amplification.
Figure 8.6 shows the results of this simulation comparing random phase matching to ideal

square wave QPM. Both schemes were optimized to the ¢ = 51 harmonic.
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Figure 8.6: Plot (a) shows the harmonic intensity generated per coherence length, nor-
malised to the output after a single coherence length with no-phase matching Iy, as a
function of ¢g. The red line shows the growth for ideal square wave QPM optimized for
q = 51; note that QPM is quadratic growth per zone. The blue line shows the growth
for random phase matching, with the diffusion coefficient optimized for ¢ = 51; note that
random phase matching gives linear growth. Plot(b) and (c) shows the amplitude mod-
ulus (square root of intensity), normalised as above, as a function of both propagation
distance and harmonic order for random phase matching (Plot b) and ideal square wave
QPM (Plot ¢) respectively. It is evident that random phase matching affords a much
broader spectrum even though it is not as efficient as QPM.
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Figure 8.6a shows the harmonic growth per coherence length (normalised to the output
after a single coherence length with no-phase matching, Iy). Although random phase
matching is less efficient than ideal square-wave QPM, it affords a significantly broader
spectrum. It is also evident from this graph that the second and third order QPMs are
visible in the peaks centered around ¢ = 151 and ¢ = 251. Moreover, it is important to
note that random phase matching provides a linear growth, hence the average growth per
coherence length is independent of the total length of the waveguide. For QPM however,
the growth is quadratic of order N? where N is the number of quasi-phase matched zones.

Hence, the average amplification for 20mm, for example, would be twice as large.

8.3 Discrete model

- Relations:
7
S = . _ _
1 n p=Ly/L,=1/N
o S
’\’N’ N=L/Lg=1/p
X \/M Real part z=n L
R

n= 1 2 3 4 5 6 7 8 9 10 11 12

Harmonic
pulse

wnﬂﬂﬂhnw\u/ﬂ\\\/;

Figure 8.7: Schematic for discrete random phase matching for high harmonic generation.

In the last section, we assumed a continuous diffusion (or Brownian motion) of the
phase ¥ with a central frequency Ak, which led to linear harmonic intensity growth.

Another way of thinking about this problem is to construct a discrete model instead.
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Figure 8.8: Left: Real and imaginary part of random walk path of ¢ in two-dimensional a
complex plane calculated using the discrete model starting at the origin. Right: Real and
imaginary part of the path of £ as its phase undergo a random walk using the continuous
model.

Here, we can discretize the complex differential d¢ — AE. Instead of a continuous
random walk of phase as before, we can model a discrete two dimensional random walk
on the complex plane (R[¢], S[¢]), where R[] and S]] are the real and imaginary parts
respectively. Figure 8.7 shows a schematic of the discrete model. In this model, Lg is
the length scale for each random walk zone. We think can relate the coherence length L,

to Ly by defining the ratio between,

N =25 (8.25)

which can be thought of as the number of times the coherence length is spliced by random
zones. N can roughly be thought of as the rate of the random walk, and for larger N, the
more random zones there per unit length. We will relate N to the diffusion coefficient D
below in Section 8.4.

We also define M to be the total number of random zones, and S to be the amplitude
of each zone. We we can relate propagation distance z to the nth zone by z = nLg, and
at the end of the generation zone, z = M Lg.

Moreover, just for comparison and using the phasor diagrams described in Chapter
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3, Figure 8.8 shows an example of random walks for both the discrete and continuous

(phase-diffusion) case.

8.3.1 Derivation

Random Phase Matching A kon, N=2
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Figure 8.9: Top: Comparison of different harmonic generation schemes — no phase match-
ing, ideal phase matching, random phase matching example using the discrete model,
random phase matching using the continuous model, averaged discrete random phase
matching over 100 samples, and averaged continuous random phase matching over 100
samples. Bottom: Comparison of the phase of d¢/dz for discrete and continuous models.

It is well known that the mean distance squared of any random walk in two dimensional

space is given by [41],
(|R*) = MS? (8.26)
where in our case, the expected intensity is given by (I) = {(|R|*). We will use this

relation below to calculate the expected intensity.
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In the discrete model, we can write down the growth equation as,

d¢ .
D A z[—Ak:z-i—h(z)] 827
dz o (8:27)
where we replaced qi(z) = h(z) and,

(
hq 0<z<Lp
h Lr<z<2L

hz)={ = ¥ (8.28)

h3 2Lgr < z<3Lp

| P (n=1)Lp <z <nlg

is the random phase variable ranging from h, € [0,27), a random number with equal
probability between 0 and 27. This is the equivalent of saying that after length Lg, the
complex phase vector A takes on new, random direction in two-dimensional complex
plane, undergoing a random walk. Figure 8.8 shows the random walks for both the
discrete model and continuous model. Figure 8.9 shows harmonic growth and phase-
differential modulation profiles for both the discrete and the continuous model.
Equation (8.27) is the correct growth equation but is difficult to compute the expected
value of the intensity in closed analytical form. To do this, we first break apart the integral

resulting from Equation (8.27) into each of the steps,

M nLp
&(z) = Z [Aoeih”/ dz'emkz/} (8.29)
(

n=1 n—1)Lp

where M = zN/L, as before. This is still unwieldy, but we may assume that the phase of

each step is independent from the previous step because of the random phase h,,. Hence,
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we can absorb any extra phase in the integral above into h,,,

M

£(2) = [Ao /0 o dz'e—mkz’] ] (8.30)

n=1

and we factored out the terms not dependent on n. We can now write down the harmonic

amplitude of each step as,

I 2 (i>‘ . (8.31)

Note that for N = 1, we have S = I as expected from Section 8.2.2. Applying Equation

(8.26), the expected value intensity becomes,

% YA N
(1) = [—Ak2 sin <—2N)} I (8.32)
4A2L.N
— {%sﬁf (%)]z (8.33)

where, as in the continuous model, the intensity grows linearly with propagation distance.
We have also labelled the expected intensity in the equation above as I, for discrete model

for ease of comparison later.

8.3.2 Asymptotic behavior, N — oo, and further simulations

It is useful to understand the asymptotic behavior of the discrete model by taking the

limit N — oo of Equation (8.33),

_ 4A3 1T 12 N
(IN=oo) —A}LH;OUJ = AR [_QN] I.” (8.34)
A2L.
= ?v z (8.35)
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where sin? (%) ~ (ﬁ)2 for large N. As expected, the impact of Ak drops out because
the phase is varying on a much faster length scale than L..

To test our analytic expressions, we compared Equation (8.33) with Monte Carlo
simulations under the same parameters. Figure 8.10 shows the result of the simulations
for both cases, which gives good agreement between theory and simulation. The Monte

Carlo simulations were conducted with 3000 iterations per value of N. Moreover, we see

the convergence of the two scenarios for larger V.

8.4 Connection between continuous and discrete mod-

els

1.5

<] & theory

<I e asymptotic case, theory
<Ic>, theory, D=4N/Lc

Averaged Monte Carlo

[v

Harmonic intensity growth per L , normalised

Figure 8.10: Harmonic intensity growth per L. normalized to I, as a function of N for
Equation (8.33) (discrete model, magenta line), Equation (8.35) (discrete asymptotic
model where N — oo, green line), and Equation (8.21) (continuous model with D =
AN/L., cyan line) comparing Monte Carlo simulations after 2000 iterations (black lines
hugging the theoretical curves) Analytic expressions and Monte Carlo simulations show
good agreement as expected.
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The asymptotic behavior analysis above enables us to connect the discrete and con-
tinuous models. For large NV, the corresponding situation in the continuous case is when

D? > AK?. In this situation, we can rewrite Equation (8.21) as,

1
: A2

which is the situation where the phase-diffusion dominates. If we set the asymptotic

equations to equal each other; in other words, setting Equation (8.21) to equal Equation

(8.35), we have

1 AZL.
2 =0,

A
Y4D N

(8.37)

We can then relate the diffusion coefficient D with the number of steps per coherence

length N,

D=—""=_—" (8.38)

Interestingly, this means that the average phase displacement squared per length Lz needs
to equal 4 radians in order to be equivalent to a random walk in the two dimensional
complex plane with step length Lg.

Figure 8.10 also shows the continuous model versus the discrete one, where it is clear
that the asymptotic behavior matches for larger N. Moreover, the optimal diffusion
coefficient (in terms of V) is close to the optimal N for the discrete model. This suggests
that the much simpler discrete model is a useful way of describing some of the processes

in random phase matching.
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8.5 Connection between random phase matching and

QPM

L] L) L] L) L) L) L) L) L) 0.6
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Figure 8.11: Comparison of harmonic generation efficiency between random phase match-
ing and QPM as a function of p. Left (blue): harmonic generation intensity (normalised
against Iy) per coherence length L. for random phase matching using the discrete model
(solid blue line, p = Lgr/L.) and continuous model (dashed line, p = 4/(DL.) ). Right

(green): harmonic generation amplitude modulus (normalised against /1) for QPM (solid
green line, p = A/(2L,)).

In order to more rigorously compare QPM with random phase matching, it is useful
to define a unit-less scaling term p that describes the length scale the modulation of the

system. In the case of QPM,

AJ2
L,

PQPM = (8.39)

where A is the QPM period of an square wave source amplitude modulation as defined

in the previous Chapter. We have ideal square wave QPM of lowest order when A = 2L,
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or p = 1. In the case of discrete random phase matching, we have the length of each
random zone scaled by coherence length,

Lg

PRPM,d = 7 =

1
N 4
LN (8.40)

Finally for continuous random phase matching, we can use the connection between the
discrete and continuous models discussed above in Equation (8.38),

4/D

. (8.41)

PRPM,c =

Figure 8.11 compares the harmonic efficiency of these three schemes. Note that be-
cause the intensity in random phase matching grows linearly with z, the scale shows
intensity per coherence length for random phase matching. However, because amplitude
in QPM grows linearly with z (intensity quadratically with z), the scale shows amplitude
modulus per coherence length for QPM. It is interesting to note that as p increases, the
peaks of the discrete random phase matching model hugs the curve for the continuous
model. More interestingly, however, is that the higher order QPMs peaks are aligned to
the peaks for discrete random phase matching. This means that a QPM half period A/2

corresponds to the length of a random zone Lg.

8.6 Conclusion

In this Chapter, we explored random phase matching and derived analytical expressions
for the expected values of intensity. We learned that although random phase matching
may not be able to provide the high level of enhancements that QPM or phase matching
may provide, it may be a useful tool to generate extremely broad spectrum harmon-

ics beyond the phase matched cut-off limit. Specifically, the intensity of random phase
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matching scales as roughly one (~ 0.8) coherence length worth of intensity, Iy, per co-
herence length of propagation distance.

We note that the effect of random phase fluctuations could potentially explain the
amplification of a broader than expected harmonic spectrum in hollow-core optical waveg-
uides [25; 46; 85; 88; 92; 125]. Moreover, random phase matching may be a further reason
why HHG in a cluster jet is more efficient than traditional gas cell techniques [40; 86; 124]
in addition to relative decreased harmonic absorption [86] or phase matching in cluster
jets [116].

An explicit practical experiment to demonstrate this would need to be developed, but
it is beyond the scope of this thesis. However, from our paragraph above, potential paths
towards towards controlled random phase matching could be the utilization of random

modes or controlled cluster jets.
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Chapter 9

Mode Decomposition Analysis

9.1 Introduction

This thesis focuses on the high harmonic generation process inside a hollow-core waveg-
uide. As such, it is important to be able to measure and analyse the modes excited inside
the waveguide. In Chapter 4, we described the modes of a hollow-core waveguide, and
this chapter focuses on methods to decompose them based on single shot CCD inten-
sity measurements. Applications in modal decomposition beyond HHG include modal
multiplexing in optical communications [6; 9; 87] and supercontinuum generation [93].

Previous methods of mode and phase retrieval have been realized in various forms
including a single intensity measurement in the Fourier plane [80; 109]. Deducing the
mode superposition from measurement of the transverse intensity profile in two planes,
and the application of the Gerchberg-Saxton algorithm has become quite standard in
decomposing the modes[45]. More recently a method developed by Shapira et al. at MIT
using four measurements (two polarizations for both far field and near field) has shown
to be very effective in decomposing eigenmodes [106].

However, most of the methods focus on decomposition use either multiple methods

or iterative approaches which increases computation time. In this chapter, we present
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four novel methods, to our knowledge, for waveguide modal decomposition with a single
shot CCD measurement. The internal MATLAB least squares fitting routing is used as a
reference. These methods were tested against experimental data using a HeNe laser and
a series of hollow-core 51 pm diameter waveguides of different lengths to demonstrate the
effectiveness of mode and phase retrieval of the first two fundamental waveguide modes.
These methods are analyzed and compared for accuracy, precision, noise tolerance, and

speed using synthetic data.

9.2 Overview of eigenmode decomposition with a sin-

gle intensity measurement

9.2.1 Linear Independent Expansion

As described in Chapter 4, the amplitude profile of the propagating electric field, E(7)

can be written as a set of modes:

E(7) = c1ji(7) + c2jo(7) + cocarjnr(F) = > Ciin(7) 9.1)

where ¢; € C provides both the amplitude and phase information of each eigenmode
{jm}, each j,, is assumed to be real, and M is the number of modes assumed to be in
the system. In general, M is assumed to be a countable infinite number of modes, but in
reality, we have to make a guess as to how many modes we wish to retrieve.

In an intensity measurement, the measured signal is proportional to EFE*, where

the phase information is apparently lost. However, they can be retrieved under certain

conditions. The term EFE* can be expanded into N = M + M22_ M Tinearly independent
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functions:

EE* = (c1j1+ cofo + -.omim) (g1 + Gjo + .cmfnr) (9.2)
= [aciji + emchiiy] + [(e1es + eac))juga + .. (9.3)
+(enmCh_y + Syperr—1)mini-1)- (9.4)

Note that the first set of terms in the sum has M terms defining the amplitude of the

M?2-M

modes, and the second set of terms in the sum has ==

cross terms relating to the

relative phase differences between the modes.
After rearranging, it is convenient to think of {7171, j1j2, ---jamjam } as a set of (generally

not orthogonal) basis vectors, and thus we redefine them as:

{U17U2, ...Un...UN} = {jljl,jljg, ]M]M} (95)

and the subspace of the Hilbert space H spanned by these vectors as:

S = span{v,} (9.6)

From this, it is convenient to rewrite w(7) = E(7)E*(7) as:

w(@®) = Quyoi(F) + Quayva(7) + . Qs anyon (7F) (9.7)

= Qui(7) + Qova(7) + ... 0, (7) + ...QNnvN(7) (9.8)

where (2, € R is the modulus squared and cross-term coefficients, keeping in mind that
weS.
It is a well known fact that if a set of linearly independent basis vectors span a

subspace, then any vector in that subspace has a unique set of coefficients for its basis
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vectors that define said vector. Therefore, by this argument, if the {v,} are all linearly
independent, we are able to mathematically determine both the amplitude and relative
phase of all the known modes. All the methods described below rely on this expansion
and on the uniqueness property, and they all attempt to resolve the €2 coefficients.
However, all physical measurements contain noise, and at this point, we introduce a

‘realistic measurement’ w, defined as:
w(r) = w(r) + €(7) (9.9)
where ¢(7) ¢ S is the noise added to the pure w(7) € S intensity squared function.

9.2.2 Solving for ¢, and System Constraints

There are two major types of constraints in solving for the ¢,, coefficients from €2,,. The
first constraint assumes that the modes describe the complete system; we will call this
Constraint A. The second constraint stipulates that the phase angles between the modes
must add correctly; this will be called Constraint B.

Constraint A stipulates that:

M M
D e = Q) =1 (9.10)
m=1 m=1

Constraint B stipulates that for a set of phase angle differences between three modes,

Oij)s Pk)y Pk
Plik) = Plig) T (k) (9.11)

assuming ¢; < ¢; < ¢. Using the coefficients of (2,, and stipulating ¢; = 0, this constraint
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is manifested as:

Q.0 .9) Qi) Q3.5
S L 25 TR RS et LMY £ 0 P 9.13
Q) 60~ 30,0\ 409 T 20, (9.13)

9.3 Least Squares Fit Method

The most direct and obvious way of determining the 2 coefficients is a least squares fit
method(LSF). A variation of least squares fit in determining modal decomposition has
been achieved in [109].

In MATLAB, for a system of N ) coefficients and L points of discretization, a simple

one line of code can be written to achieve this for a one dimensional system:
Omega = VMatrix/wPrime  %MATLAB for least squares fit (9.14)

where Omega is a 1 X N array of the 2 coefficients, VMatrix is an L x N rectangular
matrix of the discretized {v,} vectors and wPrime is the 1 x L descretized measurement
data w. For a two dimensional data set, which is the case for most CCD measurements,
it is straightforward to map the two dimensions onto one line. For example, an L, x L,
pixel system can be mapped into an an L = L, L, length array.

The advantage of this method is the ease of implementation, as it requires only one
line of code for the actual calculation in MATLAB. However, as we shall see in the
forthcoming sections, LSF is not as fast as some of the more novel methods developed in

this chapter and is unable to cope with any noise if the system has more than two modes.
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9.4 Error Reduction & Modal Decomposition by Hilbert
Space Projection Method

This method constructs a Hilbert subspace from the given modes and projects the mea-
surement data onto the subspace. Error can be drastically reduced by projecting the data
onto the subspace and the modal coefficients can be retrieved via a coordinate transfor-
mation. HSP is effective for high frequency noise filtering. For decomposing two modes,
it is also more accurate and faster than a least squares fit, but like least squares, the

method is sensitive to error for more than two modes.

9.4.1 Error Reduction & Subspace Projection

At the end of Section 9.2.1 we defined w = w + € where € is the noise added to the pure
set of eigenmodes. We recall that w € S and € ¢ S by definition.

Now it is possible to construct a set of orthogonal basis vectors {u,, } that only span the
subspace S such that span{u,} = span{v,} = S using an orthogonalization algorithm
such as Gram-Schmidt [118] or Householder [53]. Note that we have used a modified
Gram-Schmidt, as the original algorithm in general is not numerically stable [118].

We now define the standard Projection Operator as:

proj, (v) = <Z | u>u (9.15)

where (v | u) = [i,(vu*)dV is the inner product over the Hilbert space with domain V
and, dV is the area element over the domain; in most cases dV = dxdy or dV = 2nrdr.

Because we now have an orthogonal basis, we can project w onto the subspace S and
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thus eliminating € by performing the following operation,

w = Zprojun () (9.16)

With @ ‘cleaned up’, we can now apply the newly constructed w in the various meth-
ods described in this discussion, the most obvious one being the coordinate transformation

described immediately below.

9.4.2 Decomposing Eigenmodes by Subspace Projection

The ‘cleaned up’ intensity profile, w, was constructed using a linear combination of projec-
tions onto the S subspace spanned by orthogonal basis vectors {u, }. Thus, it is possible

to write w as:

N N
w = Zprojun(w) = Z b, (9.17)
n=1 n=1

where b, is the projected coefficient,

(w” | un)

b, =

(9.18)

Now that we are able to write w as a sum of M linearly independent vectors, it is

straightforward to convert all the {b,u,} into {Q,v,} by way of a basis transformation.

9.5 Linear Form Matrix Inversion Method (LFMI)

This method applies a set of linear forms (such as a definite integral) onto the mea-
surement data and also onto a set of functions determined by the given modes to form

matrix equation. This matrix equation is solved to retrieve the modal coefficients. For
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decomposing two modes, it is a factor of three faster than least squares, but it is sensi-

tive to error beyond two modes. This method has potential applications in an electronic

analogue form for modal multiplexing. Below we discuss this method as applied for two

modes. A generalization for M modes is given in the Appendix.

9.5.1 LFMI for Two Modes

First consider a two-mode example where:

* -2 * *\ + - x 2
w = c1cygy + (c1c; + cach)jija + cacy s

= Q1 + Qovg + Q3us

(9.19)

(9.20)

Now we define three arbitrary linearly independent real functions fi, fo, f3 and perform

the following set of integrals, defining A,, as follows:

Al :/ wfldV
A%
AQZ/ IUfng
A%
A3:/ w fsdV
\'%

These integrals can then be expanded:

A1 :Ql/ vlfldV+Qg/ ’UgfldV‘i‘Qg/ Ugfldv
\% \%

A%

A2=Q1/ Ulfzdv+92/ szQdV+Qs/ v3 fodV
v v

v

Ag = Ql/ Ulfgdv+92/ ’UQfng‘i‘Qg/ Ugfgdv
A% Vv A%
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These three equations can then be simplified into one linear matrix equation, in Einstein

matrix notation,

A, =T\, (9.27)

where n =1,2,3,1=1,2,3, and

T, = (vl fn) = / v fndV (9.28)
Vv

Equation 9.27 can then be solved to determine the ) coefficients.

It is important to note that the matrix, 7", and its inverse 7! needs only to be
computed once as they are not dependent on the measurement data but only on the
preset modes that one wishes to analyze. As we shall see Section 9.9.2, this fact enables
the LEFMI method to be three times faster than standard least squared decomposition

methods.

9.6 Eigenmodes Decomposition by Difference Oper-
ators

This algorithm isolates each coefficient by iteratively applying a difference operator (such
as a derivative) and inverse functions determined by the given modes. This is unfortu-

nately more sensitive to error than the other methods.

9.6.1 Two Mode, One Dimensional, Differentiation Example

As before, we will provide a simple two mode, one dimensional example. We know that

we can expand w by

w(z) = Qi (z) + Qova(x) + Qgvs(2) (9.29)
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Now say that we want to retrieve {23. We then perform the following set of operations,
first by dividing both sides by vy:

2o R (9.30)

1 U1 U1

— O+ Qg% 10,2 (9.31)
1

U1

where {2 is now a stand-alone constant. One important thing to keep in mind is that we
know the left side of the equation from measurements but don’t know the right side of
the equation, which is what we are trying to solve.

Now we differentiate to eliminate €2;:

d fw) d d (v d (v
o <v_1> == () + QQ% <v_1) + 935 (U_1) (9.32)

/ / /
= <E> =0+ (Qﬁ) + (932) (9.33)
() (%1 (%1

Now we want to eliminate €25 so we perform the similar operation first by dividing by

/ !/ /
(E) 040, (%) L Q, (%) (9.34)
U1 U1 U1

/
<Z—j> on both sides:

oy = ey + g (9.35)
(32) ) ()
Differentiating...
A A
| =9 Sy (9.36)
((ﬁ) @

QO — % (9.37)
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We can now repeat this process to obtain €2; and €25, which are also both calculated
from measured data.

One issue that may arise is that all of the v; vectors have zero value for some z,
resulting in a singularities in the denominator. This can be solved by simply avoiding
those zeros by setting piece-wise domains for x. We note that the generalization of this

is in the Appendix.

9.7 Eigenmodes Decomposition by Integral Conver-
gence

This algorithm applies the triangle inequality over a Hilbert Space in an iterative fashion
to converge on the modal coefficients. Although it is two order of magnitudes slower
than least squares, ICM is precise even with higher level of noise for several modes and

beyond.

9.7.1 Basic Principle & Two-Mode Example

The basic principle of this decomposition method lies in the triangle inequality. In this
particular form, for unit length vectors, where (V; | Vi) =1, (V; | V) < 1if i # j. By
iterating through the coefficients, this convergence method is able to “integrate out” the
non-target components leaving only the target coefficient of order unity.

As before, it is simple to give an example of two modes where
w = Qﬂ)l + QQUQ + Q3’U3 (938)

The current set of basis vectors, v, is not of unit length. Therefore, we first normalize
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Figure 9.1: The algorithm converging to the pre-set solution.
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To simplify notation, we define a symbol, 9,,; for n # j for the set of inner products:
0ij = (Va | V) (9.42)

where §,,; < 1 due to the triangle inequality. More loosely, for any n # j, 6 ~ d,;. We
will sometimes use ¢ without the subscripts to talk about all inner products between two
different V' vectors to simplify the notation.

We will explicitly walk through the first iteration to show how the convergence algo-
rithm works. We calculate the first iteration of &,, defined as &(Ll).

First we calculate for n = 1

e = (Vi lw) = & (Vi | VA) 4 & (VA | V) + &5(Va | Vi) (9.43)

= & +&012 + &3013 (9.44)

Then we calculate for n = 2

Wo= (lw-g"n) (9.45)
= 51512 + 52 + 53523 - (fl + 52512 -+ 53513)512 (946)
= &+ 83023 — (§2012 + &3013)012 (9.47)

Now that we have él) and §§1), we will isolate &3 as much as we can in this iteration,

&) = (Valw—g"vi—¢vy) (9.48)
= (&1013 + &a023 + &3) — (&1 + &2012 + €3013) 013
_[52 + 53523 - (52612 + 53613)512]523 (9.49)

= &3 — (&012 + E3013)013 — [£3023 — (§2012 + €3013) 012003 (9.50)
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Taking a pause, we notice that &3 — fél) is of error order ~ §2, and given that § < 1,
52 < §, but yet the term &5 is still preserved.

Now to calculate §§2), we attempt to isolate the &; term:

&P = (| w— &MV — D7) (9.51)

which will be of lowest order ~ §2.
For &2 and ¢,
&) = (Vo) w— PV — V1) (9.52)

& = (Vo |w -7V - &) (9.53)

Noting that & is of error order 62 and £\ is of error order 2.
We keep on iterating this K times for §§K) until 6% — 0, which each successive step
getting converging to the solution where,

f(K)

QU — (9.54)

[y dVuvs .
Figure 9.1 shows the example of convergence across 75 iterations. In this example an
artificial intensity profile was created with the amplitudes being | ¢; |*= .75, | ¢y |*= .25,
and phase difference information being c;c; + cjca = .43. The calculated solution of each
iteration was recorded. It appears that for 2 modes, convergence to roughly machine

double precision (1.11 x 107'%) in about 50 steps.
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Figure 9.2: Raw modal analysis output for a 26.1mm waveguide, phase difference in units
of 7 (as per the output text in the top of the upper-right plot), all axis lengths in pixels
( 20 pixels per micron using a 20X objective lens), using the LFMI method. The x-cross
cross-section is taken horizontally from the centre; similarly, the y-cross section is taken
vertically from the center.

9.8 Two Mode Decomposition experiment with a HeNe
laser

The demonstration experiments were conducted with a HeNe laser (633nm) coupling into
a hollow-core waveguide of radius a =25.5 pm. The focal waist size is w ~ 0.30a to 0.37a
enabling simultaneous coupling of the first two fundamental modes. The output mode
at the exit plane of the waveguide was recoded using a 20X objective lens and a CCD
camera (PointGrey Flea2 model), and the mode amplitude and phase information was
extracted using the five different techniques explained above.

From Chapter 4, we have derived the fundamental radially symmetric waveguide

modes for a hollow-core waveguide as,

EHi (1) = Jo(upr/a) (9.55)
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Figure 9.3: Raw modal analysis output for a 30.5mm waveguide, phase difference in units
of 7 (as per the output text in the top of the upper-right plot), all axis lengths in pixels
( 20 pixels per micron using a 20X objective lens), using the LFMI method. The x-cross
cross-section is taken horizontally from the centre; similarly, the y-cross section is taken
vertically from the center.

where Jy is the zeroth order Bessel function of the first kind and w,; is the Mth root of
the equation Jy(uy) = 0.

The coupling coefficients at a point z in the waveguide can be calculated as,

Cm(2) = VﬁﬁlMEm(z)*dV: / EH,,, Eoe ™" /“02mrdr (9.56)
0

where E[]@_TQ/ wi and Elm represent the normalized input beam and mode amplitudes

respectively. The relative phase difference between two coupled modes is,

Ap(z) =| (B2 — B1)z mod T | (9.57)

In analyzing the data from this experiment, only the first two modes, EH;; and EH1s,
were included. This simplifies the analysis, but more importantly, the first two modes

dominate the coupling coefficients at this waist size; at the input plane of the waveguide
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EH,5 only accounts for 2% — 8% of total coupling power for w = .37a and w = .30a
respectively. Moreover, at waveguide radius a = 25.5um, the EH;3 mode attenuates to
under 1% in less than 10mm.

The exit modes of ten waveguides of different lengths were measured. Figures 9.2
and 9.3 show the raw analysis output for two of the ten waveguides. The top left graph
show the measured intensity profile from the CCD and top right shows the reconstructed
intensity profile using the linear form matrix inversion (LFMI) method of two dimensions
as an example as described in Section 9.5. The bottom two graphs show an x and y cross

section of intensity for both the actual measurement and the reconstructed intensity.
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Figure 9.4: Relative energy of the first and second fundamental modes at exit plane as
a function of the length of the waveguide. Data points retrieved across 10 waveguides,
data and theoretical curve; error bars were not included to reduce clutter in the graph,
but the two theoretical lines for wy/a = 0.30 and wy/a = 0.37 represent the uncertainty
in the coupling entrance plane.
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Figure 9.5: Relative phase difference (in units of 7 of the first two fundamental modes at
exit plane as a function of waveguide length). Retrieved phase difference from the data
are plotted against theoretical curves; error bars were not included to reduce clutter but
each point has an uncertainty of + ~ 0.17.

As discussed in Chapter 4, the attenuation of the EH;» mode will be faster than
that of the EH;; mode across the waveguide length. This effect has been observed by
measuring the mode mixture for waveguides of different length. Figure 9.4 plots |c;|? and
|c2]?, the mode coupling strengths for EHy; and EHj, respectively. The data points along
with their theoretical curves for w = .37a and w = .30a are shown, and we have shown
the analysis output of all five methods. The higher order modes have been ignored as per
the argument above. It is evident that the data fits well within the theoretical curves.
More importantly, these algorithms are also able to retrieve the relative phase difference
between the two modes, and the phase modulation due to mode beating between the two
modes have also been observed. Figure 9.5 shows the retreived relative phase difference
and its beating between the two modes plotted against the theoretical plot. The data

suggests that the algorithms are able to adequately retrieve phase information from just

the intensity information taken from a CCD. In summary, accurate intensity and modal
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transmission measurements have been made and phase mode beating has been observed.

The novel methods have been demonstrated to be accurate for two modes.

9.9 Comparison of mode decomposition methods

9.9.1 Comparison of accuracy and precision
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Figure 9.6: (a) Plot of the average coefficient error, < € >, by method for resolving two
modes (EHyy, EHyy) as a function of the intensity C3C5 of an added higher order FHys,
K = 10,000 (b) Plot of the average coefficient error, < & >, by method for resolving two
modes (FHyy, EHis) as a function of random noise level Ryppoise. K = 10,000

The sensitivity to random high frequency noise of modal decomposition accuracy has
been analyzed for two modes and three modes. The sensitivity to the existence of a

higher order mode was also explored; for example, the impact of the EH;3 mode when
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Figure 9.7: (a) Plot of the average coefficient error, < € >, by method for resolving three
modes (FHy1, EHy2, EH,3) as a function of the intensity C4,C} of an added higher order
EH;, mode on a log scale. K = 10,000 (b) Plot of the average coefficient error, < & >,
by method for resolving three modes (EHy1, EHys, EHi3) as a function of random noise
level RHFnoise' K= 10, 000
we are only analyzing the first two modes. Each of the methods have been tested against
10,000 different random modal configurations. The simulations were conducted in one
dimension of L = 2000 pixels with dV = 2zrdr. The difference operator was selected to
be the derivative with L/10 points for DOM.

As before, the noise added function is defined as w = w+ € as before with w being the

‘pure’ function and € being the noise. Here the calculated coefficients of w are defined as

Q and the correct answer is defined as . The average error per coefficient, < & > across
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K = 10,000 iterations is defined as:

Lo (1 -
<E>= ; <N nzl | Qi — Qi |> (9.58)

Two types of noises have been evaluated. The first type was to test the sensitivity
these methods have to the existence of a higher order mode, in this case, the next order
mode. A higher order mode is added into the overall field function and the field function
is then renormalized. For Figures 9.6a and 9.7a, < & > is plotted against C5C5 and C4C}
respectively.

The second type of noise is the high frequency noise added on a pixel scale, which
are shown in 9.6b and 9.7b. For each pixel, a random value is added to w to simulate
random noise that might occur in a measurement. The noise ratio is then defined as:

Iy lelPav

R noise — [ | (o gt 7 9.59
e o [w]2dV (9.59)

Figure 9.6 suggests that for decomposing two modes HSP and ICM provide the most
accurate results whilst DOM is the least accurate with respect to both type of noises as
expected. However, DOM’s accuracy could potentially be improved by selecting a more
suitable difference operator.

Figure 9.7 illustrates that the ICM with constraint optimization (see Appendix) pro-
vides a significantly more accurate method than any other methods for analyzing three
modes. The lower accuracy for the other methods for three modes is because the de-
terminant of the basis transformation matrix and of T respectively is close to singular
due to the spatial frequency required to resolve more than three modes with these two

methods.
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9.9.2 Computation time

The time it takes for each of the methods to calculate the coefficients for the data collected
of the ten waveguides with the FHy; and FH;5 modes were analyzed. Each algorithm

ran 100 times for each data set resulting in 1000 timing measurements for each method;

{A) Mean time required per calcolation for the EHy, and EH,; modes, ms
T20

715 -

/]

g0 |

/ /

we ran the calculations on a standard T61 Lenovo Laptop (Intel Core i5 CPU at 2.53
15 -
10 -

GHz and 4 GB RAM)
‘'‘m B l [

Inmg:lhhmx Integ:llphmx Orthogonal MATIABLeast Difference Integral
(18] Projection Squares Opexator Convergence

(B) Basic Statistics on speed of caloolation for different methods, ms

Min 1.6 73 22 133 651 667
Mean 51 30 102 15.0 796 713
Max 105 13.2 170 239 158 1020
Stuldev 46 0.62 030 1.40 332 312

Figure 9.8: (a) Time of of calculation for each method in milliseconds for the HeNe data
collected in resolving the F'Hy; and EHy, modes, n = 1000. (b) Basic statistics on speed
of calculation for of the data from chart (a), in milliseconds.

Figure 9.8 compares the speed of calculation across each of the methods. The one-
dimensional Integral Matrix (LFM) calculation is three times faster than the internal

MATLAB least squares routine whilst the Integral-Convergence method is roughly two
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orders of magnitudes slower. However, as we have seen in Section 9.9.1, the Integral-
Convergence method seems to be the only method able to cope with high noise beyond
two modes. On the other hand, LFM may be useful for real-time mode decomposition of

two modes due to the fact that it is significantly faster than all other methods.

9.10 Conclusion

In this chapter, four novel modal phase and amplitude retrieval methods are proposed. A
demonstration experiment using a HeNe laser and a hollow core waveguide was conducted,
where a two-modal decomposition showed good fit with theoretical predictions. The
methods were compared against the internal MATLAB least squares fit routine for both
precision and accuracy as well as computational time. In the next chapter, we will use

these methods to analyse modes excited by a spatial light modulator.
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Chapter 10

Beam Control with a Spatial Light

Modulator

In the previous chapter, we discussed identifying and analysing modes. This chapter, we
will focus on controlling the beam profile and exciting higher order modes with a spatial
light modulator (SLM).

Not only are spatial shaping of beams important for exciting specific modes for high
harmonic generation, it is also important for other applications including lithography
[123], micro-machining [102], and chemical imaging [36]. In fact, in [36], our method
described in this Chapter has been employed to conduct dynamic imaging of surfaces.
In applications of this type it is often required to control the amplitude and phase of
radiation in the back focal plane of an optical system.

Present methods to achieve this include using two spatial light modulators (SLMs),
one for phase control and the other for amplitude control [126]; controlling the input
polarization state [126]; mapping two conjugate planes onto a single SLM [58]; or iterative
algorithms such as the Gerchberg-Saxton algorithm [42; 45; 102].

Several techniques for achieving amplitude control with a single phase-only SLM have

been developed. In essence these achieve amplitude control by introducing a pattern
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of high spatial frequency phase jumps to the SLM in order to diffract a portion of the
incident radiation to large angles, thereby effectively introducing a partial loss. Control
of the loss which is introduced has been achieved by modulating the width of square
wave phase jumps [30], introducing phasor manipulation for adjacent SLM pixels [54],
and applying saw-tooth [122] or top-hat [12; 82] phase modulations of varying amplitude.
In the latter, for example, an analytic solution can be found where the height of the
square phase jumps is proportional to 2arccos(|T'|), where |T'| is the required amplitude
transmission of the mask [12].

For a single phase only SLM the three examples described above give a recipe for a
particular shape of phase mask [12; 82; 122]. However, to our knowledge, no general ana-
lytic solution has been proposed for the pattern which should be applied to a phase-only
SLM to generate a prescribed complex amplitude in the far field. This chapter proposes
such a solution and provides a general framework for generating a suitable phase-only
mask. By introducing two domains at the focal plane, a domain of interest and a domain
that can be ignored, we can identify slow- and fast-varying components of the near-field
beam which correspond to these two domains. This allows us to calculate analytically
the phase mask required for any type of fast modulation. Our method therefore provides
a mathematical framework for unifying the various methods for calculating single-SLM
phase masks. In this chapter we describe this method in detail and demonstrate its

application in proof-of-principle experiments; the arguments follow that from our paper

[69).

10.1 Theoretical derivation

We first start with the familiar integrals relating the amplitude u(z,y) of radiation of

wavelength A in the near-field to that, U(X,Y), in the back focal plane of an optical
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Figure 10.1: Illustrative domains for the focal plane where Sp is the domain of interest
and Sg is outside this. The value a is defined as the the maximum distance from the
origin of the boundary between Sp and Sg.

system of focal length f:

(

eikV X24+Y24f2

Af

UX,Y) = ffooo ffooodxdy

xu(z, y)e” XY

(10.1)
= [ [ dXdY

U(X,Y)
eikV/ X24Y24f2

u(z,y)

ik (@ X+yY)

where k = 27/ is the angular wave number. The incident amplitude u can be written

as u = |ug|e™°T, where |ug| and ¢y are the amplitude and phase of the incident beam

respectively, and T is the complex amplitude transmission function of the SLM.

In the focal plane we define a domain of interest, Sp, in which we wish to control the

amplitude and phase of the radiation, and a domain Sg which lies outside Sp. We also

define a as the maximum distance from the origin to the boundary of Sp.
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From these definitions, illustrated in Fig. 10.1, we can write,

Up(X,Y ik (X +yY
U(l’ y —ffs dXdY;;Q—+\/7}/2)_~_J’6+ f( +yY)

Ug(X,Y i%(x
+ [ fg, AXdY D) e X (10.2)

= P(r,y) + Q(z,y) (10.3)

where Up is the beam profile we wish to control — which we will call the ‘target beam
profile’, Ug is the beam profile outside the zone of interest, and P and () are the two
integrals across the Sp and Sy domains respectively. Since Up is known, the amplitude
P is also known. Further, since P is related to the complex amplitude in the domain of
interest Sp, which is close to the axis, the spatial frequencies contained with P will be
low. In contrast, the high spatial frequencies in @) is related to radiation diffracted to
regions away from the axis, and will therefore be associated with the Sg domain.

An exact solution of Eqn (10.1) would require 7" to have a spatially-varying amplitude
and phase. However, for a phase-only SLM we have the restriction |7'| = 1. Since P
is defined by the target beam profile we need to find a ) that fulfills the phase-only

constraint. Writing Q(z,y) = Qo(x, y)e'®®¥) | the constraint |T'| = 1 becomes
Q2+ (Pe™™ + P*e)Qo + (PP* — ud) = 0, (10.4)

from which @ can be found for each point (z,y). The phase mask T = ue™™° /|ug| is

given by solving the quadratic equation:

luple™T =P+ et {—R[Pe]...

£y /RIPeP (PP =l } (10,5

where R denotes the real part.

155



50-50

Beamsplitter
Al

Objective

lens (10x-
. f=150mm 20x)

N——— -
Interferometry arm

\ (blocked for intensity
measurements)

Figure 10.2: General schematic for demonstration experiment. Note that the interferom-
etry arm is blocked for intensity measurements.

Note that a solution for the phase mask has been found without specifying the form of
the fast phase modulation ¢, in contrast to earlier work which from the outset assumed
a square wave [12] or sawtooth [122] modulation. The general framework established
above allows different types of phase modulation to be employed and offers a route for
optimizing the aspects of the mask performance, such as its efficiency. For example, if
we set ¢ = sgn[cos(bx)|m/2 + arg (P) and discretize each half period, the solution for T’

is identical to the square-wave modulation described in [12] with period of b.

10.2 Demonstration experiments

In our experiments discussed below, we use a simple phase modulation on (), where we
consider a phase modulation of the form ¢(x,y) = b,x + b,y where b, > ak/f and
by > ak/f.

Fig 10.2 shows schematically the arrangement employed in our experiments. We
employed a HeNe laser operating at 633nm with a phase-only SLM (Hamamatsu X10468-

02) with 800 x 600 pixels that is 16 by 12mm wide and with a bit depth of 256 and an
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Figure 10.3: Measured far-field intensity profiles for generation of (a) text; (b) a portrait
of Joseph Fourier

aperture ratio of 95%. A Gaussian beam with a spot size of 6.4mm was reflected from
the SLM at near normal incidence and was focused by a lens of focal length f = 150mm.
The analysis above assumes that the lens captures all light diffracted by the SLM. In
practice light diffracted at large angles may miss the lens and so not form part of the
image, although this is unimportant if the light would have been focused outside the
domain of interest. The transverse intensity profile in the back focal plane of the lens
was recorded by using a 10x or 20x microscope objective to image this plane onto a 1600
x 1200 pixel CCD array (Point Grey Flea 2: FL2-20S4M-C, 12 bits). A beam splitter
was used to create a plane reference beam which could be interfered with radiation in the
back focal plane of the lens; this allowed the phase of the focused beam to be determined
from the interference pattern produced. Phase retrieval from the interferometry data

was performed using the method outlined by Takeda et al [113]. The reference beam was
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Figure 10.5: Generation of the F'H;3 mode by a phase-only SLM. (a) shows the intensity
profile, on an arbitrary logarithmic scale, inside and outside the domain of interest, the
boundary between these domains being indicated by the white circle. (b) and (c) show
respectively the measured profiles in the axial region of the transverse profiles of the
intensity in arbitrary units and phase in units of 7. (d) and (e) compare lineouts of
the measured (blue, solid) and target (red, dashed) real part of the field amplitude in
arbitrary units (d) and phase in units of 7 (e).
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Figure 10.6: Phase mask applied for the EH;3 mode as shown in Figure 10.5; phase
displayed on a grayscale where black is 27 radians and white is 0 radians.
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(a) Measured intensity, arb. intensity units
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Figure 10.7: Demonstration of simultaneous control of amplitude and phase by generat-
ing: (left) a circle of uniform intensity, within which is a circular region with a phase of
/2 relative to the surrounding annulus; (right) a square, within which is a triangular
region with a phase shifted by 7 relative to the surrounding region. The measured trans-
verse intensity and phase profiles are shown in (a) and (b) respectively. We also note
that the phase in (b) was set to zero if the intensity was below 10% of maximum.
blocked for measurements of the transverse intensity profile. We note that light diffracted
outside the domain of interest could be removed from the back focal plane by inserting a
spatial filter; however, this was not necessary for these experiments.

Fig 10.3 shows two examples of the control of the far-field intensity (but not phase)
to produce text and an image; for these examples the period of oscillation was set to
27 /b, = 2m/b, = Tpixels. Figure 10.4 shows the phase mask applied to the SLM to
generate the image in Figure 10.3b.

Fig 10.5 demonstrates the generation of a waveguide mode, the EH;3 hybrid mode
[28] of a hollow capillary waveguide using a radially-symmetric phase modulation of the
form ¢(r) = b,r with 27 /b, = 16 pixels. In Fig 10.5a the outermost ring results from

light diffracted out of the domain of interest from regions in the near field with a low

required transmission. It can be seen that within Sp the amplitude and phase profiles are
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Figure 10.8: Raw phase measurement data with the interferometry arm unblocked.

in excellent agreement with the target profile. Figure 10.6 shows the phase mask applied
to the SLM to generate the EH;3 mode.

As a final example, Fig 10.7 shows simultaneous control of the transverse amplitude
and phase profiles in the far field. Note that the dark areas in the intensity profiles of Fig
10.7a result from the step change in phase at these points, and hence a region in which
the amplitude passes through zero. As a reference, Figure 10.8 provides the raw CCD

measurement of the phase with the interferometry arm unblocked.

10.3 Limits and optimization

The maximum size of the domain of interest can be determined as follows. For an ideal
SLM providing both phase and amplitude control, the maximum linear size of the region
in the image plane in which the complex amplitude could be controlled is fA/h where h
is the spacing of the SLM pixels. However, for a phase-only SLM it is necessary to devote
more than a single pixel to control the complex amplitude in the domain of interest,
which increases the effective size of the pixels. For example, for a linear ramp with
b = w/(Nh) the effective pixel size is Nh and hence the size of the region over which
phase and amplitude can be controlled is fA/(Nh), i.e. 1/Nth of that possible with an
SLM providing both phase and amplitude control. For a phase-only SLM at least two

pixels are required to provide phase and amplitude control [54], and hence the maximum
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Figure 10.9: Plot (a) shows the agreement ratio |¢|* as a function of size of area of interest
in units of fA/h and normalised slope of the linear ramp bh /7 in units of 1/N. Plot (b)
shows the lineouts for cases where 1/N = 0.25,0.5,0.75 respectively; the solid black line
shows the agreement ratio for a theoretical ideal SLM with both amplitude and phase
modulation. The parameter space scan was conducted using a one-dimensional system
where the test function was a top-hat with the size of the area of interest in question.
size of the domain of interest is fA/(2h).

Figure 10.9 shows a parameter space scan of the slope of the linear ramp and size
of the area of interest. The agreement ratio |c|? is calculated as the normalised inner
product between an ideal top-hat versus the generated beam profile at the focal plane.
As expected, as the phase slope increases from 0 to 0.5/N, the available size of the domain

of interest increases as well, with a maximum dominan of interest at fA/(2h) as expected

from the argument above.

10.4 Mode beating experiments with an SLM

In the previous sections, we have shown that we have complete control over phase and

amplitude on the beam profile using an SLM. More specifically, in Section 10.2, we have
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Figure 10.10: General schematic for mode excitation experiment.

shown that it is possible to generate the EH;3 mode to very high accuracy. In this section,
we will couple in two modes to simulate one of the HHG experiments described in the
previous chapters. Figure 10.10 shows a schematic for an experiment that attempts to
excite two modes. The HeNe beam is split into two, one beam is adjusted by an iris
optimized to excite the fundamental EH;; mode; the other beam is modified by the SLM
to generate the beam profile of the EH;5 mode at the focal plane. The two beams are
then combined by another beam splitter and focused into an a = 5lum radius hollow
core waveguide. The waveguide is 4cm long, and an imaging system is set up with an
objective lens at the exit of the waveguide.

At the exit plane, the phase difference between the first and second order modes
is dependent on the phase difference between the two input beams. For this, small
vibrations from un-stabilized experimental set-up and/or air currents caused the phase
difference between the two input modes to fluctuate on a time-scale of a few seconds. As
a consequence, mode beating was observed in the output plane.

Figure 10.11 shows three separate CCD measurement and mode retrieval results. We

set the mode intensities to be roughly equal at the exit of the waveguide. We then
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Figure 10.11: Three sets of CCD measurements and mode analysis outputs. Column (a)
shows the set of measurements and outputs retrieved phase difference of A¢ = 0.197 with
retrieved mode coupling strengths of |c;|? = 0.5, |c2|? = 0.5; Column (b) for A¢ = 0.337
with |e;]? = 0.54 and |c]? = 0.46; Column (c) for A¢ = 0.57 with |¢;|*> = 0.5 and |c]? =
0.5. Row (1) shows the raw measured intensity data. Row (2) shows the reconstruction
based on retrieved mode information using the Linear Form/Integral Algorithm described
in the previous chapter, Row(3) shows the y-axis lineout and Row (4) shows the x-axis
lineout. For Rows (3) and (4), the blue line represents the theoretical reconstruction
whilst the red line shows the actual data. For Rows (1) and (2) the vertical axis is the
x/pm axis whilst the horizontal axis is y/pm axis; for Rows (3) and (4), the horizontal
axis is in units of pm whilst the vertical axis is intensity in arbitrary units.
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used the Linear Form/Integral mode (LMFT) retrieval process detailed in the previous
chapter. The effect of mode-beating is seen in the retrieved difference in phase of the input
modes, whereas the relative energies of the two modes remained reasonable constant. The
reconstructed beam profiles are in good agreement with the measured data, showing that
the exit modes are well described by the expected super-position of the selected input

modes.

10.5 Conclusion

In conclusion, we have presented a method for simultaneous control of the far-field trans-
verse amplitude and phase profiles of a beam using a phase-only SLM. The framework we
have described is general in the sense that the method can be used with any functional
form of the applied phase ¢(x,y). This flexibility will allow optimization of measurements
of the mask performance, such as its efficiency or accuracy.

Moreover, we have used this method to couple the first two modes in a hollow-
core waveguide, providing a basis for future experiments in multi-mode or polarisation-
controlled QPM for high harmonic generation.

In this chapter we assumed that the area of interest Sp corresponded to low spatial
frequencies in the near-field. In principle, it is possible using the same techniques to
control areas in the back-focal plane corresponding to high spatial frequencies in the near

field instead by setting ¢ to be slowly varying.

166



Chapter 11

Hollow-Core Birefringent

Waveguides

11.1 Introduction

In Chapters 5 and 6, we briefly discussed advances in linear and circular birefringent
waveguides in the context of potentially achieving PBQPM and ORQPM respectively.
In this chapter, we will discuss this topic in more detail. We will also discuss some
original work by the Author around hollow-core rectangular waveguides and show some
very initial evidence of optical rotation and birefringence.

In exploring the literature of birefringent waveguides, authors often neglect the differ-
ence between phase and group birefringence [44]. Up until this point, when we discussed
birefringence, B, we referred to phase birefringence, the difference in the mode propaga-

tion between the two polarization states,

)\ _
B = Bohase = w (11.1)

where Sx and fy are the mode propagation constants as defined in Chapter 4.
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However, it is also important to discuss group birefringence; as mentioned in Chapters
5 and 6, the group dispersion between the slower and the faster polarisation states may
cause the two modes to separate, and thus end polarization beating in a driving pulse

after a some propagation length. The group birefringence can be written as [44],

_9Bx 9By _9Bx —By) _ o\ OB
Bgroup - Ok - Ok - ok o B()\) /\8)\ (11'2)

In many cases, the difference between group and phase birefringence is only around
10 — 15%; hence, waveguides with high group birefringence often also have high phase
birefringence [3; 24]. For the purposes of PBQPM (or ORQPM) however, it is important
to have high phase birefringence but low group birefringence. We note however, that
PBQPM or ORQPM can be ‘re-phased’ by reversing the birefringence after a certain

propagation length.

11.2 Photonic crystal fibres (PCFs)

Photonic crystal fibres (PCFs) are a new class of optical waveguide fibres that are based
on periodic structures that confine and modify the properties of light that propagate
through them. Given that they can be fabricated with a wide variety of optical properties,
a significant amount of effort has been expended by the scientific community to better
understand and commercialize them. In this section, we will discuss hollow-core linear
birefringent but not hollow-core circular birefringent PCFs. This is because some progress
has been made around linear birefringence in hollow-core PCFs so far, but the focus is
still around solid-core for circular birefringence.

Another potential issue with PCFs for HHG is that the harmonic generation process
requires extremely high laser intensities. Given the delicate nature of PCFs, driving HHG

within such structures requires considerable care — but this has been achieved in Ref [48]
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Figure 11.1: Cross section of the hollow-core PBGF profile. The dark regions are air,
while the white regions are glass. Caption and figure from [24].
with driver pulses of 30-fs at 10 pJ using special kagome-like fibers that guide nearly all

the light in the core, preventing damage to the walls [27; 34; 48].

11.2.1 Linear birefringent PCF's

To date, significant progress has been made in maximizing the birefringence (both group
and phase) for PCFs in the mid-IR range (1-2 microns wavelengths) due to potential
applications in optical communications, devices and fibre sensors[2; 3; 24; 96]; in fact
commercially available birefringent PCFs in this optical range have been realized by
NKT Photonics [2].

These birefringent PCF's are often constructed with asymmetry between the z- and
y- axes. Figure 11.1 shows a scanning electron micrograph of one of the first highly
birefringent hollow-core PCFs at 1550nm from Chen et al. [24], while Figure 11.2 provides
specifications for the PCF. Figure 11.3 compares the simulations of these birefringent
PCFs from Alam et al. with the data from Chen et al. [3; 24]. The simulations also
provided a view of the electric field distributions in these PCFs, which is shown in Figure

11.4.
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Figure 11.2: Top, cross section of the realistic Hi-Bi PBGF [24]; bottom, design of the
core and the air holes. Here A = 4.0 mm, d/A = 0.98, d./A = 0.54, D. = 7.85 mm,
D! =528 mm, and d,/A = 0.1. Air-filling fraction f ~ 0.928. Caption and figure from
[3].

In the PCF configuration discussed above, group birefringence was optimized to be as
high as possible. However, for PBQPM, more generation zones can be achieved for lower
group birefringence. Alam et al. also provided an alternative design which allowed for
zero group birefringence [3]. Figure 11.5 shows the schematic for the PCF whilst Figure
11.6 shows the calculated phase and group birefringence. However, the wavelength that
gives zero group birefringence is around the minimal for phase birefringence; further work

for PBQPM with PCFs must be explored enabling the optimization of phase as opposed

to group birefringence.
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Figure 11.3: Phase and group birefringence as a function of wavelength; Lines are simu-
lated output whilst the dots are experimental data from [24]. Figure from [3].

(a) (b}

Figure 11.4: Electric field distributions of (a) the x-polarized mode and (b) the y-polarized
mode at a wavelength of 1.6 um. Figure and caption from [3].

11.2.2 Circular birefringent PCF's

To date work on circularly birefringent PCFs has concentrated exclusively on solid-core
PCFs [130; 131]. These circularly birefringent PCFs are based on the idea that a twisted
linear birefringent waveguide may exhibit optical activity, which has been well understood

in simpler fibres for decades [128; 129].
A team in Russell’s group at the Max Planck Institute for the Science of Light managed

to show circular birefringence in twisted PCF's; they define circular birefringence as [131],

Bc:ch—HLC (11.3)
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Figure 11.5: Cross section of the Hi-Bi PBGF. Figure and caption from [3].
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Figure 11.6: Phase birefringence and group birefringence of the PBGFS8 of Fig. 11.5,
when d/A = 0.9 and A = 2.0 mm. Figure and caption from [3].

where nreo and ny o are the effective refractive indices for the RC and LC polarised modes
respectively. In the language of Chapter 6, we can rewrite B, as a function of rotation

length L, as,

B, = (11.4)

A
L,

where L, is the length it takes for the linear polarisation state to rotate by 7.
Figure 11.7 shows a schematic of the twisted PCF over one period from Wong et al

[130]. The circular birefringence, B,., was measured and calculated by the team and was
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Figure 11.7: Perspective view of one period L(= 27/, where « is the twist rate) of a
helical PCF with a negative twist (i.e., anticlockwise looking in the direction of propaga-
tion, +2z). The blue tubes represent the hollow channels passing through the glass, and
the solid glass core is formed by a missing channel at the center. For clarity, the twist
rate is greatly exaggerated in this sketch (L/A is of order 100 in the experiments, where
A is interhole spacing). Figure and caption from [130)]
shown to increase linearly with the twist rate [131]. The team also developed an analytical
perturbation theory to explain this phenomenon, which can be explored in more detail
in Xi et al [131].

If circularly birefringent waveguides are shown to work for solid core PCFs, then

presumably similar techniques could be employed for hollow-core waveguides in order to

achieve ORQPM.

11.3 Elliptical hollow-core waveguides

Birefringent hollow-core waveguides have potential applications in terahertz communica-
tions and other terahertz applications, which is an area of development for various research
groups [19; 80; 81; 94; 115]. To reduce losses of terahertz radiation in waveguides, some
groups developed the dielectric-coated metallic hollow fibre (DMHF) [19; 80; 81]. Since
the systems are scale invariant [115], in theory, we could adapt these waveguides for the

optical regime required for HHG.
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Figure 11.8: (a) Circular birefringence as a function of twist rate at a wavelength of
Ao = 800 nm. The error is the difference between the numerically modeled (by solving
the full Maxwell equations with a finite element method) and the values of B¢ calculated
using perturbation theory; (b) Be as a function of wavelength for a twist rate of 10.1
rad/mm. Figure and caption from [131]

Tang et al. numerically calculated elliptical birefringent DMHF in the terahertz
regime and showed some interesting results [115]. Figure 11.9 shows the overall schematic
for an elliptical birefringent DMHF whilst Figure 11.10 shows the mode composition for
the x- and y- polarized fundamental modes. In an DMHF, the radiation is guided inside
a hollow-core. The core is bounded by a dielectric layer, which in turn is coated by a
metallic layer. Since, as we saw in Chapter 4, hollow-core waveguides are inherently leaky
(28], the metallic layer is used to prevent leakage.

Figure 11.11 shows the birefringence and attenuation of an elliptical DMHF for the

terahertz regime as a function of ellipticity. In Figure 11.11a, as expected, the birefrin-

gence and attenuation is a function of ellipticity. Birefringence increases as the ellipticity
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Figure 11.9: Schematic cross section of an elliptical waveguide. Figure and caption from
[115]

Figure 11.10: Normalized z-component power flow and electric field vector distribution
for (a) the cladding HE;;x mode at 1.88 THz, (b) the cladding H Ej;y mode at 0.69
THz, (c¢) the core HEj1x mode at 2 THz, and (d) the core HEj;y mode at 2 THz. The
power flow is presented by the colors and the electric field is presented by the arrows.
Figure and caption from [115]

increases but evens out around an ellipticity of ~ 3. Tang et al. suggests that when con-
structing a birefringent DMHF, it is not necessary for the waveguide to have an ellipticity
above ~ 3. Attenuation decreases as a function of ellipticity because the analysis held the
minor radius constant, which means that as ellipticity increases, the overall waveguide
size increased as well (since the major radius needs to increase to increase ellipticity).
As we saw in Chapter 4, the larger the waveguide, the smaller the attenuation, hence we
see a monotonically decreasing attenuation as a function of ellipticity for a fixed minor

radius.

Figure 11.12 shows the birefringence and attenuation as a function of the normalised
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Figure 11.11: (a) Modal birefringence and (b) attenuation for the HFEj;x mode as a
function of a/b (major to minor radius ratio). Figure and caption from [115]

core size (or normalised geometric mean) vab/A. Note that the normalised core size is
scale invariant. The smaller the core size, the higher the birefringence, but also the higher
the attenuation. Below in Section 11.4.4.2, we will compare the elliptical DMHF's with

similar rectangular waveguides.

11.4 Solutions for rectangular waveguides

In this section, we compute the mode properties of modes in hollow core rectangular
waveguides with either one dielectric layer or a dielectric layer coated by a metal. The
argument follows similar methods as discussed for solid-core waveguides in Okamoto’s
Fundamentals of Optical Waveguides [83], which was originally proposed by Marcatili
[78]. We first start with a one dimensional slab waveguide and use the solutions to derive

a two-dimensional rectangular waveguide.

11.4.1 Slab Waveguide

The rectangular waveguide can be decomposed into two perpendicular slab waveguides.

Hence, we will first solve the slab waveguide with the following index of refraction profile:
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Figure 11.12: (a) Modal birefringence and (b) attenuation for the HFEj;x mode as a
function of the normalized core size ( v/ab/\). The dotted data are the numerical results
and the expressions for the curves are given in the figure. The inset in Plot (a) is the
modal birefringence as a function of the wavelength. a/b = 3 (major to minor radius
ratio). Figure and caption from [115].

no ,lr| <a
n(@)=4q n ,a<|z|<I (11.5)
ny x| >1
where ng = 1 is air, n; = 1.5 is the dielectric layer (here we assume Borosilicate glass),

and ny is the second layer which can either be more dielectric (ny = 1.5), air (ny = 1), or

a silver layer (ny = .142 + 5.28914).

11.4.1.1 Solution for the T'E,-polarization

Let us first consider the polarization where £, is dominant. We define the eigenvalues

for the wave equation in each region as:

k2 =king — K* | |z| <a
o = K~ K a<lo] <l (116)

v =K*—k2ni |z|>1

177



where kg = 27/ is the free-space wave number and K is the complex propagation
constant for the mode.

The electric field must be continuous at the boundaries of the slab layers. Because we
are looking only at the even solutions (as we want to maximize the central peak intensity
for HHG), let us consider only the x > 0 half. With that assumption, the even solution

can be guessed as:

cos(kyx)(Cy + C) x<a
Ey(z) = cos(kya)(Cretol@=a) 4 O _eolea)) a<z<l (11.7)
cos(kya)(Cret™@ + C_e @)D 4 5]

where a +d = [ and C_ and C are constants subject to boundary conditions. The

magnetic field H, ~ 68% must be continuous at the boundary. Hence we can just look at
o8B, .
oz
—hy sin(y o) (Cy + C) Jol <a
oF.
a—xy =4 ocos(kya)(Ceto@=a) — O e=olz=a)) Ja < lz| <1 (11.8)
—ycos(kya)(Creto@ 4 C_e=o@)e (@ 1z > |
where
—agi;g: = k,tan(kya) ,continuous at x =a

(11.9)

v C+ead—C,e_Ud
o~ Cye’d4C_e—0d

,continuous at x = [

Now, since C_ and C are related to the boundary conditions, we choose C_ + C; = A.
A is arbitrary since it is just the amplitude of the mode and can be factored out. Now,
we can solve for C_ in Eqn. (11.9) as a function of A:

o + k, tan(kya)
20

C_=A (11.10)
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Plugging this into the second part of Eqn (11.9), we get the dispersion relation:

(A—C_)eod — C_e
(A—C_)eod 4 C_e7d

where we solve for k,. Note that k, will in general be complex if n; > ny.

11.4.2 Solution for the T M, -polarization

Please refer to the Appendix .5.

11.4.3 Dispersion relation for a rectangular waveguide

Figure 11.13: Schematic for the rectangular waveguide
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The schematic for a rectangular waveguide can is shown in Fig 11.13. To solve for
the rectangular waveguide, the equations for the T'E, and the 7'M, polarization states
must be written down. We will hence call the x-polarization state the combination of
the TE, and T'M, states where the E, is the dominate electric field polarization and the

y-polarization state the combination of T'E, and T'M, respectively.

11.4.3.1 The x-polarization state

We define the eigenvalues similar as above except that the propagation constant K x is

now a function of both k, and k,:

ki + k) = king — Kixy 2| <aglyl < a
o2 =ki(n2—n})— k> La, <|z| <,
v =king —n3) — ki 2] > L (11.12)
szk‘g(n%—n%)—k’z cay < |yl <1,
L = k(g —n3) — k5 lyl >

and two sets of equations need to be solved for k, and k, respectively where for k,:

2

g++c = k, tan(k, ax)—(%) ,continuous at r = a,

(11.13)
C ‘”i—C_ —od .
ZZ% = Godic oot ,continuous at x = [,
Similarly, for k,:

g++c = k, tan(kya,) ,continuous at y = a,

(11.14)

v C+eo-d_ciefad

p W ,COIltiHU_OUS at Yy = ly
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After solving these two set of equations, the propagation K(x) can be solved by

Ko = £\ /kgng — k2 ) = k2 ) (11.15)

noting that we have added the (x) subscripts to k, and k, to emphasize that they are
constants for the x-polarization state.
11.4.3.2 The y-polarization state

Please refer to the Appendix .6.

11.4.3.3 Birefringence and mode damping

After solving for the two polarisation states, the birefringence can be calculated as the

difference in the phase velocity between the two modes,

B = [Bx — By| (11.16)

= [R(Kx)) — R(Kyy)l. (11.17)

where Bx = R(K(x)) and fy = R(K(y)) are the mode propagation constants and J() is
the real component.
The mode damping can be calculated by taking the imaginary parts of the complex

mode constant,

(11.18)

where () is the imaginary component.
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11.4.4 Numerical calculations of birefrigent rectangular waveg-

uides
11.4.4.1 Simple glass rectangular waveguide

It is evident that if a, # a,, Bx # By, then we have birefringence. In Section 11.3, we
noted that the optimal ratio between the long and short radii of an elliptical waveguide is
around ~ 3. To test our calculations for a rectangular waveguide, we will set a, = bum
and a, = 15um for a A\ = 800nm laser. The waveguide itself has a simple borosilicate
glass wall with ny; = ny = 1.5, which we assume to be Imm wide in each dimension.

Figure 11.14 shows the X- and Y- polarized lowest order modes for the rectangular
waveguide described. Inside the hollow-core, the lowest order modes contain the cos()
terms as expected. In the glass walls, the small oscillations caused by the leaky waveguide
have similar characteristics as the hollow core circular waveguides described in Chapter
4 and by Cros et al [28].

In this arrangement, the beat length is on the order of ~ 100mm, which is 2-3 orders
of magnitudes too high for PBQPM. Moreover, the 1/« attenuation lengths are on the
order of a few millimeters (~ 1.5mm for the X-polarized mode and ~ 3.2mm for the
Y-polarized mode). In other words, modes polarized parallel to the shorter axis has a
higher attenuation rate, as we will also see evidence of below in Section 11.5. As we
have discussed, the smaller the normalised core size, the stronger the damping coefficient
is. In fact, for a 5um radius hollow-core circular waveguide based on Cros et al. at
A = 800nm [28], the 1/« attentional length is around 1.5mm, which corresponds well
to our calculations for the rectangular waveguide. Clearly this waveguide setup will not

work for PBQPM given the low birefringence and extremely high damping rates of modes.
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(a) X-Polarisation State (b) Y-Polarisation State
20 20

15 15
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Figure 11.14: Electric field (real part) of the mode for the X- (Plot a) and Y- (Plot b)
polarized lowest order modes with arbitrary electric field units; this waveguide had no
silver coating
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(a) X-Polarisation State (b) Y-Polarisation State

x/um X/um

Figure 11.15: Electric field (real part) of the mode for the X- (Plot a) and Y- (Plot b)
polarized lowest order modes with arbitrary electric field units; this waveguide had a
silver coating
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Figure 11.16: Modal birefringent beat length L; for elliptical waveguides as described by
Tang et al. from Equation 11.21 (solid blue line) and for rectangular waveguides (red
squares) as a function of minor radius and core half-width a, respectively.

11.4.4.2 Rectangular waveguides with silver coating

In Section 11.3, we discussed how silver coating can both increase birefringence as well
as reduce leakage. In order to check our calculations, we tried to construct a rectangular
waveguide with similar parameters to the Tang et al. [115] scaled down from the terahertz
regime to 800nm, where as above, a, = dSum, a, = 15um. We assumed a wall width

d, = d, = 0.11um, which corresponded to the optimal thickness given by [115],

d, =d, = éarcmn {L] : (11.19)

o/ —1 (ni —1)1/4

Admittedly, a dielectric wall of 0.11um is somewhat unrealistic, but we wanted to check
that our rectangular waveguide provided a similar answer to that from [115]. The dielec-
tric layer had an index of refraction of n; = 1.5, and the silver layer had a complex index

of refraction of ny = .142 + 5.28914. Figure 11.15 shows the electric field of the X- and
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Figure 11.17: Cartoon of the type of (untwisted) capillary used in the demostration
experiment, from CM Scientific.

Y- polarised modes.
Tang et al. gives the equation for mode birefringence for an elliptical waveguide where

the minor to major axis ratio is 3 as [115],

a,a 1/3
B:0.16< Ay) (11.20)

hence the beat length becomes,

A A
T 2B 2 x0.16(/aga,/\) /3

Ly (11.21)

where in this particular case a, and a, are the major and minor radii respectively. It
is clear that the birefringence is scale invariant if ,/a,a,/A is constant [115]; hence we
can compare the birefringence of our rectangular waveguide with the elliptical waveguide.
Figure 11.16 compares the beat length from Equation 11.21 to the rectangular waveguide
calculated in this chapter. As expected, for a major to minor ratio of 3, the two schemes
shows good agreement. This provides an excellent sense check for the calculations for the

rectangular waveguide.
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Figure 11.18: Photograph of the actual twisted capillary used in the measurements.

11.5 Tentative evidence of birefringence and optical
rotation

In this section, we show, to our knowledge, the first evidence of optical rotation with
a hollow core waveguide at 633 nm. This was achieved using a hollow core rectangular
borosilicate capillary (with n = 1.5) with a rectangular profile of 20x200um with a
length of 5 cm. The capillary was glued on the two ends and twisted by 15°. Figure
11.17 shows a cartoon of the capillary used from CM Scientific whilst Figure 11.18 shows
a photograph of the actual waveguide used in the measurements. Twisted waveguides
have been predicted to achieve optical rotation in [128; 129].

The waveguide was placed in an experimental setup outlined in Fig 11.19. A circularly
polarized collimated HeNe 633nm beam passes through a rotatable polarizer at an angle
O to the vertical axis. The front of the waveguide was oriented so that its long side was
at W1 = —75° to the vertical axis; the exit was oriented so that its long side made an angle
Py = —60° to the vertical. To clarify the presentation, we will shift all angular coordinates
such that the angle of the major axis at the front of the axis is ¥; — ¥, — (—75°) such
that U1 — 0; as a result, ¥y — 15°.

The exit of the waveguide was then imaged using an objective lens, and the output
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Figure 11.19: Outline of experimental setup

beam is then linearly polarized by second rotating polarizer with an angle of ©5. Note
that the HeNe had been turned on for over ten hours in order to stabilize it any intensity
drift from HeNe oscillations.

By taking a series of measurements of different ©; and ©,, the output polarization
state can be compared with the input polarization state. Figure 11.20a shows the analysis
of polarization states of the output polarization €2 for varying input polarization ©;. The
output polarization angle for the most part hugs Vs, which suggests that the polarization
state of the guided light follows the polarization mode parallel to the longer axis of the
waveguide, which is evidence for optical rotation. When ©; ~ ¥, + 7/2, the polarization

state is not rotated with respect to the waveguide.
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Figure 11.20: Plot (a) shows the exit polarization angle of the laser € as a function of input
polarization state ©;. Note that the polarisation state shifted from the entrance major
axis angle W, to the exit major axis angle ¥, after propagating through the waveguide
for coupling angles ©; around ¥;. Plot(b) shows the ellipticity of the output mode as a
function of coupling angle ©;. Plot (c) shows the normalised (to arbitrary units) intensity
of the output light as a function of input polarisation state.
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Ellipticity, shown in Figure 11.20b, was estimated for measurements by analysing
outputs from measurements from multiple angles ©5. The estimated ellipticity of the
output polarization is closer to linear when the input polarization ©; is closer to angle at
the fibre start ¥; with an ellipticity estimated to be € ~ .5. However, the ellipticity for
coupling angles perpendicular to Wy such as Wy + 7/2, the ellipticity increases to € > .9.
This is most likely because the modes initially excited at the entrance to the waveguide
are are dominated by polarization states that are parallel to the longer axis, which is
then rotated along the length of the waveguide following the longer axis.

Our numerical analysis above in Section 11.4.4.1 also suggested that the polarization
modes parallel to the longer axis in an rectangular or elliptical waveguide exhibit signifi-
cantly smaller attenuation rates; previous analysis of solid-core waveguides also provides
a similar situation [83]. Moreover, Figure 11.20c also shows the output intensity has a
minimum when the coupling polarisation angle is parallel to the shorter axis ¥; + 7/2.

In this setup, the rotation length, L,, defined by the length it takes for the polariza-
tion to rotate by m, is in the order of centimeters. For ORQPM to be achievable, L, must
be in the order of a few millimeters or less [72]. However, this is a first demonstration of
a technique that could achieve optical rotation in similar wavelength ranges. Moreover,
as discussed above, much of the work done on twisted PCF's are around solid-core waveg-
uides; this may be one of the first attempts at twisted hollow-core waveguides. We finally
note that the analysis above assumed that the ellipticity of the exit field was elliptical,

which may not necessarily be the case in general.

11.6 Conclusion

In this chapter, we provided a brief literature review of hollow-core linear birefringent
waveguides and solid-core circular birefringent waveguides (that could potentially be

adapted for hollow-core). We also derived from scratch analytic solutions for slab and
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rectangular waveguides with and without silver coating and showed that the analogous

silver-coated rectangular waveguides provided similar birefringent scaling as the elliptical

DMHFs in previous work in Ref [115]. We then showed some initial evidence of optical

rotation in a hollow-core twisted birefringent rectangular waveguide. Future work would

comprise of developing the right kind of waveguide that could withstand high intensities

required for HHG with high birefringence required for PBQPM or ORQPM. Tables 11.1

and 11.2 summarize some of the recent work on linear and circular birefringent waveguides

respectively.

Table 11.1: Summary of linear birefringent waveguide schemes. In the Reference column,
E denotes experimental realisation, C denotes commercial, and T denotes theoretical.

Waveguide Norm. core A, Beat Birefringence,
type size, pm pm  length, mm B Ref
Hollow-core PCF 4.5 1.55 0.06 2.5 x 1072 [24]E
Hollow-core PCF 4.5 1.63 0.10 1.7 x 1072 [24]E
Hollow-core PCF 6.0 1.55 3.88 2.0x 1074 [2]C
DMHF ~ 500 375 5.93 3.2 x 1072 [115]T
DMHF ~ 500 75 119 3.2x 1071 [115]T
DMHF ~5 0.8 ~ 0.5 ~ x1073 Sec 11.4.4.2T

Table 11.2: Summary of circular birefringent waveguide schemes. They have all been

realised experimentally.

Waveguide Norm. core A, Beat Birefringence,
type size, pm pm  length, mm B Ref
Twisted solid-PCF ~ 2 1.0 190 5.3 x 107° [10]
Twisted solid-PCF ~ 2 0.8 571 1.4 x 1076 [131]
Twisted solid-PCF ~ 2 0.8 276 2.9 x 107° [131]
Twisted solid-PCF ~ 2 0.8 169 4.7 x 1076 [131]
Twisted hollow-rect. cap. 63 0.63 480 1.3 x 1076 Sec 11.5

We believe that kagome-type birefringent PCFs may be a way forward for PBQPM.

Similarly, twisted PCF's used for PBQPM may also be attempted for ORQPM. On the

other hand, simple elliptical or rectangular waveguides coated in metal may also be a
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relatively simple or inexpensive solution to demonstrate polarisation-controlled QPM.
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Chapter 12

Conclusion

We discussed a novel class of quasi-phase matching scheme for high-harmonic generation,
called polarisation-controlled. We provided simulations for both PBQPM, ORQPM, and
a hybrid MMPBQPM. A theoretical framework for QPM and random phase matching
were also explored. Polarisation-controlled QPM requires that the driving laser pulse is
guided in a waveguide which is linearly- or circularly-birefringent. We therefore discussed
some waveguide types which could be adapted for PC-QPM. We extend our theory on
MMPBQPM to describing random phase matching as well. Given that polarisation-
controlled QPM requires precise control of waveguide modes, this thesis also discussed
mode analysis and experimental evidence of laser beam control using a novel analytic
method employing a spatial light modulator. Finally, approaches to birefringent waveg-

uides were discussed.

12.1 Summary of work

QPM is achieved in which polarisation beating occurs within a hollow-core birefringent
waveguide, which was explored in Chapter 5. The evolution of the polarisation of a laser

propagating in a birefringent waveguide is calculated and was shown to periodically mod-
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ulate the HHG process. The optimum conditions for achieving QPM using this scheme
was explored and the growth of the harmonic intensity as a function of experimental
parameters were investigated.

Because PBQPM is based on linear birefringence, it was then a natural next step to
consider the implications of circular birefringence for QPM, which led to the concept of
optical rotation QPM as described in Chapter 6. In ORQPM, propagation of the driving
radiation in a system exhibiting circular birefringence causes its plane of polarisation to
rotate; by appropriately matching the period of rotation to the coherence length, it is
possible to avoid destructive interference of the generated radiation. It is shown that
ORQPM is approximately five times more efficient than conventional ideal-square wave
QPM and half as efficient as true phase matching.

Polarization-beating QPM requires the phase velocity of two orthogonally-polarised
modes. This is straightforwardly manifested in a birefringent waveguide, but it can also
be achieved by beating two different, orthogonally polarised modes. This variant, MMP-
BQPM, was described in Chapter 7. Hence the generalization of quasi-phase-matching
using polarization beating and of multimode quasi-phase-matching (MMQPM) for the
generation of high-order harmonics was explored, and a method for achieving polariza-
tion beating is proposed. If two (and in principle more) modes of a waveguide are excited,
modulation of the intensity, phase, and/or polarization of the guided radiation will be
achieved. By appropriately matching the period of this modulation to the coherence
length, quasi-phase-matching of high-order-harmonic radiation generated by the guided
wave can occur. We showed that it is possible to achieve efficiencies with multimode
quasi-phase-matching greater than the ideal square wave modulation. In this chapter we
also presented a Fourier treatment of QPM and use this to show that phase modulation,
rather than amplitude modulation, plays the dominant role in the case of MMQPM. The

experimental parameters and optimal conditions for this scheme were explored.
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Next in Chapter 8, we extended our analysis to random phase matching and showed
that the intensity of the harmonics under random phase matching increases linearly
with propagation distance as opposed to the quadratic dependence found for true phase-
matching and for QPM, and that random phase-matching led to generation of of bright
harmonics over a large bandwidth. This behavior was confirmed by an analytical model.
Furthermore we showed that it could potentially provide very broad spectrum high har-
monics.

Since the crux of polarisation-controlled or multi-mode QPM rests on mode control,
we developed several techniques for analyzing mode composition of a waveguide using
a single shot CCD. Some of these techniques were shown to be significantly faster than
standard in-built least-squares regression techniques. This work is described in Chapter
9.

In order to excite with high fidelity the modes in a hollow-core waveguide it is desir-
able to use a spatial light modulator (SLM) to control the amplitude and phase of the
incident laser pulse. In Chaper 10, we developed a novel analytical solution for the phase
introduced by a phase-only spatial light modulator to generate a given far-field amplitude
and phase profile within some domain of interest. The solution was demonstrated exper-
imentally and shown to enable excellent control of the far-field amplitude and phase. We
also showed good coupling of higher order modes with this technique.

Finally, we explored potential approaches to birefringent waveguides in the literature.
The modes of a metal-coated hollow rectangular dielectric waveguide were solved analyt-
ically, and it was shown that this type of waveguide could potentially lead to a low-loss
highly linearly birefringent hollow-core waveguide for wavelengths appropriate for high
harmonic generation. We also provided some initial experimental evidence for optical

rotation in a twisted hollow-core linearly birefringent waveguide.

195



12.2 Future prospects

12.2.1 Polarisation-controlled QPM

The work in this thesis provides the initial theoretical groundwork for future work on
polarization-controlled QPM. Polarisation controlled QPM using birefringent waveguides
can theoretically provide a very clean way of achieving QPM without the use of complex
optical setups. However, further development in current hollow-core waveguide technolo-
gies would be required to fabricate appropriate waveguides. Given the requirement for
high phase birefringence and low group birefringence, PCFs may be the most promising
waveguide technology for this purpose since their mode properties can be adjusted over
a wide range and with high precision. Achieving suitably appropriate waveguides should
be a priority for future work in this area. We emphasize that the prospect of achieving
bright circularly polarized coherent soft X-rays is a major motivation for the exploration

of polarisation-controlled QPM.

12.2.2 Random phase matching

Given that random phase matching most likely occurs in many experiments already,
future work may entail attempting to control the random phase by either modal control
using an spatial light modulator or via gas pressure modulation. Even though the growth
for random phase matching is linear, as opposed to quadratic, the prospect of a very
broad spectrum high harmonics is a very exciting one, especially for the generation of

ultra-short harmonic pulses.
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12.4 Final remarks

The novel QPM techniques proposed and explored in this thesis open up new opportuni-
ties for generating bright efficient coherent X-rays in compact birefringent waveguide se-
tups; the the possibility of circularly polarized sources coherent X-rays are also extremely
exciting. Moreover, novel techniques in mode analysis and spatial shaping of laser beams
could find widespread applications. Finally, it is hoped that this thesis provided a more
thorough and fresh theoretical treatment of ideas that progress our understanding of high

harmonic generation and optical systems.
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Appendix - Mode Analysis

Generalisations

.1 Generalization for LFMI

The example given in Chapter 9 is a limited case for two modes and for integrating a set of
arbitrary functions {f,}. In general, the matrix 7" and the vector A can be constructed
from any N set of nontrivial linear forms £, : H — R acting on w and v, such that
det(T") # 0.

Consider a system with M modes and N coefficient terms to solve:

w= Qv +..Qn0N (1)
As before, we define a set of A,:
Al = 9121(1}1) —+ ...QN,Ql(’UN) (2)
An = ngn(vl) + ...QN,QH(UN) (3)
(4)
AN = 91£N<U1) + ...QNSN(UN) (5)
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This can be written as a matrix equation to be solved as before:

A, =TQ, (6)
where n =1,2,3,.N,1=1,2,3,...N and

T3 = Ln(wr) (7)

It is important to emphasize that the matrix 7" and its inverse needs only be calculated
once, once the modes and linear forms are chosen, which speeds up the calculation process
dramatically. Finally, it should be noted that the choice of linear forms will impact the

error tolerance of the method.

.2 The General Difference Operator

From the example above, the key thing we learned is that from the w expansion, we
can individually solve for each of the coefficients independently as long as we divide and
differentiate each step to eliminate the coefficients we are not solving for.

The derivative is actually a special case and one doesn’t necessarily need to differen-
tiate to eliminate the other coefficients. In fact, the operator only needs the following

criteria:

0 if f = constant;
D(f) = (8)

Nonzero if f # constant

Thus, ©(f) can be any form of operator that has some difference component, and can
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be expressed in the following form:

D(f(r) = [f (k) = f(7)]g(7) (9)

where 7}, # 7 is some value on the domain and ¢(7) is a nonzero function. In the case of
the one-dimensional derivative, r, = r 4+ h and g = 1/h, where h — 0.

In fact, often times the derivative is not the best choice for ® because a small er-
ror between two points may blow up very quickly given the number of derivatives and

divisions this algorithm need, but there are essentially an infinite amount of choices for

D.

.3 Difference Operator Method: (eneralizing to De-
composing M Eigenmodes

In the general case of M > 2, the same method can be applied as above by dividing
a term that associated with the target coefficient and then applying the D operator on
both sides. The algorithm can be described as follows assuming that we are trying to
solve for the Nth coefficient where w = Qqv; 4+ Qavs... + Qyvn(keeping in mind that the

order of v; is arbitrary):

1. Divide both sides by the first nonzero term (excluding the coefficient).
2. Apply the D operator on both sides to eliminate the first term’s coefficient

3. Repeat M-1 times until there is only one term left. Then solve for Qx with step (i).

All the coefficients individually can be calculated by rotating through the vys. Each
coefficient requires M steps, and to calculate all coefficients require M? steps.
One advantage of this is that because each coefficient can be calculated independently

of each other, the overall result does not depend on each other. Moreover, depending on
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what the purpose of the coefficient retrieval is, one may not necessarily need to calculate

all the terms (for example if one is only interested in amplitude).

.4 Integral Convergence Method: Generalizing to De-
composing M Eigenmodes

It is fairly straightforward to generalize the algorithm above for M > 2. In general, for

the nth coefficient and pth step (with a total of K steps),

&P =V, |w =Y 7)) (10)
Jj#n
where
P if n < 7g;
i— g (11)
p—1 ifn>jy

As before, there will be N number of terms and thus each pth step will have N
integrals. Assuming that there are K iterations required to converge to acceptable toler-
ances, the algorithm will perform a total of NK number of integrations. From here we

can rescale & coefficients back:

P= 0 (12)

\/ fv dVuvv?

One important point is that in general for M > 2, I',, # §,, as the algorithm would
suggest. This is because as M increases, N increases quadratically, and that the com-
pounding action on A does not disappear as fast as the sum of all the \ terms due to the
increased size of N.

However, despite this systematic error, there is still a way to retrieve the set of coef-
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ficients €2,,. It is found that the systematic error generated by the algorithm behaves in

a very linear and exact way. Specifically, €2,, can be written as:

O =T+ A% s (13)

where A? is an S x N matrix and ps has S terms such that

M-—-1
S = (14)
2
or S = 2 choose (M —1). Here, A? is an artefact of the algorithm that is dependent
on the subspace S, but stays constant with respect to different measurements; it can be
calculated by performing a multilinear regression on a large set of synthetic (non-noise

added) data with a given set of modes where 72 = 1 always. Here, p, can be directly

solved by applying the angle constraints described in Section 9.2.2 and (2, is retrieved.
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Appendix - Rectangular Birefringent

Waveguide Solutions

.5 Slab waveguide: Solution for the 7'M -polarization

Let us then consider the polarization where E, is dominant. This is equivalent to saying

that H, is dominant. We define the eigenvalues similar to that in Chapterl1:

k:=kini — K? ||z|]<a
02 =K*—k2n? Ja<|z|<I (15)

v =K?*—kini | |z|>1

The magnetic field H, must be continuous at the boundaries of the slab layers, and the

even solutions can be guessed as:

cos(k,z)(Cy + C-) r<a
Hy(z) = ¢ cos(kya)(Cyeto®@=a) 4 C_e=olz=a)) sa<x<l (16)
cos(kya)(Chet?@ + C_e= o) (@=D g > ]
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where a + d = [. The electric field E, ~ #aHy must be continuous at the boundary.

ox
Hence we can just look at (9(;1; o
— Sk, sin(kya)(Cy + C-) Jzl <a
1 0H, ’
2 oy Lo cos(kya)(Cyetre=) — C_emo(=a)) va < x| <1 (17)
1
— Ly cos(kya)(Cre™@ 4 C_e™o@)e™@=D || >
2
where
—0 &= — [, tan(k a)"—% continuous at = = a
C++C, — g x n% I -
(18)
—Z—Zi = % .continuous at = [
2 -

Similar to above, we choose C_ + C, = A. Now, we can solve for C_ in Eqn. (18) as a

function of A:

o + k, tan(k,a)
20

C_.=A

(19)

Plugging this into the second part of Eqn (18), we get the dispersion relation:

2 od —od
i (A—=C_)e? —C_e
_ 2
0= o2 T A= e 5 C oo (20)

where we solve for k,.
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.6  Recantular waveguide: the y-polarization state

The y-polarization state can be solved in a similar way, where,

k2 4k zk‘gng—Kgy) z| < ag,ly| < a,

op =ki(ng—ni) — ki ax <|z[ <L

Vo = ko(ng —n3) — ki Ll > (21)

oy =ki(ng —ni) —kj a, <yl <1,

(W = ko(ng —n3) —ky Lyl > 1y
and k, is expressed by:
_Ug++c = k, tan(k,a,) ,continuous at x = a,

(22)

'y Cie?d—C_e 74

CrerdrC e od ,continuous at x = [,

and k, by
—agjw_ = k, tan(k, ay)j .continuous at y = a,
(23)
_Z_Z% = % ,continuous at y = [,
After solving these two set of equations, the propagation K(yy can be solved by
vy =\ R — K2 ) — Ky (24)

where as above, we have added the (y) subscript to indicate the y-polarisation state.
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