
Journal of Statistical Physics (2024) 191:55
https://doi.org/10.1007/s10955-024-03273-0

Random-Matrix Models of Monitored Quantum Circuits

Vir B. Bulchandani1,2 · S. L. Sondhi3 · J. T. Chalker3

Received: 17 January 2024 / Accepted: 15 April 2024 / Published online: 3 May 2024
© The Author(s) 2024

Abstract
We study the competition between Haar-random unitary dynamics and measurements for
unstructured systems of qubits. For projective measurements, we derive various properties
of the statistical ensemble of Kraus operators analytically, including the purification time
and the distribution of Born probabilities. The latter generalizes the Porter–Thomas distri-
bution for random unitary circuits to the monitored setting and is log-normal at long times.
We also consider weak measurements that interpolate between identity quantum channels
and projective measurements. In this setting, we derive an exactly solvable Fokker–Planck
equation for the joint distribution of singular values of Kraus operators, analogous to the
Dorokhov–Mello–Pereyra–Kumar (DMPK) equation modelling disordered quantum wires.
We expect that the statistical properties of Kraus operators we have established for these
simple systems will serve as a model for the entangling phase of monitored quantum systems
more generally.

Keywords Monitored quantum circuits · Measurement-induced phase transition ·
Random-matrix theory · DMPK equation

1 Introduction

If a quantum computer is subjected to excessive random noise, it will cease to provide an
advantage over classical devices. The resulting phase transition between “quantum” and
“classical” computational regimes was first clearly identified by Aharonov [1]. Recently, this
idea has enjoyed a resurgence in the context of the “measurement-induced phase transition”
(MIPT) arising in quantum circuits subjected to randommeasurements [2–6]. A well-studied
model that realizes this transition is a chain of L qubits acted upon by alternating unitary and
measurement layers, consisting of local unitary gates and a spatial density p > 0 of single-
qubit projective measurements respectively. Under such dynamics, mixed initial states will
undergo a process of “dynamical purification” whereby they tend to pure states at long times,
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with the Rényi entropy of the system density matrix decaying to zero along generic quantum
trajectories [7]. The characteristic timescale for this process to occur is called the purification
time, which we denote τP. For sufficiently small p, such systems realize an “entangling”
phase, for which τP is exponentially long in the system size, while for larger p, they realize
a “disentangling” phase, for which τP is independent of the system size. The two phases are
separated by a critical point p = pc at which τP ∼ L [7, 8].

A particularly simple model for such dynamical purification is given by the “monitored
Haar-random quantum dot”, whose time evolution consists of Haar-random unitaries on the
full L-qubit Hilbert space, i.e. unitary matrices drawn from the Haar measure onU (N )where
N = 2L , alternating with layers of independent single-qubit projective measurements on pL
of the qubits. Variants of this model were studied in Refs. [9–11]. These models realize only
the entangling phase of the conventional MIPT, with a “trivial” critical point at pc = 1.
Nevertheless, we show below that these models yield a plethora of new and exact results,
some of which should capture universal features of the entangling phase in spatially local
systems, though we will not explicitly consider spatially local systems in this paper.

We achieve this by applying a combination of ideas from random-matrix theory and disor-
der physics to analyze this problem, which differ from the field-theoretic replica methods that
have largely been the analytical tools of choice for analyzing monitored dynamical phases in
previous work [12]. This approach allows us to determine analytically the behaviour of vari-
ous physical quantities that were previouslymostly accessible by numerical simulations or by
heuristic arguments, including the purification time, the dynamics of Rényi entropies and the
distribution of Born probabilities.We also introduce an unstructuredmodel with near-identity
weakmeasurements that can be seen as amonitored analogue ofDysonBrownianmotion (see
Refs. [9, 11] for related constructions). The Fokker–Planck equation describing this model
in the continuous time limit turns out to coincide with a known solvable model of Calogero–
Sutherland type [13]. This exact solution grants us a thorough understanding of the dynamics
of the full set of singular values of Kraus operators along quantum trajectories, for all times.

Our perspective in this paper differs from most previous work on monitored quantum cir-
cuits in another important respect. Monitored dynamical phases and the transitions between
them are usually diagnosed by averaging physical quantities over ensembles of quantum tra-
jectories weighted by their Born probabilities, and themain objects of study are the numerical
values of these averages [12]. The quantities being averaged are furthermore usually nonlin-
ear functions of the density matrix on each quantum trajectory, leading to a “post-selection
barrier” that hinders direct comparison with experiments [14–16]. Post-selection and aver-
aging tend to be advocated on the grounds that they are indispensable for probing “typical”
quantum trajectories, which determine the monitored dynamical phase but are invisible at
the level of the conventional density matrix. In this paper, we instead study time evolution
along typical quantum trajectories directly (see also Refs. [8, 17]). Considering time evo-
lution along single trajectories in lieu of Born-rule averaging can be motivated by analogy
with the ergodic hypothesis in classical statistical physics, which similarly permits replacing
ensemble averaging in chaotic systems with time-averaging along individual phase-space
trajectories. However, in order to apply such reasoning to monitored quantum systems, we
must first understand the extent to which distinct quantum trajectories are statistically alike.
We must also understand the shape of the probability distributions that capture this statistical
similarity. The latter will depend on both time and on the specific system under consideration,
raising the question of how far such probability distributions reflect universal features of the
underlying dynamical phase. To our knowledge, these probability distributions have not been
studied in detail. Here, we derive them for monitored Haar-random quantum dots and return
to questions of universality in the conclusion.
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Thepaper is structured as follows.Wefirst consider projectivemeasurements and introduce
the statistical ensembles of Kraus operators that will be the central objects of study. We
present exact expressions for the Lyapunov spectrum of these Kraus operators, based on a
mapping to so-called “truncated unitary ensembles” in random matrix theory [18, 19], from
whichwe determine the purification time analytically.We then derive the exact distribution of
Born probabilities, and explain how this generalizes the so-called Porter–Thomas distribution
[20–22] for random unitary circuits to a two-parameter family of distributions determined by
both the measurement density p and the circuit depth t . Finally, we consider time evolution
starting from maximally mixed initial states, which clarifies earlier results [7, 10, 23] on the
time evolution of Rényi entropies as reflecting a crossover in time from a narrow Wigner-
semicircle-like to a broad (and to a first approximation log-normal) distribution of singular
values of Kraus operators.

We next turn to the weakly measured case, for which we derive a Dorokhov–Mello–
Pereyra–Kumar (DMPK)-like equation [24, 25] that captures the time evolution of the joint
distribution functionof singular values ofKraus operators. The resultingFokker–Planck equa-
tion is exactly solvable [13] in a manner analogous to the time-reversal-symmetry-breaking
case of the DMPK equation [26]. Using this exact solution, we demonstrate explicitly that
the joint distribution function of singular values exhibits a “semicircle-to-square” crossover
between log-GUE statistics and log-normal statistics as a function of time. This represents a
remarkably complete understanding of this model’s dynamics that corroborates our results on
projectivemeasurements.We conjecture that this behaviour is universal for entangling phases
of monitored quantum systems, in the same manner that random matrix theory captures the
spectral properties of generic closed quantum systems.

2 Projective Measurements

2.1 Kraus Operator Ensembles

Consider a quantum dot of L qubits, acted upon by pairs of alternating unitary and measure-
ment layers that together constitute individual time steps. Each unitary layer consists of a
Haar-random unitary operator acting on all L qubits and drawn from the Haar measure on
U (N ), where N = 2L throughout this paper. Each measurement layer comprises indepen-
dent, projective, single-qubit Ẑ measurements acting on a mean number of qubits pL per
layer,with 0 ≤ p ≤ 1. The specific spatial probability distribution of thesemeasurementswill
depend on the specificmodel of interest, to be fixed below. The difference between themodels
that we consider here and more standard [12] spatially local Haar random quantum circuits
is depicted schematically in Fig. 1. We denote the string of measurement outcomes in the j th
measurement layer bym j , and denote the measurement history of the whole circuit along a
given quantum trajectory by the tuplem = (m1,m2, . . . ,mt ).We denote the projection oper-
ator corresponding to projection onto the measurement outcomem j by P̂m j . In general, the

rank of P̂m j equals 2
L−|m j |, where |m j | denotes the number of measurements made at time j .

For a pure initial state |ψ(0)〉, the time-evolved state along a given quantum trajectorym
can be written as [12]

|ψ(t)〉 = K̂m(t)|ψ(0)〉/√p(m), (1)

where the Kraus operator

K̂m(t) = P̂mt Ût . . . P̂m1Û1 (2)
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Fig. 1 A schematic illustration of how the Haar-random monitored quantum circuits that we consider in this
work (right) differ from more standard spatially local examples (left). The legs at the bottom of each picture
correspond to individual qubits, blue rectangles depict Haar random unitary gates acting on the Hilbert space
of the incoming legs, and red dots indicate single-qubit projective measurements (Color figure online)

and the Born probability of the string of measurement outcomesm is given by

p(m) = 〈ψ(0)|K̂m(t)† K̂m(t)|ψ(0)〉. (3)

This can be generalized to arbitrary initial density matrices ρ̂(0), whose time evolution
under this dynamics is given by

ρ̂(t) =
∑

m

K̂m(t)ρ̂(0)K̂ †
m(t). (4)

Where applicable, we make the choice [7] to unravel this evolution as an ensemble of single-
trajectory density matrices

ρ̂m(t) = K̂m(t)ρ̂(0)K̂ †
m(t)

p(m)
(5)

drawn with probabilities p(m) = Tr[K̂m(t)ρ̂(0)K̂ †
m(t)]. We refer to the review article Ref.

[12] for a more detailed discussion of Kraus operators for monitored quantum circuits. When
considering mixed initial states, for simplicity we will always restrict our attention to the
maximally mixed initial state

ρ̂(0) = 1

2L
1, (6)

for which

ρ̂m(t) = K̂m(t)K̂ †
m(t)

Tr[K̂m(t)K̂ †
m(t)] (7)

along each quantum trajectory.
The basic quantity of interest in this work is the statistical ensemble of Kraus opera-

tors {K̂m}, defined in general by first sampling over the Haar measure, then sampling over
measurement locations and finally sampling over measurement outcomes. Since we will be
focusing on Haar random unstructured systems, the latter average will mostly be redundant,
and expectation values E will always denote expectation values along a fixed quantum tra-
jectory with respect to the Haar measure on each unitary layer unless specified otherwise.
Thus we do not explicitly consider Born-rule averaged quantities in this work, although we
address the distribution of Born probabilities with respect to the Haar measure in Sect. 2.5.
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The main tool at our disposal for studying the ensemble of Kraus operators K̂m will be
their singular value decomposition,

K̂m(t) = V̂t D̂t Ŵ
†
t (8)

where we write D̂t = diag(σ1(t), . . . , σN (t)), with the convention that σ1(t) ≥ · · · ≥
σN (t) ≥ 0. We emphasize that the matrices of singular vectors V̂t , Ŵt and the singular
values σn(t) are random variables that depend sensitively on the circuit realization, and
suppress the measurement history in Eq. (8) for notational convenience.

2.2 Rank Collapse and Dynamical Purification

Because the Kraus operators above generically include projective measurements, their rank
r(t) = rk[K̂m(t)] is a random variable that does not increase in time and σn(t) = 0 for n >

r(t). The decay of the rank defines a “rank-collapse time”, given by the mean stopping time

τR.C. = E[min {t : r(t) = 1}], (9)

which is infinite if the rank does not decay.
In general, the singular valuesσn(t)will decay in an average sense as t → ∞; in particular,

the Oseledets ergodic theorem [27] guarantees the existence of Lyapunov exponents

λn = lim
t→∞

log σn(t)

t
(10)

with probability one, provided that n ≤ r(t) with probability one for all time. To see the
physical meaning of the first few singular values and their Lyapunov exponents, suppose that
λ2 is defined and consider time evolution from a maximally mixed state, as in Eq. (7). Then

K̂m(t)K̂m(t)† ∼ σ 2
1 (t)v1v

†
1 + σ 2

2 (t)v2v
†
2, t → ∞, (11)

where vn denotes the nth column of V̂t in Eq. (8). Thus the Born probability

p(m) ∼ 1

N
σ 2
1 (t), t → ∞, (12)

decays at a rate τ−1 = 2λ1 [8], while the trajectory density matrix

ρ̂m(t) ∼ v1v
†
1 +

(
σ 2
2 (t)

σ 2
1 (t)

)

v2v
†
2, t → ∞. (13)

It is clear that the decay of the ratio

ν(t) = σ 2
2 (t)

σ 2
1 (t)

(14)

determines the rate of convergence of ρ̂m(t) to a pure state. We thus define the “purification
time” τP by

τ−1
P = lim

t→∞
−E[log ν(t)]

t
= 2(λ1 − λ2). (15)

For more general initial states, such as pure states, τ−1
P is properly thought of as the expected

rate of convergence of the trajectory density matrix to a rank-one projection along the ran-
dom singular vector v1. The specific distribution of v1 will depend on the specific model
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and monitored dynamical phase under consideration. Thus a more general perspective on
the purification time τP is that it defines the timescale on which a monitored quantum sys-
tem “forgets” its initial state [9] and begins to reveal universal properties of its monitored
dynamical phase. We return to this point in the conclusion.

The above discussion reveals that there are two important timescales that determine the
fate of the monitored quantum dot (and indeed arbitrary projectively measured quantum
circuits) at asymptotically long times, namely the rank-collapse time and the purifica-
tion time. However, these two timescales are in tension, because standard results [27, 28]
on the existence of Lyapunov exponents λn for n > 1 require that σn(t) is generically
non-zero for all time. Thus in order to define the purification time or higher Lyapunov
exponents rigorously, we require that τR.C. = ∞. This is not the case for the standard for-
mulation of monitored random circuits, according to which measurements are performed
randomly and independently at every site [2] leading to rank collapse in finite time. Pre-
vious work on models with rank collapse implicitly assumes a parametric separation of
scales

τP 	 τR.C. (16)

in L , and then estimates τP numerically by simulating the system for times much
shorter than τR.C. (see [8]). The downside of this approach is that there is an inher-
ent “fuzziness” in the definition of τP on the order of inevitable statistical fluctuations
1/

√
τR.C. induced by rank collapse. While this is mostly a mathematical subtlety when

it comes to estimating the purification time numerically (since for the canonical spa-
tially local model τR.C. ∼ 1/(2p)L � 1 by a mapping to bond percolation [4]),
it becomes a serious obstacle even for numerical estimates of higher Lyapunov expo-
nents λn with n > 2, which succumb to rank reduction at much earlier times than
τR.C..

We resolve this subtlety for monitored quantum dots by noting that the timescales τR.C.

and τP naturally pertain to two distinct microscopic models, with and without rank collapse
respectively, forwhich the separation of scales Eq. (16) can be proved analytically as L → ∞.
This then justifies attempting to estimate τP numerically in the model with rank collapse.
These models, which we refer to as “Model I” and “Model II” respectively, differ only in the
spatial distribution of measurements in each measurement layer and are defined as follows.

For Model I, the measurements in each measurement layer are performed randomly and
independently at each qubit with probability p, as for the standard formulation of the MIPT
[2]. Then the number of measurements in each layer fluctuates and rank collapse occurs when
all the qubits in a given layer are measured, which occurs with probability pL . For Model
II, we perform a fixed number of measurements pL ∈ {0, 1, . . . , L} per layer. Note that for
the monitored quantum dots under consideration in this paper, the specific location of these
measurements does not matter, by Haar randomness of the unitary layers.

For both models, we can determine the rank-collapse time in finite systems analytically,
in contrast to the situation for spatially local models, for which closed forms are not easily
obtained (even if the asymptotic behaviour is understood [4]). First consider Model I. From
Eq. (9), the rank-collapse time is the expected value of the stopping time T such that r(T ) = 1
and r(t) > 1 for t < T . Note that P(T = t) = (1 − pL )t−1 pL . Thus

τR.C.,I = E[T ] =
∞∑

t=1

t(1 − pL)t−1 pL = 1

pL
. (17)
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Next consider Model II. In this case r(t) = 2(1−p)L > 1 almost surely for p < 1 and it
follows that

τR.C.,II = E[T ] = ∞, p < 1. (18)

Below, we will restrict our attention to Model II with 0 < p < 1 and write M = 2(1−p)L for
the rank of its Kraus operators.

2.3 Mapping to Truncated Unitary and Ginibre Ensembles

The “truncated unitary ensembles” of random matrices [18] consist of square submatrices
of Haar random matrices drawn from U (N ). We can relate the Kraus operators Eq. (2) for
Model II to products of M × M truncated unitary matrices drawn fromU (N ) as follows. We
first note that by Haar randomness and transitivity of U (N ) on measurement outcomes, the
statistics of singular values of {K̂m(t)} is unchanged if we fix the measurement outcomes

P̂m j = P̂ in each layer to be the same. Writing
s.v.∼ for equality of singular value statistics,

we have

K̂m(t) = P̂mt Ût . . . P̂m1Û1
s.v.∼ P̂Ût . . . P̂Û1. (19)

at each time step t . To proceed further, we use the fact that P̂2 = P̂ to write

P̂Ût . . . P̂Û1 = (P̂Ût P̂)(P̂Ût−1 P̂) . . . (P̂Û2 P̂)P̂Û1, (20)

implying that

K̂m(t)
s.v.∼ R̂t R̂t−1 . . . R̂2 Ŝ1, (21)

where in the computational basis, R̂ j = P̂Û j P̂ is an M-by-M truncated unitary matrix
padded by N −M rows and columns of zeros, with the same configuration of nonzero entries
for each j , and Ŝ1 = P̂Û1 has M unit singular values and N −M zero singular values, since

Ŝ1 Ŝ
†
1 = P̂. (22)

It follows from this analysis that the singular values of K̂m(t) are distributed as the singular
values of products of t − 1 truncated unitary matrices. While various properties of products
of truncated unitary matrices have been derived analytically in the literature [19, 29–31],
including explicit expressions for their Lyapunov spectrum that wewill discuss further below,
the simplest results are obtained in the limit M/N → 0, in which K̂ is distributed as
a product of Ginibre random matrices [29]. In the physical context of monitored random
circuits introduced above, this regime is realized in the thermodynamic limit L → ∞ in
which the number of qubits tends to infinity at any fixed p > 0.

Intuitively, the emergence of Ginibre ensembles corresponds to the fact that as M/N →
0, the non-zero elements of R̂ j look “random”, in the sense that they are asymptotically
distributed as the elements of a Ginibre matrix, up to rescaling [32, 33]. To be precise, let
Â j denote an M-by-M complex Ginibre matrix whose elements are i.i.d. with probability

distribution function f (v) = 1
π
e−|v|2 and define

B̂ j = 1√
N

Â j . (23)

This choice of normalization ensures that in the absence of truncation, M = N , the expected
squared norm of each row and each column of B̂ j coincides with the expected squared norm
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of each row and each column of an N -by-N unitary matrix. It can then be shown [29] that
as M/N → 0, the product of Ginibre random matrices

Ĝ(t) = B̂t−1 B̂t−2 . . . B̂1, Ĝ(1) = 1M , (24)

has the same probability distribution as the non-zero elements of R̂t R̂t−1 . . . R̂2, and there-
fore that the non-zero singular values of K̂m(t) and Ĝ(t) are identically distributed in the
thermodynamic limit. We note that the spectral density of the product Ĝ(t) has been studied
in some detail [34, 35], and will make use of some of these results below.

2.4 Computation of Lyapunov Exponents and the Purification Time

We now compute the entire Lyapunov spectrum for Model II. This follows immediately from
the mapping Eq. (21) from Model II to the products of truncated unitary matrices, combined
with an expression for the Lyapunov exponents of such products derived recently [19, 30,
31]. Together, these results imply that the Lyapunov exponents for Model II are given by

λn = −1

2
(ψ(N − n + 1) − ψ(M − n + 1)), n = 1, 2, . . . , M, (25)

where ψ(x) = 	′(x)/	(x) denotes the digamma function.
It follows from Eq. (25) that the inverse purification time for Model II

τ−1
P,II = 2(λ1 − λ2) = 1

M − 1
− 1

N − 1
(26)

by the standard digamma function identity [36] ψ(n + 1) = ψ(n) + 1
n . We deduce that

lim
L→∞

log τP,II

L
= (1 − p) log 2 < − log p = lim

L→∞
log τR.C.,I

L
(27)

for p < 1, implying that

τP,II 	 τR.C.,I (28)

for L � 1 and p < 1, which is one way to make Eq. (16) precise. The functions of p
appearing on either side of Eq. (27) are plotted in Fig. 2; it is clear that they coincide only in
the approach to the “transition” as p → 1−. In particular, we have proved that the purification
time

τP ∼ M ∼ 2(1−p)L , L → ∞, (29)

grows exponentially in the system size, and having established Eq. (16) we henceforth sup-
press the subscript specifying Model II.

2.5 The Distribution of Born Probabilities

Now consider applyingModel II dynamics to an arbitrary initial pure state |ψ〉, with a view to
determining the distribution ofBorn probabilities as a function of both the density ofmeasure-
ments p and the circuit depth t . The Born probability of measuring a string of measurement
outcomesm after time t can be written explicitly as p(m) = ‖P̂mt Ût . . . P̂m1Û1|ψ〉‖2. Intro-
ducing rotated projection operators P̂ ′

m j
= Û †

1 . . . Û †
j P̂m j Û j . . . Û1, we can write this as

p(m) = ‖P̂ ′
mt

P̂ ′
mt−1

. . . P̂ ′
m1

|ψ〉‖2. (30)
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Fig. 2 The rank-collapse time for Model I (dashed red line) versus the purification time for Model II (solid
blue line). It is clear from this plot that these timescales are exponentially well separated as L → ∞, except
in the immediate vicinity of p = 1 (Color figure online)

This implies that

p(m) = p(mt |mt−1 . . .m1)p(mt−1|mt−2 . . .m1) . . . p(m2|m1)p(m1), (31)

where

p(m j |m j−1 . . .m1) = ‖P̂ ′
m j

P̂ ′
m j−1

. . . P̂ ′
m1

|ψ〉‖2
‖P̂ ′

m j−1
P̂ ′
m j−2

. . . P̂ ′
m1

|ψ〉‖2 . (32)

Note that so farwe have assumednothing about the distribution of unitary layers Û j . Ifwe now
assume that Û j are Haar-random matrices on the full Hilbert space, a drastic simplification
occurs and the measurement outcomes at distinct time steps become pairwise uncorrelated.
Explicitly, we have

p(m j |m j−1 . . .m1) ∼
∑M

k=1 |v j,k |2
∑N

k=1 |v j,k |2
(33)

for all j , where the v j,k are i.i.d. complex Gaussian random variables with probability density

function (p.d.f.) f (v) = 1
π
e−|v|2 . Note that sums of K such variables

∑K
k=1 |v j,k |2 are gamma

distributed, with p.d.f. fK (x) = 1
	(K )

xK−1e−x . Thus let XK , j denote a set of independently
distributed gamma random variables, each with p.d.f. fK (x). Then

p(m j |m j−1 . . .m1) ∼ XM, j

XM, j + XN−M, j
∼ Beta(M, N − M) (34)

follows a beta distribution with parameters M and N − M and p.d.f

fM,N−M (x) = 	(N )

	(M)	(N − M)
xM−1(1 − x)N−M−1. (35)

The usual Porter–Thomas distribution for random unitary circuits [21] corresponds to mea-
suring every qubit after each unitary layer, and is recovered from Eqs. (34) and (35) in the
limit that p = 1 and M = 1, for which
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pPorter−Thomas(m j |m j−1 . . .m1) ∼ Beta(1, N − 1) (36)

is asymptotically exponentially distributed with mean 1/N for large N .
Let us now return to the original problem of determining the probability distribution

function of p(m) for Model II. We showed above that

p(m) ∼
t∏

j=1

Y j , (37)

for i.i.d. beta random variables Y j ∼ Beta(M, N − M). This implies in particular that

log p(m) ∼
t∑

j=1

log Y j , (38)

from which log-normality of p(m) at long times is immediate. It follows by the central limit
theorem that

log p(m) → μt + ς t1/2Zt , t → ∞, (39)

in distribution, where the mean

μ = ψ(M) − ψ(N ) < 0, (40)

the variance

ς2 = ψ ′(M) − ψ ′(N ) > 0, (41)

and Zt ∼ N (0, 1) is a unit normal random variable. Thus we have shown that the Born
probabilities p(m) for Model II are asymptotically log-normally distributed, with a shape
that is determined by the parameters N , M and t .

Exact expressions for the distributions of Born probabilities can be obtained as follows.
Denoting the characteristic function of a given random variable W by ϕW (θ) = E[eiθW ], it
follows by Eq. (37) that

ϕlog p(m)(θ) = E[eiθ
∑t

j=1 log Y j ] =
t∏

j=1

E[eiθ log Y j ] = [ϕlog Y1(θ)]t . (42)

The characteristic function of the beta distribution Eq. (35) is given by

ϕlog Y1(θ) = 	(N )

	(M)

	(M + iθ)

	(N + iθ)
, (43)

implying that the PDF for the random variable log p(m) after t time steps is given by

flog p(m)(x) =
(

	(N )

	(M)

)t ∫ ∞

−∞
dθ

2π
e−iθx

(
	(M + iθ)

	(N + iθ)

)t

, x < 0. (44)

Note that the constraint x < 0 closes the contour in the upper half-plane. This contour
encloses all the poles of the integrand, since by the recurrence relation for Gamma functions
the integrand has N − M distinct poles of order t ,

g(θ) =
(

	(M + iθ)

	(N + iθ)

)t

= i−(N−M)t
N−M−1∏

j=0

1

(θ − i(M + j))t
, (45)
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which are evenly spaced along the positive imaginary axis, θ j = i(M + j) for j =
0, 1, . . . , N − M − 1. Thus

flog p(m)(x) =
(

	(N )

	(M)

)t N−M−1∑

j=0

iRes[e−iθx g(θ); θ j ] (46)

with g(θ) given by Eq. (45).
In principle, this calculation yields an exact expression for the p.d.f. flog p(m)(x) of log

Born probabilities for all times. In practice, these expressions rapidly become cumbersome.
At t = 1 we recover Eq. (35) up to the necessary change of variables, while for t = 2 we
find that

flog p(m)(x) =
(

	(N )

	(M)

)2

eMx
N−M−1∑

j=0

e jx

	( j + 1)2	(N − M − j)2

× [2(ψ( j + 1) − ψ(N − M − j)) − x] . (47)

For all times, Eq. (37) implies that

E[log p(m)] = μt ∼ log

(
1

2pLt

)
, L → ∞, (48)

in the large system limit, and similarly that

Var[log p(m)] = ς2t ∼ t

τP
, L → ∞. (49)

Thus we have proved that for large systems, the “typical” Born probability, i.e. the mean
of log p(m), coincides with the uniform distribution over all 2pLt possible measurement
outcomes up to time t , while the distribution of p(m) remains narrow on a log scale until
times comparable to the purification time.

2.6 Dynamics of Rényi Entropies

We now illustrate how the above results provide an analytical handle on time evolution along
quantum trajectories, starting from a maximally mixed initial state as in Eq. (7). We will
focus on the behaviour of Rényi entropies with α > 0 (including the von Neumann entropy
defined as the limit α → 1) along a given quantum trajectory, which can be expressed in
terms of the corresponding Kraus operator’s singular values as [10]

S(α)
m (t) = 1

1 − α
log Tr[ρα

m(t)] = 1

1 − α
log

M∑

n=1

(
σ 2
n (t)

∑M
n′=1 σ 2

n′(t)

)α

. (50)

We discuss the limits of short and long times separately. Our analysis is similar in spirit to
that of Ref. [10], with a greater degree of analytical control owing to the results of previous
sections.

2.6.1 Short Times

We assume throughout this section that L � 1, so that the approximation of Kraus operators
by a product Ĝ(t) of t−1Ginibrematrices as in Eq. (24) holds, and let ρ(σ, t) = ∑M

n=1 δ(σ −
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σn(t)) denote the density of singular values of Ĝ(t). Then the Rényi entropies are determined
by the ratios

(
σ 2
n (t)

∑M
n′=1 σ 2

n′(t)

)α

=
∫∞
0 dσ ρ(σ, t)σ 2α

(∫∞
0 dσ ρ(σ, t)σ 2

)α . (51)

Let us write

ρ(σ, t) = ρ̄(σ, t) + δρ(σ, t), (52)

where ρ̄(σ, t) = E[ρ(σ, t)], for the mean and fluctuations of ρ(σ, t) about its mean respec-
tively. Similarly, wewritem(α) = ∫∞

0 dσ ρ̄(σ, t)σ 2α and δm(α) = ∫∞
0 dσ δρ(σ, t)σ 2α . Then

the ratio

log

∫∞
0 dσ ρ(σ, t)σ 2α

(∫∞
0 dσ ρ(σ, t)σ 2

)α = log

(
m(α)

(m(1))α

)

+
(

δm(α)

m(α)
− α

δm(1)

m(1)

)

+ O(δρ2) (53)

is dominated by the moments of the mean spectral density, provided the leading fluctuation

correction
(

δm(α)

m(α) − α δm(1)

m(1)

)
is small. Let us assume this at times that are short compared to

the purification time (for an analytical argument that such short-time fluctuations are small
in the context of weak measurements, see Sect. 3.4). Then the Rényi entropies are dominated
by their non-fluctuating part

S̄(α)(t) = 1

1 − α
log

(
m(α)

(m(1))α

)

. (54)

In the regime of times 1 	 t 	 M , we have [35]

ρ̄(σ, t) ≈
⎧
⎨

⎩

2N1− 1
t σ

2
t −1

t , σ 2 < M
(M
N

)t−1
,

0, σ 2 > M
(M
N

)t−1
,

(55)

yielding

m(α) ≈ 1

αt + 1

Mαt+1

Nα(t−1)
, (56)

which predicts that

S̄(α)(t) ≈ logM − log t + O(t0), 1 	 t 	 M, (57)

for all α > 0, recovering a result that had been previously derived in various specific limits
using various distinct physical arguments [7, 10, 23, 37] and is consistent with our precise
definition of the purification time in Eqs. (15) and (29).

For α = 2, 3, . . . , M (but not the von Neumann entropy) a more refined estimate is
available, using the exact result [34]

m(α) = 1

α!
α−1∑

r=0

(−1)r
(

α − 1
r

)[
(M − r − 1 + α)!

(M − r − 1)!
]t

(58)

for such integer moments. This yields

S̄(α)(t) = 1

1 − α
log

(
1

α!Mαt

α−1∑

r=0

(−1)r
(

α − 1
r

)[
(M − r − 1 + α)!

(M − r − 1)!
]t)

(59)
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for the non-fluctuating contribution to the Rényi entropies. The simplest non-trivial case of
this formula is the second Rényi entropy for which

S̄(2)(t) = − log

(
1

2

(
(1 + 1/M)t − (1 − 1/M)t

))
, (60)

which is easily verified to recover Eq. (57) in the limit t 	 M .

2.6.2 Long Times

We next consider the dynamics of Rényi entropies at times that are long compared to the
purification time, for which the leading singular values of the Kraus operators are well
separated from one another with high probability, so that the semicircle law Eq. (55) no
longer provides a good approximation to their distribution. First note that as t → ∞ the
squared singular values are distributed as [19, 30]

σ 2
n (t) ∼ e2Ynt , (61)

where the Yn are independent normal variables with mean λn and variance

ς2
n = 1

4t
(ψ ′(M − n + 1) − ψ ′(N − n + 1)). (62)

In particular, the Rényi entropies and von Neumann entropies are dominated by the largest
two singular values with high probability as t → ∞, implying that

S(α)
m (t) ∼

⎧
⎪⎨

⎪⎩

α
α−1ν(t), α > 1,

ν(t) log ν(t), α = 1,
1

1−α
ν(t)α, 0 < α < 1,

(63)

in terms of the ratio ν(t) defined in Eq. (14) (similar expressions were obtained in Appendix
E of Ref. [10]). By our definition of the purification time Eq. (15), it follows that

E[log S(α)
m (t)] ∼

{
− t

τP
, α ≥ 1,

−αt
τP

, 0 < α < 1,
(64)

as t → ∞. Thus we have constructed a solvable model that confirms earlier proposals for
the late-time dynamics of entropy in entangling phases of spatially local monitored systems
[7, 10, 23], together with the idea that at long times t � τP , the purification time τP captures
the typical [10] behaviour of a broad (and to a first approximation log-normal [30, 38])
distribution of Sα

m(t).
Unfortunately, a more detailed characterization of the late-time distributions of ν(t) and

Sα
m(t), including their mean (rather than typical) values, is beyond the scope of the long-

time prediction Eq. (61) and related expressions [38], because these results do not contain
information about the joint distribution of σ 2

1 (t) and σ 2
2 (t) that would be necessary to accu-

rately model ν(t). We therefore turn to a model with weak measurements, for which the joint
distribution function of singular values can be obtained analytically.
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3 WeakMeasurements

3.1 Model and Fokker–Planck Equation

We now consider a generalization of Model II defined in Sect. 2.2 above, whose only distinc-
tion fromModel II is that its measurement layers consist of independent weak measurements
on pL qubits per layer, which act on a single qubit as

P̂↑ = 1

2

(
1 + ε 0
0 1 − ε

)
, P̂↓ = 1

2

(
1 − ε 0
0 1 + ε

)
, (65)

wherewe fix 0 ≤ ε ≤ 1.We againwrite theKraus operators along a single quantum trajectory
at time t as K̂m(t) = P̂mt Ût . . . P̂m1Û1, where P̂m j now denotes the tensor product of pL
weak measurement operators as in Eq. (65), and the identity on the remaining (1 − p)L
qubits. Regardless of the specific set of measurement outcomes, which we mostly suppress
for economy of notation, we can write

P̂m j = 1

2pL
(1̂ + �̂ j ), (66)

where �̂ j has eigenvalues

ln = (1 + ε)n(1 − ε)pL−n − 1, n = 0, 1, . . . , pL, (67)

with respective multiplicities

dn =
(
pL
n

)
2(1−p)L . (68)

It follows from these expressions that

tr[�̂ j ] = 0, tr[�̂2
j ] = 2L

[
(1 + ε2)pL − 1

]
. (69)

We would like to understand the evolution of the singular values σ1(t) ≥ · · · ≥ σN (t) ≥ 0
of K̂m(t). Thus consider the singular value decomposition K̂m(t) = V̂t D̂t Ŵ

†
t as in Eq. (8).

Then

K̂m(t + 1)K̂m(t + 1)† = P̂t+1Ût+1V̂t D̂
2
t V̂

†
t Û

†
t+1 P̂t+1. (70)

Letting Û = Ût+1V̂
†
t , which inherits Haar randomness of Ût+1 at time t + 1, we can write

Û † K̂m(t + 1)K̂m(t + 1)Û = (Û † P̂t+1Û )D̂2
t (Û

† P̂t+1Û ). (71)

Introducing the operators B̂ = Û †�̂t+1Û and X̂t = 22pLt K̂m(t)K̂m(t)†, we have

X̂t+1
s.v.∼ (1̂ + B̂)X̂t (1̂ + B̂) = X̂t + B̂ X̂t + X̂t B̂ + B̂ X̂t B̂. (72)

where as above
s.v.∼ denotes a common distribution of singular values (which are eigenvalues

in this case). Let x1(t) ≥ · · · ≥ xN (t) ≥ 0 denote the eigenvalues of X̂t , which are given
by xn(t) = 22pLtσ 2

n (t) in terms of the singular values σn(t) of the Kraus operators. Then,
if pLε2 	 1 so that typical eigenvalues of � are small assuming large pL , Eq. (72) can be
expanded perturbatively in ε to yield
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xn(t + 1) = xn(t) + Bnnxn(t) + xn(t)Bnn +
∑

m

|Bnm |2xm(t)

+
∑

m �=n

|Bnm |2 (xn(t) + xm(t))2

xn(t) − xm(t)
+ O(ε3) (73)

Collecting terms yields a perturbative model for the time evolution of the singular values
xn(t), namely

xn(t + 1) − xn(t) =
⎛

⎝2Bnn +
∑

m

|Bnm |2 + 4
∑

m �=n

|Bnm |2 xm(t)

xn(t) − xm(t)

⎞

⎠ xn(t). (74)

This equation splits naturally into multiplicative “noise” and “drift” contributions, given by

ηn(t + 1) = 2Bnn, �n(t + 1) =
∑

m

|Bnm |2 + 4
∑

m �=n

|Bnm |2 xm(t)

xn(t) − xm(t)
. (75)

Thus

xn(t + 1) − xn(t) = (ηn(t + 1) + �n(t + 1)) xn(t). (76)

To eliminate multiplicative noise, we write xn(t) = eyn(t) and, again assuming that ε is small,
find that

yn(t + 1) − yn(t) = log (ηn(t + 1) + �n(t + 1)) = ηn(t + 1) + Dn(t + 1) + O(ε3),(77)

where the new drift term

Dn(t + 1) = �n(t + 1) − 1

2
ηn(t + 1)2. (78)

To proceed further, we note that the matrix elements

Bnn =
∑

a

UanU
∗
an(�(t + 1))aa (79)

and

|Bmn |2 =
∑

a,b

UanUbmU
∗
amU

∗
bn(�(t + 1))aa(�(t + 1))bb (80)

are amenable to Haar averaging. In particular, the two-point function

〈UanU
∗
an〉 = 1

N
, (81)

and the four-point functions

〈UanUbmU
∗
anU

∗
bm〉 = 1

N 2 − 1
(1 + δabδmn) − 1

N (N 2 − 1)
(δmn + δab), (82)

〈UanUbmU
∗
amU

∗
bn〉 = 1

N 2 − 1
(δmn + δab) − 1

N (N 2 − 1)
(1 + δabδmn), (83)

by standard results [39], where angle brackets 〈...〉 denote theHaar average over Û ∈ SU (N ),
implying that

〈ηn(t)〉 = 1

N
tr[�̂] = 0 (84)
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and

〈ηm(t1)ηn(t2)〉 = 	δt1t2δmn (85)

where the noise strength

	 = 4

N 2 − 1

(
1 − 1

N

)
tr[�̂2] ≈ 4

N 2 tr[�̂2] (86)

for L � 1. Similarly 〈|Bmn |2〉 = 1
N2−1

(
1 − δmn

N

)
tr[�̂2] ≈ 	

4 , implying that the average

value of the drift term (conditioned on the circuit realization at time t) is given by

〈Dn(t + 1)〉 ≈ 	(N − 2)

4
+ 	

∑

m �=n

eym (t)

eyn(t) − eym (t)
. (87)

Thus, assuming that fluctuations of Dn(t + 1) about its Haar-averaged value are negligible,
we obtain the Langevin equation

yn(t + 1) − yn(t) = ηn(t + 1) + 	(N − 2)

4
+ 	

∑

m �=n

eym (t)

eyn(t) − eym (t)
. (88)

This can be written in a more symmetric form by making the change of variables 2zn(t) =
yn(t) + 	N

4 t , which yields

zn(t + 1) − zn(t) = 1

2
ηn(t) + 	

4

∑

m �=n

coth (zn(t) − zm(t)). (89)

Finally, letting 	 → 0 yields the continuous-time Fokker–Planck equation

∂s P =
N∑

n=1

(−∂zn (Dn P) + ∂2zn P
)
, (90)

where P(�z, s) denotes the joint PDF of �z(t) = (z1(t), z2(t), . . . , zN (t)) at time

s = 	t/8, (91)

and

Dn(�z) = 2
∑

m �=n

coth (zn − zm). (92)

In particular, the timescale 	−1 determines the dynamics of singular values, and should be
thought of as the purification time for these models, an interpretation that will be confirmed
by our results for the short and long time dynamics of Rényi entropies below.

The continuous-time Fokker–Planck equation Eq. (90) was first derived [13] in the context
of a stochastic matrix model known as “isotropic Brownian motion” [40]. In that work, it was
also pointed out that Eq. (90) is exactly solvable via a connection to Calogero–Sutherland
models. In order to be self-contained, we now derive this exact solution.
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3.2 Exact Solution of the Fokker–Planck Equation

To solve Eq. (90), we first note that Dn can be written in gradient form

Dn(�z) = −∂zn�(�z) (93)

where the “prepotential”

�(�z) = −2
∑

j<k

log sinh (z j − zk) (94)

arises naturally in the theory of the classical hyperbolic Calogero–Sutherland model [41].
This implies that Eq. (90) can be written as [42]

∂s P = ∂zn
(
e−�∂zn

(
e�P

))
. (95)

Letting ψ = e�/2P then yields an imaginary-time Schrödinger equation for ψ , namely [42,
43]

∂sψ =
N∑

n=1

∂2znψ − Vψ, (96)

with an effective potential

V (�z) = 1

4

N∑

n=1

D2
n(�z) + 1

2

N∑

n=1

∂zn Dn(�z). (97)

To proceed further write znm = zn − zm and note that

1

4

N∑

n=1

D2
n(�z) =

∑

n �=m
n �=l

coth znm coth znl =
∑

n �=m

coth2 znm +
∑

l �=m
m �=n
n �=l

coth znm coth znl . (98)

By an identity apparently first published by Calogero and Perelomov [44], we have
∑

l �=m
m �=n
n �=l

coth znm coth znl = 1

3
N (N − 1)(N − 2) (99)

while

1

2

N∑

n=1

∂zn Dn(�z) = N (N − 1) −
∑

n �=m

coth2 znm, (100)

yielding a complete cancellation of interactions in the effective potential

V (�z) = 1

3
N (N 2 − 1), (101)

which is reminiscent of (but simpler than) the cancellation of interactions that occurs for the

β = 2 case of the DMPK equation [26]. Making the change of variables ψ = e− N (N2−1)
3 sψ̃

finally reduces the Fokker–Planck evolution Eq. (90) to a free diffusion equation

∂sψ̃ =
N∑

n=1

∂z2n
ψ̃, (102)
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(albeit with non-trivial boundary conditions to be discussed shortly).
It remains to solve Eq. (102) in the “ordered sector” z1 ≥ z2 ≥ · · · ≥ zN , subject to the

initial condition

P(�z, 0) =
N∏

j=1

δ(z j − ε j ), (103)

where the regulators ε1 > ε2 > · · · > εN > 0 will be taken to zero at the end of the
calculation and are needed to avoid the singularities in Eq. (90) at collision planes z j = zk .
We further impose boundary conditions

e−�(�z) (∂z j − ∂zk
) (

e�(�z)P(�z, s)
)

= 0, z j → z+k , j < k, (104)

for all s ≥ 0 that are sufficient for the vanishing of probability flux at collision planes, and
therefore guarantee conservation of probability within the ordered sector.

Our method of solution follows that of Refs. [26, 45] for the β = 2 DMPK equation but
differs in its details. It is first useful to note that for every solution to Eq. (102), there exists
a solution to (90), given by

P(�z, s) = e− N (N2−1)
3 s

(∏
j<k sinh(z j − zk)

∏
j<k sinh(ε j − εk)

)

ψ̃(�z, s). (105)

In terms of the “wavefunction” ψ̃ in Eq. (105), we find that the initial condition

ψ̃(�z, 0) =
N∏

j=1

δ(z j − ε j ) (106)

and the vanishing of the wavefunction at collision planes,

ψ̃(�z, s) = 0, z j → z+k , j < k, (107)

for s ≥ 0, are sufficient for the initial and boundary conditions Eqs. (103) and (104) on P
to hold. To satisfy the boundary conditions in the ordered sector, we extend ψ̃ to the whole
space and consider a “fermionic” initial condition

ψ̃(�z, 0) =
∑

κ∈SN
(−1)sgn(κ)

N∏

j=1

δ(z j − εκ( j)), (108)

where sgn : SN → ±1 denotes the sign of the permutation κ ∈ SN . We can write this more
suggestively as a Slater determinant of single-particle factors

ψ̃(�z, 0) = det
[
δ(z j − εk)

]
, (109)

where det[A jk] denotes the determinant of the matrix A with elements A jk . Then the Slater
determinant of heat kernels

ψ̃(�z, s) = det

[
1√
4πs

e− (z j−εk )2

4s

]
(110)

satisfies both the diffusion equationEq. (102) for s ≥ 0 and the initial andboundary conditions
Eqs. (103) and (104) in the ordered sector. The final nontrivial step is to set the regulators
ε j → 0.
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To this end, we first note that the leading behaviour of the denominator of Eq. (105)
∏

j<k

sinh (ε j − εk) ∼
∏

j<k

(ε j − εk), ε1 	 1, (111)

is a Vandermonde determinant of order N − 1 in each of the ε j . We next expand the heat
kernels in terms of Hermite polynomials [36]

e− (z j−εk )2

4s ∼ e−z2j /4s
N−1∑

n=0

Hn(z̃ j )
ε̃nk

n! , ε1 	 1, (112)

to the same order in ε, where z̃ j = z j/
√
4s, ε̃k = εk/

√
4s. However, at this order, the sum

in Eq. (112) is nothing but a product of square matrices and so

det

[

e−z2j /4s
N−1∑

n=0

Hn(z̃ j )
ε̃nk

n!

]

= e−|�z|2/4s
∏N−1

n=1 n!

∣∣∣∣∣∣∣∣∣

H0(z̃1) H1(z̃1) . . . HN−1(z̃1)
H0(z̃2) H1(z̃2) . . . HN−1(z̃2)

...
...

. . .
...

H0(z̃N ) H1(z̃N ) . . . HN−1(z̃N )

∣∣∣∣∣∣∣∣∣

×

∣∣∣∣∣∣∣∣∣

1 1 . . . 1
ε̃1 ε̃2 . . . ε̃N
...

...
. . .

...

ε̃N−1
1 ε̃N−1

2 . . . ε̃N−1
N

∣∣∣∣∣∣∣∣∣

= 1

(2s)N (N−1)/2
∏N−1

n=1 n!e
−|�z|2/4s ∏

j<k

(ε j − εk)(z j − zk),

(113)

where in the second line we applied Gaussian elimination to the matrix of Hermite poly-
nomials to obtain another Vandermonde determinant. Combining the above expressions, we
deduce that

P(�z, s) = 1

(4πs)N/2(2s)N (N−1)/2
∏N−1

n=1 n! e
− N (N2−1)

3 s

⎛

⎝
∏

j<k

(z j − zk) sinh(z j − zk)

⎞

⎠ e−|�z|2/4s

(114)

solves the Fokker–Planck equation for all s ≥ 0, satisfies the initial condition P(�z, 0) =∏N
j=1 δ(z j ), and conserves probability in the ordered sector. This recovers the solution to

Eq. (90) presented in Ref. [13]. We note for future reference that the random variables zn(t)
modelled by Eq. (114) are related to the singular values σn(t) of Kraus operators at time t
by the change of variables

ezn(t) = e

(
pL log 2+ 	N

8

)
t
σn(t) (115)

and recall that s is related to t by Eq. (91).

3.3 Very Short Times: Emergence of Log-GUE

Let us first consider the probability distribution Eq. (114) as s → 0 (note that s 	 1
corresponds to t 	 	−1, i.e. times that are short compared to the purification time). We have
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P(�z, s) = 1

(4πs)N/2(2s)N (N−1)/2
∏N−1

n=1 n!

⎛

⎝
∏

j<k

(z j − zk)
2 + O(s2)

⎞

⎠ e−|�z|2/4s . (116)

Thus the leading contribution to P(�z, s) is from the distribution function Pv.s.t.(�z, s), given
by

P(�z, s) ∼ Pv.s.t.(�z, s)= (2s)N (N−1)/2

(4πs)N/2
∏N−1

n=1 n!

⎛

⎝
∏

j<k

(z j − zk)2

4s

⎞

⎠e−|�z|2/4s, s → 0+. (117)

This is strongly reminiscient of the distribution function of the Gaussian Unitary Ensemble
(GUE) on the full space [46],

PGUE(�z) = 1

N !
2N (N−1)/2

πN/2
∏N−1

n=1 n!

⎛

⎝
∏

j<k

(z j − zk)
2

⎞

⎠ e−|�z|2 (118)

and indeed the two distributions are related by a simple change of variables

Pv.s.t.(�z, s) = N !
(4s)N/2 PGUE(�z/√4s), (119)

where the prefactor of N ! arises because we restricted the domain of P(�z, s) to the ordered
sector.Wewill call the regime of validity of the approximation Eq. (117) the “very-short-time
regime”, to be determined below. In the very-short-time regime, the singular values of Kraus
operators follow a “log-GUE” distribution, which is related to the conventional GUE in the
same sense that the log-normal distribution is related to the normal distribution. Defining the
random variable ρ(z, t) = ∑N

n=1 δ(z − zn(t)), it follows by the Wigner semicircle law for
the conventional GUE [46] that the non-fluctuating part of the level density

ρ̄v.s.t.(z, t) =
{

2
π

1
	t

√
N	t − z2, |z| ≤ √

N	t,

0, |z| >
√
N	t,

(120)

for N � 1 and very short times. The boundary of the very-short-time regime is set by the
requirement in Eq. (119) that |z j − zk | 	 1 for all j, k: from Eq. (120), this is the case for
N	t 	 1.

We can use this observation to extend the analysis of Rényi entropies in Sect. 2.6.1 to very
short times as follows. First note that in terms of ρ(z, t), the Rényi entropies along a given
quantum trajectory can be written as

S(α)
m (t) = 1

1 − α
log

( ∫∞
−∞ dz ρ(z, t)e2αz

(∫∞
−∞ dz ρ(z, t)e2z

)α

)

. (121)

In particular, we have
∫ ∞

−∞
dz ρ̄v.s.t.(z, t)e

2αz = 2N

π

∫ π

0
dθ sin2 θe2α

√
N	t cos θ = 1

α

√
N

	t
I1(2α

√
N	t), (122)

where I1(w) denotes a modified Bessel function of the first kind [36], so that the non-
fluctuating part of each Rényi entropy is given by

S̄(α)(t) = 1

1 − α
log

(
1

α

(
N

	t

) 1−α
2 I1(2α

√
N	t)

I1(2
√
N	t)α

)

, 	t 	 1. (123)
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The small-argument asymptotic behaviour

I1(w) ∼ w

2
(1 + w2

8
), w → 0, (124)

implies perturbative time dependence

S̄(α)(t) ≈ log N − αN	t

2
, 	t 	 1

N
, (125)

of the Rényi entropies at very short times. Meanwhile, log-GUE statistics and the semicircle
law Eq. (120) break down at times 1

N 	 	t 	 1 that are short but not very short, as we now
discuss.

3.4 Short Times: Semicircle-to-Square Crossover

Let us now consider how the semicircle law corresponding to the exact distribution function
P(�z, s) differs from Eq. (120) beyond the regime of very short times. We first note that
P(�z, s) can be written as a Boltzmann weight for a harmonically trapped gas of particles on
a line at positions z1 < z2 < · · · < zN in the standard fashion,

P(�z, s) ∝ e−W (�z,s), (126)

where the effective potential

W (�z, s) =
N∑

i=1

z2i
4s

− 1

2

∑

j �=k

log
(
(z j − zk) sinh (z j − zk)

)
(127)

interpolates between Dyson’s “log-gas” [46] in the limit of small interparticle separations
[13] |z j − zk | → 0 that was discussed in the previous section, and a one-dimensional
Coulomb gas at large interparticle separations [47] |z j − zk | → ∞, as follows from the
asymptotic behaviour log (z sinh z) ∼ log (|z|) as |z| → ∞. The latter model is also known
in the literature as the “one-dimensional jellium model”, various properties of which can be
derived analytically [48–50], such as its uniform density of states [48].

It will be instructive to understand this crossover to uniformity in terms of the density of
states ρ(z). Suppressing explicit time dependence, we have

W [ρ]=
∫ ∞

−∞
dz ρ(z)

z2

4s
− 1

2

∫ ∞

−∞

∫ ∞

−∞
dz dw ρ(z)ρ(w) log ((z − w) sinh (z − w)). (128)

Note also that ρ(z) satisfies the constraint N [ρ] = ∫∞
−∞ dz ρ(z) = N . Thus for large N � 1,

the non-fluctuating part of the density of states ρ̄(z)minimizes the functionalW [ρ̄]−μN [ρ̄],
implying that

z2

4s
−
∫ ∞

−∞
dw ρ̄(w) log ((z − w) sinh (z − w)) = μ. (129)

Finally differentiating with respect to z yields the singular integral equation [51, 52]

−
∫ ∞

−∞
dw ρ̄(w)

(
1

z − w
+ coth (z − w)

)
= z

2s
, (130)

which is distinguished from the usual semicircle law by the presence of the coth (z − w)

term in the kernel, that breaks the spatial rescaling symmetry of the former. This breaking
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Fig. 3 Numerical solutions to the singular integral equation Eq. (130) on intervals [−a(s), a(s)] with the
endpoint position a(s) determined implicitly by number conservation. We set N = 50 and discretize the
integral over one thousand points. The accuracy of our scheme is confirmed by its recovery of the semicircle
law discussed in the previous section as s → 0, and we observe a clear semicircle-to-square crossover from a
semicircle law to uniform behaviour between the very-short-time (s 	 0.01) and short-time (0.01 	 s 	 1)
regimes defined by Eq. (137)

of scaling symmetry allows ρ̄ to flow from a semicircle law to a uniform distribution as s
increases. We note that an exact but implicit solution to the integral equation Eq. (130) was
proposed recently in the literature [52].

We instead proceed numerically and solve for solutions to Eq. (130) supported on a finite
interval [−a, a] with a > 0 for s > 0 (note that the microscopic distribution function Eq.
(114) is inversion symmetric in z). Numerical results obtained by discretizing the principal
value integral in Eq. (130) and inverting the resulting matrix to obtain ρ(z, s) are shown in
Fig. 3 and confirm that the semicircle law discussed in the previous section quickly converges
to a uniform distribution beyond the regime of very short times. The resulting late-time profile
is sometimes called a “square law” [13] and in this sense Eq. (130) captures a “semicircle-
to-square” crossover with increasing s.

Let us now attempt to understand this crossover to uniformity analytically. Thus consider
the uniform ansatz

ρ̄s.t.(w) =
{

N
2a , |w| ≤ a,

0, |w| > a.
(131)

This yields

−
∫ a

−a
dw ρ̄s.t.(w)

(
1

z − w
+ coth (z − w)

)
= N

2a
log

(
(a + z) sinh (a + z)

(a − z) sinh (a − z)

)
. (132)

Expanding the right-hand side of Eq. (132) perturbatively in z yields a linear estimate Nz/a.
Wewill show that Eq. (132) is close to this linear estimate over a large “bulk region” |z±a| >

ε, where ε > 0 is an order one constant. To this end, we define the function

η(z) = N

2a

(
log

(
(a + z) sinh (a + z)

(a − z) sinh (a − z)

)
− 2z

)
, (133)
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which quantifies the deviation of the right-hand side of Eq. (132) from linearity. The function
η(z) is odd and strictly increasing in z on the interval (−a, a). It is also convex on the interval
[0, a − ε]. Together these observations imply an upper bound

|η(z)|
N |z|/a ≤ a

N

η(a − ε)

a − ε
, 0 < |z| < a − ε, (134)

valid over the bulk region. Finally, we note that to leading order in a and for ε of order one,

a

N

η(a − ε)

a − ε
= log a

2a
+ O

(
1

a

)
, (135)

which establishes that

−
∫ a

−a
dw ρ̄s.t.(w)

(
1

z − w
+ coth (z − w)

)
= Nz

a

(
1 + O

(
log a

a

))
(136)

in the entire bulk region. Comparison with the original integral equation (130) reveals that the
uniform ansatz Eq. (131) yields an accurate bulk solution providedwemake the identification

a(s) = 2sN � 1, (137)

corresponding to the regime of times 	t � 1
N , which strictly excludes the very-short-time

regime identified in the previous section. Thuswe have shown that from the short-time regime
onwards, the uniform ansatz Eq. (131) yields a good approximation to the solution of Eq.
(130), excluding a boundary region of width 2ε that has negligible measure compared to the
bulk region. The latter point in particular means that the uniform ansatz Eq. (131) can reliably
be used to estimate integrals over singular values when the separation between neighbouring
singular values is small.

For example, at short times the uniform ansatz Eqs. (131) and (137) predicts that

S̄(α)(t) = 1

1 − α
log

(
1

α

(
2

	t

)1−α sinh(αN	t/2)

sinh(N	t/2)α

)

≈ − log	t,
1

N
	 	t 	 1,

(138)

whose leading time dependence perfectly matches Eq. (57) for projective measurements,
provided that 	−1 is interpreted as the purification time. That 	−1 indeed defines the purifi-
cation time in the sense of Eq. (15) will be checked carefully below, but can be seen here
by noting that the timescale for the characteristic spacing between adjacent zn to become
comparable to their long-time standard deviation, invalidating the treatment of ρ(z, t) as a
uniform distribution, is defined by the condition 2a(s)/N = O(s1/2), i.e. 	t = O(1).

Finally, we note that the energy functional Eq. (128) appearing in the Dyson gas formula-
tion of our problem can be used to estimate the strength of fluctuations of the Rényi entropies,
thereby validating our estimation of short-time Rényi entropies by their non-fluctuating val-
ues as in Eq. (138). We first expand the functional W perturbatively about the mean field
ρ̄(w) to yield a quadratic effective action

S[δρ] = W [ρ̄ + δρ] − W [ρ̄] = 1

2

∫ a

−a

∫ a

−a
dz dw K (z − w)δρ(z)δρ(w), (139)

whose kernel

K (z − w) = − log (z − w) sinh (z − w). (140)
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It follows that the expected value of the correlation function δρ(z)δρ(w) with respect to the
Boltzmann weight ∝ e−S is given by

〈δρ(z)δρ(w)〉 = G(z − w), (141)

where the Green’s function satisfies
∫ a

−a
dw K (x − w)G(w − z) = δ(x − z). (142)

We refer to Refs. [53, 54] for a careful justification of analogous arguments for the DMPK
equation. To proceed further, we note that the bulk short-time behaviour described above is
consistent with the linear approximation

K (z − w) ≈ −|z − w| (143)

to the kernel K , for which the Green’s function

G(z − w) = −1

2
δ′′(z − w) (144)

defines an inverse in the bulk region. We note that Eq. (144) implies the results of Ref.
[50] on the variance of linear statistics for the one-dimensional Coulomb gas, which is a
nontrivial test of its validity. Let us define the mean moments n(α) = ∫ a

−a dz ρ̄(z) e2αz and

their fluctuations δn(α) = ∫ a
−a dz δρ(z) e2αz . Combining the short-time approximations Eq.

(131) and Eq. (144) and neglecting boundary effects yields the estimates

n(α)(t) ≈ 1

α	t
exp

(
αN	t

2

)
, 〈δn(α)(t)δn(β)(t)〉 ≈ − (α − β)2

4(α + β)
exp

(
(α + β)N	t

2

)

(145)

for N	t � 1. From these expressions, we deduce that the leading contribution to the covari-
ance of Rényi entropies grows quadratically in time

〈δS(α)(t)δS(β)(t)〉 ≈ αβ(	t)2

4(α − 1)(β − 1)

(
(β − 1)2

β + 1
+ (α − 1)2

α + 1
− (α − β)2

α + β

)
(146)

for N	t � 1. In particular, since (	t)2 	 | log	t | for 	t 	 1, this guarantees that
fluctuations in the Rényi entropies will be small compared to the mean Rényi entropies S̄(α)

until the end of the short-time regime 	t ≈ 1, at which the S̄(α) are order one by Eq. (138)
and thus have magnitude comparable to their fluctuations Eq. (146).

3.5 Long Times: Log-Normality, Lyapunov Exponents and Level Repulsion

Anticipating that the zn arewell-separated for s � 1,we define the asymptotic drift velocities

cn = lim
z j−zk→∞, j<k

Dn(�z) = 2(N + 1 − 2n). (147)

Noting that
∑N

n=1 c
2
n = 4N (N 2 − 1)/3 and

∑
j<k(z j − zk) = 1

2

∑N
n=1 cnzn , we can rewrite

Eq. (114) as

P(�z, s) =
∏

j<k(z j − zk)

(4s)N (N−1)/2
∏N−1

n=1 n!
∏

j<k

(
1 − e−2(z j−zk )

) N∏

n=1

1√
4πs

e− (zn−cn s)2
4s . (148)

123



Random-Matrix Models of Monitored Quantum Circuits Page 25 of 31 55

Thus as s → ∞,

P(�z, s) = Pl.t.(�z, s) + O(s−1/2), (149)

where the dominant contribution at asymptotically long times is given by

Pl.t.(�z, s) =
∏

j<k(c j − ck)s

(4s)N (N−1)/2
∏N−1

n=1 n!
N∏

n=1

1√
4πs

e− (zn−cn s)2
4s =

N∏

n=1

1√
4πs

e− (zn−cn s)2
4s , (150)

since the Vandermonde determinant

∏

j<k

(c j − ck)s =
∏

j<k

4(k − j)s = (4s)N (N−1)/2
N−1∏

n=1

n!. (151)

We deduce that long-time asymptotic behaviour of P(�z, s) is log-normal.
We note that the drift velocities Eq. (147) correspond to Lyapunov exponents of ezn as a

function of the rescaled time s [13]. Combining Eqs. (150), (115) and (91) then implies that
σn(t) ∼ eλn t as t → ∞, where the Lyapunov exponents for the singular values as a function
of time are given by

λn = −pL log 2 + 	

8
(N + 2 − 4n), n = 1, 2, . . . , N . (152)

Thus the Lyapunov spectrum for weak measurements is linear in n for all n (in contrast to the
Lyapunov spectrum for projective measurements, Eq. (25), which is only linear for n 	 M).
In particular, we can read off the purification time defined by Eq. (15), which is given by

τP = 	−1 (153)

for this model as expected.
Despite accurately capturing the behaviour ofwidely separated singular values, the asymp-

totic expression Eq. (150) leads to unphysical predictions for the joint distribution function
of z1 and z2, predicting for example that the mean ratio of the two largest singular values
ν(t) = e2(z2−z1) does not decay in time. This is because Eq. (150) omits the level repul-
sion implied by our ordering of the zn . To correct this, we make a more accurate long-time
approximation to the exact distribution function Eq. (114) that is again expected to hold at
asymptotically long times,whereby subleading singular values zn withn ≥ 3 are again treated
as lognormal but the leading two singular values z1 and z2 are treated exactly. Integrating
over zn for n ≥ 3 then yields the “improved” joint distribution function

P̃l.t.(z1, z2, s) = (z1 − z2)

4s

(
1 − e−2(z1−z2)

) 1

4πs
e− (z1−c1s)

2+(z2−c2s)
2

4s (154)

for the two leading singular values. Let us now confirm that this yields physically reasonable
predictions for ν(t).

It will be helpful to introduce centre-of-mass coordinates z̄ = z1+z2
2 and ζ = z1 − z2, in

which the improved joint distribution function

P̃l.t.(z1, z2, s) = A(z̄)B(ζ ) (155)

is separable, with

A(z̄) = 1√
2πs

e− 1
2s (z̄−(2N−4)s)2 (156)
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and

B(ζ ) = 1√
8πs

ζ

4s

(
e− 1

8s (ζ−4s)2 − e− 1
8s (ζ+4s)2

)
. (157)

The latter manifestly exhibits level repulsion as ζ → 0+. With respect to the improved
long-time measure Eq. (157), typical values of ν(t) behave as

E[log ν(t)] ∼ −	t, 	t � 1, (158)

implying that

E[log S(α)
m (t)] ∼

{
−	t, α ≥ 1,

−α	t, 0 < α < 1,
(159)

which recovers Eqs. (158) and (159) at times t � 	−1, while the mean value of ν(t) also
decays exponentially,

E[ν(t)] ∼ 16

9

1
√

π(	t)3
e−	t/4, 	t � 1, (160)

(albeit at a slightly different rate from the typical value), implying for example that the mean
α > 1 Rényi entropies

E[S(α)
m (t)] ∼ α

α − 1

16

9

1
√

π(	t)3
e−	t/4, α > 1, (161)

decay exponentially for t � 	−1.

4 Conclusion

Wehave presented various solvablemodels ofmonitored quantum circuits (“monitoredHaar-
random quantum dots”) that realize the entangling phase of monitored quantum dynamics.
While thesemodels have antecedents in the literature [9–11], the full extent of their analytical
tractability does not appear to have been exploited until now. This analytical tractability has
allowed us to derive the first exact expressions that we are aware of for quantities such as
the purification time, the Lyapunov spectrum and the distribution of Born probabilities in the
entangling phase of a monitored quantum system. By constructing explicit mappings from
monitored Haar-random quantum dots to well-studied models in randommatrix theory, such
as products of truncated unitary matrices [18, 29] and isotropic Brownian motion [13, 40],
we have further provided a template for realizing random-matrix universality in monitored
quantum systems.

Our proposed notion of universality for such systems is analogous to the use of random
matrix theory (RMT) as a description of the spectra of closed quantum systems; in the
same way that RMT captures spectral correlations of generic chaotic quantum systems, we
conjecture that the models discussed in this paper capture certain features of the entangling
phase of generic monitored quantum systems, including the spatially local quantum circuits
in which the entangling phase was first identified [2, 4].

Before describing our proposal in detail, let us explain how universality for monitored
quantum systemsmust differ from random-matrix universality and the related eigenstate ther-
malization hypothesis (ETH) [55] in closed quantum systems.Most obviously, the qualitative
behaviour of the unstructured models considered in this paper depends on three parameters:
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the Hilbert space dimension N , the purification time τP and the time t under consideration.
The latter two parameters have no natural counterpart in closed quantum systems, whose
dynamics is Hamiltonian and therefore time-translation invariant. In particular, we expect
that monitored quantum systems will exhibit different facets of universal behaviour depend-
ing on the dimensionless parameter t/τP, with qualitative differences between the short-time
(t/τP 	 1) and long-time (t/τP � 1) regimes. Second, instead of the matrix elements of
local observables and energy-level-spacing statistics that are usually of primary interest in
formulating and testing ETH [55], the monitored setting suggests new arenas for universality,
such as the statistics of single-trajectory Born probabilities and Rényi entropies discussed in
this paper, both ofwhich reflect the singular-value statistics of the underlyingKraus operators.

First consider the short-time regime, t/τP 	 1. Our results on the distribution of Born
probabilities in Sect. 2.5 and on the sample-to-sample fluctuations of Rényi entropies in
Sect. 3.4 suggest that for the models studied in this paper, both the Born probabilities and the
Rényi entropies will be narrowly distributed about their means (possibly on a log scale) in the
short-time regime.We expect this conclusion to hold more generally for the entangling phase
in arbitrary spatially local models. This means that on timescales that are short compared to
the purification time (excluding initial transients as in Sect. 3.3), the behaviour of the system
is to a first approximation decoupled from its measurement history, and to this extent, all
quantum trajectories are statistically alike.

By contrast, our results on both Born probabilities and Rényi entropies at long times
(Sects. 2.5, 2.6.2 and 3.5) indicate that these quantities exhibit a broad and normal (or
normal-derivative-like) distribution on a log scale at long times t/τP � 1. Thus the observed
behaviour in the long-time regime will depend strongly on the measurement history, and dis-
tinct quantum trajectories will exhibit very different properties. We expect similar behaviour
for the entangling phase of spatially local systems at long times, even at the level of the
shapes of these probability distributions, which should reflect universal properties of large
products of identically distributed random matrices [35].

Finally, we note that the state-vector of the system at long times should exhibit some degree
of universality by Eq. (13), which predicts that the long-time density matrix along any given
trajectory is a random pure state. This is reminiscent of Berry’s conjecture [56], which posits
that the eigenvectors of a chaotic Hamiltonian are distributed as Gaussian random vectors.
For the projectively-measured Haar-random quantum dot, the long-time state-vector v1 in
Eq. (15) is distributed as a Gaussian random vector in the M-dimensional image of the most
recent measurement layer. More generally, for spatially local systems the long-time state-
vector v1 is no longer expected to be perfectly Gaussian for entangling phases, as can be seen
from the presence of logarithmic in L corrections to the bipartite entanglement entropy of
the long-time state in spatially local systems [57, 58], which would otherwise exhibit purely
volume-law dependence on L as predicted by the Page curve [59].

Note that in this paper, we do not consider the Born-rule weighted averages of quantities
such as Rényi entropies. We emphasise that the possibility of Born-rule weighting does not
arise for the Lyapunov exponents, which by definition characterize a product of independently
and identically distributed randommatrices. On the other hand, for Rényi entropies we expect
that introducing Born-rule averaging will leave our results essentially unchanged at times
t 	 τP but will have an effect at times t � τP. Accounting for Born-rule averaging within
the approach in Sect. 3 would lead to a distinct Fokker–Planck equation from the one studied
above, as discussed in Ref. [9].

Important goals for future work include directly testing the above predictions of univer-
sality in spatially local realizations of the entangling dynamical phase (for which there is
currently a dearth of analytical understanding) and developing a similarly universal char-
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acterization of disentangling phases. Another interesting question is whether the kinds of
quantities that we have computed analytically in this paper, such as Lyapunov spectra and
distributions of Born probabilities, can shed further light on monitored phases of “non-
interacting” or Gaussian quantum circuits [9, 10, 60–63], for which it is known that the
purification time scales quadratically with the system size [9, 10]. In the Haar-random setting,
it seems worth understanding how far the generalizations of the Porter–Thomas distribution
that we identify in Sect. 2.5 imply hardness-of-sampling results analogous to what is known
for random unitary circuits [22]. Such results would both complement the prediction of a
computational-complexity transition in monitored random circuits [64] and lend theoretical
support to proposals [65, 66] for diagnosing monitored dynamical phases that avoid post-
selection by computing cross-entropies instead.

Shortly after this work was completed, related results appeared in two papers [67, 68].

Acknowledgements We thank B. Fefferman, S. Gopalakrishnan, D.A. Huse, A. Nahum and A. Vishwanath
for helpful discussions and V. Khemani especially for an early conversation setting up some of the questions
addressed in this paper. This research was supported in part by the National Science Foundation under Grant
No. NSF PHY-1748958 at KITP. V.B.B. was supported by a fellowship at the Princeton Center for Theoretical
Science during part of the completion of thiswork. J.T.C.was supported in part byEPSRCGrantEP/S020527/1.
S.L.S. was supported by a Leverhulme Trust International Professorship, Grant Number LIP-202-014. For the
purpose of Open Access, the authors have applied a CC BY public copyright license to any Author Accepted
Manuscript version arising from this submission.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Aharonov, D.: Quantum to classical phase transition in noisy quantum computers. Phys. Rev. A 62,
062311 (2000)

2. Li, Y., Chen, X., Fisher, M.P.A.: Quantum Zeno effect and the many-body entanglement transition. Phys.
Rev. B 98, 205136 (2018). https://doi.org/10.1103/PhysRevB.98.205136

3. Chan, A., Nandkishore, R.M., Pretko, M., Smith, G.: Unitary-projective entanglement dynamics. Phys.
Rev. B 99, 224307 (2019). https://doi.org/10.1103/PhysRevB.99.224307

4. Skinner, B., Ruhman, J., Nahum, A.: Measurement-induced phase transitions in the dynamics of entan-
glement. Phys. Rev. X 9, 031009 (2019). https://doi.org/10.1103/PhysRevX.9.031009

5. Szyniszewski, M., Romito, A., Schomerus, H.: Entanglement transition from variable-strength weak
measurements. Phys. Rev. B 100, 064204 (2019). https://doi.org/10.1103/PhysRevB.100.064204

6. Choi, S., Bao, Y., Qi, X.-L., Altman, E.: Quantum error correction in scrambling dynamics and
measurement-induced phase transition. Phys. Rev. Lett. 125 (2020). https://doi.org/10.1103/physrevlett.
125.030505

7. Gullans, M.J., Huse, D.A.: Dynamical purification phase transition induced by quantum measurements.
Phys. Rev. X 10 (2020). https://doi.org/10.1103/physrevx.10.041020

8. Zabalo, A., Gullans, M., Wilson, J., Vasseur, R., Ludwig, A., Gopalakrishnan, S., Huse, D.A., Pixley,
J.: Operator scaling dimensions and multifractality at measurement-induced transitions. Phys. Rev. Lett.
128 (2022). https://doi.org/10.1103/physrevlett.128.050602

9. Fidkowski, L., Haah, J., Hastings, M.B.: How dynamical quantum memories forget. Quantum 5, 382
(2021)

123

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.100.064204
https://doi.org/10.1103/physrevlett.125.030505
https://doi.org/10.1103/physrevlett.125.030505
https://doi.org/10.1103/physrevx.10.041020
https://doi.org/10.1103/physrevlett.128.050602


Random-Matrix Models of Monitored Quantum Circuits Page 29 of 31 55

10. Nahum,A., Roy, S., Skinner, B., Ruhman, J.:Measurement and entanglement phase transitions in all-to-all
quantum circuits, on quantum trees, and in Landau-Ginsburg theory. PRX Quantum 2, 010352 (2021)

11. Schomerus,H.:Noisymonitored quantumdynamics of ergodicmulti-qubit systems. J. Phys.A 55, 214001
(2022)

12. Fisher, M.P.A., Khemani, V., Nahum, A., Vijay, S.: Random quantum circuits (2022). https://doi.org/10.
48550/ARXIV.2207.14280

13. Ipsen, J.R., Schomerus, H.: Isotropic Brownian motions over complex fields as a solvable model for
May-Wigner stability analysis. J. Phys. A 49, 385201 (2016). https://doi.org/10.1088/1751-8113/49/38/
385201

14. Noel, C., Niroula, P., Zhu, D., Risinger, A., Egan, L., Biswas, D., Cetina, M., Gorshkov, A.V., Gullans,
M.J., Huse, D.A., Monroe, C.: Measurement-induced quantum phases realized in a trapped-ion quantum
computer. Nat. Phys. 18, 760–764 (2022). https://doi.org/10.1038/s41567-022-01619-7

15. Koh, J.M., Sun, S.-N., Motta, M., Minnich, A.J.: Experimental realization of a measurement-induced
entanglement phase transition on a superconducting quantum processor (2022). https://doi.org/10.48550/
ARXIV.2203.04338

16. Google Quantum AI and Collaborators: Measurement-induced entanglement and teleportation on a noisy
quantum processor. Nature 622, 481–486 (2023). https://doi.org/10.1038/s41586-023-06505-7

17. Piroli, L., Li, Y., Vasseur, R., Nahum, A.: Triviality of quantum trajectories close to a directed percolation
transition. Phys. Rev. B 107 (2023). https://doi.org/10.1103/physrevb.107.224303

18. Zyczkowski, K., Sommers, H.-J.: Truncations of random unitary matrices. J. Phys. A 33, 2045 (2000)
19. Forrester, P.J.: Asymptotics of finite system Lyapunov exponents for some random matrix ensembles. J.

Phys. A 48, 215205 (2015). https://doi.org/10.1088/1751-8113/48/21/215205
20. Porter, C.E., Thomas, R.G.: Fluctuations of nuclear reaction widths. Phys. Rev. 104, 483 (1956)
21. Boixo, S., Isakov, S.V., Smelyanskiy, V.N., Babbush, R., Ding, N., Jiang, Z., Bremner, M.J., Martinis,

J.M., Neven, H.: Characterizing quantum supremacy in near-term devices. Nat. Phys. 14, 595–600 (2018).
https://doi.org/10.1038/s41567-018-0124-x

22. Bouland, A., Fefferman, B., Nirkhe, C., Vazirani, U.: On the complexity and verification of quantum
random circuit sampling. Nat. Phys. 15, 159–163 (2018). https://doi.org/10.1038/s41567-018-0318-2

23. Li, Y., Fisher, M.P.A.: Statistical mechanics of quantum error correcting codes. Phys. Rev. B 103 (2021).
https://doi.org/10.1103/physrevb.103.104306

24. Dorokhov, O.: Transmission coefficient and the localization length of an electron in N bound disordered
chains. Sov. J. Exp. Theor. Phys. Lett. 36, 318 (1982)

25. Mello, P., Pereyra, P., Kumar, N.: Macroscopic approach to multichannel disordered conductors. Ann.
Phys. 181, 290–317 (1988)

26. Beenakker, C., Rejaei, B.: Nonlogarithmic repulsion of transmission eigenvalues in a disordered wire.
Phys. Rev. Lett. 71, 3689 (1993)

27. Oseledets, V.I.: A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dynamical sys-
tems. Trudy Moskovskogo Matematicheskogo Obshchestva 19, 179–210 (1968)

28. Benettin, G., Galgani, L., Giorgilli, A., Strelcyn, J.-M.: Lyapunov characteristic exponents for smooth
dynamical systems and for Hamiltonian systems; a method for computing all of them. Part 1: Theory.
Meccanica 15, 9–20 (1980)

29. Akemann, G., Burda, Z., Kieburg,M., Nagao, T.: Universalmicroscopic correlation functions for products
of truncated unitary matrices. J. Phys. A 47, 255202 (2014). https://doi.org/10.1088/1751-8113/47/25/
255202

30. Akemann, G., Ipsen, J.: Recent exact and asymptotic results for products of independent randommatrices.
Acta Phys. Pol. B 46, 1747 (2015). https://doi.org/10.5506/aphyspolb.46.1747

31. Ahn, A., Peski, R.V.: Lyapunov exponents for truncated unitary and Ginibre matrices (2022).
arXiv:2109.07375 [math.PR]

32. Petz, D., Reffy, J.: On asymptotics of large Haar distributed unitary matrices (2003). arXiv:math/0310338
[math.PR]

33. Mastrodonato, C., Tumulka, R.: Elementary proof for asymptotics of large Haar-distributed unitary matri-
ces. Lett. Math. Phys. 82, 51–59 (2007). https://doi.org/10.1007/s11005-007-0194-7

34. Akemann, G., Kieburg, M., Wei, L.: Singular value correlation functions for products of Wishart random
matrices. J. Phys. A 46, 275205 (2013). https://doi.org/10.1088/1751-8113/46/27/275205

35. Akemann, G., Burda, Z., Kieburg, M.: From integrable to chaotic systems: universal local statistics of
Lyapunov exponents. EPL 126, 40001 (2019). https://doi.org/10.1209/0295-5075/126/40001

36. Abramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions with Formulas, Graphs, and Math-
ematical Tables, vol. 55. US Government Printing Office, Washington, DC (1968)

37. Ippoliti, M., Ho, W.W.: Dynamical purification and the emergence of quantum state designs from the
projected ensemble (2023). arXiv:2204.13657 [quant-ph]

123

https://doi.org/10.48550/ARXIV.2207.14280
https://doi.org/10.48550/ARXIV.2207.14280
https://doi.org/10.1088/1751-8113/49/38/385201
https://doi.org/10.1088/1751-8113/49/38/385201
https://doi.org/10.1038/s41567-022-01619-7
https://doi.org/10.48550/ARXIV.2203.04338
https://doi.org/10.48550/ARXIV.2203.04338
https://doi.org/10.1038/s41586-023-06505-7
https://doi.org/10.1103/physrevb.107.224303
https://doi.org/10.1088/1751-8113/48/21/215205
https://doi.org/10.1038/s41567-018-0124-x
https://doi.org/10.1038/s41567-018-0318-2
https://doi.org/10.1103/physrevb.103.104306
https://doi.org/10.1088/1751-8113/47/25/255202
https://doi.org/10.1088/1751-8113/47/25/255202
https://doi.org/10.5506/aphyspolb.46.1747
http://arxiv.org/abs/2109.07375
http://arxiv.org/abs/math.PR/0310338
https://doi.org/10.1007/s11005-007-0194-7
https://doi.org/10.1088/1751-8113/46/27/275205
https://doi.org/10.1209/0295-5075/126/40001
http://arxiv.org/abs/2204.13657


55 Page 30 of 31 V. B. Bulchandani et al.

38. Akemann, G., Burda, Z., Kieburg, M.: Universal distribution of Lyapunov exponents for products of
Ginibre matrices. J. Phys. A 47, 395202 (2014). https://doi.org/10.1088/1751-8113/47/39/395202

39. Creutz, M.: On invariant integration over SU (N). J. Math. Phys. 19, 2043–2046 (1978)
40. Le Jan, Y.: On isotropic Brownian motions. Zeitschrift für Wahrscheinlichkeitstheorie und verwandte

Gebiete 70, 609–620 (1985)
41. Kulkarni, M., Polychronakos, A.: Emergence of the Calogero family of models in external potentials:

duality, solitons and hydrodynamics. J. Phys. A 50, 455202 (2017). https://doi.org/10.1088/1751-8121/
aa8c6b

42. Risken, H.: The Fokker-Planck Equation. Springer, New York (1996)
43. Sutherland, B.: Exact results for a quantum many-body problem in one dimension. II. Phys. Rev. A 5,

1372 (1972)
44. Calogero, F., Perelomov, A.: Properties of certain matrices related to the equilibrium configuration of the

one-dimensional many-body problems with the pair potentials V 1 (x)=- log| sin x| and V 2 (x)= 1/sin 2
x. Commun. Math. Phys. 59, 109–116 (1978)

45. Beenakker, C., Rejaei, B.: Exact solution for the distribution of transmission eigenvalues in a disordered
wire and comparison with random-matrix theory. Phys. Rev. B 49, 7499 (1994)

46. Mehta, M.L.: Random Matrices. Elsevier, Amsterdam (2004)
47. Forrester, P.J.: Global and local scaling limits for the β= 2 Stieltjes-Wigert random matrix ensemble.

Random Matrices Theory Appl. 11, 2250020 (2022)
48. Baxter, R.J.: Statistical mechanics of a one-dimensional Coulomb system with a uniform charge back-

ground. In: Mathematical Proceedings of the Cambridge Philosophical Society, vol. 59, pp. 779–787.
Cambridge University Press, Cambridge (1963)

49. Flack, A., Majumdar, S.N., Schehr, G.: Gap probability and full counting statistics in the one-dimensional
one-component plasma. J. Stat. Mech. Theory Exp. 2022, 053211 (2022)

50. Flack, A., Majumdar, S.N., Schehr, G.: An exact formula for the variance of linear statistics in the one-
dimensional jellium model. J. Phys. A 56, 105002 (2023)

51. Muskhelishvili, N.: Singular Integral Equations (1953)
52. Mergny, P., Majumdar, S.N.: Stability of large complex systems with heterogeneous relaxation dynamics.

J. Stat. Mech. Theory Exp. 2021, 123301 (2021)
53. Beenakker, C.: Universality in the random-matrix theory of quantum transport. Phys. Rev. Lett. 70, 1155

(1993)
54. Chalker, J.T., Macêdo, A.M.S.: Complete characterization of universal fluctuations in quasi-one-

dimensional mesoscopic conductors. Phys. Rev. Lett. 71, 3693 (1993). https://doi.org/10.1103/
PhysRevLett.71.3693

55. D’Alessio, L., Kafri, Y., Polkovnikov, A., Rigol, M.: From quantum chaos and eigenstate thermalization
to statistical mechanics and thermodynamics. Adv. Phys. 65, 239–362 (2016). https://doi.org/10.1080/
00018732.2016.1198134

56. Berry, M.V.: Regular and irregular semiclassical wavefunctions. J. Phys. A 10, 2083 (1977)
57. Li, Y., Chen, X., Fisher, M.P.A.: Measurement-driven entanglement transition in hybrid quantum circuits.

Phys. Rev. B 100, 134306 (2019). https://doi.org/10.1103/PhysRevB.100.134306
58. Fan, R., Vijay, S., Vishwanath, A., You, Y.-Z.: Self-organized error correction in random unitary circuits

with measurement. Phys. Rev. B 103, 174309 (2021). https://doi.org/10.1103/PhysRevB.103.174309
59. Page, D.N.: Average entropy of a subsystem. Phys. Rev. Lett. 71, 1291–1294 (1993). https://doi.org/10.

1103/PhysRevLett.71.1291
60. Cao, X., Tilloy, A., De Luca, A.: Entanglement in a fermion chain under continuous monitoring. SciPost

Phys. 7 (2019). https://doi.org/10.21468/scipostphys.7.2.024
61. Nahum, A., Skinner, B.: Entanglement and dynamics of diffusion-annihilation processes with Majorana

defects. Phys. Rev. Res. 2 (2020). https://doi.org/10.1103/physrevresearch.2.023288
62. Chen, X., Li, Y., Fisher, M.P., Lucas, A.: Emergent conformal symmetry in nonunitary random dynamics

of free fermions. Phys. Rev. Res. 2, 033017 (2020)
63. Alberton, O., Buchhold, M., Diehl, S.: Entanglement transition in a monitored free-fermion chain: from

extended criticality to area law. Phys. Rev. Lett. 126 (2021). https://doi.org/10.1103/physrevlett.126.
170602

64. Suzuki, R., Haferkamp, J., Eisert, J., Faist, P.: Quantum complexity phase transitions inmonitored random
circuits (2023). arXiv:2305.15475 [quant-ph]

65. Li, Y., Zou, Y., Glorioso, P., Altman, E., Fisher, M.P.A.: Cross entropy benchmark for measurement-
induced phase transitions. Phys. Rev. Lett. 130, 220404 (2023). https://doi.org/10.1103/PhysRevLett.
130.220404

66. Garratt, S.J., Altman, E.: Probing post-measurement entanglement without post-selection (2023).
arXiv:2305.20092 [quant-ph]

123

https://doi.org/10.1088/1751-8113/47/39/395202
https://doi.org/10.1088/1751-8121/aa8c6b
https://doi.org/10.1088/1751-8121/aa8c6b
https://doi.org/10.1103/PhysRevLett.71.3693
https://doi.org/10.1103/PhysRevLett.71.3693
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.103.174309
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.21468/scipostphys.7.2.024
https://doi.org/10.1103/physrevresearch.2.023288
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevlett.126.170602
http://arxiv.org/abs/2305.15475
https://doi.org/10.1103/PhysRevLett.130.220404
https://doi.org/10.1103/PhysRevLett.130.220404
http://arxiv.org/abs/2305.20092


Random-Matrix Models of Monitored Quantum Circuits Page 31 of 31 55

67. Luca, A.D., Liu, C., Nahum, A., Zhou, T.: Universality classes for purification in nonunitary quantum
processes (2023). arXiv:2312.17744 [cond-mat.stat-mech]

68. Gerbino, F., Doussal, P.L., Giachetti, G., Luca, A.D.: A Dyson Brownian motion model for weak mea-
surements in chaotic quantum systems (2024). arXiv:2401.00822 [cond-mat.stat-mech]

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123

http://arxiv.org/abs/2312.17744
http://arxiv.org/abs/2401.00822

	Random-Matrix Models of Monitored Quantum Circuits
	Abstract
	1 Introduction
	2 Projective Measurements
	2.1 Kraus Operator Ensembles
	2.2 Rank Collapse and Dynamical Purification
	2.3 Mapping to Truncated Unitary and Ginibre Ensembles
	2.4 Computation of Lyapunov Exponents and the Purification Time
	2.5 The Distribution of Born Probabilities
	2.6 Dynamics of Rényi Entropies
	2.6.1 Short Times
	2.6.2 Long Times


	3 Weak Measurements
	3.1 Model and Fokker–Planck Equation
	3.2 Exact Solution of the Fokker–Planck Equation
	3.3 Very Short Times: Emergence of Log-GUE
	3.4 Short Times: Semicircle-to-Square Crossover
	3.5 Long Times: Log-Normality, Lyapunov Exponents and Level Repulsion

	4 Conclusion
	Acknowledgements
	References




