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Abstract
The celestial S-algebra arose from a reinterpretation of collinear limits of the
Yang–Mills S-matrix as OPEs in celestial holography. It was subsequently
represented via asymptotic charge aspects defined in the Yang–Mills radiative
phase space defined at null infinity on the one hand, and via a twisted holo-
graphy vertex algebra construction in twistor space on the other. Here we first
identify it with the traditional symmetry algebra of self-dual Yang–Mills theory
as an integrable system via its hierarchies of conserved quantities and associ-
ated flows; the self-dual phase space can be canonically identified with that of
full Yang–Mills at null infinity I . We derive the associated canonical gener-
ators from the twistor space action, identifying two infinite towers of charges
corresponding to the two gluon helicities. These expressions are translated into
spacetime data at null infinity using twistor integral formulae. Examining the
charge algebra at spacelike infinity reveals the vertex algebras studied in the
context of twisted holography. Our discussion extends directly to the celestial
LHam(C2) symmetries of self-dual gravity. This analysis provides a unified
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framework for celestial symmetries, connecting twistor, spacetime, and holo-
graphic approaches and culminating in a nonlinear extrapolate dictionary for
self-dual gauge theory.

Keywords: celestial holography, asymptotic symmetries,
celestial symmetries, Yang–Mills theory, twistor theory,
phase space methods, integrability
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1. Introduction

Asymptotic symmetries have played a vital role in our understanding of flat space holography.
Conventionally, they arise as gauge symmetries that are non-vanishing at infinity so that they
produce non-vanishing Noether charges, taken modulo those gauge symmetries that do not. In
contrast, in recent years, a myriad of new asymptotic and holographic symmetries have been
discovered by analyzing the infrared properties of scattering amplitudes. These new symmet-
ries are yearning for a Hamiltonian formulation in terms of Noether charges and conservation
or flux-balance laws.

Celestial symmetries such as the LHam(C2) algebra for gravity3 and the S-algebra for
Yang–Mills arise from universal properties such as the soft and collinear limits of scattering

3 Also known as Lw1+∞ in celestial holography literature, this is the loop algebra of the algebra of canonical trans-
formations of C2 equipped with its standard holomorphic Poisson bracket.
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amplitudes. They underpin the definition of soft graviton and gluon operators in the holograph-
ically dual celestial conformal field theories [1, 2]. In [3], the appearance of such LHam(C2)
symmetries in asymptotically flat spacetimes was traced back to Penrose’s nonlinear grav-
iton construction of self-dual spacetimes from twistor space data [4, 5]. There, the structure
preserving diffeomorphisms of twistor space reduce to the loop algebra of area-preserving
diffeomorphisms, giving a geometric realization of LHam(C2). The construction uses such
diffeomorphisms to deform the complex structure on twistor space and establishes a corres-
pondence with self-dual 4-manifolds.

The corresponding analysis for Yang–Mills theory yields the celestial OPE algebra of soft
gluon operators, known as the S-algebra,[

ξak,l,r, ξ
b
m,n,s

]
= f abc ξ

c
k+m,l+n,r+s (1.1)

with fabc the structure constants of the Lie algebra g of the gauge group, a,b,c the color indices,
and labels k, l,m,n ∈ Z⩾0, r,s ∈ Z. This is the loop algebra of the Lie algebra of holomorphic
maps C2 → g and, as remarked in [3] and made explicit in [6], can be represented as the space
of local maps from twistor space to the gauge group as in (2.12) underpinning Ward’s twistor
description [7] of self-dual Yang–Mills (sdYM) fields.

Both celestial symmetry algebras, LHam(C2) for gravity and S-algebra for Yang–Mills,
admit three different interpretations that can be discussed in parallel:

1. In twistor space: the action of LHam(C2) as deformations of twistor space was introduced
in [4, 5], reformulated in the context of integrability in [8–10] and in celestial holography
in [3, 11–13]. In this context, the celestial symmetries have a clear geometric interpretation:
they correspond to holomorphic diffeomorphisms of twistor space that preserve a fibration
and a Poisson bracket and can be used to define deformations.
Ward’s twistor construction for sdYM [7] provides the analogous vehicle for the interpret-
ation of the S-algebra: they are local holomorphic gauge transformations of holomorphic
bundles on twistor space that define deformations corresponding to self-dual gluons. These
ideas were revisited in the context of integrability in [14–17], and in ambitwistor-string and
twistor-string approaches to soft theorems and celestial holography in [6, 18–21].

2. At null infinity, I : a spacetime interpretation of LHam(C2) was provided in [22–27].
In this case, the symmetries are realized as a charge algebra in the radiative phase space
at null infinity, using the Ashtekar–Streubel symplectic structure [28]. The analogous dis-
cussion for the S-algebra was given in [29–31], together with an interpretation in terms of
overleading gauge transformations provided in [32, 33].

3. Celestial OPEs and twisted holography: as already mentioned, the bottom–up holo-
graphic construction of celestial symmetries was presented in [1, 2], followed up in [34–39].
Furthermore, associated holomorphic currents were constructed in [40] from very general
considerations, starting from operators with primary descendants and using the structure of
celestial CFT multiplets [41]. A top–down perspective on celestial symmetries via twisted
holography in twistor space was developed in [6, 42–44] within the framework of twisted
holography and Koszul duality.

Although these three approaches, in principle, deal with the same symmetries in asymp-
totically flat spacetimes, their interrelationships have been far from clear, reflecting different
starting points, twistor space, versus spacetime versus (twisted) holography. A key step toward
relating the twistor and spacetime approaches was achieved in [13]: the spacetime expressions
for the LHam(C2) charges at null infinity were obtained from first principles, starting with a
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twistor space action for self-dual gravity4. However, the connection with the top–down holo-
graphic description of these symmetries remained unclear.

In this work, we push this unification further, focusing on Yang–Mills theory: we offer
a common framework to deal with the S-algebra symmetries from twistor, spacetime, and
holographic perspectives. In particular, we connect to integrability structures arising from the
identification of the Yang–Mills phase space at I with that with only self-dual interactions.
This theory is completely integrable, and exhibits a hierarchy of conserved quantities and their
corresponding flows. They preserve the flows with only self-dual interactions, but their con-
servation in the full theory may be obstructed.

The rest of the paper is organized as follows. In section 2, we review the uplift of sdYM
to a theory living on twistor space. We provide a brief discussion of the associated phase
space and action of the S-algebra. We then introduce the frames that bridge twistor space to
spacetime, and in particular at I ; in particular, at I , the frames can be understood as gauge
transformations that map twistor data for solutions to the self-duality equations to radiative
gauge data at I .

This is followed by an introduction to the Freidel-Pranzetti-Raclariu (FPR) charge aspects.
These charge aspects are a family of asymptotic Penrose integrals of the kind studied in [45].
They act as building blocks of Noether charges of the S-algebra [29, 30]. They are functions
of Bondi coordinates (u,z, z̄) on I and encode asymptotic data of spacetime fields at null
infinity. We construct both positive and negative helicity charge aspects, denoted Rs and R̃s
respectively, and labeled by a ‘spin’ s ∈ Z⩾−1. Using the twistor uplift of sdYM, we show that
for s⩾ 0, the charge aspects obey the recursion relations,

∂uRs+ ∂z̄Rs−1 +
[
Ā,Rs−1

]
= 0 ,

∂uR̃s+ ∂z̄R̃s−1 +
[
Ā, R̃s−1

]
= 0 .

(1.2)

Here, Ā= limr→∞Az̄ is the radiative data of the spacetime gauge field A. The seed R−1 for
the positive helicity recursion is the asymptotic data of the Buz component of the anti-self-dual
field strength B. Similarly, the seed for the negative helicity recursion is R̃−1 = Ā.

In section 3, we show how radiative gauge arises as a light-cone gauge of ‘K-matrix-type’
[17] adapted to Bondi coordinates. Our set-up enlarges the previous analysis of positive helicity
charge aspects in [13] to incorporate both gluon helicities. On spacetime, we show that the
negative helicity aspects arise as ‘conserved quantities’ in a Lax formulation of sdYM in the
K-matrix gauge. We also find that for both helicities, the charge aspects can be interpreted as
the higher conserved quantities that generate the hierarchies of sdYM viewed as an integrable
system. In this language, the FPR recursions emerge naturally from the recursion operator of
sdYM as described in chapter 8 of [17] but expressed at I .

In section 4, we come to the construction of the conserved charges of the S-algebra. We
begin by discussing boundary conditions for the fields on twistor space and find that soft gluons
provide a basis of overleading modes violating these boundary conditions. It follows that they
can be interpreted as generators of large gauge symmetries constituting the S-algebra.

Part of this analysis was already carried out in [6, 44] in linear theory. In the nonlinear
theory, we describe a scheme to construct soft gluons in terms of a sequence of functions

4 Here by self-dual gravity, we mean self-dual gravity together with an anti-self-dual linear field propagating on the
self-dual background; its phase space can be identified with that of full gravity at I . We will use a similar description
for sdYM.
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(ξs,ϕs), s ∈ Z⩾0, that also live on null infinity. We show that in radiative gauge, every solution
of the ‘dual’ recursion relations,

∂uξs+ ∂z̄ξs+1 +
[
Ā, ξs+1

]
= 0 ,

∂uϕs+ ∂z̄ϕs+1 +
[
Ā,ϕs+1

]
= 0 ,

(1.3)

gives rise to soft gluon wavefunctions on twistor space. The ξs build up soft gluons of positive
helicity, and the ϕs of negative helicity. Usually the collection of ξs or ϕs associated to a soft
gluon will truncate at some highest order s. This identifies it as a soft gluon that occurs at order
ωs−1 in a soft expansion of an amplitude involving a gluon of energy ω.

Given a solution set {ξs} or {ϕs} representing a specific soft gluon, we derive the associated
Noether charge using the symplectic structure of the twistorial theory. There are two kinds
of Noether charges to consider, depending on whether one is interested in a Carrollian or a
celestial dual to flat space physics. In fact, we can state the final expressions for these charges
without reference to twistor theory.

In the Carrollian case, one constructs corner charges that are functions of u and integrals
over the whole celestial sphere. Via the extrapolate dictionary, they are expected to be dual to
generators of the S-algebra in a Carrollian CFT. E.g., in section 4.4, the positive helicity charge
associated to a soft gluon represented by {ξs} is found to be

Qξ (u) =
ˆ
P1

d2z Tr
∞∑
s=0

ξsRs . (1.4)

Using the recursion relation obeyed by Rs and the dual recursion obeyed by ξs, we obtain its
derivative along Bondi time

∂uQξ =

ˆ
P1

d2z TrR−1
(
∂z̄ξ0 +

[
Ā, ξ0

])
. (1.5)

This shows that the charge is conserved in time if either the ‘radiation’ R−1 vanishes, or if ξ0
is covariantly holomorphic in z.

In the celestial case, the corresponding notion is that of chiral currents of a 2d CFT. In
section 4.5, we find that they can be built out of the same charge aspects and symplectic struc-
ture if one tilts the Cauchy surface. The Carrollian Cauchy surfaces, associated with twistor
uplifts of null infinity, wrap the celestial spheres. Our new Cauchy surfaces are twistorial ana-
logs of the spacetime surfaces of constant Rindler time employed by Pasterski in [46], inspired
by earlier work on radial quantization in celestial CFT [47]. Their key property is that, rather
than wrapping the whole sphere, they intersect each celestial sphere in a circle of fixed |z|.
The resulting charges contain contour integrals in z around z= 0 or z=∞. They also contain
contour integrals over complexified u along a contour surrounding u=∞. In the spirit of [48],
we expect that the contour in u can be deformed to run over the null generators of real I when
various fields obey Schwartz boundary conditions near the points at infinity.

In a 2d CFT, the role of contour integrals in z is to extract modes of local operators. Stripping
them off leaves us with the celestial currents

Jξ (z) =
˛
u=∞

du Tr
∞∑
s=0

ξsRs−1 . (1.6)
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These are built from the same charge aspects as those for the previous corner charges, but
integrated over a different contour. The FPR recursion and dual recursion can again be used to
derive a conservation law for these currents in the sense of a 2d CFT,

∂z̄Jξ =

˛
u=∞

du TrR−1
(
∂z̄ξ0 +

[
Ā, ξ0

])
. (1.7)

The currents Jξ are chiral precisely under the same conditions of vanishing radiation or holo-
morphicity of ξ0. Being chiral, they are conserved in radial evolution on the celestial sphere.
Hence, they give rise to the S-algebra as a symmetry of celestial CFT. Very similar considera-
tions follow for the negative helicity aspects as well.

The upshot of these techniques is that both the corner charges and celestial currents are
expressed in terms of quantities that live on null infinity instead of twistor space so that their
spacetime interpretation becomes immediate. The price one pays for this transparency is a loss
of manifest invariance under small gauge transformations (SGTs); one is restricted to working
in radiative gauge. However, one can instead find a gauge-invariant construction of celestial
currents at the expense of staying in twistor space instead of pushing data down to null infinity.

In section 5, we develop expressions for the celestial currents that are invariant under SGTs.
This involves finding gauge-covariant formulae for the soft gluons in the presence of a nonlin-
ear background gauge field; even though we are no longer attached to radiative gauge, many
of these recursive techniques and Noether realizations generalize to this context. The resulting
charges allow us to formulate an extrapolate dictionary for celestial holography in the sense of
twisted holography on twistor space. A preliminary version of such a dictionary in an explicit
top–down example was constructed in [44], though the expressions for charges provided there
were only the soft parts of the charges, i.e. were linear in the gauge field. Here we find non-
linear (i.e. non-abelian) formulae for these charges that are conserved and gauge invariant in
tree-level sdYM.

We also outline how correlators of such Noether charges can be related to the correlators
of S-algebra currents in a universal defect CFT living on twistor lines in the bulk of twistor
space. This allows us to make contact with the Koszul duality based approach of Costello and
Paquette [6] for computing form factors of gauge-invariant local operators in sdYM.

Finally, we conclude by discussing the extension of our results to the gravitational case and
potential implications of our analysis for going beyond the self-dual sector.

2. Twistors

The S-algebra arises as the algebra of asymptotic symmetries of the twistor uplift of sdYM
theory [6]. In this section, we start by reviewing the twistor formulation of sdYM5. Then we
describe how to adapt the Ward construction of self-dual gauge fields to null infinity. This
aids us in constructing Penrose integral formulae for the charge aspects of [29], referred to
as Bramson-Tod integrals. These charge aspects will feed into the construction of conserved
charges in both the Carrollian and celestial approaches.

2.1. sdYM

Self-dual gauge theory is an integrable subsector of Yang–Mills theory in four dimensions. Let
M denote flat space of any signature. On M, sdYM is described by a (complex) gauge field A

5 For more details, the interested reader may consult [49].
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valued in a Lie algebra g, and an adjoint-valued anti-self-dual 2-form B ∈ Ω2
−(M,g), obeying

the equations

F− = 0 , DB= 0 . (2.1)

Here D= d+A is the gauge-covariant derivative, and F− is the anti-self-dual (asd) part of the
field strength F= D2 = dA+ 1

2 [A,A]. These equations follow from the action principle

S [A,B] =
ˆ
M
TrB∧F . (2.2)

The solutions of (2.1), as well as this action functional, can only be real in Euclidean or (2, 2)
signatures. They are necessarily complex in (1, 3) signature.

The first equation F− = 0 imposes self-duality of A. The second equation DB= 0 is a
Bianchi identity that tells us that B is an asd perturbation propagating on the self-dual (sd)
background described by A. In particular, in flat space, linear perturbations of A and B would
precisely coincide with gluons of positive and negative helicity respectively.

Twistor uplift. One way to state the integrability of the self-duality equations (2.1) is that
they can be uplifted to twistor space. Let O(n)→ Pk denote the line bundle of first Chern
class n over complex projective k-space Pk. The twistor space of flat space is PT= O(1)⊕
O(1)→ P1. It is useful to think of this as a subset of P3. If we place homogeneous coordinates
ZA = (λα,µ

α̇), α= 0,1, α̇= 0̇, 1̇, on P3, we find that

PT= P3 −{λα = 0} . (2.3)

Then µα̇ become coordinates along the fibers of O(1)⊕O(1), and λα become homogeneous
coordinates along the base P1.

The indices α,α̇ are spinor indices of the complexified Lorentz group SL2(C)left ×
SL2(C)right. They may be raised or lowered using Levi–Civita symbols: λα = εαβλβ and

µα̇ = µβ̇εβ̇α̇. We will use the conventions εαβεγβ = δαγ and εα̇β̇εγ̇β̇ = δα̇γ̇ . We will also make
use of the spinor inner products 〈λω〉= λαωα and [µρ] = µα̇ρα̇.

Every point xαα̇ in complexified flat space corresponds to a projective line Lx ' P1 in twistor
space cut out by the incidence relations

Lx : µα̇ = xαα̇λα . (2.4)

The excised locus {λα = 0} ⊂ P3 may also be thought of as the line corresponding to the
spatial infinity i0 of Minkowski space. We will denote this line by I.

By a theorem of Ward, self-dual gauge fields on suitable regions in complexified flat space
can be uplifted to holomorphic vector bundles on PT.

Theorem. (Ward [7]) There is a one-to-one correspondence between:

1. Self-dual gauge fields on M up to gauge, and
2. Holomorphic vector bundles E→ PT with E|Lx topologically trivial for every twistor line
Lx corresponding to x ∈M.

Holomorphic vector bundles may be described as complex vector bundles carrying integrable
Dolbeault operators. Working in a smooth frame, a Dolbeault operator on E takes the form

7
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D̄= ∂̄+ a, where ∂̄ = dZ̄Ā∂Z̄Ā , and a ∈ Ω0,1(PT,g) is a partial connection6. The self-duality
equation F− = 0 uplifts to the condition of integrability of D̄,

D̄2 ≡ ∂̄a+
1
2
[a,a] = 0 . (2.5)

This ensures that the complex vector bundle E indeed carries a holomorphic structure.
This integrability condition can be derived as the equation of motion of a holomorphic BF

theory on twistor space,

S [a,b] =
ˆ
PT

D3Z∧Trb∧
(
∂̄a+

1
2
[a,a]

)
. (2.6)

Here D3Z= 1
6 εABCDZ

A dZB ∧ dZC ∧ dZD is a weighted holomorphic volume form on PT, and
b ∈ Ω0,1(PT,O(−4)⊗ g) is a Lagrange multiplier field that imposes (2.5). Being a section of
O(−4), b has weight −4 in ZA, ensuring that the Lagrangian is weightless.

The equation of motion of a is

D̄b≡ ∂̄b+ [a,b] = 0 . (2.7)

We can construct the spacetime field B from b through a Penrose integral formula,

B(x) =
ˆ
Lx

D3Z∧ f−1bf , (2.8)

where f is any global holomorphic frame of E|Lx (which exists by the assumptions of Ward’s
theorem). On every line Lx, holomorphicity of f is encoded by the equation

∂̄|Lx f + a|Lx f = 0 . (2.9)

On the support of (2.7), the integral (2.8) obeys the expected equation of motion DB= 0.

Gauge symmetries. Infinitesimal gauge symmetries of the action (2.6) are given by

δξ a= D̄ξ , δξ b= [b, ξ] ,

δϕ a= 0 , δϕ b= D̄ϕ,
(2.10)

where ξ ∈ Ω0(PT,g) and ϕ ∈ Ω0(PT,O(−4)⊗ g) are the gauge parameters. The first of
these are the standard gauge transformations corresponding to rotations of frames of E, and
the second ensures that on-shell b ∈ H0,1(PT,O(−4)⊗ g). They form the gauge algebra

[δξ, δξ ′ ] = δ[ξ,ξ ′] , [δξ, δϕ] = δ[ξ,ϕ] , [δϕ, δϕ ′ ] = 0 . (2.11)

The S-algebra arises as the corresponding algebra of large gauge transformations (LGTs).
In section 4, wewill introduce boundary conditions with respect to which the LGTs in linear

theory are spanned by generators of the form

ξak,l,r =

(
µ0̇
)k(

µ1̇
)l

(λ1)
r
(λ0)

k+l−r t
a ,

ϕak,l,r =

(
µ0̇
)k(

µ1̇
)l

(λ1)
r
(λ0)

4+k+l−r t
a ,

(2.12)

6 In this work, Ωp,q(X,E) will denote the space of smooth—not necessarily holomorphic—sections of the sheaf of
(p, q)-forms on the indicated complex manifold X, valued in some vector bundle E .
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where k, l ∈ Z⩾0 label elements in the ‘wedge’, r ∈ Z is a loop parameter, and ta ∈ g is a gener-
ator of the Lie algebra g. These transformations occur in one-to-one correspondence with soft
gluons of positive and negative helicity respectively. The algebra of these gauge parameters is

[
ξak,l,r, ξ

b
k′,l ′,r ′

]
= fabc ξ

c
k+k ′,l+l ′,r+r ′ ,[

ξak,l,r,ϕ
b
k′,l ′,r ′

]
= fabcϕ

c
k+k ′,l+l ′,r+r ′ ,

(2.13)

and the associated algebra of LGTs obtained from (2.11) is known as the S-algebra. We will
also see how the same algebra continues to hold in nonlinear theory when the Lie bracket is
modified to handle field-dependent gauge transformations.

Returning to (2.10), the finite gauge transformations generated by ξ are

a 7→ g−1ag+ g−1∂̄g , b 7→ g−1bg , (2.14)

with g= eξ. Under such a transformation, (2.9) requires that the frame f rotate by

f 7→ g−1f . (2.15)

This ensures for instance that f−1bf is gauge invariant, so that (2.8) is well-defined. We will use
this gauge symmetry to go to aK-matrix gauge when studying conserved quantities generated
from the integrability of sdYM.

Symplectic structure and conserved charges. The S-algebra constitutes the asymptotic sym-
metries of sdYM theory. Before closing this section, let us also review the symplectic form
of the twistorial theory, which we will use in section 4 to construct Noether charges of such
asymptotic symmetries.

The presymplectic potential is obtained as the boundary term in the on-shell variation of the
action (2.6). Along an on-shell variation δ around a point (a, b) in phase space, it is explicitly
given by

θ =

ˆ
Σ

D3Z∧Trb∧ δa , (2.16)

where Σ is a real-codimension-1 ‘Cauchy’ hypersurface in twistor space that will be specified
in section 4. The presymplectic form is obtained by taking one more phase space variation,

ω =

ˆ
Σ

D3Z∧Trδb∧ δa . (2.17)

The symplectic form would then be obtained by performing symplectic reduction by the gauge
symmetries. But ω is all that we will ever need.

Standard Noether arguments give boundary charge integrals associated with gauge trans-
formations (2.10) generated by α= (ξ,ϕ). The gauge variations act as vector fields on phase
space,

δα = δαa
δ

δa
+ δαb

δ

δb
. (2.18)

Contracting the presymplectic form with these vector fields yields real-codimension-1 integ-
rands that are total derivatives when the equations of motion are imposed. This gives rise to
Noether charges that are codimension-2 boundary integrals [50–52],

δ/Hα = δα ⌟ω =

ˆ
Σ

dkα =

ˆ
∂Σ

kα ,

kα = D3Z∧Tr (ξ δb+ϕδa) .
(2.19)

9
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Here kα is a 4-form on twistor space which can be integrated over ∂Σ.
The notation δ/ allows for the possibility that α depends on the fields a,b (perhaps due to

gauge fixing)7, so we must subtract off their gauge variation. The resulting charges can thus
be written as

δ/Hξ,ϕ := δHξ,ϕ−Hδξ,δϕ , Hξ,ϕ =
ˆ
∂Σ

D3Z∧Tr (ξ b+ϕa) . (2.20)

With the subtraction of δα implied by δ/, the variation is generally not δ-exact. The charges
become integrable, i.e. δ-exact, if the gauge parameters are field independent, δξ = 0= δϕ.
But generally, this is the case only around a trivial background a= 0.

For generic non-integrable expressions, the Barnich–Troessaert bracket [53]

{Hα,Hα ′}⋆ = δαHα ′ −Hδα ′α (2.21)

can be used to write the charge algebra. We find

{Hα,Hα ′}⋆ = H[α,α ′]⋆
+Kα,α ′ . (2.22)

The modified bracket [54] on the right-hand side takes into account the possible field depend-
ence of the symmetry parameters ξ and ϕ and reads explicitly as

[α,α ′]⋆ = ([ξ,ξ ′] + δαξ
′ − δα ′ξ , [ϕ,ξ ′] + [ξ,ϕ ′] + δαϕ

′ − δα ′ϕ) . (2.23)

The (possibly field-dependent) cocycle in the right-hand side is given by

Kα,α ′ =

ˆ
∂Σ

D3Z∧Tr
(
ξ ′∂̄ϕ +ϕ ′∂̄ξ

)
. (2.24)

It satisfies the generalized cocycle condition [53]

K[α1,α2]∗,α3
− δα3Kα1,α2 + cyclic(1,2,3)= 0 (2.25)

which extends the standard cocycle condition to the field-dependent case. The BRST inter-
pretation of field-dependent cocycles has been discussed in [55, 56].

Another subtlety associated with these charges is that even though the integrand of Hξ is
adjoint-valued, the integrand of Hϕ is ϕa, which is not adjoint-valued because it contains a
connection. Because of this, it does not appear to obey any gauge-covariant conservation or
flux-balance law in nonlinear theory. A simple way around this is to replace a by any Lie
derivative Lℓa of a along a holomorphic vector field ℓ on PT8. In later sections, we will often
choose to project twistor space onto null infinity and take ℓ to be ∂u, the generator of Bondi
time translations.

This defines a new type of charge that we will label H̃ϕ. In summary, we will take the
definition of our boundary charges to be

Hξ =

ˆ
∂Σ

D3Z∧Trξ b ,

H̃ϕ =

ˆ
∂Σ

D3Z∧TrϕLℓa .
(2.26)

As usual, variations of a connection transform in the adjoint. Explicitly, under a 7→ a+ D̄ξ, we
get Lℓa 7→ Lℓa+ [Lℓa, ξ] + D̄(Lℓξ), so Lℓa transforms just like b. The resulting charge H̃ϕ

7 For instance, our asymptotic symmetry generators will get related to soft gluon wavefunctions around generic back-
grounds (a, b), so they will have to depend nonlinearly on a.
8 Holomorphic here means that ℓ is a (1, 0)-vector that commutes with the (0, 1)-vectors ∂/∂Z̄Ā.
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will be seen to be invariant under SGTs. We can also obtain H̃ϕ by applying a field-dependent
parameter redefinition ϕ 7→ −Lℓϕ (sometimes referred to as a ‘change of slicing’, see e.g.
[57–63]).

These charges are conserved in the following sense. Let m̄ denote a (0, 1)-vector field normal
to ∂Σ. Acting with m̄ on the charges produces (we will see many explicit examples of this
general computation in the text)

m̄(Hξ) =
ˆ
∂Σ

D3Z∧ m̄⌟Tr(D̄ξ ∧ b+ ξ D̄b) ,

m̄
(
H̃ϕ
)
=

ˆ
∂Σ

D3Z∧ m̄⌟Tr(D̄ϕ∧Lℓa+ϕ D̄Lℓa) .
(2.27)

On-shell, b satisfies D̄b= 0. Similarly, acting on D̄2 = 0 with Lℓ shows that Lℓa satisfies
D̄(Lℓa) = 0, which reconfirms that it transforms in the adjoint (up to D̄-exact terms as seen
above). So the fluxes along m̄ reduce to

m̄(Hξ) =
ˆ
∂Σ

D3Z∧ m̄⌟Tr(D̄ξ ∧ b) ,

m̄
(
H̃ϕ
)
=

ˆ
∂Σ

D3Z∧ m̄⌟Tr(D̄ϕ∧Lℓa) .
(2.28)

These will vanish if D̄ξ = D̄ϕ = 0 holds in the region of interest, whichwill be a strong version
of our definition of large gauge parameters.

Wewill also encounter weaker versions of this definitionwhere instead of vanishing identic-
ally, D̄ξ and D̄ϕ reduce to gauge transformations of radiative data on null infinity. From the
twistor perspective, these will be residual gauge symmetries of radiative gauge. In this case, we
will find that the charges are conserved if radiation vanishes. If the radiation does not vanish,
it will give us flux-balance laws. We return to these considerations in sections 4 and 5.

The algebra of Hξ and H̃ϕ can be computed by noting that H̃ϕ generates the gauge trans-
formations

δ̃ϕ a= 0 , δ̃ϕ b=−D̄(Lℓϕ) . (2.29)

Using the definition (2.21), a short calculation shows that{
Hξ, H̃ϕ

}
⋆
= H̃[ξ,ϕ]⋆

+ K̃ξ,ϕ ,{
H̃ϕ, H̃ϕ ′

}
⋆
= 0

(2.30)

where [ξ,ϕ]⋆ = [ξ,ϕ] + δξϕ as before, and the new field-dependent cocycle can be written as

K̃α,α ′ =

ˆ
∂Σ

D3Z∧Tr(Lℓξ ′D̄ϕ−Lℓξ D̄ϕ ′) (2.31)

after some integration by parts. It satisfies the generalized cocycle condition

K̃[α1,α2]⋆,α3
− δ̃α3K̃α1,α2 + cyclic(1,2,3) = 0 . (2.32)

In short, the algebra of the adjoint-valued charges is also governed by the same Barnich–
Troessaert bracket (2.21) together with the modified bracket [α,α ′]⋆ of the gauge
parameters (2.23).

11
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2.2. Asymptotic twistor geometry

In section 4, we will see that Noether charges of the S-algebra are naturally expressible as
combinations of certain building blocks called charge aspects. These were first formulated in
a series of remarkable papers by FPR in gauge theory and gravity [22, 29, 48, 64], and then
further explored in [23–25, 30, 65].

In this section, we provide the background geometry needed to obtain these charge aspects
from twistor space. In the sections that follow, we will put this to use in attaining radiative
gauge and constructing integral formulae for the aspects.

Asymptotic twistor lines. We begin by studying the geometry of twistor lines associated to
points at conformal infinity. To do this, we first need to compactify spacetime by adding in the
conformal boundaries.

Complexified compactified Minkowski space is the Grassmannian Gr2(C4) of 2-planes in
4 dimensions. An element of Gr2(C4) is described by a 2× 4 matrix XαA, taken up to GL2(C)
rotations on the left. The spinor indices α= 0,1, α̇= 0̇, 1̇, and the twistor index A= (α,α̇)

are the same as before. So we have the decomposition XαB = (Xαβ ,Xαβ̇). Each such point
corresponds to a parameterized twistor line in P3,

ZA = XαAσα , (2.33)

where σα ∈ P1 is the parameter. Penrose defines a conformal structure onGr2(C4) by declaring
two points to be null separated if and only if their twistor lines intersect.

By a GL2(C) rotation, matrices XαB satisfying det(Xαβ) 6= 0 may be brought to the form

XαB = (δαβ ,x
αβ̇). Such points are just points xαα̇ in the interior of complexified flat space

C4. The associated twistor line becomes λα = σα, µα̇ = xαα̇σα, which is equivalent to µα̇ =
xαα̇λα.

The remaining points in Gr2(C4) constitute ‘boundary’ divisors. Complexified null infinity
is defined to be the set of points for which det(Xαβ) = 0 and Xαβ has rank 1. In this case, Xαβ
can be split as a product of two undotted spinors. We will find it useful to parameterize the
resulting XαB as

XαB =
(
Tαα̇ζ̃α̇ζβ ,uT

αβ̇
)
, Tαα̇ =

(
1 0
0 1

)
. (2.34)

1√
2
Tαα̇ plays the role of the unit timelike vector in spacetime. (u, ζα, ζ̃α̇) are coordinates on

complexified null infinity. u plays the role of (homogeneous) Bondi time, and ζαζ̃α̇ is a null
vector, taken up to scale, that describes a point on the complexified celestial sphere P1 ×P1.
Due to the residual GL1(C) symmetry acting on XαB, the points (u, ζα, ζ̃α̇) and (t̃tu, tζα, t̃ζ̃α̇)
get identified for any t, t̃ ∈ C×.

In this work, we will only encounter partially complexified null infinity, denoted IC. This
is the subset on which ζ̃α̇ is the complex conjugate of ζα,

IC : ζ̃α̇ = ζ̄α̇ . (2.35)

IC has the topology of the line bundle O(1)⊗O(1)→ P1, with ζα being coordinates on the
base P1 and u being the fiber coordinate. The twistor lines of points on IC are found to be

Lu,ζ : λα = ζαζ̄α̇q
α̇ , µα̇ = uqα̇ , (2.36)

where we have introduced a new parameter qα̇ = Tαα̇σα ∈ P1. We will refer to these as
asymptotic twistor lines.

12
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Similarly, the point at infinity i0 is defined as the point at which Xαβ has rank 0. This means
that Xαβ vanishes identically, and GL2(C) rotations bring the remaining entries of XαB to the
form

i0 : XαB =
(
0,Tαβ̇

)
. (2.37)

The associated twistor line is seen to be precisely I= {λα = 0}.
All asymptotic twistor lines intersect the line at infinty I, with the intersection point being

Lu,ζ ∩ I=
{[
qζ̄
]
= 0
}
. (2.38)

So, the point [qζ̄] = 0 on each asymptotic twistor line gets removed when I is excised from P3

to obtain PT. Because of this, the projective asymptotic twistor lines become non-compact
affine lines in PT. Moreover, the twistor lines of two points (u1, ζ1) and (u2, ζ2) intersect iff
ζα1 ∝ ζα2 , and this intersection point is once again of the form [qζ̄1] = [qζ̄2] = 0. Importantly,
the asymptotic twistor lines never intersect within PT. In spacetime language, this is just
saying that two points on IC are null separated iff they lie on the same null generator of IC,
and they are also simultaneously null separated from i0.

Affine coordinates. In the rest of this work, we will mostly employ a system of affine coordin-
ates onIC and the associated twistor lines. A useful choice is to introduce pairs of basis spinors
oα = oα̇ = (1,0) and ια = ια̇ = (0,1) and decompose

ζα = oα+ zια , qα̇ = ια̇− q
u
ζ̄α̇ . (2.39)

We will interchangeably use the notation Lu,ζ or Lu,z for the same asymptotic twistor lines,
whose equations now read

Lu,z : λα =

(
1
z

)
, µα̇ =

(
u− qz̄
q

)
. (2.40)

The affine coordinate q is a close cousin of the coordinate of the same name used in [13].
Our only change in convention in this work is to use flat Bondi coordinates on IC instead
of the standard Bondi coordinates, as these aid in making contact with 2d CFT notation. The
coordinate q here is also adapted to flat Bondi coordinates.

In this language, the intersections [qζ̄] = 0 of asymptotic twistor lines with I move to the
points q=∞ on each line. Removing these points, we get affine twistor lines that foliatePT=
P3 − I. So the coordinates (u,q,z) can actually be used as an alternative set of coordinates on
PT itself. The change of coordinates from ZA to (u,q,z) is given by

z=
λ1

λ0
, u=

[
µλ̄
]

|λ0|2
, q=

µ1̇

λ0
, (2.41)

in the patch λ0 6= 0. One can define a similar set of coordinates in the λ1 6= 0 patch using the
transition functions

z 7→ 1
z

=⇒ u 7→ u
|z|2

, q 7→ q
z
. (2.42)

This tells us that u is a section of O(1)⊗O(1)→ P1, and q a section of O(1).
Fixing the scale by setting λ0 = 1, we may invert this change of coordinates to find λα =

(1,z) and µα̇ = (u− qz̄,q). In these coordinates, the asymptotic twistor lines (2.40) are mani-
festly the lines of fixed u,z. The vectors on PT that annihilate these holomorphic coordinates
are spanned by

eq̄ = ∂q̄ , ez̄ = ∂z̄+ q∂u , eū = ∂ū . (2.43)

13
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Collectively, the eı̄, ı̄= q̄, ū, z̄, span the antiholomorphic tangent bundle T0,1
PT. They commute

with each other, which ensures that twistor space is a complex manifold. The dual basis of
(0, 1)-forms is

θq̄ = dq̄ , θz̄ = dz̄ , θū = dū− q̄dz . (2.44)

We collectively denote them as θı̄. They span the same 1-forms as dλ̄α̇ and dµ̄α after
projectivization.

2.3. Radiative gauge

In section 2.1, we recollected the usual Ward construction. In this section, we expand upon it
in the context of extracting the asymptotic data A|IC of the spacetime gauge field A.

The general idea is fairly universal in twistor constructions. We will construct quantities
on PT that are holomorphic along asymptotic twistor lines. Then Liouville’s theorem will
show that they are constant along the twistor lines Lu,z and depend only (u, z). In the (u,q,z)
coordinates, twistor space admits a projection onto IC,

p : PT→ IC , (u,q,z) 7→ (u,z) . (2.45)

Via this projection, these quantities will be interpreted as asymptotic data pulled back from
null infinity.

We start with the partial connection a expanded upon the basis (2.44),

a= aı̄θ
ı̄ = aq̄θ

q̄+ aūθ
ū+ az̄θ

z̄ . (2.46)

The twistor lines Lu,z are simply lines of constant u,z. A holomorphic frame f(u,q,z) on Lu,z
is a gauge transformation that trivializes the partial connection aq̄ pointing along Lu,z,

aq̄ =−∂q̄f f−1 . (2.47)

Extraction of spacetime data proceeds by using this frame to construct the gauge transforms
of the remaining components of a,

ãı̄ = eı̄ ⌟ f−1
(
∂̄+ a

)
f

= f−1 (eı̄+ aı̄) f , ı̄= ū, z̄ ,
(2.48)

where eı̄ are the (0, 1)-vectors given in (2.43), and we applied aı̄ = eı̄ ⌟a.
In this gauge, the partial connection reduces to

ã= ãūθ
ū+ ãz̄θ

z̄ (2.49)

and contains no θq̄ component. The corresponding field strength D̄2 = (∂̄+ ã)2 reads

∂̄ã+
1
2
[ã, ã] = ∂q̄ãū θ

q̄ ∧ θū+ ∂q̄ãz̄ θ
q̄ ∧ θz̄+(ez̄ãū− eūãz̄+ [az̄,aū])θ

z̄ ∧ θū . (2.50)

As this must vanish on-shell, we obtain9

∂q̄ãı̄ = 0 , ı̄= ū, z̄ . (2.51)

Hence, the ãı̄ are globally holomorphic on the portion of asymptotic twistor lines contained
in PT. In the previous section, we found that each asymptotic twistor line intersects PT in

9 Strictly speaking, we are only using a mixed tangential-normal component ∂q̄ ⌟eı̄ ⌟ D̄2 = 0 of the equation of motion
instead of the full equation D̄2 = 0. So we can work partially off-shell. This will not make a difference for us as we will
work in the Heisenberg picture where all fields are treated as operators obeying the equations of motion. Moreover,
we will confine ourselves to tree-level considerations.
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a copy of C given by q 6=∞, as the point q=∞ belonged to the line at infinity. Applying
Liouville’s theorem for q ∈ C, we conclude that the ãı̄ must take the form

ãz̄ ≡ Ā+
∑
n⩾1

qnĀn , ãū ≡
∑
n⩾0

qnAū,n , (2.52)

where Ā, Ān and Aū,n are functions of u, ū,z, z̄ only.
We can constrain the expansion of ã in q by imposing appropriate boundary conditions on

a as q→∞. In section 4.1, we will argue that the minimal boundary condition we need is that
a should vanish to first order as one approaches the line at infinity. So in particular, we will
assume that a→ 0 as q→∞.

In fact, if allow ourselves to work partially on the support of the self-duality equations,
we can further reduce the data in ãı̄ by a judicious choice of gauge. In the literature, this is
referred to variously as radiative gauge, Newman gauge or scri gauge. It will be an adaptation
of Plebanski-type gauges to asymptotic data.

Gauge rotations a 7→ g−1(∂̄+ a)g act on the frame as f 7→ g−1f. Because ∂q̄f≡−aq̄f→ 0
as q→∞, we can use this gauge freedom to fix

lim
q→∞

f = 1 . (2.53)

In this gauge, we observe that

lim
q→∞

ez̄f = lim
q→∞

(∂z̄f+ q∂uf) = lim
q→∞

q∂uf , (2.54)

lim
q→∞

eūf = 0 , (2.55)

where the limit trivially commutes through the derivatives as they do not involve ∂q or ∂q̄.
We will make the assumption that the limit limq→∞ q∂uf is well-defined. It is finite because
∂uf→ 0 as q→∞. It will also get justified when we describe how to obtain radiative gauge
directly on spacetime in section 3.1.

Applying (2.54), (2.55) to (2.48) generates the limits of ãı̄ as q→∞,

lim
q→∞

ãz̄ = ∂u( lim
q→∞

qf) , lim
q→∞

ãū = 0 , (2.56)

where we used the boundary condition that aı̄ → 0 as q→∞. Comparing this with the output
of Liouville’s theorem (2.52), we see that all the coefficients Ān,Aū,n of positive powers of q
must vanish. Upon identifying limq→∞ q∂uf≡ Ā, we obtain the drastically simpler result

ãz̄ = Ā , ãū = 0 . (2.57)

In terms of Ā, the asymptotic data of the spacetime gauge field takes the form

A|IC = Ādz̄ , (2.58)

where we identified u,z with coordinates on IC.
Comparing (2.57) with (2.48), we obtain a pair of crucial identities that will play a recurring

role in many calculations,

f−1 (ez̄+ az̄) f = Ā , (2.59)

f−1 (∂ū+ aū) f = 0 . (2.60)

They will allow us to translate between generic gauges obeying our boundary conditions and
radiative gauge which is convenient for calculations.
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A priori, Ā is a function of u, ū,z, z̄, i.e. it is not necessarily holomorphic in either u or z. The
gauge transformation to radiative gauge sends the partial connection to a 7→ ã= f−1(∂̄+ a)f =
Ādz̄. The leftover curvature of D̄ in this gauge is

∂̄ã+
1
2
[ã, ã] = ∂ūĀ θū ∧ θz̄ . (2.61)

Demanding that this vanishes imposes holomorphicity in u over the domain of applicability of
radiative gauge,

∂ūĀ= 0 . (2.62)

So on-shell, Ā turns out to be a function of u,z, z̄ only.
Radiative gauge will be our gauge of choice in the rest of this work. In general, it can only be

attained globally on null infinity if there are no Coulombic sources present in spacetime. So we
will think of it as being a local gauge fixing, valid in suitably small regions ofIC. Furthermore,
this gauge fixing requires a partial imposition of the self-duality equations. This will become
clearer when we formulate self-dual gauge theory in Bondi coordinates in section 3.

2.4. Charge aspects and recursion relations

Having set up radiative gauge, we can begin to construct the charge aspects studied by FPR.
The simplest way to understand the positive helicity charge aspects is as I analogs of the
Penrose integral (2.8). They will be moments of b evaluated along the asymptotic twistor lines.

By virtue of being Penrose-type integrals, the charge aspects will satisfy certain equations of
motion. These equations have been identified as a certain truncation of the asymptotic Bianchi
identities of Yang–Mills theory [29]. Our analysis confirms that the self-dual subsector is prop-
erly contained within this truncation.

The negative helicity charge aspects will then be constructed by analogy as moments of the
time derivative ∂ua of the partial connection. Here and in what follows, we will sometimes
suppress Lie derivative notation. So for instance ∂ua should be read as the Lie derivative L∂ua,
etc. In section 3, we will confirm that these charge aspects emerge naturally from the classical
integrability of sdYM.

Before delving deeper, let us briefly summarize the results of this section for the reader’s
convenience. In affine coordinates (u,q,z) on twistor space, the charge aspects for ‘spins’
s= {−1,0,1,2, · · ·} will be given by the following Bramson-Tod integrals

Rs (u,z, z̄) =
ˆ
Lu,z

qs+1 dq∧ f−1bf ,

R̃s (u,z, z̄) =
ˆ
Lu,z

qs+1 dq∧ f−1 ∂uaf .
(2.63)

They will be holomorphic in u, so will naturally live on real null infinity. Additionally, for
s⩾ 0, they will obey the FPR recursion relations in flat Bondi coordinates,

∂uRs+Dz̄Rs−1 = 0 ,

∂uR̃s+Dz̄R̃s−1 = 0 ,
(2.64)

written in terms of the gauge covariant derivative on the celestial sphere,

Dz̄ = ∂z̄+
[
Ā,−

]
. (2.65)

These represent truncations of the asymptotic Bianchi identities of Yang–Mills theory [29].
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Positive helicity aspects.Let us begin by constructing the positive helicity aspectsRs.Working
in homogeneous coordinates (2.36) on asymptotic twistor lines, for s⩾−1 a first guess might
be to write a spin 1

2 (s+ 1) moment of the form

Rα̇0α̇1···α̇s (u, ζ)
?
=

ˆ
Lu,ζ

Dq qα̇0qα̇1 · · ·qα̇s f−1bf , (2.66)

where Dq= qα̇dqα̇ and f is the frame on the line Lu,ζ . A priori, this is a function of u, ζα as
well as their complex conjugates. Unfortunately, in this guess, the integrand of the q integral
is generically not weightless, so it is ill-defined as a projective integral.

A natural way out is suggested by working on PT instead of P3. On PT, the asymptotic
twistor lines are affine lines and do not include the points [qζ̄] = 0. So we can use powers of
[qζ̄] to saturate the weight in q. This motivates us to work with the moments

Rα̇0α̇1···α̇s (u, ζ) =
ˆ
Lu,ζ

Dq
[
qζ̄
]1−s

qα̇0qα̇1 · · ·qα̇s f−1bf . (2.67)

Because b is a section of O(−4), its restriction to Lu,ζ carries weight −4 in qα̇ and 0 in q̄α;
similarly, the frame f is weightless. So the integrand becomes weightless and the q-integral
is well-defined. This is an asymptotic analog of the Penrose integral transform, cf that for the
gravitational asymptotic Bianchi identities in [66].

In what follows, for ease of notation we will refer to the spin 1
2 (s+ 1) charge aspect as

simply the spin s charge aspect.
FPR choose to write their charge aspects in components with respect to a basis of dotted

spinors. The basis used by them and also our previous work [13] is the dyad ζ̄α̇ and ˆ̄ζα̇ ≡
Tαα̇ζα. This corresponds to working with stereographic Bondi coordinates on flat space. In
this paper, we adopt flat Bondi coordinates, which translates to working with the spinor basis
formed from ζ̄α̇ and a constant spinor ια̇ = (1,0). In this spinor basis, one may define the spin
s charge aspects as10

Rs (u, ζ) =
us+2[
ιζ̄
]s+1 ια̇0ια̇1 · · · ια̇sR

α̇0α̇1···α̇s (u, ζ)

= us+2
ˆ
Lu,ζ

Dq[
qζ̄
]s−1

[qι]s+1[
ιζ̄
]s+1 f

−1bf . (2.68)

They are sections of the line bundle O(s− 2)⊗O(−s− 2)→ IC. That is, they carry
weights (s− 2,−s− 2) in (ζ, ζ̄).

In the affine coordinates (u,q,z) introduced in (2.39), these reduce to

Rs (u,z) =
ˆ
Lu,z

dqqs+1f−1bf . (2.69)

This is the gauge theory cousin of the Bramson-Tod integrals for gravitational charge aspects
described in [13]. Notice that the pole at [qζ̄] = 0 has moved to q=∞.

Due to the obvious identity

ζ̄α̇0R
α̇0α̇1···α̇s = Rα̇1···α̇s , (2.70)

10 To obtain FPR’s original charge aspects, replace each factor of ια̇k
by a factor of ˆ̄ζα̇k

.

17



Class. Quantum Grav. 42 (2025) 195008 A Kmec et al

components of Rα̇0α̇1···α̇s obtained from contractions involving ζ̄α̇ do not contain any new data
on top of the Rs components. So it suffices to study the Rs aspects defined by FPR.

The integral over q runs over C= P1 −{q=∞}. Of course, as indicated in (2.69), we
would still like to integrate over all of Lu,z, including the point q=∞. For instance, we will
shortly see that compactness of the integration domain is necessary to obtain the asymptotic
Bianchi identities.

In order for the q integral to extend across q=∞, bmust exhibit ‘good’ boundary behavior
near the line at infinity. That is, it should extend from PT to P3 in some reasonably smooth
manner. This is not a problem for the leading, subleading and subsubleading spins s=−1,0,1,
as our integrals have a pole at q=∞ only for s> 1. For the higher spin aspects to be well-
defined, at spin swe need b to contain a zero of order s− 1 at q=∞ to cancel the pole in (2.69).
The more charge aspects that are well-defined, the more conserved quantities we will be able
to construct in Carrollian and celestial CFTs.

For all the charge aspects to be well-defined, one needs b to die off faster than any polyno-
mial in q=∞. That is, it lives in a space of Schwartz functions in q. We will assume that b
exhibits such a Schwartz behavior. The reader may pick their favorite alternative fall-off con-
ditions, which will depend on the situation under study. Depending on the fall-off conditions,
a certain subset of the charge aspects will remain well-defined.

With these assumptions, let us derive the equations of motion of these charge aspects. For
s⩾ 0, applying q∂u+ ∂z̄ ≡ ez̄ along with the gauge condition ez̄f = fĀ− az̄f derived in (2.59),
we see that

∂uRs+Dz̄Rs−1 =

ˆ
Lu,z

dqqs
(
Lēz

(
f−1bf

)
+
[
Ā, f−1bf

])
=

ˆ
Lu,z

dqqs f−1 (Lēzb+ [az̄,b]) f

=

ˆ
Lu,z

dqqs f−1 (ez̄ ⌟ D̄b+ D̄(ez̄ ⌟b)) f . (2.71)

On-shell, one imposes D̄b= 0. As the frame obeys f−1D̄|Lu,z f = ∂̄|Lu,z , this leaves us with
almost a total derivative,

∂uRs+Dz̄Rs−1 =

ˆ
Lu,z

dqqs ∂̄
(
ez̄ ⌟ f−1bf

)
. (2.72)

Except that for s⩾ 2, there is a pole at q=∞ staring back at us! At this stage, we invoke
Schwartz regularity conditions at q=∞, which soaks up the pole. This allows us to deduce
the equation of motion

∂uRs+Dz̄Rs−1 = 0 , s⩾ 0 . (2.73)

These are the FPR recursion relations that relate the spin s charge aspects to the spin s− 1
aspects.

Similarly, we can obtain the action of eū = ∂ū on the aspects. Using the radiative gauge
identity eūf =−aūf, it follows that

∂ūRs =
ˆ
Lu,z

dqqs+1 f−1 (Leūb+ [aū,b]) f . (2.74)
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By the same steps as taken in (2.71) and (2.72), the right hand side vanishes by virtue of being
a total derivative when b is sufficiently regular at infinity. In the end, we land on

∂ūRs = 0 , s⩾−1 . (2.75)

So the charge aspects are only functions of u,z, z̄. Note that they can still have poles or other
singularities at u= 0, as our description of asymptotic twistor lines in (2.36) degenerates at
u= 0.

With our conventions, real null infinity sits inside partially complexified null infinity as
the subset I ⊂ IC given by Re(u) = 0. Analyticity in u tells us that the charge aspects on
IC may be defined as analytic continuations of their values along I . So their only nontrivial
information content resides in their values along I .

As pointed out in [29, 30], for spins s= 0,1, the recursion (2.73) can be derived in a large
r expansion of the Bianchi identity of full Yang–Mills theory. For higher spins, they continue
to hold in sdYM, though it remains unclear whether they hold in the non-self-dual theory, see
also [32, 33]. As we will see in section 3, this is reflecting the integrability of sdYM.

Negative helicity aspects. sdYM theory has S-algebra charges of both helicities. So it is also
desirable to construct negative helicity charge aspects R̃s out of a that mirror FPR’s original
positive helicity aspects.

One naive ideawould be to replace b by a in the formula (2.67). But one of the key properties
of (2.67) is that it is invariant under twistor space gauge transformations a 7→ g−1(∂̄+ a)g and
b 7→ g−1bg because the frame transforms as f 7→ g−1f. Replacing b by a would violate this
gauge invariance.

Instead, since a is a connection, we can use the idea that variations of a connection transform
in the adjoint. So consider for s⩾−1 the aspects defined by

R̃α̇0α̇1···α̇s (u, ζ) =
ˆ
Lu,ζ

Dq
[
qζ̄
]−3−s

qα̇0qα̇1 · · ·qα̇s f−1 ∂uaf , (2.76)

where ∂ua is to be read asL∂ua. Under a gauge transformation a 7→ g−1(∂̄+ a)g and f 7→ g−1f,
one can show that

f−1 ∂uaf
∣∣
Lu,ζ

7→ f−1 ∂uaf
∣∣
Lu,ζ

+ ∂̄|Lu,ζ
(
f−1 ∂ugg

−1f
)
. (2.77)

Assuming Schwartz boundary conditions on ∂ua at [qζ̄] = 0 (i.e. at q=∞), the ∂̄-exact term
drops from the variation of (2.76). Thus, the aspects (2.76) remain gauge invariant.

They satisfy the same property as the Rα̇0···α̇s ,

ζ̄α̇0 R̃
α̇0α̇1···α̇s = R̃α̇1···α̇s . (2.78)

So their invariant data is encoded in the contracted aspects

R̃s (u, ζ) =
us+2[
ιζ̄
]s+1 ια̇0ια̇1 · · · ια̇s R̃

α̇0α̇1···α̇s (u, ζ)

= us+2
ˆ
Lu,ζ

Dq[
qζ̄
]s+3

[qι]s+1[
ιζ̄
]s+1 f

−1 ∂uaf . (2.79)

Their expression in affine coordinates reads

R̃s (u,z) =
ˆ
Lu,z

dqqs+1f−1 ∂uaf . (2.80)
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These constitute negative helicity Bramson-Tod integrals. They are sections of the line bundle
O(s+ 1)⊗O(−s− 3)→ IC. That is, they carry weights (s+ 1,−s− 3) in (ζ, ζ̄).

For s⩾ 0, an analog of the FPR recursion can be derived for these negative helicity aspects.
We compute

∂uR̃s+Dz̄R̃s−1 =

ˆ
Lu,z

dqqs f−1 (LēzL∂ua+ [az̄,L∂ua]) f

=

ˆ
Lu,z

dqqs f−1
(
L∂u
(
ez̄ ⌟ D̄2

)
+ D̄(ez̄ ⌟L∂ua)

)
f

=

ˆ
Lu,z

dqqs ∂̄
(
ez̄ ⌟ f−1∂uaf

)
, (2.81)

where we used [∂u,ez̄] = 0 to commute various Lie derivatives, as well as invoked the self-
duality equation of motion D̄2 = 0. This vanishes if ∂ua vanishes to order s+ 3 at q=∞,
giving us the negative helicity recursion relation

∂uR̃s+Dz̄R̃s−1 = 0 , s⩾ 0 . (2.82)

Similarly, in radiative gauge we obtain the holomorphicity condition

∂ūR̃s = 0 , s⩾−1 , (2.83)

so that the negative helicity aspects are again found to only depend on (u,z, z̄) but not ū.
In the next section, wewill find direct spacetime evidence thatRs and R̃s are deeply rooted in

the integrability of sdYM. This will give further motivation for studying the R̃s aspects defined
here.

3. Spacetime

In this section, we uncover the origins of these charge aspects in the integrability of sdYM
theory. To do this, we work on spacetime and gauge-fix the sdYM equations to radiative gauge.
It turns out that radiative gauge is a J or K-matrix-type gauge adapted to Bondi coordinates.

In their original works, FPR considered aspects of only one helicity, which we have labeled
positive helicity. They provide a spacetime interpretation of their charge aspects as certain
coefficients in the large r expansions of Newman–Penrose scalars. In the previous section,
we were able to build aspects of both helicities. On spacetime, we will find that the negat-
ive helicity aspects have a somewhat different interpretation, but one that relates directly to
integrability. They are built out of frames obeying a Lax equation, which is reminiscent of the
construction of Lax monodromy in 2d integrable systems.

Following this, we show that the charge aspects act as generators of an infinite hierarchy
of commuting flows on the moduli space of solutions of sdYM theory. A helpful review of
integrability, hierarchies and related ideas may be found in [17].

3.1. Gauge choices and Lax integrability

In this section, we will work in Lorentzian signature and with complex fields A,B. In deriving
asymptotic charges, it will be helpful to adapt our formalism to null infinity. To this end, we
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choose to work in Bondi coordinates. We will work in flat Bondi coordinates u,r,z, z̄, in which
the Minkowski metric takes the form

ds2 =−2dudr+ 2r2 dzdz̄ . (3.1)

In contrast to the standard Bondi coordinates, both u and r here range over the full real line R.
The null infinities I ± are reached as r→±∞.

Self-dual gauge theory is conformally invariant, so we can introduce a new coordinate

w= r−1 (3.2)

and work with the conformally rescaled metric

ds̃2 = w2ds2 = 2dudw+ 2dzdz̄ . (3.3)

In this coordinate system, I ± is approached in the limits w→ 0±.
Let us study the component expansion of the equations of motion (2.1) of sdYM theory.

The components of the self-duality equation F− = 0 read

Fuz = Fwz̄ = Fuw+Fz̄z = 0 . (3.4)

Similarly, the 2-form B is asd, so its components are constrained by

Būz = Bwz = Buw−Bz̄z = 0 . (3.5)

The Bianchi identity DB= 0 then admits the component expansion

DuBz̄z+Dz̄Buz = 0 , DuBwz̄+Dz̄Bz̄z = 0 ,

DzBz̄z−DwBuz = 0 , DzBwz̄−DwBz̄z = 0 ,
(3.6)

in terms of the remaining three independent components Buz,Bwz̄,Bz̄z.
The component action of sdYM theory reads

S [A,B] =
ˆ
M
vol Tr {Bz̄z (Fuw+Fz̄z)−BuzFwz̄−Bwz̄Fuz} , (3.7)

where we have set vol= du∧ dw∧ dz∧ dz̄. We will reduce this to radiative gauge by partially
imposing some of the equations of motion. To accomplish this, we integrate out the Lagrange
multiplier Bwz̄. This imposes Fuz = 0. On the support of Fuz = 0, the part Audu+Azdz of the
spacetime connection is flat. So in a sufficiently small, simply connected region of M, we can
go to a gauge in which

Gauge choice : Au = Az = 0 . (3.8)

This is one major technique that is available in sdYM theory but not in full Yang–Mills. We
now describe a pair of formulations for sdYM that are adapted to this gauge choice.

J -matrix formulation. We can also integrate out one of the remaining Lagrange multipliers
Buz and Bz̄z. Integrating out the former imposes

Fwz̄ ≡ ∂wAz̄− ∂z̄Aw+ [Aw,Az̄] = 0 . (3.9)

This can be solved in terms of a group-valued function J by setting

Aw = J−1∂wJ , Az̄ = J−1∂zJ . (3.10)

Substituting these back into the Lorentz invariant action (3.7) yields a gauge-fixed formulation
of sdYM that breaks part of the Lorentz symmetry,

S
[
J , J̃

]
=

ˆ
M
vol Tr J̃

(
∂u
(
J−1∂wJ

)
+ ∂z

(
J−1∂z̄J

))
, (3.11)
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having set Bz̄z ≡ J̃ .
The Fuw+Fz̄z = 0 equation becomes Yang’s equation for the J -matrix [67],

∂u
(
J−1∂wJ

)
+ ∂z

(
J−1∂z̄J

)
= 0 . (3.12)

The equation of motion of J yields the equation governing J̃ ,

□J̃ +
[
J−1∂wJ ,∂uJ̃

]
+
[
J−1∂z̄J ,∂zJ̃

]
= 0 . (3.13)

Here, □= ∂u∂w+ ∂z∂z̄ denotes the scalar wave operator. This is a gauge-fixing of the gauge-
covariant wave equation (DuDw+DzDz̄)Bz̄z = 0 obtained by eliminating Buz from the first
and third Bianchi identities listed in (3.6) on the support of Fuz = 0. It is also a linearization
of (3.12).

K-matrix formulation. Alternatively, we can integrate out Bz̄z to impose Fuw+Fz̄z = 0. In
the gauge Au = Az = 0, this reduces to

∂uAw+ ∂zAz̄ = 0 . (3.14)

This can be solved by introducing a potential K for the remaining components of A,

Aw = ∂zK , Az̄ =−∂uK . (3.15)

Plugging these values of A back into the action (3.7) yields an action for sdYM in terms of the
scalar K and its partner K̃ ≡ Buz,

S
[
K,K̃

]
=

ˆ
M
vol TrK̃ (□K+ [∂zK,∂uK]) . (3.16)

This provides another formulation of sdYM that partially breaks the Lorentz symmetry.
The Lie algebra valued scalar K is often referred to as the K-matrix in integrability literat-

ure. The Fwz̄ = 0 equation gives an effective equation obeyed by K,

□K+ [∂zK,∂uK] = 0 . (3.17)

The associated action (3.16) is known as the Leznov action, used for various applications in
[68–71]. Varying it with respect to K gives the equation obeyed by K̃,

□K̃+
[
∂zK,∂uK̃

]
−
[
∂uK,∂zK̃

]
= 0 . (3.18)

This is a gauge-fixing of (DuDw+DzDz̄)Buz = 0 obtained by eliminating Bz̄z from the first and
third Bianchi identities in (3.6). It can also be obtained by linearizing (3.17).

Classical integrability.Next introduce a formal parameter q ∈ P1, known as a Lax parameter.
The self-duality equations F− = 0 are classically integrable. To manifest this, we introduce a
Lax pair

L= Dz̄+ qDu , M= Dw− qDz (3.19)

whose commutativity is equivalent to F− = 0. Indeed, we observe that

[L,M] =−q2Fuz+ q(Fuw+Fz̄z)−Fwz̄ , (3.20)

which vanishes for all q ∈ P1 if (3.4) holds.
The condition [L,M] = 0 is the integrability constraint for solving for a g-valued matrix U

obeying the pair of Lax equations

LU =MU = 0 . (3.21)
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It is helpful to make these equations more explicit,

(∂z̄+ q∂u) U +(Az̄+ qAu) U = 0 ,

(∂w− q∂z) U +(Aw− qAz) U = 0 .
(3.22)

We can solve for U patch by patch as a function of q on the Riemann sphere. On any patch, U
will depend holomorphically in q.

The matrix U acts as a frame for the Yang–Mills bundle on spacetime. We will be interested
in solving the first-order PDEs (3.22) in a neighborhood of the north pole q=∞. So assume
that U admits a Taylor expansion

U =
∞∑
s=0

Us
qs
, (3.23)

where Us are functions of spacetime coordinates but not q.
Under a gauge transformation of the connection, A 7→ h−1Ah+ h−1dh, the frame U rotates

as U 7→ h−1U . Previously, we attained theK-matrix gauge by solving Fuz = Fuw+Fz̄z = 0. An
equivalent way to attain it is to go to a gauge in which the order q0 coefficient U0 is set to 1 by
an appropriate choice of gauge rotation h. Therefore, we expand U as

U = 1+
K
q
+

∞∑
s=2

Us
qs
, (3.24)

where we have set U0 = 1 and renamed U1 as K. Then imposing the Lax equations (3.22) up
to terms of order q−1 gives us

Au = Az = 0 , Aw = ∂zK , Az̄ =−∂uK , (3.25)

which is precisely the K-matrix gauge. This is the formalism we will use to derive the FPR
charge aspects.

We can also attain the J -matrix gauge in this way. In (3.24), we presented a solution for U
in the patch q 6= 0. Similarly, we can solve the Lax equations in the patch q 6=∞ to obtain U
as a holomorphic function around q= 0,

U = J−1 +
∞∑
r=1

Vrqr . (3.26)

We have identified the first term in this expansion as the inverse of the J -matrix. This is
because evaluating the Lax equations at q= 0 immediately outputs

Aw = J−1∂wJ , Az̄ = J−1∂z̄J . (3.27)

Keeping the same gauge fixing condition U|q=∞ = 1 as before, we again land on Au = Az = 0.
This reproduces the J -matrix gauge.

3.2. Charge aspects on spacetime

Let us briefly review the spacetime origin of the positive helicity charge aspects described
in [29], following which we will provide the corresponding spacetime interpretation for the
negative helicity charge aspects.

Let Ā denote the leading term in the large r (small w) expansion of Az̄,

Ā= lim
r→∞

Az̄ = lim
w→0

Az̄ . (3.28)
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As before, letDz̄ = ∂z̄+ [Ā,−] denote the associated covariant derivative. The original motiv-
ation for the charge aspects came from looking at the asymptotic w→ 0 limits of the Bianchi
identities (3.6). Sending w→ 0 and working in the gauge Au = Az = 0, the two Bianchi iden-
tities in the first line of (3.6) reduce to

∂uRs+Dz̄Rs−1 , s= 1,0 , (3.29)

where we have defined the leading, subleading and subsubleading charge aspects

R−1 = lim
w→0

Buz , R0 = lim
w→0

Bz̄z , R1 = lim
w→0

Bwz̄ . (3.30)

The relations (3.29) are known as asymptotic Bianchi identities.
FPR conjectured that they can find certain natural quantities in Yang–Mills theory for which

the pattern (3.29) continues [29]. Briefly, what we have calledBwz̄ coincides with the Newman–
Penrose scalar Φ0 in our coordinate system. FPR expand this Newman–Penrose scalar in a
large r expansion, which for us takes the form

Bwz̄ =
∞∑
s=0

ws

s!
(∂szRs+1 +Ps+1) . (3.31)

At each order, they split the coefficient of ws into a term ∂szRs+1 that is in the image of ∂sz , and
a term Ps+1 that is in the cokernel of ∂sz . The quantities Ps, s⩾ 1, are gauge theory cousins
of the conserved quantities studied by Newman and Penrose in [72]. FPR conjecture that the
aspects Rs so defined continue to obey the recursion (3.29) for all higher spins s.

However, they do not construct charge aspects of both helicities. In this work, we have filled
in this gap in the self-dual sector by means of its twistor uplift. But we would also like to find
a spacetime interpretation of the R̃s aspects, just as we reviewed here for the Rs aspects. This
can be accomplished using the Lax formulation of sdYM, as we now show.

Suppose the expansion coefficients Us in the expansion (3.24) of the frame admit well-
defined small w limits,

K= lim
w→0

K , Us = lim
w→0

Us . (3.32)

We are being agnostic as to whether we are approaching I + or I −, as our formalism is quite
general. In terms of these, we can define the w→ 0 limit of U :

U= lim
w→0

U = 1+
K
q
+

∞∑
s=2

Us

qs
. (3.33)

In particular, the w→ 0 limit of the K-matrix gauge condition Az̄ =−∂uK tells us that

Ā=−∂uK . (3.34)

This will be useful shortly.
To make progress, we will extract an equation thatU needs to obey from the asymptotics of

the Lax equations (3.22). InK-matrix gauge, we set Au = 0. So the first Lax equation simplifies
to

(∂z̄+ q∂u+Az̄) U = 0 . (3.35)

Taking the w→ 0 limit of this equation yields(
∂z̄+ q∂u+ Ā

)
U= 0 . (3.36)
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This is very close to the kind of PDE we need. Except that it contains ĀU instead of [Ā,U].
To construct a quantity from which we can extract adjoint-valued charge aspects, we simply
take derivatives of U.

In particular, we will use the derivative ∂uU. We define the aspects R̃s(u,z, z̄) as the coeffi-
cients in the large q expansion of the quantity −∂uUU−1,

−∂uUU−1 =
∞∑

s=−1

R̃s
qs+2

. (3.37)

We can invert this expansion to obtain a contour integral formula for the aspects,

R̃s =− 1
2π i

˛
q=∞

dqqs+1 ∂uUU
−1 , s⩾−1 , (3.38)

where the contour surrounds q=∞. To show that they obey the recursion (2.64), start by
deriving a PDE for ∂uUU−1 by differentiating (3.36) with respect to u,

(∂z̄+ q∂u)
(
∂uUU

−1
)
+
[
Ā,∂uUU−1

]
=−∂uĀ . (3.39)

As a result, for s⩾ 0 we obtain

∂uR̃s+ ∂z̄R̃s−1 +
[
Ā, R̃s−1

]
=
∂uĀ
2π i

˛
q=∞

dqqs = 0 . (3.40)

The range s⩾ 0manages to avoid precisely the point s=−1 where this contour integral would
have failed to vanish. Thus, the R̃s aspects obey the recursion (2.64).

In principle, once we have a seed for the recursion, we would no longer need the explicit
expression for U, as we can solve the recursion iteratively. The seed value is the value of the
lowest aspect R̃−1. This can be explicitly determined by plugging in the expansion (3.33) of
U into ∂uUU−1,

−∂uUU−1 =−∂uK
q

+O
(
q−2
)
. (3.41)

Comparing this with (3.37) and recalling that Ā=−∂uK, we find

R̃−1 = Ā . (3.42)

So we see that the leading negative helicity charge aspect is just the radiative data Ā.

3.3. Hierarchies and the recursion operator

The integrability of self-dual gauge theory manifests itself in the form of an infinite hierarchy
of commuting flows on its moduli space of classical solutions. We now show that the charge
aspects generate this hierarchy at the level of the asymptotic data of classical solutions. This
imparts a geometric meaning to the action of the S-algebra.

In section 3.1, we formulated sdYM in flat Bondi coordinates in terms ofJ andKmatrices.
In the J -matrix gauge, one sets A= J−1∂wJ dw+J−1∂z̄J dz̄, where w= r−1. In the K-
matrix gauge, one instead usesA= ∂zKdw− ∂uKdz̄. Now, letΦ(x) be an adjoint-valued scalar
field. Perturbations of J ,K of the form

δJ = JΦ , δK =Φ (3.43)

generate the following perturbations of A:

J -matrix case : δA= DwΦdw+Dz̄Φdz̄ , (3.44)

25



Class. Quantum Grav. 42 (2025) 195008 A Kmec et al

K-matrix case : δA= ∂zΦdw− ∂uΦdz̄ . (3.45)

These furnish symmetries of the equations of motion (3.12) and (3.17) of J ,K if Φ satisfies

□Φ + [Aw,∂uΦ]+ [Az̄,∂zΦ] = 0 . (3.46)

On the support of Fuw+Fz̄z = 0, this can be identified with the gauge-covariant linearized
wave equation D2Φ = 0 written in the gauge Au = Az = 0.

The recursion operator R of sdYM theory arises as follows [17]. We start with a per-
turbation δA= DwΦdw+Dz̄Φdz̄ of the J -matrix type, generated by a scalar Φ satisfying
D2Φ = 0. Then we define a scalar RΦ associated to Φ that expresses this as a perturbation
δA= ∂zRΦdw− ∂uRΦdz̄ of the K-matrix type. That is, we solve for RΦ by imposing

∂uRΦ =−Dz̄Φ , ∂zRΦ = DwΦ . (3.47)

The integrability condition for these two PDEs to admit a simultaneous solution is precisely
D2Φ = 0 on the support of Fuw+Fz̄z = 0. And one can show that RΦ again satisfiesD2RΦ =
0 on the support ofFwz̄ = 0. Therefore,R provides amapΦ 7→ RΦ on the space of solutions of
D2Φ = 0. Since we could obtain D2Φ = 0 as a linearization of the J or K-matrix equations,
this map generates a recursion operator on tangent spaces of the moduli space of self-dual
gauge fields.

It is this recursion operator that appears to be the true origin of FPR recursion relations,
at least in the self-dual sector. Suppose one takes a seed solution Φ−1 of the gauge-covariant
wave equation. Then one can generate higher solutions Φs by setting

Φs = Rs+1Φ−1 , s⩾ 0 . (3.48)

It follows from (3.47) that these obey the recursion relations

∂uΦs+Dz̄Φs−1 = 0 ,

∂zΦs−DwΦs−1 = 0 .
(3.49)

Recursions like (2.64) are obtained by evaluating the first of these atw= 0, i.e. r=∞. Defining

φs = lim
w→0

Φs , s⩾−1 , (3.50)

one readily obtains

∂uφs+Dz̄φs−1 = 0 , (3.51)

where we recalled that Dz̄ = ∂z̄+ [Ā,−] and Ā= Az̄|w=0.
There are two extremely natural candidates in the K-matrix formulation that we can use to

seed these recursions: K̃ and ∂uK. These get paired with each other through the symplectic
structure ˆ

u=const.
dwd2z TrδK̃ δ∂uK (3.52)

associated to the K-matrix action (3.16). They give rise to the two types of charge aspects.
To obtain positive helicity charge aspects, we take our cue from the leading order

guesses (3.30) and seed the recursion with Φ−1 = K̃ ≡ Buz. In equation (3.18), we used the
Bianchi identity DB= 0 along with self-duality F− = 0 to show that this obeys D2K̃ = 0. So
we obtain the positive helicity aspects

Rs = lim
w→0

Rs+1K̃ , s⩾−1 . (3.53)
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The other candidate is the seed Φ−1 =−∂uK ≡ Az̄, which is motivated from requiring R̃−1 =
Ā. That this obeys D2∂uK = 0 follows from acting with ∂u on the K-matrix equation (3.17).
Hence, we obtain the negative helicity aspects

R̃s =− lim
w→0

Rs+1∂uK , s⩾−1 . (3.54)

By our general considerations above, these two families of charge aspects will obey the recur-
sion relations (2.64).

Each Φs solves D2Φs = 0, whereby it can be thought of as a tangent vector generating on-
shell perturbations δA mentioned in (3.44) or (3.45). So it can be used to generate a flow on
the moduli space of classical solutions. Explicitly, letK(x, ts) denote a family of matrix-valued
potentials labeled by a parameter ts. Then the flow generated by Φs is obtained by solving

∂tsK =Φs . (3.55)

A collection {Φs} generates a hierarchy of flows on the moduli space of solutions. Twistor
theory allows us to show that these flows commute with each other. We refer the interested
reader to [17] for further details.

Asymptotically, we find that the charge aspects generate flows on the space of radiative
data. In terms of K=K|w=0, these flows are described by

∂tsK= φs . (3.56)

E.g., R−1 generates constant gauge rotations that are non-vanishing at I . The higher aspects
generate similar flows in the space of radiative data. These will be related to residual gauge
symmetries of radiative gauge in section 4.3.

4. Holography

In this section, we finally present the conservation laws arising from the S-algebra symmetries
of sdYM. We will do this directly on twistor space. Placing boundary conditions on the fields
on twistor space will allow us to classify large gauge symmetries. We will find that these are in
one-to-one correspondence with soft gluon states. The latter arise precisely as the overleading
modes that violate our boundary conditions. This confirms that S-algebra transformations are
indeed asymptotic symmetries.

Plugging the soft gluon wavefunctions into the symplectic form of sdYM on twistor space
will result in conserved S-algebra charges. Depending on which ‘Cauchy surface’ one picks
to quantize the twistorial theory, this will result in either charges of a Carrollian CFT or those
of a celestial CFT. The first will be conserved along the null generators of I , i.e. annihilated
by ∂u. The second will be chiral currents of a 2d CFT, i.e. annihilated by ∂z̄ on the celestial
sphere. Both of these conservation laws will be subject to the vanishing of radiation at I .

Perhaps the deepest unifying feature of our analysis is that both types of charges will be
built out of the same charge aspects Rs and R̃s. This provides another check of the equivalence
of Carrollian and celestial holography—at least in the self-dual sector—building on previous
approaches of [73, 74].

4.1. Boundary conditions

Asymptotic symmetries of sdYM may be realized as large gauge symmetries of the twistorial
theory (2.6). To do this, we will need to impose boundary conditions on a and b near the
‘boundary’ I of PT⊂ P3. Our analysis is adapted from a similar procedure that works in
twisted holography [6, 42, 44].
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Our choices of boundary conditions will ensure that soft gluons constitute a basis of all
the states that violate them, i.e. are ‘overleading’ on twistor space. The wavefunctions of soft
gluons will be pure gauge away from the boundary of PT, and the associated gauge trans-
formation parameters will be in one-to-one correspondence with generators of the S-algebra.

Boundary of twistor space. Recall that PT= P3 − I. This removal of the line at infinity
from P3 creates a natural boundary in twistor space. But since I had complex-codimension 2,
this is not a standard boundary. In real geometry, the usual notion of a boundary is that of a
real-codimension-1 subspace at which the geometry ‘ends’. In complex geometry, the natural
analog of a boundary would be a boundary divisor.

A divisor of a complex variety is an analytic subvariety of complex-codimension 1. Simple
examples would be hyperplanes in projective spaces. A boundary divisor is a divisor that one
attaches to a non-compact variety to make it compact. Equivalently, it is a divisor at which we
declare that a given variety ‘ends’. Such a boundary divisor is what we need in order to study
flat space holography from a twistorial standpoint. But where do we find such a divisor inPT?

A useful resolution of this puzzle was presented in a closely related context in [44]. Any
construction of the boundary must somehow incorporate I. The resolution is that we will create
our boundary divisor by blowing up P3 along I.

In homogeneous coordinates ZA = (λα,µ
α̇), the line I was cut out by the pair of equations

λα = 0. The blowup of P3 along I is the following space:

PT=
{(
ZA,πα

)
∈ P3 ×P1 | 〈λπ〉= 0

}
. (4.1)

I.e., it is the subvariety of P3 ×P1 cut out by the equation 〈λπ〉= 0, where the P3 has homo-
geneous coordinates ZA and the auxiliary P1 has homogeneous coordinates πα.

When λα 6= 0, the equation 〈λπ〉= 0 tells us that the new coordinate πα is proportional to
λα. In this case, the point πα ∈ P1 is completely fixed in terms of ZA ∈ P3. So we obtain a
biholomorphism

PT−{λα = 0} ' PT−{λα = 0} . (4.2)

On the other hand, when λα is zero, 〈λπ〉= 0 is trivially satisfied for any πα. Therefore, the
line at infinity {λα = 0} gets replaced by an exceptional divisor

E = P1
µ×P1

π , (4.3)

where P1
µ and P1

π are Riemann spheres carrying independent homogeneous coordinates µα̇

and πα respectively.
E will be our holographic boundary divisor. For instance, the holographic plate for celestial

holography will be the P1
π factor generated by the blowup. This is where celestial CFT lives.

Boundary conditions on E . We have presented PT as a compact space by embedding it
as a projective subvariety of P3 ×P1. Let O(r,s)→ P3 ×P1 denote the line bundle whose
sections carry weight r in ZA and s in πα, and letOX(r,s) denote its restriction to any subvariety
X⊂ P3 ×P1. E.g., the canonical bundle of PT is KPT = OPT(−3,−1).

The volume form on PT was ΩPT = D3Z and was valued in OPT(4,0). The volume form
on PT is

ΩPT = Res
⟨λπ⟩=0

D3Z∧Dπ
〈λπ〉

(4.4)

and is indeed valued in OPT(3,1), the dual of KPT. On the variety 〈λπ〉= 0, one can define a
coordinate n normal to E = {λα = 0} by setting

λα = nπα . (4.5)
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E becomes the surface n= 0. A computation of residues shows that the volume form on PT

is proportional to that on PT with proportionality factor n,

ΩPT = nΩPT . (4.6)

Since n is a section of OPT(1,−1), and ΩPT a section of OPT(3,1), their product comes out
a section of OPT(4,0) exactly as desired.

To study the behavior of the sdYM twistor action (2.6) near the boundary E , we want to
extend it to an action over PT. To do this, we follow [42] and try to construct a holomorphic
BF action of the formˆ

PT

ΩPTTr

(
B ∂̄A+

1
2
B [A,A]

)
, (4.7)

where A and B are (0, 1)-forms on PT. It is convenient to focus attention on the cubic inter-
action term to read off the weights of various fields. Since ΩPT is valued in OPT(3,1), the
interaction TrB [A,A] must be valued in OPT(−3,−1). Naively, any choice of weights of A
andB that accomplishes this is allowed. But we will make the choice that makes all soft gluons
overleading, which is the physically relevant case. We assign A and B the following weights:

A ∈ Ω0,1
(
PT,OPT (−1,1)⊗ g

)
,

B ∈ Ω0,1
(
PT,OPT (−1,−3)⊗ g

)
.

(4.8)

This ensures that TrB [A,A] is valued in OPT(−3,−1)11.
Just as we were able to do for the volume form in equation (4.6), we can restrict A and B

to PT and obtain fields a and b of sdYM by setting

a= nA , b= n−3B . (4.9)

Because n was valued in OPT(1,−1), these come out valued in OPT(0,0) and OPT(−4,0)
respectively. Now it is easy to see that when its integration domain is restricted to PT, the
cubic interaction on PT reduces to the cubic interaction of sdYM on PT:ˆ

PT

ΩPTTrB [A,A] =

ˆ
PT

ΩPT

n
Tr

(
n3b · [a,a]

n2

)
=

ˆ
PT

ΩPTTrb [a,a] . (4.10)

This confirms that we have correctly extended the interactions of our sdYM twistor action
from PT to its compactification PT.

Having extended the fields a and b to PT, we can study their behavior as one approaches
the boundary E . Equation (4.9) associates boundary conditions to a and b as n→ 0. Indeed,
demanding that A and B are smooth on E , we obtain the boundary conditions

a∼ O(n) , b∼ O
(
n−3
)

as n→ 0 . (4.11)

That is, a needs to have a first-order zero along E , while b can at most have a third-order pole
along E .

11 To make the kinetic term well-defined, one would need to modify the ∂̄ operator onPT so that it maps sections of
O(−1,1) to sections of O(−2,2). This may be done by replacing ∂̄ by n−1∂̄, and asking that ∂̄A have a first-order
zero at n= 0 to cancel the pole in n−1∂̄A. We will not pursue this further here, as we are only using the holomorphic
BF theory on PT to motivate our boundary conditions. But the interested reader may look at appendix H of [42] for
the subtleties involved.
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The n→ 0 behavior can also be correlated with the u→∞ behavior, giving a Carrollian
version of our boundary conditions. To do this, we can introduce a map sending the I -adapted
coordinates (u,q,z) on PT to coordinates on PT,

λα =
1
u

(
1
z

)
, µα̇ =

1
u

(
u− qz̄
q

)
, πα =

(
1
z

)
, n=

1
u
. (4.12)

This clearly embeds into λα = nπα. The boundary divisor is approached as u,q→∞with q/u
held fixed. From this, we deduce the boundary conditions

a∼ O
(
u−1
)
, b∼ O

(
u3
)

as u→∞ (4.13)

that hold along null infinity.

4.2. Asymptotic symmetries

In the previous section, we saw that a must have a first-order zero at the boundary of twistor
space, and b can have a pole of order up to 3. Equipped with these boundary conditions, we
can divide the twistorial gauge transformations into those that preserve boundary conditions
vs. those that violate them. This provides us with a notion of SGTs vs LGTs.

In fact, the celestial approach provides the quickest way to classify asymptotic symmetries
in twistor space. The blown up space PT fibers over the sphere P1

π carrying coordinate πα via
the projectionmap (ZA,πα) 7→ πα. This fibration admits a sphere’s worth of sections contained
in the boundary divisor E = P1

µ×P1
π at n= 0. Celestial CFT lives on the P1

π factor of E , and
the P1

µ factor is analogous to the internal S5 factor in the standard example of AdS5/CFT4. This
is fairly natural: indeed, the map (4.12) identifies the celestial sphere coordinate z precisely
with the coordinate π1/π0.

Away from n= 0, because π1/π0 = λ1/λ0, we can identify the celestial sphere coordinate z
as the affine coordinate λ1/λ0 on twistor space. Two-dimensional CFTs can be studied in radial
quantization, with |in〉 and |out〉 vacua placed at z= 0,∞, and quantization surfaces taken to
be the contours of constant |z|. On the bulk side, this motivates working with ‘Cauchy’ surfaces
given by the 5-real-dimensional slices of constant |z| in twistor space.

By construction, these 5d bulk Cauchy surfaces intersect the celestial sphere P1
π in 1d

boundary Cauchy surfaces. This ensures that radial evolution on the boundary sphere coin-
cides with bulk evolution, much like in AdS/CFT. This idea was first described in twisted
holography in [42], and in celestial holography in Pasterski’s prescient work [46]. Pasterski
proposed a change of Cauchy surface in spacetime to surfaces that cut the celestial sphere in
circles. We simply employ the same idea in twistor space, where it becomes even more natural.

The |in〉 and |out〉 vacua of the bulk theory are described by field configurations of a,b at
the divisors z= 0,∞ of twistor space. Having understood this, we can define SGTs and LGTs
(see also section 4 of [6]):

• LGTs are those gauge symmetries that violate the boundary conditions in n precisely at z=
0,∞. They remain legal symmetries of the theory because we are quantizing it onPT−{z=
0,∞}. But they can act nontrivially on the |in〉 and |out〉 vacuum states as they can alter the
values of a,b at z= 0,∞.

• SGTs are those gauge symmetries that preserve the boundary conditions in n everywhere
including z= 0,∞. By definition, they do not change the |in〉 and |out〉 vacua.

• The group of asymptotic symmetries is the quotient group ASG= LGT’s/SGT’s.
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Roughly speaking, asymptotic symmetries are generated by gauge transformations that are
allowed to be singular at the boundary n= 0.

An equivalent and perhaps more pertinent definition of asymptotic symmetries is that
they are gauge transformations that generate nonzero Noether charges. Since the Noether
charges (2.20) are supported purely on the boundary of the Cauchy surface, the gauge trans-
formations have to be non-vanishing near the boundary to accomplish this. Let us now see this
in some explicit examples.

Soft gluons in linear theory. With these definitions, we can show that soft gluons generate
a basis of such large gauge symmetries. The algebra of these symmetries is known as the S-
algebra. In this section, we work it out in the linearized theory whose equations of motion are
∂̄a= ∂̄b= 0. The extension to nonlinear theory is studied in the next section.

Start with the linearized gauge symmetry associated to a:

δa= ∂̄ξ , δb= 0 . (4.14)

SGTs are generated by parameters ξ that have a first-order zero at n= 0 for all values of z ∈ P1.
If ξ is a large gauge transformation, then it will have a first-order zero at n= 0 everywhere
except along z= 0,∞. Sowe can always shift it by SGTs to ensure that δa= 0 away from small
neighborhoods of z= 0,∞. This means that ξ must be holomorphic in z away from z= 0,∞,
and holomorphic in µα̇ away from the boundary n= 0 (which is projectively equivalent to
µα̇ →∞).

Such functions ξ are allowed to be polynomials in µα̇ and Laurent in z= λ1/λ0
12. A useful

basis for them is given by the monomials

ξ =

(
µ0̇/λ0

)k(
µ1̇/λ0

)l
(λ1/λ0)

r ta , k, l ∈ Z⩾0 , r ∈ Z , ta ∈ g . (4.15)

In the affine coordinates (u,q,z), these read

ξ =
(u− qz̄)k ql

zr
ta , (4.16)

obtained by substituting µ0̇/λ0 = u− qz̄ and µ1̇/λ0 = q.
The associated gauge transformations contain derivatives of delta functions δ̄(λ0), δ̄(λ1)

13.
For instance, when r⩾ 0, we obtain

δa= ∂̄ξ =
2π i(−1)r−1

(r− 1)!

(
µ0̇
)k(

µ1̇
)l

λk+l−r
0

δ̄(r−1) (λ1) t
a . (4.17)

Setting λα = nπα, we see that

δa∼ O
(
n−k−l

)
. (4.18)

So this is a gauge transformation that violates the boundary condition in n to order k+ l in a
small neighborhood of z= 0. This is a genuine violation of our boundary conditions (4.11) iff
k, l⩾ 0. This range of k, l is known as the wedge in the subject.

We can also move the singularities from z= 0,∞ to generic z. Doing so, we can ask for
asymptotic symmetries generated by large gauge transformations that violate the boundary

12 Keep in mind that since z= λ1/λ0, the locus z= 0 is the surface λ1 = 0 whereas z=∞ is the surface λ0 = 0 in
homogeneous coordinates.
13 For any complex variable w, the (0, 1)-form delta function used here is defined as δ̄(w)≡ δ2(w)dw̄.
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conditions in n in a small neighborhood of a generic point λα ∝ κα. The associated gauge
transformations admit the representatives (dropping normalization factors)

δa=
ˆ
C×

dssk+l−1 δ̄2 (κ− sλ)
(
µ0̇
)k(

µ1̇
)l

ta . (4.19)

The delta function here is a projective delta function that sets λα ∝ κα. As usual, allowing for
generic z in this way means that we no longer need to work with derivatives of delta functions
at z= 0,∞.

The large gauge transformations (4.19) are not actually pure gauge, because they are ∂̄ exact
only away from λ∝ κ. Instead, they are linear perturbations of a that correspond to positive
helicity soft gluons when Penrose transformed to spacetime. The k+ l= 0 wavefunctions cor-
respond to leading soft gluons, the k+ l= 1 wavefunctions to subleading soft gluons, and so
on. In this way, our asymptotic symmetry analysis lands us on precisely the S-algebra of soft
gluon states.

We can do the same analysis to obtain negative helicity soft modes. The linearized gauge
transformation associated to b is

δa= 0 , δb= ∂̄ϕ . (4.20)

A basis of asymptotic symmetries is provided by the gauge parameters

ϕ =
1
λ4
0

(
µ0̇/λ0

)k(
µ1̇/λ0

)l
(λ1/λ0)

r ta , k, l ∈ Z⩾0 , r ∈ Z , ta ∈ g . (4.21)

These carry weight −4 in ZA, as necessitated by the weight of b. In affine coordinates, they
can be expressed

ϕ =
(u− qz̄)k ql

zr
ta , (4.22)

where we have chosen to fix the scale by setting λ0 = 1.
For r⩾ 0, the associated large gauge modes of b are

δb= ∂̄ϕ =
2π i(−1)r−1

(r− 1)!

(
µ0̇
)k(

µ1̇
)l

λk+l−r+4
0

δ̄(r−1) (λ1) t
a . (4.23)

Near the boundary, these behave like

δb∼ O
(
n−k−l−4

)
. (4.24)

Our boundary conditions (4.11) would have allowed perturbations of b to have at most a third-
order pole at n= 0. So once again, this set of gauge transformations violate our boundary
conditions in the vicinity of z= 0,∞ precisely in the wedge k, l⩾ 0.

Generic negative helicity soft gluon wavefunctions take a similar form,

δb=
ˆ
C×

dssk+l+3 δ̄2 (κ− sλ)
(
µ0̇
)k(

µ1̇
)l

ta . (4.25)

These generate asymptotic symmetries that extend the S-algebra by currents dual to negative
helicity gluons.
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4.3. Soft gluons and dual recursions

In equations (4.19) and (4.25), we wrote down a basis of asymptotic symmetry generators ξ,ϕ
in a trivial background (a,b) = (0,0). In the same way, we would like to find useful bases of
large gauge transformations in the nonlinear theory, i.e. around a general background (a, b).
Thesewill enter the associatedNoether charges (2.20). Since b is always a linear field propagat-
ing on the background described by a, it will be sufficient for our purposes to compute soft
gluons in a nontrivial background with only a turned on.

Infinitesimal gauge transformations of the nonlinear theory are displayed in equation (2.10).
Again, by using SGTs, we can hope to set any large gauge transformation to zero away from
small neighborhoods of the boundaries of interest. In the nonlinear theory, this is tantamount
to imposing

D̄ξ = D̄ϕ = 0 (4.26)

away from z= 0,∞ and n= 0.
Gauge transformations satisfying these conditions form a closed algebra under the Barnich–

Troessaert bracket. To see this, recall that the bracket of two field-dependent gauge transform-
ations was

[ξ,ξ ′]⋆ = [ξ,ξ ′] + δξξ
′ − δξ ′ξ ,

[ξ,ϕ]⋆ = [ξ,ϕ] + δξϕ,

[ϕ,ϕ ′]⋆ = 0 .

(4.27)

Acting on this with D̄ and noting that δξ(D̄ξ ′) = D̄(δξξ ′)+ [D̄ξ,ξ ′], we get

D̄([ξ,ξ ′]⋆) = D̄(δξξ
′)+ [D̄ξ,ξ ′]− D̄(δξ ′ξ)− [D̄ξ ′, ξ]

= δξD̄ξ
′ − δξ ′D̄ξ

= [δξ, δξ ′ ]a .

(4.28)

This corroborates the expectation that [δξ, δξ ′ ] = δ[ξ,ξ ′]⋆ . Similarly, we get [δξ, δϕ] = δ[ξ,ϕ]⋆ :

D̄([ξ,ϕ]⋆) = [ξ, D̄ϕ] + δξD̄ϕ = [δξ, δϕ]b . (4.29)

As a corollary, we obtain the implications

D̄ξ = D̄ξ ′ = 0 =⇒ D̄ [ξ,ξ ′]⋆ = 0 ,

D̄ξ = D̄ϕ = 0 =⇒ D̄ [ξ,ϕ]⋆ = 0 .
(4.30)

This confirms that the algebra of asymptotic symmetries of sdYM indeed closes.

Soft gluons in radiative gauge. We will solve the soft gluon equations of motion (4.26) in
radiative gauge. Denote the solutions in radiative gauge by ξ̃ and ϕ̃ respectively. The gauge
transformation back to a general gauge is

ξ = fξ̃ f−1 , ϕ = fϕ̃ f−1 , (4.31)

where f was the frame on asymptotic twistor lines Lu,z. In terms of ξ̃, ϕ̃, (4.26) reduces to

∂q̄ξ̃ = ∂ūξ̃ = ez̄ξ̃ +
[
Ā, ξ̃

]
= 0 ,

∂q̄ϕ̃ = ∂ūϕ̃ = ez̄ϕ̃ +
[
Ā, ϕ̃

]
= 0 .

(4.32)

The ∂q̄,∂ū conditions, along with the ability to quotient by SGTs, tell us that ξ̃, ϕ̃ can be taken
to be analytic in u,q around u= q= 0. As ez̄(u− qz̄) = 0, this is equivalent to analyticity in
µα̇ = (u− qz̄,q), so it agrees with the result in a trivial background.
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Being holomorphic in q ∈ C, the parameters ξ̃, ϕ̃ admit Taylor expansions:

ξ̃ =
∞∑
s=0

ξs (u,z, z̄) q
s ,

ϕ̃ =
∞∑
s=0

ϕs (u,z, z̄) q
s .

(4.33)

The ez̄ conditions can be used to constrain the coefficients ξs,ϕs. The lowest coefficients obey

Dz̄ξ0 =Dz̄ϕ0 = 0 , (4.34)

while for s⩾ 1 the higher coefficients obey the dual FPR recursion relations,

Dz̄ξs+ ∂uξs−1 = 0 ,

Dz̄ϕs+ ∂uϕs−1 = 0 .
(4.35)

These run in the reverse direction of the usual recursions (2.64).
In the next few sections, we will construct the Noether charges associated with these large

gauge symmetries. We will weaken our definition of large gauge transformations by dropping
the condition (4.34), leading to flux-balance laws at null infinity. The strict conservation laws
will be recovered after assuming the absence of radiation. Instead of (4.26), the corresponding
gauge parameters ξ,ϕ will satisfy the weaker conditions

D̄ξ = fDz̄ξ0 f
−1 , D̄ϕ = fDz̄ϕ0 f

−1 . (4.36)

These are precisely the residual gauge symmetries of radiative gauge. Indeed, if we gauge
transform both sides of

Ā= f−1 (ez̄+ az̄) f (4.37)

using δa= D̄ξ and holding the frame (i.e. the gauge choice) fixed, we find that Ā must trans-
form as

δĀ= ez̄ξ̃+
[
Ā, ξ̃

]
=Dz̄ξ0 . (4.38)

The first equality here is general, while the second equality holds when ξs satisfy the dual
recursion. This physical interpretation of ξ0 as a gauge transformation on I motivates us to
try solving for a basis of soft gluons without imposing (4.34).

Positive helicity soft gluons. When Ā= 0, we saw that soft gluons are polynomial in µα̇ =
(u− qz̄,q). Let ρm(λ, λ̄), m⩾ 0, be a smooth section of O(−m)⊗O(m)→ P1

λ obeying the
wedge condition,

∂m+1
z̄ ρm = 0 , (4.39)

at least away from z= 0,∞. In a trivial background, to each such ρm we could associate a soft
gluon symmetry generator ξ = ξ(ρm) given by a monomial in µα̇ of the form

ξ (ρm) =
1
m!

∂mρm
∂λ̄α̇1 · · ·∂λ̄α̇m

µα̇1 · · ·µα̇s

=
m∑
s=0

(−1)s

(m− s)!
um−s qs ∂m−s

z̄ ρm .
(4.40)
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E.g., ρm = (−1)lz−rz̄kta for 0⩽ k⩽ m corresponds to a soft gluon of order m. This trivial
background result can be used as a seed to solve the dual recursion relations. We can correct
it order-by-order in q to find soft gluons in the presence of a nontrivial background.

Setting ξ(ρm) = f ξ̃(ρm) f−1, we expand ξ̃(ρm) =
∑m

s=0 ξs q
s as before. But now we are

assuming that this expansion truncates at s=m. This allows us to solve the dual recursions.
We see that ∂uξm = 0, so we set ξm = ρm as in flat space. Then we solve for ξm−1 in terms of ξm
by setting ξm−1 =−∂−1

u Dz̄ξm, and so on. We content ourselves with only stating the results for
the leading, subleading and subsubleading soft gluons, i.e. m= 0,1,2. The first few examples
of ξ̃(ρm) are found to be

ξ̃ (ρ0) = ρ0 ,

ξ̃ (ρ1) = qρ1 − u∂z̄ρ1 −
[
∂−1
u Ā,ρ1

]
,

ξ̃ (ρ2) = q2ρ2 − q
(
u∂z̄ρ2 +

[
∂−1
u Ā,ρ2

])
+
u2

2
∂2
z̄ ρ2

+ ∂z̄
[
∂−2
u Ā,ρ2

]
+
[
∂−1
u

(
uĀ
)
,∂z̄ρ2

]
+ ∂−1

u

[
Ā,
[
∂−1
u Ā,ρ2

]]
.

(4.41)

Higher-order results may be systematically obtained using the techniques developed in
appendix A of [13]. These results are also in agreement with equation (59) of [30].

Using the modified bracket (2.23), one can check with brute force that these generators
satisfy the S-algebra

[ξ (ρm) , ξ (ρ
′
m′)]⋆ = ξ ([ρm,ρ

′
m′ ]) . (4.42)

We can also give a slightly more abstract proof of this algebra by directly working in radiative
gauge. In (4.28), we showed that

D̄([ξ,ξ ′]⋆) = [δξ, δξ ′ ]a . (4.43)

Transitioning to radiative gauge, we find that

Dz̄

([
ξ̃, ξ̃ ′

]
⋆

)
=
[
δξ̃, δξ̃ ′

]
Ā . (4.44)

Transformations of the form δξ̃Ā=Dz̄ξ̃ map scri data to scri data, so they never generate
any dependence on q. Hence, the commutator [δξ̃, δξ̃ ′ ]Ā cannot contain any dependence in q

either. It follows that the coefficients in a q-expansion of [ξ̃, ξ̃ ′]⋆ must again satisfy the dual
recursions. Moreover, it is easily checked that

[ξ (ρm) , ξ (ρ
′
m′)]⋆ = f

(
qm+m

′
[ρm,ρ

′
m′ ] +O

(
qm+m

′−1
))

f−1 . (4.45)

Thus, at least by a formal uniqueness of solutions of the dual recursion relations, we conclude
that [ξ(ρm), ξ ′(ρm′)]⋆ must be of the form ξ(ρ ′ ′

m+m ′) with ρ ′ ′
m+m ′ = [ρm,ρ

′
m′ ].

To obtain the more familiar form of the S-algebra, choose

ρm = ρak,l,r ≡ (−1)l z−rz̄kta (4.46)

with m= k+ l, for some non-negative integers k, l. This defines for us a more standard basis
for the generators:

ξak,l,r = ξ
(
ρak,l,r

)
, (4.47)

which results in the commutator[
ξak,l,r, ξ

b
m,n,s

]
⋆
= fabc ξ

c
k+m,l+n,r+s . (4.48)
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This coincides with the commutators of the S-algebra in its original form [1, 6].

Negative helicity soft gluons.A similar discussion holds for the gauge parameter ϕ. In a trivial
background, we introduce the following basis for the large gauge transformations:

ϕ(χm) =
1
m!

∂mχm
(
λ, λ̄
)

∂λ̄α̇1 · · ·∂λ̄α̇m
µα̇1 · · ·µα̇m

=
m∑
s=0

(−1)s

(m− s)!
um−s qs ∂m−s

z̄ χm (z, z̄) ,
(4.49)

where χm(λ, λ̄) is a section of O(−m− 4)⊗O(m) and satisfies the wedge condition
∂m+1
z̄ χm = 0. In the second line, we are working in the coordinate patch λ0 = 1. In a non-

trivial background, we write ϕ = fϕ̃ f−1 and solve the dual recursion (4.35) for the coefficients
in the expansion ϕ̃ =

∑
s⩾0 ϕ̃sq

s by setting ϕm = χm and ϕs = 0 for s>m. Denote the resulting

solution by ϕ̃(χm). Its first few examples are

ϕ̃(χ0) = χ0 ,

ϕ̃(χ1) = qχ1 − u∂z̄χ1 −
[
∂−1
u Ā,χ1

]
,

ϕ̃(χ2) = q2χ2 − q
(
u∂z̄χ2 +

[
∂−1
u Ā,χ2

])
+
u2

2
∂2
z̄χ2

+ ∂z̄
[
∂−2
u Ā,χ2

]
+
[
∂−1
u

(
uĀ
)
,∂z̄χ2

]
+ ∂−1

u

[
Ā,
[
∂−1
u Ā,χ2

]]
.

(4.50)

In our choice of affine coordinates, these have taken the same form as the ξ̃(ρm) in (4.41).
The algebra of positive and negative helicity soft gluons can again be computed using the

Barnich–Troessaert bracket. We expect that the commutator [ξ(ρm),ϕ(χm′)]⋆ will result in
a negative helicity soft gluon ϕ([ρm,χm′ ]). Generalizing our abstract argument to this case
should be possible by introducing the radiative data for b. However, we will find it easier to
circumvent this issue by working with soft gluons satisfying the stronger condition (4.26), as
will be the case in section 5.1.

4.4. Corner charges

In the previous section, we defined large gauge symmetries as gauge transformations that viol-
ated the boundary conditions of the twistorial theory. They are nontrivial symmetries of the
theory, so they give rise to non-vanishing Noether charges. Such Noether charges may be con-
structed using the symplectic structure on the phase space of the twistorial theory, as outlined
in section 2.1.

As shown in (2.26), the Hamiltonians Hξ and H̃ϕ generating large gauge transformations
are integrals over the boundary of a chosen Cauchy surface. In this section, we will evaluate
them on a choice of Cauchy surfaces adapted to null infinity. To contrast themwith the celestial
charges, we will denote the resulting corner charges by Qξ and Q̃ϕ,

Qξ =
ˆ
∂Σ

D3Z∧Trξ b ,

Q̃ϕ =
ˆ
∂Σ

D3Z∧Trϕ∂ua .
(4.51)

In these expressions, Σ denotes the quantization ‘Cauchy’ surface in twistor space, and ∂Σ is
its boundary. The vector ℓ used to construct the negative helicity charges in (2.26) has been
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taken to be ℓ= ∂u. This will be the choice that helps us in expressing these charges in terms
of the negative helicity charge aspects.

In this section, we follow [29] in using the charge aspects to build corner charges obeying
conservation laws or flux-balance laws in Bondi time u. These may be thought of as generat-
ors of the S-algebra in a Carrollian dual to sdYM. In the next section, we will use the same
charge aspects to build conserved currents of a celestial dual. The charge aspects are the perfect
middlemen for relating the two approaches.

To construct corner charges, one needs to choose a Cauchy surface adapted to the Carrollian
picture. Such Cauchy surfaces can be found by remembering the projection p : PT→ IC
given by (u,q,z) 7→ (u,z). Real null infinity embeds into IC as the subset I = {u+ ū= 0}
on which u is pure imaginary14. So u is related to real Bondi time uB as u= iuB. To discuss
the translation of the phase space from twistor space to spacetime at I , a convenient choice
of codimension-1 hypersurface is Σ= {u=−ū}. This projects to a subset of real I under p.
The surface charges will then be integrated over the codimension-2 surfaces ∂Σ= {u=−ū=
constant}.

The holomorphic measure on twistor space is

D3Z= (du− qdz̄)∧ dz∧ dq . (4.52)

On a cut of constant of u, only the qdz∧ dz̄∧ dq factor need be kept. So, dropping normaliza-
tion factors, our surface charges take the form

Qξ (u) =
ˆ
P1

d2z
ˆ
Lu,z

qdq∧Trξ b ,

Q̃ϕ (u) =
ˆ
P1

d2z
ˆ
Lu,z

qdq∧Trϕ∂ua .
(4.53)

These are examples of the more general concept of corner charges.
Plugging in ξ =

∑
s⩾0 fξsf

−1qs and ϕ =
∑

s⩾0 fϕsf
−1qs, the charges Qξ and Q̃ϕ expand out

as

Qξ (u) =
ˆ
P1

d2z Tr
∞∑
s=0

ξsRs ,

Q̃ϕ (u) =
ˆ
P1

d2z Tr
∞∑
s=0

ϕsR̃s ,

(4.54)

where we invoked the definitions (2.63) of the charge aspects. The merit of expressing the
corner charges in this way is that they only include quantities like ξs, Rs, etc that live on null
infinity instead of twistor space. In practice, we determine the charge aspects and gauge para-
meters purely by solving the FPR recursion and dual recursion relations, which are purely
spacetime concepts and do not require twistor theory! This makes manifest the connection
with spacetime physics, albeit at the expense of needing to work in radiative gauge and losing
manifest invariance under SGTs.

We now show that when ξ and ϕ obey the dual recursion relations (4.35), these charges are
conserved in u,

∂uQξ = ∂uQ̃ϕ = 0 . (4.55)

14 This is a convention that arose from working with the incidence relations µα̇ = xαα̇λα, which are the convenient
choice for most purposes. Had we worked with the alternative incidence relations µα̇ = ixαα̇λα, real I would have
embedded as the set of real u.
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This will also require us to assume the absence of radiation R−1 and R̃−1.
We can compute the time derivative of Qξ with the help of the recursion (2.73) and the first

dual recursion in (4.35):

∂uQξ =

ˆ
P1

d2z Tr

( ∞∑
s=0

∂uξsRs+
∞∑
s=0

ξs ∂uRs

)

=−
ˆ
P1

d2z Tr

( ∞∑
s=0

Dz̄ξs+1Rs+
∞∑
s=0

ξsDz̄Rs−1

)

=−
ˆ
P1

d2z ∂z̄

(
Tr

∞∑
s=0

ξs+1Rs

)
−
ˆ
P1

d2z Tr ξ0Dz̄R−1 . (4.56)

Dropping the total derivative term gives an expression for the local flux,

Fξ ≡ ∂uQξ =

ˆ
P1

d2z TrR−1Dz̄ξ0 . (4.57)

As promised, this vanishes if we assume that R−1 = 0, which is the condition for the absence of
radiation. The flux (4.57) can also be directly compared to equation (17) of [65]. An identical
calculation also gives the negative helicity flux,

F̃ϕ ≡ ∂uQ̃ϕ =

ˆ
P1

d2z Tr R̃−1Dz̄ϕ0 . (4.58)

This vanishes when R̃−1 ≡ Ā= 0.
In conclusion, in self-dual gauge theory, we obtain positive helicity conserved quantities

Qξ if R−1 = 0. But generically the negative helicity charges Q̃ϕ fail to be conserved unless
one is in a trivial background Ā= 0. One way to obtain conserved quantities of both helicities
is to develop gauge parameters satisfying the additional constraint Dz̄ξ0 =Dz̄ϕ0 = 0. We will
do this in the celestial formalism in section 5.1.

Writing ξ(ρs) = f ξ̃(ρs) f−1 and ϕ(χs) = f ϕ̃(χs) f−1, we provided a basis of soft gluon gen-
erators in (4.41) and (4.50) in terms of functions ρs(z, z̄),χs(z, z̄) on the sphere satisfying the
wedge condition ∂s+1

z̄ ρs = ∂s+1
z̄ χs = 0. Using these, we can define a basis of Noether charges.

Soft gluons at order s⩾ 0 in the soft expansion give rise to the corner charge

Qs ≡ Qξ(ρs) , Q̃s ≡ Qϕ(χs) . (4.59)

We provide below some explicit expressions of positive helicity charges for the lowest spins:

Q0 (u) =
ˆ
P1

d2z Tr (ρ0R0)

Q1 (u) =
ˆ
P1

d2z Tr
(
ρ1R1 − u∂z̄ρ1R0 −

[
∂−1
u Ā,ρ1

]
R0
)

Q2 (u) =
ˆ
P1

d2z Tr

(
ρ2R2 − u∂z̄ρ2R1 +

u2

2
∂2
z̄ ρ2R0 −

[
∂−1
u Ā,ρ2

]
R1

+∂z̄
[
∂−2
u Ā,ρ2

]
R0 +

[
∂−1
u

(
uĀ
)
,∂z̄ρ2

]
R0 + ∂−1

u

[
Ā,
[
∂−1
u Ā,ρ2

]]
R0
)
. (4.60)

These can be tested by verifying (4.57) by brute force. These expressions also match with
equation (109) of [30]. The corresponding negative helicity charges take a similar form,
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Q̃0 (u) =
ˆ
P1

d2z Tr
(
χ0R̃0

)
Q̃1 (u) =

ˆ
P1

d2z Tr
(
χ1R̃1 − u∂z̄χ1R̃0 −

[
∂−1
u Ā,χ1

]
R̃0

)
Q̃2 (u) =

ˆ
P1

d2z Tr

(
χ2R̃2 − u∂z̄χ2R̃1 +

u2

2
∂2
z̄χ2R̃0 −

[
∂−1
u Ā,χ2

]
R̃1

+∂z̄
[
∂−2
u Ā,χ2

]
R̃0 +

[
∂−1
u

(
uĀ
)
,∂z̄χ2

]
R̃0 + ∂−1

u

[
Ā,
[
∂−1
u Ā,χ2

]]
R̃0

)
. (4.61)

Higher-order charges can be obtained in a similar fashion.

4.5. Celestial currents

The construction of S-algebra currents in celestial CFT follows the same pattern as the corner
charge construction. The only change in perspective that the reader needs to make is a change
of Cauchy surface.

As discussed at the beginning of section (4.2), the natural Cauchy surface pertinent to celes-
tial holography is the surfaceΣ= {|z|= constant}, where z= λ1/λ0 is an affine coordinate on
the base of the fibration PT→ P1. Essentially, celestial CFT lives on the P1 base, and radial
evolution in z along P1 coincides with evolution along these Cauchy surfaces in PT. In this
way, bulk and boundary ‘times’ get identified.

The boundary ofΣ is the surface ∂Σ= {|u|= 1/ϵ}∩ {|z|= constant} in the limit as ϵ→ 0.
This is because the boundary of twistor space is located at u→∞ (see equation (4.12)). An
integral over ∂Σ contains a contour integral capturing the poles around u=∞, as well as
a contour integral around z= 0 (or z=∞) capturing modes of a loop algebra. The contour
integral around u=∞ may also be understood as an integral along the null generators of real
I when the integrands obey appropriate boundary conditions; see for instance [48].

Using the same holomorphic measure (4.52) as before, we obtain the expressions

Hξ =
˛
z=0

dz
˛
u=∞

du
ˆ
Lu,z

dq∧Trξ b ,

H̃ϕ =
˛
z=0

dz
˛
u=∞

du
ˆ
Lu,z

dq∧Trϕ∂ua ,
(4.62)

for the associated Noether charges. The contour integrals over z are clearly picking out modes
of the ‘2d operators’ defined by

Jξ (z) =
˛
u=∞

du
ˆ
Lu,z

dq∧Trξ b ,

J̃ϕ (z) =
˛
u=∞

du
ˆ
Lu,z

dq∧Trϕ∂ua .
(4.63)

These are abstract versions of the S-algebra currents of celestial CFT. They are the celestial
counterparts of the corner charges Qξ, Q̃ϕ that were conserved under evolution in u.
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Plugging either ξ =
∑

s⩾0 fξsf
−1qs or ϕ =

∑
s⩾0 fϕsf

−1qs into the definitions (4.63) yields

Jξ (z) =
˛
u=∞

du Tr
∞∑
s=0

ξsRs−1 ,

J̃ϕ (z) =
˛
u=∞

du Tr
∞∑
s=0

ϕsR̃s−1 .

(4.64)

The contour integral over u is well-defined because all the quantities ξs and Rs are holomorphic
in u. Quite beautifully, we find that the charge aspects Rs that were used to construct corner
charges—along with their negative helicity counterparts R̃s—also end up being the building
blocks of celestial currents.

Next let us study the conditions under which these currents behave as chiral currents of
a 2d CFT. As always, we start with the positive helicity currents Jξ. Now we can use the
recursions (2.64) and dual recursions (4.35) in reverse to compute

∂z̄Jξ =

˛
u=∞

du Tr

( ∞∑
s=0

Dz̄ξsRs−1 +
∞∑
s=0

ξsDz̄Rs−1

)

=

˛
u=∞

du Tr

(
Dz̄ξ0R−1 −

∞∑
s=1

∂uξs−1Rs−1 −
∞∑
s=0

ξs ∂uRs

)

=

˛
u=∞

du TrR−1Dz̄ξ0 −
˛
u=∞

du ∂u

(
Tr

∞∑
s=0

ξsRs

)
. (4.65)

This holds away from z= 0,∞ where the large gauge parameters were allowed to be sin-
gular. Dropping the total u-derivative term, we find that

∂z̄Jξ =

˛
u=∞

du TrR−1Dz̄ξ0 . (4.66)

An analogous calculation also gives

∂z̄J̃ϕ =

˛
u=∞

du Tr R̃−1Dz̄ϕ0 (4.67)

for the negative helicity charges.
Once again, we obtain the conservation laws

∂z̄Jξ = ∂z̄J̃ϕ = 0 (4.68)

if either the radiative data R−1 and R̃−1 vanish, or if ξ0 and ϕ0 obey the extra constraints
Dz̄ξ0 =Dz̄ϕ0 = 0. This mirrors the structure of the corner charge fluxes (4.57) and (4.58),
whose vanishing was also subject to the vanishing of radiation.

As for the corner charges (4.59), we can define a basis of soft gluon celestial currents graded
by the order of softness s,

Js ≡ Jξ(ρs) , J̃s ≡ J̃χ(ρs) . (4.69)
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A more standard basis of modes may be found by using the basis of generators given in (4.47)
and (4.49),

Jar [k, l]≡
˛
z=0

dz Jξak,l,r (z) ,

J̃ar [k, l]≡
˛
z=0

dz Jϕak,l,r (z) .
(4.70)

The explicit expressions of Js at leading, subleading and subsubleading orders are

J0 (z) =
˛
u=∞

du Tr (ρ0R−1)

J1 (z) =
˛
u=∞

du Tr
(
ρ1R0 − u∂z̄ρ1R−1 −

[
∂−1
u Ā,ρ1

]
R−1

)
J2 (z) =

˛
u=∞

du Tr

(
ρ2R1 − u∂z̄ρ2R0 +

u2

2
∂2
z̄ ρ2R−1 −

[
∂−1
u Ā,ρ2

]
R0

+∂z̄
[
∂−2
u Ā,ρ2

]
R−1 +

[
∂−1
u

(
uĀ
)
,∂z̄ρ2

]
R−1 + ∂−1

u

[
Ā,
[
∂−1
u Ā,ρ2

]]
R−1

)
. (4.71)

And the corresponding negative helicity currents are found to be

J̃0 (z) =
˛
u=∞

du Tr
(
χ0R̃−1

)
J̃1 (z) =

˛
u=∞

du Tr
(
χ1R̃0 − u∂z̄χ1R̃−1 −

[
∂−1
u Ā,χ1

]
R̃−1

)
J̃2 (z) =

˛
u=∞

du Tr

(
χ2R̃1 − u∂z̄χ2R̃0 +

u2

2
∂2
z̄χ2R̃−1 −

[
∂−1
u Ā,χ2

]
R̃0

+∂z̄
[
∂−2
u Ā,χ2

]
R̃−1 +

[
∂−1
u

(
uĀ
)
,∂z̄χ2

]
R̃−1 + ∂−1

u

[
Ā,
[
∂−1
u Ā,χ2

]]
R̃−1

)
.

(4.72)

Their integrands are basically the same as those of the corner charges (4.60) and (4.61), except
that every Rs or R̃s is replaced by Rs−1 or R̃s−1 respectively. Notably, the lowest aspects
R−1, R̃−1 never make an explicit appearance in the corner charges, but do show up in the
celestial currents.

Until now, the gauge parameters used have been those that satisfy (4.36), which give celes-
tial currents that are conserved only in the absence of radiation. We can instead solve (4.26),
which will give currents that are conserved even in the presence of radiation. One formal way
to do this is to use the frame U of the Yang–Mills bundle at I that satisfies (3.36).

We can formally solve (4.26) by dressing the linear results

ξk,l = (u− z̄q)k qlf Uρ(z) U−1f−1 ,

ϕk,l = (u− z̄q)k qlfUχ(z) U−1f−1 .
(4.73)

Using the Cauchy kernel on C, we can write the generators as an infinite sum of integrals

ξk,l = (u− z̄q)k qlf

[
ρ(z)+

∞∑
n=1

(−1)n
ˆ
Cn

d2zn · · ·d2z1
(zn− zn−1) · · ·(z1 − z)

E1 · · ·Enρ(z)

]
f−1 , (4.74)

where we have introduced the operator En = q∂u+ [Ā(u,zn, z̄n),−].
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The corresponding Noether currents take the form

Jξk,l (z) =
˛
u=∞

du
ˆ
Lu,z

dq (u− qz̄)k qlTr
(
UρU−1f−1bf

)
,

J̃ϕk,l (z) =
˛
u=∞

du
ˆ
Lu,z

dq (u− qz̄)k qlTr
(
UχU−1f−1∂uaf

)
.

(4.75)

We may again express these charges in terms of the charge aspects by expanding U in a power
series in q around q= 0. An example of a subleading soft gluon current constructed in this way
is given by

J̃ [0,1] =
˛
u=∞

du Tr

(
χ R̃0 −

∞∑
n=0

(−1)n
[
∂nu∂

−(n+1)
z̄ Āχ

]
R̃n

)
. (4.76)

As such expansions seem somewhat unilluminating, we will prefer not to do this in general.
Instead, in the next section, we will provide a more direct technique to construct soft gluons
obeying D̄ξ = D̄ϕ = 0, inspired from Burns holography [44]. The resulting celestial currents
will not contain any frames and will be much more explicitly expressible in terms of a,b.

5. The extrapolate dictionary

In previous sections, we presented Noether charges of the S-algebra in terms of charge aspects
adapted to radiative gauge. But large gauge charges should be invariant under SGTs. In this
section, we improve upon the charge aspect formulation by describing a scheme to build mani-
festly gauge-invariant expressions for celestial currents of the S-algebra. This procedure was
carried out in linear theory (in a 4d WZW model of sdYM) in [44], and we extend it to non-
linear theory in what follows.

As opposed to the previous sections, we also choose to work with soft gluons obeying the
extra constraint (4.34). This will ensure that the resulting S-algebra currents are conserved
in radial evolution even when the radiation is non-vanishing. Unfortunately, this might mean
that we are working in a slightly different basis of soft modes than FPR. Our bases of soft
modes coincide in a trivial background, and possibly only differ by field-dependent terms.
Furthermore, the field-dependent terms might be gauge equivalent, but only via large gauge
transformations that do not leave the charges invariant. We leave a detailed comparison to the
future.

In the subsequent section, we will study the effect of inserting these charges in the path
integral of sdYM. We will show that when computing form factors, inserting a soft charge
supported at µα̇ →∞ is equivalent to inserting a soft current in the universal defect CFT
living on the line µα̇ = 0. This provides a precise relationship between our construction of
celestial charges and the Koszul duality approach of Costello and Paquette [6, 75, 76]. It is an
instantiation of the extrapolate dictionary.

5.1. Gauge invariant celestial currents

In section 4.1, we created the celestial sphere by blowing up twistor space along the line at
infinity λα = 0. The blowup was a subspace of P3

Z×P1
π cut out by 〈λπ〉= 0, where the P3

carried twistor coordinates ZA, and the auxiliary P1 carried homogeneous coordinates πα.
We defined a coordinate n ∈ C by solving 〈λπ〉= 0 as λα = nπα. The divisor E at n= 0 that
replaced the line at infinity was a copy of P1

µ×P1
π with independent homogeneous coordinates

µα̇ and πα.
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Celestial CFT lives on the P1
π factor of the boundary divisor E . So our gauge invariant

charges will be local operators on P1
π and will be integrated along P1

µ. To study these, it is
again useful to introduce a judicious choice of affine coordinates:

η =
π0

µ0̇
n , y=

µ1̇

µ0̇
, z=

π1

π0
. (5.1)

η now plays the role of the coordinate normal to the boundary divisor E ; whereas y and z are
affine coordinates on the µα̇ and πα spheres comprising E = P1

µ×P1
π . These coordinates are

written in the patch µ0̇ 6= 0 and π0 6= 0. They can be extended to other patches via the transition
functions

y 7→ 1
y

=⇒ η 7→ η

y
, z 7→ 1

z
=⇒ η 7→ zη (5.2)

and their combinations.
In these new coordinates, the volume form on PT reads

D3Z=
(
µ0̇
)4

d

(
λ0

µ0̇

)
∧ d

(
λ1

µ0̇

)
∧ d

(
µ1̇

µ0̇

)
= ηdη ∧ dz∧ dy ,

(5.3)

which is obtained by setting λα = nπα away from n= 0, and fixing the scales of ZA,πα by
setting µ0̇ = π0 = 1. As expected, it has a first-order zero at η= 0.

Away from λα = 0, these coordinates are related to our non-holomorphic affine coordinates
u,q,z by

η =
1

u− qz̄
, y=

q
u− qz̄

, (5.4)

as may be seen through the map (4.12). But as opposed to u,q,z, the new coordinates η,y,z
are genuine holomorphic coordinates on twistor space. This simplifies calculations on twistor
space, at the expense of complicating the transition to spacetime.

Away from η= 0, we expand the fields a,b as

a= az̄ dz̄+ aȳ dȳ+ aη̄ dη̄ ,

b=
1
η4

(bz̄ dz̄+ bȳ dȳ+ bη̄ dη̄) .
(5.5)

Their equations of motion are [D̄ı̄, D̄ȷ̄] = 0 and D̄[̄ıbȷ̄] = 0, where ı̄ now runs over {z̄, ȳ, η̄}, and
D̄ı̄ = ∂ı̄+ aı̄. We have extracted a factor of η−4 from the components of b. In this convention,
the components aı̄ and bı̄ appear on equal footing as they both vanish to first order at η= 0.
This incorporates our boundary conditions a∼ O(η) and b∼ O(η−3) as η→ 0.

Positive helicity currents. Once again, let us start by tackling the positive helicity case. Our
charges will be local in z, integrals over y ∈ P1, and placed at the boundary η= 0. The charge
associated to a gauge transformation ξ was

Hξ =

ˆ
∂Σ

D3Z∧Trξ b . (5.6)

Using the celestial Cauchy surfaces discussed in the last section, this reduces to

Hξ =

˛
z=0

dz
˛
η=0

dηη
ˆ
P1

dy∧Trξ b . (5.7)
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These Hamiltonians are modes of the positive helicity celestial currents

Jξ (z) =
˛
η=0

dη
η3

ˆ
P1

d2y Trξ bȳ , (5.8)

where d2y= dy∧ dȳ. Having plugged in b= η−4bȳdȳ+ · · · , the measure now exhibits a cubic
pole at η= 0. Large gauge transformations ξ will violate our boundary conditions and con-
tribute further poles at η= 0. Our boundary conditions demand that bȳ has a first-order zero
at η= 0, which is insufficient to cancel all poles in η. So the contour integral in η will be
non-vanishing in general.

Using the equations of motion, we can reduce the antiholomorphic derivative of Jξ to

∂z̄Jξ =

˛
η=0

dη
η3

ˆ
P1

d2y Tr(D̄z̄ξ bȳ− D̄ȳξ bz̄) . (5.9)

We would like this to vanish. So, away from the |in〉 and |out〉 vacua placed at z= 0,∞, we
impose holomorphicity

D̄ξ = 0 , (5.10)

i.e. D̄ı̄ξ = 0 for all ı̄. This also ensures that away from η= 0, the integrand of the η integral is
holomorphic in η,

∂η̄

ˆ
P1

dy∧Trξ b=
ˆ
P1

d2y Tr(D̄η̄ξ bȳ− D̄ȳξ bη̄) = 0 . (5.11)

Such holomorphicity is of course crucial for the η integral to be independent of the precise
contour of integration.

Next, we build an ansatz for ξ that can represent soft gluon modes. Since the integral over
y gives rise to a holomorphic function of η, we may as well expand ξ (and also bȳ) purely in η
but not η̄. Then we will solve for the coefficients in this expansion using a recursive technique
inspired from the construction of charge aspects.

In a trivial background, a soft gluon symmetry at order s ∈ Z⩾0 in the soft expansion is
generated by

ξ = η−s (1+ z̃y)s z−rta , (5.12)

where z̃ ∈ C is an auxiliary parameter that is not the complex conjugate of z. Expanding this
as a polynomial in z̃ gives

ξ =
∑
k+l=s

s!
k! l!

z̃l η−k−lylz−rta . (5.13)

The term η−k−lylz−rta is a soft gluon of order k, l as previously encountered in (4.15).
In a nontrivial background, this will receive corrections that are less singular in η. We may

study an ansatz of the form

ξ =
s∑

j=−1

η−jξj+O
(
η2
)
+ terms with η̄ , (5.14)

where the coefficients ξj only depend on y, ȳ and z, z̄. We have truncated the expansion in η
at first order in η. This is because terms of order η2 or higher would drop from the contour
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integral in (5.8). Plugging this expansion into (5.8) and performing the η integrals by picking
out Taylor coefficients of bȳ yields

Jξ (z) =
s∑

j=−1

1
( j+ 2)!

ˆ
P1

dy∧Tr ξj∂
j+2
η

(
η4b
)∣∣
η=0

, (5.15)

which we have reexpressed in terms of the differential form b. Since η4b∼ O(η), the η deriv-
atives are necessary for extracting a nonzero integrand at η= 0.

This is a slightly distinct idea from the expansion of ξ in the coordinate q employed in
section 4.3. The coordinate q is a coordinate on the lines of fixed u,z. The analog of q in our
analysis here is the coordinate y. To construct a gauge invariant version of FPR’s analysis, one
would instead choose to expand ξ in powers of y. However, an expansion in η is more natural
from the viewpoint of classifying large gauge transformations. E.g., truncating the expansion
at η−s tells us that we are dealing with a soft gluon symmetry that sits at order ωs in the soft
expansion of a gluon of energy ω on spacetime. It would also correspond to an expansion in u
around u=∞. A term at order η−s carries over to a soft mode of order us, which is overleading
on spacetime when s⩾ 0.

We now solve D̄ξ = 0 for the ξj. Due to integrability [D̄ı̄, D̄ȷ̄] = 0, it suffices to solve for ξ
using any one of the three conditions D̄ı̄ξ = 0. We choose to solve the ȳ equation

D̄ȳξ ≡ ∂ȳξ + [aȳ, ξ] = 0 . (5.16)

aȳ has a first-order zero at η= 0, so its expansion around η= 0 takes the form

aȳ =
∞∑
p=1

ηp

p!
∂pηaȳ

∣∣
η=0

+O(η̄) . (5.17)

Again, only the terms holomorphic in η enter the equations governing the coefficients ξj.
Plugging the expansions (5.14) and (5.17) into (5.16) gives us the recursion relation

∂ȳξj+

s−j∑
p=1

1
p!

[
∂pηaȳ

∣∣
η=0

, ξp+j

]
= 0 , −1⩽ j⩽ s . (5.18)

This is an analog of the FPR recursion where we have expanded the gauge parameter in η
instead of q.

Given the coefficient of the leading singularity η−s,

ξs = (1+ z̃y)s z−rta , (5.19)

obeying ∂ȳξs = 0, the recursion can be solved by iteratively inverting ∂ȳ on the y-sphere at
η= 0 and fixed z. To take into account the spins of ξj under y 7→ 1/y, it is convenient to work
with the quantities

ξ̂j = (1+ z̃y)−j−1
ξj , −1⩽ j⩽ s , (5.20)

that transform as sections of O(−1) under y 7→ 1/y, i.e. carry spin 1/2 under conformal trans-
formations of the y-sphere. In terms of the ξ̂j, the recursion (5.18) reduces to

∂ȳξ̂j+

s−j∑
p=1

(1+ z̃y)p

p!

[
∂pηaȳ

∣∣
η=0

, ξ̂p+j

]
= 0 . (5.21)

This is useful because ∂ȳ can be inverted on spin 1/2 quantities without any integration
constants.
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Define the operators

σ̂p :=−∂−1
ȳ ◦ (1+ z̃y)p

p!
ad
(
∂pηaȳ

∣∣
η=0

)
, (5.22)

where ad denotes the adjoint action on g, i.e. ad(X)Y= [X,Y] for X,Y ∈ g. Then the solution
of (5.21) is given by

ξ̂j =

s−j∑
p=1

∑
q1⩾1

· · ·
∑
qp⩾1

δq1+···+qp, s−j σ̂q1 · · · σ̂qp ξ̂s , −1⩽ j⩽ s− 1 . (5.23)

From this, we obtain a soft gluon symmetry generator that we will refer to as ξar [s],

ξar [s] = η−sz−r (1+ z̃y)s ta−
s+1∑
j=1

1
j!
ηj−sz−r (1+ z̃y)s−j+1

2π i

ˆ
P1

d2y ′

y− y ′
(1+ z̃y ′)

j−1

×
[
∂jηaȳ ′

∣∣
η=0

, ta
]
+O

(
a2
)
. (5.24)

Here we have displayed terms of up to linear order in a. The associated positive helicity soft
gluon will be given by δa= D̄ξ, which will be supported purely at z= 0,∞ due to the poles
in z−r.

The wedge condition says that s⩾ 0. In the wedge, we define a basis of S-algebra currents
J[s](z, z̃) by setting

Ja [s] (z, z̃) = Jξar=0[s]
. (5.25)

Setting r= 0 here is just a convenient abbreviation for stripping off the factor of z−r from ξar [s]
whose only role is to pick out a mode of the associated current under the contour integral in
z. Putting together (5.15) and (5.23), we can write out the first few terms in an expansion of
these basis currents graded by the number of fields occurring in each term,

J [s] (z, z̃) =
ˆ
P1

d2y
(1+ z̃y)s

(s+ 2)!
∂s+2
η bȳ

∣∣∣
η=0

+
1

2π i

ˆ
(P1)2

d2yd2y ′

y− y ′

s+1∑
j=1

(1+ z̃y)s−j+1

(s− j+ 2)!
(1+ z̃y ′)j−1

j!

×
[
∂jηaȳ ′ ,∂

s−j+2
η bȳ

]∣∣∣
η=0

+O
(
a2b
)
,

(5.26)

where color indices have been suppressed, and all integrals on the right-hand side are evaluated
at a fixed value of z and at the boundary divisor η= 0. An expansion in z̃ gives

J [s] (z, z̃) =
∑
k+l=s

s!
k! l!

z̃lJ [k, l] (z) , (5.27)

where J[k, l](z) are the basis currents

J [k, l] (z) =
1

(k+ l+ 2)!

ˆ
P1

d2y yl ∂k+l+2
η bȳ

∣∣
η=0

+O(ab) . (5.28)

By construction, one concludes conservation: ∂z̄J[s](z, z̃) = 0 as well as ∂z̄J[k, l](z) = 0.
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The first term in our formula (5.26) for J[s] is linear in the fields, so it gets identified as the
soft charge. Note that its integrand has no hidden poles at y=∞ because under y 7→ 1/y, we
also send η 7→ η/y. So

dy (1+ z̃y)s ∂s+2
η 7→ −y−2dy · y−s (y+ z̃)s · ys+2∂s+2

η

=−dy (y+ z̃)s ∂s+2
η

(5.29)

which has no pole at y= 0. The second term is quadratic in fields and acts as the hard
charge. Again, it may be checked that its summands encounter no poles at y=−z̃−1,∞ or
y ′ =−z̃−1,∞ precisely in the summation range 1⩽ j⩽ s+ 1. There also appear cubic and
higher order terms starting from subleading soft gluons at s= 1. They can be systematically
computed using our solution (5.23) for the large gauge generator. Due to the boundary condi-
tions on a,b, the expansion of J[s] will truncate at O(as+1b).

Invariance of (5.26) under SGTs is guaranteed because we constructed it from a mani-
festly gauge invariant definition of the Noether charge and never picked a gauge. It can also be
tested directly by varying δbȳ = [bȳ, ξ ′] + ∂ȳϕ

′ + [aȳ,ϕ ′] and δaȳ = ∂ȳξ
′ + [aȳ, ξ ′], and assum-

ing that ξ ′,ϕ ′ ∼ O(η) as η→ 0. When attempting this, one observes telescopic cancellations:
the variation of the linear term is canceled by part of a variation of the quadratic term after an
integration by parts, and so on. Equivalently, demanding such a telescopic cancellation can be
used to bootstrap the higher order terms in (5.26).

Crucially, this proof of gauge invariance does not use the equations of motion, so we expect
these expressions to continue to provide gauge invariant boundary operators in the twistor
uplift of the non-self-dual theory [77] (at least at tree level). However, we expect their con-
servation ∂z̄J[k, l] = 0 to become anomalous beyond the self-dual sector. We provide a brief
discussion of this possibility in section 6.

Negative helicity currents. The negative helicity case is similar. We define the celestial
charges associated to negative helicity soft gluons as

H̃ϕ =

ˆ
∂Σ

D3Z∧Trϕη∂ηa , (5.30)

which are obtained from (2.26) by making the choice ℓ= η∂η
15. Substituting D3Z= ηdηdzdy

and stripping off the contour integral in z, we find that these are modes of the 2d currents

J̃ϕ (z) =
˛
η=0

dηη2
ˆ
P1

d2y Trϕ∂ηaȳ . (5.31)

For ϕ to be a large gauge transformation, it will have a fourth or higher order pole at η= 0.
This will ensure that the contour integral in η computes a nonzero residue.

Differentiating the equation of motion

∂z̄aȳ− ∂ȳaz̄+ [az̄,aȳ] = 0 (5.32)

with respect to η gives us an equation for ∂ηaȳ,

D̄z̄ (∂ηaȳ) = D̄ȳ (∂ηaz̄) . (5.33)

Using this, we can compute the z̄ derivative of J̃ϕ,

∂z̄J̃ϕ =

˛
η=0

dηη2
ˆ
P1

d2y Tr(D̄z̄ϕ∂ηaȳ− D̄ȳϕ∂ηaz̄) . (5.34)

15 We are using ℓ= η∂η instead of just ℓ= ∂η so that the currents we construct carry their expected conformal
weights from past literature like [44].
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Its vanishing imposes D̄z̄ϕ = D̄ȳϕ = 0. As with the previous case, holomorphicity of the integ-
rand of the η contour integral imposes D̄η̄ϕ = 0. So we find that J̃ϕ is a 2d chiral current when
the large gauge transformation ϕ satisfies

D̄ϕ = 0 (5.35)

away from z= 0,∞ and η= 0.
We may solve for ϕ from

D̄ȳϕ≡ ∂ȳϕ + [aȳ,ϕ] = 0 (5.36)

by plugging in an expansion for ϕ,

ϕ =
s∑

j=−1

η−4−jϕj+O
(
η−2
)
+ terms with η̄ , (5.37)

where we have again truncated the singularities in η at some highest order −4− s, s⩾ 0. For
the leading coefficient we take the trivial background solution

ϕs = (1+ z̃y)s z−rta (5.38)

which is holomorphic in y. For j⩽ s− 1, we again split the coefficients as

ϕj = (1+ z̃y)j+1
ϕ̂j , −1⩽ j⩽ s , (5.39)

where ϕ̂j are O(−1)-valued on the y-sphere.
When the dust settles, we find the conserved charges

J̃ϕ (z) =
s∑

j=−1

1
( j+ 1)!

ˆ
P1

dy∧Tr ϕj∂
j+2
η a

∣∣
η=0

, (5.40)

and the coefficients of the negative helicity soft gluon symmetry generator,

ϕ̂j =

s−j∑
p=1

∑
q1⩾1

· · ·
∑
qp⩾1

δq1+···+qp, s−j σ̂q1 · · · σ̂qp ϕ̂s , −1⩽ j⩽ s− 1 . (5.41)

The operators σ̂qi occurring here are the same ones defined in (5.22).
Let us write this out more explicitly up to quadratic order in the fields. The z−r factor can

be dropped when stripping the contour integral over z, as its only job is to extract a mode.
Doing this, we land on a basis of currents generating negative helicity soft gluon symmetries
in sdYM,

J̃ [s] (z, z̃) =
ˆ
P1

d2y
(1+ z̃y)s

(s+ 1)!
∂s+2
η aȳ

∣∣∣
η=0

+
1

2π i

ˆ
(P1)2

d2yd2y ′

y− y ′

s+1∑
j=1

(1+ z̃y)s−j+1

(s− j+ 1)!
(1+ z̃y ′)j−1

( j− 1)!

×
[
∂jηaȳ ′ ,∂

s−j+2
η aȳ

]∣∣∣
η=0

+O
(
a3
)
.

(5.42)
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This expression can be tested or even bootstrapped at higher orders in a by demanding invari-
ance under δaȳ = ∂ȳξ

′ + [aȳ, ξ ′] for ξ ′ vanishing to first order at η= 0. It can also be expanded
in z̃ to obtain the basis currents J̃[k, l](z),

J̃ [s] (z, z̃) =
∑
k+l=s

s!
k! l!

z̃lJ̃ [k, l] (z) . (5.43)

We explicitly find (cf equation (6.7) of [44])

J̃ [k, l] (z) =
1

(k+ l+ 1)!

ˆ
P1

d2y yl ∂k+l+2
η aȳ

∣∣
η=0

+O
(
a2
)
. (5.44)

The obey the conservation laws ∂z̄J̃[s](z, z̃) = 0 along with ∂z̄J̃[k, l](z) = 0.

Recovering the S-algebra. In (4.30), we saw that the algebra of large gauge generators sat-
isfying D̄ξ = D̄ϕ = 0 closes. In this section, we solved for soft gluons in a nontrivial back-
ground field a. The soft gluon generators associated to modes of the currents Ja[k, l] and J̃a[k, l]
obtained in (5.28) and (5.44) took the form of flat space soft gluons corrected order-by-order
with terms that are less singular near the boundary of twistor space,

ξak,l,r = η−k−lylz−rta+O
(
η1−k−l

)
,

ϕak,l,r = η−k−lylz−rta+O
(
η1−k−l

)
.

(5.45)

Starting with the leading singularities in η displayed here, we were able to uniquely fix the
relevant subleading terms in η by solving D̄ȳξ = D̄ȳϕ = 0.

Consider the positive helicity gauge transformations. The algebra of their basis generators
takes the form[

ξak,l,r, ξ
b
k′,l ′,r ′

]
⋆
= η−k−k ′−l−l ′yl+l

′
z−r−r ′ [ta, tb]+O

(
η1−k−k ′−l−l ′

)
, (5.46)

where we used the fact that the leading flat space soft gluons are field-independent. Since the
right-hand side has to satisfy D̄ȳ[ξ

a
k,l,r, ξ

b
k′,l ′,r ′ ]⋆ = 0, our recursive method of solving this PDE

ensures that it has to again be a soft gluon of the type ξck+k ′,l+l ′,r+r ′ . Thus, we conclude that
our soft gluons obey[

ξak,l,r, ξ
b
k′,l ′,r ′

]
⋆
= fabc ξ

c
k+k ′,l+l ′,r+r ′ . (5.47)

A similar uniqueness argument also yields the remaining entries of the algebra,[
ξak,l,r,ϕ

b
k′,l ′,r ′

]
⋆
= fabcϕ

c
k+k ′,l+l ′,r+r ′ ,[

ϕak,l,r,ϕ
b
k′,l ′,r ′

]
⋆
= 0 .

(5.48)

This ensures that the associated modes of our celestial currents will satisfy the S-algebra.

5.2. Source, response, and Koszul duality

In holography, at weak coupling in the bulk, states of the bulk theory that violate boundary
conditions occur in one-to-one correspondence with (gauge invariant) operators in the bound-
ary theory. In setting up the extrapolate dictionary, one takes such a bulk state and generates
a creation operator for it using the symplectic structure on the phase space of the bulk the-
ory. Such creation operators often localize to points on the boundary, so they provide bulk
proxies for the dual boundary operators. See e.g. [78] for an introduction to various operator
dictionaries in conventional holography.

We would like to realize this intuition in celestial holography, and twistor space provides
the perfect arena for it. As we are working bottom–up, we will attempt to make contact with
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the formalism of Costello and Paquette in [6], which will be adapted to Euclidean signature
flat space. They consider the question of computing the form factor of a gauge-invariant local
operator O(x) in sdYM via uplifting O(x) to twistor space. Their main result states that each
such spacetime operator O(x) can be realized as the path integral of a 2d chiral CFT living on
the twistor line Lx,

O(x) =
ˆ

Dψ e−S2d[ψ,a,b] , S2d =
ˆ
Lx

L2d . (5.49)

Here ψ collectively denotes the fields of the 2d CFT, and the action S2d is an integral of a
Lagrangian density over the twistor line Lx. Importantly, the 2d theory also contains couplings
of the 2d fields to the fields a,b of the twistor action (2.6).

Such a representation of O(x) constitutes a twistor uplift of O(x), for now the 2d theory
comes coupled to the 6d twistor action for sdYM. Let us denote the 6d twistor action as S6d,
and the 4d spacetime action of sdYM as S4d. Then Costello and Paquette argue the equivalence
of the path integrals

〈O(x)〉=
ˆ

DA DB e−S4d O(x) =
ˆ

Da Db Dψ e−S6d−S2d . (5.50)

Integrating out the 2d CFT reproduces the insertion of O(x), and compactifying on the twistor
lines reduces S6d to S4d, establishing the equivalence. In special cases, this idea already dates
back to [77], where such a 2d CFT uplifting TrB2(x) to PT was constructed. Further work on
finding explicit examples of such uplifts was carried out in [79]. The quantum extensions of
this idea also required certain 6d gauge anomalies to cancel, which needed the sdYM theory
to be coupled to finely tuned matter content [43, 80–84].

The 2dCFT representing a givenO(x) may not be unique. But all such CFTs for all operators
O(x) share some universal features. Assuming appropriate anomaly cancellations, the matter
content of all such CFTs sits in representations of the universal S-algebra,

Ja [k, l] (z) Jb [m,n] (0)∼ fabc
z

Jc [k+m, l+ n] (0) ,

Ja [k, l] (z) J̃
b
[m,n] (0)∼ fabc

z
J̃
c
[k+m, l+ n] (0) ,

J̃
a
[k, l] (z) J̃

b
[m,n] (0)∼ 0 ,

(5.51)

where we have written out the tree-level OPEs. I.e., in each 2d theory, we can build a set of
chiral currents J[k, l] and J̃[k, l] obeying these OPEs. One says that the universal defect CFT
living on the line Lx is the vertex algebra (5.51) generated by J[k, l] and J̃[k, l]. And any specific
2d CFT uplifting a particular operator O(x) is said to furnish a conformal block for this vertex
algebra.

The second universal feature is that the couplings of the 2d fields and the 6d fields always
takes a universal form. Introduce another set of affine coordinates on PT,

z=
λ1

λ0
, vα̇ =

µα̇

λ0
=

(
1
η
,
y
η

)
. (5.52)

Then we can always split the 2d action into a term that does not contain the bulk fields a,b,
and a pair of universal couplings between a,b and J[k, l](z), J̃[k, l](z),

S2d [ψ,a,b] = S(0)2d [ψ] +
∑
k,l⩾0

1
k! l!

ˆ
Lx

dzJ [k, l] ∂k
0̇
∂l
1̇
a+

∑
k,l⩾0

1
k! l!

ˆ
Lx

dz J̃ [k, l] ∂k
0̇
∂l
1̇
b , (5.53)
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where ∂α̇ ≡ ∂/∂vα̇, and color index contractions are suppressed. The positive helicity currents
J[k, l] couple to derivatives of a normal to Lx, and the negative helicity currents J̃[k, l] couple to
normal derivatives of b. The OPEs (5.51) can be bootstrapped by demanding gauge invariance
of these couplings. This is a physical application of the idea of Koszul duality; see [75, 76] for
helpful reviews.

Due to the universal nature of these couplings, not only the 1-point function of O(x) but
also the form factors of O(x) in the presence of scattering states can be computed uniformly.
Consider the form factor of O(x) in the presence of a collection of scattering states δbj, j =
1, . . . ,p, and δai, i = p+ 1, . . . ,n16. In a background a,b, the states satisfy the linearized field
equations D̄δai = D̄δbj = 0. Define the currents

Ji =
∑
k,l⩾0

1
k! l!

ˆ
Lx

dzJ [k, l] ∂k
0̇
∂l
1̇
δai ,

J̃j =
∑
k,l⩾0

1
k! l!

ˆ
Lx

dz J̃ [k, l] ∂k
0̇
∂l
1̇
∂η (ηδbj) .

(5.54)

Then the form factor F [O] of O(x) in the presence of these scattering states is computed by a
correlation function of these 2d currents

F [O] = 〈O(x) | J̃1 · · · J̃p Jp+1 · · ·Jn〉

≡
ˆ

Da Db Dψ e−S6d−S2d J̃1 · · · J̃p Jp+1 · · ·Jn .
(5.55)

The notation 〈O(x)| indicates that we should use the 2d CFT associated to the operator O(x)
for this computation.

A scattering state in our context is also an example of a boundary-condition-violating state.
So an independent definition of such form factors can be framed in terms of the extrapolate
dictionary. For each scattering state, we can introduce the creation operators

Ji =
ˆ
Σ

D3Z∧Trb∧ δai ,

J̃j =
ˆ
Σ

D3Z∧Trδbj ∧ η∂ηa ,
(5.56)

whereΣ is the celestial Cauchy surface defined as the preimage of |z|= 1 under the projection
PT→ P1. Scattering states can be decomposed in a basis comprised of soft gluon states (albeit
possibly involving infinite sums). For example, we could set δai = D̄ξi and δbj = D̄ϕj. In that
case, Ji and J̃j become the Noether charges that we associated to large gauge transformations
generated by ξi,ϕj in the previous section. Aswe saw in great detail, Ji and J̃j can be localized to
integrals over the boundary divisor of PT. So they may be thought of as proxies for operators
of a boundary CFT living near the line at infinity.

The standard prescription for the form factor of a spacetime operator O(x) would be to
compute the correlation function ofO(x) with the creation operators associated to the scattering
states,

F [O] = 〈O(x) J̃1 · · · J̃p Jp+1 · · ·Jn〉 . (5.57)

16 Not to be confused with the coordinate n used earlier.
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We would like to show that this equals the Costello-Paquette prescription (5.55). This would
relate the extrapolate dictionary to Koszul duality. This is useful because the Koszul dual-
ity approach gives the most efficient way of calculating such correlators, as witnessed in the
remarkable two-loop calculation in [81].

The first step is to write the creation operators (5.56) as integrals over all of twistor space.
Since Σ wraps the fibers of PT→ P1, we simply need to turn the contour integral over z to an
integral over all of z. This may be arranged as follows. As we are in flat space, we can always
work with states δai that have a delta function support at a specific z= zi, etc. The contour of
integration over z can be moved to a small contour surrounding z=∞, or to any other point
away from all the zi. Then using Stokes’ theorem in reverse, we obtain

Ji =
ˆ
PT

D3Z∧Tr D̄b∧ δai ,

J̃j =
ˆ
PT

D3Z∧Trδbj ∧ D̄(η∂ηa) ,
(5.58)

where the integrals overPT−{z=∞} have been extended to all ofPT using the fact that δai
or δbj have no support there.We have also used the linearized field equations D̄δai = D̄δbj = 0.

Next we can introduce a set of constant sources εi,εj to write (5.57) as

F [O] =
∂

∂ε1
· · · ∂

∂εn

ˆ
Da Db Dψ e−S6d−S2d+

∑
i εi Ji+

∑
j εj̃Jj
∣∣∣
εi=εj=0

. (5.59)

We have also replaced O(x) by its twistor uplift (5.49). Recall the structure of the 6d action,

S6d =
ˆ
PT

D3Z∧Trb∧ D̄2 , (5.60)

where D̄2 = ∂̄a+ 1
2 [a,a]. Performing the shifts

a 7→ a−
∑
i

εiδai , b 7→ b−
∑
j

εj∂η (ηδbj) (5.61)

of the path integration variables, and employing the linearized field equations, we find that

S6d −
∑
i

εi Ji −
∑
j

εjJ̃j 7→ S6d . (5.62)

Nonlinear terms in δai, δbj may be dropped by assuming that they are all proportional to delta
functions in z and thereby contain the same differential form dz̄, which wedges to zero when
multiplied by itself.

At the same time, because of the linear couplings to a and b present in (5.53), the 2d action
shifts by

S2d 7→ S2d −
∑
i

εiJi −
∑
j

εjJ̃j , (5.63)

where we recalled the structure of the currents (5.54) in the universal defect CFT. Performing
the εi derivatives then establishes the fundamental relation

〈O(x) J̃1 · · · J̃p Jp+1 · · ·Jn〉= 〈O(x) | J̃1 · · · J̃p Jp+1 · · ·Jn〉 . (5.64)

The correlator on the left is computed using the algebra of operators living at µα̇ →∞.
Whereas the correlator on the right is computed using the Koszul dual to the algebra of oper-
ators living at µα̇ = 0.
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In summary, adding the creation operators Ji, J̃j to the 6d action sources the equations of
motion near µα̇ =∞, and the linear theory states δai, δbj arise as the responses. These states
propagate to µα̇ = 0. And by means of the universal ‘open-closed couplings’ (5.53), they in
turn act as sources for the currents Ji, J̃j in the ‘D1 brane CFT’ S2d.

6. Discussion

In this paper, we have related three different approaches to the S-algebra: the perspectives
of twistors, spacetime, and holography. Noether’s theorem on twistor space forms a common
thread that connects all these approaches. It produces corner charges that are relevant to space-
time physics and Carrollian holography, as well as gives rise to 2d CFT currents relevant to
celestial holography. We conclude this analysis by providing some comments and directions
for future work.

Adding matter and gravity. Although we have focused on the Yang–Mills case, there will be
a very similar story for gravity, where the celestial symmetries form the LHam(C2) algebra.
The twistor space discussion in section 2 will be very similar in the gravity case extending
[13] where only the positive helicity charges were considered. This was because working in
radiative gauge from the start kills the negative helicity charge aspects. As we have seen in this
work, the way around this is to relax the gauge conditions considered in [13] by introducing
an analog of the frame f that maps the fields from a general gauge to radiative gauge. This
would allow one to find soft graviton charges of negative helicity.

We expect the full celestial algebra for self-dual gravity to be given by the semi-direct direct
sum between LHam(C2) and an abelian algebra generated by functions with homogeneity−6.
Similarly, the hierarchies discussed in section 3 will be very similar and the recursion relations
will be related to Bianchi identities on the Weyl tensor. Finally, the holography discussion in
section 4 can be also repeated for the gravitational case, where conservation of corner charges
and holomorphicity of celestial currents will be related to gravitational FPR recursion relations.
And as in section 5, one should be able generalize this construction to obtain soft graviton
charges that are manifestly invariant under (small) gauge transformations.

Many of these ideas can also be extended to Einstein-Yang–Mills theory along the lines of
the recent works [65, 85]. In that context, the S-algebra will provide amodule of the LHam(C2)
algebra. To this, one can also add matter sectors like fermions and axions. A carefully tuned
matter content is required in order to extend our results to the quantum level, see e.g. the
comprehensive works of [81, 82] for a list of possibilities in gauge theory, and also [86, 87]
for gravitational analogs. We anticipate that classical Ward identities such as ∂z̄J[k, l] = 0, etc
satisfied by our celestial currents will become anomalous at one-loop, and these anomalies
will be canceled by such additional matter content flowing in the loops.

Beyond self-duality. Another interesting avenue for future exploration is to go beyond the
self-dual sector. Although the S-algebra was defined by its action on the full Yang–Mills S-
matrix, one only expects the transformation group to act as Noether symmetries associated
with conservation laws in the self-dual sector. One expects the conservation laws associated to
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the S-algebra to be modified in full Yang–Mills, at least beyond the leading and subleading soft
gluon orders. With the techniques that we have developed in this paper, it becomes possible to
calculate this modification.

E.g., in equation (5.31), the celestial current associated to a negative helicity soft gluon
δb= D̄ϕ was found to be

J̃ϕ (z) =
˛
η=0

dηη2
ˆ
P1

dy∧Trϕ∂ηa (6.1)

in the affine coordinates (η,y,z) on twistor space introduced in (5.1). The parameter ϕ gener-
ated a soft gluon symmetry if D̄ϕ = 0 away from small neighborhoods of z= 0,∞ and η= 0.
Using this condition, we can evaluate the antiholomorphic derivative of J̃ϕ,

∂z̄J̃ϕ =

˛
η=0

dηη
ˆ
P1

dy∧Tr
(
ϕ∂z̄ ⌟∂ηD̄2

)
. (6.2)

In the classical self-dual theory, this vanished because of D̄2 = 0, leading to the Ward iden-
tity ∂z̄J̃ϕ = 0 and any associated soft theorems. However, when non-self-dual interactions are
turned on by adding a TrB2 interaction along the lines of [77], this zero curvature condition
gets deformed to

D̄2 = fBf−1
∣∣
0,2
, (6.3)

where the asd field strength B is pulled back from R4 to PT' R4 ×P1 and projected onto
(0, 2)-forms on PT.

As a result, the S-algebra currents are unlikely to be conserved in the non-self-dual theory.
Even if they continue to be conserved, their algebra should be deformed. At the level of amp-
litudes, this will become visible beyond the MHV sector. Unfortunately, beyond leading and
subleading orders that are governed by singular terms in BCFW recursion [88], directly work-
ing out the soft or collinear expansions of NkMHV amplitudes has so far been an unwieldy
task. In contrast, equation (6.2) should be valid when inserted in any tree-level amplitude.

We expect that further study of these obstructions will shed light on how the S-algebra
symmetries act beyond the self-dual sector. We hope to return to these questions in the future.
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