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Abstract

Neutral atom arrays have emerged as a versatile candidate for the embedding of hard classical
optimization problems. Prior work has focused on mapping problems onto finding the maximum
independent set of weighted or unweighted unit disk graphs. In this paper we introduce a new
approach to solving natively-embedded vertex graph coloring problems by performing coherent
annealing with Rydberg-qudit atoms, where different same-parity Rydberg levels represent a dis-
tinct label or color. We demonstrate the ability to robustly find optimal graph colorings for chro-
matic numbers up to the number of distinct Rydberg states used, in our case k = 3. We analyze
the impact of both the long-range potential tails and residual inter-state interactions, proposing
encoding strategies that suppress errors in the resulting ground states. We discuss the experimental
feasibility of this approach and propose extensions to solve higher chromatic number problems,
providing a route towards direct solution of a wide range of real-world integer optimization prob-
lems using near-term neutral atom hardware.

1. Introduction

Many real-world problems in industry and finance can be cast as combinatorial optimization problems
[1]. Whilst some of these lie in the class of easy (P) problems that can be solved efficiently in poly-
nomial time using classical hardware, many exist in the class of hard (NP) problems that cannot be
solved optimally without an exponential growth of the evaluation time, even when exploiting heuristic
algorithms offering polynomial-time approximations. However, such problems could be solved optim-
ally with a polynomial growth of evaluation time in non-deterministic machines [2, 3]. However, despite
decades of research in quantum and computer science, it remains an open question whether such non-
deterministic machines could be implemented using quantum hardware.

Research into the application of quantum optimization to solving relevant graph problems has
explored applications to the maximum independent set (MIS) problem, which consists in finding the
largest independent subset of vertices in a graph such that none of the selected vertices are connected by
an edge. In the case where each vertex is assigned a weight, this generalizes to the maximum weighted
independent set (MWIS) problem. MIS and MWIS are proven to be NP-complete for both planar graphs
[4] and unit disk graphs (UDG) [5] with a maximum degree of 3. Recent work has shown that this
enables solving underlying MIS and MWIS problems by mapping onto UDG encodings compatible with
the native connectivity found in Rydberg atom arrays [6-8] and applying routines such as the variational
quantum annealing (VQA) [9-12] or quantum approximate optimization algorithms (QAOAs) [13, 14]
to obtain solutions.

© 2026 The Author(s). Published by IOP Publishing Ltd
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Neutral atom arrays have emerged as promising platforms for scalable quantum computing [15-21].
By exploiting the strong, long-range interactions of highly excited Rydberg states it is possible to real-
ize a blockade effect that can be leveraged for high-fidelity digital computing [22-27], programmable
quantum simulation [28-34] or analogue optimization, which is the focus of this paper.

UDGs can be natively embedded into neutral atom arrays by geometrically arranging the atoms,
with the edges implemented by placing atoms within a blockade radius of each other. This has resul-
ted in a number of experimental demonstrations of solving both MIS [35-38] and MWIS [39, 40] along
with exploration of the requirements for achieving a realistic quantum advantage [41-44] from these
methods. Beyond this, programmable Rydberg-atom graphs with local addressibility can be geometric-
ally arranged to solve other NP-complete problems such as maximum cut (Max-Cut) [45, 46], integer
factorization [47], and, especially, 3-satisfiability (3-SAT) [48] in which the polynomial reduction to
the MIS has been proven in [49]. More generally, these approaches reformulate the problem to that of
quadratic unconstrained binary optimization (QUBO) [50] which can be encoded on atomic arrays using
elementary sub-graphs [51] or gadgets [8], with a parity-based approach extending to higher-order con-
strained binary optimization (HCBO) problems [52].

However, many real-world optimization problems involve integer optimization problems (IP) [53-56]
where the decision variables are integers. Given the current development of quantum hardware, there is
still no prototype of any physical quantum system into which IPs can be directly encoded. In this work,
we focus on solving the minimum vertex graph coloring problem (MVGCP) [57], consisting of finding a
solution to coloring vertices in a graph such that vertices that share an edge are assigned different colors
whilst ensuring the minimum number of colors are used.

Coloring of graphs requiring 3 or more colors is NP-hard, meaning MVGCPs are challenging. These
problems arise in a variety of industry applications [1], for instance scheduling optimization [55, 58]
or portfolio selection [59]. Directly solving MVGCP on quantum hardware via formulation as a QUBO
is resource intensive, with a graph of N vertices and k colors requiring O(kN) physical qubits [60, 61].
This has driven development of hybrid quantum-—classical approaches seeking to solve MVGCP by using
heuristic classical solvers combined with quantum hardware to sample the MIS solution requiring only
O(N) physical qubits [60, 62—64]

In this paper, we present a route to natively embed unit-disk graph MVGCP onto a neutral atom
platform by performing coherent annealing with Rydberg atom qudits. By coupling to k Rydberg levels,
we provide access to a Hilbert space of size O(kV) and demonstrate the ability to correctly recover the
optimal graph colorings with chromatic numbers x(G) < k. This represents a first step towards realizing
physical quantum hardware onto which the so-called quadratic unconstrained integer optimization (QUIO)
can be directly encoded without any mapping to the conventional QUBO [65].

2. Overview of main results

We propose and numerically demonstrate a native embedding of the QUIO formulation of a MVGCP
on a k-chromatic graph with N vertices using a qudit-based Rydberg system. This consists of N ground
state atoms, each with an EM field coupling to k Rydberg states. The ground and Rydberg states repres-
ent our distinct colors. By performing quantum annealing algorithm on the system, we can find optimal
graph colorings for planar graphs.

The protocol is illustrated in figure 1. Firstly (a) an original planar graph is mapped to the cor-
responding unit-disk graph with compact structure by the so-called vertex-to-atomn mapping method,
as shown in figure 1(b). Here, compact structure means the arrangement with maximized numbers
of equidistant edges. Each pair of neighboring atoms (representing adjacent vertex pairs) is arranged
with a spatial separated less than the Rydberg blockade radius, indicated by the green, orange and yel-
low shades as in figure 1(c). This results in the blockade of a double excitation of the corresponding
Rydberg state for any pair of neighboring atoms, i.e. a double excitation of the green Rydberg state is
blocked within green shaded region. Similarly, double excitation of the orange (yellow) Rydberg states
are blocked within the orange (yellow) shaded region. Simultaneously, we ensure that all the atoms
do not fall into the small dark shade of their neighbors, in which the energy spectrum will be affected
by undesired negative inter-Rydberg interactions, such that the system’s ground state could be altered,
making quantum annealing inefficient. The quantum annealing algorithm is performed by driving the
quantum dynamics from the initial Hamiltonian with an easy-to-prepare ground state, i.e. the product
state of the atomic ground state |gg...), to the final Hamiltonian whose ground state encodes the solu-
tions to the given MVGCP. The detunings A, relative to each Rydberg state |r;) are adiabatically tuned,
as shown in figure 1(c), to ensure that the annealing state remains in the instantaneous ground state
at all times [10, 11, 66]. Our results show that the annealing process prepares the system in the lowest
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Figure 1. Quantum optimization for graph coloring problems. (a) The original (planar) graph problem is embedded into a cor-
responding unit-disk graph with compact structure as shown in (b). Here, the vertices and edges of the graph are represented by
atoms and their nearest-neighbor interactions. (c) Adiabatic quantum annealing is performed by instantaneously turning on the
qudit driving fields €, and slowly sweeping the detunings A;(¢) from large negative value to positive value (in the direction of
red dashed arrows). Here, i = {1,2,..,k} where k is the maximum number of Rydberg states (colors) used. (d) The measurement
results at the end of the protocol show a set of degenerate (due to the graph symmetry) optimal solutions to the given MVGCP.

energy state, and that this state encodes the solution to the corresponding MVGCP. In particular, we
obtain a degenerate subset of optimal graph coloring solutions, in which their configurations yield
exactly the same energy due to the symmetry of the graph, as depicted in figure 1(d). With higher order
of the graph symmetry, it has been found that the quantum annealing becomes more efficient such that
graph coloring solutions are returned with higher fidelity.

Regarding the feasibility of graph encoding, due to the restricted range of lattice spacings allowed
by the encoding constraints in equation (4), solving MVGCPs on equidistant planar graphs is found to
be very effective in qudit-based Rydberg systems, as the unwanted negative inter-Rydberg interactions
become insignificant compared to the positive conventional (intra) Rydberg interactions. However, to
solve MVGCPs on more general planar graphs in which equidistant structures cannot be arranged in two
dimensions (2D), we explore alternative encoding strategies such as exploiting three-dimensional (3D)
graph embedding to achieve the same connectivity as the original 2D graph whilst maximizing the spa-
cing between qubits that are not linked by an edge. Here, the influence of negative inter-Rydberg interac-
tions on solving MVGCPs have also been analyzed.

The paper is structured as follows. In section 3, the mathematical definition of MVGCPs is intro-
duced along with brief reviews of previous related research on the hybrid quantum-—classical and
quantum approaches. Next, we address the limitations of current quantum hardware, and how our
proposed qudit-based Rydberg system could yield advantages over these limitations. In section 4, we
introduce the qudit-based Rydberg Hamiltonian, and show how MVGCPs could be encoded into such a
Hamiltonian. Details of the problem encoding onto Rydberg-atom graphs are included here. In section 5,
we demonstrate the annealing results of MVGCPs on several equidistant 3-chromatic graphs, composed
of a different numbers of (equilateral) triangle subgraphs. Subsequently, in section 6.1, we demon-
strate the graph coloring on non-equidistant 4-chromatic graphs to highlight the effect of the negative
inter-Rydberg interactions, and show how the graph encoding can be improved by exploiting 3D graph
embedding. Finally, in section 7, we summarize the advantages offered by our qudit-based Rydberg sys-
tems as an alternative route towards native embedding of integer problems, and also discuss the limita-
tions, experimental feasibility and potential to encode other NP-complete problems on this platform.

3. MVGCP

3.1. Problem statement

Given an undirected graph G = (V,E), where V is a set of vertices and E is a set of edges, a valid
solution to the vertex graph coloring problem involves coloring all vertices such that no pair of edge-
connected vertices are assigned the same color. A graph coloring that uses k unique colors is called k-
coloring with the formal definition

Definition 1. (k-coloring) For an undirected graph G = (V, E), the k-coloring is a mapping fi : V(G) — Ci
with f(v) # fy(w) for all (v,w) € E(G). Here, C;, = {1,2,...,k} is a set of k colors.

In particular, vertex graph coloring is equivalent to partitioning the vertices into k independent
(stable) sets. The MVGCP then consists of finding a valid graph coloring that requires the minimum
number of colors. The minimum number k is known as the chromatic number x(G). Determining the
chromatic number of a general graph is widely recognized as NP-hard [67], whilst deciding if a graph is
colorable with k-colors is NP-complete for k > 3 [4, 68—70]. MVGCPs on unit-disk graphs mapped from
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Figure 2. Examples of vertex graph coloring. (a) Invalid graph coloring as adjacent vertices share the same color. (b) An optimal
graph coloring with three colors used corresponding to a chromatic number x(G) = 3. (c) Non-optimal graph coloring where all
adjacent vertices are assigned with five different colors. This case is referred to as relaxed graph coloring.

planar graphs with maximum degree at least 3 are proven NP-complete [5, 70]. Figure 2 shows example
graph colorings, with an invalid solution where vertices with a connected edge share a color in (a) whilst
the optimal solution with k = x(G) = 3 shown in (b). However, since in general MVGCPs are known to
be hard problems, they are, in practice, relaxed to finding k-colorings where x(G) < k < |V| [71]. This
results in sub-optimal graph colorings as shown in (c), and is known as a relaxed coloring which is a
valid graph coloring with k > x(G).

3.2. Classical approaches

There are a variety of polynomial-time approximate algorithms (PTAAs) which return a non-optimal
graph coloring with k no greater than an approximate upper bound relative to the true chromatic num-
ber of a problem graph [72, 73]. However, due to the NP-hardness of MVGCPs, exact algorithms [74]
turn impractical on graphs with hundreds of vertices, hence many heuristic algorithms have become
more common in previous research [75, 76]. Among these approaches, heuristic greedy algorithms are
widely used such as the Welsh-Powell [77] or Dsatur algorithms [78] which color vertices sequentially,
but with different approaches to choosing the vertex ordering based on their degree or saturation degree,
respectively. For each graph there exists a perfect vertex order that would return optimal colorings, and
the Dsatur algorithm has been proven exact on certain families of graphs such as chordal graphs, cycle
graphs and wheel graphs [79]. Another widely used heuristic method is the recursive largest first (RLF)
algorithm [80] which sequentially colors the graph by finding the MIS, assigning these vertices to a given
color, and then repeating to find the MIS of the remaining vertices after the previous set is removed.

3.3. Quantum approaches
The simplest approach to solving MVGCP on qubit-based quantum hardware is to cast it as a QUBO of
the form [81]

k 2 k
Hqupo = Z (1 - ZM,;‘) + Z qu,ixv,h (1)

v i=1 (u,v)€E(G) i=1

where x, ; is a Boolean variable representing vertex v with color i. This requires kN physical Ising spins
for the problem to be embedded in the Ising model, and typically the quadratic constraint term leads to
a requirement for all-to-all connectivity of the qubits encoding the Boolean variables making this highly
challenging for near term quantum hardware. Initial benchmarks of this approach for small problems
sizes however showed superior performance for quantum annealing on a D-Wave system compared to
simulated annealing [62].

To mitigate the physical resource and hardware requirements, Fabrikant et al [82] introduced a
quantum heuristic method to solve a MVGCP with at most 3 colors, using 2 qubits for encoding each
vertex of the graph resulting in an asymptotic performance being polynomial in time. Other work has
explored quantum annealing using path-integral Monte Carlo methods [71], however this approach
is not effective for graphs with large degeneracies. Instead a constrained quantum annealing method
has been developed that uses a driving Hamiltonian that encodes constraints without requiring penalty
terms, offering a reduction to N physical qubits [83]. Tabi et al [84] implement a space-efficient embed-
ding requiring only Nlogk qubits combined with QAOA, however this comes at the cost of deeper cir-
cuits which limits performance.
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3.4. Hybrid quantum-—classical approaches

Within the development of quantum algorithms there exist several hybrid quantum—classical protocols
which seek to off-load part of the classically hard computation onto a qubit-based quantum processor,
overcoming the intensive physical resource requirements for directly mapping MVGCP on a graph with
N vertices using k colors into a QUBO acting on kN Ising spins. Many of these hybrid approaches
exploit quantum hardware to iteratively identify the MIS as input for classical heuristic algorithms in a
similar approach to RLE. For example, Kwok and Pudenz use MIS solutions to seed a Greedy algorithm
[60]. Vitali et al used a quantum annealer to iteratively solve for maximal independent sets (not neces-
sarily the MIS) which are used as a feasible color assignment in a classical branch and bound (BB)
method [85]. Coelho et al [64] propose an alternative approach based on the column-generation frame-
work, in which the problem is decomposed into the so-called restricted master problem (RMP) and pri-
cing subproblem (PSP). Here, the RMP is iteratively solved by the classical algorithm with an updated
variable (added column) which is a solution to the dual PSP solved with a quantum machine finding the
MIS at each step.

3.5. Qudit-based approaches

An alternative approach is to consider algorithms based on using qudits. Wang et al [86] introduced a

generalization of the Grover algorithm operated on ternary quantum circuits that uses qudits to reduce

the complexity of a quantum circuit, resulting in a higher efficiency quantum algorithm. Similar work

was carried out by Bravyi et al [87], in which the recursive QAOA implemented with hundreds of qutrits

has been found to be an efficient algorithm for solving 3-coloring problems in NISQ devices. Recent

work from Deller et al [88] proposes using QAOA with qudit systems to address the electric vehicle

charging optimization problem which is mapped onto the MVGCP. This can be extended to formulate

a variety of IPs using QAOA, however native qudit based quantum processors have yet to be realized.

Amin et al realize adiabatic quantum optimization with qudits, in which logical qudits are implemented

using many coupled ancilla qubits [89], but at the cost of requiring a significant physical qubit overhead.
In our work, we propose using multi-level Rydberg atoms as a scalable platform for realizing nat-

ive qudit encodings. To solve MVGCP on a UDG in this case we cast the problem as a spin-glass Potts

model [81, 90-92]. To transform from the QUBO representation above in equation (1), we convert the
()

kN binary variables x,; to N integer variables n;

the following Potts-like problem Hamiltonian

which encode the color i on vertex v, giving rise to

k k
Hp~—A Z anv) +B Z anu)nfv). (2)

veV(G) i=1 (1,v)EE(G) i=1

In the limit B >> A, the second term prevents vertices connected by an edge from having the same color
while the first term maximizes the numbers of repeated colors, and the Hamiltonian therefore encodes a
solution to the MVGCP as a ground state. As we will show below, this problem can be directly mapped
onto N atoms each with k Rydberg levels.

4. Graph coloring with Rydberg-atom qudits

In this section, we provide a detailed description of how the MVGCP problem shown in figure 1 can be
solved by mapping onto a qudit-based neutral atom array. Specifically, we consider the case of UDGs,
which can be readily realized via the geometric arrangement of atoms using optical tweezers.

4.1. Qudit-based Rydberg Hamiltonian

As illustrated in figure 1(c), we consider the case in which an N-vertex UDG can be realized using an
array of N independent atoms each representing a vertex v of the graph, and edges implemented by pla-
cing the relevant vertex atoms adjacent to one another—nearest neighbors (NN).

Each atom consists of a ground state |¢g) which is coherently coupled to k unique same-parity
Rydberg states |r;), where i = {1,2,..,k} which encodes our qudit state, as shown in figure 4(a) for
k=3. Here, use of same parity Rydberg states eliminates flip-flop interactions caused by resonant dipole-
dipole interactions, and ensures all interactions can be treated in the van der Waals (vdW) regime with
an energy shift V(R) oc Cs/R® where Cg is the dispersion coefficient and R is the interatomic separation.
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Figure 3. Encoding of Rydberg-atom graph. (a) The energy shifts due to Rydberg interactions between 2 atoms are categorized
into two types: 1. (upper) the intra-Rydberg interaction denoted by green and orange graphs, respectively, correspond to the
double Rydberg excitations |r171) and |r,r2). 2. (lower) the inter-Rydberg interaction denoted by the purple curve, correspond
to the double Rydberg excitation |r; ). Here, the top (and bottom) graph represents the case of V(1) > 0 (and V{12) < 0). (b)
The equidistant (unit-disk) planar graph implemented by choosing the lattice spacing a such that blockade only connect nearest

neighboring (NN) atoms with the conditions: |VI(\,’{3| <LAK VI(\IN, where i,j = {1,2}. (c) The non-equidistant (unit-disk)
graph implemented by shrinking the lattice spacing, g, such that the blockades further connect next-nearest neighboring (NNN)

atoms. For NNN atoms, the encoding conditions are: |VI(\,ZQN\ KA K Vﬁ,NN, and |V(i{\)f| < A given the significant increase in

|V1(\3\)1 |, see the purple dashed line in the figure. (d) 3D-graph embedding allows the equidistant structure of the non-equidistant
graph in (c).

Each Rydberg state is coupled to the ground state using a homogeneous global laser field with Rabi
frequency 2; and detuning A; from state |r;), resulting in a Hamiltonian of the form

Hyya = ZZ< " Af”f”)>+ Yo S VO —rn)n n?

veV(G) i (uv)€E(G) i

+ Z Zv(u) o 7,,|)< (u) (1’)Jr (u) (V)> (3)

(u,v)€E(G) i<j

where a =|g),(ri| + |r:),{(g|, and n(v) |ri)v(ri| is the projector onto Rydberg state |r;) of atom
labehng vertex v. The first term in the Hamiltonian describes the coherent atom-light interaction due
to the laser fields, where the detuning —A; corresponds to the energy associated with the atom at ver-
tex i being excited to the state |r;), and the Rabi frequency €2; controls the strength of the driver term
coupling |g) to |r;) which make a key ingredient for quantum steering (annealing) to explore all pos-
sible state configurations. The second and third terms, respectively, represent the intra-Rydberg interac-
tions between pairs of Rydberg atoms in state |r;) with coefficients Céi) , and the inter-Rydberg interac-
tions between pairs of atoms in Rydberg states |r;) and |r;) with coefficients ng). They are responsible
for penalizing connected vertices that simultaneously excite to the states |rr;) and |r;r;), respectively.
The effect of these interaction terms is illustrated in figure 3(a) for the case of two Rydberg levels.
In the upper panel we show the pair potential curves for the intra-Rydberg interactions V(!)(R) and
V) (R) resulting from pairs of atoms in state |r,r) and |r,r,). When this interaction exceeds the effect-
ive Rabi frequency /€27 + A? only a single Rydberg excitation can be created, leading to a blockade for
pairs of atoms with a separation below R,(:) = (I \/QF + A2)1/6. The lower panel shows the inter-
Rydberg interaction between atoms in state |r;r;). In this case the corresponding blockade condition

is satisfied for R, @ — (|cP)/, /O + A2)1/6 where ; = (€ +;)/2 and A;; = (A;+ A})/2 are the
average Rabi frequency and detunlng. Note that during annealing, we define the Rydberg blockade radius
within the above formulas at the Landau-Zener transition point where A; = 0.
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4.2. Encoding of MVGCP on qudit-based Rydberg system

In the classical limit €; — 0 the Rydberg Hamiltonian in equation (3) approximates the Potts-like
Hamiltonian of equation (2) with A — A; and B — V() (|r, — ry|) which can be moved inside the sum-
mation. Thus, by careful choice of parameters we can engineer the ground-state of the interacting
Rydberg system to encode the solution of the classical MVGCP problem in a similar manner to the
qubit-based Rydberg system being able to solve MIS [6].

Comparison of the two equations reveals two differences between the classical problem and the
Rydberg encoding. The first is the finite-potential tails associated with the vDW interactions, and the
second is the additional contribution of the inter-Rydberg couplings. In an ideal system, we would
engineer the inter-Rydberg state terms Céij ) =0, and embed the UDG using edges of length a < Rl(j) for
all 4, such that for 0 < A; < V) (a) the ground state matches the MVGCP solution.

However, for real Rydberg states, where in this case we consider the 1S, ,, Rydberg states of alkali

atoms, the inter-Rydberg couplings remain finite and negative with Céij) < 0 [93], the corresponding
interaction tail can be seen as the bottom graph of the lower panel of figure 3(a). Instead, by choos-
ing states with a large separation in principal quantum number n, we recover |Céij )\ < |Cg)\ for all

i,j. This introduces additional restrictions on the choice of parameters, such that now, we require the
edge spacing a to be chosen such that Rl(,ij) <a< Rz(;i)’ and the detunings to be chosen ideally such that
V) (a)| < A; < V(a).

A secondary consequence of the negative inter-Rydberg interactions is that the positive energy pen-
alty of an edge-connected coloring violation between a pair of atoms |r;r;) can be cancelled out by the
negative energy associated with edge coupling to neighboring atoms in state |r;). To prevent this block-
ade violation we introduce a lower bound on the detuning to give the constraint

VO (@) | < A; < [V (a) + (@ — 1) Vi), ()|, )

where « is the maximum degree of the graph and Vfrifgx(a) is the largest inter-Rydberg coupling for
each i.
The procedure above requires tuning parameters such that the intra-Rydberg state blockade radii

Rz(;l) are comparable. To ensure that the pairwise interactions remain additive and ensure suppression

1

of the unwanted Céij) terms, we use |n; — n;| > 2 [94]. As Cs xx n'!, a simple approach to simply re-scale

Rabi frequencies such that (Céi) /)0 ~ (Céj) /$2;)'/¢ quickly becomes unfeasible. Instead we restrict
ourselves to the experimentally realizable Rabi frequencies in the range 2/2m =1 ~ 10 MHz and adjust
the final state detuning terms such that (Cg)/\/Af + Q)16 ~ (c/ AF + Q]?)l/6 with A; > €; and
Aj > Qj.

For equidistant planar graphs these conditions on spacing and relevant interactions can easily be met
when performing direct vertex-to-atom mapping, with an example of such an MVGCP embedding for
a 5-vertex equidistant graph with maximum degree 3 shown in figure 3(b), where the corresponding
blockade radii are indicated as colored circles. Here, the interaction distance is adjusted to give only a
NN interaction.

For higher degree UDGs, it is possible to embed graphs with up to degree 8 on neutral atom arrays
using a blockade radius adjusted to implement next-NN (NNN) couplings as illustrated in figure 3(c).
For an all-to-all square, using non-equal separations, vertex 1 can be connected to just two neigh-
boring atoms, where again the minimum spacing is defined by the largest inter-Rydberg blockade
length Rl(:]) . In this regime, the strong negative interactions become more significant, and care must be
taken to adjust parameters carefully to ensure that the condition of equation (4) are met. Alternatively,
3D embeddings can be used as shown in figure 3(d) which implements the same coupling graph as
figure 3(c) but with increased spacing between connected vertices to further suppress the unwanted
interactions.

To investigate the use of Rydberg qudits for performing MVGCP optimization we model a k=3
Rydberg annealer as shown in figure 4(a). To meet the requirements above with |ng| < |Céi)| we
choose the experimentally accessible S, /, Rydberg states of Rubidium |ri) = [65S; /,,m; = 1/2),
|r2) = |708 s, m;j = 1/2) and |r3) = [75S, s,,m; = 1/2). For these states we extract Cs coefficients by
fitting the calculated pair-potentials in the range R =5 — 8 um [95], which for intra-Rydberg interac-
tions gives {Cél)7Céz),Cé3)} = {360.7,862.7,1984.5} 27 GHzpum® and for inter-Rydberg interactions
(D) ¥ c — (941 -35.0,-226.7} 21 GHzpm®.
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Figure 4. Rydberg-qudit Quantum Annealer. (a) (The 3-Rydberg annealer) Qudit level scheme for k = 3 Rydberg states each
optically coupled to the groundstate |g) using laser fields with independent detunings A; and Rabi frequencies €2;. (b) Quantum

annealing profiles showing normalized time-dependence of the detuning &(¢) and the Rabi frequencies &(f) used to prepare the
atoms in the MVGCP groundstate.

4.3. Quantum annealing

To prepare atoms in the ground state of the problem Hamiltonian above, we perform quantum
annealing [6, 35, 39] whereby the atoms are initially prepared in state |g) and the global laser fields
are adiabatically swept from an initial large negative detuning to a final positive detuning. During
annealing, non-zero Rabi frequencies §); are required to provide driver terms that enables the system
to adiabatically follow the groundstate as the detuning is changed. The parameters are ramped using
Ai(t) = AP5(1) and Q;(t) = QMG(r), where A™* and Q™ are chosen to satisfy the encoding con-
straints above and the normalized time-dependent functions 5, and w are defined as [28, 39]

-1, 0<t<t

S =45 (t—n), t<t<i (5)
1, tr<t<T
+ 0<t<t

w(t)=4q1, i <t<ty (6)

T%U(T—t), tr<t<T

where ty = (t; 4+ t7) /2 and 7 = ty— t;. The annealing profiles are shown schematically in figure 4(c),
where we use t; = 0.4 ps, tr=8 us, T = 8.4 us. To numerically simulate real-time quantum dynam-
ics, the Trotterization method is used, in which the annealing state is computed by |¥,(1)) =

[1;2h e~ a9t W (0)). Here, |¥(0)) = |gg...), 0t =1t; —t;_1, to=0, and t, = T, where the annealing
time is chosen with T'= 8.4 us, and the Trotter time steps p = 300. Given the error of the method scal-
ing with O(T?/p), we Trotterize the time steps by p = O(T?/¢) to restrain the error in the admissible
scale O(e€). Analysis of the resulting annealing state |¥,(¢)) is performed by calculating the dynamic
overlap with the ideal MVGC solutions [¢) using Py (f) = [(1|¥,(1))|, or by evaluating the probability
of observing a specific computational output solution |i) at the final time t =T as P;(T) = |(i|¥,(T))|*.
Calculations are performed using Expokit [96] to enable efficient simulation of the following small-scale
examples without the requirement of HPC resources, facilitating proof of concept demonstration of the
application of qudit annealing to MVGCP.

5. Equidistant (unit-disk) planar graphs

We first study MVGCPs on planar graphs which can be natively embedded on neutral atom arrays
as equidistant unit-disk graphs as shown in figure 5, where all neighboring atoms are spaced with
identical distance a. In this section, we will show that to solve MVGCPs on graphs with chromatic
number x(G) < 3, it is necessary to use k > x(G) Rydberg states. For the 3-Rydberg annealer, we
chose Rabi frequencies 21"5%; /2m = 1,2,5 MHz giving the corresponding blockade radii Rél)’(z)’w) =
8.44,8.69,8.55 pum for intra-Rydberg couplings, and nglz),(la)}(za) =6.30,4.76,6.32 pym for inter-Rydberg
interactions. The lattice spacings of embedded unit disks are then tuned such that Rém) <a<0.38R"

b
leading to the range around 6.32 pm < a < 6.76 um. To satisfy the encoding constraints, we choose
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Figure 5. MVGC of equidistant graphs using k = 3 Rydberg levels. We consider the following geometries: (a) (equilateral) triangle
with three vertices, (b) square, (c) diamond, (d) 3-Fan, (e) triangle-shape triangular lattice and (f) ladder-shape triangular lattice,
we show that the 3-Rydberg annealer could solve for optimal colorings with high probabilities approaching 99 %. For the 3-Fan
graph (D), another weak population of optimal colorings with the green and orange inverted are also obtained. Here, only the
square graph (B) is 2-chromatic while the others are 3-chromatic. Due to different geometric symmetries, the triangle-shape
triangular lattice with S3 symmetry possesses six (S3) degenerate optimal colorings as depicted in (g), while the ladder shape with
lower-order Z, symmetry possess three pairs of two (Z,) degenerate states with unequal probabilities as depicted in (h).

AT /2w =5,10,15 MHz. Details on these parameter choices can be seen in appendix A, the coordin-
ates for all graphs used in the paper given in table 1 along with the actual lengths of lattice spacing in
table 2.

5.1. Cycle graphs (Cy)
Initially we consider cycle graphs where every vertex has degree 2, i.e. triangle (C3) and square (C,) geo-
metries. Annealing results are respectively shown in figures 5(a) and (b). For the triangle graph with
chromatic number x(G) = 3, the result is an equal superposition of six possible output states due to
the underlying S; symmetry, with each color corresponding to a unique Rydberg state. For the square
graph with x(G) = 2, the 3-Rydberg annealer is able to efficiently find optimal solutions with only two
Rydberg states, |r;) (orange) and |r3) (yellow) due to the larger detunings compared to the Rydberg state
|r1) , demonstrating that the k-Rydberg annealer is suitable for efficiently coloring graphs with x(G) < k.
Extending to higher order Cy cycle graphs, we conclude that the chromatic number x(G) = 2 with
even N, and x(G) = 3 with odd N, can be solved efficiently with the 3-Rydberg annealer. However, these
cycle graphs are not NP-complete as every vertex is degree 2 [5, 69].

5.2. Graphs with maximum degree > 3

To demonstrate the qudit optimization in a non-trivial regime we perform MVGCPs on equidistant
planar graphs with maximum degree 3 and 4, i.e. the Diamond (C) and 3-Fan (D) graphs, which are
known to be NP-complete [69]. The annealing results are respectively shown in figure 5(c) and (d),
where we again demonstrate the ability to find high-fidelity optimal coloring solutions.

From the 3-Fan graph (D), it is possible to extend the geometry by adding an additional vertex to
achieve either a triangular (E) or ladder (F) shaped graph as shown in figure 5(e) and (f), both with
maximum degree 4. Again we observe in both cases the 3-Rydberg annealer is able to provide optimal
coloring solutions, but with sensitivity to the underlying symmetry of the problem.

For the triangle (E), which features S; permutation symmetry, the solution results in an equal super-
position of six possible valid colorings with 97.2 % fidelity. An interesting observation for this example
is that the optimal coloring features only 2 vertices of each Rydberg state, whilst the underlying graph
would have a MIS of three vertices. This means that even for this simple geometry, hybrid algorithms
that sequentially color graphs using MIS would result in a suboptimal solutions.

For the ladder (F) with Z, symmetry (by m-rotation), the solution shows a dominant superpos-
ition of only two possible valid colorings. To explore this further, we analyze the relative probabil-
ities of the ground-state solutions in each geometry in figure 5(g) and (h) respectively. Due to the
same S; symmetry all six solutions appear equally in the triangle configuration (E), but in the ladder
configuration (F) not all the six solutions lie in the same Z, symmetry and states featuring |r;) on the
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central column of vertices are strongly suppressed. Analysis of the energy spectrum shows that this sup-
pression of the alternative solutions arises due to the different contributions from the next-next-nearest
(NNNN) and next-NNNN (NNNNN) neighbor inter-Rydberg interactions, i.e. VI(\;QINN = Cg]) /(2a)® and
VEQINNN = Cél]) /(a\/7)®, which lifts the degeneracy leading to a single pair of solutions encoding the true
ground state.

5.3. Graph coloring withk = x — 1
For all graphs considered in this section with x =3, it is instructive to ask if solutions can be found
when using k=2 Rydberg states and treat the initial ground-state |g) as a valid color. To explore
this question we have performed a comparative analysis in the case of only two Rydberg levels (see
appendix B) from which we find that whilst for the cycle graphs A,B and the equidistant graphs C, D,
E this provides valid solutions, in the case of the ladder graph F we find invalid colorings featuring edge-
connected atoms in |g) meaning the process is not robust in this regime. This failure of the 2-Rydberg
annealer to correctly prepare optimal graph colorings arises due to the lack of interaction between neigh-
boring atoms in the ground state |g), meaning the system energetically favors the configurations of the
invalid graph coloring states where edge-connected vertices both end up in the ground state.

These results suggest that for robust coloring of any target graph, we require k > x(G) Rydberg states
to ensure coloring solutions are represented by populations of strongly interacting Rydberg states.

6. Non-equidistant (unit-disk) graph

In this section, we consider MVGCPs on 4-chromatic planar graphs. In the context of non-planar
Rydberg-atom graphs, in which connections to beyond-nearest-neighbor atoms are required, the embed-
ding requires use of non-equidistant geometries such that there is a significant increase in the magnitude
of the negative NN inter-Rydberg interaction VI(\?IZI = Céij) /a® with Céij) < 0, which strongly affects the
energy spectrum of the entire system. Since the feasible range of lattice spacing is subject to the encod-
ing constraints, one would expect that it is challenging to extend the effective range of the Rydberg
blockade to the NNN atoms without violating the same conditions for the NN atoms, unless one can
find a pair of ideal (same-parity) Rydberg states |r;) and |rj) with a sufficiently small Céij ), ideally zero.

To extend our analysis to consider non-equidistant graphs with x =4, for which we use k=4
levels as shown in figure 6(a). For the 4-Rydberg annealer, we choose the following set of Rubidium
Rydberg states: |r1) = 615, /,m; = 1/2), |r;) = (668, /5,m; = 1/2), |r3) = |728; 5, m;j = 1/2) and
|ra) = |788, /,,mj = 1/2). The Cg coefficients of these Rydberg states calculated by [95] yield
the following intra-Rydberg coefficients {Cél),Céz), CS) , Cé4)} ={169.2,431.4,1203.7,3091.1}
2m GHzpum®, and inter-Rydberg interactions {C(lz) ™ i ¢ o C(34)} =

pme, yaberg 6 %6 6 6 %6 16

{—35.3,-12.1,-25.3,-76.8,—36.9,—234.1} 2w GHzpum®. With the chosen Rabi frequencies
QT?SA/ZW =1,2,5,8 MHz, the corresponding blockade radii are Rél)’(z)’(” =7.43,7.74,7.89,8.53 um

for inter-Rydberg interactions and Rélz)’(13)’(14)’(23)’(24)’(34) =5.35,3.99,4.22,5.29,4.41,5.75 pm for
intra-Rydberg interactions.

6.1. Complete graphs with four vertices (K,)
We explore a range of K, graphs embedded in both 2D and 3D as depicted in figure 6(a)—(d), with the
coordinates of each graph given in table 1 of appendix A.

The first spatial arrangement depicted as in graph G possesses the S; symmetry, hence leading to
two sets of 3! (6)-fold degenerate optimal colorings with total fidelity 53.0 % verified by the decompos-
ition of the final annealing state in figure 6(b). As the ratio of the length of the long to short edges is
/3, there is a strong contribution of negative inter-Rydberg energies such that the annealing populates a
number of invalid colorings (red bars) that lie in the spectrum of excited states including the valid color-
ings (blue bars) featuring |g) on the central vertex.

For the second spatial arrangement as the square shape depicted as in graph H, a higher order D,
symmetry is observed as the annealing is able to solve for a set of 8-fold degenerate optimal colorings
(blue bars) in figure 6(c). In contrast to graph G, graph H with lower ratio of long to short edges equal
to /2 yields the optimal D, colorings with improved fidelity 72.6%. These results suggest that graphs
featuring large edge length ratios are more susceptible to errors from the negative inter-Rydberg coup-
lings, and the details of this effect and its impact on the energy ordering of the corresponding graph
coloring states is discussed in appendix B.2. Here, we argue that, although finding a proper coloring is
NP-hard in general, verification of a proposed coloring is polynomial-time, so obtaining a correct color-
ing even for a fraction of instances is meaningful because only one correct solution is required [97].
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Figure 6. MVGC on non-equidistant complete graphs using k = 4 Rydberg levels. (a) The level scheme of the 4-Rydberg annealer
using Rabi frequencies Q7'5; , /27 = 1,2,5,8 MHz and detunings A5, , /27 = 3,10, 15,25 MHz to solve MVGCPs for a set
of 4-chromatic complete graphs (K4) arranged into the following three different spatial geometries: (b) the triangle-shape G,

(c) the square-shape H, (d) the 3D tetrahedron I. The 4-Rydberg annealer yields optimal 4-chromatic colorings with 98.2 %
probability for the equidistant 3D tetrahedron (I), with 24 degenerate states due to the S4 permutation symmetry. However, the
higher ratio of the length of long edge to short edge, LONG/SHORT, the stronger negative inter-Rydberg interaction that affects
the ground state of the system. In the case of the square-shape (H) and the triangle-shape (G) with LONG/SHORT = v/2,/3,
the 4-Rydberg annealer respectively returns D, optimal colorings with 72.6 % and D3 optimal colorings with 53.0 % with strong
mixing of incorrect noisy states (red bars). Besides, atoms in ground state |g) (blue color) emerge in the coloring, which is not
favorable in term of solving MVGCP.

Building on these results, one can infer that the equidistant structure of embedded graphs is highly
desirable. Hence we rearrange the square K, graph into 3D space as illustrated in graph I. In this geo-
metry, the graph is not only equidistant but also looks identical at every vertex. In this case, the qudit-
based Rydberg Hamiltonian equation (3) is able to approximate the low-energy effective Hamiltonian
of the spin-glass Potts model [91] with the highest order of symmetry belonging to the S, group, the
permutation of a group with four elements, giving rise to the degeneracy of order 24 (4!) in expected
solutions. These twenty-four optimal colorings are obtained in the final annealing with the total fidelity
up to 98.2% represented by blue bars in figure 6(d).

Together, these results show that it is possible to encode chromatic graphs with x =4 and reliably
find graph coloring solutions using k =4 Rydberg levels, highlighting the scalability of this approach to
higher chromatic numbers as well as the ability to investigate not only planar but also 3D embeddings
for efficient graph coloring solutions.

7. Outlook and discussion

In this paper, we have proposed qudit-based Rydberg atom arrays as a route to solve natively embedded
MVGCPs. We employ a vertex-to-atom mapping where each color corresponds to a different Rydberg
state. In this case, Rydberg quantum wires [6, 98] are not required. In our simulation, we include long-
range interaction tails. Qudit positioning is provided by an optical tweezer array. Unit-disk graphs are
spatially rearranged into their compact structure where the numbers of equidistant edges are maximized.
Our main results are as follows:

Planar graph coloring— We have analyzed the graph coloring on two types of planar graphs, equidistant
and non-equidistant, respectively. In sections 5.2 and 6.1, We show that planar graphs x(G) =3 and 4
can be robustly solved using the 3- and 4-Rydberg annealer respectively. It is still practical for one to

use k-Rydberg annealer to solve MVGCPs for graphs with chromatic number x = k — 1. Besides, our
results show that different orders of graph symmetry correspond to different degeneracies in the graph
coloring solutions. Hence as suggested by [99-101], quantum annealing could benefit from symmetry

to alleviate the closing of the energy gap between the ground and first excited states as the number of
qudits increases. However, due to the limitation of classical computer power, further work is needed to
benchmark to larger system size. In section 6.1, the graph colorings on non-equidistant unit-disk graphs,
e.g. complete graphs with four vertices (K4), are performed. Our results show that due to the effect of
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the negative inter-Rydberg interactions V%), the annealing yields the optimal colorings with lower fidel-
ity compared to the equidistant case. For this reason, we propose a 3D graph embedding method for the
K4 graph where the equidistant structure is recovered using a tetrahedron.

Experimental Approach—The proposed implementation of qudit-based annealing is compatible with
current neutral atom experiments. To perform simultaneous excitation of multiple Rydberg states, we
consider the case of k=3 low-power seed lasers being locked with independent frequency control relat-
ive to a common reference cavity. These can be combined prior to a high-power fiber amplifier stage,
enabling common global amplitude control, with Rabi frequencies set by adjusting the relative power of
the seed lasers. This can be used in conjunction with beam shaping techniques to enable homogeneous
beam delivery across the atom array [31]. For readout of the array, each Rydberg state can be mapped
back to independent hyperfine-ground states on timescales fast compared to Rydberg state lifetime using
STIRAP [102, 103] combined with fast ground-state rotations [104]. State-selective imaging is then pos-
sible using sequential non-destructive imaging of the atom array [105, 106], with states shelved in the
lower-hyperfine manifold prior to readout [107].

Potential for coloring non-planar graphs— Our focus has been on planar unit-disk graphs. However, it is
possible to extend our technique to solve more general planar graphs. For instance, in the context of
solving MVGCPs on non unit-disk planar graphs, one can transform such planar graphs to correspond-
ing unit-disk graphs by utilizing a Rydberg quantum wire. This is implemented by placing a chain of
auxiliary atoms to connect vertices separated by more than the blockade length [6, 7, 98]. This approach
has also been discussed in [5] in the context of finding unit-disk chromatic number. Here, the results
of graph coloring on cycle graphs shown in section 5.1 can be leveraged to implement the Rydberg
quantum wire to solve MVGCPs on more complex planar graphs. According to the four-color the-
orem which states that every planar graph is 4-colorable [108, 109], it suffices for one to use a (k = 4)-
Rydberg annealer to solve MVGCPs on every planar graph augmented with Rydberg quantum wires.
However, the challenge of solving MVGCPs on non-planar graphs with chromatic number greater than 4
remains. Technically speaking, non-planarity spontaneously induces non-equidistant structure, in which
the vertex-to-atom mapping will not be the most effective graph embedding, as the quantum annealing
would suffer from mapped Rydberg-atom graphs being affected by the negative inter-Rydberg interac-
tions as previously addressed. Hence, augmenting such non-planar graphs with Rydberg quantum wires
becomes a more strategic graph embedding method. However, at the crossing of the Rydberg quantum
wires one needs to be aware of the intra-Rydberg interaction tails. On the contrary, if one insists on
employing vertex-to-atom mapping, a new set of Rydberg states with significantly smaller inter-Rydberg
interactions need to be found. Alternatively, one can employ 3D graph embedding, instead of 2D, to
enhance the equidistant structure of such non-planar graphs, leading to a better system for encod-

ing non-planar graph coloring problems. In terms of experimental feasibility, solving MVGCPs on k-
chromatic graphs with k >4, i.e. general non-planar graphs, becomes extremely demanding. Apart from
maintaining coherent control of individual atoms interacting with many lasers or microwave fields, it is
also unlikely that we can find a larger set of same-parity Rydberg states compatible with a limited feas-
ible range to satisfy all the encoding conditions previously mentioned in section 4.2. We shall leave this
challenge as an open question for future research.
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Appendix A. Annealing parameters

This section provides additional details motivating choice of annealing parameters as well as the specific
geometric arrangements and lattice spacings used throughout the paper.

A.1. Parameter choices
The approach outlined above can be summarized as follows. As outlined above, the first choice when
designing parameters for the Rydberg annealer is to identify a subset of k Rydberg levels that satisfy the
requirements for |Céij )\ < |Céi) l, |Céj) |. Initially states are chosen with An =5, however for k=4 lar-
ger spacings were required to balance the detrimental effects of the strong negative inter-Rydberg CZ
terms. Next we select Rabi frequencies 0 < €;/27 < 10 MHz to maintain experimentally realizable power
levels such that the corresponding intra-Rydberg blockade lengths R,(Ji) are comparable to each other.
These blockade lengths are then used to define the lattice spacing a to be used for embedding. For the
equidistant graphs we use the range Rgij ) <a< O.8R}(Jl) to ensure the blockade condition is met for NN
atoms with |V§\?131| <A< Vﬁ\g\p whilst experiencing a strong suppression of longer range next-nearest
(NNN) and NNNN neighbors |V o | Viamoanny < A

As an example we consider annealing the 3-Fan graph (D) using k=2 colors with n;,n, = 65,70.
In this geometry the relative interaction strengths are given by Vi = C5/a°, Viny = Ci/(v/3a)° =
Vin/27 and Vipgaw = Ci/(2a)® = Vi /64 meaning these terms are strongly suppressed. Rabi fre-
quencies are chosen as Q'5* /27 = 3,7 MHz with Rél)’(z)’(u) =7.02,7.05 and 5.15 pum. This means
we require 5.15 < a < 5.62 pm, with 11.5 < V{1 /27 < 19.1 MHz, 27.5 < V{2 /2 < 45.8 MHz and

—5.0 < Vf\,lli)/Zﬂ' < —3.0 MHz. This introduces bounds on the detunings as 6.7 < AP /27 < 11.5 MHz
and 6.7 < AY™/2m < 27.5 MHz. Above we use a = 5.26 um and AT'3*/27 = 8,19 MHz for implement-

ing graph annealing. Note however that the largest inter-Rydberg coupling in this range \Vf\]lfl) |/2m =
5.0 MHz remains close to AT, which can cause non-optimal or even invalid solutions to be lower in
energy than the true ground state which will be discussed later in appendix B.2.

A.2. Parameter robustness

To investigate the robustness of the annealing protocol to specific drive parameters, we use model a
k=2 Rydberg optimization protocol for the Diamond (C) and 3-fan (D) graphs as a function of drive
parameters in figure 7. In (a) both states are driven with the same Rabi frequency and detuning with
Qs*/2m =3 MHz, AT'S*/2m = 10 MHz, whilst in (b) the Rabi frequency Q5 /27 =7 MHz and finally
(c) the optimum parameters Q3 /2m = 3,7 MHz and AT'S*/27 = 8,19 MHz are used.

In each case as well as the temporal evolution, the final state decomposition is presented with valid
solutions colored in blue and invalid colorings in red. Crucially, across this range of parameters the
annealing protocol is robust in preparing valid MVGCP solutions with high fidelity, however analysis
of the corresponding states shows that for the Diamond graph the use of equal detuning in (a) and (b)
leads to weak population of an invalid coloring state featuring two greens at the center of the Diamond
due to the negative Célz).

For the equal driving case (a) with ; =, and A, = A,, the preference for ground-state is defined
by the NNN Rydberg interactions VI(\;%\IN = Cg) /(\/3a)®. Since Cél) < Céz), this makes the green state a
true ground state with an energy gap of (Céz) - Cél)) /(v/3a)® = 1.2 x 2m MHz from the state with green
and orange inverted. By changing to {2, > €2, in (b), it is possible to preferentially excite the orange
state |r,) earlier due to an effective suppression of the blockade radius with the increased Rabi frequency
and a bias towards population of the state as the annealing profile crosses resonance. Finally in (c) with
optimized choice of parameters giving 2, > ; and A, > A; we recover good energy separation of the
instantaneous eigenstates that prevents population of the invalid coloring states.

These results show that using the parameter choices above ensure optimal states are prepared, but
the parameters are robust over small changes or fluctuations as required for realistic experimental
implementation.
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Figure 7. Comparison of different driving parameters. The three different driving protocols follow equations (5) and (6) with

(a) Ao = A — 10 x 27 MHz, QM = QP = 3 x 277 MHz, (b) A = A% — 10 x 27t MHz, Q" = 3 x 27 MHZ,
QP =7 x 2r MHz and (c) AT*™ = 8 x 2w MHz, A} = 19 x 2 MHz, Q™ = Q)** = 3 X 2m MHz, have been performed
to solve MVGCPs of the Diamond graph (C) and the 3-Fan graph (D). Here, the real-time annealing dynamics for the protocols
(a) (b) and (c) have been simulated as figure(a), (b) and (c), respectively. The measurement results at the final time ¢t = T for

the corresponding protocols follow in figure(a2), (b2) and (c2). Here, a variation in the energy of each Rydberg (color) state
affects the ground configurations of solution states as happening in the Diamond graph (C). However, if the reflection symmetry
of the graph requires a permutation between two atoms (vertices) excited in the two different energy-varying Rydberg states as
happening in the 3-Fan graph (D), the ground configurations are robust to such changes in the driving parameters.

Table 1. The Cartesian coordinates of the vertices of all the problem graphs G(V, E), where V.= {v;,v,,...}, considered in the work.
Here, the length a of each problem graph is indicated in the corresponding figure in the main text with actual values given in table 2.
For the graph J, 6 = 72° for the pentagon.

Graph V2 v3 V4 s Ve

A (0,0,0)  (a/2,a/3/2,0) (a,0,0) — —

B (0,0,0)  (0,4a,0) (a,a,0) (a 0,0) — —

C (0,0,0)  (a/2,av/3/2,0)  (a,0,0) (a/2,—a\/3/2,0)

D (0,0,0)  (a/2,a/3/2,0) (a,0,0) (3a/2,a+/3/2,0) ( a,0,0) —

E (—a,0,0) (—a/2,av/3/2,0) (0,0,0) (a/2,av/3/2,0)  (a,0,0) (0,av/3,0)

F (—a,0,0) (—a/2,av/3/2,0) (0,0,0) (a/2,a+/3/2,0)  (a,0,0) (3a/2,av/3/2,0)
G (0,a,0)  (av/3/2,—a/2,0) (— af/z —a/2,0) (0,0,0) — —

H (0,0,0)  (0,a,0) (a,a,0) (,0,0) — —

I (0,0,0)  (—a,0,a) (Oaa) (—a,a,0) — —

J (0,0,0)  (asinf,acosh,0)  (asin26,acos26,0) (asin3@,acos30,0) (asin4d,acos4,0) (asin56,acos50,0)

Table 2. The actual lengths of lattice spacing a in the unit gm used in all problem graphs for the 2-, 3- and 4-Rydberg annealers.

Graph A B C D E F G H I ]

2-Rydberg annealer 5.26 5.26 4.99 5.26 491 5.26 — — — —
3-Rydberg annealer 6.33 6.41 6.75 6.75 6.75 6.75 3.37 4.45 5.61 4.10
4-Rydberg annealer — — — — — — 2.97 3.83 5.90 —

A.3. Graph geometries
Table 1 includes all the Cartesian coordinates of each problem graph considered in this work, and table 2
gives the actual lengths of lattice spacing (in the unit ym) used in the numerical simulations.
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Figure 8. MVGCPs with the 2-Rydberg annealer. (a) The 2-Rydberg annealer with APS/27 = 8,19 MHz and Qy5* /2m =

3,7 MHz is used to solve MVGCPs for graphs with chromatic number up to 3. i.e. (b) triangle A, (c) square B, (d) diamond C
and (e) 3-Fan D. All results give the same solutions as shown in figures 5(a)—(d) with high fidelities near 99 %. In the case of the
triangle-shape triangular lattice, the final annealing state yields an equal superposition of six (S3) degenerate states with fidelity
up to 99 % as shown in (f), which is in agreement with the final state decomposition into the computational basis as shown in
(h). The zoomed plot of (h) shows that the elements of MIS states (in red circles), with orange vertices belonging to MIS, are sup-
pressed. In contrast to the triangle-shape, the 2-Rydberg annealer fails to correctly color the ladder-shape triangular lattice as the
final annealing state yield incorrect colorings containing neighboring ground-state atoms with fidelity up to 55 % as shown in
(g), which is in agreement with the final state decomposition of a bar plot in (i).

Appendix B. Solving MVGCPs for k-chromatic graphs using a (k — 1)-Rydberg
annealer

In this appendix we explore MVGCP in the regime where k = x(G) — 1 Rydberg levels are chosen to
investigate whether robust coloring solutions can be obtained if |g) is used as an additional state label.
Results are explored for k=2 and k=3 using the same graph structures as above. The results below
show that due to the lack of interactions between ground-state atoms, use of k = x(G) — 1 can perform
well for some graphs but has regimes in which invalid ground-state solutions are obtained.

B.1. Annealing on equidistant graphs with k =2

Figure 8 shows the results for graph coloring using the Rydberg annealer with k=2 Rydberg levels
(figure 8(a)), where annealing is performed using the Rydberg states |r|) = [65S,,,m; = 1/2),|r,) =
708, /2,m; = 1/2) with QF"5*/2m = 3,7 MHz and AS*/2m = 8,19 MHz.

For the simple equidistant graphs A-D we find the 2-Rydberg annealer returns solutions with similar
fidelity as for k=3, with high fidelities up to 99 % and for graph B where y =2 returning only a single
set of degenerate solutions due to creation of Rydberg levels being energetically favorable. Extending to
consider the 6-vertex graphs in figures 8(e) and (f) we observe that whilst the k=2 solver can provide
high quality solutions to the triangle graph E which presents a strong S3 symmetry, the ground-state of
the ladder graph F is an invalid coloring solution where we find pairs of edge-connected atoms in |g)
along one edge. Analysis of the final state decomposition in the bar plot of figure 8(h) supports this,
with the dominant contributions arising from invalid basis states (red bars) with strong suppression of
the valid graph coloring states (blue bars). This failure of the 2-Rydberg annealer to correctly prepare
optimal graph colorings arises due to the lack of interaction between neighboring atoms in the ground
state |g), meaning the system energetically favors the configurations of the invalid graph coloring states
(red bars) where any two orange vertices with the strongest repulsive interaction are next-NNN (NNNN)
to each other.

These results suggest that it is not conceptually rigorous for one to use (k — 1)-Rydberg annealer to
solve MVGCPs for graphs with chromatic x = k, despite the fact that the protocol works for small graph
instances. However, due to a careful consideration of experimental resources at hand, one is allowed to
use the (k—1)-Rydberg annealer to predict the lower bound of chromatic number of interested graphs.
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Figure 9. MVGCPs with the 3-Rydberg annealer the MVGCPs for the following 4-chromatic graphs, (a) triangle G, (b) square H,
(¢) tetrahedron I and (d) pentagon J, is solved with the 3-rydberg annealer. Comparing with results in figure 6, only graph I yields
the same correct solutions, while graphs G and H give different results due to the negativity of inter-Rydberg interactions. For the
pentagon J with a small ratio of long to short edge lengths equal to 2sin(36°) = 1.18, the annealer is able to solve for two sets of
ten degenerate optimal colorings with total fidelity up to 95.1%. Given the influence of the negative inter-Rydberg interactions
on the systems’ energy spectrum, the optimal colorings for the square K4 graph (e) are obtained as the excited states denoted by
the states 1 and 2 in the blue circles with total fidelity 65.3%, while the true ground state is denoted by the state 3 in the red circle.
This negative effect can be suppressed in the 3D graph embedding as illustrated in (f) and (c) where the equidistant structure of
the K4 graph can be rearranged into the tetrahedron. In this case, the twenty-four degenerate optimal colorings are obtained as
the system’s true ground state with fidelity 98.7%), as indicated by the state 1 in the blue circle.

For instance, if the final annealing state exist a pair of ground-state neighboring atoms after using the
(k —1)-Rydberg annealer, one could reasonably predict that the graph would have chromatic x > k.

B.2. Annealing on non-equidistant graphs with k =3

Moving beyond equidistant graphs we now study annealing of the K, graphs presented above with y =4
using the k=3 annealer introduced in section 5. Figures 9(a)—(c) shows the resulting decomposition of
the final output states, where for graphs G and H we recover valid coloring solutions at the end of the
annealing ramp.

Curiously however, whilst the annealing process prepares valid solutions, it turns out for the all-to-all
square graph (H) these no longer correspond to the true ground-state. Instead, as shown in figure 9(e),
we see that the ground-state solution for this case is actually predicted to be an invalid solution with two
atoms each in |r,) and |r3) state, In this example the NN distances are chosen as a = 4.45 ym, which
naturally yield the NNN distances between NNN atoms v/2a = 6.29 pum. At this spacing, the NNN inter-
actions are: VU(?"® /27 =5.8,13.8,31.2 MHz, and V{Z,""® j2r = —1.5,—0.6,—3.6 MHz. With
AT /2m = 5,10,15 MHz, the constraint in equation (4) is satisfied for NNN atoms. However, for
the NN atoms, there are strong inter-Rydberg interactions Vf\ll;)’m)’(m/%r = —12.0,—4.4,—28.5 MHz
which violate the encoding constraints.

In this case the dominant inter-Rydberg state interaction of Vgg) /27 = —28.5 MHz now causes the
true ground-state to be the invalid colorings with orange and yellow on the corners, however this negat-
ive energy shift is so strong such that it is not possible to populate this state during the annealing ramp
as the NN |rr3) pair state is blockaded with R,SB) > a. Instead we see that the annealing profile prefer-
entially prepares states with D, symmetry of order 8, denoted by state 2 in the blue circle in figure 9(e),
with fidelity up to 60.6%, whilst the alternative lower-lying valid D4 state (numbered 1) is also strongly
suppressed by the RéZS) > a blockade.

More generally, for graphs requiring strong NNN interactions, this inter-Rydberg blockade effect
means even at t =0 there exist quantum states with lower-energy configurations than the trivial atomic
ground state |gg...). For example, at initial time ¢ =0 the actual ground energy of the Z, states, denoted
by state 3 in the red circle in figure 9(e), amounts to —2A, —2A; + 4V§\12§) + Vf\?ng + VSKIN =-19.0
(x2m MHz). This leads to two problems: 1.) the adiabatic quantum annealing performed by starting
the annealing from this state |gg...) can only adiabatically follow certain instantaneous excited states but
not the true ground state of the system, 2.) the true ground state of the system in this case no longer
encodes the solutions to the MVGCP on the square K4 graph, as the solutions are now lying in the
excited spectrum of the Rydberg Hamiltonian. Despite the fact that our annealing algorithms have solved
for a certain set of optimal graph coloring solutions, the annealing in this case breaks the conceptual
definition of adiabatic quantum annealing. To amend this, one either need to find new actual Rydberg
states such that the inter-Rydberg interactions |V(¥)| < 1 ( ideally zero) to ensure that the ground states
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of the new Rydberg Hamiltonian encodes the solutions to our interested MVGCP, or employ the 3D
graph embedding to enhance the equidistant structure out of the K4 graph, in which the twenty-four
Sy degenerate optimal solutions, as the true ground state of the system, could occupy the annealing state
at final time with fidelity 98.7%, as shown in figures 9(c) and (f) without any disruption in the energy
spectrum caused by the inter-Rydberg interactions.

Finally, we consider another non-equidistant graph, the so-called wheel graph with six vertices
(W) as depicted in graph ] in figure 9(d). Since there exists nearest (NN) and next-nearest (NNN)
neighbor edges, the negative inter-Rydberg V(%) interactions become significant, hence we choose
another set of three Rydberg states with reduced inter-Rydberg interactions: |r,) = [60S; ,,m; = 1/2),
|r2) = 1658, /5,m; = 1/2) and |r3) = |75S; ;»,m; = 1/2), giving the following intra- and inter-Rydberg
couplings {Cél), Céz),CS)} = {138.9,360.7,1948.4} GHzum® and for inter-Rydberg interactions
{Célz), C§13),Ct(523)} = {—-28.5,-8.0,—34.9} GHzum®. With the Rabi frequencies Q"% /27 =
2,3,5 MHz and the NN (NNN) edge of length 4.10 (4.82) um, the resulting Rydberg interactions
follow V{233 o — —6.0,-1.7,—7.3 MHz, VU0 jon = —2.3,—0.6,—2.8 MHz and
Vf\lllz]’l\(lz)’@ /2m =11.0,28.6,154.7 MHz. In order to satisfy the encoding constraints in equation (4) such
that NNN atoms, i.e. any pairs of neighboring atoms on the wheel edge, do not stay in the blockade-
violated state |ry71), equation (4) becomes |Vf\%§%\}(13)| <A< |V1(\]1121N + Vf\jl]i) + VS;LL ie 2.3,0.6 <
Ay/2m < 4.4 MHz. Likewise, in order for NNN atoms to not stay in the blockade-violated state |r,1,),
the corresponding constraint becomes 2.3,2.8 < A, /27 < 19.1 MHz. Since V(I\?IRI(NNM is very strong,
the valid range of Aj is relatively flexible. According to this analysis, the detunings that satisfy all the
encoding constraints are chosen as Al'S /2w = 2.5,10,15 MHz. Following the annealing ramp we
obtain optimal graph colorings as an equal superposition of 10 degenerate optimal colorings with fidelity
70.4 % as shown in figure 9(d). Besides, there are two additional sets of 10 degenerate optimal solutions
with the collection fidelity 16.9 % and 7.8 % whose configurations feature green and yellow atom at the
center of the wheel, respectively. Hence, the total fidelity of the optimal graph colorings is up to 95.1%.
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