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Abstract

Numerical Methods for Simulating Dilute Polymeric Fluids
Shenghan Ye, Keble College, Doctor of Philosophy, Trinity 2017

Navier—Stokes—Fokker—Planck systems are coupled systems of partial dif-
ferential equations arising from statistical physics as mathematical models
of dilute polymeric fluids. The solvent is assumed to be a viscous incom-
pressible Newtonian fluid, whose evolution in time is modelled by the
Navier—Stokes equations; the elastic effects exhibited by the dilute poly-
meric fluid are modelled by the elastic extra stress tensor, whose spatial
divergence appears on the right-hand side of the Navier—-Stokes momen-
tum equation. In this thesis we investigate and implement several numer-
ical methods for the computational simulation of dilute polymeric fluids.
The Fokker—Planck equation featuring in the model is a high-dimensional
transport-diffusion equation, whose numerical solution by conventional
means is extremely challenging since standard numerical methods applied
to this equation suffer from the curse of dimensionality. The key objective
of the thesis is therefore to develop an efficient numerical approximation
scheme for the model, where deterministic approximation techniques for
the Fokker—Planck equation are replaced by a multilevel Monte Carlo
method. Under suitable assumptions, we can prove exponential conver-
gence in time of the solution to an equilibrium solution: the Maxwellian
of the model. At the end of the thesis we perform a series of numeri-
cal experiments, including multi-bead simulations for polymer molecules
modelled as bead-spring chains, with FENE-type (finitely extensible non-
linear elastic) spring potentials, to explore the practical performance of

the proposed numerical method.
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Chapter 1

Introduction

1.1 Motivation

Fluid motion can be seen every day and everywhere in our life, and it therefore at-
tracted researchers for centuries. The well-known Navier—Stokes equations are used
to describe the motion of a class of liquids and gases, which are called Newtonian flu-
ids. A fluid is said to be Newtonian if the shear stress at every point is proportional
to the local strain rate; such fluids include water and most gases. However there still
remain a class of fluids which can not be correctly described by the Navier—Stokes
equations; for instance, blood and oils with polymeric additives. These fluids have
more complex constitutive relations and are often referred to as non-Newtonian fluids.
The study of non-Newtonian fluids has been an active research topic since the last
century. With the advances in scientific computing, researchers have become inter-
ested in more and more complicated flow problems and their numerical solution. The
computational modelling of dilute polymeric fluids has also attracted the attention of
researchers recently. Dilute polymeric fluids contain long chain molecules immersed
in a Newtonian fluid. One of the most popular models for dilute polymeric fluids is
based on a multiscale approach. On the macroscopic scale, an incompressible non-
Newtonian fluid is governed by the Navier—Stokes equations with an additional stress
tensor. On the microscopic scale, the simplest model used is the dumbbell model
for approximating a polymer molecule, which results in the Fokker—Planck equation

modelling the evolution of the probability density function associated with the ran-



dom configuration vector of the polymer molecule. Then, the additional polymeric
stress tensor appearing in the Navier—Stokes equations is defined by the Kramers
expression [47]. The full model for dilute polymeric fluids is therefore the coupled
Navier—Stokes—Fokker—Planck system, which is often seen as a macro-micro system
28].

The difficulties in computing solutions to this model arise from the microscopic
scale. The polymer molecules in the fluid are represented by two beads of a dumbbell
connected with a massless spring according to some spring force law. Then, the
Fokker—Planck equation is used to describe the evolution of the probability density
function of the configuration of the dumbbells in the fluid. The equation involves
the time variable ¢ € [0, T], the position variable Z in the physical flow domain and
the configuration variable ¢, which leads to a seven dimensional partial differential
equation. More generally, when a polymer chain is modelled by K +1 beads which are
linearly connected with K massless springs, the number of independent variables is
potentially very large. Due to the curse of dimensionality, one needs special numerical
techniques to solve this problem.

An alternative approach to overcoming the curse of dimensionality is to rewrite
the Fokker—Planck equation as a system of stochastic differential equations, and use
the Monte Carlo method to calculate the extra stress tensor. One drawback of this
approach is that the Monte Carlo method introduces a stochastic error with slow
decay (O(N~Y2) as N — 00), N being the number of simulations. We will focus
on this stochastic approach in this thesis and replace the Monte Carlo simulation by
a recently developed multilevel Monte Carlo path simulation algorithm, which has
been proved to reduce the cost significantly compared to the standard Monte Carlo
method [23]. The multilevel Monte Carlo method reduces the total cost from O(e™?)
to O(e2(log €)?) under suitable conditions, where €? is the mean square error.

In this thesis, we investigate a particular non-Newtonian fluid problem: the sim-
ulation of dilute polymeric fluids using a multiscale model. We shall review some
existing numerical methods for this multiscale model of dilute polymeric fluid and

investigate the improved scheme for this problem.



The thesis is organized as follows. In Chapter 1, we will discuss the background
and the mathematical modelling of dilute polymeric fluids; then both the determinis-
tic and stochastic methods discussed above will be reviewed. We will then investigate
the equilibrium solutions of the Navier—Stokes—Fokker—Planck equations. After that,
we will present the multilevel Monte Carlo technique which will be used in the im-
proved numerical scheme based on the stochastic approach. Chapter 4 will describe
some numerical experiments. We will investigate a homogeneous planar extensional
flow, which has an analytical solution. Then we will consider a 2D non-homogeneous
flow for which there are some published results with which we can compare our own
computations. Moreover we will perform multi-bead simulations. Finally we will

draw some conclusions in Chapter 5.

1.2 Macroscopic Equation

The classical model for describing the dynamics of an incompressible fluid is well
established. From the macroscopic point of view, the fluid is considered as a contin-
uum, hence the fundamental laws of classical mechanics can be applied to represent
its behaviour. The conservation of mass and linear momentum are used to derive the
Navier—Stokes equations (for the full details, see [1], [7]). In this section, we consider
the basic laws of macroscopic Newtonian fluids and derive the Navier—Stokes equa-
tions. Our overview is based on the books of Elman, Silvester and Wathen [15] and

Owens and Phillips [47].

1.2.1 Conservation of Mass

Consider a fluid moving in a three-dimensional domain Q with density p : R? x
[0,tmax] — R. Suppose that the volume of a fluid element at time ¢ € [0, tmax] is
V (t) with a boundary point x(t) moving at fluid velocity u(z,t); then, the total mass
at time ¢ is m(t) = fv(t) pd€2, where d2 = dx dy dz in three-dimensional space.



Theorem 1.1 Reynolds Transport Theorem. [Theorem in [47]] Let f(Z,t) be a

smooth scalar- or vector-valued function defined over a volume V (t). Then,

i/ fdv = ng—i—/ u-ndA,
dt Jy v O oV (1)
where 1 is the outward-pointing unit normal vector on the surface of V(t) and @ is
the velocity of the fluid.
The law of conservation of mass states that the total mass of the system does not

change with time. We express this mathematically as

dm d
an_ < 0 =0, 1.1
T (1)

We apply the Reynolds Transport Theorem and the Divergence Theorem in (1.1) to

/V(t) <% +V, - (pﬁ)) dQ =0. (1.2)

Here we have put a subscript « on the differential operators to indicate that these are

obtain

spatial derivatives. Since V(t) is arbitrary, we can ignore the integration to deduce
that

% + V.- (pu) =0 in Q. (1.3)

If the density p is assumed to be constant as will be the case throughout this thesis,

the equation (1.3) can be simplified as:

V. @=0. in (1.4)

1.2.2 Comnservation of Momentum

The momentum of the fluid is the product of mass and velocity of the fluid. We can

calculate the acceleration of a particle at position Z(t) € € in the following way:

e d _ou Qudr  Oudy  0udz ou .
a(z(t),t) = dtu(x(t),t) = 5 + 9 OF + 3y ot + %91~ o + (u-Vy)u. (1.5)

In fluid mechanics, this derivative is called material derivative.

Definition 1.1 Material Derivative. The material derivative operator describes

the time-dependent change of a scalar- or vector-valued function that evolves along a

4



fluid field with velocity ©. We define the operator as

D 0 .
E—aJr(u-Vx).

Then we can express the rate of change of momentum of the fluid in the case of

constant density, p, as

d ou

4 J, P, e = /Vp (E + (i - Vx)ﬁ) de. (1.6)

Newton’s second law of motion requires that the rate of change of momentum of
the fluid is equal to the sum of external forces on the fluid. There are two kinds of
force acting on the fluid. One is body force, such as gravity. The other are surface
forces, which act by contact with the surface. For an ideal incompressible flow without

viscosity, the only surface force is due to the pressure. Thus the total force is

/fod9+/ o - iidA, (1.7)

oV

where f is the body force per unit mass, o is the stress tensor and dA is the surface

element. Now conservation of momentum yields

/p<@+(g.vx)ﬁ)d9:/pfd9+/Vx-adQ. (1.8)
v\ ot v v

For the second term on the right-hand side, we used the Divergence Theorem. Since

the equation holds for any volume V', equation (1.8) can be simplified as
ou |
8—?+(U-Vm)ﬁ:f+gvx-a in Q. (1.9)

In (1.9) the stress tensor is still unknown. Different types of fluid flow have different

o and this results in specific forms of the Navier—Stokes equations.
1.2.3 Stress Tensor
We can expand the stress tensor into three parts

o=-pl+1,+T1, (1.10)



where p is the pressure, 75 represents the solvent contribution to the stress and 7 is
the extra stress for non-Newtonian fluids. In the case of Newtonian fluids, we have
7 = 0 and Newton’s constitutive law states that the shear stress tensor is a linear

function of the rate of strain tensor
_ Hs - AT
7o = (Vo + (V) "), (1.11)

where f; is the molecular viscosity. Combining (1.10), (1.11) with (1.9), in the case
of an incompressible Newtonian fluid we obtain the Navier—Stokes equations:

ou - 1

a—? (@ V)T = f = Vap+ vV in Q, (1.12)

V, =0, in (1.13)

where v := u,/p is called the kinematic solvent viscosity.

Polymeric fluids are non-Newtonian fluids. The polymer molecules will contribute
an extra stress 7 (7, t) to the total stress tensor while the equations for the conservation
of momentum and mass still remain the same, hence the model problem takes the
following form:

ou

1 -
E—I—(ﬁ-vx)ﬁ: —;V$p+1/Viﬁ—l—f+Vx-T in €, (1.14)

V. -4=0 in Q. (1.15)

The system models polymeric flow in a macroscopic sense, and the contribution of
microscopic polymeric molecules is reflected by the polymeric extra stress 7.

In the next section, we will consider the microscopic scale to build a model for
polymer molecules, which will then allow us to compute the polymeric extra stress

tensor T.

1.3 Microscopic Equations

The dynamics of polymeric fluids is frequently modelled with the aid of bead-spring
chain and bead-rod chain models to capture the properties of the polymer molecules.

These models only include descriptions of the most basic characteristics of the polymer



molecules in which the beads model monomer units and the springs or rods represent
the internal forces in the molecules. They are the most frequently used models in
practice but true polymer molecule motions are of course much more complicated [51].
Among these models, the simplest one is the dumbbell model, which only considers
two beads connected with a massless elastic spring; then, only one configuration
variable (the end-to-end vector) ¢'is needed, which will reduce the number of internal

degrees of freedom.

AZ

b

Figure 1.1: Hlustration of the dumbbell model

Figure 1.1 illustrates the details of the dumbbell model. In a 3D flow domain, the
state of a dumbbell is described by a position vector of the centre of mass ¥ € R?

and a configuration vector (or end-to-end vector) ¢ € R3. This end-to-end vector



is sufficient to describe the dynamical behaviour, including the stretching and the
orientation of the dumbbell.

A spring force law must also be defined to complete the model. The simplest is
Hooke’s law, which states that the force needed to stretch a spring by some distance
is proportional to that distance. Mathematically, the force of a Hookean spring can
be represented as:

F(§)=H{, (1.16)

where H is the spring constant. However, this model is not realistic because the
spring can not be infinitely stretched in reality. Therefore it is necessary to impose
a nonlinear force law, which controls the maximum extension of the dumbbell. A
remedy is to consider the FENE (Finitely Extensible Nonlinear Elastic) model, which
is given by: .

O (1.17)

_ a2
=5

where b = |Gnae|? indicates the maximum extension to which the dumbbell can be
stretched. The spring force F becomes unbounded as |7]*> — b and consequently the
dumbbell can be only extended to a finite length. Therefore the configuration space D
becomes a ball centred at the origin with radius v/b. Note also that F(—7) = —F(q)
in agreement with Newton’s third law.

After choosing the dumbbell model for the polymeric fluid, we can formulate the
Fokker—Planck equation to describe the evolution of the probability density function
(denoted by ¥ = 1(Z, ¢, t)) of the dumbbell configuration ¢. The associated dimen-

sionless Fokker—Planck equation has the following form:

0 1 -
O Ve () + V- (Vo)) = Dot + (V- (Va4 F@w), (L1

where € is a small positive constant of the order 107% according to [8] and Wi is the
non-dimensional Weissenberg number with the order of 1 [28]. Here V,4 is a matrix
representing the velocity gradient, i.e., (V,u);; = 0ju; and (V,%)q represents the
multiplication of the matrix and the vector ¢. In most of the literature, the term

€A1 has been ignored because of the small coefficient e.



In the case of a multi-bead spring model, the model involves K +1 beads connected
with K elastic springs to represent a polymer chain, hence the configuration vector
becomes ¢ := (q‘iT, e 7q?(T)T € D := Cartesian product of D; with ¢; representing
the conformation and orientation of the ith spring and the Fokker—Planck equation
takes the form

o
ot

K K K

FV (@)D Vo (Vai)G) = bt S 7 Ay (Vo (V0 B )0)),
- o (1.19)

where A = (A4;;) is a symmetric positive definite matrix with smallest eigenvalue

ap € Ryg, and D;, i = 1,..., K, are bounded balls centred at the origin (cf. Figure

1.2 on page 30).

1.3.1 Derivation of the Fokker—Planck Equation

We shall derive the Fokker—Planck equation (1.18) from first principles. The details
of the derivation can be found in the paper by Barrett & Siili [6].

Consider a bead-spring representation of a polymer molecule with K + 1 beads
that are joined by K massless elastic springs in a Newtonian solvent with velocity
given by u(Z,t). Each bead has mass m and its position at time ¢ is determined by the
vector Z;(t) for i = 1,..., K + 1. The centre of mass of the system is Z = K+r1 Ij_i:ll z;,
and the end-to-end vector of the ith spring is ¢; = ©;41 — @3, = 1,..., K. The state
of the molecule can be fully described by these vectors.

There are three kinds of force acting on the ith bead of the bead-spring chain in
the fluid. One is the spring force Fi(g,t). The second is the Brownian force B;(t)
due to random collisions of solvent molecules with bead i. The third is the drag force
F’idrag(t) due to bead i moving through the viscous solvent.

Notice that the ith bead can be pulled by either the ith spring in the ¢; direction
or the (i — 1)st spring in the ¢;_; direction; therefore we define a (K + 1) x K graph

incidence matrix G given by



Then the total spring force acting on the ith bead is:
K
N GuE(G.t), fori=1,... K +1. (1.20)
j=1

The Brownian force B;(t) is defined as:

Bi(t)dt = \/2kpT¢ AW;(t), (1.21)

where Wl(t) is a vector of K + 1 independent Wiener processes, the constant factor
kg = 1.38 x 107 2m?kgs 2K ! is Boltzmann’s constant and 7 is the absolute tem-
perature measured in Kelvin, K, { is a characteristic drag coefficient, which is fixed
to be a positive number.

The drag force F,idrag(t) is modelled by the Stokes law for viscous drag on a sphere
at low Reynolds number, defined by

RS = ¢ (@0 - 0. (1.22)

which is proportional to the relative velocity of the ith bead to the fluid.

Applying Newton’s second law to the ¢th bead, we obtain the following:

K
ma;(t) =Y Gy Fi(q;,t) + Bilt) + ot TO N R N (1.23)

j=1

where @;(t) is the acceleration of the ith bead and m is its mass. In [53], Schieber and
Ottinger give reasons why the mass on the left-hand side can be formally neglected.
For a rigorous proof, we refer to Siili & Yahiaoui (2018) [55]. From the physical point
of view, the justification for this simplification is that the beads are assumed to be
massless in the model. By considering the zero-mass limit for the beads and formally

multiplying by d¢ on both sides of the equation, we obtain:
K
C(dF(t) — @, t) dt) = Y Gy Fy(q5.t) dt + /2kpgTCAW;(t), i =1,..., K + 1.
j=1
(1.24)

10



These equations are referred to as Langevin’s equations. We can rearrange them

to get the following system of stochastic differential equations:

K
L [2kpT _ -
dz;(t) = (ﬁ(f,»,t) + ¢! Z(;iﬁj}«}(fjﬂ - @-,t)) dt + ? dWi(t),i=1,..., K + 1.

j=1
(1.25)
Defining
X)) = @07, 207, ... 2 )T, (1.26)
K
BX (1) = (i(F, 1) + ¢ Y GryFy(F — 35,1),..)", (1.27)
j=1

o= 1/%fTI, (1.28)

the equations can be rewritten as the following stochastic differential equation for
X(t):
dX () = b(X ())dt + (X (£))dW (¢). (1.29)

We can now use the associated forward Kolmogorov equation to derive the equa-

tion (1.18) for the dumbbell model when K = 1.

Theorem 1.2 Forward Kolmogorov (Fokker—Planck) equation. [Theo-
rem in [3]] Let the random variable X (t), which evolves according to (1.29), have
probability density function (Z,t) — ¥(Z,t) of class C*1Y(R* x [0,00)) (i.e., twice
continuously differentiable with respect to Z € R?*? and once with respect to t), and let
X(O) = X be a square-integrable random variable with density function 1y € C%(R*).
Also, suppose that b and o in the stochastic differential equation are globally Lipschitz

continuous, and a(?) = a(2)o(2)T. Then,

A= 1 0’
E+;a—%(bj¢)_§ij - (a0), (1.30)

in R?? x [0, 00) where (Z,0) = ¢o(Z) for 7€ R

For the proof of this theorem we refer to [3].

11



Remark 1.1 In the theorem, it is assumed that the drift term b is globally Lipschitz
continuous. In our model the Hookean spring force is globally Lipschitz continuous,
whereas the FENE spring force does not satisfy this assumption. Indeed, the FENFE
force is only locally Lipschitz continuous on D and is not defined on all of R. Ne-
vertheless, we shall proceed as if Theorem 1.2 held in the FENE case also.

The bead-spring chain model is simplified to the dumbbell model when K = 1
(single bond). Therefore

Applying Theorem 1.2 to the stochastic differential equation we obtain:

12
82; +Va, - (ﬁ(fl, D2 + (TR (Zy(t) — fl(t))¢12)
V- (@@, 00" + U@ ) - Ta(0)0"?)
= %Axldjlz + %szwm? (131)

where 1'2(¥}, &, t) is the probability density function of the random variables 7', Ts.

The probability density function (&, ¢,t) in the Fokker—Planck equation (1.18) de-

pends on the position of the centre of mass ¥ and the configuration vector ¢. Therefore
_ T1+To

we perform the linear change of variables: ¥ = #3*2, ¢ = 7y — 7;. By the chain

rule, we have:
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? 1 R

0@~ 107 0707 0@
Letting ¢ (z, ¢, t) = ¥12(Z, To, ), we obtain

0 7 / 2 p
a—zf + V- ((ﬁ(i”r g,t) — U7 — gi))dj - ZF((T)?/J)
Lo (ﬁ(f—g,t);ﬁ(erg,t)w)
kT 2k T
_ C A+ ? A, (1.32)

where we have used the fact that F(q) = —F(—).

Using the approximations w ~ u(Z,t) and the Taylor expansion:

u(x + g,t) = u(Z,t) + V,u(z, t)ng . (1.33)
u(x — g, t) =u(7,t) — V,u(Z, t)g—l— e (1.34)

yields, with the approximate equality replaced by equality:
%—f + Vo - (@) + Y, - <(v @)q — %ﬁ(@)zﬁ) il ¢ De¥t Qka - (1.35)

In these equations the expression (V,)q is the product of the 3 x 3 matrix function
V. and the 3-component column vector ¢. Notice that the first approximation will
be exact if « is linear in its spatial variable.
The last step is to put the equation into an appropriate nondimensionalised form.
Applying
x=Lox, q=1q uw=Uyu, t=—t (1.36)
to the equation and multiplying it through by Lg/Uy gives us the Fokker—Planck
equation (with the hats over the symbols omitted for the sake of simplicity of the

notation)

0 1 = 1 {
a—fwm-(ﬁw>+vq-<<vwﬁ>cfw—2—mF@w>:m(;0) Bt g At (137

where Iy = /kpT/H, is a typical microscopic length scale (of between tens to a

few hundred nanometers), and H is the spring constant, Wi = 4§{UL00 is the non-

dimensional Weissenberg number and Lg, U are the characteristic length and velocity
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of the macroscopic flow. The Weissenberg number is the ratio between the microscopic

relaxation time % and the characteristic fluid process time 540 and it can be regarded

as the ratio of the microscopic to macroscopic time-scale. This parameter plays an
important role in the numerical experiment and reader can refer to Section 4.4.3. Wi
is typically of order 1, while é—% is typically of size 107! to 107°.

In this thesis, we will focus on the FENE spring force, hence F (¢) in equation
(1.18) takes the form of (1.17). The function ¥(Z, ¢, t) is the probability of finding
a dumbbell with centre of mass at ¥ and its configuration given by ¢ at time t.
The Fokker—Planck equation is typically high-dimensional (since v is a function of
3(K+1)+1 independent variables, where K is the number of springs in the bead-spring
chain) and most standard numerical algorithms for its solutions become inefficient due
to the exponential growth of the computational cost with the number of dimensions.
Moreover, this equation contains an unbounded nonlinear term ﬁ((j), which makes
its solution even more challenging. In next section, we will combine these equations

to complete the description of the multiscale model.

1.4 The Coupled Micro-Macro System

In Section 1.2, we introduced the extra stress tensor 7 in the Navier—Stokes equations
(1.14), which will serve as a source term. It is also the link between the Navier—Stokes
equation and the Fokker—Planck equation. Having computed the probability density
function (%, ¢, t), the polymeric extra stress tensor is given by what is known as the

Kramers expression [46]:

(& 1) = (@0 F@) -1 = n, ( [ 7o F@va.d.oa- I) s

where n, is a polymer number density and I is the identity matrix, ® represents the
tensor product of two vectors. The derivation of the Kramers expression (1.38) can be
found in Bird [9] and Li [40]. Since 7 appears in the Navier-Stokes equations (1.14) by
its divergence, the constant n,I in (1.38) makes no contribution to the coupled system

and therefore we could omit this factor in the simulation. In an analogous manner
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as for the Fokker—Planck equation, we non-dimensionalise the Kramers expression

according to (1.36),

7(Z,t) = nykpT (/D 7® F(Qu(Z,§.t)d7 — 1) . (1.39)

It can be shown that [52] for dilute FENE dumbbell solutions in a shear flow, the

(1,2) component of 7 can be approximated by

WiLq b
SUPRAL S I ) ol L 1.40
T2 =0T T eE (b+d+2)’ (1.40)

where 4 is the shear rate and d is the dimension of the flow, d € {2,3}. Based on
this, we can define the polymeric viscosity p, for the FENE dumbbell as,

Wil b

Inserting (1.41) into (1.39) we obtain

U bt dt2 )
(@ 1) = L—Z%’l (%) (/D 7® F(q‘)q/z(f,qﬁt)dq*—I) L (142)

We also need to non-dimensionalise the Navier—Stokes equations (1.14) in the same
manner as the polymeric stress tensor according to (1.36) and multiply it through by

Lo/Uy, which yields the following equations:

ou

b+d+21—
a—f—u leﬁ-i- Tt 7

Re b ReWi
V. -u=0, (1.44)

Vi = —V,p+ Ve-r+f, (1.43)

where Re = LUy /(v + p,) is the Reynolds number and v = v/(v + pu,). Note that
we absorbed the coefficients into the source term f and the pressure p. Assuming
that the physical domain is denoted by  C R? and the configuration space is D =
B(0, \/5) C R? and combining all the equations subject to appropriate initial and

boundary conditions, we obtain the following system for 4« = u(Z,t),p = p(,t) and

=T, g t):
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g—?—i—ﬁ-vzﬁ:—vxp—l—%Axﬁ—i-Vx'T—i-ﬁ (1.45)

V. -u=0, (1.46)

oY . e 1 -

En + Vo - (@) + Vg - (Vo)) = Q_\M(vq (Vg + F(Q))), (1.47)
d _ |

T(Z,t) = b+ b+ 21:1{6“71 (/D 7 F(Qy(,q,t)dqd — I) , (1.48)

u(7,0) = uo(7), P(¥,q,0) = vo(q), (1.49)

where ¥ € Q, ¢ € D and t € [0,7]. Equations (1.45)—(1.49) are the coupled micro-
macro system for modelling the dilute polymeric fluid. In the next section, we shall

review some existing numerical methods for this problem.

Remark 1.2 As indicated before, in most of the literature, the term eAy is
neglected because the coefficient € is typically on the order of 1078 according to [8];
therefore, from now on we consider the Fokker—Planck equation (1.47) without the &

diffusion term as our model problem.

1.5 Review of Methods

There are many methods which have been developed over several decades for the
numerical simulation of polymeric fluids. These techniques can be divided into three
categories: fully deterministic multiscale methods, combined stochastic-deterministic

multiscale methods and purely macroscopic methods.

1.5.1 Purely Macroscopic Methods

Originally researchers used continuum mechanics to study the flow and developed
macroscopic methods. Purely macroscopic methods model non-Newtonian fluids by
ignoring the effect of the microscopic length scale, which can save huge amounts of
computational effort; therefore numerical methods for macroscopic models have been
widely used in practice since the 1970’s. It can be shown that certain macroscopic

models are equivalent to multiscale models in some cases; for example, a microscopic
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dumbbell model with a Hookean spring [4] is formally equivalent to the Oldroyd-B
model. However this model is not sufficient to capture minute features of complex
polymeric flows. We consider one of the most famous models (Oldroyd-B model)

here; the details can be found in [45], [47].

Definition 1.2 Upper convected derivative. For an arbitrary tensor C, we define

the upper convected derivative as

’sC  oC

=g T V) C (Vi) C+ C(V,i)") . (1.50)

Here V,u denotes the 3 x 3 gradient matrix of the 3-component vector function

gl

The Oldroyd-B model combines solvent and polymeric contributions to the stress.
Using equation (1.11) for the solvent stress and applying the upper convected deriva-

tive (1.50) we obtain the constitutive equation for the stress tensor

= —pI+ (V i+ (Vi)' + 1, (1.51)
T+ Wl‘;—; - %(vzqﬂ (V,@)7), (1.52)

where 7, and 7, stand for the corresponding viscosity for the solvent and polymer.
The Oldroyd-B model is a fully macroscopic model for functions in Z and t and
replaces the high dimensional (involving the probability density function of 3+3+1
variables) Fokker—Planck equation (1.47) by the equation (1.52) and therefore reduces
the amount of computation. We shall show that this model is formally equivalent to
a multiscale model involving a Hookean spring, assuming that ¢ and |V, | decay to

—

zero sufficiently fast with |q] — oco. Multiplying (1.47) by ¢®¢ = ¢¢* and integrating

over the configuration domain D, we have

/ 2/}*“Tol + (@ V) /¢qudq+/ V- (V. @)qp)gq"d
- o /D YV, (Vo + F@0)qqdq (1.53)
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Performing integration by parts yields

/6¢¢qu+ (- Vy) /¢q§qu—/]J[(v DG - V)qq"dg

1

~ i A= F@w - Vgtag s

The boundary terms have been dropped due to the assumption that ¢ and |V |

decay to zero sufficiently fast with |g] — co. Noting for any vector 7 that
(F-Vo)iq" =7q" +qr", (1.55)

the equation (1.54) becomes upon noting that V,u is independent of ¢ and taking
= qi,

/D&—¢ Tdq+ (@~ V) /w(TJqu—[Vu /wcﬁqu+ (V1) /wqq“TdQ1
= Wi U Aqwqudq—/¢q§qu—/wqudq]
(1.56)

where we have used the fact that the spring force F'(¢) = ¢ for the Hookean spring
with the spring constant H set equal to 1 for ease of writing.

Defining C = [, ¢¥¢q" d¢ and substituting in (1.56) we obtain

Wi (E + (@ V,)C — [(V,@)C + C(Vmﬁ)TD

ot
1 T
= 5/ AqgTdg— C. (1.57)
D
Using Definition 1.2 gives
0C 1
Wi— + C = / Aqqtdg. (1.58)
ot 2 Jp

Performing integration by parts twice on the right-hand side and using the fact
A,(qq™) = 21, we obtain

W1—+C (/wa: qt dq) (1.59)



Observe also that v satisfies the following equation

/wdq+ /wdq—O (1.60)

This can be proved by integrating (1.47) over the configuration space D and applying

the divergence theorem:

&/wdw ) [ vz

— [ Vo (~(Vadt + 9+ Fayw) dg
— /8D( (V, u)qw+vqw+F@¢) iy ds = 0, (1.61)

where 7y is the outward unit normal on the boundary of D and the boundary terms
vanish due to the assumptions on . Since 1 is a probability density function for

each 7 € €, the following normalisation property should also be satisfied:

/ B(E,3,1)d7 = / B(7.3.0)dg = 1. (1.62)
D D

Another observation is that in the case of the Hookean spring model, the Kramers

expression for 7 can be written in terms of C defined above; more precisely,

Cb+d+21—vy
T = - ReWi<C I). (1.63)

Combining (1.59), (1.60) (1.62) and (1.63), we find that 7 satisfies

0T b+d+21—7v _ T
T+W1§ A T (Vi + (Va)'), (1.64)

which is the Oldroyd-B constitutive equation.

1.5.2 Fully Deterministic Multiscale Methods

From the previous section, we can see that the multiscale model for polymeric flu-
ids involves a high-dimensional Fokker—Planck equation for the probability density
function ¢ = ¥(Z,q,t) coupled with the Navier—Stokes equations for the velocity
@ = (7, t) and the pressure p(#,t). With a flow domain Q@ C R? the configura-

tion space domain D is a subset of R¥? where K is the number of springs in the
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bead-spring chain. As the name implies, this approach solves the system directly
without introducing any stochastic elements. Deterministic methods are not popular
and only a limited literature exists. The main shortcoming of this approach is the
high-dimensional Fokker—Planck equation, which requires significant computational
effort due to the curse of dimensionality. In 1972, Warner [58] simulated a simple
shear flow of FENE dumbbells. The flow was simplified so that the probability den-
sity function 1 in the Fokker—Planck equation did not depend on the space variable
Z and therefore the dimension was halved. Such flows are also called homogeneous
flows. In 1989, Fan [16] made an attempt to simulate a non-homogeneous flow field
using a bead-rod model. No further work on the deterministic approach had been
performed until 2003 when Chauviere and Lozinski published a series of papers, which
developed the deterministic multiscale approach for simulating the FENE dumbbell
model [12], [13], [41].

The key numerical technique used in the papers of Chauviere and Lozinski, mo-
tivated by the classical Peaceman—Rachford (1955) and Douglas—Rachford (1956) al-
ternating direction schemes, is the alternating-direction approach based on splitting
the differential operator in the Fokker—Planck equation. They separated the operator
on the physical space from the one on the configuration space, hence decomposing
the Fokker—Planck equation into two parts, and then used a spectral method to cal-
culate the numerical solutions. The Fokker-Planck equation (1.47) is written in the
following form:

o

= T (Lo + Lo)Y =0, (1.65)

where L, and L, are differential operators in the variables ¢ and & respectively, defined

by

Lt = Vo (Val)) = 52=(V, - (V0 + F@), (1.66)
Lty = V- (i) — el (1.67)

Given 1 at time t", the two-stage alternating-direction method solves the g¢-

direction equation (1.66) over half a time step At/2 to obtain 1(t" + £%), and then
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we advance another half time step starting from ¢" + % by solving the x-direction
equation (1.67) to get the numerical approximation for ¢ (t"*1).

There are two advantages of this operator splitting technique. As highlighted
in the previous paragraph, the Fokker—Planck equation for a non-homogeneous d-
dimensional flow system with the dumbbell model is 2d-dimensional; hence standard
numerical schemes suffer from the curse of dimensionality. However, using the two-
stage alternating-direction method, we reduce the dimension of the equation at each
time step. The second advantage is the diversity of numerical methods that can be
used. Before the splitting, we can only use one numerical scheme to solve the equa-
tion (1.47), while we are allowed to treat equation (1.66) and (1.67) with different
numerical schemes. In 2009, based on the work of Chauviere and Lozinski, Knezevic
and Siili [37] developed a similar technique using the alternating-direction method.
On the physical domain €2, they used a finite element approximation because FEM
is a flexible method to deal with a complicated geometry of the flow domain. On the
configuration space D, a Galerkin spectral method was used because the configuration
domain is always a ball. By performing a polar (or spherical polar) coordinate trans-
formation, the Galerkin spectral method is well suited for solving equation (1.66).
Knezevic and Siili were the first researchers to simulate the six-dimensional Fokker—
Planck equation coupled with the three-dimensional Navier—Stokes equations. The
advantage of the splitting method considered in these papers is that is reduces the
solution of the Fokker—Planck equations in six dimensions at each time level to a pair

of three dimensional solves.

1.5.3 Stochastic Multiscale Methods

We have already mentioned this method in the previous section. The key idea is
to use the system of stochastic differential equations instead of the high-dimensional
Fokker—Planck equation. Then, the Kramers expression in the equation (1.48) can
be replaced by E[Q(t) @ F(Q(t))] where Q(t) is the stochastic process representing
the configuration vector ¢(t); hence the extra stress tensor 7 can be calculated by the
Monte Carlo method. After that the Navier—Stokes equations can be solved using a

standard finite element method.
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The first work considering such type of method dates back to 1993. Laso and
Ottinger presented the idea of CONNFFESSIT, which stands for “Calculation of
Non-Newtonian Flow: Finite Elements and Stochastic Simulation Technique” [39].
In this method, the finite element method is applied to the Navier—Stokes equations
and in each element the polymeric stress is obtained from a large number of model
polymer molecules. Each individual dumbbell is carried by the velocity field of the
flow and the configuration is calculated through a stochastic process. In that paper,
the authors considered the Hookean dumbbell model and applied the scheme to a
2D homogeneous flow problem. For the Hookean dumbbell model, the spring force is

F (@) =H @ and the stochastic differential equation is given by:

agi(r) = ((W@@ - }Wié@)) at + \/%dv“m), (1.68)

where W (t) is a vectorial Brownian motion. The stochastic process Q(t) represents the
configuration variable ¢ and the equation (1.68) can be solved numerically, typically
using the Euler-Maruyama method. Once the configurations are known, the extra

stress is computed by the sample average:
N
ElG o F(Q)] = Y. 40 @ Fd) (169
NS ’ '

where N is the number of independent realizations and Q(t)* represents the ith dumb-
bell in the ensemble. We know that the extra stress tensor 7 is a variable of both
time t and physical space ¥. Here the random variable Cj is governed by the equa-
tion (1.68) and the equation involves the term (V,), which depends on Z; therefore
we can obtain the value of 7(Z,t) by using equation (1.69). Three years later Hule,
van Heel and van den Brule presented a new approach to this problem in the pa-
per “Simulation of viscoelastic flows using Brownian configuration fields” [32]. For
non-homogeneous flows, they note that it is better to use an expression for 7 that de-
pends on both time and space. Instead of considering many discrete dumbbells, they
proposed a collection of N continuous configuration fields (Brownian configuration

fields) Q(Z,t). The values of this field are sampled independently from the initial

distribution prescribed as the initial datum of the Fokker-Planck equation. From
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equation (1.49), we know that the initial datum for 1) does not depend on the spatial
variable ¥; hence the configuration field is also spatially uniform at time zero. Then
the velocity gradient, the spring force and the Brownian motion will act on the field
as in equation (1.68) and the field will be also convected by the flow. Therefore the

new stochastic differential equation reads

A0(#.1) = (—E(:E, 0 - V.O(E 1) + (Vail(@, 1)) - O(F,1) — 21\%@(;5, t)) dt

1 -
ﬂ/%dW(t). (1.70)

After solving this stochastic PDE, the stress tensor 7 is computed as the ensemble
average, as before. Based on the idea of Brownian configuration fields, several papers
([38], [54], [57]) have developed these ideas further using the stochastic approach for
micro-macro simulations. Recently, Griebel and Riittgers [28] published the first sim-
ulation of 3D square-square contraction flow using the FENE model and the Brownian
configuration field method; they performed the computations on a parallel computer
to reduce the computing time.

An important advantage of the stochastic method is that it avoids the curse of
dimensionality in the deterministic method. On the other hand it is still a computa-
tionally intensive procedure due to the low accuracy of the Monte Carlo method. For
example, if we simulate a flow with M = 10* grid points and in each grid point we
use N = 10* Monte Carlo realisations for computing the stress tensor, then in total
we will need M - N = 108 stochastic simulations per time step. Therefore a variance
reduction method is essential.

In the stochastic approach, we need to solve the stochastic differential equation
(1.70) and compute the expectation (1.69). Stochastic differential equations are only
solvable analytically in some special cases. Therefore, we have to concentrate on
numerical approximation schemes for SDEs involving a nonlinear FENE spring force.
Here we need to introduce some concepts and definitions of numerical stochastic
analysis [10], [20], [35], [52].

The Euler-Maruyama method. Let us consider the stochastic differential

equation
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dS(t) = a(S(t), )t + b(S(t), ) AW (1), 0<t<T, (1.71)

which is a shorthand for the integral form:

S(t) :S(O)—i-/o a(S(s),s)d8+/0 b(S(s),s)dWs, (1.72)

where S(0) = Sy is the initial condition, W(t) is Brownian motion. The drift and
volatility terms a and b are assumed to satisfy the usual conditions:

1. Lipschitz continuity in space:
la(z,t) — aly, )] + [b(x, 1) = by, )| < L|z —yl. (1.73)
2. linear growth bound:
la(x,t)| + |b(x,t)| < L(1 + |z]). (1.74)

3. square-root continuity in time:

la(x,s) — a(x,t)| + |b(x,s) — bz, t)| < L(1+ |z|)vs —t, (1.75)

where L is some positive constant.

To apply a numerical scheme to (1.71), we first need to discretize the time interval.
Let At = % for some positive integer J and ¢; = jA¢. We then deduce from the
integral form that, for j =1,..., J:

S(t;) = S(t; 1) + /t " a(S(s), 5)ds + / " B(S(s), s)dIW,

i- tj-1

~ S(tj-1) +a(S(tj-1), tj-1) AL+ b(S(tj-1), t—1) (W (t;) — W(tj-1)).  (1.76)

Remark 1.3 With the use of the Ito integral, the stochastic integrals have to be
evaluated using the left-hand endpoint of the time interval [t;_q,t;| and therefore all
numerical schemes have to be explicit in the stochastic term, as otherwise the scheme
would produce incorrect results. On the other hand the drift term can be evaluated

implicitly, which leads to the backward Euler—Maruyama method.
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Let S; denote the numerical approximation to S(t;). Then the Euler-Maruyama

method takes the form

Sy =81 +a(Sj_1,t; )AL +b(S;_1,t; 1) (W(t;) — W(t;_1)), (1.77)
where the Brownian increments W (t;)—W (t,—1), j=1,...,J, are independent ran-

dom variables of the form v/AtN(0,1), where A/(0, 1) denotes the normal distribution
with mean 0 and standard deviation 1.

One can assess the quality of schemes by introducing the concepts of strong and
weak convergence.

Definition 1.3 Weak convergence. A method is said to have weak order of

convergence equal to v > 0 if there exists a constant C' such that for all functions of

class g € C*7"1(R) one has
[Eg(Sn) — Eg(S(7))] < CAD

at any fired T = nAt € [0, T] and At sufficiently small.

If conditions (1.73)—(1.75) are all satisfied, it can be shown that [35] the Euler—
Maruyama method has weak order of convergence v = 1.

Definition 1.4 Strong convergence. A method is said to have strong order of

convergence equal to 7y if there exists a constant C' > 0 such that one has
E[S, — S(1)] < CAtY

for any fized T = nAt € [0,T] and At sufficiently small.

If the conditions (1.73)—(1.75) are all satisfied, then it can be shown that the
Euler—-Maruyama method has strong order of convergence v = % The strong order
of convergence measures the rate at which the “mean of the error” decays as At — 0.
It plays a very important role in the analysis of the multilevel Monte Carlo method.
Therefore we recall the following, more general, result concerning the strong conver-
gence of the Euler-Maruyama method: E [|S(t) — §t|p] = O(At/?) for any p > 2
and ¢t € [0,7T]. The detailed proof can be found in the book by Kloeden and Platen
[35].
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The Milstein method. The strong convergence order of the Euler-Maruyama
method is only % It is possible to raise the strong order to 1 [35] by adding a
correction to the stochastic increment, giving Milstein’s method.

Consider the autonomous stochastic differential equation
dS(t) = a(S(t))dt +b(S(t))dW(t), 0<t<T.

Recall that Ito formula [35] for a general field ¢ asserts that

b . 0D 10%® ov 0v  15°, 0P
a0 = ot + Teds + St = <(‘9t 75" 5@’))“ a5t ).

We apply the Ito formula with & = a and ® = b to expand the coefficients a and
b in the SDE to obtain:

da(S(1)) = (a'(S(2))a(S(1)) + %a”(s(t))bQ(S(i)))dt +a'(S(2))b(S (1)) dW (1),

db(S(t)) = (V'(S(#)a(S(#)) + %b"(s(t))bQ(S(t)))dt + V' (S(@)b(S () dW (1),

where the prime refers to differentiation in S. The integral form of the coefficients at

time s (o1 < s <t;) is

(S(6) = als(t-0) + [ (@(S)a(S() + o (SIS ) du

J

_|._
P\m
|

S

2
=
=
“n
o
=

Substituting a(S(s)),b(S(s)) into the integral form of the stochastic differential

( / <‘““ ! %a"’f) s [ %_1<a’b>dW<u>) ds

J

0+
/ <b+ / (b’a+ b”b2> du + /t :(b/b)dW(u)> AW (s),

J

equation yields

S(t,) ) +
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where ds - du = O(A#?), dW (u) - ds = O(At*/?) and dW (u) - AW (s) = O(At). We
ignore the higher order terms and only keep the O(At) term. This leaves us with

S(t) ~ S(t; 1) + /t t ads + /t t <b+ /t :(b’b)dW(u)> div (s)

J

~ S(tj-1) + a(S(tj-1)) At +b(S(t;—1)) (W (t;) — W(tj-1))

s [ HSms@H ),

The first two terms in the equation above give the Euler-Maruyama scheme. We

approximate the third term above by:

[ vsems@aw waws) ~vseopse-) [ avwar),

o . t; s
and the stochastic integral is ftj’_l ftj_l dW (w)dW (s) = (W (t;) — W (tj-1))* — At).
Substituting this in our previous approximation, we obtain the Milstein scheme:

A

S = Sj1 4 a(S; 1) At +b(S; ) (W(t;) — W(t; 1)

S8, bS5 )W () — Wty 1))? — A).

One can prove that the Milstein scheme converges strongly with order 1 to the solution
of the SDE [35].

The Monte Carlo method. We mentioned that the stress tensor 7 is the
expected value of Cj ®F (Q), where Cj is the solution to the SDE and it is computed
by Monte Carlo simulation. Despite the widespread use of the Monte Carlo method
and numerous descriptions of the method in articles, it is virtually impossible to
find a succint definition of the Monte Carlo method in the literature. Some authors
prefer to use the term stochastic simulation for almost everything, reserving Monte
Carlo only for Monte Carlo Integration and Monte Carlo Tests [50]. In this thesis,
we use the terminology Monte Carlo to express the fact that we are approximating
an expectation by the sample mean of a function of simulated random variables and
we invoke the law of large numbers to approximate expectations.

Consider a random variable S having probability density function fs(z), which is

greater than zero on a set of values y. Then the expected value of a function g of S
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18

Elg(S)] = Y _ g(x)fs(x),

reEX

if S is discrete, and
Blo(S)) = | g(a)fsla)de
rex

if S is continuous.
Now, if we take N independent samples of S, (S1,S5s,...,Sy) and we compute

the average of f over the sample, then we will have the Monte Carlo estimator Ey of

E[g(5)]: N
Eyn = %Z 9(Si).

One thing to note at this point is that Ey is an unbiased estimator for E[g(.5)]:

BlEN] = Bl D 0(50] = 5 Y Elo(S)] = Elg(S)),

Also, due to independence,
V[ENx] = N7'V[S].

If E[g(9)] exists, then the weak law of large numbers tells us that for an arbitrarily

small positive number €, we have
lim P(|Ex — E[g(S5)]| > ¢€) =0.
N—o0

The weak law essentially states that with a sufficiently large sample, there will be a
very high probability that the average of the observations will be close to the expected
value. Also, the strong law of large number tells us that the sample average converges
almost surely to the expected value; i.e.,

P(lim Ey)=E[g(S)]) = 1.

N—o0

The Central Limit Theorem states that as N gets larger, the distribution of the
difference between the sample average Ey and E[Ey|, when multiplied by the factor
VN (that is v N(Ey — E[Ey])), approximates the normal distribution with mean 0
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and variance 02 = V[S]. Loosely speaking, the Central Limit Theorem proves that,
for large NV,
|Ex —Elg(S)]| ~oN"2Z,

where Z is a N(0,1) random variable. From the last equation, we can see that the
error of the Monte Carlo method will decay like O(N~/2) as N — oo provided ¢ is
finite.

1.6 Multi-bead Simulations

So far, we have introduced the single-bead model (dumbbell model), however the
polymer molecule is more accurately modelled by a chain with several beads and
therefore a more complex multi-bead system is required. In Section 1.3 we have
already mentioned the idea of multi-bead simulation. As we can see in Figure 1.2
(taken from Figueroa [19]), we will use K +1 (K > 2) beads connected with K elastic
springs to represent a polymer chain. For each spring, we will need one configuration
vector ¢; to represent the conformation and orientation of the ith spring, hence the
total configuration vector is ¢ := (¢i',...,qx" )" € D, and the total configuration
space D is the Cartesian product of all the sets D; with ¢; € D;,;1 = 1,..., K. The
dimension of the vector ¢’ is K times the dimension of the physical space because the
number of the components of ¢; is the same as the dimension of the physical space.
The resulting configuration space is therefore a high-dimensional space.

Due to the curse of dimensionality, the multi-bead simulation is still a challenging
problem [28], [43]. The central goal and main contribution of this thesis is to develop
a stochastic multiscale numerical method for the multi-bead FENE model.

Recall from Section 1.3 that the total spring force acting on the ith bead is:

K
= Gi,Fi(d:t)
j=1

More precisely, the spring force on bead ¢ is given by:

Fi(@) i=1,
FF = ﬁ(*) 1(G-1) 1<i<K, (1.78)
() i=K+1.
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Arbitrary point
fixed in space

Figure 1.2: Hlustration of the multi-bead spring model

Therefore the new system of coupled stochastic differential equations for the config-

uration vector is the following:

430 = ((V.0G0) - g (~Ful@uto) + 2 (@) )
+ %(dﬁfg(t)—dwl(t)),

1 — — —

d@i(t) = (( )@ (t) — Wi <—ﬁi+1(@+1(t)) + 2Fz<@1(t)) - Fil(Qil(t)))) de

/1 - -
+ W(szJrl(t) — dWZ<t))7 1<i< K,

AGx(t) = ((Vxﬁ)@K(t) - QLWI (—ﬁK_l(@’K_l(t)) + 2ﬁK(QK<t>>)> dt
+ \/%(dWKH(t) — AWk (t)). (1.79)

The corresponding Kramers expression for the polymeric extra stress tensor is the

following;:

(7 1) = b””;{e_wl <ZEQ (O ))]—1). (1.80)
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1.7 Summary

We will focus on the stochastic multiscale numerical method described above to sim-
ulate the flow of dilute polymers using the FENE spring model. As discussed above,
the computational cost is still large due to the low efficiency of the Monte Carlo
method since the total cost of the standard Monte Carlo method is O(e™3) where €
is the mean square error. Therefore the central goal of this work is to use the recently
developed multilevel Monte Carlo method in order to reduce the cost. Furthermore
we are going to use the parallel programming and computing platform CUDA to
implement the numerical scheme for the stochastic differential equation on a GPU.
Meanwhile, we will compute the Navier-Stokes equations on the CPU. We can re-
duce the computational time significantly with the help of CUDA, which allows us
to simulate more complicated problems, including for example the multi-bead spring
model. So far much of the literature has been restricted to the dumbbell model, while
only a few papers discuss simulations for the multi-bead model [52].

In Chapter 2, we start by considering the equilibrium behaviour of the Navier—
Stokes—Fokker—Planck equation. We will show that when the velocity is zero on the
boundary of the physical domain and the body force is ignored, a weak solution to the
model decays exponentially in time. In Chapter 3, we will introduce the multilevel
Monte Carlo method, which generalises the idea of variance reduction method and
reduces the total cost. After that, we will illustrate our numerical algorithm for our
stochastic differential equation, the Navier—Stokes equations and the coupled system.
In Chapter 4, we will perform several numerical experiments based on the dumbbell
model and the multi-bead model. The benchmark problems will be an enclosed
flow on a square domain and the 4:1 contraction flow. Finally, we will discuss some
difficulties arising in the analysis of the numerical algorithm and propose possible

directions for future work.
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Chapter 2

Exponential Decay to the
Equilibrium Solution

The purpose of this chapter is to establish the rate of decay to the equilibrium for the
multiscale model. We restrict our attention to the problem with homogeneous velocity
boundary condition. We will prove that the velocity decays to zero exponentially at a
rate which is independent of the choice of the initial datum. Meanwhile the solution
to the Fokker—Planck equation converges to the Maxwellian M of the model, which
means that all of the configuration vectors ¢; have the same equilibrium probability
density function M;(q;).

The reason for proving Theorem 2.1 which comes from [5] is to establish a test
problem for our numerical experiments. We can use this test problem to assess our nu-
merical algorithm because we know how the true solution behaves under some special
conditions. We will perform a numerical experiment in Chapter 4 to check whether
our numerical solutions match the results in Theorem 2.1. Without considering this
model problem, it would be difficult to ascertain that the numerical algorithms are
reliable because we do not know the true solution for a complicated model problem
such as multi-bead simulations in an L-shaped domain.

This chapter considers the equilibrium solutions of the Navier—Stokes and Fokker—
Planck equations for the FENE spring model. We shall show that, in the absence of
a body force (i.e., with f = 0), weak solutions to the equations (1.44)-(1.49) decay
exponentially in time at a rate which is independent of the choice of the initial data for

the Navier—Stokes and Fokker—Planck equations. It will be assumed throughout this
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chapter that the unique global-in-time weak solution exists and it is regular enough.
The corresponding proof can be found in the paper by Barrett and Siili [5]. Also the
velocity is assumed to be zero on the boundary of the physical domain (i.e., ¥ = 0
on 092). The motivation for studying this question is that we can understand the
long-time behaviour of dilute polymers and we can also use the result to test the
numerical scheme. In a later chapter, we will perform numerical experiments to show
that our numerical results converge to the equilibrium solution at an exponential rate.
The focus of this chapter is on the analysis of weak solutions and the proof of the
exponential decay.

Recall that the Fokker—Planck equation in Chapter 1 takes the form:

o

1 K K .
St w+2vql (Val)Git) = eAstht oo > D AV (Vo 0+ F(3)Y).

i=1 j=1
(2.1)

In general, the elastic spring force F; of the ith spring in the chain is assumed to be

defined by a (sufficiently smooth) potential U; via

—

— 1 — — .
Fi(q) = U{(§|qi|2)qi, i=1,..., K. (2.2)

The normalized Maxwellian M; for each spring is defined by:

. 1 1, . 1 . R
M@) = en(~UGliP). 4= [ eo(-UGlaR)aG. @3

The total Maxwellian in the model is then the product of the individual Maxwellians:
K

M(q) = ] [ Mi(@)- (2.4)
i=1

We can now transform the equation (2.1) into a form, in which the spring force F

has been absorbed into a weighted diffusion term,

9,
X w+2qu (V.a))
= eAgt) + 2_w1 Zl Zl Aij Vg, - (quj (%)) : (2.5)
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We shall show that the equation (2.5) is equivalent to (2.1). First differentiating
the term V. ( ), we obtain

W
o T Vo) + Z Vo - ((Vail)Git)

— A+ z S AV, ( <quw>MA;2w<vqu>)
=1 j5=1

=eAyY + e Z Z AijVq - (Vg0)

’Lljl

V(Vy, M)
LSS, ( ) (26)
=1 j=1
Using the definition of the Maxwellian (2.3), we can compute
exp(—U;(5/4;1*))
7.

J

qu Mj(Q}) = V‘Ij

o 1 U -2 U/ 1 — 12

= —ZeXp(— j(§|qa'\ ) j(é‘QJ‘ )4

- L

= _Mj<9j)U]{(§|Qj|2)Qj‘ (2.7)

We observe that, fori =1,... K,
M(q) = Mi(q1)Ma(q2) - - - Mk (gk)
and
Vo, M = Mi(q1) -+ Mj—1(qj—1) Mj 11 () - - M (Gxc) Vg, M; (). (2.8)

Inserting (2.7) into (2.8) yields

L.
Vg, M = —MU}(§|%|2)%* (2.9)

Combining the results from (2.6) and (2.9), we deduce that

0
X @ ¢+ZV% (V. )it)
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= At oo Z Z AV - (Vo)

11]1

L S (L)

=1 j=1

1
= At + o Z Z Aij Vg, - (vq]w - U;(§|q3|2)qu)

i=1 j=1
— A+ —ZZAUV (Vo + Fi(@)e) (2.10)
=1 j=1

and that completes the proof. The Maxwellian transformation used in (2.5) allows us
to circumvent analytical difficulties introduced by the unbounded convection term,

F , and we will focus on the transformed equation to perform the analysis.

Definition 2.1 The equations (1.45)-(1.49) and (2.10) will be referred as the
model problem (P.).

Definition 2.2 The pair (i, zﬂ) is a global-in-time weak solution to problem (P.),
such that:

T
//u —dxdt+// (ﬁ-Vxﬁ)-u?JrRleﬁ:wa)dfdt
:/(uo(x) (deaH—/ -7 Vw)dt
Q

vii € WHH0,T; V,), s.t. (-, T) = 0;

where V,, denote the closure of the set of all divergence-free functions in the norm of

the Sobolev space HY(Q) N H(Q),0 > 1, and
T Aaga T R R
_ / M2 gzt + / M[eV,d — @] - Vop dgdz di
0 Joxp QxD

Al MV 4 - Vo, pdqdz dt
2W1/ /M” ’ !

1

M» (V,u qnp V.pdgdx dt
/ /Q><D Z 4

=1

= Do(Z, Q) (%, 7,0) dgda

QxD
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Vo € WH(0,T; H* (2 x D)), s.t.p(-,-, T) = 0.

where s > 1+%(K+1)d and : represents the componentwise scalar product of matrices,

that is, for square matrices @ and b, a: b= a;;b;;.
i,

Remark 2.1 The next theorem will involve the so called Bakry—Emery condition.
The Bakry—Emery condition is the following: there exists a positive constant j such
that Hess(—log M (q)) > pI on D and can be understood as logarithmic concavity
of the Mazwellian on D. The validity of the Bakry—Emery condition for the FENE
Mazwellian follows from Remark 5.3 in Barrett and Sili [5].

Theorem 2.1. [Theorem 7.1 in [6]] Suppose the unique global-in-time weak solu-
tion (d, 7&) to problem (P.) exists; the velocity is zero on the boundary of the physical
domain Q and M satisfies the Bakry—Emery condition (see Remark 2.1 above); then,
for all T >0,

. koo
(T + @II@D(T) — 171, @xp)

T <.\ P2Re (T -
< exp(—yT) { [[do]” + 2k MF(1po) dqda’ | + 1f(s)[Ids, (2.11)
QxD 0
where ¢ = %, Yo = min(PJRe,“WL‘iS), k = b+§f+2 I%;V?,i € Ryg. Here P is Poincaré’s

constant for @ and § comes from the logarithmic Sobolev inequality we will introduce
later. F(s) = s(logs — 1) + 1 for s > 0. In particular fo: 0 (no body force), the
following inequality holds:

k

— 2 7 2
[a(T)]I" + @W(T) = L1, @xp)

< exp(—oT) (||uo||2 ok Mf(z&o)dczdf) | (2.12)

QxD

Here, L1, (2 x D), for p € [1,00), denotes the Maxwellian-weighted LP space over

Q x D with norm

1
WHLQ{(QxD) = { M d(jdf} ,

and || - || denotes the L? norm over .

QxD
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From (2.12) we can see that if the time 7" tends to infinity, the right-hand side
of the inequality will decay to zero exponentially. On the other hand, ||@(T)||* and
14(T) — 1||%}\/1(QX py are all nonnegative, therefore both must decay to zero. This
also indicates that the equilibrium solution of the Fokker—Planck equation is the

Maxwellian M.

2.1 Analysis of the Fokker—Planck Equation (7 =
0)
We shall prove Theorem 2.1 by considering a homogeneous flow first (i.e., with @ = 0).

We start with establishing the weak formulation of the Fokker—Planck equation. By

introducing the notation

~

b= % (2.13)
we can rewrite the Fokker—Planck equation as
o A | K K A
M — M A — ; ; 459, - (MV,,) =0, (2.14)

First of all, we define the function spaces relevant to the weak formulation of

(2.14). Letting

i (0xD) = { € Lol D) s 160 umy = [ MG + 19,0 47z < o0}

(2.15)
The weak formulation of (2.14) is then defined as follows. Given ¢y € L}, (€2 x D) such
that F(¢)) € LL,(Q x D) and v, > 0, find ¢) > 0 such that F(¢) € L>(0, T; L}, (€ x
D)), \J4 € I(0,T; Hiy( x D)) and

Ma—% dqdZ + e MV - Vopdgdi

QxD ot QxD
1 & A
+o— > Ay MV 4 VapdddZ =0 Y € Hy (Q x D). (2.16)

2Wi
W 27‘7:1 QxD

Here the function F(s) is defined by F(s) = s(logs — 1) + 1,s > 0. Choosing
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S(logS-1)+1
T

The function F(s) = s(logs —1) +1

o= ]-"’(zﬂ) = log@ﬁ in (2.16) yields that

M%—l/}]:/(lﬁ) dqdz + ¢ MV, - Vo (F(9)) dfdi
QxD t QxD

1 & A )
+ Wi ”2::1 Ajj b MN g1 - V. (F (@))dgd7 =0,

=S+ +8S;s (2.17)

We begin by considering S;:

Si= [ % r@yagar= [ m O (F)aga
QxD QxD t
_ 4 MF (1)) dgdz. (2.18)
dt QxD

Next, we consider the term Sy; noting that F”(s) = %, we have that

. . -1 .
Sy=e MV 1 - Vo (F'(§)) dgdZ = e MV 1) - va dgdz

QxD QxD
2
=€ M|vx}p| dgdx
QxD ¢
= de Mm\/@2 d7dz. (2.19)
QxD
Similarly as above,
MV ¥, (F' (1)) dgdz
QxD
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- MV ¢ - —%= d7d7. (2.20)
QxD w

Finally, for the term Sz, we have that

= QWIZAU MY, -V, (F (1) dfdi

ij=1 QxD

M
QWIZA” - Avw V,, ¥ dgdi

1
. 2.21
“swi ), M S Ay Uy ddgas (2.21)

1,j=1

We recall that the matrix A € RE¥*X is a symmetric positive definite matrix with

smallest eigenvalue ag € R.q, and therefore the following inequality holds:

K k
D AVt Vo hdgdE > ag » [V dgdi. (2.22)

ij=1 i=1

Substituting (2.22) into (2.21), we obtain

1
A dgd
S = 2W1/M¢Z 50 - Vo b dgdi

7,]1

2dgdz
- 2W1 /Q><D b ZWM/J\ e

Qo

T — |V, > dgdz
2W1/QxD ¢,| Y|

QCLO A2 - 1=
= — M|V /| dgdr. (2.23)
wi /o, M q\ﬂ

Combining (2.18), (2.19) and (2.23), we have that

d N R
— F(ih) dGdz + 4e M\VI\/; ?dgdi
dt QxD QxD
2aq Y12 1o 1o
+ — M|V /¢ dgdZ < 0. (2.24)
Wi QxD
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In (2.24) the second term 4e [, , M|V, \/;|2qu dZ is nonnegative; therefore we can
ignore this term and the inequality still holds.

In fact, there is a connection between the terms [, , MF (1) dgdi and

Joup M |Vq\/i > dg7dZ; this can be seen by noting the logarithmic Sobolev inequality.
Remark 2.2 The logarithmic Sobolev inequality has the form:

[ @lp o “'j’,@'Q <2 [ M@V a7 voe Hy(D), (@29

where 0 > 0 is a positive constant. This inequality holds when the Mazwellian M

satisfies the Bakry—Emery condition (cf Remark 2.1).
Choosing |p(Q)|? = () in (2.25), we obtain that

o M(q)|V )2 dq, 2.26
| Mai@! guwnyM <3 [ M@Vl (220)

for all@ >0 onD and

¢ € H (D). Using the definition of || - L1 (py and (2.13),
we have that

19l 21 (o) = / My dq = / Ydg=1. (2.27)
D D
The last equality holds due to the fact that 1 is a probability density function on D.

Now we are ready to find the connection between S; and S. Substituting F(¢))
zﬂ(logzﬂ — 1) + 1 into the integral, we deduce that

[ MF@)aa= [ M [0 - 1) +1] 7
:/[)Mzzlogz&dcj—/DMz/}dm/DMdcj
:/DMqﬁloqudqj

(2.28)

where [, M bdg= [ 5, M dq = 1. Applying the logarithmic Sobolev inequality (2.26)
0 (2.28), we have that

[uryag<? [ v firag

2 o
= MF () dgdz < M|Vq\/;| dgdz

QxD QxD
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~

= Myvq\/;\z dqdz > g MF () dgdz. (2.29)

QxD QxD

Using the result from (2.29) and plugging it into (2.24), we deduce that

d - ) R
S MF@)dgdr+ 22 [ MF(E) dgdz < o. (2.30)
de QxD Wi QxD
Multiplying (2.30) by exp(%2¢), we have that
d a0(5 N
— —t M dgdx| <0. 2.31
Y P

Integrating (2.31) from time 0 to s yields

/0 T {exp (ﬁt> - MF () dqu] dt

= exp al(,ss M]:(@/A)(f, q,s))dqd¥ — exp ai(,sO M]-"(zﬁo) dgd®
Wi QxD Wi QxD

5 ) )
= exp (“WLS) MF@W(Z,q,s)) dgdz < MF (o) dqd7
QOxD

QxD

= MF((Z,q,5)) d7dF < exp (—“Wi§s> MF (ho) A7 d7. (2.32)
QxD

1

Next we need to apply the Csiszar-Kullback inequality [2] to obtain an upper
bound for ||¢)(s) — |1 (py; it states that

() = Uls, () < [2 /D MF(A@,TS))dcTr (2.33)

Using the definition of the norm of Maxwellian-weighted space and integrating (2.33)

over €) implies:

2
/(/ Mm(f,js)—udq) dz <2 MF()(E,q,s)) d7dz. (2.34)
Q D QxD

Now we are able to bound \W - 1H%}u(ﬂxD) in Theorem 2.1. By the definition of

| - |21, (@xp) and the Cauchy-Schwarz inequality, we have that

2
||¢(7 ) 8) - 1||%}M(Q><D) - |: M(¢(f7 (jv 8) - 1) didf]
QxD

{/Ql-/DM(A(:E,cj,s)—l)d(jd.fr
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2
= Q) ( M(Z,q,s) — 1) d@) dz. (2.35)
Q D
Combining (2.35) with (2.34) yields

1G5 8) = 1T upy 2101 [ MF((F,q,5)) 47 d7. (2.36)

QxD

Finally we use (2.32) to bound the right-hand side in (2.36), and we deduce that
N (]JQ(S ~ 1 —
1G5 8) = 171 upy < 219 exp (—ﬁs) . MF (th) dqdz. (2.37)
Taking @ = 0, f = 0, multiplying (2.37) by a positive constant ﬁ and choosing s =T
yields (2.11) in Theorem 2.1. In the rest of this chapter we will take the velocity into

consideration and prove the complete Theorem 2.1.

2.2 Analysis of the Full Navier—Stokes—Fokker—Planck
Equation

In the last section, we proved Theorem 2.1 when the velocity was taken to be zero,
therefore we did not need to consider the Navier—Stokes equations. Recall the Navier—

Stokes equations from Chapter 1:

Ou Y A -
E-ﬁ-u Vi = pr+§Axu+vw-r+f in Q, (2.38)
V. -u=0 in Q. (2.39)

We consider the following Hilbert spaces:
H:={weL*(Q):V-@=0, and @ - ii|sqo = 0},

Vi={weHy(Q):V-@=0}. (2.40)

Then the weak formulation of the Navier-Stokes equations is the following: find

@€ L>(0,T; H)N L*(0,T;V) such that

/— vdx+/(u~va’)-Uderl/Vﬁ:VUdf
Re Q

42



:/pV-ﬁdf—/T:VUdf+/f-Udf VievV. (2.41)
Q Q Q

All the boundary terms are dropped due to the assumption @ = 0 on 9. The
term fQ pV - 7dx also vanishes because the test function ¢ is in the space V' and the
divergence of ¥/ is therefore zero.

Choosing U = 4 in (2.41), we have that

ou y
—-ﬁdf—i—/ﬁ-Vﬁ-ﬁdf—i——/Vﬁ:Vﬁdf
:—/T:Vﬁdf+/f-ddf. (2.42)
Q Q
1d, ., s A
= 2dt”u” ~|—/Q(V (U ®u))-udd+ Re||Vu||
:—/T:Vﬁder/fﬁdf. (2.43)
Q Q

Here we observe that @ - Vi = V - (¢ ® @). Thus we can eliminate this term by
performing integration by parts and using the fact V-4 = 0 and we can deduce that
%%Hanuéuww :/Qfﬁdf—/ﬂf . Vi dz. (2.44)

Let us now go back to the Fokker—Planck equation. In Section 2.1, we began
with the weak formulation of the Fokker—Planck equation. Then we created a convex
function F(s) and picked the test function ¢ = F'(1)). After that we considered these
terms separately and finally obtained the inequality (2.24). For the full Fokker—Planck
equation, we will repeat the same analysis except that we have two more terms in the
weak formulation of the Fokker—Planck equation, which are related to the velocity .

By noting (2.5), we write these two terms as:

T, = /Q ) (M[[- vzz/}> F'(4) dFdd, (2.45)
T.- [ ij(vq,~<<vmﬁ>szz&>) F'($)dgar. (2.46)
X i=1

Therefore the weak formulation of the Fokker—Planck equation with the above choice
of test function becomes S; + S, + S35+ T+ Ty = 0. We perform the same analysis for
the first three terms as before; then we can rewrite (2.24) as the following inequality:

d MF (1) dqdzE + /

— (Mﬁ- vxzz?) F'($)dgdi
t QxD QxD

43



2@0

K
. A\ A 100N 477 1 290 112 qede < .
+ /QxD ZZI (qu ((VxU)QzMw)) F'(¢)dgdad + Wi s M]Vq\/;\ dgdzZ <0
(2.47)
We start by considering the term T;. On noting that (Vﬂﬁ)}—'(&) _ Vz]:(@ and

M is independent of x,

T, = /Q . (MU- w,&) F()dgdz

~

- Mii -V, F (@) dgds

QxD
. / (V. - (M) F($) d7dz + / (Mit - 7,) F($) d7dz
QxD OO x D
—_— M(V, - @)F () dgd
QxD
=0. (2.48)

Again the boundary term is zero due to the assumption that @ = 0 on 9Q. Next we
shall focus on the second term Ty. We will find later that this term has an important
relationship with the polymeric extra tensor 7. We perform an integration by parts
first, and note that the boundary term is
K
((Ve)@dd 7, ) F/(0)ddi - AGi1ds(F)ddisa - A,
(2.49)

i=1 /Q><D1><-~~><8Di><-~~><DK

where 7i,, is the outward unit normal vector to dD; and

M(q) = Mi(qi)Ma(q3) - - - Mk (g )- (2.50)

We decompose M in (2.49) into the product of the individual Maxwellians. Further-
more, for the FENE spring, the spring force F; and the corresponding potential Uj;

are given by

= o q b 2s
Fi(G) = @7 Ui(s) = —§log (1 — ?) : (2.51)

Recall that by the definition of the Maxwellian (2.3) we have that

b
— 1 1 o 1 qz 2 2
M@ = e (-UilaP) = 5 (1-45) 252

)
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From (2.52), we can clearly see that M;(g) = 0 on 0D;. Combining this with (2.49)
and (2.50), we deduce that

K ~ ~

; /Q><D1><---><6Di><---><DK ((Vxﬁ)@Mw ' ﬁqi> F )

dqy - - - dgi—1ds(§)dgi41 - - - dgred@ = 0. (2.53)

Performing integration by parts and using the result from (2.53), we have that
K A A
T, = / > (Va (VaGb ) (@) agas
QxD
/ (V@)@ Mt - Vo, F () dqd7

Z/ (V@) G M - F'()V 1p dGdi
1

1=

K
Z/ (Vo) M) - v pd7dzE
=1 x ¢
K ~
= —Z/ (V@)@ M - Vg,1p dgda. (2.54)
i=1 Y QxD

Here we have used the fact that F”(s) = . Observing that V, does not depend on
¢ and the index i, we can separate the integral fo p into two parts. Therefore Ty

becomes
K

Ty = — /Q (Void) : > ( /D @M(ti@@)dcf> dz. (2.55)

=1

Using integration by parts again on the term [ » &M (tiiﬂ)dcf, we have that

T = [ (v.): i (- [ Fat@anniag) az
- [ i (- [0+ qev,aniar)
/Q<w>:§;( [aeviniag-1 [ wiag)a
L(w@f}( [ @evianidr-1 /wdcz)dx
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K

_ /Q (V.7 Y (— /D (3 ® Vo M)$d7—T ) dz. (2.56)

i=1
In Section 2.1, we have already calculated the term VM (see equation (2.9)). In-
serting (2.9) into (2.56) and noting that ¢; ® ¢; = ¢;q; , we obtain that

K

— — T rr/ 1 — — —
Ty = —/Q(Vmu) : Z (/ Gt MyU, (§|qz~|2)dq -1 ) dz

i=1

/ i (/ Gid; YU qul )d7 1 ) dz. (2.57)

In Section 1.4 we stated that the polymeric extra stress tensor 7 for the dumbbell

model is defined by the Kramers expression (equation (1.39)):

7(@.0) = nyhaT( [ 79 F@u(@.q.0d7-1) (2.58)
D
Similarly, for the multi-bead model introduced in Section 1.6, the Kramers expression
is given by
K
E, ) = k (Z / 7 © (@)@ 4 t) d7— I) , (2.59)
— JD
where k = "2 -2 > () js a dimensionless constant. Noting that Fi(q) = U313,

we can rewrite (2.59) a

) =k (Z/ GarwUl( |cf,~|2)dcj—I ) (2.60)

Combining (2.60) with (2.57), we have that

1
Ty =—— /(Vxﬁ) s dd (2.61)
k Ja

Finally, using the results from (2.47), (2.48) and (2.61), we conclude from the Fokker—
Planck equation that

d ) 1

S MEw) dgaz - L / (Vi) : 7d7

dt QxD k Q
2 -

4 2 M|Vq\/;|2 dqd7 < 0. (2.62)
Wi Joxp
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Comparing (2.62) with (2.44) we find that by multiplying (2.62) with k& and sum-

ming (2.62) and (2.44), the term involving 7 is cancelled. Therefore, we deduce

d .
|l x [ arr agas]
t QxD
ry =112 2ka0/ 12 - 1= / 25 1o
— M dgdr < -udz. 2.63
fpvar s 5 [P s [ Foadn e

Thanks to Poincaré’s inequality there exists a positive constant P, such that
lall < P|[Val]. (2.64)
Also the right-hand side of (2.63) can be bounded further by the following:
7o 1= v 712 +
~udr <
| Frias < el +

Here we used the fact that ab < %az + 2%62, for any € > 0. Using the results from
(2.29), (2.63), (2.64) and (2.65) we have that

PRe

HfH2 (2.65)

d

2
k
dt[ ) +

MF (1)) d(jdf:]
QxD

]2 4 200
P2Re Wi Joup

P2R
l)? + e||f||2 (2.66)

+ MF(¥)dgdz < / fradz
Q

< TP
Rearranging (2.66) we deduce that

d
dt
. Y aod 1. 2 N 1212

2
<’ Reufw (2.67)

[ P + k Mf(z&)dczdf}

QxD

Let us introduce the following notation:

—in [ @O
Yo := min <P2Re’ Wi) : (2.68a)
1 .
A(t) = 5Hﬁ(t)\y? + k MF((t)) dgdz. (2.68D)
QxD
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Using the notations introduced above and multiplying (2.67) by exp(vot), we have
that

d P?Re -
3 [exp(t)A(t)] < exp(yot) || fII°- (2.69)
Integrating (2.69) from time 0 to s yields:
*d P?Re [* -
[ sptestuniamar < 72 e ik
P?Re [* oo
= exp(705)A(s) — A(0) < > exp(yot)|| f]|dt. (2.70)
0

Multiplying (2.70) by exp(—vos), we have that

P2Re
2y

A(s) < exp(—708)A(0) + / “exp(lt — )| FI1?dt. (2.71)

Observe that t is between 0 and s, therefore 0 < exp(7yo(t — s)) < 1, which implies

P?Re [* -
As) < expl—r09)A(0) + / 1Flar. (2.72)

Substituting (2.68b) into (2.72), we have the following:

|i(s)||> + 2k MF(ip(s)) dgdz

QxD

~

A P?Re [ -
Mf(¢0)dqu>+ /Hszdt. (2.73)
QxD 0

< exp(—90s8) (||u?;H2 + 2k

Using the results from (2.36) and (2.73) and choosing s = T" we can conclude that

. ko s
T+ 6T =11 o

N PZR s
Mf<¢o>dc7df)+ “[iApa e
0

< exp(—noT) (Hu%||2 ok E

QxD

and that completes the proof. We note that the rate of decay vy = min ( PR “WL‘E)

depends on the viscosity of the solvent v, the Reynolds number, the minimum eigen-
value of the matrix A, the Weissenberg number, the Poincaré constant P and the

Bakry-Emery constant 9.
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2.3 Conclusion

In Section 2.1, we first proved the exponential decay of the solutions to the Fokker—
Planck equation when « is taken to be identically zero; therefore we did not need
to consider the Navier—Stokes equations. We focused on the weak formulation of
the Fokker-Planck equation (2.16) and picked a special test function F/(¢)). Then we
applied the logarithmic Sobolev inequality (2.26) and the Csiszar—Kullback inequality
(2.33) to obtain the resulting bound (2.37).

In Section 2.2, we extended our proof to the case when the Navier-Stokes equa-
tions were taken into account. We first investigated the weak formulation of the
Navier-Stokes equations (2.41) and then took the test function to be #. Then we
performed a similar analysis as before except that we had two additional terms: T,
defined in (2.45) and T5 defined in (2.46). We proved that Ty = 0 and Ty is related to
the polymeric extra stress tensor 7. We summed the results from the Navier—Stokes
equations and the Fokker—Planck equation and applied the logarithmic Sobolev in-
equality and the Csiszar-Kullback inequality to complete the proof.

The numerical methods for this coupled system including the multilevel Monte
Carlo method, the adaptive Euler—-Maruyama method and the mixed finite element

method will be introduced in Chapter 3.
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Chapter 3

Numerical Methods

In this section, we will first illustrate the idea of the Multilevel Monte Carlo method
and consider a simple numerical example in order to compare it with the standard
Monte Carlo method. Next, we will consider computing the stress tensor for homo-
geneous flows using the Multilevel Monte Carlo. Then, we will describe the proposed

numerical method for nonhomogeneous flows.

3.1 Multilevel Monte Carlo Method

In practice, one is usually interested in the expected value of some function g of the
solution to the stochastic equation (1.71) at some fixed time 7', i.e., E[g(S(T"))]. The
Monte Carlo method estimates the expectation by taking the mean of N indepen-

dent samples g(S(T")), where each sample is obtained by simulating (1.71) with some

numerical scheme:

g %;g@@m» (3.1)

Here S(T') denotes the numerical solution of (1.71) at time T, and S(T') is the exact
solution of (1.71) at time 7". Furthermore Si(T),i =1,..., N, is the i-th sample path.

The mean square error of the approximation Y is given by:

E (V- Elg(S(T)))?] =E|(V - E[V] + E[Y] - Elg(S(T)))’

| IS

—E |(V - E[V)?| + (E[Y] - E[g(S(T))])2 32

20



The mean square error is hence split into two terms. The first term is the variance
of the Monte Carlo estimator V[Y] and the second is the square of the bias or weak
error of the numerical approximation. Let us take a look at the variance of the

estimator:

= 5V | 3030

=1

= oV [o(sm)]. (3.3)

The final equality indicates that the Monte Carlo variance is order O(+). If we use the
Euler-Maruyama or the Milstein scheme to approximate g(S(T)), the weak order will
be proportional to the time step At as long as conditions (1.73)—(1.75) are satisfied
[30], [35]. Then the mean square error of the Monte Carlo method is O(+) + O(At?).

In order to achieve a mean square error of size O(€?) (e is a small positive number),
the standard Monte Carlo method in conjunction with the Euler-Maruyama or the
Milstein scheme requires N = O(e72) and At = O(e). The total computational cost

C is the number of simulations N times the number of time steps in each simulation

L, so that C' = O(e™®).

Notice that the mean square error depends on the number of samples N, the
variance of the sample V[g(S(T')] and the weak error. The weak error can be reduced
by decreasing the time step At, however it takes more time steps to perform the
simulation on a fine mesh. The mean square error can also be reduced by increasing
the number of samples N, however the Monte Carlo convergence rate is slow and the
resulting error reduction may therefore be small. If one can make the sample variance
very small, then one will not need to perform a large number of simulations, which will
reduce the computational cost. Therefore variance reduction techniques are usually
applied to the Monte Carlo method. The Multilevel Monte Carlo method generalises

the idea of the variance reduction method and under some conditions reduces the

total computational cost from O(e?) to O(e 2(log€)?) or O(e~2) [23], [26].
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Consider a sequence of numerical simulations ¢(Sy(T)), g(S1(T)),...,g(SL(T))
with different time steps At; = %, [=0,1,..., L, where R is a positive integer called
refinement factor. We are interested in computing on the finest level E[g(SL(T))],

and it is obvious that this quantity can be represented as a telescoping sum

Elg(S.(T)] = E [g(So(T)] + S E[9(S(T) = g(Sia(M)] . (34)

The multilevel Monte Carlo method uses independent estimations at each level and
combines them according to equation (3.4). The idea behind this method is to con-
trol the variance of ¢(Sy(T)) — g(S;_1(T)) in order to move most of the work from
fine level to coarse level, which is much cheaper to simulate. The smaller the vari-
ance V | g(S)(T)) — g(S’l,l(T))] is, the fewer samples N are required. The way to
control the variance is to use the same Brownian path to approximate g(S;(T)) and
9(S;_1(T)). Then, the difference between them will be small thanks to strong (path-
wise) convergence.
No

Let Yy be a Monte Carlo estimator for E[g(So(T))], ie., Yy = NLO g(S’éi)(T)).
1

Similarly, let ¥; be a Monte Carlo estimator for E [g(SI(T)) - g(S’l,l(T))] using N,

simulations. Hence the multilevel Monte Carlo estimator for E[g(S.(T))] is the sum

of the individual estimators Y}, i.e.,

L
v=3 (3.5)
=0

The total variance of the multilevel Monte Carlo estimator is

L
=> NV, (3.6)



Recall that the mean square error is split into the weak error and the variance of
the estimator. To make the mean square error less than €?, we can choose L such
that the weak error E[g(S.(T))] — E[g(S(T))] is less than 75> and choose N; to make
the total variance less than % If the numerical method for approximating the SDE
has first weak order, the time step Aty should be O(e) to make the weak error less
than . Therefore the associated number of levels is L = [kffg—iﬂ +O(1).

For the Euler—-Maruyama scheme and a Lipschitz continuous function g under
conditions (1.73)—(1.75), one can prove that V; decays like O(At,;), [23]. If we choose

N, = O(e 2LAY), then the variance of the estimator ¥ will be

SN

L
=0
L

VY]

> O(ELTALT) - O(AY)

1=0
= 0(é?) (3.7)
The total computational cost is the sum of the individual costs at each level:
L
C=> NAt (3.8)

=0

Hence the cost of the multilevel Monte Carlo method for achieving mean square error

€ is

e *(loge)?). (3.9)

The 2008 [23] and 2015 paper [24] by Giles include a complexity estimate theorem

for the multilevel Monte Carlo method for more general circumstances. The theorem
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states that if there exist independent estimators Y; based on N; Monte Carlo samples

and positive constants a > %, B, c1, ca, c3, ¢4, L such that

1.
E [g(5(T)) - g(S(1))] < erry,

2. R

gy = LB 95D 1=0,

1= . .
E[g(S(T) —g(Sa(m)]  1>0,
3.
V[Y/ﬂ S CQNl_lAtlB,

4. C}, the computational cost of Yl, is bounded by

O < CgNlAtl_l,

then the overall cost C' of the multilevel Monte Carlo estimator
L
y=> v
1=0
with mean square error €2, is bounded by

cae 2, B >1,
C < e ?(loge)?, B=1,
cae 27U/ < g < 1.

(3.10a)

(3.100)

(3.10¢)

(3.10d)

(3.11)

This theorem is rigorously proved in Section 3 of [23]. The interested reader is

referred to that paper for details.

The mean square error relies on the weak error. Condition 1 of the theorem ensures

the weak convergence of the approximation. The number « is the weak convergence

order of the numerical scheme. As long as Condition 1 is satisfied, we are guaranteed

to find the finest level L for which the weak error is order e. Condition 2 is used to

make sure that the telescoping sum is valid (equation (3.4)). Condition 3 is the most

important one. The variance of ¥; should decay as the level number increases. We
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control the variance of the estimator so that we can reduce the computational cost.
The number S plays a very important role here: it represents the convergence rate
of V;. A bigger § will produce better results, because a large decay rate indicates
that most of the work is moved to the coarse level, and for 5 = 1 the work is evenly
distributed across all levels. Recall that the multilevel Monte Carlo method uses the
same Brownian path to simulate g(S5)(T')) and g(S;_1(T)); hence strong convergence
will ensure that the difference between them is small. In the case of a Lipschitz
function g, § will be twice the strong convergence order of the numerical method,
however in general fast strong convergence might not imply fast decay of V;. In
[22], the Milstein scheme is used to further reduce the cost to O(e~2) for a Lipschitz
function g to achieve a mean square error O(e?) because the Milstein method has
better strong convergence order than the Euler—-Maruyama method. However for the
standard Monte Carlo method, both Euler-Maruyama and Milstein require O(e™?)
operations.

The algorithm contains the following steps:

1. We start with L = 0 and obtain an estimation YO based on an initial set of

Ny = 10* samples.
2. Calculate the variance V7.
3. Calculate the optimal number of simulations Ny.

4. If N > Ny, we evaluate the extra samples and update the results; if N; < N,

we keep the results.

£

3> otherwise proceed

5. Terminate the algorithm when the weak error is less than

to the next level (L := L + 1).

3.1.1 Numerical Examples

We will perform a simple numerical experiment using both the standard and the

multilevel Monte Carlo method. Consider the linear stochastic differential equation
dS(t) = AS(t) dt + pS(t) dW (t), (3.12)
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Mean square error €2 | Yyrae | Computing time (MLMC) | Yye | Computing time
0.1° 0.0955 0.002s 0.0953 0.002s
0.01° 0.1090 0.003s 0.1077 0.03s

0.0012 0.1039 0.01s 0.1046 2.74s
0.0001° 0.1044 0.819s 0.1045 9.2s

Table 3.1: Numerical results for E[e~*max(0, S(1) — 1)]

with S(0) =1, A = 0.05 and g = 0.2. We are interested in computing
E[e*max (0, S(1) — 1)].

The results are calculated using the Euler—-Maruyama method and the refinement
number R = 4. Table 3.1 shows the expected value based on the various values of
€ for both the multilevel Monte Carlo and the standard Monte Carlo method. The
time step At for the standard Monte Carlo method was chosen to be the same as
the time step in the last level of the multilevel Monte Carlo simulation. The number
of samples was chosen to be of the order of O(¢~2). From the table we can see that
for a large error the computing time is similar, however as the error decreases the
difference is significant. It takes almost ten times longer to use the standard Monte

Carlo method when € = 0.0001.

Variance of estimators on each level
-2 T T T T T T

log v/ log M

4 i
—8— \arlance of MC -"l.__
_gl- |~ ®=Variance of MLMC Teeell 4

_g 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35 4

Figure 3.1: Euler-Maruyama scheme with 10° sample paths used on each level

~

Figure 3.1 shows V[g(S,(T))] in blue and V[g(S)(T)) — g(Si_1(T))] in red based on
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10° samples on each level. The logarithm of the variance is plotted versus the level so
that the slope of the red line represents the decay rate of V[Y}] = O(At). The strong
convergence order for the Euler-Maruyama method is O(At%), which in turn gives
[ =1 as explained before. If we use the standard Monte Carlo method, the variance
of the estimator shown by the blue line is almost 1000 times larger than with the

multilevel Monte Carlo estimator when [ = 4 with the same time step.

Cost of the methods

epswlc:n2 Cost

—+— Costs of MLMC]|
—#— Costs of MC

5

107 107
epsilon

Figure 3.2: Comparison of the computational cost of MLMC and MC

The total computational cost of the multilevel Monte Carlo method is the number

of time steps times the number of simulations on all levels:

L
C=No+ > N(R+R™. (3.13)

=1

The cost of the standard Monte Carlo method is on the other hand given by
L
C*=) N'R, (3.14)
1=0

where N = 2 2V[g(S,(T))] in order to make sure that the total variance is less than
%62. The level L is the same as with the multilevel Monte Carlo method so that the
weak error is also less than %62. The summation in (3.14) is used to apply the same

heuristic termination criterion as the multilevel method [23].
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Figure 3.2 is the log-log plot of €2C against ¢ for the multilevel Monte Carlo
method and €2C* for the standard Monte Carlo method against the tolerance e. It
is clear that the multilevel Monte Carlo method is much cheaper. There is a change
of the value €2C in the figure corresponding to the fact that L is changed. We see
a very slow increase in the cost of the multilevel Monte Carlo method, while for the

standard Monte Carlo method, this change is much larger.

3.2 Stochastic Simulation for Homogeneous Flows

In this section, we will consider homogeneous flows for which the velocity gradient
V., u(Z,t) == Kk (k;; = 0ju;(7,1)) is a constant matrix throughout the physical domain
). In that case, the probability density function ¢ and the Fokker—Planck equation
do not depend on the space variable Z. Furthermore, we will focus our attention
on the dumbbell model in this section. Therefore this section is concerned with the

numerical approximation of the following stochastic differential equation:
dd(t) O(t) — —~ F(G(t) ) dt + 1/ —dW(r), te(0.1),  (3.15)
= (kK- - — — .
2Wi Wi ’ Y

Q(0) ~ ¢ (), (3.16)
where F(Q(t)) = . %2”2 L Q1) = (Q1(t), Q2(1))T represents the dumbbell orientation

)

at time ¢ € [0, 7] in a 2D flow. Let us denote @ := (u,v)T; then the velocity gradient

K is the following:

ou  ou
k= or Oy
o o
or Oy

Our target is to calculate the extra stress tensor 7 according to the Kramers
expression by taking the expected value of the numerical solution to the stochastic
differential equation (3.15) at a fixed time T, i.e., 7(T) = E[Q(T) @ F(Q(T))] given
K. The first method we suggest to simulate the stochastic differential equation (3.15)
is the Euler-Maruyama method and the multilevel Monte Carlo method will be used

to estimate the expectation.
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3.2.1 The Euler—-Maruyama Method

First, we discretize the time interval into m pieces with a uniform time step At = %
Let @n be the numerical approximation at time t, = nAt, n =20,1,...,m. Then,

the Euler—Maruyama method for equation (3.15) takes the following form:

— — = ]_ = =3 1 =g
= cQn— —=F At +14/ —=A f =0,1,... 1
Qn+1 Qn =+ (K’ Qn 2W1 (Qn)) t + Wl Wn7 or n 07 ) , T, (3 7)

Qo ~ o(q)- (3.18)
Here AW, = W (tny1) — W(t,) = VAEN(0,1), where N(0,1) is a two-dimensional

vector of independent normally distributed random variables with mean zero and
variance one. The initial value @0 is randomly generated from the initial condition

of 1. The componentwise description of (3.17) is the following:
Ql,n+1 _ Ql,n %Ql,n + Z_ZQZ’VL
- + ov ov At
Q2n 41 Q2.1 Q1 + 3_yQ2,n
1 1 Ql n At 21
— )AL+ — 1
b

forn=0,1,...,m and 21,2, ~ N(0,1).

This method suffers from a serious stability problem since the drift is not globally
Lipschitz continuous in the stochastic differential equation. In our model, the drift
term contains the FENE spring force F (Q), which tends to infinity as \Cj | = Vb In
particular, Fis locally Lipschitz continuous, but it exhibits superlinear growth and is
not globally Lipschitz continuous on its domain of definition. The Euler—-Maruyama
method is known to converge to the exact solution of a stochastic differential equation
with globally Lipschitz continuous drift and diffusion coefficients. Recent results in
the literature have extended this convergence to coefficients that are locally Lipschitz
continuous and both the exact and numerical solution have a bounded pth moment for
p > 2[31], [59], [60]. However the bounded moment assumption might not hold for the
forward Euler method. In [31], the authors proved that the exact solution has bounded
moments based on the following conditions: the volatility is globally Lipschitz and

the drift satisfies a one-sided Lipschitz condition. They were unable to establish the
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boundedness of the moments for the numerical solution using the Euler-Maruyama
method. In fact for superlinearly growing coefficients, it has been proved in [33]
that, for a large class of SDEs with non-globally Lipschitz continuous coefficients, the
Euler-Maruyama approximation converges neither in the strong mean-square sense
nor in the numerically weak sense to the exact solution at a finite time point. Even
worse, the difference of the exact solution and the numerical approximation at a finite
time point was shown there to diverge to infinity in the strong mean-square sense and
in the numerically weak sense. While the paper [33] does not cover the FENE SDE
considered here, it gives strong indication that the Euler—-Maruyama approximation
of the FENE SDE may be similarly badly behaved. Also, for a large time step,
the numerical approximation might exit the configuration domain D, which is not
allowed.

In practice, this last problem might not occur when we use an extremely small
time step because of the finite precision representation of floating point numbers in
the computer. If we generate a random number from N(0, 1), the probability of
generating a large outcome is very small and the computer might not generate it.
This method is easy to implement, however it is time-consuming due to the small
time step used. An alternative approach is an adaptive time stepping method.

Below is the numerical algorithm of the multilevel Monte Carlo method combined
with the standard Euler-Maruyama method. L is the finest level starting from L = 0
and we increase L by one every time when we move forward to the next level until
we have convergence and L > 2. For each level | = 0,...,L, we will first use the
Euler-Maruyama method to simulate the SDE using an initial set of Ny samples and
estimate the variances V; and the Monte Carlo estimator ?}, then we will calculate
the sample size N; needed for each level and if it is larger than Ny, we need to update

the results by simulating more SDEs using a set of N; — Ny samples.

Algorithm 1: This algorithm is the combination of the Euler-Maruyama method
for solving (3.15) and the multilevel Monte Carlo method to find the expected value.
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Data: constant k, initial probability density distribution y(q), initial
number of samples Np, mean square error €2, refinement factor R
Result: E[Q(T) ® F(Q(T))]

We start with level L = —1 and initialize all the variables;
while not converged or L < 2 do
L=L+1,;
for k=1:Ny do
if L =0 then

Sample the initial value G(0) from 1o(¢) and simulate the
stochastic differential equation (3.15) according to (3.18) using

At=T;
else
Sample initial value Q(0) from 1,() for both level L and level
L—1;
nf:=RF nc:= RV Aty = nlf, At. = an3
for i=1:nc do
AW, := 0;
for j=1:R do

AW, = VAL x N(0,1);

AW, := AW, + AW;

Simulate the stochastic differential equation (3.15)
according to (3.18) at the fine level using Aty and AWf;

end
Simulate the stochastic differential equation (3.15) according to
(3.18) at the coarse level using At, and AW,;

end

end

end

Estimate the variance V}, using initial set of Ny samples, the Monte Carlo
estimator Y7, and the optimal number of samples needed Ny ;

for [=0:L do
if The optimal number of samples is bigger than the current sample

size then
Evaluate extra samples at each level as needed and update the

results;
end
end
Test for convergence;
end

Obtain the multilevel Monte Carlo estimator ¥ = Zleo \ZE
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3.2.2 Adaptive Time Stepping Method

Unlike in the standard Euler-Maruyama method, here the time step may vary from
time step to time step in an adaptive fashion. The algorithm is still an Euler type
method, but the time step is varied, based on our numerical approximation. The

discretisation of our SDE leads to the following equation:

= = = 1 - = ]_ -
Qni1=Qn+ (K- Qn— Q—\NiF(Qn))Atn - ,/WAWH, (3.20)
tnsr =ty + Aty (3.21)

From (3.20), we can see that the numerical approximation @nH at the next time
step depends on the current approximation Cjn, the time step At, and the random
variable AWn. Therefore we can force our numerical solution to remain within the
domain of definition of F by selecting the time step properly if we can control the size
of the random part. With the FENE model, the length of the configuration vector

can not exceed Vb, therefore we need to put the following restriction on the time

/1 = | At -
AW, = ma < —
Wi " Wi Vo @l

N 2
= At, <bWi [ = _ 1@l - .
tn < b l(%‘ <1 NG , =12, (3.22)

where z; here is the same as in the equation (3.19). From (3.22) we notice that the

step:

time step depends on b. If b is small we need a smaller time step, which leads to an
increase in the computational cost, and therefore the complexity of this problem using
the adaptive time stepping method above depends on the radius of the configuration
domain.

From the previous section, we know that z;, z5 follow the standard normal distri-
bution. Assuming that the random variables z1, 2o have maximum magnitude 10 in

a finite precision computer, we pick the time step At, to be

(1 130\
s (112 o
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Then, the numerical approximation at the next step will be controlled and in fact it
will remain inside the configuration domain D and never reach the boundary as long
as Kk is not large. If we have a very large value for k, then we also need to put a
restriction on the time step to control the term (& - @n)Atn; therefore we can pick
the time step to be the norm square of the configuration vector over the norm square

of the drift: .
1Qnl?

Ik - G — g E(Qu) >

where C'a; is some positive constant we need to choose. Then we can set the time step

Atn = CAt

(3.24)

to be the minimum of (3.23) and (3.24) to make sure both restrictions are achieved:

- 2 N 9
At, = min [ bWi (i <1 — ”Q””>> , COag - ||in|| —— . (3.25)
10 Vb - G — 5oz F (G2

The implementation of this method is as simple as that of the classical Euler—

Maruyama method, however the total cost is reduced because the time step does not
need to be small when the trajectory is far away from the boundary. Moreover, most
of the stochastic trajectories are controlled to remain within the configuration domain
D. If we use the Euler—-Maruyama method with a fixed time step, we can not make
sure that the trajectories stay within the domain.

In practice, the adaptive time stepping requires an additional constraint to work.
When the numerical approximation is very close to the boundary, the corresponding
time step will be too small to be recognized by the computer due to the finite precision
representation. Therefore we can not move forward because the time step is set to
be zero by the computer. A remedy is to clamp the trajectory before it gets near
the boundary. We first set a safety margin which is a small perturbation of the
original domain with radius v/b — ¢ for some small § < 1. When the trajectory goes
beyond this margin, we force it back by setting @ = \/IEQ'_ICSQ We believe that the
additional error due to the clamping is negligible. One computational confirmation

of this is that we performed ten thousands simulations for the 1-D FENE stochastic
differential equation with k = 1, Wi = 1,b = 10 and § = 107°. Only five simulations
went beyond v/b — 4.
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From the analytical point of view, the adaptive time stepping method has the
following shortcoming: we use the clamping strategy to avoid a small time step and
the analysis for the clamping might be difficult. However, based on the numerical
experiments reported above, the probability of this seems to be small, and we can
simply ignore them in practice. Another concern is that we assumed that every
random variable with normal distribution N (0, 1) has maximum magnitude 10 in the

computer, which is not necessarily true.

3.2.3 Polymeric Stress Tensor

The polymeric stress tensor involves the expectation of the solution to the stochastic

differential equation (3.15), according to (1.48):

Qi) Q1()Q2(t)
(t)=C b z (3.26)

Q1(H)Qa(t) Q1) ]
E<1_Q%(t>:Q§(t)) E<1_Q%(t>:Q§<t)) 1

_ btd+2 1—v
where C' = 5= - is a constant and )1, 2 are the two components of the vector

—

@ in the 2D case. The (1,2) component is the same as the (2,1) component; therefore
in practice we only need to compute three components of 7.

For the Monte Carlo method, we will generate N independent values Q(S) (t), s=
1,..., N, and use the numerical scheme (3.17) or (3.20) to simulate the stochastic
differential equation (3.15). We then compute the three components of the polymeric
stress tensor 7 at time ¢ by taking the average of N outcomes. For the multilevel
Monte Carlo method, we need to pay more attention to the adaptive time stepping
method because the time grids are not nested. The time step in the multilevel Monte

Carlo method at level [ is the following:
At,; = At,R™', 1=0,1,...,L. (3.27)

Figure 3.3 shows two different simulation times using the standard Euler—-Maruyama
method and the adaptive time stepping method. We can see that the time grids are
nested for the Euler—Maruyama method while the time grids for the adaptive method

are not. Using the figure as an example, for the standard Euler-Maruyama method
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Fine path
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Figure 3.3: Simulation times for the multilevel Monte Carlo method with the Euler—
Maruyama method and the adaptive time stepping method

we can simulate the stochastic differential equation twice at the fine level and add
two Brownian increments together to obtain the Brownian increments over the coarse
level and repeat this process until time 7. For the adaptive time stepping method,
although the time grids are not nested, the time grid on the fine level still has approx-
imately R times as many time steps as on the coarse level. Therefore we simulate the
stochastic differential equation simultaneously for both the coarse and the fine level
in order to make sure that the same Brownian path is used for the coarse and fine
levels. The algorithm 2 is a single multilevel Monte Carlo path calculation for level

L > 0 equipped with the adaptive time stepping method.

Algorithm 2: This algorithm is the single multilevel Monte Carlo simulation for level
L for solving (3.15) using the Euler-Maruyama method with adaptive time stepping

and clamping in the time interval [0, 7).
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Data: constant k, initial probability density distribution y(q), initial
number of samples Ny, clamping factor ¢, level L, refinement factor R

Result: YL

Sample the initial value Q(O) from 1y(¢) and initialize the following variables;

t:=0,tp:=0,t:=0, At := 0, Aty := 0, At. := 0, AWf =0, AW, = 0;

if L =0 then

while ¢t <T do

Clamp the trajectories if they go beyond the safety margin;

Calculate the time step At using (3.25);

At :=min(At, T —t);

Simulate the stochastic differential equations (3.15) according to

(3.20) using At

t=1t+ At;
end
else
Aty = bWi (3 (1- 190 ))
At, = bWi (i ( ) R,
At :=min(Atp, At,), tp =t + Aty, to :=t. + At;

while ¢t < T do

= VAt x N(0,1);
AWy == AW, + AW, AW, := AW, + AW,
if ty <t. then
t :=min(ty,7T), Clamp the trajectories if needed;
Simulate the fine path using time step At and AWf ;
Compute new adapted fine path time step

At :bW1< (1—'Q“'>>2RL tei=1t; + At
I v by =ty £

At :=min(Aty, t. —t,T — 1), AWf = 0;

else

t := min(t.,T), Clamp the trajectories if needed;
Simulate the coarse path using time step At and AW, ;
Compute new adapted coarse path time step

At, = bWi (% (1—%)) RUH 4, =t + A,

At = min(At., ty —t,T — 1), AW, =0 ;

end
end

end

Compute ' using the numerical solution at level L and L — 1;
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1. Start with time ¢t = 0, calculate the required time steps for both coarse and
fine levels: At., Aty, set t. = At.,t; = Aty, choose the minimum between At. and
Aty and set it to be At, set the Brownian increment AWf and W, to be zero.

2. calculate the Brownian increment AW using At and set AWf = AWf + AW,
AW, := AW, + AW.

3. If t; < t., set the current time ¢ = min(¢;,T"), update the fine path using At
and AWf, then reset Wf to be zero, calculate the next required time step Aty and
set ty :=t; + Aty, set At to be the minimum among Aty, t. —t and T — ¢, then go
to step 5.

4. If ty > t., set the current time ¢ = min(t., T), update the coarse path using At
and AWC, then reset WC to be zero, calculate the next required time step At. and set
te i= t. + Ate, set At to be the minimum among At., t; —t and T' — ¢, then go to
step 5.

5. Repeat steps 2 to 4 until time 7.

The most important step is to make sure that the coarse path and the fine path
share the same Brownian path, which is the key idea in the multilevel Monte Carlo
method to reduce the variance. For more details about the non-nested adaptive grids
in multilevel Monte Carlo computations, readers are referred to [25].

Remark 3.1 Algorithm 2 shows only one path simulation, however we need to
compute N different simulations. In practice the variables in the algorithm will be
modified in order to simulate N simulations and some For-loops might be added. The
way to achieve this in MATLAB is to change the time variables into vectors with N

components and @) into a matrix.

3.2.4 Stability and Strong Convergence

In this section, we will investigate the stability of both the numerical and the exact
solution to the FENE stochastic differential equation and the strong convergence of

the adaptive Euler-Maruyama method by making suitable assumptions. Recall that
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the equation we are interested in is the following:

—

- - 1 = 1 -
dQ(t) = <n -Q(t) — Q_\MF(Q(t))) dt + Wi dWwi(t), te (0,T]. (3.28)
The drift term of the stochastic differential equation involves the FENE spring

force F(Q(t)) = . %2”2 , which is only defined in the region D = B(0,v/b). In order

b
to carry out the analysis, we need to extend F' to the whole space.

Configuration domain:
D=B(0,+b)

Figure 3.4: Extension of the FENE spring force

We consider a new region D*, which is smaller than the original one and the
distance between them is € < 1 as shown in the figure. For all the variables which
are inside the D*, we use the same expression for F as before, while for the variables
which are outside this region, we first truncate Cj to Q;, which is on the boundary
of D* pointing in the direction of Cj; then we use a linear function with positive
derivative passing through the point (Q;, F (Q;)) as the extension of the spring force.
The mathematical expression for the extended FENE force F. is the following;:

F(Q) = {Fﬁ@» 1G] < Vb —e

S o iR b 3.29
kG + F(Q) — kG 1G] = Vo —c. (3.29)
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where k is some positive number and Q, = %(\/1—)— ¢). The function F. has bounded
first derivative on the whole space, therefore it is globally Lipschitz continuous.

Remark 3.2 We can choose the slope k so that the extended FENE force E
is in C1. Furthermore, we can also use a higher degree polynomial function as the
extension. The extended FENFE force is for the purpose of the analysis. In our com-
putations the length of the spring ||Cj|| 1s not allowed to stretch to infinity and we use
the adaptive time stepping to make sure that ||Q|| < Vb — €.

In order to show that the exact solution to the SDE with extended FENE force has
a uniform pth moment bound for any p > 1, we introduce the following assumption.

Assumption 3.1 Consider an n-dimensional stochastic differential equation (3.28)

with extended FENE force F;(Cj), driven by an n-dimensional Brownian motion. We

—

define a(Q(t)) = (Ii LQ(t) — %mﬁe(é(t))) and b = \/s-1. Suppose that the drift
term a : R™ — R" and volatility term b : R" — R™ ™ are both locally Lipschitz, and

there exist some constants o, 3 > 0 such that:

(@,dQ)) < —a|Q|*+8 VG eR", (3.30)

where (-,-) denotes the inner product in R™. Also the volatility term b is assumed to

be bounded and non-degenerate:
Ib@Q)|> <8 VQ eR™ (3.31)

We need to verify that the extended FENE stochastic differential equation satis-
fies Assumption 3.1. Clearly the volatility term is constant, therefore it is globally
bounded and (3.31) is satisfied. Before we verify the condition (3.30) for the drift
term, there is an assumption about the size of the velocity gradient k, which is a
important factor in the contractivity we will introduce later.

Assumption 3.2 The velocity gradient Kk is bounded by the Weissenberg number
such that:

1
— 32
lellr < S (3.32)

where ||k||p stands for the Frobenius norm of the matriz.

Assumption 3.2 implies that there exists a constant B > 0 such that:
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1
|kllr < B < Wi (3.33)

Assumption 3.2 is very important because it determinates the probability density
function v as illustrated in Figure 3.5 below. If Assumption 3.2 is satisfied, there
will be only one peak in the probability density function near the central of the
configuration domain D. On the other hand, if Assumption 3.2 is not satisfied, there
will be double peaks near the boundary of the configuration domain D. The drift
term is dominated by the spring force when Assumption 3.2 is satisfied and the spring
force always tries to shrink the spring, therefore the trajectories of the SDE are all
near the original. However, if we increase the size of the velocity gradient x and
the term K - Cj might be larger than the spring force, this will cause the spring to
expand. We will perform one numerical experiment in Section 4.2.3 to illustrate this

phenomenon and the results are shown in Figure 4.19.

0.15+"
0.1+

0.054

Figure 3.5: Examples of the probability density function

According to [13], an analytical expression for the steady-state solution of the
Fokker-Planck equation exists when k = diag(o, —c), where o is the flow extension
rate (see Section 4.1). Figure 3.5 plots two steady-state solutions of the Fokker-Planck
equation when Wi =1, 0 =0 (left) and o = 5 (right).
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We can now prove that the drift term satisfies the condition (3.30). We have

(@Q,d(Q)) = == F(Q) - Q@ + Q"kQ

< ———F.(Q)- @+ B|J|* (3.34)

; 19
__ (L _ B) I9I° 5 5 (3.35)
1

Therefore we have
(@,d(Q)) < —a|Q|* + 8,

where @« = = — B > 0, > 0 under the Assumption 3.2. On the other hand,
it Assumptlon 3 2 does not hold (i.e., there exists a constant B > 0 such that:
7w < [|[&llF < B), the equation (3.35) is still bounded by its maximum value within
a bounded domain when ||@|| < v/b — ¢, therefore we can still find a pair of constants
a, > 0 such that (3.30) holds.

Case 2: Q| > Vb — e

1

(@,a(Q)) < 5

(kG + F(@) - #Q.) -G+ BIQI. (3.36)

Using the expressions for and F we obtain:

b
b

Qe
L 1 - (Vb — . .
@.4Q) < aw (ku@uz LA I g5 e>) +BIQI?
<

W (/fHQII2 +|1QNI(VE —€) = KIQI(VD - 6)) + B||J*
- W(HQHQ (1 /g)uczu(\/é—e))+BHC§H2
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< o (FIQI? + (L= BB — ) + BIGIP

- 2Wi
= gz = B ~ 5= (1~ (VB e). (337)

Therefore we have

where a = 55— B > 0 under Assumption 3.2 and 8 = —5+-(1—k)(vb—e) when k > 1
or [ can be any positive number when 0 < £ < 1. On the other hand, if Assumption
3.2 does not hold, we can still choose the slope k so that a = 2\'7“\” — B > 0 and the
condition (3.30) still holds. Combining the results from case 1 and case 2, we have

shown that the extended FENE stochastic differential equation satisfies Assumption
3.1.

Remark 3.3 We can see that with the help of Assumption 3.2, it is straightforward
to show that the extended FENE stochastic differential equation satisfies Assumption
3.1, and from case 2 we can see that for the extended part we are free to choose the
slope k in equation (3.37) to make sure that the equation (3.30) is satisfied. The
size of the velocity gradient does not affect the result here, and we will come back to
Assumption 3.2 when we talk about contractivity in Section 3.2.5.

Now we can show based on Assumption 3.1 that the exact solution Q(t) to the
stochastic differential equation (3.28) with F.(Q) has a uniformly bounded pth mo-
ment, which only depends on p and the initial condition.

Lemma 3.1 If the stochastic differential equation (3.28) with Fo(Q) satisfies the
Assumption 3.1, then for each p € (1,00) there is a constant C, which only depend
on p and @(0), such that, for all t > 0,

E[Idw)F) <c. (3.38)

Proof. Consider the stochastic differential equation

—

4G (t) = a(G(t)) dt + b(G()) AV (1),
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By It6’s formula applied to the quantity of interest ®(Q) = e“¥ ||Q(t)|?, for any ¢ > 0

we have

Q)P — 1GO)P < / (NGO +p(@(s). a(@(s))) 1G(s) |72 F ds
22D LGl e a

+ p/o e F [ Qs)IIP*(C(s), b(Q()dW (s)), (3.39)

where (-, -) denotes the Euclidean inner product of vectors.
Taking the expectation on the both sides of (3.39) and applying the Assumption

3.1, we obtain

B IGOI] - BN < -2 [ B 13 Pas
#20ED Fee | gupias G40

By Young’s inequality (see the Appendix, with p and 1 there taken to be p% and

2
1) 2), and with a = ||Q(s)||P~2 and b = (pH)) we have

Pp(p+1) eps

Oép aps =
e 2
2

Q) < € 2 QI+ Cagpe™®,

where Cug, = (B(p+1))%(2 p2) *3*, which is a constant that only depends on a, 3, p.

Substituting into inequality (3.40), we have
t
BLE QO] < BIGO)I+ | CopeF as.

Multiplying this inequality by e~ 3" we obtain

—apt

2004/31)

E[Q(1)"] < e E[|G(0)]|”] + (1—e72%).
For any t >0, e 2 € (0,1), we conclude that
~ D = aﬂp A
E |G| < ENGO)P) + =22 2 C =

In [31], Higham et al. proved the strong convergence of the Euler-Maruyama
approximation to the exact solution assuming that both the exact and the numer-

ical solution have pth moment bounded and the SDE has a non-globally Lipschitz
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drift. Lemma 3.1 guarantees the boundedness of the pth moment of the exact solu-
tion, however the boundedness of the pth moment of the Euler approximation is not
guaranteed for a large class of stochastic differential equations. Hutzenthaler et al.
[33] showed that the explicit Euler-Maruyama method will diverge in the case of a
drift term with superlinear growth, therefore the standard Euler—-Maruyama method
with a fixed time step is unstable for non-globally Lipschitz stochastic differential
equations. For the FENE SDE, it is necessary to apply the adaptive time stepping
algorithm. Next, we will make an assumption on the time step in order to ensure the
stability of the numerical scheme.

Assumption 3.3 Suppose the adaptive time step is continuous and bounded and

there exist some constants «, f > 0 such that the adaptive time step At(x) satisfies

1
(@, ad(7)) + §At(f)\|6(f)\|2 < —allZ|P+8 VreR™ (3.41)

Note that if the condition (3.41) holds then the condition (3.30) also holds with
the same constants. Under Assumptions 3.1 and 3.3, one can show the stability of
the numerical scheme [18].

Lemma 3.2 [Theorem 1 in [18]] Suppose Assumptions 3.1 and 3.3 are satisfied;
then for each p > 0, there is a constant C,, which only depends on p,«, 3 and the
initial condition, such that, for allt > 0,

E[IG.Ir] <G, (3.42)

where Qn denotes the numerical solution.
The proof of Lemma 3.2 can be found in the Appendix. Now we need to verify
that our adaptive time step satisfies the Assumption 3.3. Recall that the time step

we have used is

- 2 -
AHG) = min | bWi <% (1—M>> ey ] — )

b

Then we obtain:

191 e < Ca
TG eF@pe =
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1 .
SM@AD? <




From (3.35) and (3.37), we deduce that (Q,a@(Q)) < —a|Q||? + 3, and therefore we
only need to choose the constant Ca, carefully to obtain (@, 6(@)>+%At(@) 1a@(Q)|? <
—a*||Z[* + 8.

Combining Lemmas 3.1 and 3.2, we can obtain the desired strong convergence
result. Normally, the notion of strong convergence involves the difference between
the exact and the numerical solution for a fixed time step At and by letting At — 0,
one can measure the strong convergence order. For the adaptive time step method,
we need to characterise the time step by some parameter # and measure the strong
convergence order using that parameter.

Assumption 3.4 Suppose the time step At(x) satisfies Assumption 3.3 and At?(x)

satisfies the following condition:
0 min [At(z), max(At(z))] < At?(x) < min [At(x),  max(At(x))]. (3.45)

Theorem 3.1 (Strong Convergence) [Theorem 2 in [17]] Suppose that both the
exact and the numerical solution have bounded pth moment and both the drift and
volatility are locally Lipschitz continuous. Suppose also that Assumption 3.4 holds for
the adaptive time step. Then we have strong convergence for all p > 0, and for all
t>0:

lim E 1Q(t) = @nlP| = 0. (3.46)

The proof can be found in Theorem 2.2 in [31]. For the extended FENE force, we
have shown that Assumption 3.1 is met, and therefore the exact solution has bounded
pth moment. We have also shown that the adaptive time step we used satisfies
Assumption 3.3, and hence the numerical solution also has bounded pth moment. In
addition, the drift and volatility are locally Lipschitz continuous, and therefore the
adaptive time stepping method for the equation (3.28) exhibits strong convergence. In
order to obtain the strong convergence order, we need to make additional assumptions
on the drift and volatility which will be discussed in the next section.

Remark 3.4 For the purpose of the analysis, we extend the drift to the whole
space because it is not defined outside the configuration domain, however the analysis

s based on the whole space R™. Although we can use some linear function as the
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extension which makes the extended system become globally Lipschitz continuous, we
are interested in the non-linear part and in practice we never use the extension part;
therefore the extension part is not important to us. In Remark 3.2 we mentioned
that we can also use an appropriate polynomial function as the extension (then the

extended function is only locally Lipschitz continuous) and the analysis is similar.

3.2.5 Improved Adaptive Multilevel Monte Carlo Method

This section is originally motivated by the research done by Fang and Giles [17].
After establishing the stability of the numerical solution and the strong convergence
order using an adaptive time stepping method for SDEs with a non-globally Lipschitz
drift term, we can propose a better adaptive multilevel Monte Carlo method. The

equation we consider is the stochastic differential equation
dQ(t) = a(Q(t)dt + b(Q(t))dI;. (3.47)

Here Cj(t) € R™ and @ : R® — R" is the non-global Lipschitz drift satisfying the

one-sided Lipschitz condition:
(Q1 = @, d@(Qh) = @(@s)) < pl|Q1 = Qo> Q1,2 R, (3.48)

where p > 0. We are interested in computing the expectation of some smooth function

g(x) with respect to the invariant measure 7 of the SDE:

—

m(g) = lim E[g(Q(1))]. (3.49)

t—o0

Lemma 3.3 (Existence and uniqueness of the invariant measure). [Lemma
6 in [18]] Suppose that the drift a and volatility b are both locally Lipschitz. In ad-
dition, assume that the drift term satisfies equation (3.30) and the volatility term is
globally bounded; then the stochastic differential equation (3.47) has a unique invari-

ant measure w. Assuming that g is globally Lipschitz continuous, we have

—

IE[g(Q(t)) — m(9)]| < Ch(1 + [|Q(0)]|2) e~

where Cy and Cy are positive constants and Q(O) is the initial datum of the stochastic

differential equation.
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The proof can be found in [42], and by Lemma 3.3, we are guaranteed to have a
unique invariant measure for the equation (3.47).

Note that the time interval here is [0,00) instead of a finite time interval. In
order to compute the expected value when ¢ tends to infinity, we need to truncate the
infinite time interval at some large T and then apply the standard multilevel Monte
Carlo method to the problem over the interval [0, T|; however the difficulty is how to
choose a reasonable time 7.

A new multilevel Monte Carlo method is introduced to approach this problem.
Instead of using a fixed time interval [0, 7] across all the levels, the authors of [18] use
time intervals of different lengths 7T; for different levels [, and therefore from the coarse
level to the fine level not only the number of time steps is increased but also the length
of the time interval is increased. In the standard multilevel Monte Carlo method, we
simulate both the coarse and the fine level using the same driven Brownian motion
on [0, 7] and thanks to the strong convergence, the difference between them at time
T is small. However we can not control the difference between the numerical results
at time 71} and 1;_; if T} is not equal to 7;_;. The idea is that we start the simulation
at time —7; at fine level [ and —1;_; at coarse level [ — 1 and then stop both of
them at time zero. Due to the fact that both the drift term and the volatility term
are independent of time ¢, the probability density function of the numerical solution
simulated on the time interval [0,7;] is the same as on the time interval [—7},0] at
the fine level and the same result applies to the coarse level as well.

Lemma 3.4 (Contractivity). [Lemma 3 in [18]] Suppose that the stochastic
differential equation (3.47) satisfies the contractive Lipschitz properties:

(G Go,i(G) — (@) + P L b(G) — bGP < MG~ Gl VG0, G e B

16(G1) — b(@2) > < nllz —y||* YG1, Qs € R

for some p* € (1,00), \,n > 0. Then, for any p € (0,p*], any two solutions X, Y,
to the SDE (3.47) driven by the same Brownian motion but starting from different

initial values )Z'(—T), ?(—T) will converge to each other exponentially, i.e.,
E[| X (0) = Y(0)|"] < e ¥'E[| X(=T) = Y (=T)|IF] VT > 0.
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The proof of Lemma 3.4 can be found in the Appendix. The contractivity property
makes sure that the fine path and coarse path driven by the same Brownian motion
will converge to each other exponentially, and therefore the variance of the difference
between fine and coarse path solutions at time zero will be small.

Now we need to verify that the extended FENE SDE satisfies the contractivity
property. In the extended FENE SDE, the volatility in the equation (3.28) is constant,
therefore it is globally Lipschitz continuous and globally bounded and it also implies

that the contractive Lipschitz property in Lemma 3.4 becomes:
<@1 - @2;5(61) - 5(@2» < _)\Hél - @2”2 V@, @; € R

This is equivalent showing that the drift in the equation (3.28) with F.(Q) is globally
one-sided Lipschitz continuous with negative Lipschitz constant because in Lemma

3.4 we are required to have —\ on the right hand side of the inequality with A > 0.

1 T
2Wi 1—x2

Suppose that we consider the extend FENE drift in the 1D case: a(z) = kx —
for z € (—1,1) and a linear function for the extended part. Then this condition
requires that the product of 1 — x5 and a(z1) —a(xzs) is always less or equal than zero
for all x € R, which means that the function a(z) must be monotonically decreasing.

Furthermore, if the function a € C*, the first derivative must be bounded above by

_L

zero for all x € R. Hence we can deduce that for the 1D case we must have xk < xR

in order to satisfy the contractive Lipschitz property.
Note that if the drift is differentiable, the contractive Lipschitz property is equiv-

alent to showing the following condition:

where € € R" with ||e]| = 1.

By computing the gradient of the drift we obtain Vd(@) = _2\%v1Vﬁ6 + k and we
have:
(#.Va(Q) - &) = (6~ 52z Ve + w2)
e, Va e €~ 5w VEee e
1 —
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We require that —ﬁ + ||&||F has a negative upper bound; therefore we should
have that ||| is less than 5, i.e., Assumption 3.2 must be satisfied. Notice that if
the SDE satisfies contractivity, we can deduce that the SDE also satisfies Assumption

3.1 while the reverse is not true.

Similarly to (3.5), the multilevel Monte Carlo estimator is again the telescopic

sum: .
y=> Y,
1=0
where N
R 1 <2 R
Yo=— (0
0 N();Q( 0 ( ))7
N,
7~ LS (4(8900)) — o(39 (0 3.50
l N, 9(1()) 9(1—1())- ()
=1
Coarse path ‘ ‘ ‘ ‘ >
t=0
. \ >
Frepeth T T T
t=0 t

Figure 3.6: Illustration of the multilevel Monte Carlo method at coarse and fine level
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The variance of the multilevel Monte Carlo estimator with time step refinement

R has been proved to satisfy [18] :

V, < R+ cgem P i1, (3.51)

log R
2

the same as (3.10c) in the standard multilevel Monte Carlo method.

[, we ensure that the variance is of the order of R~!, which is

By choosing 7)1 =

We can now apply this method to the FENE SDE. In our case, the volatility term
is ﬁ, which is globally Lipschitz continuous and globally bounded and we checked
that the system satisfies Assumption 3.1. Then by Lemma 3.3 we know that there
exists a unique invariant measure to the SDE. In addition Lemma 3.4 ensures that
the SDE starting from different values but driven by the same Brownian motion will
converge to each other eventually as long as contractivity holds. For our problem,
in order to have contractivity we need to make sure that the velocity gradient & is
not too large because the drift term should be one-sided Lipschitz continuous with
negative Lipschitz constant as we discussed in the previous paragraph. Once we have
contractivity, we can use the improved adaptive multilevel Monte Carlo method to
reduce the computational cost. We show a numerical example to illustrate this in
Chapter 4.

Theorem 3.2 (Strong convergence order) [Theorem 2 in [18]] Suppose that
the stochastic differential equation satisfies the contractive Lipschitz properties and
the time step satisfies the Assumption 3.4; then for all p > 0 and for all t > 0, we
have

E[|Q(t) — Qull”) < ",

where C,, is a constant.

Algorithm 3: This algorithm is the single path adaptive multilevel Monte Carlo

simulation for level L for solving (3.15) using adaptive time stepping and clamping.
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Data: constant k, initial probability density distribution y(q), initial
number of samples Ny, clamping factor ¢, level L, refinement factor
R, the length of time interval 7; = 2L (1 + 1)
Result: Y},
Sample the initial value from y(¢) and initialize the following variables;
t:=-T, t;:==T, t.:= =T;_1, At :== 0, Aty := 0, At :=0, AWf =0,
AWC =0;
if L =0 then
while ¢ < 0 do
Clamp the trajectories if they go beyond the safety margin;
Calculate the time step At using (3.25);
At := min(At, —t);
Simulate the stochastic differential equations (3.15) according to
(3.20) using At
t=t+ At
end

else

while t < t. do

Clamp the trajectories if needed;

Compute the time step Aty according to (3.25) at fine level;
Atf = min(Atf, tc — tf), tf = tf + Atf;

AW = \/At; x N(0,1);

Update the fine path using At; and AW;

t=t;

end

Compute both Aty and At. according to (3.25) for fine and coarse levels;
At = min(Aty, At,), ty =ty + Aty, t. = t. + At;

while ¢ < 0 do

AW = /At x N(0,1);

AW} := AW + AW, AW, := AW, + AW;

if ¢y < t. then

t ;== min(ts,0), Clamp the trajectories if needed,;

Simulate the fine path using time step At and AWf ;
Compute new Aty using (3.25), t; :=ty + Aty,

At := min(Aty, te —t,—t), Wy = 0;
else
t := min(t.,0), Clamp the trajectories if needed;
Simulate the coarse path using time step At and AW, ;
Compute new At, using (3.25) t. := t. + At,,

At == min(At,, tp —t,—t), W, =0 ;

end
end

end 81

Compute Vi using the numerical solution at level L and L — 1;



In the last section, Theorem 3.1 states the strong convergence of the numerical
solution using the adaptive time stepping scheme. With a further condition on the
drift, Theorem 3.2 states that the strong convergence order of the adaptive time
stepping scheme is 1. In our problem, if the size of k is large (Assumption 3.2 is
violated), the drift will not satisfy the contractive Lipschitz property, and then we
are unable to show that the strong convergence order is 1. The proof of Theorem 3.2

is given in [18].

3.3 Stochastic Simulation for Nonhomogeneous Flows

In this section, we will focus on the numerical algorithm for nonhomogeneous flows.
The configuration variable is not only dependent on time, but it also depends on the
physical space variable #. The velocity gradient &(Z,t) = V,u(Z,t) is no longer a
constant matrix either. For a given velocity field @(Z,t) we can first approximate
the gradient (7, t) at any time and any specified position by using a central finite
difference approximation. Then we can use these computational results and apply
either Algorithm 1 or Algorithm 2 to obtain the value of the polymeric extra stress
tensor at these spatial points . Therefore we need to repeatedly apply the Euler—
Maruyama method or the adaptive time stepping method for all different grid points
in the flow domain. We must calculate all their individual trajectories and they are

independent of each other, which leads to a high computational cost.

3.3.1 Polymeric Stress Tensor

For nonhomogeneous flows, the polymeric stress tensor is a function of time and space.
We will calculate the Kramers expression 7(Z,¢) at each node in the discretisation.
In order to save work, we will apply the Multilevel Monte Carlo method at the same
time to obtain all of the expected values simultaneously. In particular we want to
avoid approximating the SDE too many times, and we do not want to calculate the

individual expectations one by one. We will obtain the estimations at each of the
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nodes after we have finished calculating the solution to the SDE. Then we obtain
the variance of each estimator and calculate the corresponding required number of
simulations. Finally, we pick the largest number of simulations to update all the

estimators.

3.4 Numerical Algorithms for the Coupled System

In this section we develop an algorithm for the coupled system involving the macro-
scopic Navier—Stokes equations and the microscopic stochastic differential equations
and the Kramers expression for the extra stress tensor coupling them. Recall the

system stated in Chapter 1:

Z—?Jrﬁ VU:—pr+ReAxﬁ+Vx-r+ﬁ (3.52)

d@ = (n Q- 2—WIF(Q)) dt + \/%dW( ) (3.54)
b+d+21— oo

(1) = - i RGV\Z (E[Q ® F(Q)] - I> : (3.55)

i(%,0) = (%), QF0) ~ tho(q) (3.56)

3.4.1 Mixed Finite Element Method

Next, we introduce the mixed finite element approximation of the incompressible
Navier—Stokes equations. The detailed analysis of the method can be found in [15]
and [27]. First let us consider the weak formulation of the Navier—Stokes equations
(3.52) and (3.53). As in Chapter 2, let ¥ and ¢ denote the test functions in suitable

spaces which will be specified below. Then we have:

/— vd:r—i—/(u-vxﬁ)-ﬁdf

—/pr-6d37+l/ xﬁ-ﬁder/(Vz-T)-Ud:E+/f-17df, (3.57)
Q Re Jq Q Q

/ GV, 7 = 0. (3.58)
Q
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Performing integration by parts yields for all choices of the test functions v and ¢ in

suitable function spaces:

@~17da?+/(ﬁ-vzﬁ)-ﬁdf—/pvx-ﬁd:?
+l/vxﬂ’:vxﬁdf+ TV, 7dz
R,e Q Q
+/ (pI— lvxa—r) 7-ids= [ f-7dz, (3.59)
a0 Re Q
/ GV, i = 0. (3.60)
Q

In this thesis, we consider enclosed flow and channel flow problems. We split the
boundary into the Dirichlet part 02p and Neumann part 0€2y. For the enclosed flow
problem, we have zero boundary condition @ = 0 for all the boundaries 9. As a
result of Dirichlet boundary condition, we choose v = 0 on these boundaries, and
therefore the boundary term in (3.59) vanishes.

On the other hand, for the channel flow problem, we will have inflow boundary
0€);,, outflow boundary 02, and the wall boundary 9€)y. The velocity is considered
to be zero on the wall boundary, and therefore we impose a no-slip boundary condition
on 0€)y. For the inflow boundary, the velocity is specified by a given velocity function
Ui,. Therefore the test function ¥ is chosen to be zero on these Dirichlet boundaries
(092 U 9€Y;,) and we impose

(pI — %Vmﬁ — 1) =0, on 9. (3.61)

Hence the boundary term in (3.59) is zero. Let us define the following spaces

Hy={ie H(Q):@=@ on 8}, (3.62)
Hy ={7€ H'(Q):7=0 on 0Qp}, (3.63)
X = H;. (3.64)

Then the weak formulation is the following: find #(t) € X and p(t) € L*(2) such
that
o . I o
—-de+/(u~ku) 'vdx—/pvmwdx
o Ot Q Q
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+1/Vxﬁzvx17df+/rzvx17df:/fﬂdf Vi e Hy, | (3.65)
Re Jq Q Q ’
/qvx-ﬁdfzo Vg € L*(Q). (3.66)
Q

Suppose X, C X, X0 = X, N H,, and M), C L*(Q) are finite-dimensional linear
subspaces of the Hilbert spaces X and L?(2), respectively, which we choose to be
finite element spaces on a given triangulation, of granularity h, of the computational
domain Q. Then the corresponding discrete weak formulation of (3.65)—(3.66) is
defined using these finite dimensional spaces. Assuming @) € X3, p) € M}, and 77 is
given for all the previous time steps, then forn =0,1,..., ﬁNS —1, (Atys is the fixed

time step for the Navier-Stokes equations), find @' € X;, and p}*' € M, such that

At
+ l / qu‘"”h : VI’Uh dz + / 'TZ : Vxﬁh dz = / f Uh dz Vﬁh € th (367)
Re Ja Q Q

ﬁn—l—l_ﬁn
/h—h-Uhder/(ﬁZ-VxﬁZ)-ﬁhdj’—/pﬁvx-ﬁhdf
Q Q Q

/ GV Uy dT =0 Vgy € M. (3.68)
Q

We consider the initial condition for the pressure p? = 0 on the whole of  in our

numerical experiment.

3.4.2 Coupled System

So far, we have introduced the individual numerical algorithms for the various parts
of the system of equations. Now we can combine these separate pieces together for
the coupled system. The Navier-Stokes equations are simulated by the mixed finite
element method with fixed time step Atyg in the time interval ¢ € [0, T]. During each
time step t € [t,_1,t,], we need to simulate the stochastic differential equation by the
adaptive time stepping method and perform multilevel Monte Carlo simulations to
obtain the value for the tensor 7 assuming the velocity is constant during that time
interval. The whole algorithm contains the following steps:

1. Start with ¢ = 0 and we are given the initial condition for the velocity

and the initial distribution of the configuration ¢y. From 1)y we can compute the
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initial value for the tensor 7¢ and generate an initial condition Cjo for the stochastic

differential equation. Also we can calculate the initial velocity gradient kg from .

2. Using uy and 79, we can obtain the numerical approximation to the velocity
u; at the next time step, and then we can find the velocity gradient k; at that time

as well.

3. Using Cjo and the corresponding kg, we can perform the numerical simulation

—

of the SDE for (); and the estimation for 7.
4. Using u,,_1 and 7,_1, we can obtain u, and K,
5. Using Qn,l and K, _1, we can obtain Cjn and 7,.

6. Repeat steps 4 and 5 until we reach the final time 7.

We have two different time scales in our problem. One is for the Navier—Stokes
equations and another is for the SDE during each time interval [t,_1,%,]. Recall
that in Section 1.3.1, we mentioned that the Weissenberg number can be regarded
as the ratio of the microscopic to macroscopic time scales. A small Weissenberg
number implies that the microscopic relaxation time of the beads is smaller than
the characteristic fluid process time; then the time scale for the SDE will be smaller
than the time scale for the Navier—Stokes equations. In that case the SDE achieves
the invariant measure quickly, which means that we usually do not need to simulate
over the entire interval [t,_1,%,]. In the previous section, we introduced the adaptive
multilevel Monte Carlo method for the SDE, which has an invariant measure. The
idea of the method is that the time interval is not fixed but it keeps changing as the
level increases and the algorithm will stop when the invariant measure is obtained
to within a given tolerance. We can use this method in our computation for a small
Weissenberg number problem to reduce the computational cost because we do not
need to simulate the SDE over the entire time interval [t,_1,t,]. On the other hand,
if the Weissenberg number is large, the time for the SDE converging to the invariant
measure might be larger than ¢, — t,,_;; then we do not gain any benefits using the

adaptive multilevel Monte Carlo method.
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Figure 3.7: Time interval of the adaptive multilevel Monte Carlo method at different
levels

Figure 3.7 indicates that we use different time intervals for different levels within
[tn_1,tn]. Suppose the SDE achieves the invariant measure to within the given toler-
ance at level L and the time we used is smaller than ¢, — ¢,,_;. Then we only need
to simulate the SDE from ¢,,_; to 11, and there is no need to simulate over the entire
time interval. On the other hand, if the invariant measure is still not achieved when
we have already simulated over the whole time interval, we may not gain extra benefit
from using the adaptive multilevel Monte Carlo method for our problem.

Remark 3.5 For a small Weissenberg number, we may apply the adaptive mul-
tilevel Monte Carlo method to reduce the overall costs, however we need to be careful

when we apply the algorithm, because we must check the contractivity of the SDE.
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The contractivity depends not only on the Weissenberg number but also the velocity

gradient K.

3.5 Multi-Bead Simulations

In Section 1.6, we introduced the multi-bead simulations, which include K + 1 (K >
1) beads connected with K elastic springs to represent a polymer chain. For the
dumbbell model (K = 1) discussed above we only need one stochastic differential
equation to represent one configuration vector; however for the multi-bead model, we
need K coupled stochastic differential equations to represent K different configuration

vectors. Recall the equations:

430 = ((V.0Gi0) - g (~Ful@alo) + 2 @0 )

déi(t) = (( )@ (t) — 2\]}-\/ <_ﬁi+1(éi+l(t>) + 2Fz<@1(t)> - Fz’l(@il(ﬂ))) de

b\ @)~ A0, 1< <K,
AGx(t) = ((Vxﬁ)QK(t) - ziwl (—ﬁK_l(Q’K_l(t)) + 2FK(@K(t>>)) dt

+ \/% (AW 1 (t) — dWi (1)) (3.69)

The stress tensor 7 is now the sum of all the individual expectations; more precisely

T(Z,t) =

b+d+21
ReW1

ZE@ (@t >>]—I). (3.70)

The adaptive time stepping method for the multi-bead system is similar as for the
dumbbell model. For the dumbbell model we have —F(Q(t)) in the drift term, which
always tries to shrink the length of the spring, and therefore we only need to pay
attention to the velocity gradient and the Brownian term, while for the multi-bead
system, the FENE force becomes Fiy1(Qi1(t)) — 2F,(Qi(1)) + Fi_1(Q;_1(t)) in the
1th equation. If we take too large a time step, it is possible that the length of the
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1th spring will be greater than the maximum extension to which the dumbbell can be
stretched. In Section 3.2.2, we first control the size of the stochastic part by equation
(3.22). We have (dWiy1(t) — dW;(t)) in the multi-bead system instead of a single
Brownian increment in the dumbbell model and the difference of two independent
Brownian increments follows a normal distribution with zero mean and twice the

time step. Therefore the time step for the ith equation is:

. wif1 131\
e (1 (112 o

Similarly to equation (3.25), we also need the restriction on the drift term and we

pick the time step to be:

) 5 2 =12
At’ = min Wif 1 1— 1] ,Cay 1@ H , (3.72)
2 \10 Vb k-G - o M2

where
) ~BG0) +2R(G) =1,
F' = =Fia(Qia (1) + 2F(Qs ()) Fii(Qia(t) 1<i<K, (3.73)
—Fr1(Qr-1(t)) + 2Fk(Qk (1)) i— K.

Remark 3.6 Instead of one equation, we now have K equations that need to be
simulated at the same time. In order to make sure that the length of each spring does
not exceed the bound imposed by the diameter of the domain D, we still need to use the
adaptive time stepping method for each equation, however the time step At' (the time
step for the ith equation) now depends on the norm of the configuration vector ||Cj,||
and the state of each equation is not the same, which leads to different time steps. A
remedy is to compute all the required time steps At', At?, ..., At¥ first, then take the
mainimum of them. Then we can make sure that all the configuration vectors will stay
inside the configuration domain.

Remark 3.7 We do not need to apply the multilevel Monte Carlo method to obtain
all the individual expectations. We can focus on the sum of them and only apply
the multilevel Monte Carlo method once and simulate all the stochastic differential

equations simultaneously to obtain T.

89



3.6 Parallel Computing

As we have indicated in Chapter 1, the Fokker-Planck equation suffers from the curse
of dimensionality, therefore we choose to simulate a system of SDEs. The number of
SDEs we need to simulate depends on the number of grid points in the physical domain
because we have different velocity gradient in the physical domain. Furthermore, for
the multi-bead system, we have more SDEs in the system. It is time-consuming to
perform the calculation on a single CPU core without any parallel computing. Due
to the fact that all the Monte Carlo simulations are independent from each other and
the only difference in the calculations is a random number, we can perform parallel
computing to do several calculations at the same time in order to reduce the overall
computational time.

The parallel computing platform we used for our problem in this thesis is CUDA.
CUDA was introduced by NVIDIA in November 2006, and it is designed to perform
parallel computing on a GPU core instead of a CPU core to solve complex problems.
The advantage of GPU is that is has more cores than a CPU and it is especially
well-suited to address problems that can be expressed as data-parallel computations
[44]. For example, Monte Carlo simulation reuses the same programming code with
different data elements (random numbers generated) in parallel.

In our problem, it is clear that the main computational cost arises from solving the
SDEs. As indicated above, Monte Carlo simulations are very well suited to perform
parallel computing. If we perform either Algorithm 2 or Algorithm 3 on a single core,
we need to run this piece of code N times using the for loop. The only difference
in each loop is the value of the random number. The programme can be very slow
depending on the size of N. In CUDA, we create a kernel function which runs on
the GPU. The kernel function contains the routine for simulating the SDE and it is
used to do these parallel executions. We use 1D grid of blocks and 1D set of threads
within each block. The number of threads we used per block is 512 and the block size
is determined by the number of simulations N. We use the following code to create

the CUDA kernel in MATLAB:
Kernel = parallel.gpu.CUDAKernel (’MLMC.ptx’,’MLMC.cu’);
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threadsPerBlock = 512;

blockSize = ceil (N/threadsPerBlock) ;
Kernel.ThreadBlockSize = [threadsPerBlock, 1, 1];
Kernel.GridSize = [blockSize, 1, 1];

Here MLMC.cu is the file that contains the CUDA code of the kernel and MLMC.ptx
is the name of the file that contains the PTX code. We can run the CUDA kernel in
MATLAB using the feval command. For different threads, the only difference is the
random number generated. The way we generate the random number in the kernel

function is the following code:

int id=threadIdx.x+blockIdx.x*blockDim.x;
curandState localRNGstate;
curand_init(seed,id,0,&localRNGstate);

Here id represents the position of the thread; then we can obtain different random
number values for different threads. CUDA manages and executes threads in groups
of 32 called warps. 32 threads all execute the same instruction at the same time which

is the key to high performance [14].
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Chapter 4

Numerical Experiments

In this chapter, we shall present some numerical results for a polymeric fluid based
on the algorithm discussed in the previous sections. We will start with some simple
cases and then move to our main goal in this thesis: multi-bead simulations. The

chapter contains the following numerical experiments:

e We will simulate the FENE stochastic differential equation for which the velocity
gradient K is a given known constant matrix throughout the physical domain €2;
therefore we do not need to solve the Navier—Stokes equations in this case. We
will then use both the Monte Carlo and the multilevel Monte Carlo method for
the FENE stochastic differential equation to compute the extra stress tensor 7
and compare the results with the steady-state solution which has an analytical
expression in this case [13]. We will use both Algorithm 2 and Algorithm 3 for

the problem and compare their performance.

e We will consider a 2D nonhomogeneous flow in a square domain. For the sake
of simplicity, we will first consider using a given velocity u and we take u to be
constant in time; then we will compute the extra stress tensor 7 and compare

our results with those of Knezevic [37] who used a deterministic method.

e We will design an experiment in order to verify the exponential decay to the
equilibrium solution we discussed in Chapter 2. The reason to do this is that
we can use this special case to test our numerical schemes because we know

the true behaviour of the flow from the analysis in Chapter 2 and we can
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compare our numerical results with the exact solution. First, we will consider
the homogeneous flow with @ = 0 and by Theorem 2.1, we should find that the
probability density function ¢ of the configuration random variable Cj converges
to the Maxwellian function M with an exponential rate. Then we will investigate
the case when the velocity is zero on the boundary of the physical domain €.
The velocity should then decay to zero exponentially. In this experiment, we will
start coupling the FENE stochastic differential equation with the Navier—Stokes

equation.

e We will perform a numerical experiment based on the model problem which is
a 2D planar expansion flow. The physical domain is an L-shaped domain and
the solution is singular in the corner, which makes the problem more compli-
cated than in the case of the flow in a square domain. We will investigate the

streamlines of the flow and the extra stress tensor 7.

e All the experiments mentioned above are based on the dumbbell model. We
know that when the number of beads increases the deterministic approach is
no longer efficient due to the curse of dimensionality; therefore we will perform

some experiments using the stochastic approach based on the multi-bead model.

For simplicity, we will use the same function as the initial probability density
function (if not mentioned), which is 9(q) = Z(1 — @)% for all the 2D problems,
where Z is a normalisation constant to make sure that the probability density in-
tegrates to one. In fact, this is one of the solutions to the Fokker—Planck equation
and 1) is also the equilibrium probability density for the configurations. The initial
condition for the stochastic differential equation will be randomly generated accord-
ing to this probability density function. This distribution is not Gaussian, and the
random number generator in MATLAB can not generate numbers according to vy,
therefore the von Neumann rejection sampling method is used here to generate the
initial condition. For more information, the reader is referred to Section 7.3.6 in [49].
The left side of Figure 4.1 is the probability density function ¢y and the right side of

Figure 4.1 illustrates 1000 pairs of two-dimensional random numbers generated from
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Yo(q) = 2(1 — %)5 and the red dots in the figure can be regarded as the initial

condition of the stochastic differential equation.

Probaility Density Function Randomly Generated Values

08

06

0.4

02

O

Figure 4.1: The figure illustrates 1000 two-dimensional random numbers whose cor-
responding density function is ¢

4.1 2D Homogeneous Flows

First, we consider a two-dimensional planar extensional flow to investigate the ac-
curacy of our algorithm. The velocity field of the planar extensional flow is given
by 4@ = (ox,—oy), where o is the extension rate. The velocity gradient therefore
becomes a diagonal matrix kK = diag(o, —o). For such a velocity field, there exists
an analytical expression for the steady-state solution of the Fokker—Planck equation

(1.18), which has the following form:

b
1 2\ 2
Z < — %) exp(oWig” k¢q), (4.1)

with Z being a normalisation constant. We can integrate this function to obtain
the exact value of T at steady-state and perform the comparison with our numerical
result.

In this experiment, we need to solve the following stochastic differential equation:

dQ(t) = (ﬁ Q) — %Wﬁ(@(t))) dt + \/%dW(t), te(0,7], (4.2
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Q(0) ~ o (4.3)
subject to a constant velocity gradient: k = diag(o, —o), and then perform both a

standard Monte Carlo and a multilevel Monte Carlo simulation to calculate the extra

stress tensor
r) = T2 (BGW) @ F@GW)) (1.4

We will present the results with the extension rate ¢ = 1 and the other parameters
are chosen to be b = 10, Wi = 1 and d = 2 since the dimension of the problem is 2.
We will use a zero initial condition for our stochastic differential equation as we are
interested in the steady-state solution and we can see how the solution converges to
the steady-state shown in Figures 4.2 and 4.3. In the paper by Chauviere and Lozinski
[13], the authors reported the value of the first component of the extra tensor based
for these parameters to be 9.372422, i.e., 717 = 9.372422. Another example they
considered is to increase the extension rate to ¢ = 5, which requires much more

refined meshes for solving the Fokker—Planck equation. The value they reported is

711 = 122.295817.

4.1.1 Monte Carlo Approach
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Figure 4.2: Numerical results for 7 from ¢t = 0 to ¢t = 10, At = 0.01, N = 10000

We first solve the stochastic equation (4.3) with the Euler—-Maruyama method
(with a uniform time step At = 0.01); then we compute 71 by the Monte Carlo
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method (the number of simulations is set to N = 10000). The extension rate is
o = 1. In the Monte Carlo approach, we simulate the stochastic process from ¢t = 0
to t = 10 with a fixed time step At and a fixed number of realizations N. Then at
each time step, we calculate the expected value.

We can see that the approximation of 74 ; is approaching 9 in Figure 4.2, but it is
not accurate and there are some outliers as well. These bad numerical approximations
might come from some very large sample values, which contaminate the results. This
can be improved upon by increasing the number of realizations N and decreasing the
time step At and hence the total computational complexity (cost) will increase to

make the mean square error smaller.

8l tau(t=10)=9.3888 | |

stress tau(1,1)
w

Figure 4.3: Numerical results for 71 ; from ¢ = 0 to ¢t = 10, At = 0.001, N = 100000

In Figure 4.3, we used a smaller time step At = 0.001 and more samples N =
100000. This time the numerical result looks better than the previous one and the
first component of the extra-stress tensor 711 = 9.3888 at time ¢ = 10. There is still
some noise because of the large sample produced by the Euler-Maruyama method.

Should we wish to obtain more correct digits, we would need to further decrease the
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time step and increase the number of samples. Therefore, the Monte Carlo method
combined with the Euler—-Maruyama solver is of low accuracy. Next we will use the

Multilevel Monte Carlo technique to reduce the cost and obtain more accurate results.

4.1.2 Multilevel Monte Carlo Approach

In the previous section, we have seen the low efficiency of the standard Monte Carlo
method combined with the fixed time step Euler—-Maruyama method. We now apply
the multilevel Monte Carlo method to the same problem to assess the improvement.
First, we will use Algorithm 2 for the problem and then we will use the improved
multilevel Monte Carlo method in Algorithm 3. For Algorithm 2, we need to choose
the terminal time 7" in order to calculate the extra stress tensor 7(7") and we will
pick the times 7" = 0,1,2,...,10 to compute the value of 7(7). However, for the
improved Monte Carlo method, we do not need to specify the terminal time.
Algorithm 2 is the multilevel Monte Carlo technique combined with the adaptive
time stepping method (3.20)—(3.25). The adaptive time stepping method at level [

and step n has time step

- 2 — 9
s i (s (3 (1 180) ) cu Y
10 Vb - G — 5oz F (G2

where Cjn represents the numerical approximation of Cj at time t¢,,. Also, we need to

use the clamping strategy to make sure that the algorithm will not be stuck inside
an infinite loop due to tiny time steps. The clamping radius is Vb — 8, where 4 is a
small number. The effect of different clamping radii is negligible in practice. In the
rest of this chapter, the numerical results will be based on taking § = 107°.

In Figure 4.4, we computed 11 values using Algorithm 2. The mesh refinement
factor was R = 2 and the root mean square tolerance was € = 0.1. Table 4.1 shows the
numerical results for 7 at time 7" = 10 based on different tolerances €. The relative
error is defined as the absolute error divided by the true value.

In order to estimate the cost of the method, we need to estimate the parameters
« and § in the complexity theorem for the multilevel Monte Carlo method, which

are the weak convergence order and the convergence rate of the variance. In our case
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Figure 4.4: Numerical results for 7,7 from ¢ = 0 to ¢t = 10 using Algorithm 2, e = 0.1

Tolerance | Computed | Relative error
0.1 9.3403 0.0034
0.05 9.3556 0.0017
0.01 9.3766 0.00045

Table 4.1: Numerical results for the first component of 7 at time 7' = 10 (the value
at the steady-state reported in [13] is 9.3724)

the volatility of the stochastic differential equation is constant. The drift function is

kQ— =k LHQ with k = diag(1, —1) and Wi = 1. From Section 3.2.5 we know that

2Wi | _1d

b
the strong convergence order will be 1 if the drift satisfies the contractive Lipschitz

properties from Theorem 3.2, however in this case ||k||r = v/2 is larger than ;L = 1,

2Wi
therefore Assumption 3.2 is invalid and we do not have first order strong convergence
and [ should be less than 2.

Figure 4.5 shows the log,(variance) of the Monte Carlo estimators in blue and the
multilevel Monte Carlo estimators in red based on 5000 samples for the experiment.
The decay rate of the red line tells us that § ~ 1.64 < 2, however we can still
see that the variance of the Monte Carlo estimator is much larger than that of the
multilevel level Monte Carlo estimator for this problem, therefore more samples are

required to reduce the statistical error using a standard Monte Carlo method. Next

we are going to perform a numerical experiment with small K such that Assumption
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Figure 4.5: Variance of MC estimator and MLMC estimator (Algorithm 2, ¢ = 1,
Wi=1,T = 10)

3.2 is satisfied. We choose Wi = 1, k = diag(0.1,—0.1) and therefore the strong
convergence order is expected to be 1. Figure 4.6 shows the multilevel Monte Carlo
results using Algorithm 2. The top left figure shows the variance decay based on 5000
samples; the top right figure is the mean at different levels; the bottom left figure is
the number of simulations in the multilevel Monte Carlo method based on different
given tolerances; the bottom right figure is the product of the cost of the method
and the mean square error. We can see that the cost of the standard Monte Carlo
method is much higher than that of the multilevel Monte Carlo method. We can
also see from the bottom right plot that the computational cost for root mean square
accuracy is O(e~?) for the multilevel Monte Carlo method. In this experiment the
decay rate of the variance of the multilevel Monte Carlo method is approximately
2, which is consistent with Theorem 3.2. Finally we show some results using the
multilevel Monte Carlo method for a strong extensional flow, for which the extension
rate is ¢ = 5, in Table 4.2.

If we use the deterministic approach to solve this problem, i.e., solving the Fokker—
Planck equation (1.47) by the finite element method to obtain the numerical solution
of the probability density function v, the numerical results might be diverging ac-

cording to the report by Chauviere and Lozinski [13] for strong extensional flow. The
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Figure 4.6: The plot of multilevel Monte Carlo results (Algorithm 2, o = 0.1, Wi = 1,

T = 10)

Tolerance | Computed | Relative error
0.1 121.7347 0.0046
0.05 122.3721 0.00062
0.01 122.2803 0.00012

Table 4.2: Numerical results for strong extensional flow (¢ = 5) at time 7" = 10 (the
value of 71 at the steady-state reported in [13] is 122.2958)

solution to the PDE has two peaks which are close to the boundary and a very fine
mesh needs to be used in the numerical scheme to ensure the stability, and the cost of
doing that is very high. Similarly, for the stochastic approach, a strong extension rate
indicates that the size of k is large, which means that we do not have contractivity
and first order strong convergence, and the overall cost will increase. We will discuss
the large k problem in a later section.

In this experiment (planar extensional flow), in order to approximate the equilib-
rium solution for 7, we need to compute E[Q(t) @ F(Q(t))] for a sufficiently large time
t if we use Algorithm 2, however Algorithm 3 can deal with such a problem better as
long as contractivity is satisfied. Recall that Algorithm 3 uses different lengths of the

time interval for different levels and it will stop when the desired mean square error

log R

is achieved. First, we need to choose T} = =

(I + 1) for each level [ according to
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Section 3.25 where the parameter A > 0 comes from Lemma 3.4 (contractivity). We

can see that A plays an important role here, as it controls the size of the time interval.

Lemma 3.4 suggests that the rate of convergence is exponential depending on A, and

a larger value of A implies faster convergence. This is consistent with Algorithm 3

because a larger value of A implies a smaller 7;. For our problem, we can choose the

value of A by computing ||k||p — 5. Suppose that we take Wi =1 and & = 0; then

the range of A is 0 < A < 0.5.
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Figure 4.7: The plot of multilevel Monte Carlo results (Algorithm 3, o = 0.1, Wi = 1,

A = 0.05)

Figure 4.7 shows the results obtained by multilevel Monte Carlo using Algorithm
3 with ¢ = 0.1, Wi = 1, A = 0.05. The variance plot is based on 5000 samples. If

we repeat this experiment with a smaller value of A\, which means that we simulate

over a longer time interval at each level according to T;

log R
2\

(I + 1).

Due to

contractivity, the difference between the fine and coarse paths exponentially decays

with time, and therefore we expect a smaller variance. However we may not benefit

from using smaller A because we need to simulate over at longer time interval for

each simulation. The bottom left plot shows the number of simulations taken for

each level, given different tolerances. It also shows how many levels we need in order

to achieve the tolerance; then we are able to compute 77, where L is the finest level.
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In Section 2.1 we showed that the solution to the Fokker—Planck equation con-
verges to the Maxwellian function exponentially when @ = 0 and the rate is indepen-
dent of the choice of the initial datum. This corresponds to taking £ = 0 in the SDE
(4.2) and the probability density function of the random variable @ should converge
to the Maxwellian. Lemma 3.3 in Section 3.2.5 tells us that there exists a unique
invariant measure and the convergence rate is exponential. Combining Lemma 3.3
with Lemma 3.4, we can see that if the SDE has the contractivity property, this
rate is also independent of the initial datum of the SDE. The problem is that we
are not solving the Fokker—Planck equation to obtain ; therefore it is difficult to
show that the probability density function of the random variable sequence gener-
ated by the SDE converges to the Maxwellian. The idea is therefore to simulate the
moment-generating function of both the Maxwellian and our numerical simulations,
and compare the results.

In order to show that the probability density function of a 2D random variable
Cj = (Q1,Q2)" converges to the Maxwellian, we will apply Algorithm 3 to the SDE
(4.2) with zero velocity gradient and simulate the moment-generating functions (a
function of the real number y): Elexp(Q1y)] and Elexp(Q2y)],y € R. Then we will
compare the results with the moment-generating function based on the Maxwellian
to see whether they match. If we expand the moment-generating function, we will
find that it is the combination of all the moments of the distribution. The reason to
use the moment-generating function here is because of an important property: if two
distributions have the same moment-generating function, then they are identical at
almost all points [21]. We can not simulate the moment-generating function at all
points of the real line in a computer; we will therefore only simulate E[exp(Q1y)] and
Elexp(Qay)] on a finite interval. We use Q(0) = 0, b = 10, A = 0.05 and Wi=1 in the
experiment.

Figure 4.8 is the moment-generating function plotted on the interval [—1,1]. The
red curve is the moment-generating function generated by the Maxwellian function
and the blue curve is the numerical simulation using Algorithm 3 with tolerance
e = 0.01. We can see that our numerical results match the Maxwellian very well, which

suggests that the probability density function of C_j is also close to the Maxwellian.
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Figure 4.8: The moment-generating function of the Maxwellian and its numerical
simulations

4.2 2D Non-Homogeneous Flows

In this section, we will consider the 2D non-homogeneous flow. In the case of a
non-homogeneous flow, the velocity gradient x(Z,t) is no longer constant, but now
also depends on space and time. For the homogeneous flow considered in the last
section, we only had to simulate one SDE and 7 is only based on that simulation;
however in this section, due to the different values of k(Z,t) at different space and
time points, the number of SDEs we need to simulate is as many as the number of
the grid points in the physical domain Q x (0,7); therefore the cost of simulating
non-homogeneous flows is much higher. The stochastic differential equation depends

on the space variable 7 implicitly and now becomes:

< . oo 1 = = 1 -

aG(#,1) = <r<,(x,t) G({w). 1) 2—W1F<@<x,t>>) At +1/ =AW (D), € (0,T],
(4.6)
Q(Z,0) ~ ¢y VI e (4.7)

In addition the extra stress tensor also depends on the spatial variable now:
b+d+2 1 - g

r,t) = ——— (E[Q(X FQ(r —1I). 4.

7(#1) = = (EIQ(@ 1) © F(G(@ 1) - 1) (48)
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4.2.1 2D Steady Non-Homogeneous Flow

A flow is said to be steady if the velocity and pressure at every point in the flow domain
are independent of time. In such a case k will only depend on Z, which means that
we only need to compute k once. In this section, we will show a numerical example
based on a given steady velocity field @(Z) in the unit square domain.

We take the velocity field (%) to be the solution of the steady incompressible

Navier-Stokes equations in the unit square domain = (0,1)? of the following form:

(T-Va)d = —Vup+ Ayl + [, (4.3)

V, =0, (4.4)

—

where the body force is f(z,y) = (5sin(27y), —5sin(27x))”. A homogeneous Dirich-
let boundary condition @ = 0 on 9 is imposed. This is an enclosed flow because

4 -1 = 0 on the boundary.

1

O

3.8

a6

Figure 4.9: Streamlines of the velocity field u. This is the solution of the steady
Navier—Stokes equations with body force f(z,y) = (5sin(2ry), —5sin(27z))”.

Figure 4.9 shows the streamlines of the velocity field @ obtained by solving (4.3),
(4.4) with a Taylor-Hood mixed finite element scheme, see [36]. A continuous piece-

wise biquadratic approximation is used for # and a continuous piecewise bilinear
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Maximum value of the velocity gradient

Figure 4.10: The second component of 7(Z,t) at t = 0.2

approximation is used for the pressure p. The mesh sizes are Az = Ay = 0.05. We
will use the same mesh for the SDE and compute 7(Z) at every node based on this
velocity field. The velocity gradient () is then approximated by a central difference

scheme. Figure 4.10 shows the maximum value of k(Z) in the physical domain, i.e.,

du u O ou
oz’ Oy’ Oz’ dy

max( ). We can see that k is not large in this experiment, which is helpful
for us because Assumption 3.2 will be satisfied and then Lemma 3.4 will apply. We
will study a more difficult problem later when we move to an L-shaped domain, which
has a large value of k near the reentrant corner of the domain.

Figure 4.11 is the plot from Knezevic [37] who used a deterministic approach to
compute 7(Z,t) at t = 0.2. We want to compare our results with those of Knezevic
and therefore Algorithm 2 will be used to simulate the SDE (4.2) based on the velocity
@ given above for a fixed time interval ¢ € [0, 0.2]. We then compute 7(Z, 0.2) at every
grid point in the unit square domain. The applications of Algorithm 2 at each grid
point used to compute 7(Z,0.2) are independent of each other, and therefore parallel
computing (CUDA) reduces the computing time.

The parameters used in this experiment are b = 12, Wi = 1. Also, the initial
condition is 1y = 2(1 — @)% (Z is the normalisation constant). We randomly
generate the initial value for Cj according to vy as we discussed in the beginning of
the chapter. The true solution for this problem is not available, hence we compare

our results with those of Knezevic [37]. The author used a deterministic approach in
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Figure 4.11: The second component of 7(Z,t) at t = 0.2 (Knezevic result)

the second component of the extra stress tensor at time T=0.2

Figure 4.12: The second component of 7(%,t) at t = 0.2

his work to perform this numerical experiment. Figure 4.12 is the second component
of 7(#,t) at time t = 0.2 using the stochastic approach. The root mean square
tolerance used in the multilevel Monte Carlo is € = 0.05 and the refinement factor is
R = 2 in order to generate these figures. The value of 7 in Figure 4.11 ranges from
—0.229 (blue) to 0.229 (red) according to the work of Knezevic. We can see that our
results (Figure 4.12) are close to what Knezevic obtained. The left plot in Figure 4.13
suggests that the decay rate of the variance is near 2. In this problem, the variance is
a function of the space variable, i.e., V(Z), because at each point in the physical space
there will be an MLMC simulation associated with it. The plot is based on taking

the maximum value of V(Z). The right plot in Figure 4.13 is the number of samples
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needed for the MLMC estimator at different levels subject to different tolerances.

Also we only consider the maximum value among all the simulations.

log, variance
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Figure 4.13: MLMC results for the 2D steady non-homogeneous flow
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4.2.2 2D Unsteady Non-Homogeneous Flow

3

3.5 4

In this section, we investigate the unsteady flow whose velocity gradient &(Z,t) de-

pends on time as well, and therefore instead of solving equation (4.6)—(4.8), now we

need to focus on the entire coupled system:

%—l—ﬁ Vil = —Vap + Ay + V, - 7,
Y, =0,

o — /= 1 ==, 1 —
(1) = (wE0) - GEn) - g FAED) ) det a0,

o btd42l—n o

@) = 5 qow; (EG® F(@) - 1),

i(,0) = (),

Q(Z,0) ~ Yo ().

We consider a 2D unsteady non-homogeneous flow on a square domain with zero

boundary condition and no external body force acting on the flow. According to the

results proved in Chapter 2, the velocity of the flow should decay to zero exponentially
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and the solution to the Fokker—Planck equation should converge to the Maxwellian
M. In addition, the asymptotic decay rate is independent of the choice of the initial
data.

We need to pick a divergence-free velocity field with homogeneous Dirichlet con-
ditions applied on all boundaries as the initial datum @y (Z). In the last section, we
computed the numerical solution to the steady incompressible Navier—Stokes equa-
tions (4.3), (4.4) with boundary condition @ = 0 on 9€; therefore we can use this

result as the initial datum for the Navier—Stokes equations.

Streamlines: time = 0.00 Streamlines: time = 0.1

Q 004 7 N .

<

a : b b ] | 4 5

Streamlines: time = 0.2 <1072 Streamlines: time = 1 10°

Figure 4.14: Contour plot

Figure 4.14 shows the contour plot of the stream function at times ¢t = 0,0.1,0.2,1
by simulating the coupled system (4.5) to (4.9). The initial condition for the velocity is
suggested above and the initial condition for the pressure is taken to be zero through-
out ). The initial condition for the SDE, Cj(a?, 0), is zero in the numerical experiment.
The parameters used in this experiment are b = 12, Wi=1,Re =1,7 = 0.5.

According to Section 3.4.2, we apply Algorithm 2 to simulate the SDE (4.7) given
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the velocity field (Z,t,_1) over the time interval [¢,_1,t,] (assuming @ does not
change over the time interval) and estimate the extra stress tensor 7(Z,t,), (4.8),
(in the same way as we did in Section 4.2.1). After computing 7(Z,t,), we can
substitute it into equations (4.5), (4.6), then use the Taylor—Hood mixed finite element
scheme for the incompressible Navier—Stokes equations (4.5), (4.6) (the mesh size is
Az = Ay = 0.05). The time stepping for the Navier—Stokes equations from ¢, to t,1
is done by the forward Euler scheme. For the weak formulation of the problem, we
refer to Section 3.4.1. In this experiment, we take the time step At = 0.05 for the

Navier—Stokes equations.

Exponential decay of the velocity norm
T T T

log ||velocity||

5% 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

time t

Figure 4.15: Decay of the velocity norm

Figure 4.15 depicts the L? norm of the velocity field @ over the whole flow domain.
We can see that the norm decays to zero exponentially as Theorem 2.1 predicts.
Figure 4.16 is the velocity gradient in the flow domain at time ¢ = 0 and ¢t = 2 and
we plot the maximum value among the four components of k(Z,t). We can see that
the velocity gradient k(Z,t) also tends to zero as the velocity decays and hence we

have k(Z,t) — 0 as t — oo:

du  Ou
lim k(Z,t)=lim [ % % | —o0.
t—o0 t—oo | Ov  Ov

or Jy

In Section 4.1, we introduced the steady-state solution of the Fokker—Planck equa-

tion given the velocity gradient is a diagonal matrix (equation (4.1)). Plugging the
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Figure 4.16: The maximum value of the velocity gradient x(Z) at time ¢ = 0 (left)
and t = 2 (right)
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zero matrix for k into equation (4.1), we can see that the steady-state solution is

exactly the Maxwellian function, which is in agreement with Theorem 2.1.

4.2.3 Plane Expansion Flow in an L-shaped Domain

In this section, we consider the expansion flow in an L-shaped domain. Similarly to
the procedure in the last section, we need to solve a time-dependent Navier—Stokes
equations coupled with a stochastic differential equation. The difference is that we
have changed the flow domain from a unit square to an L-shaped domain and we will
impose a Poiseuille flow profile on the inflow boundary, which is a parabolic function
vanishing on the top and bottom wall. A natural boundary condition (zero Neumann
boundary condition) will be applied on the outflow boundary and we impose a no-slip
condition on the rest of the wall.

Figure 4.17 is the mesh in the flow domain with mesh sizes Az = Ay = 0.125. The
channel is 6 units long, 1 unit wide on the inflow boundary and 2 units wide on the
outflow boundary. The inflow boundary condition at z = —1is u(x,y) = 4y(1 —y)é,.
We use the zero initial conditions for the velocity and pressure: () = 0. The
parameters used in this experiment are b = 12, Wi = 0.8, Re = 1,7 = 0.5. We take
the time step At = 0.05 for the Navier—Stokes equations.
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Figure 4.17: The mesh for the expansion flow

Streamlines

inflow
boundary

Figure 4.18: Streamlines of the velocity field #(Z,t) at time ¢t = 5

Figure 4.18 shows the streamlines for the velocity field at time ¢ = 5. The max-
imum value of the velocity gradient of the numerical solution at this time is around
10 and it occurs near the reentrant corner of the flow domain. The large value of
x makes this problem more difficult to solve. The first reason is that Assumption
3.2 is invalid and we do not have the contractivity. Without the contractivity we
are unable to use Algorithm 3 and the strong convergence order using the adaptive
time stepping method is worse. Also the variance of the Monte Carlo estimator be-

comes larger, so we need to perform more simulations to achieve the same mean
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Figure 4.19: The trajectories of the SDE simulations using the adaptive time stepping
scheme with different velocity gradients

square error. The reason for a large variance is that the drift term in the SDE (4.7)
is dominated by the large value of k when ||@| is small. Recall that the drift is

— —

k(T t)-Q(Z,t) — %Wlﬁ(é(f, t)). The FENE spring force —%Wiﬁ(Q(f, t)) always tries

—

to shrink the lengths of the springs while the velocity gradient (%, t) - Q(Z, t) tries to
stretch the springs if the velocity gradient is positive. When ||C§ || is small, the effect
of the FENE spring force is smaller than the effect of k, so then the trajectory of the
SDE will reach the boundary of the configuration domain sooner. Figure 4.19 shows
10 simulations of the SDE until time ¢ = 1 using the adaptive time stepping scheme
with different values of the velocity gradient, starting at the origin. The left plot uses
Kk = diag(1,—1) and the right plot uses k = diag(10, —10). We can clearly see that
the trajectories of the SDE with large velocity gradient exhibit oscillations near the
boundary at the left and right edge of the configuration domain. This is because the
equation for the @); component is associated with a large positive value (10) and the
equation for the Q)2 component is associated with a large negative value (—10). From
Figure 4.19, we can also say that the variance of the Monte Carlo estimator shown in
the right plot is larger than the variance of Cj shown in the left plot. For the multilevel
Monte Carlo method, we still have the variance decay as the level increases, however

the decay rate is worse if Assumption 3.2 is invalid. Also the variance will be larger
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at level 0, which requires more simulations. We will discuss the issue of k in Section

4.4.2.

Figure 4.20: The first component of 7(Z, t) at t = 5 for expansion flow in an L-shaped
domain

“7—

Figure 4.21: The second component of 7(Z,t) at t = 5 for expansion flow in an
L-shaped domain

Figures 4.20 and 4.21 are the plots of the first and second components of the
extra stress tensor. In [37], the author used a deterministic approach to simulate
a contraction flow in an L-shaped domain. The author reports a problem with the

corner singularity so he solved the problem with a rounded corner.
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4.3 Multi-Bead Simulations

So far, we have reported numerical experiments based on the dumbbell model. In
this section, we consider the multi-bead model, which has K + 1 beads connected
with K springs. For the multi-bead model with K springs, the maximum extension
to which the whole spring can be stretched is the sum of the individual lengths of
the stretched springs. In order to compare the result with the dumbbell model, we
set /b; = %5, where /b; represents the maximum extension of the ith spring and
Vb is the maximum extension in the dumbbell model. We will repeat the numerical
experiments in Section 4.1.2, 4.2.2 and 4.2.3 with our multi-bead model.

First, we consider the planar extensional flow with k = diag(1, —1) in two space
dimensions. From the previous experiment, we know that there is a steady-state
solution to the Fokker-Planck equation and the reference value for 7,; = 9.372
for b = 10 and Wi = 1. We apply Algorithm 2 to the same experiment based on
the multi-bead model with tolerance 0.01. Table 4.3 shows the numerical results
based on the dumbbell model and the multi-bead model with K = 2,...,5. We
can see that when we increase the number of beads, the extra stress tensor also
increases with a linear rate. The joint distribution of all the configuration variables
converges to the Maxwellian M (Q), which is the product of the partial Maxwellians
Ml(@) =Z;(1— ”%—1”2)% Because we use the same b; for each spring, all configuration
variables @(z) have the same probability density function, and therefore the extra

stress tensor in this experiment can be simplified as:

_b+d+21—vy
N b ReWi

Next, we consider a steady non-homogeneous flow using the multi-bead model.

T(Z,1)

(KEIG:(t) ® Fi(@i(t)] - 1).

Figure 4.22 is the contour plot of the velocity based on the experiment in Section
4.2.2 using the dumbbell model and the multi-bead model with the number of springs
K = 3,6,10 at time t = 0.1. The top left plot is the same as the top right plot
in Figure 4.14, as expected. The rest of the figure is the velocity field based on
different numbers of springs. Compared to Figure 4.14, we can see that with more

beads considered, the velocity decays more quickly. Theorem 2.1 tells us that the
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Number of spring K Ti1
1 9.3724
2 9.7164
3 10.7636
4 11.9846
5 13.2752

Table 4.3: Numerical results for 74 ;

Streamline: t=0.1 (K=1)

0 0.2 0.4 0.6 0.8 1

Streamline : t=0.1 (K=6) %10

0.8

0.6

0.4

0.2

Figure 4.22: The contour plot of the stream function at time ¢t = 0.1.
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rate at which the fluid relaxes to equilibrium is given by min(

Y a05

P2Re’ Wi

), where 7

is the dimensionless viscosity of the solvent, ay is the minimum eigenvalue of the

tridiagonal matrix A := (A;;)¥._, = tridiag[—1, 2, —1] defined in equation (1.19), Wi

1,j7=1

is the Weissenberg number, Re is the Reynolds number, P is Poincaré’s constant and

J is as in the inequality (2.66). By increasing the number of beads, all the parameters

remain the same except for ag. We can see that ag decreases as K increases in Figure

4.23, however the decay rate of ay suggests that we do not need to use a large value

of K because the change becomes smaller for large K.

We repeat the numerical experiment we did in Section 4.2.3 with our multi-bead

model. The parameters we used are the same as in the previous experiment and we
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Minimum eigenvalue of matrix A
T T T

Figure 4.23: The minimum eigenvalue of the tridiagonal matrix: a

should use b; instead of b for each spring. Therefore the total maximum extensibility
remains unchanged. The contour plots of the velocity field at time t = 5 are shown
in Figure 4.24. The top left plot shows the velocity streamlines generated by a
Newtonian fluid, i.e., there is no extra stress tensor 7 in the Navier—Stokes equations.
The top right plot shows the results based on the dumbbell model (K = 1) and the
bottom plots are the numerical results using the multi-bead model. The number of
springs we used is 6 and 10 respectively. We can see that the vortex near the corner
becomes smaller when we increase the number of beads. From the pure Newtonian to
the dumbbell model, the change in the vortex is significant, but there is no significant
change when we increase the number of springs from 6 to 10. The top two plots suggest
that adding the extra stress tensor 7 into the Navier—Stokes equations is similar to
increasing the viscosity, therefore we can see that the vortex becomes smaller. The
bottom two plots suggest that it is not necessary to use many beads in this experiment

because the influence becomes smaller and smaller when we add more beads in the

model.
Number of spring K | 711(t) | T12(t) | T22(t)
1 15.7 1.41 11.5
6 16.4 1.5 11.9
10 16.5 1.53 12.1

Table 4.4: The maximum value of 7(Z,¢) at time t = 5 over &
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streamline: no extra stress tensor streamline: dumbbell

Figure 4.24: The contour plot of the velocity field at time t = 5. Top left: no
stress tensor; Top right: dumbbell model; Bottom left: K = 6 springs; Bottom right:
K = 10 springs

Table 4.4 shows the max of the three components of 7(Z,t) at time ¢ = 5 for
different numbers of beads and we can see from the table that the value of T increases
only slightly as the number of beads increases.

Recall that the deterministic method for solving the multi-bead model suffers
from the curse of dimensionality because the Fokker-Planck equation featuring in this
model is a high-dimensional transport-diffusion equation, whose numerical solution
by conventional means is extremely challenging. The cost of solving the partial dif-
ferential equation numerically grows exponentially as the number of bonds increases.
The advantage of using the stochastic approach is that it avoids this. Suppose we
use the Monte Carlo method with an adaptive time stepping algorithm to estimate
the expectation of the solution to the SDE; then the total cost is approximately the
product of the number of simulations N and the average number of time steps used.
In Section 1.6, we saw that adding one more bead into the chain is equivalent to
adding one more SDE into the system. We only need to simulate one extra SDE in

this case. The cost of simulating one SDE also equals to the number of simulations

N times the average number of time steps used for that SDE. Similarly, the cost of
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the multilevel Monte Carlo method is approximately

L
Cost = Z N, A,

=0

where At; represents the average number of time steps used in level [.

x10% cost of MLMC aganist number of chains (¢=0.01)
T T T

I
1 1.5 2 2.5 3 35 4
number of chains

Figure 4.25: Cost of MLMC against the number of chains

Figure 4.25 shows €2Cost against the number of chains K. This numerical ex-
periment is based on € = 0.01, Wi = 1,k = diag(0.1,—0.1),b = 10,/b; = %E using
algorithm 3. We can see that the growth rate is worse than linear. A possible reason
is that we decrease the size of b when we add more beads into the system and a small
value of b sometimes requires a small time step in the adaptive scheme, see Section
4.4.1. Tt would be worthwhile to develop a rigorous analysis of the complexity of the

multi-bead model using MLMC.

4.4 Some Discussion on the Parameters and the
Velocity Gradient

In this section, we consider the influence of the velocity gradient &, the maximum
extensibility b and the Weissenberg number Wi. We have already seen some of the
effects of these parameters in the numerical experiments we had performed. For
example, a large value of k was considered in Section 4.2.3. The choice of these
parameters is very important in the numerical simulation because they can seriously

affect the complexity of the simulation.
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4.4.1 Large b vs. Small b

First of all, we consider the maximum extensibility b. This determines the size of the
configuration domain D = B(0,v/b) and it is closely related to the time step we use

in the adaptive scheme. Recall that the adaptive time step is:

— 2 —
1 2
At — min | Wi (_ (1_ H%H)) e 1
10 L 1+ @n — s F'(Qn) 12

For a large value of b, we are allowed to take a larger time step At because the

trajectories are less likely to exit the configuration domain, while for a small value
of b, it is dangerous to take a large time step because the configuration domain is
too small. Figure 4.26 plots the time steps generated by the adaptive time stepping
method to simulate the SDE (4.2) using Wi = 1, k = diag(1, —1) and b = 100, 50, 10.
In general, the time step is large when b is large. However, there is a drawback for
large values of b, which is that the variance of the random variable @ increases as
well. This is because increasing the size of the configuration domain increases the

range of @

Time steps against time (b=100,50,10)
T T T

—b=100
0.8 —b=50
; b=10

time step

time t

Figure 4.26: The time steps At for different values of b = 10, 50, 100

We used the same value of b for all springs when dealing with the multi-bead
model. The more beads we add, the smaller b; we have, and therefore the number of

time steps grows, which increases the computational cost generally.
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4.4.2 Large k vs. Small k

We have already discussed the difficulties caused by a large velocity gradient when
simulating a expansion flow in an L-shaped domain. We have the following disadvan-
tages of having a large k.

First, we require ||| — 5wz < 0 in order to show that the drift term in the
stochastic differential equation satisfies the contractive Lipschitz property. If the size
of the velocity gradient is large, we will not have the contractivity unless the Weis-
senberg number is very small. We can not use Algorithm 3 without the contractivity.
Moreover the strong convergence order of the adaptive time stepping method is less
than one in such a case, which suggests that we will have a worse variance decay
rate. In Section 4.1.2, we have done two numerical experiments with k = diag(1, —1)
and k = diag(0.1, —0.1). The Weissenberg number we used in these experiments is
1. Figure 4.6 suggests that the variance decay rate is near 2 while in Figure 4.5 the
variance decay rate is worse.

In Section 4.2.3, we simulated the SDE with x = diag(1, —1) and k = diag(10, 10)
and in Figure 4.19 we can see that the trajectories exhibit oscillations near the bound-
ary at the left and right edge of the domain with a large velocity gradient. Hence the
variance of the Monte Carlo estimator should be large. This is equivalent to saying
that the multilevel Monte Carlo estimator at level 0 has large variance. Figure 4.27
represents the variance of the MLMC estimator for different velocity gradients based
on 5000 samples using Algorithm 2. The Weissenberg number is fixed to be 1 in this
numerical experiment. We can see that the variance still decays, however the decay
rate is 2 for small K due to the contractivity. On the other hand, the decay rate is
worse when we have large &, which is the blue line. Also we can see from the picture
that the variance is large with a large velocity gradient because we have the blue line
(k = diag(b, —5)) on the top and the purple line (k = diag(0.1, —0.1)) at the bottom.

In Section 3.2.2, we derived an adaptive time stepping method. The equation
(3.25) is the time step required to control the trajectories of the SDE. We can see
from the equation that the time step will be smaller if the size of the velocity gradient

is larger.
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variance of MLMC estimator (different kappa)
T T T

Iog2 variance

level |

Figure 4.27: The variance of the MLMC estimator for different values of k

4.4.3 Large Wi vs. Small Wi

The Weissenberg number represents the ratio of the microscopic to macroscopic
lengthscales, and therefore it determines the time-scale of the problem. For a small
Weissenberg number, the time-scale for the SDE is smaller and relaxation is fast;
therefore Algorithm 3 is a good choice because we do not need to simulate the SDE
for a long time interval. From Section 3.2.5, we know that a small value of Wi im-
plies a large value of A as long as Assumption 3.2 holds and hence the time interval
T = IOQL/\RZ is small, which means that we do not need to simulate the SDE over a
large time interval. In addition, a small value of Wi implies that the FENE force
dominates the drift term so we do not need to worry about the trajectory moving
outside the configuration domain. On the other hand, large values of Wi imply that
the relaxation of the polymer molecule is slower. In our case, a large value of Wi
implies that the FENE spring force is weak compared with the velocity gradient,
which means that the polymers are mainly stretched by the flow. We have already
commented on the adverse influence of a large k. For example, the time steps need
to be small and large variances are observed in the stochastic simulations. Also when
Assumption 3.2 is not met, we cannot guarantee that the contractivity for the drift

term holds.
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Chapter 5

Conclusion

In this thesis, we considered and implemented a stochastic approach for simulating
dilute polymeric fluids based on a multiscale model. The coupled system includes
a stochastic differential equation for the configuration of the polymer molecules and
the Navier—Stokes equations for the motion of the fluid. The link between them is
the extra stress tensor 7, which is defined through the expectation of the solution to
the SDE. The spring model we used is the FENE model. The problem is challenging
due to the curse of dimensionality and the super-linear growth of the FENE force.
Therefore we implemented a multilevel Monte Carlo strategy and an adaptive time
stepping scheme to deal with the problem. With the help of the algorithms devel-
oped and a parallel computing environment, we were able to perform the multi-bead
simulations with 10 springs.

In Chapter 2, we considered the steady-state solution of the coupled system. We
showed that the solution to the Fokker—Planck equation converges to the Maxwellian
and the velocity decays to zero given that a homogeneous Dirichlet boundary condi-
tion is imposed and no external force exists. We also showed that the decay rate is
independent of the choice of the initial data. We verified these results in Chapter 4.

In Chapter 3, we introduced the concept of multilevel Monte Carlo method and
developed Algorithm 2, which is an adaptive time stepping scheme combined with
a multilevel Monte Carlo method. Then we extended the FENE spring force to the
whole space in order to carry out a strong convergence analysis. We showed that,

under suitable conditions, both the exact and the numerical solution to the extended
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FENE SDE have uniform finite pth moment; hence the numerical simulation to the
extended FENE SDE equipped with the adaptive time stepping scheme is strongly
convergent. With a further condition on the drift term, we also showed that the strong
convergence order is 1 thanks to the contractivity. For our problem, we showed that
Assumption 3.2 (||&||F — 77 < —A) must be satisfied. With the help of contractivity,
we then introduced Algorithm 3, which is an adaptive multilevel Monte Carlo method.
The idea of Algorithm 3 is that we start the simulation at time —7; at level [ and
—T;_1 at level [ — 1 and then stop both of them at time zero. Due to the contractivity,
we know that any two paths starting from different points but driven by the same
Brownian motion will converge to each other and therefore the difference between the
fine and coarse path at time zero will be small. This method is more suitable for a
small Weissenberg number, because the relaxation time for the SDE is small. We can
also argue that small Weissenberg number implies that A is large and we know by
Lemma 3.4 that the decay rate of perturbations is e *?*. With the help of Algorithm
3, it is easy to find the steady state solution efficiently. After that, we introduced our
algorithm for the coupled system, which includes the mixed finite element method
for solving the Navier—Stokes equations. Finally we explained how we aim to perform
multi-bead simulations. We also showed that our schemes are well suited to perform
parallel computations. With the help of GPU cores, it is possible to perform the
multi-bead simulations.

Chapter 4 presented the numerical results across a range of problems. We imple-
mented the adaptive time stepping scheme for a homogeneous flow using both the
Monte Carlo and the multilevel Monte Carlo method and compared their results with
the true solution. We also applied the adaptive multilevel Monte Carlo method to
the same problem and investigated the results obtained. We found that the cost of
multilevel Monte Carlo method is O(e~2) if assumption 3.2 is hold. We then moved
to the non-homogeneous problem including both steady and unsteady flow. Then we
considered the multi-bead model in these experiments and compared the results with
the dumbbell model. We found that adding more beads into the model is similar to
increasing the viscosity of the flow and the numerical experiments suggest that we do

not need to use too many beads, because the results in the flow only changed slightly
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when the number of beads is sufficiently large. Finally, we discussed the parameter
values in the experiments, and noted that their choice influences the complexity of
the problem. A large value of b requires more time steps and a large value of ||k

or large value of Wi might lead to a worse result if Assumption 3.2 does not hold.

5.1 Future Perspectives

We found in the numerical experiments that the velocity gradient and the Weissenberg
number are very important in our model. A large velocity gradient and a large
Weissenberg number make the problem harder from the computational point of view
(the variance and the number of time steps are large). Also when Assumption 3.2 is
invalid, i.e.,

|&llF — === >0, (5.1)

we do not have contractivity, which means that we can not apply Algorithm 3 and we
are not able to prove first order strong convergence. We have already seen in Chapter
4 that the variance decay rate (8 is worse in such a case. It would be interesting and
useful to develop a numerical method for stochastic differential equations without
contractivity.

Supposing that Assumption 3.2 is satisfied, a large Weissenberg number will in-
troduce new problems. It is also frequently noted in the literature that with a high
value of Wi, special care must be taken to deal with the associated stability issue of
the numerical scheme [56]. For our problem, a large value of the Weissenberg number
suggests that the microscopic relaxation time is larger than the characteristic fluid
process time, which means that it takes a longer time for the SDE to converge to the
invariant measure.

Also we did not consider the numerical analysis of the multi-bead model. In order
to prove the strong convergence of the stochastic differential equation, we need to
show that the exact solution has finite pth moment bound, which requires that the
drift term should be one-sided Lipschitz continuous. The challenge for the multi-
bead model is that the drift term involves ﬁz’+1, —F’i and F’i_l. In order to show that

the drift is one-sided Lipschitz, we need to bound the ﬁi+1 and ﬁi_l in terms of F’l
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It would be useful to develop a rigorous analysis of the multi-bead model including
proofs of strong convergence. In addition, we did not consider the analysis of the
computational cost of the multilevel Monte Carlo method for the multi-bead model.

Another possible direction is to develop a suitable numerical algorithm for small
values of b. In Chapter 4, we performed numerical experiments with different values
of b and we found that a smaller b requires more time steps, which then increases the
computational cost.

Finally, it is possible to investigate different models such as the FENE-P model.
The FENE-P model was introduced by Peterlin [48].

Recall that for the FENE model, The Kramers expression for the extra stress

tensor T is defined by:

. b+d+21—7 . q oL .

ReWi 1 - Lt

For the FENE-p model, the extra stress tensor 7 becomes the following:

G bl A
T = T ReWi \ T —tr(A) b )

where A = [, §® qi(Z,,t)dq and tr(-) denotes trace.

Consequently, the FENE-P model also leads to spring extensions that can not
exceed a maximum length of v/b. It would be interesting to investigate this kind of

spring force and compare the results with those reported here.
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Appendix

We will prove Lemma 3.2 and Lemma 3.4. Before proving the results, we need
some definitions and preliminary inequalities. Our presentation of these is based on
[11], [29], [34], [35].

Definition (Adaptedness). The sequence X = (X, : n > 0) is adapted to the
sequence Z = (Z, : n > 0) if, for each n > 0, there exists a (deterministic) function
gn(+) such that:

Xn =92(Z0, 21, ..., Zy).

Similarly, the process X = (X : t > 0) is adapted to the process Z = (Zy : t > 0) if,
for each t > 0, there exists a (deterministic) function g.(-) such that:

Xe=ag(Z(s) : 0<s<t).

Definition (Martingale). A discrete sequence (M, : n > 0) is a discrete mar-
tingale (adapted to (Z, :n >10)) if:

1. E|M,| < oo, n>0;

2. (M, :n >0) is adapted to (Z, : n > 0);

3. E[M,1|Zo, ... Z0] = M, n>0.

Similarly, a continuous process (M (t) : t > 0) is a continuous martingale (adapted
to (Z(t):t>0)) if:

1. EIM(t)] < oo, t>0;

2. (M(t) : t > 0) is adapted to (Z(t) : t > 0);

3. E[M(s)|Z(u) : 0 <u<t]=M(), s>t

Remark. In the definition of martingale the sequence (or process) Z,(Z(t)) can
be the martingale M, (M (t)) itself. Therefore the expected value of M at a future time,
given complete knowledge of M at the current time, is equal to its current value.

Definition (Quadratic variation). Suppose that (X (t) : t > 0) is a real-valued
stochastic process defined on a probability space (0, F,P). Consider partitions P of
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the time interval [0,t]; then the quadratic variation of the process X(t), written as

(X1, is defined as

n

[X]t = lim Z(th - th71)27

1P]—0 &=

where P ranges over partitions of the interval [0,t]. In the case of

X(t):X(O)—}-/O a(X(s),s)ds+/O b(X(s),s)d W,

the quadratic variation of X (t) is

X7, = /0 D(X(s), 5) ds.

Jensen’s inequality. Consider a convex function ¢ defined on the real line,

i.e., assume that the inequality
P((1 = Aa1 + Az) < (1= Np(z1) + Ap(x)

holds for all x1,z5 € R and for any 0 < A < 1.
N
IfZ)\Z: 1 with 0 < \; < 1, then

=1

% (Z Aﬂi) < ZAW(%)

i=1
Assuming that f and ¢(-) are Riemann integrable on [a, b], the following integral

version of Jensen’ inequality holds:

@ (ﬁ /abf(x)dx) < ﬁ/ﬂbgo(f(x))dx.

Gronwall’s inequality. If 5(s) is a continuous and nonnegative function and u

satisfies the integral inequality

where «(t) is integrable, then

u(t) < a(t)+ /Ot a(s)p(s)exp (/:ﬁ(r)dr) ds.
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Burkholder—Davis—Gundy inequality. For any p > 1, there are constants
¢p, Cp such that, for a continuous time martingale M, the following inequality holds:

E[[M]2?] < Blsup [ Mi['] < GE[[M M),

where [-]; denotes the quadratic variation.
Young’s inequality. Given two positive real numbers p, ¢ such that % + % =1,
then for any a, b, > 0, we have
ap¢p
p qwq

ab

Proof of Lemma 3.2:
This proof comes from [18]. We define ¢(Z) = & + At(Z)d(Z) and Q; to be the

numerical solution at time ¢; then the adaptive time stepping method gives:

(Gl < G + 280G (G (@) + FAUDuAGI?)

= 1 - 1 -
2P(@n), \/ 7 AWn) + ||,/ﬁAwn|l2.

Applying equation (3.41) in Assumption 3.3 for the time step we obtain:

1Gnsl2 < 1Gall® = (201 Gall® — 28) At(G.) 1)

2(6(G).\ A + 1 ATl 2)

We multiply exp (2at,,+1) on both sides of equation (1) and (2), and we notice that
1 — 2aAHQ,) < exp (—2aAt(G,)); also we can bound the time step At by Atmax.

exp (20t 1) || @it |® < exp (20,)]|@nl|? + 2 exp (2a(ty + Atmax))BAHG,)
+ exp (2a(ty + Atmax)) B AW, |

. 1 .
+ 2exp (ZQtn—i—l) <¢(Qn)a WAWH> (3)
Defining t = max{t, : t,, < t} to be the largest time point before time ¢, we have
exp (20)[|Qel|* < exp (2at) | Qul|* + 2 exp (2a(t + Atmax))B(t — t)
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+ exp (2a(t + Atmax)) 8| Wy — Wil?
+ 2 exp (20)(9(Qy), \/%(\Wt - W)). (4)

We sum through all the time steps in equation (3) and then add equation (4); then

we obtain

k=n—1
exp (2at) | Q4| < |Q(0)||> + 28 exp (2aAtmax) ( > exp(2aty) AH(@y, ) + exp(2at)(t — ;))
k=0
k=n—1

+2 37 exp(20ti) (9(Qu). | iz AT

k=0
k=n—1

+ [ exp(2aAtmax) exp(2aty) | AW, |2
k=

+ 2 exp(2at) (@ + A(Qy) (t — 1), \/%(Wt - W)
+ Bexp(2a(t + Atmax)) Wi — Wi*. (5)

o

We take the p/2-th power of both sides of inequality (5) and apply Jensen’s inequality;

we obtain

t
NP < o e (GO + (26 [ sy
0

t B ~ k=n—1
2 / (UGN (5((F,), A dW P2+ (8 S e2otn| AW [2)7/2
0 Wi —
L [1
+ 26*HQ; + a@(Qy) (t — 1), W(Wt - W;)HW
+ BPI2eP[W, — Wth>. (6)

So far, we have found an upper bound for e®?!||Q,||”. Next we take the supremum
and the expectation on both sides of (6) to obtain:
E { sup eaPS||Qs||P} < 6P/ leePAMAX ([} + Iy + Iy + I, + I5).
0<s<t

e2at—1)

)E < QO + (2)Fer

For I, we have I, = [|G(0)]|” + (26)%(
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For I, we use condition (3.41) from Assumption 3.3 and apply Jensen inequality,

Young’s inequality and the Burkholder-Davis—Gundy inequality to obtain

s 1
I, =F | sup |2/ 20(utAHGw) No(Q), \/ —.quHp/Q]
o<s<t Jo Wi

‘ 1 p/4
<E|C; ( / e‘*aurw(czu)\/ﬁrmu)
: t C
< 1/, 2at p/4—1 a(p/24+2)u = |p/2
<B| /2 [ e oGy du]

< 6—p/2+1e—apAtmaX]E {sup eapsHZQ)SHp} + Cieapt,
0<s<t

following

where C’;, and C’f, are constants. We also apply Jensen’s inequality to I3 to obtain the
k=n—1
> AW

t p/2—1
I; < P2 < / e2a8ds> E
0 k=0

t
< C;) (ﬂ/ e?asds) < 03( 5 )p/2 apt
0

2a

where C’;’ is some constant. We derive the upper bound for I, based on a similar

argument as for Is.

I < 2K | sup e*[(Qu + @(Q)(s — 5), \/7 (W, — w>>|p/2]

0<s<t

< 2P°E | sup o%|Q, + (@) (s — 5 21 H””H s)\lp/2]

0<s<t

/\

<o¥Igbcindl E [ / ea”s(l@s|!p/2+(2ﬁ)p/4)d8]

1 N
S _6—p/2+le—apAtmaxE sup eapsHQsHp + C;eapt7
4 0<s<t

where C’;f is some constant. For I5, we have the same bound as for I3
3 B /2 apt
I; < C) ( )P/=e?

2c
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Combining the results, we obtain
~ " 1 A
E | sup ¢ 1QuIP) < CEIGOIP + 38 | sup e Qulp] + e
0<s<t 2 |o<s<t
where CS and Cg are constants, and therefore we have
| sup Q| < ersmax e GO + 2050
0<s<t
For any ¢ > 0, we have
E [ Q] < B | sup Q.| < 201G 0 + 2056
0<s<t
Hence we deduce that for any ¢ > 0, we have

E[||Q:|”] < 2CTQ(0)[Pe"" 4 2C5 < 2CT(|Q(0)[|? +2C5 < C,,. O

Proof of Lemma 3.4:
This proof comes from [18]. We define &(t) = X(t) — Y (t), where X(t) and Y (t)
are any two solutions to the SDE (3.47) driven by the same Brownian motion; and

therefore we have
4(t) = (@R () — a(¥ (1))t + (b(X(£)) — b(V(1)))dIs.
By Ito’s formula, we have, for any 0 <t < T,
M) | — [F0) | < / Ape ™| E(s) [Pds
+ / pe v (&(s), G(X (s)) — G(¥ (5))) |(s) P2
s [(EEZow b () - b (o) |Pets) s
T / pe ™ (&(s), (b(X(s)) — b(¥()))dW (5)) |(5)[7~2.

We take the expectation on both sides and apply the condition for contractivity to

obtain

Ele™||€(t)]"] — E[]€(0)["] <
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and therefore we can deduce that

E[|| X () - Y(1)|"] < ¢ E[|X(0) — Y(0)|].
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