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The work presented in this thesis centres on the development of a work-flow in which

coarse-grained molecular dynamics (MD) simulations of a planar phospholipid bilayer,

containing membrane proteins, is used to parameterize a larger-scale simplified bilayer

model. Using this work-flow, repeat simulations and simulations of larger systems are

possible, better enabling the calculation of bulk statistics for the system. The larger-scale

simulations can be run on commercial hardware, once the initial parameterization has

been performed.

In the simplified representation, each protein was initially only represented by the

position of its centre of mass and later with the inclusion of its orientation. The membrane

protein used throughout most of this work was the bacterial outer membrane protein

NanC, a member of the KdgM family of proteins. To parameterize the motion and

interaction of proteins using MD, the potential of mean force (PMF) for the pairwise

association of two proteins in a bilayer was calculated for a variety of orientational

combinations, using a modified umbrella sampling procedure. The relative orientations

chosen represented extreme examples of the contact regimes between the two proteins:

they approximately corresponded to maxima and minima of the solvent inaccessible

surface area, calculated when the proteins were in contact. These PMFs showed that

there was a correlation between the buried surface area and the depth of the potential

well in the PMF; this is something that, to date, has only been observed in these

relatively-‘featureless’ membrane proteins (but is seen in globular proteins), where the

effect of the interactions with lipids in the bilayer plays a larger role. Features in the

PMF were observed that resulted from the preferential organization of lipids in the region

between the two proteins. These features were small wells in the PMF, which occurred

at protein separations that corresponded to the intervening lipids being optimally packed

between the proteins. This result further highlighted the role that the lipids in the bilayer

played in the interaction between the NanC proteins.



The simplified bilayer model was parameterized using the PMFs and the relationship

between buried surface area and potential well depth. The initial model included only

the proteins’ positions. A series of Monte Carlo simulations were performed in order

to compare the system behaviour to that of an equivalent MD simulation. Initially,

the MD simulation and our parameterized model did not show a good agreement, so

a Monte Carlo scheme that incorporated cluster-based movements was implemented.

The agreement between the MD simulation and the simulations of our model using the

cluster-based scheme, when comparing diffusive and clustering behaviour, was good.

Including the orientation-dependent features of the parameterization resulted in the

emergence of behaviour that was not clearly detectable in the MD simulation.

Finally, attempts were made to parameterize the model using PMFs for the association

of rhodopsin from the literature. Rhodopsin was a much more complicated protein to

represent: there was not a clear correlation between surface area and the features of the

PMF, and the geometry of the interaction between two rhodopsins was more complicated.

Simulations of the ‘rows-of-dimers’ system of rhodopsin, observed in disc membranes,

was not entirely well represented by the model; for such a closely packed system, where

the number of lipids is much closer to the number of proteins, the use of an implicit-lipid

model meant that the effect of the reduced lipid mobility was not adequately captured.

However, the model accurately captures the orientational composition of the system.

Future work should be focussed on incorporating explicit representations of the lipid in

the system so that the behaviour of close-packed systems are better represented.
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Chapter 1

Introduction

The cellular membrane is a complex and essential part of

all living organisms: many of the most important metabolic

processes are affected by the behaviour linked to the membrane

environment. The work presented in this thesis is focussed

on the cellular membrane and its processes. Modelling and

simulation is used to develop a work-flow aimed at improving

our understanding of the movement of and interaction between

proteins in the membrane.
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Chapter 1: Introduction

1.1 The importance of the cellular membrane

At the most basic level, the cellular membrane separates the cell from its surroundings;

it provides a compartment within which interactions beneficial to the cell’s survival

are more likely to occur (Deamer et al. 2002). The origins of cell membranes are a

topic of debate (Ruiz-Mirazo et al. 2014), but much credence is given to theories based

around the notion of early membranes having a similar structure but formed from simpler

molecules (Rendón et al. 2012). The membranes surrounding prebiotic life may have

only passively provided a more productive environment for self-replication to occur

than in the surrounding sea, but these simple structures have evolved into a varied and

multi-functional part of all organisms.

The cellular membrane, most often observed as a bilayer structure wrapped around

to form a vesicle, is host to a multitude of molecules whose interactions and operations

form part of an organisms metabolic process. Accounting for approximately a quarter of

the coding regions of an organism’s genome (Nilsson et al. 2005), membrane-associated

proteins control the transport of solutes between a cell and its surroundings, facilitate

cellular movement, and regulate many aspects of cellular behaviour.

Throughout much of this thesis we are concerned with membrane proteins found in

the outer membranes of Gram-negative bacteria; Gram-negative bacteria are surrounded

by two concentric membranes, which are separated by a periplasmic region. The outer

membrane is composed of phospholipids in the inner (i.e. periplasmic) leaflet of the

bilayer, and of lipopolysaccharides in the outer leaflet. Within this outer membrane many

species of outer membrane proteins (OMPs) are found; OMPs are a class of integral

membrane proteins whose secondary structures are almost exclusively 𝛽-barrels (Koebnik

et al. 2000). Many of these 𝛽-barrel OMPs are porins (OmpC, OmpF, LamB, NanC, for

example), through which small (approximately 500 g mol−1) molecules can diffuse across

the membrane. Porins provide a route for many antibiotics into bacterial cells and are

potential targets for vaccines (Nikaido 2001).

2



1.2: The role of computer simulation in biological research

1.2 The role of computer simulation in biological research

There are many challenges associated with experiments on cell membranes in vivo and in

vitro, so it is important that we strive to improve the methods by which we can simulate

membrane environments. Computer simulations, often described as in silico experiments,

provide a complementary approach to both in vitro and in vivo studies (Stansfeld et al.

2011), enabling us to probe the microscopic interactions underlying membrane processes.

It is through in silico experiments that we can hope to reduce the time taken to perform

and the cost of undertaking research in important areas, such as drug discovery, and

attempt to understand more fully the processes governing protein dynamics in the bilayer

(Efremov et al. 2004; Burrage et al. 2011; Lyubartsev et al. 2011). Simulations can

be performed on many scales, from the motion of the individual atoms in a system to

the representation of an entire organism. The multi-scale nature of biological processes

present significant simulation challenges. How can we effectively unite processes that

occur on different time and length scales?

Molecular dynamics (MD) simulations have been used to explore a range of mem-

brane proteins (Stansfeld et al. 2011), in addition to related approaches such as Monte

Carlo (Janosi et al. 2010) and Brownian dynamics (Cui et al. 2008) simulations. In

particular, simulations using a coarse-grained approximation (Monticelli et al. 2008) have

been used to increase the time and length scales that are accessible to MD simulations.

By using coarse-grained MD simulations, it has been possible to perform simulations

containing hundreds of proteins and thousands of lipids. Such simulations may be used

to investigate protein clustering on a large scale and the effect of the motion of lipids.

The behaviour of large systems may exhibit significant differences from what would

be expected if we were to extrapolate the behaviour observed in simulations of smaller

systems. It is by performing large simulations that emergent behaviour, which is inherent

to systems above a certain size, could be investigated. It is also important to try to

investigate membrane systems that have a diverse array of constituents, something

3



Chapter 1: Introduction

which will better approximate membranes in vivo. However, using MD to investigate

such systems requires a lot of computational power. The use of supercomputers, with

thousands of compute cores dedicated to each simulation, is required to complete the

simulations in a reasonable length of time (usually days). With the increasing availability

of supercomputing time, coupled with the decrease in cost, it has become easier to carry

out such simulations, but it would be advantageous to have more computationally efficient

simulations, especially for running repeat simulations to generate statistics describing

the system behaviour.

1.3 The aim of this thesis

In this thesis we use modelling and simulation to bridge the gap between two different

scales. By using coarse-grained MD to characterize the interaction between a pair of

OMPs, we are able to understand more about the rules that govern protein-protein

interaction in the bacterial outer membrane; in this work we use a sialic acid porin, NanC,

which is found in E. coli. Using this characterization we develop and parameterize a

discrete model of the membrane, in which the NanC proteins are represented by their

centres of mass in a planar patch of membrane with implicit lipids. We create this

simplified representation to enable repeat simulation of a membrane system so that we

can calculate statistics describing the behaviour of the proteins. We are able to do so

because simulating it has greatly reduced requirement for computational resources.

Throughout this thesis we wish to compare the performance of our simplified model to

data so that we can assess its performance. The data we use for most of the comparisons

are obtained from a large membrane simulation performed by Dr. Joseph Goose. Large

coarse-grained MD simulations, the largest containing hundreds of OMPs, were performed.

The simulations have so far primarily been used to study the diffusion of lipids and

proteins (Goose et al. 2013; Chavent et al. 2014), but a publication on the clustering of

proteins using these large membrane simulations is in preparation. The OMPs simulated

4



1.3: The aim of this thesis

Figure 1.1: A coarse-grained representation of a bilayer system containing 256 OmpA
proteins (cyan), 28260 POPE molecules (brown) and 9420 POPG molecules (red).
Adapted with permission from Chavent et al. (2014).

were the proteins FhuA, LamB, NanC, OmpA and OmpF. An example of the scale of

the simulations can be seen in Figure 1.1 for the large membrane simulation containing

256 OmpA proteins. We use data from the one of the simulations of NanC extensively

throughout this thesis as a means to evaluate the performance of our simplified model.

The MD simulations were performed using a bilayer constructed from approximately

38000 lipids. The lipid species used to create the bilayer were POPE and POPG, at a

ratio of 3:1. The bilayer contained 256 NanC proteins and was built by successively tiling

smaller patches of membrane to create a larger patch, equilibrating at each stage. The

protein density corresponds to an initial protein separation of approximately 7.5 nm,

assuming proteins were initially placed on a uniform square grid. The NanC simulations

were 1 𝜇s long and took a week to run on thousands of computer cores. Comparisons

between simulations of our model and the MD simulations were made using the positions

and orientations of the NanC proteins in the MD simulation: the same degrees of freedom

that are represented in our reduced model.

5



Chapter 1: Introduction

1.4 The structure of this thesis

The work presented in this thesis is arranged into the following chapters. Literature on

in vivo and in vitro methods used to study membrane biology is reviewed in Chapter 2.

This discusses research into protein movement and clustering and the interactions that

play a role in such behaviours. The literature on studying membranes and membrane

proteins using MD and using other larger-scale discrete simulation methods is reviewed

at the beginnings of Chapters 3 and 4, respectively; these are the chapters containing our

results from employing such methods. Chapter 3 presents the results of our investigations

into the interaction between a pair of NanC proteins, characterized by the potential

of mean force (PMF); the work in this chapter resulted in the publication: “The free

energy landscape of dimerization of a membrane protein, NanC.” (Dunton et al. 2014).

In Chapter 4 we develop a simple model of the membrane that contains proteins whose

interactions are based on the PMFs presented in Chapter 3. This model is extended

in Chapter 5 to include orientational degrees of freedom, whose behaviour are also

parameterized by the PMFs of Chapter 3. The conclusions of the research presented in

this thesis are presented in Chapter 6.
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Chapter 2

Membrane Biology Literature

This chapter reviews research from the literature that focuses

on cell membranes and the behaviour of membrane proteins,

both in vivo and in vitro. Starting with a discussion of the

historical representation of the cell membrane, the fluid-mosaic

model of the membrane is discussed. Challenges to the fluid-

mosaic model are presented in view of recent experimental

evidence. Research relating to the diffusion and clustering or

proteins in the membrane, including hydrophobic mismatch,

lipid rafts and anomalous diffusion is reviewed. Finally, studies

on the role and character of protein-protein interactions in the

membrane discussed, alongside an overview of the techniques

used.
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Chapter 2: Membrane Biology Literature

2.1 Introduction

Cells, first discovered by Hooke (1665), are the building blocks of all organisms. Early

work on the theory of cells began in the first half of the 19th century, but it was with

the work of Overton, in which he hypothesized that the membrane was made of lipid

molecules, where some of the first steps in the understanding of membrane biology were

taken (Overton 1895). Gorter et al. (1925) demonstrated that the amount of “lipoids”

present in a cell were exactly sufficient to cover its surface twice, leading them to suggest

that these lipids formed a membrane that was two molecules thick. Electron microscope

images of the membranes of axons led to the development of the unit membrane theory,

in which it was suggested that the lipid bilayer was surrounded on either side by a layer

of proteins (Robertson 1972). This view was later shown to be incorrect and was replaces

by the fluid-mosaic model of Singer et al. as the de facto model of cellular membranes.

Firstly, we look at the fluid-mosaic model of the membrane and how its accuracy as a

description of cell membranes has been questioned and updated since its inception in the

1970s. Next we discus research into the diffusion and clustering of membrane proteins

in vivo and in vitro. Finally, we review work that has focussed on understanding and

characterizing the interactions between proteins in the membrane.

2.2 The fluid-mosaic model of cell membranes

The fluid-mosaic model of membranes was initially proposed by Singer et al. (1972); it

was based on fluorescence experiments in which two, initially segregated, antigens, tagged

with different fluorophores, were seen to mix upon membrane fusion (Frye et al. 1970).

The fluid-mosaic model describes the membrane as a phospholipid bilayer structure.

Phospholipids are amphipathic, the result of which is that they preferentially organize

themselves so that their hydrophilic head groups are in contact with water and their

hydrophobic tails are shielded from water. The bilayer structure is formed of two layers of
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lipids, in both of which the lipids have their head groups in contact with the surrounding

water-based environment and their tails in contact with the tails of the other layer of

lipids. The fluid-mosaic model describes the bilayer as an environment populated with

integral membrane proteins. Some of these proteins span the entire bilayer, in contact

with the environment on either side of the bilayer; these proteins can act as transporters

of ions across the membrane or as part of signalling processes. Other proteins may be

embedded in only one leaflet of the bilayer, acting as markers to other metabolic processes

by identifying the membrane or as part of an enzymatic process. The fluid-mosaic model

describes the bilayer as mostly consisting of phospholipids, with the integral membrane

proteins freely diffusing in the plane of the membrane.

At over 40 years old, the fluid-mosaic model has persisted due to its success as a general

model that describes many of the behaviours observed in the complicated environment

of cell membranes, but it has not done so without attracting criticism (Engelman 2005)

and revision (Nicolson 2014). Most of its initial assertions have been challenged during

the course of its existence; for instance, its assertions that the membrane is a random

two-dimensional fluid, that the membrane has a uniform thickness to which proteins’

hydrophobic regions are tuned, and that integral membrane proteins occupy a very small

fraction of the membrane surface area have all been challenged. Non-random lateral

organization of the membrane has been observed as a result of lipid behaviour (Lingwood

et al. 2009) and as a result of the interaction of membrane proteins with cytoskeletal

structures and the extracellular matrix (Kusumi et al. 2005). For instance, optical tweezers

were used to drag the immobilized protein Qa-2 across a cell membrane and discrete

positions were identified at which the protein experienced a high resistance; these positions

corresponded to cytoskeletal attachment sites (K. Suzuki et al. 2001). Lipid bilayer phase

and thickness, as well as varying as a result of non-uniform bilayer compositions, can be

modulated by the presence of proteins: Killian et al. (1996) and Mitra et al. (2004) used

nuclear magnetic resonance and electron microscopy techniques, respectively, to show

9



Chapter 2: Membrane Biology Literature

that the presence of proteins and peptides could lead to changes in the thickness of lipid

bilayers. In many situations cell membranes are crowded environments, with an area

fraction of 25% or greater taken up by membrane proteins: Dupuy et al. (2008) shaved the

surface of a cell using NaOH to leave only the transmembrane 𝛼-helices in the membrane;

using this shaved membrane they made measurements of the density to estimate the

protein area-occupancy. The protein area-occupancy is also effectively increased when

the membrane is populated by proteins that have large extra-membrane regions, which

create steric contacts outside of the membrane: the Kv channel protein Kv1.2 (Long et al.

2005) and F1F0-ATP synthase (Giraud et al. 2012) both have large extra-membrane

regions that will affect the minimum separation of proteins in the membrane.

2.3 Membrane protein diffusion and clustering

The diffusion and clustering of proteins in the membrane is vital to many metabolic

processes. Voltage-gated ion channels are precisely distributed in the membranes of

neurons so that signals are transmitted correctly (Choquet et al. 2003). Also, any

breakdown in the organization of proteins in the membrane, possibly resulting from

mutations to the proteins themselves, can lead to a number of diseases (Cobbold et al.

2003). Because of the important role played by the motion and clustering of membrane

proteins, it is a very active area of research.

Movement in the membrane is noisy, but there are a host of experimental techniques

that enable us to gather information (Owen et al. 2009). Fluorescent techniques can

be used to measure bulk diffusion characteristics of proteins in the membrane across a

range of time and length scales. Ramadurai et al. (2009) used fluorescence correlation

spectroscopy (FCS) to investigate lateral diffusion of proteins in vesicle membranes and

were able to verify that the diffusion coefficient varies with the radius of the protein;

in FCS the autocorrelation of fluorescence intensity measurements taken from a small

volume, is used to discern the diffusive behaviour of tagged proteins. Another factor
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2.3: Membrane protein diffusion and clustering

that can affect the diffusion of proteins is hydrophobic mismatch: the difference between

the length of the hydrophobic region of the protein and the thickness of the membrane.

Fluorescence recovery after pattern photobleaching (FRAP) was employed by Gambin,

Reffay, et al. (2010) to investigate how protein diffusion coefficients were affected by

variations in hydrophobic mismatch; FRAP involves photobleaching a region of membrane

that contains fluorescently-tagged proteins and then observing the recovery of fluorescence,

driven by the diffusion of still-fluorescing proteins into the photobleached region, to study

the diffusive behaviour. Brown (2006) was able to use FRAP to investigate the diffusion

properties of proteins with varying affinities for rafts. Diffusion of membrane proteins is

often described by the Saffman-Delbrück model (Saffman et al. 1975), which was verified

to hold in both the small and large protein regimes by Weiß et al. (2013) using FCS; the

Saffman-Delbrück model represents membrane proteins as cylinders, which are embedded

in a three-dimensional planar fluid (representing the bilayer) surrounded by a less-viscous

fluid (representing the cytosol), and uses fluid-dynamics to derive the equations of motion

for the protein cylinders.

There has been much work on studying the anomalous diffusion of membrane proteins,

where the diffusion has a nonlinear relationship with time. Single molecule tracking

experiments (in which the individual trajectories of fluorescently-tagged proteins are

measured) have demonstrated that under certain conditions membrane proteins undergo

anomalous diffusion (Schütz et al. 1997; Weiss et al. 2003; Lenne et al. 2006; Spillane et al.

2014). Recruitment of proteins to lipid microdomains (Lasserre et al. 2008), interaction

with the cytoskeletal network (Lenne et al. 2006) and coupling between the two bilayer

leaflets (Spillane et al. 2014) all contribute to the anomalous diffusion of certain proteins.

However, not all membrane proteins undergo anomalous diffusion: Crane et al. (2008)

demonstrated that the diffusion of aquaporin-1 was not affected by the disruption of

the cytoskeletal network and underwent long-range normal diffusion. By studying the

movement of membrane proteins that cooperate as part of some process, it is possible to
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understand more about the mechanics of the operation. Spector et al. (2010) measured

the diffusion coefficients of OmpF and BtuB, using single molecule tracking in vivo,

and showed that the formation of the colicin translocon complex depends on a collision

between the relatively mobile BtuB and the relatively-immobile OmpF.

As well as playing a role in modulating protein function, as observed with the lipid

PIP2 and various ion channels (Suh et al. 2008) and with EGF receptor (Coskun et

al. 2011), lipids and other non-protein membrane constituents play an important role

in controlling protein movement in the membrane. For instance, the function and

cortical-actin-mediated stabilization of ATP-binding cassette transporters were found

to be highly dependent on their being located in a lipid raft (Kok et al. 2014). Lipid

microdomains, or lipid rafts, are regions within the lipid bilayer that are enriched with

sphingolipids and sterols such as cholesterol (known to increase membrane thickness and

rigidity (Roduit et al. 2008)) and are thought to play an active role in many processes

requiring lateral organization in the membrane (Simons et al. 1997; Lingwood et al.

2009).

Whilst the majority of discussion as to the nature of membrane protein cluster formation

has focussed on lipid rafts, it should be noted that lateral organization of membranes is

a more general property; lateral organization of lipids (Mileykovskaya et al. 2000) and

proteins (Spector et al. 2010) has been observed in E. coli with studies on the patterns

formed by fluorescently-tagged lipids during growth and with single molecule tracking,

respectively, and is also observed in many more bacterial species (Mileykovskaya et al.

2005). The functional importance of protein clustering is demonstrated by the above

example with the colicin translocon. Clustering of proteins may also be the result of

the preferential association of combinations of proteins, for instance, as observed in

syntaxins (Sieber et al. 2007), where it is the protein-protein interaction that is key to

understanding behaviour.
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2.4 Protein-protein interactions in the membrane

It is through protein-protein interaction that many metabolic processes are controlled

and more still involve some form of protein-protein interaction. Membrane protein

complexes are involved in the assembly of other membrane proteins, for instance, the

𝛽-barrel proteins of various bacterial outer membranes (Höhr et al. 2015), or as part of

protein transport, for instance in the bacterial holo-translocon studied by Schulze et al.

(2014) who assessed the stoichoimetry and activity of the complex by looking at relative

expression levels of the constituent proteins. Only by understanding the way in which

the proteins interact with each other in the membrane can we get a full understanding of

how these kinds of processes are facilitated by the membrane environment and protein

features. Useful information that we hope to gain about protein-protein interactions

includes: knowledge of binding modes, association-dissociation equilibria, and biophysical

mechanisms controlling the interactions.

The existence of interactions between proteins can be identified using proteomics (Ngounou

Wetie et al. 2013) and fluorescence techniques (Lowder et al. 2011), leading to the creation

of protein interaction networks. However, it is only through more-detailed qualitative

and quantitative studies of protein-protein interactions that we can understand how the

dynamics of the membrane play a role in these interactions. Fluorescence techniques like

Förster resonance energy transfer (FRET), which was first used to study membranes by

Fernandez et al. (1976), can measure binding affinities using tagged proteins by detecting

the interaction between different types of fluorophore (detectable in the emission of

certain wavelengths of light) that have been used to tag various different components

of the system. For instance, the membrane associated dimerization of N-BAR domains

(Capraro et al. 2013), and the oligomerization state of transporters (Sergeev et al. 2012)

and G protein-coupled receptors (GPCRs) (Maurel et al. 2008; Albizu et al. 2010) have all

been investigated using FRET. Single particle tracking has also been used to characterize

the monomer-dimer equilibrium rate constants of a GPCR (Kasai et al. 2011) and to
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study the dimerization state of glycosylphosphatidylinositol-anchored proteins, which

are associated with lipid rafts (K. G. N. Suzuki et al. 2012). Using quantum-dots as

fluorescent labels, the dimerization of erbB1 was studied in order to understand the

role that ligand binding had on the lifetime of the dimers; it was found that the ligand

binding resulted in a longer-lived dimer (Low-Nam et al. 2011).

Other techniques for understanding the energetics of protein-protein interaction in-

volve biochemical, rather than physical, techniques. For instance, the dimerization of

transmembrane 𝛼-helices in glycophorin was investigated by Fleming et al. (2001) using

sedimentation equilibrium analytical ultracentrifugation; they found that the energetics

of helix-helix interaction could be explained using simple protein-protein interaction

principles and that the contributions to the energy of association were not uniformly

distributed across the interaction site. Sedimentation equilibrium using analytical cen-

trifugation involves spinning a container of the proteins of interest in solution at a speed

that it high enough to force the proteins toward the side of the container, but not high

enough to form a pellet. This action creates a gradient of proteins across the container, as

the action of the centrifuge is balanced by the diffusion of the proteins. Once equilibrium

is reached, the form of this gradient can be used to calculate the proportion of proteins

that are oligomerized because its form is a function of the mass of the proteins, not

their shape. Ebie et al. (2007) also used this method to discover that the dimerization

energy of an erythropoietin receptor was different for the murine and human variants of

the protein, suggesting that they may perhaps play different roles in the two organisms.

This work on 𝛼-helical proteins suggested a linear correlation between the strength of

interaction and the buried surface area of the protein complex. There are many published

examples of experimentally determined dimerization energies for 𝛼-helical membrane

proteins and peptides (Russ et al. 1999; Cristian et al. 2003; Doura et al. 2004; Ebie et al.

2007; MacKenzie et al. 2008), but relatively few for 𝛽-barrel proteins: one important

example being the dimerization free energy of the phospholipase OMPLA, which was
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found to be in the region −25 to −35 kJ mol−1 (Stanley et al. 2006) and was not observed

to correlate with the buried surface area (Ebbie Tan et al. 2008).

Recently there have been advances in the use of atomic force microscopy (AFM), first

developed by Binnig et al. (1986), to study membrane proteins in a bilayer environment.

Work by Ando (2012) and Casuso et al. (2012), who used high-speed AFM to study the

dynamics of membrane proteins in supported bilayer membranes, has shown that AFM

promises to be an invaluable experimental technique as the field of high-speed AFM

matures.

2.5 Summary

The cell membrane continues to be a very active focus of research, with a multitude

of techniques employed, both in vivo and in vitro, and from a range of disciplines, in

order to understand the operation of this important system. With membrane proteins

playing a key role in many diseases and as the targets for many pharmaceuticals, their

importance is unlikely to change. It is for this reason that we must also use modelling

and simulation to complement the work done in vivo and in vitro, and improve our ability

to reason about the processes that govern behaviour of the cellular membrane. Literature

related to in silico experimentation using molecular dynamics and using discrete-protein

simulation techniques is reviewed in Chapters 3 and 4, respectively.
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Chapter 3

Characterizing the Free Energy

Landscape of NanC dimerization with

the Potential of Mean Force

This chapter describes the use of molecular simulations to

calculate the free energy of association for a pair of bacte-

rial outer membrane proteins. This is done by calculating

orientationally-restrained potentials of mean force for various

combinations of the relative orientations of two NanC proteins,

as a functions of their separation. The aim of this characteriza-

tion is to gain a deeper understanding of this three-dimensional

free energy landscape (the proteins’ separation and their two

orientations) by looking at specific hypersurfaces through the

higher-dimensional free energy landscape. In later chapters

this characterization of the interaction is used to parameterize

a simplified model of the bacterial outer membrane.
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3.1 Introduction

The complexity of the bilayer environment makes the detailed study of membrane proteins

difficult. The advent of new techniques constantly brings new insight into membrane

proteins, but the difficulty in doing so makes computer simulations of model systems a

useful approach. Using simulations we are able to provide a deeper understanding of the

interactions that determine membrane organization at the level of proteins and small

molecules.

3.1.1 Molecular dynamics

Molecular dynamics (MD) simulations of a system traditionally represent molecules in

near-complete atomic detail. Originally developed by Alder et al. (1959), simulations

proceed by integrating the equations of motion for the system.

3.1.1.1 The equations of motion

Newton’s second law states that the rate of change of an object’s momentum is equal

to the net force acting on that object. This is captured in the following equation for a

system of N objects,

𝐅u� = 𝑑𝐩u�
𝑑𝑡

, (3.1)
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where 𝐅u� is the net force on the 𝑖th object and 𝐩u� is its momentum. Since Newton’s law

is only valid for constant mass systems, it is usually represented as

𝐅u� = 𝑚u�
𝑑𝐯u�
𝑑𝑡

, (3.2)

where 𝑚u� is the 𝑖th objects mass and 𝐯u� its velocity.

MD simulations apply Newton’s second law to a system of interacting atoms, evolving

the system state by integrating Equation (3.2) for all of the atoms in the system. The

equations of motion are stated as a set of pairs of coupled first-order ordinary differential

equations

𝐅u� = 𝑚u�
𝑑𝐯u�
𝑑𝑡

,

𝐯u� = 𝑑𝐱u�
𝑑𝑡

,
(3.3)

where 𝐱u� is the position of the 𝑖th particle. The force on the 𝑖th particle is given by the

negative gradient of the potential energy

𝐅u� = −𝜕𝑉 ({𝐱u�}u�)
𝜕𝐱u�

. (3.4)

where the potential energy, 𝑉 , in MD simulations is a function of the positions of the 𝑁

particles in the system, {𝐱u�}u� .

3.1.1.2 Numerical integration of the equations of motion

For a system of more than two objects, there is no analytical solution to the equations of

motion, so the evolution of the system must be evaluated using a numerical integration

scheme. The numerical schemes used in MD simulations are usually selected based on

their ability to satisfy time-reversibility (integrating forward 𝑛 steps and then backward

𝑛 steps returns the system to its initial state), their symplectic nature (they conserve a
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slightly perturbed energy of the underlying system) and their high-order numerical error

with low computational complexity. One such scheme, the one that we employ in our

MD simulations in this chapter, is the leapfrog method.

The leapfrog method can be derived as follows. Firstly, we make a Taylor approximation

for the position 𝐱u� of a particle at time 𝑡 + Δ𝑡, giving

𝐱u�(𝑡 + Δ𝑡) = 𝐱u�(𝑡) + 𝑑𝐱u�(𝑡)
𝑑𝑡

Δ𝑡 + 1
2

𝑑2𝐱u�(𝑡)
𝑑𝑡2 Δ𝑡2 + 𝒪(Δ𝑡3). (3.5)

Next, we make a similar approximation for the velocity 𝐯u� of a particle at time 𝑡 + 1
2Δ𝑡,

giving

𝐯u�(𝑡 + 1
2

Δ𝑡) = 𝐯u�(𝑡) + 1
2

𝑑𝐯u�(𝑡)
𝑑𝑡

Δ𝑡 + 1
8

𝑑2𝐯u�(𝑡)
𝑑𝑡2 Δ𝑡2 + 𝒪(Δ𝑡3). (3.6)

Since 𝐯u�(𝑡) = u�u�u�(u�)
u�u� , we can substitute Equation (3.6) into Equation (3.5), giving

𝐱u�(𝑡 + Δ𝑡) = 𝐱u�(𝑡) + 𝐯u�(𝑡 + 1
2

Δ𝑡)Δ𝑡 + 𝒪(Δ𝑡3). (3.7)

Then subtracting the reverse approximation of Equation (3.6), given by

𝐯u�(𝑡 − 1
2

Δ𝑡) = 𝐯u�(𝑡) − 1
2

𝑑𝐯u�(𝑡)
𝑑𝑡

Δ𝑡 + 1
8

𝑑2𝐯u�(𝑡)
𝑑𝑡2 Δ𝑡2 − 𝒪(Δ𝑡3), (3.8)

from Equation (3.6), we get

𝐯u�(𝑡 + 1
2

Δ𝑡) = 𝐯u�(𝑡 − 1
2

Δ𝑡) + 𝑑𝐯u�(𝑡)
𝑑𝑡

Δ𝑡 + 𝒪(Δ𝑡3). (3.9)

By combining Equations (3.2), (3.4) and (3.9), we get

𝐯u�(𝑡 + 1
2

Δ𝑡) = 𝐯u�(𝑡 − 1
2

Δ𝑡) − 1
𝑚

𝜕𝑉 ({𝐱u�(𝑡)}u�)
𝜕𝐱u�

Δ𝑡 + 𝒪(Δ𝑡3). (3.10)

Equations (3.7) and (3.10) are the coupled equations that are solved in the leapfrog

method. From these equations it is clear why it is called the leapfrog method because we
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are evaluating the positions and velocities at interleaved time-steps.

3.1.2 Understanding protein-protein interactions using molecular

dynamics simulations

Atomistic MD simulations typically use a time-step length in the range of femtoseconds,

which make them very computationally demanding, often infeasible, when studying large

systems and/or long time scales. The membrane processes in which we are interested—

protein association-dissociation and protein diffusion—occur on the time scale of microsec-

onds, and as such are currently not easily accessible to atomistic simulations. To remedy

this, enabling simulation of processes over timescales of 10–100 𝜇s, which is appropriate

for characterising protein association-dissociation events, we can try to reduce the dimen-

sionality of the system. Using a system with a reduced number of degrees of freedom

reduces the computational requirements of the numerical integration scheme. Various

methods of dimensionality-reduction exist. For instance, by representing the bonded

interactions between atoms using functions of the bond angles and dihedral angles, as in

torsion-angle dynamics (Stein et al. 1997), the complexity of calculating the potential

functions is reduced. It is also possible to reduce the complexity of a simulated system

by using translations and rotations of clusters of atoms as rigid bodies, although such

cluster moves can only be implemented in Monte Carlo simulations of molecular systems

because the size and frequency of the moves made will have complicated dependencies on

the size and shape of the cluster.

To reduce the dimensionality of our system we will use a coarse-graining procedure,

in which the atomistic system is mapped to a coarse representation where, on average,

four heavy atoms are mapped to one coarse-grained particle. The procedure that we

use is an extension of the Martini coarse-grained model (Marrink, Risselada, et al. 2007;

Monticelli et al. 2008). As well as reducing the number of particles in the system, the

Martini model also uses simplified and truncated forms of the potential. The non-bonded
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interactions are represented by a Lennard-Jones 12-6 potential of the form

𝑉u�u� = 4𝜖u�u�
⎡⎢
⎣

( 𝜎
𝑟u�u�

)
12

− ( 𝜎
𝑟u�u�

)
6
⎤⎥
⎦

, (3.11)

where 𝑉u�u� is the potential between particles 𝑖 and 𝑗 separated by a distance 𝑟u�u�; 𝜖u�u� ranges

between 5.6 kJ mol−1, for strongly polar particles, and 2.0 kJ mol−1, for polar and apolar

particles; and 𝜎 is 0.47 nm. When the particles 𝑖 and 𝑗 are charged, the non-bonded

interaction also includes a Coulomb-type interaction energy. Both the Lennard-Jones

and Coulomb potentials have infinite range, so they are implemented in a shifted form in

the Martini model, with a cut-off distance of 1.2 nm. The bonded interactions between

the atoms, for instance the atoms in a proteins, are represented by harmonic interactions

for bond length and angle and multimodal dihedral potentials. An elastic network of

harmonic restraints is also applied to the proteins in order to preserve their secondary

structure; the secondary structure would be stabilized by directional hydrogen bonds in

an atomistic representation, but these are not represented in Martini’s coarse-grained

model (Marrink and Tieleman 2013).

These coarse-grained models have been used to study protein-protein interactions

by looking for protein-protein interfaces in self-assembly simulations (Chng et al. 2011;

Prakash et al. 2011), in which many repeats of long coarse-grained simulations are

combined to give an insight into the possible binding configurations of the proteins. The

approach of using self-assembly simulations to study protein-protein interactions is not

always sufficient: Arnarez et al. (2013) found that simulations of 100 𝜇s were not long

enough to sample thoroughly some of the association-dissociation events.
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3.1.3 Using the potential of mean force to describe protein-protein

interactions

Another approach for investigating the nature of protein-protein interactions is to calculate

the potential of mean force (PMF), which is a measure of the free energy of the interaction

as a function of some reaction coordinate, or coordinates (Torrie et al. 1977; Roux 1995).

This is a useful quantity to calculate because by understanding how the free energy

changes for a particular reaction coordinate relevant to an aspect of the system that

we are trying to understand, we are able to surmise how the dynamics of the system

along that reaction coordinate progress. The simulations used to calculate the PMF are

subject to the same sampling limitations as the self-assembly approaches discussed above.

Specifically relevant to the investigation of membrane proteins, there is the issue of the

slow lipidation and delipidation of the protein-protein interface. Total sampling times

required to achieve convergence of the PMF are often in the range 0.1–1 ms (for instance

D. Sengupta et al. (2010) performed 21 simulations of up to 8 𝜇s to calculate the PMF for

association of glycophorin A), which again necessitate the use of coarse grained models.

Much work investigating protein-protein interactions has focussed on the calculation of

PMFs for 𝛼-helical peptides and proteins (Hénin, Pohorille, et al. 2005; Janosi et al. 2010;

D. Sengupta et al. 2010; Johnston et al. 2011; Benjamini et al. 2013). Periole, Knepp,

et al. (2012) undertook one of the most advanced studies on protein-protein interactions

for an 𝛼-helical protein, rhodopsin, where the PMF was calculated for various relative

protein orientations, which were identified as interesting candidates from a set of large

self-assembly simulations. They found that there was a strong interaction in certain

orientations, and almost no interaction in others. This suggested specific binding modes

of rhodopsin, which enable the formation of chain-like structures as observed in rod

membranes. However, to date, there has not been much work on calculating PMFs of

𝛽-barrel proteins. Casuso et al. (2012) calculated the PMF for the association of OmpF

trimers; the PMF was used to explain the observed clustering behaviour of the proteins
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using high-speed atomic force microscopy. Various intermediate states were identified

corresponding to relative orientations with differing amounts of protein contact, with the

orientations having greater contact occurring with a lower free energy. The validity of

coarse-grained models of protein systems to study protein-protein interactions, compared

to using an atomistic representation, was investigated by May et al. (2013) for two soluble

proteins. Looking at the interaction energy of the TCR–pMHC complex and the MP1–p14

scaffolding complex, they found that the free energy of association was at least as good

using the coarse-grained Martini model as when using a fully-atomistic representation

in comparison to experimentally determined values. There have not, however, been any

validations of coarse-grained protein-protein interaction calculations using membrane

proteins, where it is likely that different interactions will play an important role.

Through studies like these, where the PMF for a given protein or pair of proteins

is calculated, we are able to characterize a specific protein-protein interaction in a

manner that is not possible using only self-assembly simulations. We can investigate the

interaction in detail, enabling a full characterization of the proteins’ behaviour along some

predetermined reaction coordinate. Such an assessment is useful not only for investigating

the kinetics of the system, but also for informing us about the nature of its dynamics.

3.1.4 The structure of this chapter

This chapter describes the calculation of PMFs for the bacterial outer membrane protein

(OMP) NanC, whose crystal structure is shown in Figure 3.1 and was calculated with a

resolution of 2 Å (Wirth et al. 2009). NanC is a 𝛽-barrel protein, acting as a porin for the

transport of sialic acid into E. coli. The pore is lined by two strings of basic residues which

face each other, which is assumed to facilitate the diffusion of oligosaccharides (Wirth et al.

2009) and has an overall charge of −1. It is a relatively-featureless protein, which does not

have any specific binding modes, which makes it an ideal candidate to investigate more

general properties of protein-protein interactions in the bilayer. Firstly, we introduce
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(a) (b)

Figure 3.1: (a) Crystal structure of NanC obtained from from the Protein Data
Bank (Wirth et al. 2009). Carbon atoms are shown in green, oxygen in red, nitrogen
in blue, and sulphur in yellow. Atoms in the structure file that do not belong to the
protein are shown in grey and consist of detergent molecules from the purification
process. (b) The secondary structure of NanC. It is a 𝛽-barrel constructed of 12
anti-parallel 𝛽-sheets.

the theory behind free energy calculations and the methods that we use throughout the

chapter. Next, we illustrate, by example, the use of umbrella sampling to calculate the

PMF for the association of NanC in the bilayer. Then we introduce a novel method for

investigating the PMF for specific protein-protein interfaces using a restrained system.

Finally, we look at some interesting features of these restrained PMFs and the relation to

the biophysical processes that may cause them.
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3.2 Theoretical background to potential of mean force

calculations

The PMF is used to characterize the change in a system’s free energy (the total energy

available to do work) as one or more reaction coordinates change. With knowledge of the

changes in free energy that result from a particular process we are able to say whether

or not that process will occur spontaneously or would require the input of energy. The

reaction coordinates could be any combination of the internal coordinates of the system,

for instance, the angle of a peptide bond in a protein, the distance between a ligand and

its binding site on a protein, or, as in our case, the distance between two proteins in a

lipid bilayer. To characterize the free energy landscape of dimerization for two proteins,

we will calculate the PMF as a function of the inter-protein separation.

3.2.1 Thermodynamic ensembles

The state of a thermodynamic system (a system defined as a volume in space separated

from its surroundings by a boundary) is completely described by the state of all its

constituent particles: the microstate of the system. For a given system, we can define

macroscopic observables—such as the volume, pressure or temperature—that describe the

macroscopic behaviour of the system. For any particular set of values of these macroscopic

observables, the system could be in one of many microstates. The macrostate of a system

is described by a distributions of microstates, called a statistical ensemble.

The macroscopic variables that describe the state of the system are known as state

variables. A system is said to be in thermodynamic equilibrium when its macroscopic

state, described by its state variables, no longer changes with time. A system that is in

thermodynamic equilibrium can be described by a thermodynamic ensemble. Various

thermodynamic ensembles exist, the properties of each are determined by the nature

of the boundary between the system its surroundings. For instance, the microstates
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3.2: Theoretical background to potential of mean force calculations

of an isolated system (a system with fixed size and which does not exchange energy

or particles with its surroundings) is described by the microcanonical ensemble. If an

isolated system is put in contact with an external heat bath, so that it can exchange

energy with its surroundings in order to keep constant temperature, then the distribution

of its microstates will be described by the canonical ensemble. The canonical ensemble

has constant particle number, 𝑁 , volume, 𝑉 , and temperature, 𝑇 , and so is sometimes

referred to as the 𝑁𝑉 𝑇 ensemble.

For a system described by the canonical ensemble, with discrete microstates, the

probability, 𝑃u�, of being in a given microstate, 𝑠, is given by

𝑃u� = 𝑒−u�u�u�

∑u� 𝑒−u�u�u�
, (3.12)

where 𝐸u� is the energy of the microstate and the inverse-temperature, 𝛽, is defined as

𝛽 = 𝑘u�𝑇 , (3.13)

where 𝑇 is the temperature and 𝑘u� is Boltzmann’s constant. The normalization factor

for the probability in Equation (3.12) is called the partition function and is the sum of

Boltzmann factors for the microstates of the system. For a discrete system described by

the canonical ensemble, the partition function is given by

𝑍 = ∑
u�

𝑒−u�u�u� , (3.14)

where the sum is taken over all microstates. When the microstates of a system are

continuous, for instance when the energy of a given state is described by a Hamiltonian,

ℋ, that is a function of the positions, 𝐱 = {𝐱1, … , 𝐱u�}, and momenta, 𝐩 = {𝐩1, … , 𝐩u�},
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of the 𝑁 particles in the system, the partition function is given by

𝑍 = 1
ℎ3u�𝑁!

∬ 𝑒−u�ℋ(u�,u�)𝑑𝐱𝑑𝐩, (3.15)

where ℎ is a constant with dimensions of action, usually taken to be Plank’s constant

(since this is the value that is obtained by taking the classical limit of the quantum

description of the canonical ensemble) (Huang 1987).

3.2.2 Defining the potential of mean force in the isothermal-isobaric

ensemble

Throughout this chapter we work with the isothermal-isobaric thermodynamic ensemble.

This ensemble is similar to certain experimental conditions, those that involve systems

that are kept at constant temperature and pressure without exchange of particles. An

isothermal-isobaric system differs from a canonical system in that its size changes in order

to maintain a constant pressure, 𝑝, which it does by performing work on the system’s

surroundings: isothermal-isobaric systems are also referred to as 𝑁𝑝𝑇 systems.

The partition function for the isothermal-isobaric ensemble can be obtained from the

partition function for the canonical ensemble, given in Equation (3.15). We wish to

change the canonical partition function’s dependency on volume to a dependency on

pressure to arrive at the partition function for the isothermal-isobaric ensemble. Such

a change between conjugate variables, from extrinsic to intrinsic, for thermodynamic

equations of state can be achieved using the Legendre transform (Huang 1987). This

means that our isothermal-isobaric partition function has the form

Ξ(𝑁, 𝑝, 𝑇 ) = 𝐶 ∫ 𝑍(𝑁, 𝑉 , 𝑇 )𝑒−u�u�u� 𝑑𝑉 , (3.16)

where 𝐶 is a normalization factor, which we don’t need to determine for the following

discussion.
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3.2: Theoretical background to potential of mean force calculations

The free energy of a system is the total energy available to the system that is able

to be used to do work (Blundell et al. 2010). The free energy is a function of the state

variables of the system, and as such there are multiple expressions for the free energy,

each of which is a function of different state variables. For a system described by a

given ensemble, it will be a particular free energy function that is minimized when the

system is at equilibrium. For instance, for 𝑁𝑝𝑇 systems it is the Gibbs free energy,

which is a function of pressure, temperature and particle number, that is minimized

when the system is in equilibrium (Gibbs 2014). The Gibbs free energy, 𝐺(𝑁, 𝑝, 𝑇 ),

can be expressed in terms of the partition function of the isothermal-isobaric ensemble,

Ξ(𝑁, 𝑝, 𝑇 ) using

𝐺(𝑁, 𝑝, 𝑇 ) = − 1
𝛽

ln Ξ(𝑁, 𝑝, 𝑇 ). (3.17)

The PMF is a measure based on the free energy of the system. Central to the notion

of the PMF is the definition of a reaction coordinate. In a system described by the

positions, 𝐱, and momenta 𝐩, of the 𝑁 constituent atoms, the reaction coordinate, 𝜉, can

then be described by some function, ̂𝜉 of the positions of the atoms

𝜉 = ̂𝜉(𝐱), (3.18)

which means that the system will be at a given value of the reaction coordinate when its

positions satisfy the above equation.

When determining the PMF we are interested in the free energy of the system for a

given value of the reaction coordinate, ̂𝐺(𝑁, 𝑝, 𝑇 , 𝜉), so we need to calculate the partition

function similarly. To do so we need only to include contributions to the partition

function from states that have a specific value of the reaction coordinate, which we can

do by introducing a delta function to the integral of the partition function, resulting in

Ξ̂(𝑁, 𝑝, 𝑇 , 𝜉) = 𝐶
ℎ3u�𝑁!

∫ 𝑒−u�u�u� 𝑑𝑉 ∬ 𝛿(𝜉 − ̂𝜉(𝐱))𝑒−u�ℋ(u�,u�)𝑑𝐱𝑑𝐩. (3.19)
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The delta function will have the effect of removing contributions to the partition function

from states where the value of the reaction coordinate is not 𝜉.

The probability density for a continuous system in a state with positions 𝐱 and momenta

𝐩 (the analogue of Equation (3.12)) is given by

𝜋(𝐱, 𝐩) = 𝑒−u�ℋ(u�,u�)

∬ 𝑒−u�ℋ(u�′,u�′)𝑑𝐱′𝑑𝐩′ , (3.20)

and is called the distribution function. We can include the reaction coordinate explicitly

in the expression for the distribution function using ̂𝜋(𝐱, 𝐩, 𝜉) = 𝛿(𝜉 − ̂𝜉(𝐱))𝜋(𝐱, 𝐩), which

requires no normalization factor because ∫ 𝛿(𝑦)𝑑𝑦 = 1. We can thus obtain an expression

for the distribution function as a function of the reaction coordinate, 𝜌(𝜉), by integrating

over the positions and momenta, giving

𝜌(𝜉) = ∬ ̂𝜋(𝐱, 𝐩, 𝜉)𝑑𝐱𝑑𝐩,

=
∬ 𝛿(𝜉 − ̂𝜉(𝐱))𝑒−u�ℋ(u�,u�)𝑑𝐱𝑑𝐩

∬ 𝑒−u�ℋ(u�,u�)𝑑𝐱𝑑𝐩
.

(3.21)

Combining Equations (3.16), (3.19) and (3.21) we get

𝜌(𝜉) = Ξ̂(𝑁, 𝑝, 𝑇 , 𝜉)
Ξ(𝑁, 𝑝, 𝑇 )

. (3.22)

Using this expression in the reaction-coordinate dependent expression for the free energy,

similar to Equation (3.17), gives

̂𝐺(𝑁, 𝑝, 𝑇 , 𝜉) = − 1
𝛽

ln Ξ̂(𝑁, 𝑝, 𝑇 , 𝜉),

= − 1
𝛽

ln 𝜌(𝜉) + 1
𝛽

ln Ξ(𝑁, 𝑝, 𝑇 ).
(3.23)

Using Equation (3.23) we are able to calculate the changes in the free energy at different

points along the reaction coordinate by calculating the changes in the distribution function,
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3.2: Theoretical background to potential of mean force calculations

𝜋(𝜉). The free energy as a function of the reaction coordinate is the PMF, which we will

represent using ̂𝐺(𝑁, 𝑝, 𝑇 , 𝜉) → 𝒲(𝜉). By evaluating the differences between different

points along the reaction coordinate we arrive at the familiar expression for the PMF of

𝒲(𝜉) = 𝒲(𝜉∗) − 1
𝛽

ln [ 𝜌(𝜉)
𝜌(𝜉∗)

] , (3.24)

where 𝜉∗ is an arbitrary value of the reaction coordinate.

3.2.3 Calculating potentials of mean force

To calculate the PMF through simulation, we can approximate the reaction coordinate-

dependent probability density, 𝜌(𝜉), by sampling configurations along the reaction co-

ordinate. Using an unbiased simulation we would theoretically be able to calculate the

PMF using either of the above methods, but for any sufficiently complicated system

the calculation would not converge because the sampling would be poor. In order for

the PMF calculation to converge, we are required to obtain adequate sampling for con-

figurations corresponding to all the regions of the reaction coordinate in which we are

interested. There are many approaches for biasing a simulation to encourage sampling of

energetically unfavourable states of the reaction coordinate (states that would not be

sampled sufficiently in a free simulation). For example: metadynamics, where a series

of Gaussian potentials are gradually added to bias an unrestrained simulation (Laio

et al. 2002; Barducci et al. 2008); steered molecular dynamics, where a non-equilibrium

force is used to steer a simulation between two states and Jarzynski’s equality is used

to obtain the PMF (Jarzynski 1997); and applying an adaptive biasing force, where

a continually-changing force is applied to converge on the PMF along some reaction

coordinate (Darve et al. 2001; Hénin and Chipot 2004). For this work we have chosen

to employ umbrella sampling to encourage a thorough exploration of the entirety of the

reaction coordinate, and the weighted histogram analysis method to obtain the PMF from
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the umbrella sampling simulations. This method is explained in the following section.

3.2.4 Umbrella sampling and the weighted histogram analysis method

Umbrella sampling employs a series of simulation windows, in each of which the system

is restrained to some small region of the reaction coordinate using a harmonic (umbrella)

potential (Torrie et al. 1977), defined by

𝑤 (𝐱) = 𝑘u�
2

( ̂𝜉 (𝐱) − 𝜉u�)
2
, (3.25)

where 𝜉u� is the value of the reaction coordinate for simulation window 𝑖, and 𝑘u� is the

force constant of the harmonic restraint. For each position of the harmonic restraint,

independent simulations are run, in which the system will explore the region close to

the centre of the restraining potential. The positions of the sampling windows (𝜉u�) and

the strength of the potential (𝑘u�) need to be judiciously selected to ensure that there is

smooth sampling of the entire reaction coordinate and that each point is sampled by

multiple simulation windows. This approach ensures that we are sampling the entire

region of the reaction coordinate, but makes no adjustments for the amount of sampling

required in a given region to obtain a converged PMF.

In a membrane system containing two proteins, where we wish to calculate the PMF

as a function of the separation of the proteins, we would place the umbrella potentials at

various positions along the line connecting the proteins’ centres of mass. The umbrella

potentials would be distributed along the entire range of the reaction coordinate in which

we are interested, starting from a small inter-protein separation, where the proteins would

be in contact, up to a large separation, where the proteins no longer affect each other.

From each of the multiple independent simulations run for the series of positions and

strengths of the umbrella potential we obtain a distribution describing the sampling of

the reaction coordinate which is an estimator of the probability density of the biased
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system in the region of the restraining potential. In the case of a membrane protein

system, these will be distributions of the distance between the proteins’ centers of mass,

biased by the effect of the umbrella potential of the particular simulation window.

The most common approach for obtaining a PMF from these sampling distributions is

to use the weighted histogram analysis method (WHAM). The WHAM procedure divides

the entire reaction coordinate into a series of 𝐵 bins, into which we count the number

of samples from each of the 𝑆 simulation windows. Following the maximum likelihood

derivation of Bartels et al. (1997), we explain the WHAM procedure below. The number

of samples in the 𝑗th bin from the 𝑖th simulation window is given by 𝑛u�u�. We choose

𝐵 to be sufficiently large, such that the set of probabilities that an unbiased sample of

the reaction coordinate is in each of the bins, {𝑃u�}, which describes the shape of the

histogram, is a good estimator for the probability density of the reaction coordinate, 𝜌(𝜉).

In the 𝑖th simulation, the probability of a reaction coordinate sample being in bin 𝑗 is

given by

𝑃u�u� = 𝑓u�𝑐u�u�𝑃u�, (3.26)

where the factor 𝑐u�u� = 𝑒−u�u�u�(u�) accounts for the effect of the biasing potential, 𝑤u�(𝜉),

and can be justified by relating the biased probability density, 𝜌u�(𝜉), to the unbiased

probability density, 𝜌(𝜉),

𝜌u�(𝜉) =
∬ 𝛿(𝜉 − ̂𝜉(𝐱))𝑒−u�(ℋ(u�,u�)−u�u�(u�))𝑑𝐱𝑑𝐩

∬ 𝑒−u�(ℋ(u�,u�)−u�u�(u�))𝑑𝐱𝑑𝐩
= 𝑒−u�u�u�(u�)

⟨𝑒−u�u�u�(u�)⟩
𝜌(𝜉); (3.27)

and 𝑓u� in Equation (3.26) is a normalization factor given by

𝑓u� = 1
∑u� 𝑐u�u�𝑃u�

. (3.28)

The histogram counts are assumed to follow a multinomial distribution and, given the

probabilities {𝑃u�u�} for the 𝑖th simulation, the likelihood of the histogram counts {𝑛u�u�} is

33



Chapter 3: Free Energy Landscape of NanC Dimerization

given by

𝑃 (𝑛u�1, … , 𝑛u�u�|𝑃u�1, … , 𝑃u�u�) =
(∑u� 𝑛u�u�) !

∑u� 𝑛u�u�!
∏

u�
(𝑃u�u�)u�u�u� . (3.29)

The total likelihood for observing the counts in all of the 𝑆 simulations is given by the

product of the likelihoods for the individual simulations

𝑃 ({𝑛u�u�}|{𝑃u�}) ∝ ∏
u�

∏
u�

(𝑃u�u�)u�u�u� . (3.30)

Taking the logarithm of this gives

ln [𝑃 ({𝑛u�u�}|{𝑃u�})] = ∑
u�

∑
u�

𝑛u�u� ln 𝑃u�u� + 𝐶, (3.31)

where 𝐶 is a constant. Substituting for 𝑃u�u� using Equation (3.26) gives

ln [𝑃 ({𝑛u�u�}|{𝑃u�})] = ∑
u�

𝑁u� ln 𝑓u� + ∑
u�

𝑀u� ln 𝑃u� + 𝐶′, (3.32)

where 𝑁u� is the total number of samples from the 𝑖th simulation, 𝑀u� is the number of

samples in the 𝑗th bin from all simulations, and further constants have been combined

with 𝐶 in 𝐶′. The maximum likelihood estimates of {𝑃u�} can be found by firstly

differentiating the above to give

𝜕
𝜕𝑃u�

ln [𝑃 ({𝑛u�u�}|{𝑃u�})] = − ∑
u�

𝑁u�𝑐u�u�𝑓u� +
𝑀u�
𝑃u�

, (3.33)

and then equating this with zero to get an expression for each of the {𝑃u�}, which is given

by

𝑃u� =
𝑀u�

∑u� 𝑁u�𝑐u�u�𝑓u�
. (3.34)

Equations (3.28) and (3.34) are a set of coupled equations, which are solved iteratively

until converged estimates for {𝑃u�} are obtained. Using the values obtained for {𝑃u�} as
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an approximation to 𝜌(𝜉), we construct an estimate for the PMF using Equation (3.24)

(on page 31).

3.3 Calculating the PMF for association of NanC

3.3.1 Using a coarse-grained model of a bilayer

3.3.1.1 The coarse-grained model

To be able to calculate the PMF for protein association in a bilayer system, we need

to perform molecular dynamics simulations of a system with hundreds of lipids and

multiple proteins for ∼100𝜇s. Using a fully-atomistic model of the system would not be

computationally tractable and so we must turn to a coarse-grained representation of the

system. The reduction in the number of constituent particles and a simplification of the

interaction potentials, where a cut-off is implemented for long range interactions, results

in a speed up of multiple orders of magnitude.

The coarse-grained model used throughout this chapter is a modification of the Martini

model (Marrink, Risselada, et al. 2007; Monticelli et al. 2008), in which approximately

four non-hydrogen atoms are represented by a singe coarse-grained particle (Bond and

Sansom 2006; Bond, Holyoake, et al. 2007; Bond, Wee, et al. 2008). The Martini model

was initially developed to simulate systems containing lipids and surfactants. This model

was modified by Bond and Sansom (2006) to include a coarse-grained representation for

proteins. A protein is represented by a single coarse-grained particle for each amino acid

backbone atom group and the amino acid side chains are included by the addition of up

to two extra coarse-grained particles.

3.3.1.2 From the crystal structure to a coarse-grained model of NanC

The coarse-grained NanC model used in this work was created by Goose et al. (2013).

To create the model, the crystal structure of NanC (2WJQ) was first obtained from the
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(a) (b)

Figure 3.2: (a) Atomistic model of NanC in the plane of the membrane. Acidic
residues are shown in red, basic residues in blue, aromatic residues in yellow, and
neutral residues in grey. (b) Coarse-grained model of NanC, in the plane of the
membrane. Acidic residues are shown in red, basic residues in blue, aromatic residues
in yellow, and neutral residues in grey.

Protein Data Bank (http://www.rcsb.org). The crystallographic water molecules and

other non-protein molecules were removed from the structure and then the incomplete

loop region, from residue 43 to residue 52, was completed using Modeller (9v8) (Fiser

et al. 2003). The complete atomistic model of NanC is shown in Figure 3.2(a). The

coarse-grained model of NanC, following the coarse-graining process outlined in Bond

and Sansom (2006), is shown in Figure 3.2(b).

3.3.2 Molecular dynamics simulations

The MD simulations performed in this chapter use the GROMACS simulation software

package using simulation parameters outlined in Table 3.1.
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Parameter Value

Integrator Leapfrog

Time-step 40 fs

Thermostat Berendsen

Temperature groups 1. protein, 2. lipid, 3. solvent and ions

Thermostat time-constant 1 ps

Reference temperature 310 K

Barostat Berendsen

Pressure coupling semi-isotropic (separate barostats perpen-

dicular to and in the plane of the meme-

brane)

Compressiblity 5 ×10−6 bar−1

Barostat time-constant 1.0 ps

Reference pressure 1.0 bar

Umbrella samping

Coarse-grained force field modified Martini (Bond, Wee, et al. 2008;

Monticelli et al. 2008)

Translational protein restraint,

𝑘u�

1000 kJ mol−1 nm−2

Strong translational protein

restraint (detailed simulation

windows), 𝑘u�

10 MJ mol−1 nm−2

Rotational protein restraint,

𝑘u�

1000 kJ mol−1 nm−2

Table 3.1: Simulation parameters used for MD simulations throughout this chapter.
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3.3.3 Calculating a PMF for the pairwise association of NanC

To demonstrate the umbrella sampling procedure, we will calculate the PMF for the

pairwise association of two NanC proteins in a lipid bilayer constructed from 424 coarse-

grained POPE molecules. The bilayer contains the two coarse-grained NanC proteins.

The bilayer is solvated and the entire system is made neutral with the addition of

counter-ions. Details of the methods used to construct the system used for our molecular

dynamics simulations are given in Appendix A (on page 193). To ensure we obtain a

converged PMF from the umbrella sampling process we must calculate well-sampled

distributions from each of the simulation windows (the distributions must be smoothly

varying), and for the WHAM procedure to converge the distributions from multiple

adjacent simulation windows must overlap.

3.3.3.1 Sampling window distribution

To ensure that the distributions calculated from adjacent simulation windows overlap

sufficiently we can vary both the inter-window spacing and the umbrella force constant.

Increasing the force constant will encourage the system to explore a smaller region of the

reaction coordinate, which is essential to be able to resolve more detailed features in the

PMF. However, if we use an increased force constant to restrict sampling to a smaller

region, we must then decrease the inter-window separation in order to maintain sufficient

overlap between the distribution from adjacent simulation windows.

The initial window separation used when calculating this PMF was 0.1 nm, with

a restraining force constant of 1000 kJ mol−1 nm−2, as used in many other studies,

for instance that of D. Sengupta et al. (2010). After running production simulations

using these parameters, we are able to assess any regions of the reaction coordinate that

require more targeted sampling with a smaller window separation and increased force

constant. These are usually regions with detailed features, which we wish to resolve more

clearly, or regions with steep changes in potential, which are not sampled thoroughly.
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We can investigate this by analysing the amount of overlap between adjacent window

distributions. In Section 3.5.2 (on page 50) we apply just such a refinement to our more

advanced umbrella sampling method. The starting configuration for each window was

obtained following the methods described in Appendix A.iii (on page 195).

3.3.3.2 Umbrella sampling simulations

Production simulations of 2 𝜇s were run for four different starting configurations in each

umbrella sampling window, resulting in 8 𝜇s of production simulation for each window.

The simulation windows were distributed evenly from an inter-protein separation of

2.8 nm to 8 nm, resulting in a total of 424 𝜇s of production simulation.

From the distributions obtained from the production simulations the WHAM process

constructs the PMF by optimally joining the sections of the unbiased distribution function.

This process is be performed using the g_wham tool in GROMACS. We used g_wham with

a tolerance of 10−6, which means the procedure is considered to have converged once the

changes in the probability of the profile are smaller than 10−6. The PMF created by the

WHAM process is shown in Figure 3.3. The PMF has a depth of 70 kJ mol−1, which is

of the same order of magnitude to calculations for similar membrane protein systems

(Casuso et al. 2012). The WHAM process does not give us an absolute value of the free

energy at a given point, but the relative change in free energy in relation to neighbouring

points. If we wish to have some absolute measure we must choose an appropriate point

on the profile to set to zero. From Figure 3.3 we see that the change in the PMF with

increasing separation is negligible at the edge of the simulation region, at an inter-protein

separation of 8 nm; this separation is used to define the separation at which the proteins

do not experience a change in free energy as a result of the presence of the other protein:

the point at which the PMF is set to zero.

The interaction between the NanC proteins is strong. A key factor in determining the

association of proteins in the membrane is the amount of hydrophobic mismatch - the
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Figure 3.3: A PMF of the association of two NanC proteins in a pure POPE bilayer.
As indicated, the depth of the PMF is 69.9 kJ mol−1. At a separation of 8 nm there
is negligible change in the PMF with increasing separation.

difference in the size of the hydrophobic region of the proteins and the hydrophobic region

of the bilayer. When there is a difference in the sizes of these two hydrophobic regions,

the bilayer deforms in order to compensate, which has an associated energetic cost. It

known that hydrophobic mismatch can be a driver of proteins aggregation (Parton et al.

2011). It has also been shown that changing the hydrophobic mismatch in a system

containing simple WALP peptides can lead to a 50% increase in the energy of their

association when calculated sing molecular simulations (Castillo et al. 2013). For proteins

that have a larger surface area exposed to the bilayer, the energetic cost of mismatch

increases. For the protein OmpF, Casuso et al. (2012) calculated an energy of association

of ∼150 kJ mol−1. In our system, these smaller NanC proteins still exhibit a very strong

interaction, thought to be dominated by the effects of minimizing hydrophobic mismatch.
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3.3.3.3 Assessing the coverage and convergence of the PMF

Distributions were generated from the production simulations for each umbrella sampling

window. From the distributions in Figure 3.4 we can see that there is good overlap

between the distributions from adjacent windows. This is encouraging as it means

that the WHAM process will lead to a converged PMF. It is also useful to note that

the spacing of the distributions remains relatively constant; there are not any large

gaps, which would indicate a high energy region that was not being adequately sampled.

For the sampling windows at larger separations, the distribution for any one window

overlaps with the four surrounding distributions; for the sampling windows at smaller

separations the amount of overlap increases such that a single distribution overlaps with

the surrounding six distributions. Each of the distributions appears to be approximately

smoothly varying, with the exception of the few points near the peak, where the width

of the peak approaches the same size as the histogram bin separations, thus giving a

slightly angular profile.

Another approach to assessing whether there has been adequate sampling of the reaction

coordinate is to repeat the calculation of the PMFs using subsets of the production

simulation data. We did this by dividing the 2 𝜇s of production simulation data at each

simulation window for each configuration into 0.5 𝜇s sections and calculating four separate

PMFs. These PMFs are shown overlaid in Figure 3.5, where we see that there is very good

agreement when the proteins are far apart, but some variation at small separations. The

close agreement when far apart is something we would expect, as with a combined total

of 2 𝜇s (including all four starting configurations), we sample a lot of motion of the lipids

and the four configurations represent a broad variety of the rotational states of the two

proteins. There is reasonably good agreement between the depth of the potential wells in

each of the individual PMFs, however, at very small separations, once the PMF begins to

increase again, this discrepancy becomes quite noticeable. This is a region of the PMF

where the proteins are, in effect, being squashed together by the umbrella potential. The
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Figure 3.4: Distributions of positions along the reaction coordinate sampled during
initial umbrella sampling simulations. The reaction coordinate has been divided into
200 bins to show the sampling in each bin from all the simulation windows. The
result of this binning is a slightly angular appearance at the peaks of the histogram
traces, where the peak width is approximately the same size as the bin separation.

lipids around the protein in such a scenario will be less mobile and the sampling of the

various relative orientations of the proteins will also be reduced, because they are unable

to rotate easily against one another. To improve the agreement in this section of the

PMF would require a much greater simulation time to ensure that we sampled enough

configurations, however, the dynamics of the protein-protein interaction are dominated

by the shape of the potential from the minimum in the direction of increasing separation,

so this would not be a useful effort.

3.4 Applying rotational restraints to the proteins

The energy landscape of a system is a map of the conformations of the system to the

energy of that conformation. We are interested in the free energy landscape of our bilayer

system, as this will describe the behaviour of the system by indicating how it transitions

between stable or metastable minima and the energy required to do so. In particular we
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Figure 3.5: A comparison of PMFs calculated from non-intersecting subsets of the
production simulation data used to calculate the PMF shown in Figure 3.3.

aim to obtain a projection of the free energy landscape in a particular coordinate system.

For the PMF presented in Figure 3.3, we have projected the free energy landscape onto a

coordinate system that is represented solely by the separation of the two proteins. This is

a useful measure if we are interested only in the kinetics of dimerization for the proteins.

However, we also wish to gain more information about the likely routes for dimerization

in a more complex coordinate representation; specifically, we wish to understand the

role that the relative-orientations of the two proteins have on the free energy of their

interaction. For a simple system containing membrane proteins that are rotationally

asymmetric about their pore axis, there are complexities to the free energy surface that

depend on the relative orientations of the two proteins.

We wish to extend the standard approach to characterizing the dimerization by

introducing extra reaction coordinates; in this case we introduce two angular coordinates,

which correspond to the relative orientations of the proteins, measured around their

pore axis, approximately perpendicular to the membrane. A full characterization of this

extended projection of the free energy landscape is currently computationally intractable;
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a crude estimate of the amount of simulation time required for a three-dimensional PMF

compared to a one dimensional PMF can be obtained by taking the cube of the total

length of production simulations used to calculate the PMF presented above, resulting

in a total production simulation requirement on the order of (100 𝜇s)3 = 1 𝑠, which is

vastly beyond the times that are feasible with current technology. As a result of this,

we chose to look at slices through this three-dimensional projection of the free energy

surface by calculating PMFs based on a restrained system of two NanC proteins, where

the relative orientations have been chosen to represent some interesting extremes of the

geometry of their interaction.

3.4.1 Selecting relative orientational configurations

Perpendicular to the plane of the membrane, in a direction parallel to the pore axis,

NanC has an approximately elliptical cross-section. This can been seen in Figure 3.6,

where the view is taken from the extracellular side of the protein. When selecting relative

orientations of the proteins to consider when calculating restrained PMFs, we wished to

exploit this shape to investigate the role of NanC’s geometry on the PMF.

In a system with two NanCs, the orientation of one protein will determine how much

of it could be in contact with the other protein when they are in close proximity. If the

protein is oriented so that a less-curved surface is directed towards the other protein,

they will be in a state with increased contact. If the protein is orientated so that a

more-curved face is directed towards the other protein, it will be in a state with decreased

contact. We use this as a geometrical basis to inform our choice of configurations for

which we wish to calculate PMFs. We use four relative orientations of two NanC proteins

to calculate four different PMFs. These orientations are shown in Figure 3.7 for our

coarse-grained model of NanC, where the black arrows are drawn from the centre of the

protein, through the Cu� coarse-grained particle of the isoleucine residue 209. This vector,

when projected onto the plane of the membrane, is used to define the orientation of the
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Figure 3.6: NanC secondary structure viewed along the pore axis from the extracellular
side. The approximately elliptical nature of its structure is clearly visible. To explore
the effect that this shape has on protein-protein interactions, we use the two less-curved
faces of the protein (the top and bottom sections of the barrel, as shown here) and
the two more-curved faces (the left and right sections of the barrel) as directions in
which we wish to calculate restrained PMFs.

protein.

The four orientational configurations chosen represent three different contact regimes of

the two proteins. Firstly, in Figures 3.7(a) and 3.7(b) the two NanC proteins are oriented

with two less-curved surfaces of the proteins in contact. The other extreme of the contact

between the two proteins is shown by the configuration in Figure 3.7(d), where two of

the more-curved surfaces of the protein are in contact. Finally, in Figure 3.7(c) we have

an intermediate configuration in which a less-curved surface of one protein is in contact

with a more-curved surface of the other.

3.4.2 Enforced rotation of proteins in GROMACS

To restrain the orientation of the proteins, we have chosen to use the enforced rotation

potentials implemented in GROMACS. We used these because they enabled rotational

control of the protein as a whole, rather than between individual particles (e.g. as done

by Periole, Knepp, et al. (2012)). It was this consideration that lead to us using harmonic

restraints, rather than constraints. Other simulation software packages allow for the
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(a)

𝜙2𝜙1

(b)

𝜙2
𝜙1

(c)

𝜙2
𝜙1

(d)

𝜙2𝜙1

Figure 3.7: The four orientational combinations of the pair of NanC proteins. The
red and blue tubes are traces through the Cu� particles of each residue, with the
black arrows used to define the orientational angle of the proteins; the line is
drawn from the proteins’ centre of mass through the Cu� particle of isoleucine
residue 209. The orientations are described by the planar membrane angles 𝜙1 and
𝜙2. (a) (𝜙1, 𝜙2) = (90∘, 90∘) (b) (𝜙1, 𝜙2) = (90∘, 270∘) (c) (𝜙1, 𝜙2) = (90∘, 180∘) (d)
(𝜙1, 𝜙2) = (180∘, 180∘)
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use of collective variables which would have facilitated our use of constrained molecular

dynamics, but this is not possible using GROMACS. Using the enforced rotation enables

the orientation of the entire protein to be controlled with minimal perturbation of the

internal dynamics of the system (Kutzner et al. 2011). There are various choices of

rotational potentials that can be applied in GROMACS, but they all are based on the

principle of comparing the current state of the restrained group to some reference state

of the group. The reference states of our proteins are given by the positions shown in

Figure 3.7.

The enforced rotation procedure compares the positions of the particles that are being

rotated with reference positions, and applies a restoring force based on some potential

function. There are various choices for this potential function, with different properties.

The most simple of these is an isotropic potential, where the restoring force is based solely

on the distance between the particle’s current position, 𝐱u�, and its reference position, 𝐲u�,

and is defined by the potential

Φiso = 𝑘u�
2

u�
∑
u�=1

[Ω(𝑡)(𝐲u� − 𝐮) − (𝐱u� − 𝐮)]2, (3.35)

where 𝑘u� is the force constant of the potential, the sum is over the 𝑁 particles being

restrained, Ω(𝑡) is a rotation matrix could be used to provide a steadily rotating reference

state, and 𝐮 is the position of the rotation axis. The effect of applying another external

potential is to further bias the sampling of the reaction coordinate of interest for the

umbrella sampling: the inter-protein separation. This effect is accounted for by including

an extra term in the biased histogram of probabilities in Equation (3.26) (on page 33) as

an extra factor 𝑒Φiso/u�u�u� , a factor that depends only on the value of the biasing potential

for a given sample.

This simple enforced rotation potential in Equation (3.35) can restrain the positions to

some reference state, but there are components of the force that act in all directions. We
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Figure 3.8: The rotational potential, Φtang, shown in the plane of the membrane. The
force exerted on a particle at 𝐱u� is tangential to the axis of rotation, and acts to
rotate the particle towards the same angle as its reference position, 𝐲u�. The direction
of the force is illustrated by the red arrow. Values of 𝑘 = 200 kJ mol−1 nm−2 and
𝜖 = 0.01 nm2 were used in this potential.

wish to restrain the protein in a purely rotational manner; no components of force parallel

to the axis of rotation, or in a radial direction perpendicular to the axis of rotation, but

only in a tangential direction. In this way we can be sure that there is no effect on the

internal structure of the protein. We also want the rotation axis to pass through the

protein’s centre of mass, parallel to the 𝑧-axis of the system, which is approximately

perpendicular to the membrane. Kutzner et al. (2011) show that the desired force can

be generated if based on a potential of the form

Φtang = 𝑘u�
2

u�
∑
u�=1

[(𝐯̂ × (𝐱u� − 𝐱u�)) ⋅ Ω(𝑡)(𝐲u� − 𝐲u�)]2

‖𝐯̂ × (𝐱u� − 𝐱u�)‖2 + 𝜖
, (3.36)

where 𝐯̂ is a unit vector in the direction of the rotation axis, 𝐱u� and 𝐲u� are the current

and initial positions of the centre of mass, respectively, and 𝜖 is a small parameter used

to avoid a singularity in the potential at the axis of rotation. The form of this potential,

in the plane of the membrane, is shown in Figure 3.8.
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Figure 3.9: Angular deviation during orientationally restrained umbrella sampling.
The histograms were calculated using 1 𝜇s of production simulation from a simulation
window with the proteins restrained at positions corresponding to an inter-protein
separation of 6 nm. (a) Angular deviation of protein 1. (b) Angular deviation of
protein 2.

3.4.3 Analysis of orientational deviation

To see how the rotational restraints perform, we can analyse the variation on the rotation

angle. We implement the restraints with a force constant 𝑘u� = 1000 kJ mol−1 nm−2

and 𝜖 = 0.01 nm2. A force constant greater that 200 kJ mol−1 nm−2 was shown to

produce consistent rotation of the 𝛾 subunit of F1-ATP synthase (Kutzner et al. 2011).

We wanted to keep the orientational deviation below 1∘, and using this value of the force

constant achieves that. A histogram of the deviation in angle for the two proteins during

1 𝜇s of production simulation is shown in Figure 3.9. Here we can clearly see that the

deviation is less than 1∘ for all observed cases.
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3.5 Umbrella sampling of rotationally-restrained proteins

3.5.1 Sampling window preparation

The umbrella sampling procedure follows a similar approach as that used in the unre-

strained simulations discussed in Section 3.3.3.1 (on page 38), again using the pulling

procedure outlined in Appendix A.iii (on page 195). The proteins are restrained orienta-

tionally during the pulling procedure using the potential introduced in Equation (3.36).

For each of the simulation windows, an equilibration is run with the proteins restrained

in the 𝑥-𝑦 directions for 1 𝜇s. We now have a series of equilibrated systems in each of

which the proteins are at a separation required for our umbrella sampling.

3.5.2 Stronger force restraints at close range

The nature of these orientationally-restrained PMFs is such that they are likely to pick up

more detail in the free energy surface. If there are fewer degrees of freedom characterizing

the free energy surface, we are averaging over more of configuration space. As the number

of degrees of freedom is increased, we are looking at a smaller volume in configuration

space, and will resolve more detailed features. The region where such details will be

most prevalent is at small protein-protein separations, as there will be more complex

interactions involved when the intervening lipids do not act in such a fluid manner, caused

by their reduced mobility. It is therefore of interest to increase our sampling resolution

at these short distances so any intricacies in the PMF profiles are more clearly resolved.

In Section 3.3.3.1 (on page 38) we used simulation windows separated by 0.1 nm. Here

we increased the sampling at these short length scales by introducing more simulation

windows, distributed at half the separation used in the unrestrained PMFs, corresponding

to a separation of 0.05 nm. We also wish to explore with more precision, which we can

do by increasing the force constant, 𝑘u�, of the umbrella potential for these windows to

10 MJ mol−1 nm−2.
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3.6: Obtaining PMFs for the restrained system

3.5.3 Sampling lipidated and delipidated states

For the simulation windows where the proteins are separated by only a few lipids, the

mobility of these intervening lipids will be dramatically reduced. It will take a very long

production simulation to be able to adequately sample the lipidation-delipidation events

that occur at these close distances. In order for us to attempt to improve the sampling

of these events, we manually remove lipids from between the two proteins in a series of

the simulation windows, moving them to the bulk of the bilayer, and run another 1 𝜇s of

equilibration. Without intervening in this way, we would not be able to ensure we sample

the slow lipidation-delipidation process. The dynamics of the lipidation-delipidation

process itself will not be sampled, but we approximate the behaviour of the process by

including adequate sampling of the two end states.

3.6 Obtaining PMFs for the restrained system

From the equilibrated simulation windows we ran production simulations for 4 𝜇s for

each simulation window with a force constant of 1000 kJ mol−1 nm−2. For the simulation

windows with a stronger force constant of 10 MJ mol−1 nm−2, which are separated

by 0.05 nm, we ran 2 𝜇s of production simulation for the lipidated states and 4 𝜇s

of production simulation for the delipidated states. Longer simulations were done for

the delipidated states as the lower force constant states were not run with explicitly

delipidated configurations.

3.6.1 PMFs

To combine the production simulations for the orientationally-restrained simulations we

again used WHAM. The four PMFs are shown in Figure 3.10. The PMFs were set to

zero at an inter-protein separation of 8 nm, where the potentials become approximately

constant.
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Figure 3.10: PMFs of the orientationally restrained NanC proteins. The PMFs are
for orientational configuration of: (a) (𝜙1, 𝜙2) = (90∘, 90∘) (b) (𝜙1, 𝜙2) = (90∘, 270∘)
(c) (𝜙1, 𝜙2) = (90∘, 180∘) (d) (𝜙1, 𝜙2) = (180∘, 180∘).
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We categorized the PMFs in Figure 3.10 by the depths of their potential well, which

resulted in three categories of well depth. The first category contains the PMFs in

Figures 3.10(a) and 3.10(b), which both have depths of approximately −66 kJ mol−1

occurring at inter-protein separations of approximately 3.2 nm. This first category

corresponds to the orientational configurations of maximal contact, (𝜙1, 𝜙2) = (90∘, 90∘)

and (𝜙1, 𝜙2) = (90∘, 270∘), where less-curved surfaces of both proteins are brought into

contact (shown in Figures 3.7(a) and 3.7(b), respectively). This depth is of a similar

magnitude to that calculated for interacting pairs of OmpF trimers by Casuso et al. (2012).

It is interesting to note that the depths of the PMFs for these two parallel and anti-parallel

orientational configurations are approximately the same. The next category contains

the PMF in Figure 3.10(c), with a potential well depth of approximately −52 kJ mol−1

occurring at a separation of approximately 3.5 nm. This corresponds to the intermediate

orientational configuration in Figure 3.7(c), where a less-curved surface of one protein is

brought into contact with a more-curved surface of the other. The decrease in the depth

of the PMF indicates that the configurations with two less-curved surfaces in contact are

more stable than this intermediate contact configuration, where (𝜙1, 𝜙2) = (90∘, 180∘).

The third category contains the PMF shown in Figure 3.10(d), which is the shallowest of

the four PMFs with a potential well depth of approximately −45 kJ mol−1, occurring

at an inter-protein separation of 3.5 nm. This PMF corresponds to the orientational

configuration with minimal protein contact, where more-curved surfaces of both proteins

are brought into contact (shown in Figure 3.7(d)). This configuration is the least stable

of the four configurations considered here. The correlation between the depth of the

PMFs and the orientational configuration of the proteins suggests that the strength of

the interaction may correlate with the overall extent of the resultant protein-protein

interface.
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3.6.2 Convergence of calculated PMFs

As performed for the case of the orientationally-unrestrained proteins in Section 3.3.3.3

(on page 41), we have assessed the convergence of the PMFs by calculating them using

non-intersecting subsets of the production simulation data. These comparison plots are

shown in Figure 3.11. We can see that there is some discrepancy between the two PMFs

calculated for each orientational configuration, but the features are generally the same

and the differences are small in comparison to the size of the features observed in each of

the profiles.

3.7 Buried surface area determines the depth of the PMF

potential well

In order to formally characterize the dependence of the PMF depth on the orientation

of the proteins, which we have suggested is related to the extent of the protein-protein

interface, we calculated the solvent-accessible surface area (SASA) of the two proteins as

a function of the separation of their centres of mass. The SASA is calculated using a

spherical probe whose size determines the level of detail captured in the surface for a

specific set of atoms or particles (Eisenhaber et al. 1995).

3.7.1 Calculation of the buried surface area

We used a probe with a radius of 0.47 nm, which is twice the radius of the coarse grained

particles (0.235 nm) and should be a reasonable measure for the size of a lipid. We chose

this size of probe because it is the lipids that are the solvent of interest when two proteins

come together in a membrane. To obtain the buried surface area of the proteins at various

positions along the reaction coordinate, we analysed the surface area of the simulation

windows that used the higher translational restraining potential of 10 MJ mol−1 nm−2.

This was to enable the analysis of the surface area on a finer scale, using the window
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Figure 3.11: Convergence of the rotationally restrained PMFs. The two profiles
were calculated using equally sized and distributed, non-overlapping subsets of the
production simulations used to calculate the PMFs in Figure 3.10. The plots are for
orientational configurations of: (a) (𝜙1, 𝜙2) = (90∘, 90∘) (b) (𝜙1, 𝜙2) = (90∘, 270∘)
(c) (𝜙1, 𝜙2) = (90∘, 180∘) (d) (𝜙1, 𝜙2) = (180∘, 180∘).
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separations of 0.05 nm. Using the higher force constant also ensured that the surface area

was measured for a conformation that was sampled closer to the centre of the window. If

we used the windows with the weaker force constant, we would be measuring the surface

area for conformations with separations that could differ significantly from the position

of the window centre: in regions where the gradient of the PMF was steep, the force on

the protein would act move it away from the window centre. The SASA was calculated

for each of the proteins individually and then for the pair of proteins together. The

buried surface area is given by the difference between the surface area of the proteins

calculated individually and the surface area of the combined, two-protein system. All

of the surface area calculations were carried out using the g_sas tool in GROMACS on

1 𝜇s of production simulation.

3.7.2 Dependence of the buried surface area on the potential well

depth

For each of the four orientational configurations, Figure 3.12(a) shows the buried surface

area as a function of distance from the minimum of their respective PMFs. We chose this

measure since we wanted to remove the effect that the orientational variation in protein

radius has on the location of the minimum. In Figure 3.12(a) we see that there is a

stratification of the buried surface areas in the region around the location of the minima

of the PMFs. As with the PMF depths in Figure 3.10 (on page 52), the buried surface

areas can also be divided into three categories. The buried surface area is largest for the

orientations (𝜙1, 𝜙2) = (90∘, 90∘) and (𝜙1, 𝜙2) = (90∘, 270∘), where the two less-curved

surfaces are brought together. The next largest buried surface area, around the minimum

of the PMF, is for the orientation (𝜙1, 𝜙2) = (90∘, 180∘), where one more-curved surface

is brought into contact with one less-curved surface. The smallest buried surface area,

around the minimum of the PMF, is for the orientation (𝜙1, 𝜙2) = (180∘, 180∘), where

two more-curved surfaces are brought into contact. The correlation between the depth
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Figure 3.12: (a) Buried surface area for each of the orientational configurations as a
function of distance from the minimum of the PMF. (b) Buried surface area at the
minimum of the PMF plotted against the depth of the minimum of the PMF.

of the PMF and the buried surface area can be seen in Figure 3.12(b), in which these

two quantities are plotted. We see that there is a negative correlation between the two

quantities: for a protein orientation with a larger buried surface area, the minimum of

the PMF is deeper.

3.8 Protein-lipid-protein effects lead to metastable states

in the potentials of mean force

As well as the global minima of the potential wells in the PMFs of Figure 3.10 (on

page 52), there are also multiple local minima, which occur at a variety of centre of mass

separations. When using the terms global and local here, we mean a global minima in

the context of a single PMF, and local minima as other minima within the same PMF.

For example, the PMF for the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘), shown

in Figure 3.13, has a global minimum (labelled 𝛼) and two higher-energy local minima
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Figure 3.13: PMF for the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘), where the
global minimum, 𝛼, and two local minima, 𝛽 and 𝛾, have been labelled.

(labelled 𝛽 and 𝛾). By fitting quadratic curves to the minima in Figure 3.13 we calculated

their locations as 3.26 nm, 3.62 nm and 4.07 nm for 𝛼, 𝛽 and 𝛾, respectively.

The nature of the global (𝛼) and local (𝛽 and 𝛾) minima is illustrated by the simulation

snapshots shown in Figure 3.14. These snapshots were taken from the simulation

windows used to calculate the PMF in Figure 3.13, for an orientational configuration

of (𝜙1, 𝜙2) = (90∘, 270∘). The snapshot shown in Figure 3.14(a) is from the umbrella

sampling window in which the proteins were restrained at a separation of 3.3 nm, which

is closest to the minimum at 3.26 nm in Figure 3.13, labeled 𝛼. We see that there is

one lipid molecule between the two proteins at this global minimum. It should be noted

that this is the only lipid in between the two proteins; there is no equivalent lipid on

the extracellular side of the membrane (the view from the other side of the membrane is

shown in Figure 3.15), so the global minimum configuration for this orientation has space

for one lipid on the periplasmic side of the membrane. A snapshot from the umbrella

sampling window with the proteins restrained at a separation of 3.6 nm is shown in

Figure 3.14(b), which is the window closest to the minimum at 3.62 nm, labelled 𝛽 in

Figure 3.13. We can see that there are two lipid molecules between the two proteins

in this snapshot. The snapshot in Figure 3.14(c) is taken from the umbrella sampling

window in which the proteins are restrained at a separation of 4.1 nm, which is the
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(a) (b)

(c)

Figure 3.14: Snapshots from simulation windows of the orientational configuration
(𝜙1, 𝜙2) = (90∘, 270∘). (a) At a separation of 3.1 nm one lipid can fit between the
proteins. (b) At a separation of 3.6 nm two lipids can fit between the proteins. (c)
At a separation of 4.1 nm three lipids can fit between the proteins.

window closest to the minimum at 4.07 nm, labelled 𝛾 in Figure 3.13, in which we see that

three lipid molecules can occupy the space between the two proteins. These observations

suggest that the existence of these metastable states is a result of protein-lipid-protein

interactions in this orientationally-restrained system.

3.8.1 Analysis of lipid density around a single protein

To investigate the hypothesis that these metastable states were the result of the lipid

ordering between the proteins, we calculated the lipid distribution around a freely diffusing

NanC in a POPE bilayer. We used a 5 𝜇s simulation of a single NanC protein in a POPE
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Figure 3.15: Extracellular side of the membrane showing the singular intervening lipid.
This is taken from the same simulation frame as Figure 3.14(a).

bilayer. This simulation consisted of a single coarse-grained NanC protein model (the

same model used for the PMF calculations) embedded in a 25 nm square membrane

constructed from coarse-grained POPE molecules. To analyse the lipid distribution

around the single protein, we rotated each frame of the trajectory so that the NanC

protein was aligned with its position at the start of the simulation. From this aligned

trajectory we were able to calculate the position of the lipid particles in relation to

the protein for the entire simulation. The particle density was calculated for a 6 nm

square region around the NanC protein for each of the particles in the coarse-grained

lipid molecules. The distribution for a specific coarse-grained particle in the lipid tail is

shown in Figure 3.16, where distinct annuli are visible, indicating regions of preferred

occupation.

3.8.2 Peaks in lipid density around a single protein

We calculated the mean lipid distribution in a direction that corresponds to the direction

of the other protein for the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘), which is

the same relative direction for both of the proteins, as they have the same less-curved

surface oriented toward the other protein. This direction is marked in Figure 3.16 by the

dashed lines. To obtain this mean lipid density, we averaged over the radial projection of

the two-dimensional density. To do this we projected the two-dimensional density onto a
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Figure 3.16: Lipid particle density around a freely diffusing NanC. The density is shown
for the third coarse-grained particle in the palmitate chain of each lipid molecule.
The black arrow is the same as that used in Figure 3.7 (on page 46) to show the
proteins’ orientations and passes through the Cu� particle of isoleucine residue 209.
The dashed lines indicate the direction in which the other protein is located when in
the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘).
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Figure 3.17: Mean distribution of all lipid particles in both leaflets taken in the angular
range corresponding to the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘). This
data was collected from a 5 𝜇s coarse-grained simulation of a freely diffusing NanC
protein in a POPE bilayer.

series of 4 nm radial lines, emanating from the protein’s centre of mass at regular angular

intervals. The lines were at 0.5∘ intervals within the region marked by the dashed radial

lines in Figure 3.16, which represent an angular window of ±10∘ from the direction of

the other proteins in the PMF simulations. The average lipid distribution across both

leaflets and all coarse-grained lipid particles in this direction is shown in Figure 3.17,

where again we can see there are preferred distances from the protein at which the lipids

are observed.

3.8.3 Aligning peaks in the lipid density distributions to predict

metastable state locations

We can use the mean lipid distribution calculated in the direction of the other protein,

shown in Figure 3.17, to predict the separations at which the intervening space between

the two proteins will be optimally packed by specific numbers of lipids. Assuming that

the lipid behaviour in the presence of two proteins is not too dissimilar from that shown

in Figure 3.16, we hypothesize that the optimum separation of proteins will occur when

peaks in the lipid density plot for each protein overlap. This corresponds to a situation
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where we optimally pack the intervening region with a certain number of lipids; that

number is the number of aligned pairs of peaks in the distribution that occur between

the two proteins.

To perform this calculation we use the mean lipid density calculated in the direction

of the other protein, shown in Figure 3.17. By reversing the 𝑥-axis of that plot, and

overlaying it on the original plot we have an approximate map for the optimal distributions

of lipids around two proteins in close proximity. The relative separation of the two proteins

can be changed by moving the reversed plot along the 𝑥-axis. If we use this composite

plot to align a specific number of peaks in the two distributions, we can use the location

of the centre of the protein in the reversed plot to estimate the optimum separation for

that number of intervening lipids. The result of this procedure for one, two and three

intervening lipids is illustrated in Figure 3.18. For the case of a single intervening lipid

we aligned the first peaks of both plots (shown in Figure 3.18(a)). For the case of two

intervening lipids we aligned the first peak with the second peak of the other plot (shown

in Figure 3.18(b)). Finally for the case of three intervening lipids, we aligned the first

peak with the third peak of the other plot as well as aligning the second peaks of both

plots (shown in Figure 3.18(c)).

Following the overlaying and alignment procedure, for the minimum labelled 𝛼 in the

PMF in Figure 3.13 (on page 58) that occurs at a separation of 3.26 nm, we predict an

optimal separation of 3.24 nm with one intervening lipid. For the first metastable state

labelled 𝛽 in Figure 3.13 (on page 58) that occurs at a separation of 3.62 nm, we predict

a separation of 3.63 nm with two intervening lipids. For the second metastable state

labelled 𝛾 in Figure 3.13 that occurs at a separation of 4.07 nm, we predict a separation of

4.02 nm with three intervening lipids. Our predictions for the metastable state locations

are in close agreement with their location in the PMF. This supports our suggestion that

the metastable states observed in the PMFs are due to the protein-lipid-protein effects

caused by the distribution of lipids between the two NanC proteins.
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Figure 3.18: Predicting the location of metastable states in the PMF calculated for the
orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘) (shown in Figure 3.13 (on page 58)),
by aligning the peaks in the mean lipid particle density with itself, reversed in the
𝑥-direction. In each plot the location of the centres of the two proteins are shown by
the vertical row of dots, and the corresponding optimal lipid distributions are shown
by the dashed lines. The section of each distribution corresponding to the intervening
region between the two proteins is shown by the solid lines. These sections are defined
as the regions in which both lipid density profiles are greater than half their maximal
value. The alignments for one (a), two (b), and three (c) intervening lipids are
shown. The vertical rows of dots, indicating the prediction of the optimal separation,
are located at 3.24 nm (a), 3.63 nm (b), and 4.02 nm (c).

64



3.9: Summary

The procedure followed above was very successful at predicting the locations of the

restrained metastable states for the orientational configuration (𝜙1, 𝜙2) = (90∘, 270∘),

where it is the same face of each protein that is facing the other protein. This is as a

result of the fact that the overlaying procedure involves using the same lipid density

plot for both proteins in this case. For the other orientational configurations the protein

faces that are brought into contact are different and as a result the lipid density profiles

are different. Without such a symmetric operation it is not obvious how best to align

the profiles, and this is most likely the reason why these observed features are most

pronounced for the orientations (𝜙1, 𝜙2) = (90∘, 270∘). For the other configurations the

pattern of the restrained metastable states is less regular and their shapes are less

pronounced.

Such features are not usually observed in PMFs calculated with proteins that are free

to rotate (for example the unrestrained PMF calculated above, shown in Figure 3.3

(on page 40)). By restraining the proteins’ orientations, we are sampling from a multi-

dimensional PMF along a specific reaction pathway, which is in contrast to the case of a

rotationally-unrestrained PMF where, by averaging over the rotational degrees of freedom

in the free energy landscape, these features are not observed. In the orientationally-

unrestrained case the proteins would be able to rotate in order to alter the distance

between their surfaces (if they are not perfectly rotationally symmetric) so that the inter-

vening region could be optimally packed with lipids without leaving any voids. However,

for a system with rotationally restrained proteins, there is an optimal separation at which

multiple lipid molecules can occupy the intervening space between the proteins.

3.9 Summary

In this chapter we introduced the concept of using MD simulations to investigate protein-

protein interactions. We demonstrated this process by calculating the PMF for the

association of a pair of bacterial outer membrane proteins in a pure POPE lipid bilayer,
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using a coarse-grained model of the system. From this initial calculation we demonstrated

the procedure that we extended in the following section. The PMF calculated shows

many features common to such interactions: a deep potential well at small inter-protein

separations and a small barrier at a slightly larger separation. The depth of this PMF was

approximately −70 kJ mol−1, which although not directly comparable to an experimen-

tally determined value, is of a similar magnitude to the depth of −150 kJ mol−1 calculated

for OmpF trimers by Casuso et al. (2012). The trimer system is much larger—each

monomer is larger and they form a trimer—so if the relationship demonstrated in this

chapter between buried surface area and PMF depth holds for OmpF, we would expect

it to be deeper.

We developed a method for applying rotational restraints to the proteins so that their

orientation in the plane of the membrane was fixed. Using such restraints we were able

to calculate restrained PMFs for specific relative orientations of the proteins, for which

we chose four different orientational combinations with different levels of contact. The

PMFs calculated for these systems showed several interesting features. The depth of

the PMFs varied between some of the orientational configurations. We showed that the

depth of the PMF was negatively correlated with the amount of buried surface area:

with a larger buried surface area between the two proteins, the depth of the PMF was

greater. This result is contrary to the result published by Periole, Knepp, et al. (2012),

but in their rhodopsin system a complex series of binding modes were identified, along

with some relative orientations that showed approximately no binding affinity. With

the relatively-featureless outer membrane protein, NanC, we demonstrated that in a

more simple system, a dependence of the PMF depth on the buried surface area was still

observed, as is often found for soluble proteins.

We also identified features in the PMFs that were attributed to protein-lipid-protein

interactions. In such a highly restrained system we were able to access behaviour of the

lipids over which we would average in a system where the protein were free to rotate.
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Specifically, for a given direction from the protein, there appears to be an annular lipid

distribution, which, when combined with the nature of a two protein interaction, leads

to the existence of states of preferred separation. In these states the intervening space

between the proteins was optimally populated by a specific number of lipid molecules.

Such behaviour is previously unreported and marks a significant step into understanding

the way in which lipid behaviour plays a dominant role in determining the strength and

form of protein-protein interactions. In an unrestrained system the proteins would rotate

such that these states relax into an energetically more favourable state, and we would

not be able to observe the complexities of the higher dimensional free energy surface for

protein-protein interaction in our NanC system.

In the following chapters we will use these PMFs to parameterize a yet coarser-grained

model of a bilayer. By representing the proteins in the system as points embedded in a

two-dimensional bilayer which have some intrinsic orientation, we will be able to use the

PMFs calculated in this chapter to parameterize the protein-protein interaction strength

(extending the approach introduced by Yiannourakou et al. (2010)). This simplified

membrane model is introduced in the following chapter and extended to include an

anisotropic potential, based on the orientationaly-restrained PMFs, in Chapter 5.
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Chapter 4

Using an Isotropic Model of NanC to

Simulate Diffusion and Interaction in a

Bilayer

Using a one-dimensional potential of mean force, we demon-

strate the parameterization of an individual-based discrete

model of NanC in a bilayer. We identify acceptable values

of the simulation and model parameters for various bilayer

environments. We then establish a framework for analysing

simulations of the model, enabling us to assess the perfor-

mance of individual-based movement schemes for our bilayer

system. This framework is used to investigate the effect of vary-

ing the parameters describing the protein-protein interaction,

from which we elucidate their role in the dynamics of the sys-

tem. Comparing the simulation results with a coarse-grained

molecular dynamics simulation of a similar system shows that

protein clustering occurs too quickly. A more advanced cluster-

based Monte Carlo method is employed, which improves the

agreement between our model and the MD simulation.
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4.1 Introduction

In this chapter we develop a discrete protein model of NanC, parameterized using the

PMFs calculated in Chapter 3. A discrete protein model is one in which the proteins are

represented as a single entity, rather than as a collection of atoms or particles, as was

the case in the coarse-grained MD simulations. This is a simplification of the system in

which we are interested, but a reduction in the degrees of freedom is required if we want

to run many repeat simulations using commercial hardware. This reduced representation

of a membrane system, and of other similar systems, is often performed in order to

simulate larger and more complicated systems. This level of coarse-graining, where we

are still able to resolve individual proteins (as opposed to continuum approximations,

where proteins are represented by some local protein concentration) is usually divided

into two distinct schemes: on-lattice simulations and off-lattice simulations.

4.1.1 On-lattice simulations

On-lattice models divide the spatial domain into a set of lattice sites, to which the

objects in a simulation are confined. The occupancy of each site is usually restricted to

a maximum of one object. The use of a lattice ensures that only integer arithmetic is
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required when calculating distances and separations, greatly facilitating the simulation

of the model.

The cellular automaton is one of the simplest incarnations of a lattice-based model. The

lattice sites evolve according to a specific set of rules in a cellular automata simulation.

When simulating a system where the objects are proteins, the set of rules are designed

to result in the random translation of proteins from occupied sites to unoccupied,

neighbouring (or nearby) sites. This type of simulation has been used to investigate

the effects of lipid rafts and cytoskeletal corralling on membrane protein diffusion and

interaction (Nicolau, Burrage, et al. 2006; Nicolau, Hancock, et al. 2007). The effect

of lipid rafts was included by defining regions of the membrane as raft regions, within

which different diffusion properties were applied; the rafts were characterised by a shorter

protein hopping distance. Simulations showed that the clustering of proteins within rafts

increased when the proteins had a specific affinity for that raft; in the absence of differing

affinities, varying the diffusive properties of different protein types in specific rafts would

also lead to their segregation. A cellular automaton, described by simple rules, is useful

for simulating systems populated by objects that are not strongly interacting, however,

they fail to accurately capture the motion of systems where the clustering of objects is

favoured.

Lattice gas simulations introduce an extra level of complexity to the cellular automaton

approach. A stochastic translation of an object on the lattice is proposed and the resulting

change in energy is calculated. The probability of accepting a move is dependent on this

energy change; lattice gas simulations are lattice-based Monte Carlo simulations. Goldman

et al. (2004) used lattice gas simulations to investigate the clustering characteristics

of membrane proteins, both point-like and more complex proteins, whilst modifying

the strength of protein-protein interactions. Lattice gas simulations have also been

used to study the periodicity of protein clusters in growing bacteria (Wang et al. 2008)

and the cluster phases of eukaryotic coat proteins, used in intracellular trafficking (G.
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Huber et al. 2011). However, lattice gas simulations are poorly suited to capturing the

concerted motion of clusters (something which is abundant in membrane systems), since

the probability that each object in a large and strongly-interacting cluster will move in

the same direction is vanishingly small.

Lattice-Boltzmann methods are commonly used in computational fluid dynamics

simulations, but have also been used with some success in the simulation of lipid bilayers.

Wagner et al. (2007) used lattice-Boltzmann methods to model the phase separation

of lipids in a membrane consisting of two coupled leaflets. However, given that such

simulations include explicit treatment of the lipids in the membrane, they can be

computationally costly; however, by continuing to represent the dynamics of the lipid as

an explicit fluid, hydrodynamic interactions are incorporated.

Instead of relying on a domain modelled by a fixed lattice, Collins et al. (2010) used an

adaptive lattice to investigate the dynamics and dimerization of epidermal growth factor

receptor. They used densely-distributed lattice sites to represent a lipid-raft-type region,

which was contained within a larger domain of sparsely distributed sites, representing

the rest of the membrane section. Techniques like this are very successful at investigating

the biochemical nature of a system, but advanced knowledge is needed of the regions in

which clustering is likely or intended.

In an attempt to benefit from the reduced computational cost of lattice models, but

improve the spatial resolution of simulations, dynamic lattice models are a hybrid of

on-lattice and off-lattice simulations. In a continuous spatial domain the proteins are

connected by a series of links; the interaction between two objects is only considered

if they are connected by a link, and the total number of links in the system remains

constant. The benefit of using a dynamic lattice model is that the number of interactions

remains constant throughout the simulation, so although you have to perform non-integer

arithmetic, the number of calculations is fixed. This makes a dynamic lattice model well

suited to systems that are densely packed, like the lipid-sterol membranes simulated by
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Polson et al. (2001), from which they were able to obtain phase diagrams for the system

that were in good agreement with experimental results.

4.1.2 Off-lattice models

Off-lattice models have a continuous spatial domain, so calculating the position and

movement of objects involves floating-point arithmetic. The effect of this is to increase

the computational cost of such simulations, but it enables more detailed analysis of the

process of clustering. A major contribution to the increase in computational operations

required with off-lattice models is the need to verify constantly the separation of objects.

This becomes an important factor when working with crowded systems, where the

implementation of cell-lists, and other techniques to reduce this cost, are increasingly

employed.

Langevin dynamics simulates the motion of particles that are in a fluid coupled to an

external heat bath. By integrating the laws of motion for a subset of the constituents of

the complete system, and incorporating the effect of the rest of the system by thermal

noise terms, it is possible to study complicated systems of interacting particles that are

immersed in an implicit solvent. In the non-inertial limit, where the timescale of the

thermal fluctuations of the solvent is much larger than the corresponding timescale for

momentum correlation, the motion of system may be represented by Brownian dynamics

(Huang 1987). Brownian dynamics simulations are widely used, and have been employed

to measure biochemical reaction rates in both the cytosol and the membrane. Andrews

et al. (2010) used a Brownian dynamics simulation package called SmolDyn1 to investigate

a pheromone sensing system in yeast by looking at the roles that different proteins played.

They were able to suggest a protein that would be a good candidate for identifying the

fittest partner cell with which to mate. The SmolDyn software package can simulate large

systems of proteins in one to three dimensions. In this work, their system was an entire

1http://www.smoldyn.org

73



Chapter 4: Isotropic Discrete Model of NanC Interaction

cell; in this cell, the proteins were able to adsorb onto the cellular membrane and continue

to diffuse in two dimensions. However, SmolDyn, like many Brownian dynamics packages,

works by simulating the motion of freely diffusing particles, which can be a sensible

choice for diffusion in the cytoplasm, but is less suitable when considering diffusion in

the membrane. Any inter-protein interactions are stochastic in nature, and occur when

the proteins are below some threshold separation. Another shortcoming of Brownian

dynamics packages, such as ChemCell2, is that the proteins are often represented as

dimensionless particles, so any interaction are represented as reactions from substrates to

products, which are unable to represent details of clustering. There is also no facility to

include longer range interactions, which can be present in the membrane as a result of

hydrophobic mismatch. ReaDDy, a recently developed simulation package created by

Schöneberg et al. (2013), overcomes many of these shortcomings and enables the explicit

inclusion of inter-protein interactions that are a function of separation, but without

at least a simple attempt at multi-body interactions, interactions like those found in

Chapter 3 are not easily represented.

Off-lattice Monte Carlo methods date back to the landmark paper by Metropolis et al.

(1953), in which the authors proposed a method for evolving a system stochastically that

is dependent on the energy change resulting from transitions. In membrane simulations,

the general method is to propose small movements of objects in the system, which

are accepted with a probability that is dependent on the energetic cost of the move.

Simulations like these benefit from the fact that the transitions are based on evaluation

of potentials, which is a simpler calculation than the evaluation of the forces acting on

objects in the system. However, it an be complicated to construct appropriately-smart

moves that have a high probability of acceptance. P. Sengupta et al. (2004) used a Monte

Carlo model to simulate cholesterol organization in the membrane. They included both

a short-range, hard sphere interaction, and a long-range repulsive interaction between

2http://www.sandia.gov/~sjplimp/cell.html
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the cholesterol molecules in the lipid membrane. They used this system to look at the

phase transitions of the membrane as a function of the system parameters (density and

temperature), observing that the system developed a lateral order for certain values

of these parameters. Yet, simulations like this, which do not technically represent real

dynamics of the system, are limited in their scope to represent the actual motion of

proteins in the membrane. With a long enough simulation, you can ensure that there is

an adequate sampling of configuration space (with annealing to avoid staying in local

minima), but the motion is not dynamically-realistic. Also, these simulations neglect

the important role that clustering plays in systems of strongly interacting particles,

particularly the role of the diffusion and reshaping of clusters of objects in the system.

To help overcome these problems with Metropolis Monte Carlo simulations that

use movements of individual proteins, various linking schemes have been developed to

facilitate the movement of clusters of interacting particles. Statically-linked Monte Carlo

simulations allow for movement of the system on various length scales (Wolff 1989; Liu

et al. 2004; Troisi et al. 2005b). In these methods, a cluster of connected objects is

selected and moved at each time-step, instead of just moving one object. The static

linking approaches construct the cluster to be moved based only on the initial state of the

system. The effect of such an approach is to create unphysical movements of the clusters

of particles. The movement of interacting particles would not be based only on the initial

configuration of the system, but would instead move down gradients in the system energy.

This is something that is addressed in dynamically-linked Monte Carlo methods, such as

the virtual move Monte Carlo scheme of Whitelam and Geissler (2007). The introduction

of virtual moves to the process of selecting the moving clusters means that the clusters

are not only selected based on their current configuration, but also the configuration

that would result from the proposed move (Whitelam 2011). The effect of this is to add

dynamically-realistic movement to an off-lattice Monte Carlo simulation. This model was

used by Villar et al. (2009) to simulate the clustering of homomeric protein complexes,

75



Chapter 4: Isotropic Discrete Model of NanC Interaction

but has not (at the time of writing) been implemented in the simulation of membrane

protein systems.

Other more complex schemes of protein movement, such as agent-based simulations,

where objects or clusters of objects evolve according to some pre-defined set of rules, bear

some similarity to the on-lattice cellular automata, as they can encode more complex

protein-protein interactions. These rules do not have to be based on physically realistic

processes, but aim to improve the sampling of configuration space. Troisi et al. (2005a)

developed an agent-based simulation scheme for the self assembly of two-dimensional

protein clusters. Their approach involved a system-wide process for cluster evolution,

in which the clusters are ranked based on their interaction energy. When clusters are

formed that are not energetically-optimal, compared to other clusters of the same size,

then there is an increased probability of splitting. This model was used to simulate an

atomic system, resulting in a lower energy final state than the same system simulated

using traditional Monte Carlo methods (Fortuna et al. 2010). However, as discussed by

Jankowski et al. (2009), this approach is limited by the fact it only maintains clusters

that are constructed from optimal smaller clusters. Agent-based models like this are also

restricted in the sense that they may find energetically optimal clusters of proteins, but

the route taken to reach them may not be dynamically realistic.

In this chapter we develop a protein model based on the interactions, characterized

by PMFs, between pairs of NanC proteins that were calculated in Chapter 3. Next

we introduce the theoretical basis for the Monte Carlo scheme implemented. We then

compare the performance of our model to MD simulations of a similar system. Finally,

the VMMC scheme of Whitelam and Geissler (2007) is implemented to improve the

clustering behaviour of the simulations.
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4.2 Monte Carlo simulation theory

Monte Carlo simulation is a technique to sample random microstates of a system from a

probability distribution corresponding to a specific thermodynamic ensemble (Frenkel

et al. 2002). The microstates in a system of 𝑁 particles are defined by the set of centre

of mass positions and momenta, and angular orientations and momenta for each of the

particles. From classical statistical mechanics we know that the density of microstates

should be

𝜌 (𝐫u� , 𝐩u� , 𝛀u� , 𝐋u�) ∝ 𝑒−u�ℋ(u�u�,u�u�,u�u�,u�u�), (4.1)

where 𝐫u� and 𝐩u� are the centre of mass positions and momenta of the particles; 𝛀u�

and 𝐋u� are the angular orientations and momenta of the particles; 𝛽 is 1/𝑘u�𝑇 , and

ℋ (𝐫u� , 𝐩u� , 𝛀u� , 𝐋u�) is the Hamiltonian. The kinetic terms of the Hamiltonian are

trivially integrated over, as they are quadratic in the momenta, resulting in a constant

that is independent of position (Frenkel et al. 2002). This leaves the density of states as

𝜌 (𝐫u� , 𝛀u�) ∝ 𝑒−u�u� (u�u�,u�u�), (4.2)

where 𝑉 (𝐫u� , 𝛀u�) is the potential function; it is from this distribution that we sample

when using Monte Carlo methods. The Monte Carlo scheme developed by Metropolis

et al. (1953) samples states from this distribution by firstly randomly generating a trial

state; this trial state is conditionally accepted with a specified probability, whose form

results from the need to satisfy detailed balance. Detailed balance requires that for any

transition between two states, the ratio of the forward and reverse transition rates is

equal to the ratio of the probability of being in those states, this statement is captured

by the equation

𝜋(𝜇)𝑃(𝜇 → 𝜈) = 𝜋(𝜈)𝑃 (𝜈 → 𝜇), (4.3)
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where, for states 𝜇 and 𝜈, 𝜋 is the probability of being in the given state, and 𝑃 is the

probability of transitioning between the states in the given direction. The probability of

the transition is the product of the probability of generating the move and the probability

of accepting the move. Assuming that the probability of generating the move is the same

in each state, then

𝑃(𝜇 → 𝜈)
𝑃(𝜈 → 𝜇)

=
𝑃gen(𝜇 → 𝜈)𝑃acc(𝜇 → 𝜈)
𝑃gen(𝜈 → 𝜇)𝑃acc(𝜈 → 𝜇)

= 𝑃acc(𝜇 → 𝜈)
𝑃acc(𝜈 → 𝜇)

= 𝜋(𝜇)
𝜋(𝜈)

, (4.4)

and the ratio of probabilities of being in the two states is equal to the ratio of their

Boltzmann factors. This is given by

𝑃acc(𝜇 → 𝜈)
𝑃acc(𝜈 → 𝜇)

= 𝑒−u�(u�(u�)−u�(u�), (4.5)

where 𝐸 is the energy of being in the given state. Metropolis et al. (1953) proposed that

the acceptance probability for the trial state, which satisfies the above equation, should

be of the form

𝑃acc = min {1, 𝑒−u�(u�(u�)−u�(u�))} . (4.6)

One of the benefits of Monte Carlo simulations is that it does not involve integrating

forces, as is required in the MD simulations in Chapter 3. This means we are able to

make larger transitions between trial steps without having to worry about the stability

of the simulation and each iteration only involves the calculation of the energy of a

particular state, but we are limited to making moves that have a reasonable probability

of acceptance. However, as a result of there being no equations of motion, the trajectory

generated between states does not necessarily represent the realistic dynamics of the

system. If we only make local transitions between states, the system trajectory will

approximate realistic diffusive dynamics (Whitelam 2011). Yet for this to be applicable,

the energy between states needs to be slowly varying, which is something that we cannot
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guarantee, and do not expect for a system of proteins in a membrane. As a result of

this, in systems with strong interactions, Monte Carlo simulations under-sample the

motion of clusters. This occurs because for a cluster of tightly bound particles to diffuse,

each particle in the cluster needs to individually be moved in the same direction. It

is likely that such a series of moves would result in high energy intermediate states,

which would make such movements unlikely. To encourage the movement of clusters of

particles, which are strongly interacting, various cluster based Monte Carlo schemes have

been developed. These schemes either propose some static linking scheme each for each

interaction (Wolff 1989; Troisi et al. 2005b) or link clusters based on the gradients of the

interactions between particles (Whitelam and Geissler 2007).

4.3 Parameterizing a discrete model of NanC diffusion

Here we describe the model representing our lipid bilayer system, which is used throughout

this chapter and built upon in Chapter 5. The features described herein are ubiquitous

in this thesis, but the implementation of transitions between states and other features of

the simulation method will vary as we aim to capture more of the complexity of protein

movement and interaction within a bilayer environment.

4.3.1 The discrete model

As in Chapter 3, we consider the case of proteins embedded in a bilayer environment. In

the MD simulations we represented the proteins by a reduced set of atomic coordinates,

where approximately four non-hydrogen atoms were represented by one coarse-grain

particle. Here we reduce the number of degrees of freedom even further, to the limit at

which we can still resolve individual proteins. This is done by representing the proteins by

a single point at their centre of mass. So for our system of 𝑁 proteins, their translational
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state is fully described by the set of positions of their centres of mass

𝑋 = {𝐱1, … , 𝐱u�} , (4.7)

where 𝐱u� is the position of the 𝑖th protein’s centre of mass.

In Chapter 3, our proteins were embedded in a bilayer that consisted of lipid molecules,

which were themselves coarse-grained using the same ratio of atoms to coarse-grained

particles as for the proteins. The interactions between the particles of the lipids and

those of the proteins were explicitly defined for the system. In our discrete model we

implement an implicit lipid environment, where the effect of the lipids on the motion

of and interaction between proteins is defined through appropriate parameterization of

the model for protein motion and protein-protein interaction, rather than by explicitly

accounting for the positions, motions and properties of individual lipid molecules in the

bilayer and the water and ions in the surrounding solvent. So the translational state of

the entire system, not just the proteins, is in fact described by 𝑋.

Previously, our MD system was represented in three spatial dimensions. Yet, the motion

of and interaction between the proteins is mostly captured by their positions within the

plane of the lipid bilayer itself; there is no protein movement outside of the bilayer. The

limiting of many features of protein movement and clustering to their position in the

plane of the bilayer can also be highlighted by the distribution of the protein’s pore axis

angle. In order to calculate this we used a coarse-grained MD simulation of a single NanC

to measure the deviation of the protein’s pore axis from the membrane normal. The

distribution of this angle is shown in Figure 4.1. The simulation data used to calculate

this angle distribution is the same simulation data that was presented in Chapter 3, which

was used to calculate the lipid distribution around an individual protein. In Figure 4.1

we can see that there is only a relatively small angular deviation of 19∘±6∘. It is for these

reasons that we chose to represent our membrane in two dimensions, with the proteins’
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Figure 4.1: Distribution of pore axis angle measured relative to the membrane normal.
The distribution has a mean of 19∘ and a standard deviation of 6∘.

positions, 𝑋, being described by two-component vectors specifying the proteins’ locations

in the plane of the membrane. Our membrane system has periodic, toroidal boundaries,

much like those that are employed in the MD simulations in Chapter 3.

The interactions between the proteins in our model are described by pairwise interac-

tions. The interaction energy, 𝜖u�u�, for two isolated proteins, 𝑖 and 𝑗, in our model is a

function of the positions of those two proteins,

𝜖u�u� ≡ 𝜖u�u� (𝐱u�, 𝐱u�) . (4.8)

The final feature of our model that we need to introduce is our implementation of a

simple three-body interaction scheme, similar to that employed by Yiannourakou et al.

(2010). So although the interaction energy between proteins is pairwise, we implement

a three-body scheme that introduces a simple occlusion of proteins. If there are any

proteins occupying the region between the proteins 𝑖 and 𝑗, then 𝜖u�u� = 0. This has

the effect of restricting any interactions between proteins to those that have a direct
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Figure 4.2: An illustration of protein occlusion is given using two different cases, both
involving three proteins: one blue, one grey and one red/green. The red protein
is occluded from its corresponding blue protein, whereas the green protein is not
occluded from its corresponding blue protein. In both cases, the grey protein is a
nearby protein which has already been considered when calculating the interaction
energy. For the trio of proteins on the left, the grey protein acts to occlude the red
protein from the blue, as its edge crosses the red line, drawn from the centre of our
protein of interest. For the trio of proteins on the right, the grey protein does not
cross either of the two green lines, and therefore the green protein is not occluded by
the grey.

line-of-sight to each other. The three-body occlusion is illustrated in Figure 4.2.

We have chosen to implement this three-body effect as the interactions observed in

Chapter 3 were dominated by lipid effects, with any electrostatic or van der Waals

interaction between two proteins having no direct effect on their interaction. The

exception to this behaviour occurs at very short inter-protein separations, but in such

circumstances there is no possibility for another protein to separate the two proteins

being considered, so no occlusion can occur.
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4.3.1.1 Sampling configuration space using physically-realistic trial moves

To simulate the movement and interaction of the proteins embedded in our two-dimensional

implicit membrane, we need to define a set of rules that govern how they move. We

evolve the system by defining some discrete time scale, such that at time 𝑡, when the

proteins are at positions 𝑋u�, we apply our chosen rule for updating positions and advance

time by 𝛿𝑡, which leaves the proteins at 𝑋u�+u�u�.

We implement a Monte Carlo simulation scheme by randomly sampling the system’s

configuration space to study its behaviour. Above we stated that in the case of small

transitions between proposed states, where the individual particles in the system are

moved using small local movements, the application of a Monte Carlo sampling scheme

reproduces the diffusive dynamics observed when integrating the laws of motion.

The transitions involve small translations of individual proteins in a random direction

by an amount sampled uniformly from the range [0, 𝛿𝑙]. By sampling in this manner we

ensure that there is no preferentially chosen directions in which the proteins will move.

To ensure physically realistic moves, we restrict the maximum translation distance, 𝛿𝑙,

to some fraction, 0 < 𝛿 ≤ 1, of the protein diameter, 𝜎, where 𝛿 = 𝛿𝑙/𝜎. In Section 4.4

we calculate the bounds on 𝛿 that are required for our scheme to result in simulation

trajectories that are independent of our choice of 𝛿.

Our bilayer model is evolved by continuously iterating over the proteins in the system

and proposing individual trial moves for them. We consider one Monte Carlo step to be

the proposal of a trial translation for each protein in the membrane, on average. This

is on average because we select the protein for which we will propose a transition in a

random manner, therefore, in any given Monte Carlo step, one protein may move more

than once, or not at all. One Monte Carlo step is the fundamental time-step in our

discrete simulations.
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4.3.1.2 Criteria for accepting trial states

As explained above, the Monte Carlo technique involves two stages. Firstly, the proposal

of a transition from the current state to some trial state, which we outlined above.

Secondly, the trial state is assessed using some criterion, which results in either the

acceptance of rejection of the trial state. The Metropolis criterion for assessing a trial

move, resulting from a transition from state 𝜇 to a state 𝜈, is defined by the probability,

𝑃acc, which was given in Equation (4.6). The model includes only pairwise interaction

energy terms between proteins, so the total energy, 𝐸, for a certain state is given by

𝐸 = 1
2

∑
{u�,u�}

𝜖u�u�, (4.9)

where the sum is over the all pairs, {𝑖, 𝑗}, of proteins. Using this criteria demands

that we have a suitable characterization of the energy for proteins at a given centre of

mass separation, which includes the effect of the lipids, water and ions. We discuss our

parameterization of the pairwise interaction energy in Section 4.3.2.

4.3.1.3 Interpreting the time scale

Our membrane model can be evolved using the procedures outlined above, but our

intrinsic time scale, the Monte Carlo step, is highly dependent on our choice of the

maximum allowable translation, 𝛿𝑙. To apply a physically realistic time scale to the

simulation of our model we follow the approaches of both Romano et al. (2011) and

Jabbari-Farouji et al. (2012) by using a scaling approach to regain a realistic time scale

for our simulations.

The first of the scaling approaches discussed, developed by Jabbari-Farouji et al. (2012),

relates the length of time for a single Monte Carlo step to the mean squared deviation
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(MSD) of the particles. After 𝑛 Monte Carlo steps the MSD, ⟨Δ𝑟2(𝑛)⟩, which is given by

⟨Δ𝑟2(𝑛)⟩ = 1/𝑁
u�

∑
u�=1

|𝐱u�(𝑛) − 𝐱u�(0)|2, (4.10)

should vary linearly with 𝑛, although the slope of the linear relationship may vary depend-

ing on the whether the diffusive regime is the short-time or long-time regime (whether the

particles have interacted with each other or not). For sufficiently small 𝑛 the MSD should

be governed by the infinite-dilution diffusion coefficient, which for the two-dimensional

case should result in ⟨Δ𝑟2(𝑛)⟩ ≃ 4𝐷0(𝑛𝛿𝑡), where 𝐷0 is the infinite-dilution diffusion

coefficient and 𝛿𝑡 is the length of time for a single Monte Carlo step. Following this

reasoning, Jabbari-Farouji et al. (2012) obtain a Monte Carlo step size of

𝛿𝑡
𝜏u�

= lim
u�→0

⟨Δ𝑟2 (𝑛)⟩
𝑛𝜎2 , (4.11)

where 𝜏u� is the Brownian time scale, defined as the time required for the protein

with an infinite-dilution diffusion coefficient, 𝐷0, to diffuse over its diameter, 𝜎, and is

𝜏u� ≡ 𝜎2/(4𝐷0).

The second time-scaling method used is that of Romano et al. (2011), where the length

of time for a Monte Carlo step is scaled based on the maximum translation distance, 𝛿𝑙;

the protein diameter, 𝜎; and the rate of trial move acceptance, 𝐴, and is given by

𝛿𝑡
𝜏u�

= 𝐴𝛿𝑙2

𝜎2 . (4.12)

This scaling is based on the relationship found by Sanz et al. (2010), which related the

MSD to the current acceptance rate by ⟨Δ𝑟2(𝑛)⟩ ≃ 𝐴𝛿𝑙2 for small 𝛿𝑙. In this scaling it is

assumed that rejected moves have the effect of slowing down the physical time for each

Monte Carlo step, because the proteins will not have moved as much.

Using both of these approaches to apply a physical time scale to Monte Carlo simulations
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of our model requires that we have a suitable characterization of the diffusion coefficient

in the infinite-dilution limit. We discuss our application of the infinite-dilution diffusion

coefficient to scale the time steps in Section 4.3.3.

4.3.2 Characterizing the pairwise protein-protein interaction energy

using the potential of mean force

Having defined our model, we now need to define the functions that we will use to describe

the protein-protein interaction, along with the parameters of those functions. In this

section we will use the results of Chapter 3 to parameterize the pairwise protein-protein

interaction energy.

4.3.2.1 Why the PMF is a suitable characterization of the protein-protein

interaction energy

We stated above that in order to effectively apply the Metropolis criterion for judging

whether trial moves should be accepted or rejected, we needed to have some measure for

the pairwise energy of interaction for two proteins at a given separation in the membrane.

This energy needs to account for the effect of the lipids in the bilayer, and the water and

ions that surround it. In Chapter 3 we calculated the potential of mean force (PMF) for

two NanC proteins in a bilayer as a function of separation. The PMF gives the change in

free energy as a function of some reaction coordinate, or set of coordinates. It was defined

in Chapter 3 as the potential on a sub-set of the system that results from averaging over

the force on that sub-set due to the rest of the system, where the force here comes from

the coarse-grained MD forcefield used to calculate the PMF. So the PMF calculated in

Chapter 3, which was calculated as a function of inter-protein separation (defined by the

separation of the proteins’ centres of mass), gives us the change in energy that results from

changing the protein separation and takes into account the force contributions from all

of the lipids in the bilayer and the water and ions that surround the bilayer. This means
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we are able to use the PMF as our measure for the pairwise protein-protein interaction

energy because it was originally defined to estimate an energy that is equivalent to the

energy between proteins in our discrete model.

4.3.2.2 Representing the PMF by a function of inter-protein separation

In order that we can use the PMF for rotationally unrestrained proteins, we need to

obtain an appropriately fitted function of the inter-protein separation that adequately

represents the data. If we are to use the PMF in our model we need to be able to obtain

its value for any inter-protein separation.

In order to get a good fit of the PMF data, we have used the sum of two functions,

through which we have tried to capture the main features of the profile. Firstly, we used

a Morse potential to fit the potential well of our PMF, which is generally used to model

bound states of atoms, but enables us to match the position, depth and width of the

well. The Morse potential has the form

𝑉Morse = 𝜖min (1 − exp [−𝜎min(𝑟 − 𝑟min)])2 , (4.13)

where 𝜖min is the depth of the potential well, 𝑟min is the location of the minimum, and

𝜎min controls the width of the potential well. However, it is more commonly used in its

offset form

̂𝑉Morse =𝑉Morse − 𝜖min

=𝜖min (exp [−2𝜎min(𝑟 − 𝑟min)] − 2 exp [−𝜎min(𝑟 − 𝑟min)]) ,
(4.14)

where limu�→∞ ̂𝑉Morse = 0. Throughout this work, we exclusively use the offset form

of Equation (4.14), so we set 𝑉Morse ≡ ̂𝑉Morse for ease of representation. Secondly, we

used a Gaussian potential to fit the small energy barrier that occurs at an inter-protein
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Figure 4.3: Fitting the PMF data (black crosses) using a Morse potential (dashed
blue line) and a Gaussian (dashed green line). The combined function is shown by
the solid red line.

separation of approximately 5.5 nm. The Gaussian potential has the form

𝑉Gauss = 𝜖barrier exp [−(𝑟 − 𝑟barrier)2

2𝜎2
barrier

] , (4.15)

where 𝜖barrier is the height of the Gaussian, 𝑟barrier is the location of the Gaussian

maximum, and 𝜎barrier controls its width. Both these functions are shown by dashed

lines in Figure 4.3.

The combined interaction potential between the proteins in our model is thus given by

𝑉 =𝑉Morse + 𝑉Gauss

=𝜖min (exp [−2𝜎min(𝑟 − 𝑟min)] − 2 exp [−𝜎min(𝑟 − 𝑟min)]) +

𝜖barrier exp [−(𝑟 − 𝑟max)2

2𝜎2
barrier

] ,

(4.16)

which is a function of six parameters: the height, location and width of both the Morse

and Gaussian potentials. The potential function was fitted to the PMF data using a least
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Parameter Value

𝜖min 69.3 kJ mol−1

𝜖barrier 10.9 kJ mol−1

𝑟min 3.2 nm

𝑟barrier 5.2 nm

𝜎min 1.5 nm−1

𝜎barrier 0.9 nm

Table 4.1: Parameter values obtained from a least squares fitting of the interaction
potential given by Equation (4.16) to the PMF calculated using MD simulation in
Chapter 3. The PMF and the interaction potential are shown in Figure 4.3.

squares method implemented in the optimization package of the Python SciPy library3.

We wished to ensure that both 𝑉Morse and 𝑉Gauss had physically meaningful forms, so that

they were both realistic potentials in isolation. This can be seen by the fact that both

the blue dashed line and the green dashed line follow the shape of the respective features

reasonably closely. To do so we were required to place some constraints on the fit, which

were: 2.5 nm ≤ 𝑟min ≤ 4nm and 4 nm ≤ 𝑟barrier ≤ 6nm. Without any constraints, the

forms of 𝑉Morse and 𝑉Gauss that result in the best fit to the data were unphysically large

and in unrealistic locations. By constraining the parameters we are thus able to alter the

potential in a more manageable manner by modifying the parameters of the individual

component. For example, a doubling in the well depth requires an approximate doubling

of 𝜖min and a halving of the barrier height requires an approximate halving of the value of

𝜖barrier. With a more precise fit to the data, but using unrealistic components, we would

not be able to have as much control over the inter-protein interaction. The results of the

parameter fitting are given in Table 4.1.

3http://www.scipy.org
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4.3.3 Estimating the infinite-dilution diffusion coefficient required for

time-scaling

Having specified the form of the protein-protein interaction energy above, the other

parameter that we need to specify before we can perform simulations of our model is the

diffusion coefficient in the infinite-dilution limit.

Since our model does not include any hydrodynamic effects, we can use MD simulation

of a single protein to calculate a value for the diffusion coefficient. We attempt to

approximate the infinite-dilution limit by considering the motion of a single protein in

a large simulation box. There will be some finite size effects in such a system, but by

choosing a large simulation box, we hope to minimize these. Using a 5 𝜇s coarse-grained

MD simulation of a single NanC in a periodic POPE bilayer with a simulation box side

length of 28.3 nm, corresponding to a protein area fraction of 1.1%, we calculated the

mean squared displacement (MSD) of the protein. The MSD gives a measure of the

diffusion of the protein. In a given time step a protein may be displaced by some amount

𝛿𝑟. The mean squared displacement at time 𝑡1 is thus given by

⟨Δ𝑟2⟩ = ⟨
u�1

∑
u�=0

𝛿𝑟 (𝑡)2⟩, (4.17)

where the mean, ⟨…⟩, is taken over all of the proteins in the system. The MSD calculated

using MD is shown as a function of simulation time in Figure 4.4, where we can see that

it is linear. For free diffusion in a two-dimensional region, the long-time relationship

between the MSD, ⟨Δ𝑟2⟩, and the time, 𝑡, is given by

⟨Δ𝑟2⟩ = 4𝐷0𝑡, (4.18)

where 𝐷0 is the translational diffusion coefficient. By fitting a straight line to the data in

Figure 4.4, we are able to calculate an estimate of the infinite-dilution diffusion coefficient,
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Figure 4.4: Mean square deviation (MSD) of a single NanC as a function of time, 𝑡,
obtained from a 5 𝜇s coarse-grained MD simulation of a 28.3 nm-square periodic
pure POPE bilayer.

𝐷0, of 0.031 nm2 ns−1.

The limitation in our approach to characterizing the diffusive behaviour of the pro-

teins using coarse-grained MD simulations is that the movement is sped up by the

coarse-graining process. This is as a result of the smoothing of the inter-atomic inter-

action potentials and accounts for an approximately four-fold increase in the speed of

coarse-grained MD simulations (Monticelli et al. 2008). However, since we will compare

simulations of our model to coarse-grained MD simulations in Section 4.5, which suffer

from the same time-scaling issues, this should not be a problem.

4.4 The convergence of system statistics and the regions of

parameter validity

In this section we use Monte Carlo simulations to calculate the MSD of the proteins in

our discrete individual-based model and assess the convergence of its error with increasing
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number of repeat simulations. We then use the MSD to investigate the choice of the step

size, 𝛿, used in our simulations and what effect this choice has on our ability to implement

the diffusion-based time-scaling scheme in Equation (4.11). Finally, we compare the

performance of the diffusion-based time-scaling scheme with that of the acceptance-based

time-scaling scheme introduced in Equation (4.12). To do this we analyse the overlap

of the MSD trajectories for various values of 𝛿, which, in the ideal case, should overlap

perfectly.

4.4.1 Simulating the system

The initial state of our bilayer system consists of a number of proteins arranged in a square

lattice formation. To vary the system density, we can change the initial inter-protein

separation. In this section we use initial inter-protein separations ranging from 6 nm to

8 nm, which correspond to a protein area fraction approximately between 12 and 22%.

As outlined in Section 4.3, our system is evolved using the Monte Carlo method, where

we implement the Metropolis acceptance criterion given in Equation (4.6) and generate

trial states of the system by applying small transitions to individual proteins. Given the

set of parameters describing our model via the interaction energy, 𝜖u�u�, and the protein

self-diffusion, 𝐷0, we are able to control the simulation by varying either 𝛿 or the system

temperature, 𝑇 . However, our values of 𝜖u�u� and 𝐷0 were both calculated using a system

temperature 𝑇 = 310 K, so we shall use this value for all of our simulations.

The simulations of the model were performed using a simulation program written in

Scala. Scala runs on the Java Virtual Machine, making it easy to run the software on a

variety of systems. Snapshots of the simulation of 256 proteins after 100 and 1000 Monte

Carlo steps are shown in Figure 4.5.
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(a) (b)

Figure 4.5: Positions of 256 proteins distributed in a planar and periodic patch of
membrane. The proteins were initially placed on a square grid with an inter-protein
spacing of 8 nm. (a) Positions of the proteins after 100 Monte Carlo steps. (b)
Positions of the proteins after 1000 Monte Carlo steps.

4.4.2 Characterizing the simulation data

The output from our simulation is a time-series of spatial coordinates for each protein

in the system, along with a record of the acceptance rate for our proposed trial moves.

For any given protein, the trajectory will differ significantly from its neighbours and,

given that the random numbers generated for repeat simulations are independent, the

trajectories will differ significantly for the same protein in different simulations. Given

that the individual protein trajectories are so varied, in order to analyse the system we

must characterize it by its bulk properties. To use these bulk properties to describe our

system we should have some idea about how they converge with an increasing number of

independent repeat simulations. If a given bulk property and its error do not converge,

then it will not be a particularly useful descriptor of our system.

To demonstrate the calculation of bulk properties for the system and the analysis

of their convergence, we calculate the proteins’ MSD, ⟨Δ𝑟2⟩, defined in Section 4.3.3.
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Figure 4.6: Mean squared deviations for repeat runs of a simulation of 256 proteins
with 𝛿 = 0.03 and a protein density of approximately 14%. Only 48 of the 192
simulations are shown here, for clarity. The region between the black dashed lines is
one standard deviation either side of the mean of the data.

We must take care to track the position irrespective of any boundaries, such that the

value of 𝑟 is the sum of the individual transitions that were accepted for a given protein,

rather than the closest separation between the current position of a protein and its initial

position.

In Figure 4.6 we show the MSDs, taken over a system of 256 proteins for a series of

repeat simulations. Here we can see that the MSD calculated for different simulated

systems are not identical; they follow a similar profile, but do not overlap significantly.

This highlights the need to run repeats for stochastic simulation, if we are to obtain

reliable estimates for the bulk statistics of the system. There are 48 example trajectories

shown in Figure 4.6, taken from a set of 192 repeats. The dashed lines show the region

that is one standard deviation away from the mean MSD across the data set.

In Figure 4.6 and throughout this chapter, we measure time in units of the Brownian

time scale, which was introduced in Equation (4.11) as the time it takes for a protein to

diffuse a distance equal to its diameter. This is a useful time scale to use as it enables
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Figure 4.7: Standard deviation of the mean squared displacement shown for an
increasing number of repeat simulations. The data shown are for the addition of 4
repeat simulations for each trace plotted, up to a total of 192 repeat simulations.

quick comparison between results from simulations that use different parameters. It

is, however, simple to transform to time in seconds using 𝜏B ≡ 𝜎2/4𝐷0 where 𝜎 is the

protein’s diameter and 𝐷0 is its infinite-dilution diffusion coefficient.

Characterization of the error for a given statistic is an essential step in being able to

interpret the behaviour of the system. Figure 4.7 shows how the value of the standard

deviation of the MSDs in Figure 4.6 converges with an increasing number of repeat

simulations. This result demonstrates that by repeating the same simulation many times,

using independent random number sequences, we are able to evaluate bulk statistics for

the system with a converged error.
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4.4.3 Changing the step size and its effect on the validity of

diffusion-based time-scaling

The step-size, 𝛿, is one of the parameters we can change, which will have a direct effect

on the evolution of our system. Yet our choice of 𝛿, at least in the diffusion-based

time-scaling of Equation (4.11), is restricted by the requirement that we are able to

resolve the initial diffusive behaviour of the proteins, when they are not influenced by

the effect of the surrounding proteins.

In Figure 4.8, we can see this short-time diffusive regime in the plot of the MSD for a

system with a protein density of approximately 14% (corresponding to an initial protein

separation of 7.5 nm). At short time scales the diffusion obeys the relationship shown

in Equation (4.18), where we have added the black line to the plot to show how the

MSD should evolve were it not for the presence of the other proteins. The diffusion

matching scheme of Equation (4.11) requires that we are able to identify this short-time

diffusive regime and calculate the mean squared deviation of the proteins as the number

of Monte Carlo steps tends to zero. This places a requirement on our choice of 𝛿, because

if our maximum transition size is too large, we will not be able to resolve this short-time

diffusive behaviour. Figure 4.8 illustrates the criteria applied to assess the suitability of

a given step size for using the diffusion matching scheme. We stipulate that in order to

be able to extrapolate a straight line fit to the initial section of the MSD, the MSD must

not have deviated outside the region marked by the red dashed lines by the third Monte

Carlo step4. It is clear from the zoomed-in inset axes that the MSD in this instance falls

well within these bounds.

We have used this criterion to assess the choice of 𝛿 for a range of protein densities by

performing a parameter sweep, recording an acceptability score in the range [0, 1], the

results of which are shown in Figure 4.9. The acceptability score is a measure of how

4This choice is somewhat arbitrary, but since we are scaling based only on the first Monte Carlo step,
having a good straight-line fit for the first three seems a reasonable criterion.
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Figure 4.8: Mean squared displacement is plotted as the thick blue line on a logarithmic
scale. We are more easily able to identify the region during which the proteins have
not been affected by the presence of the others in the system. The thin black line
shows the profile for normal diffusion of an isolated protein. We can see that the
MSD for this system diverges from the line between 𝑡/𝜏B = 10−2 and 𝑡/𝜏B = 10−1.
The dashed red lines indicate the limits of acceptability for the MSD to deviate from
the ideal line, which is evaluated at the threshold indicated by the vertical green
line. The acceptability score is linearly mapped to the range [0, 1] based on how
close the MSD is to either of the limits (red lines) at the location of the threshold
(green line). A score of one means that the MSD is on the central line, whereas a
score of zero means the MSD is on, or beyond, either of the two red boundary lines.
From the zoomed inset axes we can see that this MSD is acceptable; it has a score of
approximately 0.8.

97



Chapter 4: Isotropic Discrete Model of NanC Interaction

much the MSD deviates from a linear relationship with the simulation time. When there

is no deviation, the MSD is a linear function of the simulation time, the acceptability

score is 1. When the deviation is equal to or greater than the region defined by the

dashed red lines in Figure 4.9 after the third Monte Carlo step, the acceptability score

is 0. This is a somewhat arbitrary measure, but the pattern in acceptability score for

various simulation parameters, rather than the absolute values, is what is most indicative

of the simulation behaviour. It is clear from Figure 4.9 that there is a significant portion

of our parameter sweep that does not enable us to use the diffusion-based time-scaling

method. The region with high protein density and high 𝛿 scores poorly. It is to be

expected that it is in this region that we find the worst matching to the ideal diffusion

scenario. For large values of 𝛿 the proteins will move more in each Monte Carlo step,

and will, therefore, interact with the other proteins in the system sooner. Similarly, for

the higher density systems, the proteins are initially placed closer to the other proteins

and will also interact with other proteins sooner. Therefore, it is for the lower protein

densities or for smaller transition step sizes that we will be able to match the short term

diffusive motion to the expected diffusive behaviour in the infinite-dilution limit. These

parameter combinations are those with the higher acceptability scores, which are shown

in pale yellow and white in Figure 4.9.

4.4.4 Data collapse

Having identified the regions of parameter space allowed for both 𝛿 and the protein

density, which should enable us to apply the diffusion-based time-scaling technique using

the short-time infinite-dilution diffusion coefficient, we are able to see how both of the

time-scaling methods perform by reducing some simulation data onto the same time scale

using various values of 𝛿. If our scaling has worked correctly, the MSDs for different

values of 𝛿 should coincide.

From Figure 4.10 we can see that for the case of a system with the proteins initially
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Figure 4.9: Acceptability scores for a range of values of the transition step size 𝛿, and
the protein density. A score of one means the MSD for the given parameters is very
well suited to matching with the diffusion coefficient as the number of Monte Carlo
steps tends to zero. The region with the worst scores is the region of high 𝛿 and high
protein density.
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distributed on a square grid at 8 nm separations we get good data collapse, across almost

all values of 𝛿, for both the diffusion and acceptance scaling regimes. It is only for the

largest 𝛿 value shown that there is any noticeable deviation, and this was predicted by

its poor acceptability score shown in Figure 4.9. However, in Figure 4.11 we can see an

example of where the diffusion-based time-scaling breaks down, as the MSDs for different

values of 𝛿 do not collapse well onto our real time scale. In the parameter sweep shown

in Figure 4.8 the most dense system studied corresponded to a protein surface area

accounting for approximately 22% of the membrane, which corresponds to the MSDs in

Figure 4.11 with an initial protein separation of 6 nm. From our parameter sweep we

find that only the first two or three values of 𝛿 should give acceptable scaling under the

diffusion-based scheme. We see in Figure 4.11 that the smallest values of 𝛿 investigated

do show some degree of appropriate collapse, but it is not as good as the data collapse

observed with the larger initial protein separation shown in Figure 4.10. The MSDs for

larger values of 𝛿 shown in Figure 4.11 do not result in satisfactory data collapse, which

is as we expect given their poor acceptability scores. The acceptance-based time-scaling

method produces better data collapse at larger values of 𝛿 as shown in Figure 4.11B, but

there is still some discrepancy around the change in diffusive regimes in the case of larger

values of 𝛿.

4.5 Analysing the performance of Monte Carlo simulation

of our model

In the previous section we looked at analysing simulations of our model using the MSD

and how we are required to constrain our simulation parameters (𝛿 and the protein

density) based on the form of the MSD. In this section we extend our analysis of the

model by investigating the clustering behaviour of proteins in the system. The clustering

behaviour is of interest because many protein functions are affected by the presence of
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Figure 4.10: Overlaid MSDs for an initial protein separation of 8 nm. The MSD
profiles overlap for both the diffusion (A) and acceptance (B) scaling. Note that
the lines all start at the same point and are overlaid with the shortest step size on
top so that the lines below are visible; using a shorter step size results in a shorter
simulation time for a given number of steps.

other proteins in their immediate neighbourhood. It is also of relevance to the model in

general, because if we were to extend it to try to capture the motion of protein subunits,

rather than just individual proteins, it would require that we understand the clustering

in order that we are able to make predictions about the formation of proteins and protein

complexes from these subunits.

4.5.1 Protein clustering metrics

Here we describe the cluster analysis metric that we will use to compare the effect of

changing features of our model and to compare the simulation results to those of other

simulation paradigms, notably large-scale coarse-grained MD simulations.
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Figure 4.11: Overlaid MSDs for an initial protein separation of 6 nm. The MSD
profiles do not overlap for both the diffusion (A) and acceptance (B) scaling. There
is some agreement between the smaller values of 𝛿, but for the larger values there is
significant divergence. There is better agreement between data sets for the acceptance
scaling (B), but this still breaks down for the largest values of 𝛿. Note that the lines
all start at the same point and are overlaid with the shortest step size on top so that
the lines below are visible; using a shorter step size results in a shorter simulation
time for a given number of steps.
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4.5.1.1 Defining protein clusters

In order that we are able to characterize our bilayer system using some measure of protein

clustering, we first need to have a concrete definition of what it means for proteins to

be clustered. The most simple, and generally applicable, method for defining protein

clustering is to consider the inter-protein separation. We calculate the clustering linkage

hierarchy for a given time-step by joining the proteins together, from shortest inter-protein

separation to longest, to form a tree structure. Inter-protein distances are considered

between both individual proteins and proteins that have already been clustered, so that

we have an ordering of cluster links in our linkage tree. We get from this tree structure

to a desired flat clustering by defining some threshold separation beyond which the

proteins are no longer considered to be in the same cluster. All the linkages in the

tree that are formed from links that are shorter than this threshold are collapsed into

our clustering. We have chosen to use a relatively tight threshold, with a maximum

inter-protein separation of 3.3 nm, to define clustered proteins (the minimum of the

potential well in Figure 4.3 is at an inter-protein separation of approximately 3.2 nm).

This was done to ensure that our clustered proteins represent proteins in states of contact,

where there would not be any room for lipids between them.

4.5.1.2 Protein clustering rate

Using our definition of clustered proteins, we are able to characterize the clustering

state of the system by calculating the distribution of proteins among clusters of various

sizes for any given simulation time-step. Figure 4.12 shows the results of analysing the

distribution of cluster sizes for a simulation of 256 proteins initially arranged in a grid

with spacing 7.5 nm (corresponding to a protein area fraction of approximately 14%)

for 103 Monte Carlo steps with a transition step-size of 𝛿 = 0.03, which is one of the

acceptable parameter choices. We can see from Figure 4.12 that the fraction of proteins

in a cluster of a given size appears to be converging for clusters of size one (individual
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Figure 4.12: The distribution of proteins among clusters of size one, two and three,
show as they vary with simulation time. Here we note that at the start, all the
proteins are in clusters of size one, as the initial condition for the simulation is
proteins in isolation. We can see that for all three cluster sizes the number of proteins
in clusters of that size appears to be converging. The data was obtained from a
103 Monte Carlo step simulation of 256 proteins, with 𝛿 = 0.03 and a protein are
fraction of ∼14%. The simulation was repeated 192 times.

proteins), two and three proteins. Here we have not displayed the simulation data until

convergence (this is shown later in the chapter) because we are interested particularly in

validating our model parameters during the transient phase of its evolution.

4.5.2 Analysis of protein behaviour

4.5.2.1 Verification of step size independence for accepted step sizes

In Section 4.4.3 we calculated the regions of parameter space in which we would get

good agreement between simulations of varying step size. To verify that our acceptability

score for the step sizes was suitable, we ran simulations of the model with different

step sizes so that we could compare them using a clustering metric. If the score was

a suitable measure of acceptability for the step size, then when we use two differing

values of 𝛿, both with high scores, the trajectory of the metrics should agree. This is
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Figure 4.13: A comparison of the cluster size distribution for two simulations with a
different value of the step size, 𝛿. The dashed line is for 𝛿 = 0.03 and the solid line is
for 𝛿 = 0.016, both of which had an acceptability score close to one. There is a good
agreement between the two sets of simulation results. The shaded region represents
one standard deviation for the data used to calculate the cluster sizes for 𝛿 = 0.016.

shown in Figure 4.13, where we can see that there is good overlap between the cluster

distributions for values of 𝛿 = 0.016 and 𝛿 = 0.03. We also tested the acceptability

scores by comparing a simulation using a value of 𝛿 with a high score (𝛿 = 0.03), with a

simulation using a value of 𝛿 with a low score (𝛿 = 0.128). Figure 4.14 shows the results

of this comparison, in which we can see that there is poor agreement between the results

from the two simulations. This comparison serves as a good test that our scoring method

for our choice of 𝛿 is a good measure for identifying acceptable parameter regimes.

4.5.2.2 Effect of variations in the inter-protein interaction energy

We can investigate the properties of our model by comparing the cluster metrics after a

modification of one of the model parameters. We modified two features of the interaction

potential between proteins in order to understand the role they played in protein clustering.

The first is the depth of the potential well in the interaction potential and the second
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Figure 4.14: A comparison of the cluster size distribution for two simulations with
a different value of the step size, 𝛿. The dashed line is for 𝛿 = 0.03 and the solid
line is for 𝛿 = 0.128, which had a low acceptability score. There is poor agreement
between the two sets of simulation results. The shaded region represents one standard
deviation for the data used to calculate the cluster sizes for 𝛿 = 0.128.

is the height of the barrier (which occurs at an inter-protein separation slightly larger

than that of the potential well). These modifications are shown in Figure 4.15 and the

modified parameters are given in Table 4.2.

The effects of the various modifications on the cluster size distributions are shown in

Figure 4.16. We can see from the distribution trajectories that each of the modifications

has a different effect. Firstly, the modification of the barrier, shown in Figures 4.16(a)

and 4.16(b), show that the rate at which the clusters form is strongly affected by the

height of the barrier potential. A high energy barrier dramatically reduces the rate at

which clusters form, whereas removing the barrier has the effect of increasing the cluster

formation rate. This is perhaps expected, as the probability that a given protein gets

close enough to another protein to form a cluster will be dependent on the energy barrier

between them. In the case of no barrier we can see that the cluster distributions converge

to the same value, and assume that the same would be the case for the double height
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Figure 4.15: The modified inter-protein interaction energies used to test the effect of
the various features on protein clustering are shown here. The red dashed line is the
original parameterized form of the pairwise interaction energy. We modified it by:
doubling the barrier height; removing the barrier; increasing the well depth by 50%;
and reducing the well depth by 50%.

Parameter High barrier No barrier Deep well Shallow well

𝜖min 69.3 kJ mol−1 69.3 kJ mol−1 138.6 kJ mol−1 34.7 kJ mol−1

𝜖barrier 21.8 kJ mol−1 0.0 kJ mol−1 10.9 kJ mol−1 10.9 kJ mol−1

𝑟min 3.2 nm 3.2 nm 3.2 nm 3.2 nm

𝑟barrier 5.2 nm 5.2 nm 5.2 nm 5.2 nm

𝑎 1.5 nm−1 1.5 nm−1 1.5 nm−1 1.5 nm−1

𝑏 0.9 nm 0.9 nm 0.9 nm 0.9 nm

Table 4.2: Parameter values for the interaction energy function in Equation (4.16)
used to create the modified energy functions in Figure 4.15.
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barrier if we ran a longer simulation. So we can surmise that the barrier height appears to

control the rate of cluster formation, but not the equilibrium state of the system. Secondly,

the effect of modifications to the potential well depth in our inter-protein interaction

energy are shown in Figures 4.16(c) and 4.16(d). We can see that the modifications made

to the potential well have a similar effect on the protein clustering rate. The effect of a

deeper well leads to a faster formation rate, although the increase is much smaller for a

50% increase in well depth, than it is for removing the barrier. The effect of a shallower

well has a more pronounced effect on the rate than a deeper well, leading to a decrease

in the clustering rate. Where the effects of a modification of the well depth differs from

that for the barrier height is in the long-term cluster distribution. We can see from

Figures 4.16(c) and 4.16(d) that the equilibrium cluster distributions are different. From

this we can infer that the equilibrium state of the system is affected by modifications in

the absolute energy change between an isolated protein and a clustered protein, but only

the dynamics of reaching that equilibrium are affected by modifying the barrier height.

4.5.2.3 A comparison with a large-scale coarse-grained MD simulation

We have looked at the behaviour of the model under modification of its parameters, but

we have not yet analysed the performance of the simulation method to test how well

it reproduces the actual behaviour of the system. We parameterized our model using

coarse-grained MD data, therefore it is reasonable to expect our simulation technique

to reproduce the behaviour of an equivalent system that was simulated in its entirety

using coarse-grained MD. The data for comparison comes from a simulation performed

by Dr. Joseph Goose, introduced in Chapter 1. The MD simulation represents 1000 ns

of simulation time. The simulated system is the same as the one we have been using

throughout this section: 256 NanC proteins with an initial separation of approximately

7.5 nm. However, the lipid bilayer in the large MD simulation is constructed from two

different lipid species, POPE and POPG at a ratio of 3:1, whereas our PMF and diffusion
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Figure 4.16: Comparing the effect on cluster size distributions during a 104 MCS
simulation of 256 proteins, with 𝛿 = 0.03, when we introduce modifications to the
inter-protein interaction energy. The modified distributions are shown by the solid
lines and the unmodified distribution by the dashed lines. The modifications are a
high barrier (a); no barrier (b); a deep well (c); and a shallow well (d).
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Figure 4.17: The MSD for the MD simulations is shown compared to the MSD for
a Monte Carlo simulation of our model, using similar simulation parameters. The
MSD for the MD simulation was calculated using a polling interval of 2 ns.

coefficient were calculated using MD simulations of NanC proteins in a pure POPE bilayer.

The coarse-grained MD simulation took over a week to run on thousands of computer

cores, whereas our simulations were run on single processors and took approximately 6

minutes to complete 104 MCS. If our model were to accurately represent the motion of

NanC proteins in a bilayer, we assume that the difference in the lipid bilayer composition

should only lead to minor discrepancies.

Figure 4.17 shows a comparison between the MSD for both the coarse-grained MD

simulation and our Monte Carlo simulation. It is obvious that there is some discrepancy

between the MSD for the two simulation methods. The reduced mobility could be due to

the difference in lipid bilayer constitution, but this is only likely to cause a discrepancy

in the gradient, rather than producing a different form of the MSD. The likely cause

of this discrepancy is our use of an individual-based Monte Carlo scheme. In such

schemes, especially for systems of strongly interacting particles, the movement of clusters

is repressed.
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Figure 4.18: The cluster size distributions for the MD simulation (solid lines) are
compared to the cluster sizes for a Monte Carlo simulation of our model (dashed
lines). The cluster threshold for this comparison was set at 4 nm. It is clear that
there is not very good agreement between the two sets of data. The solid coloured
regions indicate one standard deviation for the Monte Carlo simulations.

We also compare the cluster size distribution between the simulations of our model and

the coarse-grained MD simulations, where we have used a cluster threshold separation of

4 nm. This is shown in Figure 4.18, where it is again apparent that there is a significant

difference between the results from our simulations and those from the coarse-grained

MD. In this instance, the proteins in our simulation form clusters at a much faster rate

than in the MD simulation. One other likely cause of this discrepancy is that we have

chosen to ignore hydrodynamic interactions. The proteins in our system will move at

random, even when there are proteins nearby. In reality, the proximity of other proteins

will have the effect of reducing the mobility of the surrounding lipids, which in turn will

reduce the protein mobility in that region.
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4.6 Introducing rigid body moves of protein clusters

The individual-move Monte Carlo simulations performed above did not agree well with

the large scale MD simulations with which we compared them. We argued above that

one of the issues with the simulation of our model was that in only considering individual

proteins for movement each time, we were unlikely to achieve any movement of clusters of

proteins once they have formed. To attempt to fix this shortcoming, we have implemented

a cluster-based Monte Carlo scheme, which aims to improve the dynamical realism to the

exploration of configuration space. The scheme we have implemented is called virtual

move Monte Carlo, developed by Whitelam and Geissler (2007), and it creates moving

clusters of proteins based on the gradient of the pairwise interactions between proteins,

rather than only based on the energy of the initial state as done in other schemes (Wolff

1989; Troisi et al. 2005b).

4.6.1 Virtual move Monte Carlo

Dynamic cluster-linking schemes in Monte Carlo simulations are designed to iteratively

build up a cluster, for which a trial move will be proposed, by assessing the consequences

of the move in such a way that the linking is not strongly coupled to the particle

configuration in the initial state (Wolff 1989). In the virtual move Monte Carlo scheme

particles that interact with the current cluster are added in an iterative manner; their

addition is based on the difference in the energy change resulting from the movement

of the cluster if the new particle were and were not added. The algorithm proceeds as

follows and is based on the description presented in Whitelam (2011).

Starting with a randomly chosen seed particle, and a randomly chosen transition

(translation or rotation) for that particle, which moves it from a state 𝜇 to a state 𝜈, we

recursively consider links between particles, 𝑖, that are in the current cluster realization,

𝒞, and those particles that are not, 𝑗. We attempt to form a partial link between the
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4.6: Introducing rigid body moves of protein clusters

particles 𝑖 and 𝑗, which occurs with a probability

𝑝u�u� (𝜇 → 𝜈) = Θ (𝑛u� − 𝑛u�) ℐu�u� (𝜇) max {0, 1 − 𝑒u�(u�u�u�(u�)−u�u�′u�(u�))} , (4.19)

which depends on making a virtual move of 𝑖 from its position in state 𝜇 to its position

in state 𝜈. In Equation (4.19) 𝐸u�u�(𝜇) is the pairwise energy between the particles in

state 𝜇 and 𝐸u�′u�(𝜇) is the pairwise energy between the two particles following the virtual

move of 𝑖. The factor ℐu�u�(𝜇) is one if 𝑖 and 𝑗 interact in state 𝜇 and zero otherwise. The

factor Θ(𝑛u� − 𝑛u�) is used to terminate the linking procedure prematurely in order to

stop clusters from moving more than is realistic; if the number of particles in the current

cluster, 𝑛u�, exceeds 𝑛u� (where 𝑛u� = ⌈𝜂−1⌉ and 𝜂 is a uniform random variable in the

range [0, 1]) then the move is rejected straight away.

If the partial link is rejected then the link remains unformed and is not considered

again during this move. If the partial link does form, then it is converted to a full link

with probability 𝑓u�u�(𝜇 → 𝜈) = min {1, 𝑝u�′u�′(𝜈 → 𝜇)/𝑝u�u�(𝜇 → 𝜈)}, where 𝑝u�′u�′(𝜈 → 𝜇) is

equivalent to the partial link probability, except that both proteins start in the state 𝜈

and the virtual move is reversed.

We continue considering all links between the current cluster, 𝒞, and those particles

not yet in the cluster. Once all possible links have been considered, resulting in a set, ℛ,

of full links, then the acceptance rate for the move is given by

𝑃acc(𝜇 → 𝜈|ℛ) = 𝒟(𝒞) min {1, ∏
{u�u�}u�↔u�

𝑒−u�(u�u�u�(u�)−u�u�u�(u�))} . (4.20)

If there are partial links between particles in the cluster and particles not in the cluster

then the move is rejected. The product is taken over pairs of particles that do not interact

in state 𝜇 and have positive energy in state 𝜈 or have positive energy in state 𝜇 and

do not interact in state 𝜈. All other contributions to maintaining detailed balance are

accounted for during the linking procedure, so these are the only terms that need to be
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(a) (b) (c)

Figure 4.19: Positions of the proteins after 100 (a), 104 (b), and 2×104 (c) Monte
Carlo steps using the VMMC method to simulate their movement.

calculated for the acceptance rate. The factor 𝒟(𝒞) is used to modulate the diffusivity

of clusters. In this work we use a factor of 1/√𝑛u�, which will approximately correspond

to the reciprocal of the cluster radius. Although for large inclusions, such as large-scale

lipid domains, diffusion in a membrane will have a diffusion constant that follows the

scaling rules outlined by Saffman et al. (1975), it was found that for small inclusions,

like proteins, a diffusion constant that scales with 1/𝑟 for inclusions of radius 𝑟 is more

appropriate (Gambin, Lopez-Esparza, et al. 2006).

Simulations of the protein model using VMMC were performed using the same software

that was used for the Metropolis Monte Carlo simulations, introduced in Section 4.4.1.

Examples of the system after 100, 104 and 2×104 Monte Carlo steps are shown in

Figure 4.19.

4.6.2 Comparing cluster-based Monte Carlo scheme with CGMD data

Using a cluster-based Monte Carlo scheme with a reasonable approach to including

realistic dynamics, as described above, enables us to address some of the discrepancies

seen in Figures 4.17 and 4.18. For simulations of the same number of Monte Carlo steps,

with exactly the same parameters, we have repeated the comparison for both the MSD

of the proteins and the distribution of proteins among clusters of different sizes. We
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Figure 4.20: MSD of the isotropic NanC proteins simulated using VMMC compared
to the MSD of coarse-grained NanC proteins simulated using molecular dynamics.
There is much better agreement between these two lines that there is for the Monte
Carlo simulations shown in Figure 4.17 (on page 110).

ran 512 repeat VMMC simulations, each with 256 proteins, and at the same protein

density as the CGMD simulation with which we are making the comparison. For the

MSD the comparison between the VMMC scheme and the CGMD data is shown in

Figure 4.20. We can see that there is much better agreement between the two MSDs

than in Figure 4.17. This implies that we are capturing the movement of the proteins

better with the cluster-based Monte Carlo scheme than before. The lines do not agree

perfectly, but there are many approximations in our model, so we would never expect

a perfect agreement. However, it is clear that by including the explicit cluster-based

motion in the simulation scheme, we are improving the ability of the model to capture

the behaviour observed in the CGMD simulations.

The comparison for the proportion of proteins in clusters of various sizes between

the CGMD and VMMC simulations is shown in Figure 4.21. Here there is another

drastic improvement, with the CGMD cluster proportions within, or close to within, one

standard deviation of the cluster proportions observed in the VMMC simulations. This
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Figure 4.21: Distribution of the proteins in the system among clusters of size one, two
and three. Here we compare the results from one CGMD simulation with the results
of 512 VMMC simulations. The VMMC simulations are plotted with one standard
deviation marked by the block of colour surrounding the corresponding line. There is
much better agreement between these two sets of data than there is for the Monte
Carlo simulation shown in Figure 4.18 (on page 111).

lends further support to our argument for including cluster-based moves into the Monte

Carlo scheme in order to better capture the dynamics of the system. Here we have found

that the motion of proteins into clusters and the movement of those clusters is reasonably

well represented in the VMMC simulations of our isotropic NanC model.

4.7 Summary

In this chapter we have presented our model, which represents a lipid bilayer system

populated with membrane proteins. We have outlined a simple individual-based Monte

Carlo simulation scheme and tested the simulation parameters to ensure that they are

suitable for our approach to scaling the simulation time. Simulation of our bilayer

model can be analysed using various metrics, such as the mean squared displacement for

individual proteins and the size of the protein clusters that form. We have introduced
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these metrics here so that they may also be used in Chapter 5 as a means for comparison

between the various incarnations of our model.

The parameterization of our model was investigated through modifications of the shape

of features of the interaction energy profile. We were able to characterize how the depth

of the potential well in the interaction energy and the height of the barrier affected the

clustering rate of proteins in the system.

Using this simple simulation scheme to investigate the behaviour of our model, we

have been able to compare its performance with large-scale MD simulations performed

by Dr. Joseph Goose. This simple simulation technique produces qualitatively similar

behavior, but the dynamics of the simulations were not in agreement. We hypothesized

that the introduction of cluster-based moves and hydrodynamic interactions to the

method we used to simulate our model might improve its replication of coarse-grained

MD simulations. In the final section we implemented using the virtual move Monte Carlo

scheme of Whitelam and Geissler (2007). Using this scheme the quantitative agreement

between the movement of the proteins and the distribution of proteins among clusters of

different sizes was greatly improved.

In the next chapter we will be extending our model to use a more complicated interaction

energy parameterization, derived from the orientationally-restrained PMFs calculated in

Chapter 3. Given our investigation of the effect of changes to the interaction potential

in this chapter, it is likely that the variations in potential calculated as a function of

orientation in Chapter 3 will lead to measurable differences in the behaviour of the

system.
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Chapter 5

Including Anisotropic Interactions in the

Discrete NanC Model

In this chapter we extend the discrete model of NanC, intro-

duced in Chapter 4, by incorporating the anisotropy found in

the protein-protein interactions in Chapter 3. With the devel-

opment of this model we aim to be able to create a work-flow

in which we can use any parameterization of protein-protein

interactions based on their separation and relative orientations.

We develop a protocol for investigating cluster features of an

anisotropic system: the eccentricity of clusters, the pairwise

orientational correlations of adjacent proteins and the align-

ment of protein orientations within a cluster are all used to

assess the system. Finally, we investigate the application of

this scheme to orientation-dependent PMFs from the literature.
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5.1 Modifying the Monte Carlo model to include

anisotropic proteins

As a first attempt at parameterizing a Monte Carlo model of a two-dimensional bi-

layer in Chapter 4, we characterized the pairwise protein-protein interactions using a

function of only the inter-protein separation. However, in Chapter 3 we observed a

significant difference in the strength of the protein-protein interaction as the relative

orientations of the proteins were changed. Our representation of a bilayer populated with

isotropically-interacting proteins was a simplified model. In this section we will extend

our initial model to include anisotropic interactions between the proteins. Additionally

we will use the orientation-dependent PMFs calculated in Chapter 3 to parameterize

these interactions.
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5.1: Modifying the Monte Carlo model to include anisotropic proteins

To include the effects of protein orientation in our model, we have to make two

modifications to the procedure outlined in Chapter 4. Firstly, we have to extend the

specification of the model, such that the protein orientations are explicitly included in

both our description of the state of the system and in the update rules (which modify the

system’s state) by including rules for the modification of these orientations in a manner

analogous to those for the protein positions. Secondly we need to parameterize these

new interactions and processes, over the whole range of the system’s configuration space,

using information obtained through the MD simulations of Chapter 3.

5.1.1 Modifying the protein interaction model

To modify the model to incorporate the anisotropy in the protein-protein interaction,

which we measured in Chapter 3, we firstly need to extend the description of the proteins

and their interactions to account for their current orientational state. In Chapter 4 our

system state was fully represented by the set of positions of the proteins’ centres of mass

𝑋 = {𝐱1, … , 𝐱u�} , (5.1)

where our system contains 𝑁 proteins. We now need to include a variable for each

protein that characterizes its orientational state. The proteins are relatively stable in the

membrane, as their pore axis does not deviate very far from the normal to the membrane

(a mean angular deviation of 19∘±6∘ was calculated in Section 4.3.1 (on page 79)). This

means that a sensible measure of their orientational state, as employed in Chapter 3, is

the angle about the pore axis, which will be approximately in the plane of the membrane,

because the angle between the pore axis and the membrane normal is small. Using this

variable to characterize the orientational state of each protein means that the total state

of the system is now specified by the set Ψ = 𝑋 ∪ Φ, where Φ is the set of the individual
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protein orientations, 𝜙u�, and is given by

Φ = {𝜙1, … , 𝜙u�} . (5.2)

The 𝜙u� are the same angles that were used to described the orientational configurations

of the proteins (shown in Section 3.4.1 (on page 44)) when calculating the PMFs in

Chapter 3.

In our system of anisotropic proteins, where their state is specified by both position

and orientation, the interaction energy for the two proteins, 𝜖u�u�, is now a function of their

positions and orientations

𝜖u�u� ≡ 𝜖u�u� (𝐱u�, 𝜙u�, 𝐱u�, 𝜙u�) . (5.3)

5.1.2 Monte Carlo update rules

In the isotropic model of Chapter 4, we applied transitions to the system by proposing

translations to individual proteins. With the proteins described by the total state 𝑋u� at

time 𝑡, we applied our translational update rule such that following some time interval 𝛿𝑡,

the system was in state 𝑋u�+u�u�. In this anisotropic model we follow the same approach,

except that the system state is described by Ψu� at time 𝑡 and following a time interval of

𝛿𝑡 it will then be in state Ψu�+u�u�. We need to extend our update rules to cover transitions

between states that incorporate both translational and rotational moves, in order that

we fully specify the possible transitions between the states.

The translational transition rules can be carried across directly from the isotropic

case, where we propose a translation of a single protein in a random direction by some

distance uniformly selected from the interval [0, 𝛿𝑙]. We can incorporate rotational moves

in an analogous manner, by proposing a rotation, 𝛿𝜙, where 𝛿𝜙 is selected uniformly

from the interval [−𝛿𝛼, 𝛿𝛼] and 𝛿𝛼 is the maximum absolute rotation for a single trial

transition. Given that the mean squared rotation (MSR) about a single axis is given
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by ⟨𝜙2⟩ = 2𝐷u�𝑡, by equating the time, 𝑡, with the time in the expression for the MSD,

⟨𝑟2⟩ = 4𝐷u� 𝑡, to give a scaling ratio for rotational moves to translational moves of

𝛿𝛼 = 𝛿𝑙√ 𝐷u�
2𝐷u�

, (5.4)

where 𝐷u� is the rotational diffusion coefficient, and 𝐷u� is the translational diffusion

coefficient (Berg 1993).

5.1.3 Required anisotropic parameters

In Chapter 4 we modelled the pairwise protein-protein interaction potential using a

combined Morse and Gaussian potential given by Equation (4.16) (on page 88), which is

completely defined by the four parameters 𝑟min, 𝜎min, 𝑟barrier, and 𝜎barrier, which define

the position and width of the Morse potential, and the position and width of the Gaussian

potential, respectively. For our anisotropic model, the simplest approach to extending

the isotropic potential outlined above, so that it reflects the anisotropic nature of the

protein-protein interactions, is to replace the four constant parameters with parameters

that are functions of the orientations of the two proteins. Although, since we want our

system to be rotationally invariant, strictly they need to be functions of their relative

orientations, ̂𝜙u� and ̂𝜙u�, given by

̂𝜙u� =𝜙u� − arctan (
𝐞2 ⋅ (𝐱u� − 𝐱u�)
𝐞1 ⋅ (𝐱u� − 𝐱u�)

) ,

̂𝜙u� =𝜙u� − arctan (
𝐞2 ⋅ (𝐱u� − 𝐱u�)
𝐞1 ⋅ (𝐱u� − 𝐱u�)

) ,
(5.5)

where 𝐞1 and 𝐞2 are unit vectors in the 𝑥 and 𝑦 directions, respectively.

These relative angles are illustrated in Figure 5.1. The parameters are replaced by
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𝜙u�̂𝜙u�

𝜙u�
̂𝜙u�

Figure 5.1: Relative angles of the two ellipses. The angles ̂𝜙u� and ̂𝜙u� are measured
relative to the line between the centres of the ellipses 𝑖 and 𝑗 shown in blue and red,
respectively. 𝜙u� and 𝜙u� are both measured relative to the 𝑥 axis.

functions:

𝑟min → 𝑟min( ̂𝜙u�, ̂𝜙u�), 𝜎min → 𝜎min( ̂𝜙u�, ̂𝜙u�), 𝜖min → 𝜖min( ̂𝜙u�, ̂𝜙u�),

𝑟max → 𝑟max( ̂𝜙u�, ̂𝜙u�), 𝜎barrier → 𝜎barrier( ̂𝜙u�, ̂𝜙u�), 𝜖barrier → 𝜖barrier( ̂𝜙u�, ̂𝜙u�).
(5.6)

In order to fully parameterize our model, we have to determine the form of these functions

using the free energy profiles obtained in Chapter 3. The determination of the functional

forms of these parameters will be performed in Section 5.2.

5.1.4 Calculating the rotational diffusion coefficient

As well as modifying the interaction potential, we must also obtain a value for the

rotational diffusion coefficient of the proteins. This can be achieved using a process

similar to that used to measure the translational diffusion coefficient in Chapter 4. The

relationship between the mean squared rotation (MSR) and time is given by

⟨Δ𝜙2⟩ = 2𝐷u�𝑡, (5.7)
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where ⟨Δ𝜙2⟩ is the MSR, 𝐷u� is the rotational diffusion coefficient and 𝑡 is time.

We can calculate the rotational diffusion coefficient using the same MD simulation of a

single NanC protein diffusing in a large lipid bilayer that we used in Section 4.3.3 (on

page 90) to calculate the translational diffusion coefficient. The mean squared rotation

(MSR) of the NanC protein in the MD simulation is shown as a function of simulation

time in Figure 5.2. There is clearly a linear relationship, as we expect, and by fitting a

straight line to the data we are able to calculate a rotational diffusion coefficient, 𝐷u�, of

5.62×10−3 rad2 ns−1.
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Figure 5.2: Mean square rotation (MSR) of a single NanC as a function of time, 𝑡,
obtained from a 5 𝜇s coarse-grained MD simulation of a 28.3 nm-square periodic
pure POPE bilayer.

5.2 Fitting the anisotropic PMFs

To parameterize the interactions between the proteins of our model, we have to interpolate

the potential for orientation values that are between those for which we calculated the

PMFs. We require our interpolated potential to be a function of three variables: the

inter-protein separation, 𝑟u�u�, and the relative orientations of the two proteins, ̂𝜙u� and
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̂𝜙u�. To obtain this interpolation we firstly fit a function to the PMFs, for which we use

a combination of a Morse and a Gaussian potential, as we did in Chapter 4. Starting

from these fitted potentials we enforce some simplifying assumptions about the nature

of the interactions in order to interpolate the potential for the entirety of our model’s

configuration space.

5.2.1 Justification of the fitting function

For the case of anisotropic PMFs, we are fitting to a curve that bears many similarities

to the isotropic PMF, which was fitted in Chapter 4. At very short-ranges the potential

is repulsive. At slightly larger distances, the potential decreases into a deep well. With

increasing distance, outside of the potential well, there is a small energetic barrier, which

eventually decreases to zero with increasing separation. As these general features are the

same in both the isotropic and anisotropic case, we will use the same function to fit to

the PMF data: the combined Morse and Gaussian potential defined in Equation (4.16)

(on page 88).

There is, however, a difference between the anisotropic PMFs and the isotropic PMF.

As identified and discussed in Chapter 3, the anisotropic PMFs exhibit various metastable

local minima. In Chapter 3 we discussed a possible cause of these metastable states

being the organization of lipids between the proteins. Such features are not usually

observed in PMFs calculated between pairs of bilayer constituents and are only observed

in the results of our calculations because we employed a method requiring a highly

restrained system to obtain them. We observe these metastable states because the PMFs

we calculated were slices through a larger, multidimensional free energy surface, which

represented a particular reaction pathway (which would normally be averaged over).

As discussed, these metastable states are of great interest in trying to elucidate the

intricacies of protein-protein interactions in the bilayer, particularly the role played by

protein-lipid-protein interactions. However, the relevance of such states, insofar as being
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actually observed in the dynamical behaviour of a bilayer system, is not as important; in

an unrestrained system, the proteins are able to take a less direct path across the free

energy surface, such that they would not be caught in any of these metastable states. For

instance, if a protein had a position and orientation that corresponded to one of these

states, it would not be likely to reside there long, but would be able to rotate, which

would thus change the local potential caused by the location of neighbouring proteins. If

the physical cause of such states is the organization of the lipids in the intervening space

between the proteins, then any protein that was not at an optimal distance from another

protein would, by a combination of both rotation and translation, be able to alter the

size of this intervening region so that it was the correct size to maintain the optimal lipid

packing. It is for this reason that we will not to try to represent these metastable states

in the parameterization of our model. Not only are they likely to play a small role in the

dynamics of proteins in the bilayer, but the dependence of these features on the relative

protein orientations is likely to be complex and poorly captured by any interpolation we

attempt to perform.

5.2.2 Numerical fitting procedure

We fitted the four anisotropic PMFs, which were functions of the inter-protein separation

for four different relative orientations, using the same method employed in Chapter 4 for

the isotropic PMF. Again, the Python SciPy library was used to perform a curve fitting

using the combined Morse and Gaussian potentials, where we constrained the location of

the potential well in the Morse potential and the location of the barrier in the Gaussian

potential to be near the well and barrier of the PMFs, respectively. The fitted PMFs are

shown in Figures 5.3(a) to 5.3(d) and the values of the parameters in Equation (4.16)

(on page 88) are given in Table 5.1. We can see the relationships between the depths

of the PMFs, which were identified in Chapter 3, both from these figures and from the

fitting parameters in the table; the PMFs for (90∘, 90∘) and (90∘, 270∘) have the deepest
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Protein orientations, ( ̂𝜙u�, ̂𝜙u�)

Parameter (90∘, 90∘) (90∘, 270∘) (90∘, 180∘) (180∘, 180∘)

𝜖min 65.5 kJ mol−1 66.5 kJ mol−1 51.4 kJ mol−1 46.5 kJ mol−1

𝜖barrier 7.2 kJ mol−1 9.0 kJ mol−1 7.2 kJ mol−1 5.3 kJ mol−1

𝑟min 3.2 nm 3.2 nm 3.5 nm 3.5 nm

𝑟barrier 5.3 nm 5.6 nm 5.6 nm 6.0 nm

𝜎min 2.4 nm−1 2.9 nm−1 2.4 nm−1 3.0 nm−1

𝜎barrier 0.8 nm 0.7 nm 0.8 nm 0.6 nm

Table 5.1: Parameter values for the interaction energy function in Equation (4.16) (on
page 88) fitted to the four orientationally dependent PMFs calculated in Chapter 3.

potential wells, (180∘, 180∘) has the shallowest, and the potential well of the (90∘, 180∘)

orientational configuration has a depth that is between that of the two other categories.

5.3 Interpolating the parameterization of the potentials of

mean force

The four PMFs in Figure 5.3 describe the change in free energy with changing inter-protein

separation for four different orientational combinations. However, because we wish to

parameterize a discrete model of the bilayer using these PMFs, we have to interpolate the

PMF for the rest of configuration space. To do so we will make several basic assumptions

about the behaviour of the fitted parameters used above. These assumptions are based

on our understanding of the nature of the interactions that are involved in controlling the

behaviour described by a given parameter. We will use various methods to interpolate

between the relevant parameters based on these dependencies. This will give us a

consistent system, whose behaviour we can compare with the isotropic model presented

in Chapter 4.
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Figure 5.3: Fitting the PMF data (grey crosses) for the protein orientational configura-
tions: (a) (𝜙1, 𝜙2) = (90∘, 90∘); (b) (𝜙1, 𝜙2) = (90∘, 270∘); (c) (𝜙1, 𝜙2) = (90∘, 180∘);
and (d) (𝜙1, 𝜙2) = (180∘, 180∘). The fit is a combination of a Morse potential (dashed
red line) and a Gaussian (dashed blue line). The combined function is shown by the
solid green line.
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𝑏
𝑎
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𝑎
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Figure 5.4: Two proteins, 𝑖 and 𝑗, represented by ellipses with semi-major and semi-
minor axis lengths of 𝑎 and 𝑏, respectively. Their centres of mass are separated by a
distance 𝑟u�u� and their orientations are described by the angles ̂𝜙u� and ̂𝜙u�, which are
measured relative to the line that passes through both of their centres of mass.

The basis for the interpolation schemes used in this parameterization is that we are

able to represent the two proteins as ellipses in a two-dimensional membrane. This is an

appropriate representation because the cross-sectional shape of NanC is approximately

elliptical, so when describing the orientational state of the system, we do so using the

analogous representation of two ellipses in a plane. In this representation the shapes of

the two proteins are described by the lengths of their semi-major and semi-minor axes,

𝑎 and 𝑏, respectively. Their centres of mass are separated by a distance 𝑟u�u� and their

orientations are described by the angles ̂𝜙u� and ̂𝜙u�, which are measured relative to the

line connecting their centres of mass. These parameters are shown in Figure 5.4.

As discovered in Chapter 3, the depths of the PMFs show a correlation with the buried

surface area of the two proteins and so we will use the behaviour of the buried surface of

two ellipses, as a function of their orientation, to interpolate the parameter describing

the depth of the PMF, 𝜖min. The position of the minimum, 𝑟min, and the position of the

barrier, 𝑟barrier, are features that we expect to be dependent on the distance between the

two proteins. We have made the assumption that surface specific effects do not play a

large role in these parameters. This decision was informed by the observations of Niemelä

et al. (2010) that simulations of lipids diffusing in concert with proteins appeared to do so
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as a result of a “wall effect” due to the moving protein rather than the direct interaction,

especially for the lipids that were greater than one layer removed from the protein, whose

only interactions are with adjacent lipids and not with the protein itself. Also, our

own observations in Chapter 3 that the effect of lipids in close proximity exhibited a

strong effects on the interaction, as a result of the packing between the proteins, suggests

that this is a reasonable assumption. These dependencies on protein separation upon

contact are unlikely to be wholly accurate, but given the elliptical representation is also

an approximation, any discrepancies in distance are likely to be small in comparison to

the reduced representation of the proteins themselves. Finally, we assume that the width

of the potential well, 𝜎min; the barrier height, 𝜖barrier, and the barrier width, 𝜎barrier, are

all constant, which we can see from Table 5.1 is a reasonable assumption, as these do not

change by a large amount. For the parameters of the barrier, this is also a reasonable

assumption because these properties are strongly dependent on the behaviour of the

lipids, which, although complicated at small separations (see Chapter 3), will likely

be determined by lipid-lipid interactions in a low mobility environment instead of the

interactions of the specific proteins. These proposed dependencies are summarized in

Table 5.2, and the ability to fit the PMF data using these interpolation schemes will be

demonstrated in Section 5.3.2.

In the rest of this section we will derive a mapping for these parameters based on the

orientation of two ellipses. For the three non-constant parameters we need to interpolate

between sets of parameters. For a given parameter, 𝑝, we interpolate between two specific

values using a function of the following form:

𝑝 ( ̂𝜙u�, ̂𝜙u�) = 𝑝0 + [𝑝1 − 𝑝0] 𝑀 ( ̂𝜙u�, ̂𝜙u�) , (5.8)

where 𝑀( ̂𝜙u�, ̂𝜙u�) is a continuous mapping function on [0, 1]; and 𝑝0 and 𝑝1 are the values

of the parameter 𝑝 when 𝑀 = 0 and 𝑀 = 1, respectively.
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Parameter Interpolation scheme

𝜖min Buried surface area of ellipses in contact

𝜖barrier Constant

𝑟min Separation of ellipses in contact

𝑟barrier Separation of ellipses in contact

𝜎min Constant

𝜎barrier Constant

Table 5.2: Interpolation schemes used for the PMF fitting parameters. The schemes
are all based on the representation of the proteins by two ellipses in a two-dimensional
membrane domain.

5.3.1 Interpolation schemes based on an elliptical representation of

the proteins

In Chapter 3 we showed that the depth of the potential well was correlated with the

buried surface area of the protein-protein complex. In the section above we introduced a

simple angle-dependent mapping scheme which interpolates between the extreme values

of a parameter in the fitting function of the PMFs. Here we derive two mapping functions,

𝑀sep( ̂𝜙u�, ̂𝜙u�) and 𝑀buried( ̂𝜙u�, ̂𝜙u�), which are based on the separation of two ellipses when

just in contact and on the buried surface area of those two ellipses, respectively. As we

are representing our proteins as ellipses, the mapping functions that we choose should

have a periodicity of 180∘, should vary smoothly with angle, and should have values in

the range [0, 1].

In Figure 5.5 the two ellipses are shown at a separation, 𝑟u�u�, when they are just in

contact. The buried surface area, as defined in Chapter 3, is calculated using a probe

of radius 𝑟p, which tracks the edge of the proteins and where again we use a value of

0.47 nm (twice the size of the coarse-grained MD particles) to maintain consistency with

the buried surface calculations performed in Section 3.7 (on page 54). In our simple
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𝑟p

Figure 5.5: For the two ellipses, 𝐸u� and 𝐸u�, shown in blue and red respectively, the
buried surface area is defined using a probe of radius 𝑟p (as in Chapter 3). When the
two ellipses are in contact, the solvent accessible surface area is defined by the trace
of the probe around the ellipses, given that the probe must maintain contact with
at least one ellipse and cannot overlap with either of them. This trace is shown by
the solid section of the thin black line around the ellipses. The buried surface area
is given by the difference in length between the solid section of the thin black line
and the combined perimeter of both ellipses consisting of both the solid and dashed
sections of the black lines; this corresponds to the difference between the surface area
when in contact and when at a separation larger than the probe.

elliptical representation in two dimensions, the circular probe will trace out the larger

black ellipses, centred around each of the proteins. The region in which the probe cannot

fit is that defined by the sections of the ellipses which overlap. To calculate the buried

surface area we have to find the arc length of this overlapping section. The first step of

this is to calculate the intersections of two identical ellipses separated by a distance 𝑟u�u�

with their semi-major axes at angles ̂𝜙u� and ̂𝜙u� to the line connecting their centres of

mass. We then need to evaluate the intersections both to calculate the separation, for

given ̂𝜙u� and ̂𝜙u�, at which the proteins are just in contact, and to calculate the angular

bounds of the intersection of the two larger ellipses traced by the probe.
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5.3.1.1 Calculating the intersection of two ellipses

The equation of an ellipse is described by a quadratic in two variables

𝐸 = ( 𝑥 𝑦 ) ⎛⎜⎜
⎝

𝛼00 𝛼01

𝛼10 𝛼11

⎞⎟⎟
⎠

⎛⎜⎜
⎝

𝑥

𝑦

⎞⎟⎟
⎠

+ ( 𝛽0 𝛽1 ) ⎛⎜⎜
⎝

𝑥

𝑦

⎞⎟⎟
⎠

+ 𝛾 = 0, (5.9)

where 𝐸 < 0 is inside the ellipse and 𝐸 > 0 is outside. If 𝐸u� is an ellipse centred on the

origin and 𝐸u� is an ellipse at a distance 𝑟u�u� along the 𝑥 axis, then the two ellipses are

described by

𝐸u� = 0 = ( 𝑥 𝑦 ) ⎛⎜⎜
⎝

𝑏2 cos2 ̂𝜙u� + 𝑎2 sin2 ̂𝜙u� (𝑏2 − 𝑎2) cos ̂𝜙u� sin ̂𝜙u�

(𝑏2 − 𝑎2) cos ̂𝜙u� sin ̂𝜙u� 𝑏2 sin2 ̂𝜙u� + 𝑎2 cos2 ̂𝜙u�

⎞⎟⎟
⎠

⎛⎜⎜
⎝

𝑥

𝑦

⎞⎟⎟
⎠

− 𝑎2𝑏2, (5.10)

and

𝐸u� = 0 =( 𝑥 𝑦 ) ⎛⎜⎜
⎝

𝑏2 cos2 ̂𝜙u� + 𝑎2 sin2 ̂𝜙u� (𝑏2 − 𝑎2) cos ̂𝜙u� sin ̂𝜙u�

(𝑏2 − 𝑎2) cos ̂𝜙u� sin ̂𝜙u� 𝑏2 sin2 ̂𝜙u� + 𝑎2 cos2 ̂𝜙u�

⎞⎟⎟
⎠

⎛⎜⎜
⎝

𝑥

𝑦

⎞⎟⎟
⎠

+ ⎛⎜⎜
⎝

−2𝑟u�u�(𝑎2 sin2 ̂𝜙u� + 𝑏2 cos2 ̂𝜙u�)

2𝑟u�u� sin ̂𝜙u� cos ̂𝜙u�(𝑎2 − 𝑏2)

⎞⎟⎟
⎠

u�

⎛⎜⎜
⎝

𝑥

𝑦

⎞⎟⎟
⎠

+ 𝑟2
u�u�(𝑏2 cos2 ̂𝜙u� + 𝑎2 sin2 ̂𝜙u�) − 𝑎2𝑏2.

(5.11)

To find the intersection of the ellipses we have to solve 𝐸u� = 𝐸u� = 0. Two polynomials

have a common root if and only if their Bézout determinant is zero (Atallah et al. 2009).

For two quadratics, 𝑓(𝑥) = 𝑓0 + 𝑓1𝑥 + 𝑓2𝑥2 and 𝑔(𝑥) = 𝑔0 + 𝑔1𝑥 + 𝑔2𝑥2, the entries of

the Bézout matrix, 𝑏u�u�, can be calculated from

𝑏u�u� =
u�u�u�

∑
u�=1

𝑓u�+u�−1𝑔u�−u� − 𝑓u�−u�𝑔u�+u�−1, (5.12)

where 𝑚u�u� = min{𝑖, 3 − 𝑗}. The resulting Bézout matrix, 𝐵2, for our polynomials of
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degree two is

𝐵2(𝑓, 𝑔) = ⎛⎜⎜
⎝

𝑓1𝑔0 − 𝑓0𝑔1 𝑓2𝑔0 − 𝑓0𝑔2

𝑓2𝑔0 − 𝑓0𝑔2 𝑓2𝑔1 − 𝑓1𝑔2

⎞⎟⎟
⎠

. (5.13)

Setting its determinant, 𝐵̂ = |𝐵2|, to zero gives

(𝑓2𝑔1 − 𝑓1𝑔2)(𝑓1𝑔0 − 𝑓0𝑔1) − (𝑓2𝑔0 − 𝑓0𝑔2)2 = 0. (5.14)

We can rewrite the ellipse equations, Equations (5.10) and (5.11), as quadratics in 𝑥,

with coefficients that are functions of 𝑦, giving

𝑄u�(𝑥, 𝑦) = 𝑞(u�)
0 + 𝑞(u�)

1 𝑥 + 𝑞(u�)
2 𝑥2

= (𝛼(u�)
11 𝑦2 + 𝛽(u�)

1 𝑦 + 𝛾(u�)) + ((𝛼(u�)
01 + 𝛼(u�)

10 )𝑦 + 𝛽(u�)
0 ) 𝑥 + (𝛼(u�)

00 ) 𝑥2,
(5.15)

where the 𝛼(u�)
u�u�, 𝛽(u�)

u� and 𝛾(u�) are the components of the matrix equation for ellipse

𝐸u�, with 𝑘 = 𝑖, 𝑗. The Bézout determinant for Equation (5.15) is given by the quartic

𝐵̂(𝑦) = 𝑢0 + 𝑢1𝑦 + 𝑢2𝑦2 + 𝑢3𝑦3 + 𝑢4𝑦4, where the coefficients are given by

𝑢0 = 𝑣2𝑣10 − 𝑣2
4, 𝑢1 = 𝑣0𝑣10 + 𝑣2(𝑣7 + 𝑣9) − 2𝑣3𝑣4,

𝑢2 = 𝑣0(𝑣7 + 𝑣9) + 𝑣2(𝑣6 − 𝑣8) − 𝑣2
3 − 2𝑣1𝑣4,

𝑢3 = 𝑣0(𝑣6 − 𝑣8) + 𝑣2𝑣5 − 2𝑣1𝑣3, 𝑢4 = 𝑣0𝑣5 − 𝑣2
1,

(5.16)
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where

𝑣0 = 2 (𝛼(u�)
00𝛼(u�)

01 − 𝛼(u�)
00 𝛼(u�)

01) , 𝑣1 = 𝛼(u�)
00𝛼(u�)

11 − 𝛼(u�)
00 𝛼(u�)

11 ,

𝑣2 = 𝛼(u�)
00𝛽(u�)

0 − 𝛼(u�)
00 𝛽(u�)

0 , 𝑣3 = 𝛼(u�)
00𝛽(u�)

1 − 𝛼(u�)
00 𝛽(u�)

1 ,

𝑣4 = 𝛼(u�)
00𝛾(u�) − 𝛼(u�)

00 𝛾(u�), 𝑣5 = 2 (𝛼(u�)
01𝛼(u�)

11 − 𝛼(u�)
01 𝛼(u�)

11) , (5.17)

𝑣6 = 2 (𝛼(u�)
01𝛽(u�)

1 − 𝛼(u�)
01 𝛽(u�)

1 ) , 𝑣7 = 2 (𝛼(u�)
01𝛾(u�) − 𝛼(u�)

01 𝛾(u�)) ,

𝑣8 = 𝛼(u�)
11𝛽(u�)

0 − 𝛼(u�)
11 𝛽(u�)

0 , 𝑣9 = 𝛽(u�)
0 𝛽(u�)

1 − 𝛽(u�)
0 𝛽(u�)

1 ,

𝑣10 = 𝛽(u�)
0 𝛾(u�) − 𝛽(u�)

0 𝛾(u�).

The intersections of the ellipses can be found by solving 𝐵̂(𝑦) = 0 and then discarding

the solutions with non-zero imaginary components. The corresponding values of 𝑥 can

be found by solving 𝑄u�(𝑥, 𝑦) = 0 and any solutions, (𝑥, 𝑦), which do not also satisfy

𝑄u�(𝑥, 𝑦) = 0 are discarded.

5.3.1.2 Ellipse separation at minimal contact

To solve these equations a numerical scheme was implemented in python using the

NumPy and SciPy packages. For a given orientational combination of the two proteins,

specified by their angles ̂𝜙u� and ̂𝜙u�, the separation at which there is only one intersection

(i.e. the point of minimum contact) is found by performing a binary search on the value

of 𝑟, where the initial bounds on 𝑟 were set to [1.9𝑏, 2.1𝑎], since 𝑎 > 𝑏. In this range of

separations there are either no intersections, one intersection or two intersections. For a

given value of 𝑟, if there are no intersections found, then we reduce 𝑟 for the next step,

and if there are two intersections found, then we increase 𝑟. Using a numerical solution

will not return the exact separation at which there is only one intersection, but we set a

10−6 nm tolerance distance between the two intersection points for the convergence of

the binary search, and below which we consider the ellipses to be just in contact. This

value was chosen because the procedure only took a short time to converge and there was
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Figure 5.6: The mapping function 𝑀 ( ̂𝜙u�, ̂𝜙u�), introduced in Equation (5.8), describes
a general transition between extremal values of the parameters in our interpolation
scheme when the relative angles of the proteins change. (a) The form of the mapping
function when based on the separation of ellipses’ centres of mass when their surfaces
are in contact. (b) This difference between this interpolation scheme based on
separation and the simple interpolation scheme (shown in Figure 5.7).

no noticeable change in the interpolation scheme at this level of accuracy. The mapping

function, 𝑀sep( ̂𝜙u�, ̂𝜙u�), for the separation of the two ellipses is shown in Figure 5.6(a).

Values for 𝑎 and 𝑏 were set to, 1.75 nm and 1.6 nm, respectively, which are half the

corresponding values of 𝑟min from Table 5.1 (on page 128).

As a means for comparison, we can calculate a simple interpolation scheme that does

not rely on the geometrical properties of the elliptical representation of the proteins. In

this simple scheme the mapping function is given by

𝑀 ( ̂𝜙u�, ̂𝜙u�) = 1
4

(2 − cos 2 ̂𝜙u� − cos 2 ̂𝜙u�). (5.18)

This function satisfies the need to be smoothly varying in the range [0, 1] and to have

the same periodicity as our elliptical protein representation, as can be seen in Figure 5.7.

The difference between this simple scheme and the interpolation scheme based on the

separation of the two ellipses is shown in Figure 5.6(b).

137



Chapter 5: Anisotropic Discrete Model of NanC Interaction

0 180 360
̂𝜙u�/∘

0

180

360

̂
𝜙 u�

/∘
0.0

0.2

0.4

0.6

0.8

1.0

Figure 5.7: A simple mapping scheme that satisfies the need to be smoothly varying
between 0 and 1 with periodicity 180∘ in both variables. The interpolation is given
by Equation (5.18).

5.3.1.3 Buried surface area as a function of ellipse orientations

After obtaining the approximate value of 𝑟 for minimum contact, to calculate the buried

surface area we need to find the two positions of intersection for the larger ellipses, defined

by the trace of the probe, in Figure 5.5. The angle that these intersections make with

the origin can then be calculated and the arc length of the buried section for each ellipse

may be found by integrating along the ellipse between these angles. The arc length of an

ellipse between two angles, 𝜃1 and 𝜃2, is given by

𝐿 = 𝑎 ∫
u�2

u�1

√1 − 𝜖2 sin2 𝜃′𝑑𝜃′, (5.19)

where 𝜖 = √1 − (𝑏/𝑎)2 is the eccentricity of the ellipse. This can be calculated numerically

using the ellipeinc function in the SciPy Python package.

The procedure outlined above was employed to calculate the relative buried surface

area over the entire range of rotation of the two ellipses. The relative buried surface area

is shown in Figure 5.8(a).

We can again compare this mapping, based on the buried surface area, to the simple
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Figure 5.8: The mapping function 𝑀 ( ̂𝜙u�, ̂𝜙u�), introduced in Equation (5.8), describes
a general transition between extremal values of the parameters in our interpolation
scheme when the relative angles of the proteins change. (a) The form of the mapping
function when based on the buried surface area of two ellipses when in contact, as a
function of the angles of the two ellipses. (b) Difference between the interpolation
scheme based on buried surface area and the simple interpolation scheme (shown in
Figure 5.7).

scheme given by Equation (5.18); the difference between the two schemes is shown in

Figure 5.8(b). There is a more significant difference between these two schemes than for

the difference between the separation-based scheme and the simple scheme (shown in

Figure 5.6(b)). To justify our use of the buried surface area interpolation scheme, we can

assess the performance of this more advanced interpolation scheme by computing the

depth of the PMF with orientational configuration ( ̂𝜙u�, ̂𝜙u�) = (90∘, 180∘), which is shown

in Table 5.3. We can see from these values that the interpolation scheme using the buried

surface area in the ellipse representation is much better than the simple interpolation

scheme.

5.3.2 The final mapping

Using the interpolation schemes summarized in Table 5.2 and calculated above, we

demonstrate how our proposed potential function compares to the PMF data, from which
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𝜖min for ( ̂𝜙u�, ̂𝜙u�) = (90∘, 180∘)

Simple interpolation Buried surface interpolation From PMF

56.3 kJ mol−1 51.9 kJ mol−1 51.4 kJ mol−1

Table 5.3: Comparing the performance of the simple interpolation scheme and the
interpolation scheme using the buried surface area for the potential well depth
parameter, 𝜖min, in the orientational state ( ̂𝜙u�, ̂𝜙u�) = (90∘, 180∘).

it was originally derived, in Figure 5.9. We can see that the interpolated potentials still

fit the data quite well, considering that many of the originally fitted parameters have

been replaced by the averages across all fittings. The region in which this parameteri-

zation seems to perform worst is the position of the minimum, 𝑟min for the orientation

( ̂𝜙u�, ̂𝜙u�) = (90∘, 180∘), shown in Figure 5.9(c), but this discrepancy is not large.

5.4 Characterizing the behaviour of an anisotropic protein

model

In this anisotropic model, all of the proteins in the system now have an intrinsic orientation.

Having introduced orientational dependence to the inter-protein potential, we wish to

investigate the effect that this dependency has on the behaviour of our model system.

The previous metric for characterizing the protein behaviour, cluster size, is still of use in

assessing the suitability of our model, but here we also introduce metrics that enable us

to determine how these orientational degrees of freedom behave and metrics that describe

the shapes of the clusters.

We introduce three such metrics here, which will enable us to see the effect that an

anisotropic potential has on the system. The first of these is the eccentricity of clusters,

which describes the shape of the clusters as a whole. The second is a pairwise correlation

metric, which will enable us to ascertain to what extent the anisotropic pairwise potential

affects the orientational correlation between pairs of proteins. The third metric is used to
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Figure 5.9: The final parameterization based on applying the interpolation rules
stated in Table 5.2 compared to the original PMFs calculated in Chapter 3. The
parameterizations are given for the orientational configurations ( ̂𝜙u�, ̂𝜙u�) = (90∘, 90∘);
( ̂𝜙u�, ̂𝜙u�) = (90∘, 270∘); ( ̂𝜙u�, ̂𝜙u�) = (90∘, 180∘); and ( ̂𝜙u�, ̂𝜙u�) = (180∘, 180∘) in (a), (b),
(c), and (d), respectively. The potential functions using the proposed interpolation
scheme are shown by the red lines and the PMFs by the black crosses.
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Figure 5.10: An example of the anisotropic system after 5×103 Monte Carlo steps.
The red arrows on each protein correspond to the direction of that protein’s 0∘. The
alignment of the protein orientations, in either a parallel or anti-parallel arrangement,
can be seen in many of the elongated clusters.

characterize the alignment of the orientations of proteins in a given cluster, which shows

the extent to which the pairwise potential leads to large-scale orientational alignment.

An example of the anisotropic protein simulations is shown in Figure 5.10. From

this figure some examples of these metrics can be observed. For instance, in many of

the elongated clusters (which we define below as clusters that are highly eccentric) the

protein orientations are aligned in a parallel or anti-parallel manner. This correlation

between cluster eccentricity will be analysed later in this chapter.

5.4.1 Cluster eccentricity

We define the eccentricity using the notion of a minimum enclosing circle for the protein

centres in a given cluster. The eccentricity is measured in terms of the radius of the

minimum enclosing circle, 𝑟u�, which is illustrated in Figure 5.11. The eccentricity is

defined as zero when 𝑟u� is equal to the smallest possible enclosing circle for a cluster of

a given size, and one when 𝑟u� is equal to the radius of the largest minimum enclosing

circle for a given cluster size. The smallest minimum enclosing circle for a cluster is also
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𝑟0
u�

𝑟u�

Figure 5.11: For any given cluster the minimum enclosing circle is the smallest circle
that encloses the centres of all the protein in the cluster. It has radius 𝑟u� and is
shown on the right. For a specific cluster size we also know (up to a cluster size of
13) the size of the smallest possible minimum enclosing circle, which has radius 𝑟0

u�
and is shown on the left.

illustrated in Figure 5.11. The size of the smallest enclosing circles have been proved up

to a cluster size of 13 and there are estimates up to a size of 20 (Graham et al. 1998),

which is large enough for our purposes. Given the proportion of proteins in clusters of

size one, two and three, shown in Figure 4.12 (on page 104), it is unlikely that we will

observe enough clusters with sizes larger than 20 to produce meaningful statistics, even

if such clusters do form.

Figure 5.12 shows how the eccentricity of the clusters of a given size vary throughout a

simulation of 104 Monte Carlo steps using the data for simulations of the isotropic model

in Chapter 4. We can see that the eccentricity of the clusters start off high and settle

down to some smaller value.

We can see that, excluding the initial section of the simulation, the mean eccentricity

stays approximately constant throughout. There is, however, a large variation in the

eccentricities, which is indicated by the relatively large error bars, which represent one
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Figure 5.12: Cluster eccentricity for clusters of various sizes. The eccentricity appears
to increase, with increasing cluster size, but there is significant variation in the
eccentricities. The simulation contained 256 proteins with an area fraction of ∼14%,
with 𝛿 = 0.03 for 104 Monte Carlo steps. The coloured bars for each cluster size
correspond to averages taken over subsequent simulation intervals, each lasting 2×103

Monte Carlo steps. The results were also averaged over 192 independent repeat
simulations.
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standard deviation. The fact that this measure has a large variability does not mean

we can not use it to characterize the behaviour of the system under a modification of

some parameter, or even a modification of the simulation technique in its entirety. Any

deviations in either the mean of the eccentricity or its variance should still indicate that

certain parameter modifications affect the behaviour of the model. However, since the

measure is reasonably stable throughout the simulation, we will only be looking at the

eccentricity of clusters of a given size averaged across the entire simulation.

5.4.2 Pairwise orientation correlation

The first measure used to interpret the orientational behaviour of the system is the

pairwise correlation of angles for any two proteins in the system. For each pair of proteins

that are below a threshold separation of 4 nm, we record their orientational angles, ̂𝜙u�

and ̂𝜙u�. In this analysis we have chosen to use a fairly generous threshold separation, so

as to negate the effects of the variation in the position of the minimum of the potential

well as a function of orientation. This can be seen in Figure 5.9 (on page 141), where at

a separation of 4.0 nm the potential is approximately half that at the minimum. The

pairwise orientation correlations are then separated into bins. From this metric we can

see the effect that the potential has in the context of a complex system with a variety of

protein cluster configurations. One would perhaps expect, were you to analyse a pair

of proteins in isolation, that the distribution of pairwise angles would converge to the

form of the interpolation scheme used for the minimum of the potential, since they would

just be sampling the distribution of states given by that potential. However, in a larger

system this will not be the case and the nature of the orientational correlation that occurs

is not immediately obvious.

To measure the effect that the anisotropic potential has on the pairwise correlation of

angles we ran simulations using two different interaction regimes. Simulations were run

for a system of 256 proteins using both the Monte Carlo scheme introduced in Chapter 4
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Figure 5.13: Histogram of pairwise orientation correlation for an isotropic inter-protein
potential. For 1200 repeats of a simulation of 256 proteins the pairwise correlation is
recorded for all protein pairs below a threshold separation of 4.0 nm.

and the extended version introduced in Section 5.1 with a spatial step size 𝛿 = 0.3

for 104 steps. We ran 1200 repeat simulations, which resulted in a reasonably smooth

distribution of the metrics. Firstly, we used the isotropic potential from Chapter 4, to

act as a control. Next we used the anisotropic potential introduced in Section 5.3.

We can see in Figure 5.13 that there is no correlation between the orientation of two

clustered proteins with an isotropic potential, as we would expect. The introduction of

the anisotropic potential, where the depth of the potential well is interpolated using the

scheme in Figure 5.8(a), results in a significant difference to the orientation correlation

between the proteins. In Figure 5.14 we can see that the distribution of orientations

between pairs of clustered proteins in no longer uniform. There are distinct peaks that

occur in regions that are distributed in a similar pattern as the depth of the potential,

although the specific location of peaks does not correspond exactly with the peaks in the

interpolations scheme. The difference in peak location is likely a result of the complex

interactions within the clusters: each protein is not always interacting with only one

other protein.
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Figure 5.14: Histogram of pairwise orientation correlation for an anisotropic inter-
protein potential. For 1200 repeats of a simulation of 256 proteins the pairwise
correlation is recorded for all protein pairs below a threshold separation of 4.0 nm.

This metric is useful for seeing the effect that an anisotropic potential has on the

distribution of angle correlations, but does not give us any insight into the way in which

these effects manifest themselves in the context of the wider system.

5.4.3 Eccentricity of clusters and alignment of clustered proteins

The next metric used to analyse the orientational correlation looks at the cluster scale,

rather than at the protein scale. This means we are able to see what effect, if any, an

anisotropic potential has on the system as a whole. Analysing the same simulation data

above, we threshold the protein connections to find clusters as before.

Taking each cluster individually, we firstly can calculate the eccentricity of the cluster

as defined in Section 5.4.1. Given the size of the simulation systems we have used and

the length of simulations performed, clusters of size three and four were present in large

enough numbers to give smooth distributions of the eccentricity of clusters (clusters of size

two have an undefined eccentricity). For clusters of size three we have plotted histograms

of the eccentricity for both the anisotropic and isotropic potential and compared these
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Figure 5.15: Histograms showing the eccentricity distribution of clusters containing
three proteins from the CGMD simulation data, and MC simulations using an
anisotropic and an isotropic potential. The number of samples for the three histograms
are: 𝑁CGMD = 107295, 𝑁Iso = 2033854, and 𝑁Aniso = 4751408.

to the eccentricity of clusters measured from the CGMD simulation of a similar system,

these histograms are shown in Figure 5.15 (the CGMD simulations were performed by

Dr. Joseph Goose and were introduced in Chapter 1). From these histograms we can

see that in both the anisotropic and isotropic cases the eccentricity distribution is very

similar in shape to that obtained from the CGMD simulation. The equivalent histograms

for clusters of size four are shown in Figure 5.16, where here we are limited by very small

numbers of clusters in the CGMD simulations, restricting the amount we can infer from

comparisons. The anisotropic distribution is skewed slightly towards higher values of

eccentricity, which is in better agreement with the CGMD data. We can see that the

peak in both the anisotropic and isotropic potential appears to be consistent with that in

the CGMD data. Comparing the anisotropic and isotropic simulation data to each other

we see that, as in the case of clusters of size three, there is a slight increase in the amount

of eccentric clusters observed, although this is a much more muted effect with clusters of

size four. From these comparisons of the eccentricity of the clusters, we have shown that

the behaviour is matched reasonably well by both models, but that there is a slightly

stronger agreement once we include the anisotropy of the protein-protein interaction.

148



5.4: Characterizing the behaviour of an anisotropic protein model

0 1
0.0

0.5

1.0

1.5

2.0

2.5

3.0
Fr

eq
ue

nc
y

de
ns

ity
CGMD

0 1
Eccentricity

0

2

4

6

8

10

12
Isotropic Model

0 1
0
1
2
3
4
5
6
7

Anisotropic Model

Figure 5.16: Histograms showing the eccentricity distribution of clusters containing four
proteins from the CGMD simulation data, and MC simulations using an anisotropic
and an isotropic potential. The number of samples for the three histograms are:
𝑁CGMD = 79080, 𝑁Iso = 1579896, and 𝑁Aniso = 1845828.

A further cluster-scale analysis we can perform is to compare the differences between

the orientations of the proteins throughout the whole cluster, characterizing the alignment

of proteins throughout the entire cluster, not just between pairs of proteins that are in

contact. However, we need to account for the fact that our anisotropic potential has

rotational symmetry of degree two. To account for this we can multiply the orientations

of the proteins by two and take the modulo with respect to 360∘, which results in the

alignment of orientations that were originally pointing in opposite directions. With

this correction applied to the orientations of the proteins, we can then calculate the

distribution of differences between the orientations. An alignment score of one is defined

as having no angular separation between the corrected orientations for a given pair of

proteins. An alignment score of zero corresponds to having a corrected angular difference

of 180∘. For clusters of size two we have calculated the orientational alignment, which is

shown by the histograms in Figure 5.17, where again we have performed the analysis

for both the anisotropic and isotropic potentials and the CGMD data. The isotropic

potential does not show a noticeable deviation from the uniform distribution, however, in

the case of the anisotropic potential, there is a marked increase in the amount of protein
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Figure 5.17: Histograms showing the alignment distribution of clusters containing two
proteins from the CGMD simulation data, and MC simulations using an anisotropic
and an isotropic potential. The number of samples for the three histograms are:
𝑁CGMD = 216570, 𝑁Iso = 1769500, and 𝑁Aniso = 1494552.

alignment. This is something that we would expect to find, given that the potential is

anisotropic, but it is a larger effect than that observed in the CGMD data, although any

conclusions drawn need to be made with care, given the small sample size of the CGMD

data. Similar trends are observed for the alignment of proteins in clusters of size three

in both the anisotropic and isotropic models, as shown in Figure 5.18. The alignment

of the CGMD clusters appears to be more uniform, but the number of samples for the

CGMD was approximately half that for the clusters of size two so any patterns are likely

to be less significant.

Since we are calculating this metric for each of the proteins in a cluster, we can record

it alongside the eccentricity of the cluster. By combining these two metrics we can see

how the anisotropic potential affects both the protein clustering and the alignment of

protein orientations within those clusters.

For clusters of size three, these histograms are shown in Figure 5.19; there is nothing

to be learnt from an equivalent plot for clusters of size two since their eccentricities

are all the same. The top row of the figure shows the data for all of the clusters in

the simulations and the bottom row shows the same data after the application of a
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Figure 5.18: Histograms showing the alignment distribution of clusters containing three
proteins from the CGMD simulation data, and MC simulations using an anisotropic
and an isotropic potential. The number of samples for the three histograms are:
𝑁CGMD = 107295, 𝑁Iso = 2033854, and 𝑁Aniso = 4751408 .

biasing procedure that corrects for the non-uniform sampling of cluster eccentricities.

The biasing was performed in order to adjust for the extremely skewed distribution of

eccentricities. The biasing proceure involved scaling the sampling in each row of the

histrogram by dividing each number of samples in that row, giving the effect that the

data for eccentricities was sampled uniformly. As before, it is apparent that there is

only a small sample size for the CGMD data, but we can see the data is peaked toward

clusters with high eccentricity, and demonstrates a slight bias towards more orientational

alignment (with a peak close to one) for those eccentric clusters. The interesting result

is visible in the comparison between the isotropic and anisotropic potential. For the

isotropic case, we see that the clusters are not very eccentric and there is no observable

dependence on alignment. This is more clear in the histogram biased to sample clusters of

different eccentricities uniformly, where no pattern emerges. However, in the anisotropic

case we see a shift in the eccentricity, as noted above, but more importantly we see a

change in the alignment of the clusters based on their eccentricity. This is most clearly

seen in the biased sampling histogram where we see that the most eccentric clusters

are likely to be highly aligned, whereas the less eccentric clusters have more uniform
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Figure 5.19: Frequency density plots of the alignment of proteins in clusters of size
three with the eccentricity of those clusters. These are constructed for clusters of
protein from the CGMD simulation and clusters from the isotropic and anisotropic
potential simulations. Here we show the histograms sampled from the clusters in an
unbiased manner (top) and also with a biasing correction applied to approximate a
uniform sampling of cluster eccentricities (bottom). The number of samples for the
three histograms are: 𝑁CGMD = 107295, 𝑁Iso = 2033854, and 𝑁Aniso = 4751408.

alignment. This is evidence that the introduction of an anisotropic potential leads to

behaviour that emerges at the scale of clusters of proteins. There is not such a strong

bias in the CGMD data for eccentric clusters of size three, which is perhaps indicative of

more complicated behaviour that is not captured by our model.

5.5 Using other published PMFs to parameterize our

discrete model

All of the simulations so far have been based on the PMFs calculated for the interaction

of NanC in Chapter 3. In this section we will instead parameterize our discrete protein

model using information from PMFs published in the literature.
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The system that we will attempt to parameterize is that of a membrane populated by

rhodopsin proteins; PMFs for rhodopsin, using a range of orientational configurations,

were published by Periole, Knepp, et al. (2012). It is from this paper that we will gather

information about the pairwise interaction of rhodopsin and parameterize our model.

5.5.1 Obtaining the generalized PMF features from the paper

The PMFs for the G-protein coupled receptor, rhodopsin, were calculated in a bilayer con-

sisting of (C20:1)2PC lipids, which have been shown to minimize the effect of hydrophobic

mismatch on rhodopsin interaction (Botelho et al. 2006; Periole, T. Huber, et al. 2007).

Rhodopsin’s structure consists of seven transmembrane helices and one amphipathic

helix, which is aligned with the surface of the cytoplasmic membrane leaflet. Through a

series of extended self-assembly MD simulations, lasting up to 64 𝜇s, the distribution of

protein contacts as a function of orientation was analyzed. From this distribution, they

identified the most probable orientational states and obtained the PMFs using umbrella

sampling. The system used to calculate the PMFs was similar to that used for NanC in

Chapter 3, but the method used to perform the orientational restraint was the virtual

bond algorithm of Boresch et al. (2003). This algorithm restrains the proteins based

around three dihedral restraints, two bond angle restraints and one distance restraint.

It was clear from their self-assembly simulations that the strongest attraction between

pairs of rhodopsins was when they were aligned in a tail-to-tail configuration, with

the amphipathic helices interlocking. The PMFs were thus calculated for the following

orientations (as measured in the plane of the membrane in a similar manner to that used

for NanC): (10∘, 10∘), the tail-to-tail conformation; (180∘, 180∘) and (−152∘, −152∘), which

are similarly aligned as the tail-to-tail configuration; and (−90∘, 90∘) and (−90∘, −90∘),

which are more closely packed configurations with a larger buried surface area. This set

of relative orientations is illustrated in Figure 5.20.

The PMFs calculated for these five orientational configurations of rhodopsin are similar
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Figure 5.20: Relative orientations of rhodopsin used to calculate the PMFs shown in
Figure 5.21. The relative angles of the two proteins are shown alongside each orienta-
tional configuration, along with the buried surface area in nm2. The configurations
have been grouped by the strength of their interactions. This figure was adapted
with permission from Periole, Knepp, et al. (2012).
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Figure 5.21: PMFs for multiple relative orientations of rhodopsin. The relative
orientations correspond to those illustrated in Figure 5.20. It is important to note
that, contrary to the convention throughout this work, the separations of the proteins
are given as an interfacial separation instead of as a separation of the proteins’ centres
of mass. This figure was adapted with permission from Periole, Knepp, et al. (2012).

in character to those calculated for NanC, as can be seen in Figure 5.21. They have a

potential well at small separation, and some of them have a small barrier at slightly larger

separation. There are also signs of features in the PMF that are located in a similar

position as those we have earlier demonstrated were a product of the protein-lipid-protein

interactions.

Contrary to our findings for NanC, the strength of the rhodopsin interaction is not

determined by the buried surface area between the proteins. This is something that we

would perhaps expect, as the structure of rhodopsin is more complicated than that of

the relatively-featureless NanC. The strongest interaction appears in a configuration in
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Rhodopsin orientations, ( ̂𝜙u�, ̂𝜙u�)

Parameter (10∘, 10∘) (180∘, 180∘) (−152∘, −152∘) (−90∘, 90∘) (−90∘, −90∘)

𝜖min 55 kJ mol−1 38 kJ mol−1 35 kJ mol−1 8 kJ mol−1 5 kJ mol−1

𝜖barrier 0 kJ mol−1 0 kJ mol−1 0 kJ mol−1 10 kJ mol−1 10 kJ mol−1

𝑟min 4 nm 4 nm 4 nm 3 nm 3 nm

𝑟barrier 5 nm 5 nm 5 nm 4 nm 4 nm

𝜎min 1.5 nm−1 1.5 nm−1 1.5 nm−1 1.5 nm−1 1.5 nm−1

𝜎barrier 1.2 nm 1.2 nm 1.2 nm 1.2 nm 1.2 nm

Table 5.4: Parameter values obtained from the PMFs calculated by Periole, Knepp,
et al. (2012) for the interaction of rhodopsin as various orientations. The orientations
are illustrated in Figure 5.20.

which the amphipathic helices of the two rhodopsins are interlocked and with interactions

between residues on two of the transmembrane helices.

From the PMFs presented, we are able to infer the approximate depths and widths

of the potential wells, and the height, width and relative positions of any barrier.

These parameters can be used in our combined Morse-Gaussian potential model for

the interaction of two proteins. Obtaining the location of the minima from the PMFs

presented is a little more complicated, as they are presented as a function of interfacial

separation, and not as a function of the separation of their centres of mass. However,

we obtain estimates for the locations of the minima using the approximate width of

rhodopsin along a given axis; all of the PMFs are presented for rotationally equivalent

angles, so we are able to approximate their separation by their width along this axis.

Here we have taken the width along the long axis of rhodopsin to be 4 nm and along the

short axis to be 3 nm; these are not precise figures, but given that the other parameters

are estimated from the figures, it is unlikely that this estimation of the radius will have a

large effect on the simulation. The parameters, obtained from the PMFs presented in the

paper and the approximation of the width of the protein, are given in Table 5.4.
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Figure 5.22: Interpolation scheme for the potential-well depth parameter, 𝜖min, in the
Morse-Gauss potential in Equation (4.15) (on page 88). The three regions are clearly
marked by the different values of 𝜖min: the region around the tail-to-tail orientation
is centred on (0∘, 0∘); the other strong interactions occur at all the combinations that
are related to the tail-to-tail configuration by a 180∘ rotation of one or both of the
proteins; and the weak interactions occupy the in the intervening space.

The dihedral angles used in the paper to classify the orientations of the two proteins

are both measured outwardly from the line connecting the two proteins centres: an angle

of 0∘ corresponds to the amphipathic helix being closest to the other protein, the so

called “tail-to-tail” configuration.

To obtain our parameterization in the full rotation of both proteins, we must make

certain simplifying assumptions about the form of the potential. Given the explanation

of the behaviour of the proteins in the paper, these assumptions are not likely to be

completely inaccurate, but they are a source of potential error in the model. Our

parameterization for the potential-well depth parameter, 𝜖min, is shown in Figure 5.22.

The first region of interest in this parameterization if for the strongest interaction in

the tail-to-tail configuration, and a small region of angles around it; in our system we will
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take this to be the 90∘ region centred on 0∘. The other strong interactions occur around

the opposite alignment of the proteins, where the amphipathic proteins are oriented

away from the other protein. Here we make the assumption that all interactions that

are aligned similarly (both proteins long axes aligned with the line connecting their

centres), excluding the tail-to-tail configuration, are of the same strength, which we

base on the depths of the (180∘, 180∘) and (−152∘, −152∘) PMFs. From the self-assembly

simulation of Periole, Knepp, et al. (2012), the regions of orientational-configuration

space corresponding to these alignments in which there is significant interaction of the

proteins occurs for a larger range of angles than it does for the tail-to-tail configuration,

and as such, we choose to make these regions in our parameterization correspondingly

larger, with widths of 135∘. For the remaining interactions, we have used the weak PMFs

as a guide. We use the same interpolation scheme for all of the parameters in Table 5.4,

where the parameters for each of the three regions, tail-to-tail, strong and weak, are

obtained from: the (10∘, 10∘) PMF parameters; an average of the (180∘, 180∘) and the

(−152∘, −152∘) PMF parameters; and an average of the (−90∘, 90∘) and the (−90∘, −90∘)

PMF parameters, respectively.

The parameterization in Figure 5.22 has very sharp changes in potential between

plateaus of constant values. As our justification for the parameterization scheme chosen

is limited, a more reasonable scheme would be for the parameters to vary smoothly

between their peak values; we have no evidence to support any shape features in the

PMFs between the rhodopsin proteins, so we have chosen to use a more idealized,

smoothly-varying potential in our model of the rhodopsin system. To smooth the features

of the interpolation in Figure 5.22 we used a Gaussian kernel of width 36∘, one tenth

of the orientational domain size. The result of this smoothing process is shown by our

final interpolation scheme for the potential-well depth parameter, 𝜖min, in Figure 5.23.

The application of the smoothing kernel leaves the parameter values at the orientational

configurations of the PMFs unchanged, but smooths the sharp transitions between the
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Figure 5.23: Interpolation scheme for the potential-well depth parameter, 𝜖min, in the
Morse-Gauss potential in Equation (4.15) (on page 88) shown in Figure 5.22 following
the application of a Gaussian smoothing kernel. The values of the parameters at the
orientations on which we have based the initial parameterization are left unchanged
by the process.

regions.

5.5.2 Investigating the stability of rhodopsin rows-of-dimers

The coarse-grained rhodopsin model that Periole, Knepp, et al. (2012) used to calculate

their PMFs was used to investigate the stability of a system of rows-of-dimers, similar

to those seen in atomic force microscope observations (Fotiadis et al. 2003; Liang et al.

2003). The rows-of-dimers system consisted of pairs of rhodopsin proteins arranged in the

tail-to-tail configuration as dimers, which in turn were arranged in rows perpendicular

to the axis of the dimer. Periole, Knepp, et al. (2012) used a system consisting of

16 rhodopsin proteins, arranged in two parallel rows of four dimers. This is shown in

Figure 5.24, where the simulation’s unit-cell, containing the 16 rhodopsins, is marked.
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Figure 5.24: Initial positions for the simulation of 16 rhodopsins using MD. The
rhodopsin pairs are arranged in the tail-to-tail configuration, and the unit-cell has an
angle of 85∘. Adapted with permission from Periole, Knepp, et al. (2012).

Our simulation system consists of 96 rhodopsin proteins, arranged in four rows of 16

dimers. We use the same unit-cell dimensions but with an angle of 90∘; our representation

of the rhodopsin system is symmetric around 0∘, and this simplification follows from the

symmetry of the idealized potential interpolation.

5.5.2.1 Time scaling methods in a close-packed system

The methods used to assign a timescale to the Monte Carlo simulation both rely on the

initial system being dispersed enough that the constituents do not interact with each

other. With the rhodopsins arranged in rows of dimers, we do not satisfy this condition.

Consequently the scaling method will no longer result in a reasonable timescale for the

Monte Carlo steps in our simulation; the diffusion coefficient will not necessarily be a

representative parameter for the motion of the individual proteins in our system. The

proteins will be moving in a system with a greatly reduced mobility. This means that
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by applying the scaling scheme, we will obtain a timescale that is much shorter than

the actual timescale over which our simulation will evolve the system. It will, in effect,

provide us with some form of lower bounding estimate for the timescale. This may not

be a quantitatively useful tool for investigating the dynamics, but it is an indicator as to

whether we are observing motion that is characteristic for timescales over similar orders

of magnitude as that used in the simulation of Periole, Knepp, et al. (2012). Throughout

this section we use the units ns∗ to signify that these are now a lower bound on the

simulation time and not a reasonable representation on the simulation time. The diffusion

constant used in this calculation was 0.00014 nm∗2 ns−1, as measured by fluorescence

microscopy experiments of Govardovskii et al. (2009) using gecko rod membranes.

The simulations of our system of 96 rhodopsins were 105 Monte Carlo steps in length.

We performed 240 repeat simulations, which enabled us to investigate the behaviour of

our system through the behaviour of the ensemble, rather than using a single instance,

as was the case with the MD simulation. From the plot of the mean squared deviation in

Figure 5.25 we can see that the proteins are in the same diffusive regime throughout;

there are no changes in diffusive behaviour. The lower bound on the time scale is a

simulation length of just of 2 𝜇s∗. This is shorter than than the 16 𝜇s MD simulation

performed by Periole, Knepp, et al. (2012), but as we are unable to quantify by how

much our simulation time is an underestimate, the only reasonable comparison that we

are able to make about the simulation lengths is that they are likely to be of a similar

order of magnitude. We should, therefore, be able to observe similar behaviours in both

simulations, if our model is accurately capturing the interactions responsible for the

dynamics of the rhodopsin system.

5.5.2.2 Visualizing the simulations of rhodopsins arranged in rows of dimers

The 16 𝜇s coarse-grained simulation of Periole, Knepp, et al. (2012) demonstrated that

the rows-of-dimers system was stable. From the initial configuration of the system, as
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Figure 5.25: The mean squared deviation of the rhodopsin proteins. The lower bound
on simulation time was calculated using the diffusion-scaling method introduced in
Chapter 4.

shown in Figure 5.24, the system evolved to a final configuration shown in Figure 5.26.

It is clear that the rows of proteins have maintained their structure, with only a single

pair being out of alignment.

To visualize the rows-of-dimers structure in our simulation we have plotted the positions

of all proteins at two points during the simulation. The first is after 1000 ns∗, shown in

Figure 5.27, and the second after 2000 ns∗, shown in Figure 5.28. In these figures, the

positions of the proteins are represented by a coloured circle at the position of their centre

of mass. Proteins that form a dimer are shown using different shades of the same colour.

From both these figures we can see that the overall structure of the rows-of-dimers is

maintained, with the orientations of the proteins pairs being well constrained by the

interaction between the proteins visible as a small spread in the angles. However, the

positions of the proteins was less consistent throughout the simulation, with a clear

spread in their locations visible in both Figures 5.27 and 5.28.
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5.5: Using other published PMFs to parameterize our discrete model

Figure 5.26: Rhodopsin positions after 16 𝜇s of coarse-grained MD simulation of 16
rhodopsins. Adapted with permission from Periole, Knepp, et al. (2012).

5.5.2.3 Using dimer separation as a measure of stability

The assess the instability in the positions of the proteins in their dimers, we can look

at the distributions of dimer separation for the proteins in the simulation. Figure 5.29

compares the distributions of dimer separation for the rows-of-dimers simulation at both

1000 and 2000 ns∗, corresponding to the protein positions shown in Figures 5.27 and 5.28,

respectively. Out assessment of the instability visible in the positions is corroborated by

the distributions of the dimer separation; it is clear that there is an increase in the dimer

separation between 1000 and 2000 ns∗.

We can see this instability more clearly in Figure 5.30, where it is clear that the mean

dimer separation is slowly increasing throughout the simulation, and the distribution is

also getting wider.

From these data it is apparent that our model is not sufficiently representing the

interactions that are integral to maintaining the stability of the rhodopsin rows-of-dimers

system. From Figure 5.30 it is clear that the stabilization of the dimers themselves is

dependent on more than just the interaction potential that is calculated for a pair of
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Figure 5.27: Positions of 96 rhodopsin proteins after 1000 ns∗ of simulation in a
rows-of-dimers configuration. The positions of rhodopsins in 240 repeat simulations
are shown, with each circle positioned at the centre of mass of a specific protein in
one of the repeat simulations. The proteins are coloured so that each pair of proteins
is identifiable (e.g. green paired with light green, red paired with light red and so on).
The black dots represent the initial position of the corresponding proteins. The thick
black lines are the mean orientation or the protein and the thin black lines represent
one standard deviation of the distribution of orientations.
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Figure 5.28: Positions of 96 rhodopsin proteins after 2000 ns∗ of simulation in a
rows-of-dimers configuration. The positions of rhodopsins in 240 repeat simulations
are shown, with each circle positioned at the centre of mass of a specific protein in
one of the repeat simulations. The proteins are coloured so that each pair of proteins
is identifiable (e.g. green paired with light green, red paired with light red and so on).
The black dots represent the initial position of the corresponding proteins. The thick
black lines are the mean orientation or the protein and the thin black lines represent
one standard deviation of the distribution of orientations.
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Figure 5.29: Distributions of dimer separation at 1000 ns∗ and 2000 ns∗. The dimer
separation is the distance between the centres of mass of the two proteins in each
dimer.
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Figure 5.30: Mean dimer separation throughout the entire simulation of 96 rhodopsin
proteins arranged in a rows-of-dimers configuration. The light blue region corresponds
to one standard deviation.
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isolated rhodopsins. The most likely reason that our model is not stable in this situation

is that we are using implicit lipids; this has been a reasonable approximation in the

more sparsely packed system of NanC, but does not adequately represent the effect of

individual lipids in this more densely packed rhodopsin system. In Figure 5.26 we see

that there is often only room for a single lipid between adjacent rows of dimers and

there are fewer than 10 lipids separating adjacent rows. In a densely packed system like

this, the lipid mobility will be much reduced, so our implicit lipid model that acts as

a fluid-like bilayer will be particularly unsuitable in capturing the protein-lipid-protein

interactions, or probably the dimer-lipid-dimer interactions, that are likely operating

to stabilize the system as well as the interactions that were characterized by the PMF

calculations, on which our parameterization is based. However, the parameterization of

the protein-protein interactions appears to capture the orientational behaviour reasonably

well, as indicated by the rotational stability of the proteins shown by the mean orientation

and spread of the orientations illustrated by the standard deviations shown in Figures 5.27

and 5.28. So although the model doesn’t capture all of the processes that are important

in describing the system, it does appear to describe some of the system’s behaviours

relatively well.

5.6 Summary

In this chapter we extended the model developed in Chapter 4 with the introduction

of rotational degrees of freedom for the proteins. The development of the extended

model attempted to follow the pattern of development used for the isotropic model

of protein-protein interaction. The anisotropic model was parameterized using MD

simulations of the NanC system: rotational diffusion properties were obtained from

the mean squared rotation of NanC and the interaction profile was obtained from the

rotationally restrained PMFs (presented in Chapter 3). The fitting of the PMFs to a

generalized model of orientationally-dependent pairwise interaction was performed for
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the orientational configurations used in the original MD simulations. To complete the

parameterization of the anisotropic interactions between pairs of proteins, the parameters

for the rotational potential were interpolated.

The interpolation scheme used was based on an idealized representation of the NanC

proteins as objects with an elliptical cross-section. Using this representation we were

able to calculate how certain parameters in the interaction profile may change with the

orientations of the two proteins, subject to several assumptions. The two assumptions

were based on the results in Chapter 3 where we showed that local minima in the PMF

correlated with the ability of lipids to fit in the intervening space, and the extension of

this being that the position of features in our generalized interaction profile will also

be dependent on the ability for lipids to fit between the two proteins, which is strongly

dependent on the distance between the proteins surfaces, and, in the limit of small

separation, the distance at which they are in contact. For the strength of the interaction

between pairs of NanC, we found in Chapter 3 that there was a dependency on the buried

surface area of the protein pair when they were in contact. Using our elliptical model we

calculated an expression for the buried surface area when the ellipses were in contact.

By numerically solving this expression, we were able to calculate how the buried surface

area for two ellipses changed with their relative orientations. This buried-surface-based

interpolation scheme was used for the parameter that determined the depth of the

potential well in our anisotropic model of the pairwise protein-protein interaction; this

interpolation scheme was shown to give a much improved parameterization when compared

to a simple, smoothly varying, interpolation scheme.

We performed virtual-move Monte Carlo simulations of the anisotropic model, using

the method employed in Chapter 4, to explore differences between the anisotropic and

isotropic models, and compare them to data obtained from the CGMD simulations

performed by Dr. Joseph Goose. The anisotropic model showed improved behaviour

on some of the clustering analysis metrics, for instance the alignment of clusters of size
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two and eccentricity of clusters of size four, however the CGMD simulation, although

extensive for a simulation of its type, did not provide sufficient data points for meaningful

comparisons of a lot of the metrics.

As a final implementation of our anisotropic model, we attempted to parameterize

it using data from other published PMFs for the pairwise interaction of membrane

proteins. We used PMFs for the association of rhodopsin proteins to parameterize our

model (Periole, Knepp, et al. 2012). This parameterization used a much simpler approach

to the interpolation, as there was no simple geometric basis to the shape of the PMFs

that would be amenable to representation within our anisotropic model. We used this

model to attempt to simulate a rows-of-dimers system of rhodopsins, similar to those

seen in disk membranes (Fotiadis et al. 2003; Liang et al. 2003). This was a much more

closely packed system than our NanC system. The result of this was firstly that our

time-scaling methods were not applicable, meaning that we were only able to use what we

argued would be some form of lower-bound on the simulation time. Secondly, we observed

significant instability in the dimers when measured by the average dimer separation. This

observation is something that would perhaps be expected when using our model for such

a close-packed system because our intrinsic model of lipids is not a good representation

when the number of proteins in the system approaches the number of lipids. This would

have a particularly marked effect on the behaviour of the lipids themselves, as a result of

their reduced mobility, were an important factor in the stability of the dimers within the

membrane. The dimers that formed did have relatively stable orientational configurations,

perhaps suggesting that the orientational stability of the individual proteins in their

dimers had a greater dependence on the contributions captured in the PMFs calculated

for the sparse system by Periole, Knepp, et al. (2012).
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Conclusions

This chapter summarizes the work presented in this thesis and

the conclusions we have drawn. Firstly, the PMFs calculated

in Chapter 3 are assessed and the conclusions we made regard-

ing the correlation between buried surface area and potential

well depth are presented. We also discuss our analysis of the

protein-lipid-protein interactions that this work highlighted.

Next we talk about the performance of our simplified bilayer

model and how it reproduced some of the clustering dynamics

observed in the more computationally-expensive MD simula-

tions we were using as a comparison. Finally we conclude

with an appraisal of the application of our model to simulat-

ing a close-packed ‘rows-of-dimers’ configuration of rhodopsin,

parameterized using PMFs from the literature. This simula-

tion, although not fully capturing the translational stability of

rhodopsin dimers, did capture the rotational stability of the

dimers reasonably well.
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6.1 Free energy landscape of NanC

The first stage of our work-flow for parameterizing a discrete model of membrane proteins

in a simplified bilayer was to characterize the interaction between a pair of NanC proteins,

which was our protein of interest. Our initial characterization, presented in Chapter 3,

used the one-dimensional potential of mean force; the form of the PMF was similar in

form to other published PMFs for membrane proteins: it had a deep potential well at

small inter-protein separations and a small barrier at a slightly larger separation. The

depth of approximately −70 kJ mol−1, which although not directly comparable to an

experimentally determined value, was of a similar magnitude to the depth of the PMF

calculated by Casuso et al. (2012) for OmpF trimers: −150 kJ mol−1.

The next step of the characterization of the protein-protein interaction was to introduce

orientational degrees of freedom. We did this with the addition of rotational restraints to

the proteins when calculating the PMFs for four different orientational combinations of

NanC; these orientations corresponded to various values of the buried surface area (the

area that is inaccessible to lipids when the proteins are in contact). Using these PMFs

we demonstrated that the depth of the PMF was negatively correlated with the amount

of buried surface area: for a larger buried surface area between the two proteins, the

depth of the PMF was greater. This result is contrary to the result published by Periole,

Knepp, et al. (2012), but in their rhodopsin system a complex series of binding modes

were identified, along with relative orientations that showed approximately no binding

affinity. Our orientationally restrained PMFs also identified features that were attributed

to protein-lipid-protein interactions. In such a highly restrained system we are able to

observe behaviour of the lipids that would be averaged over in a system in which the

protein were free to rotate. These features, manifested as local minima in the PMFs,

corresponded to separations at which the lipid between the two proteins were optimally

packed. This was corroborated by analysing the distribution of lipids around a single

NanC protein, where rings in the average lipid density were observed. Using the radius
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of these rings, we were able to predict the positions at which we would expect to observe

optimal lipid-packing between two proteins and there was good agreement between these

predictions and the features in the PMFs.

In the following chapters we used these PMFs to parameterize a coarser-grained

model of a bilayer. By representing the proteins in the system as points embedded in a

two-dimensional bilayer, which have some intrinsic orientation, we were able to use these

PMFs to parameterize the protein-protein interaction strength (extending the approach

introduced by Yiannourakou et al. (2010)).

6.2 Discrete simulation of an implicit-lipid bilayer

The remaining chapters of the thesis centred around the development of a simplified

model representation of the bilayer, which we parameterized using the MD simulations

in Chapter 3.

6.2.1 Isotropic protein-protein interaction

Our first representation of the protein-protein interaction was using an isotropic model.

The proteins were represented by the position of their centre of mass and the interaction

was parameterized using the one-dimensional PMF calculated for NanC in Chapter 3.

Simulations were initially performed using a Metropolis Monte Carlo method, with

individual movements of the proteins. Using this method we investigated the regions of

validity of the simulation parameters, such that the time-scaling techniques of Romano

et al. (2011) and Jabbari-Farouji et al. (2012) remained valid. Through comparison of

the model with data from coarse-grained MD simulations of a similar system performed

by Dr. Joseph Goose (introduced in Chapter 1), it was apparent that the individual move

scheme, although qualitatively similar, did not result in the same diffusive clustering

behaviour that was observed in the MD simulations. In our simulations, as the proteins

interacted with each other, they formed clusters, and the larger the size of the cluster,
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the smaller the probability that the Monte Carlo method would result in a concerted

movement of the cluster as a whole. Such movements were something that we would

expect to see in a membrane system and are typical of the movement of proteins in the

MD simulations. To improve the simulations of the model, we implemented a Monte Carlo

simulation method with cluster-based moves called virtual-move Monte Carlo, which is

known to produce reasonable dynamics (Whitelam and Geissler 2007). Implementing the

virtual-move Monte Carlo simulations improved the quantitative agreement between the

diffusive clustering behaviour of our model and the coarse-grained model simulated with

Molecular Dynamics. However, given the depth of the minimum of the PMFs used to

parameterize the interactions in the system, we were unlikely to observer much interesting

behaviour within and between the clusters. With such strong interaction energies, the

proteins were very unlikely to dissociate once they had formed clusters. If the depth

of the interaction potential was less pronounced, then it would be likely that we would

have observed more interesting clustering behaviour included the exchange of proteins

between clusters and more varied cluster shapes.

6.2.2 Anisotropic protein-protein interactions

The isotropic model developed in Chapter 4 was extended to include an angular depen-

dence to the protein-protein interactions in Chapter 5. The interactions were param-

eterized using the orientationally-restrained PMFs calculated in Chapter 3, and using

assumptions based on the relationship between buried surface area and PMF depth,

to guide the interpolation of the interaction potentials. The interpolation was based

on an idealized representation of the proteins as having an elliptical cross-section. We

then used this representation to calculate the buried surface area as a function of the

orientation of the two proteins. The interpolation scheme performed well when compared

with a basic interpolation scheme. We performed virtual-move Monte Carlo simulations

of the anisotropic model, using the same method employed in Chapter 4, to explore
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differences between the anisotropic and isotropic models, and to compare them both to

data obtained from the coarse-grained MD simulations performed by Dr. Joseph Goose.

The anisotropic model showed better agreement with the coarse-grained MD simulation

data for some of the clustering metrics considered, but for metrics applied to larger

cluster sizes the comparison was difficult because there were not enough data points from

the MD simulation to make a meaningful comparison.

The final test we applied to the model was to attempt to parameterize it using PMFs

for the association of rhodopsin from the literature (Periole, Knepp, et al. 2012). As

we did not have the raw data from the published PMFs, it was a much more crude

parameterization. We also implemented a much simpler method for the interpolation.

Using this model of rhodopsin we attempted to simulate a rows-of-dimers system, similar

to those seen in disk membranes (Fotiadis et al. 2003; Liang et al. 2003). The rhodopsin

system was more closely packed than our NanC system, which invalidated the time-scaling

methods used throughout the rest of Chapters 4 and 5, since they relied on an initial

period of the simulation during which the proteins were not interacting with each other.

The dimers in our system were not stably bound, which was evident by an increasing

bond length. Our model does not include explicit representations of the lipids and in a

very close-packed system, such as the rows-of-dimers configuration of rhodopsins, the

reduced mobility of the lipids will have a large effect on the mobility of the proteins

and, therefore, the stability of the dimers. However, the parameterization did result in

relatively stable orientational configurations, perhaps suggesting that the orientational

stability of the individual proteins in their dimers had a greater dependence on the

contributions captured in the PMFs calculated for the sparse system by Periole, Knepp,

et al. (2012).

175



Chapter 6: Conclusions

6.3 Summary

In this thesis we have presented results that have demonstrated a method for parameter-

izing a discrete model of membrane proteins using molecular dynamics. The calculation

of the PMFs for NanC highlighted an important relationship between the strength of the

interaction and the buried surface area of the proteins when in contact. We also presented

results that demonstrated the important role that protein-lipid-protein interactions play

in the movement of proteins in the membrane. In order to characterize the interactions

of further proteins, it would perhaps be useful to investigate other methodologies that

could capture more information in a similar amount of simulation time.

The use of our free energy calculations to parameterize a discrete model was successful

in capturing some of the behaviour of the same system when simulated using MD: a much

more computationally expensive process. The model was found lacking in some aspects,

particularly relating to behaviours that involve extreme behaviours of lipids. These kinds

of regimes would be much better represented using a model that included explicit lipids

in its representation of the bilayer. Future investigation using this work-flow would be

well served by including such lipids in the model that we have developed.
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Appendix A

Simulating a Bilayer Using Molecular

Dynamics

The sections in this appendix explain the three main stages

in preparing the system for umbrella sampling simulations.

These steps were performed using tools provided by the GRO-

MACS molecular dynamics simulation software package.The

steps taken to build the lipid bilayer, insert the proteins into

this preformed bilayer, and then generate the configurations

used for the umbrella sampling simulation windows are all

described in this appendix.
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A.i Building a bilayer

The model bilayer we are using is a pure POPE bilayer with periodic boundary conditions.

The bilayer is solvated and Na+ counter-ions were added to maintain system neutrality. We

use POPE as it is the major lipid constituent in the bacterial outer membrane (Lugtenberg

et al. 1976; Raetz 1978). Using a more realistic membrane composition, with a mixture

of lipids and lipopolysaccharides in an asymmetric bilayer, would increase the volume of

the state space of the bilayer system, and would thus require a corresponding increase in

the simulation time required to achieve convergence. Using a more realistic membrane

would be a natural extension to the work presented here.

Our coarse-grained bilayer model consists of a rectangular box, with periodic boundaries

in the 𝑥, 𝑦, and 𝑧 directions. We arrange the bilayer to lie in the 𝑥-𝑦 plane. Before the

proteins are embedded in the bilayer, we must firstly create a section of bilayer that is

equilibrated. In order to ensure that the tension in both leaflets remains approximately

equal, we require that there are the same number of lipids in each. To build our bilayer

system we construct and array of lipids using the GROMACS molecular dynamics

simulation package and the various tools included with it (Spoel et al. 2005; Hess et al.

2008). By manually arranging two layers of lipids in a tightly packed grid, we can create

an approximate bilayer structure using editconf. This bilayer structure is then solvated

using genbox and neutralized, where appropriate, using genion. All of these tools are

included in GROMACS. Our bilayer system can now be energy minimized, to relax any

poor contacts created during the construction phase, and then allowed to correctly self

assemble with a full molecular dynamics simulation. Once the membrane was equilibrated,

as judged by the convergence of fluctuations in the simulation box size and in the bilayer

itself, we were able to insert the proteins into the membrane.
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A.ii Embedding the proteins

We chose to embed the proteins in a pre-formed membrane, rather than letting the whole

system self-assemble from a mixed state, as this enabled us to ensure that we had equal

sized membrane leaflets throughout the entirety of the construction phase. To embed

proteins in a preformed bilayer we can use the GROMACS tool g_membed, which is

specifically designed for the insertion of proteins into a bilayer. g_membed inserts the

proteins by artificially changing their shape so that they are compressed in the plane of

the membrane and extended perpendicular to it. This stretched protein is then inserted

into the system containing the membrane, and any lipid, solvent or ion molecules that

overlap with the protein are removed. The protein is then slowly returned to its correct

shape over the course of a simulation; we chose to do this over a 1 𝜇s simulation, which

was slow enough that the membrane responded to the growing proteins in a smooth

manner. Following the embedding, we further equilibrated the system, with harmonic

positions restraints, in the 𝑥 and 𝑦 direction, applied to the Cu� CG particles of the

protein. This is necessary because the protein embedding process will leave the bilayer

in a disrupted state.

A.iii Obtaining the umbrella sampling initial

configurations

To obtain initial configurations for the umbrella sampling simulations, we used the pull

code in GROMACS. This feature allows you to apply a force to a group of particles

throughout a simulation. That force can either be a constant force in a specified direction,

a harmonic force centred at a specific position, or one of several other forms, none of

which we use in this thesis.

To generate the starting configurations, the proteins, which are embedded in the

bilayer at a reasonable separation, are slowly pulled into contact using a harmonic
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force whose centre moves such that the proteins are slowly pulled together. From an

initial separation of 5nm, the NanC proteins are pulled into contact over the course of

a 2 𝜇s simulation; pulling the proteins slowly ensures that the system remains close to

equilibrium throughout the simulation. Once the proteins are in contact, the system is

equilibrated for 2 𝜇s with a static potential restraining the proteins in their position of

contact. Next the reverse of the initial pulling procedure is performed: the proteins are

slowly pulled apart, during a 5 𝜇s simulation, after which they reach 8 nm separation,

the maximum separation at which we perform umbrella sampling.

This final pulling simulation is analysed, and the system configurations that correspond

to an inter-protein separation with a value equal to one of our desired window positions

(either 0.1 nm or 0.05 nm intervals along the reaction coordinate) are used as the starting

configurations for our window simulations. However, to remove any residual effect that

the pulling procedure had on the bilayer, each of these configurations is equilibrated for

2 𝜇s.
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