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Abstract

This thesis gives a complete method for proving the almost sure termination of
probabilistic programs, in a simply-typed higher-order language with continuous
random variables and an explicit recursion construct. The method is based on
supermartingales and ranking functions, which are a probabilistic version of a
loop variant, as described in similar work by McIver, Morgan, Kaminski and
Katoen in the setting of a first-order imperative language. The basic version of
this method is extended in three ways. Sparse ranking functions permit more
flexibility in how the ranking functions may be defined, so that a sparse ranking
function only needs to be defined at a subset of program states, which makes
providing ranking functions much more convenient. Antitone ranking functions
have a weaker condition on the rate of decrease than the basic version of ranking
functions, so that they can be applied to programs that terminate arbitrarily
slowly. Ranking functions with respect to alternative reduction strategies allow
the order in which the program is assumed to evaluate in the ranking function
to deviate somewhat from the actual reduction strategy used, again making it
more convenient to define ranking functions. All of these extensions may be
combined, and it is proven that if a program has an antitone sparse ranking
function with respect to any reduction strategy, it is almost surely terminating.

There is also an overview of probabilistic programming, with a particular fo-
cus on some of the many different ways of defining a formal semantics for prob-
abilistic lambda calculus. The last extension of the ranking function method,
relating to alternative reduction strategies, makes use of a novel variant on the
operational trace-based semantics with a limited confluence result despite the
random sampling. This confluent trace semantics may be of interest beyond
just its application to proving almost sure termination.



Chapter 1

Introduction

1.1 Motivation
Probabilistic programming is a powerful method for using bayesian inference
to understand the behaviour of systems which may be modelled but with some
degree of uncertainty. In systems too complicated for the direct application of
Bayes’ Law to be feasible, there are a variety of algorithms that may be used,
and probabilistic programming languages such as Church [25], Stan [9], Angli-
can [50], Gen [17], Pyro [7], Edward [51] and Turing [23] provide a highly flexible
uniform way of specifying probabilistic models so that inference algorithms may
be applied without having to re-make the inference algorithms for each applica-
tion. They attain this flexibility by including in the model specification language
all the features required to make a programming language Turing-complete.

This of course comes at the cost that not all programs will terminate. The
appropriate notion of termination for probabilistic programs is in many cases
either termination with probability 1 (known as almost-sure termination, AST)
or finite expected runtime (known as positive almost-sure termination, PAST),
and there are many algorithms and theorems which are only applicable to AST
or PAST programs (e.g. [46, 25, 36], and via [36]’s result that AST programs
have almost-everywhere differentiable density functions, also [56, 43, 35] which
rely in turn on this differentiability condition). Proving AST is therefore useful,
but since checking AST is Π0

2-complete[30, 6], there is no algorithm for checking
AST, and somewhat less automatic criteria, like Theorems 3.4, 3.7, 3.9, 3.10
and 4.4, must be used instead. There are various existing approaches to proving
AST[31, 44, 30, 39, 22, 14, 12], but the theorems that may be applied vary
somewhat depending on the features of the language being considered. This
work (or rather, the paper produced in the course of the research leading up to
this thesis, [32]) is the first such work I know of that is suitable for proving AST
for a higher-order language with continuous distributions.
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1.2 Approach to Proving AST
The approach used here to prove AST and PAST is based on ranking functions
(Definition 3.2). Roughly speaking, a ranking function is a function from pro-
gram states to non-negative real numbers such that as the program executes,
the value of the ranking function decreases at a sufficiently fast rate to guar-
antee that the program eventually terminates. This is based on a very similar
approach used in [22] and [40], the main difference being that here, it is applied
to a functional language rather than an imperative one. Although the proof of
the basic version of the ranking function theorem (Theorem 3.4, that any term
in the language PPCF which has a ranking function is AST) is not all that
essentially different from the imperative version, it turns out that in order for
it to actually be practical to define ranking functions for anything more than a
trivially complicated program, some extensions unique to the higher-order case
are needed.

Since a functional language does not have distinct while loops the same
way an imperative language does, the ranking functions are defined using the
set of terms reachable from the given term as their domain (the set of program
states), rather than the more convenient definition of ranking functions as a
sort of loop variant in the imperative case. Defining the ranking function value
for every single reachable state is terribly verbose and not really logically nec-
essary, so the first extension, described in Section 3.2, is to a different sort of
ranking function (sparse ranking functions) which can be defined on essentially
an arbitrary subset of the reachable states, as the user prefers. This extension
also improves the compatibility of the ranking function method with syntactic
sugar, and allows the method to more easily integrate sub-proofs of termination
in certain cases by other methods.

The second extension, to antitone ranking functions, described in Section 3.3,
is not unique to the higher-order case, unlike the others (and is similar to the
results of [40]), but is necessary to make the method more powerful. Only
those terms which terminate sufficiently quickly (the Y-PAST terms, see Defini-
tion 3.4) have ranking functions, but by loosening the condition on the rate at
which the ranking function must decrease, we can make it the case that every
AST term1 has an antitone ranking function (Theorem 3.12) while still ensuring
that every term with an antitone ranking function is AST (Theorem 3.9). This
extension is also compatible with the previous one, so antitone sparse ranking
functions have the expected properties.

The third extension, described in Chapter 4, is by far the most complicated
and the most interesting. When using a functional language, it is natural to
think of it in terms of the equational reasoning permitted by the lambda cal-
culus, where sub-terms may be rearranged and executed in various different
orders, all of which reach the same result due to confluence. It is quite tricky to
apply confluence results to the probabilistic lambda calculus, or even to define
a confluence result that is true in this context. Most trivially, a program that

1assuming it is also a closed term, for uninteresting reasons
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just takes a single random sample and returns it could reduce to either 0 or 1,
immediately breaking confluence unless some effort it taken to ensure that the
same samples are used in every run. Even after this, there are several more ways
in which confluence fails. By defining a new version of the semantics of PPCF
(the model language I am using) specifically to work around these issues, and
also restricting it to only a subset of reduction orders to avoid some more essen-
tial failures of confluence, I prove a restricted confluence result (Theorem 4.1).
This is then used to prove the third extension to the ranking function result,
the extension to ranking functions w.r.t. alternative reduction strategies. Be-
cause of confluence (and the fact that the default reduction strategy terminates
most often of all permitted reduction strategies, Theorem 4.3), a term which
has a ranking function w.r.t. any reduction strategy is AST in the sense of the
standard call-by-value reduction strategy (Theorem 4.4). This extension can
also be combined with both of the previous two. Theorem 4.4 does apply to
somewhat more terms than the basic ranking function theorem, but that is not
the main point. Theorem 3.9 is already complete so Theorem 4.4 is not any
more powerful than that. The point, as with sparse ranking functions, is to
make the ranking functions easier to define.

The exploration of the limits of confluence for probabilistic programs, the
way that these limits can be partially overcome, and the semantics used to prove
these results are also interesting beyond just their application to proving AST.

1.3 Semantics
There is a wide variety of different ways that a higher-order probabilistic lan-
guage may be represented in a formal semantics, with tradeoffs in complexity
and ease of proving various properties. As in the case of non-probabilistic lan-
guages, there is the distinction of operational versus denotational semantics.
Operational semantics corresponds more closely to how programs are actually
executed on a real computer, and is particularly suitable for discussing prop-
erties such as running time and termination, whereas denotational semantics
is better at representing program transformations and equivalences. There is
also the question of how to represent probabilities specifically. A trace-based
semantics, where something like a probability space is used, is more convenient
for correlating program behaviour to other derived functions of the program’s
progress and the random samples, and is in a sense more fine-grained, whereas a
distribution-based semantics is good for ignoring irrelevant details about when
particular outcomes occur and how the random samples are used, in favour of
just how likely each one is, which is generally the more important thing to know
about a program. Both trace-based and distribution-based semantics can be
combined with operational and denotational semantics (with particular com-
plications in each version of denotational semantics), and within each of these
categories there are various sub-types as well: big-step vs. little-step operational
semantics, various different categories (in the category theory sense) in which
a denotational semantics may be defined, infinite vs. finite traces, etc. Sections
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2.4.2 and 2.5 provide a summary of the topic, with examples of each of these
major categories, providing some points of comparison for the confluent trace
semantics (a new variant which falls into the trace-based operational category).

1.4 Acknowledgements
Many of the results in this thesis were originally published in [32] (or its more
complete arXiv version), which was written in collaboration with my first su-
pervisor, Luke Ong. The parts we collaborated on are mostly some parts of
Chapter 3, the rest being my work. I would also like to thank my second super-
visor, Bartek Klin, who provided useful feedback and advice while I was writing
this thesis. I was funded for this research by the UK’s Engineering and Physical
Sciences Research Council.
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Chapter 2

Preliminaries

2.1 Probabilistic Programming
A probabilistic programming language is simply a language which includes a
sampling construct for producing random (or pseudo-random) values and a con-
ditioning construct. The first of these is available in any full-featured program-
ming language, for example the rand() function from the C standard library.
It is conditioning that makes probabilistic programming unique. Conditioning
corresponds to evidence in bayesian statistics, where sampling gives the prior.

Example 2.1.1. Consider the following program.

x := flip_coin()
y := flip_coin()
observe x=Heads || y=Heads

The command observe excludes runs where its condition is not satisfied,
with the probabilities of all of the remaining runs scaled up to compensate so
they still add up to 1. In this example, there are three remaining possible
outcomes. x, y, or both can be heads, and each of these outcomes, after re-
scaling, gets a probability of 1

3 .

Example 2.1.2. This sort of construct is known as hard conditioning, but evi-
dence doesn’t have to be all-or-nothing. Suppose a doctor runs a screening test
for whether their patient has some disease. 80% of people with the disease give
a positive result on the test, as do 1% of healthy people, and before seeing the
test results, the doctor gives a 5% chance of the patient having the disease. The
test comes up positive. This can be modeled with this probabilistic program.

ill := sample_bernoulli(0.05)
if (ill)

score 0.8
else

score 0.01
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The score construct here, which does soft conditioning, is a generalisation
of observe which weights the execution path it occurs in by its argument. In
this case, the possibility that ill is true starts out with a probability of 0.05
which is multiplied by the likelihood of 0.8 to give 0.04, and the other option has
a value 0.0095, so after normalising the total probability, the chance that ill
is true is approximately 80.8%. If the argument of score is bounded above, as
it is here, soft conditioning can be implemented in terms of hard conditioning.

function score(x) {
observe sample_bernoulli(x/bound)

}

In practice this may be less computationally efficient than having a built-in
soft conditioning operator, but in theory it’s equivalent provided the number of
calls is constant across runs. Each run ends up having a probability x/bound of
not being rejected, and since the posterior distribution is re-scaled to have total
probability 1 anyway, the factors of 1/bound cancel out. If there is no upper
bound on the likelihood though, this translation fails because the parameter of
the Bernoulli distribution has to be in the range 0 to 1. For example, consider
this program.

Example 2.1.3.

x := sample_uniform(0,1)
y := sample_uniform(0,1)
observe x + y < 1
score 1/(x+y)

The score construct precisely compensates for the variation in probability
density of x + y between 0 and 1 to give a posterior distribution of x + y that
is uniform in this range. For any value of the bound used to simulate score
with observe, it fails for sufficiently small values of x + y.

0 1 2
0

1

x + y

Prior pdf

0 1 2
0

1

x + y

Posterior pdf

0 1 2
0

1

x + y

Posterior with score bounded

Although unbounded likelihoods are strange in the context of bayesian rea-
soning on discrete distributions, where they represent probabilities and are
therefore never greater than 1, when reasoning about continuous distributions
they are quite natural since probability density functions can be unbounded.
Suppose a sample is drawn from a Gaussian distribution with mean 0 and un-
known variance parameter and it is observed that its value is x. If we have some

6



prior P on the parameter of the distribution and we want to know what the
posterior is, we can simulate the situation like this.

v := sample(P)
score gaussian_pdf(0,v,x)

It would not have been possible to phrase this as observe sample_gaussian(0,v)=x
because the probability of the condition being true is always 0 unless v = x = 0.
The lower v is, so long as it greater than about x2, the higher the likelihood.
In practice, probabilistic programming languages often have sampling and im-
mediately conditioning on the value (like observe sample_gaussian(0,v)=x
in the pseudocode notation I’ve been using) as a primitive construct so that
it is possible, but this is usually equivalent to soft conditioning, and can be
considered syntactic sugar for it.

2.2 Almost Sure Termination
All of the examples considered so far have been simple programs with no loops,
but in order to encode interesting and non-trivial programs, loops are usually
necessary, which brings the possibility of non-termination. Definitions of ter-
mination in the context of probabilistic programming must take into account
that there is in general some probability of terminating rather than a certainty.
One significant version of termination is almost sure termination (AST), the
condition that the program terminates with probability 1. This is weaker than
requiring that every computational path terminates, because it is possible that
all the non-terminating paths, in the course of their infinitely long execution,
have probabilities that tend to 0.

Example 2.2.1.

c := flip_coin()
while (c = Heads) {

c = flip_coin()
}

The probability that this program terminates after exactly n flips for n > 0
is 2−n, so the total probability that it terminates after any number of flips is∑∞

n=1 2
−n = 1. There is nevertheless the possibility that every single flip returns

tails, in which case the program fails to terminate, it’s just that the probability
of this happening is limn→∞ 2−n = 0 (and crucially there are few enough such
paths that the total probability of all of them remains 0 too).

2.2.1 Conditioning
In the context of soft conditioning, the definition of AST seems to get more
complicated. If the program terminates, it is possible to assign posterior proba-
bilities to (sufficiently well-behaved) subsets of the execution paths, but if some
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paths don’t terminate, these won’t have well-defined probabilities. The total
score for any path is the product of the parameters of each score construct that
gets executed along that path. If the path is infinitely long, this is an infinite
product which may fail to have a limit.

Example 2.2.2.

c := flip_coin()
n := 0
while (c = Heads) {

n := n + 1
score 3^n
c := flip_coin()
score 3^-n

}

This program is largely equivalent to the previous one if we ignore the vari-
able n which does not affect the condition of the while loop. The score 3^n
and score 3^-n cancel out, but if we take the program state immediately after
an execution of score 3^n, the value of the unnormalised posterior up to that
point for the path that hasn’t terminated yet is ( 32 )

n which is greater than the
unnormalised posterior of any of the runs which have already terminated. If
we take the normalized posterior of the program state up to a certain number
of execution steps, it switches back and forth between being dominated by the
runs that terminated quickly and the runs that are still going.

To avoid this issue, conditioning is ignored in the definition of AST, and
only the priors are used. With this definition, all the necessary limits are well-
defined, since the probability of an execution path of length n is equal to the
total probability of all paths of length m of which it is a prefix, for any fixed
m ≥ n (including those that terminate in fewer than n or m steps and don’t do
anything more as still being valid paths of those lengths). Hard conditioning
does not have this issue, but also doesn’t affect AST except in the cases where
almost all runs are excluded, and these cases tend to be considered not well-
defined anyway even if some of them intuitively do have sensible meanings. In
any case, this definition of AST that doesn’t consider conditioning turns out to
be useful.

Example 2.2.3. This does have the effect that some transformations which
would seem to leave the program’s meaning unchanged actually change whether
it’s AST or not.

function step_plain() {
if (sample_bernoulli(1/3))

return 1
else

return -1
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}

function step_score() {
if (sample_bernoulli(2/3)) {

score 1/2
return 1

} else {
score 2
return -1

}
}

x := 10
while (x > 0) {

x := x + step_plain()
}

This is a random walk biased towards 0, where it terminates. The function
step_score is essentially equivalent to step_plain, as both give the same dis-
tribution of return values, but if we replace the use of step_plain in the loop by
step_score, the program counterintuitively becomes not AST. This happens
because without the conditioning operators, step_score becomes biased in the
positive direction, so the random walk becomes biased away from 0.

2.2.2 Positive Almost Sure Termination
Another useful version of termination is positive almost sure termination (PAST).
A program is PAST if the expected number of execution steps is finite. This is
a stronger condition than AST, because if there’s a non-zero probability that
the execution time is infinite, the expected execution time is necessarily infinite,
but some AST programs fail to be PAST. An unbiased random walk in one or
two dimensions is a well-known example of this.[53]

Example 2.2.4. A more direct (and easier to prove) example is this.

x := sample_uniform(0,pi^2/6)
n := 0
s := 0
while (s < x) {

n := n + 1
s := s + 1/n^2

}

The value of s tends to
∑∞

n=1
1
n2 = π2

6 , therefore eventually s < x becomes
false unless x is exactly π2

6 , which has probability 0, therefore this program is
AST, but the probability of the loop executing n times before terminating is

6
π2n2 so the expected number of steps is

9



∞∑
n=1

(4 + 3n)
6

π2n2

=

∞∑
n=1

(
24

π2n2
+

18

π2n
)

= ∞

2.2.3 Tail Bounds
Another termination condition, more precise than almost sure termination but
more general than PAST, is sets of tail bounds on the runtime, that is, func-
tions f : N → [0, 1] such that P[runtime > n] ≤ f(n). The method of ranking
functions can be used to give tail bounds for the runtime of terms (as in Corol-
lary 3.2, with the obvious modification made to bound the runtime rather than
Y-runtime), and ranking-function based conditions can be constructed that im-
ply given tail bounds (using a construction similar to Theorem 3.12), but pro-
viding more precise bounds on runtime than it just being finite is not a focus of
this thesis.

2.3 Probability Measures
In formalising the notion of probability, it is most convenient to enumerate all
of the possible outcomes of all of the random events simultaneously in a set,
Ω, the sample space, then consider all of the random variables as functions
from this set. For example, if the situation is rolling two dice, we could take
Ω = [1, 6]2, with the values of the first and second dice being the first and
second projections π1, π2 : [1, 6]2 → [1, 6]. This formulation has the advantage
that it makes all of the correlations and dependencies among the variables fully
explicit. Probability, in this context, is a function P which takes subsets of Ω
(events) and returns values between 0 and 1. As is customary when discussing
probabilities, some syntactic sugar will be used to avoid explicitly mentioning
the sets and elements of the sample space involved. If f is a function and X1, . . .
are random variables, the random variable x 7→ f(X1(x), . . . ) will usually be
denoted f(X1, . . . ), and if φ is a predicate, P({x | φ(X1(x), . . . )}) will be denoted
P[φ(X1, . . . )], for example P[X1 = X2] or P[X2 + Y 2 < 1]. If a proposition has
probability 1, it is said to be “almost surely” or “a.s.” true (like if it is almost
surely true that a program terminates). In order to make sense as a probability,
P must satisfy some axioms.

10



P(Ω) = 1

P(X) ≥ 0

∞∑
n=0

P(Xn) = P

( ∞⋃
n=0

Xn

)
if Xn are mutually disjoint

For finite sample spaces like the dice example, this all works fine, and even
for countably infinite spaces, the axioms are all satisfied by giving each ele-
ment x of Ω some probability P({x}) such that

∑
x∈Ω P({x}) = 1, then setting

P(X) =
∑

x∈X P({x}). If countable spaces are all we’re considering, defining
probabilities in this way with the probability function assigning a value to each
element of Ω rather than subsets is simpler, but it does not extend to uncount-
able sets well.

First, note that the additivity axiom only applies to countable families of
events. This is necessary because the union of uncountably many events each
with probability 0 can have a non-zero probability in total. Take the uniform
probability distribution on the subset [0, 1) of the real numbers for example.
We take Ω = [0, 1) and want P(Ω) = 1 of course. The defining feature of the
uniform distribution is that P([a, b)) = b − a where 0 ≤ a ≤ b ≤ 1, so by the
additivity and non-negativity axioms, P({x}) < b− a for all 0 ≤ a ≤ x < b ≤ 1
i.e. P({x}) = 0, therefore

∑
0≤x<1

P({x}) = 0 < 1 = P

 ⋃
0≤x<1

{x}

 .

Even with the restriction that the additivity axiom only applies to countable
families, there’s still a problem. The uniform distribution ought to be translation
invariant (modulo 1), i.e. P(X) = P({x + c mod 1 | x ∈ X}) for all c. Let
W be a set containing one member of each equivalence class in [0, 1) under
equivalence modulo the rational numbers (by the axiom of choice). For all q,
P(W ) = P(W+q), but

⋃
0≤q<1,q∈Q(W+q) = [0, 1) (where we’re still taking sums

mod 1 of course). The probability of W times ℵ0 has to be 1, but this property
does not hold for any real number. The standard solution is to refuse to assign
W and other sets like it any probability at all. It is not the sort of set we would
expect to want to know the probability of anyway, being a pathological case
specified in a non-constructive way, the problem then is just to specify which
events should get probabilities and which shouldn’t.

2.3.1 Sigma Algebras
In any probability space (or, more generally, in any measure space, where the
total measure need not add up to 1), those subsets which are given a well-defined
value are called “measurable” or in probability spaces “events”, with the set of
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measurable subsets being a σ-algebra F . To be a σ-algebra, F must satisfy
some axioms.

Ω ∈ F
∀X ∈ F . Ω \X ∈ F

∀(Xn)n ∈ FN.
⋃
n∈N

Xn ∈ F

These are just the restrictions necessary to get the probability space axioms
to work. With this definition, we can now define a probability space as a triple
(Ω,F ,P) where F is a σ-algebra on Ω and P is a function F → R which satisfies
the axioms given earlier. As usual for this sort of mathematical structure, in
most cases a probability space will usually be identified with its sample space
or just the sample space and probability function rather than spelling out all
three components each time.

Every set can be equipped with the discrete σ-algebra, which is simply its
powerset. For countable sets, this is usually the σ-algebra used, as those that
are not themselves discrete differ from the discrete σ-algebra only in that some
of their elements are indistinguishable. For the real numbers, there are a few
options. The discrete σ-algebra is unsatisfactory because, as seen above, it can-
not support some very natural continuous probability distributions. The Borel
σ-algebra is the set of subsets of R which can be formed by taking complements
and countable unions of open sets, or equivalently, the minimal σ-algebra which
contains all of the open sets of R. This is usually satisfactory, and is the σ-
algebra I will be assuming R has if not otherwise specified. The set of Lebesgue
measurable sets is a larger σ-algebra on R which is sometimes used and has
some desirable properties the Borel σ-algebra lacks, but its definition is a bit
more complicated.

Given an integrable non-negative function f on the reals, a measure µ can
be defined on the reals such that for all a < b, µ([a, b]) =

∫ b

a
f(x) dx, which is

said to have density function f . If
∫∞
−∞ f(x) dx = 1, it is a probability density

function. The density function can be thought of as the ratio of the measure µ to
the standard measure on R (the Lebesgue measure), and this can be generalised
to be relative to other measures too, just replacing the integral in the definition
with the integral with respect to that measure. In this general case, the density
function is also known as the Radon-Nikodym derivative.

Another sort of uncountable measure space that will be important later is
one which includes infinitely many independent random variables. These can
be defined as products of families of measure spaces. If (Fi)i∈I are σ-algebras
on (Ωi)i∈I , the product can be defined as the minimal σ-algebra containing

{{f | f(i) ∈ X} | i ∈ I,X ∈ Fi}

and is a σ-algebra on Πi∈IΩi. This is the category-theoretic product if the
morphisms between σ-algebras are taken to be measurable functions, functions
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between the underlying sets such that the inverse image of each measurable set
it measurable. The product of the probability measures can also be formed, as
the unique measure consistent with P({f | f(i) ∈ X}) = Pi(X), although this
construction only works for probability measures, not general measures, since in
infinite products of numbers not bounded in the range 0 to 1 like probabilities,
there are issues of convergence.

Sum, or coproduct, σ-algebras will also be useful. If (Fi)i∈I are σ-algebras on
(Ωi)i∈I , then the sum σ-algebra is the minimal σ-algebra on

⊎
i∈I Ωi containing

the image of X in
⊎

i∈I Ωi, for each i ∈ I and X ∈ Fi.

2.3.2 Expectations
For the definition of almost sure termination, having defined probabilities suf-
fices, but for PAST, ranking functions (which will prove to be useful for proving
programs AST) and generally giving meaning to the results of programs, it is
useful to also have the notion of expectations (informally, the averages values
of random variables). It is defined as the Lebesgue integral:

E[X] :=

∫ ∞

0

P[X > x] dx−
∫ 0

−∞
P[X < x] dx.

Equivalently, it can be defined as the unique function such that E[1A] = P(A)
where 1A is the indicator function, E[X + aY ] = E[X] + aE[Y ] and |E[X]| ≤
sup |X|.

This gives overall average values, but the average value of one variable given
some information about other parts of the random state are also useful, for
example in the context of calculating the expectation of the result of a program
that is already part way through its run. For discrete conditions, the conditional
expectation of variable X given event A is just E[X | A] = E[X1A]

P(A) . It would be
nice to also be able to condition on the values of continuous random variables,
but this definition doesn’t work in that case because the probability of any
continuous random variable taking any exact value is 0, which leads to the
conditional expectation being 0

0 . A more complicated definition is therefore
needed in this case.

Any state of partial information on the random state can be summarised
as another σ-algebra F ′ which is a subset of F . Two random states are con-
sidered indistinguishable given this information iff there is no set measurable
in F ′ containing one of the elements but not the other. A σ-algebra which is
a subset of another on the same underlying set Ω is called “coarser” (and the
superset “finer”). The finest σ-algebra on a given set is the discrete σ-algebra,
and the coarsest is {Ω, ∅}. The relevance of this to conditional expectations is
that these σ-algebras coarser than the one P is defined on can encode the infor-
mation being conditioned on. If that information is the values of some random
variables X1, . . . , the corresponding σ-algebra σ(X1, . . . ) is the coarsest such
that all of those random variables are measurable with respect to it (“adapted
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to it”), i.e. the σ-algebra generated by the inverse images of the random vari-
ables’ codomains’ measurable sets in the random variables. For example, take
Ω to be {−2,−1, 0, 1, 2}, and take X to be the squaring function, then σ(X)
contains {−2, 2}, {−1, 1}, and {0} because they are the inverse images under X
of {4}, {1}, and {0} respectively (which are all measurable under the standard
σ-algebra on N, the discrete σ-algebra), and also contains all of their unions
because σ-algebras are closed under countable unions and there are only finitely
many of them, but σ(X) does not contain {2}, because there is no way to
distinguish 2 from −2 by their squares.

The conditional expectation E[X | F ′] is defined as a random variable
adapted to F ′ such that for all A ∈ F ′, E[1AE[X | F ′]] = E[1AX]. This also im-
plies that for any Y adapted to F ′, E[Y E[X | F ′]] = E[Y X]. The expectation
conditioning on some set of variables E[X | σ(Y1, . . . )] is also denoted E[X |
Y1, . . . ], and with this notation, E[f(Y1, . . . )E[X | Y1, . . . ]] = E[f(Y1, . . . )X]
for any f . The conditional expectation as defined in this way is itself a random
variable since it can take different values depending on part of the random infor-
mation. It is in particular a random variable adapted to F ′, which means that
for values of the random information which are not distinguished in F ′ (like 2
and −2 above), the conditional expectation takes the same value. Substituting
values in like E[X | Y1 = y1, . . . ] therefore gets a constant non-random result
like non-conditional expectations.

Conditional expectations are not in general unique, in that if Z is a random
variable adapted to F ′ which is almost surely 0, and Y is a conditional expec-
tation for X w.r.t. F ′, then so is Y + Z. This means that individual values of
the conditional expectation are often not well defined, even if the function as a
whole is not allowed to vary much. In most cases, there is one obviously correct
answer and infinitely many silly very discontinuous variants on it. For example,
if X and Y are two independent random variables uniformly distributed in the
range 0 to 1, clearly E[X | Y = y] should be 1

2 for all values of y, even if tech-
nically it could take arbitrary other values for countably many cases. In cases
such as this, or when conditioning on a program’s execution up to a certain
point, I will be using the obviously correct conditional expectations rather than
arbitrary ones.

2.4 PPCF, SPCF, and their Semantics
The method of proving AST using ranking functions is applicable to a variety of
languages, but for concreteness I will be using the language PPCF (Probabilistic
Programming Computable Functions), an extension of PCF to include random
sampling of real numbers from the interval [0, 1]. It is a subset of SPCF (Statis-
tical PCF)[52] as used in [36] which lacks conditioning (including conditioning
would not substantially change any of the arguments). It is a call-by-value
(CBV) simply-typed lambda calculus with real numbers, loops, and random
sampling. Types and terms are defined as follows, where r is a real number, x
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is a variable, and f : Rn → R is any measurable function:

types A,B := R | A→ B

values V := λx.M | r
terms M,N := V | x |M1 M2 | f(M1, . . . ,Mn) | YM

| if(M < 0, N1, N2) | sample

Of course, in a real programming language there would only be some fixed set
of primitive functions f to use, but simply including all of them will do for
the purposes of this text. Terms are identified up to α-equivalence, as usual,
except where otherwise specified. The set of all terms is denoted Λ, and the set
of closed terms is denoted Λ0. Some abbreviations will be used when writing
PPCF terms: where infix operators like M + N are used, it formally refers
to terms like +(M,N), and an if statement with a boolean condition other
than M < 0, if(φ(M1, . . . ), N1, N2) is shorthand for if(φ′(M1, . . . ) < 0, N1, N2),
where φ′ is some real function which is negative where the condition φ is true.

Only those terms which are well-typed will be considered, with the types as
given below in a natural deduction style. A judgement of the form Γ ` M : A
means that the term M has type A, assuming the free variables have the types
given by the environment Γ, which is an unordered list of type assignments
of varibles x : B. The set of judgements that are provable is the smallest set
of judgements which contains the conclusion of any typing rule all of whose
premises it contains. The rules are written with premises above the line, con-
clusion below the line and side-conditions (which constrain the values the meta-
variables can take) to the side.

Γ;x : A ` x : A

Γ;x : A `M : B

Γ ` λx.M : A→ B

Γ `M : A→ B Γ ` N : A

Γ `M N : B

Γ `M : (A→ B)→ (A→ B)

Γ ` YM : (A→ B)

Γ `M : R Γ ` N1 : A Γ ` N2 : A

Γ ` if(M < 0, N1, N2) : A

r : R Γ ` sample : R
Γ `M1 : R . . . Γ `Mn : R

Γ ` f(M1, . . . ,Mn) : R (f : Rn → R)

Figure 2.1: Typing rules of PPCF

To define the CBV reduction relation, let evaluation contexts be of the form:

E := [ ] | EM | V E | f(r1, . . . , rk−1, E,Mk+1, . . . ,Mn)

| YE | if(E < 0,M1,M2)
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then a term reduces if it is formed by substituting a redex in a context i.e. the
reduction relation → consists of the cases

E[(λx.M)V ]→ E[M [V/x]]

E[f(r1, . . . , rn)]→ E[f(r1, . . . , rn)]

E[Yλx.M ]→ E[λz.M [(Yλx.M)/x]z] where z is not free in M

E[if(r < 0,M1,M2)]→ E[M1] where r < 0

E[if(r < 0,M1,M2)]→ E[M2] where r ≥ 0

E[sample]→ E[r] where r ∈ [0, 1].

We write →∗ for the reflexive, transitive closure of →. Every closed term either
is a value or reduces to another term.

The reduction rule for Y is a little counter-intuitive, since it is much more
complicated than the simpler (η and β equivalent) rule E[YM ]→ E[M(YM)].
The reason for the additional complexity is that, given the call-by-value reduc-
tion order, this simpler rule would never terminate. If the term M reduces to
a value V , then YM → M(YM) →∗ V (YM) → V (M(YM)) →∗ · · · . The
η-expanded term λz.M [(Yλx.M)/x]z is always a value, so it is not reduced any
further unless it is actually necessary. Ensuring this η-expansion is well-typed
is the reason the type of M in the typing rule for YM is (A→ B)→ (A→ B)
rather than simply A → A. Also, by including the substitution of Yλx.M for
the variable x in the Y-reduction step rather than having that be a separate
reduction step (i.e. E[YM ]→ E[λz.M(YM)z]), it avoids needing to reduce the
Yλx.M in the reduct at all in cases where it is deleted by being in the branch
of an if construct that is not taken.

These two complications, the η-expansion and β-reduction built in to Y-
reduction, are redundant as either one on its own would be sufficient to ensure
the correct reduction order (with minor insignificant differences). In retrospect,
including only the η-expansion would have simplified some of the proofs, but I
will be sticking with the rule given above which is more similar to the one found
in [36]. The simpler rule YM → MYM is used in [20], in contrast, but they
have to include a let construct to deal with the non-termination this produces
instead.

2.4.1 Call-By-Value vs. Call-By-Name
One significant choice to make in defining the semantics of a probabilistic lambda
calculus is whether it is call-by-value or call-by-name. In pure lambda calculus,
these may differ in that some terms may terminate in one but not the other, but
for terms that do terminate, they reach the same values because of confluence
(at least for terms of base type, since values of other types may not necessarily
be normal forms). In probabilistic lambda calculus however, although there
is a limited confluence result that applies when restricting only to a certain
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subset of reduction strategies (Theorem 4.1), CBV and CBN semantics are still
significantly different.

The differences in the semantics of CBN PPCF are that the forms of evalu-
ation context V E and YE are not allowed, the β-reduction rule E[(λx.M)V ]→
E[M [V/x]] is replaced with E[(λx.M)N ] → E[M [N/x]], and the Y-reduction
rule is replaced with E[YM ]→ E[MYM ].

Example 2.4.1. Consider the term (λx.x−x) sample. Under the CBV seman-
tics, this reduces as

(λx.x− x) sample

→ (λx.x− x) r

→ r − r

→ 0

whereas under the CBN semantics, it reduces as

(λx.x− x) sample

→ sample− sample

→ r − sample

→ r − t

→ r − t

where r and t are real numbers in the interval [0, 1]. The two versions are
therefore inequivalent.

When a random term is duplicated, the same samples or independent sam-
ples may be used in the copies. With CBV, the same samples are used by
default, but it is possible to get multiple independent samples by wrapping the
random term in a λ, for example, (λx. x0−x0) (λy.sample) produces in the CBV
semantics the same distribution as the term above does under CBN, because
λy.sample is already a value so it is substituted in to λx. x0 − x0 unchanged.
Because CBV can imitate CBN’s behaviour in this way, it is possible to trans-
late any term in CBN PPCF into a term in CBV PPCF that behaves the same
way. In CBN, the default behaviour is instead to use independent samples, and
there is not even any way to avoid this. In CBN PPCF, as defined so far, it is
impossible for multiple copies of the same sample to be used, which makes CBN
less expressive than CBV.

For this reason, an extra construct is usually added to CBN probabilistic
languages to make duplicating random values possible. It has the rules

terms M,N := · · · | let x = M in N

contexts E := · · · | let x = E in N

Γ `M : A Γ;x : A ` N : B

Γ ` let x = M in N : B
E[let x = V in N ]→ E[N [V/x]].
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With this addition, we can translate the CBV meaning of the term above as
let x = sample in x− x, and indeed, any term in CBV PPCF can be translated
into CBN PPCF with this extension, making the two versions equally powerful.

While the two versions of PPCF are largely interchangeable, the CBV ver-
sion has the same expressive power without the added complexity of including
the let . . . in . . . construct (at the cost of making Y’s reduction rule more
complicated), so I will be using the CBV version from here on except where
otherwise noted.

2.4.2 Trace Semantics
The relation → allows sample to reduce to any number in [0, 1]. This de-
fines which results are possible, but to specify the exact probabilities, an addi-
tional argument is needed to determine the outcome of random samples. Let
I := [0, 1] ⊂ R, and define S := IN, with the σ-algebra ΣS and probability
measure µS being the product of ℵ0 copies of the Borel σ-algebra and the uni-
form distribution on I respectively. The maps πh : S → I (projecting to the
first element) and πt : S → S (popping the first element) are then measurable.
Following [16], we call the probability space (S,ΣS, µS) the entropy space, and
elements of S traces.

Definition 2.1. Define a skeleton to be a term but, instead of having real
constants r, it has a placeholder X, so that each term M has a skeleton Sk(M),
and each skeleton S can be converted to a term S[r] given a vector r of n
real numbers to substitute in, where n is the number of occurrences of X in S.
The notions of value, evaluation context, redex and so on all extend to skeletal
versions in the obvious way.

Sk(λx.M) := λx.Sk(M)

Sk(r) := X

Sk(x) := x

Sk(MN) := Sk(M)Sk(N)

Sk(f(M1, . . . ,Mn)) := f(Sk(M1), . . . ,Sk(Mn))

Sk(YM) := YSk(M)

Sk(if(M < 0, N1, N2)) := if(Sk(M) < 0,Sk(N1),Sk(N2))

Sk(sample) := sample

Following [8, 48, 20], the σ-algebra on Λ is defined by identifying Λ with⋃
m≥0

(
Skm ×Rm

)
, where Skm is the set of skeletons containing m occurrences

of X. Thus identified, we give Λ the sum σ-algebra of the product σ-algebras of
the discrete σ-algebras on Skm and the Borel σ-algebras on Rm. Note that the
connected components of Λ have the form {S}×Rm, with S ranging over Skm,
and m over N.

The one-step reduction of the trace-based (or sampling-style) operational
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semantics [34, 8, 16] is given by the function red : Λ0 × S→ Λ0 × S where

red(M, s) :=


(E[N ], s) if M = E[R], R→ N and R 6= sample
(E[πh(s)], πt(s)) if M = E[sample]

(M, s) if M is a value

The result after n steps is then simply

redn(M, s) = red(. . . red(︸ ︷︷ ︸
n

M, s) . . .)

and the limit red∞ can then be defined as a partial function as limn→∞ redn(M, s)
whenever that sequence becomes constant by reaching a value. A term M ter-
minates for a trace s if the limit red∞(M, s) is defined.

The reduction function is measurable, and the set of values is measurable,
therefore the set of s such that M terminates at s within n steps is mea-
surable for any n, therefore {s | M terminates at s} is measurable [8, 36].
We say that a term M is almost surely terminating (AST) just if µS({s |
M terminates at s}) = 1.

The example used earlier, of flipping a coin repeatedly until it lands on
heads, can be encoded in PPCF as

(Yλf, x.if(sample− 0.5 < 0, 0, fx))0

which terminates on the set S\ [0.5, 1]N which has measure 1, therefore this term
is AST as expected.

2.5 Other styles of semantics
In addition to the distinction of CBV vs. CBN semanticses which are not equiv-
alent, there are many options for how exactly to describe the semantics that are
not such significant differences, but are just different equivalent ways of looking
at the same thing. For one thing, using traces is not the only way to define the
semantics of a probabilistic language. Having a probability space (S) on which
to define other random variables is convenient, but it is also possible to instead
define the probabilities of outcomes directly, without referring to a probability
space. This is the distribution-based semantics[48]. Its version of the reduction
relation redd is a measurable function from Λ to probability measures on Λ,
defined by

redd(R)(A) = 1A(R
′) if R→ R′ and R has a redex other than sample

redd(V )(A) = 1A(V )

redd(E[sample])(A) = µR({x | E[x] ∈ A})

Functions of this sort, from a measurable space to probability measures
on another measurable space, are known as Markov kernels, and they can be
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composed together using the formula (f · g)(x)(A) =
∫
f(y)(A) dg(x)(y). The

n-step function rednd can then be derived. If A is a set of values, rednd (M)(A)
is monotonic increasing, and red∞d (M)(A) can be defined as its limit. Terms
which are not values are not included, even if their probabilities have well-defined
limits.

The distribution-based semantics is equivalent to the trace-based semantics
in the sense that for all A ⊂ Λ measurable and n ∈ N∪{∞}, µS({s | redn(M, s) ∈
A}) = rednd (M)(A). This is proven for a somewhat different language in [8,
Theorem 3] (most notably, their language is untyped and can include multiple
primitive distributions), but the proof does not depend on the details of the
reduction relation anyway, only that it is the same for the trace-based and
distribution-based semantics, so the proof applies just as well to a variety of
languages including PPCF.

The way probabilities are represented is not the only way in which the seman-
tics can vary. There is also the distinction of operational versus denotational
semantics.[48] Everything discussed so far has been operational, meaning the
meaning of a program is defined by following its reduction step-by-step to a
value (or forever if it’s non-terminating). Denotational semantics instead de-
fines the meaning of a program in terms of its component parts, by structural
induction on the proof that it is well-typed. Each type A is assigned an inter-
pretation JAK, which is an object of a cartesian-closed category, meaning the
category contains products X×Y and exponentials XY . This amount of struc-
ture in the category is sufficient to interpret the plain lambda calculus without
probabilities, and the construction for this is standard[15]:

JA→ BK =JBKJAK

If Γ `M : A→ B,Γ ` N : A, then JMNK =ev ◦ 〈JMK, JNK〉
If Γ;x : A `M : B, then Jλx.MK =λ(JMK) (2.1)

where ev and λ are the product-exponential adjunction required in a cartesian
closed category. To interpret the other constructs in PPCF takes additional
structure in the category. For some extensions of lambda calculus, it can be
useful to define the semantics using a monad in the category that corresponds
to the additional feature[42], analogously to the use of monads in languages
like Haskell to implement extra language features that would not be possible
in pure lambda calculus. Given a monad P with operations µ : P ◦ P → P
and η : I → P , strength t and costrength t′, the denotation of a program
satisfying the typing judgement x0 : A0; . . . ;xn : An `M : B is then a morphism
ΠiJAiK→ P (JBK), and the semantics of the plain lambda calculus features can
be given by

JA→ BK =(P JBK)JAK

JMNK =µJBK ◦ µP JBK ◦ P 2ev ◦ PtJA→BK,JAK ◦ t′JA→BK,P JAK ◦ 〈JMK, JNK〉
Jλx.MK =ηJA→BK ◦ λ(JMK) (2.2)
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then of course any additional language features’ denotations will depend on the
details of the category and monad. As described in [42], separating out language
features as monads in this way permits more modularity in the language design
than would otherwise be available in denotational semantics.

For a distribution-based denotational semantics, it would be natural to try
using this construction with the Giry monad[24], which takes each object to the
set of probability distributions on that object. In the category of measurable
spaces, this makes sense as a functor because the set of probability distributions
on a measurable space itself has a sensible σ-algebra. Unfortunately the category
of measurable spaces and the corresponding Kleisli category, also known as the
category of kernels, are not cartesian-closed so an alternative more complicated
category is needed[20].

Various options for this exist. For example, [20] defines a denotational se-
mantics using a category they define, Cstabm, consisting of measurable cones
with stable measurable functions. Very roughly speaking, a cone is like a normed
vector space where scalar multiplication only includes positive scalars, where all
of the vectors are positive as well, and a stable function is one whose finite dif-
ferences to all orders are non-negative (so it’s weakly increasing, convex, etc.).
For any measurable space, the set of measures forms a cone (since measures can
be added together and multiplied by non-negative scalars). The basic lambda
calculus constructs are then interpreted as 2.1 as usual, and the base type R
can then be interpreted as the cone of measures on R, then JsampleK(γ) in this
semantics is simply the uniform probability distribution on [0, 1].

Unfortunately the way the cartesian-closed structure of Cstabm works im-
plies that the semantics is call-by-name. A let x = M in N construct is included,
but it is limited to cases where the type of M is the base type, R, which lim-
its the expressiveness of this version of PPCF. The interpretation of a term
Jlet x = M in NKγ is defined as taking the value

∫
JNKγ;x=δr (U) JMKγ(dr) on

a measurable set U , where δr is a discrete distribution having a value of 1 at r
only, and the notion of integration used here has to be specially defined for the
context of Cstabm, and does not readily generalise to cases where the type of
M (and thus the domain of integration) is anything more complicated than R.

Other versions of denotational distribution-based semantics, such as [52],
avoid the CBN issue, though that is for a somewhat different language in other
ways.

It is also possible to define a trace-based version of denotational semantics,
but it is not as simple as just using the reader monad X → XS for some trace
space S, as this would lead to incorrectly duplicated use of random values.

Example 2.5.1. In the program

(λx. x0− x0)(λy. sample)

all of the other versions of the semantics so far would produce two separate
samples, one for each copy of x, then subtract them, giving a random result in
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the range [−1, 1]. If, however, JsampleK is defined to take a fixed sample from
the sample space argument (perhaps using a different one for each occurrence
of sample in the input program), the same sample will be used both times and
the program will always return 0. Not only does this mean the semantics would
not be equivalent to the other versions, it also makes the language considerably
less powerful if the number of independent random samples any program can
use is bounded by the size of the program.

One solution is to simply add an argument to the sampling construct that can
be used as an address, but this is unsatisfactory because it requires additional
unnecessary programmer effort and is likely to lead to bugs. A better solution,
like that used in [55] and [3], is to label the samples automatically based on the
structure of where they end up used. [55] gives a translation to programs with
explicit labels rather than a denotational semantics though, and the semantics
presented in [3] does not actually properly avoid re-using random variables (it
fails in the way shown in Example 2.5.1, and the example program from Section
9 of [3] is incorrect for the same reason), so neither of these is satisfactory as a
denotational trace semantics.

Another option is to label samples by the order in which they are used,
as is done in [26]. [26] uses a more obscure structure for the sample space
rather than simply a probability space, and also uses a rather different version
of PPCF. The details of the structure they use instead of a probability space
are not relevant here, but roughly speaking, their monad υR1 is similar to
X 7→ (X × (N ∪ {∞}))S, with monad operations, phrased in the language of
lambda-calculus rather than category theory for convenience, η = λxs.(x, 0)
and µ = λfs.let (f ′, n) = fs, (x,m) = f ′d(n, s) in (x, n + m) (and in the case
where n is infinite, a sort of limit is used). Then if JAK(s) = (x, n), the term A
evaluated with trace s uses the first n samples and returns x.

There is something a little unnatural however about labelling the samples
by the order in which they are used like this in the context of a denotational
semantics, which complicates its use for proving program equivalences. Even
quite a simple rearrangement of a term like (λxy.M)XY )→ (λyx.M)Y X leads
to quite a complicated rearrangement of the order in which the samples are used,
complicating the correspondence between the interpretations of these terms. It
seems likely that there is a way to do better, labelling the samples in some way
related to the structure of the term, but I am not aware of any such semanticses
in the literature.

All four combinations of operational/denotational and trace/distribution-based
can give equivalent descriptions of program semantics in different ways, but be-
cause the presence of a probability space in which additional random variables
can be defined is convenient, the denotational trace semantics is particularly
complicated, and the method of ranking functions requires the sequence of re-
duction steps that only operational semantics provides, I will be using the op-
erational trace semantics as the canonical semantics for the rest of this thesis.
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2.6 Inference Algorithms
In a language that has random sampling but no conditioning, there is no par-
ticular difficulty in executing the programs. An interpreter can simply generate
a random number (from a pseudo-random number algorithm or hardware ran-
domness source) whenever a random sample is taken. If the whole distribution
of results is required, rather than just one sample, it can be approximated by
running the program many times. A fully probabilistic language including a
conditioning operator as well requires a more complicated approach.

2.6.1 Rejection Sampling
If hard conditioning is used, it is possible to use the very simple method of
rejection sampling. The program is executed, and if one of the conditions fails,
it gives up on the execution run and tries again from the start. This works, and
conceptually it’s very simple, but it’s far from ideal. With no particular effort
made to prefer runs with high success probability, it can end up rejecting an
excessive number of runs, requiring more time to compute than more efficient
algorithms. Also, it is only able to deal with hard conditioning, not soft condi-
tioning. As explained in Section 2.1, it is possible to simulate soft conditioning
using hard conditioning, but only if the likelihoods are bounded above, and the
less tight the bound is, the worse the execution time.

Recall Example 2.1.3

x := sample_uniform(0,1)
y := sample_uniform(0,1)
observe x + y < 1
score 1/(x+y)

which uses a score construct with an unbounded argument. Even if the er-
ror in the posterior distribution caused by putting some artificial bound b on the
likelihood is accepted, and score p is implemented as observe sample_bernoulli(p/b),
the probability of rejecting a run (assuming b > 1) becomes 1

2 (1 + (1 − 1
b )

2) =
1 − O( 1b ). There is therefore a tradeoff, with more accurate results requiring
higher values of b, but higher acceptance probability (and therefore better speed)
requiring lower values. For more complicated programs involving conditioning
multiple times, it becomes even worse.

2.6.2 Metropolis-Hastings Monte-Carlo
Thankfully, better algorithms exist. The Metropolis-Hastings algorithm is based
on the fact that if one run of the program had a high likelihood, trying similar
runs is likely to also give high likelihoods, and the chance of having to reject
a run can be reduced. Metropolis-Hastings is useful for generating random
samples in a variety of circumstances where the ratios of the probabilities of
any two states can be computed, but the overall scale factor may be unknown,

23



for example in statistical mechanics for simulating microscopic physical systems
at non-zero temperatures[41, 38]. The general algorithm has the form
s← an arbitrary state
loop

s′ ← f(s)
if a random boolean with probability a(s, s′) then

s← s′

end if
output s

end loop
The loop can be allowed to continue until enough samples have been collected

for whatever purpose they are needed for. The function f produces random
values, and the probability that it produces an output s′ given input s is the
transition probability t(s, s′). The function a is the acceptance probability. The
desired result is that the states have probabilities proportional to some function
p, and in order to ensure that this is the case, the functions t and a should
satisfy the detailed balance condition for all states s, s′:

p(s′)

p(s)
=

t(s, s′)a(s, s′)

t(s′, s)a(s′, s)
. (2.3)

Additionally, there is an ergodicity condition, that for any pair of possible
states, there is some possible sequence of steps with non-zero probability that
gets from one to the other (and also there is some minimum N such that it
is possible to make this transition in any number of steps n > N , although
this stronger ergodicity condition is in most cases implied by the first part of
the ergodicity condition along with detailed balance). If both of these condi-
tions are satisfied, the Markov chain of states thus generated tends towards a
steady state with probabilities proportional to p. Even if the stronger version
of the ergodicity condition is not satisfied, at worst the probability distribution
at each step will cycle through multiple distributions, the average of which is
proportional to p.

The fact that a probability distribution proportional to p is a fixed point can
be easily seen from the detailed balance condition. If the probability P[Sn = s]
that the state at step n is s is given for all s by cp(s) for some constant c, then
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the probability of that state at the next time step is

P[Sn+1 = s]

=P[Sn = s and the transition is rejected]

+
∑
s′

P[Sn = s′ and the transition s′ → s occurs]

=P[Sn = s]

(
1−

∑
s′

P[the transition s→ s′ occurs | Sn = s]

)
+ P [Sn = s′]t(s′, s)a(s′, s)

=cp(s)

(
1−

∑
s′

t(s, s′)a(s, s′)

)
+ cp(s′)t(s′, s)a(s′, s)

=cp(s) + c
∑
s′

(p(s′)t(s′, s)a(s′, s)− p(s)t(s, s′)a(s, s′))

=cp(s).

The Markov process can be expressed as a matrix of transition probabilities,
where the (s, s′)th element of the matrix is P[Sn+1 = s′ | Sn = s]. The fixed
point probability distributions are then eigenvectors of this matrix. The de-
tailed balance condition implies that the transition matrix can be expressed as
XP where X is some symmetric matrix and P is a diagonal matrix with entries
Pss = p(s). If two vectors (probability distributions) u and v have distinct eigen-
values XPu = λuu,XPv = λvv, then λuu

TPv = (XPu)TPv = uTPXPv =
uTP (λvv) = λvu

TPv therefore eigenvectors with distinct eigenvalues satisfy the
orthogonality condition uTPv = 0. Because of the ergodicity condition and the
fact that probabilities (and therefore the entries of XP ) are non-negative, for
sufficiently large n all of the entries of (XP )n are strictly positive, therefore
the vector with the largest eigenvalue has all positive entries (or equivalently all
negative since it is only determined up to a scale factor). For any two positive
vectors, uTPv > 0 therefore p is the only positive eigenvector therefore it has
the greatest eigenvalue (and is non-degenerate). For any starting vector v, the
vectors (XP )nv, which correspond to the probability distributions after n steps,
therefore converge to p (unless there is a large negative eigenvalue, but that is
impossible because it would require (XP )n to have negative coefficients, and
the case of eigenvalue −1 exactly is excluded by the ergodicity condition). This
proof only applies in the case where there are finitely many states, and I have
skipped over many of the details. A more thorough proof can be found in [47].

The algorithm generates not just a single sample, but a sequence of them.
The samples from this sequence are correlated to each other, with the correla-
tion decreasing the greater the number of iterations that pass between the two
samples. It may be necessary to take these correlations into account in inter-
preting the results. If the distributions involved are not discrete, then t(s,−)
and p are instead probability density functions, and any differences in the mea-
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sures with respect to which these densities are defined cancel out so long as the
same definition is used for t and p, but the result is essentially the same.

The acceptance probability can be taken to be

a(s, s′) =

{
1 if p(s′)t(s′, s) > p(s)t(s, s′)
p(s′)t(s′,s)
p(s)t(s,s′) otherwise

which ensures that the detailed balance condition is satisfied whatever p and t
are. It is merely necessary that the probability distribution t(s,−) is possible
to both sample from and compute the density of (or at least it is necessary to
compute t(s,s′)

p(s′) which may actually be simpler). Subject to this and the ergod-
icity constraint, t (and therefore f) may be taken to be whatever is convenient,
the specific form affects only efficiency, not correctness.

In statistical mechanics, the states are the states of the physical system and
the function p is e−βE . In probabilistic program inference, the states are the
execution runs of the program and p gives the weight of each run, determined
both by the prior probabilities of the samples taken in that run and the condi-
tioning constructs that occur. The runs can be parameterised by the random
samples taken, since given the same random samples, the program will always
execute the same way. This can be simply a list of all of the random samples
used in order, or a more complicated method can be used to attempt to make
sure that the same samples are used in the same ways on different runs.

To be more explicit, the Metropolis-Hastings algorithm as it applies to in-
terpreting a probabilistic program P is as follows. First, run the program P ,
keeping track of the random samples used along the way (these are the trace,
the whole of which is a single sample of MH) and the values used in any soft
conditioning operators (the product of these is the weight, which corresponds
roughly to the function p). If the weight is 0, try again until it isn’t. Next, for
the main loop of MH, vary the trace by some random amount (the transition t),
and run P with this new trace, i.e. run P , but instead of picking a new random
number each time it takes a sample, use one of the numbers recorded in the
trace. If the new run is longer than the old one and the samples in the trace run
out, new fresh random samples can be added to the end. Conceptually, the trace
is infinite, but only a finite portion of it is ever stored at one time. The rest,
having never been involved in the algorithm yet, has a probability distribution
that takes a simple known form (perhaps the same as the initial distribution,
depending on the implementation details). The weight of this new program run
is computed and compared to the old weight, and based on this the transition
is either accepted or rejected, then the process repeats starting with the new
trace. Be careful to keep the states used in MH, which are entire traces or runs
of P , distinct in your mind from the states that occur within the execution of P
(its variables, program counter etc.), as they are entirely different.1 There may

1Funnily enough, the same confusion can occur in the application of MH and similar algo-
rithms in physics and chemistry, despite the term being different. There, the MH (or diffusion
monte-carlo) states are sometimes called “particles”, and physical particles are also involved
in the system being simulated.
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well be opportunities to re-use data from one run of P to the next, and various
other optimisations, but this is the basic version of the algorithm.

Assuming the proposal distribution is reasonably well-behaved, with the dis-
tribution fn(i) having a finite propability density relative to i, the prior distri-
bution, and further assuming that the program itself doesn’t almost certainly
return a weight of 0, the MH algorithm as described above is AST iff the pro-
gram it’s evaluating is AST (or at least, each step of MH is AST, as MH as a
whole is designed to run forever), since the distribution of traces the program
is run on at step n is a convex linear combination of fm(i) for 0 ≤ i ≤ n. If
the proposal function f violates this condition, the detailed balance condition
can’t be satisfied anyway, and if the program violates the condition of having
a non-zero weight, its posterior distribution isn’t even well defined, so in all
reasonable cases, if a program is AST, it’s possible to evaluate it with MH. If
the weights of the program are such that taking them into account may seem to
make the program non-terminating, this may just result in MH not converging.

In order for the inference algorithm to be efficient, it is crucial that the ac-
ceptance probability be kept high. Every step, whether or not it is accepted,
requires executing the program (or at least part of it) in order to compute the
probability of acceptance, so steps that are not accepted are wasted effort. Note
that it is still necessary to count them as part of the output otherwise the prob-
abilities would be biased, they’re just less useful for calculating an accurate
distribution of the outputs since they aren’t independent samples. The ac-
ceptance probability being high requires that transitions mostly occur between
states of similar p, which generally means they are chosen to be similar states.
On the other hand, in order to get a good sample of the outputs it is necessary
to sample a wide range of states, so the steps should not be taken to be too
small either. The issue of acceptance probability is similar to the simpler case of
rejection sampling, and indeed rejection sampling using a distribution d(s) for
the guesses is very similar to Metropolis-Hastings with transition probabilities
t(s, s′) = d(s′) that do not depend at all on the initial state and a(s, s′) = p(s′)

bd(s′)

where b is the bound used on the ratio p(s′)
d(s′) (which in the case of probabilistic

inference corresponds to the weight of the run, given by all of the scores) al-
though it is not exactly the same because each sample ends up getting counted a
random number of times. Since it is not hard to pick a t much better than this,
Metropolis-Hastings can be seen to be a considerable improvement on rejection
sampling.

Although it is possible to simulate soft conditioning using hard condition-
ing, at least in some limited cases, doing so can have a negative effect on the
efficiency of the inference algorithm. The additional random sample used gen-
erates additional noise, requiring additional program runs to average out. For
this reason, it can be useful for a probabilistic language to have a dedicated soft
conditioning construct even if hard conditioning would do.
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2.6.3 Variational Inference
Another approach to inference that is sometimes used is variational inference.
In this approach, given a complicated probabilistic program whose behaviour
we want to know, a simpler program whose behaviour can be seen more directly
is generated (for example, the simplified program might just be the original
program but with any conditioning removed) and its parameters are optimised
to make the distribution of its results as close as possible to the distribution
of the original program. It is convenient to define “as close as possible” here
using the K-L divergence

∑
x P (s) log(P (x)

Q(x) ), where Q is the true distribution
and P is the estimate. Unlike the rejection sampling or Metropolis-Hastings
algorithms, variational inference is deterministic, and its results are only ap-
proximately correct. M-H also has errors, but they are random errors, and can
be made arbitrarily small simply by taking more samples, which is not the case
for variational inference.
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Chapter 3

Supermartingales and
Ranking Functions

One approach to proving that a program terminates is to find a variant, some
function from program states to numbers which is bounded below and decreases
sufficiently quickly as the program runs that it is impossible for the program to
keep running forever. In the context of probabilistic programming, the condition
that the variant decreases is replaced by the condition that it decreases on
average (with some additional restrictions on how fast it must decrease, to be
elaborated on later, in Section 3.3). For imperative probabilistic languages, this
approach to proving AST has been used in [22] and [40]. In the context of
lambda-calculus based languages like PPCF, the program states are reachable
terms. The set of reachable terms starting from a given term M is defined as
Rch(M) = {N ∈ Λ |M →∗ N}, with the σ-algebra induced as a subset of Λ.

In order to ignore certain zero-probability outcomes, it will be necessary to
use the concept of almost complete reachable sets.

Definition 3.1. An almost complete reachable set for a term M is a measur-
able set C ⊂ Rch(M) such that the probability of reaching any term outside of C
starting from M is 0 (formally, µS({s ∈ S | ∃n, c, s′. redn(M, s) = (c, s′), c 6∈ C}) =
0).1

An almost complete reachable set can roughly be thought of as a set of
terms whose complement has measure 0, except for the fact that there is not
actually such a measure on Rch(M), just S. The function s 7→ π0(red

n(M, s))
induces a measure on Rch(M) for each n, but these measures may overlap, and
an almost complete reachable set must have measure 1 in all of these measures
simultaneously.

In PPCF, the basic version of the definition of a variant (called a ranking
function in its probabilistic form) is

1The fact that this set is measurable follows from red and C being measurable.
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Definition 3.2. A ranking function on M ∈ Λ0 is a measurable function f :
Rch(M)→ R such that f(N) ≥ 0 for all N ,2 and there is some almost complete
reachable set C such that

1. f(E[Yλx.N ]) ≥ 1 + f(E[λz.N [(Yλx.N)/x]z) where z is not free in N

2. f(E[sample]) ≥
∫
I
f(E[x]) dx

3. f(E[R]) ≥ f(E[R′]) for any other redex R with R→ R′

for all E,R, etc. such that the terms on the left hand sides of these inequalities
are in C. We say that the ranking function f is strict if there exists ε > 0 such
that for all E and R→ R′ (with E[R] ∈ C), f(E[R]) ≥ f(E[R′]) + ε.

Any closed term for which a ranking (respectively, strict ranking) function
exists is called rankable (respectively, strictly rankable). For example, (Yλx.x) 0
is not rankable.

This differs from the original version published in [32] by the introduction of
the almost complete reachable set, rather than simply requiring the conditions
to be true for every single reachable term. This change was necessary because
the original version of Theorem IV.5 (here Theorem 3.7) was incorrect.

It will be demonstrated later that for any rankable term M , if (Mn)n≥0 is
the reduction sequence starting from M (considered as a stochastic process),
then (f(Mn))n≥0 is a supermartingale, and M terminates almost surely, but
first, some preliminaries about supermartingales (see e.g. [54, 19] for details).

3.1 Supermartingales
Fix a probability space (Ω,F ,P) and a filtration (Fn)n≥0, i.e. a sequence of
σ-algebras Fn ⊆ F such that Fn ⊆ Fn+1 for all n. Recall that a sub-σ-algebra
can be used to represent a state of partial information, so a filtration represents
information being revealed over time. A sequence of r.v.s (Yn)n≥0 is said to be
adapted to (Fn)n≥0 if each Yn is measurable with respect to the corresponding
Fn. A single r.v. T that takes values in N∪{∞} is called a stopping time adapted
to (Fn)n≥0 just if {T = n} ∈ Fn, for all n.

Definition 3.3. 1. A sequence of r.v.s (Yn)n≥0 adapted to a filtration (Fn)n≥0

is a supermartingale if for all n ≥ 0, Yn is integrable (i.e. E[|Yn|] < ∞),
and E[Yn+1 | Fn] ≤ Yn a.s. (i.e. for all A ∈ Fn,

∫
A
Yn+1(ω)P(dω) ≤∫

A
Yn(ω)P(dω)).

2. Let ε > 0. Given a stopping time T and a supermartingale (Yn)n≥0, both
adapted to filtration (Fn)n≥0, we say that (Yn)n≥0 is a ε-ranking super-
martingale w.r.t. T if for all n, Yn ≥ 0 and E[Yn+1 | Fn] ≤ Yn− ε ·1{T>n}
a.s.. A ranking supermartingale w.r.t. T is a ε-ranking supermartingale
w.r.t. T for some ε > 0.

2The fact that the ranking function can be 0 in some cases before it reaches a value, which is
different from how it works in some of the references, is necessary to get Theorem 3.5 to work
neatly, and the restriction to an almost complete reachable set is necessary for Theorem 3.7.
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This notion of ranking supermartingale is a slight generalisation of the orig-
inal definition in [11, 22], which does not involve an arbitrary stopping time. In
their version, T is just the minimum n at which Yn = 0 (although this is using
my notation rather than theirs). The separation of T from Y will be useful
later, since in the use case of program termination, T will represent the time at
which the term reaches a value (which may be infinite if it fails to terminate)
and Yn will represent the rank of the program after n steps of computation, and
these are logically separate. Also, keeping them separate, which allows ranking
functions to take the value 0 before the program terminates, will allow some
theorems such as Theorem 3.5 and Theorem 3.7 to work more neatly. In a
ε-ranking supermartingale, each computation step causes a strict decrease in
rank of at least ε on average, provided the term in question is not a value,
which means that T > n⇔ Yn > 0 in this case anyway, but there will be cases
involving non-ε-ranking supermartingales where this equivalence does not hold.

Lemma 3.1. Let (Yn)n≥0 be a ε-ranking supermartingale w.r.t. the stopping
time T , then T <∞ a.s., and E [T ] ≤ E[Y0]

ε .

(Lemma 3.1 is a slight extension of [22, Lem. 5.5], which asserts the same
result but for the specific stopping time T : ω 7→ min {n | Yn(ω) = 0}.)

Proof. We first prove (by induction on n): for all n ≥ 0

E [Yn] ≤ E [Y0]− ε
(∑n−1

i=0 P[T > i]
)
.

The base case is trivial (it requires only that E [Y0] exists, which is required in
the definition of a supermartingale), and the inductive step follows quite directly
from the definition.

E [Yn+1]

= E [E [Yn+1 | Fn]]

≤ E
[
Yn − ε · 1{T>n}

]
= E [Yn]− εP[T > n]

≤ E [Y0]− ε
(∑n−1

i=0 P[T > i] + P[T > n]
)

= E [Y0]− ε
(∑n

i=0 P[T > i]
)

It follows that
∑∞

i=0 P[T > i] converges, since the partial sums increase mono-
tonically and are bounded above by E[Y0]

ε ; hence we have limi→∞ P[T > i] = 0
and so P[T < ∞] = 1. It then remains to observe: if T < ∞ a.s., then
E [T ] =

∑∞
i=0 P[T > i].

Let T and T ′ be stopping times adapted to (Fn)n≥0. The σ-algebra FT

(which you can think of as measurable sets prior to T ) is defined as

FT := {A ∈ F | ∀i ≥ 0 . A ∩ {T ≤ i} ∈ Fi}

and if T ≤ T ′, then FT ⊆ FT ′ .
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The following is an iterated version of Doob’s well-known Optional Sampling
Theorem (see, e.g., [2, §6.7] and [22, Thm. 7.2]).

Theorem 3.1 (Optional Sampling). Let (Xn)n≥0 be a supermartingale, and
(Tn)n≥0 a sequence of increasing stopping times, all adapted to filtration (Fn)n≥0,
then (XTn

)n≥0 is a supermartingale adapted to (FTn
)n≥0 if one of the following

conditions holds:

1. each Tn is bounded i.e. Tn < cn where cn is a constant

2. (Xn)n≥0 is uniformly integrable.

3.1.1 Ranking functions and supermartingales
Henceforth, fix the probability space (S,ΣS, µS), and a closed PPCF term M
(The fact that it is closed only matters because closed terms terminate at values,
and it is more convenient to refer to values rather than general irreducible
terms). For n ≥ 0, define the random variables

Mn(s) := π0(red
n(M, s))

TM (s) := min {n |Mn(s) is a value}

and the filtration (Fn)n≥0 where Fn := σ(M1, · · · ,Mn), i.e. all the informa-
tion of the samples revealed in executing up to n steps (the samples used
can be derived from the terms reached, because after each sample reduction
E[sample] → E[r], the next term E[r] contains the sample used, r). Thus TM

is the runtime of M (and M is AST iff µS(TM < ∞) = 1); we say that M is
positively almost surely terminating (PAST) if E [TM ] <∞.

Our first result is the following theorem.

Theorem 3.2 (Deriving supermartingales). If a PPCF term M is rankable
(respectively, strictly rankable) by f then (f(Mn))n≥0 is a supermartingale (re-
spectively, ranking supermartingale w.r.t. stopping time TM ) adapted to (Fn)n≥0.

Proof. For the non-strictly ranking case, take ε = 0. Fix some n. We want
to show that the supermartingale condition at step n is satisfied. First, we
must partition S into subsets Ui such that for each i, the sequence of skeletons
Sk(Mm(s)) for m ≤ n+1 is constant for all s in Ui (and Ui is also assumed to be
maximal subject to this condition). This partition is finite, because although the
reduction relation on skeletons is nondeterministic, each skeleton only reduces
to at most two others (this being in the case of if-reduction). Call the finite
indexing set I. Ui ∈ Fn, since for each Ui, either Mn has a sample-redex, in
which case Sk(Mn+1) is constant even if Mn+1 itself isn’t, or it doesn’t, in which
case Mn+1 follows deterministically from Mn. Also, f(Mn(s)) can be expressed
as
∑

i∈I [s ∈ Ui]f(Mn(s)) (using the Iverson bracket notation, i.e. [P ] is 1 if P
is true, or 0 if it is false), therefore the supermartingale condition can be split
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into a separate part for each Ui. Take some i, and let S be the common value
of Sk(Mn(s)) for all s ∈ Ui, then the required condition is∫
A

f(Mn+1(s))[s ∈ Ui] dµs(s) ≤
∫
A

f(Mn(s))[s ∈ Ui] dµS(s)−εP[Mn not a value, s ∈ Ui ∩A]

for A ∈ Fn, or equivalently, that∫
A

f(Mn+1(s)) dµs(s) ≤
∫
A

f(Mn(s)) dµS(s)− εµs(A)[S is not a value] (3.1)

for A ∈ Fn restricted to A ⊂ Ui, for each i. (The integrability condition in this
case follows from the non-increasing condition because f(M0(s)) is constant and
f is bounded below.)

Let c = |{k < n | ∃E : Mk(s) = E[sample]}|, so that π1(red
n(M, s)) =

c︷ ︸︸ ︷
πt(· · · (πt(s)) for all s ∈ Ui. Equation (3.1) can then be proven by a case analysis
on S. It is of one of the forms V, E[sample], E[Yλx.N ], or E[R] for some redex
R of one of the other forms (β, if or f). All of the cases except E[sample]
follow simply from the fact that, for M rankable and Mn of one of these forms,
f(Mn) ≥ f(Mn+1) (the case that Mn 6∈ the almost complete reachable set C
may be ignored because it happens on a set of probability 0 and therefore does
not contribute to the integral).

If S = E[sample], let σ : Ui → Rc be a function such that ∀s ∈ Ui.Mn(s) =
E[σ(s)][sample], then it follows that also Mn+1(s) = E[σ(s)][s(c)]. (The two
square brackets here first take the skeletal evaluation context E to an evaluation
context, then take that to a term.)

For any measurable g : Ui → R, if g(s) only depends on the prefix of s of
length l (denoted s<l), a function ĝ : I l → R can be defined such that ĝ(s<l) =
g(s), and from the definition of µS, it follows that for any A ⊂ Ui, A ∈ Fn∫

A

g(s) dµS(s) =

∫
A<l

ĝ(x) dlx.

For such an A, A<c+1 = A<c×I, since Fn = σ(M0, . . . ,Mn), and the values
of M0, . . . ,Mn do not depend on s(c) so long as s ∈ Ui. Applying this to
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Equation (3.1), ∫
A

f(Mn+1(s)) dµS(s)

=

∫
A

f(E[σ(s)][s(c)]) dµS(s)

=

∫
A<c+1

f(E[σ̂(x)][x(c)]) dc+1x

=

∫
A<c

∫
I

f(E[σ̂(x)][y]) dy dcx

≤
∫
A<c

f(E[σ̂(x)][sample])− ε dcx

=

∫
A

f(E[σ(s)][sample])− ε dµS(s)

=

∫
A

f(Mn(s)) dµS(s)− εµS(A)

(Again, the case that Mn 6∈ C may be ignored inside the integral.)

In fact a slightly stronger condition can be proven, and will be needed later,
because of the fact that f(E[R]) ≥ f(E[R′]) + 1 if R→ R′ is a Y-redex.

Corollary 3.1. If a PPCF term M is rankable by f , then for all n ≥ 0,
E [f(Mn+1) | Fn] ≤ f(Mn)− 1{∃E,N.Mn=E[Yλx.N ]} a.s..

Proof. The proof is just the same as Theorem 3.2, except that in the case that
S = E[Yλx.N ], the extra +1 in the Y case of the definition of rankability is
used.

3.1.2 Soundness of rankability
In the rest of this section it will be shown that if a PPCF term is rankable, then
it is AST.

Take M ∈ Λ0 and define random variables:

T−1(s) := −1
Tn+1(s) := min{k | k > Tn(s),Mk(s) a value or of form E[Yλx.N ]}

Yn(s) := f(MTn(s)(s))

TY
M (s) := min

{
n |MTn(s)(s) is a value

}
(3.2)

or equivalently, Tn is the time that the reduction sequence reaches its (n +
1)th term3 of the form E[Yλx.N ] or a value, and Yn is the ranking function
value at this time. We first state a useful property about r.v.s T0, T1, T2, . . . .

3n+ 1 because English’s ordinals are badly named
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Lemma 3.2. (Tn)n≥0 is an increasing sequence of stopping times adapted to
(Fn)n≥0, and each Ti is bounded.

Proof. The fact that they are stopping times follows from the definition, as the
event {Ti ≤ n} depends only on Mk for k ≤ n. The fact that they are bounded
is proven by a reduction argument to the strong normalisation of the simply-
typed nondeterministic lambda-calculus[27], where the values of real constants
are ignored and conditionals are represented with nondeterminism.

Given a closed PPCF term M , we transform it to a term pMq of the nonde-
terministic simply-typed lambda-calculus as follows. (We may assume that the
nondeterministic calculus is generated from a base type ι with a ι-type constant
symbol X, and a function symbol ⊥ : A for each function type A.)

psampleq := (λz.X)X

prq := X

pxq := x

pλx.Nq := λx.pNq

pM1 M2q := pM1q pM2q

pf(M1, · · · ,Mn)q := (λz1 · · · zn.X) pM1q · · · pMnq

pif(B,M1,M2)q :=
(
λz.(pM1q+ pM2q)

)
pBq

pYNq := (λy.⊥)pNq

In the above, variables z, z1, · · · , zn are assumed to be fresh; f ranges over
primitive functions and r over reals.

The transformation for the types is analogous, and p−q is constructed in such
a way that if M is well-typed, so is pMq. For any reduction sequence starting
at M (with any trace) that does not include any Y-reductions, it is clear that
there is a corresponding reduction sequence of pMq. If the reduction sequence
of pMq is of length ≤ l, so is the reduction sequence of M (the transformation
may lengthen reduction sequences, for example because of the way primitive
functions are encoded, but never shorten them).

Thanks to the following

Theorem 3.3 (de Groote [27]). The simply-typed nondeterministic lambda cal-
culus is strongly normalising.

we have that the reduction sequence of pMq is finite and bounded, therefore
so is the Y-free initial portion of the reduction sequence of M itself.

This suffices to show that T0 is bounded. Given a bound l on Tn, there are
finitely many skeletons Sk(MTn+1) and a fortiori finitely many possible values
of pMTn+1q. For each of these transformed terms, there is some bound li on its
runtime, therefore Tn+1 is bounded by l + 1 +maxi li.

The random variable TY
M , which is called the Y-runtime of M , can equiva-

lently be defined as the number of Y-reduction steps in the reduction sequence
of M . If TY

M <∞, clearly M terminates (with that trace), and conversely, if M
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doesn’t terminate, since each Tn is bounded but MTn is not a value for any n,
TY
M is infinite. Combining these, TY

M <∞ almost surely iff M is AST.

Definition 3.4. M is called Y-PAST if E
[
TY
M

]
<∞.

Y-positive almost sure termination is mostly of interest just because it im-
plies AST but is weaker (and thus easier to prove) than PAST. The difference
between Y-PAST and PAST is demonstrated by this example.

Example 3.1.1. The term

M = (Yλf c.if(sample− 0.5 < 0, c 0, f(λx.c(c x)))) (λx.x+ 1)

which can be written in pseudocode as

c := λx. x+1
while (flip_coin() = Heads) {

c := c ◦ c
}
c(0)

is Y-PAST and rankable, terminating with only 2 Y-reductions on average,
i.e., E

[
TY
M

]
= 2, but applies the increment function 2n times with probability

2−n−1 for n ≥ 0, which diverges, i.e., E [TM ] =∞.

Lemma 3.3. TY
M is a stopping time adapted to (FTn

)n≥0.

Proof. To see
{
TY
M = n

}
∈ FTn for a given n, we need to show that

{
TY
M = n

}
∩

{Tn ≤ i} ∈ Fi, for all i ∈ N. Let V be the set of values in Λ0 (which is
measurable), and let W be the non-values. Then, it suffices to observe that{
TY
M = n

}
∩ {Tn ≤ i} =

⋃i
l=n

(
M−1

l [V] ∩M−1
l−1[W] ∩ {Tn = l}

)
, where each of

M−1
l [V], M−1

l−1[W], and {Tn = l} is in Fi.

Theorem 3.4 (Soundness of rankability). 1. If a closed PPCF term M is
rankable, then M is AST and Y-PAST.

2. If a closed PPCF term M is strictly rankable, then M is PAST.

Proof. Let f be a ranking function on M . For part 1, since (Tn)n≥0 is an in-
creasing sequence of stopping times, each is adapted to (Fn)n≥0 and bounded
(Lemma 3.2), and (f(Mn))n≥0 is a supermartingale also adapted to (Fn)n≥0

(Theorem 3.2), it follows from the Optional Sampling Theorem 3.1 that (Yn)n≥0

is a supermartingale adapted to (FTn
)n≥0. Since MTn

is of the form E[Yλx.N ]
whenever TY

M > n, it follows from Corollary 3.1 that E [MTn+1 | FTn ] ≤MTn −
1{

T Y
M

}, then by Optional Sampling (again since Tn+1 is bounded), E
[
MTn+1 | FTn

]
≤

MTn
−1{

T Y
M

}. The stopping time TY
M is also adapted to (FTn

)n≥0 (Lemma 3.3)
therefore we have that (Yn)n≥0 is a 1-ranking supermartingale w.r.t. (FTn

)n≥0

and TY
M . Therefore, by Lemma 3.1, TY

M <∞ a.s. and E
[
TY
M

]
<∞.

Statement 2 follows at once from Theorem 3.2 and Lemma 3.1.
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Thus the method of (strict) ranking function is sound for proving (positive)
a.s. termination of PPCF programs. It is in fact also complete in a limited
sense: if M is Y-PAST then M is rankable (Theorem 3.5).

3.1.3 Restrictions
The fact that if a term is rankable it is not just AST but Y-PAST implies that
this proof method is incomplete, since there are plenty of terms which are AST
but not Y-PAST. A one or two dimensional random walk, if implemented in the
obvious way (Example 3.1.2 below), will take one Y step per iteration, therefore
the expected Y-runtime is the expected number of moves to reach the origin,
which is infinite.

You might wonder why it is necessary that the ranking function decreases by
at least 1 for every Y reduction step, rather than merely decreasing by some
amount. If this restriction could be lifted, more slowly-terminating terms like the
random walks could be rankable. One way to partially lift this restriction will
be shown in Section 3.3, but for now, I will just show why it can’t be removed
completely. The term Ω 0 = Y(λwn.w(n + 1)) 0 is clearly non-terminating.
Roughly speaking, it could be assigned the (weakened) ranking function Ω n 7→
2−n (ignoring the fact that Ω 0 does not actually reduce to Ω 1 directly, but
rather reduces to Ω (0 + 1) after 3 steps), which decreases by 2−n−1 for each Y
reduction. Since this supposed ranking function decreases indefinitely but only
approaches 0 asymtotically, it is unable to force almost sure termination. Of
course, the decrease being at least 1 is arbitrary, it is merely necessary that it
be bounded below.

Example 3.1.2. A possible implementation of the 1D unbiased random walk
in PPCF is (

Y λfn. if(n = 0, 0, f (n− 1)⊕1/2 f (n+ 1))
)
10

Here some new syntactic sugar is used, M ⊕p N = if(sample− p < 0,M,N).
It will be shown in Section 3.3.2 how to prove this term AST using an extension
of the ranking function method, but as mentioned earlier, the theorem already
proven Theorem 3.4 is not strong enough. It is possible to rewrite the program in
such a way that it does still represent an unbiased random walk but it becomes
rankable. In pseudocode,

walk(f, n) = f(walk(f ◦ f), n)
step(c, n) = if(n = 0, 0, c(n+ 1)⊕1/2 c(n− 1))

walk(step, 10)

or in actual PPCF,

W S 10 = (Y λwf.f(w(λc.f(fc))))(λcn.if(n− 1 < 0, 0, c(n+ 1)⊕1/2 c(n− 1)))10.
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The number of execution steps is not decreased, so this is still not PAST, but
like in Example 3.1.1, an exponentially increasing number of logical steps occurs
for every Y-reduction step, so E

[
TY
W

]
is roughly E [log2(the number of steps)],

which is finite. Although the partial completeness result Theorem 3.5 implies
that W S 10 is rankable, I’m not going to actually explicitly construct its ranking
function yet, because it turns out constructing ranking functions in the basic
form defined in Definition 3.2 is extremely tedious. Really, Theorem 3.4 is better
thought of as a lemma on the way to better proof methods. See Example 4.5.3
for a sort of ranking function for this term that will be possible to construct
with these better methods.

The issue is that the ranking function’s value must be defined at every single
reachable term (or at least an almost complete subset of them). That might be
practical if the ranking functions are being generated by a computer, but not by
hand. In an imperative language, variants only need to be defined at the state
reached at the end of each iteration of a loop. The rigid execution order provides
a natural set of checkpoints, and any non-recursive non-terminating program
fails to terminate precisely by one of its loops (the identities of which are known
in advance) running forever. In a functional language like PPCF, there are much
more complicated and varied ways of failing to terminate. We know that any
non-terminating program must execute infinitely many Y reduction steps by
Lemma 3.2, but it is much harder to say what will be going on at each of those
points. In a recursively defined function like λx.Yλy.xy, the recursive variable
y may be passed as an argument to arbitrary functions passed in as x by the
caller, complicating the recursive structure at runtime.

For this reason, the applicability of the ranking function method for proving
AST and PAST (including the extensions still to be shown) is somewhat limited
to cases where it is, in a sense, the almost-sure bit that is the issue, not the
termination. If a program’s termination is nontrivial to prove simply because of
the many complicated reachable terms, constructing a ranking function requires
a brute-force enumeration of almost all of these cases anyway. It is only when the
number of cases is naturally manageable and (at least a significant subset of) the
reachable terms can be parameterised, with the probabilistic reductions between
these cases providing the main difficulty in proving the program’s termination,
that I expect the ranking function method to be particularly useful.

3.2 Sparse Ranking Functions
Since ranking functions contain such an excessive amount of usually irrelevant
detail, it stands to reason that much of it could be inferred rather than explicitly
specified. This is the idea behind sparse ranking functions, which will be defined
shortly, but since this requires deriving ranking functions, let’s first take a look
at the conditions under which they can be shown to exist in general. Y-PAST is
a stronger condition than AST, and is necessary for rankability by Theorem 3.4.
It turns out it is also sufficient.
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Theorem 3.5. Given a closed Y-PAST term M , the function f : Rch(M)→ R
given by

f(N) :=

{
E[number of Y-reduction steps from N to a value] if this is finite
0 otherwise

is a ranking function for M , therefore every closed Y-past term is rankable.

Proof. Let C = {N ∈ Rch(M) | N is Y-PAST}. Clearly C is almost complete,
since if it were possible to reach a non-Y-PAST term from M with non-zero
probability, M would also not be Y-PAST. For N ∈ C not a value, each of
the conditions required by Definition 3.2 for f to be a ranking function is quite
easily verified.

For most terms, any ranking function can trivially be made smaller by mak-
ing the almost complete reachable set smaller, therefore there is no smallest
ranking function. However, these smaller ranking functions that are generated
are in a sense equivalent. Two ranking functions f, g where {N | f(N) = g(N)}
is an almost complete reachable set, can be considered essentially the same
(this is an equivalence relation because the intersection of two almost complete
reachable sets is also almost complete).

Theorem 3.6. The ranking function f given in the previous theorem is the least
ranking function on that term, up to equality on an almost-complete reachable
set.

Proof. Suppose g is another ranking function on the same term such that the set
of terms N where f(N) > g(N) is reachable with non-zero probability. There is
then some such N such that Rch(N) ∩Cg ∩C is an almost complete reachable
set for N . The restrictions of f and g to Rch(N) have the same properties
assumed of f and g, so assume w.l.o.g. that N = M . Since at each step, almost
surely

f(Mn) = E [f(Mn+1) | Fn] + 1Mn→Mn+1 is a Y-reduction

exactly, and g is a ranking function, the difference g − f is a supermartingale
(with the same setup as in Theorem 3.2); therefore E[g(Mn)] ≤ E[f(Mn)] +
g(M)−f(M), for all n. Now E[f(Mn)] =

∑∞
k=n P[Mk = E[YN ] for some E,N ],

and this sum converges for n = 0, therefore the partial sums from n to ∞,
E [f(Mn)], converge to 0 as n→∞, therefore as g(M)− f(M) < 0, eventually
E[g(Mn)] < 0, which is impossible. It follows that g ≥ f on some almost
complete reachable set as required.

I have referred already to the excessive complexity of defining ranking func-
tions explicitly. To illustrate this, consider this example.

Example 3.2.1 (Geometric distribution). Let

Θ := λf, n.if(sample− 0.5 < 0, n, f(n+ 1)).

The term (YΘ) 0 generates a geometric distribution. Despite its simplicity, its
Rch contains all the terms in Figure 3.1, for each i ∈ N, r ∈ I.
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YΘ0

(λz.(λn.if(sample−0.5 < 0, n,YΘ(n+1)))z) i

(λn.if(sample−0.5 < 0, n,YΘ(n+1))) i

if(sample−0.5 < 0, i,YΘ(i+1))

if(r−0.5 < 0, i,YΘ(i+1))

if(r − 0.5 < 0, i,YΘ(i+1))

i

YΘ(i+1)

(λz.(λn.if(sample−0.5 < 0, n,YΘ(n+1)))z) (i+1)

i := 0

r ≥ 0.5

i := i+ 1

r < 0.5

Figure 3.1: The reachable terms of YΘ0

Even in this simple case, defining a ranking function explicitly is awkward
because of the number of cases, although in most cases, because the value need
only be greater than or equal to that of the next term in sequence, it suffices
to take the ranking function as having the same value as the next term, so that
overall it takes only 3 distinct values. (I will explain why later.)

The definition of rankability is also inconvenient for syntactic sugar. When
using the syntax M ⊕p N , defined as if(sample− p < 0,M,N), for example, it
is easy to think of M ⊕pN as reducing to M or N , depending on the first value
of s ∈ S, with probability p resp. (1− p). Technically though, it reduces first to
if(r − p < 0,M,N) for all r ∈ I, so those terms all need values of the ranking
function too.

In both of these cases, there are only some values of the ranking function
that are semantically important. Sparse ranking functions provide a way to use
ranking functions that are only defined at these important terms, not all of the
uninteresting ones in between.

Definition 3.5. Define a sparse ranking function on a closed term M to be a
partial function f : Rch(M) ⇀ R such that

• f(N) ≥ 0 for all N where f is defined,

• f is defined at M ,
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• for any N in the domain of definition of f , evaluation of N will almost cer-
tainly eventually reach some O which is either a value or in the domain of
definition of f , and f(N) ≥ E[f(O)+ the number of Y-reduction steps from N to O]
(where f(O) is taken to be 0 if O is a value outside of the domain of f).

Theorem 3.5 makes even stronger assumptions than almost sure termina-
tion, so it isn’t useful in proving a term AST, but it can be modified to start
with a sparse ranking function and fill in the gaps rather than building a rank-
ing function from the assumption of Y-PASTness. Providing a sparse ranking
function is essentially part way between providing a ranking function and di-
rectly proving Y-PASTness. At one extreme, if a sparse ranking function is
total, there is always only a single step between N and O, so the conditions
for it to be a sparse ranking function in this case reduce to Definition 3.2
and the sparse ranking function is also a ranking function. At the other ex-
treme, if a term M is Y-PAST, a partial function that is defined only at
M (with f(M) = E [the number of Y-reduction steps from M to a value]) is a
sparse ranking function.

Theorem 3.7 (Sparse function). Every sparse ranking function is a restriction
of a ranking function.

Proof. Take a closed term M and sparse ranking function f on M . Define
f1 : Rch(M) ⇀ R by

f1(N) := f(N) whenever f(N) is defined,
f1(V ) := 0 for values V not in the domain of f .

Define (next(N, s),_) = redn(N, s) for the least n ≥ 0 such that it’s in the
domain of f1, and g(N, s) := |{m < n | redm(N, s) is of the form (E[Y λx.N ′], s′)}|.
The function next is well-defined (i.e. n is finite) for almost all N ∈ Rch(M)
and s ∈ S by induction on the path from M to N , by the third condition on
sparse ranking functions. Define f2(N) =

∫
S f1(next(N, s)) + g(N, s)µS(ds)

and f3(N) = f2(N) when f2(N) is finite, and an arbitrary value (say 0)
otherwise. Take C = {N ∈ Rch(M) | f2(N) <∞}. Suppose for a contra-
dition that C is not almost complete, then there is some time n such that
P[Mn 6∈ C] > 0, then there must be some N ∈ dom(f) and m < n such that
P[Mn 6∈ C,∀k ∈ (m,n).Mk 6∈ dom(f) | Mm = N ] > 0, therefore f(N) ≥ ∞ by
the third condition on a sparse ranking function, which is a contradiction there-
fore C is an almost complete reachable set. The (total) function f3 agrees with
f on f ’s domain, and it satisfies the conditions for a ranking function on the set
C, therefore it is a ranking function of which f is a restriction, as desired.

As a corollary, any term which admits a sparse ranking function terminates
almost surely.

This theorem is the reason why the introduction of the almost complete reach-
able set in the definition of a ranking function was necessary in the first place.
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Any Y-PAST term has a sparse ranking function trivially (defined only on that
term itself), but there are some Y-PAST terms from which non-Y-PAST terms
are reachable. For example, if( − sample < 0, 0,Ω) where Ω = (Yλx.x) 0. It
can reduce to Ω which is non-terminating, but it almost certainly terminates
in 3 steps. If the ranking function condition were required to apply to every
single reachable term, then this term would not be rankable because that would
require Ω to be rankable too.

This simple case could be excluded by making the definition of a sparse
ranking function stricter, so that for any N in the domain of definition of f ,
evaluation of N will certainly eventually reach some O which is either a value
or in the domain of f , rather than merely almost certainly. This would still not
be entirely satisfactory however. Consider this term:

M = if(− sample < 0, 0,WX)

W = Yλfn.if(n < 0, 0, f(n− 1))

X =

⌊
1

sample

⌋
W →W ′ = λz.(λn.if(n < 0, 0,W (n− 1))) z

(with
⌊
1
0

⌋
evaluating to some arbitrary finite value). M has a sparse ranking

function with bounded steps given by f(M) = 0, f(W ′n) = n + 1. M reduces
after at most 7 steps to either W ′n or 0, and each of those terms is Y-PAST, but
the intermediate term WX is not Y-PAST because the probability of reaching
W ′n from WX decreases too slowly as n → ∞. In order for even this more
restricted form of sparse ranking function to extend to a ranking function in
this case, it is therefore necessary to use the almost complete reachable set to
exclude WX. There is the additional minor advantage that this complication
makes rankability equivalent to Y-PAST, which is a nicer criterion than would
be the case without the almost complete set.

Syntactic Sugar. Let M ⊕p N = if(sample − p < 0,M,N), for p ∈ (0, 1],
then there are the pseudo-reduction relations

E[M ⊕p N ]→3 E[M ] E[M ⊕p N ]→3 E[N ]

red3(E[M ⊕p N ], s) =

{
(E[M ], πt(s)) if πh(s) < p
(E[N ], πt(s)) if πh(s) ≥ p.

A sparse ranking function could be defined with respect to this shortcut reduc-
tion simply by replacing→ and red in the definition of a sparse ranking function
by a version that goes straight from N ⊕p O to N or O. Such a pseudo-sparse
ranking function would then be a partial function from a subset of Rch(M),
so it could also be considered as a partial function from all of Rch(M), and it
would in fact also be an actual sparse ranking function. It is therefore possible
to prove rankability directly using the shortcutted reductions.
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A similar procedure would work for other forms of syntactic sugar. If a closed
term N eventually reduces to one of a set of other terms {Ni | i ∈ I} with certain
probabilities, a sparse ranking function defined w.r.t. a reduction sequence that
skips straight from N to Ni is also a valid sparse ranking function for the original
reduction function, and therefore its existence implies almost sure termination.
There is a caveat, however, that Y-reduction steps skipped over in the shortcut
still need to be counted for the expected number of Y-reduction steps.

With this abbreviation, the geometric distribution example from earlier can
be written as (Yλfn. n⊕0.5 f(n+1)) 0. It is then easy to see that the following
is a sparse ranking function:

(Yλfn. n⊕0.5 f(n+ 1))N 7→ 2

i⊕0.5 (Yλfn. n⊕0.5 f(n+ 1)) (i+ 1) 7→ 1

i 7→ 0.

In fact, even the partial function YΘN 7→ 2 alone is a sparse ranking function
for this term.

3.3 Antitone Supermartingales and Ranking Func-
tions

The use of sparse ranking functions partially deals with one weakness of the
basic ranking function theorem. Another weakness that has already been dis-
cussed is the fact that non-Y-PAST terms such as the 1D unbiased random
walk

(
Y λfn. if(n = 0, 0, f (n − 1) ⊕1/2 f (n + 1))

)
10 are not rankable. In or-

der to correct this deficiency, we must allow the supermartingale to decrease
more slowly in a controlled manner, similarly to what [40, Theorem 4.1] does
for an imperative language. Antitone ranking functions, another generalisation
of the basic notion, are an implementation of this, although as will be seen in
Section 3.3.1, the approach taken here differs a little from that in [40].

Definition 3.6. The definition of antitone ranking function f for M ∈ Λ0 is the
same as that of ranking function (Definition 3.2) except that, for some antitone
function ε : R≥0 → R>0 (“antitone” meaning: r < r′ implies ε(r) ≥ ε(r′)), the
function f satisfies the condition

f(E[R′]) ≤ f(E[R])− ε(f(E[R]))

where R → R′ is the Y-redex rule, instead of the original rule with a constant
decrease of 1. Any closed term for which an antitone ranking function exists is
called antitone rankable.

Roughly speaking, the function ε specifies how fast M must terminate. The
faster ε tends to 0, the slower M may terminate. Note that antitone ranking
functions are actually a generalisation of ranking functions, even though the
way we reference them may suggest that they are a type of ranking functions.
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In particular, an antitone ranking function with ε(x) = 1 constantly is just a
ranking function.

To match the notion of antitone ranking functions, we need an altered version
of the notion of ranking supermartingales.

Definition 3.7. Given a probability space (Ω,F ,P), and a supermartingale
(Yn)n≥0 and a stopping time T adapted to filtration (Fn)n≥0, we say that
(Yn)n≥0 is an antitone strict supermartingale w.r.t. T if for all n ≥ 0, we
have Yn ≥ 0, and there exists an antitone function ε : R≥0 → R>0 satisfy-
ing E [Yn+1 | Fn] ≤ Yn − ε(Yn) · 1{T>n}.

Theorem 3.8. Let (Yn)n≥0 be an antitone strict supermartingale w.r.t. stopping
time T . Then T <∞ a.s.

Proof. First, as (Yn) is a supermartingale, E [Yn] ≤ E [Y0]. Therefore

E [Yn | T > n]

= { rearranging terms }
P[T > n]E [Yn | T > n] + P[T ≤ n]E [Yn | T ≤ n]− P[T ≤ n]E [Yn | T ≤ n]

P[T > n]

= { definition of conditional expectation }
E [Yn]− P[T ≤ n]E [Yn | T ≤ n]

P[T > n]

≤ { Yn ≥ 0 always }
E [Yn]

P[T > n]

≤ { (Yn)n is a supermartingale }
E [Y0]

P[T > n]

Claim: For all 0 < x ≤ 1, P[T > Bx] ≤ x, where Bx =

⌈
E [Y0] + 1

x ε(E [Y0] x−1)

⌉
and ε : R≥0 → R>0 is the antitone function.

As the convex hull of ε (the greatest convex function less than or equal to
it) satisfies all the conditions assumed of ε, in addition to being convex, assume
wlog that ε is convex.

Assume for a contradiction that P[T > Bx] > x. Then, take n ≤ Bx. We
have

E [Yn − Yn+1]

= { Fn ⊆ Fn+1, def. & linearity of cond. expectation }
E [Yn − E [Yn+1 | Fn]]

≥ { antitone strict assumption }
E
[
ε(Yn) · 1{T>n}

]
= { definition of expectation conditioning on an event }
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P[T > n] E [ε(Yn) | T > n]

≥ { Jensen’s inequality }
P[T > n] ε(E [Yn | T > n])

≥ { proved earlier }

P[T > n] ε
( E [Y0]

P[T > n]

)
> { assumption, P[T > n] ≥ P[T > Bx] > x }

x ε
(
E [Y0] x

−1
)
.

Therefore, by a telescoping sum

E [YBx ] = E [YBx − Y0 + Y0] ≤ E [Y0]−Bx x ε(E [Y0] x
−1)

≤ −1 < 0

which is a contradiction, therefore the claim must be true, therefore P[T > n]→
0 as n→∞, therefore T <∞ a.s.

It is essential in this theorem that ε be defined for all R≥0, not just the
values that (Yn)n≥0 actually takes (or at least if (Yn)n≥0 is uniformly bounded,
ε must be positive at the supremum as well as the realized values). The following
example illustrates what goes wrong if this restriction is ignored.

Example 3.3.1. Take the probability space (Ω,F ,P) where Ω is the closed
interval of reals [−1, 1], F the Borel σ-algebra, and P the uniform probability
measure. Let ω ∈ [−1, 1]. Define random variables T and (Yk)k≥0:

T (ω) :=

{
min {n ∈ N | ω > 2−n} if ω ∈ (0, 1]

∞ otherwise

Yk(ω) :=

{
4− 2−k if ω ∈ [−1, 2−k] (equivalently k < T (ω))
0 otherwise

Plainly, T is a stopping time, and (Yn)n≥0 is a supermartingale, adapted
to the filtration (Fn)n≥0 where Fn = σ({[x, y] | y ≥ x ≥ 2−n}) (i.e. F , but
with all of the values < 2−n indistinguishable) for all n. In this case, (Yn)n≥0

either tends to 4 as n→∞, or drops to 0 at some point, with an exponentially
decreasing probability. With respect to the antitone function ε(x) = 4−x

4 and
stopping time T , we have that (Yn)n≥0 is an antitone strict supermartingale,
except that ε(4) = 0. Because ε fails to meet the conditions of Definition 3.7,
even though ε(Yn) never actually reaches 0, Theorem 3.8 still does not apply,
and indeed its conclusion is false, as T =∞ with probability 1

2 .

Theorem 3.9 (Antitone ranking function soundness). If a closed PPCF term
M is antitone rankable, then TY

M <∞ a.s. (equivalently, M is AST).
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Proof. As in Theorem 3.4, take the probability space (S,ΣS, µS), and define the
same r.v. Tn, Xn, Yn, T

Y
M . Thanks to Theorem 3.2, (Yn)n≥0 is a supermartin-

gale. By the same logic as in Corollary 3.1 that implies the ranking function
conditions make Yn a ranking supermartingale w.r.t. TY

M , the antitone ranking
function condition on M implies it is an antitone strict supermartingale. Thus,
by Theorem 3.8, TY

M <∞ a.s.

It can also be seen that for any particular ε, a specific bound on the rate of
termination is implied by the proof.

Corollary 3.2. If a closed PPCF term M is antitone rankable with antitone
function ε and ranking function f , and ε is convex, then for all 0 < x ≤ 1,

P[TY
M > Bx] ≤ x, where Bx =

⌈
f(M) + 1

x ε(f(M)x−1)

⌉
.

As before, constructing antitone ranking fuctions completely is not necessary,
and there is a corresponding notion of an antitone sparse ranking function.

Definition 3.8. An antitone sparse ranking function on a closed term M is
a partial function f : Rch(M) ⇀ R such that for some antitone function ε :
R≥0 → R>0:

• f(N) ≥ 0 for all N where f is defined,

• f is defined at M ,

• for any N in the domain of definition of f , evaluation of N will almost cer-
tainly eventually reach some O which is either a value or in the domain of
definition of f , and f(N) ≥ E[f(O)+ε(f(O))×the number of Y-reduction steps from N to O]
(where f(O) is taken to be 0 if O is a value outside of dom(f)).

Theorem 3.10. Every antitone sparse ranking function is a restriction of an
antitone ranking function.

Proof. The proof mostly proceeds in the same way as Theorem 3.7. Take a
closed term M and an antitone sparse ranking function f on M , with a corre-
sponding antitone function ε. Assume wlog that ε is convex (as if it isn’t, we
can just take its convex hull instead). Define f1 : Rch(M) ⇀ R by

f1(N) = f(N) whenever f(N) is defined,
f1(V ) = 0 for values V not in the domain of f .

Define (next(N, s),_) = redn(N, s) for the least n ≥ 0 such that it’s in the
domain of f1, and g(N, s) := |{m < n | redm(N, s) is of the form (E[Y λx.N ′], s′)}|.
The function next is well-defined (i.e. n is finite) for almost all N ∈ Rch(M)
and s ∈ S by induction on the path from M to N , by the third condition
on antitone sparse ranking functions. Define f2(N) :=

∫
S f1(next(N, s)) +

ε(f1(next(N, s)))g(N, s) dµS(s) and f3(N) = f2(N) when f2(N) is finite, and
0 otherwise. Take C = {N ∈ Rch(M) | f2(N) <∞}. C is almost complete by
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the same argument as in Theorem 3.7. For any term N where f is defined,
f3(N) = f(N), and the value that f3 would have at N if f were not defined at
N is ≤ f(N), by the third condition on antitone sparse ranking functions. In
order to show that f3 is an antitone sparse ranking function, it therefore suf-
fices to show that the value that f2 would have had at each term if f were not
defined at that term is at least the expectation of f2 after one reduction step
(plus ε(f2(N)) if the reduction step is a Y-reduction). For any term N which
is not of the form E[R] for some Y-redex R, this is trivial. If R is a Y-redex,
then ε(f2(N)) ≤

∫
S ε(f1(next(N, s))) dµS(s) by the convexity of ε, because n

is bounded. Therefore, the (total) function f2, which agrees with f on f ’s do-
main, is an antitone ranking function on M (with the same function ε if it’s
convex).

As a corollary, any term which admits an antitone sparse ranking function
terminates almost surely.

In constructing an antitone sparse ranking function, there is not quite as
much freedom in choosing which terms to give ranking function values as when
constructing an ordinary (non-antitone) sparse ranking function, because if
there is some reduction sequence N → · · · → O in Rch(M) and the function is
specified at N and O but none of the intermediate terms, the amount the func-
tion must decrease from N to O depends on the value of ε at f(O) only, even
if it would be smaller at the intermediate terms that are passed over. Adding
extra intermediate specified terms may in some cases therefore make a smaller
decrease possible. Consider, for example, the case of a term M0 which reduces
after 100 Y-reduction steps to M1, which in turn reduces after 10 Y-reduction
steps to M2 (deterministically in both cases), and assume ε has already been
chosen, with ε(x) = 10−1−x so that ε(0) = 0.1 and ε(1) = 0.01, and the value
of the antitone sparse ranking function f at M2 is 0. If f is specified at M0

but not M1 (and not at any other intermediate steps either), it must have
f(M0) ≥ ε(f(M2))× 110 = 0.1× 110 = 11, but if f is given a value at M1 too,
it is possible that f(M1) = 0+ε(0)×10 = 1 and f(M0) = 1+ε(1)×100 = 2. A
case similar to this is shown in Figure 3.2. In some cases of course, just picking
a smaller ε or larger starting value would suffice, but not always. As another
example, if an antitone sparse ranking function defined only at the initial term
exists, the term is Y-PAST, which as we shall see shortly, not all antitone rank-
able terms are. In this case, picking a smaller ε is therefore not sufficient, and
only specifying more values will do. Also, even if a sparse antitone ranking
function is specified for all N ∈ Rch(M), the decrease required is still slightly
higher than for an antitone ranking function, because it depends on the rank
after the reduction rather than before, but this can be compensated for just by
decreasing ε(x) to ε(max(0, x− ε(x))).

3.3.1 Progress Conditions
The progress condition I have been using, that Yn decreases by at least ε(Yn) in
expectation, is different from that used in [40]. It is more similar to the notion

47



M2 M1 M0

Execution progress

Rank

Figure 3.2: Sketch (not to scale) of some antitone sparse ranking functions with
the same ε and different numbers of specified values. The solid line shows the
increase required with only one specified value, the dashed line with two, and
the dotted line shows what it could be if every value is specified (which is nearly
the same as if the antitone ranking function is not sparse).

of linear ranking supermartingales from [13, §3.2], but without the restriction of
linearity. The progress condition from [40, Theorem 4.1(ii)] can be stated (in the
language I have been using, which also differs from theirs in some other irrelevant
aspects) as a variant of the notion of an antitone strict supermartingale, which
I will call a quantile strict supermartingale to differentiate between the two.

Definition 3.9. Given a probability space (Ω,F ,P), and a supermartingale
(Yn)n≥0 and a stopping time T adapted to filtration (Fn)n≥0, we say that
(Yn)n≥0 is a quantile strict supermartingale w.r.t. T if there exist antitone func-
tions p : R≥0 → (0, 1] and d : R≥0 → R>0 such that for all n ≥ 0, we have
Yn ≥ 0 and P[Yn+1 ≤ Yn − d(Yn) | Fn] ≥ p(Yn) · 1{T>n}.

The key difference from Definition 3.7 is that in an antitone strict super-
martingale, given one value Yn, the next value (conditional on Yn) has the
restriction that E[Yn+1] ≤ Yn − ε(Yn) (if n < T ), whereas for a quantile
strict supermartingale, the corresponding restriction is that E[Yn+1] ≤ Yn and
P[Yn+1 ≤ Yn−d(Yn)] ≥ p(Yn), so the amount of variation is bounded below but
the expectation is not required to decrease. The advantage of antitone strict
supermartingales, and the reason I have departed from the choice made in [40],
is that they are better behaved when taking subsequences. Expectations, which
the antitone strict progress condition is based on, combine in a simple linear way
which quantiles don’t, so that the restriction on Yn+2 given Yn is relatively sim-
ple. This is necessary in two places for constructing ranking functions for PPCF
in a way that it isn’t in [40]’s context of an imperative language. Firstly, the
steps with the randomness (sample reduction steps) are separated from the steps
which count for the progress condition (the Y reduction steps), and secondly, in
the construction based on antitone sparse ranking functions, it is necessary to
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combine several steps into one. In the context of an imperative language, nei-
ther of these are necessary because the orderly structure of the repetition with
while loops provides a natural subset of execution steps on which the ranking
function can be defined directly.

The difference between these two progress conditions is not actually very
significant though, because of the near equivalence between them.
Theorem 3.11. If (Yn)n≥0 is an antitone strict supermartingale, it is also a
quantile strict supermartingale, and if it is a quantile strict supermartingale,
(log(Yn + 1))n≥0 is an antitone strict supermartingale (with the same stopping
time and filtration in both cases).

Antitone ⇒ Quantile: Take an antitone strict supermartingale (Yn)n≥0,
with filtration (Fn)n≥0, stopping time T and antitone function ε. Define p(x) =
ε(x)
2x and d(x) = ε(x)

2 . I will show that (Yn)n≥0 is a quantile strict supermartin-
gale with these values of p and d. The condition that Yn > 0 follows by definition
since (Yn)n≥0 is an antitone strict supermartingale.

For elements of the probability space where T ≤ n, P[Yn+1 ≤ Yn − d(Yn) |
Fn] ≥ p(Yn) · 1{T>n} trivially since 1{T>n} is 0 there, and a probability is
always non-negative. For the cases where T > n (i.e. since random variables are
implicitly functions, all of the random variables below refer to the restrictions
of those functions to the subset of the probability space where T > n),

P[Yn+1 ≤ Yn − d(Yn) | Fn]

=E
[
1Yn+1≤Yn−d(Yn) | Fn

]
=1− E

[
1Yn+1>Yn−d(Yn) | Fn

]
≥1− E

[
Yn+1

Yn − d(Yn)
| Fn

]
=1− E [Yn+1 | Fn]

Yn − d(Yn)

≥1− Yn − ε(Yn) · 1T>n

Yn − d(Yn)

=1− Yn − ε(Yn)

Yn − d(Yn)

=1− Yn − ε(Yn)

Yn − 1
2ε(Yn)

=
ε(Yn)

2(Yn − 1
2ε(Yn))

>
ε(Yn)

2Yn

=p(Yn)

=p(Yn) · 1{T>n}

therefore (Yn)n≥0 is quantile strict.
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Quantile ⇒ Antitone: Take the same setup as before, except (Yn)n≥0 quan-
tile strict and p and d arbitrary functions as given in the definition of quantile
strict supermartingales. Assume wlog that d(0) < 1

2 , since if (Yn)n≥0 is quan-
tile strict with a larger value of d, it is also quantile strict with a smaller value.
Since Yn ≥ 0, log(Yn + 1) ≥ 0. The fact that log(Yn + 1) is a supermartingale
follows from Jensen’s inequality. Define ε(x) = E(p(ex − 1), d(ex − 1), ex − 1),
where E(P,D, x) = P (log(x+ 1)− D

x+1 − log(x+ 1−D)). Evaluating a few of
the derivatives of E shows that ε is positive and antitone as required.

E(P, 0, x) = 0

d

dD
E(P,D, x) = P (− 1

x+ 1
+

1

x+ 1−D
) =

PD

(x+ 1)(x+ 1−D)

d

dD
E(P,D, x)|D=0 = 0

d

dD
E(P,D, x) > 0 for P,D > 0, x ≥ 0

d

dP
E(P,D, x) = log(x+ 1)− D

x+ 1
− log(x+ 1−D) ≥ 0 for D > 0, x ≥ 0

d

dx
E(P,D, x) = P

(
1

x+ 1
+

D

(x+ 1)2
− 1

x+ 1−D

)
= PD

(
1

(x+ 1)2
− 1

(x+ 1)(x+ 1−D)

)
< 0 for P,D > 0, x ≥ 0

Now the antitone strict condition follows reasonably directly, using the ap-
proximation log(x′ + 1) ≤ log(x+ 1) + x′−x

x − [x′ < x− d(x)]E(1, d(x), x).

E [log(Yn+1 + 1) | Fn]

≤E
[
log(Yn + 1) +

Yn+1 − Yn

Yn
− 1Yn+1≤Yn−d(Yn)E(1, d(Yn), Yn) | Fn

]
= log(Yn + 1) +

E [Yn+1 | Fn]− Yn

Yn
− P[Yn+1 ≤ Yn − d(Yn) | Fn]E(1, d(Yn), Yn)

≤ log(Yn + 1)− p(Yn)1T>nE(1, d(Yn), Yn)

= log(Yn + 1)− ε(log(Yn + 1)) · 1T>n

This theorem implies in particular that any stopping time that can be proven
almost surely finite using an antitone strict supermartingale can also be proven
a.s. finite with a quantile strict supermartingale and vice-versa.

3.3.2 Examples
Now that almost the complete result has been proven (there is one more exten-
sion to go, described in Chapter 4, but its proof will be much more complicated),
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here are some examples of how the ranking function method can be applied to
some simple terms, some of which are particularly relevant to comparing it to
previous methods for proving AST.

Example 3.3.2 (Random walk biased towards zero).

M1 = Θ1 10

Θ1 = Y λfn. if(n = 0, 0, f (n− 1)⊕2/3 f (n+ 1))

This can be seen as a prototypical example of a rankable function, since the
whole structure of the program is just changing some numerical value, decreasing
it on average, repeatedly until it reaches 0. It therefore has a reasonably simple
sparse ranking function

Θ1 x 7→ 3x+ 1

Θ1 (x+ 1) 7→ 3(x+ 1) + 1

Θ1 (x− 1) 7→ 3(x− 1) + 1

This could equivalently be considered an antitone sparse ranking function with
the constant antitone function ε1(x) = 1. It is a little unsatisfactory because
of the three cases that are logically basically the same thing. It would be nice
to just have Θ1 x 7→ 3x + 1, but Θ1 (x + 1) actually reduces to (λz.(λn.if(n =
0, 0,Θ1 (n−1)⊕2/3Θ1 (n+1)))z) (x+1), not Θ1 x+ 1 (and similarly for Θ1 (x−
1)). The sparse ranking function could also just be defined as (λz.(λn.if(n =
0, 0,Θ1 (n − 1) ⊕2/3 Θ1 (n + 1)))z)x 7→ 3x + 1, but that is also a little more
complicated than it feels ought to be necessary to express why M1 is AST. In the
rest of the examples in this section I will be ignoring this issue and pretending
that the reduction order is the version that makes the ranking functions simpler.
You can either treat the actual ranking function as implicit, or see Theorem 4.4
for the rigorous justification that this is actually fine.

Example 3.1.2, the unbiased random walk, revisited

M2 = Θ2 10

Θ2 = Y λfn. if(n = 0, 0, f (n− 1)⊕1/2 f (n+ 1))

This differs from M1 only in that it has ⊕1/2 instead of ⊕2/3. It is more tricky
because unlike M1 it is not Y-PAST, so an antitone ranking function is necessary.
Define the function g2 : R≥0 → R≥0 by g2(x) = ln(x+1)+ 1. We can define an
antitone sparse ranking function f2 : Rch(M2) ⇀ R≥0 by f2(Θ2 n) = g2(n) for
n ∈ N and 0 7→ 0.

For n ≥ 1, Θ2 n reduces in several steps to either Θ2 (n − 1) or Θ2 (n + 1),
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each with probability 1/2, with one Y-reduction. Now

g2(n)−
g2(n− 1) + g2(n+ 1)

2

= ln
( n+ 1√

n(n+ 2)

)
=

1

2
ln

(
(n+ 1)2

n(n+ 2)

)
=

1

2
ln

(
1 +

1

n(n+ 2)

)
>

1

n(n+ 2) + 1

>
1

2

1

(n+ 1)2
+

1

2

1

(n+ 3)2

Moreover Θ2 0 reduces to 0 with one Y-reduction with a reduction in g2 of 1.
Therefore by setting ε2(x) = 1

(ex−1+1)2 , the condition on how much g2 must
decrease is met. The function f2 is also defined at M2 = Θ2 10, and is non-
negative, therefore it is an antitone sparse ranking function, and M2 is AST.

In this example, it would clearly be simpler to give a sort of ranking function
with something like the quantile strict condition instead of the antitone strict
condition actually used in Theorem 3.9, but the same sort of trick of taking the
logarithm worked here as in proving the equivalence of antitone strict super-
martingales and quantile strict supermartingales in general (Theorem 3.11). It
is perhaps a somewhat excessive amount of algebra for such a simple example,
so some solution to the issues with the quantile strict condition mentioned in
Section 3.3.1 would be useful if it could be found.

Sampling from continuous distributions is an essential feature of statistical
probabilistic programming languages. (See e.g. Church [25], Stan [9], Anglican
[50], Gen [17], Pyro [7], Edward [51] and Turing [23].) Methods of proving AST
of probabilistic computation have been developed for probabilistic programs
with discrete distributions (see e.g. [18, 31, 44, 33, 30, 39]). To our knowledge,
the problem of proving AST of probabilistic functional programs with continu-
ous distribution is new.

Example 3.3.3 (Continuous random walk). In PPCF we can construct a func-
tion whose argument changes by a random amount at each recursive call: Θ10
where

Θ := Y λfx. if(x ≤ 0, 0, f(x− sample))

We can construct a sparse ranking function f for Θ10 as follows:

Θ l 7→ l + 2

if(l ≤ 0, 0,Θ(l − sample)) 7→ l + 1

0 7→ 0.
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For a more complex (not Y-PAST) example, consider the following continu-
ous random walk: Ξ10 where

Ξ := Y λfx. if(x ≤ 0, 0, f(x− sample+ 1/2))

Let g(x) := 2 + ln(x+ 1), and let ε be the function specified by

ε(g(x− 1/2)) = g(x)−
∫ x+1/2

x−1/2

g(y) dy.

The limit of this as x → ∞ and g(x + 1/2) → ∞ is 0, and d
dxε(g(x + 1/2)) =

1
x+1 + ln(1− 1

x+1/2 ) < 0, and g is monotonic increasing; therefore ε is antitone
and bounded below by 0. We define an antitone sparse ranking function by:

Ξ l 7→ g(l)

0 7→ 0

The value of g after one Y-reduction step is at least g(l− 1/2), therefore the
expectation of ε after one Y-reduction step is at most ε(g(l − 1/2)) = g(x) −∫ x+1/2

x−1/2
g(y) dy. Thus

• in case l > 0, g decreases by the required amount

• in case l ≤ 0, g(Ξ l) ≥ 2 + ln(1/2) > ln( 3
√
3

2 )− 1 = ε(g(0− 1/2)) as well.

Hence this is a valid antitone sparse ranking function and the term is AST.

Example 3.3.4 (Fair-in-the-limit random walk). [40, §5.3](
Y λfx. if(x ≤ 0, 0, f(x− 1)⊕ x

2x+1
f(x+ 1))

)
10

To construct an antitone ranking function, we solve the recurrence relation:

z0 = 0

n ≥ 1, zn > n
2n+1 zn−1 +

n+1
2n+1 zn+1.

For n > 2, zn = ln(n− 1) works. The expected decrease is 1
2 (ln(1+

1
(n−1)2−1 )−

1
2n+1 ln(1 +

2
n−2 )), and using the fact that x

x+1 ≤ ln(1 + x) ≤ x for x > 0, this
is at least 1

2 (
1

(n−1)2 −
1

2n+1
2

n−2 ) =
n2

2(n−1)2(2n+1)(n−2) , which (again for n > 2) is
positive and antitone. For n = 0, 1, 2, we take ε to be 9/40 (the same as its value
at 3), then set z2 = 2 ln 2− ln 3−1, z1 = 3 ln 2−2 ln 3−3, z0 = 4 ln 2−3 ln 3−6.
Some of those values are negative, but it’s still bounded below, so by adding a
constant offset it can be corrected, and the term is AST.

Example 3.3.5 (Escaping spline). [40, §5.4](
Y λfx. 0⊕ 1

x+1
f(x+ 1)

)︸ ︷︷ ︸
Ξ

10
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In this case, the fact that the ranking function must decrease at each Y-step
(in an antitone sparse ranking function) by the expected value of ε not at the
current term, but at the next term where the ranking function is defined, is a
little harder to deal with, because the variable x can change all the way to 0 in
one step, therefore simply adding a small offset doesn’t suffice to compensate
for this fact.

Consider the candidate ranking function Ξn 7→ n+1. For each n, Ξn reduces
to either 0 (with probability 1

n+1 ) or Ξn+ 1, therefore the expected value of
the ranking function is n(n+2)

n+1 = n + 1 − 1
(n+1)2 , and the required decrease is

ε(0)+nε(n+2)
n+1 , therefore eventually, the expected decrease isn’t enough, whatever

the value of ε(0) is.
If instead, we take the ranking function to be defined after the Y-reduction

but before the sample-reduction as well, this can be resolved. Letting Θ[n] =
0⊕ 1

n
Ξn:

Θ[n] 7→ n

Ξ10 7→ 12.

For each n, Θ[n] reduces to either 0 or Θ[n+1], with a Y-reduction only in the
latter case, and the condition that this is an antitone sparse ranking function is
that n ≥ (n−1)(n+1)

n + n−1
n ε(n+ 1) and 12 ≥ 11 + ε(11). These are satisfied by

setting ε(x) = min(1, 1/x), therefore this term is AST.

Many of the recent advances in the development of AST verification methods
[14, 11, 22, 40, 28, 13, 29] are concerned with loop-based programs. We can view
such loops as tail-recursive programs that are, in particular, affine recursive, i.e.,
in each evaluation (or run) of the body of the recursion, recursive calls are made
from at most one call site [18, §4.1]. (Note that whether a program is affine
recursive cannot be checked by just counting textual occurrences of variables,
since some parts of a term may end up being discarded without evaluation, for
example in a if construct, and similarly, the recursive variable may be deleted or
duplicated by a β or Y reduction.) Termination analysis of non-affine recursive
probabilistic programs does not seem to have received much attention. Methods
such as those presented in [18] are explicitly restricted to affine programs, and
are unsound otherwise. By contrast, many probabilistic programming languages
allow for richer recursive structures [50, 25, 37]. All of the examples shown so
far in this section have had basically the same simple affine recursive structure,
equivalent to a while loop with a single real variable, but the method of ranking
functions accommodates the more variable structures of non-affine recursive
programs as well.

Example 3.3.6 (Non-affine recursion).

Ξ = Yλfx.x⊕2/3 f(f(x+ 1))

A suitable sparse ranking function for Ξ1 would be Ξn i 7→ 3n (for n ≥ 0),
because Ξn i reduces to either Ξn+1 i+ 1 or Ξn−1 i+ 1, with probabilities 1/3
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and 2/3. The value of i does not actually matter for the progress of this recur-
sion. It is basically another variant of the biased random walk, except that the
relevant variable is the number of copies of Ξ, instead of a real number in the
term.

Example 3.3.7 (More complex non-affine recursion).

(Y λfx. (λe.X[e]) sample) 0 where
X[e] := if(e ≤ p− x−2, x, f2(x+ 1)⊕e f(x+ 1))

This example is a little more complex because of the use of a random sample,
e, as a first class value, which cannot be modelled via discrete distributions.

We can use the ranking function method (coupled with the solution of linear
recurrence relations) to show that provided p ≥ 5−

√
21

2 , the program Ξ3 is AST.
Consider the edge case, that p = 5−

√
21

2 exactly.
The term Ξn x (for n > 0, x−2 < p) reduces to either Ξn−1 x+ 1, Ξn x+ 1 or

Ξn+1 x+ 1, with probabilities p−x−2, (1−p+x−2)p−x−2

2 and (1−p+x−2)(1−
p−x−2

2 ) respectively. Let a(Ξn x) = n+2x−1. This is a supermartingale (because
the decrease in 2x−1 as x increases is enough to offset the average increase in n),
but it does not satisfy the antitone-strict progress condition. It does however
have a bounded-below variance, so the usual method of using ln a instead of
just a works. Calculating the exact amount that ln a decreases is not necessary,
because it can be bounded as follows: a changes by at least 1/2 with probability
at least 1/11 (assuming x ≥ 3), therefore ln(a) decreases in expectation by at
least 1

11 (ln(a + 1
2 ) − ln(a) − 1

2a ), using the fact that a linear approximation
to ln, applied to a, at least doesn’t increase, then adding the deviation of ln
from its linear approximation ln(a) + x−a

a (and using the fact that the linear
approximation is everywhere an overestimate), we obtain a sufficiently strong
bound on the decrease of ln(a) that it’s an antitone sparse ranking function. (It
can obviously be extended to Ξ1 too, which reduces to Ξn 3 or a value after a
bounded number of steps, but that complicates the analysis a little.)

Example 3.3.8 (Higher-order recursion). Previous versions of the ranking func-
tion method such as [40], which use an imperative language, are naturally re-
stricted to first-order programs, but this is not an inherent limitation of the
method as applied to PPCF. Consider the higher-order function Ξ : (R→ R→
R)→ R→ R→ R recursively defined4 by

Ξ := YλϕfR→R→R sR nR.
if(n ≤ 0, s, f n (ϕf s (n− 1))⊕p f n (ϕf s (n+ 1)))

Take any value F : R→ R→ R such that F nm terminates with no Y reductions
for all m and n. Then Ξ F x y has the antitone sparse ranking function

F n0 (F n1 (. . . (Ξ F xn) . . . ) 7→ g2(n),

4Inspired by examples in [10, 45].
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where g2 is as in Example 3.1.2, using the same antitone function too.
The inequalities required for this to be an antitone sparse ranking function

are satisfied with just the same reasoning as in Example 3.1.2, therefore this
term too is antitone rankable.

Again, this is not actually the correct reduction order, in that F should be
applied to its argument ni and reduced to a value before its second argument is
expanded, but this would complicate the presentation, and this version can be
justified by Theorem 4.4 instead (the details of this are given in Example 4.5.2).

Note that for this example, it is essential that the ranking function is sparse,
because that allows all of the details of the reduction of F to be skipped over
with just the assumption that it terminates with no Y reductions. It would be
at best very awkward to define a fully explicit antitone ranking function while
F is unknown.

3.3.3 Completeness
Unlike for ranking functions, which only exist for terms which terminate quickly
enough (i.e. are Y-PAST), antitone ranking functions can be constructed for
arbitrarily slowly terminating terms by varying the antitone function ε. Indeed,
Theorem 3.9 is complete, in the sense that

Theorem 3.12 (Antitone Ranking Completeness). Every (closed) AST term
is antitone rankable.

Proof. Take any closed AST term M . The antitone function ε that fits this
term will be provided later, but for now let’s just take it as given and assume
it is antitone, convex, continuous, and small enough (in a sense that will only
become clear later), and use it to define the ranking function. Define the random
variable

TY
n (s) = |{k ≥ n |Mk(s) is of the form E[Yλx.N ]}|

where Mk(s), as usual, is π0(red
k(M, s)). Note that, for any fixed N ∈ Rch(M),

the probability distribution of TY
n , conditional on Mn = N , is independent of n

and all of the intermediate terms Mk for 0 ≤ k ≤ n, since this is simply the Y
stopping time of N , TY

N (although TY
n where Mn = N does not have the same

values on individual traces s as TY
N , only the same distribution). If N terminates

deterministically after n Y-reduction steps, it must have a rank of at least yn,
where (yn)n∈N satisfies the recurrence relation

yn+1 − ε(yn+1) = yn, y0 = 0.

(The fact that this has a solution follows from the fact that ε is continuous,
bounded below by 0, and antitone.) The full ranking function for all the reach-
able terms can then be defined as

f(N) = E[yT Y
N
]

with the caveat that this expectation may be infinite, in which case f(N) takes
some arbitrary value, say 0, instead. This is okay so long as the set of terms
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where E[yT Y
N
] is actually finite is an almost complete reachable set (this is the

almost complete reachable set C that will be used for the antitone ranking
function).

In particular, it is required that E[yT Y
M
] = E[yT Y

0
] is finite. This is the

condition for ε to be small enough, so let’s now construct a suitable ε. Take an
increasing sequence of natural numbers (tn)n∈N such that t0 = 0 and P[TY

M >
tn] ≤ 2−n (this is possible because the almost-sure termination of M implies
limn→∞ P[TY

M ≥ n] = 0), then define ε as the function whose graph is the convex
hull of the points

(
n, 1

tn+1−tn

)
, or more precisely,

ε(x) = sup

{
z ∈ R

∣∣∣∣ ∃m ∈ R.∀n ∈ N.m(n− x) + z ≤ 1

tn+1 − tn

}
.

The inner formula ∀n ∈ N.m(n − x) + z ≤ 1
tn+1−tn

is never satisfied for any
positive m because 1

tn+1−tn
is bounded above by 1, therefore the formula is

antitone in x (if it is satisfied for some x, it will also be satisfied for the same
z and m with smaller x), therefore the set {z ∈ R | . . . } and its supremum ε(x)
are also antitone in x. It is also positive (since z = infn<2x

1
2(tn+1−tn)

> 0 is in
the set with m = − z

x ) and convex, since if (x1, ε(x1)) is strictly above the line
passing through two points on the graph either side of it, (x0, ε(x0)), (x2, ε(x2)),
then since there are straight lines passing arbitrarily close to (x1, ε(x1)) that pass
below (or touch) each of the points

(
n, 1

tn+1−tn

)
, one of them must pass above

either (x0, ε(x0)) or (x2, ε(x2)), which is a contradiction. The fact that it is
continuous follows from its convexity (with the special case of 0 at the edge of
the domain being easy to check). It also has the property that ε(n) ≤ 1

tn+1−tn

for n ∈ N, from which it will be possible to prove that E[yT Y
M
] is finite.

Define gk = k−tn
tn+1−tn

for tn ≤ k ≤ tn+1. This sequence satisfies the same
recurrence relation as (yn)n∈N does, but with an inequality, gn+1−ε(gn+1) ≥ gn,
because ε is antitone and ε(n) ≤ 1

tn+1−tn
. Since the recurrence relation gives a

value of yn+1 that is monotonic increasing as a function of yn, it follows that
yn ≤ gn. From these results, we get
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E[yT Y
M
]

≤ E[gT Y
M
]

=

∞∑
n=0

gnP[TY
M = n]

=

∞∑
k=0

(gk+1 − gk)P[TY
M > k]

=

∞∑
n=0

tn+1−1∑
k=tn

(gk+1 − gk)P[TY
M > k]

≤
∞∑

n=0

tn+1−1∑
k=tn

1

tn+1 − tn
P[TY

M > tn]

≤
∞∑

n=0

tn+1 − tn
tn+1 − tn

2−n

= 2 <∞

as required.
From this, it follows reasonably easily that E[yT Y

N
] is finite for almost all

reachable N , not just M itself.

E[yT Y
M
]

= E[yT Y
0
]

≥ E[yT Y
n
]

= E[E[yT Y
n
| Fn]]

= E[E[yT Y
Mn

]]

≥ xP[E[yT Y
Mn

] ≥ x]

therefore P[E[yT Y
Mn

] ≥ x] → 0 as x → ∞, therefore E[yT Y
Mn

] is almost surely
finite, exactly what is needed to ensure that C, the set of terms where E[yT Y

N
]

is actually finite, is an almost complete reachable set.
This establishes that the purported antitone ranking function f is well-

defined, with a suitable ε and C, so all that remains is to check that it actually
satisfies the antitone ranking function condition. Take some term in C of the
form E[R] where R is a redex.

In the simplest case, that R→ R′ is not a sample or Y reduction, it is required
that f(E[R]) ≥ f(E[R′]). TY

E[R] = TY
E[R′], therefore E[yT Y

E[R]
] = E[yT Y

E[R′]
],

therefore since the former is finite (by assumption, E[R] ∈ C), so is the latter,
and f(E[R′]) = E[yT Y

E[R′]
] = E[yT Y

E[R]
] = f(E[R]).
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In the case that R = sample, TY
E[R](s) = TY

E[s(0)](πt(s)) therefore, since s(0)

and πt(s) are independent and πt(s) has the same distribution as s,

Es[T
Y
E[R](s)]

=Es[T
Y
E[s(0)](πt(s))]

=

∫
I

Eπt(s)[T
Y
E[x]πt(s)] dx

=

∫
I

E[TY
E[x]] dx

Now, since this integral has a finite value, the set of xs for which E[TY
E[x]] =∞

(and equivalently E[TY
E[x]] 6= f(E[x])) must be a null set, therefore the integral

is equal to
∫
I
f(E[x]) dx, as required.

In the case that R → R′ with a Y reduction, it is required that f(E[R]) −
ε(f(E[R])) ≥ f(E[R′]). Note that TY

E[R′] = TY
E[R]−1. From Jensen’s inequality,

with ε convex, it follows that

f(E[R])− ε(f(E[R]))

=E[yT Y
E[R]

]− ε(E[yT Y
E[R]

])

≥E[yT Y
E[R]

]− E[ε(yT Y
E[R]

)]

=E[yT Y
E[R]
− ε(yT Y

E[R]
)]

=E[yT Y
E[R]

−1]

=E[yT Y
E[R′]

]

=f(E[R′])

where as in the other cases, we have used the intermediate result that E[yT Y
E[R′]

]

is less than or equal to f(E[R]) and therefore finite to prove that E[yT Y
E[R′]

] =

f(E[R′]).
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Chapter 4

Confluent Trace Semantics

When proving almost sure termination using ranking functions, it is necessary
to consider all of the terms a given term may reduce to, and organise them into
a manageable number of cases to assign ranking function values. Sometimes
however, the reduction that the programmer has in mind may not be strictly
the call-by-value order defined in Section 2.4; or the number of cases necessary
for defining a sparse ranking function is excessive because the reduction does not
proceed in a neat and orderly manner. This was seen in most of the examples
in Section 3.3.2. Take Example 3.3.2,

M1 = Θ1 10

Θ1 = Y λfn. if(n = 0, 0, f (n− 1)⊕2/3 f (n+ 1))

It would be convenient to just take Θ1 x 7→ 3x+1 as the sparse ranking function,
but that is not technically correct, because Θ1 x (for x > 0) reduces to either
Θ1 (x + 1) or Θ1 (x − 1), but then it is the Θ1 subterm that is reduced next,
not x ± 1, so Θ1 x± 1 is skipped entirely. Intuitively, the precise reduction
order isn’t actually important here, and in general the programmer may have in
mind a reduction order that is different from the actual call-by-value order that
PPCF is defined with, so it would be nice to be able to define the (antitone)
(sparse) ranking function with respect to that reduction strategy instead. In
this example, the difference in reduction strategies is pretty trivial, but for other
terms (e.g. Example 4.5.1), not only will the number of cases the reachable terms
may be organised into be much less when using an alternative reduction strategy
constructed to match the term in question, but the runtime with the alternative
strategy is so much lower that the term is Y-PAST (and therefore rankable) with
that alternative strategy but not the standard one. Of course, this means that
alternative reduction strategies are useless for analyzing the runtime, but for
termination, despite PPCF’s probabilistic nature, there is a limited confluence
result that will relate termination under the usual definition with termination
under alternative reduction strategies (Theorem 4.3).
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In order to be able to use alternative reduction strategies to prove properties
of the program defined using the usual reduction strategy (as defined in Sec-
tion 2.4), in this section I will first prove the relation between these different
strategies, providing a confluent version of the semantics that encompasses both
the standard reduction order and any valid alternative reduction orders. In or-
der for confluence to work in a trace-based semantics, it is necessary to have
some way of relating the samples that will be used in runs of the program using
different reduction strategies. First, positions are defined as a way of address-
ing sample statements within a program independently of the reduction order.
Next, a version of the reduction relation is presented that is nondeterministic,
so that it allows a choice of what order to perform reductions in. The notion
of positions is extended to potential positions, for samples which may appear
later in the reduction sequence but not necessarily in the initial term. In or-
der to allow potential positions in different reduction sequences to be considered
equivalent, a relation ∼∗ is defined, and finally, all of these are used to construct
a confluent version of the trace semantics, ⇒, that is still nondeterministic in
reduction order, but does specify the outcome of random choices. The desired
properties of this semantics (confluence and equivalence to the standard seman-
tics) are proved (Theorems 4.1 and 4.2), then it is used to give extended versions
of ranking functions and the related AST results, Theorem 4.4.

4.1 The Failure of Confluence
Non-probabilistic lambda calculi are generally confluent, i.e. if a term A reduces
to both B1 and B2 (possibly with multiple steps), there is some C to which both
B1 and B2 reduce, so the reduction order mostly doesn’t matter. There is a
relatively trivial way in which confluence fails to hold in the probabilistic case,
in that sample can reduce to either 0.1 or 0.2, but neither of these can reduce to
anything else. This can be alleviated just by requiring that the same samples
be used in each reduction sequence (although, as will be seen later, it can be
quite complicated to define what counts as the same samples), or by considering
distributions instead of trace-based semantics (a confluent distribution-based
semantics is described in [21], but since it is the trace-based semantics that the
ranking function method follows from, I will not be considering this possibility
further here). In addition to this, there is a complication from the fact that β-
reduction and Y-reduction can duplicate samples, so the outputs of the copies of
the sample may be identical or independent, depending on whether the sample
is taken before or after the β or Y reduction, as shown in the example.

Example 4.1.1. Consider M = (λx.x − x) sample. If we ignore the rules of
call-by-value reduction, this can be reduced either by first reducing the sample,
as (λx.x − x) sample → (λx.x − x) r → r − r → 0, or by reducing the β redex
first, like (λx.x − x) sample → sample − sample → r − sample → r − t → r − t.
No matter which samples in each reduction sequence are identified, these two
sequences lead to different distributions of results, so confluence fails in this
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case. N = (λf.f0 − f0) (λ_.sample) is a similar case, except that the CBV
result involves a single sample for M and two separate samples for N .

This issue can be avoided by restricting our attention to only a subset of
reduction strategies. Clearly not all reductions fail to be confluent (at a min-
imum, the reductions of non-random terms that do not contain any samples
are). It will turn out that in order to remain within the equivalence class of
reduction strategies that are confluent with the canonical CBV semantics, it is
sufficient to only permit β reduction where the argument is a value, and only
permit sample reduction that is not inside a λ inside the argument of a β or Y
redex. This deals with both cases in Example 4.1.1. The β reduction in M is
forbidden until after the sample reduction because sample is not a value, and
the sample reduction in N is forbidden until after the β reduction because it is
inside a λ inside the argument of a β redex.

Even with such a restriction, a trace semantics in the style of the one already
defined would not be entirely confluent, as, for example, if we reduce sample−
sample using the trace (1, 0, . . . ), it could result in either 1 or −1 depending on
the order of evaluation of the samples, as that determines which sample from the
pre-selected sequence is used for each one. To fix this, rather than pre-selecting
samples according to the order they’ll be drawn in, we will select them according
to the position in the term where they’ll be used instead.

4.2 Labelling Samples
A position is a finite sequence of steps into a term, defined inductively as

α := · | λ;α | @1;α | @2;α | f i
;α

| Y;α | if1;α | if2;α | if3;α.

The subterm of M at α, denoted M | α, is defined as

M | · = M

λx.M | λ;α = M | α
M1 M2 | @i;α = Mi | α for i = 1, 2

f(M1, . . . ,Mn) | f i
;α = Mi | α for i ≤ n

YM | Y;α = M | α
if(M1 < 0,M2,M3) | ifi;α = Mi | α for i = 1, 2, 3

so that every subterm is located at a unique position, but not every position
corresponds to a subterm (e.g. x y | λ is undefined). A position such that
M | α does exist is said to occur in M , and the set of positions that occur in
M is denoted pos(M). Substitution of N at position α in M , written M [N/α],
is defined similarly. For example, let M = λx y.y 5 and α = λ;λ; @2 then
M [sample/α] = λx y.y sample. Substitution at a position is not capture-avoiding
(in contrast to substitution for a variable, M [N/x]), so that a modified version
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of a subterm may be substituted back in, and have the free variables in the
subterm become bound again in the modified version of the term. Relatedly,
the definition of a subterm at a position is not invariant under α equivalence, so
that M | α may contain free variables that are not free in M . This is required
in Definition 4.1.

Two subterms N1 and N2 of a term M , corresponding to positions α1 and α2,
can overlap in a few different ways. If α1 is a prefix of α2 (written as α1 ≤ α2),
then N2 is also a subterm of N1. If neither α1 ≤ α2 nor α1 ≥ α2, the positions
are said to be disjoint. The notion of disjointness is mostly relevant in that if
α1 and α2 are disjoint, performing a substitution at α1 will leave the subterm
at α2 unaffected.

Thus we can define a more general reduction relation1 →.

Definition 4.1. The binary relation → is defined by the following rules, each
is conditional on a redex occurring at position α in the term M :

if M | α = (λx.N)V, M →M [N [V/x]/α]

if M | α = f(r1, . . . , rn), M →M [f(r1, . . . , rn)/α]

if M | α = Yλx.N, M →M [λz.N [(Yλx.N)/x]z/α]

where z is not bound at position α in M

if M | α = if(r < 0, N1, N2), M →M [N1/α] where r < 0

if M | α = if(r < 0, N1, N2), M →M [N2/α] where r ≥ 0

if M | α = sample and λ does not occur after @2 or Y in α,

M →M [r/α] where r ∈ [0, 1].

In each of these cases, M | α is the redex, and the reduction takes place at α.
Each subterm can be a redex in at most one way, but there can be multiple
redexes at different positions.

Example 4.2.1. Consider the term M = sample+(λx.sample×x)((λy.sample)0).
It contains several redexes. At position +1 there is a sample, so M can reduce
at this position to 0 + (λx.sample × x)((λy.sample)0), or 0.8 + (λx.sample ×
x)((λy.sample)0), or r+ (λx.sample× x)((λy.sample)0) for any other 0 ≤ r ≤ 1.
It can also sample reduce at +2; @1;λ;×1 to sample+ (λx.r× x)((λy.sample)0),
or β reduce at +2; @2 to sample+ (λx.sample× x)sample, but it can’t β reduce
at +2, because although M |+2 is an application, the argument of that appli-
cation is not a value so it’s not a valid β redex, and it can’t sample reduce at
+2; @2; @1;λ, because λ occurs after @2 in that position, which is forbidden for
sample reductions.

The argument of a β redex and the body of a Y redex may be duplicated by
those reductions. It is therefore these cases that need to be handled carefully
to avoid duplicating samples at the wrong time. In both cases, the potentially

1In this section → always means the relation defined in Definition 4.1, rather than the
original version from Section 2.4.
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duplicated part must already be a value, which excludes terms like sample or
sample + 1, which should be evaluated before being duplicated. In the other
direction, if a sample occurs inside of a λ, it may need to be duplicated before
being evaluated, which is why a sample reduction isn’t allowed inside a λ inside
a Y or the right side of an application. These restrictions are in some cases
unnecessarily strict, for example, in (λx.x)((λy.sample)0), it would be fine to
evaluate the sample first, but they are at least sufficient to ensure confluence in
terms of the distribution of results. Getting individual traces to behave correctly
will take more work though.

You might consider labelling the pre-chosen samples by the positions in the
term by using I{α| (M |α)=sample} as the trace space, so then given a trace s,
if N | α = sample and α is a valid position for sample reduction, N reduces
to N [s(α)/α], or the value of s at a position that in some sense is the equiv-
alent in the original term M to the actual position α in N might be used.
This would not be sufficient to solve the issue of different samples being used
in corresponding locations in different reduction sequences though, because in
some cases, a sample will be duplicated before being reduced. For example,
in (λx.x 0 + x 0)(λy.sample), both of the sample redexes that eventually occur
originate at @2;λ. It is therefore necessary to consider possible positions that
may occur in other terms reachable from the original term. Even this is it-
self inadequate because some of the positions in different reachable terms need
to be considered the same, and the number of reachable terms is in general
uncountable, which leads to measure-theoretic issues.

Reduction relation on skeletons Recall from Section 2.4.2 that a skeleton
is like a term but with all the numbers r replaced by a placeholder X. Technically
there are still uncountably many skeletons, because every measurable function
Rn → R is available in PPCF, but from any given term, only countably many
skeletons are reachable. To avoid the measure-theoretic issues, we are thus led
to consider the reduction relation on skeletons (and positions in a skeleton),
which can be extended from the definitions on terms in the obvious way, with
if(X < 0, A,B) reducing nondeterministically to both A and B, sample reducing
to X, and X considered as (the skeletal equivalent of) a value, so that (λx.A)X
reduces to A[X/x]. For example, we have

(λx.if(x < 0, x,X)) sample

→ (λx.if(x < 0, x,X))X

→ if(X < 0,X,X)

→ X.

Given a closed term M , let L0(M) be the set of pairs, the first element of
which is a→-reduction sequence of skeletons starting at Sk(M), and the second
of which is a position in the final skeleton of the reduction sequence. As with the
traces from IN used to pre-select samples to use in the standard trace semantics
in Section 2.4.2, modified traces, which are elements of IL0(M) (with one more
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caveat introduced after Def. 4.4), will be used to pre-select a sample from I for
each element of L0(M), which will then be used if a sample reduction is ever
performed at that position after those reductions.

A (skeletal) reduction sequence here is not just a sequence of terms (or skele-
tons), but a sequence (Mi)0≤i≤n of terms (or skeletons) along with a sequence
of positions (αi)0≤i<n where Mi →Mi+1 at αi. The positions of the reductions
will almost always just be left implicit, and the reduction sequence referred to
by the terms (or skeletons) alone, but it is important that two reduction se-
quences with the same terms but different reductions are distinct. For example,
(λx.x)((λx.x)X) could reduce to (λx.x)X with the redex at either · or @2, and
these give different reduction sequences. Also, the reduction sequences of skele-
tons will often be discussed as though they were just skeletons, identifying them
with their final skeletons. With this abuse of notation, a reduction sequence N
(actually N1 →∗ Nn = N) may be said to reduce to a reduction sequence O,
where the reduction sequence implicitly associated with the final skeleton O is
N1 →∗ Nn → O.

Example 4.2.2 (Labelling samples by terms). To illustrate why it is necessary
to use skeletal reduction sequences to label samples rather than just reduction
sequences, consider the terms

A[M ] = if(if(M > 0, I, I) (λy.sample) 0− 0.5 > 0, 0,Ω)

B = if(sample− 0.5 > 0, 0,Ω)

I = λx.x Ω = (YI) 0

The term A[sample] reduces after a few steps to B, which then randomly does or
does not terminate depending on whether the next sample used is greater than
0.5. The first sample, at position if1;−1; @1; @1; if1, does not actually affect
the outcome, but if terms rather than skeletons were used to label samples, the
value r of that sample would be included in the label of the second sample,
since that is (A[sample]→ A[r]→∗ B, if1;−1). The set of modified traces where
A[sample] terminates would then be⋃

r∈[0,1]

{
s | s(A[sample], if1;−1; @1; @1; if1) = r,

s(A[sample]→ A[r]→∗ B, if1;−1) > 0.5
}
.

This is a rather unwieldy expression, but the crucial part is that r occurs twice
in the conditions on s: once as the value a sample must take, and once in the
location of a sample. This means the set is unmeasurable2, so the termina-
tion probability would not even be well-defined. Labelling samples by skeletons
instead, this problem does not occur because there are only countably many
reachable skeletons, and at each step in a reduction sequence, only finitely many
could have occurred yet. Although skeletal reduction sequences omit the infor-
mation on what the results of sampling were, they still contain all the necessary
information on how many, and which, reductions took place.

2See [1]. The set has a similar structure to the non-measurable set φ−1[1] ⊂ JI from that
article.
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For this particular term, Sk(A[r]) does not depend on the value of r, therefore
the set where it terminates becomes simply the following, which is measurable.{

s | s(Sk(A[sample])→ Sk(A[0])→∗ Sk(B), if1;−1) > 0.5
}

It is also not possible to simplify the definition by using reachable skeletons
rather than the whole reduction sequence, because if the same skeleton is reached
twice, different samples may be needed.

Example 4.2.3. Consider the term M = Y(λfx. if(sample− 0.5 < 0, f x, x)) 0,
which reduces after a few steps to N = if(sample − 0.5 < 0,M, 0). If we
label samples by just skeletons and positions, and the pre-selected sample for
(Sk(N), if1;−1) is less than 0.5, N reduces back to M , then N again, then
the same sample is used the next time, therefore it’s an infinite loop, whereas
if samples are labelled by reduction sequences, the samples for M →∗ N are
independent from the samples for M →∗ N →M →∗ N , and so on.

This is still not quite sufficient to attain confluence because sometimes the
same samples must be used at corresponding positions in different reduction
sequences.

Example 4.2.4. The term M = sample + sample has the reachable skeletons
N1 = X + sample, N2 = sample + X, O = X + X and X, with reductions M →
N1 → O → X and M → N2 → O → X. In the reduction M → N1, the
sample labelled (M,+1) is used, and in the reduction N2 → O, the sample
labelled (M → N2,+1) is used. Each of these samples becomes the value of the
first numeral in O in their respective reduction sequences, therefore in order for
confluence to be attained, they must be the same. Which elements of L0(M)
must match can be described by the relation ∼∗:

Definition 4.2. Two elements of L0(M) are related by ∼↓ iff one of the fol-
lowing cases applies:

(i) If N reduces to O with the redex at position α, and β is a position in N
disjoint from α, then (N, β) ∼↓ (O, β).

(ii) If N β-reduces to O at position α, β is a position in N | α; @1;λ and N |
α; @1;λ;β is not the variable involved in the reduction, (N,α; @1;λ;β) ∼↓
(O,α;β)

(iii) If N if-reduces to O at position α, with the first resp. second branch being
taken, and α; ifi;β occurs in N (where i = 2 resp. 3), (N,α; ifi;β) ∼↓
(O,α;β)

∼↑ is the reverse of ∼↓, and ∼p (“p” for parent-child) is the union of ∼↓ and
∼↑.
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Definition 4.3. Two elements of L0(M) are related by ∼c (“c” for cousin) iff
they are both of the form (M →∗ N →∗ O →∗ O′, δ), with the same reduction
sub-sequences M →∗ N and O →∗ O′, the same position δ, and the reduction
sub-sequences N →∗ O1, O2 given by one of the following cases (in either order,
so ∼c is symmetric).

(a) N contains redexes at disjoint positions α1 and α2, O1 is N reduced first
at α1 then α2 and O2 is N reduced first at α2 then at α1.

(b) N | α = if(r < 0, N1, N2), where r < 0 (or, respectively, r ≥ 0), (N2 resp. N1) |
β is a redex, and O1 is N reduced at α and O2 is N reduced first at
α; (if3 resp. if2);β then at α

(c) N | α = if(r < 0, N1, N2), where r < 0 (or, respectively, r ≥ 0), (N1 resp. N2) |
β is a redex, and O1 is N reduced first at α then at α;β and O2 is N reduced
first at α; (if2 resp. if3);β then at α

(d) N | α = (λx.A)B, there is a redex in A at position β, O1 is N reduced first
at α then at α;β, and O2 is N reduced first at α; @1;λ;β then at α

(e) N | α = (λx.A)B, B | β is a redex, (γi)i is a list of all the positions in A
where A | γ = x, ordered from left to right, O1 is N reduced first at α; @2;β
then at α, and O2 is N reduced first at α then at α; γi;β for each i in order.

(f) N | α = Y(λx.A), A reduced at β is A′, (γi)i is a list of all the posi-
tions where A′ | γ = x, ordered from left to right, O1 is N reduced first at
α;Y;λ;β then at α, and O2 is N reduced first at α then at α;λ; @1; γi;Y ;λ;β
for each i in order where γi is left of β then at α;λ; @1;β then at α;λ; @1; γi;Y ;λ;β
for the remaining values of i.

The rules defining ∼c can be more intuitively understood as diagrams, as shown
in Figure 4.1. In the diagrams, a circle represents a term (or skeleton), and the
leaves on the trees are subterms at the positions indicated by the labels in the
other nodes. The labels on the arrows between trees are the positions of the
reductions, and dashed arrows represent some number of reductions in a row. If
a reduction sequence includes one branch of one of these cases at some point in
it, then the positions in the reduction sequence obtained by substituting in the
other branch are all related by ∼c to the corresponding positions in the original
reduction sequence.

Definition 4.4. The relation ∼ on L0(M) is the union of ∼p and ∼c.

Example 4.2.5. In Example 4.2.4, (M,+1) ∼p (M → N2,+1) by case i of ∼p

(because the reduction M → N2 occurs at +2, which is disjoint from +1), and
similarly, (M,+2) ∼p (M → N1,+2).

If we extend it to have three samples, ∼c becomes necessary as well: Let
Msss = sample+ sample+ sample (taking the three-way addition to be a single
primitive function), MXss = X + sample + sample, and so on. There are then
reduction sequences Msss → MXss → MXXs → MXXX → X and Msss →
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MsXs → MXXs → MXXX → X. For the first two reductions, these reduction
sequences take the same samples by ∼p, case i, as in Example 4.2.4 . The
next reduction uses the samples labelled by (Msss → MXss → MXXs,+3) and
(Msss →MsXs →MXXs,+3), which are related by ∼c, case a, therefore when
these reduction sequences reach MXXX , they still contain all the same numbers,
as desired.

The reflexive transitive closure ∼∗ of this relation is used to define the set
of potential positions L(M) = L0(M)/ ∼∗, and each equivalence class can be
thought of as containing the various instance of the same position as it may
occur across multiple reachable skeletons. If (N,α) ∼∗ (O, β), then N | α and
O | β both have the same shape (i.e. they’re either both the placeholder X,
both variables, both applications, both samples etc.), therefore it’s well-defined
to talk of the set of potential positions where there is a sample, Ls(M). The new
sample space is then defined as ILs(M), with the Borel σ-algebra and product
measure. Since ILs(M) is a countable product, the measure space is well-defined
[2, Cor. 2.7.3].
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Figure 4.1: Illustration of the ∼c rules.
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Although the six cases in the definition of ∼c are defined separately, there are
some commonalities worth noting. Each case (except a, which is symmetrical)
has a right branch and a left branch (the branches of case b are unfortunately
displayed the wrong way around in the diagram).The right branch has reduction
steps at two positions, β then α, where β > α (i.e. β is inside α), and in the
left branch, the order of these reductions are swapped, so the reductions are at
α then β1, . . . , βn. The position α of one of the reductions is unchanged, and
the other reduction may have multiple (in cases e and f) or 0 (in cases b and e)
images in the left branch. The images (βi) are all still inside (greater than or
equal to) α, and although they are not generally equal to β, the subskeletons
at these positions have a similar shape to the subskeleton (initially) at position
β, so that the reductions at these positions are the same type of reduction
(e.g. both β-reduction or both if-reduction). Case a is also similar, except that
the relevant positions are all disjoint rather than contained in one another, and
either branch could be considered the right branch.

If (X,α) ∼c (Y, α) then the final skeletons in X and Y are equal, and
(X,β) ∼c (Y, β) for any β that occurs in this skeleton, therefore ∼c can be
considered to apply to reduction sequences even without positions, so X ∼c Y
iff (X, ·) ∼c (Y, ·).

4.3 Properties of ∼∗ and the Confluent Seman-
tics

Before defining the new version of the reduction relation that corresponds to
red in Section 2.4.2, some lemmas are necessary for it to be well-defined.

Lemma 4.1. If (A,α) ∼c (B,α) ∼↓ (C, β), then (A,α) ∼↓ (B′, β) ∼c (C, β)
for some B′, and the reduction A→ B′ occurs at the same position as B → C.
The similar statement starting from C ∼↑ B ∼c A is also true.

Proof. Since A ∼c B, their final skeletons are equal, therefore the reduction
B → C can be appended to A to yield another skeletal reduction sequence
B′, which has the same final skeleton as C. Since ∼↓ does not depend on the
earlier parts of the reduction sequence, (A,α) ∼↓ (B′, β) for the same reason
that (B,α) ∼↓ (C, β). The definition of ∼c splits the reduction sequences A
and B into M →∗ N →∗ O →∗ O′. Since B′ is just A plus B → C at the end,
and C is just B with B → C at the end, we can extend the reduction sequence
O →∗ O′ by appending B → C, therefore (B′, β) ∼c (C, β), so we have the
required result. The reverse statement with ∼↑ is equivalent, because ∼↑ is the
reverse of ∼↓ and ∼c is its own reverse.

The parts of the confluence proof that are not directly related to probabilities
and samples are similar in structure to the proof of the Church-Rosser theorem
by Tait and Martin-Löf using the notion of parallel reduction [4, 49]. The
notion I will use that corresponds to parallel reduction in this context is that
of a parallel reduction sequence, a (skeletal) reduction sequence in which for
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any pair of reductions at positions which aren’t disjoint, the reduction at the
innermost (greater) position occurs first.

Lemma 4.2. If X ∼↑ Y ∼∗
↓ Z, where the reductions Y →∗ Z are in parallel

order, then X ∼∗
↓ W ∼∗

c V ∼∗
↑ Z for some W and V , where the reductions

X →∗ W are in parallel order.

Proof. The sequence X ∼↑ Y ∼∗
↓ Z will be rearranged step by step until it is in

the desired form, at each point freely using Lemma 4.1 to ensure there are no
∼cs followed immediately by ∼↓s, or ∼↑s by ∼cs. For any individual ∼↑ then
∼↓ pair, let (A,α) ∼↑ (B, β) ∼↓ (C, γ). The skeleton B reduces to both A and
C. If these are the same reduction, then (A,α) = (C, γ) and this subsequence
may be removed. If they are different, then the way they overlap corresponds to
one of the cases in the definition of ∼c, either case a if the reduction positions
are disjoint, or one of the cases b–f if one of the reduction positions is inside the
other. In any case, there is a reduction sequence from each of A and C to some
common skeleton D (O1 and O2 in the definition of ∼c). For the same reason
that (B, β) ∼↓ (C, γ), there is some δ such that (A,α) ∼∗

↓ (D, δ), and similarly
for the same reason that (B, β) ∼↓ (A,α), for the same δ, (C, γ) ∼∗

↓ (D, δ).
There are a lot of cases to check for this statement, but all of them are rather
simple, and similar to each other. There is therefore an alternative ∼∗ sequence
from (A,α) to (C, γ), of the form (A,α) ∼∗

↓ (D1, δ) ∼c (D2, δ) ∼∗
↑ (C, γ), where

D1 and D2 are the alternative reduction sequences leading to the same skeleton
D. There are only multiple ∼↓ steps in the result if the position of the reduction
B → C is inside the position of the reduction B → A, and similarly, there are
only multiple ∼↑ steps in the result if the position of the reduction B → A is
inside the position of the reduction B → C. If there are multiple ∼↓ steps,
they are not necessarily parallel, but in the only case where they aren’t (case
f of ∼c), the subsequence of ∼↓ steps with the reductions at α;λ; @1;β then
α;λ; @1; γi;Y;λ;β for each i where γi ≥ β (in the notation of the definition
of ∼c) can be replaced by ∼↓s with the reductions at α;λ; @1; γ

′
i;Y;λ;β then

α;λ; @1;β, then another ∼c, where (γ′
i) is the list of positions in A (before the

reduction at β to A′, unlike (γi)) where A|γ′
i = x and γ′

i > β.
The effect of this rearrangement is (ignoring the ∼cs) to swap the order of

the ∼↑ and the ∼↓, except that if the positions of one of these reductions is
inside the other, that inner ∼p may be duplicated. If the positions are disjoint,
both of them are unchanged (corresponding to case a of ∼c), and if one is
inside the other, then the outer position is unchanged and the other resultant
positions, although they aren’t equal to the original inner position, are still
inside the outer position. Taking the sub-sequence of one ∼↑ followed by a
parallel sequence of ∼↓s, this rearrangement can be repeatedly applied to move
the ∼↑ further along the sequence. If at some point a ∼↑ and ∼↓ match (by
relating the same (skeleton, position) pairs in opposite directions), they may be
removed and the process may stop early. The ∼↑ may be duplicated if it passes
a ∼↓ whose position is outside of the ∼↑’s position, but by the assumption that
the sequence of ∼↓s is initially parallel, no position inside of this occurs later in
the sequence, therefore all of the resultant ∼↑s pass the remaining ∼↓s without
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changing or duplicating them. The ∼↑s may be further duplicated, but the
number of steps left in this process is bounded by the product, for all of the
remaining ∼↓s, of 2+ the number of occurrences of the variable relevant to the
reduction, because for each ∼↓, that is more than the number of duplicates it
could produce for any ∼↑ that passes it. It is also possible (earlier) for some
of the ∼↓s to be duplicated, but the only case where this process would not
terminate, that both the ∼↓s and the ∼↑s continue being duplicated forever
so that the number of switches left to do never decreases, is prevented by the
parallelness condition, as all of the duplications of ∼↓s occur before all of the
duplications of ∼↑s.

It still remains to be shown that the sequence of ∼↓s left at the end of this
can be made parallel. The changes that may have occurred since the previous
version of this sequence (which was known to be parallel already), are that some
of the ∼↓s may have been duplicated by passing the ∼↑, and if that ∼↑ matches
one of the ∼↓s, that ∼↓ is removed. The position of the ∼↑’s reduction is the
same for all of these duplications, because it is not changed until later in the
sequence, when the ∼↓s with positions outside of that may occur. The resultant
positions after a duplication are in the same position relative to each other, and
therefore the order of the remaining ∼↓s is automatically parallel, except that
(letting the position of the ∼↑’s reduction be α) if there are ∼↓s with reductions
at positions α; @1;λ;β and α; @2; γ, or α;Y;λ;β and α;Y;λ; γ, some of the
resultant ∼↓s’ positions may be inside each other where they were originally
not. Similarly to the case where a Y reduction and a reduction at a position
inside it are swapped though, the order can be fixed by swapping some of the
∼↓ steps with each other. In the first case, the reduction at position α; @1;λ;β
ends up at α;β, and the reduction at position α; @2; γ ends up at the positions
α; δi; γ, where (δi) is the positions of the variable relevant to the ∼↑’s reduction
inside its lambda. The positions of the variable in the lambda may be different
before the reduction at β, but the positions of the redexes corresponding to the
original redex at α; @2; γ are changed similarly. Rather than reducing at α;β
then at α; δi; γ, it is therefore possible to reach the same point by reducing at
α; δ′i; γ then at α;β, where (δ′i) is the positions of the relevant variable within the
lambda before the reduction at α; @1;λ;β (and again, a ∼c of some sort must
also be introduced). The other case, that the ∼↑’s reduction is a Y-reduction,
is similar. Each reduction which is duplicated has one image at α;λ; @1;its
original relative position, and one for each occurrence of the variable. Those
corresponding to variable occurrences may need to be moved to before those at
λ; @1.

Lemma 4.3. If (N1, α1) ∼∗ (N2, α2), there are some descendants N ′
1, N

′
2 of N1

resp. N2 (so that N1 →∗ N ′
1 and N2 →∗ N ′

2), and a position α′ in both of them
such that (N1, α1) ∼∗

↓ (N ′
1, α

′) ∼∗
c (N ′

2, α
′) ∼∗

↑ (N2, α2).

Proof. As in the previous lemma, at each stage of this proof it will be assumed
that the ∼c steps and the ∼p steps in the sequence from (N1, α1) to (N2, α2) are
rearranged such that there is never a ∼c immediately before a ∼↓, and there is
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never a ∼c immediately after a ∼↑, by Lemma 4.1. With these rearrangements
assumed, it is sufficient to prove that the ∼p steps can be rearranged so that all
of the ∼↓ steps come before all of the ∼↑ steps (possibly introducing some ∼c

steps in the process).
The rearrangement to put all of the ∼↓s before all of the ∼↑s proceeds by

induction on the number of ∼↓s that occur after the first occurrence of ∼↑. If
it’s 0, all of the ∼ps are already in the correct order, and we’re done. Otherwise,
take the subsequence from the first ∼↑ to the first ∼↓ after that. This must
be rearranged to some ∼↓s followed by some ∼↑s, then once that’s done, the
number of ∼↓s after the first ∼↑ in the overall sequence will have decreased by
1.

Let this subsequence be A ∼n
↑ B ∼↓ C. Suppose for induction that A ∼k

↑
(D, δ) ∼∗

↓ (E, ε) ∼∗
c (E′, ε) ∼∗

↑ C for some D, δ,E, ε, and 0 ≤ k ≤ n, where
the reduction sequence D →∗ E is parallel. This induction is in reverse with k
decreasing from n to 0, so we need to prove that the inductive hypothesis is true
for k− 1, which follows directly from Lemma 4.2 and Lemma 4.1. For the base
case where k = n, simply set (D, δ) = B and (E, ε) = C. Any single reduction
step is trivially in parallel order. If k = 0, then A is related to B by a sequence
of ∼↓s then ∼↑s, as desired.

After all of these rearrangements are complete, all of the ∼↓s occur before
all of the ∼↑s, and all of the ∼cs must be in between them. All of the rear-
rangements leave the end points of the sequence unchanged, therefore this is
an alternative sequence of ∼ steps between (N1, α1) and (N2, α2) of the form
(N1, α1) ∼∗

↓ (N ′
1, α

′) ∼∗
c (N ′

2, α
′) ∼∗

↑ (N2, α2).

The structure of∼∗
c can be seen more clearly by choosing a canonical example

from each equivalence class. For this, the member of the class that’s in call-by-
value order is used.

Definition 4.5. A reduction sequence is in call-by-value order if for every pair
of reductions in the sequence at positions α and β, where the reduction at α
happens first but the redex at β already exists when the reduction at α occurs
(so cases such as α = β; @2 are excluded), either α ≤ β or α and β are disjoint,
with α to the left of β (i.e. the first elements of the sequences α, β where they
differ are @1 and @2, f

i
and f

j
for i < j, or ifi and ifj for i < j, in that order).

Note that even if the reductions that occur in the sequence are in call-by-
value order, it may not be the actual call-by-value reduction sequence starting
from that point because some redexes may remain un-reduced even when other
reductions that should happen afterwards occur. It is only required that the re-
ductions that do occur occur in the correct order. This is analogous to standard
reduction sequences, except that it is call-by-value rather than call-by-name.

Lemma 4.4. For any reduction sequence X, there is a unique reduction sequence
Xcbv that is related to X by ∼∗

c and is in call-by-value order, and if X ∼∗
c Y ,

then Xcbv = Ycbv.
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Proof. Define (Xn)n≥0 recursively so that X0 = X and if Xn is not in CBV
order, take the last pair of reductions in Xn which aren’t in CBV order. They
are adjacent in the sequence, as the CBV order is a total order. Let the positions
of these reductions be α and β respecively. If they are disjoint, they can be
considered as one of the branches of ∼c case a. Otherwise, β < α, and the sub-
skeleton at position β at the appropriate point in the reduction sequence is a
redex with non-trivial subterms, therefore it’s of one of the forms if(X > 0, A,B),
(λx.A)B or Yλx.A, therefore the reductions α and β form the O2 branch of one
of the cases b, c, d, e or f of ∼c. In either case, define Xn+1 as equal to Xn

except taking the other (left) branch, so that the order of the reductions at α
and β are switched (although the equivalent(s) of the reduction at α may not
actually be at that position).

This sequence of swaps rearranges the reductions in X rather like insertion-
sort (but in some cases duplicating or deleting the new element), and eventually
reaches some Xn that is in CBV order. This is defined to be Xcbv.

If Y ∼c X ∼∗
c Xcbv, and the reductions involved in Y ∼c X (in the sense of

being the N →∗ O1 or N →∗ O2 in this instance of ∼c) are not the last pair
of reductions in Y that aren’t in CBV order, it will be shown that the order
of the ∼cs can be rearranged so that the sequence Y ∼∗

c Xcbv is the canonical
sequence given above, therefore Ycbv = Xcbv. To construct this rearrangement,
consider the sequence of ∼c steps from Y to Xcbv. The first step takes some sub-
sequence of the reduction sequence Y and swaps the order of those reductions. If
X = Xcbv, then X = Y1 = Ycbv already. Otherwise, consider the cases according
to whether the image of this subsequence in X occurs earlier than the next pair
of reductions to be swapped (i.e. the last pair of reductions in X that occur not
in CBV order). If not, then either the step Y ∼c X changes this subsequence
into CBV order, or out of it. If it is into, then it was the last out-of-order pair in
Y therefore the whole sequence Y ∼∗

c Xcbv is already in the canonical order and
Ycbv = Xcbv. If it switches the pair to the wrong order, then the result of that
switch is the last out-of-order pair in X therefore Y = X1, and the sequence
X1 ∼∗

c Xcbv is just a suffix of the sequence X ∼∗
c Xcbv therefore (X1)cbv = Xcbv

and again Ycbv = Xcbv.
The remaining cases are when the subsequence of reduction steps involved in

Y ∼c X occur before the last out-of-order pair in X, but possibly overlapping.
If there is no overlap, then the ∼c steps do not interfere with each other at all,
and can simply be performed in the other order. This gives a different sequence
of ∼c steps Y ∼c Y1 ∼c X1 ∼∗

c Xcbv. As Ycbv = (Y1)cbv, we can proceed by
induction in this case and use the fact that (Y1)cbv = (X1)cbv = Xcbv to acheive
the result.

In the other case, there is some overlap between the regions involved in
Y ∼c X and X ∼c X1, but the last reduction in X ∼c X1 is later than the last
reduction in Y ∼c X. There are only 2 reductions in X involved in X ∼c X1,
therefore the region involved in Y ∼c X ends on the first of the reductions
involved in X ∼c X1. Now consider the specific sequence of positions of the
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reductions in X involved in either of these steps. Let the last of these positions
be α, the first γ, and the second-last, third-last and so on β1, β2, . . . respectively,
and let the positions of the redexes in Y involved in Y ∼c X be β then (γi) in
order. Then X ∼c X1 swaps β1 and α, and α comes before β1 in CBV order
(i.e. α < β1 or α is left of β1), and the step Y ∼c X either proceeds forwards
towards CBV order, swapping β below γ1 = γ to form γ then (βi), or proceeds
backwards, taking Y even farther from CBV order, swapping the (γi) to above
β, forming γ then β1 = β. In each of the cases below, it is required to show that
the canonical sequence (Xi)i eventually reaches some term which is the same
as one in (Yj)j , and from that point on, they match, therefore they reach the
same end result: Xcbv = Ycbv.

• Y ∼c X in the backwards direction (so that Y is closer to CBV order than
X is): By swapping the roles of X and Y , and β and γ, this is equivalent
to the Y ∼c X forwards case. The assumption that α is before β1 in
CBV order (so that β1, α is the pair to be swapped in X ∼c X1) maps to
the assumption that α is before γ1 (so that the result doesn’t just follow
trivially by Y1 being equal to X) and vice-versa. Then one of the cases
below establishes that Xi = Yj for some i and j, therefore after swapping
back, Yi = Xj .

• Y ∼c X forwards and α comes after γ in CBV order: In this case, the γ
and α reduction steps are already in the correct order in Y , therefore β
and γ are already the last out-of-order pair of reductions in Y , Y1 = X,
and Y ∼c X ∼∗

c Xcbv is already the canonical sequence from Y therefore
Ycbv = Xcbv.

• Y ∼c X forwards and α is disjoint from γ and β: In this case, the sequence
(Xi)i starts by swapping α and β1 by case a, then because γ is disjoint
from α and comes after is in CBV order, γ is right of α, therefore either
all the remaining βis, are ≥ γ (if β and γ aren’t disjoint) or there are no
remaining βis (if β and γ are disjoint, in which case they swap by case
a and there is only β1). The sequence (Xi)i therefore proceeds to swap
all the remaining βis then γ, in order, below α, resulting in Xi for some
i having as its relevant sub-reduction-sequence α, γ, βk, . . . , β1. The other
sequence (Yj)j starts by swapping γ then β below α, then swapping γ and
β. Because α is disjoint from γ, the reduction there does not affect the
sub-skeleton at position γ, therefore this last ∼c step proceeds identically
to how it did in Y ∼c X, resulting in γ, βk, . . . , βi. Overall, this results in
Y3 having the relevant sub-reduction-sequence α, γ, βk, . . . , β1, therefore
Y3 = Xi for the aforementioned value of i.

• Y ∼c X forwards, α ≤ γ and α (and therefore also γ) is disjoint from
β: In this case, (Xi)i proceeds by swapping β1 = β below α by case a,
then swapping γ below α by one of the other cases, and (Yj)j proceeds by
swapping γ and α, then swapping β below α then all of the images of γ
(which are ≥ α and therefore left of β). In both cases, the subterm at α
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when α and γ are swapped is unaffected by the reduction at β, therefore
it produces the same result in both cases, therefore the overall sequence
in both cases is α then the images of γ then β.

• Both γ and β are > α but they’re disjoint from each other, and either the
skeleton at position α is of the form if(X > 0, A,B) or it is of the form
AB and either both γ and β are > α; @1 or they are both > α; @2: In this
case, (Xi)i proceeds by swapping β then γ below α, in each case possibly
forming 0 or multiple images. The only way the number of images of
each of these positions can be different is if the subskeleton at α is an if,
and there are 0 of one of them and 1 of the other, in which case they’re
trivially in the correct order already. Otherwise, all of the images of β and
γ are disjoint from one another, therefore none of the positions, or their
relative order, change when they are swapped, therefore the next part of
the sequence (Xi)i is just insertion-sort running on the images of β and γ
with ∼c case a swaps until they’re in the correct order. The sequence (Yj)j
starts by swapping γ then β below α, then as before, sorting the images
into the correct order by case a swaps. The images originally formed of γ
and β are the same in both cases, therefore the final order is the same, so
Xi = Yj for some i and j.

• Y ∼c X forwards, α; @1 < γ, and α; @2 < β: Let x be the variable
involved in the β-reduction at α, so that the sub-skeleton at α is (λx.A)B
for some A,B, where γ = α; @1;λ; γ

′ and A→ A′ at γ′, and β = α; @2;β
′,

and B → B′ at β′. In this case, (Xi)i starts by swapping β below α by case
e, producing one image of β for each x in A′, then swapping γ below α by
case d, producing a single image α; γ′. For each of the instances of x in A
left of γ′, the reduction at α; γ′ is then swapped below the corresponding
image of β. The sequence (Yj)j starts by swapping γ below α then β below
α, but in this case the images of β produced may be different. In this case
the swap happens earlier in the reduction sequence than γ, so that the
body of the lambda is still A rather than A′, and the reduction at γ may
rearrange or change the number of instances of x. Next, each of the images
of β to the right of α; γ′ are swapped with it by case a. At this point, the
next few reductions before α; γ′ will in general be images of β at positions
inside α; γ′. The subskeleton at position α; γ′ before these reductions is
(A|γ′)[B/x], then by the images of β this reduces to (A|γ′)[B′/x], then it
reduces at its root position (α; γ′ in the overall skeleton) to (A′|γ′)[B′/x].
For each position of an x in (A|γ′), there are 0 or more corresponding
positions of x in (A′|γ′), depending on what type of reduction A→ A′ is.
Because B and B′ cannot contain any instances of the variable involved in
the reduction A→ A′ (if it’s a β-reduction or Y-reduction), each instance
of B in (A|γ′)[B/x] has the same set of images in (A′|γ′)[B/x] as the
corresponding x in (A|γ′). When these images of β that overlap with the
image of γ are swapped below it, each of them has its own images, one at
each position of B in (A′|γ′)[B/x] corresponding to its original copy of B
in (A|γ′)[B/x]. After all of them are swapped below α; γ′ (and rearranged
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among themselved by case a), there is therefore one reduction at each copy
of B in (A′|γ′)[B/x], i.e. one at position β′ relative to each x in (A′|γ′).
They are therefore the same as the images of β in X1 that overlap with
α; γ′, because those are also one reduction at position β′ relative to each x
in (A′|γ). Both (Xi)i and (Yj)j therefore eventually reach a point where
the relevant sub-reduction-sequence is α, the images of β to the left of
α; γ′, α; γ′ itself, the aforementioned images of β that overlap with α; γ′,
then all the images of β to the right of α; γ′.

• Y ∼c X forwards, γ and β are disjoint and both > α, and the reduc-
tion at α is a Y-reduction: This is similar to the previous case, but more
complicated, so it will need some definitions to explain properly what’s
going on. Let the term at α before any of the reductions be Yλx.A, let
γ = α;Y;λ; γ′, let β = α;Y;λ;β′, let A|β′ = B → B′ with the reduction
at ·, let A|γ′ = C → C ′ with the reduction at ·, let the positions in A
where x occurs that are left of γ′, between γ′ and β′ (but still disjoint from
both), and right of β′ respectively be (δli), (δmi ) and (δri ), let the positions
in B, C, B′ and C ′ respectively where x occurs be (δBi ), (δCi ), (δB

′

i ) and
(δC

′

i ) (so that all the positions in A where x occurs, in left-to-right order,
are (δli)i, (δ

C
i )i, (δ

m
i )i, (δ

B
i )i, (δ

r
i )i). The sequence (Xi)i starts by swapping

β then γ below α. With the shorthand that γ′(ε) = α;λ; @1; ε;Y;λ; γ
′,

γ′
0 = α;λ; @1; γ

′, and similarly for β′, the relevant portion of X2 is then α,
(γ′(δli))i, γ′

0, (γ′(δC
′

i ))i, (γ′(δmi ))i, (γ′(δBi ))i, (γ′(δri ))i, (β′(δli))i, (β′(δC
′

i ))i,
(β′(δmi ))i, β′

0, (β′(δB
′

i ))i, (β′(δri ))i. Next in (Xk)k, for each i, γ′(δri ) are
swapped past all the images of β until it is immediately before β′(δri ) by
case a, then for each i, γ′(δBi ) is swapped past all the images of β until β′

0

by case a, then swapped with β′
0 by one of the other cases depending on

what type of reduction B → B′ is and the relative positions. Even if it’s
case d or f, all of the images of γ′(δBi ) are disjoint from each other (and
from the positions of the other reductions after β′

0) because the redex,
C, doesn’t contain any instances of the variable involved in the reduction
B → B′. Expanding the definitions, this is swapping α;λ; @1; δ

B
i ;Y;λ; γ′

with α;λ; @1;β
′ at a point in the reduction sequence where the subskeleton

at α;λ; @1;β
′ is B with a mixture of Yλx.A and Yλx.A[C ′/γ′] substituted

for its occurrences of x, and one of these occurrences of x is at δBi . For each
δBj , there are some corresponding δB

′

k , where the images of the x at δBj end
up after the reduction B → B′. These cover all the δB

′

k , and uniquely, and
for each δBi , the images of ζ; δBi ; θ after swapping it with ζ;β′ are precisely
(ζ; δB

′

k ; θ) for those same values of k, therefore after swapping all of the
(γ′(δBi ))i down past β′

0, their images are (γ′(δB
′

i ))i. After swapping with
β′
0, each of these images than swaps by case a to take its place among the

(β′(δB
′

i ))i. Next up in (Xi)i, the (γ′(δmi ))is and the (γ′(δC
′

i ))is swap down
past some images of β they’re disjoint from to take their place before their
matching image of β, then γ′

0 swaps past the (β′(δli))i, stopping immedi-
ately before β′(δC

′

1 ), then the (γ′(δli))i and the (β′(δli))i mix. The end re-
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sult of the rearrangement of (this subsequence of) the reduction sequence
is therefore α, (γ′(δli), β

′(δli))i, γ′
0, (γ′(δC

′

i ), β′(δC
′

i ))i, (γ′(δmi ), β′(δmi ))i,
β′
0, (γ′(δB

′

i ), β′(δB
′

i ))i, (γ′(δri ), β
′(δri ))i.

The other sequence, (Yj)j , proceeds similarly, but with the images of γ
starting out after the images of β. It swaps all the images of β that are
right of γ0 to the appropriate places by case a, then swaps all the (β′(δCi )i
first to then past γ′

0, resulting in (β′(δC
′

i ))i for the same reason as with
swapping those images of γ that overlapped with β′

0 past it in the (Xi)i
case above, then finally swapping the (β′(δli))is and the (γ′(δli))is into the
correct order. As required, this produces the same result as in (Xi)i.

• Y → X forwards, and α < γ < β: Let γ′ be such that γ = α; ifi; γ′,
α; @1;λ; γ

′, α; @2; γ
′ or α;Y;λ; γ′, so that γ′ is the freely varying later

part of γ as in the definition of ∼c, whichever case applies to swapping γ
and α. Similarly, let β′ be the freely varying part of β relative to γ. Let
the images of γ after swapping it with α (where this swap occurs later
in the reduction sequence than β) then be (α; δi; γ

′)i, and the images of
β after swapping it with γ be (γ; εi;β

′)i. Depending on the skeleton at
α, and γ’s position within it, (δi)i may be empty (case b), a singleton
containing · (cases c and d), all the positions of the relevant variable in
the lambda in the skeleton at α (case e), or λ; @1 and λ; @1; ζ;Y;λ for
each position ζ of the relevant variable (case f), but in all cases (except
a, which is excluded because none of α, γ and β are disjoint) the set of
images has this general structure. Furthermore, the positions (δi)i are
determined only by the general position of γ within α (the part excluded
from γ′), and the positions of the relevant variable within the skeleton at
α. They do not depend on α or γ, so that if both initial positions were
moved somewhere else the relative positions of the images of γ would be
unaffected, and similarly if some position within γ were swapped with
α, the relative positions of its images would be the same (except to the
extent that, in case f, the positions of the relevant variable are taken after
the inner reduction takes place, so that some of those may still change).
Because there are so many of them and they don’t actually affect the
multiset of positions where reductions take place, we will be ignoring swaps
by case a in the proof of this case, and just assuming that all the final
positions end up in the correct order.
The final set of reduction positions that we will be proving both (Xi)i and
(Yj)j reach is α, (α; δi; γ

′, (α; δi; γ
′; εj ;β

′)j)i, where as usual the sequences
are expanded out to the full list. For the sequence (Xi)i, first the images
of β in X0 are (γ, εi, β

′). For each of these in turn, it is swapped with α.
By the fact mentioned above that sub-positions are mapped to the same
set of images except in case f, the images of γ, εj , β

′ after this swap are
(α; δji ; γ

′, εj , β
′)i, where (δji )i is the same as (δi)i except that in the case

where this is not the first image of β swapped below α and the reduction
at α is a Y-reduction (and therefore swaps with it proceed by case f), the
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positions of the relevant variable are taken after the reductions at γ and
γ; εk;β

′ for k ≤ j (this implies that the first of these, δni = δi). All the
images α; δji ; γ

′; εj ;β
′ where δji > λ; @1; γ

′; εj+1;β
′ are then swapped with

α;λ; @1; γ
′; εj+1;β

′ (which is α; δj+1
i ; γ′; εj+1;β

′ for some i). As in the case
where α;Y < γ, β and γ and β are disjoint, the effects of these swaps may
duplicate or delete the reductions in such a way that all the remaining
images of γ; εj ;β′ are (α; δj+1

i ; γ′; εj ;β
′. This is repeated with δj+2

i and so
on until these images are all in the correct order, at which point they are
(α; δi; γ

′; εj ;β
′)i. After all of these are done, γ is swapped with α, yielding

(α; δ−1
i ; γ′)i. As with the images of β, the subset of these which are inside

α;λ; @1; γ
′; εj ;β

′ for each j in turn are swapped with it, until they are all
in the correct order and the images left of γ are (α; δi; γ

′)i. At this point,
Xi has the desired value.
The sequence (Yj)j proceeds similarly. First γ swaps with α, yielding α
and (α; δi; γ

′)i, then β swaps with α, yielding one image of β for each δi, ex-
cept that, in case f, those images at positions inside α;λ; @1; γ

′ may differ
because they are earlier in the reduction sequence than any of the images
of γ. Each of the images of β in turn is moved to the corresponding image
of γ, except that those overlapping with α;λ; @1; γ

′ may be duplicated
or deleted on the way. The images of β after just this process (which
does not actually correspond to any term in (Yj)j , but it’s sufficiently
independent that the order doesn’t matter that much) are (α; δi; γ

′;β′′)
(where γ;β′′ = β). The images of these for each i, after swapping with
α; δi; γ

′, is (α; δi; γ
′; εj ;β

′)j , because the reductions produced by a swap
are unaffected by its overall location, and the skeleton at α; δi; γ

′ at the
relevant point in the sequence is equal to the skeleton at γ initially, there-
fore this is equivalent to immediately swapping β and γ as in Y ∼c X
(except that in the case where the reduction at α is a Y-reduction, the
skeleton at α;λ; @1; γ

′ is not actually equal to the skeleton initially at
γ because something was substituted in for the variable bound at α;Y,
but this doesn’t affect the variable involved in the reduction at γ, so this
doesn’t actually matter). Therefore also in this case, eventually the set of
reductions in the relevant portion of Yj is α, (α; δi; γ

′, (α; δi; γ
′; εj ;β

′)j)i,
therefore it is equal to some Xi.

In summary, if the swap in Y ∼c X doesn’t overlap with the swap X ∼c X0, the
sequence of swaps can be rearranged until it does, and in any other case, there
is some Yj that’s equal to some Xi, therefore these sequences reach the same
end point and if Y ∼c X, then Ycbv = Xcbv, and by chaining these together, if
Y ∼∗

c X, Ycbv = Xcbv.

If Y is in CBV order and Y ∼∗
c X, then Ycbv = Xcbv but also Ycbv = Y

because the sequence (Yi)i terminates immediately therefore Xcbv is the unique
reduction sequence in call-by-value order that’s related to X by ∼∗

c .
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Lemma 4.5. The relation ∼ is defined on L0(M) with reference to a particular
starting term M , so different versions, ∼M and ∼N , can be defined starting at
different terms. If M → N , then ∼∗

N is equal to the restriction of ∼∗
M to L0(N).

Proof. ∼∗
N is trivially a subset of ∼∗

M because ∼N is a subset of ∼M .
In the other direction, suppose (N1, α1) ∼∗

M (N2, α2) where both N1 and
N2 are descendants of N . By Lemma 4.3, take (N1, α1) ∼∗

p,M (N ′
1, α

′) ∼∗
c,M

(N ′
2, α

′) ∼∗
p,M (N2, α2). The ∼∗

p steps remain within Rch(N), and ∼p does
not depend on the history of the reduction sequences, therefore (N1, α1) ∼∗

p,N

(N ′
1, α

′) ∼∗
c,M (N ′

2, α
′) ∼∗

p,N (N2, α2).
Let X be the call-by-value reduction sequence related to both N ′

1 and N ′
2 by

∼c,M given by Lemma 4.4. As M → N is the first reduction in the sequence N ′
1,

it is the last to be affected by the ∼c,M sequence N ′
1 ∼∗

c,M X given by Lemma 4.4
therefore it can be split into N ′

1 ∼∗
c,M Y1 ∼∗

c,M X where Y1 is in CBV order
except possibly for its first reduction, which is still M → N . Let the position
of the reduction M → N be β. The rearrangement of the reduction sequence
Y1 ∼c,M X consists of moving the reduction at β down past the other reductions
in Y1, possibly duplicating or deleting it in the process, but not affecting the
positions or the correct order for any of the other reductions. The reductions
derived from M → N can be identified as follows:

A position in some (reduction sequence of) term(s) is derived from another
if it is related by the reflexive transitive closure of  , where (V, γ)  (W, δ)
just if V →W and one of the following cases holds:

• (V, γ) ∼p (W, δ)

• γ = δ, V →W at ε, and ε > γ

• V | ε = (λx.U)Z,U |ζ = x, γ = ε; @2; θ and δ = ε; ζ; θ

• V | ε = Y(λx.U), γ = ε;Y;λ; ζ and δ = ε;λ; @1; ζ

• V | ε = Y(λx.U), U |ζ = x, γ = ε; θ and δ = ε;λ; @1; ζ; θ

Crucially, the reductions in X can be partitioned into 2 sets: those at po-
sitions derived from (M,β), and those at positions equal to the reductions in
Y1 (in the same order as they occur in Y1). Using the same construction for
N ′

2 shows that the positions of the reductions in Y2 are also the positions of
the reductions in X other than those derived from (M,β), therefore Y1 = Y2

therefore N ′
1 ∼c,M Y1 ∼c,M N ′

2 and every reduction sequence in this sequence
starts with M → N therefore N ′

1 ∼c,N N ′
2.

Combining this with the ∼∗
p,N s at the beginning and end then yields the

desired result that (N1, α1) ∼∗
N (N2, α2), therefore the restriction of ∼∗

M to
∼N ’s domain (Rch(N)) is a subset of ∼∗

N therefore the two versions of ∼ match
on this domain, as desired.

At each reduction step M → N , the sample space must be restricted from
ILs(M) to ILs(N). The injection L0(N) → L0(M) is trivial to define by ap-
pending Sk(M) → Sk(N) to each path, and using Lemma 4.5, this induces a
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corresponding injection on the quotient, L(N) → L(M). The corresponding
map Ls(N)→ Ls(M) is then denoted i(M → N).

Definition 4.6 (⇒ reduction). Unlike in the purely call-by-value case, the
version of the reduction relation that takes into account samples is still a general
relation rather than a function, so it is denoted “⇒” instead of “red”, and it is
a relation on

⊎
M∈Λ0

ILs(M). We write an element of
⊎

M∈Λ0
ILs(M) as (M ′, s)

where the term M ′ ∈ Λ0 and s ∈ ILs(M
′).

(M, s)⇒ (N, s ◦ i(M → N)) if M → N at α and either
the redex is not sample, or
M | α = sample and N = M [s(Sk(M), α)/α]

This reduction relation now has all of the properties required of it. In par-
ticular, it can be considered an extension of the standard trace semantics (as
will be seen later in Theorem 4.2), and also:

Theorem 4.1. The relation ⇒ is confluent.

Proof. Suppose that (M, s)⇒∗ (M1, s1) and also (M, s)⇒∗ (M2, s2), then it is
required to prove that there is some (M ′, s′) such that both (M1, s1)⇒∗ (M ′, s′)
and (M2, s2) ⇒∗ (M ′, s′). First consider the special case where (M, s) ⇒
(M1, s1) and (M, s) ⇒ (M2, s2), with only a single step in each case. Let the
positions of the redexes in M →M1 and M →M2 be α1 and α2 respectively.

First consider the case that α1 and α2 are disjoint. Let M1 = M [X1/α1]
and similarly for X2, then let M ′ = M [X1/α1][X2/α2]. As the positions are
disjoint, the substitutions commute and both M1 and M2 reduce (with →) to
M ′. Let s′ = s◦ i(M →M1)◦ i(M1 →M ′). The injection i(M →M1)◦ i(M1 →
M ′) consists of prepending M → M1 → M ′ to each reduction sequence, but
by case a of ∼c, this is equivalent to prepending M → M2 → M ′, which is
i(M → M2) ◦ i(M2 → M ′). In the case that the reduction M → M2 isn’t
a sample-reduction, this is enough to establish that (M1, s1) ⇒ (M ′, s′) (and
similarly if the redex of M → M1 isn’t sample, (M2, s2) ⇒ (M ′, s′)). If it is
sample though, in order for it to be the case that (M1, s1) ⇒ (M ′, s′), it is
additionally necessary that X2, the result of the reduction at α2, be s1(M1, α2),
which follows from the fact that (M,α2) ∼ (M1, α2) by case 1 of ∼p. The case
that the reduction M →M1 is a sample-reduction is similar.

The case that α1 = α2 is trivial, because there is at most one possible ⇒
reduction at any given position, therefore (M1, s1) = (M2, s2) already.

The remaining case is that α1 < α2 or α1 > α2. Assume without loss of
generality that α1 < α2. For each possible case of what type of redex M |α1 is,
and α2’s position within it, there is a corresponding case of ∼c, and similarly
to the case where α1 and α2 are disjoint, the term O1 = O2 from the definition
of ∼c is a suitable value of M ′. The term M | α1 can’t be sample, because
it has strict subterms, but the case that M | α2 = sample is still somewhat
more complicated. α2 can’t be within α1; @2 or α1;Y;λ (cases e and f of ∼c)
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because if α2 > α1; @2, M | α1; @2 must be a value, therefore α2 > α1; @2;λ
and those are not valid positions to reduce a sample. The case that α2 is within
the branch of an if statement that is deleted by the reduction at α1 (case b)
doesn’t actually present a problem because there is no corresponding reduction
to M → M2 in the other branch, which leaves cases c and d, that α2 is in the
if(·, ·, ·) branch that isn’t deleted, and that α2 < α1; @1;λ. The values that the
samples take in these cases match because (M,α) ∼p (M1, α;β) by cases 3 and
2 of ∼p respectively.

In the case that (M, s)⇒∗ (M1, s1) or (M, s)⇒∗ (M2, s2) by multiple steps,
it is possible to repeatedly replace a pair of the form A ⇐ B ⇒ C by A ⇒∗

D ⇐∗ C by the construction above, but it is not immediate that this process
terminates, because each ⇒ or ⇐ may be replaced by multiple, so the sequence
of⇒s and⇐s from (M1, s1) to (M2, s2) may get longer at some steps. However,
termination can be proved by noting that the structure of this process is identical
to the process of swapping ∼↑ and ∼↓ steps in Lemma 4.2. To be more precise,
in this case there is a sequence of⇐ and⇒ steps, each of which has an associated
reduction position and initial and final terms, and if a ⇐ immediately precedes
a ⇒, they may be swapped to produce some number of ⇒s, followed by some
number of ⇐s. In the case of Lemma 4.2, there is a sequence of ∼↑ and ∼↓
steps, each of which has an associated reduction position and initial and final
skeletons, and if a ∼↑ immediately precedes a ∼↓, they may be swapped to
produce some number of ∼↓s followed by some number of ∼↑s. In both cases,
the number and reduction positions of the resultant steps are determined by
the case of ∼c that matches the way the initial reduction positions overlap, and
the initial skeleton (or the skeleton of the initial term). The same argument
that the process in Lemma 4.2 terminated is therefore applicable here too. At
every stage, the sequence of reductions that results from one of the initial ⇒s
is a parallel sequence, and swapping a parallel sequence of ⇒s with a ⇐ always
terminates, therefore each ⇒ in turn can be moved past all of the ⇐s, and the
process as a whole will terminate in a state where all of the ⇒s precede all of
the⇐s, i.e. a pair of reduction sequences (M1, s1)⇒∗ (M ′, s′)⇐∗ (M2, s2).

4.4 Reduction Strategies
The reduction relation ⇒ is nondeterministic, so it admits multiple possible
reduction strategies.

Definition 4.7. A reduction strategy starting from a closed term M is a mea-
surable partial function f from Rch(M) to positions, such that for any reachable
term N where f is defined, f(N) is a position of a redex in N , and if f(N) is not
defined, N is a value. Using a reduction strategy f , a subset of⇒ that isn’t non-
deterministic, ⇒f , can be defined by (N, s)⇒f (N ′, s′) just if (N, s)⇒ (N ′, s′)
and N reduces to N ′ with the redex at f(N).
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The usual call-by-value semantics can be implemented as one of these reduc-
tion strategies, given by (with V a value and T a term that isn’t a value and M
a general term)

cbv(TM) = @1; cbv(T )

cbv(V T ) = @2; cbv(T )

cbv(f(V1, . . . , Vk−1, T,Mk+1, . . . ,Mn)) = f
k
; cbv(T )

cbv(YT ) = Y; cbv(T )

cbv(if(T < 0,M1,M2)) = if1; cbv(T )
cbv(V ) is undefined
cbv(T ) = · otherwise

(this last case covers redexes at the root position).
A closed term M terminates with a given reduction strategy f and samples

s if there is some natural number n such that (M, s) ⇒n
f (N, s′) where f gives

no reduction at N . The term terminates almost surely w.r.t. f if it terminates
with f for almost all s.

With these definitions, it will now possible to relate the confluent trace
semantics back to the standard trace semantics (after a few more lemmas).

Lemma 4.6. If (M, δ) ∼∗ (A, γ) and M →∗ A, then (M, δ) ∼∗
↓ (A, γ).

Proof. This is a simple induction on ∼∗. In the base case, (A, γ) = (M, δ)
therefore (M, δ) ∼∗

↓ (A, γ) trivially. Otherwise, suppose that (M, δ) ∼∗
↓ (B, ε) ∼

(A, γ). Either (B, ε) ∼p (A, γ) or (B, ε) ∼c (A, γ). In the first case, either
B → A, in which case the result follows directly, or A → B, in which case the
fact that each (reduction sequence of) skeleton(s) has only one parent implies
that a (M, δ) ∼∗

↓ (A, γ) directly as a subsequence of the path to (B, ε).
In the ∼c case, consider the definition of ∼c. Either O′

1 = A and O′
2 = B

or vice-versa. As M →∗ N →∗ O1 →∗ B and (M, δ) ∼∗
↓ (B, ε), and ∼↓ only

relates positions in a term and its parent, there are some positions ζ, θ such
that (M, δ) ∼∗

↓ (N, ζ) ∼∗
↓ (O1, θ) ∼∗

↓ (B, ε). It follows that (O2, θ) ∼∗
↓ (A, γ)

by following the same path, therefore it suffices to provide the only missing
portion of the path from M to A, i.e. to prove that (N, ζ) ∼∗

↓ (O2, θ) given
(N, ζ) ∼∗

↓ (O1, θ) (or vice-versa).
If ζ is disjoint from all the positions of reduction from N to O1 and O2 (and

consequently ζ = θ), this follows from case 1 of ∼↓. Otherwise, this can be
proved by taking cases from the definition of ∼c. This is rather long, but all
of the cases are similar. The general idea is that the reductions from N to O1

correspond to the reductions from N to O2, so that if a position is related by ∼↓
across that reduction, it is related in the other branch for the same reason. Case
d, where B = O′

1 rather than O′
2, is given here in more detail as an illustrative

example:
Let I be N reduced at α, and J be N reduced at α; @1;λ;β, so that

N → I → O1 and N → J → O2. All of the reduction positions are ≥ α,
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and ζ is not disjoint from all of them, therefore ζ is not disjoint from α.
Let ι be the position such that (N, ζ) ∼↓ (I, ι) ∼↓ (O1, θ). The fact that
(N, ζ) ∼↓ (I, ι) implies that ζ > α; @1;λ. Let ζ = α; @1;λ;κ and θ = α;κ′.
If κ is disjoint from β, then (N, ζ) ∼↓ (J, ζ) ∼↓ (O2, α;κ

′) = (O2; θ) by cases
1 and 2 of ∼↓. In the other case, that κ isn’t disjoint from β, κ > β be-
cause none of the positions ≤ α; @1;λ;β in N are related to any position in
I by ∼↓. As (I, α;κ) ∼↓ (O1, α;κ

′) (with the redex at α;β), for exactly the
same reason (N,α; @1;λ;κ) ∼↓ (J, α; @1;λ;κ

′) (with the redex at α; @1;λ;β).
Because (N,α; @1;λ;κ) ∼↓ (J, α; @1;λ;κ

′), N |α; @1;λ;κ = J |α; @1;λ;κ
′, and

N |α; @1;λ;κ 6= the variable of N |α; @1, therefore J |α; @1;λ;κ
′ is also not the

variable therefore (J, α; @1;λ;κ
′) ∼↓ (O2, α;κ

′) = (O2, θ) by case 2 of ∼↓. Com-
bining these results, (N, ζ) ∼∗

↓ (O2; θ) as desired.

Lemma 4.7. If M → N , with the redex at position α, then no position in any
term reachable from N is related by ∼∗ to (M,α).

Proof. Suppose on the contrary that (M,α) ∼∗ (A, β), where N →∗ A, then
by Lemma 4.6, (M,α) ∼∗

↓ (A, β). M 6= A therefore (M,α) ∼↓ some position in
N , but in all the cases of the definition of ∼↓, no position in the child term is
related to the position of the redex.

Essentially what Lemma 4.7 demonstrates is that the samples taken during
any reduction sequence are independent of each other. This is made more precise
in the following lemmas.

Lemma 4.8. For any skeletons M → N , with the redex at position α, and
measurable set of samples S ⊂ ILs(N),

µ(S) = µ({s ∈ ILs(M) | s ◦ i(M → N) ∈ S})

and furthermore, if M |α = sample, for any S ⊂ I × ILs(N),

µ(S) = µ({s ∈ ILs(M) | (s(M,α), s ◦ i(M → N)) ∈ S}).

Proof. If the result holds for all sets S of the form {s ∈ ILs(N) | ∀j : s(j) ∈ xi},
where (xj)j∈J is a family of measurable subsets of I indexed by some finite set
J ⊂ Ls(N) of potential positions, it also holds for all other S by taking limits
and disjoint unions.

Take such a (xj)j∈J , and define K = i(M → N)[J ]. Because i(M → N)
is injective, it defines a bijection between J and K. We can then calculate the
measure µ({s ∈ ILs(M) | s ◦ i(M → N) ∈ S}) = µ({s ∈ ILs(M) | ∀k : s(k) ∈
xi(M→N)−1(k)}) =

∏
k∈K µI(xi(M→N)−1(k)) =

∏
j∈J µI(xj) = µ(S).

In the case that M |α = sample, we can similarly consider only those sets
S of the form xsample × {s ∈ ILs(N) | ∀j : s(j) ∈ xi}. The position α in
M is not related to any position in Ls(N), therefore (M,α) 6∈ K. Again,
we can calculate the measure µ({s ∈ ILs(M) | (s(M,α), s ◦ i(M → N)) ∈
S}) = µ({s ∈ ILs(M) | s(M,α) ∈ xsample,∀k : s(k) ∈ xi(M→N)−1(k)}) =
µI(xsample)

∏
k∈K µI(xi(M→N)−1(k)) = µI(xsample)

∏
j∈J µI(xj) = µ(S).
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Lemma 4.9. For any initial term M , reduction strategy f on M , natural
number n, skeleton N with k holes, measurable set T ⊂ Rk and measurable set
S of samples in ILs(N),

µ({s ∈ ILs(M) | ∃r ∈ T, s′ ∈ S : (M, s)⇒n
f (N [r], s′)})

= µ({s ∈ ILs(M) | ∃r ∈ T, s′ ∈ ILs(N) : (M, s)⇒n
f (N [r], s′)}) µ(S)

Proof. Suppose, to begin with, that n = 0. Either ∃r ∈ T : N [r] = M , in which
case both sides of the equation are µ(S), or there is no such r, in which case
both sides of the equation are 0.

For n > 0, suppose for induction that the lemma is true for n − 1, for all
N,T and S. If ∃r ∈ T, s′ ∈ S : (M, s)⇒n

f (N [r], s′), the r and s′ are necessarily
unique, therefore we may assume that T is the product of k measurable subsets
of R, (Tj)0≤j<k, as all of the other cases follow by taking unions and limits of
these rectangles. Let

Rs = {Sk(O) | O ∈ Rch(M), r ∈ Rk, O|f(O[r]) = sample, O → N [r]}
Rd = {Sk(O) | O ∈ Rch(M), r ∈ Rk, O|f(O[r]) 6= sample, O → N [r]}.

Together, Rs and Rd contain all of the skeletons of terms that can reduce to N ,
and they’re disjoint. For each of these skeletons, there is a map gO from the reals
in O to the reals in N , i.e. gO(r) = r′ if O[r]→ N [r′] for O ∈ Rd, and gO(s, r) =
r′ if O[r] → N [r′] with s as the value the sample takes in the reduction. All
of these functions are measurable, as they are just rearrangements of vector
components, or in the case that O|f(O[r]) = x(X, . . . ,X), a combination of the
measurable function x with a rearrangement of vector components. In the case
that O ∈ Rs, the function gO simply inserts the sample into the vector of reals
at a certain index, call it hO (although for some reduction strategies, there may
be multiple possible reductions for the same O, so hO also takes the location of
the reduction as an argument).

µ({s ∈ ILs(M) | ∃r ∈ T, s′ ∈ S : (M, s)⇒n
f (N [r], s′)})

=µ({s ∈ ILs(M) | ∃O ∈ Rs, r ∈ Rk−1, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S : (M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})

+µ({s ∈ ILs(M) | ∃O ∈ Rd, r ∈
⋃
l

Rl, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S : (M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})
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Let’s consider each of these terms separately. First,

µ({s ∈ ILs(M) | ∃O ∈ Rs, r ∈ Rk−1, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S : (M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})

=µ({s ∈ ILs(M) | ∃O ∈ Rs, α ∈ pos(O), r ∈ Rk−1, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S :

(M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′), f(O[r]) = α})

=
∑

O∈Rs

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈ Rk−1, s′ ∈ ILs(O) :

f(O[r]) = α, gO(r, s
′(O,α)) ∈ T, s′ ◦ i(O →α N) ∈ S, (M, s)⇒n−1

f (O[r], s′)})

=
∑

O∈Rs

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
∏

j 6=h(O,α)

Tj , s
′ ∈ ILs(O) :

f(O[r]) = α, s′(O,α) ∈ Th(O,α), s
′ ◦ i(O →α N) ∈ S, (M, s)⇒n−1

f (O[r], s′)})

=
∑

O∈Rs

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
∏

j 6=h(O,α)

Tj , s
′ ∈ ILs(O) : f(O[r]) = α, (M, s)⇒n−1

f (O[r], s′)})

µ({s′ ∈ ILs(O) | s′(O,α) ∈ Th(O,α), s
′ ◦ i(O →α N) ∈ S})

=
∑

O∈Rs

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
∏

j 6=h(O,α)

Tj , s
′ ∈ ILs(O) :

f(O[r]) = α, (M, s)⇒n−1
f (O[r], s′)})µ(Th(O,α))µ(S)

=
∑

O∈Rs

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
∏

j 6=h(O,α)

Tj , s
′ ∈ ILs(O) :

f(O[r]) = α, s′(O,α) ∈ Th(O,α), (M, s)⇒n−1
f (O[r], s′)})µ(S)

=
∑

O∈Rs

µ({s ∈ ILs(M) | ∃r ∈ Rk−1, s′ ∈ ILs(O) : gO(r, s
′(O, f(O[r]))) ∈ T, (M, s)⇒n−1

f (O[r], s′)})µ(S)

=µ({s ∈ ILs(M) | ∃O ∈ Rs, r ∈ Rk−1, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ ILs(N) :

(M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})µ(S)
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The other case is similar.

µ({s ∈ ILs(M) | ∃O ∈ Rd, r ∈
⋃
l

Rl, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S : (M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})

=µ({s ∈ ILs(M) | ∃O ∈ Rd, α ∈ pos(O), r ∈
⋃
l

Rl, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ S :

(M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)}, f(O[r]) = α)

=
∑

O∈Rd

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
⋃
l

Rl, s′ ∈ ILs(O) :

f(O[r]) = α, gO(r) ∈ T, s′ ◦ i(O →α N) ∈ S, (M, s)⇒n−1
f (O[r], s′)})

=
∑

O∈Rd

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
⋃
l

Rl, s′ ∈ ILs(O) :

f(O[r]) = α, gO(r) ∈ T, s′ ◦ i(O →α N) ∈ S, (M, s)⇒n−1
f (O[r], s′)})

=
∑

O∈Rd

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
⋃
l

Rl, s′ ∈ ILs(O) : f(O[r]) = α, gO(r) ∈ T, (M, s)⇒n−1
f (O[r], s′)})

µ({s′ ∈ ILs(O) | s′ ◦ i(O →α N) ∈ S})

=
∑

O∈Rd

∑
α∈pos(O)

µ({s ∈ ILs(M) | ∃r ∈
⋃
l

Rl, s′ ∈ ILs(O) : f(O[r]) = α, gO(r) ∈ T, (M, s)⇒n−1
f (O[r], s′)})µ(S)

=
∑

O∈Rd

µ({s ∈ ILs(M) | ∃r ∈
⋃
l

Rl, s′ ∈ ILs(O) : gO(r) ∈ T, (M, s)⇒n−1
f (O[r], s′)})µ(S)

=µ({s ∈ ILs(M) | ∃O ∈ Rd, r ∈
⋃
l

Rl, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ ILs(N) : (M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})

µ(S)

Combining the terms together again, we can conclude

µ({s ∈ ILs(M) | ∃r ∈ T, s′ ∈ S : (M, s)⇒n
f (N [r], s′)})

=µ({s ∈ ILs(M) | ∃O ∈ Rs, r ∈ Rk−1, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ ILs(N) :

(M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})µ(S)

+µ({s ∈ ILs(M) | ∃O ∈ Rd, r ∈
⋃
l

Rl, s′ ∈ ILs(O), r′ ∈ T, s′′ ∈ ILs(N) :

(M, s)⇒n−1
f (O[r], s′)⇒f (N [r′], s′′)})µ(S)

=µ({s ∈ ILs(M) | ∃r ∈ T, s′ ∈ ILs(N) : (M, s)⇒n
f (N [r], s′)})µ(S)

Theorem 4.2. A closed term M is AST with respect to cbv iff it is AST in
the original sense of Section 2.4.2.

Proof. For both red and⇒cbv, the probability measure on the sample space can
be used to define a measure on the reduction sequences of each finite length. In
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the case that the reduction sequences terminate after a finite number of steps by
reaching a value, the reduction sequence defined using ⇒cbv should be taken to
continue by repeating the last term indefinitely, as red does, even though ⇒cbv

specifies no next step in this case. The distributions are equal for each length,
by induction, as follows.

The base case, length 0, is trivial, because in both cases the distribution has
probability 1 on the sequence containing only M .

For the inductive case, suppose that the distributions of reduction sequences
of length n are equal.

For any term N which is not a value, there is a unique environment E and
redex R such that N = E[R]. The position of the hole in E is equal to cbv(N),
so that N | cbv(N) = R, as the cases in the definition of cbv match the cases in
the definition of environments. If R 6= sample, let R′ be the result of reducing R
(which is equal in both versions of the semantics), then E[R′] = N [R′/ cbv(N)]
therefore red(N, s) = (E[R′], s) and (N, s) ⇒cbv (E[R′], s). The distribution
of next terms, conditional on the previous term, in the case that that previous
term reduces deterministically, is therefore equal for red and ⇒cbv.

In the other case that R = sample, the first (term) part of red(N, s) is
E[πh(s)]. If k is the number of samples already taken in this reduction sequence,
this is equivalent to E[s0(k)], where s0 is the initial sample. For any sufficiently
small neighbourhood of N (i.e. containing only reduction sequences with the
same skeletons), the probability of reaching this neighbourhood is independent
of s(k), because it depends only on the samples taken so far, and the samples are
independent. The distribution of s(k) conditional on reaching N is therefore the
uniform distribution on I. Similarly for the other semantics, the distribution
of remaining samples after n steps is independent of the term by Lemma 4.9,
therefore the distribution of s(Sk(N), cbv(N)) conditional on N is the uniform
distribution on I. In either case, the distribution of the next term conditional
on the previous term, in the case that it reduces randomly, is equal to the image
under r 7→ E[r] of the uniform distribution on I.

In any case, the distribution of reduction sequences after n + 1 steps, con-
ditional on the reduction sequence after n steps, as defined by ⇒cbv and by
red, is equal, and by the inductive hypothesis the distributions after n steps are
equal, therefore by integrating over the reduction sequence up to step n, the
distributions on reduction sequences up to step n+ 1 are equal.

The distributions on reduction sequences of any finite length as defined
by ⇒cbv and red are therefore equal, therefore so is the probability of hav-
ing reached a value after n steps, therefore so is its limit, the probability of
termination, therefore the probability of termination is 1 iff the probability of
termination with respect to cbv is 1.

It is also true that the distributions of terms produced by the standard se-
mantics and by the reduction strategy cbv are the same, for much the same
reason, although that is not relevant to the main ranking-function related re-
sults.
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Theorem 4.3. If M terminates with some reduction strategy f and trace s, it
terminates with cbv and s.

Proof. Suppose M terminates with the reduction strategy f and samples s. Let
(M, s) = (M0, s0) ⇒f · · · ⇒f (Mn, sn), where Mn is a value. By Lemma 4.4,
the reduction sequence (Sk(Mi))i is related by ∼∗

c to some skeletal reduction
sequence X which is in call-by-value order. For each skeletal reduction sequence
Xj in the sequence (Sk(Mi))i ∼c · · · ∼c X, it is possible to define a reduction
sequence of terms such that (M, s) = (Nj,0, sj,0) ⇒ · · · ⇒ (Nj,nj

, sj,nj
) and

Sk(Nj,k) = Xj,k, by at each step applying the reduction at the same place
as in Xj , essentially just filling in the reals in the skeletal reduction sequence
to make it a reduction sequence of terms (it will be shown shortly that the
correct branch is taken in each if-reduction). Assume for induction on j that
(Nj,nj , sj,nj ) = (Mn, sn). To prove that this holds true for j + 1 as well, it
suffices to show that the corresponding term and samples immediately after
the reductions involved in this ∼c step match, as from that point on, the ⇒-
sequences will match, as they start from the same point and have all the same
reduction positions. Letting the term and remaining samples immediately before
the reductions involved in this ∼c step be (N, t) (which is the same in both Nj

and Nj+1 for the same reason again, they start at the same point and the
sequences of reduction positions up to this point are the same), and the terms
and samples after these reductions be (O1, t1) and (O2, t2), so that these match
the N , O1 and O2 in the definition of ∼c, t1 = t2 because both of them are, by
Lemma 4.5, equal to the restriction of t to the subset of Rch(N) that starts with
the reduction sequences to O1 and O2 respectively, and the potential positions
in those subsets of Rch(N) are identified with each other by ∼ because of the
same case of ∼c that means Nj and Nj+1 are related. If none of the relevant
reductions are sample-reductions, O1 = O2 trivially. If there are samples taken
(which must be the arbitrary reduction at β), it is also required that the same
samples are taken in both branches. Similarly to Theorem 4.1, the positions
of these sample-reductions in each branch are related by ∼∗

p, therefore they
correspond to the same sample in t, therefore O1 = O2. The fact that the terms
are equal also implies that the same branch of an if statements will be taken.

There is therefore a reduction sequence (M, s) = (N0, s
′
0) ⇒ · · · ⇒ (Nm, s′m)

which ends in a value (Nm = Mn) and is in CBV order. It doesn’t immediately
follow that this is the⇒cbv reduction sequence starting from (M, s) because the
fact that (Ni)i is in CBV order only means that the reductions that do take
place in this reduction sequence are in the correct order, not that the reduction
sequence finishes once it reaches a value, or that there are no other reductions
that would come earlier in CBV order that don’t occur at all in (Ni)i. Suppose
that at some point j in the reduction sequence, the reduction that occurs is not
the next reduction in CBV order, but something else, and that the reduction
that should be next is at position α = cbv(Ni), and the position of the actual
reduction Nj → Nj+1 is β. Suppose further, for a contradiction, that Nj is not
a value. Either α = ·, the root position, or the reduction at the root position
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is dependent in some way on the reduction at α (e.g. α = if1, or α = +;@1).
In any case, all the reductions in the rest of the reduction sequence are after
α in CBV order, therefore none of them are ≤ α, and there continues to be
an unreduced redex at α, therefore the reduction at the root position never
occurs, therefore Nm is not a value, which is a contradiction, therefore at the
point (if any) where (Ni)i departs from the ⇒cbv reduction sequence starting
at (M, s), it has already reached a value, therefore (M, s)⇒cbv . . . does reach a
value eventually, i.e. M terminates with the reduction strategy cbv and samples
s.

It is not quite true, however, that all reduction strategies produce the same
values (even ignoring cases where some reduction strategies terminating where
others don’t), because it is possible for a reduction strategy to overshoot the
value that the standard semantics produces by, for example, performing reduc-
tions inside of a lambda. Even for the same value of the samples, the final
values may be different. A more restricted result is true, however, that if a term
terminates with some reduction strategy f and samples s, the value that ⇒cbv

terminates with can reduce via ⇒ to the value that ⇒f terminates with (as a
corollary to this proof).

Corollary 4.1 (Reduction strategy independence). If M is AST with respect
to any reduction strategy, it is AST.

Proof. Suppose M is AST w.r.t. f . Let the set of samples with which it termi-
nates with this reduction strategy be X. By Theorem 4.3, M also terminates
with cbv and every element of X, and X has measure 1, by assumption, therefore
M is AST with respect to cbv therefore by Theorem 4.2 it is AST.

All of the theorems on the termination of rankable terms therefore extend to
other reduction strategies too. The proofs of Theorems 3.4, 3.7, 3.9 and 3.10 are
all sufficiently generic with respect to what the reduction relation actually is that
they can be directly applied to other reduction strategies. They only require
that the number of reductions that can occur without any of them being a Y-
reduction is bounded for any starting term (which is true, because Theorem 3.3
applies equally to any reduction strategy). For a reduction strategy r and term
M , just substitute N | r(N) being a Y-redex for N being of the form E[Yλx.O],
and r(N) being undefined for N being a value.

The domain of definition of the ranking functions also needs to be changed
from the reachable terms Rch(M) to the reachable terms with respect to the
reduction strategy r,

Rchr(M) := {N | ∃n, (Ni)0≤i≤n :
N0 = M,Nn = N,Ni → Ni+1 at r(Ni)}.

and almost complete reachable sets with respect to a reduction strategy are
defined similarly.

More explicitly, the modified forms of the theorems are:
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Definition 4.8. An antitone ranking function on M w.r.t. a reduction strategy
r is a measurable function f : Rchr(M)→ R such that f(N) ≥ 0 for all N , and
there exists an antitone function ε : R≥0 → R>0 and almost complete reachable
set w.r.t. r, C, such that

• f(N) ≥ ε(f(N))+ f(N ′) if N | r(N) is a Y-redex and N reduces to N ′ at
r(N)

• f(N) ≥
∫
I
f(N [x/r(N)]) dx if N | r(N) = sample

• f(N) ≥ f(N ′) if N | r(N) is any other redex, where N → N ′ at r(N)

for all N in C. Any closed term for which an antitone ranking function with
respect to a reduction strategy r exists is called antitone rankable w.r.t. r.

Definition 4.9. An antitone sparse ranking function on M w.r.t. a reduction
strategy r is a partial function f : Rchr(M) ⇀ R such that for some antitone
function ε : R≥0 → R>0,

• f(N) ≥ 0 for all N where f is defined,

• f is defined at M ,

• for any N in the domain of definition of f , evaluation of N at the positions
specified by r will almost certainly eventually reach some O such that
either r(O) isn’t defined or f(O) is, and f(N) ≥ E[f(O) + ε(f(O)) ×
the number of Y-reduction steps from N to O] (where f(O) is taken to be
0 if O is a value outside of the domain of f).

If the antitone function is just the constant function 1 instead, then it is
called a (sparse) ranking function on M w.r.t. r instead, and the term is called
rankable w.r.t. r.

Theorem 4.4 (Confluent ranking). If a closed PPCF term M has a ranking
function, sparse ranking function, antitone ranking function or antitone sparse
ranking function w.r.t. a reduction strategy r, then M is AST w.r.t. r, and AST.

Proof. The same arguments as in Theorems 3.4, 3.7, 3.9 and 3.10 imply that
M is AST with respect to r. Applying Corollary 4.1, this implies that M is
AST.

4.5 Applying Alternative Reduction Strategies
Theorem 4.4 is not actually any more powerful than the original antitone rank-
ing result, Theorem 3.9, since every AST term is already antitone rankable
(Theorem 3.12). However, there are some terms which terminate more sim-
ply and directly via some alternative reduction strategy. When constructing
an (antitone) sparse ranking function with respect to an alternative reduction
strategy, it is intuitively simplest to define the sparse ranking function and the
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reduction strategy together. For each key reachable term where the sparse rank-
ing function is defined, simply decide which sub-term should be reduced next,
and how far before the next key reachable term. The only restrictions to bear
in mind on evaluating sub-terms are that a sample may not be evaluated inside
a λ that’s inside a Y or on the right of an application, and a β redex may not
be reduced until its argument is a value. This will be demonstrated with some
examples.

Example 4.5.1 (Sum of powers). The following term picks a random natural
number n, then computes

∑n
k=0 k

n.

M = (λn.P [n])bsample−1/2c
P [n] = (λp.Ξ[p]n)(λx.Θ[x]n))

Ξ[p] = Yλfn.if(n = 0, 0, p n+ f(n− 1))

Θ[x] = Yλfn.if(n = 0, 1, x× f(n− 1)).

With the CBV reduction strategy, the recursion in Θ[x] (that defines the
function k 7→ kx) is executed separately for every term in the sum in Ξ. It is
much simpler to use the following reduction strategy r instead:

M

→∗ P [n]

→∗ (λp. Ξ[p] n) (λx. x× · · · × x×︸ ︷︷ ︸
n

1)

→ Ξ[λx. x× · · · × x×︸ ︷︷ ︸
n

1] n

→∗ nn + (n− 1)n + · · ·+ 0

→∗
n∑

k=0

kn

(this is a little underspecified, but the details are not important). A suitable
sparse ranking function for it is

M 7→ π2

3
P [n] 7→ 2n+ 2

(λp. Ξ[p] n) (λx. x× · · · × x×︸ ︷︷ ︸
n−k

(Θ[x] k)) 7→ n+ k + 2

Ξ[λx. x× · · · × x×︸ ︷︷ ︸
n

1] n 7→ n+ 1

nn + · · ·+ (n− k + 1)n + Ξ[λx.x× . . . 1] k 7→ k + 1

n∑
k=0

kn 7→ 0.
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The first step is justified because the probability of reaching P [n] for any
specific n ≥ 0 is (n + 1)−2 − (n + 2)−2 = 2n+3

(n+1)2(n+2)2 , therefore the expected
next value of the ranking function is

∑∞
n=0

(2n+2)(2n+3)
(n+1)2(n+2)2 = π2

3 . The other steps
are deterministic, and involve 1 or 0 Y-reductions each. Given that all of the
reduction steps after the first are deterministic, and the number of Y reduction
steps is not that hard to count, defining the sparse ranking function’s values
only at M and P [n] would also have been reasonable, although in a similar
term which had more random samples throughout, that would not have been
so simple.

Providing a ranking function of some sort for this term in a similar level
of detail would have been rather more complicated using only the standard
reduction strategy. The recursion in Θ would have to be evaluated separately
for every time it was used, so there would have been more (and more complex)
terms to consider in the reduction sequence. Also, the number of Y-reductions
from P [n] would have been n2+2n+1 instead of 2n+2, therefore the expected
number of Y reductions starting from M would be infinite, i.e. M is not Y-PAST,
therefore it is not even rankable. It would be possible to define an antitone sparse
ranking function for it, but it is much more difficult to construct:

M 7→ 1.47

P [n] 7→ 1 + ln((n+ 1)n+ 1)

Ξ[λx.Θ[x]n]n 7→ 1 + ln((n+ 1)n+ 1)

nn + · · ·+ kn1 +

Ξ[λx.Θ[x]n](k1 − 1)

}
7→ 1 + ln((n+ 1)(k1 − 1) + 1)

nn + · · ·+ (k1 + 1)n +

Θ[k1]n+
Ξ[λx.Θ[x]n](k1 − 1)

 7→ 1 + ln((n+ 1)k1 + 1)

nn + · · ·+ (k1 + 1)n +

k1 × · · · × k1×︸ ︷︷ ︸
n−k2+1

Θ[k1](k2 − 1) +
Ξ[λx.Θ[x]n](k1 − 1)

 7→ 1 + ln((n+ 1)k1 + k2 + 1)

∑n
k=0 k

n 7→ 0.

It wouldn’t even be possible in this case to give a sparser version of the
antitone ranking function, defined only at M and P [n], because the amount
that an antitone sparse ranking function must decrease at each Y-reduction
step depends on the value of the ranking function at the next term where it is
defined, therefore it is necessary to have these intermediate steps in order for
the ranking function to be able to change sufficiently slowly.

Example 4.5.2. Even some of the examples given earlier implicitly use slightly
non-standard reduction strategies to make the definitions of their ranking func-
tions slightly simpler. For example, the antitone sparse ranking function in
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Example 3.1.2 was defined at Θ2 n, where

Θ2 = Y λfn. if(n = 0, 0, f (n− 1)⊕1/2 f (n+ 1)),

but Θ2 10 actually reduces to Θ2 (10− 1) or Θ2 (10+1), and (taking the second
of these), it then reduces to

(λz.(λn. if(n = 0, 0,Θ2 (n− 1)⊕1/2 Θ2 (n+ 1)))z) (10 + 1),

then
(λz.(λn. if(n = 0, 0,Θ2 (n− 1)⊕1/2 Θ2 (n+ 1)))z) 11,

bypassing Θ2 11 entirely. The antitone sparse ranking function in the form given
can be justified anyway, by considering it to be using a reduction strategy which
is the same as cbv except that in Θ2 (f n), it evaluates the redex at @2 first.
Similar solutions can be given for the other examples in that section.

Example 3.3.8 also makes use of an alternative reduction strategy, but in a
different way. In this case, it is to allow the antitone sparse ranking function to
skip over all of those terms where the unknown function F is part way through
evaluation.

Recall that

Ξ := YλϕfR→R→R sR nR.
if(n ≤ 0, s, f n (ϕf s (n− 1))⊕p f n (ϕf s (n+ 1)))

and we want to show that Ξ F x y is rankable for any F : R → R → R such
that F is a value and F nm terminates with no Y reductions for all m and n.
A suitable reduction strategy is

FA (FB (. . . (︸ ︷︷ ︸
n

M) . . . )) 7→ @n
2 ; cbv(M), where n is as large as possible.

With this reduction strategy, the antitone sparse ranking function originally
given for Example 3.3.8 is now correct.

Example 4.5.3. In Example 3.1.2, I mentioned that it was possible to rearrange
the unbiased random walk in such a way that it used fewer Y-reduction steps and
therefore became rankable, but put off actually providing a ranking function for
the term to prove it. Now, with the ability to use sparse ranking functions with
respect to alternative reduction strategies, that term is a bit more manageable.
A term can be Y-PAST with respect to an alternative reduction strategy without
being actually Y-PAST, as seen in Example 4.5.1, if the reduction strategy avoids
duplicating some of the Y-reductions, so this will not be a rigorous proof that
this term is rankable, but it should be reasonably obvious that the reduction
strategy is not making the term terminate in fewer Y-reductions in this case, so
it is actually Y-PAST.

The term in question is W S 10, where

W =(Y λwf.f(w(λc.f(fc))))

S =(λcn.if(n < 1, 0, c(n+ 1)⊕1/2 c(n− 1)))
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We will also need the notation

Sn+1(C) =λn.if(n < 1, 0, C(n+ 1)⊕1/2 C(n− 1))

S0(C) = C

then the reduction strategy is

(W λc.Sx(c)) y →∗Sx(W λc.S2x(c)) y

Sz+1(W λc.Sx(c)) y →∗Sz(W λc.Sx(c)) y ± 1, where y ≥ 1

Sz+1(W Sx) 0→∗0

and the sparse ranking function is

f((W λc.Sx(c)) y) = 2.1
y√
x
+ 5.3

Take one of these terms where f is defined, with value f0. Evaluating this
term, it will pass through a sequence of terms of the form Sz+1(W λc.S2x(c)) y′,
where the y′s form a random walk of length x before reaching (W λc.S2x(c)) y′,
or if y′ reaches 0 at any point, it will terminate instead. In any case, there
is one Y reduction in this sequence. Let y′ be a random variable which is the
value after these x steps (or if it terminates before then, let y′ take the value
if would have had without the termination), and let t be the event that this
term terminates before reaching the next term where f is defined. The next
value of f will be f1 = (1 − 1t)(2.1

y′
√
2x

+ 5.3). Since x is a constant, and the
expectation of y′ conditional on t is 0 (since in that case it is effectively the
result of a random walk starting at 0), the expectation of f1 is

E
[
2.1

y′√
2x

+ 5.3(1− 1t)

]
=2.1

y√
2x

+ 5.3− 5.3P[t]

=f0 −
2.1

1−
√
2

y√
x
− 5.3P[t]

If y′ ≤ 0, clearly it terminates, therefore P[t] ≥ P[y′ < 0]. Because of the starting
value, |y − 10| ≤ x − 1, and x is always a power of 2, therefore if y√

x
≤ 0.2,

x ≥ 16, so it follows from the Berry-Esseen Theorem[5] that if y√
x
≤ 0.2,

P[t] ≥ 0.189, therefore in this case, 5.3P[t] > 1 and E[f1] ≤ f0 − 1. In the
other case, where y√

x
> 0.2, the other term 2.1

1−
√
2

y√
x

is greater than 1, so again,
E[f1] ≤ f0− 1. The sparse ranking function condition is therefore satisfied, and
this is a valid sparse ranking function w.r.t. the given reduction strategy.
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Chapter 5

Further Work

Although the method of ranking functions provides a way of proving AST and
PAST, if it is to be useful in practice, there should be some way of applying
it at least semi-automatically. The ultimate goal is to allow interpreters and
compilers for probabilistic languages to apply the various theorems that rely on
AST (e.g. [46, 25, 36]) to actual programs, confident in the knowledge that the
programs are actually AST. While it is possible for the programmer to check
this, that was already possible without the formal proofs presented here, and is
far from ideal, so some way of allowing compilers to construct or at least check
ranking functions would be useful. Ranking functions for higher-order programs
are inherently rather complicated, being functions from the potentially very
large and varied space Rch(M). This was why the sparse ranking function
and alternative reduction strategy extensions were necessary, but it also would
make automation of constructing ranking functions rather complicated. More
so than ranking functions for imperative programs, or other methods such as
the counting-based recursion analysis of [6]. Nevertheless, it seems plausible
that it would be possible in at least some cases.

While the method of ranking functions I have presented is complete, there
are still other directions it could be extended in to make it easier to apply.
For one thing, it is not very compositional. Perhaps it would be possible to
extend it such that it could be applied to sections of a program independently,
rather than analyzing the whole program at once. If the progress condition for
antitone ranking functions could be replaced with the quantile strict condition
(Definition 3.9) without ruining sparseness, that would make using the method
a little simpler. And of course, there are many completely different methods of
proving AST that are suitable for different circumstances, and I’m sure there
are many more yet to be discovered.

There have been many theorems that prove the equivalence of two different
semanticses for PPCF and related languages[48, 8, 16, 36, 20], but these can’t all
be linked together to prove that all of them are equivalent at once, because they

98



use different versions of the language. It would seem worthwhile to present all of
them in a unified way, with an operational trace semantics, a denotational trace
semantics, an operational distribution semantics, a denotational distribution
semantics, and perhaps more variants besides, all exactly equivalent to each
other rather than just roughly equivalent as seems to be the case for currently
proven results for any set of semanticses so broad.

One further research direction I think could be particularly interesting is
re-defining how the samples are arranged in the confluent trace semantics in a
more algebraic way, and connecting this to a similar version of denotational trace
semantics. In the version of confluent trace semantics I described in Chapter 4,
the labels for samples are based on the position where they occur, and which
term in the reachable set they occur in. In a term M = E[(λx.A) B], which
reduces to M ′ = E[A[B/x]], all of the positions in the copies of B in M ′ are
entirely unrelated in this scheme to the corresponding positions in M . In the
alternative version of the confluent trace semantics I am imagining, if the redex
is at position α, A | β = x, and B contains some position γ, then the position
α;β; γ in M ′ would be considered equivalent to f(α, β, γ) for some operator f on
some sort of algebraic structure generated by the positions in the initial term.
With a suitable set of rules for equivalences within this structure, it may be
possible to reconstruct the equivalences between positions in different reachable
terms that were necessary to ensure confluence, while also bypassing a lot of the
messier arguments involved in getting the original version of the confluent trace
semantics to work.

The same labelling scheme would be particularly suitable also for a denota-
tional trace semantics, since the compositional nature of this algebra of potential
positions mirrors the compositional way a denotational semantics works. Such
a semantics would be particularly easy to prove equivalent to that version of
the confluent trace semantics, and would also make it easier to prove program
equivalences which, as mentioned in Section 2.5, can be quite complicated in
the more basic versions of denotational trace semantics.

Even without going so far as to entirely redefine how potential positions
work, the proofs related to confluence could be considerably simplified if the
Y-reduction rule were simplified. As noted in Section 2.4, the Y rule in PPCF is
more complicated than the obvious YM →M(YM) rule in two ways, where ei-
ther one alone would suffice. A large proportion of the reasoning in Lemma 4.4,
the key lemma in the entire proof, is dedicated just to case f in Definition 4.3
(the definition of ∼c), because case f deals with the Y-reduction rule which sub-
stitutes a term into itself, and is far more complicated than the other five cases.
If instead, the reduction rule YM → λz.M(YM)z had been used, the proofs
could have been much simpler. Having already proven the more complicated
version, I was not able to make this simplification due to time constraints.
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More generally, the confluent trace semantics I have defined, and the proofs
that it works right, are very specific to this particular version of PPCF, which
is a little unsatisfactory. While I don’t have any specific suggestions for how
this might be done, it would be nice to have a more general version of the proof
that does not require an enormous amount of effort to adapt to slightly different
languages. Perhaps using the algebraic version of potential positions would be
a step in this direction, I’m not sure.
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