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Abstract

A finite-dimensional algebra A over an algebraically closed field K is called periodic if it is periodic under the action of the
syzygy operator in the category of A-A-bimodules. The periodic algebras are self-injective and occurred naturally in the study of
tame blocks of group algebras, actions of finite groups on spheres, hypersurface singularities of finite Cohen-Macaulay type, and
Jacobian algebras of quivers with potentials. Recently, the tame periodic algebras of polynomial growth have been classified and
it is natural to attempt to classify all tame periodic algebras. We introduce the weighted surface algebras of triangulated surfaces
with arbitrarily oriented triangles and describe their basic properties. In particular, we prove that all these algebras, except the
singular tetrahedral algebras, are symmetric tame periodic algebras of period 4. Moreover, we describe the socle deformations of
the weighted surface algebras and prove that all these algebras are also symmetric tame periodic algebras of period 4. The main
results of this paper form an important step towards a classification of all periodic symmetric tame algebras of non-polynomial
growth, and lead to a complete description of all algebras of generalized quaternion type with 2-regular Gabriel quivers [36].
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1. Introduction and the main results

Throughout this paper, K will denote a fixed algebraically closed field. By an algebra we mean an associative
finite-dimensional K-algebra with an identity. For an algebra A, we denote by mod A the category of finite-dimensional
right A-modules and by D the standard duality Homg(—, K) on mod A. An algebra A is called self-injective if A, is
injective in mod A, or equivalently, the projective modules in mod A are injective. A prominent class of self-injective
algebras is formed by the symmetric algebras A for which there exists an associative, non-degenerate symmetric K-
bilinear form (—,—) : A X A — K. Classical examples of symmetric algebras are provided by the blocks of group
algebras of finite groups and the Hecke algebras of finite Coxeter groups. In fact, any algebra A is the quotient algebra
of its trivial extension algebra T(A) = A x D(A), which is a symmetric algebra. Two self-injective algebras A and A
are said to be socle equivalent if the quotient algebras A/ soc(A) and A/ soc(A) are isomorphic.

From the remarkable Tame and Wild Theorem of Drozd (see [17, 23]) the class of algebras over K may be divided
into two disjoint classes. The first class consists of the tame algebras for which the indecomposable modules occur
in each dimension d in a finite number of discrete and a finite number of one-parameter families. The second class is
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formed by the wild algebras whose representation theory comprises the representation theories of all algebras over K.
Accordingly, we may realistically hope to classify the indecomposable finite-dimensional modules only for the tame
algebras. Among the tame algebras we may distinguish the representation-finite algebras, having only finitely many
isomorphism classes of indecomposable modules, for which the representation theory is rather well understood. On
the other hand, the representation theory of arbitrary tame algebras is still only emerging. The most accessible ones
amongst the tame algebras are algebras of polynomial growth [70] for which the number of one-parameter families of
indecomposable modules in each dimension d is bounded by 4™, for some positive integer m (depending only on the
algebra).

Let A be an algebra. Given a module M in mod A, its syzygy is defined to be the kernel Q4 (M) of a minimal
projective cover of M in mod A. The syzygy operator 4 is a very important tool to construct modules in mod A and
relate them. For A self-injective, it induces an equivalence of the stable module category mod A, and its inverse is
the shift of a triangulated structure on mod A [46]. A module M in mod A is said to be periodic if Q}(M) = M for
some n > 1, and if so the minimal such 7 is called the period of M. The action of Q4 on mod A can effect the algebra
structure of A. For example, if all simple modules in mod A are periodic, then A is a self-injective algebra. Sometimes
one can even recover the algebra A and its module category from the action of Q4. For example, the self-injective
Nakayama algebras are precisely the algebras A for which Qﬁ permutes the isomorphism classes of simple modules
in mod A. An algebra A is defined to be periodic if it is periodic viewed as a module over the enveloping algebra
A¢ = A°P ®k A, or equivalently, as an A-A-bimodule. It is known that if A is a periodic algebra of period n then for
any indecomposable non-projective module M in mod A the syzygy '} (M) is isomorphic to M.

Finding or possibly classifying periodic algebras is an important problem. It is very interesting because of con-
nections with group theory, topology, singularity theory and cluster algebras. Periodicity of an algebra, and its period,
are invariant under derived equivalences [67] (see also [34]). Therefore, to study periodic algebras we may assume
that the algebras are basic and indecomposable.

Preprojective algebras of Dynkin type are periodic and their periods divide 6 (see [4, 39]). They belong to a larger
class of periodic algebras, the deformed preprojective algebras of generalized Dynkin type (see [5, 34]). With the
exception of few small cases, all these algebras are wild (see [33]). Preprojective algebras of Dynkin type occur in
other contexts, in particular they are the stable Auslander algebras of the categories of maximal Cohen-Macaulay
of the Kleinian 2-dimensional hypersurface singularities (see [2, 3]). We refer to [4, 13, 25] for periodicity results
on the stable Auslander algebras of arbitrary hypersurface singularities of finite Cohen-Macaulay type. It would be
interesting to understand connections between the stable Auslander algebras of hypersurface singularities of finite
Cohen-Macaulay type and the deformed mesh algebras of generalized Dynkin type introduced in [34]. For the simple
plane curve singularities of Dynkin type A, this was clarified in [6, 7].

In [24] Dugas proved that every representation-finite self-injective algebra, without simple blocks, is a periodic
algebra, this extended partial results from [12, 30, 31, 34] to the general case. We note that, by general theory (see
[72, Section 3]), a basic, indecomposable, non-simple, symmetric algebra A is representation-finite if and only if A is
socle equivalent to an algebra T(B)® of invariants of the trivial extension algebra T(B) of a tilted algebra B of Dynkin
type with respect to free action of a finite cyclic group G. Moreover, there are representation-finite indecomposable
symmetric algebras of arbitrary large period (see [12]). Recently, the representation-infinite, indecomposable, periodic
algebras of polynomial growth were classified by Biatkowski, Erdmann and Skowronski in [8] (see also [71, 72]).
In particular, it follows from [8] (see also [9, 10, 11, 71] and [72, Section 5]) that every basic, indecomposable,
representation-infinite periodic tame symmetric algebra of polynomial growth is socle equivalent to an algebra T(B)®
of invariants of the trivial extension algebra T(B) of a tubular algebra B of tubular type (2,2,2,2), (3,3,3), (2,4,4),
(2,3, 6) (introduced by Ringel [68]) with respect to free action of a finite cyclic group G. Then one knows that there
is a common bound of the periods of all representation-infinite indecomposable symmetric algebras of polynomial
growth (see [8]).

It would be interesting to classify all indecomposable periodic symmetric tame algebras of non-polynomial
growth. We ask whether the following might hold.

Problem. Let A be an indecomposable symmetric tame algebra of non-polynomial growth for which all simple mod-
ules in mod A are periodic. Is it true that A is a periodic algebra of period 4?

Motivated by known properties of blocks with generalized quaternion defect groups in the group algebras of
finite groups, Erdmann introduced and investigated in [27, 28, 29] the algebras of quaternion type, being the inde-
2
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composable, representation-infinite tame symmetric algebras A with non-singular Cartan matrix C,4 for which every
indecomposable non-projective module in mod A is periodic of period dividing 4. In particular, Erdmann proved that
every algebra A of quaternion type has at most 3 non-isomorphic simple modules and its basic algebra is isomorphic
to an algebra belonging to 12 families of symmetric representation-infinite algebras defined by quivers and relations.
Subsequently it has been proved in [50] (see also [62] for the polynomial growth cases) that all these algebras are
tame, and are in fact periodic of period 4 (see [8, 33]). In particular it shows that a finite group G is periodic with
respect to the group cohomology H*(G, Z) if and only if all blocks with non-trivial defect groups of its group algebras
KG over an arbitrary algebraically closed field K are periodic algebras. By the famous result of Swan [75] periodic
groups can be characterized as the finite groups acting freely on finite CW-complexes homotopically equivalent to
spheres (see [34, Section 4] for more details). Some of the algebras of quaternion type occur as endomorphism al-
gebras of cluster tilting objects in the stable categories of maximal Cohen-Macaulay modules over odd-dimensional
isolated hypersurface singularities (see [14, Section 7]).

New interesting families of tame symmetric algebras with all indecomposable non-projective finite-dimensional
modules periodic of period dividing 4 appeared surprisingly in the theory of cluster algebras. In [19, 20], Derksen,
Weyman and Zelevinsky introduced quivers with potentials and the associated Jacobian algebras, and established
links between the theory of cluster algebras (invented by Fomin and Zelevinsky [42]) and the representation theory
of algebras. On the other hand, in the beautiful paper [41], Fomin, Shapiro and Thurston associated to each bordered
surface with marked points a cluster algebra, each of whose exchange matrices is defined in terms of the signed
adjacencies between the arcs of an ideal triangulation of the surface, and such that the flips of triangulations correspond
to the mutations of the associated skew-symmetric matrices (equivalently, mutations of the associated quivers). In
particular, a wide class of 2-acyclic quivers of finite mutation type has been exhibited in [41]. Moreover, Felikson,
Shapiro and Tumarkin proved in [40] that there are only 11 mutation equivalence classes of 2-acyclic quivers of finite
mutation type not coming from triangulations of marked surfaces. Further, in [56] Labardini-Fragoso associated a
quiver with potential to any ideal triangulation of a surface with marked points in such a way that flips of triangulations
correspond to mutations of the associated quivers with potentials. Finally, Ladkani proved in [57] that the Jacobian
algebras associated to ideal triangulations of surfaces with empty boundary and punctures and Labardini-Fragoso
potentials are finite-dimensional tame symmetric algebras with singular Cartan matrices. Moreover, Valdivieso-Diaz
proved in [76] that the stable Auslander-Reiten quivers of these Jacobian algebras consist of stable tubes of ranks 1
and 2. In particular, this showed that the list of tame symmetric algebras with periodic module categories announced
in Theorem 6.2 of our article [34] (and hence also in [72, Theorem 8.7]) is not complete. In fact, this omission was
pointed to us first by S. Ladkani.

The aim of this paper is to introduce a more general class of algebras, called weighted surface algebras, and de-
scribe their basic properties. In this paper, by a surface we mean a connected, compact, 2-dimensional real manifold
S, orientable or non-orientable, with or without boundary. Then S admits a structure of a finite 2-dimensional trian-
gular cell complex, and hence a triangulation. We say that (S, f) is a directed triangulated surface if S is a surface,
T is a triangulation of S with at least 3 pairwise different edges, and T is an arbitrary choice of orientations of the
triangles in 7. To such (S, f) we associate a triangulation quiver (Q(S, f), f), where QO(S, f) is a 2-regular quiver,
that is every vertex is a source and target of exactly two arrows. The vertices of this quiver are the edges of 7', and f is
a permutation of the arrows in Q(S, T ) reflecting the orientation T of triangles in 7. Since Q(S, f) is 2-regular there
is a second permutation, denoted by g, of the arrows of Q(S, f). If O(g) is the set of g-orbits of arrows in Q(S, f),
we will define two functions m, : O(g) — N* and ¢, : O(g) — K*, called weight and parameter functions. Then
the weighted surface algebra A(S, f, M., o) Will be defined as a quotient algebra KQ(S, f) J1(S, f, M, ¢,) of the path
algebra KQ(S, f) of O(S, f) over K by an admissible ideal (S, f, M., ce) of KQ(S, f). Certain algebras of this form
which are defined via the tetrahedral triangulation of the sphere, play a special role, we call these tetrahedral algebras.

The following two theorems describe basic properties of the weighted surface algebras.

Theorem 1.1. Let A = A(S, T,m., co) be a weighted surface algebra over an algebraically closed field K. Then the
following statements hold:

(1) A is a representation-infinite tame symmetric algebra.
(i1) A is of polynomial growth if and only if A is a non-singular tetrahedral algebra.

Theorem 1.2. Let A = A(S, T,ma, c.) be a weighted surface algebra over an algebraically closed field K. Then the
following statements are equivalent:
3
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(1) All simple modules in mod A are periodic of period 4.
(i) A is a periodic algebra of period 4.
(iii) A is not a singular tetrahedral algebra.

We would like to mention that the periodicity of module categories mod A of weighted surface (triangulation)
algebras different from a singular tetrahedral algebra, was established independently using cluster theory methods
(see [60, 76]). But we want stress that the periodicity of algebras established in the above theorem is a much stronger
property that the periodicity of its module category. For example, the periodicity of an algebra implies the periodicity
of its Hochschild cohomology. Moreover, we provide a self-contained proof of the above theorem, presenting explicit
constructions of periodic bimodule resolutions of the considered algebras (see Section 7).

We obtain the following direct consequence of the above theorems and the main result of [26] (see also Theo-
rem 2.5).

Corollary 1.3. Let A = A(S, T, m., ¢o) be a weighted surface algebra over an algebraically closed field K, with the
Grothendieck group Ko(A) of rank at least 4. Then the Cartan matrix Cn of A is singular.

Let (S, f) be a directed triangulated surface, and m,, ¢, weight and parameter functions of (Q(S, f), f). Assume
that the boundary dS of S is not empty. Then we may consider a border function b, : d(Q(S, f), f) — K on the set
a(Q(s, f), ) of vertices of O(S, f) corresponding to the boundary edges of the triangulation 7 of S, and the associated
socle deformed weighted surface algebra A(S, f, Me, Co, be) = KQO(S, f)/I(S R f, M, Co, bo), Where I(S, f, Me, Ce, Do)
is an admissible ideal of KQ(S, f) such that A(S, f, M, Co, be) 1s socle equivalent to A(S, f, Me, Co).

The following theorem is the third main result of the paper.

Theorem 1.4. Let A be a basic, indecomposable, symmetric algebra over an algebraically closed field K. Assume that
A is socle equivalent but not isomorphic to a weighted surface algebra A(S,T,m., c.). Then the following statements
hold:

(i) The surface S has non-empty boundary.
(ii) K is of characteristic 2.
(iii) A is isomorphic to a socle deformed weighted surface algebra A(S, T,ma, ca, ba).
(iv) The Cartan matrix C4 of A is singular.
(v) A is a tame algebra of non-polynomial growth.
(vi) A is a periodic algebra of period 4.

In Section 8 we will provide explicit constructions of periodic bimodule resolutions of the socle deformed weighted
surface algebras.

The above theorems are the key new results towards classifications of distinguished classes of tame symmetric
algebras. As the continuation [36] of this paper we classify basic, indecomposable, representation-infinite, tame
symmetric algebras A with 2-regular Gabriel quiver having at least 3 vertices and where all simple modules are
periodic of period 4 (called algebras of generalized quaternion type). These are the algebras socle equivalent to the
weighted surface algebras A(S, T, m., ¢.), different from the singular tetrahedral algebra, and the higher tetrahedral
algebras investigated in [35].

Further, the orbit closures of the weighted surface algebras (and their socle deformations) in the affine varieties of
associative K-algebra structures contain new wide classes of tame symmetric algebras related to algebras of dihedral
and semidihedral types, which occurred in the study of blocks of group algebras with dihedral and semidihedral
defect groups. We refer to [37, 38] for a classification of algebras of generalized dihedral type and a characterization
of Brauer graph algebras, using biserial weighted surface algebras.

This paper is organized as follows. Section 2 contains some known preliminary results on algebras and modules.
In Section 3 we describe our general approach and results for constructing a minimal projective bimodule resolution of
an algebra with periodic simple modules. Section 4 introduces triangulation quivers and shows that they arise naturally
from orientations of triangles of triangulated surfaces. In Section 5 we define weighted surface algebras of directed
triangulated surfaces and prove that they are tame symmetric algebras. Section 6 is devoted to distinguished properties
of a family of algebras given by the tetrahedral triangulation of the sphere. In Section 7 we discuss the periodicity of
arbitrary weighted surface algebras. Section 8 deals with socle deformations of weighted surface algebras of directed
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triangulated surfaces with boundary and their properties. In Section 9 we prove that all these algebras are periodic
algebras of period 4. In Section 10 we discuss the representation type of the weighted surface algebras and their socle
deformations.

For general background on the relevant representation theory we refer to the books [1, 29, 69, 74].

2. Preliminary results

A quiver is a quadruple Q = (Qo, O1, s, 1) consisting of a finite set Qy of vertices, a finite set Q; of arrows, and two
maps 5,1 : Q1 — Qo which associate to each arrow a € Q) its source s(@) € Qp and its target #(@) € Qp. We denote by
K Q the path algebra of Q over K whose underlying K-vector space has as its basis the set of all paths in Q of length
> 0, and by R, the arrow ideal of KQ generated by all paths Q of length > 1. Anideal / in KQ is said to be admissible
if there exists m > 2 such that Rg clc RZQ. If 7 is an admissible ideal in KQ, then the quotient algebra KQ/I is
called a bound quiver algebra, and is a finite-dimensional basic K-algebra. Moreover, KQ/I is indecomposable if and
only if Q is connected. Every basic, indecomposable, finite-dimensional K-algebra A has a bound quiver presentation
A = KQ/I, where Q = Q4 is the Gabriel quiver of A and I is an admissible ideal in KQ. For a bound quiver algebra
A = KQ/I, we denote by e¢;, i € Qo, the associated complete set of pairwise orthogonal primitive idempotents of A,
and by S; = ¢;A/e;rad A (respectively, P; = e;A), i € Qp, the associated complete family of pairwise non-isomorphic
simple modules (respectively, indecomposable projective modules) in mod A.

Following [73], an algebra A is said to be special biserial if A is isomorphic to a bound quiver algebra KQ/I,
where the bound quiver (Q, /) satisfies the following conditions:

(a) each vertex of Q is a source and target of at most two arrows,
(b) for any arrow « in Q there are at most one arrow [ and at most one arrow y with @8 ¢ I and ya ¢ I.

Moreover, if in addition / is generated by paths of O, then A = KQ/I is said to be a string algebra [15]. It was
proved in [64] that the class of special biserial algebras coincides with the class of biserial algebras (indecomposable
projective modules have biserial structure) which admit simply connected Galois coverings. Furthermore, by [77,
Theorem 1.4] we know that every special biserial agebra is a quotient algebra of a symmetric special biserial algebra.
We also mention that, if A is a self-injective special biserial algebra, then A/ soc(A) is a string algebra.

The following has been proved by Wald and Waschbiisch in [77] (see also [15, 22] for alternative proofs).

Proposition 2.1. Every special biserial algebra is tame.

For a positive integer d, we denote by alg,(K) the affine variety of associative K-algebra structures with identity
on the affine space K. Then the general linear group GL4(K) acts on alg,(K) by transport of the structures, and the
GL,(K)-orbits in alg,(K) correspond to the isomorphism classes of d-dimensional algebras (see [53] for details). We
identify a d-dimensional algebra A with the point of alg,(K) corresponding to it. For two d-dimensional algebras A
and B, we say that B is a degeneration of A (A is a deformation of B) if B belongs to the closure of the GL;(K)-orbit
of A in the Zariski topology of alg,(K).

Geiss’ Theorem [44] shows that if A and B are two d-dimensional algebras, A degenerates to B and B is a tame
algebra, then A is also a tame algebra (see also [18]). We will apply this theorem in the following special situation.

Proposition 2.2. Let d be a positive integer, and A(t), t € K, be an algebraic family in alg,(K) such that A(t) = A(1)
forallt € K\ {0}. Then A(1) degenerates to A(0). In particular, if A(0) is tame, then A(1) is tame.

A family of algebras A(¢), t € K, in alg,(K) is said to be algebraic if the induced map A(-) : K — alg,(K) is a
regular map of affine varieties.

An important combinatorial and homological invariant of the module category mod A of an algebra A is its
Auslander-Reiten quiver I'y. Recall that I'y is the translation quiver whose vertices are the isomorphism classes
of indecomposable modules in mod A, the arrows correspond to irreducible homomorphisms, and the translation is
the Auslander-Reiten translation 74 = D Tr. For A self-injective, we denote by I'} the stable Auslander-Reiten quiver
of A, obtained from I’y by removing the isomorphism classes of projective modules and the arrows attached to them.
By a stable tube we mean a translation quiver I" of the form ZA.,/(7"), for some r > 1, and we call r the rank of T
We note that, for a symmetric algebra A, we have 74 = Qi (see [74, Corollary IV.8.6]). In particular, we have the
following equivalence.
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Proposition 2.3. Let A be an indecomposable, representation-infinite symmetric algebra. The following statements
are equivalent:

(i) Iy consists of stable tubes.
(ii) All indecomposable non-projective modules in mod A are periodic.

Therefore, we conclude that, if A is an indecomposable, representation-infinite, symmetric, periodic algebra (of
period 4) then '} consists of stable tubes (of ranks 1 and 2). We also note that, if A is a representation-infinite special
biserial symmetric algebra, then I'j admits an acyclic component (see [32]), and consequently A is not a periodic
algebra.

Let A be an algebra over K and o a K-algebra automorphism of A. Then for any A-A-bimodule M we denote by
1M, the A-A-bimodule with the underlying K-vector space M and action defined as amb = amo(b) for all a,b € A
andm e M.

The following has been proved in [45, Theorem 1.4].

Theorem 2.4. Let A be an algebra over K and d a positive integer. Then the following statements are equivalent:

@) Qi(S) = S in mod A for every simple module S in mod A.
(i) Q4.(S) = 1A, in mod A° for some K-algebra automorphism o of A such that o(e)A = eA for any primitive
idempotent e of A.

Moreover, if A satisfies these conditions, then A is self-injective.

The Cartan matrix C4 of an algebra A is the matrix (dimg Hom(P;, P)))1<i j<» for a complete family Py, ..., P,
of a pairwise non-isomorphic indecomposable projective modules in mod A. The following main result from [26]
shows why the original class of algebras of quaternion type is very restricted compared with the algebras which we
will study in this paper.

Theorem 2.5. Let A be an indecomposable, representation-infinite tame symmetric algebra with non-singular Cartan
matrix such that every non-projective indecomposable module in mod A is periodic of period dividing 4. Then mod A
has at most three pairwise non-isomorphic simple modules.

3. Bimodule resolutions of self-injective algebras

In this section we describe a general approach for proving that an algebra A with periodic simple modules is a
periodic algebra.

Let A = KQ/I be abound quiver algebra, and ¢;, i € Q, be the primitive idempotents of A associated to the vertices
of Q. Then e; ® e}, i, j € Qop, form a set of pairwise orthogonal primitive idempotents of the enveloping algebra
A¢ = A’ ®¢ A whose sum is the identity of A°. Hence, P(i, j) = (e;®¢;)A¢ = Ae;®¢;A, for i, j € Qp, form a complete
set of pairwise non-isomorphic indecomposable projective modules in mod A¢ (see [74, Proposition IV.11.3]).

The following result by Happel [47, Lemma 1.5] describes the terms of a minimal projective resolution of A in
mod A°.

Proposition 3.1. Let A = KQ/I be a bound quiver algebra. Then there is in mod A° a minimal projective resolution
of A of the form

d, d d
e P> P> Py —1>IP’OL>A—>O,
where _
Pn — 6 )P(l, j)dlmKEth(S,,S‘,)
i.jeQo
foranyn e N.

The syzygy modules have an important property, a proof for the next Lemma may be found in [74, Lemma IV.11.16].

Lemma 3.2. Let A be an algebra. For any positive integer n, the module Q' ,(A) is projective as a left A-module and
also as a right A-module.
6
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There is no general recipe for the differentials d,, in Proposition 3.1, except for the first three which we will now

describe. We have
Po = (P Pli.i) = P Aei ® eiA.
i€Qop i€Qop
The homomorphism dy : Py — A in mod A¢ defined by dy(e; ®¢;) = ¢; for all i € Qy is a minimal projective cover of A
in mod A¢. Recall that, for two vertices i and j in Q, the number of arrows from i to jin Q is equal to dimg Ext/k S8
(see [1, Lemma II1.2.12]). Hence we have

P, = @ P(s(@), t(@)) = EB Aes) ® exa)A.

a@€Q) a@€Q)
Then we have the following known fact (see [8, Lemma 3.3] for a proof).

Lemma 3.3. Let A = KQ/I be a bound quiver algebra, and d; : Py — Py the homomorphism in mod A¢ defined by
di(€sa) ® €1(a)) = ¥ B €i(a) — €5(a) ® X

for any arrow « in Q. Then d, induces a minimal projective cover dy : Py — Q}A((A) of QL.(A) = Kerd, in mod A°.
In particular, we have va(A) = Kerd; in mod A®.

We will denote the homomorphism d; : P; — Py by d. For the algebras A we will consider, the kernel Q2.(A)
of d will be generated, as an A-A-bimodule, by some elements of IP; associated to a set of relations generating the
admissible ideal /. Recall that a relation in the path algebra KQ is an element of the form

n

H= Z Cridrs

r=1

where ¢y, ..., c, are non-zero elements of K and y, = a(lr) (2’) .. a/,(,';? are paths in Q of length m, > 2, r € {1,...,n},
having a common source and a common target. The admissible ideal / can be generated by a finite set of relations
in KQ (see [1, Corollary I1.2.9]). In particular, the bound quiver algebra A = KQ/I is given by the path algebra KQ
and a finite number of identities },"_, c,u, = 0 given by a finite set of generators of the ideal /. Consider the K-linear

homomorphism o : KQ — P; which assigns to a path @, ... @, in Q the element

m
olaiay...ay) = Zaflarz...a/k_l ® gyl .-y
k=1

in Py, where ag = eyq,) and @1 = €yq,). Observe that p(aas ... @y) € eyq)Pieya,). Then, for a relation u =
2oy ¢ty in KQ lying in 1, we have an element

n

o) = ) o) € ePrej.

r=1
where i is the common source and j is the common target of the paths yj, ..., u,. The following lemma shows that

relations always produce elements in the kernel of d;; the proof is straightforward.

Lemma 3.4. Let A = KQ/I be a bound quiver algebra and d, : Py — Py the homomorphism in mod A defined in
Lemma 3.3. Then for any relation u in KQ lying in I, we have d,(o(u)) = 0.

For an algebra A = KQ/I in our context, we will see that there exists a family of relations (1, ..., u? generating
the ideal 7 such that the associated elements o(u"), ..., o(u'?) generate the A-A-bimodule Q2,(A) = Kerd,. In fact,
using Lemma 3.2, we will be able to show that

q q
Py = (D) P, 147) = (D) Aesyuo) @ exganA.

j=1 j=1
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and the homomorphism d, : P, — P; in mod A° such that

dy(e 00y ® eyuiny) = o(u),

for j € {1,...,q}, defines a projective cover of Q2,(A) in mod A°. In particular, we have Q3,(A) = Kerd, in mod A°.
We will denote this homomorphism d, by R.

For the next map d5 : P; — P, which we will call § := dj later, we do not have a general recipe. To define it, we
need a set of minimal generators for Q3 ,(A), and Proposition 3.1 tells us where we should look for them.

4. Triangulation quivers of surfaces

The aim of this section is to introduce triangulation quivers of directed triangulated surfaces and present several
examples illustrating possible shapes of such quivers.

In this paper, by a surface we mean a connected, compact, 2-dimensional real manifold S, orientable or non-
orientable, with or without boundary. It is well known that every surface S admits an additional structure of a finite
2-dimensional triangular cell complex, and hence a triangulation by the deep Triangulation Theorem (see for example
[16, Section 2.3]).

For a natural number n, we denote by D" the unit disk in the n-dimensional Euclidean space R", which consists
of all points of distance < 1 from the origin. Then the boundary D" of D" is the unit sphere S"~! in R”, formed by
all points of distance 1 from the origin. Further, by an n-cell we mean a topological space homeomorphic to the open
disk int D" = D" \ @D". In particular, D° and e” consist of a single point, and S = D' consists of two points. A
finite m-dimensional cell complex is a topological space X = X constructed by the following procedure (see [49]):

(1) Start with a finite discrete set X°, whose points are regarded as 0-cells.

(2) Inductively, for n € {1,...,m}, form the n-skeleton X" from xn-! by attaching a finite number of n-cells e via
maps ¢! : S""' — X""!. This means that X" is the quotient space of the disjoint union X"~' []; D" of X"~ and
a finite collection of n-disks D/ under the identification x ~ ¢!(x) for x € D/. The cell ¢! is the homeomorphic
image of int D = D!\ D! under the quotient map. Hence, as a set X" is a disjoint union of X"~! and all attached
n-cells e?.

For each n-cell ¢/ of X, the composition of continuous maps D} < X" ' [[; D} — X" — X is denoted by ¢/ and
called the characteristic map of €. We also note that a subset A C X is open (or closed) if and only if A N X" is open
(or closed) for any n € {0, ..., m}.

The following consequence of [49, Proposition A2] provides a convenient description of finite m-dimensional cell
complexes.

Proposition 4.1. Let m be a positive integer and X a Hausdorff space. Then a finite family of continuous maps
¢! D} — X, withn € {0,...,m} and D! = D", is the family of characteristic maps of a finite m-dimensional cell
complex structure on X if and only if the following conditions are satisfied:

(i) Each ¢! restricts to a homeomorphism from int D!! into its image, a cell ¢! C X, and these cells are all disjoint
and their union is X.

(i) For each cell e}, ¢}(OD?) is contained in the union of a finite number of cells of smaller dimension than n.

We refer to [49, Appendix] for some basic topological facts about cell complexes.
Let S be a surface. In this paper, by a finite 2-dimensional triangular cell complex structure on S we mean a finite
family of continuous maps ¢! : D! — S, withn € {0, 1,2} and D} = D", satisfying the following conditions:

(1) Each ¢! restricts to a homeomorphism from int D? to the n-cell e = ¢!(int DY), and these cells are disjoint and
their union is S'.
(2) For each 2-cell el.z, (pf(aDiZ) is contained in the union of k 1-cells and k O-cells, with k € {2, 3}.

Then the closures go?(Diz) of all 2-cells e? are called rriangles of S, and the closures tpil (Dil) of all 1-cells e} are

called edges of S. The collection T of all triangles <pl2(Dl.2) is said to be a triangulation of S. We assume that such

a triangulation 7" of S has at least three pairwise different edges, or equivalently, there are at least three pairwise
8
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different 1-cells in the considered cell complex structure on S. Then 7T is a finite collection 71, ..., T, of triangles of
the form
a/ \ b or a/ \a — @
c b b
a, b, ¢ pairwise different a, b different (self-folded triangle)

such that every edge of such a triangle in T is either the edge of exactly two triangles, or is the self-folded edge,
or lies on the boundary. We note that a given surface S admits many finite 2-dimensional cell structures, and hence
triangulations. We refer to [16, 51, 52] for general background on surfaces and constructions of surfaces from plane
models.

Let S be a surface and T a triangulation S. To each triangle A in 7 we may associate an orientation

c C

if A has pairwise different edges a, b, ¢, and

= (aab) = (aba),

if A is self-folded, with the self-folded edge a, and the other edge /. Fix an orientation of each triangle A of 7', and
denote this choice by 7'. Then the pair (S, T') is said to be a directed triangulated surface. To each directed triangulated
surface (S, f) we associate the quiver Q(S, f) whose vertices are the edges of 7' and the arrows are defined as follows:

(1) for any oriented triangle A = (abc) in T with pairwise different edges a, b, ¢, we have the cycle
a——Db
c bl
(2) for any self-folded triangle A = (aab) in T, we have the quiver

Con
~———
(3) for any boundary edge a in 7', we have the loop
a.

Then Q = QO(S,T) is a triangulation quiver in the following sense (introduced independently by Ladkani in [59,
Definition 2.4] (see also [60, Definition 3.12])).

Definition 4.2. A triangulation quiver is a pair (Q, f), where Q = (Qo, Q1, 5,1) is a finite connected quiver and
f Q1 — Q) is a permutation on the set Q| of arrows of Q satisfying the following conditions:

(a) every vertex i € Qy is the source and target of exactly two arrows in Qy,
(b) for each arrow « € Qy, we have s(f(@)) = t(a),
9
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(c) f3 is the identity on Q.

Let O = O(S, f) be the quiver associated to the directed triangulated surface (S, T). The permutation f on its set
of arrows is defined as follows:

(03
a———>b

(e)) ;\A f@) =B, f(B) =y, f(y) = a,
C

for an oriented triangle A = (abc) in f, with pairwise different edges a, b, c,
B
@ «(Ca_ b f@=BfB=rf0=qa
~—
Y

for a self-folded triangle A = (aab) in T, and
G o Ta f@=«
for a boundary edge a of T.

We note that for such (Q, f), Q is 2-regular. We will consider only triangulation quivers with at least three vertices.

We will see below that different directed triangulated surfaces (even of different genus) may lead to the same trian-
gulation quiver (see Example 4.4). We also mention that a similar construction of the triangulation quiver associated
to an orientable surface was given in [59, Proposition 2.5] (see also [60, Definition 4.1]).

Let (Q, f) be a triangulation quiver. Then we have the involution™: Q; — Q; which assigns to an arrow @ € Q)
the arrow @ with s(@) = s(@) and @ # @. With this, we obtain another permutation g : Q1 — @ of the set Q; of
arrows of Q such that g(@) = f(_cx) for any a € Q). We write O(g) for the set of g-orbits in Q.

We will present now several examples of triangulation quivers. We will denote by S the sphere S2, by T the torus
and by P the projective plane. For two surfaces X and Y we denote by X#Y the connected sum of X and Y.

Recall that X#Y is the surface constructed by the following steps:

(a) Remove a small open 2-disk from each of the spaces X and Y, leaving the boundary 1-disks on each of the
surfaces.

(b) Glue together the boundary 1-disks to form the connected sum.

In the first three examples we describe all possible triangulation quivers with exactly three vertices, and related
directed triangulated surfaces.

Example 4.3. Let S = T be the triangle

3

with the three pairwise different edges, forming the boundary of S, and consider the clockwise orientation Tof T.
Then the triangulation quiver Q(S, T) is the quiver

with f-orbits (@ B8 7y), (&), (17), (u). Observe that we have only one g-orbit (@ 8 u y &) of arrows in Q(S, f).
10
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Example 4.4. Let S be the sphere S with triangulation T

3

given by two unfolded triangles. There are two possible orientations T of the triangles of 7' (up to duality)

1 # 2 1 (:ﬁ 2
1 1
B B \ %
@3 5} a3 s
3 3
with f-orbits with f-orbits
(@1 a2 a3) and (B B2 B3) (a1 a2 a3) and (B B3 2)
and a unique g-orbit and three g-orbits
(a1 B a3 B @2 B3) (a1 B1) (@2 B2), (a3 B3) .

Consider also the torus T with the triangulation 7

The associated triangulation quivers Q(T, f*) are exactly the same as the triangulation quivers Q(S, f) above.
11



K. Erdmann, A. Skowroriski / Journal of Algebra 00 (2018) 1-49 12

Example 4.5. Let S = P#P be the connected sum of two copies of the projective plane P. Then S admits the
triangulation 7 of the form

given by two self-folded triangles sharing a common edge. Then we have a unique orientation T of these two triangles,
and the associated triangulation quiver Q(S, 7) is of the form

aC1<—i_>2<—i_>3Qe,

with the f-orbits (@ 8y) and (0 o §). Moreover, O(g) consists of the three g-orbits (@), (0), (8 § o y). We also mention
that P#P is homeomorphic to the Klein bottle K (see [16, Example 3.8]), and consequently the above triangulation
quiver is also the quiver Q(K, T'), for the induced directed triangulated structure on K.

In the next examples, the shaded subquivers of a quiver Q(S, f) define the f-orbits of arrows in Q(S, f). ‘We note
that for a loop, it is always clear from the context whether or not it is part of an f-orbit of length 3.

Example 4.6. Let S = T#P, and let T be the following triangulation of S

where the edges 1,2 correspond to T, and the edge 3 corresponds to P. Observe that S has empty boundary. We

12
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consider two orientations of the triangles of 7" and the associated quivers

PPN
2 ¢8| |48 5

%44

B
glO,B g(’ﬂ
6
B < > B=2g"p
3

(S, 7) for T
consisting of oriented triangles
(124),(415),(526),(336)

2 g| [6=g% _5
% 4 4’
&B /
y=8v 8B
6
gﬁ< >ﬁ=g6/3
3

(@, f) for T
consisting of oriented triangles
(124),(145),(526),336)

Observe that the first orientation gives two g-orbits of arrows in Q(S, f) (of lengths 1 and 11), while for the second
orientation there are four g-orbits of arrows in Q(S, T) (of lengths 1,2, 3, 6).

Example 4.7. Let S be a once punctured triangle, and let 7" be the triangulation of S

such that the edges 1, 2, 3 are on the boundary. We consider two orientations T of the triangles of T and the associated

quivers

gloa—aO
1,9, g 5

8

28¢® &agq
gz"Q

(S, f) for T
with oriented triangles
(124),(456),(536)

z ‘ i’ﬂﬁ> 0

(S, f) for T
with oriented triangles
(124),(456),(356)

In both orientations 7', there are two g-orbits of arrows in Q(S, f) but they have different length.
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Example 4.8. Let S = T#T, and T be the following triangulation of S

Consider the orientation T of triangles in T
(165),(276),(738),(849),(9310), (104 11), (11 112),(25 12).
Then the quiver Q(S, f) is of the form

=g'p
12<—5<—6

//

/ \\g//

and g has two orbits (of lengths 8 and 16).

Example 4.9. Let S = T#T, and T be the following triangulation of S

2
1 3
5
7
2 6 8 4
9
1 3
4

14
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We note that S has empty boundary. We consider the following orientation T of triangles in T
(152),(561),(267),(874),(398),(439).
Then the quiver O(S, f) is of the form

ANV
NN

There is only one g-orbit of arrows in Q(S, f) (of length 18).

Example 4.10. Let S be obtained from T#P by creating one boundary component, and 7 the following triangulation
of §

with two edges 4 and 5 on the boundary. Consider the following orientation T of triangles in T
(126),(617),(728),(849),(9510), (33 10).
Then the quiver O(S, f) is of the form

ga=a_ 1 ¢ a
2 g“ﬁz] Iglga 7
ca o120

/N
/N O

1()(—
gf ga ga
iea

3
B=gp

We note that there are two g-orbits of arrows in Q(S, f), of lengths 1 and 19.
15
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We will now show that every triangulation quiver comes from a directed triangulated surface.

Theorem 4.11. Let (Q, f) be a triangulation quiver with at least three vertices. Then there exists a directed triangu-
lated surface (S, T) such that (Q, f) = O(S,T).

Proof. Let Q = (Qo, 01, s,1). We denote by n(Q, f) the number of f-orbits in Q; of length 3. We will prove the
theorem by induction on n(Q, f). Observe that if n(Q, f) = 1 then (Q, f) is the triangulation quiver described in
Example 4.3, because Q is a connected 2-regular quiver with |Qy| > 3. Further, all possible triangulation quivers with
three vertices are described in Examples 4.3, 4.4, 4.5. Therefore, we may assume that |Qy| > 4 and n(Q, f) > 2. We
shall consider two cases.

(1) Assume that there is an f-orbit of length 3 in (Q, f) containing a loop. Then Q contains a subquiver

B
X\
Cal
~—
Y

with f(@) = B, f(B) = v, f(y) = a. Consider the quiver Q" = (Q, 0}, s',1) obtained from Q by removing the
vertex a, the arrows «, B, v, and adding a loop ¢ at vertex b. Then we have the permutation f’ : Q] — Q] such
that f'(o) = f(o) for any arrow o € Q) \ {a,B,y} and f’(¢) := €. Hence (Q’, f’) is a triangulation quiver with
|Qpl = 1Qol = 1 > 3. By the inductive assumption, there is a directed triangulated surface (S’, f’), with 7’ given by a
finite 2-dimensional cell complex structure on S’, such that (Q’, f') = Q(S”’, T "). Moreover, the loop € of Q’ is created
by a bordered edge b of the triangulation 7’ of S’. Consider the surface S’ obtained from the projective plane P by
creating one boundary component, and its triangulation 7"

a

with boundary edge b and self-folded edge a. Moreover, let 7" be the orientation (aab) of T”. Let ¢, : D' - S’ be
the characteristic map of the cell complex structure defining (S’, 7”) whose image is the edge b, and ¢, : D' — S” the
characteristic map of the cell complex structure defining (S”, 7*") whose image is the edge b. Denote by S the quotient
space of the disjoint union S’ LI §” under the identification ¢;(x) ~ ¢} (x) for all x € D'. Then we have on S the
cell complex structure induced by the cell complex structures of S’ and S”” and the characteristic map ¢, : D' — S,
whose image is the edge b, obtained by gluing the two edges b in S’ and S”, and replacing the characteristic maps ¢,
and ¢). In particular, applying Proposition 4.1, we infer that S is a surface with the triangulation 7 = 7" U 7", and
the orientation 7' of triangles in T given by the orientations 7 and 7"’ of triangles in 7 and T”’. Moreover, we have

(0, /)= 0, T).

(2) Assume that there is no loop in any f-orbit of length 3 in Q;. Then Q contains a subquiver
a—2 s p
NZ
c

with f(@) = B, f(B) = v, f(y) = @, and a, b, ¢ are pairwise different vertices. Consider the quiver Q" = (Q;, 0}, 5", 1)
obtained from Q by removing the arrows «, 3, v, and adding the loops

aan ngb CQE"

at the vertices a, b, c¢. Then Q’ is a finite 2-regular quiver with Qf = Q and it has at most three connected components.
Moreover, there is the permutation f* : Q] — Q] such that f’(cr) = f(o) for any arrow o € Q; \ {a,,y} and
16
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f'(ea) = €4, f'(&p) = €p, f'(e.) = €.. Foreachi € {a,b,c}, denote by Qi) = (Q(i)o, O(i)1, s(i), t(i)) the connected
component of Q' containing the vertex 7, and by f; : Q@i)); — Q(i); the restriction of f’ to Q(i);. Observe that each
(Q(), f;) is a triangulation quiver with n(Q(i), f;) < n(Q, f) — 1. Moreover, by the assumption imposed on the f-orbits
in Q;, we conclude that either |Q(i)o| > 3 or [Q(i)o| = 1. Clearly, if |Q(i)o| = 1 then Q(i) is the loop &; at i. Since
|Qol > 4, we conclude that |Q(i)| > 3 for some i € {a,b,c}. We may assume that |Q(a)o| > 3, and |Q(c)o| = 1, if
|Q(i)o| = 1 for some i € {a, b, c}. For each i € {a, b, c} with |Q(i)o| > 3, it follows from the inductive assumption that
Q@), f,) = O(S @), m) for a directed triangulated surface (S (i), m). Observe also that, if Q(i) = _QQ Jj) for some
i # jin {a,b,c}, then |Q(i)o| = |O(j)o| = 3. In such a case, we assume that (S (), m) = (S(),T(j)). We may
assume (without loss of generality) that, if Q" has at most two connected components, then Q(a) = Q(b). We define
the topological space S’ as follows:

S’ =8S(a)uS®)US(c),if Qa), Q(b), O(c) are pairwise different with |Q(a)o| = 3, |0(b)o| = 3, |0(c)ol > 3;

S’ =S(a) U Sb),if O(a), OQ(b), O(c) are pairwise different with |Q(a)o| > 3, |Q(b)o| > 3, |Q(c)o| = 1;

S’ = S(a), if Q(a), Q(b), Q(c) are pairwise different with |Q(a)o| > 3, |Q(b)o| = 1,10(c)ol = 1;
o S’ =S(a)US(c),if Q(a) = Q(b), different from Q(c), and |Q(c)o| = 3;

e S’ =S(a), if Q(a) = Q(b), different from Q(c), and |Q(c)o| = 1;

e §'=S(a),if Qa) = Q(b) = Qo).

Observe that there is the finite 2-dimensional cell complex structure on S’, given by the finite 2-dimensional cell com-

plex structures on the surfaces S (i), defining the triangulations 7'(i), for i € {a, b, c} with |Q(i)o| > 3, and consequently

the induced triangulation 7’ of S’. We denote by T” the orientation of triangles in 7" given by the orientations T_(zS of

triangles of 7'(7) in S (i), for all i € {a, b, ¢} with |Q(i)o| > 3. Moreover, for any i € {a, b, ¢} with |Q(i)o| > 3, we denote

by ¢, : D' — S’ the characteristic map of the defined cell complex structure on S’ whose image is the edge i.
Consider now the triangle S” = T"

c

with the three pairwise different edges, forming the boundary of S/, and the orientation T = (abc) (see Example 4.3).
Let ¢/ : D' — §”, ¢, - D' — §”,¢” : D' — S§” be the characteristic maps of the 2-dimensional cell complex
structure on S = 7" whose images are respectively the edges a, b, c.

Let S be the quotient space of S’ LI S under the identification ¢;(x) ~ ¢!'(x) for all x € D' and i € {a, b, ¢} with
|Q(i)o| = 3. Then, applying Proposition 4.1 again, we conclude that S is a surface with a 2-dimensional cell complex
structure defining the triangulation 7 = 7’ L T”, and the orientation T of triangles in T given by the orientations 7"

and 7" of triangles in 77 and 7. It follows from the above construction that (Q, f) = Q(S, f). O

Corollary 4.12. Let (Q, f) be a triangulation quiver with at least three vertices. Then Q contains a loop a with
f(a) = aifand only if (Q, ) = O(S, f)for a directed triangulated surface (S, f) where S has non-empty boundary.

We end this section with the comment that the setting of directed triangulated surfaces proposed in this paper
is natural for the purposes of a self-contained representation theory of symmetric tame algebras of non-polynomial
growth which we are currently developing. In particular, the realization Theorem 4.11 gives the option of changing
orientation of any triangle independently.

17
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5. Weighted surface algebras

In this section we define weighted surface algebras of directed triangulated surfaces and describe their basic
properties.

Let (Q, f) be a triangulation quiver. Then we have two permutations f : O; — Q) and g : Q; — Q; on the set O
of arrows of Q such that f3 is the identity on Q; and g = f, where™: Q; — Q; is the involution which assigns to an
arrow @ € Q; the arrow @ with s(a) = s(@) and @ # @. For each arrow a € Q;, we denote by O(«a) the g-orbit of a in
Q). and set n, = np) = |O(@)|. Recall that O(g) is the set of all g-orbits in Q. A function

me : O(g) > N* =N\ {0}
is said to be a weight function of (Q, f), and a function
ce:0(g) > K" = K\ {0}
is said to be a parameter function of (Q, f). We write briefly m, = mo(,) and ¢, = co() for @ € Q1. In this paper, we
will assume that myn, > 3 for any arrow a € Q).
For any arrow a € Q;, we consider the path
g

-1
A, = (ag(a) .. .g”“’l(a)) ag(@)...g" (), ifny > 2,

my—1

Ay =« , ifng, =1,

in Q of length mun, — 1 from s(a) to #(g"=~(a)). Moreover, for any arrow a € Q;, we have the oriented cycle

B, = (ag(@)...g" (@)

of length myn,.

Definition 5.1. Let (Q, f) be a triangulation quiver with weight and parameter functions m, and c¢,. We define the
bound quiver algebra

A(Q, f,me, co) = KQ/I(Q, f,ma, ca),
where 1(Q, f, m,, c.) is the admissible ideal in the path algebra KQ of Q over K generated by:

(1) af(a) — czAs, for all arrows a € Qy,
(2) BfBE(f(B)), for all arrows B € Q.
Then A(Q, f, m., c.) is called a weighted triangulation algebra of (Q, f).

We note that Q is the quiver of the algebra A(Q, f, m.,c.), and the ideal I(Q, f, m,, c.) is an admissible ideal of
KQ, by the assumption that m,n, > 3 for all arrows @ € Q. We also note that a weighted triangulation algebra
defined above is a triangulation algebra defined in [59, 60] as a quotient of complete path algebra of the quiver by a
closed ideal (see [59, Definition 2.10 and Theorem 1.1(a)] or [60, Definition 5.16 and Proposition 7.4]).

Definition 5.2. Consider the bound quiver algebra

B(Q, f,me,ce) = KQ/J(Q, f,ma, ca),

where J(Q, f, m., c.) is the admissible ideal in the path algebra KQ of Q over K generated by:

(1) ¢coBy — cgBg, for all arrows a € Qy,

(2) Bf(B), for all arrows B € Q.

We call this algebra a biserial weighted triangulation algebra.

18
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We note that a biserial weighted triangulation algebra is a Brauer graph algebra. In fact, it is shown in [38] that the
class of Brauer graph algebras coincides with the class of indecomposable idempotent algebras of biserial weighted
triangulation algebras (we refer to [38] for related references and results).

Let A = A(Q, f, m., c.) be a weighted triangulation algebra. In order to study modules in mod A and properties
of A, we specify a suitable basis of the algebra A, defined in terms of the permutations f and g. We will identify an
element of KQ with its residue class in A = KQ/I(Q, f, m., c.). We will need also an extra notation. For each arrow
a in Qy, we denote by A;, the subpath of A, from #(a) to 1(g"~?) of length mgn, — 2 such that aA;, = A,. We note that
A}, is a path of length > 1 since we assume that myn, > 3.

Lemma 5.3. Let a be an arrow in Q. We have in A the equalities:

(i) @) =g" N @).
(ii) Aaf*(@) = Bs.
(ili) aAg@) = B,
(iV) coBo = af(@)f* (@) = af(@)f*(@) = czBs.
V) ALfH@) = Ay
Proof. (i) The arrow g(f*()) starts at #(f>(a)) = s(e) and we have g(f?(a)) # f(f*(@)) = . Hence we have
g(f*(a)) = @ = g"*(@) and therefore f*(a) = g ().
Part (ii) follows from (i), and part (iii) holds by definition.
(iv) From the relations in A, (iii), and since c, is constant on g-orbits, we obtain

af(@f*(@) = a(f(@) (@) = ac;pAzg) = Com@Aga) = CoBa-
Similarly, we have @ f(@) f>(@) = czBa. Then, by (ii), we obtain
af(@)f* (@) = (af(@)f*(@) = caAaf>(@) = caBs = af(@)f*(@).
(v) By (i) we have that f2(@) = g"~' (@), and hence the required equality holds. O

Lemma 5.4. Let a be an arrow in Q. Then the following hold:

(i) ByradA = 0.
(i) B, is non-zero.

Proof. (i) W must show that B,a = 0 and B,& = 0 in A. It follows from (i) and (iv) of Lemma 5.3 and the relations
in A that

caBar = @f(@) f*@a = a(f(@ [ (@g(f* @) = 0,
CaBat = af(@)f* (@)@ = o f(0)f*(@)g(f*(@))) = 0,

and hence B,a = 0 and B,@ = 0, because ¢, € K*.
(i) This follows from the relations defining A. O

It follows from Lemmas 5.3 and 5.4 that, for a vertex i of Q and the arrows @ and @ starting at i, the element
coBy = c3Bg generates the socle of the projective module ¢;A. The next lemma shows that, for any vertex i of Q,
the quotient e¢;(rad A)?/ soc(e;A) is a direct sum of uniserial right A-modules, as well as gives most of a basis for the
indecomposable projective module e;A.

Lemma 5.5. Let a be an arrow of Q. Then the following hold:

(1) ag(@)f(g(@)) =0inA.
(i) ag(a)A is a uniserial right A-module, with basis given by all initial subwords of B, of length > 2. In particular,
dimg ag(@)\ = myn, — 1.
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Proof. (i) Since g@) = f(@) we obtain the equalities

2g(@)f(8(®) = ac; Az = cro@A s = crmaf(@8(f(@)--- =0,

by the relations for the algebra A.

(ii) If follows from (i) that the right A-module ag(a)rad A is generated by ag(a)g*(a). Then using (i) repeatedly
we conclude that ag(@)A is a uniserial right A-module with basis formed by all initial subwords of B, of length > 2.
Clearly, then dimg ag(@)A = myn, — 1. O

Corollary 5.6. Let i be a vertex of Q and «, @ the two arrows in Q with source i. Then dimg ;A = mgn, + mgng.

Proof. 1t follows from the previous lemma, that a basis of @g(@)A is given by the set of initial subwords of B, of
length > 2. Then we also see that rad ¢; A has basis consisting of all initial subwords of A, and A; together with B,,.
This shows that dimg e;A = mgn, + mgng. O

We present now basic properties of the algebras B(Q, f, m., c.) and A(Q, f, m., C.).

Proposition 5.7. Let (Q, f) be a triangulation quiver, m, and c, weight and parameter functions of (Q, f), and
B = B(Q, f,me,cs). Then the following statements hold:

(i) Bis a finite-dimensional special biserial algebra with dimg B = Y,0c0(,) moné.
(i) B is a symmetric algebra.
(iii) B is a tame algebra.

Proof. We write J = J(Q, f, M., cs).

(i) Let i be a vertex of Q and let @, @ be the two arrows in Q with source i. Then the indecomposable projective
right B-module P; = ¢;B has dimension equal to dimg P; = myn, + mazng. Indeed, P; has a basis given by e;, all initial
subwords of A, and A;, and B,. Then we deduce that

dimg B = Z mon(z).
0e0(g)

(ii) It is well known (see for example [74, Theorem IV.2.2]) that B is a symmetric algebra if and only if it has a
symmetrizing form. That is, there exists a K-linear form ¢ : B — K such that ¢(ab) = ¢(ba) for all a,b € B and Ker ¢
does not contain non-zero one-sided ideal of B. Let i be a vertex of the quiver Q and «, & be the arrows with source
i. Then the element ¢, B, + J = c3B; + J generates the one-dimensional socle of the indecomposable projective right
B-module P; at the vertex i. Clearly, we have also that top(P;) = S; = soc(P;). We define a required K-linear form
¢ : B — K by assigning to the coset « + J of a path « in Q the following element in K

-1 .
| ¢’ ifu= B, foranarrow a € Qi,
plu+J)= { 0 otherwise,
and extending to a K-linear form.
(iii) Since B is special biserial, it is tame, by Proposition 2.1. D

We refer to Section 6 for the tetrahedral algebras and their properties.

Proposition 5.8. Let (Q, f) be a triangulation quiver, mo and c, weight and parameter functions of (Q, f), and
A = A(Q, f,me, co). Then the following statements hold:

(1) A is a finite-dimensional algebra with dimg A = ¥ 0co(q) moné.

(ii) A is a symmetric algebra.
(iii) A degenerates to the algebra B(Q, f, m., c.), provided A is not a tetrahedral algebra.
(iv) A is a tame algebra.
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Proof. We abbreviate I = I1(Q, f, m., c).
(1) It follows from Corollary 5.6 that, for each vertex i of Q, the indecomposable projective right A-module P; at
the vertex i has the dimension dimg P; = myn, + mang, where a, @ are the two arrows in Q with source i. Then we get

dimg A = Z moné.
0e0(g)

(i) Similarly, as in the above Proposition, we define a symmetrizing K-linear form ¢ : A — K by assigning to the
coset u + I of a path u in Q the following element in K

C_l

<p(u+1):{ f if u = B, for an arrow @ € Q,

otherwise,

and extending to a K-linear form.
(iii) Assume that A is not a tetrahedral algebra. For each ¢ € K, consider the bound quiver algebra A(f) = KQ/I?,
where I is the admissible ideal in the path algebra KQ of Q over K generated by the elements:

(i) af(a)— tczAg, for all arrows a € Qy,
(1) Bf(B)g(f(B)), for all arrows B € Q.

Then a simple checking shows that A(?), ¢ € K, is an algebraic family in the variety alg,(K), with d = dimg A, such
that A(t) = A(1) = Aforallr € K\ {0} and A(0) = B = B(Q, f,ma,c.). Then it follows from Proposition 2.2 that
A degenerates to B. We refer also to [60, Proposition 7.13] for a different algebraic family of intermediate algebras
degenerating A to B.

(iv) If A is not a tetrahedral algebra then it follows from Propositions 2.2 and 5.7 that A is tame. Assume A is a
tetrahedral algebra. If A is non-singular then the tameness (even polynomial growth) of A follows from the old article
[62] where the representation theory of the trivial extensions of arbitrary tubular algebras has been established. If A
is singular, then the tameness of A follows from [21, Theorem] and [61, Theorem A]. O

Definition 5.9. Let (S, f) be a directed triangulated surface, (Q(S, f), ) the associated triangulation quiver, and let
m, and ¢, be weight and parameter functions of (Q(S, f), f). Then the triangulation algebra A(Q(S, f), f,me, ce) Will
be called a weighted surface algebra.

For further purposes, we would like to have two notions: a weighted surface algebra and a weighted triangulation
algebra on the grounds, one of topological origin and the other purely algebraic.
We give now examples of weighted surface algebras, using the triangulation quivers from Examples 4.3, 4.4, 4.5.

Example 5.10. Let (Q(S, f), f) be the triangulation quiver

5C1—0>2 1
N
O

u

with f-orbits (@ S ), (&), (1), (1), considered in Example 4.3. Then g has only one orbit, (@ n 8 1 v €), and hence
a weight function m, : O(g) — N* and a parameter function ¢, : O(g) — K* are given by a positive integer m and
a parameter ¢ € K*. The associated weighted surface algebra A = A(Q(S, T), f.ma, ca) is given by the above quiver
and the relations

ap = cleanBuy)"" canpy, & = clamBuye)™" anpuy. apu =0, ga=0,
By = c(nBuysa)™ ' nBuye, 7 = c(Buysan)™ Buyea, Bre =0, 7B =0,
ya = c(uyeanp)" uyean, 1 = clygamBu)™ " ysanp, yan =0, iy =0.
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Moreover, the Cartan matrix Cp of A is of the form

dm 4m 4m
dm 4dm  4dm
dm 4m  4m

and hence is singular.
Example 5.11. Let (O(S, ), /) be the triangulation quiver

10212
B

B B

Qas @

3

with f-orbits (@] @, @3) and (B B2 B3), considered in Example 4.4. Then g has only one orbit, which is (a; 82 a3 81 a2 53),
and hence a weight function m, : O(g) — N* and a parameter function ¢, : O(g) — K* are given by a positive integer

m and a parameter ¢ € K*. The associated weighted surface algebra A = A(Q(S, f), f>ma, ce) is given by the above
quiver and the relations

a1 = c(Braxfaaifray)" BrasBra B, s = c(Brasfiafza)” raaBianfs,
a3y = (B fraaPian)”” Baa faasfr, BiB2 = cla1 frasPranfs)" i frasfras,
Bofs = c(axfsai foasf)" anfra frcrs, BaPi = claaBranfzaifo)" asfranfsan,
ajazfs =0, @mazf =0, azaifr =0,
Bifrasz =0, Bopzar =0, B3fras = 0.
Moreover, the Cartan matrix Cp of A is of the form
dm 4m  4m
dm 4m  4m|,
dm  4m  4m

and hence is singular.

Example 5.12. Let (Q(S, T ), f) be the triangulation quiver

1.+<—l>2

1

a3 @
3

with f-orbits (@ as a3) and (B B3 52), considered in Example 4.4. Then O(g) consists of the three g-orbits (a; B1)
(a2 B2), (a3 B3) of length 2. Let m, : O(g) — N* be a weight function and m; = my,, my = my,, m3 = Mmy,.
By our assumption, we must take m; > 2, mp, > 2, my > 2, because |O(a;)| = 2, |[O(@)| = 2, |O(a3)| = 2. Let
¢e : O(g) — K* be a parameter function and ¢| = ¢4, €2 = Cay, €3 = Co,. Then the associated weighted surface
algebra A = A(QO(S, f), f,m., ce) is given by the above quiver and the relations

a1a; = c3(Bzaz)™ ' B, aas = cy(Bra)™ "By, @ = 2(Brar)™ ' Ba,
BiBs = ca(@af)™ Bapa = ci(ap)™ BB = c3(azf3)™ ' as,
ajafr =0, wmasfs =0, azafBr =0,
BiBsas =0, Bafras =0, Bopra; = 0.
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Moreover, the Cartan matrix Cp of A is of the form

mp; + m3 my m3
ny my +my my )
ms my my + mj

and det Cp = 4m;mym3. Hence Cy is non-singular.

Example 5.13. Let (Q(S, 7), f) be the triangulation quiver

a(jl<—i_>2<—j_>3ge,

with f-orbits (@ 8 ) and (0 o §), considered in Example 4.5. Then O(g) consists of the g-orbits (@), (0), (B 6 o ).
Let m, : O(g) — N* be a weight function and m, = p, m, = g, mg = r. By our assumption, we have p > 3 and ¢ > 3,
because [O(a)| = 1 and |O(p)| = 1. Moreover, let ¢, : O(g) — K* be a parameter function and ¢, = a, ¢, = b, cg = c.
Then the associated weighted surface algebra A = A(Q(S, f), [, ma, c,) is given by the above quiver and the relations

af = c(Béay) "' Bsor, By = aa”™", ya = c(6oyB) S0y,
00" = c(oyBs) B, o6 = bo", S0 = c(yBso) ™ s,
afs =0, ByB =0, ya? =0, ooy=0, o6 =0, 80> =0.

Moreover, the Cartan matrix Cp of A is of the form

p+r 2r r
2r  4r  2r |,
r 2r q+r

and det Cy = 4pgr. Hence C, is non-singular.

The class of weighted surface algebras contains as a very special subclass the class of Jacobian algebras of surfaces
with punctures. Recall that a surface with punctures is a pair (S, P), where S is an orientable surface with empty
boundary, and P is a finite set of points in S, called punctures. Then an ideal triangulation (briefly, triangulation)
of (S, P) is any maximal collection T of pairwise compatible arcs with the ends in P whose relative interiors do
not intersect each other (see [41, Section 2]), and the triple (S, P, T) is called a triangulated surface with punctures.
Moreover, it is always assumed that a triangulated surface with punctures (S, P, T') satisfies the following conditions:

e if § is a sphere then |P| > 4;
e there is no arc in P starting and ending at the same puncture;
e for each puncture p € P, there are at least 3 arcs in T incident to p.

A triangulated surface with punctures (S, P, 7) may be viewed as directed triangulated surface (S, f), where T is one
of the two possible choices of coherent orientations of triangles in 7', using the fact that S is orientable. Then the
quiver Q(S, f) of (S, f) is the adjacency quiver Q(S, P, T) of (S, P,T) defined by Fomin, Shapiro and Thurston [41].
Moreover, the quiver Q(S, f) = Q(S,P,T) has no loops nor 2-cycles e ——= e . Finally, the Jacobian algebra of
(S, P,T) with respects to the Labardini-Fragoso potential [56] is the surface algebra A(Q, f,m.,c.) of the directed
triangulated surface (S, f) given by (S, P,T), and the weight function m, taking only value 1 (see [57]). For an
arbitrary weight function m, of (S, f) we obtain a weighted Jacobian algebra of (S, P,T), as investigated by Ladkani
[58, 59].
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6. Tetrahedral algebras

In this section we present a family of algebras given by the tetrahedral triangulation of the sphere, which has
exceptional properties among all weighted surface algebras considered in this paper.

Example 6.1. Let S = S? be the sphere in R?. Consider the tetrahedral triangulation T of S

and its coherent orientation 7
(154),(253),(264),(163).

Then the associated quiver Q(S, f) is of the form

AT

where the shaded subquivers denote the f-orbits.
In Q(S, T)) we have the four g-orbits which are, written in cycle notation,

Ben), opo), (yvw), (@dé).

Letm, : O(g) — N* = N\ {0} be the weight function taking the value 1 on each g-orbit. Consider a parameter function
ce 1 0(g) = K* = K\ {0}, and let cop) = a, cow) = b, coy) = ¢ and co() = d, for elements a, b, c,d € K*. Then the
algebra A(S, a, b, c,d) = A(S, f, M, Ce) is given by the above quiver Q(S, f) and the relations

on = cvw, ny = déa, yo = ape, onpB =0, nyv =0, yoé =0,
ow = aen, wpB = buo, Bo = cyv, owy =0, wPe =0, Pou =0,
oe = dad, &€ = bou, o = anp, oen =0, gta =0, (oo =0,
av = boo, v = doé, Ha = cwy, avw =0, vuo = 0, uad =0,

corresponding to the four f-orbits in Q(S, f) where an orbit is given by the arrows around a shaded triangle. Moreover,
a minimal set of relations defining A(S, a, b, ¢, d) is given by the above twelve commutativity relations and the six zero

relations
onB =0, owy =0, oen =0, Bou =0, nyv =0, wPe =0,
24
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so the remaining six of the above zero relations are superfluous.
We note now that the algebra A(S, a, b, ¢, d) is isomorphic to the algebra A(S,abcd, 1,1, 1). Indeed, there is an
isomorphism of algebras ¢ : A(S, abcd, 1,1,1) = A(S, a, b, c,d) given by

(@) = aa, o(u) = by, () = cv,
@(0) = beds, p(w) = bedw, ¢(o) = bedo,
w(&) =¢, ¥(o) = o, () =7, o) =mn, w(e) = &, o(B) =B.

An algebra A(S, a, b, c,d), with a,b,c,d € K*, is said to be a tetrahedral algebra. Moreover, the triangulation
quiver Q(S, f) of A(S, a, b, c,d) is said to be the tetrahedral triangulation quiver.

For each 1 € K* = K \ {0}, we abbreviate A(S, 1) = A(S, 4, 1, 1, 1). We shall discuss now distinguished properties
of the tetrahedral algebras.

Recall that the trivial extension algebra T(B) = B x D(B) of an algebra B by the injective cogenerator D(B) =
Homg (B, K) has underlying K-vector space T(B) = B @® D(B), and the multiplication in T(B) is given by

(b1, fi)(b2, f2) = (b1by, b1 f> + fib2)

for by,b, € B and fi, f» € D(B). Then there is a canonical associative, non-degenerate, symmetric K-bilinear form
(=, —) : T(B) X T(B) — K defined by

(b1, f1), (b2, 12)) = fi(b2) + fa(b1)

for by,b, € Band fi, f> € D(B).

A prominent role in the representation theory of tame symmetric algebras of polynomial growth is played by the
trivial extensions of the tubular algebras (in the sense of Ringel [68]), whose representation theory was described
by Nehring and Skowronski in [62]. Moreover, the derived equivalence classification of these algebras follows from
results established in [48, 67]. We refer also to the article [65] for the invariance of the trivial extensions of tubular
algebras under stable equivalences. It follows also from [71, Example 3.3] that there are exactly four families of the
trivial extensions of tubular algebras of tubular type (2, 2,2, 2), and the tetrahedral algebras A(S, A1) with 2 € K'\ {0, 1}
form one of these families. For the purposes of this section, we will describe now the identification of a tetrahedral
algebra A(S, 1) with the trivial extension algebra T(B(A)) of an alebra B(2) of global dimension 2, being for K \ {0, 1}
a tubular algebra of tubular type (2,2, 2, 2).

For each A € K*, we denote by B(1) the K-algebra given by the quiver

1 « I3
o 7
Y u
2 4 6
B w
and the relations
ny =éa, §o = Anp, Ha = wy, wp = po.

We note that B(2) is the double one-point extension algebra of the path algebra H = KA of the quiver A
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of Euclidean type K; by two indecomposable modules

Ke21"' K Ke21' K
1 1
R, : and R :
1 1
K R E— K K ~ K
lying on the mouth of stable tubes of rank 1 in I'y. For 4 € K \ {0, 1}, the modules R, and R; are not isomorphic, and
then B(Q) is a tubular algebra of type (2,2,2,2) in the sense of [68], and consequently it is an algebra of polynomial

growth. On the other hand, B(1) is the tame minimal non-polynomial growth algebra (30) from [63]. We also mention
that all algebras B(1), 4 € K*, are simply connected and of global dimension 2.

Lemma 6.2. For any A € K*, the algebras A(S, 1) and T(B(Q)) are isomorphic.

Proof. By general theory (see [72]), the trivial extension algebra T(B(1)) is isomorphic to the orbit algebra 5(7) /(v B’(I))
of the repetitive category E(_/T) of B(A) with respect to the infinite cyclic group (VE@) generated by the Nakayama
automorphism v 5D of E(_/T). One checks directly that 5(7) contains the full convex subcategory B(1)® given by the
quiver

1 a 3 o
o 1
y it
2 4 6
B @ 0
and the relations
ny = éa, §o = Anp, pa = wy, wp = o,
Vi = 6€, on = vw, €& = o, ow = Aer,
o'e =a's, a'v =00, v'6 = AB'e, Bo=7",
T]l’y/ — g/a/’ g/o_/ — A]]/ﬁ/, ﬂ/a/ — w/,)//, w/ﬁ/ — #/O-/’
onB =0, owy =0, o’en =0, Bou=0, n'y'v=0, Ww'Be=0,

where "E&)(i) =i’ for any vertex i € {1,2,3,4,5,6} and an)(H) = @' for any arrow 6 € {@, 8,7y, 0, &, w,n, u}.
We conclude that T(B(Q)) is isomorphic to the algebra A(S, 1) = A(S, 4, 1,1, 1). O

We note that the algebra (category) B(1)® is isomorphic to the duplicated algebra

toin )

_f|b1 O
D(B(A) BW)| {[ ] ‘ bi,by € BW), f € D(B(/l))}

f b

of B(R).
The next two propositions describe some distinguished properties of the tetrahedral algebras A(S, 1), 4 € K*.

Proposition 6.3. For any A € K \ {0, 1} the following statements hold:
(1) A(S, Q) is an algebra of polynomial growth.
(ii) A(S, Q) is a periodic algebra of period 4.
(iii) The simple modules in mod A(S, A) are periodic of period 4.
(iv) The simple modules in mod A(S, 2) lie in six pairwise different stable tubes of rank 2 of T s
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Proof. Tt follows from Lemma 6.2 that A(S, A) is isomorphic to the trivial extension algebra T(B(1)). We identify
A(S, 1) and T(B(Q)). Since 4 € K\ {0, 1}, the algebra B(4) is a tubular algebra of tubular type (2,2,2,2), and T(B(1))
is the orbit algebra B(1)/ (VB’(I)). Then, applying the results of [62, Section 3], we conclude that T(B(1)) is an alge-
bra of polynomial growth and the six pairwise nonisomorphic indecomposable projective-injective T(B(1))-modules
Py, Py, P3, P4, Ps, Pg, at the vertices 1,2,3,4,5,6, lie in six pairwise different components C;, C,,C3,C4,Cs,Cg of
['r(p(py) such that their stable parts C}, C3, C3, Cy, Cs, C; are stable tubes of rank 2 and do not contain simple modules.
Further, since T(B(1)) is a symmetric algebra, the six pairwise nonisomorphic simple T(B(1))-modules S 1,57, 53,54,S5,S6,
at the vertices 1,2,3,4,5,6, are the socles of the modules Py, P, P, P4, Ps, Pg, respectively. Observe also that
P;/S; belongs to C;, for any i € {1,2,3,4,5,6}. Then S; = Qg (Pi/S;) belongs to a component 7; such that
T = Qrpwy)(C)), forany i € {1,2,3,4,5,6}. Hence, we obtain that 7, 72, 73,74, 75, T are pairwise different stable
tubes of rank 2 containing the simple modules S'1,5,53,54,S5,S6, respectively. We also note that Tr)) = Q%( B’
because T(B(1)) is a symmetric algebra. Therefore, the simple modules S, S, 53, 54,55, S¢ are periodic modules of
periodic 4.

We will prove now that T (B(Q)) is periodic as an algebra, of period 4. Consider the cyclic group H of automor-
phisms of the algebra T(B(1)) = A(S, 1) generated by the automorphism % given by the following cyclic rotations of
the vertices and arrows of the quiver Q(S, f) from Example 6.1

(163), (425), vua, Bem, (yed, (6w o).

Then H is of order 3 and acts freely on the set of primitive idempotents of A(S, 1) corresponding to the vertices of
O(S,T). Further, the orbit algebra A(S, 1)/H = T(B(1))/H is isomorphic to the algebra A(4) from [8, Section 6],

given by the quiver
a
@
C ! Y~ 2 Q A

and the relations

o’ = oy, yo = /lﬂz, ya = By, ao = of.
‘We note that the above relations imply the zero relations

ya? =0, ?o =0, op? =0, By =0, aof =0, Bya =0, oyo =0, yoy =0,

because 4 € K \ {0, 1}. It has been proved in [8, Proposition 7.1] that A}(4) is a periodic algebra of period 4. Since
the order of H is coprime to 4, it follows from [24, Theorem 3.7] that A(S, 1) = T(B(Q)) is also a periodic algebra of
period 4. O

Proposition 6.4. The algebra A(S,1) is a tame algebra of non-polynomial growth and there exist three pairwise
different components Cy,C3, Cs in I'ns 1y having the following properties:

(i) Foreachr € {1,3,5}, C, is isomorphic to the stable translation quiver ZD,.
(ii) For each r € {1,3,5}, the component C, contains a full translation subquiver of the form

TAG.DS S,
o~ e
/ \S
r+l1

TAGDS re1

where S, and S .1 are the simple A(S, 1)-modules at the vertices r and r + 1.

In particular, A(S, 1) does not have a simple periodic module, and hence A(S, 1) is not a periodic algebra.
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Proof. We identify A(S, 1) = T(B(1)) = E(T)/(VE(T)) using Lemma 6.2. Consider the Galois covering F : l?(T) -

l?(T)/ (VE(T)) = T(B(1)) and the push-down functor F, : mod §(T) — mod T(B(1)) induced by F. It follows from [43,
Theorem 3.6] that F') preserves the projective modules and almost split sequences. Recall that B(1) is the pg-critical
algebra (30) from [63, Theorem 3.2], and hence is a tame algebra of non-polynomial growth, by [63, Proposition 3.1].
Then the trivial extension algebra T(B(1)) is of non-polynomial growth, because B(1) is a quotient algebra of T(B(1)).
Then, applying Proposition 5.8, we conclude that A(S, 1) = T(B(1)) is a tame algebra of non-polynomial growth.
Consider now the full convex subcategory/@(l)a) of E(T) presented in the proof of Lemma 6.2. For each i €
{1,2,3,4,5,6}, we denote by S the simple B(1)-module at the vertex i, and by P; the indecomposable projective
§(T)-module at the vertex i’. Then, for each i € {1,2,3,4,5,6}, S; = F(S}) is the simple T(B(1))-module and
P; = F;(P;}) the indecomposable projective T(B(1))-module the vertex i. Applying [63, Theorem 6.1], we conclude

that the Auslander-Reiten quiver 1"3’(1\) of B/(T ) admits three pairwise different components D,, D4, Dy having the
following properties:

e Foreach r € {1, 3, 5}, the stable part D7, of D, is isomorphic to the translation quiver ZD.
e Foreach r € {1, 3,5}, the component D,.,; does not contain a simple module.

e Foreach r € {1, 3,5}, the component D,.,; contains a full translation subquiver of the form

/ /S*

r+1 r+l

where rad P} /S% = H, =rad P, /S

r+l°

Then, applying the push-down functor F : modE(—l\) — mod T(B(1)), we conclude that the Auslander-Reiten
quiver I'rp1y of T(B(1)) admits three pairwise different components C, = Fi(D»), Cs = Fi(Ds), Cs = Fa(De),
having the following properties:

e Foreach r € {1,3, 5}, the stable part C7,, of C,, is isomorphic to the translation quiver ZD,.
e Foreach r € {1, 3,5}, the component C,,; does not contain a simple module.
e Foreach r € {1, 3,5}, the component C,,; contains a full translation subquiver of the form

P,

rad P, P./S,

\/ N\
/N

radPH—l Pr+1/Sr+l

Pr+1

whererad P,/S, = H, =rad P, /S +1.
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Observe that C,, Cy4, Cg are all components of I'rg(1) containing projective modules, and do not contain simple mod-
ules. Foreach r € {1, 3, 5}, let C, be the component of I't1y) such that C; = Qrp1))(C;, ). Then, foreach r € {1, 3,5},
C7 is isomorphic to the translation quiver ZD.,, and C, contains a full translation subquiver of the form

TTBYS S,
N e

r
/ \S

TTB1YS rel 4l

where M, = Qry(H,). Clearly, Ci,C3,Cs are pairwise different components of I'r(g1y, and different from the
components C;, C4, Cs. In particular, we conclude that C; = C}, C3 = C3, Cs5 = Cs. O

We note also the following common property of all algebras A(S, 4), 1 € K*.

Proposition 6.5. Let A € K*. Then all uniserial modules of length 2 in mod A(S, ) are periodic of period 4 and form
the mouth of six pairwise different stable tubes of rank 2 in T' (s ).

Proof. For each arrow @ in the quiver Q(S, f) of A(S, 1) we denote by U, the uniserial module of length 2 in
mod A(S, 1) whose top is the simple module S ) at s(6) and the socle is the simple module S 4, at #(f). One checks
directly that Qi(s’/l)(Ug) = Uygr9. Moreover, we have fgf0 # 6, and fg f2gf0 = 6. Hence, the uniserial modules Uj

and U s, s¢ are periodic of period 4 and form the mouth of a stable tube of rank 2 in I'(s y) (recall that Tos 1) = Q?\(s, /l)).

Observe also that every uniserial module of length 2 in mod A(S, Q) is of the form Uy for some arrow 6 in Q(S, f). In
fact, for each arrows @ in Q(S, T') the uniserial module Uy is isomorphic to the module 7g(m)A(S, 1) with © = g7%(0),
described in Lemma 5.5. O

The Gabriel quiver of a tetrahedral algebra has the following characterization:

Lemma 6.6. Let (Q, f) be a triangulation quiver with at least three vertices. The following statements are equivalent:

(i) (Q, f) is the tetrahedral triangulation quiver.
(i) For any arrow « in Qy, we have n, = 3.
(iii) g° is the identity on Q.
(iv) There is an arrow B in Qy such that ng = 3, ng = 3, ngp) = 3, ngp = 3.

Proof. The implications (i) = (ii) = (iii) and (ii) = (iv) are obvious. We will prove first that (iii) implies (ii).
Assume that g? is the identity on Q;. Suppose that Q| contains a loop

Co

Since Q is a 2-regular connected quiver with at least three vertices, and since @ belongs to a 3-cycle of either f or g,

it contains a subquiver
B
X\
Cals
~—
Y

and one of the two cases hold:
M) fle)=a,gl@)=4,2B) =78 =a;
2) fl@)=6,fPB) =7 f¥) =a, gla) = a.

In case (1), we obtain f(y) = 8, and hence f(B) = f(y), so this is a loop at b since f3(y) = y. In case (2), we obtain
g(y) = B, and hence g(B) = g*(y) which is again a loop at b since g>(y) = . Thus, in the both cases, Q is a quiver
with two vertices, a contradiction. Hence, Q has no loops, and the statement (ii) holds.
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It remains to show that (iv) implies (i). Assume that g is an arrow in Q; such that ng = 3, ng = 3, nyp =3,
ng@ = 3. We prove statement (i) in several steps.
We first claim that 8, B, f(B), f(B) are not loops. Suppose that 8 is a loop. Then Q contains a subquiver of the

form
Y
ﬁCa/_\b
~————
o

with a # b, g(B) = v, g(y) = o, g(o) = B. Then f(8) = B and f(o) = y. Since f3(0) = o we have f(y) = f>(c) and
this is a loop at b, and consequently Q has only two vertices, a contradiction. Similarly, we conclude that 8, f(3), f(B)
are not loops.

We claim now that 8, B, f(8), f(B) do not belong to 2-cycles. Suppose that 8 belongs to a 2-cycle

Theny = f(B) or y = g(B). Since f*(B) = B and g*(B) = B we infer that f(y) = f*(8) or g(y) = g*(8) and hence is a
loop. This is a contradiction because such a loop is equal to 5. We note also that ]@) = g(B) and f(B) = g(B), and
hence n 5 = ng = 3, n;z = ng = 3. Then we conclude that B. f(B), f(B) do not belong to 2-cycles.

In the next step, we prove that B, B, f(B), f(B) are not part of double arrows. Suppose that Q has double arrow
a_—<b.

Note that f(8) # f(B) and therefore they are the arrows starting at b, and similarly f2(8) and f>(8) are the arrows
ending at a.

Now g(B) # g(B), and these also start at b. Since g(8) # f(8), we must have f(8) = g(B) and f(B) = g(B).
Since ng = 3, the arrow g*(B) ends at a and therefore it must be one of f*(8) or f*(B). Similarly g?(3) ends at a.

Now g2(8) # g*(B) and therefore {f2(8), f2(B)} = {g*(B). 8*(B)}. If g*(B) = f*(B) then f(g*(B)) = f3(B) = B. But then
8 P) = f(g*B)) =B

and ng > 3, a contradiction. So we can only have g*(8) = f2(B). This means that if y := f(B) = g(B), then we have
g(y) = f(y) which also is a contradiction. Similarly one shows that £(8) and f) are not double arrows.
Summing up, we conclude that Q contains a subquiver of the form

1
7/ &
4 (—77 5
6 2 3
o o
where € = g(B), n = g(e), B = g(n), and the shaded triangles denote the f-orbits of the arrows f3, €, 1. Observe that
£ =g(5),y = g(w), 0 = g(or). Moreover, we have y = 8, 0 = f(B), 6 = f(B). Hence, by the imposed assumption, there

exist arrows «, v, uin Q1 with #(@) = 1 = s(v), t(v) = 6 = s(u), t(u) = 3 = s(@) such that g(a) = 9, g(v) = w, gu) = o.
Obviously, then f(@) = v, f(v) = i, f(1) = @. Therefore, (Q, f) is the required tetrahedral triangulation quiver. O
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An algebra A(S, a, b, ¢,d) for a,b,c,d € K* with abed = 1 is said to be a singular tetrahedral algebra. Tt follows
from Lemma 6.2 and Proposition 6.4 that the singular tetrahedral algebras do not have periodic simple modules, and
hence are not periodic algebras. We will prove in the next section that all other weighted surface algebras are periodic
algebras. We also mention that the tetrahedral algebras A(S, a, b, ¢, d) with abed # 1 are all weighted surface algebras
of polynomial growth.

We would like to stress that, starting from the triangulation quiver Q(S, T) defined in Example 6.1 and taking
weight functions with value different from 1 on some g-orbits, we may create infinitely many weighted surface alge-
bras which are not isomorphic to the tetrahedral algebras, discussed above. Similarly, we may create infinitely many
new weighted surface algebras by changing the orientation of triangles in the tetrahedral triangulation of the sphere.
The following example shows that we obtain new algebras even if the weight function takes value 1 on all g-orbits.

Example 6.7. Let T be the tetrahedral triangulation of the sphere S

and T the orientation
(145),(253),264),(163)

of triangles in 7', obtained from the coherent orientation of triangles in 7 considered in Example 6.1 by changing the

orientation of one triangle on the opposite orientation, and keeping the orientations of all other triangles unchanged.
. . . . = .

Then the associated triangulation quiver QO(S, T) is of the form

NN
N S

Then we have only two g-orbits of arrows in Q(S, f)

OP) ={B.e=gB.6=gBv=gBw=gBn=gPBE=g"Ba=gpy=gB
O(o) = {o.uu = go,o = g°0}.

Moreover, let m, : O(g) — N* be the weight function taking the value 1 on each g-orbit in O(g), ¢, : O(g) —» K* a
parameter function, and a = co), b = co(e). Then the associated algebra A(S, T, m., c,) is given by the above quiver
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oGS, f) and the relations

no = afedvwnéa, oy = aayPedvw, yn = avwnéaype,
ow = agdvwnéay, wpB = buo, Po = anéayBedv,
oe = aaypedvwn, &€ = bou, éo = advwnéayp,
av = boo, vu = ayfedvwné, Ha = awnéayPed,
nov =0, oyB =0, yné =0,

own =0, wpe =0, Bou =0,

oego =0, eéa =0, éop =0,

avw = 0, vuo =0, pay = 0.

Observe that this algebra A(S, T, m., ¢.) is not isomorphic to a tetrahedral algebra. We will prove in Section 10 that
A(S,T,m., c.) is a tame algebra of non-polynomial growth. It is also known that derived equivalence of self-injective
algebras preserves the representation type (see [54, 55, 66]). Hence it follows from Proposition 6.3 that A(S, T, ma. c.)
is not derived equivalent to a non-singular tetrahedral algebra. We will show in Section 7 that A(S, f, Me, Ce) 1S @
periodic algebra. Then, applying Proposition 6.4, we conclude that A(S, T, M, Co) 18 not derived equivalent to a
singular tetrahedral algebra, because periodicity of algebras is invariant under derived equivalence (see [34, 67]). This
shows that changing orientation of one triangle in a directed triangulated surface may lead to a non-derived equivalent
weighted surface algebra.

7. Periodicity of weighted surface algebras

In this section we will prove that every weighted surface algebra with at least three simple modules, not isomorphic
to a tetrahedral algebra, is a periodic algebra of period 4. We note that, by Propositions 6.3 and 6.4, a tetrahedral
algebra A(S, 1), 1 € K*, is a periodic algebra if and only if A(S, 1) is nonsingular (1 # 1). Moreover, for A € K\ {0, 1}
the algebra has period 4.

Throughout this section, we fix A = A(Q, f, ma., c.) for a triangulation quiver (Q, f) with at least three vertices,
a weight function m, : O(g) — N* and a parameter function ¢, : O(g) — K*. Moreover, we assume that A is not a
tetrahedral algebra.

We start by describing minimal projective resolutions of simple modules in mod A.

Proposition 7.1. Let i be a vertex of Q and «, & the arrows of Q starting at i. Then there is an exact sequence in
mod A
) ™ m
0—S8; > Pi — Pisw) ® Pis@) — Pty ® Piay = Pi—> S — 0,

which give rise to a minimal projective resolution of S; in mod A. In particular, S; is a periodic module of period 4.

Proof. We take for S; the simple quotient of P; = ¢;A, and then Q4 (S;) can be identified with rad P; = A + aA. We
define the homomorphism of right A-modules

m IP,(Q)GBP,(@)—)P,'

by mi(x,y) = ax + ay for x € Py, and y € Pg). Clearly, m; induces a projective cover of rad P; = Qx(S;) and
its kernel is isomorphic to Qi(S ;). We know the dimension of Qi(S,-). Namely, using the projective cover m; and
Corollary 5.6, we obtain the equalities

dlmK QIZ\(SZ) = dlmK P,(D[) + dlmK Pt(&) - (dlmK Pl' — 1)

= M@ @) + Mg)lg) + Mp@Nf@) + Mg@lg@ — Malla — Malg + 1

Mf@f@) + Mi@nf@ + 1,

because Mg(a) = Ma, Ng(a) = Na » Mga) = Ma, Ng(a) = Na-
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Consider the elements in Py, ® Pya)

0= (f@).~ceAL)  and = (- oAl f(@).
Observe that

71'1(90) = a/f(a) - C('YdA:} = a/f(oz) - C&Aﬁr = O’
) = —ceaAy +af(@) = —c,Aa + @f(@) =0,

and hence ¢, i belong to Kerm; = Qf\ (S7). We note that ¢ and ¢ are independent modulo the radical, even in the case
when A} or A}, is an arrow. Indeed, if A}, (respectively, A},) is an arrow then A}, = g(@) (respectively, A}, = g(@)), and
is linearly independent from f(@) (respectively, f(a)). We find the intersection of ¢ A and yA. Note that

of* (@) = (f(@)f (@), —caAL (@) = (f(@) f2(@), —caly@)-
U (@) = (- AL @), f@ (@) = (— Calga), f@ (@),

by Lemma 5.3 (v). Moreover, we have g(@) = f(_a), gl@ = f(_d/), Co = Cga) Ca = Cg@- Hence we conclude that
ef (@) = —yf*(@). It follows from Lemmas 5.3 and 5.4 that f()f*(@)f>(@) = ¢(Bj) is a non-zero element of
the socle of Pyq) = Pyf@) and f(@) @) f(a) = ¢r@Bf@ 1s a non-zero element of the socle of Pya) = Pyray-
On the other hand, we have —c,Ago)g(f2(@)) = f(@)fX(@)g(f*(@) = 0, —caAym8(fX (@) = f(@)fA(@)g(f*(@)) = 0,
and g(f2(@)) = (@), g(f*(@)) = f3(a). Hence, the socle of Pi(a) ® Pyay is contained in ¢ A N YA. In particular,
we have that dimg(eA N YA) > 3, because ¢f>(a@) = —f>(@) is not in the socle of Pio) ® Pyz). We claim that
dimg (A NyA) = 3. Suppose that dimg (A NyYA) > 4. Observe that if A, (respectively, A7) is not an arrow, then it
follows from Lemma 5.5 (i) that A, g(f(@)) = 0, (respectively, AZg(f(a)) = 0), and consequently dimg (A NYA) = 3.
Suppose that dimg (@A N YA) > 4. Then A}, and A are arrows, and hence A;, = g(a) and A} = g(@). Observe that
then n, = 3, ng = 3, f(gla) = g(f(@), f(g(@) = g(f(a)). Moreover, there exists an element a € K* such that
wg(f(@)) = ayg(f(@)). Then we obtain the equalities

fl@)g(f(@) = —ac AL g(f(@) = —ac,g(a)g(f(@)) = —ac.g(@) f(g(@)),
af(@)g(f(@) = —caAz8(f(@) = —cag(@)g(f(a)) = —cag(@) f(g(@)).

In particular, we conclude #(f(g(a@))) = #(g(f(@))) and #(f(g(@))) = #(g(f(@))), and s0 nys) = 3 and nyg = 3. Then
we conclude that n, = 3, ng = 3, nyw) = 3, nya = 3. Hence, applying Lemma 6.6, we conclude that (Q, f) is
the tetrahedral triangulation quiver, a contradiction. Therefore, indeed dimg(¢A N YA) = 3. Further, we have the
equalities

dimg t,DA = dimg f(d)/\ + dimg SOC(P,(,;)) =Mpnf) + 2,

dimK (ﬁA = dlmK f((_L')A + dlmK SOC(P;(Q)) = Mg@af@a) + 2.

Then we conclude that
dimg (A + ¥A) = dimg pA + dimg YA — dimg (@A N YA)
= M@l f@ + Mp@hfa + 1.

Since pA + YA is contained in Kerm = Qi(S i), comparing the dimensions, we conclude that Qi(S )= @A+ YA.
Hence we have found generators of Qf\(S ;). In particular, we conclude that a projective cover of Qf\(S ;) in mod A is
induced by the homomorphism of right A-modules

72 ¢ Pipan @ Pus@y = Pia) @ Pua

given by 7o (u, v) = @u + Yv for u € Pyf(a)) and v € Pys(a)). We have seen that ¢ f2(@) = - f*(@). This shows that the
element in Py() ® Pus@) = P2 ® Pur@y

0 = (fA(a), fA(@))
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lies in Kerm, = Qf\(S ;). We may calculate the dimension of Qf\(S ;) as follows

dimK Q?\(Sl) = dlmK Ps(fz(n)) + dlmK Ps(fz(d/)) - dlmK QIZ\(S,)
= Mp@le) ¥ My(f@)lg(f@) T M@ @ T Me(f@)s(f@)
—Mi@f@) = Mp@nf@ ~ 1
= Mphpe t me@hea = 1
because my(ra)) = Mya)> Ng( @) = @), Me(f@) = Mf@) Ne(f@) = Nf@- Applying Corqllary 5.6 to the opposite
algebra A°® we conclude that dimg Ae; = mpnpe) + Mp@hpeE. Since A is a symmetric algebra, we have P; =

D(Ae;) in mod A, and hence dimg P; = mp g2y + Mp @ 2(e). Hence we obtain that dimg Qf\(S ;) =dimg P; — 1.
Consider now the homomorphism of right A-modules

73 0 Pi = Pipy ® Prsay

given by m3(z) = 0z for any z € P;. Clearly, 3 induces a projective cover of Qf'\(S ;) in mod A. Moreover, Kerm; =
S = soc(P;), because dimg Qf\(Si) = dimg(P;/S;). In particular, we have Q‘/‘\(S,-) = S, and Qf\(S,-) 2 §; for any
j € {1,2,3}. This finishes the proof. O

We would like to mention that Proposition 7.1 holds also for any non-singular tetrahedral algebra A(S, a, b, ¢, d),
which can be checked directly. On the other hand, for a singular tetrahedral algebra A = A(S, a, b, ¢, d), the proof
given above is incorrect because we have dimg(¢A N YA) = 4 (instead of 3). Clearly, it is also impossible by
Proposition 6.4.

The next aim is to construct the first steps of a minimal projective bimodule resolution of A. Then we will show
that Qj‘\(A) =~ A in mod A°¢. We shall use the notation introduced in Section 3. Recall the first few steps of a minimal
projective resolution of A in mod A¢,

PSP, 5P S P A0

where

Py = @ PG, i) = @ Ae; ® €A,

i€Qo i€Qo
P, = GQB P(s(a), H()) = @Aes(a) ® e\,
€0 ae

the homomorphism d is defined by dy(e; ® ¢;) = ¢; for all i € Qy, and the homomorphism d : P; — Py is defined by
d(es(a) ® e,(a)) =a® ) ~ Cs(a) @

for any arrow @ in Q; (see Lemma 3.3). In particular, we have Q/'\(A) = Kerd, and Qf\(A) = Kerd. We define now
the homomorphism R : P, — P;. For each arrow «, consider the element in KQ

Ho = af(a) — czAs.

Note that i, = eya)lali(f(a)- It follows from Propositions 3.1 and 7.1 that IP; is of the form

P, = (P P(s(e), (f(@)) = ) Aeya ® exsianA-
a€Q acQ,

We define the homomorphism R : P, — [P; in mod A° by

R(esa) ® exfa)) = 0(Ha)

for any arrow @ in Q;, where o : KQ — P, is the K-linear homomorphism defined in Section 3. It follows from
Lemma 3.4 that ImR C Kerd.
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Lemma 7.2. The homomorphism R : P, — P| induces a projective cover Q4.(A) in mod A°. In particular, we have
Q3.(A) = KerR.

Proof. We know that rad A® = rad A°®@A+A°’®rad A (see [74, Corollary IV.11.4]). It follows from the definition that
the generators o(u,), @ € Qy, of the image R are elements of rad P; which are linearly independent in rad P / rad’ ;.
Moreover, the form of P, tells us where the generators of Q2,(A) = Ker d must be. Then we conclude that o(u,), & €
Q), form a minimal set of generators of the right A°-module Qil, (A). Summing up, we obtain that R : P, — Qie (AN)
is a projective cover of Q2,(A) in mod A°. O

By Propositions 3.1 and 7.1 we have that P53 is of the form
Py = (P Pli.i) = (P Aes @ eins.
i€Qo i€Qo

For each vertex i € Qy, consider the following element of [P,

Ui = (€ ® exfian) fH(@) + (€ ® exsian) f2(@) — aleya ® €;) — @lens ® €;)
= (exta) ® extran) (@) + (€5 ® enian) f2(@) — alessiay ® exr)
— ey ® )
where « and @ are the arrows starting at vertex i. Then we define the homomorphism S : P3; — P, in mod A¢ by
S(ei®ei) =i
for any vertex i € Q.

Lemma 7.3. The homomorphism S : P3 — P, induces a projective cover of Q3,(A) in mod A®. In particular, we
have Qj‘v (A) =KerS.

Proof. We will prove first that R(y;) = 0 for any i € Qp. Fix a vertex i € Qp. Then we have the equalities in P,

RW:) = 0o(a) (@) + 0(ua) f>(@) = ao(pa) — @0t s@)
= (o(af(@) - ca0(Aa) (@) + (0(@f(@)) - ca0(Aa))£*(@)

— ao(f@)f*(@) - ¢ (A7) - Ae(f@ (@) - cjz0(A 7))
= o(af(@)f*(@) + o@f(@) f*(@) — ao(f(@) f*(@) - ao(f(@)f*(@))
— ca0(Aa) f7(@) = ca0(A) 2 (@) + Co0(Agy) + Ca20(Aga)
e ® f()fX(@) + @ ® fX(@) + e ® f(@) (@) + @ ® fX(@)
—a® fAo)-af(@)®e—a® f(@) - af(@) ®e
~ ca0(Aa) f1(@) = ca0(Ad) (@) + Co0(Ag(a) + Ca00(Aga))
= co(er ® Agiay + 20(Ag) — 0(A0) (@) — Ay ® )

+ C&(ei ® Aga) + @0(Ag@) — 0(Aa) fH(@) — Az ® €i)
=0,

because f2(@) = g™ (@) and f*(a) = g""'(@). Hence ImS C Ker R. Further, it follows from the definition that the
generators i;, i € Qy, of the image of S are elements of rad [P, which are linearly independent in rad P, / rad® P,. Then
we conclude from the form of PP, that these elements form a minimal set of generators of KerR = Q3.(A). Hence
S : P — Q3,(A) is a projective cover of Q3,(A) in mod A¢. O

Theorem 7.4. There is an isomorphism Q*,(A) = A in mod A°. In particular;, A is a periodic algebra of period 4.
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Proof. This is very similar to the proof of [33, Theorem 5.9]. For each vertex i € Qp, we denote by B; the basis of ¢;A
consisting of e;, all initial subwords of A, and A;, and w; = ¢, B, = 5B (see Lemma 5.3 and Corollary 5.6). We
note that w; generates the socle of ¢;A. Then B = | ¢, B is a K-linear basis of A. In the proof of Proposition 5.8, we
have defined the symmetrizing K-linear form ¢ : A — K which assigns to the coset u + I of a path u in Q the element
in K

if u = B, for an arrow «a € Q;,

otherwise,

c—l

90(u+1)={ 0

where I = I(Q, f,m.,c.). Then, by general theory, we have the symmetrizing form (—,—) : A X A — K such that
(x,¥) = ¢(xy) for any x,y € A. Observe that, for any elements x € B; and y € B, we have

(x,y) = the coeflicient of w; in xy,

when xy is expressed as a linear combination of the elements of ¢; 5 over K. Consider also the dual basis 8* = {b* |b €
B} of A such that (b, ¢*) = . for b, c € B. Observe that, for x € ¢;B and y € B, the element (x, y) can only be non-zero
if y = ye;. In particular, if b € ¢;Be; then b* € e;Be;.

For each vertex i € Qy, we define the element of P3

&= bab'
beB;

We note that &; is independent of the basis of A (see [33, part (2a) on the page 119]). It follows from [33, part (2b) on
the page 119] that, for any element a € e;(rad A)e; \ e;(rad A)e j» we have

a§,- = §ja.

Consider now the homomorphism
0:A— IP3

in mod A¢ such that 6(e;) = &; for any i € Qg. Then 6(14) = X;cq, &> and consequently we have
o Y &)=b@=() &)
i€Qq i€Qo
for any element @ € A. We claim that 0 is a monomorphism. It is enough to show that 8 is a monomorphism of right
A-modules. We know that A = EB,. <00 e;A and each ¢;A has simple socle generated by w;. For each i € Qy, we have
0(0.),) = ( Z {Ej)a),- = §iw,- = Z(b@b*)wi = Z b®b*(l)i = w; Wi #* 0.
J€Qo beB; beB;

Hence the claim follows. Our next aim is to show that S (&;) = 0 for any i € Qy, or equivalently, that Im# C Ker S =
Qj‘v (A). Applying arguments from [33, part (3) on the pages 119 and 120], we obtain that

Z b(a" ® a*)b* = Z b®d*b*
beB beB

for all integers r, s > 0 and any element a = e,ae, in rad A, with p,q € Qp. In particular, for each arrow @ in Q;, we

have
Zba@b* = Zb@ab*,
beB beB

and hence
Zba@b* = Zb@ab*
beB; beB;
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for any i € Qp. We note that every arrow S in Q occurs once as a left factor of some i; (with negative sign) and once
a right factor of some y; (with positive sign), because 8 = f2(a) for a unique arrow «. Then, for any i € Qy, the
following equalities hold

SE) =) Sheb) = > Shejoeh’)= > > bS(e;@e)b’

beB; beB; jeQo beB; j€Qo
SIDITEEDY DIBCETSTSETS B
beB; jeQo acQ b beB; beB;

Hence, indeed Im6@ C Ker S = Qj‘v (A), and we obtain a monomorphism 6 : A — Q4 (A) in mod A°.

Finally, it follows from Theorem 2.4 and Proposition 3.1 that Q%,(A) = A, in mod A¢ for some K-algebra
automorphism o of A. Then dimg A = dimg Qj‘v(A), and consequently 6 is an isomorphism. Therefore, we have
Q‘/‘\!,(A) = A in mod A°. Clearly, then A is a periodic algebra of period 4. D

Corollary 7.5. Let (Q, f) be a triangulation quiver with at least four vertices, let me and ce be weight and parameter
functions of (Q, f), and let A = A(Q, f,m.,c.) be the associated weighted triangulation algebra. Then the Cartan
matrix C of A is singular.

Proof. This follows from Theorems 2.5 and 7.4. D

8. Socle deformed weighted surface algebras

In this section we introduce socle deformations of weighted surface algebras of surfaces with boundary, and
describe their basic properties. We will show in the next section that these algebras are periodic algebras of period 4.

Let (Q, f) be a triangulation quiver with at least three vertices. A vertex i € Qy is said to be a border vertex of
(O, f) if there is a loop @ at i with f(@) = a. If so, then @ = g(a), @ = fX(@) = g (@), and f2(@) = g7 '(@).
In particular, we have n, = nz > 3, because |Qp| > 3. Hence the loop « is uniquely determined by the vertex i,
and we call it a border loop of (Q, f). We also note that the following equalities hold (see before Definition 5.1):
@Az = B, = A, f*(@) and @Ag@) = Ba = Aga. We denote by 0(Q, f) the set of all border vertices of (Q, f), and call
it the border of (Q, f). Observe that, if (S, f) is a directed triangulated surface with (Q(S, f), f) = (0, f), then the
border vertices of (Q, f) correspond bijectively to the boundary edges of the triangulation 7 of S. Hence, the border
a(Q, f) of (Q, f) is non-empty if and only if the boundary dS of S is not empty. A function

be 1 9(Q.f) = K

is said to be a border function of (Q, f). Assume that d(Q, f) is not empty. Then, for a weight function m, : O(g) —
N*, a parameter function ¢, : O(g) — K*, and a border function b, : 4(Q, ) — K, we may consider the bound quiver
algebra

AN(Q, fime, Co,be) = KQ/I(Q, f, M, Co, D),

where 1(Q, f, m., ce, b,) is the admissible ideal in the path algebra KQ of Q over K generated by the elements:

(1) af(a) — czAg, for all arrows @ € Q which are not border loops,
(2) @* - czAs — by(a)Ba, for all border loops @ € O,
(3) Bf(B)8(f(B)), for all arrows B € Q.

Then A(Q, f,ma, ce, be) is said to be a socle deformed weighted triangulation algebra. We note that if b, is a zero
border function (b; = 0 for all i € J(Q, f)) then A(Q, f, m., ce,bs) = A(Q, f,m,, c.). Moreover, if (Q, ) = O(S, f)
for a directed triangulated surface (S, f) with non-empty boundary, then A(Q(S, f), M., Co, be) 1S said to be a socle
deformed weighted surface algebra.

Proposition 8.1. Ler (Q, f) be a triangulation quiver with at least three vertices and 9(Q, f) not empty, ms, Co, be
weight, parameter, border functions of (Q, f), A = A(Q, f,m., Ce,bs), and A = A(Q, f,m.,c,). Then the following
hold:
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(i) A is a finite-dimensional algebra with dimg A = 2.0€0(2) moné.
(ii) A is socle equivalent to A.
(iii) A degenerates to A.
(iv) A is a tame algebra.
(V) A is a symmetric algebra.
(vi) The Cartan matrix Cx of A is singular.

Proof. We abbreviate I = I(Q, f, M, Ce, ba).

(i) Let i be a vertex of Q, and let @, @ be the arrows in Q with source i. Then the indecomposable projective
right A-module P; = ¢;A has basis given by e;, all initial subwords of A, and Ag, and ¢,B, = c3Bs, and hence
dimg P; = myn, + mgng. Then we obtain

dimg A = Z mon(z).
0€e0(g)

(ii) We note that soc(A) and soc(A) are generated by the elements c,B, = c3zBg for all arrows « in Q;, and
B, = Bg, ¢o = Ca = Cg(a) for all loops @ in Q; with s(a) € d(Q, f). Therefore the algebras A/ soc(A) and A/ soc(A)
are isomorphic. Hence A is socle equivalent to A.

(iii) For each t € K, consider the bound quiver algebra A(f) = KQ/I”, where I is the admissible ideal in the
path algebra KQ of Q over K generated by the elements:

(1) af(a) — czAs, for all arrows @ € Q; which are not border loops,
(2) @ — caAa — thya)Ba, for all border loops @ € Oy,
(3) Bf(B)g(f(B)), for all arrows 5 € Q.

Then A(?), t € K, is an algebraic family in the variety alg,(K), with d = dimg A, such that A(f) = A(1) = A for all
t€ K* and A(0) = A = A(Q, f,m., c.). It follows from Proposition 3.1 that A degenerates to A.

(iv) A is a tame algebra because A/ soc(A) = A/ soc(A) and A is tame, by Proposition 5.8. This also follows from
Propositions 2.2 and 5.8.

(v) We define a symmetrizing form @ : A — K of A = KQ/I by assigning to the coset u + I of a path u in Q the
following element of K

¢! ifu= B, foranarrow @ € 0y,
pu+1) = b,c;l if u = a? for some border loop a € 0y,
0 otherwise.

We note that for a border loop @ of (Q, f) we have B, = Bz and ¢, = cz. Moreover, for any arrow 8 in Q;, we have
BF(B)g(f(B) = 0 and Bg(B)f(g(B)) = 0 in A (see Lemma 5.5). Hence, if « is a border loop, then a’a = a’g(a) = 0
and f2(@)a” = g7 (@)” = g7 (@)g(g7 (@) f(g(g7 (@) = 0.

(vi) This follows from (ii), (v), Corollary 7.5, and the fact that all weighted triangulation algebras given by the
triangulation quivers with three vertices and non-empty border have singular Cartan matrices (see Examples 4.3, 4.4,
4.5, and 5.10). O

We note that in general a selfinjective algebra which is socle equivalent to a tame symmetric algebra, need not be
symmetric (see [8, Theorems 6.4, 6.7, and Proposition 6.8]).

Proposition 8.2. Let (Q, f) be a triangulation quiver with at least three vertices and d(Q, f) not empty, and ma, c,
be weight, parameter, border functions of (Q, f). Assume that K has characteristic different from 2. Then the algebras
A(Q, f,ms, Co, ba) and AN(Q, f, ma, c,) are isomorphic.

Proof. Since K has characteristic different from 2, for any vertex i € d(Q, f) there exists a unique element a; € K
such that b; = 2a;. Then we have an isomorphism of K-algebras 4 : A(Q, f,m.,c.) = A(Q, f, M., Ce, bs) such that

h(a) = a for any arrow @ € Q; which is not a border loop,
"\ @-ayne® forany border loop a € Q.
We note that, if « is a border loop in Qy, then a?g(a) = 0 and g~ (@)a? = 0. O
38



K. Erdmann, A. Skowroriski / Journal of Algebra 00 (2018) 1-49 39

Proposition 8.3. Let A be a basic, indecomposable. symmetric algebra with the Grothendieck group Ko(A) of rank
at least 3 which is socle equivalent to a weighted triangulated algebra A(Q, f,ma,c.). Then A is isomorphic to an
algebra A(Q, f, M, Ce, bs) for some border function b, of (Q, f).

Proof. Let A = A(Q, f,me,ce), I = I(Q, f,me,c.), and so A = KQ/I. Since A is socle equivalent to A, there is a
K-algebra isomorphism ¢ : A/soc(A) — A/soc(A). Then A is isomorphic to a bound quiver algebra KQ/J for an
admissible ideal J of KQ, because A is a basic algebra. Moreover, we may assume that ¢(a) = @ for any arrow «
in Q). Because A is a symmetric algebra, each indecomposable projective right A-module ¢;A has one-dimensional
socle generated by an element w; € e;Ae; such that w;rad A = 0. We have the following relations in A:

(1) af(a) +soc(A) = czAz + soc(A), for all arrows a € Qy,

(2) Bf(Bg(f(B)) € soc(A), for all arrows 8 € Q.

Let B be an arrow in Q; and i = s(8). Then i = «(f*(8)) # 1(g(f(B))). Since Bf(B)g(f(B) = eBfBS(f(B)), we
conclude that 81 (8)g(f(B)) € soc(e;A), and hence Sf(B)g(f(B)) = Aw; for an element A € K. But then B8f(8)g(f(B)) =
0 because w; € ¢;Ae;.

Take now an arrow @ € Qj, and let i = s(@). We know that o f(@) and A; are paths in Q from i to #(f(@)) =
s(f?(a)) = g"(@). Hence, we deduce that a f(a)+soc(e;A) = caAg+soc(e;A), and consequently o f(a)—czAs = bjw;
for some element b; € K. We also note that if i ¢ d(Q, f) then i # #(f(«)), and then we conclude as above that
af(a) = czAs. Clearly, for i € d(Q, f), we have af(a) = czAs + bjw;. Moreover, in this case have B, = B; and
cq = C5, because @ = g(@), so we may take w; = B,. Hence, we have the border function b, : (0, f) — K such that
A is isomorphic to the algebra A(Q, f, m,, Ce, bs). O

The above results show that it is worthwile to distinguish the weighted surface (triangulation) algebras from the
socle deformed weighted surface (triangulation) algebras, occuring only in characteristic 2.

It may seem at the first sight that the notion of a socle deformed weighted surface (triangulation) algebra is a
special case of the notion of a triangulation algebra defined in [60, Definition 5.16 and Proposition 7.4]. But it follows
from Theorem 4.11, [36, Main Theorem], and [60, Theorem 7.1 and Proposition 7.4] that these two notions actually
coincide.

We end this section with an example showing that there exist socle deformed weighted surface algebras which are
not isomorphic to a weighted surface algebra.

Example 8.4. Let (Q(S, f), /) be the triangulation quiver

aCl—a>2 7
N
O

"

with the f-orbits (@ B y), (€), (), (1), considered in Examples 4.3 and 5.10. Then O(g) consists of one g-orbit
(anpBuye). Letms : O(g) — N be the weight function with mg) = 1 and ¢, : O(g) — K* the parameter function
with co) = 1. Then the associated weighted surface algebra A = A(Q(S, ), f,m,, c,) is given by the above quiver
and the relations

ap = sanpu, & = anPuy, apu =0, ga =0,
By = nBuye, T = Buysa, Bre =0, 7B=0,
ya = pysan, 1> = yeanp, yan =0, wy =0.

Observe that the border d(Q(S, f), f)of (O(S, f), f)isthe set Qg = {1, 2,3} of vertices of Q, and &, n, u are the border
loops. Take now a border function b, : d(Q(S,T), f) — K. Then the associated socle deformed weighted surface
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algebra A = A(O(S, f), f,ma, ce, be) is given by the above quiver and the relations

ap = sanpu, & = anPuy + bianPuys, apu =0, ga =0,
By = nBuye, 7 = Buysa + bofuysan, Bre =0, 7B =0,
ya = pysan, i = yeanB + byysanpu, yan =0, wy =0.

Assume that K has characteristic 2 and b, is non-zero, say b; # 0. We claim that the algebras A and A are
not isomorphic. Suppose that there is an isomorphism 2 : A — A of K-algebras. Then there exist elements
r1, 81, 4h,u,vi,wy € K* and r;, s;, t;, Uuj,vj,wj € K,i€{2,3,4}, j €{2,3}, such that

h(@) = ria + nea + rsan + ryean, h(e) = ue + e® + u383,
h(B) = 518+ s:nB + 53 + sanpy, h(n) = vin +van® + van,
h(y) = 1y + by + tyye + tayuye, h(i) = wip + wap® + wad.

Observe that we have in A the equalities

&' = elanPuy + branpuye) = sanpuy,
&' = (anPuy + bianBuye)e = anpuye.
Since K has characteristic 2, we conclude that the following equalities hold in A
u%a/nﬁ,uy + u%blafnﬁuya = u%az = h(e)?
= I(&?) = h(anBuy) = h(@hhB)h(h(y)

riviSiwitianBuy + rpvisiwitiganBuy + rivisiwitzanpuys
rivisywitianBuy + visiwi(raty + ritz)anBuye,

and hence w7 = rivisywify and ulby = vysywi(rat; + rit3). In particular, we obtain that rofy + ri73 # 0, because
uy, by, vy, s1,w; € K*, On the other hand, we have the following equalities in A/(rad A)*

0+ (rad A)* = h(uysan) + (rad A)* = h(y) + (rad A)*
= h(y)h(@) + (rad A)* = (rat, + rit3)yea + (rad A)?,

and hence r5t; + rit; = 0, a contradiction. This proves that the algebras A and A are not isomorphic. We note that
then, by Proposition 8.3, the algebra A is not isomorphic to any weighted surface algebra.

It would be interesting to know when, for K of characteristic 2, a socle deformed weighted surface algebra is
isomorphic to a weighted surface algebra.

9. Periodicity of socle deformed weighted surface algebras

In this section we prove that all socle deformed weighted surface algebras introduced in the previous section are
periodic algebras of period 4.

Assume that K has characteristic 2. Let (Q, f) be a triangulation quiver with at least three vertices and non-empty
border d(Q, f). Moreover, let m, : O(g) — N* be a weight function, ¢, : O(g) — K* a parameter function and
be : 9(Q(S, f), f) — K aborder function, which we assume to be non-zero. Moreover, let A = A(Q(S, f), frme, Co)
be the associated weighted triangulation algebra and A = AQ(S, f), f,ma, ce,bs) the associated socle deformed
weighted triangulation algebra. We note that (Q, f) is not the tetrahedral triangulation quiver, because d(Q, f) is not
empty.

We have the following analogue of Proposition 7.1.
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Proposition 9.1. Let i be a vertex of Q and a, & the arrows of Q starting at i. Then there is in mod A a short exact
sequence

3 m m
0— 8= Pi = Pujay ® Pus@) = Pia)® Pra) — Pi > §i =0,
which give rise to a minimal projective resolution of S; in mod A. In particular, S; is a periodic module of period 4.

Proof. If i is not a border vertex, the claim follows by arguments as in the proof of Proposition 7.1. Therefore, assume
that i € 9(Q, f). In this case, we have @ = f(@), @ = g(@), and hence ¢, = ¢35, B, = Bz. We take for S; the
simple quotient of P; = e;A, and hence Q3 (S;) is identified with rad P; = aA + @A. We define, as in the proof of
Proposition 7.1, the homomorphism of right A-modules

71 2 Pia) ® Piay = Pi

by m1(x,y) = ax + @y for x € Py, y € Py@), and show that it induces a projective cover of rad P; = Qz(S;) in mod A.
In particular, we obtain that Qf_\(S ;) = Kermy.
Consider now the following elements in Py) ® Pya) = Pi ® Pya)

@ = (f(@), —caA; — biBy) and ¢ = (- coAl, — biAa, f(@)),
where B is the subpath of B from #(@) to i of length mang — 1 = myn, — 1 such that @B}, = Bs. Then we have the
equalities
m1(@) = &% — cz@Al, — biaB, = a* — cgAg — biBs = 0,
mWY) = —caAl, — biaAy + @f(@) = —colq + @f (@) = 0,
because aA, = a?Al, = 0 due to a’g(@) = af(a)g(f(@)) = 0, and hence @, ¥ belong to Kerm, = sz.\(Si). We have
also the equalities
of () = ga = (?, —cgALa — bBLa) = (a?,—caBy),
UfA@) = (- Al f(@) = biAe f2(@), F(@)f2(@)) = (= CoAgia) — biBas f(@) f2(@)),
because Bl = A @Y = C;(lé) f@ fX(@a = 0 due to the equality @ = g(f>(@)). Moreover, we have the equalities

Cqo = Ca» Ag(a) = Aa» Bo = Ba, ca = Cy@)» By = Ag@), and g(@) = f(_d/). Hence we conclude that @ f2(e) = =/ f>(a@).
Recall also that (Q, f) is not the tetrahedral triangulation quiver. Then, as in the proof of Proposition 7.1, we conclude
that dimg (A NYA) = 3, pA + YA = Qf_\(S i), and the homomorphism of right A-modules

™2t Pusan @ Pus@an = Pua) @ Py
given by 7>(u, v) = @u + yv for u € Py sy, and v € Pys(a) induces a projective cover Q%\(S ;) in mod A. In particular,
we obtain that Q3 (S;) = Ker . Further, since $f*(a) = —/f*(@), the element
0= (@, @)
of Pyr) ® Pur@) = Psrr) ® Py lies in Kermy = Qf.\(S i). We may then consider the homomorphism of right

A-modules
73 1 Pi = Pipy ®© Prsay

given by m3(z) = 0z for z € P;. Applying arguments as in the final part of the proof of Proposition 7.1, we conclude
that Ker 73 = §; and that 73 induces a projective cover of Q;(S ;) in mod A. Hence Q%(S ;) = Kerm; = S;. Moreover,

we have Q}\(S,-) 2 S, for any j € {1,2,3}. This finishes the proof. O

We recall now the notation for the first few steps of a minimal projective resolution of A in mod A¢

NS S I NNy WY}
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where

Py = @ P(i,i) = @ Ae; ® €A,

i€Qo i€Qo
P = GQB P(s(@), t(@)) = @Aes(a) ® exaA,
€0 a€

the homomorphism dy : Py — A in mod A¢ is defined by dy(e; ® e;) = e; for all i € Qy, and the homomorphism
d : P; — Py in mod A is defined by

d(es(a) ® 6[(0,)) =@ ® ) — Cs(a)

for any arrow « in Q. In particular, we have Q/l_\e (A) = Kerdy and Q?‘v (A) = Kerd. It follows from Propositions 3.1
and 9.1 that IP, is of the form

P, = E@ P(s(a), t(f(@))) = E@ Aesa) ® exsiap-

For each arrow « in Q1, we define the element fi, = ea)fle€(f(a) as follows
Ho = af(@) — czgAs if @ is not a border loop,
fo = a* - csAgy — b;Bs if @ is a border loop.
Then we define the homomorphism R : P, — P} in mod A¢ by

R(esa) ® exr(ay) = 0(fHa)

for any arrow « in Q;, where o : KQ — P, is the K-linear homomorphism defined in Section 3. It follows from
Lemma 3.4 that ImR C Kerd.

Lemma 9.2. The homomorphism R : Po — Py induces a projective cover Q% (A) in mod A¢. In particular, we have
Qf.\e (A) = KerR.
Proof. This follows by the arguments in the proof of Lemma 7.2. O

By Propositions 3.1 and 9.1 the module P5 is of the form
Ps = (P Pi,i) = P Aes @ eil.
i€Qo i€Qy
For each vertex i € Qy, we consider the element in [P,
Ui = (€5 ® exsian) (@) + (i ® exgia) f (@) — alea) ® €) — Alens) ® ).
Moreover, for each vertex i € d(Q, f) and the border loop « at i, we consider the elements in P,
a,b?) = (b,-c;I Na®a+ e ®a?),
Wgz) = (b,-c(_,l)2(a/ ®a’+¢®a),
v = (bic, ) (@@ ).

Then, for each vertex i € Q, we define the element ; in P, as follows

Yi =i ifi ¢ 9(0, f),
bi=yi+y +u? + ifi € 8(Q, f).
We define the homomorphism S : P3 — P, in mod A¢ by

S(ei®e) =

for any vertex i € Qp. Then we have the following analogue of Lemma 7.3.
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Proposition 9.3. The homomorphism S : P3 — P, induces a projective cover of Qi (A) in mod A°. In particular, we
have ijv (A) = KerS.

Proof. We will prove in several steps that R(¢;) = O for any vertex i € Qp. Fix a vertex i € Qp. If i ¢ d(Q, f) then
R(J;) = R(Y;) = 0 by the identities as in the proof of Lemma 7.3. Assume that i € 4(Q, f), and let @ € Q, be the
border loop at i. Then we have @ = f(a), @ = g(a), @ = f*(a) = g Ya), f2(@) = g™ (@), co = ca, By = By. We
abbreviate ¢ = ¢, = ¢z and b = b;. We have in P; the following equalities describing R(y;)
RW) = 0(f) (@) + 0(a) (@) ~ ao(iy@) — @o(fs@)
= ol + 0(j1a) (@) — ao(e) — @0(fLsa))
= (0(a®) - co(Aa) — bo(Ba))a + (0(@f(@)) - co(An))fX(@)
— a(0(e?) - co(As) — bo(By)) — &(o(f(@) (@) — colAym))
= e,-®oz2 +a'®a'+e,-®f(é')f2(d') +d®f2(c'r)
—a®a—az®e,~—&®f2(c'y)—c'zf(d')®e,-
— co(Az)a = bo(Ba)a — co(Aq) f*(@)
+ cp(Az) + bao(Bg) + cao(Aq@))
=e;®CcAs+e;,®bBs +€;® cAga) — cAs ®e; —bB; ®e; —cA, ®e;
- co(Az)a — bo(By)a — co(Aq) f*(@)
+ CCVQ(A&) + ba/Q(Bd) + CC—KQ(Ag(('Y))
= c(ei ® Ag) + @0(Ag(wy) — €A X(@) — Au ® €;)
+ C(ei ® Aga) + @0(Agw) — 0(As) — Az ® ;)
+ b(e,- ® By — Bz ® ¢; + o(Bg) — Q(B(y)a/)
= b(e,- ® B; + Bz ® e; + ao(Bg) + Q(B@)a/),
since K has characteristic 2. We note that, if b = b; = 0, then then ¢; = ; and R(J;) = R(;) = 0. Hence we may

assume that b # 0.
In order to calculate R(z/zﬁl)), R(wgz)), R(lﬂ?)), we use the following identities in [P

(1) ap(Az)a = Bz ® e; + ao(Bg),
(2) o(Bz)a + 0(Az)a* = Az ® a,

which follow from the equalities @ = g(e) and g"~'(@) = g"(a) = .
We have the following equalities in [P; describing R(wfl))

R(z/tgl)) = b (R(a ®a) + R(e; ® afz))

= bc! aR(e; ® e;))a + R(e; ® e;)a ) bc"(ag(,un)af + QQJQ)(IZ)

=bc” l(afg(a/ +cAg + bBg)a + 0(a? + cAg + bBs)a )
=bc” 1(0/ Q+a’Qa+ cap(Ag)a + bap(Bz)a

+e® @ ra®d + CQ(A(-,)CZ + bQ(B(—,)az)
=b(c' (> ®a) + Bs ® €; + a0(By) + bc ™ ao(By)ex

+¢;® By + 0(A3)a” + b o(Bs)a?).
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Then we obtain the equalities
RWi) + RW") = bo(Ba)a + be™ (@* ® @) + b*c”' ao(By)a + bo(Az)a® + bPc ™' o(Bs)a?
= b(g(B@)a/ + Q(A(,)a/Z) + be! (CA(, ®a+bB;® a/)
+b*c! (QQ(B@)O[ + Q(B(,)afz)
=bA; @a+bAs®a+ bzc’l(B(—, ® a + ao(By)a + ,Q(B(—,)az)
= bzc’l(Bl—y ®a + ap(By)a + Q(B@)Clz)
= bzc*l(ozg(A(—,)a'2 +A;®a% + Q(A@)Q’3)
= bzc_l((xg(A(—y)a2 +A;®a% + A('-Y'a'3),

where A7 is the subpath of Az such that A;.;g"@-z(@) = As.
We have the following expressions of R(lﬁ(z) )

RW?) = (be™')(R(e; ® @) + R(a ® a?))
= (b (o(ua)e? + ao(a)a?)
= (be™V((o(@?) + co(As) + bo(Ba))e’ + ale(a?) + co(As) + bo(Bs))a?)
= (bc_l)z((z ® @ + co(Ag)a® + bo(Bz)a® + a ®a’ + * ® o?
+ con(Ar;)a/2 + b(YQ(B@)CZZ)
= (bc_')z(oz2 ® @ + co(Ag)a’ + cao(Az)a? + bo(Bz)a® + bon(B@)ozz).
Moreover, we have @ ® a® = cA; ® a* + bB; ® a2, and Al ® @ = o(Az)a’. Then we obtain the equalities
R + RW") + RW) = bc(o(By)e’ + ao(By)a® + By ® o)
= b3c’2(A@ ®a+ a/Q(A;,)a3 + aA; ® o+ B; ® az)
= b3c’2(A5, ®a+ Ay ® @+ B, ® o+ B; ® az)
= b3c’2(A(—, @ +A, ® 053),
because B, = B;. We have also the following equalities
RW) = (™ Y'R@® ) = (be™'Y ap(po)e’
= (be™)(alo(@®) + coAq) + bo(By))a’)
= (bc‘l)S(a2 ®a’ +cA, ®a’ +bBy ® a3)
= (bc‘1)3(cA& Q@ +bB;®a° +cA, ® @ + bB, ® cx3)
= bSC_Z(A@ QA +A, ® 013).
Summing up, we obtain the required vanishing equality
R) = RWy) + RW") + R + R(yY) = 0.

Therefore we have ImS C Ker R. Further, it follows from the definition that the generators ;, i € Q, of the image

of S are elements of rad P, which are linearly independent in rad P,/ rad’ P,. Then we conclude from the form of

P, that these elements form a minimal set of generators of Ker R = 93,‘,(/_\). Hence S : P; — Qi (A) is a projective

cover of QZ (A) in mod A¢. O
44



K. Erdmann, A. Skowroriski / Journal of Algebra 00 (2018) 1-49 45

Theorem 9.4. There is an isomorphism Qj‘v (A) = A in mod A°. In particular, A is a periodic algebra of period 4.

Proof. We proceed as in the proof of Theorem 7.4, and use [33, part (3) on the pages 119 and 120]. In particular,
we fix some basis B = (Jieg, Bi of A over K, the socle elements w; of ¢;A, and consider the symmetrizing form
(=,—) : AX A — K such that, for any two elements x € B; and y € B, we have

(x,y) = the coefficient of w; in xy,

when xy is expressed as a linear combination of the elements of ¢;8 = B; over K. Moreover, we consider the dual
basis B* of B with respect to (—, —). Then, for each vertex i € Qy, we define the element of [P5

&= bab'

beB;
Then we conclude as in the proof of Theorem 7.4, that there is a monomorphism in mod A¢
9:A— Py

such that 8(e;) = &; for any i € Qp. It follows also from Theorem 2.4 and Proposition 9.1 that Q‘EF(/_\) = A, in
mod A¢ for some K-algebra automorphism o of A. Hence, we conclude that dimg A = dimg Qf (A). Moreover, by
Proposition 9.3, we have Q} (A) = Ker S Therefore, in order to show that 6 induces an isomorphism 6 : A — Q% (A)

in mod A¢, it remains to prove that S (&,) = 0 for any # € Q. Since K has characteristic 2, applying [33, part (3) on the
pages 119 and 120], we conclude that for any vertex i € d(Q, f) and the border loop « at i, the following equalities
hold in P,

Z bla®a+e®a’)b* =0,
beB,e;
Z bla®a® +e;®a)b* =0,
beB,e;
> bla®a®)’ =0,

beB,e;

because @ = 0. Then, for any t € Oy, we obtain the equalities

SE) =D Sbeb) =) > She;@eb")

beB, beB, jeQo

=3 D bS(e;@epp’ = Y > bt =0,

beB, j€Qo beB, jeQo

This completes the proof that A is a periodic algebra of period 4. O

10. The representation type

In this section we discuss the representation type of weighted surface algebras and their socle deformations. In
particular, we complete the proofs of Theorems 1.1 and 1.4.

Let A = KQ/I be a string algebra. For a given arrow a € Q;, we denote by ! the formal inverse of @ and set
s(a™") = (@) and t(a™") = s(a). By a walk in (Q, ) we mean a sequence w = a; ... a,, where each a; is an arrow or
the inverse of an arrow in Q, satisfying the following conditions:

(1) Ha;) = s(ajy) foranyie{l,...,n— 1}
(i) @iy #a;' foranyie{l,...,n— 1}
(iii) w does not contain a subpath v such that v or v-! belongs to 1.
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Moreover, w is said to be a bipartite walk if, for any i € {1,...,n — 1}, exactly one of ¢; and ;| is an arrow. A walk
w=aj...a,in (Q,I) with s(a;) = t(a,) is called a closed walk. Following [73, 77], we say that a closed walk w in
(Q, 1) is a primitive walk if the following conditions are satisfied:

(i) w"is awalk in (Q, /) for any positive integer m;
(i) w # V" for any closed walk v in (Q, I) and positive integer r.

It is known that a string algebra A = KQ/I is representation-infinite if and only if (Q, I) admits a primitive walk (see
[73, Theorem 1]). Moreover, if A = KQ/I is a representation-infinite string algebra then the primitive walks in (Q, I)
create one-parameter families of stable tubes of rank 1 in the Auslander-Reiten quiver I'y (see [15, 77]).

We need the following combinatorial lemma.

Lemma 10.1. Let A = KQ/I be a string algebra with Q a 2-regular quiver. Then, for any arrow a € Q;, there is a
bipartite primitive walk w(a) containing the arrow «.

Proof. Since Q is a 2-regular quiver, we have two involutions™: Q; — Q; and * : @; — Q, of the set Q; of arrows of
Q. The first involution assigns to each arrow a € Q; the arrow @ with s(@) = s(a™) and @ # a. The second involution
assigns to each arrow @ € Q; the arrow o* with #(@) = (") and @ # a*. Consider the automorphisms z : Q; — QO
such that i(e) = a* for any arrow « € Q. Clearly, & has finite order. In particular, for a given arrow a € Q), there
exists a minimal positive integer r such that 4" (@) = @. Then the required bipartite primitive walk w(«) is of the form

a@)  @)(h@)) " @ @)
O

Let (Q, f) be a triangulation quiver, m, : O(g) — N* a weight function, and ¢, : O(g) — K* a parameter function.
We consider the bound quiver algebra

[(Q, f.me, co) = KQ/L(Q, f,ma, 4),

where L(Q, f, m., c.) is the admissible ideal in the path algebra KQ of Q over K generated by the elements « f(@)
and A,, for all arrows @ € Q). Then I'(Q, f,m.,c.) is a string algebra, called the string algebra of the weighted
triangulation algebra A(Q, f,m.,c.). We note that it is the largest string quotient algebra of A(Q, f,m.,c.), with
respect to dimension. Observe also that I'(Q, f, m., c,) is a quotient algebra of the special biserial degeneration algebra
B(Q, f,m,ce) of A(Q, f,ms,c.). Moreover, if the border d(Q, f) of (Q, f) is not empty and b, : I(Q, f) — K
is a border function, then I'(Q, f, m., c.) is a quotient algebra of the socle deformed weighted triangulation algebra
AN(Q, f,m,, Ce, bs).

Proposition 10.2. Let (Q, f) be a triangulation quiver, m, : O(g) — N* a weight function, and ¢, : O(g) — K" a
parameter function. Then the following statements hold:

(1) T(Q, f,ma, ce) is a representation-infinite tame algebra.
(ii) Ifthere is an arrow a € Q1 with ng, > 4 or my > 2, then T'(Q, f, ms, ¢o) is of non-polynomial growth.

Proof. We write I' = I'(Q, f,m., c.) and L = L(Q, f, Me, Ce).

(1) Since a string algebra is special biserial, it is tame, by Proposition 2.1. Moreover, since Q is a 2-regular quiver,
it follows from Lemma 10.1 that there is a (bipartite) primitive walk in (Q, L), and consequently I is representation-
infinite.

(i1) Assume that there is an arrow a € Q; such that n, > 4 or m, > 2. Recall that we assume m,n, > 3. Hence,
if n, = 1, then m, > 3. Moreover, f(_a') = g(@), My = Mg(q), Na = Ng(e). Then u = g(@)g*(a)...g" *(a) is a path of
length > 2 and is a proper subpath of A, and consequently « does not belong to L. Observe also that g(@) = f@)
and mang > 3, again by our general assumption. Hence, it = g(@)...g"* (@) is a path of length > 1 and is a proper
subpath of A,4), and then i does not belong to L. Consider the following closed walk in (Q, f)

v=uf@ uf(a)’!
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and observe that it is a primitive walk. Applying Lemma 10.1, we may also consider the bipartite primitive walk
w = w(g(a)). We note that w is of the form w = g(a) ... f(a@)". In particular, we conclude that, for any prime number
q and positive integers r1, sy, ..., 11, Sy With Zf;l(r[ + s5;) = q, the closed walks in (Q, L) of the form

re St
t W[

viwi
are primitive walks. Then it follows by the arguments applied in the proof of [70, Lemma 1] that the string algebra I
is not of polynomial growth. O

Let A = A(S, T,m., ¢.) be a weighted surface algebra, and (Q, f) = (Q(S, f), f) its triangulation quiver. It follows
from Proposition 5.8 that A is a tame algebra. Further, the associated string algebra I' = I'(Q, f, m., c.) is a quotient
algebra of A and is representation-infinite, by Proposition 10.2 (i). Hence, A is representation-infinite. Applying
Lemma 6.6, we conclude that A is a tetrahedral algebra if and only if n, = 3 and m, = 1 for any arrow @ € Q;.
Moreover, if this is the case, then A is of polynomial growth if and only if A is a non-singular tetrahedral algebra, by
Propositions 6.3 and 6.4. Assume now that A is not a tetrahedral algebra. Then it follows from Proposition 10.2 (ii)
that the string quotient algebra I' of A is not of polynomial growth. Hence, A is of non-polynomial growth.

Let A be a basic, indecomposable, symmetric algebra which is socle equivalent to A. We may assume that A is not
isomorphic to A. Then it follows from Propositions 8.2 and 8.3 that the border d(Q, f) of (Q, f) is not empty, K has
characteristic 2, and A is isomorphic to an algebra A = A(Q, f, M., c., b.), for some border function b, of (Q, f). In
particular, we know that A is not a tetrahedral algebra. Then the string algebra I of A is an algebra of non-polynomial
growth and a quotient algebra of A. Therefore, A is a tame algebra of non-polynomial growth.

We mention that in the special case when A is the Jacobian algebra of an orientable surface with empty boundary
and non-empty collection of punctures, different from a sphere with at most four punctures, the fact that A is of
non-polynomial growth was proved in [76, Theorem].
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