
A nearly optimal preconditioner for theNavier-Stokes equationsLina Hemmingsson-Fr�and�en� Andrew WathenyAbstractWe present a preconditioner for the linearised Navier-Stokes equationswhich is based on the combination of a fast transform approximation of anadvection di�usion problem together with the recently introduced `BFBT 'preconditioner of Elman (SIAM J. Sci. Comput. 20, pp. 1299-1316, 1999). Theresulting preconditioner when combined with an appropriate Krylov subspaceiteration method yields the solution in a number of iterations which appearsto be independent of the Reynolds number provided a mesh P�eclet number re-striction holds, and depends only mildly on the mesh size. The preconditioneris particularly appropriate for problems involving a primary 
ow direction.1 IntroductionBecause of their wide applicability, there is considerable interest in e�ective ande�cient solution algorithms for the steady incompressible Navier-Stokes equations���u+ (u � r)u+rp = f ;�r � u = 0; in 
 � Rd :which must be posed together with appropriate boundary conditions. In this prim-itive variable formulation, the vector u is the 
uid velocity, and the scalar p is thepressure (which is de�nd only up to an additive constant), and we may be interestedin 2- or 3-dimensional problems (d = 2 or 3). A straightforward linearisation of thequadratically nonlinear convection term in the form u(i�1) �ru(i) leads to a Picarditeration where each iterative step involves the solution of an Oseen problem���u+ (w � r)u+rp = f ;�r � u = 0; in 
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2 Lina Hemmingsson and Andrew Wathenwhere the vector w is known. It is these equations with which we are concerned inthis paper. Convergence of the Picard iteration in this situation is proved in [15].We will take simple Dirichlet boundary conditions of the form u = g on @
 for thevelocity, though the techniques we present could apply more generally.The important parameter in (1) is the 'viscosity' parameter � (the inverse of theReynolds number). For larger values of �, the problem becomes dominated by theviscous di�usion and the related (linear and self-adjoint) Stokes problem���u+rp = f ;�r � u = 0; in 
 � Rd ; (2)becomes an appropriate approximation in many instances. There has been muchwork on e�cient solution methods for approximations of the Stokes problem: anumber of optimal iterative techniques are compared by Elman [4]. For smallervalues of � the advection term in (1) becomes dominant: we are here interested intechniques which apply over the whole range of values of � (> 0).Discretisation of (1) (or (2)) yields linear systems of the form� F BTB 0 �� up � = � f0 � ; (3)where u 2 Rn is a vector of approximate values of the velocity components andp 2 Rm is a vector of discrete pressures. The square matrix F is a discrete advection-di�usion operator which we write as �A+N where A is the discrete vector Laplaciancoming from the viscous term �u and N is the discrete representation of the ad-vection w � ru. In order to mimic the underlying di�erential operators, there isusually good reason for the discrete gradient BT (which applies to the pressures)to be the adjoint of the discrete (negative) divergence B as given here.It is well known that issues of LBB- (or pressure-) stability arise in approxi-mations of the Stokes and Oseen equations: see for example [1] for mixed �niteelement approximation. In the case of �nite di�erence approximation practition-ers found the device of employing staggered grids ([11]) to avoid spurious pressuremodes and this has more recently been underpinned by proof of pressure stabilityfor the popular maker in cell (MAC) scheme [14]. For spectral approximation thesituation is slightly more complicated [23]. We will merely assume that an appropri-ate LBB-stable approximation has been used to yield the system (3), the solutionof which is the subject matter of this paper.Direct solution of (3) is a feasible option for relatively coarse grid discretisa-tions (see e.g. Du�, Erisman and Reid[3]), but iterative methods are required forlarger discrete problem sizes. A number of iterative approaches have been proposed.Solvers of pressure-correction type have been used for the last 20 or more years (seee.g. [19]). These are based on an implicit elimination of the velocity variables anditerative solution of the resulting Schur complement systemBF�1BTp = BF�1f (4)usually employing an approximation of F�1 and a consequent inner iteration (seefor example [20]). More recently multigrid and preconditioned Krylov subspace



A nearly optimal preconditioner for the Navier-Stokes equations 3methods have been used: see [4] for a description and comparison of competingapproaches of these types.If h represents a discrete mesh size, then a desirable property of any iterativesolver is independence (or mild dependence) of the convergence with respect to has h ! 0. For sparse discretisations an amount of work per iteration dependentonly linearly on the size of the discrete problem can usually easily be ensured. Inthe Oseen problem, independence of the convergence rate with respect to � (as� ! 0) is also very desirable. Iterative solvers which have h-independent conver-gence but for which convergence deteriorates for small � are described in [6] and[9]. These solvers are e�ective for low Reynolds number 
ows, but the desire forrapidly converging methods also for small � recently lead Elman [5] to suggest hisso-called 'BFBT '-preconditioner which can be employed together with any non-symmetric iterative algorithm such as GMRES [21], BiCGSTAB [24] or QMR [8].Elman's preconditioner employed with GMRES converges at rates which are ap-parently independent of � and only mildly dependent on h. (though this is not sofar rigorously proved). The method therefore gives a very attractive solution algo-rithm for Oseen problems. The most signi�cant remaining practical issue is thatthe BFBT -preconditioner requires the solution or approximation of an associatedadvection-di�usion subproblem involving F as coe�cient matrix.In this paper we present a number of related variants of Elman's BFBT precondi-tioner which are based on fast transform approximations of the advection-di�usionoperator F , which have recently been worked on by the �rst author [12]. There itis shown that use of these semi-circulant matrices as preconditioners for advection-di�usion problems leads to almost optimal solution algorithms (with computationcomplexity O(N log2N) for a discrete problem of size N) for uni-directional advec-tion.In this paper we show that the combination of Elman's BFBT preconditioneremploying Hemmingsson's semi-circulant approximation for the advection-di�usionsubproblem yields highly e�ective solution algorithms for the Oseen problem. Thesepractical algorithms display convergence which is appearently independent of � andonly mildly dependent on h.In Section 2 we describe Elman's BFBT preconditioner for the Oseen problemand the fast transform methods of Hemmingsson for advection-di�usion and theircombination. In Section 3 we describe the discretisation used, and in Section 4we give some guiding theoretical analysis which indicates why our new methodmight be e�cient modi�cations of Elman's preconditioner. Computational resultsemploying the MAC �nite di�erence scheme both for uni-directional 
ow and 
owover a backwards facing step are given in Section 5. Our conclusions are reservedfor Section 6.



4 Lina Hemmingsson and Andrew Wathen2 BFBT and semi-circulant preconditionerBased on work of Silvester and Wathen [22], and Elman and Silvester [6] (see [7] foran overview), Elman [5] considered preconditioning (3) with a matrix of the form� F BT0 X � : (5)The same motivation lead Murphy and Wathen [18] (see also [17]) to consider theassociated diagonal preconditioner� F 00 X � :In either approach, the matrix X would ideally be chosen to approximate the Schurcomplement BF�1BT , see [5]. Elman shows that for various discretisation schemes(including the MAC method) which satisfy a projection property, the choiceX�1 = (BBT )�1(BFBT )(BBT )�1 (6)accurately approximates the inverse of the Schur complement and thus renders (5)a good preconditioner. Note multiplication by X�1 is required in the precondi-tioner step. The operators indicated by �BBT ��1 are readily replaced by a simplemultigrid procedure (see section 4) since BBT is a discrete Laplace operator on thepressures ([10]). Indeed a crude single multigrid V-cycle is e�ective since exact so-lution in the preconditioning block matrix X is not required and multigrid exhibitsspectral equivalence for the (symmetric) Laplacian problem. The BFBT part ofthe preconditioner simply involves multiplication.The application of (5) now requires inversion of F . Elman demonstrates thatthis might be achieved by an inner iteration and presents results with Gauss-Seidelsweeping. Here we employ a semi-circulant approximation to F .We will assume a problem in two space dimensions. The matrix F is then of theform F = � F (1) 00 F (2) � ;where F (i) = �A(i) +N (i), i = 1; 2. We will consider all types of discretisations onan m1 �m2-grid, yielding a general F (i) asF (i) = 0BBBBB@ �F (i)�1;1 �F (i)�1;2 � � � �F (i)�1;m2�F (i)�2;1 . . . . . . ...... . . . . . . �F (i)�m2�1;m2�F (i)�m2;1 � � � �F (i)�m2;m2�1 �F (i)�m2;m2
1CCCCCA : (7)



A nearly optimal preconditioner for the Navier-Stokes equations 5Now de�ne a general circulant matrix C of order m1 byC = 0BBBB@ c1 c2 � � � cm1cm1 . . . . . . ...... . . . . . . c2c2 � � � cm1 c1 1CCCCA :It is well-known (see [16]) that a circulant matrix has an eigen-decomposition inFourier-matrices: C = Fm1�FHm1 ; (8)where Fm1(k; j) = 1pm1 exp(i2�(j � 1)(k � 1)=m1) ; k; j = 1; : : : ;m1;� = diag(�1; : : : ; �m1);and �k = m1Xj=1 cj exp(i2�(j � 1)(k � 1)=m1) ; k = 1; : : : ;m1:The system of equations Cx = y can hence be solved by the fast Fourier transformalgorithm (FFT), the solution of a diagonal system and an inverse fast Fouriertransform (IFFT).In [2] it is shown that the optimal circulant approximation C to a general matrixB of order m1, in the sense that the following quantity is minimizedkC �BkF ;where k � kF denotes the Frobenius norm, is obtained fromc` = 1m1 m1Xk=1B(k; j) ; j = (k + `� 2) mod (m1) + 1:In [13] this result is generalized to block-matrices of the type de�ned in (7). De�nea semi-circulant matrix of order m1 �m2 byC = 0BBBB@ [C]1;1 [C]1;2 � � � [C]1;m2[C]2;1 . . . . . . ...... . . . . . . [C]m2�1;m2[C]m2;1 � � � [C]m2;m2�1 [C]m2;m2
1CCCCA ;where [C]k;j are circulant matrices. From (8) it follows thatC = (Im2 
Fm1) T (Im2 
Fm1)H ; (9)



6 Lina Hemmingsson and Andrew Wathenwhere 
 denotes the Kronecker-product and T has blocks that are all diagonal.Thus the solution of T x = ydecouples into the solution of m1 systems of equations of order m2. If the discreti-sation used is narrow, these systems of equations are narrow-banded. In [13] it isshown that the optimal semi-circulant approximation C to a general block-matrixB is obtained from [C]k;j = 0BBBB@ c1 c2 � � � cm1cm1 . . . . . . ...... . . . . . . c2c2 � � � cm1 c1 1CCCCA ; (10)
c` = 1m1 m1X�k=1 [B]k;j (�k; �|) ; �| = (�k + `� 2) mod (m1) + 1: (11)Here optimality is again in the Frobenius-norm sense.Thus we conclude that we can derive the optimal semi-circulant approximation~F (i) to F (i) by using (10) and (11). Finally from (9) we get that~F (i)x = ycan be solved by� m2 FFT:s of vectors of length m1,� the solution of m1 systems of equations of order m2,� m2 IFFT:s of vectors of length m1.Using symmetries it can be shown that the (I)FFT:s can be performed on vectorsof length m1=2. Similarly only m1=2 of the intermediate systems of equations haveto be solved for.In this paper we will study two di�erent preconditioners that both have theirorigin in the BFBT -preconditioner de�ned by (5) and (6). They are both modi�edfrom the original preconditioner, here denoted by Q, in such a way that F is ap-proximated by a semi-circulant matrix, hence allowing for Fourier techniques in thepreconditioner solve. Denote by ~F the semi-circulant approximation of F de�nedby ~F = � ~F (1) 00 ~F (2) � :We then de�ne the new preconditioners ~Q and ~~Q by~Q = � ~F BT0 X � ; (12)



A nearly optimal preconditioner for the Navier-Stokes equations 7and ~~Q = � ~F BT0 ~X � ; (13)where X is de�ned by (6) and~X�1 = (BBT )�1(B ~FBT )(BBT )�1:Since ~Q�1 and ~~Q�1 can be factorised as~Q�1= ~~Q�1 = � ~F�1 00 I �� I �BT0 I �� I 00 X�1= ~X�1 �we conclude that the preconditioner solve can be accomplished through:� matrix-vector products,� the direct solution of/a multi-grid procedure for the BBT -systems,� (I)FFT:s,� the solution of (narrow-banded) systems of equations.The system of equations ~Fx = y (14)is generally much less expensive to solve thanFx = y (15)with respect to computer memory and number of arithmetic operations. We willdiscuss this aspect further in Sections 3 and 5.3 Computational grid and discretisationWe consider the MAC scheme on the staggered grid (see Figure 1) with space stephi in the xi-direction, i = 1; 2. Let u = ( u v )T denote the unknown velocity�eld, and w = ( a b )T the wind. The discrete values of the pressure lie in the cellcenters and the discrete values of u and v lie in the centers of the cell boundariesorthogonal to the x1-axis and the x2-axis respectively.



8 Lina Hemmingsson and Andrew Wathen
Velocity

Velocity

Pressure

u

v

p

Figure 1: The staggered grid.Denote by uk;j the discrete value of u at the point (kh1; jh2), and similarly forv and p. The indices (k; j) depend on the mesh function to which they correspond.In particular they need not be integers. The MAC scheme is then de�ned by[��u]k;j � �uk+1;j + 2uk;j � uk�1;jh21 + �uk;j+1 + 2uk;j � uk;j�1h22 ;ha @u@x1 ik;j � ak+1=2;juk+1;j � ak�1=2;juk�1;j2h1 ;hb @u@x2 ik;j � bk;j+1=2uk;j+1 � bk;j�1=2uk;j�12h2 ;h @p@xik;j � pk+1=2;j � pk�1=2;jh1 ;and similarly for the derivatives associated with v.The staggering of the grid imposes di�culties at the boundaries x1 = 0 andx1 = 1 for u, and at x2 = 0 and x2 = 1 for v. To prescribe the Dirichlet boundaryconditions at those boundaries, we use linear extrapolation. For u this givesu�h1=2;j = �uh1=2;j + 2u(0; x2;j)u1+h1=2;j = �u1�h1=2;j + 2u(1; x2;j) ; j = 1; : : : ;m2and similarly for v.



A nearly optimal preconditioner for the Navier-Stokes equations 9Consider a problem with m = m1 = m2 gridpoints in each space-direction. Ifwe use banded Gaussian elimination to solve (15), this requires ' 8m4 arithmeticoperations (a.o.) in a factorisation phase, and ' 12m3 a.o. in a substitution phase.The solution of (14) on the other hand yields ' 38m2 a.o. and' 10m2 log2m+78m2a.o. in the respective phases. In Section 5 we will discuss what these di�erences give,when we take the amount of iterations required into account.4 Theoretical analysisIn [12] second-order centered di�erences are used to discretise the linearized advection-di�usion equation ���u+ (w � r)u = f:A semi-circulant preconditioner for the resulting system of equations is analyzedtheoretically with respect to location of eigenvalues and conditioning of the eigen-vector matrix. Using these results, bounds on the asymptotic convergence rate canbe obtained.De�ne the mesh P�eclet number Pe by Pe = kwk1h=�: In [12] it is shown that formesh P�eclet numbers less than 2, the rate of convergence depends only on the meshP�eclet number and the direction of the convective �eld and not on the spatial gridratio nor the number of unknowns. The convergence rate improves with increasingmesh P�eclet number for this scalar model problem. We can therefore hope thatthe only mild dependence on h using the BFBT -preconditioner is mainly retained,while the behaviour as � ! 0 for constant h is in some sense even improved. Thiswill be numerically examined in Section 5.Denote by A the coe�cient matrix of (3). We will use right preconditioning andsolve AQ�1x = � f0 � ; Q� up � = x:Since AQ�1 = � I 0BF�1 BF�1BTX�1 � ; (16)the eigenvalues of AQ�1 are f1g [ �(BF�1BTX�1):In [5] a problem on 
 = [0; 1]� [0; 1] with constant wind w and periodic boundaryconditions is analyzed. It is shown that for this caseBF�1BTX�1 = I;and hence all eigenvalues of (16) are equal to 1. Since BF�1 6= 0 in (16) it is clearthat AQ�1�I 6= 0, but (AQ�1�I)2 = 0 so that the minimum polynomial of AQ�1is of degree 2 and hence a Krylov subspace method will converge (terminate) inonly 2 iterations.For constant wind and periodic boundary conditions it is easily seen that F = ~Fand hence Q = ~Q = ~~Q. We summarize this result in a theorem.



10 Lina Hemmingsson and Andrew WathenTheorem 4.1 Consider the Oseen problem de�ned by (1), discretised using theMAC scheme. Then a Krylov subspace method using right preconditioning with Q,~Q, or ~~Q de�ned in (5), (12), (13), and (6) for the systems of equations (3) convergesin only 2 iterations.For non-constant wind and/or di�erent boundary conditions this is no longerstrictly true, but the number of iterations remains small.5 Computational resultsTo start with, we made a number of experiments the same as those that appear in [5]in order to be able to compare our results with the original BFBT -preconditionerQ. The wind w is given by ( 1 2 )T , and to obtain the right-hand side f in (3) weuse a normally distributed random vector with mean 0 and variance 1. The initialguess used is u0 = 0, and p0 = 0, and the stopping criterion is
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2 � 10�6:We have compared the results obtained with the original BFBT -preconditionerwith those obtained using semi-circulant approximations. Four variants of these ap-proximations have been employed, ~Qx1 , ~Qx1x2 , ~~Qx1 , and ~~Qx1x2 . Here the subindexx1 means that the circulant approximations are made along the x1-axis both for~F (1) and ~F (2), while the subindex x1x2 represents approximations along the x1-axisfor ~F (1) and along the x2-axis for ~F (2).In Table 1-5 we display the number of iterations obtained for varying h = h1 = h2and �. The lower left corner below the double bar indicates where the mesh P�ecletnumber condition is violated. When we decrease � for �xed h, the iteration countsremain low for a while but eventually increase as the mesh P�eclet number conditionis more severely violated: even divergence is seen. This is due to the fact that theresults of [12] do not apply when the mesh P�eclet number condition is violated andpoorer convergence is evident.h 1/16 1/32 1/64� = 1 9 10 12� = 1=10 8 11 15� = 1=30 9 10 13� = 1=50 9 10 11� = 1=100 10 12 11� = 1=200 10 12 14Table 1: Number of iterations using Q.



A nearly optimal preconditioner for the Navier-Stokes equations 11h 1/16 1/32 1/64� = 1 25 31 39� = 1=10 25 30 39� = 1=30 19 24 35� = 1=50 21 21 30� = 1=100 29 22 22� = 1=200 37 32 25Table 2: Number of iterations using ~Qx1 .h 1/16 1/32 1/64� = 1 20 24 31� = 1=10 22 27 33� = 1=30 24 24 30� = 1=50 28 26 27� = 1=100 29 24 22� = 1=200 37 33 28Table 3: Number of iterations using ~Qx1x2 .h 1/16 1/32 1/64� = 1 28 34 42� = 1=10 26 33 46� = 1=30 19 25 40� = 1=50 21 21 32� = 1=100 39 35 33� = 1=200 div: 50 40Table 4: Number of iterations using ~~Qx1 .h 1/16 1/32 1/64� = 1 23 29 36� = 1=10 24 31 37� = 1=30 26 28 35� = 1=50 29 28 32� = 1=100 40 34 28� = 1=200 div: 55 36Table 5: Number of iterations using ~~Qx1x2 .



12 Lina Hemmingsson and Andrew WathenFrom Tables 1-5 we see that ~Q yields fewer iterations than ~~Q. Moreover, thepreconditioners with approximations made along di�erent axis generally performbetter than those with approximations made along the x1-axis only. Thus ~Qx1x2seems to be the best choice among the semi-circulant BFBT -preconditioners pre-sented here. Note that the x1-preconditioners seem to behave as we predicted inSection 4; the number of iterations decreases with decreasing �, and the dependenceon h is slightly stronger than for the original BFBT -preconditioner.Tables 1-2 show that the semi-circulant preconditioners clearly require more it-erations than the original BFBT -preconditioner. However, as we pointed out inSection 3, the solution of (15) needed in the original BFBT -preconditioner requiresmore arithmetic operations than the solution of (14) used in the preconditioners pre-sented here. In Figure 2 we display the quotients between the number of arithmeticoperations required to solve (14) ~it times and the number of arithmetic operationsto solve (15) it times. Here it denotes the number of iterations obtained with Qand ~it the number of iterations obtained with ~Q or ~~Q. We have accounted for onefactorisation and it or ~it substitutions.
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Figure 2: The quotients between the number of arithmetic operations required in the solutionof (14) and (15) as a function of 1=�. A solid line represents a problem with h = 1=16, a dashedline h = 1=32, and a dashed-dotted line h = 1=64. ~Qx1 is displayed in top left, ~Qx1x2 in top right,~~Qx1 in bottom left, and ~~Qx1x2 in bottom right.Figure 2 shows that using a semi-circulant approximation of F , clearly resultsin fewer arithmetic operations than using F itself for a �xed h and decreasing �.Moreover, the di�erence increases with increasing problem size though we have notshown this here.



A nearly optimal preconditioner for the Navier-Stokes equations 13Next we will study a problem that has a 
ow that is not uni-directional. Weconsider 
ow over a backwards facing step, see Figure 3.
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Figure 3: The computational domain.We start by solving a Stokes problem (2) and use this solution as initial guess u(0)in the Picard iteration. By denoting the unknowns in the region before the step byu1 and those after the step by u2 we obtain a partitioned system of equations0BB@ F1 F12 BT1 BT12F21 F2 BT21 BT2B1 B12 0 0B21 B2 0 0 1CCA0BB@ u1u2p1p2 1CCA = 0BB@ f1f200 1CCAto solve at each Picard iteration. In order to have a fast solver for the semi-circulantapproximation to F we omit the coupling between the two subdomains and employ~Q = 0@ ~F1 00 ~F2 BT1 BT12BT21 BT20 X 1A :We use zero Dirichlet boundary conditions for the velocities at solid walls. At in-
ow we set u1(x1; 0) = 0, u2(x1; 0) = x1(0:5 � x1) and at out
ow u1(x1; 2) = 0,u2(x1; 2) = 0:53x1(1 � x1). We comment that the out
ow boundary condition atx2 = 2 is not particularly realistic in terms of channel 
ow. To obtain a more real-istic physical problem we could either have extended the channel and/or applied a`natural' out
ow boundary condition. However in either case the 
ow in the solutiondomain would become more unidirectional and so we would expect our precondi-tioner to perform essentially as in our �rst example. We have speci�cally chosenthe boundary condition given here to induce more variability in 
ow direction i.e.more variability in the coe�cients of the advection terms. As convergence criterion



14 Lina Hemmingsson and Andrew Wathenfor the linear iterations we use
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2 � 10�3and for the Picard iterationmax�u(i) � u(i�1)� � 10�6:In Tables 6-7 we display the number of nonlinear iterations and the averagenumber of GMRES-iterations per nonlinear iteration required for convergence fordi�erent values of h and �. h 1/21 1/41� = 1 6(2) 7(2)� = 1=10 8(3) 9(3)� = 1=100 9(4) 11(4)� = 1=200 9(5) 12(5)Table 6: Average number of preconditioned GMRES iterations per nonlinear iteration using thepreconditioner Q. Within parenthesis we display the number of Picard iterations.h 1/21 1/41� = 1 23(2) 33(2)� = 1=10 23(3) 33(3)� = 1=100 23(4) 33(4)� = 1=200 24(5) 36(5)Table 7: Average number of preconditioned GMRES iterations per nonlinear iteration using thepreconditioner ~Qx2 . Within parenthesis we display the number of Picard iterations.6 ConclusionsWe have presented a preconditioner for the linearised incompressible Navier-Stokesproblem (the Oseen problem) based on semi-circulant approximation of advection-di�usion and the BFBT -preconditioner of Elman for the pressure Schur comple-ment block.We have indicated theoretically how use of our preconditioner in the favourablesituation of a constant wind (giving rise to constant coe�cients) and periodicboundary conditions will lead to convergence (termination) of a Krylov subspacemethod in just 2 iterations independently of mesh size and Reynolds number. Wethen show numerical results for two less ideal test problems, one with constant



A nearly optimal preconditioner for the Navier-Stokes equations 15advective wind and Dirichlet boundary conditions and one employing Picard iter-ation for the full Navier-Stokes equations in an expanding channel geometry withDirichlet boundary conditions which were speci�cally chosen to induce variable 
owdirection. In both cases convergence is seen to be independent of the Reynolds num-ber and only mildly dependent on the mesh size so long as there is adequate meshto resolve the solution.We conclude that this is an e�ective preconditioning technique for the incom-pressible Navier-Stokes equations.References[1] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York (1991).[2] T. F. Chan, An optimal circulant preconditioner for Toeplitz systems, SIAMJ. Sci. Stat. Comput., 9 (1988), pp. 766-771.[3] I. S. Du�, A. M. Erisman and J. K. Reid, Direct methods for sparse matrices,Oxford University Press, Oxford (1986).[4] H. C. Elman, Multigrid and Krylov Subspace Methods for the Discrete StokesEquations, Int. J. Numer. Methods Fluids, 22 (1996), pp. 755-770.[5] H. C. Elman, Preconditioning for the steady-state Navier-Stokes equations withlow viscosity, SIAM J. Sci. Comput., 20 (1999), pp. 1299-1316.[6] H. C. Elman, and D. J. Silvester, Fast Nonsymmetric Iterations and Precon-ditioning for Navier-Stokes Equations SIAM J. Sci. Comput., 17 (1996), pp.33-46.[7] H. E. Elman, D. J. Silvester and A. J. Wathen, Iterative methods for problemsin Computational Fluid Dynamics, in `Iterative Methods in Scienti�c Comput-ing', Eds. R.H. Chan, T.F. Chan and G.H. Golub, Springer-Verlag, Singapore,pp. 271-327.[8] R. Freund, and N. Nachtigal, QMR: A quasi-minimal residual method for non-Hermitian linear systems, Numer. Math., 60 (1991), pp. 315-339.[9] G. H. Golub, and A. J. Wathen, An iteration for inde�nite systems and itsapplication to the Navier-Stokes equations, SIAM J. Sci. Comput., 19(2) (1998),pp. 530-539.[10] P. M. Gresho and R. L. Sani, On pressure boundary conditions for the incom-pressible Navier-Stokes equations, Int. J. Numer. Methods Fluids, 7 (1987), pp.1111-1145.[11] F.H. Harlow and J.E. Welsh, Numerical calculation of time-dependent viscousincompressible 
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