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Abstract

The standard Bayesian solution to the paradox of the ravens maintains that the degree of
confirmation provided by seeing a nonblack nonraven is positive but negligible compared to
that provided by seeing a black raven. I show that, unless we impose severe and unmotivated
restrictions on the subject’s priors, this has the consequence that the cumulative
confirmation provided by all the nonblack nonravens the subject expects to see is
nonnegligible compared to the cumulative confirmation provided by all the black ravens the
subject expects to see. If this is so, however, then the paradox retains its full force.

|. Introduction

There is, I think, a widely (though not unanimously) held view among philosophers
that Hempel’s (1945) paradox of the ravens is no more than a historical anecdote
because the paradox has already been solved by the Bayesian approach.! We can find
this view expressed in some encyclopedic entries on confirmation (Huber 2024) and
promoted in slides shown to undergraduate students in epistemology or philosophy
of science classes. The view that a Bayesian approach can solve the paradox of the
ravens, I hope to show, is far from the truth. The Bayesian approaches to the paradox
don’t even begin to solve it.

Let’s present the paradox. Take the following seemingly plausible assumptions.
First, special cases of a general hypothesis confirm the hypothesis. For example, a
black raven is a special case of the hypothesis that all ravens are black, so if we see an

! Examples of Bayesian solutions to the paradox can be found as early as Hosiasson-Lindenbaum
(1940), Alexander (1958), Mackie (1963), and others. More recent Bayesian treatments of the paradox
include Horwich (1982) and Howson and Urbach (1993). Vranas (2004) presents a version of a Bayesian
solution that is sometimes referred to in the literature as the Standard or Canonical Bayesian Solution.
Fitelson and Hawthorn (2010a, 2010b, and 2010c, which is an addendum to 2010b) discuss the paradox and
the Bayesian approach to it in detail. Rinard (2014) criticizes the canonical solution and promotes
adopting what she takes to be an alternative Bayesian solution (but see fn. 26).
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object that is a black raven, this fact confirms the hypothesis that all ravens are black.
This assumption is referred to as Nicod’s Condition (NC). Second, if evidence E confirms
a hypothesis H, and H is logically equivalent to another? hypothesis H’, then E
confirms H’ too, and to the same degree. This assumption is referred to as the
Equivalence Condition (EC). From these seemingly plausible assumptions, we can derive
the Paradoxical Conclusion (PC) that the fact we saw, for example, a white shoe confirms
the hypothesis that all ravens are black.

The derivation of PC is quite simple. Take the hypothesis H’ stating that all
nonblack things are nonravens. A white shoe is a special case of H', so according to NC,
seeing a white shoe confirms H’. But H' is logically equivalent to H, the hypothesis
that all ravens are black. Thus, according to EC, seeing a white shoe also confirms H.

This seems paradoxical because white shoes (and brown tables and green apples)
seem completely irrelevant to the color of ravens and learning about the color of
shoes doesn’t seem to provide any information about the color of ravens. As Goodman
(1983, 70) quipped, this can seem to give rise to a new field of indoor ornithology. We
are left with the dilemma of whether to accept this seemingly paradoxical conclusion
or reject one of the premises. If we choose to accept the conclusion, we had better also
be able to explain why it seems paradoxical at first sight.

By “the Bayesians,” I shall refer for now to those who choose to accept that both
black ravens and nonblack nonravens confirm the hypothesis that all ravens are black,
and who therefore accept the seemingly paradoxical conclusion. However, they
emphasize that confirmation is a matter of degree, and from the fact that both black
ravens and nonblack nonravens confirm the hypothesis that all ravens are black, it
doesn’t follow that a nonblack nonraven confirms the hypothesis that all ravens are
black to the same degree as a black raven does. In fact, with further assumptions about
our prior probabilities of sampling objects from our universe, we can derive the
conclusion that the degree of confirmation provided by a nonblack nonraven is
negligible compared to the degree of confirmation provided by a black raven. The
conclusion seemed paradoxical to us because it did not include further information
that the degree of confirmation provided by a nonblack nonraven is negligible. People
take nonblack nonravens to be irrelevant to the hypothesis that all ravens are black
because they confuse a minute degree of confirmation with zero confirmation. It
doesn’t change a great deal in practice.

Thus, in what follows, to qualify as a “Bayesian” solution to the paradox, the two
desiderata below need to follow from it:

Dy Both sampling a black raven and sampling a nonblack nonraven confirm the
hypothesis that all ravens are black.

D,: The degree of confirmation provided to the hypothesis that all ravens are black by
sampling a nonblack nonraven is negligible compared to the degree of confirmation
provided by sampling a black raven.

% Iindividuate hypotheses as linguistic entities, such that Hand H’' can be seen as different hypotheses
even though they are logically equivalent. Alternatively, we can also say that Hand H' are two guises of
the same hypothesis and let EC to state that if evidence E confirms a hypothesis H under one guise, then it
confirms H to the same extent under every guise.
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Some might wonder whether this is too restrictive. It should suffice for a solution
to be qualified as “Bayesian” if it uses statistical and probabilistic considerations to
solve the paradox, whether they satisfy D; and D, in the preceding text or not. While
indeed the most famous Bayesian solutions satisfy D; and D,, maybe other solutions
that can be qualified as “Bayesian” don’t. I will say something about this issue in the
conclusion.

I hope to show that any solution that satisfies D; and D, suffers from a fatal flaw. The
central idea of this article is a rather simple one. A satisfying solution to the Paradox of
the Ravens need not only show that the support provided to the hypothesis that all
ravens are black by a single nonblack nonraven is negligible compared to the support
provided by a single black raven. It also needs to show that the support provided by all
the nonblack nonravens we see is negligible compared to the support provided by all
the black ravens we see. Otherwise, even if the support provided by a single nonblack
nonraven is negligible compared to the support provided by a single black raven, it
might be that we see many more nonblack nonravens than black ravens and
the cumulative support provided by all the nonblack nonravens we see can be
nonnegligible compared to the cumulative support provided by all the black ravens we
see. This way, the prospects of indoor ornithology are on the rise, and we are left again
in a paradoxical position.

On most Bayesian solutions, what makes it the case that a nonblack nonraven
contributes negligibly compared to a black raven is exactly the (obviously true)
assumption that it is overwhelmingly more likely when we sample an object at
random to sample a nonblack object than to sample a raven. As we shall see in the
next section, this assumption implies that it is also overwhelmingly more likely to
sample a nonblack nonraven than to sample a black raven. Thus, the attention to the
cumulative support provided by all nonblack nonravens we see and all black ravens
we see is a natural worry.

If the cumulative support provided by all nonblack nonravens we see is
nonnegligible, then the paradox retains its full force. We can still do indoor
ornithology and learn about the color of ravens without ever seeing any ravens. To get
a feel for the kind of results that will follow, suppose that the cumulative support
provided by all the nonblack nonravens I see is equal to the cumulative support
provided by all the black ravens I see. Suppose further that my late grandmother, who
had similar priors as I have, saw roughly similar things in her life as I did, except that
she lived all her life never seeing any raven (or getting any testimony about their color,
for that matter). It follows that my grandmother, who was more than twice my age
when she passed away, had stronger evidence than I have for the hypothesis that all
ravens are black, even though she had never seen any ravens. She probably saw more
than double the amount of nonblack nonravens that I saw at the time of her death, and
they more than compensate for all the ravens 1 have seen, and she hadn’t. If the
cumulative contribution of all the nonblack nonravens 1 see is (say) half that of the
black ravens, we only need to go back in time to a moment when my grandmother’s age
tripled mine (I was old enough to know the color of ravens by then).?

% An anonymous reviewer raised the point that it seems that there are things we can learn about
ravens by just seeing nonravens. For instance, a person who lived in Beijing all their life and have never
seen any ravens can have strong evidence that ravens don't live in Beijing. For considerations that go
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Thus, what seems to matter more is not whether a single nonblack nonraven
provides a nonnegligible degree of confirmation, but rather whether the cumulative
support that all the nonblack nonravens we saw give to the hypothesis that all ravens
are black is still negligible compared to the support provided by all the black ravens
we saw. The paradox stemmed from the paradoxical flavor of the conclusion that we
can learn the color of ravens by looking only at nonblack nonravens. The Bayesians
allegedly solved the paradox by showing that under some plausible assumptions, a
single nonblack nonraven contributes only negligibly. But it is barely a consolation if,
from these very assumptions, it follows that the tons of nonblack nonravens we see
will together let us gain substantive confirmation for the claim that ravens are black,
without us ever seeing any ravens.

In my view, the need to show that the cumulative support of all the nonblack
nonravens is negligible in normal circumstances is part of the difficulty posed by the
original paradox, surprisingly unnoticed as it is. Hence the title and my choice of
words in the article. Some might contend that this is not part of the original puzzle
but rather a separate revenge puzzle. I don’t want to pay too much attention to this
matter because nothing crucial hangs on that. It’s open for the readers to defend the
Bayesians’ honor and insist that the Bayesians did solve the Paradox of the Ravens,
even if I'm right to say that they lack the means to solve an equally disturbing revenge
puzzle that stems naturally from the first. The bottom line will remain the same.

To sum up, I take the Paradox of the Ravens to pose another desideratum that must
follow from every plausible solution to it:

Ds: The totality of nonblack nonravens we see contributes negligibly to the confirmation
of the hypothesis that all ravens are black compared to the totality of black ravens
we see.

To solve the paradox, one needs to derive both D, and D; from plausible
assumptions. The Bayesians want to establish D; and D,, and they (like everyone else)
usually ignore Ds. I aim to show that, except under some extremely narrow (and
usually implausible) assumptions, D; is incompatible with D; and D,. Therefore, to
solve the Paradox of the Ravens, that is, to establish D, and Ds;, we need to reject D,
that is, we need it to be the case that a nonblack nonraven does not positively support
the hypothesis that all ravens are black.

beyond the scope of this article, I don’t fully agree with that. However, in any case, this seems like a
general point about biased sampling procedures. If your sampling procedure is biased not to include
objects with property P, then merely failing to sample objects of type T is some evidence that objects of
type T have the property P. When a fisherman repeatedly casts a net with a mesh size of 5 cm in a lake
and catches nothing, this is evidence that all the fish in the lake are smaller than 5 cm in size. Similarly, if
for some reason your sampling procedure cannot sample black objects, and you don’t see ravens, this is
evidence in favor of the hypothesis that all ravens are black. However, this is somewhat orthogonal to the
discussion of the Paradox of the Ravens, which is not about the evidential import of biases in the
sampling procedure. The paradox is formulated without assuming a biased sampling procedure. It is not
clear how actual biases in our sampling procedures can tell us why the Paradoxical Conclusion is not
really paradoxical or why one of the premises of the paradox is false. I thank Bernhard Salow for
suggesting this line of response to me.
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Showing that inevitably requires some undergraduate-level calculus. I tried to make
it as accessible as possible for readers who are not fluent with these topics, and I have
put some of the more technical details in the footnotes and the appendix. In a sense,
there is nothing particularly important in the specific mathematical details. The
philosophical value of the mathematical details comes from the conclusion they
support.

The rest of the article is structured as follows. In the next section, I present the
most famous version of a Bayesian solution, sometimes referred to in the literature
as the standard, or the canonical, Bayesian solution. This version is adapted from
Vranas (2004) and is the one that, to my impression, is commonly shown to
undergraduates in their introductory classes.® In section 3, I show why the
assumptions in Vranas’s version imply that (except for extreme conditions) the
cumulative contribution of all the nonblack nonravens is not negligible compared to
that of the black ravens. In section 4, I explain why that problem is not specific to
Vranas’s version. The desiderata D;-D; can hold together only under implausible
conditions. Because the argument for that is more technical, the details are in the
appendix. Section 5 is a conclusion.

2. The standard Bayesian solution

The standard Bayesian solution aims to establish D, and D, from our priors regarding
the probabilities of sampling black ravens, nonblack ravens, black nonravens, and
nonblack nonravens and from whether and how these probabilities change if the
hypothesis that all ravens are black is true. It is common to model the situation as
follows: We sample objects from the universe, like drawing balls from an urn. Because
we are going to discuss multiple draws in the following text, we will assume we replace
the ball we draw back into the urn.®> According to the objects we sample (the balls
we draw), we try to estimate what the rest of the objects in the universe are (what all
the balls in the urn are like). Let’s denote the hypothesis that all ravens are black by H
and denote the propositions that the object in question that we have sampled is a black
raven, or nonblack raven, or black nonraven, or nonblack nonraven, by br, or nbr, or bnr,
or nbnr, accordingly.

We can get all the relevant information regarding the prior probability
distribution by specifying the probability of sampling an object from each category
conditional on H and conditional on ~H, and by specifying the prior probability of H.
That is, we need to specify the values of all the probabilities in Table 1 and Table 2.

* Vranas doesn’t necessarily adopt it as a solution. His paper is a critical but undecisive evaluation of
whether the solution is successful.

5 Modeling the situation with replacement simplifies the calculation but is not crucial. In section (ii) of
the appendix, I show that under the assumption that (a) according to the subject’s priors the number of
objects depends only negligibly on whether H is true, and (b) the number of black ravens the subject sees
is small compared to the total number of black ravens in the universe, the divergence between modeling
the situation with or without replacement is small. Thus, solely modeling the situation without
replacement is unlikely to change the overall verdict. I thank an anonymous reviewer for encouraging
me to clarify that.
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With probability P(H):

Table |. Prior probabilities conditional on H

r ~r
b P(br|H) P(br|H)
~b P(nbr|H) P(nbnr|H)

With probability P(~H):

Table 2. Prior probabilities conditional on ~H

r ~r

b P(br|~H) P(bnr|~H)

~b P(bnr|~H) P(nbnr|~H)

That is, to fully specify our priors, we need the value of the following ten variables:
P(br|H), P(nbr|H), P(bnr|H), P(nbnr|H), P(br|~H), P(nbr|~H), P(bnr|~H), P(nbnr|~H), P(H),
and P(~H).

Not all ten variables are independent. First, of course, P(~ H) = 1 — P(H).
Moreover, P(br|H) + P(nbr|H) + P(bnr|H) + P(nbnr|H) should sum up to one as
together the four variables cover the whole universe (conditional on H). Ditto for
P(br|~H) + P(nbr|~H) + P(bnr|~H) + P(nbnr|~H). That is, one in each of these sets
of four variables is dependent on the other three. Because P(bnr[H) and P(bnr|~H) will
not play any role in the calculations that follow, we will treat them as the dependent
variables. Furthermore, due to the specific meaning of H (i.e., all ravens are black),
P(nbr[H) must be zero. Thus, we are left with six independent variables:

P(br|H), P(nbnr|H), P(br|~H), P(nbr|~H), P(nbnr|~H), and P(H).

By “independent,” of course, I don’t mean that they can get any value. We are talking
about probabilities, so each must range between 0 and 1, and as [ said, the probability
that an object we sampled is from the whole universe needs to be 1. To avoid triviality
and divisions by zero, let’s adopt the common practice and assume that all these six
variables are strictly between 0 and 1. The Bayesians aim to solve the paradox for all
plausible cases anyway, so surely there is no harm in assuming that.

Note that the probability of sampling a black raven, say, regardless of whether H is
true is (according to the law of total probability) simply P(br)=P(H)P(br|H)+P(~H)
P(br|~H), and ditto for sampling a nonblack raven, black nonraven, or nonblack
nonraven. Thus, whenever we see a probability of sampling one of the four categories
unconditional on H or ~H, we can treat it as an abbreviation of an expression that uses
only the preceding six variables.
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We are now ready to present the standard Bayesian solution. It is common to
present it as follows. Our background knowledge, it is claimed, seems to agree with
the following three assumptions (nb stands for the proposition that the object in
question we have sampled is nonblack, and r stands for it being a raven):®

A;) P(nb) > P(r)
Ay) P(r[H) = P(r)
A;) P(nb|H) = P(nb)

A, states that the probability of sampling a nonblack object at random is
overwhelmingly higher than the probability of sampling a raven. A, states that
the probability of sampling a raven is independent of whether the hypothesis that all
ravens are black is true, that is, the probability of sampling a raven conditional on the
hypothesis that all ravens are black is simply the probability of sampling a raven in
general. A; states that the probability of sampling a nonblack object is also
independent of the hypothesis that all ravens are black. Note that it’s a direct result of
A, and A, that P(r|H) = P(r|~H) and P(nb|H) = P(nb|~H).”

These three assumptions suffice to satisfy D; and D,. There are various ways to show
that. It will be useful for what follows to present the case in terms of the preceding six
independent variables, so let’s see what each of A;-A; tells us about them. Let’s denote

the ratio 1;,(?:;) by m. A; tells us that m is a huge number. Note that because both nb and r

are probabilistically independent of H (as we learn from A, and A;), m is independent of
whether H is true or not, that is, m = 200 — PObIH) _ PObI~H) 14 £5]) 61068 that:

P(r) P(r|H) P(r|~H) *
P(nbnr|H) = mP(br|H) (2.1)
And therefore:
P(nbnr|H) > P(br|H) (2.2)

Moreover, it follows’ from A, and A; that:
P(nbnr|~H) = mP(br|~H) + (m — 1)P(nbr|~H) (2.3)

Therefore, P(nbnr[~H) is at least m times greater than P(br[~H) and at least (m-1) times
greater than P(nbr|[~H). If P(br|~H) and P(nbr[~H) are not too small compared to one
another, then P(nbnr[~H) is even more than m times greater than both P(br[~H) and
P(nbr[~H). That is, we can derive from A; both:

¢ Usually, the assumptions are presented with the probabilities conditionalized on our background
knowledge K. E.g., A, is presented as P(nb|K) > P(r|K), and ditto for A, and A;. This is because, as Good
(1967) has famously shown, according to some background knowledge black ravens can disconfirm H,
so it’s a good practice to always conditionalize on our background knowledge K. However, because K will
not contribute anything to the following calculations, I chose to omit it.

7 1t follows from the law of total probability. For instance, in the case of A,

P(r) = P(H)P(r|H) + P(~H)P(r|~H) = P(H)P(r) + P(~H)P(r|~H).
Therefore, (1 — P(H))P(r) = P(~H)P(r) = P(~H)P(r|~H). Therefore, P(r) = P(r|~H).
8 Because P(nbr|H) = 0, we have P(nbnr|H) = P(nb|H) = P(nb) = mP(r) = mP(r|H) = mP(br|H).
® P(nbnr|~H) + P(nbr|~H) = P(nb|~H) = P(nb) = mP(r) = mP(r|~H) = mP(br|~H) + mP(nbr|~H).
Thus, P(nbnr|~H) = mP(br|~H) + (m— 1)P(nbr|~H).
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P(nbnr|~H) > P(br|~H) (2.4)
P(nbnr|~H) > P(r|~H) (2.5)

The >> sign is interpreted as at most slightly weaker than the >> sign in A; and in
many (perhaps most) cases as even stronger.
From A, we infer that P(r|[H)=P(r|~H) and therefore we can derive'° that:

P(br|H) = P(br|~H) + P(nbr|~H) (2.6)
From A; we know that P(nb/H)=P(nb|~H) and therefore we can similarly derive'! that:
P(nbnr|H) = P(nbnr|~H) + P(nbr|~H) (2.7)

Now, there is no single agreed-upon way to measure the degree of confirmation a
piece of evidence E confers on a hypothesis H. In the literature (Fitelson and
Hawthorne 2010a), there are three major relevance measures:

The Difference: d(H, E) = P(H|E) — P(H)

The Log-Ratio: r(H,E) = 10g<P_1§I({1£))

The Log-Likelihood Ratio: I(H,E) = log(%)

Among these three, the third one, I, is the most suitable for quantitative
comparisons, and there are independent reasons to prefer it (Fitelson 2001). For this
reason, I'll use this measure in this article.'?

Measured by the log-likelihood ratio, the degrees of confirmation provided to the
hypothesis that all ravens are black by a single black raven and by a single nonblack
nonraven are:"

L, = log(l + Im) (2.8)
_ P(nbr|~H)
. () =

10 p(r|H) = P(br|H) + P(nbr|H) = p(br|H) + 0 = P(br|H). Now, because P(r|H) = P(r|~H) we get that:
P(br|H) = P(r|~H) = P(br|~H) + P(nbr|~H).

1 P(nb|H) = P(nbnr|H) + P(nbr|H) = P(nbnr|H) + 0 = P(nbnr|H). Because P(nb|H) = P(nb|~H), we
get: P(nbnr|H) = P(nb|~H) = P(nbnr|~H) + P(nbr|~H).

12 Nothing crucial seems to change in the case of the other measures. The same results we get using
the log-likelihood ratio seem to hold using the other measures as well. The math in these cases is much
more complicated so it’s harder to prove the results with the same rigor. Suffice it to say that if for some
reason one is reluctant to use the log-likelihood ratio as a measure, one carries the burden of proving
that the other measures don't lead to the same bottom line.

13 According to (2.6) and (2.7),

L —lo (P(brIH) ) o (P(br|~H) +P(nbr|~H)) o (1 N M)
") P(br|~H) ~ 80 T Rorl~)

I P(nbnr|H) \ _ ) (P(nbnr|~H) + P(nbr|~H)\ (1 + P(nbr|~H)
monr = P(nbnr|~H) ) — 08 P(nbnr|~H) 08 P(nbnr|~H) )
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Because all the preceding terms are positive, we see immediately that the
confirmation provided by sampling a black raven and by sampling a nonblack
nonraven are both positive and therefore both the sampling of a black raven and the
sampling of a nonblack nonraven confirm the hypothesis that all ravens are black.

Thus, D, is satisfied. Furthermore, because P(nbnr|~H) 3> P(br|~H) we get that
P(nbr|~H) > P(nbr|~H)
P(br|~H) P(nbnr|~H)*

compared to that of a black raven, and D;, is also satisfied. However, we shall now see
that Ds;, in general, cannot be satisfied, except under extreme and implausible
assumptions regarding our priors.

Therefore, the contribution of a nonblack nonraven is negligible

3. The nonblack nonravens strike back

To satisfy Ds, we need to compare the support provided to H by all the black ravens we
see and all the nonblack nonravens we see. Because we model each sampling of a black
raven or a nonblack nonraven as independent and the log-likelihood ratio is additive,
we can compare instead the support H receives from seeing a single black raven, and
the support H receives from seeing the number of nonblack nonravens we see per
black raven. What is this number?

The expected value of the number of nonblack nonravens we see for each black
P 1(3'('3:)' ), which under A, A; can be rewritten as Pf,’;ﬁ;"rﬁ,ﬂ;%’gmm}? :

One can argue that © g(‘gf)r ) is not the right value to use. We can narrow the discussion to

raven is given by

the confirmation provided by all the nonblack nonravens only when it is in fact the
case that all ravens are black. In such a scenario, the expected value of the number of

nonblack nonravens we see for each black raven is given by 20"IH) that under A, A,

P(br|H)
can be rewritten as %, which is smaller than * g(lgf;) Taking % as

the expected number simplifies the calculations, and the resulting expected
cumulative support of all the nonblack nonravens we see per raven is smaller than

if we had taken ” g}gf{) instead as the relevant magnitude. Because I want to be

generous toward the Bayesian solution and simplify the calculation, I'll indeed use

P ;,’(‘gflrllf){) as the relevant magnitude (let’s call it choice 1). I'll sometimes say (in the
P(nbnr)

footnotes, without the full calculation) what is added by taking PO instead (let’s call
it choice 2).

In section (i) of the appendix, I show that under the assumption that each sampling
of a nonblack nonraven is independent,'* the contribution of this number of nonblack
nonravens can be approximated by:'

1
lnbnr’s per br ~° P(or|~H) (3.1)
P(nbr|~H) +1

e ratio appeared (In 1ts Inverse rorm) in [, as well \see 2.0). 1S ratio tells
The ratio s~ appeared (in its i form) in | 11 (see 2.8). This ratio tell

us what we take in advance the proportion between black ravens and nonblack ravens

14 See section (ii) of the appendix for why the assumption of independence is not crucial.

15 If we take choice 2, we get instead Lyynys per br ~ Fomm
P(nbr\~lr)+P(H)
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to be, in case not all ravens are black. For instance, if we think in advance that if not
all ravens are black, then half of them are, then the value of this ratio is 1. If we think
in advance that if not all ravens are black, then 10 percent of them are, then the value
of this ratio is §. If we think in advance that if not all ravens are black, then either
(with a probability of 50 percent) half of them are, or (with a probability of 50 percent)
none of them are, then the value of this ratio is % = 1. In general, I think,
we expect this ratio not to be extremely big or extremely small.’® At the very least, it

seems legitimate to take it in advance to be moderate.

P(br|~H)
? P(nbr|~H)
lor and Lupnr's per br @8 by = 10g(1 + 1) and Ly per br = 725" To satisfy Ds, we need 11 to

be negligible compared to log(1 + ). One way to formalize this requirement is with the

following inequality:
1 1
1 1+- K 2
og( —|—x) > (1+x) (3.2)

Here K is a big negligibility constant. For instance, if to be negligible the value of
Lubnr's per br N€Eds to be (say) less than 1 percent of the value of I;,, then K = 99.1tend to
think that K should be significantly greater than 99, but we don’t need to decide upon
it now to proceed. (3.2) is equivalent'® to:

log((l + i)m) > K (3.3)

Exponentiating both sides of the inequality yields:"

1 1+x
(1 + _) = (3.4)
X

The function f(x) = (1 +2)'™ has been studied in great detail. For our purpose,
though, we need only note two things. First, f(x) is descending for every x > 0. Second,
(provided that we take K to be greater than 2, say),” the inequality holds for x = 1/ek,
but fails to hold for x = 2/ek. Therefore, for the inequality in (3.4) to hold, x must be
smaller than a number that lies somewhere between 1/ek and 2/ek. Therefore, to
satisfy Ds, the ratio P(br|~H)/P(nbr|~H) must be smaller than 2/e*.

Because K is supposed to be a pretty big number, ¢ should be gigantic.”* This
means that for the standard Bayesian solution to satisfy D;, we must think in advance

For simplicity, let’s denote this ratio by x, that is = x. We can then rewrite

16 We can think that it’s a possibility that if not all ravens are black then none of them are. However, as
long as we think that there is a nonnegligible probability that if not all ravens are black then still a
significant portion of them are, we expect ;(yf’gr“ﬁ;) not to be extremely small.

17 1f we take choice 2, we can rewrite: Ly s per br

18 Because (14 x)log(1 +1) =log((1 +2)'*).

19 If we take choice 2, we get instead that (1 4 2)Pt+x > ok,

20 Or not smaller than about 1.92 to be exact.

2 Note that we get from (3.4) that while the cumulative support of the nonblack nonravens is not
negligible compared to the cumulative support of the black ravens it still must be smaller. To see that,
simply take K to be 1. However, if we had taken choice 2, we could have easily come up with examples of
priors according to which the cumulative support of all the nonblack nonravens is greater than that of
the black ravens. E.g., take x to be 1 and P(H) to be 1/3.

= PH)+x'
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Table 3. How small x should be for some chosen values of K

The nonblack

Chosen nonravens Suppose that ~H and that we have sam-
value of contribute at x should be at least pled a raven. This raven being black

K most. .. smaller than. .. must be less likely than. ..

19 5% L~ 1078 Winning the lottery??

99 1% S~ 1074 Winning the lottery six times in a row
999 0.1% &~ 10743 Randomly sampling the same specific

elementary particle from the whole
universe five times in a row

that if not all ravens are black, and we sample a raven, then the probability that the
raven we sample is black should be extremely tiny. To get a feel of how tiny, look at
Table 3. The table states how small x should be for some chosen values of K, that is,
how likely it is that a given raven we sample is black, conditional on not all ravens
being black. To help the reader get a grasp of the magnitudes, in each row, I gave an
example of a roughly equiprobable event with which we are more familiar.

Because ravens are discrete objects and there aren’t that many of them, we get that
for the standard Bayesian solution to satisfy D, it must be the case that we think in
advance that if not all ravens are black, then it’s overwhelmingly likely that none of
them are.?? However, there is no reason to think that if not all ravens are black, then
none of them are.

Furthermore, remember that the color of ravens is just an example. The paradox
seemingly applies to many other properties F and G, and there is even less reason to
assume in advance that for all these properties F and G, either all the F's are G’s or, in
probability close to certainty, none or only an unimaginably tiny minority of them
are. For example, it seems unreasonable to think we are committed not only to
thinking in advance that if not all ravens are black then none of them are but also to
thinking in advance that if not all parrots are green then none of them are, if not all
chairs have three legs then none of them do, if not all oranges are orange then none of
them are, and so forth. I conclude that the standard Bayesian solution cannot
plausibly satisfy all three desiderata, and if I'm right in saying that both D, and D; are
crucial to answering the paradox, it follows that the standard Bayesian solution fails
to address the paradox of the ravens.?

22 The chance of winning the lottery changes from country to country. I take it to be in the order of
magnitude of 1077,

2 Taking very small values for K like 19 allows one very special raven to be black even if not all of
them are, but taking K to have such a small value seems implausible (at least to me).

24 1t is known at least since Horwich (1982) that the standard Bayesian solution has the consequence
that seeing black nonravens disconfirms H (see Rinard 2014). I believe people tend ignore it because the
contribution of a single black nonraven is negligible. The cumulative negative contribution of all
the black nonravens we see is nonnegligible, though. I thank an anonymous reviewer clarifying the need
to mention this.
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4. The prospects of any alternative Bayesian solution

At this point, the reader might suspect that the challenge I presented applies only to
a specific variant of the Bayesian solution, namely, the one presented by Vranas,
and while indeed this is probably the most famous version of a Bayesian solution, it
needn’t be the only one. What if instead of assumptions A;-A; we adopt different
assumptions? Can’t we then save a Bayesian approach to the paradox of the ravens?
My answer is that the prospects for that are not promising, at least when “Bayesian
approach” is understood as the strategy of establishing both D; and D, (ie.,
acknowledging that both seeing a black raven and seeing a nonblack nonraven
confirm H but a black raven provides stronger support). Making this generalized
argument is significantly more complicated than making the preceding argument
(though still requires roughly the same level of mathematical proficiency), so I have
put the mathematical details in section (iii) of the appendix. Here, I present the
general outline of the argument, but I urge the suspicious reader to examine the
appendix as well.

The idea of the argument is to examine what follows from adopting the three
desiderata D;-D;, without making any assumptions regarding our background
knowledge. That is, recall, we examine what follows from assuming that both seeing
a black raven and seeing a nonblack nonraven support the hypothesis that all ravens
are black (D), but the contribution of both a single nonblack nonraven compared to a
single black raven (D,), and the aggregate contribution of all the nonblack nonravens
we are expected to see compared to the aggregate contribution of all the black ravens
we are expected to see (D;) are negligible. We derive that for these three desiderata to
hold together, at least one of three conditions must hold, but it is implausible to
impose any of these conditions on our priors.

P(br|H)

The first condition that allows D;-D; to hold together states that the ratio 53,775

extremely big. That is, it is overwhelmingly more likely to sample a black raven if all
ravens are black than to sample a black raven if not all of them are, or practically, that
if not all ravens are black, then none of them are. Again, there is no reason that our
priors regarding ravens must be tuned this way, all the more so our priors regarding
any properties F and G for which the paradox applies. Note that this is a generalization

of the result we got in the previous section. Earlier, we got from A;-A; that to satisfy
P(nbr|~H)
P(br|~H)
P(br|H) P(nbr|~H) . P(nbr|~H) .
Porl~H) — P(bri~H) S° if Porl~H) 1S

is

D;-Ds, the ratio }:}(fl:r‘\’:?) needs to be extremely small, or equivalently, that

needs to be extremely big. It follows from A;-A; that

extremely big, then so is pI()l(frTE-QI)

The second condition that allows D;-D; to hold together states that
P(br|H) > P(nbnr|H), that is, that if all ravens are black, then sampling a raven is
at least as likely as sampling a nonblack object. An implausible condition indeed. This
condition comes from the fact that, in the argument presented in the appendix, I
assume for convenience that ° I(,’gﬁf‘;y:) > 1, so negating this assumption seemingly lets
us evade the conclusion of the argument presented there. In fact, the argument can
work with even smaller values than 1,° but it is not crucial. A solution that requires
our priors to be such that P(br|H) > P(nbnr|H) is a nonstarter.

. P(nbnr|H)
% Technically, g(lbflrl‘i)

just needs to be big compared to .
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The third condition that allows D;-D; to hold is somewhat more complicated, and
results from the conclusion of the argument in the appendix (see proposition iii.16). It

states, roughly, that for the ratios | = PI(J;}:TTI-)IW m=" %f\rf‘il){) and n = %, the
following bounds on n must hold:
l
ml — Elog(l) <n<ml (4.1)

When K is the negligibility constant.

While not easy to see at first glance, this condition is completely implausible.
When you look more closely at the inequality in iii.16, you see that the length of the
interval of permissible values for n is dependent only on the values of | and K and
independent of the value of m. Suppose, like in the appendix, that (say)
I =10, K = 100. 1t follows that the length of the interval of permissible values for
n is about 0.23. If m = 1000, that is, if conditional on all ravens being black, it is 1,000
times more likely to sample a nonblack object than to sample a raven, then n must be
in the interval between 10,000 and 10,000 minus 0.23. If m = 1 billion then n must lie in
the interval between 10 billion and 10 billion minus 0.23. This is too exact to be taken
seriously. The fact that what remains invariant for various values of |, m, and n is the
absolute length of the interval rather than its proportional length makes it even more
bizarre. D;-D; severely restrict the set of permissible priors, and in a way that is
seemingly hopeless to motivate. At the very least, I can’t see any way to motivate it.
Anyone who argues for a solution that maintains D;-D; needs to provide us with an
argument for why our priors must be so fine-tuned.

I conclude that it is not the specific three assumptions A;-A; of the standard
Bayesian solution that get the Bayesians into trouble. It is the very strategy of taking a
nonblack nonraven to support the hypothesis that all ravens are black, but only
negligibly, that does.

5. Conclusion

The standard Bayesian solution fails because according to it, the aggregate
contribution of all the nonblack nonravens we see must be nonnegligible unless
we severely and implausibly restrict the set of permissible priors. However, it is not
only the standard Bayesian solution that fails. Any solution that wishes to maintain all
of the desiderata D;-D; needs to severely restrict the set of permissible priors in an
unmotivated way. Because D,-D; are desiderata for any solution to the paradox of the
ravens, it follows that for a solution to work, D; needs to be false. A nonblack nonraven
contributes zero or negatively to the confirmation of the hypothesis that all ravens
are black. Because there is no reason to think that a nonblack nonraven should
disconfirm this hypothesis, the conclusion is that the contribution of a nonblack
nonraven to the hypothesis needs to be zero. For some reason, nonblack nonravens
(as such) are irrelevant to the confirmation of the hypothesis that all ravens are black.

It is time to discuss the accusation that I have been too restrictive with my use of
the term “the Bayesians.” Offering a Bayesian solution to the Paradox of the Ravens,
one might protest, does not commit one to adopt D;. Rather, it just commits one to
solving the paradox using considerations regarding our prior probabilities for
sampling black ravens and nonblack nonravens in every scenario.
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However, we just saw that any plausible solution to the paradox must take the support
provided by a nonblack nonraven to be zero, and only a very specific set of possible prior
probability distributions (namely, those in which P(nbnr|H) = P(nbnr|~H)) give that.
There doesn’t seem to be any reason our priors must be like that, a fortiori why they
should be like that for every F and G to which the paradox applies. There must be
something else in play here beyond our prior statistical beliefs that makes it the case that
nonblack nonravens are irrelevant (and that non-F’s non-G’s are irrelevant for F’'s and G’s
to which the paradox applies). The paradox will not be solved by statistical considerations
alone.?® If what I said here is correct, the conclusion seems to be that Bayesian
considerations alone will not solve the paradox. We need a different strategy.
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Appendix

(i) Calculating the cumulative contribution of many nbnr’s

In this section of the appendix, we calculate the cumulative support of seeing
P(nbnr|H) P(nbnr|H)
P(br[H) P(br[H)
very big, so taking the nearest integer instead should provide practically the same
P(nbnr|H)
P(br|H)

nonblack nonravens. is not necessarily an integer, but is assumed to be

result. We can calculate the degree of confirmation provided by nonblack

nonravens as follows (see 2.6 and 2.7):

P(nbnr|H) P(nbnr|H

I 1 P(nbnr|H) @i 1 ( P(nbnr|H) );‘(irm)
bnr’ br =108\ ————— e | 8\ \ o oy
s peror P(nbnr| ~ H) T P(nbnr| ~ H)

b 1+ P(nbr| ~ H) e (i1)
8 P(nbnr| ~ H) ’

This expression resembles another, very famous expression. It is well known that

lim (1+2)* = e, and more generally that:
X— Q0

lim (1 + al) = (i.2)

X— 00 X

P(nbnr|~H) : P(nbr|~H)
We know (from 2.3) that S~ trobr<m 1S Very large and thus gm0 only

adds a negligible contribution to the term. The expression in (i.1) can be made very

% in (i.1) we multiply both the

numerator and the denominator by the factor P(br|~H) + P(nbr|~H):

similar to the one in (i.2) if in the expression


https://doi.org/10.1093/bjps/17.4.322
https://doi.org/10.1093/mind/LIV.213.1
https://doi.org/10.1093/mind/LIV.213.1
https://doi.org/10.2307/2268173
https://doi.org/10.2307/2268173
https://iep.utm.edu/confirmation-and-induction/#SH6c
https://doi.org/10.1093/bjps/XIII.52.265
https://doi.org/10.1086/674202
https://doi.org/10.1093/bjps/55.3.545

16 Amit Karmon

tog [ 1 4 Pnbri~H) \FEEFRE
& P(nbnr|~H)

P(nbr|~H) P(br|~H) + P(nbr|~H)\ Fermn. .
=log|1+ (i.3)
P(br|~H) + P(nbr|~H) P(nbnr|~H)
~log 1+ P(nbr|~H) P(br|~H) + P(nbr|~H) TR
=08 P(br|~H) + P(nbr|~H) P(nbnr|~H)
Because P(nbri~H) is much smaller than - P@onri~H) we can now use (i.2) to

P(br|~H)+P(nbr|~H) P(br|~H)+P(nbr|~H)’

approximate the last expression in (i.3) as:

P(nbr|~H)
log(eP(br|~H)+P(nbr\~H)) (i.4)
And this last term in (i.4) is equal to:
10g(e%) =3 P(nbr|~H?) = ] i) (i.5)
~ ~ 1|~
P(bri~H) + P(nbr|~H) ~ 2E

In the end, we get that:

1 .
lnbnr’s per br ~° Porl~H) | - (i.6)
P(nbr|~H) +1

Which is what we wanted to demonstrate.

(ii) Sampling without replacement

In this section of the appendix, I show that given two reasonable assumptions,
modeling the situation as sampling without replacement does not cause significant
divergence from modeling the situation as sampling with replacement. I present only
the case for the cumulative contribution of all black ravens the subject sees. The case
for the cumulative contribution of all nonblack nonravens the subject sees is
analogous.

The first assumption is that the subject believes that the number of objects in the
universe depends only negligibly on whether all ravens are black or not. That is, if Ny
stands for the believed number of objects in the universe conditional on H, and N is
the believed number of objects in the universe conditional on ~H, then for all
practical purposes, we can assume that Ny = N_,; = N.* Of course, the subject might
assign prior probabilities to various values of N, but we assume that for each specific
value of N, the probability for this value of N is, for all practical purposes, independent
of H. Thus, we can treat N as a specific number, and the argument generalizes for a
probability distribution for values of N.

Suppose then that the subject’s prior belief is that there are N objects in the
universe. Let Ky stand for the number of black ravens the subject believes there are in
the universe in case H is true, and let K_y stand for the number of black ravens the
subject believes there are in the universe in case H is false (note, Ky and K._; have
nothing to do with the negligibility constant K introduced previously). We can express

7 This assumption significantly simplifies the calculation but can be weaken. See the next footnote.
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the subject prior conditional probability for sampling a black raven on the first draw
as P(br|H) = =, P(br|~H) = N“ . The log-likelihood ratio before the first draw (i.e.,

after 0 draws) is:
I,,(0) =1 u/N =1 —H (ii.1)
br 8 KNH/N 8 K.y ’

Note that according to D; the contribution of seeing a black raven should be positive,
so Ky should be greater than K_,;.?® Let n stand for the number of objects sampled so
far, and k stand for the number of black ravens sampled so far. In general, the log
likelihood ratio of seeing one black raven after seeing n objects and k black ravens

without replacement is log % The N-n cancels out, so the contribution of

seeing each new black raven is a function of k alone. That is, the contribution of seeing
a black raven after sampling k black ravens (i.e., the contribution of the (k+1)th black
raven) is:

. Ky—k ..
lbr(k) = logm (11.2)
Note that for each k, I, (k) can be decomposed to:*°
1—k
L, (k) = logK—H + log ( K) (ii.3)

et )

The left-hand side is just [,.(0) and the right-hand side is a correction term that is a
function of k. Let’s call it Corr(k).

Corr(k) = log((ll_K?) (ii.4)
T K

That is, l,, (k) = 1,,(0) + Corr(k). The cumulative contribution of seeing k black
ravens with replacement is just kI, (0). Without replacement, the cumulative
contribution of seeing k black ravens is:*

28 Instead of assuming that Ny = N_; = N, we can alternatively assume that the difference between
Nyand N_yg, ie., |NH N_y| is negligible compared to both Ny and Ny, and that logN” is negligible
compared to log . T L. The last assumption says in effect that the support provided to H by seeing a black
raven is not due to considerations involving the difference in the total number of objects in the universe
given H and given ~H. The calculations lead to the same result and don’t reveal anything deep as far as I

tell.
T = log ¢ k—lgM log & +log Lt
i) (1)

30 Note that if we assume that Ny = N_p, it follows from K > K_y that there believed to be more
objects that are not black ravens conditional on ~H than conditional on H. Thus, if all we know about an
object is that it is not a black raven, sampling it is evidence against H, and sampling a great deal of them
disconfirm H nonnegligibly. I thank an anonymous reviewer for making me clarify that.
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k=1 k=1
> "1, (0) + Corr(k) = kI, (0) + Y Corr(k) (ii.5)
0

0

The second assumption I'm making is that the total number of black ravens the
subject sees, call it ky, is small compared to the total number of black ravens, whether
all ravens are black or not. That is, k, <« K_y( < Ky). If the subject sees k, black
ravens, the divergence between their cumulative contribution with and without
replacement is Div(y) = k°_1 o Corr(k). 1f ko is small compared to K_y, then for every
k < kg, Corr(k) can be approx1mated by:*!

Corr(k) = i k

- (ii.6)
~H KH

Therefore, the total divergence after seeing k, black ravens is:*

Div(k,) ~ ( i (k‘; 1)) (a — KLH) (ii.7)

To understand how big the divergence is, we need to compare Div(k,) with the
cumulative contribution with replacement, ko, (0). To do that, note that

l,,(0) = logl% can be rewritten as l,,(0) = log(l + %) Define: K“K Kt = ¢,
Note that K; = (a + 1)K_y. We can then rewrite kol (0) as ky log(1 4+ a) and rewrite
Div(k,) as Div(k,) ~ (@) ((a +f)K~H)' We can then express the ratio between
Div(k,) and kol (0) as:

Div(ko) a ky —1 (iL.8)
koly-(0) (14 a)log(1 + a) 2K_y '
Because 0 < —2—— < 1for every a > 0 and k, < K.y, we get that Div(k,) is

(1+a)log(1+a)
small compared to kol (0). That is, given the assumptions that the subject takes the
total number of objects in the universe to be independent from the hypothesis that all
ravens are black and that the subject only sees a small subset of all black ravens, the
divergence between modeling the situation as sampling with replacement and
sampling without replacement is small. Therefore, modeling the situation as sampling
without replacement is unlikely to change the overall verdict.

(iii) D;-D; without A;-A,

Suppose we don’t adopt any assumptions about our background knowledge, but we
want all the desiderata D;-D; to hold. These three desiderata, it turns out, are only
consistent with a narrow set of possible priors, and I don’t think there is any
independent argument for why we need to have these specific priors. Let’s see why.

_k
31 Corr(k) = log ((1171)) = log(l - ﬁ) - log(l - é) r e — ﬁ Note that for every
x > 0, x > log(1 + x), so the approximation leads to overestimation of Corr(k).

32 21;0:701 Corr(k) ~ koﬂL,KL _ 1 ko 1k7i2k" 1 — ko(ko 1)( ,L).

k=0 K_y Koy Koy Ky

~H
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As we saw previously, the degree of confirmation provided by a single black raven

is log(PIE{fr"r‘ng and the degree of confirmation provided by a single nonblack

nonraven is log<$%>. The first and the second desiderata imply together that:*
P(br|H) P(nbnr|H)

—_ log| ————— 1

o8 (P(br|~H) = 8\ piabnr~t) ) ~° (ii.1)

Or, equivalently, that:

P(br|H) P(nbnr|H)
P(br|~H) ~ P(nbnr|~H)

(iii.2)

To simplify, let’s say (as in section 4) that f,’;gfﬁ'{l)’) = m and that % =n.Wecan
then infer from (iii.2) that:
_ P(nbnr|~H) _ P(nbnr|H)

Pori~H)  P(br|H) (i.3)

And that:

P(br|H) mP(br|H)

P(br|~H) ~ nP(br|~H) (ii.4)

We tend to think that both m and n need to be very big, but we won't need this
assumption for what follows. All we will need is that m won’t be very small. It is useful
though to think of m as at least greater than 1, that is, that according to our priors,
given that all ravens are black, it is at least as likely to sample a nonblack nonraven as
it is to sample a black raven (which, conditional on all ravens being black, is
equivalent to the claim that it is at least as likely to sample a nonblack object as it is to
sample a raven). What I say in the text that follows can work with values of m that are
even smaller than 1, but in any case, any solution to the paradox of the ravens should
be compatible with m being more than 1. The ratio ;;g;lrﬂ),) will be used many times in
what follows. For convenience, let’s substitute it with the single letter [ (for
“likelihood”), that is, plle'fz) = 1>* Note that it follows from (4) that 1> 1, or,
equivalently, that

L (iii.5)
m
Note that (iii.5) is in effect just another way to say that P(nbnr|~H) < P(nbnr|H), or
that % > 1, as we already know from (ii.2).
Let’s turn now to Ds. If H is true, we expect to see m nonblack nonravens for each
black raven. If H is false, we expect to see n nonblack nonravens for each black raven.
The expected value for the number of nonblack nonravens we see per each black

raven is mP(H) + nP(~H), which is greater than m, because n > m. Therefore, taking

3 Actually, D, tells us that log(PI:flzlr’ltlrE{,;)) is not only smaller than 1og(PIE$‘r‘fQI)> but also that it is

negligible compared to it, but it won’t be important for what follows.

34 Note that earlier we denoted log(Pz(f:"‘f:I)) by l,,. Therefore, in our new notation we get that
l,, = logl.
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m as the expected value of the number of nonblack nonravens we see per each black
raven is again generous toward the Bayesians. To satisfy Ds;, we need that:

P(br|H) P(nbnr|H) \™
t(igirem) = 1 (i) ()

Or, equivalently:
log(l) > Klog(% l)m = mK log(% l) = mK(log(%) + log(l)> (iii.7)

Where K is again a negligibility constant that is supposed to be pretty big. Rearranging
(iii.7) gives us:

m n
(mK — 1) log(l) < —mK log(;) = mK log(a) (iii.8)
Which in turn gives:
mK — 1 o, 1 i n
o log(l) = (1 _mK) log(l) = log(I'™m) < log(m) (iii.9)

Exponentiating (iii.9) gives:

T ) (iii.10)
m
(iii.5) and (iii.10) together yield:
P < L < (iii.11)
m

To be more systematic, we can separate n and rewrite (jii.11) as:

1

mlt=w% < n < ml (iii.12)

That is, to answer desiderata D;-Ds, our prior value for n (i.e., recall, our prior value
P(nbnr|~H)
P(br|~H)
K is big, and m is big compared to 3, is a very narrow one. If m is significantly bigger

for the ratio ) needs to be bounded within an interval, which in cases in which

than 1 then the difference between | and '~ is tiny. To get a feel of how narrow the
interval between them should be, suppose (say) that | = 10, K = 100, and m = 1000.
In such a case, we get that 9,999.77 ~ 1000 - 10 < n < 1000 - 10 = 10, 000.

The difference between the expression on the right-hand side of (iii.12) and the
expression on the left-hand side of (iii.12) is ml— ml*~m = m(l — ll‘ﬁ). If mis
significantly bigger than 1, then -1 is a pretty small number. Therefore, | — ['#% can be
approximated using the Taylor expansion near zero of I' ™ where we take x = - as
our variable. (jii.12) presents the Taylor expansion of I'™* near x = 0:

—x* = elog(l)(l—x)
— elog(l)(lfo) _ log(l)elog(l)(lfo)x + %logz (l)elog(l)(lfo)xz +... (11113)

—1_ . l 2(]) - Ix? ~ | — . i
= 1—log(]) lx+210g D-*+...~1—log() -1 e
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The approximation at the end of (iii.13) is derived from the fact that because x = - is
close to zero, the higher powers of x are very small compared to x (and we assume
that [ is not gigantic enough for the coefficients to compensate). It follows from the
approximation in (jii.12) that:

1 1
— 17% ~ R “"
-1 log(}) - 1 - (iii.14)
Therefore,
) AR
m(l l )N mlog(l) - 1 v Klog(l) (iii.15)
That is, (iii.12) can be rewritten approximately as:
ml — Kilog(l) <n<ml (iii.16)

What can be learned from this? First, we see that the length of the interval of
permissible values for n is approximately independent of m. In the preceding case,
where | = 10, K = 100, it always has a length of about 0.23. That is, if (say) m = 2,
then n must lie in the interval between 20 (i.e., ml) and 20 minus 0.23. If m = 1000 (as
we saw in the preceding text), n must lie in the interval between 10,000 and 10,000
minus 0.23. If m = 1 billion then n must lie in the interval between 10 billion and 10
billion minus 0.23.

Second, it’s reasonable to assume that K is determined independently of the
specifics of the setting of the paradox. K, after all, is a negligibility constant, that is, it
should determine only when the contribution of a piece of evidence e is negligible. It
should have nothing to do specifically with our priors regarding ravens. Therefore, it
seems that [ is the only flexible value in ilog(l), and we can see that ilog(l) becomes
bigger the bigger [ is. This is in accord with what we have found about the canonical
Bayesian solution. [, recall, is the ratio P}E{f:‘rﬂ),), and if [ is very big, it implies that the
probability of sampling a black raven in case H is false is tiny compared to the
probability of sampling a black raven in case H is true. However, for reasonable values
of I, we get that the interval of possible values for n is very narrow and independent of
the probabilities of sampling a nonblack nonraven or a black raven.

Another point to note is that when we unpack the notation in the inequality (iii.16)
back to our original variables, we see that it can be rewritten as:

P(br|H)1 P(br|H)
K ° (P(br|~H)

P(nbnr|H) — ) < P(nbnr|~H) < P(nbnr|H) (iii.17)
That is, while greater [ indeed implies a greater length of the interval of possible
values for (nbnr|~H), because in any case P(br|[H) < 1, and therefore in any case
@ < ¢, the growth in [ contributes almost entirely logarithmically to the growth of
the interval of possible values for P(nbnr|~H). That is, to widen the interval of
possible values for P(nbnr|~H) just by a tiny bit, | will need to grow by a great deal. If |
is not too big, then as I explain in section 4, this result poses an implausible and
somewhat bizarre restriction on the set of permissible priors.
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