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ABSTRACT

The thesis falls naturally into two parts, in the first of 

which (comprising Chapter 1) there is laid down a set-theoretic 

foundation for constructive mathematics as understood by Errett 

Bishop and his followers. The work of this part closely follows 

the lines of the corresponding classical development of set theory 

by Anthony Morse, highlights several classical definitions and 

results which are inadequate for a proper description of constructive 

mathematics, and develops constructive replacements for these where 

possible; of particular importance is the constructive proof of a 

general recursion theorem, from which the familiar theorems of 

simple and primitive recursion readily follow.

The second part of the thesis (Chapters 2 - 5) is concerned
* •*- T * • 1 i /* j_ •* • «* • • i "1*11 jwi tu various proDxcnis O.L constructive anaxysis, cue J.IHK between 

these problems being their involvement with compactness or local 

compactness at some stage. Chapter 2 serves as an introduction to 

this analysis, and includes the definition of metric injectiveness 

and the proof of a constructive substitute for the classical result 

that a continuous injection of a compact Hausdorff space onto a 

Hausdorff space has continuous inverse.

In Chapter 3 we give an improved definition of one-point 

compactification of a locally compact space, and then develop the 

theory of existence and essential uniqueness of such compactifica- 

tions of a given space. In turn, this is applied in Chapter 4, 

which deals in full with the space of continuous, complex-valued 

functions which vanish at infinity on a locally compact space, and 

with star homomorphisms between such spaces; interpolated within 

the main body of this chapter is the vital Backward Uniform Continu­ 

ity Theorem, which leads to a discussion of possible constructive 

substitutes for the classical Uniform Continuity Theorem.

The final chapter deals with constructive substitutes for 

various topologies associated with spaces of bounded linear mappings 

between normed linear spaces. The main results of this chapter 

concern the weak operator topology on the space Hom(ff,//) of bounded 

linear operators on a Hilbert space #, and include a constructive 

proof of the weak operator precompactness of the unit ball of 

Hom(#,#), and a proof that the compactness of this ball is an 

essentially non-constructive proposition. The chapter ends with a 

discussion of linear functionals and the weak operator topology on 

Horn(#,#), and a partial substitute for the classical characterisa-



of ultraweakly continuous linear functionals on a linear subset of 

Horn(#,#).

In addition, there are five appendices, three of which develop 

material arising from that in the main body of the thesis. In the 

first of these three, we describe an axiomatic theory of proofs 

within the formal system of Chapter 1, and derive (amongst other 

results) a very satisfactory characterisation of proofs of f p -> q ' ; 

the second deals with connectedness, and builds up to a constructive 
proof that a closed ball in finite dimensional Banach space is 

connected; finally, the last makes a remark on metric injectiveness 

in the light of a conjecture in Chapter 2.
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PROLOGUE

The following dissertation is submitted under the regul­ 

ations of the University of Oxford for the degree of Doctor of 

Philosophy in Pure Mathematics.

The dissertation falls naturally into two distinct parts. 

The first of these, comprising Chapter 1, lays down a set- 

theoretic foundation for constructive mathematics as understood 

by Bishop [1]; the work of this part closely follows the lines 

of the corresponding classical development of set theory by 

Morse [14], With some relaxation of the formality of Chapter 1, 

the second part of the dissertation (Chapters 2 - 5) is concerned 

with various analytic problems in which the concepts of 

compactness and local compactness play important roles. In 

addition, there are five appendices, three of which develop 

material arising from, or closely related to, that found in the 

main body of the dissertation.

Many of the results and remarks in Chapters 1 and 5 are 

comparatively trivial, and have been included for the sake of 

completeness and clarity of exposition. The same motivation 

lies behind our decision to include proofs of certain results 

which are mentioned without proof in [1] or [14], Unless 

statement is made to the contrary, the proofs of these and all 

other results in this dissertation are essentially due to the 

undersigned.

No part of this dissertation has been, or is being, sub­ 

mitted for a degree, diploma, or any other qualification at any 

other university.

Douglas S. Bridges 
Wolfson College, 
August, 1974
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CHAPTER 1.

SET THEORY FOR THE CONSTRUCTIVE MATHEMATICIAN.

The appearance of constructive mathematics as a serious 

contender for the attention and affections of practising 

mathematicians may be traced to that of L. E. J. Brouwer's 

Amsterdam doctoral dissertation, 'Over de grondslagen der 

Wiskunde' [7],in 1907. Although it is true to say that a few 

individuals - for example, Kronecker - had earlier expressed 

disapproval of the 'idealistic' methods of some of their nine­ 

teenth century contemporaries, it is in Brouwer's polemical 

writings, beginning with the above and continuing throughout 

the next forty-seven years , that the foundations of a precise 

and practical approach to constructive mathematics were laid.

Unfortunately - and perhaps inevitably, in the face of 

opposition from men of such stature as Hilbert - Brouwer's 

'intuitionist' school became more and more involved in quasi- 

mystical speculation about the nature of constructive thought, 

to the detriment of the practice of constructive mathematics proper, 

Thus it remained for Errett Bishop, in his seminal book 'Foun­ 

dations of Constructive Analysis' [1], to resurrect constructive 

mathematics in practice and produce some outstanding constructive 

proofs of important theorems already known in their classical form 

- in particular, many of the fundamental 'results in the theories of 

Banach spaces, measure, and locally compact groups. It is in the 

spirit of Bishop's book, freed from the shackles of Brouwer's 

intuitionism, that this present dissertation is written.

But what is constructive mathematics? For a concise, 

but definitive, answer we cannot do better than quote what we



shall here and hereafter recognize as Bishop's Thesis:

'The primary concern of mathematics is number. ..' 

- or, to expand this within its original context ([1], page 2), 

' The primary concern of mathematics is number, and this 

means the positive integers... every mathematical 

statement ultimately expresses the fact that if we 

perform certain computations within the set of 

positive integers, we shall get certain results. ' 

However, in searching for a deeper understanding of the nature 

of mathematics, we must ask, and try to answer, the questions: 

What is a number?

What do we mean by 'constructive'?

To take first things first, do we feel, with Bishop, 

that 'the development of the theory of the positive integers 

from the primitive concept of the unit, the concept of ad- 

joining a unit, and the process of mathematical induction 

carries complete conviction 1 ; or would we seek surer ground 

on which to build our mathematics? In our opinion, the latter 

alternative is to be preferre-d and, indeed, can be realised in 

the conflation of mathematics and logic, the logic in question 

being of a manifestly constructive nature (that is, eschewing 

such idealistic principles as the notorious one of 'excluded 

middle').

The details of a formal system in which this conflation 

is carried out will be described in the main body of this 

chapter. For the moment, we therefore content ourselves with a 

few preliminary comments.

For us, 'logic' will mean 'propositional calculus, 

predicate calculus and set theory'. Thus we interpret 'a: e p' 

in the Fregean manner as 'the concept P applies to x* , and



draw no distinction between, for example,

' for all a:, P(a?) ' 

and

'the intersection, as x runs, of the sets ?(#)'. 

More generally, no distinction is made between 'terms' and 

'well-formed formulae': every mathematical/logical object may 

be regarded as either a set or a logical proposition.

We do not entirely equate mathematics and logic: as 

well as the principles of logic itself, our mathematics requires 

certain 'construction rules', by which we can be sure that 

part of our mathematics has constructive content and meaning, 

and an axiom of choice. Of the construction rules, perhaps 

the most important is that which allows us to construct the set 

of all natural numbers, and therefore the important class of 

recursive functions. (Note that in our formal system we shall 

focus our attention on the natural numbers, rather than the 

positive integers. This is a purely technical matter, and in 

no way affects the import of Bishop's Thesis.)

It will be remarked that we have } part of our mathematics' 

with constructive content and meaning: within our formal system we 

can talk about a very large class of mathematical/logical objects, 

but not all of these will necessarily be constructively defined. 

This exactly parallels the situation in informal mathematics, 

where we can, for example, talk about

'the least upper bound of the set S of real numbers' 

without necessarily recognising this as an object which has 

been, or ever can be, constructed.

In this context, it is worth noting that a mathematical 

proposition may have constructive significance without itself 

being, as a term, a constructive object. Thus, as we shall later
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see ,

'every natural number is constructively well-defined' 

is certainly a proposition with constructive significance, but 

as a term, it is not a constructive object (it actually equals 

the universe in our formal system!)

Bearing these remarks in mind, we may now begin the 

description of our formal theory. This theory is based on the 

classical system developed in [14], The rules of inference and 

the powerful notation that underlie our mathematics proper are 

developed in the first part of this chapter (sections 1.1 - 1.5); 

to dispose 'of these preliminaries as quickly as is consistent 

with clarity, we shall draw heavily on quotations from [14], 

whose description can hardly be bettered. In section 1.6 we 

state the axioms of prepositional and predicate logic, and 

sketch briefly a few ideas in the development of 'pure' logic 

from these axioms; before finally passing on to the most important 

part of the chapter, that concerned with set theory (sections 

1.8 - 1.29). Perhaps the most significant sections of this last 

part are those containing remarks on constructivity (for example, 

1.12 and 1.15), and 1.22, in which a very general recursion 

theorem is proved and then applied to produce the familiar 

recursion theorems of everyday analysis.



1.1. Variables and Schemators.

The symbols of our formal theory are precisely those 

inscriptions ('marks') which are not quotation marks; an 

expression is a linear array of such symbols. A distinction 

is made between a linear array of contiguous italic letters - 

such as "rci/st" - and one like "inf" of contiguous nonitalic 

letters: the former example is recognised as comprising four 

symbols - 'V , "z/"> "2" and "t" - while the latter is considered 

as one symbol. This distinction affects what happens when we 

(systematically) replace symbols by symbols; for example, if C 

is the expression obtained from "a$" by replacing "a" by A and 

"3" by B, then: if A is "w" and B is " h" , then C is "w h» ; if A 

is "wh" and B is "at", then C is the two-symbol expression "wh at"; 

if A is "w/z" and B is "at" , then C is the four-symbol expression

"wfcat".

Of particular interest are those symbols known as 

s chemators , examples of which are u,u',w" 9 ... etc; intuitively, 

ux is to be read as either

x has the property u 

or

the set corresponding to x under u.

(In the latter interpretation, we imagine x as running through 

some index set A, and ux as the corresponding element of some 

family of sets indexed by A.) Again we note the lack of dis­ 

tinction between 'terms' and 'well-formed formulae' in our 

theory.

The constants of our theory are: the definor "=", the 

schemators, and all symbols fixed by some definition. (Roughly, 

a symbol c is fixed by a definition D if D has the appearance 

(A = B), in which c occurs in A and does not occur in B.) A
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symbol which is not a constant is called a variable.

By a variant of an expression A we mean an expression B 

such that each of A and B can be obtained from the other by 

systematic replacement of variables by variables. (Note that 

this means that if in A we replace "as" by "z/" , we must do so 

at each occurrence of "x" in A. ) A variant of "(x = #)" or of 

some expression introduced by a definition is called a form.

Following the example of Morse ([14] ,0.0), we fix our 

most important constants by the following (otherwise meaningless) 

orienting definitions 

. 0 ( (AV -»  a) S #) 

.1 (nu;-c E x)
%

(Note that, for reasons of typographical convenience, we use

"n" and "u" where Morse uses "/" and "I/".) We also introduce

certain basic forms with the definitions

.2 ((x -*  x' ) = (a; -> x' ))

. 3 (HX ux = (^x ux)

.4 (U# u.x = u^ ux )

.5 ((a:A^')E(j;A^ f ))

.6 ( (x v x 1 ) = (x v x' ))

.7 (aj = a;)

.8 ( ux = ux )

.9 (x' = x 1 )

. 10 (v f a;x' E v f a:a:' )

etc.

An expression is schematic if it can be obtained by 

replacing variables by variables in some expression like 

ux , u'tfa;',... etc. Practical handling of schematic expressions 

requires the following agreement on schematic replacement:

B is obtained from A by schematically replacing S by R
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if and only if:

S is a schematic expression, and there is an expression

Q in which the first symbol in S does not occur and

a symbol q such that A is obtained from Q by replacing

q by S and B is obtained from Q by replacing q by R. 

Thus , for example, taking

S as "ua;"

Q as "(ftyq -»  <?)"

A as " (fty ux  > uac)"

R as "*" 

and

B as " (r\y x -> a;)" , 

we see that

is obtained from

"(nj/ u£ + ua;)" 

by schematically replacing '"ua;" by "a;".

1.2 . Free , in . d ici al an d accepte d vari ab le s ,

In order to formulate wide-ranging and unambiguous 

rules of inference for our system we need to distinguish three 

kinds of variables which may appear in expressions. The idea 

of 'free variable' may surely be introduced without further 

comment :

If a is free in A then a is a variable and A is an 

expression. A variable is free in a form if and only 

if it occurs therein less than twice. A is a formula 

if and only if some variable is free in A. If A is 

a formula, C is a formula, B is different from A 

and is obtained from A either by replacing some free
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variable of A by C or, by schematically replacing some 

schematic expression by C, then a variable is free in 

B if and only if it is free in both A and C. 

On the other hand, it is not immediately clear why we

require the notions of 'indicial 1 and 'accepted' variables

which we now describe:

If a is indicial in A, then a is a variable and A is

a formula; if a is accepted in A, then a is a variable

and A is a formula. A variable is indicial in a form

if and only if it occurs therein more than once. A

variable is accepted in a form if and only if it occurs

therein less than twice.

If A, B and C are formulas with A different from B^ and

B different from C, and if B can be obtained from A

by replacing a free and accepted variable of A by C,

then: a is accepted in B if and only if a is accepted

in A, and a is indicial in B if and only if a is indicial

in A and does not appear in C.

If A5 B and C are formulas with A different from B and

B different from C, S is a schematic expression, some

variable in S is indicial in A, and if B is obtained

from A by schematically replacing S by C, then: a is

indicial in B if and only if a is indicial in A, and

a is accepted in B if and only if a is accepted in A and

does not appear in C.

The reason for our making these definitions will be explained

in the remark at the end of the next section.
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1,3. Rules o'f inference

The following are the rules of inference of our theory.

.0 Initiation: Every formula asserted to be a definition

or an axiom is a theorem. 

. 1 Detachment (Modus Ponens): If a theorem is obtained from

11 (p -> <?)" by replacing "p" by a theorem and "q" by a

formula T, then T is a theorem. 

.2 Substitution: If T is a theorem in which b is free and

A is such a formula that each variable in it is free in

T, then the. expression obtained from T by replacing b by

A is also a theorem. 

.3 Schematic substitution: If T is a theorem, S is a

schematic expression, and A is such a formula that each

variable in it is either free in T or occurs explicitly

in S, and T f is a formula obtained from T by schematically

replacing S by A, then T' is a theorem. 

.4 Indicial substitution: If q is free in Q, T is a theorem
 '>

obtained from Q by replacing q by a formula A in which 

a is indicial, B is obtained from A by replacing a by a 

variable which is accepted in A, and finally T f is 

obtained from Q by replacing q by B, then T r. is a theorem.

.5 Universalization: If T is a formula obtained from "n^" 

by replacing "a;" by a variable and "#" by a theorem, then 

T is a theorem.

(These rules are quoted from [14], 0.2 4 - 0.29.)

As an example, we verify that if

is a theorem, then so is 

11 (r\y uy  > us)".
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n~ "To do so we note that " (q -»  p)" is a form-, that "p" and "q

are free in " (q  > p)", and that "ux" is a (form and) formula;

whence "qr" is free in the expression " (q -*• ua:)". Moreover,

"x" is clearly indicial in the formula "n# ux ", in which

also "z/" is free and therefore accepted. Our demonstration is

therefore completed by applying the rule of Indicial substitution,

taking

Q as " (q -*  uaO"

T as "(Ha; urc -* UK)"

A as "na; uo: "

B as

a as "a;"

and

T f as

Remark ; Had we adopted the perfectly natural suggestion that 

the words 'is accepted in A' in the rule of Indicial Sub­ 

stitution be replaced by 'does not appear in A' we would have 

been unable >to interpret such expressions as "Z x G x x" 

(where Z x £ A ux is the sum of the terms ux as x runs through 

the index set A). However, with the wording as it stands, we 

can apply the rule of Indicial Substitution to show from the 

theorem

that

(I, x ^ x x - Z y G x y ) .

It is precisely in order that we can make this sort of inter­ 

pretation if necessary that we introduce the notions of 

indicial and accepted variables into our discussion. ®

t Throughout this dissertation we shall indicate the end of a 

section entitled ' Remark (s) ! by the symbol ®.
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l.H. Theory of notation.

One of the most appealing and beautiful aspects of 

Morse's development of logic and set theory is his theory of 

notation, which 'permits useful simplification of a vast 

number of complicated expressions and justifies many of the 

informal conventions of present day mathematics'. We do no 

more than give a very rough sketch of the outlines of Morse's 

notation theory; for a more thorough description we could not 

improve on that given in [14], pages 15 - 27, to which we 

refer the reader for full details.

We take over unchanged the first part of Morse's theory 

- in which, by means of a separation of symbols into types,
%

and several agreements, definitions and definitional schemas , 

there is established a unique interpretation for a large number 

of quantifier-free expressions. The essence of this inter­ 

pretation is illustrated by the following table:

Expression Interpretation

"(a: A X ' A ^»)"

"(a; + x 

"(a; o x

a;")" "(( a:

"((x x ') A ( x r «>a;"))"

"(a; e x' - x "(( x ^ x ' ) A (x'^x") A ( x » c x > » ) )

n a?")"

"(a: e a;' A «")" 

"(a; A x' e *")"

"(x 

"((a;

"(a; A

n

A a:")"

Of these, the last three in particular should be noted as 

illustrations of the dictum: if one can contrive one valid 

reading (that is, translation into the English language) of 

expression in which "-» " and "** " and primed symbols derived 

therefrom do not appear, then that reading will be correct. 

(The qualifying words are necessary in this dictum, as we

an
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believe that, without Morse's rules for reading formulae,
«•

one would be able to give several different English translations 

of such expressions as

11 (ac -> x' -»• x" « a 1 ")". )

For convenience, we remark that a ne^ws is a symbol of some 

type in accordance with Morse's separation into numbered types.

1.5. Fur the r not at i on the ory .

When we turn to expressions in which quantifiers appear, 

we have first the definitional schema for negation: 

.0 We accept as a definition each expression which can be 

obtained from

11 ((ac ~ e t/) = (x e # -> 032))" 

by replacing "e" by a nexus different from ".^" .

We now separate some of our expressions into numbered 

classes, as shown in the following table: 

Class Expression

0 "E", "One", "The" 

1 "n"

3 "sup", "inf", "X"

4 all expressions of class

0, 1, 2 or 3

(Morse includes more expressions in his separation, and has 

more classes; we have included only those we need, but have 

kept to his numbering and separation in all cases except that 

of "X": whereas Morse's "X" is of class 1, our "X" is of class 

3. The importance of this change from the classical to the 

constructive classification of "X" will be emphasised in section 

1.18. )
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.1 Definitional schema: We accept as a definition each ex­ 

pression which can be obtained by replacing "E" by an expression 

of class 0, "n" by an expression of class 1, "u" by an expression 

of class 2 , and "sup" by an expression of class 3 in any one of 

the following expressions:

use vx = Ex(ux A vx))"

ux vx = (^x (0 e ux -> vx))"

VX - _ __

"(sup x _vx E sup x;(x = x) vx)".

By a march we mean an expression, such as

tl — <- ~ / e n T" <- c- v> ' " ->- f"""
•A/ *— *V ^~ I I «A/ ^^ ^~ «^/ ' *As *

which is obtained from one of

by inserting symbol(s) of some type(s) betwe-en each pair of 

adjacent symbols of the form x,x' 5 x",... For our purposes 9 

an expression A is said to be verbal if it has one or more of

ii n^ n n c n it _, »i

ti _ it tt ./it trlit iv it tt^tt it ^ti ti ^ it

among its symbols; otherwise, A is verbless.

We say that s is a subject of A if and only if s is such 

a verbless expression, whose terminal symbol is one of x,x',... 

etc. , that either A is s or A can be obtained from "xz/s" by 

replacing "x" by s, "z/" by a verbal nexus, and "2" by an 

expression.

It is in the next few definitions , agreements and 

definitional schemas that the heart of much of the application 

of our theory of notation lies. 

.2 (st zx ux E \Jx(z - x AUX)) 

. 3 (substitute z for x in ux = st zx ux) 

.4.0 We accept as a definition each expression which can be
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obtained by replacing "p" by a march whose terminal 

symbol is "a;" in

"(st zp u'xx' E UxVx'(z - (p) A u'ara:'))". 

. 1 We accept as a definition each expression which can be

obtained by replacing "p" by a march whose terminal symbol

is "*"" in

"(st zp u"xx'x" = UxVx'Vx"(z = (p) A u"xx'x"))" 

etc.

We now agree that

.5.0 A is a 1 stencil if and only if A can be obtained by 

replacing "E" by an expression of class 0, "u" by an 

expression of class 1, 2 or 3, and "n" by an expression 

of class 4 in one of the expressions: 

"(Ep;<?r E Ez st zp(q A r))" 

E U 2 ;st ztq St 2tr)" 

E Op; (a: = a;) r)". 

.1 A is a 2 stencil if and only if A can be obtained by

replacing "n" by an expression of class 4 in any one of 

the expressions:

"(np ; qr = ns; (( p ) A <?) r)" 

"(np p E ns; (p) r) 11 .

With these agreements in mind, we now state the defini­ 

tional schemas 

.6.0 We accept as a definition each expression which can be

obtained from a 1 stencil by replacing "p" by a verbless 

march of order 2, "t" by "a?,or'", "q" by "u'aa:" 1 , and "r" 

by "v'aa:" 1 .

.1 We accept as a definition each expression which can be 

obtained from a 1 stencil by replacing "p" by a verbless 

march of order 3, "t" by "a; 9 x' ,ar" M , "q^" by "u"xa''x" M ,
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and "r" by "yj'xx'x 

etc.

.7.0 We accept as a definition each expression which can be 

obtained from a 2 stencil by replacing "p" by a verbal 

march M of order 1, "s" by a subject of M, "q" by "ua;" , 

and "r" by "va:".

.1 We accept as a definition each expression which can be 

obtained from a 2 stencil by replacing "p" by a verbal 

march M of order 2, "s" by a subject of M, "4" 

and "P" by "y^xx 1 ", 

etc. 

Thus, for example , we have as theorems

"(no?,?/; u'xy v ' xy = n^ ; st 2 a;,z/ u f #2/ st z x 

"(E .^ t> z/ e y4 u'xy = E z st z x u y (z ^ A A 

"(Xo; ua: - Xic; (aj^ic) 

and

" (\x e >1 uo: = Xo:; a: 

(cf. section 1.15).

Finally, we introduce the definitional schema: 

. 8 We accept as a definition each expression which can be 

obtained from

"(U n n B) E Ex n # (x e 4 A y e 5))" 

by replacing "n" by a verbless binarian. 

From this we obtain, for example, the theorem

"(A 99 B E Ex,y(x G A A y G B))". 

(For all material in this section, see [14], 0.49 - 0.62.)
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1.6. Logic.

As we are primarily interested in 'the constructive version 

of Morse's set theory, rather than in his theory of notation - 

which is, in any case, unchanged from that in [14] except for 

the class number of the expression "X" - we shall go no deeper 

into the description of this notational theory; nor do we intend 

to say anything about Morse's remarks on demonstrations or on 

the construction of definitions ([14], pages 27-29 and appendix A).

However, before going on to discuss set theory, we must 

first deal with the axiomatisation of prepositional and predicate 

logic in our constructive framework. Our logic is based on the 

three primitive connectives "-* ", "A", "v" and the two quantifiers 

"n" 9 "U" (all of which were fixed by appropriate definitions in 

section 1.1); we shall also require the preliminary definitions 

.0 (If a; then y = (x -> y )) 

.1 ((x implies y) E (# ->  z/)) 

.2 ((x  «  y ) E ((x -> y ) A (y -> a:))) 

.3 (a: if and only if y = (x  *»  zy )) 

.4 (x is equivalent to y = (a;  *»  i/)) 

.5 (For each x,ux E 

.6 (For some x 9 ux =• 

.7 ( (x andiy) ^ (x A z/)) 

.8 ( (x or y ) = (x v y ) ) 

.9 (U E Uo;aO , 

the definitional axioms

ft -in ( D -rir"rO
• -1- U \ <J — ' 'vOvO 1

*.ll (~ p E (p + 0))

and the axioms of definition

.12 ((X E y) + (x + y))

.13 ( (x E v ) -> (w -> a:)).
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Remark: We recall that all definitions are to be considered 

as theorems. As definitions are characterised amongst the 

theorems by the appearance of the definor "E" as their princial 

connective, we do not think it necessary to indicate definitions 

in general by any word or sign. There is, however, one exception 

to this: our definitional axioms (introduced to simplify the 

statement of our main axioms) will be singled out from other 

definitions and theorems by the mark of an asterisk on the left.

The fundamental axioms of our logic are the prepositional 

axioms

.14 (p -» (p A p)) 

.15 ((p A q) -> (q A p) ) 

.16 ((p + q) -> ((p A r) + (q A r))) 

.17 ((p + <j) + ((q -* r ) -»• (p -> r») 

.18 (4 + (p -> 4)) 

.19 ((p A (p -»• qr)) -> 4) 

.20 (p -> (p v ^)) 

.21 ((p v 4) -* (q v p))

.22 (((p -> r) A (<? -»• r)) -> ( (p v qr) -> r )) 

and the predicate axioms

.23 ((# -> ux) -»•

.24 ( (ua; -»• z/ ) -> (Uo; ux -> z/ ) )

.25 (Ha: ux -»• uo:)

. 26 (ua: -> U^ ua:)

.27 (y -* rixy)

.28 (Ua;z/ -> y)

Our prepositional axioms are simply the first eight of 

those due to Heyting ([12], pages 105-106). The main difference 

between our approach and Heyting 's is that, where he takes 

negation as a primitive concept, for us it is defined by 

(1.6.10), (1.6.11) and the explanatory definition
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.29 (Not p E ~ p).

As will be shown below, this enables us to prove Heyting's

extra two propositional axioms

.30 ( ( (p + q) A (p -> ~ qr ) ) -»• ~ p)

.31 (~ p -> (p -> <?)).

Our predicate axioms are essentially those described by

Troelstra ([2 CD, page 11). Bearing in mind the explanatory

definitions

.32 (The principle of excluded middle E c\x(x v ~ #))

.33 (omniscience E The principle of excluded middle)

we have been particularly anxious when choosing axioms both

here and elsewhere to avoid the appearance of such terms as

" (omniscience )"

" (~~p •* p) M 

and

" (~ <^x ux •»• Vx ~ ua;)"

among our theorems. (Note, in passing, that our use of the 

word 'omniscience 1 is not exactly that of Bishop on page 9 of [1],

As the development of propositional and predicate logic is 

much more straightforward, and less interesting, than that of 

set theory, we shall content ourselves with the following list 

of theorems. 

.34 (p A q -> p ) 

.35 (p -> (q -+ (p A q} ) 

.36 ( (p -> (p -> 4)) -> (p + ^ ) )

( (p ->• <7 ) -> (p 

-> (p -> p))

. 37

. 38

. 39

.40

( (p -> (q

( (p -»• (q

(p -> ((p

( (p -> (4

->

->-

->

->-

r))

r))

1>

r))

-»•

( (p A ^) -»• p))

.41 ( ( (p •*• q} A (q -> p)) -> (p,-»- r))
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.42 (((p -> 4) A (p -»- r)) -> (p 

.43 (p -> p) 

.44 ~ 0 

.45 U

and a sketch of the proof of (1.6.30). Noting (1.6.10), (1.6.11), 

(1.6.42), (1.6.19) and (1.6.41), we have 

( ( (p •*• q ) A (p •> ~ q ) )

-»• (p -»• <?) A

->• (p •*• (<? A

-* (p -* (4 A

-> (p -> ^ica;)

-> ~ P ). n
»

A proof of (1.6.31) is even simpler than this, and will be

omitted.

Remark: Throughout this chapter, all our proofs (when given

explicitly) will be of the abbreviated form just used. We take

it for granted that a full proof, in accordance with the

strictest meaning of the word 'proof, can always be reconstructed

from the outlines that we give. We shall also indicate the end

of a proof by the 'Halmos tombstone' D. ®

1.7. The fundamental definitions of set theory.

For the remainder of this "chapter we shall concern our­ 

selves entirely with constructive set theory in the spirit of 

Morse.

Bearing in mind the orienting definitions 

.0 ((-> e)a; E aj) 

.1 ((a; e x* ) = (x e x' )) ,

we see that the following preliminary definitions introduce 

most of the familiar objects of elementary set theory:
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.2 ((x is a set) = (x •*• x ))	<-

.3 (The empty set = 0)

.4 (The universe = U)

.5 (complement x = ~ x)

.6 ( (x is a member of z/) = (a; e z/))

.7 ( (# is a point) = ^y (x e z/))

.8 ( (a: is true) = (0 e a;))

.9 ((a; is false) = ~(0 e a;))

.10 ((x 3 z/) E (z/ e a;))

.11 ((a: holds i/) = (a: 9 i/) )

*.12 ((a; c y) E nt((t e x ) -> (t e # )))

.13 ( (x is a subset of y ) E (# c j/))

.14 ( (a; r> i/) = (^ c a:))

.15 ((a: is a superset ofi/) = (a:^!/))

*.16 ((a: = y) = ((a? c y ) A (z/ c a?)))

.17 ((a: equals z/) E (a; = j/) )

.18 ((a; 1 y) = ~(a; = i/) )

.19 ( (a? o iy ) E (a? c y 1 a?))

.20 ((a: is a proper subset of y ) =. (x c- ^))

.21 ((a?- ^ z/) E (y o a:))

.22 ((a; is a proper superset of y ) E (#•=> z/) )

.23 ((The intersection as a? runs, of ua?) = r\x

.24 ((The union as a: runs, of ua?) = Ua: ua;)

*.25 (IU = njyCiy e 4 -» i/))

.26 (The intersection of 4 E 114)

*. 27 ( VA = Vy(y e 4 A zy))

.28 (The union of A E V4)

.29 ((a; n y) = (x A y ))

.30 ((a: intersect z/) E (a; n zy))

.31 ( (a; u i/) E (a: v z/))
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.32 ( (x union y ) = (x u # ) )

Before dealing with the set theoretic axioms of set theory, 

we also need two logical definitional axioms

*. 33 (U = Vxx)

*.3H ((x <+ i/) = ((x -> y) A (z/ -> a;))) 

and the Axiom of Definition for set theory 

.35 ( (a; = i/) =(0: = i)).

1« j_* Axioms of set theory - first group.

Our first group of axioms is concerned with truth and 

certain rules for manipulation of sets: 

.0 (x «• (0 e a?) )

.1 (U e U) + (U e (a: e z/ ) ) «> (a: e y ) ) ) 

.2 ((t e a) -> (U e (a ->• y)) <" ( (t e x) -> (t e z/ ) ) ) ) 

.3 ( ( -b e Ha; ux ) ^ nx ( t e ua; ) ) 

. H ( ( £ e Ua; u# ) •«• Ua: ( t e ua; ) ) 

.5 ((t e (a: A z/ ) ) <» ((t e a;) A (t e y))) 

.6 ((t e ,(* v z/)) o ((t e a:) v (t e z/ ) ) )

Remark : In view of Bishop's Thesis, it is interesting that 

our criterion of truth (axiom (1.8.0) intimately involves the 

natural number 0 (that 0 is a natural number will be shown in 

section 1.20).®

Among the elementary deductions we can make from these 

axioms and the definitions and axioms in section 1.7, we have 

.7 (x is a set) 

.8 (0 e U)

Proof. Apply axiom (1.8.0) to (1.6.45).' D 

.9 (x c, y + (x + y)} 

.10 (x - y •> (x * z/) ) 

.11 ( (x = ) «• (x - ") )
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.12 ((a = b) » nx (x e a «• x e 2?))
.»

.13 (a; e a -> a e U)

Proof. Noting axiom (1.8.,4) we have

(x e a ->• U2/(# e ^) -> # E u^ -> # e U) D

.14 (# e a ->- # e ~ 0)

Proof. From (1.7.35) and (1.6.11), 

(~ 0 = (0 -> 0)).

On the other hand, axiom (1.8.2) and prepositional 

logic give

(x e a -* ((x eo + ;ceo)-v;ce(0 + 0))), 

((a; e 0 -> £ e 0) -> (^e a ->o:e (0 -> 0))), 

and therefore, by (1.6.43), detachment„ the above 

and (1.8.12), » 

(re e a -»• re e (0 -> 0) -> x e ~ 0) 'D 

.15 (a; e 0 -> jc e a)

Proof. Similar to that of (1.8.13). D 

.16 (0 c a c U)

.17 (t e (a? e ^ ) *>a;ez/ A t e U) 

.18 (t e (a; -> z/) o (t e a; -> t e ^) A t e u) 

.19 (a: e 0 -> 0)

Proof. By (1.8.15), (1,8.17) and (1.8.0)

(a; e 0 -> a; E (0 e 0) •* (0 e 0) -> 0) D 

.20 (a: = 0 <> n^ ~ ( y e a)) 

Of great importance is 

.21 (t e u -> t e ~ a <* t - e a)

Proof. Noting (1.5.0) and (1.8.19), we have 

(teu->£e~ a <»te ( a ->o)

o (t e a -> t e o)

^ (t e a -»• 0)

•"• t ^ e a) D
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Finally, 

.22 (U = — U) 

.23 (0 = — 0) 

Remarks ; Our choice of definition for U was dictated by the .

desire to obtain (1.8.13): had we made the definition (U = 

- perhaps nearer to that of Morse ([14], 1.0.6) - the best we 

could have obtained along these lines would have been

( (x e ~ a -> a: e U) A (x e — a -> x e U)).

Note also that, in spite of (1.8.22) and (1.8.23), theorem 

(1.8.10) leads us to trust that (x = — a;) is not a theorem 

of our system.

1.9 . Equality .

Our axioms of equality are

.0 ((a; e U) -> ( (x = y ) ** nt ( (x e t ) -> (y 

.1 ( (a; = z/ ) -»• (ua; = uz/ ) ) 

From these we readily obtain 

.2 (tf = 2/->(#et + z/e£)) 

.3 (a; = 2/-*'(a:e^*>2/et)) 

.4 ( or = j/ -> vx = vz/ ) 

.5 (x - y -^ u'xz - u'z/s) 

.6 (a; = !/ -> u.'sa: = u'sz/) 

.7 (a; = zAs = t-»- u'a;^ = u

1.1 0 . Singlet on s .

Singletons, which play a most important role in the sub­ 

sequent development of our set theory, can be approached in 

two different ways: from the first of these 

*.0 (sng x = ny (y + (x e i/ ) ) ) 

.1 (singleton a: = sng a:)



we derive the fundamental theorems 

.2 (y e U -> y e sng x ** y - x} 

.3 (ye sng x^z/ = ^Az/eU). 

While the second approach

*. 4 (sngl x =- fty((x £ y) -> y ) ) 

.5 (single a: = sngl re) 

produces the corresponding criterion 

.6 (x e U -* z/ e sngl a: •«*• z/ = re) 

and is linked to the first by 

.7 (re e U -»- sng x = sngl or).

However, for a more general characterisation of 

singletons we must turn to

*.8 (singleton is a = (Ha = Va e a)). 

We then have

.9 (singleton is a -> y & a ** y - ITa = Va) 

and, not unexpectedly,

.10 (x e U -> singleton is sng a; A singleton is sngl a;) 

.11 (singleton is a -> a = sng Va = sngl ITa). 

Remark: Morse ([14], 2.50.1) makes the definition

(singleton is a = (ITa = Va)) , 

from which he is able to derive as a theorem

(singleton is a *»• ITa = Va e a).

This derivation breaks down constructively where it uses 

omniscience to prove that (a = 0. A ~ (a = 0)). ®

1.11. Classification

*.0 (E# ux = U#(0 e ua: A sng a:)) 

.1 (The set of points x such that ua: = Ex ua:) 

.2 ({x:uo;}=Ea;ua:)

The Classification Theorems are
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.3 (a? G Eo: ua: •«»• ua: A a: G U)

.4 (a: G U •* a: e E a: ua: •**• 'ua:)

The second of these follows from the first, whose proof is

based on (1.8.0), (1.10.2), (1.9.1) and (1. 8.10) (we omit the

details).

1.12. Axioms of construction

The heading of this section derives from the apparent 

correspondence between membership of the Universe, and our 

intuitive notion of a mathematical object being 'constructively 

well-defined'. So much do we believe in the exactness of this 

correspondence that we are prepared to adopt as our 

Fundamental Thesis on Constructivity:

A mathematical object (set) is constructively well- 

defined if and only if it belongs to the Universe. 

Viewed from another angle, this may also be taken as our 

definition of the expression 'constructively well-defined'.

As our first axioms of construction we have

.0 (((A e U) A r\x((x e 4) -> (u* e u))) + (<Jx( (x e A ) A ux) e U)) 

.1 (((x e u) A (y e u)) «» ((x v y) e U))' 

.2 ((a; e U) <» (sngl x e U) ).

Remark: Morse is able to derive (1.12.0), (1.12.1) and 

several of our later theorems of construction from the one 

powerful axiom of replacement

(u#(U e U) A (a: c A) A ( (uo? e U) A ua;) ) e u) , 

via the consequent 'theorem of replacement 1

(Ux(U e U) A (a; e A) A (ua: e U) A ua:) e U) .

Unfortunately, his derivation of this theorem from his axiom 

of replacement rests heavily on the use of omniscience. We 

shall discuss this matter more fully later, in section 1.24. 

(cf. [14] , 2.39 - 2.49). ®
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Th e first two of our axioms of construction give rise to 

several elementary theorems of construction: 

.3 Ueu+Bn/ieu)

Proof. By (1.12.1)

U e u -> (5 n 4) u >4 = >ieu->Bn>4eU) D

.5 ((U;c(a: e A A ux)) e U + <^x(x e 4 + u;c e U) ) 

.6 U e u -> V4 e U)

Of great importance also are 

.7 (a: e U -> sng a; e U)

.8 ( ~ (x e U) -> sng re = 0 A sngl a; = U) 

.9 (singleton is a -»• a £ U)

Proof. Use (1.10. 11), (1.10.9) and (1.12.7). D 

Remark : Classically we can infer from (1.12.8) and (1.10.7) 

that

(x e U ** sng x - sngl x ) 

and from (1.12.8) and (1.12.7) that

(sng x e U) .

We do not know of any constructive proof of these statements ; 

indeed, the second of these seems highly undesirable as a con­ 

structive theorem: we would not expect the singleton of x to be 

constructively well-defined unless this was known to be the case 

for x itself! ®

1.13. Basicorderedpairs and basicrelations

*.0 ({#} E sngl a)

*.l ({xx'} = (sngl x v sngl a:'))

*.2 ((a;^/) = {{a?

.3 (basicorderedpair xy = (x^y}}

.4 (basicorderedpair is p = ^x^y (p - x ,y e U))
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.5 (basicrelation is R = Hp (p e R -> basicorderedpair is p )) 

.6 (bsvs Ex = Ey (x ^y £ /?))

.7 (The basic vertical section of R at x = bsvs Ex) 

*.8 U^B = Ea^z/Ca; e 4 A i/ e B)) 

.9 (basicartesianproduct ,45 E 4^B)

A familiar, and rather tedious 'argument by cases' enables 

us to prove

.10 (x*y = s-teu^tf = seUAy::t<EU) 

We omit the details. It is, however, worth noting that our 

theory would be unaffected if we were to replace (1.13.2) by 

the two axioms

(x e U -»• sng x e u)

(x*y = s <*t e u ««• x - s e U A i/ = t e u). 

For (1.10.7) would then give

(a e U -> sngl x e U) , 

and therefore, via (1.12.2) and (1.12.1),

(sngl x £ U -> sngl sngl a; e U

->• (sngl sngl a: v sngKsngl x v sngl ar)) e U

-*• x 'X e U

-> x e U).

Of course, it is better to have the one axiom (1.12.2) than 

the alternative two.

For completeness, we mention also the theorems 

.11 (fc^ e lx jj u'xy •» u r xy A x+y ^ U) 

.12 (/? = Ea; ^ u'ari/ -> basicrelation is ^) 

.13 (A + *B = uxvy( x e A A j/ e 5 A sng(*^/))) 

.14 (basicrelation is A^^B) 

.15 (^ e y4 -> bsvs(^^^B)x - 5) 

.16 ( ~ (a: e ^) -> bsvs(^^^B)^ - 0) 

.17 ( ~ (x*y - 0))
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.18 ( ~ (0

1. 1 4 0 rde re dp ai r s

Although basicorderedpairs have their uses (cf. section 

1.27), we follow Morse's lead, and define a more powerful con­ 

cept of ordered pair; one reason for doing so is to arrive at 

(1.14.15), which fits in very well with our theory of notation. 

".0 (ss a E (sng 0 v ^x(x E a A sng sng #))) 

*.l ((a,Z?) E ((sng 0 ^^ ss a) v (sng sng 0 ** ss b )))

.2 (or de re dp air ab = (a, 2?)) 

".3 (orderedpair is p = u^uMp = a,£>)) 

.4 (crd'p E ybsvs pO)

.5 (The first coordinate of p E crd'p) 

.6 (crd"p E Vbsvs p sng 0) 

.7 (The second coordinate of p E crd"p) 

.8 (cartesianproduct AB E ,4,,B)) 

Noting the lemmas

.9 (bsvs(a,£>)0 = ss a A bsvs(a,£>) sng 0 = ss Z?) 

. 10 (Vss a - a ) 

.11 (a e U * ss a e U) 

.12 ( x e ^ A 4 ,„ B e U -> 5 e U) , 

we have

.13 (a,fc e U o a e U A b e U) 

Proof. By axiom (1.12.1),

(a,fc e U -> (sng 0 ^ ss a e U) A (sng sng 0 ^^ ss Z> e U))

As we have

(0 e sng 0 A sng 0 e U)

and

(sng 0 <E sng sng 0 A sng sng 0 e U) ,

it follows from (1.14..12) and (1.14.11) that
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(a 9 b

On the other hand, (1..14.11), (1.12.7) and (1.12.0)

show that

(a e U -> sng 0 ^^ ss a - Vx(x e ss a A sng(0 5 #)) e U)

and

(2? e U -> sng sng 0 ^<- ss b - Ux(x£ssb* sngCsng 0, x)) e U)

Reference to (1.1H.1) and (1.12.1) completes the proof. D 

(crd'(a,£) = a A crd"(a,Z?) = 2?) 

.15 (a,b = c 9 d -^a^cA^-d)

Of theorems relating to cartesianproducts , we mention only 

.16 (x >y e E#,2/ u r xi/ -0- u'ccz/ A a;,y e U).

1 . 15. Subst it ution

The theorems of this section - and in particular (1.15.7) 

and (1.15.8) - show very clearly some of the richness of our 

theory of notation. 

.0 (st yx ux - uy^) 

.1 (st ty u'xy = u'xt) 

.2 (st ( s >t)x 9 y u ' xy - u ' s t )

.3 ( ~ orderedpair is z -> st z x >y u'xy - 0) 

.4 (n^n^ns (w 'xy = (0 e u'ajy **" v f o:^) A

= (0 e st z(x^y) u'xy -> st z(x^y~} v'

Proof. (c - a )b -> n^ uz c

-> HS US c W'afe ) ,

whence

(n an^(n 2 us c w'ab) )

and therefore

w'xzy).
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On the other hand, 

(t € r\xC\y w ' xy

-*• (0 G st s ar,y u 1 xy -> st s a:,!/ u

g = # 5 2y A u'xy')

(0 e u'an -> t

-*• (0 e st s a,i/ u'a:y ->• t E st 2 a;,z/ y_

-> t e (0 e st s a: 5 z/ u f a:i/ -> st z x ,y v^

-> t e us ) ,- • 

whence

(n^Hi/ w'orz/ c us). 

Thus

(n^niy vi ' xy c n^ us c n^n^ w r ^z/), 

from which the result follows. D 

.5 (HajHT/ns (w f o:z/ - (0 e u f a:i/ ->• v'ai/) A

us - ( 0 G st s(a:,z/) u'a:!/ -> st z(x^y} v f a;i/) 

-> UorU^ w ' ay = Us us )

The last two lemmas are vital for the proof of 

.6 ( n# 5 y; u'xy v_' xy = ftx^y ; u'xy v_'xy}

Proof. From our theory of notation and (1.15.H) above we 

have

i u'^y ^ xy
^

st s(or,i/) u'^y st s (#,*/) v'^cy 

0 £ st s(a,y) u f a:y -*• st 2 (re,!/) v'^ty)

o e H fic^ "*" ^.'xy^ 

; u'ay v'^iy) D

.7 (Ua,iy; u'#iy v'^iy = U^Uy ; u'ay v'acy)

Remark : Morse's classical proofs of (1.15.6) and (1.15.7) depend
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on the theorem

(orderedpair is p v ~ orderedpair is p).

Now, it is tempting to think that this last term could be added

as an axiom to our present system without destroying its con-

structivity: for, is it not reasonable to say that we can

recognise whether or not an object is an orderedpair? However,

this is unfortunately not the case, as the following argument

shows.

Let

(z - (sng 0 .*> ss x) u (sng sng 0 ^^ ((x - y) A ss y )).

Then

(z - a 9 b -> sng sng 0 „., ss b - sng sng 0 .*„ ((x-y)f^ ss y )

-+ ss b = ((x-y ) A ss y)

-*• 0 e ((x-y) A ss i/) c (x-y)

-* 0 e (a?=j/)

-»• « =i/ ) , 

the third last line holding because

(0 e sng 0 e ss b). 

On the other hand,

(x = y •*• (x-y) = U

-*• 2 = (sng 0 ^ ss a;) u (sng sng 0 ^^ ss y)

-* orderedpair is z ) , 

so that

(~ orderedpair isz->~ (a:^!/)). 

It is now clear that

(Hp(orderedpair is p v ~ orderedpair is p)

-> narnz/CCx n ^) v ~ (a; = y))). 

But
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->• (U e a) = U) v ~ ((£ e a;) = U)

-> ( t e a; v ~ ( £ e x ) )

-*• r>£(£ e (a; v ~ #) «» £ e U)

-> a: v ~ a: = U

-> x v ~ x") , 

whence 5 clearly,

( np (orderedpair is p v ~ orderedpair is p) -> omniscience) 

It is for this reason that we do not add

(orderedpair is p v ~ orderedpair is p) 

as an axiom of our system.

Finally, we note that of the miscellaneous notational 

theorems in section 2.70 of [14], all but (2.70.10) and (2.70.18) 

go through constructively. Moreover, it is 'easy to see that the 

two which fail in a constructive setting entail

(~ n# ux •** 

and

respectively, and so are essentially non-constructive.

1.16. Relations

* . 0 (relation is R = n^ e j? orderedpair is a?)

.1 (relation ^5 = relation is /? A relation is 5)

*.2 (dmn J? E EtfU^U,^ e /?))

.3 (The domain of R = dmn /?)

*.U (rng R = Ey Vx (x,y e /?))

.5 (The range of R = rng 7?)

*.6 (vs

.7 (The vertical section of /? at x = vs

.8 (hs Ry = Ex(x,y e 7?) )
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.9 (The horizontal section of 7? at y = hs Ry )
<•

.10 (inv 7? E Ex 9 y(y 9 x e 7?))

.11 (The inverse of 7? = inv 7?).

.12 ((Pis') E Ex,yVz(x,z e 5 A 2 ,# e 7?))

.13 (7? composed with 5 = (7?:S))

.14 ((/?:£•) E (5:7?))

. 15 (strc #4 E (7? n U, ,U)) )

.16 (The restriction of 7? to A = strc 7M)

. 17 (strn 7?75 E (7? n (U, ,73)))

.18 (The restriction in range of 7? to 5 E strn RB)

. 19 (^7?4 E Ua: e A vs 7?a:)

.20 (The image of A under 7? E ^TM)

.21 ( 7?B E \Jy e 75 hs 7?z/)
^

.22 (The inverse image of 75 under 7? - RB )

Of the many elementary deductions made from these defini 

tions , we mention only the more important 

.23 (relation is Ex,z/ u'xy} 

.24 (relation is 7? -> 7? = Ea: 5 z/(a:,2/ e 7?)) 

.25 (relation is S A 7? c 5 -> relation is 7?) 

.26 (dirin inv 7? = rng 7? A rng inv 7? = dmn 7?) 

.27 (relation is 7? -> inv inv 7? = 7?) 

.28 (7?:(5:T) = (T?:^):?) 

.29 (inv (#:£) = (inv 5): (inv 7?)) 

the lemma 

. 30 (relation is 7?

-»- dmn 7? = Up e 7? sng crd'p A rng 7? = Up e 7? sng crd"p) 

and the very important theorem of construction
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.31 (R e U -> dmn R & U A rng R & U) 

Proof. By (1.12.4),

(7? e U -> Ep e tf(orderedpair is p) e U). 

Moreover

(dmn P = dmn Ep £ tf(orderedpair is p) A 

rng P - rng Ep e 7? (or de re dp air is p)),

so that we may without loss of generality suppose that 

(relation is fl). 

We now have 

(p e E -> orderedpair is p A p e U

-> crd'p e U A crd"p e u

-»• sng crd'p e U A sng crd"p e u). 

The result follows from this, (1.16.30) and (1.12.0). D

1.17. Functions

*.0 (function is f E (relation is f A n# e dmn f singleton is

	vs far))

.1 (function fg E (function is f A function is g ))

.2 (univalent is f E function f inv f)

*. 3 ( .fx E Hvs fa?)

.4 (The value of f at a: E .far)

. 5 (_arf E .far)

.6 (upon A is f E (function is f A dmn f c yl) )

.7 (on /I is f E (function is f A dmn f = 4))

.8 (upon 4 to B is f E (function is f A dmn f c 4 A rng f c 5))

*.9 (on 4 to B is f E (function is f A dmn f = A A rng f c B))

.10 (upon A onto B is f E (upon A is f A rng f = B))

.11 (on A onto B is f E (on A is f A rng f = B))

.12 (map /IB E Ef(on A to B is f))

	Again, as in earlier sections, we content ourselves with a
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judicious selection of theorems:

.13 (function isf + x,y£f*x£ dmn f A y - ./a;)

.14 (function is f A x e dmn f -> .fa; e U)

.15 (function is f A ~ (a; e dmn f) -> .fa; = U)

.16 (function is f -»• z/ e rng f ^> u^ e dmn f (y - .fa;))

.17 (function is f ->• f = U# e dmn f sngCa;, .fa))

From (1.17.14), (1.14.13), (1.12.7), (1.12.0) and (1.17.17) 

we obtain the very satisfactory theorem of construction 

.18 (function is f A dmn f e u -»- f e U)

In turn, this enables us to prove 

.19 (A e U A B e" u -> A , ,B e u)

Proof. Clearly
%

(2? e B A f = Ea,i/(a e A A z/ = a,fc) 

->• on A is f A rng f = ^,,{Z?}), 

whence, by (1.17.18) and (1.16.31), 

(A e U -> n£ E BU,,{"fc} e U)). 

Noting that 

U, ,5 = u£ e BU, ,{&}))
>

we now deduce the result from axiom (1.12.0) D

1. 18. X-calculus

.0 (Xx;vx ux = Ex ,z/ ( vx A y - ua)

.1 (lambda x with _va; , ua ^ Xai;va;

As we are taking "X" as an 'expression of class 3', it 

follows from our theory of notation (Section 1.5) that

.2 (\x ux = Xx;(a; = a) ua;)

.3 (Xa

The main theorems of our X-calculus are

.4 (function is \x,vx ua)

.5 (function is f -+ f - \x e dmn f . f x
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.6 (/ - \x ; vx ux

-»• dmn / = Ea:(va; A ux e U) A (re e dmn 

.7 (/• r Aa; ux ->• dmn / = Ea;(ua; e U) A (a; e dmn / ->• ./or = ua;)) 

.8 (/ = Xa: e 4 ua; -> dmn / = Ea; e 4 (ua; e U) A (re e dmn / -> . /a;=ua:)) 

.9 (Ax ua: = Xa; e U ua;)

Remark : Morse takes 'X' as an expression of class 1, adopts 

(1.18.3) as a definition, and is able to derive (1.18.6) from the 

fact that, under these circumstances,

(A#;vo; u.;c = Xo:(0 e \/# -> ua:))

is a theorem. However, this procedure is essentially non-con­ 

structive: to see this, let us suppose that (1.18.3) and

(dmn Aa;(0 G va: ->• jja:) = Ea;(va: A ua; G U)) 

are both theorems of our system. Then

(dmn Xa:(0 e (a: v ~ ar) -»• a: ^ a?) = Ea:-( (a: v ~ a:) A (a: i- ,x)G U)

= Ea?( (a; v ~ a:) A 0 e U) 

= Ea:(ar v ~ a;) ) . 

On the other hand, as

(ua: = (Oe (a; = a:)->ua:)),
*

we also have

(dmn Xa; ua; = dmn Xa;(0 e (a? = a;) -> u.a?) 

= Ea;(a; = x A ua; e U) 

= Ea?(ua; e U) ). 

But

( — (a; v ~ a;) ) , 

so that

(te(0 e (a; v ~ a:) -> x i- a;) -> (0 e (a: v ~ a;) -> t e (a: ^ a;))

•> ~ (a; v ~ a;)

-> t e o) 

and therefore
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((0 e (x v ~ a;) -> x 4 a;) - 0 e U). 

Hence

(dmn A#(0 e (xv~x)^a:^3:) = Ex((0e (a:v-x)-va:^x)eU) = U) 

It now follows that

(no; G U(a v ~ a;) )

- which clearly demonstrates the non-constructive nature of 

Morse's approach to A-calculus. ®

1.19. Unicity and unique choice

Before dealing with natural numbers and recursion theory, 

we need to know how to express 'the unique x with property P' 

as a term of our formal system. To do this, we take 

over exactly Morse's definitions 

.0 (One x ux = ^yf^x(ux «• x - y ) )

.1 (There is just one x such that ux = One x ux) 

.2 (The x ux P. n#;(0ne x ux A u#) a:) 

and the consequent theorems 

. 3 (One x ux. -*• ux *> x = The x ua?) 

.4 (~ One x ux •+ The x ux = U).

We are now also able to state and prove the Theorem of Unique 

Choice 

.5 ( Or e A One z/ u' xy -»• One / (on 4 is / A n^ e >i u'x.fx)

Proof. It is easily seen that

(/ = \x £ A The y u/^# •*• on A i s / A 

The uniqueness is trivial. D

1.20. The natural numbes

*.0 (N E n^ ; (o e ^ A n# e >l ( (a: v sng x) e /I ) )

. 1 (The set of n at uraln umbers =

.2 (scsr x = (x v sng #))
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.3 (The successor of x =. scsr x}

.4 (naturalnumberclass is' A E (0 e ,4 A n# e 4(scsr a: e 4)))

.5 (1 E scsr 0)

.6 (2 E scsr 1)

.7 (3 E scsr 2)

.8 (4 E scsr 3)

.9 (5 = scsr 4)

.10 (6 E scsr 5)

.11 (7 E scsr 6)

.12 (8 E scsr 7)

.13 (9 = scsr 8)

From these definitions we immediately deduce 

.14 (naturalnumberclass is N) 

.15 (N = f^A ; (naturalnumberclass is 4) A), 

the first three Peano properties 

.16 (0 e N)

.17 (n e N -*• scsr n e N) 

.18 (n ^ N -*• scsr n i- 0) 

and the Theorem of Induction 

.19 (0 e 5 c N A nx e 5(scsr x e 5) -> 5 = N).

Amongst the innumerable consequences of this last theorem 

are the lemmas

.20 (weNAtteNA/7?ett->7ncrc) 

.21 (m e N -> ~(w e w))

.22 (w^NAneN-> ~(m e n A n e m)),

the last two of which enable us to prove the final Peano property 

.23 (w e NA n £N-*- scsr m = scsr n ** m = n).

Other useful applications of (1.20.19) are 

.24 (weN-^w= Ov One n e N (m = scsr n)) 

.25 (mGNAneN-* (m = n v m J n))
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.26 (meNAtteN-^TTzGn 4* scsr m e scsr n)

.27 (meNAneN-^mGn^mc. ft)

.28 (N =. VN)

and the more general induction theorem

.29 (m e 5 c N ~ m A n^ e SCscsr xesO+S^N-m)

- from which we easily obtain the Theorem of Precedence

.30 (n e N ~ 1 -> scsr Vn = n)

With the help of the above results we can now develop the 

theory of orderings on N from the definitions 

.32 (tf?<nEmeNAneNA77?e scsr n)

.33 (&?<•« EmGNArceNAmGn). 

We omit the details.

1.21. We 1 Ifpunched sets

Our concept of 'wellfounded set' has its origins in 

Richman's definition <bf 'constructive ordinal' [16]. 

.0 (wellfounded is A E H£ c A (r\x e A(X n A c s -> x e 5) -»• S - 

.1 (transitive is A = (~^x e A r\y £ A (~^z £ A(x £ y *y£z->x 

.2 (inducive is A E n^ e scsr ^(wellfounded is x A Vo: c ^)) 

Before discussing further the none-too-transparent definition 

(1.21.0), we mention 

.3 (wellfounded is A

-* ~ u/(on N to A is f A nn e N(./ scsr~n e .fn)) 

Proof. Let

(S - EJC e A ~ u/( 0n N to ^ is / A . /O - x A nn e N(.f scsr n e 

Then

(a;e Ah x n Ac S

-> (on N to A is / A . fo = x A nn e N(./ scsr n e . /n) A 

g -\n e N. / scsr w

->onN to /I is ^ A ,^0 ^ x n 4 c 5 A r\n ^ N(.gscsrn

•> 0)
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-*• ~ u/(on N to A is / A ./O = x A nn e N(./ scsr n *e ./«))

whence

(S = 4). D

.4 (wellfounded is U -> ~ u/( On N is f A ^n e N(.f scsr n e .fw))) 

Proof. This follows from (1.21.3) and the fact that

(on N is / -> on N to U is /) . D 

.5 (wellfounded is N) 

Proof. Let

(S c N A n^c e N(ac n N c 5 -»- a; e 5)) 

and apply (1»-20.19) to show that

(s = N). n
.6 (n e N -»• wellfounded is n} 

Proof. It is trivial that
•

(wellfounded is 0).

Suppose that

(n e N A wellfounded is ft)

and let

(S c scsr n A r\x e scsr n(x n scsr n c S ->• x e £")).

We first note that, by (1.20.28), (1.21.3) and (1.21.5),

(x e scsr n ->• x n scsr n - x n n).

Hence

scsr n A £ n scsr n

so that

(5 n w = w) •

Moreover,

(n e scsr n A n n scsr

so tli at

(n e 5).
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Thus , clearly,

(S - scsr n ) .

Reference to (1.20.19) completes the proof. D 

This last result may also be obtained as a consequence of 

the interesting general theorem.

.7 (wellfounded is A A transitive is A A B c A ->• wellfounded is B) 

Proof. Let

(5'c B A Ox e B(x n Be T + a; e T))

and define

(5 = EX e A(B n scsr a; c y)).

Then

(xe^A^n^cS'AzeSAie scsr ^

-»• t ^ re n A

-»• t e 5

-> t e B n scsr t

-> z/ n

-> i/ e 

whence

e B n scsr a: -> z/ e y)

-> B n scsr a; c y

-»• x e 5) .

It follows that

(5 = ^) ,

and therefore that

x £ B n sc'sr x c T

Hence 

(B -
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and the proof is complete. D 

.8 (S c N -> wellfounded is £)

Proof. Use (1.21.5), (1.20.20), (1.20.27) and (1.21.7). D 

.9 (inducive is N)

Proof. Use (1.21.5), (1.21.6), (1.20.20) and (1.20.28). D 

We now look a little more closely at our choice of 

definition (1.21.0). To begin with, we note that

(wellfounded is A *»• ~ U/(on N to A is / A ^n e N(. f scsr n e ./n) ) 

is a classical theorem. For, supposing that

(S c A A n# e A(x nAcS+x^S) A a e A ~ 5), 

and arguing classically, we have

(an,4c Jsr + ae,4~£'Aae£'-> o), 

whence

(UM& e a A 2? e A ~ 5)).

From this and the classical axiom of choice ([14], 2.5.8) it 

follows that

(u/( 0n N to A is / A .fO = a A r\n e N(./ scsr n e ./n)), 

which, together with (1.21,3), establishes the above proposition.

It is precisely because of this, and the fact that the 

classical idea of a set A being wellfounded is that

(~ u/( 0n N to A is / A nn e N(.f scsr n e .f?O ), 

that we make our definition (1.21.0).

In view of these remarks and theorems (1.21.3) - (1.21.9), 

we consider it reasonable to postulate as our constructive 

Axiom of Foundation

.10 (((S c A) A nx ((U £ >O A (U A 4) c 5)) -> (* e s1 ))) -> (£ = /! 

The foregoing now immediately yield 

.11 (wellfounded is A}

.12 (~ u/(on N is / A r\n e N(./'scsr n e ./>?))) 

and
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.13 (inducive is A •**• f^x e scsr A(Vx c #)).

The main reason for our introduction of (1.21.10) as an 

axiom is to simplify the statements and proofs of the theorems 

in section 1.22. However, should any doubt be cast on the 

validity of (1.21.10) as a constructive principle, we can 

recover the results of section 1.22 in a form sufficiently 

strong for all practical purposes by building the necessary 

wellf oundedness into the hypotheses; in particular, because 

the proofs of (1.21.5) -(1.21.9) do not depend in any way on 

(1.21.10), we can certainly obtain the everyday recursion theorems 

from such a modification of 1.22 (cf. section 1.23).

It may well be asked why we do not simply adopt the axiom 

of foundation in its familiar classical form

(x e A -> Vy(y e A A z/ n A - 0))

(equivalent to Morse's axiom ([1], 2.5.9)). One reason for 

our preferring (1.21.10) as an axiom is that it applies so 

neatly to the proofs in section 1.22; however, a far more cogent 

consideration in our preference is that the above classical 

axiom of foundation is essentially non-constructive! To see 

this , let

(A - ({1} u (x (j ~ x)) ) 

and suppose that the above classical axiom obtains. Then as

(1 e 4) 

we have

(Uz/(z/ z A A z/ n A = 0)). 

But

(~ A = ~{l } n ~ x n ~~;c = - 0 ) , 

so that

and therefore 

(0 e
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As

we conclude that

(0 e (a; u ~ a;)) ,

from which (using (1.8.0) we obtain the unwanted theorem

(omniscience ) .

1.22. Re curs ion

It is in this section more than any other that the full 

power and beauty of our approach to set theory is revealed. We 

here develop a very -general recursion theorem from which - in 

section 1.23 - we shall obtain the familiar recursion theorems 

as special cases. All this is only made possible by the 

definitions 

.0 (Induced Rxy u'xy on A

= (relation is R A dmn R c A A n^ e A(vs Hx = st strc Rx y 

.1 (R is induced on A by u f xy in x and y E Induced Rxy u'xy on A ) 

.2 (Ndc Axy u'xy ^ The tf (Induced Rxy u'xy on ,4 ) )

We begin with two lemmas : 

.3 (Induced Rxy u'xy on A A Induced Sxy u'xy on A -> R - S )

Proof. Let

(T = EX e /(vs tfa; = vs 

Then

-+ (y E strc 7?a: -> UpU^(^r =p,qe/?ApGa:n dmn

^ UpU^r (y =p,^G/?AVS/?p ^

-)- UpUq (y ^p

-»• i/ e strc

-»• strc Rx c strc So: ) . 

Similarly
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(xEA^xnA^T-* strc Sx c strc Ex) , 

so that

-»• strc /to = strc Sx

•> vs 7?o: = st strc /?# y u' xy - st strc Sx y u' xy = vs Sx

-»• a; e

Thus (1.21.10)

and

(a? e /i -> vs Rx - vs 5 a;) ,

from which the result is almost immediate. D 

.4 (Induced Rxy u'xy on A -»• H = Ndc ^^y u f ^2/)

Proof. Use (1.22.3) and (1.19.3). D 

With these behind us we can now prove 

.5 The General Recursion Theorem

(inducive is' A -»- Induced Rxy u' xy on A ** R = Ndc Axy u' xy} 

Proof. Let

( (E - Ndc Axy u 1 xy ) A Oa ( ua = Ndc ao;?/ u ; a:z/) A

(5= Ex s 2/(5:ey4 AZ/G u'auo;'))). 

Then

1° (relation is 5 A dmn S c A A nxe4(vs 5a: = u'x ua;)) 

Next we have

-»• strc(strc Sa}x - strc 5(a n a;) = strc Sa;). 

In view of this and the (easily verified) statement 

(x & a -* vs(strc So) x - vs 5aO , 

it follows that 

(a e A A no: e a(vs 5^ = u'x strc Sx)

-»• relation is strc 5a A dmn strc Sa c a A 

no: e a(vs(strc 5a) a? = u'a; strc (strc Sa)

-v Induced (strc Sa) xy u'xy on a)).
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Thus (1.22.4) 

2 (a e A A c\x e <a(vs 5^ = u'ac strc Sx} -> strc 5a = ua )

We now let

(T - Ea e A nx e a(vs Src = u'a; strc

Then , as

(a e 4 ->• a c 4 ) ,

we have (by 2° and 1°)

-> a; e a c T

->a:e^ A n^e x(vs Sy - u r y strc Sy )

-> a: G ^4 A strc 5^: = ux

-> vs 55: = u' x ux = u'x strc Sx) 

Hence

e a(vs 5a: = u'rc strc

from which - via (1.21.10) - we deduce that

(T = A).

From this , 1 and 2 we obtain

(a t A -> STrc Sa - ua

-> vs Sa - u' a ua = u'a strc Sa ) , 

whence (again with the help of 1 ) we have 

(Induced Sxy u'xy on ^4 ) . 

Reference to (1.22.4) completes the proof. D

1.23. The familiar recursion theorems 

.0 (ndc HA - Ndc Axy sng.//i/) 

.1 (on A>f is induced by R =

(function is H* inducive is A* on A is / A ^x^A ( . f x - . 7/strcfa;) ) 

.2 (ndc'/za = ndc A^(^rQ A a v ^^0 A .7z.#V dmn c



-47-

.3 (sequence is S = on N is 5) 

.4 (sqnc 4 = E£(on N to /I is 5)) 

.5 (sequence ;4 = sqnc A)

.6 (ndc"Sa = ndc X^(^-0 A a v #^0 A ..5V dmn g t gM dmn 

.7 The Simple Recursion Theorem 

(on AtoAish^a^A

+ on N to A is jfXfO = a A Hn e N(.f scsr n = . h. fn)^/ 

Proof. For convenience, we let

(H = \g(g-Q A a v gJQ A .h.gV dmn ^ ) ) ,

so that, in particular,

(ndc'/za - ndc ^77).

Suppose to begin with that

(on N to A is f A . /O = a A nn e N(./ scsr n = . h . fn ) )

Then •

(./O - a - .HQ - .H strc f 0)

and

(0 e n A n e N

-> (0,a) G strc /n A dmn strc fn - n

-> .H strc /n = .ft. strc fn Vn = . /z./ Vrc - . f n ) .

with reference to (1.18.4) and (1.21.3) it is now clear-

that

(on N,/ is induced by #) ,

and therefore that

(Induced fxy sng.#z/ on N).

Hence (1.22.5)

(f = ndc'fta).

On the other hand, with

(/ = ndc'fta) ,

we have (1.22.5)

(relation is / A dmn / c N A r\n e N(vs /n = sng.// strc f n ) )
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Then , as 

(t e vs f0 

^ t e sng.# strc /O 

<* t = .H strc fO = .//O = a e U 

o t = a) , 

we see that

(dmn strc /I = 1 A H;c e Ksingleton is vs /a: A .fx -a e 4) 

Now suppose that

(0 en An eN A dmn strc fn - n A 

Ox e n (singleton is vs /a: A . fx e yO). 

Then 

(.# strc /n = . Tz.strc fn Vdmn strc /n

= . h. strc /n Vn

= . h. f Vn) , 

whence

(.^ strc /n = .h.f Vn e ^). 

It follows that

(w e dmn strc / scsr ^Asingleton is vs fn A. fn- . h. /Vne^), 

from which - via our induction hypothesis - we deduce that 

(dmn strc / scsr n - scsr n A 

r*x e scsr n(singleton is vs fx A .fx e A ) ). 

Thus (1.20.29)

(On E N~l(dmn strc /n = w A r\x e n(singleton is vs fx* 

so that

(on N to A is /).

Moreover, it is clear from the above argument that 

(./O = a A nn e N.(./ scsr n - ./z./Vscsr n = ,/z.fn)). 

The proof is there-fore complete. D 

.8 (5 e sqnc map AA A a e A

•* on N to ^4 is /A ./o = a A nn e N (. / scsr n - ..Sn.fn)

<* f = ndc"Sa)
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.9 The Primitive Recursion Theorem

(on N, jA to A is h A a e A

->• on N to >4 is f A . f 0 = a ,A n ri eN(.f scsr n = .7z(w,./n)) 

*»• / = ndc" An e N A* e 4.7z(n,a:)a)

Proof. Use (1.23. 8) D

Remark: With these theorems, the arithmetic of natural numbers 

can be built up in the usual way; we shall not give the familiar 

details in this work. ®

It will be noticed that there is, as yet, no guarantee 

that our 'functions defined by recursion' in (1.23.7), (1.23.8) 

and (1.23.9) are constructively we11-defined: indeed, it is 

clear from (1.16.31) and (1.17.18) that these functions are con­ 

structively well-defined if and only if this is true of the 

set N. Accordingly, we adopt as an axiom, and as a further 

expression of the leading role played by the natural numbers in 

constructive mathematics, the Axiom of Content: 

.10 (N e U). 

As just noted, we now have

.11 (on A to A i.s h * a & A + ndc'ha e U) 

.12 (S e sqnc map AA A a e A -»• ndc"Sa e U) 

.13 (on N, ,A to A is h A a e A -*• ndc" \n e N Ax e A t h(n t x")a e U)

We are now in a position to derive Morse's axiom of 

infinity ([14], 2.5.6) - namely 

.14 (U = ucn#( c A (c e U) A ((x e c) -> sng x e c ))))

Proof. By (1.12.7), (1.18.7), (1.23.7) and (1.23.11), 

(/ = ndc f X# sng x 0

-»• on N is jf A .fO = 0 A nn e N(.f scsr n - sng./n) A / e U)

whence (1.16.31)

( c = rng ndc'X^ sng x 0

->0^c?A<?eUA (xGc-> sng x G c)
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(o e c A c e U A (x € c •> sng a: e c))).

Thus

(Uc n^(o e <? A c e u A (# e e -> sng a; € c)),

from which the result readily follows. D

Remark; The purpose of (1.23.14) in Morse's classical system 

is to prove the theorems

(a: e U -> sng x e U) 

and

(N e U). 

We prefer to treat these as two axioms, replacing Morse's one

- to do so seems more in keeping with the spirit of [1], ®

1 . 2 M- . _____The mapping set axiom

Our next axiom - the Mapping Set Axiom > 

.0 UeUA£GU-> E/(on A to 5 is /) e U)

- is our constructive substitute for the classical Power Set

Axiom

(A e U -»• Ea:(^ c ^)e U) ,

to the constructive application of which several authors (for

example, My hi 11 [15]) have raised serious objections.

To make precise our own criticism of the Power Set Axiom,

let us first note that

'A set is not an entity which has an ideal existence. 

A set exists only when it has been defined. To 

define a set we prescribe, at least implicitly, what 

we (the constructing intelligence) must do in order 

to construct an element of the set. . . .

A similar remark applies to the definition of a function: 

in order to define a function from a set A to a set B , 

we prescribe a finite routine which leads from an element

of A to [a unique] element of 5 .,. 1 ([1], page 2).
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(Actually, Bishop requires more of us than this: in the case 

of a set, we must also prescribe 'what we must do in order to 

show that two elements of the set are equal'. As equality is 

an absolute, defined notion in our formal theory, and not pre­ 

scribed for each set - as in Bishop's approach - we omit this 

extra requirement of his in the definition of a set.)

Now Church's Thesis suggests - although we must stress 

that it does not prove - that we have a clear idea of how to 

construct a mapping of N into N, and therefore that, according 

to the above criterion of Bishop, the set map NN is constructive­ 

ly well-defined. (No element of map NN is known which is
X

generally accepted as 'constructive' and yet, not being general 

recursive, contradicts Church's Thesis.)

On the other hand, no such tentative general character­ 

isation of constructively defined subsets of N is known or, we 

believe, likely to be found. For this reason, and until such 

time as a characterisation of constructive subsets of N be')

found, we are led to exclude Ex(x c N) from our canon of con­ 

structively well-defined sets.

It may be argued that, although our criticism of the 

Power Set Axiom certainly provides good grounds fo'r its 

rejection, nevertheless we have-not, by one favourable example, 

produced a strong enough case for the acceptance of the Mapping 

Set Axiom. One way of meeting this objection is to restrict 

ourselves still further, to the adoption of the axiom

(map NN e U).

It is interesting to note that, were we to take this approach, 

we could deduce the theorems

(N e U),
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(nn e N(map nN e U)) 

and

(riff? e N nn e N(map mn e U)). 

To derive the first of these, we simply remark that

(N = rng \f e Ef un e N(/ = \x e N n)./0)

and refer to (1.17.18) and (1.16.31). To prove the second, 

we have

(n e N A /z e map wN A g - \x £ N(x e n^ t hx v~(£ e n) A 0)

-> # e map NN A strc gn = h ) , 

whence, clearly,

(on map NN onto map nN is \g e map NN strc gn)

- from which, again by (1.17.18) and (1.16.31), we obtain our 

result. Finally, the third of the above statements follows from 

the second, the fact that

(me. N Ane N -> map mn = E/ e map mN(rng / c n)), 

and (1.12. 4).

Unfortunately, the axiom

(map NN e U)

is too restrictive, in that it does not allow, us to construct as 

elements of our universe such objects as 'the set of all finite 

subsets of A ' (where A is constructively well-defined): to do 

this, we appear to need at least the axiom

(A e U -> map NA e U) ,

coupled with (1.23.10). But even this is not strong enough to 

enable us to construct, for example, the set of all continuous 

mappings of R into R as an element of the universe, where R is 

the set of all real numbers. It is precisely such considerations as 

these which serve to confirm our original resolve to adopt the 

Mapping Set Axiom (1.24.0) as our constructive substitute for 

the Power Set Axiom of classical mathematics.

Having said all this, let us now make the convenient
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definition

.1 (sb A = Ex(x c 4)) ,

and comment further on the relation between the Power Set

Axiom and (1.24.0). To begin with, we note that with the Power

Set Axiom we can deduce the converse to (1.12.6) - that is

(VA e U -> A e U). 

For we then have

(V/4 e U + A c sb MA e U -> 4 e U). 

In fact, as an axiom or theorem,

(MA E u -> 4 e U) 

is equivalent to the Power Set Axiom: for the former gives

U e U -»• V sb X = ^eu->sb^e U).

Note also that, in any event, the converse of the Power Set 

Axiom is true within our present system: 

.2 (sb A e U -> A - Vsb A e U)

Next, we remark that (1.24.0) can be deduced as a theorem 

with the aid of the Power Set Axiom: for, with the latter,

(A e U A B e U -> V map AB - A , ,S e U + map ,45 e U). 

Moreover, (1.24.0) is classically equivalent to the Power Set 

Axiom: for, given that

(omniscience A A e U) 

is a theorem, and setting

(S=Efujesb>l (/-~Axe^(xejAlv~(^ez) A 0))) 

we have

(S c Ef(on A to {0 1} is f) e U) , 

whence (1.24.0)

(5 e U). 

As

(0 r A/ e S1 Ear e A(.fx - 1) -> on 5 onto sb 4 is ^) 

we conclude from (1.17.18) and (1.16.31) that

(sb A e U).
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To end this section, we show how Morse's axiom of 

replacement ([14}, 2.5.7) - from which he is able to derive

(A e u -> sb A e U)

as a theorem - fits into our system:

.3 (omniscience -»• Vx((A e U A x <= A ) A (ux e U) A utf)) e U) 

Proof. Let

(S - UX ((A e U A a? c A) A (ua; e U) A ua;)).

Then

(~U e U) + U e u) - 0

-> UeUAa;c>lAua;eUAua;) c (>l e U) = 0

-v 5 = uz 0 = 0 

+ S e U).

On the other hand, it is readily shown that 

(A € U -> 5 = UjcCa: e sb ^ A ua: e U A ux )). 

Moreover, 

(ua; e U -> (ux e U) = U

-> (ua e U A ua:) e U) 

and 

(~(ua; e u) -> (ua: e U) = 0

-> (ua: eUAua:) = OeU). 

Thus

(omniscience -> n^ e sb /I (( ux e U A ua:) e U)). 

It follows from the remarks preceding this theorem, 

and (1.12.0), that

(omniscience A A E U->£e U).

The proof is completed by one further application

of the Principle of Omniscience. D
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1.25. Families of sets

.0 (finite is A = Uf( univalent is / A dmn / e N A rng f - A ))

.1 (fnt = EA finite is A}
•

.2 (subfinite is A = U/( function is / A dim / e N A rng / = >!

.3 (subfnt = EA subfinite is A )

.4 (denumerable is A E \Jf(on N onto A is / A univalent is f ) )

.5 (denmbl = EA denumerable is A)

.6 '(countable is A = u^(upon N onto A is /))

.7 (cbl E EA countable is A)

Note that - in contrast to Bishop's usage - the empty set 

is both subfinite and countable. 

.8 (fnt c subfnt c cbl) 

.9 (denmbl c cbl) 

.10 (A e u -»• subfnt n sb A e U) 

Proof. As (1.24.0)

(nn e N (map nA e U)) 

we have (1.12.0) 

(uw (n e N A map nA} e U).

The result now follows from (1.18.4), (1.17.18), 

(1.16.31) and the fact that

(subfnt n sb A = rng \f e Un(n e N A map n^)rng /). D 

.11 (4 e U -* fnt n sb /i e U) 

.12 U e U •* denmbl n sb 4 e U) 

Note that

(4 e U -> cbl n sb A e U) 

as a theorem or axiom is equivalent to 

(sb N e U).

This is a consequence of the theorems 

(N e U A (sb N = cbl n sb N)), 

(cbl n sb A - rng \f e us e sbN map SA rng f)
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More generally, if we were to accept the power set axiom
««

as a theorem, then we would be able to derive (1.25.10),

(1.2 5.11) , (1.25.12) and 

(A e U -»- cbl n sb A e U)

quite simply, using (1.12.4).

The remainder of this section is intended as preparation

for the next, on Borel sets-. 

.13 ' (inhabited is A = Vx(x e A )) 

. 14 (htd =EA inhabited is A) 

.15 (V'F = UG e subfnt n sb F sng VG) 

.16 (II 1 *1 = UG e htd n subfnt n sb F sng EG) 

.17 (V"F = U£ e cbl n sb F sng VG) 

.18 (IT'F = UG e htd n cbl n sb F sng ITS) 

.19 (V~F E UG e sb F sng VG) 

.20 (n~F E UG e htd n sb F sng IIG)

The extra condition of being inhabited is necessary in

(1.25.16), (1.25.18), and (1.25.20) to avoid the

appearance of HO (equal to U). 

.21 (F c V'F c V"F c V~F) 

.22 (F c n ? F c ]I i! F c ]L~F) 

.23 (0 e V'F) 

.24 (F c G -> V"F c V"G) 

.25 (F c G -* n"F c n"G)

1.26. Borel sets

We believe that, barring the fact that Bishop's definition 

applies to 'complemented sets' ([1], chapter 3, section 2), the 

following captures the spirit of his inductive approach to 

Borel sets. 

.0 (Borel F = n#;(F c B = V"S = n"5)B)
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Of the following theorems, perhaps the most important in 

practice are (1.26.3) and (2.26.7), each of which illustrates the 

inductive nature of definition (1.26.0). 

. 1 (F c Borel F)

.2 (F c B = V"B = TI M B + Borel F c 5) 

.3 (F c ^ = V"S = n"5 c Borel F -> 5 = Borel F) 

.4 (Borel F = V"Borel F = IT 1 Borel F)

Proof. By (1.25.24), (1.25.25) and (1.26.2), 

(F c B - V"B = JI"B

-> Borel F c B

-> V"Borel F c V"B = B A II" Borel F c n"B = B) ,

whence

(VBorel F c n#(F c 5 = V"B = IT'B ->' B) A

IT'Borel F c n#(F c B - V"B = n"B -> B)),

and the result follows by (1.26.0), (1.25.21) and (1.25.22).r 

.5 (S c Borel F -> V"5 c Borel F A n"5 c Borel F) 

.6 (Borel F = ^B;(F c B A 0? c B(V"5 c B A n"5 c B))B)

Proof. By (1.25.21), (1.25.22), (1.25.2H) and (1.25.25) it is

clear that

(OS1 c B(V"S c B A IT"5 c B) ^ B - V"B - n"B).

The result follows almost immediately. D

.7 (F c x c Borel F A H£ c J(V"5 c x A n"5 c J) + X = Borel F) 

.8 (F c sb * -> Borel F c sb J)v *>

Proof. Using (1.25.24), (1.25.25), (1.25.21), (1.25.22) arid 
(,

(1.26. U), we readily see that 

(S = Borel F n sb J

-> Vfi1 c VBorel F n V"sb J c S A 

IT'S c JT'Borel F n TT'sb Z c S

-> s = v"5 = n'^).
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The proof is completed with reference to (1.26.1) 

and (1.26.6). D 

.9 (Borel F c sb VF)

In many ways it would be satisfactory to have 

(F e U + Borel F e U)

as a theorem. In view of (1.26.9), this will certainly 

be the case if we accept the power set axiom. On the 

•'other hand, despite Bishop's one mention of the set of 

borel subsets ([1], page 183, definition 1), it appears 

that, in practice, we only need individual borel sets, 

or countable families of borel sets, and not the set 

Borel F of all such sets. Moreover, Bishop's 'improved'
%

constructive measure theory C 4] does not seem to bother

with borel sets at all. For these reasons, we remain

content without

(F e U -> Borel F e U)

as a theorem.

1.27. Tuples

The constructive theory of tuples follows the classical 

development almost exactly. Of particular notational interest 

are the definitional schemas (1.27.6) and (1.27.7)' and theorem 

(1.27.18)

.0 (bsdmn x H Et(bsvs xt e htd)) 

.1 (tuple is x =

(basicrelation is x A c\t e bsdmn x (bsvs xt = ss Vbsvs 

.2 (tuple a is x = (tuple is x A bsdmn x = a)) 

.3 (crd tx = Vbsvs xt} 

.4 (The t coordinate of x = crd tx} 

.5 (bstrc xa = x n (a s* U))
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.6 Definitional schema

We accept as a definition each expression obtained from 

'((a, E z/) E (tuple is x A nt E bsdmn a; (crdtx e z/))) 1 

by replacing 1 E' by a nexus which is not a comma. 

.7 Definitional schema

We accept as a definition each expression obtained from 

'(Each coordinate of x E y E (a:, E y))' 

by replacing 'E' by a nexus which is not a comma. 

.8 ((a,a f ,a") E ((a,a f ) u (sng 2 .,.. ss a:"))) 

.9 ((a,a' ,x" ,x nr) = ((a,a',a")u (sng 3 ^ ss a"0))

These last two definitions clearly generalise.

.10 (tuple a is # A tuple a is y -^ x - y ** nt E a(crdtx =crdti/)) 

.11 ( x - ut e a(sngt^<*ss ut) ->• tuple a is a? A nt E a(crdta:=ut;)) 

.12 (crd'o: = crd Ox A crd "x - crd la) 

.13 (p = 0 <* tuple 0 is p A nt(crd tp = 0)) 

.14 ( p = sng 0 ^ ss a; -> tuple 1 is p A crd Op = a) 

.15 (p = x,#' -*• tuple 2 is p A Crd 0 p = x A C rd lp = a') 

.16 (p = x>x',x" -> tuple 3 is p A crd Op = a A Crd lp = x' A

crd 2p = x"} 

.17 (77? E N A n E N A m < n * tuple n is a;

-> tuple m is bstrc xm A nt e m(crd t bstrc aw = crd ta)) 

What does an N-tuple look like? The answer is given by 

the next two theorems, which also reveal the pardonable 

confusion between sequences and N-tuples in informal 

mathematics. 

.18 (X = EaCtuple N is a A On E N(crd nx E ^))A/ = \x E JXnENcrdna:

-> univalent is f A on X onto sqnc 4 is /)

.19 (sequence is 5 A X - E^Ctuple N is a A nn E N(crd na e. 5n)) A 

/ = Xa e J An e N crd nx

-> univalent is /A on J onto E^( sequence is 0-AOnEN (. ^nE. 5?z )is /)
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Finally, we have two illustrations of the usefulness of
V

(1.2 7.6) and (1.2? .7).

.20 (x 9 y 9 £ A •«• x 6 A A z/ e 4) .

.21 (nx 9 y 9 z 9 e 4 u"a:z/2 «»• n# e A ^y e 4 n^ e 4 u"xyz)

1.28 . Axioms of Choi ce

'When a classical mathematician claims he is a con- 

structivist , he probably means he avoids the axiom of choice. 

This axiom is unique in its ability to trouble the conscience 

of the classical mathematician, but in fact it is not a real 

source of the unconstructivities of classical mathematics. A 

choice function exists in constructive mathematics, because a 

choice is implied by the very meaning of existence.' ([1], 

page 9 ) .

Perhaps it is the vagueness of these remarks of Bishop 

that led Myhill to write: 'there is not a single use of the 

axiom of choice in [1]. This is truly extraordinary; in the 

introduction to his book, a mathematician defends the use of a 

certain axiom, and then doesn't use it in hundreds of pages. 

What is used over and over again is the principle that if for 

every element x of a certain set A there is determined a un iq ue 

y such that cj>(x,z/) then there is a function / defined on A such 

that cf>(#,/(x)) for all x in A . ' [15]. (This last principle is 

just our Theorem of Unique Choice (1.19.5). Note, incidentally., 

that Myhill uses the standard notation f(x) where we would write

.fx ^

In fact, as Bishop is vague, so Myhill is wrong! Over 

and over again Bishop's informal analysis in Cl] uses not only 

unique choice but also dependent choice; we shall see examples 

of this later (cf. section 2.1). We should note, however,
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that Myhill has shown in [15] that a general axiom of choice 

contradicts Church's Thesis-; we therefore trust that such a 

general principle will not be required in our constructive 

analysis.

To completely cover the situations discussed in [1], we 

are therefore forced to postulate the Axiom of Dependent Choice: 

. 0 (a e A A dx(x e A -> Vy (y e A A u'a;z/))

-> u/( 0n N to A is f A ./O = a;. A r\n (n e N -> u r .fn.f scsr n)))

This le'ads to

map

-> u/ e sqnc ^( 

Proof. Let 

(5 = En,f(n

u'strc fn.fn)}

1 A / e map

and

(st (crd"p , . crd"g crd f p)o:,z/ 

crd"p = strc crd"^ crd'p))

u r xy A crd'q = scsr crd'p A

Then

(nGN~lAxe map nA * y £ A * u' xy *

q - (scsr n,Af£ scsr n(t e n A .art v t = n A z/ ) )

-)- qr e B A v f (n ,#)<? ) j 

so that

(Op e B Vq e B v'pqO.

With the help of (1.28.0) we can clearly construct 

a term g so that 

(on N ~ 1 to B is g A .01 = (l,{(0,a)}) A

e N ~ 1 y_'.gn.g scsr n). 

A simple application of (1.20.29) then proves that 

(On e N ~ Kdmn crd".0n=n A crd" . ^n^strc crd".^scsrn n)) 

from which - again via (1.20.29) - we readily obtain
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(f = An e N.crd".<7 scsr n «

-> on N to 4 is / A ./O - a A nn e N ~ 1 u'strc fn.fn). D 

Remark: In fact (1.28.1) is equivalent to (1.28.0): for if 

(1.28.1) obtains it is easy to show that 

(a e 4 A n# E ,4 Uz/ E 4 u'xi/

-> u/ e sqnc 4(.fO = aAnn EN~l u'.Cstrc /n)V dmn strc fn ./??)), 

from which (1.28.0) follows almost immediately. ® 

.2 T/z<2 Principle of Countable Choice

(On e N u# e 4 u'n# -> u/ E sqnc 4 n« e N u'n./n)), 

Proof. Let

(B = Erc,:c(tt e N A a; e A A u'nar)).

Then it is clear that

(Ua e 4(0, a e 5) A np e B vq e B(crd'^ = scsr crd'p)),

whence (1.28.0) there exists a term g such that

E N(crd'.<7 scsr n - scsr crd ' . gn ) ) . 

To complete the proof we now need only set 

(/ =; \n e N crd".^n). D

Remark : (1.28.0) can be derived from (1.28.2) with the help 

of the extra Axiom of Internal Choice

(c\x e A Vy 6 A u'xy -*• u/ E map AA ^x e A u'x.fx). 

I am grateful to Peter Hancock for pointing out the essence 

of the following proof (and thaf of (1.28.3) below).

Let

(a e A A rue E A Vy E A u'xy). 

Then the Axiom of Internal Choice ensures that

(U/z E map AA nx e A u'x.hx), 

whence (1.23.7) there exists a term / such that

(/ e sqnc A A . /O = a A n^ E N(.f scsr n - ./z./n)). 

For such /, it is clear that
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(n« e N u'.fn.f scsr n), 

as we required.

However, although 'internal choice' is certainly valid 

within our system in the special case A = N, we think it unwise 

to allow it for general sets A: indeed, even in the case A - R 

(the set of real numbers), 'internal choice' does not appear 

to us as a satisfactory constructive principle. ®

Finally, we mention the more general choice principle 

.3 (sequence is T A a e .TO A ^n e N n^ e . In ^y e . r scsr n u

-> U/(sequence is / A .fO = a A nn e N (. fn&. Tn^u' . fn. f scsr «)) 

Proof. Let

(A - En,x(n e N A a; e .Tn) ).

Then

(^ e 4 -> Un e N Ua;e .Tn(y = n,x) •

->- Un e N Uo; e . Tn Ux f e . T scsr n(y - n 9 x A u'xx'*)

-> UH e ,4(crd'3 = scsr crd'z/ A u' crd"i/ crd"s)), 

whence (1.28.0) there exists a term /z such that

(h € sqnc A A .TiO = 0,a A

(^n e N(crd'.?z scsr n - scsr crd'. hn AU ' crd". /zncrd". h scsr n}

A straightforward application of (1.20.29) now shows

that

(On e N(crd'./m = n A crd".hn£.Tn A u f crd"./zn crd".7z scsrn) 

whence

(/ = Xn e N crd".^n

-»• sequence is / A ./O = a A

e N(./n e .Tn A u'.fn.f scsr n)). D
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1.29. Concluding remarks on set theory

We do not intend to pursue further the detailed form- 

alisation of constructive analysis within the system described 

above. Suffice it to say that our axioms and theorems of con­ 

struction ensure that the set R of real numbers is constructively 

well-defined (of particular importance in this context are 

axioms (1.23.10) and (1.24-0), and that certain concepts in 

[ 1] become much easier to handle within the formal system: for 

example, a formal proof that the empty set in a metric space 

is not located is quite simple, whereas an informal one is 

rather difficult to describe precisely. Another situation 

which is clarified by our formalisation appears at the start of 

the next chapter of this work (section 2.1).

We should also mention the 'counterexamples in the style 

of Brouwer 1 so beloved of constructive mathematicians. These 

are best handled by means of the definitions

.0 (limniscience E ns e sqnc N (nn e N(.Sn - 0) v un e N(.5n T'O))) 

.1 (The limited principle of omniscience E limniscience)
)

A 'Brouwer counterexample' to the proposition p then 

becomes simply a proof that 

(p -> limniscience)

- a much more precise description than that usually made in 

such cases (cf. C 1] , page 26). ..

Finally, we refer the reader to Appendices 1 and 2, in 

which we gather together the axioms of set theory for con­ 

venient reference, and sketch briefly an axiomatic approach 

to proof theory within the above formal system.
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CHAPTER 2

PROLOGUE TO ANALYSIS

From this point on (when we turn to the consideration of 

certain problems in constructive analysis, as distinct from set
f

theory), we shall relax the notational rigidity of Chapter 1, and 

allow those notations which have become standard in mathematical 

practice: thus, for example, when we are dealing with functions, 

we shall use either /(#) or . jfx, where the spirit of Chapter 1 

would restrict us to the latter; moreover, we shall write "=*•" and 

"o" instead of the "•»" and "<»" of chapter 1, and allow "->" both 

its common employments, as a sign for convergence (as in 

1 lim ^^x '), and as one for mappings (as in 'the mapping T -*• < Tx \ y) ' 

where, in such cases, the domain of the mapping is known or under­ 

stood). We shall also write Q,R,R ,R for the sets of rational 

numbers, real numbers, non-negative real numbers and positive 

real numbers respectively; C for the set of complex numbers; and 

z* for the complex conjugate of an element 2 of C.

Before we pass on to the main body of this chapter, we had 

better gather together a few important preliminary results on 

metric spaces. Accordingly, let (E 9 d) be a metric space, £ a 

point of E , and r a positive number. When there is no likelihood 

of confusion over the metric in question - a caveat which applies 

to all definitions and notations which make no explicit mention of 

a metric, norm, scalar product or underlying algebraic structure 

on which terms under discussion are intimately dependent - we

write B(£,r), "B(£,r) respectively for the open ball

ix e E: <?(£,#) < r} and the closed ball [x e E: d(^^x) <_ T} in

If we want to emphasise the dependence on a particular metric d, 
we can speak of ^-completeness, ^-compactness, J-continuity,etc.
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E with centre £ and radius r; and ^° 5 J respectively for the 

interior and closure of a subset A of E.

If A and B are subsets of E 9 we write dist(4,£) for the term 

inf x 9 y € A , 9 B .d(x 9 y) whenever this is constructively well-defined; 

in the case where A - {£}, we write dist(£,£) rather than 

dist({£) 9 B). The subset B of E is said to be located (in #) if 

dist(x,£) is well-defined for each x in E ; in which case we write 

E-B - or, when no confusion is likely, simply -B - for the 

metric complement {x e E: 0 < dist(#,£)} of 5 in E. On the other 

hand, the diameter of a subset A of # is the term 

sup x 9 y 9 e ,4 9 d(x 9 y) - otherwise written diam A - when this is 

well-defined.

A mapping f of E into a metric space (£"' ,d f ) is uniformly 

continuous if there exists a relation 03, with dmn CD = R and 

rng co c R 5 such that

(He, 6 e oj n£,2/, e E(d(x>y) 56=" d } (.fx>.fy) <_ e)). 

w is then called a modulus of uniform continuity for / (on E7 ). 

We commonly abuse notation by writing w(e) for any 6 such that 

(e,6) e w; this amounts to a notationally convenient - but dis­ 

pensable - application of 'internal choice'. If / is an injeotive, 

uniformly continuous mapping of E onto E ' with uniformly continuous 

inverse, we say that E and E ' are metrically equivalent and that 

/ is a metric equivalence of E with E' (or between E and E ' ) ; in 

particular, if this obtains for E - E' and / = \x e Ex , then d and 

d f are said to be equivalent metrics on E.

Given e > 0, by an ^-approximation to our metric space E we

mean an inhabited, subfinite subset S of E such that 

(nx e £ Lty e s (d(x 9 y) < e)).

If # has an e-approximation for each e > 0, then E is precompact^

if, in addition, £• is complete, we say that it is compact" We

note that
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if f is a uniformly continuous mapping of a pre compact 

metric space E into a metric space E r , then ^fE is 

precompact; moreover, if E' = E, then sup x e E . fx 

and inf x e E .fx are well-defined real numbers; 

that

a precompact subset of a metric space is located, and a 

located subset of a precompact metric space is itself 

precompact; 

and that

a subset of a finite dimensional Banach space is compact if 

and only if it is clos.ed, located and bounded. 

By a cover of a set X we mean a family S of subsets of X 

whose union is X. Of great importance is the proposition:

if E is a compact metric space and e >. Oj then there exists 

a finite cover of E in which each set is compact, and of 

diameter less than e 

and the consequent theorem

if E is a compact metric space, and f a uniformly con­ 

tinuous mapping of E into R, then, for all but countably 

many real numbers u > inf x £ E . fx, the set 

{x e E : . fx <^ a) is compact.

For further results on compactness, we refer the reader to 

Chapter 4 of C 1], from which these last two were extracted. 

In the remaining chapters of this thesis we shall be 

concerned with various problems associated with compactness 

and local compactness in metric spaces (cf. Chapter 3 for the 

definition of local compactness). We begin this present chapter 

with an important result on locatedness (2.1.0), a variant of 

which - namely, our theorem (2.1.1) - appears, and is incorrectly 

proved, in Bishop's book ([1], Chapter 6, Lemma 7). From this



-68-

we are led to two conjectures of considerable importance for 

later work in Chapters 3 and U. The chapter ends with some 

important definitions and a constructive analogue of the 

classical result that an injective, uniformly continuous mapping 

of a compact space into a Hausdorff space is a homeomorphism 

of its domain onto its range.

2.1 Some important results on locatedness..

.0 Let A be a complete^ located subset of a metric space

and £ a point of E. Then there exists y in A such that 3 for each

n in N 2~ < d(£i) entails 2~n ~ 2 <

Proof. For each n in N we have either a proof that 

2~n ~ 2 < dist(£,>O or a proof that dist(£,4) < 2~n ~ 1 

We may therefore define recursively a mapping 6 

of N into {0,1} such that, for each n, 

6(n + l) <. 6(n) , 

6(n) = 0 =* 2 ~ n ~ 2 < 

and

With C any point of A , we now construct a sequence 

in A so that: if 6(0) = ° 5 then y n 

for each n; if 6(0) = 1 = 6(n), then y n is chosen

in >1 so that d^.y^ < 2"w-1 ; while if 6(0) = 1 and 

6(n) = 0, then y - y , where m is that unique integer 

such that 6(m) = 1 and 6(m+l) = 0. Let p ,^ be natural 

numbers with q <^ p. Then

For if 6(p) = 1, then 6 (q ) = 1 and so

-
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if 6(p) = 0 = 6(4), then y = y d(y ,y ) = 0; while 

if 6(p) = 0 and 6(g) = 1 5 then there exists (unique)

m such that q <m < p, 6(m) = 1, 6(m+l) = 0 5 and

CO

2

It follows that (z/ ) is a Cauchy sequence in A , and

therefore converges to a point y of A , where

,
— YL + 2Now let n belong to N, and suppose' that 2 < d( 

Then

whehce 6(w) = 0 and therefore 2"n ~ 2 < dist(^^). D

An immediate corollary of this is

.1 Let A be a complete > located subset of a metric space 

(2?,d), and E, a point of E such that 0 < d(£,a;) /or eae/2 a; -in A. 

Then 0 < dist(£ 9 4). D

Remark s : (i) Before finally taking our leave of the formal 

mathematics of Chapter 1, it is well worth our while to sketch 

the formal layout of the first part of the proof of (2.1.0) (the 

construction of the sequence - or, strictly, the N-tuple - 

(y ) CTVT^' ^ne g°°d reason for doing this is to show up an
1 1 Tl ̂ — 1>I

apparently unavoidable need of the Axiom of Dependent Choice 

(1.28.0); another is that the formal proof makes the construction 

of the function 6 very much clearer than does the above argument
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(even in a less terse form). For the duration of this pres.ent 

remark only, we shall revert to the notation of Chapter 1, with 

the assumption that all the various operations of addition, 

exponentiation, etc, on real numbers, and such terms as 

dist(£ ,4 ) , have been defined in the appropriate manner, and have 

the expected properties. 

Let

(m = 2 A 2~ n ~ 2 <

Then (1.18.6)

(on {12} , ,N is_cf)).

Moreover, as

(nn e N(2
"n ~ 2

and

y, e R((a; < y •> (a; < # ) = 

it is clear that

(nn e N u we{!2 } ( . <j) (w ,n) = m)). 

Thus (1.28.2)

(on N to {12} is g A r\n e N( .<{)(. gn ,n ) =

(x = 0))),

for some term

(h -

We now set

N,,N min(2 - .g scsr 7n,n

(6 = ndc" Xn e N A* e N.7t(n,x) (2 - .#0)) 

(a - The m e N(.6m = 1 A .6 scsr m - 0)).

Then, (1.23.9)

(on N to N is 6A . 6 0 = 2 

Noting that

(n e N A .cj)(l,n) = 1

•> 1 = 1 n (U n

(. 6 scsrn = min( 2-. g scsr n,.6n))).

< 2~n ~ 1 ))n(0 u (2~n "" 2 < dist (£,

n

0 e
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and that (likewise)

(n e N A .(j>(2,n) = 2 ->-2~ n ~ 2 < dist(£ ,4) ) ,

it is now a straightforward matter to apply the Theorem of 

Induction (1.20.19), to obtain

(rng 6c{oi}AnweN(.6 scsr n £ . 6nA ( .6 n = Q-*2~n ~ 2 < dist(£,/l)) A

We also have

(.60 = l-»nneN~l(.6n = 0 ->a e N A ,6a = 1 A .6 scsra = 0)) 

and

(.6 scsrn^OA^z/) v ( . 6 scsrn^lA . d(?> ,y )< 2~n ~ 2 ) ) ) .

Now, a simple corollary of (1.28.3) is

(aeAAOneNn^e^u^e^ u"n^z/->ufe s qnc ^(.fO = aAnneN u"n.fn.f scsrrc)). 

(To prove this, we simply set

(T - \n e N{n>, 9 >1) , 

apply (1.28.3) to produce a term F such that

(sequence is FA. F0= ( 0 ,a) AHneN( . Frc£. Tn Au"n crd ff .F« crd". Fscsrft) ) 

and then set

(/ = \n e N crd".Fn))

It should be clear that, with C any point of A 9 there exists a 

term y such that

= OA . yscsrn= . yn )v ( . 6scsrn = lA . d(E> , . yscsrn )< 2

To show that such a term y fulfils our requirements for the proof 

of (2.1.0), it only remains to prove the statements

(.60 = 0 -> y - Arc e
-w- jf 

(n e N A .6n - 1 -> ,<f(^,.i/n) < 2

and

(n e N A .60 = 1 A ,6n = 0 -*• . z/n = 

- the simple details of whose proofs we shall omit. 

(ii) In general, we shall find more use for (2.1.1) than for 

(2.1.0). For applications of the latter to the constructive
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theory of connectedness in metric spaces , we refer the reader 

to Appendix 3. ®

2.2 Two important conjectures.

Being familiar with classical mathematics, and bearing in 

mind (2.1.0), we are naturally led to

1 •' If K is a compact subset, and A a complete,

located subset, of a metric space E , then there exists y in K such 

that 0 < dist(y,4) entails 0 < inf x e K dist(a;,/O

- the constructive validity of which would certainly be of some 

practical value (cf. remark following (A3. 3. 2) in Appendix 3). 

Unfortunately, neither constructive proof nor ' Brouwer counter­ 

example' is known for this conjecture, even in the weaker form 

in which A is also compact. We should note, however, that the 

proposition

if f is a uniformly continuous mapping of a compact metric 

space K into R° , then there exists y in K such that 

0 < .fy entails 0 < inf x e K.fx
)

- a classically valid generalisation of Conjecture 1 - is essentially

non-constructive: for, appl5.ed to the function

\y e K(.fy - inf x e K.fx), with / any uniformly continuous mapping

of K into R° , it entails that f attains its infimum; which, in

turn, entails the limited principle of omniscience (cf. [20],

(8.3.2)).

Closely related to Conjecture 1, and clearly a generalisation

of (2.1.1), is

Conjecture 2: If f is a uniformly continuous mapping of a compact

metric space K into R, and 0 < . f x for each x in £, then

0 < inf x e K.fx.

Again, we are unfortunate in having neither proof nor counter­

example for this statement; indeed, Bishop (in a private
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communication) has expressed the opinion that Conjecture 2 

'will never be either proved or disproved' within the frame­ 

work of constructive mathematics.

In spite of this, we can prove Conjecture 2 within the 

wider system of Brouwer's intuitionistic mathematics. Before 

doing so, however, we require some of the basic definitions of 

this system, which we now state in the form most suited to our 

present purpose (cf. [12], Chapter 3).

By a spread law we mean a subset S of {/:nnGN~l(on n to N is/) 

with the property

e (Sv{0,n}^5r )An/e5(yu (dmn/jnle^v/u {dmn/,n}^£))A 

u(dmnf,tt 

n/esnn<EN~l(strc

A spread is a pair (5,£) comprising a spread law S and a mapping 

C with domain S. A sequence f is admissible for the spread 

(5,C) if strc fn belongs to S for each n in N~l; in which case 

ArceN~l.C1 strc fn is called an element of the spread in question.

A spread (5,(7) is finitary if
j

((finite is {n^N : (0 ,n}e5} )An/es( finite is {n£N :/'u{dmnf ,n}es)) . 

A finitar-y spread is also called a fan. We shall shortly have 

need of Brouwer's Fan Theorem : if cj) is a (constructively 

defined) mapping of the set a of elements of a fi-nitary spread 

into N, then there exists a positive integer v such that

(n/,0 5ea(strc fv = strc g\> ** .$f = .<{>#))•

By a finitary point representation of a metric space E , we mean 

a pair (a, (5,6*)), where a is a sequence in E and (5,0 a finitary 

spread such that . Cf - .a:/ for each / in 5 ; every element of 

(5,6*) converges in E ; and every element of E is the limit of 

some element of (5,£). For our present purpose, it suffices to 

note that a compact metric space has a finitary point represen­ 

tation ([21], (3.11)). We are now in a position to give an
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intuitionistic proof of Conjecture 2.

Let (a, (5,0) be a finitary point representation of the 

compact metric space X, and f a uniformly continuous mapping of 

K into R with 0 < . fx for each x in K. A straightforward 

application of the Axiom of Choice in the form (acceptable to 

an intuitionist)

(n^e-rU^eN u' gn =» U(f>(on T to N is (J^n^er u'#.cj)#)), 

where T is the set of elements of a spread, enables us to con­ 

struct a mapping <f> of the set a of elements of (S,C) into N~l, 

such that

(n^eaU.cj^r 1 < .f lim^.^n))). 

Using the Fan Theorem, we now obtain v in N~l with the property

( rg ,/z ,ea(strc #v = strc hv =*• . $g = . (f)/z)). 

As K is inhabited and (£,£) is finitary, the set

{0ea:Uses(# = strc sv)}

is. both inhabited and finite, as is therefore rng <f). With
_ j[ 

6 E inf g^o (.^) ,

it is now clear that 0 < 6 _< inf x^K.fx, as we required. 

Remarks: The uniform continuity of / is superfluous to the 

needs of the intuinionist, as his mathemati-cs admit a 'proof 

that every mapping of a compact metric space K into a separable 

metric space is uniformly continuous ([21], (3.12)).

It must be stressed that the above intuitionistic proof 

does not count as a constructive proof as understood by Bishop 

or ourselves: we do not accept such ideas as the Fan Theorem 

as principles on which constructive mathematics may be based, any 

more than we accept the**law of excluded middle or the limited 

principle of omniscience. Nevertheless, we do not expect to 

find a constructive situation in which Brouwer's intuitionistic 

principles fail to hold in retrospect: thus, for example, if
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we have a solution (in our sense) of a constructive mathematical 

problem to which the intuitionist would have applied the Fan 

Theorem, we expect that what is asserted in the Fan Theorem will 

be seen to hold good from the vantage point of one who has actually 

solved the problem - but not necessarily from that of one to whom 

the solution of the problem is still a mystery. It is for this 

reason that we do not expect to produce a constructive proof 

that Conjecture 2 entails the limited principle of omniscience. 

On the other hand, it is presumably the similarity between the 

above intuitionistic proof of Conjecture 2 and that of the 

uniform continuity of real-valued functions defined on a compact 

metric space that has led Bishop to the conclusion that Conjecture 

2 'will never be either proved or disproved 1 in constructive 

mathematics. ®

2.3. Metric injectiveness .

We conclude this chapter by discussing a situation in 

which a proof of Conjecture 2 would be valuable. But first 

we need several definitions.

Let (E ̂ d) and (E",d f ) be metric spaces. A subset A of E 

is called a compact image in E if there exists a compact metric 

space K and a uniformly continuous mapping of K onto A. A 

mapping f of E into E' is continuous if it is uniformly con­ 

tinuous 'near 1 each compact image A in E , in the following precise 

sense :

This definition is made to coincide with the definitions given 

in [ 1 ] for continuity on compact or locally compact metric
X-

spaces, and to ensure both that the composition of two con­ 

tinuous functions is continuous, and that a continuous function 

is 'pointwise' continuous in the usual sense. The definition
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first appears in [ 2]

If there exists an in-jective, continuous mapping / of 

E onto E' with continuous inverse, then we say that E and E' are 

homeomorphic metric spaces, and that / is a homeomorphism of 

E on E' (or 'between E and E' '). In particular, if E = E' and 

the mapping Xx £ E x is a homeomorphism of E on itself, then 

d and <i f are said to be homeomorphic metrics on E.

A mapping f of E into E f is precontinuous if it is 

uniformly continuous on each compact image in E. Clearly, a 

continuous mapping is precontinuous, and every precontinuous 

mapping on a compact metric space is continuous.

A precontinuous mapping f of E into E' is metrically injective 

if, for any compact subsets A 9 B of E with 0 < dist(^,S), we 

have 0 < dist( ^fA , ^fB ). (Note that we need.precontinuity of 

f in this definition to ensure that dist( ^fA , *fB) is well- 

defined.) Finally, a mapping (precontinuous or,otherwise) "/ of 

E into E 1 is metrically weak-injective if

(no; 6 E Hz/ e E(Q < d(x,y) =* 0 < d'(. fx,. fy ) ) ) 

It is comparatively trivial to show that, were Conjecture 2 

valid, the concepts of metric injectiveness•and metric weak- 

injectiveness would coincide for precontinuous functions; 

moreover, these concepts are equivalent for the intuitionist.

The fundamental result on metric injectiveness is 

.0 Let (E)d) be a compact metric space and f a uniformly 

continuous, metrically infective mapping of E into a metric 

space (E',d'). Then inv f is uniformly continuous on rfE > and 

is compact.

Proof. Given e > 0, we construct a finite cover

(# n ,...,# } of E in which each set is compact, and 

has diameter less than e/3. There exists r in R 

such that 0 < r < e/3, and
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S . = [x e E : T < dist(#,£.)}
3 ~~ 3

is compact or empty for each j in N~scsr v.

Without loss of generality, we suppose that each 5. is
ij

compact, and then set

J '* v *•) 3 *v •/ *»i 5 
«7 J

6 .E min{6 ,. . . ,6 }.

Then, as 0 < r < dist (£.,#.) for each j in N~scsrv and
•~- J J

f is metrically injective, we see that 0 < 6. Choosing 

x and y in E such that d'(.fx,.fy) <_ 6/2, and then

j in N~scsrv with y in £ ., we now clearly have
J

dist(./#, jfK • ) < 6., dist(#,#.) < r, and therefore
<7 J J "~

,;s) < 2r for some s in K. . It follows that
J %

^y^) <_ d(X)Z) + d(y ,z)

< 2r + diam K .
J

< 2e/3 + e/3 = e.

This proves uniform continuity of inv / on ^fE. It 

is now comparatively trivial to prove ^fE complete, 

and therefore compact. D
•j

Remark: It might be feared that (2.3.0) would lead to a contra­ 

diction of the well-known 'Brouwer counterexamples' to the 

classical theorem that every uniformly continuous mapping of a 

compact metric space into R attains its supremum and infimum. 

To remove this fear, we point ojrt that the propositions
.-a.

a. for each £ in R it is decidable whether or not

\x e [ 0,1] ^x is metrically injective. 

b. every uniformly continuous mapping of [0,1] into R

attains its supremum and infimum

and

c. for each x in R° + , either x > 0 or x - 0 

are equivalent to each other, and therefore to the limited 

principle of omniscience (cf. ^1^, page 26). @
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CHAPTER 3

LOCALLY COMPACT SPACES AND THEIR COMPACTIFICATIONS

By a locally compact space we mean an inhabited metric 

space E with the property: for each bounded subset B of E 9 there 

exists a compact subset K of E with B C K. Such a space is both 

separable and complete. Moreover, a mapping of a locally compact 

space E into a metric space E' is continuous if and only if it 

is uniformly continuous on each compact subset of E - or, equi- 

valently, on each bounded subset of E ; in which case, it carries 

bounded subsets of E into bounded subsets of E'.

The main concern of this chapter is to demonstrate the 

existence and uniqueness (up to metric equivalence) of a useful 

embedding of a given locally compact space as a subset of a compact 

metric space - the constructive analogue of the Alexandrov com- 

pactification of classical topology (Sections 3.3 - 3.5). Some 

of our theorems are mentioned - and, in the case of (3.3.7), 

proved in detail - by Bishop ([1], Chapter 4); we have included 

these results for one or more of the following reasons: for the sake 

of completeness (as with the results of Section 3.1): as motiva­ 

tion for later work (3.3.0); and (as with (3.3.7)) because our 

proof has substantial improvements on that given by Bishop.

Section 3.2 appears as an interpolation in the main body of 

the chapter; however, its results - and especially (3.2.2) - will 

be of considerableuse in Chapter 5, and should not be overlooked.

We conclude this introduction with a remark on notation: 

if A yB are subsets of a metric space (#,d), we shall write 

d(AyB) - rather than distU,£) - when we wish to make no mistake 

about the metric under consideration.
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3.1. Compactif iers

By a compactifier for the metric space E we mean a con-
* 

tinuous mapping f of E into R such that /(]-»,*»]) is bounded for each

real number r. In the constructive theory of locally compact 

spaces , compactifiers play a particularly important role, the per­ 

formance of which depends on 

.0 If f is a compactifier for the locally compact space E3 then

inf x £'E.fx is well-defined; and3 for all but countably many
* 

real numbers r > inf x e E.fx, the set /(]-<»» i»]) is compact.

Proof. With a any point of E , K a compact subset of E such
* 

that f(]-°°,./a + 1]) c #, 777 E inf x e K.fx, and x any

point of E , we have either . /# < .fa + 1 - in which case 

x £ K) and m <_ . /"# - or m <_ .fa < . fx . Thus inf x e E.fx 

exists, and equals m. Without loss of generality, we 

suppose that m < 1. With (K ). a sequence of compact 

subsets of E such that 

nn e N~l( V(3-«,n]) c v ),
/ i1

we see that, for each positive integer «,

inf a: e X . f a; = n

and there exists a sequence (c •,) -.^K 'i n Jw,°°[ with then K. K, ̂ — i N

property: K n /( ]-°° ,r] ) is compact whenever r e R,

m < r < n, and r ^ c 1 for each /c . As —

-~,p]) = £n n

for each r in ]-°°,n], we conclude that /(]-°° 5 r]) is 

compact whenever r e R , m < r , and r i c , for each 

n and fe. D

Using this result, we can prove ([1], Chapter M- , Proposition 

13):

.1 /I locally compact subset of a metric space is closed and 

located; and a closed y located subset of a locally compact space 

is itself locally compact. []
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Remark: It might be thought that we require the subset under 

consideration in the second part of (3.1.1) to be also inhabited. 

However, this requirement is superfluous, as a located subset 

of an inhabited metric space (£,d) must itself be inhabited: for, 

given any point a of E , we can find x in 5 with d(a,x) < dist(a,S)+l. @

3..2. Applications to dimensionality

An important consequence of (3.1.1) is ([1], Chapter 9, 

Proposition 5): 

.0 A closed ball in a finite dimensional Banach space is compact. D

The converse of this is proved along the familiar classical 

lines (cf.[ 8 ] , (5.9.4)):

.1 If the closed unit ball of a normed linear space E is compact 

- or 3 equivalently > if E is locally compact - then E is finite 

dimensional. D

As an application of (3.2.0), we shall derive simple, but 

interesting, alternative criteria of finite and infinite 

dimensionality for Hilbert spaces, in terms of orthonormal bases.
•j

But before doing so we had better make quite clear exactly what

we mean by the terms 'infinite dimensional', and 'orthonormal basis'.

A normed linear space (#,11 ||) is infinite dimensional if, 

whenever V is a finite dimensional subspace of E , there exists 

x in E such that
*h

0 < inf y e V \\x-y\\ . 

On the other hand, a sequence (a ) 1 in the Hilbert space (#,< |> )
ft —-L ^ I v

is an orthonormal basis for H if it is orthonormal- in the sense

that (a \a > = 0 whenever m i n\ and, for each «, either a - 0 m ' n n
or II a II = 1 - and each x in H has a unique representation of the M n 11

form

= Cl Xn an



-81-

with each x in C, and x - 0 when a = 0. It can be shown n n • n

([1], Chapter 9, Theorem 7) that every (separable)*^ Hilbert 

space (77,< |> ) has an orthonormal basis, and that, for each 

orthonormal basis (a ), for 77 and each x ,y in 77,
ft, J. ̂  Ii

CO i
x = Z A x \ a > an-± ' n n

and

< x\ y) - Z ,< x! a > < a \ y) . 1 n-j. * n n ' ^

With these definitions behind us, we can now prove

• 2 Let (a ). . be an orthonormal basis in the Eilbert space n ±<n r

(77,< |> ) . Then

(a) in order that H be infinite dimensional, it is necessary 

and sufficient that there exist a strictly increasing

sequence (^ 7 ) 7 ,-> T of positive inteaers such that \\a II = 1 
n K k^N r ^ " n, "fe

for each k.

(b) in order that 77 be finite dimensional , it is necessary and 

sufficient that there exist v in N such that a - 0 for 

n > v.

Proof. We first prove that: if 7 is a finite dimensional 

subspace of 77, then there exists v in N~l such that

0 < inf x e V\\x - a II whenever n > v and \\a II = 1. To11 n " — " n"
do this, we let {XQ,...>X } be a 1/2-approximation to 

the unit ball V^ = {x£V: \\x\\ £ 1} of 7 (3.2.0). For 

each k in scsr m , as

we may choose v, in N~l so that I<x, I a > I < 3/8 J k ' k ' n ' —

whenever n >_ v, . With P the projection of 77 -on 7,

It should be remembered that, in constructive analysis ? all 
Banach and Hilbert spaces are separable by definition; indeed, 
Bishop 'knows of no constructively defined nonvoid metric 
space that can be proved to be nonseparable' ([1], Appendix A)
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v = max( VQ , . . . , v ) , and n >_ v , we now suppose that •

\\a || = 1. Then .Pa e V. , and so there exists k in
n fi j.

with ||Pa - #7 II < 1/2. For this same fc, we have
7? /£

- a , " k n " " A: ^ n
> 1 - 2Re< # 7 | a >— AC ' n

> 1/4 

(where 'Re' denotes 'real part of), whence

inf x e 7||a - #11 = II a - .pa " n " " 77 n
> a - x, \\ - b, - .Pa — " n k " "fe
> 0

as we required.

There is now no difficulty in proving 'sufficiency' 

in (a), and the non-trivial part of (b). The proof 

of 'necessity' in (a) follows the lines of the Gram- 

Schmidt construction in Theorem 8, Chapter 9 of [1], 

and is omitted here. D

3.3. Compactifications

We now turn to the main subject of this chapter, the 

embedding of locally compact spaces in compact spaces. Our 

first theorem - which appears without proof on page 103 of [1] 

- is important both in its own right, and as motivation for 

certain later parts of this section. 

.0 Let E be an inhabited set 3 tine metric complement of a

located subset Y of a locally compact space (7,d). Let h be a
- 1

compactifier for (X3 d), and g the mapping Xx e E(.hx +

of E into R. Then E is locally compact with respect to the metric

d^ = \x,y e E»E(d(x,y) + \.gx - .gy\), 

and g is a compactifier for (#,£?»).

Proof. To begin with, we note that, for real numbers
* * 

r 9 q with s >_ r>, ^ (] -«> jr ] ) C /z(]-~,s]); that
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* 
M]-°°,P]) is a compact subset of X for all but

countably many z> > c , where o E inf x e X.hx (3.1.0);
* 

and that ^(]-°°,r]) is nonempty for all large enough

p. Choosing a in E , and then r in R so that
_-i 

max(e, .ha + d(a,I) ) < r,
* 

we can therefore find s > r with 7z(]-°° 5 s]) compact. As

sup a; e ^(]-oo,s]) .d(a?,y) >_ e?(a,I) >_ (s - c)" 1 ,
-1 

there exists a such that 0 < a < (s - c) and

A = *ft(]-~,s]) n (* : cZU,y) >_ a}

is compact (cf. introduction to chapter 2). Then
* 

A c E = J - y. Moreover, for 3? £ t <_ s , ^(]-°°,t]) c A 9

so that
j* Jt 
0( ]-«>,£]) = {^ e ^ : .^a: £ t} = strc ^>4 ( ]-«> ,t] ) .

Now ,

inf x e A -gx £ .^a < s,

so that we may choose real t with r < t < s and

strc gA (]-°° 3 t]) (nonempty and) compact - that is,
* 
gr (]" 00 5t]) compact. Moreover, for such t, it is

readily seen that g is uniformly continuous on
* 
g(.]-°°^tj) with respect to the metri-c d.

It is now clear that we can construct a strictly

increasing sequence ( p r,)r,e vr °f positive integers greater
* 

than c such that, for each k, # ( ]-°° ,r, 3 ) is compact
*

and 0 is uniformly continuous on g( ]-<» ,p, ] ) with respect

to <i. This last condition also ensures that

*( ]-«> ,rj, ] ) is d n -precompact for each fc; moreover, as 

d(#,z/) £ Jn (#,#) for a; , i/ in £• , a ^Q-Cauchy sequence in

^(]-oo 5 p ]) is 6?-Cauchy, hence d-convergent , and so
* 

(again by continuity of g on ( g( ]-<»,r,] ) ,c?) )

0( J-oojr ]) is (complete arid) compact with respect to d_. 

If 5 is a c? Q -bounded subset of £", 6 > 0 is chosen so that



d (x,a) <_ 6 - and therefore d(x^a) <_ 6 and \.gx - *ga\ < 6

- for each x in S , and then k is chosen so that

\>ga\ + 6 < r 7 , we see that S is contained in the d n - — K. 0
* 

compact subset #(]-«>,r,]) of E. Hence (£,dn ) is locally
K \j

i
compact.

Now, it is clear that g is uniformly continuous on E with

respect to d Q . This, together with the J n ~boundedness of
.- *

g'C]- 00 ,!3 ,]) for each fe, and the inclusion
* * 
0(]-oo >7»]) c gC]-°° yr-il) - valid for r <_ r-, - shows that

g is a compactifier for (E,d~). D

. 1 Under the conditions of (3.3.0)., if Y = (w) is a singleton 

subset of X, then a subset K of E is d-compact if and only if it 

is d^-compact, in which case g is uniformly continuous on (K^d").

Proof. Let K c E be d-compact. Then (2-. 1.1) <f(u,#) > 0,
_^ 

so that \x E #.d(ar,o)) is uniformly continuous on (7v,J) ,

£ 7^ re is a uniformly continuous mapping of (#,<i) onto 

£?«), and therefore 7^ is ^-.compact. On the other hand,

if K C E is £? n -compact, then - in the notation of the
* 

proof of (3.3.0) - K c #(]-«>,r,]) for some k, so that

g is uniformly continuous on (.K>d) , and (as a simple

argument shows) K is d-compact. D 

As a corollary, we have

.2 Under the conditions of (3.3.1)., if E is locally compact with 

respect to the metric d3 then d and d~ are homeomorphic metrics on E 

Remark: The generalisation of (3.3.1) to the case where Y is 

complete and located in 7, but not necessarily a singleton, appears 

to depend on Conjecture 1 of Section 2.2. ®

.3 Let (E ,d) and (J,d ; ) be locally compact spaces, e a continuous, 

injective mapping of E onto the metric complement of a single 

point w in X3 and d^ the metric
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Xx,y £E,,E(d'(.ex .ey) + | d ' ( . ex jO))' 1 - d ' ( . ey ,w) ~^ \ ) 

on #. T/zen the following two conditions are equivalent:

(a) e is metrically infective, and inv e is precontinuous

(b) d,d~ are equivalent metrics on E.

Moreover, if either of these conditions obtains, then inv e is 

metrically injective; a subset K of E is d-compact if and only 

if #eK is d' -compact; and, if X is also compact, e is uniformly 

continuous on (E",d).

Proof. By (3.3.0) ^eE is locally compact with respect 

to the metric

d' = \x ,z/ e j.eE , , $eE. d~ ( . inv e x, .inv e y) .

As e is an isometry of (#,d n > onto (^eE,d (] '') 9 it follows

that (E id~) is locally compact, and (3.3.1) that K C E

is J n -compact if and only if ^.eK is <i'-compact, in

which case 0 < d'(w,*eK) (2.1.1), \z e *eK. d' (z ,w) ~ 1

is uniformly continuous on (^e.^ ,£?'), and therefore

strc inv e ̂ eK is uniformly continuous as a mapping

of (^eK^d'} onto (#,J Q ). That (a) entails (b) follows

from this, the (obvious) uniform continuity of e as a

mapping of (E y d Q ) onto C^eA'jdO, the definition of

'precontinuous function', and (2.3.0).

Conversely, let us suppose that condition (b) obtains.

Then it is clear that e is continuous as a mapping of

(E 9 d) onto (^eE^d'}) that K c E is d-compact if and

only if ^eK is d '-compact, and that inv e is precontinuous

as a mapping of (^eE,d') onto (#,£?). Let A and B be

d-compact subsets of E with c = d(A,B) > 0. Then, choosing

d-compact K <= E with A u B c # , and a modulus 6 of

uniform continuity for strc inv e ^eK as a mapping of

(*eK d') onto (#,d), we see that * j

d' ( e^l^eB) > 6(c/2) > 0
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Thus e is metrically injective. This completes the proof of the 

equivalence of conditions (a) and (b).

We now suppose that either, and therefore both, of 

conditions (a) and (b) obtains, and note first that, by an 

argument similar to one used above, inv e is metrically injective 

as a mapping of (^eE^d 1 ) onto (£,d). Supposing, in addition, 

that X is compact, it remains to prove that e is uniformly con­ 

tinuous as a mapping of (#,£?) onto (^eE^d 1 ). Given e > 0 , we 

choose real r so that 0 < T < e/2 and

5 EE {x e x : d'(x,u) >_ r}

is J'-compact (this is possible because X is compact and X -{co}
* 

is inhabited - cf. introduction to Chapter 2). Then S c ^eE , eS

is compact, and we can find c > 0 so that

T ~ {x e E : d(x, eS) £ 3c]

is c?-compact (3.1.0). With 6 a modulus of uniform continuity

for e on T , and x and y points of E such that d(x^y) £ min(6(e),c),
*

we now have; either d(x ̂ eS) < 2c - in which case x and z/ both
* 

belong to T , and therefore c?' ( . ex ,. ey ) £ e - or d(x, eS) > c.
* 

In the latter case, d(y , eS1 ) > 0, and the metric injectiveness

of e ensures that 0 < d'^.ex^S) and 0 < d'(.ey,S), whence

< e. 

Thus indeed, e is uniformly continuous on (£,J). 'D

Under the conditions of (3*3.3), if X is compact and either 

(and therefore both) of conditions (a) and (b) obtains, we say 

that ((J,d f ) ,e ,w) - or, when no confusion is likely, (*,d ; ) - 

is a one-point compactification of (E ,c?) with point at infinity 

a) and canonical injection e.

An immediate consequence of (3.3.0) and (3.3.3) is 

.4 Let (X ,d ) be a compact space, E the metric complement of the 

single point to in X3 and d the metric
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on E. Then (E,d Q ) is locally compact, and ((X,d), \x e E £,<o) is 

a one-point compactification of (E ,J n ) . D

As a partial converse of this, we have

.5 Let (J,d) be a complete, bounded metric space, E the metric 

complement of a single point w in X, and suppose that E is locally 

compact with respect to the metric

d Q = \x,y e E»E(d(x,y) + \d(x jW)" 1 - 

Then X is compact.

Proof. Let e be a positive number, and M a positive number 

such that d(x,y) <_ M for each x and y in X. Then

A E {x G X : d(;c,w) > e/2}
_ -^ 

is a subset of E, and d~(x>y) < M + 4e for each x and

z/ in A . Thus, there exists a ^--compact subset K of E 

with A c '#. Let [x~ , . . . ,x } be an e-approximation to

<£). Then, given x in .X, we haveeither J(a:,co) < e 

or J(ic,a)) > e/2; in the latter case, x belongs to /I, 

and so

+ . n , .J - 0 j
for some j, 0 < j < v. Thus, (03 ,or n , . . . ,0: } is an— — u v
e-approximation to (A, a), which is therefore precompact. 

As X is complete, this proves our theorem. D 

Our next result covers the special case when our locally 

compact space is in fact compact.

.6 Let ( ( J, d' ) ^e ,w) be a one-point compactification of the 

locally compact space (#,<i). Then a subset A of E is bounded 

if and only if there exists c > 0 such that d'(.ea:,aJ) >_ c for 

each x in A, in which case inv e is uniformly continuous on ^eA. 

In particular, E is compact if and only if there exists c > 0 

such that d'(.ex,u) >^ c for each x in E.

Proof. ~If A c E and there exists c > o such that d' ( .e x ,w) >_ c 

for each x in ^ , we choose t so that 0 < t < c and
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K' = {x e x : d'UjO)) >_ t]

is compact. As ^ey4 c X', it follows that 4 is bounded

(3.3.3) and inv e is uniformly continuous on ^eA. The

converse follows simply from the definition of local

compactness, (3.3.3) and (2.1.1). The last part of the

theorem is an immediate consequence of the first. D 

We conclude this section with the fundamental theorem on 

the existence of one-point compactifications ; our proof is based 

on that of Theorem 9 of Chapter 4 of [1], the main difference 

being the simplifications we introduce by the use of the concept 

of metric injectiveness .

.7 Every locally compact space has a one-point compactification. 

Proof. Let (E >d) be a locally compact space, (a ) . < a

dense sequence in E , and define

/ E \n e N~l \x e E mind ,d(a?,a ) ) .

Let Y be the set map N~l [0,1]; d' the metric

As,s' e y,,y E°°_ 1 2~ n \.sn - .s'n\

(with respect to which Y is compact) ; and e the mapping

Xx e E \n e N~l . . fn x.

Then, for each x and y in E,

_. 2 \ min( 1 ,d(x ,a ) ) - min (1 ,d(y ,a
™~ J- ' *• itr

so that e is uniformly continuous on #.

Now let A and B be compact subsets of E such that
-1 - 1 

0 < c = d(A,B). With a chosen so that 0 < a < min(2 ,c ),

let n,,...,^ be positive integers such that

U* < n 0 < ... < n and j. — z — — v

A C uY . (a: e £• : d(x .a -) < an
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Let a belong to A 9 b to B, and choose k so that

1 < k < v and d(a,a' ) < a c. Then
~ - n k 

d(b ,a ) >_ d(a^b) - d(a 9 a ) > c(l - a),

a,a ) < a c < c/2 < (1 - a)c < d(b ,a )n /c n /c 
and so

- n i, 
d'(.ea 9 .eb) >_ 2 K \ mind ,<?(a ,a )) -

^
= 2 fc (min(l,^(^ 5 a )) -n fe

>_ 2 V (min(l,(l - a)c) - a

_ 
=2 min(l-ac,(l - 2a)c)

Thus
n 

>_ 2" Vmin(l-ac,(l-2a)c) > 0,

and e is metrically injective.

We next show that ^etf is d' -pre compact . To this end,

for each positive integer n we let

J = [x e # : c?(x,a 1 ) >_ n-1}.
oo — YI

Given e > 0 , we choose n' so that E r,-|2 < e, set
A i "~ I If • J-

fc E 2 + max n e N A 1 < n < n'.d(a. y a ),
— — JL n

and consider an arbitrary point x in y, : for 1 <_ n <_ n ' ,

- '!) - (fe - 2 ) = 1si f L4 \ M *i } 14. / "

so that ../n x - 1. Thus, for all x >y in Y-, ,

< E°° ... 2~ n <

On the other hand, choosing r in 3fe-l,/c[ so that

£• E (a: e £• : >+ p ± —

is compact, we see that ^eE is compact (2.3.0). With

{2/ 0 ,..,y } an e-approximation to ^e^, and i/ any

point of *eY£, it is now easy to show that {i/ 0 ,...,i/ +

is an e-approximation to *eE. Thus ^eE is precompact.

With

co = \n e N~l 1

it now follows that the closure x of J e(£')u{w} j_ n i s
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compact in the metric d' . Moreover, ^eE cj -{w}: for, given 

x in E and choosing n so that d(x ̂ a ) < 1/2, we have

, . n
We now prove that: if 5 c ^eE and there exists 3 > 0 such that

d'(a;,u>) >_ 3 for each a; in S , then inv e is uniformly continuous

on S. Indeed, choosing a positive integer p so that Z°° ,2~ n < 3,
Yl ~p + _L 

*
and x in eS , we have

E£ 2" n |../n a; - l|= d'(.ea: fu)) - Z°°_ .. 2" n |../n a:-l|>3-3=0 s
ft ""• J- ??• "~ 22 ' -L

whence 0 < |../j a: - l|, and therefore d(a;,a.) < 1, for some
J

integer j with 1 <_ j <_ p • Thus
*
e5 c { x e E : min j e N A! < j < p.d(x,a.) < 1},~~ J 

^t
so that there exists compact K c E with eS c #. That inv e is 

uniformly continuous on S now follows from (2.3.0). In particular, 

we see from this and (2.1.1) that inv e is uniformly continuous on 

compact subsets of ^eE. Now let z belong to X - {w} , set
_ 

3 E 2 ^'(2,03)5 and choose a sequence ^ z T, ^n *#(#) u
- 1 ~~ 

with d'(z,)Z) < min(fc ,3) for each k . Then, for each

d'(3j, ,u) > 3 , so that 2, belongs to the subset 

S = ,e{x e E : d'(.ex,u) > 8}^r — •

of ^e(E). By the foregoing, inv e is uniformly continuous on £ , 

so that (.inve ^T,)-I r, i s Cauchy in E , and therefore converges to " 

a point x of E. Finally, as e is uniformly continuous on E 9 we have

.ex = lm..e.-Tive z-, - z

whence z belongs to ^e(E), X - {w} c ^(tf), and our proof is 

complete. D

Remark : Were Conjecture 2 of Section 2.2. valid, we could prove 

that the mapping e defined in the above proof was actually a 

homeomorphism of E onto *eE . For, under that condition, and 

given a uniformly continuous mapping $ of a compact metric space 

K into *eE , we have
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0 < c - inf x e K. d' (w, .<{> #) , 

whence

L = {x e j : J' (a;, x.(j)X) <_ c/2 

d f (a;,u)) >^ c/2 > 0 for each x in L , and there exists a modulus 6 

of uniform continuity for strc inve L on (L,d r ) (cf. proof of 

(3.3.7)); it is then clear that

f^e^R ^x^ t§K^y^ j.eE( d ' (x ,y) <_ min(e/2,6(e)) =* d(.i.nv ex,,inv ey) £ e) 

and therefore that inv e is continuous on *eE.

We could then simplify our definition of 'one-point com- 

pactification' by replacing the conditions that the canonical 

injection be continuous, metrically injective, and have pre- 

continuous inverse, with the single condition that it be a homeo- 

morphism of E onto ^eE. ®

3.H. Uniqueness of one-point compactifjcations

The essential uniqueness of the one-point compactification 

of a given locally compact space should come as no surprise; we 

prove this first in the very general form

.0 For k - 1,2, let (E,,d.) be a locally compact space with one- 

point compactif ication ((J 7 . ,d 7 . ') ,e 7 . ,w 7,). Then a mapping f is a
A. A. A. A.

homeomorphism of E* onto E~ if and only if there exists a metric 

equivalence (f) between X. and X~ such that f - inv e ̂  : • <{) : e. 

and . <f>w. = a)«.

Proof. Suppose first that / is a homeomorphism of E* onto

#„. Given e > 0, we choose real r so that 0 < r < e and

the set {x e X 2 : d^(x^^ 21 T ^ is compact. Then

K E {x e E^ : d^ '(.e 2 #,o) 2 ) >_ r}

is compact, as are therefore the sets *inv/VK and

Jt (e 1 :inv/)^ (3.3.3). It follows that

exists, and is positive (2.1.1). Moreover, by (3.3.6),
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is uniformly continuous on the set
*

c = {x e ^^ : <* ' (a: , ^ (e ̂  : inv/)£) £ 2e} 

On the other hand, 0 < r < d^ ' (w 2 , *e K) , so that there

exists real s with

and

{# e J2 : d^'tx^u^ >_ d^'tu^^e^X) - s>

compact (cf. introduction to Chapter 2). It follows that

K' = {x £ E : dt.ex^ > d ' (o) e K) - s]

is compact (3.3.3), and (3.3.6) that e^iinv^iinve is 

uniformly continuous on ^e^K' . Moreover, given x in E~ 

with d~ ' ( • ey x > * e ?K^ £ s , we have

~ ^ ' ^ ' e X ' e

whence x belongs to X'; in particular, K c K' . 

With 6 a modulus of uniform continuity for e '. inv/:

on te^K'we. now see that, for any x in E* with 

0 < d* ' ( . e^x , ^ (e* : i.nvf)K) , either 0 < ^2 ' ( . e~ -fx , * 

or d~ ' ( -e^' fx > ^e^K) < s ; in the latter case, .e^. 

belongs to ^eK' , and so

>_ 6 ( 2J ' ( .e.x , ^ (e* : inv/)^) ) > 0. 2 ^ ^- 1 -*•-*•

Thus, in both cases .e~.fx belongs to X~ - ^e^K^ and

therefore

d ' ( .e 2 ./Vr,w 2 ) £ r < e.

In particular, we note that, for x in E* and

d^'C .e^x>u^) £ c , we have

0 < 2<? £ d1 '(.e 1 a;, Jt (e 1

and so d\ '( • e 2 •/« >w 2 ̂  < e-

We are now in a position to prove uniform continuity of

the mapping
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(J> E XxE^e^E^ \j{u^}(xEte^E^ A. e^. f. inve ̂ x \tx - u.^u ) .
«•

With 6. a modulus of uniform continuity for e 9 :/:inve 1 

on ^(e1 :inv/)(X) 2c , we choose x and z/ in ^(tf^u {u^} 

so that d^'Ca;,!/) £ minCc ? 6 1 C e) ) . If one of x >y - say y 

equals o^ , then either a: = o^ and d^ ' ( . cj)* , . <J>z/ ) = 0, or 

x belongs to ^E ' (# ,0) <_ c, and therefore

= 2 .e^.. nv e^ aj,a) 2 <_ e.

If re and y both belong to ^e £" , then: either 

0 <

in which case

d^ ' (. <j>a;,. (j>z/)<_d 2 ' (.e^. f. inve^,^ ) + J ' (. e . f. inve.y ,LO )<2e ;

or

minCd^' (ffj^Ce^iinv/)^) ,d ' (y 5^(2 -inv/)#) ) < c,

when x and z/ both belong to ^ (e, : invf ) (^) , and there­

fore

Thus, in all cases, d '^ ( . $x , . (f>z/ ) <_ 2e, and uniform 

continuity of cf> on .e, (E7 . ) u (w^ } is established.
* J. J. -L

As e.CE7 ^) U {(jo. } is dense in J, ,cf) extends by continuity 

to a uniformly continuous mapping of A' inco X~ . In 

the same way, we can show that invcj) equals 

Xxe*^ (# 9 ) u (w 2 ) (x(=^e^E^A . e. . inv/*. inve^xvx-o^AW. ) 

and extends to a uniformly continuous mapping of X~ into 

X* . It is now comparatively trivial to show that the 

extension of <f> is our desired metric equivalence between 

X + and J 9 , the inverse equivalence being the extension
J- ^-

of invcj). This completes the first part of our proof. 

The second part is much easier to deal with: we suppose 

that <f) is a metric equivalence between X. and X~ such 

that . (fiu). = o) 2 , and let f be the mapping inve 2 : <j> re^. 

Then, with 6 a common modulus of uniform continuity
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f or <f> and inv<|) on their respective domains , and K c 

compact, we have ^e.K compact (3.3.3), so that 

0 < c?'(o),eX) (2.1.1) and

:d'((*x} > 6 ( 2~" 1 ^ ' (u

1

, .

Thus / maps E^ into E ̂ ; moreover, ^(tyie^K is compact, 

so that strc fK is uniformly continuous. In the same way, 

we show that inve. : inv<f> :e 9 maps #~ into #. and is 

uniformly continuous on compact subsets of E~ . Finally, 

it is clear that / is a bijection of E* onto E * with 

inverse inve . : invcf) : e~ , and therefore that / is a homeo- 

morphism of E* onto E~ . D 

An immediate corollary of this is

.1 Any two one-point compactifications of a locally compact

space are metrically equivalent. D

3.5. Subspaces and compactifications

.0 Let (E ,d) be a locally compact space, ( ( J ,<i ' ) ,e ,w) a one-

point compactification of E ,F a closed subset of E, and Y the
)

closure in X of the subset ^e (F) u(w} . Then F is locally compact 

if and only if Y is compact, in which case ( (7 ,strcd'J , ,J) , 

strc e7,(o) is a one-point compactification of F.

Proof. We first show that ^eF - J-{o)}. Certainly,

+eF C y-{w). On the other hand, if z belongs to Y-{w},
<Y

then z - .ex for some x in E. As *e(F)u (w) is dense

in J, there exists a sequence (x ) in F such that (.ex )
(if ft,

converges to 2, and d'(.ex ,co) >_ c > 0 for each n, 

where c = 2~^d ' (2 ,w) . By (3.3.6), inve is uniformly 

continuous on {y£Y : d ' (y ,ca) _> c} , so that (x^ converges 

to re, x is in the closed subset F of E , and 2 belongs to 

^eF. Thus ^F=y-{o)}. 

We now suppose that F is locally compact. Then (3.3.3)
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is locally compact with respect' to the metric 

z/e^(F),,^(F)( d'U,z/) + \d'(x,u)~^ - d ' (y , 01) - 

As Y is closed in J, and therefore complete and bounded, 

it follows from (3.3.5) that Y is compact. Conversely, 

if J is compact, it is clear from (3.3.4) that F is 

locally compact, and that ((y,strc c?'y,,y), strc ey,w) 

is a one-point compactification of F. D

.2 Let h be a homeomorphism of a locally compact space (E..d.) 

onto a locally compact subspace F of a locally compact space (E^^ 

Let ((X~ ̂ dy' ) ,e * , Ldy) be a one-point compactification of E~ 3 and

Y the closure in X of the subset ,e 0 (F) u{co 0 } . Then* 2 2

^2 : ^ 5(J0 2 ^ ^ s a one -P o ^ n ^ compactification of E*.
%

Proof. In view of (3.5.0), we lose no generality in

taking F = # 2 , Y = X2 > It is clear from (3.3.3) that

e^'.h is a continuous mapping of E* onto *e ~E „ with

precontinuous inverse. On the other hand, with

( ( X* 9 d* ' ) 9 e 1 ,0)^ ) a one-point compactification of (2?. 5 cL)

(3.3.7), and A and 5 compact subsets of E. such that

0 < ^>,(^,S), we have ^e.;4 and ^e .B compact, and

0 < d^'^e^A^e^B) (3.3.3). As the mapping e^ : invTz ; inve 2

is uniformly continuous on ^e^E^ (3.4.0), it follows

that

0 < d'2 ( *(e 2 :7?:inve 1 ) *e ±A ,^Ce 2 :h:inve^ *e^B)-d^( *(,& ^ : /z)A , ^ ( e ^ 

Thus e ? :7z is metrically injective, and the proof is 

complete. Q
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CHAPTER U.

ALGEBRAS OF FUNCTIONS ON LOCALLY COMPACT SPACES.

By a star algebra , we mean a complex linear algebra A taken 

with an algebra involution on A - that is, a mapping x -> x* of A 

into itself such that, for each x 9 y in A and £ in C 9

If, in addition, || || is a norm on A with the property

n*,i/, e 4

then (4,|| ||, x -*• a:*) - or, commonly, /4 itself - is called a normed 

star algebra (or, in the case where (4,|| ||) is complete, a 

Banach star algebra).

If (A ,x -»• a:*) and (B ,x -> a:*) are star algebras, we say that 

a homomorphism $ of A into 5 is a star homomorphism (of 4 into 5) 

if . <J>(a:*) = (.<|>a:)* for each x in A.

If #,4 are sets, n a natural number, and T an n-ary 

operation on A (that is, a mapping of map nA - or, less strictly,
^_j

of [x : tuple nisxAa;,e/l}- into 4), then

£ = A(|> e map n (map Z4 ) Aa; e J.T(At e n..$tx)

is an n-ary operation on map XA - the pointwise operation of T; 

we shall commonly make no notational distinction between T and T.
f^j

In particular, if A is a (real or complex) linear algebra, then 

the same is true of map XA under the corresponding pointwise 

operations of addition, multiplication by scalars and multiplication 

(Note that we regard 'multiplication by the scalar C ' as a 1-ary 

operation for each C in C. ) Moreover, if A is a star algebra, 

then so is map XA when taken with the corresponding pointwise 

operations and involution. On the other hand, if

\\f\\x = sup x e x \.fx\

is well-defined for each / in a complex (resp. real) linear sub- 

algebra <R of map XC (resp. map A"R) under pointwise operations.
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then / + \\f\\x defines a norm on <R with respect to which <R is a 

normed algebra.

In this chapter, we discuss a particular star algebra of the 

above- type - namely, the algebra of continuous functions which 

vanish at infinity on a locally compact space. The first section 

describes the algebraic and norm structure on these algebras, and 

proves their norm completeness. Following this, there are two 

results necessary for the third and final section (which deals 

in detail with the characterisation and properties of star 

homomorphisms between the algebras described in Section 4.1); 

the second of these results (4.2.1) - a constructive substitute 

for the classical theorem that there exists a unique uniform 

structure compatible with the given topology on a compact Hausdorff 

space (namely, that generated by all uniformly continuous mappings 

of the space into R) - leads us to make some remarks on another, 

as yet only partially answered, question relating to continuity 

of functions in constructive analysis.

'>

4,1. The spaces C°(g), C (g)

A mapping f of a metric space E into C is said to vanish 

at infinity if, for each e > 0, there exists a compact subset 

K of E such that | . fx \ <_ c whenever x belongs to E~K, The set 

of all continuous mappings of E into C (resp. R) which vanish 

at infinity is written C°(£) (resp. C R (£)), and is a complex 

(resp. real) linear algebra under pointwise operations of addition, 

multiplication and multiplication by scalars.

In this first section, we show how to define on C (£) a 

natural Banach star algebra structure. (Note that, although we 

shall be concerned almost entirely with C (£), simple modifications 

of our results will enable them to apply to C (E) a s well.)
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Throughout the section, CE,d) will be a locally compact space.
r-

.0 Every element f of C°(E) is uniformly continuous on E. 

Proof. Given e > 0 , we choose compact K c E so that

| .for | £ e/2 for each x in E - K, and then c > 0 with

[x e E : d(x,K) <_ 3c} compact (3.1.0). With 6 a modulus9- 
of uniform continuity for / on {x e E : d(x ,£) <_ 3e), a;

and y points of E , and d(x,y) £ minCc , 6(e ) ) , we then have 

either c < d(x,K) - in which case 0 < d(y ,#) , and

!•/* ~ -/Vl 1 I'/^l + \-fy\ 1 e ~ or d(x,K) < 2c , when

d(y ,K) < 3c , and again | . fx - . fy \ £ e. D

Our next result is stated without proof on page 249 of [1]. 

.1 Let / belong to C (#). Then \\ f\\ „ is a well -de fined real 

number .

Proof. We first prove that, given e > 0 and a compact

subset K of E , there exists compact L c E such that

K C L and

rue e EC | ./a;| <_ | |f 1 L + e) .

To this end, we choose compact K' c E such that

I'/^l £ II/IL- + e ^or each x in -#', and then compact 

L c E with K (j K' C L. Then | . f a; | <_ ||/||L + e for each 

x in L u -L. But

na e R+n^ e ECO < d(x,L) v d(x,L) < a), 

so that L u -L is dense in E. It is now clear that L 

fulfils our requirements.

With the help of 'dependent choice 1 , it is now a simple 

matter to construct a sequence () e of compact sub­

sets of E such that, for each n in N , KH C #SQsrn and

n* e EC]./* | < \\T\\ + 2" n ).
n 

It should be clear from these properties that

e NCra < ^z - 0 <
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so that (|[fj| ) (E is a Cauchy sequence in R, with
n

limit s, say. Moreover, for each x in E and each n in

-fH 1 \t\\K + 2-» < 
n

so that |./a:| £ s. On the other hand, with e a positive 

number, v chosen in N so that ^

(Ue £ v A \ s - \\f\\ | £ e/2) ,
v 

and x an element of K with

l|.f*l - \\f\\K I 1 2v' a ,
V

we have
_ i

s - • .fa 1 e/2 + 2v

Thus indeed, ||/|L is well-defined, and equals s. D
/j »

From now on, it will be understood that when we speak of 

C (#) as a normed star algebra, it will always be to the point- 

wise operations and involution, and the norm / -> |[f|L, that we 

refer.

A mapping f of E into C is said to have compact support 

if there exists a compact subset K of E such that *f(E-K) - (0);
4.

such a set K is then called a support of / (in #)1 The set 

of continuous mappings of E into C with compact support is a 

complex linear star subalgebra of C (#); moreover, when E is

compact, the algebras C(#) and C°~(#) coincide, and comprise all 

uniformly continuous mappings of E into C. In general, we have 

.2 C(#) is dense in C

Proof. Given e > 0 and f in C (E} , we choose compact K c E 

so that | .fx\ £ e/2 for each x in -X, and then

f These definitions apply equally well to a general metric space 
E; however, this is not true of the succeeding theorem.
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r,s with 0 < s < r and {x ^ E : d(x,K) <_ s}

and {x e E : d(x ,£) <_ r} both compact (3.1.0). With

<J) the mapping
» .

Xi/ e # max( 0,1 - (r-s)~ <i(z/, (a; ^ £ : d(x ,#) < s)) 5

we see that $ is continuous and has compact support

lx e E : d(x y K) ^ p) ; that 0 <_ . ^ £ 1 for each a; in

#, and . <j># = 1 throughout' .[x £ E : d(x,K) <_ s}; and

that <j>/ is continuous and has compact support

{x e E : d(x,K) <_ r}in #. For each x in 2? 9 we now

have: either d(x,K) < s - in whi.ch case

|(.(f># )(./#) - ./re | = 0 - or 0 < c?(a?,J{), when

| (. <J>ac) (. /as) - ./re | <_ 2 | . /a; | £ c.

Thus ||(f>/ - /|| <_ e, and CCff) is dense in C°(#). D

Remark: The set C R (#) of real-valued elements of C(#) is clearly 

a real linear subalgebra of C-R (£'), and is dense in C R (£") . ®

Our next theorem is vital for the later work of this 

chapter.

.3 Let ((X yd' ) ->e ,o)) be a one-point compactification of the 

locally compact space (E ,J). Then there exists a unique isometric,

algebraic star isomorphism u of C (#) onto the ideal

= 0} of C(J) swc^ t/zat strc.w/

flinve for eac^ /-in' C.

Proof. Given e > 0 , we let g belong to C(J,w) and 6 be 

a modulus of uniform continuity for g on X , and then 

choose real r so that 0 < r < 6(e) and 

{x e # : £?/(#, w) >_ r) is compact. With K the compact 

subset *e{;c e Z : d'(a;,u)) >^ r} of £ (3.3.3), and a: an 

element of E - K, we have d'(*ex,u) £ r < 6(e), whence 

\.g.ex\ - \.g.ex - . gu\ £ e.
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Thus g\e belongs to C°(£'). • •

On the other1 hand, given f in C°(#) , we let g be the

mapping

\x e ^e (#)u {to} (x e ^eE A ./.inv e a: v x - w A 0),

choose compact K c E such that \.fx\ <_ e/2 for each
_^ 

a; in # - # , and set c E 3 d'((^^^eK} (which exists,

by (3.3.3)). Then c > 0 (2.1.1) and 

(^eK) c { x e X : d'(a:,U)) > c},
^c. C- """*

where

(^e£) 2c E { x e J : d'(x^eK) <_ 2c] .

Hence (3.3.6) inv e - and therefore ^ (4.1.0) - is

uniformly continuous on (j.eK)~ . Let 6 be a modulus
£. Cs- t»

of uniform continuity for g on (^eK) , and x ,?/
^. Cx

elements of # such that d f ( . e# , .ez/ ) < min (<? 9 6 (e)).
•w* ^

Then either

min(c? f ( .ex , ^eX) ,d' ( .ey , ^eX) ) < c

- in which case both . ex } . ey belong to (^eJO,., and
^ o

g*ex - ,g*ey\ ^ e - or
•j

0 < min(<i f ( . e^ , ^eK) ,d f ( .ey , *eK) ) .

In this latter case, with 5 f a modulus of unifor 

continuity for e , we have 

0 < 6 ' (2~ 1 c? f ( 

0 < 6 ; (2~ 1J f ( 

and therefore

\.g.ex- .g.ey\ = | . fa; - . fi/ 1 £ | . fx \ + \.fy[ 1 e. 

To complete the proof that g is uniformly continuous on 

,e(#) u (w), it suffices to note that if x belongs
^v

to E and d'(.ex,u>) < min(c ,6 (e) ) , then
**— • o

m

so that 0 < 6'(c) < c?(x,X), and therefore
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\.g.ex - .gu\ - \.fx\ £ e/2 < e.

As te(E)u{u} is dense in X, it follows from all the 

foregoing that there eixsts a unique bijection u of 

C°(#) onto C(X,w) such that 

strc.uf *eE = /:inv e

for each / in C (#) . Moreover, this last property, 

the fact that ..uf U) = 0 for each f in C°(£) , and the 

denseness of ^e(£I )u{o)} in X 9 ensure that u is an 

isometry. The proof that u is an algebraic star 

homomorphism - and therefore a star isomorphism - is 

straightforward. D

Rg mark : It is an immediate consequence of (U.I. 3) that the 

mapping \x e E.d ' ( . ex ,w) - the distance from infinity (relative 

to the one-point compactif ication ( ( X 9 d ' ) >e ,w) ) - is an element 

of C (£') . ®

.4 C (#) is a Banaeh star algebra.

Proof. Let (('#,£?') 9 e 9 w) be a one-point compactif ication 

of (#,£?) (3.3.7). As (g e CW : .gu = 0 } is a closed,

and therefore complete, subset of the complete space 

, it follows from (4.1.3) that C°(£) is complete.

(We omit the simple proof of completeness of C(^).) On 

the other hand, in view of the well-known consequence 

of the constructive Stone-Weierstrass Theorem that 

the set of all polynomials in the functions 

\x e Z.J'U,*/), with y in X, is dense in CR U) ([1], 

Chapter 4, Theorem 7, Corollary 2), it is a straight­ 

forward, if rather tedious, matter to prove that the 

set r of all polynomials in the functions Xx e X.d'(x 9 x 

with complex rational coefficients is dense in C(Z) , 

where ( xn ) is a dense sequenee in X. As F is clearly
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countable, we conclude that there is a dense sequence

in C(:^* I1: now follows from (4.1.3) that 

the sequence

(Xx e E(.g .ex - .q w)) _.. y n y n n£N
is dense in C°(#). D

O-
Our second application of (4.1.3) requires knowledge of the 

Tietze Extension Theorem ([1], Chapter 4, Theorem 10):

Let Y be a compact subset of a metric space X3 I a compact

proper interval in R_, and f a continuous mapping of J into
\ 

I. Then there exists a mapping h of X into I which is

uniformly continuous on bounded subsets of X3 and such that 

strc hY = f.

Bc.aring this in mind, we prove

.5 Let F be a locally compact subspace of E, and f an element 

of C (F). Then there exists g in C°(£7 ) such that strc gF - f. 

Proof. Without loss of generality, we may suppose that 

/ belongs to Cp(F). Let ( (X ,d' ) >e ,aO be a one-point 

compactification of (#,d) (3.3.7), and Y the closure 

of ^(F)u{a)} in X. Then (3.5.0) ((Y,strc d' Y,,Y), 

strc <2F,w) is a one-point compactification of 

(F,strc d F,,F), so that there exists f. in C(^) with 

strc /, *eF - f:strc inv e *eF

and .f 1 w = 0 (4.1.3). By the Tietze Extension Theorem, 

there exists f2 in C(*) such that strc f^Y - f^. One 

more reference to (4,1.3) suffices to show that we may 

take f9 '-e as our desired function g. D

4-. 2 . Two important preliminary results•' "• • \ •—••?•-•«•—— ""•—**—•—•*" ***— '"""•• - — -—- " "*

Let A be a commutative Banach algebra. A character of A is 

a homornorphism x of A into C which is nonzero, in the sense that



-104-

0 < | . x« | for some a in A . The classical proofs that every ' 

character x of A is bounded, 'and that if A has an identity e then 

. x<2 = 1 and x has norm equal to 1, carry over unchanged into our 

constructive framework (cf. [5], §16, proposition 3).

Bishop ([1], Chapter 9, Proposition 10) has shown that the 

characters of C( X) , where X is compact, are precisely the 

evaluation mappings \f e C(x).fx, with x in X. Our work in 

Section 4.3. requires the corresponding result for C (£*).

.0 Let E be a locally compact space. Then a mapping X of ^ 

into C is a character of C (.E) if and only if there exists x

in E such that x =

Proof. It is clear that every mapping Xf e C (E).fx with 

x in E is a character of C (#) . Conversely, given a 

character x of C (E7 ) , (4.1.2) and the continuity of X 

enable us to find $ in C(#) with 0 < |.x<H' Let K be a 

compact support of <J> in E. Then . xf = 0 f°r each f in 

C°(#) which vanishes throughout £: for, given such /, 

we see that f<J) vanishes throughout K u -X, and therefore 

throughout F; were 0 < | • X /I > we would therefore have the 

contradiction

o < |.x/ll-x<H= 1-xWl = o-
•

It follows from this and (4.1.5) that there is a unique

mapping X K of & K ) into C such that .x^(strc /#) = . xf

for each f in cP(£'). Moreover, XT/ is clearly a character* K

of C(#) , so that there exists x in K with XK = ^9 e C(K).gx, 

and therefore x r */ e f(E).fx. D

Our next result is, perhaps, the key to the remainder of 

this chapter.
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. 1 The Backward Uniform Continuity Theorem.

Let (E 9 d) be a metric space, and h a mapping of E into a 

compact space (K 9 d') such that f:h is uniformly continuous on E 

for each f in CR (#). Then h is uniformly continuous on E. 

Proof. Given e > 0 , we construct a finite cover

[KQ , . . . ^K } of K in which each set is compact, and has 

diameter less than e/2, and then choose a common modulus 

of uniform continuity 6 for the functions p^'h, where, 

for each j in N~scsrv, 

p. = \x e K nax(0, 1 - 2c~ ±d'(x,K )).
v 0

Then, with x and y in E 9 d(.x 9 y) <_ 6 (1/2), and j chosen
d>

in N~scsrv so that .hx belongs to K., we have

•P.'hy 1 -P -hx - 2 = 1 - 2 > 0 
0 0

whence

d'(.hy 9 K ) < e/2, 
J

and therefore d' r (. .hy -,%) < e/2 for some z in K . It
J

follows that

<_ diam K^ + d'(.hy 9 z^ < e,

whence e -»• 6 (1/2) is a modulus of uniform continuity 

for h on E. D

Remarks : (i) Classically, this theorem would appear in a much 

more general setting - that of uniform spaces (cf. [6], Chapitre 2, 

§4, No.l). A natural elementary classical proof of (4.2.1) 

as it stands takes the following form: suppose that h is not 

uniformly continuous on E , so that there exist a > 0, and 

sequences (ff ) > (y^ in E, with ^ ( *n >2/ n \eN convergent to 0, 

but a £ d't.hx 9 .hy ) for each n in N. As K is compact, there

exists (sic) a subsequence (x ) fc6N of (o^) such that (*hx )^£N
k k 

converges to a point z of K. The uniform continuity of

\x G E.d'(Z).hx) on E (ex hyp.) now ensures that ( . hy )^£M also
r£

converges to s, whence, for large enough k 9 d'(.hx >.hy ) _< a/ 2.^ n



-106-

This contradiction shows that we must actually have h uniformly 

continuous on E .

It is interesting to contrast these constructive and 

classical proofs of (4.2.1), and to observe how much more in­ 

formation is yielded by the former!

(ii) Consider the situation ('dual' to that in (4.2.1)) where 

(K,d) is compact, h is a mapping of K into a metric space (£,£?'), 

and f:h is uniformly continuous on K for each uniformly continuous 

mapping f of E into R. If we can prove that h is also uniformly 

continuous on K 9 then we will have established the Forward 

Uniform Continuity Theorem , a good constructive substitute for the 

classical Uniform Continuity Theorem (cf. [8], (3.16.5) and [6], 

Chapitre 2, §4, No.2).

As \x € K.d' (. hx ,. ha) is uniformly continuous for each a 

in ft., we see that h is continuous at each point of K> and that 

jhK is a bounded subset of E. Taken with (4.2.1), this last 

fact enables us to prove the Forward Uniform Continuity Theorem 

in the special case where E is locally compact. For then, 

choosing compact K' c E with ^hK c #', and a uniformly continuous 

mapping f of K' into R, we apply (4.1.5) to construct an element 

g of C°(#) such that strc gK' - f. We then see from (4.1.0) 

and our hypotheses that f:h - g:h is uniformly continuous on K. 

An application of (4.2.1) now completes the proof that h itself 

is uniformly continuous on K.

In view of this particular case of the Forward Uniform 

Continuity Theorem we feel that it is unlikely that the general 

form of the theorem will prove to be an essentially non-constructive 

proposition; this feeling is. reinforced by the observation that, 

if E is separable, then h is always uniformly continuous from 

the standpoint of intuitionistic mathematics ([21],3.12). However, 

a direct, constructive proof of the uniform continuity of h in
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the general case has so far eluded us, the best we have 

achieved being such partial results as the equivalence of the 

three conditions:

(a) h is uniformly continuous on K

(b) ^hK is precompact

(c) for each e > 0, there exists a finite subset [x , ...,# } 

of K such that the sets

[x e K : r\y e K( \ d' ( .hx , . hy ) - d' ( .hx • , .hy ) I < e)} 5u •"
with j in N~scsrv, form a cover of K. 

Indeed, it is clear that condition (a) entails each of the
»

other two. On the other hand, let e > 0 be given, and suppose-

first that is precompact. Let {£,...,£ } be points of K

, 6 asuch that {. /z£ n ,...,. hE, } is an e-approximation to 

common modulus of uniform continuity for the functions

Xx £ K.d ' ( . hx , . 7z£ . ) (where j belongs to N~scsr v) and x 9 y points
3

of K with < 6(e). Then, choosing j in N~scsrv so that

d' ( .hx fh?, .) < e, we have 0 ~"

d f (.hx,.hy') < d-'(.—
d' (. hy >.

< d'(.hx,.h?y .) + \d r (.hx,.h£, .) - 
~" J J

3e

' ( . hy , . fc£ . ) \ +d' ( .

Thus (b) entails (a).

To complete the proof of the equivalence of conditions (a) , 

(b) and (c), it now clearly suffices to prove that: if (^,p) is 

a metric space and, for each e > 0, there exists a finite subset 

{a? 0 ,...,*v } of X such that the sets

{x e X : Hs e x(\p(x,zy - p(a:.,2)| £ e)},

(with j in N~scsrv) cover X, then X is precompact. To prove 

this, we let x and y be points of X such that

e),

J

and suppose that p(x,y) > 4e. Then, for each z in Z ,
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(pCa;,^) - 2e) + (p(z/,2) - 2e) > 0, 

so that

max (p (#,<;) - 2e,p(#,z) - 2e) > 0.

Hence min (p (x ,2 ) ,p (y ,2 ) ) > e for each 2 in X - which is plainly 

absurd. We conclude that p(:c,2/) <_ 4e. The given condition on 

X now shows that X is precompact. ®

U.3. Star homomorphisms between algebras c°(g).

Throughout this section, (#, 3 <i, ) will be a locally compact 

space , ( (X, ,di ' ) 9 e, ,w, ) a one-point compactif ication of E1 , , 

and <j), the corresponding distance from infinity, 

\x e E1 . J ' ( . & x ,o), ) .

It is clear that, if /z is a continuous mapping of E~ into 

£•., then

H = \f e

is a star homomorphism of C (fi1 ^) into the algebra of continuous 

mappings of E~ into C (under pointwise operations), and that E 

is nonzero in the sense that 0 < \..Hfx\ for some f in C (# ) 

and x in # 9 ; moreover, if #„ is compact, then # maps C (£.) into 

). In this section, we shall be concerned with various

problems associated with the converse question: if E is a star 

homomorphism of C° (£"-,) into C (^^ under what conditions is 

there a mapping (continuous mapping?) h of E~ into £, such that

To begin with, we dispose of the case where E.^E are 

both compact:

.0 Let E E be compact metric spaces, and E a star homomorphism

of C(^ 1 ) into C(Z? 2 ) such that .E(\x e E^ 1) = Xx e E^ 1. Then

there exists a uniformly continuous mapping h of E^ into E^ such

that H = \f e CCtf.) /:fe .
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Proof-. Given y in # 2 , we note that \f e' C(E^)..Hfy is a

character of C (#,,), so that (4.2.0) there clearly exists

a mapping h of E^ into E^ with H - \f e C (£.,) /:/*.

The uniform continuity of /z follows immediately from

(4.2.1). D

In general we have <^

.1 If H is a star homomorphism of£°(E^) into^°(E^ i then a 

necessary and sufficient condition for the existence of a 

mapping h of E~ into E* such that H - \f e C°(£ ) f : h i s that 

..H$^y be positive for each y in E~; in which case the following 

conditions on h are equivalent: 

(i) h is continuous

(ii) h maps bounded subsets of E ̂ onto bounded subsets of E* 

(iii) for each compact K C # 0 < inf y £ K ..H$^y 

Proof. If h exists, then

n^ e #(..#<(> y - d^ ' (. e^. hy ,w 1 ) > 0).

On the other hand, if y belongs to E~ and ..H$*y > 0,

then, Xf e C °(£' 1 ) . .Hfy is a character of C °(E^ ;

reference to (4.2.0) now completes the first part of

the proof.

Suppose then that H = \f e C (#.) f:h with h a mapping

of E~ into E*. It is clear that (i) entails (ii);

moreover, that (ii) and- (iii) are equivalent follows

from (3.3.6) and the fact that, for each compact K c £

inf y e K..H<t>^y - d^ ' (u^ , ^ (e ± : h)K) .

It therefore remains to prove that (iii) entails (i).

To this end, we suppose that K c # i s compact and

that 0 < inf y £ K..H$*y. Then, choosing r so that

0 < r < inf y & K. . H$^y

and

L = (x e : '(.6,,0) > p}
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is compact, and any element / of C(L) , we may apply 

(H.I. 5) to obtain fI in C°(£' 1 ) with strc f L = f. As

c L , we then have 

strc f:h K - strc f^:h K = strc . Hf, K, 

so that f:h is uniformly continuous on K, It follows 

from (4.2.1) that h is uniformly continuous on K. That 

(iii) entails (i) is now immediate. D

Re mark: Were Conjecture 2 of Section 2.2 valid, we could prove 

that if there exists a mapping h of E~ into E with H = 

\f e C (E ) f:h , then condition (iii) of (4.3.1) obtains, and h 

is necessarily continuous. ®

We recall that a mapping / between met-ric spaces E,E r is, 

proper if, for each bounded subset B of E' , *fB is bounded in E. 

.2 Let h be a continuous mapping of E~ into E-. . In order that 

f:h belong to C (E^) for each f in C (#, )., it is necessary and

sufficient that h be proper; in which case the closure of 

in E^ is locally compact. Moreover, if h is proper and metrically 

injective^ then *hE „ is locally compact and h is a homeomorphism 

of Ej onto *hEj.

Proof. Suppose first that

rng \f e C°(^ 1 ) f'.h c C°(J? 2 ).

If B is a bounded subset of *hE „ and K a compact subset

of E 1 with B c K 9 we apply (4.1.5) to construct cj) in

) such that . <j>a: = 1- for each x in K. Then , choosing 

compact L c # so that \ .$.hy\ < 1 for each y in E - L, 

we see that *hB c L - whence h is proper. 

To prove ^hE^ located, we now let a,b belong to E^^E^ 

respectively, choose real c > 2d-,(.a,.hb), and take the 

particular case where
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B = {x e *h#o : <2, (a?,. Tzfc) < o}. * 2 1
Then

Hz/ e E 2 (d-L (a 9 . hy) < d^a^.hb) =* . fci/ e S c

from which it follows that d^a^hE^ exists, and equals

d 1 (a,^/zL). Thus ^/2£ 2 is located in £ , and its closure

in # is locally compact (3.1.1).

On the other hand, supposing h to be proper, and given /
i

in C (#"..) and e in R , we choose in turn a compact subset 

K' of E^ such that I . fx\ < e for each x in £ 1 - K' , a 

positive number r so that 

^ = (x e £ : d (*,*') < r}
*t

is compact, "and compact L' c £• with h(K') c L'. It is 

then clear that, for each # in £~ - L f , d.] ( t hy,K t ) > r, 

and therefore I.f.hi/I < e. Thus /:h belongs to C° (E ̂ . 

Reference to (2.3.0) and the first part of the proof now 

suffices to establish the remainder of the theorem. D

Remark: If h is proper, then *hE~ is classically locally compact: 

for, if s is a Cauchy sequence in ^hE^ 9 then *h rng s is a bounded 

subset of E* , and is therefore contained in a compact set K c E ~; 

classically, ^hK is (compact and) complete, so that s converges in 

*hK 9 *hE~ is (complete and) closed, and therefore (4.3.2) *hE~ is 

locally compact. However, it is clear that if (4.3.2) holds with 

the words 'the closure of deleted, then a uniformly continuous 

mapping of a compact metric space into R has compact range. That 

this last proposition is essentially non-constructive is well- 

known (cf. C 1 1 Chapter 2, Exercise 9). ® .

This brings us to the first really important theorem in this

section:

.3 Let H be a star homomorphism of C (#^) into C (E^). In order 

that H map C°(E-,) onto C ( E~ ), it is necessary and sufficient 

that there exist a metrically infective, continuous
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mapping h of E 2 into E^ such that H = Xf e C u (£ ) f-.h.
*

Proof. Suppose that // maps C°(£'1 ) onto C°(# ) } and choose 

<|> in c 0 (^j_) with .//<f> = <j> . Then, given y in £ , we 

see that - as 0 < . <f> 2 t/ - X/ e C°(^ 1 ) . . #/z/ is a character 

of c (#<!_); whence (4.2.0) there exists a mapping h of 

£ 2 into E ± with ff = Xf e C0 ^) /:fc. With K c E 2 

compact, we have ((3.3.3) and (2.1.1)). 

0 < w = inf y e #.d ' ( .e z/ ,u) )

whence there exists compact £ C # such that | . cf># | < /n 

for each x in fi1 , - L. As

for each z/ in X, we have ^/z^ c L. It is now clear that

h maps bounded subsets of E~ onto bounded subsets of #.,

whence (4.3.1) ft is continuous.

To prove h metrically injective, we let A ,5 be compact

subsets of #2 such that 0 < c = d^(A 9 B'), apply (4.1.5)

to construct g in C (# ? ) with

strc gAuB-\x^Av_ B.d 2 (a:,#),

and then choose f in C°(£'1 ) with .Hf - g. With x in A

and i/ in 5 , we have

\.f.hx - .f'hy\ - \>gx - >gy\ - d^(x^B)

whence

dist^Cf:/?)/!, ^(f:/z)5) ^ c > 0.

As both jhA and ^hB are precompact subsets of E* ,

there exists compact ^ c ^ with ^ft(>i) u ^h(B) c ^ .

With 6 a modulus of uniform continuity for /on #, ,

it is now clear that

0 < <$(c/2) < d (JiA 9 JiB) , 1 — j.

whence h is metrically injective.

Conversely, suppose there exists a metrically injective,

continuous mapping ft of # 2 into E such that
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H = \f e C°(£> 1 ) f:h. Then (4.3.2) ^/z£ is a locally 

compact subset of E* and h is a homomorphism of E~ 

on thE~. With e > 0, and g any element of C°(# 9 )> w 

choose compact 5 C £ such that |.<7a:| <_ e for each a; 

in #2 -5, and then a modulus 6 of uniform continuity 

for In on the bounded set
)

S± E [ x e E 2 : d 2 U,S) <: 1}.

With i/ in ^ and dL ( . Tzi/ , ^fcS) > 1/2, we must have

0 < mind, 6(1/2)) £ d (y ,5) ,

and therefore |.#z/| <_ e. Choosing r so that r > 1/2 

and the set

T E {x e ^#2 : a^x^hS) <_ r} 

is compact (3.1.0) , we now see that 

C\x e *h'(E2) - T(\.g. inv ?z a; | < e).

Thus 0 : inv h - which is clearly continuous on ^hE^ - 

belongs to C0 ^/^). By (4.1.5) there exists / in 

C (£". ) with strc f ^.hE^ = g : inv /z , whence 

.Hf = /:7z = (strc / ^hE^'.h - g. 

Thus # maps C°(£>1 ) onto £°(E ? ) . D 

Remarks : (i) Although there is no reason why, in the case H

maps C(E^ ) onto C (#«) 5 the satisfactory condition .#<{>.. = <()« 

should obtain, we can choose a one-point compactif ication Y of 

# relative to which .H$* is the distance from infinity: for, by 

(4.3.2) (4.3.3) and (3.5.1), the closure Y of ^eh u

in X is a one-point compactification of E^ with point at infinity

a), and canonical injection e^:h.

(ii) If Conjecture 2 of section 2.2 obtains, then we can replace

the words 'metrically injective' by 'metrically weak-injective'

throuthout (4.3.3) and its proof. In view of this, it is

interesting to note the equivalence of the statements;

(a) a uniformly continuous, metrically weak-injective mapping
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of a compact space into a metric spa'ce is metrically

injective. 

(b) if X 9 Y are compact spaces, and h a uniformly continuous

metrically weak-injective mapping of 7 into 7, then the

star homomorphism \f e COT) f;h maps C(J) onto C(7). 

Indeed, that (a) entails (b) is a consequence of (4.3.3). On 

the other hand ? if (b) holds and h is a uniformly continuous, 

metrically weak-injective mapping of the compact space Y into 

the metric space J, we lose no generality in taking X as the 

completion of #hY, so that X is compact and ^hY is dense in X. 

It now follows from (b) and (4.3.3) that h is metrically injective. ®

.4 A star homomorphism H of C (E1 ,,) into C (E^) is injective 

if and only if it is an isometry. Moreover, if there exists a 

continuous mapping h of E~ into E", such that H - \f e C (E7 . ) f'.h 

then a necessary and sufficient condition for H to be injective

is that AiE "be dense in E „,* 2 1

Proof. To begin with, let H = A/ e C°(E' 1 ) /:h with h a

continuous mapping of E~ into /?. . Then ^^£'2 is located 

in i'^ ((4.3.2) and (3.1.1))-. If h is injective, z 

belongs to #, , and we suppose that 0 < 

then there exists r > 0 such that 

{x e ^ : ^(ajja) < r } -C ff^^ -

With f the mapping
- 1 

e £' max(0,l - r (a;,^)),

we have / e C°(5'l) ? •/# = ° for each x in ^/z£I 2 > and

therefore

.^/ = /:/z = \x e £; 2 0.

On the other hand, ,/2 = 1, so that f / Xx e E I 0. This

contradicts the injective nature of ff, whence d^(z^hF^
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z belongs to ( *hE «)" , and *hE * is dense in E*. 

Conversely, if *hEj is dense in £", , / and g are elements 

of C°(£' 1 ), and .Hf = .Eg, then 

strc f *hE 2 - strc g JiE „ , 

whence (by continuity) f - g t

To handle the general case (where the mapping h need)"-

not exist), for k = 1,2 we let M, be an isometric 

star isomorphism of C°(#fc) onto C(^^,co, ) = {# e C(^): 

.00),- = 0} (4.1.3) It is then straightforward fo verify 

that

## = A06 C( X. ) ( . Ur, .H . inv M. .. . . . 2 . .

is a star homomorphism of £(X* ) into C(^ 9 ) such that 

.H#(Xx e * 1) = \x e * 2 1 

n/ e c° 

and

Given that # is injective, we now prove the same of 

H#. To this end, with, g e CC^) and .^#gr - \x £ X^ 0, 

and supposing that 0 < l.^w^l , we have

N \ . . _ O

1 /\.iO ^- /l,j\.y^ .yiAj^/yO)^ — U 
-L _1_ £—

(Remember that rng u^ - £(X 2 >u>~} !) . This contradiction

ensures that .g($* - 0, so that g belongs to CC*,, ,10-1)9

and

.w .//.inv u^g - \x ^ X^ 0.

As u 9 H and w? are all injective, it now follows that

g - 0. Hence //# is injective.

Now, by (4.3.0) and the first part of this proof, there

exists a uniformly continuous mapping y of X into X

such that

Hit = \g e
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and *Y^ 9 is dense in X*. For each / in C (E * ) we now 

have

I! .Hf\\ „ = II . (inv u^.Hti.u* f\\ „ 
& 2 2

sup y e x 2 

sup x e

1

The proof is completed by noting that if # is 

isometric, then it is trivially injective. D

Re mark s : (i) The propositions

(a) If E1 ,£" are compact, and h is a continuous mapping 

of # 2 into £' 1 such that \f e CCE.) /:7z is injective,

then ^ - , . 

(b) If h is a continuous mapping of a compact metric space

into R, then rng h is compact.

are equivalent. Indeed, that (b) entails (a) is a straight­ 

forward consequence of (M-.3.4). On the other hand, that (a) 

entails (b) follows from the fact that, if h is a continuous 

mapping of a compact metric space E into R, then the closure 

E' of ^hE in R is compact, $hE is dense in E 1 , and (U.S. 4) 

X/ e C(£") f:h is an injective mapping of C(£") into C(#).

It follows immediately that (a) is classically true, 

and essentially non-constructive.

(ii) Even when H is injective, there may not exist a mapping 

h of E into E^ with H - \f e C O (£' 1 ) f:h. To see this, take 

j E [0,13, E ? = [0,1] u (2), with metrics c? 1 ',d 2 the corres­ 

ponding restrictions -of the usual metric on R; E* = ]0,1], with 

metric
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— 1 — 1 
: - y \ 4- aT - y" |);

and e 1 the mapping Ax e £^ x of E into *.. Then (# 9 d ? ) is 

compact, and (3.3.4) (tf^,^) is locally compact, with one-point 

compact if icat ion ( (X^ ,d^ ' ) ,e , 0 ) . Defining 

Y = Ax e # min(x,2 - x),

we see that y is a uniformly continuous mapping of E onto X* ,
^ 

so that (4.3.4)

is an injective star homomorphism of C^) into C(# 9 ). VJith°

w. the unique isometric star isomorphism of C (E * ) onto 

{g e c(^1 > : .^0 = 0} such that

n/ e C°(£' 1 )(strc.u 1f Jt e 1^ 1 = /:inv e 1 ), 

(4.1.3), it follows that

ff E Xf e c

is an injective star homomorphism of C (#.,) into C 

However, as

e ^ % ^ ' (a; ,0

= Y

and ,y2 - 0, we conclude from (4.3.1) that there exists no 

mapping h of # 2 into £> 1 with H = Xf e (f (E I > f :fc.

Putting together (4.3.3) and (4.3.4) we obtain 

.5 The Ban a ch -Stone Theorem.

In order that star homomorphism H of C (E ̂ ) into C 

fee an (isometric) isomorphism, it is necessary and sufficient 

that there exist a homeomorphism h of E on E^ such that 

H = \f e t°(E ± ) f:h. n

For the discussion of this theorem in a classical setting, 

we refer the reader to ([10], IV. 6. 26 - 27).
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CHAPTER 5

OPERATOR TOPOLOGIES IN CONSTRUCTIVE ANALYSIS

We recall that, in classical mathematics, the weak 

operator topology on the space of bounded linear mappings of a 

Hilbert space H into itself is the weak topology generated by 

the mappings T -> <.Tx\y) 9 where x 9 y belong to #([19],§Q). The 

discussion of this topology naturally leads to that of the 

more general situation in. which E 9 F and G are normed linear 

spaces, and we are interested in the weak topology generated 

on the set Hom(# ,F) of bounded linear mappings of E into F by 

mappings T -*• t $.Tx 9 where -x and $ belong to certain given subsets 

of E and Hom(F,£) respectively. In this final chapter we shall 

consider the natural constructive substitutes for such topologies , 

paying particular attention to that for the weak operator 

topology (cf. Sections 5.4 - 5.6). Of especial interest to us 

(in keeping with the focus of our attention in Chapters 2-4) 

will be the question of precompactness of the unit ball

Horn., ( 27, F) = {T e Hom(£,F) : nx e #(|| .Ml <_ \\x\\ )} 

with respect to the various pseudometrics under discussion. t

5 « 1 . We ! ak s eminorms on Horn ( E , F )

Apart from a small adaptation in the remark following 

(5.1.3), we shall adopt the following notation throughout the 

first four sections of this chapter: E ,F and G will be normed 

linear spaces over C (the same symbol || || being used for the 

norm in each case); (a ) 1 ^ > ^ a ' ^-i / sequences in the unit ball
If, ^^. it fir -L V. ft,

of E 9 (<f> ) 1 , ((f> r) i^ sequences in Hom^F,^); and I I , |f I' the
1 1 — L ^ ftf 1 1* J- ^ fit -^-

t Note that the definitions of properties associated with
pseudometrics are the obvious analogues of those associated 

with metrics.
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seminorms defined on HomCE1 ,.?) by
-in E j )]t=1

respectively.

In this first section, we smooth the path of our later 

discussion of particular examples of such weak seminorms by 

obtaining general answers to the following important questions:

Under what conditions do I J |f I r induce equivalent pseu-

dometrics on Hom 1 (#,F)?

Under what conditions is Hom..(#,F) precompact with

respect to [ ] ?

The answer to the first of these questions is a consequence of 

.0 In order that a mapping f of a pseudometric space (Xt d} into 

(Horn. (£" ,F) ,H 1 ) be continuous (resp. uniformly continuous ) 3 it 

is necessary and sufficient that (XT e Horn. (E ,F ).(}>.. Ta^ ):/ be
J. J K.

continuous (resp, uniformly continuous) for all positive integers

0 > ^ • /

Proof. The proof of necessity is comparatively trivial.

To prove sufficiency, given e > 0 and compact K c J, 

and supposing that 

(\T e

is continuous for all positive integers j,/c, we choose
•

/V\ »_•_ «»1

a positive integer v such that Z • = v + 1 2 < e/8, and 

then 6 > 0 with the property 

e K C\y ^ X(d(x^y) <_ 6 =*

N ~scsrv( . <}>... /aca k - . ^.. . /i/a fc _< e/2).

Noting that, for all S^T in
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S-Tl - (Z +

we now see that A
\

,y) £ 6 =M . /* - . /z/I <_ e). 

Thus f is continuous on J. The case of uniform continuity 

is similar, but simpler, and we shall omit the details. Q 

Immediate corollaries of (5.1.0) are 

.1 For all positive integers j,?c, \T e Horn, (#,F) ,(J> ., 7a 7 -z^s
J. J K

uniformly continuous with respect to the seminorm [ ]) . Q

.2 Jn order that the seminorms [ 1 _, ([ I f induce equivalent pseudo-­

metrics on Hom 1 (^,F)_, tt is necessary and sufficient that for all

positive integers j^k the functions XT e Horn. (#,F) . <J) .. ^a, and
l J ^

AT e Horn, (£" ,F ).({)'. Ta/ i>e uniformly continuous with respect to ± $ K

both [] and O f . D

Remark ; Even J if 1 3 and 1 1 ' do induce equivalent pseudometrics 

on Hom 1 (£',F) - and therefore on all uniformly bounded subsets 

of PIomCE^F) - they need not be equivalent seminorms on HomCEjF) 

(cf. remark (i) following (5.3.1)). ®

A general answer to the second question asked above is given

by

.3 A necessary and sufficient condition that Hom.(£,F) be pre- 

compact in the pseudometric induced by the seminorm \ Us that, 

for each positive integer n y the set

Mn -= {( -*f Ta k>j,k f e sesr n ~ 1 : T £ Hom^^.F)} 

be precompact in the metric induced by the norm \\\ |] [, where

scsr n
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for each T in

Proof. The necessity of the condition is a simple con­ 

sequence of (5.1.1). Conversely, supposing that M is
* / 1

HI |||- precompact for each positive integer w, and
/

given e > 0 , we choose a positive integer v so that

for all S;T in Hom^E ,F) .. With 2* , . . . ,2- elements of 

Horn (£,F) such that

,., _ . : k j ,k , e scsr n ~ 1 scsr b bl

is an e/ 2 -approximation to (M ,||| |||) , we let T be any 

element of HonLL (# 9 F) and choose P in scsr a with

^/c, e scsr n ~ 1 " ( '*,/ 'Vfc^ ̂  , e scsr

< e/2

Then

so that {TQ)...,T } is an e-approximation to 

(Hojn. CE7 ,F) ,1" 1 ) , and the last-named is, indeed, pre­ 

compact. D

Remark: Let J,y,F and G be normed linear spaces over C, and E 

the set Hom(j, y). We recall that an element S of E is normable 

if the operator norm

E sup * e j A ||a;|| <_ 1 ||.5a;|| 

of S is constructively well-defined. Now, it is by no means 

assured that this norm will be well-defined for each element of 

E\ so that E need not be a constructive normed linear space 

with respect to the operator norm. However, theorems (5.1.0) - 

(5,1.3) remain valid if Hom(£1 ,F) is interpreted as the set of
•<•*

linear mappings T of E into F which are bounded, in the sense that 

there exists 6 > 0 - called a bound of T - with the property
•

05 ^ Hom(J,7)
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and Hom^CtfjF) is interpreted as the set of those T in Hom(#,F) 

for which 6 may be chosen in ]0,1], We then extend the definitions 

at the beginning of this remark, and say that an element T of 

Hom(#,F) is normable if its operator norm

\\T\\ E sup S e Hom1 ( X9 7) \\.TS\\

is constructively well-defined. Where this situation arises in 

future, it should always be understood that it is these inter­ 

pretations and. definitions that we have in mind. ®

5 . -2 . The weak * norm

Throughout this section, we shall consider the situation 

where E is separable, (a )^£ is a dense sequence in the unit 

ball of E y and

IT} = E~ 2~ n \\Ta ||
f I, "*" -J- * t-

for each r in Hom(#,F); this is just the situation of Section 

5.1, with F - G and <J>, = Xo: e F a; for each k. Clearly, f 1 is 

now a norm - the weak* norm defined by the sequence (a K .

,0 For each x in E s \T G Horn.. (E ,F). To; is uniformly continuous 

with respect to the weak* norm defined by the sequence (a ),,
FIf —L ^-"* At

dense in the unit ball of E.

Proof. Given x in the unit ball of E , and e > 0, we choose 

k 5n N~l so that ||x-a, || <_ e/U, and then a modulus 6 of 

uniform continuity for XT e Horn, (E ,F).Ta, with respect
J. /v

to the weak- norm [J defined by ^n ^<n (5.1.1). Then, 

with S,T in Hom1 (£' 5 F) and IS-T\ <_ 6(e/2), we have 

\\.Sx-.Tx\\ <_ \\.(S-T)(x-a k )\\+ \\. (5-2I )a k || <. e. 

The result follows almost immediately. D 

From this and (5.1?2) we obtain.

. 1 All wsaW norms defined on Hom(#,F) induce equivalent

metrics on Hom1 (^,F). D



-123-

Remarks : (i) (5.2.1) is our j ustificatidn' f or referring in

future to 'the weak* norm' on HomCffjF), when we really mean

'any weak" norm'. We shall adopt similar, and similarly justified,

abuses of language without further mention.

(ii) An argument similar to that of (5.2.1) proves that the metric

induced on Hom^F,^) by the weak* norm is equivalent to that

induced by the double norm :

\T e Hom( £,*•)£" 2""(1 + || x \\)~**\.Tx II,n-± " n " " n "

where (a:n ) 1<w is dense in E (cf. [1], Chapter 9, Section M). ®

.2 If F is complete, then Honu.(£,F) is complete in the metric 

induced by the weak* norm.

Proof. Let (7 ) be a sequence in Horn. (#,F) that is Cauchy 

in the we.ak* norm []• Then, for each x in E , (.T x) is
/ £

a Cauchy sequence in F (5.1.1), and so converges to an 

element of F. It is now easily seen that the mapping 

x -> lim ^^'T x belongs to Horn. (#,F), and is the [J -

limit of the sequence (21 ) . D^ n

Our next two theorems answer the question of compactness 

of Hom^C^jF) in the weak* norm.

. 3 If the separable normed linear space E is nontrivial - that is, 

contains an element of positive norm - and Hom.(£',F) is pre- 

compact in the weak* norm, then F is finite dimensional, and 

Hom1 (£',F) is actually weak- norm compact.

Proof. Choosing a in E with \\a \\ = 1 , we let X be the set 

[ta ;t^ C) , and u the linear functional which maps ta in 

X to ^ in C. Then , by the Hahn-Banach Theorem (cf. 

Appendix 5) , for each c > 0 there exists a normable 

linear functional 'U Q on E with strc u QX - u and 

\\ u II < \\u II + c - 1 + c - ^or each y in the unit ball of 

F, the mapping A^ e E(.U GX)IJ clearly belongs to
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Hom. (EjF), and maps a to y . Thus'
J_ i O

A

With 6 a modulus of uniform continuity for the mapping 

XT e Eom2 (E ,F) . Ta with respect to the weak" norm HI 

(5.2.0) and e an arbitrary positive number, we construct 

a S(e/3)-approximation {T 9 ... 9 T} to

in the norm [ ] • For each k in N~scsrv , . T, a then belongs' k

to {#eF ; a: <_ 1 + e/3}, so that we may choose y, in 

F with Ife/jJ <_ 1 and ||i/ fc - .T^a || < 2e/3. Given z/ in the 

unit ball of F, we now choose T in Horn , . ,, /0 1+jnin ( 1 ,ey 3
with .jPa = z/ , and then k in N~scsrv so that 

lT-Tl < 6(e/3). Then

Thus {i/ ,...,z/ } is an e-approximation to the unit ball 

of F } which ball is therefore precompact. It now 

follows that F is finite dimensional. The proof is 

completed with reference to (5.2.2). D

.4 If E is separable and F is finite dimensional^ then Horn. (E^F)

is compact in the weak* norm.

Proof. When F has dimension 0, this is trivial. On the 

other hand, when F has finite dimension n >^ 1 , the 

result readily follows from the special case where n - 1, 

which case has been fully dealt with by Bishop ([1], 

Chapter 9 , Theorem 9 - note that Bishop uses the double 

norm in his proof, and cf. remark (ii) following (5.2.1)).H

5\ 3\ The^ strong operator norm
' ' T-r-T— —————— r~: ———— ̂  —— ' ———— < ———— ' '""*

Throughout this brief section we shall consider the situation 

where (#,< |>) is a complex Hilbert space, ( a n^ <n an orthonormal 

basis for F, and
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for each T in HomCff,*1 ). It should be clear that H is a norm on 

Hom(# ? F) - the strong operator norm defined by the orthonormal 

basis Can ).1<w - and that, in the case where E = F, the metric 

induced on Homes' ,#) by this norm is the constructive analogue 

of the strong operator topology on Hom± (E,E) ( c f. [19], §9).

A by-now-familiar type of argument (which we omit) produces 

,0 For each x in the Hilbert space E, \T e HOTIL(E ,F) . Tx is 

uniformly continuous with respect to any strong operator norm.

This, with (5,2.0) and (5.1.2), yields

,1 All strong operator norms on Horn. (£",,?) induce metrics on 

Horn, (#,£') that are equivalent to those induced by the weak* norm. D 

Remarks ; (i) If the Hilbert space E is infinite dimensional, then
T "*~ \ ~*~~ "" ^^ ~*~~ ^ ~~

the strong operator norms defined by different orthonormal bases need 

not be equivalent norms on Hom(£',£7 ). To see this, let [1 be the 

strong operator norm defined by the orthonormal basis (a )^ < 

construct a strictly increasing sequence (w,, ) ^ , of positive

integers such that \\a \\ = 1 for each k (3.2.2), and define an k 
sequence (T, ) i n HomCE'jtf) by

V 2 
7. = >.r e E 2 < a? a >"

Then (\\.T-,a II). 7 diverges to °°, whence - by the Uniform Boundednes: 
Ac n, I<_K

Theorem (Appendix 5) - there exists a in E with ( || . T^a ||) 1<fc un­

bounded, and therefore ^-^^^^^ not convergent. We lose no 

generality in taking ||'a|| = 1 , so that we can construct an ortho-

normal basis (a'),^ in E with a' = a. Clearly, the sequencen l£/? -1-
cannot converge in the strong operator norm defined by 

. However, as
n .

" - 2
. . °° "

for each positive integer fc, (Tk>^ <k converges to 0 in the strong 

operator norm f J • We therefore conclude that the two strong
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operator norms in question are not equivalent on Hom(E ,F) . • 

(ii) The following is an explicit proof that, if E is infinite 

dimensional, then Horn, (# ,#) is not precompact in the strong

operator norm (cf. (5.3.1), (5.2.3) and (5.2.4)). Given e such
-n.,-1 

that 0 < e < 2 /2 , and supposing that {T Q9 ... 9 T } is an

e-approximation to Hom^Ctf^E1 ) in the strong operator norm f J defined

by the orthonormal basis (a )„ , we setn ±<n ?
S, E \x e E( x I a ) a * n l n fc

for each positive integer fc. Then each S-, is in Hom1 (£',£I )j more­ 

over, given positive integers j 9 k with jVfc , and choosing r.,r,

in scsrv so that [£.'•- 21 1 < e and f Sfc - T I < e , we have
-n. -n. °

2 -L /2 = 2 "Ml. 5. a - .5 7 a11 j n fc tt

2e

and therefore
-w 1 -l 

2 d /2
x •

It readily fcllcvjs from this that the set (2* n , . . . ,? } must be 

infinite. This contradiction, in turn, establishes that 

Eom*(E 9 E) is not II -precompact . ®

5 . 4 . The weak\ operator norm

Perhaps the most interesting of the situations considered 

in this chapter is that of this section, in which (£,<!» is 

again a complex Hilbert space with orthonormal basis

71 = Z°° 0-«/-£ ~

each T in Hom(#,#). In this case - which corresponds to the

situations of Section 5.1 with E = F, £ = C and 4> = ^ e ^(^la^

for each & - our seminorm IB is 'again a norm, the weafc operator
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norm defined by the orthonormal basis (a ), ; as far as the
f L J_ ^ I L

unit ball of Hom(E,E) is concerned, the metric induced by the 

weak operator norm is the constructive analogue of the weak 

operator topology (cf. [10], §9).

.0 For all x,y in E _, the mapping \T e Horn. (E>E)( . Tx \ y) is uniformly 

continuous with respect to the weak operator norm defined by the

orthonormal basis (a ) . ^ .n ±<n

Proof. Given e > 0 and points x ,z/ of E 9 we choose a positive 

integer r so that

° < x\a .> a. | < (6(1 + \\y\\ ))" a e ' ' - y

and then a positive integer s so that 

l z r_ .LI* y\ a i } a i I "< (6r(l + Hall ))" 1 e.
K — S ' JL /^ ri *^^

With 5,T in Hom.tE',^) and

~~l + II all Ml + II zll ).)"

we then have

- < .Tx\y)

a . a

5 Hall S = 1 E ::1 |<z/|a^> | |< . (S-Da .a

-i- iidi

< II dl I

+ e/3

< e D

It follows from this and (5.1.2) that

.1 All weak operator norms on Hom(£',£I ) induce equivalent metrics

on Eom^E,E). D

Remarks: (i) Similar arguments show that the metrics induced

on Horn (#,#) by weak operator norms, norms of the form
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CO

XT e Hom(£,£) Z. . 1 2
J 9 ^ -"-

with (*n ) 1<n dense in the unit ball of £ , and norms of the form

XT <= nojiivfi,£; ^ fc = 1 * " n + ||a:.||; ~(1 + ||a:, ||) ^ \( . Tx . 

with (ffw > 1<n dense in E, are all equivalent.

(ii) If E is infinite dimensional, then the weak operator norms 

defined by different orthonormal bases of E need not be equivalent 

on Hom(EyE). This is seen by constructing a strictly increasing

sequence (n,). , of positive integers such that II a II = 1 for k l<fc n k

each k and then arguing (as in remark (i) following (5.3.1)) with 

the sequence « .T,a I £> K , . wherei'vj'T^'// 7 t\, ft •j J- *x ft.

4 H E~ 2 k a
k = -L n 7 k

and

<*|a > a
• *" r ^ -7 » t- -j

/> /^/x r\.

for each positive integer k.

(iii) If II , II are respectively the strong and weak operators w
norms, defined' on Hom(£',£') by the orthonormal basis (a ). , , thenJ n ±<n

II is 'weaker' than II , in the sense that the identity mapping
it? &

T + T of (Horn.(£,#),11 ) onto (Horn. (E ,£),11 .) is uniformly
J- S J- W

continuous. Moreover, if E is finite dimensional, then all strong 

and weak operator norms on Hom(#,#) are equivalent to the usual 

operator norm

XT E Hom(£',£') sup x E E A II a:l| <_ 1 || . Tx\\

However, if E is infinite dimensional, ("^Kfc ^" s a stri ctlv 

increasing sequence of positive integers such that \\a n \\ - 1 for

each k , and

T* = Xx £ E( x\a r a , 
K, \ k

then T-, belongs to Hom^ff,^), ^ Tj^w^<k converees to °' but
K -*• — 

n t 7» fl! — . T T Q.
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whenever j^fc; so that <l[ ^/J s >]_<£ is n °t convergent. Thus I J 

and [ ]|^ are not equivalent when E is infinite dimensional."

In fact, we can readily show that if E is nontrivial and 

I I S >I 1^ induce equivalent metrics on Horn (#,#), then £ is finite

dimensional. For,choosing r so that || a II = 1, and setting•p * °
S 1 = \x £ E ( x\ a ) a, K r k

for each positive integer k , we see that S e Horn ,(#,£) and - as
-r>-fc 

^ 5/Jw ~ 2 for each k in N ~ 1 ~ ^ Sk^s^l<k converges to °- Thus

there exists v in N~l such that

2" rlla /c ll - [5 fc ] 8 < 2"r

for each k in N~v. For such fc, we then have II a, II < 1, a-, = 0. Thus 

(3.2.2) E is finite dimensional. ®

It is a well-known theorem of classical mathematics that 

Horn., (#,2?) is compact in the weak operator topology ([19], §8, 

Theorem 13). As we shall see shortly, things are not quite so 

straightforward in constructive mathematics; our first step, 

however, is in accord with the classical situation. 

.2 Hom-.^jE') is precompact in the weak operator norm.

Proof. Given e > 0 and a positive integer v, we let E~ be

the finite dimensional subspace of E spanned by (a-,,...,a },
x V

and P the projection of E on E~. Then every element of 

Hom(£' n ,£' n ) is normable, and Hom(# 0 ,E' 0 ) is a finite 

dimensional Banach space under the usual operator norm, 

with compact unit ball Eom^E^yE^ (3.2.0). Let 

{T!?, . . . ,T°} be an e-approximation in norm to Horn, (Eg ,Eg). 

For each k in scsr r, define T^ = T°^ :P - Then, given T 

in Hon^CEjE), we have strc P:T E Q in Hon^Ctfg,Eg), so 

that II strc P:T # Q - T?\\ < e for some k in scsr r. For 

this same fc, and integers m,n with 1 < m,n < v, we have
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< .strc P:T E „ a a >- < ,T?a la >0 77? n k m ' n

< II strc P'.T E^ - T?ll— - u K

< e.

Reference to (5.1.3) completes the proof. D

Remark s : (i) We recall that an operator T on E is positive if 

it is self adjoint and < .Tx\x) > 0 for each x in E- or, equi- 

valently, if there exists an element 5 of HomCfi^E) with adjoint 

5*, such that T - S*S. Now, using the notation of the proof of 

(5.4.2), we readily see that if T and T? are positive so are 

strc P:T E~ and T, . In order to prove that

the set Horn,. (2?, 2?) of positive elements of Hom(2?,27) is

precompact in the weak operator norm,

it is therefore sufficient to prove that, when E is finite 

dimensional, Horn. (2?, 2?) is precompact in the usual operator 

norm. Accordingly, let us suppose that E is finite dimensional, 

so that each element of Horn (#,#•) is normable and has an adjoint 

and

(j> E XT Z Hom1 (2?,2?) T*T

is a mapping of Horn. (E1 , 2?) onto Horn. (2?, 2?). For each x in E , 

and S 9 T in Horn, (#,#), we have -

H .Sx\\ 2 - II

= (II .Sail + II .Txll ) ll .Sail -

<: 2lldl II .Sx - .T 

< 211 dl 2 I!S"- Til

shall use the standard notation T* for the adjoint of 
our operator T on #, when this adjoint is well-defined.
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so that

\T e

is uniformly continuous on Eom^(E 9 E') with respect to the operator 

norm. It follows from this, (5.1.0) and the equality

4< .Tx\y) = < .T(x+y)\

(valid for x 9 y in E and 21 in Hom(#,E)) that <J> is uniformly 

continuous as a mapping of Horned? ,#) (under the operator norm) 

into CHom1 (£' 5 £7 ) ,O ) , where O is the weak operator norm. 

As the former set is compact, Hom^G? 9 £) is precompact in the 

weak operator norm, and therefore in the usual operator norm 

(cf. remark (iii) following (5.4.1)).

(ii) In the proof of (5.4.2), note that T-^ is normable , with 

II T* 11 = \\TT.\\ • Thus the normable elements are dense in Horn. (#,£) 

in the weak operator norm. In view of remark (i) above, the 

same applies to Horn, (#,#) . ® 

We omit the simple proof of

.3 Horn. (#,#) is closed in Hom(#,#) in the weak operator norm, D1 >
In discussing the possible compactness of Hom1 (£",£") in 

the weak operator norm, we are now left with the question of 

its completeness. Let us therefore consider a sequence (?V) 

in Hom1 (£",£') that is Cauchy in the weak operator norm II . By 

(5.4.0)

is a well-defined (and clearly sesquilinear) mapping of E , 9 E int

Cj moreover it is clear that (2' ) is H -convergent to an element

T of HouuCffjtf) if and only if

o

e

By the Riesz Representation Theorem (Appendix 5), this last is 

equivalent to the condition that, for each x in I?, the linear 

functional \y e E.$(x 9 y)* be normable.
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Unfortunately, there does not seem to be any constructive means
*

of proving normability of these functionals.

Another condition equivalent to the 11 -convergence of 

(£*« ) in Hom.CE1 ,#) is that, for each x in E, the series

£ . I Iim7 < . T 1 x I a >| n = l' k-*00 k ' n'
be convergent. It is the examination of this condition that 

provides the somewhat unexpected solution to the problem of 

completeness of Horn.(ftjE1 ) in the weak operator norm.

.4 If E is an infinite dimensional HUbert space y then the 

completeness of Hom.(£> ,£') in the weak operator norm entails 

the limited principle of omniscience.

Proof. In view of (3.2.2), we may assume without loss

of generality that || a II = 1 for each n. Let (rc 7n k
be an increasing sequence in {0,1}', set 

$ E \r e N-KZ 2^ j" 2 )' 1 ,

and for each positive integer p, define a linear 

mapping T of E into E by 

T = A* e ^(.cj)P )Zj" 1 <

Then, for x in E and r in N~l, 

f- f i \ *

2 >

Thus, T belongs to Horn, (£,£). Now, with r,s positive
' 2f -L

integers such that r > s , we have

'J- 3
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Given e > 0 and a modulus 6 of uniform continuity for the
— 1— 

mapping \t e [1,2]£ ? we now choose a positive integer

s so that

OO

and, for all p,s in N~s ,e '

Then, with r,s in N~s and r > s , we have'

Thus (T^) 1< ^ is a
~ _

We now let 4 =

r,fe with r > fe

-J —

, we ?iave

-Cauchy sequence in Horn
- 

0 a — Then, for positive integers

so that

lim - n, ) fe
172

1'rom this it follows that it (^' r ) is 1 1 ^convergent to an 

element T of Hom.C^,^) then

OO

for each ^^ so that the- series £^ (w^ - n^, ) must

converge, its sum being ||.^^|| 2 . As this last series is

convergent if and only if

sup 7< e N~l n k = lim^^^ = n^

is well-defined, we conclude that the [f 1 -completeness

of Hom 1 (£',£I ) entails the proposition: every increasing

sequence in (0 ? l) has a well-defined least upper bound,

That this, in turn, entails the limited principle of
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omniscience is well-known (cf. L'l], pages 4-5). n

Remarks: (i) This theorem provides the only example known to the 

author of a classically compact subset of a metric space *, which 

is constructively both precompact and closed in X, but whose com­ 

pleteness .is an essentially non-constructive property. 

(ii) The remarks preceding (5.4.4), and (5.4.4) itself, combine 

to show that the constructive version of the Riesz Representation 

Theorem (as stated in Appendix 5) is the best we can hope for; 

more explicitly,

if E is an infinite dimensional Hilbert space on which 

each bounded linear functional has the form \x £ E( x \ a) 

with a in E , then the limited principle of omniscience 

is constructively valid. ®

5.5 Linear functionals • and the weak operator norm

It seems reasonable to expect that, as in the classical, 

so in the constructive theory of algebras of bounded linear 

operators on a Hilbert space #, an important role will be played 

by those linear functionals on such an algebra <R which are 

uniformly continuous on <ft n Hom^Cfl,^) with respect to the weak 

operator norm; classically, these are precisely the ultraweakly 

continuous linear functionals on <R ( r 9 ] , Chapter 1, §3). In this 

section we shall look at such functionals in the case <R = Hom(#,fl).

Throughout this and the next section, (#,< |> ) will be a 

complex Hilbert space; (aw > 1<n , ^n ^ <n orthonormal bases of H, 

defining weak operator norms Hl^H^ respectively; and, for each 

j:,7< in JI~1, S „ 9 S' the mappings x -> <x a .> a ? and x •> < x a'.)aj,
J K J K. t, «'

respectively.

.0 Let f be a linear functional on Hom(//,#). In order that f be

uniformly continuous on Hon^(//,#) with respect to the ur.c:l:

operator norm, it is necessary and sufficient that there exi.st
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a double sequence (c., ). 7, p vr -• £« £ such that the series
0 K J , K 5 c: 1M ~ J. 

c»
Z -7 £--1 c ;-,,(. Ta. a 7 > ts uniformly convergent to . fT on Horn, (/> #) : irz t/) A-~-L jACj/c _L

which case c ., = . /S. 7 /or eac/z j, fc in N~l.j fe d f<- 7

Proof. Given e > 0 , we choose a positive integer v so
oo — YL

that £ n _ v + 1 2 < e/2. Then, with p ,q elements of N~v, and 

T any element of Horn, (#,#), we have

- e

Thus the series
CO

is n - uniformly convergent on Horn, (//,#), its sum
W JL

being T. If the linear functional / is [I -uniformlyw
continuous on Horn. (//,#), it is now clear that

the series being uniformly convergent on Horn. (#,//).

Conversely, supposing that

f = XT £ Hom(H 9 H)Z^ k = iCj k < -Ta^a^

with each c .-, in C and the series uniformly convergent

on Hom.C^,//), we note first that

Moreover, choosing y in N~l so that

ns, 21 , e Hom1 (//,^)(| ./(5--T) - E^ jfe = 1c^< • (S-T)a,. \ a^ < e/2) 

and then a common modulus 6 of uniform continuity for the 

functions T -> < . Ta . \ a, > , 1 < j ,/c £ p , on (Hom 1 (//,7/) ,H 1 ) ,
J /v U

and setting
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M = max{|e. 7J : j ,k , e N A 1 < j 5 fc < p) j£ _ _
we have

|./5 - ./y| < Z^^ll^l l ( ' (S-Da.laj,) | + e/2

£ e • A. 

whenever 5,7 belong to Hoir^(#,#) and satisfy

This proves uniform continuity of f on (Horn ,(#,#) Jl )• H
1 w

Re,maJrk-s: (i) Classically, a linear functional f on Hom(#,#) is 

uniformly continuous on (Horn, (#,#), HI ) if and onlv if there exist
-j- W

sequences Ca^), (*/„>!<„ in H such that Z ||ajj 2 ,Z|i/J| 2 both

°°
converge, and

/ = XT e HomC/f ,^)Z~_ 1< . 

([9], Chapter 1, §3 ). No constructive proof is known as yet for 

this extremely elegant classical criterion.

(ii) Bearingin mind (5.4.2) and (5.5.0), we can easily show 

that the set of linear functionals on Hom(#,#) that are 

uniformly continuous on (Horn,, (#,#),[]] ) is a Banach space under
-L W

pointwise operations of addition and multiplication by scalars, 

and the operator norm (cf. remark following 5.1.3)). ®

In view of (5.2.4), we might hope that the set of linear 

functionals on Hoin(#,//) that are uniformly continuous on

(Horn,, (# ,#) jff 1 ) and have operator norm at most 1 would be pre- 
_L w

compact in some appropriate adaptation of the weak" norm. Whether 

or not this is the case, we can describe very natural weak seminorms 

with respect to which this set is precompact. 

.1 Let [fl n ' be the seminorms defined on the set V = Hom(Hom(# ,# ) ,

CO 9

Then [f] an ^ H f induce equivalent pseudometrics on the unit ball
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V^ = Hoin (Hom(#,//) ,C) of V. Moreover, the -restriction of either 

of these seminorms to the set V of elements of V which are

uniformly continuous on (Horn. (# ,#) ,[ ]i ) is a norm,j. w

Proof. To begin with, let p ,q be positive integers, and e 

a real number such that 0 < e < 1. Choose a positive 

integer v so that

and

let P be the projection of H on the linear subspace 

spanned by (a,,...,a }, and let x be any point of H. 

Then

S' x - E V < S' a I > S 
pq <7,fc=l pqaj la k ' jfc J

= .) a . | a ') a ' I a, > a.
•I "1 ' "V^ XT I /V i

a', .. , 7 p q k-± { p q^ k k

a f - .P « .Pa:|a ; > a ' ' P <7

|< ^cla f > a ' - < a; I .Pa ') .Pa' II 
1 ' p q ' P <?"

Thus e is a bound for the operator

- 7 . . . 7 . 7 . j ,fe = l pq j * k jk

Now let 6 be a common modulus of uniform continuity 

for the functions f -> .fS., , 1 £ j ,fc < v, on (7.JI)
J K. -1

_ 2 
(5.1.1). Then, with /,£ in V± and |f - #1^ 6(v e ) , we

have
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fS r - .gS' 
J pq * pq

\< 3 Er-<

Thus f + .fS' is uniformly continuous on (F^ttl). In 

view of (5.1.2) and the remark following (5. .1.3), it is 

now clear that H and O f induce equivalent pseudometrics 

on F,. 

On the other hand, if / belongs to F, and I fl - 0, then

• fS.-, = 0 for all positive integers j'.fe. If in addition, J K

f is uniformly continuous on (Horn (#,//) ,|J ), thenJ. w

(5.5.0) for each T in Hom(//,ff),

0 = ^,k^ { - TaJ\ ak-fSJk '- '&>

from which it follov/s that 1 1 is a norm on F . D

,2 In the notation of (5.5.1) 3 F. is H -pre compact y and V.

is H -dense in V*.

Proof, Let e be given in R , and v in N~l. In view of the 

remark following (5.1.3), and (5.1.3) itself, it will 

suffice to find a sub finite subset {/Q,...,/^} of 7^ 

with the property: for each f in F^ there exists ^ in 

N~scsr T such that

for all integers j',fe with 1 _< j,?c £ v. To do this, we 

let P be the projection of H on the finite dimensional 

subspace H spanned by {a^,...,a^}. Then every element 

of Hojn(# 0 ,#0 ) is normable, as is every element of
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F E Hom(Hom(# 0 } # Q )

Hom(// Q ,# 0 ) and V are finite dimensional Eanach spaces

with respect to the corresponding pointwise operations-"( 
and operator norms , and the unit ball

7° = Hom1 (Hom(^ 0 ,^ 0 ) ,C)

of V is compact in the operator norm. With {/«,...»/ 

an e~approximation to 7. in the operator norm, we set

jfj, = AT 6 HomU, //)./

for each k in N~scsr r. Then /, clearly belongs to

Hom^ (Horn (#, 5) ,C ). On the other hand, as T -> < .Ta;|.P2/> is

uniformly continuous on (Horn. (E ,//) ,|T J ) for each rc,z/J- w

in H (5.M-.0), given e f > 0, there exists 6 > 0 such that

! 7 J< .P. (5 ~ T)a .U 7 > I < e f J ,^-J- 1 J ' k ' -

whenever 51 ,T belong to Horn, (^,ff) and If S - 21 < 6. ForJ- w —
such £,y, and any x in #~ , we then have 

P. (S - T)x

j< .P. (5

y v I y v < r I ^ > < P (s -^7, _-l| A ^-1 N ^'l U -' /X< -rtV 'J .7
K. - J- J - -J- J l/

< e ' || a

whence 21 -> P: s'trc TH~ is uniformly continuous as a mapping

of (Horn^ (#,#) ,11 ) into Hom1 (^ 0 ,// 0 ) (under the operator

norm). It follows that fk belongs to I/ 1 .

Now let / be any element of 7^, and j,fc integers with

1 < -7,£ < v. Then, defining

we see that /° belongs to 7^, so that there exists n in 

N-scsrr with ||/° - /°|| < e- Noting that
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P:(strc S. k

we now have

fS . 7 - . f S .•* J m

=|./(P:(strc S o

. .j>0(P:strc

* 772 

< £

The subfinite subset {fQ9 ... 9 f } of F^ therefore has 

the desired properties. []

*

Remark s: (i) In order that the mapping f -* . fT be uniformly 

continuous on ( F ,[ I ) for each T in Hom(#,#)', it is necessary 

and sufficient that H be finite dimensional. Indeed, the 

sufficiency of this last condition is clear; while, conversely, 

if J denotes the mapping \x E Hx 9 and / •* . fl is uniformly 

continuous on (F^j,O), then there exists 6 > 0 and a positive 

integer v with the property:

v ~K./. - -gS k < 6)

Choosing n in N~scsrv, supposing that II a II = 1, and setting

F =
At

we now see that 1 = .FJ < 1. This contradiction ensures that 

a - 0 for each integer n > v, and therefore that H is finite
M "~~ _

dimensional (3.2.2).

In particular, when H is infinite dimensional, [] and the 

(analogue of the) weak" seminorm on V do not induce equivalent 

pseudometrics on V^»

(ii) If H is infinite dimensional, then the completeness of F^ 

in the seminorm HI entails the limited principle of omniscience. 

For, with (n^ l<k an increasin§ sequence in {0,1}, supposing that

|| a || =1 for each n and setting 
n
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f ~ XT e Hom(#,#)Z :_, (n . , - n . )< .^a . I a .> 
^ , J-J-J+J- J -, JJ{/•"

for each positive integer 7c, we readily see that (f7 ), is a
K 1 ̂  AC

n-Cauchy sequence in F^; however, the ff I-convergence of (f, ) to 

an element / of F entails that

for each p ,<? , whence (5.5.0)

n . - n .J ~ -L t7 "*" J- J

and therefore

sup kEN~l 

is well-defined.

oo

5 . 6 ̂ ._ Linear functionals on linear subsets of Hom( ff, //) .

Throughout this final section, <R will be a linear subset 

of Hom(#,ff), and / a linear functional on <R.that is uniformly

continuous, on (<R n Homx,(ff,ff),O ), and nonzero (in the sense-J- w

that .fR > 0 for some P in fl) .

A natural question - whose classical answer is in the 

affirmative - is:

does there exist a linear functional /# on Hom(ff,/7) which

is uniformly continuous on (Horn, (#,#), O ) and satisfies

strc /#<R = /?

Using (5.5.0), it is not difficult to show that if such an
+

extension 'f# of / exists , and e belongs to R s then there exists

a positive integer v and a finite double sequence 

(o kk 6 scsrv ~1 in C

and

for each P in the unit kernel VC^O)) n Hom1 (^,^) of /.

Although the question of the existence of f# remains open (within
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the framework of constructive analysis), we are able to give 

a partial answer, in the form of a converse to this last 

result (5.6.1). As a first step towards this answer, we require 

the lemma:

.0 If ft nHom^(#,#) is precompaot in the weak operator norm, then 

the same holds of the unit kernel of f. 

Proof. It is clear that

c = sup ft e <R n Hom,,(#,#) |.f/?|A. "1 7 I A/ I

is a well-defined positive number, and that there

exists # 0 in <R n Hon^Ctfjtf) with .fR Q = c/2. On the 

other hand, with e given in R , the set

A. = [P e <R n Hom.(ff,#) : I . fR I < t} t j- —
is weak operator precompact for some t with

— 1 — 1 
0 < t < (l+4c ) e. For such t, let (T ,...,TV }

be a t-approximation to >1 in the weak operator norm£

[I . and set w

for each /c in N~scsrv. Then .fT' - 0, and

II .T!x\\ < (l + 2c~ 1 t)" 1 (ll .T*x\\ + 2c" a tll . Jff n a;ll ) < II
K ' — ^ U ' —

tor each x in H. Thus T' belongs to

*/({0}) n Hom 1 (//,^). Let T be any element of

this last set. Then T belongs to A., so that
u

IT - Ti 1 < t for some fc in N~scsrv. For this 
a k w
same k , we have

IT - T < t + [2 C " 1

<^ (1+ 

< e

Thus (TJ,. . . ,^vf } is an e -approximation to

*/({0}) n Hom.C^,//) in the weak operator norm. Q
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.1 If <R n Hoiu^Ctfjtf) is precompact in the weak operator norm and 

e belongs to R , t?zen there exists a positive integer v ancf a

finite double sequence (c ., ) . , _ in C3k J 5^ 9 E scsrv ~1 
v , , _

for eac/z R trc t/?e wnit kernel of f.

Proof. Let 5 be a modulus of uniform continuity for / on 

(<R n Hom^ (/7,//),([ 1) , and v a positive integer such that

IS ^ T]l < 1^. ,, ^2~3~ k ( . ds - T)a . |a,> I + 2~ 1 6Ce/2) w ^ j ? k-l ji k '
for all S1 ,!/7 in Hom^C^,^). Let W be the set map (scsrv~l )C;

for convenience, v/e shall write c? ., for"7 K

. <?(j,fc), whenever c belongs to M and j,/c to scsrv ~1.

For each c in M define

II ell = Z . , „

II o\\ n = sup R e */({0}) n Horn, C^,£O |Z , _.e . 7 < .Pa . a-,) \ .-n u

(The latter is well-defined in virtue of (5.6.0) and (5.4.0);

Then ' I! II and II II n are seminorms on M, (taken with pointwise

operations of addition and multiplication by scalars)

II ell n 1 II ell for each o in M, (M,llll) is a finite dimensional

Banach space , and

3 E inf c e M A || c\\ - 1 II ell Q

is well-defined. To complete the proof, it will suffice

to show that 3 < e. Moreover, as either 3 > 0 or 3 < e ,

we lose no generality in supposing that 3 > 0. Thus

\\c\\ _< 3~ 1 Hcli n for each c in M, II II and INI Q are equivalent

norms on ^, and (M,HH n ) is a finite dimensional Banach

space. Each linear functional $ on # is therefore II II Q -

normable, in the sense that

II4>!I° = sup e 6 M A Hell _< 1 | .

is well-defined.



Let V be the set of (bounded) linear mappings of A; into

C,5 n the unit ball {$ e F : II <f>|| ° < 1} of (7,11 11°), and u *~ 7
£/ the unit kernel *f({0}) n Hom^tfjtf) of /. Define a 

mapping
_ \;

xi 7/ — "1 ^* 7, 
J , K,- -1 J A.

of £7 into S . We shall show that rng tyis IIII °-dense in

5g. To this end, we first prove that ty is uniformly

continuous as a mapping of ([7,11 ) into (£ ,1111°).

Given e' >0, we choose in turn an e'-approximation

{c ,...,<? } to the unit ball of (M,llll ), a common modulus

6 , of uniform continuity for the functions
,1 "

T -> . 0 \bTc ,j € scsr p, on ([/,O ) (5.4.0), and elements' w
S 9 T of U with IS - T] j<6 ,(e f ). Then, with c any 

element of the unit ball of (A/,11II-.)., and t chosen in 

scsr T so that II c - c II _ < £ f , we have

< 2\Z. T,.Ac.. - c X
— JjK-lJKjK

^ 211 c - c 1^!! Q + e'

1 3e '•

Thus

whence, clearly ip is uniformly continuous as a mapping

of (f/JI ) into (5 n ,llll ), and (5.6.0) rngip is IIII - w u
precompact. To complete the proof that rngijj is IIII - 

dense in S^, we let (}) belong to S Q and suppose that

Then, with the help of the Separation Theorem (Appendix 

5), we can construct a normable linear functional F on 

(7,1111 °) such that
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+ T/2
ij '

for each R in U . As (A/,1111 Q ) is finite dimensional, the 

operator norm II II and the double norm on V are equivalent 

so that (Appendix 5) there exists c' in M with 

F = \g e V.gc'. It follows that 

.<$>c' >_ sup 7? e tf | . . \f>7?<? ' | + y/2 > He 'Ho 

- a contradiction of our 'original choice of <j> as an 

element of S~.. Thus 

inf R e [/ ([ <f> - . ijjflll ° = 0, 

and rngi[i is II II -dense in S~.

As / is nonzero, we lose no generality in supposing that 

- 1 for some # n in ^ n Horn. (#,#). We then have

sup c e M A || ell 0 £ 1 

<_ sup G e M A || C || £ 3" 1 |zj^_ 1 cj. /c < .^a^. | a^> 

< B^.

Thus

a E A C 6 M

belongs to £ n,and we can choose /?, in U with

Ha - .11° < 2~ 1 6(e/2).

Now, for each c in M with' \\o\\ <_ 1, we have || c|| Q £ 1 and 

therefore

In particular, choosing real numbers 0 ., so that^

and setting

for each j 5 fe in scsrv ~1 , we have

<
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and

2" 1 6(e/2).

As 3/? Q and R^ both belong to <R n Hom^Ctf,//) (it is clear 

that 3 <_ 1), it follows that

and therefore that

3 = ..f(3/? Q - R± ) <_ e/2 < e.

This completes the proof. D

Comparison of the above proof and that of Theorem 10, page 

287 of [J.] Con which it is- based) suggests that we might be 

able to adapt our argument to produce an affirmative answer to 

the question asked at the beginning of this section, under the 

extra condition that <R n Hom.C//,^) be precompact in the weak 

operator norm. Unfortunately, all our attempts at such adaptation 

have met with frustration at some stage or another, and we have 

been forced to the conclusion that a full answer to our question 

may well require an approach altogether different from that used 

above and by Bishop.
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EPILOGUjB

Amongst the many questions outstanding after our discussion 

of constructive set theory and analysis, one more than any other 

cries out for an answer: what is the value of constructive^ as 

opposed to classical, mathematics? Indeed, might it not be 

reasonable to argue, as did Hilbert in 1927, that 

'Taking the principle of excluded middle from the 

mathematician would be the same, say, as proscribing 

the telescope to the astronomer or to the bo^er the use 

of his fists'?

Perhaps the perfect answer to this last question is to be 

found in the depth and scope of the analysis developed by Bishop 

[1]. However, this in itself does not provide the answer to our 

original question: to deal with that we contrast the remark of 

Bertrand Russell,

' ...mathematics may be defined as the subject in which we 

never know what we are talking about, nor whether what we 

are saying is true', 

with what we have termed 'Bishop's Thesis':

'The r> riip.sr'v7' concern of ma the ma tics is number. . . ' 

Here then lies our answer: prior to the work of Brouwer, Bishop 

and other constructive mathematicians, and in spite of its out­ 

ward grandeur, mathematics was ultimately devoid of real -meaning. 

In sharp contrast, the adoption of a constructivist philosophy 

enables us to view mathematics, not as an empty, abstract discipline

'full of sound and fury, signifying nothing', 

but as a fulfilment of the apparently inborn concern of man with

numeracy.

Whether or not there will come what Bishop sees as 'the 

inevitable day when constructive mathematics will be the accepted 

norm' remains the subject of another story; the one we wished to 

offer the reader is ended.
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APPENDIX 1

AXIOMS OF SET THEORY.

The following is a complete list of the axioms of our 

set theory, as developed in Chapter 1, each axiom being indexed 

by the reference number under which it originally appeared in 

that chapter.

De fin it ion a1 Ax i oms

(1.7.12) ((x c y) E Ot((t G a:) -* (t e y )))

(1.7.16) ((X = Z/) E ((X c y} A (y c oj ) ) )

(1.7.25) (IL4 E Hz/ (z/ e A •* i/) )

(1.7.27) (U4 E (Jy(y G 4 A I/))

(1.7. 33) (U E Urea)

(1.7.34) ((x ~ z/) E ((a; -> j/) A (y -> a:))) '

(1.10.0) (sng x E ny (^ -> (x G j/)))

(1.10.4) (sngl a; EHj/ ( ( x G y ) -*• y ))

(1.10.8) (singleton is a E (Ila = Va G a))

(1.11.0) (Ex ux E Ua;(0 G ux A sng a?))

(1.13.0) ({x} E sngl x)

(1.13.1) ({xx'} E (sngl a? v sngl x'))

(1.13.2) ((x.z/) E {{x}{xy}})

(1.13.8) (As,B ~ lx,y(x G 4 A # G B))

(1.14.0) (ss a E (sng 0 v Ux(x G a A sng sng a;)))

(1.14.1) ((a,Z?) E ((sng O.^ss a) v (sng sng O^ss 2?)))

(1.14.3) ((orderedpair is p E uau^(p = a,Z>))

(1.16.0) (relation is R E nx G j? orderedpair is a)

(1.16.2) (dmn 7? E E^Uz/(a: 5 !/ e /?))

(1.16.4) (rng R E Ez/U;c(a;,z/ e /?))

(1.16.6) (vs 7?x E Ey(x,y e /?))

(1.17.0) (function is / E (relation is / A H* G dmn f singleton

	is vs a))
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(1.17. 3) (.fx = nvs /a:)

(1.17.9) (on A to B is / ~ (function is / A dmn / - A A rng/ c

(1.20.0) (N = n>i;(0 e A A no; e 4 ((a: v sng a) e 4))/l)

Axiom of Definition

(1.7.35) ((re = i/) = (a? = i/)

Set Theoretic Axioms of Set Theory

(1.8.0) (x o (0 e *))

(1.8.1) (U e u) -* ((t e (a; e z/)) *> (x e */)))

(1.8.2) ((t e a ) -*• ((t e (a? -> i/)) <> ((t e x) + (t e i/))))

(1.8.3) (( t e HX ux ) o n^(t e u^))
/ .. "^"^ *""

(1.8.4) (( t e Vx ux ) o Ua: ( t e uo;))

(1.8.5) ((t e (# A ^)) o ((t e a;)A(t e y )))

(1.8.6) ((t e (aj v z/)) « ((t e a;) v (t e i/)))

(1.9.0) ((a; e U) -> ((a; = y) *> ^t((x e t )->(*/ e t))))

(1.9.1) ((a; = #)-»• (ua: = uz/))

(1.12.0) (((A e U) A nx ((x e ^) ^ (ua: e U))) -> (Ua:((a: e ^)Aua:)eu)

(1.12.1) (((a; e U) A (i/ e u)) *> ( (x v y) e U))

(1.12.2) ((a: e U) *> (sngl a? e U))

(1.21.10) (((5 c 4) A naCCCa; e 4) A ((* A.X) c 5)) > (^5)) }-> (5 = ^ )

(1.23.10) (N e U)

(1.24.0) ((A e U) A (B e U) -> E/(on >1 to 5 is /) e U)

(1.28.0) (a ^ A A n#(a; e A -> Uj/Cj/ e A * u'xy))

	-v U/(on N to A is / A .f 0 = a A On (n e N -> u r ./n. /scsrn)!
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APPENDIX 2

AXIOMATIC PROOF THEORY

In keeping with our philosophy that 'every mathematical/ 

logical object may be regarded as either a set or a proposition', 

we expect to be able to include proofs as terms of the set theory 

described in Chapter 1. In this appendix we describe an axiomatic 

approach to such a proof theory, and sketch .briefly some conse­ 

quences of our proof-theoretic axioms.

Although our proof theory has certain interesting features 

(notably, a derivable ..characterisation (A2.4.0) of proofs of the 

proposition (p -> q)), we feel that its inclusion in an appendix, 

rather than in the main body of our dissertation, is justified 

by its one considerable defect: an inability to describe proofs 

of such fully general propositions as <~)xux and Vxux (cf. remark 

(ii) in Section A2.3).

Note that we shall use the strictly formal notation of 

Chapter 1 throughout this appendix.

A2.1 Preliminary definitions
^.*-«•-"*••••• «-t • «~ mm -i pii. n i '——•—••!•'"«—'-'»*•-"« <^"—--.lul»-«»J "i- v_——. --—e-, —-•——r—-—'~ -n-i—

The description of our proof theory requires a primitive 

constant TT , introduced by the orienting definition

.0 (i

and explained by the definitions

.1 (The set of proofs of p = fr(p))

.2 (re proves p = (x e IT (p)))

We also require

.3 (basic is x = nt e x(n(t e *) - sng t))

This last definition - our formal expression of Bishop's notion
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of a basic set as ! a set for which no computations are necessary 

to check that an element belongs to the set' ([3], page 71) - is 

introduced with a view to the derivation of the Implication Theorem 

(A2.4.0) and a strong principle of choice from basic sets (the
4 .

latter being necessary for the translation of the prepositional
x

axioms (1.6.16) and (1.6.22) into our proof- theoretic language - 

cf. proofs of (A2.7.2) and (A2.7.8)).

A2 . 2 Definitional axioms for proof theory

.0 (inhabited is A = Vx( x e 4))

.1 (htd E EA (inhabited is 4))

.2 (basicorderedpair is p = MrU^(p = x >y e U))

.3 (basicre lation is 7? = Q?(p E R + basicorderedpair is p))

.4 (bsvs Rx = Ey(x,y e 7?))

.5 (bsdmn x = Et(bsvs xt e htd))

.6 (tuple is x = (basicre lation is #A

	 C\t e bsdmn :c(bsvs xt - ss Vbsvs xt ) ) ) 

7 (tuple a is x = (tuple is xAbsdmn x - a)) 

.8 (crd tx = Vbsvs 

.9 (A , ,B = lx,y(x

A2. 3 Axioms of proof theory

.0 (ir(p) = TT(O e p))

.1 (ir(p) e U)

.2 (p ^ Uc( inhabited is ir(p»

.3 ((>! e U) •* Ti(n^ e A jJx) = E f (function is f A

dmn ^ = £ X9 y( x e A*y e TT(^ e ^))AOt e dmn f(.ft e irCucrdOt 

.4 ((>4 e U) •> TT( U^ e A ux) - Et ( (tuple 3 is £)A

(crdlt e TKcrdOt e ^))A(crd2t e TT(U crdOt))))
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•5 (TT(p A 4) = ((TT(p) , ,TT(<?)) V (TT

• 6 (ir(p v 4) = (fT(p) v TT(^) ) )

.7 ((x e 7T(p)) •> (IT (a; e ir(p)) - sng a:))

.8 ((H e N) -> (ir(n e N) = sng n))

s J (i) Axiom (A2.3.0) is our proof -theoretic analogue of

the axiom of truth (1.8.0), and is necessary for the proof of the 

Implication Theorem (A2.4.0). Axiom (A2.3.1) is the expression 

of our belief that the set of proofs of p is always constructively 

well-defined, even if we do not know if p is true or false*, in 

other words , we have a sound idea of what we mean by ' a proof of 

the proposition p 1 , this idea being framed in terms of clearly 

described rules of inference, etc. The motivation behind axiom 

(A2.3.2) should be obvious.

Axioms (A2.3.3) - (A2.3.6) are expressions of the usual 

intuitionistic interpretations of the quantifiers and logical 

connectives (cf. Cl 3, Chapter 1, Section 3). Note that the appear­ 

ance of •>

((TT(p),,TT(<7)) V (7T

rather than

on the right hand side of (A2.3.5) is necessary to' ensure that

(ir(p A q) r v(q A p))

(which must obtain, by (1.8.5) and (1.9.1)).

Finally, (A2.3.7) and (A2.3.8) are the formal expressions of 

our belief that the set of proofs of p, and the set of natural 

numbers, are basic sets; in other words, it is (or should be !) 

immediately and un iris take ably clear from the construction of a 

proof x of p (resp. of a natural number w) that x is a proof of 

p (resp. a natural number).
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(ii) It does not seem possible to produce criteria along the 

lines of (A2.3.3) and (A2.3.U) to describe the sets n(nxux) and 

. For example, were we to add even the axiom

e U u*) = Ef(function is / A dmn f = Ex>y(x e U A y e v(x e U))

nt E dmn f(.ft e TT(U crdOt)))) 

then (A2.3.2) we would have 

(u/(/ e E/(function is / A dmn f - Ex,y(x E U A y E 77(0: E U)) A

nt e dmn /(.ft e ir(crdOt = crdOt))))) 

whence (again noting (A2.3.2)) 

(Ujf(/ e U A dmn dmn f - U)).

From this and (1.16.31) we readily obtain the contradiction 

(U e U).

On the other hand, the addition of

(ir(Ua;utf) = Ep (orderedpair is .p A crd"p e TT(U crd'p))) 

to our collection of axioms would entail ((A2.3.2) and (1.14.13)) 

(Uxux -> Uj: e U ux) 

whencejin particular, 

(Ux e u(a = U)) 

and therefore 

(U e U).

Finally, the (at first sight most reasonable) axiom 

(TT(UX e U uaj)'= Et (tuple 3 is t A crdlt e ir(crdOt e U) A

crd2t e fT(u crdOt)) )

is incompatible with (A2.3.1) and (A2.3.2) taken together: for,by 

(A2.3.2) , it entails

(U = EyUt e 'IT(U# e U(a; =x))(y - crdOt)) 

whence ((A2.3.1) and an obvious analogue of (1.16.31))

(U e U).

As the exclusion of (A2.3.1) or (A2.3.2) from our list of 

proof-theoretic axioms would divorce our proof theory from reality, 

we are forced to reject the above - and,as far as we can see,
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all other - stronger forms of (A2.3.3) ands(A2.3.4) as candidates 

for election to our axiom system. In view of this apparent defect 

in our proof theory, it is worth observing that such fully general 

statements as nxux , u^ux have no place in the practical mathematics 

of Bishop's book [1]. Of course, this fits in well with the intui­ 

tive idea of constructive mathematics as a theory built up 'from 

below 1 , starting with the natural numbers and discussing statements 

of the form f^x e A ux , ^x e A ux where A is constructively well- 

defined, rather than overreaching itself in the discussion of 

idealistic statements like ^xux and Vxux. Moreover, even in the 

formal system of Chapter 1 it appears that fully universal state­ 

ments are normally of a trivial nature - such as, for example, 

(^x(x = x) - and could, if we so wished, be replaced by free variable 

statements (like (x - #), in the case of c\r(x = #)). Nevertheless, 

any attempt to recast the theory of Chapter 1 so that fully general 

statements are replaced by free variable ones, and the only univ­ 

ersal and existential expressions permitted are those of the form 

Hx e A ux and ^x e A ux with A e U, runs into immediate difficulty 

with the definitions of 0 and U. One way out of this might be to 

take U as a primitive constant and define 0 to be n^ E U x : but 

this would lead to the highly unsatisfactory situation in which 

our logic (of negation) depends on the definition and properties 

of the set theoretic connective 'e ! ! The inadequacy of the above 

proof theoretic axioms therefore remains, both irritating and 

seemingly unavoidable.

(iii) Noting that

(£/(function is / A dmn f = E a; ,y (x e A A y e -n(x e 4)) A

n* e dmn f(.ft e ir(ucrdOt))) 

c map Ex 9 y(x e A A y e TT(* e A )) u* E ^TT(UX))

that
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(lx,y(x £ A A y £ ir(^e^))C A , ,Vx E A TT (x e 4)) 

and that ((A2.3.1), (1.12.0) and (1.17.19))

(4 e U -*• A , ,U;c e^7r(xe^)ELT AUare^ ir(ua:) e U) 

we need only refer to (1.24.0) and (1.12.4) to complete an 

independent verification that 

(A e U -> E/(function is / A dmn / = £x,y(x e ^ A z/ e 7^ e ^)) A

nt e dmn /(.ft e ir(ucrdOt))) e U) 

(cf. (A2.3.3) and (A2.3.D).

We omit the corresponding verification that

(A e U -*• Et (tuple 3 is t A crdlt e ir(crdOt e 4) A

crd2t e Tr(ucrdOt)) e U). ®

A2.4 Impli cat i on

.0 The Implication Theorem

(ir(p -*• q ) = 7r(n.a: e ir(p)qr) = map Ea:,2/(a: - y E. TT (p) )TT ((7)) 

Proof To begin with, we note that ((1.8.0) and (A2.3.2))

(nx (x e TT( P ) -»• t e a ) ^>(0ep->te a)), 

whence ((1.8.2) and (1.8.3))

(Ha; (a; e ir(p) -*• a) = (0 e p •> a)).

On the other hand, it is clear from (A2.3.1), (A2.3.3) and 

(A2.3.0) that

(n(^x e ir(p)^) = v(nx e ir(p)(0 e qr))) 

It now follows from all this, (A2.3.0) and (1.8.2) that

(TT(P+ <?) - TT(O e (p •* <?))

z TT(O e p + 0 e qr) 

= ir(r>x e ir(p)(0 e qr)) 

= TT (n^ e TT (p )<? ))

It is now a simple matter to complete the proof, using (A2.3.3) 

and (A2.3.7). D
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To connect this theorem with the standard intuitionis'tic

interpretation of the connective ' ->' we have

.1 (cf) = \f e ir(p -»• q) \x e -IT (p ) .f(x^x)

-> univalent is (j> A on IT (p-> g) onto map Tr(p)ir(q) is <|> )

A 2 • 5 Ne gat i on

.0 (~p * TT(p) = 0) 

.1 (~p «» Tr(~p) r 1)

Proof By (A2.3.2), (1.6.11), (A2.4.0), (1.6.44) and 

(A2.5.0)

(f e ir(~p)

-> ~p A function is / A dmn/ = Eo;,2/(a: = y EiT(p)) A 

nt e dmn f(.ft e ir(0) )

•> on 0 to 0 is f

+ f = 0)

The result follows from this and (A2.3.2). D 

Remark: It would greatly simplify matters on occasion if we 

could have

«*• e irCp)) v ~(s e ir(p))) 

as a theorem or axiom. Unfortunately, such a theorem would entail

and

( On e N Oo^ x - n v x f n ) ) 

when coupled with (A2.5.1) and (A2.3.8) respectively.

. 6 Choice

. 0 (basic is ^A^eUASe UA

+ u/<on 4 to 5 is / A Ox e 4 uVc .fx ) )

Proof By (A2.3.2) and (A2-. 3.3) there exists a term $ such
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th at
*

(function is <J> A dmn <f> = Ex,y(x e A A ^ e 77(0: e 4)) A

n£ e dmn <|> (.<(>£ e TT (Uy e # u 1 crd T £z/))) 

It is easily seen from (A2.1.3) that

(dmn (J> = Ex,y (x = z/ e 4) ) 

On the other hand, by (A2.3.4),

(nt e dmn $ (tuple 3 is . cf)t A crdl.^t e ir(crdO. $t e 5) A

crd2.<j)t e 7r(u'crd'£ crdO. <f>£ ))) . 

Setting

(/ = \x e A crdO.<J>(a;,a:)) , 

we now see that

(on 4 to B is / A na; e /l u'^./x) 

as required. p 

.1 (^4 e U A Ha; e 7r(p) Uy e >l u»a;i/

-* U/(on Tr(p) to .4 is / A Kx e ir(p) u f a;./a;))

Proof Follows from (A2.3.7), (A2.1.3), (A2.3.1) and (A2.6.0). D 

.2 (A e U A On e N uy e A u'ny

-> u/ e sqnc A <^n e N u'n./n) 

Proof Follows from (A2.3.8), (A2.1.3), (1.23.10) and (A2.6.0). n

Although we feel that axiom (A2.3.8) is worthy of inclusion 

in our system, it is not necessary for the derivation (A2.6.2): 

indeed, the latter can be derived by an argument similar to that 

of (1.28.2), given a proof of the following restricted form of 

the Axiom of Dependent Choice (cf. (1.28.0)): 

.3 (A e U A a e A A n^ e A vy e A u'xy

+ u/ e sqnc A(.fQ - a A r\n e N u'.fn.f scsr n)) 

Proof Let

(B = Ea;,2/(a; e ^ A ^ e TT(O? e 4))). 

By (A2.3.2), (A2.3.3) and (A2.3.4) there exists a term <J> such that
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(function is <J> A dmn $ - B A nt e 5 (tuple 3 is . <f>£ A 

'crdl.<j>t e 7r(crdO.(j)t e 4) A crd2.<J>t e irCu'crd't crdO

On the other hand, by (A2.3.2) there exists a term c with 

(C e Tr(a e 4)).

Setting

(h = \t e B(crdO.<f>t, crdl. 

(# = ndc'TzCa, £)) 

and

(/ = An e N crd',^n ), 

we now see that

(on B to B is h A Ca, £) e 

whence (1.23.7)
«

(on N to B is g A .^0 = (a,C) A

On E NC.gr scsr n = .h.gn = (crdO. <J> .^n , crdl. cj). #n ))) 

It readily follows from this and (A2.3.2) that

(/ e sqnc A A ./O = a A r>n e N u'.fn.f scsr n). D

Remark: It is not hard to show that, were we to adopt

(A e u V TrCna; e A ux) - E/(on A is / A n^ e ,4 (. fx e TT 

as an axiom instead of (A2.3.3) we could derive the choice prin­ 

ciple 

* UeUAtfeUAn^e /u^ e B u*xy

-> u/Con yl to B is / A n^ e 4 u'or./o:))

- a principle which we find it hard to accept among our construct 

ively valid theorems. In fact, however, we would be wrong in 

seeking to include # as an axiom or theorem of our system: for 

it is quite common in practice to find that a proof of the prop­ 

osition

(x e A •+ ux)

depends not only on the construction of the element x of A, but 

also on our proof that x actually does belong to ^ (cf. [15],
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Appendix D) . ®

A2 . 7 Pr opos it i on al Calculus

The first nine theorems of this section translate the axioms 

of prepositional calculus ((1.6. HO - (1.6.22)) into the language 

of our proof theory.

.0 (x e ir(p) -> (a, a:) e TT (p A p))

.1 (lT(p A qr) = 7r(qr A p) )

.2 (/ e ir(p ->- qr) -> U0(0 e -rr(p A p -> q A P))) 

Proof Let 

(<j) = Am, a; e {12} 5 ,7r(p A r)(m A ( (m = 1 A a; e 7r(p ) , ,TT(P) ) v

(77? = 2 A x e ir(r) , ,fr(p))) ) ) 

Then as

(Co; e >4 -»• (ac e 4) = U) A (~(x e 4) -> (a: e 4) = 0)) 

it is clear from (1.18.8) and (A2.3.5) that 

(na e ir(p A r.)um e {12} ( . <^(m i a?) = w)) 

whence (A2.6.1) there exists a term h such that 

(on ir(p A 3?) to {12} is h A n^ e ir(p A r) ( .<|>( .Tzar, a:) - 

With

Xa;, i/ e Ea:_,i/(x - y e TT (p A r ) ) ,

(,/za: = 1 A ( ./(crd'rcjcrd'ic) ,crd"o:) v 

.hx = 2 A (crd t ^,./(crd"o:,crd n ^)))) 

and noting (1.8.0) and (A2.H.O), we now see that 

(a: e ir(p A r) A ,/ia: = 1 

->• 1 = 1 n ((U n (a: e TT (p ) V ,TT (r ) ) ) u (0 n (x e ir(r) , ,ir(p) ) ) )

= In (a: e fr(p) , ,Tr(r) ) 

+ 0 e (a: e TT (p ) , ,TT(P) )

-> X G 7T (p ) , ,7T (r )
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(.hx = 1 A (./(crd'tfjcrd'o:) ,crd"a;) v ' .hx - 2 A

'tfjcrd'x) ,crd"x) e TT (q ) , ,TT (p ) ) 

and that, similarly,

(x e TT (p A p) A .hx = 2

•*• x e IT (P) , ,TT (p )

+ (,/za: = 1 A (./ (crd'o:,crd f ^) ,crd"a:) v .hx - 2 A

(crd f ar,./(crd"a:,crd"a;) ))

= (crd'x 9 .f(crd"x 9 crd"x)) e ir (p) , ,TT (4 ) ) 

whence ((1.18.8) and (A2.3.5))

(0 e map Ea:_,^(a: = y e TT (p A r))ir(^ A p)).

To complete the proof, it now suffices to refer to (A2.4.0). D 

.3 ( <fE7r(p-><7)

-*• \g e TT (q -> r)Xa:_,z/ e E^z/Ca: = y e TT (p ) ) .0 ( . f(x3 y ) , .f(xf y ) )

e map IT (q -*• p) Ti(p -> p))

.4 (2 e IT (q ) -> X-a;, z/ e £#^(0: = y E. 7r(p))2 e ir(p -> (7)) 

.5 (a; e TT (p ) A / e IT (p -*• ^) -»• ./(a;, a:) e TT (^ ) ) 

.6 (TT (p ) C TT (p v q ) ) 

.7 (TT (p v q ) = IT (^ v p ) ) 

.8 (/ e fr(p -»• P) A ^ e TT(^ -> p) •> Uipdjj e TT (p v ^ -> p)))

Proof Define

(<J> = Aw, a: e {12},,-rr(p v ^ ) (m A (m = 1 A x e TT (p ) v

Then ((1.18.8) and (A2.3.6))

(nx e ir(p v q)Um e {12} ( .cj) (w 3 a;) = TTZ ) ) 

whence (A2 , 6.1) there exists a term fc such that

(on ir(p v q} to {12} is h A Ox e IT (p v q )(.<J>(. hx, x") 

With

\x 9 y e tx9 y( x - y e ^ (P v <? ))(./*£ = 1 A ./(^a) v .hx - 2

. 0 (a^a:) ) )
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we now see (by an argument similar to that used in the proof of 

(A2.7.2)) that

e ir(p v q- -> r) ) . D

For the sake of completeness we add here the translations 

of the two extra prepositional axioms of Heyting ((1.6.30) and 

(1.6.31)) :

.9 (/ e ir(p -»• q) A g e fr(p -»• ~q ) -> 7r(p) = 0)

Proof With reference to (A2.4.0) and (A2.3.2) we have

(t e 7T(p) + .f(t,t) E TT(r) A .

-> 0)

whence result. D

.10 (TT(~p) C 7T(p -»• ^))

Proof By (A2.3.2) and (A2.5.1) 

(tfe7r(~p)-*tf=0).

On the other hand, by (A2.3.2), (A2.5.0) and (A2.4.0), 

(x E. ir(~p) -»• ir(p) = 0

-> on Ea:^t/(a: = z/ E ir(p)) to -n-(^) is 0

-»• 0 e i 

The result is now obvious. D

A2 . 8 Predi cat e Calculus

When we turn to consider the proof theoretic description 

of predicate calculus, we come up against difficulties of the 

same sort as we discussed in remark (ii) following the axioms 

in Section A2.3. It appears that we can do little or no better 

than produce the following translations of restricted forms of 

the predicate axioms ((1.6.23) - (1.6.28)) into our proof theory
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.0 (A e U A (y -> use) ->• Cz/ -> rue e 4 ua:))

Proof From propositional logic and our rules of inference 

we readily obtain

(rue E A (y -»• ua: ) ) , 

whence ((A2.3.2) and (A2.3.3)) there exists a term / such that

(function is / A dmn / = E x,y (x e A A y e TT (a; e 4) ) A 

nt e dmn /(.ft e TT(Z/ -> ucrd't))). 

Setting

((J> = Xs e TrCz/) \t e dmn f . ,/t (s, s ) ) 

and referring to (A2.4.0) and (A2.3.3) we now see thai-

Con TT(Z/) to Tr(na: e ^ ua;) is <(> ) .

The result follows from this , (A2.3.1), (1.17.18), (A2.4.1) and 

(A2.3.2). D

We omit the proof of the remaining translations of the predicate 

axioms .

.1 (A e u A CUE ->

.2 C>1 e U A- a e ^ A na; e ^4 uaj -> ua)

.3 C^eUAae 

e U A y -»•

Let us conclude this appendix with some comments on the 

possibility of identifying irCp) with some simpler object in our 

theory.

The first suggestion that comes to mind in this context 

is to introduce as an axiom

(p - ir(p) ) .

However, we cannot have both this and the (far more natural) 

axiom CA2.3.2) without contradicting the axioms of Chapter 1:
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for, were (A2 .3.2) and

(sng 1 = 7i(sng D) 

both theorems we would have

(1 e sng 1 r Tr(sng 1)) 

whence

(sng 1) 

and therefore

(0 e sng 1) 

-.that is

(0 = 1).

Another, and perhaps more appealing, possibility is the

introduction of the axiom 
#

(p e U -> p - -n(ux(x e p)))

(note that the condition (p e U) is necessary to 

avoid contradiction of the very desirable axiom (A2.3.D). 

However, this also leads to a contradiction. To see this, we 

first note that, by (1.8.0), (1.8.1) and (A2.3.2),

( (0 e '(p A q) ) = uz (z e E z<JxVy (x e TT (p ) A y e TT

2 = (xy } ) ) ) . 

It is easy to show that

(EzVxUy(x e IT (p ) A y e TT(^)A z = {#*/}) 

= Ut(t e Tr(p) , ,17(4) A sng (crd't crd" t} ) ) 

whence (with reference to (A2.3.D) we see that

(EzUxVy (x e TT (p ) A j/ e TT(^) A 2 = {##}) e U). 

Thus , supposing that # obtains, we have (A2.3.0)

= ir(0 e (p A q') )

S e EsUrcUz/ (# e IT (p ) A y e TT(<?) A

From this, (A2.3.5), (1.6. 44) and (A2.5.1), it follows that

(sng 0 - {00} = (0,0) = (sng O^sng 0) u (sng sng O^sng 0)),
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from which we readily deduce a contradiction to (1.13.18).-

Bearing in mind the work of these last two paragraphs, 

we feel inclined to doubt the existence of a consistent ident­ 

ification of a general proof set ir(p) with some simpler object 

of our set theory. Of course, such an identification does appear 

possible for special examples of ir(p) - this is precisely the 

content of our axioms (A2.3.3) - (A2.3.7).
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APPENDIX 3

ON CONNECTEDNESS

A metric space E is said to be connected if A = E for each 

inhabited, located subset A of E that is both open and closed in 

E. The main purpose of this appendix is to present an application 

of (2.1.0) in the proof that a compact, convex subset of a normed 

linear space is connected. However, we also take the opportunity 

to mention and prove certain additional results on connectedness, 

particularly in connection with subsets of R.

A3 .1 Conne_cte_d_ subsets of R

.0 A bounded, inhabited, open interval in R is connected. 

Proof. Let a,b be points of R with a < £> , J the open 

interval ]a,b[ in R and A an inhabited subset of I that 

is open, closed and located in I. Let z be a point of 

J,and suppose that r = dist(s,.4) > 0. To begin with,we 

prove that

772 =min(dist(2 - r s >O, distCs + r ,.4)) = 0. 

Indeed,given x in A and supposing 77? > 0 ,we have either 

z~r-m<xorx<z-r. In the latter case we immedia­ 

tely obtain x < z - T - m , d(x >z) > r + TTZ. In the case 

% _ r _ m < x 5 the definitions of r and m ensure that,in turn, 

z-r<z~r+m<x, z + r < x, z + r + m < x, whence,again, 

) > T + m. Thus we obtain the contradiction 

2 9 4) > r + m > r; from'which we conclude that m must 

equal 0. VJenow also suppose that 0 < distU - r,4), so 

that dist(2 + r,4) = 0, and z + r e A. Then, with x chosen 

in A so that d(z + r,a) < r/2, the definition of r ensures 

that z < z + r < x < b , so that z + r e I n A -A, and 

there exists 6 > 0 with ]3+r-S,2+r + <$[ ^ A. Thus
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(a + r - min(r/2,6/2)> e A

and

d(s, s + r - minO/2 ,6/2) ) < r.

This contradicts the definition of r , so that we must have

dist(z - r,4) = 0. But a similar argument to that just

presented shows that this, too, contradicts the definition

of r> whence, in fact, r = 0 and z belongs to the closure

of A in I - that is, to A. Thus, indeed, A - I. [] 

A similar > but slightly simpler, argument proves 

. 1 An unbounded^ open interval in R is connected. D 

To deal with more general intervals , we need

,2 Let F be a connected subset of a metric space E _, and A a subset 

of E witli F c A c F, Then A is connected.

Proof. Let S be an inhabited subset of A that is open,

closed and located in A. Then S n F is inhabited, and both

open and closed in F. On the other hand., given x in F,

e > 0 and y in 5 such that

d(x,y) < distCtfjS) + e/2

and choosing 6 > 0 so that A n B(z/,6) c 5, we see that

d(#,s) < niin(S,e/2)

for some z in F. For this 2, we have

2 e F n B(# ,6) = F n 4 n B(#, 6 ) c 5 n F

and

It is now clear that dist(a;,5 n F) exists, and equals 

dist(a:,S), whence 5 nF is located in F. As F is connected 

it follows that S n F, = F, and therefore that 

F c 5 c 4 c F. Thus 5 n 4 = F n >4 = >4. But S is closed 

in A , so that 5 n A = S ; hence S = A> and 4 is connected. 

From this, (A3. 1.0) and (A3. 1.1) it follows that 

.3 Any inhabited interval in R is connected. D
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of the results in section A 3.1.
-UU- j_ - J- ——— M — -» r —— — —— —— ' —— - —— • - ..— i .« .« -i ... i. ——— • ... ii • .— ..•- —— ̂  , ——— w —— f —— i ii ——— *• — — --

•0 Let S be a located., connected subset of R, and a ,Z? points of 

S with a 5 b. Then S n ra,Z>] is dense in [a, ft]

Proof. Let x belong to fa,Z?l and suppose that

> 0. Then

and

min(dist(# - r,5) , distCa: + r,5)) = 0.

Supposing also that 0 < distCa? + ^s-S1 )? we see immediately

that distCa; - r,£) = 0. VJe show that the inhabited set

A = S n ]-°°, rcf r 5 n ]-<*>,# ]

- which is both open and closed in S - is located in S.

Indeed, given y in 5, we have either y < x - in which case

y E A and dist(j/,^4) = 0 - or x - v<y j in the latter case,

for each 2 in X we have

- 2 21

and so - as a: - r belongs to 5 - dist(z/,/4) exists and

equals d(y ?x - r) . Thus 4 is located in 5, and so

A = 5. But this entails that i belongs to /4 , and so

-f~n/->4- 4- V> Tf- /v. x' ^i TTioi~>pi<^ T.TOV mi i o 4-

have distCa; + r,5) = 0. But (as a simple modification of 

the foregoing argument shows) this entails x <_ a , contrary 

to the fact that a < x. It follows that we must have 

T = 0, x e 5, and therefore S n r^,^] dense in r a,2>]. D 

From this , we obtain

.1 Let B be a closed , located, connected subset of R,, and a ,2? pointc

of B with a < b. Then fa,fe] c 5. D

,2 Let S be a bounded, located, connected subset of R. T/ien 5

is a compact interval.

Proof. S" is closed, located and bounded in R, and therefore 

compact. Let p H inf a; € £.r and ^ = sup x e 5 tT , and
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choose any point x of [p,?]. Then, given e > 0, either 

q - p < e - in which' case there clearly exists y in S with 

\x-y\<£-orq-p>Q. In this latter case, we i^ay 

choose .r' in ilp^r with | x - x' \ < e/2, and then p ' ,q ' 

in S such that p^_p r <x'<q'<_q:) applying (A3.2.0), 

we immediately obtain y in S with \x' - y\ < e/2, and 

therefore | x - y \ < e. It is now clear that S is dense 

in [p,<?], from which the result follows. D 

We omit the details of the proofs of the corresponding 

results for unbounded intervals:

. 3 Let S be a located,, connected subset of R that is bounded 

below but unbounded above (resp. bounded above but unbounded below) 

Then there exists p in R such that S - [p,°°r (resp. S - ]-°° p]). 0 

.4 Let S be a located, connected subset of R that is unbounded 

above and below. Then S is dense in R. Q 

Remarks: (i) The proposition

every closed, located, connected subset of R is 

either bounded or unbounded

is essentially non-constructive. To see this, let ( w ^0<?- be a 

sequencein {0,1}; if n Q ,...,n^ are all 0, set'm^ - k', otherwise 

let m v be the smallest integer j with n. - 1. We shall show that
K. v

s a u fc " 0 to,m fc l

is closed, located and connected in R. Tobegin with, let

(x ) be a sequence in S converging to a point £ of R. Then, 
n 0<n

choosing k so that £ e [0,k], we have either

nj e N(j < k =* n . - 0)
J or

Uj e N(J< fe A n .= 1) .
— J

In-ftie former case, [0,7c] c 5 and so ^ e S\ in the latter, we let

v = min(p : p £ ?' A w = 1) , 

so that 5 = ro,vl, x <_ v for each n, and therefore £ <_ v,
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£ e [0,v] = 5. This shows that S is closed.

Now let x belong to R.- If 0 < a?, we choose an integer 

k > x. As above, we have either [0,k] c S or 5 = [0,j] for some 

j <_ k ; in both cases, diet (re,S) certainly exists. On the other 

hand, if x < 1, we have either rc = 1 - when 5 = {0}

or, S - [0,1], and S is certainly located in R - or n. - 0,[0,1] c S. 

In this latter case, we have dist (a;,S) = dist (a;,[ 0,1] ): for, 

choosing 3 in R with

max(0,a:) < 3 < 1,

and any element s of 5, we have either s < 1 - in which case 

s e [0,1] and d(x 9 s) _> dist (x , [ 0,1]) - or 3 < s, when

cKxys) =s-x>$-x>_ dist(x,[0,l] ); 

the conclusion follows because [0,1] c 5.

The proof 'that S is connected is similar tothe proof of 

(A3.1.0), and will be omitted. Finally, it is clear that if S is

bounded, then n. = 1 for some j, while if S is unbounded, then
<7

n« ~ 0 for each k. It should now be clear that the proposition 

in question entails the limited principle of omniscience. 

(ii) Two open questions in the theory of connectedness are •

if 5 ia a locaLed, connected subset of R and a ,l> are points

of £, does S contain [a 9 £>]? 

and

if f is a uniformly continuous mapping of an interval I in

R into a metric space is ^fl connected?

Note that we cannot expect to obtain affirmative constructive 

answers to both these questions: for we would then' be able to prove 

the classical 'Intermediate Value Theorem', which is known to 

entail the limited principle of omniscience (cf. [13, page 5). 

On the other hand, a negative answer to the first question would 

entail a loss of elegance in the constructive theory of 

connectedness; while a negative answer to the second would entail
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a. corresponding loss of power. ®

A_3. 3 Connectedness in normed linear spaces

A most satisfactory general result on connectedness is 

.0 A compact, convex subset of a normed linear space is 

connected.

Proof. Let S be a compact, convex subset of the normed 

linear space (#,1111 ), and A an inhabited subset of S that 

is open, closed and located in S. Let z be a point of S , 

suppose that r = dist(;s ,4) > 0, and let K = B(2 9 r). We 

t first prove that K n S is located in S: given x in S and 

y in K n 5, we certainly have 

II a: - y\\ :> max(0 5 ||£ -all - r).

On the other hand, either || x - z\\ < r - in which case 

distCa;,^ n £) exists and equals 0 - or 0 < II x - z\\ ; in

the latter case,
_^ 

y E z + min(l ,rll £ - z\\ ) (a? - 2) belongs to 5, and

satisfies \\ y - z\\ <. r 9 \\ x - y\\ = max (0,11 a: - zll - r); so

that dist(a; 9 .K n S) again exists, and equals

max(0 ,|| x - 2II - r).

It now follows that K n 5 is precompact, so that

a = inf x e K n S dist(a: 9 4)

is defined; we now show that a = 0. Supposing a > 0,

we choose x in A with

r = dist(^,^) £ II a; - all < r + a.

Then
_ j_ 

a;' H 2 + rlla; -2!! (a; - 2)

belongs to 5 (by convexity), II x ' - 2!! = r and
_-i 

|| a;' - x\\ = (1 - rlla: - 2ll )ll x - 2II = II x ~ z II - r < a

- a contradiction to the definition of a. Hence a = 0. 

We may therefore choose y in A with dist(?/ 9 £ n 5) < r/2.
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Defining

a? 1 = z + r\\ y - z\\ ~ (y - 2 ) ,

we see that x^ e £, || x - z \\ r r , and

We now use (2.1.0) to show that distCar^X) > 0. As A

is closed in the compact set 5, it is complete, whence

(2.1.0) there exists y. in A with the property

0 < || a? 1 - z/ 1 ll => 0 < dist(a: l9 4).

As A is open in 5, there exists 6 > 0 with

5 n BCz/^,6) c A. Were || x. ~ t/^ll < 6, there would

exist 6' with 0 < 6' < r and S n B(# ,26') c A; the

point

r _ £ 'II T - t>\\ ~ ( T - ?} »*"] U || *O ^ fj\\ V^Oxl <S/

would then belong to A n 6(3,2*), contrary to the

definition of p. It follows that we must have

0 < 6 £ II x. - 2/JI , and therefore dist (a;. ,4) > 0.

The Axiom of Dependent Choice now enables us to construct

a sequence (x ) n . in S such that o? n = z and, for each n, ^ n 0<n 0 ' '

and
_ ^ 

(ii) 0 < dist(a? , 154) < 2 dist(# ,4).7t T JL Tfr

Clearly? (a: ) is a Cauchy sequence, and so converges to an
point C of 5. Moreover^,

so that C belongs to the closure of A in S - that is, to A. 
Choosing t > 0 so that £ n B(£,£) c 4, and n large enough, 

we now have xn e 5 n B(£ ,t) c 4 and dist(a?n ,4) = 0 - 

contradicting (ii)- above. This final contradiction 

ensures that T - dist(s,4) = 0, and z belongs to the 

closure of A in #. Thus, z belongs to A ,A - 5, and 5 is 

connected. D
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From this and the compactness of the closed unit ball in a
*•

finite dimensional Banach space (3.2.0), we obtain

. 1 The closed unit ball in a finite dimensional Banach space is

connected, []

In turn, this and (A3.2.2) yield

.2 A compact subset of R is connected if and only if it is a 

compact interval. D

Remark: We might well expect that connectedness would obtain also 

for the open unit ball in a finite dimensional Banachspace. 

However, we do not know of any proof of this which does not 

depend on our first having a proof of Conjecture 1 of section 2.2. ®
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APPENDIX H

ON METRIC INJECTIVENESS

We have already remarked that if Conjecture 2 of Section 

2.2 were valid then the concepts of metric injectiveness and 

metric weak-injectiveness would coincide for precontinuous 

functions (cf. Section 2.3). In view of this, it is interesting 

to note that the proposition

(a) a uniformly continuous, metrically weak-injective

mapping of a compact metric space into a metric space 

is metrically injective

entails the following restricted form of Conjecture 2:

(b) if / is a uniformly continuous, metrically weak-

injective mapping of a compact metric space K into

R, and 0 < .fx for each x in K, then 0 < inf x e K . fx

(cf. remark (ii) following (4.3. 3)). To prove this, we let f 

be a uniformly continuous , metrically weak-injective mapping 

of a compact metric space (X,d) into R , and ( (Z ,d ' ) ,e ,w) a 

one-point compactif ication of K (3.3.7). Then (3.3.6) 0 < 

d f (u) rjl e#) and X - *e(K) u {w}. Defining

<J> = \x G x (x e ^eK A . /. inv exvx = wAQ)

and referring to (3. 3. 3), we see ^hat (f) is uniformly continuous 

on X and metrically weak-injective. Thus, if (a) obtains, we 

have

0 < dist(

= dist(0 9Jl /*>

= inf x & K .fx, 

as required.
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Taken with the remarks in Section 2.2, this suggests that 

it is unlikely that (a) will be either proved or disproved within 

the framework of constructive mathematics.
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APPENDIX 5

FUNDAMENTAL PRINCIPLES OF CONSTRUCTIVE FUNCTIONAL ANALYSIS

Listed below for convenient reference are the constructive 

versions of several of the fundamental principles of linear 

analysis, together with the following (classically vacuous) 

criterion of normability of linear functionals:

.0 A nonzero, bounded linear functional § on a normed linear
* 

space E is normable if and only if (j)({0}> is located in E

(LI], Chapter 9, Proposition 8). Q

.1 The Separation Theorem ([1], Chapter 9, Theorem 3)

Let X and Y be bounded, convex subsets of a separable

normed linear space E, such tfoat the set [y - x: x e X A y e j)

is located^ and the real number

d E inf x e x A y E y \\ x - y\\

is positive* Then, for each e > 0, there exists a normable
>

linear functional <f> on E such that II (f>ll = 1 and

^x e x n z/ e y (Re.fz/ > Re.cf)^ + d - e). D

.2 The tLahn-Banach Theorem ([1], Chapter 9, Theorem 4)

Letcf) Z?e a nonzero linear functional on a linear subset~ *
V of a separable normed linear space E, such that <f)({0}) is

located in E< Then, for each e > 0, there exists a normable 

linear functional ^ on E such that strc ipV = <J> anJ 

II \|>|| ^ II <|)ll + e • D

The next two theorems give useful characterisations of 

linear functionals in certain special situations. The first 

of these (which is not mentioned by Bishop in [ 1]) is readily
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proved along the classical lines, with reference to (A5.0) above;
*

the second appears as Theorem 10 of Chapter 9 of [1], and is 

vital for our proof of (5.6.1).

.3 The Riesz Representation ̂ Theore m

Let § be a nonzero, bounded linear functional on a Eilbert 

space (E,(. |> ). Then § is normable -if and only if there exists a 

(unique) element £ of H such that <j) = \x e H( x \ £> - in which 

case \\ <f>ll = II £11 . D

.4 Let E be a Banach space, and (J> a linear functional on 

Hom(#,C) vlHich is uniformly continuous on Hoin*(# 9 C) with respect 

to the double norm. Then there exists £ in E such that 

cj) = \u e Hom(£,C).w£. D

'finally, we have ([1], Chapter 9, Problem 6):

.5 The Uniform Boundedness Principle

Let E be a Banach space, F a normed linear space.,

(T ) ^- yT a sequence in Hom(#. F). and suppose that there exists a n n£N ^
sequence (#n ) nGN ^n E su ch that \\x^\ - 1 for each n in H3 and

(\\-.T x II) r^ diverqes to «>. Then there exists £ in E such that n n n^N y
the sequence (II . T £11) GN is unbounded. D
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DS. h,

ADDENDA and CORRIGENDA

Each of the following remarks is indexed on the left by the 

page and line to which it refers. Thus, for example, the index 

(12,5) refers to 'page 12, line 5'.

(12,5) Replace by: 'For convenience, we remark that a binarian is a 

symbol of some type in accordance with Morse's separation 

into numbered types; and that a nexus is an expression in 

which each symbol is a binarian.'

(25,19) From (1.12.1), via (1.12.3) and (1.23.10), we obtain

- a result whose constructive validity has been questioned 

by Dana Scott. To answer his doubts, we note that

(nx(xv~x) nN = (nx(xv~x) AN v r\K(xv~x) AOJ )

- so that ' nx(xv~x) nN' is the set equal to N if the 

principle of excluded middle is true, and 0 if it is false 

and call to our aid the following remarks of Stoltzenberg 

([18], pages 311 - 312):

'Constructive mathematics is completely general in 

its scope, and yet it is commonly claimed that the 

opposite is true. Usually this is caused by confusing 

the matter of defining a set with the problem of 

constructing elements of it. A typical instance of 

this reads, "the set consisting of 5 if Fermat's Last 

Theorem is true and 7 if it is false is not well- 

defined, according to Brouwer ". Not so. True, as 

it stands, this does not define an in teger. But it



does define a subset of {5,7} , containing at most 

one integer. '

More formally, the substance of Stoltzenberg' s remarks is 

the proposition

C(FA{5} v ~FA{7}J e u;

where 'F' stands for the formal statement of Format's Last 

Theorem; that this proposition is true within our construe - 

tive set theory is, of course, a consequence of (1.12.1) 

(via (1.8.13), (1.12.2) and (1.12.3))!

In keeping with the above, we feel that any subset of an 

already well-constructed set is itself well-constructed 

(even if there may be considerable problems involved in 

the construction of individual elements of such a subset). 

Applying this to the example originally criticised by 

Scott, we see that it is the fact that the elements of 

*^x(xv~x) nN' (whatever they may be!) are drawn from the 

already well-constructed set N (1.23.10) that distinguishes 

the former as a well-constructed set (in contrast to the 

set ' r\x(xv~x) ' t about whose elements we know nothing, not 

even that they belong to some other, well-constructed, set)

(29,5) Replace 'sngtO,^)' by 'sng(Oxc) 1

(29,7) Replace ! sng(sng 0,oO' by ! sng(sng

(37,5) It is worth noting that

entails 

(omniscience,)



To see this, we note that

rriAjc; - rina; c i e u;,

whence (1.12.4)

rriAx; e u;.

Assuming that # holds, we therefore have

But

-> (a; ->

-> Car -> 0;

so that we have

This, in turn, yields 

(x v ~aj 

and therefore 

(omniscience ) .

(58,5) Both the definition of ! N' and that of 'Borel F 1 (1.26.0) 

are clearly impredicative. However, to accept the first 

as defining a well-constructed set (1.23.10) is merely to 

reflect within our formal system the intuitive conviction 

that the constructively well-defined set of natural numbers 

is the smallest set including 0 and the successors of all 

elements of the set. On the other hand, our definition of 

'Borel F' accords equally well with our intuitive idea of 

the class of borel sets of F as the smallest class B which 

includes all elements of F and all countable unions and



intersections of elements of 5. But this time we have no 

good intuitive reason for supposing that our impredicative 

definition yields a constructively well-defined set of all 

borel sets of F; in other words, we would hesitate to 

accept the impredicative definition of 'Borel F' as defining 

an element of U.

(61,1) To describe in detail the incompatibility of the general 

axiom of choice

# (rtx e AUy e B u' xy •+ u/(on A to B is / A r\x e A u'x.fx))

and Church's Thesis, it is necessary to introduce Kleene's 

T, -predicate. We recall the fundamental property of this 

predicate (cf. Kleene, Introduction to Metamathematics , § 57) : 

that, given any recursive binary relation E(x y y) on N, 

there are natural numbers a, 3 such that

E(x3 y) o uy Tjfa,*,!,;; 

and

(ny R(x,y) «• nz/ ~T 1 C3,x, y ;;. 

Arguing classically, we then have

and

Now Kleene has shown that- T, (x9 y 3 z) is primitive recursive; 

so that the predicate ~T^(xf x f y) is recursive. We shall show 

that r\t~f^(xf x f t) is not recursive, and then apply this 

to demonstrate the incompatibility between # and Church's 

Thesis.

Indeed, supposing that r\t~T^(x,x,t) is recursive, and 

noting that



T (x t x,t) o u^nt-T (xf x,t)) t

we see that there exists a natural number v with the 

property

In particular,

- which is absurd. Thus nt~1^(x3 x 3 t) is not recursive.

We now let x be the characteristic function of the 

recursive relation ~T, (x,x t y) , define

(A = Ex e

and assume the constructive validity of #. Then, in 

particular, there exists a function (J> which carries a 

given bounded element g of map NN to a bound ,$g for 0. 

With

(h = \x e N Ay e W(.\(xt y) = 0 A 0 v

• *(x»y) ^ o A .4>at e N o; ^ i;;,

we see that, for each a; in N, ,hx is a bounded mapping of N 

into N, so that .§(.hx) is defined. Now

(x e A + nj/ e N(. x^yJ - 0;

-> .ft a; = Xt e N 0

+ . 4>.fta; - . 4>(Xt e N 0;; 

On the other hand, 

^^y, e N A .x(xt y) 4 0 -*• . .fca: y = .<j>rxt e N 0; -^ 1

-»• .$.hx > .$(\t e N o;;

Thus

fa: e N •> ,4».fta: - . 4>CXt e N OJ v .<f>.fca: ^ . <|)fXt e N OJ



€ N — (.\(x9 y) = 0; v x $ 

e NT. (x) = Q) v x £ A

- in other words ,

(r\x e Nfny e N ~T 1 C.r,a; 3 i/; v -n^ e N -^ (x t x,y) )

It follows that the characteristic function x of 

ny~T, (x 3 x 3 y) is effectively computable. According to 

Church's Thesis, this function is therefore recursive, so 

that nj/~T, (x 3 x t y ) is a recursive predicate. As this 

contradicts our working above, we are forced to the 

conclusion that Church's Thesis and the axiom of choice # 

cannot both be valid.

We should point out that all quantifiers applied to T, 

or ~T, are to be taken as ranging over N, whether or not this 

is stated explicitly.

(70,28) This should read :

ri = 1 n rUnfdistf^/U < 2~n ~ l ) ) u fOn (2~ n ~ 2 < dist(Z t A)))

(80,12) Let E be a locally compact normed linear space. Choose a 

compact subset K of E with B(0,l) c K t a q-approximation 

{x-.,...,x } to K, and a finite dimensional subspace V of E 

such that dist(#, ,7) < £ for each k t 1 < k < v. Let a 

be any point of E, suppose that 6 = dist(a,7) > 0, and 

choose v in V with 5 < II a - i>H < 36/2. Then

z = Ha - v\\ . (a - v)

belongs to K, so that there exists r with 1 < r < v and

11 z - ^p" < £• With v^ a point of V such that II x - v B < i

we now have



II a - v IIII z - x II = II a - v - «a - v\\x » r z1

> II a - y - II a - v\v H - »a - i>IHa:p 

> distfa,7J - II a - ulNIx^ - iM 

> 6 - ill a - yll. 

Thus

a - vl Hz - a: H + j; > 6

and so

a - v II > 6 ( II s - x II + £,

- 26.

This contradicts the choice of 'V; so that, in fact, 6 must 

equal 0. Hence a belongs to the closed subspace V of E, E 

and V coincide, and E is finite dimensional. D

(84,17) This should be expanded as follows:

' (K,d ), and therefore K is d -precompact. Moreover, a 

d -Cauchy sequence in K is clearly d-Cauchy, hence 

d-convergent to a limit in K, and therefore d -convergent 

in Xi so that (K,d ) is (complete and) compact. On the 

other hand....'

(94,20) 'strc eF,to) is a one-point compactification of F. '

(113,2) '...?z is a homeomorphism of £,,.... '

(123,14) Replace '(5.1.1)' by '(5.2.1)' .

(126,5) 'that 0 < e < 2 \/2, and supposing....'

(127,4) '....(cf. [19],§9).'

(141,21) To prove this, let / be a nonzero linear functional on



Hom(7/,ff) that is uniformly continuous on (Hon^ (#,#) ,1 I y ),

and suppose without loss of generality that II /H > 5, so

that there exists R in Hon^Cfljff) with I .fE\ > 1. By (5.5.0) ,

there exist complex numbers a ., such thatJK

•?T " *j,k,i V-'W
for each y in Hom(#,#) , the series being uniformly conver­ 

gent on Horn, (#,#). Given e > 0, we can therefore find a 

positive integer v such that

and
V >>

for all T in Hon^ (//,#). As

we may define complex numbers c ., by
d^-

c ., = (^ J a I ;~ 1 a. 7 . jk P,q=l pq jk'

Then S^ , n | e. 7 | = 1. Moreover, for any T in the unit 3 f k-l jk
kernel of /,

I Z\ , . a .,< ,2-a .1 a,)l - r^ V | a i;" 1 !^^ a . 7 < . Ta .1 a 7 
j,k=l jk 3 k Pj<7=l P^7 ,7*^=1 J fe J

< C2 V | a I J~ 1 e/2 p,q=l pq

< e. 

This completes the proof.

(156,18) In view of the intuitionist ' s beliel that the notion 'a 

proof of p 1 is decidable, our assertion that

(x e -

should not be a theorem of our system requires some



further explanation.

To see how reasonable our assertion is, we consider a 

proof of the proposition p: the intuitive (metamathematical) 

idea of such a proof is a finite sequence

s = {s ̂ t ... 3 s ̂ }

of statements, each of which is an axiom or is inferred 

from previous statements in the sequence by rules of 

inference, and the last of which is "p". If s' is the 

sequence

{s,j...,s n r\x(xv~x)} f 

then we do not know if 

(s = s ' v s =£ s ')

is true within our system, and until we have such knowledge, 

we are unable to tell whether or not s' is a proof of p.

(163,13) The failure of # as an axiom or theorem of our system

could have been demonstrated otherwise : for, if # obtains, 

then (A2.3.4)

(p e II -> nx e p( tuple 7> is x)).

whence

( tuple 3 is OJ.

Thus ((1.27.2) and (1.27.0))

r3 = EtCbsvsOt e htd;

y e bsvsOt;

t y e 0;
^>

= o;

However, without any further postulation, we do have a most



satisfactory theorem linking the concepts of 'constructively 

well-defined set' and 'proof set' :

The proof of this is quite straightforward: 

(p e U -» (x e lxVy\Jz(x 3 y,z e irC^Ccc e p ;j

a^i/^ e TrfUicCcc e pj;= TrfUo; e p(x 

a: e p A jy e -nfa- e pj A 2 E t\(x e

a:

-> p = ExUyUs(x t y f z e irCUarra; e p^^ D 

(166,27) 'it follows that 5 n F = F, and therefore that'



LIST OF SYMBOLS

The following is a by-no-means complete list of symbols 

used in the dissertation. Logical symbols (including those of our 

set and proof theories) are indexed by the reference number of thei r 

definition; the symbols of analysis by that of the Chapter and 

section in which they first appear.

Logical symbols

	1.5.0

£x)Ux vx 1.5.1

Ox;us; vo; 1.5.1

Uic;ua; vo: 1.5.1.

s up x va: 1.5.1

st zx ua; 1.5.2

AnnB 1.5.8

U 1.6.9

0 1.6.10

~p 1.6.11 

omniscience 1.6.33

X c y 1.7.12

x => y 1.7.14

x = y 1.7.16

x 4 y "1.7.18

x c- y 1.7.19

ic • D y 1.7.21

IL4 1.7.25

VA 1.7.27

x n y 1.7.29



* u y 1.7.31

sng x L10.0

sngl x 1.10. U 

singleton is a 1.10.8

Ea; ua: 1.11.0

{^ : ux} 1.11.2

{x} 1.13.0

(xx 1 } 1.13.1

(ic^?y) L13.2 

basicorderedpair is p • 1.13.4 

basicrelation is R 1.13.5

bsvs Ex L13.6

A + +B L13.8

ss a 1.14.0

(a,Z?) 1.14.1

orderedpair is p 1.14.3

crd'p L14.4

crd"p L14.6

A tt B cf. 1.5.8

relation is H L16.0

dmn R 1.16.2

rng R L16.4

vs Rx L16.6

hs Rx L16.8

inv R L16.10

*:S L16.12

strc RA L16.15

strn RB L16.17

*RA 1.16.19

RB 1.16.21



function is / 1.17.0

univalent is / 1.17.2

.fx 1.17.3

upon A is f 1.17.6

on A is f 1.17.7

upon A to B is f 1.17.8

on A to B is / 1.17.9 

upon A onto B is f 1.17.10

on A onto B is f 1.17.11

map AB 1.17.12

\x;v_x ux 1.18.0

One x ux 1.19.0

The x ux 1.19.2

N 1.20.0

scsr x 1.20.2

wellfounded is A 1.21.0

transitive is A 1.21.1

inducive is A 1.21.2 

Induced Rxy u' xy on A 1.22.0

Ndc Axy u 1 xy 1. 22. 2

ndc HA 1.23.0 

on A,/ is induced by H 1.23.1

ndc'/za 1.23.2

sequence is / 1.23.3

sqnc A 1.23.4

ndc"5a 1.23.6

sb A 1.24.1

finite is A 1.25.1

fnt 1.25.1

subfinite is A 1.25.2



subfnt 1.25.3 

denumerable is A 1.25.4

denmbl 1.25.5

countable is A 1.25.6

cbl 1.25.7

inhabited is A 1.25.13

htd 1.25.14

V'F 1.25.15

H'F 1.25.16

V"F 1.25.17

E"F 1.25.18

V~F 1.25.19

II~> 1.25.20

Borel F 1.26.0

bsdmn x 1.27.0

tuple is a: 1.27.1

tuple a is a; 1.27.2

crd tx 1.27. 3

bstrc xa 1.27.5

(.r ;e y) 1.27.6

limniscience 1.29.0

TT(p) A2.1.0

x proves p A2.1.2

basic is a; A2 . 1. 3



Symbols of analysis

Q
R 

R 
R H 

C

o+

distU , 

-B

diam /I

II fl J

Hom(J? ,

2 ,introduction

2 ,introduction

2 ,introduction

2 ,introduction

2,introduction

2,introduction

2 ,introduction

2,introduction

2,introduction

2,introduction

2,introduction

2,introduction

2,introduction

4 ,introduction

4.1

4.1

5 ,introduction (also 5.1)

5 ,introduction.



INDEX

The entries in this index are numbered by the Chapter and 

section of their first, or most important, appearance.

Accepted variable 1.2

admissible sequence for a spread 2,2

approximation, e- 2,introd.

Backward Uniform Continuity Theorem 4.2 

Banach-Stone Theorem 4.3 
basic set A2.1 
basicartesianproduct 1.13 
basicorderedpair 1.13 
basicrelation 1.13 
basic vertical section 1.13 
binarian 1.4 
Bishop's Thesis l,introd. 
Borel set 1.26 
bound for an operator 5.1
Brouwer: 'counterexamples in the style of .." 1.29 

's Fan Theorem 2.2

Canonical injection of a one-point compactification 3.3

Cartesian product 1.14

character 4.2

'choice: axiom of 1.28
countable 1.28
dependent 1.28
internal 1.28
unique 1.19 

Church's Thesis 1.28 
classification of expressions 1.5 

classification theorems 1.11 

closure 2,introd. 

compact 2,introd. 

compact image 2.3 

compact support 4.1



compactification, one-point 3.3
compactifier 3.1

complement, metric 2,introd.
Conjecture 1 2.2
Conjecture 2 2.2

connected A3,introd.
constructivity, Fundamental Thesis on 1.12
continuous 2.3
coordinate 1.1U (cf. also 1.27)
countable 1.25
cover 2 ,introd.

Definor 1.1
denumerable 1.25
detachment 1. 3
diameter 2,introd.
dimensionality 3.2
distance between sets 2,introd.
distance from infinity 4.1
domain 1.16
double norm 5.2

Empty set 1.7
equivalence, metric 2,introd. 
equivalent metric spaces 2 ,introd. 
excluded middle l,introd. 
expression 1.1

False 1.7

fan 2. 2
Fan Theorem 2.2

finite 1.25
finitary point representation 2.2
form 1.1
formula 1.2
Forward Uniform Continuity Theorem 4.2
Foundation, axiom of • 1.21
free variable 1.2

function 1.17



Hahn-Banach Theorem A5 

homeomorphism 2.3 

homeomorphic metric spaces 2.3 

homomorphism, star U,introd. 

horizontal section 1.16

Image 1.16

Implication Theorem A2 . U 

indicial substitution 1. 3 

indicial variable 1.2 

inducive 1.21 

induction, Theorem of 1.20 

infinite dimensional • 3.2 

inhabited 1.25 

initiation 1. 3 

interior 2 ,introd. 
inverse image 1.16 
inverse relation 1.16 
involution U,introd.

Kernel, unit 5.6

Lambda calculus 1.18
limited principle of omniscience 1.29

limniscience 1.29

locally compact 3,introd.

located 2,introd.

Mapping : continuous 2.3

metrically injective 2.3

metrically weak injective" 2.3

of compact support 4.1

precontinuous 2.3
proper U.3

uniformly continuous 2,introd.

vanishing at infinity U.I

Mapping Set Axiom 1.2H

march 1.5
metric complement 2,introd.

metric equivalence 2,introd.



metrics : equivalent 2,introd.

homeomorphic 2.3 

metrically injective 2.3 

metrically weak injective 2.3 

modulus of uniform continuity 2,introd,

Natural numbers 1.20

negation 1.5

nexus 1.4

norm : double 5.2

operator 5.1

strong operator 5.3

weak* 5.2

weak operator 5.4 

normable operator 5.1

Omniscience 1.6

one-point compactification 3. 3

operation, pointwise 4,introd.

operator, bounded 5.1

operator norm 5.1

ordered pairs 1.14

orthonormal : basis 3.2
sequence 3.2

Peano properties 1.20 

point at infinity 3.3 

pointwise operation 4,introd. 

positive operator 5.4 

Power Set Axiom 1.24 

precedence, Theorem of 1.20 

precompact 2,introd. 

precontinuous 2.3 

predicate axioms 1.6 

Primitive Recursion Theorem 1.23 

proper mapping 4.3 

prepositional axioms 1.6

Range 1.16

recursion theorems : general 1.22

Primitive 1.23 

Simple 1.23



relations 1.16

replacement 1.12 (cf.also 1.2H)
restriction 1.16

restriction in range 1.16

Riesz Representation Theorem A5

Schematic expression 1.1

schematic replacement 1.1
schematic substitution 1.3
schemator 1.1

Separation Theorem A5

singletons 1.10

spread 2.2

spread : admissible sequence for 2.2
element of -2.2

finitary 2.2 
spread law 2.2

star algebra : Banach 4,introd.

normed 4,introd, 
stencil 1.5 

subfinite 1.25 

subject 1.5
substitution rule of inference 1. 3 
successor 1.20 
support 4.1

The x such that ux 1.19
Tietze Extension Theorem U.I

transitive 1.21

true 1.7

truth, axiom of 1.8

tuples 1.27

Unicity 1.19
Uniform Boundedness Principle A5 

uniform Continuity 2,introd. 

Uniform Continuity Theorem : Backward 4.2

Forward 4.2 

unique choice 1.19 

unit kernel 5.6 

univalent 1.17



universalization 1.3 
universe 1.7

Value of a function 1.17
variable 1.1
variable : accepted 1.2 

free 1.2 

indicial 1.2

variant 1.1

verbal expression 1.5

verbless expression 1.5

vertical section 1.16

Weak* norm 5.2

weak operator norm 5 . M-

weak operator topology 5,introd,

weak seminorms 5.1

wellfoundedness 1.21


