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21 Introdu
tionLet 
 � R2 be a bounded domain with boundary �. Consider the Navier{Stokes equations inprimitive variables with the following boundary 
onditionsut � ��u + (u � r)u +rp = f in 
� (0; T ); (1.1a)divu = 0 in 
� (0; T ); (1.1b)u(x; t) = u�(x; t) on �D � (0; T ); (1.1
)n � � = 0 on �N � (0; T ); (1.1d)with initial 
ondition u(x; 0) = u0(x) in 
. Here n is the outward normal to � and � =�pI+ 2�"(u) is the Cau
hy stress tensor, with " = 12(ru+ (ru)t), the symmetri
 part of thevelo
ity gradient.Fully-impli
it and semi-impli
it time dis
retization s
hemes [25, pp. 438{441℄ 
oupled witha Pi
ard linearization of the non-linear part lead to the following Oseen-type problem���u + (b � r)u + �u+rp = f in 
; (1.2a)divu = 0 in 
; (1.2b)u = u� on �D; (1.2
)n � � = 0 on �N ; (1.2d)where �, typi
ally of order O(1=�t), is due to the time dis
retization and b is a divergen
e-freeve
tor �eld whi
h arises from the Pi
ard linearization.A mixed stabilized �nite element formulation of (1.2) leads to the following system of equa-tions (see Se
tion 3) Kx = � F Bt1B2 �C ��xuxp� = �fufp� : (1.3)where F is a ve
tor adve
tion{di�usion operator, Bt1; B2 are dis
rete gradient and divergen
eoperators in
luding stabilization terms and C is a stabilization matrix.Sin
e the size of K is usually large, we restri
t our attention to iterative solution methodsfor the system (1.3). In parti
ular, we note here that two major 
lasses of iterative solutionmethods are (i) multigrid methods; (ii) Krylov subspa
e methods. Both have been shown tobe su

essful solvers for various 
hoi
es of dis
retizations of (1.1) as well as for various rangesof the vis
osity parameter �; we refer the reader to [8℄,[37℄ for a 
omparison of some of thesemethods.In this work we analyze the performan
e of a pre
onditioning te
hnique employed in 
on-jun
tion with a Krylov subspa
e method. However, the resulting pre
onditioner 
ould also beused in 
ertain multigrid iterations, e.g., [33℄, whi
h employ a pressure solution method (seebelow).In general, the solution of (1.3) is usually sought in two di�erent ways:� a global approa
h, where the solution x is 
omputed iteratively.



3A Krylov subspa
e approa
h employs an iterative solver su
h as GMRES or BiCGStab [27℄with right or left pre
onditioners; some popular 
hoi
es are given respe
tively byPR = � F Bt1O bS � ; PL = � F OB2 bS � ; (1.4)where bS is an approximation to the pressure S
hur 
omplement S = C + B2F�1Bt1. We notehere that if bS = S 
onvergen
e is guaranteed in at most 3 iterations [24℄.� a pressure solution method, where xu is eliminated from (1.3) and then the solution xpis 
omputed iteratively; xu is then found in terms of xp.This approa
h leads to a system for xp of the formSxp = B2F�1fu � fp (1.5)whi
h, when solved iteratively, also needs an approximation to S.It is 
lear that both approa
hes need to approximate (i) the S
hur 
omplement S and (ii)the ve
tor `adve
tion{di�usion{rea
tion' operator F . Assuming that the latter task 
an bee�e
tively a
hieved ([℄) we 
on
entrate on approximations of the S
hur 
omplement.We �rst note that for the Stokes problem a useful approximation of the S
hur 
omplementis due to Cahouet and Chabard [4℄ bS = (�M�1p + �A�1p )�1 (1.6)where Mp and Ap are the proje
tions of the identity and the Neumann Lapla
ian operatorsonto the pressure spa
e. We note also that in the 
ase of the steady-state Stokes equations(1.6) be
omes bS =Mp=�; (1.7)the analysis of whi
h proves its e�e
tivity for this problem [35℄, [29℄, [19℄.Naturally, the above 
hoi
es of bS were 
onsidered for the Navier{Stokes equations andin parti
ular for the Oseen problem (1.2). Results are reported in [9℄, [19℄, [20℄ for steady-state problems and for stable formulations. We also note here the multigrid approa
h in [33℄whi
h requires an approximation of the S
hur 
omplement; the approa
h in [33℄ uses amongother 
hoi
es the pre
onditioner (1.6) to solve the pressure S
hur 
omplement problem (1.5).Analyti
 and numeri
al results in the above referen
es show that the pre
onditioned systemhas a spe
trum independent of the mesh parameter and 
on
lude that 
onvergen
e is mesh-independent. However, the vis
osity parameter � is also an important parameter and it isdesirable that 
onvergen
e be independent of or mildly dependent on � as � ! 0. For example,the 
hoi
e (1.7) yields a number of iterations whi
h was shown to in
rease linearly with 1=�([19℄); moreover, numeri
al results in [19℄, [20℄ seem to indi
ate that the pre
onditioner is usefulfor a limited range of �. That the 
onvergen
e rate deteriorates as � ! 0 is a somewhat expe
tedresult sin
e the non-normality of S 
annot be mat
hed by the symmetri
 pre
onditioner (1.6).Alternative pre
onditioners whi
h tried to deal with the non-symmetry inherent in the S
hur
omplement were proposed in [9℄ and [18℄. Elman suggested the approximation(bS)�1 = (BBt)�1BFBt(BBt)�1



4for stable formulations for whi
h B1 = B2 = B. This 
hoi
e redu
es the dependen
e on �to ��1=2 but introdu
es an h�1 dependen
e for the number of iterations. Moreover, thougheÆ
iently applied to the MAC �nite di�eren
e s
heme, the implementation for �nite elementsrequires a further eÆ
ient approximation for (BBt)�1 whi
h does not always have a straight-forward implementation.The 
hoi
e of pre
onditioner we analyze in this paper was introdu
ed in [18℄ and is given by(bS)�1 =M�1p FpA�1p ; (1.8)with Mp; Ap de�ned as above and Fp the proje
tion onto the pressure �nite element spa
e ofthe velo
ity operator of equation (1.2a), ��� + b � r + �. Note that when b = 0 we re
overthe pre
onditioner (1.6). The numeri
al results presented in [18℄ together with those in [10℄show no mesh dependen
e and a dependen
e on � of order ��1=2 or less. Our analysis 
on�rmsand re�nes these results. We provide mesh-independent bounds on the eigenvalues of thepre
onditioned system for the general 
ase of time-dependent, stabilized problems. Moreover,our bounds are shown numeri
ally to be des
riptive with respe
t to the parameters in theproblem. We show in parti
ular that the modulus of the eigenvalues of the pre
onditionedsystem grows like R = kbkL2(
)=�, whi
h for problems with length s
ale O(1) is the Reynoldsnumber, and demonstrate that this leads to the number of iterations growing linearly withR1=2. As a byprodu
t of our analysis, we 
on�rm the bounds in [9℄ for the steady-state 
asewith bS =Mp=� and extend them to the 
ase of stabilized problems.The paper is stru
tured as follows. In Se
tion 2 we derive the pre
onditioner for the time-dependent problem (1.1) with the general set of boundary 
onditions (1.1
, 1.1d). In Se
tion3 we present the weak formulation of problem (1.2) and 
onsider the stabilized formulationand some useful related bilinear forms. Moreover, we derive results for the dis
rete operatorsarising from our mixed stabilized �nite element formulation. Se
tion 4 presents the main results,Theorem 8 and Theorem 9 whi
h establish eigenvalue bounds for pre
onditioners (1.7), (1.8).Finally Se
tion 5 investigates the issue of spe
tral des
ription of 
onvergen
e for iterative solverswith spe
ial emphasis on pseudo-spe
tral bounds.2 Derivation of pre
onditionerThe pre
onditioner (1.8) was originally derived for the steady-state Navier{Stokes equations in[18℄. We in
lude here an alternative derivation whi
h in
ludes more general boundary 
onditionsand takes into a

ount time-dependent s
hemes.Consider the following modi�ed Oseen equations in 
 � Rd���u + (b � r)u + �u+rp = f in 
; (2.1a)divu = g in 
; (2.1b)u = u� on �D; (2.1
)�n � ru = np on �N ; (2.1d)We note here the presen
e of g on the right side of equation (2.1b). This will allow us to derivethe 
ontinuous pressure S
hur 
omplement and subsequently �nd a useful approximation to



5it. Galdi [12℄ 
onsidered problem (2.1) for the 
ase b = (1; 0); 
 = 0 in order to 
al
ulatethe fundamental solution tensor for the resulting Oseen operator, in
luding the inverse of the
orresponding S
hur 
omplement in R2 .LetG(x;y) = G(x;y)Id be the Green's tensor for a system of d adve
tion{di�usion{rea
tionequations with boundary 
onditions (2.1
, 2.1d). The solution u of equation (2.1a) for a givenp is then given by (see [23, p. 66℄)u(x) = Z
G(x;y)(f(y)�ryp(y))dy+ Z�N G(x;y)n(y)p(y)d�(y)� Z�D u�(y)�n(y) � ryG(x;y)d�(y);whi
h simpli�es tou(x) = Z
G(x;y)f(y)dy + Z
 gradyG(x;y)p(y)dy� Z�D u�(y)�n(y) � ryG(x;y)d�(y):Using (2.1b) we getdiv x Z
 gradyG(x;y)p(y)dy = g�div x Z
G(x;y)f(y)dy+div x Z�D u�(y)�n(y)�ryG(x;y)d�(y):This suggests the following de�nition.De�nition 1 The 
ontinuous pressure S
hur operator S is given bySp(x) = divx Z
 gradyG(x;y)p(y)dy: (2.2)The pressure S
hur operator is not available in 
losed form in general. One way to 
ir
umventthis problem is to repla
e the Green's fun
tion for the adve
tion{di�usion{rea
tion operatorG(x;y) with the 
orresponding fundamental solution whi
h we denote by G(x). This fun
tionis known to always exist [15℄ and it is even available in 
losed form for spe
ial 
ases of b [21℄.However, we are interested in the following identitydiv xgradyG(y � x) = ��xG(y � x);whi
h leads to our 
ontinuous approximation bS of the S
hur operator SbSp(x) = ��x Z
 G(y � x)p(y)dy:Remark 1 Our approximation does not depend on the boundary 
onditions for the Oseen prob-lem (2.1).We also note that the approximation bS with G restri
ted to 
 
an be de�ned via(��� + b � r+ �)�(x) = p(x) in 
; (2.3a)bSp = ���(x) in 
: (2.3b)However, the above equations do not uniquely de�ne bS. Numeri
al investigations in [18℄ suggestthe following boundary 
onditionsn � r� = 0 on �: (2.4)together with the pressure 
onstraint hp; 1i = 0, where h�; �i is the usual L2(
)-inner produ
t.



63 Problem formulationConsider the following Oseen problem arising from the linearization of the time-dependentNavier{Stokes equations (1.1) in R2���u + (b � r)u + �u+rp = f in 
; (3.1a)divu = 0 in 
; (3.1b)u = u� on �D; (3.1
)n � � = 0 on �N ; (3.1d)where � is a non-negative 
onstant and b 2 [H1(
)℄2 \ [L1(
)℄2, with divb = 0. We alsoassume that n � b � 0 on �N whi
h is a standard, mild restri
tion (see [26℄).A mixed formulation of problem (3.1) involves 
hoosing appropriate spa
esV � [H1E(
)℄2 = �� 2 [H1(
)℄2 : � j�D= 0	 ; P � L20(
) = �p 2 L2(
) : hp; 1i = 0	for the velo
ity and pressure respe
tively and results in the following weak formulationGiven f 2 [L2(
)℄2, �nd (u; p) 2 H = V� P su
h thatB(u; p;v; q) = F (v; q) 8(v; q) 2 H; (3.2)where B(w; r;v; q) = � hrw;rvi+ hb � rw + �w;vi � hr; divvi � hq; divwi (3.3)and F is a linear fun
tional on H given byF (v; q) = hf ;vi :Existen
e and uniqueness of solutions to problems of type (3.2) is guaranteed provided thefollowing 
onditions hold for all (w; r); (v; q) 2 H ([1℄)jB(w; r;v; q)j � C1kw; rkHkv; qkH (3.4a)sup(w;r)2Hnf0g B(w; r;v; q)kw; rkH � C2kv; qkH (3.4b)sup(v;q)2Hnf0g B(w; r;v; q)kv; qkH � C3kw; rkH (3.4
)where k � kH is a suitable norm on H = V� P .Let Hh = (Vh; P h) � (V; P ) = H be a pair of �nite element spa
es of fun
tions de�ned onthe 
orresponding subdivisions T h of 
 into simpli
es T with diameter hT . Let Eh denote theset of inter-element boundaries and let h = maxT hT . A stable �nite element dis
retization of(3.2) requires that the dis
rete versions of equations (3.4) obtained by repla
ing H with Hh aresatis�ed with 
onstants independent of the dis
retization parameters. While 
ondition (3.4a)



7
an be shown to be satis�ed for example with respe
t to the norm kw; rkH = (jwj21 + krk20)1=2,
onditions (3.4b, 3.4
) lead to the following well-known inf-sup stability 
ondition [2℄supw2Vhnf0g hq; divwikwkVh � C2kqk0 8 q 2 P h (3.5)whi
h is not automati
ally satis�ed for any 
hoi
e of �nite element spa
es. One way of 
ir
um-venting this problem is to 
hoose a stabilized dis
rete formulation of (3.2)Find (u; p) 2 Vh � P h su
h that for all (v; q) 2 Vh � P hBÆ(u; p;v; q) = FÆ(v; q); (3.6)where BÆ(w; r;v; q) = B(w; r;v; q) + � hdivw; divvi � � XE2Eh hE h[r℄E; [q℄EiE+ XT2T h ÆT h���w + b � rw + �w +rr; ���v + b � rv �rqiTFÆ(v; q) = (f ;v) + XT2T h ÆT hf ; ���v + b � rv �rqiTand ÆT is a non-negative mesh fun
tion with generi
 parameter Æ = maxT ÆT whi
h tends tozero as h! 0 .The above formulation is equivalent to the saddle-point problemFind (u; p) 2 Vh � P h su
h that for all (v; q) 2 Vh � P ha(u;v) + b1(v; p) = hf ;vi+ XT2T h ÆT hf ; ���v + b � rviT (3.7a)b2(u; q) + 
(p; q) = � XT2T h ÆT hf ;rqiT (3.7b)where a(w;v) = � hrw;rvi+ hb � rw;vi+ � hw;vi+ � hdivu; divvi+ XT2T h ÆT h���w + b � rw + �w; ��v + b � rviT (3.8)b1(v; r) = �hdivv; ri � XT2T h ÆT h���v � b � rv;rriT (3.9)b2(w; q) = �hdivw; qi � XT2T h ÆT h���w + b � rw + �w;rqiT (3.10)
(r; q) = � XT2T h ÆT hrr;rqiT � � XE2Eh hE h[r℄E; [q℄EiE : (3.11)



8We note that for the 
ase of pie
ewise 
onstant basis elements for the pressure spa
e P h the�rst term in (3.11) vanishes, while for 
ontinuous elements the term involving jumps a
rossinter-element boundaries is zero.For various 
hoi
es of parameters one 
an re
over the various stabilization s
hemes previ-ously proposed:� � = 0; � 6= 0; � = 0: the SUPG formulation of Brooks and Hughes [3℄� � = 0; � 6= 0; � 6= 0: the SUPG formulation of Hansbo and Szepessy[14℄� � = �1; � 6= 0; � = 0: the formulation in Fran
a and Frey [11℄� � = 0; � = 0; � = 0: the penalty method of Tobiska and Lube [31℄ { we note that thismethod had also the penalty term, PT2T h � hrr;rqiT in
luded.� � = �1; � = 0; � = 0: the least-squares formulation of Zhou and Feng [38℄Note that in all the above referen
es � = � = 0. The 
ase � 6= 0, whi
h allows for dis
ontinuouspressure a
ross inter-element boundaries is 
onsidered for example in [26℄. Although we areinterested in solving the time-dependent problem with both low-order methods (� 6= 0) andhigh-order methods (� = 0) we 
onsider the above formulation only for 
ontinuous elements(� = 0), but otherwise in its full generality with �; �; � 6= 0; for simpli
ity we set � = 1.We will �nd it useful to introdu
e the following modi�ed bilinear formeBÆ(w; r;v; q) = ~a(w;v) + b1(v; r) + b2(w; q) + ~
(r; q) (3.12)where ~a(w;v) = � hrw;rvi+ � hw;vi+ � hdivu; divvi+ 12 Z�N (b � n)(w � v)d�+ XT2T h ÆT h���w + b � rw + �w; ��v + b � rviT~
(r; q) = �(� + 1)XT2T ÆT hrr;rqiTwith � to be de�ned later. Note that ~a(�; �) was 
hosen so that ~a(v;v) = a(v;v) for v 2 Vh.We also need to introdu
e suitable norms on Vh and Hh. We �rst note that after integrationby partsa(v;v) = �jvj21 + �kvk20 + �kdivvk20 + 12 Z�N b � n jvj2 d��XT2T h ÆTk��vk20;T +XT2T h ÆTkb � rvk20;T+ � XT2T h ÆT� Z�T 12(n � r) jvj2 d�T � � XT2T h ÆT�jvj21 + � XT2T h ÆT Z�T b � n jvj2 d�T



9de�nes a norm on Vh if it is positive for all v 2 Vh n f0g. This property holds for a parti
ular
hoi
e of ÆT . Let k � kh : Vh ! R; k�; �kh : Hh ! R be de�ned bykvk2h := a(v;v)kv; qk2h := kvk2h + 1� kqk20:We haveLemma 1 Let v;w 2 Vh and assume the following inverse inequality holds for all v 2 Vhk�vk0;T � �h�1T krvk0;T ; � > 0:Let ÆT = �h2T=� with � < minf2=(3�2); �=(h2�)g. Then k � kh is a norm on Vh witha(v;v) = ~a(v;v) = kvk2hand there exist 
onstants C0; eC0 su
h thata(w;v) � C0 b[�(� + �)℄1=2kwkhkvkh; ~a(w;v) � eC0kwkhkvkhwhere b = kbk0.Proof See Appendix. �Lemma 2 Let Hh = (Vh; P h) be a pair of �nite element spa
es and let ÆT = �h2T=� with �satisfying the restri
tions in Lemma 1. Let also � in (3.12) satisfy � = maxn0; eC�10 � 1o.Then there exist 
onstants C1; C2 su
h that��� eBÆ(w; r;v; q)��� � C1kw; rkhkv; qkh 8(w; r); (v; q) 2 Hh (3.13a)sup(w;r)2Hhnf0g eBÆ(w; r;v; q)kw; rkh � C2kv; qkh 8(v; q) 2 Hh (3.13b)sup(v;q)2Hhnf0g eBÆ(w; r;v; q)kv; qkh � C2kw; rkh 8(w; r) 2 Hh (3.13
)Proof See Appendix. �3.1 Dis
rete operator resultsIn this se
tion we derive the results ne
essary in the analysis of pre
onditioned iterations forthe dis
rete problem (3.6). First we introdu
e some notation and 
onventions.Given a matrix M 2 Rn�n , we denote by �i(M); �i(M) the ith largest singular value andeigenvalue or M respe
tively. Moreover, the following are standard results [17℄�n(M) � j�i(M)j � �1(M): (3.14a)�n(H(M)) � �n(M) � �1(H(M)); (3.14b)



10where H(M) = (M +M t)=2. Finally, the setF(M) = �x�Mxx�x ;x 2 C n n f0g�is 
alled the �eld of values of M .Let T h be a subdivision of 
 into simpli
es T ; let hT (resp. �T ) be the diameter of thesmallest dis
 
ontaining T (resp. largest dis
 
ontained in T ) and leth = maxT hT ; � = minT �Th :In the following we 
onsider quasi-uniform families of subdivisions whi
h satisfy � � �0 > 0 forall h.Let (w; r); (v; q) 2 Hh. We de�ne the following dis
rete operatorshFw;vi = a(w;v) (3.15a)hAw;vi = 12 (a(w;v) + a(v;w)) (3.15b)hNw;vi = 12 (a(w;v)� a(v;w)) (3.15
)hB1v; ri = b1(v; r) (3.15d)hB2w; qi = b2(w; q) (3.15e)hCr; qi = �
(r; q) (3.15f)hMpr; qi = hr; qi : (3.15g)With a standard abuse of notation, we let the above operators denote also their respe
tiverepresentations in our 
hoi
e of bases for Hh. We note here that under the assumption of meshuniformity one 
an show that there exist 
onstants 
;� su
h that
h2 � xtMpxxtx � �h2 8x 2 Rm n f0g : (3.16)Moreover, we assume the following inverse inequality holds for fun
tions q 2 P h n f0ghkrqk0 � �kqk0 (3.17)whi
h yields the following boundxtCxxtMpx � ��2� 8x 2 Rm n f0g : (3.18)The above 
hoi
e of �nite element spa
es produ
es the following blo
k matrix problem� F Bt1B2 �C �� xuxp � = � fufp � (3.19)



11where F = A+N and we denoted by xu the ve
tor of 
oeÆ
ients of the velo
ities ui; i = 1; 2expanded in the basis of Vh and by xp the ve
tor of 
oeÆ
ients of the pressure ph expanded inthe basis of P h.With this 
hoi
e of �nite element spa
es, Lemma 1 yields the following dis
rete operatorresults 1 = xtFxxtAx ; xtFy(xtAx)1=2(ytAy)1=2 � C0 b� 8x;y 2 Rn n f0g :Similar relations 
an be derived for the Rayleigh quotient involving the inverses of F and A.We have xtF�1xxtA�1x = yt ~F�1yytywhere ~F = A�1=2FA�1=2 = I + A�1=2NA�1=2 = I + ~N is a normal matrix sin
e N is a skew-symmetri
 matrix. Under this assumption, the �eld of values of ~F�1 satis�es [16, p. 11℄F( ~F�1) = Co(�( ~F�1))where Co(�) denotes the 
onvex hull of a set �. Thus,minx2Rnnf0g xtF�1xxtA�1x = minRe(F( ~F�1))= mink Re�k(~F�1)= mink Re 1�k( ~F )= mink Re 11 + �k( ~N)= 1maxk ����k( ~F )���2� C�10 �(� + �)b2 :We also have maxx2Rnnf0g xtF�1xxtA�1x = maxRe(F( ~F�1))� maxk �k( ~F�1)= 1mink �k( ~F )� 1:We summarise these results in the following



12Lemma 3 Let A; F = A+N be de�ned as in (3.15). ThenxtFxxtAx = 1; C�10 �(� + �)b2 � xtF�1xxtA�1x � 1:In order to derive similar results involving the matri
es B1; B2 we employ Lemma 2. Theinf-sup 
ondition (3.13b) with vh = 0 leads to the following dis
rete inequalityC2�xtq(Mp=�)xq�1=2 � max(xw;xr) �xwxr�t�Bt1� ~C�xq �xwxr�t� A OO Mp=� ��xwxr�!1=2 8xq 2 Rm ;where (xtw xtr)t 2 Rn+m n f0g is the ve
tor of 
oeÆ
ients of (wh; rh) in the basis for Hh and~C = (� + 1)C.Hen
eC2 minxq2Rmnf0g�xtq (Mp=�)xqxtqxq �1=2 � minxq2Rmnf0g max(yw;yr) �ywyr�t� A�1=2Bt1�(Mp=�)�1=2 ~C�xqk(ytw ytr)tkkxqk ;after setting yw = A1=2xw;yr = (Mp=�)1=2xr. ThusC2�1=2m (Mp=�) � �m�� A�1=2Bt1�(Mp=�)�1=2 ~C��and standard singular value inequalities [16, p. 149℄ yield the following boundC2�1=2m (Mp=�) � �m(B1A�1=2): (3.20)Similarly, using the 
ontinuity relation (3.13a) with vh = 0; rh = 0 we getsupxw;xq xtwBt1xq � C1�xtwAxw�1=2�xtq(Mp=�)xq�1=2 (3.21)Similar results 
an be derived for B2 whi
h together with (3.21) giveLemma 4 Let the assumptions of Lemma 2 hold and let A;B;Mp be de�ned as above. Thenthere exist 
onstants C3; C4 su
h thatmaxx2Rmnf0g xtBiA�1BtixxtMpx � C3 1� i = 1; 2; (3.22)maxx2Rmnf0g xtBtiBixxtAx � C4h2� i = 1; 2: (3.23)



13Proof Note �rst that (3.21) leads to the following bound on the singular values of BiA�1=2�k(BiA�1=2) � C1�1=21 (Mp=�)Thus, maxx2Rmnf0g xtBiA�1Btixxtx � �1(BiA�1Bti)� �21(BiA�1=2)� C21�1(Mp=�)and the �rst part follows immediately with C3 = C21 . On the other hand, sin
e for anyre
tangular matrix R we have maxk �k(R)2 = maxk �k(RtR), we 
an divide (3.21) by�xtwAxw�1=2 and then square the result to getC21�h2 1� � maxk �k(A�1=2BtiBiA�1=2)= maxx2Rmnf0g xtA�1=2BtiBiA�1=2xxtx= maxy2Rmnf0g ytBtiBiyytAy : �3.2 Dis
rete representation of the pre
onditionerWe re
all here the approximation (2.3) to the 
ontinuous S
hur 
omplement (2.2) derived inSe
tion 2 (��� + b � r+ �)�(x) = p(x) in 
; (3.24a)bSp = ���(x) in 
; (3.24b)n � r� = 0 on �: (3.24
)In order to derive the dis
rete form of our pre
onditioner, we proje
t (3.24) onto L20(
). Inparti
ular, we 
hoose to proje
t equation (3.24a) in the same way as we proje
ted the velo
ityoperator in equation (3.1a). Let p; � 2 P h and let a(�; �) be de�ned as in (3.8). We seek (bSp)hsu
h that a(�;  ) = hp;  i (3.25a)D(bSp)h;  E = hr�;r i (3.25b)for all  2 P h. Let q; r 2 P h. De�ning the dis
rete operatorshFpq; ri = a(q; r);hMpq; ri = hq; ri ;hApq; ri = hrq;rri ;hSpq; ri = D(bSq)h; rE ;



14equations (3.25) be
ome Fp� = Mpp;Spp = Ap�;where p;� are the ve
tors of 
oeÆ
ients of p; � in the basis of P h.Remark 2 Sin
e P h � P � L20(
) the operators Fp; Ap are non-singular. This is due to the
onstraint hp; 1i = 0 imposed on fun
tions of P h. Therefore the inverse of Fp exists and we 
anwrite the proje
tion of bS onto P h as Sp = ApF�1p Mp: (3.26)We note here that the Poin
ar�e inequality [5, p. 12℄kqk0 � C(
)krqk0 8q 2 P h n f0g (3.27)together with (3.16) and (3.17) yield the bound
h2C(
) � xtApxxtx � �� 8x 2 Rm n f0g : (3.28)We end this se
tion with the following two results.Theorem 5 Let Fp; Ap be de�ned as above. ThenkFpA�1p k � C6b + C5�:Proof Let Hp; Np be de�ned byhHpq; ri = 12 (a(q; r) + a(r; q))hNpq; ri = 12 (a(q; r)� a(r; q))= 12 (s(q; r)� s(r; q))hQpq; ri = s(q; r);where s(q; r) = hb � rq; ri � �XT ÆT hb � q; riT + ��XT ÆT Z�N n � rq rd�:Then Fp = Hp +Np, Np = (Qp �Qtp)=2 andkFpA�1p k � kHpA�1p k + 12 �kQpA�1p k + kQtpA�1p k� :Let q =P(q)i i; r =P(r)i i be arbitrary (pressure) grid fun
tions de�ned on 
. Thenit is easy to see that hHpq; qi � 
1 hApq; qi (3.29)js(q; r)j � 
2bjqj1krk0; (3.30)



15for some 
onstants 
1; 
2. In parti
ular
1 = max��; Æb2; 2�;C(
)�; C(
)�Æ=2; C(
)�bÆ	 = C(
)�;under the assumption that � is small and Æ; � de
rease with the mesh parameter. Inequal-ity (3.29) gives qtHpqqtApq = qt ~Hpqqtq � C(
)�where ~Hp = A�1=2p HpA�1=2p . We getkHpA�1p k2 = maxq6=0 qtA�1p H2pA�1p qqtq= maxq6=0 qt ~HpA2p ~Hpqqtq� �2�2maxq6=0 qt ~H2pqqtq� �2�2C(
)2�2:On the other hand, inequality (3.30) gives��qtQtpr��(rtMpr)1=2 � 
2b(qtApq)1=2 8q; r 2 Rm n f0g :Setting r = Qpq we get��qtQtpQpq��(qtQtpMpQpq)1=2 � 
2b(qtApq)1=2 8q 2 Rm n f0g :By (3.16), ��qtQtpMpQpq�� � �h2 ��qtQtpQpq��. Thus��qtQtpQpq��1=2 � 
2b�1=2h(qtApq)1=2 8q 2 Rm n f0g :and hen
e kQpA�1p k2 = maxq2Rmnf0g qtQtpQpqqtA2pq� 
22b2�h2 maxq2Rmnf0g qtApqqtA2pq� 
22b2�h2C(
)
 h�2= 
22�C(
)
 b2:Similarly we get kQtpA�1p k2 � b2
22�C(
=
 and thereforekFpA�1p k � ��C(
)� + 
2��C(
)
 �1=2 b;and the result follows with C5 = ��C(
); C6 = 
2 ��C(
)
 �1=2. �



16One 
an also show that the operator ApF�1p is bounded. In fa
t, this follows from the followingresult whi
h 
an be found in [22℄.Let A be a uniformly ellipti
 operator and let Ahuh = fh denote the dis
retization of Au = fwith given boundary 
onditions. Let B be another ellipti
 operator with the same boundary
onditions and let Bh denote its dis
retization.Theorem 6 (Manteu�el and Parter, 1989) Let A;B be de�ned as above and let Ah; Bh bethe 
orresponding dis
retizations given a �nite element spa
e Sh. Moreover assume that thefollowing 
onditions hold for f 2 L2(
); u 2 H2(
); uh 2 ShkukH2(
) � K1(A)kfkL2(
); (3.31a)kAukL2(
) � K2(A)kukH2(
); (3.31b)kA�1h f � A�1fkL2(
) � h2M1(A)kfkL2(
); (3.31
)kAhuhkL2(
) � h�2M2(A)kuhkL2(
): (3.31d)and similarly for B;Bh. Then there exists a 
onstant M(A : B) su
h thatkAhB�1h k �M(A : B);with M(A : B) = K2(A)K1(B)[1 +M1(A)M2(A)℄ +M1(A)M2(B):Proof See [22℄, Theorem 5.2. �Theorem 7 Let Ap; Fp be de�ned as above. ThenkApF�1p k � C7 1� :Proof Follows from Theorem 6 with Ap = Ah; Fp = Bh by noting that the 
orresponding
onstants satisfy M1(A);M2(A);K2(A) = O(1), K1(B);M2(B) = O(��1): �Remark 3 The above result requires H2 regularity of our solution whi
h may exist for spe
ialdomains su
h as 
onvex polygons. We note here that a result whi
h does not need su
h arestri
tion 
an be found in [13℄. However, although the authors prove independen
e of the meshparameter, their result does not yield the right � dependen
e. In pra
ti
e the above bound seemsto hold without any regularity restri
tions.4 Singular value and eigenvalue boundsTheorem 8 Let S = C + B2F�1Bt1 denote the S
hur 
omplement asso
iated with the Oseenproblem. Then there exist 
onstants C8; C9 su
h thatkSM�1p k � C8 1� ; kMpS�1k � C9 b2� + � :



17Corollary 8A The modulus of the eigenvalues of SM�1p is bounded independently of the meshparameter h. C�19 � + �b2 � ���i(SM�1p )�� � C8 1� :Theorem 9 Let Sp�1 = M�1p FpA�1p and let S = C + B2F�1Bt1 be the S
hur 
omplement forthe Oseen problem. Then kSS�1p k � C10 � + b� ;kSpS�1k � C11 b2�(� + �) :Proof Follows immediately from the following inequalities together with the bounds ofTheorem 8 and Theorem 5kSS�1p k � kSM�1p kkFpA�1p k; kSpS�1k � kApF�1p kkMpS�1k: �Corollary 9A The modulus of the eigenvalues of SS�1p is bounded independently of the meshparameter h. C�111 �(� + �)b2 � ���i(SS�1p )�� � C10 � + b� :Before we prove Theorem 8 some remarks are in pla
e. First, the bounds derived above aredes
riptive. Thus, the bounds on the eigenvalues of SM�1p appear to be more promising from apre
onditioning point of view. On the other hand, the S
hur 
omplement is a non-normal matrixand pre
onditioning by the symmetri
 matrix Mp is bound to deteriorate as the non-normalityin
reases, whi
h is the 
ase when � ! 0. As we will see in Se
tion 5, the pre
onditioner Spmanages to 
apture the non-normality of S and the result is better 
onvergen
e of iterativesolvers, as demonstrated in [18℄. Finally, we note that both pre
onditioners exhibit meshindependen
e. However, while the number of iterations for pre
onditioner Mp grows initiallywith h to settle for a 
onstant value, the number of iterations for pre
onditioner Sp de
reaseswith h to settle for a 
onsiderably lower value (see [18℄ for details).Proof of Theorem 8 Sin
e kSM�1p k � kB2F�1Bt1M�1p k + kCM�1p k, we derive boundsfor ea
h of the terms on the right hand side. We havekB2F�1Bt1M�1p xk2 = xtM�1p B1F�tBt2B2F�1Bt1M�1p x� C4h2 1�xtM�1p B1F�tAF�1Bt1M�1p x= C4h2 1�xtM�1p B1F�tBt1M�1p x� C4h2 1�xtM�1p B1A�tBt1M�1p x� C3C4h2 1�2xtM�1p x� 
C3C4 1�2 kxk2:



18 Sin
e kCM�1p k � kM�1=2p CM�1=2p k�1=22 (Mp)� ��
�1=2 �1(M�1=2p CM�1=2p )= ��
�1=2maxx xtCxxtMpx� ��
�1=2 �
2�the �rst bound follows with C7 = (
C3C4)1=2 + (�=
)1=2 ��2:To obtain the se
ond bound note thatkMpS�1k�1 = �m(SM�1p )� �m(S)=�1(Mp)� �m(B2F�1Bt1)=�1(Mp) (sin
e C is positive semi-de�nite)� 1�h2 minx maxy xtB2F�1Bt1ykxk kykNow, sin
e B1; B2 have full rank, we 
an introdu
e ~x = A�1=2Bt2x; ~y = A�1=2Bt1y su
hthatminx maxy xtB2F�1Bt1ykxk kyk = min~x max~y ~xtA1=2F�1A1=2~ykxk kyk= min~x max~y ~xtA1=2F�1A1=2~yk~xk k~yk kA�1=2Bt2xkkxk kA�1=2Bt1ykkyk� �m( ~F�1)�m(B1A�1=2)�m(B2A�1=2)� C�10 �(� + �)b2 C22
 h2�and the result follows with C8 = �
C0=C22 . �5 Convergen
e analysis5.1 Bounds for the GMRES algorithmIn this se
tion we 
onsider the 
onvergen
e behaviour of GMRES applied to the global system(1.3) with 
oeÆ
ient matrix K and pre
onditioned with right pre
onditioner PR de�ned in(1.4), (1.8). In parti
ular, we 
onsider bounds on the norm of the residuals rk generated afterk iterations of the GMRES algorithm applied to a system with 
oeÆ
ient matrix bK = KP�1Rof the form krkkkr0k � minpk(0)=1 kpk( bK)k; (5.1)



19where pk denotes a polynomial of degree k.Various bounds for the right-hand side of (5.1) have been proposed in the literature, althoughit is not 
lear whi
h is suÆ
iently des
riptive given any parti
ular problem. For our problem,many of these bounds are not appli
able. For example, the �eld of values bound of Eiermann [6℄together with the bounds of Starke [30℄ and Elman [7℄ require that the origin is not 
ontainedin the �eld of values of the system matrix. Numeri
al experiments indi
ate that this is not the
ase for bK. Moreover, the 
lassi
al eigenvalue-eigenve
tor bound of Saad [27℄krkkkr0k � �2(V ) minpk(0)=1max�2� jpk(�)j : (5.2)assumes an eigenve
tor de
omposition bK = V �V �1 and involves the 2-norm 
ondition number�2(V ) of the eigenve
tor matrix V whi
h in our 
ase turns out to grow with de
reasing mesh-size.Thus we turn to the following pseudo-spe
tral bound of Trefethen [32℄ whi
h seems to beappropriate for our pre
onditioned system. Let�"( bK) := nz 2 C : k(zI � bK)�1k > "�1odenote the "�pseudo-spe
trum with 
ontour length L(�") of our pre
onditioned system matrix.Then the residuals rk in the GMRES iteration satisfykrkkkr0k � L(�")2�" minpk(0)=1 maxz2�"( bK) jpk(z)j ; (5.3)Given the independen
e of the mesh parameter of the spe
trum of bK proved in Theorem 5 it isnot unreasonable to assume that the "�pseudo-spe
trum also is mesh-independent (althoughthis is not true in general) to obtain the following result.Theorem 10 The GMRES algorithm 
onverges in a number of iterations independent of themesh-parameter.Proof Follows immediately sin
e under the above assumption both �"( bK) and L(�") areindependent of the mesh parameter. �In the following se
tion we present numeri
al results whi
h validate the above assumption andthe results in Theorem 9.5.2 Numeri
al resultsIn this se
tion we present numeri
al results for a standard 2D test problem: the regularizeddriven-
avity 
ow. The domain is the unit square with boundary �N = ; and zero boundary
onditions ex
ept for u�(x; y = 1) = 16x2(1 � x)2. The problem was solved for a range of� between 1/10 and 1/5000, for a range of time-steps �t = 1=� and for a range of meshparameters.



205.2.1 Steady-state problemsWe used the weak formulation (3.7) with � = � = 0 and ÆT as suggested in [11℄. Two methods ofdis
retization were employed: the so-
alled Q2-Q1 and Q1-Q1 dis
retizations. These methods
orrespond to a 
hoi
e of �nite element spa
e Hh = Vh�P h of pie
ewise polynomials of degreetwo for velo
ities and degree one for pressure de�ned on quadrilateral subdivisions of 
 (Q2-Q1)and pie
ewise linear polynomials for both velo
ity and pressure (Q1-Q1). Other dis
retizationsare tested in [18℄.
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ow: Q1Q1Figure 1: Loglog plot of maxi j�ij (�i) versus kuk=�.The eigenvalues of the pre
onditioned system together with the singular values are displayedin Figs 1, 2 for three mesh parameters and a range of �. The �gures show loglog plots of themoduli of the eigenvalues (singular values) versus the quantity kuk=� whi
h appears in theresult of Theorem 9. The GMRES performan
e for the same range of � and for the same meshparameters is presented in Fig. 3, whi
h is also a loglog plot of the average number of GMRESiterations over the Pi
ard steps versus kuk=�. Here kuk represents the L2(
)-norm of thesolution of the last Pi
ard step.First, we note that the spe
trum, the singular values and the GMRES performan
e areindeed mesh-independent as predi
ted by the theory. Moreover, we note that the singular valuebound of Theorem 9 turned out to be remarkably des
riptive for this problem for both thesmallest and the largest eigenvalues and for any � or h. Indeed, the dependen
e on kuk=� ofthe extreme singular values is mirrored by the extreme moduli of the eigenvalues.On the other hand, the dependen
e on kuk=� of the singular values and of the spe
trumis also 
orre
tly predi
ted by the theory. Fig. 1 displays a linear in
rease of the maximumsingular value with kuk=� for all ranges of � and for all mesh sizes. This growth seems to bedire
tly related to the GMRES performan
e as seen in Fig. 3, although the bound (5.3) is notparti
ularly des
riptive with respe
t to this parameter. Thus, the number of GMRES iterations



21seems to grow like (kuk=�)1=2, a result whi
h was noted also in [21℄, [10℄. We also note thatin [10℄ it is also 
onje
tured that the GMRES performan
e does not depend on the smallestmodulus eigenvalues.The smallest modulus eigenvalue de
reases, as predi
ted, like (�=kuk)2, although this boundis attained for smaller values of �. Fig. 2 shows a plateau whi
h indi
ates that the smallestmodulus eigenvalue seems to be independent of both h and � for larger values of �. However,for smaller values of � the smallest modulus eigenvalue settles for a quadrati
 de
rease withrespe
t to �. We 
onje
ture that this quadrati
 de
rease noti
ed for smaller values of � may berelated to the fa
t that a 
riti
al point is approa
hed (around ��1 = 10; 500, see [28℄).Finally, we present in Figs 4, 5 "�pseudo-spe
tra of the pre
onditioned system for di�erentvalues of � and h. More pre
isely, we 
hose to display the pseudo-spe
tra 
orresponding to themain 
luster of eigenvalues around z = 1. The rest of the spe
trum 
onsists of isolated eigen-values of modulus that grows linearly with kuk=� (in
luding the largest modulus eigenvalue).The number of these isolated eigenvalues grows slowly with kuk=�. It is argued in [10℄ thatthis eigenvalue migration from the 
luster around z = 1 is responsible for the deterioration inGMRES 
onvergen
e. However, this argument ne
essarily uses the bound (5.2) whi
h we foundunsuitable to des
ribe 
onvergen
e due to the large and mesh-dependent fa
tor �2(V ).As 
onje
tured in Theorem 10, there is no dependen
e on the mesh parameter of the pseudo-spe
trum as 
an be seen in Fig. 4 (the pseudospe
trum a
tually shrinks as h is redu
ed!). Thisessentially indi
ates that the non-normality of the system matrix K due to this parameter was`
aptured' by the pre
onditioner PR. As expe
ted, on the other hand, we note in Fig. 5 a
lear dependen
e with respe
t to �. In parti
ular, the size of the "�pseudospe
trum seems toin
rease with de
reasing � with the immediate 
onsequen
e that the bound (5.3) deteriorates.This is parallelled by a deterioration in the GMRES performan
es, whi
h leads us to 
onje
turethat the bound (5.3) is tight.
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trum and "�pseudo-spe
trum set of bK; " = 10�2.5.2.2 Time-dependent problemsWe used the Q2-Q1 dis
retization as in the steady-state 
ase with the stabilization termsswit
hed o� (� = ÆT = 0). The Oseen problem (1.2) arising from a ba
kward Euler time-stepping routine together with Pi
ard linearization was solved for various 
hoi
es of �. Theresults are presented in Figs 6, 7, 8. We �rst note that the bounds established in Theorem 9
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θ=16(b) mini j�ijFigure 6: Loglog plot of maxi j�ij (mini j�ij) versus 1=� for various values of �.hold, although some of them are not as tight. The bound on the largest modulus eigenvalues isstill des
riptive as 
an be seen from Fig. 6(a). However, the smallest modulus eigenvalue seemto be bounded away from the origin independently of � and whenever � > 0 (Fig. 6(b)). Thequadrati
 de
rease with respe
t to � predi
ted analyti
ally is therefore pessimisti
.Finally, the GMRES performan
e is presented in Fig. 7. We note that for � > 0 theaverage number of GMRES iterations be
omes almost insensitive with respe
t to �. This 
an
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(b) � = 16Figure 8: "�pseudospe
trum set of bK for various values of �; " = 10�2.be explained again via a pseudo-spe
tral argument. Fig. 8 displays the pseudo-spe
tra forvarious values of � and for two values of �. We note that the larger � is the smaller thein
rease in the pseudo-spe
tral sets. Moreover, they seem to extend more slowly to the origin
ompared to the 
ase � = 0, whi
h makes approximation problem (5.3) easier and leads to theimprovement in GMRES performan
e exhibited in Fig. 7.



256 Con
lusionThe performan
e of the pre
onditioner for the Oseen problem introdu
ed in [18℄ was analyzedwith respe
t to the relevant parameters. Although the analysis led to des
riptive bounds forthe spe
trum and the singular values, the performan
e of GMRES 
ould only be 
onsidered interms of the asso
iated pseudo-spe
tra. The theoreti
al results also hold for the pseudo-spe
traas demonstrated in our experiments. Thus, mesh-independent bounds for the performan
e ofiterative solvers 
an be derived. Numeri
al experiments also indi
ate that although GMRESexhibits mesh-independent 
onvergen
e, its performan
e deteriorates like the square-root of theReynolds number. However, this is a result that remains to be established analyti
ally.A
knowledgements. The 
omputation of the pseudo-spe
tral plots was greatly speeded upwith the help of Tom Wright and his MATLAB pseudo-spe
tra GUI version 2.1 [36℄.7 AppendixProof of Lemma 1. We �rst need to prove that k � kh is a norm on Vh. We have (
f.(3.8))a(v;v) = �jvj21 + 12 Z�N b � n jvj2 d� + �kvk20 + �kdivvk20 + XT2T h ÆT kb � rvk20;T� XT2T h ÆT k��vk20;T + XT2T h ÆT h�v; ��v + b � rviT� �jvj21 + 12 Z�N b � n jvj2 d� + �kvk20 + �kdivvk20 + XT2T h ÆT kb � rvk20;T� ��2 XT2T h �jvj21;T � 12 0�XT2T h ÆT k�vk20;T + XT2T h ÆT k��vk20;T1A� 12 0�XT2T h ÆT k�vk20;T + XT2T h ÆT kb � rvk20;T1A� (1� ��2)�jvj21 + 12 Z�N b � n jvj2 d� + (1� �Æ)�kvk20 + �kdivvk20+ 12 XT2T h ÆT kb � rvk20;T � 12��2�jvj21;whi
h is positive due to our 
hoi
e of �.If we now prove the 
ontinuity bound for ~a(�; �), the bound for a(�; �) follows fromja(w;v)j � j~a(w;v)j + bjwj1kvk0 + 12 �Z�N b � n jwj2 d��1=2�Z�N b � n jvj2 d��1=2and the inequality bjwj1kvk0 � C b[�(� + �)℄1=2 kwkhkvkh;



26 where C = max f1; C(
)g and C(
) the 
onstant arising in the Poin
ar�e inequality (3.27).Applying the Cau
hy-S
hwartz inequality (Pni=1 ai)2 � nPni=1 a2i to the terms 
omprising~a(w;v) we getj~a(w;v)j2 � 10��2jwj21jvj21 + �2kwk20kvk20 + �2kdivwk20kdivvk20+ 14 �Z�N b � n jwj2 d���Z�N b � n jvj2 d��+ XT2T h Æ2T ��4k�wk20k�vk20;T + �2k�wk20;T kb � rvk20;T + �k�vk20;T kb � rwk20;T �+ XT2T h Æ2T �kb � rwk20;T kb � rvk20;T + �2kwk20;T �2k�vk20;T + �2kwk20;T kb � rvk20;T �9=;and the result follows sin
e every term on the right hand side 
an be bounded by a termin the produ
t kwhk2hkvhk2h times a 
onstant ~C0 = ~C0(�; �;
) for suÆ
iently small h. �
To prove Lemma 2 we need the following lemma whi
h 
an be found in [34℄Lemma 11 Let (vh; ph) 2 Hh. Thensupvh2Vh 
divvh; ph�(�jvhj21)1=2 � eC1�1� kphk20�1=2 � eC2 XT2T h h2T� krphk20;T!1=2 ; (7.1)for some 
onstants eC1; eC2.
Remark 4 We note here that if ~zh is a fun
tion for whi
h the supremum is attained then thes
aling zh = 
~zh will yield the same supremum. Given ph 2 P h we 
hoose 
 to be given by
 = ��1=2kphk0=k~zhkh so that kzhkh = �1� kphk20�1=2 :



27Proof of Lemma 2. With the supremum in (7.1) s
aled as above we haveeB(wh; rh;�zh; 0) = �~a(wh; zh)� b1(zh; rh)� � eC0kwhkhkzhkh + Ddiv zh; rhE� XT2T h ÆT D��zh;rrhET � XT2T h ÆT Db � rzh;rrhET� � eC0kwhkhkzhkh + eC1�1� krhk20�1=2 (�jzhj21)1=2 � eC20�XT2T h h2T� krrhk20;T1A1=2(�jzhj21)1=2� ��0�XT2T h �krzhk20;T1A1=20�XT2T h ÆT krrhk20;T1A1=2�0�XT2T h ÆT kb � rzhk20;T1A1=20�XT2T h ÆT krrhk20;T1A1=2� � eC0� �2kwhk2h + 12�kzhk2h�+ eC1� 12��jzhj21 + �2 1� krhk20�� (��+ eC2=�)0� 12��jzhj21 + �2 XT2T h ÆT krrhk20;T1A�0� 12� XT2T h ÆT kb � rzhk20;T + �2 XT2T h ÆT krrhk20;T1A� � eC0� �2kwhk2h + 12�kzhk2h�� 12� 0�(��+ eC2=�� eC1)�jzhj2h + XT2T h ÆT kb � rzhk20;T1A+ eC1 �2 1� krhk20 � �2(��+ eC2=�+ �)0� XT2T h ÆT krrhk20;T1A� � eC0 �2kwhk2h � 12�( eC0 + eC3)kzhk2h + eC1 �2 1� krhk20 � �2(��+ eC2=�+ �) XT2T h ÆT krrhk20;T� � eC4kwhk2h + eC5 1� krhk20 � eC6 XT2T h h2T� krrhk20;T ;where we set eC3 = maxn1; ��+ eC2=�+ �o ; eC5 = eC1�=2� ( eC0 + eC3)=(2�) and we 
hose� su
h that eC5 > 0.On the other hand,eB(wh; rh;wh;�rh) = ~a(wh;wh) + b1(wh; rh)� b2(wh; rh)� ~
(rh; rh)� eC0kwhk2h + 2 XT2T h ÆT Db � rwh;rrhET + (� + 1) XT2T h ÆT krrhk20;T� eC0kwhk2h � � XT2T h ÆT kb � rwhk20;T � 1� XT2T h ÆT krrhk20;T + (� + 1) XT2T h ÆT krrhk20;T� eC70�kwhk2h + XT2T h ÆT krrhk20;T1A ;



28 where we 
hose � < eC0;� = maxn0; 1= eC0 � 1o and we set eC7 = maxn eC0 � �;� + 1� 1=�o.Hen
e, setting (vh; qh) = (wh � �zh;�rh) we geteB(wh; rh;vh; qh) = eB(wh; rh;�zh; 0) + eB(wh; rh;wh;�rh)� ( eC7 � � eC4)kwhk2h + � eC5 1� krhk20 + ( eC7 � � eC6) XT2T h h2T� krrhk20;T� eC8�kwhk2h + 1� krhk20�with � = minn eC7 eC�14 ; eC7 eC�16 o. Sin
ekvhk2h + 1� kqhk20 � 2(kwhk2h + �2kzhk2h) + 1� kqhk20= 2kwhk2h + (2�2 + 1)1� krhk20� eC �kwhk2h + 1� krhk20� ;we getsup(wh;rh)2Hhnf0g eB(wh; rh;vh; qh)kwh; rhkhkvh; qhkh � eB(vh + �zh;�qh;vh; qh)kvh + �zh;�qhkhkvh; qhkh � eC9 8(vh; qh) 2 Hh;sup(vh;qh)2Hhnf0g eB(wh; rh;vh; qh)kwh; rhkhkvh; qhkh � eB(wh; rh;wh � �zh;�rh)kwh; rhkhkwh � �zh;�rhkh � eC9 8(wh; rh) 2 Hh:�Referen
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