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ABSTRACT: The principle of maximum ignorance posits that the coarse-grained description of
a system is maximally agnostic about its underlying microscopic structure. We briefly review
this principle for random matrix theory and for the eigenstate thermalization hypothesis.
We then apply this principle in holography to construct ensembles of random mixed states.
This leads to an ensemble of microstates which models our microscopic ignorance, and
which on average reproduces the effective semiclassical physics of a given bulk state. We
call this ensemble the state-averaging ansatz. The output of our model is a prediction for
semiclassical contributions to variances and higher statistical moments over the ensemble
of microstates. The statistical moments provide coarse-grained — yet gravitationally non-
perturbative — information about the microstructure of the individual states of the ensemble.
We show that these contributions exactly match the on-shell action of known wormhole
configurations of the gravitational path integral. These results strengthen the view that
wormholes simply parametrize the ignorance of the microstructure of a fundamental state,

given a fixed semiclassical bulk description.
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1 Introduction

In recent years, it has become clear that Euclidean gravity is more than a low-energy effective
field theory. The gravitational path integral knows about its UV completion, but only through
the statistical properties of its microscopic description. This has been made most precise in
the case of Jackiw-Teitelboim (JT) gravity [1-3] and pure AdSs3 gravity [4-7]. In the former
case, the microscopic boundary Hamiltonian is modeled by a random Hermitian matrix H,
and higher moments of the partition function Tre ## are described by Euclidean wormholes



in the bulk. In the latter case, the microscopic OPE coefficients of the boundary CFT,
are modeled by random variables Cjj;, and the statistical moments of the OPE coefficients
are captured by multi-boundary wormbholes.

In a series of papers [8-10] it was furthermore shown that the connection between
statistical variance and semiclassical wormholes in pure gravity is not restricted to low
dimensions. By injecting a thin shell of dust particles behind the horizon, the authors showed
that one can construct on-shell Euclidean wormholes by gluing a portion of the Euclidean
AdS, black hole along the trajectory of the thin shell. These wormholes precisely capture the
variance of the matrix elements of the operator creating the thin shell of dust. Such operators
were then used to construct an ensemble of black hole microstates with semiclassical interiors,
a construction inspired by partially entangled thermal states (PETS) in the SYK model [11].
The mutual overlaps of these states are universal and consistent with a finite density of states
controlled by the Bekenstein-Hawking entropy. This construction gives another perspective
on the effects produced by replica wormholes, originally introduced in the West Coast model
of black hole evaporation [12], in higher dimensional black holes.

Central to the statistical description of the microscopic theory of semiclassical gravity is
the anticipation that the high-energy sector of the dual CFT exhibits chaotic behavior. It is
expected that holographic CFTs at strong coupling have an ergodic phase where the universal
features of quantum chaos apply [13-16], such as eigenvalue repulsion and approximate unitary
invariance in narrow high-energy microcanonical windows. One furthermore expects simple
CFT operators to obey the Eigenstate Thermalization Hypothesis (ETH) [17], characterizing
the thermal behavior of chaotic high-energy eigenstates [18, 19]. It is because of these
properties that we can put on a statistician’s hat and only ask coarse-grained questions
to the CFT.

This naturally leads to the question: what is being averaged over in the statistical
description? There are various directions explored in the literature, which can be broadly
grouped into three categories: averaging over Hamiltonians H, averaging over operators O,
and averaging over states p. While all three approaches have different ranges of applicability,
what they have in common is a principle of mazimum ignorance: the statistical ensembles that
are used to model semiclassical gravity are maximally agnostic about the precise fine-grained
description of the underlying quantum theory, but they are compatible with coarse-grained
low-energy data.

One can formalize the notion of maximum ignorance as a constrained optimization of
an information-theoretic entropy function, such as the Shannon entropy. To see how this
works in practice, we briefly describe two examples which will serve as inspiration for the
main topic of this paper.

Example 1: averaging over Hamiltonians. Suppose we want to model a chaotic
Hamiltonian in a narrow energy band using a random matrix H drawn from some probability
distribution p(H). The only knowledge we have about the system is the partition function
Z(B) in some range of temperatures. In AdS/CFT, this can be computed from the semiclassical
gravitational path integral with boundary manifold M x Sg. The question is: what is the
distribution p(H) that best describes the system given only the single-boundary input Z(53)?



According to the principle of maximum entropy, sometimes also called Jaynes’ principle [20,
21], it is the distribution which maximizes the Shannon information entropy with the additional
constraint that the average <Tr e*ﬁH> = [dHu(H) Tre " should be equal to Z(f). That
is, we look for the distribution that optimizes the entropy functional

Sl = [ A p(i) [~ togu(in) + [ B AE)(Tre ™~ 2(8)]. ()

The first term is the Shannon information entropy, and the Lagrange multiplier A(/3) enforces
the constraint on the average partition function. Solving the extremization problem 65/du =0
leads to the probability distribution
1

p(H) = oo VO, (1.2)
where A is a normalization such that [dHu(H) = 1, and the potential V(E) is the Laplace
transform of A(8). To complete the procedure, one has to express A() in terms of the
input Z(f) by solving the constraint equation <Tr e PH > = Z(B). For large matrices whose
eigenvalues have compact support, the constraint equation is solved to leading order by

1 o(E")

Loon _ '
S V/(E) p.v./dEE_E,,

where the coarse-grained density of states o(F) is defined through Z(3) = [dE o(E)e PF.
We have glossed over many details here, but this simple exercise already shows an

(1.3)

important feature of the maximum entropy principle: a single-trace constraint results in a
single-trace matrix model. The model’s output is then a prediction for multi-trace observables,
such as the averaged spectral form factor SFF(5,t) = <Tr e~ (BHTH Ty o= (B—iT)H > This
prediction can be tested against a wormhole computation in gravity. For example, when
B = 0, the microcanonical version of the SFF is matched to the double cone of [22, 23].

Conceptually, an important point in this line of reasoning is that the wormhole quantifies
statistical correlations in an ensemble u(H) that models the true Hamiltonian. Factorization
may well be restored in a complete microscopic theory, including non-gravitational objects
sensitive to microscopics like D-branes [24-27] or half-wormholes [28]. However, remaining
agnostic about this, the role of Euclidean wormholes in the AdS/CFT dictionary [29, 30]
is to uncover statistical properties of the pseudo-random microscopics.

Example 2: averaging over operators. Instead of modeling the statistics of energy
eigenvalues, one can also model chaotic high-energy eigenstates by probing them with a
simple operator O. To model the matrix elements O;; = (E;|O|E;), we again invoke a
principle of maximum ignorance.

Namely, suppose we have measured O’s thermal one-point function F'(f) and thermal
time-evolved two-point function G(/3,t) as a function of 8 and ¢. These functions are input
data, and are available from semiclassical gravity [31-33] by studying the wave equation in a
black hole background. We can look for the probability distribution 1(O) on the space of
Hermitian matrices which maximizes the Shannon entropy of u and agrees with the input
data on average. In other words, we optimize

S[u] = /dO u(O)[ ~ log u(0) + C1[0] + 1[0, (1.4)



where the volume element on the space of Hermitian matrices is dO = [[;; d0;;dO;; [ I}, dO;,
and the constraints are implemented by Lagrange multiplier functions A; and )\2

= [ 48 x(8)(Trps0 - F(5))

(1.5)
L]0 /dﬁdt/\g(ﬁ 0( T o} 0p?0(1) - G(5.1)).

Here pg = e PH /Z(B) is the thermal density matrix, and we have analytically continued the
conventional thermal two-point function Tr pgO(0)O(t) with a shift t — t+i/2, as is standard
practice. Solving the variational equation §S/du = 0 as before, gives the optimal distribution

M(o):% (/d,@)\l B) Tr psO — /dﬂdw\g(ﬁ 1) Trpy*0py*0( )>

1 ] (1.6)
N P ZV1 Oii — Y Va(Eij,wi5)|035* |,

(]
where in the second line we have written the exponent explicitly in the energy eigenbasis.
We have also defined the variables
— E; + Ej
ij = 5

and Wiy = El - Ej. (17)

The potential V;(E) is the Laplace transform of A;(3), while Va(FE,w) is the combined
Laplace/Fourier transform of Ay(/3,t). As a final step, we then express V; and V3 in terms
of the input data F' and G by solving the constraint equations

(Trps0) = F(B) and (Trpy*0p*0(1)) = G(8,1), (18)

where (o) = [[dOu(O)(e). Since the distribution is Gaussian, these equations can easily be
solved. In doing so, one uses the continuum approximations

Z — /dEQ(E) and Z — /dEdWQ <E+ L;) Y (E - 02J> : (1.9)

The result of this exercise is the familiar form of the Eigenstate Thermalization Hypoth-
esis [18, 19, 34]

Oij = f(Ei)dij + eis(Eij)/zg(EijvWij)1/2Rij‘ (1.10)

Its meaning is that high-energy eigenstates, as probed by O, are indistinguishable from a
thermal (or microcanonical) state, up to small corrections that are exponentially suppressed in
the microcanonical entropy S(E) = log o(FE), and which vary erratically as a random variable
R;;. The smooth functions f and g are the microcanonical one- and connected two-point
function, related to our input data by the inverse Laplace transforms f(E) = L71[F(3)]
and g(E,w) = L7YG(B,1)9].!

This ETH ensemble is Gaussian because our input was quadratic in O. However, non-
Gaussianities are necessary to explain connected contributions to OTOCs with more operator

"More details about the ETH ensemble can be found in appendix D.



insertions [5, 35-37]. These non-Gaussianities can be incorporated by adding higher-point
single-trace correlators as input. Maximizing the Shannon entropy of ©(Q) while keeping
this collection of higher-point correlators fixed straightforwardly leads to the generalized
ETH matrix model of [38].

The above derivation teaches us two important lessons. First, it emphasizes that matrix
elements (£;|O|E;) which obey ETH are ‘maximally random’ in the precise sense of having
the statistics of a maximum entropy ensemble. Second, the ensemble was derived using only
single-trace observables. In the context of AdS/CFT, these correspond to single-boundary
correlation functions. Combining maximal randomness with single-boundary low-energy
input, we then get a prediction for multi-boundary quantities. An example is the statistical
variance of the thermal one-point function

{1204, Trp3,0) = (T3, OTr 3,0 & s [ e (o5 £.0)

(1.11)
= f Ba

(E). For this example

which we have evaluated in the continuum approximation 3, — [ dEe°
we assumed f(E) = 0. The right-hand side originates from a non-zero correlation {(O;;0;;)
for i = j. In [8], this expression was shown to agree precisely with a Euclidean wormhole
saddle in D-dimensional Einstein gravity and matter, for a specific class of heavy operator
O for which the integral (1.11) has a saddle point. Similar calculations have been done
in JT gravity [2, 39, 40] as well as in AdS3 [7, 41]. This corroborates the principle of
maximum ignorance as a useful guideline to understand the wormhole configurations of

the gravitational path integral.

Example 3: averaging over states. Motivated by the above two examples, we set out
to apply the same logic to ensembles of states. This will be the topic of the rest of the
paper. Instead of an ensemble of Hamiltonians or operators, we consider a single theory
with a fixed chaotic Hamiltonian H with energy eigenstates |E1),|E2),...,|EL) and spectral
density o(E) = eSE) as well as a fixed set of low-energy operators. For the application
to holographic CFTs we will moreover be interested in the limit L — oco. We restrict
ourselves to the chaotic part of the spectrum (e.g. above the black hole threshold) where we
can approximate the density of states o(E) by a smooth function (like the Cardy density).
We then consider random density matrices p whose average properties agree with a given
semiclassical state, but whose fine-grained matrix elements p;; = (E;| p|E;) are treated
statistically. In other words, the goal is to

construct a maximally entropic probability distribution u(p) on the space of
density matrices, which reproduces single-boundary low-energy input data on
average.

By ‘low-energy input’ we mean any smooth function that is in principle available from
a semiclassical gravity computation. Examples include partition functions, gravitational



overlaps (¥|W) or expectation values of simple operators (O),. The resulting ensemble 1i(p)
will, of course, depend on the specific input we decide to use.

When we have found such distribution, we define state averages by a weighted integral
over the space of density matrices D,

©) = [ dpulp)(e). (112

For e = p, this procedure gives a coarse-graining map p — p. The mean p may be, for
example, the thermal density matrix pg. Holographically, this represents the fact that many
microscopic configurations are indistinguishable from equilibrated black holes as probed by
semiclassical observables. However, one can also compute averages of non-linear quantities in

p, such as the average von Neumann entropy —Tr(plog p), moments Tr(p*), tensor products
p ® p and multi-trace averages like

Tr(pO) Tr(pO) — Tr(pO) Tr(pO), (1.13)

which was dubbed the ‘quantum deviation’ in [42]. In general, the average tensor product state
does not factorize into a product of averages, which we want to interpret holographically as due
to the presence of specific Euclidean wormholes in gravity. In other words, our second goal is to

match the connected contribution to multi-trace averages computed using p(p) to
a multi-boundary Euclidean wormhole computation in semiclassical gravity.

Note that non-factorization of products of observables like (1.13) should be contrasted to
the Wilsonian notion of coarse-graining. In a local QFT, the coarse-grained ground state
pa at scale E = A gives the same correlation functions for low-energy observables Oy as
the ground state p of the UV fixed point, Try (pOy) = Try, (paOr). However, the variance
of low-energy observables vanishes:

e

T _ _
Try(pOp) Tru(pOn = Try, (PAO) Trag, (PAOA), (1.14)

because integrating out short distance modes cannot generate relevant non-local correlations
between different systems. Universality of the RG flow implies that this holds even at the
non-perturbative level in any of the relevant couplings of the low-energy EFT. On the other
hand, in gravity, integrating out microscopic details induces relevant non-perturbative effects
on IR observables. This is often called ‘UV/IR mixing’. Even while microscopic states coincide
with the semiclassical state at perturbative orders in 1/5, they differ at order exp(—S). These
non-perturbative (in Gy) effects can be probed statistically in the semiclassical theory via
the action of a spacetime instanton.

1.1 Overview and summary of results

In section 2, we explore one particular ensemble p(p) that meets the goals formulated above.
It is induced by the canonical purification p = AA', which always exists by the positivity of
p > 0. The matrix A describes the expansion coefficients of the purification

0) =3 AwlE)|E), o= Ter|¥) (¥ (1.15)

e



living in the doubled Hilbert space Hy®Hg. To get an ensemble of random mixed states on Hp,,
we want to sample the coefficients A;, from some probability distribution p(A). This induces a
probability distribution on the space of density matrices [43] as u(p) = [ dA u(A) §(p — AAT),
where we have introduced a matrix delta function and the integral is over the space of complex
random matrices with fixed norm Tr AAT = 1. An advantage of working with an ensemble
of A’s is that the positivity constraint on p is automatic.

Next, we pick a state |Uy) in the doubled Hilbert space for which a semiclassical bulk
dual exists, and use this semiclassical state as our reference state. Examples to have in
mind are the thermofield double |[TFDg), dual to the eternal two-sided black hole [31], or an
excitation of |TFDg) by a simple low-energy operator. Given such a semiclassical state |Wg)
in the boundary CF'T, we evolve it in Euclidean time with the left and right Hamiltonians
Hy; = H®1 and Hgp = 1 ® H, and then compute its norm. Pictorially,

Z(r1,7) = (Ugo| e T HLe™2HR g ) = 7 Ty . (1.16)

This produces a smooth function Z(7y, 72) which we will use as our input from gravity. Namely,
the overlap (1.16) is computed holographically by a single-boundary Euclidean gravitational
path integral filling in the bulk. If we pick the reference state to be |TFDg), the right-hand
side is simply the partition function Z(5 + 1 + m2)/Z(3). However, for now, we will keep
Z(T11,72) generic input data, and explore the ensemble of states resulting from it.

The general idea of this construction is that p(A) defines an ensemble of microscopic

S accuracy, but which contain non-

states that are indistinguishable from |¥g.) up to e™
perturbative ‘noise’ encoded in the coefficients A;, = (E;, E,|V). Given a random state
|¥) in this ensemble, the overlap (¥|e T1Hre=2HR |T) is sensitive to the non-perturbative
pattern of correlations encoded in these coefficients. However, we demand that the average

overlap agrees with the semiclassical input:

/dAu(A) (U|e e R @) L Z(7) 7). (1.17)

We then find the maximally ignorant distribution that satisfies this constraint. That is,
we perform a constrained optimization of the Shannon entropy of u(A) and demand that
the average overlap is fixed to (1.16) using a Lagrange multiplier \(71,72). This results in
the maximum ignorance ensemble

1
p(A) = 3 e~ [ dndra A ) (U U ) )

1 1 B , (1.18)
= 37 OXP —§ZU(EZ~,EQ) [Aial” |-

7,00



In the second line, we wrote the potential in the energy eigenbasis |E;) |E,) of the doubled
Hilbert space, and we defined the function o(Ey, E2)~! to be the double Laplace transform of
A(71,72). As before, N is a normalization, while o(FE1, E2) is fixed in terms of the gravitational
input Z(7y,72) by solving the constraint equation (1.17).

Now, our goal is to study the ensemble of mixed states induced by u(A). For ease of
exposition, we treat the coefficients A;, in the ensemble (1.18) as independent Gaussian
random variables with variance o(FE;, E,).? It is then easily seen that the mean p of this
ensemble is diagonal in the energy eigenbasis,

Pij = 62‘]‘ O‘(Ei, Ea) = 6ij ﬁ(EZ) (1.19)

(0%

So the mean density matrix is an equilibrium state.? Technically, this arises thanks to the
left-right U(1)” x U(1)" invariance of the potential (1.18). While the volume element dA
itself has a full left-right unitary invariance A — U AUR, the measure u(A)dA breaks this
symmetry to those unitaries which satisty [Ur, Hy] = [Ugr, Hr] = 0. In an infinitely narrow
energy band, the function o(E;, E,) becomes a constant and the full U(L) x U(L) invariance
is restored. However, in general the ensemble depends non-trivially on the band structure
through the energy dependent variance, similar to what happens in ETH.

To study the statistics of the induced ensemble, we define the fluctuation dp = p—p. The
moments of its matrix elements dp;; = (E;| dp |E;) are found by doing the Wick contractions
in A. For example,

- —
0pijopet = Y Aia Al ArpAls
y: (1.20)
=040k »_ (B, Ea)o(Ej, Ey).

Even without plugging in an explicit expression for Z(7y,72) or o(E1, E2), one can already
note some interesting properties of the induced ensemble p(p). First, the index structure
implied by (1.20) is such that the second moment p;;pg; receives a connected contribution
(0110;1) that is swapped with respect to the disconnected contribution (d;;6;). This same
phenomenon was noted in the context of the Page curve [44] and is standard whenever small
microcanonical averages are Haar-typical [45].

Moreover, higher moments receive connected contributions from cyclic contractions of
the indices:

5pijOpkiOpmn =Y Aia A ArgAlgAmy Al
a8y (1.21)
= 6in6 kélmz H E"E
a e=i,j,l

2Hovvever, the normalization condition Tr AAT = 1 induces small statistical correlations at subleading order
in e™°. These correlations will be addressed in section 2.2. For now, we only impose the average normalization

condition Tr AAT = 1, which constrains the variance function to satisfy Z o(FEi,E) =

3In section 2.4 we discuss ensembles with a time-dependent mean p(t). These can arise if we probe the
reference state with local operators that do not commute with the Hamiltonian, providing them as additional
input.



So, even though the p(A) ensemble (1.18) is Gaussian, the induced ensemble u(p) receives
non-Gaussian corrections to higher moments of §p. These non-Gaussianities have precisely
the same index structure as the generalized ETH ensemble of [35] for the statistics of O;;.

In fact, the cumulants of dp;; satisfy a very similar hierarchy in terms of their scaling
with e~ as in generalized ETH. A simple counting argument in a microcanonical window
around energy E shows that the average trace condition implies o(E1, Es) = O (6*25 (E)),
so that the nth moment has order

5pi1i25p12i3 T 5:0ini1 o= Z H U(E" Ea) =0 (e—(2n—1)S) . (1'22)

0=i1,...,in

O(e5) O(e—2nS)

In other words, each higher cumulant of §p is further exponentially suppressed in the system’s
microcanonical entropy. We will now make this scaling precise, by positing an ansatz for
the variance function o(E;, Ey).

The state-averaging ansatz. In sections 2.2 and 2.3, we examine specific examples
and incorporate some assumptions about the gravitational input Z(7,72) and the allowed
semiclassical states |WUs.). We consider reference states |¥s.) with a mean energy E, =
((Hp)g + (HR)4.)/2 above the black hole threshold and a corresponding inverse temperature
B = S'(E.). This is part of the input data, as E, is equal to minus the symmetrized first
derivative of Z(71, 7). We also assume that the state is in equilibrium (Hp),. = (Hr),. and

that the energy variance is small, ((Hy, — Hg)?) = §° < E?. The latter is a condition on

the second derivative of the overlap Z(7,72). N

Under these assumptions, we then posit the following ansatz for the variance:

0(E;i, Eq) = O 5B (Eias Wia; B 1.23

iy Ha) — Z(ﬂ) Jo\ Loy Wiars )7 ( : )

where E;o = (E; + E,)/2 and w;q = E; — E,. The first piece is the usual Boltzmann factor,

evaluated at the average energy. The function jy is a smooth function of its arguments,

peaked at w = 0 with a characteristic width 4. It is moreover weighted by a factor of the
inverse density of states.

In a microcanonical window of size L = e°(¥) where E;, ~ E for all 4, «, the right-hand
side of (1.23) becomes e=25(F) as expected . However, the ansatz (1.23) postulates a non-
trivial energy-dependence outside the microcanonical energy band. The most important
difference with the fully unitary invariant average (e.g. [45-48]) is that the variance remains
finite in the L. — oo limit. This feature makes the ansatz suited for e.g. CFTs on the cylinder.

In section 2.2, we analyze this ansatz for various choices of reference state. In the case
that p is approximately thermal, the function jg is an envelope function constraining F; to be
close to FE,. Plugging the ansatz into (1.19) and (1.20) we derive the following expression for
the matrix elements of the reduced density matrix, which we dub the state-averaging ansatz:

e—ﬁEij

(Eilp|Ej) = 6ij p(E:) + Weis(bﬂij)ﬂj?(Eija wij; B)Y2Ry;. (1.24)



On the left-hand side is what we want to model, namely the matrix elements of p in energy
eigenstates. On the right-hand side the structure is very similar to ETH: it has a smooth
diagonal piece and small off-diagonal noise. Indeed, one can view (1.24) as a ‘canonical’
version of ETH, suited for modeling the microscopic density matrix of a large black hole.
The mean p is close to pg (with small non-random corrections of order 1/5), while
R;; is an approximately Gaussian random variable with mean zero and variance one. The
exponentially suppressed non-Gaussianities are determined by (1.22). The function jo(E, w; 3)
is a convolution integral of the function jo and varies smoothly with E‘ij = (E; + E;)/2 and

wij = E; — Ej;. In section 2.3 we relate ja to the average relative entropy S(p||p) between
a member of the ensemble and the mean. It thus controls how well a typical state p can
be distinguished from the thermal reference state.

Generalization with conformal symmetry. In the remainder of section 2, we present
various generalizations of the above construction. The main refinement is to distinguish
between conformal primaries and descendant states. Namely, the primary sector of a
holographic CFT above the black hole threshold is believed to be chaotic, whereas the
descendants are fully fixed by conformal symmetry and should not be treated statistically. In
section 2.5 we present a modification of the state-averaging ansatz specifically for 2d CFTs,

<h,N,B,N‘5,0

WONON'Y = e g e PNHEND (bR 6p

e B’> : (1.25)

where the matrix elements of §p between primary states

h,l_1> are similar to (1.24) but
descendants are non-random. In particular, the functions fy nv (where N, N’ label the level
of the descendant) are fully fixed by conformal symmetry. This modification will prove to
be important when we study wormholes in AdS3 gravity.

Matching the statistics of p to semiclassical wormholes. Next, in sections 3 and 4, we
relate statistical variances computed using the state-averaging ansatz (1.24) to semiclassical
wormbholes in gravity. Specifically, in section 3 we focus on wormholes in pure AdS3 gravity
with conical defects, which were matched to an ensemble of OPE data in [7]. We discuss the
interplay between state averaging and operator averaging, which provides an interpretation
of the AdS3 wormholes in [7] as arising from averaging over states in a single CFT9, instead
of an average over OPE coefficients in an ensemble of theories.*

This interplay, in its most basic form, is illustrated by the following example. Suppose we
want to capture the statistical variance of a thermal one-point function of a simple operator O,
either by using ETH for its matrix elements, or by using the state-averaging ansatz centered
at the thermal state p = pg. Then, the factorized contribution will give the square ((’)}% in
both cases, while the connected contributions give different predictions:

Tr(pO) Tr(p0) " = Z 10pij|? 0i;0j; (state averaging) (1.26)
]

(Tx(ps0) Tr(ps0)) ™™ = 3 (ps ) (05 0) ™ (operatoraveraging).  (1.27)

“This is in the same spirit as [49]. We discuss the differences with their construction in section 3.

,10,



We wrote the right-hand side in the energy eigenbasis to highlight the different index structures.
The first line (state average) arises from the index contraction (1.20), resulting in a double
sum. The second line (ETH) arises from the contraction R;R;; which sets i = j, resulting
in a single sum.

Despite this apparent difference, the two computations agree in the thermodynamic limit,
if we plug in the state-averaging ansatz. In the continuum approximation, the double sum
is replaced by [ dEdw e?S (E), and if we assume that BO(E_’ij,wij) = 0;;0j; varies smoothly
with £ and w then we obtain®

conn.

Te(p0) Tr(p0) 22(15)2 / dBdw e Be 2PE (B B)Bo(B,w).  (1.28)

The inverse density of states e (E) appearing in the state-averaging ansatz has canceled one
of the factors of () from the double sum. Moreover, since the function js is peaked at
w = 0, we can do a saddle-point approximation of the w-integral, which becomes exact when
§ — 0. If jo depends weakly on F and is normalized to 1 at w = 0, the state average (1.28)
approximately agrees with the operator average. In fact, if one takes as the semiclassical
state the thermofield double, |¥s.) = |TFDg), the two predictions (1.26) and (1.27) match
exactly (see section 2).

As a simple illustration, we evaluate the right-hand side of (1.28) in the case of JT
gravity with matter [40] in the semiclassical approximation, for which o(E) = sinh (27r\/E).
In the boundary theory, take an operator with large scaling dimension A, for which the

function By takes the following form [50]

) P(Aiz\/EJrgii,/E—g)

Bo(B,w) 22A-1T(2A)

. (1.29)

If we plug this into (1.28) and evaluate the integral on the saddle point w = 0, it matches
the wormhole constructed in [3],

ZWH :/ dﬁe_Me_zﬁE(Z), (130)
0

where 26FE({) is the action of a ‘constrained instanton’ connecting two boundaries of length

Al arises from the

B, where / is a fixed length between the two boundaries. The factor e~
geodesic approximation of the particle going from one boundary to the other, and E(¢) can
be determined exactly in JT gravity, see [3]. We want to view this result as an illustration

that wormholes can also correctly capture the variance of (O) in an ensemble of states,

p
rather than operators.

In section 3.1 we generalize the above computation to the punctured torus wormhole
in AdSs, with a conical defect connecting the two torus boundaries. For the function Bp

we now take the universal 2-point function of OPE coefficients derived in [51]. Instead of

5Note that this amounts to a smearing of nearby energy levels in Bo = 0;;Oji, in the same way that one
replaces the discrete sum over states in o(F) by a smooth function. In particular, we are not statistically
averaging over the matrix elements O;; in this case, so the connected ‘wormhole’ contribution only comes
from the statistics of dp;;.
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averaging over OPE coefficients, we use the state-averaging ansatz with conformal symmetry
and find a match with the punctured torus wormhole amplitude,

conn.

Tr(pO) Tr(pO) = . (1.31)

Again, the basic reason is due to the compatibility of (1.26) and (1.27), now generalized
to CFT2

This same basic mechanism can be extended to more general observables which are
not thermal one-point functions, such as the genus-two partition function (section 3.2), the
torus two-point function or the sphere four- and six-point functions (section 3.3). Namely,
we use the plumbing construction to write these observables as a trace in a tensor product
Hilbert space [52, 53],

() — Trye(p0). (1.32)

The operator O encodes the relevant OPE coefficients in its matrix elements.® We then use a
generalization of the state-averaging ansatz for density matrices py in tensor product Hilbert
spaces, centered at the thermal product state px = pg, ® --- ® pg,, where B1, ..., B encode
the moduli of the CF'T observable. In this way, we are able to match state averages to the
operator averages computed using the OPE ensemble of [7], and reinterpret the wormholes
constructed there in terms of an ensemble of random states.

Non-Gaussianities and multi-boundary wormholes. Besides matching the statistics
of the state-averaging ansatz to known wormholes in the literature, we also naturally obtain
predictions for new semiclassical wormholes that should capture the non-Gaussianities in
w(p). Following (1.22), the state-averaging ansatz predicts connected correlations of the form

oRBE
0Piviz0Pigis - - - OPiyiy = 7" (k=S 5, (B, w3 B). (1.33)

where we defined Ej, = %(El +---+ E}). The functions jj are smooth functions of Ej, and the
energy differences w. These moments play a role in multi-boundary wormholes contributing to

conn.

) ; (1.34)

Interestingly, the cubic cumulant predicts a three-boundary wormhole in AdSs, given in (5.4),
which is not predicted by the Gaussian ensemble of OPE coefficients of [7]. Similarly, the
quartic cumulant predicts a four-boundary wormhole contributing to ((’))4 which differs from
the quartic moment of [54] when O is a light operator. We give a tentative bulk interpretation
to these higher cumulants in a follow-up paper [55], in which we explore the interplay between
modular invariance and typicality.

®E.g., for the genus-two partition function we have k = 3 and (h,N|O|h/,N') =
C123C1 193 a(h, N)o(h', N’'). The bold notation is vector notation h = (hi,ha, hs), and o(h,N) is a
smooth function fully determined by Virasoro symmetry.
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More general semiclassical states. In section 4, we generalize the state-averaging ansatz
to describe more general semiclassical states of the black hole. We focus on two-sided black
hole states with long semiclassical Einstein-Rosen bridges supported by heavy matter. The
bulk state that we aim to model is the semiclassical dual to one of the two holographic
CFTs in this setup.

We first show that the principle of maximum ignorance leads to an ensemble of microstates
captured by the state-averaging anstaz (1.24). In this case, there is an important modification.
Namely, the smooth function jQ(Eij, wij; ) now scales with the microcanonical entropy. This
scaling represents the fact that the semiclassical state in the black hole interior has been
backreacted by the heavy matter, and thus is a large perturbation of the semiclassical state
of an eternal black hole.

We show that, when the Einstein-Rosen bridge is large, the coarse-graining map p — p
reproduces the semiclassical state of the exterior of the black hole. The semiclassical features
of the interior are encoded in the smooth function jg(Eij,wij; B). This part of the state-
averaging ansatz can be signaled semiclassically in non-linear properties of the state. For
instance, we show that the average purity Tr(p?) admits semiclassical corrections from
jg(Eij, wij; B) which are large, given by replica wormholes of the gravitational path integral
in the bulk computation of the purity. This effect can make the relative entropy S(pl||p) large.
At the same time, we observe that variances of correlation functions Tr(pQ) Tr(pO) over the
ensemble admit semiclassical connected contributions, given by the action of multi-boundary
wormbhole configurations of the gravitational path integral. From this perspective, both classes
of wormholes arise from the same microscopic model of the semiclassical state.

1.2 Organization of the paper

This paper is organized as follows. In section 2 we give further details about state-averaging
and the state-averaging ansatz. We discuss the measure in the space of density matrices, give
explicit examples, and discuss the interpretation of several information-theoretic quantities like
the averaged von Neumann entropy. We finish this section with a discussion of state-averaging
in the context of CFT5. In section 3 we use the state-averaging ansatz to exactly reproduce
several on-shell wormhole amplitudes in 3D gravity. We solve explicitly the examples of the
torus wormhole and the genus-two wormhole. Then, we extend the discussion to include
arbitrary correlation functions on generic Riemann surfaces. In section 4 we discuss the
state-averaging ansatz for more general semiclassical states in D > 3. We consider a family of
partially entangled thermal states (PETS) constructed from thin-shell operators in the bulk.
The state-averaging interpretation of these states naturally connects thermal correlation
functions to replica geometries and Rényi entropies. We end with some conclusions in
section 5. Additionally, we present some technical details about state-averaging and comment
on off-shell configurations in the appendices.

2 An ensemble of density matrices

In this section, we will formalize the notion of state averaging by constructing a measure
w(p)dp on the space of density matrices D. If L denotes the complex Hilbert space dimension,
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this space consists of all normalized and positive semi-definite Hermitian matrices of size L x L,
D={peGL(L,C)|p=p', Trp=1, p>0}. (2.1)

This is a compact manifold with boundary, where 9D consists of all pure states p = |1) (]
and non-maximal rank density matrices. For an excellent introduction to the geometry
of D, see [56]. A choice of metric on D determines a volume element dp. In this paper
we will need only the Hilbert-Schmidt metric ds? = Trép?, for which dp is the standard
unitary invariant volume element on the space of Hermitian matrices. We refer to appendix A
for a discussion of more general metrics on D. By diagonalizing p = UAUT, the volume
element similarly factorizes as

dp = [dU][dA], (2.2)

where [dU] is the Haar invariant measure on U(L) and the precise form of [dA] is given in
appendix A. This decomposition shows that averaging over density matrices combines both
spectral and basis uncertainty. In other words, the measure u(p)dp introduces randomness
both in the entanglement spectrum of p as well as in the basis that diagonalizes it.

Given a probability distribution u(p), we denote state averages by an overline

©) = [ douio)(o) (23)

To incorporate the positivity constraint on p and the trace condition, we can introduce a
theta function O(p) =[], ©(\;) for the eigenvalues A; of p, and a delta function for its trace:

/ dp = /dp O(p) 5(1 — Tr p). (2.4)
D

As we motivated in the introduction, the distribution 1 (p) should then be determined from
a maximization of the Shannon entropy — [ dp u(p) log u(p), with additional constraints. If
we do not input any constraints, the maximum ignorance ensemble is easily found to be
the constant distribution

(o) = &D) (2.5)

where we have normalized p(p) such that [, dppu(p) = 1. The ensemble (2.5) is sometimes
called the Hilbert-Schmidt ensemble [43]. It has a full unbroken U(L) unitary invariance, which
automatically implies that the mean p is the maximally mixed state p = 1/L. Variances
around the mean are suppressed by powers of 1/L, due to the phenomenon of measure
concentration [57].

2.1 Random purifications

A large class of measures u(p)dp is induced by the canonical purification of p in the doubled
Hilbert space Hy ® Hgr, where H = H; = Hr. We can then write

p = Trg [¥) (U] = AAT, (2.6)
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for a complex L x L matrix” A with unit norm Tr AA" = 1, which is unique up to a left-right
unitary action on A — U AUgr. The matrix A encodes the expansion coefficients of the
purified state |¥) in the basis of the doubled Hilbert space. A random purification can
thus be obtained by sampling A from some probability distribution u(A) on the space of
unit-norm complex matrices.

Any choice of p(A) induces a probability distribution u(p) formally as [43]

plp) = [ dAu(A)6(p — A4D), (2.7)

where the right-hand side contains the matrix delta function.®

On a practical level, this
means that when computing any state average F(p) one simply substitutes p = AA" and

averages over A with statistical weight p(A). The volume element is given by

dA =[] dAiadAj,. (2.8)
[NeY

The fixed norm condition on A can be incorporated by the change of variables A =
(Tr AAT)_I/ 2A. Equivalently, we can insert the Fourier representation of the delta func-

tion enforcing the constraint 6(Tr AAT — 1) on each member of the ensemble.
To see how this works in practice, it is instructive to consider a simple example. Without
giving any input, the maximally ignorant p(A) is the constant distribution, as before, and it
is equivalent to (2.5). We can explicitly compute the mean of p in the induced ensemble:’

_ 1 e t
Pij = N/dAe AT (Tr AAT - 1) (AAT);

[ [ bt

a=1

(2.9)

To go from the first to the second line, we wrote the delta function as a Fourier transform.
Next we perform the L? independent Gaussian integrals, giving

1o o 2 \P 2nL
pii = 0ij — dse* . 2.10
Pij Z]N/foo ¢ <e+is> e+is (2.10)
The sum over « gave another factor of L. Finally we use the Fourier transform
o0 ; 1 e "
dse”——— =2 2.11
/_oo T @risy T T T(0) (211)
to evaluate N as well as the integral (2.10). This gives the ratio L((LL22_)!1)! = 7, while the
e-dependence drops out as it should. We conclude
B 5
pij = % (2.12)

"We will always take the purification Hilbert space Hr to have the same dimension as the original H = H7,
although the analysis can easily be extended to the case that dim(Hg) > dim(H ) [58], in which case A is
rectangular.

8For Hermitian matrices X, we define §(X) = HK]. 8(Xij)o(X35) [, 0(Xw)-

9The factor of e~“! can be absorbed into Z, but we wrote it to make the Fourier transform in the second
line well defined.
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So the ensemble is centered at the maximally mixed state. This could have already been
anticipated by the fact that the induced measure p(p)dp = [dU][dA] has a full U(L) invariance
in this case, which forces p o 1. The proportionality constant 1/L is then fixed by the
normalization condition.

In this simple example, we can also straightforwardly compute the variance m
around the mean, where we defined p = p+ dp. A similar calculation as above now gives

1 ee 3 ee * —(e+1is * *
= / dse® [ / Ay d AT, o @Al ™ 40 4% Ao Ax (2.13)
- ny Y~ o,

Again, we do the Gaussian integrals, which give two distinct Wick contractions. The first sets

9;j01; while the second gives the cross-contraction d,g0;6;;. Then we perform the Fourier

transform using the formula (2.11). The result is a sum of a disconnected piece and a

connected contribution with only a single sum over a. The connected term evaluates to
L2-1)!

the ratio L - ﬁ, and so we find

oidjk 00
L(L?+1) L2(L*+1)

5Pij5/)kl = (2.14)

Notice that for large L, the typical fluctuation dp;; scales as L=3/2 and is therefore suppressed

by a factor L~1/2

compared to the mean. This is a manifestation of the phenomenon of
concentration of measure [57, 59]: in the limit L — oo, the ensemble localizes to the mean
with fluctuations that are suppressed in powers of 1/L.'°

A useful way to quantify how far a typical state p is from the mean p is via the

relative entropy

S(pllp) = Tr plog p — Tr plog p. (2.15)

It is a measure of the distinguishability between p and p, as formalized by the Quantum Stein
Lemma [60, 61] in quantum hypothesis testing, which states that the optimal asymptotic
rate of error in distinguishing a state p from the ‘true’ state o after N measurements is
given by exp[-NS(pl|lo)].

Positivity of the relative entropy implies that the averaged von Neumann entropy is
always smaller than or equal to the von Neumann entropy of the averaged state,

S(pllp) = S(p) = S(p) = 0. (2.16)

This fact also underlies the Page curve [47]. In an ensemble of black hole microstates (where
A is a rectangular matrix), the entropy of the coarse-grained state p gives the area term,

which monotonically grows with L, while S(p) first grows and then comes back down.

We can compute the averaged relative entropy in the unitary invariant ensemble discussed
above at large L, by expanding S(p||p) perturbatively around the mean. In appendix C
we show that

_ 1 log A\; — log A;
S(pllp) = 52#\5%!2 + 0(6p%), (2.17)
ij i

10T he scaling dp ~ L™3/2 should be contrasted to the case of ensembles of pure states, in which the variance

is typically of the order L™2. This is a simple consequence of the fact that the averaged purity Tr p2, which
contains information about the variance, is 1 for pure states but 1/L for maximally mixed states.
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where A\;, ¢ = 1,..., L denote the eigenvalues of p. Notice that the constant and linear terms
vanish, so that the relative entropy is approximately quadratic for small §p. We can now
use the expression derived in (2.14) for the variance, as well as A\; = 1/L. The prefactor
log Aj—log A\,

simplifies to i — L, and the double sum gives a factor L?. Hence the averaged

]
relative entropy in the Hilbert-Schmidt ensemble is

Sl = log L~ S ~ L =1 (218)

2L2+1
For large L, we see that the average relative entropy is approximately % The corrections can
be obtained either by computing higher-order terms in the expansion (2.17), or by using the

replica trick [62]. In either case, the subleading corrections can be shown to scale as O (biL).

Main takeaway. The positivity constraint p > 0 allowed us to write p = AAT and study
the ensemble induced by p(A). Without inputting any constraints, the maximally ignorant
ensemble is the fully unitary invariant Hilbert-Schmidt ensemble. It is centered on the
maximally mixed state, with a typical fluctuation of the order L—3/2. Moreover, the average
relative entropy is an order one number.

This ensemble is maximally agnostic about the basis in which the states are diagonalized.
This is because we have not given the ensemble any input that depends on the Hamiltonian.
In the next section, we will see that if we do add such input, the unitary invariance gets
broken. In other words, the ensemble becomes ‘less uncertain’ about the preferred basis by
adding single-trace input data. Besides basis uncertainty, state averaging also introduces
spectral uncertainty in the eigenvalues of p. This is in principle different from averaging
over the spectrum of H. However, the entanglement spectrum may depend on the smooth
band structure of the Hamiltonian, as we will now show.

2.2 Semiclassical states and average overlaps

In order to connect the above discussion to gravity, specifically in the context of AdS/CFT,
we have to supply the ensemble of states in the boundary theory with additional low-energy
gravitational bulk input. As motivated in the introduction, a very general type of input
to consider are gravitational overlaps between states with a gravitational bulk dual. In
this subsection we will analyze the maximum-ignorance ensemble that arises from these
simple input data in more detail.

As in the previous subsection, consider a generic density matrix p and its canonical
purification |¥) in the doubled Hilbert space. We want to model |¥) on some reference state,
which we take to be a semiclassical state |¥g.) dual to a fixed geometry in the bulk. For such
a semiclassical state, we can use the holographic dictionary to compute its norm after some
Euclidean time evolution with H;, = H ® 1 and Hg = 1 ® H. This defines a smooth function

Z(Tl, 7_2) = <\I"sc| eiTlHLeiTzHR |\Ijsc> y (219)

which we will use as input from gravity. Namely, we find the maximally ignorant distribution
u(A) compatible with the constraint that the average overlap (¥]|e~"1Hre=72Hr |¥) is equal to
Z(7y,72). We can write this constraint in the energy eigenbasis of the doubled Hilbert space as

S e e P A 2 = Z(m, ), (2.20)

2,0
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where A;, = (E;, Eo|V). From this expression we see that we are constraining the vari-
ance of the ensemble of random purifications. Indeed, optimizing the Shannon entropy
— [ dAp(A)log u(A) with the above constraint results in the optimal distribution

1 1 _
uA) = 7 exp (—2 Y o(Ei, Ea)~! IAm\Q). (2.21)
i,0
This is a product of normal distributions with mean zero and energy-dependent variance
o(E;, E,), where the functional form of o(E;, E,) is fixed in terms of Z(71,72) by solving the

constraint equation (2.20). If the ensemble were exactly Gaussian, we would simply get

|Aia|? = 0(E;, Ey) (Gaussian). (2.22)

However, although the distribution u(A) is Gaussian, the ensemble receives small non-
Gaussian corrections due to the fixed trace condition 6(Tr AAT — 1). As in the previous
section, we deal with this condition using the Fourier representation of the delta function.
In appendix B, we show that this corrects the variance to

|Aia’2 = U(Eia Ea) (1 + io: Cn U(Ei; Ea)n> ; (2'23)

n=1
where we defined the coefficients

I dse~d(s)(is)" o
TS dsed(s) d(s)—g(%é%) L (2.24)

These corrections introduce statistical correlations between different A;, and A;g, because
the function d(s) depends on all {0}, := o(FE;, Ey)}. However, we can solve for ¢ in terms of
Z order by order in e=°. The trace condition already implies that o, is order e 2%, so the
leading order solution is the Gaussian variance (2.22). Each further term in the series (2.23)
is then suppressed in powers of =2, as long as the ¢, remain bounded.

We conclude that the normalization condition only modifies the variance at subleading
order. This was expected because it is only a single constraint in an exponentially large
Hilbert space. Therefore, we will simplify our analysis from now on by only demanding the
weaker constraint that the trace Tr(p) is 1 on average. The fact that this only modifies the
ensemble at subleading orders in e~ is then the assertion that Tr(p) is self-averaging.

Some examples of |Vy.). In section 2.1 we studied the unitary invariant Hilbert-Schmidt
ensemble, which has a uniform variance o(FE;, E,) = L~2. Now we give three examples of
semiclassical states, and compute the resulting form of the variance function o(FE;, E,) from
their overlaps. The three examples are illustrated in figure 1.

i) Thermofield double. Suppose we choose as our reference state the TFD at inverse

temperature [,

B

ITFDg) = 2B 1B ® |Er) . (2.25)

e
\/7 2
Its gravitational dual is the two-sided eternal black hole [31]. It has a diagonal
entanglement pattern in which the energy levels are paired and weighted by a Boltzmann
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ITFD) PETS) W) © [ Tp)

Figure 1. Three examples of gravitational overlaps of semiclassical states. Left: the thermofield
double. Middle: a partially entangled thermal state. Right: a product state. The time-symmetric
slice is indicated with a dashed line.

factor, and the overlap (2.19) is given by the single-sided partition function at inverse
temperature 8 + 1 + 7o:
Z(B+ 71+ 72)

Z(B)

To solve for o(E;, E,), we work in the Gaussian approximation (2.22) and evaluate

Z(Tl,TQ) = (2.26)

the constraint equation (2.20) in the continuum limit. After changing variables to

Eio = (E; + Ey)/2 and w;o, = E; — E,, we can write the constraint equation as

/ dEdw e2S(B)e=(n+m)Eg=d(n-mlog(f ) L W (2.27)

The right-hand side of (2.27) does not depend on 7 — 72, because the thermofield
double is invariant under the modular evolution with H; — Hg. The left-hand side
must therefore be localized at w = 0, hence

e=BE
Z(B)

More precisely, in going to the continuum limit we have smeared the energy levels over
bins of size § ~ 1/5, so we should really think of the delta function in (2.28) as the
limit of a Gaussian of width 4,

e SE§(w). (2.28)

o(E,w) =

e—BE _S(B) e—w2/252

o5(F,w) = 70 e VoI

This corresponds to the same bulk geometry as the TFD perturbatively in Gy.

(2.29)

Partially entangled thermal states. Another class of states that will be important
in this paper are partially entangled thermal states (PETS), introduced in the context
of the SYK model in [11],

1

|PETSBL76R> = \/N

S B R0, By s ). (230

2,00
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iii)

These states are labeled by left and right Euclidean time variables (7, r as well as an
operator O that prepares the state. Thanks to the diagonal entanglement in the TFD,
one can think of the PETS as the Euclidean time evolution of an operator 1 ® O acting
on the purifying side of the thermofield double. These states were generalized to 2d
CFTs in [63], and they were used in higher-dimensional models of black hole microstates
in 8, 9, 64].

For this class of states, we can also solve the constraint equation by going to the
continuum limit,
_ £ 5 _ 1
/ dBdw S Ple= i) Bem3 (g (B w) £ = (010)0(n) . (2.31)
N B
Here we rewrote the overlap (2.19) of the PETS as a Euclidean thermal two-point

function in the single-sided Hilbert space, at an inverse temperature and Euclidean
time given by

B =PBL+T7+Br+ T2 T:%(BL“‘Tl_BR—TQ). (2.32)

As before, we can solve for o(F,w) using the inverse Laplace transform, which yields
_ 1 . . _
0(B,w) = e Pt e o (B, w; 1 p), (2.33)

where go is related to the microcanonical two-point function of O. If O is a simple
operator (in the sense of ETH), the function go should fall off sufficiently fast as w — oc.
We can therefore think of g as a ‘window function’, determining how much the variance
is spread in E; — F,.

If the dependence of go on the mean energy E is of order one, we can interpret the bulk
dual of the state (2.30) as a small perturbation on the black hole background. However,
for heavy enough operators the function go itself may be exponentially enhanced to
O(e® (E)), in which case one should take into account the gravitational backreaction of
the bulk matter field created by . An example of this kind will be studied in section 4,
where the operator O creates a thin shell of dust in the bulk [8].

Product states. As a third example, suppose that our reference state is separable
[Use) = [Vr) ® |¥R), (2.34)

so that there is no entanglement between L and R. Then the gravitational overlap
factorizes,

Z(11,m2) = Zr(11)ZR(T2), (2.35)

which is illustrated in figure 1. If we plug this into the constraint equation (2.20), we
infer that the variance function also factorizes,

o(Ei, Eq) = or(Ei)or(Ea). (2.36)
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The functions o7, r are related by inverse Laplace transforms to Zi g, and satisfy
Yion(E;) = >, 0r(Es) = 1 by the normalization condition. This means that the
ensemble can be written as

plA) = o AT AT, (2.57)

where Y, is a diagonal matrix in the energy eigenbasis of Hy, with eigenvalues o, (E;) ™1,
and Y is diagonal in the energy eigenbasis of Hp with eigenvalues op(E,)~!. This
ensemble is also known as the correlated Wishart ensemble [65].

An important feature of this example is that even though the input (2.34) is a product
state, a typical member of the ensemble is not separable in general. Namely, the mean
reduced density matrix becomes

pij = 0ij ) | Aial? = b3 oL (E)), (2.38)

so that the von Neumann entropy of the average state S(p) is non-zero.

Relation to holographic coarse-graining. At this point it is interesting to compare
the maximum ignorance principle to other notions of coarse-graining in the context of
holography. These are based on (among others) the diagonal projection [66, 67], random
quantum channels [68, 69], or complexity coarse-graining [70-72]. In the latter approach, one
maximizes the entanglement entropy of p compatible with its expectation values of simple
operators, in an analogous fashion to how the canonical thermal state is derived as the state
with maximal von Neumann entropy subject to a constraint on the average energy.

We want to emphasize that our construction is conceptually different: instead of maximiz-
ing a notion of quantum information entropy of p with low-energy constraints, we maximized
the classical Shannon entropy of a measure on the space of p’s, and obtained as an output
the coarse-graining map

prs b= / dA u(A)AAT, (2.39)

which sends a fine-grained microscopic state to the mean of the induced ensemble. This
interplay between random matrix theory and quantum information theory moreover allows to
compute averages of more general (multi-boundary) quantities encoded in higher statistical
moments p& -+ Q p.

These higher moments give us more information about the fine-grained microscopics
than p can give. As a physical example, inspired by [73], suppose we want to distinguish
between (1) a bulk geometry consisting of two disconnected black holes, and (2) an eternal
black hole with an Einstein-Rosen bridge. In case (1), the gravitational input is a product
of thermal partition functions,

Z(B+7) Z(B+ 12)
Z(B) AC)

and the maximally ignorant ensemble is given by (2.37). We can then solve for ¥ and

Z(11,72) = (2.40)

YR, giving
S = Z(B) P and Sr = Z(3) xR, (2.41)
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Hence the mean of the induced ensemble is thermal, p = pg, and so its von Neumann
entropy S(p) is simply given by the thermal entropy at inverse temperature 3. In case
(2), the semiclassical state is the thermofield double |TFDg), and by plugging in (2.28) we
also find that p = pg.

In other words, on the level of the coarse-grained state the two cases (1) and (2) are
indistinguishable and give the same prediction for the entanglement entropy S(p) = S(5).
However, they can be distinguished by computing the average relative entropy (2.16) in
both cases, either via the replica trick [74] or by expanding perturbatively in dp as (2.17).
Indeed, a simple computation shows that the two cases give different state averages, to

leading order in e™°:

1 1
case (1) - S(pllpg) = 5 O, case(2) 1 S(pllps) = 5. (2.42)

More generally, any measure that depends on the second moment of §p can distinguish
a typical state of ensemble (1) from a typical state of ensemble (2), e.g. by running the
SWAP test [44, 75].

Relation to quantum chaos. Another motivation to use the overlap Z(11,72) as input
data to model random states comes from the field of quantum many-body chaos. In fact,
the overlap (2.19) is related to the return amplitude'’ by the analytic continuation T2 =
it12 [76, 77],

R(ty,ts) = | (U] e~ HLe=it2HR gy |. (2.43)

The return amplitude is a well-known probe of quantum chaos. For typical states in chaotic
theories, this function decays exponentially from its initial value of one to a plateau where it
starts oscillating erratically. For finite systems, after a sufficiently long time, the amplitude
develops patterns of ‘revivals’ where the initial state is (partially) recovered. For systems
with an infinite but discrete spectrum, the amplitude eventually collapses to an asymptotic
value where it intertwines with complex Poincaré recurrences.

In holographic CFTs, such patterns of revivals are expected to appear only at late times
thanks to the chaotic nature of the energy spectrum at high energies. For example, in
large-c 2d CFTs with a large gap and in a finite spatial volume L, the timescale at which
revivals appear in certain boundary states is estimated to be O(Lc) [76]. Nonetheless, even
in holographic CFTs there are atypical states for which quantum revivals in the return
amplitude appear already at O(1) times. This was demonstrated in the case of Virasoro
coherent states in the context of 2d CFTs [78-81], where so-called ‘scarred-states’ exist that
fail to thermalize and do not correspond to black holes in the bulk despite having energies
above ¢/12. These observations give a criterium directly in the boundary CFT for our
semiclassical input. Loosely speaking, we want to choose states |Us.) with return amplitudes
that are smoothly decaying for sufficiently long times.

The return amplitude was also recently studied in the context of chaotic energy eigen-
states [82]. In this setup, an eigenstate of an interacting Hamiltonian is reduced to a subsystem

Y R(t1,t2) is also often called the ‘Loschmidt echo’, ‘fidelity’ or ‘autocorrelation function’ depending on the

context.
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and a bath with a much larger volume.'? This is to be contrasted to our setup, where the
original Hilbert space and the purification Hilbert space are of the same size. Nonetheless,
the statistical methods used in [82] as well as [84] are very similar to ours. Namely, both
references expand energy eigenstates of the interacting Hamiltonian in terms of eigenstates of
the non-interacting left and right Hamiltonians, with coefficients that are treated statistically.
The variance of these coefficients is then modulated by an envelope function, similar to the
variance function o(E7, Fy) that we introduced above. Moreover, the fluctuations of the
typical reduced density matrix away from thermality are found to scale as e 5(£)/2 This
suggests that we can extend the general framework of the maximum ignorance principle
to encompass the results of [82, 84].

2.3 The state-averaging ansatz

Having derived a maximum ignorance ensemble for the purification matrix A, and having
computed the variance function o(E1, F3) for three classes of gravitational overlaps, we
go on to study the induced ensemble of mixed states p = AAT. In particular, we will be
interested in computing the variance m and higher moments, which we will show to
remain finite in the limit L — oo.

For the variance function we take the following ansatz, which encompasses the main
types of gravitational input that will be relevant in the rest of this paper:

O'(El, EQ) =

5 eSB) jo(B,w; B), (2.44)

where E = (Ej + E3)/2 and w = Ey — Ey. The function jo(E,w; () is determined by the
input Z(7y, ) through solving the constraint equation (2.20), which can be rewritten in
terms of E and w in the continuum approximation as

Z(11,72) = Zgﬁ) /dEdw eS(E)_(ﬁJF”)Ee_T—“’jO(E,w;6), (2.45)

where we defined 74 = 71 + 72 and 7— = (11 — 72)/2. We also make the following physically
motivated assumptions about the window function jg that appears in the ansatz.
We will assume that the function jo(E,w; )

i) is even in w. This implies that [ dw jo(F,w; B) w = 0, which is equivalent to —0;_Z |,,—o=
0. In other words, the input state is in equilibrium

E, = (Vs| Hp, |Vsc) = (Vse| Hr |Psc) - (2.46)

Note that this does not imply that Z is necessarily independent of 7_. In fact, the
characteristic width of jy in w is determined by the second derivative of Z with respect
to 7_:

0% Z(71,72)|r,=0 = Z(lﬂ)/dEeS(E)eﬁE/dwjo(E,w) w? = 6%, (2.47)

2For large volume of the bath, subsystem ETH [83] is the statement that the reduced density matrix of an
energy eigenstate is exponentially close in trace distance to the thermal density matrix.
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ii) is peaked at w = 0, and falls off at least as fast as e=“l“l for some C' > 0 as w — co.
This assumption means that § is small enough, with the precise relation between §
and C' determined by the functional form of jy. This ensures that the integral over w
converges.

iii) depends weakly on E and . In other words, it affects the saddle point E, of the
E-integral in (2.45) only to subleading order in 1/S. This statement can be rephrased
in terms of Z, by demanding that —0,, Z(7y, 72) evaluated at 74 = 0 is approximately
the thermal energy Ez = S’(E,). This means the average energy of the semiclassical
state E, determines § (and vice versa) via the standard thermodynamic relation.

In section 4 we will discuss an ensemble where jy fails to satisfy property iii) as jg
becomes itself of the order of eS(E). Moreover, we have encountered one example, when
the input is a product of thermal partition functions (2.40), for which the function jy fails
to satisfy property ii). However, both the TFD and the PETS discussed in the previous

section are of the form (2.44).

Mean density matrix. Using the above ansatz, we first compute the mean of the induced
ensemble u(p). We have

(Ei| p|E;) ZAW 0 =0i; Y o(Ei, Ey). (2.48)

(67

Going to the continuum limit and plugging in the ansatz for o, we can write this as

BEZQ
ﬁii:/dEZe (B2)g=5(Ei2) & 7209 ———jo(Ei2, wiz; B)
(2.49)

e 75 ~5(Be-Bwiz i (F
= 70 /dEQG 22792 o (Bio, wio; B),

where 3 = S'(E3). In the second line we expanded S(FE;2) around Fs, neglecting terms of
order S”(F2) in the thermodynamic limit. The integral over Fy defines a smooth function
j1. For this integral to converge we need that jo decays at least as fast as e~ 3(B2=B)lu]
for large E»s. Hence

Z(p)
Although the function j; depends weakly on E; and 8 by assumption iii), the presence of a

Pii = J1(Ei; B). (2.50)

non-trivial profile for j; is in principle detectable at finite order in 1/S.
Variance of the ensemble. Now, let us study the variance of p around the mean p.

Defining the variable dp = p — p,

I e
6pm5pkl ZAzaAjaAkﬁAlg = 6zl53kz Ei’Eoz)o'(Ejonz)- (2.51)
7ﬂ

Here we evaluated the quartic moment of A in the Gaussian approximation to (2.21). Note that
the index structure is swapped compared to the disconnected contribution p;;pg. Moreover,
the sum over « is a convolution of the variance function o.
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Since o is peaked at E; = E,, the convolved function will also be peaked at E; = Ej.
To make this precise, we fill in the ansatz for ¢ and go to the continuum limit. Expanding
the entropy we find

S(Ep) + S(Ej) ~ S(Eij) + S(Ey) + O (w2) , (2.52)

where we neglect terms of order S”(E3) as these terms vanish in the thermodynamic limit.
From this expression, we find that the variance is given by

—2BE;;

(§]
00::2 =
| 101_7| Z(ﬂ)Q
efzﬁEij

Z(p)?

e~ 5(Eiy) /dE2 iz jo(Ea, win; B)jo(Ej2, wi2; B)
(2.53)

&S jo (Bij, wigs B).

In the first line, we defined w;j2 = Ez-j — FE5. The function jp is peaked at w;; = 0, and has
an envelope in w that is determined by the integral over FEs.
Combining (2.49) and (2.53), we can write an expression for the high-energy matrix
elements of p = p + dp which takes a form very similar to ETH
—BE; —BE;; _
e e J _
R i (B =S(E5)/25 (B e BYY2R.. 2 54
Pij ij Z(B)]l( zaﬁ)"" Z(ﬁ) S ]2( Zjawlj7ﬁ) ij ( )

Here R;; is a complex random variable of mean zero and unit variance. This variable is
approximately Gaussian, but it receives exponentially small non-Gaussian corrections (see
discussion below). We will refer to equation (2.54) and its generalization to higher moments
as the state-averaging ansatz.

Notice that in a microcanonical window where E; ~ E; ~ E, the suppression of the diag-
onal and off-diagonal terms precisely agrees with the unitary invariant ensemble of section 2.1;
namely, prpg ~ ¢ ) and dppp ~ e 35(E)/2 However, outside the microcanonical window
the state-averaging ansatz depends non-trivially on the spectral density Q(EZ’J’) evaluated
at the mean energy. In particular, the variance remains finite in the L — oo limit, so that
the state-averaging ansatz can be used for theories with a (discrete) infinite spectrum, such
as a CFT on the cylinder.

Average relative entropy. Since the variance (2.53) is suppressed by a factor e=S(E)
compared to the mean squared, we can perturbatively expand averages of arbitrary functionals
F[p] in a series in dp. As an example, we evaluate the average relative entropy for the state-
averaging ansatz using the perturbative expansion (2.17) of S(p||p) to quadratic order. The
quadratic coefficient is called the Fisher information metric (see appendix A). For an ensemble

centered at the thermal state p = pg we obtain

Ezj 4ﬁwl]/2 .2

Now we can use the variance (2.53) and make the continuum approximation >3, —

[dEdw e?S(E) The resulting integral over E will then have a saddle point precisely at
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the thermal energy Ej. Evaluating the F integral on its saddle, we get the following
approximation

STl =~ g [ o (). (2.56)

If jo is a Gaussian envelope in w of width §, the average tends to % in the limit where
0 — 0. More generally, we see that the envelope function jo appearing in the state-averaging
ansatz (2.54) has a nice interpretation as controlling the distinguishability between a typical
state p and the mean.

Higher moments of the ensemble. The random variable R;; appearing in the state-
averaging ansatz (2.54) has exponentially suppressed non-Gaussian corrections. For example,
the cubic cumulant is computed by a fully connected Wick contraction'® of the form

5pii0pkOpmn =Y AiaAl ArgAlsAmsy AL (2.57)
a8,y

This gives a cyclic pattern of contractions for §p® which is precisely of the generalized ETH
form [35]. If we plug in the ansatz for the variance function (2.44), the resulting nth cumulant
can be brought into the form

conn. e—nﬁE‘n —(n— EY . /5
(5,01‘12‘2501‘21'3 e 5p7,n21 = Z(ﬁ)n (§] ( 1>S(En)]n (ETM {wkl})v (258)
where we defined
_ 1
E, = 5(]51 +---+ Ep), (2.59)

and {wy;} collectively denotes all energy differences. The function j, is an n-fold convolution
of jo. Hence it is strongly peaked at wg; = 0, with some window function determined

fully by jo. The entropy dependence of the nth cyclic non-Gaussianity is e~ (2n—1S(E)

, in
a microcanonical window around energy FE.

The fact that the non-Gaussianities precisely follow the structure dictated by typicality is
a feature of our construction that should be contrasted to ETH. Namely, applying a principle
of maximum ignorance to operator averaging (as described in the introduction), one has to
input all higher statistical moments of O;; essentially by hand, through higher-point thermal
correlation functions of O. By contrast, we have only given a single quadratic input for A,
from which the higher cyclic non-Gaussianities follow immediately. The basic reason why
this happens is that a quadratic input for O leads to an exactly Gaussian model, whereas a

quadratic input for A leads to only an approzimately Gaussian induced ensemble for p = AAT.

2.4 Some extensions of the ansatz

Adding extra input. In the previous two subsections we have considered a simple class

of input data, namely state overlaps after some Fuclidean time evolution. However, we

13As before, we are using the Gaussian approximation for the ensemble of A’s here. We have explicitly

checked that the corrections from the fixed trace condition &(Tr AAT — 1) are further subleading in ™.
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could supply the ensemble with additional input data, such as the expectation value of some
local operator in the semiclassical state,

(Tse| OF © OF |Uc) . (2.60)

If we now demand that the ensemble p(A) reproduces this expectation value on average, the
principle of maximum ignorance leads to the following ensemble

plA) = e (—; S 0(Er Ea) YAl + 2 Y OL OF, AmAjﬂ) @6
i ijop
Here A is a Lagrange multiplier, which should be fixed in terms of (2.60). We have written
the potential directly in the energy eigenbasis, to highlight the fact that the ensemble no
longer factorizes as a product of independent Gaussian integrals. Instead, there are now
correlations between different A;, and A;‘fﬁ for all mixed indices.
One implication is that the mean of the ensemble is no longer strictly diagonal

pij =y A3, = p(Ei, Ej). (2.62)

In other words, the coarse-grained density matrix can acquire a non-trivial time-dependence
p(t) under the evolution with Hy. Moreover, higher moments of the ensemble can also
get non-Gaussian corrections

0piidpi; = O Aia A Ajg A, i A, (2.63)
a,

which are not of cyclic ‘generalized ETH’ form. However, if O are simple operators, one
expects their matrix elements to be approximately diagonal in the energy eigenbasis,

Of = 6 fL(E;), (2.64)

and similarly for OF. Here, we have dropped the terms that are of O(e™®). The diagonal
contribution simply gives a shift of the variance function O’,L»_al by the smooth function
—% fL(E:) fr(Es). The only non-Gaussianities appearing in (2.61) then come from the
exponentially small off-diagonal components of O%F. For the second and higher moments
of dp, these subleading corrections compete with the subleading corrections coming from
the exact normalization condition (2.23). Which of these subleading corrections dominates
should be established on a case-to-case basis.

Tensor products. In section 3, we will also need a generalization of the state-averaging
ansatz to tensor product Hilbert spaces. Suppose p is a mixed state on Hi; ® Ho, which
we purify on the doubled Hilbert space

Hir @ Hir ® Har @ Hag. (2.65)
Also suppose the Hamiltonian is a sum of non-interacting terms on each copy,

H;=H111, Hrp=1Hx1x1, etc. (2.66)
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We use indices i1, a1 to label the energy eigenstates of Hiy and Hig, and ig, as to label Hop,
and Hogr. Then a random pure state on the total Hilbert space is of the form
’\Il> = Z Ai1i2ala2 |EZ1> ® ’E011> ® ‘El2> ® ’Ea2> . (2'67>
11,12,001,02
The coefficients are now complex tensors, which we sample from a probability distribution
wu(A). Taking a partial trace over the purifying Hilbert spaces gives a random mixed state

p=AAT (2.68)

which can be expanded in the basis |E;,, Ei,) (Ej,, Ej,|. Generalizing the construction
of section 2.2, we give as input the gravitational overlap of a semiclassical state in the
doubled tensor product Hilbert space, after Euclidean time evolution by the four independent
boundary Hamiltonians

Z(TiL, ..., Tog) = (Uge| e Te L —TinHing=Tor Hor—manHon | ) (2.69)

The simplest example of such an input is a product of TFD states in each H;r ® H;rg,
in which case Z factorizes into a product of thermal partition functions. Another, more
general example is the state defined on the time-symmetric slice of the multi-BTZ black
holes analyzed in [85], for which the overlap is computed holographically by a higher genus
handlebody in the bulk AdSs.

Given such a Z, we then find the distribution p(A) that maximizes the Shannon entropy
with the constraint that the average overlap agrees with the gravitational saddle-point

/dA p(A) (U] e mHie—mrHire =L Her =T2rHor | gy) < Z(TiL,---,T2R)- (2.70)
This leads to the maximally ignorant tensor model

1 1
1(A) = &P —izU(EmEa)*leP ; (2.71)

i,Q

where used the multi-index notation 2 = (i1,142), @ = (a1, a2). The volume element is simply
the product dA = [[; , dAiadAf,. As before, we see that the ensemble is approximately
Gaussian, and the normalization condition (V|¥) = 1 gives small non-Gaussianities. Again
we can approximate the coefficients A;, as independent Gaussian random variables, up to
subleading corrections in e™. All of the above remarks straightforwardly extend to the
case of k-fold tensor products H®K.

Although the above construction may seem like an uninteresting exercise in bookkeeping,
there are at least two interesting new features. These are that

i) the mean of the ensemble can now depend on multiple parameters. For example, in
sections 3.2 and 3.3 we will take the mean to be the product of thermal states

pP=pp R pg,. (2.72)

These ‘inverse temperatures’ 31,. .., Bk are part of the input data provided by |[Ug).
For example, in the case of CFTy, these parameters are related to the moduli of the
Riemann surface [85] that defines the boundary manifold of the Euclidean geometry
dual to |Ug).
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ii) the induced ensemble for p has a pairwise selection rule for the higher moments of the
fluctuation

dpijOprL = 031 Ok |0pij|?, (2.73)

where the Kronecker delta’s are defined element-wise in the multi-index notation, and
we defined
5,0ij = <Ei17---ink‘(Sp’Ej1a---7Ejk>- (274)

In other words, the index contractions are pairwise Gaussian in the product Hilbert
space. This selection rule will be used in section 3.2 and 3.3 to study general observables
in AdS3 gravity.

2.5 State-averaging with conformal symmetry

As a final useful generalization of the state-averaging ansatz, we extend the above framework
to two-dimensional conformal field theories. Recall that the dynamical information of a
2d CFT is a list of primary operators with conformal weights together with a list of OPE
coefficients. Because of conformal symmetry, the Hilbert space of any CF'T organizes into

primary states |h, B> and descendant states, the latter being given by states of the form

L_yL_n

h, i_z>, where M = my,--- ,m; stands for an arbitrary ordered partition of m = |M]|,
h, B>.

The level m descendant states of a given primary state' |h) have the same energy

with mj; < --- < mg < my. We call these states a level (m,n) descendant of

(h 4+ m). This leads to a degeneracy that corresponds to the number of partitions of the
integer m; because of this degeneracy, we cannot specify a unique a basis of eigenstates.
Despite this, in every CFTy there is a natural basis of eigenstates given by the states L_ys |h).
This basis is not orthonormal but can be transformed into an orthonormal basis using the

inverse of the real Gram matrix Bj, ,:

1
)= 30 [Buk] vl By = I IuEow . 279
N, NM
IN|=m

Now, it is expected that for generic irrational CF'Ts the primary states exhibit the hallmark
features of chaotic systems, while descendants are fully fixed by conformal symmetry and
should not be averaged over.!> Hence we present a modified state-averaging ansatz where
primary matrix elements display statistical characteristics while descendant matrix elements

are entirely determined by conformal symmetry.
For primary states, the ansatz assumes a very similar form as in the previous sections,

_ﬁ{(hgh/)_i] nt
_S +h
(hlp|h') = 6npp(h) + ewe N )/2j(h, Wy B)Y2 Ry, (2.76)

MFor simplicity, we will temporarily disregard the antiholomorphic component of each primary state. Also,

we will only be considering non-degenerate representations of the Virasoro algebra.

153ee also [17, 86-88] for a discussion of the validity of ETH for descendant eigenstates, as well as [67] for a
manifestly conformally invariant and modular invariant approach to random matrix averaging in the spectrum
of a CFT5.
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Here, R is a random variable with unit variance and, just as in equation (2.54), j is a smooth
function highly peaked at w = 0, with at least j(8;h,h + w) ~ e Pl for |w| > 1. The
microcanonical entropy of primary states Sy(E) given by the Cardy formula

So(h) :==log oo(h) ~ 27 % (h - ;) (2.77)
Next, for descendant states, we consider an ansatz that is fully determined by the primary

spectrum:

with farn(h, h'; 5) being a smooth function of the variables h, h’. Our motivation for this
ansatz stems from an analogous expression that is valid for three-point correlation functions
between a primary operator O and two descendant states

(B LyyO(2) Ly |I) = (b O1) |B) v(h, M; ho I, N|2), (2.79)

where v(h, M;ho; b/, N|z) is a smooth function of h, h and z, fully determined by Virasoro
symmetry in terms of the weights of the primary operators.'® In the section 3, we will
find that in order to match CFT observables to gravitational amplitudes, we must take
the function f to be of the form

fun(h, b 8) =e oy Ny +0 (h— 1), (2.80)

with n = |N|, where we have allowed for the possibility of corrections that vanish as h = h'.
An important feature of (2.80) is that the function is invariant under changes in the eigenbasis
of descendant states, as the function is proportional to the identity matrix when h = A/

There are multiple ways in which we could extend the ansatz (2.76) to include the
holomorphic and anti-holomorphic sectors of the CFT. The question is whether or not the
ansatz should take into account the spin quantization condition h — h € Z. As it turns out,
the on-shell gravitational amplitudes discussed in section 3 are not sensitive to this condition.
For the purposes of this paper, we can regard the holomorphic and antiholomorphic sectors
of the CFT independently, and use a factorized ansatz of the form

W, B/> _ e—ﬂ{AEA, fg} e_%So(hzh')—%So(ﬁgﬁ')j(h’ B, B, B/)1/2 Rh,h'Rl_z,B’ (2.81)

h/, N/, }_l/, NI> = fN,N’fNJV/ <h, }_‘L’ (5p hl, }_ll> . (2.82)

<h,ﬁ‘ op
<h, N, h, N\ 3p

Here R and R are a set of approximately uncorrelated random variables with unit variance
and j only has a narrow support around w =h—h =0and @ = h — A’ = 0.

In appendix E, we discuss an off-shell amplitude which depends more sensitively on the
details of the ensemble of states. For this off-shell amplitude, the correlations between R and
R are relevant to leading order. However, for all the on-shell wormholes that will be discussed
in the next section, the uncorrelated ansatz (2.81), (2.82) gives a good approximation to
the gravitational result.

16The function v will be important in section 3. For a review on the properties of v we refer the reader
to [53], appendix A.
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3 Wormbholes from random states

So far, we have developed the technology to accommodate state averaging in infinite-
dimensional Hilbert spaces. We have also generalized our model to incorporate conformal
symmetry. In this section, we test the output of our ensembles in the context of 3D gravity.
We will focus on the ensemble of microstates of a holographic 2d CFT that models a small
perturbation around a bulk thermal state. The resulting ensemble of microstates has the
form of the state-averaging ansatz given in equations (2.81) and (2.82).

The state-averaging ansatz outputs connected configurations to statistical moments over
the ensemble of microstates. We will match these contributions to the on-shell gravitational
actions of known wormbhole configurations in 3D gravity, constructed in [7]. In that paper
the wormholes were interpreted as arising from an average over approximate CFTs. We
will show that the state-averaging approach also matches the bulk wormhole configurations
for a single instance of a CFT.

Our discussion begins with two important examples: the punctured torus wormhole in
section 3.1 and the genus-two wormhole in section 3.2. After these examples, we extend
our results to correlation functions on general Riemann surfaces in section 3.3. We end
with a comparison between the operator- and the state-averaging approach to 3D gravity
in section 3.4.

3.1 Punctured torus wormhole

We start by considering the torus wormhole punctured by a primary operator O(x) at the
boundary. Conformal symmetry allows us to place this operator at any point in the plane, so
we will restrict ourselves to the case where x = 1. Our proposal is that we can model the
gravitational amplitude using an ensemble of mized states centered at the thermal state p = pg,

—

Z Tr pO(1) Tr pO(1) — Tr pO(1) Tr pO(1). (3.1)

In this approach, it is the ensemble of states that produces the correlation between the two
asymptotic boundaries; there is no ensemble over CFTs or the operators O.

To evaluate (3.1), we can use the ansatz presented in (2.76) and (2.78). Since this
ansatz takes conformal symmetry into account, it naturally organizes the sum into primary

and descendant sectors:1”

TrdpO(1) Tr6pO(1) =

SSTRGPINE S Fanns faras (B N[ O [, M) (B, No| O |1, M) . (32)
h,h’ My,...,N2

'"In this section, we will be ignoring the anitholomorphic counterpart of this amplitude, as the final answer
trivially factorizes into holomorphic and antiholomorphic components.
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The Virasoro conformal blocks corresponding to the torus one-point function are defined as,'®

8 = o B(h=57) ¥ g hm (h, M| O(1) |1, M)
T ety Themm

(3.3)

with n = |[N|. To recover the conformal blocks in (3.2), we must take f to be of the form!’

fun(h By =e Py N + O (h—1). (3.4)
This leads to the following expression for the amplitude of the torus wormhole

Y I (Rlop W) 2[R Oh)

R,

—,8(7’7,14—712) <h/7N1‘O’h‘? N1> <h7N2‘O’h‘/7N2> h_h/
X(Ze womwowy, )

(3.5)

Ni1,N2

For primary operators, the three-point function (h’', Ni|O |h,M7) /(K| O |h) is a smooth
function of the conformal weights h and h’, meaning that we can consider the Taylor series
of this amplitude around h — b/ = 0:

$ o (.2 O 11 M)

(W[O|h) :eﬁ(h_i)fo(h;ﬁ)JrO(h—h’). (3.6)

N1

Plugging this expression into (3.2) leads to the amplitude

Tr6p0(1) Tep0(1)= >_ [(h[p W} [? Co,00;,Coyo0, ¢’ "=5) [Fo(h; B)2+0 (h— 1')).
01,0},

(3.7)

Here, there is a slight abuse of notation because the only meaningful quantity for the OPE

O h,ﬁ>, since for individual OPE

coefficients there is no holomorphic factorization. This problem is no longer present once

coefficients is the product Co,00;,Co. 00, = <h’,ﬁ’

we include the anthiholomorphic sector in our analysis.

The next step of the computation is to approximate the sum in (3.7) by an integral. The
key insight is that the function | (h|dp |h') |? is smooth. This feature allow us to average over
the exponentially many OPE coefficients that lie within the microcanonical windows around
h and h’. The microcanonical average of the square C(’)hO(’);L CO;IOOh is a known universal
result that can be derived from crossing symmetry and modular invariance [51],

Tp(2Q)TH($ £iPy +iPy +iP3)
V2TH(Q)3 T}oy Th(Q £ 2iFy)

where the brackets (o) denote operator averaging. We would like to remark that this is

(Coh,l OhQ Oh3 COh3 th Ohl ) = CO(h17 h’27 h3) = (38)

an average over operators within a microcanonical window in a single instance of the CFT.
There is no ensemble averaging over different theories in this framework.

8For convenience, we have included the Boltzmann factor e ?("=31) in the definition of the blocks.

9This form can also be obtained from the overlap Z(71,72) defined in (2.19) in section 2, as conformal
blocks also appear in this amplitude. Here we are neglecting terms of the order of the difference h — h’, because
they will not be relevant for the analysis.

- 32 —



Formula (3.8) is written in terms of the Liouville variables b, Q and P which are related
to the conformal weights and the central charge of the CFT via

c—1
24

c=14+6Q% Q=0b+b"", and h= + P2 (3.9)
The function I'y(x) is called the Barnes double Gamma function. For our purposes, it suffices
to know that I' is a smooth meromorphic function in = and continuous in b. Again, in (3.8)
there is a slight abuse of notation, since the full equation also includes an antiholomorphic
counterpart.

Using the microcanical average of the OPE coefficients and substituting for the moments
of Jp yields the result

TropO(1) TropO(1) =~ /dh duw eS0(h+w/2)+Soth=w/2)=So(h) (. B)
w (3.10)

w
Colh+ =,ho,h—
X 0<+27 O 9

) [Fotmia? +0()].

Here, w corresponds to the energy difference w = h — I/, and we have denoted the mean
weight using h = (h + h’)/2 to avoid any confusion with the traditional (anti-)holomorphic
notation h, h. The approximate sign in this equation corresponds to the usual thermodynamic
approximation Y, — [dh e50(h),

The ensemble of states we are considering is the one constructed from the input data of
the thermofield double — the canonical purification of the thermal state. In section 2.2, we
derived a profile for the function j(h,w; ) associated to this ensemble, see equation (2.29).
This profile reads

efw2/262

j(h,w; B) = N

(3.11)

where the smearing window ¢ is of the size 1/Sy. The main takeaway of this computation is
that the function j(h,w; ) is a function highly peaked at w = 0. Taking advantage of this
fact, we can simplify equation (3.10) even further. In such a narrow window, the functions
Co and Fp + O (w) can be treated as constant functions with respect to w. This allows us
to compute the integral over w by pulling out the factors of Cy and Fo + O (w) outside of
the integral and evaluating them at w = 0.2°

To fully perform the w integral, we also need to expand Cardy’s formula to second order,

So <h 4 ;’) + S0 (h _ ‘2") — 250(h) — 67w (Qih _ 1)-3 1o(ut). (12

20For chaotic CFTs, the expectation is that the support of j can be taken to be as narrow as efs‘)(h), leaving
only parametrically many states to perform the coarse-graining over the OPE coefficients. However, we do
not need such a narrow (non-perturbative) profile for j as the functions Co and Fo + O (w) are smooth and
almost constant functions inside a window whose width is perturbatively small in h.

— 33 —



These considerations lead to the following amplitude for the torus wormhole from state
averaging

- / dh &M (h: 3)Co(h, ho, W Fo(h; B2, (3.13)

Here, we have taken out the functions Cy and F + O (w) from the w integral, and absorbed
the remaining piece into a new function j’,

i'(h; B) = /dw e_GWZ(%_l)%j(h,w;ﬁ) =1+ 0(6). (3.14)

As 0 approaches zero in the thermodynamic limit, the state-averaging answer (3.13) precisely
matches the gravitational computation of [7], as well as the computation using the Virasoro
TQFT [89].

Saddle-point analysis. For (3.13) to be a good approximation of the original ampli-
tude (3.1), it must be that the integral is dominated by states above the black hole threshold
h > . Otherwise we cannot justify the use of the Cardy formula or expression (3.8) for the
mean value of OPE coefficients. This is not evident from (3.13) alone because Cy ~ e~50(h)
cancels the only entropy factor in (3.13). However, we can show that this amplitude is
dominated by high-energy states as long as the weight of the external operator ho is larger
than fc/12. To further clarify this point, we finish this section with a discussion of the
integrand in (3.13) as h approaches infinity.

For this analysis, we need to use more refined versions of the Cardy formula, the torus
one-point blocks, and Cj. Expressions for these formulas to leading order in the large h
limit are given by (see [51, 90])

So(h) = \/?— %logh—i—O(l), (3.15)

log Co(ho, h, h) = —,/gh+h@ logh + 0 (1), (3.16)
_B
_ _c e 24 _
Fo(hm;B) =e B(h—57) [n(;ﬁ +O(h 1)] , (3.17)

where 71 corresponds to the Dedekind eta function. Using these formulas to evaluate the
wormhole amplitude leads to the integral

/dh pho=3=28h, (3.18)

Here, we have neglected an overall multiplicative factor. To justify the h expansion, we need
to check that this integral is dominated by large values of h. Equation (3.18) has a saddle
point at h* = %(ho — %) Interestingly, the saddle point is not controlled by an entropy

factor, but by the smooth function h*©. We may think of this function as an ‘effective’
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entropy Sess(h) ~ holog(h). The validity of the saddle point relies on the hp being large,
and at least larger than Bc¢/12.2! This is compatible with the idea that the operator O creates
a conical defect that propagates through the bulk. Note that for the operator O to create a
conical defect but not a black hole, we should also require that Sc/12 is less than ¢/24, this
can always be achieved as long as the inverse temperature is small enough. Finally, the spread
of the saddle, to leading order in he, is of the order of Ah = \/ho/(283). Since Ah/h* ~ ——

Vho
the wormhole amplitude is fully dominated by states that are above the black hole threshol%.

3.2 Genus-two wormhole and product Hilbert spaces

As a second application of the state-averaging ansatz, we consider the genus-two wormhole,
which connects two genus-two Riemann surfaces through the bulk. Microscopically, this
amplitude contributes to the variance of the genus-two partition function.

In the CF'T, one can construct the genus-two partition function as two spheres glued
together by three cylinders of lengths 51, 82, and (3. Such a construction leads to a partition
function of the form

Zg—2(B1, B2, B3) = D _ | (i| O; |k) [Pe~PFi=F2Ei = Bski (3.19)
ijk

where the indices 4, j and k run over a complete set of states [52]. This construction is known
as the plumbing construction, which we describe in more detail in section 3.3.

Formula (3.19) sums over the full spectrum of the CFT. However, we need to separate
the contribution of primary states from their descendants. We will be using the basis of
states given in (2.75), and the generalization of the three-point function v given in (2.79)
for correlations between any three Virasoro descendants:?

(h1| Ly, OSN (2)L_n, |hs) = Chas v(h, Ni; ha, N hs, Ns|z). (3.20)

We can then rewrite the genus-two partition function as:

o
Zg—2(B)= Y |Crsfe PP Y e P
01,02,03 n=(0,0,0)
-1 -1 -1
X Z [Bhlvnl]NlN{ {th,nz}NzNé {Bh?”m‘}NgNé X V(h7 Nll)y(hv NH) (3'21>

|N;|=|N{|=n;

Here we are using bold vector notation to write the triplets 8 = (81, B2, 83), b = (h1, ha, h3),
n = (|N1|,|Na|,|N3|) and N = (N1, Na, N3) labeling the temperature, conformal weight and
level of each copy of the Hilbert space. Since we will only consider the function v(h, N|z)
at z = 1, we will often omit this label.

2In principle, one could study this amplitude when the saddle point is not above the black hole threshold.
In this regime, the amplitude is dominated by enigmatic states that are at the edge of the integration domain.

22As in the previous section, we will be ignoring the antiholomorphic counterpart of each expression and
focus on the holomorphic part only. The notation OgNZ)(z) in (3.20) corresponds to the descendant field
associated to the state L_n, |ho> via the state-operator correspondence.
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We find it useful to write (3.21) directly in terms of the orthonormal basis (2.75). To do
this, we first define the normalized Virasoro three-point function C as

1 1 1
C(h, M|2) = {B‘Q ] {B‘? ] [3‘2 } v, NJ2).  (3.22)
N, ,sz,Ng hi,m1 MiN, ha,n2 MaNs h3,n3 M3Ns

Since this basis absorbs the Gram matrices, the genus-two conformal block takes a somewhat

simpler form

Fom2(Bishi) = > e ABtm N™c(h, M)C(h, M). (3.23)
m=(0,0,0) | M |=m;

Here we have omitted the label z = 1 in C.

Building the conformal blocks using the plumbing construction as above fixes a choice
of conformal frame. Conformal blocks constructed in different conformal frames differ from
each other by a factor given by the conformal anomaly. In the case of the torus one-point
function, this difference is accounted for the Casimir energy of the cylinder. For higher genus
Riemann surfaces, the plumbing frame fixes the conformal anomaly in such a way that the
blocks are c-independent functions to leading order at very small temperatures — i.e. the
Casimir energy is zero because the fixture is done on the plane instead of the cylinder. We
discuss this construction in more details in section 3.3 where it will play an important role
in understanding more general wormhole amplitudes.

In the plumbing frame, the genus-two partition function has a natural interpretation
in terms of a thermal correlation in a tripled Hilbert space H®3:

Zg:2(ﬁ17/82763) = Tr@eiﬁlHli/BQI—biﬁSHsa (324)

with H; = Lo acting on the i'" copy of the Hilbert space and O is an operator defined
via its matrix elements:

(h, N|O|h,N') = Ci95Cys23 C(h, N)C(H', N). (3.25)

Having written the genus-two partition function as a thermal correlation function, we can
try to evaluate its corresponding wormhole amplitude using an ensemble of states centered
at p = pg ® pg @ pg. Using the arguments discussed in section 2.4, the state-averaging
ansatz yields??

3 _ _
3pijopsi = j(E,w; B) [ e #nfne5En), (3.26)

n=1

where 4, j are multi-indices, ¢ = (i1,i2,43), w = (E;, — Ej,, By, — Ej,, Eiy — Ej,;) are the
energy differences, and E = (Ey, Ey, E3) are the mean energies of each component of the
Hilbert space. As with the state-averaging ansatz, we require that the smooth function
7 is highly peaked at w = 0.

ZNote that we have dropped the normalization factors of Z(8,) 2.
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The generalization of this ansatz to one that respects conformal symmetry is straight-
forward. We will require that the ansatz is valid only for primary states |h) and fix the
matrix elements of descendants states to be

(h, M| dp |, N') = (e P"6n v+ O (h— ) (R|6p|R). (3.27)

By following the same steps as in the torus one-point function, this ansatz leads to the
following wormhole amplitude

Te(500) Te(0p07) = 3 ClogChovse [ (W] 3p ) 2 (3.28)
h,h'

X { S° e Amimie(n, M)C(R', M)C(h, M')C(h/,M’) + O (h — k')
M M’

3
%/Hdhi e04) 3/ (h; B)Co(hy, ha, h3)2Fy—a(h; B)? (3.29)
=1

where in the last line we are using the notation h; = (h; +h})/2. To go from the second to the
third line, we used the continuum approximation of the sum and assumed that j(w, h; 3) only
has support within a narrow window around w = 0. Note that this condition is necessary
to recover the genus-two conformal blocks. The function j'(h; 3) is a redefinition of j that
results from performing the w integral. Taking j' to be constant reproduces the gravitational
computation of [7]:

Tr Qdp Tr Ofép = . (3.30)

3.3 General observables in 3D gravity

Building on the previous examples, we now discuss an approach that extends to a more
general set of observables: correlation functions of Virasoro primaries on general Riemann
surfaces. The key insight of this section is that any such observable can be constructed using
a pair-of-pants decomposition, which reduces the observable into a set of three-punctured
spheres sewn together by cylinders. Such a way of building observables in the CFT is known
as the plumbing construction.

In the plumbing construction, one cuts open the path integral of the CFT defined on a
manifold M by inserting a resolution of the identity along a circle. This allows us to express
complicated correlations functions in terms of simpler building blocks. Figure 2 shows this
relation pictorially when the manifold M is divided into two manifolds M; and Ms with
coordinates z; and zo, respectively. The gluing is performed by doing the identification
z1 = qz9 along the circle where the path integral is cut open. We can also understand this
relationship algebraically. If the sewing happens at the points z; = 0 and 29 = 0o, then the
following relation applies to a general correlation function

(X (21 = 2a)Y (22 = )hus = D (X (@) O (21 = 0)a, (O (21 = 0O)Y (p)ae- (3.31)
i,N
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qhi+n
h;,N

O™ (z1)

Figure 2. The correlation function on M can be expressed in terms of simpler correlation functions
by cutting open the path integral and inserting a complete set of boundary states. This process is
repeated until the observable can be expressed as a product of sphere three-point functions.

Here X (z,) and Y (y) stand for an arbitrary product of local fields inserted at the points
Z1 = T1,T2,...Tq and 29 = y1,¥Ys,...Yyp. Note that on the left-hand side we are using the
coordinates on M; to describe the fields in X and the coordinates on My to describe the
fields in Y. On the right-hand side, we inserted a resolution of the identity Y |h;, N) (h;, N|
and used the operator-state correspondence to write the states using the local fields OEN)(zl)
at z1 = 0 and 21 = oo. It is important to keep track of the coordinate system used to
define the identity operator, as the fields (’)Z(»N)(zl) and O,L(N)(ZQ) are related to each other
by a conformal transformation

O™ (z1) = g h O™ (2,). (3.32)
Recalling that the definition of the field OZ(N) (c0) is given by the limit limzlﬁoozf(hﬁn) OZ(N)(zl),
(N) (NV)

(21 = 00) = ¢"*"O

the correlation function <(’)£N)(zl = 00)Y (yn)) M, purely in terms of the coordinates in Ma:

(X (21 = 2a)Y (22 = o)) ar = 3 d" (X (2a) O™ (21 = 0))ar, (O (22 = 00)Y (1)) -
i, N

yields the relation O (29 = 00). This relation allows us to express

% %

(3.33)

By iterating this process, we can write any correlation as a product of three-point functions
sewn together by cylinders whose length is given by the sewing parameters ¢;. The parameter
g and the inverse temperature 8 are related to each other via the identification

q=¢"7T 1 =iB/2m. (3.34)

An illustrative example of this construction is the four-point function of Virasoro primaries
on the sphere

Ga(q) = (O1(00)O02(1)O03(q)O4(0)). (3.35)

For simplicity we consider the case when 1 > |g| > 0, although the final result can be
analytically continued outside this region. Inserting a resolution of the identity between
the operators O3 and Oy leads to the expression

Galq) = Y (1] Oa(1) [he, N) (s, N| Os(g) [ )
hs,N

=q "7 3" (| O5(1) |hs, N) (b, N| O3(1) |ha) ¢"F™.
hs,N

(3.36)
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Figure 3. The plumbing construction of the sphere six-point function and the torus two-point
function.

Here, we can explicitly see the gluing of the two spheres via the parameter ¢q. There is

~hs=ha ip front of the amplitude due to the operator product

also an additional factor of ¢
expansion of Os(q) approaching O4(0). This factor can be understood from the plumbing
construction as a consequence of the conformal anomaly. For this example, the anomaly
arises from the change of local to global coordinates. In the plumbing construction the
operators Oy and Oy are defined in the coordinate system z; of the first sphere, while the
operators O3 and Oy are defined in the coordinate system zy of the second sphere. Changing
all operators to be on the same coordinate system, z; in this example, accounts for the
additional factor of ¢~"~"4 in equation (3.36).

Now, we can write the four-point function as a thermal expectation value:
Gylq) = ¢ 37 Tr(©4qL0), (3.37)
where the operator Q4 is defined via its matrix elements as
(hy, N'| Q4 |hs, N) = C125 Cs34C(h1; ho; iy, N')C(hg, N hs; hy). (3.38)

In general, one can always write correlation functions as thermal expectation values using the
plumbing construction. As a second example, let us consider the sphere six-point function
depicted in figure 3. Considering the OPE of 010y, O304 and 0504, we find

Ge(qi) = (01(00)O2(1)O3(q1 + q142)04(q1)O5(q143) O6(0))

ha— he . i h
= (q192) "5 7" (q1gs) TN NzidasiAser ik al ay” dht (3.39)
ik
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For clarity, we have not organized the spectrum into primary and descendant fields. The
sum here is over the all operators of dimensions h;, or equivalently, all the eigenstates |i)
of Ly. We denote the generic three-point coefficients with a different label \;j;, as we will
reserve the label Cjj;;, for three-point coefficients between primary operators.

Expression (3.39) can be interpreted as a thermal correlator in a tripled Hilbert space

Go(qi) = (q192) "7 (q1g3) 75710 Trpyes Qpqi ga2 g2, (3.40)

with H; = Lo acting on the ™ copy of the Hilbert space, and Qg defined via its matrix
elements:

(h, N| Qg |h', N") := C12iCj34Cr56Clirjrir
x C(h; ha; hi, Ni)C(hj, Nj; h; ha)C(hy, Ni; his; he)C(hi, Nj; by, NJ; by, Ni). (3.41)

An interesting example is that of the torus two-point function depicted in figure 3. Although
the observable itself is a thermal correlator, we can also be express it as a thermal expectation
value in a doubled Hilbert space

Try O1(z)Os(1)g" = ¢! Tryen Oryai®qs°, == e q=q1q2. (3.42)

The difference between the first and the second description is that, in the latter one, all the
information about the position x and the temperature ¢ = e~? are encoded in the auxiliary
temperature parameters g; and g2. Moreover, the operator Or, is not a local operator, but
instead, it encodes information about the OPE coefficients in the pants decomposition:

<h, N’ ©T2 |h/, N/> = C’ijQCj/iqC(hi, Ni; hl; h]’, N])C(h;, NJ/, /2; h;, Nz/) (343)

Wormbhole amplitudes from fuzzy cylinders. The idea is to apply the state-averaging
ansatz to the thermal correlator in the tensor product Hilbert space. The averaged state in
this ensemble is given by the product state px = pg, ® --- ® pg,. Writing a state p in this
ensemble as p = px + dp, the state-averaging ansatz makes a prediction for the moments of
§p. Taking conformal symmetry into account, the ansatz yields?*

k
(R 3p ) (R0 ThY = j(h,w; B) [ e 2hieSolho),
i=1 (3.44)

(h, N|3p|l/,N') = (e P"on n1+ O (h — b)) (] p |B),
where h = (h+h")/2 denotes the mean weight. We can use this ansatz to compute the quantity
Tr §p0O Tr 5 pOf (3.45)

associated to the wormhole amplitude of a generic correlation function. Since the operator
O is not in general self-adjoint, we have explicitly included its Hermitian conjugate Of in
the amplitude.

24The ansatz in (3.44) corresponds to the simplest generalization of the state-averaging ansatz to a tensor
product Hilbert space. One could, in principle, include extra contractions if needed to accommodate for more
complicated wormhole amplitudes.
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An analysis analogous to the amplitude of the punctured torus wormhole yields the result
- k
Tr 6p0 Tr 6p0Of = (H/dhi eSO“”’) 7' (h; B)(Onn Oy Yn=ns F(h; B)?, (3.46)
i=1

where Opp = (h|O |h), and the conformal blocks F are defined as

F(h,B)= Y e P™g(h, N, b N). (3.47)

The smooth function g is given by the overlap

h,N|O|W, N')

g(h, N,h' N') = < Th[O )

(3.48)

Equation (3.47) is the definition of the conformal block associated to the original observable
in the plumbing frame.

Applying equation (3.46) to the example of the sphere six-point function gives the
wormhole

X—

N—7
) | _ / dhidhjdhy, %ot +So()+50(he) Gy (hy Ry, hy)
N

x Co(hs, ha, hj)Co(hs, ke, hi)Co(hi, hj, hi) F(h; B)?, (3.49)

Here we have taken j'(h) to be a constant function. The conformal block of this amplitude
is given by the formula

h n n: n.
FhiB) =dla’av* > " a52d5>Chas has by, N1)C(hy, Nos ha; ha)
m=1,2,3

x C(hg, N3; hs; he)C(hi, N1; hj, No; hy, N3). (3.50)

Since these blocks and amplitudes are given in the plumbing frame, there are no additional
factors of the form (qlqg)—2h3—2h4_

A similar expression holds for the case of the torus two-point function,

S—7

- :/dhidhj S0 +50(h) g (hy, by, he)Co(hi, hy, hh)F(h; B)2,

/X

(3.51)

with a analogous expression to (3.50) describing the torus two-point conformal block.
Having derived expressions for generic wormhole amplitudes from the point of view of state
averaging, we end the discussion with a comparison to the operator approach to 3D gravity.
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3.4 Comparison with the operator approach

Wormholes amplitudes have also been interpreted in terms of an ensemble of CFT data
constrained by the conformal bootstrap [4, 7]. In this interpretation, to calculate the
wormhole amplitudes, one first writes correlation functions in terms of the OPE data and
then one applies the operator average (o) we introduced in equation (3.8). Let us consider
an observable of the form

G(B)=>_C...C x F(B;h). (3.52)

Where C'...C denotes a configuration of OPE coeflicients. Using the notation of section 3.3,
we can also denote C'...C by Oy . From the operator average point of view, the wormhole
amplitude associated to this observable is given by the expression

(GGE) = [ (H dhidh e50<hi>+50<h%>> (On iy )™ F(B WP (359

>>COHH.

where by (e;e9 we mean the connected correlation (e;e2) — (®1)(e2). This time the
operator average (o) is done deliberately. This is unlike state averaging where wormhole
correlations are attributed to a lack of knowledge about the state, and the operator average
(e) appears naturally as a coarse-graining within a small microcanonical window.

When comparing (3.53) with the result from state averaging (3.46), it appears that the
two approaches produce different results. However, assuming that Cj;, are Gaussian random
variables, (3.53) reduces to (3.46) up to non-perturbative effects. The reason is that the
leading contraction in the operator approach is the one that sets h = h’. We can see how
this works explicitly with the example of the torus two-point wormhole.

From the operator approach, the result that we need is

(On1 Oy )™ = (Cij1 CijaCitr1 Cirjra) ™ = 83110350 (CF1 ) (Cio) - (3.54)

751 B

Note that when transitioning from the sum over states Y, to the integral [ dh; oo(h;), we
have to replace the discrete function d;; with its continuous version e~50(i)§ (h; — h}). These
eliminate half of the factors of the Cardy formula in (3.53). State averaging requires us to
integrate over the slightly different average

(Onp O Y h=h = (Cij1Cirj2Ci1Crjra) =t = {Ci1){CFia) (3.55)

which, nonetheless, matches the operator approach.

It is well-known that the OPE coefficients of chaotic 2d CFTs cannot be exactly Gaussian
pseudo-random variables [5]. Important non-Gaussian contractions are needed for the CFT to
be modular invariant and crossing symmetric. These non-Gaussianities can be incorporated
into the operator- and state-averaging approach to 3D gravity in very natural ways. We
study in detail these corrections in a forthcoming paper [55].

4 Wormbholes in higher dimensions

We have seen that the state-averaging ansatz, for a small perturbation of a bulk thermal
state, outputs the correct wormhole amplitudes in 3D gravity. In this section, we broaden the
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discussion to D > 3. We first derive a generalized version of the state-averaging ansatz (1.24)
that serves as the maximally ignorant model of more general families of semiclassical states;
these include large perturbations of thermal states. The generalization comes from the fact
that the ansatz fails to satisfy property iii) outlined in section 2.3. The envelope function
Jo(E,w) will scale with the microcanonical entropy, and the state itself will modify the
microcanonical saddle point equations determining correlation functions and other quantities.
This feature of the ensemble is dual to the fact that the black hole interior contains large
perturbations which backreact on the semiclassical geometry.

To be specific, we consider semiclassical states of black holes with long Einstein-Rosen
bridges in the black hole interior. As the reference CFT state with such a semiclassical dual,
|Wsc), we will consider one of the so-called ‘partially entangled thermal states’ (PETS) [8-
11, 49, 64]. A PETS is an entangled state in the Hilbert space of two holographic CFTs,
Vo) € Hr, ® Hp. Such state is prepared by a Euclidean CFT path integral on a flat
cylinder, with length moduli B—L, 5—R, and an additional operator insertion O in between

2 2
the Euclidean time evolutions:

o

The microstate has a specific wavefunction in the energy basis

Wo) = S e FE B0, |E) |Ea) | (4.1)

where Z; is a normalization factor, and O, = (E;| O |E,) are the matrix elements of the
operator O in the energy eigenbasis, which enter here as the coefficients of the two-sided state.

In order for the state (4.1) to admit a semiclassical bulk description, the operator O
must be chosen accordingly. In particular, the operator must itself have a semiclassical
description, in terms of an operator of the low-energy gravitational EFT. This does not
preclude the operator of backreacting on the spacetime — semiclassical heavy matter can
be constructed out of long wavelength quanta.

A specific family of operator which are universal and convenient to construct semiclassical
wormhole solutions in D > 3 are the so-called thin shell operators. This class of operator
exists in any microscopic theory describing Einstein gravity with massive matter particles in
the spectrum. In AdS/CFT, the corresponding microscopic CFT operator consists of the
product of O(N?) conformal primaries of low conformal dimension 1 < A < N2, slightly
smeared in order to regularize its energy, and distributed in an approximately homogeneous
way along the sphere, O = [[i; Oa(€2;). The number of insertions is chosen to scale with
the central charge, n ~ N2. This class of operator admits a semiclassical description: it
creates a homogeneous thin interface of dust particles, with total rest mass m, localized close
to the asymptotic region of AdS space. The particles that form the shell are heavy enough
to behave classically. Therefore, the heavy shell propagates coherently and backreacts on
the geometry at leading order in the semiclassical Gy — 0 expansion.
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Given this choice of operator, for 1, Br < 1 in AdS units, the semiclassical description
the PETS will include a thin shell and a two-sided black hole. In [9] it was shown that
the preparation moduli 8;, Sz can always be chosen as a function of the rest mass of the
shell m, in such a way that the thin shell lives in the black hole interior at the moment of
time symmetry. More precisely, there will be two black holes, of physical temperatures 5r,
and [gr, solving the system of equations [8, 9]

Br = B + AT_, (4.2)
Br = Br+ Aty (4.3)

corresponding to the ADM energies F; and Fr. These equations relate the physical tem-
perature of the black holes, to the preparation temperatures of the PETS. The functions
ATy represent the Euclidean time ellapsed by the thin shell in the saddle point geometry
and can be found in [8, 9].

The two black holes share a long Einstein-Rosen bridge connecting them at the moment
of time symmetry. The bridge is supported by the presence of the thin shell of rest mass
m. In this construction, the ADM energies E;, and Egr can be fixed, and one considers a
one-parameter family of semiclassical states, parametrized by the rest mass m of the thin
shell in the black hole interior. For our purposes in what follows, we will completely fix

the semiclassical state by keeping m fixed.

4.1 Ensemble from maximum ignorance

Up to this point, the description of the PETS (4.1) is exact, and there is no ensemble. The
PETS is a genuine microscopic state with a bulk effective semiclassical dual corresponding to
a two-sided black hole with a long Einstein-Rosen bridge supported by the thin shell.

On the other hand, there are multiple microscopic states which share the same semi-
classical description. We will now apply the principle of maximum ignorance to find this
ensemble of microstates. As outlined in section 2, the input data that we use to define the
ensemble of states is the Euclidean overlap function Z(7y,72) == (Vp|e " HLe 2R |Ty) of
the PETS, which in a coarse-grained sense is uniquely determined from its semiclassical
bulk description. In particular, such smooth function is computed in a bulk saddle point
approximation by the following geometry (cf. [8, 9])%°

ot

Z(7_1’7_2) - Z=4+n x x - T T2 (4.4)

o

#For our purposes it will be sufficient to consider 71,72 < 1 and model the microscopic state in the
microcanonical bands associated to large black holes in AdS.
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Applying the principle of maximum ignorance with this constraint leads to an ensemble
of microstates of the form

1 _BLp _Pr
0) = = Y E P e A |3 |Ba) (4.5

specified by a Gaussian ensemble of the coefficients of the two-sided state
Aia - eis(Eia)/Q Q(Em, Wia)l/zaiom (46)

where a;, are independent Gaussian random variables of zero mean and unit variance. This
ensemble can be recognized as the generalized ETH ensemble of microscopic operators that
model the thin shell operator O [8]. The generalization from ETH comes from the fact that
the operator O is extensive in the entropy S(E), at least for energies E ~ m associated to
the mass of the shell. The motivation behind this ansatz is that the operator still admits a
semiclassical description and thus can still be considered as simple. When E;, E/; > m the
ansatz reduces to the standard ETH ansatz. In the generalization, the function g(E’m, Wia)
will actually scale with the entropy. When inserted into thermal correlators, the operator A
will be able to modify the dominant microcanonical saddle point in the thermodynamic limit.
In the semiclassical description, this phenomenon is dual to the classical backreaction that
the thin shell exerts on the Euclidean geometry at leading order in G — 0.

The smooth envelope function g(Ejq,wia) is completely determined from the double
inverse Laplace transform of Z(7y, 7). Defining the variable

f(Elv Ea) = S(EZC!) - log g(Eia7wia)7 (47)
the exact match requires that
f(Ei, Eq) = a_S(E;) + a1 S(Eq) + Is(Ei, Eq), (4.8)

where ay (FE;, Ey) are O (1) coefficients, and I5(E;, E,) = O (mf) is a smooth function which
can be found in [8, 9]. For our purposes it is enough to know that this function satisfies
the property that

0

OF+ (E_,E+) = AT:E(E—7E+) ) (4'9>

for the functions A7y entering in (4.2) and (4.3).

In this way, the microscopic thin shell operator O is modeled as an ensemble of operators
A;; which are indistinguishable at the level of the semiclassical thermal two-point function.
For the PETS, this means that its semiclassical description will also be indistinguishable
from the semiclassical description of the ensemble of states (4.5). The ensemble of two-sided
pure microstates induces an ensemble of reduced density matrices pr, and pg, all of which
are compatible with the bulk semiclassical description of certain region of spacetime. In
particular, without loss of generality, we will focus on the reduced state to CFT, which
from (4.1) has the form

1 3 5 B
pL= e 2 H pte=PrH go— 3 H (4.10)
1
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Plugging the maximally ignorant ansatz for the coefficients (1.10) we get the ensemble of
reduced density matrices

Ze P (BB o= Brb gy A% (4.11)
e_BLE’Lj _ _
= 7 (Fl(Ez])(sz] + FQ(EZ-j,wij)Rij), (412)
for the smooth functions
Ej) _ Ze_BREl_f(EijvEl)’ (4.13)
E (E; )+ f(E;,Ey))— 221
Fo(Eij, wij) Ze BrEI—5(f(Ei.E)+f(Ej, ol (4.14)

As discussed in section 2.3, R;; are a set of independent approximate Gaussian random vari-
ables of zero mean and unit variance. Both functions F}(E) and Fy(E,w) admit semiclassical
limits in the CFT as N — oo, where the sum over [ is replaced by a continuous integral, and
the integral is then evaluated in a saddle point approximation:

FI(E) (E*) BrE«— (E,E*)’ (415)
FQ(E, w) ~ 65(125*) *BRE**%(f(EiyE*)+f(Ej7E*))‘ (4.16)

From (4.15) and (4.16), the microcanonical energies E.(FE;;) and E,(E;;,w;;) solve the
respective saddle point equations:
Bg, = Br + Aty (Eij, E.), (4.17)
Br, = 20 + Aty (B, By) + Aty (B, B), (4.18)
where we have defined the inverse temperatures Sp, = S’(F,) and g, = S'(F,). We have
also used the relation of the functions A7y with the envelope function (4.9).

Likewise, the value of the normalization of the state in (4.11) is given by the Euclidean
two-point function

A (BLyBR) =Tr (e@HATeBRHAeiLH), (4.19)

which can be evaluated semiclassically. The dominant saddle point geometry is the Euclidean
manifold illustrated in (4.4) which serves to prepare the semiclassical state of the two-sided
black hole. In this case the saddle point energies are Ej and Eg, which correspond to the
physical ADM masses of the two black holes. The saddle point value of the normalization
yields [8]

Zl(gL, 51%!) ~ e*BLF(ﬁL)*BRF(ﬁR)*IS(EL,ER)' (4.20)
Here, the function F(8g) is defined as

F(Bg) = E - Bg'S(E), (4.21)
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and denotes the free energy of the black hole, where S(F) is its Bekenstein-Hawking entropy.
Plugging (4.15), (4.16) and (4.20) back into the state (4.11), we find an ensemble of microscopic
states of the form

e—BLEij

(pL)ij = m ((5ijewa(Eij) + eivL(Eij’wij)Rij) . (4.22)

All factors in this formula need explanation. First, the envelope functions wy, and vy are
given by the expressions

wr,(E) = (Br, — BL)AFL + BrAFR. + AL 4 a. S(E), (4.23)
vr(E,w) = (Br — BL)AFL + frAFR . + AL + oy S(E). (4.24)

For clarity, we have expressed these functions in terms of the differences between the free
energies and the differences between the actions:

AFy, = F(Bg) - F(B), AFpa = F(Bg,) — F(r) (4.25)
Al = I,(E,E,) — I,(E,Ep), AL = %[IS(EZ-, E,) + I,(E;, E*)} — I(EyL, ER).
(4.26)

where the index a = *,%. Finally, the coefficients in front of the entropy factors in (4.23)
and (4.24) read

/31E (BL - /BL) —a_(E,E,), a,= /3112 (BL - ,BL) — %(a_(EZ-,E*) + a_(Ej,E*)).

(4.27)

Oy =

Having found (4.22), the next step is to study the behaviour of the functions wy, and vy,.
We begin by considering the expansion of wr,(E) around E = Er. When E approaches Ef,,
the saddle point equation (4.17) determining F., is solved by setting E.(Fr) to Eg. Here,
ER is simply the ADM mass of the right black hole in the semiclassical state. Substituting
into (4.23) we get that wr(EL) = 0. A property of (4.23) which is straightforward to verify
with careful evaluation of each of the functions is that the first derivative w/ (E) vanishes at
E = Ej. Therefore, the leading term of the function is quadratic

wi(E) = g(E — B+ 0 ((BE-EL)?). (4.28)

The coefficient k is some constant whose value is unimportant for our purposes in this section.
The variance of the ensemble is controlled by the smooth function

G2(B,w; B) = e5B)720n(Bew), (4.29)
From the definitions above, one can verify that jo (E,w) is an even function of w. Note
that this variance can be large, of order e (£), depending on the behaviour of vy. This
large envelope will have important consequences in the next subsection where we study the
ensemble of microstates in the limit where m > Ej, Eg.
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In this way, we have derived the state-averaging ansatz (1.24) for the maximally ignorant
ensemble of microscopic states in (4.5):%0

efﬂLE

(pL)z‘j = m (611 6_5(E_EL)2 + e_S(E)/ng(E,w)%RiD . (4.30)

Coarse-graining and the black hole exterior. Assume we want to compute a one-point
function of some simple operator ¢, in this ensemble. By simple, we mean that the operator
¢, belongs to the generalized free field algebra of the CFT in the large-N limit, and that it
is completely uncorrelated with the state. From (4.30), this will be semiclassically equivalent
to the computation of the expectation value in the average state p obtained by keeping the
diagonal part of (4.30). In the semiclassical limit, we have

1 .
Tr(prér) ~ Z(BL)/dE SE)BLE o~ 5(B-FL) g (E E) | (4.31)

where ¢ (E, E) is the smooth diagonal envelope function of ¢y, assuming ETH form for
this operator.

In this form the integral (4.31) will admit a saddle point approximation at E = Ep, for
operators ¢y which are light and do not modify this saddle point. That is

Tr(pEer) = Tr(ps, é1) (4.32)

in the large-N limit. This equation represents the fact that the geometry on the exterior of
the black hole is ezactly Schwarzschild-AdS with ADM mass Ep, so simple probes cannot
detect the shell in the black hole interior at the level of the classical geometry, even if the

entanglement wedge of the CFT, contains the black hole interior.%”

4.2 Large black hole interiors

As mentioned above, the shell’s rest mass m parametrizes the semiclassical phase space of
these black hole states, at fixed values of the ADM masses of the two black holes Ej, and
Er. Many of the features of the microscopic ensemble simplify considerably in the limit
m > Ep, Er. This regime is always accessible, given that the shell lives in the black hole
interior, and its rest mass does not affect the ADM masses of the two black holes. Moreover,
in this regime the Einstein-Rosen bridge of the semiclassical state at ¢ = 0 is very large,
of volume Vol ~ mGy in AdS units (see [9]).

26In this section, we are using our simplest model of the state, with the input of Z (71, 72) which, as we noted
in section 2, results on an equilibrium average state. As developed in sec 2.4, time-dependence of the average
state can be included with additional input, such as the two-point function of a simple operator, although we
shall not include these effects here.

2"Deviations from exact thermality in this state do exist at order at subleading orders in the semiclassical
GN — 0 expansion. These deviations can be detected via the value of k. The reason is that the semiclassical
state of the bulk quantum fields at ¢ = 0 in the exterior region is not exactly thermal. This state has been
prepared using a Euclidean manifold which has some additional features which affects the quantum state of
the bulk fields. As we will see next, these effects can be suppressed arbitrarily by taking the volume of the
interior of the black hole to be very large. Alternatively, one can wait some time until the state of the bulk
field has thermalized.
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Formally, we will take the limit m — oo. Physically, in this limit, the shell’s trajectories
effectively pinch off in Euclidean space to the asymptotic region of each of the Euclidean
manifolds. The manifolds, constructed by a cut-and-glue procedure, consequently factorize
into a collection of Euclidean black hole solutions, glued in the asymptotic region along the
trajectory of the thin shell. The value of the on-shell action and one-loop determinants
evaluated on these manifolds factorize accordingly. In particular, the state of the quantum
fields outside the L horizon is prepared a la Hartle-Hawking by the Euclidean black hole
geometry at inverse temperature ;. Therefore, in the semiclassical description, the state
is exactly thermal to all orders in the semiclassical Gy — 0 expansion.

This can be seen microscopically from (4.30). In this limit, it is possible to see that
Aty — 0 (cf. [9]). The microcanonical energies solving (4.17) and (4.18) become

E* = ER and 5E* = 25}3. (433)

From here, we can evaluate the functions in the state-averaging ansatz (4.5). They reduce
to the constants

vL(E,w) = Br(F(28r) - F(BR)), (4.35)

so that the ensemble of microscopic states compatible with the semiclassical description
yields the ensemble

e Pl \/Z(2BR)
Z(Br) Z(Br)

for p(E;) = ps, (E;). This ensemble looks ezactly thermal for uncorrelated probes,

(pL)ij = dip(E:) + R;;, (4.36)

Tr(pror) = Tr(ps, L), (4.37)

to all orders in the semiclassical Gy — 0 expansion.?® Moreover, in this case it is obvious
that the entanglement entropy of the average state is thermal

S(pr) = S(BL) » (4.38)

at the native temperature of the left black hole. The right hand side of (4.38) is given by
the Bekenstein-Hawking entropy of the apparent horizon of the left black hole.

We reach the conclusion that the coarse-graining map pr — pr effectively erases all the
information that the microstate contains about the black hole interior. The apparent horizon
and its entropy arise as coarse-grained notions. This matches precisely the discussions of [70],
and in particular it is an explicit manifestation of the diagonal projection of [66].

28In some sense, one can view the large m limit as a ‘thermalization’ limit, in which the microstates
compatible with the semiclassical description have become more generic in Hilbert space. Semiclassically,
a proxy of the genericity is that the states develop long Einstein-Rosen bridges, as well as large python’s
lunches. All of the microstates pr, compatible with the semiclassical description have thermalized, and cannot
be distinguished from thermal states, unless exponentially small effects are measured on each of their matrix
elements. These effects are absent in the perturbative semiclassical description of the exterior of the black
hole.
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However, our model of the state (4.5) includes non-perturbative microscopic entries of the
state pr,. The smooth envelope function, jg(Eij, wij), is semiclassically accessible, and contains
the information about the interior of the black hole, in the case in which the entanglement
wedge of the CFT, contains the interior. Note that this information is non-perturbative, but
still effective, since it does not require the specification of the individual matrix elements of
the microstate. This is in accord with the fact that the interior is semiclassical, and that our
ansatz models many microstates which share this description. As we shall see now, different
classes of wormholes contain the information about jg(E_’ij, wjj) in the semiclassical theory.

4.3 Wormholes in D > 3

Given our maximally ignorant ansatz to model the state, the ensemble outputs semiclassical
contributions to variances in different quantities. We will now match these with known
wormbhole contributions in low-energy Einstein gravity coupled to the thin shell. Moreover,
we will show how multi-boundary wormholes and replica wormholes arise from the same

ensemble. Explicitly, we want to check whether

conn.

L Te(pror)Tr(pror) ; (4.39)

and whether

?

(o) ~ Tr(72%) (4.40)

In the left-hand side of (4.40) we represent the replica wormhole contribution to the purity.
Each replica prepares a copy of (pr);j. As illustrated in the figure, the Euclidean boundary

)

is connected, since the replicas are glued together to compute Tr(p?). The ‘replica wormhole
arises from a saddle point geometry in which the shell operators travel between the operator
insertions on each replica. The topology of this saddle is nevertheless Dy x S9! where
D is a two-dimensional disk.

In this way, our maximal ignorant model of the semiclassical state provides a unifying
flavor to the rule of summing over all possible geometries to compute moments of correlation
functions and Rényi entropies using the gravitational path integral. Both effects arise from the
variance of the individual matrix elements of the microstates, which using the state-averaging

ansatz (4.30), evaluate to

8_25LEij _

<~ ¢ __conn. —S(E;) : (T
6pij5pkl = 5il5jk We ( J)jQ(Eij,wij) . (441)
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Multi-boundary wormhole. On the one hand, this model outputs the variance in
the expectation value of a simple hermitian operator ¢r. For simplicity, we will assume
that the operator has a vanishing one-point function, and that it admits an ETH form
(or)ij = e_S(Eij)/ng(Eij,wij)1/2RZ§jL. The variance thus reads

conn. 672ﬁLEﬁ” _ A
Tr(prér)Tr(pror) =Y Z(BL? " 2 jo (g, wig)| (61)ig
ij
1
S G / dEdwe 20t EFS(E+a)+S(E-w)=S(E)=2oL(Bw) g, (B ) |
(4.42)

where in the last step we have taken the semiclassical limit to approximate the discrete sums by
continuous integrals. We now perform the w integrals, which we assume are peaked at w =0
due to the concavity of the entropy, as well as the form of the envelope function g4, (E,w)
and from the fact that vz (F,w) is an even function of w. From this observation we arrive to

conn.

1 - —2v
Tr(pro)Tr(prorn) o ~ W/dEe BLEHSE)=20L (B0 g, (B, 0) (4.43)

This integral admits a saddle point approximation at
Bry = 281, + 20p,0r,(Fa, 0) = 281 + 2A7_(Ey, E,) (4.44)

where in the last step we have used the identity dgvy (E,0) = (3 — ) + At_(E, E,), which
can be checked directly from the definitions above. This equation is thus coupled to the
saddle point equation determining F, (4.18), which we inport here

Br, = 28R + 2A7, (Eo, E,) . (4.45)

These two coupled sadddle point equations are identical to the equations determining the
geometry of the Euclidean wormhole, explicitly constructed in [8, 9]. The Euclidean wormhole
can be deconstructed as a pair of Euclidean black holes glued along the trajectory of two
thin shells:

BL Br
BE, BE,
< < « { (4.46)
BL BR

Here the gray trajectories correspond to the two thin shells, and the one on the left is identified
with the one on the right. The orange trajectory corresponds to the two point function of
¢r, in this geometry, in the worldline approximation.

,51,



The Euclidean time periodicities of the black holes, S, and Sg, , satisfy the same saddle
point equations as (4.44) and (4.45). The factors of 26 and 26 come from the Euclidean
time on each part of the asymptotic boundary, while the functions A7y (Es, E,) precisely
correspond to the Euclidean time elapsed by the thin shells, as mentioned before. The total
periodicity of each black hole is the sum of these two terms. The saddle point value of
the integral coincides with the action of the wormhole. For details on the matching of the
actions, we refer the reader to [8, 9]. The two-point function of the operator is captured
by the envelope function gg, (F2,0) in (4.43).

Replica wormhole. On the other hand, the variance (4.41) outputs an additional semi-
classical contribution the second moment of the purity
- —BLE;—pLE; _ _
Tr(pi) — Tr(pr?) = Y (%Z(T)gefs(E”)jz(Eij» wij)
i, (4.47)
oL / dBEdw oSE+)+8(E—w) 26, E-2v,(Ew)
(BL)?

Evaluating the integral over w in the saddle point at w = 0 yields the result

1
Tr(p?) — Tr(pr?) & ———— / AdEe?3 () =28 E=2vL(E0) 4.48
(pL) (pL ) Z(ﬁL)2 ( )
The remaining saddle point equation is
By = Bu + 20, 00(E},0) = fr + Ar_ (B}, B,) . (4.49)
where we recall that
Be, = 2Br + 207, (B, E,) . (4.50)

Again, these two equations exactly match the equations that determine the geometry of
the replica wormbhole in (4.40):

replica I

bR

(4.51)

Br
replica 11

Such wormholes were considered in [66] (see also [64] for the low-temperature versions). The
solution consists of three Euclidean black holes, glued in the way illustrated on the figure
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by the trajectories of two thin shells. The shell’s, which are represented in gray, travel
between the different replicas.

The Euclidean time periodicities of each of the black holes is completely determined
from the saddle point equations (4.49) and (4.50). Namely, the total periodicities, 5E§
and Bg,, are the respective boundary periodicities, S and 25g, with the addition of the
Euclidean time ellapsed by the shell on each Euclidean black hole, given by Aty (Ej, E,)
respectively. Likewise, evaluating the saddle point action of (4.47) yields by construction
the on-shell gravitational action of the replica wormhole, with the appropriate normalization
of the state given by Z.

Large black hole interior. The identification of statistical variances in the maximal
ignorant ensemble and bulk wormhole physics becomes more transparent in the large mass
limit m — oo, where both the construction of wormholes and the ensemble averages become
straightforward. In this limit, A7y — 0 and ; = Br,Br = Br. Therefore, we get that
BE, = 2Pr, and for the Euclidean wormhole, while 3 B, = B, for the replica wormhole. In both
cases g, = 26R. In the saddle point approximation, the variance over the ensemble (4.36)

)Lonn. _ Z(QBR)
Z(Br)?

explicitly reduces to the wormhole contribution (4.43). In this limit, the gray trajectories of the

Tr(pror)Tr(pror

Tr(ps, ¢Lps,OL) 5 (4.52)

thin shells in the Euclidean wormbhole illustrated in (4.46) effectively pinch off. The wormhole
effectively factorizes into two Euclidean black hole solutions, one of inverse temperature
28R, and another one of inverse temperature 237, where the latter contains a pair of ¢r,
operator insertions at antipodal points in the Euclidean time circle. The first geometry thus
contributes as Z(2fr), while the second contributes as Tr(e ™ #2H ¢re=PrH ). This yields
the same answer as (4.52) up to the normalization factors (Z1)? = Z(Br)*Z(B8r)?, which
needs to be included to compare correlation functions on a normalized state.?”
Similarly, the variance in the purity is given in our ensemble (4.36) by

Z(28Rr)
Z(Br)?

In this limit, the replica wormhole illustrated in (4.51) factorizes into a product of three

T(p]) — Te(pz”) = (4.53)

Euclidean black hole solutions, two of which have inverse temperature S, and one of which
has inverse temperature 28g. Its intrinsic action is thus Z(28g)Z(51)?. This yields (4.53)
with the inclusion of the normalization factor (Z1)? = Z(Br)*Z(BL)>.

5 Discussion

Guided by the principle of maximum ignorance, we have identified a rather general ansatz
to model semiclassical bulk states microscopically (1.24). We have called this ansatz, and
its generalization to higher moments (1.33), the state-averaging ansatz. Using this model,
we have accurately described many semiclassical states, such as the Hartle-Hawking state

29There are additional terms in the Euclidean actions which are intrinsic to the thin shell and cancel out
with the normalization in this limit (see [9]).
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in the eternal black hole, product states, and more general two-sided states with matter
in the black hole interior.

The output of our approach is a prediction of several semiclassical amplitudes that capture
the statistical moments of the ensemble of states. These moments provide coarse-grained,
yet non-perturbative, information about the structure of individual microstates. Throughout
the paper, we have shown — in different gravitational systems and in different number of
dimensions — that the statistical moments of our ensemble are semiclassical. They are
captured by the on-shell gravitational action of wormhole configurations. From this point of
view, wormholes simply parametrize the ignorance of the microstructure of a fundamental
state given a fixed semiclassical bulk description.

We now provide a list of comments, in order to structure possible avenues of future
research:

Universality of the state-averaging ansatz. As emphasized in section 2, we believe
that the state-averaging ansatz has a wide range of applicability, and universally describes
ensembles of mixed states in systems with infinite-dimensional Hilbert spaces. In this paper,
we have used this ansatz to successfully describe states prepared by a Euclidean path integral
in chaotic conformal field theories: these include thermal states, product states, and partially
entangled thermal states (PETS). Similar ensembles have also been used to model states in
quantum chaotic systems in different contexts (see, e.g. [82-84]), all of which share the form
of the state-averaging ansatz. An informal explanation of the universality of this ansatz is
given by relation between the averaged purity and the sum of the moments dp

> 6pijopji =Trp? —Trp? > 0. (5.1)
ij
In a microcanonical window with L independent states, if the typical state of the ensemble is
close to the maximally mixed state we expect the right-hand side to be of the order of L™,
and thus, dp;;0pj; ~ L7339 This argument fixes the microcanonical entropy-scaling of any
realistic ansatz for an ensemble of mixed-states and agrees with (1.24).

Non-Gaussian contractions and new wormhole amplitudes. In recent years, it
has been understood that the statistical description of chaotic systems contains important
non-Gaussian corrections that are needed to reproduce other signals of chaos, such as out-of-
time-order correlators. The ETH ansatz incorporates these non-Gaussianities by allowing
nonzero cyclic contractions of the type

(04113 04gis - . . Oiiy ) ~ e~ k= DSE), (5.2)

Explicit formulas for these contractions can be found in the context of CFTs by studying
the modular properties of thermal correlators.

As explained in the paper, the state-averaging ansatz naturally incorporates a different
class of non-Gaussian contractions, originating from the maximally ignorant model of the

3%Note that the same argument applied to an ensemble of pure states yields an ansatz that is of the form
dpijdpsi ~ L2
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state. These contractions behave very similarly to (5.2), and are given by (1.33). For the
convenience of the reader, we reproduce equation (1.33) below

M s
0PirizOPisis - - - OPigin = ZF ¢ k(B w). (5.3)

Equations (5.2) and (5.3) are two sources of corrections that should be considered when
computing wormhole amplitudes. For example, a straightforward computation from the
perspective of state averaging leads to the following prediction for the multi-boundary torus
wormhole with three asymptotic boundaries:

Q 0 — 2(15)3 / dh 3™ Fo(h)?(Co12C023C031)-

Here Fp corresponds to the torus one-point conformal block, and we have used (5.3) for
k = 3. The complete answer also includes the antiholomorphic counterpart of this expression.
Using modular invariance and crossing symmetry it is possible to find an analytic expression
for the microcanonical average (Co12C023C031).' In a follow-up paper [55], we elaborate
on these amplitudes for k£ > 3.

Off-shell configurations. The logical next step in our analysis is to extract information
about off-shell amplitudes from the maximally ignorant model of the state. For example,
non-perturbative information like the ramp in the spectral form factor can, in principle, be
extracted from the analytic continuation of the thermal two-point function.

Tre PHOe P10 =N e MERE (5| 0|5) . (5.5)
ij
In [2], it was shown how to extract the ramp from this correlation function in the context of
JT gravity. The dual geometry that contains this information is the one with the topology
of a disk with a handle in the bulk.

The state-averaging approach to wormhole amplitudes has the added advantage that it
can naturally describe spectral correlations. This paper focuses on on-shell partition functions,
but we have also included some comments about off-shell configurations in appendix E. The
upshot of the discussion is that, to model spectral statistics, one has to include an additional
contraction to the state-averaging ansatz,

0pijopji = f1(Es, Ej)6udjk + fo(Es, E)0i0m. (5.6)

The first contraction corresponds to the ‘traditional’ state-averaging ansatz, while the second
correlates energy levels from different microcanonical windows. The function fy is small in
the sense that fo/f; ~ e™. This suppression guarantees that the modified ansatz does not

31'Which remarkably is order e 2%, in accordance with the generalized ETH ansatz.

,55,



change the on-shell wormhole amplitudes discussed in sections 3 and 4. Information about
f2 can be extracted from the non-perturbative corrections to (5.5), and it is equivalent to
the ramp in the spectral form factor. An intriguing feature about off-shell configurations is
that, from the perspective of the boundary dual, the answer is not given by a saddle point
approximation. The amplitude is instead determined by states that are very close to the
edge of the integration domain. This edge marks the beginning of chaotic states (dual to
black hole microstates) in the spectrum.

It would be interesting to further explore the consequences of this ansatz to off-shell
gravitational configurations.

Detecting semiclassical features of the black hole interior. We can consider maxi-
mally ignorant models of CF'T states whose bulk semiclassical description includes portions
of the black hole interior. One such case is the reduced density matrix pr to CFTy, for
the two-sided PETS, in the regime in which the entanglement wedge of CFT, contains the
interior. In this case, all of the quantum information of the geometry and matter inside
of the black hole is contained in py.

On the one hand, given our maximally ignorant model of a semiclassical state (4.30), the
coarse graining map py, — py, erases all the semiclassical information of the black hole interior.
As shown in section 4, when the black hole interior is large, the correlation functions of simple
operators in the state pr reduce to thermal correlation functions at the naive temperature of
the black hole, and the entanglement entropy of the coarse-grained state S(pr) is given by
the Bekenstein-Hawking entropy of the apparent horizon of the L black hole. This agrees
with ideas that the horizon of the black hole is a coarse-grained notion (see e.g. [91, 92])
or more recent discussions in AdS/CFT [66, 70, 71].

On the other hand, the state-averaging ansatz (4.30) is a model which includes effective,
and yet non-perturbative, information of the semiclassical state. The smooth amplitude of
d0p = p — p is semiclassically accessible, while the individual erratic matrix elements are not.
Therefore, the smooth function jQ(Eij,wl'j) in the state-averaging anstaz (4.30) must contain
all of the semiclassical features of the black hole interior in the corresponding bulk state.

This amplitude can be detected in different ways. A direct way is to find exponentially
small signals on correlations functions of simple operators. These signals will not be semi-
classically accessible, will be erratic, and will depend on microscopic details of the particular
microstate of the ensemble. An alternative possibility is to enhance this amplitude using
an operator with semiclassical description which is correlated with the state. For instance,
in the case of the PETS, one can consider an ‘anti-shell” operator which destroys the shell
in the black hole interior. The correlation function of the anti-shell, in the state pp, will
detect the signal semiclassically. The signal can be made large with an appropriate choice of
anti-shell operator which acts on the interior shell with O (1) probability. This way to act on
the black hole interior has of course an inherent state-dependent flavor.

Moreover, one could consider finer non-linear measures that characterize the semiclassical

state, such as the average von Neumann entropy S(pr), given in the bulk by the Ryu-
Takayanagi (RT) formula. The non-perturbatively small amplitude on each entry dp;; can
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have a relevant effect on these measures. Indeed, semiclassical configurations in which

S(pr) < S(p) (5.7)

are easy to construct. In the semiclassical description, (5.7) simply means that the RT surface
of the CFTy, is not the apparent horizon of the L black hole. Rather, the L black hole
contains an Kinstein-Rosen bridge connected to a smaller black hole through its interior,
which is in the entanglement wedge of CFT . Each member of the maximally ignorant
microscopic ensemble (1.24) effectively knows this. One could even consider situations in

which S(pr) = O(GY), for which the semiclassical interior contains a ‘bridge-to-nowhere’
instead. As mentioned in the discussion after eq. (2.39), in this case, the average relative
entropy between the coarse-grained state and a state of the microscopic ensemble, S(pr, || pr),
will actually be parametrically large. This suggests that distinguishing bridges-to-nowhere
from Einstein-Rosen bridges from the perspective of an outside observer could be not that
hard, with access to multiple copies of the state.??

To sum up, distinguishing features of the semiclassical interior amounts to being able to
detect the smooth envelope function ja(E;;,w;;) of the state-averaging ansatz (1.24), while it
does not require the specification of the individual matrix elements of p, since the erratic
phases on the matrix elements are washed out in the semiclassical description.

The operator approach to 3D gravity. As mentioned in the introduction, the principle
of maximum entropy has a wide range of applicability and can be used to describe ensembles
of operators or Hamiltonians.

Recent proposals to model 3D gravity assert that this theory can be described using
a tensor integral of the form

Z = / dLodLodC e~V (Eo,Lo,0). (5.8)

where V' is a potential to be determined. In [7], the Gaussian part of the ensemble of operators
was explored and matched to several wormhole amplitudes. In [54], a quartic potential was
chosen that favors configurations of OPE coefficients that are crossing symmetric. The
priciple of maximum entropy makes yet another prediction for the potential V' (Lg, Lo, C).

To apply the principle of maximum ignorance we first need a set of observables that can
be obtained from the semiclassical path integral. An evident choice that does not rely on
additional external operators, like conical defects or matter fields, is to consider the torus
and all higher genus partition functions. Extremizing the classical Shannon entropy with
the inclusion of an infinite number of Lagrange multipliers that fix the partition functions,
gives the following potential

V(Lo, Lo, C) = Tr Vo(Lo) + Tr Vo(Lo) + D> V5™ Cliy 4+ V5™ CyijClwr + Y CCCC + - -+ .
ijk
(5.9)
The configurations of OPE coefficients that are allowed to appear in this ansatz are single-
trace configurations — meaning that the functions V; are not allowed to include Kronecker

320ne such quantum information protocol is the SWAP test, which serves to distinguish density matrices
with a few copies of the states if their second Rényi entropy is very different.
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deltas — that are in a one-to-one correspondence between the different channels of the
higher genus partition functions. For example, the genus-two partition function can be
expressed in terms of two channels:

sunset:  CyxCijk
dumbbell: sz]CJk;k;

Meanwhile, there are five possible contractions for the genus-three partition function.
The potential in (5.9) gives a vanishing answer to contractions of the type

(C102C203C301)- (5.10)

The reason is that the microcanonical average of these contractions is not universal and
depends on the matter content of the theory. In a theory of pure gravity with only a few
additional matter fields, these interactions should be incorporated by hand in both the
boundary and the bulk description. We further comment and interpret these contractions
in a follow-up paper [55].
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A The volume element dp

In this paper, we have formalized mixed state-averaging using a measure p(p)dp on the
space of density matrices. In the main text, we have only described u(p): maximum-entropy
measures are typically of the form p(p) ~ exp(—V(p)), so the precise form of dp is a one-loop
effect compared to the exponential suppression due to the potential V. Nonetheless, for
completeness we will also describe the different choices one has for the volume element dp.
A choice of metric on D defines a volume element dp. Natural choices include the Hilbert-

1

Schmidt metric ds? = %Tr dp? or the quantum information metric ds? = 5 Trdpdlog p [43,

58, 93]. Let us take a metric of the general form

| L
ds® = 3 > gi[A]|dpigl? (A1)

i,j=1

where g;; depends on the eigenvalues A = diag(A1,...,Ar) of p. To determine the volume
element dp, we have to take the square root of the determinant of the metric. To evaluate
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the determinant, we have to diagonalize the metric. To do so, we first diagonalize the density
matrix as p = UTAU, so that

dp = dA + [dU, A] (A.2)
Evaluating in the basis in which A is diagonal with eigenvalues )\;, we can rewrite this as
dpij = bijdXi + (Ai — Aj)(dws; + i dyi;) (A.3)

where we have expressed dU using real coordinates z and y. Taking the absolute value
squared to get |dp;;|?, the cross-terms vanish because §;;(\; — A;) = 0, and we thus obtain

1
ds* = 5> gij[A] (5ijd)‘12 + (N = M) (da; + dy%))
- ) . (A4)
=3 Z gii[A]dX? + > gij[A](dw?; + dyi;)

1<j

Since the metric is diagonal in the coordinates (A;, xi;, yij), we can easily compute the square
root of the determinant, giving

L
dv =27 L/2 H \/gii[A] dA; H(/\k — )\l)ngl [A] dxiidyr (A.5)
=1

k<l

We recognize the Vandermonde determinant A(A) = [];-;(Ai — ;) as well as the Haar
measure dU oc [],; dopdyr. Including the normalization condition and the positivity

constraint, the volume element dp becomes
dp = dUdA A(A)?5(Tr A — 1)8(A) f(A) = [dU][dA] (A.6)

where we defined

f(A) = H Vil A TT gmalA]- (A7)

k<l

Since the Haar measure is unitary invariant, we see that dp is also fully U(L) invariant for
any choice of g[A]. As an example, if we take the Hilbert-Schmidt metric ds? = 1 >ij |dpij|%
then f(A) = 1. Another example comes from the quantum Fisher information metric,

log A\; —log A;

dpiil? A8

1
ds® = 5Trdpdlogp =Y
5]

Here it is understood that g; = A; 1. We encountered this quantity in the main text as the
second-order expansion of the relative entropy. In this case the measure factor f(A) depends
non-trivially on the eigenvalues of p. Similar non-trivial measure factors can be derived from
other information metrics, such as the Bures metric [93] or Renyi divergences [94].

,59,



B Fixed trace condition

In the main text we have assumed a Gaussian form for the ensemble [dA p(A)(e), where

J(A) = % exp (—; S o (Ei, Ea) ! |Am\2) . (B.1)
[NeY

However, strictly speaking the integral is over the space of unit norm matrices, Tr AAT = 1.
We argued that this condition can be replaced by the average normalization condition
Tr AAT = 1 to a good approximation. In this appendix we will check that the corrections
are indeed suppressed.

Specifically, we will compute the variance of A. We abbreviate o(E;, E,) = 0. We can
represent the delta function as a Fourier transform, and then compute the Gaussian integrals:

AiaP = [ dAp(A)S(1 — Tr AAT) |40 (B2)
= 1/dse_is/dAexp —12(0_1 —2is) [ Anu|? | |Asa]? (B.3)
N 9 £ nv nv Yo .
1 1
= Ojo X /dse ( ) , (B.4)
e gm, — 2is ) 1 — 2is0;,
We now expand the last fraction in (B.4) for small oy, obtaining the result claimed in (2.23),
|Aia|? = 0(E;, Ey) (1 +> ceno(E Ea)"> (B.5)
n=1

where we defined the coefficients

_ [dseT"d(s)(2is)" B _ o
Cn = Tdseid(s) d(s) = g(ajﬁl — 2is)7 L, (B.6)

C Expansion of the relative entropy

In this appendix we expand the relative entropy S(p||p) = Trplog p — Tr plog p in a pertur-

bative expansion around a given reference state p. As we will make precise in this appendix,

the perturbation theory is consistent as long as the variance \5;),-]-]2 is sufficiently small.
We will make use of the following matrix identity:

1 1
pt+al P51l

log(p +€dp) =logp+ 5/ dx +0 (52) . (C.1)
0

To zeroth order S©(p||p) = S(p||p) = 0, and to first order in € we find

d o0 1 1
—S(p+edp|lp =Tr|p[| d ) =Trop=0 C.2
Eopte pllp)L:O r{p/O ral Pp+md rép =0, (C.2)

where the last equality holds thanks to the trace condition Tr p = Tr p = 1. The first non-zero
term comes in at second order:

d 1
@ (pllp) = [5pd log(p + dp) 0} +5Tr

d2
1 . .
P2 los(p +dp) 0] (C.3)
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We can simplify this expression by again using that Trdp = 0, which implies

d
Tr ,0(6)d—(€ log p(g)’ .= Trop = 0. (C4)

Taking a e-derivative of this identity gives

2

d
Tr [5pd5 log(ﬁ—i-eép)‘ ] + Tr d —

log(p + Eép)‘ 0] = 0. (C.5)

Plugging this into (C.3) simplifies the expression for the quadratic part of the relative entropy:

1 d 1 1
@(,llp) = = el -
S (pllp) 5 Tr {5pd log(p + 55p)‘60} Tr [5/}/ da:p =] 5pp n m]l} (C.6)

We can compute the z-integral in the basis |e;) in which p is diagonal with eigenvalues \;,
i =1,...,L. Defining 6p;; = (ei\ép\ej% we find

log \; —log \;
Spllp) = > %:/\z—%é zj5pyz+0< ) (C.7)

Using that dpj; = 6pj; by Hermiticity p! = p, and absorbing ¢ into dp, the result (2.17) follows.

D Operator averaging

In the introduction, we have shown that the eigenstate thermalization hypothesis follows from
a principle of maximum ignorance. Although this is not a proof of ETH in chaotic systems, it
gives an intuitive explanation of the ETH ansatz as the most entropic probability distribution
for the matrix elements of O compatible with single-trace constraints. In this appendix we
fill in some details about this distribution (), most of which are well-known [34].
Firstly, from the form of the Gaussian ETH stated in (1.10) we can read off the relation
between f(F;) and the thermal one-point function. From the constraint equation we get

F(8) £ T ps0) = 7 S e 18

~_ 1 S(E)-BE
~ Z(ﬁ)/dEe F(E)

where in the second line we made the continuum approximation. From this we see that

(D.1)

f(E) is the microcanonical one-point function. On the saddle-point = S'(E) we get
F(B) ~ f(Eg) in the thermodynamic limit.

Next, we relate g(E,w) to the connected two-point function. From the constraint
equation we get

G(B,1) — F(B)* = <<Trp”2<9< )i *O(1)) — (Tr ps0)? (D.2)
= Z(ﬁ Ze 5Ezg+zthge (Eij)g(Eij7wij) +A?c (D.3)
Z(lﬁ /dEe —ﬂE/dweitwg(E,w). (D.4)
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In the second line we introduced the thermal fluctuation A%, which vanishes in the ther-
modynamic limit

2. L e BEi e (1 o BE: , 2% 2 2 _
A= 708 Z J(E) (Z(B) Z f(Ez)> F(Es)? — f(E)?=0. (D.5)

(E) and evaluating the

The approximation arises from taking the continuum limit >, — [ dE e®
integrals on their saddle-point Eg. Equation (D.4) shows that g(F,w) is the microcanonical

version of the connected thermal two-point function G(/3,t)°.

E Comments on off-shell configurations

In this appendix, we will consider the torus wormhole without any operator insertions:
= Tr 0 pyn Tr d pun.- (E.1)

To compute this amplitude, we need to consider unnormalized ensembles. Following the
discussion of section 2, we can also introduce an ansatz for unnormalized density matrices
Pun- The ansatz looks very similar to the normalized case, but without the extra condition
that Tr dpy, = 0 and without the division by the partition function Z(f),

S(E) =

where R;; is a random variable with unit variance.

Compared to previous examples, the gravitational amplitude of the torus wormhole
depends more sensitively on the details of the spectrum of the CFT. To correctly reprodue
this amplitude, for example, we have to use a resolution of the identity that takes into
account the spin quantization:

K= 2 D

NEZ h—h=n M,M

h, M, h, M) (h, M, h, M‘ . (E.3)

Using this resolution of the identity, the unnormalized version of the state-averaging ansatz
in (2.81) and the same arguments as in the previous sections, we find the following wormhole
amplitude:

~ 3 [ dhdh o~ b - ) (b NG RPXB P, (B4

nez

with x(8;h) being the standard Virasoro character defined as
x(B:h) = (r) e ), (B:5)

The function 7 is the Dedekind eta function and 7 := %
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Unlike the torus wormhole with an operator insertion, this time there is no ‘effective’
entropy in (E.4) that can produce a saddle point. This is important because it means that the
domain of integration is relevant. The most natural regime to integrate the amplitude is from
h,h = % to co. This condition has the interpretation that there should only be averaging
over the states that are above the black hole threshold. Assuming the function j’ is a constant
jo (as in the previous sections), we find the following expression for the wormhole amplitude3?

bs L ea(sm)
In(r)n(m) 2, = (B1+ B2)? +4x2n?  [n(n)n(r2) > 2(B1 4 B2) '

Here we have also slightly generalized the amplitude by allowing the left and right boundaries
to have a different temperature §; and (o respectively.

Comparing (E.7) to the result one expects from RMT, and the Cotler and Jensen
computation [95], there is an important contribution that is missing: a factor of /B1/52
that multiplies the amplitude. This factor is important because it is needed to recover the
ramp in the spectral form factor.

One could argue that the factor of /3132 can be taken into account by the function j" in
the state-averaging ansatz. However, this is not the correct approach to recover the wormhole
amplitude. The ramp in the spectral form factor is a consequence of long-range eigenvalue
repulsion, which is a measure of correlations between eigenvalues in different energy windows.
In the context of RMT, these correlations are encoded in the measure (o(E;)o(E;)), and are
given by the universal sine kernel formula (whose only input is the single sided density of
states). In the context of state averaging, we can model these correlations by including an

additional contraction in the ansatz of the two-point function:3*

0pijopr = f1(Ei, Ej)0udj + fa(Es, Ei)dij0k. (E.8)

The first contraction corresponds to the state-averaging ansatz, f; ~ e~ (B)=28E_ The second
contraction can be used to measure correlations between energy eigenvalues at different
energy windows. To reproduce the wormhole amplitude we will take the following ansatz
for the non-trivial contraction:

h h 6{) h h h h (5}) h h —6 A A J € 121 2 € ( 1) S( )
< 1 1’ ‘ 1 1>< 2 2‘ ’ 25 2> J17J2 f2( 1, 2 1)

Here we are using the notation
A=h+h and J=h-—h. (E.10)

One thing to note about (E.9) is that the function f is order e~ while f; is order e=°. The
f2 contraction is subleading in the on-shell computations of sections 3.1 and (3.2) because

33We used the Poisson resummation formula to write

> o(h—h—n) =Y e, (E.6)

nez neL

34Note that the second contraction can also be derived using single boundary input by studying the behaviour
of the thermal correlator Tre P1H e #2H O, as this contraction is equivalent to the ramp in the correlation
function.
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of this additional factor of the entropy. We would also like to point out that (E.9) only
correlates states that have the same spin J; = Js.

Using the ansatz (E.9) and ignoring for a moment descendant states, we arrive at the
following expression for the fs contribution to the wormhole amplitude

Z/dhldhgdﬁldﬁgé(hl — h1 —n)8(ha — ho — 1) fa(A1, Ag, Jy ) P1A1=5202
= leZ/dAldAQ fg(Al,AQ,n)ef’BlAlf'%AZ. (E.ll)

We would like to match this expression to the result of Cotler and Jensen, which after
Poisson resummation reads

1
R L = S o
= (Br+ B2)* + 4m*n (BL+ B2) 2=,
The equation we would like to reproduce is
1 CBA VBB
= [ dAdAy fo(Ar, Ag, Arou=pale — Y2 _o=|nl(fithz) E.13
2/ 1dAs fo(A1,Ag,m) e Bt ) (E.13)
Which yields the following shape for the function fo,
A — Ay — A+ Ay —2 1
(A Ay ) — — OB 1TDO(s — |7)(A1 + A — 2] (B0

8r2y/(A1 = [)) (A2 — [J]) (A1 —Ag)*

This is the familiar result one finds in the context of JT gravity. The function accurately
captures long-range eigenvalue repulsion as it goes like (A; — Az)~2. One might worry that
the function is divergent when E; = E;, however this divergence disappears in RMT when
taking into account non-pertubative effects.?’

The wormhole amplitude now has a term related to f; and a term related to fo. These
two factors added together lead to the following expression for the wormhole amplitude

Jo+vBiP2 i 1
17 (1)1 (12) |? o (B1 + B2)? + 4m2n?

(E.16)

To fully reproduce the wormhole amplitude, we need to cancel the piece proportional to jg
that is associated to fi. We can do this by including an additional piece in fo

fQ(AlvAQ) Jl) = 2(1)(A1)A25 Jl) + f2(2)(h1)h27 Jl) (E]'?)

In this notation, fz(l) is given by (E.14). As discussed above, this expression for f2(1) is
valid when the difference A; — Ay is much less than one, but much larger than e=%. As A;

35The sine kernel is a regular function of the energy difference:

_sin®(no(E)(E — E'))
T2 (E _ E/)z

(E.15)
Using 2sin?(z) = 1 — cos(2x), the sine kernel splits into a leading term and a rapidly oscillating term that

scales like e*(®). The oscillating term gives a non-pertubative correction to Z (81, B2), and it is ultimately
responsible for the plateau in the spectral form factor.
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approaches Ay, the regular part of fa (denoted by f2(2)) kicks in. Since f2(2) is a function that
is peaked at hi; = hs, we have define it in terms of these variables. To recover the gravitational
amplitude, the function f2(2) must be the negative of the contribution associated to fi,

/dhldhg f2(2)(h1,h2, n|)e~Arlhatinl)=Fa(htin]) — —jo/dh e~ Al =B2(htin) - (E 18)

Here the absolute value in |n| appears depending on whether we first integrate the holomorphic
or antiholomorpic part of the Dirac delta functions §(h; — hy + n) in the full expression for
the amplitude. Then the sum over the spin n, after doing Poisson resummation, matches
the result in (E.6) with the factors of jp and —jy canceling each other.

Note that the quantity p;;p;; is allowed to be negative, as it is not the average of a positive
definite quantity. We can reproduce (E.18), up to some tolerance, if we take f2(2)(h1, ha,n) to
be approximately given by a delta function f2(2) ~ —jod(h1, ha) in the conformal weights (this
is similar to what we have seen in the previous examples.). The function f2(2) is weighted by a
factor of €729, so it is still a subleading correction to the state-averaging ansatz. However, due
to the way indices contract in this particular example, it leads to an important contribution.
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