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ABSTRACT

The thesis falls naturally into two parts, in the first of
which (comprising Chapter 1) there is laid down a set-theoretic
foundation for constructive mathematics as understood by Errett
Bishop and his followers. The work of this part closely follows
the lines of the corresponding classical development of set theory
by Anthony Morse, highlights several classical definitions and
results which are inadequate for a proper description of constructive
mathematics, and develops constructive replacements for these where
possible; of particular importance is the constructive proof of a
general recursion theorem, from which the familiar theorems of
simple and primitive recursion readily follow,

The second part of the thesis (Chapters 2 - 5) is concerned
with various prvoblems of constiuctive analysis, the 1link between
these problems being their involvement with compactness or local
compactness at some stage., Chapter 2 serves as an introduction to
this analysis, and includes the definition of metric injectiveness
and the proof of a constructive substitute for the classical result
that a continuous injection of a compact Hausdorff space onto a
Hausdorff space has continuous inverse.

In Chapter 3 we give an improved definition of one-point
compactification of a locally compact space, and then develop the
theory of existence and essential uniqueness of such compactifica-
tions of a given space. In turn, this is applied in Chapter 4,
which deals in full with the space of continuous, complex-valued
functions which vanish at infinity on a locally compact space, and
with star homomorphisms between such spaces; interpolated within
the main body of this chapter 1is the vital Backward Uniform Continu-
ity Theorem, which leads to a discussion of possible constructive
substitutes for the classical Uniform Continuity Theorem.

The final chapter deals with constructive substitutes for
various topologies associated with spaces of bounded linear mappings
between normed linear spaces. The main results of this chapter
concern the weak operator topology on the space Hom(#,#) of bounded
linear operators on a Hilbert space H, and include a constructive
proof of the weak operator precompactness of the unit ball of
Hom(#,H), and a proof that the compactness of this ball is an
essentially non-constructive proposition., The chapter ends with a
discussion of lincar functionals and the weak operator topology on

Hom(#,H), and a partial substitute for the classical characterisa-



of ultraweakly continuous linear functionals on a linear subset of
Hom (4 ,H).

In addition, there are five appendices, three of which develop
material arising from that in the main body of the thesis. In the
first of these three, we describe an axiomatic theory of proofs
within the formal system of Chapter 1, and derive (amongst other
results) a very satisfactory characterisation of proofs of 'p » q';
the second deals with connectedness, and builds up to a constructive
proof that a closed ball in finite dimensional Banach space is
connected; finally, the last makes a remark on metric injectiveness
in the light of a conjecture in Chapter 2.
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PROLOGUE

The following dissertation is submitted under the regul-
ations of the University of Oxford for the degree of Doctor of
Philosophy in Pure Mathematics,

The dissertation falls naturally into two distinct parts,
The first of these, comprising Chapter 1, lays down a set-
theoretic foundation for constructive mathematics as understood
by Bishop [1]; the work‘of this part closely follows the lines
of the corresponding classical development of set theory by
Morse [14]. With some relaxation of the formality of Chapter 1,
the second part of the dissertation (Chapters 2 - 5) is concerned
with various analytic problems in which the concepts of
compactness and local compactness play important roles. In
addition, there are five appendices, three of which develop
material arising from, or closely related to, that found in the
main body of the dissertation.

Many of the results and remarks in Chapters 1 and 5 are
comparatively trivial, and have been included for the sake of
completeness and clarity of exposition. The same motivation
lies behind our decision to include proofs of certain results
which are mentioned without proof in [1] or [14]. Unless
statement is made to the contrary, the proofs of these and all
other results in this dissertation are essentially due to the
undersigned,

No part of this dissertation has been, or is being, sub-
mitted for a degree, diploma, or any other qualification at any

other university,

Douglas S. Bridges
Wolfson College,
August, 1974
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CHAPTER 1.

'SET THEORY FOR THE CONSTRUCTIVE MATHEMATICIAN.

The appearance of constructive mathematics as a serious
contender for the attention and affections of practising
mathematicians may be traced to that of L. E. J. Brouwer's
Amsterdam doctoral dissertation, 'Over de grondslagen der
Wiskunde' [7],in 1907. Although it is true to say that a few
individuals - for example, Kronecker - had earlier expressed
disapproval of the 'idealistic! methods of some of their nine-
teenth century contemporaries, it is in Brouwer's polemical
writings, beginning with the above and continuing throughout
the next forty-seven years, that the foundations of a precise
and practical approach to constructive mathematics were laid.

Unfortunately - and perhaps inevitably, in the face of
opposition from men of such stature as Hilbert - Brouwer's
"intuitionist' school became more and more involved in quasi-
mystical speculation about the nature of constructive thought,
to the detriment of the practice of constructive mathematics proper.
Thus it remained for Errett Bishop, ih his seminal book 'Foun-
dations of Constructive Analysis' [1], to resurrect constructive
mathematics in practice and produce some outstanding constructive
proofs of important theorems already known in their classical form
- in particular, many of the fundamental results in the theories of
Banach spaces, measure, and locally compact groups. It is in the
spirit of Bishop's book, freed from the shackles of Brouwer's
intuitionism, that this present dissertation 1s written.

But what <Zs constructive mathematics? For a concise,

but definitive, answer we cannot do better than quote what we



shall here and hereafter recognize as Bishop's Thesis:
'"The primary concern of mathematics is number...'

- or, to expand this within its original context ([1], page 2),
"The primary concern of mathematics is number, and this
means the positive integers... every mathematical
statement ultimately expresses the fact that if we
perform certain computations within the set of
pecsitive integers, we shall get certain results.'

However, in searching for a deeper understanding of the nature

of mathematics, we must ask, and try to answer, the questions:

What i1s a number?

What do we mean by 'constructive'?

To take first things first, do we feel, with Bishop,
that 'the devéiopment of the theory of the positive integers
from the primitive concept of the unit, the concept of ad-
joining a unit, and the process of mathematical induction
carries comblete con&iction'; or would we seek surer ground
on which to build our mathematics? In our opinion, the latter
alternative 1is fo be preferred and, indeed, can be realised in
the conflation of mathematics and logic, the logic in question
being of a manifestly constructive nature (that is, eschewing
such idealistic principles as the notorious one of 'excluded
middle').

The details of a formal system in which this conflation
is carried out will be described in the main body of this
chapter. For the moment, we therefore content ourselves with a
few preliminary comments.

For us, 'logic'! will mean 'propositional calculus,

predicate calculus and set theory'. Thus we interpret 'xz € P!

in the Fregean manner as 'the concept P applies to x', ‘and



draw no distinction between, for example,

'for all x, P(x)'
and

'the intersection, as x runs, of the sets‘P(x)'.
More generally, no distinction is made between 'terms' and
'well-formed formulae': every mathematical/logical object may
be regarded as either a set or a logical proposition,

We do not entirely equate mathematics and logic: as
well as the principles of logic itself, our mathematics requires
certain 'construction rules', by which we can be sure that
part of our mathematics has constructive content and meaning,
and an axiom of choice. Of the construction rules, perhaps
the most important is that which allows us to construct the set
of all natural numbers, and therefore the important class of
"recursive functions. (Note that in our formal system we shall
focus our qttention on the natural numbers, rather than the
positive integers. This 1s a purely technical matter, and in
no way affects the import of Bishop's Thesis.)

It will be remarked that we have 'part of our mathematics'
with constructive content and meaning: within our formal system we
can talk about a very large class of mathematical/logical objects,
but not all of these will necessarily be constructively defined.
This exactly parallels the situation in informal mathematics,
where we can, for example, talk about

'the least upper bound of the set S of real numbers'
without necessarily recognising this as an object which has
been, or ever can be, constructed.

In this context, it is worth noting that a mathematical
proposition may have constructive significance without itself

being, as a term, a constructive object. Thus, as we shall later



see,

'every natural number is constructively well-defined'
is certainly a proposition with constructive significance, but
as a term, it 1s not a constructive object (it actually equals
the universe in our formal system!)

Bearing these remarks in mind, we may now begin the
description of our formal theory. This theory 1s based on the
classical system developed in [14]. The rules of inference and
the powerful notation that underlie our mathematics proper are
developed in the first part of this chapter (sections 1.1 - 1.5);
to dispose of these preliminaries as quickly as 1s consistent
with clarity, we shall draw heavily on quotations from [14],
whose description can hardly be bettered. In section 1.6 we
state the axioms of propositional and predicate logic, and
_sketch briefly a few ideas in the development of 'pure' logic
from these axioms; before finally passing on to the most important
part of the chapter, tﬁat concerned with set theory (sections
1.8 - 1.29). Perhaps the most significant sections of this last
part are those containing remarks on constructivity (for example,
1.12 and 1.15), and 1.22, in which.é very general recursion
theorem is proved and then applied to produce the familiar

recursion theorems of everyday analysis.



1.1. Variables and Schemators.

The symbols of our formal theory are precisely those
inscriptions ('marks') which are not quotation marks; an
expression is a linear array of such symbols. A distinction

is made between a linear array of contiguous italic letters -

such as "zyzt" - and one like "inf" of contiguous nonitalic
letters: the former example is recognised as comprising four
symbols - “x", "y", Yz" and "t" - while the latter is considered

as one symbol. This dis%inction affects what happens when we
(systematically) replace symbols by symbolsj; for example, if C

is the expression obtained from "oaB" by replacing "a" by A and

"g" by B, then: if A is "w" and B is "N', then C is "w h"; if A

is "wh" and B is "at", then C is the two-symbol expression "wh at";
if A is "wh" and B is "at", then C is the four-symbol expression
"what".

Of particular interest are those symbols known as
schemators, examples of which are u,u’,w”,... etc; intuitively,
ux 1s to be read as either

x has the property u
or

the set corresponding to x under u.

(In the latter interpretation, we imagine x as running through
some index set A, and ux as the corresponding element of some
family of sets indexed by A.) Again we note the lack of dis-
tinction between 'terms' and 'well-formed formulae' in our
theory.

The constants of our theory are: the definor "Z=", the
schemators, and all symbols fixed by some definition. (Roughly,

a symbol ¢ is fized by a definition D 1f D has the appearance

(A = B), in which ¢ occurs in A and does not occur in B.) A



symbol which is not a constant is called a variable.

By a variant of an expression A we mean an expression B
such that each of A and B can be obtained from the other by
systematic replacement of variables by variables. (Note that
+this means that if in A we replace "z" by "y", we must do SO
at each occurrence of "x" in A.) A variant of "(x = y)" or of
some expression introduced by a definition is called a form.

Foliowing the example of Morse ([141,0.0), we fix our
most important constants by the following (otherwise meaningless)
orienting definitions
.0 ((AV > ) = x)

d (NU32 = x)
(Note that, for reasons of typographical convenience, we use
"n" and "U" where Morse uses W1" and "V".) We also introduce

certain basic forms with the definitions

.2 ((z >~ x') = (x> 2"))
.3 (Nx ux = Nx ux)
4 (Uz ux = Uz ux)
.5 (Cx A x') = (x A x"))
.6 ((x v x') = (xvVvx"))
.7 (x = x)
.8 (uz = ux)
.9 (x!' = x')
.10 (vigz!' = v'zx')

etc.

An e*pression is sehematic if it can be obtained by
replacing variables by variables in some expression like
ur, u'zx'’,... etc. Practical handling of schematic expressions
requires the following agreement on schematic replacement:

B is obtained from A by schematically replacing S by R



1f and only if:

S is a schematic expréssion, and there is an expression
Q in which the first symbol in S does not occur and

a symbol q such that A is obtained from Q by replacing
q by S and B is obtained from Q by replacing q by R.

Thus, for example, taking

S as "ux"

Q as "(Nyq » g)"

A as "(Ny ux > ux)"

R as "x"
and

B as "(Nyxz » z)",
we see that

"(Nyx > z)"

is obtained from
" (ny }_;1_-%' > }_1_-'13)"

by schematically replacing "ux" by "x".

1.2. Free, indicial and accepted variables.

In order to formulate wide-ranging and unambiguous
rules of inference for our system we need to distinguish three
kinds of variables which may appear in expressions. The idea
of 'free variable' may surely be introduced without further
comment:

If oo is free in A then o is a variable and A is an

expression. A variable is free in a form if and only

if it occurs therein less than twice. A is a formula
if and only if some variable 1s free in A, If A is

a formula, C is a formula, B is different from A

and is obtained from A either by replacing some free



variable of A by C or.by schematically replacing some
schematic expression by C, then a variable is free in
B if and only if it is free in both A and C.
On the other hand, it is not immediately clear why we
require the notions of 'indicial' and 'accepted' variables
which we now describe:
If o is indicial in A, then o is a variable and A is
a formula; if o is accepted in A, then o 1s a variable
and A is a formula. A variable is indicial in a form
if and only if it occurs therein more than once. A
variable is qgccepted in a form if and only if it occurs
therein less than twice.
If A, B and C are formulas with A different from B and
B different from C, and if B can be obtained from A
by replacing a free and accepted variable of A by C,
then: o is accepted in B if and only if o 1s accepted
in A, and a 1s indietal in B if and only if o is indicial
in A and does not appear in C.
If A, B and C are formulas with A different from B and
B different from C, S is a schematic expression, some
variable in S 1s indicial in A, and if B is obtained
from A by schematically replacing S by C, then: o 1is
indietal in B 1if and only if o is indicial in A, and
o 1s accepted in B if and only if a is accepted in A and
does not appear in C,

The reason for our making these definitions will be explained

in the remark at the end of the next section.



1.3. Rules of inference

The foliowing are the rules of inference of our theory.

.0 Initiation: Every formula asserted to be a definition
or an axiom is a theorem.

.1 Detachment (Modus Ponens): If a theorem is obtained from
"(p > g)" by replacing "p" by a theorem and "g" by a
formula T, then T is a theorem.

.2 Substitution: If T is a theorem in which b is free and

| A is such a formula that each variable in it is free in
T, then the expression obtained from T by replacing b by
A is also a theorem.

.3 Schematic¢ substitution: If T is a theorem, S is a
schematic expression, and A is such a formula that each
variable in it is either free in T or occurs explicitly
in S, and T' is a formula obtained from T by schematically
replacing S by A, then T' is a theorem.

i Indicial substitution: If g is free in Q, T 1s a theorem
obtainéd from Q by replacing g by a formula A in which
o is indicial, B is obtained from A by replacing a bv a
variable which is accepted in A, and finally T' is
obtained from Q by replacing g by B, then T' is a theoremn.

.5 Universalization: If T is a formula obtained from "Nxy"
by replacing "x" by a variable and "y" by a theorem, then
T is a theorem.

(These rules are quoted from [14],0.24% - 0.29.)

As an example, we verify that if
1" (nx Ex > Ex>"
is a theorem, then so is

"(Ny uy ~» uzx)",
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To do so we note that "(q - p)" is a form, that "p" and "g"
are free in "(q + p)", and that "ux" is a (form and) formula;
whence "q" is free in the expression "(g » ux)". Moreover,
"z" is clearly indicial in the formula "Nz ux ", in which

also "y" is free and therefore accepted. Our demonstration is

therefore completed by applying the rule of Indicial substitution,

taking
Q as n(q > .L.l_x)"
T as "(Nx ux > ux)"
A as "Nx ux "

" "
B as Ny uy

o as "xﬂ

and

T' as "(Ny uy - ux)".

Remark: Had we adopted the perfectly natural suggestion that
the words 'is accepted in A' in the rule of Indicial Sub-
stitution be replaced by 'does not appear in A' we would have
been unable .to interpret such expressions as "I x € x x"
(where I x € A ux is the sum of the terms ux as x runs through
the index set A). However, with the wording as it stands, we
can apply the rule of Indicial Substitution to show from the
theorem

(X y€xy =% y €xy) °
that

(x€xzax=2 y€xy).
It is precisely in order that we can make this sort of inter-
pretation if necessary that we introduce the notions of

.‘.

indicial and accepted variables into our discussion, ®

t Throughout this dissertation we shall indicate the end of a

section entitled 'Remark(s)' by the symbol ®.
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1.4, Theory of notation.

One of the most appealing and beautiful aspects of
Morse's development of logic and set theory is his theory of
notation, which 'permits useful simplification of a vast
number of complicated expressions and justifies many of the
informal conventions of present day mathematics'. We do no
more than give a very rough sketch of the outlines of Morse's
notation theory; for a more thorough description we cculd not
improve on that given in [14], pages 15 - 27, to which we
refer the reader for full details.

We take over unchanged the first part of Morse's theory
- in which, by means of a separation of symbols into types,
and several agreements, definitions and definitional schemas,
there is established a unique interpretation for a large number
of quantifier-free expressions. The essence of this inter-

pretation 1s illustrated by the following table:

Expression Interpretation
"(xx'x")" "(x A ax! A "M
"(x > ! > "M "((x > 2') AN (xc > "))
"(x @ ! © gM")" "((x © x") A (x! © a"))"
"(x e x' - x" c xl")" "((x E xl) A (x':x".) A (xll C xl"))"
"(x €E ' nx")" "(x € (x!' n g"))"
"(x € ' A x")" "((x E-~x!') A g")"
"(x A x' e x")" "(x A (x' e x"))"

Of these, the last three in particular should be noted as
illustrations of the dictum: if one can contrive one valid
reading (that is, translation into the English language) of an
expression in which "»" and "¢" and primed symbols derived
therefrom do not appear, then that reading will be correct.

(The qualifying words are necessary in this dictum, as we
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believe that, without Morse's rules for reading formulae,
one would be able to give sevéral different English translations
of such expressions as

" > x! > " e g!")M,)

For convenience, we remark that a nexus 1s a symbol of some

type in accordance with Morse's separation into numbered types.

1.5. TFurther notation theory.

When we turn to expressions in which quantifiers appear,
we have first the definitional schema for negation:
.0 We accept as a definition each expression which can be
obtained from
"((x ~E y) = (x €y > Nzz))"
by replacing "€" by a nexus different from "-".
We now separate some of our expressions into numbered

classes, as shown in the following table:

Class Expression
0 "EH s Honelt R "The"
1 "n"
2 !IUT:
3 "Sup" R Hinf" R ")\"
L all expressions of class

0, 1, 2 or 3
(Morse includes more expressions in his separation, and has
more classes; we have 1ncluded only those we need, but have
kept to his numbering and separation in all cases except that
of "A": whereas Morse's "A" is of class 1, our "A" is of class
3. The importance of this change from the classical to the
constructive classification of "A" will be emphasised in section

1.18.)
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.1 Definitional schema: We accept as a definition each ex-
pression which can be obtained by replacing "E" by an expression
of class 0, "N" by an expression of class 1, "U" by an expression

of class 2, and "sup" by an expression of class 3 in any one of

the following expressions:

"(Exjyux vz

—

Ex(ux A vx))"

" (Nxjux v

Nz (0 € ux » vx))"
‘"(Uzjux ve = Ux(0 € ux A vx))"

"(sup x vz = sup z3(x = x) vx)'.

—

By a march we mean an expression, such as

" mnnn

x cx'" € na”" ccx'" > x

which is obtained from one of

n nn

a", "xx'", "za'x"",...

by inserting symbol(s) of some type(s) between each pair of
adjacent symbols of the form x,xz',2",... For our purposes,
an expression A is said to be werbal if it has one or more of

Mn "N He 1 ot M o
>y s €y D, oy 2

n-_-n " 1" 1 13 1" "t " " 1" 11 " 111
= ', * s < 5 'S >y 2

b

among its symbols; otherwise, A is verbless,

We say that s 1s a subject of A if and only if s 1s such
a verbless expression, whose terminal symbol is one of z,x',...
etc.,, that either A 1s s or A can be obtained from "xyz" by
replacing "z" by s, "y" by a verbal nexus, and "z" by an
expression,

It is in the next few definitions, agreements and
definitional schemas that the heart of much of the application
of our theory of notation lies.,.

.2 (st zx ux = Vx(z = x A ux))
.3 (substitute z for x in ux = st zx ux)

4,0 We accept as a definition each expression which can be
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obtained by replacing "p" by a march whose terminal
symbol is "x" in
"(st zp u'zx’ = UzVUx’(z = (p) A u'zx'))".

.1 We accept as a definition each expression which can be
obtained by replacing "p" by a march whose terminal symbol
is "x!" in

"(st zp ulaxz'x!" = UgUx'Uz"(z = (p) A uzx'x"))"

etc,

We now agree that

.5.0 A is a 1 stencil if and only if A can be obtained by
replacing "E" by an expression of class 0, "U" by an
expression of class 1, 2 or 3, and "N" by an expression

of class 4 in one of the expressions:

"(Epsqr = Ez st zp(qg A »))"
"(Upsyqr = Uzist ztq st ztr)"
"(Npr = Np3(x = z) r)".

.1 A is a 2 stencil if and only if A can be obtained by
replacing "N" by an expression of class 4 in any one of
the expressions:

"(Npsy gr = Ns;((p) A g) r)"
"(Npr = Nsy (p) r)",
With these agreements in mind, we now state.the defini-
tional schemas
.6.0 We accept as a definition each expression which can be
obtained from a 1 stencil by replacing "p" by a verbless
march of order 2, "t" by "x,x'", "g" by "u'zz'", and "»"
by "v'zx'".
.1 We accept as a definition each expression which can be

obtained from a 1 stencil by replacing "p" by a verbless

march of order 3, "t" by "x,x',x"", "q" by "u"zx'x"",
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and "r" by "v'"zx'x"",
etc.,

.7.0 We accept as a definition each expression which can be
obtained from a 2 stencil by replacing "p" by a verbal
march M of order 1, "s" by a subject of M, "g" by "ux",
and "r" by "va'",

.1 We accept as a definition each expression which can be
obtained from a 2 stencil by replacing "p" by a verbal
march M of order 2, "s" by a subject of M, "q" by "u'xx'",
and "»r" by "v'xx'",
etc.
Thus, for example, we have as theorems
"(Nz,y; u'xy v'xy = Nzj st 2 x,y u'sy stz x,y viey)"
"(Ex vy €A uaey = Ezstzxzuy (2 €4 Auay)
"(Az uxr = Ax; (z=x) ux)"
and
"(Az € 4 ux = Ax; =z € A4 ux)"
(cf. section 1.15).
Finally, we introduce the definitional schema:
.8 We accept as a definition each expression which can be
obtained from
"((A nnB) ZExnyle €4 Aye€e B
by replacing "n" by a verbless binarian.
From this we obtain, for example, the theorem
"(4,,B = Ex,y(x € A A y € B))",

(For all material in this section, see [14], 0.49 - 0.62.)
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1.6. Logic,

As we are primarily interested in the constructive version
of Morse's set theory, rather than in his theory of notation -
which is, in any case, unchanged from that in [14] except for
the class number of the expression "A" - we shall go no deeper
into the description of this notational theory; nor do we intend
to say anything about Morse's remarks on demonstrations or on
the construction of definitions ([14], pages 27-29 and appendix A);

However, before going on to discuss set theory, we must
first deal with the axiomatisation of propositional and predicate
logic in our constructive framework. Our logic is based on the
three primitive connectives "»>", "A"_, "v" and the two quantifiers
"N, "U" (all of which were fixed by appropriate definitions in

section 1.1); we shall also require the preliminary definitions

.0 (If 2 then y = (x > y))

.1 ((xz implies y) = (x ~» y))

2 ((x e y) = ((x > y) A (y > 2)))
.3 (¢ 1f and only if y = (x ¢ y))
U (x is equivalent to y = (z ¢ y))
.5 (For each x,ux = Nz ux)

.6 (For some x,ux = Ux ux)

.7 ((x and y) = (x A y))

.8 ((x or y) = (x v y))

.9 (U = Uzzx),

the definitional axioms
®,10 (0 = Ngxa)
*,11 (~p = (p » 0))

and the axioms of definition

.12 ((x = y) > (x > y))

y) > (g > x)).

.13 ((x
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Remark: We recall that all definitions are to be considered
as theorems. As definitions are characterised amongst the
theorems by the appearance of the definor "=" as their princial

connective, we do not think it necessary to indicate definitions
in general by any word or sign. There is, however, one exception
to this: our definitional axioms (introduced to simplify the
statement of our main axioms) will be singled out from other
definitions and theorems by the mark of an asterisk on the left.
The fundamental axioms of our logic are the propositional
axioms
Clu (p > (p A p))
15 ((p A q) + (g ADp))
.16 ((p > q) > ((p A 2) > (g A P)))
.17 ((p > q) > ((g »>2r) > (p~>r)))
.18 (g ~ (p » q))
.19 ((p A (p > q)) > q)
.20 (p > (p v g))
.21 ((p vg)> (g vVvop)
«22 (((p > 2) A (g >2r)) > ((pvVvg)>r))
and the predicate axioms
.23 ((y > ux) » (y » Nz ux))
.24 ((ux » y) » (VUr uzx » y))
.25 (Nz ux + ux)
.26 (ur > Uz ux)
.27 (y > Nxy)
.28 (Uzy +.y)
Our propositional axioms are simply the first eight of
those due to Heyting ([12], pages 105-106). The main difference
between our approach and Heyting's is that, where he takes

negation as a primitive concept, for us it is defined by

(1.6.10), (1.6.11) and the explanatory definition
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.29 (Not p = ~ p).
As will be shown below, this enables us to prove Heyting's
extra two propositional axioms
. 30 (((p > qg) A (p »~q)) > ~Dp)
. 31 (~p > (p » g)).
Our predicate axioms are essentially those described by
Troelstra ([2 @, page 11). Bearing in mind the explanatory
definitions
.« 32 (The principle of excluded middle = Nx(x v ~ x))
.33 (omniscience = The principle of excluded middle)
we have been particularly anxious when choosing axioms both
here and elsewhere to avoid the appearance of such terms as
"(omniscience)"
"(mmp > p)n
and
"(~ Ny ux ¢ Uz ~ ux)"
among our theorems. (Note, in passing, that our use of the
word 'omniscience' is not exactly that of Bishop on page 9 of [1].'
As the development of propositional and predicate logic is
much more straightforward, and less interesting, than that of
set theory, we shall content ourselves with the following list
of theorems.
.34 (p A g > p)
. 35 (p » (g ~ (p A g))
. 36 ((p > (p >4q)) > (p > q))
. 37 ((p > (g>2r)) > ((p~+4q) > (p > 2r)))
. 38 ((p » (g »2r)) > (g~ (p~>2r)))
. 39 (p > ((p > q) » q))
.40 ((p > (g »>r)) > ((p Ag)=>12r))

41 ((p > q) A (g »>2r)) > (p~>r))
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Y, ((p > g) A (p>r)) > (p > (g A r)))
U3 (p » p)
Uy ~ 0
U5 8]
and a sketch of the proof of (1.6.30). Noting (1.6.10), (1.6.11),
(1.6.42), (1.6.19) and (1.6.41), we have
((p »q) A (p >»~4q))
+~ (p > qg) A (p > (g » Nxx))
> (p » (g A (g » Nzx)))
> (p > (g A (g>nNxx))) A ((g A (g > Nxx)) > Nzx)
+ (p » Nxx)
> ~ p). ae
A proof of (1.6.31) is even simpler than this, and will be
omitted.

Remark: Throughout this chapter, all our proofs (when given

B

explicitly) will be of the abbreviated form just used. We take

it for granted that a full proof, in accordance with the

strictest meaning of the word 'proof', can always be reconstructed
from the outlines that we give. We shall also indicate the end

of a proof by the 'Halmos tombstone' [J. ®

1.7. The fundamental definitions of set theory.

For the remainder of this -chapter we shall concern our-
selves entirely with constructive set theory in the spirit of
Morse,

Bearing in mind the orienting definitions
.0 ((»> €)x = x)

.1 ((x € ') = (x € x')),
we see that the following preliminary definitions introduce

most of the familiar objects of elementary set theory:
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A1

%*,12

.13
Ak

.15

*,16

<17
.18
.19
.20
.21
.22
.23

.24

*,25

26

*,27

.28

.29

. 30

. 31
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((x is a set) = (x > x))

(The empty set = 0)

(The universe = U)

(complement x = ~ zx)

((x is a member of y) = (x € y))
((x is a point) = Uy(x € y))

((x is true) = (0 € x))

((x is false) = ~(0 € z))

((x 5 y) 2 (y € x))

((x holds y) = (x 5 y))
((xcy)Eﬁt((tEac.)—f (t € y)))
((x is a subset of y) = (x c y))
((x 2 y) = (y ¢ x))

((x 1s a superset of y) = (x > y))
((x = y) 2 ((x cy) A (y € x)))

((x equals y) = (x = y))

((x # y) = ~(x = y))

((x e y) 2 (xcy # x))

((x 1is a proper subset of y) = (x < y))

(x> y) = (y < x))

((x is a proper superset of y) = (x> y))
((The intersection as z runs, of ux) = Nz ux)
((The union as « runs, of ux) = Ux ux)

(A = ny(y € 4 » y))

(The intersection of 4 = 14)
(VA = Uy(y € A A y))

(The union of 4 = V4)

((z ny) = (z A y))

((x intersect y) = (x n y))

((xy y) = (x Vv y))
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.32 ((x union y) = (x u y))
Before dealing with the set theoretic axioms of set theory,
we also need two logical definitional axioms
*,33 (U = Yxx)
*, 34 ((z e y) =2 (x> y) A (y »x)))
and the Axiom of Dzfinition for set theory

.35 ((x =2 y) = (x = y)).

1.8. Axioms of set theory - first group.

Our first group of axioms is concerned with truth and

certain rules for manipulation of sets:

. 0 (x © (0 € x)) ‘

.1 ((t € U) » ((t € (x € y)) ¢ (x €y)))

.2 ((t € a) » ((t € (x »y)) e ((t €2x)~> (£ €yl

.3 ((¢ € Nx ux) » Nx(¢ € ux))

U ((¢t € Uz ux) ¢ Uz(t € ux))

.5 ((t € (xz A yl)) o ((t € x) A (£ € y)))

.6 ((t € (x vyl e ((t€x)v (¢t €yl

Remark: In view of Bishop's Thesis, it is interesting that

our criterion of truth (axiom (1.8.0) intimately involves the
natural number 0 (that 0 is a natural number will be shown in
section 1.20). ®

Among the elementary deduetions we can make from these

axioms and the definitions and axioms in section 1.7, we have

.7 (z is a set)
.8 (0 € U)

Proof. Apply axiom (1.8.0) to (1.6.45). a
.9 (x ¢y » (x > y))

.10 (x =y > (x ¢ y))

.11 ((x 2 y) o (x = y))
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.13

.14

.15

.16

.17

.18

.19

.20

.21
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(@ = b) » Nz(x € a ¢ x € b))

(x € a » 2 € U)

Proof. Noting axiom (1.8.4) we have
(x € a » Uy(x € y) » o € Uyy » x € U) [

(x € a » x € ~ 0)

Proof. From (1.7.35) and (1.6.11),
(~ 0 = (0 > 0)).
On the other hand, axiom (1.8.2) and propositional
logic give
(x €Ea+ ((x €0 »2x€ 0)»a € (0~ 0))),
((x € 0> x € 0) > (x€a-»x€ (0->0))),
and therefore, by (1.6.43), detachment, the above
and (1.8.12), \
(x € a»ax€ (0>0)»>2€~20) 0O

(x € 0 > a2 € a)

Proof. Similar to that of (1.8.13). 0

(0 c a c U)

(t € (x € y) e x€y At el

(t € (x »y) o (t € x>t €y) At el

(x € 0 > 0)

Proof. By (1.8.15), (1.8.,17) and (1.8.0)
(x € 0> x € (0€ 0) > (0€ 0) > 0) O

(x = 0Ny ~ (y € x))

Of great importance 1is

(t € U>t €~aqage t € q)

Proof. Noting (1.5.0) and (1.8.19), we have

(t € U»> ¢t € ~qg=e t € (g-> 0)
o (t € gt € 0)
o (t € g > 0)

(—)tv‘Ea) D
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Finally,

~~U)

$22 (U

.23 (0 = ~~0)

Remarks: Our choice of definition for U was dictated by the
desire to obtain (1.8.13): had we made the definition (U = Ux ~ x)
- perhaps nearer to that of Morse ([14], 1.0.6) - the best we
could have obtained along these lines would have been

k(x € ~aqg > a2 € U) A (x € ~~ ¢ % x € U)).
Note also that, in spite of (1.8.22) and (1.8.23), theorem
(1.8.10) leads us to trust that (x = ~~ z) is not a theorem

of our system. ®..

1.9. Equality.

Our axioms of equality are

y) o Nt((x € t) » (y € £))))

.0 ((x € U) » ((x

.1 ((x = y) » (uxr = uy))

From these we readily obtain

.2 (x =y > (x €t >y € ¢t))

.3 (x =y » (x € t oy € t))

! (z =y > v = vy)

.5 (x = y » u'xz = u'yz)

.6 (z =y » u'zx = u'zy)

.7 (z =y A s =t >u'xt= uyt)

1.10. Singletons.

Singletons, which play a most important rolé in the sub-
sequent development of our set theory, can be approached in
two different ways: from the first of these

“,0 (sng ¢ = Ny (y > (x € y)))

.1 (singleton * = sng &)
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we derive the fundamental theorems

2 (y € U>y € sngx*y = x)

.3 (y € sngxz ey =y €U,

While the second approach

4 (sngl 2 = Ny((x € y) » y))

.5 (single = = sngl x)

produces the corresponding criterion

.6 (x € U>y € sngl x <y = x)

and is linked to the first by

.7 (x € U+ sng = sngl x).
However, for a more general characterisation of

singletons we must turn to

“,8 (singleton is a = (Ila = Va € a)).

We then have

.9 (singleton is a > y € a ¢ y = la = Va)

and, not unexpectedly,

.10 (x € U~ singleton is sng x A singleton 1s sngl x)
.11 (singleton is a » a = sng Va = sngl lla).

Remark: Morse ([14], 2.50.1) makes the definition

(singleton is a = (lla = Va)),

from which he is able to derive as a theorem
(singleton is a ¢ lla = Va € a).
This derivation breaks down constructively where it uses

omniscience to prove that (a = 0 A ~ (a = 0)). ®

1.11. Classification

I'4

*,0 (Ex ux = Ux(0 € ux A éng x))
.1 (The set of points x such that ux = Ex ux)
.2 ({z : ux} = Ex ux)

The Classification Theorems are
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.3 (xr € Ex ux ¢ ux A x € U)
o U (x € U~>» x € Ex ur ¢ ux)
The second of these follows from the first, whose proof is

based on (1.8.0), (1.10.2), (1.9.1) and (1.8,10) (we omit the

details).

1.12., Axioms of construction

' The heading of this section derives from the apparent
correspondence between membership of the Universe, and our
intuitive notion of a mathematical object being 'constructively
well-defined'. So much do we believe in the exactness of this
correspondence that we are prepared to adopt as our
Fundamental Thesis on Constructivity:

A mathematical object (set) is constructively well-

defined i1f and only if i1t belongs to the Universe.
Viewed from another angle, this may also be taken as our
definition of'the expression 'constructively well-defined'.

As our first axioms of construction we have

.0 (((4 € U) A Ne((xz € 4) » (ux € U))) » (Vx((x € 4) A ux) € U))
.1 (((x € U) A (y € U))  ((xzvVvy)€E U

.2 ((x € U) © (sngl = € U)).

Remark: Morse 1is able to derive (1.12.0), (1.12.1) and

several of our later theorems of construction from the one
powerful axiom of replacement

(Uz((4 € U) A (z c 4) A ((ux € U) A ux)) € U),
via the consequent 'theorem of replacement'

(Ux((4 € U) A (x € A) A (ux € U) A ux) € U).,
Unfortunately, his derivation of this theorem from his axiom
of replacement rests heavily on the use of omniscience. We

shall discuss this matter more fully later, in section 1.24u.

(cf. [147, 2.39 - 2.49). ®
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The first two of our axioms of construction give rise to
several elementary theorems of construction:
.3 (A€ U~ Bn A€ U

Proof. By (1.12.1)

(A€ U=> (BnAdu A= A4A€U~>Bn i€ U 0
N (B c A€ U=~> B € U)
.5 ((Uz(x € A A uz)) € U > Nx(x € 4 » ux € U))
6 (A€ U=~ V4€E U

Of great importance also are

.7 (x € U > sng x € U)
.8 (~ (x€U) »sng x =20 A sngl x = U)
.9 (singleton is g + a € U)

Proof., Use (1.10.11), (1.10.9) and (1.12.7). 0
Remark : Classically we can infer from (1.12.8) and (1.10.7)
that

(x € U=<* sng x = sngl x)
and from (1.12.8) and (1.12.7) that

(sng = € U).
We do not know of any constructive proof of these statements;
indeed, the second of these seems highly undesirable as a con-
structive theorem: we would not expect the singleton of = to be
constructively well~defined unless this was known to be the case

for x 1tself! ®

1.13. Basicorderedpairs and basicrelations

%, 0 ({x} = sngl x)
%1 ({xax'} = (sngl x v sngl x'))
*,2 ((x.y) = {({a}{zylD

.3 (basicorderedpair xy = (x.y))

U (basicorderedpair is p = UzUy(p xy € U))
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.5 (basicrelation is R = Mp(p € Rk ~* basicorderedpair is p))
.6 (bsvs Rz = Ey(z.y € R))

.7 (The basic veprtical section of R at x = bsvs Rx)

.8 (A.,B = Ex,yle € A Ay € B))

.9 (basicartesianproduct 4B = A..B)

A familiar, and rather tedious 'argument by cases' enables
us to prove
.10 (zsy = st € U x=8€UAy=1t€UlU)
We omit the details. It is, however, worth noting that our
theory would be unaffected if we were to replace (1.13.2) by
the two axioms
(x € U > sng x é U)
(xsy = st €U x=8€Uny-=1¢te€l),
For (1.10.7) would then give
(x € U~ sngl x € U),
and therefore, via (1.12.2) and (1.12.1),
(sngl « € U » sngl sngl « € U
+ (sngl sngl x v sngl(sngl x v sngl z)) € U
> x.x €U
- x € U).,
Of course, it is better to have the one axiom (1.12,2) than
the alternative two.
For completeness, we mention also the theorems
11 (¢.y € Ex.y E’xy © E'xy A xy € U)
.12 (R = Ex,y u'xy - basicrelation is R)
.13 (A..B = UgUy(x € A Ay € B A sng(x.y)))
R (basicrelation is A..B)
.15 (x € A > bsvs(4..B)x = B)
.16 ( ~ (x € A) » bsvs(4..B)x = Q)

<17 ( ~ (.’L’/y = 0))
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( ~ (0 € A'»B))

Orderedpairs

Although basicorderedpairs have their uses (cf. section

1.27), we follow Morse's lead, and define a more powerful con-

cept of ordered pair; one reason for doing so is to arrive at

(1.14.15), which fits in very well with our theory of notation.

“,0
@
]

(ss a 2 (sng 0 v Ux(x € a A sng sng x)))
(Casb) = ((sng 0 .. ss a) v (sng sng 0 .. ss D)))

(orderedpair ab = (a,b))

(orderedpair is p = VUaUb(p a,b))

(crd'p = ybsvs p0)

(The first coordinate of p crd'p)
(crd"p = Vbsvs p sng 0)
(The second coordinate of p = crd’p)

As5B))

(cartesianproduct 4B

Noting the lemmas

.9 (bsvs(q,b)0 = ss a A bsvs(a,b) sng 0 = ss b)
.10 (Vss a = a)

11 (¢ € Uo ss g € U)

.12 (€ A ANA ..BEU>BEU,

we have

.13 (a,b € Ue g€ UADb el

Proof. By axiom (1.12.1),
(a,b € U~> (sng 0 .. ss a € U) A (sng sng 0 .. ss b € U))
As we have |
(0 € sng 0 A sng 0 € U)
and
(sng 0 € sng sng 0 A sﬂg sng 0 € U),

it follows from (1.14,12) and (1.14.11) that
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(a,b € U+ ss a€UAssDb€EU
- aq € UA b E U,

On the other hand, (21.1u4,11), (1.12.7) and (1.12.0)

show that

(a € U~»>sng 0 .. ss a = Vz(x € ss a A sng(0,x)) € U)

and

(b € U=> sng sng 0 .. ss b = Uz(x €sshbA snglsng 0, z)) € U)

Reference to (1.14.1) and (1.12.1) completes the proof. [
Ay (crd'(a,b) = a A crd"(a,b) = b)
<15 (a,b = e,d® a=c ANDb = d)

Of theorems relating to cartesianproducts, we mention only

.16 (x,y € Ex,y u'axy © u'zxy A x,y € U).

1.15, Substitution

The theorems of this section -~ and in particular (1.15.7)
and (1.15.8) - show very clearly some of the richness of our

theory of notation.

.0 (st yx ux = uy)
.1 (st ty u'zy = u'xt)
.2 (st (s,t)x,y u'zy = u'st)
.3 ( ~ orderedpair is 3 -+ st z x,y u'zy = 0)
o H (NxNyNz(w'xy = (0 € u'xy > v'ixy) A
uz = (0 € st z(z,y) u'xy » st z(x,y) v'xy)

-———

» NxNy w'xy = Nz uz))
Proof. (e = a,b » Nz uz c uc = w'ab
» Nz uz < w'ab ),
whence
(NaNb(Nz uz < w'ab))
and therefore

(Nz uz c NNy w'xy).
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On the other hand,
(t € NNy w 'xy
> NzNy (0 € u'zy »~ t € v'xy)

> (0 € st z x,y u'zy » st z x,y u'xy

+ UzUy (2 X,y A u'xy)

» UgUy (2 z,y A 0 € u'xy A
(0 € u'wy » t € v'izy))

x,y At € vixy))

> UzUy (z
> (0 € st 2 x,y u'ay ~ t € st z z,y v'ay)
>t € (0 € st z 2,y u'zy » st z z,y viey)
> ¢t € uz),
whence
(NxNy w'zy < uz).

Thus
(NxNy w'zy < Nz uz < NaNy w'xy),
from which the result follows. B
.5 (NxnyNz (w'zy = (0 € u'zy » v'izy) A
ug = (0 € st a(x,y) u’xy > st z(z,y) v'iay)
> UgUy w'zy = Uz uz)
The last two lemmas are vital for the proof of
.6 (Nz,y3; u'zy v'ey = NxNy; u'zy v'zy)
Proof. From our theory of notation and (1.15.4) above we
have
(Nz,ys; u'zy v'zy
= Nz st z(x,y) u'xy st z(x,y) v'zy
= Nz(0 € st z(z,y) u'zxy » st z(z,y) X'xg)
= NzNy (0 € u'xy » v'zy)
= NNy 3 u'axy v'izy) [
7 (Uz,y; u'xy v'iey = UzVUy; u'zy v'zy)

Remark : Morse's classical proofs of (1.15.6) and (1.15.7) depend
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on the theorem

(orderedp
Now, it i
as an axi
structivi

recognise

air is p v ~ orderedpair is p).

s tempting to think that this last term could be added
om to our present system without destroying its con-
ty: for, is i1t not reasonable to say that we can

whether or not an object is an orderedpair? However,

this is unfortunately not the case, as the following argument

shows,

Let

The

(z = (sng 0 .. ss x)u (sng sng 0 .. ((x = y) A ss y)).
n
(z = asb » sng sng 0 .. ss b = sng sng 0 .. ((x=y)A ss y)

> g8s b = ((x:y) A SS y)
+~ 0 € ((x=y) A ss y) c (x=y)
> 0 € (x=y)

>z =y ),

the third last line holding because

(0 € sng 0 € ss D),

On the other hand,

so that

(z =y » (x =y) =U
+ 2z = (sng 0 .. ss z)u (sng sng 0 .. ss y)

-+ orderedpair is z),

(~ orderedpair 1s z » ~ (x = y)).

It is now clear that

But

(Np (orderedpair is p v ~ orderedpair is p)

> NeNy ((x = y) v ~ (x = y))).,



whence,

(NxNy ((x =

> ((t € x)

-372 -

y) v~ (z = y))

= U) v~ ((¢£ € ) = U)

> (t € x v~ (t € x))

> NE(t € (
> x V ~ x
> x V.~ x)

clearly,

x vV ~gx)e t € U)

= U

b

("p (orderedpair is vV ~ orderedpair is p) =+ omniscience).
p p p

It is for this reason that we do not add

(orderedpair is p v ~ orderedpair is p)

as an axiom of our system.

Finally, we note that of the miscellaneous notational

theorems in section 2.70 of [14 1, all but (2.70.10) and (2.70.18)

go through constructively. Moreover, it is'easy to see that the

two which fail in a constructive setting entail

and

(~ Ngx ux © Ug ~ ux)

(Nx(y v ux) ¢ y v Nx ux)

respectively, and so are essentially non-ccnstructive, ®

1.16. Relations

*,0 (relation is R = Nx € R orderedpair is z)
.1 (relation RS = relation is R A relation 1is S)
*,2 (dman k = ExVy(z,y € R))
.3 (The domain of R = dmn R)
ol (rng R = Ey Vx(x,y € R))
5 (The range of R = rng R)
*.6 (vs Rx = Ey(x,y € R))

o7 (The vertical section of R at x = vs Rx)

.8 (hs Ry = Ex(z,y € R))
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.9 (The horizontal section of R at y = hs Ry)
.10 (inv R = Ex,y(y,x € R))
.11 (The inverse of R = inv R)

.12 ((R:5) = Ex,yYz(x,2 € S A 2,y € R))

.13 (R composed with S = (R:5))
Ak ((R:S) = (S:R))
.15 (strec RA = (R n (A4,,U)))

.16 ‘(The restriction of R to 4 = strc RA)

17 (strm RB = (R n (U,,B)))
.18 (The restriction in range of R to B = strn RB)

.19 (,RA = Uz € 4 vs Rx)

.20 (The image of 4 under R = ,RA)
*
.21 ( RB = Uy € B hs Ry)
*
.22 (The inverse image of B under R = RB)

Of the many elementary deductions made from these defini-
tions, we mention only the more important
.23 (relation is Ex,y u'zy)

24 (relation 1s R - R

Ex,y(x,y € R))

.25 (relation is S A R ¢ § » relation 1s R)
.26 (dmn inv R = rng R A rng inv R = dmn R)
.27 (relation 1s R » inv 1nv R = R)

.28 (R:(S5:T) = (R:8):T)
.29 (inv (R:S8) = (inv S):(inv R))
the lemma
. 30 (relation ics R
+~ dmn R = Up € R sng crd'p A rng R = Up € R sng crd'p)

and the very important theorem of construction
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.31 (Re Us damnm R € U A rng R € U)
Proof, By (1.12.4),
(R € U~> Ep € R(orderedpair 1s p) € U).
Moreover
(dmn R = dmn Ep € R(orderedpair is p) A
rng R = rng Ep € R(orderedpair is p)),
so that we may without loss of generality suppose that
(relation is R).
We now have
(p € R » orderedpair is p A p € U
+~ crd'p € U A crd’p € U
+ sng crd'p € U A sng crd”p € U).
The result follows from this, (1.16.30) and (1.12.0). ]
1.17. Functions
%,0 (function is f = (relation is f A Nz € dmn f singleton is
vs fx))
| (function fg = (function is f A function is g))
.2 (univalent is f = funetion f inv f)
*,3 (.fx = IIvs fx)
U (The value of f at = = .fx)
.5 (zf = .fz)
. 6 (upon 4 is f = (function is f A dmn f c 4))
7 (on 4 is f = (function is f A dmn f = 4))
.8 (upon 4 to B is f = (function 1s f A dmn f ¢ A A rng f < B))
. 9 (on 4 to B is f = (function is f A dmn f = 4 A rng f < B))
.10 (upon 4 onto B is f = (upon 4 1s f A rng f = B))
.11 (on 4 onto B is f = (on 4 is f A rng f = B))
.12 (map 4B = E(on 4 to B is f))

Again, as in earlier sections, we content ourselves with a
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judicious selection of theorems:

.13 (function is f > z,y € f ¢ & € dmn f A y = .fx)
.1k (function is f A x € dmn f > .fx € U)

.15 (function is f A ~ (x € dmn f) » .fx = U)

.16 (function is f » y € rng f ¢ Ux € dmn f (y = .fx))
.17 (function is f » f = Uz € dmn f sng(x,.fx))

From (1.17.14), (1.14%.13), (1.12.7), (1.12.0) and (1.17.17)
we obtain the very satisfactory theorem of construction
.18 (function is f A dmn f € U » f € U)

In turn, this enables us to prove
.19 (A € UANBEU->4,,BE€ U)

Proof., Clearly

(b € BAF ==LEe,ylx € A Ay = x,b)‘
+~on 4 is f A rng f = A,,{b}),
whence, by (1.17.18) and (1.16.31),
(4 € U~ 0b € B(4,,{b} € U)).
Notiﬁg that

(A,,}B = Up € B(4,,{b}))

we now deduce the result from axiom (1.12.0) 0

1.18. A-calculus

. 0 (Axsve ux = Ex,y(ve A y = ux))
. (lambda x with vx, ux = Xmgzx ux)
As we are taking "A" as an 'expression of class 3', it
follows from our theory of notation (Section 1.5) that
2 (Az ux = dx3(x = ) ux)

Ex,y(y = ux))

.3 (Ax ux
The main theorems of odur A-calculus are
U (function is Axj;vx ux)

.5 (function is f > f = Az € dmn f.fx
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. 6 (f = Xxjvr ux
+ dmn f = Ex(vz A ux € U) A (x € dan f > .fx = ux))
.7 (f = e uz » dmn f = Ex(ux € U) A (x € dmn f > .fx = uzx))
. 8 (f = Az € A ux » dmn f = Ex € A(ux € U) A (x € dmn f » .fx=ux))
.9 (Ax ux = Az € U ux)
Remark: Morse takes 'A' as an expression of class 1, adopts

(1.18.3) as a definition, and is able to derive (1.18.6) from the
fact that, under these circumstances,

(Azsve ux = Az(0 € vx > ux))
is a theorem. However, this procedure is essentially non-con-
structive: to see this, let us suppose that (1.18.3) and

(dmn  Ax(0 € vx +-Bx) = Ex(ve A ux € U))

are both theorems of our system. Then

Ex((x v ~ x) A (x #.2)E U)

(dmn Ax(0 € (x VvV ~ x) » x Z x)

Ex((x v ~ 2) A 0 € U)

Ex(x v ~ 2)).

On the other hand, as

(ux = (0 € (x = 2) » ux)),

»

we also have

(dmn Az ux dmn Ax(0 € (x = z) > ux)

t

Ex(x = 2 A ux € U)

Ex(ux € U)).
But
(~~(x v ~ x)),
so that
(t€(0 € (x v~zx)>xdx)>(0€ (2 v~zx)>1t€ (7 x))
> (x v~x >t €0)
> ~(x VvV ~ x)
>~ t € 0)

and therefore



-37-

((0 € (x V~x)»x ¥ x)

Hence

(dmn Az(0 € (x v ~ x) » x # x)
It now follows that

(N € U(x v ~ x))
- which clearly demonstrates the
Morse's approach to A-calculus.

1.19, Unicity and unique choice

0 € U,

Ex((0 € (x v ~2x)>x £ x) € U)

uj

non-constructive nature of

®

Before dealing with natural numbers and recursion theory,

we need to know how fto express
as a term of our formal system.

over exactly Morse's definitions

'the unique x with property P'

To do this, we take

.0 (One x ux = UyNz(ux < x = y))

.1 (There is Jjust one x such that ux = One x ux)
.2 (The x ux = Nx;(One x ux A ux) x)

and the consequent theorems

.3 (One x ux > ux ¢ x = The x ux)

M (~ One ux > The z ux = U).

We are now also able to state and prove

Chotce
.5 (N € A One y u'xy » One f

Proof.

the Theorem of Unique

(on A is f A Nx € 4 u'x.fx)

It is easily seen that

(f = Ax € A The y u'zy > on 4 is f A Nx € A4 u'x. fx).

The uniqueness is trivial.

1.20., The natural numbers

*,0 (N = N4;(0 € 4 A nx € A((x
1 (The set of naturalnumbers
.2 (scsr x = (x v sng x))

[

vV sng x) € 4)) A)

Hi

N)
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(The successor of x = scsr x)
(naturalnumberclass is 4 = (0 € A A Nx € A(scsr x € A)))
(1 = scsr 0)

(2 = scsr 1)

(3 = scsr 2)
(4 = scsr 3)
(5 = scsr 4)
(6 = scsr 5)
(7 = scsr 6)
(8 = scsr 7)

(9 = scsr 8)
From these definitions we immediately deduce
(naturalnumberclass is N)
(N = N4, (naturalnumberclass is A4) 4),
first three Peano properties
(0 € N)
(n € N > scsr n € N)

(n € N> scsr n £ 0)

and the Theorem of Induction

.19

are
.20
.21
.22
the

.23

.24

«25

(0 € S c N ANxr € S(secsrx € S5) S5 = N).,

Amongst the innumerable consequences of this last theorem
the lemmas

(m € NAn€NAmME N >mc n)

(m € N » ~(m € m))

(m €N An€N->~(m€n An€m)),
last two of which enable us to prove the final Peano property

(m € NAn€N>scsrm=s8csrn®m=n),

Other useful applications of (1.20.19) are

(m € N->m=20V Onen €N (m = scsr n))

(m&€NAnEN->(m=nVmi¢n))
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.26 (m €N An€&N>m€Emn < scsrm € scsr n)
.27 (m €ENAn€EN->rm€E€Enomcacn)
.28 (N = VN)
and the more general induction theorem
.23 (m€ S cN~mAaAnNx € S(scsr a2 € S) »8 =N~ m)
- from which we easily obtain the Theorem of Precedence
. 30 (n € N ~1 > scsr Vn = n)
With the help of the above results we can now develop the

theory of orderings on N from the definitions

.32 (m < n

i

m€E€ N A n€NAmME scsr n)
.33 (m< n = m€ NANWENAME n).

We omit the details.

1.21., Wellfounded sets

Our concept of 'wellfounded set' has its origins in

Richman's definition o¢f 'constructive ordinal' [16].

.0 (wellfounded is 4 = NS c A(Nx € A(x n A c S > a2 € S) » 8§ = A))
.1 (transitive is A = Nx € A Ny € A Ng € A(x €E y Ay € 2 » x € 3))
2 (inducive 1is A = Nx € scsr A(wellfounded is & A Vx c zx))

Before discussing further the none-too-transparent definition
(1.21.0), we mention
.3 (wellfounded is 4
> ~ Uf(on N to 4 is f A Mn € N(.f scsr n € .fn))
Proof. Let
(S = bx € 4 ~Uf(on N to 4 is f A .f0 = x A "n € N(.f scsr n €.fn)),
Then
(x € AN xn Ac S
> (on N to Ais f A .fo = o ANn€N(,f scsr n€ , fn) A
g=An € N.f scsr 7

~on N to 4 1s g A ,.g0 € x n A S A Dn € N(,gsScsrn € , g

o

> 0)
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+~ ~ Uf(on N to 4 is f A .f0 = x A Nn € N(.f scsr n'€ .fn))
> x € 5),
whence
(S = 4). 0
U (wellfounded is U > ~ Uf(on N is f A Mn € N(.f sesr n € .fn)))
Proof. This follows from (1.21.3) and the fact that
(on N is f > on N to U is f). 0
.5 (wellfounded is N)
Proof. Let
(S ¢c Nanzx € N(e n Nc § a2 € 3))
and apply (1.20.19) to show that
(S = N). {
.6 (n € N > wellfounded 1is n)
Proof. It is trivial that
(wellfounded is 0).
Suppose that
(n € N A wellfounded is =)

and let

(S ¢ scsr n A nx € scsr n(x n scsrn ©€ S5 > x € S)).
We first note that, by (1.20.28), (1.21.3) and (1.21.5),
(x € scsr n > x nsecsrn = x N n).

Hence

(x €En AxnncS nn

+ x € scsr n A x n scsrn © S

> x € 5),

so that

(S nn=mn.

Moreover,

(n € scsrn Anpnsesry =n=S8N0nnc g),

so that

(n € 5.
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Thus, clearly,
(5 = scsr n).
Reference to (1.20.19) completes the proof. 0
This last result may also be obtained as a consequence of
the interesting general theorem.
7 (wellfounded is A A transitive is A A B ¢ A » wellfounded is B)
Proof. Let
(I'' e BANx € Be n Bec T+ x €T))
and define
(S = Ex € A(B n scsr x < T)).
Then
(x € AAxnAcSAy€BAY Escsrx
> (t €ynB+t€ BcAAN(tEYyExTVLEEY=x)

-t € xn A

+ t € Bn sesr t ¢ T)
+y n B cT
>y € T),
whence
(x €E A ANxn dcS
+~ Ny€y € B n scsr « » y € T)
+ B n scsr x c T
+x € 5).
It follows that
(s = 4),
and therefore that
(x € B> x € 4 =25
+ x € B nscsr x ¢ T
> x € T).
Hence

(B = T)
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and the proof is complete. [
.8 (5 ¢ N » wellfounded is S)
Proof. Use (1.21.5), (1.20.20), (1.20.27) and (1.21.7). O
.9 (inducive is N)
Proof. Use (1.21.5), (1.21.6), (1.20.20) and (1.20.28). 0O
We now look a little more closely at our choice of
definition (1.21.0). To begin with, we note that
(wellfounded is A4 ¢ ~ Uf(on N to 4 is f A Mn € N(.f scsr n € .fn))
1s a classical theorem. For, supposing that
(S c A ANz € 4(xnAc S »>x€S8)Aa€A~S8),
and arguing classically, we have
(andcS+>a€A~S5S AaesS~>0),
whence
(Ub (b G‘a AbE A~ S)).
From this and the classical axiom of choice ([14], 2.5.8) it
follows that
(Uf(on N to 4 is f A .f0 = a A Mn € N(.f scsr n € .fn)),
which, together with (1.21.3), establishes the above proposition.
It is precisely because of this, and the fact that the
classical idea of a set A being wellfounded is that
(~Uf(on N to 4 is f A Mn € N(.f scsr n € .fn)),
that we make our definition (1.21.0).
In view of these remarks and theorems (1.21.3) - (1.21.9),
we consider it reasonable to postulate as our constructive
Axiom of Foundation
10 (((S ¢ A)Y A Ne(((x € A) A ((x A A) € 8)) » (x € 8))Y) » (S = A
The foregoing now immediately yield
.11 (wellfounded is 4)

.12 (~ Uf(on N is f A m € N(.f'scsr n € .fn)))

and
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.13 (inducive is 4 ¢ Nx € scsr A(Vx < x)).

The main reason for our introduction of (1.21.10) as an
axiom 1is to simplify the statements and proofs of the theorems
in section 1.22. However, should any doubt be cast on the
validity of (1.21.10) as a constructive principle, we can
recOvér the results of section 1.22 in a form sufficiently
strong for all practical purposes by building the necessary
wellfouhdedness into the hypotheses; in particular, because
the proofs of (1.21.5) - (1.21.9) do not depend in any way on
(1.21.10), we can certainly obtain the everyday recursion theorems
from such a modification of 1.22 (cf. section 1.23).

It may well be asked why we do not simply adopt the axiom
of foundation in its familiar classical form

(z € A >Uyly €A Aynd=0))
(equivalent to Morse's axiom ([1], 2.5.9)). One reason for
our preferring (1.21.10) as an axiom is that 1t applies so
neatly to the proofs in section 1.223; however, a far more cogent
consideration in our preference is that the above classical
axiom of foundation 1s essentially non-constructive! To see
this, let
(4 = ({1} v (xu ~ x)))
and suppose that the above classical axiom obtains. Then as
(1 € 4)
we have
(Uyly € 4 Ay nd = 0)).
But
(~ 4 = ~{1} n~z n ~~x = 0),
so that
(y n 4 =0-+>yc~A4A=0-=>y =0)
and therefore ]

(0 € 4).
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As
(~(0 € {1}))
we conclude that
(0 € (xu ~ 2)),

from which (using (1.8.0) we obtain the unwanted theorem

(omniscience).

1.22. Recursion

It is in this section more than any other that the full

power and beauty of our approach to set theory is revealed. We

here develop a very general recursion theorem from which - in
section 1.23 - we shall obtain the familiar recursion theorems
as special cases. All this is only made possible by the
definitions

.0 (Induced Rxy u'xy on 4

z (relation is R A dmn R ¢ 4 A Nx € A(vs Rx = st strc Rx y u'ay))

]

. (R is induced on 4 by u'zy in x and y Induced Rxy u'xy on A4)
.2 (Ndc Azy u'xy = The R(Induced Rxy u'xy on 4))
We begin with two lemmas:
.3 (Induced Rxy u'xy on A A Induced Sxy 3'¢y on A » R = 8)
Proof. Let
(T = Ex € A(vs Rx = vs Sz)).
Then

(x € A Axn AcT

> (y € strc Rx » UpUq(y psq € R A p € x n dmn RcxnAcT)

+ UpUq(y = p,q € R A vs Rp = vs Sp A p € z)

> UpYq(y =p,qg € 5 Ap € )
> y € strc Sx)
+ strc Rx < strc Sx).

Similarly
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(x € A Axnd c T+ strc Sx ¢ strc Rx),
so that

(x € A AxndcT

+ strc Rx = strc Sx
+ Vs Rx = st strc Rx y u'xy = st strc Sz y u'zy = vs Scx
> x € T),

Thus (1.21.10)
(T = 4)
and
(x € A > vs Rx = vs Sx),
from which the result is almost immediate. 0
(Induced Rzy u'xy on A > R = Ndc Azy u'zy)
Proof. Use (1.22.3) and (1.19.3). i
With these behind us we can now prove
The General Recursion Theorem
(inducive is 4 » Induced Rkxy u'xy on A ¢ R = Ndc Axy u'xy)

Proof. Let

((R = Ndc Axy u'xy) A Ma(ua = Ndc axy u'zy) A

(8 = Ex,ylx € 4 A y € u'xux))).
Then
1© (relation is S A dmn S ¢ A A Nnx € A(vs Sz = u'x ux))

Next we have

(a € A AN Ea > c a

R}

+ stre(strc Sadx strc S(a n x) = strc Sx).

In view of this and the (easily verified) statement

(x € a » vs(stre Sa)x = vs Sx),
it follows that
(a € A A Nx € alvs Sx = E’x strc Sx)

> relation 1s strc Sa A dmn strc Sa ¢ a A
N € al(vs(strc Sa)zx = E'x strc(strc Sa)x)

+ Induced (strc Sa)axy u'xzy on a)).
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Thus (1.22.4)

(a € 4 A Nx € alvs Sé = u'x strc Sz) » strc Sa = ua).
We now let

(r =Eqg € A nx € alvs Sx = u'x strc Sx)),

Then, as

(a € A » a c A),

we have (by 2° and 1°)

(a € A ANAandclT ANzx € q

> x € q ¢ T

> x €4 ANy € z(vs Sy = u'y strc Sy)

> x € A A strc Sx = ux
+> vs Sx = u'x ux = u'’x strc Sx)
Hence

(a € AANandcT
> Nx € a(vs Sx = u'x strc Sxz)
+a€7T),
from which - via (1.21.10) - we deduce that
(T = A).
From this, 1° and 2° we obtain
(q¢ € A » strc Sa = ua
> vs Sa = u'a ua = u'a strc Sa),
whence (again with the help of 1°) we have

(Induced Sxy u'xy on 4).

Reference to (1.22.4) completes the proof. (]

The familiar recursion theorems

(nde HA = Ndc Axy sng.Hy)
(on A,f is induced by H =
(function is HA inducive is 4A on 4 is fANx€A(, fo = .Hstrcfax))

(ndc'hg = ndc Ag(g=0 A a V g#0 A ,h.gV dmn g)IN)
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(sequence is § = on N is §)

(sqnc 4 = ES(on N to 4 is S))

|

(sequence 4 = sqnc A4)
(ndc"Sa = ndc Ag(g=0 A a v g#0 A ..S5V dmn g .gV dmn g)N)
The Simple Recursion Theorem
(on A to A is h A a € 4
+~on N to 4 is fAa,.f0 = aAin € N(.f scsr n = .h,frn)ef=ndc'ha))
Proof. For convenience, we let

(H = Xg(g=0 A a v g#0 A h.gV dmn g)),

so that, in particular,

(ndec'ha = ndc HN).

Suppose to begin with that

(on N to 4 is fA.f0 = a A Nn € N(.f scsr n = .h.fn))

Then

(.f0 = a = .HO = ,H strc f0)

and

(0€ n A ne N

+ (0,a) € strc fn A dmn strc fn = n

> +H strec fn = .h.strc fn Vn

AN . A

With reference to {(i.18.4) and 1.

I
A

N
<

iy

1

L—b

S
\ g

that

(on N,f is induced by H),
and therefore that
(Induced fxy sng.Hy on N).
Hence (1.22.5)

(f = ndc'ha).

On the other hand, with
(f = ndc'ha),

we have (1.22,5)

(relation is f A dmn f ¢ N A "n € N(vs fn = sng.H strc fn))



_u8..

Then, as
(t € vs fO

© ¢t € sng.H strc fO

I
1"

o ¢ .H strc fO HO = a € U

o t = a),

we see that

(dmn strc f1 = 1 A Nx € 1(singleton 1is vs fx A .fax =a € 4)).
Now suppose that |
(0 en An €N A dmn strc fn = n A

Nr € n(singleton is vs fx A .fx € 4)).

Then

(.H strc fn = ,h.strc fn Vdmn strc fn

Lh.stre fn Vn

Lhof Vn),

whence

(.H strc fn . f Vnoe A).
It follows that
(7 € dmn strc f scsr nasingleton is vs frA, fn=.h,fVnegd),

from which -~ via our induction hypothesis - we deduce that

(dmn strc f scsr n = scsSr n A
Nx € scsr n(singleton is vs fx A .fx € 4)).
Thus (1.20.29)
(n € N~1(dmn strc fn=m A Nx € n(singleton is vs fxA.fx€4))}
so that
(on N to 4 is f).
Moreover, it is clear from the above argument that
(.f0 = a ~nn € N(.f scsr n = ,h.fVscsr n = .h.fn)).
The proof is therefore complete. 0
(S € sqnc map A4 A a € A

> on N tod is f A ,f0 = a Ann e N(.f sesr n = ,,S1, fn)

© f' = ndC"Sa)
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.9 The Primitive Recursion Theorem
(on Ny, 44 to A is h A a € 4
> on N to 4 is f A .f0 = a A NMnEN(.f scsr n = hn,.fn))
@ f = nde" Am € N Ax € A.h(n,x2)a)
Proof. Use (1.23.8) 0
Remark: With these theorems, the arithmetic of natural numbers
can be built up in the usual way; we shall not give the familiar
details in this work. ®
It will be noticed that there 1s, as yet, no guarantee
that our 'functions defined by recursion' in (1.23.7), (1.23.8)
and (1.23.98) are constructively well-defined: indeed, it is
clear from (1.16.31) and (1.17.18) that these functions are con-
structively well-defined if and only if this is true of the
set N. Accordingly, we adopt as an axiom, and as a further
expression of the leading role played by the natural numbers in
constructive mathematics, the Axiom of Content:
.10 (N € U).
As just noted, we now have
11 (on A to 4 1s h A a € A » ndc'ha € U)
.12 (5 € sqnc map 44 A a € A » ndc"Sa € U)
.13 (on N,,4 to 4 i1s h A a € A » ndc" M € N )z € 4. h(n,x)a € U)
We are now in a position to derive Morse's axiom éf
infinity ([14], 2,5.6) - namely
14 (U = UeNz(e A (¢ € U) A ((x € ¢) > sng x € ¢))))
Proof. By (1.12,7), (1.18.7), (1.23.7) and (1.23.11),
| (f = nde'xx sng =z O
+on Nis f A .f0 = 0 A Nn € N(.f scsr n = sng.fn) A f € U)
whence (1.16.31)
(¢ = rng ndc!Ag sng x O

+ 0 € ¢ Ac€UANI(x€c+»sngx € c)
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> Nx(0 € ¢ Ae € UA (x € ¢ > sng x € ¢c))).
Thus
(Ue Nx(0 € ¢ A e € UA (x € ¢ > sng x € ¢)),
from which the result readily follows. O
Remark: The purpose of (1.23.14) in Morse's classical system
is to prove the theorems
(x € U~ sng x € U)
and
(N € U).
We prefer to treat these as two axioms, replacing Morse's one

- to do so seems more in keeping with the spirit of [1]. ®

1.24%4, The mapping set axiom

Our next axiom - the Mapping Set Axiom,
.0 (A€ UAB€EU=~>»Ef(on 4 to B is f) € U)
- is our constnuctive substitute for the classical Power Set
Axiom

(A €U > Ex(x c 4)e U),

to the constructive application of which several authors (for
example, Mynill [{15J) have raised serious objections.

To make precise our own criticism of the Power Set Axiom,
let us first note that

'A set is not an entity which has an ideal existence.

A set exists only when 1t has been defined. To

define a set we prescribe, at least implicitly, what

we (the constructing intelligence) must do in order

to construct an element of the set....

A similar remark applies to the definition of a function:

in order to define a function from a set 4 to a set B,

we prescribe a finite routine which leads from an element

of A to [a uniquel element of B,..' ([1], page 2).
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(Actually, Bishop requires more of us than this: in the case
of a set, we must also prescribe 'what we must do in order to
show that two elements of the set are equal'. As equality 1is
an absolute, defined notion in our formal theory, and not pre-
scribed for each set - as in Bishop's approach - we omit this
extra requirement of his in the definition of a set.)

"Now Church's Thesis suggests - although we must stress
that it does not prove - that we have a clear idea of how to
construct a mapping of N into N, and therefore that, according
to the above criterion of Bishop, the set map NN is constructive-
ly well-defined. (No element of map NN is known which is
generally accepted as 'constructive' and ye%, not being general
recursive, contradicts Church's Thesis.)

On the other hand, no such tentative general character-
isation of constructively defined subsets of N is known or, we
believe, 1ikeiy to be found. For this reason, and until such
time as a characterisation of constructive subsets of N be
found, we are led to exclude Ex(x < N) from our canon of con-
structively well-defined sets.

It may be argued that, although our criticism of the
Power Set Axiom certainly provides good grounds for its
rejection, nevertheless we have.not, by one favourable example,
produced a strong enough case for the acceptance of the Mapping
Set Axiom. One way of meeting this objection is to restrict
ourselves still further, to the adoption of the axiom

(map NN € U).
It is interesting to note that, were we to take this approach,
we could deduce the theorems

(N € U),
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(nm € N(map nN € U))
and

(nm € N nn € N(map mn € U)).
To derive the first of these, we simply remark that

(N = rng A\f € Ef un € N(f = Az € N n).f0)
and refer to (1.17.18) and (1.16.31). To prove the second,
we have

(n € N A hemap nN A g = Ax € N(x € nahax v~(x € n) A 0)

> g € map NN A strc gn = h),
whence, clearly,
(on map NN onto map nN is Ag € map NN strc gn)
- from which, again by (1.17.18) and (1.16.31), we obtain our
result. Finally, the third of the above statements follows from
the second, the fact that

(me N ane Ns>map mn = Ef € map mN(rng f c n)),
and (1.12.4).

Unfortunately, the axiom

(map NN € U)
is too restrictive, in that it does not allow us to construct as
elements of our universe sucih objectis as 'the set of all finite
subsets of g' (where A is constructively well-defined): +to do
this, we appear to need at least the axiom

(A € U s map NA € U),
coupled with (1.23.10). But even this is not strong enough to
enable us to construct, for example, the set of all continuous
mappings of R into R as an element of the universe, where P 1is
the set of all real numbers., It is precisely such considerations as
these which serve to confirm our original resolve to adopt the

Mapping Set Axiom (1.24.0) as our constructive substitute for

the Power Set Axiom of classical mathematics.

Having sald all this, let us now make the convenient
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definition
.17 (sb 4 = Ex(x c 4)),
and comment further on the relation between the Power Set
Axiom and (1.24.0). To begin with, we note that with the Power
Set Axliom we can deduce the converse to (1.12.6) - that is

(VA € U > 4 € U).
For we then have

(VA € U+> A csb VA€ U~»4€ U).
In fact, as an axiom or theorem,

(VA € U » 4 € U)
1s equivalent to the Power Set Axiom: for the former gives

(A € U>Vsb4=4€U-=> sbd4ce U,
Note also that, in any event, the converse‘of the Power Set
Axiom is true within our present system:
2 (sb 4 € U+ 4 = Vsb 4 € U)

Next, we remark that (1.24,0) can be deduced as a theoremn

with the aid of the Power Set Axiom: for, with the latter,

(A€ UnB€EU=>Vmap 4B = 4,,B € U > map 4B € U).
Moreover, (1.24,0) is classically equivalent to the Power Set
Axiom: for, given that

(omniscience A 4 € U)
is a theorem, and setting

(s =Ef Ux € sb 4 (f ==Xx € 4A(z € X A1 v ~(z € X) A 0))),
we have .

(8§ < Ef(on A4 to {0 1} is f) € U),
whence (1,24.0)

(s € U).
As

(g = \f €S Ex € A(.fx = 1) > on S onto sb 4 is g)

we conclude from (1.17.18) and (1.16.31) that

(sb 4 € U).
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To end this section, we show how Morse's axiom of
replacement ({143, 2.5.7) --from which he 1is able to derive
(A€ U~»> sb 4 € U)
as a theorem - fits into our system:
.3 (omniscience » Ux((4 € U A x c 4A) A (ux € U) A ux)) € U)
Proof. Let
(8 = Ux((4 € UAzxzcd)ar (ur€U)Aux)).
Then
(~(4 € U) » (4€U) =0
> (A €E€UANxcAdArur€Unuxr) c (A€ U) =0
¥ 5 =Yg 0 =0
> S €1U).
On the other hand, it is readily shown that
(A€ U+ 8 =Ux(x € sbA aur € U A ux)).
Moreover,
(ux € U » (ux € U) = U
+ (ux € U A ux) € U)
and
(~(ux € U) » (uxr € U) = 0
~ (ux € U A ux) = 0 € Uj.
Thus
(omniscience » Nz € sb A((ux € U A uzx) € U)).
It follows from the remarks preceding this theorem,
and (1.12.0), that
(omniscience A 4 €U > 5 € U),
The proof is completed by one further application

of the Principle of Omniscience. 0
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Uf(univalent is f A dmn f € N A rng f = 4))

(subfinite is A4 = Uf(function is f A dmn f € N A rng f = 4))

(denumerable is A = Uf(on N onto 4 1s f A univalent is f))

(denmbl = EA4 denumerable is 4)

‘(countable is 4 = Uf(upon N onto 4 is f))

Note that - in contrast to Bishop's usage - the empty set

is both subfinite and countable.

(Un(n € N A map n4d) € U).
The result now follows from (1.18.4), (1.17.18),
(1.16.31) and the fact that

(subfnt n sb 4 = rng Af € Un(n € N A map nd)lrng f). [

1.25, Families of sets
.0 (finite is 4 =
.1 (fnt = EA finite is 4)
.2 .
.3 (subfnt = E4 subfinite is 4)
U
e 5
.6
.7 (cbl = EA countable is A4)
. 8 (fnt < subfnt < c¢bl)
.S (denmbl < c¢cbl)
.10 (4 € U > subfnt n sb 4 € U)
Proof. As (1.24.0)
("m € N (map n4 € U))
we have (1.12.0)
.11 (4 € U-> fnt n sb 4 € U)
12

(A € U-»> denmbl n sb 4 € U)

Note that

(4 € U~> cbl n sb 4 € U)

as a theorem or axiom is equivalent to
(sb N € U).

This is a consequence of the theorems
(N € U A (sbN = cbl nsbN)),

(cbl n sb A = rng Af € US € sbN map S4 rng f)
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More generally, if we were to accept the power set axiom -
as a theorem, then we w;uld be able to derive (1.25.10),
(1.25,11), (1.25.,12) and |

(A€ U > cbl n sb 4 € U)
quite simply, using (1.12.4).
The remainder of this section is intended as preparation
for the next, on Borel sets.

.13 ~(inhabited is A = Ux(x € 4))

<1k (htd =E A4 inhabited is A)

.15 (V'F = UG € subfnt n sb F sng VG)

.16 (I'F = UG € htd n subfnt n sb F sng IG)
.17 (V"F = ug € cbl n sb F sng VG)

.18 (I"F = UG € htd n ¢cbl n sb F sng IG)

.19 (VF = UG € sb F sng VG)

.20 (I'F = UG € htd n sb F sng IIG)
The extra condition of being inhabited is necessary 1in
(1.25.16), (1.25.18), and (1.25.20) to avoid the
appearance of N0 (equal to U).

.21 (F ¢ V'F ¢ V"F ¢ V F)

.22 (F c II'F c I"F c 1L F)

.23 (0 € V'F)

.24 (F ¢ G » V"F c V'@

.25 (F ¢ G -~ II"F < TI"G)

1.26. Borel sets

We believe that, barring the fact that Bishop's definition
applies to 'complemented sets' ([1], chapter 3, section 2), the
following captures the spirit of his inductive approach to
Borel sets.

.0 (Borel F = NB3(F ¢ B = V"B = NI"B)B)
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Of the following theorems, perhaps the most important in
practice are (1.26.3) and (2.26.,7), each of which illustrates the

inductive nature of definition (1.26.0).

1 (F c Borel F)
.2 (F ¢ B = V"B = 1I"B » Borel F c B)
.3 (F c S = V"S = II"S ¢ Borel F » S = Borel F)

U (Borel F = V"Borel F = II"Borel F)
Proof. By (1.25.,24), (1.25.25) and (1.26.2),
(F ¢ B = V"B =1"B
-+ Borel F < B
> V"Borel F ¢ V"B = B A N"Borel F c N"B = B),
whence
(V'Borel F ¢ NB(F < B = V"B = T"B » B) A
I"Borel F ¢ NB(F ¢ B = V"B = NI"B » B)),
and the result follows by (1.26.0), (1.25.21) and (1.25.22).7
.5 (S ¢ Borel F » V"S c Borel F A 1II"S c Borel F)
.6 (Borel F = MB3(F ¢ B A NS c¢ B(V"'S ¢ B A II"S < B))B)
Proof. By (1.25.21), (1.25.22), (1.25.24) and (1.25.25) it is

clear that
(NS < B(V"S < B A I"S c B) « B = V"B = NI"B)
The result follows almost immediately. [
7 (F ¢ X ¢ Borel F A NS c¢ X(V"S ¢ X A I"S ¢ X) » X = Borel F)
.8 (F ¢ sb X » Borel F < sb X)
Prooﬁ. Using (1.25.24), (1.25.25), (1.25.21), (1.25.22) and
(1.?6.4), we readily see.that
(S = Borel F n sb X
+ U"S < V"Borel F n V'sb X ¢ S &
M"S < N"Borel F n NI'"sb X < S

> 5 = V'S = 1I"S).,
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The proof is completed with reference to (1.26.1)
and (1.26.6). O
.9 (Borel F < sb VF)
In many ways 1t would be satisfactory to have
(F € U > Borel F € U)
as a theorem. In view of (1.26.9), this will certainly
be the case 1f we accept the power set axiom. On the
‘other hand, despite Bishop's one mention of the set of
borel subsets ([1], page 183, definition 1), it appears
that, in practice, we only need individual borel sets,
or countable families of borel sets, and not the set
Borel F of all such sets. Moreover, Bishop's 'improved'
constructive measure theory [ 4l does ﬁot seem to bother
with borel sets at all. For these reasons, we remain
content without
(F € U~ Borel F € U)

as a theorem.

1.27. Tuples

The constructive theory of tuples follows the classical
deve lopment almost exactly. Of particular notational interest

are the definitional schemas (1.27.6) and (1.27.7) and theorem

(1.27.18) -
.0 (bsdmn x = Et(bsvs xt € htq))
.1 (tuple 1is x =
(basicrelation is x A Nt é bsdmn x (bsvs xt = ss Vbsvs xt)))
.2 (tuple q is z = (tuple is z A bsdmn z = a))
.3 (crd tx = Vbsvs xt)
oL (The ¢ coordinate of x = crd tx)

.5 (bstrec za = 2 n (a .. U))
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Definitional schema

We accept as a definition each expression obtained from
'((xy € y) = (tuple is x A Nt € bsdmn & (crdtx € y)))'
by replacing '€' by a nexus which is not a comnma.
Definitional schema

We accept as a definition each expression obtained from

' (Each coordinate of x € y £ (x, € y))'

"by replacing '€' by a nexus which is not a comma.

(Cx,z',x2") = ((x,x')u (sng 2 .. ss x")))

((x,z!,x",z") = ((z,x',x") v (sng 3 .. ss x"M))

These last two definitions clearly generalise.

(tuple g is x A tuple q is y > ¢ = y © Nt € a(crdti =crdty))
(x = Ut € a(sngt..ss ut) > tuple a is x A Nt € a(crdtx=ut))

(crd’x = crd 0x A crd”"xz = crd 1x)

(p = 0 ¢ tuple 0 is p A Nit(crd tp = 0))

(p=sng 0 ..ss x> tuple 1 is p A crd 0p = x)

(p = x,x’ + tuple 2 is p A crd Op = & A crd 1p = x')

(p = z,z',x" > tuple 3 is p Acrd Op = x Acrd 1p = x! A

crd 2p = x")
(m€ NA#n€ENAm<n A tuple n is
> tuple m is bstrc zm A Nt € m(crd t bstrc am = crd ta))
What does an N-tuple look like? The answer is given by
the next two theorems, which also reveal the pardonable

confusion between sequences and N-tuples in informal

mathematics.

(x = Ex(tuple N is o A Mn € N(crd nx € A))Af = Ax € XAn€Ncrdnx

5> univalent is f A on X onto sqnc 4 is )
(sequence 1is S A X = Fx(tuple N is x A M € N(crd nx €.51n)) A

f = Axr € X An € N crd nx

s+ univalent is fa on X onto Eg(sequence is gamEN(.gn€.Sn)is f)
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Finally, we have two i1llustrations of the usefulness of

(1.2 76) and (1.27.7).
.20 (x,y, €A e x €A Ay € A)

.21 (Nx,y,2, € A u'zyz @ Nx € A Ny € A Nz € 4 uxyz)

1.28. Axioms of Choice

'When a classical mathematician claims he is a con-
structivist, he probably means he avoids the axiom of choice.
This axiom is unique 1in its ability to trouble the conscience
of the classical mathematician, but in fact it is not a real
source of the unconstructivities of classical mathematics. A
choice function exists in Eonstructive mathematics, because a
choice is implied by the very meaning of existence.' ([1],
page 9).

Perhaps it is the vagueness of these remarks of Bishop
that led Myhill to write: 'there is not a single use of the
axiom of choice in [1]. This is truly extraordinary; in the
introduction to his book, a mathematician defends the use of a
certain axiom, and then doesn't use it in hundreds of pages.
What is used over and over again is the principle that if for

every element x of a certain set 4 there is determined a unique

y such that ¢(x,y) then there is a function f defined on A such
that ¢(x,f(x)) for all x in 4.' [15]). (This last principle 1is
just our Theorem of Unique Choice (1.19.5). Note, incidentally,
that Myhill uses the standard notation f(z) where we would write
e fx D
In fact, as Bishop is vague, so Myhill is wrong! Over

and over again Bishop's informal analysis in [1] uses not only
unique choice but also dependent choicej; we shall see examples

of this later (cf. section 2.1). We should note, however,
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that Myhill has shown in [15]7that a general axiom of choice
contradicts Church's Thesisy we therefore trust that such a
general principle will not be required in our constructive
analysis.

To completely cover the situations discussed in [1], we
are therefore forced to postulate the Axiom of Dependent Choice:
.0 (a € 4 ANx(x € A > VUy(y € 4 A u'xy))

> Uf(on N to 4 is £ A .f0 = aur Mu(n € N u’,fn.f scsr n)))
This leads to
.1 (a € A AmeN~1nNx &€ map nd Uy € 4 u'zxy

> Uf € sqnc A(.f0 = a A Mm € N ~ 1 u’strc fn.fn))

Proof. Let

(B = En,f(n € N~ 1 A f € map "4))

and

(Np Nq(v'pq =

(st(crd”p,.crd"q crd'plx,y u'ay A crd'q = scsr crd’p A
crd"p = strc crd’q crd'p)).

Then

(n € N~ 1 A x € map nd Ay € A A u'zy A

g = (scsr n,At € scsr n(t € n A 2t V Tt = n Ay)l)
+q € BAV' (n,x)q),

so that

("p € B Yg € B vipg).

With the help of (1.28.0) we can clearly construct

a term g so that

(on N ~1 to B is g A .g1 = (1,{(0,a)}) A

M € N ~ 1 v'.gn.g scsr n).

A simple application of (1.20.29) then proves that

(fp € N ~ 1(dmn crd".gn=n A crd".gn=strc crd".gscsrn n))

from which - again via (1.20.29) - we readily obtain
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(f = \n € N.crd".g scsr n n

~on N to 4 is f A .f0 = a A Mn € N ~ 1 u'strec fn.fn).
Remark: In fact (1.28.1) is equivalent to (1.28.0): for if
(1.28.1) obtains it is easy to show that

(a € A ADx € A Vy €4 u'zxy

» Uf € sqne A(.f0 = a A M € N ~ 1 u'.(strc fn)V dmn strc fn.fn)),

from which (1.28.0) follows almost immediately. ®
.2 ‘The Principle of Countable Choice
(hn € N Ux € 4 u'nx » Uf € sqnc 4 M € N u'n.fny),
Proof. Let
(B = En,z(n € N A 2 € 4 A u'nz)),
Then it is clear that
(Ua € 4(0,a € B) A Np € B Ug € B(crd'qg = sésr crd’p)),
whence (1.28.0) there exists a term g such that
(g € sqgnc B A ,g0 = (0,a) A
Nn € N(crd'.g scsr n = scsr crd'.gn)).
To complete the proof we now need only set
(f = An € N crd”.gn). O
Remark: (1.28.0) can be derived from (1.28.2) with the help
of the extra Axiom of Internal Choice
(Nx € A Uy € A u'xy » Uf € map 44 Nx € A u'x, for).
I am grateful to Peter Hancock for pointing out the essence
of the following proof (and that of (1.28.3) below).
Let
(a € A ANx € 4 Uy €4 u'ay).
Then the Axiom of Internal Choice ensures that
(Uh € map 44 Nx € 4 u'x.hx),
whence (1.,23.7) there exists a term f such that
(f € sqnc A A .f0 = a A Mn € N(.f scsr n = .h.fun)),

For such f, it is clear that

0
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(tn € N u'.fn.f scsr n),
as we required. |
However, although 'internal choice' is certainly valid
within our system in the special case 4 = N, we think it unwise
to allow it for general sets 4: indeed, even in the case 4 = R
(the set of real numbers), 'internal choice' does not appear
to us as a satisfactory constructive principle. ®
Finally, we mention the more general choilice principle
.3 (sequence is T A g € .70 A M € N Nx € ,I'n Uy € T scsr n u'xy
+ Uf(sequence is f A .f0 = a A M € N(.fn€.Tnau'.fn.f scsr n))
Proof. Let
(4 = Enyx(n € N A x € .Tn)).
Then
(y € A»Un € NUxg € ,Tn(y = n,x)
+~Un € N Uxr € ,Tn Ux' € \T scsr n(y = n,x A u'ax')
+ Uz € A(crd’z = scsr crd'y A u' crd’y crd”’z)),
whence (1.28.0) there exists a term A such that
(h € sqnc 4 A k0 = 0,a A
Nn € N(crd'.h scsr n = scsr crd'.pnAu’crd”, hncrd”.h scsr n)
A straightforward application of (1.20.28) now shows
that
(" € N(crd’.hn = n A crd”".hn€.Tn A u'crd”.hn crd”.h scsrn)
whence
(f = An € N crd”.hn
» sequence is f A .f0 = a A

M € N(.fn € .Tn A u'.fn.f scsr n)). 0
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1.29. Concluding remarks on set theory

We do not intend to pursue further the detailed form-
alisation of constructive analysis within the system described

above., Suffice it to say that our axioms and theorems of con-

struction ensure that the set R of real numbers is constructively

well-defined (of particular importance in this context are
axioms (1.23,10) and (1.24.0), and that certain concepts in

[ 11 become much easier to handle within the formal system: for
example, a formal proof that the empty set in a metric space

is not located is quite simple, whereas an informal one 1is
rather difficult to describe precisely. Another situaticn
which is clarified by our formalisation appears at the start of
the next chapter of this work (section 2.1f.

We should also mention the 'counterexamples in the style
of Brouwer' so beloved of constructive mathematicians. These
are best handled by means of the definitions
.0 (limniscience = NS € sgqnec N (Mn € N(.Sn = 0) v Un € N(.Sn
.1 (The limited principle of omniscience = limniscience)

A 'Brouwer counterexample' to the proposition p then
becomes simply a proof that

(p >~ limniscience)
- a much more precise description than that usually made in
such cases (cf. [ 1], page 26). .

Finally, we refer the reader to Appendices 1 and 2, in
which we gather together the axioms of set theory for con-
venient reference, and sketch briefly an axiomatic approach

to proof theory within the above formal system.

70) )
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CHAPTER 2

PROLOGUE TO ANALYSIS

From this point on (when we turn to the consideration of
certain problems in constructive analysis, as_distinct from set
theory), we shall relax the notational riéidity of Chapter 1, and
allow those notations which have become standard in mathematical
practice: thus, for example, when we are dealing with functions,
we shall use either f(xz) or .fx, where the spirit of Chapter 1
would restrict us to the latter; moreover, we shall write "=" and
"e" instead of the "+" and "e" of chapter 1, and allow "»" both

its common employments, as a sign for convergence (as in

~

‘1imn+wxn')’ and as one for mappings (as in 'the mapping T - (Txl|y
where, in such cases, the domain of the mapping is known or under-
stood). We shall also write Q,R,RO+,R+ for the sets of rational
numbers, real numbers, non-negative real numbers and positive

real numbers respectively; C for the set of complex numbers; and
2% for the complex conjugate of an element z of C.

Before we pass on to the main body of this chapter, we had
better gather together a few important preliminary results on
metric spaces. Accordingly, let (E,d) be a metric space, £ a
point of E, and r a positive number, When there is no likelihoocd
of confusion over the metric in question - a caveat which applies
to all definitions and notations which make no explicit menticn of
a metric, norm, scalar product or underlying algebraic structure
on which terms under discussion are intimately dependent+ - we

write B(§,r), B(g,r) resPectiQely for the open ball

{x € E: d(E,z) < r} and the closed ball {z € E: d(§,z) < r} in

+If we want to emphasise the dependence on a particular metric d,
we can speak of d-completeness, d-compactness, d-continuity,etc.

!
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E with centre § and radius r; and AO,Z respectively for the
interior and closure of a subset 4 of F.

If A4 and B are subsets of E, we write dist(4,B) for the term
inf x,y € 4,,B .d(x,y) whenever this 1is constructively well-defined;
in the case where 4 = {£}, we write dist(£,B) rather than
dist({€},B). The subset B of F is said to be located (in E) if
dist(x,B) is well-defined for each x in Ej; in which case we write
E~-B - or, when no confusion is 1likely, simply -B - for the
metric complement {x € E: 0 < dist(x,B)} of B in F, On the other
hand, the diameter of a subset 4 of F is the term

sup z,y, € 4 .d(x,y) - otherwise written diam 4 - when this 1is
well-defined.

A mapping f of E into a metric space (f',d') is uniformly
continuous if there exists a relation w, with dmn w = R* and
rng w C R+, such that

(Ne,§ € w Nz,y, € E(d(x,y) < 6§ = d'(.fx,.fy) < €)),
w is then called a modulus of uniform continuity for f (on E).
We commonly abuse notation by writing w(e) for any & such that
(e,8) € w; this amounts to a notationally convenient - but dis-
pensable - application of ‘internal choice'. If f is an injective,
uniformly continuous mapping of E onto E' with uniformly continuous
inverse, we say that E and E' are metrically equivalent and that
f is a metric equivalence of E with E' (or between E and E'); in
particular, if this obtains for E = E' and f = Ax € Ex, then d and
d' are said to be equivalent metrics'on E.

Given € > 0, by an e-approxzimation to our metric space E we
mean an inhabited, subfinite subset S of F such that

(Nx € E Uy € S (d(x,y) < €)).

If £ has an e-approximation for each € > 0, then E 1is precompact;

if, in addition, g is complete, we say that it is compact. We

note that
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tf f ts a uniformly continuous mapping of a precompact
metric space E into a metric space E', then ,fE is
precompact; moreover, tf E' = R, then sup x € F , fx

and inf x € E ., fx are well-defined real numbers;

that
a precompact subset of a metric space is located, and a
located subset of a precompact metric space is itself
precompact;

and that

a subset of a finite dimensional Banach space is compact if
and only if 1t <1s closed, located and bounded.
By a cover of a set X we mean a family S of subsets of X
whose union is X, Of great importance is the proposition:
1f E is a compact metric space and € > 0, then there exists
a finite cover of E in which each set is compact, and of
diameter less than €
and the consequent theorem
1f E 18 a compact metric space, and f a uniformly con-
tinuous mapping of E into R, thén, for all but countably
many real numbers o > inf x € E ,fu, ihe set
{x € E: .fx < a}l is compact,
For further results on compactness, we refer the reader to
Chapter 4 of [ 1], from which these last two were extracted.
In the remaining chapters of this thesis we shall be
concerned with various problems associated with compactness
and local compactness in metric spaces (cf., Chapter 3 for the
definition of local compactness). We begin this present chapter
with an important result on locatedness (2.1.0), a variant of
which - namely, our theorem (2.1.1) - appears, and is incorrectly

proved, in Bishop's book ([ 11, Chapter 6, Lemma 7). From this
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we are led to two conjectures of considerable importance for
later work in Chapters 3 and 4. The chapter ends with some
important definitions and a constructive analogue of the
classical result that an injective, uniformly continuous mapping
of a compact space into a Hausdorff space is a homeomorphism

of its domain onto its range.

2.1 Some important results on locatedness.

.0 Let A be a complete, located subset of a metric space (E,d),

and & a point of E. Then there exists y in A such that, for each

-n+2

nin N, 2 < d(&E,y) entails N2

< dist(&,4).

Proof. TFor each n in N we have either a proof that

2-n-2 -n-1

< dist(£,4) or a proof that dist(§,4) < 2
We may therefore define recursively a mapping 6
of N into {0,1} such that, for each n,

6(n+l) < 8(n),

§(n) =2

0 = 2 < dist(g,4)

and
-n-1

S(n) = 1 = dist(g,4) < 2

With T any point of A, we now construct a sequence

in A so that: if 6(0) = 0, then Y., z

(yn)nEN
for each n; if 6(0) = 1 = 8§(n), then y is chosen

in 4 so that d(E,yn) < Q—n—lg while if §(0) = 1 and

6(n) = 0, then y_ = y, where m is that unique integer
such that 8§(m) = 1 and 8(m+1) = 0. Let p,q be natural

numbers with ¢ < p. Then

L

-p+1 "q+1

d(y ,y ) < 2 + 2
yp yq —

For if 6(p) = 1, then 6(q) = 1 and so
, < d(, + d(&,y )
d(yp yq) (g yp) &s¥,
< 7Pl pmatl

< 2—p+1 N 2—q+1
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if 8(p)

0 = 8(g), then Yy = Yo d(yp,yq) = 03 while

0 and 6(g) = 1, then there exists (unique)

if 6(p)
m such that ¢ <m <p, 6(m) = 1, §(m+1) = 0, and
d <z

(yp’yq) — k=g+1 d(yk’yk—l)

~k -1 -k

m (2 + 275

Zk=q+1

(o0}

Zk=q

<

-k

< 2

-p+1 -g+1

< 2 + 2

It follows that (yn) is a Cauchy sequence in A, and

therefore converges to a point y of 4, where

-n+1

Nn € N(d(y,yn) <2 ).
Now let n belong to N, and suppose that 2-n+2 <d(&,y).
Then
d(&,y,) > dlg,y) - dly,y, )
s oTN¥2 2—n+1
S 2-n—1
whehce 6(n) = 0 and therefore 2772 dist(g,4). O
An immediate corollary of this 1is
.1 Let A be a complete, located subset of a metric space

(E,d), and & a point of E such that 0 < d(&,z) for each z in A.
Then 0 < dist(&,4). ]

Remarks: (i) Before finally taking our leave of the formal
mathematics of Chapter 1, it is well worth our while to sketch
the formal layout of the first part of the proof of (2.1.0) (the
construction of the sequence - or, strictly, the N-tuple -
(yn)nEN)' One good reason for doing this is to show up an
apparently unavoidable need of the Axiom of Dependent Choice

(1.28.0); another is that the formal proof makes the construction

of the function 6 very much clearer than does the above argument
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(even in a less terse form). For the duration of this present
remark only, we shall revert to the notation of Chapter 1, with
the assumption that all the various operations of addition,
exponentiation, etc, on real numbers, and such terms as
dist(g,4), have been defined in the appropriate manner, and have
the expected properties.

Let

n-1

(¢ = am,ne{12}, ,N(ma((m 1 A dist(g,4) < 2 ) Vv

2 A 2772 < aist(£,4))))).

(m
Then (1.18,6)
(on {12},,N is ¢).

Moreover, as

n-=72 n-1

(m € N(2~ < dist(E,4) v dist(£,4) < 27 7))
and
(Nz,y, € R((z <y » (x < y) = Wnal~(x < y) > (x <y) = 0))),
it is clear that
(m € NUme{12}(.¢(m,yn) = m)).
Thus (1.28.2)
(on N to {12} is g A "n € N(.¢(.gn,n) =.gn))

for some term g. We now set

(h = xmyn € N, ,N min(2 - .g scsr m,n))
(8 = nde"Xm € N Az € N.h(n,z)(2 - .g0))
(o0 = The m € N(.8m = 1 A .8 scsr m = 0)).

Then, (1.23.9)

(on N to N is 6A,80=2-.g0AMnEN(.dscsrn=min(2-.g scsr n,.6n))).
Noting that

(n € N A .¢(1,n) = 1

-n-1 n=2

1 n (U n (dist(g,4) < 2 a0 v (27

= 1 n (dist(&,4) < 271 1

» 1 < dist(&.,4)))

+ 0 e (dist(g,a) < 2771

> dist(g,4) < 2777
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and that (likewise)
(n € N A ,¢(2,n) = 2 +‘2—n—2 < dist(g§,4)),
it is now a straightforward matter to apply the Theorem of

Induction (1.20.19), to obtain

(rng 8c{01}ANnEN(.8 scsr n < LSna(Sn=0-2"""7 ¢ dist(§,4)) A
(LSn=1+dist(£,4) < 2777 1))
We also have
(.80 = 1+MEN~1(.6n=0 -0 EN A 80 = 1 A .8 scsra = 0))
and

n=2yy).

(MMENNXEAVYEA( (.8 scsrn=0az=y) V(.8 scsrn=1a.d(E,y)<2
Now, a simple corollary of (1.28.3) is

(a€EAAMMENNZEAVYEA u'"nxy->UfEsqne 4 (. f0=arMne€N u'n.fn.f scsrn)).
(To prove this, we simply set

(T = An € N{n},,4),
apply (1.28.3) to produce a term F such that

(sequence is FA.F0=(0,a)AMmEN(.Fn€ , TnAau"n crd”.Fn crd”.Fscsri))
and then set

(f = \nm € N crd".Fn)).

It should be clear that, with € any point of 4, there exists a

term'y such that

1

(y€sqncAA((.80=0A.y0=2)v(.80=1A.d(E,.y0) < 2 7)) A

n=24y)

MEN((.8scsrn=0A,yscsrn=.yn)v(.8scsrn=1A.d(E,.yscsrnXx 2
To show that such a term y fulfils our requirements for the proof

of (2.1.0), it only remains to prove the statements

An € Ng)

(.60 = 0 » y

1 > .d(g,.yn) < 2—n-1

(n € N A .8n
and

(n €N A .80=14A .8n=20~>.yn = .yo € A4)
-~ the simple details of whose proofs we shall omit,

(ii) In general, we shall find more use for (2.1.1) than for

(2.1.0). TFor applications of the latter to the constructive
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theory of connectedness in metric spaces, we refer the reader

to Appendix 3. ®

2.2 Two important conjectures.

Being familiar with classical mathematics, and bearing in

mind (2.1.0), we are naturally led to

Conjecture 1: 1If K is a compact subset, and 4 a complete,

located subset, of a metric space E, then there exists y in K such
that 0 < dist(y,4) entails 0 < inf x € K dist(x,4)
- the constructive validity of which would certainly be of some
practical value (cf. remark following (A3.3.2) in Appendix 3).
Unfortunately, neither constructive proof nor 'Brouwer counter-
example' is known for this conjecture, even in the weaker form
in which 4 is also compact. We should note, however, that the
prdposition

if f is a uniformly continuous mapping of a compact metric

space K into RO+, then there exists y in K such that

0 < .fy entails 0 < inf x € K.fx

- & classically valid generalisation of Conjecture 1 - is essentially

=3
c
d
_+.
—de
D

non-constructive: for, applied to the function
Ay € K(.fy - inf z € K.fx), with f any uniformly continuous mapping
of K into RO+, it entails that f attains its infimum; which, in
turn, entails the limited principle of omniscience (cf. 20 1,
(8.3.2)).

Closely related to Conjectufe 1, and clearly a generalisation

of (2.1.1), 1is

Conjecture 2: If f is a uniformly continuous mapping of a compact

metric space X into R, and 0 < .fx for each x in K, then
0 < inf = € K, fx.
Again, we are unfortunate in having neither proof nor counter-

example for this statement; indeed, Bishop (in a private
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communication) has expressed the opinion that Conjecture 2
'Will never be either proved or disproved' within the frame-
work of constructive mathematics.

In spite of this, we can prove Conjecture 2 within the
wider system of Brouwer's intuitionistic mathematics. Before
doing so, however, we require some of the basic definitions of
this system, which we now state in the form most suited to our
present purpose (cf. [12], Chapter 3).

By a spread law we mean a subset S of {f:Mm€N~1(on n to N is f)
with the property

(MmeN(({0,n}esv{0,n}és)anFeS (A {dmnf,n}IESVH {dmnf,n}§S))IA

NFESUnEN(fu {dmnf ,nIES)IA
NFfESMEN~1(strec fne€s)),
A spread is a pair (S,C) comprising a spread law S and a mapping
¢ with domain S. A sequence f is admissible for the spread
(5,0) if strc fn belongs to S for each n in N~1; in which .case
An€EN~1.C strc fn is called an element of the spread in question.
A spread (S,C) is finitary if

((finite is {neN:{0,n}es})anres(finite is {n€N:fu{dmnf,n}es)).

)

A finitary spread is also called a fan. Wc shall shertly have

need of Brouwer's Fan Theorem : 1f ¢ is a (constructively

defined) mapping of the set o of elements of a finitary spread

into N, then there exists a positive integer v such that
(Nf,g,€0(strc fv = strc gv = .¢f = dg)).

By a finitary point representation of a metric space E, we mean

a pair (a,(5,C)), where o is a sequence in E and (S,C) a finitary

spread such that .Cf = o:f for each f in §; every element of

(S,C) converges in EF; and every element of E is the limit cf

some element of (5,C). TFor our present purpose, it suffices to

note that a compact metric space has a finitary point represen-

tation ( 217, (3.11)). We are now in a position to give an
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.Intuitionistic proof of Conjécture 2.

Let (0,(5,C0)) be a finitary point representation of the
compact metric space X, and f a uniformly continuous mapping of
K into R with 0 < .fz for each x in X. A straightforward
application of the Axiom of Choice in the form (acceptable to
an intuitionist)

(Ng€TUneN u'gn = Up(on 1 to N is ¢ANgET u'g.dg)),
where T 1s the set of elements of a spread, enables us to con-

' struct a mapping ¢ of the set o of elements of (S,¢) into N~1,

such that

(HQEO((.¢g)—1“< . f limn+w.gn))).

Using the Fan Theorem, we now obtain Vv in N~1 with the property
(ng,h,€c(strc gv = strc hv = .¢g = .oh)).
As K is inhabited and (S,C) is finitary, the set
{g€0:UsE€S(g = strc sv)}
is, both inhabited and finite, as is therefore rng ¢. With
§ = inf g€g Cuog) T,
it is now clear that 0 < ¢ < inf x€K.fx, as we required.
Remarks: The uniform continuity of f is superfluous to the
needs of the intuitionist, as his mathematics admit a fproof’
that every mapping of a compact metric space K into a separable
metric space is uniformly continuous ([21], (3.12)).
It must be stressed that the above intuitionistic proof
does not count as a constructive proof as understood by Bishop
or ourselves: we do not accept such ideas as the Fan Theorem
as principles on which constructive mathematics may be based, any
more than we accept the%law of excluded middle or the limited
principle of omniscience. Nevertheless, we do not expect to

find a constructive situation in which Brouwer's intuitionistic

principles fatl to hold in retrospect: thus, for example, if
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we have a solution (in our sense) of a constructive mathematical
problem to which the intuitiéhist would have applied the Fan
Theorem, we expect that what is asserted in the Fan Theorem will
be seen to hold good from the vantage point of one who has actually
solved the problem - but not necessarily from that of one to whom
the solution of the problem is still a mystery. It is for this
reason that we do not expect to produce a constructive proof

that Conjecture 2 entails the limited principle of omniscience.

On the other hand, it is presumably the similarity between the
above intuitionistic proof of Conjecturé 2 and that of the
uniform continuity of real-valued functions defined on a compact
metric space that has 1ed.Bishop to the conclusion that Conjecture
2 'will never be either proved or disproved' in constructive

mathematics. ®

2.3, Metric injectiveness.

We conclude this chapter by discussing a situation in
which a proof of Conjecture 2 would be valuable. But first
we need several definitions.

Let (E,d) and (E',d') be metric spaces. A subset A of F
is called a compact image in E if there exists a compact metric
space K and a uniformly continuous mapping of X onto 4., A
mapping f of E into E' is continuous 1f it is uniformly con-
tinuous 'near' each compact imaée A in E, in the following precise
sense:

(neeR*UsER NZEANYER (d(x,y) < & = d'(.fz,.Fy) < €)).
This definition is made to coincide with the definitions given
in[ 1] for continuilty oﬁ compact or locally compact metric
spaces, andlto ensure both that the composition of two con-
+inuous functions is continuous, and that a continuous function

is 'pointwise' continuous in the usual sense. The definition
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first appears in [ 2]

. If there exists an injective, continuous mapping f of
E onto E' with continuous inverse, then we say that E and E' are
homeomorphic metric spaces, and that f 1s a homeomorphism of
E on E' (or 'between E and E' '), 1In particular, if E = E' aﬂd
the mapping Ax € E x is a homeomorphism of E on itself, then
d and d' are said to be homeomorphic metrics on E.

A mapping f of E into E' is precontinuous if it is
uniformly continuous on each compact image in E. Clearly, a
continuous mapping is precontinuous, and every precontinuous
mapping on a compact metric space is continuous.

A precontinuous mapping f of F into E' is metrically injective
if, for any compact subsets A,B of £ with 0 < dist(4,B), we
have 0 < dist( ,f4, ,fB). (Note that we need precontinuity of
f in this definition to ensure that dist(,;f4, ;fB) 1s well-
defined.) Finally, a mapping (precontinuous or, otherwise) f of
E into E' is metrically weak-injective if

(hx € E Ny € E(0 < d(xz,y) = 0 < d'(.fx,.fy)))

It is comparatively trivial to show that, were Conjecture 2
vailid, the concepils of metric injectiveness.and metric weak-
injectiveness would coincide for precontinuous functions;
moreover, these concepts are equivalent for the intuitionist.

The fundamental result on metric injectiveness 1is
. 0 Let (E,d) be a compact metric space and f a untformly
continuous, metrically injective mapping of EF into a metric
space (E',d'). Then inv f is uniformly continuous on ,fE, and
JE 1s compact.

Proof. Given ¢ > 0, we construct a finite cover

{KO""’Kv} of £ in which each set is compact, and

has diameter less than /3. There exists r in R

such that 0 < r < ¢/3, and
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5, = {z€F :r< dist(m,Kj)}
is compact or empty for each J in N~scsr v.

Without loss of generality, we suppose that each Sj 1s

compact, and then set

S .
J

S

min{3$ .,Gv}.

0,'.

Then, as 0 < »r < dist(Sj,Kj) for each J in N~scsrv and
f is metrically injective, we see that 0 < §, Choosing
x and y in E such that d'(.fz,.fy) < §/2, and then
J in N~scsrv with y in Kj’ we now clearly have
dist(.fx,*ij) < Gj, dist(x,Kj) < r, and therefore
d(x,z) < 2r» for some z 1in Kj' It follows that
d(x,y) < dx,2) + d(y,z)
< 2r + diam Kj
< 2¢/3 + €/3 = ¢,
This proves uniform continuity of inv f on *fE. It
is*now comparatively trivial to prove ,fE complete,
and therefore compact. U
Remark: It might be feared that (2.3.0) would lead to a contra-
diction of the well-known fBrouwer counterexamples® to the
classical theorem that every uniformly continuous mapping of a
compact metric space into R attains i1its supremum and infimum,
To remove this fear, we point out that the propositions
a. for each r in R it is decidable whether or not
Ax €[ 0,1] gx is metrically injective,
b. every uniformly continuous mapping of [ 0,1] into R
attains its supremum and infimum
and
c., for each z in RO+, either x > 0 or = 0

are equivalent to each other, and therefore to the limited

principle of omniscience (cf, 1], page 26). ®
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CHAPTER 3

LOCALLY COMPACT SPACES AND THEIR COMPACTIFICATIONS

By a locally compact space we mean an inhabited metric
space F with the property: for each bounded subset B of E, theré
exists a compact subset X of F with B C XK. Such a space is both
separable and complete. Moreover, a mapping of a locally compact
space E into a metric space E' is continuous if and only if it
is uniformly continuous on each compact subset of E - or, equi-
valently, on each bounded subset of E; in which case, it carries
bounded subsets of E into bounded subsets of E'.

The main concerﬁ.of this chapter is to demonstrate the
existence and uniqueness (up to metric equivalence) of a useful
embedding of a given locally compact space as a subset of a compact
metric space - the constructive analogue of the Alexandrov com-
pactification of classical topology (Sections 3.3 - 3.5). Some
of our theorems are mentioned - and, in the case of (3.3.7),
proved in detail - by Bishop ([1], Chapter 4); we have included
these results for one or more of the following reasons: for the sake
of completeness (as with the results of Section 3.1); as motiva-
tion for later work (3.3.0); and (as with (3.3.7)) because our
proof has substantial improvements on that given by Bishop.

Section 3.2 appears as an interpolation in the main body of
the chapter; however, its results - and especially (3.2.2) - will
be of considerableuse in Chapter 5, and should not be overlooked.

We conclude this introduction with a remark on notation:
if A,B are subsets of a metric space (E,d), we shall write
d(A,B) - rather than dist(4,B) - whén we wish to make no mistake

about the metric under consideration.
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3.1. Compactifiers

By a compactifier for the metric space EF we mean a con-
tinuous mapping f of E into R such that *f(]—w,r]; is bounded for each
real number r. In the constructive theory of lbcally compact
spaces, compactifiers play a particularly important role, the per-
formance of which depends on
.0 If f is a compactifier for the locally compact space E, then
inf x € E. fx is well-defined; and, for all but countably many
real numbers r > inf x € E, fx, the set *f(]—w,r]) 18 compact.

Proof. With a any point of E, K a compact subset of E such

that *f(]—w,nfa + 1]) C kK, m=zinf x € K.fx, and x any
point of E, we have either .fx < .fa + 1 - in which case
; € K, and m < .fx - or m < .fa < .fx. Thus inf x € E.fx
exists, and equals m. Without loss of generality, we
suppose that m < 1. With (Kn)1<n a sequence of compact
subsets of F such that -

(n € N~1( f(J-2,21) C K ),

we see that, for each positive integer n,

inf x € Kn.fx = m,

and there exists a sequence (cnk)kEN in Jmyo[ with the
property: K n *f(]—w,rj) is compact whenever r € R,
m<pr<mn,andr ¥ e, for each k. As

*f(]-w,r]) = K 0 *f(]*w,r])

for each r in ]l-~o,n], we conclude that *f(]—W,r]) is
compact whenever r € R, m < r, and r ¥ e, 1 for each

n and k. O

Using this result, we can prove ([1], Chapter 4, Proposition
13):

.1 A4 locally compact subset of a metric space is closed and

located; and a closed, located subset of a locally compact space

is itself locally compact. [



..80...

"Remark: It might be thought that we require the subset under
consideration in the second part of (3.1.1) to be also inhabited.
However, this requirement is superfluous, as a located subset
of an inhabited metric space (E,d) must itself be inhabited: for,

given any point a of E, we can find x in S with d(a,x) < dist(a,S)+1. @

3.2. Applications to dimensionality

An important consequence of (3.1.1) is ([1], Chapter 9,
Proposition 5):
.0 A closed ball in a finite dimensional Banach space is compact. 0O
The converse of this is proved along the familiar classical
lines (cf.[ 8 1, (5.9.4)):
.1 If the closed unit ball of a normed linear space E is compact
- or, equivalently, <f E is locally compact - then E is fintite
dimensional. U
As an application of (3.2.0), we shall derive simple, but
interesting, alternative criteria of finite and infinite
dimensionality for Hilbert spaces, in terms of orthonormal bases.
But before doi;g so we had better make quite clear exactly what
we mean bv the terms 'infinite dimensional', and 'orthonormal basis’.

A normed linear space (E,|| |) is infinite dimensional if,
whenever V is a finite dimensional subspace of E, there exists
z in E such that

0 < inf y € V |z-y]] .

On the other hand, a sequence (an)i in the Hilbert space (H,(]))

<n

is an orthonormal basis for H if 1t is orthonormal- in the sense

that <am|an) = 0 whenever m # n; and, for each n, either a, =0
or ||la_|] = 1 - and each z in # has a unique representation of the
n
form
(e o]
x = I

x a
n=l1l "n'n
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with each X in C, and x = 0 when a = 0. It can be shown
({11, Chapter ‘9, Theorem 7) that every (separable)T Hilbert
space (H,<|)) has an orthonormal basis, and that, for each

orthonormal basis (an)1 for # and each x,y in n,

<n

x = anl(xlan)an
and
(z|ly = zn:1<x|an><an|y>.
With these definitions behind us, we can now prove
+2  Let (an)1<n be an orthonormal basis in the Hilbert space
(H,{ D). Then

(a) in order that H be infinite dimensional, 1t 1s necessary

and sufficient that there exist a strictly increasing

sequence (nk)kEN of positive integers such that ”a”k” = 1
for each k.

(b) in order that H be finite dimensional, <1t is necessary and
sufficient that there exist v in N such that a, = 0 fof
n o= V.

Proof. We first prove that: if V is a finite dimensional

subspace of H, then there exists v in N~1 such that

0 < inf z € V|lz - a, | whenever n > v and ”an” = 1. To
do this, we let {xo,...,xm} be a 1/2-approximation to
the unit ball v, = {zeV:|z|] < 1} of V (3.2.0). For

each k 1n scsr m, as
2 oo 2
"xk“ = Zj‘-_-il(xklaJ) 1%
we may choose v, in N~1 so that [(a la )| < 3/8

whenever n > v,. With P the projection of H on V,

¥ I+ should be remembered that, in constructive analysisP all
Banach and Hilbert spaces are separable by definition; indeed,
Bishop 'knows of no constructively defined nonvoid metric
space that can be proved to be nonseparable' ([ 1], Appendix A).
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v = max(vo,...,vm), and n » v, Wwe now suppose that-

Han“ = 1. Then.Pan € V4, and so there exists k in

scsT m with |[Pa - 2, || < 1/2. For this same k, we have
2 2 2

|z = a,II" = lxpI® - 2Retzyla) + |la, |

> 1 -~ 2Re( xklan)
> 1/4

(where 'Re' denotes f'weal part of'), whence

inf z € Vla, - all = la, -.Pa,l|

n
la, = Il = llej, -.Pa ||
> 0

v

as we required.

There is now no difficulty in proving 'sufficiency'

in (a), and the non-trivial part of (b). The proof

of 'necessity' in (a) follows the lines of the Gram-
Schmidt construction in Theorem 8, Chapter 9 of [1],

and 1s omitted here. 0

3.3. Compactifications

We now turn to the main subject of this chapter, the
embedding of locally compact spaces in compacﬁ spaces. Our
first theorem - which appears without proof on page 103 of [1]
-~ is important both in its own right, and as motivation for
certain later parts of this section.

.0 Let E be an inhabited set, the metric complement of a
located subset Y of a locally compact space (X,d). Let h be a

1

compactifier for (X,d), and g the mapping Ax € E(.hx + d(z,Y) )

of E into R. Then E is locally compact with respect to the metric

m

d. = Az,y € E,,E(d(x,y) + |.g= - -gy|),

0
and g 18 a compactifier for (E,do).

Proof. To begin with, we note that, for real numbers

* _ %
r.§ with s > r, ,g(]—w,r]) C h(l-~,s]); that

~
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*h(]—w,r]) is a compact subset of X for all but
countably many r > e, where ¢ = inf = € X.hx (3.1.0);
and that *g(]—w,r]) is mnempty for all large enough
r. Choosing a in EF, and then » in R so that

max(e, .ha + d(a,Y)—i) < r,

*
we can therefore find s > r» with #h(]-»,s]) compact. As

sup x € *h(]—w,sj).d(x,Y) > dla,¥Y) > (s - c)—l,'
there exists o such that 0 < a < (s - c)-1 and
4= h(1-w,s1) o {z : dlz,?) > o

is compact (cf. introduction to chapter 2). Then

ACE=2X-Y. Moreover, for r < t < s, *g(]—w,t]) C 4,
so that

Tg(1-w,£1) = {z € 4 1 .gz < t} = ‘strc gA(J-e,t1).

Now,

inf x € 4 .gx < .ga < s,

so that we may choose real ¢t with r» < t < s and

*stre gA (1-»,t]) (nonempty and) compact - that is,
*g(]~w,t]) compact. Moreover, for such ¢, it is

readily seen that g is uniformly continuous on
*g(]—w,tj) with respect to the metric d.

It is now clear that we can construét a strictly
increasing sequence (rk)keN of positive integers greater
than ¢ such that, for each k, *g(]—w,rkj) is compact

and g is uniformly continuous on *g(]—w,rk]) with respect
to d. This last condition also ensures that

*g(]—w,rk]) is d,-precompact for each k; moreover, as
dlz,y) < do(x,y) for z,y in E, a dO-Cauchy sequence in
*g(]~w,rk]) is d-Cauchy, hence d-convergent, and so
(again by continuity of g on (*g(]-w,rk]),d))

*g(]—m,rk]) is (complete and) compact with respect to do.

If S is a do—bounded subset of £, § > 0 is chosen so that
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do(x,a) < 8 - and therefore d(x,a) < 6 and |.gxz - .ga| < §
- for each x in S, and then k is chosen so that
l.gal + § < r,, we see that S 1s contained in the dO—
compact subset *g(]~w,rk]) of F. Hence (E,do) is locally
compact. |
Now, it is clear that g is uniformly continuous on F with
respect to d,. This, together with the dy-boundedness of
*g(]-w,rk]) for each k, and the inclusion
*g(]-w,r]) - *g(]—w,rk]) - valid for r < r, — shows that
g 1s a compactifier for (E,dj). [
.1 Under the conditions of (3.3.0), 2f ¥ = {w} is a singleton
subset of X, then a subset K of E is d-compact if and only if it
18 do—compact, in which case g is uniformly continuous on (K,d).
Proof. Let X C E be d-compact. Then (2.1.1) d(w,k) > 0,
so that Mx € K.d(x,w)_1 is uniformly continuous on (X.,d),
Ax € K x is a uniformly continuous mapping of (X,d) onto
(k,dy), and therefore K is dy-compact. On the other hand,
if X C E is d0~compact, then - in the notation of the
proof of (3.3.0) - K C *g(J—w,rk]) for some k, so that
g is uniformly continuous on (X,d), and (as a simple
argument shows) K is d-compact. 0
As a corollary, we have
.2 Under the conditions of (3.3.1), if E is locally compact with
respect to the metric d, then d and do are homeamorphic metrics on E. [
Remark: The generalisation of (3.3.1) to the case where Y is
complete and located in X, but not necessarily a singleton, appears
to depend on Conjecture 1 of Section 2.2. ®
.3 Let (E,d) and (Xx,d') be locally compact spaces, e a continuous,
injective mapping of E onto the metric complement of a single

point w in X, and dO the metrie
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e,y €E,,E(d'(.ex .ey) + |d’(.e:zc,w)—1 - d'(.ey,w)—il)
on E. Then the following two conditions are equivalent:
(a) e is metrically injective, and inv e is precontinuous

(b) d,do are equivalent metrics on E.
Moreover, if either of these conditions obtains, then inv e is
metrically injective; a subset K of E is d-compact if and only
1f eXK is d'-compact; and, if X is also compact, e is uniformly
continuous on (E.,d).
Proof. By (3.3.0) ,eE is locally compact with respect
to the metric
dé = Ax,y € *eE,,*eE.dO(.inv e x, .inv e y).
As e is an isometrj of (E,do) onto (*QE’dO’)’ it follows
that (E,do) is locally compact, and (3.3.1) that ¥ C E
is do-compact if and only if ,eXk is d'-compact; in
which case 0 < d'(w,,ek) (2.1.1), Xz € *eK.d’(z,w)—l
is uniformly continuous on (,eX,d'), and therefore
strc inv e,eX is uniformly continuous as a mapping
of (,ek,d') onto (K,do). That (a) entails (b) follows
from this, the (obvious) uniform continuity of e as a
mapping of (E,do) onto (,ek,d’), the definition of
"'precontinuous function', and (2.3.0).
Conversely, let us suppose that condition (b) obtains.
Then it is clear that e is continuous as a mapping of
(E,d) onto (,eE,d'), that K ¢ F is d-compact if and
only if ,ek is d'-compact, and that inv e 1is precontinuous
as a mapping of (,eE,d') onto (E,d). Let 4 and B be
d-compact subsets of E with ¢ = d(4,B) > 0. Then, choosing
d-compact K ¢ E with 4 v B ¢ K , and a modulus § of
uniform continuity for strc inv e ,eK as a mapping of

(*ek,d') onto (x¥.,d), we see that

d'(,ehd,eB) > §(c/2) > 0
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Thus e is metrically injective. This completes the proof of the
equivalence of conditions (a) and (b).

We now suppose that either, and therefore both, of
conditions (a) and (b) obtains, and note first that, by an
argument similar to one used above,inv e is metrically injective
as a mapping of (,eE,d') onto (E,d). Supposing, in addition,
that X is compact, it remains to prove that e is uniformly con-
tinuous as a mapping of (E,d) onto (,eF,d'). Given ¢ > 0, we
choose real » so that 0 < » < ¢/2 and

s = {x€ex : d(z,w) > r}
is d'-compact (this is possible because X is compact and X -{w}
is inhabited - cf. introduction to Chapter 2). Then S C *eE,*eS
is compact, and we can find ¢ > 0 so that |

T = {x € F : d(x,*eS) < 3e}
is d-compact (3.1.0). With § a modulus of uniform continuilty
for e on 7, and # and y points of E such that d(z,y) < min(s(e),e),
we now have; either d(x,*eS) < 2¢ - in which case x and y both
belong to T, and therefore d'(.ex,.ey) < € - or d(x,*eS) > c.

In the latter case, d(y,*eS) > 0, and the metric injectiveness

of ¢ ensures that 0 < d'(.ex,S) and 0 < d'(.ey,S), whence
d'(.ex,.ey) < d'(.ex,w) + d'(.ey,w) < 2r < €.

Thus indeed, e is uniformly continuous on (E,d). 0

Under the conditions of (3+3.3), if X is compact and either
(and therefore both) of conditiong (a) and (b) obtains, we say
that ((x,d'),e,w) - or, when no confusion is likely, (Xx,d') -
is a one-point compactification of (E,d) with point at infinity
w and canonical injection e.

An immediate consequence of (3.3.0) and (3.3.3) is
4 Let (X,d) be a compact space, E the metric complement of the

single point w in X, and dO the metric

re,y € E, E(d(x,y) + ld(x,w)‘:l ~ d(y,w)—ll)
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on E. Then (E’dO) 18 locally compact, and ((X,d), Ax € E x,w) %8
a one-point compactification of (E,do). N
As a partial converse of this, we have
.5 Let (X,d) be a complete, bounded metric space, E the metric
complement of a single point w in X, and suppose that E is locally
compact with respect to the metric
dO = \z,y € E,,E(d(x,y) + ld(o:,w)—1 ~ d(y,w)_ll).
Then X 1s compact.
Proof. Let € be a positive number, and ¥ a positive number
such that d(x,y) < M for each z and y in X. Then
A=z {x € x : dlz,w) > €/2}
is a subset of E, and dO(x,y) < M+ 48—1 for each x and
y in A. Thus, there exists a dO—compaCt subset K of F
with 4 ¢ K. Let {xo,...,xv} be an e-approximation to
(K,do). Then, given z in X, we haveeither d(x,w) < €
or d(x,w) > €/2; in the latter case, x belongs to 4,
and so
d(x,xj) < do(x,xj) < €
J < v. Thus, {w,x

for some j, 0 < ,xv} is an

SRR
e-approximation to (X,d), which is therefors precompact.
As X 1is complete, this proves our theorem. 0
Our next result covers the special case when our locally
compact space is in fact compact.
.6 Let ((Xx,d'),e,w) be a one-point compactification of the
locally compact space (E,d). Then a subset A of E is bounded
if and only <f there exists ¢ > 0 such that d'(.ex,w) > ¢ for
each z in A, in which case inv e ts untformly continuous on ,eA.
In particular, E is compact if and only 1f there exists ¢ > O
such that d'(.ex,w) > ¢ for each x in E,.

Proof. IfA < E and there exists ¢ > 0 such that d' (.ex,w) > ¢

for each & in 4, we choose t so that 0< t < ¢ and
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K' z {x € x : d'(z,0) > t}
is compact. As €4 € K', it follows that 4 is bounded
(3.3.3) and inv e is uniformly continuous on ,ed. The
converse follows simply from the definition of local
compactness, (3.3.3) and (2.1.1). The last part of the
theorem is an immediate consequence of the first. U
We conclude this section with the fundamental theorem on
the existence of one-point compactifications; our proof is based
on that of Theorem 9 of Chapter 4 of [1], the main difference
being the simplifications we introduce by the use of the concept
of metric injectiveness.
.7 Every locally compact space has a one-point compactification.
Proof. Let (E,d) be a locally compact space, (an)1<n
dense sequence in E, and define -
f 2 An € N~1 Xz € E min(1,d(x,a )).
Let Y be the set map N~1 [0,1]3 d' the metric

0 -n
As,s!' € ¥,,Y Zn 2 |.sn - .s'nl

=1
(with respect to which Y is compact); and e the mapping
Ae € E \n € N~1 ..fn x.

Then, for each x and y in E,

d'(.ex,.ey) = Z::1 2—n|min(1,d(x,dn)) ~ min(l,d(y,an))l
'i‘ Z::1 2~n|d(x,an) - d(y,an)l
< Iy 27 d,y) |
; d(x,y),

so that e is uniformly continuous on FE.

Now let A and B be compact subsets of E such that

0 < ¢ = d(A,B). With a chosen so that 0 < a < min(2—1,c-1),
let n e sny be positive integers such that
ng < nyg < ... Sy and

v

A C U :1{x € E d(x?ané) < aclt .
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Let a belong to 4,b to B, and choose k so that

1 < k < v and d(a,ah ) < a e. Then
k
d(b,a_ ) > d(a,b) - dla,a_ ) > (1 - a),
" T "k

dla,a, ) < a e < e/2 < (1 - ade < db,a )
and so

n
d'(.ea,.eb) > 2 klmin(i,d(a,an )) - min(i,d(b,an )|

k k
n .
= 27 K(min(1,d(b,a_ )) - min(1,d(a,a. )))
"k "k
n
> 2 v(min(i,(l - a)e) - o e)
= 2 min(l-ac,(1 - 2a)e)
Thus
n

d'(,ed,,eB) > 27 Ymin(1-ae,(1-2ade) > O,

and e is metrically injective.
We next show that ,eE is d'-precompact. To this end,
for each positive integer n we let

Y = {x€E : dlx,a,) > n-1}.
n 17 -
2"7’1

<
-~ e, set

Given € > 0, we choose n' so that Z:
k 22 +maxn € N A 1< n< n'.d(ai,an),
and consider an arbitrary point x in Y- for 1 < n < n',

dlx,a ) > dlx,a,) - dla,,a ) > (k - 1) - (k - 2) = 1
n’ - 1 1°"n” —

so that ..fn =z = 1. Thus, for all z,y in Yy s

(o o]

- " o
emreq 2 "loofnx - .. fn y| <2 27" < g

d'(.ex,.ey) = L ]

On the other hand, choosing » in Jk-1,k[ so that

E, = {x €F : dlz,a;) < r}

is compact, we see that ,ef is compact (2.3.0). With
{yo,..,yq} an e€-approximation to seE_, and yq+1 any

point of *eYk, it 1s now easy to show that {yo,... }

’yq+1
is an e-approximation to ,eF. Thus ,eF is precompact.
With

w = An € N~1 1

it now follows that the closure x of ,e(E)uiw} in y is
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compact in the metric 4’ . Mogeover, E <X -{w}: for, given
2 in EF and choosing n so that d(x,an) < 1/2, we have

d'(.ex,w) > 27" min(1,d(z,a ) - 1] > 2771,
We now prove that: if S c ,eF and there exists B > 0 such that

d'(x,w) > B for each « in S, then inv e is uniformly continuous

on S. Indeed, choosing a positive integer p so that Z:_p+12—n < B,
*
and x in eS, we have
-Nn _ © -N -
P 27 - 1= dCex @) - 2 eps1 ? l..fnz - 1] > 8 -8 = 0,
whence 0 < |..fj x« - 1|, and therefore d(x,aj) < 1, for some

integer j with 1 < j < p. Thus

*eS C{x€F :min j €N Al < j < p.d(x,aj) < 1},
so that there exists compact X¥ C E with *eS C K. That inv e 1s
uniformly continuous on S now follows from (2.3.0). In particular,
we see from this and (2.1.1) that inv e 1is uniformly continuous on
compact subsets of ,eE. Now let z belong to x - {w}, set

B = 2-1d’(z,w), and choose a sequence (zp) in ,e(E) U {w}

1<k
with d'(zk,z) < min(kﬁl,B) for each k. Then, for each k,
d'(zk,w) > B, so that z, belongs to the subset

S = ,ele € E : d'(.ex,w) > B}

of ,e(E). By the foregoing, inv e is uniformly continuous on S,

so that (.1nve Zk)1<k is Cauchy in E, and therefore converges to -

a point x of E. Finally, as e 1s uniformly continuous on E, we have
.ex = 1imk+m.e.inve 2 T E
whence z belongs to ,e(E), X - {w} C ,e(E), and our proof is

complete. 0

Remark: Were Conjecture 2 of Section 2.2. valid, we could prove
that the mapping e defined in the above proof was actually a
homeomorphism of E onto ,eE. TFor, under that condition, and
given a uniformly continuous mapping ¢ of a compact metric space

K into seE, we have
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0 < ¢ = inf x € K.d"(w,.¢ x),
whence

L = {zx e X : d'(z,,4K) < ¢/2} c ,eE,

d'(x,w) > ¢/2 > 0 for each x in L, and there exists a modulus §

of uniform continuity for strc inve L on (L,d') (cf. proof of
(3.3.7)); it is then clear that

Ne€RTNZE  $kNYE ,eE(d " (x,y) < min(e/2,8(e)) = d(.inv ex,.inv ey) < €)
and therefore that inv e is continuous on ,eE.

We could then simplify our definition of 'one-point com-
pactification' by replacing the conditions that the canonical
injection be continuous, metrically injective, and have pre-
continuous inverse, with the single conditioq that it be a homeo-

morphism of E onto ,eE. ®

3.4. Uniqueness of one-point compactifications

The essential uniqueness of the one-point compactification
of a given locally compact space should come as no surprise; we
prove this first in the very general form
.0 For k = 1,5, let (Ek’dk) be a locally compact space with one-
point compactification ((Xk’dk')’ek’wk)' Then a mapping f 18 a
homeomorphism of By onto E, 1f and only if there exists a metric

equivalence ¢ between X1 and X2 such that f = inv e, o ey

and .¢w1 = W,

-

Proof. Suppose first that f is a homeomorphism of E, onto

E Given € > 0, we choose real » so that 0 < » < ¢ and

5
the set {z€ X, : d2'(x,w2) > r} is compact. Then
kK = {x € E2 : d2 K.eQx,wQ) > r}

is compact, as are therefore the sets ,invfk and
«(eq:invf)K (3.3.3). It follows that
¢ = 371d1'(w1,*(81:invf)K)

exists, and is positive (2.1.1). Moreover, by (3.3.6),
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e,:f:inve, is uniformly continuous on the set
*(elzinvf)(K)Qc = {x € 4e B : dy'(z,,(e :invfIK) < 2¢}.
On the other hand, 0 < r < dz'(wQ,*ezK), so that there
exists real s with

dz’(wz,*ezk) - r < s < d2’(w2,*e2K)

and

{z € ¥, : dy'(z,0,) > d,'(w,,4e,K) = s}

compact (cf. introduction to Chapter 2). It follows that
k' = {z€ E, : d,"(Le,x,u0,) > d,' (w,,4e,K) ~ s}

is compact (3.3.3), and (3.3.6) that elzinvf:inve 1is

2
uniformly continuous on s¢,K'. Moreover, given zx in E,
with d2’(.e2x,*ezk)-i s, we have
! ) — ’ - 4
d:§w2’*32K) s < d, (wz,*ezK) d,'(.e,x,e,K)

< dy'(wy,.e,2),

2
whence x belongs to K'; in particular, K C K'.

With 8§ a modulus of uniform continuity for e :irivf:inve2

1
on *ezK'we now see that, for any x in E4 with
0 < di'(.elx,*(elzinvfﬂo, either 0 < d,'(.e,.fz,e,K),
or d,"'(.e,.fz, e, K) < s3 in the latter case, .e,.fx
belongs to ,e,K', and so
_1 .

dEf'QZ'fx’*e2K) > §(2 di(.eix,*(eizlnvf)K)) > 0.
Thus, in both cases .e,.fx belongs to X, = e,k and
therefore

!
cié.ez.fx,wz) < r < e.
In particular, we note that, for z in E, and

dl’(.e

1x,w1) < ¢, we have
0 < 2¢ < dl'(.eix,*(eizinvf)K)),
and so d'2(.e2.fx,w2) < €

We are now in a position to prove uniform continuity of

the mapping
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¢ = Axe*el(Ei)U{wi}Cﬁ;elElA.ez.f.invelx\m==w1Aw2).
With 6, @ modulus of uniform continuity for e2:f:inve1
on *(elzinvf)(K)Qc, we choose x and y in ,e,(F)v{w,}
so that d,'(x,y) < min(e,8,(e)). If one of x,y - say y -
equals wy> then either x = w, and dz'(.¢x,.¢y) = 0, or
x belongs to x¢qEy5d " (xz,0) < e, and therefore

' _ :
d2 (.px,.dy) = dz'(.ez.f.lnv eq x,wz) < €.

If x and y both belong to ,e then: either

117
0 < min(dl’(x,*(eizinvf)K), di’(y,*(eizinvf)K)),
in which case

t ' : ' . .
d2 (-¢xa-¢y)§d2 (-82~f-lnve1x,w2)+d2 (.ez.f.lnvely,wz)i2e,
or -
min(di'(x,*(eizinvf)K),dl’(y,*(el:invf)K)) < e,
when x and y both belong to *(elzinvf)(K)Qc, and there-
fore
d2'(.¢x,.¢y) = d2'(.eQ.f.invelx,.ez.f.inveiy) < €.
Thus, in all cases, d&(.¢x,.¢y) < 2¢, and uniform
continuity of ¢ on*el(El) U {wl} is established.
As el(Ei) U {wi} is dense in X1,¢ extends by continuity
to a uniformiy continuous mapping of Xy into X, in
the same way, we can show that inv¢ equals
Az€ e, (E,) v {wz}(xe*eQEQA.el.lnvf.lnvevax=w2Aw1)
and extends to a uniformly continuous mapping of X, into

X It is now comparatively trivial to show that the

1.
extension of ¢ is our desired metric equivalence between

X, and X the inverse equivalence being the extension

1 27
of invé., This completes the first part of our proof.
The second part is much easier to deal with: we suppose
that ¢ is a metric equivalence between Xy and X, such

that .¢w; = w,, and let f be the mapping inve2:¢:ei.

Then, with 6 a common modulus of uniform continuity
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for ¢ and inv¢ on their respective domains, and K C E1

compact, we have seqK compact (3.3.3), so that

0 < dl'(w K) (2;1.1) and

12491
-1
«($re DK C {x€X2:d2'(w2,x) > 8(2 7dy"(wy,4e,K))} C e, E,

Thus f maps Ey into E,; moreover, *(¢:e1)K is compact,
so that strc fK is uniformly continuous. In the same way,

we show that inveizinv¢:e maps E, into E, and is

2 2

uniformly continuous on compact subsets of FE Finally,

9"
1 onto E2 with

and therefore that f is a homeo-

it is clear that f is a bijection of E
inverse inveizinv¢:e2,
morphism of E, onto E,. [
An immediate corollary of this is
.1 Any two one-point compactifications of a locally compact

space are metrically equivalent. [

3.5. Subspaces and compactifications

.0 Let (E,d) be a loeally compact space, ((X,d'),e,w) a one-
point compactification of E,F a closed subset of E, and Y the
closure in X af the subset ,e(F)ulw}. Then F is locally compact
if and only if Y is compact, in which case ((Y,strcd'Y,,Y),
strc éY,w) 1s a one-point compactification of F.
Proof. We first show that ,eF = Y-{w}. Certainly,

.,F ¢ Y-{w}. On the other hand, if z belongs to Y-{w},

then z = .ex for some zx in E. As ze(Flu {w} is dense

in Y, there exists a sequence (xn) in F such that (.exn)

converges to z, and d'(.ex ,w) > ¢ > 0 for each n,

where ¢ = 2"1d’(z,w). By (3.3.6), inve is uniformly

continuous on {y€Y:d'(y,w) > ¢}, so that (x ) converges

to x, x is in the closed subset F of F, and z belongs to
eF. Thus ,eF=Y-{w}.

We now suppose that F is locally compact. Then (3.3.3)
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«¢F 1s locally compact with respect to the metric
Az ,y€ ,e(F) 5, ,e(F)(d (x,y) + ]d'(x,w)_1 - d’(y,w)_ll).
As Y is closed in X, and therefore complete and bounded,
it follows from (3.3.5) that Y is compact. Conversely,
if Y is compact, it is clear from (3.3.4) that F is
locally compact, and that ((Y,strc d'Y,,Y), strc e¥,w)
is a one-point compactification of F. [
.2 Let h be a homeomorphism of a locally compact space (El'dl)
onto a locally compact subspace F of a locally compact space (Ez,dz).
Let ((X2’d2')’82’“§) be a one-point compactification of Eoys and
Y the closure in X of the subset se,(F)u{w,}. Then
((Y,Strcdz’Y,,Y),ezzh,wz) 18 a one-point compactification of Ey.
Proof. In view of (3.5,0), we lose no‘generality in

taking F = E Y = X,. It is clear from (3.3.3) that

2’ 2
e2:h is a continuous mapping of E, onto e,F, with
precontinuous inverse. On the other hand, with
((Xi’dl')’ei’wi) a one-point compactification of (E,,d,)
(3.3.7), and 4 and B compact subsets of F, such that
0 < d,(4,B), we have ,e, A and ,e, B compact, and
0 < dy'(,eq4,4e4B) (3.3.3). As the mapping e,:invhiinve,
is uniformly continuous on x€5 Ey (3.4.0), it follows
that

0 < dé(*(ezzh:invei)*elA,*LeQ:h:invel)*elB)zdé(*(ezzh)A,*(eQJwB)

Thus e,:h is metrically ;njective, and the proof is

complete. 0
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CHAPTER 4.

ALGEBRAS OF FUNCTIONS ON LOCALLY COMPACT SPACES.

By a star algebra, we mean a complex linear algebra A4 taken
with an algebra involution on A - that is, a mapping z -+ z* of 4
into itself such that, for each x,y in 4 and ¢ in C,

(x + y)* = z* + y*, (ny; = yrxt, (gx)* = T¥e*) (x*)*% = z.
If, in addition, || || is a norm on 4 with the property

sy, € Allay |l < kel [ly D
then (4, ||, » x2*) - or, commonly, A4 itself - is called a normed
star algebra (or, in the case where (4,|| |]) is complete, a
Banach star algebra).

If (4,2 -~ z*) and (B,xr » x ) are star algebras, we say that
a homomorphism ¢ of 4 into B is a star homomorphism (of A4 into B)
if .¢(x*) = (.¢2)* for each z in 4. |

If Xx,A are sets, n a natural number, and t an n-ary
operation on 4 (that is, a mapping of map n4 - or, less strictly,
of {x : tuple n is xz Aux, € A} - into 4), then

T = A € map n(map X4) Az € X.1{(At € n..dtx)
is an n-ary operation on map XA - the pointwise operation ©Of T3
we shall commonly make no notational distinction between 1 and r.
In particular, if 4 is a (real or complex) linear algebra, then
the same is true of map XA under the corresponding pointwise
operations of addition, multiplication by scalars and multiplication.
(Note that we regard 'multiplication by the scalar g' as a l-ary
operation for each ¢ in C.) Moreover, if 4 is a star algebra,
then so is map X4 when taken with the corresponding pointwise
operations and involution. On the other hand, 1f

I7ll, = suwp o €% |.fal
is well-defined for each f in a complex (resp. real) linear sub-

algebra ® of map XC (resp. map XR) under pointwise operations,



-97-

-then f » ||f]l, defines a norm on & with respect to which & is a
normed algebra.

In this chapter, we discuss a particular star algebra of the
above type - namely, the algebra of continuous functions which
vanish at infinity on a locally compact space. The first section
describes the algebraic and norm structure on these algebras, and
proves their norm completeness. Following this, there are two
results necessary for the third and final section (which deals
in detail with the characterisation and properties of star
homomorphisms between the algebras described in Section 4.1);
the second of these results (4.2.1) - a constructive substitute
for the classical theorem that there exists a unique uniform
structure compatible with the given topology‘on a compact Hausdorff
space (namely, that generated by all uniformly continuous mappings
of the space into R) - leads us to make some remarks on another,
as yet only partially answered, question relating to continuity'
of functions in constructive analysis.

>

4.1. The spaces C°(E), C(E)

A mapping f of a metric space F into C is said to wvanish
at infinity if, for each € > 0, there exists a compact subset
K of E such that |.fz| < € whenever z belongs to E-K. The set
of all continuous mappings of £ into C (resp. R) which vanish
at infinity is written CO(E) (resp. CE(E)), and is a complex
(resp. real) linear algebra under pointwise operations of addition,
multiplication and multiplication by scalars.

In this first section, we show how to define on C°(E) a
natural Banach star algebra structure. (Note that, although we
shall be concerned almost entirely with CO(E), simple modifications

of our results will enable them to apply to CiéE) as well.)
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Throughout the section, (F,d) will be a locally compact space.

.0 Every element f of C°(E) is uniformly continuous on E.
Proof. Given € > 0, we choose compact XK C E so that
| .fx| < €/2 for each = in E - K, and then ¢ > 0 with
{x € E : dlz,k) < 3¢} compact (3.1.0). With § a modulus
of uniform continuity for f o; {x € E : dlz,kK) < 3¢}, x
and y points of E, and d(é,y) < min(e,8(e)), we then have:
either ¢ < d(x,K) - in which case 0 < d(y,k), and
| fe - .fy| < |.fx| + |.fy| < € - or d(x,kK) < 2¢, when
d(y,K) < 3¢, and again |.fx - .fy| < e. DO
Our next result is stated without proof on page 248 of [1].
.1 Let f belong to C°(E). Then MﬁIE 18 a well-defined real
number.
Proof. We first prove that, given € > 0 and a compact
subset K of EF, there exists compact L C F such that
K C L and
nz € EC(|.fz| < [If], + ).
To this end, we choose compact XK' C E such that
|. fz| < HfHK + ¢ for each ¢ in -X', and then compact
I € E with X v XK' € L. Then |.fx| < “fHL + € for each
x in L VU -L. But
no € RNz € E(0 < d(x,L) v dx,L) < a),
so that L v -L 1s dense in E. It is now clear that L
fulfils our requirements.
With the help of 'dependent choice', it is now a simple

matter to construct a sequence (Kn)nEN of compact sub-

: C
sets of E such that, for each n in N, Kn Kscsrn and

nz e BC|.pal < IFll v 27
n

Tt should be clear from these properties that

Nmyn, € NCm <n= 0 < Hf“K - “fHK < 2.'—_m)>
n n
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so that (Ivgkﬁ)nEN is a Cauchy sequence in R, with
limit s, say. Moreover, for each z in F and each 7n in

N,

ol < Ifl, + 27 <o 4 277,
n

so that |.fx]| < s. On the other hand, with € a positive

number, v chosen in N so that N

(e™ < vonfo - Il | o< e,
V

and x an element of Kv with
1

[orel = el | < 2v77,

we have ¥

ls = |.fx|] < es2 + 2v71 < €.

Thus indeed, [f|l, is well-defined, and equals s. [

From now on, it will be understood that when we speak of
C°(E) as a normed star algebra, it will always be to the point-
wise operations and involution, and the norm f - llFll;, that we

refer.

A mapping f of E into C 1is said to have compact support
if there exists a compact subset XK of EF such that ,f(r-kK) = {0};
such a set K is then called a support of f (in E)T The set C(E)
of continuous mappings of E into C with compact support is a
complex linear star subalgebra of CO(E); moreover, when E is
compact, the algebras C(E) and C™E) coincide, and comprise all
uniformly continuous mappings of E into C. In general, we have
.2 C(E) is dense in C°(E).

Proof. Given € > 0 and f in CO(E), we choose compact X C E

so that |.fx| < €/2 for each z in -k, and then

+ These definitions apply equally well to a general metric space
Ey however, this is not true of the succeeding theorem.
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r,s with 0 < s < r and {x € E : d(xz,X) < s}

and {x € E : d(x,K) < r} both compact (3.1.0). With
¢ the mapping

Ay € E max(b,l - (P—s)—id(y,{:cE E : d(xz,K) < g}l),
we see that ¢ is continuous and has compact support
{x e £ : d(z,kx) < r}; that 0 < .¢x 5 1 for each x in
E, and .¢x = 1 throughout faz € E : d(z,k) < g5 and
that ¢f is continuous and has compact support

{x € F: d(x,K) < r}in E. For each x in E, we now
have: either d(x,K) < s - in which case

| C.¢x) (. fx) - .fx| = 0 ~ or 0 < d(x,K), when

L (.ox) (. fze) - .facI._<_ 2|. fx| < e.

Thus {[¢f - Fll; < e, and C(E) is dense in CE). O

Remark: The set CR(E) of real-valued elements of C(E) is clearly
a real linear subalgebra of CE(E), and is dense in CE(E). ®

R

Our next theorem is vital for the later work of this
chapter. )
.3 Let ((X,d'"),e,w) be a one-point compactification of the
locally compact space (E,d). Then there exists a unique tsometric,
algebraic star isomorphism u of CO(E) onto the ideal
C(x,w) = {f € Cx) : .fw = 0} of C(X) such that strc.uf ieE =
f:inve for each f-in'Cp(E);
Proof. Given e > 0, we let g belong to C(X,w) and § be
a moduius of uniform continulty for g on X, and then
choose real » so that 0 < r < &§(e) and
{r € E : d'(x,0) > r} is ocompact. With X the compact

subset *e{x € X : d'(z,w) > r} of F (3.3.3), and x an

element of E - K, we have d'(.ex,w) < r < §(eg), whence

l.g.ex| = I.g.ex - .gw] < €.
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Thus g:e belongs to C°(E).
On the other hand, given f in CO(E), we let g be the
mapping

Az € ,e(Elu{wl(x € ,eE A .fiinve x vV = w A 0),

#
choose compact X C E such that |.fx| < €/2 for each
2 in E - K, and set ¢ = 3“1d'(w,*eK) (which exists,
by (3.3.3)), Then e > 0 (2.1.1) and

(yeK),, C {x € X : d'(x,0) > c},

where

(*eK)zc = {z € X : d'(x,,ek) < 2c}.

Hence (3.3.6) inv e - and therefore g (4.,1.0) - is
uniformly continuous on (*ek)20° Let 68 be a modulus
of uniform continuity for g on (*ek)zc, and x,y
elements of E such that d’'(.ex,.ey) < min (0,58(8)).
Then either

min(d'(.ex, ek),d'(.ey,,ek)) < c

- in which case both .exz,.eybelong to (,ek), and

.g-ex - .g.ey| < e - or

0 < min(d'(.ex, ekK),d'(.ey,ek)).

In this latter case, with &' a modulus of uniformn
continuity for e, we have

0 < 81(27 1

d'(.ex, ekK)) < d(z,K),

0 < 872 ey, ek)) < dly,K),

and therefore

l.g.ex - .goey| = |.fx - .fyl < l.rel + | fyl < e
To complete the proof that g is uniformly continuous
() v {w}, it suffices to note that if x belongs
to £ and d'(.ex,w) < min(c,ée(e)), then

d'(.ex,,ek) > d'(w, eX) - d'(w,.ex) > 2ec,

so that 0 < §'(e) < d(x,K), and therefore
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l.g.ex - .gw| = . fa | < e/2 < e,
As ,e(E)u{w} is dense in X, it follows from all the
foregoing that there eixsts a unique bijection u of
C°(E) onto C(X,w) such that
strc.uf eE = f:inv e
for each f in C°(E). Moreover, this last property,
the fact that ..uf w = 0 for each f in C°(E), and the
denseness of ,e(F)u{w}l in X, ensure that u is an
isometry. The proof that u is an algebraic star
homomorphism - and therefore a star isomorphism - is
straightforward. O
Remark: It is an immediate consequence of (4,1.3) that the
mapping Ax € E.d'(.ex,w) - the distance from infinity (relative
to the one-point compactification ((X,d'),e,w)) - 1s an element
of C%(E). ®
.4 C°(E) is a Banach star algebra.

Proof. Let ((X,d’'),e,w) be a one-point compactification
of (E,d) (3.3.7). As {g € C(X) : .gw = 0} is a closed,
and therefore complete, subset of the complete space
C(X), it follows from (4.1.3) that C°(E) is complete.
(We omit the simple proof of completeness of C(X).,) On
the other hand, in view of the well-known consequence
of the constructive Stone-Weierstrass Theorem that
the set of all polynomials in the functions
Az € X,d'"(x,y), with ¥y in X, is dense in CR(X) (C11,
Chapter 4%, Theorem 7, Corollary 2), it is a straight-
forward, if rather tedious, matter to prove that the
set T of all polynomials in the functions Ax € X,d'(z,x )
with complex rational coefficients is dense in ((X),

where (% ) is a dense sequence in X. As I' is clearly
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countable, we conclude that there is a dense sequence
(gn)nEN in C(Xx). Iﬁ now follows from (4.1.3) that
the sequence

(Ax € E(.gn.ex - 'gnw))nEN

is dense in C°(&). 0

Q-
Our second application of (4.1.3) requires knowledge of the

Tietze Extension Theorem ([1], Chapter 4, Theorem 10):
Let Y be a compact subset of a metric space X, I a compact
proper interval in R, and f a continuous mapping of Y into
I. Then there exists a 5apping h of X into I which <is
untformly continuous on bounded subsets of X, and such that
strc hY = f.
Be.aring this in mind,‘we prove
.5 Let F be a locally compact subspace of E, and f an element
of C°(F). Then there exzists g in C°(E) such that strc gF = f.
Proof. Without loss of generality, we may suppose that
f belongs to CE(F). Let ((X,d'),e,w) be a one-point
compactification of (E,d) (3.3.7), and Y the closure
of ,e(Flu{w} in X. Then (3.5.0) ((y,strc d' v,.7),
strc eF,w) 1s a one-point compactification of
(F,strc d F,,F), so that there exists fq in C(Y) with
strc f, seF = fistrc inv e ,eF
and 'fiw = 0 (4.1.3). é& the Tietze Extension Theorem,
there exists £y in C(X) such that strc fo¥ = f4+ One

more reference to (4.1.3) suffices to show that we may

take f,:e as our desired function g. 0

4~ 2. Two important preliminary results

has

Let A be a commutative Banach algebra. A character of 4 is

a homomorphism ¥ of 4 into C which is nonzero, in the sense that
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0 < |.xa| for some a in A. The classical proofs that every °
character x of 4 is bounded, and that if 4 has an identity e then
.Xe = 1 and X has norm equal to 1, carry over unchanged into our
constructive framework (cf. [5],816, proposition 3).

Bishop ([1], Chapter 9, Proposition 10) has shown that the
characters of C(X), where X is compact, are precisely the
evaluation mappings Af € C(X).fx, with 2 in X. Our work in

Section U4.3. requires the corresponding result for C°(E).

.0 Let E be a locally compact space. Then a mapping X of Cm)

into C is a character of C°(E) 1f and only if there exists «

in E such that X = Af'€ CO(E).fx.

Proof. It 1s clear that every mapping Af € Co(E).fx with

x in E is a character of C°(E). Conversely, given a
charactef x of CO(E), (4.1.2) and the continuity of X
enable us to find ¢ in C(E) with 0 < |.x¢|. Let XK be a
compact support of ¢ in E. Then .xf = 0 for each f in
(°(E) which vanishes throughout K: for, given such £

we see that f¢ vanishes throughout K v -K, and therefore

throughout EF; were 0 < ].xf1, we would therefore have the
contradiction
0 < [.xfll.xel= [-x(red] = 0.

It follows from this and (4.1.5) that there is a unique

mapping Xz of C(x) into C such that .Xk(strc fK) = .xf
for each f in ®(r). Moreover, X x is clearly a character

of ((X), so that there exists x in K with Xy = Ag € C(K).gx,

and therefore x = Af € (P(E).fx. 0

Our next result is, perhaps, the key to the remainder of

this chapter.
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-1 The Backward Uniform Continuity Theorem,

Let (E,d) be a metric space, and h a mapping of E into a

compact space (K,d') such that f:h is uniformly continuous on E

for each f in CR(K). Then h is uniformly continuous on E.
Pproof. Given ¢ > 0, we construct a finite cover
{KO""’KV} of X in which each set is compact, and has

diameter less than €/2, and then choose a common modulus
of uniform continuity 68 for the functions pj:h, where,
for each § in N~scsrv,

p; = Az € K max(0, 1 - 2e’1d'<x,KJ>).

Then, with x and y in E,d(z,y) < 65(1/2)’ and j chosen
in N~scsrv so that .hx belongs to Kj’ we have

.pJ.hy > .pJ.hx - 2—1 =1 - 2_1 > 0

whence

d'(.hy,KJ) < e/2,

and therefore d'(.hy,z) < e/2 for some z in KJ.. It
follows that

d'(,hx,.hy) < diam KJ + d'(Lhy,2) < €,

whence € - 65(1/2) is a modulus of uniform continuity

for h on FE. [

Remarks: (i) Classically, this theorem would appear in a much
more general setting - that of uniform spaces (cf. [6], Chapitre 2,
§4, No.1). A natural elementary classical proof of (4.2.1)
as it stands takes the following form: suppose that %k is not
uniformly continuous on E, so that there exist & > 0, and
sequences (xn), (yn) in F, with (d(xn,yn)%eN convergent to 0,
but o < d'(.hx_,.hy ) for each n in N. As K is compact, there
. n n .
exists (sic) a subsequence (a ), . of (x ) such that Cohz )

k k
converges to a point z of X¥. The uniform continuity of

keEN

\x € E.d'(z,.hx) on E (ex hyp.) now ensures that (.hyn )kEN also
k
converges to z, whence, for large enough k, d’(.hxn »ohy, ) < al2.
k k
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i This contradiction shows that we must actually have k uniformly
continuous on E.

It is interesting to contrast these constructive and
classical proofs of (4.2.1), and to observe how much more in-
formation is yielded by the former!

(i1) Consider the situation ('dual' to that in (4.2.1)) where
(K,d) is compact, h is a mapping of X into a metric space (E,d'),
and f:h is uniformly continuous on X for each uniformly continuous
mapping f of E into R. If we can prove that kh is also uniformly
continuous on K, then we will have established the Forward

Uniform Continuity Theorem, a good constructive substitute for the
classical Uniform Continuity Theorem (cf. [8], (3.16.5) and [6],
Chapitre 2, §4, No.2).

As Ax € K.d'(.hx,.ha) is uniformly continuous for each a
in XK, we see that h is continuous at each point of X, and that
«hK is a bounded subset of E. Taken with (4.2.1), this last
fact enables us to prove the Forward Uniform Continuity Theorem
in the special case where E is locally compact. For then,
choosing compact XK' < E with ,hK < K', and a uniformly continuous
mapping f of X' into R, we apply (4.1.5) to construct an element
g of C°(E) such that strc gKk' = f. We then see from (4.1.0)
and our hypotheses that f:h = g:h is uniformly continuous on X.

An application of (4.2.1) now completes the proof that h itself
is uniformly continuous on KX.

In view of this particular case of the Forward Uniform
Continuity Theorem we feel that it is unlikely that the general
form of the theorem will prove to be an essentially non-constructive
proposition; this feeling is reinforced by the observation that,
if E is separable, then h is always uniformly continuous from

the standpoint of intuitionistic mathematics ({211,3.12). However,

a direct, constructive proof of the uniform continuity of » in
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the general case has so far eluded us, the best we have

achieved being such partial results as the equivalence of the

three conditions:

(a) h is uniformly continuous on X

(b) +hX 1s precompact

(c) for each € > 0, there exists a finite subset {xo,...,xv}
of K such that the sets

{zx ek : nyex( |d'(ha,.hy) - d'Chz:y hy)| < )},

Pz

with § in N~scsrv, form a cover of K.
Indeed, it is clear that condition (a) entails each of the
other two. On the other hand, let € > 0 ge given, and suppose
first that ,hXK is precompact. Let {go,...,gm} be points of K
such that {.hEO,...,.hEm} is an e-approximation to kK, § a
common modulus of uniform continuity for the functions
Ax € K.d'(.hx,.hij) (where j belongs to N~scsr v) and x,y points
of X with d(x,y) < 6(e). Then, choosing j in N~scsrv so that
d'(.hx,fhgj) < €, we have
d'( hx,.hy) < d’(.hx,.hij) + d'(.hy,.hij)

< d'(.hx,.hﬁj) + [d’(.hx,.hgj) - d’(.hy,.hgj)!+d'(ahxhh%j
< 3e

Thus (b) entails (a).

To complete the proof of the equivalence of conditions (a),
(b) and (c¢), it now clearly suffices to prove that: if (X,p) is
a metric space and, for each € > 0, there exists a finite subset
{xo,...,xv} of X such that the sets

{x € X : Nz € X(|p(x,z) - p(xj,z)l <€)},
(with J in N~scsrv) cover X, then X is precompact, To prove
this, we let x and y be points of X such that

nz € Xx(|plx,2) - ply,2)| <€),

and suppose that p(x,y) > u4e. Then, for each z in X,
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(p(x,z) - 2¢) + (p(y,z) - 2e) > 0,

so that

max(p(x,z2) - 2e,p(y,2) - 2¢) > 0.
Hence min(p(x,2),p(y,2)) > € for each 2z in X - which is plainly
absurd. We conclude that p(x,y) < 4e. The given condition on

X now shows that X is precompact. ®

4.3. Star homomorphisms between algebras ¢ (E).

Throughout this section, (Ek,dk) will be alocally compact
space, ((Xk,dk'),ek,wk) a one-point compactification of By s
and ¢k the corresponding distance from infinity,
€ . (. .
Az Ek dk ( ekx,wk)
It is clear that, if % is a continuous mapping of E, into

E then

12
Bz Afe OOy fin
is a star homomorphism of CO(El) into the algebra of continuous
mappings of E, into C (under pointwise operations), and that #
is nonzero in the sense that 0 < |..Hfz| for some f in CO(Ei)
and x 1n E,; moreover, if E, is compact, then H maps CO(Ei) into
CO(EZ). In this section, we shall be concerned with various
problems associated with the converse question: if H is a star
homomorphism of CO(El) into CO(EZ), under what conditions 1is
there a mapping (continuous mapping?) h of E2 into Eq such that
H = Af € CO(El) f:h?

To begin with, we dispose of the case where El’E2 are

both compact:

.0 Let El’EQ be compact metric spaces, and H a star homomorphism

of C(E ) into C(F,) such that HQOx € E; 1) \z € E, 1, Then

there exists a uniformly continuous mapping h of E2 into E1 such

that H = Af € C(EB,) fih .
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Proof, Given y in E,, we note that Af € C(El)..ny is a
character of C(Ei)’ so that (4.2.0) there clearly exists
a mapping h of E, into By with H = Af € C(El) fih.
The uniform continuity of % follows immediately from
(4.2.21). 0O
In general we have o~
.1 If H is a star homomorphism of'CO(El) into CO(EQ), then a
necessary and sufficient condition for the existence of a

mapping h of E, into E, such that H = Af € CO(El) f:h is that

1

.+ Hé,y be positive for each.y in E in which case the following

25
conditions on h are equivalent:

(1) h 18 continuous

(11) % maps bounded subsets of E, onto bounded subsets of k4

(111) for each compact K C E 0 < inf y € K ..Hb,y

9
Proof. If h exists, then
Ny € E2(..H¢1y = di’(.ei.hy,wi) > 0).
On the other hand, if y belongs to E, and ..H¢y > 0,
then Af E(ZO(El)..ny is a character of C O(El);
reference to (4.2.0) now completes the first part of
the proof.
Suppose then that # = Af € CO(El) f:h with h a mapping

of £, into E . It is clear that (i) entails (ii);

2
moreover, that (ii) and (iii) aré equivalent follows
from (3.3.6) and the fact that, for each compact X C E,,
inf y € K..Ho Yy = dl’(wl,*(eizh)K).

It therefore remains to prove that (iii) entails (i).

To this end, we suppose that K C E’2 1s compact and

that 0 < inf y € K..H¢1y. Then, choosing »r so that

0 <r <inf y € K..Ho Y
_and

L = {x € Eq : dlﬂ(.e x,wl) > r}

1
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is compact, and any element f of C(L) , we may apply
(4.,1.5) to obtain fq in CO(El) with\strc fiL=f. As
«nK < L, we then have
strc f:h K = strc fl:h K = strc .Hfl K,
so that f:h is uniformly continuous on XK., It follows
from (4,2.1) that % is uniformly continuous on K. That

(iii) entails (i) is now immediate. [

Remark: Were Conjecture 2 of Section 2.2 valid, we could prove
that if there exists a mapping h of E, into Eq with H =
Af € CO(El) fih , then condition (iii) of (4.3.1) obtains, and h

1s necessarily continuous. ®

We recall that a mapping f between metric spaces E,E' 1is,
proper if, for each bounded subset B of E', *fB is bounded in E.
.2 Let h be a continuous mapping of E, into Eq . In order that
f:h belong to CO(EQ) for each f 1in CO(El), 1t 18 necessary and
sufficient that h be proper; in which case the closure of *hEZ
in E, 18 loeally compact. Moreover, if h is proper and metrically

1

injective, then hE, 18 locally compact and h is a homeomorphism
of E, onto *hEz.
Proof. Suppose first that

rng Af € CO(El) fih c CO(EQ).

If B is a bounded subset of *hEz and K a compact subset

of E, with B c K, we apily (4.1.5) to construct ¢ in

1
CO(El) such that .¢x = 1 for each x in XK. Then,choosing

compact L < E, SO that |.¢.hy!l < 1 for each y in E, - L,
we see that *hB < I - whence h 1is proper,
To prove hE, located, we now let a,b belong to EqsE,

respectively, choose real ¢ > Zdl(a,.hb), and take the

particular case where
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B = {x € hEy dl(x,,hb) < e},
Then
Ny € Ez(dl(a,.hy) < dl(a,.hb) = ,hy € B ¢ kL)
from which it follows that dl(a,*hEz) exists, and equals
dl(a,*hL). Thus ,hE, is located in E,, and its closure
in rq is locally compact (3.1.1).
On the other hand, supposing k& to be proper, and given f
in CO(El) and € in R+, we choose in turn a compact subset
K' of E, such that | .fxl < € for each x in E, -~ K', a

positive number »r so that

K| = {x € F dl(x,K’) < r}

1

is compact, ‘and compact L' < E, with *h(K;) c L', It is

2

then clear that, for each y in E, - L', dl(,hy,K') > r,

2
and therefore |.f.hyl < e, Thus f:h belongs to CO(EZ).
Reference to (2.3.0) and the first part of the proof now

suffices to establish the remainder of the theorem. ]

Remark: If % is proper, then *hEz is classically locally compact:
for, if s is a Cauchy sequence in *hEz, then *h rng s is a bounded

subset of E and is therefore contained in a compact set K < E

2° 3

classically, ,hK is (compact and) complete, so that s converges in
hKs 4hE, is (complete and) closed, and therefore (4,3,2) *hEz is

locally compact. However, it is clear that if (4.3.2) holds with

the words 'the closure of' deleted, then a uniformly continuous

mapping of a compact metric space into R has compact range. That

this last proposition is essentially non-constructive is well-
known (cf.[ 1 } Chapter 2, Exercise 9). ® .
This brings us to the first really important theorem in this

section:

. 0 . 0]
.3 ILet H be a star homomorphism of C (Ey) into C (E2). In order

that H map CO(El) onto CO(EQ), 1t 1s necessary and sufficient

that there exist a metrically injective, continuous
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mapping h of E, into B, such that H = Af € CO(Ei) f:h,

Proof. Suppose that H maps CO(Ei) onto CO(Ez), and choose

¢ in CO(Ei) with .H¢ = ¢2. Then, given y in E we

29
see that - as 0 < .¢2y - Af E CO(El) ..Hfy 1s a character
of Co(Ei); whence (4.2.0) there exists a mapping h of

. . _ o . .
E, into £, with # = Af € C (Ei) fth. With X C £,
compact, we have ((3.3.3) and (2.1.1)).

0 <m = inf y € K.d2'(.e2y,w2)

whence there exists compact I C E, such that [.¢z| < m
for each x in E, -~ L. As
- = 4
|.¢.hy]| | . Hoy| d, (.ezy,wz) > m
for each y in XK, we have ,hK C L. It is now clear that

h maps bounded subsets of E, onto bounded subsets of Eqs
whence (4.3.1)  1is continuous.

To prove h metrically injective, we let A4,B be compact

]

subsets of E, such that 0 < ¢ = dQ(A,B), apply (4.1.5)
to construct g in CO(Ez) with

strc g 4 y B = Ax € AV B.d,(x,B),

and then choose f inACO(Ei) with .Hf = g. With x in 4
and y in B, we have

|.f he - .f.hy|l = |.gz - .gy| = d,(x,B)

whence

dist(,(f:h)A, (f:hIB) > ¢ > 0.

As both ,hA and hB are precompact subsets of Ei’
there exists compact x; © Ey with n(4) Y ,n(B) © k.
With 6 a modulus of uniform continuity for f on Kys

it is now clear that

0 < 8(e/2) < di(*hA,*hB),

whence h is metrically injective.

Conversely, suppose there exists a metrically injective,

continuous mapping % of E, into E1 such that
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H = \f € CO(Ei) f:h. Then (4.3.2) *hEz is a locally

compact subset of E, and 4 is a homomorphism of E,

on *hEQ. With € > 0, and g any element of CO(EZ), we

choose compact S C E, such that |.gx| < e for each =

in E, - S, and then a modulus 6§ of uniform continuity

for h on the bounded set

[
J

S {x € FE

1 5 dz(x,S) < 1}.

With y in Z, and dl(.hy,*hS) > 1/2, we must have

0 < min(1,6(1/2)) < dz(y,S),

and therefore |.gy| < €. Choosing r so that r > 1/2
and the set

T = {xz € ;nE, i dy(x,hS) < r}

2
is compact (3.1.0), we now see that

Nx € W(E2) - T(|.g. invh x| < €).

Thus g:inv h - which is clearly continuous on hE, -
belongs to CO(*hEz). By (4.1.5) there exists f in
CO(Ei) with strc f shEy = g:inv h, whence

JHf = f:h = (strc f *hEz):h = g.
Thus H maps Co(El) onto CO(EQ). 0

Kemarks: (i) Although there is no reason why, in the case H

maps CO(Ei) onto CO(EQ), the satisfactory condition Hoy = ¢,
should obtain, we can choose a one-point compactification Y of

E, relative to which .H¢, is the distance from infinity: for, by
(4.3.2) (4.3.3) and (3.5.1), the closure ¥ of ,(e,:n)(E,) Yo {wgd
in Xy is a one-point compactification of E, with point at infinity
Wy and canonical injection eizh.

(ii) 1If Conjecture 2 of section 2.2 obtains, then we can replace
the words 'metrically injective' by 'metrically weak-injective'

t+hrouthout (4.3.3) and its proof. In view of this, it is

interesting to note the equivalence of the statements;

(a) a uniformly continuous, metrically weak-injective mapping
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of a compact space into a metric space is metrically
injective.
(b) if X,Y are compact spaces, and & a uniformly continuous
metrically weak-injective mapping of Y into X, then the
star homomorphism Af € C(X) f:k maps C(X) onto C(Y).
Indeed, that (a) entails (b) is a consequence of (4.3,3). On
the other hand, if (b) holds and # is a uniformly continuous,
metrically weak-injective mapping of the compact space Y into
the metric space X, we lose no generality in taking X as the
completion of _hY, so that X is compact and ,hY is dense in X.

It now follows from (b) and (4.3.3) that % is metrically injective. ®

4 A star homomorphism H of CO(Ei) into CO&EQ) 18 injective
1f and only 1f it is an isometry. Moreover, if there exists a
continuous mapping h of E, into Ey such that H = \f € CO(El) fih
then a necessary and suffictent condition for H to be injective
is that *hEg be dense in E,.
Proof. To begin with, let H = Af € CO(El) f:h with » a
continuous mapping of E, into Eq Then hE, is located
in Eq ((4.3.2) and (3.1.1)). If # is injective, z
belongs to E,, and we suppose that 0 < di(z,*hEz),

then there exists r» > 0 such that

m

E di(x,z) < r}.C Ey - <HE

{x 1
With f the mapping

2

A € Egy max(0,1 - r—idl(x,z)),

we have f € (P(Ei), .fx = 0 for each z in +hE,, and
therefore

JHf = fih = dx € K, 0.

On the other hand, .fz = 1, so that f # Ax € E1 0. This

contradicts the injective nature of H, whence dl(z,#hﬁz)ro,
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2 belongs to (*hEz)—; and hE, is dense in By

Conversely, if hEj is dense 1in E,» f and g are elements
of CO(El), and .Hf = .Hg, then
strc f hE, = strc g hE,,

whence (by continuity) f = g.

L%

To handle the general case (where the mapping k need

)

not exist), for k = 1,2 we let u, be an isometric

k
star isomorphism of CO(Ek) onto C(Xk,wk) = {g € C(Xk):
Lguy = 0} (4.,1.3) It is then straightforward to verify

that

M

Hif XgEC(Xi)(.uz.H.inv Uq AxEXi(.gx - .gw1)+kx€X2.gm1)
is a star homomorphism of C(Xi) into C(Xz) such that
HE(Ax € X4 1) = dx € X, 1

O —
nf € B CGRE U f = wuy Hf)
and

Ng € C(x (.. Higw, = Lgwqd.

Given that H is injective, we now prove the same of

H#. To this end, with g € C(X;) and JHfg = Xz € X, 0,

and supposing that 0 < .gw1|, we have

-1 = (.gw )—1 (vuneHoednv u, Ax € X,{.gx - Wyrdw, = O
- .g 1 * [ ] 2. [ ] 1 1 .g .g 1 2

(Remember that rng u, = C(Xz,wz)l). This contradiction
ensures that .gw, = 0, so that g belongs to C(Xl’wl)’
and

1 o = c
.uz.H.lnv U9 Ax X2 0.

are all injective, it now follows that

As ,H and u

“1 2
g = 0. Hence H4# is injective.

Now, by (4.3.0) and the first part of this proof, there
exists a uniformly continuous mapping Y of X2 into X1

such that

HE = Ag € C(X,) g:Y
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and ,vX, is dense in Xy For each f in CO(Ei) we now
have
H.HfHE2 = I.(inv u2).H#.u1 fHE
. 2
= H.H#.ulfﬂ
= sup y € X,|..u fovyl
= Sup x € *YXQ OOU1fo
= lou, Al
1 X1
= s, .
q

The proof is completed by noting that if H is

isometric, then it is trivially injective. 0

Remarks: (i) The propositions

(a) If Ei’EZ are compact, and 2 is a continuous mapping
of E, into By such that Af € C(El) fih 1s injective,
then *hEz = B

(b) If » is a continuous mapping of a compact metric space

into R, then rng & is compact.
are equivalent. Indeed, that (b) entails (a) is a straight-
forward consequence of (4,3.4). On the other hand, that (a)
entails (b) follows from the fact that, if A2 is a continuous
mapping of a compact metric space E into R, then the closure
E' of ,hE in R is compact, hE is dense in E', and (4,3.4)
Af € C(E'") f:h is an injective mapping of C(E') into C(E).

It follows immediately that (a) is classically true,
and essentially non-constructive.
(ii) Even when H is injective, there may not exist a mapping
h of E, into £, with H = Af € CO(El) f:h. To see this, take
X, = (0,11, E, = [0,1] v {2}, with metrics dl',d2 the corres-
ponding restrictions of the usual metric on Rj E, E 10,1], with

metric
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-1 -1
dl = Ax,y € EI:,E1(|x - yl + Ix - Y I

)3
and e, the mapping Ax €L, = of By into X,+ Then (EQ,dQ) is
compact, and (3.3.4) (El,gl) is locally compact, with one-point
compactification ((Xl,d1'>,el,0). Defining

Y = Xz €F, min(x,2 - x),

we see that y is a uniformly continuous mapping of E, onto Xy

o

[

so that (4.3.4)

H# = Ag € C(Xl) g:y
is an injective star homomorphism of ¢(X,) into CO(EQ). With
1 the unique isometric star isomorphism of CO(El) onto
{g € C(Xy) : .g0 = 0} such that

Ny € (P(El)(strc.uif seqFy = fiinv 81)’

(4,1.3), it follows that

H

i

O
AfE (B JHFuf
is an injective star homomorphism of (P(El) into (P(EQ).

However, as

H(lx € El.dl'(.eix,O)) JH#(Ax € Xl.dl’(x,O))

JH#E(Ax € Xlx)

=y
and .y2 = 0, we conciude from {%.3.1) that there exisis no
mapping h of E, into B, with # = Af € (P(Ei) fih. ®

Putting together (4.3.3) and (4.3.4) we obtain
.5 The Banach-Stone Theorem.
In order that star homomorphism H of'Co(Ei) into(lo(Ez)
be an Gsometric) isomorphism, it is necessary and sufficient
that there exist a homeomorphism h of E, on E4 such that
H = Af € CO(El) fih. []
For the discussion of this theorem in a classical setting,

we refer the reader to ([10], IV.6.26 - 27).
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CHAPTER 5

OPERATOR TOPOLOGIES IN CONSTRUCTIVE ANALYSIS

We recall that, in classical mathematics, the weak
operator topology on the space of bounded linear mappings of a
Hilbert space H into itself is the weak topology generated by
the mappings T > (,Tz|y), where x,y belong to ¥([191,5§0). The
discussion of this topology naturally leads to that of the
more general situation in which E,F and ¢ are normed linear
spaces, and we are interested in the weak topology generated
on the set Hom(E,F) of bounded linear mappings of E into F by
mappings T + .¢.Tx, where.x and ¢ belong to certain given subsets
of £ and Hom(F,G) respectively. In this final chapter we shall
consider the natural constructiQe substitutes for such topologies,
paying particular attention to that for the.weak operator
topology (cf. Sections 5.4 - 5,6). Of especial interest to us
(in keeping with the focus of our attention in Chapters 2 - 4)
will be the question of precompactness of the unit ball

Hom, (E,F) = {r € Hom(E,F) : Nz € E(l .7zl < llxll)}

with respect to the various pseudometrics under discussion., ¥

5.1, Weak seminorms on Hom(E,F)

Apart from a small adaptation in the remark following
(5.1.3), we shall adopt the following notation throughout the
first four sections of this chapter: E,F and ¢ will be normed
linear spaces over C (the same symbol | || being used for the

(a'!) sequences in the unit ball

norm 1in each case); (a ) n)1<n

n 1l<n’

of I ( sequences in Hom, (F,G); and [ ], [ ]’ the

(¢n)1in’ ¢é)1in

+ Note that the definitions of properties associlated with
pseudometrics are the obvious analogues of those associated

with metrics.
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seminorms defined on Hom(E,F) by

I ~j-k
[{T]] - . Z{i,k:j- 2 ”'q)j‘TakHS
r = *® ~g-k I
[ 7] = Zj,k-’-i 2 J ”(bJ"Tak”
respectively,

In this first section, we smooth the path of our later

discussion of particular examples of such weak seminorms by

obtaining general answers to the following important questions:

Under what conditions do | H’H 1" induce equivalent pseu-

dometrics on Homl(E,F)?

Under what conditions is Hom,(E,F) precompact with

respect to [ 17

The answer to the first of these questions is a consequence of

.0 In order that a mapping f of a pseudometric space (X,d) into

(Homi(E,F),H 1) be continuous (resp. uniformly continuous), it

18 necessary and sufficient that (T € Homl(E,F).¢i.Tak):f be

continuous (resp, uniformly continuous) for all positive integers

J >k,

Proof. The proof of necessity is comparatively trivial.

To prove sufficiency, given € > 0 and compact X < X,
and supposing that

(AT € Homi(E,F).¢j.Tak):f

is continuous for all positive integers j,k, we choose
a positive integer v such that Z;=v+1 279 < ¢/8, and
then § > 0 with the property

N € K Ny & X(d(x,y) < § =

ng,k,€ N~scsrv(lL¢j..fxak - .¢j-.fyak” < €/2).

Noting that, for all S,T in Hom, (F,F),
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_ _ \Y V o @ -J-k
[s-7] = s gz * Tioa%gzver ¥ Lioyayt k 172 H.¢j.(S—T)ak”
v ~J-k oo ~J ¢ -k+1
< X, 2 oL (5= J \
= kg k=1 |]¢J (s T)ak” + ijlz Lpoveq 2 +
\ © =Ko ~J+1
Tr=12 Lily4q2

ER MO FINCE PN s
we now see that N
Nx € gy € x(d(x,y) < 6 = [.fx - .fyl < e).
Thus f is continuous on X. The case of uniform continuity
is similar, but simpler, and we shall omit the details. [
Immediate corollaries of (5.1.0) are
1 For all positive integers j,k, AT € Homl(E,F),¢j.Tak 18
untformly continuous with respect to the seminorm []. [J
.2 In order that the seminorms [], [1' induce equivalent pseudo--
metrics on Homl(E,F), i1t 18 necessary and sufficient that for all
positive integers J,k the functions AT € Homl(E,F).¢j.Tak and
AT € Homi(E,F).¢j.Taé be uniformly continuous with respect to
both [] and []°!. 0

Remark: Even’if[] and []' do induce equivalent pseudometrics

on Homl(E,F) - and therefore on all uniformly bounded subsets
of Hom(E,F) - they need not be equivalent seminorms on Hom(E,F)
(cf. remark (i) following (5.3.1)). ®

A general answer to the second question asked above 1s given

-

by
.3 A necessary and sufficient condition that Homi(E,F) be pre-

compact in the pseudometric induced by the seminorm [ Jis that,

for each positive integer n, the set

= S
Mz {(.¢j.Tak)j’k’ € scospn ~1° 7T Hom, (E,F)}

be precompact in the metric induced by the norm ||| |||, where

I”( ¢ k Jj,k,€ scsr n ~ 1“] = maX{” '¢)j'Tak”;j>k>€SCSP7? ~1}
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for each T in Homi(E,F).
Proof. The necessity of the condition is a simple con-
sequence of (5,1.1). Conversely, supposing that Ml 18
. 7
Il Il - precompact for each positive integer n, and
given ¢ > 0, we choose a positive integer v so that
< Is-r1 < 3V ~J -k -
- ls-rl < Li k=1 ? ]L¢j.(s May | + e/2
for all S$,7 in Hom (E,F). With T_.....T elements of
1 0°? "o
Homi(E,F) such that
{('¢j'Trak)j,k, € scsr p ~ 1 ' r € scsr al
is an €/2-approximation to S [1IPs we let T be any

element of Homi(E,F) and choose r in scsr a with

lH('¢j'Tak)j,k, € scsrn ~ 1 ('¢j'Trak)j,k, € scsr n ~ 1l

< e/2
Then
- Vv ~J~k -
[T r) < Zjak=12 e/2 + /2 < ¢
so that {TO""’Ta} 1s an g-approximation to

(Homi(E,F),HH), and the last-named is, indeed, pre-
compact., [l

Remark: Let X,Y,F and G be normed linear spaces over C, and E

the set Hom(x,y). We recall that an element S of F is normable
if the operator norm

Is]l = sup x € xallxll<1 |5z
of § 1s constructively well-defined. Now, it is by no means
assured that this norm will be well-defined for each element of
Ey so that F need not be a constructive normed linear space
with respect to the operator norm. However, theorems (5.1.0) -
(5.1.3) remain valid if Hom(E,F) is interpreted as the set of
linear mappings T of E into F which are bounded, in the sense that

there exists 6§ > 0 - called a bound of T - with the property

NS € Homi(X,Y)(H.TSH < 8);
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and Hom,(E,F) is interpreted as the set of those T in Hom(E,F)
for which 6 may be chosen in ]0,1], We then extend the definitions

at the beginning of this remark, and say that an element T of

Hom(E,F) is normable if its operator norm

7]l = sup s € Hom, ( X, Y) ||.75]]
is constructively well-defined. Where this situation arises in
future, it should always be understood that it is these inter-

pretations and definitions that we have in mind. ®

5.2, The wegkf norm

Throughout this section, we shall consider the situation
where E is separable, (an)liﬂ is a dense sequence in the unit
ball of E, and

[ry = =%

n=1

for each T in Hom(E,F): this is just the situation of Section

-n
2 " ||7a, |l

5.1, with F = G and ¢g = Ax € F x for each k. Clearly, [l is

now a norm - the weak* norm defined by the sequence (an)1<n'

w0 For each x in E, AT € Homl(E,F).Tx 18 uniformly continuous
with respect to the weak® norm defined by the sequence (an)1<n
dense in the unit ball of E. -
Proof. Given x in the unit ball of F, and € > 0, we choose
k in N~1 so that Hx—akH < e€/4, and then a modulus & of
uniform continuity for AT € Homl(E,F).Tak with respect
to the weak® norm [] defined by bn)1<n (5.1.1). Then,
with S,T in Homi(E,F) and [S-T] < 5(8/;), we have
|| Sz-.Tx|] < ”.(S—T)(m—ak)ﬂ + H.(S—T)akH < e,
The result follows almost immediately. 0
From this and (5.172) we obtain.

.1 All wak: norms defined on Hom(E,F) induce equivalent

metrics on Homl(E,F). B
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Remarks: (i) (5.2.1) is our justification for referring in

future to 'the weak® norm' on Hom(E,F), when we really mean
'any wgak* norm'. We shall adopt similar, and similarly justified,
abuses of language without further mention.
(1i) An argument similar to that of (5.2.1) proves that the metric
induced on Homl(E,F) by the weak®* norm is equivalent to that
induced by the double norm

AT € Hom(z,m)3, 4 2771+l D7 72 |,

wher'e(acn)iqZ is dense in E (c¢f. [1], Chapter 9, Section U4). ®

.2 If F is complete, then Homi(E,F) 1s complete in the metric
induced by the weak®* norm.
Proof. Let (Tn) be a sequence in Homi(E,F) that is Cauchy
in the weak® norm []. Then, for each x in FE, (.Tnx) is
a Cauchy sequence in F (5.1.1), and so converges to an
element of F. It is now easily seen that the mapping
x > 1imn+w.Tnx belongs to Homi(E,F), and is the [] -
limit of the sequence (Tn). a
Our next two theorems answer the question of compactness
of Homi(E,F) in the weak® norm.
.3 If the separable normed linear space E is nontrivial - that is,
contains an element of positive norm - and Homl(E,F) 1s pre-
compact in the weak® norm, then F is finite dimenéional, and
Homi(E,F) is actually weak* norm compact.
Proof. Choosing @ in E with la]l = 1, we let X be the set
{ta;t€Cl, and u the linear functional which maps ta in
X to t in C. Then, by the Hahn-Banach Theorem (cf.
Appendix Y, for each ¢ > 0 there exlists a normable
linear functional ¥, on E with strc u X = u and
”ucl]i llull + ¢ = 1 + ¢. TFor each y in the unit ball of

F, the mapping Ax € E(,ucx)y clearly belongs to

?
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H (E,F), and maps a to y. Thus

om
1l+c

thR+ myEF(”y"il = UT (T€Hom C‘(E’F) AN JTa = y))

1+
With 6 a modulus of uniform continuity for the mapping
AT € HomQ(E,F).Ta with respect to the weak® norm []
(5.2.9) and € an arbitrary positive number, we construct
a §(e/3)-approximation {TO""’Tv} to Hom1+min(1,e/3)(E’F)
in the norm []. TFor each k in N~scsrv,.Tka then belongs
to {xeF : [z < 1 + €/3}, so that we may choose Y1, in

F with Hyk” < 1 and Hyk—.Tka[[< 2¢/3. Given y in the

unit ball of F, we now choose T in Hom (E,F)

1+min(1,e/3)
with .Ta = y, and then k in N~scsrv so that

[T-Tkﬂ < 6(g/3). Then

ly=y, Il < IlTa-.tpall + .70 = gy ll < e

Thus {yo,...,yv} is an e-approximation to the unit ball
of F, which ball is therefore precompact. It now

follows that F is finite dimensional. The proof is

completed with reference to (5.2.2). 0

U4 If E is separable and F is finite dimensional, then Homl(E,F)
is compact in the weak® norm.
Proof. When F has dimension 0, this is trivial. On the

other hand, when F has finite dimension n > 1, the
result readily follows from the special case where n = 1,
which case has been fuliy dealt with by Bishop ([1],
Chapter 9, Theorem 8 - note that Bishop uses the double
norm in his proof, and cf. remark (ii) following (5.2.1)).pD

* 57 3. Thestrong operator norm
e = < Ay - g v

Throughout this brief section we shall consider the situation

where (E,(])) is a complex Hilbert space, (a,), ., an orthonormal

bacgis for E, and

- -Nn
ir1 = £, 2 "l7a|
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for each T in Hom(E,F). It should be clear that [] is a norm on
Hom(r ,F) - the strong operator norm defined by the orthonormal
basis (an)1<n - and that, in the case where F = F, the metric

——

induced on Homi(E,E) by this norm is the constructive analogue

of the strong operator topology on Hom  (E,E) (cf. 191, §9).

A by-now-familiar type of argument (which we omit) produces
.0 For each z in the Hilbert space E, AT € Hom&,F).Tx is
uniformly continuous with respect to any.strong operator norm, U
This, with (5.,2.0) and (5.1.2), yields
1 All strong operator norms on Homl(E,F) induce metrics on

Homl(E,F) that are equivalent to those induced by the weak® norm. 0O

*Remarks: (i) If the Hilbert space E is infinite dimensional, then

——r

the strong operator norms defined by different orthonormal bases need
nét be equivalent norms on Hom(E,E). To see this, let [] be the
‘strong operator norm defined by the orthonormal basis (an)1<n
construct a strictly increasing sequence (nk)1<k of positiv;
ihtegers such that HankH = 1 for each k (3.2.2;, and define a
sequence (Tk)1<k in Hom(E,E) by

; - pu— } (): E L
3

Then (H.Tkan ) diverges to «, whence - by the Uniform Boundedness
k

1<k
Theorem (Appendix 5) - there exists a in E with (”'Tka”)iik un-
bounded, and therefore ('Tka)1<k not convergent. We lose no

generality in taking |lal = 1, so that we can construct an ortho-

normal basis (aé)1<n in E with ai = q. Clearly, the sequence

cannot converge in the strong operator norm defined by

(r.)

Tk 1<k
(a£)1<n. However, as s
= iy ”

for each positive integer Kk, (Tk)1<k converges to 0 in the strong

operator norm []. We therefore conclude that the two strong
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operator norms in question are not equivalent on Hom(E,F). -
(ii) The following is an explicit proof that, if E is infinite
dimensional, then Homi(E,E) is not precompact in the strong

operator norm (cf. (5.3.1), (5.2.3) and (5.2.4)). Given e such
-n,~1
1 .
that 0 < g < 2 Y2, and supposing that {TO""’Tv} is an

g-approximation to Homl(E,E) in the strong operator norm [] defined

by the orthonormal basis (a ) we set
n°l1<n?
S5, = Ar € Kzla Ya
ny Ny
for each positive integer k. Then each S is in Homl(E,E); more-
over, given positive integers j,k with j#k, and choosing Ll

' s . -
in scsrv so that ESJ Trjﬂ < € and ﬂSk Trk

-n -Nn
2 lyo - 1”.Sja - .5,a. ||

"q "q

I < €, we have

and therefore

-ni-i
2 V2 < [T -7 1.
r. r
J Kk
It rcadily fcllews from this that the set {TO""’Tv} must be
infinite. This contradiction, in turn, establishes that
Homi(E,E) is not []-precompact. ®
5.4, The weak-operator norm

Perhaps the most interesting of the situations considered
in this chapter is that of this section, in which (E,(]|)) is

again a complex Hilbert space with orthonormal basis (a ), . , and

—

Tz I 2"3"k|<,Ta.la )
J k

[e ¢}

j,k:i
\for each T in Hom(E,E). “In this case - which corresponds to the
situations of Section 5.1 with E = F, G = Cand ¢ = Xx € E(xlak)

for each k - our seminorm [l is ‘again a norm, the weak operator
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norm defined by the orthonormal basis (an)1<n; as far as the

-

unit ball of Hom(E,E) is concerned, the metric induced by the
weak operator norm is the constructive analogue of the weak

operator topology (cf, [101, §9),.

.0 For all x,y in E, the mapping AT € Homi(E,E)<.Tx|y) is uniformly
continuous with respect to the weak operator norm defined by the

orthonormal basis (a ) .
n 1§ﬁ

Proof, Given € > 0 and points x,y of E, we choose a positive

integer »r so that

[o0)

1

| z (xlaj)ajl < (6(1 + Iyl ) ¢

Jj=r+l

and then a positive integer s so that
0 - " -1

IZk:S+1<y|ak>akl < (6r(1 + Nl )) "e.

With S,T in Homl(E,E) and

[S-T] < 2777%(3ps(1 + Nal) (1 + lyl)) Te,

we then have
¢ sz |y - (.Tx|y |

r - ® !
< zj:1[<x|aj>||<.(S—T)ajly>| + €. (s T)(ijr+1(x|aj)aj)|y)|

r 8 _
< HxHZj:12k21|<y|ak)||(.(S T)aj|ak)|

+izizh_ | (5-T)a 1z (yla, at |

g=a" - PR EEES ML S
+ ﬁmj:p+1(x|aj)ajﬂﬂyﬂ
r [ee)
< el HyHZ?Zizizil(.(S-T)ajlak)| + 2HxHZj:1HZk:S+1(y|ak)akH
+ ¢/3

< € 0

I+ follows from this and (5.1.2) that

.1 A1l weak operator norms on Hom(E ,E) induce equivalent metrics

on Hom{E,E). 0 ~
Remarks: (i) Similar arguments show that the metrics induced

on Homl(E,E) by weak operator norms, norms of the form
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% ~i-k _
AT € Hom(E,F) I. 4.4 2 I(.ijlxk)l.

with (xn)1<n dense in the unit ball of E, and norms of the form

o ~J-k -1 -1
AT € Hom(E,E) i k=12 (1 + ”xj”) (1 + e, I l(.ijlxk)l

with (xn)1<n dense in E, are all equivalent.

(i1) If E is infinite dimensional, then the weak operator norms
defined by different orthonormal bases of E need not be equivalent
on Hom(Z,E). This is seen by constructing a strictly increasing
sequence (nk)lik of positive integers such that HanPH = 1 for

each k and then arguing (as in remark (i) following (5.3.1)) with

the sequence (<.Tkank|g))1ik, where

o0 _nk
S F k=1 P 9y
and
3nk/2
Ty, = Az € E 2 (x|la_ ) a
n

ko "k
for each positive integer k.

(1i11i) If HHS, ﬂﬂw are respectively the strong and weak operator

norms defined on Hom(E,E) by the orthonormal basis (an)1<n’ then

[1,, is 'weaker' than Hﬂs, in the sense that the identity mapping

L

T -~ T of (Homl(E,E),ﬂﬂs) onto (Homl(E,E),ﬂﬂw) is uniformly
continuous. Moreover, if E is finite dimensional, then all strong

and weak operator norms on Hom(E ,F) are equivalent to the usual

~

operator norm
AT € Hom(E,E) sup * € E A~ laxll< 11, Tzl
However, if E is infinite dimensional, (nk)1<k is a strictly

increasing sequence of positive integers such that “an | = 1 for
k
each k, and

T, = )z € EleanJ ank>
then T, belongs to Hom, (E,E) , (ﬂTkHw>1ik converges to 0, but

" OT.a - .Tkan

; = 2
J I*;i /

N
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whenever j#k; so that (HTkﬂs)lsk is not convergent, Thus [ Hs
and [ Hw are not equivalent when F is infinite dimensional.

In fact, we can readily show that if F is nontrivial and
I Bs,ﬁ ﬂw induce oquivalent metrics on Homl(E,E), then F is finite
dimensional. For,choosing r so that Harﬂ = 1, and setting

Sk = \x € F (xlar)ak

for each positive integer k, we see that § € Homl(E,E) and - as
-r-k .
ﬂSka < 2 for each k¥ in N~1 - (Hskﬂs)lsk converges to 0. Thus

there exists v in N~1 such that

-1 - -7

2 HakH = “Skﬂs < 2
for each k in N~v. For such k, we then have Hakﬂ < 1, a = 0. Thus
(3.2.2) E is finite dimensional. ®

It i1s a well-known theorem of classical mathematics that
Homl(E,E) is compact in the weak operator topology (C 191, §8,
Theorem 13). As we shall see shortly, things are not quite so
straightforward in constructive mathematicsj; our first step,
however, is in accord with the classical situation.

.2 Homl(E,E) 1s precompact in the weak operator norm.
Proof. Given € > 0 and a positive integer v, we let Eq be
the finite dimensional subspace of E spanned by {al,...,av},

and P the projection of E on E Then every element of

O.
Hom(EO,EO) is normable, and Hom(EO,EO) is a finite

dimensional Banach space under the usual operator norm,

with compact unit ball Homl(EO,EO) (3.2.0), Llet
e
0

For each k in scsr r, define Tk = Tz:P. Then, given T

{r ,...,Tij be an e-approximation in norm to Homl(EO,EO).

in Homl(E,E), we have strc P:T E in Homl(EO,EO), SO

that llstrc P:T EO - TEN

this same k, and integers m,n with 1 < m,n < v, we have

< ¢ for some k in scsr r. For
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o
-.Pan)-(.Tk.Pamlan)l

I(.Tamlan%-(.Tkamlan)| <. Ta

|(.P.Tam|an%-(.T§amlanf|

Oa
K m

¢ .strc P:T Eqga, la)-¢C.T7a |a)
m! “n n

. O
< listrc P:T By - Tl

< €.

Reference to (5.1.3) completes the proof, 0

Remarks: (i) We recall that an operator T on E is positive if
it is selfadjoint and ( .Tz|ax > 0 for each z in E- or, equi-
valently, if there exists an element S of Hom(E,EF) with adjoint
S*T such that I' = S*S. Now, using the notation of the proof of
(5.4,2), we readily see that if T and Tz are positive so are
strc P:T EO and Tk.‘ In order to prove that

the set HomI(E,E) of positive elements of Hom(E,E) 1is

precompact in the weak operator norm,
it is therefore sufficient to prove that, when E is finite
dimensional, Hom;(E,E) is precompact in the usual operator
norm. Accordingly, let us suppose that E is finite dimensional,
so that each element of Hom(E,E) is normable and has an adjoint
and

¢ = AT € Hom, (E,E) T*T
is a mapping of Homi(E,E) onto HomI(E,E). For each z in E,

and S,T in Homl(E,E), we have -

(. 0Sz]ad - Cooorzlo | = |1.Sal? - U .1al ]
= .Szl + 0.7l )|, Sal = . Tzl |
< 2zl .Sz - (Tl

< Mallls - T,

U We shall use the standard notation T'* for the adjoint of
our operator T on H, when this adjoint is well-defined.
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SO that
| AT € Hom (E,EX ..¢Tx|x)

is uniformly continuous on Homl(E,E) with respect to the operator
norm. It folilows from this, (5.1.0) and the equality

W Ta|y = € T(xt+y) | (x4y)) - (.T(x-y) | (z-y )

+ i, P(x+iy) | (xtiy)) - i .TCx-iy) | (z-iy)

(valid for z,y in E and T in Hom(E,E)) that ¢ is uniformly
continuous as a mapping of Homl(E,E) (under the operator norm)
into (Homz(E,E),ﬂH), where [] is the weak operator norm.
As the former set is compact, Hom;(E,E) 1s precompact in the
weak operator norm, and therefore in the usual operator norm
(cf. remark (iii) following (5.4.1)).
(ii) In the proof of (5.4.2), note that Té is normable, with
HTkH = ﬂTzH. Thus the normable elements are dense in Homl(E,E)
in the weak operator norm. In view of remark (i) above, the
same applies to HomI(E,E). ®

We omit the simple proof of
.3 Homi(E,Q) is closed in Hom(E,E) in the weak operator norm. 0l

In discussing the possible compactness of Homi(E,E) in
the weak operator norm, we are now left with the question of
its completeness. Let us therefore consider a sequence (Tk)
in Homi(E,E) that 1s Cauchy in the weak operator norm []. By
(5.4.0) -

¢ = Ax,y € E,,F lim (.Tnxly)

00
is a well-defined (and clearly sesquilinear) mapping of E,,F into

C; moreover it 1is clear that (Tk) is []-convergent to an element
T of Homi(E,E) if and only if

ur € Hom (E,E)Nz,y, € EC.pCzyy) = C.Tx|y )
By the Riesz Representation Theorem (Appendix 5), this last 1is
equivalent to the condition that, for each in g, the linear

functional Ay € E.¢(x,y)* be normable.
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'Unfortunately, there does not seem to be any constructive means

of proving normability of these functionals.
Another condition equivalent to the []-convergence of
(Tk) in Homi(E,E) is that, for each x in E, the series
® . 2
anilllmk+w(.Tkx|agl
be convergent. It is the examination of this condition that

provides the somewhat unexpected .solution to the problem of

completeness of Homl(E,E) in the weak operator norm.

4 If E is an infinite dimensional Hilbert space, then the
completeness of Homl(E,E) in the weak operator norm entatls
the limited prineciple of omniscience.

Proof. 1In view of (3.2.2), we may assume without loss

of generality that uann = 1 for each n. Let (nk)iik

be an increasing sequence in {0,1}; set
_ r ~2.-1
¢ = Ar € N~:L(zj:1 J ),

and for each positive integer », define a linear

mapping T, of £ into E by

r 1/2
kzl(nk+1-nk) a -

M3
m

Ax € E(.¢r)2§: '—1(x|aj)2

19
Then, for x in E and » in N~1,

2y,.r .-1 2.r _
l-r=ll® = ComdTl2s g Celap 170y (g g = o)

Lo \2 2 r -2
(.¢r) (Z;:1|<x|am)| )(Zj=1J )(nr+1 - ngq)

1A

< Cordln gy - nl)"xﬂz

2
< =

Thus, Tr belongs to Homl(E,E). Now, with r,s positive

integers such that r > s, we have

s ~i-k ) 1/2 .-1 o
I[Tr - TS]] = Zj,k:j- 2 (nk+1 nk) J I'(bp d'-’
r .r -J -k _ 1/2 -1
Cord2iqlpagey 27 (gyq =~ M) 77
r s -J -k _ 1/2: =1
('¢P)Zi:s+1zk:1 2 (nk+1 nk) “

<
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Given € > 0 and a modulus § of uniform continuity for the
. -1

mapping At € [1,2]¢ 7, we now choose a positive integer

§. SO that

o0

j:S +1 Z—J i E/Ll’
€

and, for all »,8 in N~s

8)
r =2 s =2
Iijl JT- e d | < 8(e/2).
Then, with r,s in N~ and r > s, we have
- - als® ~J-k
rr, - .1 iv].¢r el g 2 +
r r ~J-k r 8 -J-k
O 1 st 2 GO gy 2
< - ® ~J
< |opr - s + 2T+ o412
< €.
Thus (Tr)lir is a [] -Cauchy sequence in Homl(E,E).
We now let & = Z§:1 j—iaj. Then, for positive integers
r,k with r > k, we have
i P =2 _ 172 _ 1/2
(.Trilak) = (.¢r)2j:13 (nk+1 nk) = (nk+1 nk)

so that

. i} _ 1/2
lim <.TPE|ak) = (nk+1 nk) .

y-roo
Yrom this it follows that if (7,) is ] ~convergent to an

element T of Homi(E,E) then

) 172
(.TElay) = (ng, o4 = M)

for each k3 so that the-series Z::1<”k+1 = 7My) must
converge, its sum being “.TEHZ. As this last series is
convergent if and only if

sup k € N~1 ng = 1limg " = ", ¢ Zi:j(nk+1 - 1)

is well-defined, we conclude that the []-completeness
of Homl(E,E) entails the proposition: every increasing
sequence in {0,1} has a well-defined least upper bound.

That this, in turn, entails the limited principle of
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omniscience is well-known (cf. [1], pages 4-5). [

Remarks: (i) This theorem provides the only example known to the
author of a classically compact subset of a metric space X, which
is constructively both precompact and closed in X, but whose com-
pleteness is an essentially non-constructive property.
(ii) The remarks preceding (5.4.4), and (5.4.4) itself, combine
to show that the constructive version of the Riesz Representation
Theorgm,(as stated in Appendix 5) is the best we can hope for;
more explicitly,

if F 1s an infinite dimensional Hilbert space on which

each bounded linear functional has the form \x € Ez|a

with a in E, then the limited principle of omniscience

is constructively valid. ®

5.5 Linear functionals ' and the weak operator norm

It seems reasonable to expect that, as in the classical,
so in the constructive theory of algebras of bounded linear
operators on a Hilbert space H, an important role will be played
by those linear functionals on such an algebra ® which are
uniformly continuous on & n Homl(H;H) with réspect to the weak
operator norm; classically, these are precisely the ultraweakly
continuous linear functionals on & (9], Chapter 1, §3). In this
section we shall look at such functionals in the case & = Hom(Z,H).

Throughout this and the next section, (H,([)) will be a
complex Hilbert space; (an)1<n’ (aé)iin orthonormal bases of #,

defining weak operator norms Hﬂw,ﬂﬂé respectivelv; and, for each

Ya, and z > {z|al a!
7 Tk 7 Tk

(% 3

i,k in 11~1, Sjk’sék the mappings = - (x|a

respectively.

.0 Let f be a linear functional on Hom(p,H)., In order thot f be

uniformly continuous on Homi(H,H) with respect to the woc’

operator norm, it is necessary and suffictient that there exist



-135-

)

a double sequence (¢ 1 in C such that the series

Jk J .k, € N~

Zj,kzl cjk('Tajlak) is uniformly convergent to .fT on Hom, (/7,#) 5 in

whi = - 1 ) ~
hich case ¢k 'fsjk for each j,k in N~1,

Proof, Given € > 0, we choose a positive integer v so

that I 2 "

n=v+l < €/2. Then, with p,q elements of N~v, and

T any element of Homi(H,H), we have

7 - 3P 29« .7q, S,
I G=18%=1 TaJ]ak)GJkﬂw
= 5 Tmen - yP q
zm,n:iz ](.Tamlan> zjzizk:1< Ta.lak><.S kam[an)[
- Zoo 2...m._n . _ p q
mon=1 K Tamlan) ijlzkzl( Ta Iak)d aknl
= p o -m-n N R -m-n
m =1 n:q+12 ¢.T lan) + m=p+1zn:12 (.Tamla )
oo -m
< Io_42 el 4 e/2
= €
Thus the series
i x=at-Tazlap) s,
is Hﬂw ~ uniformly convergent on Homi(H,H), its sum

being T. If the linear functional f is ﬁﬂw—uniformly
continuous on Homi(H,H), it is now clear that
th = Zij:j_(-ijk)(.Tajlak),
the series being uniformly convergent on Homl(H,H).
Conversely, supposing that
f = AT € Hom(H,H)Zj,kzicjk(.Taj]ak)
with each ¢ ik in C and the series uniformly convergent
on Homi(H,H), we note first that

y B = . . .
ng,k, €N 1(cjk fsgk)
Moreover, choosing u in N~1 so that

- ~ yH -

ns,T, € Hom, (#,1)(|.f(5-T) Zj,k=1cjk<'(5 T)aj|ak>] < g/2)
and then a common modulus § of uniform continuity for the
functions T - (.Tajlak), 1< g,k <y, on (Homl(H,H),ﬂﬂw),

and setting
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M = max{lcjk] t F.k, €N AL < G,k <o},
we have

|.rs -~ .fr] < =M

J,kzllcjkll(.(S—T)aj[ak>| + g/2

< € N

whenever S,T belong to Homi(H,H) and satisfy

[s<r) < 27ty %y,
This proves uniform continuity of f on (Homl(H,H),ﬂﬂw). M
Remarks: (i) Classically, a linear functional f on Hom(H,H) is
exist

uniformly continuous on (Homi(H,H),ﬂﬂw) if and only if there

sequences (x ) (y_ ) in H such that Z”xJz' Q,Zﬂyn

H2 both

n"1<n? n’1<n

converge, and

(9], Chapter 1, §3 ),

f = AT € Hom(i,m)E, ¢ .Tz |y )

this extremely elegant classical criterion.

(ii)

Bearingin mind (5.4.2) and (5.5.0), we can easily show

that the set of linear functionals on Hom(#Z,H) that are

No constructive proof is known as yet for

uniformly continuous on (Homl(H,H),ﬂﬂw) is a Banach space under

pointwise operations of addition and multiplication by scalars,

and the operator norm (cf. remark following 5:1.3)). ®

In view of (5.2.4), we might hope that the set of line

functionals on Hom(H ,H) that are uniformly continuous on

ar

(Homi(H,H),ﬂﬂw) and have operator norm at most 1 would be pre-

compact in some appropriate adaptation of the weak* norm.

or not this is the case, we can describe very natural weak seminorms

with respect to which this set is precompact.

.1

by

(o0}

_ -J-k

71 = % a7 gy
oo G-k

(71t = 27 42 L rs iy 1.

Whether

Let [1,1)" be the seminorms defined on the set V = Hom(Hom(#,H),

Then [] and [1' induce equivalent pseudometrics on the unit ball

&)

o
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V1 = Homi(Hom(H,H),C) of V. Moreover, the restriction of either
of ihese seminorms to the set /A of elements of V which are
uniformly continuous on (Homi(H,H),[Hw) 18 a norm,
Proof. To begin with,Alet p,q be positive integers, and €
a real number such that 0 < € < 1. Choose a positive

integer v so that

oo 2 2
Zk=v+1|<aé|ak)l < g°/u
and

oo 2 2
Zk=v+1!(aélak>l < g7 /4,

let P be the projection of H on the linear subspace

spanned by {al,...,a }, and let x be any point of H.

Vv
Then

I. s

= Kz|laD a? -
P q

vV

2V (.S a.la)y .8,
J,k=1 pa?il o 8=

V

! x -
pPq

V
1<(Zj:1<x|aj>ajlaé>aé|ak)akH

Zk:
H(xlaé)aé - 22:1(<.Px|aé>aélak)ak”

1

{ Ya! - P K. " al
H xlap aq ( leap aq)”

= H(xla’)a"— <x|.Pa').Pa’H
P q p q

< H(xlaé - .Paé)aéll+ ”(xl.Paé)(aé - .Paé)”
< el Ty - cpapll + llell Tag - . Pag |l
< elkll.

Thus € is a bound for the operator

: vV
’ -« Z [ 4
Spq J k=1

(.SéanIak)Sik.

Now let § be a common modulus of uniform continuity

for the functions f » 'fsjk’ 1< g4,k <v, on (Vl,ﬂﬂ)
(5.1.1). Then, with f,g in V, and [f - gl < 6(v %), we

have
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. S’ hat . S'

|.f g g pql

< . ‘9’ hon Z\f S (.AS" [ [d
A Pq J k=1 pqaalak)sak)l t

\) .
Z ’ ( ' — -
Ry Spqajlak>(.fsjk g5 )|

Lg(S! -2V X.S! a.lay s,
9 05pq = Bj kea® Sp0sla 5501
v
< + X . v = .
= € J,k=1l fsgk QSJkl t €
\N< 3e
Thus f - ,fSéq is uniformly continuous on (Vi,ﬁﬂ). In

view of (5.1.2) and the remark following (5.1.3), it 1is
now clear that [l and ]’ induce equivalent pseudometrics
on Vl'
On the other hand, if f belongs to V1 and [f] = 0, then
.ijk = 0 for all positive integers J,k. If in addition,

f is uniformly continuous on (Homl(H,H),Hﬂw), then

(5.5.0) for each T in Hom(H,H),

[e0)

- ( ) =
0 = Z; 4.4 .Taj|ak SEFPRL IR

from which it follows that [] i1s a norm on Tl ]

.2 In the notation of (5.5.1), V1 ts [1-precompact, and Vﬁ
28 [l~dense in Vi
Proof, Let € be given in R+, and v in N~1, In view of the
remark following (5.1.3), and (5.1.3) itself, it will
suffice to find a subfinite subset {fg,...,f } of V?
with the property: for each f in v, there exists m 1in
N~gscsr » such that
., - JfF 5, < €

| F50 = T8
for all integers J,k with 1 < §,k < v. To do this, we
let P be the projection of H# on the finite dimensional
subspace HO spanned by {al,...,av}. Then every element

of Hom(z%PHO) is normable, as 1is every element of
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VO = Hom(Hom(HO,HO),C),

Hom(HO,HO) and 7’ are finite dimensional Banach spaces

with respect to the corresponding pointwise operations
-
and operator norms, and the unit ball

0

Vi Homi(Hom(HO,HO),C)

of VO is compact in the operator norm. With {fg,...,fg}
an €-approximation to Vg in the operator norm, we set

fk = AT € Hom(H,H).fg (P:strcTHO)

for each k¥ in N~scsr r. Then fk clearly belongs to
Homi(Hom(H,H)ﬁ). On tte other hand, as T »> ¢ .Tx]|.Py) is

uniformly continuous on (Homi(H,H),Hﬂw) for each z,y

in # (5.4.0), given €' > 0, there exists § > 0 such that

\Y)
J k=1

whenever S,T belong to Homi(H,H) and [S - Tﬂw < 6. For

2
) [<.P. (5 - T)ajlak>| < e

such S,T7, and any z 1in HO, we then have

Il.p. (s - Tz|| ?

= (b)Y ogtelap (Pt - Dajlap apll?

= 1y 41zl Celap ¢ P (s - T)ajlak)lz

< zzzl<z;:1}<x}am>}2>(zx:1{1 P.(s - Da lap |
= Loy L 1C P8 - Daglay K

< el

whence T » P:istrc TH, is uniformly continuous as a mapping
of (Homi(H,H),Hﬂw) into Homi(HO’HO) (under the operator

norm). It follows that fk belongs to V?.

Now let f be any element of Vs and j,k integers with
1 < 4,k < v. Then, defining
fo = AT € Hom(HO,HO).f(T:P),

0 0 . s
we see that f Dbelongs to Vi’ so that there exists m 1in

0 y
N~scsrr with Hfo - me < €. Noting that
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P:(strc SijO):P = Sjk’

we now have

l.ijk - .fmsjkl
- . . — 0 . T
=|.f(P: (strc SijO)'P) . f,(Pistrc Sjkdo)l
- 0¢p. .
=|.f (P:strc SijO) - .f%(P.StPC SijO)l

< r? - ol

< €

The subfinite subset {fo""’fr} of V? therefore has

the desired properties. [

Remarks: (i) In order that the mapping f * .fT be uniformly
continuous on (Vg,ﬂﬂ) for each T in Hom(#,H), it is necessary
and sufficient that H be finite dimensional. Indeed, the
sufficiency of this last condition is clear; while, conversely,
if I denotes the mapping Ax € Hx, and f > .fI is uniformly
continuous on (Vz,ﬂﬂ), then there exists § > 0 and a positive
integer v with the property:
ﬂf,g,evg(ﬂj,k,escsr v ~1(|.fsjk - 'gSjkl < 8) = |.fr - .gIl<1).
Choosing n in N~scsrv, suppos ing that HanH = 1, and setting
F £ AT € Hom(#,H) .Ta |a ),
we now see that 1 = .FI < 1. This contradiction ensures that

a = 0 for each integer n > v, and therefore that H is finite

—

n -

dimensional (3.2.2).

In particular, when # is infinite dimensional, [] and the
(analogue of the) weak®* seminorm on ¥V do not induce equivalent
pseudometrics on Ve
(ii) If H is infinite dimensional, then the completeness of Vﬁ
in the seminorm [] entails the limited principle of omniscience,
For, with (nk)1<k an increasing sequence in {0,1}, supposing that

la Il = 1 for each n and setting
n |

-—
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=1 (n
2/,_,. -

for each positive integer k, we readily see that (fk)1<k is a

¢
= AT € Hom(H ,H)IL. - N Ta. .
Tx OMAT S22 ng)Taglap

J+1
: w
[ -Cauchy sequence in V1; however, the []-convergence of (fk) to

an element f of Vq entails that

'fqu = 11mk

- for each p,q, whence (5.5.0)

0

Sf(Ax € = I, . .
f(Ax Hx) 23:1(n3+1 n.)
and therefore
KEN~1 = " -
sup ny T omy ¥ iji(nj+1 nj)
is well-defined. ®
5.6, Linear functionals on linear subsets of Hom( H, H).

Throughout this final section, ® will be a linear subset
of Hom(H,H), and f a linear functional on & that is uniformly
continuous on (& n Homi(H,H),HBw), and nonzero (in the sense
that .fR > 0 for some F in &),

A natural question - whose classical answer is in the
affirmative - 1is:

does there exist a linear functional f# on Hom(#,H) which

is uniformiy continuous on (Homi(H,H),ﬁﬂw) and satisfies

strc f#Q = f7
Using (5.5.0), it is not difficult to show that if such an
extension f# of f exists, and € belongs to Rﬂ then there exists

a positive integer v and a finite double sequence

in C h that
(cjk>j,k, € scspy ~1 M suc a
v -
Zj,k=1lcjkl = 1,
and
\Y
) ) < €
|zj’k:13jk(.RaJ!ak | <

for each R in the unit kernel trc{o}) n Homi(H’H) of T,

Although the question of the existence of f# remains open (within



-142-

the framework of constructive analysis), we are able to give
a partial answer, in the forﬁ of a converse to this last
result (5.6.1)., As a first step towards this answer, we require
the lemma:
.0 If & nHoml(H,H) 18 precompact in the weak operator norm, then
the same holds of the unit kernel of f.
Proof., It i1s clear that
¢ = sup R € & n Hom, (¥,H) | . 7R
is a well-defined positive number, and that there
exists R, in & n Hom, (H,#) with .fRy = e¢/2. On the

0

other hand, with € given in R+, the set

A, = {R € & n Hom, (#,H) : |.fR| < t}
is weak operator precompact for some ¢t with
0 < ¢t < (1+Mc_1)—1€. For such t, let {TO,...,TV}

be a t-approximation to 4, in the weak operator norm

t
ﬁBw, and set

- -1,.,-1 -1
Ti = (1+2¢ "t) (T 2¢ (.ka)RO)
for each k in N~scsrv. Then .fTé = 0, and
I.rfal < (1r2e7 e AL Tl + 26T THL R @) < lal
tor each  in H. Thus Té belongs to

*#f({0}) n Hom,(#,H). Let T be any element of

this last set. Then T belongs to 4 so that

t)
Ir - Tk“w < t for some k in N~scsrv. For this
same k, we have
P~ 7! <t + ﬂ20"1(1+2c"1t)"1(w +(.fT, )R )]
I 2N kO IT B,
-1

<t + 2¢ TClT, Y+ | FT TR D

< (1+ be™ )t

< €

Thus {Td,...,TJ} is an e-approximation to

+£({0}) n Hom (#,H) in the weak operator norm. [
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1 If &n Homl(H,H) s precompact in the weak operator norm and
+ . . .
€ belongs to R, then there exists a positive integer v and a

finite double sequence (Cjk)j,k, € sospy ~1 7 C such that

V

Zik=115n

=1,
and
IZ;,k=1cjk('Rajlak)! < €
for each R in the unit kernel of f.
Proof. Let ¢ be a modulus of uniform continuity for f on
(] n Homi(H,H),ﬂBw), and v a positive integer such that

Vo =gk - -1
j;k=12 (. (s T)aj[ak>| + 2 ~6(e/2)

S <

[[L) T]lwi‘z

for all §,T7 in Hom,(H,H). Let M be the set map(scsrv~1)C;
for convenience, we shall urite cjk for

.c(j,k), whenever ¢ belongs to ¥ and j,k to scsrv ~1.

For each ¢ in M define

V

el = Zj,kzllcjkl’

_ . v
fell, = sup R € AF({0}) n homi(H’H)lzj,kzlcjk('Rajlak)l’

(The latter is well-defined in virtue of (5.6.0) and (5.4.0).
Then Il and ””O are seminorms on M, (taken with pointwise
operations of addition and multiplication by scalars)

lelly < el for each ¢ in ¥, (M,IIl1) is a finite dimensional
Banach space, and

B =inf c €M alel = 1lel,

is well-defined. To coﬁplete the proof, it will suffice
to show that B < €, Moreover, as either B > 0 or B < g,
we lose no generality in supposing that B8 > 0. Thus

el < B~1”C”O for each ¢ in M, Il and ””0 are equivalent
norms on M, and (M,””O) is a finite dimensional Banach
space. Each linear functional ¢ on ¥ is therefore ”UO—

normable, in the sense that

<1 |.¢c]

0 = e M
1910 = sup e € ¥ allel <

i1s well-defined.
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Let V be the set of (bounded) linear mappings of » into

C,S. the unit ball {¢ € V : u¢"0 < 1} of (vl ”O)’ and

0
U the unit kernel *f({0}) n Hom,(#,H) of f. Define a

mapping

Y = AR € U ke €M Z},kzicjk QRajlak)

of U into SO. We shall show that rng yis HHO—dense in
54 To this end, we first prove that y is uniformly
continuous as a mapping of (U,Hﬂw) into (SO,HHO).

Given €' >0, we choose in turn an e€'-approximation
{co,...,cp} to the unit ball of (M,HHO), a common modulus
65’ of uniform continuity for the functions

T > .,WTej,j € scsr r, on (U,H]w) (5.4.0), and elements
S, of U with [5 - Tﬂw < 68,(8'). Then, with e any
element of the unit ball of (M,HHO), and t chosen in

t
scsr r» so that le - e¢’ll , < €', we have

0
. YSe - . YTe]

\) t "1 - ) + S t— T t
< 2|Zj,k:1(cjk - cjk)<2 L (S T)ajlak | |..¥Se -..yTe !
<2le - ¥y e
< 3¢,

Thus

Loys - ourl < 3e’,

whence, clearly ¥ is uniformly continuous as a mapping
of (U,11,) into (545017, and (5.6.0) rngp is i -
precompact. To complete the proof that rngy is HHO-
dense in SO’ we let ¢ belong to SO and suppose that

0 <y =infRrRE U - yrIC,

Then, with the help of the Separation Theorem (Appendix

5), we can construct a normable linear functional F on

(V,HHO) such that
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JFo > | F.YR| + Y/2

for each R in U.v As (M,HHO) is finite dimensional, the
operator norm 1% and the double norm on V are equivalent
so that (Appendix 5) there exists e’ in ¥ with

F = \g € Vouge'. Tt follows that

.¢c' > sup R € U|..YRe'| + v/2 > el

- a contradiction of our -original choice of ¢ as an

element of SO. Thus
inf Revule - vrIY = 0,
and rngy is HHO~dense in Sy

As f is nonzero, we lose no generality in supposing that

.fRy = 1 for some R, in & n Hom (#,H). We then have

v
sup ¢ € M A ey <1 lzj,k=1cjk('R0ajlak>l

V

-1

sup ¢ € M A llell < B Izj,kzlcjk('RUajlak>l

-1

B .
Thus

- Vv
o = Ac € M Zj,kzlcjk<BR0aj|ak)
belongs to SO,and we can choose R, in U with
o - pr MO < 2708Ces2).
Now, for each ¢ in M with fell < 1, we have Jelly < 1 and
therefore
-1
v : - : 2" "6(e/2).

lzj’kzicjk< (R, Rl)aglak>| < §(e

In particular, choosing real numbers GiP so that

- = - i
. (BR, Rl)aj|ak) | ¢ . (BR, Ri)ajak)l exp( ejk)
and setting
_ ,mdk 3

Cjk = 2 exp ( lejk)

for each j,k in scsrv ~1, we have

\Y%

Vv ...j..k
2
7ox=11% %]

J k=1

1

X 2

1

IA
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and .

5V 277K (BB -~ B )a. _ gV 3

J k=1 l (B 0 1)aJ]ak)I Zj,kzlcjk('(BRO Rl)aj,ak)
< 27 s¢es0y.

As BRO and Ri both belong to K n Homi(H,H) (it is clear
that B < 1), it follows that

[BR R, 1 < 8(e/2),

0 17w
and therefore that
B = -f(BRO - Ri) < e/2 < g,

This completes the proof. [

Comparison of the above proof and that of Theorem 10, page
287 of [1])] (on which it is-based) suggests that we might be
able to adapt our argument to produce an affirmative answer to
the question asked at the beginning of this section, under the
extra condition that & n Hom, (#,H) be precompéct in the weak
operator norm. Unfortunately, all our attempts at such adaptation
have met with frustration at some stage or another, and we have
been forced to the conclusion that a full answer to our question

may well require an approach altogether different from that used

above and by Bishop.
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EPTLOGUE

Amongst the many questions outstanding after our discussion
of constructive set theory and analysis, one more than any other
cries out for an answer: what ié the value of constructive, as
opposed to classical, mathematics? Indeed, might it not be
reasonable to argue, as did Hilbert in 1927, that

'Taking the principle of excluded middle from the
mathematician would be the same, say, as proscribing
the telescope to the astronomer or to the boXer the use
of his fists'?

Perhaps the perfect answer to this last question is to be
found in the depth and scope of the analysis developed by Bishop
[1]. However, this in itself does not provide the answer to our
original question: to deal with that we contrast the remark of
Bertrand Russell,

'...mathematics may be defined as the subject in which we
never know what we are talking about, nor whether what we
are saying is true',

with what we have termed 'Bishop's Thesis':

4 concefn of mathematics is number ,_ ',

Here then lies our answer: prior to the work of Brouwer, Bishop

and other constructive mathematicians, and in spite of its out-

ward grandeur, mathematics was ultimately devoid of real mcaning,

In sharp contrast, the adoption of a constructivist philosophy

enables us to view mathematics, not as an empty, abstract discipline
tfull of sound and fury, signifying nothing',

but as a fulfilment of the apparently inborn concern of man with

numeracy.
Whether or not there will come what Bishop sces as 'the
inevitable day when constructive mathematics will be the accepted

norm' remains the subjecct of another story; the one we wished to

offer the reader is ended,
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APPENDIX 1

AXIOMS OF SET THEORY.

The following is a complete list of the axioms of our
set theory, as developed in Chapter 1, each axiom being indexed

by the reference number under which it originally appeared in

that chapter.

Definitional Axioms

(1.7.12) ((x < y) =2 NMt((t € 2) » (¢t € y)))
(1.,7.16) ((x = y) = ((x c y) Ay c x)))

(1.7.25) (M4 = Ny(y € 4 > y))

(1.7.27) (UA = Uy(y € 4 A Y))

(1.7.33) (U = Uzxzx)

(1.7.34%) ((z ¢ y) = (x> y) A (g ~>x)))

(1.10.0) (sng o = Ny(y » (x € y)))

(1.10.4) (sngl x =Ny ((x € y) ~ y))

(1.10.8) (singleton is a = (lla = Va € a))

(1.11.0) (Ex ux = Ux(0 € ux A sng x))

(1.13.0) ({x} = sngl z)

(1.13.1) ({xxz'} = (sngl x v sngl x'))

(1.13.2) ((x.y) = H{zt {xyl}))

(1.13.8) (A4..B = Exz.y(x € A A y € B))

(1.14.0) (ss @ = (sng 0 v Ux(x € a A sng sng x)))
(1.,14.1) ((a,b) = ((sng 0..ss a) Vv (sng sng 0..Ss b)))
(1.14.3) ((orderedpair is p = VYaVb(p = a,b))
(1.16.0) (relation is R = Nz € R orderedpair is x)
(1.16.2) (dmn R = ExUy(z,y € R))

(1.16.4) (rng R = EyYx(x,y € R))

(1.16.6) (vs Rx = Ey(xz,y € R))

(1,17.0) (function is f = (relation is f A Nz € dmn f singleton

is vs fx))
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(1.17.3) (.,fx = Nvs fx)
(1.17.9) (on 4 to B is f = (function is f A dmn f = 4 A rngf < B .
(1.20.0) (N = n43(0 € A A Nx € A((x v sng x) € 4))4)

Axiom of Definition

(1.7.35) ((x =z y) = (x = y)

Set Theoretic Axioms of Set Theory

(1.8.0) (x ¢ (0 € x))

(1.8.1) ((z € U) » ((t € (x € y))  (x € y)))

(1.8.2) ((z € a) » ((t € (z» y)) o ((t € 2) (£t € y))))
(1'8'3), ((¢ € Nz ux) © Nx(t € ux))

(1.8.4) ((t € Wx ux) © Uz(t € ux))

(1.8.5) ((t € (x A y)) o ((t € x)alt € y)))

(1.8.6) ((t-€ (x vyl < ((t €x)v (£t €yl

(1.9.0) ((x € U) » ((x = y) Ntz € t) > (y € t))))

(1.9.1) ((x = y) » (ux = uy))

(1.12.0)  (((4 € U) A Nz((z € 4) » (uz € U))) » (Uz((z € A)Auz)EU)
(1.12.1) (((x € U) A (y € U)) ¢ ((x v y)e U))

(1.12.2) ((x € U) ¢ (sngl x € U))

(1.21.10) (((S < A) A Nx{((x €AY o ((x A.A)Y c 8)) » (€ESI)Y>(C=4

(1.23.10) (N € U)
(1.24.0) ((4 € U) A (BE€U) > Ef(on 4 to B is f) € U)
(1.28.0) (a € A A Nx(x € 4 >VUyly € 4 A u'xy))

> Uf(on N to A is f A .f0 = a A Mm(n € N > u',.fn.fscsrn).



-150-

APPENDIX 2

AXIOMATIC PROOF THEORY

In keeping with our philosophy that 'every mathematical/
logical object may be regarded as either a set or a proposition',
we expect to be able to include proofs as terms of the set theory
described in Chapter 1. In this appendix we describe an axiomatic
approach to such a proof theory, and sketch briefly some conse-

quences of our proof-theoretic axioms.

Although our proof theory has certain interesting features
(notably, a derivable characterisation (A2.4.0) of proofs of the
proposition (p = q)), we feel that its inclusion in an appendix,
rather than in the main body of our dissertation, is justified
by its one considerable defect: an inability to describe proofs
of such fully general propositions as Nzux and Vxux (cf. remark

(ii) in Section A2.,3).

Note that we shall use the strictly formal notation of

Chapter 1 throughout this appendix.

A2.1 Preliminary definitions

The description of our proof theory requires a primitive

constant © , introduced by the orienting definition

T(p))

31

.0 (r(p)

and explained by the definitions
A (The set of proofs of p = m(p))
.2 (x proves p = (x € m(p)))

We also require

.3 (basic is « = Mt € z(n(t € x) = sng t))

This last definition - our formal expression of Bishop's notion
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of a basic set as 'a set for which no computations are necessary

to check that an element belongs to the set' ([ 3], page 71) - is

introduced with a view to the derivation of the Implication Theorem

(A2.4.0) and a strong principle of choice from basic sets (the

latter being necessary for the translation of the propositional

axioms (1.6.16) and (1.6.22) into our proof-theoretic language -

cf. proofs of (A2.7.2) and (A2.7.8)).

dmn f = Ex,y(z € Aay € 1(z € A))AE € dmn f(.ft € m(ucrd0t))))

A2.2 Definitional axioms for proof theory
.0 (inhabited is 4 = Ux(x € 4))
.1 (htd = Ed4(inhabited is 4))
.2 (basicorderedpair is p = WVUyp = x,y € U))
.3 (basicrelation is R = Mp(p € R » basicorderedpair is p))
U (bsvs Rx = Ey(x,y € R))
.5 (bsdmn = = Et(bsvs xt € htd))
.6 (tuple is x = (basicrelation is xA
Nt € bsdmn xz(bsvs xt = ss Vbsvs xt)))
7 (tuple a is x = (tuple is xAbsdmn x= = a))
.8 (crd tx = Vbsvs xt)
.9 (A4,,B = Ex,y(x € Ary € B))
A2.3 Axioms of proof theory
.0 (m(p) = m(0 € p))
.1 (n(p) €U)
.2 (p ¢ Ww(inhabited is m(p))
.3 ((4 € U) » {Nx € A ux) = Ef(function is f A
oy ((4 € U) » m(Yz € 4 uz) = E£((tuple 3 is t)A

(crdlt € m(crdot € 4))alerd2t € mlu crd0t))))
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.5 (1(p A q) = ((m(p),,m(g)) v (M(q),,m(P))))
.6 (n(p v q) = (n(p) v w(q)))

.7 ((x € w(p)) » (w(x € w(p)) = sng z))

.8 ((n € N) » (n(n € N) = sng n))

Remarks: (i) Axiom (A2.3.0) is our proof-theoretic analogue of
the axiom of truth (1.8.0), and is necessary for the proof of the
Implication Theorem (A2.4.0). Axiom (A2.3.1) is the expression

of our belief that the set of proofs of p is always constructively
weil-defined, even if we do not know if p is true or falsej; in
other words, we have a sound idea of what we mean by 'a proof of
the proposition p', this idea being framed in terms of clearly
described rules of inference, etc. The motivation behind axiom

(A2.3.2) should be obvious,

Axioms (A2.3.3) - (A2.3.6) are expressions of the wusual
intuitionistic interpretations of the quantifiers and logical

connectives (cf. [1], Chapter 1, Section 3). Note that the appear-

ance of .

((m(p),,m(q)) v (m(q),,m(P)))

rather than

(m(p),,m(q))

on the right hand side of (A2.3.5) 1s necessary to ensure t hat
(T(p A q) = T(q A DP)) -

(which must obtain, by (1.8.5) and (1.9.1)).

Finally, (A2.3.7) and (A2.3.8) are the formal expressions of
our belief that the set of proofs of p, and the set of natural
numbers, are basic sets; in other words, it is (or should be !)

y and unmistakeably clear from the construction of a

immediatel

proof x of p (resp. of a natural number 7) that « is a proof of

p (resp. a natural number).
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(ii) It does not seem possible to produce criteria along the
lines of (A2.3.3) and (AQ.S.E) to describe the sets w(ﬂxHx)’and
m(Uzux). TFor example, were we to add even the axiom
(n(nz € U ux) = Ef(function is f A dmn f = Ex,y(x € U Ay € n(xz € U))
Nt € dmn f(.f¢t € 7(u crd0t))))
then (A2.3.2) we would have
(Uf(f € Ef(function is f A dm f = Ex,y(zx € U A y € 1(x € U)) A
Nt € dmn f(.ft € n(crd0t = crdlt)))))
whence (again noting (A2.3.2))
(UFf(f € U A dan dmn £ = U)).
From this and (1.16.31) we readily obtain the contradiction
(U € U).
On the other hand, the addition of
(m(Uzuz) = Ep(orderedpair is p A crd"p € n(u crd'p)))
to our collection of axioms would entail ((A2.3.2) and (1.14.13))
(Uzux ~ Uz € U ux)
whence,in particular,
(Uzx € U(x = U))
and therefore

(U € U).

Finally, the (at first sight most reasonable) axiom

(m(Ux € U Ex)': Et(tuple 3 is t A crdlt € w(crd0t € U) A
crd2t € w(u crd0t)))

is incompatible with (A2.3.1) and (A2.3.2) taken together: for,by
(A2.3.2), it entails
(U = Eyut € 7(Uz € U(x =2))(y = crd0t))
whence ((A?2.3.1) and an obvious analogue of (1.16.31))
(U € U).

As the exclusion of (A2.3.1) or (A2.3.2) from our list of

proof-theoretic axioms would divorce our proof theory from reality,

we are forced to reject the above - and,as far as we can see,
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all other - stronger forms of (A2.3.3) ands(A2.3.4) as candidates
for election to our axiom system. In view of this apparent defect
in our proof theory, it is worth observing that such fully general
statements as Nxux, Yxuzx have no place in the practical mathematics
of Bishop's book [1]. Of course, this fits in well with the intui-
tive idea of constructive mathematics as a theory built up 'from
below', starting with the natural numbers and discussing statements
of the form Nz € 4 ux, Uxr € 4 ux where 4 ié constructively well-
defined, rather than overreaching itself in the discussion of
idealistic statements like Nzuz and Vxux. Moreover, even in the

formal system of Chapter 1 it appears that fully universal state-

ments are normally of a trivial nature - such as, for example,
Ne(xz = x) - and could, if we so wished, be replaced by free variable
statements (like (x = x), in the case of Mue(x = z)). Nevertheless,

any attempt to recast the theory of Chapter 1 so that fully general
statements are replaced by free variable ones, and the only univ-
ersal and existential expressions permitted are those of the form
Nz € A ux and Yr € 4 uxr with 4 € U, runs into immediate difficulty
Wwith the definitions of 0 and U. One way out of this might be to
take U as a primitive constant and define 0 to be Nx € U x: but
this would lead to the highly unsatisfactory situation in which

our logic (of negation) depends on the definition and properties

of the set theoretic connective '€'! The inadequacy of the above

proof theoretic axioms therefore remains, both irritating and

seemingly unavoidable,

(iij) Noting that
(Ef(function is f A dmn f = Ex,ylx € 4 Ay € n(x € 4)) A
nt € dmn f(.ft € m(ucrd0t)))

C map Ex,y(x € A Ay € 7(x € A4)) Ux € Aﬂ(ll_x))

that
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(Ex,ylz € A Ay € mlec € 4)) C A,,Ux € 4 1(x € 4))
and that ((A2.3.1), (1.12,0) and (1.17.19))
(4 €U~ 4a,,ur € dnlx€A)€ U AUz €4 m(uz) € U)
we need only refer to (1.24.,0) and (1.12.4) to complete an
independent verification that
(4 € U~ Ef(function is f A dmn f = Ex,y(x € 4 A y € 7(x € 4))A
Nt € dmn f(.ft € 7w(ucrddt))) € U)

(cf. (A2.3.3) and (A2.3.1)).

We omit the corresponding verification that
(4 € U~ Et(tuple 3 is ¢t A crdlt € nw(crd0t € 4) A

crd2t € m(ucrd0t)) € U). ®

A2.4 Tmplication

.0 The Implication Theorem
(mlp » q) = 1(Nx € 1(plg) = map Ex,y(x = y € w(p)Inl(g))
Proof To begin with, we note that ((1.8.0) and (A2.3.2))
(Nx(x € w(p) ~ t € a) « (0 € p >t € a)),
whence ((1.8.2) and (1.8.3))
(Nx(x € (p) » a) = (0 € p » a)).
On the other hand, it is clear from (A2,3.1), (A2,3.3) and
(A2.3.0) that
(n(nx € 1(plqg) = n(nx € 7(p)(0 € g)))
It now follows from all this, (A2.3.0) and (1.8.2) that

n(0 € (p » q))

(n(p> q)

ﬂ(0€p+O€q) .

m(Nx € m(p)(0 € g))

m(Nx € wlplg))
It is now a simple matter to complete the proof, using (A2.3.3)

and (A2.3.7). O
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To connect this theorem with the standard intuitionistic
interpretation of the connective '-' we have
.1 (¢ = AFfe€e alp » q) Az € 1(p).flx,x)

» univalent is ¢ A on w(p> gq) onto map T(p)T(q) is ¢)

A2.5 Negation

.0 (~p ¢ w(p) = 0)
.1 (~p @ (~p) = 1)
Proof By (A2.3.2), (1.6.11), (A2.4.0), (1.6.4b4) and
(A2.5.0)
(f € nl~p)
+ ~p A function is f A dmnf = Ex,y(z = y €7(p)) A
Nt € dmn F(. ft € ©(0))
+>on 0 to 0 is f
> £ = 0)
The result follows from this and (A2.3.2). 0O
Remark: It would greatly simplify matters on occasion if we
could have
{((w e w(p)) v~z e 7p)))
as a theorem or axiom. Unfortunately, such a theorem would entail
(~p v ~~p)
and
(nn eN ne{lx=nva #n))

when coupled with (A2.,5.1) and (A2.3.8) respectively.

A2.6 Choice

.0 (basic is A A A €EUA B € UAaNx € A Vy € B ulry
+ URonA toB is f a Nx € A u'w .fx))

Proof By (A2.3.2) and (A2.3.3) there exists a term¢ such
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that
(function is ¢ A dmn ¢ = Ex,y(x € 4 Ay € 7(x € 4)) &
Nt € dmn ¢(.¢t € n(Uy € B u'crd'sy)))

It is easily seen from (A2.1.3) that

(dmn ¢ = Ex,y(x = y € 4))

On the other hand, by (A2.3.4),
(Nt € dmn ¢ (tuple 3 is .¢t A crdl.ét € m(crd0.¢t € B) A
crd2.¢t € w(u'crd't crd0.¢t))).
Setting
(f = Ax € 4 crd0.¢(z,x)),
we now see that
(on 4 to B is f & ﬁx.€ A u'x.,fx)
as required. 0
.1 (A €U anx € a(p) Uy €4 u'zy
> Uf(on m(p) to A is f A Nz € 1(p) u'x.fx))
Proof Follows from (A2.3.7), (A2.1.3), (A2.3.1) and (A2.6.0). i
.2 (A€ Uarmm €N Uy €4 utny

+ Uf € sqnc 4 "m € N u'n.fn)

3

Proof Follows from (A2.3.8), (A2.1,3), (1.23.10) and (A2.6.0),

Although we feel that axiom (A2.3.8) is worthy of inclusion
in our system, it 1s not necessary for the derivation (A2.6.2):
indeed, the latter can be derived by an argument similar to that
of (1.28.2), given a proof of the following restricted form of
the Axiom of Dependent Choice (cf., (1.28.0)):

.3 (4 €U Aa €A aANz €A VUy €4 u'ay

> Uf € sqnc A(.f0 = a A mw € N u'.fn.f scsr n))
Proof Let

(B =Ex,ylz € 4 Ay € 1(x € 4))).

By (A2.3.2), (A2.3.3) and (A2.3.4) there exists a term ¢ such that
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(function is ¢ A dmn ¢ = B A Nt € B(tuple 3 is Ot A
erdl. ¢t € m(erd0.¢t € A) A crd2.¢t € 7(u'ecrd's crd0.¢t)))
On the other hand, by (A2.3.2) there exists a term ¢ with

(z € w(a € 4)).

Setting
(h = Xt € B(crd0.¢t, crdl. ¢t))
(g = ndc'h(a, ))

and
(f = »m € N crd'.gn),

we now see that

(on B to B is h A (a,z) € B)
whence (1.23.7)

(on N to B is g A .g0 = (a,z) A

Mn € N(.g sesr n = .h.gn = (crd0.¢.gn, crdl.¢.gn)))
It readily follows from this and (A2.3.2) that

(f € sqnc 4 A .f0 = a A tn € N u'.fn.f scsr n). 0

Remark: It is not hard to show that, were we to adopt

——

(4 € U=>a(nx € 4 ux) = Ef(on 4 is f A Nz € A(.fz € m(uxz))))
as an axiom instead of (A2,3.3) we could derive the choice prin-
ciple

# (A€ UArBEUANE €AV € B u'zy

» Uf(on 4 to B is f A Nx € A u'z.fx))

- a principle which we find it h;rd to accept among our construct-
ively valid theorems. In fact, however, we would be wrong in
seeking to include # as an axiom or theorem of our system: for
it 1s quite common in practice to find that a proof of the prop-
osition

(x € A » uzx)

depends not only on the construction of the element x of 4, but

also on our proof that & actually does belong to 4 (cf., [15],
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Appendix D). ®

A2.7 Propositional Calculus

The first nine theorems of this section translate the axioms

of propositional calculus ((1.6.14) - (1.6.22)) into the language

of our proof theory.

.0 (z € (p) » (x,x) € 7(p A p))
.1 (m(p A q) = m(q A p))
.2 (fenlp »q) »Uglg € 1(p A r >q A 2)))

Proof Let

(6 = xmyx € {12},,m(p A 2)m A (m =1 Az € 7(p),y,m(r)) v

(m =2 A x € nlr),,n(p)))))

Then as
((z € 4 > (x € 4) = U) A (~(x € 4) » (z € 4) = 0))
it is clear from (1,18.8) and (A2.3.5) that
(nz € 7(p A rIUm € {12} ¢(myz) = m))
whence (A2.6.1) there exists a term h such that
(on m(p A ») to {12} is h A nx € w(p A r)(.o( hx,z) = hx)).
With
(g =
e,y € Ex,y(x =y € mlp A r)).
(.ha

I

1 A (.f(ecrd'z,crd'z) ,crdx) v

chax 2 A (erd'z,.f(crd"x,crd"z))))

and noting (1.8.0) and (A2.4.0), we now see that

(x € m(p A r) A Jhx =1

> 1 1 0 ((U n (z € 1(p)y,m(r))) u (0 a (z € nlr),,m(p))))
=1n (z € 1(pl,,n(r))
+ 0€ (x € 1lp),,nlr))

> x € w(p),,n(r)
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> (hx = 1 A (.f(erd'z,crd'x) ,crd"x) v Jhx = 2 A

(crd'z,.f(crd"z,crd"x)))

(.f(ecrd'z,crd'x),crd"z) € n(g),,m(r))
and that, similarly,

(x € np A ») A hax = 2

+x € mlr),,n(p)

> Ghe = 1 A (Lf(erd'z,crd'x) ,crd"z) v Jhz = 2 A

(crd'x,.f(crd"z,crd"z)))
= (erd'z,.f(crd"x,crd"z)) € m(r),,n(q))

whence ((1.18,8) and (A2.3.5))

(g € map Ex,y(x = y € 7(p A 2))u(g A »)).
To complete the proof, it now suffices to refer to (A2.4.0). 0
.3 (f e nlp » q) |

+ g € (g ~» g)Ax,y € Ex,ylz = y € ﬂ(p)).g(.f(x,y),.f(x,y))‘

€ map w(qg » ») n(p » r))

ol (z € m(g) » xz,y € Ez,ylx = y € 7(p)lz € n(p » ¢))
.5 (x € m(p) A fe€alp »q) > .flz,z) € 1(g))
. 6 (ﬁ(p)C:rr(qu))

.7 (nlp v g) = 7(qg v p))

(fe np »r) A gen(g~>2r)>Uply € nip vg->02r))

L]
o0

Proof Define

(¢ = xmyx € {12},,1(p v gd(m A (m = 1 A 2 € wlp) v

2 Az € mlg)))

1

- m
Then ((1.18.8) and (A2.3.6)) |
(nz € m(p v qlum € {12} .o (myx) = m))
whence (A2.6.1) there exists a term k such that

(on 7{p v q) to {12} is h A nz € n(p v g)(.¢( hx,x) = .hx)).
With

(V=
Az € bx,y(x =y € T(p v g))(he = 1 A f(z,z) v .hx = 2 4

glxz,x)))
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We now see (by an argument similar to that used in the proof of

(A2.7.2)) that

W € m(p vg=>r)H. 0

For the sake of completeness we add here the translations
of the two extra propositional axioms of Heyting ((1.6.30) and

(1.6.31)):

.9 (f€mlp »q) A geanlp ~» ~q) » w(p) = 0)
Proof With reference to (A2.4,0) and (A2.3.2) we have
(t € mlp) » .f(¢,t) € 1(q) A .g(t,¢t) € m(~q)
> q A ~q
> 0)
whence result, U
.10 (m(~p) C ﬂ(p‘+ q))
Proof By (A2.3.2) and (A2.5.1)
(x € m(~p) » 2 = 0),
On the other hand, by (A2.3.2), (A2.5.0) and (A2.4,0),
(z € m(~p) > w(p) = 0
+ on kx,y(z = y € 7(p)) to w(q) is 0
+ 0 € 7m(p » q)).

The result i1s now obvious. []

A2.8 Predicate Calculus

When we turn to consider the proof theoretic description
of predicate calculus, we come up against difficulties of the
same sort as we discussed in remark (ii) following the axioms

in Section A2.3. It appears that we can do little or no better

than produce the following translations of restricted forms of

the predicate axioms ((1.6.23) - (1.6.28)) into our proof theory:
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.0 (A€ Una(yux) > (y>0Nxr €4 ux))
Proof From propositioﬁal logic and our rules of inference
we readily obtain
(Nx € A(y » ux)),
whence ((A2.3.2) and (A2.3.3)) there exists a term f such that
(function is f A dmn f = Ex,y(x € A A y € 7(x € 4)) A
Nt € dmn f(.ft € w(y » uerd't))).
Setting
(¢ = xs € w(y) At € dmn f..ft(s,s))
and referring to (A2.4,0) and (A2.3.3) we now see that
(on m(y) to n(nz € 4 ux) is ¢).
The result follows from this, (A2.3.1), (1.17.18), (A2.u.1) and

(A2.3.2). O

We omit the proof of the remaining translations of the predicate

axioms.

.1 (4 € Un (ux > y) > (Ux € 4 ux » y))
.2 (A €UAa€AANx €4 ur > ua)

.3 (A€ UANa€A ANua > Uz € 4 ux)

b (4 € Unay> Nx € dy)

Let us conclude this appendix with some comments on the
possibility of identifying m(p) with some simpler object in our

theory.

The first suggestion that comes to mind in this context
is to introduce as an axiom

(p = m(p)).
However, we cannot have both this and the (far more natural)

axiom (A2.3.2) without contradicting the axioms of Chapter 1:
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for, were (A2.3.2) and

(sng 1 = n(sng 1))
both theorems we would have

(1 € sng 1 = w(sng 1))
whence

(sng 1)

and therefore

(0 € sng 1)
-.that 1is
(0 = 1).

Another, and perhaps more appealing, possibility is the
introduction of the axiom
' (p € U~>p = n(Ux(x € p)))
(note that the condition (p € U);is necessary to
avoid contradiction of the very desirable axiom (A2.3.1)).
However, this also leads to a contradiction. To see this, we
first note that, by (1.8.0), (1.8.1) and (A2.3.2),
((0 € (p A q)) = Uz(z € Ezguxuy(z € 1(p) A y € 1(g) A
z = {xzy}))).
It is easy to show that
(EzuxUy(x € 1(p) Ay € 1(glan 2 = {xy})
= Ut(t € m(p),,m(qg) A sng {crd't crd"t}))
whence (with reference to (A2.é:1)) we see that

(EzUxUy (x € mlp) Ay € (qg) A 2 = {xy}) € U).

Thus ,supposing that #obtains, we have (A2.3.0)

(r(pag) (0 € (p A gq))

m(Uz(z € Ezuzuy(z € 7(p) Ay € n(g) A 2 = {xzy}))

EzUzUy (z € m(p) A y € 1lqg) A 2 = {zy})).

From this, (A2.3.5), (1.6.44) and (A2.5.1), it follows that

(sng 0 = {00} = (0,0) = (sng O.-sng 0) y (sng sng O-~+sng 0)),
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from which we readily deduce a contradiction to (1.13.18).-

Bearing in mind the work of these last two paragraphs,
we feel inclined to doubt the existence of a consistent ident-

ification of a general proof set m(p) with some simpler object

of our set theory. Of course, such an identification does appear

possible for special examples of w(p) - this is precisely the

content of our axioms (A2.3.3) - (A2.3.7).
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APPENDIX 3
ON CONNECTEDNESS

A metric space E is said to be connected if A = E for each
inhabited, located subset 4 of E that is both open and closed in
E. The main purpose of this appendix is to present an application
of (2.1.0) in the proof that a compact, convex subset of a normed
linear space 1s connected. However, we also take the opportunity
to mention and prove certain additional results on connectedness,

particularly in connection with subsets of R.

A3.1 Connecﬁed subsets of R

.0 A bounded, inhabited, open interval im R is connected.
Proof. Let a,b be points of R with a < b, I the open
interval ]a,b[ in R and 4 an inhabited subset of I that
is open, closed and located in I. Let z be a point of
T,and suppose that r = dist(z,4) > 0. To begin with,we
prove that
m =min(dist(z - »r,4), dist(z + r,4)) = O,

Indeed,given ¢ in A and supposing m > 0O,we have either

2 - p -m< xorx< 2z - r. In the latter case we immedia-
tely obtain z < z - r - m, d(xz,z) 2 » + m. In the case

2 - p - m< x,the definitions of r and m ensure that,in turn,
2 - p <3 ~r +m< xy, 3 +r < x, 83 +tr+tms X, whence ,again,

d(z,z) = r + m. Thus we obtain the contradiction

dist(z,4) > r» + m > r; from which we conclude that m must
equal 0. Wenow also suppose that 0 < dist(z - r,A), so
+that dist(z + r,4) = 0, and z + r € A. Then, with x chosen
in A so that d(z + r,x) < »r/2, the definition of »r ensures

that 2 < 3 + r £ x < b, so that 2 + » € I n A = A, and

there exists 6§ > 0 with Jz + r = 6, 2 + r # [ ¢ A. Thus



-166-

(z + » - min(r/2,8/2)) € A
and
d(z, 2 + » - min(r/2,8/2)) < r.
This contradicts the definition of r, so that we must have
dist(z - r,4) = 0. But a similar argument to that just
presented shows that this, too, contradicts the definition
of r; whence, in fact, » = 0 and z belongs to the closure
of A in T - that is, to A. Thus, indeed, 4 = I. [J
A similar, but slightly simpler, argument proves
.1 An unbounded, open interval in R is connected. [
To deal with more general intervals, we need
.2 Let F be a connected subset of a metric space F, and A a subset
of E with F ¢ A ¢ F, Then A is connected.
Proof. Let S be an inhabited subset of A that is open,
closed and located in A. Then S n F is inhabited, and both
open and closed in F. On the other hand, given x in F,
e > 0 and y in S such that
d(z,y) < dist(x,5) + €/2
and choosing 6§ > 0 so that 4 n B(y,§) c S, we see that
d(y,3) < min(&§,e/2)
for some z in F. TFor this z, we have
2 € FnB(y,8) =F nd aBy,8 c«c8nkF
and
dlz,2) < dlx,y) + dly,z) < dist(x,5) + €.
I+ is now clear that dist(x,S n F) exists, and equals
dist(x,S), whence S nF is located in F. As F 1s connected
it follows that S n E = E, and therefore that
P cgcAcF. Thus S nA =% A =4. But§ is closed

in 4, so that § n A = S3 hence § = 4, and 4 is connected. T

From this, (A3.1.0) and (A3.1.1) it follows that

.3 Any inhabited interval in R is connected. [
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A3.2. Partial converses of the results in section A 3.1.

-0 Let S be a located, connected subset of R, and a b points of

S with a < b. Then S N Ta,b]l 78 dense in la,n]
Proof. Let x belong to fa,b] and suppose that
r = dist(x,S) > 0. Then
at+r <x<b-r
and
min(dist(x - »,$), dist(x + »,5)) = 0.
Supposing also that 0 < dist(x + r,S), we see immediately
that dist(ax - »,5) = 0. We show that the inhabited set
A =S n l-w, xf = 5§ n J-o,x ]
- which is both open and closed in § - is located in S.
Indeed, given y in S, we have either y < 2 - in which case
y € A and dist(y,4) = 0 - or x - r<y; in the latter case,

for each z in 4 we have

dly,z) =y - z > dly,x - r),
and so - as x - r belongs to § - dist(y,4) exists and
equals d(y,x - r). Thus 4 is located in S, and so

A = 5. But this entails that » belongs to 4, and so
b < x - ccentradicting the fact that = < bh. Hence we muct
have dist(x + r,8) = 0. But (as a simple modification of
the foregoing argument shows) this entails x < a, contrary
to the fact that a < x. It follows that we must have
r = 0, x € S5, and therefore S n la,b] dense in fa,bl. 1]
From this, we obtain
1 Let S be a closed s lLocated, connected subset of R, and asb pointc
of S with a < b. Then fa,b] < 5. 0

1

2 ILet S be a bounded, located, connected subset of R. Tren S

is a compact interval.

Proof. S is closed, located andbounded in R, and therefore

compact. Let p £ inf x € Sx and ¢ = sup « € Sy, and
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choose any point x of [p,ol]. Then, given € > 0, either
g - p < € - in which case there clearly exists y in § with
Ix - yI < eg-orgqg-p>0. In this latter case, we may

choose ' in 1p,ql with |z - x'| < €/2, and then p’,q’

in S such that p < p’ < &' < q' < gq; applving (A3.2.0),

we immediately obtain y in S with |z’ - y| < e/2, and
therefore |z - y| < €. It is now clear that S is dense
in [p,ql, from which the result follows. 0

We omit the details of the proofs of the corresponding
results for unbounded intervals:

.3 Let S be a located, connected subset of R that is Dbounded

below but unbounded above (resp. bounded above but unbounded belowv).

Then there exists p in R such that S5 = [p,»[ (resp. S = l-=pl). 0
.4 Let S be a located, connected subset of R that is unbounded
above and below. Then S 1s dense in R. []
Remarks: (i) The proposition

every closed, located, connected subset of R 1is

either bounded or unbounded

is essentially non-constructive. To see this, let (”k)0<w be a
sequencein {0,1};1f Mo oTy are all 0, Set‘mk = k3 otherwise
let my, be the smallest integer j with n. = 1. We shall show that
(e o]
= ro.
S Uk:O“O’mk1

is closed, located and connected in R. Tobegin with, let

(x )0< be a sequence in S converging to a point & of R. Then,
n n

choosing k so that & € [0,k], we have either
Nng € N(j < k = nso= 0)

Uj € N(j< k A n ;= 1).

Tn the former case, [0,k] ¢ 5 and so £ € S

or

in the latter, we let

m

min{p : p < k A n, 1},

so that § = T0,v], z, < v for each n, and therefore & < Vv,

v
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£ € 0,bv] = 8. This shows that S is closed.

Now let x belong to R If 0 < x, we choose an integer
k > x. As above, we have either [0,k] ¢ S or S = [0,7] for some
J < k3 in both cases, dist(x,S) certainly exists. On the other
hand, if z < 1, we have either n, = 1 - when S = {0}

1
or,s = [0,1], and § 1s certainly located in R - or n, = 0,[0,1] < S.

1
In this latter case, we have dist(z,$) = dist(z,[0,1]): for,
choosing B in R with

max(0,x) < B < 1,
and any element s of S, we have either s < 1 - in which case
s € [0,1] and d(x,s)“i dist(x,[0,1]) - or B < s, when

d(x,s) = s -z > B - x > dist(x,[0,1]);
the conclusion follows because [0,1] c S.

The proof ‘that S is connected is similar tothe proof of
(A3.1.0), and will be omitted. Finally, it is clear that if S is
bounded, then nj = 1 for some j, while if S is unbounded, then
ny = 0 for each k. It should now be clear that the proposition
in question entails the limited principle of omniscience.

(1i) Two open questions in the theory of connectedness are :

if 8 is a located, connected subset of R and a,b are poliuts

of 8§, does S contain [a,h]?
and

if £ is a uniformly continuous mapping of an interval I 1in

R into a metric space is ,fI connected?

Note that we cannot expect to obtain affirmative constructive
answers to both these questions: for we would then be able to prove
the classical 'Intermediate Value Theorem', which i1s known to
entail the limited principle of omniscience (cf. [1], page 5).

On the other hand, a negative answer to the first question would

entail a loss of elegance in the constructive theory of

connectedness; while a negative answer to the second would enta-l
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a4 corresponding loss of power, ®

A3.3 Connectedness in normed linear spaces

A most satisfactory general result on connectedness is
.0 A compact, convex subset of a normed linear space 1is

connected.
Proof. Let S be a compact, convex subset of the normed
linear space (EL,IIl ), and A an inhabited subset of S that
is open, closed and located in S. Let 2z be a point of S,
suppose that r = dist(z,4) > 0, and let X = B(z,r). We
,‘ first prove that K n S is located in S: given x in S and

y in K n S, we certainly have

le -yl > max(0,lx - 2zl - r).
On the other hand, either llx - zll < r - in which case
dist(x,K n S) exists and equals 0 - or 0 < lla - zll 3 in

the latter case,

y = 2z + min(1,rlx - 27 (e - 2) belongs to S, and
satisfies lly - 2l < r, lz - yll = max(0,lx - 2l - r); so
that dist(x,X n S) again exists, and equals

max(0,lxe = 2l - »).

It now follows that X n S is precompact, so that

o = inf x € K n S dist(xz,4)

is defined; we now show that o = 0. Supposing a > 0,

we choose x in A with

r = dist(z,4) <z - 2l < r + o.
Then
-1
' =z + rlz -zl (x - =)
pelongs to S (by convexity), ' - zl = r» and
lz! - «f = (1 - rlx - zﬂ—i)Hx -zl =llx - 2l - r <«
- a contradiction to the definition of a. Hence a = 0.

We may therefore choose y in 4 with dist(y.,K n S) < r/2.



-171-

Defining

g =z +rly - zH—i(y - 2z),

we see that x, €5, Hx1 -zl = r, and

dist(xl,A) < Hxi —yl =y - 2zl - » = dist(y,X n S) < r/2.
We now use (2.1.0) to show that dist(x13A) > 0., As A

1s closed in the compact set S, it is complete, whence
(2.1.0) there exists Yy, in A with the property

0 <llzy - yql = 0 < dist(xi,A).

As A 1is open in S, there exists 6§ > 0 with

5 n Bly,,8) < 4. Were lz, - y4Il < &, there would

exist §' with 0 < 8’ < » and S n B(zx ,28') c Aj the

19
point

Z, = 8z, - &l Nz, - z)

1 1 1

would then belong to A4 n B(z,r), contrary to the
definition of », It follows that we must have

0 <8 < Hx1 - ¥4Il s and therefore dist(xi,A) > 0.

The Axiom of Dependent Choice now enables us to construct

a seguence (xn)Oin in S such that %y = 2 and, for each n,
(1) Hxn+1 -zl o= dlSt(xn,A)
and
. : -1..
(1i) 0 < dlst(xn+1,A) < 2 dlsi(xn,A).

Clearly, (x ) is a Cauchy sequence, and SO converges to a
n

point & of S. Moreover,

dist(¢,4) = lim ,, dist(x ,4) = 0,

so that & belongs to the closure of 4 in S - that is, to 4.

Choosing ¢ > 0 so that S n B(&,¢) ¢ 4, and n large enough,

we now have x € § n B(£,£) < 4 and dist(xn,A) =0 -
contradicting (ii) above. This final contradiction
ensures that r = dist(z,4) = 0, and z belongs to the

closure of 4 in S, Thus, & belongs to A,4 = S5, and § is

connected. 0
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From this and the compactness of the closed unit ball in a
finite dimensional Banach spaée (3.2.0), we obtain
.1 The closed unit ball in a finite dimenstional Banach space is
connected. []

In turn, this and (A3.2.2) yield
.2 A compact subset of R is connected <if and only if i1t is a
compact interval., [
Remark: We might well expect that connectedness would obtain also
for the open unit ball in a finite dimensional Banach space.
However, we do not know of any proof of this which does not

depend on our first having a proof of Conjecture 1 of section 2.2, ®
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APPENDIX &

ON METRIC INJECTIVENESS

We have already remarked that if Conjecture 2 of Section
2.2 were valid then the concepts of metric injectiveness and
metric weak-injectiveness would coincide for precontinuous

functions (cf. Section 2.3). In view of this, it is interesting

to note that the proposition

(a) a uniformly continuous, metrically weak-injective

mapping of a compact metric space into a metric space

is metrically injective
entails the following restricted form of Conjecture 2:

(b) if f is a uniformly continuous, metrically weak-
injective mapping of a compact metric space X into

R, and 0 < .fx for each x in X, then 0 < inf x € K . fx

(e¢f. remark (ii) following (4.3.3)). To prove this, we let f
be a uniformly continuous,metrically weak-injective mapping
of a compact metric space (K,d) into R+, and ((X,d'),e,w) a
one-point compactification of X (3.3.7). Then (3.3.6) 0 <
d'(w,,ek) and X = ,e(X)u {w}. Defining

¢ = dx € X (x € ,eK A . fiinve z vz =0 A 0)
and referring to (3.3.3),we see that ¢ is uniformly continuous
on X and metrically weak-injective, Thus, if (a) obtains, we
have

0 < dist(.dw,,d.ek)

dist (0, fK)

inf x € K . fx,

as required.
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Taken with the remarks in Section 2.2, this suggests that
it is unlikely that (a) will be either proved or disproved within

the framework of constructive mathematics.
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APPENDIX 5

FUNDAMENTAL PRINCIPLES OF CONSTRUCTIVE FUNCTIONAL ANALYSIS

Listed below for convenient reference are the constructive
versions of several of the fundamental principles of linear
analysis, together with the following (classically vacuous)

criterion of normability of linear functionals:

.0 A nonzero, bounded linear functional ¢ on a normed linear
*
space E is normable 1f and only if ¢({0}) 7is located in E

(C 1], Chapter 9, Proposition 8). 0

A The Separation Theorem ([ 1], Chapter 9, Theorem 3)

Let X and Y be bounded, convex subsets of , separable
normed linear space E, such tpat the set {y - x: x € X A y € Y)
18 located, and the reul number

d =inf x € X A y € Y lx - yl
18 positive. Then, for each € > 0, there exists a normable
linear functfonal & on E such that ¢l = 1 and

Ne € X Ny € ¥ (Re.¢y > Re.dx + d - €). [

.2 The Hahn-Banach Theorem ( 1], Chapter 9, Theorem &)

Letd be a nonzero linear functional on a linear subset

* .
V of a separable normed linear space E, such that ¢({0}) is

located in E. Then, for each € > 0, there exists a normable
linear functional Y on E such that strc YV = ¢ and
hyll < ITell + €. 0

The next two theorems give useful characterisations of
1inear functionals in certain special situations. The first

of these (which is not mentioned by Bishop in [ 11) is readily
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Proved along the classical lines, with reference to (A5,0) above;

the second appears as Theorem 10 of Chapter 9 of £1], and is

vital for our proof of (5,6.1).

.3 The Riesz Representation Theorem

Let ¢ be a nonzero, bounded linear funetional on a Hilbert
space (H,{ |} ). Then ¢ is normable if and only if there exists a
(unique) element & of H such that ¢ = Az € K x| - in which

case Woll = &N, O

o U Let E be a Banach space, and ¢ a linear functional on
Hom(E,C) which <s uniformly continuous on Hom,(£,C) with respect
to the double norm. Then there exists & in E such that

¢ = Au € Hom(F,C).u&. O
‘Finally, we have ([1], Chapter 9, Problem 6):

.5 The Uniform Boundedness Principle

Let E be a Banach space, F a normed linear space,
(Tn)nEN a sequence in Hom(E,F), and suppose that there exists a
sequence (xn)nEN in E suc¢h that lx I = 1 for each n in N, and

e x ) . diverges to ., Then there exists § in E such that
n n “ne€N

the sequence (H.TnEH)nEN 18 unbounded. [J
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DS Drdges. D NR(AZRY
‘@c;_ ADDENDA and CORRIGENDA

Each of the following remarks is indexed on the left by the
page and line to which it refers, Thus, for example, the index

(12,5) refers to 'page 12, line 5'.

(12,5) Replace by: 'For convenience, we remark that a binarian 1is a
symbol of some type in accordance with Morse's separation
into numbered types; and that a nexus is an expression in

which each symbol is a binarian.'

(25,19) From (1.12.1), via (1.12.3) and (1.23.10), we obtain
(Nx(xy~x)nN € U)

- a result whose constructive validity has been questioned

by Dana Scott. To answer his doubts, we note that
(Nx(xv~x)aN = (Nx(xv~x)AN Vv Nx(xv~x)Arl))

- so that 'Nz(xzv~x)nN' 1s the set equal to N if the
principle of excluded middle is true, and 0 if it is false -
and call to our aid the following remarks of Stoltzenberg

(r181, pages 311 - 312):

'Constructive mathematics is completely general in

its scope, and yet it is commonly claimed that the
opposite is true. Usually this is caused by confusing
the matter of defining a set with the problem of
constructing elements of it., A typical instance of
this reads, '"the set consisting of 5 if Fermat's Last
Theorem is true and 7 if it is false is not well-

defined, according to Brouwer ". Not so. True, as

it stands, this does not define an in teger. But it

MS D Ploa D eeSaY -



does define a subset of {5,7} , containing at most

one integer.'

More formally, the substance of Stoltzenberg's remarks is

the proposition
((Fa{5} v ~Fa{7}) € U)

where 'F' stands for the formal statement of Fermat's Last
Theorem; that this proposition is true within our construc -
tive set theory is, of course, a consequence of (1.12.1)

(via (1.8.13), (1.12.2) and (1.12.3))!

In keeping with the above, we feel that any subset of an
already well-cgnstructed set is itself wéll-constructed
(even if there may be considerable problems involved in

the construction of individual elements of such a subset).
Applying this to the example originally criticised by
Scott, we see that it is the fact that the elements of
"Np(xv~x)nN' (whatever they may be!) are drawn from the
already well-constructed set N (1.23.10) that distinguishes
the former as a well-constructed set (in contrast to the
set '"Nx{xv~x)', about whose elemecnts we know nothing, not

even that they belong to some other, well-constructed, set).
(29,5) Replace 'sng(0,xz)' by ‘'sng(0.x)'

(29,7) Replace 'sng(sng 0,x)' by 'sng(sng O0.x)'

(37,5) It is worth noting that
# (nx € U(xv ~zx))
entails

(omniscience)



(58,5)

To see this, we note that
((lax) = (1lnx) < 1 € U),
whence (1.12.4)
((1az) € U).
Assuming that # holds, we therefore have
((lax) v ~(1lazxz)).
But
(~(1ax) = (x = (1az) A ~(1lAax))
+ (x > 0)
> ~x),
so that we have
((1lax) v ~x).
This, in turn, yields
(x v ~zx)
and therefore
(omniscience).

Both the definition of 'N' and that of 'Borel F' (1.26.0)
are clearly impredicative. lHowever, to accept the first

as defining a well-constructed set (1.23,10) is merely to
reflect within our formal system the intuitive conviction
that the constructively well-defined set of natural numbers
is the smallest set including 0 and the successors of all
clements of the set. On the other hand, our definition of
'Borel F' accords equally well with our intuitive idea of
the class of borel sets of F as the smallest class B which

includes all elements of ¥ and all countable unions and



(61,1)

intersections of elements of B, But this time we have no
good intuitive reason for supposing that our impredicative
definition yields a constructively well-defined set of all
borel sets of F; in other words, we would hesitate to

accept the impredicative definition of 'Borel F' as defining

an element of U,

To describe in detail the incompatibility of the general

axiom of choice
#(Nx € AUy € B u'xy » Uf(on A to B is f A Nz € 4 u'x, fz))

and Church's Thesis, it is necessary to introduce Kleene's
Tl-predicate. We recall the fundamental property of this
predicate (cf, Kleene, Introduction to Metamathematics,857):
that, given any recursive binary relation R(x,y} on N,

there are natural numbers a,B such that
(Vy R(x,y) < Uy Tl(a,x,y))

and

(Ny R(x,y) ﬂy~Tl(B,x,y)).

Arguing classically, we then have

(Vy R(a,y) * ~ﬂy~T1(a,a,y))

and

(Ny R(B,y) < ~Uy~T1(B,B,y)).

Now Kleene has shown that-Tl(x,y,z) is primitive recursive;
so that the predicate ~T1(x,x,y) is recursive. We shall show
that ﬁt~T1(x,x,t) is not recursive, and then apply this
to demonstrate the incompatibility between # and Church's
Thesis.

Indeed, supposing that ﬂt~T1(x,x,t) is recursive, and

noting that



(ﬁt~T1(x,x,t) © Uyﬁt~Tl(x,x,t)),

we see that there exists a natural number v with the

property

(ﬂt~T1(x,x,t) < Uy

In particular,

(ﬂt~T1(v,v,t) @ Ut Tl(v,v,t

- which is absurd. Thus

We now let ¥ be

recursive relation

(A

Ex € NNy € N(.x(z,y)

))

ﬂt~T1(x,x,t)

Tl(v,x,y) @ Ut,Tl(v,x,t)).

is not recursive,

the characteristic function of the

~T1(x,x,y), define

0)),

and assume the constructive validity of #. Then, in

particular, there exists a function ¢ which carries a

given bounded element g of map NN to a bound

With

(h = Ax € N \y € N(.x(z,y)
cx(x,y)

we see that, for each x in

into N, so that .¢(.hx)

4

N,

(x € A » Ny € N(.x(x,y) = 0)
> hxe = At € N O
+ ¢ hx =

On the other hand,

.¢g for g.

0O A 0O v
0 A ,o(xt € NO0) + 1)),

+hx is a bounded mapping of N

is defined. Now

.0(At € N 0))

(z,y, € N A .x(x,y) # 0 > . hx y = .¢(Xt € N O0) + 1

> .b.hx > .$(Xt € N 0))

Thus

(x € N> ,o.hx

O(At € NOJ) v ,¢.hx # .¢(Xt € N 0)



(70,28)

(80,12)

+ Ny € Ne~(.x(z,y) = 0) v x & A
~ Ny € N(.x(x,y) = 0) vxd&A
> x € AV &A)
- in other words,
(Nz € N(Ny € N ~T1(x,x,y) v ~Ny € N ~T1(x,x,y))

It follows that the characteristic function x of
ﬂy~T1(x,x,y) is effectively computable. According to
Church's Thesis, this function is therefore recursive, so
that ﬂy~T1(x,x,y) is a recursive predicate. As this
contradicts our working above, we are forced to the
conclusion that Church's Thesis and the axiom of choice #

cannot both be valid.

We should point out that all quantifiers applied to T,
or ~T1 are to be taken as ranging over N, whether or not this

is stated explicitly.

This should read :

-n-1

(1 =1 n (Un(dist(g,4) < 27" L))uc0n(2™™ % < dist(g,4)))
Let E be a locally compact normed linear space, Choose a
compact subset X of E with B(0,1) < X, a i-approximation
{xl,...,xv} to X, and a finite dimensional subspace V of E
such that dist(xk,V) < & for each k, 1 < k < v, Let a
be any point of E, suppose that § = dist(a,V) > 0, and

choose v in V with 6§ < lg - vl < 38/2. Then

z = la - vHTl(a - v)
belongs to X, so that there exists r with 1 < r < v and

tz - « I < 2, With v_ a point of V such that lx_ - v I <«
r r r r

£l=
-

we now have



(84,17)

(94,20)
(113,2)
(123,14)
(126,5)
(127,4)

(141,21)

lg - vilg —- 2l =g -~ v - g - vig |
r r

Y

la - v = la - vﬂvrﬁ - la - vHer - vrﬂ

v

dist(a,V) - la - vﬂﬂxr - vrﬂ

> 6 - Mg - o,
Thus
la - vl(lz ~ = 1 + ) =6
and so
1 "'1
lg - ol = §(lz - xr" + 1)
> §(L + &)'1

I
V]
o]
.

This contradicts the choice of w; so that, in fact, § must
equal 0. Hence a belongs to the closed subspace V of E, &

and V coincide, and E is finite dimensional. U

This should be expanded as follows:

'(K,do), and therefore X is do—precompact. Moreover, a
d0~Cauchy sequence in X is clearly d-Cauchy, hence
d-convergent to a limit in X, and therefore do-convergent
in X; so that (K,dO) is (complete and) compact. On the

other hand....'

'strc eF,w) 1is a one-point compactification of F.'

-

'...h is a homeomorphism of E,...."
Replace '(5.1.1)" by '(5.2.1)"' .
-n1—2
"that 0 < ¢ < 2 V2, and supposing....'

"vooo(cf, [197,89)."

To prove this, let f be a nonzero linear functional on



Hom(#,H#) that is uniformly continuous on (Homl(H,H),K Hw)’
and suppose without loss of generality that Ifl > 3, so
that there exists R in Hom,; (#,H) with l.fRl > %. By (5.5.0),

there exist complex numbers iy such that

i k=1 ajk('Taj'ak)
for each 7 in Hom(#,H), the series being uniformly conver-
gent on Homl(H,H). Given € > 0, we can therefore find a

positive integer v such that

v 1
Izj,k=1ajk(‘Rajlak)l > 3
and
AY N
|« fT - 2j,k=1ajk(‘Taj|ak)| < 5(2

for all T in Homl(H,H). As
s Y v :
z<.|Ej,k:1|ajkl|(.Rajlak)l < Ej,ksllajﬂ

we may define complex numbers ¢k by

Y -1
= (2 .
¢x ( p,q=1lapqt) a5
v _ . .
Then Ej,k=1|cjkl 1. Moreover, for any 7 in the unit

kernel of £,

v v -1, <V
= >
Izj,k=1 cjk('Taj|ak)| (Zp,q=1|apq ) j,k=1ajk(‘Taj|ak)l
-1
(zV la_ | )" "e/2
< ¥p,q=1 %pq
< €,

This completes the proof.

(156,18) In view of the intuitionist's beliet that the notion 'a
proof of p' is decidable, our assertion that

(x € m(p) v x & nip))

should not be a theorem of our system requires some



(163,13)

further explanation,
To see how reasonable our assertion is, we consider a
proof of the proposition p: the intuitive (metamathematical)

idea of such a proof is a finite sequence

s = {sl,...,s }

n

of statements, each of which is an axiom or is inferred
from previous statements in the sequence by rules of
inference, and the last of which is "p". If s’ is the

sequence

{81""’Snn Nx(xzv~x)},

then we do not know if

(s = 8" vs # ')

is true within our system, and until we have such knowledge,

we are unable to tell whether or not s’ is a proof of p.

The failure of # as an axiom or theorem of our system
could have been demonstrated otherwise : for, if # obtains,

then (A2.3.4)

(p € U~» Nnx € p(tuple 3 is z));
whence

(tuple 3 is 0).

Thus ((1.27.2) and (1.27.0))

i

(3 E+(bsvs0t € htd)

I

EtUy(y € bsvs0t¢)

1

Eth(tpy € 0)

It

0)

However, without any further postulation, we do have a most



(166,27)

satisfactory theorem linking the concepts of 'constructively

well-defined set' and 'proof set'

(p € U~ p = EaUyYa(z,y,z € T(Vx(x € pl)))

The proof of this is quite straightforward:

(p €U > (z € ExUyVz(z,y,z2 € m(Yx(x € p))
o UyUz(x,y,2 € m(Ux(z € p))= m(Vx € p(x € p)))
o UyUz(x € p Ay € m(x € p) A 2 € m(x € pl)
©* x € p)

+ p = ExUyVz(z,y,z2 € w(Vx(x € p))) a

'it follows that § n F = F, and therefore that'



LIST OF SYMBOLS

The following is a by-no-means complete list of symbols
used in the dissertation. Logical symbols (including those of our
set and proof theories) are indexed by the reference number of their
definition; the symbols of analysis by that of the Chapter and

section in which they first appear,

Logical symbols

1.5.0
Exjux va 1.5.1
Nx3ux Vax 1.5.1
Uz jux vV 1.5.1.
sup x Vx 1.5.1
st zx ux 1.5.2
AnnB 1.5.8
U 1.6.9
0 1.6.10
~p 1.6.11
omniscience 1.6.33
x c y 1.7.12
x oy 1.7.14
x =y 1.7.16
z 4y "1.7.18
x cy 1.7.19
x-2 Yy 1.7.21
A 1.7.25
VA 1.7.27

xny 1.7.29



L vy 1.7.31

sng x 1, 10.0
sngl x 1,10. 4
singleton is a 1.10.8
Ex ux 1L 11.0
{z : ux} L.11.2
{x} 1.13.0
{xx!'} 1.13.1
(z.y) L13.2
basicorderedpair is p - 1.13.4
basicrelation is R 1.13.5
bsvs Rx L13.6
A..B 1.13.8
ss a L14.0
(a,b) L1b,1
orderedpair is p L14,3
crd'p L4,y
crd"p L14.6
A,,B cf. 1.5.8
relation is R 1.16.0
dmn R 1.16.2
rng R Lle.b
vs Rx L16.6
hs Rx 1.16.8
inv R 1.16.10
R:S L16.12
strc RA L16.15
strn RB L16.17
+RA 1.16.19

*RrB 1.16.21



function is f 1.17.0

univalent is f 1.17.2
. fx 1.17.3
upon 4 is f 1.17.6
on 4 is f 1.17.7
upon 4 to B is f 1.17.8
on A to B is f 1.17.9
upon A4 onto B is f 1.17.10
on 4 onto B is f 1.17.11
map AB 1.17.12
Axyve ux 1.18.0
One x ux . 1.19.0
The z uz 1.19.2
N 1.20.0
scsr x 1.20.2
wellfounded is 4 1.21.0
transitive is 4 1.21.1
inducive is 4 1.21.2
Induced Rxy u'zy on A 1.22.0
Ndc Axy u'xy 1.22.2
ndc HA 1.23.0
on A,f is induced by H 1.23.1
ndc'ha 1.23.2
sequence 1is f 1.23.3
sqnc A 1.23.4
ndc"Sa 1.23.6
sb 4 1.24.1
finite is 4 1.25.1
fnt 1.25.1

subfinite is 4 1.25.2



subfnt

denumerable is 4

denmbl

countable is 4

cbl

inhabited 1s 4

htd
V'F
ntr

V'F

Borel F
bsdmn x
tuple is «x
tuple a is «x
crd tx

bstrc za
(z,€ y)
limniscience
m(p)

x proves p

basic 1s x

1.
1.
1.
1.
1.
1.
1.

ll

25.3

25.4

25.5

25.06

25.7

25.13

25,14

25.15

.25.16
25,17
.25.18
.25.19
.25.20
.26.0
.27.0
.27.1
27,2
.27.3
.27.5
.27.6

.29.0

A2.1.0

A2.1.2

A2.1.3



Symbols of analysis

dist(4,B)

-B

diam 4

Let,

c%E), Cp(m)
C(E),Cr(E)
Hom(E ,F)

'Homl(E,F)

2 ,introduction
2 y,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2 ,introduction
2,introduction
2 ,introduction
2 ,introduction
4 ,introduction
4,1

b.1l

5,introduction (also 5.1)

5,introduction.



INDEX

The entries in this index are numbered by the Chapter and

section of their first, or most important, appearance.

Accepted variable 1.2
admissible sequence for a spread 2,2

approximation, e- 2,introd.

Backward Uniform Continuity Theorem b,2
Banach~-Stone Theorem 4,3

basic set A2.1

basicartesianproduct 1,13
basicorderedpair 1.13

basicrelation 1.13

basic vertical section 1,13

binarian 1.4

Bishop's Thesis 1l,introd,

Borel set 1.26

bound for an operator 5.1

Brouwer: 'counterexamples in the style of ,." 1.29

's Fan Theorem 2.2

Canonical injection of a one-point compactification 3.3
Cartesian product 1.14
character 4.2
choice: axiom of 1.28
countable 1.28
dependent 1.28

internal 1.28

unique 1.19
Church's Thesis 1.28
classification of expressions 1.5
classification theorems 1.11
closure 2 ,introd.
compact 2,introd.
compact image 2.3

compact support b.1



compactification, one-point 3.3

compactifier 3.1

complement, metric 2,introd,
Conjecture 1 2.2

Conjecture 2 2,2

connected A3,introd.

constructivity, Fundamental Thesis on

continuous 2.3
coordinate 1.14% (cf. also 1.27)
countable 1.25
cover 2,introd.

Definor 1.1

denumerable 1.25

detachment 1.3

diameter 2,introd.
dimensionality 3.2

distance between sets 2,introd.
distance from infinity 4.1
domain 1.16

double norm 5.2

Empty set 1.7

equivalence, metric 2 ,introd.
equivalent metric spaces 2 ,introd.
excluded middle l,introd,
expression 1.1

False 1.7

fan 2.2

Fan Theorem 2,2

finite 1.25

finitary point representation 2,2
form 1.1

formula 1.2

Forward Uniform Continuity Theorem
Foundation, axiom of - 1.21

free variable 1.2

function 1.17

4,2

1.
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homeomorphism 2.3
homeomorphic metric spaces 2.3
homomorphism, star 4,introd.
horizontal section 1.16
Image 1.16

Implication Theorem A2 .4
indicial substitution 1.3
indicial variable 1.2
inducive 1.21

induction, Theorem of 1.20
infinite dimensional - 3.2

inhabited 1.25
initiation 1.3
interior 2 ,introd.
inverse image 1.16
inverse relation 1.16

involution 4,introd.
Kernel, unit 5.6

Lambda calculus 1.18

limited principle of omniscience 1.29
limniscience 1.29

locally compact 3,introd.

located 2 ,introd.

Mapping : continuous 2.3
metrically injective 2.3
metrically weak injective 2,3
of compact support b.1
precontinuous 2.3 ‘
proper 4.3
uniformly continuous 2 ,introd.
vanishing at infinity 4,1

Mapping Set Axiom 1.24

march 1.5

metric complement 2,introd.

metric equivalence 2,introd.



metrics : equivalent 2 ,introd.
homeomorphic 2.3

metrically injective 2,3

metrically weak injective 2,3

modulus of uniform continuity 2 ,introd.

Natural numbers 1.20
negation 1.5
nexus 1.4
norm : double 5.2
operator 5.1
strong operator 5.3
weak?® 5.2
weak operator S.4

normable operator 5.1

Omniscience 1.6

one-point compactification 3.3
operation, pointwise 4,introd.
operator, bounded 5.1
operator norm 5.1

ordered pairs 1.14

orthonormal : basis 3.2

sequence 3.2

Peano properties 1.20

point at infinity 3.3
pointwise operation 4 ,introd.
positive operator 5.4

Power Set Axiom 1.24
precedence, Theorem of 1.20
precompact 2,introd.
precontinuous 2.3

predicate axioms 1.6
Primitive Recursion Theorem 1.23
proper mapping 4,3

propositional axioms 1.6

Range 1,16

recursion theorems : general 1.22
Primitive 1.23
Simple 1.23



relations 1.16

replacement 1.12 (cf,also 1.24)
restriction 1.16

restriction in range 1.16

Riesz Representation Theorem A5
Schematic expression 1.1
schematic replacement 1.1
schematic substitution 1.3
schemator 1.1

Separation Theorem A5
singletons 1.10

spread 2.2

spread : admissible sequence for
element of 2.2
finitary 2.2

spread law 2.2

star algebra : Banach 4,introd.

normed 4,introd.

stencil 1.5

subfinite 1.25

subject 1.5

substitution rule of inference 1.3

successor 1.20

support b.1

The x such that ux 1.18
Tietze Extension Theorem 4,1
transitive 1.21

true 1.7

truth, axiom of 1.8

tuple s 1.27

Unicity 1.19

Uniform Boundedness Principle A5

uniform Continuity 2 ,introd.

Uniform Continuity Théorem : Backward
Forward

unique choice 1.189

unit kernel 5.6

univalent 1.17

4.2
4,2



universalization 1.3

universe 1.7
Value of a function 1.17
variable 1.1
variable : accepted
free 1.2
indicial 1.2
variant 1.1
verbal expression 1.5
verbless expression 1.5
vertical section 1.16
Weak* norm 5.2
weak operator norm S. U
weak operator topology 5,introd,
weak seminorms 5.1

wellfoundedness 1.21



