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It is well understood that a two-dimensional grid of locally interacting qubits is a promising platform
for achieving fault-tolerant quantum computing. However in the near future, it may prove less challeng-
ing to develop lower-dimensional structures. In this paper, we show that such constrained architectures
can also support fault tolerance; specifically we explore a 2 × N array of qubits where the interactions
between non-neighboring qubits are enabled by shuttling the logical information along the rows of the
array. Despite the apparent constraints of this setup, we demonstrate that error correction is possible and
identify the classes of codes that are naturally suited to this platform. Focusing on silicon spin qubits as
a practical example of qubits believed to meet our requirements, we provide a protocol for achieving full
universal quantum computation with the surface code, while also addressing the additional constraints that
are specific to a silicon spin-qubit device. Through numerical simulations, we evaluate the performance
of this architecture using a realistic noise model, demonstrating that both surface code and more complex
quantum low-density parity-check codes efficiently suppress gate and shuttling noise to a level that allows
for the execution of quantum algorithms within the classically intractable regime. This work thus brings
us one step closer to the execution of quantum algorithms that outperform classical machines.
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I. INTRODUCTION

Quantum computing holds the promise of solving tasks
that lie beyond the capabilities of classical computers.
Nonetheless, their full potential can only be realized by
executing deep quantum algorithms that require extremely
low logical error rates, below 10−10 [1,2], thus far from
what can directly be achieved on physical devices [3].
Quantum error correction promises to bridge this gap by
increasing the qubit overhead to build quantum error-
correcting codes. However necessary, these architectures
represent formidable experimental challenges as they
require the entanglement of a very large number of qubits
and the repeated measurement of a considerable number of
operators called stabilizers [1]. To facilitate their physical
implementation, practical constraints are often integrated
in the code design, such as locality of the interactions
and planar structure of the code. The main example of
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error-correcting code respecting these constraints is the
surface code [4,5], and its high threshold—that is the max-
imum error rate the code can tolerate to exponentially
reduce errors—makes it one of the best candidates for
achieving fault tolerance. However, more general quan-
tum low-density parity-check (qLDPC) codes have been
constructed that demonstrate better performance in finite-
size simulations [6–11]. Although these codes seem more
challenging to realize experimentally due to their long-
range interactions, they have the potential to considerably
lower the qubit overhead due to their higher rate, i.e., the
number of encoded logical qubits per physical qubit, and
better distance scaling. Consequently, further research has
been undertaken to demonstrate the experimental viabil-
ity of such complex codes, and suggested solutions for the
implementation of their long-range connections, either by
swapping [12] or displacing the qubits [11,13,14].

It may seem natural to assume the use of fully two-
dimensional (2D) architectures to embed such codes, pos-
sibly with augmentations to enable some longer-range
interactions (as in, e.g., Ref. [7]). However, such complex
devices might not be available for some time; their first
fault-tolerant iteration may be more limited. For example,
the size of an array realized on a quantum chip might
be constrained in one direction. This motivated research
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toward the feasibility of one-dimensional (1D) or quasi-
1D error correction [15,16]. Implementing 2D codes in this
kind of device can theoretically be solved by extending the
length of the interactions, thereby increasing the nonlocal-
ity of the operations. Albeit challenging, this can however
be tackled in the same way as long-range interactions in
the aforementioned qLDPC codes, i.e., by swapping or
displacing the qubits.

In this paper, we study the feasibility of quantum error
correction in the most constrained experimental setup
beyond 1D: a 2 × N array of qubits. Long-range interac-
tions are implemented by assuming that the qubits can be
collectively shuttled along one of the two lines of the array.
Several qubit platforms have been shown to be suitable
to implement such an operation with high fidelity, includ-
ing atom arrays [13] or ion traps [17], but spins qubits
[18] may be the most promising one for also implement-
ing the proposed 2 × N array. First, we establish a precise
framework to determine the classes of codes that can be
efficiently implemented in our device. This study is then
applied to two specific examples: the surface code and
higher-rate qLDPC codes. Regarding the surface code, we
demonstrate that universal quantum computation is possi-
ble in a practical setup based on silicon spin qubits, despite
the additional experimental constraints that the geometry
entails. With the help of numerical simulations account-
ing for additional shuttling errors, we estimate a resource
cost that is moderate enough to run meaningful quantum
algorithms in the classically intractable regime. As for
higher-rate qLDPC codes, we evaluate their performance
under the noise processes that are anticipated for relevant
devices, and demonstrate that despite their complexity they
do give an advantage over the surface code in a noise
domain that is practically achievable.

For simplicity, our analysis assumes a strictly 2 × N
array. In practice, given the long device length that would
be required for meaningful postclassical tasks, it is rea-
sonable to assume that a real device could incorporate a
plurality of junctions—thus the overall geometry would be
a lattice formed of long 2 × N sections. The processes we
analyze in this paper would then occur along each long
section, while the overall algorithm would benefit from the
additional routing advantages of the lattice. We return to
this possibility in the discussion.

II. FRAMEWORK FOR FINDING CODES WITHIN
DEVICE RESTRICTIONS

In this section, we introduce the formalism for find-
ing QEC codes that naturally suit the 2 × N architecture.
Before describing the architecture in detail, let us note the
perspective we take to judge a code’s compatibility.

To start with, we require the architectural constraints
to permit implementing a quantum circuit that performs
repeated QEC cycles of a suitable code. Specifically, the

FIG. 1. Representation of the 2 × N architecture. The device
is characterized by two parallel rails of evenly spaced qubits
(gray circles with gray disks inside). Adjacent qubits from dif-
ferent rails are allowed to interact via two-qubit gate operations
(red vertical lines with disks on their ends). Finally, the qubits of
the first row are allowed to shuttle along their rail (green arrows).
Some empty locations are kept at the end of the device to leave
space for the qubits to shuttle (empty gray circle).

qubit connectivity graph of the architecture should allow
one to repeatedly extract syndrome for error correction. In
such a graph, the qubits represent vertices and we take it
that entangling two-qubit operations can be implemented
between qubits that are connected by an edge. On its own
this is not a strong requirement. Any QEC code can be
implemented on any connectivity graph as long as one
of its connected components hosts the required number
of qubits. This could always be achieved in principle, for
example by applying a sufficient number of SWAP gates.

Therefore, as an addition to the first criterion, we require
syndrome extraction to be efficient at some desired scale.
That is, we would like to finish a full QEC cycle in
some relatively small number of time steps. While cur-
rently this criterion is not well defined in the mathematical
sense, it is easier to further specify it after introducing the
architecture.

A. Architecture

Let us describe the architecture while keeping the above
device criteria in mind. The 2 × N architecture is a quasi-
1D array where all qubits (data and ancilla) are placed
on one of two parallel rails. Separately these rails are
treated as 1D strings of evenly spaced qubits, however,
an important feature is that the adjacent qubits from sep-
arate rails are allowed to interact “across the ridge” to
perform two-qubit operations such as controlled-Z (CZ)
and controlled-X (CNOT), see Fig. 1. Clearly such a struc-
ture might support other interactions, for example qubits
in one or both rails may be able to interact with nearest
neighbour qubits within the same rail. However, control-
ling such interactions might imply additional engineering
cost, and in fact such capabilities are not required in the
approaches we describe.

So far the qubit connectivity graph for our 2 × N archi-
tecture is very limited. To make this more suitable for a
wide range of quantum circuits and codes, we introduce
the second feature of the architecture—qubit shuttling.
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Shuttling will play a crucial role in generating different
kinds of connectivity graphs that can be used for quantum
error correction (QEC). Since we are dealing with 1D rails
of qubits, we can constrain the shuttling to a “conveyor-
belt” model where the whole rail of qubits simultaneously
moves along the rail in one direction or the other. After
the move, the qubits of one rail may again interact with
adjacent qubits in the other rail. Since only the respective
qubit positioning of one rail to the other is important, we
can always fix one of the rails to stay static.

In this way, the rail of qubits can be shuttled multiple
times during a single QEC cycle to generate the desired
connectivity graph for syndrome extraction. Here, we con-
sider the canonical syndrome extraction method where
ancilla qubits are coupled to the data qubits of the code.
If there are no other interactions, the connectivity graph
is bipartite—its exact structure depends on the specific
choice of the code. However, by locating all ancilla qubits
on one rail and all data qubits on the other, any bipartite
connectivity graph (corresponding to an arbitrary code)
can be generated using a sufficient number of (possibly
long) shuttles. As noted above, this generally would not be
practical, and therefore, for each QEC cycle we either set
the number of shuttles (of any length) to be some small
constant number that does not scale with the code size,
or we restrict the overall shuttling distance (without con-
straining the number of shuttles). Due to this, we do not
expect to produce asymptotically scalable QEC protocols.
The same conclusions are also supported by numerical
results presented later in the paper.

Therefore, there seem to be only a limited number
of classes of quantum stabilizer codes satisfying these
constraints. To describe them, let us formally derive the
qubit connectivity graphs that can be obtained with our
architecture.

B. Formalism

Consider the scenario where all ancilla qubits are placed
on the static rail and data qubits on the other one—the
mobile rail. As we explain later, this layout is preferential
for the physical platform we showcase. While we do not
consider mixed type rails on which both data and ancilla
qubits are placed in some sequence, note that they can
be more powerful if additional two-qubit operations are
allowed between the neighboring qubits on the same rail.
Furthermore, assume that both rails have a number N of
qubits and are initially aligned. Then, after indexing each
data and ancilla qubit along the rail, we see that the ith
ancilla qubit may interact with the ith data qubit. There-
fore, the biadjacency matrix of the qubit connectivity graph
is a diagonal N × N matrix H = diag(1, 1, . . . , 1). Here,
the rows correspond to ancilla qubits and columns to the
data qubits. If the top rail is shuttled m qubit spaces to
either direction, so is the diagonal of H shifted by m spaces

to either left or right direction of the principal diagonal. For
example, shuttling the data qubit rail one position to the left
yields us the following transformation:

H0 =

⎛
⎜⎜⎜⎜⎝

1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1

⎞
⎟⎟⎟⎟⎠

shuttle−−−→

H1 =

⎛
⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
0 0 0 . . . 0

⎞
⎟⎟⎟⎟⎠

Finally, if we consider interacting qubits before and after
the shuttle, we obtain a biadjacency matrix H = H0 + H1.
This does imply a particular order of applying two-qubit
operations, which we ignore until we consider specific
QEC protocols. Note that such shuttling on a 2 × N archi-
tecture does not generate periodicity of diagonals (the
bottom-left element of H1 is not a 1). However, it can be
created by supplementing the protocol with another shut-
tle. The farther away two diagonals are, the longer the
shuttle operation needed to go between them. Furthermore,
not all elements have to be 1’s along these diagonals,
as some interactions may not be implementable due to
limited control, or may not be needed. For example, the
biadjacency matrices

H =

⎛
⎜⎜⎜⎝

0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

⎞
⎟⎟⎟⎠ H ′ =

⎛
⎜⎜⎜⎝

0 1 1 0 1
0 0 1 1 0
1 1 0 1 0
0 1 1 0 0
0 0 0 1 0

⎞
⎟⎟⎟⎠

have two and five nontrivial (nonzero) diagonals, respec-
tively.

So far we have described how to generate a biadjacency
matrix describing a bipartite qubit connectivity graph. Let
us now link this back to finding compatible QEC codes as
follows. Consider treating ancilla qubits as parity checks
that interact with their respective data qubits during the
shuttling phase and afterwards are measured out in some
basis. Then the generated biadjacency matrix H describes
a potential parity-check matrix of some code C whose QEC
cycle can be implemented in a number of steps propor-
tional to the number of shuttles. The same procedure of
shuttling, interacting, and measuring can be repeated over
again, and therefore multiple QEC cycles can be continu-
ously performed. There are still some degrees of freedom
left. For example, we have not specified what kind of Pauli
string each parity check (row of H ) is. Therefore, any
stabilizer code whose parity-check matrix can be written
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with nonzero elements matching the 1’s of the generated
H would count as a suitable code—as long as the num-
ber of shuttles or their overall length is small. In fact, that
is the approach we take. We find codes with parity-check
matrices that have few nontrivial diagonals (low number
of shuttles) or all of them are close to the main diagonal
(short shuttling distance). We then map them to our 2 × N
architecture. One can also go the other way around and try
to design a stabilizer code by first generating an arbitrary
H and assigning rows to specific parity checks. However,
knowing which Pauli strings to choose to create a good
code with commuting stabilizers seems to be a difficult
task.

Let us again note that sequencing the entangling opera-
tions between data and ancilla qubits can be crucial when
it comes to extracting syndrome. By only considering CSS
codes, we can always perform all Z type stabilizers while
we shuttle the data qubits in one direction and all X -
type stabilizers while we shuttle them back to their initial
position. While this increases the total number of shuttles
and the qubit idling time, the overall shuttling distance
is kept the same as when both stabilizer measurements
are interleaved. Such sequencing is used later when we
consider more general qLDPC codes. Unfortunately, this
method does not guarantee that hook errors reducing the
code’s effective distance will not arise; these need to be
considered separately.

Our proposed recipe is thus to find parity-check matrices
with a few or closely located nontrivial diagonals, which
we demonstrated are suitable for the 2 × N architecture.
Let us now provide a couple of examples.

C. Code examples

1. Rotated surface code

The first and potentially the most promising example is
the rotated surface code. It is usually depicted in a graph-
ical way as in Fig. 2(a). Since for this code there are

(a)
(b)

(c)

FIG. 2. Three-way mapping for the rotated surface code. (a)
The canonical 2D layout, (b) its parity-check matrix with an addi-
tional trivial stabilizer and (c) a schematic for the layout on a
2 × N architecture. Here, red and green colors indicate X and Z
stabilizers, respectively.

weight-four stabilizer generators, its parity-check matrix
has at least four nontrivial diagonals. In fact, by assign-
ing some parity-check qubits to have no support, we can
construct a square parity-check matrix of a rotated sur-
face code that has exactly four nontrivial diagonals. See
Fig. 2 for a three-way mapping of a distance-3 rotated sur-
face code. As explained before, having four diagonals is
nonetheless not sufficient to ensure that a stabilizer cycle
can be implemented in four steps—the order of the entan-
gling gates is highly significant. We however verify in
Appendix A that measuring the diagonals of Fig. 2(b) in
the order 1-4-2-3 (where the diagonals are indexed from
left to right) guarantees a minimum number of shuttles,
a minimum shuttling distance, and no distance-reducing
hook errors.

2. Hypergraph product codes

Another interesting class of codes are the hypergraph
product (HGP) codes that are composed with a repetition
code as one of the seed codes. The other classical code
should still be an LDPC code, but can be chosen arbi-
trarily. For such codes, the number of shuttles required to
obtain the full connectivity graph grows with the code size,
however, the full shuttling distance scales only as a square-
root of the number of qubits. To see this, take A to be
an (n − 1)× n parity-check matrix of a classical repetition
code

A =

⎛
⎜⎜⎝

1 1 0 0 . . .

0 1 1 0 . . .

0 0 1 1 . . .
...

...
...

...
. . .

⎞
⎟⎟⎠

and B to be a random sparse l × k matrix representing some
classical LDPC code. Then the HGP code of A and B has
parity-check matrices

Hx = (
A ⊗ Ik, In−1 ⊗ BT

)
,

Hz = (
In ⊗ B, AT ⊗ Il

)
,

where Im is an identity matrix of size m × m. Since one
has the freedom to index the data qubits in any order (i.e.,
one can switch columns around) it is easy to rearrange Hx
in the block form as

Hx =

⎛
⎜⎜⎝

Ik BT Ik 0 0 0 0 . . .

0 0 Ik BT Ik 0 0 . . .

0 0 0 0 Ik BT Ik . . .
...

...
...

...
...

...
...

. . .

⎞
⎟⎟⎠ .
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Similarly, one can rearrange Hz to have the nontrivial
diagonals closer to the principal diagonal,

Hz =

⎛
⎜⎜⎝

B Il 0 0 0 0 . . .

0 Il B Il 0 0 . . .

0 0 0 Il B Il . . .
...

...
...

...
...

...
. . .

⎞
⎟⎟⎠ .

Finally, the total parity-check matrix H is rearranged by
placing block rows of Hz and Hx in an alternating fashion
(as for the rotated surface code presented above) resulting
in

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

B Il 0 0 0 0 0 . . .

Ik BT Ik 0 0 0 0 . . .

0 Il B Il 0 0 0 . . .

0 0 Ik BT Ik 0 0 . . .

0 0 0 Il B Il 0 . . .

0 0 0 0 Ik BT Ik . . .
...

...
...

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

whose nontrivial diagonals are at most O(
√

N ) data qubits
apart from each other. This represents the shuttling dis-
tance that is necessary to generate the full connectivity
graph. Note that, since we take B to correspond to an arbi-
trary LDPC code, the generation of most nontrivial diago-
nals involves only O(

√
N ) qubits. The rest of the qubits are

idle, and hence one needs to account for the potential nega-
tive effects of idling on the code’s performance in practice
(see Sec. IV A).

3. Generalised bicycle codes

Finally, consider two-block LDPC codes whose parity-
check matrices take the form of

Hx = (
C, D

)
, (1)

Hz = (
DT, CT

)
(2)

where both C, D are sparse binary matrices that commute.
A way to ensure this commutation is to take C and D as
any two l × l sparse circulant matrices that have the form

C =

⎛
⎜⎜⎜⎜⎝

a0 al−1 al−2 . . . a1
a1 a0 al−1 . . . a2
a2 a1 a0 . . . a3
a3 a2 a1 . . . a4
...

...
...

...
...

⎞
⎟⎟⎟⎟⎠

,

where ai ∈ F(2) such that only a constant number of ai
are nontrivial. These matrices have an intrinsically diago-
nal structure, therefore, the number of shuttles required to

generate the qubit connectivity graph for the corresponding
parity-check matrices [Eqs. (1) and (2)] is constant. Codes
constructed with such sparse circulant matrices have been
shown to perform well within the code capacity-based sim-
ulations [8], therefore, it is interesting to consider them
in our 2 × N architecture where shuttling noise has to be
accounted for. While the number of shuttles is constant,
note that, in general, the shuttling distance for these codes
scale with the size of the code block.

In the following, we present realistic noise simula-
tions of the mentioned codes under the 2 × N architec-
ture. We focus on the rotated surface code for universal
fault-tolerant quantum computation and later discuss how
codes from other classes can be used for efficient quantum
memory.

III. UNIVERSAL QUANTUM COMPUTATION ON
A SPIN-QUBIT SURFACE CODE

The previous section discussed how to embed an indi-
vidual code block on a 2 × N device by taking advantage
of shuttling. This is only the first step toward the imple-
mentation of a fully functional quantum computer, as we
still need to discuss how operations between logical qubits
can be implemented despite the strong architectural con-
straints. In this section, we will demonstrate that universal
quantum computation is indeed possible when embedding
surface-code-like error-correcting codes in a 2 × N device
equipped with shuttling. In order to ensure that our propo-
sition is practical from the experimental point of view, we
will focus on a silicon spin-qubit device. Shuttling has
been demonstrated to be implementable at high fidelity on
such a platform [19,20]. This motivates the introduction of
additional constraints discussed below.

A. Silicon spin qubits

Electron spins in silicon quantum dots (QDs) are a
promising physical platform to perform quantum com-
puting: single- and two-qubit gates with fidelity well
above 99% [21–23] or even beyond 99.9% [24] have
been demonstrated, simple instances of quantum error
correction have been shown to be feasible [25] or have
already been implemented [26], and the technology has
been scaled to processors with up to six qubits [27]. Fur-
thermore, the compatibility with advanced manufacturing
techniques [28,29] and cryogenic classical electronics [30,
31] make them ideal candidates for large-scale integration
[32].

While silicon architectures are expected to eventually
provide dense two-dimensional grids of qubits [33,34],
early silicon quantum processor designs are particularly
interesting since they could meet the requirements for the
implementation of the protocol described in this paper.
These are (i) a bilinear qubit topology, (ii) information
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shuttling. Both these criteria have been met experimen-
tally: devices with 2 × N arrays of QDs have been demon-
strated [35]; and information transfer has been achieved
using spin-shuttling techniques in the form of bucket-
brigade [19] or conveyor-belt approaches [20]. The first
method makes use of tunneling to shuttle electrons, by
successively lowering the potential of subsequent quan-
tum dots along their way to generate their movement. In
contrast, the second method aims at always keeping the
wave function at a minimum of a smoothly moving sine
wave, without tunneling out of it (see Fig. 2 of [18]). In our
paper, as we aim to shuttle all data qubits collectively, the
conveyor-belt approach is advantageous: indeed electrons
can just be placed at the minima of the moving sine-wave
potential. Only four signals are thus required for the shut-
tling of all the data qubits [18]. The drawback is that each
electron must occupy the space of four clavier gates rather
than one.

There is of course a natural set of gates that one can
directly implement with a class of silicon spin-qubit device
(and here we assume single-spin representations of qubits).
More precisely, local phase rotations [36] and two-qubit
operations such as C-Phase gates [37] have been shown.
However, general single-qubit rotations can be more chal-
lenging to localize, and may be more naturally realized on
a wide scale, via the interaction of the spins with a global
oscillatory field [38].

For the present analysis, we will require only a modest
refinement of unconditionally global Hadamard gates. It
will suffice to apply the operation to the entirety of one of
the two linear arrays of the processor. This partial global,
or “semiglobal” operation could be implemented in sili-
con devices using frequency engineering, for example, by
placing a micromagnet next to the array [39] or by using
magnetic materials in the gate stack on one side of the array
[40]. Such approaches could create a frequency differ-
ence between the two linear arrays that can be selectively
addressed with known electron-spin-resonance techniques
[41]. A schematic implementation of such frequency dif-
ference between the two lines of the array is pictured in
Fig. 3, via the use of a micromagnet. Operating at a global
magnetic field B0 = 1.4 T, one can expect the g-factor dis-
persion in the device to be around �f = 60 MHz [42]
In order to sufficiently separate the frequencies of both
lines of the array, one could therefore set the micromagnet-
induced magnetic field difference to �B = 5h�f /gμB =
10 mT. Here h is Planck’s constant, g = 2 is the electron’s
Landé factor and μB is Bohr’s magneton. Given a spacing
of 100 nm between the lines, this would mean a gradient
of 0.1 mT/nm, which is comfortably below demonstrated
gradients, around 0.8 mT/nm [43].

In our setup, the first and second one-dimensional arrays
contain the data and ancilla qubits, respectively, and the
processor is subject to a magnetic field to polarize the
spins. Each data qubit is encoded by a single quantum dot,

N S

So
ur
ce

D
ra
in

FIG. 3. Schematic representation of a device where the g fac-
tors in the first row are all higher than the g factors in the second
row. The green rectangle represents the source and drain, while
the red and blue ones, respectively, represent the gates confining
the electrons and the micromagnet. Two field lines are addition-
ally drawn, showing the difference in magnetic field between
both rows of the 2 × N array. This is in turn responsible for a dif-
ference in Zeeman splitting, which can be utilized to selectively
target either the spins of the first row or those of the second row.

initialized in the |0〉 state (spin down) at the beginning of
the computation, for example, by spin relaxation. In con-
trast, each ancilla qubit is encoded by two electrons in a
singlet or triplet state. This is consistent with established
techniques for preparation and measurement: at the start of
each stabilizer cycle, the ancilla qubits are initialized in the
singlet state by first applying a differential gate potential
between QDs to produce an energy detuning that will relax
the system in the singlet (02) [or (20)] state, followed by a
ramp to the singlet (11) state (adiabatic with respect to the
singlet anticrossing and diabatic with respect to the singlet-
triplet anticrossing). At the end of the cycle, the stabilizer
is measured by projecting the pair of spins to one of the
QDs, which, through Pauli spin blockade reveals a different
measurement outcome for singlet or triplet states [44,45].
Finally, note that this choice of singlet triplets requires the
occupation of two quantum dots per ancilla qubit. Besides,
measurement apparatuses cannot be included in the data
row as they would block the shuttling, and hence can only
exist in the ancilla row. For these reasons, the ancilla row
has to be denser than the data row. This additional space
between data qubits is not going to waste as it can be used
to fit in the four clavier gates per electron required by the
conveyor-belt mode of shuttling.

B. Logical gates and qubit layout

One of the major constraints discussed above is the
absence of local single-qubit gates (apart from phase
gates). As such, if one wants to implement, say, a logi-
cal X gate on a given logical qubit, applying transversal
X gates on the corresponding surface code would not meet
our constraints, as these gates would have to be applied
on all data qubits in the device, thereby implementing
a global logical X . Local transversal single-logical-qubit
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gates are thus not permitted in our device (apart from Z
gates). This motivates the choice of a protocol that would
not make use of such transversal gates, but rather, of lat-
tice surgery only. Indeed, this operation can be made local
as our device does feature selective CZ gates. One such
approach is described in Refs. [46,47]: using Clifford+T as
a universal gate set, these papers show that Clifford gates
can be commuted through T gates and incorporated in later
measurements, thereby only leaving multiqubit Pauli mea-
surements and multiqubit π/8 rotations to implement (Fig.
4 in Ref. [47]). These rotations can in turn be performed
by consuming a magic state through additional multiqubit
measurements. This protocol thus removes the necessity
to implement local Clifford gates that are impractical in
our device. However, it comes at the cost of complexified
measurements, which require a modified lattice surgery
protocol. As for the magic state, it can be prepared via
state injection and subsequent magic state distillation. The
latter only requires the implementation of logical CNOTs,
which can equally be performed via lattice surgery. Using
this scheme, the remaining operations our device must be
able to implement for universal quantum computation are
thus (i) stabilizer measurements, (ii) all variants of lattice
surgery as described in Ref. [46] and (iii) state injection.
An implementation of these three components within our
architectural limitations is described in Sec. III C.

Before discussing the circuit-level implementation of
these elements, it is first relevant to discuss the layout that
we adopt for our logical qubits, as this will have an impact
on the ordering of the gates in each circuit (e.g., to avoid
distance-reducing hook errors).

In order to embed an n × m grid of d × d tiles of data
qubits (as in Ref. [47]) in a 2 × N device, one must slice
the whole grid, say, in the vertical direction. If we assume
for now that each tile represents exactly one surface code,
this means two consecutive data qubits within a row of
a given patch are now separated by nd data qubits rather
than d. The consequence is shuttle operations that are n
times longer such that these two qubits can participate
in the same stabilizer measurement. As shuttling is prone
to errors, one way to minimize such long shuttles while
permitting full quantum computation is to set n = 2 and
consider a 2 × m grid of tiles, where the logical informa-
tion would only be stored in the first row of the grid (region
A), while the second row (region B) would serve as a logi-
cal ancilla bus used for long-range interactions between the
logical qubits of region A (Fig. 4). Additionally, a magic
state factory is included at the right end of the device. In
order to enable all types of interactions between the logi-
cal qubits of region A, both their logical X and Z operators
should be adjacent to region B. This motivates the use of
wide qubits as in Fig. 4, on top of an ancilla bus that can be
initialized differently depending on the desired operation.
The slicing is performed in the vertical direction, mean-
ing that the first row of the 2 × N device will contain an

FIG. 4. Qubit layout for universal quantum computation on the
2 × N architecture. We choose to arrange the logical qubits on
a grid of n × m square tiles of size d × d, where d is the code
distance [47]. We set n = 2 to minimize the shuttling distance.
X and Z stabilizers are, respectively, represented with red and
green squares or half-disks. The direction of shuttle is indicated
by the vertical dark gray arrows. The top half (region A) contains
the logical qubits storing the logical information, while the bot-
tom half (region B) is a logical ancilla bus that can be used to
perform long-range interactions between the logical qubits. Each
logical qubit is a rectangular patch of surface code, whose X and
Z logical operators are represented by red and green lines. Both
these logical operators are adjacent to region B, so that they can
interact with the logical ancilla. In this example, the ancilla is
initialized so as to measure the operator Y1 ⊗ Z2 ⊗ X3 with three
lattice surgeries, represented with the blue boxes (see Fig. 44 of
Ref. [47] for more details). Below, the portion of the layout cor-
responding to the qubits along the arrows is linearized, showing
the alternation of regions A and B in the 2 × N architecture.

alternation of d data qubits from region A and d data qubits
from region B. In order to entangle physical data qubits
of consecutive columns with a physical ancilla qubit, one
must therefore shuttle by roughly 2d increments in one
direction, and the same distance back (instead of d in the
case of a single encoded surface code).

C. Stabilizers’ implementation

1. Gate ordering

The next step is to ensure that our three building blocks
needed for fault-tolerant quantum computation—stabilizer
measurements, modified lattice surgery, and state injec-
tion—can indeed be implemented within our constraints.
Before giving explicit circuits or procedures implement-
ing these operations, one must first determine the order
in which data qubits must be entangled within a given
stabilizer measurement. This is an important matter as a
suboptimal choice of ordering can lead to hook errors,
which effectively reduce the distance of the code. Addi-
tionally, a proper sequencing can help reduce the stabilizer
circuit depth, number of shuttles, and shuttling distance by
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FIG. 5. Gate ordering enabling one to measure X and Z sta-
bilizers in an interleaved (but staggered) fashion. While X sta-
bilizers perform steps 5 and 6, Z stabilizers undergo steps 1 and
2 again, and so on. The distance between data qubits (in terms
of the number of quantum dots) is indicated. This sequencing
guarantees a minimum shuttling distance, a minimum number of
shuttles and no distance-reducing hook errors.

interleaving the gates of the X and Z stabilizers. We verify
in Appendix A that the gate ordering depicted in Fig. 5 (i)
does not create any hook error; (ii) allows one to interleave
the gates of the X and Z stabilizers; (iii) is nearly optimal in
terms of the number of shuttles and total shuttling distance.

In the case of modified lattice surgery however, the
question of interleaving the dislocations and twists (see
next section) with the regular stabilizers is much more
complex. Not doing so is always an option, however, that
comes at the cost of additional shuttles, and leaves some
qubits idle while others are being measured. We leave a
study similar to Fig. 16 of Ref. [46] to further research.

2. Stabilizer circuits with singlet-triplet ancilla qubits

Given the silicon spin platform, which we are princi-
pally considering, we take it that the preferred embodiment
of an ancilla qubit is via two spins, with measurement
occurring by differentiating between singlet and triplet
states. After the ancilla is initialized in the singlet state, if
there are an odd number of errors affecting the data qubits
then the ancilla should transform to a triplet state, while an
even number of data qubit errors should leave it in the sin-
glet state. A Pauli spin blockade measurement then allows
one to extract the value of the stabilizer.

Figure 6 gives a circuit implementation of all types of
stabilizers involved in regular error correction as well as
lattice surgery, using CZ gates and semiglobal Hadamards
only (i.e., affecting all data qubits at the same time). These
stabilizers fall into four categories: regular X stabilizers,
regular Z stabilizers, dislocations (stabilizer checks involv-
ing both X and Z) and twists (stabilizer checks involving
X , Z, and Y). The two latter appear in the modified lattice
surgery protocols of Ref. [47] when X and Z boundaries
are facing (rather than both X or both Z in the conven-
tional lattice surgery picture). One can check that, with
this implementation, an error on a data qubit always trans-
forms the singlet state |S〉 = (|01〉 − |10〉)/√2 into the
triplet state |T〉 = (|01〉 + |10〉)/√2. This would not be

(a) (b)

(c) (d)

Z stabilizer X stabilizer

FIG. 6. Circuit implementation of all kinds of stabilizers
needed for regular error correction and modified lattice surgery
[46], using a singlet-triplet ancilla qubit. This implementation
also respects a semiglobal implementation of Hadamard gates,
meaning that they are globally applied on all data qubits. The
light gray Hadamards are only included for this purpose and can-
cel each other. (a) Z stabilizer. (b) X stabilizer. (c) Dislocation.
(d) Twist.

the case if we used CNOTs for the Z stabilizers (with data
qubits as controls and one ancilla line as the target), as it
would transform a singlet state into a different triplet state
|T′〉 = (|00〉 − |11〉)/√2.

This proves crucial when implementing dislocations and
twists. Indeed, as an example, let us consider the measure-
ment of the dislocation operator XZ on data qubits in the
|−〉 ⊗ |1〉 state. This should lead to the final measurement
of a singlet state. Let us first assume that the Z parity mea-
surement is implemented with a CNOT targeting one qubit
of the ancilla pair (rather than a CZ as in Fig. 6). The
quantum state of the data and ancilla system evolves as
follows:

|−〉 |1〉 (|01〉 − |10〉)/
√

2 −→ |−〉 |1〉 (|01〉 + |10〉)/
√

2

−→ |−〉 |1〉 (|11〉 + |00〉)/
√

2.

The final ancilla state is a triplet—this implementation
gives the wrong measurement outcome. Let us now assume
that the Z parity measurement is implemented with a CZ
gate, as prescribed in Fig. 6. This time, the quantum state
of the data and ancilla system transforms as follows:

|−〉 |1〉 (|01〉 − |10〉)/
√

2 −→ |−〉 |1〉 (|01〉 + |10〉)/
√

2

−→ |−〉 |1〉 (|01〉 − |10〉)/
√

2.
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FIG. 7. Circuit implementation of a cycle of X and Z sta-
bilizers over one unit cell of the code. This implementation
respects both the ordering avoiding hook errors, and makes use
of semiglobal Hadamard gates only. The a/b indexation for the
data qubits is chosen so as to respect the periodicity of the lattice.
The numbers (1 to 4 for X , 1’ to 4’ for Z) indicate the order in
which gates should be implemented to avoid hook errors.

The ancilla state is thus back to the singlet state, which is
the correct behavior.

The twist measurement can be implemented in a similar
way as the dislocation. Also, the presence of the S and S†

gates is not problematic as these are phase gates, which can
be implemented locally.

3. Full circuit

The two previous sections, respectively, addressed the
questions of gate ordering and individual implementation
of all types of stabilizers. The last step is now to give a
protocol to combine these two elements and obtain the full
circuit implementation of a stabilizer cycle. At a given time
step, the qubits are scheduled to undergo one of the follow-
ing operations: shuttling; initialization or measurement; or
single- or two-qubit gates. In the latter case, gates can be
separated in two sets: gates used for Z parity measurement
(single CZ’s) (set 1) and gates used for X parity measure-
ment (H -CZ-H sequence) (set 2). We include the Y parity
measurement of the twist in set 2 as the S gates can be
implemented locally and are thus not problematic. The idea
is then simply to perform these two sets of gates one after
the other, and the undesired Hadamards will simplify. Note
that the same technique was already used in Fig. 6. Addi-
tionally, by following the order “set 1–set 2–set 2–set 1”
over two consecutive rounds of stabilizer measurements,
one can further halve the number of Hadamards. This pro-
tocol is illustrated in Fig. 7 in the case of no dislocations
or twists (but the same idea would apply if they had to be
measured too). Gate set 1 is represented in green and gate
set 2 in red.

D. State injection

So far, we have shown how to implement all stabiliz-
ers involved in regular error correction as well as lattice
surgery on the gate level. The final ingredient needed to
enable universal quantum computation is state injection.
The first step is to determine which logical states one
would want to initialize.

The first one is the ancilla state used for multiqubit
measurements. Let us denote Pi (respectively, Pi,ancilla) the

Pauli operators applied to the ith logical data (respectively,
ancilla) qubit. For the logical measurement of P1 ⊗ · · · ⊗
Pn, Fig. 44 of Ref. [47] prescribes the initialization of the
mediating logical ancilla in the |+〉⊗n−1 state, and mea-
surement of the operators Zi,ancilla ⊗ Pi via lattice surgery.
In our case, as we can only prepare |0〉 states, preparing
|+〉 states would require the application of an additional
Hadamard. Therefore, it is simplest to initialize the logi-
cal ancilla in the |0〉⊗n−1 state and measure Xi,ancilla ⊗ Pi
instead, which is strictly equivalent. Besides, as explained
in Ref. [47], the ancilla is insensitive to Z errors, as it is
prepared in Z eigenstates. This is particularly handy for
us as our code is more prone to Z errors as a result of shut-
tling (whose precise noise model will be studied in the next
subsection).

The second logical state one would want to prepare is
the magic state |m〉 = (|0〉 + eiπ/4 |1〉)/√2. To do so, we
use a modified version of Ref. [48,49]. The main obsta-
cle in the direct implementation of these protocols on our
device is the restriction on single-qubit gates. In partic-
ular, we cannot prepare a |+〉 state without applying a
global Hadamard. Yet, these schemes require the prepara-
tion of the data qubits in both the |0〉 and |+〉 states. This
issue can be circumvented by staggering the initialization
of the data qubits. More concretely, one would first pre-
pare all qubits that should be initialized in the |+〉 state, as
well as the physical magic state, in the |0〉 state. A global
Hadamard is then applied, bringing all these qubits to the
|+〉 state. Then a local phase gate can be applied on the
physical magic state, thereby preparing it in the |m〉 state.
All remaining qubits can then be prepared in the |0〉 state,
and the state injection procedure of Ref. [48,49] can be
performed normally.

One important thing to note, however, is that whenever
a global Hadamard is applied, it does not just target the
patch of surface code one intends to prepare, but also all
other data qubits in the device. As a result, a transver-
sal H gate is applied to all logical qubits in the middle
of the quantum computation. This results in the appli-
cation of logical Hadamards, as well as the permutation
of the X and Z stabilizers of each surface code. While
this could seem problematic, these additional Hadamards
can easily be undone by the application of another logi-
cal Hadamard on all qubits. This is no different than any
other Clifford gate in the circuit and can thus be performed
virtually, by changing the basis of the following gates and
measurements.

E. Performance simulations under realistic noise

In the previous sections, we showed that universal error
correction is possible from a theoretical point of view on
a 2 × N spin-qubit device with strong constraints, such
as the access to semiglobal single-qubit gates only (apart
from phase gates). In the following, we argue that our
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proposition is also practical, i.e., that the required physi-
cal error rates and resource requirements for such a device
are not experimentally out of reach.

1. Noise model

First, let us discuss the noise model we adopt to esti-
mate the performance of our system. The main ingredient
we extensively make use of here and that requires mod-
eling is shuttling. When an electron is shuttled, its g
factor varies due to inhomogeneities in the device, which
induces unwanted phase rotations in the laboratory refer-
ence frame. Systematic rotations can be calibrated away,
so that we are effectively describing an electron in a shut-
tled reference frame [18,50,51]. When the phase is not
exactly cancelled out owing to incorrect calibration, one
can expect the data qubits of the device to each undergo
some small coherent rotation (remember that only data
qubits are shuttled). As coherent errors are difficult to
simulate classically and potentially more harmful than
stochastic errors, twirling is generally used to transform
them into Pauli errors [52]. However, this method is unfor-
tunately not fully permitted in our device as some of the
single-qubit gates can only be implemented semiglobally.
As such, the only natural candidate for a twirling gate set
tailored to phase rotations and respecting our constraints
is W = {I , X1 ⊗ · · · ⊗ Xn} (with I the identity gate, Xi the
Pauli X gate on data qubit i, and n the number of data
qubits). Nonetheless, one can easily see that a Pauli Z error
on an even number of data qubits commutes with both
gates of W and will thus not be extracted from the coher-
ent phase rotations by the twirling gates (another, more
mathematical justification can be obtained by using Eq.
7 of [53]). Therefore, only odd-order errors (i.e., Pauli Z
errors affecting an odd number of qubits) will correctly be
twirled. If this poses some difficulties for the exact simula-
tion of our system, it should however not be fatal in terms
of performance, as the logical-level noise has been shown
to behave similarly for coherent and random errors in large
enough surface codes [54].

Therefore, even though the twirling process is not per-
fect, we still approximate the remaining errors by some
random dephasing of probability psh for simulation pur-
poses, which is correct up to first order (as second-order
Z errors are not correctly twirled). psh here represents the
probability that a given data qubit is affected by a Pauli-
Z error somewhere within a given stabilizer cycle. To first
order it is therefore the sum of four contributions, corre-
sponding to the four shuttles that are carried out within a
cycle. Ignoring nonadiabatic effects for now, Eq. 4 of [18]
shows that the probability of a dephasing error δφ2/2 for
one shuttle follows:

δφ2/2 = 2
lcLs

(vT∗
2)

2 , (3)

with Ls the shuttling distance, v the shuttling speed, T∗
2

the characteristic dephasing time experienced by station-
ary spins and lc the coherence length of the dephasing
noise due to shuttling. The latter arises from imperfect cal-
ibration of the dynamic reference frame used to absorb
coherent rotations happening when electrons are shuttled.
These calibration errors stem from uncontrolled fluctu-
ations caused by slow nuclear dynamics due to dipolar
interaction or low-frequency 1/f charge noise affecting
the spins’ g factors. Now summing the contributions of the
four shuttles happening during a stabilizer cycle, one gets

padia = 2
lc × 4dldd

(vT∗
2)

2 (4)

where ldd is the spacing between two data qubits. The
total shuttling distance over a whole stabilizer cycle is
roughly 4dldd, as we need to shuttle by 2d increments and
back (remember that we are interleaving logical data qubits
and logical ancilla qubits, both of them of distance d, see
Fig. 4).

Nonetheless, the above analysis would not be complete
if we did not consider dominant nonadiabatic effects. The
lowest energy splitting in silicon quantum dots is the val-
ley splitting EVS, which corresponds to the gap between
the two out-of-plane conduction bands (or valleys). These
two valley states are additionally characterized by distinct
g factors [55]. Consequently, an electron in the excited
valley state, as opposed to the expected ground valley
state, will precess at an unknown frequency, leading to
unwanted phase rotations. One can estimate the amount of
nonadiabaticity as follows: EVS typically ranges between
10 and 200 µeV for SiGe or can exceed 500 µeV in
SiMOS architectures [18]. Furthermore, the two valleys
are site-dependent, meaning that they depend on the posi-
tion x(t) of the electron in the device. Assuming that
the length scale of the electron wave function is roughly
lx = 50 nm, one can assume that in the worst-case sce-
nario the electron’s valley state would switch every 50
nm, leading to a characteristic energy hv/lx = 0.83 µeV,
where h is Planck’s constant. This is only 12 times smaller
than 10 µeV, i.e., the worst-case value for EVS, justi-
fying the inclusion of these nonadiabatic effects in our
modeling. Further modeling and simulations found in
Appendix B lead to additional dephasing errors due to
the valley state of pdia/4d = 1.4 × 10−6. This value will
be used in all the simulations of the paper. The final
shuttling-induced dephasing probability is then given by
psh = padia + pdia.

With these considerations in mind, we now have all
necessary ingredients to simulate the performance of our
device. Our full noise model thus includes (i) dephas-
ing channels of probability psh = padia + pdia on the data
qubits at the beginning of each stabilizer cycle; (ii) depo-
larizing channels of error rate p after each gate of the
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stabilizer circuit (including twirling gates and cancelled
out Hadamards arising from their semiglobal implemen-
tation); (iii) depolarizing channels of error rate p after
any initialization; (iv) classical flip of any measurement
outcome with probability p .

Note that here we ignore the idling errors—these
account for errors that idle qubits accumulate while oth-
ers are being operated on. Indeed, spin-coherence times T2
exceeding 20 ms have been demonstrated for purified sil-
icon electron spins [56], which is 4 orders of magnitude
above initialization, measurement, and single- and two-
qubit gate times (at most a few microseconds [27,57–59]).
These T2 times are obtained via dynamical decoupling,
which can be implemented by periodically flipping all the
spins in the device. In our case, it is simplest to flip all spins
at the same time, as this is permitted by the semiglobal
pulse we are assuming.

In the following simulations, we fix the gate noise p
to 0.1%, so as to be below the usual circuit-level noise
threshold of the surface code (around 0.7% [60]). This
is consistent with experiments showing silicon spin-qubit
fidelities exceeding 99.9% [24]. The dephasing time T∗

2
will range between 1 µs and 8 µs, which has been achieved
[24,61], and is well below demonstrated dephasing times
of 100 µs [59]. For the estimation of psh, we fix v = 10
m/s, lc = 100 nm and ldd = 140 nm [18]. This choice of
140 nm for the distance between two data qubits takes
into account additional space for the clavier gates required
by the conveyor-belt mode of shuttling, and leaves extra
space for singlet-triplet ancilla qubits and measurement
apparatuses in the static row. These values in turn give
a dephasing probability per shuttling increment psh/4d
between 5.8 × 10−6 and 2.7 × 10−4.

The most optimistic end of this range corresponds to
a more mature technology than the early demonstrations
reported so far, which now approach 10−4 [19,20,62].
However, the task of low-noise shuttling is receiving
rapidly increasing attention, notably with recent proposals
suggesting that g-factor disorder might help improve shut-
tling fidelities rather than hinder them [63]. We will thus
assume that these will keep improving.

As the surface code is a CSS code, X and Z errors
can be analyzed separately. Since our code is more prone
to Z-type errors, we focus only on them. Therefore, we
numerically evaluate the X logical error rate of a single
distance-d wide surface code used in memory mode via
Nruns runs of Monte Carlo simulations, with Nruns ranging
between 10 000 and 1 000 000 depending on the target log-
ical error rates. In each run, random errors are injected in
the code according to the error rates p and psh, affecting
both data and ancilla qubits for d rounds of stabilizer mea-
surements. The syndrome they create is then decoded via
minimum-weight perfect matching [1]. The initial errors
and the correction are then added to determine if the X
logical operator value was flipped.

FIG. 8. Logical error rate of a wide surface code against
psh/4d, i.e., the probability that one shuttling increment intro-
duces a dephasing error, plotted for several code distances d. The
gate, measurement, and initialization noise p is set to 0.1%.

2. Simulations

We first plot in Fig. 8 the logical error rate for several
code distances d, against psh/4d, i.e., the shuttling error
per shuttling increment. The main observation of the plot
is that the lines corresponding to surface codes of various
distances do not cross at a single point. This is expected as
lines crossing at the same point, equivalent to the existence
of a threshold at this crossing point, should only appear if
the noise model respects certain properties. In particular,
the noise strength should not scale with the code size [64].
Yet, here we assumed that psh ∝ 4d. As a result, the cross-
ing points of subsequent-distance surface codes cross at
lower and lower values of p . In other words, there does
not seem to be any value of p below which increasing the
code distance consistently reduces the error rate. Rather,
there is a constant trade-off between increasing the code
distance for more powerful error correction, and keeping it
low enough to keep the noise due to shuttling manageable.

The anticipated nonexistence of a threshold does not
present any basic issue for our approach. Since the ideas
presented here are intended for the early fault-tolerant era,
the relevant quantity is always the logical error rate that
can be achieved for realistic experimental parameters and
specific system sizes. In Fig. 9, we thus plot the logical
error rate against d for T∗

2 ranging between 1 µs and 8 µs.
The simulation data, represented by small dots with error
bars (quantifying the sampling error), is then fitted with the
following trial function:

plog(d) = A(α + βd)γ d+δ . (5)

The motivation for this function is the following. If one
denotes ptot the total noise experienced by the system, the
surface code promises an exponential suppression of the
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FIG. 9. Logical error rate of a wide surface code against the
code distance, plotted for several values of the stationary dephas-
ing time T∗

2 . The gate noise p is set to 0.1%. The dots represent
the simulation data, their error bars quantifying the sampling
error. The dashed lines correspond to a fit of the data according
to the trial function of Eq. (5).

errors of the form plog(d) ∝ (ptot/pth)
d/2 with pth a con-

stant. Then, up to first order, ptot can be written as a sum of
the gate noise p and the shuttling noise psh, where the lat-
ter is proportional to the code distance d. The consequence
of ptot’s dependence on d is a subexponential suppression
of errors, or worse, an increase in the error rate when the
distance of the code becomes too large. Fortunately, with
dephasing time that is large enough yet experimentally
plausible, low enough error rates (around 10−13) can be
reached before this phenomenon occurs.

F. Resource estimation for universal quantum
computation

With all the above ingredients, we can now estimate the
resources required for our device to achieve two mean-
ingful milestones. In all the following, we set a spins’
stationary dephasing time T∗

2 = 8 µs, a per-dot valley noise
pdia/4d = 1.4 × 10−6 and a gate noise p = 0.1%. The first
task we focus on is estimating the size N that would bring
the 2 × N architecture beyond the noisy intermediate-scale
quantum (NISQ) regime. More concretely, we want to esti-
mate N such that the device would contain 50 logical
qubits, able to interact through a universal set of gates,
and with logical error rates of at most 0.01% (ten times
lower than physical error rates). Using Fig. 9, one can see
that distance-9 wide surface codes are sufficient. Moreover,
following our state injection protocol (Sec. III D), the prob-
ability of preparing a magic state in the wrong state is of
the order of the physical error rate of the operations that
created it, that is p and psh. To first order, the probabil-
ity pmag of initializing an erroneous logical magic state is

thus of the order of p + psh = 0.103% (ignoring small con-
stant factors, see Eq. 1 of [49]). This lowers to 35p3

mag =
4 × 10−8 after a 15-to-1 distillation protocol—way below
our target logical error rate of 0.01%. To meet our above
requirements, one would therefore need 2 × (50 + 15) =
130 distance-9 surface code patches (including logical data
qubits and magic state distillation factory, and doubling
this number to account for the logical ancilla bus connect-
ing all these logical qubits, see Fig. 4). This translates into
an overall size of N = 2 × 104 physical data qubits.

Beyond simply outperforming NISQ on the paper, what
one would actually want from a fault-tolerant quantum
computer is to be able to run meaningful quantum algo-
rithms. The second task we will thus focus on is estimating
the ground-state energy of a 2D Hubbard model Hamilto-
nian. This can be solved by preparing the unitary W(H) =
ei arccos(H) by qubitization, then passing it to phase estima-
tion. An optimized protocol to run this algorithm can be
found in Ref. [65] along with the resource requirements
for the smallest instance of this problem that is within the
classically intractable regime, i.e., a 6 × 6 Hubbard model.
For this grid size, 100 logical qubits and 108 logical T gates
would be required.

Let us set a spins’ stationary dephasing time T∗
2 = 8 µs

and a gate noise p = 0.1%. Let us assume that both the
probability of a logical error impacting any individual T
gate, and the probability of an error impacting any of the
logical qubits in the circuit, is below 10%. The algorithm
thus fails with a probability of around 20%. The quan-
tum computation can then be run multiple times in parallel
to exponentially increase the success probability. Follow-
ing the procedure of [47], one can estimate the physical
resources needed to obtain the correct outcome.

a. Magic state distillation. The error rate of each indi-
vidual T gate must be under 10−9 to ensure that the failure
probability of any of the 108 gates is under 10%. Again,
the probability of initializing an incorrect logical magic
state before distillation is pmag ∼ p + psh. Assuming that
the distance of our surface code is under 40 (which we
will verify later on), we guarantee psh < 0.02%. Adding
the gate noise, we obtain a total noise pmag � 0.12%. Using
the 116-to-12 distillation protocol, the probability of out-
putting incorrectly distilled magic states is 41.25p4

mag �
10−10, which is under our target per-gate error of 10−9.
44 surface codes patches are needed to run the 116-to-12
distillation protocol, which outputs 12 logical magic states
in 99d time steps with 89% success probability [47]. The
initialization time of one correct magic state is thus on
average 9.27d time steps. The magic states can then be
consumed one by one in the quantum computation, which
requires d time steps for each state. The overall time cost
of the quantum computation (to prepare and consume 108
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magic states) is thus 10.27d × 108. It requires 100 logical
qubits to store the logical information and 44 surface-code
patches in the distillation block (not counting the logical
ancilla). Adding the long logical ancilla bus mediating all
interactions, the logical qubit count doubles to 288.

b. Code distance. Given the total number of logical
qubits and the computation time, in order to set the prob-
ability of a logical error affecting any of the logical qubits
during the computation under 10%, one requires the per-
logical-qubit error rate pL to be below

pL < 0.1/(288 × 10.27 × 108) = 3 × 10−13. (6)

By using the fitting function of Fig. 9, we can choose the
code distance to be d = 36. This is indeed within the upper
bound of 40 that we set earlier.

c. Summary. Therefore, in order to run one instance of
a 6 × 6 Hubbard model (which is within the classically
intractable regime) on our device, one would need 288
wide qubits of distance d = 36, that is 1.4 × 106 physi-
cal (data and ancilla) qubits. The algorithm would run in
10.27d × 108 stabilizer cycles.

The total shuttling time over a stabilizer cycle is tsh =
4dldd/v, where ldd = 140 nm is the distance between two
consecutive data qubits, and v = 10 m/s is the shuttling
speed. Thus tsh = 2 µs. Besides, while two-qubit gates
can be implemented much faster (around 0.1 µs [57]),
initialization, measurement and single-qubit gates all take
around a microsecond [27,58,59]. We can thus realisti-
cally assume an overall stabilizer cycle time of 6 µs,
which would bring the computation time to a total of
2.5 days. While this time may seem relatively daunting,
one must remember that we exclusively used experimental
parameters that have been achieved, ignoring any fur-
ther optimization that will surely happen in the following
years before this kind of device can be implemented. Our
shuttling noise model, informed by earlier theoretical stud-
ies (esp. Ref. [18]), assumes levels of imperfection that
are smaller than existing early demonstrations; we are
confident that improving experimental techniques driven
by rapidly increasing community interest will reach the
domain that we have simulated. From Fig. 9, one observes
that for the more optimistic coherence times we have a sce-
nario where shuttling noise is among the least significant
factors in the model (as there is very little variation in the
logical error rate when T∗

2 is decreased from 8 µs to 5 µs,
i.e., when the shuttling error per increment varies between
6 × 10−6 and 1.3 × 10−5). Further increasing T∗

2 to exper-
imentally achieved values of 20 µs [66] would thus only
have marginal effects on the performance here. Rather, a
limiting factor seems to be the gate infidelity p = 0.1%. If

this quantity could be improved by only a factor 2, logical
error rates would drastically reduce due to almost exponen-
tially scaling suppression (as long as the shuttling noise
is kept low enough, e.g., by enforcing coherence times
of 20 µs this time). Moreover, the assumed speed of the
various operations corresponds to already-accomplished
demonstrations, and does not begin to approach any funda-
mental physical limitations. One might reasonably expect
orders of magnitude improvement over generations of such
devices.

IV. QUANTUM MEMORIES WITH GENERAL
QLDPC CODES

In Sec. II we showed that our device is suitable for the
implementation of various classes of qLDPC codes beyond
the surface code. These codes are known for their high per-
formance and can fully exploit the connectivity (beyond
that required by the surface code), which is provided by
our shuttling-based system. Therefore, in this section, we
explore the potential of such nonlocal codes, constructed
by either allowing more ancilla-data qubit interactions, or
by increasing the shuttling distance. Here, we only study
their use as memory codes.

The gate ordering we choose in the stabilizer circuits is
not optimized. All X stabilizers will be implemented when
the data qubits are shuttled one way, followed by all Z
stabilizers when the data qubits are shuttled back. Regard-
ing the noise model, we adopt the same as in the previous
section—circuit-level noise plus additional dephasing due
to shuttling (proportional to the shuttling distance). Due
to the more complex data-ancilla interactions and to our
nonoptimal gate ordering, not all qubits perform their
entangling operations synchronously (while it is the case
for the surface code). Consequently, the data qubit rail
might have to stop and start more often, and qubits that
are not interacting will have to stay idle. To model this,
we introduce an additional noise parameter pidle, and add
depolarizing channels of probability pidle every time a qubit
is idle while others are interacting. Note that we neglected
this in the previous section due to the high coherence time
of silicon spin qubits.

The numerical experiments are run under various val-
ues of the gate noise p , the idling noise pidle and the
dephasing time T∗

2. The per-dot valley noise is still fixed
to pdia/4d = 1.4 × 10−6. Each code is simulated for d
rounds of stabilizer cycles, where d is the code’s esti-
mated distance. The decoding is performed via min-sum
BP-OSD, a limit of 32 iterations, a scaling factor of
0.625 and a serial schedule [8]. The logical error rate
per round per logical qubit plog defined below is then
plotted and used to compare the performance of various
codes [7]:

plog = 1 − (1 − PL(k, d))1/kd. (7)
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Here, PL(k, d) is the probability that a logical error happens
on at least one of the k logical qubits of an [n, k, d] code
running for d rounds of stabilizer cycles.

A. Hypergraph product code with a repetition code

As explained in Sec. II C, one class of codes that is par-
ticularly suitable for our architecture are the hypergraph
product (HGP) codes constructed with the repetition code
as one of the seed codes. Indeed, let us suppose that shut-
tling is performed in the vertical direction, and that a HGP
code is built from a classical LDPC code placed in the
direction of shuttling, and a repetition code placed in the
orthogonal direction. Let us first assume that both codes
have distance d. It follows that horizontal interactions have
length at most 1 in the 2D grid (length of the repeti-
tion code’s interactions), which translates into length d in
the linearized 2 × N architecture. Therefore, any ancilla
qubit has to interact with data qubits that are at most d
increments away, and compared to the surface code, the
shuttling distance is not increased. Rather, the only differ-
ence with the latter is that the data qubit row has to stop
more often, as stabilizers may have higher weights, but
also as it may not be possible to synchronize the inter-
actions as much as for the surface code (adopting the
framework of Sec. II, the code’s check matrix has more
nonzero diagonals). Therefore, implementing such HGP
code comes at the cost of increased idling noise (but not
increased shuttling noise). This additional noise can be
compensated for if a good classical code is chosen for the
product with the repetition code, as a higher-rate quan-
tum code will be generated, thereby reducing the qubit
overhead.

In the following, we study the example of a [234,3,8]
HGP code. The code is obtained by taking the product of
a classical [17,3,8] LDPC code H1 (generated randomly
until good parameters were obtained, see Appendix C)
and a distance-8 repetition code H2. To limit the number
of two-qubit gates, which are expected to be the leading
source of noise, we generate H1 by enforcing two 1’s per
row on average, thereby guaranteeing that the stabilizers of
the quantum code are weight-four on average. This code
is more compact than the surface code as it encodes k =
3 logical qubits with (17 + 14)× (8 + 7) = 465 physical
qubits (data and ancilla). In contrast, one would require
k × (2d − 1)2 = 675 physical qubits to encode the same
amount of logical information with same-distance surface
codes.

Figure 10 compares the logical error rates per round per
logical qubit plog of the [234,3,8] HGP code and of sur-
face codes of various distances. The shuttling noise is fixed
by setting T∗

2 = 8 µs. As explained above, the HGP code
experiences the same amount of shuttling error as the sur-
face code, but higher idling noise. Indeed, its two-qubit
gates cannot be implemented synchronously due to the

FIG. 10. Logical error rate per round per logical qubit of a
[234,3,8] hypergraph product code (HGP, solid lines) and sur-
face codes of various distances d (SC, dashed lines), against
the circuit-level noise parameter p . The HGP code is built from
the product of a repetition code and a classical code generated
randomly. The dephasing time T∗

2 is set to 8 µs, and the logi-
cal performance of the HGP and surface codes are plotted for
pidle = 0 and 0.1p . For both levels of idling noise, the three
surface-code lines correspond from top to bottom to a distance
of 5, 7, and 9, respectively.

randomness of the matrix H1 (it contains many nonzero
diagonals). Qubits that are not interacting thus have to stay
idle, which induces depolarizing errors at a rate pidle. We
thus plotted plog for two levels of idling errors: pidle =
0 and pidle = 0.1p . One can observe that for no idling
errors and for a relevant range of gate noise p , the HGP
code performs similarly as surface codes with comparable
distances, yet requiring 30% less qubits. As expected how-
ever, when the idling noise is increased, the HGP code’s
performance falls dramatically while the surface code’s is
very moderately affected.

While observing this, one needs to take into account that
we did not optimize the stabilizer circuit. An interleaved
scheme of X and Z measurements could drastically reduce
the overall idling noise. Besides, in the specific case of sil-
icon spin qubits, pidle is expected to be extremely small.
Indeed, given the experimental values observed for the
coherence time T2, around 20 ms [56], and the slower gate
times, around Tgate = 1 µs [27], one would obtain an idling
error probability of

pidle = 1 − e−Tgate/T2 = 5 × 10−5.

When using this value, one would obtain the same qualita-
tive performance as for the pidle = 0 case.

Furthermore, here we set a single parameter pidle quan-
tifying the idling error. It would be more comprehensive
to distinguish different pidle’s depending on the operation
that is being waited for. Specifically, as two-qubit gates
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are one order of magnitude faster than single-qubit gates,
they would be responsible for shorter wait times, thus
lower idling errors. Indeed, it so happens that the differ-
ence between the HGP code and the surface code lies in
the additional idling times due to asynchronous two-qubit
gates, which are the fastest operations in the circuit.

Lastly, do note that the crossing point of the surface-
code lines around 1% is not a threshold in the common
sense, as we are here plotting the logical error rate per
round per logical qubit.

B. Generalized bicycle codes

In the previous section, we studied a type of code that
did not require an increase of the shuttling distance com-
pared to the surface code, but we did not set any constraint
on the number of stops along the way. We therefore guar-
anteed both a shuttling and idling noise scaling as O(

√
n),

where n is the number of data qubits in the code block.
Here we study another paradigm, where we do not restrict
the shuttling distance, but instead bound the number of
stops: psh = O(n) and pidle = O(1). Codes that satisfy this
are generalized bicycle codes [8], as their check matri-
ces by definition contain a constant number of nonzero
diagonals (see Sec. II C).

In the following, we study the performance of a
[126,28,8] generalized bicycle code (code A2 of [8]). This
code contains 252 physical qubits (data and ancilla). Using
the same number of physical qubits to encode k = 28 log-
ical qubits, one would need to use 28 surface codes of
distance

dsc =
√

252/k + 1
2

= 2.

This very small number stems from the relatively high
rate of the code. However, tackling larger distances would
require simulating much bigger codes, which are beyond
our numerical capabilities.

Similarly to the previous subsection, we plot in Fig. 11
the logical error rate per round per logical qubit of the
[126,28,8] generalized bicycle code and compare it to a
distance-3 surface code (the smallest surface code that can
correct, not just detect, errors). We set pidle = 0.01p (with
p the measurement, initialization, and gate noise) and plot
the logical performance of the codes for different amounts
of shuttling noise, which are parameterized by the static
dephasing time T∗

2. Compared to the previous subsection,
idling noise does not dramatically impact the bicycle code,
as it is formed from matrices with only five nonzero diag-
onals. However, the code is more prone to shuttling errors
as the shuttling distance is now of the order of the number
of qubits n (while it is of the order d = √

n for the surface
code).

One can see that for low enough (yet experimentally
achievable) shuttling noise, the [126,28,8] code outper-
forms surface codes with similar qubit overhead for gate

FIG. 11. Logical error rate per round per logical qubit of a
[126,28,8] generalized bicycle code [8] (GB, solid lines) and a
distance-3 surface code (SC, dashed lines), against the circuit-
level noise parameter p . The logical performance of both codes
is plotted for pidle = 0.01p and different levels of shuttling noise,
controlled by the dephasing time T∗

2. For T∗
2 = 3.5 µs and 8 µs,

the noise level where generalized bicycle codes start to beat
surface codes is indicated by a star.

noise as high as 0.3%, which is also within reach. If the
gate noise can be further reduced to 0.05%, the general
bicycle code would provide an advantage of around one
order of magnitude compared to a distance-3 surface code
(which also uses more qubits than the generalized bicycle
code, as we were meant to compare with distance 2). Nev-
ertheless, the performance of the generalized bicycle code
is as expected more sensitive to the shuttling noise than
the surface code, as it involves longer shuttles. But for the
considered code size, the effect only becomes predominant
for relatively low dephasing times. Of course, when con-
sidering larger codes, the demands on the dephasing time
would have to be adjusted accordingly, to compensate for
the even longer shuttles.

C. Comparative performance

We here confirm the observations of this section via
additional simulations aiming at further understanding
the trade-off between resource requirements and error-
correction performance. Specifically, we examine the per-
formance of the three previously considered code families
under three different noise regimes: (A) low idling noise
but high shuttling noise; (B) low shuttling noise but high
idling noise; and (C) high idling noise and high shuttling
noise. The results of such simulations are presented in
Table I, where the theoretical parameters of the code are
given, along with the logical error rate per round per logi-
cal qubit in the three noise cases. We aim to compare codes
with similar overhead, defined as the total number of phys-
ical qubit per encoded logical qubit, i.e., (n + nanc)/k. In
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TABLE I. Comparative performance of three code families: surface code (SC), hypergraph product code (HGP), and generalized
bicycle code (GB). See the main text for the precise definition of each code. The first three and last two rows, respectively, correspond
to lower- and higher-overhead codes, where the overhead is defined as the number of physical qubits per logical qubits. The second
column contains said overhead. The third column is the code distance. The fourth and fifth columns contain the shuttling and idling
noise scalings of each code. Finally, in the last three columns the logical error rate per round per logical qubit is given for three different
noise regimes: (A) T∗

2 = 1.5 µs, pidle = 0; (B) T∗
2 = 5 µs, pidle = 0.1p; and (C) T∗

2 = 1.5 µs, pidle = 0.1p . In each of these columns,
the highest-performance low-overhead code, as well as the highest-performance high-overhead code is highlighted with bold letters.

n+nanc
k d Shuttling noise scaling Idling noise scaling A B C

SC3 25 3 O(
√

n) O(1) 2 × 10−4 1 × 10−4 3 × 10−4

GB 9 8 O(n) O(1) 7.10−3 5 × 10−5 7.10−3

HGP4 26 4 O(
√

n) O(
√

n) 4 × 10−5 1.10−3 1.10−3

SC7 169 7 O(
√

n) O(1) 1 × 10−5 3 × 10−6 1 × 10−5

HGP8 155 8 O(
√

n) O(
√

n) 8 × 10−6 1 × 10−5 2 × 10−5

the first half of the table, we compare low-overhead codes:
a distance-3 surface code (SC3), the [126,28,8] general-
ized bicycle code considered before (GB8) and a [40,3,4]
hypergraph product code (HGP4). Its check matrix is
given in Appendix C. In the second half of the table, we
focus on higher-overhead codes: a distance-7 surface code
(SC7) and the [234,3,8] hypergraph product code consid-
ered before (HGP8). Note that in this case, we could not
simulate good generalized bicycle codes due to limited
computational power. In each of the last three columns,
the lowest error rate is highlighted, confirming the conclu-
sions of the section: each code family considered in this
paper excels in distinct noise regimes. Specifically, GB
codes perform best when the shuttling noise is kept low;
HGP codes do when the idling noise is low; and the SC
wins when neither of them is sufficiently small. In the ear-
liest fault-tolerant regimes, the latter scenario might be the
most relevant, which justifies the use of the surface code,
for which we also proved full computational power in the
previous section.

V. DISCUSSION

We have investigated the feasibility of quantum error
correction in a highly constrained experimental setup,
specifically a 2 × N array of qubits where long-range inter-
actions are enabled by shuttling one of the rows of the
array. By establishing a precise framework for determin-
ing code classes that naturally embed in our device, we
showed that its strong constraints should theoretically not
be an obstacle to early fault tolerance. This observation
was then complemented by the design of an entire proto-
col permitting full universal quantum computation with the
surface code.

To show the practicality of our approach, we further tai-
lored our protocol to silicon spin qubits, respecting their
additional specificities and constraints, such as the dif-
ficulty to implement local Hadamard gates. This choice
of platform was motivated by the high-fidelity shuttling

capabilities that have been demonstrated [19,20,62], mak-
ing it an ideal candidate for the implementation of our
scheme. We then confirmed these theoretical protocols
with extensive numerical simulations, showing that error
rates as low as 10−13 can be reached with experimental
parameters that have been achieved today, provided cur-
rently observed shuttling errors can be further suppressed
to match our theoretical models. While this entails long
quantum computations for running algorithms in the classi-
cally intractable regime, we are confident that the gate and
shuttling performance will further improve in the coming
years, making our proposal even more practical.

Furthermore, our exploration extends to the application
of our device to more intricate qLDPC codes. Although
more powerful than the surface code, their implementation
comes at the cost of increased noise (either from longer
shuttles or higher idling times). By simulating these codes
and evaluating their performance in our constrained setup,
we observed that this trade-off is in favour of the complex
qLDPC codes when error rates are low enough (while still
practically achievable). This underscores the versatility of
our platform, even within the limitations of the 2 × N qubit
array.

As future work, it would be interesting to engineer a
slightly more complex architecture design that would let
one include both the surface and better qLDPC codes
in the same device and interface them. It would indeed
prove advantageous to make use of the latter’s strong
error-correction capabilities when used as memory codes.
Whenever a logical qubit is idle for a significant amount
of time during a quantum computation, one could take its
logical information and store it in memory, before taking
it out again when needed. If this store in-and-out scheme
can theoretically be implemented via a modified lattice
surgery protocol between a surface code and another type
of qLDPC code [10], one would still need to understand
how to efficiently embed this in our device.

More generally, throughout this paper we have cho-
sen to work within quite severe limitations, i.e., the
low-dimensional array and the restriction to semiglobal
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Hadamard operations. We have established that even
within these constraints computation is possible. Nonethe-
less, without further improvement, scaling up the current
device to larger instances may prove very challenging. We
identify two reasons for this. First, even for quantum algo-
rithms slightly beyond the classically intractable regime,
the runtimes reach several days. This is partially due to our
suboptimal choice of logical qubit layout, where the logi-
cal information is stored in the first row of surface codes
while the second row is only used as a logical ancilla bus
(Fig. 4). While enabling all-to-all connectivity, this struc-
ture also introduces connectivity lockups that slow down
the computation: for instance, when the leftmost and right-
most logical qubits are interacting through the ancilla bus,
no other interaction can take place in parallel. On top of
this, the second obstacle to large-scale computation in our
current proposal is the sensitivity of the device to malfunc-
tioning qubits. If a dot becomes inoperable, e.g., due to
a fabrication defect, and qubits cannot shuttle through it
anymore, the array will be cut in two halves that cannot
communicate anymore. This would likely lead to a failure
of the algorithm.

To circumvent both the aforementioned issues, we
envisage an extension of the strictly 2 × N qubit array pre-
sented in this paper: a lattice or weblike structure where
long 2 × N filaments meet at occasional three- or four-way
junctions through which qubits can shuttle. Such junctions
could be well spaced, so that the additional device com-
plexity associated with each junction need not overlap with
others. In addition to avoiding the problem of a single
point of failure, such a geometry would no doubt afford
a rich space of possibilities for novel codes and compi-
lation strategies, thereby reducing runtimes. They would
additionally offer superior opportunities to interface the
aforementioned better qLDPC codes with surface codes.
This is an intriguing direction for future investigation.
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APPENDIX A: SURFACE CODE’S STABILIZER
CIRCUIT GATE ORDERING

Here we delve into the details of finding an optimal gate
ordering for surface-code error correction on the 2 × N
architecture. Indeed, the usual pattern that is used for the
regular rotated surface code with N - and Z-shaped order-
ings [68] leads to unnecessarily long shuttles. To see this,
assume that the shuttling direction is vertical—two con-
secutive data qubits within the same column (respectively,
row) of the surface code are thus separated by 1 (respec-
tively, d) shuttling increment(s). Therefore, a Z-shaped
ordering would require to shuttle four times along rows,
and it would yield a total shuttling distance of roughly 4d.
Our aim is to find an ordering that lets us implement all
gates of the stabilizer cycle with a total shuttling distance
of roughly 2d (which corresponds to having the data qubits
do one round trip, not two).

Furthermore, note that N - and Z-shaped orderings men-
tioned above do lead to distance-reducing hook errors in
the wide surface code used in Sec. III. Indeed, its X and
Z logical operators both have a horizontal and a vertical
representative. Instead, one can measure the stabilizers as
shown in Fig. 12. The shortest Z logical operators are hori-
zontal, vertical, or diagonal. The latter type passes through
the centers of X stabilizers (red squares). However, using
the measurement schedule represented by the gray arrow,
Z hook errors are on either diagonal of the Z stabilizers
(green squares), thus do not reduce the code distance. The
same applies to X hook errors. Besides, with the same
reasoning, one can prove that the regular rotated surface
code is protected just as well from hook errors when this

FIG. 12. Representation of the wide surface code. X and Z sta-
bilizers are, respectively, represented with red and green squares
or half-disks. Several shortest-length representatives of the log-
ical X and Z operators are drawn with horizontal, vertical, and
diagonal lines. The gray arrows represent an order in which X
and Z stabilizers can be measured to avoid hook errors reducing
the distance of the code. Examples of X and Z hook errors are,
respectively, drawn with red and green disks: as they do not coin-
cide with the logical operators, they do not reduce the distance of
the code. The same applies to the regular rotated surface code.
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FIG. 13. Notations for conditions (A1)–(A3).

ordering is used. In summary, whether it is for the regu-
lar (Fig. 2) or wide (Fig. 12) surface code, this crosslike
sequence is the one we consider.

Now, one could theoretically implement it by measuring
the X and Z stabilizers separately on alternating rounds.
However, this would unnecessarily increase the circuit
depth and leave many qubits idle. Instead, a common solu-
tion is to interleave the gates of both stabilizers. This is
possible provided the gates can be correctly commuted
through each other so as to leave two neighboring ancilla
qubits disentangled (condition A1); as well as gates can be
implemented synchronously respecting the device layout
and global shuttling of the data qubits [condition (A2)].

Let us explain this more formally, and call time step k
the interval between shuttles k − 1 and k. At a given time
step, some entangling gates must be implemented between
certain ancilla-data qubit pairs. Let us use the notations of
Fig. 13, where each letter represents the time step when the
ancilla and corresponding data qubit must be entangled.

Condition (A1) is verified if and only if [46]

((b < e) ∧ (d < g)) ∨ ((b > e) ∧ (d > g)). (A1)

As for condition (A2), it reads

(a ≡ e[s]) ∧ (b ≡ f [s]) ∧ (c ≡ g[s]) ∧ (d ≡ h[s]), (A2)

where s is the number of shuttles required to go back to
the data qubits’ initial position. This is because the device
is laid out periodically and data qubits move as a whole
along their shuttling track. This means that at any time
step, ancilla qubits all face either their North-West, or
North-East, or South-West, or South-East data qubit.

One last condition (A3) can be added, enforcing the
no-distance-reducing-hook-error ordering, which mathe-
matically reads as

(c < b < d < a) ∧ (h < e < g < f ). (A3)

Values for the time steps a to f respecting all three con-
ditions are given in Fig. 5 (here s = 4). While their gates
are indeed interleaved, X and Z stabilizers are nonethe-
less operated on a staggered fashion. The whole operation
sequence, including gates, measurements, initializations,
and shuttles is the following:

(1) entangle all ancilla qubits with their South-West
data qubit

(2) shuttle by d − 1 increments forwards
(3) entangle all ancilla qubits with their North-East data

qubit; measure and reinitialize X ancilla qubits
(4) shuttle by one increment forwards
(5) entangle all ancilla qubits with their South-East data

qubit
(6) shuttle by d + 1 increments backwards
(7) entangle all ancilla qubits with their North-West

data qubit; measure and reinitialize Z ancilla qubits
(8) shuttle by one increment forwards
(9) repeat

Note that the shuttling increments given here do not
include the additional shuttling accommodating the ancilla
bus of region B in Fig. 4 (n = 1). Besides, for the first
round of stabilizer measurements, X ancilla qubits should
only start to undergo their entangling gates from step 3.
Similarly, for the last round, only X stabilizers should
follow step 1 and 2.

With this protocol, in order to perform Nr rounds of X
and Z stabilizer measurements, one thus needs 4Nr + 1
shuttles and a total shuttling distance of Nr(2d + 2)+ d −
1 (not including the logical ancilla bus of Fig. 4). One can
also easily see that 4Nr and Nr(2d + 2) are the respective
lower bounds for the number of shuttles and total shuttling
distance, no matter what gate ordering is chosen. Indeed,
a given four-body stabilizer trivially requires four steps to
entangle the ancilla with all the data qubits, thus four shut-
tles. Moreover, its North-West and South-East data qubits
are separated by a distance d + 1, hence going back and
forth between them requires a shuttling distance of 2d + 2.
Therefore, apart from a small correction arising at the last
round due to the staggered implementation of the X and Z
stabilizers, our solution is optimal.

APPENDIX B: MODELING FOR THE VALLEY
DEGREE OF FREEDOM

The band structure of bulk silicon features six degener-
ate conduction bands: four in plane and two out of plane.
In the presence of gates in SiMOS or Si heterostructures,
the six-fold degeneracy is lifted and the two out-of-plane
bands become the lowest of the six: they are called the
ground and excited valley states. Ideally always sitting in
the ground valley state, an electron that is shuttled fast
enough can nonadiabatically populate the excited valley
state. As these states have been shown to exhibit distinct
g factors [55], the electron could then start to precess in
an uncontrolled manner, causing unwanted phase rotations.
This justifies the importance to control and estimate the
impact of the excited valley state occupation. To model
this, we will use an extension of the valley state modeling
in Ref. [18].
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Let us first introduce the position-dependent valley
phase ϕVS(x) and the bare valley splitting EVS,0 (which
models the valley splitting in the absence of the per-
turbations described below). The local two-level valley
Hamiltonian can most generally be expressed as

Hloc(x) = EVS,0

2
(
cos(ϕVS(x))τx + sin(ϕVS(x))τy

)
, (B1)

where τx and τy are Pauli operators in the valley subspace.
Assuming low coupling of the spatial and valley degrees

of freedom, an electron of spatial probability distribution
ρ(x) would thus experience an average valley Hamilto-
nian:

Hv(x0) =
∫
ρ(x − x0)Hloc(x0)dx. (B2)

Here we suppose that ρ is a Gaussian of standard devi-
ation lx. Two extreme cases can be considered for ϕVS:
smoothly varying or abruptly changing owing to the pres-
ence of atomic steps. In the v = 10 m/s regime, Fig. 1 of
Ref. [18] shows that the smooth interface model leads to
higher noise: this is thus the model we will adopt.

That paper focuses on the simplest case of a linear gradi-
ent model: ϕVS(x) = axx. We slightly refine it by assuming
that the gradient is not constant but instead slowly vary-
ing at the scale of the electron wave function. This means
that we can adopt all equations derived in Ref. [18], while
assuming a slow variation of ax to take disorder into
account. In the instantaneous valley state basis, the final
valley+orbital Hamiltonian is thus the following:

H̃v(x0) =
(

EVS(x)
2

τz + ϕ̇VS(x)
2

τx

)
⊗ I

+ �g(x)
2

I − τz

2
⊗ σz (B3)

with

EVS(x) = EVS,0 exp
(

−ax(x)2l2x
4

)
(B4)

ϕ̇VS(x) = ȧx(x)x + ax(x)v(x) (B5)

σz is the Pauli operator characterizing the spin, (I − τz)/2
is the projector onto the excited valley state and �g(x)
models the difference in g factor between the ground
and excited valley states. We assume that the electron is
smoothly shuttled back and forth along 2d dots separated
by a distance ldd (to account for the ancilla bus of Fig. 4),

such that

v(x) =
{
v, if x < 2dldd

−v, otherwise
(B6)

and

x(t) =
{
vt, if t < 2dldd/v

−vt + 4dldd, if 2dldd/v ≤ t < 4dldd/v
. (B7)

To model the disorder, we describe ax(x) with a smooth
random walk of the form:

ax(x) =
n∑

k=1

αk sin(λkx) (B8)

with n = 20 and λk chosen randomly between lx and the
maximum shuttled distance 2dldd. These bounds guaran-
tee a slow variation of the valley parameters on the scale
of the electron wave function but over the whole land-
scape explored via shuttling. In the worst-case scenario,
the ground and excited valley states should swap every
lx, meaning a variation of the valley phase of π . Thus a
worst-case value for ax is π/lx. For an n-step random walk
with unitary steps (αk = 1), the average maximum distance
is 〈maxx ax〉 = √

nπ/2. We therefore randomly sample αk
between 0 and

αmax = π

lx

√
2

nπ
= 1

lx

√
2π
n

(B9)

so that with high probability ax does not exceed π/lx.
The g-factor difference between ground and excited valley
states �g(x) is modeled similarly with

�g(x) =
n∑

k=1

βk sin(μkx), (B10)

where n = 20 and μk is a random number between lx and
2dldd. A typical maximum value for �g at a constant field
of 1 T is 100 MHz [38], thus we decide to randomly sample
each βk between 0 and

√
2/nπ × 100 MHz.

Finally, in order to understand the phase accumulation
over a whole stabilizer cycle, we prepare the valley+spin
electron wave function in

|ψ0〉 = |0〉 ⊗ |+〉 . (B11)

We assume a shuttling speed v = 10 m/s and a dot sep-
aration ldd = 140 nm as in the main text. The electron
spatial distribution is set to lx = 50 nm, and we choose
EVS,0 = 150 µeV, so that in the worst case of axlx = π ,
one gets EVS = 15 µeV, which in the lowest possible range
for EVS [18] (therefore increasing nonadiabatic errors). We
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aim to estimate the influence of the code size d on the
valley-induced dephasing noise, as it controls the overall
shuttling distance. Further, we study the effect of addition-
ally flipping the spin state via an X gate at the turning
point in the electron trajectory, in the spirit of dynami-
cal decoupling. Indeed, ignoring any disorder, we observe
that a flipped spin simply precesses back to its initial
state when shuttled back. Hence one may expect that the
same phenomenon happens in the presence of disorder and
could therefore be used to reduce the noise. The evolu-
tion of the wave function over time is obtained by solving
Schrödinger equation by time discretization over 50 000
time steps. The final probability of a Z error is given by
the overlap of the final state with the |−〉 spin state. In the
presence of random disorder, we estimate the dephasing
probability via Monte Carlo simulations, by repeating the
same experiment Nreps = 10 000 times.

Figure 14 shows the evolution of the valley-induced
dephasing probability pdia against the code distance d, both
with and without flipping the spin at the turning point of
the trajectory. One can see that the error rate is not lowered
by such manipulation: we therefore will not execute this
operation. By fitting the no flip data with a simple linear
regression y = γ x, one can infer a per-dot error proba-
bility pdia/4d = 1.4 × 10−6. As a comparison, the per-dot
error induced by adiabatic shuttling for T∗

2 = 8 µs, i.e.,
in the most optimistic case considered in the main text,
is padia/4d = 4 × 10−6. This justifies the addition of such
nonadiabatic effects in our modeling.

FIG. 14. Solid lines: valley-induced dephasing error pdia
against the code distance d, to which the shuttling distance is
proportional. Two cases are plotted, depending on if the spin
is flipped via an X before the electron is shuttled back. Dashed
lines: linear regression of both cases.

APPENDIX C: GOOD MATRIX FOR HGP CODE

In Secs. IV A and IV C, we simulated the performance of
a HGP constructed from the product of a [8,1,8] repetition
code and a [17,3,8] classical code generated randomly. Its
parity-check matrix H8 is

H8 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0
1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

In Sec. IV C, we followed the same protocol with a HGP
code constructed from the product of a [4,1,4] repetition
code and a [7,3,4] classical code generated randomly. Its
parity-check matrix H4 is

H4 =

⎛
⎜⎝

1 0 0 1 1 0 1
0 0 1 0 1 0 1
0 1 1 0 0 1 0
1 0 1 0 1 1 0

⎞
⎟⎠ .
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