Algebraic Properties of Linear
Structural Equation Models

UNIVERSITY OF

OXFORD

Bohao Yao
Wolfson College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

*






Abstract

In this thesis, we explore the problems of identifiability and finding
constraints in linear structural equation models (SEMs) and explore

the applications of such results.

We start by analysing the effects of interventions on linear SEMs and
provide sufficient conditions for when the resulting distribution is iden-
tifiable. We then demonstrate how we could use a series of interventions
to find constraints in linear SEMs, as long as each resulting distribution
is identifiable.

Next, we study algebraic properties of a subset of linear SEMs that can
be represented by an HTC-identifiable graph. HTC-identifiable graphs
are a large family of graphs known to be generically identifiable. We
prove that a mixed graphs is HTC-identifiable if and only if all the
parameters in the model can be recovered from the covariance matrix
using straightforward linear algebra operations. We can then exploit
this algebraic property to construct an algorithm that recovers the
parameters of the model. We also find a set of polynomials, whose
indeterminates are entries of the covariance matrix, that generates the

zeroes of the model.

Finally, we prove that the maximum likelihood function is strictly con-
vex in a local neighbourhood around the MLE for HTC-identifiable
graphs. In particular, for large sample sizes and assuming we specify
the correct model, we find a starting point that is in this convex neigh-
bourhood. We then use hill-climbing to find the MLE of ¥ for any
HTC-identifiable graphical model G. Using this, we can test whether

a particular graphical model G is a good fit for a particular data set.
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Chapter 1

Introduction

Does smoking cause cancer, or does cancer cause you to smoke more? Or perhaps
there is a gene that causes you to smoke more and have cancer at the same time?
How much would a vaccines or a mask mandate impact the transmission of the
coronavirus? The gold-standard method for answering such questions has tradi-
tionally been randomised control trials. However, in many cases, it is not feasible
to conduct a completely randomised trial; for instance, it is not feasible to get
a whole population to be. For a long time, statisticians believed that we could

not make causal inferences with only observational data. This changed recently

with the potential outcome language, originally introduced by ( ) and
later expanded by ( ), and causal graphical models, pioneered by
( ) and later formalised by ( ) and ( ).

In a causal graphical model, we represent each random variable as a vertex and
each ‘direct effect’ as an edge. The resulting graphical model is a directed acyclic
graph (DAG). In practice, it is generally not reasonable to assume that all relevant
variables have been measured. To deal with DAGs containing hidden variables, it
is common to apply a latent projection operation to produce a new family of graphs
with only the observable variables ( : ). This new family of
graphs are known as the acyclic directed mized graphs (ADMGs). We will give
a rigorous definition of this operation in Definition 1.3 and an example in Figure
1.1.

The two causal frameworks, potential outcomes and graphical models, were
later unified by ( ) who introduced the Single-World



Intervention Graph (SWIG).

1.1 Graphical Models

Graphical models provide a powerful formalism for dealing with uncertainty, by
encoding the conditional independence of probability distributions into graph rep-
resentations. In particular, random variables are represented as vertices of the
graph while conditional dependencies are represented by edges. The relation be-
tween graphs and probability distributions is usually referred to as the concept of
a Markov property ( , ), which given any graph, determines a set of condi-
tional independence relations satisfied by the underlying probability distribution.
These graphs give us an intuitive way of visualising conditional independence,
and are also natural data structures for modern computers, allowing us to imple-
ment efficient algorithms for inference. Their simplicity and effectiveness provide
graphical models with universal applicability.

Originally, only graphs consisting of a single type of edge were used. The origins
of graphical models can be traced back to the works by ( ) on statistical
physics for undirected graphs. The use of graphs as a language for describing causal
models then began with the seminal works on genetics by ( , ), who
represented the joint probability distribution by a DAG with all the edges directed
(—). For instance, heritable properties of natural species can be represented by an
arrow from parent to child in a graph. The idea of “path analysis” introduced in
Wright’s work was later taken up in other fields such as econometrics by
( ) and social sciences by ( ). Eventually, several examples in social
sciences required graphs with multiple edge types to be modelled (

, 1989).

In this thesis, we shall study the class of directed mixed graphs, which contain
both directed (—) and bidirected (<») edges. While the use of DAGs is popular
in many fields in decision analysis ( : ) and empirical sciences ( :

), in many contexts, it is unrealistic to assume that there are no unmeasured
confounding variables. However, DAG models with latent variables lack many of
the desirable properties of graphical models, such as not being curved exponential

families ( , ). Furthermore, any inference made on these models



may be very sensitive to assumptions about the unobserved variables (

, ). This motivates the study of directed mized graphs, a graph class ob-
tained from directed graphs by removing latent variables and replacing them with
bidirected edges via latent projection ( , ). Building on earlier
works of ( ) and ( ), the problems faced by DAGs
with latent variables were partially addressed by ( )
using ancestral graphs, ( ) using summary graphs and

( ) using nested models.

1.1.1 Directed Mixed Graphs

A directed mized graph is a triple G = (V, D, B) where V is a set of vertices, D is
the set of directed edges (—) and B is the set of bidirected edges (<+). Edges in D
are oriented whereas edges in B have no orientation. A loop is an edge joining a
vertex to itself. Throughout this thesis, we will only consider graphs without any
loops, that isi — i ¢ D and i <> i ¢ B.

A walk of length ¢ is a sequence of £+ 1 adjacent vertices v, ..., ve. A path is a
walk where all vertices are distinct. A directed path of length £ is a sequence of £+ 1
distinct adjacent vertices vy, ..., v, each connected by a directed edge v; — v;41.
Hence, a directed path is of the form vy — vy — -+ — v,. Similarly, a bidirected
path of length ¢ is a sequence of distinct ¢ + 1 adjacent vertices vy, ..., vy, each
connected by a directed edge v; — v;11, and is of the form vy <> vy <> - -+ <> vy, A
directed walk of length ¢ > 3 is a directed cycle if vy = vy and all other vertices v;
are distinct (for 0 < j < £). An acyclic directed mized graph (ADMG) is a directed
mixed graph without any directed cycles. A directed acyclic graph (DAG) is an
ADMG without any bidirected edges. A topological ordering of the vertices in a
graph is an enumeration of the vertex set V' = {vy,..., v} with £ = |V such that
v; € pa(v;) if and only if ¢ < j. This ordering is not unique in general. In an
acyclic graph, a topological ordering always exists.

Suppose z,y € V. If © — y, we say x is a parent of y and y is a child of x. If
either x = y or there is a directed path from x to y, we say that x is an ancestor
of y and y is a descendant of x. Otherwise, we say that y is a non-descendant of

x. The sets of all parents, children, ancestors, descendants and non-descendants



of = are denoted pa(x), ch(z), an(z), de(x) and nd(x) respectively. We can also

extend these definitions to a vertex set S C V, e.g. an(S) = (J,cqan(v).

Definition 1.1. Let 7,7 € V. If there is both a directed and a bidirected edge
connecting ¢ and j, we say that ¢ and 7 form a bow. If a mixed graph has no bows,

we say that the graph is bow-free.

Given a path 7, a vertex v is a collider on 7 if two arrowheads of m meet head
to head at v (i.e. if 7 contains a subpath of the form: — v <—, <> v +—, = v <> or

< v ). Otherwise, v is a non-collider on .

Definition 1.2. Let S C V be a vertex set. A path 7 between vertices u and v
is said to be open given S if every non-collider on 7 is not in .S and every collider

on m is an ancestor of S in GG. Otherwise, we say the path 7 is blocked given S.

A graph, G’ = (V', E'), is a subgraph of G = (V,E) it V' CV and F' C E. If
E’ contains all the edges of G that has both endpoints in V’, then G’ is called an
induced subgraph of G. We denote the induced subgraph on the vertex set W C V'
by Gy .

A set of vertices S C V is bidirected-connected if for every v, w € S, there is a
bidirected path from v to w in Gg. A maximal bidirected-connected set of vertices
is called a district. For v € V, let dis(v) denote the district containing v in G.
A vertex v is fizable if de(v) Ndis(v) = {v} ( ) ). Fixable
vertices are crucial as we are always able to identify the causal effect of v on any
d € de(v). The Markov blanket of v is

mb(v) := pa(dis(v)) U (dis(v)\{v}).

We write disg(v) for the district containing v in Gg. Similarly, we write mbg(v)
for the Markov blanket of v in Gg.

1.2 Structural Equation Models

An important parametric subclass of graphical models are the linear structural
equation models (SEMs), often used in causal inference ( ) ). In

fact, the work by ( ) was originally within the SEM class. In the
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Figure 1.1: A mediation model (left) with its latent projection over 1,2, 3 (right)

present day, SEMs are applied in subject fields as varied as epidemiology, ecology,
behavioural sciences, social sciences and economics ( , ; ,
: , : , ). The reader is referred to
( ); ( ) ( ) for a more thorough background
on SEMs.
Given a mixed graph G = (V, D, B) and the corresponding random variables
{Xi |i eV}, alinear SEM is defined as

Xi= > NiXj+e, i€V, (1.1)

Jj€pa(i)

where pa(i) represents the set of parents of the vertex i, each Aj; is the edge
coefficient of j — 7 and € = (¢;) is a multivariate Gaussian vector with w;; =
Cov(e;,€;) #Oonly if i <3 j € Bori = j.

Consider the following example given by ( ).

Example 1.1. Consider the mediation model in Figure 1.1 where X, is a latent

variable. We can represent the variables as
e X, - Smoking,
e X, - Tar in lungs,
e X3 - Lung cancer,

o X, - Genes.



The latent projection on the right can be represented as the following SEM,

X1 = e,

Xo = A2 X1 + €,

X3 = A3 Xo + €3,

Cov(ey, €2) = Cov(es, €3) = 0,

Cov(er, €3) = wis.

While SEMs originated from the works of ( ), they have since been
developed across several disciplines by academics such as ( ),
( ), ( ) and ( ). A background of SEMs is pro-
vided by ( ) and ( ). In the present day, applications of
SEMs are published in journals in subject fields as varied as behaviour sciences,
social sciences and economics. Examples of such journals include Fconometrica,
Psychometrika, Sociological Methods and Research and Multivariate Behavioral
Research. A summary of the growth of SEMs can be found in ( ).

Let A = (\;;) be the matrix holding the edge coefficients, we can rewrite (1.1)

in matrix form

X =A"X +e

We have now constructed a structural equation model from a directed mixed
graph where \;; = 0 if the edge i — j ¢ D. This gives us a natural definition for

a set containing all possible A,
R .= {A e RVHIVI. N, =0ifi — j ¢ D}.

Let RY, be the subset of matrices A € R” for which (I — A) is invertible. Note
that if G = (V, D, B) is an ADMG, then given any topological ordering of V| A is
strictly upper triangular, hence, (I — A) is invertible. Working on this subset, we

obtain a unique solution to the structural equations:

X =(I-A""e



Let Q = (w;;) = Cov[e] € RVIXIVI be a covariance matrix of € with w;; = 0 if

i <> j ¢ B. Similarly, we can define a set containing all possible 2,
PD(B) :={Q € PDy : Q symmetric,w;; = 0 if i # j and i <> j ¢ B},

where PDy is the cone of positive definite |V| x |V| matrices. Hence, X has the

covariance matrix
Yi=Cov[X]= (I - A)TQ(I - AN, (1.2)

where A~ denote the inverse transpose of A. By Cramer’s rule ( ) ),
entries in the covariance matrix in (1.2) are rational functions of the entries in A
and 2. We define the linear structural equation model given by a directed mixed
graph G = (V,D, B) to be the family of all multivariate normal distributions on
RVl with the covariance matrix in the set

M(G):={(I-AN)"TQU-A)":AcR?

reg’

Q) € PD(B)}.

1.2.1 Treks

A trek from i to j is a walk from i to j without any colliders. Therefore, all treks

are of the form
R A R 1 A 37 SR S /- S 1L U S O TN )
or
R R R R 1 e X i SRR S VS Ful

where v} =i, v = j. Note that paths on either side may have length zero, so a
trek may just be a directed path or a single vertex. For a trek m with no bidirected

edges and a source ¢, we define the trek monomial as

F(A,Q) = W;; H )\a:y-
T—YEeT
For a trek m with a bidirected edge i <+ 7, we define the trek monomial as

W(A,Q):wij H /\ry‘

r—yem



Theorem 1.2 (Trek rule). Let Ty, be the set of all treks from v to w. The
covariance matriz X that is Markov with respect to a mized graph G is given by
oo = Y m(\w). (1.3)
T€Tvw
Proof. The proof originated from ( ), and is obtained from expanding
out the matrix in (1.2) using Taylor series. If G is acyclic, the RHS of (1.2) and
(1.3) agrees.
If G is not acyclic, the RHS of (1.2) is a formal power series. Writing (I—A)~! =
I+A+ A%+ ..., the RHS of (1.2) and (1.3) again agrees. O

1.3 Latent Projection

Let G be a DAG or a mixed graph with latent variables. The latent projection
( , ) of G is a new mixed graph whose vertices are the observed

variables of (.

Definition 1.3. Let G be a mixed graph with vertex set V' U L, where V' is the set
of observable variables, L is the set of latent variables and U indicates a disjoint
union. The latent projection of G is a new mixed graph G* = (V, D, B), which for

each vertex v,w € V,

e there is an edge v — w € D if and only if there exists a directed path from

v to w for which all intermediate vertices are in L, and

e there is an edge v <» w € B if and only if there exists a trek, that is not a

directed path, from v to w for which all intermediate vertices are in L.

Note that from Definition 1.3, it is implied that the latent projection of G
inherits the induced subgraph Gy, with some additional edges added. We have
provided an example of latent projection in Figures 1.1, with the DAG with a
latent variable on the left and its latent projection on the right.

By introducing latent projection, we simplify the graphical representation by
removing latent variables and replacing them with bidirected edges. For example,
when performing a search for Markov equivalence classes, we need only consider
a finite set of mixed graphs instead of an infinite class of DAGs or mixed graphs

with arbitrary number of latent variables.
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1.4 Identifiability

A model is identifiable if all of its parameters can be uniquely determined from the
probability distribution over the model variables. If a model is not identifiable,
then its parameters could not be estimated from data as there are multiple (often
infinitly many) values for the parameters that are compatible with a given dataset.
In linear SEMs, parameters are generally identified from the covariance matrix, .
For instance, the parameters of the mediation model on the right of Figure 1.1 are
identified with

012 0231 0132
Aig = —, Ao = ) w13 =

011 0221 0112

The properties of identifiability in linear SEMs is a topic with a long history.
A review of the classical conditions of these properties, which do not take into
account the graphical structure, is given by ( ). We shall start with the
definition of global identifiability.

Definition 1.4. Let ¢ : ®© — N be a rational map defined everywhere on the
parameter space © C RVl into the natural parameter space N of an exponential
family. The model M = im ¢ is said to be globally identifiable if ¢ is a one-to-one

map on O.

Sufficient conditions for mixed graphs to induce globally identifiable linear
SEMs are given by ( ) and ( ). Both of
these works assume that the presense of a bidirected edge 7 <> j implies the absence
of a directed path from i to j. Graphs with this property were later commonly
referred to as the ancestral graphs. Later, ( ) found the necessary
and sufficient conditions for a mixed graph to induce a globally identifiable linear
SEM.

In standard literature, however, ‘identifiable’ usually referred to a weaker iden-
tifiability requirement known as almost-everywhere identifiability or generic iden-
tifiability.

Definition 1.5. Let ¢ : © — N be a rational map defined everywhere on the

parameter space O into the natural parameter space N of an exponential family.



O——®

Figure 1.2: The instrumental variables model

The model M = im ¢ is said to be generically identifiable if ¢~'(¢p(0)) = {6} for

almost all € © with respect to the Lebesgue measure.

As we saw in (1.2), for linear SEMs, the model M(G) is generically identifiable
if the map
¢ (A,Q) = (I—AN)TQU—A)!

is injective almost everywhere on © := RY, x PD(B). If at most k parameter

values are mapped by ¢ to the same ¥ almost everywhere on ©, then we say that
M(G) is k-identifiable.

From the definitions, we see that all globally identifiable models are also gener-
ically identifiable. However, not all generically identifiable models are also globally
identifiable as we shall see in the following example from ( , Example
3.1).

Example 1.3. Consider the instrumental variable model in Figure 1.2. We can

recover A from the observed ¥ using

012 013
Az = —, Aog = —.
011 012

Note that the first denominator is always positive since X is positive definite and
the second denominator is zero if and only if A\j; = 0. In particular, the map ¢ is
injective precisely on the set {A x Q| A € Rgg, Q€ PD(B), A2 # 0}. Therefore,

while the instrumental variable model is generically identifiable, it is not globally

identifiable as it is not injective on the whole of ©.

In particular, for any algebraic variety V' C © over the reals, if V' # ©, we have
dim(V) < dim(©) ( : ) and hence, V' has measure zero with respect
to the Lebesgue measure on © ( , ).

The first class of graphs that were proven to be generically identifiable is the
bow-free DAGs by ( ). The concept of the instrumental

variable model in Example 1.3 were later generalised by ( ),

10



who introduced the concept of an instrumental set. These resulted in new sufficient
graphical conditions for some of the relevant parameters in a mixed graph to be
generically identifiable. Instrumental sets demonstrate that algebraic properties
of linear independence can be translated into graphical properties that can be
used to identify parameters in a model. This method was expanded later by
( ) with the introduction of the G-Criterion algorithm, which
provides a method to identify the parameters of a linear acyclic SEM.
( ) later generalised this algorithm with the introduction of a new identifiability
criterion known as HTC-identifiability, which we shall provide a formal definition
for in Chapter 3. In fact, they proved that all HTC-identifiable graphs are also
generically identifiable. This algorithm was further generalised by
( ) with the goal of finding constraints (see Section 1.5) in linear SEMs. We will
further study the identifiability properties of HTC-identifiable graphs in Chapter
3.

While the algorithms by ( ) ( ) and
( ) identify the parameters in the model by searching for linear indepen-
dences, a different approach was provided by ( ); ( ,

, ), who identified the model parameters by decomposing the structural
equations into orthogonal partial regression equations. In Tian’s papers, new nec-
essary and sufficient conditions for a mixed graph to be globally identifiable were
provided for non-parametric models. The results of ( ) were
also built upon by ( ), who provided a complete identifica-
tion algorithm for non-parametric models. Identification by regression were also
studied by ( ). We refer to this as regression identifiability in Chapter 2.
Furthermore, we shall provide the necessary and sufficient graphical criteria for a

parameter (A or w) to be regression identifiable in Chapter 2.

1.5 Constraints

Consider two graphs G and G’. If both G and G’ are directed acyclic graphs
(DAGs), mixed graphs without bidirected edges and directed cycles, then M(G) =
M(G’) if and only if G and G’ have the same d-separation relations ( :

11
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Figure 1.4: The ‘gadget’ graph.

Figure 1.3: The Verma graph.

). However, this is only helpful in situations where all the variables are ob-
served. If G is a DAG with hidden variables, we can use the latent projection
operation ( , ) to transform G into an acyclic directed mized
graph (ADMG). In this case, the conditional independence relations on the ob-
served vertices are no longer sufficient to describe M(G) in general. The ideal
generating these algebraic relations with equality constraints is often referred to

as the vanishing ideal,

Z(G) = (f e R[E] | () = 0V € M(G)).

Example 1.4. Consider the Verma graph in Figure 1.3. While there are no
conditional independences involving only the observed variables X, X5, X3 and
X4. However, we do have an equality constraint on the corresponding covariance
matrix ¥, in the sense that ¥ € M(G) only if

_ 2 2
fVerma(E) = 011013022034 — 015013034 — 011014022033 + 019014033

2 2
— 011013023024 + 011014053 + 012013024 — 012013014023 = 0.

The graph decomposition result by ( ) that leads to Tian’s
algorithm ( , : , ) provides a method to
find constraints in non-parametric graphical models. For instance, the constraint
in Example 1.4 can be seen as the independence between X; and X, after fixing
X, and X3 (i.e. changing random vertices 2 and 3 into a fixed vertex by removing
incoming all edges into those vertices ( : )). Though non-
parametrically complete, Tian’s algorithm fails to find the following constraint on

the ‘gadget’ graph in Figure 1.4:

011092034 — 013014022 + 013012024 — 023011024 = 0.
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In parametric models, the vanishing ideal Z(G) of a model corresponding to an

arbitrary mixed graph G is traditionally found using Grobner bases ( ,

). However, this is computationally expensive. Various other attempts, such

as that of ( ), aim to find a more efficient algorithm for computing
Z(G). However, finding such an algorithm still remains an open problem.

In this thesis, we will explore multiple algorithms to finding constraints. In
Chapter 2, we will provide an algorithm for finding constraints by removing all
the directed edges. However, this algorithm requires each intermediate interven-
tional distribution to be identifiable, for which we will provide some sufficient
graphical conditions. In Chapter 3, we provide a set of polynomials that generates
the zeroes of the HTC-identifiable graphical model intersected with the cone of
positive definite matrices. In Chapter 4, we will test if a particular dataset satis-
fies the constraints implied by a HTC-identifiable graph using the bootstrap and

a likelihood ratio test.

1.6 Structure of the Thesis

This thesis is structured as follows:

In Chapter 2, we shall first introduce a new identifiability criteria for linear
structural equation models, which we call regression identifiability. We will then
provide necessary and sufficient graphical conditions for a directed edge to be
regression identifiable. Suppose X* corresponds to the covariance matrix of the
graphical model G* obtained by performing an edge intervention to G with corre-
sponding covariance matrix .. Using regression identifiability, we obtain necessary
graphical conditions for ¥* to be identifiable given 3. We also identify what would
happen to an individual data point if there were such an intervention. Finally, we
provide some statistical problems where our methods could be used, such as finding
constraints and simulating interventional data from observational data.

In Chapter 3, we shall introduce a graph class, known as the “HTC-identifiable”
graph, first defined by ( ). We will explore the algebraic properties
of linear structural equation models that can be represented by an HTC-identifiable
graph. In particular, we prove that all mixed graphs are HTC-identifiable if and

only if all the regression coefficients can be recovered from the covariance matrix
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using straightforward linear algebra operations on specified equations. By exploit-
ing these algebraic properties, we will provide an efficient algorithm to recover the
parameters, (A, 2), of any HTC-identifiable graph. Furthermore, given an HTC-
identifiable graph, we show that the set of polynomials provided by

( ) in fact generates the model ideal, the ideal that generates the
zeroes of the corresponding graphical model. We further prove that, for a subset
of HTC-identifiable graphs, this set of polynomials are the minimal generators of
a model ideal. Complexity of our algorithm will also be discussed.

In Chapter 4, we will consider the problem that given a dataset X N (0,%),
of testing Hy : ¥ € M(G) against the general hypothesis H; : ¥ € PDy, where
(G is a linear structural equation model represented by a HTC-identifiable graph.
For the case where the generators of a model ideal is given, we will show that
this could be solved using bootstrapping. However, if the generators of a model
ideal are unknown, we will expand on our algorithm in Chapter 3 to produce
an algorithm for fitting a HTC-identifiable graph using maximum likelihood. We
will first provide a region around the MLE for which the log-likelihood function
is locally concave for a constrained covariance matrix ¥ under the assumption
that we are working with a linear SEM. We will then show how a hill-climbing
algorithm can be implemented with the starting point found by our algorithm in
Chapter 3. Furthermore, we discuss some limitations of this algorithm, such as
fitting graphical models at a point of unidentifiability, having small samples or
when the distribution has a small eigenvalue. Finally, we will use likelihood ratio
test to decide whether we should reject Hy.

In Chapter 5, we will summarise our results in this thesis. We also provide a
few open problems that extends our results, which may provide a basis for future

works in this subject area.
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Chapter 2

Regression Identifiability and
Edge Interventions in Linear
Structural Equation Models

2.1 Introduction

Questions relating to the effects of interventions are central to various topics in
scientific research and policy making. For instance, which therapy would be the
most effective for treating a particular patient from lung cancer? Would enforcing

a mask mandate significantly reduce the spread of Covid?

2.1.1 Interventions

Traditionally, the main focus for the majority of causal inference literature has
been on variable interventions. Utilising the frameworks established by

( ), ( ) and ( ), variable intervention has been applied to
various fields in empirical and social sciences. The interested reader is referred to
works by (2005); (2001); (2001) for
an incomplete survey.

In the past two decades, there has been a shift towards a more general notion
of intervention, with ( ) proposing several generalisations of inter-
ventions. Similar ideas were introduced by ( ), where
the shortcomings for each of the proposed interventions were discussed.

( ) extended the interventionist framework to enable the exploration of the
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Figure 2.1: Double treatment model (left) with a vertex intervention (right).

consequences of intervention on a “macro-level”. A type of edge intervention in
social networks has been proposed by ( ) to study changes in
network ties. Furthermore, ( ) considered
edge intervention in the context of mediation analyses. In addition,

( ) proposed hypothetical randomised trials that are essentially a
form of edge intervention. These ideas were later formalised as conditional sep-
arable effects by ( ). Most recently,

( ) evaluated general intervention on network ties, which allows us to envision
the counterfactual world where an edge is removed or added. The works by
( ) and ( ) are mainly
studies of non-parametric models.
The difference between edge and vertex interventions are highlighted in the

example below.

Example 2.1. Consider a dynamic treatment model introduced in ( )
with outcome X, and two treatment variables X; and X3, where the second treat-
ment is dependent on both the first treatment and an intermediate outcome Xs.
The final outcome X, is dependent on the two treatments, the intermediate out-
come, and an unobserved confounder between the two outcomes. The correspond-

ing graphical model is shown in Figure 2.1a.

e Vertex intervention: Suppose we intervene on X3 in order to provide the
second treatment to all the patients. This is graphically equivalent replacing
the random variable X3 with a fixed variable and removing all incoming

edges into the vertex 3 as shown in Figure 2.1b.

Note that not all interventional distributions are generically identifiable (e.g.

if we intervene on the intermediate outcome X5) as not all vertices are fizable.
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Figure 2.2: (a) A DAG representing time series cross sectional data on two coun-
tries where country 2 has a trade agreement with country 1; (b) the DAG in (a)
after an intervention is performed, severing the alliance between countries 1 and 2
at t = 2.

e Edge intervention: Edge interventions involve the removal or the change
in strength of direct causal effects. For instance, we may want to change the
strength of the direct causal effect of X5 on X3 due to a shortage or surplus

of available treatments.

We now provide an example from the social sciences where edge interventions

could be applied.

Example 2.2. Consider Figure 2.2, a model of trade relations between countries
by ( ). Each country i is represented by temporally
sequential observations {Y;; | t € {1,2,... }} where each Y is a vector of economic
variables (e.g. GDP). We could consider a move from Figure 2.2 (a) to (b) by a
severance of trade relations between two countries. Similarly, we could consider
a reverse intervention of extending a trade agreement between countries, moving
from Figure 2.2 (b) to (a). Once again, we see that these interventions could not
simply be performed by an intervention of the variables Y; 3 and Y53 as these will

remove all incoming arrows into Y; 3 and Y5 3.

In this chapter, we will study edge interventions in the parametric case where
the model is a linear structural equation model (SEM). A brief introduction of
SEMs could be found in Section 1.2. In particular, we will find sufficient graphical
conditions for a distribution to be identifiable after an edge intervention by intro-
ducing a stronger identifiability condition which we call regression identifiability.
In particular, if all the parameters in A and € are regression identifiable, then the

graphical model is also globally identifiable.

17



2.1.2 Effects of Edge Interventions

In addition to studying when the resulting interventional distribution is identifi-
able, finding the effect of an intervention on a data point has important practical
applications. In Example 2.2, an economic advisor could assess the effects of a
particular foreign policy or conflict, such as the war in Ukraine, will have on the
economy. In the medicinal sciences, questions such as “if a patient has died due to
a heart transplant, would he be alive if the heart transplant had not happened?”
are also crucial for recommending treatments.

Popular methods used to estimate the total causal effect of a particular treat-

ment on the outcome include adjusting for confounding ( , ;

: ) and inverse probability weighting ( , ). In
the medical literature, common definitions of causal effect are the controlled direct
effect ( , ), the principal stratum effect (

, ) and the conditional separable effect ( ) ). In par-

ticular, conditional separable effect could be interpreted as the effect of an edge
intervention.

In this chapter, we study how an edge intervention would affect individual data
points under the assumption that the error terms are stable. This is possible due

to the linearity of error terms.

2.1.3 Outline of this Chapter

In this chapter, we will study the effects of edge interventions in Gaussian ADMGs.
In particular, we shall study how adding or removing a directed edge will affect
the distribution of the model and provide sufficient graphical conditions to identify
the new distribution and (under additional assumptions) the counterfactual for
individual-level data.

This chapter is structured as follows: In Section 2.2, we will study the effects
of removing a directed edge. In particular, we provide sufficient algebraic and
graphical conditions for »* to be identifiable given Y. To achieve the graphical
conditions, we will introduce a stronger identifiability condition which we call

regressiton identifiability. Necessary and sufficient conditions for an edge and a
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directed path to be regression identifiable are also given. We will also identify the
effects of removing an edge on individual data points.

In Section 2.3, we will consider the reverse and study the effects of adding
a directed edge. Once again, we provide the sufficient algebraic conditions and
graphical conditions for >* to be identifiable given ¥. We will also identify the
effects of adding an edge on individual data points. In Section 2.4, we will discuss
the limitations of our graphical conditions. Finally, in Section 2.5, we will provide
some statistical problems, finding constraints and simulating interventional data

from observation data, where edge interventions could be used.

2.2 Removing a Directed Edge

Suppose we have an ADMG G = (V,D,B) with a corresponding distribution
N(0,%). Suppose we want to remove some directed edge a* — b. Let A = nd(b),
B = {b} and C' = de(b)\{b}, so that AUBUC = V. Throughout this section, we
suppose that after removing the directed edge a* — b, we obtain a new ADMG
G* with a corresponding distribution N (0, ¥*).

2.2.1 Effect on Covariance

First, we shall find an expression for each entry of ¥*.

Lemma 2.3. Every trek from some vertex a € A to b containing the directed edge

a* — b must end with ...a* — b.

Proof. Since a € nd(b), we do not have a directed path a < --- + b. Hence,
treks from a to b must end with either — or <». Suppose there is a trek from a
to b containing the edge a* — b but does not end with ...a* — b. Then the edge
a* — b must be contained in the middle of the trek. Since all treks from a to b
ends with either — or <, if b +— a* is on the left side of the trek, we can no longer
reach a since a € nd(b). If a* — b is on the right side of the trek, we will end up
with a directed cycle:

a+—...a" —b— - - —D.

Hence, treks from a to b containing a* — b must end with ...a* — b. O]
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Corollary 2.4. For alla € A, 0¥, = ap — Taa* Aarb-

Proof. By Lemma 2.3, all treks from a to b that contain the edge a* — b are simply
the treks from a to a* with the additional edge a* — b appended to the end. By
the trek rule, the new covariance is equal to the old covariance with all the treks

from a to b containing the edge a* — b subtracted. O

Lemma 2.5. Let a,a’ € A. There are no treks between a and a’ containing the

edge a* — b.

Proof. Suppose there is a trek from a to a’ containing the edge a* — b. Then the

trek must be
a+—...a"—b— - -—d or a+— - +—b+—a"- —d.

But we have a,a’ € nd(b) which is a contradiction. O
Corollary 2.6. X%, = Y a4.

Lemma 2.7. All treks from b to b containing the edge a* — b must either begin
with b < a* on the left side or end with a* — b on the right side (or both).

Proof. Otherwise, the edge a* — b is contained in the middle of the trek. Similar

to the proof of Lemma 2.3, we will end up with a directed cycle:

b+— - -¢—b¢<—a*--—b or b+—...a" —b— - — D

Corollary 2.8. o}, = o — 2A+p0a+p + )\g*baa*a*.

Proof. Consider all treks from b to b containing a* — b. If a trek starts with
a* — b on the left side, this is just a trek from a* to b with the additional edge
b < a* appended to the start. Similarly, a trek ending with a* — b on the right
side is a trek from b to a* with the additional edge a* — b appended at the end.
A trek that starts and ends with a* — b is a trek from a* to a* with b < a*
appended to the start and a* — b appended to the end. The result follows from

the inclusion-exclusion principle. O
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Lemma 2.9. Treks from b to ¢ € C' containing the edge a* — b must either start
with b < a* on the left side or contain a* — b on the right side (or both).

Proof. Similar to the proof of Lemma 2.7, if a trek contains b <— a* on the left side

but does not start with b <— a*, we have a directed cycle:

b — - ¢—b+—a"--—c

Corollary 2.10. For all c € C,
UZC = Ope — )\a*baa*c - )\a*baa*bU(Dbc) + Az*baa*a*U(DbC)a (21)

where Dy. denotes all directed paths from b to ¢ and o(Dy.) € R[A] is the polynomial

(D)= > [ rev

TEDp. TYET

function in the form

Proof. Similar to the proof of Corollary 2.8, treks starting with b <— a* are of the
form:

b—a* - —c

which corresponds to the second term of (2.1) while treks containing a* — b on

the right side are of the form:
bé— ...a" —b— - —c

which corresponds to the third term of (2.1). Finally, treks containing a* — b on

both sides are of the form:
b+—a" +— - —a" —b— - —¢

which corresponds the last term of (2.1). The result follows from the inclusion-

exclusion principle. O

Corollary 2.11. For all ¢, € C,
O'* 1 = O¢e! — )\a*baa*cg(pbc’) — )\a*bO'a*c/O'(Dbc) + )\z*baa*a*a(Dbc)U(Dbc’)- (22)

cC
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Proof. Similar to the proof of Corollary 2.10, but the treks can contain a* — b
anywhere on either side. Note that the edge a* — b can only be used at most once

on each side of a trek as the graph is acyclic. The treks will be of the forms:
c—...a" —b— - —

C— o t—bs—a"-— ¢
c— t—b—a'«—-—a —b— - —(

corresponding to the second, third and last terms of (2.2) respectively. H

Lemma 2.12. Treks froma € A to c € C containing the edge a* — b must contain
that edge on the right side. In particular, the source of all treks from a to c lies

entirely within A.

Proof. If we have a trek from a to ¢ with b on the left side, it will be of the form

a4 ---<b.... But a € nd(b). O
Corollary 2.13. For alla € A and c € C, 0}, = 04c — Taa* Aa*60(Dhpe).

Since each entry of ¥* is a function of 3, A« and o(Dy.), we obtain the

following Corollary.

Proposition 2.14. Suppose that N(0,%) is a distribution corresponding to the
graphical model G and the distribution N(0,%*) corresponds to the new graphical
model G* obtained by removing the directed edge a* — b from G. Then, ¥* is
identifiable given X if and only if both Ay, and o(Dy.) are identifiable for all
ceC.

Proof. (<) Follows from Corollaries 2.4, 2.6, 2.8, 2.10 and 2.11.

(=) From Corollary 2.4, we have

*
Oaxp — Oa*b — Ogxa* >\a*b7
ES
Og*p — O«
Ny = J0 =i,

Oq*a*
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Since 04+4+ > 0, if 0., is identifiable given X, A\« is also identifiable. Simi-

larly, we can rearrange (2.1) into

*
Ope — Obe + )\a*ba—a*c

o Db = .
( C) Aa*bga*a* - )\a*baa*b

Since ¥ is positive definite, (D) is also identifiable.

2.2.2 Regression Identifiability

As we have seen in Proposition 2.14, in order for X* to be identifiable, both A,«,
and o (Dy.) for all ¢ € C need to be identifiable. We first define the identifiability

criterion we will be using in our paper.

Definition 2.1. A directed edge v — w is regression identifiable if Ay = Bow.s
for some vertex subset S C V\{v,w}, where Byu.5 = Opu.5/0ww.s is the regression

coefficient of X, on X, conditional on Xg, and 0,u,.5 = Opw — EvSZgéZSw.

The set S in Definition 2.1 is often referred to as the adjustment set ( ,
) and criteria for such a set have been well studied ( , ;
, ; , ). We will provide a brief introduction

of adjustment sets below.
Definition 2.2. We say that S is a valid adjustment set for v to w if

e 1o vertex in S is a descendent of {u | u # v, u lies on the causal path from v to w},
and

e every non-causal path from v to w is blocked by S.

Theorem 2.15. For a linear SEM, the causal effect of v on w is obtained by

regression v on w and a valid adjustment set S. In particular, op,, = Byw.s-
Proof. See ( , , Chapter 5). O]

While all edges that are regression identifiable are also globally identifiable,
the converse is not true in general. We will discuss more about the limitations
when considering identification by regression in Section 2.4. We now define our

identifiability criterion for *
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Definition 2.3. Suppose that N(0,Y) is a distribution corresponding to the
graphical model G and the distribution N (0, ¥*) corresponds to the new graphical
model G* obtained by removing the directed edge a* — b from G. We say that
¥* is simply identifiable given X if both A\« and o(Dy.) are regression identifiable
for all c € C.

By definition, if 3* is simply identifiable given Y, then ¥* is identifiable given
Y. We shall first discuss necessary and sufficient conditions for when the directed

path o(Dy.) is identifiable by regression for all ¢ € C.

Theorem 2.16. The path o(Dy.) is regression identifiable for some ¢ € C if and
only if b is fizable in Gan(e). In particular, 0(Dye) = Poe-s(c) where S(c) = mbap(e) (D).

Proof. (<) It suffices to prove that o(Dy.) = Byes) (i-e. S(c) is a valid ad-
justment set for b to ¢). Consider all paths from b to ¢ conditioned on
Mban(e)(b). First consider the case when the path starts with b — .... If
it is a directed path, the path is open because mb,y)(b) does not contain
any descendants of b. If there is a collider node v on the path, the path is
blocked if v ¢ mbay)(b). But if all the collider nodes are in mbay () (b), then
the first collider is a descendant of b. Hence there exists some vertex in the

same district as b that is also a descendant of b, contradicting the fact that
b is fixable.

Now, all paths that start with b < a... are blocked since a € pa(b) C
Mban(e)(b). Paths starting with b <+ dy <+ - -+ <> d,, < a’ ... are blocked since
a’ € pa(d,) C mban)(b) and paths starting with b <> dy <> --- < d,, — ...
are blocked since d,, € mbyy)(b). Note that ¢ ¢ dis(b) since b is fixable in
Glan(e)- So the only open paths are the direct paths.

(=) Now, suppose that b is not fixable in Gan(). Hence, there exists some ¢’ €
de(b) Ndis(b) C C. Therefore, there is a bidirected path b <+ d; <> -+ <>
dy, <> ¢ from b to ¢. Since each d; € an(c), we have an open path from b
tocd of the foorm b <+ -« dy = ---—=>dorb<d — ---— . If we
conditioned on either d; or any vertex in de(d;), then we have the open path

b« -« dy < dy— - —dorb+d < dy — -+ — . Conditioning
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on dy or any vertex in de(d;), we have the open path b < -+ <+ dy <> dy <>
dy3 — -+ —=dorb<d < dy < d3 — -+ — ¢ and so on until either the
pathb< - <« dj <> -+ > orb< --- <> ¢ is open. Hence, o(Dye) is not
regression identifiable.

]

Next, we shall provide necessary and sufficient conditions for when the edge

coefficient \,+; is identifiable by regression.

Theorem 2.17. )\, is regression identifiable if and only if

o a & dis,yp)(b), and

e there is no directed edge from a to d for all d € disan@)(b).

In particular, gy = Bap-s)\{a} where S(b) = mbune) (D).

Proof. (<) Consider all paths from a to b conditioned on mbay,p)(b)\{a}. In

Gan(), all paths ending with --- — b are blocked unless they end with the
edge a — b. For dy,...,d, € dis(b), all paths ending with < d; « -+ +
d, <> b are blocked since d; € mb(b) and paths ending with ' — d; <
-+ 4> d, <> b are blocked since a’ € mb(b) (a’ # a as there is no directed
edge from a to d;). Paths ending with --- < b do not exist in the induced
subgraph Gane). Furthermore, there are no bidirected paths from a to b in

the induced subgraph G, since a ¢ disane)(b).

First, consider the case where a € disanp)(b). Then there is a bidirected
path a <> dy < -+ < d,, < b from a to b. Since each d; € an(b), we
have an open trek from a to b of the form a < -+ + d; — --- — b or

a <> dy — --- — b. If we conditioned on either d; or any vertex in de(d),
then we have the open trek a <+ --- < dy <> dy = -+ = bora + di &
dy — - -+ — b. Conditioning on dy or any vertex in de(d;), we have the open
treka<+ -+ di < dy < ds— - —>borasrdi < dy<>ds—---—b
and so on until either the trek a < --- <+ d; < --- < bora <+ --- < bis

open. Hence, \,, cannot be identified by an ordinary regression.
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Now, suppose that we have a directed edge a — d; for some d; € disan)(b).
Suppose there is a bidirected path d; <+ dy <+ -+ <> b in Gap). Since
d; € an(b), we have the open trek a — d; — --- — b. Similarly to the
previous case, if we conditioned on either d; or any vertex in de(d;), then
we have the open trek a — dy <> dy — -+ — b and so on until the trek
a — dy <> -+ <> bis open. Hence, A\, cannot be identified by an ordinary
regression.

]

Now, we have a necessary and sufficient criterion for ¥* to be simply identifiable

given ..

Corollary 2.18. Suppose that N(0,3) is a distribution corresponding to the graph-
ical model G and the distribution N(0,%*) corresponds to the new graphical model
G* obtained by removing the directed edge a* — b from G. Then, X* is simply
identifiable given X if and only if

o o ¢ mbyy-p)(b), where mbay-4)(b) denotes the Markov blanket of b in Gzn(b),

and

e b is fizable.

2.2.3 Effect on Data

We will now explore the effects that removing a directed edge will have on specific
data point assuming multivariate Gaussian distribution and that the error terms
are stable. This is highly practical as finding the counterfactual distribution al-
lows us to evaluate the impact of various policy, business and medical decisions
before their implementation. This could answer crucial questions such as “how
much would vaccination reduce the risk of Covid” or “will undergoing a particular
treatment increase the probability of survival” for a particular individual.
Suppose we have a dataset Xy ~ N(0,%) and we would like to remove the

directed edge a* — b.
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Theorem 2.19. Suppose A+, and o(Dy.) are identifiable for all ¢ € de(b)\{b},
then removing the directed edge a* — b is equivalent to replacing Xy by
Xy = Xv — Ao =(Dpy ) X
Proof. Since a € nd(b), 0(Dy,) = 0. Hence. X% = X 4. Similarly, since o(Dy,) = 1,
we can check that for all a € A and ¢ € C,
Cov(X}, X;) = Cov(Xa, Xp) — AaspCov(X,, Xor)
= Oab — Aa*b0ara;
Cov(X}, X}) = Cov(Xyp, Xp) — 2X0a-5Cov( Xy, X3) + A2, Cov(Xge, X3)
= by — 2\ b0arh + AoyTarar,
Cov(X), X)) = Cov(X,, Xe) — Aa=60(Dpe) Cov( Xy, Xox)

= O0gc — /\a*bU(Dbc)Ua*aa

which satisfy the Corollaries found in Section 2.2.1. Similarly, we can check that
Cov(Xy, X}) and Cov(X}, X)) satisfies the Corollaries in Section 2.2.1. O

2.3 Adding a Directed Edge

Instead of removing an edge, we now consider the reverse intervention whereby an
edge is added to an ADMG G. In this scenario, we have our own choice for the
edge coefficients A\,«, and hence there is no need to identify it.

Once again, suppose that we have an ADMG G = (V, D, B) with covariance
matrix 3 and a* — b ¢ D. This time, we want to add the directed edge a* — b to
G. As in Section 2.2, let A =nd(b), B = {b} and C = de(b)\{b} and suppose we
obtain a new ADMG G* with covariance matrix >* by adding the directed edge
a* — b with edge coefficient \,+;. By the trek rule, we have

EZA = EAAa
X = Bap + Aarv X Aar,
Oy = O + 2Xa600%h — AoxyOarar
Yo = Yac + AapXaaX(Dyo), (2.3)
Yo = S0+ At Xar0 + Aa00a s D (Do) — NyOarar Z(Doc),
Yio = Soe + AabZh o X (Doc) + AabEl o2 (Doc) — ANoeyOarar B (Dye) E(Doc),
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where Y (Dyc) = [0(Dye)]cec is the vector of directed treks. Note that the equations
are identical to those in Section 2.2.1, with the signs flipped. Hence, in order to
add the directed edge a* — b with edge coefficient \,+,, we need to be able to
identify 3(Dye).

Proposition 2.20. Suppose that the covariance matriz ¥* is obtained by adding
a directed edge a* — b to G. Then, 3* is identifiable given % if and only if o(Dy.)
is identifiable for all c € C.

Proof. Rearrange (2.3) to obtain 3(Dy¢) as a function of ¥, 3* and Ag«p. O

Definition 2.4. Suppose the covariance matrix »* is obtained from ¥ by the
addition of the directed edge a* <> b. We say that ¥* is simply identifiable given
Y if 0(Dye) is regression identifiable for all ¢ € C.

By Theorem 2.16, we have the following Corollary.

Corollary 2.21. Suppose that we obtain an ADMG G* with covariance matrix
X* by adding a directed edge a* — b with edge coefficient A=y to G. Then, ¥* is
simply identifiable given 3 if and only if b is fizable.

Theorem 2.22. Given A\, and suppose o(Dy.) are identifiable for all ¢ € de(b)\{b},
then adding the directed edge a* — b is equivalent to replacing Xy by

X = Xy + Ao 3(Dyy) X

Proof. Similar to the proof of Theorem 2.19. O

2.4 Limitations

For our main results on edge interventions, we relied heavily on simple identifia-
bility and assumed that the edge coefficients A\, and path coefficients o(Dy.) are
regression identifiable. However, for 3* to be identifiable given ¥, we only require
Aap and o (Dy.) to be generically identifiable. In this section, we shall provide some
other graphical criteria for which Ay, or o(Dy,.) is generically identifiable but not

regression identifiable.
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2.4.1 Edge Identifiability

In this section, we shall provide two other methods for finding sufficient conditions
for A\, to be generically identifiable. These methods are not exhaustive as the
question of finding necessary and sufficient conditions for A\, to be generically

identifiable remains an open problem.

Simple Graphs

A mixed graph G = (V, D, B) is simple if between any two vertices vy, vy € V,
there is at most one edge between them. That is, we cannot have both v; — v

and v; < vs.

Theorem 2.23. If G is simple, then M(G) is generically identifiable.

Proof. See ( ). O
Using the Theorem above, we can obtain a similar result to Corollary 2.18:

Proposition 2.24. Suppose that N(0,%) is a distribution corresponding to the
graphical model G and the distribution N(0,X*) corresponds to the new graphical
model G* obtained by removing the directed edge a* — b from G. Then, ¥* is
generically identifiable given % if

e (5 is a simple graph, and

e b is fizable.

Generalised Instrumental Sets

In the instrumental variable model shown in Figure 1.2, the directed edge o3
generically identifiable even though it is not regression identifiable. This lead to the
study of an instrumental set by ( ), where the instrumental

variable model was generalised.

Theorem 2.25. If z = {z,...,2,} is an instrumental set relative to causes a =
{ai,...,a,} and effect b, then the parameters of the edges a; — b, ... ,a, — b are
identified almost everywhere, and can be computed by solving a system of linear

equations.
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Figure 2.3: Cut-vertex example

If we are only interested in identifying the parameter of the edge a* — b, we
only need the existence of an instrumental variable z that is instrumental relative

to a* and b. Hence,

Corollary 2.26. Suppose that N(0,3) is a distribution corresponding to the graph-
ical model G and the distribution N(0,%*) corresponds to the new graphical model
G* obtained by removing the directed edge a* — b from G. Then, ¥* is generically
identifiable given % if

o [f there exists an vertex z that is instrumental relative to a* and b, and

e b s fizable.

2.4.2 Cut Vertices

Previously, we dealt with cases where the edge coefficients are generically iden-
tifiable but not regression identifiable. Now, we shall provide some cases where

directed path coefficients are generically identifiable but not regression identifiable.

Example 2.27. Consider the graph in Figure 2.3. Here, we cannot use Corollary
2.18 to remove the edge 1 — 2 as 2 is not fixable. However, we can observe that
all directed paths contributing to o(Das) and o(Dyg) pass through the vertex 4.
Hence, we are able to identify those using 0(Das) = 0(D24)0(Das) = Pos1 545123
and 0(Dyg) = 0(D24)0(Dag) = Pos1Pae123- In fact, we see that it is possible to
remove the edge 1 — 2 and identify the new covariance matrix ¥*. We shall refer

to the vertex 4 as a cut vertex which we shall rigorously define.
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Definition 2.5. For an ADMG, G, let G¥ be the subgraph of G with all the
(d)

a—b

bidirected edges removed and let G be the induced subgraph Ganp)nde(a) With

all bidirected edges removed. We say that a vertex v is a cut vertex of Ggﬂb if
Ggﬁb\{v} is disconnected.

Lemma 2.28. Let b € V and suppose ¢ € de(b). Denote the directed paths from b

toc by Ty, ..., Tn. Further partition each 7; into directed subpaths 7}, ..., 7. Then
n m )
o(De) =Y _[[ o).
i=1 j=1
In particular, if uq, ..., u, is a sequence of cut-vertices in Géﬂc, then

0(Dye) = 0(Dpuy )0 (Duyuy) - - - (D)
Proof. Follows from the trek rule. O

Corollary 2.29. Suppose that N(0,3) is a distribution corresponding to the graph-
ical model G and the distribution N(0,%*) corresponds to the new graphical model
G* obtained by removing the directed edge a* — b from G. Then, ¥* is identifiable
gien % if

o a* ¢ mbun()(b), where mbay«) (D) denotes the Markov blanket of b in Gzn(b),

and
e For all ¢ € C, we can find a sequence of wvertices vy, vy,...,v, such that
. . . d .
vo=">b, v, =c, v1,...,0,_1 1S a Sequence of cut-vertices in G,()_)>C and v; s

fizable in Gan(v,,,) for all0 <7 <n—1.

2.5 Usage of Removing Edges

In this section, we shall showcase some statistical problems where our identifiability
results could be applied. We first show that our results may be used to find
constraints in ADMGs, provided that we can either remove all the directed or
bidirected edges (see Appendix B.2). We shall then provide an example from
epidemiology where we have two treatments, and we make an intervention on

conditions required for the first treatment.
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2.5.1 Constraints

In a DAG G, the set of conditional independences yields an implicit description of
M(G) ( : ; , ). However, in the class of ADMGs,
( ) noted a new form of constraint similar to that of conditional inde-
pendence, sometimes referred to as the functional constraints. A full introduction
of constraints could be found in Section 1.5. In this section, we will demonstrate
how removing edges could allow us to recover some of the constraints of an ADMG.
Suppose we can iteratively remove bidirected or directed edges from an ADMG

G to obtain a new graph G* with covariance matrix »>*. Then, the constraints
implied by G correspond to the non-trivial polynomials of the form o7; for all
vertex pairs ¢, j without a trek between them in G*. If G* has no directed edges,
this will simply correspond to non-adjacent vertex pairs. If G* has no edges left,
this will correspond to the strictly upper triangular entries of ¥*. We shall provide

examples where we remove all directed edges.

@1@//@\@

@—»@@@ @

) G***

Figure 2.4: Illustration of each step of edge removal in Example 2.30

Example 2.30 (Removing directed edges from Verma graph). Consider the Verma
graph in Figure 1.3. Note that we may not remove the directed edge 1 — 2 since
the vertex 2 is not fixable. Suppose instead we first remove the directed edge 3 — 4
to obtain a new graph G*. We shall illustrate each step of this example in Figure
2.4. Then, A = {1,2,3}, B = {4} and C = (). Now, since A3y = 034.12/033.12 by
Theorem 2.17, the covariance matrix of the new graph, >*, becomes

5 DIIPHPIED 3 . THES
E* _ 123,123 123,4 123,3 033.12

034034.12 34 12
Ogy — 2737312 4 gag
033-12 0'33 12
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Figure 2.5: The ‘double’ Verma graph.

In this new graph with the edge 3 — 4 removed, the vertex 2 is now fixable.
Now, removing the edge 2 — 3, A3 = 2L 0*(D3y) = 0.

022.1"
g . *
Y1212 Vi3 — X2 Y04
.
h D _ 20923023.1 023.1 * _ 023.109
733 022.1 o0y 734 0221
*
044
. O.**
Removing edge 1 — 3, A} = ﬁ, 0**(D34) = 0.
x DDLEND 3 B 1 I
12,12 12,3 12,15, 12,4
D — _ 9013 013 s _ 013014
033 — 2 o11 + o171 T34 o11
*
044

Removing edge 1 — 2 \j3* = gﬁ , 0 (Dag) = 0™ (Dyy) = 0.

kksk *
o1 0 , 013 014
_ Oiy xkk  O12073" x 01200y
2(4*) — 022 o11 23 011 024 o11

kkk *kkk

033 O34

*

044

Note o73* = 0 since there are no treks from 1 to 3 in G*** (see Figure 2.4c).
Now, since ¥(**) corresponds to the graph on 4 vertices with only the bidirected
edge 2 <> 4, we can equate the strictly upper triangular part of ©**) apart from

O'éi*) to be zero to obtain the constraints of the original graph.

koK sk

Since there are no treks from vertex 3 to any of the other vertices in G***, 073",
cr%*) and o3;* are identically zero by the trek rule. Hence, equating the entries of
Y *) corresponding to vertex pairs in G**) without a trek between them to zero,
we have four expressions that trivially vanish and the equation o}, = 0. Equating

o7, = 0, we recover fyerma = 0. We show this computation in full in the appendix.
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Figure 2.6: Graphical model for MACS study

Example 2.31 (The ‘double’ Verma graph). Consider the ‘double’ Verma graph in
Figure 2.5 with a doubly nested constraint where we need to fix two vertices, with
a marginalisation in between, to obtain the conditional independence constraints.

In this graph, the vertex 1 is fixable and the vertex 0 is not in the Markov
blanket of 1 with the edge 0 — 1 removed. Hence, we can remove the edge 0 — 1
to obtain a new ADMG G*. Now, we have a graph similar to the Verma example,
where we are able to remove the directed edge 3 — 4 to obtain a new ADMG G**
since 3 is fixable in G;n( 2 Now, we can remove edges 2 — 3 and 1 — 3 as vertices
1 and 2 are fixable in G:;(s)- Similarly, we are able to remove the edge 1 — 2.

Hence, we are able to recover the constraint in the double Verma graph.

2.5.2 Simulating Interventional Data

We will now provide a real world data example where we want to simulate an

interventional distribution from observational data.

Example 2.32. We consider the data from the Multicenter AIDS Cohort Study
(MACS) ( , ), a longitudinal observational study of HIV-infected
men. Suppose that we are interested in the effect that treating HIV patients with
AZT has on their CD4 cell count in 6 months (1 follow-up period). We restrict
ourselves to a subset of the MACS study consisting of 1210 men for which there are
no missing data for age, medication, AZT doses (if treated) and CD4 count. The
mean (interquartile range) of these men is 43.2 (38-49) years old. The graphical

model is provided in Figure 2.6 with variables:
e X, - Baseline CD4 cell count;

o X5 - CD4 cell count after first treatment;
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e X3 - CD4 cell count after second treatment;
e X, - AZT dosage of first treatment (log scale with 1 added);
e X5 - AZT dosage of second treatment (log scale with 1 added).

In particular, we hypothesised that the patients age will affect both the treatment
proposed and the change in CD4 cell count given any antiviral treatment. Standar-
dising the dataset and assuming that our dataset follows a linear SEM, we obtain
A = —0.0252 A\jo = —0.0176, Ay5 = —0.0287, A53 = —0.0378, 0(Dy2) = —0.0387,
0(Dy3) = —0.0580 and o(Dy5) = 0.891 with

1.000 0.835 0.794 —0.025 —0.004
0.835 1.000 0.853 —0.039 -0.029
Y= 0794 0853 1.000 —0.058 —0.051
—0.025 —-0.039 —0.058 1.000  0.891
—-0.004 —-0.029 -0.051 0.891  1.000

Suppose we want to simulate the dataset for which we no longer determine the
AZT dosage of the first treatment based on a patient’s baseline CD4 cell count.
Performing an edge intervention by removing A4, we have A = {1}, B = {4} and
C ={2,3,5} with

1.000 0.835 0.793 —0.025 0.018
0.835 0999 0.852 —-0.018 —0.010
=1 0793 0.852 0.999 —0.038 —0.033
—-0.025 —-0.018 —-0.038 0.999  0.891

0.018 —-0.010 —-0.033 0.891  1.000

We could then simulate the distribution of an edge intervention using N (0, 3*)

and reversing the data standardisation.

2.6 Conclusion

In this chapter, we studied the effects that removing or adding an edge will have
on the covariance matrix ¥ in a Gaussian ADMG.
We first defined a identification criterion, stronger than global identifiability,

called regression identifiablity. The necessary and sufficient graphical conditions
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for Auy, 0(Dye) and wyy, to be regression identifiable are given in Theorems 2.16, 2.17
and B.4 respectively. Since regression identifiability implies generic identifiablity,
we now have sufficient conditions for 3* to be identifiable given 3., where >* is the
covariance matrix of the modified graph. We have also identified the effect of an
edge intervention on an individual data point in Theorems 2.19 and 2.22.

However, even if either Ay, or o(Dy.) is not regression identifiable, it may still
be generically identifiable. We studied some cases of the limitations of our results
in Section 2.4. If the graphical conditions that are necessary and sufficient for A,
and o(Dy.) to be generically identifiable were to be found, then we would have the
graphical conditions which are necessary and sufficient for ¥* to be identifiable
given ..

Finally, we have provided some statistical problems, such as finding constraints
and simulating interventional data from observation data, where our results can

be used.
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Chapter 3

Algebraic Properties of
HTC-identifiable Graphs

3.1 Introduction

It is often natural to model the joint distribution of a random vector X = (Xi,,..., X,)?
as a collection of noisy linear interdependencies. In particular, we may assume that
each variable X; can be expressed as a linear function of the remaining variables

and a stochastic noise term e;,

Xi=> M\iXj+e (3.1)

J#
As seen Section 1.2, models of this form are known as linear structural equation
models (SEMs). We often represent SEMs using graphical models, where each
vertex corresponds to a random variable, each directed edge corresponds to the
linear dependencies and each bidirected edge corresponds to possible correlations

among noise terms. From Section 1.2, we see that X has the covariance matrix

Y= Cov[X] = (I - A)TQUI - A" (3.2)

3.1.1 HTC-identifiability

Recall that a trek from ¢ to j is a walk from ¢ to 7 without any colliders, and that

all treks are of the form
O I R 1 37 R )7 i S S Vi S i

37



or
R R R e 1 X i RIS VI Ful

where v} =4, v = j. A half-trek is a trek with |7%] = 0. Note that the vertex

vEf in the second case is a part of both 7% and 7. Let htr(v) be the set of nodes

in V\({v} Usib(v)) that can be reached from v via a half-trek. A set of treks

IT = {my,my, ...} is said to have no sided intersection if 7/ N7} = nffNxft = for

all 7 #£ j.

Definition 3.1. A set of nodes Y C V satisfies the half-trek criterion with respect
tov e Vit

L Y] = [pa(v)],
2. Y N ({v} Usib(v)) =0, and
3. there is a system of half-treks with no sided intersection from Y to pa(v).

In Section 1.4, we provided a survey on identifiability in SEMs and introduced
the definitions for global identifiability and a weaker generic identifiability. While
the necessary and sufficient graphical conditions for a linear SEM to be globally
identifiable are found later ( ), the graphical conditions for a linear
SEM to be generically identifiable is still an open problem. In
( ), it was proven that all bow-free acyclic graphs are generically identifiable.
This result was later expanded by ( ) for HT'C-identifiable graphs.

Definition 3.2. We say that M(G) is HT'C-identifiable if there exists a family
of subsets {Y, : v € V} of the vertex set V such that for each node v € V, the
vertex set Y, satisfies the half-trek criterion with respect to v and there is a total

ordering such that w < v whenever w € Y, N htr(v).

Note that all acyclic bow-free graphs are HTC-identifiable as we can simply
choose Y, = pa(v). Furthermore, ( ) proved that all HTC-
identifiable graphs are also generically identifiable. Hence, Foygel’s result gen-
eralises the previous work by ( ). Furthermore,

( ) also shown that HT'C-identifiable graphs can be decided in polynomial time.
While all HTC-identifiable graphs are also generically identifiable, it has been
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shown through simulation that the converse is not true in general. In the original
paper, Foygel et al. classify graphs into three classes: HTC-identifiable, HTC-
infinte-to-one and HTC-inconclusive. In this thesis, we will consider both HTC-
infinite-to-one and HT C-inconclusive graphs simply as ‘not HTC-identifiable’.

In this chapter, we will explore the algebraic structure of linear SEMs associ-
ated with HTC-identifiable graphs by introducing an identifiability criterion which
we call linear identifiability. SEMs associated with graphs that are linearly iden-
tifiable satisfy certain algebraic structures which could be used to recover A from
Y efficiently using linear algebra. We will then prove that linear identifiability
and HTC-identifiability are equivalent, hence, we are not able to recover A from
Y} using linear algebra from graphs that are not HTC-identifiable. In fact, we will
give an example of an HTC-inconclusive graph that is generically identifiable in
Example 3.14 and show that we have to solve a higher order polynomial equation

in order to recover A.

3.1.2 Constraints

In a DAG G, the set of conditional independences yields an implicit description of
M(G) ( , ; ; ). However, in the class of ADMGs,

( ) noted a new form of constraint similar to that of conditional inde-
pendence, sometimes referred to as the functional constraints. A full introduction
of constraints could be found in Section 1.5.

( ) provided a set of polynomials that is generated
by the vanishing ideal, Z(G), for any HTC-identifiable graph G. In this chapter,
we are interested in exploiting the algebraic properties of HTC-identifiable graphs
to find the set of polynomials that generate Z(G) for any HTC-identifiable graph
G. To do this, we will first consider a subideal J(G) of Z(G), which we call the
model ideal, such that

V(J(G)) N PDy = M(G),

where V(1) refers to the variety defined by an ideal I,

V(I)={a€Sy: f(a) =0 forall fel}
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Figure 3.1: Directed Acyclic Graph Example

for symmetric |V| x |V| matrices Sy and V denotes the Zariski closure of the
variety V' (i.e. by removing all inequality constraints). A model ideal J(G) gives
a more practical description of M(G) compared to the vanishing ideal Z(G) as
M(G) C PDy and we are dealing with varieties in PDy,. Hence, we only have
to check if the constraints in J(G) are satisfied to verify that ¥ € M(G). In
particular, we will prove that the constraints found by
( ) in fact generates the model ideal J(G).

The following example illustrates how a model ideal J(G) differs from a van-
ishing ideal Z(G).

Example 3.1. Consider the graph in Figure 3.1 studied in ( , , Exam-
ple 2.13). Here, the conditional independences corresponds to the following state-
ments: X7 1 X5, X3 1L X5 | {X1, Xo} and {X7, Xo} 1L Xy | {X35, X5} Let C(G)
be the conditional independence ideal generated by the determinantal cubics. In
the space of R(X), the vanishing ideal Z(G) is generated by Z(G) = C(G)~+{ fverma)-
However, fyema(2) = 0 for every matrix ¥ in V(C(G)) N PDy.

In this example, C'(G) is playing the role of a model ideal J(G).

3.1.3 Outline of this Chapter

This chapter is structured as follows: In Section 3.2, we will prove that linearly
identifiable and HT C-identifiable are equivalent. In Section 3.3, we will exploit the
algebraic properties of HTC-identifiable graphs we found in Section 3.2 to provide
an efficient algorithm to recover the parameters, (A, (), of any HTC-identifiable
graphs. Finally, in Section 3.4, we will use these parameters to find a model ideal
J(G) of any HTC-identifiable graph G, where J(G) defines the model M(G) in

the positive definite cone. We will further prove that this ideal is minimal for a
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subset of HTC-identifiable graphs and discuss some complexity issues with our

algorithm.

3.2 Linear Identifiability

In this section, we will first define linear identifiability and then explore the prop-
erties of linearly identifiable graphs. In particular, we will show that linearly
identifiable graphs are equivalent to HTC-identifiable graphs.

First, notice that equation (3.2) can be rearranged into
(I-N"S(I—-A) =9 (3.3)

By equating each entry in (I —A)T3(I — A) that corresponds to a zero entry in
Q (i.e. a missing bidirected edge), we obtain a system of equations in terms of the
unknowns JA;; only. Since ¥ is a covariance matrix, it is symmetric. As any matrix
congruent to a symmetric matrix is also symmetric, (I — A)T3(I — A) is also a
symmetric matrix. By assumption, €2 is a positive definite covariance matrix, and
is hence symmetric with strictly positive diagonal entries. Therefore, it suffices to
equate only the strictly upper or strictly lower triangular entries of both matrices.

Define the matrices A = (a;;) = (I — A)*S and B = (b;) = (I — A)TX(I — A),
where each entry is a polynomial in which the indeterminates are entries in both

A and ¥. Expanding the matrix multiplication, we obtain

= > Moy, (3-4)

Lepal(i)

bij = ai; — Z Aejip. (3.5)

Lepa(y)

Observe that a;; € R[X,A] is the polynomial obtained by summing all the
covariances for half-treks from ¢ to j, and b;; € R[X, A] is the polynomial expression
for the bidirected edge between ¢ and j. Equating each entry of both matrices in
(3.3), we obtain b;; = w;;. Therefore, for each missing bidirected edge between
¢ and j, we have the equation b;; = b;; = 0. We immediately have a necessary

condition for generic identifiability.
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Proposition 3.2. If G has more than (";') edges, then M(G) is not generically
identifiable.

Proof. Each missing bidirected edge corresponds to an equation b;; = 0 while each
directed edge corresponds to an unknown J\;;. If we have more than ("2/‘) edges,

then we have more unknowns than equations. Hence, M(G) is not identifiable. [J

We shall now provide the definition for a graphical model to be linearly iden-
tifiable.

Definition 3.3. Let G be a mixed graph. We say that M(G) is linearly identifiable
if for each vertex v, the system of m = |pa(v)| linearly independent equations
of the form {b;, = 0 | j <> v ¢ B} (defined in (3.5)) that is expressed as a

polynomial (e.g. through substitution) that is linear for the m indeterminates

Apaw)w = {Xiv | 1 € pa(v)}.

If a model is linearly identifiable, then we solve for A (as polynomials in X) re-
cursively using linear algebra. We can then recover (2 using equation (3.3). Hence,
all linearly identifiable graphs are generically identifiable. We shall demonstrate

linear identifiability with a few examples.

Example 3.3 (A linearly identifiable graph). Consider the saturated graph G
with three vertices in Figure 3.2(a). In this graph, the missing bidirected edges

give us the equations

ba1 = 012 — A\12011 = 0,
b31 = 013 — A\13011 — Ag3012 = 0>

532 = 023 — )\13012 - )\23022 - >\12(013 - )\13011 - )\23012) = 0.
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The vertex 2 has one parent and we have that the first equation is linear in Aqs.
Solving this, we obtain A\j3 = 012/07;1. The vertex 3 has two parents. Substituting
A2 into the last two equations, we have a system of two linearly independent
equations with unknowns Aj3, Aeg and coefficients in . Hence, M(G) is linearly

solvable.

However, not all graphs have such a system of equations, which we shall see in

next example.

Example 3.4 (A graph that is not linearly identifiable). Consider the graph G in
Figure 3.2(b) with three bows. The missing bidirected edges give us the equations

bsa = 023 — A13012 — A12(013 — Aigo11) =0,
big = 024 — A\4012 — )\12(014 - )\14011) =0,
=0.

b43 = 034 — )\14013 - >\13<<714 - )\14011>

M(G) is not linearly identifiable as we cannot express any subset of A\ja, Adj3 or Ayy

linearly in terms of Y. In fact, from the first two equations, we have

023 — )\12013 O94 — A120714
)\13 - Y and )\14 -

012 — A120711 O12 — A120711

Substituting these into the third equation, we obtain the quadratic equation a\?,+
b>\12 + ¢ = 0 with

2
4 = 011034 — 011013014,
b= 2012013014 — 2011012034,
2
C = 019034 — 012013024 — 012014023 + 011023024.
Since b? — 4ac # 0, if ¥ € CVI*IVI then M(G) is not generically identifiable. In

fact, if ¥ € CIVI*IVl and we have to solve a kth order equation without repeated
roots, then M(G) is k-identifiable.

However, determining whether a graph is linearly identifiable is not straight-
forward. For example, there are instances where the coefficient of one of the

unknowns, \;;, is zero.
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Example 3.5. Consider the graph in Figure 3.2(c). The missing bidirected edges

correspond to the equations

bs1 = 013 — Aazo12 = 0, (3.6)

532 =023 — >\23022 - )\12(013 - )\23012) =0. (3-7)

At first glance, these equations might seem to suggest that M(G) is linearly iden-
tifiable as we can use (3.6) to solve for \y3 and then substitute that solution into
(3.7) to solve for Aj5. However, the coefficient of Aq5 is precisely bs; = 0. Hence, we
cannot find an equation that is linear in Aj5, so M(G) is not linearly identifiable.

Indeed, this graph is not even generically identifiable.

As linearly identifiable graphs are not straightforward to classify, we will first
introduce a weaker definition that specifically excludes the case where the coeffi-

cients of the unknowns might be zero.

Definition 3.4. Let G be a mixed graph. We say that M(G) is quasi-linearly
identifiable if there exists a total ordering < such that for all vertex v, we can find
a system of m = |pa(v)| linearly independent equations of the form b;; = 0 for the
m indeterminates Apa(v)v := {Aiv | 7 € pa(v)} where each equation is expressed as
a polynomial (e.g. through substitution) linear in terms of Apa(,) . with coefficients

that are functions of 3 and Ap, ), Where k < v.

The main difference between quasi-linearly identifiable models and linearly
identifiable models is that in the former, we do not worry about the specific value of
each \;; at each iteration even if it might cause the coefficients of future unknowns

to be zero after substitution.

Example 3.6. In Example 3.5, vertex 1 satisfies the quasi-linear condition as
lpa(1l)] = 0, and a system of zero equations is trivial. Furthermore, the vertex
3 satisfies the quasi-linear condition as (3.6) is a system of |pa(3)| = 1 equation
with indeterminates in 3 that is linear in {\;3 | ¢ € pa(3)}. Finally, the vertex 2
also satisfies the quasi-linear condition as (3.7) is a system of |pa(2)| = 1 equation
with indeterminates in ¥ and \;3, where the vertex 3 also satisfies the quasi-linear
condition, that is linear in {\;5 | i € pa(2)}. Hence, the graph in Example 3.5 is

quasi-linearly identifiable.
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If a quasi-linearly identifiable model is also linearly identifiable, we could solve
for \j symbolically for all j € pa(k) and substitute this back into the equations
by, = 0 to obtain |pa(v)| linearly independent equations in \;,.

3.2.1 Properties of Quasi-linearly Identifiable Graphs

Consider the equation

bij = aij — E Akj @ik

kepa(j)
= Uz‘j — Z )\giO'gj — Z )\kjaik. (38)
Lepal(i) kepa(y)

Suppose that v is the first vertex that satisfies the quasi-linear condition. Then,

we want to have a set of m = |pa(v)| linear equations of the form
Tij — Z )‘pvghv =0
pepa(v)

for some values of 4, j, h, so we can solve for A, for all p € pa(v).

We see that this can be achieved by picking m equations of the form b,; = 0
(i.e. no bidirected edge between v and j) such that the last summation in (3.8) is
zero. In other words, for all k € pa(j), we have a,, = 0 (i.e. no half-trek from v
to k).

Writing this in terms of graph properties, we want to find a vertex v and a set

of vertices S such that:
1. 18] = Ipa(o)];
2. SN (sib(v)U{v}) = 0; and
3. for each vertex j € S, for all k € pa(j), there are no half-treks from v to k.

We can now define the quasi-linear properties above for all vertices recursively

using the following algorithm.
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Algorithm 3.1.
Input: Mixed graph G.
Output: Set of recursively quasi-linear vertices
Initialise: Q = 0;
while Jv € V\Q such that we can find a set of vertices S, with properties

1. |5,] = [pa(v)],
2. S, N (sib(v) U{v}) =0 and

3. For each vertex j € S,, either j € Q, or for all k € pa(j), there are no
half-treks from v to k.

do

| Q=QU{v}
end

return Q).

Definition 3.5. Suppose G is a mixed graph. We say that a vertex v is recursively

quasi-linear in G if it is contained in the output of Algorithm 3.1.

Lemma 3.7. Let v € V be an arbitrary vertez. Suppose |S,| = |pa(v)| and
Sy, N (sib(v) U{v}) = 0. Then, for all j € S,, there are no half-treks from v to k
for all k € pa(j) if and only if there are no half-treks from v to j.

Proof. (<) Suppose we have no half-treks from v to j. Since k is a parent of j,
we will not have a half-trek from v to k since otherwise we can append k — j at
the end of this half-trek to form a half-trek from v to j.

(=) Suppose that there are no half-treks between v and the parents of j. Since
Sy N (sib(v) U{v}) =0, v is not a sibling of j. Hence, there are no half-treks from
v to j. O

Theorem 3.8. Let G be a mized graph. Then M(G) is quasi-linearly identifiable if
and only if we have recursively defined that all vertices are recursively quasi-linear,
i.e. if Algorithm 3.1 outputs V.

Proof. (<) It suffices to show that if v is recursively quasi-linear, then we can
find |pa(v)| equations that are linear in {\;, | ¢ € pa(v)}. Suppose that for each
vertex v we can find such an S, satisfying the conditions in Algorithm 3.1. From

condition 2, for each j € S,, we have an equation of the form b,; = 0. Condition
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1 states that we can find |pa(v)| such equations. Expanding all such equations
b,; = 0 into (3.8), if j € S is not recursively quasi-linear, condition 3 guarantees
that the last summand in (3.8) is zero. If j € S is recursively quasi-linear, then
by condition 3 the last summand in (3.8) is linear in Ay with indeterminates in 3
and Ag;.

(=) Suppose that a vertex v is not recursively quasi-linear. If either of the
first two conditions in Algorithm 3.1 fails, we no longer have |pa(v)| linearly in-
dependent equations in any subset of {)\;, | i € pa(v)}. Hence, M(G) is not
quasi-linearly identifiable. Now, if the third condition fails, then by definition we
have at least one other vertex that is not recursively quasi-linear. So we must have
at least one other vertex that fails to satisfy the first two conditions in Algorithm
3.1. O

Example 3.9. In Example 3.5, vertex 1 is recursively quasi-linear trivially. Fur-
thermore, we have S5 = {1} so the vertex 3 is also recursively quasi-linear. More-
over, Sy = {3}, so vertex 2 is also recursively quasi-linear. Hence, the graph is

quasi-linearly identifiable.

3.2.2 Properties of Linearly Identifiable Graphs

Previously, we found the necessary and sufficient conditions for a graph to be quasi-
linearly identifiable. The following Theorem will determine when a quasi-linearly

identifiable graph is also linearly identifiable.

Theorem 3.10. Let G be a mized graph such that M(G) is quasi-linearly identi-
fiable. Then M(G) is linearly identifiable if and only if for each vertex v, we have
a set of vertices S, satisfying the half-trek criterion with respect to v in addition

to the three conditions in Algorithm 3.1.

Proof. Since M(G) is quasi-linearly identifiable, we have a system of |pa(v)| linear
equations in {\;, | i € pa(v)} for each vertex v. We can rewrite the equations

bey = Qg — Zfepa(v) Aewase = 0 for some choice of s € S, into the following matrix
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equation

Asipy -+ Osipy, Apyo Qsyv

Asppr -+ Aspp, Appmv Aspv

where S, = {s1,...,sn} and pa(v) = {p1,...,pm}- Note that the leftmost matrix
is precisely Ag pac). Hence the system of equations are linearly independent if and
only if Ag, pa(w is of full rank.

Now, if Ag, pa(v) has full rank, by Lemma 3 of ( ), S, satisfies
the half-trek criterion. On the other hand, if S, satisfies the half-trek criterion, then
we have a system of half-treks with no sided intersection from S, to pa(v). Since
each entry of Ag, pa(w) is a polynomial obtained from summing all the covariances

for half-trek between s; € S, and p; € pa(v), Ag, pa(w) has full rank. O

Example 3.11. In Example 3.5, we have that M(G) is quasi-linearly identifiable.
However, M(G) is not linearly identifiable since Sy = {3} but there are no half-
treks from 3 to 2, therefore Sy does not satisfy the half-trek criterion with respect
to 2.

We now have the following necessary and sufficient conditions for linear iden-
tifiability.

Definition 3.6. We say that a vertex v satisfies the linear identifiability criterion

if there exists a set of vertices .5, such that:
e S, satisfies the half-trek criterion with respect to v;

e for each vertex j € S,, either j satisfies the linear identifiability criterion or

there are no half-treks from v to j.

Proposition 3.12. Let G be a mized graph. Then M(G) is linearly identifiable
if and only if we can recursively check that all vertices in G satisfy the linear

wdentifiability criterion.

Proof. From Lemma 3.7 and Theorem 3.8, a graphical model is quasi-linearly
identifiable if and only if for each vertex v € V, we can find a set of vertices .S,
such that
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o [Su] = Ipa(v)],
e S, N (sib(v)U{v}) =0 and

e for each vertex j € §,, either j is recursively quasi-linear or there are no

half-treks from v to j.

From Theorem 3.10, a quasi-linearly identifiable graphical model is linearly identi-
fiable if and only if the sets .S, defined earlier further satisfies the half-trek criterion

with respect to v for each vertex v € V. O

3.2.3 Connection to HTC-identifiable Graphs

Note that from Definition 3.2, we can rewrite the definition of HTC-identifiability

as follows.

Definition 3.7. Let G be an HTC-identifiable graph. Then, M(G) is HTC-
identifiable if and only if for each vertex v, there is a total ordering < such that

we can find a vertex set S, satisfying both
1. S, satisfies the half-trek criterion with respect to v, and
2. For each vertex j € 9, either j < v or there are no half-treks from v to j.

Theorem 3.13. For any mized graph G, M(G) is linearly identifiable if and only
if M(G) is HT C-identifiable.

Proof. (=) Define a total ordering on the vertex set where j < v if we defined j
to satisfy the linear identifiability criterion before v in the recursion. Hence, the
conditions in Definition 3.6 are the same as those in Definition 3.7.

(<) We shall proceed by induction. First, let 1 be the first vertex in the total
ordering <. Then for each vertex j € Si, there are no half-treks from 1 to j, hence,
1 satisfies the linear identifiability criterion.

Now, suppose that vertices 1 < --- < k satisfy the linear identifiability crite-
rion. We want to show that the &+ 15 vertex in the total ordering < also satisfies
the linear identifiability criterion. Since M(G) is HTC-identifiable, there exists
some S, satisfying the half-trek criterion with respect to k 4+ 1 and if j € Sgyq,
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Figure 3.3: A generically identifiable graph that is not HTC-identifiable.

either 7 < k 4+ 1 or there are no half-treks from v to 5. But if j < £+ 1, by our
induction hypothesis, j satisfies the linear identifiability criterion. Hence, k + 1

also satisfies the linear identifiability criterion. m

Linear identifiability can be used to explain the algebraic properties of HT'C-
identifiable graphs and graphs that are not HTC-identifiable.

Example 3.14. The graph in Figure 3.3 that is modified from Example 3.4 with
an additional vertex added. This graph is not linearly identifiable as we cannot
find an S, satisfying both conditions of Definition 3.6 for any vertex v except for

v = {1} as we can take S; = (). Hence, it is not HTC-identifiable. Suppose we

have
0 025 0.5 04 O 1 01 0.1 01 0.1
0 O 0O 0 O 0.0 1. 0 0 O
A=1]10 0 0O 0 O and Q=101 0 1 0 0
0 O 0O 0 0.3 0.1 0 0 1 0
0 0 0O 0 0 00 0 0 0 1

As we have seen in Example 3.4, equating b3y = bys = by3 = 0, we obtain a
quadratic equation in Ajp. Solving this, we obtain A5 = 0.25 or 0.45. If we
equate bzs = bss = bs3 = 0 and solve the corresponding quadratic equation, we
also obtain A5 = 0.25 or 0.45. However, equating bys = bs2 = b54 = 0 and solving
the corresponding quadratic equation, we obtain A5 = 0.25 or 0.354. Since only
A12 = 0.25 is a common solution, this graph is generically identifiable, even though

it is not linearly identifiable.

However, graphs that are not HTC-identifiable may be decomposed, using
Tian’s decomposition ( , ), into mixed components that are
HTC-identifiable. Hence, the parameters for each of the mixed components could

be recovered using linear algebra.
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1dent1ﬁable ) HTC-identifiable mixed components

Figure 3.4: Graph that is not HT'C-identifiable but can be decomposed into HTC-
identifiable mixed components

Example 3.15. Consider the graph G = (V, D, B) in Figure 7(a) which is not
HTC-identifiable. Suppose we decompose G into its mixed components G; =
(V1, D1, By) and Gy = (Va, Dy, Bs) shown in Figure 7(b). We see that both G and
G, are HTC-identifiable. Hence, we are able to use linear algebra to recover the
parameters A; and Ay of GG and Gy respectively. However, for a directed edge
i — j € D, the value of \;; is identical to that of [Ay];; for which i — j € Dy. So
even if G is not HT C-identifiable, its parameters A could be recovered using linear

algebra operations, but not from the system of equations {b;; =0 | i <> j ¢ B}.

3.3 Constraints in Linearly Identifiable Graphs

In this section, we will demonstrate some applications of our result by exploiting
the algebraic properties of HT'C-identifiable graphs to compute A and the model
ideal J(G). While algorithms for HTC-identifiable graphs for finding A already
exist ( , ), our argument will be purely algebraic in nature. We

will also prove that the generators we find for a model ideal are minimal for some
subset of HT'C-identifiable graphs.

3.3.1 Generators of a Model Ideal

Let v be a vertex in a linearly identifiable graph G. Suppose S, = {s1,..., sk}
and pa(v) = {p1,...,pr}. Then,

= Qg,v — E /\Ev Ag,0 =

Lepa(v)
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for each 1 <17 < k. We can rewrite this into a matrix

Qsipy - Qgipe Apro Gy
: : = : : (3.9)

Qsppy -+ Qsppy Apiw g0
By definition of linear identifiability, each of the a;; can be expressed solely in
terms of X, and the square matrix on the left is invertible. Since linearly identifiable
graphs are also HTC-identifiable, we have a total ordering on the vertices of the

graph. This leads us to an algorithm to recover A, 2 and the generators for a
model ideal J(G).

Algorithm 3.2.

Input: HTC-identifiable graph G, the associated sets {S, | v € V'}
satisfying the half-trek criterion wrt v € V' and the total ordering

I1<---<|V]
Output: Symbolic values of all regression coefficients as a matrix

Initialise: v = 1;

while v < |V| do
for si,...,s, €S, and p1,...,px € pa(v) do
Solve for A, for all 1 <17 <k using the equation:

-1
Ap1v Gsipy -+ Qsypy, (s1v

Apk’u askpl tee askpk G/Skv

where Q5 = 045 — Zéepa(i) )\giO'[j.
end

v=v+1.

end

return A = (\;;).

Given Y, Algorithm 3.2 could also be used to compute the values of A nu-
merically. After obtaining either the numeric or the symbolic values of A, we can

compute the values for 2 using the equation

Q=(I-N"SI—-A). (3.10)
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Figure 3.5: An HTC-identifiable graph with cycles.

If both A and €2 were computed symbolically, we could proceed to find the gener-

ators a model ideal.

Example 3.16. Consider the graph in Figure 3.5 with the total ordering 1 < 3 <
5 <2 <4 andsets Sy =0,5; = {1}, S5 = {3}, 5 = {3,5}, S4 = {2}. Note that
these sets satisfy the conditions in Definition 3.7.

Applying Algorithm 3.2, for the first vertex, there is nothing to do as pa(l) =
() and hence we have no \’s to solve for. For the next vertex, we have g3 =
a12”'ars = 019" ‘0. Similarly, A5 = asq”'ass = (034 — Aa3024)/ (035 — Aa3025) =

(0'120'34 — 0'130'24)/(0'120'35 — 0'130'25) and so forth.

Theorem 3.17. Suppose that A is a matriz of rational functions with indetermi-
nates 3 found by Algorithm 3.2. For an acyclic HT C-identifiable graph G,

([(1= 8y - )], ‘ i ¢Bi¢S amdj¢S)

generate a model ideal. For a cyclic HTC-identifiable graph, a model ideal can be
found by saturating the above ideal by det(I — A).

Proof. Equating entries in (3.3), the equality constraints are generated by
J(G) = <[([ ~ TSI - M), ‘ i ¢ B> .

We claim that if either i € S; or j € S;, [(I — A)TS(] — A)L.j is the zero
polynomial. From Algorithm 3.2, we used the system of equations {bs, =0 | s €
Sy} to solve for \,, for all p € pa(v). Hence if either i € S; or j € S;, substituting
these \’s back into the polynomial b;; will result in a zero polynomial. Note that
for all other choices of (i, ), substituting A will not result in b;; being a zero
polynomial as the structural equations are linearly independent.

In cyclic graphs, we remove the infeasible solution det(I —A) = 0 by saturating
the ideal (see section 8 of ( ))- O
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Theorem 3.17 could be interpreted as having each missing bidirected edge being
either a part of the system of equations used in Algorithm 3.2 to solve for A, or is
a generator for a model ideal J(G). In particular, our choice for J(G) is generated
by ('Z') — |D| — |B| polynomials. Note that the result of Theorem 3.17 is very
similar to ( , , Theorem 1) where it was proven that
bi; €Z(G)ifi <> j ¢ B,i ¢ S; and j ¢ S;. However, in Theorem 3.17, we showed

that these polynomials in fact generate a model ideal.

Example 3.18. Let G be the Verma graph in Figure 1.3, we have S, = pa(v) for

all vertex v and

0 A2 Az O w1 0 0 0
o 0 O )\23 0 . 0 wa 0w
A= 0 0 0 )\34 ’ Q= 0 0 W33 0
0O 0 0 0 0 wu 0 wy

In the first iteration of our algorithm, we obtain Ao = 01_11012. In the second

-1
A13 _ | o a1z a3
)\23 21 Q22 23

where a;; = 05 — Zkepa(i) Akiok;. Solving this matrix equation, we obtain

iteration, we have

J13.2 023.1
)\13 = and )\23 =
0112 0221

where the conditional covariance matrix of a multivariate normal distribution is
given by
Yacs = Yac — YapXppYac.

In the last iteration, we have A3y = a§31a34 = 034.12/033.12. Note that we could
have computed 2 symbolically by equation (3.3). Finally, since the only pair of

non-adjacent vertices are 1 and 4, we have

3
J(G) = <b41> = <U14 - E )\k401k> = <014 - )\34013>
k=1
_ 2 2
= <011013022034 — 019013034 — 011014022033 + 019014033 —
2 2
011013023024 + 011014055 + 012075024 — 012013014093)

which is exactly what we have in Example 1.4. Note that the second to last

equality comes from the fact that both A4 = Aoy = 0.
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3.3.2 Minimality of the Generators

Now that we can find the generators of J(G) for any HTC-identifiable G, it is
natural to ask if generators of the model ideal found in Theorem 3.17 are in fact

the minimal generators in the following sense:y

Definition 3.8. We say that the polynomials fi, ..., f, are minimal generators for
I'if we have (f1,..., f,) =1 but (f1,..., fic1, fix1, -, fu) # [ forany 1 <1i <n.
In other words, the polynomials fi,..., f, generate I but if we remove any of the

fi for 1 < i < n, the remaining polynomials no longer generate I.
First, we will define a subset of HT'C-identifiability:

Definition 3.9. The sets {S, | v € V'} in an HTC-identifiable graph has no subset
cycles if it satisfies the criterion in Definition 3.7 and there do not exist vertices
Uiy ..., Uy With vy € Sy, 09 € Sy, ..., U € Sy

Lemma 3.19. Suppose that we have an HTC-identifiable graph G = (V,D,B)
with a collection of sets {S, | v € V'} that has no subset cycles. Further suppose
that there exist vertices i,j € V' such that i <> j ¢ B,i ¢ S; and j ¢ S;. Then, we
can add the bidirected edge i <+ j to obtain another HTC-identifiable graph with
the sets {S, | v € V'} unchanged.

Proof. Firstly, we check that each S, still satisfies the half-trek criterion with

respect to v.

1. |S,| = |pa(v)| still holds as adding bidirected edges does not impact the

number of parents of any vertex v while each S, remains unchanged.

2. Since S; N ({i} Usib(¢)) = (), adding the bidirected edge i +» j where j ¢ S;
preserves that equality. By symmetry, S; N ({j} Usib(j)) = 0. For any other
vertices w, the equation S, N ({w} Usib(w)) = () is preserved as sib(w) and

S, remains unchanged.

3. There still exists a system of half-treks with no sided intersection from S, to

pa(v), as adding the bidirected edge does not impact half-treks.
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Recall that a graph is HTC-identifiable if S, satisfies the half-trek criterion with
respect to each vertex v € V and w < v whenever w € S, N htr(v). For the
second condition, by definition by the total ordering in HT'C-identifiable graphs, it
is equivalent to view the total ordering as a topological ordering < on the directed
graph G' = (V!,D',B") with V! =V, D' = {w — v | w € S, Nhtr(v)}, B =

since w < v in G if and only if w < v in G’. If the sets S, have no subset cycles,
G’ is a DAG and a topological ordering exists. Therefore, leaving S, unchanged,
the new graph satisfies both conditions of HTC-identifiability. [

Theorem 3.20. If G is an HTC-identifiable graph with no subset cycles, then the

generators of the model ideal J(G) found in Theorem 3.17 are minimal.

Proof. Suppose that J(G) = (f1, ..., fa) is not a minimal generator of J(G). With-
out loss of generality, suppose that the constraint f; corresponding to the missing
edge between v and w is redundant such that J(G) = (fa,. .., fn). Now, consider
the graph G’ obtained by adding the bidirected edge v <+ w to G. Note that G’ is
also an HTC-identifiable graph by Lemma 3.19, with J(G") = (fa, ..., fn)-
However, since the constraint f; can be generated by polynomials generating
J(G"), the bidirected edge v <> w in G’ can only take one value w,,, = 0, which is

a contradiction. O

Corollary 3.21. If G is a bow-free acyclic graph, then the generators of the model
ideal J(G) found in Theorem 3.17 are minimal.

Proof. In a bow-free acyclic graph, we have S, = pa(v). Since the graph is acyclic,

these sets contain no subset cycles. The result follows from Theorem 3.20. O

Example 3.22. If we have an HTC-identifiable graph that does not satisfy the
conditions of Lemma 3.19, it is possible that it is no longer HT C-identifiable if we
add a bidirected edge.

Consider the graph in Figure 3.6. Before adding the bidirected edge 1 <> 4,
we must have S; = {3}. Now, for S3, we can have either S5 = {1} or S5 =
{5}. However, if we pick the latter, we have 3 € S5 and 5 € S3 which is HTC-
nonidentifiable ( , , Theorem 2). Similarly, we have either S; = {3}
or S; = {5} but by picking the former we have 3 € S} and 1 € S3 which is HTC-
nonidentifiable. Hence, the only choice is S; = {5}, S3 = {1} and S5 = {3}.
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Figure 3.6: An HTC-identifiable graph that is not HTC-identifiable after adding
the dotted edge.

Now, we have 1 ¢ Sy and 4 ¢ S;. Adding the edge 1 <+ 4, we obtain 1 €
S3 Nhtr(3), 3 € SsNhtr(5) and 5 € S; Nhtr(1). Hence, the resulting graph is no

longer HTC-identifiable as we can no longer find a total ordering.

3.3.3 Time Complexity

In this section, we will show that if S, is given for every v € V| we are able to
compute A and €2 numerically in polynomial time. This is useful if we are working

in graphs whose 5, is known or easy to find, such as acyclic bow-free graphs where
Sy = pa(v).
Numerical Computations

We first introduce a naive bound for the numerical complexity of the above algo-
rithm based on the number of vertices of G. We shall also assume that our numeric

values of 3 do not result in any singular matrices in Algorithm 3.2.

Theorem 3.23. Suppose that G is HTC-identifiable, then the complexity of finding
S, for each vertex v is at most O(|V|*(|[V]| 4+ r)?) where r < |D|/2 is the number

of reciprocal edge pairs in D.
Proof. See ( : , Theorem 7). O

Proposition 3.24. Suppose G is HTC-identifiable and S, is known for each v €
V. Then the complexity of finding A and Q numerically is at most O(|V'|).

Proof. The complexity of solving k equations with £ unknowns using naive Gauss-

Jordan elimination is O(k*). In our algorithm for finding the values of \;;’s, we
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first solve a linear equation with at most one unknown, then two linear equations
with at most two unknowns and so on until we solved |V| — 1 linear equations
with at most |V| — 1 unknowns. Since we this process is iterated |V| times, the
complexity of finding the values of \;;’s is at most O(|V|*). Finally, since the
complexity of matrix multiplication is O(|V[*), we can compute both A and €2 in
O(IVI). 0

In particular, using our algorithm, the bound of O(|V[*) is attained by a com-
plete DAG. However, there are faster methods to handle complete DAGs such as
Cholesky decomposition. Furthermore, in graphs where S, is known, Proposition
3.24 could be useful. Otherwise, if S, is unknown, the complexity is at most
O(VE(IVI+1)?).

One might notice that each unknown J\;; corresponds precisely to a directed
edge in GG. In a sparse graph where |D| is small, it might be beneficial to express

the complexity in terms of |D| instead.

Proposition 3.25. Suppose G s HTC-identifiable and S, is known for each v €
V. Then the complexity of finding A numerically is at most O(|D)?).

Proof. This follows from the fact that we have at least |D| equations with exactly
|D| unknowns. Observe that each time when we apply the Gauss-Jordan elimina-
tion, we can solve for any subset of the |D| unknowns. Therefore, we obtain the
following optimization problem:

maximise kS 4 .-+ kISDI
k1,...kp|

subject to ki + -+ kjp| = |D|
where ki, ..., kp| € Zxo,
where k; is the number of unknowns in the i*" set of equations. Since the cubic

term grows faster than the linear term, the maximum is obtained when k; = |D|

for some ¢ and k; = 0 for all j # i. O

Corollary 3.26. Suppose G is an HTC-identifiable graph and S, is known for each
v € V. Denote P = max,cy |pa(v)|. Then the complexity of finding A numerically
is at most O(|V|P?).

Proof. We use the Gauss-Jordan elimination at most v times, solving for at most

P unknowns each time. ]
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Figure 3.7: A complete DAG on 4 vertices.

Symbolic Complications

Now, we will show that our algorithm does not run symbolic calculations in poly-
nomial time by providing a simple counter-example. Since finding the generators
of J(G) requires symbolic computation, we can not compute J(G) in polynomial
time in general.

Consider a complete DAG such as the graph shown in Figure 3.7. Using our

algorithm, solving for A symbolically, we obtain

Aa = 014-23/011-23, Aoy = 024-13/022-13, Agq = 034-12/033-12-

In particular, the regression coefficient \;; is precisely 0;.5/0ii.s in a DAG, where
S = pa(y)\{i} ( : ). Recall that the conditional covariance matrix of a

multivariate normal distribution is given by
Yaan = Yaa — 2apXppinaA.

Now, there are |B|! different terms in det(Xpp). Since ;.1 o det(X_; _;) which
has (|[V|—1)! terms, the number of terms in \;; increases factorially with respect to
lpa(i)]. As Algorithm 3.2 requires us to invert matrices with entries as functions of
A, we might not be able to solve for A symbolically in polynomial time. However,

the expression may in principle factorise, and therefore we might only have to deal
with O(log(n!)) = O(nlog(n)) terms.

3.4 Conclusion

In this paper, we have defined a subset of generically identifiable graphs called lin-
early identifiable graphs. Graphs are linearly identifiable if their model parameters

can be recovered from the covariance matrix with straightforward linear algebra
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operations, given in Algorithm 3.2 and (3.10). We have also proven that a graph
is linearly identifiable if and only if it is HTC-identifiable.

Furthermore, we have shown that, for some graphs, there is a bijection between
the generators of the model ideal, generated by all equality constraints of M(G)N
PDy, and the vertex pairs {(i,5) | i <> 7 ¢ B, i ¢ S; and j ¢ S;}. In graphs
where the collection of sets {S, | v € V'} has no subset cycles, the generators of
the vertex pairs are minimal. To prove this, we utilise Lemma 3.19, which fails to
hold in all HTC-identifiable graphs as demonstrated in Example 3.22. However,
we do conjecture that the generators we found are minimal for all HT C-identifiable

graphs.

Conjecture 3.1. For any HTC-identifiable graph G, the generators of the model

ideal J(G) found in Theorem 3.17 are minimal.

Finally, we have shown that the complexity to recover the parameters of an
HTC-identifiable graph G, given that we know {S, | v € V'} is at most O(|V[*).
Meanwhile, it is known that the complexity of finding S, for each vertex v given
an HTC-identifiable graph is at most O(|V[*(|V| + r)?) where r < |D|/2 is the
number of reciprocal edge pairs in D. Unfortunately, we do not have an efficient
algorithm to find the sets S, without subset cycles, if such a collection of sets

exists.
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Chapter 4

Maximum Likelihood Estimation
for HT C-identifiable Graphs

Let G be a HTC-identifiable graph and X be an i.i.d. dataset of size n generated
from N(0,%). Suppose we want to test Hy : ¥ € M(G) against the general
hypothesis H; : ¥ € PDy. One simple method is to test if each generator of the
constraint J(G) found in the previous chapter indeed evaluates to zero. This could
be done by bootstrapping the dataset X to generate multiple sample covariance
matrices and construct a confidence interval.

An alternative method is to use a likelihood ratio test. This involves finding
the MLE of A and §2 in a model given by an HTC-identifiable graph G. In the
previous chapter, we are able to use Algorithm 3.2 and equation (3.10) to recover
parameters A and €2 symbolically from Y. Now, suppose we are further given a
dataset X "~ N (0,%), we could replace the input of Algorithm 3.2 from ¥ to the
sample covariance matrix S. Now, given a sample covariance matrix S, we would

like to find the mazimum likelihood estimates (MLEs) for the parameters A and
Q.

4.1 Introduction

4.1.1 Preliminaries

In this chapter, we address the problem of testing Hy : ¥ € M(G) against the
general hypothesis Hy : X € PDy,.
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If the generators of the constraint J(G) of the HTC-identifiable graph G are
known, we could simply use bootstrap methods ( , ) to construct a con-
fidence interval for each generator and test if zero is in all the confidence intervals.
However, as we have seen in the previous chapter, finding the generators of the
constraints J(G) symbolically is computationally expensive. Hence, an alternative
method for testing if ¥ € M(G) is desirable.

One alternative method is to use the likelihood ratio test. Recall that the

likelihood ratio statistic is

2 ( sup ¢(X)— sup E(E)) :
YePDy SeM(G)

where / is the log-likelihood. Hence, in order to utilise the likelihood ratio test, we

need to first compute the MLEs of A and € in linear SEMs represented by HTC-

identifiable graphs. There have been several algorithms that solve this problem

using quasi-Newton methods for nonlinear optimisation. These include R packages

such as sem (Fox, ) and lavaan ( ) ), in addition to the commercial
software by ( ). However, these methods often face problems with
convergence and often requires a careful choice of starting values ( , ).

This is particularly problematic when the graphical model G is a poor fit for the
given dataset X ( : ).

An alternative method for finding MLEs in linear SEMs is by cycling through
all the considered variables, updating the parameters related to those variables at
each step. This algorithm was first proposed by ( ) and was
known as Iterative Conditional Fitting (ICF), aimed at computing the MLE of a
constraint covariance matrix with no directed edges (i.e. A = 0 and some entries
of Q are zero). ( ) later generalised the ICF algorithm to the
case where A # 0. The resulting Residual Iterative Conditional Fitting (RICF)
algorithm is in finding the MLEs of A and € for identifiable ADMGs. This result
was later extended by ( ) who introduced the block-coordinate
descent (BCD) algorithm which works on all identifiable mixed graphs (including
cyclic graphs).

In this chapter, we will use a hill-climbing algorithm (also known as gradient
ascent) to find the MLEs for A and 2 in HTC-identifiable graphs. We also address
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some problems faced by the previous quasi-Newton methods, such as using Algo-
rithm 3.2 to find a starting value and proving that the log-likelihood is concave
for a constrained covariance matrix Y under the assumption that we are working
with a linear SEM.

4.1.2 Outline of this Chapter

This chapter is structured as follows: in Section 4.2, we assume that the generators
of the constraints J(G) are known. Here, we can simply use bootstrap to test if zero
is in the confidence interval for each generator of J(G). In Section 4.3, we consider
the case where the constraints of G' are not known. As finding the constraints of a
mixed graphical model G is computationally hard, we shall devise a more efficient
algorithm for finding the MLE of X. We will first prove the concavity of the log-
likelihood function under the constraints of any linear SEM. We will then illustrate
how a hill-climbing algorithm could be implemented. The code of this algorithm
has been published on GitHub!. In Section 4.4, we will discuss some limitations
of our algorithm in finding the MLE, especially at points of unidentifiability, if the
sample size is small, or if the true value of ¥ has a small eigenvalue. Finally, we

shall apply our algorithm to a real data example in Section 4.5.

4.2 Bootstrap

One way of testing Hy : 3 € M(G) against the general hypothesis H; : ¥ € PDy,
is to test if each generator of J(G) evaluates to zero. In particular, given J(G) =
(fi,..., fn), we want to test if f; = 0,...,f, = 0. This could be tested using
bootstrapping by generating multiple sample covariance matrices, constructing a
1 — « confidence interval for each generator f; and checking if zero is contained in
the confidence interval.

In the previous chapter, we provided a way of finding the generators of a model
ideal, J(G) given any HTC-identifiable graph GG. Given the generators of these
constraints, we will show that we are able to use bootstrap to test for ¥ € M(G)

in Example 4.1.

Thttps://github.com/bohaoyao/fitting-Gaussian-graphical-models
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4.2.1 Bootstrap Example

Suppose we have a dataset X generated from N(0,X). Given such a data set X
and a graphical model G, we want to test Hy : ¥ € M(G) against H, : ¥ ¢ M(G).
In the next example, we shall test for Hy given that we know a generating set of

J(G).

Example 4.1. Suppose we have four variables. We shall first fix > by picking the

following values for A and §2:

0 05 025 0 1 0 0 0
0 0 05 0 0 1 0 025
A=10 0 0o 1 and Q=1 o 4
00 0 0 0 025 0 1

First, we generate a dataset X where we sample 1000 data points from N (0, X).
Now, suppose that we only observe X (and not ¥) and want to test if ¥ fits our
Verma model M(G), where G is the Verma graph in Figure 1.3.

For each generator f; of J(G), we can use bootstrap to generate multiple sample
covariance matrices and test whether f; = 0 is in the 1 — « confidence interval. In
the Verma model, we only have one such polynomial fyema that generates J(G).
In our case, the 95% confidence interval of fyerma 18 (—0.125,0.0675). Hence, we
do not have sufficient evidence to reject Hy.

Repeating the above simulation 1000 times where we generate a different
dataset X at each iteration, we found that in 940 of the cases, 0 is contained

in the 95% confidence interval.

On the other hand, we can also provide an example where ¥ is not in the
model. For instance, if we generate some ¥ ¢ M(G), where G is still the Verma

graph in Figure 1.3, by changing the numerical values of A to be

0 05 025 0.2
0 0 05 0
A= 0 0 0 1
0 O 0 0

Clearly, > ¢ M(G) since there is a missing edge between 1 and 4 but Ay # 0.

Simulating from this covariance matrix, we obtain that the 95% confidence interval
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for A4 is (—0.409, —0.179). In particular, 0 is no longer in the confidence interval.
This is expected since our dataset X is now generated from N(0,X) for some
Y ¢ M(G). Hence, we have strong evidence to reject Hy. In fact, repeating
this simulation 1000 times as before, we see that 0 is not contained in the 95%

confidence interval for any of those cases.

4.3 Maximum Likelihood Estimation

While the bootstrap method as seen in Example 4.1 does allow us to test for
¥ € M(G), it requires us to have prior knowledge of the set J(G) and run the
bootstrap for each polynomial f € J(G). This could be extremely time-consuming.
In this section, we shall first fit a dataset X to a given graphical model G using
maximum likelihood.

In the previous chapter, we have applied Algorithm 3.2 to recover A symboli-
cally from Y. Substituting into equation (3.10), we are able to recover ) as well.
However, when we are given a sample covariance S, we could replace the input
of Algorithm 3.2 from ¥ to S. Together with the equation (3.10), we are able
to provide numeric estimates of A and €, which we shall denote A and Q. We
will then use hill-climbing to find the MLEs A, Q) and 3. Finally, we can use the
likelihood ratio statistic to test Hy : X € M(G) against the general hypothesis
Hy:YX € PDy.

4.3.1 Starting Point

First, to run the hill-climbing algorithm, we need a starting point for A and 2. We
can obtain a starting point for A, denoted A, from applying the sample covariance
matrix S to Algorithm 3.2. In particular, A € R?. Now, from A, we can also

obtain a starting point for €, denoted 2 using the equations from Section 3:
-1 i—1
Cbz’j = bij = Cl,l'j — Z )\gjaig, Where (Zij = Sij — Z )\gngj. (41)
=1 =1

We will see in Section 4.4.2 that while  might not be positive definite, it is

positive definite for a large enough sample size n.
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We shall first prove that if ¥ € M(G), then A and Q are consistent estimators
of A and €.

Proposition 4.2. If ¥ € M(G) and both A and Q are well-defined, then A and

Q are \/n-consistent estimators of A and Q respectively.

Proof. Since S is a consistent estimator of >, S converges to Y in probability.
The symbolic values of both A and A are obtained by applying Algorithm 3.2
to S and X respectively. In the former application, A is expressed symbolically
as additions and multiplications of the random variables S;;, each converging in
probability to o;;. Since A is defined (i.e. no entry is divided by zero), A converges
to A in probability. Similarly, Q is also expressed symbolically as additions and
multiplications of S\i]‘ and S;; by (4.1), each converging in probability to \;; and
o;; respectively. Hence, Q converges to Q in probability by Slutsky’s theorem
(Slutsky, 1925). o

Now since S is y/n-consistent for 3 and the map from S to A and € is dif-
ferentiable and non-singular, by the Delta method, we get that A and  are also
v/n-consistent for A and 2 respectively. O

Corollary 4.3. If ¥ € M(G), then ¥ = (I — A)""Q(I — A)~! is a \/n-consistent

estimator for 3.

Hence, if & € M(G), A and  are good starting points for A and  for large

sample sizes.

4.3.2 Iterative step

Now, for the iterative step, we want to find the derivative of the log likelihood
0(A, Q) with respect to A and Q. The log-likelihood function for the covariance

matrix X is given by
(x) = —g log det ¥ — gtr(SZ_l). (4.2)

Now, in the iterative step, we want to maintain ¥ € M(G). To achieve this, we
substitute ¥ = (I —A)~TQ(I —A)~! into the log-likelihood function (4.2) to ensure
that ¥ € M(G). The objective function hence becomes

(A, Q) = —g log det Q — gtr(SK) (4.3)
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where K = X7 = (I — A)Q7Y(I — A)T. Differentiating, we obtain
OU(N, Q) = (251 — N)Q 1 OA) + (NI — NTS(T - ANQ - Q71 o0)

where (-,-) denotes the Frobenius inner product with (M, My) = tr(M{TMs,).

Hence, our partial derivatives are

ol .
I 25(1 — AN)Q 7,
or _ QNI -ANTST-ANQ -0t
o0 '
Now, for i =1,2,3,... with A® = A and QO = Q, let
‘ ‘ ol
+1) _ A() 4 2%
A AY + a@A
. ‘ ol
i+1) _ 06 4 ,2C
Q QY + a@Q

for some training rate a. We repeat this iterative step until convergence, that is,

at some ¢ = t for which
g(A(l‘fl)7 Q(tfl)) _ g(A(t)’ Q(t)) <€

for some convergence tolerance e > 0. The resulting output is (A, Q) = (A®, Q®).

4.3.3 Local Concavity of the Log-Likelihood Function

We shall now prove that ¥ = (I — A)"7Q(I — A)~! is in fact the MLE if & €
M(G) by proving the concavity of the log-likelihood function locally around the
MLE. Furthermore, we will show that our starting point S will lie in this concave
neighbourhood almost surely as n — oo.

The strict concavity of the log-likelihood function for an unconstrained Gaus-
sian model is well known ( , ). We shall adapt the proof to show
that this function is also locally strictly concave with high probability starting
from a reasonable estimate in M(G).

Let A € RP and B be a symmetric matrix. Differentiating (4.3), we have
VI, Q) = —gtr(Q’lB) - gtr(SVK)

V2(A, Q) = gtrm*lBQle) - gtr(SVQK)
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where we shorten V45 to V for the sake of cleanliness and

VK = -AQ (I - N — (I -MNQ B YT - N — (1 - AN tAT
VIK =2A07'BQ Y1 — AT + 2407 AT 4-2(1 — M)Q'BQ'BQ (1 — AT+
2(I — N)Q'BQ AT,

Lemma 4.4. Both VK and V2K, are symmetric matrices.

Proof. First, note that B is a symmetric matrix. Next, notice that the matrix
(I-NQ'BQ I -N' =T -MNQ!'B[(I -ANQ YT

is the conjugate transpose of a symmetric matrix is hence also symmetric. Finally,
the first and last terms of VK are transposes of each other. Since C 4+ C7 is a
symmetric matrix for any matrix €, VK is a symmetric matrix. Using similar

arguments, one can also deduce that V2K, is symmetric. [

Theorem 4.5. If VK # 0, then there exists an a > 1 such that the log-likelihood

function €(X) is strictly concave on the region
{EeM(G):0<X < aS}.

In particular, as n — oo, the probability that Y lies in the concave region converges
to 1.

Proof. Note that the second derivative can be rewritten as
V2(A, Q) = —gtr((VK)WK—l(VK)1/2(VK)1/2K—1(VK)1/2)+
SE((VE) 2R (V2RO Y?) = Z(V2K)2S(V2K) ).

Since both K~! =X and S are positive definite matrices and both VK and V2K
are symmetric, each of the matrices (VK)Y2%(VK)Y2 (V2K)Y/2%(V2K)Y? and
(V2K)Y/2S(V2K)'Y? are positive definite. Therefore, we have both tr(XV2K) > 0
and tr(SV?K) > 0.

Furthermore, the matrix U = (VK)Y2%(VK)'/? is positive definite and hence
has positive eigenvalues. Since VK # 0 and X is a full-rank (as it is positive

definite), there is at least one strictly positive eigenvalue. Pick ¢ = tr(U?) > 0.
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Now, pick a > 1 to be the largest such that if ¥ < a5, we have tr(XV?K) —
tr(SV2K) < e. Since S is a y/n-consistent estimator for ¥, hence, V2¢ < 0 with a
rate of \/n and therefore, ¢ is concave on this region.

Finally, notice that our choice of ¢ > 0 is not affected by the sample size n.
Hence, as n — oo, we have tr(XV?K) — tr(SV2K) < ¢ almost surely. O

Corollary 4.6. For a large enough sample size, we can find the supremum of £(X)

for ¥ € M(G) using a hill-climbing algorithm with the starting point 3.

Proof. Fix a > 1 to be the constant in Theorem 4.5. For a large enough sample,
we have that 0 < X < aS. Furthermore, in each iteration of the hill climbing,
VK # 0 as we will be terminating otherwise. The Corollary then follows from
Theorem 4.5. O

4.3.4 Hypothesis testing

Given ¥ € M(G), we are now able find the MLE of ¥ by the hill-climbing al-
gorithm through maximising A and 2. We will now show that we can use a
likelihood ratio test to decide if we should reject Hp : 3 € M(G). In this case, our

test statistic is

YePDy SeEM(G)

2< sup £(X) — sup €(Z)> =2(((S) — (%))

where 3 is the value found by our hill-climbing algorithm and S is the sample

covariance.
Theorem 4.7 (Likelihood ratio statistic). If ¥ € M(G), then
2(0(S) = £(S)) = X2
where p = dim(PDy) — dim(M(G)).
Proof. Follows from ( ). O

Now, if & ¢ M(G), since our estimate 3 lies in M(G), 3 would not converge
to 3 when n — oo, unlike the case when ¥ € M(G). Hence, for each observation,
the expected value of the likelihood ratio statistic 2(£(S) — (X)) is a strictly
positive constant. Hence, as n — oo, this likelihood ratio statistic will diverge. In

particular, it will not converge to a chi-squared distribution.
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Figure 4.1: A simple graph that is not globally identifiable.

Example 4.8. Let G be the Verma graph and X to be the same as in Example 4.1.
We first generate a dataset X by drawing 1000 samples from N(0,Y). We then
compute the MLE ¥ for ¥ € M(G) given the dataset X using the hill-climbing
algorithm above. This allows us to compute the likelihood ratio statistic. Iterating
this 1000 times, we obtain the empirical CDF of the likelihood ratio statistic.

In particular, when comparing to the CDF of x?%, the Kolmogorov-Smirnov
test gives us a p-value of 0.191 which suggests that there is no evidence that this
distribution does not come from x3.

Finally, given MLEs A, Q and 2, we can numerically check that the the second

derivative of the likelihood function in (4.3) is indeed negative.

4.4 Limitations of our Algorithm

Unfortunately, while our algorithm can be used to compute the MLE for the
parameters of an HTC-identifiable graph in general, there are special cases where
the computation may fail numerically. In this section, we will explore what would
happen if there is a point of unidentifiability, if the sample size is too small or if

the distribution has a small eigenvalue.

4.4.1 Point of Unidentifiability

One common type of failure for all such algorithms estimating parameters of a
graphical model is when the model has a point of unidentifiability. This could
occur in an HTC-identifiable graph that is not globally identifiable such as the in-
strumental variable model. We will provide an example where a point of unidenti-

fiability could cause problems in a graphical model that is not globally identifiable.
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Example 4.9 (Point of unidentifiability). Consider the graph in Figure 4.1 that
is not globally identifiable. From Algorithm 3.2, we obtain

012
/\12 = )
011
Moo = 023011 — 012013 0231
23 — 2 - )
011022 — 073 0221
2
Moy — 011022034 — 019034 — 011023024 + 012013024
34 = .

2 2
011022033 — 015033 — 011053 + 012013023

Observe that while the denominator of Ao3 is strictly positive (as it is in the form
of 04q.5), this is not the case for Az4. In particular, we can find a positive definite

> such that the denominator of As4 is zero. Let

1 0.8 0.4375 0.76
0.8 1 0.8 0.5
0.4375 0.8 1 0.1
0.76 05 0.1 1

2:

The minimum eigenvalue of ¥ is 0.0664, hence X is positive definite. However,
with this particular value of X, the denominator of A3; is zero. Hence, we are
unable to run Algorithm 1 numerically using this particular value of > as we will
be attempting to invert a singular matrix.

On the other hand, if we were to observe some sample covariance matrix .S,
the denominator for g3 is almost surely non-zero as there is zero probability
of obtaining specific values in a continuous distribution. Hence, we should, in
theory, be almost surely able to use Algorithm 3.2 to compute for A numerically.
Unfortunately, as the sample sizes increases, the denominator gets closer to zero,
which will result in huge standard errors and an error on most computational
software.

For our choice of ¥ and graph G, we have encountered 2 errors out of 1000
trial runs if we draw n = 1000 samples from N(0,3). If we increase this sample

size to n = 1,000, 000, we have encountered 104 errors out of the 1000 trial runs.

The reader could consult the study by ( ) on how points of identifi-

ability could affect the convergence of algorithms in practice.
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Figure 4.2: n = 10 using hill-climbing Figure 4.3: n = 20 using hill-climbing
ecdf(chisq) ecdf(chisq)
Figure 4.4: n = 10 using RICF Figure 4.5: n = 20 using RICF

4.4.2 Small Sample Size and Eigenvalues

From Corollary 4.6, we observe that in order for us to be able to find the MLE
using the hill-climbing algorithm, we must have a large enough sample size. We

will now examine the complications that arises if we have a small sample size.

Example 4.10. In this example, we shall repeat the setup of Example 4.8 for
smaller sample sizes of n = 10 and n = 20.

In the n = 10 case, comparing the empirical CDF to the CDF of x?, the
Kolmogorov-Smirnov test gives us a p-value below 2.2 x 107!6 which suggests
strong evidence that the empirical distribution does not come from x%. On the

other hand, when n = 20, the Kolmogorov-Smirnov test has a p-value of 0.657
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Figure 4.6: The ‘gadget’ graph.

when comparing the empirical CDF to that of x?.

Figures 4.2 and 4.3 show the plots of the empirical CDF (black) against the
CDF of x2, for sample sizes n = 10 and n = 20 respectively using our hill-climbing
algorithm.

Running the same dataset using RICF algorithms, we see that when n = 10
(Figure 4.4), the Kolmogorov-Smirnov test gives us a p-value of 1.02 x 107!*. By
inspection, we also see that the empirical CDF generated by the RICF algorithm
is much close to the CDF of x? compared to that generated by our hill-climbing
algorithm. On the other hand, when n = 20 (Figure 4.5), the Kolmogorov-Smirnov
test gives us a p-value of 0.775, which suggests no evidence that the empirical CDF
does not come from a y? distribution.

We have run a comparison test of RICF against our hill-climbing algorithm
for which n = 10 and when n = 1000. In both cases, the log-likelihood produced
by RICF is higher than that of our hill-climbing algorithm. This difference is
negligible when n = 1000 but significant when n = 10.

On even smaller sample sizes (e.g. n = 5), we might run into the additional
problem that € is not positive definite. In this case, our algorithm is unable to even
run the hill-climbing algorithm since the log-likelihood will be undefined. In this
case, our hill-climbing algorithm will start at (A, Q' = Q + ¢I) where ¢ = —(é — 1)
where ¢ is the minimum eigenvalue for . This ensures that ' is positive definite.
However, the new choice of starting point ¥ may not lie in the concave region and
therefore, the output ) may not be the MLE. Note that the same issue will arise
when the minimum eigenvalue for the true value of ¥ approaches zero.

We shall now address the problem when ¥ has a small eigenvalue.

Example 4.11. Consider the ‘gadget’ graph in Figure 4.6. Suppose the true value
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Figure 4.7: n = 1000, € = 0.1. Figure 4.8: n = 105, ¢ = 0.01.

of Q) is

O, O
_ o O

T O =
o F D

where p = 12;\2/% and e is very small. Then € is the minimum eigenvalue of (2.

Further suppose that the values of all entries in A are at most one. Then the
minimum eigenvalue of 3 will be very small as well. In this example, we shall let
A1z = Aoy = 0.25.

Let e = 0.1. After simulating data with a sample size of n = 1000 and iterating
1000 times, the empirical CDF we obtained closely matches to that of x? (p-value
0.854 by KS test) as shown in Figure 4.7. However, for ¢ = 0.01, simulated data
with a sample size of n = 100, 000 might produce an estimate Q) that is not positive
definite. Even when we repeat the simulation a sample size of n = 1,000, 000, the

empirical CDF does not come from the x? distribution as seen in Figure 4.8.

Proposition 4.12. Let € < 1 be the minimum eigenvalue for 3. Then for every
0 < a < 1, the approximate sample size required for the estimate Q to be positive
definite with probability 1 — a is O(1/€?).

Proof. First note that the eigenvalues of a matrix with continuous entries are
themselves continuous functions (Lax, ). Furthermore, the minimum of two
continuous functions is continuous. Therefore, the minimum eigenvalue of a ma-
trix with continuous entries is a continuous function. But Q is a V/n-consistent

estimator of €2 by Proposition 4.2, the empirical value of ¢ comes from either a
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Gaussian or sub-Gaussian distribution with mean e and variance O(1/n) which
we denote D(e,0(1/n)). If n = O(1/€?), we can draw a positive number from
D(e,0(€?)) with probability 1 — a for any 0 < a < 1. O

4.5 Real Data Example

In this section, we showcase an application of our algorithm to validating a graph-
ical model given a real dataset. In the study of American occupational structure
by ( ), the following covariates were measure with a sample
size of n = 20700:

V . Father’s educational attainment,
X : Father’s occupational status,

U : Son’s educational attainment,

W : Son’s status of first job,

Y : Son’s status of occupation in 1962.

The data can be summarised as the following correlation matrix of (V, X, U, W,Y):

1.000 0.516 0.453 0.332 0.322
0.516 1.000 0.438 0.417 0.405
S = 0.453 0.438 1.000 0.538 0.596
0.332 0.417 0.538 1.000 0.541
0.322 0.405 0.596 0.541 1.000

At the significance level of & = 0.01, we find that we have the conditional inde-
pendence Y UL V | U, X. Hence, the FCI algorithm ( : ) removes
the edge between V and Y. At significance level a = 0.0001, the FCI algorithm
removes an additional edge between V and W as we have another conditional
independence W 1L V | U, X.

The skeletons identified by the FCI algorithm are shown in Figure 4.9 where

the o— edgemark can be either a tail or an arrowhead.
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Figure 4.9: Skeleton inferred using the FCI algorithm with o = 0.01 (left) and
a = 107" (right).

Now, we can obtain the following valid graphical models based on the skeletons

in Figure 4.9:

1. In the first model, we assume that the father’s education attainment directly
affects his occupational status, the son’s educational attainment and the
son’s status of first job. We further assume that the father’s occupational
status directly affects the son’s educational attainment, the son’s status of
first job and the son’s status of occupation in 1962. Furthermore, we assume
that the son’s education attainment directly affects his status of first job and
his status of occupation in 1962. Finally, there is an unobserved confounder
between the son’s status of first job and the son’s status of occupation in
1962.

2. In the second model, we have the same assumption as the first model, but
the father’s educational status no longer directly affects the son’s status of
first job.

Note that the first model satisfies the conditional independence Y 1.V | U X
and the second model satisfies both conditional independence Y 1L V' | U, X and
W 1V | U, X. These models are graphically represented in Figure 4.10. Notice
that our second graphical model is identical to the first with the edge V' — W

removed.
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Figure 4.10: Valid graphical models based on the m-separations.

Using our algorithm to fit the correlation matrix to the first model, we obtain
a p-value of 0.308. This shows that there is no evidence that the data collected
did not come from the first model. However, comparing the MLE of the first and
second model and running a likelihood ratio test, we found a p-value of 3.58 x 107?,
indicating strong evidence of causal effect the variable V' has on W in the context
of the model. The reader could refer to the works of ( )
and ( ) for a different application of this data set.

4.6 Conclusion

In this chapter, we consider the problem of testing Hy : ¥ € M(G) against the
general hypothesis H; : X € PDy . In the first case, we assumed that the generators
of J(G) are all known. For this case, we have shown that we can simply use
bootstrap to construct confidence intervals of the generators of J(G) to test if
Y e M(G).

On the other hand, if we do not have a set of polynomials that generates J(G),
This involves finding the MLE for A and ). From the previous Chapter, we have
an algorithm that generates a starting point for A and €2 given a sample covariance
S. We proved that this starting point is a y/n-consistent estimator. Furthermore,
we proved that likelihood function is strictly concave in a local neighbourhood
around the MLE. In particular, if ¥ € M(G), our starting points for A and €2
will lie in this concave neighbourhood. Hence, we can simply use hill-climbing to
obtain the MLE.

77



Chapter 5

Conclusion

In this thesis, we have studied the properties of identifiability and the problem of
finding constraints in linear structural equation models.

In Chapter 2, we first study the concept of edge interventions, and explore how
an edge intervention could affect the covariance matrix and the data set. Through-
out this chapter, we computed each entry of ¥* as a function of ¥, where ¥* could
be obtained from adding or removing a directed edge. We further obtained suffi-
cient conditions for ¥* to be identifiable given . We also studied a simpler and
more computationally efficient identification criterion called regression identifiabil-
ity and proved some graphical conditions which are necessary and sufficient for the
directed edge coefficient A, and the directed path covariance o(Dy.), to satisfy
this criterion. By removing all the directed edges in G and equating the non-
trivial polynomials corresponding to vertex pairs that are not siblings, we obtain
the constraints generating the model ideal. However, this requires that at each
step, we are able to identify the new covariance matrix 20tV given ) where
¥@ corresponds to the underlying distribution after removing i directed edges.

In Chapter 3, we explored the algebraic properties of HT'C-identifiable graphs.
In particular, we prove that all mixed graphs are HTC-identifiable if and only if
all the regression coefficients can be recovered from the covariance matrix using
straightforward linear algebra operations on specified equations. By exploiting
these algebraic properties, we provided an efficient algorithm to recover the pa-
rameters, (A, (), of any HTC-identifiable graph. Furthermore, we showed that the
ideal J(G) is in fact generated by the set of polynomials provided by
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( ). Similar to Chapter 2, our result only provides the generators
of J(G) under certain graphical conditions. In this case, we require G' to be a
HTC-identifiable graph.

Given the generators of J(G), we showed that we could test if a particular data
set X ~ N(0,%) fits a graphical model G (i.e. ¥ € M(G)) by bootstrapping in
Chapter 4. However, this method is often not feasible as finding the generators of
the model ideal symbolically is computationally intensive. In the absence of the
generators of J(G), we introduced a hill-climbing algorithm to compute the MLE
of A and €2, which we can then use to test for goodness of fit using a likelihood
ratio test. We start by first proving the likelihood function is strictly concave in
a local neighbourhood around the MLE, and showed that the estimates of A and
Q using Algorithm 3.2 will lie in this concave neighbourhood if ¥ € M(G). This
result was an extension of works by ( ), and is not present in
other works on finding MLEs. Hence, if ¥ € M(G), we showed that with high
probability, our estimate from hill-climbing is in fact the MLE and not a local

maxima.

5.1 Future Work

5.1.1 Identifiability

While we have provided several weaker identifiability conditions in this thesis, two

outstanding problems remain:

1. What are the sufficient and necessary graphical conditions for a graphical

model to be generically identifiable?

2. Suppose that N(0,Y) is a distribution corresponding to the graphical model
G and the distribution N (0, ¥*) corresponds to the new graphical model G*
obtained by removing a directed edge from G. What are the sufficient and

necessary graphical conditions for ¥X* to be identifiable given X7

While this thesis did not make much headway in the first question, we provided
sufficient conditions for the second. From the conclusion of Chapter 2, we see that if

we answer the first question, we would also be able to answer the second. Knowing
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necessary and sufficient conditions for when >* is identifiable given Y is useful as
it will provide us with the conditions required for finding constraints by iteratively

removing edges.

5.1.2 Constraints

We have provided two methods for finding the generators of J(G) in this thesis.
In Chapter 2, we proposed that we can find the generators of J(G) by iteratively
removing directed edges, and then equating polynomials to vertex pairs that are
not siblings. This requires that we are able to identify the new covariance matrix
S+ given X3 where ) corresponds to the underlying distribution after re-
moving ¢ directed edges. In Chapter 3, we showed that the generators of J(G) is
in fact generated by the set of polynomials provided by
( ). However, this requires G to be HTC-identifiable. In both methods, finding
the generators of J(G) symbolically is infeasible for large |V|.

However, the method of finding constraints using Grobner basis is even more
computationally expensive. Finding an efficient algorithm to compute the gener-
ators for either J(G) or Z(G) is important it would allow us to assess precisely

which constraint(s) are violated in a model that does not fit the data.

5.1.3 Maximum Likelihood

In Chapter 4, we have designed a hill-climbing algorithm to find the MLEs of A
and 2 for any HTC-identifiable graph G. In particular, we have provided theoret-
ical guarantees that this will converge to the MLE, and not some local maxima,
for a large enough n. We believe that this result could be extended to any arbi-
trary graphical model G given that most graphical models are curved exponential

families.
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Appendix A

Commutative Algebra

Here, we shall introduce the basics of commutative algebra and algebraic geom-
etry required to understand the paper. We will mainly be referring to Atiyah-
Macdonald ( ) for commutative algebra and Cox et al.

( ) for algebraic geometry.

Definition A.1. A ring R is a set with two binary operations (addition and

multiplication) such that:

1. R is an abelian group with respect to addition, that is

(a) (a+b)+c=a+(b+c) for every a,b,c € R (i.e. addition is associative).

(b

(c

(d) Foreach a € R, there is an additive inverse —a € R such that a+(—a) =
0.

a+b=>b+a for every a,b € R (i.e. addition is commutative).

)
)
) There is an additive identity 0 € R such that a +0 = a for all a € R.
)

2. Multiplication is associative.

3. Multiplication is distributive over addition, that is a(b + ¢) = ab + ac and
(b+ ¢)a = ba + ca for all a,b,c € R.

4. There is a multiplicative identity 1 € R such that al = la = a for all a € R.

A wnit in a ring R is an element a which “divides 17 (i.e. there exists b € R
such that ab = 1). A field is a ring R where 1 # 0 and every non-zero element is

a unit.
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Definition A.2. We say that [ is an ideal of a ring R, denoted I < R, if
1. forevery z,y € I, x +y € I.
2. forevery x €  and a € R, ax € I.

Let (...) denote the generators of an ideal. In particular, we have (1) = R.
An ideal p is prime if p # (1) and xy € p = either x € p or y € p. An ideal
m is mazimal if m # (1) and there do not exist an ideal a such that m C a C (1).

Note that all maximal ideals are prime, but the converse does not hold in general.

Definition A.3. We say that a ring R is Noetherian if every ideal [ < R is finitely
generated (i.e. 3fy,..., fy such that I = (f1,..., fn)).

Theorem A.1 (Hilbert Basis Theorem). If R is a Noetherian ring, then R[X] is

also a Noetherian ring.
Proof. See Theorem 7.5 of ( ). O

For any field k, the only ideals are (0) and (1). Hence, every field is Noetherian.
In particular, R is Noetherian. By the Hilbert Basis Theorem, R(X) is a Noetherian

ring.

Definition A.4. We say that a chain of prime ideals has length m if there is a
strict chain of inclusions pg C p1 € -+ C p,,, where each p; is a prime ideal. The
height ht(p) of a prime ideal p is the supremum of the lengths of all chains of prime

ideals contained in p.

Theorem A.2 (Krull’s Height Theorem). For any Noetherian ring R, let p < R
be a prime ideal. Then, the height p is at most the number of generators of p.
Conversely, if p has height m, then p is a minimal prime ideal over an ideal I C p

generated by m elements. In particular, p is generated by at least m elements.

Definition A.5. Let k be a field and I < k[zy,...,x,] be an ideal. The variety
defined by I is the set

V(I)={a€k™: f(a) =0 forall f eI}
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On the other hand, given a set X C k", the vanishing ideal of X is defined as
I(X)={f€klz1,...,z,): f(a) =0for all a € X}.

A variety X is reducible if we can write X = X;U X, for proper subsets X; C X.

Otherwise, X is irreducible.

Theorem A.3. The variety X is irreducible if and only if the vanishing ideal I(X)

18 prime.
Proof. See Proposition 3 in Section 4.5 of ( ). O

Proposition A.4. Ifk is an infinite field and V' is a variety defined by the rational

parametrization

Sty )
rN=————-=
91(t1,'--7tm)

o dnltr )
gn<t17---7tm)

where fi, ..., fay g1,y Gn € k[t1, ..., tn], then V is irreducible.

Proof. See Proposition 6 in Section 4.5 of ( ). O
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Appendix B

Appendices for Chapter 2

B.1 Calculations for Example 2.30

In this section, we will complete the working for Example 2.30 and show that

074 = fverma. Starting off, we have

* JE——
o1, =20
013034.12
Oy — — = O
033.12

014033.12 — 013034.12 = 0

where

2 2
013022 — 0120130923 + 011053 — 012013093
2
011022 — 079

033.12 = 033 —

013014022 — 012014023 + 011023024 — 012013024

03412 = 034 — 2
011022 — 079

(B.2)

(B.3)

Substituting (B.2) and (B.3) into (B.1) and clearing denominators, we obtain

014[033(011022 - 0%2) - (033022 — 012013023 + 011033 - 012013023)]—

013[034(011022 - 0%2) - (013014022 — 012014023 + 011093024 — 012013024)]

which simplifies to fverma-
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B.2 Removing a Bidirected Edge

Let us consider what would occur in theory if we want to remove a bidirected
edge. Once again, suppose that G = (V, D, B) is an ADMG with a corresponding
distribution N(0,¥) and we want to remove the bidirected edge a* <+ b. Assume
without loss of generality that a* € nd(b). Again, let A = nd(b), B = {b} and
C = de(b)\{b}, then AU BUC = V. Throughout this section, we suppose that
after removing the bidirected edge a* <> b, we obtain a new ADMG G* with a
corresponding distribution N (0,3*) with the assumption that X% , = X 44.

B.2.1 Effects on Covariance

As before, we shall first compute ¥* given 3. The majority of the proofs here are

shorten as they are similar to the directed edge case.

Lemma B.1. For all a € A, we have

O-Zb = Oab — U(Da*a)wa*ba
U;)kb = Opp — U(Da*b>wa*b>

Proof. Since a € nd(b), every trek from a to b containing the bidirected edge
a* <> b must end with a* <> b. By the same reasoning, all treks from b to b
containing the bidirected edge a* <+ b must either start with (or by symmetry end
with) a* <> b. Furthermore, there cannot be any treks from a to another a’ € A

containing the edge a* <+ b. O]

Lemma B.2. Forallae A and ¢, € C,

O-ZC = O'ac — U(Da*a)wa*ba(pbc),
O';c = Ope — wa*ba(Da*C) — U<Da*b)wa*bU(Dbc)7

O = Opet — 0(Dyre)wWarv0 (Dper) — (D )warv0 (Dhe ).

Proof. Treks from a to ¢ containing a* <> b are of the form

a— - 4+—a +—>b— - - —c
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Treks from b to ¢ containing a* <> b are of the form

b+— - ¢+—a"<—>b— - - —¢c or b<—a" — - —c
Treks from ¢ to ¢ containing a* <+ b are of the form
ce— - é—a'«—b—--— or ct——bs—a"— - — .

]

Once again, we see that each entry of ¥* is a function of X, wy«p, 0(Dyxyy) and

0(Dy.) for all v € V and ¢ € C. Hence, we obtain the following Corollary.

Proposition B.3. Suppose that N(0,%) is a distribution corresponding to the
graphical model G and the distribution N(0,%*) corresponds to the new graphical
model G* obtained by removing the bidirected edge a* <> b from G. Then, ¥* is
identifiable given 3 if and only if wesp, 0(Daxy) and o(Dy.) are identifiable for all
veVandce C.

Proof. (<) Follows from Lemmas B.1 and B.2.

(=) From Lemma B.1, we have

*
Ogxp = Oag*b — Ogra*Wa*b,
*
O—a*b - Ull*b
Worp = ——=.
Og*a*

Hence, w,~p is identifiable if 3* is identifiable given ». Rearranging the first

two equations in Lemma B.1, we obtain

of — Ow

0(Dara) = abw—ba7
a*

o — Opb

U(Da*b) = blzu—b
a*

Since wy+p is identifiable, o(D,+,) and o(D,+p,) are also identifiable. Now, the

first equation of Lemma B.2 can be rearranged to

Oge — OF
Dye) = o~ Jac
0( bC) U(Da*a)wa*b
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Since both wg+, and o(D,+,) are identifiable, so is o(Dy.). Finally, the second

equation of Lemma B.2 can be rearranged to

7(Dyeo) = Tbe — Ope — U(Da*b)wa*bU(DbC)'

Wa*b

Since wy+p, 0(Dy+p) and o(Dy,.) are all identifiable, o(D,-.) is also identifiable.
]

Here, we see that a different identifiability criteria for removing bidirected edges

is required.

Definition B.1. Suppose that N(0,X) is a distribution corresponding to the
graphical model G and the distribution N(0,%*) corresponds to the new graphi-
cal model G* obtained by removing the bidirected edge a* <+ b from G. We say
that 3* is simply identifiable given X if wg+p, 0(Dysy) and o(Dy,.) are all regression
identifiable for all v € V and ¢ € C.

B.2.2 Regression Identifiability

Once again, we shall find the graphical criterion under which ¥* is identifiable.
From Theorem 2.16, we know that o(D,s,) is identifiable by regression for all
v € V if and only if * is fixable in G with ¢(Dgy+,) = 0 if v € nd(a*), and o(Dy..)
is identifiable by regression for all ¢ € C' if and only if b is fixable in G. Hence, it
suffices to find conditions for which the edge coefficient w,«;, is identifiable where
both a* and b are fixable.

Theorem B.4. Suppose we have a bidirected edge a* <> b where a* and b are
fixable. Then wq+y, is tdentifiable by regression if and only if there are no bidirected

paths from a* to b in Gzn(b). In particular, we«y, = Tqrp.e where § = mbaypy (D).

Proof. (<) It suffices to prove that wq«, = 04+ if there are no bidirected paths
from a* to b in G:n(b). First, note that we do not have a directed edge a* — b
since a* is fixable. Similar to Theorem 2.17, it is sufficient to consider the

induced subgraph Gane), as any path containing a vertex ¢ ¢ Gan() has some
collider ¢ & Gan().-
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Now, paths of the form a*--- — b are blocked by pa(b) C mbay)(b). Paths
of the forma*--- - dy < - d, < banda* -+ dy < - d, < b
are blocked by mb,,s)(b). So the only paths that are not blocked are the
bidirected paths from a* to b. But the only path from a* to b is the bidirected
edge a* <> b.

(=) Suppose there is a bidirected path from a* to b in G;n(b), say a* < dy <
-+« 4> dy, <> b. Since d; € an(b), there is an open path a* <> dy — -+ — b.
If we condition on any intermediate vertices on that path, we have another
open path a* < dy +» dy — --- — b since dy € an(b). By iteratively
conditioning on intermediate vertices, we will end up with the open path

a* < d & - d, < b
m

Corollary B.5. Suppose that N(0,3) is a distribution corresponding to the graph-
ical model G and the distribution N(0,%*) corresponds to the new graphical model
G* obtained by removing the bidirected edge a* <+ b from G. Then, >* is simply
identifiable given 3 if and only if

e both a* and b are fizable, and

o a* ¢ diSan+v) (D), where disan«)(b) denotes the Markov blanket of b in Gzn(b).

B.2.3 Concerns when Removing Bidirected Edges

While we could identify the new distribution when removing a bidirected edge

theoretically, several issues may arise in practice:

1. Interpretation. While removing a directed edge ¢ — j simply implies
removing a direct effect of X; on X, the removal of a bidirected edge 7 <+ j
is slightly more complicated to interpret as we are removing the covariance
between the residuals €; and ¢;, where ¢, is the residual obtained when we
regress X, on its parents. Omne such interpretation is the removal of all
unobserved confounders of X; and X, which may be impractical. In practice,

the removal of a bidirected edge is often a byproduct of a vertex intervention.
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O=@—0)

Figure B.1: A graphical model where removing 1 <+ 3 may result in a non-positive
definite >*.

2. Distribution of the new model. At the start of this section, we have
assumed that after removing a bidirected edge a* <+ b, the distribution of
X+ remains fixed. This is fine for removing a directed edge a* — b as X, is
not affected by the removal of the causal effect of X, on X,. However, when
removing the bidirected edge a* <> b, the distribution of both X, and X,

may be affected which would in turn have an impact on their descendants.

3. Identifiability. While we have the theoretical result to recover the new
distribution N (0, ¥*) if 3* is simply identifiable given >, the new covariance
matrix X* may not be positive definite; for instance, consider the graphical
model in Figure B.1 with a large value for wy3. If we remove 1 <+ 3, we are

setting wi; to be zero, which may result in a non-positive definite matrix for
DI

4. Effect on Data. There is no general expression for X; that satisfies

Cov(Xy, Xy) = ¥*, the covariance matrix found in Section B.2.1.

B.3 Vertex Intervention

Suppose we have an ADMG G = (V,D,B) with a corresponding distribution
N(0,%). Let A=nd(B) and C = de(B)\B, so that AU BUC = V. Throughout
this section, we suppose that after performing a vertex intervention on B, we
obtain a new ADMG G* with a corresponding distribution N (0, ¥*).

In general, performing a vertex intervention involves replacing the probability

distribution p with

p(ay) = % = p(ea) - plac | oa75)

which is well defined if either p(x4) = 0 or p(xp|x4) > 0. In the Gaussian case, all

densities are positive and these manipulations are always uniquely defined. The
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new probability distribution, p*, is nominally a conditional kernel over X4, X¢

given Xp, with the following properties:
o p*(x4) =p(x4), ie. the marginal distribution of X 4 is preserved;
e Xp 1l X4 under p*;

e p(xc|xa,xp) = p(rc|xa,xB), i.e. the conditional distribution of X given

X4, Xp is preserved.

For the multivariate Gaussian case with mean 0, the properties above suggest
that in the new covariance matrix >*, which corresponds to the ADMG after the

vertex intervention, we will have
* _ * — .

e K} = K¢y, where K denotes the concentration (or precision) matrix K =
DI

Note that this leaves open a choice of value for ¥} 5, and that this choice will
affect the values of X7, required to fulfil the restriction on K¢y, .

Because all effects are linear, we can generally identify the individual edges in
a Gaussian SEM and remove their effects. This means that it is well-defined to

talk about fixing data, rather than only for a distribution.

B.3.1 Effect on Data

Theorem B.6. Suppose the vertex set B is fixable. Then, intervening on the

vertex set B is equivalent to replacing Xy by
Xy =Xy — Svpa¥ppa ' BpaXaa Xa,
where A = pa(B) Usib(B).

Proof. Note that when intervening on the vertex set, we are removing all incoming

arrowheads into B. This meant that, in the new covariance matrix X*, we have

Ya=Xaa
YXap =0
Ké*v = Kov
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where K = 3. We can check that X% = X4 as Y454 = 0, and

COV(XE,XZ) = COV(XB,XA) — EBA(ZAA)’lCov(XA, XA)
=Ypa—Xpa(Saa) ' Saa =0.

Now, the conditional covariance of X}, | X4, X} is the same as that of X¢, since
the only difference is subtraction of a conditionally constant term. Writing X¢ in

the form of a linear regression on X4, Xp, we have

E[X¢ | X4, Xp] = E[X¢ | Xa, XB]
=E[X¢c— MXa | Xa, X5|
=Ycap(Zaan) ' Xa+Scpa(Eppa) ' X — MXy
=Ycan(Xaan) ' Xa+ 2B a(Xppa) (X +Xpa(Xaa) ' Xa) — MX,4
=Ycap(Cann) ' Xa+Scpa(ESppa) X5

where M = Ycp.4(Xpp.a) ' Xpa(Xa4)"!. Hence, the conditional distribution of
X& | Xa, X5 is the same as that of X¢ | X4, X5. O

B.3.2 Effect on Covariance

Writing ¥ = X{ Xy, we can ask what is the effect of vertex intervention on this

covariance matrix:

X3 X5 =% = Spa(Ban) ' Zas(Espa) ' Eava — (Zaa) a5 (Es.4) ' Bova) Sav
+ ((Zaa) " Sa5(Es5.4) ' Sova) Laa(Eaa) ' Sas(Eepa)  Sava
=% = Sya(Xaa) " Bas(Es5a) ' Sova — Svpa(Sppa) Spa(Saa) T Say
+ Svpa(Xppa) ' SpaA(Sa4) ' Eas(EE8.4) Ehv.a
=% — SvaBasBev.a — (BasBpv.a) Sav + (BapBpv.a) SaaBasBav.a
=% — SvalBav — Bavs) — (Bav — Bav.p) Sav + (Bav — Bav.p) Saa(Bav — Bav.p)

where Sap.c = (Xaa.c) 'Xap.c denotes the regression coefficients of Xz on X4
conditional on Xs. Note that if S4p = 0 then intervening on the vertex set B
does not change anything. The three terms after 3 in the final equation could be

interpreted as:
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1. removing all treks that use the edges A — v on the right side;
2. removing all treks that use the edges A — v on the left side;

3. adding back in those that pass through such an edge on both sides and were

therefore removed twice.

This interpretation is similar the equation we found in Corollaries 2.8, 2.10 and
2.11. Note that if v € A, then (§4,.¢ is invariant to the conditioning set C'. Hence

values of %, are just
Yy = av — Zaa(Bav — Bav.p).

B.3.3 Hard Interventions

Suppose we instead performed a hard intervention on Xpg by assigning Xp = xp.
The probability distribution for this new distribution, p**(z), is the probability
distribution of the vertex intervention conditioned on Xp = zg (i.e. p™(z4,2c) =

p*(z4,Xc | x5)). Hence we have

* *
sk Nk _ AA AC
EUU - EUU~B - |: T $x :|
AC CC-B

since X5 = Yy — 2ip(Chp) 185y = X4y as 245 = 0. Note that when
reversing the data standardisation, the mean of Xpg is now xpg, and the mean of

X¢ has been changed to
X_C — Z U;bZ(DbC)-

beB
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