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Abstract

N

In this paper, weonstruct the local minimum of a certain variational problem which we take in the forms

inf fQ {%nglez + é f2g%1 - wz)z} dx,

wheree is a small positive parameter afidl ¢ R" is a convex bounded domain with smooth boundary. ¢

Here f, g,k € C3(2) are stictly positive functions in the closure of the domath If we take the inf

7

over all functionsH1(£2), we obtain the (unique) positive solution of the partial differential equation with s

Neumann boundary conditions (respeelwDirichlet bounday conditions).

9

We wish to retrict the inf to the local (not global) minimum so that we consider solutions of thiso

Neumann poblem which take both signs if? and which vanish orfn — 1) dimensional hypersurfaces
I'e C 2. By using al’-convergence method, we find the structure of the limit solutions-as 0 in terms
of the weighted geodesics of the domain

(© 2005 Published by Elsevier Ltd

MSC: 35K60; 35B25

Keywods: Singular perturbation; Interface shape and motion

1. Introduction

We consider the (semilinear) equation faix, €) defined forx € 2 ¢ R", ande > 0,
eV - (K(X)VU) + € Vyu(x, u) = 0, X € R, (1.1)
* Corresponding author.
E-mail addressicyeh@mail.nhcue.edu.tw (L.-C. Yeh).
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2 L.-C. Yeh, J. Norbury / Nonlinear Analysis XX (XXXX) XXX—XXX

wheree is a small parameter and is a bistable potential fau; hereV depends ox € {2 and
V is even inu. We assume thati saisfies the boundary conditions

onu =0, X € af, (1.2)

whered, denotes the outward normal derivative®f (assumed smooth).

We mnsiderthe symmetric iru bistable case fov (x, u), whenV has two local minimisers
+g(x). Thus our reaction term is a functiof, (x, u) odd inu with first strictly positive zero
g(x) > 0 forx e £ suchthatVy(x, g(x)) = 0. Suppose tha¥,uy < 0 andVy > 0 for
0 < u < g(x) for all x € £2; then we nay write Vy(x, u) = f2(x, u)(g2(x) — u?u, for
f(x,u) > 0forx € 2,0 < u < g(x). Note hat f(x, u) is even inu. For simgicity, we
consider the casé(x, u) = f (x); herceforth, we rewrite/ (x, u) = 1 f2(x) (g2 — u?)2.

Letu = gw, then we rewite Eq.(1.1)as, forM = %;9),

eV - (kg?Vw) + e 1 2g* 1 + €M — wdHw = 0. (1.3)

Fore > 0 small we see thaby = +1 + O(e?) is a simple solution o{1.3) which is a
global minimiser oféé(w) defined in Eq(1.4)in H1(£2). We are inerested in more complicated
sdutions which consist of pieces afip in different parts of the domair? joined by rapidly
varying soltions defined in narrow @) regions based on hypersurfadésc (2. We call these
interface solutions.

We u theI'-convergence method to solve our problem. The basic iddaafnvergence
is due to DeGiorgi [2]; the application to local minimisers is studied by Kohn and Sternberg
[9,17]. We simgify the application to our partial differential equation related energy functional
significantly by using hypersurfacds e C® ratherthanC?2. Findly, we relax this assumption
(I'. € C3) to give a more general result, which chamiges the interfaces of local minimisers
which arenot global minimisers, as weighted geodesics of the dorfrain

The fundamental idea df-convergence is to identify the first nontrivial term in an asymptotic
expansion ag — O for the energy functional in(1.5) of the perturbed problem (rather than to
expand the solution and the differential equation given(by)). The energy functional of our

problem, forM = %;9), is

R 1
Ge(w) = / {fng|Vw|2 + —f2g*1+ €M — w2)2} dx (1.4)
nl2 4e
which forw € H1(£2) has fore — 0 the samdimit as
1
Ge(w) = / Ck@AIVwl? + = f2g*1 — w?)?| dx. (1.5)
nl2 e

We wish toshow such solutions that locally minimi€ (w) in H(£2) exist as hey act as
local long-time attractors of the corresponding time-dependent protign For w € L1(£2)
andw ¢ HL() we haveG,(w) = oo = G.(w); since wewill be interested in taking the
infimum of G.. Thus when its finite, we will considemw € L1(£2) but usudly not consider the
w e LY(2) \ HY() case. Our aim is to show th& has such minimisers by showing ti@a¢
has minimisers, and by charagdsing these minimisers fersmall.

From the variational method, we seek a local minimiser (distinct from the global minimiser),
sowe consider the problem, for certain bounded d&ts H1(#), and fixede € (0, €g),

inf Ge(w). (1.6)

weB
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For a fixedchoice of a balB in BV (£2), the space of functions of bounded variatiodnfor each

€ > 0, letw, denote a (local and interior) minimiser of probl¢in6)for B = BNH(£). Here

we chooseB to avoid global minimisers and to allow us to prove that local minimisers exists.
We defire a weigheéd parameten(x) by

A w N e

22
h(x) = *Tf\/ifg% a7 s
The goal is to characteriseg = IimEj_>0 We; for any L1-convergent subsequence of s

{we} C B. We will show that lim;, .o G¢; (we;) = Go(wo) = [ h(x(e, 0))do, whereG, 7
Go are defined in Eqg2.2)and(2.3), andI" is ahypersurface is defined after §§.1). ThusI 8
is a weighted geodesics hypersurface in the donfain 9

2. Local minimisers of the energy functional 10

First, we introduce a functiomg in the following. Let A C {2 have finite perimeter and u
supposed AN 2 = I' is smoothly parameterisdaly (arc length coordinates). Further, let 1

vo = 2xa — 1 € BV({2) suchthat 13
-1, ifxeN\A
vo(X) =40, if xe 2NA (2.2) 14
1, if x e A.

First, we consider thén — 1)-dimensional hypersurfacE € C3(0), whereo defines the s
postion on I by x(o) € [I', so thatl’ has continuous and bounded curvature. hdie the
(signed) distance along the nornib) to I" in 2. Then we atich labelgo, p) to pointsina 1

neighbourhood?* = {x(o, p) € {2 : |p| < ps} of I' wherec = (01,092, ...,0n—1) € I' IS an 18
(n — 1)-dimensional hypersurface coordinatevhich identifies/". The fact that/” has bounded 1
curvature guarantees that there exjsts> 0 such thak (o, p) is a 1-1 maping ontof2*. 20

Suppose thaG,, Go : L1(£2) — R are given by, foe > 0, n

22

1. 54 22, €2 2 1
Gé(v)z[/g{Ef g (L —v(x)9) +§kg [Vl }dx forve B cC H™({2), 2.2)

00, otherwise
and 23
Go(vo) = /Q h(X)|D xfwo=13/dx, foruvg e B C BV({2), andwvg € {—1, 1} a.e. 2.3) N
00, otherwise.

We note that ing G¢(v) = infgz G.(v) because the values @&, (v) for v € B andv ¢ B 25
must be ifinity. 2
We now stée the main result of this paper, whicharacterises the structure of the limit »
solutions ag — 0 in terms of the wejhted geodesics aP with the weighth(x). Note hata 2
definition of I'-convergence is given by De Giordl][(see also10Q]). Then thel” limit of G, (u) 29

is Go(vg) asu — vg in L1(2) ande — 0, thatis, 0
I(LY)7) lim Ge(u) = Go(vo), (24) =

e—0

if and only if the following Properties 2.1and2.2 have been satisfied. 32
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Property 2.1. For eachv € L1(£2) and for any{v.} in L(£2) suchthatv. — v in L1(f2) as
€ — 0, then ve have

lim igf Ge(ve) > Go(v). (2.5)

Property 2.2. For eachvg € BV({2) given by(2.1) there eists a sguencefuv;} in L)
satisfying

v, > vo  asej —>0 inLY(), (2.6)
and lim Ge; (ve;) = Go(vo). 2.7
€j—0

From Properties 2.1and2.2, we have the ftlowing theorem. (The details of the proof are in
Section 3)

Theorem 2.3. For a fixed suitable choice qf aball B BV (£2), for eache > Olet w, be a local
and interior minimiser of problertil.6)for B = B N H(f). Letw. — wg in L1(£2) for some
seguence — 0. Thenwyg is a solution of

inf / h(X)|D x{vo=1} =inf/ h(x(o, 0))do, (2.8)
] rJr

vpeBCBV ()
voe{-11} ae.

if I'is sufficiently smooth, whet = {wo = 0} C {2 ando is the arc length alond".

Next we would like to relax the assumption thétis smooth (I' = A N 2 € C3). We
considervg € BV({2) defined by(2.3) Let A C {2 be a set of finite perimeter if? with
0 < |A] < |2]. From [11], we know that there exists a sequence of open{g&tsin 2 and a
seguence vk} € BV (£2) where

-1, ifxe N\ Ay,
k(X)) =130, if xe 2NaAx, (2.9)
1, if X e Ax,

suchthatvx and A satisfy the following properties:
(i) 9AcN N2 € C8;
(i) [(AkN D)\ AU A\ (AN 2))| - 0ask — oo;
i)y [ h)IDx =yl = [ h(X)|Dx{uo=1)| @Sk — 00.
Idea of proof for these properties: First extepd to a functioni € BV(R") suchthat
0(x) = xa(x) forx € 22, andf, , |Dd| = 0 (see ).
From [3], we have a sequence 6f° functions{u,} satisfyingu. — @ in L1(£2),

and Iim/ |Du6|=/ |Ddy.
e=0J0 I?)

Then define set€. m = {u.(x) > m}. In [11], it was shownthat there exists a value of
m € (0,1) and a sequenceg — 0 such batdC, m € C*, XCqm —> XA in L1(), and
fQ h(X)ID xue=13| = fQ h(X)|Dx{v=13| ask — oo. Here| - | is then-dimensional Lebesgue
measure. O
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From property (iii) above, for a choice @ and associatedc we have

lim Go(vk) = lim / h(X)|D x{u=1! =/ h(X)|D x{vo=13| = Go(vo).
k— o0 k—o00 J 2

Sincevk — vg = 0 ineach(Ax N 2) N A domain, we have

/ |vk—v0|dX=/ |vk—v0|dx+/ |vk — vo| dX
0 (AN\A (AKN2)NA
+ / lvk — vol dX,
A\(AN2)

=/ |Uk—UO|dX+/ [vk — vol dX,
(AKNIH\A A\ (AN )

|vk — vo| dX. (2.10)

/;(Akﬂn)\A)U(A\(Aka))

Fromproperty (ii) above, and E@2.10)show that ling_, o fQ |vk — voldx = 0, thatis, there
exigs vk — v ask — oo in L1(2) for eachvy € BV (£2) associated with a finite perimeter set
AcC (.

From Property 2.2 for eachvx € BV({2) there exiss a sguence{v,} € BV({2) such
thatve, — vk asex — 0in L1(12) and lim, .o G (vg) = Go(vk). From a diagonalisation
argument, there exists a subsequeneg } satisfying Eqs(2.6) and(2.7) for each choice of a
finite perimeter seA C (2 with associatedg € BV ({2).

3. Proof of theorem

In the following, we use the definition of a bourtteariation function and some properties in
[3] to prove the mainTheorem 2.3First, we gve a basiand usefuProperty 3.1

Property 3.1. Fromthe definition of generalised derivatives BV (£2) (see[3]), we have, for
anyvg € BV (£2) satisfying Eq(2.1)for vg = Oonly on a setl’ = dA N {2 for some Ac {2 of
finite permeter,

Go(vo) = fg h()|D x{vo=1)| =sn_Jp{ /A V-¢dx: e Cs(2,R", (| < h(x)}
¢
= sup{/ V- (h¢)dx : ¢ € CF(2,R"), |§]| < 1}
¢ A

= sup{/ (h¢) -dS: ¢ € C&(Q,R”), Pl < 1} :/ h(x(o,0)do. (3.11)
¢ dANS r

Remark. If Adoes nothave bounded perimeterthen in the ré8l8)or the resul{2.7), we have
oo = 00, SO we do not ansider this case: henceforth we take- (2 to have finite perimeter.

Proof of Theorem 2.3. We prove the therem by usingProperties 2.1and 2.2 First, for any
vo € BV({2) satisfying the assumptions iRroperty 3.1 using Property 2.2 there eists a
sequenceue; } which convergestog in L1(2) and satisfies E¢2.7). Sincethe minimisers{wej }
of (2.2)occupy a bounded set in BY2), conpactness theory inties there exists ap € L1(2)

~
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such that a subsequenchyy; }, convergeso the limitwg in L1(£2) (using Theorem 1.19 irg]).
FromProperty 2.1Eq.(2.5), we have

liminf Ge; (we;) = Go(wo).

€j—0
Since{ng } is a sequence of minimisers for eathgj (we;) < Ge; (ve;) forthe above sequence
{ve; }. Herce, for anyvg satisfying the assumptions Bfoperty 3.1 we have

Go(wo) < liminf Gej(we;) < liminf Gej(vej) = lim Ge; (vej) = Go(vo).

€j—0 €j—0 €j—0

For all otherv € B we haveGg(v) = oo. Therdore wg must k& a minmiser of Gg in B and
Theorem 2.3ollows. 0O

Proof of Property 2.1. We onsider{v.} € H(£2), otherwiseG,(v.) = oc. Supposev €
L1(£2) suchthatve — v in L1(£2); note that we can take(x) € {1, =1} a.e. andb € BV ()
otherwiseGo(v) = oo, andthe inequality(2.5)is trivial (co = 00). Using the Caghy—Schwartz
inequality, we have

1 €
G — _f2 41_ 2\2 Zk ZV 2 d
e(ve) /;2 {46 g7 ( Vo) + > g7 Vue| X,

1
—/ f92(1 — vA)VKg| Ve |dx = i/ VK g (1 — v2)|Vue|dx,
V2 /)0

—  sup Vk g 1 — v (Ve - p)dx. (3.12)
\/— ¢eCl(!Z RN J 2
\¢I<l
Lety. : 2 — R be defined by (so that if. = —1, ¥.(X) = 0 which weneed to get Eq.3.16)
1 1, 2
Ve(X) = ﬁﬁfg3 (Ue - évs + 3) (3.13)

For a fixedp = (91(X), p2(X), ..., ¢n(X)) € Cé(!?, R™), |¢| < 1, we have

R/ 0V N9 €
(Vxtre () - §) =< N, (X)> CO RS I gl LI

oxy 9 — X
Z{(«/—fg)x. (UG_%US+§)+I}9 1 )% /
2%2( it Z)Z(\/—fg)x.tﬁu
f\/f_g (L= v2)(Voe - §). (3.14)

Hence, integrating terms in E(.14) we have

%Z/Qx/ifg%l—vf)(we.(p)dx

_ 1 13, 2\y 3
= /Q(Vlﬁs(x)'@dx—/nﬁ(ve—3v5+3) ;(&fg)Xi¢l(X)dx’
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1 1 2\ &
= —/Qws(x)V-«»dx—/Q\Tz (vg - §v§+§) ;(\/ngs)xi@ (x) dx,

= - RS AN 3991 3\ &
= /;2:«/5(”6 3v5+3>2(x/§f9 axi+(ﬁfg)xi¢'>}dx’

i=1

= /Q 7 <v€ Ve + 3) V- Wk @i (x)) dx. (3.15)
Therefore, from Eq93.12)and(3.15)we have, ér all ¢ < Cé(()),

_elinO/;Z 7 (v€ —guet 5) V- (WVkfgip(x)) dx,

2/ 2
—/Q X{v:l}iv - (Vk T gP(x)) dx,

v

liminf G, (ve)
e—0

3
= - /Q X=1}V - (h(X)$(x)) dX. (3.16)

Finally, taking thesupremum over all such appropriatewith |¢| < 1, from thedefinition of
D in BV ({?) (see B]), we have

liminf Ge(ve) > sup [ xp=1V - (h)dx = / h(X)IDxv=1)] = Go(v).
e—0 ¢ Jn (0}

Proof of Property 2.2. For eachvg € BV ({2) given by(2.1) which satisfies the assumptions in
Property 3.1 we reed to construct a sequenge — vo in L1(2) asej — 0, so that

|im0G€j (vej) = Go(vo). (3.17)

Ej*)

First, we considerg € BV ({2) given by Eq. (2.1) for bounded perimeteA andI” = dAN {2
sufficiently smooth. We usé’ e C2 to constuct local coordinatego, p) nearl” where(o, p)
have been defined following E.1). Let (21 be neighbourhoods df defined by, fok € (0, €,)

with 2./ < ps,
1= {x(0.p) € 2: |p| < Ve). (3.18)

Next we introduce an inner variable to describe the inner layer behaviouriinégrdefining
&(o, p) suchthat
ct(o p)=i/p f (o, p)9(0, p) d5
’ V2Jo V(o p)

Hence we can construct a transition layer sequepcgven by

tanhéy (o), if xe AN(2\ ),
ve(X) =

(3.19)

tanhé (o, p), if X(o, p) € (X, (3.20)
—tanhé(o), ifxe (R\ AN\ ),

where is given by Eq.(3.19)andé1 (o) = ﬁ e ”"&fgf’g;”ﬁ) dp = Vﬁ) for someM (o) > O.

Stepl. We wouldlike to claimv, — vg ase — 0in L) (thatis, lim._ fQ [ve —voldX =
0). In the 2 \ (21 domain, there exist positive constarts andcg, such hat [ve — vg| =

w
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|tanh&; — 1| < cpe~%/Veé, Therefore, we have a (soft) upper bound,&f for
/ [ve — voldx < / o6/ Vedx = O /e). (3.21)
N N2

In the £21 domain, we havév. — vg| < 2, so that for some constalkt; > 0, using the fact that
1 has widh 2,/€ in the p direction, we obtain

/ / [ve — voldp do < Mi4/e. (3.22)
I Jipl<ye
Therefore, from Eqq3.21)and(3.22) we have, sincgdx| = |Jdpdo| < c|dpdo]|,

/Q lve — vo| dx = O(Ve),

sov. — v ase — 0in L1(£), as clamed.

Step2. We next show that, as — 0, Ge; (ve) approache$o(vg). From Property 2.1 we
only need to sbw that lim._,o G, (ve) < Go(v). First, sirce there exist positive constamisand
cz suchthat|ve — vg| < coe~%/V€ and|Vu,| = O(e~Y/¢) in the 2 \ 21 domain. Therefore, we
note that, taking @) for simgicity,

1
[ {Z £2g8(1 — 12)2 1 gkgzwmz} dx = O), (3.23)
\{1

so that, noting ® = |J|dp do = (1 + Kp)dp do, whereK is the bounded curvature af,
1 €
Gewr = [ {I 12641 — 12 4 SkepiVu?| ox.
1
= / / {I f2g*1—v?)2 + %ngIVvAZ} (1+ K p)dpdo +O(e). (3.24)
' Jpl<i/fe

First, the first term onhte right-hand side of E(3.24)is, again usingf (x) = f (o, p),
g(x) = g(o, p) etc.,

1 € -
// {4—f294<1—v3>2+ Ekgz|we|2}(1+ K p)dp do,
I Jipl<ye L 7€
=// ifzg“(l—tanhZS)2+Ekgz|vxtanhg|2}
I Jig|<Mg/ye | 4€ 2

x (1+ KeéMl(cf))g—? dé do,

1 € fg 2
= = f2gtsectfe + —k 2<secf? —)
/F/5<Mz/ﬁ ae' 9 A $6v2k

x (6 2") dt do + O(Je),

fg
3
=// &secﬁ‘édédo—i—O(\/E). (3.25)
rJig<mye V2
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For a fixedo with X(0,0) € I" andé = e&, from the Taylor expansion ofvk fg®) at
o = 0= €& we have

Vkigh(. p) = (VKT p) = (VkIg)(@. 0+ (Vkig),|  (c6) +0(€"),
so

Wk ig)(o. pysectfs = (Vk ig) (. p(6))sectfs

= Wk fg®) (o, Osecte + (Vk fgd), o(eg)secrf‘s + O(e%€2sectfe).  (3.26)
,0:

In the 21 domain|¢| < % for some constarity > 0, so we have|&| < Ma./e. Herce, from
Eq.(3.26)we havenating éseché — 0 ast¢ — oo,

k@) (0, p(é)sectie = (Vk fg®) (o, O)sechs + O(v/e). (3.27)
Therefore, from using Eq3.27)in (3.25) and agin using & = (1 + O(/€))dodg sinee the

curvatureK of I' is bounded and|&| < M2./€, we have

. . 1 €
E|1noc;6(u6) = lim /Q {Efzg4(1—vf)2+Ekgzwvelz}dx,

3
lim / / vkfg sectfe dé do + lim O(Ve),
I Jigl<My/ /e €0

€e—0 ﬁ
1
= i — Wk tg®) (o, 0)secHs dsdo + lim O(J/e),
6@0/;“/5<M2/ﬁx/§( 9°) (0. O)sectf’s dido + lim (Ve)
< i/ Vk g’ (o, 0)do /oo secie ds = 2‘—@/ Vk fgi(o, 0)do,
V2 Jr —o0 3 Jr
:/ h(o, 0)do = Go(v). (3.28)
r

This completes the proof éfroperty 2.2 O

Remarks. (i) In the 2 C R2 case, letL(I) = [, vkfg*(0,0)do = [/ h(c, 0)do, where

o is the arc length along’. FromTheorem 2.3we havewyg is a solution of inf- L(I"). Since

inf L(I") implies for the minimiser’s curvéyp, §L(Ip) = Ow.rt. I'. Let p(o) be the dstance

alongii(o) from I'gto I' C £2. (Thisis well defined for curvel” with bounded curvature in
a stip |p| < & aboutlp for § > 0 sufficiently small.) Forp(c) € R, whereii is the normal

direction, and33—n is the normal derivative tép at the point given by

L(Ip+ p(o)i) — L(Ip) = / h(s, 0)ds — h(o, 0)do,
To+pi Iy

:/ h(cr,,o((r))(1+,0(a)K)d6—/ h(o, 0)do,
Io I

h
= / (h(e,0) + 8—(0, 0)p +0(p?))(L+ pK)do — [ h(o, 0)do,
To an o

= / {(h(a, 0K + @(a, 0)) o+ o<p2)} do. (3.29)
Io an
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HereK (o) is the curvature of y at the point. From the definition of a Gateaux (or even Frechet
with the appropriate norngerivative, we have the Gateaux derivativa ¢f") at o, for all small
o (o) which define nearby curves,

sL(Io)p =/

I'o
Note that if we introduce 4| - || for p in an appropriate spacedgh we could show thgB.30)
is a Frechet derivative.
At the minimiser (in fact, any crmcal point)p, SL(Io) = 0 meanssL (I'p)p = O, for all
o(0). Thus we must havie(o, 0)K + (cr 0) =0 forallo € I'p, wherely is a stationary value

of L(I"). That is, the arvature ofl g i |s K = —%g—ﬂ ato € I'o, whereh = vk fgs.

For the ralidly symmetrical inR" case, the curvature dfy is K = (”r’l), and so rdially

symmetric locally minimising solutions. (r) will have nodal curves whene, = 0 that are
circles (sphere) of radius near

(n—Dh(ro)
dh/dr (rg)
(ii) From Eq.(3.30) we oonsider, consistently dropping terms that atgs, p2),

SL(I'o+ p2i)p1 — 8L (I0)p1

ad oh
= / {hK+—}(S O),olds—/ {hK+— (0, 0)p1do
To+p2i I an

:/ {hK+%}(a ,02(0))(1+,02K),01dc7—/ hK+a—}(0’ 0)p1do
Io Iy

{hK—l—g—h}pda (3.30)

ro=M-1/Ko=—

h
==/{@K+a)wm+om+9)<mmm(uw%mma
I ol an/,

- / {hK + 8—} (0, 0)p10d0. (3.31)
o 0

From the definition of Gateaux derivative, or Frechet derivative (with the appropriate norm),
we have theacond derivative oL (I") at I for all small p1 and 2 given by

ah
a%uwmmzf'@K+—)(ammmw
To on n

+ / {hK + %} (0,0)p102Kdo. (3.32)
I

SinceK = han on Iy, from Eq.(3.32)we have
3°L(I0)p102 = hK+ — ) (0,0)p102d0.
I an n

Hence, ifs?L (1) p1p2 > O for all p1 andp, that is(hK + %)n (0,0) > 0 forx(o, 0) € I,
thenly is a local minimiser; also the steady-state solution of the corresponding time-dependent
problem is stable.

Although we use a completely different approach in this paper, it is encouraging that the
results stated in remaski) and (i) are the consistent with the asymptotic and numerical results
of the one-dimensional case if] jand the multi-dimensional case ii8][
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