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Simulation of cardiac electrical activity using the bidomain equations can be a massively computationally

demanding problem. This study provides a comprehensive guide to numerical bidomain modelling. Each

component of bidomain simulationsddiscretisation, ODE-solution, linear system solution, and paral-

lelisationdis discussed, and previously-used methods are reviewed, new methods are proposed, and

issues which cause particular difficulty are highlighted. Particular attention is paid to the choice of

stimulus currents, compatibility conditions for the equations, the solution of singular linear systems, and

convergence of the numerical scheme.
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1. Introduction

Tissue-level cardiac electrophysiology is usually modelled using

the bidomain equations, a coupled system of equations describing

the intracellular and extracellular potential fields through the

cardiac tissue. The bidomain equations comprise two partial

differential equations (PDEs) coupled at each point in space with

a system of ordinary differential equations (ODEs) (see, for

example, [Keener and Sneyd, 1998]). The PDEs model electrical

potential fields in intra- and extracellular spaces as a reaction-

diffusion system. Each system of ODEs represents the concentra-

tions of ions and other variables, such as the proportions of

membrane ion channels being open, at the cellular level. The

solution of these equations on meshes consisting of up to tens of

millions of nodes, and using systems of ODEs at each node in

potentially over a hundred variables, is a massively computation-

ally demanding problem. Numerical solution of the bidomain

equations requires the efficient and accurate implementation of

a number of components, including: the spatial discretisation of the

PDEs; the choice of a stable time-discretisation; numerical solution

of the ODEs; solution of singular linear systems (and imple-

mentation of a suitable preconditioner); as well as careful parallel

implementation. In this study, we provide an overview to numer-

ical bidomain modelling by considering techniques for the efficient

implementation of each these components, both by reviewing

methods that have been used previously, and by proposing new

methods and numerically studying their effectiveness. We pay

particular attention to issues involved in computational bidomain

modelling which are often glossed over in previous papers, namely

the choice of stimulus currents, compatibility conditions for the

bidomain equations, the solution of singular linear systems, and

convergence of the numerical schemes. These issues can cause

severe problems in terms of the validity and accuracy of numerical

solutions, and in the efficiency of the computations.

The bidomain equations govern the intracellular and extracel-

lular electrical potentials, fi and fe, or, equivalently, the extracel-

lular potential fe and the transmembrane voltage V¼ fi� fe. In the

finite element (FE) [Reddy, 1993] spatial discretisation of bidomain

equations, we sub-divide the domain into a finite set of N nodes,

and triangular or tetrahedral elements. In this paper, we consider

only a coupled numerical approach, where V and fe are computed

together, which is usually more efficient than uncoupled methods

(see Section 3.1). In this case, let us write the vector of unknowns1

as Vn ¼ ½Vn
1 ;.;Vn

N ;f
n
e1;.;fn

eN �
T , where Vj

n and fej
n are the voltage

and extracellular potential at the j-th node and the n-th timestep.

Now, we shall see that one discretisation leads to a linear system of

the form

AVn ¼ b; (1)

at each timestep. We shall see that the matrix A is constant in time

and needs only be set up at the beginning of the simulation, but

b depends on Vn�1 and the ionic and stimulus currents, and

therefore varies with time. There are three stages to computing the

solution at each timestep:

1. Integrate the cellular ODEs at each node,

2. Assemble the vector b,

3. Solve the linear system (1).

Wewill discuss efficient implementation of each of these stages.

We begin in Section 2 by stating the governing equations and dis-

cussing conditions of compatibility and their implications on the

choice of stimulus currents. In Section 3, we consider time and

spatial discretisations of the bidomain equations, and discuss effi-

cient assembly of the vector b. Section 4 is concerned with the

integration of the ODEs. Next, in Section 5, we study methods of

solving the linear system. The matrix A is singular, and we will

describe the discrete compatibility conditions and consider

methods of solving singular linear systems or of converting the

matrix into a non-singular one. Section 6 describes issues relating

to parallel implementation. Finally, in Section 7, we study the

convergence of our numerical methods in various numerical

parameters.

All of the computations in this paper have been run using the

cardiac electrophysiology solver in Chaste (Cancer, Heart and Soft

Tissue Environment), a general purpose simulation package aimed

at multi-scale, computationally demanding problems arising in

biology and physiology, developed at the University of Oxford using

software engineering techniques imported from the commercial

sector (Pitt-Francis et al., 2008, 2009; Bernabeu et al., 2009). The

cardiac portion of Chaste is a powerful, efficient, parallel and well-

engineered monodomain/bidomain solver. Chaste is open-source

and available for download at http://web.comlab.ox.ac.uk/chaste/.

2. The bidomain equations

2.1. The governing equations

Let U denote the region occupied by the cardiac tissue. Let us

begin with the paraboliceparabolic form of the bidomain equations

(Keener and Sneyd, 1998)

1 Note that although we use this ‘block’ notation for Vn in this paper, a ‘striped’

scheme, i.e. Vn ¼ ½Vn
1 ;f

n
e1;.;Vn

N ;f
n
eN �

T has been used in practice, for parallelisation

reasons. The block notation is used in this paper as it results in a much clearer

exposition of the theory and practical implementation.
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V,ðsiVfiÞ ¼ c

�
Cm

vV

vt
þ Iionðu;VÞ

�
� I

ðvolÞ
i

; (2)

V,ðseVfeÞ ¼ �c

�
Cm

vV

vt
þ Iionðu;VÞ

�
� I

ðvolÞ
e ; (3)

vu

vt
¼ fðu;VÞ; (4)

where si is the intracellular conductivity tensor, se is the extra-

cellular conductivity tensor, c is the surface-area-to-volume ratio

and Cm is the membrane capacitance per unit area. u is a set of cell-

level variables, such as ionic concentrations and membrane gating

variables, and Iionh Iion(u, V) is the ionic current per unit surface

area. Functional forms for Iion and f are determined by an electro-

physiological cell model, examples of which can be found in the

CellML Repository.2 The source terms Ii
(vol) and Ie

(vol) are the intra-

and extra-cellular stimuli per unit volume. Equations (2) and (3)

represent local conservation of current in the intra- and extra-

cellular spaces respectively.

The parabolic-elliptic form of the bidomain equations is obtained

by taking (2), together with the sum of (2) and (3):

c

�
Cm

vV

vt
þ Iionðu;VÞ

�
� V,ðsiVðV þ feÞÞ ¼ I

ðvolÞ
i

; (5)

V,ððsi þ seÞVfe þ siVVÞ ¼ �I
ðvolÞ
total

; (6)

vu

vt
¼ fðu;VÞ; (7)

where

I
ðvolÞ
total

¼ I
ðvolÞ
i

þ I
ðvolÞ
e :

We stress that it is this sum of the applied stimuli that is in the

right-hand side of the elliptic equation (6), not, as commonly stated,

just Ie
(vol). This affects the physical interpretation of the stimuli (see

below), and therefore the physical interpretation of the simulation,

and compatibility conditions on the system (see Section 2.2). Setting

the right-hand side of (6) to zero (as is common) does not corre-

spond to zero extracellular stimulus. Instead, it corresponds to

choosing Ie
(vol)¼�Ii

(vol), i.e. to applying an extracellular stimulus at

each point in space where an intracellular stimulus is applied, with

a magnitude equal and opposite to the intracellular stimulus. A

positive choice of Ii
(vol), and therefore negative Ie

(vol), corresponds to

injecting current into the intracellular space and simultaneously

pulling it out of the coincident extracellular space, and thus stim-

ulating the cell whilst enforcing conservation of current. This is

a necessary property of the this formulation, but onewhich is rarely

made explicit.

Appropriate boundary conditions for (5) and (6) are the speci-

fication of current applied across the boundary

n$ðsiVðV þ feÞÞ ¼ I
ðsurfÞ
i

; (8)

n$ðseVfeÞ ¼ I
ðsurfÞ
e ; (9)

where n is the outward pointing unit normal vector to the tissue,

and Ii
(surf) and Ie

(surf) are the intra- and extra-cellular currents per

unit area applied across the boundary. The system of equations (5)e

(9) is then closed by specifying suitable initial conditions for V and

u at all points of U. Note that we have intentionally stated these

equations in their most mathematically general formdwith both

volume stimuli (Ii, e
(vol)) andboundary stimuli (Ii, e

(surf))daswewill later

discuss the most appropriate choice of stimulus current for use in

simulations. Ii
(vol) and Ii

(surf) represent current (per unit volume/

surface-area) injected into the intracellular space or passed into the

domain through the boundary respectively, and similarly with Ie
(vol)

and Ie
(surf), which are usually equated to applying a shock using

electrodes.

In the case of cardiac tissue contained in a conductive bath, we

introduce a second region Ub, as shown in Fig. 1. V is defined only in

U (i.e.only in the tissue) but fe is defined onUW Ub (i.e. throughout

the tissue and the bath). fe satisfies

V$ðsbVfeÞ ¼ 0 in Ub; (10)

where sb is the conductivity of the bath. The boundary conditions

are (8) (zero flux of fi across vU), together with the conditions that

the extracellular potential fe and extracellular current3 sVfe$n are

continuous across the boundary vU, and (9) replaced by

n$ðsbVfeÞ ¼ I
ðsurfÞ
e on vUbyvU: (11)

Alternatively, the Dirichlet boundary condition fe¼ f*
e on some

subset of vUb\vU could also be specified, corresponding to the

application of a grounded electrode.

In this paper, we will mostly restrict ourselves to the basic

bidomain equations (5)e(9) when discussing implementation,

although these extended equations will be used in the context of

electrodes and extracellular stimuli in Section 2.2. Also, we will not

explicitly discuss numerical techniques for solving the mono-

domain equations, a PDE in a single unknown, V, coupled to the

cellular electrophysiological ODEs (7), which the bidomain equa-

tions reduce to under certain circumstances (see, for example

[Keener and Sneyd, 1998]):

c

�
Cm

vV

vt
þ Iionðu;VÞ

�
� V,ðsVVÞ ¼ IðvolÞ; (12)

vu

vt
¼ fðu;VÞ; (13)

where s is an effective conductivity and I(vol) a stimulus current.

However, wewill briefly consider which observations and results in

Fig. 1. Domains in a model of cardiac tissue, U, contained in a conductive bath, Ub.

2 http://models.cellml.org/.

3 Here s represents se or sb depending on which side of the boundary is being

considered.
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this paper also apply to the monodomain equation in the

Discussion section.

2.2. The singular nature of the problem and the choice of stimuli

2.2.1. Compatibility conditions

In absence of a grounded electrode, the bidomain equations are

a naturally singular problemdsince fe only appears in the equa-

tions and boundary conditions through its gradient, the solution for

fe is only defined up to a constant. Such problems have compati-

bility conditions determining whether there are any solutions to

the PDEs. This is easily found by integrating (6) over the domain

and using the divergence theorem with the boundary conditions

(8) and (9):

Z

U

�I
ðvolÞ
total

ðtÞd3x ¼

Z

U

V,ððsi þ seÞVfe þ siVVÞd
3x;

¼

Z

vU

n,ððsi þ seÞVfe þ siVVÞdS;

¼

Z

vU

I
ðsurfÞ
i

ðtÞ þ I
ðsurfÞ
e ðtÞdS;

i.e.

Z

U

I
ðvolÞ
total

ðtÞd3xþ

Z

vU

I
ðsurfÞ
i

ðtÞ þ I
ðsurfÞ
e ðtÞdS ¼ 0: (14)

This equation represents conservation of total current.

Hence, we see that we must choose the four stimuli so that they

satisfy this condition. If stimuli are chosen such that this condition

is not satisfied, no true solutions of the bidomain equations exist,

and any numerical solutions will be spurious.

Correspondingly, the matrix A in the analogous linear system

will be singular, and there will be either zero or an infinite number

of solutions, and there is an equivalent compatibility condition for

the linear systemdsee (26) in Section 5. Note that when Itotal
(vol), Ii

(surf)

and Ie
(surf) are specified to be exactly zero in floating point arith-

metic, this compatibility condition on the linear system will be

satisfied exactly without any floating point error (this can be

inferred from Sections 3 and 5). In this case, it will be possible to

find a solution of the singular linear system accurate to within

machine precision. However, if the stimuli are non-zero but such

that the constraint is satisfied through cancellation, then errors in

numerical integration or floating point errors can lead to a linear

system for which the compatibility constraint is not exactly satis-

fied. In this case, where the compatibility constraint is only

approximately satisfied, only an approximate solution can be

found. In other words, if there is a small error, e> 0, in the

compatibility condition, there is some d h d(e)> 0 such that the

residual jAx� bj � d for all x, and it will not be possible to solve

AV ¼ b to machine precision.

2.2.2. Choice of intracellular stimulus

Consider first the case of truly zero extracellular stimuli, i.e.

Ie
(vol)¼ Ie

(surf)¼ 0. Eq. (14) then says that we must have

Z

U

I
ðvolÞ
i

ðtÞd3x þ

Z

vU

I
ðsurfÞ
i

ðtÞdS ¼ 0:

It is natural to choose only one of these stimuli to be non-zero, in

which case the constraints become
R
U I

ðvolÞ
i

d3x ¼ 0 orR
vU I

ðsurfÞ
i

dS ¼ 0, depending on the choice of stimulus. However,

creating a stimulus that satisfies this condition is both

physiologically unrealistic (e.g. a stimulus that is positive in one

region and negative in another, leading to hyper-polarisation of

cells in the negative region), and could be difficult to implement

without the linear system compatibility constraint not being

satisfied exactly, and the issues of limits on the accuracy of the

linear system solution described above.

There are two alternatives. One is to ground the system by

enforcing a Dirichlet boundary condition on some sub-region of the

boundary, so that compatibility is not an issue. The other is speci-

fying a non-zero extracellular stimulus, in which case the obvious

choice is (using volume stimuli) choosing Ie
(vol)¼�Ii

(vol), i.e. such

that Itotal
(vol)¼ 0. This is what has been implemented, in effect, in any

paper which states the bidomain equations with the right-hand

side of (6) as zero, with no grounded nodes. Unless stated other-

wise, this approach is used in the remainder of the paper.

The question of the best choice of stimulus current is a difficult

one, since this bidomain framework applied to the whole heart is

a rough approximation to the true physiological system, where the

self-activating nature of the system is notmodelled and replaced by

a regular stimulus current applied at regions where the tissue

activation is deemed to begin (e.g. at the end of the Purkinje

network). It is unclear how well the use of stimulus currents

approximates the true behaviour.

We mention one notable issue associated with a volume intra-

cellular stimulus. Care ought to be taken so that the total applied

stimulus converges to some non-zero value as the spatial stepsize

of the mesh decreases (for each t). A sufficient condition for this is

that the stimulated region has non-zero volume (or non-zero area

in two-dimensional simulations, etc). Fig. 2 illustrates how, if the

stimulus is only applied to an area of zero volume, the total applied

stimulus converges to zero as the stepsize decreases.4 Note that if

the volume over which the stimulus is applied tends to zero, the

stimulus magnitude should be increased as stepsize decreases in

such a way as to keep
R
I
ðvolÞ
i

dx3 constant. This means that in the

limit h/0, the stimulus becomes a delta-functiondin others

words, the volume stimulus has been used as an approximation to

a surface stimulus Ii
(surf).

2.2.3. Choice of extracellular stimulus

In the case of no intracellular stimuli, Ii
(vol)¼ Ii

(surf)¼ 0, (14)

becomes

Z

U

I
ðvolÞ
e ðtÞd3x þ

Z

vU

I
ðsurfÞ
e ðtÞdS ¼ 0:

Extracellular stimuli usually correspond to applying a shock using

electrodes, in which it is appropriate to consider the bidomain

system with a bath, given by (5)e(8), (10) and (11). The

S
ti

m
u
lu

s

S
ti

m
u
lu

s

Fig. 2. Stimulus function (as a function of position, at a particular moment in time) on

two meshes. If the stimulus is defined to take some positive value on node 0, and be

zero at all other nodes, then as the mesh is refined the total stimulus at any time

(integral of the stimulus function) tends to zero.

4 In this figure we assume the stimuli are known nodewise and linear interpo-

lation is used to interpolate the stimuli onto quadrature points in the interiors of

elements.
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compatibility condition for this case is unchanged, except that the

domains of integration become the volume and surface of the

whole space:

Z

UWUb

I
ðvolÞ
e ðtÞd3x þ

Z

vUbyvU

I
ðsurfÞ
e ðtÞdS ¼ 0;

and only applies if neither electrode is grounded (in which case

Dirichlet boundary conditions are used and compatibility is not an

issue). Note that working with Itotal
(vol) in the same manner as the

previous section is not an option as the extracellular stimulus is

usually defined in the bath, for which there is no intracellular space.

Again, it is natural to take one of Ie
(vol) or Ie

(surf) to be zero, inwhich

case the constraint becomes
R
UWUb

I
ðvolÞ
e d3x ¼ 0 orR

vUbyvU I
ðsurfÞ
e dS ¼ 0. Either choice is possible, but it is likely that it

will be easier to numerically enforce this constraint with the choice

of non-zero Ie
(surf).

3. Discretisation and assembly

3.1. Time discretisation and coupled vs uncoupled solvers

The first decision that must be made when developing

a numerical scheme for solving the PDE given by (5) is the choice of

discretisation in time. A fully explicit discretisation in time is the

simplest to code, but the timestep used with this discretisation

suffers from a stability restriction, and the choice of timestep used

is then dictated by stability constraints, not by the timescales that

occur in the problem. On the other hand, a fully implicit dis-

cretisation removes any stability restriction on the timestep used,

and a timestep that is an order of magnitude greater thanwould be

required by an explicit discretisation can often be used [Whiteley,

2006]. However, noting that the Iion term in (5) is dependent on

the solution of the ODEs, (7), we see that a fully implicit dis-

cretisation in time would require simultaneously solving the whole

system of (5)e(7). This requires solving amassive nonlinear system,

with size given by the product of the number of nodes in the

computational mesh and the number of dependent variables

included in (5)e(7). Such large nonlinear systems are notoriously

computationally expensive to solve, and so this method is not

a common choice for large scale simulations that model a realistic

mammalian cardiac geometry.

The drawbacks to both a fully explicit and fully implicit time

discretisation of (5) lead us to choosing a semieimplicit time dis-

cretisation, where the diffusion term is treated implicitly but the

reaction term explicitly. Suppose we use a constant timestep Dt.

Using the notation

VnðxÞ ¼ Vðx;nDtÞ; fn
eðxÞ ¼ feðx;nDtÞ; unðxÞ ¼ uðx;nDtÞ;

the PDEs given by (5) and (6) may be discretised semi-implicitly by

c

 
Cm

Vn�Vn�1

Dt
þ Iion

�
un�1

;Vn�1
�!

�V,
�
siV
�
Vnþfn

e

��
¼ I

ðvolÞ
i

;

(15)

V,
�
ðsi þ seÞVf

n
e þ siVV

n
�
¼ I

ðvolÞ
total

: (16)

Equations (15) and (16) may be discretised in space using a variety

of numerical techniques, such as the finite difference, element or

volume methods. Whatever the choice of spatial discretisation,

a linear system of the following form arises (briefly assuming zero

stimuli for clarity):

�
1
Dt
Q þAi Ai

Ai AiþAe

��
Vn

Fn
e

�
¼

� 1

Dt
QVn�1�

1

Cm
Iionðu

n�1
;Vn�1Þ

0

�
;

(17)

where Ai and Ae are matrices representing the discretisations of

�ðcCmÞ
�1

V,ðsiVÞ and �ðcCmÞ
�1

V,ðseVÞ respectively, Q is the dis-

cretisation of the time derivative term, Vn is the vector of unknown

values of V at timestep n, andFe
n is the vector of unknown values of

fe at timestep n.

Most workers (for example, [Vigmond et al., 2002; Plank et al.,

2007; Austin et al., 2006; dos Santos and Dickstein, 2003]) solve

(17) by uncoupling this equation and solving the two smaller

systems

�
1

Dt
Q þ Ai

�
Vn ¼

1

Dt
QVn�1 �

1

Cm
Iion

�
un�1

;Vn�1
�
� AiF

n�1
e ;

(18)

�
Ai þ Ae

�
Fn
e ¼ �AiV

n
: (19)

Although it seems intuitive that solving the uncoupled system

given by (18) and (19) would be more computationally efficient,

studies which have compared the efficiency of this approach with

solving the coupled system given by (17) have found that solving

the coupled system is more efficient [Southern et al., 2009;

Sundnes et al., 2005, 2006; Whiteley, 2006]. For two three-

dimensional, anatomically realistic, rabbit ventricle simulations

[Southern et al., 2009] it was found that solving the coupled system

given by (17) is up to 80% faster.

3.2. Spatial discretisation

For clarity, in continuing to describe the numerical method, we

now consider a simplified set of equations.

vv

vt
� V2

v� V2f ¼ JðvÞ; (20)

2V2fþ V2
v ¼ 0; (21)

together with zero flux boundary conditions. Here, v is analogous to

V, J to the intracellular stimulus together with the ionic current, and

(21) is analogous to taking Itotal
(vol)¼ 0, as discussed in Section 2.2.

In order to spatially discretise the PDEs using the finite element

method, which is especially well-suited to solving PDEs on irregular

geometries such as the heart with derivative boundary conditions,

the first step is to convert the equations into their weak form,

obtained by multiplying the equations by arbitrary test functions

and integrating by parts to reduce the system to containing only

first-order derivatives. Using test functions j, from a suitable

(Reddy, 1993) test space W, we have

Z

U

vv

vt
jþ Vðvþ fÞ,Vj� JðvÞj d3x ¼ 0 c j;

Z

U

2Vf,Vjþ Vv,Vj d3x ¼ 0 c j:

As described in Section 3.1, we then employ a partially implicit

time-discretisation, where the linear diffusion terms are treated

implicitly but the nonlinear source term explicitly:
Z

U

v
n � v

n�1

Dt
jþ V

�
v
n þ fn�

,Vj� J
�
v
n�1
�
j d3x ¼ 0 c j;

(22)
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Z

U

2Vfn
,Vjþ Vvn,Vjd3x ¼ 0 c j: (23)

We then triangulate the domain into a set of N nodes and (trian-

gular/tetrahedral) elements, choose a set of basis functions j1, .,

jN (satisfying5 ji(xj)¼ dij, where xj is the j-th node) spanning

a finite-dimensional subspace of W, write v
n ¼

P
v
n
i
ji,

fn ¼
P

fn
i ji, and set j to be each ji in turn in (22) and (23). Letting

Vn ¼ ½vn1;.; vnN;f
n
1;.;fn

N �
T , this results in a linear system of size 2N

of the form

AVn ¼ b; (24)

as was mentioned in Section 1. Note that the only terms herewhich

contribute to b are
R
U

v
n�1

Dt
j d3x and

R
U �Jðvn�1Þj d3x. In the general

case with non-zero applied fluxes (Ii, e
(surf)), there will also be surface

integrals of these fluxes contributing to b.

3.3. Matrix-based assembly of b

In principle, to assemble A and bwe need to loop over elements

in the mesh and compute integrals over each element, using

a numerical integration procedure such as Gaussian quadrature,

adding the contribution from each element to A and b. A is constant

in time (assuming constant Dt), but b needs to be re-computed (re-

assembled) each timestep. Assembling b in this mannerd

numerically computing integrals over each element and adding the

contribution to bdcan make up a significant proportion of the

computation time at each timestep, and therefore of the total

computation time. However, the time taken to compute b can be

massively reduced by noting that b is a product of a constantmatrix

and a vector, as we now describe. Note that the following applies to

all reaction-diffusion systems but is especially suitable to bidomain

problems.

First, note from (23) that6 bi¼ 0 for Nþ 1� i� 2N, so let us write

b¼ [b(1), 0, ., 0]T, for b(1)
˛R

N. Now, in the particular problem we

are solving, J represents the ionic current (and possibly an intra-

cellular volume stimulus current), and assuming the implementa-

tion is such that there is a cell at each node (i.e. the ODEs (7) are

solved at each node), then J is known pointwise at the

nodesdbecause the ionic currents are a function of u and so only

defined at the cells. This should be contrasted with the standard

form of a reactionediffusion equation, where the reaction term is

usually given in functional form. This apparent complication in

bidomain problems is actually very convenient for the assembly of

b. In order to integrate functions of J, an interpolation scheme is

required, and the obvious choice is JðxÞ ¼
P

Jn�1
i

jiðxÞ, where Jn�1
i

are the nodal values of the source term at timestep n� 1.

Substituting this into (22) and comparing with (1), we get

bð1Þ ¼ M

�
1

Dt
Vn�1 þ Jn�1

�

where M is the mass matrix (Mij ¼
R
U jijjd

3x), Vn�1¼ [vn1
�1, .,

vnN
�1]T and Jn�1¼ [J1

n�1, ., JN
n�1]T. Therefore, to efficiently assemble

b, we simply compute M once at the beginning of the simulation,

and, at each timestep, set up Jn�1 and perform one matrixevector

multiplication. Such matrix-based assembly of b is also used in

Vigmond et al. (2002) and Austin et al. (2006) and others.

Another important advantage of matrix-based assembly of b is

that it removes any need for parallel implementation by the user,

assuming a parallel linear system package (such as PETSc, see

Sections 5 and 6) is used, since the package will deal with the

parallel communication involved in the matrix-vector product,

rather than the user having to implement the cross-border

communication when assembling on elements containing nodes

owned by more than one process. Assembling b in this manner

therefore immediately means that the parallel efficiency of

assembling bwill be at least as good as the parallel efficiency of the

linear solver.

It should be noted that this method can still be applied in more

complex implementations, where cells and nodes do not coincide.

One possibility is to have cells (and J(v)) defined at the Gaussian

quadrature points of the elementsdwhich is equivalent, from

a computational point-of-view, to knowing J(v) in functional form,

i.e. a general reaction-diffusion problem. Let Ng be the total number

of quadrature points. In this case, we have

bð1Þ ¼
1

Dt
MVn�1 þ PJn�1

where Jn�1 is now the source term values at the quadrature points

and P is a N�Ng matrix to be determined which will depend on the

precise quadrature scheme used.

Table 1 illustrates the improvements in computational effi-

ciency that are made using this technique. Here, a three-dimen-

sional bidomain simulation on a cuboid domain of 6000 elements is

stimulated on one surface and run for 10 ms, with and without

matrix-based assembly of b. Without matrix-based assembly

(where b is set-up by looping over each tetrahedral element, using

Gaussian quadrature with 8 quadrature points per element to

approximate the appropriate integrals over that element, and

adding the results to the appropriate entries of b), the time taken to

compute b dominates. When matrix-based assembly, the time

taken to compute b decreases by a factor of 68, with the linear

system solve now dominating. The speed-up of the total compu-

tation time is 5.4.

4. Solving the ODEs

The solution of the systems of ODEs representing the electro-

physiological behaviour of the cells generally accounts for the

highest proportion of computational time after solving of the linear

system. Two factors contribute to this. Firstly, the systems are stiff,

primarily due to the multiple disparate timescales involved in an

action potential. Secondly, the systems consist of tens of ODEs, and

this number increases as the amount of biological detail included in

the models grows. However, the ODE solution is trivially paral-

lelisable, with no spatial interaction except via the PDE solution.

Parallel speedup virtually linear in the number of processors is thus

achievable for this portion of the simulation.

Table 1

Comparison of the computation time for a 3D bidomain problem with and without

matrix-based assembly of b. All times are in seconds.

ODEs Setup b Solve linear

system

Total computation

time

Without matrix-based

assembly

2 41 (82%) 6.1 50

With matrix-based

assembly

2 (22%) 0.6 6.2 (67%) 9.2

5 Here dij is the Kronecker delta function, dij¼ 1 if i¼ j and 0 otherwise.
6 This assumes zero applied fluxes. If this is not the case then there are surface

integrals contributing to b, which can be added on after the procedure described in

this section. Computing integrals over the surface of the domain is massively less

expensive than computing integrals over the domain.
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This section discusses two themes of the efficient solution of

the ODEs: the numerical algorithm used (Section 4.1), and addi-

tional computational optimisations applied (Section 4.2). Firstly,

however, we mention the important question of ensuring that the

model simulated is correct. Most of the cell models used for tissue

simulations are complex, consisting of many equations and

parameters. Coding these from a description in a paper is a time

consuming and error prone task, even assuming that the paper

does not contain typographical errors or omissions. Thus, model

description languages have been developed that provide

a computer-readable exchange format for mathematical models.

For cardiac models, the most commonly used language is CellML

(Lloyd et al., 2004). As mentioned in Section 1, there is a reposi-

tory of curated CellML models available. Rather than imple-

menting models by hand, it is thus preferable to automatically

generate ODE solution code from a CellML model description.

Tools such as the CellML API7 and PyCml8 (Garny et al., 2008) can

assist with this process.

4.1. Numerical approaches

Much research has been done on the numerical solution of ODEs

in general (Iserles, 1996). In the context of a single cell simulation,

the stiff nature of the system, and the relative lack of activity except

at the upstroke, mean that an adaptive implicit solver is the best

choice. In the context of a tissue simulation, however, other

considerations are also involved.

Work has been done on schemes specific to cardiac electro-

physiology. In particular, those equations which represent Hodg-

kineHuxley formulations of gating variables can be treated as

having an exact exponential solution if the timestep is sufficiently

small [Rush and Larsen, 1978].

The remaining ODEs are typically updated using an explicit

method such as Runge-Kutta, or even forward Euler, since explicit

methods are very cheap compared to implicit methods. The use of

an adaptive method is attractive in theory, but difficult to imple-

ment efficiently. The additional state required for an adaptive solver

results in considerably greater memory requirements for the

millions of ODE systems involved inwhole-heart simulations. Using

different timesteps at different cells also causes load balancing

problems for parallel codes.

The primary drawback to explicit methods is that very small

timesteps have to be taken throughout the course of the simulation,

in order to ensure stability for the upstroke. Some work has been

done on the use of implicit methods. Whiteley [Whiteley, 2006;

Whiteley, 2007] notes that an efficient backward Euler approach

can be obtained by decoupling the ODE systems. If a semi-implicit

scheme is used for the PDE solve, vi
n can be obtained from the

solution to the PDE, and many of the ODEs (notably those for

HodgkineHuxley formulations of gating variables) become linear,

and so can be updated directly. Only a small nonlinear system then

needs to be solved for each cell. While this does mean each time-

step is more expensive than for a forward Euler scheme, the

timestep can be an order of magnitude larger since stability is no

longer a concern, resulting in an overall speedup (see also

[Bernabeu et al., 2009]).

Some investigation has also been done on other adaptive

schemes for solving the bidomain equations, which have implica-

tions for the solution of the ODEs [Whiteley, 2008; Bernabeu et al.,

2009]. These are beyond the scope of this paper, however.

4.2. Computational optimisations

Writing a separate program to simulate each type of cell model,

coupled tightly to the simulation environment, and optimising by

hand, can produce very efficient code, and this is therefore the

route that has traditionally been taken since computation time is at

a premium. This has the disadvantages that much work is required

for each new cell model, the simulation software becomes very

hard to maintain, and confidence in the correctness of the simu-

lations can be low. Since the number and complexity of models

in use increases, applying optimisations manually is not a good

long term approach, although this may be appropriate in some

situations.

Various ‘computational’ optimisations have also been applied to

cardiac cell models. In contrast to the choice of numerical scheme,

these techniques transform individual equations within the model

into forms that can be calculated more swiftly. The two most

prominent techniques are lookup tables (Section 4.2.2) and partial

evaluation (Section 4.2.1).

4.2.1. Partial evaluation

Partial evaluation (PE) has long been studied within the

computer science community [Jones et al., 1993] as a general

approach to automatic optimisation of programs. In its application

to cell model simulations [Cooper et al., 2006], expressions are

separated into those which need only be computed once, and those

which must be recomputed after every timestep of the simulation;

this analysis is known as binding time analysis. While modern

compilers can perform much optimisation along these lines, the

complexity of typical ODE solver loops restricts the degree towhich

this is possible. A partial evaluator produces a new model from the

original, in which as much of the model as possible has been pre-

computed. When simulated, however, the new model will give the

same results as the original. PE of CellML models has been imple-

mented in the PyCml tools (Cooper, 2009). Automatic analysis of

the model can determine which variables are state or free variables

(and hence liable to vary) andwhich are parameters (assumed to be

constant). However, variables may also be annotated as explicitly

being dynamic (e.g. for computational steering).

4.2.2. Lookup tables

Lookup tables (LT) are used to pre-compute the values of

expressions that would otherwise be repeatedly calculated. Several

expressions in most cardiac electrophysiological cell models

(notably those controlling the gating variables in HodgkineHuxley

formulations of ion channels) contain only one variable: the

transmembrane potential, V. They also typically contain exponen-

tial functions, which are expensive to compute. Under normal

physiological conditions, V usually lies between �100 mV and

60 mV, and so a table T can be generated of pre-computed values of

each suitable expression for potentials within this range. Then,

given any transmembrane potential Vwithin the range, a value t for

each expression can quickly be computed using linear interpolation

between two entries of the LT:

t ¼ Ti þ
ðTiþ1 � TiÞðV � ViÞ

Viþ1 � Vi
; (25)

where Vj is the voltage used in computing Tj. (If V lies outside the

range, this can either be considered an error condition, or the

original equation can be used.) Such interpolation is faster than

computing an exponential directly.

The technique has been in use for some time (e.g. [Dexter et al.,

1989; Fox et al., 2002]), with the LT code hand-written for each

equation; PyCml generates the code automatically, as well as

treating subexpressions rather than just whole equations. Note too

7 http://www.cellml.org/tools/api/.
8 https://chaste.comlab.ox.ac.uk/cellml/.
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that the technique is not restricted to tables indexed on the

transmembrane potential, although this is the most common form.

Other physiological quantities with known ranges can also poten-

tially be used, such as the intracellular calcium concentration.

Since the use of lookup tables involves an interpolation, this

technique introduces an additional source of error. A posteriori error

analysis may be used to compute a bound on this error, even

accumulated over the course of a simulation (paper in preparation).

Other workers (e.g. [Fox et al., 2002]) verify the accuracy of

a simulation using LT by running the same simulation without LT,

perhaps also using a smaller time step. No formal analysis of the

resultant numerical error has been given.

The (explicit) mathematics contained within a CellML file is

described using MathML, and hence is tree structured. It is thus

trivial to construct a recursive algorithm to check any expression

(either the whole right hand side of an assignment, or a sub-

expression thereof) for suitability for conversion to using an LT. The

two key criteria we check are:

1. the only variable used is the transmembrane potential V;

2. the expression contains exponential, logarithmic, or trigono-

metric functions.

These criteria are checked for each node of the expression tree,

starting at the top. The recursion terminates (for a given branch) as

soon as both are satisfied, so that maximal subexpressions are

matched.

The first criterion for when an LT may be used is very simplistic.

Constant variables, and variables whose values depend only on

constants, could be included within an expression that is converted

to use an LT. The key question is:

is the value known when the LT is generated?

In other words, can the value of the expression be computed

(given a value for V) when the LT are generated prior to simulation,

or does such a computation require values that are not known until

the simulation is in progress? Such an analysis however is basically

a binding time analysis. Hence, if PE is applied before the LTanalysis

then amore complex version of the second criterion is not required.

This is because expressions which can be computed prior to

simulation are computed by PE and replaced by their value as

a constant. The impact of PE on the effectiveness of LT is shown for

a range of models in Fig. 3.

The representation of LT within generated code is important for

the effectiveness of the technique. In particular, it is crucial to lay

out the values in memory such that access to the tables makes good

use of the memory cache in typical computer architectures. When

performing a simulation, at a given timestep every table will

(typically) be accessed, but the same index will be used for each

table. Rather than storing each table in its own block of memory, it

thus makes sense to arrange the tables together, such that values

for a given index are stored contiguously. They are then likely to

share a cache line, leading to fewer cache misses and better data

throughput. The two approaches are compared in Fig. 3, with ‘Base’

indicating the layout with all tables combined, and ‘Single tables’

the use of separate tables for each expression replaced.

When generating Cþþ code for use with Chaste [Pitt-Francis

et al., 2008], PyCml generates two classes: one for the cell model

itself, and one following the Singleton design pattern [Gamma et al.,

1995] containing the LT for the model. The use of a singleton means

that even in a multi-cellular simulation only one instance of the LT

will be generated (for a given cell type), thus keeping memory

usage to a minimum. The generation of the single LT is performed

upon instantiation of a cell model, while (inline) methods are

provided to perform linear interpolation on each table. Within the

cell model class, calls to these methods replace the appropriate

expressions. The latest version of PyCml improves on this approach,

since the method calls were found to be adversely impacting

performance. ‘Row lookups’ are now used, in which a single call at

the start of each timestep interpolates all the tables and stores the

results in a local array. When a value is needed, this array is then

indexed. The ‘row lookup’ columns in Fig. 3 show the effects.

5. Solving the linear system

Next, we turn our attention to solution of the linear system. As

mentioned above, the bidomain PDEs only define fe up to

a constant, and correspondingly the matrix A is singular. The

compatibility condition for whether a linear system has zero or

infinitely-many solutions is: there is no solution to AV ¼ b unless

b ˛ ker(AT)t (i.e.b$v¼ 0 cv such that ATv¼ 0). For the bidomain

equations, ker(AT)¼ ker(A) (by the symmetry of A), and this null

space is easy to determine: since fe is only defined up to a constant,

Av¼ 0 if v¼ [0,., 0, 1,., 1]T, and the null space is ker(A)¼ span{v}.

The compatibility condition is therefore that

b,v ¼
X2N

i¼Nþ1

bi ¼ 0; (26)

which is essentially a discretisation of (14).

We now investigate performance of standard Krylov subspace

solvers on this singular problem, as well as considering methods of

breaking the singularity. In this section, we will assume the

constraint (26) holds exactly. We consider two Krylov solvers,

conjugate gradients (CG) [Hestenes and Stiefel, 1952], the standard

choice of iterative method for solving large sparse, symmetric,

positive-definite problems, and the generalised minimal residual

method (GMRES) [Saad and Schultz, 1986], a very common choice

of iterative solver for large sparse problems which are non-

symmetric. We use the implementations of CG and GMRES in

PETSc9 (a mature library of optimised linear system routines with

an efficient parallel implementation, and a very common choice in

cardiac modelling). We will consider four approaches: (i) the

unaltered Krylov solvers; (ii) the ‘null-space’ functionality in PETSc,

in which components in the null-space are removed from certain

vectors computed during CG/GMRES implementation; (iii) speci-

fying the value of fe at one or several nodes in order to create a non-

singular system; and (iv) specifying the value of
R
fed

3x in order to

create a non-singular system. These approaches are described in

Sections 5.1e5.4 and compared in Section 5.5. We then compare

a selection of solvers and preconditioners in Section 5.6.

5.1. CG and GMRES on singular problems

Note that A is positive-semi-definite (this is easy to show using

the block form of A given in (17) and given the positive-semi-

definiteness of Ai and Ae (being discretised diffusion operators) and

Q, as well as symmetric. The CGmethod computes search directions

pk, and then uses the quantity pk
TApk as the denominator in the

computation of two scalars. Breakdown occurs if this quantity is

zero. The positive-semi-definiteness of A shows that breakdown

cannot occur unless pk lies wholly in ker(A). A stronger statement

can be made of GMRES. The results in [Brown and Walker, 1997]

imply that, using the symmetry of A, GMRESwill not breakdown for

any choice of x0 (the initial guess) and b, and will converge to

a least-squares solution. If b is such that the linear system is

9 www.mcs.anl.gov/petsc/.
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compatible, and x0 is in the range of A (which is satisfied by the

choice of x0¼ 0), then GMRES will converge to a solution of Ax¼ b.

5.2. The PETSc implementations of CG/GMRES using the null-space

PETSc explicitly provides functionality for facilitating the solu-

tion of singular linear systems, in which an orthonormal basis for

ker(A) is provided by the user. This is then used to remove the

component in the null space of certain vectors computed during

the CG or GMRES solves. In the preconditioned CG algorithm, the

residual ri¼ b� Axi (where xi is the current guess) is computed, and

then used to calculate zi¼M�1ri, where M�1 is the preconditioner.

If a basis for the kernel of a singular matrix A is provided, zi is then

projected onto the orthogonal complement of the kernel (i.e. the

component of zi in the kernel is removed). For the one-dimensional

null-space in bidomain problems, this amounts to computing10

~zi ¼ zi � ðzi,bvÞbv, so that then ~zi,v ¼ 0. In fact, for CG in exact

arithmetic, it is straightforward to show that this has no effect on

the results of the algorithm: the iterates xi with-compared-to-

without this modification are identical up to a component in the

null-space, and the residuals ri (which must always have zero

component in the null-space), with-compared-to-without this

modification are identical. However, this may not be the case for CG

in floating point arithmetic, and the modification prevents accu-

mulation of small components in the null-space growing and

affecting the iterates or convergence criterion.

GMRES involves finding, in the i-th iteration, xi˛Ki which

minimises kb� Axik, where Ki ¼ spanfb;M�1Ab; ðM�1AÞ2b;.;

ðM�1AÞi�1bg is the i-th Krylov subspace. To do so, an orthonormal

basis {q0, ., qi�1} of Ki is computed. The PETSc implementation of

GMRES which uses the null-space of A removes any component of

qj in the kernel (before normalisation), i.e. projects Ki onto the

orthogonal complement of ker(A).

Both the altered versions of CG and GMRES find, if they

converge, the unique x satisfying Ax¼ b and x$v¼ 0.

5.3. Fixing the value of fe

A second option is to specify the value of fe as a Dirichlet

boundary condition at one or a group of nodes, which results in

a non-singular system, and corresponds to replacing the zero-flux

boundary condition with a grounded area through which current

can flow. One possibility is to fix the value of fe at a single boundary

node. This is appealing because fe throughout the domain is

defined up to a single constant, and fixing the value of fe at one

point in space fixes this constant. Physically, however, this is not

a satisfactory choice as it represents grounding at a single point.

More realistic is to fix the value of fe on a set of nodes on

a subsurface vUgrounded
3 vU of non-zero area, but this models

different physics and results in a different solution. Applying

a Dirichlet boundary condition can be done by altering the appro-

priate rows in the linear system (replacing the diagonal values of

the matrix with 1 and the off-diagonals with 0). This can be done in

a manner which retains the symmetry of A, so that CG can still be

used. Note that it is possible to instead apply the boundary condi-

tion by using the defined values of fe explicitly during assembly

and reducing the size of the linear system. The convergence

properties of the resultant matrices are likely to differ. We only

consider the former here.

5.4. Specifying the integral of fe

A common alternative method of removing the singularity is to

choose the arbitrary constant in fe such that the integral of fe is 0:

Fig. 3. Single cell simulation timings. Each model was simulated using the forward Euler method with a step size of 0.01 ms (except where a smaller step was required for

stabilityd0.001 ms for [Faber and Rudy, 2000; Fox et al., 2002; ten Tusscher and Panfilov, 2006] and 0.0002 ms for [Bondarenko et al., 2004])), for 1 s of simulated time. These

simulations were each run 25 times and the total time recorded. Each bank of simulations was repeated 3 times, and the fastest running time for each was used in calculating speeds

relative to the normal model. All simulations used the Intel Cþþ compiler optimising for Pentium� 4 processors, and the Intel Math Kernel Library. For all models the LT step size

was set to 0.01 mV. The LT columns show speedup due solely to the use of LT, while the LT.PE columns show the combined performance with both optimisations applied. Other

aspects are discussed in the text. Models from left to right, ordered by increasing number of ODEs, are: (1) (Noble, 1962); (2) [Luo and Rudy, 1991]; (3) [Fox et al., 2002]; (4) [Garny

et al., 2003]. (5) [ten Tusscher and Panfilov, 2006]; (6) [Courtemanche et al., 1998]; (7) [Faber and Rudy, 2000]; (8) [Noble et al., 1998]; (9) [Bondarenko et al., 2004].

10 Here v denotes v/kvk, where v satisfies Av¼ 0.
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fed
3x ¼ 0; (27)

(or any other fixed value). This equation can be spatially-discretised

and used to replace one of the equations in (1) to produce a non-

singular linear system.

One problemwith this method is that it destroys the sparsity of

the linear system. However, this is only in a single row, so it is still

possible to allocate only OðNÞ bytes of memory for A and perform

matrixevector products in OðNÞ operations. A more serious

problem is that the alteration breaks the symmetry of A, so that CG

is no longer a suitable solver.11 It is possible however that GMRES

on this non-singular, non-symmetric system will perform better

than CG on the singular symmetric system.

For simplicity, we replace (27) with the constraint

X2N

j¼Nþ1

Vj ¼ 0;

i.e. that the average of the computed fe values is zero. Note that this

is exactly V,v ¼ 0 (where Av¼ 0), and therefore the solution is

exactly that found by the altered versions of CG/GMRES described

in Section 5.2. However, the solution procedure is very different: in

one case we incorporate the constraint into the matrix to obtain

a non-singular system, in the other we solve the singular (but

potentially better conditioned) system and project the solution so

that it satisfies the constraint.

5.5. Comparison of the four methods

We compare the different methods by performing a three-

dimensional simulation on a slab of tissue of 6000 elements,

stimulated on one side and allowed to run for 4 ms. We precon-

dition using an incomplete LU factorisation of A, and solve using an

absolute tolerance of 10�12. For the third method we fix fe at

a single corner node (opposite to the side stimulated). Fig. 4(a)

displays the average number of iterations, over 400 timesteps,

taken by CG and GMRES using each of the four methods, and the

convergence history (on the first timestep) of a selection of the

methods are plotted in Fig. 4(b). It can be seen that the solvers

perform significantly better with the singular system than the non-

singular ones. Somewhat unintuitively, the addition of a single

Dirichlet boundary condition (fixing fe) markedly increases the

number of iterations required (similar results with a pure-Neu-

mann diffusion problem can be found in [Van der Vorst, 2003],

Chap. 10). CG as expected fails in the fourth method, and GMRES

here requires more iterations than CG on the singular problem.

There is little difference between the unaltered solvers and the

ones which used the null space. However, it should be noted that if

this experiment is re-run with an absolute tolerance of 10�14, the

unaltered GMRES method goes from taking an average of 7.99

iterations to an average of 24.98, whereas the other results only

increase slightly. Thus unaltered GMRES can begin to struggle on

the singular problem, and it appears that the stabilising effect of

removing components from the null space can, in certain cases,

make a significant difference. Note that the convergence history of

CGwith fe fixed on awhole surface (not just a point) is also given in

Fig. 4(b). This performs better than when fe is fixed at a point, but

not enough to prefer it to solving the singular system. Overall the

best choice is certainly CG on the singular problem, either with or

without the null-space alterations.

5.6. A comparison of several linear solver and preconditioners

We conclude this section with a brief, brute-force, comparison

of four common linear solvers, with four preconditioners (including

the choice of no preconditioner). We use a three-dimensional

bidomain simulation on a slab of tissue of 48,000 elements, again

stimulated on one side and allowed to run for 4 ms, run in parallel

on four processors. The four solvers we consider are: CG; GMRES;

the minimal residual method (MINRES) [Paige and Saunders, 1975];

and the SYMMLQ method (Paige and Saunders, 1975). The latter

pair of methods are variants of CG that can be applied to symmetric

indefinite linear systems.We use the PETSc implementation of each

solver, and supply the null-space of the matrix as in Section 5.2. The

four preconditioners chosen were the following PETSc precondi-

tioners: no preconditioner; block-Jacobi; successive over-relaxation

(SOR); and the additive Schwartz preconditioner. We should note

that this is just a small sample of ‘black-box’ solvers and pre-

conditioners, and also that we have not included the algebraic

multigrid (AMG) solver, which can display excellent convergence

on bidomain problems [Vigmond et al., 2008].

Table 2 provides the total time spent solving linear systems, for

each combination of solver and preconditioner. We see that use of

the block Jacobi or additive Schwartz preconditioners reduces the

solve time by an order of magnitude, compared to no precondi-

tioner. The SOR preconditioner, however, is not as effective. The

block-Jacobi preconditioner is superior to additive Schwartz. With

block-Jacobi or additive Schwartz, there is not a big difference

between the four solvers, although MINRES is noticeably the least

efficient, and CG marginally the best choice of solver. Overall, of

these ‘black-box’ options, CG and block-Jacobi is the best choice on

this problem. Note, however, preconditioners designed specifically

for the bidomain equations have the potential to be much more

effective: in particular, the multi-level additive Schwartz pre-

conditioner proposed in (Pavarino and Scacchi, 2008) is claimed to

be scalable and optimal.

6. Parallel implementation and domain decomposition

In this section, we first consider partitioning a mesh of N nodes

across p processors, i.e. domain decomposition. This corresponds to

the system of linear equations arising from the FE discretisation

being partitioned and distributed among the processors available.

As our underlying system solver is PETSc, we only consider its

partitioning schema. In this package, parallel matrices and vectors

are partitioned row-wise, as illustrated below on an example 5-by-

5 system

0

BBBB@

1 2 3 0 0
4 5 6 7 0
8 9 10 11 12
0 13 14 15 16
0 0 17 18 19

1

CCCCA

0

BBBB@

x0
x1
x2
x3
x4

1

CCCCA
¼

0

BBBB@

6
22
50
58
54

1

CCCCA
(28)

This illustrates why a striped structure of Vn (see Section 1) is

preferred to a block structure in practice, as the striped scheme

allows both unknowns on a given node to be held by the same

processordfor example, in a 2-node, 2-processor problem: (Vn
1,

fn
e1 j V

n
2, f

n
e2)

T compared to (Vn
1, V

n
2 j f

n
e1, f

n
e2)

T. In the discussion

in this section, we assume for clarity that we are only solving a 1-

unknown problem (such as the diffusion or monodomain equa-

tions), and that there is therefore only a single unknown per node.

However, the results in Section 6.2 use the full bidomain problem.

11 An alternative to this is to introduce a Lagrange multiplier l, and finding the

stationary point of , ½xTAx� xTbþ lvTx, (where vTx¼ 0 is the discretised constraint),

by solving for y¼ (x, l). This will result in a symmetric system of size 2Nþ 1. We do

not consider this approach in this paper, however.
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The parallelisation of the different algorithms and data struc-

tures involved in a simulation cannot be seen as an isolated

problem. It is, indeed, a highly coupled problem. For instance, at the

beginning of each timestep the values of V computed in the

previous timestep are used to compute the ionic current node-wise

(in the ODE solution stage). The vector containing the values of V is

a distributed data structure and, therefore, each processor will own

part of it. In order to minimise communication, we ensure that

a given processor owns the ODE objects corresponding to the

entries of V assigned to it. In the example in (28), processor P0 will

own the ODE objects corresponding to nodes {0, 1, 2} and processor

P1 will own {3, 4}. This design ensures no processor will need to

fetch non-local data.

When designing the parallelisation schema for the mesh object,

one has to look at the dependencies between this data structure

and others derived from it. In this case, we have to consider the

assembly of the systemmatrix. In the FEmethod, the systemmatrix

is assembled element-wise. Each of the elements of the mesh

contributes with subblocks that sum to the overall matrix. If an

arbitrary element i is made of nodes {0, 2, 3} it will contribute with

entries in rows {0, 2, 3} of the overall system. Thus, it will be

advantageous that elements assigned to a processor are primarily

made of nodes whose indices correspond to local rows of the

matrix. Consider the simple mesh shown in Fig. 5. If the system in

(28) is assembled from this mesh, three subblocks will be combined

together:

A ¼ AI þ AII þ AIII

where

All the non-zero entries of AI are owned by P0, so this processor will

own that element. The entries of AII and AIII are distributed between

P0 and P1. In this case, either the subblock is generated in both

processors and the non-local entries are ignored or it is generated

in one of them and the non-local entries are migrated. In the first

approach, some operations are unnecessarily duplicated whereas

in the second communication is required. As the number of

processors grow the amount of synchronisations required is likely

to have a negative impact in the scalability of the partitioning

algorithm. We have decided to implement the first approach, since

our objective is to minimise communication.

Processor P0 will assemble subblocks AI, AII, AIII and processor P1
will assemble subblocks AII, AIII. In this case, parallel and sequential

execution times will be identical, since one of the processors needs

to assemble all the elements. This is due to the triviality of the

model problem. The same algorithm applied to a full rabbit

ventricular mesh of 322, 267 elements returns a distribution of

elements for 4 processors presented in Table 3.

The distribution of elements is close to the theoretical optimum

of 25%. This is not the case, though, when the same algorithm is run

with 16 processors. In that case, each processor owns an average of

8.67% of the elements compared to a theoretical optimum of 6.25%,

a 39% overhead. In the following section we will describe how to

improve the scalability of the algorithm.

6.1. Graph partitioning and METIS

LetM ¼ ðN ; EÞ be a computational mesh, whereN is the set of

nodes and E the set of elements. The algorithm presented in the

previous section assigns to each processor i a subset of elements

Ei4E. We define the communication border between two proces-

sors j and k as EjXEk. Based on this, we can define the following

metric for the quality of a partition:

Q ¼
X

isj

jEiXEjj

We will consider the optimal partition of a mesh the one that

minimises this metric while keeping the number of elements
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Fig. 4. (a) Average number of iterations per timestep in a 3D bidomain simulation. (1) Unaltered CG and GMRES; (2) PETSc’s ‘null space’ method; (3) Fixing fe at a point; (4)

Specifying
R
fe (GMRES only as CG fails in this case). (b) Convergence histories on the first timestep of: unaltered CG (solid line); CG with null-space (stars); CG with fe at a point

(dashed line); GMRES with
R
fe specified (dot-dashed line). Also plotted is CG with fe fixed on a surface (dotted line).

Table 2

Average time (in seconds), per processor, spent in solving linear systems with four

possible solvers and four possible preconditioners, on a test problem run in parallel

on four processors.

CG GMRES MINRES SYMMLQ

No preconditioner 162.5 313.6 208.8 212.9

Block-Jacobi 23.3 24.3 27.7 25.8

SOR 180.8 228.2 214.7 201.5

Additive Schwartz 36.7 38.6 41.0 38.5

AI ¼

0

BBBB@

a b c 0 0
d e f 0 0
g h i 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA
AII ¼
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0 j k l 0
0 m n o 0
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1

CCCCA
AIII ¼

0
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0 0 s t u
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: (29)
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assigned to each processor as close as possible (ideally jEij ¼ jEjj

ci, j).

Algorithms that find a good partitioning of highly unstructured

graphs are critical for developing efficient solutions for a wide

range of problems in many application areas on both serial and

parallel computers. The goal of the first condition is to balance the

computations among the processors. The goal of the second

condition is to minimize the number of elements assembled by

multiple processors. Graph partitioning can be used to successfully

satisfy these conditions by modelling the FE mesh by a graph and

then partitioning it into equal parts.

METIS12 is a library that implements state-of-the-art algorithms

for graph partitioning. It defines a format for representing graphs,

an API for handling them, and several partitioning techniques. We

canpass toMETIS a graph-like representation of ourmesh and itwill

return the partition that minimises Q and balances the number of

nodes/elements per processor. For themesh in Fig. 6(a), the optimal

two-processor partition is P0¼ {0, 4, 5}, P1¼ {1, 2, 3}. This partition

has Q¼ 2 which is the minimum that can be achieved if jP0j ¼ jP1j is

enforced. Unfortunately, this partition is not compatible with the

parallel matrix data structure defined in PETSc, where only

consecutive rows can be assigned to a processor. This can be over-

come by defining a permutation of the nodes, as shown in Fig. 6(b).

Fig. 7 compares the result of applying the previous partitioning

algorithm to the 322, 267-element mesh, with a partition based on

the original numbering of themesh nodes. Results for 16 processors

are presented. The average number of nodes per processor in the

METIS case is 6.78%, close to the theoretical optimum of 6.25%.

Fig. 8, displaying the 4-processor case, shows how nodes assigned

to a given processor are rearranged together and communication

borders are reduced.

6.2. Performance impact

The use of this new domain decomposition technique has an

important impact on the parallel performance of the overall solver.

Table 4 displays the speed-up achieved by using METIS in each of

the different stages of a bidomain simulation, on a simulation of 10

ms of bidomain activity using a 20 million element mesh with the

Luo-Rudy 1991 ionic model (Luo and Rudy, 1991). These simula-

tions were run on a cluster at Fujitsu Laboratories of Europe con-

sisting of 44 compute nodes, each consisting of two dual core Xeon

5160 processors (3.0 GHz) with an InfiniBand interconnect. Fig. 9

plots the speedup of the overall simulation.

As expected, the new method speeds up the assembly of A and

b by a factor of 91% and 65% for 32 processors. This is due to

processors owning less elements and therefore minimising the

number of redundant operations. However, a speedup of 80% is also

obtained for solving the linear system, for the same number of

processors. This improvement was not originally expected and is

explained in the following section. Overall, simulations are sped up

by 45% to 57% for p� 32. For p¼ 64, a 77%, 59%, and 67% speedup in

assembling A, assembling b and solving the linear system only

translates into 29% global speedup. This is due to scalability prob-

lems in stages not covered in this breakdown and requires further

investigation.

6.3. Communication reduction in the parallel implementation of CG

The basic computational kernel in the CG algorithm is the

matrix-vector product, y¼ Az. It is performed at least once in each

CG iteration (although depending on the choice of preconditioner

more products may be required). This is a highly-coupled operation

since each processor does not own enough data to perform it

independently. Communication and synchronisation stages are

required. Assuming a row-based distribution of the data the oper-

ation can be redefined as:
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where the sub-matrices Ai are all the rows owned by processor i.

Processor i therefore owns Ai and zi and is in charge of computing

subblock yi:

yi ¼ Ai
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It can be easily seen that processor i needs non-local subblocks of z

in order to compute yi:

yi ¼ ðA0/Ai/AnÞ
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Fig. 5. Simple computational mesh with 3 elements and 5 nodes.

Table 3

Parallel distribution of elements for a 322, 267-element ventricular mesh.

Processor ID Number of local elements %

0 89,512 27.78

1 101,137 31.38

2 96,636 29.99

3 101,227 31.41

a b

Fig. 6. (a) Simple mesh to be distributed between two processors. (b) Simple mesh

with nodes renumbered for use by PETSc.12 http://glaros.dtc.umn.edu/gkhome/views/metis.

P. Pathmanathan et al. / Progress in Biophysics and Molecular Biology 102 (2010) 136e155 147

http://glaros.dtc.umn.edu/gkhome/views/metis


Subblock Ai corresponds to the block sitting in the diagonal of A,

while Aj; isj are the off-diagonal subblocks. Communication is

required to computeAjzj when is j since zj is then not local.Aizi is

communication-free.

Since Aj is potentially sparse, not all the entries in zj, is j, need

to be sent to processor i. The l-th entry of zj, is j, is required by

processor i if and only if there exists k such that Ajðk; lÞs0. Mini-

mising the non-zero entries in the off-diagonal subblocks of A

minimises the amount of communication required.

Fig. 10 shows the non-zero structure of the matrices assembled

for the two two-processor partitions compared throughout this

section. It can be seen that minimising the communication border

between processors minimises the number of non-zero entries in

the off-diagonal blocks of the matrix.

The reason behind this can be better understood if we view the

system matrix as the connectivity matrix of the graph associated

with the computational mesh. Aijs 0 represents an edge defined

between nodes i and j. Non-zero entries in the diagonal block

represent edges defined between local nodes. Non-zero entries in

the off-diagonal block represent edges defined across two different

processors. Therefore, minimising the communication border

between processors minimises the communication required in the

matrixevector product and improves the scalability of the CG

algorithm as seen in Table 4. In our model problem, communication

is reduced by 33%.

7. Convergence tests

One area of physiological software development which has been

under-documented is that of convergence testing. Most physio-

logical models are nonlinear and span multiple time and space

scales. They are therefore generally sensitive to input data,

parameter values and numerical methods.

The process of choosing the best space-steps and timesteps

involved in producing a realistic simulation and accurate numerical

results is something of a ‘black art’. Some developers experiment

with values until they are able to reproduce a realistically shaped

actionpotential, and thenfixon those parameter values. Othersmay

vary a particular parameter (such as space-step) until a run is

deemed tobe ‘repeatable’ in the sense that the observedoutput does

not change significantly. In some cases, the process of observing the

outputmay involve plotting twoactionpotentials on the samegraph

or may involve looking at two three-dimensional ‘heat-map’ visu-

alisations of the transmembrane potential side-by-side.

In order to design a robust framework for testing convergence,

we asked a number of mathematicians, software developers and

users of physiological software what they expected to be a suitable

metric for measuring the rate of convergence of the solution to the

bidomain equations under a variation of a key parameter. Some

practitioners took a lenient approach and suggested that

Fig. 7. Comparison between two partition schemes on a 322, 267-element mesh and

16 processors: with METIS (black bars), and without METIS (white bars). The theo-

retical optimum number of local elements per processor (322, 267/16¼ 20, 142) is

given as the dashed line.

Fig. 8. Graphical representation of the subdomains. Nodes owned by a given processor are displayed in the same colour. (a) Without METIS; (b) with METIS.

Table 4

METIS vs original partition speedup. Breakdown and totals.

# of processors Assemble A ODEs Assemble b System solution Total

2 1.20 1 1.09 1.77 1.57

4 1.74 1 1.25 1.77 1.57

8 1.91 1 1.54 1.67 1.50

16 1.81 1 1.59 1.72 1.49

32 1.91 1 1.65 1.80 1.45

64 1.77 1 1.59 1.67 1.29
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a physiological output such as the conduction velocity or the action

potential duration should be constant to within some precision.

Others suggested that they were satisfied if the values of the

transmembrane potential were measurably the same at the end of

the simulation. (This means of testing convergence was rejected

since it is highly influenced by the number of cells which are in

their resting phase at the end of the simulation.) Most users of

electrophysiological software decided that the most important

feature was the shape of the action potential. The experimentalist’s

observation that the plotted action potential looks the same when

graphed can be encoded by the mathematician into a restriction on

a ‘p-norm’ difference of the two solutions. In this study we have

used a number of these convergence criteria to show empirically

which can be trusted and to inform us of acceptable values of four

key convergence parameters: h, the spatial stepsize; DtODE , the

timestep used in solving the ODEs; DtPDE , the timestep used in

solving the PDEs; and atol, the absolute tolerance used in solving

the linear systems.

7.1. Convergence test setup

Our convergence tests use a standardised form of computational

experiment. This experiment takes place in a semi-structuredmesh

of tissue which is in a line (in 1D), square (in 2D) or cube (in 3D) of

side length 2 mm. (0< x, y, z< 2 mm). ‘Semi-structured’means that

the cube (in the 3D case) is divided into smaller cubes in a regular

fashion. Each cube in 3D is then divided into 6 tetrahedra of equal

size without adding any additional vertices. (In the 2D case, each

square is divided into 2 triangles with the direction of the diagonal

pointing in a perpendicular direction to its neighbours’ diagonals.)

The tissue is stimulated on the x¼ 0 mm face of the tissue for the

first 0.5 ms of the simulation. The simulationwas allowed to run for

8 ms or 400 ms with data at key nodes being stored after every step

of the PDE solver. The simulation time of 8 ms allows for a wave to

propagate from one edge of the tissue to the other (and thus

enough to measure conduction velocity), while the 400 ms allows

for all the cells to undergo a complete action potential cycle with

a considerable increase in computational expense.

Although the experiments in this section use an intracellular

volume stimulus at nodes on the x¼ 0 plane, our test suites contain

convergence experiments with more exotic stimulation protocols

(Neumann face stimuli on x¼ 0, for monodomain simulations only,

and ramped intracellular current stimuli over the 0< x< 0.5

quarter of the mesh). We have found that planar current stimulus

protocol to be the most reliable means of commencing wave

propagation experiments. However, this choice suffers from the

issues described in Section 2.2.2, namely that the total applied

stimulus at anymoment in time is dependent on the length-scale of

the mesh elements and tends to zero as the mesh is refined.

However, this issue can be reliably overcome on this regular

geometry, as follows. When the mesh is refined by halving the edge

lengths of elements then the current stimulus must be doubled.

This is because in the first use of the stimulus in the solution of the

bidomain equations the current density is interpolated across

elements using the finite element scheme; as the volume of the

tetrahedra is reduced by a factor of 8, each application of a stimulus

is 1/8 as effective. But there are 4 times as many stimulated nodes

on the plane x¼ 0. A similar argument applies in 2D (where each

stimulus is integrated over an element of quarter the area on each

refinement but there are twice as many nodes on the x¼ 0 edge)

and in 1D (where the single node stimulus is half as effective on

each edge refinement). The upshot of this is that when the typical

edge length is reduced from h to h/a then each cell-based stimulus

must be increased by the same factor a, regardless of the underlying

dimension of the mesh. Empirical demonstration of this rule can be

seen in the 1D experiments (Section 7.2, Figs. 11 and 12) and the 2D

experiment (Section 7.3, Fig. 13(d)).

The key nodes which we use for measuring physiological output

are the first probe point which is one quarter of the way down-

stream from the stimulus at x¼ 0.5 mm (y, z¼ 1 mm) and a second

probe at x¼ 1.5 mm (y, z¼ 1 mm). The space convergence tests

start from a base mesh which has an edge-length of h¼ 0.5 mm so

that the probe points are coincident with nodes of the mesh at

every refinement level.

We also performed these convergence experiments with the

alternative stimulation protocol of a ramped intracellular current

stimuli over the 0< x< 0.5 quarter of the mesh. This protocol

mimics the interpolation behaviour of the x¼ 0 plane stimulus on

the coarsest mesh. That is, nodes at x¼ 0 are stimulated with

a given current value (IStim) and other nodes in the region are

stimulated with the position-dependent current IStim(1�4x). This

stimulation protocol is mesh-independent but requires more nodes

to be stimulated. It alters the shape of the action potential at the

first probe point (since its left neighbours are now stimulated from

time t¼ 0). However, the general trends in convergence behaviour

under the alternative stimulus protocol are much the same as with

the x¼ 0 plane stimulus protocol.

As mentioned above, our convergence tests measure a number

of metrics in order to assess convergence. Specifically, the rates of

convergence between a simulation run (k� 1) and run k (where

some key parameter, for example spatial stepsize, has been refined

between the two runs) are

rel l2 fullðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

t˛½0;400 ms�

�
v
k
t � v

k�1
t

�2

P

t˛½0;400 ms�

�
v
k�1
t

�2

vuuuuuut
; (30)
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Fig. 9. Parallel perfomance comparison: the speedup with and without METIS against

the number of processors, compared to perfect linear speedup.

Fig. 10. Non-zero structure comparison.
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rel l2 onsetðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

t˛½0;8 ms�

�
v
k
t � v

k�1
t

�2

P

t˛½0;8 ms�

�
v
k�1
t

�2

vuuuuuut
; (31)

diff lmax fullðkÞ ¼ maxt˛½0;400 ms�jv
k
t � v

k�1
t j; (32)

rel apd90 1ðkÞ ¼
APD90k1 � APD90k�1

1

APD90k�1
1

; (33)

rel apd90 2ðkÞ ¼
APD90k2 � APD90k�1

2

APD90k�1
2

; (34)

rel velocityðkÞ ¼
j
�
s
k
2 � s

k
1

�
�
�
s
k�1
2 � s

k�1
1

�		

s
k�1
2 � s

k�1
1

; (35)

where, in (30)e(32), vt
k means the transmembrane potential at

probe point 2 (x¼ 1.5 mm) at time t on run k. Equations (30) and

(31) are relative L2 norms, whereas (32) is an LN norm. Equations

(33) and (34) represent the relative change in the action potential

duration at 90% repolarisation (APD90) at probe points 1 and 2,

respectively. Equation (35) represents the relative change in

a measurement of conduction velocity between the two probe

points. The quantity si
k is the time at which the maximum trans-

membrane upstroke velocity is reached at probe point i on run k.

Technically the computation of the conduction velocity also

involves division by the distance between the probe points, but this

has been abstracted from (35).

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 1e-05  0.0001  0.001  0.01  0.1R
e
la

ti
v
e
 L

2
-n

o
rm

 d
if
fe

re
n
c
e
 d

u
ri
n
g
 o

n
s
e
t 
- 

re
l_

l2
_
o
n
s
e
t

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 1e-05  0.0001  0.001  0.01  0.1

R
e
la

ti
v
e
 L

2
-n

o
rm

 d
if
fe

re
n
c
e
 f
o
r 

fu
ll 

a
c
ti
o
n
 p

o
te

n
ti
a
l 
- 

re
l_

l2
_
fu

ll

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

a b

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 1000

 1e-05  0.0001  0.001  0.01  0.1

M
a
x
im

u
m

 a
b
s
o
lu

te
 d

if
fe

re
n
c
e
 -

 d
if
f_

lm
a
x
_
fu

ll

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

 1e-20

 1e-15

 1e-10

 1e-05

 1

 100000

 1e+10

 1e-05  0.0001  0.001  0.01  0.1

R
e
la

ti
v
e
 c

o
n
d
u
c
ti
o
n
 v

e
lo

c
it
y
 d

if
fe

re
n
c
e
 -

 r
e
l_

v
e
lo

c
it
y

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

c d

 1e-20

 1e-15

 1e-10

 1e-05

 1

 100000

 1e+10

 1e-05  0.0001  0.001  0.01  0.1

R
e
la

ti
v
e
 A

P
D

9
0
 d

if
fe

re
n
c
e
 a

t 
fi
rs

t 
p
ro

b
e
 -

 r
e
l_

a
p
d
9
0
_
1

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

 1e-20

 1e-15

 1e-10

 1e-05

 1

 100000

 1e+10

 1e-05  0.0001  0.001  0.01  0.1R
e
la

ti
v
e
 A

P
D

9
0
 d

if
fe

re
n
c
e
 a

t 
s
e
c
o
n
d
 p

ro
b
e
 -

 r
e
l_

a
p
d
9
0
_
2

h (cm)

atol=1e-1
atol=1e-2
atol=1e-3
atol=1e-4
atol=1e-5
atol=1e-6
atol=1e-7
atol=1e-8

e f

Fig. 11. A set of 1D space-refinement convergence experiments. Each panel shows the variation of a single convergence metric over the full range of tests with each line repre-

senting a convergence run with the linear system tolerance set to a given value.
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Equations (30) and (31) differ only in the window over which

the computation is carried out. It was decided that in long running

simulations (400 ms) that there should be two measures in the

relative L2 norm, since it is more likely that two computations agree

during either the plateau or resting phase of a cell model. If the

relative L2 norm difference quantity is measured both for the whole

simulation (rel_l2_full) and for an onset window during which all

cells are undergoing excitation (rel_l2_onset), then there is an

opportunity of gauging how sensitive this metric is to the time

window chosen.

For ease of repeatability, Table 5 shows default physiological

parameters used within these Chaste bidomain simulations while

Table 6 shows baseline parameters for the two sets of convergence

experiments that follow. There is a certain amount of post hoc used,

since the baseline values for the key parameters are themselves

results of successful convergence test: Each key parameter was

refined in a convergence experiment until rel_l2_onset� 10�2

while the other parameters were set to sensible values; then this

new value was fed into the other convergence experiments which

were re-run for repeatability. Therefore the baseline parameters

used in these tests (Table 6) also appear in the table of acceptable

parameters (Table 7).

All tests were run on 4 computational cores which reduced the

running time of each experiment. In addition to this, our experi-

ence shows that at low values of PETSc linear system solver

tolerances the solution to the linear algebra problems may vary

between sequential and parallel runs of the code. This is

presumably because values involved in the iterative solver are

subject to machine rounding when sent between processes via

MPI messages, but are not rounded when they reside in the

memory-space of a single process.

The difference in the choice of cell model solver between the

two sets of experiments is merely to demonstrate that if the choice

of ODE solver is altered or a new cell model is selected then the
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Fig. 12. Plots of the action potential at the second probe point in 1D with the linear system absolute tolerance set to 10�4. (a) The full action potential for a range of mesh

refinements with the onset window in the inset panel. (b) The action potential over the onset window for the same range of mesh refinements with the upstroke phase in the inset

panel.

P. Pathmanathan et al. / Progress in Biophysics and Molecular Biology 102 (2010) 136e155 151



convergence for Dt ODE must be re-run in order to verify that the

acceptable value of Dt ODE still holds.

7.2. Convergence criteria for 1D spatial refinement experiments

The primary purpose of this set of convergence experiments is

to investigate the viability of each of the proposed convergence

metrics given in Equations (30)e(35). A 1D mesh refinement

experiment was set up in which each of these metrics could be

recorded over a full range of mesh refinement from h¼ 0.1 cm

down to h¼ 7.8� 10�4 cm. In these experiments, we also choose to

sweep over a range of tolerances for the linear system solver in

order to illuminate the fact that the chosen tolerance is somewhat

orthogonal to the other convergence parameters. (This is true in the

mesh refinement experiments given here, but is more noticeable in

a Dt PDE experiment where halving the timestep will double the

number of invocations of the linear system solver during the

simulation.) Furthermore, these experiments give us empirical

evidence that the intracellular stimulus doubling rule mentioned

above is valid in 1D. A similar validation for the stimulus protocol in

2D is contained in Section 7.3.

The value of Dt PDE used for this experiment (10 ms) is slightly

bigger than the baseline figure of 5 ms suggested in Table 7. The

reason for this selection is that these 1D simulations are dominated
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Fig. 13. 2D convergence experiments for a range of key convergence parameters. See Table 6 for details of the parameters which are held constant. Both p-norm metrics available

are shown.

Table 5

Physiological parameters used in all convergence simulations.

Parameter Value

Cm 0.01 mFmm�2

c 140 mm�1

si 0.175 mSmm�1

se 0.7 mSmm�1
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by output and a coarsening in Dt PDE drastically reduces the running

times.

Fig. 11 shows the results of these mesh-refinement experiments

with atol being swept across a wide range of reasonable values. It is

evident from these log-log plots that when the linear system

tolerance is too loose (atolx0:1) then convergence cannot reliably

be achieved in any metric. As the tolerance is reduced down to

atol¼ 10�8 each of the p-norm type metrics has a straight line

segment, with the length of the straight part increasing as the

tolerance is decreased. The gradient of this line can be measured to

be about 1.95 on these log-log plots, which is as expect-

eddconvergence for a numerical approximation to the diffusion

equation is quadratic, O(h2). Fig. 11(a) and (b) illustrates clearly the

need to reduce the absolute tolerance (as defined by PETSc) when

refining the mesh.

While the p-normmetrics all exhibit quadratic convergence, the

APD and conduction velocity metrics are less useful. The metric

rel_velocity is perhaps the least illuminating. It shows a small

period of convergence on the coarsest meshes but then converges

to a consistent figure because the values of si
k in (35) can only be

measured or extrapolated from the nearest PDE timestep. After this

level of convergence has been achieved the value of rel_velocity is

effectively zero, although it has been rounded up to the machine

precision for the log-log plots. Similar behaviour can be seen in the

plots for the APD metrics where it appears that at all but the lowest

linear system tolerance levels, the APD90 solutions diverge slightly

from the straight line behaviour before converging to within

machine precision.

7.2.1. Choice of onset window

Since most metrics are measured from the action potential at

the second probe point it is helpful to investigate the convergence

behaviour at that node in more detail. Fig. 12 shows graphs of the

action potential at that node in the 1D experiments when

atol¼ 10�4 for a range of mesh step sizes. It is evident from the first

graph over the full simulation that the experimenter’s requirement

that the graphs should ‘look the same’ is triviallymet and that a plot

at this scale gives no indication as to whether the experiment is

converging. The corresponding plot of rel_l2_full (in Fig. 11(b))

shows that there is indeed convergence in the difference between

the graphs, but it cannot be viewed at this scale.

Fig.12(b) shows the detail during the onset windowwhen all the

cells in the simulation are undergoing excitation. Here, the plots for

the 4 coarsest meshes are individually visible, while the plots from

the 3 finest are coincident. The values of metrics for the difference

between the plot at h¼ 0.003125 cm and h¼ 0.0015625 cm are

rel_l2_onset x4� 10�3, rel_l2_full x7� 10�4 and diff_lmax_full

x1 mV.

From these data rel_l2_onsetx10�2 was chosen as a suitable

basic convergence criterion. This can be interpreted as ‘a 1%

difference in graphs’ during excitation. Its use is subjective, since

the convergence plots in Fig.11 show that there is a range of metrics

over which quadratic convergence in space-step may be main-

tained. However, if another metric is required by a user then there

is enough evidence to be able to predict a required mesh size to

meet convergence.

7.3. Convergence experiments for various parameters

We can now perform a set of convergence experiments for

a range of key convergence parameters in 2D. For each convergence

experiment the plots show rel_l2_onset and diff_lmax. rel_l2_full is

identical to rel_l2_onset since the these simulations were run for 8

ms. If we were to run these simulations for a full action potential,

then the 1D experiments in Section 7.2 predict that diff_lmax,

rel_l2_onset and rel_l2_full are well correlated.

Fig. 13 shows the outputs from these experiments. It is notice-

able that diff_lmax and rel_l2_onset arewell correlated. The log-log

gradient of the straight line section of Fig. 13(d) is about 2,

demonstrating in 2D that there is O(h2) spatial convergence. The

log-log gradient of each of the other graphs is close to 1 (1�0.01),

demonstrating that there is linear dependence on PDE timestep,

ODE timestep and linear system tolerance throughout these

experiments.

When the ODE and PDE experiments are combined (Fig.13(c)) in

a convergence experiment which has one ODE step per PDE step,

we find that the convergence is dominated by Dt ODE . This is

expected, since the required Dt ODE needed to reach the conver-

gence criterion is smaller thanDt PDE (see Table 7). The graph for the

combined experiment (Fig. 13(c)) compares well to that for the Dt

ODE experiment (Fig. 13(a)) but with each abscissa value slightly

higher. This is because of the cumulative effects of the PDE and ODE

errors in this experiment.

The linear system tolerance convergence experiments show that

there is a linear dependence on the tolerance. The relative tolerance

graph (Fig. 13(f)) is not as straight as the atol graph (Fig. 13(e))

because of the variation in the sizes of the values of fe and Vm

during each simulation. At a time when all cells are at rest

(Vmx� 90 mV), the linear system solution to a given relative

tolerance may be looser than convergence to the same relative

tolerance when the nodes are in the plateau phase (Vmx0 mV).

Also, since fe is only determined up to a constant one must be

careful to make sure that its solution can be bounded to within

a similar range to that of Vm, if one is to use a relative tolerance.

Table 7 shows the range of key timesteps and space-steps used

to produce a convergence criterion of rel_l2_onset� 10�2 (as used

for our base-line parameters). Two stricter convergence criteria are

also given for comparison.

8. Discussion

Simulation of cardiac electrophysiological activity on the tissue

or organ level with the bidomain equations is, despite the relatively

Table 6

Base-line convergence parameters for convergence simulations.

Parameter Value in Section 7.2 Value in Section 7.3

Key convergence parameters

atol Varied 2� 10�4

Dt ODE 2.5 ms 2.5 ms

Dt PDE 10 ms 5 ms

Space step (h) Varied 1.5625� 10�3 cm

Other parameters

Dimension 1D 2D

Mesh size 0.2 cm 0.2 cm� 0.2 cm

Simulation time 400 ms 8 ms

Processes 4 cores 4 cores

Output time step PDE time step PDE time step

Cell model Backward Euler

Luo-Rudy 1991

Forward Euler

Luo-Rudy 1991

Preconditioner Jacobi Block Jacobi

Linear solver CG CG

Table 7

Approximate acceptable parameters for a given accuracy.

Parameter rel_l2_

onset� 10�2

rel_l2_

onset� 5� 10�3

rel_l2_

onset� 10�3

ODE timestep 2.5 ms 1.25 ms 0.3125 ms

PDE timestep 5.0 ms 2.5 ms 0.625 ms

Space-step 1.5625� 10�3 cm 1.5625� 10�3 cm 7.8125� 10�4 cm
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simple form of the equations (a pair of parabolic PDEs, or a para-

bolic PDE and an elliptic one), linear except for the reaction terms,

coupled to a set of ODEs), an extremely computationally-

demanding procedure, largely due to the disparate spatial and

temporal scales involved, the singular nature of the PDEs, and the

complexity of the physiological cell models that have been

proposed. In this paper, we have investigated several of the stages

involved in such computational models. We began by describing

conditions of compatibility for the bidomain equations, and dis-

cussed their implications on possible choices of stimulus current.

We have described efficient and stable spatial and temporal dis-

cretisations, stated a method for fast assembly of the load vector b,

and described techniques for efficiently solving (a very large

number of) ODEs. We investigated methods for solving the singular

linear system, discovering that the conjugate gradient method on

the original singular matrix is the most effective (compared to

methods of converting the matrix into a non-singular matrix), and

that the null-space adaptation in linear solvers in the library PETSc

can have a useful stabilising effect. We also discussed effective

parallel implementation, as well as devising reliable convergence

experiments and determining suitable choices of each of the main

numerical parameters (stating quantitatively the expected error in

given norms with these choices).

Several, but not all, of these results carry through to simulation

of electrophysiologial activity using the monodomain equations,

(12) and (13). Since the PDE in the monodomain equations is

a single reaction-diffusion equation in a single unknown, V, the

equation is not singular, so there are no compatibility conditions on

the stimulus current, and any volume or surface stimulus is

possible, as long as it does not hyper-polarise or over-polarise any

cells. This also means that the linear system is non-singular, so

there is no need to consider different solversdsince the system is

also symmetric, conjugate gradients is the obvious choice.

However, the semi-implicit time-discretisation applies equally to

the monodomain equations as the bidomain equations, and the

matrix-based assembly of the load vector b is just as important for

the monodomain equations. The discussions of methods of solving

the ODEs and parallel implementation also fully apply to mono-

domain problems. Although not verified, it is expected that the

choice of numerical parameters proposed in the convergence

experiments for the bidomain equations are also suitable choices

for monodomain equations.
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