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Blade Element Momentum Theory for a Tidal Turbine
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Abstract

A key hydrodynamic difference between tidal current and wind turbines is the volume-flux constrained flow
field in which tidal turbines operate and the resulting streamwise static pressure difference that develops in
the flow passage. Blade Element Momentum (BEM) theory is extended to account analytically for the effects
of blockage and the development of the static pressure difference in the flow passage and shows agreement
in thrust and power predictions to within 3% of equivalent blade resolved simulations. The confined flow
BEM model is employed to study two different power capping strategies: varying the rotational speed with
fixed pitch blades; and pitching the blades to feather at constant rotational speed. Pitch-to-feather achieves
reduced thrust above rated flow speed which leads to a greater extractable resource than achievable with
overspeed control, due to the feedback between device thrust and available tidal resource. Flow confinement
is shown to reduce the flow speed at which rated power occurs, and increases the rotor loads and power below
rated conditions. It is also shown that root bending moments, which affect fatigue damage rates, increase
with flow confinement.

Keywords: Tidal stream turbines, Power capping, Blockage effect, Blade element momentum theory

The adaptation of established techniques for the analysis of wind turbines has allowed much progress to
be made in the understanding of axial flow tidal current turbines. The analysis of an actuator disc in a
confined flow field by Garrett and Cummins established the importance of the blockage ratio, B, the ratio
of rotor swept area to the cross sectional area of the surrounding flow passage [9]. It was shown that the
maximum power coefficient of an actuator disc increases by a factor of (1 — B)~2 above the Lanchester-Betz
limit of 0.593 when blockage effects are considered, allowing tidal current turbines to achieve higher power
coefficients than wind turbines. Physically, this is because a static pressure drop is established in the blocked
flow between far upstream and downstream of the turbine, allowing a greater pressure drop to be supported
across the turbines, thereby increasing the peak thrust and extractable power as the local blockage ratio
increases. Whereas the maximum extractable power for a wind turbine is achieved by reducing the flow
speed through the turbine plane to two thirds of its upstream value, for a tidal turbine maximum power
occurs at a monotonically reducing flow speed through the turbine plane as the blockage ratio is increased.
Furthermore, as the blockage ratio increases and the bypass flow passage becomes more constrained, the flow
speed bypassing the turbine increases [27].

There has been interest in the fields of both the wind and tidal stream energy in understanding and quantifying
the effects of flow confinement on rotor performance, such as those encountered in wind tunnels and water
flumes. Experimental investigations of tidal rotors have confirmed the uplift in rotor thrust and power that
occurs with increasing blockage ratio [1], and Chamorro et al. [6] demonstrated that blockage effects can
increase spanwise flows along rotor blades and increase the level of rotor-induced turbulence in the wake.
Similar dependence on blockage has been observed for wind turbines in tunnels, with Sarlak et al. [19] noting
that the significance of the effects also depends on rotor thrust. Understanding the effect of blockage on
rotor performance has particular importance for rotor design, as increased blade loading can result in larger
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root bending moments [18], as well as allowing the for possibility of improved device performance if inter-
turbine spacing is carefully controlled to exploit constructive interference effects between turbines through
flow confinement [2, 26].

The change in flow conditions due to blockage effects can be related to turbine performance, given rotor
properties such as aerofoil lift and drag coefficients, and blade twist and solidity using Blade Element
Momentum (BEM) theory. BEM theory has been widely used for wind turbine analysis and design, and
has increasingly been applied to tidal current turbine analysis and design. BEM theory, as applied to wind
turbines, does not consider the effect of blockage on rotor performance. One approach for addressing this
in the context of tidal turbines has been to embed the blade element analysis within a computational fluid
dynamics (CFD) simulation, where the blade element model is unchanged from that for wind turbines and
the effect of the constrained flow field is simulated explicitly to account for blockage effects (for examples, see
[13], [20], and [7]). An alternative to performing blade element-CFD simulations is to modify the momentum
equations in BEM theory to take the effects of blockage into account, such as by using the models presented
in [9] or [28]. A blockage-corrected analytic BEM model provides a tractable tool which may be used in
the design and analysis of tidal turbines. In particular, a blockage-corrected BEM tool provides an efficient
method for investigating the multitude of design cases necessary to develop a robust rotor design, such as
rotor performance in off-design conditions, performance during power capped operation, and rotor design in
blocked conditions. Turbine design in blocked conditions is particularly important if designs are to approach
the higher power coefficients predicted by the simple analytic theory of Garrett and Cummins.

This paper develops a blockage-corrected BEM model using the rigid lid momentum model of Garrett and
Cummins to provide a semi-analytic tool which is validated against blade boundary layer resolved simulations.
The blockage-corrected tool allows the rapid exploration of the blockage and tip speed ratio operational
space of turbines, and is used to investigate the performance of rotors in blocked conditions. The rotor
characteristics (performance as a function of flow speed) determined with such an analytic BEM method
allow long turbine fences to be simulated without the need for expensive three dimensional numerical models
by providing sub-grid scale turbine models suitable for depth-averaged simulations.

1. Effect of Blockage on Momentum Theory

Wind turbines are generally modelled as operating in unconfined flows in which there is full recovery of the
static pressure far downstream of the rotor. Garrett and Cummins showed with Linear Momentum Actuator
Disc Theory (LMADT) that momentum removal from a constant volume-flux flow by a turbine results in a
static pressure deficit in the far wake of the rotor, and hence a static pressure gradient is established in the
flow passage containing the turbine [9]. This static pressure gradient results in a greater achievable pressure
difference across the rotor plane as compared to unblocked flow. There is hence a greater flow speed through
the rotor plane of the blocked rotor for a given level of thrust, which generally increases the torque and
therefore the power, depending on the angle of attack of the blades.

The flow speed through the rotor plane and in the wake of the rotor depends on the applied thrust and
blockage ratio, and consequently the momentum equations within the unconfined BEM formulation must be
modified to account for this additional dependency. The changes to momentum theory for the confined flow
case are outlined herein; a detailed account of unconfined BEM theory may be found in [5].

Figure 1 is a schematic of the flow past a rotor in a volume-flux constrained flow. The upstream boundary of
the confined BEM model is derived from the larger-scale flow around the turbine, which may, for example,
be the flow through a fence of turbines that is being simulated in a depth-averaged coastal scale model. This
provides the upstream flow speed, u,, which is taken as the reference velocity for the turbine-scale model. The
flow through the rotor swept area is divided into N independent annular streamtubes of width dr, which are
bounded by the bypass flow. The downstream boundary of the finite blockage BEM model is the streamwise
point at which the static pressure equalises across the annular streamtubes and the bypass flow, although
the possibility of differing flow speeds between the bypass and each annular streamtube is allowed.
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Figure 1: Diagram of the blockage corrected BEM model. Station one is far upstream of the rotor plane, station two just
upstream of the rotor plane, and station four is far downstream of the rotor plane, where the static pressure equalises across the
core and bypass flows.

The flow past the rotor is analysed at four stations; station one, which is far upstream of the rotor and
unaffected by its operation (at least within this turbine-scale model), station two, which is immediately
upstream of the rotor, station three, which is immediately downstream of the rotor, and station four, which
is far downstream of the rotor at the position where static pressure may be considered as having equalised
between the core and bypass streamtubes. The mixing processes between the core and bypass flows, which
result in further energy removal from the flow, are assumed to occur entirely downstream of station four, and
result in a uniform flow with speed identical to that far-upstream, as shown by Garrett and Cummins [9].
Energy extraction from a sub-critical open channel flow implies that the free surface elevation must decrease
slightly far downstream. This phenomenon is negligible for the range of Froude numbers (0.10 to 0.20) at
sites of interest for tidal stream energy, although could be incorporated into the analysis using computational
models or momentum theory that includes free surface deformation, e.g. [11]. Assuming no other work is
done on the fluid, momentum removal by the rotor results in a static pressure drop between stations one and
four of Ap = p1 — ps. The induction factors used to describe the velocity usg; through the it streamtube at
the rotor plane, as;, and the velocity u4q; in the wake of the turbine, ay;, are defined relative to the reference
flow speed u,:

uzdi = (1 — agi)ua; uagi = (1 — a4i)ta- (1)
Likewise, the induction factor, b4, for the bypass velocity at the static pressure equalisation point, u4p, is
defined relative to the reference velocity as:

Ugp = (1 + b4)ua. (2)

Conservation of mass, momentum, and energy is considered in each of the annular streamtubes. At the rotor
plane the i*" annular streamtube is at a radius 7; from the centre of rotation and has a radial thickness of
or; (usually assumed to be uniform across the blade span), so that §A; ~ 27r;0r;. Conservation of mass
requires:

(SAh‘U,a = 6Aiua(1 — agi) = 5A4iua(1 — a4i), (3)
where 6A;; and §Ay4; are the cross-sectional areas of the i*? streamtube at stations one and four respectively.
Conservation of energy is described upstream and downstream of the rotor plane and through the rotor
bypass by the Bernoulli equation:

1 1 1
P1—D2i = §PU3 (a3; — 2a2:), psi—pa= §PU<21 (a3; +2(a2; — as;) —a3;), p1—ps= §pu§ (b3 +2bs) . (4)

Conservation of momentum in the i*" streamtube relates the thrust to the change in static pressure and
momentum of the fluid:

pléAli + ]?*(514>s< — p4(5A47; — (Sﬂ = —p(SAZ’U% (1 — agi) A45 (5)
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where p*0A* is the unknown streamwise force acting on the surface of streamtube as it expands between
stations one and four. Following Nishino and Willden [17], we assume slow expansion of the streamtube so
that the unknown streamwise force may be accounted for with the approximation:

(1 — agi)
(1 — (14,')7

i.e., the additional force contribution from the expanding streamtube is approximated as the increase in force
that would result from the static pressure at station one being applied over the streamtube cross-sectional
area at station four. Equations (3) to (5) are combined in the usual way as described in [9] to yield the
following key results used in the following analysis. Using conservation of mass, the momentum equation (5)
can be manipulated to yield the incremental thrust §7;:

P10A1; +p 0A" =pi10A; (1 —ag) +p 0A" = pi10Ay = pi1d4; (6)

(1 — agi)

(1 — a44) (bi + 2(b4 + a4i) — 2&?11») or;. (7)

6T; = prryu?

The expressions in (4), combined with the definition that the incremental thrust is the product of the static
pressure difference between stations two and three and the swept area of the annulus, 67; = (pa2; — p3;) 04,
gives an expression for d7; in terms of ay; and by:

oT; = pm‘iuz (bi +2(aq; +by) — aii) or;. (8)
Equating the two expressions for annular thrust, (7) and (8), a cubic in ay; is found:
aii — aii (1 + QCLQi) —+ ay; (2(12i — (bi + 21)4)) + (bi + 2b4) as; = 0. (9)

In the limit as by — 0, which implies that the bypass flow speed tends to the free-stream flow speed, the
unconfined wind turbine theory result of a4; = 2as; is recovered, and the familiar unconfined BEM model
is recovered. Empirical relationships (e.g. the turbulent wake state model of Buhl [4]) between rotor thrust
and induction factor are typically adopted when the thrust coefficient approaches unity, where unconfined
momentum theory implies that nonphysical wake velocities develop. Similar empirical models have yet to be
developed for confined flows, although it is expected that the transition to turbulent wake state modelling
will occur at higher thrust coefficients as the wake flow speed increases with blockage for a given thrust level.
Therefore, it is expected that confined momentum theory will produce physically meaningful wake velocities
at higher thrust levels as the blockage ratio increases. However, the influence of blockage on turbulent wake
state modelling represents an area of future work required to further advance analytic models of turbines in
confined flows.

Closure of the system of equations for the confined BEM model requires an additional equation for by, which
may be found through analysis of the bypass flow. Conservation of mass in the flow passage between stations
one and four requires:

N N
—Acby = A4 (1—as)— Y 6As; (1+0bs), (10)

i=1 i=1
where the summation occurs over the N annular streamtubes, and A, is the flow passage cross-sectional
area. Equation (3) allows the streamtube cross-sectional area at station four to be written in terms of the
streamtube area at the rotor plane and the ratio of induction factors at the rotor plane and at station four:

N (1 a ) N
— 024

(1 —a)
(14 by). 11

T (1 by (1)
Streamtube expansion downstream of the rotor is constrained by the flow passage boundaries, and is hence
a function of the blockage ratio. Observation of numerical simulations (see Appendix A) shows that the
streamtube ratio (1 — ag;) / (1 — ay;) is, to a first approximation, uniform across the streamtubes, indicating
that the streamtubes expand uniformly in the rotor wake. The exception to this occurs near the rotor tip,
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where the tip loss has a significant influence on the flow expansion in the numerical simulation. Hence, the
streamtube expansion ratio is assumed to be constant in this model and defined as k = (1 — ag;) / (1 — a4;).
The value of k > 1 for physically meaningful turbine results, where x = 2 corresponds to the unconstrained
wake expansion case of a wind turbine operating at the Betz limit. Furthermore, we define the average wake
induction factor, @z, as an area-weighted average of the wake induction factors:

4 = =

N N N

i1 0 A4 a4 1 0A Ray; 1

@ 212(15,4 44 _ Zz—j& . T D 0diay; (12)
4i Yoinq 0AiK d =

Noting that the swept area of the rotor, Ay, is defined as Ay = Zfil 0A;, so that the blockage ratio

B = A;/A., Equation (11) becomes:

The expansion of the wake, and hence the wake induction factor, is a consequence of the rotor thrust and
constraining effect of the flow passage boundaries. Expressions for x and @y may be found by considering the
momentum removed by an equivalent single actuator disk applying the same total thrust as the actuator disk,
divided into concentric annuli, analysed herein. Following the actuator disk model of Garrett and Cummins
[9], continuity allows x to be written as:

by — @z +2

K= ————.

by —2a4 — 1
Equations (13) and (14) are used to determine @z, which in combination with Equation (8) allows an
expression for by in terms of the rotor thrust coefficient, Cr = T/3pAqu2, where T = Y 0T} is the total
thrust applied by the rotor, and the blockage ratio B to be derived:

3(14bg) —4(14b4)> —2(14b4)% (1 + Cp(2 — B))+4(1+bs) (1 + Cp(2 — B))— (1 — BCyp)* —4Cy = 0. (15)

(14)

The solution to the quartic equation determines the value of b, that is consistent with the pressure gradient
which develops in the flow passage between stations one and four due to the thrust, Cr, applied to the flow.

The angular velocity of the rotor is 2, and an angular velocity induction factor aj; is induced in the *h
annular ring at the rotor plane resulting in a whirl velocity of a},;r;Q2. Generalised BEM analyses for wind
turbines have allowed the induced angular velocity to vary in the wake, resulting in an additional factor a/;

in the rotor wake. An additional equation or a similarity relationship e.g. % = % [25] is required, but in
the absence of a physical basis and for simplicity, the generalised approach is not adopted in this work. The
incremental torque, 6Q;, on the i*" annular ring can be found in a similar manner to the incremental thrust

by considering conversation of angular momentum in an annular ring:

6Q; = Ampriug (1 — ag;)Qalor;. (16)

2. Finite Blockage BEM

Expressions for the incremental thrust and torque are required to relate blockage-corrected momentum theory
to the lift and drag forces acting on the rotor blades. The flow angle between the relative velocity u,¢;; and
the direction of rotation of the i*" segment of a blade is defined as ¢; = «; + (;, where «; is the angle of
attack and ; is the blade twist angle. Defining the number of rotor blades as Np and the blade element
chord length to be ¢;, this gives:

1 .
oT; = §pu%el,iNBCi (Ci cos ¢y + Cy; sin ¢;) Ory, (17)

where Cj; and Cy; are the sectional lift and drag coefficients of the blade element respectively. Equating

the thrust increment on the i*" annulus required to satisfy momentum conservation, Equation (7), to that

generated by the blade increments in the 4" annulus, (17), an expression for as; may be found:

o 0i(1 — a;) (Cy; cos ¢; + Cy; sin ¢;) — sin® ¢; (b3 + 2(au; + bs) — 2a3;) (18)
e oi(1 — ay;) (Cii cos ¢; + Cy; sin ¢;)
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where o; = 8BS is the solidity of the i*" annular ring. Equation (9) is used to update the solution for ay;.

271'7’7j

The torque may be expressed in terms of the forces on the blade element as:

1
0Q; = 50“365,1‘]\73617“1 (Cyisin ¢; — Cy; cos ¢;) 0. (19)

Eliminating §@Q; between (16) and (19) yields an expression for the annular angular induction factor:

a, - ag; (Cli sin (,251 — Cdv’, COS ¢7)
27 4sin ¢y cos s — 05 (Cyisin ¢y — Cg; cos ;)

(20)

BEM analysis usually assumes that all fluid particles passing through the swept area of a rotor annulus
undergo the same loss of momentum, which implies that the rotor has sufficiently many blades to ensure that
all fluid particles interact with a blade as they pass through the rotor plane [5]. Corrections exist to account
for the effects of a finite number of blades on the rotor performance, such as the Prandtl-type tip loss models
[3], which reduces the azimuthal average axial induction factor as; to zero as the rotor tip is approached, and
has been implemented here (using Glauert’s formulation [10]):

_t N R —r;
F; = = arccose™ /7, fi=—"F2——.
m 2 r;sin¢;

(21)
where the tip loss factor F; = ag;/ape; is the ratio between the azimuthally averaged induction factor, ag;,
and the induction factor at the blade position, ape; (the same ratio applies for the other induction factors).
The tip loss factor multiplies the azimuthally averaged induction factors as;, a4;, and ab,; in the momentum
equations, whereas the blade element equations are written in terms of the blade-local induction factors.
Consequently, applying the tip loss factor slightly modifies the form of Equations (18) and (20). It should be
noted that the Prandtl tip loss model may not describe accurately the flow conditions near the tips of highly
blocked tidal turbine rotor blades, as the flow speed in the bypass will be greater than the free stream flow
speed. The effect of the volume flux constraint on the interaction between the free stream flow and rotor tips
is currently unknown, and further work will be required to assess the suitability of tip loss models for highly
blocked turbines.

The blockage-corrected BEM problem can be solved given the specification of the rotor’s blockage ratio B,
tip speed ratio, A, and rotor data, such as lift and drag curves with respect to angle of attack, blade twist
and solidity data, and the flow speed. The solution procedure of the blockage-corrected BEM model also
requires that initial distributions of as; and af,; (blade-local) are specified. Uniform distributions as; = 0.3
and ab; = 0.01 are specified herein, which are then used to compute the flow angle:

ua(l — agi)

tan gy = — 210
O L0 )

(22)
The angle of attack is then determined, allowing the lift and drag coefficients to be determined, and
consequently the thrust of each blade element to be calculated from Equation (17). The sum of the thrust
is then used to determine the rotor thrust coefficient C'r, which allows the bypass induction factor, by, to
be determined from Equation (15). The updated by is used to calculate the wake induction factor, a4,;, from
Equation (9). New estimates for as; and a); are then calculated using Equations (18) and (20) respectively,
from which the new flow angle, ¢;, is calculated from (22), and the solution iterated. The system of equations
is solved iteratively until convergence to a relative error of 1075 is achieved.

3. Comparison to Blade Resolved Simulations

The confined BEM model derived above is compared to a suite of blade resolved computations performed by
Wimshurst and Willden [30, 29]. Wimshurst and Willden analysed the performance in uniform flow of two
different tidal turbine rotors, which were designed to maximise turbine power coefficient in blockage ratios of
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Figure 2: Comparison of the rotor twist (a) and solidity (b) for the blocked and unblocked designs of Schluntz and Willden
[21] and modifications to rotor geometry in the blade resolved simulations of Wimshurst and Willden [30]. The rotor radius
R =10m.

B = 0.010 (unblocked) and B = 0.196 (blocked) respectively. Wimshurst and Willden performed the steady
Reynolds Averaged Navier Stokes (RANS) blade resolved computations in OpenFOAM, using a multiple
reference frame approach to model a 120° wedge encompassing one blade. The computational domain was
divided into two regions to permit a fine resolution near the rotor blade, coupled through an arbitrary mesh
interface to a coarser outer domain. The wall-adjacent cells along the blade surface of the inner domain were
sized to ensure that the cell centroid lay within the logarithmic law region, so that the dimensionless wall
distance lay in the region 30 < y™ < 300. Turbulence closure was provided using the k — w SST turbulence
model of Menter [15]. Further details and results of the computations may be found in [30, 29, 32].

Both the blocked and unblocked turbines were designed to operate at a tip speed ratio of A = 5.0. The
rotors, with a diameter d = 20 m, had a nacelle of diameter dp,;, = 0.15d, and used the Risg-A1-24 blade
section along the entire span of the blade, with the relatively thick aerofoil section, insensitivity to leading
edge roughness, and gradual stall transition being considered as good properties for tidal stream turbine
applications [30]. The rotors used by Wimshurst and Willden were adapted from earlier designs developed
by Schluntz and Willden [20], with modifications made to the blade chord and twist distributions, shown in
Figure 2, inboard of the radial position /R = 0.25 to blend the aerofoil into a cylinder for attachment to
the nacelle. Slight modifications were also made to hold the blade twist constant outboard of /R = 0.90.
Although the trailing edge was thickened in the blade resolved computations to aid the meshing process,
the BEM comparisons presented herein will be computed using 2D aerofoil data at a chord-based Reynolds
number Re = 12 x 10° [8] which includes a sharp trailing edge. A study by McNaughton [14] and analysis
by Wimshurst and Willden [30] reported that this does not significantly alter the fluid-dynamic performance
of the aerofoil.

Comparison is made of thrust and power coefficients predicted for the unblocked rotor design with blade
resolved simulations and the analytic confined BEM model in Figure 3 for four different blockage ratios.
The confined BEM model substantially under-predicts the integrated rotor quantities at the lowest tip speed
ratios simulated (A < 4) where significant portions of the blade are expected to be stalled based on the
2D aerofoil characteristics and calculated angle of attack. The additional spanwise component of flow that
develops along a rotating blade (not modelled in BEM theory) has been observed to delay the onset of stall
[24], and hence there is a difference between the predictions of the two models. The magnitude of the blade
surface pressure gradients that give rise to the spanwise flows depend on the magnitude of the incident flow,
which increases with tip speed ratio. It may be possible to improve agreement in this region by correcting the
2D lift and drag polars used in the BEM model by applying a stall delay correction to the data, or extracting
the polars at a range of radial locations from the blade resolved computations to account for the effects of
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Figure 3: Power coefficient, Cp (a) and thrust coefficient Cr (b) variation with tip speed ratio A for the unblocked rotor in four
different blockage ratio domains. The solid red lines indicate results from blade resolved computations, and the dashed blue
lines indicate results from the confined BEM model.

spanwise flow.

At higher tip speed ratios, agreement between the BEM model and blade resolved computations is reasonably
good for all blockage ratios. Because the angle of attack of the incident flow is small (o < 10°), the flow
remains attached to the blade surface and the approximation of blade forces using 2D aerofoil polars (with the
Prandtl tip loss model employed) performs reasonably well. The power and thrust coefficients increase with
blockage ratio as the increased confinement of the bypass flow around the rotor allows a greater streamwise
static pressure drop in the flow passage encompassing the rotor to develop. When operating at a given tip
speed ratio A, the increased static pressure difference along the flow passage due to increasing blockage ratio
results in a higher flow speed through the rotor plane, resulting in larger blade forces and thus increased
rotor thrust and power. The relative difference in power coefficient, C'p, predicted by the confined BEM and
blade resolved methods at A = 5.0 is small, varying from 0.5% for B = 0.010 to approximately 3% when
B = 0.196. For comparison, there is an approximately 20% change in Cp between the two blockage ratios
at A = 5.0. The relative difference in C7 reduces from almost 3% in the lowest blockage case to 1.25% in
the highest blockage case. The relative differences in Cp and Cp remain within similar magnitudes across
the four blockage ratios considered herein as the tip speed ratio varies. The general trend for the BEM
model under-predicting the power coefficient and over-predicting the thrust coefficient can be investigated
by considering the variation in axial and tangential forces per unit span with radial position.

Figure 4 compares the predictions of axial (F,,) and tangential (F},) force per unit span for the unblocked
rotor at a tip speed ratio A = 5.0 in a domain of blockage B = 0.01. Close agreement is observed between
the confined BEM and blade resolved predictions for F,,, with discrepancies near the root section (inboard
of r/R = 0.25) and near the blade tip (r/R > 0.9). The differences inboard of r/R = 0.25 arise as a result
of slight differences in the rotor geometry used in the two models, as the BEM model did not implement
all the geometrical modifications employed in the blade resolved computations in order to taper the blades
to a cylindrical attachment to the nacelle. The relative difference in axial force per unit span between the
confined BEM and blade resolved models is small for the majority of the blade span beyond r/R > 0.25,
although the agreement between the two models diverges near the blade tip, with the confined BEM model
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Figure 4: Spanwise variation in axial force Fz (a) and tangential force Fi, (b) per unit span for the unblocked rotor operating
at A = 5.00 in B = 0.01. Results from the blade resolved computations of [30] are shown in red, and the blue lines indicate
results from the confined BEM method.

over-predicting F,,. The reduction in blade forces near the tip in the BEM model is driven by the Prandtl
tip loss model, and comparison between F, in the confined BEM and blade resolved results suggests that
improved agreement in integrated thrust could be achieved if a tip loss model that more closely accounts for
the greater spanwise flow induced load reduction at the blade tips were applied, such as that of Shen and
Serensen [22] or Wimshurst and Willden [31]. The tip loss effects also depend on flow confinement, as shown
in the discrepancy between integrated thrust and power coefficients between the blade resolved and BEM
solutions in Figure 4. Whereas the Prandtl tip loss model returns the azimuthally averaged axial flow speed
at the blade tip to the freestream flow speed, one effect of flow confinement is that the bypass flow around
the rotor is accelerated to greater than the freestream speed. This discrepancy increases with blockage ratio,
although the effect on the rotor thrust and power is differs due to the difference in how the resultant force
vector rotates near the tip, as discussed in [32]. This could be accounted for through improved tip loss
modelling for confined flow environments where the bypass flow is accelerated.

As shown in Figure 4, the confined BEM model generally predicts a lower tangential force per unit span than
that simulated in the blade resolved computations, which gives rise to the under-prediction of integrated rotor
power as shown previously in Figure 3. The largest relative differences in F},, between the confined BEM and
blade resolved models are observed at smaller values of 7/ R, with a maximum difference of c. 14% occurring
at /R = 0.4. This phenomenon has also been observed for wind turbines (e.g. [23]), and arises because the
effects of three dimensional flow along the blades such as rotational augmentation are not represented in the
2D aerofoil data. As the magnitude of Fy, is smaller than F,,, the impact of these three dimensional flow
effects is proportionally larger in the tangential direction. Inboard, the contribution to rotor torque is smaller
than regions further outboard, where agreement between the two models is better, and hence there is better
overall agreement for rotor torque (and hence power) than with F}, between the two models. Although both
modelling approaches predict a reducing F},, near the tip region, the BEM model predicts a higher value than
the blade resolved computations for /R > 0.9, which is a consequence of an inadequate rate of reduction of
blade forces with span through the Prandtl tip loss model. A more sophisticated tip loss model, which would
reduce Fy, for r/R > 0.9, could result in a reduction in C'p which in turn may reduce agreement between
the BEM and blade resolved results.
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4. Rotor Performance in Power Capping

Power capping will be an important feature of tidal turbine design and operation in order to balance the
capital cost of the turbine and generator with the power (and therefore revenue) available from the fluctuating
tide. Between the cut-in flow speed (here assumed 0.5 ms~!) and rated flow speed, the turbine operates at
the peak power coefficient and corresponding tip speed ratio in order to maximise power. The unblocked
rotor design, with diameter d = 20 m, used by Wimshurst and Willden [30] is adopted, and modelled in
water of depth h = 2d. It is assumed the rotor is deployed in a side-by-side fence configuration with other
rotors, with an inter-turbine spacing ratio s/d = 1, giving a blockage ratio B = 0.196. Figure 5 shows that
a peak power coefficient of Cp = 0.61 is predicted with the confined BEM model, compared to Cp = 0.49
with unconfined BEM. The confined flow passage surrounding the turbine can support the development of
a larger static pressure difference across the rotor, and thus greater rotor thrust. This effect is modelled in
the confined BEM method, and consequently the rotor operates at higher A = 6.5 in order to maximise C'p,
than when analysed with the unconfined BEM model, where A = 5.0.

Setting the turbine rated power to be 1 MW, the rated flow speed is determined to be u, = 2.17ms™!, as
compared to u, = 2.33ms ™!, when the effects of flow confinement are accounted for. The difference in rated
flow speeds in the two cases has important practical consequences, as it means that turbines operating in a
blocked environment achieve rated flow speed at a lower speed, and experience higher thrusts, than predicted
from an unblocked analysis. Above the rated flow speed, the power coefficient must reduce as (u,./ ua)3 in
order to maintain rated power until the cut-out flow speed (here taken as 3.5 ms~!) at which Cp = 0.15.
Common power capping strategies for wind turbines can be broadly grouped into two categories: fixed pitch
and variable pitch [5]. In the fixed pitch case, rotor blades are installed at a prescribed pitch angle, and the
turbine is controlled by altering its rotational speed. In the variable pitch case, the pitch of the rotor blades
can vary, providing an additional degree of freedom to control the turbine. Two dimensional aerofoil theory,
used in the BEM model, does not provide a good approximation to flow around the turbine blades in stall,
so the analysis herein is conducted assuming that the turbine is operated in overspeed conditions (where the
flow remains attached) in the fixed pitch case, and pitch to feather in the variable pitch case.

The analytic BEM model is used to explore the effect of the different power capping control strategies on rotor
performance. The required variation in power coefficient with flow speed is independent of control strategy
and is shown in Figure 5. The turbine operates at the peak power coefficient until the rated flow speed is
achieved, which must then reduce as the flow speed increases further. The reduction in power coefficient is
achieved by varying the rotational speed of the fixed pitch rotor, increasing tip speed ratio in order to avoid
stall. This is discussed further below. For simplicity, it is assumed that the variable pitch rotor operates at a
constant rotational speed once rated power is achieved, which corresponds to the optimal rotational speed of
the generator, and thus A o« (u,/u,) for u, > u,. Other power control strategies, such as variable pitch and
variable speed, and fixed pitch and fixed speed, are also possible, but are beyond the scope of the present
work. Hence, we adopt the shorthand ‘fixed pitch’ to refer only to the fixed pitch, variable speed case, and
‘variable pitch’ to refer only to the variable pitch, fixed speed case.

4.1. Fized Pitch, Variable Speed

Control of fixed pitch turbines during rated power operation is achieved by varying the rotational speed of the
rotor to move away from the peak power coefficient. As seen in Figure 6, the peak power coefficient reduces
as the tip speed ratio moves away from the optimal value for the blocked (A = 6.5) and unblocked (A = 5.0)
cases. The flow over the blades may stall at low tip speed ratio and is difficult to represent accurately in
BEM theory based on two dimensional aerofoil data. Consequently, only overspeed operation is analysed
herein for a fixed pitch turbine, although it should be noted that the minimum suction surface pressure on
the rotor blades reduces as A increases, making cavitation more likely under overspeed control.

The required change in tip speed ratio for the fixed pitch rotor as flow speed increases is shown in Figure
5. A greater change in tip speed ratio is required in confined flow case, as rotor starts with a higher value
of C'p at a lower rated flow speed, and hence a greater change in operating condition is required than in
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Figure 5: (a) Required variation in power coefficient, C'p, and (b) tip speed ratio, A, with flow speed u, for a variable pitch (solid
lines) and a fixed pitch (dashed lines) turbine operating in a blockage ratio B = 0.1960 using confined (blue) and unconfined
(red) analytic BEM theory. Note in (a) that the variable pitch and fixed pitch curves are the same.

unconfined flow. The corresponding change in thrust coefficient, C, can be determined from the confined
and unconfined analytic models and is shown in Figure 6. C7p is constant and corresponds to that required
to maximise C'p between cut-in and rated flow speed, after which there is an initially rapid increase in
C'r as the rated flow speed is exceeded and A increases, slowing as the flow speed increases further. Cp
is under-predicted between cut-in and rated flow speed in the unconfined case, as compared to when flow
confinement is considered (C7 = 0.90 vs. Cp = 1.14 respectively), as the increase in thrust that occurs due
to the streamwise static pressure difference that develops in the flow passage is not modelled.

This combination of lower rated flow speed and large required change in A in the confined flow case, means
that C'p increases more significantly, both relatively and in absolute magnitude, than in unconfined flow to
a final value of C'p = 1.54 vs. Cp = 1.01 respectively. Consequently, the unconfined analysis of the rotor
significantly underestimates the peak loads by approximately 50% at cut-out (3.02MN compared to 1.97MN).
Although the effect of blockage results in an increased turbine power coefficient, and thus a given rated power
can be achieved at lower flow speeds, there is also an increase in thrust loading on the turbine, which can be
particularly significant for fixed pitch turbines. Thus, not accounting for the effects of blockage on turbine
loading may have a significant impact on the structural integrity and fatigue life of fixed-pitch tidal turbines.

4.2. Variable Pitch, Fized Speed

During rated power operation, variable pitch turbines alter the pitch of the turbine blades to change the angle
of attack and thereby reduce rotor power. For simplicity, it is assumed here that above rated flow speed the
rotational speed of the rotor is fixed at that achieved at rated power, although in the general case this too, in
principle, may be changed in order to optimise rotor performance. Although variable pitch-fixed rotational
speed operation defines a single target Cp — A\ trajectory for power capping, this may itself be achieved by
either increasing the pitch of the blades (to feather) or decreasing the blade pitch (to stall), to move through
a family of Cp — X\ curves such as those shown in Figure 7. Pitch-to-feather only is investigated herein, as
stall conditions are not accurately modelled with 2D aerofoils in BEM theory.

Increasing the blade pitch angle results in a C'p — A\ curve in which peak C'p is achieved at lower values of
A and envelope width is reduced. The Cp — A trajectory required during power capping, shown in red, is
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power coefficient is denoted with a circle, and the required change in C'p as flow speed increases above rated power is shown
with a solid line.

similar, but not the same for the blocked and unblocked cases. The blocked case starts from a higher initial
Cp and A, and although the value of Cp at the cut-out flow speed is the same for the two cases, the rotor
in the blocked domain operates at higher A as the rotational speed (determined by A required for maximum
Cp) is higher (Q = 1.41rad s vs. Q = 1.17rad s™'). As shown in Figure 7, a smaller change in blade
pitch angle is required for the rotor in the confined domain (16°) as compared to the unconfined domain
(18°) between the rated and cut-out flow speeds. The variation in Cp during power capping is determined
by evaluating C'p — A curves for a range of blade pitch angles and matching the curves to the required Cp — A
trajectory, resulting in a pitch control strategy and ensuing thrust variation; see Figure 8.

The thrust coefficient between cut-in and rated flow speed is higher in confined flows (Cr = 1.14 vs. Cp =
0.90). As the rated flow speed is lower in confined flows, u, = 2.17 ms~!, O starts reducing at lower flow
speeds when flow confinement effects are considered. The thrust coefficient predicted in the confined flow
model reduces below that predicted with the unconfined BEM model at a flow speed u, = 2.28 ms~!. The
thrust coefficient in the unconfined analytic model begins to reduce once the rated speed u, = 2.33 ms™!
is achieved, with the difference between the confined and unconfined BEM models reducing as flow speed
increases. There is a difference of Cr = 0.01 at the cut-out flow speed u, = 3.50 ms™!, with the thrust of
the rotor in the confined domain being slightly lower than that in the unconfined domain. The differences
arise as a result of the higher rotational speed of the rotor in the blocked domain, which is determined as
a function of the operating conditions at the peak power point. The effect of blockage on the rotor thrust
reduces above rated flow speed, as when the rotor thrust is low there is little acceleration of the bypass flow
around the turbine and consequently little change in the static pressure difference that develops in the flow
passage. Consequently, there is only a small difference in the blade pitch angle at cut-out for the confined
and unconfined cases, 16° and 18° respectively.

4.3. Turbine Parameterisation Within Farm-scale Models

The combined Cp and C7p vs. flow speed predictions provide the necessary coupling between turbine
performance characteristics and the flow conditions to parameterise simplified models of turbines to be
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Figure 7: Power coefficient C'p vs. tip speed ratio A predicted for unconfined BEM (a) and confined BEM (b) with four positive
pitch to feather angles 8 (dashed blue lines), and target Cp — A curve for the variable pitch (solid red line) power capping
regime. Inter-turbine spacing ratio is s/d =1 (B = 0.1960), and prior to power capping, the turbine operates at the peak power
coefficient, indicated with a circle.

implemented within analytic and computational models of tidal turbine arrays or farm planning models. In
particular, this coupling may be used to overcome the difficulties of parameterising tidal turbines in depth-
averaged simulations, as discussed in [12]. Determining the turbine thrust is also important for predicting
the impact that energy extraction will have on the tidal resource. The greater levels of thrust required by
turbines in the fixed pitch case indicates that more momentum will be removed from the flow, and therefore
a greater impact on the surrounding environment is expected than for pitch to feather turbines which apply
¢.16% of the thrust to yield the same power at the highest flow speeds. Thus, neglecting the effects of flow
confinement will lead to mis-estimation of turbine thrust and consequently the impact of energy extraction
on the tidal resource. Additionally, this will have important implications for the structural design of turbines,
discussed further below.

4.4. Bending Moment

An important design consideration is the compromise between hydrodynamic efficiency, for which thinner
blades are preferred, and structural integrity, which requires thicker blade sections, particularly near the
blade root. Following Burton et al. [5], it is possible to determine the forces acting on the blade in the
in-plane and out-of-plane directions. These forces, acting at a distance from the blade root, generate bending
moments that must be resisted by the structural design of the blade. The out-of-plane force acts in the
direction of the thrust force, and can be expressed by rearranging Equations (8) and (17) for the force per
unit length on an individual blade, F,; at the i*" radial position:
2

F., = %pu?el’i (Clz cos (;51 + Cy; sin ¢z) C; = ,0;1: (bi + 2by + 2a4; F;; (]. — a4iF¢)) (%) R, (23)
where F; is the Prandtl tip loss factor which is applied to account for the reduction in induction factor
towards the tips. Similarly, the force per unit length acting on a blade in the in-plane direction, Fy;, (defined
positive in the torque opposing direction) can be found with Equations (16) and (19):

1

Fi ri?
—Fyi= 50%3ez,i (Cuisin ¢ — Cai cos ¢) ¢; = dmpAul (1 — ag, Fy) aj No (%) R. (24)
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The quantities in Equations (23) and (24) are computed in the course of solving the BEM model, and therefore
do not represent significant additional computational costs. Blade root edgewise, M¢qq4, and flapwise, M#;qp,
bending moments are calculated, following Moriarty [16], by integrating the in-plane and out-of-plane bending
moments along the blade span and then transforming the moments into the blade root edgewise and flapwise
coordinate system:

R R R R
Megge = / Fyrdrsinf3, + / Fyrdr cos B, Myiap = / Frdrcos B, — / Fyrdrsin, (25)

Thub Thub Thub Thub

where (3, is the blade root pitch angle.

Root bending moment increases at a rate proportional to u2 below rated flow speed, as shown in Figure 9,
with the flapwise root bending moment being larger than the edgewise root bending moment. Root bending
moments also increase with blockage due to the increased rotor loads that arise from the larger streamwise
static pressure difference in the channel. Above rated flow speed, edgewise and flapwise root bending moments
increase in the fixed pitch case, and decrease in the variable pitch case.

Flapwise and edgewise root bending moments increase significantly in the fixed pitch case above rated flow
speed, as shown in Figure 9. Overspeed control of the turbines above the rated flow speed results in a
reduction of angle of attack, o, on the blades, and hence the lift to drag ratio of the aerofoil significantly
decreases. Consequently, whilst rotor torque reduces in order to maintain rated power, there is a significant
increase in rotor thrust, which dominates the contributions to the in-plane and out-of-plane blade forces. The
rate of increase in flapwise and edgewise root bending moment reduces at higher flow speeds as the required
rate of change of tip speed ratio with flow speed reduces. Above rated flow speed, which occurs at a lower
flow speed when blockage constrains flow expansion, the difference in turbine control has an important effect
on the change in root bending moment, with a larger change in tip speed ratio, and thus change in angle of
attack required as blockage increases.

Pitching the blades to feather above rated flow speed results in a reduction in flapwise and edgewise root
bending moment as a result of the reduction in tip speed ratio and rotor thrust during power capping,
resulting in smaller in-plane and out-of-plane forces acting on the rotor blades. Figure 9 shows that the peak
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flapwise and edgewise root bending moments are larger and occur at lower flow speed in confined rather than
unconfined flows due to the larger blade forces that occur when the turbine operates in blocked conditions.
The difference in peak flapwise root bending moment between the two cases (1784 kNm vs. 1641 kNm
respectively) is relatively smaller than the difference in peak edgewise root bending moment (641 kNm vs.
505kNm) due to the significantly larger blade forces that arise in blocked conditions when the rotor operates
at peak power. Although the peak edgewise root bending moment is larger and occurs at a lower flow speed,
in blocked flows (Figure 9 a), the confined and unconfined models predict a similar magnitude for M.qg.
at higher flow speeds, with the reduction in tangential (torque) direction forces dominating the change in
edgewise bending moment (see Equation 25). The reduction in flapwise root bending moment is dominated
by the change in axial (thrust) forces above the rated flow speed, with the difference in rotational speed of
the rotor in the two models, determined by conditions at the rated flow speed, contributing to the difference
in Myiqp between the models.

The differences in flapwise and edgewise root bending moment above rated flow speed between the fixed pitch
and variable pitch power capping cases results in maximum loading conditions that must be considered in
the structural analysis of a turbine. The maximum loading condition in the fixed pitch case occurs at the
highest flow speeds due to the increase in blade loads and root bending moment when the turbine operates
in overspeed control. Conversely, the reduction in blade loading and root bending moment above rated flow
speed for the turbine with pitch-to-feather power capping implemented means that the maximum loading
condition occurs at the rated flow speed for the turbine. In both power capping control cases, operating in
a confined flow environment results in higher blade loading and root bending moments at lower flow speeds
than are predicted in an unconfined flow. Consequently, higher blade loads and moments are encountered
at lower speeds in confined flows, which increases how quickly fatigue damage is accumulated by the rotor
blades.
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5. Conclusions

Blade element momentum theory has been extended to account analytically for the effects of confined flow
passages on the momentum equations. Momentum removal from an unbounded flow field, as is typically
assumed for wind turbines, results only in a velocity deficit in the wake of the turbine. However, in a volume-
constrained flow field a streamwise static pressure difference develops as a result of momentum removal from
the flow, allowing turbines to exert a greater thrust and thereby increasing the peak power coefficient that
can be achieved as the blockage ratio increases. The unconfined BEM equations have been modified by
accounting for the effects of blockage in the momentum equations of the theory. The velocity deficit in the
far wake, relative to that at the turbine plane, is a function of the blockage ratio, and the equations are closed
by relating the far wake core velocity, far wake bypass velocity, the static pressure and the turbine thrust
using the linear momentum actuator disc model proposed by Garrett and Cummins [9].

The analytic confined BEM model was compared to blade boundary layer resolved computations of Wimshurst
and Willden [30] predicting the rotor thrust and power coefficients across a range of inter-turbine spacing
(blockage) ratios, as well as through comparison of spanwise variation in axial and tangential blade forces. As
the blockage ratio was increased, both the blade resolved computations and the confined BEM model predicted
increases in the power and thrust coefficients, with the confined BEM model overestimating rotor thrust by
approximately 3%, and underestimating power by a similar magnitude at design conditions. By comparison,
an unconfined (wind turbine) BEM analysis does not predict the increase in thrust and power coefficient as
the blockage ratio varies. Good agreement was achieved for the spanwise variation in axial force per unit span
between the confined BEM and blade resolved models, with differences at inboard locations (r/R < 0.25)
arising from the modification of rotor geometry in the blade resolved simulations, and differences near the
tips (r/R > 0.9) being affected by the tip loss model that was employed. There were larger discrepancies
in the prediction of tangential force per unit span between the blade-resolved and BEM models because the
relative importance of 3D flow phenomenon not represented in the 2D aerofoil characteristics employed in
BEM models, such as spanwise flow along the blades, is greater.

The confined BEM model provides a tool for the rapid assessment of turbines in a range of different operating
conditions. Two different control strategies were investigated; fixed pitch power capping with variable
rotational speed, and variable pitch power capping with fixed rotational speed. The effects of the power
capping strategies on the thrust applied to the flow, affecting the tidal resource, and the edgewise and flapwise
root bending moments, affecting the structural loads on the turbines, were investigated and compared to the
predictions of an unconfined (wind turbine) BEM model.

Comparisons between the confined BEM model and an unconfined (unblocked) BEM model show that
blockage causes the device loads and power to increase for realistic blockage ratios. Consequently, the root
bending moments, and therefore structural requirements of the rotor blades, are higher in confined flows
below rated flow speed. Blockage also affects how the bending moments change with flow speed once rated
power is achieved. Specifically, rated power is reached at a lower flow speed and more often through the
spring-neap tidal cycle, and the peak loads are higher in blocked flows. As a result of the higher blade loads,
the fatigue damage rates change for both fixed and variable pitch devices as the effect of blockage increases.

A fixed pitch power capping strategy offers mechanical simplicity, which has attendant reductions in cost,
but was found to result in an increase in rotor thrust and edgewise and flapwise root bending moments when
overspeed control is used, presenting structural challenges. Reducing the rotational speed at fixed pitch,
leading to stall along the blade, could be used as an alternative control strategy. The rotor thrust coefficient
reduces at lower rotational speeds, although improved two-dimensional aerofoil data, including stall delay,
would be required to fully analyse this operational regime. A variable pitch power capping strategy is more
mechanically complex, but results in a decrease in rotor thrust and root bending moments, which may be
structurally beneficial. Furthermore, the reduction in thrust is important with respect to minimising the
overall impacts on the tidal environment, and the smaller structural loads may improve device lifespan.
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Appendix A. Streamtube expansion ratio

Single turbine Reynolds-Averaged Navier Stokes (RANS) embedded Blade Element Actuator Disk (BE-
AD) simulations, as described in Vogel and Willden [26], were performed to investigate the variation of
the expansion ratio (1 — ag;) /(1 — a4;) with blockage and turbine thrust. The numerical simulations were
performed as steady computations in ANSYS Fluent 15.0, which uses a finite volume method to solve the
3D incompressible RANS equations. The k& —w SST model was used to provide turbulence closure.

The turbine was modelled using the ‘porous jump’ boundary condition in Fluent which allows a streamwise
static pressure discontinuity and swirl velocity to be imposed on the flow. Blade element theory was used to
relate the simulated flow field to the turbine forces. The Prandtl tip loss model was applied to account for the
tip loss effects near the edge of the simulated actuator disk. The turbine was simulated in a cylindrical domain
that extended 10d upstream and 20d downstream of the rotor plane in the z direction. The domain radius was
adjusted to achieve three different blockage ratios: B = 0.0001, B = 0.0507, B = 0.1960. Slip wall boundary
conditions were applied to the lateral boundaries. The working fluid was seawater (p = 1025 kgm™?), with
a dynamic viscosity p = 0.001 Pa.s. A uniform velocity profile of 1, = 2ms™! was applied to the inlet, and
the outlet prescribed to maintain constant gauge pressure. The turbulence intensity in the domain decreased
from ¢.15% at the inlet boundary to ¢.4% at the rotor plane, as there was no shear in the domain. A
block-structured hexahedral meshing strategy was used to discretise the computational domain. Details of
the mesh convergence study may be found in Vogel and Willden [26], where the final resolution of the single
turbine mesh contained approximately 2.5m cells and had a minimum cell dimension of d/200 at the rotor
plane.

Hub-height axial velocity was extracted from the simulation results at the rotor plane (x = 0d) and at the
point of static pressure equalisation across the flow, which occurred approximately 2d downstream of the rotor
plane. Figure A.10 shows the k = (1 — a2;)/(1 — a4;) ratios in the three blockage ratios at three tip speed
ratios (A = 5.00,6.00,7.00). Generally, x increases with A, which corresponds to greater momentum removal
from the flow. The « ratio is larger for the blocked than the unblocked rotor for a given (B, A) combination,
as the greater blade solidity of the blocked rotor results in higher rotor thrust. Increasing the blockage ratio
reduces the k ratio, as the effect of flow confinement is to constrain the wake expansion, resulting in higher
downstream velocities and thus smaller x ratios. The k ratio is generally constant (within 5-10%) across
the majority of the blade span, decreasing at r/R > 0.8 towards the blade tips as tip loss effects become
significant. Flow acceleration around the nacelle is observed to affect the k ratio at small spanwise distances
r/R < 0.3.
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