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Abstract

Distributed quantum computing (DQC) combines the computing power of multi-
ple networked quantum processing modules, ideally enabling the execution of large
quantum circuits without compromising performance or connectivity. Photonic net-
works are well-suited as a versatile and reconfigurable interconnect layer for DQC;
remote entanglement shared between matter qubits across the network enables all-
to-all logical connectivity via quantum gate teleportation (QGT). For a scalable
DQC architecture, the QGT implementation must be deterministic and repeatable;
until now, no demonstration has satisfied these requirements. In this thesis, we re-
port the first experimental demonstration of distributed quantum computing across
a quantum network of two photonically interconnected trapped-ion modules.

Our experimental apparatus comprises two trapped-ion modules, separated by
~2m, each co-trapping one **Ca* ion and one ¥Sr* ion. The **Ca* ions provide
a robust quantum memory for the modules, while the 3Sr* ions provide an inter-
face to the optical quantum network, enabling the remote entanglement of 88Sr*
ions in separate modules. Using local mixed-species operations, we demonstrate the
enhanced functionality of the mixed-species trapped-ion quantum network by cre-
ating more complex remotely entangled states. These include remote 88Sr™-43Ca™
and $3Cat-#3Ca’ entanglement, as well as 3- and 4-qubit mixed-species GHZ states.
Additionally, we demonstrate the storage of remote entanglement in the 3Ca* ions
for up to 10s.

Utilising these techniques, we demonstrate the distribution of quantum compu-
tations across the mixed-species trapped-ion quantum network. Using heralded re-
mote entanglement between the 88Sr* ions, we deterministically teleport controlled-
7 gates between two #3Ca’ ions in separate modules, achieving a fidelity of 86 %.
We then implement distributed iISWAP and SWAP circuits, compiled with 2 and
3 instances of QGT, respectively, demonstrating the ability to distribute arbitrary
two-qubit operations. Finally, we execute Grover’s search algorithm — the first
implementation of a distributed quantum algorithm comprising multiple non-local
two-qubit gates — and measure a success rate of 71%. These results represent a

significant step towards realising a large-scale distributed quantum computer.
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Introduction

The turn of the twentieth century saw two scientific revolutions: the development
of quantum mechanics and the theory of relativity. These theories transformed our
understanding of the universe and are often regarded as the foundations of mod-
ern science. While relativity provided insights into the large-scale structure of the
universe, quantum mechanics offered a framework for developing physical theories
at the microscopic scale. One foundational concept from this quantum revolution,
wave-particle duality, led to significant breakthroughs, including the explanation of
the photoelectric effect, the understanding of quantum tunnelling, and the develop-
ment of the quantum model of atomic structure.

As seen throughout history, new fundamental insights often lead to rapid tech-
nological development. Indeed, the quantum revolution led to the creation of trans-
formative technologies such as lasers, superconductors, and semiconductors, leading
to the invention of the transistor in 1947, an innovation that heralded the beginning
of the information age.

We are now in the second quantum revolution [1]. In contrast to the first quantum

revolution, which used quantum mechanics to explain macroscopic phenomena, such



2 CHAPTER 1: INTRODUCTION

as the properties of materials, from their microscopic quantum origins, the second
quantum revolution focuses on directly manipulating individual quantum systems
according to quantum mechanical principles. This has enabled the development of
a new class of technologies, known as quantum technologies. These include atomic

clocks, quantum cryptography, and, the focus of this thesis, the quantum computer.

1.1 Quantum computing

In 1982, Feynman [2] pointed out that it is not possible to efficiently simulate a
quantum mechanical system using a classical computer, where “efficiently” means
that the resources required by the classical computer grow polynomially with the size
of the quantum system. To illustrate this, consider a system of N two-level systems.
A classical computer would need to store an amplitude for each of the 2V possible
states of the system. As N increases, the required memory grows exponentially,
making classical simulation infeasible for large quantum systems. Therefore, to
efficiently simulate a quantum mechanical system, Feynman [2] proposed that a
new kind of computer would be needed — one that is itself quantum mechanical.
Deutsch [3] proposed the idea of a universal quantum computer —a quantum ana-
logue of the Turing machine, capable of efficiently simulating any arbitrary physical
system, assuming the system obeys the laws of quantum mechanics. This concept
opened up a new computational paradigm, one in which a quantum computer could
perform computations where each step could be any operation allowed by quan-
tum mechanics. Deutsch and Jozsa [4] provided an example of how such a quantum
computer could outperform its classical counterpart in a specific computational task.
Shortly after, Shor’s algorithm [5], for efficient integer factorisation, and Grover’s
algorithm [6], for searching through an unstructured set of items, provided concrete
evidence of the computational advantages of quantum computers. Around the same
time, the development of quantum error correction demonstrated that large-scale
quantum computers could be realised even in the presence of noise and experimen-

tal imperfections, paving the way for fault-tolerant quantum computing [7, 8].
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We now turn to the practical challenges of building a quantum computer. While
classical computers store information using binary states (0 or 1), known as bits,
a quantum computer uses qubits, which are two-level quantum systems with states
often denoted |0) and |1). Unlike classical bits, qubits can exist in a superposition of
states |¢)) = a |0)45|1), where a and 3 are complex numbers subject to o>+ |3]* =
1.

To construct a quantum computer from a physical system, certain requirements

must be met, as outlined by DiVincenzo [9]. These criteria are:

a scalable physical system with well-characterised qubits

the ability to prepare qubits in a simple fiducial state, such as |0)

long coherence times, much longer than the gate operation time

a universal set of quantum gates

qubit-specific measurement capabilities

DiVincenzo [9] mentions two additional criteria that enable quantum computers to
communicate by sending flying qubits between systems containing stationary qubits.

The additional criteria are:
« the ability to create an interface between stationary and flying qubits,
o the ability to faithfully transmit flying qubits between specified locations.

Numerous physical platforms are currently being explored for the realisation of a
quantum computer, including trapped ions, neutral atoms, superconducting qubits,
photons, and diamond colour centers.

The work in this thesis was performed using the trapped-ion platform, one of
the leading platforms for quantum computing. The underlying atomic physics of
trapped ions is well-understood, and all ions with the same number of protons,
neutrons, and electrons will exhibit identical properties, making the qubits encoded

in the energy level structure of the ions free from variations that could arise from,
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e.g., manufacturing processes. Trapped-ion qubits have been used to demonstrate
state-of-the-art qubit state preparation and measurement [10, 11, 12]. Additionally,
trapped ions have been used to demonstrate universal sets of single- and two-qubit
gates, also with state-of-the-art fidelities [13, 14, 15, 16, 17, 18]. Finally, coherence
times exceeding ~ 1 h have been observed [19], far exceeding typical gate durations

of ~1—100 ps.

1.2 Scaling up a quantum computer

Regardless of the physical platform used to realise a quantum computer, scaling up
the number of qubits while maintaining precise control and interconnectivity be-
tween the qubits comes with major technical challenges [20, 21, 22]. One prominent
example is the wiring problem. Suppose we construct a quantum computer contain-
ing N qubits such that the number of wires — that is, input/output signals — scales
linearly with V. Theoretically, this scaling does not impose a fundamental limit on
the size of the quantum computer. However, in practice, this inevitably leads to
engineering constraints when scaling to large qubit numbers. For high-performance
operation, quantum computers must be sufficiently isolated from their environment,
often achieved using ultra-high vacuum or cryogenic systems. As the density of wires
increases, physically engineering the interfaces between the external control system
and the isolated quantum system, e.g., via feedthroughs in a vacuum chamber, be-
comes significantly more challenging. Moreover, a larger number of wires increases
the amount of thermal energy that is dissipated in the quantum system, leading to
a degradation in performance.

Tackling this wiring problem is a serious technical challenge for realising large-
scale quantum computers. Malinowski, Allcock, and Ballance [23] recently proposed
a control architecture for the trapped-ion platform capable of wiring a quantum
computer with up to 1000 qubits. While this represents a scaling improvement of
one to two orders of magnitude over current systems, the authors acknowledge that

beyond this point, the wiring problem remains a significant barrier to scalability.
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To summarise, although there is no fundamental limitation on the size of a
quantum computer in principle, technical limitations arising from increased wire
density and associated thermal dissipation present major challenges in practice.

Classical computing faces similar issues; for example, the volume occupied by
a classical processor can be limited by the efficiency of heat extraction from its
surface area. To overcome these obstacles, distributed computing architectures are
frequently employed, whether in the form of multi-core processors or large-scale
super-computing clusters. Analogously, adopting modular or distributed architec-
tures in quantum computing may offer a practical pathway to scale up qubit numbers

while managing control complexity and mitigating thermal issues.

1.2.1 Distributed quantum computing

Just as distributed architectures have proven essential in classical computing, a
quantum computer could similarly benefit from a distributed quantum computing
(DQC) architecture, depicted in Figure 1.1, where large quantum computations may
be executed by an array of quantum processing modules [24, 25]. By preserving the
reduced complexity of the individual modules and transforming the scaling challenge
into the task of building more modules and establishing an interface between them,
this architecture provides a scalable approach to fault-tolerant quantum comput-
ing [26, 27]. The interface between modules could be realised by directly transferring
quantum information between modules via, e.g., the transmission of flying qubits as
in the DiVincenzo criteria above. However, losses in the interconnecting quantum
channels would lead to a loss of quantum information.

Quantum teleportation offers a lossless alternative interface, using only bipartite
entanglement (e.g., Bell states) shared between modules, together with local opera-
tions and classical communication (LOCC) to effectively replace the direct transfer
of quantum information across quantum channels [28, 29]. Quantum gate telepor-
tation (QGT) efficiently implements non-local entangling gates between qubits in

separate modules, consuming only one Bell pair and the exchange of two classical
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Figure 1.1: (a), Schematic of a DQC architecture comprising photonically interconnected
modules. Entanglement is heralded between network qubits via the interference of photons
on beamsplitters. A photonic switchboard provides a flexible and reconfigurable network
topology. (b), The modules consist of at least one network qubit (purple) and at least
one circuit qubit (orange), which may directly interact via local operations. Quantum
gate teleportation mediates non-local gate interactions (pink) between circuit qubits in
separate modules. These protocols require the resources of shared entanglement, local
operations, and classical communication. (c), A quantum circuit distributed across a
network of small quantum processing modules that function together as a single, fully
intra-connected quantum computer.

bits [30, 31], as depicted in Figure 1.1(b). Given arbitrary single- and two-qubit
operations within each node, QGT completes a universal gate set for the distributed
quantum computer [29]. The primary advantage of teleportation-based schemes over
direct transfer is the exclusive use of the quantum channel for generating identical
Bell states; channel losses can be overcome by repetition without losing quantum in-
formation, and the distance between modules can be increased by inserting quantum
repeaters [32]. Additionally, channel noise may be suppressed using entanglement
purification [33]. Since teleportation protocols are executed strictly after entan-
glement has been established, they enable continuous deterministic operation even
if the entanglement is generated non-deterministically. This deterministic nature
eliminates the need for post-selection of singular successful outcomes out of an ex-
ponentially large set of undesired ones.

Teleportation protocols are agnostic to the physical implementation of the quan-

tum channels, making them a versatile tool for DQC across different platforms. In
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the trapped-ion quantum charge-coupled device (QCCD) architecture, qubits can
be dynamically transported between modules within a single chip [34] — or even
across chips [35] — and thus be used to mediate entangling gates between differ-
ent trap zones [36, 37]. Photons, however, make natural carriers of quantum in-
formation since they can travel long distances without significant degradation of
their quantum state. Photonic interconnects enable all-to-all connectivity between
qubits distributed across the network whose topology can be dynamically reconfig-
ured without the need to open up complex vacuum or cryogenic systems. Moreover,
optical components are widely available and can be operated under ambient con-
ditions. These properties make photonic interconnects particularly appealing for
networking quantum computing modules, as shown in Figure 1.1(a).

As depicted in Figure 1.1(b), we consider modules containing “network” and
“circuit” qubits with full interconnectivity via local quantum operations. Remote
entanglement of network qubits in separate modules is generated by the interference
of photons, where reconfigurability and flexibility could be provided via a photonic
switchboard. This entanglement can then be used to mediate entangling gates be-
tween the circuit qubits in different modules via QGT, enabling the network to
function as a single fully connected quantum processor, as shown in Figure 1.1(c).
Quantum circuits can be partitioned freely in this architecture, down to a minimum
of one circuit qubit per module in the fully distributed case. Heralded entanglement
between spatially separated qubits has been achieved experimentally in a variety of
platforms including diamond colour centres [38, 39], superconducting qubits [40],
neutral atoms [41, 42], and trapped-ions [43, 44, 45, 46].

QGT has been implemented probabilistically in purely photonic systems, requir-
ing passive optical elements and post-selection to perform the conditional rotations
that complete the gate teleportation [47, 48]. Chou et al. [49] demonstrated deter-
ministic teleportation of a controlled-NOT gate between two qubits encoded in the
modes of two superconducting cavities on the same device, separated by ~ 2cm,

while a third cavity enabled the deterministic generation of entanglement between
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two transmon network qubits. Recently, there have been demonstrations of QGT
between superconducting qubits within a single device, demonstrating the viability
of QGT to overcome nearest neighbour constraints in this architecture [50, 51]. In
the trapped-ion QCCD architecture, Wan et al. [36] demonstrated QGT in which
the entanglement was deterministically generated between two “network” qubits via
local operations before being transported ~ 840 pm to two separate locations within
the same trap. Additionally, there have been demonstrations of heralded non-local
entangling gates across a photonic quantum network in which photons are used to
directly transfer quantum information between modules [52, 53]. However, in these
demonstrations, unavoidable photon loss destroyed the states of the circuit qubits,
rendering these schemes non-deterministic. Until now, there has been (i) no demon-
stration of deterministic QGT across a quantum network, and (ii) no demonstration

of distributed circuits comprising multiple non-local entangling gates.

1.3 Thesis outline

The key result of this thesis is the demonstration of distributed quantum computing
between two trapped-ion modules across an optical quantum network link. Within
cach module, we delegate specific roles to different species, choosing ®8Sr* for the
communication across the network, while #*Ca™* is used for the storage of quantum
information within each module. This thesis first presents the key components of the
mixed-species trapped-ion modules, then demonstrates the enhanced capabilities of
this mixed-species trapped-ion quantum network, before culminating in the results
from the demonstration of distributed quantum computing.

The remainder of this thesis is structured as follows:

Chapter 2 discusses the theoretical tools used throughout this thesis, covering the
representations of quantum processes, normal mode analysis and the quantisation of
the motion of ions in a Paul trap, the manipulation of qubits encoded in the energy

levels of ions via the laser-ion interaction, and the implementation of single- and



THESIS OUTLINE 9

two-qubit gates in trapped-ion quantum processors.

Chapter 3 outlines a number of important calibration and characterisation pro-
tocols, including an adaptive Bayesian phase estimation protocol, quantum state

and process tomography protocols, and randomised benchmarking.

Chapter 4 outlines the experimental apparatus used to obtain the experimental
results presented later in this thesis. In particular, we discuss the choice of ion
species, provide an overview of the trapped-ion modules, and present a detailed
discussion and characterisation of the Paul traps used to confine the ions. Addition-
ally, we cover the Raman laser system, which is integral to many of the operations
performed in each module, outline the range of dissipative operations such as ion
loading, laser cooling, state preparation, and qubit readout, and conclude with a

discussion of our magnetic field stabilisation system.

Chapter 5 provides a discussion and characterisation of several crucial local op-
erations performed in each module, covering single-qubit gates, mixed-species two-

qubit gates, hyperfine qubit conversion, and mid-circuit measurements.

Chapter 6 begins with a characterisation of our quantum networking apparatus,
starting with the characterisation of entanglement between a ®8Sr™ ion and a photon,
followed by the remote entanglement of two 88Sr™ ions across the quantum network.
Following this, we present the results from our mixed-species trapped-ion quantum
network, including the generation of remote entanglement between a %Sr* and a
$BCa™ ion, two *3Ca™ ions, and 3-qubit (¥SrT-88Sr*-43Ca't) and 4-qubit (3¥Srt-
8SrT-13Ca™-13Ca™) GHZ states. We then demonstrate the robust storage of remote

entanglement using the 4*Ca* ions for up to 10s.

Chapter 7 presents results from the first-ever demonstration of distributed quan-
tum computing across an optical network link. In particular, we demonstrate the

deterministic teleportation of controlled-Z, iSWAP, and SWAP gates between two
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macroscopically separated “circuit” qubits, mediated using remote entanglement
shared between two “network” qubits. Finally, we execute the two-qubit Grover’s

algorithm using this distributed quantum computer.

Chapter 8 concludes this thesis, summarising our results and discussing an out-

look for the experiment and the field of quantum networking.



Theory

While this thesis primarily presents experimental results, it is essential to first in-
troduce the theoretical framework that enables the generation, analysis, and inter-
pretation of these results. This chapter therefore presents established theoretical
background for trapped-ion quantum computing.

I begin by reviewing the quantum-mechanical formalism underpinning all analy-
ses in this thesis, following Wood, Biamonte, and Cory [54]. Next, I summarise the
dynamics and quantisation of the motion of trapped-ions, largely based on Home [55]
and Drmota [56]. Finally, I outline the manipulation of ion internal states via laser-

based interactions, drawing from Ballance [57] and Hughes [58].

2.1 Quantum theory

We begin with a brief discussion of the quantum mechanical theory that is used
throughout this thesis. In addition to providing theoretical context for the sub-
sequent chapters, the purpose of this section — in particular, Section 2.1.2 — is to

provide the tools used in a range of calculations and analyses throughout this thesis.

11
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~a

Environment
Hre

Figure 2.1: Graphical representation of (a) closed and (b) open quantum systems.
(a) The closed quantum system, H, does not interact with any environment, and thus
quantum states within H undergo unitary evolution. (b) The open quantum system, #,
is now able to interact with its surrounding environment, Hg. The total system, H ® Hg,
is considered to be closed and thus undergoes unitary evolution; however the coupling of
the system to its environment means that evolution within the subspace H is non-unitary.

2.1.1 Closed quantum systems

A closed quantum system is one that is isolated from, and cannot interact with,
any other system — this is represented in Figure 2.1(a). The quantum system has a
particular space of states, H, such that the state of the quantum system is specified
by an element from this space, [¢)) € H. We consider more general states through
the use of the density operator, p € L (H), where L (H) = L (H,H) and L (H1, Hs) :
Hi1 — Hs is the set of linear operators between H; and H,. The density operator
enables the description of statistical mixtures of quantum states, where if p; is the
probability for the quantum system being in the state |¢;), then the state of the
quantum system can be written as p = Y. p; |¢;) (¢;]. In this thesis, we consider two
specific Hilbert spaces. The first is the Hilbert space of a qubit, Q, i.e., a two-level
quantum system spanned by the orthonormal computational states |0) and |1). The
second relevant space is the Fock space, A, which is an infinite-dimensional space
used for describing the excitations of a harmonic oscillator.

The time-evolution of a closed quantum system is governed by the Schrodinger
equation,

dp

ihl = [Fl,p} , (2.1)

where H is the Hamiltonian for the system. This equation describes a unitary
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evolution of the quantum system; the evolution over a discrete time interval may be

described by the unitary transformation,
p(tz) = Up(t)UT, (2:2)

where U = U(ty; ;) is a unitary operator.

2.1.2 Open quantum systems

In general, no system — except perhaps the Universe itself — can be considered
perfectly isolated. A quantum system that interacts with an environment, the
state of which we cannot directly access, is referred to as an open quantum sys-
tem. Consider an open quantum system with a state space H that interacts with an
environment, as depicted in Figure 2.1(b). We denote the Hilbert space of the en-
vironment by Hg. The total state of the system and its environment is represented
by pr € L(H @ HE).

By extending the environment to encompass the entire Universe, we can con-
sider the combined system of the quantum system and its environment as a closed

quantum system. Suppose the Hamiltonian for the total system is given by
Hy = H + Hp + Hi, (2.3)

where H and Hg, are the Hamiltonians for the quantum system and the environment,
respectively, and ﬁint describes their interaction. Since the total system is closed,

it will therefore evolve according to the Schrédinger equation,
WL = [ﬁT,ﬁT] . (2.4)

However, as the state of the environment is inaccessible, we focus on the state
of the quantum system alone. By tracing over the environmental subsystem in

Eq. (2.4), we obtain the master equation for the state of the open quantum system,
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ﬁ = trg [ﬁT} € L(H), as

where L; are known as “Lindblad operators”, and ~; are the relaxation rates corre-
sponding to the coupling with the environment [59]. In Section 5.2, we will use this
master equation extensively in the investigation of various error mechanisms in our
local entangling gates.

As before, it is often useful to consider the evolution of a quantum system over a
discrete time interval. For a closed system, this evolution is described by a unitary
transformation. In contrast, for an open quantum system, the interaction with the
environment leads to non-unitary dynamics. Despite this, the evolution must still
preserve the positivity of the density matrix and should maintain its trace!. Such an
evolution can be described by completely positive trace-preserving (CPTP) maps,
&, which act on the space of density operators?, £ : L (H;) — L (Hs). These maps
describe general quantum processes and are a valuable tool used throughout this

thesis.

Vectorisation

Before discussing the different representations of quantum processes, it is useful to
take a moment to briefly introduce vectorisation — a useful tool for calculating and
manipulating quantum processes [54, 60].

Vectorisation involves the reshaping of a matrix into a vector in a higher-dimensional
space by stacking the columns of the matrix on top of each other® [54, 60]. The no-
tation for thisis p € L (H) — |p)) € H® H. This can be illustrated with the simple

! Although non-trace-preserving processes can also be considered.

2Note that the input and output spaces need not be the same.

3The choice of stacking the columns, rather than the rows, is purely a convention choice. We
will use the column-stacking convention throughout.
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example,
a
. a b . c
p= Sy=] (2.6)
c d b
d

Among a number of useful properties of vectorisation, which are discussed in [60]

and [54], is Roth’s lemma [61], which states
IABCY = (C*T ® A) IBY). (2.7)

Representations of quantum processes

There are several different representations for a CPTP map, each with its own
advantages for interpreting, calculating, and processing the represented map. In

this section, we provide an overview of the representations used in this thesis.

Kraus representation: Let us start by first assuming the system and environ-
ment are initially in a separable state, such that pr(t;) = p(t1) ® |¢) (¢| where
|¢) € HE is some arbitrary initial state of the environment. We would like to find a
representation for the quantum process, £, that describes the evolution of the system
state under the discrete time interval between ¢; and ¢, such that p(t2) = &€ [p(t1)].

First consider the unitary transformation of the total (closed) system,
prity) = Upr(t)Ut € H @ Hy. (2.8)
Tracing out the environment, we find that the state of the system is given by
€(p(t)) = Z Kip(th) K, (2.9)

where

K = (i| Ulo) (2.10)
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are operators acting on states in H, known as Kraus operators, and |i) € Hg are

states of the environment system.

Superoperator representation: Here, we make use of vectorisation, introduced

briefly in the last section. The superoperator, S:H1QH, — Ho @ Ho, implements

Slp) = 1€ (D)) (2.11)

This superoperator representation can be calculated from the Kraus representation

using Roth’s lemma [54, 61],
S=) K kK. (2.12)

Choi matrix representation: We define the Choi matrix, A HI1QHys —> H1®
Ho, as
A=310) Glo & (i) G). (2.13)
i,J

In this form, we can write the action of the process as
£ (p) = trn, {(ﬁ%ﬁ%) [\] (2.14)

As shown in Wood, Biamonte, and Cory [54], this is equivalent to
A= Z |f(z>> <<Kz|7 (2.15)

where |K;)) are the vectorised Kraus operators. From Eq. (2.15), we see that the

eigenvectors of the Choi matrix are the Kraus operators.

Process matrix representation: The final relevant representation is the process
matrix, or xy matrix, representation. This representation is simply the Choi matrix
under a basis transformation. Consider an operator basis comprising the set of

orthonormal operators, o,, satisfying tr [7,75] = dap. I T represents the basis
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transformation from the computational basis to the new basis {|7,)) }, then we have

that the process matrix in this basis is
X =TAT". (2.16)

We therefore have that

A= Xaslfa (3. (2.17)
a,B

Finally, we can write the action of the quantum process as
E(D) = XasTabT}. (2.18)
HB

Since the processes we deal with all typically act on systems of N-qubits, we usu-
ally choose the N-qubit Pauli basis as the operator basis. This basis is constructed
from products of the 1-qubit Pauli matrices, P = {I/v/2,0,/v?2,0,/v/2,0./v2}.
The Pauli operator basis for the N-qubit system is then P®V. Throughout this
thesis, we present representations of quantum processes by plotting the process ma-
trices, Xa,3, in the N-qubit Pauli basis, such that the Choi matrix can be written

as

A= Xaslda) (05]- (2.19)

aMB

2.2 Confinement of trapped-ions

With some of the more abstract theoretical framework in place, we now turn our
attention to the theoretical tools that are essential for the trapped-ion quantum
processor. In this section, we outline how ions are confined using a surface Paul
trap and how this confinement enables precise control over their motion. Following
a similar approach to Drmota [56], we begin with a classical treatment of ion motion

before explaining how this motion can then be quantised.
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Figure 2.2: Geometry of a surface Paul trap used for ion confinement, representative
of the traps employed in this thesis. An oscillating (RF) voltage is applied to the RF
electrodes, while static (DC) voltages are applied to the DC electrodes, generating a time-
averaged harmonic potential at the trap center. The resulting pseudo-potential is shown
in the radial plane (left) and along the trap axis (right). Note that the origin of the
coordinate system is at ~ 70 pm above the trap surface.

2.2.1 Classical dynamics

We consider an ion to be a point particle of mass m and charge ¢ = +e. We begin
by noting that no configuration of static electric fields can realise a potential that
is confining in all three directions. To show this, let us consider an electric field
potential, ¢(7), that is confining, such that expanding about the confining point
yields

(ax2 + By? + 722) . (2.20)

N | —

qo(7) =

For the field to be confining, we would need «, 8,7 > 0, however, the field must
obey the Laplace equation, V2¢ = 0, and so we find that oo+ 3+~ = 0. Since there
are no solutions with «a, 8,y > 0, we conclude that there is no configuration of static
electric fields that is confining. In order to confine the ions, we use a combination of

static and oscillating (radio-frequency (RF)) electric fields — known as a Paul trap
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— such that the time-averaged field experienced by the ion is confining [55, 62]. In
particular, for the work in this thesis, we make use of a surface Paul trap geometry,
depicted in Figure 2.2.

Let us assume a trap geometry such that the oscillating RF field is applied with
a cylindrical symmetry. Applying the pseudo-potential approximation, the time-

averaged oscillating field gives rise to the effective potential given by

2

~ K
qpre(T,m) = %(952 + ), (2.21)

where the cylindrical axis is along 2, and k is a parameter which depends on the
trap geometry and applied RF voltage [56]. In addition to the oscillating RF field,

we also apply a static field

qopc(r) = (—ax2 —by? + (a + b)z2) , (2.22)

N | —

where a and b are coefficients which depend on the trap geometry and voltages
applied to various electrodes, such that a + b > 0, and the form of this potential is
to ensure that it satisfies the Laplace equation.

Suppose we have N ions each with mass m; confined to such a potential well.

We can write down the Lagrangian for the system as L =T — V where

N1
T=) smiri|, 2.23
Z;zm " (2.23)
N N 9
- . q
V=2 la¢oc(?) + gere(m)] + ) pr Tk (2.24)
=1 i.j=1,i#] I

are the kinetic and potential energies, respectively, and the last term in the potential
energy describes the electrostatic repulsion between the ions. The goal is to find the

3N normal modes for this system.
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We define 74 to be the equilibrium position of the i ion such that
vV = 0. (2.25)

Furthermore, let us define a set of mass-weighted coordinates for each ion about

their equilibrium positions,

@ = /mi (i — Tio) , (2.26)

and concatenate them into a single vector ¢ = (q1, ¢, - . - , cj’N)T. Note that ¢; now de-
notes the i*" element of ¢, which has 3N elements in total. By expanding the poten-
tial, V', about the equilibrium positions and applying the Euler-Lagrange equation,

we obtain the equations of motion for the coordinates ¢ as
3N
j=1

1 02V
Vmimy 87‘1'87‘]' q»:()

librium positions [55]. Finally, we make use of the ansatz ¢ = ei“’tf , and obtain the

where H;; = is the Hessian of the potential evaluated at the equi-

eigenvalue equation

3N
wQQ = ZHWCJ (228)
j=1

Once the normal modes, {a}, are found, we can decompose the motion of the 7!

ion about its equilibrium position into a linear combination of the normal modes
G(t) =) aae™Ga (2.29)
«

where a,, denotes the amplitude of the normal mode, and (; , describes the partici-

pation of the i*" ion in the mode a.
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One ion

For the single ions case, the situation is relatively straightforward. We have that

the equilibrium position is simply at 7y = 0, and the potential has the form
1 K2 K2
Vi)=—|l——a|lgd+|—-0)& b) g3 | - 2.30
=5 | (5 ma) @ (5 -0) @0l (2.30)

Immediately, we see that the Hessian takes the form H = diag (w?, w2, w?), where

Wy = % (%2 - a>, (2.31)
w, = 1 (“—2 - b), (2.32)

(a+b). (2.33)

The eigenvectors, Ea, are then trivially aligned along the coordinate axes.

Two ions

We now come to the system of two ions of masses m; and my. This is of interest
in this thesis, since the majority of the results presented here make use of crystals
comprising two ions of different masses. Typically, we operate with the axial confine-
ment weaker than the radial confinement, such that the ions form an axial crystal,
and thus the equilibrium positions of the ions will lie along the z-axis. Evaluating

Eq. (2.25), we find that the ions are located at z = +4¢

5, where d is the spacing of

the ions given by

q2 1/3
d= |——— 2.34
{2m1wiz7r601 ’ ( )
where
1
, =] — b 2.35
1= o (@) (2.35)

is the axial frequency for a crystal comprising only the ¢+ = 1 ion.

The next step is to solve the eigenvalue equation wifa = H (;, where in the
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Mode o Eigenvalues Eigenvectors

we (MHz) Cla Ciy G,z G2,z Coy C2,2

1, axial TP 1.72 0 0 0.892 0 0 0.453
2 2.61 -0.999 0 0 0.053 0 0
3 3.19 0 -0.999 0 0 0.048 0

4, axial OOP 3.34 0 0 -0.453 0 0 0.892
5 6.14 0.054 0 0 0.999 0 0
6 6.67 0 0.048 0 0 0.999 0

Table 2.1: Eigenvectors and eigenvalues for a 88SrT-43Ca™ crystal. We assume typical
single-3¥Sr™ mode frequencies of w, = 2.84 MHz, w,, = 3.38 MHz, and w, = 1.52 MHz.

two-ion case, the eigenvectors are QZ = <51,a, 52,(1>T. This can be done analytically
using symbolic programming.

While the analytical solutions can become quite messy, it is instructive to ex-
plore the mode structure of the two-ion crystal using some typical parameters. We
consider the case where ion 1 is a %8Sr* ion and ion 2 is a **Ca™ ion and assume
some typical single-**Sr* mode frequencies of w, = 2.84 MHz, w, = 3.38 MHz, and
w, = 1.52 MHz. The eigenvalues and eigenvectors are presented in Table 2.1. From
these calculations, we see that the modes in the zy-plane will not be suitable for
mediating interactions between the two ions since in all the normal modes in this
plane, the participation is dominated by one of the ions. As a result, coupling the
ions via these modes will result in a very weak interaction. We will therefore make
use of the axial mode in which the two ions move out-of-phase — this is referred to
as the axial out-of-phase (OOP) mode. Both ions participate relatively strongly in
this mode, and the “breathing” motion of the mode means that the normal mode is
relatively protected from heating due to common mode electric field noise.

The two eigenvalues for the axial modes can be calculated analytically as

W

oop =

2 _
wl,z\/l+”+ V: ptl (2.36)

\/1+u— ViE—p+1 27
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where g = ms/m;. As we find in Section 5.2, the mass ratio p ~ 0.49 results in
the second harmonic of the in-phase (IP) mode becoming near degenerate with the

OOP mode, which can result in unwanted off-resonant excitation of this mode.

2.2.2 Quantisation of the motion

So far, we have treated the motion of the ions classically. However, in order to
achieve coherent quantum control over the motion of the ions — thereby enabling the
mediation of entangling interactions via this motion — we must move to a quantum
mechanical picture of the motion.

We therefore treat each normal mode as a quantum harmonic oscillator with os-
cillator frequency w,. Each mode has an associated pair of creation and annihilation
operators, a, and a/, respectively, which satisfy the bosonic commutation relations,

[d,al] = 1. The free Hamiltonian is then

3N 1
Hy = hz% (dL&a + 5) , (2.38)
a=1

which has eigenvectors |n) corresponding to the energies hw, (n + %), for n € Z.
Note that henceforth, we will neglect the zero-point energies, hw, /2.

The eigenvectors, |n), span the infinite-dimensional Hilbert space for the quan-
tum harmonic oscillator, A := {|n)}>°,. Recall Eq. (2.29) in which we decompose
the motion of the i*® about its equilibrium position into the normal motional modes.

To quantise this motion, we promote g;(t) to the operator

3N
G =Y Guolia (4o +al) (2.39)
a=1
where [; o = Qmﬁw is a characteristic length scale for the ground state wavefunc-

tion. Letting 7 ; be the equilibrium position for the i*® ion, we have that the position

operator for the i ion is given by 7; = 7, + ;.
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2.3 Ion-Light Interactions

The internal electronic states of atomic systems provide a rich setting for many
quantum technologies, including quantum information processing. However, in order
to utilise this structure, we must be able to coherently manipulate these states.
In this section, we discuss the ion-light interaction through which we coherently
manipulate the internal electronic states of trapped ions. For the work in this
thesis, these interactions are realised using lasers.

We consider a single ion in a harmonic potential well. In addition to the 3
motional modes, discussed in the previous section, the ion has an internal electronic
energy level structure, where the energies are F; = hw; and correspond to the

orthogonal energy eigenstates |i). The total free Hamiltonian is therefore

3
Ho = hw;li) (il + > hwadlaa. (2.40)
i a=1

Note that often, we will denote the energy difference between two states as hw;; =
E; — E;.

Here, we are not so concerned with experimental implementation of the laser
systems; we simply assume that a laser is a classical electromagnetic plane wave,

with an electric field given by

—

B(7,t) = £€cos (E 7wt + qb) , (2.41)

where £ is the amplitude of the electric field, € is the polarisation vector, describing
the direction of electric field oscillation, k is the wavevector of the laser, w = C‘E ’ is
the frequency of the laser, and ¢ is the phase of the laser.

The laser interacts with the multipole moments of the ion. This interaction can

be expanded in terms of the multipole moments [58, 63|, such that

Hy, = Hgp + Hyp + Heq + . . ., (2.42)
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where fIED describes the coupling to the electric dipole moment, ]:]MD describes the
coupling to the magnetic dipole moment, HEQ describes the coupling to the electric
quadrupole moment, and so on.

Note that, for the work in this thesis, we do not consider magnetic dipole in-
teractions. Instead, we focus on electric dipole interactions, which are often the
dominant term in the expansion. When electric dipole interactions are forbidden,

electric quadrupole interactions are considered as the next leading order term.

2.3.1 Electric dipole interactions

We begin with the electric dipole interaction. Here, the electric field component of

the laser couples to the ion’s electric dipole moment, described by the Hamiltonian

Hgp = —d - E(7,t) (2.43)
:—cf'gﬁcos(/;-?%—wt—i—gb), (2.44)
where d = —ef is the ion’s dipole moment operator, and the position of the ion

appears as the operator, 7 Expanding in the energy eigenbasis, we obtain

~ FLQ@" . . i o-i—
Frop = 37 T iy (] [ FFr) e (2.45)

I (2.46)

which determines the strength of the coupling of the laser to the transition |i) <> |7).

Due to various symmetries of the dipole operator and the energy eigenstates, the
matrix elements from Eq. (2.46) will vanish for particular transitions. This gives rise
to selection rules on the transitions that can be driven in the electric dipole regime,
typically depending on the quantum numbers representing the states involved in the

transition. Transitions with vanishing electric dipole matrix elements are referred
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to as electric-dipole forbidden, while those with non-vanishing matrix elements are
electric-dipole allowed. In this thesis, we do not consider magnetic dipole transitions,
and we frequently refer to electric-dipole-allowed transitions as dipole transitions.
Excited states connected to lower energy states via dipole-allowed transitions
typically undergo rapid spontaneous emission, resulting in larger transition linewidths
— or alternatively shorter natural lifetimes of the excited states — compared to dipole-
forbidden transitions. The short natural lifetime of the excited states makes these
transitions less suitable for coherently manipulating quantum information, since the
spontaneous emission process destroys the encoded state. However, such transitions
are extremely important for a variety of incoherent operations which require high

photon scattering rates, such as laser cooling and state preparation.

AC Stark shifts

Let us consider a scenario in which a laser is far detuned from any transitions
within the electronic structure of the ion. In this context, far detuned implies that
the detuning of the laser from a nearest transition is large, compared to the strength
of the coupling to the transition, i.e., |w — w;;| > Q5.

For simplicity, let us begin by considering a single energy level, |0), which is
connected to an excited state |e) via a dipole transition. Furthermore, let us neglect
the movement of the ion, such that k-r=1 up to a constant complex phase, which
we absorb into the laser phase, and then set ¢ = 0. Under these simplifications, the

total Hamiltonian becomes

TLWOE hQOe
— 2 (Je) (el — 10} (O]) + =

H= (10) (e + le) O]) [e™" + hc].  (2.47)
Entering the frame rotating with the laser frequency, w, and applying the rotating
wave approximation (RWA) to neglect rapidly oscillating terms, the total Hamilto-

nian becomes

hA hQOe
2

(10) (el + le) (O]) , (2.48)



ION-LIGHT INTERACTIONS 27

where A = w — wy. denotes the detuning of the laser from the transition |0) <> |e).
For Q. = 0, the unperturbed states, |0) and |e) correspond to the energy eigen-

values +% and —%, respectively. However, in the far-detuned regime, i.e., A > .,

the second term results in a perturbation ~ O (%;) , such that the perturbed eigen-
values are
A 02
—(1+2%). 2.49
T3 ( +35 A2> (2.49)

We therefore find that the interaction with a far-detuned laser results in a shift of

the energy levels by
03
<. 2.
A (2:50)

This shift is known as the AC Stark-shift, although is frequently referred to as a
light-shift.

Of course, to reach this result, we considered the ion to be a two-level system.
However, typically many transitions will contribute to the shift. Therefore, suppose
we are considering the state, |i), which is connected to the manifold {|e;)} via dipole
transitions. The total light shift of the state |i) will be the sum of the contributions

from each transition |i) <+ |e;), such that

E=——" 2.51
OE; 5 (2.51)
where R N
| d-Ele;) (e;] d - €]i)
O, — 2 E <Z| J J 259

{les}

where A;; = w — w;; is the detuning of the laser from the |i) <+ |e;) transition.

2.3.2 Quadrupole interactions

Ignoring the magnetic dipole interaction, as it is not used in the work in this the-

sis, the next term of interest in the multipole expansion is the electric quadrupole
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interaction. This interaction is described by the Hamiltonian

. 1 ~  O0F
H = 7 mn —
EQ 6 oz,

m,n

—

=0

cos (/; 7 — wt + <]§> , (2.53)

where Qi]- is a rank-2 tensor operator associated with the electric quadrupole mo-
ment [58, 63]. As before, we can expand this in terms of the energy eigenbasis

as

2 th R il kP—w
Heg = =2 1) (i [e (Fr-wtto) | h.c.] , (2.54)

i)j

where we have defined the Rabi frequency

1

Qij =~ 21

A . aEn
Ul Qun |7) 5 (2.55)

7=0

Typically, electric quadrupole interaction strengths are smaller than electric dipole
interaction strengths by a factor of the fine structure constant, o ~ 1/137, [58].
Transitions that are forbidden in the electric dipole approximation but have
non-zero electric quadrupole matrix elements are known as quadrupole transitions.
Because electric quadrupole interactions are typically much weaker than electric
dipole couplings, quadrupole transitions exhibit much narrower linewidths. Excited
states connected to lower energy states by quadrupole transitions exhibit signifi-
cantly longer natural lifetimes, often on the order of seconds, and are referred to as
metastable states. The long lifetimes associated with quadrupole transitions make

them more suitable for coherent manipulation of electronic states.

2.3.3 Raman interactions

So far, we have considered electric dipole and quadrupole interactions where transi-
tions are directly driven using a single field. Here, we introduce Raman transitions,
a two-photon process that allows us to indirectly address transitions that are for-
bidden in the electric dipole regime.

Consider two states, |0) and |1), connected by a transition of frequency wp1, that
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Figure 2.3: Energy level diagram for the implementation of a Raman interaction, util-
ising two lasers. The first (second) laser has a dipole Rabi frequency denoted Qo (1),
wavevector ko (k1), is detuned from the |0) <> |e) (|1) <+ |e)) transition by doe (61c). This
configuration gives rise to an effective coupling between the states |0) and |1), with an
effective coupling strength Qg .

is electric dipole forbidden. These states are, however, both connected to a third
excited state, |e), via dipole-allowed transitions. In Raman interactions, depicted
in Figure 2.3, two lasers are used to couple the states |0) and |1) via a two-photon
process.

In the interaction picture, defined by the unitary transformation U = e—iflot/ h

the Hamiltonian for this interaction becomes

hQOe

4 e
2

i le) (0] ¢ (Fo ™ot o) : le) (1] e(Fr7=oiette) 4 p e (2.56)

For |01 — doe| < 61e,d0e, we can apply the James-Jerke approximation [57, 64],

which yields the effective Hamiltonian

< no, B2,
== 5% (e} el = 10) 0 = 552 (e} {el = 1) (1)

N0 e i(0k-T—At+Ag)
et (o) (1) +hel,

(2.57)

where Ak = ko — El, A = dpe — 016, AP = ¢ — ¢1, and

5o=1 (% + i)_l (2.58)
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The first two terms describe light-shifts of the two dipole transitions. The last
term describes a coherent coupling of the two states |0) and [1). Note that by
detuning the two Raman beams far enough away from the two dipole transitions,
ie., 0;c < e, we can assume that the resonant absorption of the Raman light via
the dipole transitions becomes negligible.

The Raman interaction allows us to coherently drive the |0) <» |1) transition,
mediated via the |e) level. As in the case of the light-shift, the Raman beams will
not just couple to the state |e), but all states that connect to |0) and |1) via dipole
transitions. Denoting these states {|e;)}, we find that the effective Hamiltonian

describing the Raman interaction between the states |0) and |1) is given by

i= ng [!0> (1] e (AFT=A6+20) 4 o | (2.59)

where the total effective Rabi frequency is given by

<0| C? 51 |€j> <6j| j 62 |1>
Qo = g = 2.
01 5152 = 271(5] 3 ( 60)

where &, and €, is the amplitude and polarisation vector of the m'" laser beam,
respectively. Note that we have excluded the expressions for the light-shifts, but

these are treated similarly.

2.4 Quantum information processing with ions

So far, we have discussed how linear Paul traps can be used to confine ions in
harmonic potential wells, allowing their motion to be treated as that of quantum
harmonic oscillators, and discussed the coherent manipulation of the electronic state
of the ions using ion-light interactions. In this section, we explain how trapped ions

can be utilised to realise a quantum information processor.
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2.4.1 Qubits

We encode a qubit in the internal electronic state of a trapped ion by selecting
a pair of energy levels to form the qubit states. We denote the qubit states as
Q = {|0),|1)}. These states are separated by an energy hwg, where wy is referred
to as the qubit transition frequency. The qubit follows the formalism of a spin—%
system, and therefore the projections of the qubit state along the x, y, and z axes
are associated with the Pauli matrices o,, J,, and 0., respectively. The z-axis is
referred to as the quantisation axis and is defined experimentally in the laboratory
through an applied magnetic field.

The Hamiltonian describing the free evolution of a system of N qubits encoded

in ions confined to a single harmonic well is given by

N @ 3N
Hy=Y_ 20 69+ hwadf ., (2.61)
=1 a=1
where the first term describes the free evolution of the qubits, and the second term
describes the free evolution of the shared motional modes of the ions. Note that the
total space on which this Hamiltonian acts is the product of the N qubit spaces,
Q%N and the 3N Fock spaces, A®3", with operators acting on their respective
subspaces. The operators acting on individual subspaces are therefore implied to be

embedded into this larger space; for example, & = ]AIQ R R0, ® ]AIQ ® ]AI%?’N.

2.4.2 Single-qubit operations

In Section 2.3, we considered manipulation of the internal states of the ion using a
single laser, via electric dipole and quadrupole interactions, as well as via Raman
interactions using a two-photon process. Here, we discuss how such interactions can
be used to mediate single-qubit rotations.

For the dipole and quadrupole interactions, we have shown that both interactions
are described by similar Hamiltonians, Eq. (2.45) and Eq. (2.54), where the key

difference is in the coupling strengths, €2;;. For now, let us ignore the physical
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realisation of the interaction, and consider these interactions to take the form

A hQ 7 s
Hy = 7 [a_Jr + a_i] [ez(k-rfthrd)) + efz(k-rfthr(i)) ’ (262)

where 6, = |1) (0] and Q is the Rabi frequency describing the coupling of the laser
to the qubit states encoded in the internal energy level structure of the ion.

Let us also neglect motional effects, i.e., assume that il = up to a com-
plex phase, which we can simply absorb into ¢. Entering the frame rotating at
the laser frequency, defined by the unitary transformation U = e~ ®9=/2_ the total

Hamiltonian becomes

If[ _ _%@ + ? [ez’wta_+ + e*i“’to_] [efi(wtfdﬂ + ei(wtfgz&)] 7 (2.63)

where A = w—wj is the relative detuning of the laser and qubit transition. Applying

the RWA, such that rapidly oscillating terms can be neglected, we are left with

= —%@ + ZQ (€6, + e 96_). (2.64)

Note that this form in Eq. (2.64) is also valid for the Raman transitions, described

by the interaction in Eq. (2.59). The subsequent analysis therefore applies to dipole,

quadrupole, and Raman interactions, such that the physical mechanism by which

we realise the interaction, e.g., a single laser in the case of the dipole and quadrupole

interactions, or a pair of lasers in the case of the Raman interactions, is generically
referred to as a laser.

Now, when the laser is tuned to the qubit transition frequency, i.e., A = 0, the

frame rotating with the laser is also the frame rotating with the qubit transition.

In this frame, the evolution over this discrete time interval is given by the unitary

operator

, (2.65)
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where # = Qt. Therefore, by “switching on” the laser for some time t with some
phase ¢, we can implement single-qubit rotations by the angle 6 about the axis at
an angle ¢ to the X-axis in the X'Y-plane of the Bloch sphere. To implement single-
qubit rotations experimentally, we calibrate the durations that implement 6 = 7 /2,
0 =m, and 0 = 2.

In practice, the absolute phase of the laser at the position of the ion is not
known. However, we can define this phase to be zero at the start of an experimental
sequence, and thus all rotations after this point will be referenced to this phase. We
can therefore apply rotations about different axes by shifting the laser phase by ¢
from this absolute value for the duration of the rotation. Additionally, arbitrary
rotations about the Z axis can be trivially implemented by simply adjusting this
referenced value. Since the laser provides access to the rotating frame of the qubit,
it is critical that the laser and qubit transition maintain a constant phase relation
over the duration of an experimental sequence.

It is important to note that throughout this thesis we make use of a number of
notations for single qubit gates. We denote rotations by # about the axis i as R ().
Pulses with 0 = 7, i.e., m-pulses, are written as a Pauli matrix, as R (r) = 6;. In
circuit diagrams, we depict such gates by the axis about which the flip is performed,
ie, X, Y, and Z. We also make use of S and H (Hadamard) gates, corresponding

to the operations,

S = , (2.66)
0 i
- b (2.67)
Vel ) '

Finally, in circuit diagrams we often make use of the compact notation 6|, to depict

a rotation of # about some axis, 1.
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Qubit dephasing

As discussed above, it is critical that the laser and qubit transition remain phase
coherent over the duration of an experimental sequence. To understand why this is
important, let us consider the case in which the laser and qubit transition experience
fluctuations, denoted by [(t). Furthermore, we consider the simple act of storing
the state of the qubit over some interval [to,to + 7]. In the frame rotating with the

laser, the Hamiltonian over this interval is given by

ho(t) .

H= . (2.68)

Since at the end of this interval, we will typically want to use the laser to manipulate
the stored information, these fluctuations will result in the dephasing of the qubit
with respect to the laser. We assume that 3(t) describes Gaussian fluctuations with
the time-average (5(t)) = 0. Therefore, the statistical properties of the fluctua-
tions are completely described by the two-point correlation function, S(¢; — t3), or

equivalently, the power spectral density [65]

S(w) = /_ h dtS(t)e ™. (2.69)

o0

As outlined in Appendix A, the action of storing a quantum state while the system

undergoes these fluctuations can be described by the dephasing process

The phase-flip probability, p, can be calculated from the power spectral density as

b= % {1 ~exp (— /OOO %S(W)FE;T)H , (2.71)
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where F(wr) is the filter function [65], given by

2 2

IT (w;7)]| (2.72)

where ‘ﬁ (w;T)| is the mod-squared value of the Fourier transform of the rectangle

’2
function, defined as II (t; ¢, to + 7) = 1 if ¢ € [to, o + 7] and 0 otherwise.

We see from Eq. (2.71) that the filter function determines how noise at different
frequencies contributes to dephasing. Filter functions can be engineered that sup-
press noise at different frequencies, using spin-flips to effectively invert the sign of
the fluctuations — a technique known as dynamical decoupling. The simplest form
of this technique is the Hahn spin-echo sequence, which applies a single 7w-pulse at
the midpoint of the free evolution. This pulse effectively reverses the sign of any
static detuning, B(t) = By, in the second half of the storage period, thereby can-
celling out its effect on the quantum state. More advanced multi-pulse sequences,
such as Carr-Purcell-Meiboom-Gill (CPMG) sequences [66], offer additional sup-
pression of low-frequency noise. Moreover, by carefully varying the phases of the
pulses, sequences have been developed that are robust to pulse errors and can pro-
tect arbitrary quantum states from decoherence. Particular examples of such pulse
sequences used in this thesis are Knill dynamical decoupling [67], and universally
robust dynamical decoupling [68]. Dynamical decoupling techniques are widely used
across a variety of quantum technologies and are essential to the work presented in

this thesis.

2.4.3 Two-qubit gates

The ability to mediate entangling operations between qubits encoded in the spin
states of ions is a critical resource for the realisation of universal trapped-ion quan-
tum processors. For ions situated in a potential well separated by ~ pm, the direct
spin-spin coupling between two ions is not strong enough to mediate such interac-

tions. However, the Coulomb repulsion between ions within a harmonic potential
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well strongly couples the motion of ions. Therefore, by coupling the spin states of
the ions to their motion, we can indirectly mediate the interaction between spin
states of multiple ions via a shared motional mode.

In the Cirac-Zoller scheme [69], one of the first proposed entangling gates for
trapped-ions, a laser maps the internal state of the ™" ion to a shared motional

mode, «, by coherently driving a 7-pulse on the red sideband of the motional mode:

1) I = 0) > [03) e = 1). (2.73)

Here, |1;) and |0;) represent the qubit states of the i*® ion, while |n, = 0) and
|no = 1) are the ground and first excited states of the shared motional mode, «.
Next, a 2m-pulse is applied to the j'" ion on the red sideband transition between the
|1;) qubit state and an auxiliary state |a;). If the motional mode is in the excited
state |n, = 1), the 5™ ion will acquire a phase of 7 in the |1;) state. Finally, another
m-pulse is applied to the " jon on the red sideband to transfer the motional state
back to the qubit state of the i*" ion, disentangling the motional mode from the
spin states. The overall result is a controlled-Z gate, where the state of the j* ion
undergoes a phase flip if and only if the i*" ion is in the state |1;).

This method relies on the the shared motional mode being initially prepared in
the ground state |0,,); unwanted population in higher Fock states results in a gate
error. A more commonly employed class of gate — known as geometric phase gates
— do not, within the Lamb-Dicke approximation, depend on the initial state of the
harmonic oscillator, and are thus more robust to experimental imperfections [70].
Geometric phase gates have been used to demonstrate state-of-the-art two-qubit
gates in trapped-ion quantum processors, including both laser-based [13, 14, 71]
and laser-free mechanisms [16, 72, 73].

A key component of geometric phase gates is the generation of a spin-dependent
force (SDF), which coherently drives the ions’ motion depending on their collective
spin state. The SDF drives a motional mode of the ions along closed trajectories in

phase space, causing them to acquire a phase proportional to the area enclosed by
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the trajectory — known as a geometric phase. Since the force depends on the ions’
spin states, different spin configurations traverse different trajectories, leading to
acquisition of different phases. By carefully tuning this interaction, this geometric
phase mechanism can be used to implement entangling gates on the spins of the

ions.

The light-shift spin-dependent force

In this thesis, we employ a specific realisation of this SDF, known as the light-shift
force. Geometric phase gates utilising this SDF — known as light-shift gates — have
been widely used to implement entangling gates in trapped-ion processors [13, 70,
74], including the current state-of-the-art for mixed-species entangling gates [15].
Accordingly, we chose this mechanism to implement the mixed-species entangling
gates in our work. In this section, we discuss the theoretical framework underlying
this force.

To understand this gate mechanism, first explore the interaction of a single ion
in a harmonic potential well and two lasers, as in Schéfer [75]. For now, we consider
just two states of the ion, one qubit state, |0), and an excited state |e), which are
connected by a dipole transition. The *! laser is detuned from this dipole transition,
|0) <> |e), by (5(()?, such that the relative detuning of the two lasers is Aw = (5(()? —(5(()?.
The Hamiltonian governing this interaction can be constructed from two instances
of the interaction in Eq. (2.45), such that in the interaction picture, we obtain

1= Ro oy el [ 7] e

2 PR (2.74)

+§Qé? 10) {e] |:62(k:2~r—506 t+2) i h.c} ’

where Q(()Ze) is the Rabi frequency for the coupling of the i'" laser to the |0) < |e)

dipole transition, ]2:; is the wavevector of the i*® laser, and ¢; is the phase of the *®
laser.

This is a similar scenario to the Raman interaction in Section 2.3.3, however
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we do not choose the relative detuning to match the energy difference of two ion
states, rather, we choose a smaller detuning that we will later choose to be close to
a motional mode frequency. As in Section 2.3.3, we apply the James-Jerke approx-

imation [64], and obtain

_

= 10) (0] el(BFT=duwind) 4y o | (2.75)

i

where Ak = ky — ki is the relative wavevector, A¢ = ¢ — ¢ is the relative phase

of the two lasers, and () is given by

Q(UQ(Q)
Oy = —2_0e 2.76
0 25 (2.76)
(0]d- € |e) (e] d- & 0)

- _51 52 27L2 Soe )

(2.77)

where &; and €; are the electric field amplitudes and polarisation vectors of the two

lasers, and in similar fashion to Section 2.3.3, we define

-1
doe = % <56L) + 58%) : (2.78)

Now, we wish to a system of N ions, such that the qubit states of the i ion
are labelled |s;) € {|0),|1)}. These qubit states are connected to the excited states
{le;)} via dipole transitions. Following the same process as above, we can therefore

construct the full Hamiltonian for this system as

N
- ths i ﬂ‘;__{_ w
H = Z Z S 1s,) (55 @ [e (ARF—dwt+A0) | p o 7 (2.79)

; 2
=1 s=0,1

where Q; ; is the light-shift Rabi frequency for the spin state |s;) of the i" ion, given
by

68 5~ (sil d. - @ le;) (e;] d - @ |si)

B2 0

Qi s — )
: 2. .
i€j

(2.80)
{les)}

where CZ is the electric dipole operator for the it" ion.
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Physically, this Hamiltonian describes the two lasers interfering at the position
of the ions, giving rise to a spatially and temporally varying polarisation interference

pattern, which has an envelope given by
cos (A/g 7 — Awt + Aqb). (2.81)

As the light-shift experienced by the qubit states depends on the polarisation at
the position of the ion, the light-shifts experienced by the qubit states will also be
spatially and temporally varying. Since the spin-states experience an energy shift
that depends on their position in the interference pattern, this interaction realises a
spin-dependent force.

Notice that the position, 7, of the ions appears as the operator, 7. Recall from
Section 2.2.2 that we can write this operator in terms of the creation and annihilation

operators for the different motional modes, and thus the term Ak - 7%1 becomes

3N
A7 = Ak 7o+ Y e (o +al) (2.82)
a=1

where we have defined the Lamb-Dicke parameter,

- =

Niao = Ak - Ci,ali,ou (28?))

for the coupling of the laser to the i*" ion participating in the motional mode o. We

can Taylor expand the term e“g‘%i, to obtain

2

3N 3N
eik-F _ ekfo,i 144 Z i (da + &l) — [Z Mo (&a -+ dTa) —+ ... . (284)
a=1 a=1

In the case where 7; , < 1 and the motional modes are near their ground state, we
may truncate this expansion after the second term — this is known as the Lamb-Dicke
approximation.

Applying this approximation, and moving to the interaction picture, defined by
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the unitary transformation U = e~ifot/ " the total Hamiltonian becomes

N
BQZS —Z(Awt Ag;)

si) (sil

i=1 s=0,1

. (2.85)
® (141 Z Miox (e_iw“t&a + ewaly T) + h.c.,

where A¢; = A¢ + - 70 is the relative phase of the two lasers at the equilibrium
position of the i*" ion. Assuming that the detuning of the lasers is close to one of
the mode frequencies, such that § = Aw — w, where |§] < |Aw|, we can use the

RWA to eliminate rapidly oscillating terms and obtain

N
hQ'LS 7, ~
= Z Z e A | ) (5] @ d, + hc. (2.86)

We have used the slight abuse of notation to imply
|si) (sil :ﬁQ®“'®’51> <Si|®---ﬁg- (2.87)

However, since it is diagonal in the computational basis, it is clear that the spin-
eigenstates of the spin-dependent force will be eigenstates of ®f\;1 0.. We denote

these eigenstates |1,), where

|thn) = ® |Sim) (2.88)

where [s;,,) € {|0),]1)} is the spin-state of the i*" ion in the n'™® eigenstate, |1,).

We can therefore write the Hamiltonian as

H=ihS " ) (Wl © [Qu(t)al, + hec] . (2.80)
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where

Qn(t) = N\ (2.90)
| N
_ E . PRIANH
)\n = 5 Q%Si’n'fhﬂe . (291)

=1

Physically, this Hamiltonian corresponds to the ions in the collective spin-state |¢)

A

being coherently driven by a time-dependent force given by Q. (t)al,.

The light-shift geometric phase gate

With the derivation of the light-shift spin-dependent force, we would now like to
understand how to apply this force to realise a geometric phase gate.
We begin by using a Magnus expansion [76] to exactly calculate the unitary

propagator, obtaining

0(t) = En: ) (thn| @ D </Ot (1) dt1> exp {ilm (/Ot dt, /Otl dthZ(tg)Qn(tl))} |
(2.92)

where D is the displacement operator, defined as
D(B) = exp (Baf, — B*da) - (2.93)

We therefore see that the ions in the collective spin state [i,) will be driven along

the phase space trajectory

Bu(t) = /Ot Qn(t1) dty. (2.94)

Examples of such phase space trajectories are shown in Figure 2.4.
Evaluating these trajectories for the light-shift force as given in Eq. (2.90), we

obtain

Ba(t) = %ei&ﬂ sin (%) : (2.95)

For durations t = t, = 2mm /6 for m € Z, the trajectory of each spin-state returns to
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(a) P, (b) . |
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Figure 2.4: (a) Examples of closed and phase space trajectories The closed tra-

jectory 9% encloses the area Y. and therefore does not result in a net displacement of the
harmonic oscillator. The harmonic oscillator state acquires a geometric phase equal to the
area enclosed by its trajectory, |Bo) — €™ [By). The trajectory C does not return
the harmonic oscillator to its original state and results in an overall displacement of (¢
in addition to a phase shift. (b) Example of a geometric phase gate for two-qubits. The
four spin states traverse different, but closed, trajectories, and thus each acquire different
geometric phases, thus leading to an entangling interaction.

the initial state of the motional mode, and thus all trajectories are closed, as depicted
in Figure 2.4(b). Along these phase space trajectories, the collective spin state of
the ions is entangled with the shared motional mode, a, however by returning the
motional mode to its original state, we disentangle the spin states from the motion.

At these times, the propagator for the light-shift force becomes

Ot,) = znj ) (5] ® D (0) exp [ilm ( /O Y, /0 ! dtzfz;(tzmn(tl))] (2.96)

We therefore see that by traversing the closed trajectory, the spin state |1, ) acquires

a phase, equal to the area enclosed by its trajectory, given by

B, (t,) = Im < /0 Y, /0 ! dtQQ;;(tQ)Qn(tl)) (2.97)
Al

= +2
2mm

g’

(2.98)

which is referred to as a geometric phase. However, since the operator ZA)(O) cor-

responds to no displacement, the operator U (ty) leaves the motional state in its
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starting state. Thus, we can trace out the motional state to obtain the unitary

evolution of the spin states
Ulty) =Y [thn) (thn| €2, (2.99)

The collective spin eigenstates, |¢;), therefore acquire different phases, and, with
appropriate choice of parameters t,4, d, and ), 5, this can be used to generate en-
tanglement between the spin states. With appropriate choices of t,, , and the
light-shifts €; ,, ., these interactions can be used to implement entangling gates.
As an example, let us consider the example of N = 2 ions and a single mode
of motion. We consider further simplifications, such as the light-shifts experienced
by the the ions are 0y = —; = , and the Lamb-Dicke parameters for the ions
are the same, i.e., 1714 = 72, = 1. Writing each term explicitly, the Hamiltonian in

Eq. (2.89) can be written as

- , A
Hig,o = ihQne ™ [cos < ;bm) |00) (00|

+ isin (A;bm) 01) (01

_isin <A§12> 110) (10|

A
_ COS( ;512) |11) <11|} ®al +h.c.,

(2.100)

where A¢1s = Apy — Agy = Ak - A7 is the phase difference between the spin-
dependent forces as the equilibrium positions of the two ions. By spacing the ions

such that Ak - Ar; 9 = 7, we obtain
His,. = ihQne ™" (|01) (01| ® &, — [10) (10| @ af] . (2.101)

By applying this interaction for the time ¢, = 27/ that closes the trajectories, we
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obtain the propagator

1 0 0 0
R 0 e 0 0
U(tg) = , (2.102)
0 0 e 0
0O O 0 1
where
Q2772 2
<I>(tg) = o ty- (2.103)

Uy
2

With appropriate choice of gate time, and corresponding §, we can obtain ®(t,) =
at which point the unitary propagator in Eq. (2.102) becomes equivalent to the
controlled-Z gate, up to single-qubit rotations.

So far in this section, we have considered the implementation of these interactions

in the absence of any experimental imperfections. We discuss such imperfections in

the discussion of our experimental implementation in Section 5.2.



Calibration and Characterisation

Routines

This chapter presents the calibration and characterisation methods used in our ex-
periment. I begin with the adaptive Bayesian phase-estimation protocol developed
as part of my MPhys thesis [77], which builds on existing approaches [78, 79, 80,
81]. This protocol is employed extensively for gate calibration and magnetic-field
stabilisation. Next, I review the well-established techniques of quantum state and
process tomography [82, 83, 84]. Finally, I outline the randomised benchmarking
protocol — another widely adopted characterisation method — following Magesan,

Gambetta, and Emerson [85].

3.1 Phase estimation

Quantum systems are highly sensitive to their environment. For applications such as
quantum computing, isolating the quantum system from unwanted environmental

interactions is crucial for achieving high-precision control. Conversely, this inherent

45
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(a) Z (b)
A
11 u=>0
Yoy +ey &
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0 1
0 21
Measurement Angle,

Figure 3.1: (a) Bloch sphere representation of a single Ramsey measurement. A qubit is
prepared in the superposition, (|0) 4 |1)) /v/2, and undergoes free evolution, in which
time it acquires the phase, ¢, about the Z axis, such that the qubit state becomes
(10) + € [1)) /V/2. After this evolution, a measurement is made in the XY plane of
the Bloch sphere, along the axis at an angle 6 from the X axis. (b) Example of a scan
over the measurement angle . The probability for p = 0 (4 = 1) is maximal (minimal)
for 6 = ¢.

sensitivity makes quantum systems well-suited for realising quantum sensing tech-
nologies. Various applications of quantum sensing have already been demonstrated,
with applications including the detection of electric [86] and magnetic fields [87].
Generally, quantum sensing protocols involve preparing the quantum system in
an initial state, exposing it to a target signal, and then measuring the system to
extract information about the system’s response to the signal. A particularly impor-
tant class of these protocols is phase estimation. In phase estimation, exposure to
the target signal induces a phase shift, ¢, between two orthogonal quantum states,
which is proportional to the integral of the target signal over the exposure time.
By accurately determining this phase, one can extract information about the target
signal.

Ramsey experiments form the building block of many phase estimation schemes.
A single Ramsey experiment, or shot, is depicted in Figure 3.1 and consists of

preparing the qubit in a superposition state at some time t,

0) +[1)

7 (3.1)

1V (to)) =
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and allowing the qubit to evolve between ty and t = ¢y + 7, after which the state

has acquired some phase ¢ (to; 1),

|()> + eid(tito) |1>

W} (t;t0)> = \/§

(3.2)

A measurement is then made in the XY -plane of the Bloch sphere at some angle 6,
yielding a measurement outcome p € {0,1}. We describe the Ramsey shot by this
measurement, outcome, p, the measurement phase angle, #, and the exposure time,
7 — we combine this into the notation u = (u, 6, 7). The probability of getting the

measurement outcome u, given the phase acquired by the system is ¢, is given by

P (u]6) = 1+ (—=1)* C(T;COS (p(1) — 0)7 (3.3)

where C (1) describes a reduction in contrast due to decoherence.

One typical method of estimating the phase acquired by the qubit would be to
perform N Ramsey shots at different phase angles and fit Eq. (3.3) to the data to
extract an estimate of the phase ¢ (7). However, for a given 7, the precision of the

phase estimate, o, is limited by the standard quantum limit, i.e., o4 ~ O(N~V?).

3.1.1 Adaptive Bayesian phase estimation

Adaptive Bayesian phase estimation (ABPE) protocols have been proposed as an
efficient way of obtaining the phase of a qubit [78, 79, 80, 81]. These protocols
make use of Bayes’ theorem to adaptively choose the measurement settings of each
Ramsey shot, based on information obtained by the preceding shots. By choosing
measurement settings at each shot which would provide the most information, the
protocols achieve Heisenberg scaling of the precision, i.e., o, ~ O(N~1). The ABPE

protocol we implement is based on elements from these protocols.
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Bayesian phase estimation

Consider some base Ramsey duration, 7y, such that the phase acquired by the qubit
over this time is denoted ¢. Therefore, if we run a Ramsey shot for some integer
multiple M of this base duration, M7y, the phase acquired will be M¢. We can
therefore denote the i*® Ramsey shot by u; = (p, 0;, M;). Furthermore, we denote

the history of a set of [ Ramsey experiments as
ny = (ug, ug,y ..., u) . (3.4)

Let us assume that we have performed [—1 Ramsey shots, after which our knowledge
of the qubit phase is described by the probability distribution P (¢|n;—1). We then
perform another Ramsey shot and obtain wu; with probability given by Eq. (3.3). We
can then use Bayes’ theorem to update our probability distribution representing our

knowledge of the qubit phase according to

P (glni) o< P (wi|¢) P (ni-1)- (3.5)

Following this update, we ensure normalisation of the distribution such that [ %P((ﬁ)
1. The probability distribution can be used to extract information about our knowl-

edge of the qubit phase, such as the estimation qubit phase

¢ =arg (), (3.6)

and the Holevo variance [80, 88|

05, = <cos <qz5 - g5> >2 -1, (3.7)

which is frequently used to calculate variances of probability distributions over cyclic
coordinates.

In order to simplify many of the calculations involved, we express the probability
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distribution as a discrete Fourier series [80, 81],

P (¢m) = Z Pl (3.8)

n=—0oo

Our distribution can therefore be described by the set of complex Fourier coefficients
p!., which must satisfy p' = (p),)* to ensure the distribution is real. The Bayesian

update in Eq. (3.5) can then be performed according to

-1 —1)m
pil N Pn + ( ) C<T> |: —1i0;

. 7 Pt + € P (3.9)

followed by

Pk x [ph] " (3.10)

where a > 1 parameterises an artificial broadening of the probability distribution.
This artificial broadening protects against numerical instabilities occurring when the
probability distribution becomes narrow compared to the resolution of the truncated
Fourier series. Larger values of a lead to a more extreme broadening of the distri-
bution. Empirically, we found that a = 1.002 was a suitable parameter for most
cases. This instability could be avoided by using a different representation of the
probability distribution P (¢|n;), such as a particle filter approach [79]. However,
these methods can be computationally expensive, particularly if one would like to
perform the entire protocol on an field programmable gate array (FPGA).

Finally we ensure normalisation of the distribution by performing

P ]ﬁ. (3.11)

po

We model decoherence in our system by using a Gaussian model,

2

C(r)y=eT/7, (3.12)

where 7, is some timescale decoherence in the system. With this inclusion of deco-
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herence into our model, we are able to balance the increased sensitivity associated
with probing at long Ramsey durations, with the reduced information extracted at
these Ramsey durations due to the loss of contrast. This discrete Fourier represen-
tation of our probability distribution also allows us to find simple expressions for

the phase estimator and Holevo variance,

qu ar < Z‘z’> = arg(p_1) (3.13)
<cos ( >> oo (3.14)

Adaptive measurements

The adaptive nature of the protocol comes from the ability to choose the next mea-
surement settings, based on the information gained from preceding measurements.
Each shot has two measurement settings to be chosen: the Ramsey duration, M,
and the measurement phase, . When probing for the base Ramsey duration, 7y, the
phase can take a value between 0 and 27. By increasing the Ramsey duration in a
subsequent shot, the phase acquired will now be a narrower window of width 27 /M.
It is therefore important not to increase the Ramsey duration until the phase being
estimated is known to be within a specific window (within some tolerance), before

further narrowing that window. We choose the next Ramsey duration according to

T = MZT(], where Ml = \‘EJ y (315)

OH

where § = 0.4 is chosen empirically. Adaptively choosing the Ramsey duration in
this way means that once enough measurements have been made to sufficiently con-
strain the qubit phase at a particular duration, this duration can then be increased
to increase the sensitivity of the Ramsey probe.

In addition to the Ramsey duration, we also adaptively choose the measurement
phase, 6, such that the next shot will reveal the maximum amount of information
about the phase, ¢. In the work by de Neeve [81], the next measurement phase was

chosen as the one that resulted in the biggest gain in Shannon entropy. Here, we
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take a different approach by choosing the measurement angle that is expected to
minimise the Holevo variance after the measurement.

Recalling the form of the Holevo variance in Eq. (3.7), it is clear that this quantity
will be minimised when the quantity < coS (gb — qZA>> > is maximised. Therefore, given a
measurement history n;_1, choosing the next measurement phase, 6;, can be mapped

to the optimisation problem
0, = argmax [Re {g; (0;n-1)}], (3.16)
0

where

g (O;m-1) = <e"(¢"‘3)> : (3.17)

l

Here, (...), denotes the expectation value after the "

measurement, which has not
yet been made. Therefore, we must also average over the two possible measurement
outcomes, 1y € {0,1} and take into account the effect that each outcome would have
on the probability distribution — and therefore the Holevo variance.

In order to calculate the expectation value in Eq. (3.17), we average over the

possible outcomes for the next Ramsey measurement, which we describe by u =

(11,0, M1g). The objective function can then be written as

2m
do i(6—¢
g (O;m_1)= Y P(u) / — P (pluni_y) @9, (3.18)
o 2m
ne{0,1}
where P (u) is the probability that the [** Ramsey experiment is u, and P (é|un;_;)
and ¢ (u, n;_1) are the probability distribution and phase estimate for ¢, respectively,
given the set of Ramsey experiments n; = un;_;. We can obtain an expression for
& (u,m;—1) by considering how the Fourier coefficients would be updated after a
Ramsey experiment u. Using Eq. (3.9), we obtain
u pl_11 e~ (Mm0)*/7¢

pP-1— ; + 1 (=1 [e_wpl—_ll—M + eiepl—_lleM] ) (3.19)

and finally ¢ = arg (p_1).
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We have from Bayes’ theorem that

P (u) P (¢luni1) =P (uld) P (dlr-1), (3.20)

and thus we find that Eq. (3.18) can be written as

27
1 (0;m—q) Z / d(b P (¢|n;_1) €. (3.21)

ne{0,1}

Making use of the Fourier expansion, this becomes

g(Bma)= > e > pit

nef{0,1} n=-—00
21
d .
o 4m

The integral over ¢ can be trivially implemented due to the orthogonality of the

(=1)" e~ (Mm0)*/72

1
* 2

( i(Mo—6) | e—i(MqS—O))] ‘

(3.22)

exponential functions, and thus we arrive at the final form of the objective function,

6 i (_1>“ e—(MT0)2/Tc2

p 1 + 5 ( 19plj\14 1_'_619pl]\/[11)] )

g1 (9;7”&171) = Z

ne{0,1}

(3.23)
The solution to the optimisation problem Eq. (3.16) is then obtained using a golden-
section search algorithm [89]. Since the objective function only contains a sum over
the two possible measurement outcomes, the optimisation is relatively inexpensive
to calculate compared to, e.g., the Shannon entropy used by de Neeve [81]. While
a typical desktop computer could perform this optimisation in ~ 40 ps, it would be
interesting to investigate the performance of such an algorithm on an FPGA.

A generic algorithm for ABPE is presented in Algorithm 1, and depicted in
Figure 3.2. This algorithm accepts an Experiment subroutine as an argument; the
subroutine performs the experimental shot according to the given measurement set-
tings and returns the description, u, of the shot. This provides a flexible framework

for ABPE, allowing the protocol to be implemented in a range of scenarios.
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Use as prior in next iteration

rior

P
.P (¢lni-1)

| Choose 6,
and M, >

Y
Mo O, Posterior
P (¢lm) |
6 ,/
X
Perform —— Update prior 4T
experiment

Figure 3.2: Adaptive Bayesian phase estimation protocol. Each iteration begins with
a Bayesian prior, P (¢|n;—1). This prior is used to adaptively choose the measurement
settings 6; and M;. The phase estimation experiment is performed using these settings,
yielding the measurement outcome p. This measurement outcome is used to update the
prior distribution according to Eq. (3.9). This posterior distribution is then used as the

prior for the next iteration.

Algorithm 1 Adaptive Bayesian Phase Estimation

Input:

N: The total number of experimental shots to perform, where N € N

a: Parameter for artificially broadening the distribution, where a > 1

To: Base exposure duration, where 75 > 0

Experiment: Subroutine that executes the experiment with the chosen mea-
surement settings, returning the shot description u = (u, 6, M)

Output:

¢: Estimate of the phase acquired after a duration 7y
o2 Holevo variance of the final probability distribution of ¢

Initialise p® with uniform prior

for {=1to N do
if I =1 then
Ml(—l
9[%0
else

choose M; - Eq. (3.15)

choose 0; - Eq. (3.16)

end if

u; < EXPERIMENT(6;, M), 79)

Update p!, - Eq. (3.9)

> Perform experimental shot

Artificially broaden distribution - Eq. (3.10)

end for
Calculate ¢ - Eq. (3.13)

Calculate 0% - Eq. (3.14)

return (¢,0%)
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(a) Z (b) 0) 7

Figure 3.3: (a) Ramsey subroutine. The qubit is prepared in the superposition
(10) + [1)) /+/2 and evolves for a time My, after which time it acquires the phase M.
A measurement is made along the axis at an angle 6 to the X axis in the equator of the
Bloch sphere, yielding the outcome p. (a) Rabi subroutine. The qubit is prepared in the
state |0). M pulses of duration 79 and phase ¢ = 7 are applied, rotating the qubit about
the —X axis by an angle M¢. A /2 rotation about the Y axis maps this rotation to a
rotation in the XY plane. A measurement is made along the axis at an angle 6 to the X
axis in the equator of the Bloch sphere, yielding the outcome p.

3.1.2 Optimal Ramsey experiments

As discussed previously, Ramsey experiments are used extensively in a range of
quantum technologies. One particular use is in measuring the detuning between an
oscillator and a qubit transition. Suppose the oscillator has some frequency, w, and
sets the reference frame for the qubit, which has a transition frequency wy. In the

reference frame of the oscillator, the qubit evolves according to the propagator

U =e 2%, (3.24)
where § = w — wy is the detuning between the oscillator and the qubit. As a result,
over a time 7y the qubit will acquire a phase ¢ relative to the oscillator, given by
¢ = 019. Therefore, by determining the phase acquired by the qubit over a time 7,
one can find the detuning between the oscillator and the qubit transition as § = ¢/ 7.
In our apparatus, this is used extensively to measure offsets from — and therefore

calibrate — qubit transition frequencies.
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Algorithm 2 Ramsey Subroutine

Input:
0: Measurement angle, where 6 € [0, 27]
M: Ramsey exposure scale-factor, where M € N
To: Base Ramsey exposure, where 79 > 0

Output:
u: Measurement description
Prepare qubit in superposition %
Let qubit evolve freely for time M,
Measure qubit along axis at # from the X-axis in the equator of the Bloch sphere
it <— Measurement outcome
u < (u, 0, Mp)
return u

We perform optimal Ramsey experiments using the ABPE algorithm outlined in
Algorithm 1. The Ezperiment subroutine used for the Ramsey experiments is given

in Algorithm 2, and depicted in Figure 3.3(a).

3.1.3 Optimal Rabi experiments

Another use for ABPE is for gate-time calibrations. Suppose we resonantly drive
a qubit transition with some Rabi frequency €2 and phase ¢, the qubit will evolve
according to the propagator

A -Qt A

U=e 5%, (3.25)

Notice that this is very similar to the propagator from the Ramsey case, except
now the rotations are about a different axis, with 6, = cos(¢)d, + sin(¢)s,. We
can therefore perform ABPE to efficiently measure the rotation angle, Qt, for a
particular gate duration by first performing gate pulses with phase ¢ = 7, such that
the qubit will undertake a circular trajectory in the ZY-plane of the Bloch sphere,
followed by a /2 rotation! about the Y-axis to map the ZY-plane to the XY -plane.

With this gate rotation then effectively mapped to a rotation about the Z-axis, we

'Note that there is a circular dependency on the m/2-time, since we are using 7/2 gates to imple-
ment the protocol. However, we have found that the protocol is relatively robust to miscalibration
of this gate time.
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perform the rest of the ABPE protocol as normal — thereby allowing measurement
of the gate angle for a particular gate duration. The Ezperiment subroutine used
for these Rabi experiments is given in Algorithm 3, and depicted in Figure 3.3(b).

We use this technique frequently for efficient calibration of single-qubit gates.

Algorithm 3 Rabi Subroutine

Input:
0: Measurement angle, where 6 € [0, 27]

M: Number of pulses, where M € N
To: Base pulse duration, where 75 > 0

Output:
u: Measurement description

Prepare qubit in state |0)

Apply M pulses with duration 7y with pulse phase ¢ =7

Perform 7/2 rotation at phase ¢ = 7/2

Measure qubit along axis at 8 from the X-axis in the equator of the Bloch sphere
i < Measurement outcome

u < (u, 0, M)

return u

3.2 Quantum state tomography

A density matrix, p, provides a complete description of the quantum state of a
system. Quantum state tomography is the process by which measurements of a
number of copies of a state are used to reconstruct the density matrix describing
the state of a system.

Let us now consider what measurements are sufficient to gain complete infor-
mation about an unknown quantum state. Consider the case of a single qubit,
prepared in some unknown, normalised state p € L(Q). The space of possi-
ble density matrices, L (Q), is spanned by the set of Hermitian Pauli operators,
P, e P ={1/vV2,6,/V2 6,/vV/2,6./V/2}, which are orthogonal under the Hilbert-
Schmidt inner product

tr [ﬁaﬁg] = 0. (3.26)
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Therefore, we can write ,6 in terms Of lhlS baSiS as
I . .
P apP o

By measuring along the X, Y, and Z axes in the Bloch sphere, we can therefore
determine the expectation values <15a> =tr []3&,6] fora = 1,2,3. Note that <P0> =
tr []Al,é} = 1 from the normalisation of p. Thus, the measurements along these axis
of the Bloch sphere correspond to a tomographically complete set of measurements
for a single qubit.

The generalisation to the N-qubit case is straightforward, since the space of
N-qubit density matrices, L (Q®N ), is spanned by tensor products of the Pauli
operators, B, € PN, Thus, we can construct a tomographically complete set of
measurements for the N-qubit case from measurements of each qubit individually;
we need only single-qubit rotations and measurements to completely characterise

the state p which, in general, may be an entangled state.

3.2.1 Maximum-likelihood estimation

Suppose we have a number of copies of some unknown quantum state that we
can measure using some measurement apparatus. Now, suppose our measurement
apparatus has a number of different measurement settings, labelled by the index 7,
and each measurement setting has a set of possible outcomes, labelled by the index
j. The measurement outcomes for a particular measurement setting are associated

~

with the positive operator-valued measures (POVMs), M;;, satisfying
> My =1, (3.28)
J

such that the probability that a measurement of p using the measurement setting ¢

yields the outcome j is given by

pij = tr [Mijﬁ} : (3.29)
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Suppose we make measurements of our N copies of our state using different mea-
surement settings and count how many times each measurement outcome occurs
for each measurement setting, n;;. Thus, the likelihood of obtaining a particular

dataset, {n;;}, given the state p, can be written as

i) =11 (tr [Mijﬁ} )" . (3.30)
ij
Therefore, we can find an estimation for the density matrix describing the state
of the system by finding the density matrix, p, which maximises the likelihood in
Eq. (3.30).
After performing the tomographic measurements and collecting the raw data,
we find the density matrix that maximises the likelihood by following an iterative

diluted maximum-likelihood estimation algorithm developed by Rehéacek et al. [83].

3.2.2 Tomographic measurements

Here, we consider the tomographic measurements and their respective POVMs which
are utilised in this work. In particular, we consider ideal and nonideal measurements
of ionic qubits. By modelling experimental imperfections of the measurements into
the tomography, we can isolate features occurring in the reconstructed quantum

state from those occurring as a result of nonideal measurement.

Ideal measurements

For a quantum system comprising N qubits, we perform a tomographic measurement
by randomly selecting a measurement setting, 7, for the each qubit. We perform a

measurement with this setting by applying the single-qubit rotation

nefi ie(3) b (@) () () e

to the n'® qubit and measuring in the computational basis, &,. This corresponds to

a measurement of the observable U 6.U;. Note that the set of rotations in Eq. (3.31)
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corresponds to a tomographically overcomplete set of measurements, as we measure
along the £X and Y directions to improve robustness to systematic errors. Note
that when selecting a measurement setting, we assign twice the weight to the i
element, ensuring that we acquire equal statistics along each axis.

Assuming perfect single-qubit rotations and qubit readout, we have that the

POVMs for the n'® qubit can be written as

M, 0 =Ul10) (0T (3.32)

Thus, the N-qubit POVMs may be constructed as

N
M;; = Q) M, ;. (3.34)
n=1

where the overall measurement setting, ¢, is the collection of single-qubit measure-
ment settings, (i1,4s,...,iyx), and the overall measurement outcome, j, is the col-

lection of the individual single-qubit measurement outcomes, (j1, j2,- - -, jn)-

Imperfect measurements

One of the key motivations for characterising various quantum states using state
tomography is to calculate how errors in the creation of a state propagate through a
circuit. This is particularly relevant for calculations where our remote entanglement
serves as a resource state. Therefore, to obtain a better description of the created
states, it is important to mitigate the effect of imperfections in the tomographic
measurements. Otherwise, these imperfections may compound during such calcula-
tions. We account for the imperfect tomographic measurements by modifying the
POVMs used to calculate the likelihood in Eq. (3.30).

For our trapped-ion processor, we discriminate between the two qubit states
using fluorescence detection such that one of the qubit states scatterings cooling

light, while the other does not. Let ¢y and €; denote the readout errors of qubit
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states, such that ¢y (e) corresponds to the probability that a measurement of a
qubit prepared in the state |0) (|1)) will yield the measurement outcome 1 (0). This
is encapsulated by the POVMs

Moy = (1 =€) |0) (O] + 1 [1) (1] (3.35)

My = (1= &) 1) (1] + € [0) (O] . (3.36)

We therefore construct the single-qubit tomographic measurement POVMs as

Mg = (1 —€)U!0) (0| U; + .U 1) (1| U; (3.37)
My = (1 —e)U! 1) (1| U; + U] |0) (0] U;. (3.38)

The readout errors, €y and €7, for the different qubits are determined in Section 4.4.4.
We neglect errors in the single-qubit rotations that implement U;, since these are
typically smaller than the measurement errors, and we do not believe that we have

a complete understanding of the structure of these errors.

3.2.3 Entanglement fidelity

Once we have reconstructed a state, p, we can calculate the fidelity of the state to

some target pure state, 1), as

F (o, 1) (9l) = (@l ply) . (3.39)

Typically, the states we would like to characterise using state tomography will be
bipartite entangled states. In such cases, we are often interested in quantifying the
“amount” of entanglement in a state. We therefore make use of the fully entangled
fraction, F (p), which, for two qubits, is defined as the fidelity to a maximally
entangled Bell-state allowing for arbitrarylocal rotations,

Fi (p) = max (0] ((71 ® fJg) 5 (Ul ® (L)T o+, (3.40)

U102
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where we are performing the maximisation over the local rotations U, and Us. Often,

we will refer to this metric as the entanglement fidelity.

3.2.4 Resampling

Resampling of the measurement outcomes is used to generate new data sets which
are analysed in the same way as the original data set, and are used to determine
the sensitivity of the analysis to the statistical fluctuations in the input data. Error
bars on the fidelities of reconstructed states are quoted as the standard deviation of

the fidelities of the resampled data sets.

3.3 Quantum process tomography

As discussed in Section 2.1, closed quantum systems undergo unitary evolution.
However, when a quantum system is open — that is, when it interacts with an envi-
ronment — the evolution is generally not unitary. We represent a general quantum
process by the CPTP map, £ : L (H;) — L (Hsz), which maps the density matrices
pE€L(Hy), to&(p) € L(Ha). There are a number of representations for such maps,
as discussed in Section 2.1, however we extensively make use of the process matrix

representation, where the process £ is represented by the matrix x,s such that

E(p) = _ XasPupP}, (3.41)
a,B
where P, € PN are operators from the set of N-qubit Pauli operators.

Quantum process tomography (QPT) is a technique by which we can reconstruct
the process matrix representing a particular process. This is done by acting the
process upon a set of input states, performing tomographic measurements on the
output states, and thus using the outcomes to reconstruct the process matrix. Since
the process matrix provides complete information about the action of a process on a

particular quantum system, QPT is an important bench-marking tool for quantum
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information processing (QIP) applications.

Let us consider the measurements we need to perform to implement QPT. Again,
consider the case of a single qubit, Q, which undergoes some process € : L(Q) —
L (Q) which we would like to characterise. Suppose we take some set of input states,
pr € Z, which spans L (Q), and reconstruct the image of these states, £ (px). Due
to the linearity of the CPTP maps, we can deduce the action of the process on any

arbitrary input via

k k

Thus, the data acquisition for QPT will comprise tomographic measurements on the
images of a set of input states which span the input space, € (px). As with state
tomography, generalising to the N-qubit case is straightforward because the set of

tensor products of states from Z®V spans the space L (Q%V).

3.3.1 Maximum-likelihood estimation

A single shot of the QPT protocol consists of choosing some input state from the
spanning set, py, performing the process on the state, £ (px), and then performing a
tomographic measurement on the output state. Asin Section 3.2.1, the measurement
is associated with the POVMs Mij, where ¢ indexes the measurement setting and j
indexes the measurement outcome. Thus, the probability for measuring a particular

outcome is given by

Pijk = tr [Mz‘jg (ﬁk)] : (3.43)

Let us now perform N shots and count the number of times each measurement
outcome occurs for each input state and measurement setting, n;j;. The likelihood

of obtaining a particular dataset, {n;;}, given the process £, can be written as

=11 (tr [Mijg (ﬁk)} )n'“ . (3.44)

ijk
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Therefore, our best estimate for the process is the one which maximises the likelihood
in Eq. (3.44). Once we have performed the tomographic measurements and collected
the raw data, to find the process which maximises the likelihood we perform an

interactive diluted-maximum likelihood estimation algorithm [82, 83, 84].

3.3.2 State preparation and measurements

Here, we consider the preparation of the input states and the tomographic measure-
ments used to execute the QPT protocol. As with state tomography, we consider

the ideal case, followed by the treatment of experimental imperfections.

Ideal state preparation and measurements

The states p, = |1) (¥r| € Z where

) € {|o> ), ’%g‘”, 0) jg’”} (3.45)

span the space of single-qubit states L (Q), and thus form a set of input states for
QPT. We prepare these states by first preparing the state |0), then applying a single
qubit rotation |¢;) = V; |0), where

Vk S {ﬁ, ffx (7‘(’), ﬁy (g) , Rx (——)} . (346)
We therefore prepare the N-qubit input states by choosing an input state, k,, for

each qubit, such that

N
o=V, [0) (0| V€ 12V, (3.47)

n=1
where k = (kq, ko, ..., ky) indexes the N-qubit input state.
The tomographic measurements are performed as for state tomography, with the

N-qubit POVMs constructed as in Eq. (3.2.2).
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Imperfect state preparation and measurements

Similar to state tomography, we want to suppress unwanted features occurring as a
result of imperfect state preparation and measurement. We do this by incorporating

~

these imperfections into the input states, p;, and POVMs, M;;, that occur in the
likelihood in Eq. (3.44). Imperfections in the tomographic measurements are treated
in the same as for state tomography, see Section 3.2.2.

We model the imperfect state preparation with some state preparation error

parameter, €, such that instead of the pure |0) state, we prepare
o = (1= €)[0) (0] + €[1) (1. (3.48)

We therefore have that the imperfect input states take the form
pi = (1 =€) V;[0) (0] V' + Vi 1) (1] V7. (3.49)

The state preparation errors, €, for the different qubits are determined in Sec-
tion 4.4.3. This model assumes that any imperfections in state preparation remain
confined to the qubit subspace; in general, however, imperfect state preparation typ-
ically results in population outside that subspace. Nevertheless, for our purposes,
this simplified model is a sufficient approximation that allows us to suppress features
in the reconstructed process arising due to imperfect state preparation errors. As in
the case of state tomography, we also neglect errors in the single-qubit rotations that
implement V; and (A]Z'7 since these are typically smaller than the state preparation

and measurement (SPAM) errors.

3.3.3 Average gate fidelity

Typically, the process we are characterising is ideally described by a unitary trans-
formation, U. Often, we would like to know how close the reconstructed “noisy”

process, &, is to the ideal unitary process. To quantify this, we make use of the
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average gate fidelity as defined by Nielsen [90]

&Uz/ﬂwwvwwmwwmw, (3.50)

where di) corresponds to the Haar measure.
Defining the process £ as the application of the process £, followed by the inverse
ideal process, UT, such that
E (p)=UE(p)U. (3.51)

If the process, &, perfectly implemented the unitary, U , then the inverse ideal rota-
tion would return the system to the state, such that & (1) (¢|) = |[¢) (¢|. However,

generally the resulting state has less than unit fidelity to the initial state,

F=E(Y) () v) <1, (3.52)

where equality is only if & perfectly implements the identity, i.e., if £ perfectly
implements U. The average gate fidelity is obtained by then averaging over all

possible pure input states,

%:/wwwwwmw. (3.53)

As shown by Wood, Biamonte, and Cory [54], this can be written in terms of the

different representations of the process &',

F = w (3.54)
d(d+1) '
_ d+ (IAL)
= Tidt ) (3.55)
B d+3, ‘tr [K’} o)
d(d+1) '
= d+—dX60 (3.57)

d(d+1)’
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where &', A/, {f({ }, and X’ are the superoperator, Choi, Kraus, and y matrix repre-

sentations of the process £ (p) = UTE (p) U.

3.3.4 Resampling

Resampling of the measurement outcomes is used to generate new data sets which
are analysed in the same way as the original data set, and are used to determine
the sensitivity of the analysis to the statistical fluctuations in the input data. Error
bars on the fidelities of reconstructed processes are quoted as the standard deviation

of the fidelities of the resampled data sets.

3.4 Randomised benchmarking

While QPT provides a complete characterisation of a quantum process, it often re-
quires a prohibitively large number of measurements to achieve a desired level of
precision. To address this, characterisation protocols have been developed that pro-
vide a compromise between completeness and measurement efficiency. Randomised
benchmarking (RBM) allows the characterisation of a gate set by extracting an aver-
age gate fidelity from significantly fewer measurements compared to QPT. Although
RBM does not provide detailed information about the structure of the gate errors,
it serves as a fast and efficient tool for benchmarking a quantum processor. Here,
we provide a brief overview of the RBM protocol used in this thesis.

We follow the protocol proposed by Magesan, Gambetta, and Emerson [85],
considering a system of N qubits. The protocol begins with the register of qubits

prepared in the state |0>®N. Next, we generate a sequence of m — 1 gates,

~ N

Sm,1 = Cm,1 e él, (358)

where each gate, C;, is uniformly sampled from the Clifford group. A final gate, C,y,,
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is then chosen to invert the sequence, such that
1
ey (3.59)

Since the Clifford gates form a group, C,, also belongs to the Clifford group. For an
ideal gate sequence, the resulting quantum channel, £, corresponds to the identity
operation, £(p) = p, ensuring that the register returns to the state [0)*" with
certainty.

However, in practice, the gates are imperfect. As a result, the process £ deviates
from the identity operation, and the probability of measuring the register in the

state |0>®N, known as the survival probability S, is given by

s =t [(10) (0)*" & ((lo) (0)*")] . (3.60)

We now make use of the fact that the Clifford group is a unitary 2 design, and thus
the noisy process £ can be “twirled” over the Clifford group. This twirling process

effectively transforms the average noise process £ into a depolarising channel:

€(p) = (L =p(m)) p+p(m)-, (3.61)

Q| =

where d = 2V is the dimension of the Hilbert space, and p(m) is the depolarising
probability for a sequence of m Clifford operations.
Let p denote the average depolarising probability for a single Clifford operation.

Then the survival probability for different sequence lengths m can be modelled as

where the parameters A; and B; account for SPAM errors. The depolarising prob-

ability p is related to the average error per Clifford operation, € = 1 — F, by

¢ — (1 - %) p. (3.63)
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By measuring the survival probability for different sequence lengths m and fitting
the model in Eq. (3.62) to the data, we can extract p. In experimental implemen-
tations, the final Clifford gate applies additional Pauli operators ]51-, sampled from

{ﬂ, Oz, 0y, 0.}, to each qubit, ideally leaving the register in the state

(é} 1%-) 0)y®N (3.64)

and thus the survival probability is calculated as the probability of measuring the
register to be in this state. This allows us to avoid systematic errors from SPAM
imperfections.

The RBM protocol thus provides an efficient way to determine an average gate
fidelity, F = 1 — €, for a set of Clifford operations. Sampling from the Clifford
group, rather than all possible unitary operations, allows efficient classical simulation
of the gate sequences, with the classical overhead associated with generating the
gate sequence and calculating the final inverting gate scaling polynomially with

the number of qubits. This makes RBM a scalable and practical technique for

characterising large quantum systems.



Apparatus

*

In this chapter, I outline the apparatus used for our mixed-species quantum network-
ing experiments. With two ion traps — each capable of trapping and manipulating
two ion species — considerable effort has gone into the design and engineering, mak-
ing a completely detailed description impractical in a single thesis. Three theses
already cover the core setup in depth [91, 92, 93], and the reader is referred to those
for full details. However, I led several subsequent projects not documented in these
works — specifically, the characterisation of the Phoenix trap, the implementation of
magnetic-field stabilisation, and the characterisation of our Raman laser system. I
therefore present detailed accounts of these contributions here and provide a concise

overview of the remaining components covered in the existing theses.

4.1 Choice of ion species

The choice of ion species for a trapped-ion apparatus depends on the specific ap-
plication. For quantum information processing, it is important to select a species
that supports high-fidelity entangling gates with minimal fundamental error sources.

High-fidelity entangling gates have been demonstrated with various ion species, in-

69



70 CHAPTER 4: APPARATUS

cluding "Be™ [14], #Mg* [16], and Ca™ [13, 17, 72]. In contrast, for atomic clocks,
the ability to mediate entangling gates is less important. Instead, precise charac-
terisation and control over systematic shifts that limit frequency measurements is
critical. Ion species with magnetic-field-insensitive transitions, known as clock tran-
sitions, are particularly well-suited for this purpose. Other relevant factors include
second-order Doppler shifts, black-body radiation shifts, and Stark shifts. Species
such as 2TAI" [94] and '™Yb* [95, 96], which exhibit such clock transitions, have
been used to realise highly accurate atomic clocks. Practical factors, such as the
availability of suitable laser systems and atomic sources for the ion species, also play
a key role in the selection process.

For our quantum networking experiments, a number of properties are important

to us. We require:

the ability to interface with a quantum network — discussed in Section 6.1 —

for which ions with a simple energy level structure are most suitable,

o the ability to store quantum information while we make use of this net-
work interface; ions with hyperfine structure, thus exhibiting magnetic-field-

insensitive transitions, are most suitable for this purpose,

e and finally, the ability to perform quantum logic between the ions within a

module.

The requirements of both a simple level structure and a hyperfine structure are
somewhat contradictory. '™'Yb™, with a nuclear spin of %, is a promising candidate
that is being actively used for quantum networking [44, 97]. Additionally, *3Ba*
exhibits a nuclear spin of %, however, there is still extensive work needed to develop
the experimental techniques for this species [98, 99].

For the work in this thesis, instead of attempting to satisfy these requirements
with a single species of ion, we delegate roles to two different species of ion: ®¥Sr+,
which has a simple level structure for realising the network interface, and “*Ca*

for storing quantum information and executing quantum logic. Please note that
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henceforth, we will drop the mass numbers from this notation and assume that Sr™

and Ca™ refer to these isotopes.

4.1.1 Calcium-43

The Calcium-43 ion has long been a favourite of the Oxford lon-Trap Group for
executing quantum logic, and has been central in achieving state-of-the-art results
for quantum computing primitives, such as SPAM, single-, and two-qubit gates [10,
13, 72, 100]. It therefore makes a natural choice for performing the role of stor-
age/logic ion in our modules. This isotope has a nuclear spin of %, which gives rise
to hyperfine structure, as shown in Figure 4.1. The ground S;/, manifold is split
into two hyperfine manifolds, corresponding to the quantum numbers F' = 3 and
F = 4, separated by ~ 3.2 GHz. We apply a 0.496 mT magnetic field to define the
quantisation axis and lift the degeneracies of the Zeeman states. In total, we have
16 states in the ground S;/; manifold. We then choose pairs of states from this
hyperfine manifold to form our qubits.

One choice of qubit from the hyperfine manifold, which is relevant to this thesis, is
the circuit qubit, defined as Q¢ := {|0¢) ,|1¢)} where |0¢) = ‘Sl/g,F =4,mp = 0>
and |1¢) = |Sl/2,F =3, mp = O>. At exactly zero magnetic field, the transition
frequency connecting the qubit states has no first-order sensitivity to magnetic
field fluctuations. Due to the application of the 0.5 mT magnetic field to set the
quantisation axis, this transition acquires a small, but non-zero first-order sensi-
tivity! of 122kHzmT ™. In addition to the circuit qubit, we define an auziliary
qubit, defined as Qx := {|0x),[1x)} where [0x) = [Si)2, F =4, mp = +4) and
|1x) = }Sl 2. F =3 mp= —|—3>. The auxiliary qubit has a significantly higher sensi-

tivity to magnetic field fluctuations of —24.5 MHzmT ™!, and thus it is not suitable

Note that at this field, there is a field-insensitive optical transition which could be used. How-
ever, at the time of writing, the 729 nm laser used to address this transition is currently under
construction. Additionally, the storage time of this optical qubit would then be limited by the ~ 1
lifetime of the Ca™ Dy /2 manifold. Alternatively, at approximately 14.6 mT, the ground hyperfine
manifold of Ca™ has another field-insensitive qubit between the states |Sl . F=4,mp = 0> and
‘Sl 2, F=3,mp= —|—1>7 however operating at this field would have drawbacks for the implemen-
tation of the network interface.
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Figure 4.1: Energy level structure of Calcium-43, showing the relevant transitions for
manipulating the electronic state of the Ca™ ions. Transitions drawn with solid lines in-
dicate the transitions which we address with lasers in our apparatus; transitions drawn
with dashed lines are not addressed in our apparatus. The box shows the hyperfine
structure of the ground S;/; manifold. This manifold is split into two sub-levels, la-
belled by the quantum numbers F = 3,4, and split by ~3.2GHz. The application
of a magnetic field splits the sub-levels into Zeeman states, labelled by the mp quan-
tum numbers. Within the ground state manifold, we define the circuit qubit as the
pair of states |[0¢) = ‘Sl/g,F:4,mF:0> and |1¢) = Sl/Q,F:3,mF:O>. We
also define the auxiliary qubit as the pair of states [0x) = |Si/o, F' =4, mp = +4> and
11x) = [S1/2, F = 3, mp = +3).

for storing quantum information. However, it is used in the state preparation and
measurement of the circuit qubit, as well as for mediating mixed-species quantum

logic (see Section 5.2).

4.1.2 Strontium-88

For realising a network interface, we choose the Strontium-88 ion; the energy level
structure of this ion is shown in Figure 4.2. This species of ion does not have
any nuclear spin, and thus doesn’t exhibit hyperfine structure. Once again, the
applied 0.496 mT magnetic field lifts the degeneracies in the fine structure via the

Zeeman effect. In particular, the ground manifold is split into the two Zeeman

states, |Sy/2,my = —%> and |Sl/2,mJ = +%>, separated by a ~ 14 MHz transition.

We define the network qubit as Ox := {|On),|1n)} where |On) = ‘S]_/Q,mj =-1
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Figure 4.2: Energy level structure of Strontium-88, showing the relevant transitions for
manipulating the electronic state of the Sr* ions. Transitions drawn with solid lines in-
dicate the transitions which we address with lasers in our apparatus; transitions drawn
with dashed lines are not addressed in our apparatus. Sr™ does not have hyperfine struc-
ture. The application of a magnetic field splits the gross structure into Zeeman states,

labelled by the m; quantum numbers. We define the network qubit as the pair of states

|On) = |Sl/2,mJ = —%) and |1n) = ‘D5/2,mJ = —%>, which is connected by the optical

674 nm quadrupole transition.

and |1y) = }D5/2,mj = —%>, which is separated by the optical 674nm transi-
tion. The transition frequency of this qubit has a magnetic field sensitivity of
—11.2MHzmT ™!, which is the lowest of the accessible 674nm quadrupole tran-
sitions?, but is significantly higher than the sensitivity of the circuit qubit. While
this species is therefore not suited to storing quantum information, the Py, level
has a relatively short natural lifetime of ~ 7ns, which, in addition to the simple
level structure, enables the generation of ion-photon entanglement at a high rate.
Therefore, the Sr ion is well-suited for realising an interface to the optical quantum
network.

Of course, Srt is not the only species of ion which can be used to realise a network
interface. Such interfaces have also been realised using *°Ca™ [101], " Cd™ [102],
138Bat [45, 46], and "'Yb™T [43]. The choice of Sr'* to provide our network qubit is
motivated by a number of factors. Firstly, the similarity in mass to the Ca™ ions

means that Sr™ can be efficiently used as a sympathetic coolant [103]. This enables

2The quadrupole transitions with Am; = 0 transitions exhibit a lower magnetic field sensitiv-
ity, 5.6 MHzmT~'. However, geometric constraints result in low coupling strengths for these
transitions.
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the cooling of ion crystals comprising Sr* and Ca™ ions without destroying quantum
states stored in the Ca™ circuit qubits. Secondly, there is sufficient spectral isolation
between the transitions of these two species of ion. This enables the addressing of
each ion species with global beams, without needing to pay careful attention to cross-
talk between the species. Finally, while the transitions are sufficiently different to
provide the spectral isolation, the 408 nm and 397 nm dipole transitions in Sr* and
Ca™, respectively, are close enough that we can mediate mixed-species entangling
gates using a single pair of Raman beams tuned to between these transitions [15],

as outlined in Chapter 5.

4.2 Trapped-ion modules

Our quantum networking apparatus comprises two trapped-ion modules, Alice and
Bob, which are connected via optical fibre links. Each trapped-ion module is capable
of co-trapping Srt and Ca™ ions; in this work, we trap one ion of each species, in
each module. An overview of a trapped-ion module is shown in Figure 4.3. In this
section, we describe the hardware that is used to trap, cool, manipulate, and image

the ions in each node.

4.2.1 Ion traps

Each module comprises a room-temperature micro-fabricated surface Paul trap fab-
ricated by Sandia National Laboratories, housed in an ultra-high vacuum chamber
(< 1 x 107" mbar) [91]. In Alice, we use the HOA2 trap [104]; in Bob, we use
the Phoenix trap [105] — the successor to the HOA2 trap. The traps feature two
RF electrodes and ~ 100 segmented DC control electrodes, enabling precise control
over the trapping potentials and the execution of dynamic waveforms used for ion
shuttling, splitting and merging of ion crystals, and for micromotion compensation.
We use the Julia library SURF [106] to calculate trapping solutions and transport

waveforms that are applied to the DC electrodes. The traps also feature a ~ 60 pm
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Figure 4.3: Overview of the trapped-ion modules. Ions are not to scale. (a) Top-view
of one of the trapped-ion modules. A vacuum system contains a surface Paul trap which
is used to co-trap a Ca™ ion and a Sr™ ion. The direction of the applied magnetic field is
indicated. The various laser beam paths, and if necessary their polarisations, are listed,
with arrows indicating the view-port by which the beams enter the vacuum chamber and
impinge on the ions. (b) Side-view of the trapped-ion modules. A rear-side imaging
system is used to collect light from both species of ion through a slot in the surface of the
trap. This light is then sent to a detection system, where it is used to perform fluorescence
detection of the ions. A front-side imaging system is used to collect single photons from the
Srt ions and couple them into a single-mode, non-polarisation maintaining fibre, which
constitutes the optical quantum network.

slot in the trap surface, enabling optical access from the rear of the trap.

In each module, the RF electrodes are impedance matched to 50¢2 at a chosen
frequency, €2, and are driven with a voltage of amplitude, V;;. We apply voltages
to the DC electrodes to provide an axial confinement. Additionally, we use the DC
electrodes to lift the degeneracy in the radial mode frequencies, and ensure that the
radial modes have a sufficient projection onto the Doppler cooling beams, travelling
parallel to the trap surface. Typical trap parameters chosen for each module, as well
as typical mode frequencies, are given in Table 4.1. Note the higher RF frequency

and lower RF voltage in Bob, which results in an overall shallower trap. The higher
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Parameter Alice Bob
Qs 50 MHz 60 MHz
Trap parameters
Vit 180V 135V

Axial 1.52MHz 1.19MHz
Lower radial 2.84 MHz 1.91 MHz
Upper radial 3.38 MHz 2.10 MHz

Single Sr* ion
secular frequencies

Table 4.1: Typical trapping parameters and single Sr™ mode frequencies for each module.

RF frequency was chosen since empirically it was found to improve the lifetime of
Srt-Ca™ crystals. Ideally, the reduction in the RF pseudo-potential caused by this
increase in RF frequency would be compensated for by an increase in the RF voltage.
However, we found an interesting, yet extremely annoying, feature of the particular
trap chip in Bob, such that when using voltages exceeding that given in Table 4.1,
the trap would begin to charge. As a result, while it would be desirable to increase
Bob’s trap depth (thereby reaching lower heating rates and increasing separation
between motional modes), it was not possible with this particular trap.

Any stray electric fields at the position of the ion will result in the ion being
displaced from the RF null — this would result in unwanted excess micromotion. We
compensate for these stray fields by applying DC voltages in order to return the
ion to the null. We find the compensation voltages that need to be applied using a
micromotion compensation technique based on parametric excitation of the radial

modes [107].

Characterising the ion motion

As we discuss in Section 5.2, one of the key tools we have at our disposal is the
ability to mediate entangling gates between the Sr™ and Ca™ ions. Since entangling
gates between ions typically utilise the shared motion to mediate the interaction, we
require precise control over the quantum state of the motion. It is therefore essential
to understand and characterise effects such as motional heating and dephasing of

this motion.
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Figure 4.4: Heating rate measurements for (a) the single-Sr* axial motional mode, (b)
and the Sr™-Ca™ axial OOP motional mode. For the two modes, we measure heating
rates in (i) Alice and (ii) Bob.

We probe the motional heating in each module, measuring heating rates for the
single-Srt axial mode and the Sr™-Ca*t axial OOP mode. The heating rates are
measured by cooling the mode, waiting for some delay, before Rabi flopping on
the red and blue sidebands of the mode to estimate the mean excitation number,
n [108]. The results from the heating rate measurements in each module are shown
in Figure 4.4. For the single-Sr* axial mode, we observe heating rates of 3.1(2) ms™!
and 0.43(6) ms™! for Alice and Bob, respectively. Bob exhibits a significantly lower
heating rate than Alice, highlighting the improved performance of the Phoenix trap
over the HOA2 trap3. The axial OOP mode of the Sr™-Ca™ crystal is of particular

interest since this mode is used to mediate the mixed-species entangling gate. We

3While this could also be explained by some large amount of noise at the Srt axial frequency in
Alice, we have observed heating rates of this magnitude in Alice over a range of axial frequencies.
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Figure 4.5: Heating rate spectrum of the single Sr™ radial modes in the Phoenix trap.
The spectrum was obtained by varying the radial confinement to modify the radial fre-
quencies, thereby allowing the heating rate to be probed at different frequencies.

observe heating rates of 0.37(5) ms™ and 0.07(2) ms™! for Alice and Bob, respec-
tively. Once again, we observe a significantly better performance of the Phoenix
trap compared to the HOA2 trap. The Srt-Ca™ axial OOP mode exhibits a lower
heating rate than the single-Sr* axial mode since the approximately asymmetric
nature of the OOP mode* provides some protection from common mode electric
field noise.

Another interesting test of the Phoenix trap in Bob was to map out the radial
heating rate spectrum for a single-Sr* ion. We implemented this by applying DC
voltages to the electrodes to modify the radial potential, and thus the radial mode
frequencies. By measuring the heating rate over a range of mode frequencies, we
constructed the heating rate spectrum of the radial modes, shown in Figure 4.5.
Note that the measurements were made with both radial modes rotated at ~ 45°
to the trap plane. The observed spectrum clearly does not follow a power law,
which might be expected from, e.g., anomalous heating [109]. In particular, we
observe a high density of narrow features for frequencies below 3 MHz. This likely
indicates high-frequency coherence signals being coupled into the trap, possibly as
a result of ground-loops®. The presence of such features indicates that with a lot of

attention to technical noise sources, we could likely eliminate a large amount of the

4The ions move exactly out of phase, however the motional amplitudes are different due to the
mass disparity.
50f which we likely have many in our lab.
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electrical field noise at the ions. It is worth pointing out that the frequency range
shown in Figure 4.5 is higher than the mode frequencies we operate with in Bob (see
Table 4.1). This is a result of this data being taken prior to the observation that
the higher RF voltages led to charging of the trap®. In order to further diagnose
sources of noise in the system, it may be of interest to measure the radial heating
rates over a larger range, in addition to repeating the experiment in Alice.

A similarly important metric for the performances of the traps is the motional
coherence time. Previously, we have observed a motional coherence time for the
Srt-Ca™ axial OOP mode of 3.4(4) ms in Alice [56]. We anticipate the motional
coherence time to be limited by technical noise being coupled into the system via
the control electronics. While we have not made a recent measurement of the mo-
tional coherence time in Alice, or any measurement yet in Bob, we anticipate that
both systems will exhibit motional coherence times roughly on the same order of

magnitude as each other.

4.2.2 Lasers

We use lasers for photo-ionisation during loading, cooling, SPAM, and manipulation.
Since we use two different species of ion, we require two sets of beams per module.
The laser light is delivered to the trap table using optical fibres, before free-space
optics direct the beams through view-ports located around the vacuum chamber and
onto the ion. All beams are delivered parallel to the trap surface. Figure 4.3 displays
the different beam paths by wavelength, showing the geometry by which the light is
incident on the ions relative to the trap axis and the magnetic field. Acousto-optical
modulators (AOMs) are used for fast switching and precise control of the frequency
of all beams, with the exception of the photo-ionisation lasers, which are controlled
using mechanical shutters.

The laser systems themselves are common to both modules, and are split between

the two modules, and other trapped-ion experiments, prior to the AOM network.

6Since this data was taken, we have increased the RF frequency and reduced the RF voltage.
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The majority of these lasers are standard Toptica diode lasers, however there are a
number of more complex laser systems. Firstly, for the remote entanglement scheme
discussed in Chapter 6, we use a mode-locked Ti:Sapphire laser with a custom pulse-
picking module to produce ~ 5 ps pulses of 422 nm light, at a repetition rate of up
to 1MHz [92, 110]. Secondly, the 674nm light used for coherently addressing the
optical quadrupole transitions in Sr* is produced by a SolsTis Ti:Sapphire laser,
manufactured by M Squared Lasers Ltd, and locked to a high-finesse cavity system.
Finally, a Raman laser system manufactured by Toptica is used for the coherent
manipulation of the Ca™ hyperfine qubits and the generation of the SDF used to
mediate entangling gates between the Sr™ and Ca™ ions. This laser system is dis-

cussed in more detail in Section 4.3.

4.2.3 Imaging systems

Each module has two separate imaging systems for collecting light from the ions,
as depicted in Figure 4.3(b). A rear-side imaging system collects fluorescence light
from the ions through the slot in the trap chip. This imaging system is designed to
collect light at 422nm and 397 nm, corresponding to the dipole transitions in Sr*
and Ca™, respectively. A dichroic mirror is used to separate the two wavelengths,
and direct the fluorescence onto photomultiplier tubes (PMTs), thereby enabling
the simultaneous detection of single photons from each ion species. The apparatus
was also designed to allow the detection via an Andor EMCCD camera; however
this was found to produce a significant amount of magnetic field noise at around
110 Hz. The outputs from the PMTs are sent to the control system, which registers
the detection event and time-stamps the event with 1 ns precision. Typical values for
experimentally measured collection efficiencies, i.e., the probability that a photon
emitted from an ion is detected by the corresponding PMT, for Sr* (Ca™) rear-
imaging system are 0.34(1) % (0.30(1) %) and 0.27(1) % (0.45(2) %) for Alice and
Bob, respectively.

The second imaging system is central to the generation of ion-photon entangle-
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ment and, consequently, the generation of remote entanglement between the two
modules, as discussed in Chapter 6. A 0.6 NA lens” collects spontaneously emitted
422 nm photons from a Sr* ion located at the focus of the lens, and couples the
photons into a single-mode optical fibre. This imaging system is carefully aligned
to minimise optical aberrations, which is essential for avoiding polarisation mixing

in the generation of ion-photon entanglement.

4.2.4 Control system

Each module is assigned a “host” computer, which is used to submit and schedule
experiments, communicate with the experimental control system, and collect, anal-
yse, and save experimental data. Real-time execution of experimental sequences are
handled using the ARTIQ control system [111]. The majority of the hardware com-
prising this control system is from the Sinara ecosystem, which is well-supported
by ARTIQ. Central to this control system is the Kasli — a FPGA that executes
programs, also known as kernels, in real-time with nanosecond precision. In addi-
tion to the Kasli, the Sinara family includes a number of extension modules that
can be controlled by the Kasli. These modules are designed to perform various
functions: transistor-transistor logic (TTL) input/output, direct digital synthesis
(DDS), digital-to-analogue conversion (DAC), and analogue-to-digital conversion
(ADC). These modules therefore provide the interface between the programs exe-
cuted on the Kasli and the physical experiment. As a simple example, qubit readout,
which we discuss in Section 4.4.4, is performed by switching on DDS channels con-
nected to AOMs which control the relevant fluorescence lasers. The output of the
detection PMT is then connected to a TTL input, which counts the number of flu-
orescence photons detected within a certain window. The Kasli can then determine
whether this number of counts corresponds to a bright or dark state, and use this
information accordingly.

While the general functionality of the Sinara/ARTIQ control system is usu-

"Note that this lens is located outside of the vacuum chamber.
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ally sufficient for our purposes, the tight timing requirements and high-density of
real-time input/output (RTIO) events involved in our ion-photon and ion-ion entan-
glement generation schemes mean that additional extensions to the Kasli gateware
were developed. These extensions enable the execution of our entanglement genera-
tion sequences and real-time decision branching at a ~ 1 MHz attempt rate. We will
not go into detail here, however interested readers are referred to the DPhil thesis

of Drmota [56].

4.3 Raman lasers

We use a pair of 402nm Raman lasers to coherently address transitions within the
ground hyperfine manifold of Ca™. The Raman lasers are detuned by A ~ 10 THz
from the 397 nm dipole transition, and have a relative detuning of ~ 3.2 GHz, which
is fine-tuned with AOMs to address individual hyperfine transitions. Recall from
Section 2.4.2 that in order to coherently implement single qubit rotations between
qubit states connected by a particular transition, the driving “laser” must remain
coherent with the qubit over the course of the experimental sequence. For the
hyperfine qubits driven by the pair of Raman lasers, the “laser” in this context
refers to the ~ 3.2 GHz beat-note from the interference of the Raman lasers. Thus,
to ensure that the hyperfine qubits remain coherent over an experimental sequence,
we require that the relative phase between the two Raman lasers remain stable. The
experimental sequences presented in Chapters 6 and 7 have durations on the order
of 10ms to 1s; we therefore require that the total integrated phase noise down to

frequencies O(Hz) is significantly less than 1rad.

4.3.1 Laser system

Typically, a pair of Raman beams is produced by phase-locking two separate lasers.
However, typical bandwidths for the phase-locking electronics are ~1MHz, and

thus fluctuations in the relative phase at higher frequencies than this cannot be
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Figure 4.6: Schematic for Toptica Raman laser system. The diode in the Mother laser
produces light at 803 nm which is split into two beams. One beam is immediately fibre
coupled and sent to seed the Son laser system. The other beam is amplified using a
tapered amplifier (TA). This light is then modulated using an electro-optic modulator
(EOM) driven at 6 =~ 1.6 GHz to produce sidebands. The signal generator driving the
EOM has an input for a frequency modulation signal, which we use to modulate the
relative phase of the lasers to perform phase-stabilisation. A filter cavity is then used to
filter out the carrier and one of the sidebands, leaving only one of the sidebands. This
light is hence shifted by ¢ with respect to the light sent to the Son. The Son and Daughter
laser systems are nominally identical. The seed light is amplified using a TA and then
frequency doubled using a second harmonic generation (SHG) crystal, located within a
second cavity. The result is two beams, each with ~1W power and with a frequency
difference of 20 ~ 3.2 GHz, with an intrinsically stable relative phase.

suppressed. We opt for a fundamentally different approach; a common laser is
used to optically seed the two laser systems, resulting in two beams that have an
intrinsically low relative phase noise at all frequencies without any active locking.
Figure 4.6 shows the setup for our Raman laser system. We refer to the seeding
laser as the Mother and the pair of seeded Raman lasers as the Son and Daughter.
The diode laser in the Mother emits 803 nm light which is amplified using a tapered
amplifier (TA) and split into two beam paths which seed the Son and Daughter

systems. One of these beams is immediately fibre-coupled and sent to the Son laser
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Figure 4.7: Power spectral density (blue) and reverse-integrated phase noise (red) for
the relative phase noise between the two laser systems. The total integrated phase noise
over 100 Hz to 10 MHz is 24 mrad.

system. The beam for the Daughter is modulated using an electro-optic modulator
(EOM)? to produce sidebands at 1.6 GHz. A filter cavity is used to lock to one of
the sidebands and filter out the other sideband and the carrier, resulting in light
that is shifted in frequency by ~ 1.6 GHz, with respect to the light sent to the Son.
This light is fibre-coupled and sent to the Daughter laser system.

The Son and Daughter laser systems are identical. The light coming from the
mother is used to seed a TA, which amplifies the light from ~40mW to ~2W.
The amplified light is then coupled into a cavity containing a second harmonic
generation (SHG) crystal which doubles the frequency of the light to 401.5nm.
After the frequency doubling the Son and Daughter beams are then separated by
~ 3.2 GHz, and retain an intrinsically stable relative phase.

To characterise the relative phase noise of the Raman lasers, we superpose the
two blue laser beams and direct them onto a photodiode to observe the beat note
at 3.2 GHz. The DC-offset is removed using a bias-tee, leaving only the oscillating
beat note signal. This signal is amplified and then analysed using a phase noise
analyser?, which measures the power spectral density of the phase noise of the beat

note. The power spectral density and the reverse-integrated phase noise between

8The modulation signal driving the EOM is produced by an Rohde & Schwarz SMA 100 A
signal generator and amplified using a Qubig QDGS8 RF driver.
9Rhode and Schwarz FSWP phase noise analyzer.
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the two Raman lasers is shown in Figure 4.7. We observe a total integrated phase
noise of 24 mrad, over 100 Hz to 10 MHz. For comparison, a different Raman laser
system in our group exhibited a total integrated phase noise of ~ 9mrad after

phase-stabilisation, over 1kHz to 1 MHz [75].

4.3.2 Phase noise stabilisation

The light from each Raman laser is delivered separately to the trap table via ~ 7m
of polarisation-maintaining photonic crystal fibres (PCFs), where the beams are
directed to an AOM network, as shown in Figure 4.8(a), and then on to the traps.
Since the light from the Son and Daughter systems is delivered through separate
fibres, the relative phase between the two beams is highly susceptible to fluctuations
caused by differential path-length changes in the fibres. These changes, typically
induced by thermal and acoustic stress, result in significant relative phase noise
in the acoustic regime (<20kHz). To suppress this noise, we implement a phase
stabilisation circuit, also depicted in Figure 4.8(a).

After the fibres deliver the light to the trap table, a pick-off is used to sample
light from each beam; the remaining light is sent to the AOM network. The sampled
light from each beam is superimposed and the resulting interference signal measured
on a photodiode, which produces a voltage. This voltage comprises a DC offset, vy,

and a signal corresponding to the beat note signal,

v(t) oc sin (26t + ¢(t)) (4.1)

where 2§ ~ 3.2GHz and ¢(t) corresponds to the time-dependent relative phase
fluctuations. The DC component is removed using a bias-tee with a 50 € terminator
at the DC output. The beat note signal, at this point ~ —70 dBm, is sent through a
band pass filter centered at 3.2 GHz, and amplified using a series of three amplifiers,
yielding a total amplification of ~60dB. This signal is then passed to a frequency

mixer. A signal generator, phase locked to the signal generator which drives the
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Figure 4.8: Raman phase noise stabilisation system. (a) The light from each Raman
laser is delivered separately to the trap table. On the trap table, a small fraction of
each beam is sampled at a pick-off, the remaining light is sent to the AOM network (see
Figure 4.9). The two sampled beams are superimposed and interfere on a photodiode,
which produces a voltage comprising a DC offset and an oscillating voltage proportional
to the amplitude of the beat note between the two Raman beams. A bias-tee removes the
DC component of the signal, and a band-pass filter centered at 3.2 GHz is used to isolate
the beat note signal from noise. A series of amplifiers amplifies the beat note signal, before
the signal is sent to a mixer, where a local oscillator at 2§ ~ 3.2 GHz mixes the signal
down to DC. The local oscillator is phase-locked to the signal generator used to drive the
EOM in the Mother laser. The down-mixed signal passes through a low-pass filter which
is used as the error signal for a PID controller. The output of the PID controller is used
to frequency modulate the EOM signal, such that the relative phase of the Raman lasers
at the trap table is stable. (b) In-loop measurements of the power spectral density of the
phase noise with (turquoise) and without (orange) phase noise stabilisation. The power
spectral density of the phase noise with both beams blocked (blue) indicates the noise
floor for the feedback circuit.
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EOM in the Mother, provides a local oscillator signal at 26. The output signal from
the mixer therefore contains terms at the sum frequency (49), and at DC. A low-pass
filter is used to remove all but the DC component, such that the signal we are left
with is given by

e(t) = egsin (¢(t)) . (4.2)

For small phase fluctuations, we have

e(t) = ego(t), (4.3)

which corresponds to a voltage signal proportional to the phase fluctuations.

The voltage signal, e(t), is used as an error signal for a PID controller — for this we
deploy a Sinara stabilizer. The output of the PID controller is then used to frequency
modulate the signal generator driving the EOM in the Mother, thereby allowing us
to adjust the relative phase of the Raman lasers and thus stabilise this phase at the
trap table. We characterise the performance of the phase stabilisation circuit by
using a voltage pick-off to observe the error signal e(¢). The measurements with and
without the phase stabilisation circuit are shown in Figure 4.8(b). Without phase
stabilisation, we see a significant increase in the relative phase noise for frequencies
< 1kHz. This is likely due to slow thermal and acoustic noise inducing differential
path length fluctuations in the two fibres, as discussed above. When we activate the

phase stabilisation, we see a clear reduction in relative phase noise over this range.

4.3.3 (Geometry

The Raman laser light is divided between the two modules, such that each module
receives two beams from the Son laser, labelled Son| and Son |, and two beams from
the Daughter laser, labelled Daughter| and Daughter |, where the subscripts, || and
1, indicate the alignment of the beams relative to the applied magnetic field. The
AOM switching network, shown in Figure 4.9(a), enables individual switching of

these beams, as well as fine-tuning of their frequency and phase. The polarisation
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Figure 4.9: (a) AOM network for the Raman beams. For each ion trap module, we
have a total of four Raman beams, two from each Raman laser. We label these beams
Son, Son, Daughter”, and Daughter | , where the subscript denotes the alignment with
respect to the magnetic field. Each beam has its own AOM for individual switching as
well as fine tuning of the frequency and phase. (b) Geometry of the beam delivery for
the four Raman beams to one of the modules. Each beam is linearly polarised, with the
polarisation indicated next to the respective beam path.

and geometry of the beam delivery is depicted in Figure 4.9(b). This setup provides
the flexibility to select different pairs of beams for various applications. For exam-
ple, for applications that involve carrier interactions, such as single-qubit rotations
(Section 5.1) and interconverting between hyperfine qubits (Section 5.3), we can
minimise the coupling to the ions’ motion by selecting a pair of co-propagating Ra-
man beams to minimize the relative wavevector. Conversely, for applications where
coupling to the ions’ (axial) motion is desired, such as driving sideband interactions
and implementing entangling gates (Section 5.2), we can select pairs of Raman

beams from different view-ports, thereby achieving a large relative wavevector.

4.4 Incoherent operations

So far, we have discussed the hardware comprising the modules. Here, we outline
the implementation of a number of important incoherent operations that enable the

manipulation of the ions. These operations include the loading of and laser cooling
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of ions, as well as the preparation and measurement of qubits.

4.4.1 Loading

Inside each vacuum chamber, we have one atomic oven containing calcium and
another containing strontium. The ovens are resistively heated to around 300 °C,
producing a flux of neutral atoms across the trapping zone [112]. The neutral atoms
are ionised via an isotope-selective two-step photo-ionisation process [113]. This
is implemented using a pair of photo-ionisation lasers. For ionisation of calcium
(strontium), the first laser is tuned to the 4s? 'Sy «» 4sdp Py (5s? 'Sy <+ 5sbp 'Py)
transition at 423nm (461 nm). A second laser at 378 nm provides enough energy
to ionise either the neutral calcium or strontium. The isotope shifts for the two
species are significantly larger than, e.g., the natural of the ionisation transitions or
the residual Doppler broadening, and thus this laser can be tuned select the desired
isotope to ionise. Once the atom has been ionised, it will see the confining potential

and will be trapped.

4.4.2 Laser cooling

Ions confined to a trapping potential experience heating and occasional background
gas collisions. These processes cause the ions to gain kinetic energy, which, if left
unchecked, will eventually be sufficient for the ions to escape the trapping potential.
It is therefore necessary to remove this kinetic energy, i.e., to cool the ions. Addi-
tionally, as discussed in Section 2.4.3, to coherently manipulate the motional state
of the ions within the Lamb-Dicke regime, we must ensure that the motional state
remains close to its motional ground state, |0). Therefore, for QIP applications, the
ability to cool the motional modes to their ground state is critical.

Due to the conservation of momentum, the absorption and emission of photons
necessarily induce a change in the momentum of an ion. This has enabled the devel-
opment of a variety of laser cooling techniques, which are critical to many trapped-

ion and neutral atom experiments. In this work, we use two types of laser cooling:
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Doppler cooling and electromagnetically induced transparency (EIT) cooling.

Doppler cooling

The most common laser cooling technique is Doppler cooling [114, 115], see Fig-
ure 4.10(a). This technique typically involves red-detuning a laser from a dipole
transition. Due to the conservation of momentum, absorption of a photon from this
laser will result in a momentum change of hk along the direction of the laser prop-
agation. The ion will then emit a photon; however, this emission will be isotropic,
such that the average change in momentum from the emission will be zero. Now
consider an ion confined to a potential well. Suppose the motion of the ion has a
component along the direction of the incoming laser. Due to the harmonic motion
of the ion, this component alternates between moving towards and away from the
laser. If the ion is moving towards the incoming laser, then in the rest frame of the
ion, the frequency of the laser will be Doppler-shifted towards the dipole transition,
thus making absorption more likely. Conversely, if the ion is moving away from the
incoming laser, the laser will be Doppler-shifted away from the dipole transition,
making absorption less likely. This results in the ion being more likely to receive a
momentum kick in the opposite direction to its motion, leading to a damping of its
motion. As the amplitude of the ion’s motion is being reduced, this process lowers
the temperature of the ion. Any motional mode with a projection along the Doppler
cooling laser can then be cooled in this manner.

The minimum temperature that can be reached using Doppler cooling is limited
by the random walk resulting from the momentum kicks from the isotropic spon-
taneous emission, and from photon absorption. Therefore, we cannot use Doppler
cooling to attain the ground state of the ion’s motion. Given a motional mode with
a secular frequency w, and a cooling transition with a linewidth I', the smallest mean
excitation number that can be achieved using Doppler cooling is i ~ I'/2w. For Srt,
we cool using the 422 nm dipole transition, while using a 1092 nm beam to repump

any population that decays to the D3/, manifold, as shown in Figure 4.10(a)(i).
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Figure 4.10: Energy level diagrams for (a) Doppler cooling of (i) Sr* and (ii) Ca™,
and (b) EIT cooling of Sr*. (a) Doppler cooling involves red-detuning a laser from the
Si/2 ¢» Py dipole transition, along with an infrared repumping beam to depopulate
the Dgjp level. For (i) Sr* [(ii) Ca't], a 422nm [397nm] dipole laser and a 1092 nm
[866 nm] repumper are used. The 397 nm laser is modulated to produce a sideband at
the ground hyperfine splitting, thereby enabling us to address both hyperfine manifolds,
F = 3,4. (b) In EIT cooling, an intense coupling field, €2, is blue-detuned from the
422 nm dipole transition by A, creating a pair of dressed states, |+). A weaker cooling
laser with €, < €, is also applied. The coupling field modifies the ion’s absorption
profile, resulting in a Fano profile, as shown in the inset. By setting the detunings of both
lasers to A, the EIT condition is achieved, suppressing resonant absorption. When the
light shift is set to § = w,, where w, is the relevant motional mode frequency, the red
sideband overlaps with the peak of the Fano profile, enhancing red-sideband absorption
while suppressing resonant and blue-sideband absorption.

The 422 nm transition has a linewidth of ~ 20 MHz, and thus the Doppler limit
for a 1.5 MHz motional mode is i ~ 6. For Ca™, we cool using the 397 nm dipole
transition, together with a 866 nm beam to repump any population that decays to
the D3/, manifold, as shown in Figure 4.10(a)(ii). Since the hyperfine splitting in
the ground S, /o manifold, ~ 3.2 GHz, is significantly larger than the linewidth of the
397 nm laser, we use an EOM to modulate the 397 nm laser light to produce a side-
band at the hyperfine splitting, thereby enabling coupling to both ground hyperfine
levels. The 397 nm transition in Ca™ has a similar linewidth to Sr*, thus we expect
a similar Doppler cooling limit.

The broad linewidth of the dipole cooling transition allows us to scatter photons
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at a high rate, and thus achieve a high cooling rate. However, this linewidth is
significantly larger than the typical motional mode frequencies of the trap, and thus
we get significant resonant absorption, thereby limiting the temperature achievable
using Doppler cooling. To achieve cooling below this Doppler limit, one can use
a transition which has a much narrower linewidth, thereby allowing the individual
motional sidebands to be resolved. In this regime, one can coherently drive these
sidebands to remove motional excitations — a technique known as resolved sideband
cooling. However, the need to resolve the motional sidebands limits the cooling rates

that can be achieved.

Electromagnetically-induced transparency cooling

As discussed above, the broad linewidth of the dipole cooling transition allows us
to scatter photons at a high rate; however, resonant absorption of the cooling light
limits the temperatures achievable with Doppler cooling. To overcome this limita-
tion, we can exploit the electromagnetically induced transparency (EIT) effect to
coherently suppress absorption on the carrier transition while enhancing absorption
on the red sideband transition. This approach allows us to maintain rapid cool-
ing rates similar to Doppler cooling but, by suppressing resonant absorption, we
can surpass the Doppler cooling limit and cool the ions significantly closer to the
motional ground state [116, 117].

We perform EIT cooling using the Sr* ions, and the energy level diagram for this
technique is shown in Figure 4.10(b). Following Morigi, Eschner, and Keitel [116],
we consider three relevant levels within the Sr* ion: the two ground Zeeman states,
labelled |g) and |r), and an excited state, |e), in the P;/, manifold. We apply a
“coupling laser”, consisting of a o~ -polarised 422nm beam that is blue-detuned
from the Sy <+ Py dipole transition by A, with a Rabi frequency €),. This
coupling field creates a pair of dressed states, |+), with the state |+) shifted from
A, by a light shift 0, as shown in Figure 4.10(b). Next, we apply a “cooling laser”,

comprising a m-polarised 422 nm beam, which is blue-detuned from the S/, <+ Py /9
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dipole transition by A,, and has a Rabi frequency 2, < Q,. The coupling laser
modifies the absorption profile of the ion for the cooling laser, resulting in a Fano-
like absorption profile, as depicted in the inset of Figure 4.10(b). We see that by
setting A, = A, = A, the EIT effect suppresses resonant absorption of the cooling
laser.

However, the ion may still absorb light via its motional sidebands. We consider
a single mode of motion with secular frequency w,. By tuning the Rabi frequency
of the coupling field, €),, such that 0 = w,, the peak of the Fano absorption profile
overlaps with the red sideband transition, |g) |n) <> |+) |n — 1), while absorption
on the blue sideband is significantly reduced, and resonant carrier absorption is
suppressed. As a result, we can drive the red sideband without heating from resonant
absorption, enabling us to achieve much lower temperatures. Typically, we set
A/2m ~ 150 MHz and use coupling and cooling laser powers on the orders of 1.5 pW
and 0.5 pW, respectively. As discussed in the next section, we make extensive use

of EIT cooling for ground-state cooling of mixed-species ion crystals.

Ground-state cooling of mixed-species crystals

For the work in this thesis, the modules each co-trap one Sr* ion and one Ca™ ion,
and local entangling gates are mediated using the axial OOP mode of motion. For
high-fidelity entangling gates, it is crucial that we are able to efficiently cool this
mode to close to its motional ground state. Additionally, as we discuss in Section 5.2,
we also need to be able to cool the axial IP mode, as this has a significant impact
on the gate fidelity. Finally, we would like to be able to sympathetically cool the
Srt-Ca™ crystal using only the Sr* ion, thus enabling this cooling to be performed
mid-circuit while the Ca™ ion stores quantum information in the long-lived circuit
qubit.

To satisfy these requirements, we perform a cooling sequence, using only the Sr*
ion, that consists of ~1ms of Doppler cooling, followed by short pulses (~ 10 ps)

of EIT cooling which alternatingly target the two axial modes. Using this cooling
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sequence, we typically achieve mean occupation numbers for the axial OOP (IP)

mode of 7 =0.15 (n = 2.0) and 7 = 0.1 (=2 = 0.8) for Alice and Bob, respectively.

4.4.3 State preparation

The ability to prepare qubits in a particular state is critical for any quantum in-
formation processing platform. Here, we outline the processes by which we prepare
the computational |0) state for the network, auxiliary, and circuit qubits. For each
state preparation process, we estimate a state preparation error, €, which corre-
sponds to the probability that the state preparation process leaves the ion in any
state other than the intended |0) state. Making the (relatively crude) assumption
that the population remains in the qubit subspace of the ion, we model imperfect

state preparation as the state
p=(1—=¢)|0) 0] +e€[1) (1] (4.4)

This model is then used when performing process tomography, as outlined in Sec-
tion 3.3.2. Note that we do not directly measure the state preparation error. In-
stead, we measure the combined SPAM error and estimate the contributions from

imperfect state preparation and imperfect measurement.

Strontium

We prepare the computational |Oy) state of the network qubit using a polarisation-

selective optical pumping scheme, shown in Figure 4.11(a). A o~ -polarised 422 nm

beam pumps population from the ‘Sl/g,'fnj = —i—%> state to the |P1/2,mJ = —%>

This excited state then either decays to one of the ground Zeeman states, or to

the D3/, manifold which is depopulated using a 1092 nm repumper. Since angular

momentum selection rules prevent the o~ polarised 422 nm beam from coupling to
1

the |On) = |Sl/2,mJ = —5) state, the population is trapped in this state. Due to

the simple energy level structure of Srt, this state preparation sequence can be
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Figure 4.11: Energy level diagrams for state preparation of the (a) network qubit in Srt,
and the (b) auxiliary and (c) circuit qubits in Ca™. (a) A o~ -polarised 422 nm laser,
together with a 1092nm repumper, pumps population from the |Sl/2,mJ = +%> state
into the |On) = |S1/2,ms = —3) state. (b) A o™ -polarised 397 nm laser, in addition to
a 866 nm repumper, pumps population in the ground hyperfine manifold into the |0x) =
‘Sl/g,F =4, mp = +4> state. As in Doppler cooling, the 397 nm laser is modulated to
produce sidebands at the hyperfine splitting, enabling the addressing of both hyperfine
levels, F' = 3,4, with a single laser. (c) State preparation of the circuit qubit is performed
by first preparing the auxiliary qubit in the state |0x), before using a sequence of Raman
m-pulses to coherently transfer the population to the |0¢) state.

performed much faster than for ions with a more complex level structure such as,
e.g., ¥Ca™. This is particularly important for achieving high remote entanglement
attempt rates; in our entanglement generation scheme discussed in Chapter 6, we
optically pump to this state with ~ 1% error in ~ 300 ns.

For the network qubit in Alice (Bob), we estimate a state preparation error of
exn = 4.7(5) x 1073 (ex = 5.0(5) x 1073). We attribute this error to imperfect

polarisation of the (nominally) o~ polarised 422 nm beam.

Calcium

Preparation of the auxiliary qubit to the state |Ox) via a polarisation-selective opti-

cal pumping scheme is slightly more complicated than for the network qubit due to
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the hyperfine structure of the Ca* ion, as shown in Figure 4.11(b). A o™ -polarised
397 nm beam pumps population towards the ground hyperfine state with the largest
mp quantum number via the P/, manifold; here this state is one of the computa-
tional states of the auxiliary qubit, |0x) = ‘81/2, F=4mp= 4>. As with Doppler
cooling, the EOM modulating the 397 nm laser enables the addressing of both hyper-
fine sub-levels. Again, angular momentum selection rules prevent the o™ polarised
397 nm beam from coupling to the }SI/Q, F=4mp= 4> state, thus the population
becomes trapped in this state. An 866 nm repumper is used to depopulate the D/,
manifold. Since the ground hyperfine manifold of the Ca™ ion has a larger number
of states, and since the scattering of a single o -polarised 397 nm photon increases
the mp quantum number by at most one unit, state preparation in the Ca™ ion
takes ~ 300 ps, significantly longer than for the Sr™ ion.

Unlike the network and auxiliary qubit, we do not prepare the circuit qubit by
direct optical pumping. Instead, we first prepare the Ca™ ion in the |0x) state of
the auxiliary qubit and use a sequence of Raman m-pulses to coherently transfer this
state to the |0O¢) state, depicted in Figure 4.11(c).

For the auxiliary qubit in Alice (Bob), we estimate a state preparation error of
ex = 3.1(4) x 1072 (ex = 3.8(4) x 1073). For the circuit qubit in Alice (Bob), we
estimate a state preparation error of eq = 4.1(3) x 1073 (e¢ = 4.6(3) x 1073). We
attribute the error in the auxiliary qubit state preparation to imperfect polarisation
of the (nominally) ot polarised 397 nm beam; this mechanism also contributes to
the circuit qubit error, but here we have the additional error arising from imperfect

m-pulses which transfer the |0x) state to the |0¢) state.

4.4.4 Readout

The ability to extract information from a quantum computer via the measurement
of qubits is of fundamental importance for universal quantum computing, both for
the final output of any algorithm and for the error correction essential for the com-

puter’s successful operation. For qubits encoded in energy levels of trapped-ions,
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such a measurement in the computational basis, {|0),|1)}, is typically performed
by shelving one of the qubit states outside of the Doppler cooling cycle, followed by
illuminating the ion with cooling light. The qubit state that has been moved outside
of the cooling cycle will therefore not scatter any photons, while the qubit state left
within the cooling cycle will scatter the cooling light. We perform this fluorescence
detection for some duration, in which time we count the number of photon detection
events recorded by the relevant PMT. If the number of photons detected is found
to exceed some threshold, the ion is determined to be in the bright state; otherwise,
the ion is determined to be in the dark state.

As for the state preparation, we anticipate imperfections in the readout of the
qubits. For each qubit, we estimate the readout errors, ¢y and e;, where ¢, (€)
corresponds to the probability that a measurement of a qubit prepared in the state
|0) (|1)) will yield the measurement outcome 1 (0), as per Chapter 3. Such exper-
imental imperfections result from imperfect shelving of one of the qubit states, the
finite lifetime of the shelved state, and the statistical uncertainty from the detection

of scattered photons.

Strontium

Readout of the network qubit is straightforward, since the |1y) state already lies in
the D5/, manifold, outside of the Doppler cooling cycle, as shown in Figure 4.12(a).
Therefore, we perform a measurement of the network qubit in the computational ba-
sis by performing fluorescence detection, without the need to perform any shelving.
This measurement is performed by illuminating the Sr* ion with 422 nm and 1092 nm
beams for 500 ps, and counting the number of scattered photons detected. For an
ion in the bright (dark) state, typical photon detection rates are 4.850(3) x 10*s™!
(36(2)s71) and 3.943(3) x 10*s™! (17(1)s™!) for Alice and Bob, respectively. From
these values, and the ~ 391 ms lifetime of the D5/, manifold, we estimate network

qubit readout errors, given in Table 4.2.
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Figure 4.12: Energy level diagrams for readout of the (a) network qubit in Sr*, and
the (b) auxiliary and circuit qubits in Ca®™. (a) The |l1N) state of the network qubit
is already in the D5/, manifold, and thus we can perform readout by simply applying
the cooling lasers and counting the number of photons scattered in a given time window.
The |On) state will scatter photons and thus be observed as bright, while the |1y) state
will appear dark. (b) We shelve the [0x) state to the D5/, manifold using an optical
pumping sequence, described in the main text, involving a o'-polarised 393 nm beam,
and 7- and o™ - polarised 850 nm beams. When illuminating with the cooling lasers, the
state remaining in the F' = 3 manifold will appear bright, while the shelved state will
appear dark. To shelve the |0¢) state, we coherently transfer this state to the |0x) state,
before performing the dissipative shelving sequence described above. The S5 <> Py/p
and D3/ «> Py/5 Doppler cooling transitions, which are driven to excite fluorescence, are
not shown in these diagrams.

Calcium

For the readout of the auxiliary and circuit qubits in Ca™, all qubit states lie in
the ground hyperfine manifold, which participates in the Doppler cooling cycle.
Therefore, we must first shelve one of the qubit states such that it is outside of this
cycle. Note that we do not shelve the |0¢) state directly; we first use Raman 7-pulses
to coherently transfer to the |0x) state, before shelving the |0x) state!®. The |0x)

state is shelved using a polarisation-selective optical pumping scheme [119]'.

0Djirect shelving of the |0¢) state is possible, although the lowest achievable error is limited to
4 x 1073 [118]. In practice, we found that direct shelving caused a significantly higher error than
this, although we did not investigate the cause of this thoroughly.

HThe shelving of this state should be much once we integrate the 729 nm laser.
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Module Qubit State-preparation (x1073) Readout (x1073)
€ €0 €1 %
Ox 47(5 <0.001 1.068(4) 0.534(2)

Alice Qc 4.1(3 41(4)  27(4)  3.4(4)
1.77(4)  0.357(4) 1.06(2)

(5)
(3)
(4)
Ox 5.0(5) <0.001 1.085(4) 0.543(2)
(3)
(4)

Bob Oc 4.6(3 27(5)  17(5)  2.2(5)
1.02(2) < 0.001 0.51(1)

Table 4.2: Summary of state preparation and measurement (SPAM) errors.

The shelving of the |0x) state comprises repetitions of the following pulse se-
quence. Firstly, a ~100nW pulse of ot-polarised 393 nm pulse excites the |0x) =
|Sl/2, F=4mp= 4> state to }Pg/g, F=5mp= 5>. This state then has three de-
cay channels: to the desired D5/, manifold via the 854 nm transition with a branching
ratio of ~ 6 %, to the D3/, manifold via the 850 nm transition with a branching ratio
of ~0.7%, or back to initial state in the S;/» manifold. Secondly, since the Dg/,
manifold is inside the Doppler cooling cycle, we must recover any population that
has decayed to this manifold. The 850 nm decay may occur via emission of a o-
polarised photon, or a m-polarised photon. The ¢ decay channel leaves population
in either the |D3/2, F=4mp= 4> or }Dg/g, F=5mp= 4> states. We recover this
population using a pulse of o™-polarised 850 nm light. The 7 decay channel leaves
population in the ‘Dg/z, F=5mrp= 5> state. This population is then recovered
using a pulse of m-polarised 850 nm light. We find that after ~ 3-4 repetitions of
this pulse sequence, the population in the |0x) state is transferred to the D5/, man-
ifold, outside of the Doppler cooling cycle with sufficiently high probability for our
purposes.

With the |0) state shelved to the D5/, manifold, we perform fluorescence detec-
tion by illuminating the Ca™ ion with 397 nm and 866 nm light for 1.2ms, while
counting the number of scattered photons detected. For an ion in the bright (dark)
state, we typically detect photons at a rate of 1.615(1) x 10*s™! (440(4)s™!) and
3.060(1) x 10*s™! (331(3)s™!) for Alice and Bob, respectively. From these values,
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and the ~ 1.16s lifetime of the D5/, manifold, we estimate the auxiliary qubit read-
out errors, given in Table 4.2.

For the circuit qubit, we also have error due to the transfer of the state |0¢)
to the state |0x), prior to the fluorescence detection, resulting in a higher readout

error. We estimate circuit qubit readout errors, given in Table 4.2.

4.5 Magnetic-field stabilisation

The applied 0.496 mT magnetic field lifts the degeneracies of the Zeeman states in
the ions, and provides a quantisation axis for the qubits. However, the transition
frequencies for the network and auxiliary qubits have relatively large sensitivities
to fluctuations of this magnetic field; the circuit qubit has a much lower, but still
non-zero, first-order sensitivity. As a result, we must suppress fluctuations of the
magnetic field experienced by the ions. There are three main sources of magnetic
field noise. Firstly, there are ambient sources of magnetic fields, not synchronised
with the AC mains cycle. We passively suppress these sources by identifying possible
sources of magnetic field fluctuations from around the lab and either removing them
or moving them as far from the ion traps as possible. Examples of such sources in-
clude the movement of metallic lab chairs, which were replaced with wooden chairs'?,
fans used to cool various RF amplifiers and the electron multiplying charge-coupled
device (EMCCD) cameras, and a lift nearby in the Clarendon laboratory'®. Sec-
ondly, the coils providing the quantisation field in each module are driven by a
power supply unit operating in a (nominally) constant current mode. Fluctuations
in the current supplying these will directly lead to magnetic field fluctuations at the
ion. Finally, wires carrying AC mains current to the various instruments in the lab
will induce magnetic field signals that are phase-locked to the 50 Hz AC mains cycle.

The latter two sources of magnetic field noise — the current supply noise and

12Many thanks to my colleagues in lab 1 — in particular Sebastian — for putting up with this
request!

13Conveniently, this lift broke down around the time of taking the distributed quantum comput-
ing data. I had nothing to do with this.
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the ambient AC mains signals — account for the majority of the magnetic field noise
in our apparatus. To suppress these sources, we deploy an active magnetic field

stabilisation circuit.

4.5.1 Stabilisation electronics

The magnetic field stabilisation circuit was designed by Dr. D. P. Nadlinger and
Dr. T. P. Harty, and is based on the design employed by Merkel et al. [120]. The
circuit, outlined in Figure 4.13, operates by shunting current away from the coils
in order to maintain a constant magnetic field at the ion. A feedback loop enables
the stabilisation of the coil current, while a feedforward circuit allows modulation of
the coil current at harmonics of 50 Hz to induce a magnetic field that destructively
interferes with the ambient field induced by mains wires near the trap.

The stabilisation electronics comprise a versatile stabilizer PCB board [121] con-
nected to a current-sense mezzanine board [122]. The stabilizer board was designed
such that it could be interfaced with a variety of mezzanine boards, allowing adap-
tation to tasks such as laser frequency locking, temperature stabilisation, and, as
here, magnetic field stabilisation. The board features a central processing unit
(CPU) connected to two ADCs and two DACs via serial peripheral interface (SPI)
buses. The mezzanine board is interfaced with the stabilizer board via an ADC
and both DACs, as well as an extra DAC integrated into the CPU and a set of
general-purpose input/output (GPIO) pins.

The current-sense board features a 10} precision sense resistor' that is con-
nected in series with the magnetic field coils. The voltage across the sense resistor,
denoted Viepse, is measured using a low-noise instrumentation amplifier so as not to
draw any current from the coils. A coarse offset voltage Vi gset, set by an auxiliary
DAC, is subtracted from V. and the resulting signal is amplified and passed to
the ADC. This is used as the process variable, x, for the feedback loop. The feed-

forward is then implemented by digitally modulating the set point of the feedback

“4Part number Y160710R0000D9R
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Figure 4.13: Schematic of the magnetic field stabilisation electronics. (a) A PSU pro-
vides a nominally constant current, Ipsy, to the magnetic field coils (depicted as an in-
ductor). The stabilisation circuit dynamically shunts current from the coils based on a
voltage, Vghunt, applied to a transistor. A 102 sense resistor is connected in series with
the coils, such that the voltage across it, Viense, is proportional to the coil current, Iepge.
This voltage is fed to a feedback circuit (shown in (b)), which controls the shunt voltage,
thus allowing the current through the coils to be adjusted. (b) The feedback circuit first
subtracts a constant offset voltage, Ve, from Viense and amplifies the remaining voltage.
An ADC converts this voltage into a digital signal, where the feedforward signal s(t) is
added digitally. This combined signal serves as the error signal for a PI filter. The filter’s
output is then converted to an analogue voltage using a DAC, amplified, and used as
Vihunt to adjust the coil current.

by the feedforward signal, s(t), resulting in the error signal e(t) = x(t) — s(t). The
feedforward signal is phase-locked to the mains line cycle. A standard Pl-loop is
implemented digitally by the CPU with an update rate of 500 kHz. The output
of the Pl-loop is passed to a DAC, the output of which drives a transistor which
shunts current away from the coils. The stabilizer PCB is connected to the lab-
oratory network via an Ethernet connection over which the stabilizer settings can
be configured, and the output of the ADC can be streamed for logging of the error
signal. Although the current-sense board was designed with a separate feedforward
circuit that was driven by the second DAC, due to concerns about the DC stability

of that circuit, the digital option described above was chosen.
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Figure 4.14: (a) Noise spectral densities for the magnetic field coil current with (red) and
without (blue) the current feedback. The red data was measured using a second Stabiliser
unit. Also shown is the noise spectral density of the in-loop error signal (orange), and
the noise floor of the stabilisation electronics (green). (b) Ramsey contrast of the Sr*
network qubit with (red) and without (blue) the current feedback, as a function of Ramsey
duration. The solid lines are Gaussian fits to the decay in contrast.

4.5.2 Feedback circuit

Let us first consider the action of the feedback circuit only, i.e., we set the feedforward
signal to zero, s(t) = 0. We measure the current fluctuations by logging the stabilizer
ADC input over a period of time. A Fourier transform of this data yielded the noise
spectral density of the current fluctuations, as measured by the stabilizer board.
Figure 4.14 shows the noise spectra of the following: the coil current without
any feedback (i.e., the power supply unit (PSU) noise spectrum), the coil current
as measured by the Stabiliser feeding back on the current supply, the noise floor of
the Stabiliser circuit, and the coil current as measured by a second Stabiliser board
connected in series with the Stabiliser feeding back on the current supply. Notice
that the noise spectrum as measured by the Stabiliser feeding back on the current
(orange) goes below the measured noise floor. This is, of course, unphysical since

the Stabiliser cannot stabilise the current to better than its noise floor. A second
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Stabiliser was connected in series to be able to characterise the true effect of the
feedback circuit (red). This noise spectrum does not quite reach the noise floor,
suggesting that the performance of the feedback circuit could be further improved,
however it does demonstrate a significant reduction of the coil current fluctuations
over a 1kHz bandwidth.

From this data, the rms fluctuations of the magnetic field due to the PSU
noise was calculated to be op = 22.52(3) nT without any stabilisation, and op =
1.873(2) nT with feedback. Using a filter function approach, discussed in Sec-
tion 2.4.2, the noise spectra in Figure 4.14 were used to estimate the coherence
times of the network qubit with and without stabilisation. Coherence times on the
order of ~8ms and ~ 1 ms were predicted with (red) and without (blue) stabilisa-
tion, respectively.

The coherence of the network qubit was measured with and without feedback,
see Figure 4.14(b). The coherence datasets are fitted to Gaussian functions, e /7.
It is clear that a Gaussian decay is not a good fit for the (red) data — the coherent
revival is a result of the 50 Hz oscillations of the ambient magnetic field. However, the
fit allows an estimate of the decoherence time, 7.. Without feedback, the coherence
time was estimated to be 0.75(1) ms, while with feedback, the estimated coherence
time was 0.43(2) ms.

While the data in figure Figure 4.14(b) shows a longer coherence time without
feedback than with feedback, the reason for this is attributed to a difference in
amplitudes of the ambient magnetic field at the times when these datasets were
taken. This could be due to a change in the electronics operating in the environment
of the ion trap. The presence of the coherent revival around 900 ps in the (red) data
indicates that the dominant magnetic field decohering mechanism was the 50 Hz
oscillations of the ambient AC field. The (blue) data does not exhibit such a revival,
indicating that the power supply noise is the dominant source of decoherence. We
therefore conclude that while the ambient field amplitude was larger when the (red)

data was taken, the Stabiliser effectively reduced the power supply noise.



MAGNETIC-FIELD STABILISATION 105

4.5.3 Feedforward circuit

We now turn our attention to the suppression of the AC ambient magnetic field
using the feedforward circuit. Let us denote the ambient AC magnetic field as 5(¢)
where ¢t € [0,20 ms] is the offset from the line trigger. This is the field that results
from the mains current-carrying wires, and comprises a 50 Hz signal and harmonics
thereof. We decompose this signal into a discrete Fourier series, where 5(t) can be

described by the set of complex amplitudes {3,} for n = 1,...,5, such that

B(t) = Re{B,e™"} (4.5)

where () = 27 x 50 Hz is the primary harmonic. For our purposes, it is sufficient to
consider only the first five harmonics.

The feedforward circuit allows us to apply a signal, s(t), to the coils, which is
phase-locked to the 50 Hz line cycle, and thus is phase-coherent with the ambient
field from the mains current. As with the ambient field, we can decompose this

signal current using the set of complex coefficients {s,}, such that

s(t) = Re{s,e™}. (4.6)

The complex amplitudes, {s,}, are stored in the stabilizer CPU and define the feed-
forward signal that is applied to the set-point of the feedback loop. This modulation
induces a modulation in the current applied to the coils, which in turn induces a
modulation in the magnetic field experienced by the ion. For small signals, we as-
sume that the induced magnetic field depends linearly on the feedforward signal

as

5
Z Re {8, } (4.7)
n=1

where «,, € C to allow for phases acquired by the Fourier modes of the feedforward
in the conversion from current to magnetic field. The magnetic field as measured

by the ion, referred to as the response r(t), can then be written as a superposition
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of the ambient field and the feedforward field, where a Fourier decomposition yields

5 5
Z Re {rpe™} = Z Re {(ansy + B)e™™}. (4.8)
n=1 n=1

Thus, we obtain

Tn = QpSp + 571 (49)

We therefore see that we can suppress the ambient magnetic field arising from
the AC mains current by finding the feedforward signal such that the induced field
deconstructively interferes with the ambient field, thus minimising the field expe-
rienced by the ion. The optimal feedforward coefficients are found by applying a
number of stimuli feedforward signals and measuring the response. For qubits with
a first-order magnetic field sensitivity, a magnetic field shift will induce a detuning
of the qubit frequency proportional to the shift. In order to maximise the sen-
sitivity to the magnetic field shifts, we use a qubit in Sr* defined by the states
|Sl/2,mJ = —%> and ‘D5/2, my = %>, which has an optical qubit transition with a
magnetic field sensitivity of 39.2 MHzmT ™. We use Ramsey experiments to map
this detuning to a qubit phase, which can be efficiently determined using ABPE,
described in Section 3.1. By performing ABPE at different time offsets from a mains
line trigger, we can determine the magnetic field shifts as experienced by the ion at
different points along the line cycle, i.e., the response r(t). The ABPE is performed
twice per line trigger, once at the line trigger itself, and then again at the offset
from the line trigger. By taking the difference of the two phase estimates, it is then
possible to approximately cancel out any slow drifts in the ambient magnetic field,
leaving only the magnetic field induced by the mains wires.

We calibrate the feedforward by applying M stimuli feedforward signals, specified
by {s’} where n =1,...,5and i = 1,..., M, measuring the responses {r’} on the

ion, and solving for {s{®”} such that

0= a,sPY + 3,. (4.10)
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We follow the method employed in [81], making use of a complex linear regression.

For each harmonic, n, we define the response vector, 7, and the matrix of regressors,

Sy, as
rk 1 sk
B r 1 s
=1 |,and S, = " |. (4.11)
rﬁ/[ 1 sﬁ/f

Furthermore, by defining the parameter vector, p,, = (5,, @), we can write

—

T = SpDn + €, (4.12)

where ¢, are the residuals of the model. This allows us to write the sum of the

squared residuals as,

R, =& &, = (Suph — 7)) (Spfy — 7) (4.13)

n

which is just the sum of the residuals of each trial i. The best estimate of the

parameters, p, = (Bn, &), are such that

OR,

=0. 4.14
a7, (4.14)

Computing this derivative, we obtain find
P = (S1S,) 1Sk, (4.15)

The optimal feedforward amplitudes are then given by

sont) — P (4.16)
an

Figure 4.15(a) shows the results from the measurements of the magnetic field

over the line cycle with (red) and without (blue) the feedforward applied. Without
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Figure 4.15: (a) Deviation of magnetic field from nominal value at different points
along the 50 Hz AC line-cycle with (red) and without (blue) magnetic field stabilisation
(comprising both feedback and feedforward). The deviations were measured using ABPE.
(b) Ramsey contrast of the Sr™ network qubit with (red) and without (blue) magnetic
field stabilisation, as a function of Ramsey duration. The solid lines are Gaussian fits to
the decay in contrast.

the feedforward, the peak-to-peak value of the ambient field is 136(2) nT [rms of
46.0(7) n'T], which is reduced to 0.7(4) n'T [rms of 0.299(4) nT] with the application
of the feedforward. The Bayesian phase estimation scheme involves performing
Ramsey experiments at the same point in the line cycle, so this rms value does not
account for ambient field fluctuations that are asynchronous with the line cycle.
Indeed, we expect the magnetic field noise to be dominated by the residual noise
from the feedback circuit, which has o ~ 2nT.

Measurement of the Ramsey contrast of the network qubit with feedforward is
shown in Figure 4.15(b). The data without any magnetic field stabilisation is also
plotted for reference. From this data, the network qubit coherence time is estimated
to be 7.1(1) ms. This is comparable to the coherence time of 8.24(3) ms, predicted
in section Section 4.5.2, which assumes only residual noise from the feedback circuit.
Combining both sources, we estimate an rms for the total magnetic field fluctuations
of 2.0(1) nT. This represents over an order of magnitude reduction in the magnetic
field fluctuations from the noisy coil current supply and ambient fields induced by

wires carrying 50 Hz mains current (and harmonics thereof).
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*

This chapter presents the local control operations essential for our trapped-ion mod-
ules: single-qubit rotations on Ca™ qubits, mixed-species two-qubit entangling gates,
coherent mapping between hyperfine qubits, and mid-circuit measurement tech-
niques. These tools form the building blocks for the complex networked experiments
described in later chapters.

The results in this chapter reflect contributions from across the quantum net-
working team, many of which I directly supported. I implemented and characterised
high-fidelity single-qubit rotations on our Ca™ qubits using the Raman laser system
characterised in Chapter 4. I contributed to the implementation of mixed-species
entangling gates based on work by Hughes et al. [15]. Finally, I performed ran-
domised benchmarking of the coherent hyperfine-qubit mapping pulse developed by

P. Drmota.

5.1 Single-qubit gates

The ability to coherently manipulate individual qubits is a critical tool for universal

quantum computing. Here, we outline the mechanisms by which we mediate ar-

109
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bitrary single-qubit rotations for the network qubits encoded in Sr* ions, and the
auxiliary and circuit qubits encoded in the Ca™ ions. We benchmark the perfor-
mance of our single-qubit gates using RBM, as outlined in Section 3.4.

For all relevant transitions that we coherently address, we utilise the ABPE
protocols outlined in Section 3.1 to perform efficient and precise calibration of the
qubit transition frequencies, in addition to the pulse durations corresponding to 7 /2-,
-, and 27-rotations. Combined with arbitrary Z-rotations — trivially implemented
by adjusting the tracked qubit phases — we are able to implement any arbitrary

single-qubit rotation.

5.1.1 Strontium quadrupole gates

We coherently manipulate the electronic state of the Srt ions using a narrow-
linewidth 674 nm laser to address electric quadrupole transitions between sublevels of
the S; /2 manifold and sublevels of the D5/, manifold. In particular, we are interested
in the addressing of the transition between the !Sl/Q, my = —%> and ‘D5/2, my = —%

states forming the network qubit. We benchmark the performance of the single-qubit
rotations of the network qubit using RBM. The RBM results for the network qubit
in each module are given in Table 5.1. Notice that while the auxiliary qubit exhibits
a magnetic field sensitivity similar to the network qubit, it has an order of magni-
tude smaller single-qubit gate error; thus, we can conclude that fast magnetic field
noise is not the dominant error mechanism. Additionally, since the error for Alice
is almost twice as large as that in Bob, this suggests that laser phase noise does
not fully account for the observed errors. We therefore assume that the off-resonant
driving of nearby motional sidebands is a significant source of error, with the larger

effect in Bob resulting from the lower secular motional frequencies.

5.1.2 Calcium Raman gates

We coherently manipulate states in the ground hyperfine manifold of the Ca™ ions

using a pair of Raman beams — see Section 4.3 for a description of the Raman laser
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Error per Clifford (x107%)

Alice Bob
network (Qn) 4.8(3) 9.8(3)
auxiliary (Qx) 1.4(3) 1.2(3)
circuit (Q¢)  1.0(3) 1.2(4)

Qubit

Table 5.1: Errors per single-qubit Clifford operation for network, auxiliary, and circuit
qubits, measured using RBM.

system. For transitions between states where Amp = 0, such as in the case of
the circuit qubit, we use the Son; and Daughter; beams; for transitions between
states where Ampr = +1, such as in the case of the auxiliary qubit, we use the
Son; and Daughter, beams. By choosing pairs of co-propagating beams to drive
the transitions, we minimise the relative wavevector of the two beams, and therefore
the coupling to the ions’ motion.

We benchmark the performance of the single-qubit rotations of the circuit and
auxiliary qubits using RBM. The RBM results for the auxiliary and circuit qubits
in each module are given in Table 5.1. Since the Raman beam geometry suppresses
potential off-resonant motional coupling effects, we anticipate the dominant sources
of single-qubit gate error to be from magnetic field noise, and relative phase noise
between the two Raman lasers. However, given the similarity in the gate errors
between the auxiliary qubit and the field-insensitive circuit qubit, we assume that
the dominant error mechanism is relative phase noise between the Raman lasers, as

this affects both qubits equally.

5.2 Mixed-species entangling gates

The ability to perform logical entangling gates between ions of different species al-
lows us to delegate roles for performing tasks which have diametric requirements,
such as storing quantum information and realising a network interface. We perform
these mixed-species entangling gates using geometric phase gates. As discussed in

Section 2.4.3, the implementation of geometric phase gates requires the generation
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of a SDF'. In this section, we discuss the implementation and calibration of our en-
tangling gates, and the characterisation of our mixed-species controlled-Z (CZ) and
iISWAP gates. These particular gates are deployed frequently in the more complex

experiments presented in Chapters 6 and 7.

5.2.1 The spin-dependent force

In Section 2.4.3, we discussed the theoretical implementation of a light-shift SDF;
here, we outline our experimental realisation of this SDF. As depicted in Figure 5.1,
the SDF is created using a single pair of intersecting 402 nm Raman beams, detuned
from one another by Aw, which induce differential light-shifts of the ions’ spin states.
The Raman beams we use are the Son; and Son; beams, as defined in Chapter 4.
At this wavelength, we couple most strongly to the 397nm S;,, <+ Py, dipole
transition in Cat and the 408 nm S; /2 <+ P3/y dipole transition in Srt, as shown
in Figure 5.1(a). The ~THz detuning from these transitions suppresses unwanted
single-photon scattering, while still providing a sufficiently strong driving force with
experimentally feasible beam intensities. This configuration is advantageous since
we can address both ion species with only a single pair of beams.

The interference of the two beams results in a polarisation travelling-standing
wave propagating along the direction of the wavevector differential AE, as depicted
in Figure 5.1(b). The spin states of an ion sitting in this travelling-standing wave will
experience a light-shift oscillating at Aw with a phase depending on the position of
the ion in the travelling-standing wave. The ions experience this spatially-dependent
light-shift as a dipole force which drives motion along AE, with a sign dependent
on the spin state of the ion. By choosing the differential detuning of the Raman
beams to be close to one of the motional modes, i.e., Aw = w,, + § where |§| < w,,,
we off-resonantly drive the motional mode and coherently displace the spin states
around circular trajectories in the phase space of the motional mode.

As discussed in Section 2.2.1, the mass disparity between Sr™ and Ca™ results

in large asymmetries in the radial mode participations of the ions, making these
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Figure 5.1: (a) Energy level diagram for Sr* and Ca™ showing states used to realise
the mixed-species SDF. A pair of 402nm Raman lasers with a relative detuning of Aw
induce a light-shift of the auxiliary (Qx) and network (Qn) qubit states. By tuning the
Raman lasers to 402nm, we couple to both the 397nm Sy, <> Py /5 dipole transition in
Ca™ and the 408 nm S,/ <> P35 dipole transition in Sr*. (b) Geometry of our SDF
implementation. The Raman lasers are aligned orthogonal to one another, such that their
relative wavevector is along the trap axis. The interference of the Raman beams gives rise
to a polarisation travelling-standing wave which induces spin-dependent light-shifts of the
spin states oscillating at Aw with a phase depending on the position of the ions in the
interference pattern. The detuning of the Raman lasers, Aw, is tuned close to the secular
frequency of the OOP normal mode, woop. The ions experience a SDF off-resonantly
driving the spin states around closed trajectories in phase space.

modes unsuitable for mediating entangling gates. Instead, we choose the axial OOP
mode since each ion has a significant participation in the mode, and the “breathing”
character of the ions’ motion provides some suppression of the motional heating
due to common-mode electric field noise. We therefore align the Raman beams in
an orthogonal geometry such that their differential wavevector points in the axial
direction and we can maximally drive the axial motion.

As discussed in Section 2.4.3, the SDF Hamiltonian for two ions in the travelling-
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standing wave is given by

N
Z th s, p
_ 77 OOP LiAg; ,—idt |Sz> <Sz| ® aj)op + h.c., (5.1)

i=1 s=0,1

where 2; ; determines the size of the light-shift of the spin state s € {0,1} of the
™ ion, 7; 0op is the Lamb-Dicke parameter for the coupling of the Raman beams to
the component of the i ion’s motion in the OOP mode, A¢; is the phase of the
travelling standing wave at the position of the 7** ion, abop is the creation operator
the OOP motional mode, § is the detuning of the travelling-standing wave from the
OOP mode frequency, and |s;) (s;] is the projector for the spin state s of the i*® ion
embedded into the total spin Hilbert space.

The coupling of the SDF to the spin states depends on the ability to generate
differential light shifts between the qubit states, i.e., that we can realise 2, ; # ;0.
For the Ca' circuit (Qc) qubits, we have Qc1 = Q¢ and thus the circuit qubit
states will be driven along the same trajectories in phase space. As a result, the
circuit qubits will only acquire a global geometric phase and so cannot be used to
generate entanglement. We therefore drive the entangling gates using the auxiliary
(Qx) qubit instead.

We apply the gate mechanism directly to the network qubit in Srt — rather
than the Zeeman ground state qubit, as done in Hughes et al. [15] and Drmota
et al. [123] — which has the advantage of eliminating mapping pulses to convert
between the Zeeman qubit and the optical qubit. However, a consequence of this is
an asymmetry between the matrix elements, |Qx ;| < |€x|, which is not present
for the Zeeman qubit. Due to the hyperfine structure of 3Ca*, the matrix elements
for the auxiliary qubit also exhibits an asymmetry, {2x; = —€x o + €. This will
lead to an asymmetry in the trajectories taken by the different qubit states. As
we discuss in Section 5.2.2, we mitigate the effect of these asymmetries through
the deployment of Walsh modulation, consisting of a &, rotation bisecting the SDF

pulse [124, 125]. This modulation symmetrises the trajectories of the qubit states,
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thereby enabling the execution of the entangling gate at the cost of a reduced gate
efficiency that is compensated for by the use of higher laser powers (the laser powers
used are summarised in Table 5.2).
The phase of the travelling standing wave at the position of the i ion, Ag;, is
given by
Api = Ap, + Ak - 7, (5.2)

where A¢, is the relative phase of the two Raman beams and 7} is the equilibrium
position of the i*" ion. The relative phase of the driving force acting on each of
the ions is then AkAz where Az is the axial separation of the two ions. We may
then set the relative phase of the driving force by tuning the ion spacing. With
an ion spacing such that AkAz = 27(n + 1/2), the driving force experienced by
the ions in the even-parity states |1x1x) and |OxOx) will be maximally out-of-phase
and so we most efficiently drive the OOP mode. For our beam geometry, we have

Ak =+/2 x 27 /A and thus in each module we choose axial confinements such that

1\ A
Az, =[n+=]— 5.3
("+3) 75 )
for n € Z. The ion spacings used in each module are summarised in Table 5.2,

and the method by which we find the correct axial confinement to realise these ion

spacings is described in Section 5.2.3.

5.2.2 Walsh-modulated entangling gate

As discussed in Section 2.4.3, we implement unitary entangling gates between spin
states through careful application of the light-shift SDF. This SDF couples the
spins to the shared motion, and so the force will, in general, generate entanglement
between the spin states and the state of the motional mode. In order to mediate a
unitary interaction between the spin states, we require that once we have completed
the interaction, the spin states and motional states are fully decoupled. Residual

spin-motion entanglement will manifest as non-unitary evolution of the spin states,
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(b)

"

Figure 5.2: (a) Circuit used to implement the Walsh-modulated CZ gate. The Walsh
modulation comprises two pulses of the spin-dependent force of length t,/2 and detuning
dg = 4 /ty, separated by 6, pulses on each qubit. The gate parameters are chosen such
that the acquired geometric phase is ® = m/2, resulting unitary process is the Uy zz
entangling gate. Finally, single-qubit rotations are then used to transform this to the
desired CZ-gate. (b) Phase space trajectory for one of the spin states during the Walsh-1
modulated gate for a mis-set gate detuning and a Rabi frequency asymmetry. The mis-set
gate detuning results in the first trajectory (C;) not closing. The phase of the second
SDF pulse is chosen to be ¢o = ¢1 + d47 such that the second loop (C2) closes the total
trajectory. The asymmetry in the matrix elements of 2 results in trajectories of different
sizes. Since the spin states travel both trajectories, the total geometric phase acquired is
the same.

when considering only the reduced density matrix of the spin states, and thus a
gate error. The decoupling of the spins and the motion occurs when the trajectories
taken by the spin states around the phase space are closed; in the absence of external
perturbations, this is achieved when the SDF is applied for integer multiples of the
duration t = 27/6.

To make the entangling gate robust to coherent error processes, we employ a
dynamical error suppression protocol known as Walsh modulation [124, 125]. Walsh
modulation consists of dividing the interaction into a sequence of shorter interactions
with different phases. Similar to dynamical decoupling schemes used to suppress
qubit decoherence processes, this modulation of the gate interaction allows us to
coherently suppress error processes that occur during the gate.

In our experiment, we use 1%-order Walsh modulation. Shown in Figure Fig-
ure 5.2, this consists of dividing the gate interaction into two applications of the
SDF separated by ¢, rotations of each qubit. The Walsh modulation ensures that
if the phase space trajectories are not closed after the first SDF pulse, the relative

phase of the two SDF pulses may be selected such that the second loop always closes
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the total trajectory. To achieve this, we require that the phase of the SDF on each
spin state is the same at the start of each loop. We therefore choose ¢o = ¢1 + 6,7,
where the d,7 term accounts for the free evolution of the motional state over the
duration, 7, between the start of the first SDF pulse and the start of the second.
Additionally, the 6, ® ¢.-type interaction realised by the SDF commutes with qubit
frequency shifts, and so the ¢, rotation implements a spin-echo on each qubit, mak-
ing the gate robust to qubit frequency detunings. Finally, the modulation mitigates
the asymmetries in the Rabi frequencies, 2;; and €, , since the spin states will
undergo both trajectories.

In the absence of errors, this implementation of the Walsh-modulated Z7Z (WZZ)

gate yields the unitary transformation

0 0 0 1

. 0 0 e™ 0

U(®) = (5.4)
0 e™® 0 0
1 0 0 0

where & is the acquired geometric phase. We choose gate parameters such that
® = 7/2, i.e., Uwzz = U(r/2). Single-qubit rotations then transform this gate into

the CZ-gate, given by the matrix

1 00 O

R 01 0 O

Uy = (5.5)
0 01 O
0 0 0 -1

This mixed-species CZ gate is an important resource in the subsequent experiments.

5.2.3 Gate calibration

In order to realise an entangling gate that is as close to the ideal unitary as possible,

there are a number of parameters of that must be carefully calibrated. This includes



118 CHAPTER 5: LOCAL OPERATIONS

Parameter Alice Bob
Mode frequency, woop 3.341 MHz 2.614 MHz
Ion-spacing, Az, (11+3) A/V2 ~3.3um (13+3) A/V2 ~ 3.8um
Raman powers, (P, Py ) (20 mW, 19 mW) (16 mW, 24.5 mW)
Gate time, ¢, 62 s 58 11s

Table 5.2: Typical gate parameters for each module. At the ions, the Raman beams are
focused to a beam waist of ~ 15 pm.

the secular frequency of the axial OOP mode, wqop, the ion spacing, Az, and the
gate parameters G = {P), P ,t,,0,} where P and P, are the powers in the Son,
and Son; Raman beams, respectively. Typical values of these parameters used in

each module are given in Table 5.2.

Mode frequency

We calibrate the frequency of the axial OOP mode, woop, such that at 6, = 0 the
force resonantly drives the motion. In this scenario, the spin states do not undergo
circular trajectories; instead, they are coherently displaced along a straight line in
phase space!.

We calibrate this frequency by reducing the power in each Raman laser beam to
~ 1mW and applying the SDF for ~ 500ps. We then probe on the red sideband
to detect the coherent displacement. By scanning the detuning Aw of the Raman
beams, we are able to identify the point at which the SDF becomes resonant with
the OOP motional mode. Results from a typical calibration scan in Alice are shown

in Figure 5.3. Typical axial OOP mode frequencies for each module are given in

Table 5.2.

Ion spacing

As discussed in Section 5.2.1, the ion spacing of the Srt—Ca't crystal is chosen
such that Az, = (n+ %) x A/V?2, for n € 7Z, so as to maximise the coupling

of the spin states to the axial OOP mode. We tune the ion spacing by either

'In the frame rotating with the secular frequency woop.
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Figure 5.3: Typical scan for the calibration of the mode frequency in Alice. A weak
SDF is applied for ~ 500 ps with a variable frequency Aw. This frequency is scanned to
identify the resonance of the OOP mode used to mediate the spin-dependent force. At
Aw = woop, the SDF resonantly drives the OOP mode, therefore increasing the excitation
probability when probing the red sideband. A Lorentzian fit yields a mode frequency of
Woor /27 = 3.3353(10) MHz.

increasing or reducing the trap axial confinement. We identify the optimal ion
spacing experimentally by finding the points Az, . = (n + % + %) A/V/2 either side
of the desired ion spacing that minimise the coupling of the SDF to the OOP mode.
The chosen ion spacing for each module is given in Table 5.2.

The coupling of the force to the motion is determined by resonantly driving the
OOP mode before probing on the red motional sideband of a qubit transition. If the
force couples to the motion, then the motional state is coherently displaced in phase
space and we observe an increase in excitation probability on the red sideband. At
the points where the coupling is minimised, we do not observe a signal on the red
sideband since the motional state remains close to the ground state.

Since the axial confinement sets the axial frequencies, we measure the single-ion
axial frequencies for the axial confinements that minimise this coupling either side of
the desired ion spacing. We then set the single-ion axial frequency between the two

points?. At this point, the coupling between the SDF and the OOP mode should be

20f course, it would be simpler to simply find the point at which the coupling to the IP mode
was minimised. However, the cooling of the IP mode was not good enough to clearly see a signal.
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Figure 5.4: (a) Simulation of ideal gate dynamics for typical gate parameters, showing
population as a function of gate duration. At each duration, ¢ is set to 47 /t, to ensure
that the phase space trajectories are closed, allowing observation of the dynamics from
Eq. (5.6). The duration at which P(00) = P(11) = 1 indicates the creation of the max-
imally entangled |®*) state and is thus used as the gate duration for the CZ gate. (b)
Experimental data from Bob (circles) overlaid with simulated ideal dynamics (solid lines)
for a ~8ns window around the calibrated gate time. The crossing point of P(00) and
P(11) determines the gate duration for the CZ gate.

maximised and thus we most efficiently drive gates on the OOP mode.

Gate parameters

In order to leave the spin states decoupled from the motional states at the end of
gate interaction, we must close the phase space trajectories. This is achieved when
the time taken to traverse the closed trajectory is equal to the inverse detuning of
the force from the motion. Thus, for an m-loop gate with force detuning d,, the
total gate duration will be ¢, = 2wrm/d,. In the case of our Walsh-1 modulated gate,
we use two loops and thus our gate detuning is set to 6, = 47 /t,.

We then have two free gate parameters that we may vary to achieve the desired
geometric phase ® = 7/2: the Raman laser powers, and the gate duration ¢,. We
choose to fix the Raman beam powers, P and P, and vary the duration ¢, (and
gate detuning d, accordingly) to achieve the desired dynamics.

We calibrate the gate duration by preparing the Srt-Ca™ crystal in the state

|ONOx) and applying a sequence consisting of the Walsh-modulated gate unitary,
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given by Eq. (5.4), interposed between single-qubit Rx (%) rotations on each ion.
In the absence of experimental imperfections, this yields

Rx (g)®2 0(®) Ry (9@2 10x0x) = cos (@) [On0x) — isin (®) |Inlx),  (5.6)

where @ is the acquired geometric phase and, for fixed Raman intensities, depends
only on the gate duration, ¢,. We measure in the computational basis to estimate
the populations of the resulting state.

A numerical simulation of this sequence in the absence of experimental imper-
fection is shown as the solid lines in Figure 5.4. In the ideal case, we find no
population in the odd-parity states at any duration®, i.e., Py, + Pig = 0. The
points at which Py = Fyy = 0.5 indicates the creation of a maximally entangled
state \/Li (|0nOx) — i |1n1x)), and thus that & = 7/2, yielding the desired entangling
gate. Figure 5.4(b) shows typical experimental results of such a scan in Alice. The

deviations from the ideal simulation are discussed in Section 5.2.5.

5.2.4 Characterisation of the mixed-species CZ gate

We characterise our mixed-species gates using QPT, outlined in Section 3.3. To
suppress the effects of imperfect SPAM on the reconstructed process matrix, we in-
corporate these imperfections into the model used to reconstruct the process matrix,
as outlined in Section 3.3.2. This allows us to use the characterisations presented
here in error budgets for more complex experiments, without worrying about com-
pounding SPAM errors.

As discussed in Section 5.2.2; due to the Walsh modulation, the gate we imple-
ment is (in the absence of experimental imperfections) the unitary Uwzz. However,
since this gate is equivalent to the CZ-gate up to single-qubit rotations, we consider
the CZ-gate as the base gate in our local mixed-species gate set. Therefore, the
characterisation of our mixed-species entangling gate, and any subsequent circuits

utilising these operations, will be in terms of the CZ-gate.

3Note that for each gate duration, ¢,, we adjust the gate detuning, d,, accordingly.
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Figure 5.5: (a)(i) and (b)(i) show the process matrices for the mixed-species CZ gates in
Alice and Bob, respectively, reconstructed from QPT using a total of 32 400 measurements.
From the process matrices, we observe CZ gate fidelities of 97.6(2) % and 98.0(2) % for
Alice and Bob, respectively. (a)(ii) and (b)(ii) show the histograms of the gate fidelities
of process matrices reconstructed from resampled datasets.

The process matrices, reconstructed from 32 400 tomographic measurements, for
the mixed-species CZ-gates from each module are shown in Figure 5.5. Compared to
the ideal CZ-gate, we measure average gate fidelities of 97.6(2) % and 98.0(2) % for
Alice and Bob, respectively. The experimental imperfections to which we attribute

the loss in fidelity for the CZ gate are discussed in the following section.

5.2.5 Experimental imperfections

There are a number of mechanisms which result in a deviation from the desired
unitary gate, Ucz. The experimental results from a gate dynamics scan in Alice,
shown in Figure 5.4(b), show population in the odd-parity states, in contrast to
the numerical simulation of the ideal dynamics. Here, we consider the deviations

from the desired unitary dynamics which we expect to affect the performance of our
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Figure 5.6: Simulated contributions to the CZ gate error as a function of gate duration
for (a) Alice and (b) Bob. At each gate duration, the optimal gate detuning and gate
powers are chosen. For both modules, we assume qubit dephasing times of v = 14 ms
and 7x = 7ms for the network and auxiliary qubits, respectively, and assume a motional
dephasing time of 7oop = 3.4ms. For Alice (Bob), we assume the following parameters:
Noop = 0.15 (figop = 0.1), fioor = 3505~ ! (Roop = 8087 1), Ap = 2.0 (A = 0.8), and
fp = 2700s™1 (e = 500 sfl). The red markers indicate typical gate durations of 62 s
and 58 s for Alice and Bob, respectively. This visualisation of the error contributions was
inspired by Fig. 4.21 in Drmota [56].

mixed-species entangling gate. The effects of the experimental imperfections on the
gate dynamics are modelled by numerically solving the master equation, Eq. (2.5),
while including the different error models. The estimated error contributions as a
function of gate duration for the different error mechanisms discussed in this section

are shown in Figure 5.6.

Miscalibration of gate parameters

The spin states must be completely disentangled from the motion after the gate
interaction; residual spin-motion entanglement will manifest as a non-unitary evo-
lution of the spin states. In the gate dynamics scans, this non-unitary evolution
will lead to an increased population in the odd-parity states. One mechanism by
which residual spin-motion entanglement may occur is if the phase space trajectories

taken by the spin states are not closed due to miscalibration of the gate parameters.



124 CHAPTER 5: LOCAL OPERATIONS

While we always set 0, = 2mm/t, for an m-loop gate, any deviations of the mode
frequency from its calibrated value will result in the trajectories not being closed. As
discussed in Section 5.2.2, Walsh modulation suppresses the effects of most mis-set
gate parameters. However, this modulation relies on precise calibration of the mode
frequency, woop to calculate the phase of the second SDF pulse, and so this gate
mechanism is sensitive to deviations in the mode frequency. There are a number of
mechanisms that lead to significant deviation in the mode frequency.

Firstly, we observe that the Raman lasers charge the trap chips and cause a sig-
nificant miscompensation of the trapping potential. This in turn affects the mode
structure of the crystal and thus the OOP mode frequency. To mitigate this ef-
fect, we automatically calibrate the micromotion compensation in the out-of-plane
direction every ~ 5-10 minutes, keeping the mode frequency stable.

Secondly, the two possible ion orders of the Srt-Ca™ crystal have slightly dif-
ferent mode frequencies due to experimental asymmetries. We observe reordering
events of the ion crystal on the ~10 minute timescale. In order to detect reorder-
ing events, before every experimental shot we look for Sr* fluorescence through the
high-numerical aperture lens used for collection of photons in the ion-photon inter-
face. Since the coupling of the collected light to the detection system is extremely
sensitive to ion position, we only collect fluorescence for one ion order. Upon detec-
tion of a reordering event, we automatically reorder the crystal, thus returning it to

the correct state.

Qubit dephasing

Typical gate durations in our modules are ~ 60 s, and typical coherence times for
the network and auxiliary qubits are ~ 10ms and ~ 1 ms, respectively. As a result,
we expect some non-negligible error simply due to dephasing of the qubits over the
gate interaction. Since Z-rotations commute with the gate interaction, the Walsh
modulation also acts as a spin-echo on the qubits, thereby suppressing low-frequency

dephasing processes such as slow magnetic field drifts. We model qubit dephasing
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into our gate simulation using the Lindblad operator L = 6!, i.e., the Pauli Z-
operator acting on the i*" qubit, with an associated relaxation rate v = 1/27;, where
7; is the coherence time of the i*" qubit.

By modelling qubit dephasing in this way, we are assuming a white noise source
for the dephasing process. This assumption is not particularly great; in reality,
qubit dephasing occurs due to laser phase noise and magnetic field noise, which will
generally exhibit a non-white noise spectrum. The effectiveness of the Walsh mod-
ulation for suppressing qubit dephasing strongly depends on the noise spectrum of
the dephasing processes; this modulation is least effective for a white-noise spectrum
due to the significant presence of high-frequency noise. We therefore overestimate
the qubit coherence times to balance the pessimistic white noise model. For both
modules, we choose coherence times of 7y = 14ms and 7x = 7ms for the network
and auxiliary qubits, respectively. Simulations using a more realistic noise models

could be performed using a stochastic solver, however this was not explored in this

work.

Heating of the axial OOP mode

The OOP mode is cooled to near its ground state at the start of each experimental
sequence using Doppler cooling, followed by EIT cooling. In Alice (Bob), we achieve
a mean occupation number of n &~ 0.15 (7 ~ 0.1). While the geometric phase gate
is nominally insensitive to the initial state of the motional mode, this is only true
in the Lambe-Dicke regime; deviations from the ground motional state will result
in dynamics beyond the Lambe-Dicke regime, which may lead to gate errors. It is
clear from the simulations presented in Figure 5.6, however, that this effect should
not be significant in either module.

While the gate is resilient to non-zero initial temperatures of the OOP mode,
heating of the OOP mode over the gate interaction leads to incoherent evolution
of the motional state [126]. Since the motional mode is then not returned exactly

to its initial state, we are left with a residual spin-motion entanglement, and thus
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a departure from the desired unitary gate dynamics. The mass asymmetry of the
mixed-species crystal results in a significantly higher heating rate of the OOP motion
than in a single-species crystal where the symmetry suppresses coupling of the OOP
mode to electric field noise.

We frequently measured heating rates for the axial OOP mode of the Srt-Ca™
crystal in each module, typically observing heating rates of figop ~ 350s~! and

! in Alice and Bob, respectively. We model the effects of heating during

Noop ~ 808~
our gate by including the Lindblad operators Ly =aand L, = a', both with the
relaxation rates v; = \/foor, into our gate simulations. The estimated contribution

to the total gate error as a function of gate duration is shown in Figure 5.6.

Motional dephasing of the OOP mode

Another error mechanism related to the OOP motion is motional dephasing. Just
as qubit dephasing can be viewed in terms of fluctuations in the frequency of the
qubit transition, motional dephasing can be viewed in terms of a fluctuation of
the motional mode frequency. We model motional dephasing using the Lindblad
operator L = a'a with the associated relaxation rate v = \/m, where Toop 1S
the motional coherence time of the OOP mode of motion. As outlined in Chapter 4,
by performing a Ramsey experiment between the |0) and |1) Fock states of the
OOP motion, we estimated a motional coherence time of &~ 3.4ms in Alice. While
we have not yet performed the same experiment in Bob, we anticipate that the
motional dephasing is a result of technical imperfections, and thus we assume a
similar motional coherence time as Alice.

The simulations of the gate error as a function of gate duration, shown in Fig-
ure 5.6, indicate that this mechanism is a significant contributor of error in both
systems. As such, to push the gate fidelities, further work should be performed to
characterise motional dephasing in both systems, and sources of such dephasing,
such as noise arising from ground loops, should be identified and eliminated as far

as possible.
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Excitation of the axial IP mode

From Section 2.2.1, the frequencies of the IP and OOP motional modes for the
Srt-Ca™ crystals can be calculated from the single-Sr axial motional frequency, w.,

as

. \/1+u—\/1+u(u—1)
W

Woop =

\/1+M+\/1+M(M—1)
z ILL )

where p = mg./ms;. Thus, we find that for 3Ca™ and %8Sr*, we obtain

Poor ~1.945, (5.7)

Wrp

which is very close to 2. As a result, the second harmonic of the IP mode is close
to the first harmonic of the OOP mode; the only way to increase this separation is
to increase the axial confinement, however we are currently working at the limit of
axial confinement that we can achieve in each module.

Due to the proximity of the second harmonic of the IP mode to the OOP mode,
the spin-dependent force will couple to the IP motion. This coupling is described

by the Hamiltonian

N
Z 18771 1P ZA@ —id1pt |S > <31| ® ( IP) -+ h,C,, (58)

i=1 s=0,1

where 7); ;» is the Lamb-Dicke parameter for the coupling of the Raman beams to the
component of the i** jon’s motion in the IP mode, alp is the creation operator the IP
motional mode, and 6, = Aw — 2w;p is the detuning of the travelling-standing wave
from the second harmonic of the IP mode frequency. Note that the tensor product
with the identity for the OOP mode Fock space is not shown. This Hamiltonian
describes the SDF off-resonantly driving the second harmonic of the IP mode, leading

to a spin-dependent interaction that leaves the spin states entangled with the state
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Figure 5.7: Simulated (solid lines) and experimental data from Alice (circles) showing
gate dynamics as a function of gate duration, highlighting the characteristic effects of the
off-resonant coupling to the second harmonic of the IP mode. The SDF couplings used
here are larger than those typically employed in this thesis, resulting in a crossing of the
P(00) and P(11) populations at ~40ps. Additionally, suboptimal cooling of the IP mode
— assumed to be n =~ 3.0 in the simulation — led to significant modulation of the gate
dynamics due to the IP coupling.

of the IP motional mode.

We model the effect of this coupling by combining the Hamiltonian in Eq. (5.8)
with the Hamiltonian for the desired spin-dependent force on the OOP mode,
Eq. (5.1). Figure 5.7 compares experimental data taken for a gate duration scan to
the simulated dynamics including both of these terms. For this scan, we increased
the power as far as possible?, achieving a crossing between the P(00) and P(11) pop-
ulations around 40 ps. In the simulation, we included all the error sources described
in this section, in order to achieve a reasonable match between simulation and ex-
periment®. We observe particular gate durations where the odd-parity population,
Po1 + Py, deviates significantly from zero, indicating non-unitary evolution and thus
degradation of the entangling gate fidelity.

Empirically, we have found that the effect of this off-resonant excitation increases
with the temperature of the IP mode. Interestingly, we found that this effect does not

have a significant direct dependence on the heating rate of the IP mode. However, a

4The experimental data here was taken using the Zeeman qubit in Sr*, rather than the network
qubit.

5Note that due to the time taken to simulate this scan, fitting the simulation parameters to the
data was not attempted.
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high heating rate of the IP mode makes it challenging to cool the mode to its ground
state, hence indirectly affecting the gate dynamics. We observe heating rates for the
IP mode of n;p =~ 27005~ ! and np ~ 500571 in Alice and Bob, respectively. As a
result, we typically achieve initial temperatures of n;p &~ 2.0 and 7, = 0.8 for Alice
and Bob, respectively, using EIT cooling.

Using this model for the off-resonant excitation of the IP mode, we simulate
the predicted effects on the gate fidelity as a function of gate duration, shown in
Figure 5.6. We observe a similar oscillating effect in the gate error that we observed
in the Py, + Pjo population. Interestingly, we find that there are gate durations that

we can choose at which the error arising from this error mechanism is very small.

Summary

Here, we have provided an overview of our current understanding of the error mech-
anisms affecting our mixed-species entangling gates. These gates are a critical tool
for our mixed-species quantum networking experiments, presented in Chapters 6
and 7, and thus understanding and mitigating these mechanisms is crucial. The
simulated error contributions as a function of gate duration, depicted in Figure 5.6,
are broadly consistent with the observed performance of the entangling gates. This
suggests that, to further reduce gate error, efforts should focus on minimising qubit
dephasing and motional dephasing. For future work, it will be important to invest

time in characterising and suppressing these sources of noise.

5.2.6 Characterisation of the mixed-species iSWAP gate

The ability to coherently transfer quantum information from Sr*™ to Ca' is an
important resource in our trapped-ion modules, enabling the remote entanglement
generated across the quantum network to be transferred from the Sr™ network qubit
to the long-lived Ca™ circuit qubit.

The obvious choice for implementing this transfer is the SWAP gate, which

exchanges the quantum states of the participating qubits. The SWAP gate requires
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Figure 5.8: (a) Circuit for implementing the mixed-species iSWAP gate, compiled with
two CZ gates. (b)(i) and (c)(i) show the process matrices for the mixed-species iSWAP
gates in Alice and Bob, respectively, reconstructed from QPT using a total of 32400
measurements. From the process matrices, we observe CZ gate fidelities of 95.9(2) % and
96.0(2) % for Alice and Bob, respectively. (b)(ii) and (c)(ii) show the histograms of the
gate fidelities of process matrices reconstructed from resampled datasets.

3 instances of the CZ-gate and therefore can build up a significant error contribution,
particular when the transfer is implemented in each module. However, in typical
scenarios, we are only looking to map the state of the network qubit onto one
of the Ca™ qubits, and thus the Ca™ ion will initially be in a known state, e.g.,

|0x). Therefore, we only need to implement the iSWAP gate, which requires only 2
instances of the CZ-gate.
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The iISWAP circuit is shown in Figure 5.8(a), and implements the unitary

UiSWAP -

o
~.
(@] (@) [a)

) ) )
o~
@)

Thus, if we let the Sr™ network qubit be in some arbitrary state |¢n) and the Ca™
auxiliary qubit be prepared in the state |0x), the iSWAP gate therefore implements
the mapping

) [0x) =5 [0x) (S 0x)) € O ® Ox. (59)

We can then trivially apply an S-gate to the auxiliary qubit, completing the transfer
of the state |¢)) from the Sr* ion to the Ca™ ion.

As with our mixed-species CZ-gate, we characterise the iSWAP gate using QPT
with SPAM errors included into the tomography, see Section 3.3. We perform the
tomography with a total of 32400 measurements. The process matrices for the
mixed-species iISWAP-gates from each module are shown in Figure 5.8. Compared to
the ideal iISWAP-gate, we measure average gate fidelities of 95.9(2) % and 96.0(2) %

for Alice and Bob, respectively.

Network to auxiliary qubit state transfer

An important metric is the fidelity with which we transfer quantum information
from the network qubit to the auxiliary qubit. The circuit implementing this trans-
fer is shown in Figure 5.9(a)(i), and the graphical calculation of the superoperator
representation of the transfer process [54] is shown in Figure 5.9(a)(ii). Using this
graphical calculus, we can predict the action of the iSWAP-based state transfer, tak-
ing into account experimental imperfections. Such imperfections include imperfect

state preparation of the auxiliary qubit and a noisy iSWAP gate.
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Figure 5.9: (a) (i) Quantum circuit for the state transfer, in which the state |¢)) € O
is transferred to the auxiliary qubit, initially in the state |0), using an iSWAP gate. (ii)
Graphical calculation, using the calculus proposed by Wood, Biamonte, and Cory [54],
of the superoperator, SN_>X, representing the action of implementing the state transfer.
The noisy iSWAP process and the imperfect state preparation of the auxiliary qubit are
represented by the superoperator Siswar and the state 7, respectively. The superoperator
Ss represents an ideal S-gate. (b) and (c) show histograms for the transfer fidelities,
calculated as in Eq. (5.15) using iSWAP superoperators obtained from resampling, for
Alice and Bob, respectively. From these histograms, we obtain average gate fidelities of
97.8(3) % and 97.9(2) % for Alice and Bob, respectively.

Suppose imperfect state preparation of the auxiliary qubit yields the state
70 =(1—1¢)|0) (0] +€|1) (1] € L (Qx). (5.10)

Additionally, let the noisy iSWAP process be represented by the superoperator

SiSWAP. The transfer process, described by
gN—>X - L (QN) — L (Qx) . (511)

is represented by the superoperator Snox. This superoperator is calculated accord-

ing to Figure 5.9(a)(ii), yielding

Snox = 8s (132 @ (o] ) VaSiwnr Vi (170 @132, (5.12)
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where V, is the unravelling operation, as in Wood, Biamonte, and Cory [54]. The

action of the unravelling operation on the iSWAP superoperator,

VQSiSWAP]};.; (513)

can be implemented by swapping the ordering of the second and third subspaces®.

The ideal transfer process is effectively the identity operation

Enox (p € L(Qn)) =p e L(Qx), (5.14)

and thus we can calculate the transfer fidelity as in Eq. (3.54),

d+ tr |:3N—>X}
d(d+1)

Histograms showing the spread of transfer fidelities, calculated from resampled
iISWAP gates, are shown for Alice and Bob in Figure 5.9(b) and (c), respectively.
We infer transfer fidelities of 97.8(3) % and 97.9(2) % for Alice and Bob, respectively.

Error-detected network to auxiliary qubit state transfer

Recalling Eq. (5.9), since the auxiliary qubit was (nominally) initially prepared in
the computational state |0x), the network qubit will (nominally) be left in the same
state, |On). As a result of errors in the iSWAP gate or imperfect state preparation of
the auxiliary qubit, the network qubit will occasionally be left in the “wrong” state.
Therefore, following the iSWAP-gate, we perform a mid-circuit measurement of the
network qubit; if we measure the network qubit in the state |Ox), we have projected
the system into the |Oy) (Ox| ® Ik subspace, and thus have effectively projected out
part of the iSWAP gate error. If the measurement outcome yields the state |1y),
we simply restart the protocol. We can perform this measurement and decision

branching in real-time.

SIn practice, this can be implemented computationally using, e.g., the permutesystems function
from QuantumOptics.jl [127].
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The circuit for this error-detected iSWAP transfer is shown in Figure 5.10(a)(i),
and the graphical calculation of the superoperator representation of the transfer
process is shown in Figure 5.10(a)(ii). As before, we can use this calculation to
predict the action of the error-detected transfer in the presence of experimental
imperfections, such as imperfect state preparation of the auxiliary qubit, noise in
the iSWAP gate, and imperfect measurement of the network qubit.

As in the case of the non-error-detected transfer, we assume the imperfect state
preparation of the auxiliary qubit is described by the state in Eq. (5.10) and that the
noisy iSWAP gate is represented by the superoperator SiSWAP. After the transfer, we
make a measurement of the network qubit, and abort the experiment if we do not
observe the qubit to be in the state |0). The POVM corresponding to a measurement

of the network qubit yielding the outcome |0) is given by
My = (1 - €)[0) (0] + & [1) (1]. (5.16)

We calculate the superoperator representing the error-detected transfer process ac-

cording to Figure 5.10, obtaining
A{\I—>X = 35 (ﬁgi ® <<M0’> ]}QSiSWAPf}g (’7A'O>> & ﬁgi) . (5.17)

Note that since we have introduced an abort condition, the calculated process is no
longer trace-preserving. For example, suppose the network qubit is prepared in some
state p that we would like to transfer to the auxiliary qubit, then the probability

that an error is detected, denoted p, can be calculated as

1—p=tr[&x(p)]. (5.18)

Note that, in general, this probability depends on the input state, p, and thus it is

not so straightforward to normalise the process’.

Due to the difficulty in normalising the process, we calculate the average gate

7If the reader knows of a good way to normalise such processes, please do let me know!



MIXED-SPECIES ENTANGLING GATES 135

(a) Error-detected iSwap transfer
(i) Abort?

(b) Alice
(i)
40 40
> >
o 13
c c
[ (]
=} =
g 20 | g 20 |
[T w
0 T T 0 T T
0.97 0.98 0.99 1.0 0.97 0.98 0.99 1.0
Transfer fidelity Transfer fidelity
(ii) (ii)
40 | 40

Frequency
N
o
I
Frequency
N
o
|

0 0
0.0 0.01 0.02 0.03 0.04 0.05 0.0 0.01 0.02 0.03 0.04
Error-detection probability Error-detection probability

Figure 5.10: (a) (i) Quantum circuit for the error-detected state transfer. (ii) Graphical
calculation of the superoperator, (SA'{\I _,x, representing the action of implementing the error-
detected state transfer. The measurement of the network qubit is represented by the
POVM My (b)(i) and (c)(i) show histograms for the error-detected transfer fidelities
(red), calculated as in Eq. (5.19) using iSWAP superoperators obtained from resampling,
for Alice and Bob, respectively. From these histograms, we obtain average gate fidelities
of 99.0(2) % and 99.0(2) % for Alice and Bob, respectively. The histograms for the non-
error-detected transfer fidelities (blue) are also shown for comparison. (b)(ii) and (c)(ii)
show histograms for the error-detection probabilities, calculated as in Eq. (5.20) using
iISWAP superoperators obtained from resampling, for Alice and Bob, respectively. From
these histograms, we obtain average error detection probabilities of 2.2(3) % and 2.8(3) %
for Alice and Bob, respectively.
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Figure 5.11: Quantum circuit for the CNOT-based state transfer. The state |¢)) € Oy is
transferred from the network qubit to the auxiliary qubit — initially prepared in |0) — using
a single CNOT gate. A mid-circuit measurement of the network qubit then conditions a
single-qubit rotation on the auxiliary qubit, completing the state transfer.

fidelity for the error-detected transfer using a Monte-Carlo approach to calculating
the integral in Eq. (3.53). This is performed by sampling N input states |¢);) from

the Haar measure and computing the average transfer fidelity as

_ - «WH [ (wil) i)
X =y Z [ x (00 WD) (5:19)

We calculate the average error-detection probability, p, in similar fashion, as

P13 Yt (S () (). (520)

Histograms showing the spread of average transfer fidelities and error-detection prob-
abilities, as calculated from iSWAP gates reconstructed from resampled datasets,
are shown in Figure 5.10(a) and (b) for Alice and Bob, respectively. The re-
sults for for Alice (Bob) indicate an average transfer fidelity of Fx_x = 99.0(2) %

(Fnox = 99.0(2) %) and an average error-detection probability of p = 2.2(3) %
(p=2.8(3)%).

Alternative state transfer protocol

An alternative method for transferring quantum information from the network qubit
to the auxiliary qubit, explored by D. P. Nadlinger and illustrated in Figure 5.11,
employs a single CNOT gate followed by a mid-circuit measurement of the network
qubit to condition a local rotation on the auxiliary qubit. This scheme uses fewer

gates than the iSWAP-based transfer and has no abort-on-failure condition. How-
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ever, process tomography of this circuit yielded a transfer fidelity of 98.5(2) %, which

is lower than that observed for the error-detected iSWAP circuit.

5.3 Hyperfine transfer

Since the circuit qubit does not participate in the mixed-species gate, the gate
interaction is performed on the network and auxiliary qubits. Consequently, we
require the ability to coherently inter-convert between the circuit and auxiliary qubit
before and after the local operations. This mapping is performed using the Raman
beams to coherently address the transitions within the ground hyperfine manifold of
Ca*. The pulse sequence we use to perform this transfer is outlined in Figure 5.12.

The transfer of the circuit qubit to the auxiliary qubit, depicted in Figure 5.12(a),
begins with the mapping of the state |0¢) to the state |0x). However, due to the near
degeneracy of the transition 7y : |0c) <> |F' =3, Mp = +1) and the transition 77 :
|1c) <> |F =4, Mp = +1) (see Figure 5.12(c)(i)), separated by only A f~ 15kHz, it
is not possible to map the |0¢) state out of the circuit qubit without off-resonantly
driving population out of the |1¢) state. We suppress this off-resonant excitation
using a composite pulse sequence, shown in Figure 5.12(¢)(i), comprising three pulses
resonant with the 7, transition, with pulse durations equal to the 27-time of the 77
transition, and phases optimised to minimise the off-resonant excitation. This pulse
sequence allows us to simultaneously perform a 7-pulse on the 7, transition and the
identity on the off-resonantly-driven 7; transition. Raman 7w-pulses are then used
to complete the mapping to the |0x) state. Another sequence of Raman m-pulses
coherently maps |1¢) — |1x), thereby completing the transfer of the circuit qubit
to the auxiliary qubit, Q¢ — Ox. To implement the mapping Ox — OQ¢, depicted
in Figure 5.12(b), the same pulse sequence is applied in reverse.

This off-resonant suppression pulse sequence, developed by Dr. P. Drmota, is an
improvement over the previously used Ramsey-like sequence [123, 128]. Since the
pulse sequence utilises the difference in Rabi frequencies of the two near-degenerate

transitions, rather than in the Ramsey-like case, where the duration of the sequence
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Figure 5.12: (a) Circuit element and level diagram depicting the coherent transfer of
quantum information from the Q¢ qubit to the Qx qubit. (b) The inverse transfer is
implemented by performing the same steps in reverse. (c¢) The Q¢ — QOx transfer pulse
sequence comprises two steps. (i) The first step maps the state |0c) to |0x). Due to the
near-degeneracy of the intended transition 7y : [0¢) <> |/) (thick blue arrow) and the
unwanted transition 7; : |1¢) <> |X) (red dashed arrow), separated by only ~ 15kHz, we
employ a composite pulse sequence to suppress off-resonant coupling to the 77 transition.
The composite pulse sequence, shown in the dashed box, comprises 3 pulses of duration 7
resonant with the 7Ty transition with differing phases ¢;. The pulse duration, 7, is equal
to the 2w-time of the 77 transition, ¢1 = ¢3 = 0, and ¢ ~ 27 x 0.231 is optimised
experimentally. The subsequent transfer pulses (thin blue arrows) are w-pulses on the
relevant transitions. This sequence therefore performs the mapping |0c) — |0x), while
leaving the state |1¢) unaffected. (ii) The second step comprises a sequence of m-pulses
which maps |1¢) — |1x). This completes the coherent transfer Q¢ — Ox.
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is Fourier-limited by the spectral separation of the transitions. For example, in
Drmota et al. [123], the Ramsey-like sequence had a duration of 2/A f~ 157 uis; the
full sequence also required the time for the additional remaining w-pulses. In the
Rabi-like sequence used here, the off-resonant suppression has a duration of three 27-
durations of the 77 transition. Thus, this duration can be made arbitrarily short by
simply increasing the Raman power used to drive the transitions, thus increasing the
Rabi frequency mis-match between the near-degenerate transitions. For comparison,
in Alice, the Ramsey-like sequence had a duration of ~ 157 ps, while the Rabi-like
sequence had a duration of ~45ps. The advantage of the reduced duration is that
it reduces the exposure to magnetic field fluctuations and hence reduces the transfer

error.

5.3.1 Characterisation

We characterise our Q¢ <+ Qx transfer sequence by performing a modification of
single-qubit RBM, in which we alternate Clifford operations on the Q¢ and Qx
qubits, as illustrated in Figure 5.13(a). We assume that (i) the single-qubit gate
errors for the Q¢ and Ox qubits are negligible compared to the Q¢ <+ Qx transfer
infidelity (we typically observe single-qubit Clifford errors ~1 x 10~* for the Ca™
hyperfine qubits), and (ii) the fidelity of the transfer Q¢ — Qx is similar to Qx —
Qc. We therefore we model the survival probability as

1
S(m) = 5T Bp™, (5.21)

where m is the number of hyperfine transfers, B accounts for SPAM error offsets,
and p is the depolarising probability for a single transfer, related to the error per
transfer as

l—p

€Cox = 5 (5.22)

The RBM results are shown in Figure 5.13(b); we measure an error per transfer

of 3.8(2) x 1073 (2.6(1) x 1073) for Alice (Bob). Each transfer comprises 7 Raman
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Figure 5.13: The performance of the transfer sequence is characterised using a modified
version of RBM in which we alternately perform Clifford operations on the Q¢ and Qx
qubits. By measuring the survival probability for different numbers of transfers, and
neglecting the errors of the single-qubit gates C; (which are ~ 1 x 107%), we extract the
error per transfer, ecox, yielding 3.8(2) x 1073 and 2.6(1) x 1073 for Alice and Bob,
respectively. All error bars indicate one standard deviation.

m-pulses on transitions within the hyperfine manifold, in addition to three 27-pulses
comprising the off-resonant suppression step. Assuming each 7-pulse incurs an er-
ror of order ~1 x 107%, and assuming that the contribution from each 27-pulse
is equivalent to four m-pulses (since these pulses drive two transitions simultane-
ously), we would expect an error per transfer of order ~ 2 x 1072 from single-qubit
gate errors alone. We attribute the additional error to a number of mechanisms.
Firstly, during the transfer Ox — Q¢ (Qc — QOx), the qubit acquires a phase ¢x_,¢
(¢pcsx). We calibrate these phases using a Bayesian phase estimation scheme®,
and apply a Z rotation to remove it. Typical values for the phase acquired over the
Ox — Q¢ (Qc — Qx) transfers are ¢x_,c = 0.565(5) turns (¢c_x = 0.346(5) turns)
and ¢x_c = 0.542(5) turns (¢pcx = 0.327(6) turns) for Alice and Bob, respectively.

8Note that we cannot adaptively vary M, so we only adaptively choose the next measurement
phase.
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Miscalibration of these phases contributes to the error per transfer. Secondly, we
have observed drifts in the beam pointing of the Raman lasers which manifests as a
drift in the gate durations. This causes an increase in the error contributions from
the individual 7-pulses, but also in the composite pulse sequence, which relies on

the calibration of the 27-time of the 7; transition.

5.4 Mid-circuit measurement

Mid-circuit measurements are, as their name suggests, measurements made within a
circuit, rather than simply at the end of a circuit. The outcomes of these mid-circuit
measurements can then be used in some later part of a circuit, for example, to con-
dition a set of operations based on the outcome of the measurement, or to restart
the circuit if the measurement indicated the presence of some un-correctable error.
Mid-circuit measurements have applications in a wide range of quantum information
processing applications: in error correction protocols, mid-circuit measurements of
stabilizer qubits enable the detection and correction of errors occurring within a
quantum computer [7, 8]; in teleportation protocols, the focus of Chapter 7, the
classical exchange of mid-circuit measurement outcomes is essential, otherwise such
protocols would be in violation of causality; and finally, we employ mid-circuit mea-
surements for our On — Ox transfer, using a measurement to project out some of
the iSWAP gate error, as outlined in Section 5.2.6.

One obviously desirable property of a mid-circuit measurement is that the mea-
surement of one qubit does not degrade the encoded quantum information of any
other qubit. However, isolating these qubits from the measurement can become
challenging, regardless of the physical platform used to realise the quantum pro-
cessor. As an example, consider a trapped-ion processor, in which a measurement
is typically performed using a laser tuned close to a dipole transition, such that
the presence or lack of fluorescence enables discrimination between qubit states. It
would only require the unwanted scattering of a single photon by another ion in the

processor to completely depolarise the state of that ion.
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In our apparatus, we use two separate species of ion, Ca’ and Sr™. The large
spectral separation of the dipole transitions of these ions — 393 nm and 397 nm for
Ca*, and 408 nm and 422nm for Sr* — means that we can perform fluorescence
detection on one species, and unwanted scattering in other species will be massively
suppressed. A similar effect can also be achieved with a single species of ion using an
omg architecture [129], however this is not pursued in our apparatus. In all circuits
explored in this thesis, we employ mid-circuit measurement of the Sr* network

qubits only.



Quantum Networking with

Mixed-Species Modules

This chapter outlines the process by which remote entanglement between network
qubits in separate modules is established and integrated with our mixed-species
logic. First, the ion—photon interface — generating entanglement between a Srt
ion and a 422nm photon — is presented, highlighting the Sr* ion’s simple level
structure and the use of photons as flying qubits. Next, the creation of remote
entanglement between Sr™ qubits in different modules is described. Building on the
local operations from Chapter 5, complex networked states are then constructed:
Srt—Ca' entanglement, Ca™Ca™ entanglement, and mixed-species multi-partite
Greenberger-Horne-Zeilinger (GHZ) states. Finally, quantum-memory capabilities
are demonstrated by mapping Srt—Srt entanglement into long-lived Ca%t circuit
qubits and observing its preservation for up to 10s.

Our group has previously published extensive work on the generation of re-
mote Srt—Srt entanglement [91, 130], which was key to our demonstrations of de-

vice-independent QKD [131] and entanglement-enhanced clock comparisons [132].

143
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The integration of a Ca™ quantum memory qubit into one of our modules has
been demonstrated in Refs. [56, 123] and enabled our recent demonstration of blind
quantum computing [128]. In contrast, the generation and characterisation of mixed-
species entanglement across separate modules is a novel contribution of this thesis
and is currently being prepared for publication [133]. Specifically, I led the ex-
perimental demonstrations of remote entanglement between Srt and Ca't qubits,
between two Ca™t qubits, and the generation of the mixed-species multi-partite GHZ
states across the network. I also led the demonstration of long-lived remote entan-

glement by mapping Sr*—Sr* entanglement into long-lived Ca™ memory qubits.

6.1 Ion-photon entanglement

The ability to interface our trapped-ion modules with a photonic quantum network
is a critical component of our apparatus. This interface is realised through the
generation of entanglement between the “stationary” Srt network qubits and the
“flying” photonic qubits. In this section, we discuss the process by which we generate

ion-photon entanglement (IPE) and the characterisation of this interface.

6.1.1 Generation of ion-photon entanglement

The process by which we generate entanglement between the Sr™ network qubit and
the polarisation degree of freedom of an 422 nm photon is depicted in Figure 6.1.
This process is try-until-success, i.e., we repeatedly attempt to generate this entan-
glement until we detect a photon. Each entanglement attempt comprises (i) optical
pumping of the Sr* ion into the lower ground Zeeman state, |5s Si/2, My = —%> ,
using o~ -polarised 422 nm light, and a 1092 nm repumper, (ii) excitation of the Sr*
ion to the |5p Pij2, my = +%> level using a ~5ps pulse of o -polarised 422 nm
light, and (iii) rapid decay (~ 7ns) to one of the two ground Zeeman states. Decay

via the 1092 nm decay channel to the D3/, manifold may also occur with a branching

ratio ~ 5 %; however, these photons will not be detected by our apparatus and thus
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Figure 6.1: (a) Geometry of the ion-photon interface enabling entanglement between the
SrT ion and the polarisation of a spontaneously emitted 422 nm photon. A high-numerical
aperture lens collects photons perpendicular to the quantisation axis and couples them into
a single-mode, non-polarisation-maintaining fibre. (b) Energy level diagrams for a single
excitation attempt. (i) A o~ -polarised 422nm beam and 1092 nm repumper optically
pump the Sr* ion into |}). (ii) A ~5ps ot-polarised 422nm pulse excites the ion to
the Py /o manifold. (iii) The ion decays to the ground Zeeman states via 7 and o decay
channels, entangling the photon polarisation with the ion’s Zeeman states. (c) Upon
photon detection, the |1) state is mapped to |1n), transferring quantum information into
the network qubit.

can be treated simply as an unsuccessful attempt — we henceforth ignore this decay
channel.
The spontaneously emitted photons will be entangled with ground Zeeman state

of the ion [130], and can be described by the state

VTR RSYETToY (6.1

where |]) = ‘53 Sij2, my = —%> and |1) = ‘53 Sij2, my = +%> denote the Zeeman
states of the Sr™ ion, |[0) and |7) denote the quantum states of the spontaneously

emitted photon, and the amplitudes are given by the Clebsch-Gordon coefficients.
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We collect the photons in free space using a high numerical aperture (0.6 NA) lens
perpendicular to the quantisation axis. Exactly perpendicular to the quantisation
axis, the electric fields of the 7 and o™ fields are orthogonal and thus the polarisation
states of the photons, labelled |H) ,|V) € Qpp, are orthogonal. Additionally, along
this axis, the 7 field has double the intensity of the o™ field, which exactly cancels
the imbalanced amplitudes in Eq. (6.1). Thus, for the photons collected exactly
perpendicular to the quantisation axis, we can write the entangled ion-photon state

as the maximally entangled ®* Bell state

R H) V)
) = 7% .

(6.2)

However, the high numerical aperture of the collection optics results in the collec-
tion of a relatively large amount of the emitted light off-axis, where the electric fields
are no longer orthogonal. As a result, the polarisation states of the photons become
non-orthogonal, (H|V) # 0, and hence the ion-photon state in Eq. (6.2) no longer
describes a maximally entangled Bell state. This polarisation mixing effect was one
of the dominant error sources in early experiments demonstrating ion-photon en-
tanglement [102], and the higher numerical-aperture used in our apparatus would
result in an even larger effect.

We mitigate this polarisation mixing effect by coupling the collected light into
a single-mode, non-polarisation-maintaining fibre. The single-mode fibre acts as a
spatial mode filter, coupling only a single spatial mode of the emitted light into
the fibre. The spatial mode of the fibre has two possible polarisations, which have
orthogonal electric fields. Therefore, by coupling the emitted photons into this fibre,
we preserve the orthogonality of the polarisation fields and cancel out the amplitude
imbalance in Eq. (6.1), independent of the numerical aperture of the collection
optics. This allows us to increase the numerical aperture of the lens while achieving,
in principle, unit fidelity of the ion-photon state to the maximally entangled Bell
state in Eq. (6.2). However, this improvement comes at a cost, as photons with a

polarisation component along the fibre axis are filtered out and do not couple into
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the single-mode fibre [130].

Once coupled into the single-mode fibre, the photon is brought to a polarisation
analyser!, shown in Figure 6.3(a), which enables the measurement of the polarisation
state of the photon. A detection event, or detector “click”, from one of four avalanche
photodiodes (APDs) indicates the successful generation of IPE and the subsequent
collection of the single-photon. By choosing different settings of the waveplates in
the polarisation analyser, we can perform arbitrary unitary rotations of the photon’s
polarisation, and the combination of polarising beamsplitters (PBSs) and APDs
provides a polarisation measurement in the computational basis, {|H),|V)}. This
enables polarisation measurements of the photon from a tomographically-complete
set. Upon successful detection of the photonic part of the IPE, we map the ionic
part from the ground Zeeman states, {|]),|T)}, to the optical network qubit, Oy =

|On, In), for any further manipulation.

6.1.2 Experimental implementation

Since the generation of IPE, followed by the collection and detection of the photon, is
a probabilistic process, we repeatedly attempt to generate IPE until we successfully
detect a photon. Each entanglement attempt, shown in Figure 6.2, has a duration of
1168 ns. Due to the density of RTIO events, the execution of this sequence is handled
by the Entangler, a custom gateware extension to the Kasli — for more information
about the Entangler, the reader is referred to the DPhil thesis by Drmota [56]. The
Entangler has a set of timings which determine the on/off times of TTL outputs,
which are then used to switch the 422 nm and 1092 nm state preparation pulses, and
request a single pulse from the pulsed-laser. This framework allows us to perform
state preparation, pulsed excitation, photon detection, and decide whether the at-
tempt was successful or not, within the duration of a single entanglement attempt,
as shown in Figure 6.2.

As shown in Figure 6.2, a significant fraction of the excitation attempt is con-

!This polarisation analyser is the same apparatus used to perform a projective Bell state mea-
surement which creates the remote entanglement.
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Figure 6.2: The lower timeline depicts the pulse sequence for a single entanglement
generation attempt. KEach attempt lasts 1168 ns and, as shown on the lower timeline,
includes: ~ 320 ns of state preparation using a o~ -polarised 422 nm pulse and a 1092 nm
repumper, the request and arrival window of the picosecond pulse, a 30 ns photon detection
window, and a decision step to terminate the loop upon successful detection. The upper
timeline shows the entangler’s event timings, corresponding to TTL signals that trigger
the fast switching of the state preparation beams, and issue a request for the picosecond
422nm pulse. To minimise latency, the 1092 nm pulse is requested during the previous
attempt to arrive at the start of the current attempt. The latencies [; are given in Table 6.1

sumed by latency, i.e., the delay between the Entangler switching a TTL output
and the time taken for the response to arrive at the ion. The latencies, denoted [;,
determined for each module are summarised in Table 6.1. The o~ -polarised 422 nm
and 1092 nm pulses implement state preparation for ~ 320 ns. Since we do not want
to destroy the state of the ion once the photon has been detected, we cannot issue
requests for the 422 nm state preparation or excitation pulses until we have decided
that the previous attempt was unsuccessful — the earliest we can issue these pulses is
at the start of the attempt. However, since the 1092 nm light does not couple to the
ground Zeeman states, we can issue a request for this pulse in advance, such that
the pulse arrives towards the start of the next attempt; we choose for it to arrive
~ 100 ns into the next attempt. If we successfully detect a photon, the incoming
1092 nm pulse will not affect the ion state. As shown in Figure 6.2, we therefore
request the 1092 nm pulse for the next attempt as part of the current attempt. The

Entangler then sends the signal for the 422 nm and 1092 nm pulses to be turned off,
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Module Latencies
ly22 l1092 Lps
Alice 414ns 559ns 485ns
Bob 456ns 500ns 469 ns

Table 6.1: State preparation “switch-off” latencies, 492 and lig92, and the picosecond
pulse request latency, [s. These correspond to the time between an event being issued by
the entangler, and the corresponding effect reaching the ion.

such that after the desired state preparation duration, both beams are off at the
ion.

There is also a latency associated with requesting a picosecond pulse. When the
Entangler requests a pulse, the pulse picker picks a pulse from an 80 MHz pulse train,
resulting in a non-deterministic timing of the picked pulse, uniformly distributed
across a 12.5ns window. The timing of the pulse within the window is determined
using a fast photodiode trigger, which is sent to the Entangler and enables the
determination of the pulse timing to 1 ns. The Entangler uses the timestamp of this
trigger as a reference event to gate the APDs inputs to the entangler, and records
which detector (APDs) “clicked” during the acceptance window. Finally, the click
pattern is compared to the desired click patterns to determine whether the attempt
was successful or not. For example, for IPE generation, a successful click pattern
would be one and only one detector clicking.

Once an entanglement attempt is deemed successful, the Entangler exits the
attempt loop and we set the timestamp of the detection event as the phase reference
of the 674nm DDS — thereby ensuring that we enter the rotating frame of the Sr*
ion with the same phase, regardless of the timing detection event. As discussed
above, we then map the ionic part of the IPE state into the optical network qubit
using a 674nm pulse. If we do not successfully detect a photon within 1ms, we
recool the crystal and try again; however, this only occurs very infrequently when

generating ion-photon entanglement.
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Figure 6.3: (a) The single-mode, non-polarisation-maintaining fibre delivers the pho-
ton from the module to the central station for tomographic polarisation measurements.
A quarter waveplate (QWP) and half waveplate (HWP) at the fibre output enable arbi-
trary single-qubit rotations before the photon impinges upon a non-polarising beamsplit-
ter (NPBS). At each output port of the non-polarising beamsplitter (NPBS), a PBS and
two APDs allow computational basis measurements, with the ability to choose different
waveplate settings providing a tomographically complete set of measurements. (b) Recon-
structed density matrix of the entangled ion-photon state from photon detection events
at APD;. Fidelities and inferred photon collection efficiencies measured for each APD are
listed in Table 6.2.

6.1.3 Characterisation

We characterise the entanglement generated between the Srt ion and the polari-
sation state of the 422nm photon using state tomography. As discussed in Sec-
tion 6.1.1, the polarisation analyser provides a tomographically-complete set of mea-
surements of the photonic part of the IPE, while manipulation of the network qubit
using the 674 nm laser followed by fluorescence detection provides a tomographically-
complete set of measurements of the ionic part. The tomography algorithm differs
slightly from the algorithms discussed in Section 3.2, since the measurements of the
photonic qubits have different POVMs from those used for the ionic qubits [56]. Tt is
also worth noting that the ground Zeeman states of the Sr™ ion are only mapped to
the optical network qubit after the measurement of the photon, and thus the photon
no longer exists when we perform this mapping to the network qubit. However, for

consistency with subsequent sections, we characterise this state using the network
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Module APD, APD, APD, APD; Average
Alice Fip 98.6(2)% 97.82)% 97.8(2)%  98.4(1)% 98.16(8) %
me  1.533(4) % 1.540(4) % 1.873(4)% 1.994(4) % 1.736(2) %

Boh Fip 98.6(2)% 97.4(2)% 97.3(2)%  98.6(2) %  97.96(8) %
nme  1.361(3)% 1.376(3) % 1.814(4) % 1.892(4)% 1.565(2) %

Table 6.2: Entanglement fidelities, Fip, of the ion-photon states reconstructed from
tomographic measurements at each APD, and the inferred collection efficiencies, np, for
each APD.

qubit anyway.

For each module, we took 9 tomographic datasets over a period of ~2h, each
dataset comprising 83 200 tomographic measurements of the ion-photon state. Each
dataset was analysed individually, enabling reconstruction of the entangled ion-
photon state, p € L (Qnx ® Qpn) for the photons detected at each APD, in addition
to the inferred photon collection efficiency, np. The averaged entanglement fidelities
of the reconstructed states, and inferred photon collection efficiencies, are given
in Table 6.2. Averaging over the four APDs, we observe ion-photon fidelities of
98.16(8) % and 97.96(8) % for Alice and Bob, respectively. Additionally, we observe
average photon collection efficiencies of 1.736(2) % and 1.565(2) % for Alice and Bob,
respectively.

In principle, this scheme for generating IPE has no fundamental limitation on
the achievable fidelity; we expect that the errors observed result from technical
imperfections only. From Table 6.2, we see that the entanglement fidelities of the
ion-photon states measured by APDy and APDj are significantly higher than those
measured by APD; and APD,. This would suggest that the reflected modes of the
PBSs in the Bell state analyser are not as pure as the transmitted modes. Therefore,
it appears that for both Alice and Bob, the ion-photon entanglement produced
has an entanglement fidelity of at least 98.6 %, before the Bell state analyser. An
extensive theoretical treatment of the error sources arising during the generation of
IPE was presented by Nadlinger [92]; however, a full experimental characterisation

of the error sources has not yet been performed. We expect the leading sources of
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error to be polarisation mixing resulting from misalignment of the collection optics,
imperfections in the optical elements, and errors in the 674 nm pulse mapping the

ionic part of the entanglement into the network qubit.

6.2 Remote entanglement of strontium ions

The ability to generate entanglement between a Sr™ ion and a 422 nm photon pro-
vides each module an interface with the optical quantum network. The next step
is to make use of this interface to establish remote entanglement between the two
modules. We do this by making use of entanglement swapping [134]. In this scheme,
we begin by synchronously generating IPE in each module, then performing a pro-
jective measurement of the two photons in the Bell basis. This measurement then
projects the ions into a maximally entangled state, thereby swapping the entan-
glement from the ion-photon pairs, onto the ions themselves. The IPE generation
process is probabilistic, and thus the remote entanglement generation process is also
probabilistic, with particular measurement events heralding the creation of remote
entanglement.

The projective Bell measurement can be implemented using only linear optics,
as shown in Figure 6.4(a). In this apparatus, the photons first undergo unitary
rotations of their polarisation — implemented with motorised quarter waveplates
(QWPs) and half waveplates (HWPs) — which allow us to account for unwanted
birefringence of the optical fibres, such that after the waveplates the ion-photon
pairs are in the ®* Bell state. The total state of the two ion-photon pairs can then

be written as

) + D V) o W)+ 11D V)
V2 V2

[|®F) [®Fp) + |P5) [®pp) + |V5) [Uhp) + |U0) [U5p)] . (6.4)

‘CDED A ‘cI)fFP B (6.3)

DN | —

where to get to the second line, we have reordered the tensor products such that the

ion states and photon states are together. From Eq. (6.4), we see that measuring the
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Figure 6.4: (a) The Bell-state measurement apparatus, also known as the central herald-
ing station, is the same setup used for tomographic measurements of the ion-photon states.
A QWP and HWP at the fibre outputs compensate for fibre birefringence, ideally creating
a maximally entangled |®7) state. The two photons interfere at a NPBS, where the Hong-
Ou-Mandel (HOM) effect erases the “which-path” information. PBSs and APDs measure
the polarisation of the two-photon state, with different detector click events correspond-
ing to different measurement outcomes. (b) Detection patterns that herald successful
entanglement generation. Same-side detections indicate a symmetric Bell state, while
opposite-side detections indicate an anti-symmetric Bell state. (c) Examples of detection
patterns that do not herald entanglement generation, including (i) zero and (ii) single-
photon detection, (iii) two-photon signals allowed by the HOM effect but are not resolved
by the APDs, and (iv) patterns resulting from imperfect photon distinguishability or cen-
tral station imperfections.
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photons in the Bell basis will project the ions into a maximally entangled Bell state,
with the measurement outcome determining which state the ions are projected into.

The photons are interfered on a non-polarising beamsplitter (NPBS) which,
for perfectly indistinguishable photons, erases the “which path” information via
the Hong-Ou-Mandel (HOM) effect [135]. This erasure of which path information
manifests as a symmetrisation of two-photon state, with the total wavefunction
obeying bosonic exchange symmetry. Without the polarisation degree of freedom,
the resulting spatial wavefunction of the photons must obey bosonic statistics, and
thus the photons will leave via the same port of the beamsplitter — a phenomenon
known as bunching, which is typical for HOM interference. Now considering the
polarisation states of the photons, we find additional options for the spatial and
polarisation degrees of freedom, still with requirement that the overall state be
symmetric under exchange. For the symmetric spatial wavefunction, the polarisa-
tion state of the photons must also be symmetric and thus will be one of the Bell
states {|®fp ), |[Ppp) . [UHp)}; for the anti-symmetric spatial wavefunction, the po-
larisation state must also be anti-symmetric to ensure overall symmetric exchange
symmetry, which is only satisfied by the singlet polarisation state }\I/§P>.

We make a measurement of the two-photon state using a PBS and two APDs
at each output port of the NPBS. If the measurement reveals the photons had
opposing polarisations, then we know that the photons had been in one of “Ilfgp
or |\I/1§P>. We can further distinguish between these two states by considering the
spatial wavefunction of the photons: if the photons left by the same port, i.e., the
two-photon coincidence occurred on the same side of the NPBS, then the photons
must have been in the symmetric }\II;FP> state and thus the ions are projected into
the ‘\Ifﬁ > state; if the photons left by different ports, then the photons must have
been in the anti-symmetric |\IJ§P> state and thus the ions are projected into the
|\I/I_I> state. Observation of these two-photon coincidences, depicted in Figure 6.4,
thus herald the creation of entanglement between the Sr* ions. Note that non-linear

optics would be required to be able to resolve the other two Bell states, and so even
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with perfect photon collection efficiency, we can only resolve half of the possible
heralds. Therefore, given ion-photon entanglement probabilities of n4 and ng in

Alice and Bob, the remote entanglement success probability can be estimated as

N = 57NANB- (6.5)

The above discussion relied on the underlying assumption that the photons are
indistinguishable; any distinguishability between the photons will thus lead to a
reduction in fidelity of the heralded state to the ideal maximally entangled state.
In particular, care must be taken to ensure the complete overlap of the photonic

wavepackets at the NPBS.

6.2.1 Experimental implementation

As discussed above, the remote entanglement generation process is try-until-success.
Each entanglement generation attempt involves synchronously generating IPE in
each module, as described in Section 6.1, before performing the Bell measurement
on the photons. The pulse sequence used for the entanglement attempts is the same
as in Figure 6.2; however, the click patterns which denote a success are now the two-
photon detection coincidences outlined in Figure 6.4. From Eq. (6.5), it is clear that a
significantly higher number of attempts will be required. Therefore, to avoid excess
heating while generating the entanglement, we interleave 500 ps of entanglement
attempts with ~ 320 ps of Doppler cooling and 500 ps of EIT cooling. As with the
IPE, once we have successfully generated the entanglement, we immediately map
the ground Zeeman states, {|]),|1)}, to the optical network qubit, Qx, for further
manipulation.

As outlined in Figure 6.4, the different herald patterns give rise to maximally
entangled states with different phases. While Figure 6.4 presented the two resulting
states as the Bell states |U") and |¥ ™), in practice, residual fibre birefringence leads

to an additional phase offset for the entangled states. While this phase should, in
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principle, be common to all herald patterns, we assume that each pattern has a

different entangled state phase, ¢;, such that

1nOn)
NG :

. |0N1N> + eid”‘

|Thn) = (6.6)

These phases are calibrated, thereby allowing us to perform the necessary Z-rotation
to remove this phase for each herald pattern. Once we’ve mapped the remote en-
tanglement into the optical network qubit and accounted for this phase, each herald

pattern corresponds to the same entangled state,

) — 1OvIn) o [1n0x)

N . (6.7)

Note that we can trivially rotate this Bell state to any of the other Bell states using
single-qubit &, and &, rotations in one of the modules. In particular, the ‘@JNFN> is
used frequently in this chapter and is created by performing a &, rotation on the

second qubit in Eq. (6.7).

6.2.2 Characterisation

We characterise the “raw” remote entanglement between the Sr™ network qubits
using state tomography, as outlined in Section 3.2. The tomography comprises
tomographic measurements on 200 000 copies of the ’\IIIJ(IN> state. The reconstructed
density matrix representing the entangled state of the network qubits, shown in
Figure 6.5(b), has an entanglement fidelity of 96.94(9) %, and a fidelity of 96.89(8) %
to the desired |U*) Bell state.

As with the ion-photon entanglement, a detailed theoretical treatment of the
possible error mechanisms of our remote entanglement generation scheme is pre-
sented by Nadlinger [92]; however, an experimental determination of our remote
entanglement error budget has not yet been determined. If we consider the Bell
state analyser to be perfect and the photons to be perfectly indistinguishable when

impinging on the NPBS, then we would expect a 95.81(9) % remote entanglement
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Figure 6.5: Generation of the “raw” Sr™-Sr™ remote entanglement. (a) Remote en-
tanglement is generated between the network qubits in separate modules. (b) Density
matrix p € On®?, reconstructed from measurements of 200000 copies using quantum
state tomography. The reconstructed state has an entanglement fidelity of 96.94(9) %,
and a fidelity of 96.89(8) % to the |®T) state. (c) Histogram of the maximally-entangled
state fidelities of states reconstructed from resampled datasets.

fidelity?, which is significantly lower than the observed fidelity. Due to the large
number of measurements that formed the tomographic measurement presented here
(alternatively, the relatively small spread in fidelities acquired from resampling), we
do not believe this measurement to be a statistical anomaly. A full characterisation
of the Bell state analyser should be performed so that we can better understand the
imperfections of the Bell state analyser, and compare to theoretical predictions [92];
however, this was not done for this thesis.

Additional error mechanisms that do not appear in the ion-photon entanglement
—such as an imperfect NPBS, distinguishability of photons interfering on the NPBS,
and detector timing resolution and jitter — will also contribute. However, these
mechanisms would result in the remote entanglement error exceeding that predicted
from the ion-photon errors. As we do not observe this, we believe these errors are

relatively small.

2Calculated by averaging over the fidelities of the entangled states that would be produced
using the observed ion-photon density matrices and a perfect Bell state analyser
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The average number of attempts before successful generation of entanglement
was m = 8089(18), which corresponds to an average of success probability of
1.236(3) x 107*. Including recooling, the average time taken to generate entan-
glement was 25.44(6) ms, which corresponds to an entanglement generation rate of
39.31(9)s™!. This recooling consumes a significant fraction of the total entangle-
ment generation duty-cycle. O’Reilly et al. [46] recently demonstrated that the
entanglement generation rate could be increased using sympathetic cooling of a
second species of ion; however, while the co-trapping of Cat would enable a contin-
uous attempt loop, this was not explored in this work®. Previously in our apparatus,
Stephenson et al. [130] reported an average success probability of 2.18 x 1074, and
an average entanglement generation rate of 182s7!, in the same apparatus. We
attribute the lower success probability reported here due to losses through the Bell
state analyser due to misalignment and degradation of optical components. These
losses, in addition to the extra cooling, account for the lower entanglement genera-

tion rate reported here.

6.3 Remote entanglement of strontium and

calcium ions

Up to this point, we have demonstrated the key building blocks of our mixed-species
trapped-ion quantum network: local control of the mixed-species trapped-ion mod-
ules, and the ability to share entanglement between network qubits in the separate
modules. We now reach the point where we can start to piece these together to con-
struct more complex experimental sequences. In this section, we explore a variety of
remotely entangled states that can be created with two trapped-ion modules, each

holding a Sr* ion and a Ca™ ion. The states that we will consider will be of the

3While certainly of interest, this was not explored since the additional time required to perform
state preparation of the Ca™ ion after acting as a sympathetic cooling during the generation
of entanglement would lead to dephasing of the Sr* ion, and hence errors in the mixed-species
entanglement. Additionally, in the DQC demonstrations, the Ca™ ion provides a robust quantum
memory, and thus cannot be utilised as a sympathetic coolant.
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form
B |O>®N—|— |1>®N
V2

where for N = 2 this is the ®* Bell state, while for N > 2, this is the N-qubit

c Q¥ (6.8)

GHZ state. We characterise these states using two techniques: parity /population

measurements, and state tomography.

6.3.1 Characterisation via state tomography

Srt-Ca™' entanglement

We first consider the remote entanglement of a Sr* ion and a Ca™ ion across the
quantum network. The circuit with which we create this state, shown in Fig-
ure 6.6(a), begins with the generation of remote entanglement between the network
qubits, as in Eq. (6.7), which is then rotated to the state |(I>§N>. To mitigate the
effect of heating on the local entangling operations, we interleave 200 s of entangle-
ment attempts with 2.25ms of cooling. This cooling comprises 1.05ms of Doppler
cooling, followed by 1.2 ms of EIT cooling, which alternates between cooling the axial
IP and OOP modes, which are critical for the mixed-species entangling operations.
With the raw entanglement generated, we perform an error-detected iSWAP-gate in
Bob to map the state of the network qubit to the auxiliary qubit in Ca™, as outlined
in Section 5.2.6. The outcome of the error detection is sent to Alice in real-time via
a TTL link — allowing the protocol to be aborted in real-time if an error is detected.

If no error is detected, we have successfully created the state

|OnOx) + \1N1X>

{@ X>_ \/5

(6.9)

The density matrix for the created state, pnx, is reconstructed from 10000 to-
mographic measurements using state tomography, and is shown in Figure 6.6(b).
The reconstructed state has an entanglement fidelity of 94.1(6) %. To create these
states, we generated a total of 10442 raw Sr*-Srt remotely entangled states; the

iISWAP error detection detected an error in 442 cases, corresponding to an iSWAP
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Figure 6.6: Generation of Sr*-Ca™ remote entanglement. (a) Remote entanglement is
first generated between the network qubits in separate modules. Subsequently, an error-
detected iISWAP gate is used to transfer the state of the network qubit in Bob to the
auxiliary qubit. The error-detection measurement outcome is exchanged via the classical
(TTL) link, such that both modules only progress passed the dashed line if no error is
detected. (b) Density matrix p € On ® Qx, reconstructed from measurements of 10000
copies using quantum state tomography. The reconstructed state has an entanglement
fidelity of 94.1(6) %. (c) Histogram of the maximally-entangled state fidelities of states
reconstructed from resampled datasets.

error rate of 4.2(2) %. Including the iSWAP error detection, we observe a total

success probability of 1.03(1) x 107*, and a generation rate of 7.14(7) s

Ca'-Ca' entanglement

We now consider the remote entanglement of Ca™ ions across the quantum network.
The circuit for creating this state is shown in Figure 6.7(a). As for the Sr™-Ca™ state,
we begin by generating remote entanglement between the network qubits, given by
Eq. (6.7), followed by rotation to the }<I>§N> Bell state. The same cooling sequence is
used in each module to ensure the Sr™-Ca™ crystals are close to their ground state in
preparation for the local entangling operations. We perform error-detected iSWAP
gates in both modules to map the state of the network qubits to the auxiliary qubits.
The modules exchange their respective error detection outcomes via the TTL link;

if either module detects an error, the protocol is aborted in real-time. If no error is
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Figure 6.7: Generation of Ca™-Ca™ remote entanglement. (a) Remote entanglement
is first generated between the network qubits in separate modules. Subsequently, error-
detected iISWAP gates are used to transfer the states of the network qubits to the auxiliary
qubits. The error-detection measurement outcomes are exchanged via the classical (TTL)
link, such that both modules only progress passed the dashed line if no error is detected.
(b) Density matrix p € Ox®2, reconstructed from measurements of 10000 copies us-
ing quantum state tomography. The reconstructed state has an entanglement fidelity
of 93.1(7) %. (c) Histogram of the maximally-entangled state fidelities of states recon-
structed from resampled datasets.

detected, we have successfully created the state

|Ptx) = |OX0X>\—/E|1X1X>- (6.10)

The reconstructed state of the entangled auxiliary qubits, pxx, is shown in Fig-
ure 6.7(b) and has an entanglement fidelity of 93.1(7) %. As with the Sr*-Ca™ state,
we performed state tomography using tomographic measurements on 10000 copies
of pxx. To create these states, we generated a total of 10922 raw Sr*-Sr* entangled
states; the iSWAP error detection detected an error in 922 cases, corresponding to
an iISWAP error rate of 8.4(3) %. Including the iSWAP error detection, we observe

a total success probability of 1.24(1) x 107%, and a generation rate of 8.6(1)s™!.
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Figure 6.8: Circuits for creating mixed-species (a) 3-qubit and (b) 4-qubit GHZ states.
Both circuits begin with the generation of remote entanglement between the network
qubits. (a) A mixed-species CNOT gate in Bob create the 3-qubit GHZ state. (b)
Mixed-species CNOT gates in both modules create the 4-qubit GHZ state.

3- and 4-qubit GHZ states

So far, we have considered only bipartite entanglement — using the error-detected
iSWAP gate to transfer states of the network qubits to the auxiliary qubits. However,
since have have more than two qubits at our disposal, we can create multipartite
entanglement.

The circuits for creating the 3- and 4-qubit GHZ states are shown in Figure 6.8.
The circuits start with the auxiliary qubits prepared in the |0x) states. As before, we
generate remote entanglement between the network qubits, followed by single-qubit
rotations mapping this entanglement to the ® Bell state. To create the 3-qubit
GHZ state, we apply a mixed-species controlled-NOT (CNOT) gate between the

network and auxiliary qubits in Bob, creating the state

|OnON) + [In1n)

V2
_ [0x0NOx) + [1nIn1x)

7 ,

IGHZ;) = CNOTj ® |0x) (6.11)

(6.12)
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where CNOT; is the CNOT gate acting on the qubits in module . Similarly, the
4-qubit GHZ state is created by applying the mixed-species CNOT gates in each

module, such that

|ONON) + [ININ)
V2

_ |0nONOx0x) + [InInIx1x)

7% .

‘GHZ4> = CNOTACNOTg & |Oxox> (613)

(6.14)

We reconstruct the created GHZ states using state tomography with tomographic
measurements performed on 10000 copies of the states. The reconstructed density
matrices for the 3- and 4-qubit GHZ states are shown in Figure 6.9 and Figure 6.10,
respectively. In calculating the fidelity of the reconstructed states, pag, to the ideal

GHZ states, we allow arbitrary rotations about the Z-axis, such that
Foizy = max (GHZx| Rz (¢) pasRz (¢)T |GHZy), (6.15)

where Ry (¢) denotes a single-qubit Z-rotation by the angle ¢ on each qubit. Using
this definition, we calculate GHZ fidelities of 93.1(7) % and 91.9(8) %, for the 3- and
4-qubit GHZ states, respectively.

Since the circuit for creating the GHZ states does not involve any error detection,
the success probability for creating these states is simply the success probability for
generating the raw remote entanglement. For the 3-qubit GHZ state, we measured
a success probability of 1.20(1) x 107%, and a generation rate of 8.26(8)s™!; for
the 4-qubit GHZ state, we measured a success probability of 1.44(2) x 1074, and a
generation rate of 9.9(1) s~!. We note the variability in the success probabilities, not
just for the GHZ states, but also for the other remote entanglement experiments.
We attribute this variability to drifts in the beam pointing of the excitation laser,

and alignment of the collection optics.
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Figure 6.9: Density matrix of the 3-qubit (Sr*-SrT-Ca®) GHZ state, p € On®? ® Ox,
reconstructed from measurements of 10000 copies using quantum state tomography. The
reconstructed state has a fidelity of 93.1(7) % to the 4-qubit GHZ state, after allowing for

arbitrary Z rotations.
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Figure 6.10: Density matrix of the 4-qubit (Sr*-Srt-Cat-Ca®) GHZ state, p € ON®?®
Ox®?, reconstructed from measurements of 10 000 copies using quantum state tomography.
The reconstructed state has a fidelity of 91.9(8) % to the 4-qubit GHZ state, after allowing
for arbitrary Z rotations.
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6.3.2 Characterisation via parity/population measurements

As discussed, quantum state tomography provides a complete characterisation of
an unknown quantum state; however, it is expensive in the number of measure-
ments required to achieve a particular precision. However, given prior knowledge
about what form the state should take, parity /population measurements can be an
inexpensive way to extract information about various properties of the state.

Let us write the states that we create as the density matrix

p=> pijli)(jl € L(Q®V), (6.16)

i?j

where |i) € Q®N. The fidelity of the created state to the desired state, Eq. (6.8), is

given by
F=@|plv)
1
= 5 [,00...0,0‘..0 +p111.0+ 2‘P0...0,1.‘.1’ COS (80)] )

where ¢ = arg (po..0.1..1). Let us now define the population observable, P= ﬂ?N +

1%V, such that

P = <P> = 00..0,0..0 T P1..1,1..1 (6.17)

Furthermore, define the parity observable, &(?N , where 6, = cos (¢) 6, + sin (¢) 7.
Given quantum states of the form of Eq. (6.8), we anticipate that the expectation

values for the parity measurements will be of the form
<&§’N> =Ccos(N¢p — ), (6.18)

where C' = 2|pg_01..1|. Thus, if we define the fidelity of the created state to the

state in Eq. (6.8) up to an arbitrary Z-rotation, we find that the fidelity is given by

F=-(P+0C). (6.19)

N —
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Experimentally, the population measurement can be performed by simply mea-
suring the created state in the computational basis, and computing the expectation
value <P>, i.e., the probability that the qubits were all measured to be in the same
state, e.g., P (00) + P (11) for the 2-qubit case. The parity measurements can be
implemented by first performing }%H /2 (m/2) rotations on each qubit, before mea-
suring in the computational basis. This corresponds to a measurement of the qubits
along the axis at an angle ¢ to the X-axis in the XY -plane of the Bloch sphere, asso-
ciated with the operator ,. We thus use these measurement outcomes to calculate
the expectation values, <6<§N ).

The results for the parity /population measurements for all remotely entangled
states discussed in this chapter are shown in Figure 6.11. These results are generally
consistent with the state tomography characterisations, but required significantly
fewer measurements to obtain. We note that in both the tomography and the
parity /population measurements, a number of the states exhibit phase offsets. We

attribute this to miscalibration of the Sr™-Sr* herald pattern phases.

6.4 Remote entanglement of long-lived quantum

memories

One of the key reasons for integrating Ca™ into our modules, is that the hyper-
fine structure gives rise to magnetic field-insensitive transitions, which provide ideal
qubits for storing quantum information due to their relatively long coherence times.
In particular, the ability to faithfully store quantum information for durations sig-
nificantly longer than the time taken to establish remote entanglement between
modules is particularly important for applications requiring multiple instances of
remote entanglement generation. As discussed earlier in this chapter, we can gen-
erate remote entanglement at a rate ~40s~!; however, this drops to ~10s™! when
additional cooling to the ground is required for executing the mixed-species logic.

We have observed coherence times of the optical network qubit of ~8ms, which,
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Figure 6.11: Parity and population measurements for mixed-species states, showing (i)
a minimal depiction of circuit for generating the entangled state, (ii) a parity scan, and
(iii) a population measurement for each state. (a) Remotely entangled state of network
qubits, with a calculated fidelity of 96.0(7) % to the |Uy) state. (b) Remotely entangled
state of a network and an auxiliary qubit, with a calculated fidelity of 95.1(8) % to the
‘W§X> state. (c) Remotely entangled state of auxiliary qubits, with a calculated fidelity
of 92(1) % to the ’\IJ§X> state. (d) GHZ state with one auxiliary and two network qubits,
with a calculated fidelity of 94(1) % to the |GHZ3) state. (d) GHZ state with two auxiliary
and two network qubits, with a calculated fidelity of 91(1) % to the |GHZ,4) state.
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while this can be extended a little further using dynamical decoupling, is not suffi-
cient for practical applications. Additionally, the spectral isolation between the two
species of ions makes the Ca™ qubits robust to network activity [123].

The circuit qubit, Q¢, takes on the role of the long-lived quantum memory
for our modules. Recall that this qubit is only first-order insensitive to magnetic
field fluctuations at zero magnetic field; at 0.5 mT the circuit qubit still exhibits a
relatively low first-order sensitivity of 122kHzmT ™!, however, this is significantly
lower than, e.g., the network qubit, which has a sensitivity of —11.2 MHzmT .
In previous work, we demonstrated the integration of this circuit qubit into one of
our network modules [123]; we stored the ionic part of an ion-photon pair for up
to 10s, and demonstrated that the storage was robust to network activity. Here,
we extend this to both modules, thereby enabling the long-lived storage of remote
entanglement.

In order to demonstrate the storage enhancement provided by our circuit qubits,
we compare the abilities of the network and circuit qubits to store remote entan-
glement, measuring the fidelity as a function of storage duration. The experimental
circuits used to characterise the storage capabilities of the qubits are shown in Fig-
ure 6.12. The first step is to generate entanglement between the desired pair of
qubits. For the network qubits, this is generated as discussed in Section 6.2, before
single-qubit rotations are used to map the state to the ®* state. To generate the
remote entanglement between the circuit qubits, we first use error-detected iISWAP-
gates to map the entanglement from the network to the auxiliary qubits, as in
Section 6.3, before using the hyperfine transfer sequence to coherently map the en-
tanglement into the circuit qubits, as shown in Figure 6.12(b). Note that the error
detection is performed in real-time, thus enabling the protocol to be restarted if an
error is detected prior to the storage part of the circuit.

With the entanglement created, we store the states for a variable storage dura-
tion At. We deploy universally robust (UR) dynamical decoupling [68] to suppress

sources of dephasing, with the pulse sequence lengths optimised for each storage
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Figure 6.12: Experimental sequences for measuring the remote entanglement fidelity as
a function of storage duration between (a) network qubits and (b) circuit qubits. Both
sequences start by generating entanglement between two network qubits. In (b), this
entanglement is transferred to the circuit qubits via error-detected iISWAP gates to the
auxiliary qubits, followed by hyperfine qubit transfers. The error detection outcomes are
exchanged via a classical (TTL) link, and if no error is detected, the modules proceed to
the point marked by the dashed line. Once remote entanglement is established between the
(a) network [(b) circuit] qubits, it is stored for a variable duration At¢. During this time,
sympathetic cooling is applied to the ion species not used for storage, and dynamical
decoupling suppresses dephasing. Finally, a parity/population measurement is used to
estimate the fidelity of the stored entanglement after At.
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Figure 6.13: Remote entanglement fidelity as a function of storage duration for entan-
glement between the network qubits (purple) and circuit qubits (orange). For the circuit
qubits, we observe a remote entanglement fidelity of 69(4) % at 10s storage duration. The
shaded areas indicate 95% confidence intervals for exponential decay fits. For storage
of entanglement between the network (circuit) qubits, we extract an exponential decay
time-constant of 46(2) ms (25(6) s).

duration, ranging from 4 pulses (UR4) to 48 pulses (UR48). Additionally, over this
duration, the ion species not used to store the entanglement is used as a sympathetic
coolant to prevent ion loss and mitigate single-qubit rotation errors due to heating.
Finally, we perform parity and population measurements to estimate the fidelity of
the stored entanglement after storage.

The fidelities of the stored entanglement as a function of storage duration for the
two qubits is shown in Figure 6.13. For the network qubit, we observe a significant
degradation in the stored entanglement for storage durations exceeding 10 ms. We
attribute this to the relatively high sensitivity of the network qubit to magnetic
field fluctuations (—11.2 MHzmT'). Additionally, we observe that the fidelity of
the network qubit entanglement decays to ~0.25 at storage durations exceeding
100 ms, indicating the presence of amplitude damping processes such as the decay of

the |1x) state due to the natural lifetime (~ 390 ms) of the 674 nm transition?. We fit

4Note that the &+ Bell state will decay twice as fast.
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an exponential decay® to the fidelities, extracting a decay time-constant of 46(2) ms.
As discussed previously, it takes O(10ms) to generate remote entanglement between
network qubits (see Section 6.2), and this increases to O(100ms) when additional
cooling is required for the mixed-species experiments (see Section 6.3). It is therefore
clear that in our apparatus, the network qubit alone is not sufficient for applications
required multiple instances of remote entanglement generation.

For the circuit qubits, we observe a marked enhancement of the storage capa-
bilities, observing a remote entanglement fidelity of 69(4) % after 10s. Using the
same exponential decay model as above, we extract a decay time-constant of 25(6) s.
This significantly exceeds the average time taken to generate entanglement in the
mixed-species experiments (O(100ms)), thereby demonstrating the utility of the
circuit qubits for storing quantum information for applications involving multiple
instances of remote entanglement generation. This ability is key in our demonstra-

tion of DQC, presented in the next chapter.

6.5 Summary

In the first part of this chapter, we outlined the process of generating entanglement
between a Srt ion and a 422 nm photon, thereby establishing a mechanism for the
modules to interface with the optical quantum network. A projective Bell measure-
ment of these photons swaps the entanglement from two ion-photon pairs to the
ions, heralding the creation of remote entanglement between Sr™ network qubits
in two separate modules. This remote entanglement, with an entanglement fidelity
of 96.89(8) % to the |¥T) state, is a crucial resource for our quantum networking
experiments.

Previously, we integrated a robust quantum memory, provided by a Ca™ ion, into
one of our networking modules [123]. In the second part of this chapter, we discuss

the integration of Ca™ ions into both modules, using tools discussed in Chapter 5.

5Note that the exponential decay is a greatly simplified model and does not encapsulate the
various error channels, each with their own decay profiles and time-constants.
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This enabled the creation of more complex entangled states, such as the remotely
entangled state of two ions of different species, the transfer of remote entanglement
into the Ca™ auxiliary qubits, and the creation of mixed-species GHZ states. The
fidelities of these created states all exceeded 90 %

While the primary motivation for generating these states was to demonstrate the
capabilities of our mixed-species trapped-ion quantum network, such states would
have application in fields such as sensing and metrology. For example, in previous
work, we demonstrated entanglement enhanced frequency comparisons of two Sr*
clocks [132]. However, the precision of these comparisons was limited by magnetic
field-induced dephasing. By mapping this entanglement to Ca™, we gain access to
a magnetic field-insensitive optical (729nm) transition, allowing us to probe close
to the lifetime limit of the Ca™ Dj/, manifold (~1s), significantly enhancing the
measurement precision. This experiment would have exciting implications, paving
the way for a quantum network of atomic clocks [136], and thus is being actively
pursued in our group. The ability to generate the mixed-species entangled state, such
as the Srt-Ca* Bell state and the 3- and 4-qubit GHZ states, could have similar
metrological applications, such as frequency comparisons within a heterogeneous
clock network.

Finally, we demonstrated the storage capabilities of the long-lived circuit qubits,
observing the storage of remote entanglement for durations up to 10s. This extends
previous work [123], where these circuit qubits were integrated into one module and
shown to be robust against network activity. By preserving the state of the circuit
qubits for durations significantly exceeding the time taken to generate the remote
entanglement, we open the door to more complex circuits which require multiple
rounds of remote entanglement generation.

Combining the tools for controlling mixed-species trapped-ion modules, as pre-
sented in Chapter 5, with the ability to generate remote entanglement between the
two modules, marks a key milestone in quantum networking experiments. This de-

velopment enables exciting applications, such as entanglement-enhanced frequency
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comparisons of Ca™ clock transitions, entanglement distillation, and, as will be dis-

cussed in the next chapter, distributed quantum computing.



Distributed Quantum Computing

*

This chapter presents the main results of this thesis: the demonstration of DQC
between two mixed-species trapped-ion modules. I led the experimental work, per-
formed the data analysis, and served as primary author on the related publica-
tion [137]; where appropriate, text and figures from that publication have been
reproduced verbatim.

The chapter begins with a brief overview of quantum teleportation, followed by
a detailed description of the experimental implementation and characterisation of
a teleported CZ gate between circuit qubits in separate modules. Together with
arbitrary single-qubit operations, this teleported CZ completes a universal gate set
for a two-qubit distributed quantum computer. These capabilities are then used
to realise more complex distributed circuits—the iSWAP and SWAP gates—and to

implement Grover’s algorithm on the distributed system.

7.1 Quantum teleportation

As discussed in Section 1.2.1, quantum teleportation protocols — characterised by the

resources of shared entanglement and LOCC — are critical for the DQC architecture,

175
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enabling a network of smaller quantum processing modules to function as a single,
fully intra-connected quantum computer. It is an interesting, and indeed counter-
intuitive, result that one can used pre-shared entanglement in order to effectively
replace quantum communication channels. To explore how quantum teleportation
can be used to connect two modules, let us first discuss the original teleportation

protocol — quantum state teleportation.

7.1.1 Quantum state teleportation

Proposed in 1993 by Bennett et al. [28], quantum state teleportation enables the
faithful transmission of quantum information between two modules, even when the
quantum channels interconnecting the modules are lossy and noisy. The modules,
Alice and Bob, can perform ideal local operations, exchange classical information,

and share a pair of network qubits that are in the maximally entangled Bell state!,

n 1 N

‘(I) >AB NG i20,1 i) a i) - (7.1)
Notice that we can write the other Bell states in terms of the |®) state as 626¢ |®T),

such that the bit string ab € {00,01,10, 11} encodes a particular Bell state.
Suppose now Alice has a circuit qubit in some unknown state, |¢)), and would
like to send it to Bob using quantum state teleportation, depicted in Figure 7.1(a).
Alice and Bob each share half of an entangled state, such that the total state can be
written as [¢) , |®T) ,5. Alice now measures her qubits in the Bell basis, yielding the
bit string ab which corresponds to the Bell state measurement outcome 626 |dF).

Alice therefore projects Bob’s half of the Bell pair into the (unnormalised) state

[(<CD+‘AA C}g&lz)) ® ﬁB] V) o }¢+>AB . (7.2)

Expanding |®*) in terms of the basis states, as in Eq. (7.1), it is straightforward to

LOf course, if the interconnecting quantum channel is noisy, some form of entanglement distil-
lation would be required to reach high fidelities.
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Figure 7.1: (a) Circuit for quantum state teleportation. Alice teleports the state [1) ,
to Bob using shared entanglement, in addition to local operations and classical communi-
cation. (b) Visualisation of a distributed quantum computing architecture based on state
teleportation. Two modules, Alice and Bob, can perform an arbitrary two-qubit unitary
operation, U, between qubit from each module by teleporting a qubit from Alice to Bob
(indicated by the blue arrow), locally implementing the desired unitary, and teleporting
the qubit back to Alice. (c) Equivalent circuit diagram for (b), highlighting the use of
teleportation to provide connectivity between qubits in separate modules.

find that the state we project into can be written as

57 i1y 56 [0 i) = 3026 10)s. (73)
i=0,1
This tells us that when Alice performs the Bell state measurement, Bob’s network
qubit is projected into the state 6962 |¢)y, with a probability of 71' Alice then
transmits the measurement outcome, i.e., the classical bit string ab, to Bob. Bob
can then use this information to perform the correction operation (6%6 2) and thus
obtain the unknown state [¢)) sent by Alice.

This result has a number of interesting implications. Firstly, each measurement
outcome ab occurs with equal probability, and crucially does not depend in any
way on the state |¢)) that Alice was trying to send. If this measurement outcome
did depend on [¢) in some way, then Alice would learn some information about

the state, which would in turn affect the unknown state she was trying to send.

Secondly, before Bob receives the classical bit string ab from Alice, he has no idea
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what the measurement outcome was. Therefore, from Bob’s point of view, his half

of the Bell pair is described by the statistical mixture

po=g O o0 lu) (w6t (7.4)
a,b=0,1
which is a maximally mixed state. This means that until Bob receives the classical
information, he cannot gain any information about the state |¢). In other words,
quantum teleportation does not allow superluminal communication.

This result illustrates how shared entanglement between two modules can enable
the transfer of quantum information between them. One can then consider applying
this to the distributed quantum computing architecture, as outlined in Figure 7.1(b)
and (c), where teleportation could be used to bring two separated qubits into the
same local register, locally implementing the desired two-qubit operation, and finally
teleporting one of the qubits back into the original module. Thus, two instances of
teleportation can mediate any arbitrary two-qubit operation between qubits in sep-
arate modules. Gottesman and Chuang [29] proposed a technique for implementing
universal quantum computation based on quantum teleportation — demonstrating a

circuit for teleporting two qubits through a CNOT gate, requiring two Bell pairs.

7.1.2 Quantum gate teleportation

Entanglement is an important resource for quantum computers, so we must ask the
question: what is the most efficient use of this resource? Eisert et al. [30] answered
this by showing that one Bell pair and the exchange of one classical bit in each
direction are necessary and sufficient resources for implementing a non-local CZ?
gate on two separated qubits. This optimal implementation of a non-local gate is
referred to as quantum gate teleportation (QGT)— where instead of the teleportation
of a quantum state, we can view this process as the teleportation of the interaction

between the two qubits.

ZNote that Eisert et al. [30] considered this problem in terms of a CNOT gate. However, the
CNOT gate is equivalent to the CZ gate up to single-qubit rotations.
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Figure 7.2: Circuit for quantum gate teleportation between two modules, Alice and Bob.
Using only one shared Bell state, in addition to local operations and classical communica-
tion, the two modules mediate a CZ gate between a qubit from each module.

The fact that at least one Bell pair is necessary for the implementation of a
non-local CZ gate can be seen from the fact that a CZ gate can be used to create
one maximally entangled Bell state from an unentangled product state. Since the
amount of entanglement between the two separated qubits cannot be increased using
only LOCC, we must consume at least one Bell state in the realisation of the non-
local gate. The requirement of at least one bit of classical communication in each
direction once again comes down to the fact that if one could implement a non-local
CZ gate with less than this, it would enable superluminal communication. Thus we
have a minimal set of resources that are required to implement a non-local CZ gate.

To show that these resources are also sufficient, we construct a circuit which
implements a non-local CZ gate, as shown in Figure 7.2. Let Alice and Bob each
hold a circuit qubit, such that the state of the two circuit qubits is written generally
as |1) \g- Now suppose that they also share a pair of network qubits in a maximally
entangled Bell state, |®1) 5, as in Eq. (7.1). The total state is given by the product
state |®T), 5 [1) zg- Alice and Bob now perform a CZ gate between their half of

the Bell state and their circuit qubit. The action of these bilateral CZ gates can be
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written as

Z NI Z ) a 1i)p (62 @ 67 [¥) 5p) - (7.5)

]01 301

Alice now makes a measurement of her network qubit in the X-basis and obtains the
outcome a, and Bob makes a measurement of his qubit in the Y-basis and obtains
the outcome b. This measurement projects the circuit qubits into the (unnormalised)

state
1

2V2

This can then be written in terms of a CZ gate acting on the two circuit qubits as

[i+i(=1)67 @ 67 [1) (7.6)

% (040 ® ) @ Us(a® ) Oz [9),15. (7.7)

where U, (x) are single-qubit rotations on the circuit qubit in module 4, conditioned
on the bit z, given by

. S, if =0,

Ui (z) = . (7.8)

ST, otherwise,
where S = diag (1,4), as defined in Section 2.4.2. Therefore, in order to complete
the teleportation of the CZ gate, Alice and Bob must exchange their measurement
outcomes, and use this information to condition single-qubit rotations to invert
Un(a ® b) ® Ug(a @ b). By applying these single-qubit rotations, Alice and Bob
complete the teleportation of the CZ gate, such that the final state of the circuit
qubits is given by Ucy 1) Ap-
As in the case of quantum state teleportation, the four possible measurement

outcomes ab all occur with equal probability. If this were not the case, then send-
ing the measurement outcomes would correspond to the exchange of less than one

bit in each direction® which, as discussed in Eisert et al. [30], is not sufficient for

3For example, consider the extreme case that only one measurement outcome occurs. Here,
exchanging the outcome does not provide the modules with any new information, since they already
had information about what the measurement outcome would be in advance.
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implementing a non-local CZ gate. Additionally, the teleportation protocol is not
completed until the modules have each received, and made use of, the classical
information sent from the other module.

This gate teleportation protocol realises the optimal implementation of a non-
local CZ gate. Of course, this is just one class of entangling gate, with up to three
CZ gates, in addition to arbitrary single-qubit rotations, required to implement
any arbitrary two-qubit unitary operation [138]. Therefore, one would assume that
performing an arbitrary non-local two-qubit operation, would require up to shared
entangled states. However, as pointed out by Eisert et al. [30], one always has
the option of using two rounds of teleportation and a local implementation of the
arbitrary operation, as discussed at the end of the last section. We therefore conclude
that at most two Bell states are sufficient for realising arbitrary two-qubit operations.
There has been ongoing work developing techniques for compiling distributed circuits
that are efficient in their use of entangled resource states; however, this is beyond

the scope of this thesis.

7.2 Teleportation of a controlled-Z gate

In the previous section, we illustrated how entanglement could be used to logically
connect qubits in separate modules through QGT. QGT therefore represents a crit-
ical component of a distributed quantum computer. In this section, we present our
experimental implementation and characterisation of a teleported CZ gate between

two circuit qubits located in separate trapped-ion modules.

7.2.1 Experimental implementation

The QGT protocol used here to mediate CZ gates between the circuit qubits in

separate modules is depicted in Figure 7.3. We allow the circuit qubits to start

in an arbitrary state T/J{?IB> € Qc®?, which could be part of a larger, long-running

computation. We begin the QGT protocol by generating the remotely entangled
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Alice

~2m

Figure 7.3: Experimental sequence for the teleportation of a CZ gate. The two modules,
Alice and Bob, each hold a Srt ion (purple) and a Ca™ ion (orange). Srt provides
a network qubit, Oy, while Ca™ provides both a long-lived circuit qubit, Qc, and an
auxiliary qubit, Qx. Prior to the protocol, the circuit qubits are in some arbitrary state.
The protocol begins by generating entanglement between the network qubits via a photonic
link. Upon heralding entanglement, each module applies a local CZ gate between the
network and circuit qubits, using the auxiliary qubit temporarily to mediate the gate
mechanism. The outcomes of mid-circuit parity measurements of the network qubits are
exchanged in real-time via a classical (TTL) link connecting the control systems of the
two modules. This information is used to condition local feed-forward operations, U and
Upg, on the circuit qubits — completing the teleportation of the CZ gate.

Bell state,
|10) + |01)
V2

between the network qubits. Note that this is different to the |®*) state used in the

vF) = € Qv

discussion presented in Section 7.1, however, these states are equivalent up to single-
qubit rotations and our remote entanglement generation scheme naturally generates
|Ut) states. Since this entanglement is generated via a try-until-success process, the
circuit qubits provide a robust quantum memory until a herald indicates a success
(see Section 7.2.3).

At this stage, we map the state stored in the circuit qubits (Qc¢) to the auxiliary
qubits (Qx) in preparation for the local entangling operations, see 5.3. In each
module, we perform local CZ gates between the network and auxiliary qubits (see

Section 5.2), before transferring the auxiliary qubit back to the circuit qubit. We
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then perform mid-circuit measurements of the network qubits in the X and Y bases
in Alice and Bob, respectively. The mid-circuit measurement outcomes, mp, mg €
{0, 1}, are exchanged in real-time via a classical communication channel between the
modules — in our demonstration, this is a TTL link connecting the control systems
of the two modules. Following the exchange of the measurement outcomes, the
modules, Alice and Bob, perform the conditional rotations Uy, and UB, respectively,

where

R R Stw S if ma & mp =0,
Ur®Up = (7.9)

S® ST if otherwise.

(7.10)

This completes the non-local gate ’¢$B> — Ué%g |¢§IB>.

This QGT protocol is completely self-contained: the input states of the circuit
qubits are set prior to the execution of the non-local gate, and the output states are
available for further computation. In addition to arbitrary single-qubit rotations of
the circuit qubits, this teleported CZ gate is a key element of a gate set for DQC,

enabling the modules to act as a single, fully-connected universal quantum processor.

7.2.2 Characterisation

We characterise the action of the teleported CZ gate using QPT, as outlined in
Section 3.3. From a total of 16 000 tomographic measurements, we reconstruct the
process matrix for the teleported gate, as shown in Figure 7.4(a). From this process
matrix, we calculate an average gate fidelity of 86.2(9) %, compared to the ideal CZ
gate. The average gate duration was ~ 103 ms, which was almost entirely dominated
by the time taken to generate the remote entanglement, as we discuss in the next
section. This result marks the first deterministic demonstration of a non-local two-

qubit gate across a quantum network.
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Figure 7.4: Characterisation of the teleported CZ gate (a) Process matrix for the CZ
gate, reconstructed from 16000 tomographic measurements. The reconstructed process
matrix represents an average gate fidelity of 86.2(9) %, with respect to the ideal CZ gate.
(b) Histogram of gate fidelities for process matrices calculated from resampled datasets.
The uncertainty quoted for the gate fidelity represents one standard deviation of the
resampled gate fidelities.

7.2.3 Error budget

The average gate fidelity we achieve is significantly below any threshold that would
be required for, e.g., fault tolerant distributed quantum computing. Here, we per-
form a systematic discussion of the various error sources that contribute to the
degradation of the gate fidelity. A summary of the estimated error contributions is

given at the end in Table 7.1.

Raw entanglement

The heralded generation of remote entanglement between network qubits in separate
modules, outlined in Chapter 6, is central to our QGT protocol and is depicted
in Figure 7.5(a). Successful generation of entanglement is heralded by particular
detector click patterns and, after subsequent local rotations, indicates the creation

of the maximally entangled U Bell-state,

|10) +[01)

|\IJ+> = NG

€ O%%. (7.11)
This process is executed while simultaneously storing quantum information in the

circuit qubits which, as we have shown in Section 6.4, can faithfully store quantum

information for significantly longer than it takes to generate remote entanglement.
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Figure 7.5: (a) Overview of entanglement generation with circuit qubit storage. Entan-
glement is generated between the network qubits using 200 us of entanglement attempts
interleaved with 2.254 ms of sympathetic recooling using the Sr™ ion. This is repeated un-
til the entanglement is successfully heralded by a particular detector click pattern. While
attempting to generate entanglement between the network qubits, Knill dynamical decou-
pling pulses, K;, are used to preserve the state of the circuit qubits. (b) Histogram of
the time taken to successfully herald the generation of entanglement. The red dashed line
at 103 ms indicates the average time taken to successfully generate entanglement between
the network qubits.

On average it took 7084 attempts to successfully herald entanglement, corre-
sponding to a success probability of 1.41 x 10~*. To mitigate heating of the ion-
crystal, we interleave 200 s of entanglement generation attempts with 2.254 ms of
sympathetic re-cooling of the Sr*-Ca* crystal with the Sr* ion. The sympathetic
recooling comprises 1.254 ms of Doppler cooling, followed by 1ms of EIT cooling.
The time taken to generate the remote entanglement for each tomographic measure-
ment is shown in Figure 7.5(b). On average, it took 103 ms to generate entanglement
between the network qubits, corresponding to an entanglement generation rate of
9.7s7!, although this rate could be increased by optimising the interleaved cool-
ing sequence. As discussed in Section 6.2, we are able to generate U Bell states

between the two modules with a fidelity of 96.89(8) %.
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Figure 7.6: (a) The quantum channels, £, and EB_ | are the processes of storing

the states of the circuit qubits in Alice and Bob, respectively, while generating remote
entanglement between the two modules. (b)(i) and (c)(i) show the residuals of the process

matrices representing the storage processes £2. and £B_ | in Alice and Bob, respectively.

The residuals are taken with respect to the ideal storage process matrix, i.e., Xmem —
Xideal, Where Yiae = diag(1,0,0,0). (b)(ii) and (c)(ii) show histograms of the fidelities
of resampled datasets, for Alice and Bob, respectively. Compared to the ideal identity
process, the reconstructed process matrices yield average gate fidelities of 98.1(4) % and
98.2(5) % for Alice and Bob, respectively.

Circuit qubit storage

Since each instance of QGT requires the generation of entanglement between net-
work qubits, it is necessary to ensure that the circuit qubits preserve their encoded
quantum information during this process. Due to their low sensitivity to magnetic
field fluctuations, the circuit qubits have exhibited ~ 100 ms coherence times, and in
previous work we demonstrated these qubits to be robust to network activity [123].
As in Section 6.4, we further suppress dephasing through dynamical decoupling.
Typically, dynamical decoupling is implemented over a fixed period of time, how-
ever the success of the entanglement generation process is non-deterministic and
would therefore leave the dynamical decoupling sequence incomplete. One solution

would be to complete the dynamical decoupling pulse sequence once the entan-
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glement has been generated, however it is desirable to minimise the time between
heralding the entanglement generation and performing the QGT protocol, in or-
der to prevent dephasing of the network qubits. Instead, we make use of the fact
that the action of a dynamical decoupling pulse on one of the circuit qubits can be

propagated through the teleported CZ gate as
(0, ® ﬁ)ﬁcz = ﬁcz(% ® G,). (7.12)

We therefore perform the dynamical decoupling pulses on the circuit qubits until
successful herald of remote entanglement, at which point we immediately perform
the QGT sequence — implementing a CZ gate on the state of the circuit qubits at
the point of interruption. Once this gate is completed, we perform the remaining
dynamical decoupling pulses (without any inter-pulse delay), and use Eq. (7.12) to
apply the appropriate Z rotations required to correct for the propagation through the
CZ gate. With this method, we suppress the dephasing errors in the circuit qubits
during entanglement generation, while minimising the time between successfully
heralding the entanglement and consuming it for QGT.

We deploy a Knill dynamical decoupling pulse sequence [19, 67] with a ~ 7.4 ms
inter-pulse delay (corresponding to a pulse every three rounds of interleaved entan-
glement attempts and re-cooling). This dynamical decoupling sequence was found
to perform marginally better in this scenario than the universally robust dynamical
decoupling sequence which was used for the static storage duration in Section 6.4.
We use QPT to reconstruct the process of storing the quantum information while
generating entanglement; ideally, this process would not alter the quantum infor-
mation stored in the circuit qubit. QPT is implemented by choosing input states for
the circuit qubits from a tomographically complete set, generating remote entangle-
ment between the network qubits while dynamically decoupling the circuit qubits,
then upon successful herald, completing the dynamical decoupling sequence and per-
forming tomographic measurements of the circuit qubits. The reconstructed process

matrices for each module, representing to the action of storing quantum information
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during entanglement generation, are shown in Figure 7.6. We observe fidelities to

the ideal operation of 98.1(4) % and 98.2(5) % for Alice and Bob, respectively.

Local entangling gates

The ability to perform logical entangling gates between ions of different species
allows us to delegate the roles of network and circuit ions which is key to our
demonstration of DQC. These local entangling gates are characterised in Section 5.2,
where we measure average CZ gate fidelities of 97.6(2) % and 98.0(2) % for Alice and

Bob, respectively.

Hyperfine transfer

Since the circuit qubit does not participate in the mixed-species gate, the gate
interaction is performed on the network and auxiliary qubits. Consequently, we
require the ability to coherently inter-convert between the circuit and auxiliary qubit
before and after the local operations. The process by which we implement this
mapping is discussed in see Section 5.3; we measure average error per transfers of

3.8(2) x 1073 and 2.6(1) x 1072 for Alice and Bob, respectively.

Mid-circuit measurements

To complete the QGT protocol, the two modules make mid-circuit measurements
of the network qubits, exchange the measurement outcomes, and perform a local
rotation of their circuit qubits conditioned on the outcomes of these measurements.
Utilising the spectral isolation between the two species of ions, mid-circuit measure-
ments of the network qubits can be made without affecting the quantum state of the
circuit qubits. However, imperfect mid-circuit measurements of the network qubits
would lead to the application of the wrong conditioned gates and thus contribute to
the infidelity of the teleported gate.

From the form of the conditional rotations, Eq. (7.9), we see that an error in

performing the parity measurement will result in a joint phase-flip on each qubit.
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Figure 7.7: Photon detection histograms for the mid-circuit measurement of the network
qubits in (a) Alice and (b) Bob. The mid-circuit measurement detection window was
500 ps. The counts below [above] the readout threshold (dashed line) were deemed to be
the dark [bright] state. From these measurements, and the ~ 391 ms lifetime of the D5y
manifold, we estimate fluorescence detection errors for the measurement of a dark (bright)
state of 1.071(4) x 1073 (1.44(6) x 10~7) and 1.059(4) x 1073 (5.0(2) x 1078) for Alice and
Bob, respectively.

The process for a teleported CZ gate where the QGT was executed with imperfect

mid-circuit measurements, can be described by the Kraus operators

Klz\/l_p UCZ

Ky =/ (6.96.)Ucy,

where we define p as the average parity measurement error, i.e., the probability that
a measurement of a state of a particular parity will yield an outcome of opposite
parity. Using the fact that the average gate fidelity of a process represented by a

set of Kraus operators, Kj;, to the ideal CZ gate, Uy, can be written as [54]

~ ~ 2
LT (08, 5;) ‘
B d(d+1) ’

(7.13)

we find that the teleported gate error due to imperfect mid-circuit measurements is

dp
1—-F= ", 14
TS (7-14)
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From Section 5.1, the single-qubit gate errors for the network qubits are 4.8(3) x
10~* and 9.8(3) x 107 for Alice and Bob, respectively. The error in the fluorescence
detection is estimated from the observed photon scattering rates of Qy states during
the mid-circuit measurement. The readout counts acquired in the 500 ps readout
window is shown in Figure 7.7; by taking into account the ~ 390ms lifetime of
the |1x) state [139], we estimate fluorescence detection errors for the measurement
of a dark (bright) state of 1.071(4) x 107 (1.44(6) x 10~") and 1.059(4) x 1073
(5.0(2) x 107®) for Alice and Bob, respectively. Combining these error mechanisms,
we estimate average mid-circuit measurement errors of 1.02(3) x 1072 and 1.51(3) x
1073, These measurement errors correspond to a contribution to the teleported CZ

gate error of 0.082(3) % and 0.121(3) % for Alice and Bob, respectively.

Summary

We summarise the leading error sources affecting our teleported CZ gate in Ta-
ble 7.1. The measured fidelity of our gate is slightly lower than that predicted by
the error budget, which we attribute to drifts in the calibration of various compo-
nents over the duration of the data acquisition. The majority of identified errors
occur during local operations in each module. Our local errors do not represent the
state-of-the-art for trapped-ion processors; however, local operations exceeding the
fidelity threshold for fault-tolerant quantum computing have been demonstrated in
this platform [13, 14, 15, 16, 17, 18, 140]. Relevant to our implementation, Hughes
et al. [15] demonstrated mixed-species two-qubit gates between Sr™ and Ca™ ions
with a gate error of 0.2(1) %. We therefore conclude that the technical limitations in
our implementation can be overcome. The other significant source of error is the re-
mote entanglement of the network qubits across the photonic quantum network; we
observe a fidelity of the remotely entangled network qubits to the desired |¥T) state
of 96.89(8) %. Unlike the local operations, the performance of our remote entangle-
ment is at the state-of-the-art. To improve this, and hence enable the teleportation

of high-fidelity entangling gates between modules, entanglement distillation could
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Source Error
Alice Bob
Raw entanglement 3.11(8) %
Mixed-species gate 242)%  2.0(2) %
Q¢ decoherence 1.9(4) % 1.8(5) %

Qx +» Q¢ transfer 0.76(3) %  0.52(1) %

Mid-circuit measurement 0.082(3) % 0.121(3)

Q¢ rotations 0.010(3) % 0.012(4)
Predicted total error 12.1(6) %

%0
%

Table 7.1: Error budget for CZ gate teleportation.

be used to distribute high-fidelity entangled states from a number of lower-fidelity
entangled states [33, 141].

7.3 Universal distributed quantum computing

Almost 30 years ago, it was shown by DiVincenzo [142] that universal quantum
computation could be achieved using only quantum gates that acted on up to two
qubits. Following this result, Barenco et al. [143] showed that the CNOT gate, in
addition to single-qubit operations, was sufficient for constructing arbitrary n-qubit
unitary operations, and thus provided a universal gate-set for quantum computing.
Since the CNOT gate and the CZ gate are equivalent up to single-qubit rotations,
we construct a universal gate-set for our distributed quantum computer from the
teleported CZ gate and single-qubit rotations. Of course, if more circuit qubits were
available in each module, local CZ gates between these qubits would be required to
complete the gate-set.

Until now, demonstrations of QGT have been limited to only a single instance of
the non-local gate. In photonic platforms, this has been prevented by the inability
to store the photons between interactions [47, 48]. For the QCCD demonstration
by Wan et al. [36], the input states of the of the circuit qubits were prepared after

the generation of entanglement between the network qubits; the “Be™ ions provid-
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Figure 7.8: CZ decompositions of the distributed a(i) iSWAP and b(i) SWAP circuits,
comprising two and three instances of QGT, respectively. The reconstructed process
matrices for the a(ii) iSWAP and b(ii) SWAP gates indicate average gate fidelities of
70(2) % and 64(2) %, respectively. The histograms for the fidelities of resampled datasets
are shown in (a)(iii) and (b)(iii).

ing the circuit qubits were used as a sympathetic coolant after the establishment of
entanglement between trap zones. As a result, while an excellent proof-of-principle
demonstration of QGT, this demonstration was unable to execute circuits compris-
ing multiple teleported gates. In our QGT implementation, we prepare the states
of the circuit qubit prior to the execution of the protocol and the output states
are available for further computation. The self-contained nature of our implemen-
tation thus makes the extension to circuits comprising multiple instances of QGT
straightforward.

We demonstrate our ability to perform sequential rounds of QGT by execut-

ing the CZ decompositions of the iSWAP and SWAP gates, which are shown in
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Figures 7.8(a)(i) and 7.8(b)(i), and comprise two and three instances of QGT, re-
spectively. As with the teleported CZ gate, we characterise these circuits via QPT,
reconstructing the process matrices shown in Figures 7.8(b)(ii) and 7.8(b)(ii). We
measure average gate fidelities of 70(2) % and 64(2) % for the iSWAP and SWAP
gates, respectively. In general, any arbitrary two-qubit unitary operation can be
decomposed into at most three CZ gates [138]. Therefore, by constructing circuits
with up to 3 instances of QGT — enabled by our ability to perform QGT determinis-
tically and on-demand — we demonstrate the ability to construct arbitrary two-qubit

unitary operations, and thus perform universal DQC.

7.4 Grover’s algorithm

Grover’s algorithm, developed by Lov Grover in 1996 [6], was one of the first quan-
tum algorithms conceived. Today, it is one of the classic examples of the capabilities
of a quantum computer. As such, this algorithm is a exciting candidate for demon-
strating the capabilities of our distributed quantum computer.

Otherwise known as the quantum search algorithm, this algorithm concerns
searching through an unstructured set of items to identify some solution to a given
problem. As framed by Grover, this could be looking up a name in a phone di-
rectory containing N names in a random order. Classically, the optimal strategy
would be to compare the desired name to the entries in the phone directory one by
one until the desired entry is found. On average, this would take O(N/2) accesses
to the directory before the desired entry was found. The optimal quantum strategy
— Grover’s algorithm — makes use of the fact that a quantum system may be placed
in superpositions, therefore enabling simultaneous accesses to the phone directory.
While the problem given here is more illustrative than practical — indeed the typical
example of database searching is unlikely to be a genuinely practical application —
quantum search algorithms have potential application in a range of problems such
as determining graph connectivity and pattern matching [144].

Let us first consider a formal statement of the problem. We consider items from
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(a)

A
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Figure 7.9: (a) Classical and (b) quantum algorithms for unstructured database
searches. (a) The classical search algorithm comprises choosing an item, z € L, and
computing f,(z) to see if it is the solution. This is repeated until the solution is found,
which occurs after O((IN/2)) repetitions, on average. (b) The quantum search algorithm,
aka Grover’s algorithm, comprises repetitions of the Grover oracle and diffusion circuits.

After O (\/]V ), a measurement of the register reveals the solution with probability O(1).

an unstructured set x € X. We would like to identify some unique solution, a € X,

that satisfies a condition encoded by the function

1 if x =a,
Jal@) = (7.15)

0 otherwise.

The optimal classical strategy, outlined in Figure 7.9 (a), comprises evaluating this
function for each input one by one until the solution is found; on average, this would
require O(N /2) evaluations of f,.

Grover’s algorithm for identifying the solution, a, is shown in Figure 7.9 (b).
For N items, the algorithm requires n = [log, N| qubits. The algorithm begins
by preparing a superposition of all possible inputs with parallel Hadamard gates,

implementing

=

1
ﬁ_
VN £

The function f, can then be evaluated over this quantum register using the Grover

10)=" |z) . (7.16)

I
o

oracle, Ua, that implements the unitary operation

A~

Uy |z) = (=1)@ |z) (7.17)
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thereby marking the state |a) representing the solution to the problem. The Grover
diffusion circuit comprises the unitary operation 2 (|0) (0])®"—I,, interleaving parallel
Hadamard gates. An iteration of the oracle and diffusion circuits has the effect of
increasing the amplitude of the marked state |a) by ~ (9(1 /VN ); by performing
(9(\/N ) iterations, the amplitude of the state |a) therefore approaches O(1). A
measurement of the register then reveals the marked state, |a), with probability
O(1). This algorithm therefore enables the identification of the solution, a, with
O(\/N ) implementations of the oracle Ua, providing a polynomial speed-up over

the best classical strategy which requires O(N/2) evaluations of the function f,(x).

7.4.1 Distributed Grover’s algorithm

Our distributed quantum computer comprises a two-qubit register, distributed be-
tween the modules Alice and Bob. Using this register, we can perform Grover’s
algorithm for the set of items X = {00,01,10,11}. For the two-qubit case, we re-
quire just a single iteration of the Grover oracle and diffusion circuits to achieve unit
probability of revealing the marked state, assuming ideal operations; in the classical
case, we would require 2 evaluations of f,, on average. The circuit used to execute
Grover’s algorithm on our distributed computer, shown in Figure 7.10(a), comprises
two instances of QGT. The first instance implements the oracle, while the second
implements the diffusion circuit.

The results of Grover’s algorithm — executed on our distributed quantum pro-
cessor — are shown in Figure 7.10(b). For the marked states a € {00,01, 10,11}, we
obtain the correct result with an average success rate of 71(1) %. To our knowledge,
this represents the first deterministic execution of any algorithm on a distributed

quantum computer.
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(a) Oracle Diffusion
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Figure 7.10: (a) Circuit for the two qubit Grover’s algorithm, executed on our two-qubit
distributed quantum computer. The circuit is compiled with two instances of QGT: the
first implements the Grover oracle call which marks a particular state, a, while the second
implements the diffusion circuit. The four different oracle circuits are shown in the box.
(b) Measurement outcomes from 500 repetitions of Grover’s algorithm per marked state.
The average success probability is 71(1) %.

7.5 Summary

In summary, we have demonstrated the deterministic teleportation of CZ gates
between two trapped-ion qubits across an optical quantum network. By leverag-
ing storage capabilities of the long-lived circuit qubits, we are able to faithfully
store quantum information while generating remote entanglement between network
qubits. This enabled the implementation of distributed quantum circuits compiled
with multiple teleported CZ gates, such as the iISWAP and SWAP gates, culminating
in the execution of Grover’s algorithm.

Our DQC implementation features a single circuit qubit in each module; how-
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ever processors with larger numbers of qubits have been realised. With only 3 circuit
qubits (and one network qubit) per module, the purification of arbitrary quantum
channels would be possible [141]. The capabilities of the individual modules may be
extended even further by deploying the QCCD architecture. With recent demon-
strations in both academic research [145] and industry [37] highlighting the power of
this approach, embedding these systems in a quantum network would combine their
power with the reconfigurability and flexibility of the DQC architecture. Conversely,
computational bottlenecks associated with ion transport overheads observed in the
QCCD architecture [37] could be mitigated using photonic interconnects integrated
into a single device [146].

While the results presented here were achieved using trapped-ion quantum pro-
cessing modules, photons may be interfaced with a variety of systems. The con-
nectivity and reconfigurability enabled by photonic networks provides a scalable
approach for other quantum computing platforms such as diamond colour centres
and neutral atoms. Additionally, modules of different platforms could be con-
nected via wavelength conversion, enabling a hybrid DQC platform. Furthermore,
teleportation protocols can be extended to higher-dimensional quantum comput-
ing paradigms, such as qudits [147] and continuous variable quantum computing
(CVQCQC) [148, 149], allowing these platforms to benefit from the DQC architecture.
Quantum repeater technology [32] would enable large physical separation between
the quantum processing modules, thereby paving the way for the development of
a quantum internet [150]. The scope of these networks extends beyond quantum
computing technologies; the ability to control distributed quantum systems, as en-
abled by this architecture, to engineer complex quantum resources has applications
in multi-partite secrete sharing [151], metrology [136], and probing fundamental

physics [152].






Conclusion

*

This thesis presents experimental results from our mixed-species trapped-ion quan-
tum network. The experiments, for the first time, combined three critical compo-
nents developed in our group: high-rate, high-fidelity remote entanglement between
Sr* network qubits in macroscopically separated modules [130]; the integration of
long-lived Ca™ circuit qubits into each module [123]; and mixed-species quantum
logic operations between Sr* and Ca't qubits [15, 56]. In this chapter, we sum-
marise the key results of the thesis and explore potential technical improvements to
our apparatus that could enhance its performance. We also present an outlook on
future experiments that could be conducted using our apparatus and briefly explore

the broader implications for the future of quantum networking.

8.1 Summary

In Chapters 2, 3, 4, and 5, we outlined the theoretical and experimental tools that
enabled the development of our quantum network. This network consists of two
mixed-species trapped-ion modules, each containing one Sr* network qubit and one

Ca™ circuit qubit. This work lays the foundation for the key results of this thesis: the
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integration of mixed-species techniques into quantum network modules (Chapter 6)

and the first-ever demonstration of distributed quantum computing (Chapter 7).

Mixed-species remote entanglement: In Chapter 6, we first described the
procedure for generating heralded remote entanglement between Sr* network qubits
in the two modules. We then combined this “raw” remote entanglement with mixed-
species quantum logic to create more complex remotely-entangled states, including
the remote entanglement of an Sr* ion and a Ca™ ion, the remote entanglement
of two Ca™ ions, a 3-qubit (Srt-Sr*-Cat) GHZ state, and a 4-qubit (Sr*-Srt-
Cat-Ca') GHZ state. Finally, we demonstrated the storage capabilities of the
Ca™ circuit qubits by transferring the remote entanglement generated between the
network qubits to the long-lived circuit qubits, demonstrating the storage of remote
entanglement for up to 10s.

At the time of writing, the results from this chapter are being prepared for

publication.

Distributed quantum computing: In Chapter 7, we present the results from
the first-ever demonstration of distributed quantum computing across an optical
network link. In this demonstration, remote entanglement generated between net-
work qubits is used to deterministically mediate CZ-gates between circuit qubits
in macroscopically separated modules via quantum gate teleportation. This repre-
sents a key milestone in the construction of a distributed quantum computer. By
utilising the robust memory of the long-lived circuit qubits, we deterministically
execute quantum circuits compiled with up to three CZ-gates. In particular, we
execute the iISWAP and SWAP gates, compiled with two and three teleported CZ-
gates, respectively. This demonstrates our ability to teleport arbitrary two-qubit
gates and, consequently, to perform universal distributed quantum computing. Fi-
nally, we execute the distributed two-qubit Grover’s algorithm, which represents, to
our knowledge, the first deterministic execution of any algorithm on a distributed

quantum computer.
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At the time of writing, the results from this chapter have been published on
arXiv [137].

8.2 Outlook

To conclude this final chapter, we discuss possible next steps for our apparatus and

provide an outlook on the future of quantum networking.

8.2.1 Potential improvements

Several potential improvements could be implemented to enhance the performance
of our apparatus and enable the demonstration of more complex experiments. Here,
we identify a number of these improvements that we did not have time to implement

over the course of my DPhil.

Reducing motional heating and dephasing: Motional effects, such as heat-
ing rates and motional dephasing, are responsible for a significant portion of the
infidelity in the mixed-species entangling gates within each module. Since these
gates are a crucial component of the mixed-species modules, mitigating these effects
would substantially improve the performance of the entire network. Furthermore,
lowering the heating rates would reduce the cooling time required during remote
entanglement generation, which constitutes a considerable portion of the overall
entanglement generation success rate.

As discussed in Section 4.2.1, the heating rates observed with the Phoenix trap
in Bob are significantly lower than those observed in Alice. Therefore, when building
the next iteration of Alice, we will replace the older HOA2 trap with the Phoenix
trap. This upgrade should improve the performance of the mixed-species entangling
gates in this module.

Additionally, although we have not characterised the motional dephasing rate in
Bob, the observed mixed-species gate fidelity suggests that the motional coherence

time is comparable to that of Alice. The error budget simulations in Section 5.2.5
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indicate that motional dephasing accounts for a significant portion of the gate in-
fidelity. It would therefore be valuable to conduct a full characterisation of the
motional dephasing in each trap. We believe this limitation is caused by techni-
cal noise coupled into the trap electrodes, likely through ground loops. Identifying
and eliminating these noise sources would be a crucial step toward achieving local

mixed-species entangling gates with fidelities exceeding 99 %.

Error analysis of the remote entanglement generation: Nadlinger [92] per-
formed a comprehensive theoretical analysis of the possible error mechanisms in our
remote entanglement scheme. However, we have not systematically compared this
theoretical analysis with experiment. To better understand and mitigate these error
mechanisms, it would be valuable to invest time in mapping out the error budget
for the remote entanglement generation process. By comparing experimental results
with theoretical predictions, we would gain a better understanding of the existing

error mechanisms and could likely identify previously unconsidered sources of error.

Addition of 729nm quadrupole laser for Ca®™: A 729nm laser system has
recently been set up, allowing us to address the *3Ca* quadrupole transitions be-
tween the ground S,/ manifold and the meta-stable D5/, manifold. Specifically, at
0.496 mT, there is an optical clock transition with no first-order sensitivity to mag-
netic field fluctuations. In contrast, the circuit qubit used in this thesis exhibited
a small, but non-zero, first-order sensitivity. While the ~ 1s natural lifetime of the
meta-stable D5/, manifold would likely make this qubit unsuitable for storing quan-
tum information during the entanglement generation process, we intend to use this
clock transition for entanglement-enhanced frequency comparisons, as discussed in
the next section.

The quadrupole laser also provides access to a wider range of entangling gate
schemes. The gate mechanism used in this thesis did not couple directly to the
circuit qubit, requiring temporary transfer to the auxiliary qubit. The addition of

the quadrupole laser enables the exploration of gate schemes that could be applied
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directly to the circuit qubit.

Increasing the number of ions per module: The results in this thesis were
achieved with one Sr* ion and one Ca™ ion in each trap. Increasing the number
of ions per module would significantly enhance the quantum information processing
capabilities of each module. Adding another Ca™ ion per module would allow us
to realise a distributed quantum computer capable of performing both local and
non-local logical gate operations between circuit qubits. Moreover, with two Sr™
ions and three Ca™ ions, the architecture proposed by Nigmatullin et al. [141] could
be realised.

Unfortunately, the lifetime of the Sr*-Ca™ crystal used in this thesis was frustrat-
ingly short, approximately 5-10 min. Despite extensive investigation, the primary
cause of this issue remains unknown, although we suspect a combination of increased
background pressure from the atomic ovens and sub-optimal trapping parameters.
Further exploration of the Srt-Ca™ crystal’s stability and techniques to extend its

lifetime would be a valuable investment of time!.

8.2.2 Future experiments

Our apparatus combines a state-of-the-art Sr* quantum network with long-lived
memory qubits provided by Ca* ions. The significant experimental complexity
involved means that few experiments worldwide operate with these capabilities.
Consequently, we are now able to explore a wide range of novel applications.

In this section, we will briefly outline several potential experiments that could

be conducted using our apparatus.

Entanglement Distillation: Entanglement distillation is the process by which
multiple noisy entangled states are transformed into a smaller number of higher-

fidelity entangled states [141]. Such protocols will likely be a critical component

'For instance, splitting the Srt-Ca™ crystal into separate wells while the experiment is idle has
proven to be quite effective.
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of mature quantum network technologies, enabling networks to share high-fidelity
entangled resource states even when quantum channels interconnecting the modules
are noisy. Due to its importance for quantum networks, demonstrating entanglement
distillation has been one of the long-term goals of our experiment.

There have been several notable experimental demonstrations of entanglement
distillation, implemented across various platforms, including photonics [153, 154],
trapped ions [155], and diamond colour centres [156]. However, among these, only
the experiment involving diamond colour centres was conducted across a quantum
network [156]. While an excellent proof-of-concept, they only considered the distil-
lation of a specific type of “raw” state and encountered issues with memory qubit
dephasing and low remote entanglement fidelities. As a result, they were limited to
a distilled fidelity of approximately 65 %.

Given the capabilities of our apparatus, we have an excellent opportunity to ex-
plore entanglement distillation schemes. With a single distillation round — requiring
two rounds of entanglement generation, an LOCC — with perfect local operations we

would, in theory, be able to distill our remote entanglement from ~ 97 % to > 99 %.

Error detection in non-local logical qubits: Another interesting experiment,
proposed by Prof. S. Benjamin, involves phase-flip error detection for a non-local
logical qubit. In this scheme, a logical qubit is encoded in the subspace of two
macroscopically separated circuit qubits, with |0L) = |[++¢) and |1) = |——¢).
Phase-flip errors can then be detected using a |®*) resource state shared between
two network qubits, enabling a non-local parity measurement of the circuit qubit.
This would allow the detection of phase-flip errors in the encoded logical qubit.

As with the entanglement distillation experiment, this demonstration requires

the same experimental resources as the DQC demonstration.

Entanglement-enhanced frequency comparisons of atomic clocks: Out-
side of quantum information processing applications, quantum networks of atomic

clocks have been proposed as an important resource for metrology [136]. Using



OUTLOOK 205

our quantum networking apparatus, Nichol et al. [132] recently demonstrated that
entangling two Sr* optical clocks enhances the precision of frequency comparisons
between atomic clocks. However, the magnetic field sensitivity of the Sr™ transition
limited the duration for which we could perform the spectroscopic measurements.
Ongoing work led by Dr. R. Srinivas aims to use an optical clock transition in
43Ca™, which is first-order insensitive to magnetic field fluctuations and could enable
measurement durations approaching the 1s natural lifetime of the D5/, manifold.
As demonstrated by the results in this thesis, we are already able to generate remote
entanglement between the Ca™ ions. At the time of writing, the 729 nm laser system

that will be used to probe the optical quadrupole transitions in Ca™ is being set up.

Entanglement of remote harmonic oscillators: Another application of quan-
tum networks is in quantum sensing. Quantum systems are generally highly sensitive
to environmental fluctuations, making them excellent sensors when the exposure to
these fluctuations can be controlled precisely. In particular, the harmonic motion
of the ion is sensitive to electric fields and can be controlled with high precision.
This suggests the potential for a network of harmonic oscillators for specific sensing
applications. Just as with atomic clock comparisons, entanglement could provide a
powerful resource for such a sensing network.

We are exploring the possibility of generating remotely-entangled motional states
of two-ion crystals by first generating remote entanglement between the spin states
of two Sr ions, and then using a SDF to map this entanglement onto their motional

states.

8.2.3 The next generation of trapped-ion quantum networks

The work presented in this thesis was conducted using a quantum networking ap-
paratus that is at the state-of-the-art for these technologies. However, there is
substantial room for improvement in many key metrics. For example, while the

~ 97 % remote entanglement fidelity reported here is state-of-the-art, it is signifi-
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cantly below the fidelities achieved for local entangling operations. Similarly, while

1is close to the state-of-the-art, it could

an entanglement generation rate of ~ 100s™
quickly become a bottleneck in a large-scale quantum network. Therefore, we con-
clude this thesis by discussing ongoing efforts to address these metrics and advance

the field of quantum networking, with a focus on trapped-ion quantum networking.

Entanglement fidelity: The quantum channels interconnecting a quantum net-
work will always, in general, be noisy — particularly when considering quantum
networks on metropolitan or even international scales. Entanglement distillation
will likely play a critical role in achieving the fidelities necessary for applications
such as fault-tolerant distributed quantum computing. However, the distillation
of high-fidelity states will require high-fidelity local operations. The integration of
a quantum network interface into a quantum processing module capable of high-
fidelity operations remains a significant technical challenge. Consequently, the dis-
tillation of entangled states with fidelities comparable to those of local operations

has yet to be demontrated.

Entanglement rate: Our apparatus is capable of generating remote entanglement
at a rate of approximately 100s™!, which is primarily limited by the low efficiency
of our free-space collection of single photons. To overcome this challenge, optical
cavities are being pursued as a way to exceed the collection efficiencies achievable
with free-space collection [157, 158, 159]. The presence of the cavity forces the ion
to emit a photon into the cavity mode, enabling the photon to be extracted from
the system with an efficiency approaching unity. In principle, this could enable ion-
photon entanglement generation rates approaching the photon scattering limit, i.e.,
on the order of tens to hundreds of megahertz.

In the context of long-distance quantum networks, the entanglement attempt
rate may be limited by the time-of-flight of the photons. As highlighted by You
et al. [160], a photon travelling across an optical network link of 10 km would take

approximately 100 ps, thereby limiting the entanglement attempt rate to 10 kHz—
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two orders of magnitude lower than the attempt rate achieved in our apparatus. To
explore methods of mitigating this limitation, temporal multiplexing of the photonic
interface has recently been demonstrated [101, 160]. In these demonstrations, ions
are sequentially transported into the ion-photon interface, before being transported
away for storage until either the relevant heralding signal is measured or no herald
is detected, allowing the ion to be reused. This technique offers a linear increase in
the entanglement generation rate when the main limiting factor is the network link
distance.

Finally, another approach to increase the entanglement generation rate is to in-
crease the number of quantum interfaces per module, thereby increasing the surface
area of the module’s network interface. Realising such a device would require a
significantly more compact design than the macroscopic lens system used in our
apparatus. Ideally, these interfaces would be integrated into the quantum process-
ing chip in a compact, scalable design. Focusing on trapped ions, there is ongoing
work developing trap chips featuring integrated photonics, enabling on-chip free-
space collection of photons [146]. This design could enable many interface zones per

module, providing a scalable architecture for these trapped-ion modules.

Network link distance: As the distance of the optical network links increases,
there will be an exponential reduction in the entanglement generation success proba-
bility due to photon loss. For example, at the 422 nm wavelength used in this work,
optical fibres typically exhibit an attenuation of approximately 33dBkm™" [161].
Even at metropolitan scales, this would result in a prohibitively low entanglement
generation success probability.

However, by utilising down-conversion [42] or a different choice of optical tran-
sition to realise the interface, it would be possible to operate using infrared photons
where fibre attenuation is significantly lower, thereby enabling the interconnection of
quantum processors over metropolitan distances. For international distances, free-
space transmission via satellite links [162] and quantum repeater technologies [32]

could be employed to extend the reach of quantum networks.






Dephasing of a Two-Level

Quantum System

In this brief appendix, we consider the effect of fluctuations in the qubit transition
frequency! on the action of storing some quantum state, p, between the times t, and
to + 7. This mechanism is particularly important for our system, where the ions are
exposed to magnetic field fluctuations and laser phase noise. Here, we derive the
Kraus representation for the process of storing a quantum state while the system is
exposed to fluctuations in the qubit transition frequency.

Suppose that the qubit frequency fluctuates in time as wo — 5(t), where wy is the
nominal transition frequency. The Hamiltonian describing evolution of the qubit in

the frame rotating at the nominal frequency of the laser, wy, is

where [(t) is the functional form of the frequency fluctuations [65]. The evolution

!Equivalently, one could consider fluctuations in the laser frequency, since what we actually
care about are fluctuations relative to each other.
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of the qubit is then described by the propagator

U [B(t)] = e~ @B/ — cog (@) I —isin (q; [g(t)]> G, (A.2)

where ® [3(t)] is the functional

B (30 = [ dpOEt.t+7), (A.3)

o0

and TI(¢; to, to + 7) is the rectangle function which returns I1(¢; a,b) = 1 if ¢t € [a, D]
and II(¢; a, b) = 0 otherwise.

Since the fluctuations are stochastic, the functional form of 5(¢) is unknown —
equivalently, the mechanism responsible for these fluctuations is part of the envi-
ronment, which we cannot access. As such, we can write the process for storing the

quantum state p by integrating over all possible realisations of S(t)

amzf%WWW@Ww@mwww, (A4)

where P [B(t)] is the probability density that the function §(t) is realised. Making

use of Eq. (A.2), we can write Eq. (A.4) as

£(5) 1+ (cos (2‘1) [5(75)]»/3

where
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Let us write the Taylor expansion of f as f(z) = > - a,z™. Then we find

(f (@ [B(1)])) = an / 78(1) 3 [B(1)] (A7)

:z% /Oodtl /Oodtn(5(t1)...B(tn)>H(t1)...H(tn), (A.8)

Therefore, we have reduced the problem to one of calculating n-point correlation
functions for the noise, 3(t).

It is useful at this point to define the characteristic functional, ¢ [k(¢)], as

[ 2B()P [B(t)] ' kB0
[ f280)P[B1)]

o [k(t)] = (A.9)

which has the properties ¢[0] = 1 and is related to the n-point correlation function

via the functional derivatives

dp [k (1))
(tl) T 5k(tn) k(t)=0 .

(). B(ta) = ()" = (A.10)

We now make the assumption that the statistics of the fluctuations are Gaussian,
and thus is completely defined by the two-point correlation function S(t; — t2) =
(B(t1)5(t2)) [65]. The general form of a characteristic functional for Gaussian noise

that is time-independent can be written as [163]

o [k(t)] = exp <——/dt/dtk: t—t)) (A.11)

From this, we find that for even n, the n-point correlators can be written as

<ﬁ<t1) Z S tPl th s S(tpnfl - tPn)? (A'12>
where the sum is over all possible pairings of {1,...,n} — this is known as Wick’s
theorem. For odd n, the correlators vanish.

Returning to Eq. (A.5), we see that since the n-point correlation functions for
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odd n vanish, then the (sin (® [5(¢)])) term will also vanish. Eq. (A.5) now takes

the appearance of a dephasing quantum channel,
€(p) = (L =p)p+po.po, (A.13)

where
1 {eos ([B(1))
5 )

P (A.14)

Using Eq. (A.8), we find that

(cos (@ [BB) = 3

n=0 (

—1 n 00 e8]
) / dtl---/ dt, (B(t1)...[(t,)) (ty) ... . 11(t,).
(A.15)
Using Wick’s theorem, Eq. (A.12), we can write this in terms of the two-point

correlation functions

(cos (@ [BO) =3 ((;37 > [ [,

" P(12m) Y (A.16)

X S(tP1 - th) e S(tPanl - tPQn) H(tp1) o H(tP2n)’

We can simplify this expression further by introducing the spectral noise density,

S(w), defined by the Fourier transform

S(t) = /_OO de(w)e’i“’t. (A.17)

-

In terms of the spectral noise density, Eq. (A.16) becomes

fi(w, T)ﬂ " (A.18)

2
is the mod-squared value of the Fourier transform of the rectangle

where ‘H(w, T)

function,

’ﬁ(wm)’g _ 4 sin? <C£> : (A.19)



and Ny, is the number of terms in the sum over the possible pairings of {1,...,2n},
_ (2n)!
Non = -2 (A.20)

We therefore find that
feos (@[3 = 3 L - [ Sswlienf] (A21)

In terms of the quantum channel Eq. (A.13), we see that the phase-flip probability,

2)1 | (A.22)

This result means that given some spectral noise density of the frequency fluctua-

p, can be written as

p= % {1 — exp <— /OOO %S(w)‘ﬁ(wﬁ)

tions, S (w), we can calculate the quantum channel for storage of a quantum state.






Acronyms

CNOT controlled-NOT

CZ controlled-Z

ABPE adaptive Bayesian phase estimation
ADC analogue-to-digital conversion

AOM acousto-optical modulator

APD avalanche photodiode

CPMG Carr-Purcell-Meiboom-Gill

CPTP completely positive trace-preserving
CPU central processing unit

CVQC continuous variable quantum computing
DAC digital-to-analogue conversion

DDS direct digital synthesis

DQC distributed quantum computing

EIT electromagnetically induced transparency
EMCCD electron multiplying charge-coupled device
EOM electro-optic modulator

FPGA field programmable gate array

GHZ Greenberger-Horne-Zeilinger

GPIO general-purpose input/output
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ACRONYMS

HOM Hong-Ou-Mandel

HWP half waveplate

IP in-phase

IPE ion-photon entanglement

LOCC local operations and classical communication
NPBS non-polarising beamsplitter
OOP out-of-phase

PBS polarising beamsplitter

PCF photonic crystal fibre

PMT photomultiplier tube

POVM positive operator-valued measure
PSU power supply unit

QCCD quantum charge-coupled device
QGT quantum gate teleportation

QIP quantum information processing
QPT quantum process tomography
QWP quarter waveplate

RBM randomised benchmarking

RF radio-frequency

RTIO real-time input/output

RWA rotating wave approximation
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SDF spin-dependent force

SHG second harmonic generation

SPAM state preparation and measurement
SPI serial peripheral interface

TA tapered amplifier

TTL transistor-transistor logic

UR universally robust

WZZ Walsh-modulated ZZ
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