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1
2

Abstract 3

In this paper, weconstruct the local minimum of a certain variational problem which we take in the form4

inf
∫
Ω

{
ε

2
kg2|∇w|2 + 1

4ε
f 2g4(1 − w2)2

}
dx, 5

whereε is a small positive parameter andΩ ⊂ Rn is a convex bounded domain with smooth boundary. 6

Here f, g, k ∈ C3(Ω) are strictly positive functions in the closure of the domain̄Ω . If we take the inf 7

over all functionsH1(Ω), weobtain the (unique) positive solution of the partial differential equation with 8

Neumann boundary conditions (respectively Dirichlet boundary conditions). 9

We wish to restrict the inf to the local (not global) minimum so that we consider solutions of this10

Neumann problem which take both signs inΩ and which vanish on(n − 1) dimensional hypersurfaces 11

Γε ⊂ Ω . By using aΓ -convergence method, we find the structure of the limit solutions asε → 0 in terms 12

of the weighted geodesics of the domainΩ . 13

c© 2005 Published by Elsevier Ltd 14

MSC:35K60; 35B25

Keywords: Singular perturbation; Interface shape and motion

15

1. Introduction 16

We consider the (semilinear) equation foru(x, ε) defined forx ∈ Ω̄ ⊂ R
n, andε > 0, 17

ε∇ · (k(x)∇u)+ ε−1Vu(x,u) = 0, x ∈ Ω , (1.1) 18
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whereε is a small parameter andV is a bistable potential foru; hereV depends onx ∈ Ω and1

V is even inu. We assume thatu satisfies the boundary conditions2

∂nu = 0, x ∈ ∂Ω , (1.2)3

where∂n denotes the outward normal derivative on∂Ω (assumed smooth).4

We considerthe symmetric inu bistable case forV(x,u), whenV has two local minimisers5

±g(x). Thus our reaction term is a functionVu(x,u) odd in u with first strictly positive zero6

g(x) > 0 for x ∈ Ω̄ suchthat Vu(x, g(x)) ≡ 0. Suppose thatVuuu < 0 andVu > 0 for7

0 < u < g(x) for all x ∈ Ω̄ ; then we may write Vu(x,u) ≡ f 2(x,u)(g2(x) − u2)u, for8

f (x,u) > 0 for x ∈ Ω̄ , 0 < u < g(x). Note that f (x,u) is even inu. For simplicity, we9

consider the casef (x,u) ≡ f (x); henceforth, we rewriteV(x,u) = 1
4 f 2(x)(g2 − u2)2.10

Let u = gw, then we rewrite Eq.(1.1)as, forM ≡ ∇·(k∇g)
f 2g3 ,11

ε∇ · (kg2∇w)+ ε−1 f 2g4(1 + ε2M −w2)w = 0. (1.3)12

For ε > 0 small we see thatw0 = ±1 + O(ε2) is a simple solution of(1.3) which is a13

global minimiser ofĜε(w) defined in Eq.(1.4)in H 1(Ω). We are interested in more complicated14

solutions which consist of pieces ofw0 in different parts of the domainΩ joined by rapidly15

varying solutions defined in narrow O(ε) regions based on hypersurfacesΓε ⊂ Ω . Wecall these16

interface solutions.17

We use theΓ -convergence method to solve our problem. The basic idea ofΓ -convergence18

is due to DeGiorgi [2]; the application to local minimisers is studied by Kohn and Sternberg19

[9,11]. We simplify the application to our partial differential equation related energy functional20

significantly by using hypersurfacesΓε ∈ C3 ratherthanC2. Finally, we relax this assumption21

(Γε ∈ C3) to give a more general result, which characterises the interfaces of local minimisers22

which arenot global minimisers, as weighted geodesics of the domainΩ .23

The fundamental idea ofΓ -convergence is to identify the first nontrivial term in an asymptotic24

expansion asε → 0 for the energy functional in(1.5) of the perturbed problem (rather than to25

expand the solution and the differential equation given by(1.2)). The energy functional of our26

problem, forM ≡ ∇·(k∇g)
f 2g3 , is27

Ĝε(w) =
∫
Ω

{
ε

2
kg2|∇w|2 + 1

4ε
f 2g4(1 + ε2M −w2)2

}
dx (1.4)28

which forw ∈ H 1(Ω) has forε → 0 the samelimit as29

Gε(w) =
∫
Ω

{
ε

2
kg2|∇w|2 + 1

4ε
f 2g4(1 −w2)2

}
dx. (1.5)30

We wish toshow such solutions that locally minimiseGε(w) in H 1(Ω) exist as they act as31

local long-time attractors of the corresponding time-dependent problem [5,6]. For w ∈ L1(Ω)32

andw �∈ H 1(Ω) we haveĜε(w) = ∞ = Gε(w); since wewill be interested in taking the33

infimum of Gε . Thus when itis finite, we will considerw ∈ L1(Ω) but usually not consider the34

w ∈ L1(Ω) \ H 1(Ω) case. Our aim is to show thatĜε has such minimisers by showing thatGε35

has minimisers, and by characterising these minimisers forε small.36

From the variational method, we seek a local minimiser (distinct from the global minimiser),37

sowe consider the problem, for certain bounded setsB̂ ⊂ H 1(Ω), and fixedε ∈ (0, ε0),38

inf
w∈B̂

Gε(w). (1.6)39
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For a fixedchoice of a ballB in BV(Ω), the space of functions of bounded variation inΩ , for each 1

ε > 0, letwε denote a (local and interior) minimiser of problem(1.6)for B̂ = B ∩ H 1(Ω). Here 2

we chooseB to avoid global minimisers and to allow us to prove that local minimisers exists. 3

We define a weighted parameterh(x) by 4

h(x) = 2
√

2

3

√
k f g3. (1.7) 5

The goal is to characterisew0 = limε j →0wε j for any L1-convergent subsequence of 6

{wε} ⊂ B̂. We will show that limε j →0 Gε j (wε j ) = G0(w0) = ∫
Γ h(x(σ,0))dσ , whereGε , 7

G0 are defined in Eqs.(2.2)and(2.3), andΓ is ahypersurface is defined after Eq.(2.1). ThusΓ 8

is a weighted geodesics hypersurface in the domainΩ . 9

2. Local minimisers of the energy functional 10

First, we introduce a functionv0 in the following. Let A ⊂ Ω have finite perimeter and 11

suppose∂A ∩ Ω = Γ is smoothly parameterisedby (arc length coordinates)σ . Further, let 12

v0 = 2χA − 1 ∈ BV(Ω) suchthat 13

v0(x) =



−1, if x ∈ Ω \ Ā
0, if x ∈ Ω ∩ ∂A
1, if x ∈ A.

(2.1) 14

First, we consider the(n − 1)-dimensional hypersurfaceΓ ∈ C3(σ ), whereσ defines the 15

position on Γ by x(σ ) ∈ Γ , so thatΓ has continuous and bounded curvature. Letρ be the 16

(signed) distance along the normal�n(σ ) to Γ in Ω . Then we attach labels(σ, ρ) to points in a 17

neighbourhoodΩ∗ = {x(σ, ρ) ∈ Ω : |ρ| < ρ∗} of Γ whereσ = (σ1, σ2, . . . , σn−1) ∈ Γ is an 18

(n − 1)-dimensional hypersurface coordinateσ which identifiesΓ . The fact thatΓ has bounded 19

curvature guarantees that there existsρ∗ > 0 such thatx(σ, ρ) is a 1–1 mapping ontoΩ∗. 20

Suppose thatGε , G0 : L1(Ω) → R are given by, forε > 0, 21

Gε(v) =


∫
Ω

{
1

4ε
f 2g4(1 − v(x)2)2 + ε

2
kg2|∇v|2

}
dx for v ∈ B ⊂ H 1(Ω),

∞, otherwise,
(2.2) 22

and 23

G0(v0) =


∫
Ω

h(x)|Dχ{v0=1}|dx, for v0 ∈ B ⊂ BV(Ω), andv0 ∈ {−1,1} a.e.

∞, otherwise.
(2.3) 24

We note that infB Gε(v) = inf B̂ Gε(v) because the values ofGε(v) for v ∈ B andv �∈ B̂ 25

must be infinity. 26

We now state the main result of this paper, which characterises the structure of the limit 27

solutions asε → 0 in terms of the weighted geodesics ofΩ with the weighth(x). Note that a 28

definition of Γ -convergence is given by De Giorgi [2] (see also [10]). Then theΓ limit of Gε(u) 29

is G0(v0) asu → v0 in L1(Ω) andε → 0, thatis, 30

Γ (L1(Ω)−) lim
u→v0
ε→0

Gε(u) = G0(v0), (2.4) 31

if andonly if the followingProperties 2.1and2.2have been satisfied. 32
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Property 2.1. For eachv ∈ L1(Ω) and for any{vε} in L1(Ω) suchthat vε → v in L1(Ω) as1

ε → 0, then we have2

lim inf
ε→0

Gε(vε) ≥ G0(v). (2.5)3

Property 2.2. For eachv0 ∈ BV(Ω) given by(2.1), there exists a sequence{vε j } in L1(Ω)4

satisfying5

vε j → v0 asε j → 0 in L1(Ω), (2.6)6

and lim
ε j →0

Gε j (vε j ) = G0(v0). (2.7)7

FromProperties 2.1and2.2, we have the following theorem. (The details of the proof are in8

Section 3.)9

Theorem 2.3. For a fixed suitable choice of a ball B inBV(Ω), for eachε > 0 letwε be a local10

and interior minimiser of problem(1.6) for B̂ = B ∩ H 1(Ω). Letwε → w0 in L1(Ω) for some11

sequenceε → 0. Thenw0 is a solution of12

inf
v0∈B⊂BV(Ω)
v0∈{−1,1} a.e.

∫
Ω

h(x)|Dχ{v0=1}| = inf
Γ

∫
Γ

h(x(σ,0))dσ, (2.8)13

if Γ is sufficiently smooth, whereΓ = {w0 = 0} ⊂ Ω andσ is the arc length alongΓ .14

Next we would like to relax the assumption thatΓ is smooth (Γ = ∂A ∩ Ω ∈ C3). We15

considerv0 ∈ BV(Ω) defined by(2.3). Let A ⊂ Ω be a set of finite perimeter inΩ with16

0 < |A| < |Ω |. From [11], we know that there exists a sequence of open sets{Ak} in Ω and a17

sequence{vk} ∈ BV(Ω) where18

vk(x) =



−1, if x ∈ Ω \ Āk,

0, if x ∈ Ω ∩ ∂Ak,

1, if x ∈ Ak,

(2.9)19

suchthatvk andAk satisfy the following properties:20

(i) ∂Ak ∩ Ω ∈ C3;21

(ii) |((Ak ∩ Ω) \ A) ∪ (A \ (Ak ∩ Ω))| → 0 ask → ∞;22

(iii)
∫
Ω h(x)|Dχ{vk=1}| → ∫

Ω h(x)|Dχ{v0=1}| ask → ∞.23

Idea of proof for these properties: First extendχA to a functionũ ∈ BV(Rn) such that24

ũ(x) = χA(x) for x ∈ Ω , and
∫
∂Ω |Dũ| = 0 (see [3]).25

From [3], we have a sequence ofC∞ functions{uε} satisfyinguε → ũ in L1(Ω),26

and lim
ε→0

∫
Ω

|Duε | =
∫
Ω

|Dũ|.27

Then define setsCε,m = {uε(x) > m}. In [11], it was shownthat there exists a value of28

m ∈ (0,1) and a sequenceεk → 0 such that ∂Cεk,m ∈ C∞, χCεk,m
→ χA in L1(Ω), and29 ∫

Ω h(x)|Dχ{vk=1}| → ∫
Ω h(x)|Dχ{v0=1}| ask → ∞. Here| · | is then-dimensional Lebesgue30

measure. �31
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From property (iii) above, for a choice ofAk and associatedvk we have 1

lim
k→∞ G0(vk) = lim

k→∞

∫
Ω

h(x)|Dχ{vk=1}| =
∫
Ω

h(x)|Dχ{v0=1}| = G0(v0). 2

Sincevk − v0 ≡ 0 in each(Ak ∩ Ω) ∩ A domain, we have 3∫
Ω

|vk − v0| dx =
∫
(Ak∩Ω)\A

|vk − v0| dx +
∫
(Ak∩Ω)∩A

|vk − v0| dx 4

+
∫

A\(Ak∩Ω)
|vk − v0| dx, 5

=
∫
(Ak∩Ω)\A

|vk − v0| dx +
∫

A\(Ak∩Ω)
|vk − v0| dx, 6

=
∫
((Ak∩Ω)\A)∪(A\(Ak∩Ω))

|vk − v0| dx. (2.10) 7

Fromproperty (ii) above, and Eq.(2.10)show that limk→∞
∫
Ω |vk − v0|dx = 0, thatis, there 8

exists vk → v ask → ∞ in L1(Ω) for eachv0 ∈ BV(Ω) associated with a finite perimeter set 9

A ⊂ Ω . 10

From Property 2.2, for eachvk ∈ BV(Ω) there exists a sequence{vεk} ∈ BV(Ω) such 11

that vεk → vk asεk → 0 in L1(Ω) and limεk→0 Gεk(vεk) = G0(vk). From a diagonalisation 12

argument, there exists a subsequence{vεkj } satisfying Eqs.(2.6) and(2.7) for each choice of a 13

finite perimeter setA ⊂ Ω with associatedv0 ∈ BV(Ω). 14

3. Proof of theorem 15

In the following, we use the definition of a bounded variation function and some properties in 16

[3] to prove the mainTheorem 2.3. First, we give a basicand usefulProperty 3.1. 17

Property 3.1. From the definition of generalised derivatives inBV(Ω) (see[3]), we have, for 18

anyv0 ∈ BV(Ω) satisfying Eq.(2.1) for v0 = 0 only on a setΓ = ∂A ∩ Ω for some A⊂ Ω of 19

finite perimeter, 20

G0(v0) =
∫
Ω

h(x)|Dχ{v0=1}| = sup
φ

{∫
A

∇ · φ dx : φ ∈ C1
0(Ω ,R

n), |φ| ≤ h(x)

}
21

= sup
φ

{∫
A

∇ · (hφ)dx : φ ∈ C1
0(Ω ,R

n), |φ| ≤ 1

}
22

= sup
φ

{∫
∂A∩Ω

(hφ) · dS : φ ∈ C1
0(Ω ,R

n), |φ| ≤ 1

}
=
∫
Γ

h(x(σ,0))dσ. (3.11) 23

Remark. If A does not have bounded perimeter then in the result(2.5)or the result(2.7), we have 24

∞ = ∞, so we do not consider this case: henceforth we takeA ⊂ Ω to have finite perimeter. 25

Proof of Theorem 2.3. We prove the theorem by usingProperties 2.1and 2.2. First, for any 26

v0 ∈ BV(Ω) satisfying the assumptions inProperty 3.1, using Property 2.2, there exists a 27

sequence{vε j } which converges tov0 in L1(Ω) and satisfies Eq.(2.7). Sincethe minimisers{wε j } 28

of (2.2)occupy a bounded set in BV(Ω), compactness theory implies there exists aw0 ∈ L1(Ω) 29
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such that a subsequence,{wε j }, convergesto the limitw0 in L1(Ω) (using Theorem 1.19 in [3]).1

FromProperty 2.1Eq.(2.5), we have2

lim inf
ε j →0

Gε j (wε j ) ≥ G0(w0).3

Since{wε j } is a sequence of minimisers for eachε j , Gε j (wε j ) ≤ Gε j (vε j ) for the above sequence4

{vε j }. Hence, for anyv0 satisfying the assumptions ofProperty 3.1, we have5

G0(w0) ≤ lim inf
ε j →0

Gε j (wε j ) ≤ lim inf
ε j →0

Gε j (vε j ) = lim
ε j →0

Gε j (vε j ) = G0(v0).6

For all otherv ∈ B we haveG0(v) = ∞. Thereforew0 must be a minimiser of G0 in B and7

Theorem 2.3follows. �8

Proof of Property 2.1. We consider{vε} ∈ H 1(Ω), otherwiseGε(vε) = ∞. Supposev ∈9

L1(Ω) suchthatvε → v in L1(Ω); note that we can takev(x) ∈ {1,−1} a.e. andv ∈ BV(Ω)10

otherwiseG0(v) = ∞, andthe inequality(2.5)is trivial (∞ = ∞). Using the Cauchy–Schwartz11

inequality, we have12

Gε(vε) =
∫
Ω

{
1

4ε
f 2g4(1 − v2

ε )
2 + ε

2
kg2|∇vε |2

}
dx,13

≥ 1√
2

∫
Ω

f g2(1 − v2
ε )

√
kg|∇vε |dx = 1√

2

∫
Ω

√
k f g3(1 − v2

ε )|∇vε |dx,14

:= 1√
2

sup
φ∈C1

0 (Ω ,R
n)

|φ|≤1

∫
Ω

√
k f g3(1 − v2

ε )(∇vε · φ)dx. (3.12)15

Letψε : Ω → R be defined by (so that ifvε = −1,ψε(x) = 0 which weneed to get Eq.(3.16))16

ψε(x) = 1√
2

√
k f g3

(
vε − 1

3
v3
ε + 2

3

)
. (3.13)17

For a fixedφ = (φ1(x), φ2(x), . . . , φn(x)) ∈ C1
0(Ω ,R

n), |φ| ≤ 1, we have18

(∇xψε(x) · φ) =
(
∂ψε(x)

∂x1
, . . . ,

∂ψε(x)

∂xn

)
· (φ1, φ2, . . . , φn) =

n∑
i=1

∂ψε(x)

∂xi
φi ,19

=
n∑

i=1

{
(
√

k f g3)xi√
2

(
vε − 1

3
v3
ε + 2

3

)
+

√
k f g3

√
2

(1 − v2
ε )
∂vε

∂xi

}
φi20

= 1√
2

(
vε − 1

3
v3
ε + 2

3

) n∑
i=1

(
√

k f g3)xi φi21

+
√

k f g3
√

2
(1 − v2

ε )(∇vε · φ). (3.14)22

Hence, integrating terms in Eq.(3.14), we have23

1√
2

∫
Ω

√
k f g3(1 − v2

ε )(∇vε · φ)dx24

=
∫
Ω
(∇ψε(x) · φ)dx −

∫
Ω

1√
2

(
vε − 1

3
v3
ε + 2

3

) n∑
i=1

(
√

k f g3)xi φi (x) dx,25
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= −
∫
Ω
ψε(x)∇ · φdx −

∫
Ω

1√
2

(
vε − 1

3
v3
ε + 2

3

) n∑
i=1

(
√

k f g3)xi φi (x) dx, 1

= −
∫
Ω

{
1√
2

(
vε − 1

3
v3
ε + 2

3

) n∑
i=1

(√
k f g3∂φi

∂xi
+ (

√
k f g3)xi φi

)}
dx, 2

= −
∫
Ω

1√
2

(
vε − 1

3
v3
ε + 2

3

)
∇ · (√k f g3φ(x)) dx. (3.15) 3

Therefore, from Eqs.(3.12)and(3.15)we have, for all φ ∈ C1
0(Ω), 4

lim inf
ε→0

Gε(vε) ≥ − lim
ε→0

∫
Ω

1√
2

(
vε − 1

3
v3
ε + 2

3

)
∇ · (√k f g3φ(x)) dx, 5

= −
∫
Ω
χ{v=1}

2
√

2

3
∇ · (√k f g3φ(x)) dx, 6

= −
∫
Ω
χ{v=1}∇ · (h(x)φ(x)) dx. (3.16) 7

Finally, taking thesupremum over all such appropriateφ with |φ| ≤ 1, from thedefinition of 8

D in BV(Ω) (see [3]), we have 9

lim inf
ε→0

Gε(vε) ≥ sup
φ

∫
Ω
χ{v=1}∇ · (hφ)dx =

∫
Ω

h(x)|Dχ{v=1}| = G0(v). 10

Proof of Property 2.2. For eachv0 ∈ BV(Ω) given by(2.1)which satisfies the assumptions in 11

Property 3.1, we need to construct a sequencevε j → v0 in L1(Ω) asε j → 0, so that 12

lim
ε j →0

Gε j (vε j ) = G0(v0). (3.17) 13

First, we considerv0 ∈ BV(Ω) given by Eq. (2.1) for bounded perimeterA andΓ = ∂A ∩ Ω 14

sufficiently smooth. We useΓ ∈ C3 to construct local coordinates(σ, ρ) nearΓ where(σ, ρ) 15

have been defined following Eq.(2.1). LetΩ1 be neighbourhoods ofΓ defined by, forε ∈ (0, ε∗) 16

with 2
√
ε∗ ≤ ρ∗, 17

Ω1 = {x(σ, ρ) ∈ Ω : |ρ| < √
ε}. (3.18) 18

Next we introduce an inner variable to describe the inner layer behaviour nearΓ by defining 19

ξ(σ, ρ) suchthat 20

εξ(σ, ρ) = 1√
2

∫ ρ

0

f (σ, ρ̄)g(σ, ρ̄)√
k(σ, ρ̄)

dρ̄. (3.19) 21

Hence we can construct a transition layer sequencevε given by 22

vε(x) =



tanhξ1(σ ), if x ∈ A ∩ (Ω \ Ω1),

tanhξ(σ, ρ), if x(σ, ρ) ∈ Ω1,

− tanhξ1(σ ), if x ∈ (Ω \ A) ∩ (Ω \ Ω1),

(3.20) 23

whereξ is given by Eq.(3.19)andξ1(σ ) = 1√
2ε

∫√
ε

0
f (σ,ρ̄)g(σ,ρ̄)

k(σ,ρ̄) dρ̄ = M(σ )√
ε

for someM(σ ) > 0. 24

Step1. We wouldlike to claimvε → v0 asε → 0 in L1(Ω) (that is, limε→0
∫
Ω |vε −v0|dx = 25

0). In theΩ \ Ω1 domain, there exist positive constantsc2, and c3, such that |vε − v0| = 26
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| tanhξ1 − 1| ≤ c2e−c3/
√
ε . Therefore, we have a (soft) upper bound of

√
ε for1 ∫

Ω\Ω1

|vε − v0|dx ≤
∫
Ω\Ω1

c2e−c3/
√
εdx = O(

√
ε). (3.21)2

In theΩ1 domain, we have|vε − v0| ≤ 2, so that for some constantM1 > 0, using the fact that3

Ω1 has width 2
√
ε in theρ direction, we obtain4 ∫

Γ

∫
|ρ|<√

ε

|vε − v0|dρ̄ dσ ≤ M1
√
ε. (3.22)5

Therefore, from Eqs.(3.21)and(3.22), we have, since|dx| = |Jdρdσ | ≤ c|dρdσ |,6 ∫
Ω

|vε − v0| dx = O(
√
ε),7

sovε → v asε → 0 in L1(Ω), as claimed.8

Step2. We next show that, asε → 0, Gε j (vε) approachesG0(v0). FromProperty 2.1, we9

only need to show that limε→0 Gε(vε) ≤ G0(v). First, since there exist positive constantsc2 and10

c3 suchthat |vε − v0| ≤ c2e−c3/
√
ε and|∇vε | = O(e−1/ε) in theΩ \ Ω1 domain. Therefore, we11

note that, taking O(ε) for simplicity,12 ∫
Ω\Ω1

{
1

4ε
f 2g4(1 − v2

ε )
2 + ε

2
kg2|∇vε |2

}
dx = O(ε), (3.23)13

so that, noting dx = |J|dρ dσ = (1 + Kρ)dρ dσ , whereK is thebounded curvature ofΓ ,14

Gε(vε) =
∫
Ω

{
1

4ε
f 2g4(1 − v2

ε )
2 + ε

2
kg2|∇vε |2

}
dx,15

=
∫
Γ

∫
|ρ|<√

ε

{
1

4ε
f 2g4(1− v2

ε )
2 + ε

2
kg2|∇vε |2

}
(1+ K ρ̄) dρ̄ dσ + O(ε). (3.24)16

First, the first term on the right-hand side of Eq.(3.24) is, again usingf (x) = f (σ, ρ),17

g(x) = g(σ, ρ) etc.,18 ∫
Γ

∫
|ρ|<√

ε

{
1

4ε
f 2g4(1 − v2

ε )
2 + ε

2
kg2|∇vε |2

}
(1 + K ρ̄)dρ̄ dσ,19

=
∫
Γ

∫
|ξ |<M2/

√
ε

{
1

4ε
f 2g4(1 − tanh2 ξ)2 + ε

2
kg2|∇x tanhξ |2

}
20

× (1 + K εξM1(σ ))
dρ̄

dξ
dξ dσ,21

=
∫
Γ

∫
|ξ |<M2/

√
ε

{
1

4ε
f 2g4sech4ξ + ε

2
kg2

(
sech2ξ

f g

ε
√

2k

)2
}

22

×
(
ε
√

2k

f g

)
dξ dσ + O(

√
ε),23

=
∫
Γ

∫
|ξ |<M2/

√
ε

√
k f g3
√

2
sech4ξ dξ dσ + O(

√
ε). (3.25)24
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For a fixedσ with x(σ,0) ∈ Γ and ξ̂ = εξ , from the Taylor expansion of(
√

k f g3) at 1

ρ = 0 = εξ we have 2

(
√

k f g3)(σ, ρ)= (√k f g3)(σ, ρ(ξ̂ ))= (√k f g3)(σ,0)+ (√k f g3)ρ

∣∣∣
ρ=0

(εξ)+ O(ε2ξ2), 3

so 4

(
√

k f g3)(σ, ρ)sech4ξ = (
√

k f g3)(σ, ρ(ξ̂ ))sech4ξ 5

= (
√

k f g3)(σ,0)sech4ξ + (
√

k f g3)ρ

∣∣∣
ρ=0

(εξ)sech4ξ + O(ε2ξ2sech4ξ). (3.26) 6

In theΩ1 domain|ξ | < M2√
ε

for some constantM2 > 0, so we haveε|ξ | < M2
√
ε. Hence, from 7

Eq.(3.26)we have,noting ξsechξ → 0 asξ → ∞, 8

(
√

k f g3)(σ, ρ(ξ̂ ))sech4ξ = (
√

k f g3)(σ,0)sech4ξ + O(
√
ε). (3.27) 9

Therefore, from using Eq.(3.27)in (3.25), and again using dx = (1 + O(
√
ε))dσdξ since the 10

curvatureK of Γ is bounded andε|ξ | ≤ M2
√
ε, we have 11

lim
ε→0

Gε(vε) = lim
ε→0

∫
Ω

{
1

4ε
f 2g4(1 − v2

ε )
2 + ε

2
kg2|∇vε |2

}
dx, 12

= lim
ε→0

∫
Γ

∫
|ξ |<M2/

√
ε

√
k f g3

√
2

sech4ξ dξ dσ + lim
ε→0

O(
√
ε), 13

= lim
ε→0

∫
Γ

∫
|ξ |<M2/

√
ε

1√
2
(
√

k f g3)(σ,0)sech4ξ dξdσ + lim
ε→0

O(
√
ε), 14

≤ 1√
2

∫
Γ

√
k f g3(σ,0)dσ

∫ ∞

−∞
sech4ξ dξ = 2

√
2

3

∫
Γ

√
k f g3(σ,0)dσ, 15

=
∫
Γ

h(σ,0)dσ = G0(v). (3.28) 16

This completes the proof ofProperty 2.2. � 17

Remarks. (i) In the Ω ⊂ R
2 case, letL(Γ ) = ∫

Γ

√
k f g3(σ,0)dσ ≡ ∫

Γ h(σ,0)dσ , where 18

σ is the arc length alongΓ . FromTheorem 2.3, we havew0 is a solution of infΓ L(Γ ). Since 19

infΓ L(Γ ) implies for the minimiser’s curveΓ0, δL(Γ0) = 0 w.r.t. Γ . Let ρ(σ) be the distance 20

along �n(σ ) from Γ0 to Γ ⊂ Ω . (This is well defined for curveΓ with bounded curvature in 21

a strip |ρ| ≤ δ aboutΓ0 for δ > 0 sufficiently small.) Forρ(σ) ∈ R, where�n is the normal 22

direction, and∂
∂n is the normal derivative toΓ0 at the pointσ given by 23

L(Γ0 + ρ(σ)�n)− L(Γ0) =
∫
Γ0+ρ�n

h(ŝ,0)dŝ −
∫
Γ0

h(σ,0)dσ, 24

=
∫
Γ0

h(σ, ρ(σ ))(1 + ρ(σ)K )dσ −
∫
Γ0

h(σ,0)dσ, 25

=
∫
Γ0

(h(σ,0)+ ∂h

∂n
(σ,0)ρ + O(ρ2))(1 + ρK )dσ −

∫
Γ0

h(σ,0)dσ, 26

=
∫
Γ0

{(
h(σ,0)K + ∂h

∂n
(σ,0)

)
ρ + O(ρ2)

}
dσ. (3.29) 27
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HereK (σ ) is the curvature ofΓ0 at the point. From the definition of a Gateaux (or even Frechet1

with the appropriate norm)derivative, we have the Gateaux derivative ofL(Γ ) atΓ0, for all small2

ρ(σ) which define nearby curvesΓ ,3

δL(Γ0)ρ =
∫
Γ0

{
hK + ∂h

∂n

}
ρ dσ. (3.30)4

Note that if we introduce a‖ · ‖ for ρ in an appropriate space then we could show that(3.30)5

is a Frechet derivative.6

At the minimiser (in fact, any critical point)Γ0, δL(Γ0) ≡ 0 meansδL(Γ0)ρ = 0, for all7

ρ(σ). Thus we must haveh(σ,0)K + ∂h
∂n (σ,0) ≡ 0 for all σ ∈ Γ0, whereΓ0 is a stationary value8

of L(Γ ). That is, the curvature ofΓ0 is K = − 1
h
∂h
∂n atσ ∈ Γ0, whereh = √

k f g3.9

For the radially symmetrical inR
n case, the curvature ofΓ0 is K = (n−1)

r , and so radially10

symmetric locally minimising solutionswε(r ) will have nodal curves wherewε = 0 that are11

circles (sphere) of radiusrε near12

r0 = (n − 1)/K0 = − (n − 1)h(r0)

dh/dr (r0)
.13

(ii) From Eq.(3.30), we consider, consistently dropping terms that areo(ρ1, ρ2),14

δL(Γ0 + ρ2�n)ρ1 − δL(Γ0)ρ115

=
∫
Γ0+ρ2�n

{
hK + ∂h

∂n

}
(s̄,0)ρ1ds̄ −

∫
Γ0

{
hK + ∂h

∂n

}
(σ,0)ρ1dσ16

=
∫
Γ0

{
hK + ∂h

∂n

}
(σ, ρ2(σ ))(1 + ρ2K )ρ1dσ −

∫
Γ0

{
hK + ∂h

∂n

}
(σ,0)ρ1dσ17

=
∫
Γ0

{(
hK + ∂h

∂n

)
(σ,0)+

(
hK + ∂h

∂n

)
n
(σ,0)ρ2

}
(1 + ρ2K )ρ1dσ18

−
∫
Γ0

{
hK + ∂h

∂n

}
(σ,0)ρ1dσ. (3.31)19

From the definition of Gateaux derivative, or Frechet derivative (with the appropriate norm),20

we have the second derivative ofL(Γ ) atΓ0 for all smallρ1 andρ2 given by21

δ2L(Γ0)ρ1ρ2 =
∫
Γ0

(
hK + ∂h

∂n

)
n
(σ,0)ρ1ρ2dσ22

+
∫
Γ0

{
hK + ∂h

∂n

}
(σ,0)ρ1ρ2K dσ. (3.32)23

SinceK = − ∂h
h∂n onΓ0, from Eq.(3.32)we have24

δ2L(Γ0)ρ1ρ2 =
∫
Γ0

(
hK + ∂h

∂n

)
n
(σ,0)ρ1ρ2dσ.25

Hence, ifδ2L(Γ0)ρ1ρ2 > 0 for all ρ1 andρ2, that is
(
hK + ∂h

∂n

)
n (σ,0) > 0 for x(σ,0) ∈ Γ0,26

thenΓ0 is a local minimiser; also the steady-state solution of the corresponding time-dependent27

problem is stable.28

Although we use a completely different approach in this paper, it is encouraging that the29

results stated in remarks (i) and (ii) are the consistent with the asymptotic and numerical results30

of the one-dimensional case in [7] and the multi-dimensional case in [8].31
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