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Abstract

We combine classical and ring polymer molecular dynamics simulations with the

molecular jump model to provide a molecular description of the nuclear quantum e↵ects

(NQEs) on water reorientation and hydrogen-bond dynamics in liquid H2O and D2O.

We show that while the net NQE is negligible in D2O, it leads to a ⇠13% acceleration

in H2O dynamics compared to a classical description. Large angular jumps exchanging

hydrogen-bond partners are the dominant reorientation pathway (just as in a classical

description); the faster reorientation dynamics arise from the increased jump rate

constant. NQEs do not change the jump amplitude distribution and no significant

tunneling is found. The faster jump dynamics are quantitatively related to decreased

structuring of the OO radial distribution function when NQEs are included. This is

explained, via a jump model analysis, by a competition between the e↵ects of water’s

librational and OH stretch mode zero point energies on the hydrogen-bond strength.
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Water reorientation and hydrogen-bond (H-bond) network rearrangements are essential

for a broad range of chemical and biochemical processes in aqueous solution, including

proton transfer reactions, ion transport, protein folding and ligand-biomolecule binding.1–4

Since these water motions involve displacements of hydrogens with very small mass, an

explicit description of quantum mechanical zero point energy and tunneling e↵ects may be

necessary.5,6 Indeed, recent simulations have established that competing nuclear quantum

e↵ects (NQEs) on the intra- and intermolecular interactions7,8 lead to a net acceleration of

water translational and rotational dynamics.7,9–11 In the case of the rotational dynamics, it

has been argued12,13 on the basis of classical simulations that water reorientation proceeds

via a mechanism involving sudden large angular jumps, in which H-bonding partners are

exchanged during, in e↵ect, a chemical reaction, a mechanism that is in strong contrast to

the traditional Debye di↵usion picture. If this jump mechanism also applies to quantum

water, it could provide a detailed molecular picture of the factors responsible for the quantum

rotational acceleration. But in fact, the relevance of the jump mechanism for water has been

questioned, precisely because of the possible role of NQEs (see, e.g., refs 11,14).

Here we address these issues via classical molecular dynamics (MD) and – for the quantum

case – thermostatted ring polymer molecular dynamics (TRPMD)15 simulations of H2O and

D2O water reorientation and associated H-bond dynamics. We show that the molecular jump

mechanism12,13 remains valid when NQEs are included, and that the dynamical acceleration

induced by NQEs arises from faster H-bond jump exchanges within this mechanism. Finally,

we establish that the isotope and NQEs on jump dynamics can be quantitatively inferred

from the changes in the oxygen-oxygen radial distribution function.

All our simulations employ the flexible q-TIP4P/F potential.7 While more sophisticated

potentials are now available (e.g., MB-pol16), they are more expensive to evaluate, and

because q-TIP4P/F has been shown to reproduce the experimental structural and dynamical

properties of liquid water when NQEs are included,7 it is ideal for our present purposes.

For both H2O and D2O, 216 water molecules are simulated at the experimental density17 at
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298 K and propagated in 50 independent 3 ns classical NVE runs and 20 independent 500 ps

quantum TRPMD15 trajectories.

The water reorientation dynamics are probed by the orientation time-correlation functions,

Cn (t) = hPn [uOH (0) · uOH (t)]i , (1)

where uOH (t) is the water OH (or OD) bond’s orientation at time t and Pn is the nth order

Legendre polynomial (see SI for their calculation within the RPMD approach). These are

shown for n=1–3 in fig 1. Although only C2 is experimentally accessible,18 we also consider

C1 and C3 since di↵erent orders have been suggested7 to exhibit di↵erent NQEs. Following

ref 13, we focus on the reorientation beyond the initial sub-ps librational decay and determine

the reorientation times ⌧n by an exponential fit of Cn(t) to Ae�t/⌧n for 4  t  15 ps.
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Figure 1: Orientation correlation functions Cn(t) [eq 1] for n = 1, 2, 3 for H2O (upper panel) and
D2O (lower panel), from classical (dashes) and TRPMD (solid lines) simulations.

In H2O, Table 1’s ⌧n times show that, in agreement with previous studies,7,9–11 NQEs
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Table 1: Reorientation times ⌧n, jump time ⌧0, inverse of frame rotational di↵usion
coe�cient 1/Dframe

R and EJM reorientation times ⌧EJM
n (eq 2), from classical MD (cl)

and TRPMD (qm) simulations, together with their ratios (all times in ps).

H2O D2O
cl qm qm/cl cl qm qm/cl

⌧1 7.1(2) 6.1(1) 0.85(3) 8.0(3) 8.0(3) 1.00(5)
⌧2 3.7(1) 3.16(7) 0.86(4) 4.1(1) 4.12(7) 1.00(4)
⌧3 2.7(1) 2.26(4) 0.85(4) 2.9(1) 2.98(7) 1.02(5)
⌧0 4.4(1) 3.83(4) 0.87(3) 4.9(1) 4.87(5) 1.00(3)

1/Dframe
R 52(1) 45(1) 0.86(3) 56(2) 59(2) 1.04(5)

⌧EJM
1 7.1(1) 6.16(6) 0.87(2) 8.0(2) 8.0(1) 1.01(3)
⌧EJM
2 3.15(7) 2.73(3) 0.87(2) 3.50(7) 3.54(5) 1.01(3)
⌧EJM
3 2.09(4) 1.81(2) 0.87(2) 2.30(5) 2.34(4) 1.01(3)

accelerate water reorientational dynamics. An interesting feature is that the acceleration

factor ⇢n = ⌧qmn /⌧ cln is independent of the order n of the orientational time-correlation

function (tcf), and very similar to the value of 0.87 previously found7 for the NQE on the

translational dynamics of the same q-TIP4P/F model, suggesting a common origin for the

NQE acceleration of rotational and translational dynamics. Our results further show that the

increase of ⇢n with n found in ref. 7 is actually caused by the sub-ps librational (hindered

rotational) water molecular motions and not by the longer-time reorientation dynamics. As

detailed in the SI, in contrast with our longer time ⌧n values, the integrated reorientation

times
R1
0 Cn(t) dt considered in ref. 7 include the initial librational decay. Librations make

a growing contribution to the integrated times for increasing n; their amplitude’s strong

sensitivity to NQEs results in the observed increase with n of those times’ quantum/classical

acceleration (see SI).

Turning to D2O, Table 1 shows that reorientation times are not a↵ected by NQEs. This

does not imply that all D2O motions are classical, but rather that the competing NQEs on

di↵erent degrees of freedom (vide infra) almost completely compensate each other; the D2O

rotational dynamics can then be correctly described by classical mechanics. (In contrast

with the present q-TIP4P/F potential, typical force-fields like SPC/E or TIP4P-2005 already

include an e↵ective description of NQEs for H2O; thus they cannot be adapted to D2O by
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simply changing the hydrogen atoms’ mass.)

Water reorientation has been argued12,13 to proceed not by the traditional Debye di↵usion

mechanism but rather via sudden large angular jumps when an OH group trades H-bond

acceptors (fig 2a). As we will later pursue, these jump H-bond exchanges can be seen as a

chemical reaction, breaking and making H-bonds.

Our quantum TRPMD simulations confirm that the jumps are still observed when NQEs

are included (see SI), and that their mechanism is very similar to that found in classical

simulations. Figure 2b shows that the H2O classical and quantum-mechanical jump angle

distributions are practically identical. Since the jump amplitude �✓ is the angle formed by

the three oxygen atoms depicted in fig 2a,12,13 their large e↵ective mass leads to very limited

quantum fluctuations.

Within the extended jump model12,13 (EJM) description, the ⌧n reorientation rate (inverse

time) is the sum of the independent jump and frame reorientation rates. The reorientation

times are thus determined by the jump time ⌧0, defined as the inverse of the jump rate

constant, the jump amplitude �✓ and the longer H-bond complex frame reorientation time

between successive H-bond jumps. The latter is close to di↵usive and is approximated

by 1/
⇥
Dframe

R n (n+ 1)
⇤
, where Dframe

R is the frame rotational di↵usion constant. When the

P (�✓) jump angle distribution is explicitly considered, the EJM reorientation times are13,19

1

⌧EJMn

=
1

⌧ jump
n

+
1

⌧ frame
n

=
1

⌧0


1�

1

2n+ 1

Z ⇡

0

d�✓ P (�✓)
sin [(2n+ 1)�✓/2]

sin (�✓/2)

�

+Dframe
R n (n+ 1) . (2)

We have computed the ingredients of the EJM as described in ref 13, using a Stable States

approach to calculate ⌧0 and a strict geometric H-bond definition (see SI). As described in SI,

very similar results are obtained with the PAMM20 probabilistic H-bond definition. In the

quantum case, the ring-polymer centroids were used to calculate the jump rate constant.21,22
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The frame rotational di↵usion constant Dframe
R was determined from the first and second order

reorientation times for an intact H-bonded pair of water molecules (see SI). The resulting

EJM reorientation times [eq 2] in Table 1 are seen to be in good agreement with the simulated

⌧n values. This shows that the EJM initially suggested from an analysis of classical molecular

dynamics12,13 also provides a good description of water reorientation when NQEs are included.

Accordingly, we can now use the EJM to determine the origin of the isotope and nuclear

quantum e↵ects on water reorientation dynamics.
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Figure 2: a) Water jump mechanism12,13 b) Distributions of jump angles�✓ calculated from classical
H2O (black), quantum H2O (red), classical D2O (green) and quantum D2O (blue) simulations; all
distributions strongly overlap.

Table 1 shows that the acceleration of H2O reorientation dynamics induced by quantum

e↵ects is essentially caused by an acceleration in the jump dynamics (the frame reorientation
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is accelerated to the same extent as the jumps, but remains much slower than the jumps in

the classical and quantum descriptions). The jumps are the dominant reorientation pathway

in both the classical and quantum cases, and the jump time ⌧0 exhibits exactly the same

acceleration as do the ⌧n reorientation times.

We can therefore now focus on the origin of the NQE on the jump time. We immediately

discard the possibility that a significant tunneling contribution could assist the water hydrogen

atom’s jump between the initial and final H-bond acceptors. In agreement with the conclusion

of a preliminary study treating only the OH rotation quantum mechanically,13 our quantum

simulations show that the polymer beads’ distribution at the jump transition state does not

exhibit the bimodal behavior expected if tunneling were important (see the SI).

In order to analyze and understand the NQE for the jump kinetics, we require a comparable

jump rate formulation for both the classical and quantum situations. In the classical case,

viewing, as in the previous section, the jump as a chemical reaction in which the H-bond

partners of the reorienting OH are exchanged, leads13 to the jump rate constant expression,

here written in terms of its inverse, the jump time ⌧ cl0

⌧ cl0 =
2⇡

!cl
exp

⇣
�G‡

cl/kbT
⌘

. (3)

Here !cl is the attempt frequency, i.e., the frequency of the reaction coordinate for the

reactant (O⇤H⇤
· · ·Oi) configuration; �G‡

cl is the activation free energy for the exchange,

with the transition state (TS) defined by the O⇤H⇤ in-plane libration at the midpoint of the

jump, with the two H-bonds of H⇤ to Oi and Of of equal length (see fig 2a). �G‡
cl can be

decomposed into contributions from di↵erent coordinates in the passage from the reactant to

the TS.13,23 For the present q-TIP4P/F potential, the unstable reaction coordinate at the

TS is the OiO⇤Of anti-symmetric stretch compressing the new O⇤Of H-bond and expanding

the old O⇤Oi H-bond. (With the SPC/E potential and other classical potentials, at the TS,

the in-plane O⇤H⇤ libration has a double well potential and the reaction coordinate is this
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libration.13) In the reactant, the reaction coordinate is the O⇤Of vibration (see SI). All other

coordinates, including e.g. the O⇤H⇤ libration, the O⇤H⇤ stretch and the solvent motions are

stable, transverse coordinates both in the reactant and at the TS.

Turning to the quantum description, the H-bond exchange rate constant is not conveniently

couched in such explicit ingredients. However, as argued in the SI, the reaction coordinate in

the reactant (the O⇤Of vibration) and at the TS (the OiO⇤Of anti-symmetric stretch) are

well approximated as classical motions. In that case, we can employ an approach analogous

to that used for proton transfer reactions,24,25 and write for the quantum case

⌧qu0 =
2⇡

!qu
exp

�
�G‡

qu/kbT
�
, (4)

where the NQEs enter in the quantum free energy barrier �G‡
qu, which includes the di↵erence

of the zero-point energies (ZPEs) of the transverse coordinates in the reactant and at the TS.

To expose the NQE’s major ingredients, we will later examine the ratio of eqs 4 and 3.

But first we decompose the activation free energy in more detail. �G‡
qu is the free energy

change along the explicit H-bond-related reaction coordinate from reactant to TS, with all

other, transverse, coordinates equilibrated to the reaction coordinate. (The actual dynamical

path di↵ers from this path, but this is irrelevant for the activation free energy calculation.)

Since the classical and quantum mechanisms are the same, this is the free energy cost for the

initial H-bond’s elongation and for the final partner water molecule’s approach to form the

new H-bond.13,23 Finally, the SI shows that it is a good approximation to treat this barrier

simply as the sum of the two independent contributions of the O⇤Oi and O⇤Of modes,

�G‡
' �G‡

elong +�G†
compr , (5)

i.e., to treat these modes as decoupled; here �G‡
elong,compr are respectively the free energy costs

for the elongation of the initial O⇤Oi bond and for the compression of the O⇤Of distance.

Each term in the rhs of eq 5 corresponds to the free energy cost of bringing a pair of
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water molecules from their initial, reactant state, separation to their TS separation. These

contributions can thus be straightforwardly determined from the potential of mean force

(pmf) along the O-O distance W (r), which is related to the radial distribution function (rdf)

g(r) between oxygen atoms, W (r) = �kBT ln [g(r)]. In the reactant state configuration, Oi

lies in the first hydration shell of O⇤, so that the average O⇤
�Oi separation is the distance

where the rdf exhibits its first peak rmax1 (fig 3). As for Of , before the jump it lies on average

in the second shell13 of O⇤, and the average O⇤
� Of separation is therefore the radius at

which the rdf exhibits its second peak, rmax2 (fig 3). At the jump TS, Oi and Of are at the

same distance from O⇤, which is that of the rdf’s first minimum, rmin (fig 3).

From this analysis, the free energy barrier eq 5 can thus be approximated as

�G‡
' [W (rmin)�W (rmax1)] + [W (rmin)�W (rmax2)] , (6)

as illustrated in fig 3, and the classical and quantum jump times in eqs 3-4 can be estimated

from the classical and quantum O-O rdfs gcl,qu(r),

⌧ cl,qu0 '

2⇡

!cl,qu

gcl,qu (rmax1)

gcl,qu (rmin)

gcl,qu (rmax2)

gcl,qu (rmin)
. (7)

We have computed the O-O rdf from both the classical and quantum simulations. As was

originally found in pioneering quantum simulations of liquid water,5,6 Figure 4 shows that

while NQEs do not noticeably a↵ect the D2O rdf, they do lead to a decrease in the H2O rdf

structure and thus to smaller pmf free energy barriers.

Recall from the discussion above eq 4 that the reaction coordinate comprises relative

classical motions of O⇤ and the oxygens of its initial and final H-bond partners; the quantum

pmf therefore di↵ers from the classical pmf because it includes ZPE contributions from all

the transverse coordinates, which vary with the O-O distance. Accordingly, we now explain

the NQEs on the rdfs by considering the ZPEs of the three quantum H-bonding modes –

the OH stretch and the two librational modes – and how they change when the H-bond is
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Figure 3: Schematic representation of the radial distribution function g(r) (a) and potential of
mean force (pmf) W (r) (b) along the O-O distance between two water oxygen atoms, together with

the key changes in the O-O distances during the jump (c). The �G‡
elong,compr free energy barriers

respectively associated with the elongation of the initial O⇤Oi H-bond (blue) and the compression
of the O⇤Of distance to the new H-bond partner initially lying in the second hydration shell (green)
are shown on the pmf. See the text.

elongated. There are competing e↵ects here: upon H-bond elongation, the H-bond acceptor

attracts the H-bond donor hydrogen atom H⇤ less strongly, so that with this now weaker

H-bond, H⇤ becomes less delocalized along the stretch mode and the O⇤H⇤ stretch ZPE

increases. But this weaker H-bond situation also decreases the restoring torque on the donor
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bars give the Student 95% confidence interval determined from the results obtained on the set of
independent trajectories. The classical H2O and D2O distributions are almost superimposed, while
for the quantum distributions, there is a smaller barrier for H2O than for D2O.

water molecule, which becomes more delocalized along the libration coordinate, whose ZPE

thus decreases. Therefore, when the O-O distance increases, the stretch ZPE increases while

the librational ZPE decreases. As was originally recognized in a non-reactive context7,8 and

since been seen in several others,26–28 the NQEs on stretch and librational modes thus partly

compensate each other. The overall decrease in the structure of the H2O rdf induced by

NQEs (fig 4) arises from the slightly dominant e↵ect of the librational ZPE, which decreases

the free energy barriers (see SI). These competing quantum e↵ects are thus essential to obtain

a good description of the overall NQE on the dynamics. A prior study29 of quantum e↵ects

on water jump dynamics – which also indicated that the jump mechanism remained a correct

water reorientation description – made two important approximations which compromise

this picture of competing e↵ects: spherical Gaussian wavepackets having the same width

along the OH stretch and OH libration modes, and use of a water model with a harmonic

OH stretch, in contrast with the present q-TIP4P/F model which accounts for this mode’s
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anharmonicity.

Nuclear quantum e↵ects and isotope e↵ects

We now analyze the change in the jump times between two systems, conveniently labeled a

and b, which di↵er either by their description of nuclear dynamics – quantum vs. classical

– or by their isotope – H2O vs. D2O. Equations 3,4 and (in particular) 7 show that the

jump time can be described as the product of three terms, arising respectively from the

frequency prefactor and from the change in the free energy costs to elongate the initial bond

and compress the distance to the final acceptor, so that the ratio of a and b jump times has

a corresponding product contribution with three ingredients:

⌧a0
⌧ b0

= ⇢! ⇢elong ⇢compr

⇢! = !b/!a

⇢elong = e(�G‡a
elong

��G‡b
elong

)/kbT =
ga (rmax1)

ga (rmin)

gb (rmin)

gb (rmax1)

⇢compr = e(�G‡a
compr

��G‡b
compr

)/kbT =
ga (rmax2)

ga (rmin)

gb (rmin)

gb (rmax2)
. (8)

Table 2 lists the contributions of each term in eq 8 and shows that it can quantitatively

predict both the isotope and nuclear quantum e↵ects on the jump dynamics from the subtle

changes in the rdf (fig 4).

We first analyze the nuclear quantum e↵ect, i.e., the ratio between the quantum and

classical jump times. The ! attempt frequency depends on the reaction coordinate reduced

mass and on the pmf curvature in the reactant region. Since NQEs do not change the reduced

mass and induce very small changes in the pmf curvature (fig 4), ⇢! '1. The key result shown

by Table 2 is that the NQE acceleration in H2O jump dynamics is due to the remaining

two factors in the product, i.e. comparable contributions from the easier elongation of the

initial H-bond and from the more facile approach of the final H-bond partner. As described

above, the lowering of these barriers for the O-O motions arises from the change in the OH
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libration ZPE, which is partly compensated by the change in the OH stretch ZPE. Although

the jump reaction coordinate involving the heavy O atoms is essentially classical, the free

energy cost of its rearrangements is a↵ected by these NQE contributions transverse to the

reaction coordinate, since they change the interactions between the O atoms.

We now turn to the isotope e↵ects, i.e. application of eq 8 for the ratio between the

H2O and D2O jump times. The ⇢! ratio is
p
18/20 since the reaction coordinate involves

the motion of water molecules and not solely their hydrogen/deuterium atoms. However,

Table 2 reveals that the simple picture30 assigning the isotope e↵ect for assorted measures of

water dynamics to this trivial mass e↵ect in the present case considerably underestimates

the quantum acceleration from D2O to H2O. Most of this acceleration is found to arise from

the change in the rdf, which leads to a decrease in the H-bond exchange free energy barriers.

(Strictly speaking, one should consider the rdfs and pmfs along the distance between the

water molecules’ centers of mass, but as shown in the SI, these are almost indistinguishable

from their analogues along the O-O distance.) This acceleration from D2O to H2O in the

NQE is due to the reduced ZPEs of the transverse coordinates in the heavier solvent.

Table 2: Isotope and nuclear quantum e↵ects on the H-bond jump times ⌧0 deter-
mined from our simulations and from eq 8, together with the three contributions in
eq 8 (see SI).

sim eq 8 ⇢! ⇢elong ⇢compr

⌧q0 /⌧
c
0

H2O 0.87 0.85 0.99 0.92 0.93
D2O 1.00 0.98 1.00 0.99 0.99

⌧H2O
0 /⌧D2O

0
qm 0.79 0.82 0.95 0.93 0.93
cl 0.90 0.94 0.95 0.99 0.99

Our results thus indicate that the mass of the isotope of the reorienting group is not

the only factor that determines the isotope e↵ect on the jump time, and that the further

contributions from H-bond expansion and compression in eq 8 can be important. This

feature is illustrated by ultrafast spectroscopy experiments where the OD group of an HOD

molecule immersed in H2O was measured to reorient faster than the OH group of an HOD

in D2O (2.5±0.2 ps vs 3.0±0.3 ps31). This result may seem surprising since the lighter OH
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group might have been expected to reorient faster than the heavier OD. Although we did

not explicitly consider these isotopic mixtures here, our results show that the influence of

the isotopes present in the surrounding solvent makes a very important contribution to the

dynamics since they determine the free energy cost of the new partner’s approach (and the

frame tumbling reorientation time12,13).

Our study has shown that the jump picture for water reorientation applies in the nuclear

quantum mechanical description as well as in the classical regime. This has allowed us to

identify the molecular factors explaining the nuclear quantum and isotope e↵ects on water

H-bond and reorientation dynamics. Nuclear quantum e↵ects lead to a moderate water

dynamics acceleration, but do not a↵ect the water reorientation mechanism, which mostly

proceeds through large angular jumps, just as in the classical case. The changes in the H-bond

jump dynamics are shown via a detailed jump perspective analysis to be semi-quantitatively

determined by the oxygen-oxygen radial distribution function changes. Our study thus

establishes a simple, robust, relationship between the liquid structure and the dynamics of

H-bond jumps, which are the elementary events governing water reorientation and, since each

H-bond jump induces translation of the water molecules involved, translational dynamics.
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RPMD Orientation Time-Correlation Functions

Reference 1 gives the RPMD approximation for the first two Kubo-transformed time correla-

tion functions C̃1(t) and C̃2(t). Here we derive a general expression for the approximation to

all orientation tcfs,

C̃l(t) =
lX

m=0

al,mF̃m(t), (S1)

where

F̃m(t) =
1

�

Z �

0

h(êOH(�i~�) · êOH(t))
m
i d�, (S2)

and al,m is the coe�cient of xm in the Legendre polynomial Pl [x]. Using the multinomial

theorem we can write

(êOH(�i~�) · êOH(t))
m =

X

j1+j2+j3=m

✓
m!

j1!j2!j3!

◆
Êj(�i~�)Êj(t), (S3)

with j = (j1, j2, j3) and Êj1,j2,j3(t) =
Q3

i=1 [ê
i
OH(t)]

ji and êiOH(t) the ith Cartesian component

of êOH(t).

Eq. (S2) can then be rewritten

F̃m(t) =
X

j1+j2+j3=m

✓
m!

j1!j2!j3!

◆
1

�

Z �

0

D
Êj(�i~�)Êj(t)

E
d�. (S4)

In this form, an RPMD approximation can be defined. Using the rule given in, e.g., ref 2,

we have

F̃RPMD
m (t) =

X

j1+j2+j3=m

✓
m!

j1!j2!j3!

◆
hEn,j(0)En,j(t)in , (S5)

where h· · · in is an average over the extended ring polymer phase space. En,j(t) is the average

of Ej(t) over all ring polymer replicas,

En,j(t) =
1

n

nX

k=1

3Y

i=1

⇣⇥
eik
⇤ji⌘ (t), (S6)
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where eik(t) is the ith Cartesian component of the kth replica of the vector eOH. The RPMD

approximation to the C̃l(t) orientation tcf is then

C̃l(t) '
lX

m=0

am,l

X

j1+j2+j3=m

✓
m!

j1!j2!j3!

◆
hEn,j(0)En,j(t)in . (S7)

Contribution of librations to integrated reorientation

times

We analyze the contribution of the water librations to the orientation relaxation time ⌧ intn

defined as the time-integral of the orientation tcf eq 1

⌧ intn =

Z 1

0

dtCn(t) . (S8)

For the present purposes, the orientation tcf can be approximated as the sum of a fast, sub-ps

initial decay and a slower ps decay

Cn(t) ' C lib
n exp

�
�t/⌧ libn

�
+
�
1� C lib

n

�
exp (�t/⌧n) , (S9)

where the amplitude of the fast initial librational decay is3,4

C lib
n = hPn (cos ✓)i

2 , (S10)

with ✓ the librational cone semiangle, which is typically 30�.4,5

For such a semiangle value, the C lib
n amplitude of the initial drop in Cn due to the librations

increases when n increases from 1 to 3, and the integrated ⌧ intn is increasingly smaller than

the long-time ⌧n decay time.

The OH librational motion has a strong quantum character, and therefore the amplitude of

the librational motions which governs ✓ changes when NQEs are included. Therefore, because
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librations are strongly a↵ected by NQEs and because they produce a larger contribution to

⌧ intn when n is larger, NQEs on ⌧ intn become more important for larger n, while the long-time

decays ⌧n exhibit the same NQEs for all n values (cf Table 1).

Jump mechanism from RPMD simulations

Following the approach described in the classical case in ref 6, we determined the average

jump reorientation mechanism from the RPMD simulations. Figure S1 shows that jumps still

occur when NQEs are included; indeed, the time evolution of the key geometric quantities

displayed is very similar to that found in the classical case. These average mechanisms further

show that the O⇤Oi and O⇤Of distances in the reactant and at the transition state are well

described by the minima and maxima of the radial distribution function described in fig 3.

Ingredients of the jump model

In the classical case, following prior work,6 the jump time in the simulations is determined as

the time integral of the jump time-correlation function

⌧ cl0 =

Z 1

0

dt
1

2N2

2NX

i=0

NX

I=0

NX

F=0

hpiI(0)p
i
F (t)i , (S11)

where piI,F (t) is 1 if the OH group i donates a H-bond to the acceptor oxygen atom I (resp.

F) and 0 otherwise, and N is the total number of water molecules. Absorbing boundary

conditions in the product state are employed in order to consider only the first jump exchange.

In the quantum case, the jump time is determined from the same time-correlation function

eq S11, calculated with the ring polymer centroid positions.2 RPMD rate theory was originally

developed using flux-side correlations averaged over the beads of the ring polymer necklace.7

However, it was subsequently shown that evaluating the correlations on the centroid of the

ring polymer improves the statistics and leads to exactly the same RPMD rate.8
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Figure S1: Average H-bond exchange trajectory from the H2O RPMD (solid lines) and classical MD
(dashes) simulations, with t = 0 defined to be the transition state for the jump. a) Time-evolution

of the O⇤Oi and O⇤Of distances defined in the inset; b) time evolution of the � = ˆOiO⇤Of angle
and of the ✓ angle between the OH bond and the OiO⇤Of bisector plane.

The frame rotational di↵usion coe�cient is determined from the first and second order

reorientation times between successive jump events. We approximate the frame reorientation

as being di↵usive so that ⌧ frame
n = 1/

⇥
n(n+ 1)Dframe

R

⇤
, and the inverse rotational di↵usion

coe�cient is thus

1/Dframe
R = ⌧ frame

1 + 3⌧ frame
2 . (S12)

PAMM H-bond analysis

The jump times and the frame rotational di↵usion coe�cient in Table I were obtained

with a strict geometric definition of the hydrogen bond:6 ROO < 2.95 Å, ROH < 2.05 Å

and ✓HOH < 20�. We repeated this study with the PAMM9 probabilistic hydrogen-bond
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definition. The results are given in Table S1 and show that the resulting extended jump

model reorientation times obtained with this very di↵erent hydrogen-bond definition remain

in good agreement with the reorientation times calculated directly from the simulations

(which are independent of any H-bond definition).

Table S1: Jump time ⌧0, inverse of frame rotational di↵usion coe�cient 1/Dframe
R and

EJM reorientation times ⌧EJM
n (eq 2) calculated with the PAMM H-bond definition,

from classical MD (cl) and TRPMD (qm) simulations, together with their ratios (all
times in ps).

H2O D2O
cl qm qm/cl cl qm qm/cl

⌧0 3.97(6) 3.38(2) 0.85(2) 4.35(7) 4.40(2) 1.01(2)
1/Dframe

R 52.1(5) 44.8(4) 0.86(1) 57.2(8) 59.3(4) 1.04(2)
⌧EJM
1 7.1(1) 6.16(3) 0.87(1) 8.0(1) 8.05(3) 1.01(1)
⌧EJM
2 3.15(7) 2.73(3) 0.87(2) 3.50(7) 3.54(5) 1.01(3)
⌧EJM
3 2.09(4) 1.81(2) 0.87(2) 2.30(5) 2.34(4) 1.01(3)

Jump transition state

We focus on the H atom that jumps from the Oi acceptor to the Of acceptor. The jump

transition state (TS) is defined as the configuration where the centroid of this atom lies on

the bisector plane of the OiO⇤Of angle. Figure S2 shows the distribution of the ring polymer

beads for this H atom along the ✓ angular coordinate (see fig S1) at the TS. It does not

exhibit the bimodal behavior that would be expected if tunneling were important. (Thus, the

OH angular motion would accordingly be analogous to that of adiabatic proton transfer.10)

Triplet distribution function

We computed the triplet distribution function g(3) (r⇤i, r⇤f ),11 where r⇤i,f is the distance

between the O⇤ oxygen atom and the Oi,f acceptor oxygen atoms. The results presented in

figure S3 for classical and quantum H2O show that in the reactant (short r⇤i and long r⇤f ),

the reaction coordinate is essentially the compression of the r⇤f distance.
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simulations.
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In the reactant state for quantum H2O, the frequency of the r⇤f coordinate is determined

by a local harmonic analysis of the pair distribution function to be 43 cm-1, which is well

below kBT ' 210 cm-1, and the motion along r⇤f can be approximated as classical. At the

transition state (TS) for quantum H2O, the reaction coordinate is the antisymmetric stretch

of the r⇤i and r⇤f distances. Because the coupling between the two motions is small, the

antisymmetric frequency is not greatly di↵erent from that of the symmetric stretch. The

symmetric stretch frequency is determined from the triplet distribution function, and its 16

cm-1 value is again much lower than the thermal energy. The reaction coordinate at the TS

can thus also be approximated as classical.

The free energy barrier �G‡ can be determined without assuming a decoupling between

the r⇤i and r⇤f coordinates by calculating the free energy di↵erence between the reactant and

TS configurations in the triplet representation. The validity of the decoupling approximation

can then be examined by comparing this value to the free energy barrier obtained in eq 5

as the sum of the independent �G‡
elong and �G‡

compr terms. For classical H2O, �G‡ =1.21

kcal/mol, which compares extremely well to the sum �G‡
elong + �G‡

compr '1.22 kcal/mol.

The agreement remains quite good in the quantum case, with �G‡ =1.07 kcal/mol and

�G‡
elong +�G‡

compr '1.10 kcal/mol.

Radial distribution function along the distance between

centers of mass

Figure S4 shows that the radial distribution functions along the distance between O atoms and

that between the corresponding water molecules’ centers of mass are almost indistinguishable.
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Figure S4: Radial distribution functions along the distance between O atoms (black) and that
between the corresponding water molecules’ centers of mass (red) calculated from classical H2O
simulations. The two curves are almost indistinguishable.

Contributions of OH stretch and libration mode ZPEs

to the quantum rdf

We examine the changes in the OH stretch and libration mode ZPEs when the H-bond

is elongated and the OO distance increases. We thus compare the ZPEs in the short OO

distance, strong H-bond situation, and in the long OO distance, weak H-bond case. Regarding

the OH stretch mode, its frequency typically increases from approximately 3450 cm�1 to

3570 cm�1 from the jump reactant to the jump transition state.5 Turning now to the OH

libration, the librational band in neat water exhibits a peak around 750 cm�1. The weak

H-bond situation is found for example for water molecules next to AOT headgroups in reverse

micelles,12 where the librational spectrum maximum is shifted to approximately 550 cm�1.

When the H-bond is weaker, the stretch and librational frequencies shift in opposite directions,

since the OH stretch vibrates in an increasingly tight well, while the OH librational motion

is less restrained and its frequency thus decreases. When the OO distance is increased from

the jump reactant to the jump transition state, the contributions of the OH stretch and two
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libration mode ZPEs to the free energy barrier are therefore

�G‡
str,lib = �ZPE‡

str +�ZPE‡
lib

=
~
2

h⇣
!‡
str � !R

str

⌘
+ 2

⇣
!‡
lib � !R

lib

⌘i
, (S13)

with !‡
str � !R

str ' (3570� 3450) cm�1 = 120 cm1 and 2
⇣
!‡
lib � !R

lib

⌘
' 2 (550� 750) =

�400 cm�1. Consequently, �G‡
str,lib < 0, and the free energy barrier for the H-bond elongation

is reduced when NQEs are included.
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