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1 Introduction

Let Q C R? be a bounded domain with boundary I'. Consider the Navier—Stokes equations in
primitive variables with the following boundary conditions

w—vAu+ (u-Viu+Vp = f in Q x (0,7T), (1.1a)
divu = 0 in Q x (0,7), (1.1b)

u(x,t) = u’(x,t) onIlpx(0,7), (1.1¢)

n-o = 0 on 'y x (0,7), (1.1d)

with initial condition u(x,0) = uy(x) in . Here n is the outward normal to I' and o =
—pI + 2ve(u) is the Cauchy stress tensor, with ¢ = $(Vu + (Vu)?), the symmetric part of the
velocity gradient.

Fully-implicit and semi-implicit time discretization schemes [25, pp. 438-441] coupled with
a Picard linearization of the non-linear part lead to the following Oseen-type problem

—vAu+ (b-V)u+fu+Vp = f inQ, (1.2a)
divu = 0 in (1.2b)

u = u* onlp, (1.2¢)

n-oc = 0 only, (1.2d)

where 6, typically of order O(1/At), is due to the time discretization and b is a divergence-free
vector field which arises from the Picard linearization.
A mixed stabilized finite element formulation of (1.2) leads to the following system of equa-

tions (see Section 3)
_( F Bi x.\ (L
fx= ( By —C ) (Xp> - (fp> . (13)

where F' is a vector advection-diffusion operator, B!, By are discrete gradient and divergence
operators including stabilization terms and C' is a stabilization matrix.

Since the size of K is usually large, we restrict our attention to iterative solution methods
for the system (1.3). In particular, we note here that two major classes of iterative solution
methods are (i) multigrid methods; (ii) Krylov subspace methods. Both have been shown to
be successful solvers for various choices of discretizations of (1.1) as well as for various ranges
of the viscosity parameter v; we refer the reader to [8],[37] for a comparison of some of these
methods.

In this work we analyze the performance of a preconditioning technique employed in con-
junction with a Krylov subspace method. However, the resulting preconditioner could also be
used in certain multigrid iterations, e.g., [33], which employ a pressure solution method (see
below).

In general, the solution of (1.3) is usually sought in two different ways:

e a global approach, where the solution x is computed iteratively.



A Krylov subspace approach employs an iterative solver such as GMRES or BiCGStab [27]
with right or left preconditioners; some popular choices are given respectively by

_(F B! ([ F O
e (57). me(F2) »

where S is an approximation to the pressure Schur complement S = C + By F~'Bt. We note
here that if S = S convergence is guaranteed in at most 3 iterations [24].

e a pressure solution method, where x, is eliminated from (1.3) and then the solution x,
is computed iteratively; x, is then found in terms of x,.
This approach leads to a system for x, of the form

Sx, = B F'f, — £, (1.5)

which, when solved iteratively, also needs an approximation to S.

It is clear that both approaches need to approximate (i) the Schur complement S and (ii)
the vector ‘advection—diffusion-reaction’ operator F. Assuming that the latter task can be
effectively achieved ([]) we concentrate on approximations of the Schur complement.

We first note that for the Stokes problem a useful approximation of the Schur complement
is due to Cahouet and Chabard [4]

S= (M7 +0A 1" (1.6)

where M, and A, are the projections of the identity and the Neumann Laplacian operators
onto the pressure space. We note also that in the case of the steady-state Stokes equations
(1.6) becomes

S=M,/v, (1.7)

the analysis of which proves its effectivity for this problem [35], [29], [19].

Naturally, the above choices of S were considered for the Navier-Stokes equations and
in particular for the Oseen problem (1.2). Results are reported in [9], [19], [20] for steady-
state problems and for stable formulations. We also note here the multigrid approach in [33]
which requires an approximation of the Schur complement; the approach in [33] uses among
other choices the preconditioner (1.6) to solve the pressure Schur complement problem (1.5).
Analytic and numerical results in the above references show that the preconditioned system
has a spectrum independent of the mesh parameter and conclude that convergence is mesh-
independent. However, the viscosity parameter v is also an important parameter and it is
desirable that convergence be independent of or mildly dependent on v as v — 0. For example,
the choice (1.7) yields a number of iterations which was shown to increase linearly with 1/v
([19]); moreover, numerical results in [19], [20] seem to indicate that the preconditioner is useful
for a limited range of v. That the convergence rate deteriorates as v — 0 is a somewhat expected
result since the non-normality of S cannot be matched by the symmetric preconditioner (1.6).

Alternative preconditioners which tried to deal with the non-symmetry inherent in the Schur
complement were proposed in [9] and [18]. Elman suggested the approximation

(S)"' = (BB")"'BFB'(BB")™"



for stable formulations for which By = B, = B. This choice reduces the dependence on v
to /2 but introduces an k' dependence for the number of iterations. Moreover, though
efficiently applied to the MAC finite difference scheme, the implementation for finite elements
requires a further efficient approximation for (BB!)~' which does not always have a straight-
forward implementation.

The choice of preconditioner we analyze in this paper was introduced in [18] and is given by

(S) ' =M, 1FAY (1.8)

with M,, A, defined as above and F, the projection onto the pressure finite element space of
the velocity operator of equation (1.2a), —vA + b -V + 6. Note that when b = 0 we recover
the preconditioner (1.6). The numerical results presented in [18] together with those in [10]
show no mesh dependence and a dependence on v of order v~/ or less. Our analysis confirms
and refines these results. We provide mesh-independent bounds on the eigenvalues of the
preconditioned system for the general case of time-dependent, stabilized problems. Moreover,
our bounds are shown numerically to be descriptive with respect to the parameters in the
problem. We show in particular that the modulus of the eigenvalues of the preconditioned
system grows like R = ||b||12(q)/v, which for problems with length scale O(1) is the Reynolds
number, and demonstrate that this leads to the number of iterations growing linearly with
RY?. As a byproduct of our analysis, we confirm the bounds in [9] for the steady-state case
with § = M, /v and extend them to the case of stabilized problems.

The paper is structured as follows. In Section 2 we derive the preconditioner for the time-
dependent problem (1.1) with the general set of boundary conditions (1.1c, 1.1d). In Section
3 we present the weak formulation of problem (1.2) and consider the stabilized formulation
and some useful related bilinear forms. Moreover, we derive results for the discrete operators
arising from our mixed stabilized finite element formulation. Section 4 presents the main results,
Theorem 8 and Theorem 9 which establish eigenvalue bounds for preconditioners (1.7), (1.8).
Finally Section 5 investigates the issue of spectral description of convergence for iterative solvers
with special emphasis on pseudo-spectral bounds.

2 Derivation of preconditioner

The preconditioner (1.8) was originally derived for the steady-state Navier-Stokes equations in
[18]. We include here an alternative derivation which includes more general boundary conditions
and takes into account time-dependent schemes.

Consider the following modified Oseen equations in  C R?

—vAu+ (b-V)u+6u+Vp = f inQ, (2.1a)
divu = g inQ, (2.1b)

u = u" onlp, (2.1c)

vn-Vu = np ony, (2.1d)

We note here the presence of g on the right side of equation (2.1b). This will allow us to derive
the continuous pressure Schur complement and subsequently find a useful approximation to



it. Galdi [12] considered problem (2.1) for the case b = (1,0),c = 0 in order to calculate
the fundamental solution tensor for the resulting Oseen operator, including the inverse of the
corresponding Schur complement in R2.

Let G(x,y) = G(x,y)I; be the Green’s tensor for a system of d advection—diffusion-reaction
equations with boundary conditions (2.1c, 2.1d). The solution u of equation (2.1a) for a given
p is then given by (see [23, p. 66])

/G x,y)(f(y) — Vyp(y))dy

/ G (x,y)n(y)p(y)dT(y) — / ' (y)n(y) - VyG(x, y)dT(y),

which simplifies to

u(x) = / G(x,y)E(y)dy + / grad, G(x, y)p(y)dy — / w* (y)n(y) - VyG(x, y)dT(y).
Using (2.1b) we get

divx/gradyG(X,y)p(y)dy :g—divx/
Q

Q

Glx y)f(y)dy+divs [ ' (v)on(y)- VGl y)dr()

I'p
This suggests the following definition.

Definition 1 The continuous pressure Schur operator S is given by

Sp(x) = divx/QgradyG(x, y)p(y)dy. (2.2)

The pressure Schur operator is not available in closed form in general. One way to circumvent
this problem is to replace the Green’s function for the advection—diffusion-reaction operator
G(x,y) with the corresponding fundamental solution which we denote by G(x). This function
is known to always exist [15] and it is even available in closed form for special cases of b [21].
However, we are interested in the following identity

div cgrad,G(y — x) = —AxG(y — x),

which leads to our continuous approximation S of the Schur operator &

x) = — A / G(y — x)p(y)dy

Remark 1 Our approximation does not depend on the boundary conditions for the Oseen prob-

lem (2.1).
We also note that the approximation S with G restricted to €2 can be defined via
(—vA+b-V+0)p(x) = p(x) in €, (2.3a)
Sp = —A¢(x) in Q. (2.3h)

However, the above equations do not uniquely define S. Numerical investigations in [18] suggest
the following boundary conditions

n-V¢=0 onI. (2.4)
together with the pressure constraint (p, 1) = 0, where (-, ) is the usual L?*(Q)-inner product.



3 Problem formulation

Consider the following Oseen problem arising from the linearization of the time-dependent
Navier-Stokes equations (1.1) in R?

—vAu+ (b-V)u+60u+Vp = f
divu = 0 in (),

u = u

0

n-o =

where 6 is a non-negative constant and b € [H'(Q)]* N [L>(Q)]?, with divb = 0. We also
assume that n-b > 0 on 'y which is a standard, mild restriction (see [26]).
A mixed formulation of problem (3.1) involves choosing appropriate spaces

V O HLQP = {¢ € [H' () : ¢ [r,= 0}, P C LUQ) = {pe L*() : (p,1) = 0}
for the velocity and pressure respectively and results in the following weak formulation

Given f € [L*(Q)]?, find (u,p) € H =V x P such that

B(u,p;v,q) = F(v,q) V(v,q) € H, (3:2)
where
B(w,r;v,q) =v(Vw,Vv) + (b Vw + 0w, v) — (r,divv) — {g,divw) (3.3)
and F'is a linear functional on H given by
F(v,q) = (f,v).

Existence and uniqueness of solutions to problems of type (3.2) is guaranteed provided the
following conditions hold for all (w,r), (v,q) € H ([1])

|B(w,7;v,q)| < Ci|lw,rl|ullv,qlla (3-4a)
B(w,r;v,
Sup Blw.riv,q) > Collv, qllm (3.4b)
wrermfoy 1w, rllm
B .
sup Blw,riv,q) > Cs||lw, 7| (3.4¢)

waeroy IV qlla

where || - ||y is a suitable norm on H =V x P.

Let H" = (V" P") C (V, P) = H be a pair of finite element spaces of functions defined on
the corresponding subdivisions 7" of € into simplices T' with diameter hy. Let £" denote the
set of inter-element boundaries and let A~ = maxy hy. A stable finite element discretization of
(3.2) requires that the discrete versions of equations (3.4) obtained by replacing H with H" are
satisfied with constants independent of the discretization parameters. While condition (3.4a)



can be shown to be satisfied for example with respect to the norm ||w, 7|z = (|w|? + ||7]|2)"/?,
conditions (3.4b, 3.4c) lead to the following well-known inf-sup stability condition [2]

(q, divw)

sup > Csllq]lo VgqePpP" (3.5)

weVh\{0} ||W||Vh

which is not automatically satisfied for any choice of finite element spaces. One way of circum-
venting this problem is to choose a stabilized discrete formulation of (3.2)

Find (u,p) € V" x P" such that for all (v,q) € V" x P"

Bs(u,p;v,q) = Fs5(v,q), (3.6)

where

Bs(w,r;v,q) = B(w,r;v,q) + g (divw,divv) — o Z he (rle, [4)E) 5

Eec&h
+ ) or (—vAwW +b - Vw + 0w + Vr, prAv + b - Vv — V)7,
TeTh
Fs(v,q) = (f,v) + Z or (£, pvAv +b - Vv —Vq),
TeTh

and Jp is a non-negative mesh function with generic parameter 6 = maxy dr which tends to
zero as h — 0 .
The above formulation is equivalent to the saddle-point problem

Find (u,p) € V" x P" such that for all (v,q) € V" x P"

a(u,v) +bi(v,p) = (f,v)+ Z o (f, pvAv +b - Vv), (3.7a)
TeTh
bo(u,q) +c(p,q) = — Y or (£, V), (3.7b)
TeTh

where

a(w,v) =v(Vw,Vv) + (b-Vw,v) + 0 (w,v) + 3 (divu,divv)

+ Y 6 (~vAW + b Vw + fw,vAv + b V), (3:8)
TeTh
bi(v,r) = —(divv,r) Z ép (—vAv —b-Vv,Vr), (3.9)
TeTh
bo(w,q) = —{(divw,q) Z or (—vAw +b - Vw + 0w, Vg),. (3.10)
TeTh

clr,a) = = 3 6 (VrVa)y—a 3 he{m lde)s (311)

TeTh Ecégh



We note that for the case of piecewise constant basis elements for the pressure space P" the
first term in (3.11) vanishes, while for continuous elements the term involving jumps across
inter-element boundaries is zero.

For various choices of parameters one can recover the various stabilization schemes previ-
ously proposed:

e p=0, ##0, # =0: the SUPG formulation of Brooks and Hughes [3]

e p=0, #0, 0 #0: the SUPG formulation of Hansbo and Szepessy[14]

p==1, f#0, 8 =0: the formulation in Franca and Frey [11]

p=20, 3=0, 8 =0: the penalty method of Tobiska and Lube [31] — we note that this
method had also the penalty term, Y ;.. 7 (Vr, V), included.

e p=—1, =0, 0 =0: the least-squares formulation of Zhou and Feng [38]

Note that in all the above references # = 0 = 0. The case o # 0, which allows for discontinuous
pressure across inter-element boundaries is considered for example in [26]. Although we are
interested in solving the time-dependent problem with both low-order methods (o # 0) and
high-order methods (o = 0) we consider the above formulation only for continuous elements
(0 =0), but otherwise in its full generality with 0, 3, p # 0; for simplicity we set p = 1.

We will find it useful to introduce the following modified bilinear form

§5(W7 ryv, Q) = d(W, V) + bl (Va T) + bZ(Wa Q) + 6(T7 q) (312)
where

a(w,v) = v(Vw,Vv)+0(w,v)+ 3 (divu,divv) + % / (b-n)(w-v)dl'

'y

+ ) 0r (—vAw +b - Vw + 0w, vAv + b - V),

é(r,q) = —(T+1) Z or (Vr, V)

with T to be defined later. Note that a(-,-) was chosen so that a(v,v) = a(v, v) for v.€ V",
We also need to introduce suitable norms on V* and H". We first note that after integration
by parts

. 1
a(V,V):V|V|f+9||V||3+/3||d1VV||3+—/ b-n|v[*dl' =) or[[vAv|[5,+)  orllb - V|5
'y

2 TeTh TeTh
1
+0) 5TV/F 50 V) v[?dTr —0 ) orv|v[i+0 ) 5T/F b-nlv[’dlr
TETh T TeTh TETh T



defines a norm on V" if it is positive for all v € V*\ {0}. This property holds for a particular

choice of d7. Let || - ||n: VP = R, ||-,-||n : H" — R be defined by
vl = a(v,v)
Ivally = vl + - lall
We have

Lemma 1 Let v,w € V" and assume the following inverse inequality holds for all v € V"
|AVIoa < phi V¥ llor, 1> 0.
Let 67 = ah?. /v with o < min {2/(3p?),v/(h*0)}. Then || - ||n is a norm on V" with
a(v,v) = a(v,v) = [lvl;

and there exist constants Cy, 50 such that

b

WIIWHhHVIIh, a(w,v) < CollwllllvIla

a(w, V) S C(0

where b = ||b|o-

Proof See Appendix. [ ]

Lemma 2 Let H" = (V" P") be a pair of finite element spaces and let 67 = ah? /v with o
satisfying the restrictions in Lemma 1. Let also T' in (3.12) satisfy T' = max{(),éo_1 — 1}.
Then there exist constants Cy, Cy such that

Bs(w,7;v,q)| < Collw,rllallv,qlls  V(w,r),(v,q) € H" (3.13a)
B .
sp  BTVD s e gl W(v,g) € (3.13b)
(w,r)eH"\{0} w7l
B .
sup Bs(w,riv,q) > Cyllw,rlly  Y(w,r)€ H" (3.13¢)
waernoy Vsl
Proof See Appendix. |

3.1 Discrete operator results

In this section we derive the results necessary in the analysis of preconditioned iterations for
the discrete problem (3.6). First we introduce some notation and conventions.

Given a matrix M € R""  we denote by o;(M), \;(M) the ith largest singular value and
eigenvalue or M respectively. Moreover, the following are standard results [17]

(M) < o (M), (3.14a)
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where H(M) = (M + M?")/2. Finally, the set

x*Mx

X*X

3'“(]\/[):{ ,XE(C”\{O}}
is called the field of values of M.

Let 7" be a subdivision of  into simplices T; let hr(resp. 7r) be the diameter of the
smallest disc containing T' (resp. largest disc contained in T') and let

h=maxhy, 1= min L.
T T h

In the following we consider quasi-uniform families of subdivisions which satisfy 7 > 75 > 0 for
all h.

Let (w,7), (v,q) € H". We define the following discrete operators

(Fw,v) = a(w,V) (3.15a)
(Aw,v) = %(G(W,V)+a(v,w)) (3.15b)
(Nw,v) = %(a(w,v)—a(v,w)) (3.15¢)
(Biv,r) = bi(v,7) (3.15d)
(Bow,q) = ba(w,q) (3.15e)
(Cryq) = —c(r,q) (3.15f)
(Mpr,q) = (r,q) (3.15g)

With a standard abuse of notation, we let the above operators denote also their respective
representations in our choice of bases for H". We note here that under the assumption of mesh
uniformity one can show that there exist constants v, such that
t
x'M,x
Th? < —E= <Th? vx € R™ \ {0}. (3.16)

X"X

Moreover, we assume the following inverse inequality holds for functions ¢ € P"\ {0}

MIVallo < nllallo (3.17)
which yields the following bound
X'Ox o’ vx € R™ \ {0} (3.18)
xtMpyx — v . .

The above choice of finite element spaces produces the following block matrix problem

(ngé><§z>:<%,> (3.19)
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where FF' = A+ N and we denoted by x, the vector of coefficients of the velocities u;, i = 1,2
expanded in the basis of V" and by x, the vector of coefficients of the pressure p" expanded in
the basis of P".

With this choice of finite element spaces, Lemma 1 yields the following discrete operator
results

x'Fx x'Fy b
- - < Cy— R" \ {0}.
xtAx’ (xtAx)'/2(ytAy)'/2 — COV %y € R\ {0}

Similar relations can be derived for the Rayleigh quotient involving the inverses of F' and A.
We have

1=

x!F~'x _ yiFly
xtA-1x yly

where FF = A=12FA-12 = [+ A-12NA-'2 =T 4+ Nisa normal matrix since N is a skew-
symmetric matrix. Under this assumption, the field of values of F'~' satisfies [16, p. 11]

F(F™) = Co(A(FT)
where C'o(x) denotes the convex hull of a set x. Thus,

t -1 3
XF x min Re(F(F 1))

min —_—
xeRm\{0} xt A~ 1x

= mkin Relg(F 1)

= minRe 1~
B A(F)
k 1+ A(N)

1

~ |2
maxy ‘)\k(F)

L v(v+0)
COIT

v

We also have

x'F~1x

max —————
xeRr\{0} xtA~1x

= maxRe(F(F 1)

< max ak(Ffl)
1

mink O'k(F)
< 1.

We summarise these results in the following
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Lemma 3 Let A,F = A+ N be defined as in (3.15). Then

x'Fx v(v+0) < x'F'x

=1 Ct <1.
xt Ax ’ 0

b2 — xtA-lx —

In order to derive similar results involving the matrices By, Bo we employ Lemma 2. The
inf-sup condition (3.13b) with v = 0 leads to the following discrete inequality

' (B!
X ) ¢)x
C (xf](Mp/l/)xq> < max

X X ¢ 1/2
TR ) @)

where (x}, x/)" € R**™ \ {0} is the vector of coefficients of (w”,7") in the basis for H" and

Vx, € R™,

C=T+1)C.
Hence
y t A-l2pt
w I x
. sz (Mp/v) x4 12 . (yr> <_ (MP/V)_1/20> ’
Cy min — < min max ra—Ev: )
xqER™\{0} XgXq xg €ER™\{0} (Yuw,¥r) ||(yw yr) || ||Xq||

after setting y,, = AY?x,,,y, = (M,/v)"/?x,. Thus

Co\? (My[v) < o7 ( <_(A§;;L2B§/zé>>

and standard singular value inequalities [16, p. 149] yield the following bound
CoAy*(M,/v) < o (B1ATY?). (3.20)

Similarly, using the continuity relation (3.13a) with v = 0,r" = 0 we get

1/2 1/2
sup x., Bix, < C} (XfUAxw> (XZ(MP/Z/)XQ> (3.21)

Xuw,Xq
Similar results can be derived for B, which together with (3.21) give

Lemma 4 Let the assumptions of Lemma 2 hold and let A, B, M,, be defined as above. Then
there exist constants C3,Cy such that

x'B; A" Blx 1
L ——_— g , =1,2 3.22
xe%lw?\}%o} xt Myx =3y ! T ( )

B! B h?
max 2% ool g (3.23)
xeRm\{0} x!Ax v
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Proof Note first that (3.21) leads to the following bound on the singular values of B; A~'/2
op(B;A™?) < Cy AP (M, Jv)
Thus,

'B;A"'B!
max M < o1 (B;AT'BY)
x€R™\ {0} xix
ot (B;A™Y?)

<
< CIZAI(MP/V)

and the first part follows immediately with C3 = C2. On the other hand, since for any
rectangular matrix R we have maxy oy (R)? = maxy M\ (R'R), we can divide (3.21) by

(foAxw)l/ % and then square the result to get

1
C2rh?= > max A (A2 BB ATY?)
14

xtA_l/QBfBiA_l/Qx
N xeﬂrélﬂ?\)f{ﬂ} xix
~ max VBB
yerm\{o} y'Ay

3.2 Discrete representation of the preconditioner

We recall here the approximation (2.3) to the continuous Schur complement (2.2) derived in
Section 2

(—vA+b-V+0)p(x) = p(x) in Q, (3.24a)
Sp = —Ap(x) in €, (3.24b)
n-Vo = 0 on I (3.24c¢)

In order to derive the discrete form of our preconditioner, we project (3.24) onto L2(9). In
particular, we choose to project equation (3.24a) in the same way as we projected the velocity
operator in equation (3.1a). Let p, ¢ € P" and let a(-,-) be defined as in (3.8). We seek (Sp)"
such that

a(¢,v) = (p,¥) (3.25a)
(Bp)'v) = (Vo, V) (3.25b)
for all ) € P". Let q,r € P". Defining the discrete operators
(Foq,ry = alg,r),
(Myq, ) {g,r),
(Apg,r) = (Vg Vr),
(Spar) = ((Sq)'sr),
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equations (3.25) become
F,& = M,p,
Spp = A9,

where p, ® are the vectors of coefficients of p, ¢ in the basis of P".

Remark 2 Since P" ¢ P C L3(Q) the operators F,, A, are non-singular. This is due to the
constraint (p, 1) = 0 imposed on functions of P". Therefore the inverse of F, exists and we can

write the projection 0f§ onto P" as

Sp = A F, ' M, (3.26)
We note here that the Poincaré inequality [5, p. 12]
lallo < C()[IValle Vg € P*\ {0} (3.27)
together with (3.16) and (3.17) yield the bound
yh?  x'Ayx
< <ql R™\ {0}. 2

We end this section with the following two results.

Theorem 5 Let F,, A, be defined as above. Then
IF, AL < Cob + Csh.

Proof Let H,, N, be defined by

(Hyar) = 3 (ala,r) +a(r,q)
(Nya,r) = 5 (ala,r) — afr,a))
= 5 (sla,r) = ()

(qu7T> = 5(Q7T)7

where

s(q,r) = (b-Vq,r)—GZ5T <b'q’T>T+9’/Z§T/F n- Vg rdl.
T T N

Then F,, = H, + N, N, = (Qp — Q;)/Z and
_ _ 1 _ _
15, A < IHp A |+ 5 (1204, o @p A -

Let g = > (q)i%;, r = > (r)i1; be arbitrary (pressure) grid functions defined on Q. Then
it is easy to see that

(Hpq,q)
|s(q,7)]

71 (4pq,q) (3.29)

<
< y2blgllirlo, (3.30)



for some constants vy, v2. In particular

1 = max {I/, 6b%,23,C(Q)8, C(2)86/2, C’(Q)Hbé} =C(Q

under the assumption that v is small and d, 3 decrease with the mesh parameter. Inequal-

ity (3.29) gives

tH tH
Q4,9  d'q
where ﬁp = A;l/QHpA;Iﬂ. We get

I A P = g 222 1

IA
)
—
¥
=
&
™

< 7?0 (0)%*2.
On the other hand, inequality (3.30) gives

|d'Qpr|

FOTR IR yob(a'4,q)'/? VYq,r € R™\ {0}.
Setting r = (,q we get

|a'Q4Qq|
(thprprQ)

y (3.16), |a'QLM,Qpq| < Th? |q'Q4Q,q|. Thus

' Q' Qpal'? < 12T /2h(q A,q)/? Vg € R™ \ {0}.

and hence

tNHt
QA7 P = ma LD
aek™\{0} q'4;q
tA
Y3HPTH? max 03
ackm\{0} q’A;q

2b2rh2 C(Q)
Y

IN

h™ 2

IN

= Mb?
Y

Similarly we get |Q}A,!||> < b*/3TC(9/ and therefore

B ro(Q)\ M2
H&%Wsmvmw+w( (» b

1/2
and the result follows with C5 = nI'C'(Q2),Cs = ¥2 (%(Q)) .

7 < 120(q'4,q)'? Vg e R™\ {0}.

)9’

15
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One can also show that the operator Apr*I is bounded. In fact, this follows from the following
result which can be found in [22].

Let A be a uniformly elliptic operator and let A,u” = f" denote the discretization of Au = f
with given boundary conditions. Let B be another elliptic operator with the same boundary
conditions and let B;, denote its discretization.

Theorem 6 (Manteuffel and Parter, 1989) Let A, B be defined as above and let Ap, By, be
the corresponding discretizations given a finite element space S™. Moreover assume that the
following conditions hold for f € L*(Q),u € H*(Q),u" € S"

[ullzz) < Ki(Af @), (3.31a)
lAulley < Ka(A)ullmo, (3.31b)
1A = A flleay < B2 Mi(A) | fllzxe), (3.31c)
||Ahuh||L2(Q) < h_2M2(A)||uh||L2(Q). (3.31d)
and similarly for B, By,. Then there exists a constant M (A : B) such that
14nB; | < M(A: B),
Proof See [22], Theorem 5.2. |

Theorem 7 Let Ay, F), be defined as above. Then
1 1
145, | < G

Proof Follows from Theorem 6 with A, = Aj,, Fj, = B;, by noting that the corresponding
constants satisfy M (A), Ma(A), K2(A) = O(1), K1(B), Ms(B) = O(v71). |

Remark 3 The above result requires H? reqularity of our solution which may exist for special
domains such as convexr polygons. We note here that a result which does not need such a
restriction can be found in [13]. However, although the authors prove independence of the mesh
parameter, their result does not yield the right v dependence. In practice the above bound seems
to hold without any regularity restrictions.

4 Singular value and eigenvalue bounds

Theorem 8 Let S = C + BoF ' Bl denote the Schur complement associated with the Oseen
problem. Then there exist constants Cg,Cy such that

2

1
MY < Ce=. ||M, S~ < .
ISM;| < G, [1M,57] < Comg
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Corollary 8 A The modulus of the eigenvalues of S’Mlj1 15 bounded independently of the mesh

parameter h.

_11/—'—9

Cq < [Ni(SM,; )| < 08%.

2 -

Theorem 9 Let S, ' = M, FyASt and let S = C + ByF~' By be the Schur complement for
the Oseen problem. Then

0+0b
155, < Cro——,

b2
< _
< Cu v(v+0)

(A

Proof Follows immediately from the following inequalities together with the bounds of
Theorem 8 and Theorem 5

15851 < ISM; I E A, 1S58~ < 4, Fy 1 M,S~ .
||

Corollary 9A The modulus of the eigenvalues of SSZ;I is bounded independently of the mesh

parameter h.

v(v+0) _ 0+0b
IT < ‘)\i(ssp 1)‘ < Ci o

Before we prove Theorem 8 some remarks are in place. First, the bounds derived above are
descriptive. Thus, the bounds on the eigenvalues of SM,~ L appear to be more promising from a
preconditioning point of view. On the other hand, the Schur complement is a non-normal matrix
and preconditioning by the symmetric matrix M, is bound to deteriorate as the non-normality
increases, which is the case when v — 0. As we will see in Section 5, the preconditioner S,
manages to capture the non-normality of S and the result is better convergence of iterative
solvers, as demonstrated in [18]. Finally, we note that both preconditioners exhibit mesh
independence. However, while the number of iterations for preconditioner M, grows initially
with h to settle for a constant value, the number of iterations for preconditioner S, decreases
with h to settle for a considerably lower value (see [18] for details).

Ch

Proof of Theorem 8 Since ||SM, || < |[|[BoF*B{M, || 4+ |[CM, ||, we derive bounds
for each of the terms on the right hand side. We have

|BF7'BIM 'x||” = x'M;'BiFT'ByBF~' BIM,'x
1
< Cah?~x'M, B\ F~'AF ™' BIM, 'x

1
= Cuh®x'M; B\ F~'BiM, 'x

1
< Cuh?x'M, By AT BIM %
1
< 0304h2—2xtM;1x
v

IN

1
103y .
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Since
_ _ _ 1/2
loM < 1M oMy 2 kP (M)

1/2

Y

T\ 2 x!Cx
= |- max

v x  x!Mpyx

T 1/2 a,yQ
(5)
the first bound follows with C7 = (yC3Cy4)'/2 + (F/f)/)l/2 al2.
To obtain the second bound note that

IMpSTH™H = om(SM;)

om(S)/01(Mp)

om(BoF'BY) /oy (M,) (since C' is positive semi-definite)
. xtBQF’ley

I A T

v v

v

Now, since By, By have full rank, we can introduce x = A~ '/2Bix,y = A~1/2Bly such
that
. xtBQF_ley ) itA1/2F_1A1/2S’
minmax ——————>= = minmax
<y x[] lyll x 1=l [yl
 RARPIARy |A2BY] A2l
= minmax R
x 1%l 1]l [4] Il
O (F~ Yo (B1ATY?) 0, (By A™1/?)

(v +0) o b
PV Y o2,
b2 277

Y

> ¢

and the result follows with Cgs = 500 /C3. |

5 Convergence analysis

5.1 Bounds for the GMRES algorithm

In this section we consider the convergence behaviour of GMRES applied to the global system
(1.3) with coefficient matrix K and preconditioned with right preconditioner P defined in
(1.4), (1.8). In particular, we consider bounds on the norm of the residuals r* generated after
k iterations of the GMRES algorithm applied to a system with coefficient matrix K= KPgl
of the form

< min K
||I‘0|| _pk(o):1||pk( )

l (5.1)



19

where p; denotes a polynomial of degree k.

Various bounds for the right-hand side of (5.1) have been proposed in the literature, although
it is not clear which is sufficiently descriptive given any particular problem. For our problem,
many of these bounds are not applicable. For example, the field of values bound of Eiermann [6]
together with the bounds of Starke [30] and Elman [7] require that the origin is not contained
in the field of values of the system matrix. Numerical experiments indicate that this is not the
case for K. Moreover, the classical eigenvalue-eigenvector bound of Saad [27]

I .
< ko (V Al 5.2
e = ) e e ) 52)

assumes an eigenvector decomposition K = VAV~ and involves the 2-norm condition number
ko(V) of the eigenvector matrix V' which in our case turns out to grow with decreasing mesh-size.

Thus we turn to the following pseudo-spectral bound of Trefethen [32] which seems to be
appropriate for our preconditioned system. Let

A(K) = {z € C: (I — K)7| > 5‘1}

denote the e—pseudo-spectrum with contour length £(I'.) of our preconditioned system matrix.
Then the residuals r¥ in the GMRES iteration satisfy

min  max 2)|, 5.3
c0]] = 2me Pr(0)=1 zeA (R) pk(2)] (5.3)

Given the independence of the mesh parameter of the spectrum of K proved in Theorem 5 it is
not unreasonable to assume that the e—pseudo-spectrum also is mesh-independent (although
this is not true in general) to obtain the following result.

Theorem 10 The GMRES algorithm converges in a number of iterations independent of the
mesh-parameter.

Proof Follows immediately since under the above assumption both A.(K) and £(T.) are
independent of the mesh parameter. [ |

In the following section we present numerical results which validate the above assumption and
the results in Theorem 9.

5.2 Numerical results

In this section we present numerical results for a standard 2D test problem: the regularized
driven-cavity flow. The domain is the unit square with boundary I'y = () and zero boundary
conditions except for u*(z,y = 1) = 162?(1 — x)?. The problem was solved for a range of
v between 1/10 and 1/5000, for a range of time-steps At = 1/6 and for a range of mesh
parameters.
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5.2.1 Steady-state problems

We used the weak formulation (3.7) with 5 = 6 = 0 and d7 as suggested in [11]. Two methods of
discretization were employed: the so-called Q2-Q1 and Q1-Q1 discretizations. These methods
correspond to a choice of finite element space H" = V" x P" of piecewise polynomials of degree
two for velocities and degree one for pressure defined on quadrilateral subdivisions of Q2 (Q2-Q1)
and piecewise linear polynomials for both velocity and pressure (Q1-Q1). Other discretizations
are tested in [18].

3.5 : : 3
3r 2.5
2.5¢ ol
2 15
L5 ] 1 |
/ —— \; h=1/16 —— \; h=1/16
1k - -©—- \; h=1/32 05t -©- \; h=1/32
—— \; h=1/64 —— \; h=1/64
| o; h=1/16 | o; h=1/16
05 & o; h=1/32 0 o; h=1/32
0 ‘ o; h=1/64 05 ‘ o; h=1/64
0 1 2 3 0 1 2 3
(a) Cavity flow: Q2Q1 (b) Cavity flow: Q1Q1

Figure 1: Loglog plot of max; |\;| (0;) versus ||ul/v.

The eigenvalues of the preconditioned system together with the singular values are displayed
in Figs 1, 2 for three mesh parameters and a range of v. The figures show loglog plots of the
moduli of the eigenvalues (singular values) versus the quantity ||u||/v which appears in the
result of Theorem 9. The GMRES performance for the same range of v and for the same mesh
parameters is presented in Fig. 3, which is also a loglog plot of the average number of GMRES
iterations over the Picard steps versus |lu||/v. Here ||u|| represents the L?*(Q2)-norm of the
solution of the last Picard step.

First, we note that the spectrum, the singular values and the GMRES performance are
indeed mesh-independent as predicted by the theory. Moreover, we note that the singular value
bound of Theorem 9 turned out to be remarkably descriptive for this problem for both the
smallest and the largest eigenvalues and for any v or h. Indeed, the dependence on ||ul|/v of
the extreme singular values is mirrored by the extreme moduli of the eigenvalues.

On the other hand, the dependence on ||ul|/v of the singular values and of the spectrum
is also correctly predicted by the theory. Fig. 1 displays a linear increase of the maximum
singular value with ||u||/v for all ranges of v and for all mesh sizes. This growth seems to be
directly related to the GMRES performance as seen in Fig. 3, although the bound (5.3) is not
particularly descriptive with respect to this parameter. Thus, the number of GMRES iterations
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seems to grow like (||ul|/»)'/2, a result which was noted also in [21], [10]. We also note that
in [10] it is also conjectured that the GMRES performance does not depend on the smallest
modulus eigenvalues.

The smallest modulus eigenvalue decreases, as predicted, like (v/|lu||)?, although this bound
is attained for smaller values of v. Fig. 2 shows a plateau which indicates that the smallest
modulus eigenvalue seems to be independent of both h and v for larger values of v. However,
for smaller values of v the smallest modulus eigenvalue settles for a quadratic decrease with
respect to v. We conjecture that this quadratic decrease noticed for smaller values of v may be
related to the fact that a critical point is approached (around v—' = 10,500, see [28]).

Finally, we present in Figs 4, 5 e—pseudo-spectra of the preconditioned system for different
values of v and h. More precisely, we chose to display the pseudo-spectra corresponding to the
main cluster of eigenvalues around z = 1. The rest of the spectrum consists of isolated eigen-
values of modulus that grows linearly with ||u||/v (including the largest modulus eigenvalue).
The number of these isolated eigenvalues grows slowly with ||ul|/v. It is argued in [10] that
this eigenvalue migration from the cluster around z = 1 is responsible for the deterioration in
GMRES convergence. However, this argument necessarily uses the bound (5.2) which we found
unsuitable to describe convergence due to the large and mesh-dependent factor ro(V).

As conjectured in Theorem 10, there is no dependence on the mesh parameter of the pseudo-
spectrum as can be seen in Fig. 4 (the pseudospectrum actually shrinks as h is reduced!). This
essentially indicates that the non-normality of the system matrix K due to this parameter was
‘captured’ by the preconditioner Pg. As expected, on the other hand, we note in Fig. 5 a
clear dependence with respect to v. In particular, the size of the e—pseudospectrum seems to
increase with decreasing v with the immediate consequence that the bound (5.3) deteriorates.
This is parallelled by a deterioration in the GMRES performances, which leads us to conjecture
that the bound (5.3) is tight.

-0.5 -1
_1.2,
_1,
_1.4,
-1.5} -1.61
_1.8,
_2,
_2,
—— \; h=1/16 —— \; h=1/16
~25| o= A h=1/32 1 722 o \h=132
— \; h=1/64 _5 4| — \; h=1/64
\ 2.4
-3 o, h=1/16 \l | o; h=1/16
o; h=1/32 N -2.6 o; h=1/32
35 o; h=1/64 ‘ - o; h=1/64 ‘
0 1 2 3 0 1 2 3
(a) Cavity flow: Q2Q1 (b) Cavity flow: Q1Q1

Figure 2: Loglog plot of min; |\;| (0;) versus ||ul|/v.
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2 i 2 :
—— h=1/16 —— h=1/16
187 | .o~ h=1/32 1 1.87| -e- h=1/32
—— h=1/64 — h=1/64
1.67 ] 1.61
1.4 1.4r
1.2} 1.2}
1t 1l
0.8f 0.8
0.6y 0.6
04 ' : 0.4 : :
0 1 2 3 0 1 2 3
(a) Cavity flow: Q2Q1 (b) Cavity flow: Q1Q1

Figure 3: Loglog plot of the number of GMRES iterations versus ||u||/v.

[ h=1/16 S [ h=1/16
h=1/32 h=1/32

BN //f TN

ot <”;;></ \3 [¢) 1 or < ) C)

N\ v N
\er” -
-0.5 ] -0.5r
O
_1 L L L _1 L L L
0.5 1 1.5 0.5 1 1.5
(a) v =1/160 (b) v =1/320

Figure 4: Spectrum and e—pseudo-spectrum set of I?; e =102

5.2.2 Time-dependent problems

We used the Q2-Q1 discretization as in the steady-state case with the stabilization terms
switched off ( = dr = 0). The Oseen problem (1.2) arising from a backward Euler time-
stepping routine together with Picard linearization was solved for various choices of 6. The
results are presented in Figs 6, 7, 8. We first note that the bounds established in Theorem 9
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Figure 5: e—pseudospectrum set ofl? for various values of v; e = 1072
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0 -3
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Figure 6: Loglog plot of max; |A;| (min; |\;|) versus 1/v for various values of 6.

hold, although some of them are not as tight. The bound on the largest modulus eigenvalues is
still descriptive as can be seen from Fig. 6(a). However, the smallest modulus eigenvalue seem
to be bounded away from the origin independently of v and whenever § > 0 (Fig. 6(b)). The
quadratic decrease with respect to v predicted analytically is therefore pessimistic.

Finally, the GMRES performance is presented in Fig. 7. We note that for # > 0 the
average number of GMRES iterations becomes almost insensitive with respect to v. This can
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1.4 6=4
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12 0=16
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Figure 7: Loglog plot of the number of GMRES iterations versus 1/v for various values of 6.
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Figure 8: e—pseudospectrum set ofl? for various values of v; € = 1072,

be explained again via a pseudo-spectral argument. Fig. 8 displays the pseudo-spectra for
various values of v and for two values of #. We note that the larger # is the smaller the
increase in the pseudo-spectral sets. Moreover, they seem to extend more slowly to the origin
compared to the case § = 0, which makes approximation problem (5.3) easier and leads to the
improvement in GMRES performance exhibited in Fig. 7.
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The performance of the preconditioner for the Oseen problem introduced in [18] was analyzed
with respect to the relevant parameters. Although the analysis led to descriptive bounds for
the spectrum and the singular values, the performance of GMRES could only be considered in
terms of the associated pseudo-spectra. The theoretical results also hold for the pseudo-spectra
as demonstrated in our experiments. Thus, mesh-independent bounds for the performance of
iterative solvers can be derived. Numerical experiments also indicate that although GMRES
exhibits mesh-independent convergence, its performance deteriorates like the square-root of the

Conclusion

Reynolds number. However, this is a result that remains to be established analytically.

Acknowledgements. The computation of the pseudo-spectral plots was greatly speeded up

with the help of Tom Wright and his MATLAB pseudo-spectra GUI version 2.1 [36].
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Appendix

Proof of Lemma 1. We first need to prove that || - ||, is a norm on V". We have (cf.

(3.8))

1 .
a(v,v) :y|v|’4{+§/ b-n|v|*dl + 0|v[[5 + Bldivv[i + D> drllb- Vi,
Iy TeTh

- Z SrllvAv([ - + Z or (Ov,vAv +b - Vv),,
TeTh TeTh

1
>ulvit+3 [ benlvdr+olvi+ gldivvi+ 3 drib- Vvl
N TeTh

1
—awt 3 vivltr =5 | 3 drlovige+ 3 brlvaviis
TeTh TeTh TeTh

1
—5 | X arlovigy + S orlib- vy
TET TeTh

1
> (1 —ap®)v|v[i + —/ b-n|v|*dl + (1 - 08)0||v][5 + Blldiv v
2 Jry
1 1
t5 Z or(lb- V|55 — 504M2V|V|%,
TeTh

which is positive due to our choice of a.
If we now prove the continuity bound for a(-,-), the bound for a(:,-) follows from

1 1/2 1/2
la(w,v)| < l|a(w,v)| + blw|i]|v]o + 3 </ b-n |w|2 dI‘) </ b-n |v|2 dF)
'y 'y

and the inequality

blwhlvlo <C 75 1wl v,

b
(v +0)
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where C' = max {1, C(Q2)} and C(2) the constant arising in the Poincaré inequality (3.27).
Applying the Cauchy-Schwartz inequality (3, a;)?> < n Y, a? to the terms comprising
a(w,v) we get

ja(w, v)|* < 10 {*[w[|v[T + 6%|[wli[|VII§ + 52l div wii]ldiv v

1
+ = (/ b-n|w|2dF> (/ b-n|v|2dI‘>
4 FN l—‘N

4
+ > 0 (AWSIAVIE - + AW plb - VVIE - + VIAVIE£lb - VwlF 1)
TeTh

+ > 07 (b - VW[ £llb - Vv
TeTh

52 + Ol wli§ 7l Av

|3,T +0%||w

|3,T b - VVH%,T)

and the result follows since every term on the right hand side can be bounded by a term
in the product ||w”(|2||v"||? times a constant Cy = Cy(u,n, 2) for sufficiently small h. m

To prove Lemma 2 we need the following lemma which can be found in [34]

Lemma 11 Let (v p") € H". Then

<divvh,ph> ~ (1, ni2 vz hZ. L
s T 2 G (SIR) -G X T

h h
vhev TeTh

1/2
g,T) ) (71)

for some constants C1, Cs.

Remark 4 We note here that if 2 is a function for which the supremum is attained then the
scaling z" = ~z" will yield the same supremum. Given p" € P" we choose v to be given by

3 = 0= of ] 5o that
1 1/2
AT BT AID
2 = (S118)
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Proof of Lemma 2. With the supremum in (7.1) scaled as above we have
E(Wharh;_zhao) = (Whazh) _bl(zharh)

—a
> —G’OHWhHhHZhHh + <divzh,rh> — Z or <1/Azh, Vrh>T — Z or <b - Vzh, Vrh>T

TeTh TeTh
1/2
~ ~ 1 1/2 - h2
> ~Galw Il + G (LI1R) - 01"~ G | XTIV | ity
TeTh
1/2 1/2 1/2 1/2
A DA TS DI\ T I I S A S P B ) S A
TeTh TeTh TeTh TeTh

~ (€ 1 ~ (1 el
> ~Go (51 + o181 ) + G (vla"R + S 1115

~ 1 €
— (ap + Ca /) %V|zh|f +3 Z o7V e3¢
TeTh

1 €
| 5% Z 5T||b-VzhH3,T+§ Z or|IVr 1§ ¢
TeTh TeT"

5 Eih Lo 1 ~ ~RN h
> o (51w + 5117 ) = o | n+ Cofar= Cupla + 3 allb- Vet
TeTh

~ el h € ~ h
F O — o+ Cofata) [ 3 orllVrt3 s
TeT"
~ € 1 ~ ~ ~ €l € ~
> G WM IR — 5o+ Ca)lla I} + Cr g 11 — (o + Cofart @) 3 oo 2
TeTh
> _EwhlZ 4 G- L2 — @vh2
> ~Gullw'IR + Cs 13— G5 Y0 "TIwr B
TeTh
where we set C5 = max{l,a,u +Cy/a+ a} ,Cs = Che/2 — (Cy + C3)/(2¢) and we chose
€ such that 65 > 0.
On the other hand,
B(w", rtwh, —rh) = a(wh, wh) + by (wh, ") — bo(wh, PP — E(r", ")
> Collw!|l} +2 Y or(b- V', vit) +(T+1) Y or| Vet
TeTH TeTH

~ 1
> Collw|lf — e > orlb- Vw5 - - S oIVt G + @ +1) > ol Vrtg .
TeTh TeTh TeTh

>Cr [ Iw" 7+ > orllvelgr |
TeTh
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where we chose € < 60,F = max{O, 1/50 — 1} and we set 67 = max{éo —e'+1-— l/e}.

Hence, setting (v" h

B(w", rhvh ")

. -1
> (Cr — pCy)Iw" I + pC5;||7°hII3

aqh):(w —pz,

—r") we get

= é(wh, rh; —zh, 0) + é(wh, rh; Wh, —rh)

~ ~ h2
+(Cr=pCs) Y ~EIVr 5
TeTh

> Gy (||wh||h+ I h||0)

with p = min {6’764_1, 6766_1}. Since

V" 1% +

1
~llg" 5 < 2(Iw" 17 + p*I12"17) +

1
a3
1
h h
= 2w} + (267 + 1) 1}

< (uwh||h+ I h||o)

we get
B(wh. rh- B(vh h _ h.yh b ~
sup Slwh’)" Vh qh) h(v +hpz ahq 7vhaqh) > Co \v/( h h)GHh
(whamyerm oy W M lallv", ¢ ln — (V" + pz", —¢"[allv", ¢" ||
B(wh . rh- Blwh. rh-wh h _.h _
sup SLwhr Vh,qh) Elwhr Wh Pha Th) >0y V(whrh) e H"
whgmern qoy WM Ipllvh g lln = [[wh, rh|, |[wh — pzh, —rh{|,
[ ]
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