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ABSTRACT

In this paper we examine the capacity of arbitrage-free neural stochastic differential
equation market models to produce realistic scenarios for the joint dynamics of mul-
tiple European options on a single underlying. We subsequently demonstrate their
use as a risk simulation engine for option portfolios. Through backtesting analysis
we show that our models are more computationally efficient and accurate for evalu-
ating the value-at-risk of option portfolios than standard filtered historical simulation
approaches, with better coverage and less procyclicality.

Keywords: market models; European options; risk measures; market simulators; no-arbitrage;
stochastic differential equation (SDE).

1 INTRODUCTION

Managing option trade books usually requires modeling and simulating dynamics of
liquid vanilla options. A desirable model, and therefore trajectories simulated from
the model, should preserve statistical properties of the real data while respecting

Corresponding author: S. Wang Print ISSN 1460-1559 | Online ISSN 1755-2850
© 2023 Infopro Digital Risk (IP) Limited

33



34 S.N.Cohen etal

underlying financial constraints. Previous work (see, for example, Cohen et al 2021a)
considered building arbitrage-free neural stochastic differential equation (SDE) mar-
ket models under the real-world measure, and they established corresponding model-
estimation algorithms that take as input time series price data of finitely many liquid
options. The model consists of an SDE system for states representing the underlying
and a small number of factors chosen for a statistically accurate dynamic represen-
tation of the option surface and the minimization of dynamic and static arbitrage.
The coefficients of the SDE are calibrated under hard linear inequality constraints on
the joint option price processes; these constraints are dictated by static arbitrage rela-
tionships. For practical applications, Cohen et al (2021a) consider only synthetic data
simulated from a Heston stochastic local volatility model, and they do not demon-
strate performance on any concrete tasks. This paper validates the modeling approach
of Cohen et al (2021a) using real-world data, and it explores the model’s capability as
a realistic option market simulator. In particular, we will see that these methods yield
computationally efficient and accurate models for evaluating value-at-risk, with less
procyclicality and better performance than traditional filtered historical simulation
(Barone-Adesi et al 2002).

Essentially, we investigate the feasibility of using a neural-SDE market model as
a generative model for time series of option prices. Simulating synthetic data from
a generative model is an important measure to ensure data privacy (Bellovin et al
2019), and it can be useful for boosting deep-learning performance — for instance,
by providing an environment to train further models with reinforcement learning
(Buehler et al 2019; Ritter and Kolm 2019). Synthetic data generators are proba-
bilistic models that simulate observations similar to historical data, in the sense of
capturing specific features of the time series. Recent developments of generative
models for financial time series focus on generative adversarial networks (GANs)
(Henry-Labordere 2019; Koshiyama et al 2021; Ni et al 2020; Takahashi et al 2019;
Wiese et al 2019) and variational autoencoders (Buehler et al 2020; Wiese et al
2021) and are typically not driven by fundamental financial modeling principles.
We highlight the work of Wiese et al (2021) and Chataigner et al (2020), who take
similar approaches to ours, although they use different representations of arbitrage
conditions.

Building generative models for multiple option price time series, with the same
underlying asset and different strikes and maturities, is by nature a high-dimensional
problem, in which complex arbitrage constraints need to be respected among dif-
ferent dimensions. Wiese et al (2019, 2021) first transform option prices into an
equivalent representation in the form of discrete local volatilities (Wissel 2008) with
simple static arbitrage constraints; they then apply principal component analysis to
reduce the dimension and formulate a typical GAN problem. Compared with GAN
approaches, our neural-SDE market models largely reduce the black-box nature of
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neural network models (see the discussion by Cohen et al (2021b)) while still retain-
ing their computational advantages. Specifically, our neural-SDE market models
give drift and diffusion estimates of each risk factor modeled, which helps us to
understand the expected return and volatility of investing in each risk factor.

Here, we verify that these neural-SDE market models produce price paths similar
to historical data for European equity index markets, in that they display volatility
clustering (in the returns on the underlying index, and this is replicated for an option
portfolio similar to the Chicago Board Options Exchange’s Volatility Index (VIX))
and they match marginal and joint densities for the underlying and option portfolios.
We then focus on risk simulation for option portfolios, which is especially convenient
because the models are built under the real-world measure. In particular, we assess
how well the models evaluate risks for a comprehensive set of option portfolios that
represent typical risk profiles, such as (calendar) spreads, risk reversals and strangles.
In fact, these portfolios can be viewed as statistical features of option price surfaces.
We therefore verify that the neural-SDE market models are capable of simulating
data similar to historical data, in the sense that they capture these highly structured
while financially meaningful features.

Evaluating market risk for portfolios of nonlinear derivatives such as options is
challenging from both an accuracy perspective and a speed perspective. We focus on
value-at-risk (VaR), a risk measure promoted by JP Morgan RiskMetrics in the mid-
1990s (JP Morgan—Reuters 1996) and quickly mandated by international regulators
such as the US Securities and Exchange Commission and the Basel Committee on
Banking Supervision, as the measure for disclosing portfolio risk. Mathematically,
the key is to establish a loss distribution for the evaluated portfolio. As our models
generate samples from the full loss distribution of the portfolio, our approach could
also be used to compute estimates of other risk measures, such as expected shortfall.
We focus on VaR because of its widespread use in the regulation of financial markets,
and because of the existence of standard backtesting approaches, which allow us to
verify the performance of our method against standard criteria.

Parametric approaches to VaR estimation, such as the delta method (JP Morgan—
Reuters 1996) and delta—gamma method (Britten-Jones and Schaefer 1999; Fallon
1996), give closed-form approximations of the loss distribution that are fast but rely
heavily on distributional assumptions on the risk factors. In addition, El-Jahel et al
(1999) have shown that these methods give biased VaR estimates due to poor local
(linear and quadratic) approximations of the loss.

Conversely, nonparametric methods based on Monte Carlo estimation of the loss
distribution are unbiased and consistent, and they have flexible distributional assump-
tions, but they can present a substantial computational burden. First, a large number
of samples of the risk factors (known as “risk scenarios”) are needed, as VaR con-
siders only the (upper) tail of the loss distribution. Second, for each risk scenario,
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the portfolio value needs to be reevaluated, and since this value is generally not
available in closed form, computationally costly numerical procedures are needed.
If Monte Carlo simulation is used for pricing the portfolio, it results in a two-level
(or nested) simulation scheme. Variance-reduction techniques can be used in both
outer and inner levels to accelerate simulations; specifically, for the outer level,
which estimates quantiles, there is a vast literature discussing the use of control
variates (Hesterberg and Nelson 1998; Hsu and Nelson 1990), antithetic variates
(Avramidis and Wilson 1998) and, more popularly, importance sampling or strati-
fied sampling (Glasserman et al 2000, 2002; Sun and Hong 2010). Further nonpara-
metric VaR estimation methods include historical simulation (Butler and Schachter
1997) and volatility-filtered historical simulation (Barone-Adesi and Giannopou-
los 2001; Barone-Adesi et al 1999, 2002; Gurrola-Perez and Murphy 2015), which
sample risk scenarios based on empirical distributions of risk factors. Nevertheless,
regardless of how risk scenarios are simulated, the valuation of option portfolios
often requires reevaluating option prices on the basis of risk factors (for multiple
simulation trajectories and time points), which is computationally expensive.

In our market models, option prices are linear in the risk factors, resulting in a
negligible computational cost for reevaluating an option portfolio for each simulated
risk scenario. Despite the simplicity of the linear factor representation, it is suffi-
ciently rich to achieve satisfactory statistical accuracy. As will be detailed below,
we simulate risk factors from a flexible, offline-trained neural-SDE with historical
innovations.! Through out-of-sample backtesting, we show that our model yields
more statistically and economically appealing VaR estimates for various option port-
folios than traditional filtered historical simulation approaches (see, for example,
Barone-Adesi et al 2002).

The paper is organized as follows. First, we review the construction and estima-
tion methodology of arbitrage-free neural-SDE market models in Section 2. Then, we
explain the data set used and elaborate how to apply the models to real-world data
in Section 3, in which the in-sample and out-of-sample performance of the mod-
els is assessed extensively. Given the trained models, we estimate VaR over various
risk horizons and confidence levels for a varied set of option portfolios and backtest
the out-of-sample VaR performance in Section 4. Finally, Section 5 summarizes our
observations and addresses a few further extensions.

!'We carried out neural-SDE model calibration to real-world data, risk factor simulation and VaR
backtesting using PYTHON for various option portfolios in the neuralSDE-marketmodel GitHub
repository. URL: https:/github.com/vicaws/neuralSDE-marketmodel.
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2 ARBITRAGE-FREE NEURAL-SDE MARKET MODELS

Here, we briefly summarize our neural-SDE approach to constructing market mod-
els. Interested readers may refer to Cohen et al (2021a) for a discussion of model
choices, theoretical strengths and limitations, and other implementational details.

2.1 Factor-based market models

We consider a financial market with a stock and a collection of European call options
on the stock.> We denote by C; (T, K) the market price at time ¢ of a European call
option with expiry T and strike K. Over time, the range of liquid options in (7, K)-
coordinates tends to change stochastically. In contrast, there is a usually stable range
of times-to-expiry and moneynesses for which options are actively quoted and for
which price data are thus readily available. It is therefore empirically advantageous
to build models in terms of relative coordinates (t,m), where T = T — ¢ is time-to-
expiry and m denotes moneyness. Specifically, we model the normalized call price
surface (t, m) + ¢;(t, m) with the definition

- Gt + 1, e"F(t + 1))
ér(r,m) = Dt +1)F(t+71)

where D;(T) denotes the market discount factor for time 7' (assuming a determin-
istic interest rate) and F;(7') denotes the model-independent, arbitrage-free futures
price for delivery of the stock at T'.

We fix a constant compact set Rjiq C {(7,m) € R2}, which represents the range of
times-to-expiry and moneynesses for which options are liquid. For each T and m we
assume a time-independent linear representation of ¢, (t, m) by latent factors & € RY,
given by

Q2.1

d
&i(r.m) = Go(r.m) + ) Gi(z.mbir, (2.2)
i=1
where G; € Cl’z(ﬁliq) fori = 0,...,d, and we refer to it as a “price basis
function”. We then model the joint dynamics of the stock price S and the fac-
tors £ by a (d + 1)-dimensional diffusion process solving the following pair of
time-homogenous SDEs:

ds

< =eE)d +yE)dWo,  So=so € R. (2.3a)
t

d&; = (&) dr + o (&) dW, Eo = Lo € R, (2.3b)

2 Although we refer to the asset as a “stock” throughout the paper, our methods are equally
applicable to other assets such as equity indexes, currencies or commodities.
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where Wy € Rand W = [W; --- W;]T € R¢ are standard independent Brownian
motions under the real-world measure P. We use oy, y;, ; and o, to denote a(£;),
y(&:), n(&) and o(&,), respectively. We denote by Li (R?) the space of all R¢-
valued, progressively measurable and locally p-integrable (in ¢, P-almost-surely)
processes, and we assume that « € L! (R), ue LL (R?),y € L2 (R) and o €

N P loc loc loc
L (R%).

REMARK 2.1 We assume, in the model of £ (2.3b), that the drift and diffusion
coefficients are independent of S, in the sense that volatility surfaces (represented
by &) are unaffected by the underlying price level. Nevertheless, it is possible, and
simple, to add S as an additional argument and train the model with neural nets (as
done in Cohen et al (2021a)).

REMARK 2.2 For simplicity we assume that independent Brownian motions drive
the randomness in S and &; we could easily add a correlation structure and estimate
the resulting larger covariance matrix, albeit with a greater risk of overfitting. In
Appendix C.2 (available online) we discuss performance when estimating models for
S and £ jointly with a full R@+D*@+D covariance matrix. With the current model
setup (2.3), to take into account nonnegligible correlations between £ and log returns
of S for realistic forward simulations, we randomly sample innovations from the
historical residuals of the fitted models (2.3), rather than from standard Gaussians;
see the discussion in Section 3.6.

2.2 Arbitrage considerations

According to the first fundamental theorem of asset pricing (Harrison and Kreps
1979), a model admits no arbitrage if there exists a measure Q ~ P such that the
discounted price processes for all tradable assets are martingales. (Formally, this
can be weakened to local or o-martingales, depending also on the precise form of
no-arbitrage assumed.) For this no-arbitrage condition to hold, we derive a Heath—
Jarrow—Morton-type (HIM-type) drift restriction (see also Heath et al 1992) by ana-
lyzing the existence of a process for the market price of risk ¥, = [Y1,--- wd,t]T.
Considering a finite set of option specifications £Liiq = {(7j,m;)}j=1,..n C Riigs
we look for a solution ¥, to

1, P
+§VtW ¢, (24)

with ¢; = [¢; (71, m1) -+ & (ty,mp)]T. Here, we define G as the d x N matrix with
ith row G;, where G; = (Gij)JNzl e RN fori =0,...,d and Gij = Gi(tj,mj).
We call GT a “price basis matrix” and each of its columns a “price basis vector”.

ad 1
G'oyy =G, —z,, wherez; = (—— - 51’:2

0
0t om

The relation (2.4) leads to a mechanism that discourages dynamic arbitrage in the

Journal of Computational Finance www.risk.net/journals



Estimating risks of European option books using neural-SDE market models

factor-decoding algorithm (Algorithm 1 in Appendix A online) and to a metric for
measuring the proportion of dynamic arbitrage in factor-reconstructed prices (Cohen
et al 2021a, Section 4.3).

Nevertheless, the HIM-type drift restrictions cannot be implemented exactly in
practice, because our models are built on finitely many options on a fixed liquid lat-
tice in the (z, m)-coordinates, which do not correspond to fixed contracts (ie, fixed
T and K) over time, so solutions to (2.4) will not exist for a fixed price basis G. Fur-
ther consideration of no-arbitrage conditions is therefore needed. In particular, we
can consider static, model-free arbitrage constraints on the underlying factors. Using
the construction in our previous work (Cohen et al 2020), we write static arbitrage
constraints in the form Ac; = b, where A = (4i5) € RR*N and b = (l;j) e RR
are a known constant matrix and vector, and R is the number of static arbitrage
constraints. Given the factor representation (2.2), we have ¢; = Gy + GTét. Con-
sequently, the market model allows no static arbitrage among options on the liquid
lattice Ly;q if &; satisfies, for all 7,

AG"s, 2 b:=bh— AG]. (2.5)

2.3 Model inference

As the first step of model inference, we decode the factor representation (2.2) by cali-
brating the price basis functions {G; };1:0. This leads to Algorithm 1 (see Appendix A
online), which extracts a smaller number of market factors from prices of finitely
many options with the joint objectives of eliminating static and dynamic arbitrage in
reconstructed prices and guaranteeing statistical accuracy.

To estimate the drift and diffusion of the decoded factor process &, as specified
in (2.3b), we represent the drift and diffusion functions by neural networks, referred
to as “neural-SDEs”. Leveraging deep-learning algorithms, we train the neural net-
works by maximizing the likelihood of observing the factor paths, subject to the
derived arbitrage constraints. As seen in (2.5), static arbitrage constraints are charac-
terized by the convex polytope state space {y € R?: AGTy = b} for the factors; we
identify sufficient conditions on the drift and diffusion to restrict the factors to the
polytope, using the classic results of Friedman and Pinsky (1973). Consequently, the
neural network that is used to parameterize the drift and diffusion functions needs
to be constrained. We achieve this by developing appropriate transformations for the
output of the neural network, as detailed in Cohen et al (2021a, Section 3).

3 CALIBRATION TO MARKET DATA

We have seen decent performance from our modeling and inference approach when
applied to synthetic data generated by a stochastic local volatility model (Jex et al
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1999). The focus here is to investigate its ability to capture the dynamics of real-
world data, and whether practically useful conclusions can be drawn from these
methods.

3.1 Option price data description and preprocessing

We study the two most traded vanilla European options listed on Eurex Exchange,
namely, EURO STOXX 50 index options and Deutsche Atkienindex (DAX) options.
OptionMetrics’ IvyDB Europe offers historical daily settlement prices? for calls with
expiries of 30, 60, 91, 122, 152, 182, 273, 365, 547 and 730 calendar days, at deltas of
0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6, 0.65, 0.7, 0.75 and 0.8 (OptionMetrics
2020). We collect daily call option prices from January 2, 2002 to December 30,
2019, as well as corresponding futures curves and euro zero curves.

We first normalize call prices by discount factors and futures prices follow-
ing (2.1). However, the normalized call price surfaces have fixed delta parameters,
rather than fixed moneynesses, over time. We therefore choose the historical median
moneynesses (for each delta-quoted option) to define our liquid option lattice Lyg,
and we interpolate prices to the fixed set of moneyness parameters. We give details
on the interpolation in Appendix B (available online). In addition, whenever there is
static arbitrage in the reported historical option prices, we perturb the prices using
the arbitrage-repair algorithm of Cohen et al (2020). In Appendix B we give statistics
on the presence of arbitrage in raw and interpolated option price data, and we assess
the impact of repairing arbitrage. We show the liquid lattice £jiq in Figure 1(a).

In parts (b) and (c) of the figure we show historical daily prices for the EURO
STOXX 50, the DAX and the one-month at-the-money normalized call options writ-
ten on the two indexes. Since the normalized option price has a deterministic bijective
relationship with the implied volatility, we see that the two options have very simi-
lar historical volatility dynamics. It is consequently reasonable to assume a common
background model for the volatility processes of the two options. We therefore con-
catenate the normalized call price data of the EURO STOXX 50 options and DAX
options when decoding factors and learning factor dynamics. This enriches the data
set available for our statistical estimation problems by assuming that our market
models are universal for options written on these two different underlyings. Specif-
ically, there is only one functional form for the drift ;£(-) and the diffusion o (-) for
the factor dynamics (2.3), despite different underlying options. Nevertheless, this
does not restrict the underlying indexes’ models to being the same; as evidenced

3 These prices are calculated from implied volatilities interpolated using a methodology based on
a kernel-smoothing algorithm, according to the OptionMetrics’ IvyDB Europe reference manual
(OptionMetrics 2020).
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FIGURE 1 Scattergram of the liquid option lattice and plots of historical prices.
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in parts (b) and (c) of Figure 1, the DAX appears to have a more positive drift.*
Hence, we build a universal model for the factor dynamics but separate models for
each index.

Using k € {U,D} to distinguish data of EURO STOXX 50 options and DAX
options, we denote the observation times as 0 = #; < -+ < f7x = T* and let
§t = t; —ti_g = TX/(L*¥ — 1) forall 2 < i < LK. We split the L¥ historical
data samples into subsamples for training and estimation {71, ..., g« } and subsam-
ples for testing {fgx 1, ..., «}. We use the training samples only for estimating a

4Two factors contribute to the drift difference between the two indexes: in addition to the fact that
the two equity indexes have different constituent stocks, the EURO STOXX 50 is a price return
index while the DAX is a total return index.
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TABLE 1 Details of the option data used.

Parameter Value
Number of training samples E¥ 4296 (Jan 1, 2002 to Dec 31, 2018)
Number of testing samples L¥ — EK 253 (Jan 1, 2019 to Dec 31, 2019)
Number of options N 130
St One day*

*We use the Act/365 Fixed day count convention for converting §¢ = 1/365 to a year fraction.

neural-SDE market model, while the testing samples are used for testing the perfor-
mance of out-of-sample risk simulation, as detailed in Section 4.4. In Table 1 we list
the details of the data used.

REMARK 3.1  We focus our attention on options on a single underlying asset, but
some generalizations of this are straightforward within our framework. For example,
given two assets that are not perfectly correlated, and independent options on each
asset, it would be easy to determine the corresponding no-arbitrage restrictions (as
these will apply to each option book separately) and to then build a joint model
for both assets and their options. Difficulties would arise when considering options
on more than one asset (in addition to options on single assets), as the no-arbitrage
conditions would be less tractable.

3.2 Factor decoding

Suppose we observe price data C¥ = (Cllj.) € RLkXN, with Cl];. = Efl (tj,mj),
for k € {U,D}. Given the concatenated data C = [CV; CP] € REXN | with L =
LY + LP, we aim to construct factor data £ = (5;;) € RL*4, with &); = &, In
particular, we represent C, with residuals ¥ € RL*N by

C=1.83Gy+E5G+7, 3.1)

where 17, is an L-vector of ones and ® denotes the outer product of two vectors.
We build factors to reflect the joint goals of eliminating static and dynamic arbi-
trage in reconstructed prices and guaranteeing statistical accuracy. In Appendix A
we recall the factor-decoding algorithm that is introduced as Algorithm 1 in Cohen
et al (2021a).

3.2.1 Vega-weighted prices

We call C — 7 the “reconstructed prices” and the Frobenius norm ||7 || the “recon-
struction error”’. As in-the-money (ITM) and long-dated options have higher prices,
the objective of minimizing || Y ||¢ is naturally more effective in reducing relative
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calibration errors for ITM and long-dated option prices than for other option prices.
To avoid overfitting to ITM and long-dated option prices, practitioners often weight
each option by the reciprocal of its Black—Scholes Vega. In fact, using the approx-
imation AC ~ Vega x Ac'™, weighting prices by 1/Vega roughly corresponds
to measuring reconstruction errors in implied volatilities. To follow this approach,
we introduce a constant weight matrix A = diag(A1,...,Ax) and construct factors
from CA instead, as the following two optimization problems are equivalent:

min [(C 1 ® Go — EG)Allr < min |CA ~ 1, ® Go— ZG||r.
=, .G

We now associate the weight A with the option Vega. At time ¢ the Black—Scholes
Vega for the (7, m)-option is

dc,
imp
t

m
o™ /T

where ¢ (-) is the density of the standard normal distribution. This leads us to set

'Vt (Tv m) =

0™ 7.m) = J/T¢ (— + %U;mpﬁ) >0, (3.2

L
1 - 1
Aj = ER foreach j, where V; = T Z”th(tj,mj).
j I=1

REMARK 3.2  Weighting price data by a constant matrix does not change the
factor-decoding algorithm, except that the coefficient and constant terms of the static
arbitrage constraints (2.5) need to be revised. Specifically, we aim for a new factor
representation, Ac; = Gy + GT&,. The static arbitrage constraints A¢; > b then
yield

(AAHG g = 6™ == b — (AA1)G,.

Nevertheless, for notational simplicity, we write C <~ CA, A < AA™! and b «
b"*" for the rest of the paper.

3.2.2 Primary and secondary factors

While decoding more factors can improve the representation of call prices, it also
leads to higher-dimensional models, which may overparameterize the dynamics of
noisy factors and lead to overfitting. To overcome these issues, we assume that some,
“primary”, factors are modeled by the SDE (2.3) and other, “secondary”, factors are
modeled as mean-reverting Ornstein—Uhlenbeck processes.

We now investigate how many primary and secondary factors are needed for a rea-
sonable representation of the call price data. In Section 4.3 of Cohen et al (2021a) we
define three metrics to examine the quality of factor reconstruction: the mean abso-
lute percentage error (MAPE), the proportion of dynamic arbitrage (PDA) and the
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TABLE 2 MAPE, PDA and PSAS metrics when including different combinations of

factors.

Factors MAPE PDA PSAS
Dynamic arbitrage 10.75 220 33.74
Dynamic arbitrage + Statistical accuracy 4.61 1.92 8.26
Dynamic arbitrage + Static arbitrage 4.94 1.99 1.29
Statistical accuracy 540 13.07 713
Statistical accuracy + Dynamic arbitrage 5.40 1.80 8.13
Statistical accuracy + Static arbitrage 4.82 7.83 0.30

All values are given in percent.

proportion of statically arbitrageable samples (PSAS).> As discussed in the previous
section, we use Vega-weighted versions of these quantities in what follows. Apply-
ing the factor-decoding algorithm (Algorithm 1 in Appendix A), we show in Table 2
the three metrics for a few different factors and combinations of up to two factors.

Using only two factors (ie, one statistical accuracy factor and one static arbitrage
factor (the last row in the table)), we can represent the whole collection of call
prices with reasonable accuracy. Note that using a static arbitrage factor significantly
reduces the number of violations of the static arbitrage constraints, as evidenced
by the corresponding reduction in the PSAS. Since arbitrageable data samples are
invalid inputs for the model inference and need to be thrown away, it is crucial to
ensure a low PSAS. The high value of the PDA is of less concern for real data and
will be reduced further by including more secondary factors.

REMARK 3.3  We will restrict our attention to this simple three-factor model
(ie, two primary factors £, in addition to the stock index price), as it also allows us
to easily demonstrate qualitative features of the model. However, see Appendix C.1
(available online) for the analysis of a market model with three primary factors. In
general, the number of factors needed will depend on the market and data to be mod-
eled, in much the same way as for traditional factor models. For the data considered,

5 We recall that the MAPE and PSAS metrics are defined by

L N |- -
1 Z |¢t, (zj,mj)/V; — Goj — > Gijéiz |

MAPE = ——— — =
(L+1)N I=oj=1 Ctl(fj,m]')/'Vj

)

L
=0 l{aa-1G7¢, >}
L+1

PSAS =1—

The formula for the PDA is somewhat involved; we refer readers to Section 4.3 of Cohen et al
(2021a).
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FIGURE 2 Price basis functions of the normalized call price surface.

(a) (b)

(@) Go(r,m). (b) G1(z,m). (¢) Ga(T,m).

we find that a small number of factors is sufficient to capture much of the behavior
of interest.

We plot the price basis functions of these two factors (denoted G and G) and of
the constant term of ¢ (denoted Gy) in Figure 2. The points in the liquid lattice (in
(t, m)-coordinates) are also shown on this plot. Here, the real-valued functions G
and G are obtained by interpolating the price basis vectors G; and G, and Gy is
obtained by interpolating the normalized call prices averaged over time.

Given these factors, we use the linear programming method (Caron et al 1989) to
eliminate redundant constraints in the system AGTE > b, which is the projection
of the original no-arbitrage constraints, constructed in price space, to the R? factor
space. This results in only eight constraints, which we indicate as red dashed lines in
Figure 3. The convex polygonal domain bounded by these constraints (the light-green
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FIGURE 3 Trajectory (black dots) of the primary R2 factors and the corresponding static
arbitrage constraints (red dashed lines) projected to the R? factor space.

area) is the statically arbitrage-free zone for the factors; that is, provided the factor
process remains in this region, we are guaranteed to have no static arbitrage in the
reconstructed call prices on our liquid lattice £jiq. Also shown in Figure 3 is the
cloud of factor realizations decoded from the market data. We observe that it has a
qualitatively similar shape to that in Cohen et al (2021a) for simulated prices from a
Heston stochastic local volatility model.

To further reduce the factor reconstruction error, we include a few more, secondary
factors, whose dynamics are modeled as mean-reverting Ornstein—Uhlenbeck (OU)
processes.® We take the residuals from the reconstruction of call prices with two
primary factors and consecutively decode the secondary factors from the residuals
(using principal component analysis), with the objective of maximizing statistical
accuracy. In Figure 4 we show how various metrics change with the inclusion of
more secondary factors. In part (a) the factor magnitude is defined as the ratio of
the min—max range of the corresponding factor to that of the first primary factor,
provided that the price basis vectors have a unit norm. It measures each secondary
factor’s importance in reconstructing option prices relative to the first primary factor.
While the MAPE and PDA decrease with inclusion of more secondary factors, the
PSAS is not always reduced. For example, inclusion of 13 secondary factors results
in an MAPE of 0.48%, a PDA of 0.06% and a PSAS of 2.42%.

% An Ornstein—Uhlenbeck model is chosen as it is a simple mean-reverting process, which agrees
with what we observe in the decoded paths of option prices.
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FIGURE 4 Price reconstruction metrics with the inclusion of more secondary factors.
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(a) Factor magnitude. (b) MAPE. (c) PDA. (d) PSAS.

REMARK 3.4  The PSAS initially increases with more secondary factors but even-
tually drops to zero. This is because adding secondary factors leads to small perturba-
tions of the price surface, potentially violating monotonicity and convexity and thus
resulting in (small) arbitrages in reconstructed prices. In other words, the OU model
for the secondary factors does not necessarily rule out static arbitrage, particularly
because their drift and diffusion do not satisfy Friedman and Pinsky’s condition. This
is less important when choosing the number of secondary factors than it is for pri-
mary factors, for several reasons. First, we no longer need to remove arbitrageable
data points to estimate these factors’ dynamics. Moreover, the magnitudes of sec-
ondary factors are much smaller than those of primary ones (Figure 4(a)). In addition,
we could always apply the arbitrage-repair algorithm (Cohen et al 2020) to perturb
our simulated secondary factors in order to restore monotonicity and convexity.

3.3 Factor dynamics estimation

The estimation of the SDE model for primary factors (2.3b) with static arbitrage con-
straints has been formulated as an unconstrained deep-learning problem in (Cohen
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FIGURE 5 Evolution of training losses and validation losses for the model of the primary
factors &.
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et al 2021a, Section 3). In this study we use the network architecture
¢5? = F5 0 AreLu © Fas6 0 AreLu © Fas6 0 AreLu © Fas6, (3.3)

with weight and bias parameters 6, where ¥ is a fully connected layer, or affine
transformation, with x units, and #Axxx 1S an activation function. Each layer ¥ is
parametric, but we omit the parameters for notational simplicity. In addition, to miti-
gate overfitting problems, we train both networks with 50% sparsity, meaning that the
50% smallest weights are pruned to zero. We implement and train our model using
the standard tools within the TensorFlow environment (Abadi et al 2015). In Fig-
ure 5 we show the evolution of training losses and validation losses over epochs
during the training of the model.” The loss value rapidly declines for the first few
epochs and then gradually converges.

Next, we sample a few factor data points and visualize their drift and diffusion
coefficients in Figure 6. As observed in the trajectory of the factor data in Figure 3,
the data set is distributed around a lower-dimensional manifold. For samples on the
periphery of the data set, the learned drifts tend to point inward to the manifold,
while the principal direction of their diffusions tends to align with the closest bound-
ary. This broadly agrees with the phenomena seen in synthetic data in Cohen et al
(2021a).

7 The first 90% of the training samples are used for training and the last 10% are reserved as
validation data.
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FIGURE 6 (a) Drift vectors (arrows) and (b) diffusion matrixes (ellipses, representing the
principal components of the diffusion) for some randomly selected factor data points.
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For each of the secondary factors, we discretize the OU model using the Euler—

Maruyama scheme, which yields a first-order autoregressive model with normal
noises, and we then fit it to the factor time series data using maximum likelihood
estimation.

3.4 Underlying index dynamics estimation

Let X; = In Sy; then, the model for S (2.3a) implies, by 1t0’s lemma,

dX; =r(&)dr + y(&)dWo,, where r(&;) = a(&) — %VZ(SJ
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FIGURE 7 Evolution of training losses and validation losses for the models of S.
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(a) EURO STOXX 50. (b) DAX.

Since drift estimation is well known to be noisy, we assume a constant drift for X,
ie, r(&;) = r. With this assumption, an unbiased estimate for r is

L-1
. 1 1 Sfl+l 1 St
- In{ ——))=—=In(— ). 34
' St(L—lgn(Stl )) T“(so) 4

Hence, for each underlying equity index, we first estimate a constant drift using
historical log returns and then train a neural-SDE model with only its diffusion rep-
resented by a neural network. Specifically, for our training samples (from January 1,
2002 to December 31, 2018), 7Y = —0.027, #® = 0.071. Compared with the model
for the primary factors, we use a smaller network ¢S ¥ R? — R for the neural-SDE
model of S:

¢5% = F3 0 AreLy © Fias © sAReLU © Fi28 0 AreLU © Fi2s. (3.5)
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FIGURE 8 Comparison of the volatility estimates for the options’ underlying indexes.
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In Figure 7 we show the evolution of training losses and validation losses over epochs
during the training of the models for both the EURO STOXX 50 and the DAX.
The loss value quickly drops during the first 10 epochs then slowly declines and
converges within 50 epochs.

To examine how well the diffusion of S is modeled by the neural networks, we use
a generalized autoregressive conditional heteroscedasticity (GARCH) model (specif-
ically, GARCH(1, 1)) to estimate empirical volatilities and compare them with the
in-sample volatilities computed from the trained neural networks. As evidenced
in Figure 8, the neural network models produce similar volatility dynamics to the
GARCH models.
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FIGURE 9 Q-Q plots of historical in-sample model residuals.
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3.5 Analysis of historical residuals

Historical residuals of the trained neural-SDE models (2.3) at time ¢;, for [ =
1,...,L —1, are computed by

2;’&1 = G_l(fn)(&zﬂ - étl - M(Etl) 51), 25 = V_l(gtl)(ln S;l,:—l -7 81‘).
l

Our approximate likelihood corresponds to an assumption that (23, Z f) are inde-
pendent standard normal white noises. Therefore, it is worth checking whether the
estimated residuals (Z S 7 f) appear to be independent standard normals within our
training data. In Figure 9 we show the normal quantile—quantile (Q—Q) plots of the
empirical marginal distributions of the residuals. For the primary factors, the resid-
uals show mildly fat tails. For the underlying stock indexes, the residuals appear
slightly left-skewed, implying higher-than-expected probabilities for large losses.
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FIGURE 10 Scatterplots of historical in-sample model residuals.
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To investigate dependence between the historical residuals for each factor, we
show in Figure 10 the scatterplots of each pair of residuals. The residuals among
risk factors &; look fairly uncorrelated, indicating that the trained neural nets have
well captured the factor covariances over time. However, there is evident negative
correlation between the residuals of InS and £&;, coinciding with the commonly
seen leverage effect (Black 1976). In fact, we could capture the leverage effect using
the neural-SDE model if a full covariance matrix for (In S, &) were included in the

model, which would consequently produce uncorrelated residuals (see Appendix C.2
online).

3.6 Out-of-sample simulation of factors and the implied volatility
surfaces

We now assess the trained model’s ability to simulate time series data that are like the
real input data. We take the trained model and simulate sample paths using a tamed
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Euler scheme (see Hutzenthaler et al 2012),% which is given by

w(és) o (&) £
t+8t = &t + 5t + VAR
o =8 1+ () |6t 1+ |lo(&)|| vt (3.6)
Siys1 A y (&) S .
1 =7rd — 77,
s T T T e

where the values of u, o0 and y are approximated by the trained neural networks.
Rather than generating the innovations (Z3, Z f) from normal distributions, we ran-
domly sample them from historical residuals of the trained models. There are two
major advantages of drawing innovations from historical residuals rather than nor-
mal distributions. First, historical residuals have fatter tails than normal ones (see
Figure 9). Second, the joint historical residuals implicitly preserve the (potentially
higher-order) dependence of (S, &), which the covariance terms fail to capture (see
Figure 10).

We show the time series of £ in parts (a)—(d) of Figure 11. We see that the depend-
ence structure between &; and & is captured well by the scatter plot in part (e).
In addition, the simulated factors remain within the no-arbitrage region, owing to
the hard constraints imposed on the drift and diffusion functions. We also simulate
secondary factors from their fitted OU processes and check the similarity in their
distributions (Figure 12).

The trained model is also capable of simulating a variety of realistic patterns of
the implied volatility surface. This is demonstrated in Figure 13, in which we pick
a few implied volatility surface patterns observed in historical data and find those
that are closest (in the sense of minimizing the ¢? distance for £) in the simulated
sample path.

3.7 VIX-like volatility index simulation

We follow the VIX calculation methodology in Chicago Board Options Exchange
(2019) to compute a volatility index from the real and simulated option prices.
Specifically, the VIX is a linear combination of out-of-the-money call and put option
prices, which can be further written as a linear combination of call prices only,
provided that put—call parity holds under no-arbitrage.

In Figure 14 we show the real historical joint distribution of the volatility index
and the log return of S in comparison with the distribution from one simulation
using the trained market model. For the simulated volatility index, both its marginal
distribution and the joint distribution with the log return of S look reasonably similar

8 We include the taming method simply to ensure stability of simulations if our neural networks
were to produce unusually large values for drifts or volatilities.
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FIGURE 11 Simulation of primary factors from the trained neural-SDE model compared
with the real data.
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to those of the real data. This demonstrates that our model captures the dependence
structure between the volatility index and the underlying S. Looking at the simulated
time series of the volatility index and the log return of S, we see several occurrences
of volatility clustering in the return series, which always coincide with high values

for the volatility index.
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FIGURE 12 Distribution of OU-simulated and real secondary factors.
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4 RISK MANAGEMENT

As our market models are defined and trained under the real-world measure, a nat-
ural application is simulating risk scenarios for option portfolios. In this section we
explain how this is done and compare our approach’s performance with that of the fil-
tered historical simulation (FHS) method (Gurrola-Perez and Murphy 2015), which
is a standard approach widely used for managing the risk of futures and options
by mainstream central counterparties (for example, CME Group,” Eurex Clearing
(2022) and LCH'?).

9 URL: www.cmegroup.com/clearing/risk-management/futures-and-options-margin-model.html.
10'URL: www.Ich.com/risk-management/risk-management-ltd.
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FIGURE 13 Examples of real and simulated implied volatility surfaces.

(a) (b)
0.75+ "\ 0.6 i
\‘b’...,\ .;sz;}'-"’.'.:,,
0.50 % %
M2 0.4 <2 __"_":‘_*:
T T — I- T T - I_
-0.2 0 0.2 -0.2 0 0.2
Moneyness m Moneyness m
(c) (d)
03" \ 03]
02 \ S P
-0.2 0 0.2
Moneyness m
0.35+
0.35-
0304 o 0.30 _
0.254 Tew, | 025
0.2
0.1

T
0.2

Moneyness m

Moneyness m

—— T T

(a) EURO STOXX 50, October 17, 2008 (real). (b) Observed simulation surfaces similar to (a). (c) EURO STOXX 50,
July 29, 2010 (real). (d) Observed simulation surfaces similar to (c). (e) DAX, May 29, 2002 (real). (f) Observed
simulation surfaces similar to (e). (g) DAX, July 18, 2017 (real). (h) Observed simulation surfaces similar to (g).
Times-to-expiry range from 7y = 30 days to 71 = 730 days.

4.1 Measuring risk

Consider a portfolio IT of N call options at time ¢ with market value

N
m, =Y w;Cu(T;.K)),
Jj=1
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FIGURE 14 Simulation of the VIX-like volatility index and the log return of S (EURO
STOXX 50) compared with the real data.
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where w; # 0 denotes the weight of the jth call option in the portfolio. The profit
and loss (PnL) of the portfolio at time ¢ + At, for a given time horizon A¢, is then

N
PnLa,(I1;) = jppn — I; = Z wj(CH-At(Tja Kj) - Ct(Tja Kj))
j=1
N
=Y w;PnL(Ci(T;. K))).

j=1

For a chosen risk measure o(-), time ¢ and horizon At, we evaluate the risk of the
portfolio, o(PnLa,(I1;)), in three main steps.

STEP 1  Identify risk factors & and a value function V such that I1; ~ V (¢, ©;).

STEP2  Simulate @g’_ﬁ)m | ®; based on some dynamic model for &, for m =

1,..., M, and then compute H),‘(T)At ~ V(t + At, @ETAI). Each Ht(T)At is called a
“risk scenario”.

STEP3  For the mth risk scenario, calculate the scenario PnL as V(¢ + At,
@fTAt) — IT,, which is assumed to be a realization of PnLa,(IT;) | @;. The M sce-
nario PnLs therefore give an estimate of the empirical distribution of PnLa,(I1;) |
©; (ie, the distribution on which the risk measure ¢ will be evaluated).'!

4.2 Risk simulation using the market models

Our market models characterize option risk in terms of ® = (S, ), for which the
joint dynamics are given as the SDE system (2.3). After an offline training of the SDE
model, we discretize it and simulate the factors, which are subsequently translated to
arbitrage-free option prices through simple linear transformations.

More specifically, suppose we want to simulate prices for the (7, K)-call-option
at time ¢ + At¢. Then, the simulation consists of the following steps.

STEP 1 (Decode factors at time t) We collect prices of call options on the liquid
lattice o£jq and normalize the prices using the time-¢ zero curve and futures curve.
Given the price basis G T, we solve for

& = (GGG (e — Gy).

'In general, the conditional distribution of the PnL is not available in closed form, otherwise an
analytical formula for the risk measure could be derived without simulation.
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STEP 2 (Simulate factors at time ¢ + At) Given the SDE model (2.3), for which
the coefficients are estimated by neural networks, we simulate St('f:)m and E%)At
using the tamed Euler scheme (3.6) iteratively over At¢/§t time steps for m =

1,...,M.
STEP 3 (Compute option prices at time # + A¢z) Under the mth simulated sce-
nario, we compute the normalized prices for the call options on £j;q as

m) _ AT T (m)
¢iine =Go +G ),

Let h(z, m; ¢) be some C 12 function that interpolates the data (Ljiq, ¢). Then,

(m)

(m) _ lm) St m
Cz;—nAt(T’ K) = StzAth(Tt — At,m; + ln—,clﬁm),
t+At

where t;, = T —t and m; = In(K/ F;(T)).

REMARK 4.1  Our model is written not in terms of prices C but in terms of nor-
malized prices ¢. This transformation (2.1) involves discounting for both interest
rates and dividends. While interest rates and dividends could be included as risk fac-
tors, they have only marginal impact on equity index options, especially when the
longest expiry we consider is two years. We will therefore restrict our attention to
the underlying risk and volatility risk and thus evaluate the risk of the revised option
value C; = S;¢;.

4.3 FHS with Heston models

The historical simulation approach simply uses historical changes of a collection of
risk factors ® = (xy,...,Xx4) to construct risk scenarios (Barone-Adesi et al 1999).
In addition, historical changes of risk factors may be filtered (or scaled) based on
current volatility, so that the simulated risk scenarios are more responsive to recent
market conditions.

Specifically, suppose C;(T, K) = U(T —t, K; ®;) and we want to simulate prices
att 4+ At. To do so, there are two steps.

STEP 1  Collect historical data of Az-returns r; for the jth risk factor x;, for j =
1,...,d, over the last M time steps: rj(¢,) form = 1,..., M. Let o;(¢) be some
realized volatility estimate for the j th risk factor at . We then define

0 (1)
gj (tm)

P+ A1) = 1y (tm) @.1)
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TABLE 3 Number of tested portfolios of various types.

Delta-hedged

Delta-exposed

Delta- Delta-
Delta Risk Delta hedged neutral Calendar Volatility
Outright spread reversal butterfly option strangle spread index

140 420 60 20 60 60 90 2

as the risk factor return under the mth scenario, which leads to the corresponding
risk factor scenario xj(.m) (t + At) by applying the return to x; (¢).'

STEP 2  Revalue the call option Ct(T)At(T, K)=U(T —t — At, K; @fﬁ)At)'

4.3.1 Risk factors

We use the parameters of calibrated Heston (1993) models as risk factors. Specifi-
cally, we calibrate the Heston parameters ® = (Sy, vy, 0, k, 0, p) to historical Vega-
weighted option prices as detailed in Appendix D (available online), yielding his-
torical observations of ®;, which are then used to simulate historical scenarios for
option portfolios.

4.4 VaR backtesting analysis

In order to assess the scenarios produced by risk simulation engines for a comprehen-
sive set of risk profiles, we backtest various option portfolios ranging from outright
options to heavily hedged portfolios. The list of tested portfolios is given in Table 3,
with a detailed description in Appendix E (available online). We consider both long
and short positions in each portfolio tested.

We split the historical data into training and testing samples according to Table 1.
We use only the training samples for estimating the neural-SDE market model, which
will then be used to calculate risks. As a measure of the risk of a portfolio 7, we
consider the VaR at a given confidence level « for a given time horizon At, defined

12'We use the log return if a risk factor is positive by definition, in which case
2+ Ar) = x; () exp(r{™ (¢ + A1),
and the absolute return otherwise, in which case

X+ An) =i (0) + 1™+ Ar).
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as
VaRy a: (IT;) = —sup{l € R: P(PnLa,(IT;) <) <1 —a}.

Given M risk simulation scenarios, the VaR is estimated by

12

M

. 1

VaRy ar(I1;) = —sup {l eR: W E 11{PnL(Am)(Hf)<l} <l-ay.
m=

For each testing sample ¢ we compute an ex ante VaR forecast \@a, At (IT;) and
observe an ex post realized PnLa;(I1;). We can therefore define the VaR breach
indicator

BUT) = Vipot (1)< VaRa (Y
The coverage ratio over the L testing periods is then computed as

L
1
l-poE 2 AU
I=E+1
Prevailing VaR model backtesting methodologies mostly focus on the following

two categories.

Coverage tests. These assess whether the empirical frequency of VaR breaches is
consistent with the quantile of loss that a VaR measure is intended to reflect. We
use the widely cited Kupiec (1995) proportion of failures (PF) coverage test, which
assumes the null hypothesis

(Ho) E[B(T:) | O] =1 -«

and which models the VaR breach events in each testing sample as independent
Bernoulli trials. In addition, we also consider the Basel Committee on Banking
Supervision’s (1996) traffic light approach: based on the number of breaches expe-
rienced for the 1-day VaRg.99 results during a 250-day testing window, the VaR
measure is categorized as falling into the green zone (four breaches or fewer),
yellow zone (between five and nine) or red zone (ten or more).

Independence tests. These assess whether VaR breach events appear to be indepen-
dent of each other. We use the Christoffersen (1998) test, which considers unusu-
ally frequent consecutive breaches. Combining the test statistics of Kupiec’s PF
test and Christoffersen’s independence test yields a conditional coverage mixed
test (Christoffersen 1998).

We compute the VaR for horizons At of one, two, five and ten days, with two days
and five days being typical margin periods of risk that European regulators require for
risk monitoring of exchange-traded and over-the-counter derivatives, respectively.
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TABLE 4 Summary statistics of coverage and independence tests for one-day VaRs
computed by the neural-SDE market model and the FHS approach.

VaRy.g9 VaRy g5

Neural-SDE FHS Neural-SDE = FHS

Coverage ratio median 0.9921 0.9881 0.9484 0.9563
Coverage ratio mean 0.9887 0.9742 0.9528 0.9321
Kupiec PF (two-sided) (%) 6.92 25.23 32.51 33.69
Kupiec PF (one-sided) (%) 6.92 25.23 9.39 18.08
Christoffersen independence (%) 0.70 11.03 6.10 14.79
Conditional coverage (%) 3.53 24.88 29.23 34.39
Basel Committee traffic light (%) 69.1 62.4 N/A N/A
29.7 25.9
0.5 10.8

For the four statistical tests — the Kupiec PF test (two-sided), the Kupiec PF test (one-sided), the Christoffersen
independence test and the conditional coverage mixed test — the table lists the percentage of the 852 tested option
portfolios that fail each test at the 0.05 significance level.

REMARK 4.2  We focus on estimating the VaR of an option portfolio rather than
on other measures of risk. The reason for this is simply that we can then use the
established backtesting methodologies described above to assess the quality of our
model. However, given that our risk estimates are based on simulated PnL values, it
would be straightforward to modify our approach to compute any other risk metric
that depends only on the distribution of PnL (eg, expected shortfall).

We report the backtesting coverage and independence statistics for one-day VaRs
of EURO STOXX 50 options at 0.99 and 0.95 confidence levels in Table 4. We com-
pute a coverage ratio for each of the tested option portfolios, and we calculate its
sample median and mean across the portfolios. The neural-SDE VaR model gives a
higher mean coverage ratio across option portfolios than the FHS model, and it leads
to far fewer portfolios failing the coverage and independence tests. At the 0.95 con-
fidence level, more portfolios fail the two-sided Kupiec PF coverage test than the
one-sided version, indicating that both VaR models tend to overestimate risks but
the neural-SDE approach is less prone to underestimating risks (as indicated by the
one-sided test failure rate of 9.39% versus 18.08%).'3

13 Note that, since we reject the null hypotheses in all the coverage and independence tests at the
0.05 significance level, a perfect VaR model is expected to fail for 5% of portfolios.
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FIGURE 15 Times series of one-day neural-SDE VaRggg9 breaches (red dots) for
delta-exposed option portfolios compared with that for positions in the underlying EURO
STOXX 50 index.
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To investigate VaR coverage performance across different option portfolios, we
group portfolios with different primary Greek exposures (ie, delta or Vega) and
examine whether their VaR breaches are synchronized during the testing window.
In Figure 15 we show the time series of one-day neural-SDE VaR g9 breaches for
primarily delta-exposed option portfolios and we compare them with positions in the
underlying index. We see a few points in time when VaR breaches happen simulta-
neously for multiple option portfolios, and these points correspond to synchronized
VaR breaches or near-breaches in holding S

In Figure 16 we compare VaR breaches for delta-neutral and Vega-exposed port-
folios with those of the volatility index portfolio. There are few breaches observed,
suggesting that the VaR model is overconservative for these option types. We see
some synchronized VaR breaches for Vega-short positions in delta butterflies and the
volatility index. We perform a similar analysis for FHS VaRs; as shown in Figure 30
in Appendix F (available online), FHS VaRs severely underestimate risks for most
delta-hedged portfolios.
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FIGURE 16 Times series of one-day neural-SDE VaRg gg breaches (red dots) for delta-
neutral and Vega-exposed option portfolios compared with that for positions in the volatility
index portfolio.

(a) (b)
Delta butterfly : L : !

“Dlélt'a-hedged (;piion :
Delta-neutral strangle |

Calendar spréad

(© (d)

-5
-10+ -10+

Jan2, Mar 13, May 27, Aug5, Oct14, Dec23, Jan2, Mar 13, May 27, Aug5, Oct14, Dec 23,
2019 2019 2019 2019 2019 2019 2019 2019 2019 2019 2019 2019

[— VaR (long) Realized PnL | [— VaR (short) Realized PnL|

(a) Long Vega. (b) Short Vega. (c) Long volatility index. (d) Short volatility index.

The dynamics of the neural-SDE VaRs shown in Figures 15 and 16 appear to be
relatively stable during the testing period, ie, the year 2019. Nevertheless, this does
not imply that the neural-SDE VaRs are insensitive to changes in market conditions,
as 2019 was simply an uneventful year for global stock markets. To show that the
neural-SDE VaRs are adaptive to market changes, we give in-sample neural-SDE
VaR backtesting results in Appendix G (available online).

While coverage and independence tests assess whether a VaR calculation approach
achieves desirable statistical properties, regulators would also like to avoid overly
procyclical VaR models. Measures of procyclicality quantify variations in VaR val-
ues over the testing period. Most common risk models are procyclical because for the
same portfolio they estimate higher risk in times of market stress and lower risk in
calm markets. While procyclicality might indicate that a model is responsive to con-
temporary market volatility, it may also be an artifact of a poorly calibrated model.
Excessive procyclicality can cause liquidity stress, with parties posting margin hav-
ing to find additional liquid assets, often at the times when it is most difficult for them
to do so. To measure procyclicality we use the trough-to-peak ratio proposed by the
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FIGURE 17 Distribution of trough-to-peak ratios (for one-day VaRs) over different tested
option portfolios.
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Bank of England (Murphy et al 2014).'* After calculating the trough-to-peak ratio
for each tested portfolio, we get a distribution of the ratio across our evaluated port-
folios. In Figure 17 we compare the trough-to-peak distributions computed from the
neural-SDE and FHS approaches. The neural-SDE approach tends to produce less
procyclical one-day VaRs at both 0.99 and 0.95 confidence levels. In particular, for
one-day VaRy g9 there is a substantial reduction in the number of portfolios with a
very low trough-to-peak ratio (corresponding to a high level of procyclicality) and an
increase in the number of ratios above 0.6. Consistent results for other risk horizons
and confidence levels can be seen in Appendix F (online).

14 Murphy et al (2014) use the peak-to-trough ratio (ie, the ratio of the maximum risk of a constant
portfolio to the minimum risk over a fixed observation period). Here, we take its reciprocal because
for some heavily hedged portfolios the minimum risk can be very close to zero, making the peak-
to-trough ratio explode.
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TABLE 5 Summary statistics of coverage tests for ten-day VaRs computed by the neural-
SDE market model and the FHS approach.

VaR.g9 VaRy.g5

Neural-SDE FHS Neural-SDE FHS

Coverage ratio median 1.0000 0.9918 0.9712 0.9637
Coverage ratio mean 0.9963 0.9800 0.9584 0.9464
Kupiec PF (two-sided) (%) 410 17.92 51.52 37.12
Kupiec PF (one-sided) (%) 410 17.92 10.07 14.05

TABLE 6 Average and standard deviation of the elapsed time for simulating one risk
scenario.

Simulation and Arbitrage
revaluation repair
FHS FHS
Neural-SDE (Heston) Neural-SDE (Heston)
Expected time (ms) 5.0 147.3 14.3 N/A
Standard deviation (ms) 0.3 58.7 71 N/A

More backtesting results for two-day, five-day and ten-day VaRs as well as for
DAX options are reported in Appendix F (online), but we also briefly summarize the
backtesting results for ten-day VaRs of EURO STOXX 50 options in Table 5.!° As
with the one-day VaRs, the neural-SDE approach leads to fewer portfolios failing
the one-sided coverage test, the independence test and the conditional coverage test
(the null hypotheses are rejected at the 0.05 significance level for all tests). This indi-
cates that the neural-SDE approach has consistently superior performance for long-
horizon 0.99-confidence VaR calculation. For 0.95-confidence VaRs, the neural-SDE
approach is more conservative than the FHS approach, and the results are more mixed
than in the one-day case.

4.5 Computation time comparison

We carried out the backtesting analysis on a 2.4 GHz eight-core Intel Core i9-
9980HK central processing unit with 32 GB random-access memory; the average
elapsed time for simulating one risk scenario per backtested day is summarized in
Table 6.

15 Given that we consider breaches in overlapping ten-day periods, the Christoffersen independence
test is not applicable.
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In the FHS approach, evaluating option portfolios with simulated risk factors
(ie, the Heston parameters) is very time-consuming. We perform this by calling the
efficiently implemented MATLAB function opt ByHestonNI (MathWorks 2022),
which gives the option price from the Heston model by using numerical integration.
In contrast, the neural-SDE approach evaluates option portfolios through a simple
linear combination of simulated risk factors. This is why the time for simulation and
revaluation is reduced from 147.3 ms to 5.0 ms. The neural-SDE approach does have
the additional step of detecting and repairing arbitrage in the simulated option prices,
but this is computationally cheap due to its formulation in Cohen et al (2020) as an
efficient linear programming problem.

5 CONCLUSIONS AND FURTHER EXTENSIONS

We investigated neural-SDE market models using historical price data of EURO
STOXX 50 and DAX index options, the two most traded equity options listed on
Eurex. We assessed the in-sample goodness-of-fit by investigating the neural net-
work training loss convergence, the post-fitting historical residuals and the compari-
son between the volatility estimates for In S and the benchmark GARCH(1, 1) esti-
mates. We then verified that our trained model can forward-simulate long trajecto-
ries of option price data (or implied volatility data) that have similar marginal and
joint distributions to historical data. By backtesting the option portfolio VaR gen-
erated from the trained neural-SDE market model in an out-of-sample setting, we
found that the model beats the traditional filtered historical approaches, with sta-
tistically more efficient coverage, less procyclicality and less computational effort
— and this is consistently true for VaRs computed with various risk horizons and
confidence levels.

While the neural-SDE market model has shown success in simulation and risk
management, there remain directions in which the current framework could be
extended to a wider range of applications. For example, a simple and straightfor-
ward extension would be to examine other risk measures, such as expected shortfall.
Further, in order to model option types other than European vanillas, it would be
necessary to derive arbitrage constraints for those options, or to modify the approach
accordingly.
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