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Sequence alignment is one of the most intensely studied problems in bioinformatics,
and is an important step in a wide range of analyses. An issue that has gained much atten-
tion in recent years is the fact that downstream analyses are often highly sensitive to the
specific choice of alignment.

One way to address this is to jointly sample alignments along with other parameters of
interest. In order to extend the range of applicability of this approach, the first chapter of
this thesis introduces a probabilistic evolutionary model for protein structures on a phylo-
genetic tree; since protein structures typically diverge much more slowly than sequences,
this allows for more reliable detection of remote homologies, improving the accuracy of
the resulting alignments and trees, and reducing sensitivity of the results to the choice of
dataset. In order to carry out inference under such a model, a number of new Markov
chain Monte Carlo approaches are developed, allowing for more efficient convergence and
mixing on the high-dimensional parameter space.

The second part of the thesis presents a directed acyclic graph (DAG)-based approach
for representing a collection of sampled alignments. This DAG representation allows the
initial collection of samples to be used to generate a larger set of alignments under the
same approximate distribution, enabling posterior alignment probabilities to be estimated
reliably from a reasonable number of samples. If desired, summary alignments can then
be generated as maximum-weight paths through the DAG, under various types of loss or
scoring functions.

The acyclic nature of the graph also permits various other types of algorithms to be
easily adapted to operate on the entire set of alignments in the DAG. In the final part of
this work, methodology is introduced for alignment-DAG-based sequence annotation using
hidden Markov models, and RNA secondary structure prediction using stochastic context-
free grammars. Results on test datasets indicate that the additional information contained
within the DAG allows for improved predictions, resulting in substantial gains over simply

analysing a set of alignments one by one.
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Chapter 1

Overview

1.1 Sequence alignment as a ubiquitous problem

Sequence alignment is one of the most intensely studied problems in bioinformatics, and is
an important step in a wide range of different analyses, including identification of conserved
motifs (Siepel et al., 2005), analysis of molecular coevolution (Altschuh et al., 1988; Hopf
et al., 2012; Knudsen and Hein, 1999), estimation of phylogenies (Hohl and Ragan, 2007),
and homology-based protein structure prediction (Blundell ez al., 1987; Sali and Blundell,
1993).

Many of the most popular alignment methods seek to compute a single optimal align-
ment, using dynamic programming algorithms (Gotoh, 1982; Needleman and Wunsch,
1970) as well as a variety of heuristic procedures (Edgar, 2004; Feng and Doolittle, 1987;
Kim et al., 1994; Lupyan et al., 2005; Loytynoja and Goldman, 2008; Notredame and Hig-
gins, 1996). Similar approaches can be used to find maximum likelihood alignments under
certain probabilistic models of insertion, deletion and substitution events (Bradley et al.,

2009; Hein et al., 2000; Miklo6s et al., 2004; Thorne et al., 1991, 1992).
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1.2 Effect of alignment on downstream inference

It has become increasingly clear in recent years that downstream analyses are often highly
sensitive to the specific choice of alignment. There may be many plausible but suboptimal
alignments within the vicinity of the optimum, containing additional—often complementary—
information regarding the evolutionary relationships between the sequences (Godzik, 1996);
selecting a single point estimate results in the loss of this additional information, and fails
to account for the statistical uncertainty associated with different regions of the alignment
(Lunter et al., 2008).

A number of studies have highlighted the impact of the choice of alignment on subse-
quent phylogenetic inference (Dessimoz and Gil, 2010; Lake, 1991; Liu et al., 2009, 2012;
Morrison and Ellis, 1997; Ogden and Rosenberg, 2006; Simmons et al., 2010; Wang et al.,
2011); in many cases different alignment methods, or different guide trees, can give rise
to very different phylogenies (Blackburne and Whelan, 2013; Capella-Gutiérrez and Ga-
baldon, 2013; Dwivedi and Gadagkar, 2009; Lake, 1991; Thorne and Kishino, 1992; Wong
et al., 2008). Sensitivity to the alignment is also observed in the context of many other
types of downstream analysis, including homology modelling of protein structures (Chi-
vian and Baker, 2006; Schwarzenbacher et al., 2004; Tramontano et al., 2001), detection
of correlated evolution (Dickson and Gloor, 2012; Dickson et al., 2010), prediction of RNA
secondary structure (Gardner et al., 2005), and inference of positive selection (Blackburne
and Whelan, 2013; Fletcher and Yang, 2010; Jordan and Goldman, 2012; Privman et al.,
2012).

1.3 Quantifying alignment uncertainty

A number of different approaches have been developed for quantifying the uncertainty
associated with a multiple sequence alignment. Many of these methods focus on the notion

of alignment reliability, i.e. the degree to which a particular alignment (or regions thereof)
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can be trusted as a prediction of the homology between the sequences.

One set of approaches involves computing scores or summary statistics on a single
alignment of interest, using these as a measure of reliability of the alignment. Some of
these approaches equate reliability of a particular alignment column with a high score under
the model used to generate the alignment (Capella-Gutiérrez et al., 2009), the justification
being that low-scoring columns are harder to distinguish from random noise, and so are
more likely to contain erroneous homology statements; others generate the alignment using
one scoring scheme, and measure its ‘reasonableness’ based upon another set of criteria
(Ahola et al., 2008; DeBlasio et al., 2012), which may involve looking at the deviation of
summary statistics from their expected background distribution under the null hypothesis
of no homology (Dress et al., 2008; Misof and Misof, 2009). One potential issue with some
of these approaches is that they introduce a bias towards highly conserved regions, since
they do not distinguish between evolutionary variability and statistical uncertainty, often
using the term alignment quality as a synonym for reliability.

An alternative approach, first mentioned by Gatesy et al. (1993), involves generating a
set of plausible alignments, and assessing the alignment uncertainty by measuring the sim-
ilarity between the alignments in this set. This type of consistency- or congruence-based
approach has a more natural statistical interpretation, but requires a method of generat-
ing alternative alignments, as well as a measure of alignment similarity or distance; the
interpretation of the resulting measures of uncertainty may depend heavily on these two

factors.

1.4 Generating sets of alignments

A variety of heuristic methods have been developed in order to generate sets of alignments
for the purposes of measuring uncertainty. Perhaps the simplest of these is to align after

reversing the residue order in one or more of the sequences (Landan and Graur, 2007),
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although the efficacy of this technique is questionable (Hall, 2008; Wise, 2010), and it
has limited theoretical basis. Another class of methods generates alternative alignments
by perturbing parameters such as the guide tree (Penn et al., 2010a,b), gap opening and
extension penalties (LOytynoja and Milinkovitch, 2001; Wheeler, 1995), and substitution
matrices (Collingridge and Kelly, 2012), and recomputing the optimal alignment with these
alternative parameters. However, in all these cases the types of perturbations applied to the
parameters will affect the resulting estimates of uncertainty in an unpredictable fashion
(Misof and Misof, 2009).

Another approach is to look at a set of suboptimal alignments under a particular scor-
ing scheme, given fixed parameters (Vingron, 1996; Waterman and Byers, 1985; Zuker,
1991), using these to search for regions of consistency (Landan and Graur, 2008; Mevissen
and Vingron, 1996; Vingron and Argos, 1990). The variability among these suboptimal
alignments can then be converted into a measure of statistical uncertainty. In the context
of likelihood-based approaches, consistency between alignments may have an interpreta-
tion as a confidence interval around the maximum likelihood estimator; for score-based
approaches, approximations to the distribution of scores can be used to convert to a prob-
abilistic measure of uncertainty (Karlin and Altschul, 1993). However, it may be unclear
how to perturb around the initial alignment in order to obtain a representative set of al-
ternative alignments. Such approaches therefore employ approximate techniques such as
pairwise resampling of alignments, and a user-specified threshold may be required to de-

termine the extent of perturbation (Kim and Ma, 2011).

1.5 A Bayesian approach

Within a Bayesian framework, the collection of plausible alignments can be identified with
the posterior distribution of the alignment given the sequences and other model parameters;

this leads to a probabilistic interpretation of alignment uncertainty, whereby the fraction
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of alignments containing a particular homology statement is a measure of the posterior
probability of that homology statement.

For the pairwise case, alignments can often be sampled exactly from their posterior
distribution under a particular evolutionary model using a dynamic programming approach
(Durbin et al., 1999; Webb et al., 2002; Zhu et al., 1998). However, for multiple sequences
such approaches rapidly become computationally infeasible, and other types of procedures
must be used. A popular option is to use Markov chain Monte Carlo (MCMC) in order to
sample from the posterior distribution of alignments (Churchill, 1997; Green and Mardia,
2006; Green et al., 2010a; Lunter et al., 2005b; Metzler, 2003; Metzler et al., 2001; Novak
et al., 2008; Redelings and Suchard, 2005a; Ruffieux and Green, 2009; Satija et al., 2009;
Suchard and Redelings, 2006). The main advantage of the MCMC approach is that it is
guaranteed to sample alignments from the correct probability distribution, provided that
the simulation is run for long enough to ensure convergence, although this may require

significant amounts of runtime.

1.6 Filtering methods

A common approach to tackling the issue of alignment uncertainty has been to attempt to
annotate particular regions of the alignment as unreliable using one of the aforementioned
techniques, and to remove these regions before carrying out subsequent analysis. Filtering
methods have in some cases been observed to yield improved inference for phylogenies
(Castresana, 2000; Talavera and Castresana, 2007; Wu et al., 2012) and positive selection
(Jordan and Goldman, 2012; Privman et al., 2012).

However, the specific choice of filtering method may have a strong influence on the re-
sults (Gatesy et al., 1993), and uncertain regions of the alignment may also contain impor-
tant information that is lost through the use of such methods. For example, tree accuracy is

not related in a straightforward fashion to alignment uncertainty (Dessimoz and Gil, 2010),
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and seemingly unreliable regions may be important for accurately resolving phylogenies
(Ajawatanawong et al., 2012; Lee, 2001). Regions of high alignment uncertainty can also
correspond to sites with higher indel rates (Lunter, 2007; Lunter et al., 2008), as well
as regions of structural variability (Mikl6s et al., 2008) or intrinsic disorder (Thompson
et al., 2011) in protein structures, and filtering these out may lead to unpredictable biases
in subsequent analysis. In essence, filtering approaches attempt to reduce uncertainty by
artificially censoring the data, which may lead to difficulties separating real signals from

artifacts introduced by the filtering process.

1.7 Joint sampling approaches

In contrast, the Bayesian approach lends itself to the construction of a joint distribution
for all the unknown parameters of interest, including trees, alignments, and various other
model parameters. This allows for uncertainty in each of the parameters to be incorporated
into the estimation of the others. The last decade has seen the development of several fully
Bayesian approaches for performing joint inference on alignments along with other objects
of interest, such as mutation rates (Metzler et al., 2001), phylogenetic trees (Novak et al.,
2008; Redelings and Suchard, 2005a; Suchard and Redelings, 2006), information about the
evolution of protein structure (Dryden et al., 2007; Green et al., 2010a; Ruffieux and Green,
2009), and the locations of putative regulatory elements (Satija et al., 2008, 2009; Sinha
and He, 2007); inference on these quantities after accounting for alignment uncertainty
can then be obtained by averaging over alignments according to their posterior probability
under the joint model.

However, for sequences that are highly divergent there may be a significant degree of
uncertainty associated with the resulting alignments and trees, such that it may be difficult
to interpret the output. One way of addressing this issue is to combine multiple different

types of data into a joint, or mixed, evolutionary model (Ronquist and Huelsenbeck, 2003).
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As well as offering a way of reducing uncertainty, this type of approach has the potential to
lead to more robust and reliable results, since the resulting inference is based on multiple
independent sources of information (cf. Kumar et al. (2012)).

For protein-coding genes, additional information regarding evolutionary relationships
can be obtained from protein structures. Tertiary structure is typically much more highly
conserved than sequence, even over large evolutionary distances (Illergard et al., 2009;
Panchenko et al., 2005); structural similarity is therefore a more reliable way to infer
homology in the so-called twilight zone of low sequence identity, leading to more accu-
rate alignments (Eidhammer et al., 2000; Hasegawa and Holm, 2009; Katoh and Standley,
2013), and potentially also phylogenies (Bujnicki, 2000; Johnson et al., 1990; Lundin et al.,
2012).

In Chapter 2 we introduce a new framework for making use of structural information in
joint estimation of phylogenies and alignments. To do so, we extend a recently developed
stochastic model of pairwise structural evolution (Challis and Schmidler, 2012) to multiple
structures on a tree, analytically integrating over ancestral structures to permit efficient
likelihood computations under the resulting joint sequence-structure model.

We observe that the inclusion of structural information significantly reduces alignment
and topology uncertainty, and reduces the number of topology and alignment errors in cases
where the true trees and alignments are known. In some cases the inclusion of structure re-
sults in changes to the consensus topology, indicating that structure may contain additional
information beyond that which can be obtained from sequences.

We use the model to investigate the order of divergence of cytoglobins, myoglobins,
and haemoglobins, and observe a stabilisation of phylogenetic inference: while sequence-
based inference assigns significant posterior probability to several different topologies, the
structural model strongly favours one of these over the others, and is more robust to the

choice of dataset.
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1.8 Software engineering for inference with new joint sam-
pling approaches

In order to facilitate the implementation of new coestimation approaches such as the above,
it is highly desirable to have a framework in which additional layers can easily be added
on to the basic evolutionary model. In addition, it is also of great interest to explore ways
in which other types of data besides sequences can be used to assist with inference of
phylogenies and alignments, since this may increase the robustness of the conclusions to
model assumptions (Kumar et al., 2012).

The previous version of StatAlign (Novék ef al., 2008) was essentially hard-coded to
use a single core model, with modifications only possible to the substitution models. As
such, we developed a generic model extension framework for StatAlign, whereby plugins
can provide an additional contribution to the joint likelihood, based upon specified dis-
tributions for parameters of interest. Model extension plugins that are able to compute a
column-wise contribution to the likelihood are also used to improve the alignment propos-
als under the joint model.

This new software has been released as StatAlign 3 (Herman et al., 2014e), and was
used to implement the joint sequence-structure model described in Chapter 2.

As well as the model extension framework, StatAlign 3 also includes a number of im-
provements to the MCMC sampling functionality. The source code has been significantly
restructured, allowing for easy addition of new MCMC moves, which can also be com-
bined into joint moves to allow for more efficient mixing, for example combining topology
changes and branch length proposals. As described in Chapter 3, we have introduced new
types of moves for jointly resampling alignments and topologies, allowing for much more
efficient mixing over the space of trees. Other changes include the ability to generate pair-
wise realignment proposals from the full posterior, and joint multiplicative moves on all

branch lengths, as well as moves on the indel model parameters under different reparame-
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terisations, to deal with high correlation between insertion and deletion rates.

As part of the improved MCMC framework, different prior and proposal distributions
can be specified for each move, and we have implemented a selection of standard priors
and proposal distributions for continuous parameters (Gaussian, Gamma etc.). In addition,
there is now the option to keep the tree fixed throughout the analysis, to increase efficiency
in cases where the phylogeny is already known.

With an increased number of different move types, it becomes essential to automate the
adjustment of tuning parameters in order to ensure good exploration of the space. To this
end, we have added mechanisms for automatically modifying proposal distributions during

the burn-in period in order to ensure acceptance rates fall within the desired range.

1.9 Graph-based approaches for analysing large sets of
alignments

Sampling-based approaches such as StatAlign generate as output a collection of alignments
and trees, along with model parameters, sampled from the joint posterior distribution. Al-
though a large number of techniques exist for analysing MCMC output for continuous
parameters, and there is an increasingly large literature surrounding the analysis of sets of
phylogenetic trees, there has been very little work looking at how to represent a posterior
distribution over alignments. Since the space of alignments is very high-dimensional, a col-
lection of samples from the posterior typically contains no duplicates, such that empirical
frequencies cannot be used to estimate posterior probabilities.

In Chapter 4 we present a directed acyclic graph (DAG)-based approach for represent-
ing a collection of sampled alignments. As well as encoding the set of sampled alignments,
this DAG representation allows an initial set of samples to be used to generate a larger set
of alignments under the same approximate distribution. This is possible due to the fact that

the number of possible paths through the DAG is typically much larger than the number
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of samples used to generate the DAG. For a large class of models this formulation allows
for posterior alignment probabilities to be estimated reliably from a reasonable number of
samples.

The very large set of alignments contained within the DAG can then be used for ap-
proximate marginalisation over alignments, and summary alignments can be generated by
selecting paths that minimise the expectation of various types of loss functions. More gen-
erally, the graph structure presents a probabilistically-weighted search space within which

various types of analysis can be conducted.

1.10 Alternatives to joint sampling

The simple and computationally efficient nature of the representation described in Chap-
ter 4 makes it practical to adopt a more principled, probabilistic approach to quantifying
and making use of alignment uncertainty, even when joint sampling approaches are not
feasible. Rather than analysing each sampled alignment individually, downstream analysis
can be carried out on the entire set of alignments contained within the DAG, with each
alignment weighted according to its empirical probability.

Two examples of algorithms that can easily be adapted to operate on the alignment
DAG are phylogenetic inference, and sequence annotation using hidden Markov models
(HMMs). A slightly more involved example is that of RNA secondary structure predic-
tion using stochastic context-free grammars (SCFGs). The common feature to these algo-
rithms is that they involve dynamic programming recursions, allowing the algorithms to be
adapted to the DAG structure while maintaining efficiency.

In Chapter 5, we examine these approaches, and illustrate that the additional informa-
tion contained within the DAG allows for improved predictions, resulting in substantial

gains over simply analysing a set of alignments one by one.
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1.11 Statement of collaboration

Bioinformatics is by its nature a collaborative field, and much of the work detailed in this
thesis is the product of collaborations with various colleagues. In this thesis I have focused
on including those parts of the work that correspond to my personal contributions; below I
present specific details of areas which have benefitted from the input of collaborators.

Chapter 2 is the product of a close collaboration with Chris Challis, at Duke University,
and much of the material in this Chapter was included in a paper that he and I submitted as
joint first authors (Herman et al., 2014d). Unless specifically stated, all the figures and data
analysis in Chapter 2 represent my work; the majority of the text is also my work, although
a number of the sections of this Chapter 2 are taken from the submitted manuscript, hence
include contributions from the other co-authors. The main contributions of Chris Challis
to the work presented in this Chapter include the initial extension of the pairwise structural
model to a full tree, and the formulation of a branch-specific rates model, which we then
developed together. After I proposed the inclusion of a parameter to account for non-
evolutionary sources of variability, Chris formulated the variant of the model with a global
baseline variance parameter; I then developed the extension to allow for heteroskedasticity
by making use of B-factor information. Chris also worked extensively on the inclusion of
rotations and translations in the model, and adapted his existing algorithms for sampling
these parameters by MCMC, as well as working on the initial development of the code
computing the structural contribution to the likelihood; Chris also simulated data under the
model, as discussed in Chapter 2.

The software development detailed in Chapter 3 was carried out in conjunction with
Adam Novik, who also proposed the introduction of the model extension framework, and
the fixed-column imputation algorithms were developed after discussions with Chris Chal-
lis. However, all the algorithms and analyses detailed in Chapter 3 represent my novel
contribution. Much of this Chapter has been submitted as part of Herman et al. (2014e).

In Chapter 4, the simulated data, scripts for computing alignment accuracy, and soft-

11
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ware for computing the minimum risk alignment were developed by Adidm Novik; the
mapping of alignment columns to edges in the dynamic programming matrix was devel-
oped based on earlier work by Istvan Miklds (Satija et al., 2009). The rest of the material
in the Chapter, including statistical methodology, algorithm development and data analy-
sis, represents my own work. The work in this Chapter forms the basis of Herman et al.
(2014a).

The software for inference with HMMs as described in Chapter 5 was developed by
Adam Novik, but the algorithm development and data analysis represent my own work.
The material in this section forms the basis for a manuscript that is currently in preparation
(Herman et al., 2014c). The algorithms for RNA structure prediction on alignment DAGs
were developed in collaboration with Rune Lyngsg with assistance from James Ander-
son; the simulated data were generated by James Anderson, and the Java implementation
was developed with extensive assistance from Cyrus Rich, Diana-Elena Gratie and Maria
Sinziana Astefdnoaei. The initial idea was developed as a result of conversations I had with
Rune Lyngsg and Addm Novik, following our successful implementation of the HMM ver-
sion of the algorithm. We were encouraged to pursue the project after discovering some
parallels with earlier work comparing an HMM with an SCFG (Jagota et al., 2001). The
RNA-related material in Chapter 5 is largely taken from a manuscript we are preparing for
publication (Herman et al., 2014b), hence some of the text represents the contributions of
collaborators. Specifically, the background on SCFGs is largely due to James Anderson,
and the description of the dynamic programming algorithms benefitted substantially from
the input of Rune Lyngsg; several of the figures in this section were also generated by Rune

Lyngsg, and are indicated as such in the relevant captions.
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Chapter 2

Estimation of alignment and phylogeny

with a joint sequence-structure model

Recently, Challis and Schmidler (2012) introduced a probabilistic evolutionary model of
the joint evolution of protein sequence and structure. In contrast to structurally-constrained
sequence models that modulate substitution rates based on a fixed structure (Choi et al.,
2007; Kleinman et al., 2010; Robinson et al., 2003; Rodrigue et al., 2005), this approach
includes an explicit model for the evolution of structure, allowing for structural information
to be used to help infer evolutionary distances. Structural evolution is modelled according
to a diffusion process with drift, which allows for tractable computation of the likelihood
in the resulting joint sequence-structure model. Significant improvements were observed
in the accuracy of inferred pairwise divergence times, especially for highly divergent se-
quences.

In this Chapter, we extend the model of Challis and Schmidler (2012) to a tree, and
explore the utility of incorporating structural information into joint estimation of multiple

alignments and phylogenies. Since relatively little is known about structural evolutionary
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processes, we also introduce a model for heterogeneity in rates of structural evolution,
which reduces the potential for conflict between structure- and sequence-based trees (Garau
et al., 2005).

We also add a model of background (non-evolutionary) variability in structures, making
use of prior information obtained from the x-ray crystallography experimental data, and
drawing on aspects of other earlier probabilistic models of protein structure (Green and
Mardia, 2006; Green et al., 2010a; Rodriguez and Schmidler, 2014; Schmidler, 2006; Wang
and Schmidler, 2014).

2.1 Probabilistic evolutionary models

In what follows, we deal with classes of probabilistic models on binary trees. Biologically
these trees define phylogenetic relationships between a set of organisms; probabilistically,
given the sequence at a particular parent vertex, evolution along each of its child branches

is assumed to proceed independently.

2.1.1 Sequence and structure data

We consider a sequence evolving on a tree, T, with vertices V- and edges &y, according to
an evolutionary model with parameters (@, A, ®), which describe rates of substitution, in-
sertion and deletion (indel) events, and structural evolution processes, respectively. Associ-
ated with the K tips of the tree is a set of K homologous sequences S = {SV, ..., 5®)} with
S® of length LW, and corresponding three-dimensional structures, C = {CV, ..., C%)},
where C® is an L® x 3 matrix containing the Euclidean coordinates of the C, atoms of
structure k. In order to make use of the tree structure to permit tractable inference, each
of the internal nodes of the tree is augmented with an associated sequence and structure,
the corresponding sets denoted by S and C respectively. The structural coordinates and

characters associated with these internal sequences will eventually be marginalised out an-
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alytically.

2.1.2 Representation of a multiple alignment

A multiple alignment can be represented as a set of pairwise alignments along the branches
of atree, M = {M*D}, with (k, [) € &y. Each pairwise alignment, of length L*&) < L®+L®,
can be thought of as a series of columns in a 2 x L* matrix, indicating homology between
characters in S® and S, i.e. the parent and child sequences along the branch. Each such

column can take one of three possible states:

e f MO

where x € {1,...,L®} and y € {1,...,L"} indicate the index of the characters aligned
in the column, and — indicates an insertion or deletion. We will also denote by M® the
row corresponding to sequence k in M*)_ with the zero elements removed, equal to the
vector (1,. .., L™®); one of the requirements for a valid set of alignments, M, is that all the
pairwise alignments should be consistent in the sense that the mapping M%) +— M® is the
same for all I. Another requirement is that L® be equal to the length of S® when k is a
leaf node. The full alignment, M, can be projected down to a leaf alignment between the
sequences at the leaves of the tree, M, expressed in the familiar tabular format. We omit

further notational details here for brevity.

2.1.3 Joint model for sequence and structure

The first phylogenetic evolutionary models to be developed allowed only for substitution
events, assuming the alignment of the sequences to be known and fixed (Felsenstein, 1981;
Kimura, 1980). However, work over the last two decades has shown that probabilistic
modelling of insertion and deletion (indel) events can yield valuable additional informa-

tion regarding evolutionary processes (Dessimoz and Gil, 2010; Léytynoja and Goldman,
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2005), partly due to the rarity of such events (Lunter et al., 2003a; Westesson et al., 2012).
In this work we build on these existing approaches, adding a probabilistic model of protein
structure to yield a joint Bayesian model for substitutions, indels, and structural evolution
on a tree.

For reasons of tractability, we focus attention on models where the joint posterior of
the unknown parameters of interest, given the observed (leaf) and augmented (internal
node) data, can be factored as the product of substitution and structural contributions, and

a stochastic indel process:

PIM,T,®,0,A18,S,C,C) x p(T) p(M,A | ) p(@,018,S,C,C,M,T)  (2.2)

indel substitution/structure

The above factorisation will generally only be possible for independent-site models of sub-
stitution and structural evolution; insertions and deletions can change neighbourhood rela-
tionships, such that substitution, structure and indel processes are in general not separable
in neighbour-dependent models.

In this work we also make the further assumption of separability between the substitu-

tion and structural evolutionary processes, such that

p(@,018,8,C,C, M) =p@]S,8 M) p@®]|C,C,MT) (2.3)

substitution structure

It should be noted that the branch lengths in the tree I’ are common to the substitution and
structure components, such that the above separation still permits structural evolution to
be expressed as a function of substitutions per site along each branch. Although it is also
possible to formulate independent-sites models with a more explicit dependence between
sequence and structure (for example by allowing for ® to be a function of the amino acid

content for a particular site), we leave such developments for future work.
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2.1.4 Marginal posterior

Ultimately we are interested in the marginal posterior distribution over alignments, trees

and model parameters obtained by integrating over the unobserved internal node data

PIM, YT, D,0,A | S,C) « p(T)p(M,A | T) X p(@)p(S | @, M, ) X p(®)p(C | ®, M, T)

We focus on cases where the observed data likelihoods p(S | @, M, T) and p(C | O, M, T)
can be computed exactly by analytical summation and integration over ancestral characters
and coordinates. Although, with some simplifying assumptions, certain indel models also
allow for analytical summation over internal node alignments (Bouchard-Cé6té and Jordan,
2013; Lunter et al., 2005b; Thorne et al., 1991), for many models of interest this is not
possible, yielding a problem of exponential complexity (Lunter et al., 2005a), hence we
focus on the general case of inference for the full alignment M rather than directly targeting
the marginal posterior for the leaf alignment M.

Beyond the factorisability in equation (2.2), the statistical alignment framework we
present here is not dependent on particular model choices for substitution and indel pro-
cesses, but we will briefly describe the specific choices used in this work for the purposes of
illustrating how they combine with the structural model. We introduce the structural model
in more detail in the subsequent section, but note here that one of the key features of the
approach we will present is that it allows the integration over unknown ancestral structures

to be carried out analytically, greatly increasing the tractability of the resulting model.

2.1.5 Indel model

In this work we focus on the TKF92 model (Thorne et al., 1992) to generate the probability
p(M | A, 7). This model is a birth/death process on fragments, each of which contains a
contiguous run of characters (in our case amino acids). Fragments are inserted at rate A and

are deleted with rate yu; the length of each fragment is geometrically distributed according to

17



Probabilistic evolutionary models §2.1

a probability r. We adopt the scheme discussed by Miklés et al. (2008), whereby fragments
are not inherited from parent to child branches; the contribution to the posterior for M from

the indel model can then be factored over the branches of the tree

p(MED AT
p(M®, A)p(MD, A)

pM AT =[] pM2,A) ]

jG(V'r (k,l)ES'Y'

[Tupee, PMED A T)

= p(M"™, A) x .
[T jcancry P(MD, A)?

(2.4)

where V< and Ey are the sets of vertices and, respectively, edges in the tree T, and an(T) is
the set of ancestral (non-leaf) nodes of the tree. The vector M is equal to one of the rows
in the pairwise alignment M*)_ The second line assumes that the tree is binary, which will
be the case in all the examples we consider.

Each pair term in the numerator of equation (2.4) can be computed via dynamic pro-
gramming using the pair-HMM representation of the indel model (Miklos et al., 2008),
allowing the augmented likelihood to be computed in time linearly proportional to the
number of branches in the tree, and the square of the average sequence length. The sta-
tionary probabilities for individual nodes are derived by Thorne et al. (1992), and take the

form

pMY | A) = pLY | A, p,7) (2.5)

= =mym( - r)[m(1 = r) + 1]~ (2.6)

where L® represents the length of the kth sequence, equivalent to the length of M®, and

m=A/u.
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2.1.6 Substitution model

Under the independent-sites assumption, the substitution process is modelled as a collection
of independent processes on individual amino acids. This allows the marginal likelihood
of the leaf sequences, given a particular alignment M, to be calculated using the familiar

sum-product algorithm of Felsenstein (1981), yielding the quantity
PSIOMT) =) (S, S0, M) 2.7)
S

The analyses conducted here employ the Dayhoft et al. (1978) matrix of amino acid
substitution to parameterise @, although other choices are possible. Algorithms used to

evaluate likelihoods such as the above are discussed in more detail in Chapter 3.

2.2 Structural drift model

There is empirical evidence of correlation between evolutionary time and structural diver-
gence, although the exact nature of this relationship has remained the source of much spec-
ulation (Illergard et al., 2009). Chothia and Lesk (1986) famously observed an exponential
relationship between structural divergence of core homologous residues as measured by
RMSD and sequence divergence as measured by sequence identity. This original relation-
ship was proposed based on a small dataset that was available at the time: 32 pairs of
homologous proteins, as well as 5 instances of the same protein crystallised under differ-
ent conditions. More recently, several authors have observed a linear relationship when
sequence identity is converted to a measure of substitutions per site (Illergard et al., 2009),
or if sequence identity and RMSD are replaced by approximate measures of significance
(Wood and Pearson, 1999), although in some families a non-linear relationship may still be
observed (Panchenko et al., 2005). In all cases structural divergence is observed to increase

as sequence similarity decreases.
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2.2.1 Model specification

In order to construct a model that allows for structural divergence to be a function of evo-
lutionary distance, Challis and Schmidler (2012) introduced a diffusion-based model of
structural drift. Whereas a probabilistic substitution model employs a continuous-time,
finite-state Markov process, this structural model utilises a reversible diffusion process in
3D space, modelling fluctuations in the amino acid positions (represented by their C, coor-
dinates). As discussed earlier, independence between atoms is assumed to retain tractabil-
ity.

Under this model, structural evolution is modelled using an Ornstein-Uhlenbeck (OU)
process on each C, atom. Unlike Brownian motion, the OU process has a well-defined
stationary distribution and so is reversible, allowing the combined structural, indel, and
substitution processes to form a reversible joint model.

With C;;(7) representing the jth coordinate of the ith C, at time 7, the structural drift
model describes the change in coordinates over time according to the following stochastic

differential equation
dC;i(t) = =0 C;;(t) dt + odB (2.8)

where dB is standard Brownian motion, and 6 is the rate at which a structure loses memory
of its previous configuration, which we term the structural drift rate. The equilibrium

distribution and conditional distributions of this process are Gaussians

Cij(o0) ~N(0,7) (2.9)

Cij(1) | Ci(8) ~ N(Cig(9)e™™, 7(1 = 72117)) (2.10)

with the marginal variance T = ¢%/(26) proportional to the expected radius of gyration

multiplied by the length of the structure. The quantity o>/2 can be thought of as a diffusion

20



Structural drift model §2.2
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Figure 2.1: One-dimensional example of the OU drift process, illustrating broadening of the
conditional distributions as a function of evolutionary time.

coefficient, with the expected mean square deviation after a time ¢ approximately equal to
ot (see Section 2.2.3). As such, we will refer to o2 as the structural diffusivity.

Figure 2.1 shows the 95% confidence intervals for the conditional distribution in a one-
dimensional version of this process, for three different starting coordinates, with 6 = 0.015
and 0?2 = (0.7. Within shorter timescales, the mean-reversion does not have a strong ef-
fect, and the key feature of the process is that the variance increases as a function of time.
For longer times, the conditional distributions eventually lose memory of the starting condi-
tions, converging to the same equilibrium distribution. However, parameter values typically

inferred on real data place the model in the non-equilibrium regime.

2.2.2 Structural diffusion on a tree

When extending this process to a set of structures related by a phylogeny, we must contend
with an unknown ancestral structure at each internal node. Fortunately, the OU process
allows for analytical integration over the unknown ancestral structure coordinates, such
that the joint likelihood of the observed structures at the tips of the tree, p(C | M, 0,7,
can be computed very efficiently. As discussed by Hansen and Martins (1996), for an
OU process on a tree (cf. Figure 2.2), the joint distribution for the data at the leaves is

a multivariate Gaussian, in our case with a zero mean. The Markovian nature of the OU
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Symbol Domain  Meaning

T Binary tree  Phylogenetic tree
Data structures M, /?( eqn (1) Observed (+ ancestral) alignments
S, S S® e y%  Observed (+ ancestral) sequences
c,C C® ¢ R™L  Observed (+ ancestral) coordinates
A O, u) Insertion rate
TKF92 indel model A< u (4, 00) Deletion rate
r O, Geometric rate for indel length
T (0, ) Average structural radius of gyration
€ (0, 0) Baseline variance for the ith column
Ok (0, c0) Rate of memory loss along the kth branch
Structural model ® 0'% (0, o0) Structural diffusivity of the kth branch
0'§ (0, ) Mean structural diffusivity
v (0, 0) Variance of 0',% parameters (on log scale)
Y [0, 1] Proportion of o; parameters fixed at o
Substitution model @ Unspecified Substitution model parameters

Table 2.1: Mathematical notation used in defining the structural model.

process means that the elements of the covariance matrix can be computed analytically,
with y[r,0, Y] = 7e7? %M where dy(T) is the distance between leaves k and [ along
branches of Y.

Denoting by CE.M ? the length-|M;| vector obtained by taking the jth coordinate of each
observed (leaf) structure containing a character at the ith column, the marginal likelihood
of the observed structures is then given by a product over the L columns of the alignment

and the three spatial dimensions:

L 3
p@1IM0,7) = [ || [N (€9 10, 2p07.6,71) 2.11)

i=1 j=1

where Xy, is a submatrix of X of dimension | M;| formed by selecting the columns and rows
corresponding to ungapped positions in the alignment column M;.

Figure 2.3 illustrates a set of samples on a tree drawn from the structural drift model
with 02 = 0.7A2/substitution per site, and 7 = 70A2, evolving from structure 2DN2 (hu-

man haemoglobin) at the root.
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Figure 2.2: A one-dimensional OU process with branch points corresponding to three evolu-
tionary divergence events. Here the parameters used were § = 0.015 and o> = 0.5.

Figure 2.3: Ten samples from the structural drift model on a tree. The parameters used here
were 02 = 0.7A? /substitution per site, and 7 = 70A%. With o2 set to zero we would see equal vari-
ability at each leaf, whereas the structural drift model proposes that structural divergence will be

larger over greater evolutionary distances, in accordance with empirical observations. (Figure gen-
erated by CJ Challis.)
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2.2.3 Linear relationship between structural deviation and evolution-

ary time in global-o- model

The model thus far assumes a constant structural diffusion coefficient, o2, throughout the
phylogenetic tree. This assumes that structures respond to sequence mutations in a homo-
geneous fashion, leading to an approximately linear relationship between evolutionary time
and mean-square-deviation. For a single o parameter over the whole tree, the expected

mean-square-deviation (MSD) is

1 ) (N2 | ~(0) e (0) o’ —26t
;ZJE[(CU—CU)WU] —Z ) + 251 =<

2
—Z(@r COY +o ( 9;)

~ 00 + ot

22

~ 0%t

where the first approximation results from 1—e~%

~ 0t, the second follows the relationships
= X(C)? ~ 7 and 72 = 02/26, and the third from 6 < o,

It should be noted that this expected linear relationship between MSD and branch length
holds in a structure-only model; when combined with the sequence model, different rela-
tionships may be observed, since sequence information will also affect the estimation of
the branch lengths.

With branch-specific diffusivity coefficients, it is possible to derive a similar relation-

ship:
- Z BI(CY) - CP 1CP~ ) ot (2.12)
k

where k runs across the set of changepoints between time 0 and time 7. Since each o}
is allowed to vary independently, this allows for a wide range of possible relationships

between evolutionary time and structural divergence, reducing to a linear relationship when
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oF = 0'§ for all k.

2.2.4 Branch-specific structural drift rates

In order to allow for more general relationships between structural and sequence deviation,
as well as reducing potential conflict between sequence- and structure-based trees, we relax
this assumption and allow the structural diffusivity to vary over the tree. Following the
approach of Thorne et al. (1998) and Aris-Brosou and Yang (2002) with regards to variable
rates of sequence evolution, we allow o to vary by branch, which provides additional
flexibility while allowing important properties such as infinite divisibility and reversibility
to be maintained across the tree.

There are many ways in which this can be done; here we consider a model formulation
that limits the number of additional parameters required. Let &y be the set of branches of
tree I, with {0',%, 0, | k € &y} the associated set of structural parameters. Allowing both 0',%
and 6 to vary by branch does not preserve a common stationary distribution at each node
of the tree, making the joint distribution difficult to specify. To solve this issue, we instead
consider the alternative parameterisation 7, = 0',% /(26,) with 7, = 7 for all k, such that T
represents the equilibrium variance common to all nodes of the tree, while 0',% is the local
structural diffusivity, which is allowed to vary by branch. Since G,% = 276, the diffusivity
of a branch is proportional to its structural drift rate, hence when describing heterogeneity
across the tree, we will refer to these quantities interchangeably. The joint distribution of
leaf nodes under this model remains simple and easy to obtain. The marginal distribution
for each coordinate is then N(O, 7) as before, while the covariance between coordinates of

leaves k and [ becomes

2
Zkl[T,G,T]:TeXp{ > tm(‘r)ﬂ} (2.13)

men(k,!|T) 2T

where 7(k, [ | ') represents the set of branches lying on the unique shortest path from leaf
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k to leaf [, and t,,(7) is the length of branch m in tree Y.

2.2.5 Non-evolutionary sources of structural variability

With sequence data, sequencing errors are relatively rare, such that any differences be-
tween sequences can generally be attributed to mutation events. However, for structural
data, other sources of variability in the coordinates arise from factors such as flexibility of
polypeptide chains, variable conformations, and measurement error (Grishin, 1997; Gutin
and Badretdinov, 1994; Illergard et al., 2009). Moreover, this uncertainty may vary across
the protein, with surface residues and loops exhibiting increased flexibility over buried core
positions.

Information about this uncertainty for high-resolution structures solved by x-ray diffrac-
tion is contained in crystallographic B-factors for each atomic coordinate. These values,
reported by the crystallographer, are intended to summarise a combination of experimental
uncertainty and thermal fluctuations, and are often strongly correlated with intrinsic struc-
tural flexibility measured by nuclear magnetic resonance and molecular dynamics simula-
tions (Rueda et al., 2007). B-factors can be converted to units of coordinate uncertainty
using approximate formulae such as the diffraction-component precision index (Cruick-
shank, 1960, 1999). This can be combined with additional assumptions (Schneider, 2000)
to obtain a linear relationship between the B-factor and the standard deviation of the coor-
dinates for each atom. We therefore model the variance for the ith atom of structure £ (with
B-factor By;) as

2
€ = eiz (2.14)
(2 By)
where € is a global scale parameter for background variance, to be estimated from the data.

For the ith column, we compute the expected variance for the column as the average over
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the atoms aligned to the column

1

L | 2.15
M| ,;4 M (1)

Incorporating this into the structural drift model leads to a variance components model,

with column i having covariance £ = Ty + €1jpy.

2.2.6 Uncorrelated structural perturbations (non-phylogenetic struc-

tural model)

2
In the limiting case as O'i, 6, — 0, keeping the ratio %"k = 71 fixed, all structural deviation

is explained via €, and the marginal distribution of the observed data in the ith column is

CMY I M7, €, ~ Nipg (0,29 (2.16)
where Z,(fl) =tifk # [, and Z,((’,Z = 7 + ¢. This is similar to the non-evolutionary Bayesian
structure alignment models described above (Wang and Schmidler, 2014), where struc-
tural perturbations are independent of evolutionary distance. In this limiting model, the
structural likelihood does not depend on the tree nor on the evolutionary parameters, and
structural information only indirectly affects the distribution over trees via the effect on the

alignment.

2.2.7 Rotations and translations

Up to this point we have assumed that the data consist simply of a set of three-dimensional
coordinates. However, the coordinates of each structure are recorded with respect to an
arbitrary reference frame, and the likelihood is not invariant to transformations of the coor-
dinate system. This can be addressed without compromising the reversibility of the model

by introduction of auxiliary rotation and translation random variables for each structure, as
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discussed in Challis and Schmidler (2012). Since the OU process is symmetric and hence
invariant to rotations of the coordinate system, we can omit the rotation for an arbitrarily
chosen reference protein; this reference protein still has an associated translation, such that
the likelihood is independent of the choice of reference. With independent uniform priors
over rotations and translations, reversibility is maintained (Challis, 2013), and the resulting

posterior is proper.

2.2.8 Priors

In order to complete the specification of the full Bayesian model, it is necessary to assign
prior distributions to each unknown parameter. In general, we opt for diffuse priors, reflect-
ing our lack of strong prior knowledge regarding the parameters, using standard conjugate

priors where available.

2.2.8.1 Alignment and tree parameters

We assume a uniform prior on tree topologies, since we typically have no data-independent
information about the topology. The prior on alignments is induced by the indel model
parameters and their priors. For branch lengths, we use a diffuse Exp(0.01) prior. Al-
though previous studies have occasionally observed slow convergence resulting from dif-
fuse branch length priors due to the flatness of the likelihood surface at large distances
(Challis, 2013), we did not observe such issues on any of the datasets used in this work,
and the posterior distributions for branch lengths showed very little dependence on the
choice of prior (see Figure 2.4). Furthermore, we do not observe any issues relating to
the induced Gamma prior on total tree length as discussed by (Rannala et al., 2012), with
the posterior tree length also showing very little dependence on the choice of prior (see

Figure 2.5).
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Figure 2.4: Posterior distributions for branch lengths are typically not sensitive to the choice
of exponential prior. This is especially true for larger datasets. Shown here are branch lengths for
the tips of the tree for the 5-globin (left) and 12-globin (right) datasets.
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Figure 2.5: The posterior distribution for total tree length is only very weakly influenced by
the choice of prior. Shown here are tree lengths for the 5-globin (left) and 12-globin (right) datasets.
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2.2.8.2 Substitution parameters and indel model parameters

In the analysis considered here use Dayhoft substitution rate matrix (Dayhoff et al., 1978).
It is possible to estimate parameters of a more general substitution model during inference,
but in the current analysis we keep these parameters fixed for reasons of computational
efficiency.

The TKF92 model parameters are assigned the following prior specification

A~ Gamma(a,l,bg)
u ~ Gamma(ay, b,)

r ~ Beta(a,, b,)

In the analyses conducted here, the hyperparameters are set to a; = by = a, = b, = 1,
resulting in Exp(1) priors for 4 and y, and a, = b, = 1, resulting in a Unif(0, 1) prior for r.
Although A and u will typically have a value somewhat lower than 1, we favour the Exp(1)
prior over a prior more concentrated around zero in order to ensure that the effect of the

prior be more similar across the range of probable values for A and pu.

2.2.8.3 Priors for structural parameters

Rotations and translations are given uniform priors, as no rotation or translation is favoured
a priori. Since the likelihood is not invariant to overall translations of the coordinates, the
posterior remains proper despite the improper prior on translations. For the other structural

parameters we use

7 ~ InvGamma(a,, b,)
e ~ Gamma(ay, b,)

o? ~ Gamma(a,, b,)
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with hyperparameters a, = b, = 0.001, a. = b = 2, and a, = b, = 1 yielding weakly
informative priors reflecting our knowledge about the expected magnitude of structural

fluctuations.

2.2.8.4 Shrinkage prior for branch-specific diffusivity

With a separate drift rate for each branch, there might be concern that the structural drift
model could be overparameterised (Dutheil ef al., 2012; Groussin et al., 2013). To address
this possibility, we adopt a shrinkage-favouring mixture prior for the branch-specific o

parameters:

0',% 0'§, V ~ yd(oy% - 0'§) + (1 —y)LogN(log 0'§, V) (2.17)
with 0'§ ~ Gamma(a,, b,) and v ~ Gamma(a,,b,). This setup allows for pooling of
information about 0'§ from all branches, while maintaining the flexibility of individual rates
for each branch, as well as allowing for some degree of variable selection when appropriate.
Weseta, = 1,b, =2,and a, = 1,b, = 6.

When y = 1, all o parameters are shrunk to the global mean, whereas y = 0 yields the
fully branch-specific model. For 0 < y < 1, the o parameters that lie close to the global
mean are shrunk strongly to o,. This additional shrinkage beyond the basic hierarchical
prior is useful in larger trees where the internal branch drift parameters may have high
uncertainty, particularly when the corresponding branches are very short. In the limit of
v — 0 (i.e. very low variance among the o7 parameters), the two components of the mixture
become essentially identical. For larger v, diffusivity parameters close to the global 0'§ are
shrunk more strongly to the spike density.

For smaller trees we fix y = 0; for larger trees vy is inferred from the data, using a
Beta(a,,b,) prior. When high levels of shrinkage are desired, we use a, = 1.35 and

b, = 1.1; this leads to a prior mode of y = 0.78, favouring shrinkage of most of the
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o} parameters to the global 0'§, but still places around 42% of the prior density for y below
0.5, and 5% below 0.1, allowing for the prior to be overruled when strong evidence exists
for heterogeneity among the branch-specific diffusivity parameters.

To carry out inference under this prior for y, we employ a standard data augmentation
scheme, with indicator variables z; for inclusion of 0',%. In this augmented model, we then

have

zx ~ Bernoulli(y)

a’i 0'§, V, 2k ~ Zk(S(a'i - 0'?) + (1 — zx)LogN(log 0'2, V)
Integrating over z; this yields the original mixture model (Diebolt and Robert, 1994). To
improve mixing, we can integrate out y from this augmented model, yielding a Beta-

Binomial prior for z

B(a, + m,b, + n—m)
B(a,, b,)

p(zlay,b,)="C,

where n is the number of branches in the tree, m = ), z; is the number of free O'i parame-

ters, a,, b, > 1, and B(a, b) = I'(@)['(b)/I'(a + b) is the Beta function.

2.3 MCMUC inference

Calculations of posterior distributions are performed by MCMC sampling. Since the joint
posterior over alignments, topology, and parameters can be complicated, careful design of
the MCMC algorithm is essential, and we have developed a number of specialised moves
to increase the efficiency of convergence and mixing.

Continuous parameters, i.e. (0, ®, A) plus the branch lengths of the tree, are updated
using random walk Metropolis updates after appropriate transformations, and tree topolo-

gies are proposed using a combination of stochastic nearest-neighbour interchanges and
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the LOCAL move of Larget and Simon (1999) with the acceptance ratio given in Holder
et al. (2005). Alignments are resampled using a window-based progressive dynamic pro-
gramming scheme to generate proposals, correcting the acceptance ratio by the ratio of
likelihoods under the full model. The scheme is similar to the approach outlined in Mikl6s
et al. (2008), augmented to include the structural likelihood.

Under the shrinkage prior described in equation 2.17, the z; and o variables are sam-
pled together according to the scheme shown in Algorithm 1. This formulation retains the
same model dimensionality at each step, since 0',% still remains in the model when z; = 1,
albeit with its domain restricted to a point mass at 0'§. It is also possible to formulate the
same scheme in terms of the reversible jump formalism (Green, 1995), whereby setting
Zx = 1 corresponds to removing a parameter from the model. In the latter formulation, an
auxiliary variable, uy, is used in place of the absent variable 0'% when z; = 1, but leads to
the same acceptance ratios (cf. §3.1 of Hastie and Green (2012)). However, since the fixed
o parameters still contribute an independent Gamma prior density, it is more appropriate
to regard them as fixed rather than absent, although the effective size of the model will
decrease when the number of free parameters is decreased.

The z; parameters are held fixed to 1 during the first half of the burn-in, while the tree
topology is still converging, and allowed to switch thereafter. Similarly, sampling of v is
omitted during the first half of the burn-in, and also during the second half whenn —m <1
(i.e. when the number of non-fixed parameters is 1 or 0). This helps to avoid v becoming
very close to zero in the period where the proposal variance is being automatically tuned
(which can lead to it potentially getting stuck near zero). When n — m < 1 during the
second half of the burn-in, with probability 0.2, z; is also allowed to switch to O without
resampling o7, to allow for parameters to be shifted to the log-normal component even
when v has become small enough that the non-spike density at the mode is higher than the
spike density.

It is possible to use a scheme whereby q(z;” | zx) = 6(zx + z” — 1), such that an indicator
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Algorithm 1 Scheme for sampling indicator variables, z;, and branch-specific diffusivity
parameters, o7, under the shrinkage prior described in equation 2.17.

Sample k uniformly at random
Propose z" ~ q(zi” | z)
if Zk/ =Zr = 1 then
Accept the move with no change to (ri
else v ,
Propose 02" ~ {5(0-’;, - O;g) @ =D
Q(O-k | O-k) (z'=0)

Accept the move with probability

pC- log,..) pilay,by)  q@ |z go} | o)d-)

1 (z =0,7/ =0)

p(Z’ | a}’a b)’) _ Jn-m __aytm _ 0 , 1
SGlanb,) e @=020=1)
v Yy m  bytn-m (Zk — I,Zk, — O)

n—m+1 ay+m-1

and p( - | o7,...) is the likelihood of the data as a function of the kth diffusivity
parameter.

: 0-2/,... / ’b ’ 0_2 O_z’ (1-z¢)
min{l,p( K ) pE 1 ay 7)XCI(Zk|Zk)‘]( o)

where

flip is attempted for every move. However, in order to improve mixing on O'i we favour a
stochastic scheme whereby o~ can be resampled without flipping the indicator when z; = 0.
In our applications we use an independence proposal for the indicator variables, of the form
z ~ Bernoulli(a, /(a, +b,)), such that ¢(z | z2")/q(z’ | ) = (a,/b,)& %", In the examples
used here, q(o{ | o7) is set to be a log-normal density, with variance v, as automatically
determined during the burn-in (see Section 3.1.2).

Figure 2.6 shows an example trace for the z parameter for a 12-taxon tree (analysed in
more detail in Section 2.4), with instances of z; = 1 indicated in red, for a set of 50,000
MCMC samples generated using the scheme described above. In this case, most of the
internal branches end up strongly shrunk to the global 0'§ parameter, and there is good
mixing across all components of the z vector aside from those branches for which o7 is

significantly less than or greater than O';, as expected.
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Figure 2.6: Example trace plot illustrating switching between components when using the
hierarchical spike mixture prior. Figure generated using the scheme in Algorithm 1, for the 12-
taxon globin dataset described in Table 2.2. Each row corresponds to a branch in the tree, with
labelled rows denoting leaf branches, and unlabelled rows denoting internal branches.
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2.3.1 Sampling rotations and translations

Although the rotations and translations would ideally be integrated out of the model ana-
lytically, this typically leads to marginal likelihoods that are complicated functions of the
unknown ancestral structures, even for uncorrelated Gaussian noise models (Goodall and
Mardia, 1993). Hence we sample rotations and translations using the scheme described by
Challis and Schmidler (2012).

An MCMC scheme in which rotations are proposed only to individual proteins may be-
come stuck in a state whereby subsets of proteins are well-aligned and rotated to each other,
but with poor alignment and superposition between groups. Preliminary observations using
such a scheme showed poor convergence in some cases. To remedy this, we introduced a
sampling move that proposes a rotation to an entire subtree and simultaneously realigns the
root of the subtree to its parent. Without the alignment proposal, the subtree rotation may
be rejected due to movement of amino acids that are currently aligned to proteins in the
rest of the tree. The combination of subtree rotation and realignment of the subtree root
to its parent successfully alleviates this problem, and leads to faster average convergence
times for the alignment and rotations/translations. We also make use of joint proposals that

combine the various moves mentioned above, in order to help improve convergence.

2.3.2 Monitoring convergence

All MCMC simulations reported used four independent chains with randomised initial con-
ditions. The overall likelihood and all scalar parameters were monitored for convergence
using Gelman-Rubin potential scale reduction factors. For tree topologies, we monitored
the stability of clade probabilities in the consensus tree, computing the average standard de-
viation of split frequencies (ASDSF) as an overall measure; for alignments, we monitored
convergence of alignment length and stabilisation of the minimum-risk summary alignment

(see Chapter 4), along with the associated marginal probabilities for each column.
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2.4 Results and model comparison

To investigate the benefits of the structural model, we focused on datasets with highly di-
vergent sequences, for which sequence-based analysis leaves significant uncertainty. We
devote particular attention to the well-studied globins as a test case (Table 2.2); previous
attempts to reconstruct the evolutionary history for this family using sequence data have
yielded trees with high uncertainty. We also examine a set of cysteine proteinases (7a-
ble 2.3), which further demonstrate the utility of structural information in reducing uncer-
tainty in alignments and topologies, while also providing insight into patterns of structural
divergence.

To assess the accuracy of parameter estimation (including topologies and alignments),
data were simulated from the structural drift model, with the modification that inserted
residues were placed at the midpoint of their two neighbours, in order to avoid unrealistic
bond lengths. The structure at the root was set to be equal to the human haemoglobin
2DN2, and model parameters were chosen based upon typical values observed on test runs
on small globin datasets: 0',% = 0.7, 1 = 0.03, u = 0.0305, r = 0.67. All B-factors were
set to be equal to 1 for simplicity, and € was varied over the set {0,0.5,1.0,2.0}. Three
different tree topologies were used, with 6, 8, and 10 leaves respectively, and for each
topology, branch lengths were multiplied by two different scale factors (1.0 and 2.0) in
order to yield varying levels of divergence. Each parameter combination was simulated ten
independent times, and results averaged over the ten replications.

For each dataset, we perform analysis using the sequence-only model, and the phylo-
genetic (e, 0%) and non-phylogenetic (e-only) variants of the structural model, in order to

assess the effect of including structural information.
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Structure  Protein Organism Resolution R-value Length”
20if NsGb  H. vulgare (barley) 1.80 20.2 153
1bin Lhb G. max (soybean) 2.20 19.8 143
11h1 % Lhb L. luteus (lupin bean) 2.00 27.3 153
10j6 & Ngb H. sapiens (human) 1.95 17.8 147
3s1j HGbl M. infernorum (thermophile) 1.80 21.0 131
lurv % Cygb  H. sapiens (human) 2.00 22.2 154
2lhb &, % CycHb P. marinus (lamprey) 2.00 14.2 149
Imyt £,* Mb T. albacares (tuna) 1.74 17.7 146
2mml ¥ Mb H. sapiens (human) 2.80 15.8 153
Ispga & a-Hb L. xanthrus (spot croaker) 1.95 19.1 143
2hhbai  ao-Hb  H. sapiens (human) 1.74 16.0 141
2hhbb &  B-Hb H. sapiens (human) 1.74 16.0 146
2hbg x Hb G. dibranchiata (bloodworm) 1.50 12.7 147
1hlb % Hb C. aurenicola (sea cucumber) 2.50 15.0 157

Table 2.2: The 5-, 8- and 12-globin datasets, grouped according to observed clades. Sequences
marked with a  are present in the 8-globin dataset, those with a % in the 5-globin set, and all
except 2hbg and 1hlb are present in the 12-globin set. NsGb = non-symbiotic plant globin; Lhb
= leghaemoglobin; Ngb = neuroglobin; HGbI = bacterial Hell’s gate globin I; Cygb = cytoglobin;
CycHb = cyclostome haemoglobin; Hb = haemoglobin; Mb = myoglobin. * - length shown for the
portion present in the PDB file.

Structure Protein Organism Resolution R-value Length*
laim Cruzain T. cruzi (trypanosome)  2.00 18.8 216
8pcha Cathepsin H S. scrofa (wild boar) 2.10 NA 221
Imema  Cathepsin K H. sapiens (human) 1.80 18.3 216
2acta Actinidin A. chinensis (kiwi fruit) 1.70 16.5 219
Icqda Proteinase II Z. officinale (ginger) 2.10 21.3 217
lyal Chymopapain C. papaya 1.70 19.2 217
Ippn Monoclinic papain C. papaya 1.60 16.0 213
Igece Glycyl peptidase C. papaya 2.10 19.6 217
Ippo Protease omega C. papaya 1.80 15.5 217

Table 2.3: The cysteine proteinase dataset. Average pairwise identity using the HOMSTRAD alignment
is 42%. = - length shown for the portion present in the PDB file.
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2.4.1 Structural information improves alignments

For the simulated datasets the true multiple alignment is known, and we can measure the
distance of the posterior alignment samples to this known alignment using the column score
(proportion of correct columns), and the sum-of-pairs score (proportion of correct pairwise
homology statements (Thompson et al., 1999)). The alignment accuracy metrics are av-
eraged over the ten repetitions for each tree. Under the sequence-only model alignment
accuracy decreases markedly as branch lengths increase; in contrast, with the structural
models, alignment accuracy remains high (Figure 2.7).

On the 5-globin and cysteine proteinase datasets, alignment accuracy was measured
with respect to the alignments contained in the HoMSTRAD database (Mizuguchi et al., 1998),
which were constructed using 48 (globin) and 13 (cysteine proteinase) structures. In each
case, the addition of structural information results in a consistent improvement in alignment

accuracy and decreased variability (Figure 2.7), as with the simulated data.

2.4.2 Structure reduces topological uncertainty

The 5-globin dataset was chosen as a simple test case to explore the effect of structural
information on topology uncertainty. Results were generated from four independent runs
of 100,000 samples, thinned from 10m iterations, after a 5m burn-in. For sequence-only,
on average around 80,000 topology switches were observed during the 10m iterations.
With the non-phylogenetic structural model included, around 2200 switches were observed,
and with the phylogenetic structural drift model. around 700. The ASDSF values for the
consensus trees were 0.009, 0.000 and 0.000 respectively (Figure 2.9).

The sequence-only model visits the most probable tree only 60.1% of the time, with
27.7% of the samples coming from a second topology (Figure 2.9). We also ran BAli-Phy
(Suchard and Redelings, 2006) on this dataset, and the consensus tree yields a polytomy
between 1lh1, 1hlb and 2hbg, indicating even higher posterior tree uncertainty under the

BAli-Phy sequence-only evolutionary model (Figure 2.10).
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Figure 2.7: Alignment accuracy on simulated data (left two panels) for short branches (mul-
tiplier = 1) and long branches (multiplier = 2), and on the 5-globin and cysteine proteinase
datasets (right panels). Shown are posterior distributions of distance to true alignment (simulated
data) or HoMsTRAD alignment (globins and cysteine proteinases) obtained under the sequence-based
model alone (red), and after combining with the non-phylogenetic (green) and phylogenetic (blue)
structural models. In all cases alignments are more accurate with structural information than un-
der the sequence-only model, with a much narrower range of accuracy values. In many cases the
phylogenetic structural model also offers an additional improvement in alignment accuracy over the
non-phylogenetic model. Simulated data results shown for ten realisations on an 8-taxon tree with
O'i = (0.7 and € = 0.5, with branch lengths multiplied by the multiplier indicated. Similar results
were seen with the sum-of-pairs alignment accuracy metric (not shown).
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Imyt Imyt
2lhb 2lhb
2hbg 1hib
1lh1 1llh1
1hib 2hbg
seq-only 0.606 0.277
seq+struc (non-phylo) 0.997 0.000
seq+struc (phylo) 0.999 0.000

Figure 2.8: The two most frequently sampled tree topologies for the 5-globin data set, with
posterior probabilities shown under sequence-only and structural models. Trees shown with
equal branch lengths for each branch for illustrative purposes. Posterior probabilities were computed
using the program trees-consensus, written by Benjamin Redelings.

In contrast, under both structural model variants there is virtually no uncertainty in the
topology, with more than 99% of the samples coming from the most probable topology,
placing 2hbg (G. dibranchiata haemoglobin) in between the other four structures. Accep-
tance for nearest-neighbour topology moves was 4% for sequence-only, and less than 0.1%
for the structural models, the latter reflecting the very low uncertainty in the topology when
structural information is included.

These results clearly illustrate the ability of the joint sequence-structure model to con-
centrate the posterior around the most likely topology, indicating that additional informa-
tion is contained within the structural portion of the model. This extra information can be
incorporated with little additional computational cost in this case: the three model variants

required the same number of iterations to achieve convergence, with the runtime of the

structural models around 1.2-1.5 times that of the sequence-only model (see Table 4.1).
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1.00 2hbg 1.00 2hbg
1.00 1.00
1hlb 1hlb
0.5 0.5
1lh1 1lh1

Figure 2.9: Consensus trees for the 5-globin dataset. Results shown computed under the
sequence-only model (top), and with the non-phylogenetic (bottom left) and phylogenetic (bottom
right) structural models. Results were generated from 10m MCMC iterations after a burn-in of 5m,
sampling every 200 iterations. ASDSF values are 0.009, 0.000 and 0.000 for the three trees.
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Figure 2.10: Consensus tree for the 5-globin dataset, derived using BAli-Phy with default
settings. Convergence required 10, 000 iterations, roughly 30 minutes’ runtime on a 2.13Ghz Intel
core, with burn-in set to 365 as recommended by the statreport utility.

Opteron  Intel i3
2.3GHz 3.3GHz

. seq-only 1.0 1.8
> globins seq + struc 0.7 1.4
. seq-only 0.8 1.4
8 globins seq + struc 0.6 1.2
. seq-only 0.7 1.2
12 globins seq + struc 0.4 0.8

Table 2.4: Average number of MCMC iterations per hour (in millions) on different sized datasets,
computed on two different CPU types.

Similar results are observed with the larger cysteine proteinase dataset (Figure 2.11).
Again the structural consensus trees do not differ topologically from the sequence tree,
and consensus branch lengths are very similar, but uncertain splits in the consensus tree
are more highly resolved when structure is included. ASDSF = 0.000, 0.015, 0.019 for
sequence-only, non-phylogenetic (e-only), and phylogenetic (e and ¢%) structural models
respectively.

As discussed earlier, structural information can reduce topology uncertainty in at least
three ways: by increasing alignment accuracy, by reducing alignment uncertainty, and by
providing direct information regarding the topology and branch lengths. In the above cases,

a decrease in topology uncertainty is also observed when the non-phylogenetic structural
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seq-only 0.53 1.00 0.61
seq+struc (non-phylo) 0.81 0.97 0.96
seq+struc (phylo) 0.97 1.00 1.00

Figure 2.11: For the cysteine proteinases the consensus topology is the same under all model
variants. The labelled edges correspond to splits with significant uncertainty under the sequence-
only model (the other three splits have posterior probability 1.00 in all cases). The table below
the figure shows the posterior probability of each of these labelled splits under the different model
variants.
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model is used, suggesting that alignment inaccuracy and/or uncertainty is a principal cause
of topology uncertainty in these examples. Nevertheless, additional reductions in alignment
and topology uncertainty are also seen from adding the phylogenetic drift component to the

model (Figures 2.7 and 2.11).

2.4.3 Structural information reduces tree errors

For the simulated datasets where the true tree is known, we can also assess whether the
structural model concentrates the tree posterior around the correct topology, using the
Robinson-Foulds topology distance (Robinson and Foulds, 1981). For trees with smaller
branch lengths, the sequence-only and sequence + structure models performed similarly,
with the structural model only slightly more accurate. However, when branch lengths are
doubled, the structural information not only reduces uncertainty, but also improves accu-

racy of the sampled topologies (Figure 2.12).

2.4.4 Structure helps select between alternative topologies

In cases where the majority of the tree is well resolved, the structural model often favours
the same consensus tree as sequence. However, for trees with higher uncertainty, structure
can also help to select between alternative hypotheses in regions that are difficult to resolve.
Here we illustrate this by analysing a larger set of globins (7Table 2.2).

The known set of vertebrate globin types was expanded relatively recently with the dis-
covery of two additional globins: the neuroglobin (Burmester et al., 2000) and cytoglobin
(Burmester et al., 2002). Neuroglobin tends to occur in neurons and endocrine cells, while
cytoglobins appear in fibroblast-related cell types, and have been observed to be present in
all vertebrates. The function of both proteins is still somewhat unclear, although high levels
of sequence conservation suggest a vital physiological function for cytoglobin (Hoffmann
et al., 2012b).

Since these discoveries, there has been a surge of interest in establishing the likely
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Figure 2.12: Posterior distribution of topology errors relative to the true tree for simulated
data. Results shown for analysis under the phylogenetic structural model (black) and the sequence-
only model (grey), as branch lengths are doubled (left to right). The inclusion of structural infor-
mation allows the tree to be accurately inferred even for large evolutionary distances, whereas the
trees inferred by the sequence-only model become much less accurate. Frequencies shown for the
trees on the left, with 6 (top), 8 (middle), and 10 (bottom) leaves, aggregated from 10 independent
samples from the model; the maximal half Robinson-Foulds distance for a tree with n leaves is
2(n —3),1i.e. 3, 5 and 7 for the three trees above.
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evolutionary history of the four vertebrate globin types: haemoglobin (Hb), myoglobin
(Mb), neuroglobin (Ngb), and cytoglobin (Cygb). All previous analyses have found Ngb
to be the most distant outgroup, so we focus here on the order in which the other vertebrate
globins split after diverging from the neuroglobins.

Initial phylogenetic studies of Cygb using maximum likelihood approaches suggested
the topology (Ngb, (Hb, (Mb, Cygb))) (Burmester et al., 2002), although the support for
this arrangement was found to be low. This topology may have initially appeared more
plausible, since it requires O, transport to have evolved only once, along the branch to Hb.
However, close homology was subsequently discovered between Cygb and the Hbs found
in the jawless fishes known as cyclostomes (abbreviated as CycHbs). Accounting for this
relationship requires either double evolution of O, transport function, or double loss of this
functionality, as discussed by Hoffmann ef al. (2010). Based on Bayesian phylogenetic
analysis, the authors proposed the same phylogeny as Burmester et al. (2002), but with
CycHb splitting from Cygb, i.e. (Ngb, (Hb, (Mb, (Cygb,CycHb)))), as shown in the top-
left tree in Figure 2.13. Under this scenario, oxygen transport functionality is proposed to
have developed independently in the cyclostome Cygb, the ancestor of the current CycHb,
with the orthologues of the Mb and Hb genes subsequently lost (Hoffmann et al., 2010,
2012b; Storz et al., 2013).

More recently Hoffmann ef al. (2012a) conducted a Bayesian analysis on a larger
dataset including globins from plants, and in this case reported a three-way split, i.e.
(Ngb, (Hb,Mb,(Cygb,CycHb))) (as shown in the bottom left tree in Figure 2.13, which
contains a polytomy at the centre). Using a similar dataset including plant globins (without
CycHb), Ebner et al. (2010) were also unable to resolve this three-way split, reporting the
same polytomy.

Here we compare the results obtained by Hoffmann ez al. (2010, 2012a) with those from
our structural model, as well as the sequence-only indel model. To do so, we construct

smaller versions of the two datasets, containing one or two representatives from each of the
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clades of interest (details in Table 2.2). The first dataset is the 8-globin set containing only
Hb, Mb, Cygb, Ngb and CycHb, and the second dataset contains an additional four proteins,
namely three plant globins and a recently-crystallised bacterial globin known as Hell’s gate,
which has been observed to show high structural homology with human neuroglobin (Teh
etal.,2011; Vazquez-Limon et al., 2012).

Although the original analyses of Hoffmann ez al. (2010, 2012a) used 68 and 110 se-
quences respectively, we obtain the same consensus tree from just 8 and 12 sequences using
our sequence-only statistical alignment model (see Figure 2.13). However, as with the re-
sults of Hoffmann et al. (2012a), the addition of the plant globins appears to destabilise the
consensus tree, favouring other topologies in the posterior.

Specifically, our sequence-only model shifts from having 94% posterior probability on
the split (Cygb,CycHb), Mb | Hb in the 8-globin case, to favouring this less than 50% of
the time when the plant globins are added. In the 12-globin case, the sequence-only model

visits the following three topologies between the clades of interest:

1. (Mb,((Cygb,CycHb),Hb))

2. ((Cygb,CycHb),(Mb,Hb))

3. (Hb,((Cygb,CycHb),Mb))

with relative frequency 2:1:1. The third topology is the same as the consensus topology on
the 8-globin set.

As noted by Hoffmann et al. (2012a), globins are relatively short proteins and thus
limited in the information that can be provided about evolutionary history. Hence, there
is good reason to believe that more accurate inference can be obtained by including other
sources of information such as structure.

Indeed, as shown in Figure 2.14, the structural model favours topology 2 with almost
100% certainty regardless of whether the plants globins are added. This demonstrates that

inference under the structural model is more robust to the choice of dataset. Moreover, we
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Figure 2.13: Consensus trees for globin datasets. These datasets are taken from Hoffmann ef al.
(2010) and Hoffmann et al. (2012a) (top left and bottom left respectively), and inferred using
the sequence-only evolutionary model of Miklés et al. (2008) (top right and bottom right, AS-
DSF=0.011, 0.008 respectively). The bottom row features an augmented dataset containing plant
globins, as well as a bacterial globin in our analysis. In both cases we obtain the same consensus
tree as Hoffmann ez al., including the four-way polytomy in the 12-globin case.
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can see that the sequence-only model is shifting to increasingly favour the structural tree
as more sequences are included, illustrating the fact that structures can contain additional
evolutionary information beyond what can be obtained from sequences alone.

Both structural models favour (CycHb,Cygb) as the first split from the root. It should
be emphasised that in the non-phylogenetic (e-only) structural model, only the alignment
is directly informed by structural information (rather than evolutionary distance), which
reiterates the fact that the alignment can have a large impact on the resulting phylogenetic
inference. When phylogenetic structural drift is also included in the model, the posterior
probability of (CycHb,Cygb) diverging before the Mb-Hb split increases further (from 0.72
to 1.00), demonstrating that the phylogenetic structural drift model does indeed allow for

additional structural information to be used in estimating tree topologies.

2.4.5 Inclusion of structural inforamtion facilitates analysis of more

challenging datasets

As a further example, we examined a larger set of globins, consisting of 17 structures,
including four nerve globins, and two non-haem bacterial globins (c¢f. Figure 2.15). The
evolutionary relationships between these structures are of great interest, since some of the
splits may represent very ancient events, taking place before the divergence of plants and
animals (Herman et al., 2014f).

As shown in Figure 2.15, when analysed under the sequence-only model, the uncer-
tainty associated with the phylogeny is very high, with many clades forming polytomies.
In contrast, when structural information is included in the model, the uncertainty is reduced
dramatically, allowing for more robust tree inference. The implications of the inferred phy-
logeny under the structural model on this dataset are currently being investigated in more
detail (Herman et al., 2014f), but the example shown here illustrates how the structural

model has the power to extend the range of datasets that can be analysed.
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Figure 2.14: The structurally derived trees have very low uncertainty, and the order of the
splits of interest is unchanged by the inclusion of additional sequences. Consensus trees de-
rived under the non-phylogenetic (e-only) structural model (top left and bottom left, ASDSF=0.010,
0.026 respectively), and the phylogenetic structural drift model (top right and bottom right, AS-

DSF=0.002, 0.016 respectively).
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Figure 2.15: Inclusion of structural information allows for analysis of larger datasets that
exhibit high uncertainty when analysed under a sequence-only model. On this larger globin
dataset, the sequence-only model (top) results in a tree with a large number of polytomies, indicating
high uncertainty. When structural information is included (bottom), all the splits are fully resolved,
with much lower uncertainty. Red = vertebrate Hb; purple = cyclostome Hb; orange = Cygb; cyan
= protostome Hb; blue = vertebrate Mb; brown = nerve globin; green = plant globin; black =
bacterial Hb; pink = bacterial non-haem globin.
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8-globins 12-globins Cys proteinase
non-phylo phylo non-phylo phylo non-phylo phylo
Py 150 140 258 229 226 213
DIC 16759 15959 25110 23743 18739 17075

Table 2.5: Effective number of parameters, Py, and model fit as measured by DIC for structural
models with and without a phylogenetic drift component. Results averaged over four independent
repetitions for each dataset.

2.4.6 Phylogenetic structural model improves fit

As shown by the results in the previous sections, structural information is able to reduce
topology uncertainty, concentrating the topology distribution around the posterior mode,
as well as offering improvements in alignment accuracy. These improvements are often
greater with the phylogenetic structural drift model than with the non-phylogenetic (e-only)
model.

In order to measure whether the phylogenetic model also achieves a better model fit
to the data, we make use of the deviance information criterion (DIC) (Spiegelhalter et al.,
2002), given by DIC = E[D]+ Py, where D = —21log L is the deviance, and Py = Var[D]/2
is a measure of the effective number of parameters in the model (Gelman et al., 2003).
Smaller values of DIC indicate a better model fit. The DIC measure is particularly suited
to analysing the output of MCMC inference in hierarchical models when Bayes factors
are not easily available (Spiegelhalter er al., 2002). It should be noted that the effective
number of parameters includes a contribution from the alignment and the tree, such that
lower posterior uncertainty in these parameters will reduce the effective dimensionality of
the model.

As shown in Table 2.5, despite increasing the actual number of parameters, the addition
of phylogenetic drift rates for each branch reduces the overall uncertainty associated with
the model, hence decreasing the effective number of parameters, Py, and resulting in a
substantial improvement in model fit, as measured by the DIC.

With complete shrinkage (y = 1), the model retains only a single global 0'§, decrease the
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effective number of parameters (on the 5-globin set this results in a reduction in average
Py from 148 to 140). However, the model fit generally suffers as a result (average DIC
increases from 13, 640 to 13,700 on the 5-globin dataset), and tends to result in trees with
very different branch lengths from those obtained with sequence-only data. In contrast, the
heterogeneous diffusivity model (y < 1) results in a better model fit, and estimates branch
lengths similar to those in the sequence-only trees. This suggests that branch-specific drift
rates are indeed needed to explain the heterogeneity in the data. We examine this in more

detail in Section 2.5.

2.4.7 Parameter inference

In addition to alignments and phylogenies, the model also provides the ability to estimate
several scalar parameters of interest in the evolutionary process, such as indel rates and
structural diffusivity coefficients.

On simulated data, the structural parameters are recovered to a high degree of accuracy,
lying within the 95% highest posterior density interval in all cases, with the posterior me-
dian usually very close to the true value (see Figures 2.16, 2.17 and 2.18). Importantly, we
are able to clearly resolve the different contributions from € and o even without repeated
observations at the leaves.

Table 2.6 shows posterior quantiles for € and a’§ (the global diffusivity) on two globin
datasets (with 8 and 12 taxons), and the cysteine proteinase dataset, under the non-phylogenetic
(e-only) and phylogenetic structural models. The phylogenetic drift model estimates 0'§ >
0 even with € in the model, indicating that there is always a time-dependent component to
the structural variation. € is a multiplicative scale factor (in units of A2?) for the site-specific
variance parameters, which in our case are proportional to normalised B-factors. Hence,
€ = 1 signifies that an atom with B-factor equal to the mean has baseline variance equal
to 1A2. The parameter 0'§ has units of A2 per substitution per site. For example, from the

12-globin set we expect phylogenetic drift to lead to an increase in mean square deviation
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Figure 2.16: 95% highest posterior density intervals for structural model parameters esti-
mated on simulated data, on a 4-leaf tree.
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Figure 2.17: 95% highest posterior density intervals for structural model parameters esti-
mated on simulated data, on an 8-leaf tree.
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Figure 2.18: 95% highest posterior density intervals for structural model parameters esti-
mated on simulated data, on a 10-leaf tree.
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8-globins 12-globins Cys proteinase
non-phylo phylo non-phylo phylo non-phylo phylo
5% 3.23 0.762 5.16 1.54 1.03 0.239
€ 50% 3.53 0.902 5.78 1.76 1.09 0.275
95% 3.81 1.046 6.37 1.99 1.14 0.310
GR 1.02 1.00 1.49 1.00 1.01 1.04

5% 0 0.085 0 0.112 0 0.032
6—% 50% 0 0.192 0 0.232 0 0.049
95% 0 0.336 0 0.386 0 0.069
GR - 1.00 - 1.00 - 1.01

Table 2.6: Comparison of inference for global structural parameters on three datasets under the
phylogenetic and non-phylogenetic variants of the model, averaged over four repetitions from inde-
pendent starting points. Gelman-Rubin potential scale reduction factors (GR) are shown below each
column. In the cysteine proteinase case, most of the variability is explained by baseline variance
rather than evolutionary drift, although drift coefficients are significantly higher in certain regions
of the tree (not shown).

of approximately 0.23A2 per substitution per site (see Table 2.6), although there are also
noticeable hetereogeneities in drift rates across the tree.

In all cases Gelman-Rubin (GR) potential scale reduction factors were very close to 1,
except for the non-phylogenetic (e-only) model on the 12-globin dataset, since a single €
parameter struggles to explain the variability in this dataset, leading to slow convergence.
In the cysteine proteinase case, although the global 0'§ is estimated to be very low (around
0.05), some branch-specific diffusivity coefficients are estimated to be substantially higher,
hence there is still a substantial improvement in model fit using the phylogenetic structural
drift model in this case (Table 2.5).

Table 2.7 also shows posterior distributions of the TKF92 parameters with and with-
out (phylogenetic) structural information. Increasing the dataset from 8 to 12 sequences
reduces the uncertainty associated with the parameter estimates in all cases, but a similar
reduction in uncertainty in the alignment length and r is also observed when structural in-
formation is included. Alignments are typically slightly longer with the structural model,

and the indel rate parameters, A and u, are estimated slightly higher. This shows the estima-

tion of these parameters can also be affected by alignment uncertainty, hence the inclusion
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8-globins 12-globins
seq-only seq+struc seq-only seq+struc
5% 167 177 174 184
L 50% 173 182 184 188
95% 183 186 194 194
GR 1.00 1.06 1.01 1.02

5% 0.669 0.700 0.644 0.681
r 50%  0.787 0.796 0.742 0.761
95%  0.887 0.880 0.833 0.832
GR 1.00 1.04 1.00 1.02
5% 0.021 0.035 0.028 0.045
A 50%  0.049 0.071 0.050 0.073
95%  0.092 0.121 0.079 0.109
GR 1.00 1.00 1.00 1.00
5% 0.021 0.037 0.029 0.047
u S0%  0.053 0.077 0.053 0.080
95%  0.103 0.137 0.087 0.123
GR 1.00 1.00 1.00 1.00

Table 2.7: Posterior quantiles for alignment lengths (L), and TKF92 indel model parameters for
globin datasets, aggregated from four independent MCMC chains in each case. All runs used a burn-
in of 10m iterations, followed by a sampling period of 20m (sequence-only) and 40m (sequence +
phylogenetic structural drift), with samples for all parameters recorded every 200 iterations, hence
100, 000 samples were taken for the sequence-only runs, and 200, 000 for the structural variants.
Gelman-Rubin potential scale reduction factors (GR) are shown in each column.

of structural information also has the potential to improve estimates of insertion and dele-

tion rates by improving alignment accuracy.

2.5 Heterogeneity in structural diffusivity

The structural drift model also enables the estimation of separate structural diffusion rates
for different branches. As mentioned earlier, we observe strong heterogeneity in the rates
of structural drift within several families, suggesting that structure is subject to varying
degrees of selective pressure. In particular, higher structural drift appears to be associated
with changes in function, with certain patterns suggestive of evolution by duplication and

divergence.
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2.5.1 Heterogeneous structural evolution among the globins

On the 12-globin dataset, there are some striking examples of heterogeneity in the structural
drift rates across the tree, consistent with the observations of Illergard et al. (2009). As
shown in Figure 2.19, diffusivity is often higher along internal branches between proteins
or clades that perform different functions (see Section 2.5.2 for further discussion). There
is also strong evidence for purifying selection (low ¢?) in six out of the 12 structures,
corresponding to the haemoglobins and myoglobins (see Figure 2.20), implying a high
degree of selective pressure to preserve structure in these proteins.

Equally notable are the highly increased rates of structural drift among the plant globins,
particularly along the internal branch between the type-I non-symbiotic globin (nsGb) 2oif
and the symbiotic leghaemoglobins (Lhb) 1bin and 11h1. Although it was first hypothesised
that Lhbs may have evolved from a bacterial ancestor, it is now thought that the Lhbs
evolved from the nsGbs around 200mya, acquiring O, transport capability through the
stabilisation of the open pentacoordinate haem configuration as opposed to the original,
more stable hexacoordinate configuration (Garrocho-Villegas et al., 2007; Hoy et al., 2007,
Landsmann et al., 1986; Vinogradov et al., 2005).

Although our structurally-based results support this same topology, there is a noticeable
acceleration in the rate of structural evolution between the nsGbs and Lhbs. Previous stud-
ies have also uncovered a high rate of sequence variation in Lhbs than type-I nsHbs during
the evolution of land plants, suggesting that different types of evolutionary pressures may
have been involved along these two separate lineages (Vazquez-Limoén et al., 2012). Since
the purpose of O, transport functionality in Lhbs is to sustain the symbiotic bacteria living
in the root nodules of leguminous plants, it is conceivable that this increased rate of struc-
tural divergence may be related to the emergence of symbiosis in legumes. Analysis of
intermediate structures along this transition may help to uncover more of the mechanisms
responsible for this major structural transition (Gopalasubramaniam et al., 2008).

With the cysteine proteinases, the drift rates are generally much smaller, as might be
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Figure 2.19: Consensus tree with branches scaled by local 0'% parameters for the 12-globin
dataset.
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Figure 2.20: Distributions for O'i for leaf branches in the 12-globin dataset. Parameters shown
as estimated with low (y = 0, left) and high (y > 0, right) shrinkage to the global 0']%, using the
shrinkage mixture prior described in Section 2.2.8. In the high shrinkage case, the posterior median
for y was 0.50, with a 95% highest posterior density interval of [0.41,0.64], and effective sample
size of 2390, indicating good mixing on the z; parameters.

expected given that function is largely conserved across most members of the datasets, with

—_—

O'; = 0.05. However, several of the branches have much larger diffusivity, for example for
the porcine cathepsin (PDB code 8pch) we have E.Ek = 0.43 (Guncar et al., 1998) (see

Figure 2.21).

2.5.2 Patterns of structural divergence

Further intriguing patterns of heterogeneity in the structural evolution rates can be seen on
larger datasets. One of the largest sets we have examined so far with this methodology is a
28-structure protein kinase dataset, listed in Table 2.8. This dataset was constructed in order
to contain several structural representatives from each of the clades in the sequence-only
analysis of Manning et al. (2002). For this dataset, convergence required 60m iterations,
after which the MCMC chains were run for a further 40m iterations, sampling every 200
iterations, yielding a total of 200, 000 samples.

Figure 2.22 shows the consensus tree for the protein kinase dataset, as well as the same
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Structure Protein

1gz8
2gfs
1q5k
1o61
luu3
1tki
1jks
20za
lyhw
2j4z
Igpc
Imp8
1t46
Ip4o
1rOp
1t4h
1u46
1xbb
Ixws
2jav
3blh
2ifl
Lvjy
Ifvr
Invr
luwh
1xkk
159;

Cell division protein kinase 2
Mitogen-activated protein kinase 14
Glycogen synthase kinase-3 beta
Aminotransferase

3-phosphoinositide dependent protein kinase 1
Titin

Death-associated protein kinase

MAP kinase-activated protein kinase 2
Serine/threonine-protein kinase PAK-1
Serine/threonine-protein kinase 6

LCK kinase

Focal adhesion kinase 1

Tyrosine kinase

Insulin-like growth factor I receptor
Hepatocyte growth factor receptor
Serine/threonine-protein kinase WNK1
Activated CDC42 kinase 1
Tyrosine-protein kinase SYK
Serine/threonine-protein kinase PIM-1
Serine/threonine-protein kinase NEK-2
Cell division protein kinase 9
STE20-like serine/threonine-protein kinase
TGF-beta receptor type I

Tyrosine protein kinase TIE-2
Serine/threonine-protein kinase CHK-2
B-RAF Serine/threonine-protein kinase
Epidermal growth factor receptor
Mitogen-activated protein kinase 1

Table 2.8: The human protein kinase dataset.
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Figure 2.21: The consensus tree for the cysteine proteinase dataset, with branches scaled ac-
cording to mean branch length (left), and mean o-,% (right). The variability in lengths in the
right-hand panel illustrates the heterogeneity in structural diffusivity coefficients across the tree.

tree after scaling the branch lengths according to the structural diffusivity. For the most
part, the structures cluster according to the functional groupings discussed by Manning
et al. (2002), as indicated by the colours for each taxon. Several clades contain branches
with very low as well as very high drift rates. Overall, just over half of the branches end up
with diffusivity parameters shrunk to the global 0'52,, with the posterior median for y at 0.56
(95% intervals spanning from 0.48 to 0.59, and an effective sample size of 845).

In general, we observe some recurring patterns of heterogeneity that can be divided
into four categories of particular interest, as shown in Table 2.9. We also see patterns of
the type (A + B)", i.e. repeated bifurcations where one of the children of the pair has a
very low diffusivity, and no descendants, for example in the top right of Figure 2.22, and
between the « and S globins, as shown in Figure 2.19. This may be a signature of a series
of duplication and neofunctionalisation events, whereby the ancestral protein retained its
original function, and the new duplicate was either free, or perhaps under selective pressure

to evolve a new functionality.
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Figure 2.22: The consensus tree for the protein Kkinase set, with branches scaled according
to mean branch length (top left), and mean o (top right). Note that o rather than a’i is used
for plotting the tree for ease of visualisation. The distributions for diffusivity coefficients at the
leaf branches are summarised below. Taxons are colour-coded according to the scheme in Man-
ning et al. (2002): red = tyrosine kinases, blue = calmodulin-dependent kinases, light green = yeast
sterile kinases, dark green = (PKA,PKC,PKG), orange = (CDK,MAPK,GSK3,CLK), brown = tyro-
sine kinase-like, grey = uncategorised. Grey boxes in the background indicate boundaries between
clades based on the consensus tree. Median and highest posterior density interval for the global 0'52,
is shown by the dotted lines running across the boxplot.
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Type Magnitude of 0',% Suggested explanation
A small high structural constraint (e.g. Hb and Mb)
B large accelerated rate of structural drift (e.g. when developing

new functionality, for example in symbiotic Lhb)

A+B  small + large  possible duplication event; the branch with the smaller dif-
fusivity is closer to the ancestral structure, allowing the
other structure to diverge since there is some redundancy
(several examples, including @ and 8 Hb); a form of ne-
ofunctionalisation (Hughes, 1994; Rastogi and Liberles,
2005).

A+A  small + small  strong selective pressure to preserve structure (e.g. @ Hb in
human versus fish); may be a form of subfunctionalisation
(Rastogi and Liberles, 2005)

Table 2.9: Patterns of heterogeneity among branch-specific structural diffusivity parameters, as
observed in several different datasets.

2.5.3 Structural determinants of evolutionary drift rates

There is theoretical and empirical evidence to suggest that more designable proteins (those
with a higher contact density) may evolve faster on the sequence level, since destabilis-
ing mutations are more easily tolerated in such cases (Bloom et al., 2006; England and
Shakhnovich, 2003; Tiana et al., 2004). Equivalently, in our framework these cases corre-
spond to branches for which o} is small, meaning that mutations to the sequence result in
a smaller change to the structure along these branches.

On the other hand, Lukatsky et al. (2007) provided evidence to suggest that structurally
similar proteins may exhibit a propensity to interact with each other; indeed, the globin
family provides a particularly rich set of examples of oligomer formation, ranging from the
familiar a-38 Hb heterotetramer, to the large extracellular homo-oligomers found in insects
(Lamy et al., 1996; Terwilliger, 1992). Although this may present a mechanism for the
evolution of new binding partners (Levy et al., 2008), it also poses a risk of unintentional
homodimerisation. The need to avoid homodimer formation may give rise to what has
been termed negative design, whereby a structure accumulates mutations that reduce its

potential for self interaction Lukatsky ez al. (2007). Such negative design may explain local
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accelerations in structural drift at certain branches in the tree, particularly after a duplication
event, when the presence of two copies of a particular protein is likely to further increase
the propensity for unwanted self-oligomerisation.

As discussed by Hughes (1994), one possible mechanism by which functional diversi-
fication can occur in enzyme families is to evolve new binding capabilities through modu-
lating the charge distribution on the surface of the protein. Among the cysteine proteinases,
Hughes (1994) observed several regions of major charge difference among cathepsin B se-
quences, and devised a statistical test that suggested shifts of charge in certain regions of
the structure were likely to have arisen as a result of selective pressure to diversify. The
elevated rates of structural drift we observe in certain regions of the tree may be a signature
of a similar mechanism of structural diversification.

In our case, we also see an elevated number of charge differences between the human
cathepsin K, (PDB code 1mema) and the other sequences, including its nearest neighbour,
8pch (see Figure 2.23). When combined with the observation of an unusually high struc-
tural drift rate, this might suggest that charge modulation could play a role in the functional

diversification of the cysteine kinase family.

2.5.4 Independence of drift rates and branch lengths

Since the default substitution model we use here posits a single subtitution rate for the
whole tree, local variations in substitution rate will be encoded as longer or shorter branch
lengths, which may lead to non-clock-like trees. In such a case, even if structural evolution
were clock-like, this could still lead to the estimation of heterogeneity in the diffusivity
parameters, as an indirect reflection of heterogeneity in the substitution rates. In this case
o7 would be approximately inversely correlated with 7.

However, on all the datasets we examined there was essentially zero correlation be-
tween 0',% and the branch length for all £, showing that these quantities contain separable

sources of information (cf. Figure 2.24). In addition, the branch lengths estimated under
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Figure 2.23: Illustration of charge differences between cysteine proteinase structures. Struc-
tures for Imem (left) and 8pch (right), with charged residues highlighted in red (positive) and blue
(negative), showing a large number of differences between the two proteins.

the sequence-only and sequence + structure model variants are very similar (Figure 2.24),
suggesting that any effect of variation in substitution rate on branch lengths would still
present in the joint sequence + structure model. These observations suggests that similar
patterns of heterogeneity in diffusivity parameters would be seen using a substitution model
that allows for branch-specific substitution rates. Further investigation with other types of
substitution models will help to reveal to what extent these patterns are robust to model

choice.

2.6 Discussion

The main achievement of the work presented in this Chapter is the development of a
tractable probabilistic model for joint evolution of sequences and structures on a phyloge-
netic tree. Our results demonstrate that inclusion of structural information reduces poste-

rior uncertainty over alignments and topologies, improves alignment accuracy and reduces
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Figure 2.24: Top: Comparison of consensus branch lengths for trees computed under the
sequence-only, and phylogenetic structural drift models. Botfom: Branch-specific o-,% parame-
ters plotted against consensus branch length. The lack of correlation shows that the drift rates do
not depend on branch lengths in a predictable fashion. Data shown for the 12-globin dataset (left),
and the rotein-kinase dataset (right), coloured according to the same schemes used in Figures 2.19
and 2.22.
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the number of tree errors, allowing for more reliable inference over larger evolutionary
distances. The structural model is also more robust to the particular dataset chosen for
analysis, whereas sequence-only models can be highly sensitive to this choice.

Using this approach, we are able to provide structural insights into the evolutionary
history of the globin family, whereas sequence-only methods encounter high uncertainty
and sensitivity to choice of dataset, making it difficult to confidently characterise deep
splits in the tree.

Structural information can reduce topology uncertainty both by reducing alignment un-
certainty and by adding additionally information regarding divergence times for estimating
topology and branch lengths. We observe that in some cases a large decrease in topol-
ogy uncertainty can be obtained even with a non-phylogenetic structural model (the e-only
model), which affects the tree only via the alignment. This suggests that alignment inaccu-
racy and/or uncertainty can be a major cause of topology uncertainty, and further highlights
the benefits of approaching alignment and topology inference in a joint framework, as we

have done here.

2.6.1 Future work

As discussed, several modelling assumptions are made to ensure tractability of likelihood
computations. These are likely to be reasonable for modelling local fluctuations around
a particular fold, but may be less appropriate for modelling larger deviations. In partic-
ular, the assumption of independence between sites under the structural model becomes
questionable when considering large displacements of secondary structure or other struc-
tural motifs. We are currently exploring extensions to allow for dependency between sites,
although this is computationally very demanding, just as it is for sequence-based models.
The current model requires experimental structural data for all sequences included in
the analysis. This is somewhat restrictive, and we are also developing extensions to allow

analyses when only a subset of the sequences have structural data available. A number of
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Figure 2.25: Average pairwise mean squared deviation (MSD) for each column plotted against
3€;. [cf. equation (2.15) in the main text] Shown for the maximum likelihood MCMC sample for the
12-globin set under the drift model, showing that for most columns the B-factor-derived information
is a good predictor of the MSD (variance), which supports the use of B-factors as a measure of
baseline variability. The multiplication by 3 is necessary because MSD contains a contribution
from x,y and z. The surplus variability beyond the baseline is modelled by the diffusion component
of the drift model.

other extensions to the model could be considered, including using mixture models in the
diffusion process to increase flexibility of the model and potentially locate differing rates
of evolution along the sequences, for example to identify structural features that are under
strong selection.

Another modification that may improve model fit would be to allow the priors for each
O'i to depend on the rate of the parent branch, as discussed by Thorne et al. (1998) and Aris-
Brosou and Yang (2002), to account for the fact that evolutionary rates are likely to diverge
as a function of time. From a biophysical perspective, this may reflect the fact that the o
parameters are related to the ability of a structure to accommodate sequence mutations, and
this property is likely to be inherited to some extent from the parent structure.

Currently the model uses the magnitude of the crystallographic B-factor to estimate
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the expected standard deviation for each atom. In the cases we have examined, this rela-
tionship appears to hold very well (see, for example, Figure 2.25), but there may be cases
where anisotropy and the presence of multiple conformers could lead to noticeable devi-
ations from the expected behaviour (DePristo ef al., 2004). By instead using the B-factor
information to specify a prior distribution for each ¢, it would be possible to allow the data
to override the B-factors where appropriate, although a larger number of structures may be
needed to carry out parameter estimation in such a model.

Finally, as mentioned earlier, the structural model presented here is independent of
the particular choice of indel model. By combining structural drift with other stochastic
models of insertion and deletion, for example the recently developed Poisson indel model
(Bouchard-Co6té and Jordan, 2013), which allows for analytical marginalisation of indel
histories as a result of some simplifying model assumptions, it may be possible to increase

the size of datasets that can be analysed using this type of joint approach.
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Chapter 3

Improved MCMC techniques for joint

sampling of alignments and trees

The Java software package StatAlign was originally developed as a tool for carrying out
joint Bayesian estimation of phylogenies and alignments (Novak et al., 2008). The software
uses a Markov chain Monte Carlo (MCMC) scheme for sampling from the joint posterior
distribution under the probabilistic model of substitution, insertion and deletion introduced
by Thorne et al. (1992), using techniques such as those discussed by Lunter ez al. (2005b).
In this chapter, we discuss a number of improvements and new features that have been

added to the software in order to extend its range of functionality.

3.1 New proposals for continuous parameters

Previously StatAlign made use solely of truncated uniform random walk moves on edge
lengths and TKF92 indel model parameters. With the inclusion of additional layers into

the model, the need for more efficient proposals becomes more pressing, and this moti-
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vated the inclusion of several new types of proposal distribution for univariate continuous

parameters.

3.1.1 Multiplicative proposals

As discussed by Lartillot (2006), improved mixing may be obtained by using multiplicative
proposals, whereby the parameter, 6, is multiplied by a log-normal random variable. The
log-normal multiplicative move can be considered either as an asymmetric move on the
parameter itself, requiring an adjustment to the proposal probabilities in the Hastings ratio
(equal to €'/60), or alternatively as a symmetric move on the logarithm. In the latter view,
the Hastings ratio is unity, but a Jacobian is required to account for the transformation of
variables from 6 to log 6, resulting in an equivalent effect on the Metropolis-Hastings ratio.

One advantage of the change-of-variables construction is that it allows for more com-
plicated proposals that may better match the expected shape of the posterior distribution,
for which the proposal distribution may not have a simple analytical form. For example,
for a parameter that lies within a restricted domain such as [0, 1], one possible option is
to consider a random walk (Gaussian or otherwise) on logit § = log 8/ log(1 — 6). In this
case, the Jacobian for the reverse transformation is given by d(logit 6)/d6 = 6(1 — 6). Due
to the nature of the logistic function, with this move a particular jump size would have a
larger effect for parameter values close to 0.5, but may be better able to explore the tails of
a distribution whose domain is restricted to [0, 1].

In addition to utilising multiplicative proposals for individual edge lengths, another
move has been introduced by which all the edges are simultaneously multiplied by a log-
normally distributed variable. The motivation behind this is to address the high correlation
between neighbouring edge lengths, which can otherwise lead to poor mixing.

As part of the new StatAlign MCMC code framework, a modular structure has been
introduced that allows proposal distributions to be easily constructed in a hierarchical fash-

ion, greatly simplifying the exploration of new move types.
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3.1.2 Automatic tuning of proposal variances

For all univariate continuous parameters, the proposals used involve a random walk, either
on the parameter itself, or a transformation thereof (see Section 3.2.1), and the width of the
proposal distribution will affect the acceptance rate of the move. Previously all proposal
widths were set to hard-coded, fixed values in StatAlign, but this becomes increasingly
inefficient as the number of parameters increases, and is unlikely to be optimal in a variety
of different datasets.

In order to address this, an automatic proposal tuning scheme was introduced, whereby
during the burn-in, at intervals of a certain specified length, the acceptance rate of each
MCMC move is queried. If it does not lie within a certain specified range (which is set to
[0.2,0.4] by default for univariate continuous parameters, as per the considerations outlined
by Roberts et al. (1997) and Roberts and Rosenthal (1998), but can be modified on a per-
move basis), then the proposal width control variable for that particular move is multiplied
or divided by a fixed factor (set to 0.7 by default), depending on whether the acceptance
rate is too high or too low. When the proposal width is modified, the acceptance counts
for the move are reset to zero, and the process begins again. Provided that the parameters
are close to convergence by the time the proposal tuning process terminates, this process is
typically very successful, and almost always achieves the desired acceptance rates for all

continuous parameter moves.

3.2 Joint moves on indel parameters

Since A and u are highly correlated, it is very difficult to traverse the joint posterior us-
ing only independent proposals to each parameter, even when combined using the scheme

above (see Figure 3.1).
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3.2.1 Reparameterisation

In order to improve mixing on (4, u), we first note that the high correlation between these
two parameters is due to the fact that their ratio is related to the expected sequence length,
which itself has a particular distribution, and may be highly constrained. As such, we
consider a transformation of variables from (4, i) to (p,6), where p = 1 + u € R* and
0 = A/p € (0,0.5). Given this new parameterisation, we introduce moves that alter p

keeping 6 fixed, and vice versa, which have the following effects on A and u

(p=p 10)= @ :=p0, g :=p -2) (3.1

O:=0"|p)=> N :=p0, uw:=p — ) (3.2)

3.2.2 Transformed priors

Having made the transformations above, we can consider the resulting priors on the trans-
formed variables. With 4 ~ Gamma(a,,b,) and u ~ Gamma(a,, b,), and assuming
a, = a, and b, = b,, this leads to the following implied priors on the reparameterised

combinations

o ~ Gamma(2a,, b,) 3.3)

0 ~ Beta(a,,a,) (3.4)

using standard results for convolutions of Gamma variates.

3.2.3 Illustration

As shown in Figure 3.1, switching from independent proposals for A and u to orthogo-
nal moves on (p, 6) results in a significant improvement in mixing on these parameters,

allowing for the posteriors to be more reliably inferred.
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Figure 3.1: Improved mixing for the 1 and y parameters of the TKF92 indel model after
switching to the alternatively parameterised moves described in Section 3.2.1. (Example gen-
erated using a globin dataset.)

After experimenting with different combinations, we opted to combine Gaussian ran-
dom walk moves on p and 6 with a pure-4 move in the ratio 3 : 3 : 2, which yields

significant improvements in mixing and effective sample size over the original scheme.
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3.3 Interdependence of topology and alignment sampling

Although for certain indel models it is possible to analytically marginalise over indel his-
tories on internal branches of the tree (Lunter et al., 2003a,b), for the more realistic TKF92
model no such algorithms have been found (Lunter et al., 2005a). Hence, in order to com-
pute likelihoods under the joint model, StatAlign adopts a data augmentation approach,
whereby the multiple alignment between the sequences at the leaves of the tree is repre-
sented in terms of a set of pairwise alignments along each branch. The full data likelihood
for the augmented model can be easily computed as a product over branches, as described
in Section 2.1.

Although alignments can be changed independently of the other parameters, the data
augmentation setup means that MCMC moves which change topologies typically also re-
quire changes to the alignment, since the internal node structure may change as a result of
such moves, which may invalidate certain columns of the alignment. The reasoning behind

this is most easily illustrated by example.

3.3.1 Nearest-neighbour interchange moves may invalidate alignments

The main type of topology move we consider involves taking a particular vertex in the tree,
and swapping it with its uncle, as outlined in Figure 3.2. This procedure is termed a nearest-
neighbour interchange (NNI). Although more complex topology schemes can be useful in
some circumstances (Lakner et al., 2008), we have focused on the use of NNI moves in
StatAlign, since they can generally be implemented much more efficiently in conjunction
with changes to the alignment, and still result in ergodic sampling (Drummond et al., 2002).

As shown in Figure 3.3, an NNI move may lead to invalidation of columns, since the
definition of homology requires that a character cannot be inserted more than once in a
particular column. As such, alignment and topology sampling are two closely interlinked

problems, and must be considered in tandem. We will first consider pure alignment moves,
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greatgrandpa

parent uncle

/)

this brother

Figure 3.2: Tree showing the relationships between the nodes involved in the nearest-
neighbour interchange (NNI) move. The NNI procedure detaches this from parent, and reattaches
it as the right child of grandpa, and then sets uncle to be the left child of parent. The dotted line
represents a branch that may not be present, if grandpa is the root of the tree.

and then discuss modified topology sampling schemes that include concomitant changes to

the alignment.

3.4 Alignment sampling

Although dynamic programming to resample the full multiple alignment is infeasible, pair-
wise and three-way alignments can be sampled directly using standard HMM algorithms
(Lunter et al., 2005b). The proposal probability of such a move can be computed exactly as
a by-product of the sampling procedure, and can then be used as a correction factor in the
Hastings ratio. In order to improve the probability of acceptance of such moves, StatAlign
makes use of alignment moves that cut out smaller windows of the overall alignment, along
with a subset of sequences corresponding to a subtree of the overall tree, progressively re-
aligning along the branches in the subtree.

For each internal node in the tree, partial likelihood vectors are stored for each position
in the corresponding sequence. This allows for rapid evaluation of the likelihood after mak-

ing local modifications to the alignment. One of the key moves used to update the alignment
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BEFORE: 1234567 AFTER: 1234567
A (this) 0-0---- B (this) 00-000-
brother 0-0---- brother 0-0----
B (uncle) 00-000- A (uncle) 0-0----
parent XXXX--X parent b & G
grandpa XX-XXXX grandpa XXX**X*
greatgrandpa oo---o- greatgrandpa oo---o-

Column Initial state  Status Allowed states after move

1 XX valid {XX}

2 XX valid {XX}

3 X- invalid {XX}

4 XX valid {XX,X-,--}

5 -X invalid {XX,X-,--}

6 -X invalid {XX}

7 XX valid can be eliminated (cf. §3.5.6)

Figure 3.3: Illustration of some possible ways in which columns can become invalidated after
an NNI move. This invalidation is due to the requirement that insertions only occur once at any
particular site. In the above tables, node A is swapped with its uncle, node B. Positions marked
by a * denote characters that are allowed to be present or absent after the nephew-uncle swap, and
X denotes a character in the parent or grandpa. Characters at the other nodes are kept fixed, and
denoted by o. Internal indel states are shown in the table as pairs, where X- indicates a character at
the parent, and a gap at the grandpa, for example.
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is a parent-child pairwise resampling move, which resamples the alignment along a partic-
ular branch. Algorithm 2 illustrates how the cached partial likelihoods (corresponding to

the fels and upp vectors) are used within the context of this algorithm.

Algorithm 2 The dynamic programming algorithm used to sample a pairwise alignment
from the TKF92 pair-HMM, including emission (substitution) probabilities.
1: function tMM2ALIGN(Vertex child, Vertex parent)

2: states = {(XX), X-), (-X), (--)}
3: Q = rate matrix describing substitution model
4: T = TKF92 transition matrix
5:
6: fori=1,..., length(child) do
7. for j=1,..., length(parent) do
8: for currState in states do
9: for prevState in states do
10: if currState places character at child then
11: previ = i-1
12: fels = FeLsEN(child,i)
13: else
14: previ =1
15: fels = 17
16: if currState places character at parent then
17: prevj = j-1
18: t = time from parent to child
19: upp = UpPER(parent,j) * (exp tQ)
20: else
21: prevj =j
22: upp = equilibrium distribution
23: trans = DP[previ][prevj][prevState]
24: * T[prevState][currState]
25: emissionProb = upp * fels

26: DP[i][j][currState] += trans * emissionProb
27: Stochastic backtrack through DP
28: end function

In order to yield an algorithm capable of sampling from the full posterior of the TKF92
model for a particular pair of vertices, we further modified Algorithm 2 such that line
19 includes the partial likelihood of all upper vertices of the tree (as shown), rather than
an equilibrium assumption at the parent (as was previously the case). To compute the

required quantities, we can adopt a belief-propagation type approach in order to store partial
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likelihoods for different regions of the tree.

Whereas the Felsenstein recursion (Algorithm 3) computes the partial likelihood for all
vertices lying below a particular vertex, we also require a similar algorithm to compute
partial likelihoods for all other vertices of the tree, propagated up to the root, and then back
down to the current node. This involves the definition of an upper function, as shown in
Algorithm 4, defined in such a way that the relevant quantities can easily be stored at the
internal nodes of the tree for efficiency. This allows the emission probability portion to be
efficiently computed on the fly during the dynamic programming recursions for pairwise

alignment, as shown at line 25 of Algorithm 2.

Algorithm 3 Felsenstein recursion for computing partial likelihoods for all vertices lying
below a specified vertex on a tree.

function reLSEN Vertex v, site i

t; = length of branch to left child

t, = length of branch to right child

Q = rate matrix describing substitution model

if left child of v is a leaf of the tree then
k = observed character
left = column of (exp t;Q) corresponding to k
else
left = (exp 1;Q) * reLsEN(left child, site aligned to 1)
if right child of v is a leaf of the tree then
k = observed character
right = column of (exp ¢,Q) corresponding to k
else
right = (exp t,Q) * FELSEN(right child, site aligned to 1)

return elementWiseProduct(left, right)
end function

3.4.1 Three-way alignment sampling

Although it results in an exact sample from the posterior for each pairwise alignment, the
HMM2ALIGN algorithm keeps the lengths of the parent and child sequences fixed, and so does

not allow for a full exploration of the alignment space. In order to allow for changes to the
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Algorithm 4 Algorithm for computing the upper emission probabilities on a tree.
function uprpEr(Vertex v, sitei)
brother = other child of parent (v)
t, = length of branch from parent to v
t, = length of branch from parent to brother
Q = rate matrix describing substitution model

if parent contains a character at site j, aligned with i then
upp = uppER(parent,j) * (exp?,0Q)

else
upp = equilibrium distribution

if brother contains a character at site &, aligned with i then
fels = (exp #,Q) * FeLsEN(brother k)

else
fels =17

return elementWiseProduct(fels”, upp)
end function

lengths of the sequences at the internal nodes, StatAlign also makes use of alignment pro-
posals that operate on triplets of vertices (a parent and its two children), during which the
length of the parent sequence is resampled. To realign three nodes, it is necessary to con-
sider a product-HMM, containing seven non-silent states (Miklos et al., 2008). However,
for the purposes of proposing new alignments, in the original StatAlign implementation the
full 3-way HMM was replaced by a simplified version of the product with just two parame-
ters, termed hmm3 (see Figure 3.4). This yields a much more efficient algorithm for 3-way
alignment (HMM3ALIGN — details omitted here), at the expense of an increased mismatch
between proposal and target distributions. The values of the hmm3 parameters were orig-
inally optimised for efficient mixing on DNA alignments. In StatAlign 3 these parameters
are instead sampled from a discrete set of possible values, such that the proposals are now
effectively taken from a mixture distribution, allowing for a wider range of alignments to

be explored.
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Figure 3.4: The multiple-HMM hmm3 used to propose realignments pairs of sequences to an
unknown parent sequence. Previous versions of StatAlign used a single fixed value for p and
q; in StatAlign 3 these parameters are sampled from a discrete set of possible values, such that
the proposals are now effectively taken from a mixture distribution, allowing for a wider range of
alignments to be explored. (Reproduced from Miklés et al. (2008).)

3.5 Improvements to topology sampling

We faced two major challenges in sampling topologies. Firstly, the previous version of
StatAlign suffered from slow mixing over topologies when the tree contained long branch
lengths; secondly, the addition of model extensions (such as the StructAlign plugin) results
in more concentrated modes in the likelihood surface, such that it may be more difficult
to accept changes to the topology. Hence, significant time was spent developing improve-

ments to the MCMC moves responsible for switching between topologies.

3.5.1 Original StatAlign topology+alignment move

The original NNI move in StatAlign operates by first proposing a new topology, and then
realigning all the nodes involved in the neighbourhood, according to the scheme presented

in Algorithm 5.
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Algorithm 5 Nearest-neighbour interchange and subsequent realignments.
function swapPWITHUNCLE( Vertex nephew)
Set nephew as child of grandpa
Set uncle as child of parent
HMM3ALIGN(uncle, parent, brother)
HMM3ALIGN(parent, grandpa, nephew)
if greatgrandpa exists then
HMM2ALIGN(grandpa, greatgrandpa)

return log proposal ratio
end function

It should be noted that HMM3ALIGN results in the parent and grandpa sequences being
resampled according to the chosen path through the HMM. The existing implementation of
this move also allows for completely homologous columns to be left as anchors, restricting
the realignment steps to the regions between the anchors (Lunter ef al., 2005b).

However, while moves of this type usually result in an improvement in the indel portion
of the log likelihood, and occasionally in the substitution log likelihood', the proposal ratio
is often highly negative, such that the acceptance rate for these moves can end up very low,
especially when model extensions are included. Part of the reason for this is that there is
a mismatch between hmm3 and the true likelihood, such that the proposed alignments are
much more likely under the proposal density than the true model, resulting in a very small

back proposal probability relative to the improvement in the likelihood.

3.5.2 Simultaneous changes to topology and branch lengths

The most trivial extension to the NNI move is to allow branch lengths to change at the
same time as the topology, since the pre-existing branch lengths may be highly inappro-
priate under the new tree (Lakner et al., 2008). This was implemented by including a
simultaneous multiplicative or uniform branch length proposal for the nephew, parent and

uncle branches.

'The substitution log likelihood is termed the orphanLogLike, since this term is computed recursively
for each orphan character (with no parents), whether an insertion, or a character present at the root.
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3.5.3 LOCAL topology move

As a further attempt to improve mixing, the LOCAL topology move of Larget and Simon
(Holder et al., 2005; Larget and Simon, 1999) was implemented. This move operates by
shifting the location of the parent node along the path connecting the nephew and the uncle,
and if the shift results in it moving beyond the grandpa, an NNI move is carried out. The
advantage of this procedure is that topology changes are typically only proposed when the
edge lengths are in a configuration that is more likely to favour such a move (for example

with a very short branch connecting two subtrees).

3.5.4 Fixed-column topology moves

Although these modifications result in improvements in acceptance rates for NNI inter-
change moves, in many cases the alignment resampling step still causes overall acceptance
rates to be low. This motivated the search for an NNI move that would change the align-
ment as little as possible, minimising the effect of the proposal density on the Metropolis-
Hastings ratio, while still achieving proposals that are reasonable under the indel model.

In order to do this, we adopt an approach whereby the indel state (- / X, corresponding to
gap/character) associated with this, brother, uncle and greatgrandpa is kept fixed in
each column before and after the NNI move. Conditional on this neighbour configuration,
the indel state of the parent and grandpa rows is then resampled for a subset of the
columns, in order to yield a valid alignment.

There are numerous ways of carrying out this procedure. Redelings and Suchard
(2005b) describe an algorithm in which the indel state of parent and grandpa (which
we will term the infernal indel state) is sampled according to its full conditional, after car-
rying out dynamic programming to sum over all possible combinations of internal indel
states. However, this requires working with a product HMM containing several hundred
states, and presents numerous technical and theoretical challenges. The main complication

arises due to the fact if we select an internal indel state that results in there being no char-
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acters on one of the five branches involved in the NNI move, then it is necessary to keep
track of all possible predecessor combinations that could have led to this situation in order
to compute the TKF92 probability corresponding to a particular imputation of parent and
grandpa characters.

In order to circumvent these issues, we instead consider independence proposals for
the internal indel states. For any column in which there is only one possible choice of
internal indel state after the NNI move, there is no need to consider alternative internal
indel states. For columns where there are multiple possible choices (see Figure 3.3), we

sample (parent, grandpa) from the following distribution

p(--) =070
p(-X) = 0.12
p(X-) =0.12
p(XX) = 0.06

after excluding the invalid options and renormalising. To further improve the chances of
proposing a favourable imputation, we reweight this distribution so as to favour keeping the
current internal indel state where possible. This is done by multiplying the corresponding
probability by a constant factor (set to 5 by default), and then dividing all the probabilities
by the new total.

As shown in Figure 3.5, this move results in acceptable changes to the orphan and
proposal probabilities, but the indel probability still often decreases quite significantly, such

that the acceptance rate is very small.

3.5.5 Block imputation

Part of the reason for the low acceptance rate with the independent-sites imputation pro-

cedure described above is that it can result in isolated insertions or deletions with a non-
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Figure 3.5: Breakdown of the different contributions to the log Metropolis-Hastings ratios
for a set of topology proposals, using the fixed-column NNI move (without block imputa-
tion). Results shown for the 5-globin dataset of Chapter 2. The contributions from left to right
are: orphanLogLike (log substitution likelihood), indelLogLike (log TKF92 probability), Log
proposal and prior ratio (logarithm of ratio of new versus old prior density, multiplied by ra-
tio of back proposal probability divided by forward probability) and the total (Total log ratio).
negligible probability. In order to address this issue, the algorithm was modified to propose
new internal indel states in blocks. For each contiguous run of columns with the same
neighbour configuration, we force the imputed internal indel state to be the same, favour-
ing longer indels, which is more favourable under the TKF92 model.

As shown in Figure 3.6, this scheme results in much more favourable indel probabilities,
and the proposal ratios are also of much smaller magnitude, since the proposal probability
of such a move only requires the inclusion of one term for each block, rather than a term
for each site.

Through the use of the block-imputation fixed-column NNI move, typical acceptance
rates for topology moves are now in the region of 3-5% on sequence datasets, and 0.5-1.0%
with structural models when using the StructAlign plugin, which is a large improvement

over the previous case, and results in a scheme that allows for more reliable phylogenetic

inference.
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Figure 3.6: Breakdown of the different contributions to the log Metropolis-Hastings ratios
for a set of topology proposals, using the block-imputation version of the fixed-column NNI
move. Results shown for the 5-globin dataset of Chapter 2. The contributions from left to right
are: orphanLogLike (log substitution likelihood), indelLogLike (log TKF92 probability), Log
proposal and prior ratio (logarithm of ratio of new versus old prior density, multiplied by ra-
tio of back proposal probability divided by forward probability) and the total (Total log ratio).

3.5.6 Persistent silent indels

Another issue that affects topology mixing in certain datasets is the accumulation of silent
indels, which are stretches of characters at internal nodes that have no descendants. Such
regions can arise when a sequence is realigned to its parent by HMM2ALIGN, after which

some of the parent characters no longer have any descendants (see Figure 3.7 for an exam-

ple).
BEFORE: AFTER:
this XX----XX--- this XX----XX---
brother XX----XXXX- brother XX----XXXX-
parent XX----XXXX- parent XX----XXXX-
uncle  X--XXXXX-XX uncle  XXX---XX-XX
grandpa XXXXXXXXXXX grandpa XXXXXXXXXXX

Figure 3.7: In the above example, the uncle is realigned to the grandpa, leaving behind three
silent characters in the grandpa sequence. Removing these characters can be very difficult using
the set of alignment MCMC moves previously implemented in StatAlign.
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Due to the nature of the indel model, such regions will have a contribution to the overall
posterior probability of an alignment, and their presence will alter the posterior for the
indel parameters, A, u and r. Moreover, the contribution will depend on the length of the
branch to which these regions are attached, meaning that they may affect the posterior on
topologies as well.

We would expect such regions to be sampled with a very low probability, since they are
highly unfavourable, and represent an extremely unparsimonious explanation of the data at
the tips of the tree. However, as we have seen above, such regions can be easily created as
the result of an HMM2ALIGN move, such that they then need to be removed somehow. The
only move available in the previous version of StatAlign that is capable of removing such
regions is HMM3ALIGN, in the case where the parent is the vertex containing the silent indel.
However, under the hmm3 proposal distribution, such regions are exceedingly unlikely,
since they occur with probability proportional to (1 — p)?. As such, any time we propose
to remove such a region with HMM3 ALIGN, the back proposal probability will be very small,
and this will outweigh any gains in the likelihood, causing the move to be rejected. Hence,
once a large silent indel appears, it will often end up persisting for a very long time in the
alignment, potentially skewing the posterior distribution of the other parameters of interest,
and occasionally causing proposed topology changes to be rejected.

To remedy this, we remove such regions deterministically when they arise during the

burn-in, and stochastically extend or shrink silent indels thereafter.

3.6 Model extension framework

In order to facilitate the implementation of new coestimation approaches such as detailed
in Chapter 2, it is highly desirable to have a software framework in which additional layers
can easily be added on to the basic evolutionary model. In addition, it is also of great

interest to explore ways in which other types of data besides sequences can be used to
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Figure 3.8: StatAlign 3 running in GUI mode, with the structural model extension enabled.
Shown in the centre panel is the current alignment sample, annotated with marginal column prob-
abilities (blue), average pairwise RMSD (red), and crystallographic B-factors (green). The input
(left) consists of sequences and 3D coordinates; various outputs are generated, including consensus
trees and structural superpositions.

assist with inference of phylogenies and alignments, since this may increase the robustness
of the conclusions to model assumptions (Kumar et al., 2012).

To accomplish both of the aforementioned aims, a generic model extension framework
has been developed for StatAlign, whereby plugins can provide an additional contribu-
tion to the joint likelihood, based upon specified distributions for parameters of interest.
Rather than simply allowing post-processing of alignment samples, this framework allows
for model extensions to compute likelihoods at each step in the MCMC, thereby enabling
information in these additional layers to be used to inform the estimation of other parame-
ters.

For plugins that compute a column-wise contribution to the likelihood (as is the case for
the structural alignment plugin used to implement the model in Chapter 2), this contribution
can be used to improve the alignment proposals, by multiplying the emission probability
on line 25 of Algorithm 2 by the likelihood arising from the model extension. In order
to do this in an efficient fashion, each site at every node has assigned to it a vector con-

taining the indices of the leaf nodes aligned above and below, such that for any particular
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parent-child combination the implied alignment column can be obtained without additional

computations.

3.7 Combination moves

Another new feature that has been added to StatAlign is the possibility to combine multi-
ple MCMC move objects together into a joint move, in which each component is proposed
separately but accepted as a single unit. The motivation behind this is to allow for improved
mixing in the presence of high correlation between the parameters within the group. Al-
though a more efficient solution may be to utilise a correlated proposal for the group, it is
often difficult to design such joint moves, and the composition of independent proposals

works well in many cases.

3.7.1 Combination moves for model extensions

One use for these types of combination moves is to allow for model extension parameters to
be more efficiently sampled in conjunction with the core model parameters. For example,
within the StructAlign plugin there are moves that resample the rotational transformations
used to superpose the structures upon one another. One of these moves proposes a rota-
tion to an entire subtree and simultaneously realigns the root of the subtree to its parent
using hmm?2, as described in Section 2.3.1. Without combining the rotation and alignment
proposal, the subtree rotation is likely to be rejected due to movement of amino acids that
are currently aligned to proteins in the rest of the tree. The combination move success-
fully alleviates this problem, and results in much faster convergence of the alignment and

rotations/translations.
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3.8 Future improvements

The developments detailed in this Chapter have made it possible to reliably carry out joint
inference of alignments and trees under the joint sequence-structure model described in
Chapter 2. Currently the software is capable of reliably handling up to 15 to 20 taxons,
with larger datasets feasible for cases where uncertainty is lower. However, the amount of
runtime needed to obtain precise split probabilities increases significantly with the size of
the dataset, and further improvements to the MCMC scheme may be necessary to reduce
these computational overheads.

There are a number of features that would help to further improve convergence and
mixing of the MCMC samplers. Chief among these is the introduction of a parallel temper-
ing scheme, allowing for more efficient traversal between well-separated modes. We have
developed such an implementation, although this currently requires somewhat more testing

before it can be incorporated into the main software release.
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Chapter 4

Representation of alignment uncertainty

using directed acyclic graphs

As discussed in the previous chapters, a number of approaches have been developed in
recent years to generate collections of alignments according to their probability, yielding
information about the distribution of alignments rather than simply reporting a single op-
timum. However, currently this type of probabilistic information is not widely used in the
context of downstream inference, and this is in part due to a lack of obvious methodology
for making use of a distribution over alignments.

In a Bayesian context this entails representing the approximation to the posterior distri-
bution over alignments, given a collection of samples. We shall present here a graph-based
formulation that allows for a compact representation of this distribution, permitting al-
gorithms to be designed for efficient inference on exponentially large sets of alignments
derived from a collection of samples. As well as allowing for more reliable estimation of
posterior probabilities, this approach allows for summary alignments to be generated that

maximise expected accuracy or minimise expected loss.
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4.1 Representing the distribution of sampled alignments

4.1.1 Mapping columns to dynamic programming tables

A multiple sequence alignment can be represented as a path through a multidimensional
matrix; an edge from one cell of the matrix to an adjacent cell represents a particular set of
homology statements, synonymous with column in the alignment. It is a straightforward
extension to consider a set of alignments as a set of paths in such a matrix (Bucka-Lassen
etal., 1999).

To formalise this intuition, we introduce a bijection between the set of alignment columns
and the set of edges connecting cells in the multidimensional dynamic programming ma-
trix, based on the coding scheme described in the supplementary section of Satija et al.
(2009). More specifically, a column X containing N rows can be mapped to an N-tuple
CX) = (c(Xy),...,c(Xy)), where c(X;) is defined as

2j-1 ifX;=s

c(X;) = 4.1)

(O]

2j if X; = gap, between sj.i) and s,

such that C(X) corresponds to the coordinates of the midpoint of an edge connecting two
cells in the matrix. It is then possible to map any global alignment to a path from the start
to the end of the dynamic programming matrix (see Figure 4.1).

The initial and terminal columns, X and X” (dashed columns in Figure 4.1) can be
thought of as all-gap columns preceding the first characters and following the last characters
of the sequences, respectively. These will therefore be encoded as C(X®) = (0, ..., 0) and
C(XDy = (2L,,...,2L,,) where L; is the length of the i sequence.

The definition of this mapping can be extended to an entire alignment, A, such that C(A)

denotes the (ordered) set (c(AV), ..., c(AD)).
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Figure 4.1: Correspondence between alignment columns and edges connecting cells in a dy-
namic programming matrix, illustrated for pairwise alignment. In order to permit a directed
acyclic graph representation of the space of possible alignments, each column is given a code that
distinguishes between gaps based upon where they occur in the alignment. The coding for each col-
umn represents a bijection to the edges connecting cells in a dynamic programming table (circles,
in the above figure). Each path from the first cell to the last cell (here (0, 0) and (2, 2), respectively)
represents a valid alignment.
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4.1.2 Intersections between alignments

The paths corresponding to a particular set of alignments may intersect at one or more
points in the matrix; as first discussed by Bucka-Lassen et al. (1999), subpaths can be
‘spliced’ at these points in order to generate new alignments. This approach was originally
used to create an augmented search space for locating an optimal alignment (Bucka-Lassen
et al., 1999; Schwikowski and Vingron, 2003), and more recently has been used as part of
a progressive alignment algorithm that keeps track of suboptimal alignments (Szabé et al.,
2010).

The types of intersections fall into two categories, as illustrated in Figures 4.2 and
4.3. The first of these, which we term an interchange, results when two or more sampled
alignments contain the same column, but with a different predecessor and successor, as
shown in Figure 4.2. The second type of intersection is termed a crossover, whereby two
or more sampled alignments contain pairs of equivalent columns, as shown in Figure 4.3.
Each interchange or crossover can result in a multiplication of the number of possible ways
of recombining the sampled alignments, such that the total number of alignments is greatly
increased.

As a result of this, an initial set of alignments sampled according to a particular model
can be used to generate a much larger set of alignments sampled according to the same

distribution, as we shall examine in further detail in the subsequent section.

4.1.3 Equivalence classes of columns

In order to delineate the ways in which a set of columns can be recombined to form new
alignments, we introduce the predecessor and successor functions, fp and fs respectively.
The functions fp and fs take the coordinates of a column X as input, and return the coordi-

nates of an equivalence class of columns, corresponding to the midpoint of the predecessor
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Figure 4.2: Interchanges between align-
ments can result in a multiplication of
the number of possible paths through the
DAG. a) Two alignments coded under the
map C, as described in equation (4.1). b)
The resulting alignment DAG contains an in-
terchange column, such that there are four
paths through the DAG, arising from only
two alignments. c¢) Correspondence between
alignment columns and edges connecting
cells in a dynamic programming matrix.

98

a)

AlB IR

AlB 13

Al-|B B N N

- A| - of1)|2]|3
b)

1 7 3
—_—- 7 —_—
o NG
10| AN 14!
POy ¥, o
- 1 21,7y 3 4 -
_) _)

<)

- 4

B 3

- 2

A 1

- 0

Figure 4.3: Crossovers between two align-
ments containing no interchange columns.
a) Two alignments coded under the map C,
as described in equation (4.1). b) The result-
ing alignment DAG allows for crossovers be-
tween these alignments, such that there are
four possible paths through the DAG, two
of which include pairs of columns that are
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a dynamic programming matrix.
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Figure 4.4: Predecessor and successor functions, and equivalence classes of columns. The
predecessor and successor functions (fp and fs respectively) map from columns (edges) to nodes
(circles) in the dynamic programming matrix. All columns mapping to a particular node under fp
share the same set of possible predecessor columns, and are grouped together in an equivalence
class, denoted by Ep (shown in red). An analogous definition holds for Es (blue).

(respectively successor) cell in the multidimensional matrix. Each column mapping to a
particular fp- or fs-equivalence class can follow the same set of predecessor or successor
columns, respectively (see Figure 4.4).

Denoting the ith coordinate of the output by fp(X); and fs(X);, the functions are defined

such that

fr(X)i = e(X;) — c(X;) mod 2 (4.2)

fS (X), = C(X,') + C(Xl') mod 2 (43)

The original column coding is then uniquely recovered by the backwards mapping

CX) = (fp(X) + fs(X))/2 4.4)

The equivalence class Ep(X) is then defined as the set of columns, {X" | fp(X") = fp(X)},

with Eg(X) similarly defined.
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Using the definitions above, a column X’ is a predecessor of X if and only if fg(X’) =
fp(X), since any path connecting them must pass through the separating equivalence class
Es(X") = Ep(X). We will use the notation P(X) = {X' | fs(X') = fp(X)} to denote the set

of predecessors of X.

4.1.4 The alignment column graph

We can then define the alignment column graph, D(Z), of a set of columns, Z, as a graph
whose nodes are the columns in E, with a directed edge from column X to column X’ if
and only if fs(X) = fp(X’), which we write as X »< X’. From the definitions in equations
(4.2) and (4.3), we have fp(X) < fs(X) for all X, in the sense that fp(X);, < fs(X); for
all i, with no column having fs(X) = fp(X) unless it consists of all gaps. This ensures
that the alignment column graph is acyclic, since it is never possible to return to the same
equivalence class by following a set of directed edges in the graph.

Each directed path through the column graph generates a valid alignment; a global
alignment is a valid alignment that begins at X” and ends at X”, such that the number of
possible global alignments is equal to the number of distinct paths in D(E) that lead from
X to X, This is typically very large, growing rapidly with the number of intersection
points between the alignments used to generate the graph (see Figure 4.12).

Implicit in the definition of the mapping in equation (4.1) is a distinction between gaps
based on their position in the alignment, such that the two situations shown in Figure 4.1
represent distinct alignments, each yielding two different pairs of columns. This assump-
tion is necessary in order to generate a sparse graph; treating all gaps as equivalent is tanta-
mount to replicating each gap-containing column onto all parallels, such that the graph in
general becomes maximally dense, making efficient algorithms difficult to implement (see

Figure 4.5).
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Figure 4.5: If gaps are not distinguished based upon their position in the alignment, it is effec-
tively the same as replicating all gap-containing columns onto all parallels in the graph. In the
pairwise case shown above, this is equivalent to replicating each gapped column onto all horizontal
and vertical parallels (shown by dotted grey columns and edges in the figure above). This means
that the graph in general becomes maximally dense, such that the complexity of any algorithms
scales in the same way as the full dynamic programming problem. In contrast, by differentiating
between columns based upon where the gaps occur, a sparse graph is retained.
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4.2 Probability distributions on alignment DAGs

Due to the high-dimensional nature of the alignment space, in any particular set each align-
ment will typically occur with a very low frequency; even the most likely alignment may
only be sampled once, if at all (Hamada and Asai, 2012; Lunter et al., 2005b). As such,
the relative probabilities of entire alignments are difficult—if not impossible—to estimate
directly by their observed frequencies. However, a particular column may occur in many
different alignments, allowing the marginal probability of each column, averaged over all
alignments, to be estimated much more efficiently (Lunter et al., 2005b; Redelings and
Suchard, 2011). As we shall discuss, they also represent useful summary statistics of the

full distribution.

4.2.1 Alignment probabilities in terms of pair marginals

For general evolutionary models, the DAG can be used to construct a factored approxi-
mation to the full distribution over alignments; this factored distribution corresponds to a
graphical model with dependencies between neighbouring columns defined by the edges in
the DAG. The probability of an alignment corresponding to a path through the DAG, can

then be written in the form

L
p(A) = p(A) H p(AY [ATD) 4.5)
i=2
where

PA” | ACD) = p(A®, A p(A D). (4.6)

4.2.2 Motivations for using factored approximations

There are three main reasons for making use of factored approximations of this type:
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1) The number of possible column pairs is many orders of magnitude lower than the
number of alignments, such that pair marginals can be estimated much more reli-
ably from observed frequencies. These can then be used to construct more accurate

estimates of the overall joint probability.

i1) Expression of the joint in terms of pair-marginals allows for interchanges in the align-
ment DAG (cf. Figure 4.2), allowing many alternative alignments to be generated

from an initial collection of samples.

iii) Factorisation of the probability into a product of local terms allows for efficient algo-

rithms to be implemented on the DAG structure.

We discuss these factors in further detail below.

4.2.3 Kullback-Liebler divergence

For evolutionary models based on first-order hidden Markov models (HMMs) (such as the
one shown in Figure 4.6), the pair-marginal representation is exact, since the dependencies
in the model are equivalent to those in the DAG. For models with non-local dependencies
between columns, the deviation between the true distribution over alignments, p(A), and

an approximation, g(A), can be measured using the Kullback-Liebler (KL) divergence

log p(A)
dipllg)= ) pA) 4.7
; log g(A)
= const. = Y p(A)log g(A) (4.8)
A

Minimising the KL divergence for a fixed p(A) is equivalent to maximising the relative en-

tropy,

>4 P(A)log g(A), subject to restrictions on the form for gq.

For DAG-based representations, g(A) can be factored along the edges of the DAG;
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writing the log of the product of conditionals as a sum of logs, the relative entropy can be

written in the form

D p)logga) = Y p(4) Y > (X e ALX € A)logq(X | X)  (49)
A A X

X'=<X

= > > p(X1X)logq(X | X) (4.10)
X

X'<X

Using a Lagrange multiplier to enforce the normalisation of g(X | X’), the distribution

maximising equation (4.10) satisfies the following equation, for all X, X’

0= —— X|X)H1 X| X All - X' X 4.11

Fa00 [0 |PX 1 X loga(x 1X) + ( XNEZEP(X)q( | )) (4.11)
:M_ (4.12)
a(X | X)

such that the divergence is minimised with ¢(X | X’) = p(X | X"), which corresponds to
setting the pairwise distributions in equation (4.6) to be equal to the true pair marginals.

This is equivalent to the result stated in Theorem 11.1 of Cowell et al. (2007).

4.2.4 Mean-field approximation

As well as distributions involving pair terms, we will also consider a mean-field type ap-
proximation, whereby the conditional distribution of each column is averaged over all pre-
decessors. Replacing g(X | X") by g(X | (X)) in equation (4.12), and summing over X', it
is clear that the KL divergence is also minimised by writing these conditionals in terms of

the corresponding marginal distributions:

g(X | P(X) = p(X | P(X) (4.13)
= p(X, P(X))/ pP(X)) (4.14)
=p(X)/ > pX") (4.15)

XX
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where p(X | (X)) is the probability of column X given that one of its possible predecessors
is in the alignment. The third line uses the identities p(X, P(X)) = p(X) (since a column
can only be present if one of its predecessors is present), and p(P(X)) = > x».x P(X) (since
only one member of an equivalence class can be present in any particular alignment, due to
the acyclic nature of the graph).

An important corollary of the expression in equation (4.15) is that single-column marginals
are sufficient to reconstruct the mean-field approximation to the joint probability; this has

several important consequences, as we shall discuss below.

4.2.5 Motivations for using the mean-field approximation

The mean-field approximation described above is exact for fully independent sites models,
for example pair HMMs with non-affine models for indels. For more general HMMs, there
are three major advantages associated with using this approximation rather than the pair-

marginal formulation:

i) Since the number of possible columns is substantially less than the number of possi-
ble column pairs, it is easier to obtain reliable estimates of single-column marginals
from a collection of alignment samples. Hence, the mean-field approximation is

likely to be more accurate for lower sample sizes.

i1) The use of single-column marginals allows for crossovers in the alignment DAG (cf.
Figure 4.3), whereas the pair-marginal expression will assign a weight of zero to any
pairs that are not observed, hence only permitting interchanges of the form shown in
Figure 4.2. This allows for a higher effective sample size for the alignments under
the mean-field approximation, with more alternative alignments generated from the

same collection of samples.

iii) Restricting to single-column marginals more efficient algorithms to be constructed,

involving one-step rather than two-step recursions.
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In the rest of this section, we examine these points in further detail.

4.2.6 Estimating marginal probabilities

For a pairwise alignment, column marginals can be easily represented using a matrix in

(1

i

(C))

i

and séz) are

which the (i, j) entry contains the marginal probability p(s; "’ ¢ S;z))’ where s
the ith and jth characters in two sequences sV and s, and the symbol ¢ denotes homol-
ogy. When only two sequences are under comparison, dynamic programming recursions
allow for the exact computation of these marginal probabilities under certain types of evo-
lutionary models (Metzler et al., 2001; Thorne and Churchill, 1995; Yu and Smith, 1999).

In the multiple sequence case, such exact computations are typically infeasible. How-
ever, if we are provided with a set, A, of sampled alignments, an estimate of the marginal
probability of each column can be computed as the proportion of the alignments in ‘A that

contain the column, weighted according to the alignment probability. This can be written

using the following indicator notation

p(X) = Z p(A) L(C(X) € C(A)) (4.16)

AeA

If we consider a multiset, M, containing global alignments sampled one or more times,
according to their posterior probability, then the factor p(A) can be replaced by the relative

frequencies of the sampled alignments, and the estimator for the marginal written as
PX) = npu(X)/IM| (4.17)

with n,((X) denoting the number of occurrences of column X across all the alignments con-
tained in the multiset M. If enough alignments are sampled from the correct distribution,
the above estimator will converge to the true value p(X).

The conditional marginals can also be computed from local alignments. In this case a

common normalising factor of | M| cannot be used for all columns, such that the quantity
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p(X) cannot be estimated. However, due to the mutual exclusivity of the columns follow-
ing a particular equivalence class as defined by equation (4.2), the normalised conditional

marginals can still be recovered from the expression

X
PX|PX)) = pX | Ep(X)) = ) (4.18)

npm(Ep(X))

where ny(Ep(X)) = Yyep,xy Pm(X’). In this work we will consider only global align-
ments, in the interests of simplicity.

Marginal probabilities can also be estimated for pairs of columns using observed pair
frequencies. However, the space of possible pairs of columns can be much larger than
the space of columns, in the worst case by a factor of O(2"), where N is the number of
sequences. Hence, a larger number of alignment samples will be needed to obtain accurate
estimates for pair marginals. As we shall see, this means that pair-based reconstructions of

joint probabilities are typically less accurate unless a very large number of samples is used.

4.2.7 Reconstructing alignment probabilities from marginals

Generally, with sampling-based procedures such as MCMC, posterior probabilities are esti-
mated via sampled frequencies. However, in the case of a very high dimensional parameter
such as a multiple sequence alignment, each point in the space may only be visited once,
such that it is not possible to estimate posterior probabilities based on these frequencies.
As discussed above, the set of marginal probabilities for each column (or pair of neigh-
bouring columns) can be used to reconstruct the posterior probability for any particular
alignment, via equation (4.5). Although the likelihood for each sampled alignment will
often be known as a by-product of the sampling procedure, the marginal posterior proba-
bility of each alignment after integrating over other unknown parameters (for example indel
rates), will typically not be known. Hence, the DAG-based approach presented here rep-

resents a useful way to calculate posterior probabilities in such cases. A similar approach
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Figure 4.6: The pair-HMM used to sample pairwise alignments between the two globin se-
quences. Samples generated from this HMM, in conjunction with the Dayhoff substitution model,
are shown in Figure 4.7. The states correspond to: B = begin, £ = end, M = match, I; = indel,
and I, = indel. We have used the shorthand 4 = 1 — 26 and 4 = 1 — € — o — 7. For the analyses
described in the text, we set 6 = 0.03 and € = 0.3, corresponding to an affine gap model; T was set
to the expected sequence length, i.e. 2/(L; + Lp). The parameter o, representing the probability
of independent adjacent insertions, was set to 0.1, reflecting the fact that insertions may be more
common in certain regions of a protein, such as flexible loops. Very similar results were observed
with small variations on these parameter values. Sampling was carried out using the algorithms
described by Durbin et al. (1999).

has been used recently to compute the posterior probabilities of phylogenetic trees based
on the probabilities of each of the constituent clades, under the assumption of conditional
independence between clades (Larget, 2013).

As an illustration of this procedure, a set of pairwise alignments were sampled from
the pair-HMM in Figure 4.6, combined with the Dayhoff amino acid rate matrix (Dayhoff
et al., 1978), for two globin sequences (sampled alignments illustrated in Figure 4.7). As
shown in Figures 4.8 and 4.10, the DAG-based estimates of the posterior probability con-

verge towards the true probability as the number of samples is increased, reaching a good

agreement after just 200 samples.
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Figure 4.7: A set of 100 pairwise alignments sampled directly from the pair-HMM shown in
Figure 4.6, for two globin sequences. Overlaid in red is the structural alignment taken from the
HOMSTRAD database (Mizuguchi et al., 1998). Despite strong similarity between the alignments, each
sample is unique, such that it is not possible to estimate posterior alignment probability estimation
on the basis of whole alignment frequency.
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Figure 4.8: Mean squared error in the
approximation to the true posterior, as a
function of the number of alignment sam-
ples. Shown for the pairwise globin ex-
ample. Although the pair-HMM involves
neighbour-dependent terms (leading to an
affine gap penalty), the mean-field approxi-
mation leads to a better estimate of the true
posterior until around 1000-2000 samples
are taken. This is due to the presence of in-
tersections between paths in the alignment
DAG, which allows for a higher effective
sample size to be obtained from the same
number of alignments.
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Figure 4.9: Mean squared error in the ap-
proximation to the true posterior, for a
neighbour-independent HMM. Shown for
the pairwise globin example, with 6 = € =
o, such that the likelihood is completely
site-independent. In this case, the mean-
field, single-column marginal estimate al-
ways dominates the pair marginal estimate,
due to the increased effective sample size.
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Figure 4.10: As more alignment samples are taken, the DAG-based estimate of the posterior
probability for each alignment converges towards the true probability. The DAG-based proba-
bilities already yield a good estimate when the number of alignments, A, is just 100. Shown on the
top row are the reconstructed probabilities derived using pair marginals, and on the bottom using
the mean field approximation, with the line y = x overlaid in red. Since each sampled alignment is
generally observed only once, the posterior probability estimated directly from alignment frequency
would be 1/N in each case above. The DAG methodology therefore offers a clear advantage for the
purposes of computing posterior alignment probabilities. The mean-field approximation results in a
lower mean-squared error (MSE), due to the higher effective sample size (see Figure 4.8).
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Figure 4.11: For a larger multiple sequence alignment, the mean-field approximation to the
posterior (bottom row) converges much more quickly than the pair marginal estimate. Results
shown for the simulated dataset described later in the main text; despite the fact that the indel model
used (TKF92 (Thorne et al., 1992)) includes neighbour-dependent terms. This is due to the fact that
column marginals can be estimated more reliably than pair marginals, combined with the fact that
allowing crossovers in the DAG results in a higher effective sample size (see Figure 4.12). In this
case the true posterior probability is not known, but the log likelihood (conditional on specific values
of the other unknown parameters) is known. Since the log likelihood is likely to be linearly related
to the log posterior, convergence can be gauged approximately by assessing the fit to a relationship
of y = x + k (overlaid in red, with k, the approximate normalising constant, chosen to match the
distribution to which the mean-field approximation converges, here k = —9420).
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For lower numbers of samples, the estimates are more accurate for the more probable
alignments, since the more extreme regions of the space are sampled with lower probability,
and hence converge more slowly.

Although both pair-marginal and mean-field estimates converge in this case at a similar
rate, closer analysis shows that the mean squared error in the approximation to the true
posterior is considerably less for the mean-field approximation. This suggests that the im-
provement obtained by summing over a larger number of paths (see Figure 4.12) outweighs
the approximation introduced by averaging over predecessor states, although eventually at
around 2000 samples the pair-marginal estimates begin to dominate the mean-field approx-
imation (see Figure 4.8), since the true pair-HMM involves neighbour-dependent terms.
The precise location of this crossover point will depend on the degree of neighbour de-
pendency; for a completely site-independent model (e.g. the pair-HMM in Figure 4.6 with
0 = € = 0), the single-column marginal estimate always dominates (see Figure 4.9).

This same pattern is observed in a more striking fashion for a larger, 10-sequence align-
ment, as shown in Figure 4.11. Moreover, since the space of possible alignments increases
very rapidly with the number of sequences, the benefit of using the mean-field approach to
boost the effective sample size is greater in the multiple-sequence case, resulting in much

faster convergence of the posterior estimates (see Figure 4.11).

4.2.8 Approximate summation over all alignments

Examining the number of paths in the DAG as a function of the number of alignment sam-
ples shows a super-exponential relationship when crossovers are allowed, whereas restrict-
ing to observed column pairings increases close to exponentially (see Figure 4.12). For
the pairwise example discussed above, the total number of paths in the DAG tends towards
a maximum of 10'3, equal to the number of routes through the dynamic programming
matrix.

In the pairwise case, where it is possible to analytically compute the sum over all align-
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Figure 4.12: The number of paths through the alignment column graph as a function of the
number of alignments used to generate the graph. Shown for a set of 10 sequences simulated
using pawG (simulation procedure described in the main text). When crossovers are allowed (corre-
sponding to a mean-field approximation for the conditional marginal for each column), the number
of paths increases super-exponentially, resulting in a much higher coverage of the space of possible
alignments, and hence more accurate approximations to the posterior probability for each path (see
Figure 4.11).
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ments, it is possible to examine how much of the posterior mass is contained within the
DAG resulting from a particular set of samples. The summation over all alignments con-
tained within the DAG can be carried out using a standard dynamic programming algo-
rithm.

Defining the partial sum for column X as

Z ZXHpX | X (pair marginals)
X'<X

2X) = (4.19)

WEp(X") p(X)/p(Ep(X)) (mean field)

where z(X©) = 1 and

AEs(X)) = ) 2(X) (4.20)

X'eEp(X)

the total sum can then be written as
Z(A) = 2(Xy) (4.21)

with Xg) denoting the terminal column in the DAG D(A), as defined in the main text. This
quantity can be computed in time and space linearly proportional to the number of columns
in the DAG, in contrast to the O(L") time and space taken for filling the full N-dimensional
dynamic programming table. Replacing p(X) with 1(p(X) > 0) results in an algorithm for
computing the number of paths through the DAG.

Figure 4.14 shows that the probability mass contained within the individual samples
increases relatively slowly, and encapsulates only a very small fraction of the total. In
contrast, as shown in Figure 4.13, the proportion of the posterior mass encapsulated in the
set of paths through the alignment DAG increases much more rapidly, reaching in the order
of 10-15% of the total posterior mass over the entire set of possible alignments with just

100 samples, increasing to around 80% after including 2000 samples.
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Figure 4.13: The proportion of the posterior mass contained in paths through the DAG in-
creases rapidly with the number of samples. For the pairwise example discussed in the text,
the proportion reaches in the order of 10-15% of the total posterior mass with just 100 samples,
increasing to over 80% after including 2000 samples.
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Figure 4.14: The probability mass contained within the individual samples increases relatively
slowly, and encapsulates only a very small fraction of the total. In contrast, the proportion of the
posterior mass encapsulated in the set of paths through the alignment DAG increases much more
rapidly (cf. Figure 4.13).
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4.3 Summarising the alignment distribution

Although the set of alignments encoded by the DAG contains a great deal of additional
information beyond that contained in any one alignment, there may be situations where a
single alignment is desired as a summary of the distribution. Due to the high-dimensional
and constrained nature of the state space, standard summary statistics such as the mean are
not applicable in this case (Carvalho and Lawrence, 2008).

One of the simplest summaries of the distribution is the maximum a posteriori (MAP)
alignment. As mentioned earlier, estimation of this quantity directly from sample fre-
quencies is typically very unreliable, since each alignment is typically only sampled once,
such that each sample has the same empirical posterior probability. However, as discussed
above, the DAG-based approach to estimating posterior probabilities can be used to obtain
good estimates of the probability for each possible alignment contained in the DAG. We
can then use the fact that the DAG-based log posterior is additive over the columns in the

alignment

L
log p(A) = log p(A”) + " log p(A? | A®) (4.22)
i=2

such that the path with the maximum posterior can be found using standard dynamic pro-
gramming algorithms for DAGs (see Algorithm 6).

Nevertheless, due to large size of the space of possible alignments, there may be a large
number of very similar alignments with very similar posterior probability. Hence, quanti-
ties such as the MAP can be poor summary statistics of the distribution (Green and Mardia,
2006; Lunter et al., 2005b; Redelings and Suchard, 2005a). Instead, we will consider alter-
native types of summary alignments that account for the uncertainty contained within the

DAG.
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4.3.1 Loss function formulation

The problem of choosing a single summary alignment can be approached within a deci-
sion theoretical framework, whereby the choice of summary is designed to minimise the
expected value of a particular loss function, also known as the posterior risk (Carvalho and
Lawrence, 2008). For a loss function defined in terms of alignment accuracy, minimis-
ing the posterior risk is equivalent to selecting the maximum expected accuracy alignment
(Hamada and Asai, 2012; Hamada et al., 2011; Roshan and Livesay, 2006).

The loss of an alignment, A, with respect to a reference alignment, A’, will be denoted
by L(A || A”), and represents a penalty associated with choosing alignment A, given that the

true alignment is A’. The posterior risk associated with A can then be defined as

RA)=E[LA|A)] (4.23)

= pANLA| A (4.24)
:

where the sum over A’ includes all alignments. The minimum-risk alignment is then A =
arg min, R(A).
For loss functions defined as a sum over columns (equivalent to the pointwise gain

functions discussed by Hamada et al. (2011)), we have

LANAY =k Y LXK A) (4.25)

XeA

where k is independent of A. In order to define the loss for a particular column, we will

consider the following four categories of columns in the predicted alignment, A:
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True positives (TP)  Columns correctly present
False positives (FP)  Columns incorrectly present

True negatives (TN) Columns correctly absent

False negatives (FN) Columns incorrectly absent

suchthat TPUFPUTNUFN = E.
Generally we will not be interested in the number of negatives (i.e. columns not in-
cluded in the alignment), since this will depend on how many alignment samples are used

to generate the DAG. We will therefore focus on loss functions of the form

LyX [ A) =Arp(1 = L(f(X) € f(A)))

(4.26)
= prel(f(X) € f(A))
=Arp — (orp + Arp) L(f(X) € f(A)) 4.27)
where f is a bijective function operating on columns, with f(A) = (f(A",..., f(AD)),

and Arp and prp are loss/reward functions associated with false positives and true positives
respectively.

The posterior risk can then be written as

Ri(A) = " p(A) > App = (orp + App) L(F(X) € f(A))
.

XeA’

=" pA) Y dep = (pre + Aep)L(F(X) € f(A))
4

XeA

La
=3 A Arr = (orp + rp) LX) € f(A))]

j=1 A

where the second line interchanges A and A’, which relies on the bijective nature of f.

Defining a weighted marginal probability under a function, f, as
pr(X) = Z p(A) 1(f(X) € f(A)) (4.28)
A
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this can be rewritten as

La
Ri(A) = " App = p(AD)orp + Arp) (4.29)
j=1
LA /1
oy — . pAY 4.30
jZI (orp + Arp) Pr(AT) ( )

where p(X) = X, p(A) 1(f(X) € f(A)) is the marginal probability of column X being
present according to the mapping specified by f.

The expression in equation (4.30) includes a penalty g = Agp/(orp + Arp) for each
column, thereby penalising longer alignments by a factor proportional to the penalty on
false positives. In contrast to an arbitrarily chosen gap penalty, the penalty, g, has a direct
interpretation in this case. It is also a straightforward extension to allow Agp and prp,
and hence g, to depend on the specific column, X, for example penalising a false positive

proportionally to the number of non-gap characters contained in the column.

4.3.2 Loss functions corresponding to common accuracy measures

The simplest choice in equation (4.27) is to set f(X) = C(X) as defined in equation (4.1),
such that p/(X) is equal to the marginal probability as defined in equation (4.16). The loss
function formulation can also be used to represent commonly used measures of alignment
accuracy. Perhaps the simplest of these is the so-called column score; this measures the
proportion of correct columns, but without differentiating between the positions of the gaps.
This can be defined more formally by first introducing an alternative column mapping,
C*(X) = (c"(Xy),...,c*(Xy)), which groups together all columns that contain the same
non-gap characters:
2j-1 ifX;=s)

(X)) = 4.31)
0 if X; = gap
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The column score (C*-score) for an alignment, A, with respect to a reference, A’, can then

be defined as —L¢+(A || A”), with Azp most commonly set to zero. Since we have
1(C(X) € C(A)) = 1(C*(X) € C*(A)) (4.32)

and hence pc+(X) > pc(X) and pe+(X) = pe(X), the C*-risk, i.e. Rc+, represents an
upper bound to the C-risk, Rc. As shown in Figure 4.15, the alignment minimising the
C*-risk will not in general be the same as that minimising the C-risk, although there may

be considerable overlap.

4.3.3 Pairwise loss functions

The above approach can easily be extended to make use of a function, f, which splits a
column up into a set of pairwise homology statements. It is possible to describe several

different types of pairwise accuracy scores using a loss function of the form
N-1 N
Lu(XN1A) = > > pra(Xs, X)L((X, X)) € A) (4.33)
i=1 j=itl

where N is the number of sequences. With prp(X;, X;) = —1(X; # gap)L(X; # gap), this
is equivalent to the commonly used sum-of-pairs score (Thompson et al., 1994), and the
AMAP alignment metric of Schwartz (Schwartz and Pachter, 2007; Schwartz et al., 2005)

can be obtained by setting

prp(X;, X;) = — I(X; # gap)1(X; # gap)
- G;1(X; = gap)1(X; # gap) (4.34)

- GrI(X; # gap)1(X; = gap)

where G > 0.
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Figure 4.15: The minimum-risk path under the C-based loss function (blue) may not be the
same as that under the C*-based loss function (red). Column frequencies are shown in blue
below each column, and the pc; marginals shown in red above (as frequencies from a total of 20
samples). In this case, there are two equivalent paths with the same C*-score.
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4.3.4 Modeller scores

One other class of loss function worth mentioning here is the so-called modeller version of
each of the aforementioned scores, L}’(A I A”), which involve normalising L¢(A || A”) by
the length of the predicted alignment, A. For example, the modeller C-score, corresponding
to LF(A || A’), was considered by Collingridge and Kelly (2012); as we shall see, the
dependence on the length of the predicted alignment precludes the use of exact optimisation

algorithms for loss functions such as this.

4.3.5 Efficient algorithms

In general, minimising the expectation of any of the aforementioned loss functions over
the space of all possible multiple alignments is a problem whose complexity grows expo-
nentially with the number of sequences (Wang and Jiang, 1994). For the pairwise case, the
minimum-risk/maximum expected accuracy problem can be implemented efficiently using
standard dynamic programming algorithms (Durbin et al., 1999; Green and Mardia, 2006;
Green et al., 2010b; Hamada and Asai, 2012; Holmes and Durbin, 1998; Lunter et al.,
2008; Miyazawa, 1995; Ruffieux and Green, 2009; Wolfsheimer et al., 2012), but approx-
imate techniques have generally been used to tackle the multiple sequence version of this
problem, including simulated annealing (Bradley et al., 2009; Schwartz, 2007; Schwartz
and Pachter, 2007), and greedy (Sahraeian and Yoon, 2010) or progressive alignment al-
gorithms (Do et al., 2005; Liu et al., 2010; Notredame et al., 2000; Roshan and Livesay,
2006).

However, if the solution set is restricted to the (still very large) space of alignments en-
coded in the DAG, any risk function that is additive over columns [in the sense of equation
(4.25)] can be minimised in time linear in the number of columns in the DAG, by making
use of efficient maximum-weight path algorithms (see Algorithm 7; Figure 4.17). This type
of approach was first mentioned by Lunter ef al. (2005b), and an implementation described

by Satija et al. (2009) (although that algorithm was designed to maximise the product of
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Choosing the best path at an earlier position may not
yield the overall optimal path when using the MergeAlign
algorithm of Collingridge and Kelly (2012).

Numbers below each column (in blue) denote the cumu-
lative path length, and above (in red) are cumulative fre-
quencies; in each case, the cumulative sums are computed
over all the columns in the optimal sub-path leading to a
particular column. At any given point, the partial modeller
C* score is given by the cumulative frequency divided by
the cumulative length, and the optimal sub-path at any
point is the path maximising this partial score.

In the case illustrated here, choosing the optimal sub-path
with score 1.92 at the first decision point yields an over-
all path with score 2.14, whereas choosing the suboptimal
sub-path with score 1.91 at the first decision point will
then lead to the global optimum of 2.15.
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Figure 4.17: A collection of alignment samples can be combined into a DAG structure, and
a summary algorithm generated using efficient algorithms. The graph can be visualised by
vertically ordering columns based on the longest path length to the end of the DAG (as shown
above). Each path represents a valid combination of the columns in the input alignments, with valid
recombinations shown as grey lines in the above figure. The maximum a posteriori or minimal-risk
path can then be found efficiently using linear-time algorithms, yielding a single summary alignment
(shown in blue) that accounts for the uncertainty in the alignment set, and can be annotated with
posterior probabilities for each column (shown in orange).

column marginals, which does not have an obvious probabilistic interpretation).

The same approach cannot be applied to minimise the risk under modeller variants,
however, since the contribution of each column to the partial sum at each step in the dy-
namic programming algorithm depends on the unknown final alignment length. Collingridge
and Kelly recently presented an algorithm, entitled MergeAlign, that proposed to optimise
a score of this type, but as shown in Figure 4.16, it is possible to construct counter-examples
for which the algorithm does not compute the optimal solution. As we shall illustrate, this
lack of optimality can result in significant losses when summarising a set of alignments.

Moreover, the same objective, i.e. penalising longer alignments, can be achieved through
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the use of a non-zero g parameter as described above, such that the use of modeller variant

loss functions is unnecessary.

Algorithm 6 MAP alignment (mean-field)
M = {} //Max. cumulative log posterior for each equivalence class
T ={} //Traceback hash
m = () //List that will contain the MAP alignment
e //Represents a vector indexing an equivalence class

function mapPathTo(e)
if M{e} undefined then
if ¢ = 0 then
Mfie} « 0O
else
M{e} « —o0
for all X | /(X)) =edo
//Increment using mean-field approx. to conditional
m — mapPathTo( fo(X)) + log(p(X)/ p(Ep(X)))
if m > M{e} then
Mf{e} « m
Tle} — X
return M{e}
end function

function traceback()

e — fp(X1)

while e # 0 do
prepend(T{e}, )
e — fr(Tle})

return

end function

function mapAlignment( )
mapPathTo( fp(X1))
return traceback()

end function
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Algorithm 7 Minimal risk alignment, arg min, R(A)

M = {} //Max. negative cumulative risk for each equivalence class
T ={} //Traceback hash

= () //List that will contain the minimum risk alignment

e //Represents a vector indexing an equivalence class

PrX) /[ aenE) PAP(f(X) € f(A))

g(X) //Penalty function, defined such that g(X?) = 1

function minRiskPathTo(e)
if M{e} undefined then
if ¢ = 0 then
Mf{e} < 0
else
M{e} « —c0
for all X | fs(X) =edo
m < minRiskPathTo( fp(X) ) + ps(X) — g(X)
if m > M{e} then
Mie} «— m
T{e} —« X
return M{e}
end function

function minRiskAlignment( )
minRiskPathTo( fp(X1))
return traceback()

end function
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4.4 Efficient data structures

In representing the alignment DAG, it is essential to do so in such a way that the space
complexity of the data structure is less than the total number of paths through the graph,
which increases very rapidly with the number of columns. The obvious way to represent a
graph is via a list of neighbours for each node, which requires O(d|Z|) storage, where |Z| is
the number of observed columns and d is the average node in-degree.

However, within the mean-field setting, we can use the predecessor and successor
equivalence classes to significantly increase the space efficiency, since each column need
only record its predecessor and successor equivalence class. Given the definitions of the
predecessor and successor equivalence classes, we can see that each equivalence class is
of size at most 2V — 1, where N is the number of sequences, since each row can take one
of two possible values (gap/character) in each equivalence class, with the restriction that
the column cannot be all gaps. In general, the number of equivalence classes is therefore
somewhat less than the number of columns, with |Z| = d|&|, where 1 < d < 2V—1. Using an
equivalence-class representation of the DAG structure therefore results in O(d|E|) = O(Z|)
space requirements, saving a factor of d.

Similar gains can be made in time complexity. Since any column in a particular fp-
equivalence class will have the same set of possible predecessors, and similarly for suc-
cessors, the partial sums required in dynamic programming algorithms can be stored per
equivalence class rather than per node, which results in algorithms of O(|Z|) time com-
plexity rather than O(d|Z|) (see Algorithms 6 and 7 for examples). In the limit of a large
number of short sequences with high uncertainty, this results in going from approximately

quadratic time, to time linear in the number of columns.
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4.5 Example application: summary alignments for simu-

lated data and BAIIBASE

In order to illustrate the utility of the aforementioned procedure, we first simulated se-
quence data using the program pawc (Cartwright, 2005), yielding sets of sequences for
which the true alignment is known. Data were generated using the sequence evolution
simulation tool pawG (Cartwright, 2005). A random phylogeny of 10 sequences was cho-
sen and fixed (see Figure 4.18), and sequences were simulated under the GTR substitution
model (rates of substitution for AC, AG, AT, CG, CT and GT were set at 1.5, 3.0, 0.9,
1.2, 2.5 and 1.0; equilibrium frequencies for A, C, G and T were set at 0.20, 0.30, 0.30,
0.20), with the G+I rate heterogeneity model (y = 0.9, ¢ = 0.05), and an indel process with
lengths distributed according to a negative binomial NB(3,0.7) distribution. The indel rate
was set to three different values [0.01 (low), 0.02 (medium) and 0.03 (high)], to generate
datasets of varying alignment uncertainty. For each indel rate, 50 alignments were gener-
ated, yielding 150 datasets overall, each containing 10 sequences, with average sequence
length equal to 905 nucleotides.

As a biologically relevant example, we also considered a set of 78 alignments taken
from the BAIiBASE database, comprising the full-length alignments from the Reference
1 set (Thompson et al., 2005). This set further comprises two subsets, consisting of low
sequence identity (Ref la, ID < 25%) (short: 14, medium: 12, long: 12; average 6.8
sequences per alignment; average sequence length 309), and medium sequence identity
(Ref 1b, ID = 20 — 40%) (short: 14, medium: 16, long: 10; average 9.0 sequences per
alignment; average sequence length 351).

For each dataset, we ran the statistical alignment software StatAlign (Novék et al.,
2008), which jointly samples alignments and trees under a stochastic model of substitu-
tion, insertion and deletion (Lunter et al., 2005b). StatAlign v1.1 was run using the default

settings for nucleotides (for the simulated data), and amino acids (for the BAIiBASE data),
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0.2

Figure 4.18: The tree used to generate simulated data as described in Section 4.5.

with a burnin of 500, 000, and 2 million sampling steps, taking alignment samples every
2000 steps, thus producing 1000 alignment samples for each test case. A Java-based im-
plementation of Algorithm 7 was used to compute a summary alignment minimising the

risk under the C- and C*-based loss functions.

4.5.1 Comparison to other methods

For comparison, we also generated summary alignments for each dataset using the MergeAlign
method of Collingridge and Kelly (2012), and a consistency-based approach whereby the
alignment samples are used as a library for input to the program T-Coffee (Notredame et al.,
2000), using the -aln option (Wallace et al., 2006). We call the latter approach S-Coftee,
with the ‘S’ signifying that the T-Coffee method is being used on a library derived from
StatAlign alignments.

As shown in Table 4.1, our DAG-based implementation is substantially faster than the

other methods. Increasing the indel rate results in higher alignment uncertainty and longer
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Indel rate
low medium high

MinRisk (C) 1.5 1.8 2.2
MinRisk (C*) 1.9 24 2.8
MergeAlign  12.0 176 229
S-Coffee 43.0 484 509

Table 4.1: Average time (in seconds) taken to generate a summary alignment from 1000 samples,
for the three simulated datasets. All tests performed on a single AMD Opteron 2.3GHz core.

alignments, resulting in an increase in runtime for all methods, although the increase is
small for the minimum risk algorithm (henceforth referred to as MinRisk). Minimising

the risk under the C*-based loss function incurs an additional overhead due to the time

needed to compute the weighted marginal probabilities, pc+(X), but this takes a matter of

milliseconds.
Name Notation Definition
C-score ac(A)  Yyei L(C(X) € C(A)/|A]
Modeller C ()  Syei LC(X) € C(A))/IAl
C*-score ac(A)  Tyes L(CHX) € CH(A))/IA|

Modeller C* . (A)  Yyeq LCH(X) € C*(A)/IA]

Table 4.2: Accuracy measures used to assess the relative performance of the different summary
methods. A denotes the true alignment and A an estimated alignment.

4.5.2 Accuracy metrics

To assess the performance of each approach, we make use of several measures of alignment
accuracy, including the AMA metric of Schwartz (Bradley et al., 2009; Schwartz, 2007),
and the column score (C*-score). In addition, we use the measures shown in Table 4.2.

For the simulated data, accuracy is computed relative to the known true alignments, and
for the BAIiBASE datasets, relative to the benchmark alignment provided.

Since the minimal R¢ and R/ alignments maximise the expectation of the C- and C*-
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score respectively, it would be expected that these methods perform best under the cor-
responding scores. The MergeAlign method seeks to maximise the Modeller C score,
although as mentioned earlier, the algorithm cannot guarantee an optimal solution. As a
pairwise progressive algorithm, the S-Coffee method might be expected to perform best
under a sum-of-pairs score, such as the AMA metric.

Given that the absolute value of the accuracy varies substantially over the different
datasets, we measure the performance of each method by computing a rank score, which
indicates the rank of the accuracy of an alignment, A, relative to the 1000 samples used as

an input (denoted by the multiset M)

rank, (A || M) = |lﬂ| Z 1(a(A) > a(A)) (4.35)

AeM

A rank of 1 therefore indicates an alignment that is more accurate under measure « than
each of the StatAlign samples, whereas a rank of 0 indicates an accuracy lower than any of

the individual samples.

4.5.3 Results: simulated data

As shown in Table 4.3, the MinRisk method generally yields summary alignments that
are more accurate than the majority of the samples, resulting in a rank score close to 1.
As expected, minimising the risk under the C-based loss function results in the highest
accuracy under metric a¢, and similarly minimising the risk under R¢-+ results in the highest
scores under measure ac+. Interestingly, the MinRisk C* method also results in the highest
accuracy under the AMA sum-of-pairs metric. In all cases setting g = O results in the best
performance, since these accuracy metrics do not penalise false positives, although setting
g = 0.5 does not result in a large loss of performance.

In contrast, on these datasets MergeAlign typically yields a summary alignment whose

accuracy is close to the median, with a rank score close to 0.5, although performance is
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Figure 4.19: Accuracy of summary alignments for simulated data. Results for the MinRisk,
MergeAlign and S-Coffee methods shown in red, black and blue respectively, for low (top panel),
medium (middle panel) and high (bottom panel) indel rates, with accuracy measured by ac+. The
range of values covered by the 1000 samples is shown in grey, with lighter shading indicating greater
distance from the median.
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Figure 4.20: Accuracy of summary alignments for simulated data under three different methods
as measured by a s, for low (top panel), medium (middle panel) and high (bottom panel) indel
rates. The range of accuracy values covered by the StatAlign samples is shown in grey, with lighter
shading indicating greater distance from the median.
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low indel rate medium indel rate high indel rate
‘ ac c+ AMA ‘ Qc Qc+ AMA ‘ ac dc+ AMA

MinRisk (C), g =0 091 089 090 [096 092 093 | 0.8 088 0.88
MinRisk (C),g=0.5 | 0.89 0.73 0.84 [ 093 050 0.78 | 0.84 0.09 0.40
MinRisk (C), g =1 0.88 063 0.80 [090 030 0.65 |0.79 0.03 0.28
MinRisk (C*),g=0 |0.86 098 096 | 087 1.00 1.00 | 0.76 1.00 1.00
MinRisk (C*),g=05[0.89 092 092 | 093 094 094 | 086 094 094
MinRisk (C*), g =1 0.89 084 088 |[091 074 0.85 |0.83 0.34 0.55

MergeAlign 0.65 040 048 |[0.80 046 058 |0.73 036 045
S-Coffee 0.08 0.02 0.10 |0.15 0.01 0.10 | 0.29 0.00 0.04

Table 4.3: Average rank scores for the different methods on simulated datasets, using the accuracy
metrics described in the main text and in Table 4.2. Highest values for each column shown in bold.

low indel rate medium indel rate high indel rate

|ar o |ap  ap | ep  ap

MinRisk (C), g =0 0.92 091 | 0.96 0.95 0.89 092
MinRisk (C),g=0.5 [ 093 0.88 | 0.97 0.80 090 0.35
MinRisk (C), g =1 095 0.85 |0.96 0.65 0.87 0.23
MinRisk (C*),g=0 ] 0.69 0.88 | 0.62 0.96 0.56 1.00
MinRisk (C*), g =05 [ 090 094 | 0.95 0.97 0.88  0.96
MinRisk (C*), g =1 093 092 |0.95 0.91 0.88 0.74
MergeAlign 0.74 057 |0.85 0.67 0.78  0.63
S-Coffee 0.15 0.05 |0.22 0.03 0.37  0.00

Table 4.4: Average rank scores for the different methods on simulated datasets, measured using the
modeller scores. Highest values for each column shown in bold.

more reasonable under the ¢ measure. The progressive heuristic S-Coftee algorithm per-
forms consistently badly in all cases, yielding summary alignments that are typically worse
than the majority of the samples used to build the library, suggesting a conflict between the
information contained in the samples, and the heuristics used to construct the alignment.
When the modeller variants of the scores are considered (Table 4.4), the general patterns
stay much the same, although there is now a benefit observed in increasing the g parame-
ter, since the modeller scores penalise longer alignments. For alignments with more gaps
(higher indel rate), the value of g yielding the highest accuracy under the modeller scores

tends to decrease (see Figure 4.21). This reflects the fact that for cases where the true align-
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Figure 4.21: Accuracy on the simulated datasets under the ac+ (left) and af", (right) measures as a
function of the g parameter for low (o), medium (A) and high (+) indel rates.

ment contains many gaps we may wish to be more lenient with the inclusion of additional
columns, allowing the alignment to increase in length. Overall, setting g = 0.5 yields the
best average performance, which corresponds to a loss function that equally penalises false
positives and false negatives.

As might be expected, the performance of MergeAlign improves when the accuracy
is measured using the modeller scores. However, better performance can still be obtained
under the modeller variants by using the MinRisk method and a non-zero g parameter (see
Table 4.4). As discussed earlier, the g parameter accomplishes the key aims of the modeller
score (i.e. to penalise longer alignments) while maintaining computational tractability, and
a meaningful statistical interpretation.

Given the heterogeneity of the different datasets, it is also useful to visualise the results
for the individual datasets. As shown in Figure 4.19 and Figure 4.20, the results are consis-
tent across all datasets, with the MinRisk method yielding alignments that are significantly
better than the majority of samples, especially as the indel rate is increased. Conversely, the
MergeAlign method consistently yields summary alignments that are close to the median
accuracy of the sampled alignments, and the S-Coffee method performs consistently worse

than the majority of samples.
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Refla (<25%) Reflb (20 —40%)

| ac  ac: AMA| ac  acr AMA

MinRisk (C), g = 0 0.94 0.77 0.88 [0.88 0.85 0.82
MinRisk (C),g=0.5 [ 090 041 0.66 | 092 0.81 0.90
MinRisk (C), g = 1 0.88 041 0.63 | 094 0.83 0.93
MinRisk (C*),g=0 | 0.67 092 0.77 |0.71 0.87 0.66
MinRisk (C*),g=0.5|0.86 0.86 0.88 | 0.85 091 0.89
MinRisk (C*),g=1 |0.88 0.64 0.78 | 090 0.88 0.93
MergeAlign 091 059 0.74 [ 0.80 0.75 0.84
S-Coffee 045 0.14 026 |0.52 032 0.52

Table 4.5: Average rank scores for the different methods on BAIiBASE datasets, using the accuracy
metrics described in the main text and in Table 4.2. Highest values for each column shown in bold.

4.5.4 Results: BAIIBASE

For the BAIIBASE datasets, the MinRisk method also consistently yields summaries that
are better than the majority of samples, and outperforms the other methods examined here
in all cases (see Tables 4.5 and 4.6). Nevertheless, although still ranking behind most of the
MinRisk combinations, MergeAlign performs somewhat better on the BAIIBASE datasets
than on the simulated data, with ranks scores consistently much higher than the median.
This suggests that these particular BAIiBASE alignments contain fewer of the types of fea-
tures (for example large numbers of indels) that are likely to lead to suboptimal solutions
under the MergeAlign algorithm. Similarly, the S-Coffee method, although still often worse
than the median accuracy of the samples, performs better than on the simulated data, sug-
gesting that the heuristics employed by T-Coffee are tailored more towards aligning these
types of datasets. These heuristics may to some extent be overriding the information input
via the library, which may explain the poor performance on the simulated datasets.

We can see also that in general the optimal value of g for the MinRisk method is higher
for the Ref 1b dataset, reflecting the fact that these sequences are less diverged, and hence
likely to contain fewer indels. However, as with the simulated data, a value of g = 0.5 gives

results that are close to optimal in all scenarios.

137



Example application: summary alignments for simulated data and BAIIBASE §4.5

0.90 4
0.80
0.70

o .

§ 0607 7 Method  (mean, rank)|
g 0509 || —+— MinRisk (C+) g=0.5 (0.33, 0.86)
E 0.40 - —e— MergeAlign (0.28, 0.59)
3 —v— S-Coffee (0.20, 0.14)
+

6]

0.30 1
0.20
0.10 4
0.00 -

0.90
0.80
0.70
0.60
0.50
0.40
0.30 1
0.20
0.10
000 T T T T T T T T T T T T T T T T

Method  (mean, rank)|
—4—  MinRisk (C+) g=0.5 (0.52, 0.91)
—e— MergeAlign (0.51, 0.75)
—v— S-Coffee (0.46, 0.32)

C* column score

Dataset

Figure 4.22: Accuracy of summary alignments for BAIIBASE alignments under three different
methods as measured by a¢+, for low (top panel) and medium (bottom panel) sequence identity. The
range of accuracy values covered by the StatAlign samples is shown in grey, with lighter shading
indicating greater distance from the median.

Ref la (< 25%) Ref1b (20 —40%)

Lop o [ap  ap
MinRisk (C), g =0 0.93 0.74 0.82 0.78
MinRisk (C), g =0.5 | 0.95 0.70 0.96 0.96
MinRisk (C), g =1 0.92 0.68 0.97 0.97
MinRisk (C*),g =0 | 0.40 0.50 0.34 0.33
MinRisk (C*), g = 0.5 | 0.86 0.88 0.83 0.85
MinRisk (C*), g =1 0.90 0.86 0.93 0.96
MergeAlign 0.93 0.74 0.85 0.86
S-Coffee 0.59 0.46 0.76 0.75

Table 4.6: Average rank scores for the different methods on BAIiBASE datasets, measured using
the modeller scores. Highest values for each column shown in bold.
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Simulated data BAIIBASE
low mediumhigh Refla Ref Ib
pc — L(C(X)e C(A)) 093 092 090 0.99 0.99
pc+ — L(CT(X) e C*(A)) 0.84 0.78 0.75 0.79 0.89

Table 4.7: Accuracy of marginal probabilities in predicting column presence/absence, as measured
by the area under a ROC curve (AUC).

Predictive power of marginals

As well as providing a way to approximate full alignment probabilities, posterior column
marginal probabilities can also be good predictors of the presence or absence of a column in
the true alignment (Lunter et al., 2008). In all cases examined here, the column marginals
are excellent predictors of the presence or absence of the column in the true alignment, with
an AUC close to 1, especially for the BAIiBASE datasets (see Table 4.7). The C*-weighted
marginals (the marginal probability of a column after grouping with all other columns
containing the same characters, regardless of position in the alignment) are less accurate
in predicting the presence/absence of a column under the C* definition, which may be due
to the fact that the estimates of pc+ make stronger assumptions about the exchangeability
of columns, averaging over a larger set of possible predecessors. In all cases, predictive
power is higher for alignments containing fewer indels, although the predictive power of
the marginals will depend largely on the suitability of the evolutionary model for analysing

the dataset.

4.6 Other applications of the alignment DAG

4.6.1 Combining the output of other alignment programs

The approaches detailed in this Chapter are in theory applicable to a set of alignments gen-

erated by any type of method, although the quality of the probability estimates generated
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by the DAG will depend on the quality of the underlying model used to generate the align-
ments. Although this type of method can be used to combine the output of other alignment
programs, in a similar fashion to the M-Coffee procedure (Wallace et al., 2006), such an
approach does not have a probabilistic interpretation, and will depend heavily on the choice
of programs used to generate the input.

We have observed that this type of procedure usually yields summary alignments that
are similar in accuracy to the program that typically generates the most accurate alignments
(data not shown); however, since this the identity of this program is usually known from
the outset, based on benchmarking results, there is not much to be gained by employing
such a procedure. Moreover, the reliability of such an approach as a heuristic will depend
strongly on the degree of similarity between the different alignment programs, hence we
would recommend against such using alignment DAGs as a way of combining the output

of non-probabilistic alignment programs.

4.6.2 Alignment DAGs as generators of alignment samples

One other obvious application of the alignment DAG is as a way of generating additional
alignment samples, which can be sampled by using a DAG-based version of the stochastic
traceback algorithm described in Durbin ef al. (1999). This simply involves building up an

alignment according to the following recursive formula

pAD = X | ATV = X') = p(X | X)z(X')/=(X) (4.36)

where z(X) is defined as in equation (4.19), and p(X | X’) can be derived using either the
pair-marginal or mean-field expression, as desired.

One potential use for these alignment samples could be as a source of proposals within
an MCMC alignment sampler, allowing for a new state to be efficiently generated, along

with a known proposal probability for use in a Metropolis-Hastings accept/reject step. Al-
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though this type of approach does not allow for the exploration of previously unobserved
columns, it could be useful as an additional MCMC move to improve mixing, particularly
once much of the space has already been explored. The data structures needed to efficiently
implement such an approach may present some significant challenges, but this is likely to

be a fruitful direction for future research.
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Chapter 5

Downstream analysis in the presence of

alignment uncertainty

Although joint sampling approaches may be analytically tractable for comparison of a small
number of sequences (Hamada et al., 2009; Satija et al., 2008; Sinha and He, 2007), the
computational complexity involved in analysing these hierarchical joint models typically
does not scale well with the number of sequences; even the use of procedures such as
MCMC is only able increase the range of tractability to a limited extent (Novak et al.,
2008; Satija et al., 2009; Suchard and Redelings, 2006). Moreover, although the inclusion
of additional levels of annotation or information in the joint model may help reduce the un-
certainty in the inference, approaches such as detailed in Chapters 2 and 3 generally require
a new evolutionary model to be formulated, along with carefully designed procedures for
conducting inference under the model (Meyer and Miklés, 2007; Satija et al., 2008, 2009).
For these reasons, for certain cases of interest the Bayesian coestimation approach may still

be considered impractical (Liu et al., 2012; Lunter et al., 2005a).
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5.1 Propagating alignment uncertainty into downstream
inference

In the previous chapter, we have examined how the DAG-based representation of the set of
sampled alignments facilitates the efficient computation of alignment probabilities, as well
as generation of accurate summary alignments. These summary alignments can then be
used as the input to downstream analyses that are set up to make use of a single alignment.
However, given the sensitivity of downstream analysis to the specific choice of alignment,
it is also desirable to explore ways in which the entire set of alignments can be used for

downstream inference, rather than using only a single summary alignment.

5.1.1 Sequential approach

One way of accomplishing this is to carry out the downstream analyses separately on each
of the sampled alignments, averaging or summarising the results as appropriate. This type
of sequential approach has been used to assess the sensitivity of phylogenetic inference to
the starting alignment (Liu ef al., 2009, 2012; Wong et al., 2008), as well as examining the
effect of alignment uncertainty on estimates of positive selection (Blackburne and Whelan,
2013) and RNA secondary structure prediction (Arunapuram et al., 2013).

However, as discussed earlier, a set of alignment samples will typically contain only a
small portion of the total probability mass, even for pairwise alignments with relatively low
uncertainty. Hence, the uncertainty quantified in the individual samples will be a significant
underestimate of the true alignment uncertainty.

Moreover, since the relative frequencies of whole alignments are a very poor estimator
of posterior probabilities, simply carrying out an independent analysis on each sampled
alignment and then averaging is likely to yield unreliable results. Reweighting procedures
such as those discussed by Blackburne and Whelan (2013) are only feasible when the pos-

terior probability of each alignment can be computed exactly, which is not the case for
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many models of interest.

5.1.2 DAG-based approach

In order to address these issues, we can make use of the alignment DAG, making use of
intersections between alignments to increasing the effective sample size.

Due to the acyclic structure of the alignment column graph, it is possible to adapt many
standard algorithms, such as forward-backward algorithms for HMMs, to operate on the
DAG structure rather than an individual alignment. This allows for downstream inference
to be averaged over a very large number of alignments, weighted according to a more
reliable estimate of the posterior probability for each alignment, rather than analysing only

a small collection of individual samples.

5.1.3 Approximate marginalisation over alignments

As a simple example, we can consider the case of tree inference under an independent-sites
model. On a single alignment the posterior probability of a tree, ', can be written as a

product of contributions from each column:

La
p(L [ A) o< p(T) l_l p(AY | 1) (.1)

i=1

where p(X | 1) is the probability of column X under the independent-sites model given the
tree Y, and the proportionality above involves the quantity f p(A, T)dY. It is a straight-
forward extension then to compute the posterior averaged over all alignments in the DAG,

using a similar expression to equation (4.19)

zr(X) o p(X [ 1) Z 2 (X)p(X | X') (5.2)

X=X
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such that the marginal posterior for the tree, Y, summing over all alignments in a DAG

D(A), can be written as

p(Y | D(A)) « p(T) Z p(A)P(YT | A) (5.3)
AED(A)
o p(1) z+(X1) (5.4)

It should be noted that the above quantity will in general not be an unbiased estimator of
the full marginal likelihood, };, p(( | A), where the sum runs over all possible alignments.
Hence, although the approximate marginal likelihood may be useful when searching for
optimal trees, it may be more complicated to incorporate this into MCMC procedures,
which typically require unbiased estimators of the likelihood (Andrieu and Roberts, 2009),
although in practice the effect of using a biased estimator may be smaller than the Monte

Carlo error (Nicholls et al., 2012).

5.2 Sequence annotation in the presence of alignment un-
certainty

Site-independent phylogenetic evolutionary models such as mentioned above can be easily
extended to include an additional layer accounting for heterogeneity across sites. One way
in which this can be achieved is to use an HMM to annotate the columns of the alignment,
with each annotation class having its own set of evolutionary parameters (Felsenstein and
Churchill, 1996). The simplest such scheme may involve selecting a different substitution
rate parameter for each class, which can be used to detect sites that are highly conserved
(Siepel et al., 2005). One way of incorporating alignment uncertainty into such schemes
is to design joint estimation approaches that simultaneously infer alignments, annotations
and model parameters (Satija et al., 2008, 2009). However, such approaches may be highly

computationally intensive, limiting the applicability to larger datasets.
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Here we will consider instead annotating the set of alignments that are contained within
an alignment DAG. As we have seen in Chapter 4, this set is typically very large, and may
contain a large proportion of the total posterior mass even with only 1000 samples. The
main approximation that is made with such an approach is that the alignment sampling
must be carried out before the annotations are known, rather than being co-estimated (Satija

et al., 2009).

5.2.1 Annotation of a single alignment with an HMM

We begin by defining a single multiple sequence alignment (MSA) A of length L as a set of
columns {A, ..., AP}, along with an ordering defined by the > operator, which denotes
concatenation into an alignment. Each character A% in the column is either a character
taken from one of a set of M sequences sV, ..., s, or a gap character, —, and we say that
an alignment is valid iff AY) = s,((m) and AY = sﬁm) implies k < [ for all A9 < ... < AV,

We can define a hidden Markov model (HMM) on the columns of the alignment, whereby
each column i = 1,..., L is annotated with a hidden state h; € {1, ..., K}, where K is the
number of different states. An HMM is usually based on the assumption that the hidden
state at a particular column depends only on that of its nearest neighbours, which defines a

model of the form shown below.

AD A@ AD

The HMM is specified by the set of possible hidden states, along with a matrix R of

transition probabilities between these states, where Ry, = p(h; = | hi-; = k), and a set of
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emission probabilities. The emission probabilities define the probability of observing A?
conditional on its annotation with state k, given a (possibly multidimensional) auxiliary

parameter 6.

e(A”10) = p(A?Y | by = k,0) fori=1,...,L (5.5)

(A 19) =1 (5.6)

In our case, where A" represents a column of an alignment, the emission probabilities can
be defined in terms of a phylogenetic evolutionary model, which gives rise to what has been

termed a ‘phylo HMM’ (Siepel et al., 2005).

5.2.2 Decoding the HMM

Given the above components, the maximum a posteriori (MAP) annotation

L
hyap(6) = arg max {ehl AV 10) | | Ri en (A | 9)} (5.7
h

i=2

can be computed using the Viterbi algorithm. However, it is often the case that the MAP
annotation is just one of many annotations with similar posterior probability, such that the
choice of a single MAP is difficult to justify (Durbin et al., 1999; Yau and Holmes, 2013).
In such cases, it is often useful to consider the marginal posterior for a particular annota-
tion at each column of the alignment, which can be derived using the forward-backward
algorithm. More specifically, using the symbol © to denote element-wise vector or matrix

multiplication, we recursively define a set of row vectors that we term forward vectors

F20) = 1f1©6) Rloe(A” | 6) (5.8)
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with f©(0) = n®(eq) given by the equilibrium distribution defined by the transition matrix

R. We similarly define a set of backward vectors, which are column vectors defined as
b"(©) = [Rb"™"(O)] 0 e(A™" | 6) (5.9)

where b'“+D = 1. The total likelihood of the observations, summed over all annotations, is

then given by

PA1O) =) pAk|0) (5.10)
h
= P61 (5.11)
The marginal posterior probability for /;, summed over all other annotations of /_;, is then

given by
plhi = k| A,0) = £O)b"©O)/pA | 6) (5.12)

Given the marginal posteriors p(h; | A, 6), the maximum posterior decoding (MPD) of
the HMM is given by

il(A, f) = arg max Z p(hi | A, 0) (5.13)
h i

The MPD can be derived as the minimum risk decoding under a loss function of the form
L k) = > App(1 = 1(hi = b)) = prpl(h; = i) (5.14)

using similar arguments to those presented in Section 4.3.1. Since the maximum under such
a function is invariant to the addition of a constant to each term in the sum, it is effectively

equivalent to a loss function of the form

L | k) = > (App = pre) Lk = hy) (5.15)
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Figure 5.1: Three alignments are combined into a alignment DAG. Associating a hidden state
with each column, we can define a generalisation of the phyloHMM on the alignment DAG.

5.2.3 Annotating alignment DAGs

The linear HMM formulation can easily be extended to the case where the dependencies
between the elements of & are described by a DAG, as illustrated in Figure 5.1.

As with the single-alignment case, we now consider annotating each column with an
unknown hidden state. One option would be to annotate each alignment separately, and
then compute a weighted average of the annotations for each column over all N alignments,

such that we would have

phi =k | A,0) = Z 1(X? € A)£P(A,0) b (A, 0)/p(A16)  (5.16)

2acap(Al0) AeA

where p(A | ) is as described in equation 5.11, and f and b have been rewritten as functions
of each alignment.

However, the above approach does not provide any way to combine the predictions
on the individual columns, except by projecting down the annotation probabilities onto a
single sequence. Moreover, as discussed in Section 5.1.1, this procedure assumes that the
relative frequencies of the whole alignments can be used as a proxy for posterior alignment
probability, which is likely to be an unreliable assumption.

Rather than restricting to the set of sampled alignments, it is also possible to average
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the annotation over all alignments within the DAG, by annotating each column dependent
on its predecessors and successors in the DAG, setting the forward and backward scores for

each column to be the sum of scores for all the predecessors and successors, respectively.

OO =ex10)0 Y fXUO) Rx p(X | X)) (5.17)
X'<X
b)) = Z [RBX @) oeX |6)x pX' | X) (5.18)
X=X’

This formulation sums over all the paths in the graph, and hence sums not only the observed
alignments, A, but all ways in which the observed columns can be combined into valid
alignments, as described in Chapter 4. The conditional probabilities p(X | X’) cause each
path to be weighted according to its posterior probability, and can either be estimated using
pair frequencies, or using the mean-field approximation, p(X | Es(X")), as discussed in
relation to equation (4.15).

These generalised forward and backward vectors can be used to compute the joint pos-
terior probability of a column being present in the alignment, and being annotated with a

particular state, k
p(X.hx = k| D,0) = £X(D,0bX(D,0)/p(D | 6) (5.19)

where hy denotes the annotation of column X, and p(D | 6) = f& ()1 can be interpreted
as the approximate marginal likelihood of the sequences, summed over all annotations, and
summed over all alignments in the DAG D.

For any particular path through the DAG, the MPD annotation, after incorporating in-
formation from the entire set of alignments in the DAG, can then be computed using equa-
tion (5.13), with p(h; | A, 0) replaced by p(X, hy = k | D, ). Rather than being based on
just a single alignment, this annotation incorporates an average over all possible alternative

alignments.
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5.2.4 Simultaneous decoding of alignment and HMM

As well as projecting the joint marginals onto a single alignment, as described above, we
can also use these to compute the minimum-risk decoding of alignments and annotations
satisfying the equation

(A.h) = argmax ) p(A®. 1) ~ g (5.20)

Ak fiea

which corresponds to a loss function of the form

Ly
LARNA R = ) [Arp = (orp = App) LA € AL = hy)] (5.21)

i=1

similar to the case discussed in equation (4.27).
The minimum-risk alignment and annotation pair can be found using the same maximum-
weight path algorithm presented in Algorithm 7, except with each column effectively repli-

cated according to the number of states in the HMM.

5.2.5 Parameterising the model

The model parameters, 6, can be estimated from the data according to the marginal posterior
probability p(8 | D) « p(D | 8)p(6), in a fashion similar to that described in Section 5.1.3.
However, in this investigation we consider these parameters to be fixed, in the interests of
simplicity.

In the application we will consider below, we consider HMMs with two states, corre-
sponding to sites with low mutation rate (conserved) and high mutation rate (non-conserved),

which will be encoded by states 0 and 1 respectively. The general rate matrix for such a
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model can be written as

R= (5.22)

7®(eq) = ,v)/(u +v) (5.23)

where u represents the probability of leaving a conserved region, and v presents the proba-
bility of entering a conserved region. The ratio v/(u + v) yields the expected proportion of
conserved sites (the expected coverage), and the expected length of a conserved fragment
is given by 1/u. This is of the same form as the phylo-HMMs discussed by Siepel et al.
(2005).

The emission probabilities are derived using a generalised time-reversible substitution
model (Tavaré, 1986), and a multiplier, p, describing the relationship between the rates in

the conserved and non-conserved categories, i.e.

Qo = p0 (5.24)

The emission probability for a column given the annotation, £, and a tree, T, is then given
by

e(X 10) = pX | Oy, 1) (5.25)

where the quantity on the right-hand side can be computed using the standard Felsenstein
recursion.

In our test applications, the rate matrix Q; is estimated by first computing the minimum-
risk alignment for the DAG, according to Algorithm 7, and then running the phyloFit tool
from the phastCons package (Siepel et al., 2005) to generate a maximum-likelihood rate
matrix under the GTR model. This procedure implicitly computes an ML annotation for

the alignment, and generates two trees, with tree lengths scaled according to the estimated
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rates, oy and ry, in the non-conserved and conserved categories respectively. The multiplier,
p, described above is then estimated by taking the ratio of any one of the branch lengths
in the conserved model, versus the unconserved model, which is equal to r;/ry. Gaps are

treated as an extra nucleotide, with transition rates to/from gap states specified by the user.

5.2.6 Example: annotation of binding sites

The stripe 2 enhancer region for the Drosophila even-skipped (eve) gene contains a number
of experimentally verified binding sites for at least four transcription factors—the activators
bicoid (bcd) and hunchback (hb), and the repressors giant (gt) and Kruppel (Kr)—which
are conserved across different species (Arnosti et al., 1996; Satija et al., 2008). Previous
joint estimation approaches have shown that accounting for alignment uncertainty is able
to improve that accuracy of binding site predictions in such regions (Satija et al., 2008,
2009).

As a test case, we used the dataset of Satija et al. (2008), corresponding to a region
of 486 nucleotides from the eve enhancer taken from assembly dm2 for D. melanogaster,
along with homologous regions from 9 other Drosophila genomes (from assemblies droPerl,
dp4, droEre2, droYak2, droSecl, droSim1, droGri2, droWill and droAna3), as taken from
FlyBase (Tweedie et al., 2009). Known binding sites for dm2 within this region were taken
from the results of Bergman et al. (2005). Using StatAlign v1.1, 1000 alignment and tree
samples were generated for this region (taken from a total of Sm iterations after a 500, 000
burn-in), and a consensus tree computed from the sampled trees. The consensus tree and
100 of the alignment samples (with a thinning interval of 10) were used as input to compute
the minimum-risk alignment and annotation.

We explored a range of different parameter values, and Figure 5.2 shows results with
© =v = 0.033, corresponding to an expected fragment length of 30, and an expected cov-
erage of 0.5. These values are are similar to the values used by Siepel et al. (2005), which

were u = 0.0356, v = 0.0313. We set the entry rate into the gap state to be close to the av-
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AUC Rank

g=0 0773 0.62
g=05 0776 0.68
g=1 0.783 0.87
Median 0.765 0.5

Table 5.1: AUC values and rank scores for predictions using the MinRisk annotation. Shown below
is the median AUC for predictions made on each of the 100 samples individually.

erage exit rate into all other nucleotides, which was generally around 0.3. The gap exit rate
is set to 0.3 x 19(eq), where 719 (eq) represents the equilibrium distribution corresponding
to the non-gap portion of the rate matrix; this corresponds to an overall exit rate from the
gap state approximately equal to the entry rate, leading to an equilibrium probability of
approximately 0.5 for a gap character, which is appropriate since the alignment contained
approximately 50% gaps. The ratio p was estimated individually on each alignment sam-
ple, with median value 0.202 when computed on the individual samples and 0.183 when
computed on the MinRisk alignments.

Predictive accuracy was measured by computing the area under the ROC curve, using
the posterior probabilities of conservation for each column, p(A?, h; = 0), as predictors of
the presence of a transcription factor binding site. To measure the improvement in perfor-
mance over taking the samples individually, we made predictions on the individual samples,
and computed the proportion of samples whose AUC was below that of the DAG-based
method, yielding a rank score. When this rank is equal to 1, the DAG-based prediction is
better than all of the single-sample predictions.

As shown in Table 5.1, the DAG-based predictions are typically better than the majority
of predictions on individual alignment samples. As the penalty parameter is increased, and
hence the number of columns in the alignment decreases (cf. Chapter 4), the performance
increases, up to a maximum AUC of 0.783, which is better than 87% of the samples.

In this example, the minimum-risk procedure outlined here also results in improved

predictive accuracy when compared to the phastCons method, with the latter producing
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Figure 5.2: Minimum-risk annotation and alignment for a section of the Drosophila genome,
projected onto a sequence of interest. The generalised forward-backward algorithm on the align-
ment DAG is used to compute marginal posteriors for the hidden state at each column. These can
then be projected onto the alignment corresponding to the minimum-risk decoding (joint marginals,
p(X, hx), are annotated in grey, and column marginals, p(X), overlaid in orange), and onto the
reference sequence (dm2). Predictions from phastCons (Siepel et al., 2005), based on the same
alignment, are shown in magenta on the lower panel. The coloured bars above the annotations in-
dicate the locations of known regulatory elements (bcd = red, gt = green, hb = dark blue, Kr =
cyan), and predictive accuracy for the locations of these elements, as measured by AUC, was 0.783
(MinRisk), 0.749 (phastCons).

more false positive predictions (see Figure 5.2 for an example), and an average AUC of
0.717 over the 100 samples. This may in part be due to the fact that phastCons makes use
of the Viterbi algorithm to produce a maximum likelihood annotation, rather than selecting
the minimum-risk annotation as we have done here. In addition, phastCons treats gaps as

missing data rather than allowing for a separate gap state, which may lead to statistically

inconsistent results (Warnow, 2012).

5.2.7 Conclusions and future work

The key conclusion of this section is that combining a set of alignment samples into a
DAG structure, and using the minimum-risk framework outlined here, leads to predictions
that are better than the majority of the individual samples. Since the computational cost
associated with considering multiple alignments is very small (the typical runtime on a set

of 100 alignments is less than one second), this represents a simple and effective way to
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improve prediction accuracy.

However, it is also necessary to factor in the time taken to generate the alignment sam-
ples in the first place; in our case this step constituted the majority of the runtime, since
we made use of StatAlign to jointly sample alignments and trees from the posterior under a
statistical model of indels and substitutions. It would be interesting to investigate whether
similar improvements could be gained by sampling alignments under a less sophisticated
model, for example by keeping the tree fixed in StatAlign. In cases where the phylogeny is
well-known from other sources of information, this is likely to significantly reduce runtime
as well as reducing alignment uncertainty, which may result in improved predictions with
a lower computational cost.

Although we obtain performance that exceeds that of phastCons, the scheme we have
used here for modelling gap states is certainly a simplistic approach, and improvements
to the model would likely increase the predictive power overall. A more comprehensive
treatment might allow for each hidden state to have separate rates into and out of gap
states, but we leave such approaches for future work.

As discussed above, rather than using the maximum-likelihood parameters for the GTR
model derived from phastCons, along with user-specified HMM parameters, these param-
eters could be coestimated with the annotation, which would likely improve the results.

In the analysis of Satija et al. (2008), the AUC for phastCons on the same genomic
region was reported at 0.803, which is higher than the maximum value of 0.752 observed
here. This may be due to the fact that an additional binding site (for the transcription factor
sloppy-paired) was annotated within the region we have considered here, although this is
not present in the dataset of Bergman et al. (2005). Inclusion of this site in the analysis
would likely increase the AUC values, since both our method and phastCons typically

yield a high posterior probability of a binding site in this region.
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5.3 RNA secondary structure prediction in the presence
of alignment uncertainty

A similar principle to that discussed in the previous section can be applied to the problem
of RNA secondary structure prediction. With the completion of whole-genome sequencing
projects, the importance of non-coding RNA molecules (ncRNAs) has become increasingly
evident (Washietl er al., 2007), with ncRNAs implicated in a wide range of biological
processes. These ncRNAs often adopt very specific structures, which are of key importance
for functionality. Given the difficulty associated with experimental structure determination,
there has been a large amount of interest in computational methods for predicting structure
of ncRNAs from sequence information alone (Eddy, 2004).

Predicting and detecting RNA secondary structure is greatly improved by the use of
comparative approaches (Gardner and Giegerich, 2004), which take as input a set of aligned
sequences all assumed to have a conserved secondary structure, making use of patterns
of conservation and mutation to help identify this common structure. The most effective
comparative methodologies are generally thermodynamics-based (Bernhart ez al., 2008) or
grammar-based approaches (Dowell and Eddy, 2004; Knudsen and Hein, 2003). Here we
focus on the grammar based approach, since grammars can be used within a fully proba-
bilistic framework, avoiding the need for heuristic approximations.

Although highly successful in many cases, there can be a high variance in the accu-
racy of the structure predictions generated by such approaches, part of which may be
attributable to sensitivity to the choice of multiple sequence alignment (Anderson et al.,
2013). To address the interdependency between alignment and structure prediction, there
have been initiatives to co-estimate RNA alignments and secondary structures from a joint
statistical alignment model (Meyer and Miklés, 2007). However, sampling from combined
models is computationally extremely expensive, limiting the range of applicability of such

approaches.
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Here we will make use of the alignment DAG structure to allow for secondary structure
prediction to be carried out simultaneously on the entire set of alignments contained within
the DAG. As well as being more computationally efficient, this approach allows for larger
sets of alignments to be considered; as we shall see, this can lead to improved predictive

accuracy.

5.3.1 Stochastic context-free grammars

A grammar consists of a start symbol, S, a set of terminal symbols, X, non-terminal sym-
bols, V, and a set of production rules, P. The production rules describe ways in which
non-terminal symbols in the set V can be replaced by combinations of other terminal or
non-terminal symbols; these rules can then be used to generate finite combinations of ter-
minal symbols.

Within the set of grammar-based approaches, the main class of interest is that of stochas-
tic context-free grammars (SCFGs), since these allow for the types of long-range base-pair
dependencies observed in RNA secondary structures. Following on from initial work by
Sakakibara et al. (1994), Knudsen and Hein (1999, 2003) devised the grammar that forms
the basis of the widely-used Pfold algorithm, which has proven to be one of the most suc-
cessful SCFGs for RNA secondary structure prediction (Anderson et al., 2012; Dowell and
Eddy, 2004).

For context-free grammars (CFGs), the sequence being replaced by a particular rule is
restricted to a single variable in V, rather than combinations of variables. Hence, rules of
t the form U — VW are allowed, but UV — W is disallowed. A stochastic context-free
grammar (SCFG) is then a CFG with probabilities associated with each of the production

rules.

5.3.2 SCFGs for RNA secondary structure

We focus on cases where all the production rules fall into one of the following categories:
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. ® | LS
S = 1171 014 | 869
: P
L = 5051 .105
(F) | LS
Fo- 788 | 212

Table 5.2: Probabilities for production rules under the grammar of Knudsen and Hein (1999), after
transforming to double-emission normal form (Anderson et al., 2012). Here, the set of non-terminal
symbolsis V = {S, L, F}.

1. U — - , where the - represents an unpaired (or uncorrelated) position
2. U — (V), where the ( and ) represent two paired positions
3. U—- VW with V,W € V, corresponding to a bifurcation into two uncorrelated parts

corresponding to the so-called double-emission normal form (DENF), as discussed by An-
derson et al. (2012). Since an RNA secondary structure is specified completely by the set
of paired bases, any structure without pseudoknots can be represented in dot-bracket form;
the partner for a particular base can be found by parsing the brackets from single pairs of
brackets separated only by dots, and moving progressively outwards.

The SCFG which we will use in our analysis is that of Knudsen and Hein (1999).
Probabilities for these rules will be taken as in Knudsen and Hein (1999); after converting

to the DENF representation, these take the values shown in Table 5.2.

5.3.3 Emission probabilities

For each generated pair (. . .), or unpaired base, -, we must also include an associated emis-
sion probability, which takes into account the likelihood of the observed sequence, given
that it occurs at a paired or unpaired site. While it is possible to make use of evolutionary

models for this purpose, as discussed by Knudsen and Hein (1999), in this analysis we
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focus on simpler forms for the emission probabilities that treat each observed sequence as
an independent sample from the same distribution.

We take the emission probabilities p(s[i], s[j] | U — (V)) and p(s[i] | U — -)to be
those used in Pfold (Knudsen and Hein, 2003). For a set of N aligned sequences, we then

compute the contribution for a column by multiplying the probabilities for each row

N
PO XU - V) = [ P& X0 1U - (V) (5.26)

n=1

Gaps are treated as a separate character, as described by Knudsen and Hein (2003).

5.3.4 Computing probabilities of structures under a SCFG

Analogously to the forward and backward algorithms used for computing probabilities un-
der an HMM, dynamic programming algorithms exist for computing the probability of a
particular sequence (here meaning a sequence of symbols in £) summing over all ways
in which the sequence can be produced by the grammar (Baker, 1979). In the case of an
SCFG, the computations can be carried out via two recursively defined functions, namely
the inside function, In, and the outside function, Out. The In function recursively com-
putes the probability of generating a particular subsequence, summed over all combinations
of production rules, and the Out function computes the probability of generating all of a
sequence excluding a particular subsequence.

As illustrated in Figure 5.3, a subsequence s[i.. j] can be generated in one of three ways

from a single variable U:

e directly producing s[i] according to a production U — - of Type 1 (when i = ))

e cither replacing U according to a production U — (V) of Type 2 and generating the
subsequence s[i+ 1..j— 1] from variable V, or replacing U according to a production
U — VW of Type 3 and generating the subsequence s[i..k] from variable V and the

subsequence s[k + 1..j] from variable W for some i < k < j,ifi < j
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sli] ( sli+1..j— 1] )
[ ] » -0—0—0—0—0—0—0—0—0—0 >0
Type 1 Type 2 Type 3

Figure 5.3: The derivations for variables replaced according to each of the three types of
productions in DENF. Figure generated by Rune Lyngsg.

The inside function for this subsequence can therefore be computed via the following

recursion:
D pW - HpGlIU- ) ifi=j
U— - €P
(i)=Y 1 2, PWU=ENpGliLsllU—@)In(Vi+1j-1) ifi<j-2
U—(V)eP
p(U—>VW)ZIn(V,i,k)In(W,k+1,j) ifi<j
U—>VWeP i<k<j
(5.27)

with the three summation terms corresponding to the Type 1, Type 2 and Type 3 rules
shown in Figure 5.3.

Similarly, as shown in Figure 5.4, the portion of a sequence that excludes a particular
subsequence (i.e. the total probability of generating s[1..i — 1]Us[j + 1..|s|] under the
grammar, starting from the empty sequence, S ) can be computed according to the following

recursion:

2vowee PV = U) p(sli = 11, s[j+ 111V = (U)) Out(V,i - 1, j+ 1)

Out(U.is ) = ) 1 Sy pwer p(V = UW) e Out (V, i, In (W, j + 1,K)

2vowuer PV = WU) 3 Out (V. k, j) In (W, k,i— 1)
(5.28)
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Figure 5.4: The intuition behind the outside algorithm is to progressively fill out the entire
sequence, excluding a particular subsequence. The left-hand and right-hand diagrams correspond
to the second and third lines of equation (5.28) respectively, i.e. the emissions of Type 3. In each
case, the subsequence U is being excluded, and the emission probability computed for the remainder
of the sequence. Summing over k and adding on the term for emissions of Type 2 (the first line in
equation (5.28)) then yields Out(U, i, j). Figure generated by Rune Lyngsg.

with Out (S, 1, [s[) = 1.

5.3.5 Marginal probabilities

Once we have computed inside and outside values, it is possible to compute the marginal
probability of a particular unpaired base or pair of bases, summed over all possible produc-

tions, by multiplying the relevant inside and outside contributions

p(i unpaired) o Z p(U— ) p(slil| U — -)Out(U,i,i) (5.29)
U— - €P

p(i paired with j) oc Z p(U — (V) p(slil, s[j]11 U — (V) (5.30)
U—(V)eP

xOut(U,i, h)In(V,i+ 1, j— 1)

where the proportionality involves dividing by the normalising constant, p(s) = In (S, 1, |s]),
which represents the marginal likelihood of the entire sequence, s, under the SCFG, starting

from the empty sequence, S'.
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5.3.6 Generalising the Inside and Outside algorithms to alignment

DAGs

In equation (5.27), the linearity of a sequence is not the crucial feature for the algorithm to
be evaluated in polynomial time. The key requirement is to be able to identify the positions
that can lie between i and j for recursion on Type 3 productions, and to identify succeeding
and preceding positions for recursion on Type 2 and Type 3 productions.

This means that equation (5.27) has a straightforward generalisation to an alignment

DAG. We first introduce a labelling of the columns in the DAG, such that
XD XV = i< j ¥X9 XV ez (5.31)

where E is the set of columns, as introduced in Section 4.1.4, and X < X’ signifies that X
is a valid predecessor of X’. Thence, Inz (U, i, j) represents the sum over probabilities for
all subalignments corresponding to paths starting with column X® and ending with column
XY, with each path weighted by its probability in the DAG.

Using the shorthand i < j to denote the relationship X < X, and p(i | j) to denote

p(X® | XD, the generalised inside recursion becomes

> p(XO1U S <) ifi=

U— - €P

Z ZP(X(D,XU) |U — (V)) Inz (V.k, D) pk | Dp(j 1 D)
Inz (U, 1, j) = Z US(V)eP k<l (5.32)

i<k
I<j

pU— VW) > Tns(V,i,k)Inz (WL, j) pd | F)

U—->VWeP i<k<l<j
k<l

As illustrated in the example in Figure 5.5, for Type 2 productions it is necessary to
consider paths starting at any successor to XV and ending at any predecessor of X®. For

Type 3 productions, for any column between X! and X®® (denoted by the free index k in
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Figure 5.5: The generalisation of the recursion in Figure 5.3 to alignment DAGs. Correspon-
dence between positions in the derivation and columns in the alignment DAG are depicted with ~».
Figure generated by Rune Lyngsg.

the third line of equation 5.32), we need to consider all successors of this column (denoted
by the index /). The dashed line around X® indicates that this is just one of the possible
columns that can follow XV, the other being X®.

The outside algorithm can similarly be generalised to the alignment DAG, yielding

D p(XO. X0 |V > () Out (Vik, D) pli | (L | j)

V—(U)EP ki
J<l

Ous Wiy = 14 2, 2 p(V = UW)Ous (Vi Ins (Wk. D p(k | )

VoUWEP jxk
Ik

>0 > p(V = WU)Outs (V.1 j) Inz (W, 1K) pi | k)

VoWUEP ki
I<k

(5.33)

using the same notation as in equation (5.32).

The marginal probability for a column being present in the alignment and being un-
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paired or paired can then be computed in a similar fashion to equation (5.29)

p(X? € A A X unpaired) o Z pU— - )p(X(i) | U - ')OUts U, i,1)
U— - €P

(5.34)

p(X®, XD € A A X paired with X)oc > p(U — (V) p(XO, XV | U - (V)
U—(V)eP

XoutE (U,l’])InE (‘/al+ 1’.]_ 1)

(5.35)

The normalising constant is now Inz (S, 0, T'), which is equal to the marginal likelihood of
the sequences summed over all structures, production rules, and all alignments contained

within the DAG.

5.3.7 Computational complexity

Recursion (5.27) converts to the inside algorithm by computing the recursive entities in
order of increasing distance between i and j, or similar pre-specified orders that ensures that
when computing a recursive entity all entities it depends on have already been computed.
This requires time O (|P| . |s|3) and space O (|V| - |s|2). The evaluation of the Out function
has the same complexity.

For a DAG with |Z| columns, and d|Z| edges (where d is the average equivalence class
size, equal to the average in-degree), the generalised inside recursion can be solved for
In= (S, 0,7) in time O (c?IEP IIPI) and space O (IEI2 IVI). Under a mean-field approximation
to the conditional column probabilities (cf. Section 4.2.1), the complexity can be reduced
by a factor of d, the average equivalence class size, using techniques similar to those dis-
cussed in Chapter 4, which also relates to the scheme discussed by Jagota et al. (2001).

The cubic time complexity (and square space complexity) of the algorithm is usually
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not too significant an issue when dealing with single sequences or individual alignments.
However, the alignment DAG may contain many thousands of of columns, such that the
complexity can grow very quickly. One approach to reduce computational resource re-
quirements for the generalised inside algorithm is to observe that we do not need to com-
pute Inz (... ,i,j) for all i < j, but only for the cases where X and X can occur in
the same alignment. For example, in the Type 2 production in Fig. 5.5 there is no need to
consider the combination of X®® and X®, or the combination of X and any of X® and
XD,

This observation can be formalised by introducing the notation i - j to denote the

transitive, reflexive closure of the relation <, such that

i»j=>G=)V@ky,...,k, - iv<k<...xk,x ) (5.36)

We can then set Ing (V,i, j)= O for all i, j unless i - j. Trivially, i > j = = —» )),
and ~(i —» j) if X and XV are in the same fp- or fs-equivalence class, as defined in

Section 4.1.3.

5.3.8 Minimum-risk decodings

As with the HMM example considered in Section 5.2, we can compute the decoding (in this
case the secondary structure) that maximises expected accuracy, or equivalently minimises
risk, by using efficient dynamic programming algorithms.

For a loss function defined in terms of the number of correctly predicted paired and
unpaired columns, the minimum-risk decoding can be found by analogy to the scheme used

by Knudsen and Hein (2003) for a single alignment, by filling out the following dynamic

166



RNA secondary structure prediction in the presence of alignment uncertainty §5.3

programming matrix

yip(X® unpaired) + makx E(k, j)

E@,j) = (5.37)

Y2p(X® paired with X) + max E(k, )
I<j

max

max E(i, k) + E(l, j)

i»k < [-»]

The minimume-risk structure can then be found by tracing back from E(0, T'), following the
choice that gave the maximum score at each step. As before, the above procedure can be
made more efficient by caching the innermost maxima for each equivalence class. In the
following analysis we use y; = 0.5 and y, = 1, which attaches equal weighting to correctly

predicted pairs, and correctly predicted unpaired bases.

5.3.9 Evaluation data

In order to test the above framework, we created a RNA dataset based on the the Rfam
database (Griffiths-Jones et al., 2005). Alignments of homologous RNA sequences with
known consensus secondary structure were extracted from Rfam seed alignments, and fil-
tered to keep only sequences with fewer than 1000 nucleotides. From this set, 44 RNAs
were randomly selected, and StatAlign v3.0 was used to generate 10,000 alignment sam-
ples for each RNA, from a total of 5Sm iterations, after a burn-in of Im. From these align-
ments, subsets of 5, 10 and 20 alignments were produced for each RNA by subsampling
at intervals of 2000, 1000 and 500 respectively, and these were used as input to the DAG-
based predictive framework. Predictions were also carried out on 100 individual alignment
samples for each RNA, subsampled at intervals of 100 from the initial 10, 000.

For the curated dataset discussed above, we know the true secondary structure, such

that it is possible to measure the predictive accuracy using various types of measures. We
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explored the following three commonly-used measures of accuracy:

sensitivity = TP/(TP + FN) (5.38)
PPV = TP/(TP + FP) (5.39)
F-score = 2T P/(2TP + FN + FP) (5.40)

where PPV stands for positive predictive value. Here, true positives are defined as base-
pairs correctly predicted, false positives as predicting a base-pair between two bases that
should not be paired, and false negatives as base pairs not predicted.

In order to compute the above statistics it is necessary to have a bijection between
positions in the predicted alignment and the true alignment. In order to achieve this, the
predicted structure was projected onto each of the sequences in the alignment individually,
and the PPV, sensitivity, and F-score calculated for each such projection. Results were then

averaged over all the projections.

5.3.10 Results

As can be seen in Figure 5.6, the DAG method is almost never worse than the median
prediction over the 100 individual alignment samples, and is often as good as or better
than the majority of the samples. We can measure this more rigorously by computing a
rank score for each dataset, indicating the number of samples lying below the DAG-based
predictions. As shown in Figure 5.7, the rank scores typically lie close to 1, indicating that
the DAG-based predictions are better than more than 90% of the predictions on individual
samples. We can also observe a small improvement as the number of samples is increased
from 5 to 10 to 20.

Averaging the three performance measures over all 44 datasets, there is a significant im-
provement under all three measures when moving from a single alignment to a 5-alignment

DAG. We also see an improvement in all cases as the number of samples is increased, which
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Figure 5.6: Prediction accuracy on test datasets. Distribution of F-scores across all datasets,
sorted by median, with medians over the individual samples shown as black circles, and black lines
above and below showing the 5% and 95% points in the F-score distribution for each dataset. Su-
perimposed are coloured symbols denoting the accuracy as produced by the DAG method, labelled
according to how many alignment samples were used to generate the DAG. Very similar patterns
were observed with the sensitivity and PPV measures (data not shown).
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Figure 5.7: Distribution of F-score ranks for DAGs of varying sizes. For the majority of datasets,
the DAG-based predictions are more accurate than at least 90% of the predictions on individual
alignment samples. Increasing the number of samples used to create the DAG results in a further

small improvement.
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# alignments 1 5 10 20
F-score 0.486 0.535 0.562 0.566
Sensitivity  0.556 0.616 0.645 0.653
PPV 0.448 0.489 0.512 0.515

Table 5.3: Overall performance across the datasets.

Dataset # alignments # unique columns eq. class size # paths in DAG  Sensitivity

1 82 1 1 0.623
14 5 210 1.16 181,818 0.782
10 318 1.27 311,109,120 0.916
1 133 1 1 0.432
16 5 216 1.09 12,480 0.457
10 294 1.11 102,672 0.657

Table 5.4: Improvement in prediction sensitivity as a function of the number of samples, for two
specific example datasets. The increase in sensitivity in this case is somewhat larger for Dataset 14,
for which the size of the DAG increases much faster as a function of the number of samples.

is likely due to a combination of the increased number of paths in the DAG, and the im-
proved estimates of the column probabilities resulting from the larger sample size.

Examining some specific examples (cf. Table 5.4), we can see that the specificity of the
predictions can increase quite sharply as the number of samples is increased. In the two
examples shown, the degree of improvement observed appears to be related to the number
of additional paths introduced into the DAG with the addition of further samples: in the
case where adding further samples does not significantly modify the DAG, the additional
samples will make less difference to the predictions. As can also be seen in Table 5.4, the
number of paths through the DAG increases very rapidly for some of these examples, for
example exceeding 300m with just 10 alignments for Dataset 14. This results in a greatly
magnified search space within which to conduct inference, which is part of the reason why
the DAG-based results typically perform much better than the predictions on individual
samples.

As discussed earlier, the theoretical runtime for the algorithm is cubic in the number of

edges in the DAG, although savings can be obtained, for example by considering only pairs
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Figure 5.8: Runtime as a function of the number of edges in the DAG. The strong linear re-
lationship on the log-log scale indicates a power law, and a linear model yields an exponent of
3.5.

of columns for which i - j. The log-log plot shown Figure 5.8 indicates that the runtime
scales with the number of edges in the DAG according to a power law with exponent
3.5. This is slightly above the theoretical value, with the deviation likely due to various
overheads associated with maintaining data structures. Although the underlying complexity
cannot be improved beyond the basic cubic relationship, the range of applicability of the
method could be extended significantly by cutting runtime by a constant factor, hence it
would be of interest to investigate ways of improving the efficiency of the software.

In terms of memory requirements, most of the datasets used here ran successfully with
under 1Gb of RAM, with some requiring up to 2Gb. As the number of alignment samples is
increased up to 50 or 100, the number of columns increases up to several thousand for some

of the datasets, leading to memory requirements that exceed 4Gb. It should be stressed,

172



Conclusions $§5.4

however, that the current implementation has not been optimised, hence there are likely to

be a number of gains in efficiency that could be made beyond this initial implementation.

5.4 Conclusions

In this Chapter we have analysed some common algorithms for multiple sequence anal-
ysis which can be modified to operate on the alignment DAG structure; the DAG-based
minimum-risk/maximum accuracy predictions are generally superior to the majority of the
estimates made on individual alignment samples, often without significant additional com-
putational cost. Indeed, in the case of the HMM analysis, the algorithms on the DAG are no
less efficient than repeating the the analysis separately on each of the individual alignment
samples, so there is no computational reason not to adopt the type of approach we have
presented here.

A similar approach could potentially be used with many other types of algorithms that
take as input an alignment and compute a score that is additive over columns or pairs of
columns. In conjunction with efficient techniques for generating statistical alignment sam-
ples, this type of procedure offers a tractable way to take account of alignment uncertainty
in downstream analysis.

The applicability of this type of approach clearly depends on the extent to which align-
ment uncertainty can be accurately quantified independently of the downstream quantity of
interest; as we have discussed, parameters such as trees should ideally be coestimated with
alignments, due to their interdependence. However, when joint sampling is not feasible,
the two-step methodology described here offers a more robust approach than conducting

analysis on a single alignment.
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