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ABSTRACT

We study the gravitational dynamics of quasi-hierarchical triple systems, where the outer orbital period is significantly
longer than the inner one, but the outer orbit is extremely eccentric, rendering the time at pericentre comparable to
the inner period. Such systems are not amenable to the standard techniques of perturbation theory and orbit-averaging.
Modelling the evolution of these triples as a sequence of impulses at the outer pericentre, we show, by comparing with
direct three-body integrations, that such triples lend themselves to a description as an analytical map between subsequent
outer pericentre passages. This map exhibits secular oscillations, going beyond the von Zeipel-Lidov-Kozai mechanism.
We show that the time to coalescence due to gravitational waves in such systems is modified. We then study the long-term
evolution under this map, which lead to a random-walk-like behaviour of the inner eccentricity. While this behaviour is
probably absent from isolated triples, it could exist in triples where the outer orbit is weakly coupled to a system with

which it can exchange angular momentum, and we describe some properties of this random walk.

Key words: gravitational waves —binaries: close - stars: kinematics and dynamics - black hole mergers.

1 INTRODUCTION

Triple systems are home to an immense range of dynamical and
astrophysical phenomena (M. Valtonen & H. Karttunen 2006; H.
B. Perets 2025). They play an important role in the evolution of
all many-body astrophysical systems: from planetary systems (J.
N. Winn & D. C. Fabrycky 2015), to massive stars (S. S. R. Offner
etal. 2023; C. Shariat, K. El-Badry & S. Naoz 2025), stellar clusters
(F. Antonini et al. 2016; M. A. S. Martinez et al. 2020; A. A. Trani
et al. 2022), and galaxies (e.g. R. P. der Marel et al. 2012).

Triple systems of similar component-masses are generally ei-
ther hierarchical (there is a well-defined inner binary orbited
by an outer star, with a clear separation of orbital time-scales)
or non-hierarchical (the three stars are in an approximate en-
ergy equipartition) and unstable (H. B. Perets 2025). Hierarchical
triples, which can be stable over long time-scales, can be math-
ematically treated by means of perturbation theory (e.g. R. S.
Harrington 1968; E. B. Ford, B. Kozinsky & F. A. Rasio 2000;
V. L. Arnold, V. V. Kozlov & A. I. Neishtadt 2006; B. Katz, S.
Dong & R. Malhotra 2011; S. Naoz et al. 2013; S. Tremaine 2023).
Indeed, such systems are usually studied either by direct three-
body integrations, or by various analytical techniques, in a hier-
archy of approximations (or coarse-graining operations), as one is
concerned with the long-term state of the system, rather than the
rapid temporal evolution. These include a single orbit-averaging
over the inner binary’s fast period, where the orbital elements of
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the inner binary evolve over time-scales comparable to the outer
orbit, due to the tertiary’s influences, or double orbit-averaging,
where the system is averaged over both the inner and the outer
orbit (see S. Naoz 2016; I. I. Shevchenko 2017, for reviews). These
approximations are adequate when one is concerned with time-
scales much longer that the outer period, and in the absence of
strong resonances.! An example of such a phenomenon is the
famous von Zeipel-Lidov-Kozai effect (ZLK; E. H. Zeipel 1910;
Y. Kozai 1962; M. L. Lidov 1962).

Non-hierarchical, or ‘democratic’, triples are notoriously
chaotic and unstable (P. Hut 1993; P. Heindmaiki et al. 1999; R.
A. Mardling & S. J. Aarseth 2001; M. Valtonen & H. Karttunen
2006; E. Zhang, S. Naoz & C. M. Will 2023; A. A. Trani et al.
2024b), but ensembles of such systems — as all dense clusters are
- may be modelled using statistical theories (D. C. Heggie 1975;
J.J. Monaghan 1976a, b; M. Valtonen & H. Karttunen 2006; N. C.
Stone & N. W. C. Leigh 2019; Y. B. Ginat & H. B. Perets 2021; B.
Kol 2021).

Hierarchical triples, even in the Galactic field, do not exist
in isolation: The outer orbit can be wide, and is susceptible to
external perturbations, which can affect it significantly (e.g. E.
Michaely & H. B. Perets 2019, 2020; E. Grishin & H. B. Perets
2022; Y. Raveh, E. Michaely & H. B. Perets 2022; J. Stegmann
et al. 2024). While triples with an outer semi-major axis of aoy <

!Note that this is distinct from a double-averaging procedure of the inner
orbit, where the inner pericentre’s precession is averaged over - we do not
consider such an averaging here.
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Table 1. Three regimes for dynamical triple evolution. The right column displays the relative probability of being in each one, for a thermal

distribution of eyt (p(€out) = 2€out), and ajn /Aoyt = 0.01.

Main dynamical evolution

Range of egyt

Probability for thermal distribution (with aoy: = 100aiy)

Secular
Quasi-hierarchical (this work)
Unstable (strong triple scattering)

1 —eout > +/@in/Aout
A/@in/Aout = 1 — €out > Ain/Aout

1 — eout < @in/Aout

O(1) (81 per cent)

O(Vain/aou) (17 per cent)
O(ain/aout) (2 per cent)

@) (104) AU are not expected to be disrupted by the Galactic tide
(Y.-F. Jiang & S. Tremaine 2010; K. El-Badry & H.-W. Rix 2018);
even for outer semi-major axes of order 103*AU the tertiary may
be frequently scattered to a highly eccentric orbit about the inner
binary (J. Stegmann et al. 2024). Thus, the hierarchical triple may
enter such a state that the hierarchy of orbital periods is still
preserved, but the outer pericentre — while still larger than the
inner semi-major axis — is much smaller than the outer semi-
major axis. We call such triples quasi-hierarchical.

These triples cannot be modelled as regular hierarchical sys-
tems, because the time the tertiary spends near pericentre is com-
parable to (a few times) the inner orbital period. While fully hi-
erarchical systems can be studied perturbatively, and fully demo-
cratic ones can be described probabilistically, quasi-hierarchical
triples, which inhabit the intermediate range, do not succumb
to either treatment: the separation of time-scales is not strong
enough for standard triple perturbation theory, but there is still
too much structure (not enough phase-space mixing) for a purely
statistical-mechanical theory. In terms of eccentricity, we will
show in Appendix B that if the outer orbit’s eccentricity is
€out = 1 — +/Qin/Aout, then the triple becomes quasi-hierarchical.
If eout 2 1 — ain/aou: the triple becomes unstable (R. A. Mardling
& S. J. Aarseth 2001).

The quasi-hierarchical regime is distinct from other deviations
from secularity, where, e.g. double averaging fails because the
time-scale separation is not wide enough (L. Luo, B. Katz &
S. Dong 2016; E. Grishin, H. B. Perets & G. Fragione 2018; A.
Mangipudi et al. 2022). This can be corrected, yielding the Brown
Hamiltonian (e.g. L. Luo et al. 2016; C. M. Will 2021; S. Tremaine
2023; E. Grishin 2024; Y. Y. Klein & B. Katz 2024; H. Lei & E. Gr-
ishin 2025a, b), but these studies still took e, to be moderate, and
kept higher-order terms in o = ai,/aou- The quasi-hierarchical
regime here is distinct: the time-scale hierarchy is very wide,
but on the other hand ey is very high, too. As perturbers excite
eout, one thus has three possibilities for the subsequent evolution,
summarized in Table 1.

The aim of this paper is to introduce a simple model for the evo-
lution of such a triple, that tracks the inner binary’s orbital ele-
ments over time. This model will allow us to gauge the time-scale
for the evolution of the inner binary’s eccentricity (inter alia),
and hence how fast it reaches values where other effects, such as
stellar tidal interactions, stellar collisions, or gravitational-wave
emission, become important.

Indeed, since the first direct detection of gravitational waves
from a binary-black-hole coalescence by The LIGO Scientific Col-
laboration (2016), many channels have been proposed for the
origin of the binaries seen by the LIGO-Virgo-KAGRA collabora-
tion, with the goal of explaining how pairs of compact objects can
be brought to tight separations, that allow them to merge within
a time shorter than the age of the Universe. These channels in-
clude globular or nuclear clusters (e.g. R. M. O’Leary, B. Kocsis
& A. Loeb 2009; A. Tanikawa 2013; C. L. Rodriguez et al. 2015;
F. Antonini & F. A. Rasio 2016; C. L. Rodriguez et al. 2016; J.
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Samsing 2018; J. Samsing & D. J. D’Orazio 2018; F. Antonini, I.
M. Romero-Shaw & T. Callister 2025; S. F. Portegies Zwart & S. L.
W. McMillan 2000), active galactic nuclei (AGNs) (e.g. I. Bartos et
al. 2017; N. C. Stone, B. D. Metzger & Z. Haiman 2017; A. A. Trani
et al. 2019; B. McKernan, K. E. S. Ford & R. O’Shaughnessy 2020;
H. Tagawa, Z. Haiman & B. Kocsis 2020; A. A. Trani et al. 2021;
M. Rozner & H. B. Perets 2022; J. Samsing et al. 2022; G. Fabj
& J. Samsing 2024; E. Grishin, S. Gilbaum & N. C. Stone 2024;
J. Samsing et al. 2024; H. Whitehead et al. 2024; A. A. Trani, S.
Quaini & M. Colpi 2024a; S. Gilbaum et al. 2025; C. Rowan et al.
2025), an isolated channel where the tight binaries are formed
via binary stellar evolution (e.g. K. Belczynski, V. Kalogera & T.
Bulik 2002; M. Dominik et al. 2012; K. Belczynski et al. 2016; G.
Torio et al. 2023), and a ‘triple’ channel (e.g. L. Wen 2003; J. M.
Antognini et al. 2014; F. Antonini, N. Murray & S. Mikkola 2014;
F. Antonini et al. 2016; F. Antonini, S. Toonen & A. S. Hamers
2017; C. L. Rodriguez & F. Antonini 2018; G. Fragione & A. Loeb
2019; G. Fragione et al. 2019; I. Bartos et al. 2023; J. Stegmann
& J. Klencki 2025; A. Vigna-Gomez et al. 2025), where the black-
hole binary is the inner component of a hierarchical triple system,
and the tertiary acts as a reservoir with which the inner binary
may exchange angular momentum. This sets the triple channel
apart from the others, where the binary shrinks by giving its
energy to the reservoir (the cluster, the AGN or the envelope of its
companion); in the triple channel, energy is not exchanged with
the outer orbit — only angular momentum (in other dynamical
channels angular momentum is of course exchanged, too, but
energy also is).2 Once the inner binary becomes eccentric enough,
it releases its energy directly into gravitational waves.

The paper is organized as follows: We start by describing an an-
alytical map that models the evolution of the orbital elements of
a quasi-hierarchical triple in Section 2, which we then show leads
to a somewhat different maximum secular eccentricity than ZLK
oscillations (Section B2), and we comment on its consequences
for gravitational-wave coalescences. Then, we consider the long-
term evolution of triples under the map, approximating as a ran-
dom walk in Section 4, and describe some of its consequences.
We conclude by summarizing our findings in Section 5.

2 EVOLUTION OF QUASI-HIERARCHICAL
TRIPLES

As remarked in the introduction (Section 1), a quasi-hierarchical
triple is a triple system where the semi-major axis a;, of the inner
binary (composed of masses m; and m,) is much smaller than
that of the outer binary (comprising the inner binary’s centre of
mass and the mass m;), denoted by a,; however, the eccentricity
of the tertiary’s orbit about the inner binary centre-of-mass is so
large, that its periapsis, r, = rp out is not much smaller than aj,.

2However, an energy exchange may occur in gaseous environment (Y. Su,
C. Rowan & M. Rozner 2025).



Figure 1. A depiction of the orientations of the three bodies (see text
and equations 2). The %X-axis points from the binary’s centre-of-mass to
the outer pericentre, and the Z-axis points out of the page.

Thus, we have

152 T, @
Qin Qin

In this case, the inner binary’s evolution is dominated by the
‘impulsive kicks’ it receives during each pericentre passage of
the outer object (F. Antonini et al. 2010). Each of these close
encounters is similar to an interaction of a binary with an un-
bound perturber on a parabolic orbit, whose distance of closest
approach is rp,; such close encounters have already been studied in
the literature by D. C. Heggie & F. A. Rasio (1996); A. S. Hamers &
J. Samsing (2019a, b). Here, the binary evolves under a sequence
of such kicks, which are correlated with each other, in the sense
that they are all determined by the same outer orbit.

The system is still hierarchical, so one may average the interac-
tion between the binary and the outer body over the period of the
inner binary - but not over the period of the outer. This implies
that the energy of the inner binary is conserved, but its angular
momentum is not. The latter is characterized by the Laplace-
Runge-Lenz vector

cos 2 cosw — sin 2 sin w cos i
e=¢|sinQcosw + cosRsinwcosi |, )
sinisin w

and the dimension-less angular momentum

sin Q2sini
j=+v1—¢*| —cosQsini |, ?3)
cosi

where i = arccos (j - Z) and have adopted the angle conventions
of A. S. Hamers & J. Samsing (2019a), where the outer angular
momentum is always Jo,¢ || Z. We fix the outer orbit’s orientation
as depicted in Fig. 1. With the semi-major axis a;, and the masses
being fixed, e and j determine the inner binary’s orbit completely.
After each close pericentre passage of the outer body, e changes
by an amount Ae, and j changes by Aj. The magnitude of these
changes is determined by the hierarchy parameter (A. S. Hamers
& J. Samsing 2019a)

m2 (an\’
e = 3 (i) 4
myM p

where my, = m; 4+ m, is the inner binary’s mass and M = my, +
mj is the total mass. We denote the inner (outer) reduced mass
by in (out)-

Furthermore, because 1, < @, We may approximate the
outer eccentricity as e, &~ 1; that is, we will treat each of the
close pericentre passages as a parabolic encounter. Under this
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assumption,

I —ejy — ez

Ae = —c¢ | egjxtex; + gzgea
2ey jx — 2eyjy

. ©)

37 —JyJz — Seye;

Aj= ¢ 5ece; — jrjz | + &g,

0

where the second-order corrections g, and g; are given by equa-
tion (27) of A. S. Hamers & J. Samsing (2019a), at quadrupole
order. In particular, the change in eccentricity, Ae = (e - Ae)/e
reads

Ae = BZeey/1— sin’isin2w + %eze (124 — 299¢?)

+%82e{ 100 (1 — €?) sin 20| (5 cos i + 3 cos 3i) cos 2

+6 sin i sin 2i] -+ 4 cos 2i [200 (1 — €?) cos 2w sin 2Q
+37 (81€? — 56)] + 37 [200€? sin* i cos 4w

+8 (16€> 4 9) sin* 2i cos 2w + (39€? + 36) cos 4i] } (6)

The evolution of the system is therefore approximated by a
sequence of N parabolic encounters, each of which change the
inner binary orbit as

Apy1 = Ap,
€1 =€, + Ae(an» €n, in» Wy, Qn)s (7)
jn+1 :jn + Aj(ans ey, in, Wp, Qn)~

We account for angular-momentum conservation explicitly, and
for the possibility of orbit flips as explained in Appendix A. In that
appendix, we also describe our implementation of the method
of S. Macguire et al. (2026) to account for the phase-space con-
straintse -j = 0and &* + j2 = 1.

This approach is empirically found to be valid for r, 2 3ai, (J.
Samsing, A. S. Hamers & J. G. Tyles 2019) in the case of a single
pericentre passage; below this ratio, even the single-averaging
over the inner binary is inadequate, so energy exchanges need
to be accounted for, and incorporated into the kicks (J. Mushkin
& B. Katz 2020). We do not consider such cases here, and restrict
ourselves to the case where averaging over the inner binary’s orbit
—and hence a,; = a, - is still acceptable. Appendix A provides
more details of the behaviour of Ae engendered by this map, as a
function of the various angles involved.

3 SECULAR OSCILLATIONS

The map (7) leads to secular oscillations of e,. Figure shows
a comparison of the outcome of applying it to a numerical
integration of the equations of motion with direct three-body
simulations.

We compare the analytical prescription to three-body simu-
lations run with the REBOUND code (H. Rein & S. F. Liu 2012;
H. Rein & D. Tamayo 2015), using the ias15 integrator, with
the following configuration: m; = m, = m; = Mg, ai, = 1AU,
Aoyt = 1000ayy,, eout = 0.99,iy = /2, wy = Qo = 7 /4. We run the
code for 250 outer orbits, and compare the evolution of orbital pa-
rameters of the inner orbit with those predicted by equation (7).
The comparison, showing good agreement over many outer orbits
- for both the magnitude of the changes and the time-scale - is

MNRAS 549, 1-14 (2026)
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Figure 2. A comparison between the analytical map (blue) Ae, Aj given in equations (5)-(7), and the results of a direct three-body simulation (in black);
see text for details. We see that the simulations matches the analytical formula well. We ascribe the disagreement in inclination to a different way of

defining it in rebound.

displayed in Fig. 2.> While we do not plot a;, over multiple outer-
pericentre passages, the rebound simulations do conserve it as
expected. We see that the map traces the evolution of the system
faithfully for hundreds of outer orbits - a few secular cycles.
Then, the two descriptions start to deviate. The discrepancy arises
from the impact of O(¢3) and O(1 — eyy) terms that we have
neglected, over long times.

The secular time-scale can be immediately gleaned from
equation (6):

Towr 15mee/1—e2sini  9n?

— ——c&e

Tsec 4 512

x [4(81€* — 56) cos 2i + (39¢* + 36) cos 4i — 299¢> + 124] , (8)

3We believe the discrepancy in the inclination to arise from an inconsis-
tency between our definition for it, and the one used in REBOUND. We
did attempt to understand if this is indeed a geometric problem, but were
unable to find a corrected definition that resolved it. We still suspect it to
be the case, though, because all other angles agree very well, and because
the inclination does return to agreement with the map after about 120 Toys.
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where the second line matters mostly for i ~ 0°, 180°, for it is
otherwise smaller than the first. To leading order,
W < rp )3/2 . (9)

Tsee ™~ Tout — |\
msev/1 — e2sin’i \ Qin

this is the eccentric ZLK time-scale, divided by the denominator
ey/1 — e2sin’i.

We can compute the maximum eccentricity en,x that the
triple can achieve over a secular cycle, by a repeated iteration
of equation (7). This can be compared with predictions from
the quadrupole ZLK mechanism (e.g. S. Naoz 2016; C. Hamil-
ton & R. R. Rafikov 2019). As seen from an example in Fig. 3,
quasi-hierarchical triples sometimes exceed the ZLK maximum
eccentricity.

In Fig. 4, we explore how the value of en,x depends on the
initial eccentricity and inclination. As can be seen from the right
panel, the deviation is sometimes significant. The difference in
maximum eccentricity leads to a difference in the time to coa-
lescence due to gravitational-wave emission. For an orbit with
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Figure 3. The evolution of a quasi-hierarchical orbit over a few secular
times, from the map (7) (blue) and rebound (black, dash-dotted), for
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eccentricity e, it is given by
=1 (1-¢)""%, (10)

where 7. is the time-to-coalescence of a circular binary, given by
(M. Maggiore 2008)

5 4
-2 G
256 GmY*my*

T @an
B. Liu & D. Lai (2017, 2018) argued that given the strong depen-
dence of 7 on the eccentricity, one could approximate the entire
energy loss as occurring near pericentre. As e fluctuates, the only
time any significant GW emission occurs, is when e ~ ep,x. Thus,
according to B. Liu & D. Lai (2017, 2018), the time a binary, under-
going secular oscillations, takes to coalesce is well approximated

by

> )7/2 T(e ~ emax)

_ 12
max Tsec(lOW €) (12)

Leoal & T (]- —€
where T(e ~ emax) is the time the secular oscillations spend with
e near ep,y. For ZLK evolution, this is te.(low e),/1 — €2, and

max?’
here, we estimate it as follows: For strong GW emission, we need

Quasi-hierarchical triples 5

emax — € < 1 — emax, Whence equation (6) implies that here

JV1—¢é3

T(e ~ emax) ~ Tsec(low e) = sin’ i(emax) » (13)

max
retaining the same /1 — €2, dependence as the ZLK case. There-
fore, neglecting the inclination dependence, the B. Liu & D. Lai
(2017, 2018) relation feoq = 7c (1 — efmm)3 obtains here, too; quan-
titatively, it is modified by

1—e.\
A1+ Smax = (7ZLK> ) (14)

tcoal,ZLK

1—e2

Leoal max

This is plotted in Fig. 5. The deviation is largest around iy ~ 90°,
because that’s where t.,, is shortest, and can be significant.

4 EXTERNAL EFFECTS AND POSSIBLE
ECCENTRICITY DRIFT

The angular-momentum changes accumulate over long times,
leading to a quasi-random behaviour of the map (7), as can be
shown in Fig. 6. This figure was created using random initial
conditions, with r, = 10a;,, and equal binary masses. We termi-
nate the evolution once e, reaches 1. We display five example
trajectories.

4.1 Pure evolution under the map

Let us construct a useful model for understanding the evolution
of the system, under equations (7). We see from Fig. 6 that e
and j explore their available phase-space, with w and Q2 varying
wildly from one encounter to the next. Indeed, if the angles w
and  change sufficiently fast, then these rapid (in comparison
with the changes in e and i) fluctuations may be approximated
as random. This is of course only true on long time-scales, of the
order 74.. Equation (7) then implies that the motion of e and i
can be approximated as a partially-random walk, where, in each
step, w, and 2, are essentially random, and the jumps are given
by equation (5). This walk is correlated in the sense that on short
time-scales (the time it takes w or 2 to scramble), e and i retain
memory of their previous states.

4.2 External perturbations

The true evolution of the triple does not display such an ec-
centricity drift. This is because the triple does not evolve with
a random Q and o at every time-step. For example, at O(e),
Jz and the single-averaged Hamiltonian are conserved, meaning
that the triple’s evolution is integrable, leading to periodic mo-
tion. The REBOUND simulation is also periodic, as can be seen
in Fig. 7, which indeed does not display an eccentricity drift. We
thus conclude that quasi-hierarchical triples of point particles,
without general relativity, which are in isolation, exhibit periodic
behaviour.

However, it is interesting to ask if there are astrophysical sys-
tems where the triple’s evolution does display a quasi-random
eccentricity drift, e.g. if there is an extra randomness on a time-
scale .. This can occur, for example, in the context of relativis-
tic phase-space diffusion (A. Kuntz 2022; C. Hamilton & R. R.
Rafikov 2024), or if the outer orbit is itself subject to perturba-
tions, which can change i and 2, e.g. from by-passing stars (A.
S. Hamers et al. 2018), a fourth object (e.g. E. Yang, Y. Su & J.
N. Winn 2025, figure 6) or tri-axiality of the external potential

MNRAS 549, 1-14 (2026)
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Figure 4. Left: a diagram of the maximum eccentricity achieved by a quasi-hierarchical triple over an O(zsc) time-scale, found as the first local
eccentricity maximum, for equal masses. Right: a comparison with the maximum eccentricity according to pure (quadrupole) ZLK evolution; the colour-

scheme is logarithmic. See text for details.
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Figure 5. The change in the time to coalescence from standard ZLK
evolution, from equation (14). The change is stronger around iy = /2,
where both epax and ezix are very high.

(C. Petrovich & F. Antonini 2017), where it is known that the
inner eccentricity can experience a drift to ever higher values
and that eccentricities experience a diffusion. A related study
by M. Winter-Granic et al. (2024), saw an enhancement of the
probability of reaching very high eccentricities if both galactic
tides and fly-bys perturb a binary, rather than just one of these
processes.

There is a possibility that the outer angular momentum would
shrink to such a value that 7, o, would cease to be larger than
~ @iy, thereby violating the quasi-hierarchical assumption made
in this paper. Indeed, if that occurs, the conclusions of this sec-
tion would not apply. However, generically, the time-scale for the
direction of the outer orbit to diffuse is shorter than the time-scale
for it to change its magnitude (e.g. in the case of by-passing stars,
leading to vector resonant relaxation being more rapid than its
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scalar counterpart; B. Kocsis & S. Tremaine 2011; A. S. Hamers
etal. 2018); in that case, the outer angular momentum can change
without violating this assumption. For example, if €2 is subject to
arandom change in each outer orbit, then the map (7) will lead to
arandom walk of e and i. The bottom right panel of Fig. 6 shows
why that is: © essentially changes by an O(rr) amount over one
secular time, so over many secular times, its value (modulo 27)
is essentially random; hence, if the true evolution randomizes
over a secular time, the effect on the inner binary will be quali-
tatively the same as if Q2 were randomized by the map (with its
O(&?) errors leading to non-periodic evolution).

Let us now postulate that such a triple exists, where 2 expe-
riences random perturbations on a . time-scale. These can be
more or less arbitrary, in-so-far as they remove any additional
constraints that equations (7) do not satisfy, that the exact, iso-
lated triple does. We therefore assume here, that if constraints on
the angular-momentum direction of the outer orbit are removed
- manifesting in, e.g. a random changes in €2, thought of as cou-
pling the outer orbit to a bath with which it can exchange angular
momentum - the triple evolves qualitatively as in equations (7).
Essentially, we take the outer orbit to be a different one each time-
step, but with the same values of r, oy and i. Thus, each time-step
is essentially a new parabolic encounter.

Let us focus on e for such a hypothetical triple: its random walk
has two boundaries ¢, = 0 and e, = 1 (this can be replaced by any
value e, = e, above which a collision occurs, or the inner binary
coalesces much more quickly than an outer orbital period). The
first-order part of Ae has zero average (over w and 2), and its
second moment is

J{ae) = %ee\/l —e2sin’i + O(?). (15)

Thus, it appears that the walk would inevitably reach the bound-
ary - either e = e, (where it would terminate) or at e = 0 (where
it stalls).
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5 N l il

1 00 : : : :
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Encounter n Encounter n

Figure 6. The evolution of randomly chosen initial conditions, for an equal-mass triple, for 10000 outer orbits, and r, = 10aj,, as determined by
equations (5). The system is frozen when e, reaches 0.9999. See text and Appendix A for details. The colours correspond to five random realizations of
the initial conditions, and are consistent across the four panels.

0.65 There is another drift term, which can overcome the diffusion:
Consider equation (6), when averaged over w and 2, viz.
0.60
9 , 2 : 2 ;
0.55 1 (Ae) = —¢ e[4(81e — 56) cos 2i + (39¢“ + 36) cos 4i
512 (16)
0.50 —299¢? + 124].

o 0457 Aticlose to0and 7, the first-order diffusion (15) is negligible, and
0.40 hence the eccentricity changes are dominated by this (Ae). For
0351 i > — arctan ;/Zfl , this drift is negative for all e, whence
.96 it seems that sufficiently retrograde orbits would consistently lose

eccentricity under such an evolution. We show in Appendix B

025 that this is indeed the case. The boundary between the region
0 5000 10000 15000 20000 25000 where e can walk randomly to high eccentricities is given by
t/Tout requiring that iy be sufficiently close to /2, for an orbital flip

to be possible within one secular period, i.e.

Figure 7. The eccentricity evolution for the example parameters: m; = 1 )
1.9Mg, my = 0.1 Mg, m3 = Mg, 1y = 7y, iy = 7 /9, from REBOUND. EAJZ ~ Jzs 17)
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where A j, is maximized over all values of w and Q. If iy — 7 /2 <
1, this simplifies to

o ol 300r+/1 — e2e as)
1 lerit = 7T — arccos | min S ——— .
0 = ‘crit 64(1—62)

We verify this in Appendix B.

Near the boundary e = 0, we have Ae ~ e. This means that
even if all changes Ae, are negative (an event with an exponen-
tially small probability), e cannot decrease faster than as a geo-
metric sequence - it does not reach e = 0 at a finite time. Hence,
for iy < i the walker, if starting at ey > 0, never reaches e = 0
exactly. For iy > i, the negative drift eventually wins, causing i
to approach 7 and e to tend asymptotically to 0.

This behaviour is in contrast with the boundary e,, where equa-
tion (6) yields A[1 — e] ~ 4/1 — e, whence here, if steps do add
up coherently, e can reach e = e, in a finite time.* In conclusion,
the boundary at e = 0 is benign, and can never be reached at
a finite time, while the boundary e = e, can be. Therefore, the
upper boundary, at e = e,, will inevitably be reached for iy < i,
for every initial non-zero eccentricity. Observe that it is impos-
sible for Ae to be larger than 1 — e; this is both a property of
equation (6), and an immediate consequence of orbit-averaging
over the inner orbit. Such orbit-averaging was shown to be an
excellent approximation as long as r, > 3a;, (J. Samsing et al.
2019; A. S. Hamers & J. Samsing 2019a) for individual parabolic
encounters.

As we are agnostic here about the astrophysical environment
that leads, in reality, to a randomization of © or w, we leave a
more detailed study of the long-term evolution under the map
(7), and its consequences, to Appendix B.

5 DISCUSSION AND SUMMARY

In this paper, we analysed the dynamical evolution of quasi-
hierarchical triples, where there is a clear hierarchy between the
orbital times of the outer and the inner orbits, but the outer
eccentricity is so high, that the outer orbit’s time at pericentre
is not as significantly larger than the inner orbital period. We
modelled these systems using a map - from one outer pericentre
to the next — where each step was approximated as a parabolic
encounter between the inner binary and the tertiary companion.
These steps were of course correlated, because it is the same ter-
tiary that encounters the same binary. The orbital evolution dis-
plays secular oscillations of e and j, qualitatively similar to ZLK
oscillations. However, the orbit is sometimes capable of reaching
an even larger maximum eccentricity, or a lower one, than what
is predicted by pure ZLK evolution. These deviations are present
at second-order quadrupole order, occurring on a quadrupole
time-scale, even for equal masses, where the octupole vanishes.
We showed that such a modelling agrees with direct three-body
integration over secular times.

Over many secular times, the map (7) accrues O(s?) errors,
which cause it to deviate from numerical integration. Instead,
that map causes the angles w and Q to fluctuate significantly
during these kicks, so the evolution of e and i can be approxi-
mated as a random walk. This behaviour is not present in isolated
quasi-hierarchical triples, but we hypothesize that it can arise if
the outer orbit is not forced to conserve its angular momentum

4This may be formalized using a T. H. Grénwall (1919)-like estimate.
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— if the outer orbit is weakly coupled to a system with which is
can exchange angular momentum. This implies that, e.g. Q is
randomized between kicks, so the inner orbit’s evolution is that
same as what would happen under consecutive interactions with
different outer, parabolic orbits.

If indeed the map (7) is a reasonable approximation in that
case, we showed that this walk inevitably leads to e reaching
arbitrarily large values, and that it necessarily eventually reaches
the boundary e = 1. The time to do so was found in Appendix B to
be the diffusion time-scale tm,x = t f (eo, ip|ey ), which we showed
scaled like £72. We leave a quantitative study of the applicabil-
ity of the random-walk model to non-isolated triples for future
work.

Applications for this theory include - but are not limited to
- an enhancement of the triple channel from gravitational-wave
source formation. For isolated triples, the time it takes the inner
binary to coalesce is modified by an additive factor §yax, plotted
in Fig. 5. For triples where the map (7) is a faithful qualitative
description of their long-term evolution, the diffusion process
speeds up the time to reach high eccentricities significantly, driv-
ing the inner binary all the way to small pericentres, where rela-
tivistic precession and/or emission become stronger than quasi-
hierarchical evolution. In systems which obey the hierarchy (1)
but not the stronger condition (B3), one must account both for the
quasi-hierarchical ‘jumps’ due to outer-pericentre passages, and
for the deterministic secular contribution of the rest of the outer
orbit, on O(T,y/€?) times. That is, the map (7) must be modified
toinclude, e.g. the changes in e and j induced by the ZLK effect, in
addition to those in (5). This combined treatment is left for future
work.
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APPENDIX A: SOME DETAILS ON
QUASI-HIERARCHICAL SCATTERING

In this Appendix, we discuss some features of the quasi-
hierarchical interaction between the inner binary and the third
star. We also test the approximation by comparing it with the
results of a simple three-body simulation.

A1l Magnitude of eccentricity change and
angular-momentum flipping

The map (5), applied once, yields a positive or negative eccentric-
ity change, depending on the angles i, w, 2, and on r,/a;,. In Fig.
Al, we plot Ae as a function of 1 — ey, after one outer pericentre,
for various values of these parameters. Observe that Ae < 1 — e,.

A2 Orbit flipping

A single encounter with the tertiary can also result in i crossing
7 /2. However, this occurs when Aj is as large as j, and therefore
is not immediately captured by equations (5). To account for it,
we first check whether

15eme?
1—e< — (A1)

if so, then we evolve e via equation (6) as usual; but for the angles,
we first evolve i, @, and  according to the first-order part of
equation (5) (truncated at first order), and then insert those new
values into the second-order expressions (5), to obtain i, 2, and
o for the next round. If inequality (A1) is not satisfied, we evolve
the orbital parameters as stated in the main text.
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This procedure ensures that orbital flipping is correctly ac-
counted for; that this is the appropriate is evident from Fig. A2,
which reproduces the correct flipping results from the three-body
simulations of J. Samsing et al. (2019): This figure should be
compared with the top panel of fig. 4 of that work, where the
orbit flipping was marked based on three-body simulations; the
prescription described above reproduces that.

A3 Phase-space constraints

The vectors e and j only parameterize a 4D phase-space, spanned
by e and the three angles i, ® and €2, so they satisfy two scalar
constraints:

24 j2=1, (A2)
e-j=0. (A3)

The implementation (5) does not necessarily preserve them,
exactly. We follow the method proposed by S. Macguire et al.
(2026) in ensuring that they are preserved exactly. In each step,
we used equation (5) to advance e and j. If the new e + j2 #
1 or e-j#0, we keep the new value of e and one compo-
nent of j, but we solve the two constraint equations for the
two other components of j. This introduces O(e®) changes in
just the right way to preserve the constraints. In all cases but
1 — e ~ O(&?), there exists a component j; € {jx. jy. j-} such that
the two constraint equations have a real solution for the two
other components. We remark that while the improvement of
S. Macguire et al. (2026) is equivalent to the A. S. Hamers &
J. Samsing (2019a) map over a single iteration, it yields a dra-
matic improvement of the agreement with rebound over many
time-steps.

A4 Angular-momentum conservation

The random walk described in this paper implies that the map
(7) tends to bring the inner eccentricity e to higher values,
so that the magnitude of the inner orbit’s angular momen-
tum decreases. This angular momentum is transferred to the
outer orbit, and the naive map (7) does not readily account
for that. To conserve the total angular momentum, we update
¥p in each iteration, so that the total angular momentum is
conserved. Having modified j (and thus J,u, the outer angu-
lar momentum), we rotate the frame of reference so that in
the next iteration of equation (7), Jou || Z; we update i and Q
accordingly.


http://dx.doi.org/10.1093/mnras/stad1029
http://dx.doi.org/10.1086/378794
http://dx.doi.org/10.1093/mnras/stae1430
http://dx.doi.org/10.1103/PhysRevD.103.063003
http://dx.doi.org/10.1146/annurev-astro-082214-122246
http://dx.doi.org/10.3847/1538-4357/ad61e1
http://dx.doi.org/10.3847/1538-4357/add5f7
http://dx.doi.org/10.1002/asna.19091832202
http://dx.doi.org/10.3847/1538-4357/acd782
http://dx.doi.org/10.1088/0004-637X/753/1/9

Qo =0, wyg =7/4, 1, = 5ain

QU = 0, ’io = 37’[’/8, Ty = 5(11[1

Quasi-hierarchical triples

w0:57r/4, ig :7'1'/27 QO =0

11

5
0.08 —i:77T/8— —i:37T/8 0.05 —) = () —) = T 104 —y = 3aiy  —r, = 12a;
0.06 ,—i:3ﬂ'/4 i:ﬂ-/4 . —w:7r/4 w:{)ﬂ_/4 10 N = —Tp = by r, = 15a,
. i=bm/8— ~i=1/8 0.025 w=m2 = —w =32 1;\103\\\ _:p:'ll'g::, - =Ae=1-¢
0.04 l—1 —_—w = 37/4 —w =77 /4 | 102§ 2 i
o L 158 \ Rod
< 4 0 = 10 N
0.02 = 100 ERERNAND
0.025 50 f’
0 < 10 \{ II
‘ -0.05 1072
-0.02 107
10° 10%* 10° 102 10" 10° 10° 10* 10° 102 10" 10° 10° 10* 10° 102 10
1—6[) 1_6(] 1_60
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¢. The dashed lines on the right panel correspond to Ae < 0, while the full lines are Ae > 0.
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Figure A2. The eccentricity change given by equation (6), for m; =
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ep = 0.95 (yellow), 0.99 (red), and 0.999 (blue). The colours and initial
conditions are chosen for comparison with J. Samsing et al. (2019, figure 4,
top panel). Upward-pointing triangles denote ifn, < 7 /2, while upside-
down triangles denote flipped systems, with ign, > 7/2.

APPENDIX B: LONG-TERM EVOLUTION
UNDER SECOND-ORDER MAP

In this Appendix, we discuss several properties of the long-term
evolution under the map described in Section 2. We stress that,
as remarked in Section 4, it is a poor description of isolated
quasi-hierarchical triples over time-scales much longer than (a
few) x tsec. However, it may apply qualitatively for triples whose
outer orbit can exchange angular momentum with a reservoir.
The map itself displays interesting properties, so we keep this
discussion here.

Fig.B1 shows the value of the orbital parameters after 10 000
orbits of the outer binary, as functions of the initial condi-
tion e = ey, i = iy (the angles were randomly selected for each
initial condition), for r, = 5a;,. We see that given time, more
and more initial conditions reach e, if the initial condition
is below i, given by equation (18), and they tend to e =0
and i = & if it is above, except for very high initial eccentrici-
ties, where the diffusion can nonetheless overcome the negative
drift.

B1 First-passage time

For iy < i.it, the time to reach e, (see Section 4) may be obtained
from standard first-passage-time calculations, which we describe
in Appendix C. If the initial values of @ and 2 are selected at
random, then the mean time to reach e = ep,y is given by

[ (eo, iO|eu) (B1)

tmax = Tout = 7 f(eo, vleu) s
where the diffusion time-scale is defined as t = T, /2, and f is
independent of the semi-major axes and ¢, and only depends on
the initial condition (ey, ip) and on e,, and satisfies the boundary
conditions f(ey, ipley) = 0, f(0, ipley) = co. We plot f and fp,y in
Fig. B2 for iy < 7 /2 < i¢it; f is measured for each pair (e, ip)
as the time to reach e,, where w, and €2, are chosen randomly,
evolved using equation (7). f is noisy in the left panel of Fig. B2,
because it measured from one realization of (wg, 22¢); however,
the fact that it is of order unity throughout the parameter space
lends credence to the random-walk model. It is evident from the
right panel of Fig B2 that t,,,, follows the £ =2 scaling predicted by
this model to a good accuracy (except possibly at r, near the limit
~ 3a;, where the theory breaks down).

Using equations (4) and (B1), the maximum value of r, for
tmax < to for some ¢, is therefore

Io
Iy max(fo) = min { [Tom] [f(eo, ioleu)]””

where the requirement 7y, max < /@inGour Stems from imposing a
strong quasi-hierarchical approximation, that is, that the change
in j and e really be dominated by the pericentre. This is satisfied
when e(ain, 1p) > (rp, Aour), i.€. rf) < QinQout, OT, equivalently, 1 —
eout < Qin/rp. Ideally, one would like the inequality to be a strong

one, and this is the condition we require here:

3 m4/3 (myM)~ 2/3 2

» AinQout (BZ)

@
1 —eout € r—“ : (B3)

p

B2 Comparison with secular effects

In contrast to secular effects, where the change in orbital param-
eters is minute over one outer orbit, here Ae and Aj are non-
negligible on the time-scale of one outer orbit; so the mechanism
described in this paper dominates these time-scales. On longer
time-scales, one potentially needs to consider the contributions
of the entirety of the outer orbit — not just its pericentre. These

MNRAS 549, 1-14 (2026)
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Figure B1. The values of orbital parameters after 10000 outer orbits, for r, = 5aj,, of randomly chosen initial  and €, as functions of the initial
eccentricity ey and inclination ig, for an equal-mass triple. The system is frozen when e, reaches 1 — 10~7. One can see some spin flips in the bottom left
panel. e and j are evolved using equation (7), accounting explicitly for angular-momentum conservation. The dashed curve is i.; from equation (18).

are expected to matter over secular time-scales; for a hierarchical
triple, the relevant one is the ZLK time-scale, for a corresponding
circular outer orbit, given by (S. Naoz 2016)°

(B4)

TZLK, circ = Tout

In contrast, the diffusion time-scale (B1) (which measures the
effects of the quasi-hierarchical pericentre ‘kicks’) is T = Ty /€%

6If we had included the factor of (1 — egm)” % in 171k in S. Naoz (2016,
equation 27), this would have given tz1x ~ Tsec ~ 7 by definition. The
shortening of the secular time-scale in that case is artificial, because here
we wish to compare the effect of the pericentre (encapsulated by 7) to the
secular effect of the rest of the outer orbit, but not including its pericentre
(encapsulated by tz1x circ)-
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Comparing the two we find
3
TZLK circ m% A/ QinQout . @ &2 (B5)
T mll)/ZMS/Z T M 32’

where o = ajn/aoy; thus, if the quasi-hierarchy is strong enough,
7 can be shorter than 771k circ, and secular effects would be sup-
pressed over the entire diffusion process. The quasi-hierarchical
assumption (1) does allow for regimes where this is not neces-
sarily the case, but it is guaranteed by the restriction (B3). To
summarize, we have

m 1/4
o34 (ﬁb) <ekl, (B6)

to be in the strong quasi-hierarchical regime; and additionally, to
reach e, within a time ¢,, from equation (B1)

Toutf(e()v iUleu)

L (B7)

£ > emax(to) =
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Figure B2. Left panel: the function f(e, ip|1), defined in equation (B1). We only show iy < 7 /2 to so that the iy < i (equation 18) and a diffusion to
ey is ensured. Middle: ty,y, measured directly from evolving the triple (as in Fig. B1), for equal-mass triples with m = 10 Mg, aj, = AU, aoy: = 1000 AU,
and r, = 5ajy. Right: tmax for an example value of (ep, ip) and random wy and o (uniform in [0, 277 ], averaged over multiple draws), for the parameters

of the middle panel, except rp, which is varied.

B3 Collision probability

No triple is an island, and the outer tertiary should experience
perturbations from its environment, at the same rate that a binary
with semi-major axis a,, would (E. Michaely & H. B. Perets
2019; J. Samsing et al. 2019; E. Michaely & H. B. Perets 2020;
E. Grishin & H. B. Perets 2022; J. Stegmann et al. 2024). While
E. Michaely & H. B. Perets (2020), for example, consider e,y
growing to such a high value that r, ~ aj, (Whereupon a non-
hierarchical binary-single encounter ensues), the triple would
become quasi-hierarchical, well before reaching that value. At
these high eccentricities, we would expect 2 to be uniformly dis-
tributed after the tertiary is perturbed; this implies that it is much
more likely that a quasi-hierarchical triple would form, than a
fully non-hierarchical one (cf. Table 1). If the triple does enter
a democratic state, this would eventually result in the ejection or
collision of one of the three stars (e.g. W. C. Saslaw, M. J. Valtonen
& S. J. Aarseth 1974; J. G. Hills 1980; V. 1. Arnold et al. 2006; V.
Manwadkar, A. A. Trani & N. W. C. Leigh 2020; Y. B. Ginat & H.
B. Perets 2021), and the eccentricity distribution of the remnant
binary after the encounter would be slightly super-thermal (N. C.
Stone & N. W. C. Leigh 2019; J. Samsing et al. 2022; Y. B. Ginat
& H. B. Perets 2023; B. Rando Forastier et al. 2025); in the more
probable quasi-hierarchical case, the inner orbit can even reach
higher eccentricities.

Thus, hierarchical triples are expected to become quasi-
hierarchical on the time-scale on which external perturbations
would induce an order-unity change in eq,. The outer orbit may
be modified either by encounters from external perturbers, or by
the Galactic tide. Fortuitously, the time-scales are quite similar
(e.g. J. Heisler & S. Tremaine 1986; J. Binney & S. Tremaine 2008;
E. Grishin & H. B. Perets 2022; C. Hamilton 2022; C. Hamilton
& S. Modak 2024), and are collectively given by (J. Samsing et al.
2019)

1 o m,

= S R— B8
271G paou (M + m,) (E8)

Text

where m, is the average stellar mass of the triple’s environment.
We remark that 7y is typically significantly longer than ; this
can be seen in Fig. B2, which shows that t « Gyr, while tex ~
Gyr.

Let us, therefore, assume that ey, is thermally distributed.
Then, the probability for the inner binary reaching e, within a
time £, is equal to the probability that r, < rp max(fo), i.e.

rP,max(tO)ir ~ ZrP,maX(tO) . (B9)

P(t0|ainv Qout, €0, lO) =1- |:1 -
Qout

Qout

This probability corresponds to stating that the outer eccentricity
eout is constantly excited to values which are thermally distributed
by the environment, on a time-scale 7.

Given a model for hierarchical triples - for ey, iy, @out — One can
use equation (B9) to derive a probability P(f,|ai, ) for reaching e,
within a time t,. Furthermore, if e, and t, are chosen such that the
diffusion time plus the time-to-coalescence is less than the typical
time between encounters with the outer body, one can finally find
a probability of merging as a function of a;, and the masses, only.

B4 Eccentricity boundary

We determine e, by requiring two separate criteria, which we
described in the following two sub-sections.

B4.1 Maximum eccentricity reachable by random walk

The random walk may only drive e efficiently until a certain value
of e, above which most values of w (and the other angles) would
yield Ae < 0 (cf. Fig. Al). Again, assuming i ~ 7 /2, we find that
ifl—-exk1,

157

225
Aex= ——eVl- e?sin 2w + “ (w%e? cosdw — me?) 3 (B10)

for Ae > 0, one must have

157w
J1—¢e2 > ?ssinZw. (B11)
Squaring and averaging this over o one finds
22572
1—¢ > & B12
Y7128 (B12)

B4.2 Beyond-Newtonian point-particle effects

A cut-off for e, can also be derived by requiring that it not be
sufficiently high and that the orbital parameters of the inner
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binary would evolve significantly over one outer orbit, e.g. due
to gravitational-wave emission, tidal effects, etc. (any additional
mechanism for angular-momentum evolution would do). This is
essentially equivalent to demanding that the eccentricity change
over one outer orbit be of the same order of magnitude as that
due to gravitational wave, that is,

1 de
2\ ~ -
TOllt <Ae > < dt )ext '

where both sides are evaluated at e = e,, and it is assumed that
by theni ~ 7 /2. Here, (de/dt).,, is the eccentricity change due to
the additional physical mechanism; henceforth, we take this to be
gravitational-wave emission as an illustrative example, whence in
that case

(B13)

1/3
68/ 2T,
1-¢,, > 68V2Tou : (B14)
BV 477 e,
where 7. is the time-to-coalescence of a binary, given by
5  at
T n (B15)

= 256 Gmg/,?,m;;/g, ’

where m_ is the inner binary’s chirp mass.
e, obtained this way is very close to 1, and we combine this with
the requirement in inequality (B12). Together

1/3
. 22572 (68ﬁTom>
=1 — max s ,

g B16
wew 128 477 et (B16)

where it is understood that e, = 0 if the right-hand side evaluates
to a negative number.

APPENDIX C: FIRST-PASSAGE TIME

As discussed in Section 4, the long-term evolution under equa-
tions (5) and (7) suggests that e and i evolve as a random walk,

where @ and Q are essentially viewed as randomized in each
step. The continuum limit of this system (where ¢ — 0 and the
number of steps tends to infinity) is a Fokker-Planck equation of
the form

op 0 ik, . Op 0 k(o iVl —
on = ™ |:D2 e, l)@ + Be, l)ﬁ [Dl(e, l)P] =D[pl. (C1)
where x/ = (e, i) is a two-dimensional shorthand, and the dif-
fusion coefficients are D, Dék = O(&?), because the drift (Ae)
vanishes at first order in ¢. The initial condition is

ple,i,t =0)=8P(e —ey)sP(i —iy) , (C2)

where 8P is Dirac’s delta function.

For such a process, the mean first-passage time, defined as the
mean time for a walker to reach e = e, starting at x, = (ep, ip), is
necessarily (S. Redner 2001)

1
tmax(Xoley) o 87 . (C3)

This may be seen from the associated continuum problem (C1),
where f,,y satisfies a backward Kolmogorov equation (S. Redner
2001)

D [tmax] = —1, (C4)

with a boundary condition fyax(ey,igley) = 0. The adjoint
Fokker-Planck operator is

0 . ot ot

Di[t] = — | D*(ey, i) — | — B(eo, io)D¥(eq, ig)—- , Cs
[¢] axg[ (e O)E)x{)} B(eo, io)D1(eo O)axg (C35)

and is therefore Dt o £2; that is, re-scaling the unit of time Ty,
and &2 are interchangeable. This yields equation (B1).
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