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Abstract

Model comparison games are an important tool in both finite and unrestricted model the-
ory to prove when two structures satisfy the same sentences in a logic. Game comonads
encode particular model comparison games as comonads on the categories of structures.
This started with the work of Abramsky, Dawar, and Wang in 2017 on encoding pebble
games for finite variable logics. Since this initial work, several examples of comonads
have been engineered to capture a wide-range of logics relevant across different sub-fields
of theoretical computer science. Each game comonad provides a categorical characteri-
sation of an equivalence in a logic and its variants. The categorical constructions that
involve these comonads have proved to be a nice tool for organising tacit connections
between syntactic resources in logic, hierarchical approximations to constraint satisfac-
tion and isomorphism, and well-known combinatorial parameters such as treewidth and
tree-depth. Determining the commonalities shared amongst game comonads that en-
able them to have these features lead to the axiomatic formulation of arboreal category
and arboreal cover by Abramsky and Reggio in 2021. Arboreal categories axiomatise
the notion of category which has ‘tree-shaped’ objects and provide a native setting for
dynamic notions like simulation, bisimulation, and resource-indexing. Arboreal covers
are comonadic adjunctions to any ‘extensional’ category that allow application of these
dynamic notions to the ‘static’ objects of the extensional category. Game comonads all
arise as arboreal covers over categories of relational structures. The bridge drawn between
finite model theory and category theory via arboreal covers over relational structures pro-
vides benefits to both fields. For finite model theorists, arboreal covers provide a setting
for resource-sensitive constructions in model theory and allow categorical constructions
to be fruitfully applied–yielding new perspectives to concrete problems. For categorical
semanticists, tailoring and investigating abstract categorical constructions to this setting
poses new challenges for these constructions leading to interesting discoveries. In this
thesis, we exhibit a few contributions that serve to highlight these benefits:

• Relative-liftings of game comonads are used to capture logical equivalence for ‘en-
riched’ logics that contain symbols which carry specific interpretations, e.g. equal-
ity and connectivity predicates. In this thesis, we extend the Ehrenfeucht-Fräıssé
comonad to multi-sorted structures and use relative lifting of this comonad to cap-
ture equivalence in monadic second-order logics.



• We explore a strengthening of the axioms of an arboreal category to arrive at the
notion of ‘linear arboreal category’. Using this notion, we show how to derive a
linear variant of a game comonad. For logical equivalences that are captured by
game comonads, this generalises the passage from branching-time behavioural rela-
tions, e.g. bisimulation to linear-time behavioural relations, e.g. trace equivalence.
For combinatorial parameters captured by the coalgebras of a game comonad, this
generalises the passage from tree-like parameters, e.g. treewidth to their path-like
variant, e.g. pathwidth.

• We show that coKleisli laws of functorial operations over game comonads recover
Feferman-Vaught-Mostowski theorems. Feferman-Vaught-Mostowski theorems are
a basic tool used to show when a operation that combines structures preserves
logical equivalence.

• One of the initial questions posed in the game comonads program was on the rela-
tionship between the pebbling comonad and the distribution-like quantum monad,
defined by Abramsky, Barabosa, de Silva and Zapata in 2017, used to capture the
notion of quantum homomorphism. By tailoring the definition of the Ehrenfeucht-
Fräıssé comonad and quantum monad to commeasurable structures, we are able to
produce a distributive law suggesting a path towards ‘quantum finite model theory’.
As a side effect of this research, we also discovered a no-go theorem demonstrat-
ing that there is no comonad-monad distributive law between non-linear polynomial
comonads and monads which have a notion of ‘uniform sampling’. The proof method
and statement of the no-go theorem cover diverse range of (co)monads relevant to
categorical semantics in general.
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Chapter 1

Introduction

Category theorists look at structures as they “really are”, that is up to isomorphism.
Model theorists, on the other hand, look at structures through the deceptive lens of ex-
pressiblity in logic. That is, model theorists can only distinguish structures by properties
which are definable in a logic J . Formally, given two mathematical structures of the
same signature A and B, model theory is concerned with equivalence under the relation

A ≡J B := ∀ϕ ∈ J ,A ⊨ ϕ⇔ B ⊨ ϕ.

The equivalence ≡J is a key step in showing that a property P of structures is not
expressible in the logic J . To demonstrate inexpressibilty of P in J using the equivalence
relation ≡J , it suffices to construct structures A,B with A ≡J B such that P is true
in A, P is false in B. This is because if P were definable in J , then there would be a
sentence ϕP ∈ J , such that A ⊨ ϕP and B ̸⊨ ϕP . However, this cannot be the case, since
by A ≡J B, A and B satisfy the exact same sentences in J .

Model comparison games, also known as Ehrenfeucht-Fräıssé games or bisimulation games,
are a tool to prove, given A and B, that A ≡J B. An instance of a model comparison
game from A to B has two players, Spoiler and Duplicator. Spoiler attempts to disprove
that A and B are equivalent in ≡J by choosing elements from these structures in order
to demonstrate a local difference between them. Duplicator, knowing Spoiler’s limita-
tions, must respond with matching elements that satisfy the same relations as Spoiler’s
choices. Formally, Duplicator wins the game by maintaining a partial isomorphism, con-
sisting of the chosen elements, between the two structures. In the case of non-isomorphic
structures A and B, Duplicator’s task is difficult as she must deceive Spoiler by respond-
ing with elements that evade the difference between A and B. Typically, these model
comparison games are graded by some (usually, finite) ordinal resource parameter which
constrains the local windows that Spoiler is allowed to play. Since equivalence in first
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order logic is the same as isomorphism over finite structures, grading by equivalence by
some resource parameter is in fact essential for proving inexpressiblity results for logics
over finite structures.

1.1 Model comparison game comonads

One such example of a model comparison game is the k-pebble game capturing equivalence
in infinitary logic with at most k-many variables. This game was introduced by Immerman
in [47] to study PTIME properties of finite structures. The k-pebble game has two
variants: the one-sided variant introduced by Kolaitis and Vardi in [58] which has a tight
connection with the k-consistency test, and the bijection variant introduced in [48] which
has a tight connection with the k-Weisfeiler-Leman graph isomorphism test. Abramsky,
Dawar, and Wang [5] provided these games with a categorical interpretation in terms of
morphisms involving the k-pebble comonad Pk. The coalgebras of this pebbling comonad
are equivalent to tree decompositions of width < k providing a coalgebraic definition of
treewidth. Consequently, the pebbling comonad formalises the previously folkloric, tacit
connections between finite variable logics, local consistency testing, Weisfeiler-Leman
isomorphism testing, and bounded treewidth classes.

In my masters thesis [81] and in a joint paper with Abramsky [12], we adapted the peb-
bling comonad construction to obtain comonads which capture the k-round Ehrenfeucht-
Fräıssé game characterising equivalence in first-order logic up to rank k, and the k-round
bisimulation game characterising equivalence in modal logic up to depth k. These con-
structions were further developed upon in the journal version [13] of [12] by giving a suf-
ficiently categorical definition of back-and-forth systems (leading to the later axiomatic
developments in [9]), a theorem linking combinatorial parameters with positive-existential
fragments, and a family of parameterised Chandra-Merlin style correspondences. Since
then similar game comonads have been engineered to capture equivalence in guarded
logics [7], hybrid logic [8], description logic [20], logics with restricted conjunction [68],
and finite variable logics extended with all n-ary generalised quantifiers [25].

Every game comonad Ck is a comonad over a category of σ-structures Struct(σ) or pointed
σ-structures Struct⋆(σ) for a relational signature σ. As model comparison games for logics
have no formal definition, these game comonads are not constructed systematically via a
general definition that applies to all cases. However, each game comonad Ck is associated
to a logic J bounded by a resource parameter k. Every such game comonad exhibits the
same pattern of results which we review below.
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Morphism power theorem Given a logic Jk graded by some syntactic resource, e.g.
number of variables, quantifier rank, modal depth, there is an associated back-and-forth
model comparison game between structures characterising the equivalence ≡Jk

. Every
such game can be restricted to a one-sided or ‘forth’ variant, where Spoiler and Duplicator
do not switch structures, and Duplicator only has to preserve the relations between the
chosen elements (rather than preserve and reflect the relations). This game turns out to
characterise the relation

A⇛∃+Jk B := ∀ϕ ∈ ∃+J ,A ⊨ ϕ⇒ B ⊨ ϕ

for the positive-existential fragment ∃+Jk of Jk. The existence of a Duplicator winning
strategy in a one-sided game from A to B is equivalent to the existence of a morphism
in the coKleisli category of Ck, i.e. a σ-morphism of type CkA → B.

Isomorphism power theorem Every model comparison game we consider has a bi-
jection variant where Duplicator, prior to seeing Spoiler’s choice, chooses a bijection
between the universes of the two structures. After Spoiler makes his choice, Duplicator
makes her choice by applying the bijection to Spoiler’s chosen element. This bijection
game characterises equivalence ≡#Jk where #Jk is Jk extended with quantifiers of the
form ∃≤nx and ∃≥nx. These quantifiers state that there exists at most or at least n, re-
spectively, witnesses to x which satisfy the bound formula. The existence of a Duplicator
winning strategy in a bijection game is equivalent to the existence of an isomorphism in
the coKleisli category of Ck.

Coalgebra characterisation theorem The coalgebras A → CkA for each Spoiler-
Duplicator game comonad provides the data of a forest cover or tree-like decomposition
of the σ-structure A. Resource-indexing these comonads give coalgebraic definitions
of common combinatorial parameters, e.g. tree-depth, treewidth, pathwidth, hypertree-
width, used in graph theory and fixed parameter complexity.

Bisimulation power theorems The early research on these game comonads suffered
from a ‘Goldilocks problem’. In the first paper on the pebbling comonad [5], the preserva-
tion in the positive-existential fragment of k-variable logic and equivalence in k-variable
counting language had clean characterisations in terms of the coKleisli category of Pk.
However, the full (unaltered) k-variable fragment was characterised in terms of an oper-
ation on the positional forms induced by coKleisli morphisms of Pk. This positional form
was insufficiently categorical and thus, not easily adapted to the game comonads explored
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in [12]. Nevertheless, the paper [12] did give an algebraic characterisation of these back-
and-forth equivalences in terms of a fixpoint operation on the set of coKleisli morphisms
between two structures. Finally, due to the insights of my co-author Samson Abramsky,
this Goldilocks problem was resolved, in a satisfactorily categorical way, in the journal
extension [13] of [12]. There it was shown that for all the Ehrenfeucht-Fräıssé, pebbling,
and modal comonads, the corresponding logical equivalence ≡Jk could be captured by
using a modified notion of Joyal, Nielsen, and Winskel’s open map bisimulation [53] in
the category of coalgebras for Ck. This laid the foundation for the axioms of an arboreal
category which isolated the categorical properties that enable this notion of bisimulation
to be meaningful and applicable to all game comonads.

1.2 Arboreal categories

An arboreal category C, first formulated by Abramsky and Reggio in [9], axiomatises the
common properties shared amongst each game comonad’s Eilenberg-Moore category. In-
tuitively, an arboreal category captures the notion of category with “tree-shaped” objects.
An arboreal cover of category E by C is a comonadic adjunction L ⊣ R, where L : C→ E,
R : E→ C, and E is any category whose objects we view as ‘static’. The comonadic prop-
erty of the adjunction then allows us to view the object R(X) in C as a tree-shaped cover
of X which encodes a process for building up (parts of) of the object X in E. Via this ad-
junction objects in E can be compared using a notion of bisimulation that naturally arises
from the arboreal structure of C. Each example model comparison game comonad is the
induced comonad of an arboreal cover on a category of (pointed)-relational structures by
an arboreal category C.

Many concepts and results in both unrestricted and finite model theory can be formulated
more generically via arboreal covers. Applying these generic formulations to different
instances of arboreal covers has led to new results.

Lovász-type theorem A classical result by Lovász in his seminal paper [61] is that
for all finite relational structures A and B, A is is isomorphic to B if and only if, for all
finite relational structures (over the same signature) C, the number of homomorphisms
from C to A is the same as the number of homomorphisms from C to B. Lovász’s
theorem is a strengthening of the full and faithfulness of the Yoneda embedding for
the category of finite σ-structures E = Structf (σ). Namely, a corollary of Yoneda’s
lemma is that isomorphism between representable presheaves E(−,A) ∼= E(−,B) in E is
equivalent to A ∼= B. Lovász had showed that, in the category E, this characterisation
of isomorphism could be weakened to pointwise isomorphism of presheaves, i.e. for all
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C ∈ Ob(E), there is a bijection between the homsets E(C,A) ∼= E(C,B). Following this
result, weaker notions of equivalence were discovered to have analogous homomorphism
counting characterisations via restricting the class of test structures C. For instance,
Dvořák in [33] showed that counting homomorphisms from finite structures of treewidth
< k yields equivalence in k-variable logic with counting quantifiers. Grohe in [43] showed
that counting homomorphisms from finite structures of tree-depth ≤ k yields equivalence
in counting logic with quantifier rank ≤ k.

Dawar, Jakl and Reggio in [30] introduced a generalisation of Lovász-type theorems that
applies to a class of categories which includes arboreal categories. Applying this result to
specific arboreal categories recover Dvořák and Grohe’s results. This result was applied in
joint work [68] with Yoàv Montacute to obtain a new Lovász-type theorem demonstrating
that counting homomorphisms from finite structures of pathwidth < k yields equivalence
in a restricted conjunction, walk counting fragment of k-variable counting logic.

Rossman-style equiresource preservation theorems Preservation theorems char-
acterise the syntactic form of sentence by the relation on models that preserve the truth of
the sentence. For instance, a classical result in (unrestricted) model theory attributed to
 Loś, Lyndon, and Tarski is the homomorphism preservation theorem (HPT) [85, 62, 82]
stating that a first-order sentence is preserved under homomorphisms if and only if, the
sentence is equivalent to a positive-existential sentence. Benjamin Rossman proved that
the HPT remains true when restricted to finite structures [79]. Rossman’s result is in
sharp contrast to many other preservation theorems in classical model theory which fail
over finite structures. As a warm-up for this finite HPT, Rossman proved an equirank
HPT demonstrating that a first-order sentence of quantifier rank ≤ k is preserved under
homomorphisms if and only if, the sentence is equivalent to a positive-existential sentence
of quantifier rank ≤ k [79]. Beginning with work from Thomas Paine in [73] and culminat-
ing in Samson Abramsky and Luca Reggio’s paper [11], the proof of Rossman’s equirank
HPT was reformulated in terms of arboreal covers. Generalising this proof yields similar
Rossman-style equiresource theorems covering a wider range of resource-bounded logics
with preservation under different semantic relations, e.g. modal depth and simulation
preservation, guarded depth and guarded simulation preservation. These Rossman-style
equiresource theorems point towards arboreal covers providing a framework for resource-
sensitive model theory without compactness. Given the inherent non-constructive nature
of compactness, this is a necessary restriction to address the needs of finite and algorith-
mic model theory.
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1.3 Contributions of this thesis

Game comonads and their arboreal cover formulation have opened up the possibility of
applying categorical concepts to not only finite model theory, but other areas of logic
in computer science. The results of this thesis demonstrate how a categorical notion,
applied in the arboreal setting, unifies similar constructions or theorems within logic in
computer science:

(C1) Second-order logics via relative liftings of comonads. Each structure A of a language
in signature σ specifies an interpretation RA for each relational symbol R ∈ σ.
These interpretations of atomic symbols determine the base case in the semantics
of the language. However, often in model theory it is useful to have structures
where some of the atomic symbols are restricted to a fixed interpretation. That is,
these interpreted symbols are defined “in the same way” across different structures.
For instance, many logics contain an equality symbol which is interpreted, for every
structure A, as the equality of elements in the underlying universe A. Another
example is first-order logic with a connectivity predicate conn as in [80] defined
as the transitive closure of the edge relation in the Gaifman Graph G(A) of A.
As connectivity of G(A) is inexpressible in first-order logic over finite structures,
this logic is genuinely more expressive than ‘unenriched’ first order logic. Through
relative-liftings of game comonad, we can capture equivalence in these enriched log-
ics. First, we illustrate the technique of using relative liftings on Ehrenfeucht-Fräıssé
comonads in order to capture equivalence in logics with equality and connectivity
predicates. Second, we adapt the definition of the Ehrenfeucht-Fräıssé comonad to
multi-sorted structures. Finally, we use a relative lifting of this comonad to capture
equivalence in monadic second-order logic.

(C2) Linear time equivalences via an adjunction. By strengthening the notion of ar-
boreal cover to linear arboreal cover, we unify three disparate ways in which the
concept of ‘linearity’ appears within logic for computer science. The first such
thread is in the study of linear-time variants, e.g. trace equivalence and trace in-
clusion, of branching-time equivalences between processes, e.g. bisimulation and
simulation [83, 84]. The second such thread is in the study of fragments of infini-
tary logic related to linear Datalog [29]. The final thread is in the study of linear
variants of combinatorial parameters that are defined in terms of tree-like decom-
positions. For instance, pathwidth is the linear variant of treewidth. We begin
by adding two axioms to the notion of arboreal category to arrive at the notion
of linear arboreal category allowing us to define a linear arboreal cover. Next, we
show that every arboreal category C whose path objects satisfy a strong connected
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condition has a linear arboreal subcategory CL containing the “linear tree-shaped
objects” and “leaf-preserving” morphisms. We also show how to construct, from an
arboreal cover of E by C, a linear arboreal cover of E by CL. This provides a general
method for deriving linear variants of game comonads. Finally, we exhibit linear
variants of the pebbling and modal comonads, demonstrating how their relationship
with linear variants of combinatorial parameters and behavioural equivalences.

(C3) Feferman-Vaught-Mostowski theorems via CoKleisli laws. Though the equivalence
relation ≡J for many logics J is characterised using a corresponding Spoiler-
Duplicator game, in practice using these games directly can be cumbersome. The
composition method is a tool that finite model theorists use to mitigate this diffi-
culty by enabling modular reasoning [59]. This method involves building structures
by inductively applying operations on simple component structures. Feferman-
Vaught-Mostowski (FVM) theorems enable this method by demonstrating an op-
eration H preserves logical equivalence ≡J . More generally, we consider FVM
theorems of the form:

if ∀i ∈ [n] and Ai,Bi ∈ Ob(Ci),Ai ≡Ji Bi, then H(A1, . . . ,An) ≡J H(B1, . . . ,Bn)

for logics J1, . . . ,Jn,J and a operation H : C1 × · · · × Cn → C on categories of
(pointed) σ-structures C1, . . . ,Cn,C. First, we show how discrete transformations
can be re-interpreted as witnessing FVM theorems for positive-existential frag-
ments. Next, we show how coKleisli laws can be re-interpreted as FVM theorems for
logics extended with counting quantifiers. We exhibit translations between logics
and FVM theorems for clique-width operations as examples.

(C4) Towards quantum finite model theory via a mixed distributive law. Parallel to the
discovery of the pebbling comonad Pk was the discovery of the quantum monad Qd

[4]. The quantum monad characterises a notion of quantum homomorphism [65],
originally defined in terms of perfect strategies of non-local games, between rela-
tional structures. As alluded to in [4] and conjectured explicitly in [24], a mixed
distributive law of type PkQd → QdPk relating these two constructions may poten-
tially give rise to “quantum finite model theory”. More generally, we could ask for
what game comonads Ck does there exist a distributive law of type CkQd → QdCk?
We address this question by first moving to a category of ‘commeasurable’ relational
structures Struct⊙(σ). We then produce an Ehrenfeucht-Fräıssé game comonad E⊙

k

and quantum monad Q⊙
d tailored to this setting. Finally, we produce a distributive

law of type E⊙
k Q⊙

d → Q⊙
d E⊙

k .
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Another aspect of the study of arboreal categories has been to motivate research into
concrete category theory. As part of the search for a distributive law of a game comonad
over the quantum monad, we made the following contribution to the general study of
mixed comonad-monad distributive laws in concrete category theory:

(C5) No-go theorems for directed containers over uniform choice. In a sense, the powerset
monad and distribution monads are crude version of the quantum monad operating
at the level of ‘possibilities’ or ‘probabilities’ rather than assigning measurement
outcomes to these possibilities. Similarly, most of the game comonads coincide (or
are minor variants of) the prefix list comonad over Set. Therefore, in order to
address the question of finding a distributive law of Pk over Qd, we first explored
the question of whether the prefix list comonad distributes over the powerset monad
or distribution monad. Using a Plotkin-style argument, we show that there can be
no mixed distributive law of the prefix list comonad over the powerset monad. We
then generalise this result in two ways. First, we generalise the comonad and show
that every directed container which is not a coreader comonad has no distributive
law over the powerset monad. Second, we generalise the monad and show that
this same class of comonads has no distributive law over any monad which has a
meaningful notion of ‘uniform distribution’. This class of uniform choice monads
is axiomatised using semi-algebraic conditions. We then determine necessary and
sufficient conditions on semirings S for the multiset MS and distribution monads
DS on that semiring to be uniform choice. We also exhibit the filter monad as a
uniform choice monad.

1.4 Outline and relationship to other work

In the following, I contributed underlying ideas, candidate constructions, proofs, and/or
exposition to the portions of joint work that appear in this thesis.

Chapter 2 sets out background material necessary for understanding the rest of the thesis.

Chapter 3 is a re-presentation of the content in Samson Abramsky and Luca Reggio’s
papers [9, 10]. The axioms of arboreal categories were motivated by the concrete ex-
amples of game comonads from Samson Abramsky, Anuj Dawar, and Penming Wang’s
paper [5], and my joint work with Samson Abramsky in the paper [12] and its extended
journal version [13]. These examples, presented as arboreal covers, are included in Sec-
tions 3.2.2, 3.2.3, and 3.2.4. Section 3.3 of Chapter 3 is about using relative liftings of
game comonads to capture equivalence in logics with interpreted symbols, e.g. equality
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and connectivity predicates. This work generalises the use of relative comonads to for-
malise I-morphisms which appeared in [13]. The concept of I-morphisms first appeared
without this formalisation in [5] and was used to capture finite variable logic with equality.
Section 3.3.2 is on the contribution (C1) where we construct a multi-sorted Ehrenfeucht-
Fräıssé comonad and use a relative-lifting of this comonad to capture equivalence in
monadic second-order logic. This construction and its application to capturing equiv-
alence in monadic-second order logic is joint work with Tomáš Jakl and Dan Marsden
appearing in the preprint [50].

Chapter 4 includes the details of contribution (C2) about linear arboreal subcategories.
The content of this chapter is from joint work with Samson Abramsky and Yoàv Mon-
tacute in the conference paper [69]. This was motivated by the example of ‘linearising’
the pebbling comonad to obtain the pebble-relation comonad. Thus, the example of the
linear pebbling arboreal cover in Section 4.2.2 includes content from my joint work with
Yoàv Montacute in the papers [68, 70] on the pebble-relation comonad. The example of
the linear modal arboreal cover in Section 4.2.3 is also from the preprint [69].

Chapter 5 is on the contribution (C3) demonstrating how coKleisli laws over game comon-
ads correspond to FVM theorems in logic. Section 5.2 explains how discrete transfor-
mations and coKleisli law can be interpreted as abstract FVM theorems for positive-
existential and counting logics. Section 5.3 illustrates this interpretation by semantically
recovering translations between logics using game comonads, and proving FVM theorems
about clique-width operations. This content of this chapter derives from joint work with
Tomáš Jakl and Dan Marsden in the paper [52].

Chapter 6 is on the contributions (C5) and (C4) pertaining to comonad-monad distribu-
tive laws. Section 6.2 is on the contribution (C5) proving that there is no comonad-monad
distributive law for a class of comonads induced by directed containers and a class of mon-
ads which have a meaningful notion of ‘uniform choice’ formalised using semi-algebraic
notions. The content of Section 6.2.2 is joint work with Amin Karamlou in the forth-
coming paper [55]. Section 6.3.3 is on the contribution (C4) and where we construct a
distributive law of the Ehrenfeucht-Fräıssé comonad E⊙

k over the quantum monad Q⊙
d

tailored to ‘commeasurable’ relational structures. The content of Section 6.3.3 is joint
work with Amin Karamlou and is ongoing [56].

Chapter 7 concludes this thesis with a summary and explanations of further research
directions.
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Chapter 2

Background

This chapter gives an introduction to the concepts and notations in category theory and
finite model theory that I will employ in this thesis.

2.1 Set and order notations

For every n ∈ N, we write [n] to denote the set {1, . . . , n} and (n) to denote the set
{0, . . . , n}. Given a sequence s = [x1, . . . , xn], we write s[i, j], where i < j, for the
subsequence [xi, . . . , xj] and s(i, j] for the subsequence [xi+1, . . . , xj]. Given a sequence
s = [x1, . . . , xn] and index i ∈ [n], we will write s[i] to denote the i-th element xi. Given
two sequences s, s′, we write s ⊑ s′ if s is a prefix of s′ and ss′ for the concatenation
of the the two sequences. We write suffix(s, s′) for the sequence t such that st = s′. If
s = [(p1, a1), . . . , (pn, an)] is a sequence of pairs from a set [k]×A, then we write lastp(s)
to denote an element ai, whenever p = pi ∈ [k] is the last occurrence of p in the sequence
s. We will also denotes lists as a⃗ = (a1, . . . , an) ∈ An, we will use [⃗a] to denote the
support set {a1, . . . , an}.

Given a partially ordered set (X,≤), for x ∈ X, the down set of x is

↓ x = {y ∈ X | y ≤ x}; and

the up set of x is
↑ x = {y ∈ X | x ≤ y}.

The strict relation < generated by ≤ is defined as

x < y if x ≤ y and x ̸= y; and

the covering relation ≺ generated by ≤ is defined as

x ≺ y if x < y and there is no z such that x < z < y.
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A partially ordered set (L,≤) is linearly ordered if for all x, y ∈ L

x ≤ y or y ≤ x.

Definition 2.1.1. A partially ordered set (T,≤) is a forest if for all x ∈ T , ↓x is finite
and linearly ordered by ≤. We say that ≤ forest orders T .

Given a forest (T,≤), if x ∈ T is such that for all y ≤ x, y = x, then x is a minimal
element of T . The height of an element x ∈ T , denoted ht(x), in a forest (T,≤) is
the cardinality of the set ↓ x\{x}. The height of the forest (T,≤), denoted ht(T ), is
maxx∈T ht(x). The set of successors of an element x ∈ T is succ(x) := {x′ | x′ ≻ x}.

Definition 2.1.2. A function f : X → Y between two forests (X,≤X) and (Y,≤Y ) is
a forest morphism f : (X,≤X) → (Y,≤Y ) if for every minimal element x ∈ X, f(x) is
minimal and for every x, x′, if x ≺X x′, then f(x) ≺Y f(x′).

Viewing forests as partially ordered sets, this definition of forest morphism is equivalent
to height-preserving monotone map.

Definition 2.1.3. A forest (T,≤) is a tree if there exists at most one minimal element
⊥ called the root, i.e ⊥ ∈ T such that for all x ∈ T , ⊥ ≤ x. We say that ≤ tree orders
T . The tree with no root is the unique empty tree.

Definition 2.1.4. A (T,≤) is a forest is a linear forest if every up-set ↑x is finite and
linearly ordered.

If (T,≤) is a linear forest and a tree, then it follows that ≤ is finite and linearly ordered.

Definition 2.1.5. A tree (T,≤) with root ⊥ is a linear tree if (T\{⊥},≤) is a linear
forest.

For a set X, we will use P(X) to denote the powerset of X. For a set function f ,
P(f) : P(X)→ P(Y ) is the direct-image function where

f(S) = {f(x) ∈ Y | x ∈ S}.

2.2 Model theory

Definition 2.2.1. A finite, relational signature σ is a finite set of relational symbols
where every relational symbol R ∈ σ has an associated positive integer arity.

Remark 2.2.2. In model theory, signatures may contain constant symbols, function
symbols with associated arities, and moreover, are not necessarily finite sets. However,
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a common practice in the sub-field of finite model theory is to restrict to finite rela-
tional signatures. This restriction is not essential, but enables the theorems to be less
cumbersome to state.

Definition 2.2.3. A σ-structure A is given by a set A, the universe of the structure A,
and interpretations RA ⊆ Ar for every relational symbol R ∈ σ with arity r.

Formally, model theorists define a logic J to be a function from (relational) signatures
σ to a collection J (σ) of formulas ϕ(x⃗) for some list of free variables x⃗. Each logic J
is equipped with a semantics relation ⊨J (σ) defining when σ-structure A paired with a
choice of parameters a⃗ ∈ An satisfy a formula φ(x⃗). As the logic and signature will often
be implicit, the assertion that A, a⃗ satisfies a formula φ(x⃗) will be denoted as:

A, a⃗ ⊨ φ(x⃗).

For any two σ-structures A, B, parameters a⃗ ∈ An, b⃗ ∈ Bn, and free variables x⃗ =
(x1, . . . , xn) we write

(A, a⃗) ⇛J (B, b⃗) if ∀ϕ(x⃗) ∈ J (σ), (A, a⃗) ⊨ ϕ(x⃗)⇒ (B, b⃗) ⊨ ϕ(x⃗); and
(A, a⃗) ≡J (B, b⃗) if ∀ϕ(x⃗) ∈ J (σ), (A, a⃗) ⊨ ϕ(x⃗)⇔ (B, b⃗) ⊨ ϕ(x⃗).

A sentence in J (σ) is formula of J (σ) with no free variables.

2.2.1 First-order and infinitary logic

We assume the standard semantics and syntax of first-order logic, denoted FO, as
defined in [59]. Infinitary logic, denoted L∞, extends first-order logic with disjunc-
tions/conjunction over arbitrary (possibly infinite) sets of formulas. For both FO and
L∞, we will assume these logics are equality-free, i.e. there is no symbol that denotes
equality in the universe of the structure. From both first-order logic and infinitary logic,
we will consider three variants:

• ∃+L∞ and ∃+FO are the fragments of L∞ and FO, respectively, restricted to
positive-existential formulas, i.e. those without negations or universal quantifiers.

• ∃L∞ and ∃FO are the fragments of L∞ and FO, respectively, restricted to exis-
tential formulas, those without universal quantifiers and negations only applied to
atomic subformulas.

• #L∞ and #FO are the extensions of L∞ and FO, respectively, with formulas that
involve counting quantifiers of the form ∃≤ix and ∃≥ix for each i ∈ N. The formula
∃≤ixφ(x, y⃗) has the semantics that there exists at most i many witnesses to x

12



satisfying the formula φ(x, y⃗). Similarly, the formula ∃≥ixφ(x, y⃗) has the semantics
that there exists at least i many witnesses to x satisfying the formula φ(x, y⃗).

We will grade FO, L∞, and their variants, by two resource parameters:

• Variables. For every k ∈ N with k > 0 and any logic J mentioned in this section,
J k is the J restricted to formulas which only use the variables {x1, . . . , xk}.

• Quantifier Rank. For every k ∈ N with k > 0 and any logic J mentioned in this
section, Jk is the J restricted to formulas whose nesting depth of quantifiers is at
most k.

For instance, FOk, Lk, ∃+Lk, #Lk denote the k-variable fragments of first-order logic,
infinitary logic, positive-existential infinitary logic, and infinitary logic with counting
quantifiers. Similarly, FOk, Lk, ∃+Lk, #Lk denote the fragments of first-order logic,
infinitary logic, positive-existential infinitary logic, and infinitary logic with counting
quantifiers restricted to formulas with quantifier rank ≤ k.

When necessary, for a quantifier Q and a vector of variables y⃗ = (y1, . . . , ym), we will use
Qy⃗ as a shorthand for the quantifier block Qy1Qy2 . . . Qym. A formula φ(y⃗) ∈ ∃+L∞ is
primitive if φ(y⃗) only involves only atomics, conjunctions and existential quantifiers, i.e.
does not involve disjunctions.

2.2.2 Modal logic

We say signature σ is a modal signature if for all symbols R ∈ σ, the arity of R is ≤ 2.
We will assume each binary relation Rα is indexed by a transition alphabet α ∈ Act and
each unary relation P is associated to a propositional variable in PV. The reason for this
terminology is that pointed σ-structures (A, a) of modal signatures σ provide a semantics
for multi-modal logic M. Namely, if σ is modal, for each unary relation symbol P ∈ σ
we assign a propositional variable p, and to each binary relational symbol Rα ∈ σ, we
have modalities □α and ♢α which are interpreted using RA

α as the accessibility relation
between worlds a ∈ A in a σ-structure A. As with first-order logic and infinitary logic,
we will investigate the analogous variants of M:

• ♢+M is the fragment of M restricted to positive, ♢α-formulas, i.e. those without
negations or □α modalities.

• ♢M is the fragment of M restricted to ♢α-formulas and negations only applied to
propositions.

• #M is the extension of M with graded modalities ♢≤n
α and ♢≥n

α for every n ∈ N
as in [32]. The semantic relation ⊨ is extended to interpret these formulas as:
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– (A, a) ⊨ ♢≤n
α ψ if there exists at least n-many worlds a′ ∈ A where (a, a′) ∈ RA

α

such that (A, a′) ⊨ ψ.

– (A, a) ⊨ ♢≥n
α ψ if there exists at most n-many worlds a′ ∈ A where (a, a′) ∈ RA

α

such that (A, a′) ⊨ ψ.

We will also grade M and its variants by the modal depth, i.e. the nesting depth of
modalities. Thus, Mk,♢+Mk,♢Mk,#Mk are the fragments of M,♢+M,♢M,#M,
respectively, restricted to formulas with modal depth at most k.

2.3 Category Theory

We assume the reader is familiar with the standard definitions of category, functor, natural
transformation, and (co)limits (see e.g. [14, 78] for details). For a category C, the class
of objects will be denoted Ob(C) and the class of morphisms will be denoted Mor(C).
Given objects X, Y ∈ Ob(C), C(X, Y ) denotes the class of morphisms of type X → Y

in Mor(C). For a category C, we will write X →C Y if there exists a morphism X →
Y ∈ Mor(C) and X ∼=C Y if there exists an isomorphism X → Y ∈ Mor(C). As all
the categories we consider are locally-small, C(X, Y ) is always a set. Familiarity with
the definition of comonad and adjunction is helpful, but not strictly necessary, as we will
define generalisations of these concepts.

The category of locally small categories with functor will be denoted Cat. The category
of sets and functions will be denote Set.

2.3.1 Relative comonads

The following definitions are the dual of the definitions given in [17] on relative monads.

Definition 2.3.1. Given a functor J : J → C, a relative comonad on J is a triple
(T, ε, (·)∗) where T : Ob(J) → Ob(C) is an object mapping, for every X ∈ Ob(J),
there is a morphism εX : TX → JX ∈ Mor(C), and for every morphism f : TX →
JY ∈Mor(C), there is a coextension morphism f ∗ : TX → TY ∈Mor(C) satisfying the
following equations:

(εX)∗ = idTX ε ◦ f ∗ = f (g ◦ f ∗)∗ = g∗ ◦ f ∗

These equations allow us to extend the object mapping T : Ob(J)→ Ob(C) to a functor
T : J→ C where T(f) = (J(f) ◦ εX)∗.

Definition 2.3.2. Given a relative comonad (T, ε, (·)∗) over J : J → C, the CoKleisli
category of T, denoted Kl(T), is defined such that
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• Ob(Kl(T)) = Ob(J); and

• Kl(T)(X, Y ) = C(TX, JY ).

• The composition g ◦Kl(T) f : TX → JZ of two morphisms f : TX → JY and
g : TY → JZ is given by

TX f∗
−→ TY g−→ JZ.

• The identity morphisms are given by the counit

εX : TX → JX.

The ordinary notion of a comonad in coKleisli form [63] and the corresponding coKleisli
category can be recovered when J = C and J = idC. Observe that given a comonad
(T, ε, (·)∗) and a functor J : J → C, the functor TJ = T ◦ J can be made into a relative
comonad (TJ , ε′, (·)′) on J , where ε′

X = εJX and the coextension mapping (·)′ is defined
for f : TJX → JY to be the same as f ∗, i.e. f ′ = f ∗ : TJ → TJY . We say that TJ is the
relative-lifting of T along J .

Given an ordinary comonad in coKleisli form, we can define a comultiplication morphism
δX : TX → TTX, where δX = (idTX)∗, which satisfies the following equations:

TδX ◦ δX = δTX ◦ δX ; TεX ◦ δX = εTX ◦ δX = idTX .

The triple (T : C → C, ε, δ), where T is a functor, ε is a natural transformation, and δ

is a natural transformation, is a comonad in standard form. Its coKleisli form can be
recovered by defining the coextension mapping (·)∗ as f ∗ = Tf ◦ δ.

Definition 2.3.3. Given a comonad (T : C → C, ε, δ), a coalgebra over T is defined as
a pair (A,α : A → TA), where A ∈ Ob(C) and α ∈ Mor(C), satisfying the following
diagrams:

δA ◦ α = Tα ◦ α (2.1)

εA ◦ α = idA. (2.2)

Definition 2.3.4. The category of coalgebras, or Eilenberg-Moore category, associated
with a comonad T : C→ C, denoted by EM(T), is defined as

• Ob(EM(T)) consists of coalgebras (A,α : A→ TA);

• A morphism of type h : (A,α) → (B, β) ∈ Mor(EM(T)) is a morphism h : A →
B ∈Mor(C) such that Th ◦ α = β ◦ h;

• Identity and composition are defined as in C.
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2.3.2 Relative adjunctions

Definition 2.3.5. A relative adjunction between a functor J : J → D and a category C

is two functors L : C→ D, R : J→ C and family of bijections:

ϕX,Y : D(L(X), J(Y )) ∼= C(X,R(Y ))

which is natural in both arguments X, Y .

We recover the notion of ordinary adjunction when J = D and J = IdD. Given an ordinary
adjunction L ⊣ R, the unit of the adjunction has components ηX = ϕX,L(X)(idL(X))
and the counit of the adjunction has components εX = ϕ−1

R(Y ),Y (idR(Y )). Every ordinary
adjunction L : C→ D ⊣ R : D→ C yields a comonad (T, ε, δ) over D, where T = LR, ε is
the counit of the adjunction, and the component δX : LR(X)→ LRLR(X) for X ∈ D is
defined as L(ηR(X)). A resolution of T : D→ D is an adjunction L : C→ D ⊣ R : D→ C

that gives rise to T as a comonad. There is a category of resolutions of T, denoted by
Res(T), defined as:

• The class Ob(Res(T)) consists of adjunctions (L ⊣ R, ϕ) with L : C → D and
R : D→ C such that T = LR;

• A morphism of type K : (L ⊣ R, ϕ)→ (L′ ⊣ R′, ϕ′) in Mor(Res(T)) where L : C→
D and L′ : C′ → D is a functor K : C→ C′ where the diagram

C

D

C′

K

L

R

R′

L′

commutes in Cat;

• Identity and composition are defined as in Cat.

The terminal object of Res(T) is the forgetful-cofree adjunction U ⊣ F where U : EM(T)→
D and F : D→ EM(T). Thus for every resolution (L ⊣ R, ϕ) of T with unit η : IdD → RL,
there is a unique morphism K! : C→ EM(T) given by the functor such that

• For every X ∈ Ob(X) K!(X) = (L(X), L(ηX) : LX → LRL(X)). By T = LR and
the properties of the resolution (L ⊣ R, ϕ), L(ηX) : L(X)→ T(L(X)) is indeed a
coalgebra.
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• For every morphism f ∈ C(X, Y ), K!(f) is the commutative diagram:

L(X) T(L(X))

L(Y ) T(L(Y ))

L(ηX)

f L(ϕ(f))

L(ηY )

A resolution L ⊣ R is a comonadic adjunction if this unique morphism K! : C→ EM(T)
in Res(T) is an equivalence.

2.3.3 Factorisation Systems

Definition 2.3.6 (lifting property). Given a category C and morphisms e and m in C,
we say that e has the left lifting property with respect to m (or that m has the right lifting
property with respect to e), if for every commutative diagram as the left diagram below,
there exists a diagonal filler d such that the right diagram below commutes.

• •

• •

e

m

• •

• •

e

d

m

We denote this property by e ⋔ m. For any class M of morphisms in C, let ⋔M denote
the class of morphisms with the left lifting property with respect to every morphism in
M. The class M⋔ is defined analogously.

Definition 2.3.7 (weak factorisation system). Given two classes of morphisms Q and M

in a category C, the pair (Q,M) is a weak factorisation system if the following conditions
are satisfied:

(1) For every morphism f in C, f = m ◦ e, where e ∈ Q and m ∈M;

(2) Q = ⋔M and M = Q⋔.

A weak factorisation system is proper if every e ∈ Q is an epimorphism and every m ∈M

is a monomorphism. A proper weak factorisation system is stable if for every e ∈ Q and
m ∈M, with the same codomain, there exists a pullback of e along m in Q.

Definition 2.3.8. A triple (C,Q,M) is a factorised category if (Q,M) is a stable proper
factorisation system of C.

Throughout this thesis, we will use some properties of factorised categories which we
enumerate in Proposition 2.3.9 below. This proposition is a restatement of [9, Lemma
2.5], but these are well-known results that also appear in reference material, e.g. [77]
and [37].
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Proposition 2.3.9. Let (C,Q,M) be a factorised category. The following statements
hold:

(a) Q and M are closed under composition.

(b) Q ∩M = {isomorphisms}

(c) The pullback of a morphism in M along any morphism in Mor(C), if it exists, is
in M.

(d) g ◦ f ∈ Q implies g ∈ Q.

(e) g ◦ f ∈M implies f ∈M.

We refer to members of M as embeddings (denoted by ↣) and to members of Q as
quotients (denoted by ↠). Given two embeddings m : S ↣ X and n : T ↣ X, we write
m ⊴ n to denote that there is a morphism i : S → T such that m = n ◦ i. Note that
⊴ induces a preorder on embeddings with the same codomain. The symmetrisation of
⊴ induces an equivalence relation ∼. The relation ∼ can be characterised as m ∼ n if
there exists an isomorphism i : S → T such that m = n ◦ i. Let SX denote the class of
∼-equivalence classes of embeddings with codomain X with the partial order ≤ induced
by ⊴. The ∼-equivalence class with a representative m : S ↣ X is denoted [m].

2.3.4 Categories for model theory

The categories that we are primarily interested in are categories of relational structures
for fixed signature σ.

Definition 2.3.10. Given a signature σ, a σ-morphism h : A → B is a set function
h : A→ B such that for every relational symbol R ∈ σ of arity n,

RA(a1, . . . , an)⇒ RB(h(a1), . . . , h(an)),

for all a1, . . . , an ∈ A.

Definition 2.3.11. A σ-embedding h : A → B is an injective set function h : A→ B such
that for every relational symbol R ∈ σ of arity n,

RA(a1, . . . , an)⇔ RB(h(a1), . . . , h(an)),

for all a1, . . . , an ∈ A.

We use Struct(σ) to denote the category of σ-structures and σ-morphisms. We let
Structf (σ) denote the full subcategory of Struct(σ) containing only finite σ-structures.
We also consider the category of pointed σ-structures and point-preserving σ-morphisms

18



Struct⋆(σ). In Struct⋆(σ), objects are pointed σ-structures (A, a0). A morphism h : (A, a0)→
(B, b0) in Struct⋆(σ) is a σ-morphism h : A → B such that h(a0) = b0. We let Structf⋆(σ)
denote full subcategory of Structf⋆(σ) containing only finite pointed σ-structures. The sig-
nature of simple directed graphs contains one binary edge relation E and we will denote
Struct(σ) in this case as DiGraph. The category of simple undirected graphs Graph can
be seen as full subcategory of DiGraph whose objects are directed graphs with a sym-
metric edge relation. For every σ-structureA, the Gaifman Graph of A, denoted by G(A),
is an undirected graph with vertex set A, where elements a, a′ are adjacent if a = a′ or
a, a′ appear in the same tuple of RA for some R ∈ σ. Since every σ-morphism f : A → B
induces a graph homomorphism G(f) : G(A)→ G(B), we see that G : Struct(σ)→ Graph
is a functor.

When dealing with model-comparison games, we will need generalise the notion of σ-
morphism to a binary relation between two σ-structures which preserves relational inter-
pretations.

Definition 2.3.12. Given σ-structures A,B, a binary relation γ ⊆ A × B is a σ-
correspondence from A to B if for all R ∈ σ with arity n,

R(a1, . . . , an)⇒ R(b1, . . . , bn)

if (a1, b1), . . . , (an, bn) ∈ γ.

If γ is σ-correspondence from A to B and its converse

γc := {(b, a) | (a, b) ∈ γ}

is a σ-correspondence from B to A, then we say that γ is tight σ-correspondence from
A to B. A σ-correspondence γ from A to B that is also a partial function is a partial
homomorphism. If γ is partial homomorphism from A to B and γc is a partial homomor-
phism B to A, then we say that γ is a partial isomorphism. Equivalently, γ is a partial
isomorphism if γ is a tight σ-correspondence and a partial injective function.
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Chapter 3

Arboreal Covers

The central topic of this thesis are the notions of arboreal category and arboreal cover
first introduced by Abramsky and Reggio in [9] and its follow-up journal version [10]. In
this chapter, we re-present the content of these papers and highlight the portions which
will be needed for the contributions of this thesis. We begin by introducing the the
following simple example of an arboreal category.

Example 3.0.1. Let F denote the category whose class of objects Ob(F) are the forests
defined in Definition 2.1.1 and whose class of morphisms Mor(F) are the forest morphisms
defined in Definition 2.1.2. Let T be the full subcategory of F whose class of objects
Ob(T) are trees defined in Definition 2.1.3. The categories F and T are equipped with
factorisation systems where

Q = {q : (X,≤X)→ (Y,≤Y ) | q : X → Y surjective}; and
M = {m : (X,≤X)→ (Y,≤Y ) | m : X → Y injective}.

(F,Q,M) and (T,Q∩Mor(T),M∩Mor(T)) are factorised categories as in Definition 2.3.8.

3.1 Arboreal categories

The definition of arboreal category is intended to formalise the intuitive notion of a
category consisting of “tree shaped” objects. In order to accomplish this, the definition
of arboreal category takes inspiration from the merelogical philosophy (that a whole is
determined by its parts) of many other constructions in category theory. To illustrate
what we mean by this philosophy, observe that in the category of Set, every set X is
a directed colimit of its finite subsets and inclusions between them. More generally, in
a locally finitely presentable category D, objects are generated via filtered colimits from
compact subobjects in a full subcategory Dfp. In a similar vein, in order to capture
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the notion of a category of tree-shaped objects C, objects of an arboreal category are
generated as colimits of their branches, or more precisely, path-shaped subobjects. For
this reason, we first need the intermediate notion of a path category which has enough
structure to contain a full subcategory Cp of path objects.

3.1.1 Path categories

In this subsection, we will assume we have a factorised category (C,Q,M) as in Defini-
tion 2.3.8. Recall that a factorisation system (Q,M) induces a partially ordered set of
associated subobjects SX for every object X ∈ Ob(C).

Definition 3.1.1 (path). An object P of C is a path if SP is a finite chain.

For every factorised category (C,Q,M), we denote the full subcategory of path objects
Cp. An embedding e : P ↣ X ∈ M is a path embedding if P is a path. For an object
X ∈ C, let PX denote the subset of SX consisting of equivalence classes [e] such that
e : P ↣ X is a path embedding.

Given a morphism f : X → Y , this induces a set function Pf : PX → PY where [p] 7→
[∃fp] from the factorisation

P ∃fP X
ep ∃fp

of f ◦p. By [10, Lemma 3.5(a)], it follows that ∃fP is a path, so ∃fp is a path embedding
and Pf is indeed a function.

Definition 3.1.2 (pathwise embedding). A morphism f : X → Y ∈Mor(C) is a pathwise
embedding in C if for all path embeddings m : P ↣ X, f◦m : P → Y is a path embedding.

For factorised categories C, we will use X ⇀C Y to denote there exists a pathwise embed-
ding f : X → Y ∈Mor(C). It is easy to show using the lifting property of Definition 2.3.6
that for pathwise embeddings f : X → Y , [f ◦m] = [∃fm].

Definition 3.1.3 (open map). A morphism f : X → Y ∈ Mor(C) is open in C if for
every commutative square of the form:

P Q

X Y
f
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where P,Q ∈ Ob(Cp), there exists a diagonal filler morphism Q → X such that the
following two triangles commute:

P Q

X Y
f

Since the triangle on the right commutes, by Proposition 2.3.9 (e), the diagonal filler
Q→ X is always an embedding.

Intuitively, an open map f : X → Y states that if a path P in the domain X, witnessed
by P ↣ X, can be extended to a path Q in the codomain Y , witnessed by Q↣ Y , then
P can be extended to a path Q in the domain X, witnessed by the diagonal Q ↣ X.
Moreover, this extension is the preimage of the path Q in Y under f .

Definition 3.1.4 (bisimulation). A bisimulation in C is a span X
f←− Z

g−→ Y of open
pathwise embeddings f, g ∈Mor(C).

For factorised categories C, we will use X ↔C Y to denote there exists a bisimulation
X

f←− Z
g−→ Y in C.

Definition 3.1.5. An object X ∈ C is connected if every morphism X → ⊔
i∈I Pi, where

{Pi}i∈I is a small family of paths, factors through a coproduct injection Pj →
⊔
i∈I Pi.

This definition of connected differs slightly from the usual categorical formulation of
connectedness in two ways. Firstly, we only consider coproducts of paths, and secondly,
the coproduct injection Pj →

⊔
i∈I Pi is not required to be unique. This second relaxation

allows us to consider the initial object to be connected.

Definition 3.1.6 (path category). A factorised category (C,Q,M) is a path category if
it satisfies the following axioms:

(1) C has all coproducts ∐
j∈J Xj where {Xj} ⊆ Ob(Cp) is small family of paths.

(2) For all paths P,Q and R in Cp, if P → Q→ R ∈ Q, then P → Q ∈ Q.

(3) Every path P ∈ Cp of C is connected.

It is apparent from the axioms of a path category that the full subcategory Cp of path
objects, induced by the factorisation system (Q,M), plays an important role for path
categories C.

Proposition 3.1.7. (F,Q,M) as in Example 3.2.1 is path category.
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Proof. For an object (X,≤) ∈ Ob(F), each subobject [m] ∈ S(X) corresponds to the
down set ↓ x of an element x ∈ X. Therefore, by the definition of path (Definition 3.1.1),
the path objects (P,≤) ∈ Ob(Fp) are precisely the objects such that ≤ is a finite chain.
With this definition of Fp in place, we verify each of the axioms of path category and
show that F satisfies Definition 3.1.6.

To verify axiom (1), for any set S of finite chains {(Ys,≤s)}s∈S ⊆ Ob(Fp), we define
linear forest (X,≤) such that X is the disjoint union ∐

s∈S Ys and ≤ is the disjoint union∐
s∈S ≤s. The object (X,≤) ∈ Ob(F) is the coproduct ⊎(Ys,≤s) of the chains in S.

Intuitively, axiom (2) is capturing the fact that forest morphisms preserve covering chains,
i.e. paths can be merged, but not shortened. To verify axiom (2), suppose that P,Q,R ∈
Fp with morphisms u : P → Q and v : Q → R such that v ◦ u ∈ Q. By the definition of
Q, we assume that v ◦ u is surjective, and we must show that u is surjective. Since Q is
a finite chain, we can present Q as q1 ≺ · · · ≺ qm where q1 is the root of Q and qm is
the maximal element of Q. Since v ◦ u preserves covering chains, v(q1) ≺ · · · ≺ v(qm) is
a subchain of R. By v ◦ u being surjective, for every i ∈ [m], there exists a pi ∈ P such
that v(u(pi)) = v(qi) ∈ R. By u preserving roots and P being a chain with a unique
root, u(p1) = q1 where p1 is the root of P . By u preserving the covering relation ≺, for
all i ∈ [m], u(pi) = qi. Thus, every qi ∈ Q has preimage pi ∈ P , and u is surjective.

To verify axiom (3), consider paths Q,P1, . . . , Pn ∈ Fp and morphism f : Q → ⊎
i∈[n] Pi.

Since Q is a finite chain, we can present Q as q1 ≺ · · · ≺ qm where q1 is the root of Q and
qm is the maximal element of Q. By f preserving roots, f(q1) is the root of Pj for some
j ∈ [n]. By f preserving the covering relation, for all i ∈ [m], f(qi) ∈ Pj. Thus, f factors
through the coproduct injection ij : Pj →

⊎
i∈[n] Pi.

For every object X ∈ Ob(C) in a path category C, the subobject relation restricted to
P(X) is a tree-order. In particular, the root of [⊥X : 0̃ ↣ X] ∈ P(X) is computed from
the (Q,M) factorisation

0 0̃ X
⊥X

of the unique map !X from the initial object 0 ∈ Ob(C). The induced set function
P(f) : P(X) → P(Y ) for an f ∈ C(X, Y ) is a forest morphism. Thus, we restate [10,
Theorem 3.11].

Theorem 3.1.8. If C is a path category, X 7→ P(X) induces a functor P : C→ T.
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Definition 3.1.9. An object X in a path category C is path-generated if X is the colimit
of the cocone consisting of all commuting triangles of the form

P Q

X

.

where P and Q are paths.

Definition 3.1.10. An arboreal category is a path category in which all objects are
path-generated.

Definition 3.1.11. An arboreal category resource-indexed by parameter k is an arbo-
real category C equipped with a full subcategory Ckp of Cp for all k > 0, closed under
embeddings with inclusions

C1
p ↪→ C2

p ↪→ C3
p ↪→ . . .

This induces a corresponding chain of full subcategories Ck of C

C1 ↪→ C2 ↪→ C3 ↪→ . . .

with the objects of Ck being those whose cocone of path embeddings with domain in Ckp

is colimit cocone in C. Since the chain C1 ↪→ C2 ↪→ C3 ↪→ . . . is determined uniquely
by the choice of full subcategories Ckp of Cp, we can denote a resource-indexed arboreal
category as {Ck}.

A corollary of Theorem 3.1.8, is that every arboreal category C has a natural resource
indexing {Ck} by height of the underlying branches. Explicitly, Ck is the full subcategory
of C consisting of objects X such that ht(P(X)) ≤ k. We call this resource-indexing the
depth-indexing of C. This default indexing reflects the fact that model comparison games
are naturally parameterised by the number of rounds. For some arboreal categories C,
this is not the only way to resource index C. For instance, Example 3.2.3 of k-pebble
forest covers detailed below is a resource-indexing which is not a depth-indexing.

3.1.2 Games in arboreal categories

In the context of an arboreal category (C,Q,M), a bisimulation X ← Z → Y in C can
be formulated as an abstract ‘path-matching’ back-and-forth game from X to Y over C.
This fulfils the original motivation for the notion of arboreal category: to extract the
common properties shared by the Eilenberg-Moore categories of game comonads which
enable them to encode model comparison games in logic. The following is the definition
of this abstract back-and-forth game:
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Definition 3.1.12. Let X, Y be objects in an arboreal category C. We define the back-
and-forth game G(X, Y ) over C. Positions in G(X, Y ) are given by pairs ([m], [n]) ∈
P(X)×P(Y ). The initial position is given by the pair of roots ([⊥X ], [⊥Y ]). During each
round of the game, Spoiler chooses one of the following moves:

• Spoiler chooses [m] ≺ [m′] in P(X). Duplicator then responds with [n] ≺ [n′] in
P(Y ).

• Spoiler chooses [n] ≺ [n′] in P(Y ). Duplicator then responds with [m] ≺ [: m′] in
P(X).

Duplicator wins the round if she has a response and the resulting position ([m′], [n′]) is
in the set:

W(X, Y ) := {([m], [n]) | dom(m) ∼= dom(n) in C}.

Duplicator wins G(X, Y ) if for every round t ≥ 0 and every possible Spoiler choice,
Duplicator has a winning response.

Each game comonad does not only encode a back-and-forth model comparison game, but
also two forth variants. Thus in the abstract arboreal setting, the game G(X, Y ) over C

also has two variants.

• ∃G(X, Y ) where Spoiler is forced to play a path in P(X), and thus Duplicator is
forced to respond with a path in P(Y ).

• ∃+
G(X, Y ) has the same player restriction as ∃G(X, Y ), but the winning positions

for Duplicator has been widened to the superset:

+W(X, Y ) := {([m], [n]) | ∃ dom(m)→ dom(n) ∈Mor(C)}.

The notation for these games hints at the intuition that if G(X, Y ) over C “captures”
equivalence in a logic J , then ∃+

G(X, Y ) over C captures equivalence in the positive
existential fragment ∃+J of J , ∃G(X, Y ) captures equivalence in the existential fragment
∃J of J . The abstract existential game ∃G(X, Y ) and its connection with concrete
model-comparison games characterising existential fragments stems from the work [6].

In an arboreal category C, these abstract games provide an operational definition of
morphisms, pathwise embeddings, bisimulation, and isomorphisms in C.

Proposition 3.1.13. Let C be an arboreal category and X, Y ∈ Ob(C). For the following
two statements, assume that the categorical product X × Y exists in Ob(C):

(1) Duplicator has winning strategy in ∃G(X, Y ) iff there exists a pathwise embedding
of X → Y .
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(2) Duplicator has winning strategy in G(X, Y ) iff there exists a bisimulation X ← Z →
Y .

For the following statement, assume that the paths functor P : C→ T is faithful:

(3) Duplicator has winning strategy in ∃+
G(X, Y ) iff there exists a morphism X → Y .

Proof. Statement (1) is [10, Proposition 6.18]. Statement (2) is [10, Theorem 6.12].
Statement (3) is [10, Proposition 6.15].

These abstract games are the bridge for relating morphisms in C to the concrete model
comparison games used in logic. This will be illustrated through the examples in Sec-
tion 3.2. Further, by providing an operational definition of various morphisms in C,
these games allow for clean proofs for the implications between the different types of
morphisms. This is illustrated in the proofs of the following propositions from [9, 10].

Proposition 3.1.14. Let C be an arboreal category and X, Y, Z ∈ Ob(C) such that
product of each pair exists in Ob(C). If Duplicator has a winning strategy in G(X, Y )
and winning strategy in G(Y, Z) over C, then Duplicator has a winning strategy in G(X,Z).

Proof. This is [10, Corollary 6.13].

Proposition 3.1.15. If X ← Z → Y is a bisimulation in C, then there exists pathwise
embeddings (and thus, morphisms) X → Y and Y → Z.

Proof. This is [10, Lemma 6.20].

Finally, we make the following observation that isomorphic objects in C are bisimilar.

Proposition 3.1.16. If X ∼= Y in C, then there exists a bisimulation X ← Z → Y in C.

Proof. If f : X → Y is an isomorphism, then we set Z = X. The bisimulation is witnessed
by the span X idX←−− X

f−→ Y. It is straightforward to verify that any isomorphism, including
idX and f , is an open pathwise embedding.

3.1.3 Arboreal covers and behavioural equivalences

As the previous section demonstrated, because objects in arboreal category C are tree-
shaped and generated by their branches, the category C is a native setting for formulating
dynamics notions, such as bisimulation, resource-indexing, and abstract path-matching
games. In order to apply these notions to relational structures and other ‘static’ objects
for any category E, we use a comonadic adjunction L ⊣ R from E to C. The comonadicity
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of the adjunctions allows us to view R(X) as tree-shaped cover of X ∈ Ob(E) where the
branches of R(X) represent a process which searches through or builds-up portions of X.

Definition 3.1.17. An arboreal cover of E by C is a comonadic adjunction

C E

L

R

⊣

.

such that C is an arboreal category.

The following definition extends the notion of arboreal cover to resource-indexed arboreal
categories.

Definition 3.1.18. An resource-indexed arboreal cover of E by {Ck} is family of comonadic
adjunctions Lk ⊣ Rk for every k > 0 where {Ck} is a resource-indexed arboreal category,
Lk : Ck → E and Rk : E→ Ck.

Definition 3.1.19. Consider a resource-indexed arboreal cover of E by {Ck}, and two
objects A,B of E. For all k > 0, we can extend the preorders →C

k,⇀
C
k,↔C

k,
∼=C
k on objects

of Ck to apply to objects of E by using the functor Rk:

• A→C
k B if there exists a morphism Rk(A)→ Rk(B) in Ck.

• A ⇀C
k B if there is a pathwise embedding Rk(A)→ Rk(B) in Ck.

• A↔C
k B if there is a bisimulation Rk(A)← Z → Rk(B) in Ck.

• A ∼=C
k B if there is an isomorphism Rk(A) ∼= Rk(B) in Ck.

A resource-indexed arboreal cover of E by {Ck} yields a family of comonads Ck : E→ E on
E related by inclusions ιk≤l : Ck → Cl. Since an arboreal cover as a comonadic adjunction,
for every k > 0, Ck is isomorphic to the category of coalgebras EM(Ck) of the comonad
Ck.

Definition 3.1.20. Given an A ∈ Ob(E), and a resource-indexed arboreal cover Lk ⊣ Rk

of E by {Ck} yielding the family of comonads {Ck : E → E}, the C-coalgebra number of
A, denoted χC(A) is the least k such that there exists a Ck-coalgebra A→ Ck(A).

Since Lk ⊣ Rk is a comonadic adjunction, Ck is isomorphic to the category EM(Ck),
so the C-coalgebra number could also defined as the least k such there there exists an
X ∈ Ob(Ck) where Lk(X) = A.
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3.2 Example arboreal covers

Every example arboreal category in this section related to game comonads is a subcate-
gory or minor variant of the factorised category R(σ) of forest-ordered σ-structures.

Example 3.2.1. Given a signature σ, we define a category of forest-ordered σ-structures
R(σ). In this category, objects are pairs (A,≤A) where A ∈ Ob(Struct(σ)) and (A,≤A) ∈
Ob(F). A morphism h : (A,≤A) → (B,≤B) in this category is both a σ-morphism h ∈
Struct(σ)(A,B) of the underlying σ-structures and a morphism of forests h ∈ F((A,≤A
), (B,≤B)). The category R(σ) is equipped with a factorisation system where

Q = {q : (A,≤A)→ (B,≤B) | q : A→ B surjective},
M = {m : (A,≤A)→ (B,≤B) | m : A → B σ-embedding}.

The tuple (R(σ),Q,M) is a factorised category as in Definition 2.3.8.

We also define a category R⋆(σ) which is the tree-analogue of R(σ). In this category,
objects are triples (A, a0,≤) where (A, a0) ∈ Ob(Struct⋆(σ)), and (A,≤) ∈ Ob(T) with
root a0. A morphism h : (A, a0,≤A) → (B, b0,≤B) is the same as in R(σ), but where
root preservation implies that h : (A, a0)→ (B, b0) is a morphism in Struct⋆(σ). Similarly
to R(σ), (R⋆(σ),Q∗,M∗) is a factorised category where Q∗,M∗ are Q,M restricted to
functions which preserve the distinguished point.

Proposition 3.2.2. (R(σ),Q,M) and (R⋆(σ),Q∗,M∗) are path categories.

Proof. The proof follows essentially the same lines as the proof of Proposition 3.1.7. The
key difference is that Q is the class of surjective σ-morphisms and M is the class of
σ-embeddings

3.2.1 Prefix list

As a warm-up to the game comonad examples, we first exhibit the non-empty prefix list
comonad, see e.g. [72], as arising from the arboreal cover of Set by the category of forests
F from Example 3.0.1.

Proposition 3.2.3. F is an arboreal category.

Proof. By Proposition 3.1.7, F is a path category. Suppose (X,≤) ∈ Ob(F), then each
down set ↓ x is a path subobject of (X,≤). Observe that every forest (X,≤) is colimit
cocone of consisting of inclusions from down sets ↓ x ↪→ X for every x ∈ X and inclusions
between them, i.e. for x ≤ x′, ↓ x ↪→↓ x′.
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We derive the non-empty prefix list comonad N+ : Set→ Set from an arboreal cover of
Set by F. As part of this derivation, we first define the object mapping N+ : Ob(Set)→
Ob(Set) which sends a set X to all non-empty finite sequences of elements in X, i.e.

N+(X) := {[x1, . . . , xn] | ∀n ∈ N, x1, . . . , xn ∈ X}.

For every X ∈ Ob(Set), there is a function εX : N+(X) → X which maps a sequence
[x1, . . . , xn] to its last element xn. This mapping decomposes as N+ = L◦R where L is the
object mapping (X,≤) 7→ X of the forgetful functor L : F → Set and R is the mapping
X 7→ (N+(X),⊑). In the following proposition, we show that for every Y ∈ Ob(Set),
R(Y ) and εY is a universal morphism from L to Y .

Proposition 3.2.4. L ⊣ R is an adjunction from F to Set.

Proof. Suppose f : L((X,≤)) → Y ∈ Mor(Set), we need to construct a unique forest
morphism g : (X,≤) → R(Y ) such that εX ◦ L(g) = f . Since (X,≤) is a tree order,
for every x ∈ X, we can present ↓ x as a finite chain x1 ≺ · · · ≺ xn = x and define
g(x) = [f(x1), . . . , f(xn)]. The function g is a forest morphism as

x1 ≺ · · · ≺ xn ⇒ [f(x1)] ⊏ · · · ⊏ [f(x1), . . . , f(xn)]
⇒ g(x1) ⊏ · · · ⊏ g(xn).

where we use ⊏ to denote the covering relation of ⊑. As the counit εX returns the last
element of the sequence, for every x ∈ X, (εX ◦ L(g))(x) = f(xn) = f(x).

To demonstrate uniqueness, suppose g′ : (X,≤) → R(Y ) such that εY ◦ L(g′) = f . For
x ∈ X such that ↓ x is the chain x1 ≺ · · · ≺ xn = x, we know that g′(xi) is the i-th prefix
of g′(x) by g′ being a forest morphism. Moreover, by the equation εX ◦ L(g′) = f , the
last element of g′(xi) is f(xi). Since the i-th element of g′(x) is the last element of its
i-th prefix g′(xi), g′(x) = [f(x1), . . . , f(xn)] = g(x).

Thus, from the standard properties of adjunctions, we can compute that:

• The functor object mapping R extends to functor R : Set → F which maps a
function f : X → Y to the unique morphism R(f) = Rf satisfying εY ◦ L(Rf ) =
f ◦ εX defined as Rf [x1, . . . , xn] = [f(x1), . . . , f(xn)].

• The counit maps εX of the universal morphism form a natural transformation and
is the counit of the adjunction L ⊣ R.

• The unit is a natural transformation η : IdF → R ◦ L where the component for
(X,≤) maps an element x ∈ X where ↓ x is the finite chain x1 ≺ · · · ≺ xn = x to
the sequence [x1, . . . , xn].
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We can conclude N+ : Set → Set is a functor and obtain our derivation of the non-
empty of prefix list comonad (N+, ε, δ) where the comultiplication has components δX =
L(ηR(X)). Explicitly, for every sequence s = [x1, . . . , xn] ∈ N+(X),

δX(s) = [[x1], [x1, x2], . . . , [x1, . . . , xn]].

However, in order to show that L ⊣ R is an arboreal cover of Set by F, we must strengthen
Proposition 3.2.4 by demonstrating that L ⊣ R is a comonadic adjunction. This amounts
to showing that that the comparison functor K! : F → EM(N+) is an isomorphism.
In particular, K! induces a bijective correspondence on objects yielding the following
concrete characterisation of N+-coalgebras:

Proposition 3.2.5. There is a bijective correspondence between:

(1) N+-coalgebras χ : X → N+(X)

(2) Forests (X,≤), i.e. (X,≤) ∈ Ob(F)

Proof. Abstractly the definition ofK! is that for all F ∈ Ob(F), K!(F ) = (LF,LηF : LF →
LRL(F )). Concretely, K! maps a forest (X,≤) to (X,χ) such that for each x ∈ X where
↓ x is the chain x1 ≺ · · · ≺ xj = x, χ(x) = Lη(x) = [x1, . . . , xj].

Conversely, suppose that (X,χ : X → N+(X)) is a coalgebra. For x ∈ X, let χ(x) =
[x1, . . . , xj], then the comultiplication δX applied to χ(x) is [[x1], [x1, x2], . . . , [x1, . . . , xj]].
Hence, equation (2.1) states that χ(xi) = [x1, . . . , xi], for all i ∈ [j]. The equation (2.2)
states that xj = x. Thus χ : X → N+(X) is an injective function whose image is a
prefix-closed subset of N+(X). This allows us to define a forest order ≤ where x ≤ x′

iff χ(x) ⊑ χ(x′) Let K−1
! : Ob(EM(N+)) → Ob(F) be defined as K−1

! (X,χ : X →
N+(X)) = (X,≤). By construction, K! ◦ K−1

! and K−1
! ◦ K! are the identity object

mappings.

This bijective correspondence extends to a isomorphism of categories F ∼= EM(N+).
Thus, demonstrating that L ⊣ R is a comonadic adjunction and an arboreal cover of Set
by F.

Proposition 3.2.6. L ⊣ R is an arboreal cover of Set by F.

Proof. Proposition 3.2.5 demonstrates that K! : Ob(F)→ EM(N+) is a bijective object
mapping, we must show that this bijection extends to morphisms and demonstrate that
the functor K! : F → EM(N+) is an isomorphism.
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Abstractly, the definition of K! is such that for all f ∈ F(X, Y ), K!(f) is the commutative
diagram

L(X) LRLX

L(Y ) LRLY

L(ηX)

L(f) L(ϕ(f))

L(ηY )

(3.1)

where ϕ(f) ∈ Set(X,RLY ) resulting from the bijection induced by the adjunction L ⊣ R.
Observe that for the covering chain x1 ≺ · · · ≺ xn ending in xn = x of forest X,
ϕ(f)(x) = [f(x1), . . . , f(xn)]. Diagram (3.1), for our case of the adjunction from F to
Set, expresses that as f preserves roots and the covering relation ≺, it follows that the
covering chain x1 ≺ · · · ≺ xn maps to the covering chain f(x1) ≺ · · · ≺ f(xn).

Conversely, given a commutative diagram D expressing that υ ◦ g = N+(g) ◦ χ for
some N+-coalgebras (X,χ : X → N+(X)) and (Y, υ : Y → N+(Y )). We observe that D
commuting means that g preserves covering chains from K−1(X,χ) to K−1(Y, υ). Thus,
g preserves roots, the covering relation, and lifts to a morphism K−1

! (g) of F.

3.2.2 Ehrenfeucht-Fräıssé

The category of forest covers RE(σ) is the full subcategory of R(σ) whose objects (A,≤) ∈
Ob(RE(σ)) satisfy the following compatibility condition:

(E) If a, a′ ∈ A are adjacent in G(A), then a ≤ a′ or a′ ≤ a.

Proposition 3.2.7. RE(σ) is an arboreal category.

Proof. Since the paths of R(σ) are the paths of the full subcategory RE(σ), RE(σ) is a
path category. The path subobjects of an (A,≤) ∈ RE(σ) are the induced σ-structures
on the down sets ↓ a for every a ∈ A. Condition (E) ensures that (A,≤) can be realised
as the colimit cocone of these down sets.

Let {RE
k (σ)} be the depth-indexing of RE(σ). Concretely, RE

k (σ) is the category of forest
covers of height ≤ k.

For every k > 0, we derive the k-round EF comonad Ek from [12, 13] via the resource-
indexed arboreal cover of Struct(σ) by RE

k (σ). Intuitively, we think of the elements of
Ek(A) as Spoiler plays in the k-round positive-existential EF game. Thus, the universe
Ek(A) of σ-structure Ek(A) is the subset of N+(A) consisting of sequences of length ≤ k.
Just as with N+, the counit ε : Ek → IdStruct(σ) returns the last element. For every m-ary
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relation R ∈ σ, we define the interpretation

REk(A)(s1, . . . , sm)⇔ ∀i, j ∈ [m], si ⊑ sj or sj ⊑ si (pairwise comparability)
and RA(ε(s1), . . . , ε(sm)) (compatibility).

Note that the compatibility condition ensures that εA : Ek(A) → A is indeed a σ-
morphism. Following a similar story to N+, for every k > 0 we factor the object mapping
Ek as Ek = Lk ◦Rk where Lk is the object mapping (A,≤) 7→ A of the forgetful functor
Lk : RE

k (σ)→ Struct(σ) and Rk is the mapping A 7→ (Ek(A),⊑). In the following propo-
sition, we show that for every A ∈ Ob(Struct(σ)), Rk(A) and εA is a universal morphism
from Lk to A.

Proposition 3.2.8. For every k > 0, Lk ⊣ Rk is an adjunction from RE
k (σ) to Struct(σ).

Proof. This proof is similar to the proof of Proposition 3.2.4, but with two additional
verifications: we must take into account the resource parameter k denoting height, and we
must check that the function constructed preserves relations. Suppose that f : Lk((A,≤
)) → B ∈ Mor(Struct(σ)), we need to construct a forest-ordered σ-morphism g : (A,≤
) → Rk(B). Since (A,≤) is a forest order, for every a ∈ A, we can present ↓ a as a
finite chain a1 ≺ · · · ≺ an = a and define g(a) = [f(a1), . . . , f(an)]. As (A,≤) has
height ≤ k, n ≤ k, and so g(a) ∈ Ek(A). The proof of Proposition 3.2.4 demonstrates
that g is a forest morphism. It remains to check that this definition of g preserves
relational interpretations, suppose R ∈ σ is a relation of arity r and that RA(ai1 , . . . , air).
By Condition (E), ai1 , . . . , air are pairwise comparable in the tree order ≤, so there is
maximal element a∗ ∈ {ai1 , . . . , air} such that {ai1 , . . . , air} ⊆↓ a∗. By the definition of
g, every g(aij ) is a prefix of g(a∗), thus the pairwise comparability condition of RRk(B) is
satisfied. Since f is σ-morphism and the last element of g(aij ) is f(aij ), the compatibility
condition of RRk(B) is satisfied. Thus, g is a forest-ordered σ-morphism. The proof that
g is the unique morphism such that εA ◦Lk(g) = f is no different than analogous step in
the proof of Proposition 3.2.4.

We compute the data of the adjunction Lk ⊣ Rk and observe its similarity with the
corresponding data for the adjunction L ⊣ R from Section 3.2.1 yielding the prefix list
comonad N+.

• The functor Rk : Struct(σ) → RE
k (σ) maps a σ-morphism f : A → B to the unique

forest-ordered σ-morphism Rk(f) satisfying εB ◦ Lk(Rk(f)) = f ◦ εA defined as
Rk(f)[a1, . . . , an] = [f(a1), . . . , f(an)]. As the length of Rk(f)(s) is equal to the
length of s, we can conclude that Rk(f) is morphism of forest order (A,≤) to
(B,≤). By f being σ-morphism and Rk(f) preserving the prefix relation, we have
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that the pairwise comparability and compatibility conditions for the relational in-
terpretations RRkB are satisfied, so Rk(f) is a σ-morphism.

• The counit maps εA of the universal morphism form a natural transformation and
is the counit of the adjunction Lk ⊣ Rk.

• The unit is a natural transformation η : IdRE
k

(σ) → Rk ◦ Lk where the component
(A,≤) maps an element a ∈ A where ↓ a is the finite chain a1 ≺ · · · ≺ an = a

to the sequence [a1, . . . , an]. By construction, for aj ∈↓ a, η(aj) is the j-th prefix
[a1, . . . , aj] of [a1, . . . , an], so ηA is indeed a forest morphism. Condition (E) and
aj being the last element of η(aj) correspond to the pairwise comparability and
compatibility conditions which ensure that η is a σ-morphism.

We can conclude Ek : Struct(σ) → Struct(σ) is a functor and obtain our derivation of
k-round EF comonad (Ek, ε, δ) of [12, 13] where the comultiplication has components
δX = L(ηR(X)). However, in order to show that Lk ⊣ Rk is a resource-indexed arboreal
cover of Struct(σ) by RE

k (σ), we must strengthen Proposition 3.2.8 by demonstrating
that L ⊣ R is a comonadic adjunction. This amounts to showing that that the com-
parison functor K! : RE

k (σ) → EM(Ek) is an isomorphism. In particular, K! induces a
bijective correspondence on objects yielding the following concrete characterisation of
Ek-coalgebras. As a corollary, we demonstrate that tree-depth is equivalence to the E-
coalgebra number.

Theorem 3.2.9. There is a bijective correspondence between:

(1) Ek-coalgebras α : A → EkA

(2) Forest covers of height ≤ k, (A,≤) ∈ Ob(RE
k (σ)).

Proof. Concretely, the object mapping K! : RE
k (σ)→ EM(Ek) can be described similarly

to the object mapping of the comparison functor in the proof of Proposition 3.2.5. Given
a forest cover (A,≤), for each a ∈ A, its predecessors form a chain a1 ≺ · · · ≺ aj, with
aj = a, and j ≤ k. We see that K!(A,≤) = (A, α) where α(a) = Lk(η(A,≤))(a) =
[a1, . . . , aj].

Conversely, suppose that α : A → EkA is a coalgebra. For a ∈ A, let α(a) = [a1, . . . , aj],
then the comultiplication δA applied to α(a) is [[a1], [a1, a2], . . . , [a1, . . . , aj]]. Hence, equa-
tion (2.1) states that α(ai) = [a1, . . . , ai], for all i ∈ [j]. The equation (2.2) states that
aj = a. Thus α : A → EkA is an injective map whose image is a prefix-closed subset of
Ek. Defining a ≤ a′ iff α(a) ⊑ α(a′) yields a forest order on A, of height ≤ k. If a, a′ are
adjacent in G(A), then for some a1, . . . , an with a = ai, a′ = aj, we have RA(a1, . . . , an).
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Since α is a homomorphism, we must have REkA(α(a1), . . . , α(an)). By the pairwise com-
parability condition in the definition of REkA, α(ai), α(aj) are prefix comparable, so ai, aj
are ≤-comparable and condition (E) is satisfied. Thus (A,≤) is a forest cover of G(A),
of height ≤ k. We can define the inverse object mapping K−1

! : EM(Ek) → RE
k (σ) as

K−1
! (A, α) = (A,≤).

The combinatorial parameter of tree-depth for a σ-structure A, denoted td(A) is defined
as the minimum height of a forest cover of A. Thus, as an immediate corollary of
Theorem 3.2.9, we can use the E-coalgebra number to obtain a new definition of the
tree-depth of a σ-structure.

Corollary 3.2.10. For every finite σ-structure A, td(A) = χE(A).

The bijective correspondence of Theorem 3.2.9 extends to a isomorphism of categories
RE
k (σ) ∼= EM(Ek). Thus, demonstrating that Lk ⊣ Rk is a comonadic adjunction and an

arboreal cover of Struct(σ) by Ek.

Proposition 3.2.11. Lk ⊣ Rk is a resource-indexed cover of Struct(σ) by {RE
k (σ)}.

Proof. Theorem 3.2.9 demonstrates that K! : Ob(RE
k (σ))→ EM(Ek) is a bijective object

mapping, we must show that this bijection extends to morphisms and demonstrate that
the functor K! : RE

k (σ)→ EM(Ek) is an isomorphism.

Concretely, the action of K! : RE
k (σ)→ EM(Ek) on morphisms can be described similarly

to the the comparison functor in the proof of Proposition 3.2.6. Given a morphism
f : (A,≤) → (B,≤′) ∈Mor(RE

k (σ)) of forest covers, K!(f) is the diagram D expressing
the equation β ◦Lk(f) = Ek(Lk(f)) ◦α where K!(A,≤) = (A, α) and K!(B,≤′) = (B, β).
As with the proof of Proposition 3.2.6, it follows from f being a forest morphism that
f preserves covering chains so diagram D commutes. We also additionally observe, for
the arboreal cover of Lk ⊣ Rk of Struct(σ) by RE

k (σ), that L(f) must σ-morphism as f
is a forest-ordered σ-morphism. Moreover, from f ∈ Mor(RE

k (σ)) acting on chains of
height ≤ k it must be that case that D involves Ek(L(f)) as Ek(L(f)) acts on sequences
of length ≤ k.

Conversely, suppose we have commuting diagram D expressing β ◦ g = Ek(g) ◦ α for
coalgebras (A, α), (B, β) ∈ Ob(EM(Ek)) and σ-morphism g : A → B. We observe that
D commuting means that g preserves covering chains, i.e. a1 ≺ · · · ≺ an 7→ g(a1) ≺ · · · ≺
g(an), of height n ≤ k from K−1(A, α) to K−1(B, β). Thus, since g preserves roots, the
covering relation and is a σ-morphism, it lifts to a morphism K−1

! (g) of RE
k (σ).
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We can now turn to the original motivation of defining RE
k (σ) and show how the be-

havioural relations in Definition 3.1.19, instantiated in this case, captures equivalence
in variants of FOk. We begin defining the concrete k-round EF game in order to show
RE
k (σ) can encode this game.

Definition 3.2.12. Given σ-structures A,B and k ≥ 0, we define the back-and-forth
k-round Ehrenfeucht-Fräıssé game EFk(A,B) from A to B. During each round n ≤ k of
the game,

• Spoiler chooses an element an ∈ A or bn ∈ B.

• Duplicator responds with an element bn ∈ B or an ∈ A in the opposite structure.

Duplicator wins round n if the relation γn := {(aj, bj) | j ≤ n} is a tight σ-correspondence.
Duplicator wins in EFk(A,B) if for every round n ≤ k and possible Spoiler choice,
Duplicator has a winning move.

The abstract back-and-forth game from Definition 3.1.12 has three variants which are
mirrored by variants of the concrete game EFk(A,B):

• ∃EFk(A,B) is the game where in every round, Spoiler is forced to play an a ∈ A
and Duplicator is forced to respond b ∈ B.

• ∃+EFk(A,B) has the same player restrictions as ∃EFk(A,B), but additionally Du-
plicator’s winning condition has been weakened. Duplicator can win in ∃+EFk(A,B)
if the relation γ is a σ-correspondence.

• #EFk(A,B) is the bijective variant of the game. In this game, at every round
n ≤ k, Duplicator first chooses a bijection ψn : A→ B. If there is no such bijection,
Spoiler wins automatically. Spoiler then chooses an a ∈ A and Duplicator must
respond with ψn(a). The winning condition is the same as EFk(A,B).

Remark 3.2.13. Recall from the discussion in Section 2.2.1, by default, the logics we are
investigating in this thesis are equality-free. Thus, the game EFk(A,B) differs from the
usual Ehrenfeucht-Fräıssé game in that the winning condition is weakened from partial
isomorphism to tight correspondence. Since the relation in the winning condition does not
preserve equality, we obtain that Duplicator winning strategy in our EFk(A,B) actually
characterises equivalence in equality-free FOk [23]. Similarly, for the ∃+EFk(A,B), the
winning condition has been weakened from partial homomorphism to correspondence,
and thus captures equality-free ∃+FOk. The ∃EFk(A,B) and #EFk(A,B) correspond
to equality-free ∃FOk and #FOk. Extending to logics with equality will be part of our
investigation in Section 3.3.
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With the definitions of the EF games in place, we can now proceed with the proofs of
the morphism, pathwise, bisimulation, and isomorphism power theorems for the resource-
indexed arboreal cover of Struct(σ) by {RE

k (σ)}.

Theorem 3.2.14. The following are equivalent for all σ-structures A,B:

(1) A⇛∃+FOk B

(2) Duplicator has a winning strategy in ∃+EFk(A,B).

(3) Duplicator has a winning strategy in ∃+
G(Rk(A), Rk(B)) over RE(σ).

(4) A →RE(σ)
k B

Proof. For the (1)⇔ (2) equivalence, [58] demonstrated a similar equivalence for the case
where ∃+FOk has equality and the winning condition for Duplicator in ∃+EFk(A,B)
is strengthened so that the chosen elements form a partial σ-morphism. Eliminating
equality in ∃+FOk corresponds to weakening Duplicator’s winning condition from partial
σ-morphism to σ-correspondence.

For (2)⇔ (3) equivalence, the proof is inductive. The base case is trivial, since γ is the
empty set for k = 0, γ is (vacuously) a σ-correspondence. In the game ∃+

G(Rk(A), Rk(B))
over RE(σ), this corresponds to the initial position (⊥Rk(A),⊥Rk(B)) ∈ +W(Rk(A), Rk(B)).
For the inductive step, in round j + 1, observe that the history of Spoiler’s moves in
∃+EFk(A,B) for the previous j rounds, is a sequence [a1, . . . , aj] ∈ Rk(A) which is in bi-
jective correspondence with [u] where dom(u) is a chain of length j and the i-th element
of dom(u) is mapped to aj. The relations on dom(u) are such that u is an embedding.
Spoiler playing aj+1 in the next round of ∃+EFk(A,B) corresponds to Spoiler extending
[u] ≺ [u′] ∈ P(Rk(A)) for the corresponding round in ∃+

G(Rk(A), Rk(B)) where dom(u′)
has one additional element r such that u′(r) = s′ = [a1, . . . , aj+1] ∈ Rk(A). Since u′

is an embedding, Lk(dom(u′)) is isomorphic to the induced substructure [↓ s′] of Ek(A)
consisting of prefixes of s′. Similarly, Duplicator’s history of responses [b1, . . . , bj] in
∃+EFk(A,B) corresponds to a [v] ∈ Rk(B). Duplicator’s response bj+1 to Spoiler play-
ing aj+1 in ∃+EFk(A,B) results in Duplicator responding to Spoiler playing [u′] ≻ [u]
in ∃+

G(Rk(A), Rk(B)) with [v′] ≻ [v] ∈ P(Rk(B)) where the additional element r′ of
dom(v′) is mapped to v′(r′) = t′ = [b1, . . . , bj+1] ∈ Rk(B). As with [u′], Lk(dom(v′)) is
isomorphic to the induced substructure [↓ t′] of Ek(B) consisting of prefixes of t′. The
winning condition for Duplicator in ∃+EFk(A,B) is that γ = {(ai, bi) | i ∈ [j + 1]} is a
σ-correspondence which is equivalent to the existence of a σ-morphism [↓ s′]→ [↓ t′], and
therefore a RE(σ)-morphism dom(u′)→ dom(v′) ∈ +W(Rk(A), Rk(B)). This is precisely
the winning condition for Duplicator in ∃+

G(Rk(A), Rk(B)) over RE(σ).
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For (3)⇔ (4) equivalence, we observe that, from morphisms in RE(σ) preserving covering
chains, P : RE

k (σ) → T is faithful. Applying Proposition 3.1.13(3) to the case where
C = RE(σ), X = Rk(A), and Y = Rk(B) yields the result.

Theorem 3.2.15. The following are equivalent for all σ-structures A,B:

(1) A⇛∃FOk B

(2) Duplicator has a winning strategy in ∃EFk(A,B).

(3) Duplicator has a winning strategy in ∃G(Rk(A), Rk(B)) over RE(σ).

(4) A⇀
RE(σ)
k B

Proof. For the (1) ⇔ (2) equivalence, the proof is similar to the (1) ⇔ (2) equivalence
in Theorem 3.2.14 above. Including all literals, in particular negative atomics, in the
logic ∃FOk corresponds to the fact that the relational interpretations restricted to the
all chosen elements at round n in the game ∃EFk(A,B) must be reflected and preserved,
and so Duplicator’s winning condition at round n is a tight σ-correspondence.

For the (2) ⇔ (3) equivalence, the proof is similar to the (2) ⇔ (3) equivalence in
Theorem 3.2.14 above. The key difference is that Duplicator’s winning condition in
∃EFk(A,B) is that γ = {(ai, bi) | i ∈ [j + 1]} is a tight σ-correspondence. This is equiva-
lent to the existence of a σ-isomorphism [↓ s′]→ [↓ t′], and therefore a RE(σ)-isomorphism
dom(u′) ∼= dom(v′) ∈ W(Rk(A), Rk(B)). This is precisely the winning condition for Du-
plicator in ∃G(Rk(A), Rk(B)) over RE(σ).

For the (3)⇔ (4) equivalence, since the right adjoint Rk preserves the product A× B ∈
Struct(σ), Rk(A) × Rk(B) ∈ RE(σ). Applying Proposition 3.1.13(1) to the case where
C = RE(σ), X = Rk(A), and Y = Rk(B) yields the result.

Theorem 3.2.16. The following are equivalent for all σ-structures A,B:

(1) A ≡FOk B

(2) Duplicator has a winning strategy in EFk(A,B).

(3) Duplicator has a winning strategy in G(Rk(A), Rk(B)) over RE(σ).

(4) A ↔RE(σ)
k B

Proof. For the (1) ⇔ (2) equivalence, the paper [23] demonstrated that equivalence in
equality-free FOk is characterised by the game EFk(A,B) where the winning condition is
tight σ-correspondence. This is the equality-free variant of the classic Ehrenfeucht-Fräıssé
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theorem [34, 36]. For a textbook account of the classic Ehrenfeucht-Fräıssé theorem see
e.g. [59].

For the (2) ⇔ (3), the proof is inductive. The base case is trivial, since γ is the empty
set for k = 0, γ is (vacuously) a tight σ-correspondence. In the game G(Rk(A), Rk(B))
over RE(σ), this corresponds to the initial position (⊥Rk(A),⊥Rk(B)) ∈W(Rk(A), Rk(B)).
The inductive step splits into two cases. For the case where Spoiler chooses to play in
aj+1 ∈ A, in the j + 1 round, the argument is the same as in the equivalence (2) ⇔ (3)
of Theorem 3.2.15. If instead, Spoiler chooses to play bj+1 ∈ B in EFk(A,B) for the
round j + 1, then he extends the play from [v′] ≻ [v] ∈ P(Rk(B)) for the correspond-
ing round in G(Rk(A), Rk(B)) and Duplicator’s response aj+1 means she extends the
play [u′] ≻ [u] ∈ P(Rk(A)) for the corresponding round in G(Rk(A), Rk(B)). Duplica-
tor’s winning condition for EFk(A,B) is equivalent to Duplicator’s winning condition for
G(Rk(A), Rk(B)) over RE(σ) as was demonstrated in Theorem 3.2.15.

For the (3)⇔ (4) equivalence, since the right adjoint Rk preserves the product A× B ∈
Struct(σ), Rk(A)×Rk(B) ∈ RE

k (σ) ⊆ RE(σ). Applying Proposition 3.1.13(2) to the case
where C = RE(σ), X = Rk(A), and Y = Rk(B) yields the result.

For the morphism, pathwise, and bisimulation cases we used the abstract ‘path matching’
games over RE(σ). By contrast, in order to prove the isomorphism power theorem,
we introduce the notion of branch bijective morphisms in Struct(σ). Recall that by
the definition of adjunction in Definition 2.3.5, that morphisms f ∗ : Rk(A) → Rk(B) ∈
Mor(RE(σ)) are in bijection with morphisms f : Lk(Rk(A))→ B ∈Mor(Struct(σ)). By
Ek = Lk ◦ Rk, f can be regarded as a coKleisli morphism f : Ek(A) → B. For every
morphism f : Ek(A)→ B and (possibly empty) sequence s ∈ Ek(A) ∪ {ϵ}, we can define
the f -induced EF-branch function ψs : A → B at s as ψs(a) = f(s[a]). Given a pair of
sequences of (s, t) ∈ Rk(A)×Rk(B) such that |s| = |t|, we define the induced EF-position
Γ(s, t) of (s, t) as

Γ(s, t) = {(ai, bi) | s = [a1, . . . , an], t = [b1, . . . , bn]}.

Definition 3.2.17. A morphism f : Ek(A)→ B ∈Mor(Struct(σ)) is EF-branch bijective
if for every s ∈ Ek(A)∪{ϵ}, the f -induced EF-branch function ψs : A→ B at s is bijective
and if s is non-empty, the induced position Γ(s, f ∗(s)) is a tight σ-correspondence.

Theorem 3.2.18. The following are equivalent for all finite σ-structures A,B:

(1) A ≡#FOk B

(2) Duplicator has a winning strategy in #EFk(A,B).
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(3) There exists a EF-branch bijective f : Ek(A)→ B.

(4) A ∼=RE(σ)
k B

Proof. For the (1) ⇔ (2) equivalence, [44] demonstrated a similar equivalence for the
case where #FOk has equality and the winning condition for Duplicator in #EFk(A,B)
is strengthened so that the chosen elements form a partial σ-isomorphism. Eliminating
equality in #FOk corresponds to weakening Duplicator’s winning condition from partial
σ-isomorphism to tight σ-correspondence.

For the (2) ⇔ (3) equivalence, this is immediate from definitions. At round n ≥ 0
of #EFk(A,B) with previous Spoiler’s previous moves s = [a1, . . . , an] ∈ Ek(A) ∪ {ϵ},
Duplicator plays bijection ψs : A → B. Conversely, we can define ψs as Duplicator
response ψn in the n-th round of #EFk(A,B) and then define f : Ek(A)→ B as f(s[a]) =
ψs(a). The winning condition of #EFk(A,B) is exactly that γn = Γ(s, f ∗(s)) is a tight
σ-correspondence.

For the (3) ⇔ (4) equivalence, suppose f : Lk(Rk(A)) → B is branch bijective, then via
the adjunction we obtain a morphism f ∗ : Rk(A) → Rk(B). By induction on the length
of sequences s ∈ Ek(A), we can conclude that f ∗ is a bijection, by the fact that ψs is
bijective. We can conclude that f ∗ is a σ-isomorphism, by the fact that Γ(s, f ∗(s)) is
a tight σ-correspondence. Conversely, given an isomorphism f ∗ : Rk(A) → Rk(B) with
inverse g∗ : Rk(B)→ Rk(A), via the adjunction, we can produce f : Lk(Rk(A))→ B and
observe that this satisfies the conditions the f -induced EF-branch functions ψs : A→ B

are bijective. Further, Γ(s, t) with t = f ∗(s) and g∗(t) = s is a tight σ-correspondence by
the fact that f ∗, g∗ are RE

k (σ)-morphisms.

In summary, the behavioural relations of Definition 3.1.19 for the resource-indexed ar-
boreal cover of Struct(σ) by {RE

k (σ)} characterise equivalence for variants of first order
logic FOk graded by quantifier rank.

Theorem 3.2.19. The following equivalences hold:

(1) A →RE(σ)
k B if and only if A⇛∃+FOk B

(2) A⇀
RE(σ)
k B if and only if A⇛∃FOk B

(3) A ↔RE(σ)
k B if and only if A ≡FOk B

(4) A ∼=RE(σ)
k B if and only if A ≡#FOk B (assuming A,B are finite)
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3.2.3 Pebbling

The category of k-pebble forest covers RP
k (σ) has objects which are triples (A,≤,p : A→ [k])

where (A,≤) ∈ Ob(RE(σ)) and p : A → [k] is a ‘pebbling’ function satisfying an addi-
tional ‘active pebble’ condition:

(P) If a, a′ ∈ A are adjacent in G(A) and a ≤ a′, then for all b ∈ (a, a′], p(b) ̸= p(a).

Note that since (A,≤) ∈ Ob(RE(σ)), objects in this category RP
k (σ) satisfy condition (E).

Morphisms in RP
k (σ) are forest-ordered σ-morphisms which preserve the pebbling func-

tion.

Proposition 3.2.20. {RP
k (σ)} is a resource-indexed arboreal category.

Proof. Observe that for every k > 0, the objects and morphisms, without the pebbling
function, are the objects and morphisms of RE(σ). Thus, as in Proposition 3.2.7, RP

k (σ)
is arboreal by Condition (E) ensuring the each object (A,≤,p) is colimit cocone of the
induced σ-substructure on the down sets ↓ a for every a ∈ A.

Since a pebbling function p : [j] → A can be extended to a pebbling function p′ : [k] →
A where j ≤ k, there is a inclusion from the path subcategory of RP

j (σ) to the path
subcategory of RP

k (σ). Equipping the collection {RP
k (σ)} with these inclusions yields a

resource-indexed arboreal category.

We derive the family of pebbling comonads Pk from the seminal paper [5] via the resource-
indexed arboreal cover of Struct(σ) by {RP

k (σ)}. For every k > 0, the universe Pk(A) of
σ-structure Pk(A) is the set of non-empty ‘pebbled’ sequences of A. Explicitly,

Pk(A) := {[(p1, a1), . . . , (pn, an)] | ∀n ∈ N and ∀i ∈ [n], (pi, ai) ∈ [k]× A}

Similar to N+, the counit ε : Pk → IdStruct(σ) maps a pebble sequence to the last pebbled
element, i.e. [(p1, a1), . . . , (pn, an)] 7→ an. We also need a last pebble function ρA where
[(p1, a1), . . . , (pn, an)] 7→ pn. For every m-relation R ∈ σ, (s1, . . . , sm) ∈ RPk(A) if and
only if

(1) ∀i, j ∈ [m], si ⊑ sj or sj ⊑ si (pairwise comparability)

(2) if si ⊑ sj, then ρA(si) does not appear in [suffix(si, s∗)] (active pebble)

(3) (εA(s1), . . . , εA(sm)) ∈ RPk(A) (compatibility)

where s∗ = max{s1, . . . , sm} with respect to the prefix order ⊑ and for all i ∈ [m],
suffix(si, s∗) is such that s∗ = sisuffix(si, s∗). As in the example of Section 3.2.2, for every
k > 0 we factor the object mapping Pk as Pk = Lk ◦ Rk where Lk is the object mapping
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(A,≤,p) 7→ A of the forgetful functor Lk : RP
k (σ) → Struct(σ) and Rk is the mapping

A 7→ (Pk(A),⊑, ρ). In the following proposition, we show that for every A ∈ Struct(σ),
Rk(A) and εA is a universal morphism from Lk to A.

Proposition 3.2.21. For every k > 0, Lk ⊣ Rk is an adjunction from RP
k (σ) to Struct(σ).

Proof. This proof is similar to the proof of Proposition 3.2.4, but we must construct a
morphism g which preserves relations and the pebbling function. Suppose that

f : Lk((A,≤,p))→ B ∈Mor(Struct(σ)),

we need to construct a forest-ordered σ-morphism g : (A,≤,p)→ Rk(B). Since (A,≤) is
a tree order, for every a ∈ A, we can present ↓ a as a finite chain a1 ≺ · · · ≺ an = a and
define g(a) = [(p(a1), f(a1)), . . . , (p(an), f(an))]. As the domain of pebbling function
p is [k], we observe that g(a) ∈ Rk(A). The proof of Proposition 3.2.4 demonstrates
that g is a forest morphism. By definition, ρ(g(a)), where ρ is the pebbling function in
tuple (Pk(B),⊑, ρ), is the pebble p(an) = p(a) on the last element f(a) of the sequence
g(a) so g preserves the pebbling function. It remains to check that this definition of
g preserves relational interpretations, suppose R ∈ σ is a relation of arity m and that
RA(ai1 , . . . , aim). By Condition (E), ai1 , . . . , aim are pairwise comparable in the tree order
≤, so there is maximal element a∗ ∈ {ai1 , . . . , aim} such that {ai1 , . . . , aim} ⊆↓ a∗. By
the definition of g, g(aij ) is a prefix of g(a∗), thus the pairwise comparability condition of
RRk(B) is satisfied. By Condition (P), for all j ∈ [m] such that aij ̸= a∗, p(aij ) ̸= p(a∗).
Thus, since ρ(g(aij )) = p(aij ) is the last pebble of some prefix of the sequence g(a), the
active pebble condition of RRk(B) is satisfied. Since f is σ-morphism and the last pebbled
element of g(aij ) is f(aij ), the compatibility condition of RRk(B) is satisfied. Thus, g
is indeed a morphism of RP

k (σ). The proof that g is the unique morphism such that
εA ◦ Lk(g) = f is similar to the analogous step in the proof of Proposition 3.2.4.

We compute the data of the adjunction Lk ⊣ Rk and observe its similarity with the
corresponding data for the adjunction Lk ⊣ Rk from Section 3.2.2 associated to Ek.

• The functor Rk : Struct(σ) → RP
k (σ) maps a σ-morphism f : A → B to the unique

forest ordered σ-morphism Rk(f) satisfying εB ◦ Lk(Rk(f)) = f ◦ εA defined as
Rk(f)([(p1, a1), . . . , (pn, an)]) = [(p1, f(a1)), . . . , (pn, f(an))]. As the length ofRk(f)(s)
is equal to the length of s, we can conclude that Rk(f) is morphism of forest order
(A,≤) to (B,≤). By Rk(f) preserving the prefix relation, pebble at each index,
and f being σ-morphism, we have that the pairwise comparability, active pebble,
and compatibility conditions for the relational interpretations RRkB are satisfied, so
Rk(f) is a σ-morphism.
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• The counit maps εA of the universal morphism form a natural transformation and
is the counit of the adjunction Lk ⊣ Rk.

• The unit is a natural transformation η : IdRP
k

(σ) → Rk ◦Lk where the component for
(A,≤,p) maps an element a ∈ A where ↓ a is the finite chain a1 ≺ · · · ≺ an = a

to the pebble sequence [(p(a1), a1), . . . , (p(an), an)]. By construction, for aj ∈↓ a,
η(aj) is the j-th prefix [(p(a1), a1), . . . , (p(aj), aj)] of [(p(a1), a1), . . . , (p(an), an)],
so η is indeed a forest morphism. Condition (E), condition (P), and aj being the last
pebbled element of η(aj) correspond to the pairwise comparability, active pebble,
and compatibility conditions which ensure that η is indeed a σ-morphism

We can conclude Pk : Struct(σ) → Struct(σ) is a functor and obtain our derivation of k-
pebble comonad (Pk, ε, δ) of [5] where the comultiplication has components δA = L(ηR(A)).
Explicitly,

δA([(p1, a1), . . . , (pn, an)]) = [(p1, s1), . . . , (pn, sn)].

where for all i ∈ [n], si = s[1, i] = [(p1, a1), . . . , (pn, ai)]. However, as in the previous
example sections, we must strengthen Proposition 3.2.21 to show that Lk ⊣ Rk is a
resource-indexed arboreal cover of Struct(σ) by RP

k (σ). This amounts to showing that
that the comparison functor K! : RP

k (σ)→ EM(Pk) is an isomorphism. In particular, K!

induces a bijective correspondence on objects yielding the following concrete character-
isation of Pk-coalgebras and as a corollary define treewidth in terms of the P-coalgebra
number.

Theorem 3.2.22. There is a bijective correspondence:

(1) Pk-coalgebras α : A → PkA

(2) k-pebble forest covers (A,≤,p) ∈ Ob(RP
k (σ)).

Proof. Concretely, the object mapping K! : Ob(RP
k (σ))→ Ob(EM(Pk)) can be described

similarly to the object mapping of the comparison functor in the proof of Proposi-
tion 3.2.5. Given a k-pebble forest cover (A,≤,p), for each a ∈ A, its predecessors
form a chain a1 ≺ · · · ≺ aj, with aj = a. We see that K!(A,≤,p) = (A, α) where
α(a) = Lk(η(A,≤))(a) = [(a1,p(a1)), . . . , (aj,p(aj))].

Conversely, suppose that α : A → PkA ∈ EM(Pk) is a coalgebra. For a ∈ A, let α(a) =
[(p1, a1), . . . , (pn, aj)], then the comultiplication δA applied to α(a) is [(p1, s1), (p2, s2), . . . , (pj, sj)]
where si = [(p1, a1), . . . , (pi, ai)] for all i ∈ [j]. Hence, equation (2.1) states that α(ai) =
[a1, . . . , ai], for all i ∈ [j]. The equation (2.2) states that aj = a. Thus α : A → PkA
is an injective map whose image is a prefix-closed subset of Pk. Defining a ≤ a′ iff
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α(a) ⊑ α(a′) yields a forest order on A. Defining p(a) = ρ(α(a)) = pn yields a peb-
bling function p : A → [k]. If a, a′ are adjacent in G(A), then for some a1, . . . , an with
a = ai, a′ = aj, we have RA(a1, . . . , an). Since α is a homomorphism, we must have
RPkA(α(a1), . . . , α(an)). By the pairwise comparability condition in the definition of
RPkA, α(ai), α(aj) are prefix comparable, so ai, aj are ≤-comparable and condition (E) is
satisfied. By the active pebble condition in the definition of RPkA, p(α(ai)) ̸= p(α(aj)).
Thus (A,≤,p) is a k-pebble forest cover of G(A). We can define the inverse object
mapping K−1

! : Ob(EM(Pk))→ Ob(RP
k (σ)) as K−1

! (A, α) = (A,≤,p).

A k-pebble forest cover (A,≤,p), equivalently a Pk-coalgebra of type A → PkA, encodes
the data of of tree decomposition of width < k. Tree decompositions are a common way of
defining the graph parameter treewidth. Treewidth is very ubiquitous parameter appear-
ing throughout many fields within theoretical computer science. Intuitively, treewidth is
a sparsity measure which captures how similar an arbitrary graph is to a tree. We now
review the definition of tree decomposition of width < k and treewidth in order to obtain
its characterisation in terms of Pk.

Definition 3.2.23. A tree decomposition of simple undirected graph G = (V,⌢) is a
tree (T,≤, l) with labelling function l : T → P(V ) that assigns a subset of vertices in G

to each node in T satisfying the following conditions:

(TD1) For all v ∈ V , there exists some x ∈ T , v ∈ l(x).

(TD2) If v ⌢ v′ in G, then for some x ∈ T , {v, v′} ⊆ l(x)

(TD3) If v ∈ l(x) ∩ l(x′), then for all y ∈ T along the unique path from x to x′,
v ∈ l(y).

The width width(T ) of a tree decomposition is given by maxx∈T |l(x)| − 1. The treewidth
tw(A) of a σ-structure A is minT width(T ) where T ranges over tree decompositions of
G(A). With this definition in place, we can show how a k-pebble forest cover (A,≤,p)
encodes the data of tree decomposition of A with width < k.

Proposition 3.2.24. For all finite σ-structures A, the following are equivalent

(1) There exists a k-pebble forest cover (A,≤,p) ∈ Ob(RP
k (σ))

(2) A has a tree decomposition of width < k.

Proof. This is a consequence of [5, Theorem 6, Theorem 21], where the term k-traversal
was used instead of k-pebble forest cover. A proof is also given directly in [13, Theorem
6.4].
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Thus, as a corollary of Theorem 3.2.22 and Proposition 3.2.24, we can demonstrate that
the P-coalgebra number corresponds to treewidth.

Corollary 3.2.25. For every finite σ-structure A, χP(A) = tw(A) + 1.

The bijective correspondence of Theorem 3.2.22 extends to a isomorphism of categories
RP
k (σ) ∼= EM(Pk). Thus, demonstrating that Lk ⊣ Rk is a comonadic adjunction and an

arboreal cover of Struct(σ) by Pk.

Proposition 3.2.26. Lk ⊣ Rk is a resource-indexed arboreal cover of Struct(σ) by
{RP

k (σ)}.

Proof. Theorem 3.2.22 demonstrates that K! : Ob(RP
k (σ)) → EM(Pk) is a bijective ob-

ject mapping, we must show that this bijection extends to morphisms and demonstrate
that the functor K! : RP

k (σ)→ EM(Pk) is an isomorphism.

Concretely, the action of K! : RP
k (σ)→ EM(Pk) on morphisms can be described similarly

to the the comparison functor in the proof of Proposition 3.2.6. Given a morphism
f : (A,≤,p)→ (B,≤′,p′) ∈Mor(RP

k (σ)) of k-pebble forest covers, K!(f) is the diagram
D expressing the equation β ◦ Lk(f) = Ek(Lk(f)) ◦ α where K!(A,≤,p) = (A, α) and
K!(B,≤′,p′) = (B, β). As with the proof of Proposition 3.2.6, it follows from f being a
forest morphism that f preserves covering chains and diagram D commutes. We also
additionally observe, for the arboreal cover of Lk ⊣ Rk of Struct(σ) by RP

k (σ), that
Lk(f) must be a σ-morphism as f is a forest-ordered σ-morphism. Moreover, from
f ∈ Mor(RP

k (σ)) preserving the pebbling function it must be the case that D involves
Pk(L(f)) as Pk(L(f)) preserves the pebbles in a sequence s ∈ Pk(A), i.e. p ∈ [k] being
the i-th pebble of s ∈ Pk(A) implies p is the i-th pebble of Pk(L(f))(s).

Conversely, suppose we have commuting diagram D expressing β ◦ g = Pk(g) ◦ α for
coalgebras (A, α), (B, β) ∈ Ob(EM(Pk)) and σ-morphism g : A → B. We observe that
D commuting means that g preserves covering chains, i.e. a1 ≺ · · · ≺ an 7→ g(a1) ≺
· · · ≺ g(an) and pebbles, i.e ρ(α(ai)) = ρ(β(g(ai)) for all i ∈ [n], from K−1(A, α) to
K−1(B, β). Thus, since g preserves roots, the covering relation, pebbling function, and is
a σ-morphism, it lifts to a morphism K−1

! (g) of RP
k (σ).

With the resource-indexed arboreal cover of Struct(σ) by RP
k (σ), we can demonstrate how

the behavioural relations in Definition 3.1.19, instantiated in this case, capture equiva-
lence in variants of Lk. This is an axiomatic recovery of the some of the results in the
seminal pebbling comonad paper [5]. We begin defining the concrete k-pebble game in
order to show RP

k (σ) can encode this game.
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Definition 3.2.27. Given σ-structures A,B and k > 0, we define the back-and-forth
k-pebble game Pebk(A,B) from A to B. In this game, Spoiler and Duplicator each have
a set of [k] = {1, . . . , k} pebbles placed on the structures A and B. During each round n
of the game,

• Spoiler places a pebble pn ∈ [k] on either an ∈ A or bn ∈ B. If the pebble pn was
previously placed on an element, Spoiler moves the pebble to their newly chosen
element.

• Duplicator responds by placing the corresponding pebble pn ∈ [k] on an element of
the opposite structure bn ∈ B or an ∈ A.

This game played for n rounds yields sequences of pebble placements s = [(p1, a1), . . . , (pn, an)]
and t = [(p1, b1), . . . , (pn, an)]. Duplicator wins round n if the relation

γn := {(ap, bp) | ap = lastp(s), bp = lastp(t)}

is a tight correspondence. Duplicator wins the game Pebk(A,B) if she has a winning
move for every possible Spoiler choice forever, i.e. for every round n ∈ N.

As with the EFk(A,B), the game Pebk(A,B) has three variants obtained using analogous
modifications:

• ∃Pebk(A,B) is the game where in every round, Spoiler is forced to place pebbles
on elements a ∈ A and Duplicator is forced to place her corresponding pebbles on
elements b ∈ B.

• ∃+
Pebk(A,B) has the same player restrictions as ∃Pebk(A,B), but additionally Du-

plicator’s winning condition has been weakened. Duplicator can win in ∃+
Pebk(A,B)

if the relation γ is a correspondence.

• #Pebk(A,B) is the bijective variant of the game. At round 0, the starting position
is the pair of empty sequences (s0, t0). At each round n + 1 of the game, assume
that (sn, tn) is the previous position consisting of sequences of pebble placements
on A and B.

– Spoiler first chooses a pebble pn+1 ∈ [k].

– Duplicator then chooses a bijection ψn+1 : A → B such that for all p ̸= pn+1,
ψn+1(ap) = ψn(ap) = lastp(tn) where ap = lastp(sn). If there is no such bijec-
tion, Spoiler wins automatically.
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– Spoiler then places pebble pn+1 on an+1 ∈ A and Duplicator must respond
by placing pebble pn+1 on ψn+1(an+1). The sequences are updated as sn+1 =
sn[(pn+1, an+1)] and tn+1 = tn[(pn+1, ψn+1(an+1))].

The winning condition is the same as Pebk(A,B).

With the definitions of the pebble games in place, we can now proceed with the proofs of
the morphism, pathwise, bisimulation, and isomorphism power theorems for the resource-
indexed arboreal cover of Struct(σ) by {RP

k (σ)}.

Theorem 3.2.28. The following are equivalent for all σ-structures A,B:

(1) A⇛∃+Lk B

(2) Duplicator has a winning strategy in ∃+
Pebk(A,B).

(3) Duplicator has a winning strategy in ∃+
G(Rk(A), Rk(B)) over RP

k (σ).

(4) A →RP (σ)
k B

Proof. For the (1) ⇔ (2) equivalence, [58] demonstrated a similar equivalence for the
case where ∃+Lk has equality and the winning condition for Duplicator in ∃+

Pebk(A,B)
is strengthened so that the pebbled elements form a partial σ-morphism. Eliminating
equality in ∃+Lk corresponds to weakening Duplicator’s winning condition from partial
σ-morphism to σ-correspondence.

For the (2) ⇔ (3) equivalence, the proof is inductive. The base case is trivial, since
γ is the empty set for j = 0, so γ is (vacuously) a σ-correspondence. In the game
∃+
G(Rk(A), Rk(B)) over RP (σ), this corresponds to the initial position (⊥Rk(A),⊥Rk(B)) ∈

+W(Rk(A), Rk(B)). For the inductive step, in round j + 1, observe that the history of
Spoiler’s moves in ∃+

Pebk(A,B) for the previous j rounds, is a sequence [(p1, a1), . . . , (pj, aj)] ∈
Rk(A) which is in bijective correspondence with [u] where dom(u) is a chain of length
j, the pebbling function of dom(u) maps the i-th element to pi, and the i-th element
of dom(u) is mapped to aj by u. The relations on dom(u) are such that u is an
embedding. Spoiler placing pebble pj+1 on aj+1 in the next round of ∃+

Pebk(A,B)
corresponds to Spoiler extending [u] ≺ [u′] ∈ P(Rk(A)) for the corresponding round
in ∃+

G(Rk(A), Rk(B)) where dom(u′) has one additional element r such that u′(r) =
s′ = [(p1, a1), . . . , (pj+1, aj+1)] ∈ Rk(A) and the pebbling function of dom(u′) maps
r to pj+1 ∈ [k]. Similarly, Duplicator’s history of responses [(p1, b1), . . . , (pj, bj)] in
∃+

Pebk(A,B) corresponds to a [v] ∈ Rk(B). Duplicator’s response of placing pj+1 on
bj+1 to Spoiler placing pj+1 on aj+1 in ∃+

Pebk(A,B) results in Duplicator responding to
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Spoiler playing [u′] ≻ [u] in ∃+
G(Rk(A), Rk(B)) with [v′] ≻ [v] ∈ P(Rk(B)). The addi-

tional element r′ of dom(v′) is mapped to v′(r′) = t′ = [(p1, b1), . . . , (pj+1, bj+1)] ∈ Rk(B).
The winning condition for Duplicator in the j + 1-round of ∃+

Pebk(A,B) is that

γj+1 := {(ap, bp) | ap = lastp(s′), bp = lastp(t′)}

is a σ-correspondence. This is equivalent the existence of a RP
k (σ)-morphism dom(u′)→

dom(v′) ∈ +W(Rk(A), Rk(B)).

For the (3) ⇔ (4) equivalence, we observe that, from morphisms in RP
k (σ) preserving

covering chains, P : RP
k (σ) → T is faithful. Applying Proposition 3.1.13(3) to the case

where C = RP
k (σ), X = Rk(A), and Y = Rk(B) yields the result.

Theorem 3.2.29. The following are equivalent for all σ-structures A,B:

(1) A⇛∃Lk B

(2) Duplicator has a winning strategy in ∃Pebk(A,B).

(3) Duplicator has a winning strategy in ∃G(Rk(A), Rk(B)) over RP
k (σ).

(4) A⇀
RP (σ)
k B

Proof. For the (1)⇔ (2) equivalence, the proof is similar to the (1)⇔ (2) equivalence in
Theorem 3.2.28 above. Including all literals, in particular negative atomics, in the logic
∃Lk corresponds to the fact that the relational interpretations restricted to the pebbled
elements at every round in the game ∃Pebk(A,B) must be reflected and preserved, and
so Duplicator’s winning condition at every round is a tight σ-correspondence.

For the (2) ⇔ (3) equivalence, the proof is similar to the (2) ⇔ (3) equivalence in
Theorem 3.2.28 above. The key difference is that Duplicator’s winning condition in the
j + 1 round of ∃Pebk(A,B) is that

γj+1 := {(ap, bp) | ap = lastp(s′), bp = lastp(t′)}

is a tight σ-correspondence. This is equivalent to the existence a a RP
k (σ)-isomorphism

dom(u′) ∼= dom(v′) ∈ W(Rk(A), Rk(B)). This is precisely the winning condition for
Duplicator in ∃G(Rk(A), Rk(B)) over RP (σ).

For the (3)⇔ (4) equivalence, since the right adjoint Rk preserves the product A× B ∈
Struct(σ), Rk(A) × Rk(B) ∈ RP

k (σ). Applying Proposition 3.1.13(1) to the case where
C = RP

k (σ), X = Rk(A), and Y = Rk(B) yields the result.

Theorem 3.2.30. The following are equivalent for all σ-structures A,B:
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(1) A ≡Lk B

(2) Duplicator has a winning strategy in Pebk(A,B).

(3) Duplicator has a winning strategy in G(Rk(A), Rk(B)) over RP
k (σ).

(4) A ↔RP (σ)
k B

Proof. For the (1) ⇔ (2) equivalence, [47] demonstrated a similar equivalence for the
case where Lk has equality and the winning condition for Duplicator in Pebk(A,B) is
strengthened so that the pebbled elements form a partial σ-isomorphism. Eliminating
equality in Lk corresponds to weakening Duplicator’s winning condition from partial
σ-isomorphism to tight σ-correspondence.

For the (2) ⇔ (3), the proof is inductive. The base case is trivial, since γ is the empty
set for j = 0, so γ is (vacuously) a tight σ-correspondence. In the game G(Rk(A), Rk(B))
over RP (σ), this corresponds to the initial position (⊥Rk(A),⊥Rk(B)) ∈W(Rk(A), Rk(B)).
The inductive step splits into two cases. For the case where Spoiler chooses to pebble
pj+1 on aj+1 ∈ A, in the j + 1 round of Pebk(A,B), the argument is the same as in
the equivalence (2)⇔ (3) of Theorem 3.2.29. If instead, Spoiler chooses to place pebble
pj+1 on bj+1 ∈ B in Pebk(A,B) for the round j + 1, then he extends the play from
[v′] ≻ [v] ∈ P(Rk(B)) for the corresponding round in G(Rk(A), Rk(B)) and Duplicator’s
response aj+1 means she extends the play [u′] ≻ [u] ∈ P(Rk(A)) for the corresponding
round in G(Rk(A), Rk(B)) over RP (σ). Duplicator’s winning condition for Pebk(A,B)
is equivalent to Duplicator’s winning condition for G(Rk(A), Rk(B)) over RP (σ) as was
demonstrated in 3.2.29.

For (3) ⇔ (4) equivalence, since the right adjoint Rk preserves the product A × B ∈
Struct(σ), Rk(A) × Rk(B) ∈ RP

k (σ). Applying Proposition 3.1.13(2) to the case where
C = RP

k (σ), X = Rk(A), and Y = Rk(B) yields the result.

Mirroring the EF case in Section 3.2.2, we will use the notion of Peb-branch bijec-
tive in order to obtain an isomorphism power theorem. By the definition of adjunc-
tion, morphisms f ∗ : Rk(A) → Rk(B) ∈ Mor(RP (σ)) are in bijection with morphisms
f : Pk(A))→ B ∈Mor(Struct(σ)) where we note that Pk = Lk ◦Rk. For every morphism
f : Pk(A) → B, (possibly empty) sequence s ∈ Pk(A) ∪ {ϵ}, and pebble p ∈ [k], we can
define the f -induced Peb-branch function ψs,p : A → B at (s, p) as ψs,p(a) = f(s[(p, a]).
Given a pair of sequences of (s, t) ∈ Rk(A) × Rk(B), which are of the same length and
have the same pebble at each index, we define the induced Peb-position Γ(s, t) of (s, t)
as

Γ(s, t) = {(ap, bp) | p ∈ [k], ap = lastp(s), bp = lastp(t)}.

48



Definition 3.2.31. A morphism f : Pk(A) → B ∈Mor(Struct(σ)) is Peb-branch bijec-
tive if for every s ∈ Pk(A) ∪ {ϵ} and pebble p ∈ [k], the f -induced Peb-branch function
ψs,p : A → B at (s, p) is bijective and if s is non-empty, the induced position Γ(s, f ∗(s))
is a tight σ-correspondence.

Theorem 3.2.32. The following are equivalent for all finite σ-structures A,B:

(1) A ≡#Lk B

(2) Duplicator has a winning strategy in #Pebk(A,B).

(3) There exists a Peb-branch bijective f : Pk(A)→ B.

(4) A ∼=RP (σ)
k B

Proof. For the (1) ⇔ (2) equivalence, [44] demonstrated a similar equivalence for the
case where #Lk has equality and the winning condition for Duplicator in #Pebk(A,B)
is strengthened so that the chosen elements form a partial σ-isomorphism. Eliminating
equality in #Lk corresponds to weakening Duplicator’s winning condition from partial
σ-isomorphism to tight σ-correspondence.

For the (2) ⇔ (3) equivalence, this is immediate from definitions. At round n ≥ 0 of
#Pebk(A,B), suppose Spoiler’s previous moves is the sequence s = [(p1, a1), . . . , (pn, an)] ∈
Pk(A) ∪ {ϵ} and Spoiler plays pebble p, Duplicator plays bijection ψs,p : A → B. Con-
versely, we can define ψs,p as Duplicator response bijection ψn to Spoiler playing p in
the n-th round of #Pebk(A,B) and then define f : Pk(A) → B as f(s[(p, a)]) = ψs,p(a).
The winning condition of #Pebk(A,B) is exactly that γn = Γ(s, f ∗(s)) is a tight σ-
correspondence.

For the (3) ⇔ (4) equivalence, suppose f : Lk(Rk(A)) → B is branch bijective, then via
the adjunction we obtain a morphism f ∗ : Rk(A) → Rk(B). By induction on the length
of sequences s ∈ Pk(A), we can conclude that f ∗ is a bijection, by the fact that ψs,p is
bijective We conclude that f ∗ is a σ-isomorphism, by the fact that Γ(s, f ∗(s)) is a tight
σ-correspondence. Conversely, given an isomorphism f ∗ : Rk(A) → Rk(B) with inverse
g∗ : Rk(B)→ Rk(A), via the adjunction, we can produce f : Lk(Rk(A))→ B and observe
that this satisfies the condition that the f -induced Peb-branch functions ψs,p : A → B

are bijective. Further, Γ(s, t) with t = f ∗(s) and g∗(t) = s is a tight σ-correspondence
follows from the fact that f ∗, g∗ are RP

k (σ)-morphisms.

In summary, the behavioural relations of Definition 3.1.19 for the resource-indexed arbo-
real cover of Struct(σ) by {RP

k (σ)} characterise equivalence for variants of finite variable
logic Lk.
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Theorem 3.2.33. The following equivalences hold:

(1) A →RP (σ)
k B if and only if A⇛∃+Lk B

(2) A⇀
RP (σ)
k B if and only if A⇛∃Lk B

(3) A ↔RP (σ)
k B if and only if A ≡Lk B

(4) A ∼=RP (σ)
k B if and only if A ≡#Lk B (assuming A,B are finite)

3.2.4 Modal

Throughout this example, we will work in the category of pointed σ-structures Struct⋆(σ)
where σ is a modal signature. Recall that since σ is a modal signature, the set of binary
relations {Rα | α ∈ Act} is indexed by the transition alphabet Act, and the set of unary
relations P encode the truth of propositional variables in PV.

The category RM(σ) defined in this example is the subcategory of a category of pointed
tree-ordered structures R⋆(σ). Intuitively, this subcategory RM(σ) can be seen a category
of tree models for ♢+M theories.

The subcategory RM(σ) of modal tree-ordered σ-structures has objects (A,≤, a0) whose
tree-order ≤ and transition relations {RA

α | α ∈ Act} satisfy the following compatibility
condition:

(M) a ≺ a′ if and only if there is a unique binary relation symbol Rα ∈ σ such that
RA
α (a, a′).

Proposition 3.2.34. RM(σ) is an arboreal category.

Proof. Since the paths of R⋆(σ) are the paths of the full subcategory RM(σ), RM(σ)
is a path category. The path subobjects of an (A, a0,≤) ∈ RM(σ) are the induced σ-
structures on the down sets ↓ a = a0 ≺ · · · ≺ a for every a ∈ A. Condition (M) ensures
that (A, a0,≤) can be realised as the colimit cocone of these down sets.

Let {RM
k (σ)} be the depth-indexing of RM(σ). Concretely, RM

k (σ) is the category of
k-height modal tree-ordered σ-structures.

For every k > 0, we derive the k-round modal comonad Mk from [12, 13]. The universe
Mk(A, a0) of Mk(A, a0) consists sequences of transitions with length ≤ k in (A, a0).
Explicitly,

Mk(A, a0) := {a0
α1−→ . . .

αn−→ an | n ∈ N, RA
αi

(ai−1, ai)}.
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with distinguished point given by the sequence a0. Similar to N+, the counit ε : Mk →
IdStruct⋆(σ) maps a transition sequence to the last state, i.e. a0

α1−→ . . .
αn−→ an 7→ an. For

every binary relation Rα ∈ σ, we define the interpretation

RMk(A,a0)
α (s, t)⇔ t is the extension of s = a0

α1−→ . . .
αn−1−−−→ an−1 by an−1

α−→ a

For every unary relation P ∈ σ, PMk(A,a0)(s) ⇔ PA(ε(a)). As in the previous examples
of Section 3.2.2 and 3.2.3, for every k > 0, we factor the object mapping Mk as Mk =
Lk ◦ Rk where Lk is the object mapping (A, a0,≤) 7→ (A, a0) of the forgetful functor
Lk : RM

k (σ) → Struct⋆(σ) and Rk is the mapping (A, a0) 7→ (Mk(A, a0), a0,⊑) where
⊑ is the prefix relation on transition sequences, i.e. s ⊑ a0

α1−→ . . .
αn−→ an if for some

i ∈ (n), s = a0
α1−→ . . .

αi−→ ai. In the following proposition, we show that for every
(A, a0) ∈ Struct⋆(σ), Rk(A, a0) and ε(A,a0) is a universal morphism from Lk to (A, a0).

Proposition 3.2.35. For every k > 0, Lk ⊣ Rk is an adjunction from RM
k (σ) to

Struct⋆(σ).

Proof. Suppose that f : Lk((A,≤, a0)) → (B, b0) ∈ Mor(Struct⋆(σ)), we need to con-
struct a forest-ordered σ-morphism g : (A,≤, a0)→ Rk((B, b0)). Since (A,≤, a0) is a tree
order, for every a ∈ A, we can present ↓ a as a finite chain a0 ≺ a1 ≺ · · · ≺ an = a.
By Condition (M), for every i ∈ [n], there exists a unique transition relation Rαi

∈ σ

such that RA
αi

(ai−1, ai). We define g(a) = f(a0) α1−→ f(a1) α2−→ . . .
αn−→ f(an). As (A,≤, a0)

has height ≤ k, n ≤ k and so g(a) ∈ Mk(A, a0). The proof of Proposition 3.2.4 and
g(a0) = f(a0) = b0 demonstrates that g is a tree morphism. It remains to check that this
definition of g preserves relational interpretations. Suppose Rα ∈ σ is a binary transition
relation and RA

α (a, a′). By Condition (M), a ≺ a′, g(a′) is the extension of g(a) by a α−→ a′,
so RRk(B,b0)

α (a, a′). Suppose P ∈ σ is a unary relation, then since f(a) is the last element
of the transition sequence g(a) and f is a σ-morphism, if PA(a), then PRk(B,b0)(g(a)).

To demonstrate uniqueness, suppose g′ : (A,≤, a0)→ Rk(B, b0) such that ε(B,b0)◦Lk(g′) =
f . For a ∈ A such that ↓ a is the chain a0 ≺ a1 ≺ · · · ≺ an = a, we know by Condition (M)
that this chain uniquely determines the transition sequence a0

α1−→ a1
α2−→ . . .

αn−→ an = a.
Moreover, by g′ being a forest morphism g′(ai) is the i-th prefix of g′(a), and since g′ is
σ-morphism, for all i ∈ [n], Rαi

(g(ai−1), g(ai)). Thus, the i-th transition in the transition
sequence g(a) is αi. Further, by the equation εX ◦ L(g′) = f , the last element of g′(ai),
i.e. the i-th element of g(a) is f(ai). Combining these facts, we get that g′(a) = f(a0) α1−→
. . .

αn−→ f(an) = g(a).
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We compute the data of the adjunction Lk ⊣ Rk and observe its similarity with the
corresponding data for the adjunction Lk ⊣ Rk from Section 3.2.2 yielding the k-round
EF comonad Ek.

• The functor Rk : Struct⋆(σ) → RM
k (σ) maps a pointed σ-morphism f : (A, a0) →

(B, b0) to the unique tree-ordered σ-morphism Rk(f) satisfying ε(B,b0)◦Lk(Rk(f)) =
f ◦ ε(A,a0) defined as Rk(f)(a0

α1−→ . . .
αn−→ an) = f(a0) α1−→ . . .

αn−→ f(an). As
the length of Rk(f)(s) is equal to the length of s, we can conclude that Rk(f) is
morphism of tree order (A, a0,≤) to (B, b0,≤). By Rk(f) preserving α-successors
and f being σ-morphism, we have that the interpretations for binary relations
RRk(B,b0)
α and unary relations PRk(B,b0) are satisfied, so Rk(f) is a σ-morphism.

• The counit maps εA of the universal morphism form a natural transformation and
is the counit of the adjunction Lk ⊣ Rk.

• The unit is a natural transformation η : IdRM
k

(σ) → Rk ◦ Lk. To compute the com-
ponent (A, a0,≤) of η observe that for an element a ∈ A where ↓ a is the finite
chain a1 ≺ · · · ≺ an = a, by condition (M), there is a unique transition sequence
a0

α1−→ . . .
αn−→ an which we define as η(a). By construction, for aj ∈↓ a, η(aj)

is the j-th prefix a1
α1−→ . . .

αj−→ aj of a0
α1−→ a1

α2−→ . . .
αn−→ an, so η is indeed a

forest morphism. Condition (M) ensures that η preserves the binary relations. The
fact that aj is the last element of the transition sequence η(aj) ensures that unary
relations are preserved. Hence, η is a σ-morphism.

We can conclude Mk : Struct⋆(σ) → Struct⋆(σ) is a functor and obtain our derivation of
k-round modal comonad (Mk, ε, δ) of [12, 13] where the comultiplication has components
δ(A,a0) = L(ηR(A,a0)). Explicitly, for a transition sequence s = a0

α1−→ a1
α2−→ . . .

αn−→ an ∈
Mk(A, a0),

δX(s) = s0
α1−→ s1

α2−→ . . .
αn−→ sn.

where si = a0
α1−→ a1

α2−→ . . .
αi−→ ai for all i ∈ (n). However, in order to show that

Lk ⊣ Rk is a resource-indexed arboreal cover of Struct⋆(σ) by RM
k (σ), we must strengthen

Proposition 3.2.35 by demonstrating that L ⊣ R is a comonadic adjunction. This amounts
to showing that that the comparison functor K! : RM

k (σ)→ EM(Mk) is an isomorphism.
As with the previous cases of the k-round EF comonad and the k-pebble comonad, we
first demonstrate that the object mapping of K! is a bijective correspondence.

Theorem 3.2.36. There is a bijective correspondence:

(1) Mk-coalgebras γ : (A, a0)→Mk(A, a0)

(2) k-height modal tree σ-structure (A, a0,≤) ∈ Ob(RM
k (σ))
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Proof. Concretely, the object mapping K! : RM
k (σ)→ EM(Mk) can be described similarly

to the object mapping of the comparison functor in the proof of Proposition 3.2.5. Given
a k-height modal tree tree σ-structure (A, a0,≤), for each a ∈ A, its predecessors form a
chain a1 ≺ · · · ≺ aj, with aj = a, and j ≤ k. By condition (M), this chain corresponds
uniquely to a transition sequence a0

α1−→ a1
α2−→ . . .

αj−→ aj. We see that K!(A,≤) = (A, γ)
where α(a) = Lk(η(A,≤))(a) = a0

α1−→ a1
α2−→ . . .

αj−→ aj.

Conversely, suppose that γ : (A, a0) → Mk(A, a0) is a coalgebra. For a ∈ A, let γ(a) =
a0

α1−→ a1
α2−→ . . .

αj−→ aj, then the comultiplication δA applied to γ(a) is s0
α1−→ s1

α2−→
. . .

αj−→ sj where si = a0
α1−→ a1

α2−→ . . .
αj−→ ai for all i ∈ (j). Hence, equation (2.1)

states that γ(ai) = a0
α1−→ a1

α2−→ . . .
αj−→ ai, for all i ∈ (j). The equation (2.2) states

that aj = a. Thus α : (A, a0) → Mk(A, a0) is an injective map whose image is a prefix-
closed subset of Mk(A, a0). Defining a ≤ a′ if α(a) ⊑ α(a′) yields a tree order A with
root a0 and height ≤ k. Since α is a homomorphism, we have for all binary relations
Rα ∈ σ, RMk(A,a0)

α (s, t) if and only if t is the extension of s = a0
α1−→ a1

α2−→ . . .
αj−→ ai by

ai
αi+1−−→ ai+1, so condition (M) is satisfied. Thus (A, a0,≤) is a modal tree σ-structure

of height ≤ k. We can define the inverse object mapping K−1
! : EM(Mk) → RM

k (σ) as
K−1

! ((A, a0), γ) = (A, a0,≤).

Theorem 3.2.36 was stated and proved to exhibit the uniformity of the argument with
analogous theorems for the EF and pebbling comonads. However, we observe that, due
to the uniqueness in condition (M), the unit of η is in fact an isomorphism and the modal
adjunction Lk ⊣ Rk is a coreflection. Therefore, we can view RM

k (σ) as isomorphic to a
subcategory of Struct⋆(σ). The isomorphic subcategory is the full subcategory consisting
of synchronisation trees, and we get a conditional statement of when a coalgebra exists
for a modal structure (A, a0). We say a pointed σ-structure (A, a0) in a modal signature
σ is a synchronisation tree if every element a ∈ A is reachable from a0 via a unique
transition sequence a0

α1−→ a1 . . .
αn−→ an = a. The height of a synchronisation tree (A, a0)

is the maximum length of any path from the root a0.

Theorem 3.2.37. The following are equivalent:

(1) There exists a Mk-coalgebra γ : (A, a0)→Mk(A, a0)

(2) (A, a0) is a synchronisation tree of height ≤ k

Proof. Suppose there is a coalgebra γ : (A, a) → Mk(A, a). For a′ ∈ A, let γ(a′) =
a0

α1−→ a1
α2−→ . . .

αj−→ aj where a0 = a. The first coalgebra equation states that γ(ai) =
a0

α1−→ a1
α2−→ . . .

αi−→ ai for 0 ≤ i ≤ j. The second coalgebra equation states that aj = a′.
Therefore, γ is injective. By injectivity and since γ is a homomorphism and thus preserves
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transitions, the path of transitions determined by γ(a′), i.e. a0
α1−→ a1

α2−→ . . .
αj−→ a′ is

unique. Hence, every a′ ∈ A has a unique path from a, so the submodel generated by a
is a synchronisation tree. Since j ≤ k, the height of the tree is at most k.

Conversely, suppose (A, a0) is a synchronisation tree of height ≤ k, then for every a′ in
this submodel, there exists a unique path of transitions a α1−→ · · · αj−→ a′. We can define
the morphism γ : (A, a) → Mk(A, a) as γ(a′) = a0

α1−→ a1 . . .
αj−→ a′. Since the path of

transitions is unique, the first coalgebra equation is satisfied. Moreover, since the last
element of γ(a′) is a′, the second coalgebra equation is satisfied.

Given this concrete characterisation of Mk-coalgebras, we can define a combinatorial
parameter which coincides with the M-coalgebra number. The modal depth md(A, a0) of
a modal structure (A, a0) is k if (A, a0) is synchronisation tree of height = k. In contrast
with the analogous results for the EF comonad and pebbling comonad, this result is
conditional. This is because the definition of objects in RM

k (σ) reflect information about
the structure of possible transitions. Thus, having Mk-coalgebra for any k at all puts a
strong constraint, i.e. being a tree, on the structure of the transition system.

Corollary 3.2.38. If (A, a0) is a finite synchronisation tree in modal signature σ, then
χM(A, a0) = md(A).

Proposition 3.2.39. Lk ⊣ Rk is a resource-indexed arboreal cover of Struct⋆(σ) by
{RM

k (σ)}.

Proof. Theorem 3.2.36 demonstrates that K! : Ob(RM
k (σ)) → EM(Mk) is a bijective

object mapping, we must show that this bijection extends to morphisms and demonstrate
that the functor K! : RM

k (σ)→ EM(Mk) is an isomorphism.

Concretely, the action ofK! : RM
k (σ)→ EM(Mk) on morphisms can be described similarly

to the the comparison functor in the proof of Proposition 3.2.6. Given a morphism
f : (B, b0,≤)→ (C, c0,≤′) ∈Mor(RM

k (σ)) of tree-ordered modal structures, K!(f) is the
diagram D expressing the equation γ ◦ Lk(f) = Mk(Lk(f)) ◦ β where K!(B, b0,≤) =
((B, b0), β) and K!(C, c0,≤′) = ((C, c0), γ). As with the proof of Proposition 3.2.6, it
follows from f being a tree morphism that f preserves covering chain and diagram D

commutes. We also additionally observe, for the arboreal cover of Lk ⊣ Rk of Struct⋆(σ)
by RM

k (σ), that L(f) must pointed σ-morphism as f is a tree-ordered σ-morphism which
preserves transitions in a sequence, i.e. b0

α1−→ b1
α2−→ . . .

αn−→ bn maps to c0
α1−→ f(b1) α2−→

. . .
αn−→ f(bn) by condition (M). Moreover, from f ∈ Mor(RM

k (σ)) acting on chains of
height ≤ k it must be that case that D involves Mk(L(f)) as Mk(L(f)) acts on transition
sequences of length ≤ k.
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Conversely, suppose we have commuting diagram D expressing γ ◦g = Mk(g)◦β for coal-
gebras ((B, b0), β), ((C, c0), γ) ∈ Ob(EM(Mk)) and σ-morphism g : A → B. We observe
that D commuting means that g preserves transition sequences, i.e. b0

α1−→ b1
α2−→ . . .

αn−→
bn 7→ c0

α1−→ g(b0) α1−→ g(b1) α2−→ . . .
αn−→ (bn), of height n ≤ k from K−1((B, b0), β) to

K−1((C, c0), γ). Thus, since g preserves transition sequences and is a pointed σ-morphism,
it lifts to a morphism K−1

! (g) of RM
k (σ).

With the resource-indexed arboreal cover of Struct⋆(σ) by RM
k (σ), we can demonstrate

how the behavioural relations in Definition 3.1.19, instantiated in this case, recover the
notions of simulation, property-preserving simulation, and bisimulation they generalise.
Thus, proving how this arboreal cover captures equivalence in modal logic. For the
following definition, given a pointed σ-structure (A, a0) in a modal signature σ, an element
a ∈ A, and a transition relation α ∈ Act, we will denote the set of α-successors to a as

RA
α (a) = {a′ | RA

α (a, a′)}.

Definition 3.2.40. Given pointed σ-structures (A, a0), (B, b0) and k > 0, we define the
k-modal bisimulation game Mk((A, a0), (B, b0)). We start with position (a0, b0). At each
round n+ 1 of the game, with current position (an, bn):

• Spoiler chooses a transition associated to a binary relation Rα ∈ σ in one of the
structures A,B, e.g.

– If Spoiler chooses A, then Spoiler picks element an+1 ∈ RA
α (an).

– If Spoiler chooses B, then Spoiler picks element bn+1 ∈ RB
α(bn).

• Duplicator responds by choosing a corresponding transition in the opposite struc-
ture, e.g.

– If Spoiler chose A, the Duplicator responds with element bn+1 ∈ RB
α(bn).

– If Spoiler chose B, the Duplicator responds with element an+1 ∈ RA
α (an).

• The position after round n+ 1 is (an+1, bn+1).

Duplicator wins round n ≥ 0 if for all unary predicates P ∈ σ, PA(an) ⇔ PB(bn).
Duplicator wins the game Mk((A, a0), (B, b0)) if she has a winning move for every possible
Spoiler choice and every round 0 ≤ n ≤ k.

As with previous cases, e.g. EFk(A,B) and Pebk(A,B), Mk((A, a0), (B, b0)) has three
variants obtained using analogous modifications:
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• ∃Mk((A, a0), (B, b0)) is the game where in every round, Spoiler is forced to place
pebbles on elements a ∈ A and Duplicator is forced to place her corresponding
pebbles on elements b ∈ B.

• ∃+Mk((A, a0), (B, b0)) has the same player restrictions as ∃Mk(A,B), but addition-
ally Duplicator’s winning condition has been weakened. Duplicator can win in
∃+Mk(A,B) if for all unary predicates P ∈ σ, PA(an)⇒ PB(bn).

• #Mk((A, a0), (B, b0)) is the bijective variant of the game. At round 0 of the game,
the starting position of the game is (a0, b0). At each round n+ 1 of the game, with
previous position (an, bn):

– Spoiler first chooses an action α ∈ Act.

– Duplicator then chooses a bijection ψn+1 : RA
α (an) → RB

α(bn). If there is no
such bijection, Spoiler automatically wins.

– Spoiler then chooses an+1 ∈ RA
α (a) and Duplicator responds with ψn+1(an+1) ∈

RB
α(b).

The winning condition is the same as Mk((A, a0), (B, b0)).

With the definitions of the modal (bi)simulation games in place, we can now proceed with
the proofs of the morphism, pathwise, bisimulation, and isomorphism power theorems for
the resource-indexed arboreal cover of Struct⋆(σ) by {RM

k (σ)}.

Theorem 3.2.41. The following are equivalent for all pointed σ-structures (A, a0), (B, b0):

(1) (A, a0) ⇛♢+Mk (B, b0)

(2) Duplicator has a winning strategy in ∃+Mk((A, a0), (B, b0)).

(3) Duplicator has a winning strategy in ∃+
G(Rk(A, a0), Rk(B, b0)) over RM

k (σ).

(4) (A, a0)→RM (σ)
k (B, b0)

Proof. For the (1) ⇔ (2) equivalence, this is the old result that simulation between
labelled transition systems, which can be phrased as the game ∃+Mk((A, a0), (B, b0))
preserves □α-free positive formulas. For a textbook account, see e.g. [21].

For the (2)⇔ (3) equivalence, observe that elements [m] ∈ P(Rk(A, a0)) are in bijective
correspondence with transition sequences s = a0

α1−→ a1
α2−→ . . .

αj−→ aj such that m(r) = s

where r is the maximal element of the chain dom(m); and conversely, up to equivalence,
we can assume m is embedding mapping the transition sequence s into Rk(A, a0), i.e.
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for all i ∈ (j), the i-th element of dom(m) is ai. Therefore, Spoiler extending a transi-
tion sequence s by a transition aj

α−→ aj+1 in the j + 1 round of ∃+Mk((A, a0), (B, b0))
corresponds to Spoiler extending [m] by [m′] in ∃+

G(Rk(A, a0), Rk(B, b0)) over RM
k (σ).

This similarly holds for Duplicator responses. The winning condition of position (aj, bj)
in ∃+Mk((A, a0), (B, b0)) that PA(aj) ⇒ PB(bj) is equivalent to the resulting position
([m], [n]) ∈ +W(Rk(A, a0), Rk(B, b0)) for the game ∃+

G(Rk(A, a0), Rk(B, b0)) over RM(σ).

For the (3) ⇔ (4) equivalence, we observe that, from morphisms in RM
k (σ) preserving

covering chains, P : RM
k (σ) → T is faithful. Applying Proposition 3.1.13(3) to the case

where C = RM
k (σ), X = Rk(A, a0), and Y = Rk(B, b0) yields the result.

Theorem 3.2.42. The following are equivalent for all pointed σ-structures (A, a0), (B, b0):

(1) (A, a0) ⇛♢Mk (B, b0)

(2) Duplicator has a winning strategy in ∃Mk((A, a0), (B, b0)).

(3) Duplicator has a winning strategy in ∃G(Rk((A, a0)), Rk((B, b0))) over RM
k (σ).

(4) (A, a0) ⇀RM (σ)
k (B, b0)

Proof. For the (1)⇔ (2) equivalence, the proof is similar to the (1)⇔ (2) equivalence in
Theorem 3.2.41 above. Including propositional variables and their negations in the logic
Mk corresponds to the fact that the interpretations of unary relations on an, bn at round
n in the game ∃Mk(A,B) must be reflected and preserved, i.e. PA(an)⇔ PB(bn).

For the (2)⇔ (3) equivalence, the proof is similar to the (2)⇔ (3) equivalence in Theo-
rem 3.2.41 above. The key difference is that Duplicator’s winning condition for the posi-
tion (an, bn) in the n-th round of ∃Mk((A, a0), (B, b0)) is for all unary P ∈ σ, PA(an)⇔
PB(bn). This is equivalent to the resulting position ([m], [n]) ∈ W(Rk(A, a0), Rk(B, b0))
for the game ∃G(Rk(A, a0), Rk(B, b0)) over RM(σ).

For the (3)⇔ (4) equivalence, since the right adjoint Rk preserves the product (A, a0)×
(B, b0) ∈ Struct⋆(σ), Rk(A, a0) × Rk(B, b0) ∈ RM

k (σ). Applying Proposition 3.1.13(1) to
the case where C = RM

k (σ), X = Rk(A, a0), and Y = Rk(B, b0) yields the result.

Theorem 3.2.43. The following are equivalent for all pointed σ-structures (A, a0), (B, b0):

(1) (A, a0) ≡Mk (B, b0)

(2) Duplicator has a winning strategy in Mk((A, a0), (B, b0)).

(3) Duplicator has a winning strategy in G(Rk((A, a0)), Rk((B, b0))) over RM
k (σ).
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(4) (A, a0)↔RM (σ)
k (B, b0)

Proof. For the (1) ⇔ (2), this is the classical result that bisimulation, which can be
phrased as the game Mk((A, a0), (B, b0)) characterises equivalence in Mk. This results
originates from [45]. For a textbook account, see e.g. [21].

For the (2) ⇔ (3) equivalence, the proof is similar to the (2) ⇔ (3) equivalence in
Theorem 3.2.42 above. The key difference is that Spoiler can now extend a position
(an, bn) by choosing a transition bn

α−→ bn+1. Similarly, Spoiler can also extends posi-
tion ([m], [n]) by [n′] ≻ [n] in P(Rk(B, b0)). Thus, we have a correspondence between
plays in Mk((A, a0), (B, b0)) and G(Rk((A, a0)), Rk((B, b0))) over RM

k (σ). Duplicator’s
winning condition in Mk((A, a0), (B, b0)) is equivalent to Duplicator’s winning condition
in G(Rk((A, a0)), Rk((B, b0))) over RM

k (σ) as was demonstrated in Theorem 3.2.42.

For the (3)⇔ (4) equivalence, since the right adjoint Rk preserves the product (A, a0)×
(B, b0) ∈ Struct⋆(σ), Rk(A, a0) × Rk(B, b0) ∈ RM

k (σ). Applying Proposition 3.1.13(2) to
the case where C = RM

k (σ), X = Rk(A, a0), and Y = Rk(B, b0) yields the result.

The isomorphism power theorems in Section 3.2.2 and Section 3.2.3 were conditional on
A,B being finite structures. This condition was related to the fact that injective branch
maps ψ : A → B that Duplicator plays are bijective for finite sets. In the modal case,
since Duplicator’s winning strategy in #Mk((A, a0), (B, b0)) relies on branch maps of the
form ψ : RA

α (a)→ RB
α(b) for a ∈ A and b ∈ B, we instead require that (A, a0) and (B, b0)

are image-finite, i.e. for all a ∈ A and R ∈ σ, RA(a) is finite.

By the definition of adjunction, morphisms f ∗ : Rk(A, a0) → Rk(B, b0) ∈ Mor(RM(σ))
are in bijection with morphisms f : Mk(A, a0) → (B, b0) ∈ Mor(Struct⋆(σ)) where we
note that that Mk = Lk ◦ Rk. For every morphism f : Mk(A, a0) → (B, b0), transition
sequence a0

α1−→ a1 . . .
αn−→ an ∈ Mk(A, a0), and action α ∈ Act, we can define the f -

induced M-branch function ψs,α : RA
α (an)→ RB

α(f(s)) at (s, α) as

ψs,α(a) = f(a0
α1−→ a1 . . .

αn−→ an
α−→ a).

Definition 3.2.44. A morphism f : Mk(A, a0)→ (B, b0) ∈Mor(Struct⋆(σ)) is M-branch
bijective if for every s ∈Mk(A, a0) ending in state an, the f -induced M-branch function
ψs,α : RA

α (an) → RB
α(f(s)) at α is bijective, for all unary P ∈ σ, PA(a0) ⇔ PB(b0), and

for all an+1 ∈ RA
α (an), PA(an+1)⇔ PB(ψs,α(an+1)).

Theorem 3.2.45. The following are equivalent for all image-finite pointed σ-structures
(A, a0), (B, b0):
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(1) (A, a0) ≡#Mk (B, b0)

(2) Duplicator has a winning strategy in #Mk((A, a0), (B, b0)).

(3) There exists a M-branch bijective f : Mk(A, a0)→ (B, b0).

(4) (A, a0) ∼=RM (σ)
k (B, b0)

Proof. For the (1) ⇔ (2) equivalence, it was shown in [32] that a notion of graded
bisimulation, which can be phrased as the game #Mk(A,B) characterises equivalence in
#Mk. Graded bisimulation is related to the notion of resource bisimulation from [15].

For the (2) ⇔ (3) equivalence, we proceed by induction on the number of rounds.
At round 0, the position (a0, b0) is winning for Duplicator if for all unary P ∈ σ,
PA(a0) ⇔ PB(b0) which is the second item in the definition of M-branch bijective. At
round n + 1 of #Mk((A, a0), (B, b0)), suppose Spoiler’s previous moves is the sequence
s = a0

α1−→ a1
α2−→ . . .

αn−→ an and Spoiler chooses action α ∈ Act, Duplicator plays bi-
jection ψs,α : RA

α (an)→ RB
α(f(s)). Conversely, we can define ψs,α as Duplicator response

bijection ψn+1 : RA
α (an) → RB

α(bn) to Spoiler choosing α ∈ Act in the n + 1-th round of
#Pebk(A,B) and then define f : Mk(A, a0) → B as f(t) = ψs,α(an+1) where t is the ex-
tension of s by the transition an αn−→ an+1. The winning condition of #Mk((A, a0), (B, b0))
is that for all unary P ∈ σ and an+1 ∈ RA

α (an), PA(an+1)⇔ PB(ψs,α(an+1)), i.e. the third
item in the definition of M-branch bijective.

For the (3) ⇔ (4) equivalence, suppose f : Lk(Rk(A, a0)) → (B, b0) is branch bijective,
then via the adjunction we obtain a morphism f ∗ : Rk(A, a0)→ Rk(B, b0). By induction
on the length of sequences s ∈ Pk(A), we can conclude that f ∗ is a bijection, by the fact
that ψs,α is bijective, and is a σ-isomorphism, since unary relations are preserved and
reflection and the interpretation of binary relations Rα is via extension by transitions
an

α−→ an+1. Conversely, given an isomorphism f ∗ : Rk(A, a0) → Rk(B, b0) with inverse
g∗ : Rk(B, a0) → Rk(A, b0), via the adjunction, we can produce f : Lk(Rk(A, a0)) →
(B, b0) and observe that this satisfies the conditions the f -induced M-branch functions
ψs,α : RA

α (ε(s))→ RB
α(f(s)) are bijective. Further, by f ∗, g∗ being RM

k (σ)-morphisms, for
all unary P , PA(a0)⇔ PB(b0) and for all an+1 ∈ RA

α , PA(an+1)⇔ PB(ψs,α(an+1)).

In summary, the behavioural relations of Definition 3.1.19 for the resource-indexed arbo-
real cover of Struct(σ) by {RM

k (σ)} characterise equivalence for variants of modal logic
Mk graded by nesting depth of modalities.

Theorem 3.2.46. The following equivalences hold:

(1) (A, a0)→C
k (B, b0) if and only if (A, a0) ⇛♢+Mk (B, b0)
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(2) (A, a0) ⇀C
k (B, b0) if and only if (A, a0) ⇛♢Mk (B, b0)

(3) (A, a0)↔C
k (B, b0) if and only if (A, a0) ≡Mk (B, b0)

(4) (A, a0) ∼=C
k (B, b0) if and only if (A, a0) ≡#Mk (B, b0) (assuming (A, a0), (B, b0) are

image-finite).

3.3 Interpreted symbols

In this section, we extend the arboreal approach to capture logics that have interpreted
symbols. This addresses a gap in the use of arboreal covers. In particular, this extension
allows us to use arboreal categories to capture equivalence in logics with equality. We use
the machinery of relative comonads to address the gap, and show that relative-liftings of
game comonads enable us to capture a wider range of logics. Namely, after adapting the
definition of the Ehrenfeucht-Fräıssé comonad for multi-sorted structures, we are able to
use this approach to capture equivalence in second-order logics.

3.3.1 Enriched logics

Throughout this chapter, we have only been able to use arboreal covers to give charac-
terisations of equivalence for logics without equality. However, model theorists typically
deal with logics where there is an atomic symbol ‘=’ interpreted on a structure A as
equality on the underlying universe A. To illustrate how to captures logics with equality
using game comonads, we will first consider adding equality to FOk making use of the
Ehrenfeucht-Fräıssé comonad Ek from Section 3.2.2 capturing this logic.

In order to add equality to FOk, we make explicit the use extra atomic symbol by moving
from the signature σ to the signature σ+ = σ ∪{I} with an extra binary relation symbol
I. From there, in order to encapsulate the intended interpretation of equality, we consider
a functor J= : Struct(σ)→ Struct(σ+) where

• For objects, A = (A, {RA}R∈σ), we define J=(A) = (A, {RA}R∈σ, I
A) where IA is

the equality relation on A, i.e. IA = {(a, a) | ∀a ∈ A}.

• For morphisms f : A → B, the morphism J=(f) : J=(A) → J=(B) has the same
underlying set function as f . As f is a σ-morphism and set functions preserve
equality, J=(f) is a σ+-morphism.

Let Eσ+
k : Struct(σ+)→ Struct(σ+) denote the Ehrenfeucht-Fräıssé comonad on Struct(σ+).
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Definition 3.3.1. Given σ-structures A,B and k > 0, we define the back-and-forth k-
round Ehrenfeucht-Fräıssé game EF=

k (A,B) from A to B with equality. During each
round n ≤ k of the game,

• Spoiler chooses an element an ∈ A or bn ∈ B.

• Duplicator responds with an element bn ∈ B or an ∈ A in the opposite structure.

Duplicator wins round n if the relation

γn := {(aj, bj) | j ≤ n}

is a partial σ-isomorphism. Duplicator wins in EF=
k (A,B) if for every round n ≤ k and

possible Spoiler choice, Duplicator has a winning move.

We can define the one-sided and bijective variants ∃+EF=
k (A,B), ∃EF=(A,B), #EF=(A,B)

of EF=
k (A,B) as we did for EFk(A,B). In particular, for the game ∃+EFk(A,B), Spoiler is

forced to play in A and Duplicator’s winning condition is that γn is a partial σ-morphism.

The key lemma relating the game EF=
k (A,B) with equality and the game without equality

EFk(A,B) involves translating the winning condition of Duplicator ‘along the functor J=’.
This is formalised in the following lemma:

Lemma 3.3.2. For every finite relational signature σ and A,B ∈ Ob(Struct(σ)):

• γ is a partial σ-morphism from A to B if and only if γ is a σ+-correspondence from
J=(A) to J=(B).

• γ is a partial σ-isomorphism from A to B if and only if γ is a tight σ+-correspondence
from J=(A) to J=(B).

Here, we are viewing γ as being specified by a subset of A×B.

Proof. Suppose γ is a partial σ-morphism from A to B, and consider pairs (a, b), (a′, b′).
By γ being a σ-morphism, a = a′ ⇒ b = b′ By the definition of IJ(A), IJ(B) as equality on
the underlying universes, this implication is equivalent to γ preserving the I-relation. As
the interpretations of the relations are unchanged by J , we see that γ is σ-morphism if and
only if γ is a σ+-correspondence. The proof from the second item is the same, but using
the fact that the bi-implication a = a′ ⇔ b = b′ holds for partial σ-isomorphisms.

Theorem 3.3.3. The following are equivalent:

(1) A ≡FO=
k B

(2) Duplicator has a winning strategy in EF=
k (A,B).
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(3) Duplicator has a winning strategy in EFk(J=(A), J=(B)).

(4) Duplicator has a winning strategy in G(Rk(J=(A)), Rk(J=(B))) over RE
k (σ).

(5) J=(A)↔C
k J=(B)

Proof. For the (1)⇔ (2) equivalence, this is the classic Ehrenfeucht-Fräıssé theorem [34,
36]. For a textbook account of the classic Ehrenfeucht-Fräıssé theorem see e.g. [59].

For the (2)⇔ (3) equivalence, for any Spoiler move EF=(A,B), Duplicator responds with
the same element as she would in EF(J=(A), J=(B)), and vice-versa for the converse. By
Lemma 3.3.2, the relation γ generated by this strategy is winning for Duplicator in
EF=(A,B), and similarly for the converse.

For the (3) ⇔ (4) ⇔ (5) equivalences, these follow from the corresponding equivalences
in Theorem 3.2.16.

Similar arguments can be repeated for the variants ∃+FO=
k , ∃FO=

k , and #FO=
k of FO=

k

yielding the following theorem.

Theorem 3.3.4. The following equivalences hold for all k > 0:

(1) J=(A)→C
k J=(B) if and only if A⇛∃+FO=

k B

(2) J=(A) ⇀C
k J=(B) if and only if A⇛∃FO=

k B

(3) J=(A)↔C
k J=(B) if and only if A ≡FO=

k B

(4) J=(A) ∼=C
k J=(B) if and only if A ≡#FO=

k B

An additional example of an enriched logic is first-order logic with a connectivity predicate
conn, FOconn which was explored in [80]. Connectivity cannot be expressed in bounded
quantifier rank fragments of first-order logic, so FOconn

k is strictly more expressive than
FOk. To encapsulate this example, we consider a signature σconn = σ∪{conn, I} which has
two additional binary relation I and conn 1 and a functor Jconn : Struct(σ)→ Struct(σconn)
where

• For objects A with universe A, we define Jconn(A) as the σconn-structure with uni-
verse A and relational interpretations:

– (a, a′) ∈ IA if a = a′.
1Schirrmacher et. al. [80] introduce a logic with additional connectivity predicates connn of arity n+2

which express connectivity avoiding n many elements. For ease of presentation, we present the case
where conn = conn0.
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– (a, a′) ∈ connA if there exists a path a0 = a ⌢ a1 ⌢ · · · ⌢ an = a′ in the
Gaifman graph G(A).

– RA = RJconn(A) for all R ∈ σ.

• For morphisms f : A → B, the morphism Jconn(f) : Jconn(A) → Jconn(B) has the
same underlying set function as f . As f is a σ-morphism, f preserves the edge
relation of the Gaifman graph and thus the conn-relation, so Jconn(f) is a σconn-
morphism.

If we use FOconn
k to denote first-order logic with connectivity predicate with quantifier

rank ≤ k, then it is easy to see that we can use an analogous argument to the equality
case (Theorem 3.3.3) to obtain a characterisations of equivalence in this logic via the
relative comonad Ek ◦ Jconn.

Theorem 3.3.5. Jconn(A)↔C
k Jconn(B) if and only if A ≡FOconn

k B

Proof. By Theorem 3.2.16, Jconn(A) ↔C
k Jconn(B) is equivalent to Duplicator having a

winning strategy in EFk(Jconn(A), Jconn(B)). By [80, Theorem 3.9], equivalence A ≡FOconn
k

B is characterised by a modified version of the EFk(A,B) game where a position for
Duplicator is winning if, in addition to the chosen elements forming a partial isomorphism,
the connectivity predicate must be reflected and preserved. This is precisely the same as
a winning position for Duplicator in EFk(Jconn(A), Jconn(B)).

3.3.2 Second-order logic

Monadic second-order logic (MSO) is the extension of first-order logic with quantifiers
∃X and ∀X which quantify over subsets of the domain. A standard way of viewing
monadic second-order logic is to restrict the semantics of two-sorted first-order logic with
an additional symbol relating the two sorts. The semantics restriction to obtain monadic
second-order logic involves interpreting the first sort as the domain A, the second sort as
the powerset P(A) of A, and the additional binary relation symbol as the set membership
relation ∈.

Building from monadic second-order logic, general k-adic second-order logic extends first-
order logic by also allowing quantifiers that range over subsets of P(An) for any n ≤ k.
Similar to the monadic case, the standard semantics involves restricting the semantics of
(k)-sorted first-order logic where the n-th sort is P(An) for n > 0 and A for n = 0. Thus,
we need to extend our comonadic analysis to the setting of multi-sorted model theory.
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In the setting of multi-sorted model theory, we fix a set S of sorts. Signatures σ come up
with relational symbols that have arities specified by vectors of sorts ⟨s1, . . . , sm⟩ where
s1, . . . , sm ∈ S.

Universes of σ-structures are S-sorted sets rather than ordinary sets. An S-sorted set A
is an S-indexed family of sets. For such a family A, the set As denotes the component of
A at sort s ∈ S. An element a ∈ As will be denoted a:s ∈ A. An S-sorted σ-structure A
has universe given by an S-sorted set A, and interpretations

RA ⊆ As1 × · · · × Asm

for every relational symbol R ∈ σ with arity ⟨s1, . . . , sm⟩. The morphism between σ-
structures is an S-sorted function h : A→ B that is specified by an S-indexed family of
set functions hs : As → Bs. An S-sorted σ-morphism h : A → B is a S-sorted function
h : A→ B such that for every relational symbol R ∈ σ of arity ⟨s1, . . . , sm⟩,

RA(a1:s1, . . . , am:sm)⇒ RB(h(a1:s1), . . . , h(am:sm))

for all a1:s1, . . . , am:sm ∈ A. We will write StructS(σ) for the category S-sorted σ-
structures and σ-morphisms. Fixing a subset of I ⊆ S of sorts with equality, we can
define S-sorted FOI,S with equality on I sorts. In FOI,S, variables x are equipped with a
sort s, denoted x:s, atomic formulas are either of the form R(x1:s1, . . . , xm:sm) whenever
R ∈ σ has arity ⟨s1, . . . , sm⟩ or of the form x:s = y:s whenever s ∈ I. Let FOI,S

k denote
logic with formulas of FOI,S with quantifier rank ≤ k. For more details on multi-sorted
model theory, see Appendix A.

We ‘upgrade’ the Ehrenfeucht-Fräıssé comonad to the S-sorted setting to capture equiv-
alence in FO∅,S. To begin, we first define the functor ESk : StructS(σ) → StructS(σ),
suppose A ∈ Ob(StructS(σ)), then we can define the universe ESk (A) of ESk (A) induc-
tively as:

[a1:s1, . . . , an:sn] ∈ (ESkA)sn n < k an+1 ∈ Asn+1

[a1:s1, . . . , an:sn, an+1:sn+1] ∈ (ESkA)sn+1

Mirroring the single-sorted case, the counit ε : IdStruct(σe) → ESk has components εA speci-
fied by an S-sorted function such that for every s ∈ S εA,s returns the last element. The
coextension h∗ : ESk (A)→ ESk (B) of an σ-morphism h : ESk (A)→ B is defined component
wise as

hs([a1:s1, . . . , an:sn]) = [hs1(a1), . . . , hsn(an)]

where we note that s = sn.

Proposition 3.3.6. (ESk , ε, (·)∗) is a comonad in Kleisli form.
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The coalgebras of ESk are forest covers (A,≤) of σ-structures A where the forest or-
der ≤ is over the set ∐

s∈S As. The coalgebra morphisms in EM(ESk ) are equivalent
to forest-ordered σ-morphisms which preserve sort. Thus, applying Proposition 3.2.11,
{EM(ESk} is an resource-indexed arboreal cover of StructS(σ). We now prove the gener-
alisation of Theorem 3.2.16 for this multi-sorted EF comonad. Let GES

k : StructS(σ) →
EM(Ek) denote the cofree coalgebra sending a σ-structure A to (ESk (A), δA). Generalis-
ing from the ‘equality interpretation’ J= in the single-sorted case, we consider a signature
σ+ = σ ∪ {Is}s∈I where for every sort s ∈ I, there is relation I of arity ⟨s, s⟩. The
functor J I= : StructS(σ)→ StructS(σ+) encodes the equality interpretation by mapping a
σ-structure A to the σ+-structure J I=(A) where IA

s = {(a, a) | a ∈ As}.

Theorem 3.3.7. The following are equivalent for all σ-structures A,B ∈ Ob(StructS(σ)):

(1) A ≡FOI,S
k B.

(2) Duplicator has a winning strategy in EFI,S
k (A,B).

(3) There exists a bisimulation in GES
k (J I=(A))← X → GES

k (J I=(B)) in EM(ESk ).

Proof. For the (1) ⇔ (2) equivalence, this is a straightforward adaption of the single-
sorted proof. For details, see in Appendix A. For the (2) ⇔ (3) equivalence, following
the same lines as Theorem 3.2.16, a Duplicator winning strategy in EFI,S

k (A,B) is equiv-
alent to a Duplicator winning strategy in G(GES

k (A), GES
k (B)) over EM(ESk ). Thus, by

Proposition 3.1.13(2), this equivalent to the existence of a bisimulation GES
k (J=(A)) ←

X → GES
k (J=(B)) in EM(ESk ).

Using a relative-lifting of this multi-sorted EF comonad, we can capture equivalence in
monadic second order logic MSOk up to quantifier rank < k. Recall the syntax of MSO
extends FO with set variables X, Y ,etc. in addition to the ordinary variables x, y,etc., and
atomic formulas of the form x ∈ X relating these two sorts of variables. The standard
semantics of MSO(σ) is to interpret the set variables in P(A) for a σ-structure A with
universe A and ∈ as the set membership relation.

For any single-sorted signature σ, we can encode this standard semantics by using a
functor J∈ : Struct(σ) → Struct(σe) from a single-sorted signature σ to a multi-sorted
signature σe. The signature σe is a S-sorted signature with sorts S = {f , s} and σe =
σ∪{e}. For every r-ary relation R ∈ σ, the identical symbol in σe has arity given by the
r-length tuple ⟨f , . . . , f⟩, the additional symbol e has arity ⟨f , s⟩.

The functor J∈ : Struct(σ)→ Struct(σe) encodes the standard semantics for MSO.
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• On objects, for A ∈ Ob(Struct(σ)), J∈(A) is the σe structure with universe given
by the {f , s}-set with Af = A and As = P(A) (powerset of A) and relational
interpretations

– eJ∈(A) = {(a, S) | a ∈ S}

– RJ∈(A) = RA for all R ∈ σ.

• On morphisms, a σ-morphism f : A → B induces a σe-morphism with underly-
ing {f , s}-function where ff = f and fs is equal to the direct image function
P(f) : P(A) → P(B). By definition of direct image, for all a ∈ S ⊆ A, ff (a) ∈
fs(S), so J∈(f) is a σe-morphism.

Typically MSO has equality on ordinary variables, so the standard semantics is encoded
by the composed functor J : Struct(σ)→ Struct(σe,+) where J = J f

= ◦ J∈.

There is a bijective correspondence between formulas of FOI,S
k (σe) and formulas of

MSOk(σ). This bijective correspondence allows us to obtain the following obvious propo-
sition.

Using Theorem 3.3.7 and the bijective syntactic translation between formulas of MSOk(σ)
and FOI,S

k (σe), we obtain the following theorem demonstrating that the relative comonad
ESk ◦ J on J : Struct(σ)→ Struct(σe,+) captures equivalence in MSOk.

Theorem 3.3.8. The following are equivalent for all σ-structures A,B ∈ Ob(Struct(σ)):

(1) A ≡MSOk(σ) B.

(2) Duplicator has a winning strategy in EFI,S
k (J∈(A), J∈(B)).

(3) There exists a bisimulation in GES
k (J(A))← X → GES

k (J(B)) in EM(ESk ).

Proof. For the (1)⇔ (2) equivalence, there are syntactic translation maps F : MSO(σ)→
FOI,S(σe) and M : FOI,S(σe)→MSO(σ) such that

• F and M are inverses,

• for all φ ∈MSO(σ), A ⊨ φ⇔ J(A) ⊨ F (φ), and conversely,

• for all φ ∈ FOI,S
k (σe), A ⊨M(φ)⇔ J(A) ⊨ φ.

For more details on this translation, see Proposition A.0.14. Thus, A ≡MSOk(σ) B ⇔
J∈(A) ≡FOI,S

k
(σe) J∈(B) where I = {f} and S = {f , s}. The desired equivalence then

follows from the (1)⇔ (2) equivalence of Theorem 3.3.7.
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For the (2) ⇔ (3) equivalence, this follows from the (2) ⇔ (3) equivalence of Theo-
rem 3.3.7 and J = J f

= ◦ J∈.
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Chapter 4

Linear arboreal covers

In this chapter, we strengthen the notion of arboreal category to linear arboreal category.
The notion of linear arboreal category adds two axioms to the definition of arboreal cate-
gory that ensure that the branches of an object in our category, i.e. the path subobjects,
are ‘full paths’ or ‘traces’.

With this notion in place, we demonstrate that any arboreal category C whose objects are
strongly connected has a linear arboreal subcategory CL related to C via an adjunction.
Composing an arboreal cover of E by C with this adjunction, yields a linear arboreal
cover of E by CL. The behavioural equivalences of Definition 3.1.19 when instantiated
for one of these linear arboreal covers yields linear-time variants of the corresponding
branching-time equivalence.

As the previous chapter demonstrated, many model-comparison games are instances of
a notion of bisimulation. In this chapter, we generalise the relationship between bisim-
ulation and its linear variant–trace equivalence. In particular, we show that the linear
variant of each of these model comparison games can be phrased as an ‘all-in-one’ game.

4.1 Linear arboreal categories

In an arboreal category, since every object X is path-generated, X is a colimit cocone
of its branches. For the notion of linear arboreal category, we would like to impose
additional conditions to exclude ‘non-trivial branching’. Branching appears in two forms
for an arboreal category C. The first form is evident in the objects of C. Namely, objects
in C are colimits of their branch subobjects. Thus to exclude branching in the objects
of C, we additionally require that every object X ∈ Ob(C) is a coproduct of paths. The
second form is evident in the morphisms of C. In particular, path embeddings p : P ↣ X

in C isolate a partial branch of X that can be extended in possibly multiple ways, via
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extensions j : P ↣ Q, to longer partial branches q : Q ↣ X where p = q ◦ j. Thus to
exclude branching in the morphisms of C, we need a path embedding P ↣ X to isolate
a ‘full path’ or ‘trace’ (rather than partial path). To accomplish this, we add an axiom
to ensure that paths in C have only trivial extension. We formalise these exclusions in
the following axiomatic definition.

Definition 4.1.1. A linear arboreal category is an arboreal category C such that the
following two axioms are satisfied:

(L1) Every object X ∈ Ob(C) is a coproduct
⊎

Pi∈Ob(Cp)
Pi

of path objects Pi.

(L2) For any two non-initial paths P,Q if j : P ↣ Q is an embedding, then j : P ∼= Q is
an isomorphism.

We say an arboreal category C is a quasi-linear arboreal category if (L1) is satisfied.

One counterintuitive consequence of condition (L2) is that the path objects in a bijective
or linear arboreal category, appear ‘externally’, i.e. from the perspective of the paths
P : C→ T functor, rather trivial. This captured in the the following proposition:

Proposition 4.1.2. If C is an arboreal category satisfying (L2) and P ∈ Ob(C) is a
path, then ht(P ) ≤ 1.

Proof. If P is the initial path, then by the definition of height, ht(P ) = 0. If P is
not the initial path, then we show that P(P ) has a unique non-root element. Suppose
[j : P ′ ↣ P ] ∈ P(P ) is a non-root element, then P ′ is not the initial path. Thus,
by Axiom (L2), j : P ′ ↣ P is an isomorphism, and [j] = [idP ]. The equivalence class
[idP ] ∈ P(P ) is the unique non-root element of P(P ). Since P(P ) has only one non-root
element, ht(P ) = 1.

However, as will be demonstrated in the examples of Section 4.2, Proposition 4.1.2 hints
at that idea that ‘paths’ in the linear arboreal setting can be seen has types for full
behaviours, i.e. traces and, in terms of model comparison games, produce ‘all-in-one’
variants.

Another counterintuitive consequence of these axioms is that, bisimulations in C trivialise
to bidirectional pathwise embeddings.
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Corollary 4.1.3. Let C be a linear arboreal category, and suppose X, Y ∈ C, the cate-
gorical product X × Y exists in C. The following are equivalent:

(1) There exists pathwise embeddings h : X → Y and h′ : Y → X in Mor(C).

(2) There exists a bisimulation X
f←− Z

g−→ Y in C.

Proof. For the (1) ⇒ (2) direction, by Proposition 3.1.13(2), the existence of a bisim-
ulation X

f←− Z
g−→ Y in C is equivalent to Duplicator having a winning strategy in

the abstract back-and-forth game G(X, Y ) over C described in Definition 3.1.12. Given
pathwise embeddings h : X → Y and h′ : Y → X in Mor(C), we can construct such a
strategy. The game starts with roots ([⊥X ], [⊥Y ]). If Spoiler chooses to extend [⊥X ]
with [m : P ↣ X] ≻ [⊥X ], then Duplicator responds with [h ◦ m : P ↣ Y ]. Clearly,
dom(h ◦m) ∼= dom(m) ∼= P , so ([m], [h ◦m]) ∈W(X, Y ) and Duplicator wins the round.
Moreover, from Proposition 4.1.2 we see that every path in P(X) is of height at most 1, so
Spoiler has no more extensions of [m] and Duplicator wins the whole game G(X, Y ) over
C. Similarly, if Spoiler chooses to extend [⊥Y ] with [n : P ↣ Y ] ≻ [⊥Y ], then Duplicator
responds with [h′ ◦ n : P → X] ≻ [⊥X ]. As with the previous case, we can conclude that
Duplicator wins the whole game G(X, Y ).

Conversely, the (2) ⇒ (1) is just the statement of Proposition 3.1.15.

4.1.1 The linear adjunction

In this section, we construct a linear arboreal subcategory CL from any arboreal category
C which satisfies a linearisable condition. The linear arboreal subcategory CL is related
to C via a right adjoint to the inclusion functor I : CL → C. Using this adjunction, we
can derive linear variants of many of the corresponding constructions in C.

To define the linearisable condition, we simply strengthen to notion of connectedness in
Axiom (3) of Definition 3.1.6 to the usual categorical notion.

Definition 4.1.4. An object X ∈ Ob(C) is strongly connected if every morphism X →⊎
i∈I Pi, where {Pi} is a family of paths, factors through a unique coproduct injection

Pj →
⊎
i∈I Pi.

The following condition, which we can define for any path category, is sufficient to guar-
antee that an arboreal category C contains an linear arboreal subcategory CL.

Definition 4.1.5. A path category is linearisable if every non-initial path P ∈ C is
strongly connected.
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The linearisable condition is independent from the axioms of a path category. The fol-
lowing is an example, suggested by Luca Reggio to the author, of a path category which
is not linearisable.

Counterexample 4.1.6. Suppose k ≥ 2, we define a full subcategory HTk of T where
the objects (T,≤) of HTk have height ≤ k and satisfy the following condition:

(HT) For all x, y ∈ T , if ht(x) = ht(y), then x = y.

In other words, for every h ≤ k, there is at most one x ∈ T such that ht(x) = h. The
coproduct in HTk maintains the (HT) condition by merging elements of equal height
from each component. As HTk is a full subcategory of T closed under quotients, HTk

inherits the property of being a path category from T. However, HT3 is not a linearisable
path category. Namely, observe that if P is a path of height 2 and Q is a path of height
3, then there is a tree morphism P → P ⊎Q which factors both the through the injection
P → P and the injection P → Q. This is because in P ⊎Q elements of Q of height ≤ 2
are merged with the elements of P .

For every linearisable arboreal category C, we construct a subcategory CL which is a
linear arboreal category. To construct CL, we first a construct the quasi-linear arboreal
CqL from C by restricting the objects of C to those which are generated by their maximal
paths.

Definition 4.1.7. A path embedding m : P ↣ X is maximal if P is not initial and for
all n : P ′ ↣ X such that m ⊴ n, m ∼ n.

Equivalently, m : P ↣ X is maximal if the ∼-equivalence class [m] is a maximal element
in the poset P(X). For every object X in a path category, let P⊤(X) be the subset of
maximal elements in P(X). With the definition of maximal in place, we obtain CqL an
objects which are generated by their maximal paths:

Definition 4.1.8. An object X ∈ C of a path category C is linearly path-generated if

X ∼=
⊎

[m]∈P⊤(X)
dom(m).

The following lemmas will be useful when working with linearly path-generated objects
in a linearisable arboreal category C.

Lemma 4.1.9. If C is a linearisable arboreal category and X ∈ Ob(C) is linearly path-
generated, then for every maximal [m] ∈ P⊤(X), m = i[m] where i[m] : dom(m) → X is
the coproduct injection.
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Proof. By the universal property of the coproduct X, there exists a unique morphism
u : X → X such that for all components dom(m) of X indexed by [m] ∈ P⊤(X),
u ◦ i[m] = m. Since u ◦ i[m] = m and m : dom(m) → X is an embedding, by Propo-
sition 2.3.9(e), i[m] : dom(m) → X is an embedding for every [m] ∈ P⊤(X). As m

is a maximal path embedding, dom(m) is a non-initial path. By C being linearisable,
dom(m) is strongly connected, so m : dom(m) → X factors through a unique coprod-
uct injection i[n] : dom(n) ↣ X obtaining the equality m = i[n] ◦ jm. The morphism
jm : dom(m) → dom(n) is an embedding by Proposition 2.3.9(e). Since m is a maximal
path and i[n] : dom(n) ↣ X is an embedding, jm is an isomorphism, and [m] = [i[n]]. Up
to isomorphism, we can replace the component dom(n) of X with dom(m) and conclude
that m = i[m].

Lemma 4.1.10. If C is a linearisable arboreal category, X ∈ Ob(C) is linearly path-
generated, and [p : P ↣ X] ∈ P(X) is not the root, then there exists a unique maximal
element [m] ∈ P⊤(X), such that [p] ≤ [m].

Proof. Since [p : P ↣ X] ∈ P(X) is not the root, P is a non-initial path. By C being
linearisable, P is strongly connected. Since X is linearly path-generated, the path em-
bedding p : P ↣ X factors through a unique coproduct injection p = i[m] ◦ z for some
z : P → Q. By Lemma 4.1.9, m = i[m], so p = m ◦ z. By p being a path embedding and
Proposition 2.3.9(e), z is an embedding. Therefore, [p] ≤ [m].

The next step in our construction of CL is to obtain CL from CqL by restricting to those
morphisms of CqL that preserve maximal elements. Formally, such morphisms are defined
as follows:

Definition 4.1.11. A morphism f : X → Y ∈ Mor(C) is a leaf morphism in C if for
every [m] ∈ P⊤(X), P(f)([m]) = [∃fm] ∈ P⊤(Y ).

Thus, CL is the subcategory of C where the objects are the linearly-path generated objects
of C and the morphisms are the leaf morphisms of C.

Proposition 4.1.12. If C is a linearisable arboreal category, then CL is a linear arboreal
category. In particular, CqL is a quasi-linear arboreal category.

Proof. By definition, the objects CqL and CL are the objects of C which are coproducts
of their maximal paths. Thus, CqL and CL satisfy Axiom (L1) of Definition 4.1.1.

To show that CL satisfies Axiom (L2) of Definition 4.1.1, suppose P,Q are non-initial
paths and m : P ↣ Q ∈Mor(CL) ⊆Mor(C), we need to show that P ∼= Q. Consider the
(Q,M) factorisation of m◦ idP into quotient q : P ↠ ∃mP and embedding ∃midP : ∃mP →
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Q. Since m : P ↣ Q ∈Mor(CL) is a leaf morphism, [∃midP : ∃mP → Q] ∈ P⊤(Q). As Q
is a path, [idQ] is the unique maximal element in P(Q), so there exists an isomorphism i

such that i such that ∃midP = i ◦ idQ. Hence, ∃midP = i is an isomorphism ∃mP ∼= Q.

On the other hand, since m = m◦idP = ∃midP ◦q is an embedding, by Proposition 2.3.9(e),
the quotient q is also an embedding. By Proposition 2.3.9(b), q is an isomorphism P ∼=
∃mP .

Composing these two isomorphisms allows us to conclude that P ∼= Q as desired.

Since leaf morphisms preserve maximal elements, the object mapping X 7→ P⊤(X) ex-
tends to a functor P⊤ : CL → Set.

Proposition 4.1.13. If C is a linearisable arboreal category, X 7→ P⊤(X) induces a
functor P⊤ : CL → Set from the linear arboreal subcategory CL of C.

Proof. Follows immediately from the definition of leaf morphism.

For the linear arboreal subcategory CL of an arboreal category C, there is an inclusion
I : CL ↪→ C. Paths of an object in X ∈ Ob(CL) are essentially the maximal paths of
I(X) ∈ Ob(C).

Proposition 4.1.14. For every object X ∈ Ob(CL) and non-initial path P , if [m : P ↣

X] ∈ P(X), then [I(m)] ∈ P⊤(I(X)).

Proof. The function P(I(m)) maps the unique maximal path [idI(P )] in P⊤(I(P )) to

[∃I(m)idI(P )] ∗= [I(m) ◦ idI(P )] = [I(m)]

where the starred equality follows from I(m) being a pathwise embedding. Since m : P ↣

X ∈Mor(CL), I(m) is leaf morphism of C. By definition of leaf morphism, P(I(m)) =
[I(m)] is a maximal element in P⊤(I(X)).

The inclusion I : CL → C has a right adjoint T : C → CL. The right adjoint T will be
central for computing from a game comonad its linear variant. To construct the object
mapping of T , suppose X is an object of arboreal category C, we define T (X) as the
coproduct in C of all paths of X. In notation,

T (X) =
⊎

[p]∈P(X)
dom(p).

For every X ∈ C, by the universal property of the coproduct I(T (X)), there exists a
unique morphism εLX : I(T (X)) → X such that for all [p] ∈ P(X), p = εLX ◦ i[p] where
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i[p] : dom(p)→ I(T (X)) is the coproduct injection. The following theorem demonstrates
that for every object X ∈ C, T (X) and εLX is a universal morphism from I to X. Thus,
T extends to a functor T : C→ CL and is right adjoint to I.

Theorem 4.1.15. For every linearisable arboreal category C, I ⊣ T is an adjunction
from CL to C.

Proof. Suppose f : I(X) → Y ∈ Mor(C), we need to construct a unique morphism
g : X → T (Y ) ∈ Mor(CL) satisfying εLY ◦ I(g) = f . By the definition of Mor(CL), it
suffices to construct a unique leaf morphism I(g) : I(X)→ I(T (Y )) in Mor(C) such that
εLY ◦ I(g) = f . Since X ∈ Ob(CL), we know that I(X) is linearly path-generated in C

and thus, a coproduct of Q = dom(m) ranging over maximal path embeddings [m : Q↣

I(X)]. Recall that for every such maximal element [m], we have the factorisation of f ◦m
into:

Q ∃fQ Y
qm nm (4.1)

such that [nm] = Pf([m]) ∈ P(Y ). Since [nm] ∈ P(Y ), we have corresponding component
of T (Y ) and coproduct injection jm : ∃fQ → T (Y ) such that εLY ◦ jm = nm. Thus, for
every component Q of the coproduct I(X), we have morphism jm ◦ qm : Q → T (Y ). By
the universal property of the coproduct I(X), we have a unique morphism I(g) : I(X)→
I(T (Y )) such that I(g) ◦ i[m] = jm ◦ qm.

To verify that εLY ◦ I(g) = f , we compute the following equality for every component
dom(m) = Q of the coproduct I(X):

(εLY ◦ I(g)) ◦ i[m] = εLY ◦ (I(g) ◦ i[m])
= εLY ◦ (jm ◦ qm) I(g) ◦ i[m] = jm ◦ qm
= (εLY ◦ jm) ◦ qm
= nm ◦ qm εLY ◦ jm = nm

= f ◦m Equation (4.1)
= f ◦ i[m] Lemma 4.1.9

Thus, by the universal property of coproduct I(X), εLY ◦ I(g) = f .

Combining this equation, the universal property of I(g), and m = i[m] from Lemma 4.1.9,
we obtain the following commutative diagram

Q ∃fQ

I(X) I(T (Y )) Y

qm

m jm
nm

I(g)

f

εL
Y

(4.2)

74



To verify that I(g) is a leaf morphism, consider maximal path embedding m : Q →
I(X) and suppose there exists an n : Q′ → I(T (Y )) such that P(I(g))([m]) ≤ [n]. By
equation (4.2), nm being an embedding, and Proposition 2.3.9 (e), jm is an embedding
and P(I(g))([m]) = [jm : ∃fQ ↣ I(T (Y ))]. To prove maximality of P(I(g))([m]), we
need to show that [jm] = [n]. By the supposition [jm] ≤ [n], there exists an embedding
z : ∃I(g)Q↣ Q′ such that the following triangle commutes:

∃I(g)Q Q′

I(T (Y ))

z

jm
n

By C being linearisable and Q is a non-initial path, ∃fQ and Q′ are strongly connected.
By Q′ being strongly connected and I(T (X)) being a coproduct of paths, there exists a
unique coproduct injection jn : R→ I(T (X)) such that n = jn ◦ w for some w : Q′ → R.
However, from the equations n = jn ◦w, jm = n◦z, we must conclude that jm = jn ◦w◦z
and so the coproduct injection jm factors through the coproduct injection jn. By ∃fQ
being strongly connected, we conclude that jn = jm. Thus, we have that n = jm ◦ w,
R = ∃fQ, and w : Q′ → ∃fQ. By n being embedding and Proposition 2.3.9 (e), w is
embedding and [jm] ≥ [n]. Combining with our supposition [jm] ≤ [n], we obtain that
[jm] = [n].

To verify the uniqueness of g, suppose there exists a g′ : X → T (Y ) ∈ Mor(CL) such
that εLY ◦ I(g′) = f . For every path [p] ∈ P(Y ), p = εLY ◦ i[p]. In particular, for every
[m] ∈ P⊤(I(X)), for the path

[n] = P(εLY ◦ I(g′))([m]) = P(εLY ◦ I(g))([m]) = P(f)([m]) ∈ P(Y ),

we have that n = εLY ◦ i[n] where i[n] : dom(n) → I(T (Y )) is the coproduct injection.
Thus, I(g) and I(g′) map m onto the same component dom(n) of I(T (Y )). Since I(g)
and I(g′) are leaf morphisms, and [m] ∈ P⊤(X) is a maximal path, g and g′ must map
[m] to the maximal path [i[n]] ∈ P(I(T (Y ))) corresponding to the full component dom(n)
of I(T (Y )). By the universal property of the coproduct I(X), I(g) = I(g′). As I is a
faithful functor, g = g′.

Throughout the rest of this chapter, ηL : Id → T ◦ I and εL : I ◦ T → Id denote the unit
and counit, respectively, of the adjunction I ⊣ T .

As demonstrated in Chapter 3 the objective of arboreal categories C is to view its tree
shaped objects as covers of objects in another extensional category E. Consequently, we
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would like to use the linear adjunction I ⊣ T to produce an linear arboreal cover of E by
CL from an arboreal cover E by C.

Given the arboreal cover L ⊣ R of E by a linearisable arboreal category C, we can compose
this adjunction with the adjunction I ⊣ T to obtain an adjunction L ◦ I ⊣ T ◦R between
E and CL. However, a priori, this adjunction may not be comonadic, and therefore may
not necessarily yield a linear arboreal cover of E by CL. In Theorem 4.1.19, we show
that this composed adjunction is indeed comonadic. The proof uses Beck’s comonadicity
theorem which gives necessary and sufficient conditions for when a functor F yields a
comonadic adjunction. One of the conditions in Beck’s theorem involves demonstrating
that equalisers of split pairs are created by F . For this reason, we first prove some lemmas
about equalisers in arboreal categories.

Lemma 4.1.16. Let (C,Q,M) be an factorised category. If o : O → X equalises f, g : X →
Y and (eo : O ↠ Ô,mo : Ô ↣ X) is the (Q,M)-factorisation of o, then mo : Ô ↣ X

equalises f, g.

Proof.

f ◦ o = g ◦ o o equalises f, g
f ◦ (mo ◦ eo) = g ◦ (mo ◦ eo) o = mo ◦ eo factorisation
(f ◦mo) ◦ eo = (g ◦mo) ◦ eo

f ◦mo = g ◦mo quotient eo is an epimorphism

For the next two lemmas, we consider for all objects X in a linear arboreal category, the
subset Z ⊆ P(X) of elements whose representatives equalise f, g, i.e. z = [p : P ↣ X] ∈ Z
if f ◦ p = g ◦ p. Let Z⊤ be the elements which are maximal in the induced sub-poset of
Z in P(X), i.e. y ∈ Z⊤ if y ∈ Z and for all z ∈ Z such that y ≤ z, y = z.

Lemma 4.1.17. For every x ∈ Z such that x ̸= [⊥ : 0̃ ↣ X] there exists a unique t ∈ Z⊤

such that x ≤ t.

Proof. By Lemma 4.1.10, every such x ∈ Z is contained within a unique maximal element
m ∈ P⊤(X). This allows us to partition Z into non-empty sets Zm =↓ m ∩ Z where
m ∈ P⊤(X) and there exists an x ∈ Z with x ≤ m. As ↓ m is a finite chain, Zm is a finite
subset of a chain, and there exists a maximal element tm ∈ Zm. To verify that tm ∈ Z⊤,
suppose that z ∈ Z and tm ≤ z. It must be the case that z ≤ m, if not then tm ≤ z ≤ m′

for m′ ̸= m ∈ P⊤(X) which would contradict Lemma 4.1.10. Therefore, z ∈ Zm, and
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by the maximality of tm, z = tm. As tm ∈ Z⊤, we set t = tm and the statement of the
theorem holds.

Lemma 4.1.18. If (E, e) is the equaliser of morphisms I(f), I(g) : I(X) → I(Y ) in C

for X, Y ∈ CL, then

(1) there is an equaliser (E ′, e′) of f, g : X → Y in CL, and

(2) (E, e) ∼= (I(E ′), I(e′)) in C.

Proof. Take E ′ to be the coproduct:

E ′ =
⊎

[q : Q↣X]∈Z⊤

Q

Since E ′ is a coproduct of paths, E ′ ∈ CL. As every component of E ′ has a morphism
Q ↣ X, by the universal property of the coproduct E ′, there exists a unique morphism
e′ : E ′ → X.

Both statement (1) and (2) will rely on showing that (I(E ′), I(e′)) is an equaliser of
I(f), I(g) : I(X) → I(Y ) in C. Since q : Q ↣ X equalises f, g for all [q : Q ↣ X] ∈ Z⊤,
it follows from the universal morphism property of coproducts that e′ : E ′ ↣ X equalises
f, g. By applying I, we see that I(e′) equalises I(f), I(g).

Now suppose that o : O → I(X) also equalises I(f), I(g), we need to construct a unique
morphism u : O → I(E ′). We will accomplish this by constructing a cocone over I(E ′)
from the diagram of path embeddings into O. To begin, we will first consider the case
where the embedding p : P ↣ O is not the root, i.e. P is non-initial. Recall that o : O →
I(X) induces a mapping which sends a path embedding p : P ↣ O to a path embedding
mp : ∃oP ↣ I(X) originating from the factorisation (ep : P ↠ ∃oP,mp : ∃oP ↣ I(X))
of o ◦ p : P → I(X). Since o equalises I(f), I(g), o ◦ p equalises I(f), I(g), and by
Lemma 4.1.16, mp equalises I(f), I(g). Since [p] ̸= [⊥] and [mp] ̸= [⊥], by Lemma 4.1.17,
there exists a unique [q : Q ↣ X] ∈ Z⊤ such that [mp] ≤ [q] in PX, i.e. there exists an
embedding jp : ∃oP ↣ Q such that mp = q ◦ jp. Let zp = i[q] ◦ jp ◦ ep where i[q] is the
unique coproduct injection from the component [q] ∈ Z⊤ to I(E ′). Further, if p′ : P ′ ↣ O

is a path embedding such that p = p′ ◦ v for some embedding v : P ↣ P ′, then by the
function Po : PO → PX being monotone, there exists an embedding dv : ∃oP ↣ ∃oP ′
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and [mp] ≤ [m′
p] ≤ [q]. It follows that zp = zp′ ◦ v:

p = p′ ◦ v

o ◦ p = o ◦ p′ ◦ v

mp ◦ ep = mp′ ◦ ep′ ◦ v factorisation of o ◦ p, o ◦ p′

(q ◦ jp) ◦ ep = (q ◦ jp′) ◦ ep′ ◦ v mp = q ◦ jp,mp′ = q ◦ jp′

q ◦ (jp ◦ ep) = q ◦ (jp′ ◦ ep′ ◦ v)
jp ◦ ep = jp′ ◦ ep′ ◦ v embedding q is a monomorphism

i[q] ◦ jp ◦ ep = i[q] ◦ jp′ ◦ ep′ ◦ v

zp = zp′ ◦ v definition of zp, zp′

For the root path embedding ⊥ : 0 ↣ O, we take z⊥ : 0 → I(E ′) to be the unique
morphism from the initial object 0. Hence, from the cocone of path embeddings over
O, we have constructed a cocone over I(E ′). Since O is path-generated, O is a colimit
cocone and there exists a unique morphism u : O → I(E ′).

Thus, we have shown that I(E ′) is an equaliser of I(f), I(g) in C. Statement (1) that E ′

is an equaliser of f, g is a special case of the above proof where O is assumed to be linearly
path-generated. Statement (2) that (I(E ′), e′) ∼= (E, e) follows from the hypothesis that
(E, e) is an equaliser and that equalisers are unique up to isomorphism.

Finally, with Lemmas 4.1.16, 4.1.17 and 4.1.18 in place, we can prove that the composed
adjunction L ◦ I ⊣ T ◦R is comonadic.

Theorem 4.1.19. If L ⊣ R is an arboreal cover of E by C, then L ◦ I ⊣ T ◦R is a linear
arboreal cover of E by CL.

Proof. For this theorem, it suffices to show that if L : C → E is a comonadic functor,
then L ◦ I : CL → E is a comonadic functor. By the dual of Beck’s monadicity theorem,
a functor F : A→ B is comonadic if and only if:

(1) F : A→ B has a right adjoint.

(2) F reflects isomorphisms.

(3) A has equalisers of F -split pairs, and F preserves those equalisers. More precisely,
for every diagram

X F (B) F (C)e
F (f)

F (g)
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in B that can be embedded in the commutative diagram

X F (B) F (C)e
F (f)

F (g)
s

t

,

the following diagram is an equaliser in A:

Y B Ce′ f

g
.

Moreover, (F (Y ), F (e′)) ∼= (X, e).

To obtain our proposition, we must show that if L satisfies conditions (1)-(3), then L ◦ I
satisfies conditions (1)-(3). We verify that L ◦ I satisfies these conditions:

(1) The composition of adjoint L ⊣ R with adjoint I ⊣ T yields an adjoint L◦I ⊣ T ◦R.
Therefore, L ◦ I has a right adjoint T ◦R.

(2) Since L satisfies condition (2), L reflects isomorphisms. Further, as I is a fully-
faithful functor, I reflects isomorphisms. Therefore, L ◦ I reflects isomorphisms.

(3) Consider the following split equaliser in E:

X L(I(B)) L(I(C))e
L(I(f))

L(I(g))

s
t

.

By L satisfying condition (3), the following is an equaliser in C:

Y I(B) I(C)e′ I(f)

I(g)
.

Moreover, (L(Y ), L(e′)) ∼= (X, e). By Lemma 4.1.18, there is Z ∈ CL such that the
following is an equaliser in CL:

Z B Ce′′ f

g
.

and (I(Z), I(e′′))) ∼= (Y, e′). Therefore (L(I(Z)), L(I(e′′))) ∼= (L(Y ), L(e′)) ∼=
(X, e). Hence, L ◦ I satisfies condition (3).

By Beck’s comonadicity theorem, L ◦ I is comonadic.

The following proposition allows us to transfer paths from X to their corresponding paths
in T (X).
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Proposition 4.1.20. For every object X ∈ C in a linearisable path category C, εLX : I(T (X))→
X is a pathwise embedding.

Proof. Suppose p : P ↣ I(T (X)) is a path embedding, we must show that εLX ◦p : P ↣ X

is a path embedding. By construction I(T (X)) is a coproduct of small family of paths,
and so by connectedness axiom of path categories (Axiom (3) of Definition 3.1.6), p : P ↣

I(T (X)) factors through a coproduct injection i[m] : Q→ I(T (X)). That is, there exists
a morphism j : P → Q such that i[m] ◦ j = p. Since p is an embedding, by Proposition
2.3.9(e), j is an embedding.

εLX ◦ p = εLX ◦ (i[m] ◦ j) p = i[m] ◦ j

= (εLX ◦ i[m]) ◦ j
= m ◦ j εLX ◦ i[m] = m

As m and j are embeddings, by Proposition 2.3.9 (a), m◦j : P ↣ X is an embedding.

Proposition 4.1.21. If g : X → Y ∈Mor(C) is a pathwise embedding, then T (g) : T (X)→
T (Y ) ∈Mor(CL) is a pathwise embedding.

Proof. To show that T (g) is a pathwise embedding in CL, consider a path embedding
p : P ↣ T (X) ∈ Mor(CL). Using the εL-naturality square of g and precomposing with
path embedding I(p), we obtain the equation

εLY ◦ I(T (g)) ◦ I(p) = g ◦ εLX ◦ I(p)

Since g is a pathwise embedding, by hypothesis, and εLX is a pathwise embedding, by
Proposition 4.1.20, the composition on the right hand side is a path embedding. Thus,
εLY ◦I(T (g))◦I(p) is a path embedding. By Proposition 2.3.9(e), I(T (g))◦I(p) = I(T (g)◦p)
is a path embedding. As I is faithful, T (g) ◦ p is a path embedding. By definition, T (g)
is a pathwise embedding.

Proposition 4.1.22. If g : X → Y ∈ Mor(C) is a open map, then T (g) : T (X) →
T (Y ) ∈Mor(CL) is an open map.

Proof. To show that T (g) is an open map, consider the following commutative square in
CL:

P Q

T (X) T (Y )

j

p q

T (g)

(4.3)
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Applying the inclusion I and composing with the εL-naturality square of g, we obtain
the commutative square (4.4)-left in C.

I(P ) I(Q)

I(T (X)) I(T (Y ))

X Y

I(j)

I(p) I(q)

I(T (g))

εL
X εL

Y

g

I(P ) I(Q)

I(T (X)) I(T (Y ))

X Y

I(j)

I(p) I(q)

d

εL
X εL

Y

g

(4.4)

By Proposition 4.1.20, εLX and εLY are pathwise embeddings, so the two vertical sides of
the square (4.4)-right are path embeddings. By the hypothesis that g is an open map,
there exists a diagonal filler arrow d : I(Q) ↣ X obtaining the commuting triangles
of (4.4)-right. By the universal property of T being right adjoint to I, there exists a
unique morphism d′ : Q→ T (X) such that εLX ◦ I(d′) = d.

We claim that d′ : Q → T (X) is the diagonal filler of diagram (4.3). To show the top
triangle commutes:

εLX ◦ I(p) = d ◦ I(j) top triangle of (4.4)-right
= εLX ◦ I(d′) ◦ I(j) εLX ◦ I(d′) = d

= εLX ◦ I(d′ ◦ j) functorality of I
p = d′ ◦ j universal property of counit εLX for I ⊣ T

To show the bottom triangle commutes:

εLY ◦ I(q) = g ◦ d bottom triangle of (4.4)-right
= g ◦ εLX ◦ I(d′) εLX ◦ I(d′) = d

= εLY ◦ I(T (g)) ◦ I(d′) εL-naturality square of g
= εLY ◦ I(T (g) ◦ d′) functorality of I

q = T (g) ◦ d′ universal property of counit εLX for I ⊣ T

By definition, T (g) is an open map.

Theorem 4.1.23. Given a resource-indexed arboreal cover Lk ⊣ Rk of E by {Ck} and
two objects X, Y of E, for all k > 0,

(1) X →C
k Y implies X →CL

k Y .

(2) X ⇀C
k Y implies X ⇀CL

k Y .
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(3) X ↔C
k Y implies X ↔CL

k Y .

(4) X ∼=C
k Y implies X ∼=CL

k Y .

Proof. For (1), we note that X →C
k Y is witnessed by a morphism f : Rk(X)→ Rk(Y ) in

C. From this morphism we obtain a morphism Tk(f) : Tk(Rk(X))→ Tk(Rk(Y )) witness-
ing that X →CL

k Y .

For (2), the result follows from the fact that if f is a pathwise embedding in Ck, then
Tk(f) is a pathwise embedding in CLk which holds by Proposition 4.1.21.

For (3), by the definition of X ↔C
k Y , there exists a span of open pathwise embeddings

Rk(X) g←− Z
h−→ Rk(Y )

in Ck. Applying Tk, we obtain the span

Tk(Rk(X)) Tk(g)←−−− Tk(Z) Tk(h)−−−→ Tk(Rk(Y ))

in CLk . By Proposition 4.1.21 and Proposition 4.1.22, both Tk(g) and Tk(h) are open
pathwise embeddings; so X ↔CL

k Y . For (4), the result follows from the fact that if f is
an isomorphism in Ck, then Tk(f) is an isomorphism in CLk which holds as every functor
preserves isomorphisms.

4.1.2 A quasi-linear weak adjunction

In this section, we extend our analysis from the linear arboreal subcategory CL to the
quasi-linear arboreal category CqL. Recall that CqL is the full subcategory of C consisting
of only linear path-generated objects. Since CqL is a full subcategory of C, unlike CL, we
do not require that the morphisms between objects in CqL to be leaf morphisms.

One key difference between CqL and CL is that the inclusion functor Iq : CqL → C is not a
left adjoint. Intuitively, this is because without the requirement that morphisms preserve
maximal elements, a partial branch of X represented by a path embedding P ↣ X in
CqL can embed into multiple full branches of X. However, Iq can be paired with a weak
right adjoint T q : C → CqL. Weak right adjoints, originating from [54], are defined by
dropping the uniqueness requirement on factorisations:

Definition 4.1.24. If F : D→ E is a functor, then a functor G : E→ D is a weak right
adjoint of F if for all objects Y ∈ Ob(E), there exists a quasi-counit ζY : F (G(Y ))→ Y

such that for every morphism F (X) → Y ∈ Mor(E), there exists a (not necessarily
unique) morphism g : X → G(Y ) ∈Mor(D) such that f = ζY ◦ F (g).
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For every linearisable arboreal category C, the inclusion Iq : CqL → C has weak right
adjoint T q : C→ CqL defined in a similar manner as T : C→ CL.

• For every object X ∈ Ob(C),

T q(X) =
⊎

[p]∈P(X)
dom(p).

• For every morphism f : X → Y , by the universal property of the coproduct T q(X),
there exists a unique morphism T q(f) : T q(X) → T q(Y ) such that T q(f) ◦ i[p] =
i[∃fp] ◦ qp where

P ∃fP Y
qp ∃fp (4.5)

is the factorisation of f ◦ p : P → Y ∈Mor(C).

By the universal property of the coproduct, for every X ∈ Ob(C), we have a unique
morphism ζX : Iq(T q(X))→ X such that for all [p] ∈ P(X), ζ ◦ i[p] = p.

Proposition 4.1.25. T q is a weak right adjoint of Iq.

Proof. The proof follows a similar argument to Theorem 4.1.15. Suppose f : Iq(X) →
Y ∈ Mor(C), we need to construct a morphism g : X → T q(Y ) ∈ Mor(CqL) satisfying
ζY ◦ Iq(g) = f . Since X ∈ Ob(CqL), we know that Iq(X) is linearly path-generated
in C and thus, a coproduct of Q = dom(m) ranging over maximal path embeddings
[m : Q ↣ I(X)]. Recall by equation (4.5) that for every such maximal element [m], we
have the factorisation of f ◦m into:

Q ∃fQ Y
qm nm (4.6)

such that [nm] = Pf([m]) ∈ P(Y ). Since [nm] ∈ P(Y ), we have corresponding component
of T q(Y ) and coproduct injection jm : ∃fQ → T q(Y ) such that ζY ◦ jm = nm. Thus, for
every component Q of the coproduct I(X), we have morphism jm ◦ qm : Q→ T q(Y ). By
the universal property of the coproduct I(X), we have a unique morphism Iq(g) : Iq(X)→
Iq(T q(Y )) such that Iq(g) ◦ i[m] = jm ◦ qm.

To verify that ζY ◦ Iq(g) = f , we compute the following equality for every component
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dom(m) = Q of the coproduct Iq(X):

(ζY ◦ Iq(g)) ◦ i[m] = ζY ◦ (Iq(g) ◦ i[m])
= ζY ◦ (jm ◦ qm) Iq(g) ◦ i[m] = jm ◦ qm
= (ζY ◦ jm) ◦ qm
= nm ◦ qm ζY ◦ jm = nm

= f ◦m Equation (4.5)
= f ◦ i[m] Lemma 4.1.9

Thus, by the universal property of coproduct Iq(X), εLY ◦ Iq(g) = f .

We now discuss the how the contrast between CqL and CL means that T q is not right
adjoint to Iq. Every path P can be seen as coproduct over the singleton family {P}
where we consider P as the domain of the maximal path [idP ] in P(P ), so every path is
linearly path generated and Ob(CqLp ) = Ob(Cp). Consider a path embedding p : P ↣ X

into a object X where there are at least two [b] ∈ P(X) such that [b] ≤ [p]. The
embedding p represents a partial branch of X which can be extended to at least two full
branches b : Q ↣ X. Indeed, for each [b] ≥ [p] in P(X) we have an embedding mb such
that b = p ◦mb, so we can construct a gb : P ↣ T q(X) which maps P into the dom(b)
component of T q(X) defined as gb = i[b] ◦ mb. Thus, there exists multiple morphisms
gb : P ↣ T q(X) such that ζX ◦ Iq(p) = gb. Note that of these gb for every [b] ≥ [p], only
the unique gp is a leaf morphism which exists in CL.

Despite the pair (Iq, T q) being merely a weak adjunction, we are able to use this con-
struction fruitfully. Example 4.2.3 will illustrate how this pairing can be used to give a
categorical definition of complete labelled trace equivalence.

4.2 Example linear arboreal covers

In this section, we examine the linear arboreal subcategories of the arboreal categories
from Section 3.2. Recall that many of the examples from Section 3.2 are minor variants
of the path category R(σ) from Example 3.2.1, thus we first prove that this category is
linearisable.

Proposition 4.2.1. R(σ) is a linearisable path category.

Proof. Suppose P, P1, . . . , Pn are paths in Ob(R(σ)), P is non-initial and there exists a
morphism f : P → ⊎

i∈[n] Pi. Since morphisms in R(σ) are forest morphisms, f preserves
roots. The coproduct in R(σ) does not merge roots, so the minimal element of P is
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mapped to the minimal element of Pj for some j ∈ [n]. As f preserves the covering
relation and coproducts in F do not merge paths, the non-initial z-th element of P must
be mapped to the z-element of Pj. Thus, f factors uniquely through the coproduct
injection ij : Pj →

⊎
i∈[n] Pi and R(σ) is linearisable.

4.2.1 Pointed list

Mirroring the presentation of the examples in Section 3.2 of the previous Chapter 3, we
first warm-up by deriving the pointed list comonad N∗ from a linear arboreal cover of
Set by FL. Thus, observing that the pointed list comonad N∗ is the ‘linear’ variant of
the prefix list comonad N+ from Section 3.2.1.

Our first step is to the observe that the category of forests F from Example 3.0.1 is
linearisable.

Proposition 4.2.2. F is linearisable.

Proof. This is a special case of Proposition 4.2.1 since R(σ) = F when σ is the empty
signature.

Thus, by Proposition 4.1.12, F has a linear arboreal subcategory FL. Concretely, the
objects of FL are linear forests as in Definition 2.1.4 and the morphisms, in addition to
preserving roots and successors of elements as in F, also preserve ‘leaves’, i.e. maximal
elements. Intuitively, the objects X of FL are simply disjoint unions of over a family of
chains Pi and morphisms f : X → Y can only merge two components Pi, Pj of X into a
component Q of Y if Pi, Pj and Q all have equal height.

We exhibit the pointed list comonad N∗ as arising from a linear arboreal cover of Set
by FL. The underlying functor N∗ : Set → Set maps a set X to the set of non-empty
sequences of elements in X paired with an index into the sequence, i.e.

N∗(X) = {([x1, . . . , xn], i) | n ∈ N, x1, . . . , xn ∈ X and i ∈ [n]}.

and maps a function f : X → Y to the function N∗(f) : N∗(X) → N∗(Y ) which applies
f component-wise, i.e. N(f)([x1, . . . , xn], i) = ([f(x1), . . . , f(xn)], i).

In order to derive the comonad on N∗ from a linear arboreal cover, we recall from Sec-
tion 3.2.1 the arboreal cover L ⊣ R of Set by F which yielded the prefix list comonad
N+. In this construction, L : F → Set is the forgetful functor and R : Set → F is
the cofree functor such that for X ∈ Ob(Set), R(X) is the forest of non-empty se-
quences of elements of X and for f : X → Y , R(f) applies f component-wise, i.e.
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R(f)[x1, . . . , xn] = [f(x1), . . . , f(xn)]. On the other hand, by Proposition 4.2.2 and The-
orem 4.1.15, there is an adjunction I ⊣ T from FL to F. Concretely, I : FL → F is
simply the inclusion from the subcategory FL to F and T : F → FL maps each branch
↓ x = x1 ≺ · · · ≺ xn = x of a forest (X,≤) it its own component ↓ x consisting of the
same elements, i.e.

T (X) =
⊔
x∈X
↓ x.

As a set, the elements of T (X) are pairs of the form (↓ x, xi) where xi ∈↓ x is the i-th
element of the chain ↓ x = x1 ≺ · · · ≺ xn = x. To make this ‘underlining’ of the i-th
element xi explicit, we will consider T (X) as consisting of pairs (x, i).

We compose the arboreal cover L ⊣ R with the adjunction I ⊣ T to obtain the adjunction
L ◦ I ⊣ T ◦ R. In the following, we assume that η, ε are the unit, counit of the arboreal
cover L ⊣ R and ηL, εL are the unit,counit of the linear adjunction I ⊣ T .

• The left adjoint L ◦ I : FL → Set is the forgetful functor mapping a linear forest
(X,≤) to X and a forest leaf morphism f : (X,≤) → (Y,≤) to its underlying set
function L(f) : X → Y .

• The right adjoint T ◦ R : Set → FL is the functor mapping X to the linear forest
(N∗(X),≤) where ≤ defined by:

(s, i) ≤ (t, j) if s = t and i ≤ j

and a function f : X → Y to a forest leaf morphism with underlying function N∗(f).
The functorial action of N∗(f) preserves the distinguished index in the list, i.e.
N∗(f)(s, i) = (t, i) where t = R(f)(s) and n is the length of s and t. Assuming that
n is the length of s and t, we can conclude that N∗(f) : T (R(X))→ T (R(Y )) defines
a leaf forest morphism which maps element (s, n) in the component ↓ s of T (R(X))
corresponding to sequence s ∈ R(X) to the element (t, n) in the component ↓ t of
T (R(Y )) corresponding to the sequence t ∈ R(Y ).

• The counit ε∗ : L ◦ I ◦ T ◦ R → IdSet is the composition ε ◦ LεLR. Explicitly, the
component of ε∗ for a set X ∈ Ob(Set) first maps (s, i) to the i-th prefix s[1, i] of
s via the R(X) component of LεL and then maps s[1, i] to its last element via the
X component of ε. Thus, for s = [x1, . . . , xn] ∈ R(X), ε(s, i) = xi.

• The unit η∗ : IdFL → T ◦ R ◦ L ◦ I is the composition TηI ◦ ηL. Explicitly, the
component of η∗ for a linear forest (X,≤) ∈ Ob(FL) first maps the i-th element
xi in the component x1 ≺ · · · ≺ xn = x corresponding to maximal path ↓ x of
X to (x, i) via ηL and then maps (x, i) to the pair ([x1, . . . , xn], i) via the I(X,≤)
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component of Tη. Thus, for xi ∈ (X,≤) in the maximal path x1 ≺ · · · ≺ xn = x of
X, η∗(xi) = ([x1, . . . , xn], i).

The composition T ◦ R : Set → FL maps X to (N∗(X),≤) and f to the forest leaf
morphism with underlying function N∗(f). Since L◦I → FL → Set is a forgetful functor,
we see that N∗ = L ◦ I ◦ T ◦ R. Therefore, we have obtained our derivation, from the
adjunction L◦I ⊣ T ◦R of the pointed list comonad (N∗, ε∗, δ) where the comultiplication
has components δX = (L ◦ I)(η(T◦R)(X)). Explicitly, for every pair (s, i) ∈ N∗(X),

δX(s, i) = ([(s, 1), . . . , (s, n)], i).

As a corollary of Theorem 4.1.19 and Proposition 3.2.6, we show that L ◦ I ⊣ T ◦ R is
and comonadic adjunction, and therefore, a linear arboreal cover of Set by FL. Thus,
FL ∼= EM(N∗).

Proposition 4.2.3. L ◦ I ⊣ T ◦R is a linear arboreal cover of Set by FL.

4.2.2 Linear pebbling

In this section, we derive a linear variant of the pebbling comonad from Section 3.2.3
from a resource-indexed linear arboreal cover of Struct(σ) by {RPL

k (σ)}. This linear
variant is the so-called pebble-relation comonad from [68]. Generalising the relationship
between the pebbling comonad and the pebble-relation comonad was the motivation for
axiomatising linear arboreal categories. Studying the pebble-relation comonad itself was
motivated by Victor Dalmau’s paper [29]. In [29], Dalmau links bounded pathwidth
classes to a restricted conjunction fragment of positive-existential finite variable logic
‘linearising’ the well-known connection between bounded treewidth classes and positive-
existential finite variable logic from [58].

Our first step is to the observe that the category of k-pebble forest covers RP
k (σ) is

linearisable.

Proposition 4.2.4. For every k > 0, RP
k (σ) is linearisable.

Proof. Coproducts in RP
k (σ) are computed as coproducts of the underlying forest-ordered

σ-structures and the pebbling functions extended in the obvious way. The category of
R(σ) is linearisable by Proposition 4.2.1, so we obtain that RP

k (σ) is linearisable.

Thus, by Proposition 4.1.12, RP
k (σ) has a linear arboreal subcategory RPL

k (σ). Concretely,
the objects of RPL

k (σ) are are the k-pebble linear forest covers (A,≤,p) where (A,≤) is
a linear forest. The morphisms f : (A,≤,p) → (B,≤′,p′) are leaf forest-ordered σ-
morphisms which preserve the pebbling function.
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We exhibit the family of linear pebble comonads PLk as arising from the linear arboreal
cover of Struct(σ) by RPL

k (σ). For every k > 0, the universe PLk (A) of σ-structure PLk (A)
is the set of underlined k-pebble sequences of A. Explicitly,

PLk (A) := {([(p1, a1), . . . , (pn, an)], i) | ∀n ∈ N, i ∈ [n] and ∀j ∈ [n], (pj, aj) ∈ [k]× A}

where the index i in the th pair (s, i) ∈ PLk (A) indicates that (pi, ai) is underlined in the
sequence (s, i). Similar to N∗, the counit ε : PLk → IdStruct(σ) maps a underlined pebble
sequence to the underlined element, i.e. for s = [(p1, a1), . . . , (pn, an)], (s, i) 7→ ai. We also
need a ‘underlined’ pebble function ρA where (s, i) 7→ pi. For every m-relation R ∈ σ, we
define the interpretation ((s1, i1), . . . , (sm, im)) ∈ RPL

k (A) if and only if:

(1) ∀j ∈ [m], sj = s (same component)

(2) ρA(s, ij) does not appear in s(ij, i] (active pebble)

(3) (ε(s, i1), . . . , ε(s, im)) ∈ RA (compatibility)

where i = max{i1, . . . , im}. The functor PLk maps the σ-morphism f : A → B to the
σ-morphism PLk (f) : PLk (A) → PLk (B) which applies f component-wise to the pebbled
elements, i.e. PLk (f)([(p1, a1), . . . , (pn, an], i) = ([(p1, f(a1)), . . . , (pn, f(an))], i).

In order to derive the comonad on PLk : Struct(σ)→ Struct(σ) from a linear arboreal cover,
we recall from Section 3.2.3 the resource-indexed arboreal cover Lk ⊣ Rk of Struct(σ) by
RP
k (σ) which yielded the family of comonads Pk. In this construction, Lk : RP

k (σ) →
Struct(σ) is the forgetful functor, throwing away the order and pebbling function, and
Rk : Struct(σ) → RP

k (σ) is the cofree functor such that for A ∈ Ob(Struct(σ)), R(A)
is the k-pebble forest cover (Pk(A),⊑, ρA) on pebble sequences and for f : A → B ∈
Mor(Struct(σ)), Rk(f) is the forest-ordered σ-morphism whose underlying set function
applies f to each pebbled element. By Proposition 4.2.4 and Theorem 4.1.15, there is an
adjunction for every k > 0, Ik ⊣ Tk from RPL

k (σ) to RP
k (σ).

We compose the arboreal cover Lk ⊣ Rk with the adjunction Ik ⊣ Tk to obtain the
adjunction Lk ◦ Ik ⊣ Tk ◦Rk. In the following, we assume that η, ε are the unit, counit of
the arboreal cover Lk ⊣ Rk and ηL, εL are the unit,counit of the adjunction Ik ⊣ Tk.

• The left adjoint Lk ◦ Ik : RPL
k (σ) → Struct(σ) is the forgetful functor mapping a

k-pebble linear forest cover (A,≤,p) to A and a leaf, pebble-preserving, forest-
ordered σ morphism f : (A,≤,p)→ (B,≤′,p′) to its underlying σ-morphism func-
tion Lk(f) : A → B.
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• The right adjoint Tk ◦ Rk : Struct(σ) → RPL
k (σ) is the functor mapping A to the

k-pebble linear forest cover (PLk (A),≤, ρA) where ≤ defined, as in the N∗ case, by:

(s, i) ≤ (t, j) if s = t and i ≤ j

and ρA is the function which returns the pebble pi on the underlined element i in the
pair (s, i). For a σ-morphism f : A → B, (Tk ◦ Rk)(f) has underlying σ-morphism
PLk (f) : PLk (A)→ PLk (B). The functorial action of PLk (f) preserves the distinguished
index in the list, i.e. PLk (f)(s, i) = (t, i) where t = Rk(f)(s), and the pebbles at
each position in the list, i.e. ρA(s, i) = ρB(t, i) for all i ∈ [n]. Thus, PLk (f) lifts to a
morphism Tk(Rk(f)) ∈Mor(RPL

k (σ)).

• The counit ε∗ : Lk ◦ Ik ◦Tk ◦Rk → IdStruct(σ) is the composition ε ◦LεLR. Explicitly,
as in the N∗ case, the component of ε∗ for a σ-structure A ∈ Ob(Struct(σ)) first
maps (s, i) to the i-th prefix s[1, i] of s via the Rk(X) component of LkεL and
then maps s[1, i] to its last element via the X component of ε. Thus, for s =
[(p1, a1), . . . , (pn, an)] ∈ Rk(A), ε(s, i) = ai.

• The unit η∗ : IdRP L
k

(σ) → Tk ◦ Rk ◦ Lk ◦ Ik is the composition TηI ◦ ηL. Explicitly,
the component of η∗ for a k-pebble linear forest cover (A,≤,p) ∈ Ob(RPL

k (σ))
first maps the i-th element ai in the component a1 ≺ · · · ≺ an = a correspond-
ing to maximal path ↓ a of (A,≤,p) to (a, i) via ηL and then maps (a, i) to the
pair ([(p(a1), a1), . . . , (p(an), an)], i) via the I(A,≤,p) component of Tη. Thus,
for ai ∈ (A,≤,p) in the maximal path a1 ≺ · · · ≺ an = a of A, η∗(ai) =
([(p(a1), a1, . . . , (p(an), an)], i).

The composition Tk ◦Rk : Struct(σ)→ RPL
k (σ) maps A to (PLk (A),≤,p) and f to the leaf,

pebble preserving, forest-ordered σ-morphism with underlying σ-morphism PLk (f). Since
Lk ◦ Ik : RPL

k (σ) → Struct(σ) is a forgetful functor, we see that PLk = Lk ◦ Ik ◦ Tk ◦ Rk.
Therefore, we have obtained our derivation, from the adjunction Lk ◦ Ik ⊣ Tk ◦ Rk of
the linear k-pebble comonad (PLk , ε∗, δ) where the comultiplication has components δX =
(Lk ◦ Ik)(η∗

(Tk◦Rk)(X)). Explicitly,

δX(s, i) = ([(p1, (s, 1)), . . . , (pn, (s, n))], i).

for s = [(p1, a1), . . . , (pn, an)]. As a corollary of Theorem 4.1.19 and Proposition 3.2.26,
we conclude that Lk ◦ Ik ⊣ Tk ◦ Rk is a comonadic adjunction, and therefore, a linear
arboreal cover of Struct(σ) by RPL

k (σ). Thus, RPL
k (σ) ∼= EM(PLk ).

Proposition 4.2.5. Lk ◦Ik ⊣ Tk ◦Rk is a linear arboreal cover of Struct(σ) by {RPL
k (σ)}.
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A k-pebble linear forest cover (A,≤,p), equivalently a PLk -coalgebra of type A → PLk ,
encodes the data of a path decomposition of width < k. Path decompositions of graph
G are simply tree decompositions (T,≤, l) where T is assumed to be a path. Pathwidth
of G is defined similarly treewidth, as the minimum width of a path decomposition of G.
Just as a treewidth is a sparsity measure which captures how similar a graph G is to a
tree, pathwidth is a sparsity measure which captures how similar G is to a path.

We can define path decomposition of a graph G as simply tree decomposition (T,≤, λ)
as in Definition 3.2.23 where T is a path. However, it will be useful for our proofs to spell
this out explicitly.

Definition 4.2.6. Given a finite graph G, a path decomposition of A is a triple (X,≤X , l),
where (X,≤X) is a linearly ordered set and l : X → P(A) is a function satisfying the
following conditions:

(PD1) For every a ∈ A, there exists x ∈ X such that a ∈ l(x).

(PD2) If a ⌢ a′ ∈ A, then a, a′ ∈ l(x) for some x ∈ X.

(PD3) For all y ∈ [x, x′], l(x) ∩ l(x′) ⊆ l(y), where [x, x′] is an interval with respect
to ≤X .

The width width(T ) of a path decomposition is given by maxx∈T |l(x)| − 1. As with the
definition of treewidth, the pathwidth pw(A) of a σ-structure A is minT width(T ) where
T ranges over path decompositions of G(A).

We obtain the following proposition demonstrating that linear k-pebble forest covers
encode the data of a path decomposition of width < k–essentially establishing a linear
variant of Proposition 3.2.24.

Proposition 4.2.7. The following are equivalent for all finite σ-structures A:

(1) A has a path decomposition of width < k.

(2) There exists a a k-pebble linear forest cover (A,≤,p) ∈ Ob(RPL
k (σ))

In order to construct the pebbling function inductively from a path decomposition, we
will use the following intermediate data structure.

Definition 4.2.8 (k-pebbling section family). Given a path decomposition (X,≤X , λ)
of width < k for A, we define a k-pebbling section family for (X,≤X , λ) as a family of
functions {τx : λ(x)→ [k]} indexed by x ∈ X, such that the following conditions hold:

(1) (Locally-injective) For every x ∈ X, τx is an injective function.
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(2) (Glueability) For every x, x′ ∈ X,

τx|λ(x)∩λ(x′) = τx′|λ(x)∩λ(x′).

From a path decomposition < k, we can construct a k-pebbling section family.

Lemma 4.2.9. If (X,≤X , λ) is a path decomposition of width < k, then (X,≤X , λ) has
a k-pebbling section family {τx}x∈X .

Proof. By induction on the linear order ≤X for every x ∈ X, we construct a k-pebbling
section family {τz}z∈↓x for (Y,≤Y , λ|Y ), where Y = ↓ x and ≤Y = ≤X ∩ (Y × Y ).

Base Case: Suppose r is the ≤X-least element. By the path decomposition X having
width < k, the cardinality of λ(r) is ≤ k, thus we can enumerate the elements via an
injective function τr : λ(r) → [k]. By construction, τr is injective, so {τr} is locally-
injective. Glueability follows trivially as every x ∈ ↓ r is equal to r.

Inductive Step: Let x′ be the immediate ≤X-successor of x. By the induction hypothesis,
there exists a k-pebbling section family {τy}y∈↓x. Let Vx′ denote the subset of ‘new’
elements a ∈ λ(x′) such that a ̸∈ λ(y) for every y <X x′.

Claim: For every y <X x′, λ(y) ∩ λ(x′) ⊆ λ(x) ∩ λ(x′). We show that this claim holds:
By (PD3), for all z ∈ [y, x′], λ(y) ∩ λ(x′) ⊆ λ(z). In particular, since y ≤X x <X x′,
λ(y) ∩ λ(x′) ⊆ λ(x). Therefore, λ(y) ∩ λ(x′) ⊆ λ(x) ∩ λ(x′).

From the claim and the definition of Vx′ , we have that λ(x′) = (λ(x)∩λ(x′))⊔Vx′ , where
⊔ denotes a disjoint union. This allows us to define τx′ : λ(x′)→ [k] by cases on each of
these parts. Fix an injective function υx′ : Vx′ → [k] enumerating Vx′ . Let {i1, . . . , im}
enumerate the elements of [k] not in the image of τx|λ(x)∩λ(x′). Define τx′ : λ(x′)→ [k] as

τx′(a) =
τx(a) if a ∈ λ(x) ∩ λ(x′);
ij if a ∈ Vx′ and υx′(a) = j.

Injectivity of τx′ follows from the injectivity of τx|λ(x)∩λ(x′) and υx′ . To verify glueability,
it suffices to check that τx′|λ(y)∩λ(x′) = τy|λ(y)∩λ(x′) for y ∈ ↓ x′. Since {τy}y∈↓x is a
k-pebbling section family, for all y ∈ ↓ x, τy|λ(y)∩λ(x) = τx|λ(y)∩λ(x). By construction,
τx|λ(x)∩λ(x′) = τx′|λ(x)∩λ(x′). By the claim, we have that λ(y) ∩ λ(x′) ⊆ λ(x) ∩ λ(x′).
Therefore, τy|λ(y)∩λ(x′) = τx′|λ(y)∩λ(x′).

Proof of Proposition 4.2.7. (1)⇒ (2) Suppose (X,≤X , λ) is a path decomposition of A
of width < k. We define a family of linearly ordered sets {(Si,≤i)}, where each Si is the
vertex set of a connected component of G(A). To define the order ≤i, we define an order
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on ≤A and realise ≤i as the restriction of ≤A to Si. For every a ∈ A, let xa ∈ X denote
the ≤X-least element in X such that a ∈ λ(xa). Such an xa always exists by (PD1).
By lemma 4.2.9 there exists a k-pebbling section family {τx}x∈X . We then define ≤A as
follows:

a ≤A a′ ⇔ xa <X xa′ or τx(a) ≤ τx(a′) if xa = xa′ = x.

The glueability condition on k-pebble section family {τx} allows us to obtain a well-
defined pebbling function p : A → [k] from τx. Explicitly, thinking of functions as their
sets of ordered pairs, p = ⋃

x∈X τx. The tuple ({(Si,≤i)}, p) is a k-pebble linear forest
cover.

To verify that {(Si,≤i)} is a partition of A into linearly ordered subsets, we observe
that by construction each Si is a connected component of A, and so {Si} partitions A.
Suppose a, a′ ∈ Si, then by ≤X being a linear order, either xa <X xa′ , xa >X xa′ , or
xa = xa′ . If xa <X xa′ or xa >X xa′ , then a <i a

′ or a >i a
′ by the definition of ≤i. If

xa = xa′ = x, then either τx(a) ≤ τx(a′) or τx(a) ≥ τx(a′) by the linear ordering ≤ on [k].
Hence, in either case, a ≤i a′ or a ≥i a′, so ≤i is a linear ordering.

To verify Condition (E), suppose a ⌢ a′ ∈ A. This means a, a′ are connected in G(A),
and so are in the same connected component Si of G(A).

To verify Condition (P), suppose a ⌢ a′ ∈ Si, a ≤i a′, and b ∈ (a, a′]i. By definition of
≤i, xa ≤X xb ≤X xa′ . Since a ⌢ a′, by (PD2) there exists x ∈ X such that a, a′ ∈ λ(x).
By the definition of xa′ as the ≤X-least element of X containing a′, we have xa′ ≤X x.
By transitivity of ≤X and xa ≤X xa′ ≤X x, we have that xa ≤X x. By (PD3), for
every y ∈ [xa, x]X , λ(xa) ∩ λ(x) ⊆ λ(y). In particular, for xb ∈ [xa, xa′ ]X ⊆ [xa, x]X ,
a ∈ λ(xb). Hence, a, b ∈ λ(xb) and by the injectivity of τxb

, τxb
(a) ̸= τxb

(b). It follows
that p(a) ̸= p(b).

(2)⇒ (1) Suppose A has k-pebble linear forest cover given by the partition {(Si,≤i)}i∈[n]

and pebbling function p : A → [k]. We define a linearly ordered set (A,≤A), where ≤A
is the ordered sum of the family {(Si,≤i)}i∈[n]. Explicitly, a ≤A a′ iff a ∈ Si, a′ ∈ Sj

for i < j or a ≤i a′ for i = j. We say that an element a is an active predecessor of a′ if
a ≤A a′ and for all b ∈ (a, a′]A, p(b) ̸= p(a). Let λ(a) be the set of active predecessors of
a. The triple (A,≤A, λ) is a path decomposition of A of width < k.

To verify (PD1), observe that, for every a ∈ A, a is an active predecessor of itself since
a ≤A a and (a, a]A = ∅. Hence, a ∈ λ(a).
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To verify (PD2), suppose a ⌢ a′ ∈ A. By condition (E), there exists an Si where
a, a′ ∈ Si. Without loss of generality, assume a ≤i a′. By condition (P), for all b ∈ (a, a′]i,
p(b) ̸= p(a). Therefore, a is an active predecessor of a′, so a, a′ ∈ λ(a′).

To verify (PD3), suppose b ∈ [a, a′]A and that c ∈ λ(a) ∩ λ(a′). By c ∈ λ(a) and b ∈
[a, a′]A, we have that c ≤A a and a ≤A b, so c ≤A b. By c ∈ λ(a′), for all d ∈ (c, a′]A,
p(c) ̸= p(d). In particular, for all d ∈ (c, b]A, p(c) ̸= p(d). By definition, c is an active
predecessor of b, so c ∈ λ(b).

To verify the width of the decomposition < k, we need to show that for every a′ ∈ A,
|λ(a′)| ≤ k. Assume for contradiction that |λ(a′)| > k for some a′ ∈ A. Consider the
pebbling function restricted to λ(a′), p|λ(a′) : λ(a′) → [k]. By the Pigeonhole Principle,
there must exist a, c ∈ λ(a′) with a ̸= c, such that p(a) = p(c). Without loss of generality
assume that a <A c. Since a ∈ λ(a′), a is an active predecessor of a′, i.e. for all b ∈ (a, a′]A,
p(b) ̸= p(a). In particular, since c ∈ (a, a′]A, as a <A c and c ∈ λ(a′), then p(c) ̸= p(a).
This yields a contradiction.

In analogy to Pk, where k-pebble forest covers correspond to Pk-coalgebras, we obtain as
a corollary of Proposition 4.2.5 and Proposition 4.2.7, that PLk -coalgebras. Thus, we have
reproved the coalgebra characterisation theorem of [68] and obtain that the PL-coalgebra
number corresponds to pathwidth

Corollary 4.2.10. For all finite σ-structures A, χPL(A) = pw(A) + 1.

With the resource-indexed linear arboreal cover of Struct(σ) by RPL
k (σ), we can demon-

strate how the behavioural relations in Definition 3.1.19, instantiated in this case, capture
equivalence in restricted conjunction fragments ∃+⋏Lk of ∃+Lk, and ∃⋏Lk of ∃Lk. This
will recover axiomatically recover some of the results of the pebble-relation comonad We
begin by defining these restricted conjunction fragments.

Definition 4.2.11. A restricted conjunction is a conjunction ∧ Ψ where Ψ is a set of
formulas satisfying the following conditions:

(R) At most one formula ψ ∈ Ψ with quantifiers is not a sentence.

The logics ∃+⋏Lk and ∃⋏Lk are the fragments of ∃+Lk and ∃Lk in where each con-
junction is a restricted conjunction. Preservation and equivalence in ∃+⋏Lk,∃⋏Lk are
characterised by all-in-one ∃+

⋏Pebk(A,B), ∃⋏Pebk(A,B) variants of the one-sided k-
pebble games ∃+

Pebk(A,B), ∃Pebk(A,B) from Section 3.2.3, respectively.
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Definition 4.2.12. Given σ-structures A,B and k > 0, we define the all-in-one k-pebble
game ∃⋏Pebk(A,B) from A to B. In this game, Spoiler and Duplicator each have a set
[k] = {1, . . . , k} of pebbles. In the first and only round of the game,

• Spoiler announces a full play in the game ∃Pebk(A,B):

s = [(p1, a1), . . . , (pn, an)]

• Duplicator responds with a compatible (same length and pebble at each index) full
play in the game ∃Pebk(A,B):

t = [(p1, b1), . . . , (pn, bn)]

Duplicator wins the game if for all i ∈ [n], the relation

γi = {(ap, bp) | ap = lastp(s[1, i]), bp = lastp(t[1, i])}

is a tight σ-correspondence.

The all-in-one positive k-pebble game ∃+
⋏Pebk(A,B) is ∃⋏Pebk(A,B) where Duplica-

tor’s winning condition is weakened so that for every i ∈ [n], γi is only required to be
σ-correspondence.

In order to connect the games ∃+
⋏Pebk(A,B) and ∃⋏Pebk(A,B) with their correspond-

ing logics, we will need to construct the ‘maximal’ sentences associated with Spoiler plays
s in these games.

We say a collection v = {(p1, a1), . . . , (pn, an)} of pebble placements on A is an active
window if the set of pebbles {p1, . . . , pn} is pairwise distinct. For each active window v

on A, we define the associated atomic diag+
A(v) and literal diagrams diagA(v) as:

diag+
A(v) = {R(x(pi1), . . . ,x(pir)) | (pi1 , ai1), . . . , (pir , air) ∈ v,R ∈ σ, and (ai1 , . . . , air) ∈ RA}

diagA(v) = diag+
A(v)

∪ {¬R(x(pi1), . . . ,x(pir)) | (pi1 , ai1), . . . , (pir , air) ∈ v,R ∈ σ, and (ai1 , . . . , air) ̸∈ RA}

where for every pebble p ∈ [k], x(p) = xp is the associated variable in Lk. Next, given a
sequence of pebble placements s, we define

Active(s) = {(pi, ai) | ai = lastpi
(s)}.

Using these definitions, we are able to associate to every (possibly empty) pebble sequence
s on A a sentence tps ∈ ∃⋏Lk encoding all the literals that are satisfied in every window
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of pebbled elemetns on A along Spoiler’s play s. We first construct the formulas tp′
s by

induction on the length of s. For the base case, s = ϵ is the empty sequence, and we set
tp′

ϵ = ⊤ where ⊤ is true in every structure. For the inductive step, suppose t = s[(p, a)],
then

tp′
t(x⃗′) = ∃xp(

∧
diag(Active(t)) ∧ tp′

s(x⃗)).

where we note that [x⃗′] is the set of variables x(q) such that q ̸= p and q is active pebble
in t. Finally, for every s, let tps = ∃x⃗tp′

s(x⃗). We can similarly define the positive variant
tp+

s ∈ ∃+⋏Lk by replacing diagA(·) in the above definition with diag+
A(·).

We now prove the morphism power theorem relating equivalence in ∃+⋏Lk, Duplicator
winning strategies in ∃+

⋏Peb(A,B), and the relation →RP L(σ)
k

Theorem 4.2.13. The following are equivalent for all σ-structures A,B:

(1) A⇛∃+⋏Lk B

(2) Duplicator has a winning strategy in ∃+
⋏Pebk(A,B).

(3) Duplicator has a winning strategy in ∃+
G(Tk(Rk(A)), Tk(Rk(B))) over RPL

k (σ).

(4) A →RP L(σ)
k B

Proof. For the (1)⇒ (2) implication, suppose A⇛∃+⋏Lk B and consider Spoiler playing
pebble sequence s of length n in the one and only around of ∃+

⋏Pebk(A,B). By con-
struction, the pebble sequence s on A witnesses all the existential quantifiers in tp+

s and
A ⊨ tp+

s . By A⇛∃+⋏Lk B, B ⊨ tp+
s . Thus, there exists a corresponding pebble sequence

t on B which we take to be Duplicator’s response in ∃+
⋏Pebk(A,B). Since tp+

s contains
for every i ∈ [n], the positive diagram diag+(Active(s[1, i])), we can conclude that for
every i ∈ [n], diag+(Active(s[1, i])) ⊆ diag+(Active(t[1, i])) and the induced γi is partial
homomorphisms. Thus, t is a winning move for Duplicator in ∃+

⋏Pebk(A,B).

For the (1)⇐ (2) implication, suppose Duplicator has a winning strategy in ∃+
⋏Pebk(A,B)

and consider a sentence φ ∈ ∃+⋏Lk such that A ⊨ φ. We first assume that φ is primi-
tive, i.e. contains no disjunctions and every restricted conjunctions contains no quantified
sentences. Under these assumptions, by the restricted conjunction condition, every con-
junction only involves atomics formulas and at most one existentially quantified formula.
Thus, by A ⊨ φ, there exists a pebble sequence s on A witnessing the existential quan-
tifiers in φ. Suppose Spoiler plays s in the one and only round of ∃+

⋏Pebk(A,B). By
hypothesis, Duplicator has winning response pebble sequence t on B. By the winning
condition of ∃+

⋏Pebk(A,B), the pebbled elements in t satisfy the atomic formulas in
φ. Therefore, the elements of t witness the existential quantifiers of φ and B ⊨ φ. For
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the case where φ is not primitive, we can inductively apply rewrite rules to pull all the
disjunctions outside the scope of quantifiers and all quantified sentences out of restricted
conjunctions. Thus, every sentence is a positive Boolean combination of primitive sen-
tences.

For the (2) ⇔ (3) equivalence, observe that every Spoiler play s of length j deter-
mines a path [m : P ↣ Tk(Rk(A))] whose image are elements (s, i) ∈ Tk(Rk(A)) for all
i ∈ [n]. Conversely, every [m : P ↣ Tk(Rk(A))] contains the embedding of the sub-
structure induced by the elements (s, i) for all i ∈ [n]. This bijective correspondence
similarly holds for Duplicator responses t and [n : P ↣ Tk(Rk(B))]. Duplicator’s winning
condition of ∃+

⋏Pebk(A,B), i.e. partial homomorphism at every index in the chosen
plays (s, t), translates to the winning condition ([m], [n]) ∈ +W(Tk(Rk(A)), Tk(Rk(B)))
in ∃+

G(Tk(Rk(A)), Tk(Rk(B))).

For the (3) ⇔ (4) equivalence, we observe that, from morphisms in RPL
k (σ) preserving

covering chains, P : RPL
k (σ) → T is faithful. Applying Proposition 3.1.13(3) to the case

where C = RPL
k (σ), X = Tk(Rk(A)), and Y = Tk(Rk(B)) yields the result.

We now prove the pathwise power theorem relating equivalence in ∃+⋏Lk, Duplicator
winning strategies in ∃+

⋏Peb(A,B), and the relation →RP L(σ)
k

Theorem 4.2.14. The following are equivalent for all σ-structures A,B:

(1) A⇛∃⋏Lk B

(2) Duplicator has a winning strategy in ∃⋏Pebk(A,B).

(3) Duplicator has a winning strategy in ∃G(Tk(Rk(A)), Tk(Rk(B))) over RPL
k (σ).

(4) A⇀
RP L(σ)
k B

Proof. For the (1) ⇒ (2) implication, the proof follows the same lines as in Theo-
rem 4.2.14. The key difference is to use the type formulas tps instead of tps. Thus,
for every Spoiler play s of length n in ∃⋏Pebk(A,B), Duplicator’s response t is such that
for every i ∈ [n], diag(Active(s[1, i])) = diag(Active(t[1, i])). This allows us to conclude
that the induced γi are partial isomorphisms and t is a winning move for Duplicator in
∃⋏Pebk(A,B).

For the (1) ⇐ (2) implication, the proof follows the same lines as in Theorem 4.2.14,
noting that Duplicator’s stronger winning condition in ∃⋏Pebk(A,B) of partial isomor-
phism means that the pebbled elements in the play t satisfy the atomic and negated
atomic formulas in a primitive sentence φ ∈ ∃⋏Lk.
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For the (2)⇔ (3) equivalence, similarly to the analogous equivalence in Theorem 4.2.13,
we can associate Spoiler play and Duplicator response pairs (s, t) in ∃+

⋏Pebk(A,B) with
positions ([m], [n]) in ∃G(Tk(Rk(A)), Tk(Rk(B))) over RPL

k (σ). The key difference is to
observe that the Duplicator’s winning condition ∃⋏Pebk(A,B), i.e. partial isomorphism
at every index in the chosen plays (s, t), translates to the stronger winning condition
([m], [n]) ∈W(Tk(Rk(A)), Tk(Rk(B))) in ∃G(Tk(Rk(A)), Tk(Rk(B))).

For the (3) ⇔ (4) equivalence, since the right adjoint Tk ◦ Rk preserves the product
A× B ∈ Struct(σ), Tk(Rk(A))× Tk(Rk(B)) ∈ RP

k (σ). Applying Proposition 3.1.13(1) to
the case where C = RPL

k (σ), X = Tk(Rk(A)), and Y = Tk(Rk(B)) yields the result.

As with the previous cases of arboreal covers/games comonads, we would like to obtain
a theorem demonstrating that isomorphism in the linear arboreal cover of Struct(σ) by
{RPL

k (σ)} captures logical equivalence in a logic with counting quantifiers. However,
counting quantifiers actually exhibit a hidden form of branching or unrestricted conjunc-
tion. To illustrate, consider the naive resource-increasing translation of ∃≤nxφ(x) in the
counting logic to

∃x1 . . . xn
∧

i ̸=j∈[n]
xi ̸= xj ∧

∧
φ(xj)

in the full logic. For quantified formulas φ(x), this translation results in an unrestricted
conjunct. Thus, the “non-branching” fragment #⋏Lk of #Lk not only restriction con-
junctions, but also restricts to only counting ‘walks’ in a structure

Remark 4.2.15. Unfortunately, in the conference paper [68], we made a mistake in
our reasoning. The necessity of restricting the logic to use walk counting quantifiers
rather than (element-wise) counting quantifiers was overlooked. This was corrected in
the subsequent journal version [70].

We will formalise this idea by including in our logic #⋏Lk special ‘walk pointer’ variables
and ‘walk counting quantifiers’.

In order to define our logic #⋏Lk, we first define a logic ∃⋏Lk(Z). This logic is the same
as ∃⋏Lk, but in addition to the k-many ordinary variables X = {x1, . . . , xk}, we have
an another sort of infinitely-many variables Z = {z1, z2, . . . } which we call ‘walk pointer
variables’. We also require that every existential quantifier ∃xj is guarded with an equality
xj = zi equating a ordinary variable xj with a walk pointer variable zi. Explicitly, the
formulas of ∃⋏Lk(Z) can be defined recursively as follows:

ψ(x⃗, z⃗) ::= R(xi1 , . . . , xir) | ¬p |
∧

Ψ |
∨

Ψ | ∃xj(xj = zi ∧ ψ(x⃗′, z⃗′)),
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where R ∈ σ is an r-ary relation such that {xi1 , . . . , xir} ∈ [x⃗] ⊆ {x1, . . . , xk}, p is
an atomic formula, ∧ Ψ is a conjunction of formulas ψ(x⃗, z⃗) satisfying (R), ∨ Ψ is a
disjunction of formulas ψ(x⃗, z⃗), xj ∈ [x⃗′] and zi /∈ z⃗′.

We can now define sentences of #⋏Lk as disjunctions of formulas that involve counting
tuples of z-variables. Explicitly, the sentence of #⋏Lk can be defined recursively as
follows:

ϕ ::=
∨

Φ | ∃j(zi1 , . . . , zim)ψ(zi1 , . . . , zim),

where Φ is a collection of sentences ϕ, j ∈ N and ψ(zi1 , . . . , zim) ∈ ∃⋏Lk(Z).

Observe that in the syntax, the ∃j z⃗ walk counting quantifier only binds to formula ψ(z⃗) ∈
∃⋏Lk(Z) where every free variable is from the sort Z of walk pointer variables. For every
j ∈ N, we define the semantics of ∃j quantifier as:

• A ⊨ ∃j(zi1 , . . . , zim)ψ(zi1 , . . . , zim) if there exist exactly j-many tuples a⃗ = (a1, . . . , am)
such that A, a⃗ ⊨ ψ(zi1 , . . . , zim).

The quantifier ∃j(zi1 , . . . , zim) in the logic #⋏Lk is inspired by a similar k-walk quantifier
used in the logic defined in [60].

Recall that, a formula of φ(x⃗) ∈ ∃+⋏Lk is primitive if it contains no disjunctive subfor-
mula and every restricted conjunction subformula ∨ Ψ does not contain a sentence. From
definition of primitive formula and the condition (R), it follows that every conjunctive
subformula ∨ Ψ of a primitive formula φ(x) contains only literals and at most one quanti-
fied formula with a free variable. We similarly can define primitive formulas of ∃⋏Lk(Z).
Thus, we extend this definition to #⋏Lk, and say a sentence of ϕ ∈ #⋏Lk is primitive
if it is of the form ϕ = ∃j(zi1 , . . . , zim)ψ(zi1 , . . . , zim) if ψ(z⃗) ∈ ∃⋏Lk(Z) is primitive.

Proposition 4.2.16. Every sentence ϕ ∈ #⋏Lk is a disjunction of primitive subformu-
las.

Proof. Given a sentence ϕ, we can inductively apply the standard rewrite rule

∃y(
∨
i∈I
φ(y, x⃗)) 7→

∨
i∈I
∃yφ(y, x⃗)

along with commutativity of ∧
,
∨ to obtain an equivalent formula. From the semantics

it is clear that this standard rewrite rule also works for the walk counting quantifiers
∃j(zi1 , . . . , zim).

The equivalence relation ≡#⋏Lk is characterised by Duplicator winning strategies in an
all-in-one version #⋏Pebk(A,B) of the k-pebble bijective game #Pebk(A,B) and thus,
isomorphism in Kl(PLk ).
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Definition 4.2.17. Given σ-structures A,B and k > 0, we define the all-in-one bijective
k-pebble game #⋏Pebk(A,B). During the first and only round,

• Spoiler chooses a sequence of pebbles:

p⃗ = [p1, . . . , pn].

• Duplicator chooses a bijection hp⃗ : An → Bn.

• Spoiler chooses a sequence of pebble placements respecting p⃗:

s = [(p1, a1), . . . , (pn, an)]

• Duplicator must respond with the list of pebble placements:

t = [(p1, b1), . . . , (pn, bn)].

where hp⃗([a1, . . . , an]) = [b1, . . . , bn].

Duplicator wins the round if for all i ∈ [n], the relation

γi = {(ap, bp) | p ∈ [k], ap = lastp(s[1, i]), bp = lastp(t[1, i])}

is a partial isomorphism.

In order to connect the game #⋏Pebk(A,B) with the logic #⋏Lk we need to construct,
as with the previous cases, the ‘maximal’ sentences associated to a Spoiler strategy in
this game. We retain the definitions of diag(v) and Active(s), and define new formulas
tp′

s(z⃗, x⃗) ∈ ∃⋏Lk(Z) which guard quantifiers with equalities of the form xp = zj. As
before, we construct these sentences by induction on the length of s. For the base case,
s = ϵ is the empty sequence, and we set tp′

ϵ = ⊤ where ⊤ is true in every structure. For
the inductive step, suppose t = s[(p, a)], then

tp′
t(x⃗′, z′z⃗) = ∃xp(xp = z′ ∧

∧
diag(Active(t)) ∧ tp′

s(x⃗, z⃗)).

Finally, we need quantify over the last active window of s. For every s of length n, we
define the tps(z1, . . . , zn, z⃗′) = tpns (z1, . . . , zn, z⃗′) by induction up to n as follows:

tp1
s(z1, xp2 , . . . , xpn , z⃗

′) = ∃xp1(xp1 = z1 ∧ tp′
s(xp1 , . . . , xpn , z⃗

′))
tpi+1

s (z1, . . . , zi, xpi+1 , . . . , xpn , z⃗
′) = ∃xpi

(xpi
= zi ∧ tpis(z1, . . . , zi−1, xpi

, . . . , xpn , z⃗
′))

We now prove the isomorphism power theorem relating equivalence in #⋏Lk, the game
#⋏Pebk(A,B), and the relation ∼=RP L(σ)

k .
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Theorem 4.2.18. The following are equivalent for all finite σ-structures A and B:

(1) A ≡#⋏Lk B.

(2) Duplicator has a winning strategy in #⋏Pebk(A,B).

(3) A ∼=RP L(σ)
k B.

Proof. For (1) ⇒ (2), suppose A ≡#⋏Lk B. In particular, for every sentence of the
form ϕ = ∃j(z1, . . . , zn)tpZs (z1, . . . , zn), A ⊨ ϕ ⇔ B ⊨ ϕ. This determines a bijection
h : An → Bn such that:

A, (a1, . . . , an) ⊨ tpZs (z1, . . . , zn)⇔ B, (h(b1), . . . , h(bn)) ⊨ tpZs (z1, . . . , zn)

By construction of tpZs (z1, . . . , zn), the bijections h determine a Duplicator winning strat-
egy in #⋏Pebk(A,B).

For (1) ⇐ (2), suppose Duplicator has a winning strategy in #⋏Pebk(A,B). Consider
a primitive sentence ϕ of #⋏Lk such that A ⊨ ϕ. As ϕ is primitive, it is of the form
∃j(zi1 , . . . , zim)ψ(zi1 , . . . , zim) for some j ∈ N and primitive formula ψ(zi1 , . . . , zim) ∈
∃⋏Lk(Z). From ψ, we construct Spoiler’s sequence of pebbles p⃗ = [p1, . . . , pn] in the
game #⋏Pebk(A,B) such that for all l ∈ [m], xpl

= zil is subformula of ψ guarding
a existential quantifier. Let hp⃗ : Am → Bm denote Duplicator response in her winning
strategy for #⋏Pebk(A,B). By A ⊨ ϕ, there exist exactly j-many tuples a⃗ = (a1, . . . , am)
such thatA, a⃗ ⊨ ψ(zi1 , . . . , zim). Thus, for each of these tuples, we examine the play where
Spoiler plays the sequence [(p1, a1), . . . , (pm, am)]. Duplicator responds with the sequence
[(p1, b1), . . . , (pm, bm)] such that hp⃗(⃗a) = b⃗ = [b1, . . . , bm]. From the winning condition
it follows that B, b⃗ ⊨ ψ(zi1 , . . . , zim). Since hp⃗ is a bijection there are j-many tuples b⃗
such that B, b⃗ ⊨ ψ(zi1 , . . . , zim). Thus, B ⊨ ϕ. A similar argument shows that if B ⊨ ϕ,
then A ⊨ ϕ. By Proposition 4.2.16, every sentence in #⋏Lk is a disjunction of primitive
sentences ϕ. Therefore, A ≡#⋏Lk B.

Let Pp⃗(A) denote the induced substructure of PLk (A) on the subset of plays which follow
p⃗:

Pp⃗(A) = {[(p1, a1), . . . , (pn, an)] | ∀i ∈ [n], ai ∈ A}.

We can similarly define the substructure Pp⃗(B) of PLk (B).

For (2) ⇒ (3), suppose Duplicator has a winning strategy in #⋏Pebk(A,B). Suppose
Spoiler plays the pebble sequence p⃗ = [p1, . . . , pn] and Duplicator responds with ψp⃗ : An →
Bn. We define the σ-isomorphism fp⃗ : Pp⃗(A) → Pp⃗(B) such that if ψp⃗[a1, . . . , an] =
[b1, . . . , bn], then fp⃗([(p1, a1), . . . , (pn, an)], i) = ([(p1, b1), . . . , (pn, bn)], i) for all i ∈ [n].
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Taking the coproduct of fp⃗ : Pp⃗(A)→ Pp⃗(B) over all p⃗ ∈ [k]<ω we obtain the isomorphism
f ∗ : PLkA → PLkB. Composing with εB yields the existence of the Kleisli isomorphism
f : PLkA → B.

For (2)⇐ (3), assume there exists a Kleisli isomorphism f : PLkA → B. We need construct
a winning strategy for Duplicator in #⋏Pebk(A,B), so suppose Spoiler plays the sequence
p⃗ = [p1, . . . , pn]. The coextension f ∗ of the Kleisli isomorphism f when restricted to Pp⃗(A)
is the isomorphism fp⃗ : Pp⃗(A)→ Pp⃗(B). For every [a1, . . . , an], there exists an [b1, . . . , bn],
such that for all i ∈ [n], fp⃗(([(p1, a1), . . . , (pn, an)], i)) = ([(p1, b1), . . . , (pn, bn)], i). We
define Duplicator’s response to be the function ψ : An → Bn which maps [a1, . . . , an]
to [b1, . . . , bn]. It follows from fp⃗ being an isomorphism that ψ is a bijection. Namely.
consider gp⃗ : Pp⃗(B)→ Pp⃗(A) to generated from the inverse g∗ : PLkB → PLkA of f ∗. There
exists a ϕ : Bn → An such that ϕ[b1, . . . , bn] = [a1, . . . , an] if and only for all i ∈ [n],
gp⃗([(p1, b1), . . . , (pn, bn)], i) = ([(p1, a1), . . . , (pn, an)], i). Clearly, by construction ψ−1 = ϕ.
Moreover, if Spoiler plays the sequence s = [(p1, a1), . . . , (pn, an)], then Duplicator must
respond with t = [(p1, b1), . . . , (pn, bn)] as ψ[a1, . . . , an] = [b1, . . . , bn]. These sequences
determine relation γi for all i ∈ [n]. By fp⃗ being an isomorphism, we can show that γi is
a partial isomorphism. Suppose R ∈ σ and consider the pairs (aq1 , bq1), . . . , (aqr , bqr) ∈ γi
such that RA(aq1 , . . . , aqr). By definition of γi, each qj = πA(s, zj) and aqj = εA(s, j)
for some zj ≤ i ≤ n. Thus, by RA(aq1 , . . . , aqr), we have that RA(ε(s, z1), . . . , ε(s, zr))
and RPL

k (A)((s, z1), . . . , (s, zr)). By fp⃗ being a morphism, RPL
k (B)(fp⃗(s, z1), . . . , fp⃗(s, zr))

and RPL
k (B)((t, z1), . . . , (t, zr)). Applying εB, we obtain that RPL

k (B)((t, z1), . . . , (t, zr)) and
RB(bq1 , . . . , bqr). A similar proof, using the inverse of fp⃗, show that if RB(bq1 , . . . , bqr),
then RA(aq1 , . . . , aqr). Thus, γi is a tight σ-correspondence.

Theorem 4.2.19. The following equivalences hold:

(1) A →RP L(σ)
k B if and only if A⇛∃+⋏Lk B

(2) A⇀
RP L(σ)
k B if and only if A⇛∃⋏Lk B

(3) A ↔RP L(σ)
k B if and only if A ≡∃⋏Lk B

(4) A ∼=RP L(σ)
k B if and only if A ≡#⋏Lk B (assuming A,B are finite)

Proof. Statements (1),(2), and (4) are Theorem 4.2.13, Theorem 4.2.14, and Theorem 4.2.18,
respectively. By Corollary 4.1.3 bisimulations are the same as bidirectional pathwise
embeddings in a linear arboreal category RPL(σ), so Statement (3) follows from Theo-
rem 4.2.14.
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4.2.3 Linear modal

In this section, we derive a linear variant of the modal comonad from Section 3.2.4 from
a resource-indexed linear arboreal cover of Struct⋆(σ) by RML

k (σ).

Our first step is to the observe that the category of k-height tree-ordered modal structures
RM
k (σ) is linearisable.

Proposition 4.2.20. For every k > 0, RM
k (σ) is linearisable.

Proof. The proof is essentially the same as the proof of Proposition 4.2.1.

Thus, by Proposition 4.1.12, RM
k (σ) has a linear arboreal subcategory RML

k (σ). Con-
cretely, the objects of RML

k (σ) are are the k-height tree modal structures (A, a0,≤) where
(A,≤) is a linear tree with root a0. The morphisms f : (A, a0,≤) → (B, b0,≤′) are leaf
tree-ordered pointed σ-morphisms.

We exhibit the family of linear modal comonads ML
k as arising from the linear arboreal

cover of Struct⋆(σ) by RML
k (σ). For every k > 0, the universe ML

k (A, a0) of pointed
σ-structure ML

k (A, a0) is the set of underlined k-length transition sequence in modal
structure (A, a0) with the additional distinguished point a0. Explicitly,

ML
k (A, a0) := {a0}

∪ {(a0
α1−→ a1

α2−→ . . .
αn−→ an, i) | n ∈ N, i ∈ [n] and ∀j ∈ [n], RA

αi
(aj−1, aj)}

Similar to N∗, the counit ε : ML
k → IdStruct⋆(σ) maps a underlined transition sequence to

the underlined state, i.e. for s = a0
α1−→ a1

α2−→ . . .
αn−→ an, (s, i) 7→ ai. For every binary

transition relation Rα ∈ σ, we define the interpretation

R
ML

k (A,a0)
α (x, y)⇔ either x = a0, y = (s, 1) and the first transition of s is α; or

x = (s, i), y = (s, i+ 1) and the i+ 1 transition appearing in s is α

The functor ML
k maps the pointed σ-morphism f : (A, a0) → (B, b0) to the pointed σ-

morphism ML
k (f) : ML

k (A) → ML
k (B) which applies f component-wise to the transition

sequence, i.e. ML
k (f)(a0

α1−→ a1
α2−→ . . .

αn−→ an, i) = (f(a0) α1−→ f(a1) α2−→ . . .
αn−→ f(an), i).

In order to derive the comonad on ML
k : Struct⋆(σ) → Struct⋆(σ) from a linear arbo-

real cover, we recall from Section 3.2.4 the resource-indexed arboreal cover Lk ⊣ Rk

of Struct⋆(σ) by RM
k (σ) which yielded the family of comonads Mk. In this construc-

tion, Lk : RM
k (σ) → Struct⋆(σ) is the forgetful functor, throwing away the order, and

Rk : Struct⋆(σ) → RM
k (σ) is the cofree functor such that for (A, a0) ∈ Ob(Struct⋆(σ)),

R(A, a0) is the k-height modal tree σ-structure (Mk(A, a0), a0,⊑) on transition sequences
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and for f : (A, a0) → (B, b0) ∈ Mor(Struct⋆(σ)), Rk(f) is the tree-ordered pointed σ-
morphism whose underlying set function applies f to each state in a transition sequence.
By Proposition 4.2.20 and Theorem 4.1.15, there is an adjunction for every k > 0, Ik ⊣ Tk
from RML

k (σ) to RM
k (σ).

We compose the arboreal cover Lk ⊣ Rk with the adjunction Ik ⊣ Tk to obtain the
adjunction Lk ◦ Ik ⊣ Tk ◦Rk. In the following, we assume that η, ε are the unit, counit of
the arboreal cover Lk ⊣ Rk and ηL, εL are the unit,counit of the adjunction Ik ⊣ Tk.

• The left adjoint Lk ◦ Ik : RML
k (σ) → Struct⋆(σ) is the forgetful functor mapping a

k-height tree modal structure (A, a0,≤) to A and a leaf, tree-ordered σ-morphism
f : (A, a0,≤) → (B, b0,≤′) to its underlying pointed σ-morphism L(f) : (A, a0) →
(B, b0).

• The right adjoint T ◦ R : Struct⋆(σ) → RML
k (σ) is the functor mapping A to the

k-height linear tree modal structure (ML
k (A, a0), a0,≤) where ≤ defined, as in the

N∗, by:
(s, i) ≤ (t, j) if s = t and i ≤ j

For a σ-morphism f : (A, a0) → (B, b0), (Tk ◦ Rk)(f) has underlying σ-morphism
ML

k (f). The functorial action of ML
k (f) preserves the distinguished index in the

list, i.e. ML
k (f)(s, i) = (t, i) where t = Rk(f)(s) and the transitions in the sequence

s. Thus, ML
k (f) lifts to a morphism Tk(Rk(f)) ∈Mor(RML

k (σ)).

• The counit ε∗ : L ◦ I ◦ T ◦ R → IdStruct⋆(σ) is the composition ε ◦ LεLR. Explicitly,
as in the N∗ case, the component of ε∗ for a set (A, a0) ∈ Ob(Struct⋆(σ)) first
maps (s, i) to the i-th prefix s[1, i] of s via the Rk(A, a0) component of LεL and
then maps s[1, i] to its last element via the (A, a0) component of ε. Thus, for
s = a0

α1−→ a1
α2−→ . . .

αn−→ an ∈ Rk(A, a0), ε(s, i) = ai.

• The unit η∗ : IdRML
k

(σ) → Tk◦Rk◦Lk◦Ik is the composition TkηIk◦ηL. Explicitly, the
component of η∗ for a k-height modal linear tree structure (A, a0,≤) ∈ Ob(RML

k (σ))
first maps the i-th element ai in the component a0 ≺ a1 ≺ · · · ≺ an = a corre-
sponding to maximal path ↓ a of X to (a, i) via ηL and then maps (a, i) to the
pair (a0

α1−→ a1
α2−→ . . .

αn−→ an, i) via the I(A, a0,≤) component of Tη where by
Condition (M), a0

α1−→ a1
α2−→ . . .

αn−→ an is the unique sequence corresponding to
chain a0 ≺ a1 ≺ · · · ≺ an in I(A, a0,≤). Thus, for ai ∈ (A, a0,≤) in the maximal
path a1 ≺ · · · ≺ an = a of X, η∗(ai) = (a0

α1−→ a1
α2−→ . . .

αn−→ an, i).

The composition Tk ◦Rk : Struct⋆(σ)→ RML
k (σ) maps (A, a0) to (ML

k (A, a0), a0,≤) and f
to the leaf tree morphism with underlying σ-morphism ML

k (f). Since L ◦ I → RML
k (σ)→
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Struct⋆(σ) is a forgetful functor, we see that ML
k = Lk ◦ Ik ◦ Tk ◦ Rk. Therefore, we have

obtained our derivation, from the adjunction Lk◦Ik ⊣ Tk◦Rk of the linear k-height modal
comonad (ML

k , ε∗, δ) where the comultiplication has components δX = (L ◦ I)(η(T◦R)(X)).
Explicitly, for every pair (s, i) ∈ML

k (A, a0),

δX(s, i) = (a0
α1−→ (s, 1) α2−→ . . .

αn−→ (s, n), i).

for s = a0
α1−→ a1

α2−→ . . .
αn−→ an. As a corollary of Theorem 4.1.19 and Proposition 3.2.39,

we show that Lk ◦ Ik ⊣ Tk ◦ Rk is and comonadic adjunction, and therefore, a linear
arboreal cover of Struct⋆(σ) by RML

k (σ). Thus, RML
k (σ) ∼= EM(ML

k ).

Proposition 4.2.21. Lk ◦ Ik ⊣ Tk ◦ Rk is a linear arboreal cover of Struct⋆(σ) by
{RML

k (σ)}.

With the resource-indexed linear arboreal cover of Struct⋆(σ) by RML
k (σ), we can demon-

strate how the behavioural relations in Definition 3.1.19, instantiated in this case, recover
their linear variants–trace inclusion, labelled trace inclusion, and trace equivalence. Thus,
proving how this arboreal cover captures equivalence in linear fragments of modal logic.

A formula φ ∈ ♢Mk is called linear if each conjunction in every proper subformula of
φ contains at most one formula with modal operations. Explicitly, the language ♢⋏Mk

consists of the formulas φ in the recursive grammar:

φ ::= p | φ ∨ φ | φ ∧ φ | ♢αψ , (4.7)
ψ ::= ⊤ | ⊥ | ψ ∨ ψ | p ∧ ψ | ¬p ∧ ψ | ♢αψ , p ∈ PV, α ∈ Act. (4.8)

This entails for example that ♢(♢p ∧ ♢q) is not a linear modal formula. Accordingly, let
♢⋏Mk denote the fragment of ♢Mk in which every formula is linear.

The fragments are related to linear-time behavioural equivalences which will exhibit as
arising from the linear arboreal cover of Struct⋆(σ) by {RML

k (σ)}. A pointed structure
(A, a0) in a modal signature σ with binary relations {Rα}α∈Act indexed by transition
alphabet Act and unary relations P associated with propositional variables p ∈ PV can
be re-encoded as a multi-modal Kripke model (A, a0, {RA

α }α∈Act, V ) where elements of A
are states, a0 is a distinguished initial state, and a valuation map V : A→ P(PV) where
p ∈ V (a) if and only if PA(a). With this re-encoding, we can define the set of labelled
traces of (A, a0):

ltraces(a0) = {V (a0)α1V (a1)α2 . . . αnV (an) | n ∈ N,∀i ∈ [n](Rαi
(ai−1, ai))}.

Let ltracesk(a0) denote the set of traces V (a0)α1V (a1)α2 . . . αnV (an) of length n ≤ k.

Definition 4.2.22. Given two objects (A, a0) and (B, b0) in Struct⋆(σ), we define
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• a0 ⊆tr b0 if for all labelled traces V (a0)α1V (a1)α2 . . . αnV (an) ∈ ltraces(a0), there
exists a trace V (b0)α1V (b1)α2 . . . αnV (bn) ∈ ltraces(b0) such that V (ai) ⊆ V (bi) for
all i ∈ [n].

• a0 ⊆ltr b0 if ltraces(a0) ⊆ ltraces(b0). This equivalent is to a0 ⊆tr b0 but with the
stronger condition that V (ai) = V (bi).

If a0 ⊆tr b0, we say that there exists a trace inclusion from a0 to b0 and that a0 is trace
included in b0. If both a0 ⊆ltr b0 and b0 ⊆ltr a0, we write a0 ∼ltr b0 and say that a0 is label
trace equivalent to b0.

Each of these relations can be graded by a resource parameter k > 0, e.g. ⊆tr
k for a grading

of ⊆tr, where the definitions are restricted to traces of length ≤ k, i.e. ltracesk(a0) and
ltracesk(b0).

Though the behavioural relations ⊆tr, ⊆ltr, and ∼ltr are rather simple to define, to exhibit
uniformity with the previous examples of arboreal covers, we observe that these relations
can be phrased as the existence of Duplicator winning strategies in all-in-one modal
games.

Definition 4.2.23. Given pointed σ-structures (A, a0), (B, b0) and k ≥ 0, we define the
all-in-one k-depth modal game ∃⋏Mk((A, a0), (B, b0)) from (A, a0) to (B, b0). In the first
and only round of the game,

• Spoiler choose a transition sequence of length n ≤ k in (A, a0):

s = a0
α1−→ a1

α2−→ . . .
αn−→ an

• Duplicator responds with a corresponding transition sequence in (B, b0). If there is
no such sequence, Spoiler wins.

t = b0
α1−→ a1

α2−→ . . .
αn−→ an

Duplicator wins the game if
PA(ai)⇔ PB(bi)

for all i ∈ (n) and unary P ∈ σ.

The all-in-one positive k-depth modal game ∃+
⋏Mk((A, a0), (B, b0)) is similar to ∃⋏Mk((A, a0), (B, b0))

where Duplicator’s winning condition is weakened so that for every i ∈ (n) and unary
P ∈ σ, PA(ai)⇒ PB(bi).

In order to connect to the games ∃+
⋏Mk((A, a0), (B, b0)) and ∃⋏Mk((A, a0), (B, b0)), we

construct ‘maximal’ sentences associated to Spoiler plays in these games.
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For each transition sequence s ∈ (A, a0), we construct ‘maximal’ sentences tps ∈ ♢⋏Mk

and tp+
s ∈ ♢+⋏Mk such that (A, a0) ⊨ tps and (A, a0) ⊨ tp+

s is witnessed by the states
in the transition sequence s. We define these sentence tp+

s ∈ ♢+⋏Mk, by induction on
the length n of transition sequences s. For the base case s = a0, we define

tp+
s =

∧
p∈V (a0)

p

tps =
∧

p∈V (a0)
p ∧

∧
q ̸∈V (a0)

¬q.

For the inductive step, assume s′ is the extension of s by the transition an
α−→ an+1, we

define

tp+
s′ = ♢αtp+

s ∧
∧

p∈V (an+1)
p

tps′ = ♢αtps ∧
∧

p∈V (an+1)
p ∧

∧
q ̸∈V (an+1)

¬q.

Intuitively, these sentences represent complete types (in the model-theoretic sense) as-
sociated to transitions sequences s in (A, a0). The following proposition solidifies this
intuition.

Proposition 4.2.24. For every φ ∈ ♢⋏Mk or φ ∈ ♢+⋏Mk, there exists a finite col-
lection of sentences W of the form ϕ = ∧ tps or ϕ = ∧ tp+

s , respectively, such that φ is
equivalent ∨

W .

Proof. For every structure (A, a0), we consider the conjunction of all tps for every at
most k-length reachable transition sequence s in (A, a0):

Φ(A, a0) =
∧
{tps | s ∈Mk(A, a0)}.

Consider the collection Z(φ) = {(Φ(A, a0) | (A, a0) ⊨ φ}. The sentence φ ∈ ♢⋏Mk is
equivalent to the (ostensibly) infinitary disjunction ∨

Z(φ). However, since the relational
signature σ is finite and the modal depth is bounded by k, by induction, there are only
finitely many inequivalent sentences in the collection Z(φ). Let W be a finite collection
of inequivalent sentences in Z(φ) such that every sentence in Z(φ) is equivalent one of
the sentences in Z(φ). By construction, φ is equivalent to ∨

W . The proof of the case
where φ ∈ ♢+⋏Mk is similar.

We now prove the morphism and pathwise power theorems demonstrating how the re-
lations →RML(σ)

k and ⇀
RML(σ)
k capture equivalence in the linear fragments ♢+⋏Mk and

♢⋏Mk, respectively, of ♢Mk. Observe that these theorems also show that→CL

k and ⇀CL

k

are generalisations of the linear time behavioural relations ⊆tr
k and ⊆ltr

k as they coincide
in the case that C = RM(σ).
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Theorem 4.2.25. The following are equivalent for all σ-structures (A, a0), (B, b0):

(1) (A, a0) ⇛♢+⋏Mk (B, b0)

(2) a0 ⊆tr
k b0

(3) Duplicator has a winning strategy in ∃+
⋏Mk((A, a0), (B, b0)).

(4) Duplicator has a winning strategy in ∃+
G(Tk(Rk(A, a0)), Tk(Rk(B, b0))) over RML

k (σ).

(5) (A, a0)→RML(σ)
k (B, b0)

Proof. For the (1) ⇒ (2) implication, suppose (A, a0) ⇛♢+⋏Mk (B, b0). In particular for
every s ∈ (A, a0), we have that (A, a0) ⊨ tp+

s ⇒ (B, b0) ⊨ tp+
s . By construction the tran-

sition sequence s = a0
α1−→ a1

α2−→ . . .
αn−→ an witnesses a label trace V (a0)α1 . . . αnV (an)

and (A, a0) ⊨ tp+
s . Therefore, (B, b0) ⊨ tp+

s , and there exists a corresponding transition
sequence t = b0

α1−→ b1
α2−→ . . .

αn−→ bn witnessing a label trace V (b0)α1 . . . αnV (bn) such
that V (ai) ⊆ V (bi). Thus, a0 ⊆tr

k b0.

For the (1) ⇐ (2) implication, suppose a0 ⊆tr
k b0 and that (A, a0) ⊨ φ for some φ ∈

♢+⋏Mk. By Proposition 4.2.24, φ is equivalent to a sentence ∨
S where S consists of

sentences of the form ϕ = ∧ tp+
w . Since (A, a0) ⊨ φ is equivalent to the disjunction ∨

S

for at least one ϕ ∈ S, (A, a0) ⊨ ϕ. Thus, (A, a0) ⊨
∧ tp+

w and there exists a collection
of transition sequences s = a0

α1−→ a1
α2−→ . . .

αn−→ an of (A, a0) witnessing label traces
L ⊆ ltracesk(a0) corresponding to each conjunct tp+

w . By the supposition, a0 ⊆tr
k b0,

we have that L ⊆ ltracesk(b0), so there also exists a collection of transition sequences
t = b0

α1−→ b1
α2−→ . . .

αn−→ bn in (B, b0) witnessing the same label traces in L, and also
corresponding to each conjunct tp+

w . It follows that (B, b0) ⊨ ∧ tp+
w and (B, b0) ⊨ φ.

For the (2) ⇔ (3) ⇔ (4) equivalences, observe every pair (s, t) of transition sequences,
with s in (A, a0) and t in (B, b0) witnessing the same label trace is precisely a Spoiler play
and Duplicator response in ∃+

⋏Mk((A, a0), (B, b0)) which is in bijective correspondence
with a Spoiler play [m] and Duplicator response [n] in ∃+

G(Tk(Rk(A, a0)), Tk(Rk(B, b0))).
The condition in the definition of ⊆tr

k that for all i ∈ [n], V (ai) ⊆ V (bi) is equivalent
to Duplicator’s winning condition in ∃+

⋏Mk((A, a0), (B, b0)) that for all unary P ∈ σ,
PA(ai)⇒ PB(bi) and Duplicator’s winning condition in ∃+

G(Tk(Rk(A, a0)), Tk(Rk(B, b0)))
that ([m], [n]) ∈ +W(Tk(Rk(A, a0)), Tk(Rk(B, b0))).

For the (4) ⇔ (5) equivalence, we observe that, from morphisms in RML
k (σ) preserving

covering chains, P : RML
k (σ) → T is faithful. Applying Proposition 3.1.13(3) to the case

where C = RML
k (σ), X = Tk(Rk(A, a0)), and Y = Tk(Rk(B, b0)) yields the result.
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Theorem 4.2.26. The following are equivalent for all σ-structures (A, a0), (B, b0):

(1) (A, a0) ⇛♢⋏Mk (B, b0)

(2) a0 ⊆ltr
k b0

(3) Duplicator has a winning strategy in ∃⋏Mk((A, a0), (B, b0)).

(4) Duplicator has a winning strategy in ∃G(Tk(Rk(A, a0)), Tk(Rk(B, b0))) over RML
k (σ).

(5) (A, a0) ⇀RML(σ)
k (B, b0)

Proof. The proof of the (1)⇔ (2) equivalence follows same lines as the analogous equiv-
alence in Theorem 4.2.25 by taking into account negations on propositional variables
p ∈ PV. This is done by replacing every occurrence of tp+ with tp in the proof.

For the (2) ⇔ (3) ⇔ (4) equivalences, we have the same correspondences between pairs
of sequences, Spoiler and Duplicator plays in and in as is the proof of Theorem 4.2.25.
The condition in the definition of ⊆ltr

k that for all i ∈ [n], V (ai) = V (bi) is equivalent
to Duplicator’s winning condition in ∃+Mk((A, a0), (B, b0)) that for all unary P ∈ σ,
PA(ai)⇔ PB(bi) and Duplicator’s winning condition in ∃+

G(Tk(Rk(A, a0)), Tk(Rk(B, b0)))
that ([m], [n]) ∈W(Tk(Rk(A, a0)), Tk(Rk(B, b0))).

For the (4) ⇔ (5) equivalence, since the right adjoint Tk ◦ Rk preserves the product
A× B ∈ Struct(σ), Tk(Rk(A))× Tk(Rk(B)) ∈ RP

k (σ). Applying Proposition 3.1.13(1) to
the case where C = RML

k (σ), X = Tk(Rk(A)), and Y = Tk(Rk(B)) yields the result.

Below, given a list ααα = [α1, . . . , αn] ∈ Act∗ and pointed σ-structure (A, a0), we define the
set of processes which follows this list of actions:

Sααα(A, a0) := {a0
α1−→ a1

α2−→ . . .
αn−→ an | ∀i ∈ [n], ai ∈ A}.

Let #⋏Mk denote the extension of ♢⋏Mk with walk counting modalities ♢mααα , where
ααα = [α1, . . . , αn] ∈ Act∗ and m is a positive integer. Given a pointed Kripke structure
(A, a0), the semantics for this ♢mααα walk counting modality is defined by induction on the
length of ααα:

• A, a ⊨ ♢1
ϵφ if and only if A, a ⊨ φ

• A, a ⊨ ♢mααα[β]φ if for every mααα,mβ ∈ N such that m = mαααmβ, there exists mβ-many
a′ ∈ RA

β (a) where A, a′ ⊨ ♢mααα
ααα φ.
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where ααα[β] denotes the concatenation of ααα = [α1, . . . , αn] ∈ Act and [β] for β ∈ Act. The
syntax of this logic is the same as of ♢⋏Mk but with the addition of formulas of the
form ♢mααα ψ to the φ grammar of equation (4.7).

Definition 4.2.27. Given two pointed Kripke structures (A, a0) and (B, b0) in Struct⋆(σ),
we write a0 ∼bltr b0 if for every ααα = [α1, . . . , αn], there exists a bijection

fααα : Sααα(A, a0)→ Sααα(B, b0),

such that for each s = a0
α1−→ a1 . . .

αn−→ an and t = b0
α1−→ b1 . . .

αn−→ bn with fααα(s) = t, we
have V (ai) = V (bi), for all i ≥ 0. If a0 ∼bltr b0, we say a0 is bijective trace equivalent to
b0

As with ⊆tr and ∼ltr, we can also obtain the relation ∼bltr
k by restricting the definition of

∼bltr to use action sequences ααα ∈ Act≤k

The relations ⊆tr
k and ⊆ltr

k could be formulated as the all-in-one k-depth modal games
∃+
⋏Mk((A, a0), (B, b0)) and ∃⋏Mk((A, a0), (B, b0)). Similarly we can phrase ∼bltr

k as an
all-in-one bijective k-depth modal game #⋏Mk((A, a0), (B, b0)).

Definition 4.2.28. Given pointed σ-structures (A, a0), (B, b0) and k ≥ 0, we define the
all-in-one k-round modal game #⋏Mk((A, a0), (B, b0)) from (A, a0) to (B, b0). In the first
and only round of the game,

• Spoiler choose an action sequence of length n ≤ k, ααα = [α1, . . . , αn]

• Duplicator responds with a bijection fααα : Sααα(A, a0)→ Sααα(B, b0)

• Spoiler chooses a transition sequence

s = a0
α1−→ a1

α2−→ . . .
αn−→ an ∈ Sααα(A, a0)

• Duplicator is forced to respond with the transition sequence

f(s) = b0
α1−→ b1

α2−→ . . .
αn−→ bn ∈ Sααα(B, b0)

Duplicator wins the game if
PA(ai)⇔ PB(bi)

for all i ∈ (n) and unary P ∈ σ.

Theorem 4.2.29. The following are equivalent for all image-finite σ-structures (A, a0), (B, b0):

(1) (A, a0) ≡#⋏Mk (B, b0)

(2) a0 ∼bltr
k b0
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(3) Duplicator has a winning strategy in #⋏Mk((A, a0), (B, b0)).

(4) (A, a0) ∼=RML(σ)
k (B, b0)

Proof. For the (1)⇒ (2) implication, we associate to each action sequence α = [α1, . . . , αn] ∈
Act≤k, a ‘maximal’ sentence tp#

A,ααα ∈ ♢⋏Mk such that (A, a0) ⊨ tp#
A,ααα defined as:

tp#
A,ααα = ♢mααα

 ∨
s∈Sααα(A,a0)

tps

 ∧ ∧
s∈Sααα(A,a0)

tps

By hypothesis, (A, a0) ≡#⋏Mk (B, b0). In particular, from (A, a0) ⊨ tp#
A,ααα, we can

conclude that (B, b0) ⊨ tp#
A,ααα. Since (B, b0) satisfies the first conjunct of tp#

A,ααα, m =
|Sααα(A, a0)| = |Sααα(B, b0)| and there is a bijection fααα : Sααα(A, a0)→ Sααα(B, b0). Since (B, b0)
satisfies the second conjunct of tp#

A,ααα, by the construction of tps, if fααα(s) = t for s =
a0

α1−→ a1 . . .
αn−→ an and t = b0

α1−→ b1 . . .
αn−→ bn, then V (ai) = V (bi), for all i ≥ 0.

Therefore, a0 ∼bltr
k b0.

For the (1) ⇐ (2) implication, suppose a0 ∼bltr
k b0, we need to show that for all φ ∈

#⋏Mk, (A, a0) ⊨ φ ⇔ (B, b0) ⊨ φ. By the definition of #⋏Mk, every φ is a positive
Boolean combination of sentences of the form ♢maaa ψ where ψ is formula in the ψ grammar
of equation (4.8). Thus, it suffices to show that (A, a0) ⊨ ♢mααα ψ ⇔ (B, b0) ⊨ ♢mααα ψ for all
action sequences ααα ∈ Act≤k. By Proposition 4.2.24, there is a collection W of inequivalent
sentences ϕ such that each ϕ = ∧ tpw and ψ is equivalent to ∨

ϕ. The sentence ♢mααα ψ

is equivalent to ∨
♢n(ϕ)
ααα ϕ where ∑

ϕ∈W n(ϕ) = m. We can partition the set of sequences
Sααα(A, a0) into sets

Z(A, a0, ϕ) = {s ∈ Sααα(A, a0) | (A, a0) ⊨ ϕj → tps}

Intuitively, Z(A, a0, ϕ) consists of the sequences s whose type tps is in the conjuncts,
up to logical equivalence, of ϕ = ∧ tpw. By the supposition a0 ∼bltr

k b0 there exists a
bijection f : Sααα(A, a0) → Sααα(B, b0). Moreover, if fααα(s) = t for s = a0

α1−→ a1 . . .
αn−→ an

and t = b0
α1−→ b1 . . .

αn−→ bn, then V (ai) = V (bi) for all i ≥ 0, we can conclude that fααα
maps Z(A, a0, ϕ) to Z(B, b0, ϕ). Thus, (A, a0) ⊨ ∨

♢n(ϕ)
ααα ϕ⇔ (B, b0) ⊨ ∨

♢n(ϕ)
ααα ϕ Therefore,

(A, a0) ⊨ ♢mααα ψ ⇔ (B, b0) ⊨ ♢mααα ψ.

For the (2) ⇔ (3) ⇔ (4) equivalences, observe that given isomorphism f : Rk(A, a0) →
Rk(B, b0), we obtain for every ααα = [α1, . . . , αn] ∈ Act≤k, a bijection fααα : Sααα(A, a0) →
Sααα(B, b0) defined as fααα(s) = t where (t, n) = f(s, n). Conversely, a collection of bijections

{fααα : Sααα(A, a0)→ Sααα(B, b0)}ααα∈Act≤k
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induces an morphism f : Rk(A, a0) → Rk(B, b0) defined as f(s, i) = (fααα(s), i). If f is an
isomorphism, then we have that V (ai) = V (bi) for all i ≥ 0 whenever the induced bijection
fααα(a0

α1−→ a1 . . .
αn−→ an) = b0

α1−→ b1 . . .
αn−→ bn. Conversely, if every bijection {fααα}α∈Act≤k

satisfies the condition that labels are reflected and preserved, i.e. V (ai) = V (bi), then the
induced morphism f : Rk(A, a0)→ Rk(B, b0) is an isomorphism. These definition of ∼bltr

can be phrased directly or as the game #⋏Mk((A, a0), (B, b0)).

In summary, the behavioural relations of Definition 3.1.19 for the resource-indexed arbo-
real cover of Struct⋆(σ) by {RML

k (σ)} characterise equivalence various restricted conjunc-
tion, non-branching variants of modal logic Mk graded by nesting depth of modalities.

Theorem 4.2.30. The following equivalences hold:

(1) (A, a0)→RML(σ)
k (B, b0) if and only if (A, a0) ⇛♢+⋏Mk (B, b0).

(2) (A, a0) ⇀RML(σ)
k (B, b0) if and only if (A, a0) ⇛♢⋏Mk (B, b0).

(3) (A, a0)↔RML(σ)
k (B, b0) if and only if (A, a0) ≡♢⋏Mk (B, b0).

(4) (A, a0) ∼=RML(σ)
k (B, b0) if and only if (A, a0) ≡#⋏Mk (B, b0) (assuming (A, a0), (B, b0)

are image-finite).

Proof. Statements (1),(2), and (4) are Theorem 4.2.25, Theorem 4.2.26, and Theorem 4.2.29,
respectively. By Corollary 4.1.3 bisimulations are the same as bidirectional pathwise
embeddings in a linear arboreal category RML(σ), so Statement (3) follows from Theo-
rem 4.2.26.

4.2.4 Quasi-linear modal

We now show how to the abstract definition of the quasi-linear weak adjunction from
Section 4.1.2 can be applied to the resource-indexed modal arboreal cover of Struct⋆(σ) by
{RM

k (σ)} from Section 3.2.4 in order to obtain a categorical characterisation of complete
labelled trace equivalence.

Complete labelled trace equivalence is a linear-time behavioural relation that refines
labelled trace equivalence ∼ltr by being able to distinguish between terminating processes
(complete traces) and other partial processes (traces). The set cltraces(a0) ⊆ ltraces(a0)
of complete labelled traces of a0 consists of all labelled traces V (a0)α1 . . . αnV (an) such
that an is terminal, i.e. there exists no an+1 such that (an, an+1) ∈ RA

α for some α ∈ Act.
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Definition 4.2.31. Given two objects (A, a0) and (B, b0) in Struct⋆(σ), we write a0 ∼cltr

b0 if cltraces(a0) = cltraces(b0) and ltraces(a0) = ltraces(b0) and say a0 is complete trace
equivalent to b0.

As with label trace equivalence, we can obtain a grading ∼cltr
k of ∼cltr. Let cltracesk(a0) =

ltracesk(a0) ∩ cltraces(a0), then we define a0 ∼cltr
k b0 as cltracesk(a0) = cltracesk(b0) and

ltracesk(a0) = ltracesk(b0).

Theorem 4.2.32. The following are equivalent for all (A, a0), (B, b0) ∈ Struct⋆(σ):

(1) a0 ∼cltr
k b0

(2) There exists a bisimulation Rq
k(A, a0)← Z → Rq

k(B, b0) in RM
k (σ)

where Rq
k = Iqk ◦ T

q
k ◦Rk : Struct⋆(σ)→ RM

k (σ).

Proof. Throughout both directions of this proof, we will use the fact that an element
[m] ∈ P(Rq

k(A, a0)) corresponds to a transition sequence m(r) = a0
α1−→ a1

α2−→ . . .
αn−→ an

in (A, a0) where r is the maximal element of the chain dom(m); and moreover, from a
transition sequence s, we can construct an element [m] ∈ P(Rq

k(A, a0)) where dom(m) is
the chain whose i-th element is ai and m : dom(m)→ Rq

k(A, a0) is the obvious embedding.

For the (1) ⇒ (2) implication, we proceed by contrapositive and suppose that there
is no bisimulation Rq

k(A, a0) ← Z → Rq
k(B, b0) in RM

k (σ). By Proposition 3.1.13(2),
Spoiler has a winning strategy in the game G(X, Y ) over RM

k (σ) with X = Rq
k(A, a0) and

Y = Rq
k(B, b0). There are three cases to consider:

• Spoiler wins at round 0, thus the domains of the roots are not isomorphic. This
implies that V (a0) ̸= V (b0). Therefore, ltracesk(a0) ̸= ltracesk(b0), and a0 ̸∼cltr

k b0.

• Spoiler wins at a subsequent round t > 0. where the previous position is given by
([m], [n]) ∈ W(X, Y ), by choosing an extension [m′ : P ↣ X] of [m] ∈ P(X), i.e.
[m′] ≻ [m], such that there is no winning Duplicator response. That is, for every
[n′] ∈ P(Y ) either it does not hold that [n′] ≻ [n] or ([m′], [n′]) ̸∈W(X, Y ).

– In the case where there is no [n′] ≻ [n], then [n : Q ↣ Y ] is a maximal el-
ement in P(Y ). Suppose n corresponds to the transition sequence b0

α1−→ b1
α2−→

. . .
αt−1−−→ bt−1 in B. Since [n] is a maximal element, then V (b0)α1V (b1) . . . αt−1V (bt−1)

is a complete trace in cltracesk(b0). On the hand, suppose m corresponds to the
transition sequence a0

α1−→ a1
α2−→ . . .

αt−1−−→ at−1, then by ([m], [n]) ∈ W(X, Y ),
V (a0)α1V (a1) . . . αt−1V (at−1) ∈ ltracesk(a0) where V (bi) = V (ai) for all i ∈
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{0, . . . , t− 1}. However, since [m′] properly extends [m],

V (a0)α1V (a1) . . . αt−1V (at−1) = V (b0)α1V (b1) . . . αt−1V (bt−1) ̸∈ cltracesk(a0).

Hence, cltracesk(a0) ̸= cltracesk(b0) and a0 ̸∼cltr
k b0.

– In the case where ([m′], [n′]) ̸∈ W(X, Y ), suppose that m corresponds to the
transition sequence a0

α1−→ a1
α2−→ . . .

αt−1−−→ at−1 of A and n corresponds to the
to the transition sequence b0

α1−→ b1
α2−→ . . .

αt−1−−→ bt−1 of B. As ([m], [n]) ∈
W(X, Y ), we have that V (bi) = V (ai) for all i ∈ {0, . . . , t − 1}. Suppose
[m′], properly extending [m], corresponds to the transition sequence a0

α1−→
a1

α2−→ . . .
αt−1−−→ at−1

αt−→ at. However, since every proper [n′] ≻ [n] extension is
such that ([m′], [n′]) ̸∈W(X, Y ), there is no bt such that b0

α1−→ b1
α2−→ . . .

αt−1−−→
bt−1

αt−→ bt and V (bt) = V (at). Hence, ltracesk(a0) ̸= ltracesk(b0) and a0 ̸∼cltr
k b0.

• Spoiler wins at a subsequent round t > 0 by choosing an extension [n′] of [n] ∈ P(Y )
such that there is no winning Duplicator response This is symmetric to the previous
case.

For the (1)⇐ (2) implication, we proceed by contrapositive and suppose that a0 ̸∼cltr
k b0.

By Proposition 3.1.13(2), to show there is no bisimulation Rq
k(A, a0)← Z → Rq

k(B, b0) it
suffices to show that Spoiler has a winning strategy in G(X, Y ) over RM

k (σ) where X =
Rq
k(A, a0) and Y = Rq

k(B, b0). By definition of ∼cltr
k , either cltracesk(a0) ̸= cltracesk(b0) or

ltracesk(a0) ̸= ltracesk(b0).

• In the case where cltracesk(a0) ̸= cltracesk(b0), we can assume without loss of gener-
ality, there is some transition sequence a0

α1−→ a1
α2−→ . . .

αt−→ at in A witnessing the
complete labelled trace V (a0)α1V (a1) . . . αtV (at), but no corresponding transition
sequence b0

α1−→ a1
α2−→ . . .

αt−→ bt in B witnessing the same complete trace. This al-
lows us to construct a Spoiler winning strategy in which Spoiler plays along the path
[m] ∈ P(X) corresponding to the transition sequence a0

α1−→ a1
α2−→ . . .

αt−1−−→ at−1.
This results in the position ([m], [n]) in G(X, Y ). Spoiler can extend [m] to the [m′]
corresponding to the transition sequence a0

α1−→ a1
α2−→ . . .

αt−→ at, but there is is no
such extension [n′] of [n]. Thus, Spoiler wins G(X, Y ) over RM

k (σ).

• In the case where ltracesk(a0) ̸= ltracesk(b0), we can assume without loss of gener-
ality, there is some transition sequence a0

α1−→ a1
α2−→ . . .

αt−→ at in A witnessing the
labelled trace V (a0)α1V (a1) . . . αtV (at), but no corresponding transition sequence
b0

α1−→ a1
α2−→ . . .

αt−→ bt in B witnessing the same labelled trace. If consider the
corresponding path elements of transition sequences, we see that that for some
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[m] ∈ P(X) corresponding to transition sequence s in A, and every [n] ∈ P(Y ),
([m], [n]) ̸∈W(X, Y ). Thus, Spoiler wins the G(X, Y ) over RM

k (σ).
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Chapter 5

CoKleisli laws

Though model comparison games are a central tool for proving when two σ-structures
are equivalent in a logic, finding Duplicator winning strategies in concrete cases can
often involve intricate combinatorial arguments. For this reason, (finite) model theorists
use higher-level methods that employ model-comparison games as a low-level tool, e.g.
locality, zero-one laws. Another such method involves inductively applying operations
F , on some base structures, to build-up a composite structure. For this method to
be useful in establishing inexpressiblity, the operations F must be shown to preserve
equivalence ≡J in the logic J of interest; or more generally, an n-ary operation F may
map equivalence(s) ≡Ji between input structures to the equivalence ≡J in the output
structure:

if ∀i ∈ [n] and Ai,Bi ∈ Ob(Ci),Ai ≡Ji Bi, then F (A1, . . . ,An) ≡J F (B1, . . . ,Bn)

The first result of this type was theorem of Mostoswki [71] stating that binary Cartesian
products of structures preserve equivalence in first-order logic. Later, Feferman and
Vaught in [35] showed that infinite disjoint unions, infinite products, and a host of other
product operations also preserved logical equivalence. Thus, results of this type became
known as Feferman-Vaught theorems. We will refer these results as Feferman-Vaught-
Mostoswki, or FVM theorems.

5.1 Operations

Since we will be dealing with operations of arbitrary arity, we will need some notation
navigating product categories and conveying the types for these operations. Let Ci be
a collection of categories with indices i ∈ I, we write ∏

i∈I Ci for the product category
where each object A⃗ ∈ Ob(∏

i∈I Ci) is I-indexed collection of objects Ai ∈ Ci and each

115



morphism f⃗ : A⃗ → B⃗ is an I-indexed collection of morphisms fi : Ai → Bi ∈ Mor(Ci).
If I is a finite set [n], we use C1 × · · · × Cn to denote ∏

i∈I Ci. When the indexing set I
is clear from context, we will use C⃗ = ∏

i∈I Ci. If Fi : Ci → Ci is an I-indexed collection
of endofunctors, then this induces a endofunctor F⃗ : C⃗ → C⃗. If (Si : Ci → Ci, εi, δi) is
an I-indexed collection of comonads, then this induces a product comonad (S⃗, ε⃗, δ⃗) on C⃗

which acts component-wise. From routine calculations, observe that Kl(S⃗) = ∏ Kl(Si)
and for every i ∈ I, if USi

⊣ GSi
is the Kleisli resolution of Si : Ci → Ci, then we obtain

the Kleisli resolution US⃗ ⊣ GS⃗ of comonad S⃗ : C⃗→ C⃗.

To illustrate these FVM theorems, we will use the binary disjoint union of σ-structures,
which is the categorical coproduct ⊎ : Struct(σ)× Struct(σ) → Struct(σ) in Struct(σ), as
a running example. Recall that given two σ-structures A1,A2, the coproduct A1 ⊎ A2

has universe given by the disjoint union

A1 ⊔ A2 = {(zi, ai) | zi ∈ {1, 2}, ai ∈ Ai}; and

for every m-ary relation R ∈ σ, the interpretation

RA1⊎A2((z1, a1), . . . , (zr, ar))⇔ ∃z ∈ {1, 2}∀j ∈ [m], zj = z

and RAi(a1, . . . , an).

The coproduct operation on σ-structures extends to a functor ⊎ : Struct(σ)×Struct(σ)→
Struct(σ) mapping morphisms f1 : A1 → B1, f2 : A2 → B2 where the morphism f1 ⊎ f2

where
(f1 ⊎ f2)(z, a) = (i, fz(a)).

5.2 Discrete transformations and coKleisli laws

In this section, we show how to utilise the comonadic characterisation of logical preserva-
tion and equivalence, detailed in the examples in Section 3.2, to recover FVM theorems
for the positive-existential ∃+Jk and counting variants #Jk of the logic Jk associated to
a game comonad Ck.

The statement of the coproduct FVM theorem for ∃+FOk establishes that

Proposition 5.2.1. if A1 ⇛∃+FOk B1 and A2 ⇛FOk B2, then A1 ⊎ A2 ⇛∃+FOk B1 ⊎ B2.

To prove this statement using the k-round EF arboreal cover of Struct(σ) by {RE
k (σ)}, re-

call from Theorem 3.2.19 that A⇛∃+FOk B is characterised by the existence of Rk(A)→
Rk(B) ∈ Mor(RE

k (σ)). By the adjunction Lk ⊣ Rk witnessing the arboreal cover
Struct(σ) by RE

k (σ), this is equivalent to the existence of a morphism Lk(Rk(A))→ B ∈

116



Mor(Struct(σ)), which by LkRk = Ek we can write as a coKleisli morphism Ek(A)→ B.
If we assume, that for i ∈ {1, 2}, Ai ⇛∃+FOk Bi, then this witnessed by a pair of mor-
phisms fi : Ek(Ai) → Bi. To prove A1 ⊎ A2 ⇛∃+FOk B1 ⊎ B2, we must construct a
morphism of type Ek(A1 ⊎A2)→ B1 ⊎ B2. Observe that for every A1,A2, we can define
a morphism κA1,A2 : Ek(A1 ⊎ A2)→ Ek(A1) ⊎ Ek(A2) defined as:

κA1,A2([(z1, a1), . . . , (zn, an)]) = (zn, [aj | zj = zn])1 (5.1)

If κ(s) is in the z-th component of Ek(A1)⊎Ek(A2), let τ(s) be defined such that κ(s) =
(z, τ(s)). Composing with the coproduct f1 ⊎ f2 : Ek(A1) ⊎ Ek(A2) → B1 ⊎ B2, we can
construct a morphism f1 ⊎ f2 ◦ κA1,A2 : Ek(A1 ⊎ A2) → B1 ⊎ B2 as desired. Abstracting
from this example to any operation F , we say that family of maps κA⃗ : TF (A⃗)→ F (S⃗(A⃗))
is a discrete transformation κ : T ◦ F → F ◦ S⃗. Using this terminology, the argument we
gave for coproducts clearly generalises to any collection of comonads and operation F of
arbitrary arity, allowing us to interpret discrete transformations as witnessing an abstract
morphism FVM theorem:

Theorem 5.2.2. Suppose for every i ∈ I, we have a comonad Si : Ci → Ci, a comonad
T : D→ D, and a functor F : C⃗→ D. If for every A⃗ ∈ Ob(C⃗), there exists a morphism

κA⃗ : TF (A⃗)→ F S⃗(A⃗)

then for all i ∈ I, Ai, Bi ∈ Ob(Ci), Ai →Kl(Si) Bi implies F (A⃗)→Kl(T) F (B⃗).

Proof. Suppose for all i ∈ I and Ai, Bi ∈ Ob(Ci), there exists coKleisli morphisms
fi : Si(Ai) → Bi. These induce a coKleisli morphism f⃗ : S⃗(A⃗) → B⃗. Applying F and
composing with κA⃗, we obtain coKleisli morphism κA⃗ ◦ F (f⃗) : T(F (A⃗)) → F (B⃗) for the
comonad T.

Thus, by observing that {κA1,A2}(A1,A1)∈Struct(σ)×Struct(σ) is discrete transformation, we
may obtain the coproduct FVM theorem for ∃+FOk as a corollary of Theorem 5.2.2 and
Theorem 3.2.14.

Proposition 5.2.3. κ is a discrete transformation.

Proof. We must verify that for every A⃗ = (A1,A2) ∈ Ob(Struct(σ) × Struct(σ)), κA⃗

as defined in equation (5.1) is a σ-morphism. Suppose R ∈ σ is a r-ary relation and
(s1, . . . , sr) ∈ REk(A1⊎A2). By the pairwise comparability condition, there exists some

1Here, we are using ‘Haskell-style’ list comprehension notation, where [xj | Φ(j)] is the sublist of
[x1, . . . , xn] which satisfies the predicate Φ(j). For example, given the list [(i1, a1), (i2, a2), (i3, a3)] =
[(1, a1), (2, a2), (1, a3)], the notation [aj | ij = 1] denotes [a1, a3] and [aj | ij = 2] denotes [a2].
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maximal element s∗ = max{s1, . . . , sr} with respect to the prefix order. By the compat-
ibility condition, (ε(s1), . . . , ε(sr)) ∈ RA1⊎A2 and so, by the definition of RA1⊎A2 , there
exists a z ∈ {1, 2}, such that for all j ∈ [r], ε(sj) ∈ Az. Since all of the ε(sj) are in the
z-th component of A1 ⊎ A2 and sj ⊑ s∗, all of the κ(sj) are in the same component of
Ek(A1) ⊎ Ek(A2) and we can assume κ(sj) = (z, tj). By tj ⊑ t∗ ε(sj) = ε(tj), we have
that (t1, . . . , tr) ∈ REk(Az) and (κ(s1), . . . , κ(sr)) ∈ REk(A1)⊎Ek(A2).

Thus, we have recovered using game comonads the statement of the coproduct FVM
theorem for ∃+FOk (Proposition 5.2.1).

We now turn to proving a similar abstract isomorphism FVM theorem for counting logics.

The statement of the coproduct FVM theorem for #FOk establishes that

Proposition 5.2.4. . if A1 ≡#FOk B1 and A2 ≡#FOk B2, then A1 ⊎ A2 ≡#FOk B1 ⊎ B2,

Just as coKleisli morphism →Kl(Ek) characterises the preservation relation ⇛∃+FOk for
positive-existential ∃+FO, coKleisli isomorphism ∼=Kl(Ek) characterises the equivalence
relation ≡#FO, on finite structures, for FOk extended with counting quantifiers #FOk.
Since #FOk is characterised by isomorphism in Kl(Ek), we must that if Ai ∼=Kl(Ek) Bi
for i ∈ {1, 2}, then A1 ⊎A2 ∼=Kl(Ek) B1 ⊎ B2. Since Ai ∼=Kl(Ek) Bi, for each i ∈ I, we have
a pair of morphisms in fi : Ai → Bi ∈ Mor(Kl(Ek)) and gi : Bi → Ai ∈ Mor(Kl(Ek)),
which are in fact morphisms fi : Ek(Ai) → Bi ∈Mor(Struct(σ)) and gi : Ek(Bi) → Ai ∈
Mor(Struct(σ)) such that fi ◦ gi = εAi

and gi ◦ fi = εBi
since ε, as a morphism in

Struct(σ), is the identity in Kl(Ek). In the previous case, we saw how to produce a
morphisms κA1,A2 ◦f1⊎f2 and κB1,B2 ◦g1⊎g2. We can notate these morphisms as f1⊎̄f2 =
κA1,A2 ◦f1⊎f2 ∈Mor(Kl(Ek)) and g1⊎̄g2 = κB1,B2 ◦ g1⊎ g2 To prove the coproduct FVM
theorem, we must show that ‘⊎̄’ operation preserves isomorphisms in Kl(Ek). This follows
from requiring the operation ⊎̄ on morphisms of Kl(Ek) to distribute over composition
and preserve the identity in Kl(Ek). That is, we require ⊎̄ : Kl(Ek)×Kl(Ek)→ Kl(Ek)
to be a functor which extends ⊎ : Struct(σ)× Struct(σ)→ Struct(σ).

Definition 5.2.5. Given for all i ∈ I, a comonad Si : Ci → Ci, and a comonad T : D→ D,
a functor F̄ : Kl(S⃗)→ Kl(T ) is a coKleisli extension of functor F : C⃗→ D if the following
diagram commutes in Cat:

Kl(S⃗) Kl(T)

C⃗ D

F̄

GS⃗

F

GT
(5.2)

where for a comonad W on E, GW : E→ Kl(W) denotes the functor that is the identity
on objects and for f : X → Y ∈Mor(E), GW(f) = εWY ◦W(f).
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Extensions of functors F to coKleisli categories are in bijective correspondence with
natural transformations which distribute F over the underlying comonads. These are
called coKleisli laws.

Definition 5.2.6. Given a comonad for all i ∈ I, a comonad (Si : Ci → Ci, εi, δi), a
comonad (T, ε, δ), and a functor F : ∏

i∈I Ci → D, then a natural transformation

κ : TF → F S⃗

is a coKleisli law if it satisfies the following two diagrams:

TF

F S⃗ F

κ εF

F ε⃗

(5.3)

TF F S⃗

T2F TF S⃗ F S⃗S⃗

κ

F δ⃗

κS⃗Tκ

δF (5.4)

For reference, we state explicitly the characterisation of coKleisli extensions via coKleisli
laws.

Proposition 5.2.7. There is a bijective correspondence between:

(1) coKleisli extensions F̄ : Kl(S⃗)→ Kl(T) of functor F : C⃗→ D

(2) coKleisli laws κ : TF → F S⃗

Proof. The characterisation of coKleisli extensions via coKleisli laws is well-known folk-
loric fact. This proposition has been reproved either implicitly or as part of general
statements see e.g. [19, 74, 64, 49] for details. For the sake of completeness, we give a
proof sketch here. Given a coKleisli extension F̄ : Kl(S⃗) → Kl(T) consider the identity
morphism idS⃗(X) : S⃗(X)→ S⃗(X).

idS⃗(X) ∈ C⃗(S⃗(X), S⃗(X))
∈ Kl(S⃗)(X, S⃗(X))

F̄ (idS⃗(X)) ∈ Kl(T)(F̄ (X), F̄ S⃗(X))
∈ Kl(T)(F̄ (GS⃗(X)), F̄ S⃗(GS⃗(X))) GS⃗ identity on objects
∈ Kl(T)(GT(F (X)), GT(F S⃗(X))) diagram (5.2)
∈ Kl(T)(F (X), F S⃗(X)) GT identity on objects
∈ D(TF (X), F S⃗(X))
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Thus, we can define κX = F̄ (idS⃗(X)). From F̄ being a functor and satisfying diagram (5.2),
it follows that κ satisfies the counit diagram (5.3) and the comultiplication diagram (5.4)
in Definition 5.2.6 of coKleisli law.

Conversely, given a coKleisli law κ : TF → F S⃗ of functor F : C⃗ → D, we can define
functor F̄ : Kl(S⃗) → Kl(T) where F̄ (X) = F̄ (X) for objects X ∈ Ob(Kl(S⃗)) = Ob(C⃗)
and for morphisms f ∈ Kl(S⃗(X), Y ) = C⃗(S⃗(X), Y ), F̄ (f) = F (f) ◦ κX . The verification
the F preserves identity and composition follows from the counit diagram (5.3) and the
comultiplication diagram (5.4).

Using this correspondence, we can interpret coKleisli laws as witnessing an abstract
isomorphism FVM theorem.

Theorem 5.2.8. For every i ∈ I, we have a comonad Si : Ci → Ci, a comonad T : D→
D, and a functor F : C⃗→ D. If there exists a coKleisli law

κ : TF → F S⃗

then for all i ∈ I, Ai, Bi ∈ Ob(Ci) Ai ∼=Kl(Si) Bi implies AF (A⃗) ∼=Kl(T) F (B⃗).

Proof. By hypothesis, there exists coKleisli law κ : T ◦ F → F ◦ S⃗. By Proposition 5.2.7,
there exists a functor F̄ : Kl(S⃗)→ Kl(T) satisfying diagram 5.2. Suppose i ∈ I, Ai, Bi ∈
Ob(Ci), Ai ∼=Kl(Si) Bi, then

∀i ∈ I, Ai ∼=Kl(Si) Bi

A⃗ ∼=Kl(⃗S) B⃗

GS⃗(A⃗) ∼=Kl(⃗S) GS⃗(B⃗) GS⃗ identity on objects
F̄ (GS⃗(A⃗)) ∼=Kl(T) F̄ (GS⃗(B⃗)) F̂ preserves isomorphism
GT(F (A⃗)) ∼=Kl(T) GT(F (B⃗)) equation (5.2)

F (A⃗) ∼=Kl(T) F (B⃗) GT identity on objects

Thus, returning to the coproduct example, if we show the family of maps κ defined
in Equation (5.1) is a natural transformation and satisfies diagrams (5.3) and (5.4) in
Definition 5.2.6, we can obtain the coproduct FVM theorem for #FOk as corollary of
Theorem 5.2.8 and Theorem 3.2.18.

Proposition 5.2.9. κ : Ek ◦ ⊎ → ⊎ ◦ (Ek × Ek) is a coKleisli law.
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Proof. By Proposition 5.2.3, for every A⃗ ∈ Ob(Struct(σ)×Struct(σ)), κA⃗ is a σ-morphism.
To verify naturality, suppose f1 : A1 → B1, f2 : A2 → B2 are σ-morphisms, and A⃗ =
(A1,A2), B⃗ = (B1,B2) are objects in Struct(σ) × Struct(σ). We check that Ek(f1) ⊎
Ek(f2) ◦ κA⃗ = κB⃗ ◦ Ek(f1 ⊎ f2) is satisfied. Consider [(z1, a1), . . . , (zn, an)] ∈ Ek(A1 ⊎ A2)
and let z = zn:

Ek(f1) ⊎ Ek(f2) ◦ κA⃗([(z1, a1), . . . , (zn, an)])
= Ek(f1) ⊎ Ek(f2)(z, [aj | zj = z)]
= (z,Ek(fz)([aj | zj = z)]))
= (z, [fz(aj) | zj = z)])
= κB⃗([(z1, fz1(a1)), . . . , (zn, fzn(an))])
= κB⃗([(f1 ⊎ f2)(z1, a1), . . . , (f1 ⊎ f2)(zn, an)])
= κB⃗ ◦ Ek(f1 ⊎ f2)([(z1, a1), . . . , (zn, an)])

The counit axiom (5.3) states that if the last element s of Ek(A1⊎An) is (z, a) for a ∈ Az,
then the last element of τ(s) in κ(s) = (z, τ(s)) is a. This is clear by the definition of
κ. We have that κ ◦ Ek(κ) ◦ δ(s) = (z, [sj | Sz(s)]) where Sz is the set of prefixes which
end in an element of Az. The comultiplication axiom (5.4) states that taking prefixes
of the restriction τ(s) of s to elements in the component of Sz is the same as listing
the Az component restrictions τ(sj) of each of the prefixes sj in Sz(s). This is clear by
inspection.

Thus, we have recovered using game comonads the statement of the FVM coproduct
theorem for #FOk (Proposition 5.2.4).

Remark 5.2.10. In the paper [52], abstract bisimulation and pathwise embedding FVM
theorems were also obtained. This involved using the fact that for game comonads T,
EM(T) has equalisers. For any operation F , we could compute a specific equaliser
involving a coKleisli law κ : TF → F S⃗ in order to define an extension F̂ : EM(S⃗) →
EM(T). The extended operation F̂ must satisfy two axioms in order to show it preserved
bisimulations. To present these axioms in terms of F instead of F̂ , we tailored the
standard machinery of bilinear maps over strong commutative monads and documented
these adaptations in [51]. Though I had contributed ideas and candidate constructions
for these results, this was primarily the work of my co-authors and so is not detailed in
this thesis.
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5.3 Examples of coKleisli laws

Theorem 5.2.2 and Theorem 5.2.8 re-interpret of discrete transformations and coKleisli
laws in category theory as witnesses to abstract FVM theorems in logic.g In this section,
we apply this re-interpretation to game comonads recovering some results about logic.

5.3.1 Comonad morphisms and translations

One of the important special cases of coKleisli laws κ : TF → FS is the case where
F = IdC and S,T are comonads on the same category C. A coKleisli laws of this form is a
comonad morphism κ : T→ S. In this section, we demonstrate how comonad morphisms
between games comonads correspond to translations between the logics they capture.

Proposition 5.3.1. The natural transformation κ : Ek → Pk with components defined
as:

κA([a1, . . . , an]) = [(1, a1), . . . (n, an)]

is a comonad morphism.

Proof. To verify κA is a σ-morphism, suppose (s1, . . . , sr) ∈ REk(A) for r-ary relation R ∈
σ. Since κ preserves prefixes, (κ(s1), . . . , κ(sr)) satisfies the pairwise comparable condition
of RPk(A) by (s1, . . . , sr) satisfying the pairwise comparable condition of REk(A). Moreover,
since the last element of s is the last pebbled element of κ(s), (κ(s1), . . . , κ(sr)) satisfies
compatibility condition of RPk(A) by (s1, . . . , sr) satisfying the compatibility condition of
RPk(A). By definition of κ and the pairwise comparable condition of REk(A), the active
pebble condition is satisfied by (κ(s1), . . . , κ(sr)). Thus, (κ(s1), . . . , κ(sr)) ∈ RPk(A) and
κA is a σ-morphism.

To verify naturality, suppose f : A → B is a σ-morphism and consider [a1, . . . , an] ∈
Ek(A):

κB ◦ Ek(f)([a1, . . . , an]) = κB([f(a1), . . . , f(an)])
= [(1, f(a1)), . . . , (n, f(an))]
= Pk(f)([(1, a1), . . . , (n, an)])
= Pk(f) ◦ κA([a1, . . . , an])

Since the last element of s ∈ Ek(A) is the last pebbled element of κ(s) ∈ Pk(A), the
counit axiom (5.3) is satisfied. For every i ∈ [n], the i-th prefix of κ(s) is κ(si) where
si is the i-th prefix of s. Thus, the the comultiplication axiom (5.4) and κ is coKleisli
law.
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Thus as a corollary of this proposition, Theorem 3.2.19 and Theorem 3.2.33, we recover
semantically the following statements about translating ∃+FOk and #FOk into ∃+Lk

and #Lk, respectively:

Corollary. For all k > 0 and σ-structures A,B,

• if A⇛∃+Lk B, then A ≡∃+FOk B.

• if A ≡#Lk B, then A ≡#FOk B.

For a pointed σ-structures, we can view P2 as a comonad over Struct⋆(σ) where P2(A, a0)
has distinguishing point [(1, a0)].

Proposition 5.3.2. Let σ be a modal signature. For every k > 0, the natural transfor-
mation κ : Mk → P2 with components defined as:

κA(a0
α1−→ a1

α1−→ . . .
αn−→ an) = [(1, a0), (2, a1), . . . , (1 + (n mod 2), an)]

is a comonad morphism.

Proof. To verify κ is a σ-morphism, suppose a αn−→ a′, i.e. (a, a′) ∈ Rα, then by definition
κ(a′) = κ(a)[(m, a′)] where m is not equal to the pebble on the last element of κ(a).
Thus, the pairwise comparable, active pebble, and compatibility conditions of RPk(A) are
satisfied by (κ(a), κ(a′)). For unary relations, PMk(A,a0)(s) if and only if P (A,a0)(εMk(s) if
and only if P Pk(A,a0)(εPk(κ(s)). Thus, κ is a σ-morphism.

To verify naturality, suppose f : (A, a0)→ (B, b0) is a pointed σ-morphism and consider
a0

α1−→ a1
α1−→ . . .

αn−→ an ∈Mk(A, a0).

κB ◦Mk(f)(a0
α1−→ a1

α1−→ . . .
αn−→ an) = κB((b0

α1−→ f(a1) α1−→ . . .
αn−→ f(an))

= [(1, a0), (2, a1), . . . , (m, an)]
= Pk(f)([(1, a0), (2, a1), . . . , (m, an)])
= Pk(f) ◦ κA(a0

α1−→ a1
α1−→ . . .

αn−→ an)

where m = 1 + (n mod 2). Since the last element of transition sequence s ∈Mk(A) is the
last pebbled element of κ(s), the counit axiom (5.3) is satisfied. For every i ∈ [n], the
i-th prefix of κ(s) is κ(si) where si is the i-th prefix of s. Thus, the the comultiplication
axiom (5.4) and κ is coKleisli law.

Thus as a corollary of this proposition, Theorem 3.2.33 and Theorem 3.2.46, we recover
semantically the following statements about translating ♢+Mk and #Mk into ∃+L2 and
#L2, respectively:
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Corollary. For all σ-structures A,B,

• if A⇛∃+L2 B, then for all k > 0, A ≡Mk B.

• if A ≡#L2 B, then for all k > 0, A ≡#Mk B.

5.3.2 Clique-width operations

One important application of FVM theorems is to algorithmic meta-theorems such as
Courcelle’s clique-width theorem [27]. Courcelle’s theorem proved that deciding MSO-
definable properties over graphs of bounded clique-width is in linear time. Clique-width,
like treewidth, is another important combinatorial parameter in graph theory. In fact,
clique-width can be seen as the ‘dense’ analogue of the sparse parameter treewidth. One
way of proving this meta-theorem is via FVM theorems that demonstrate that each
of the operation in the grammar for building bounded clique-width graphs preserves
equivalence in MSO. In this section, we use coKleisli laws to prove FVM theorems
that demonstrate that each of the operations in a clique-width grammar over Struct(σ)
preserve equivalence in ∃+FOk, and #FOk. We define a näıve generalisation of the
clique-width graph grammar to Struct(σ). These operations work in the setting of m-
coloured σ-structures. Thus, we extend our signature to σm = σ ∪ {Ci | i ∈ [m]} where
each Ci is a fresh unary symbol.

Definition 5.3.3. Given a set of [m] = {1, . . . ,m} labels, we define the followingm-clique
width expression grammar to produce relational structures Struct(σm).

• For every i ∈ [m], a creation of a σm-structure Ci with singleton universe whose
only element has colour Ci

• For every i, j ∈ [m] and i ̸= j, a recolouring operation ρi→j which produces a
structure that recolours all the elements of colour Ci to colour Cj

• For every R ∈ σ with arity r and ī = (i1, . . . , ir) ∈ [m]r, a R-creation operation ηR
i⃗

which produces a structure adding all tuples Ci1 × · · ·×Cir to the interpretation of
R.

• Coproduct of structures A1 ⊎ A2

We say a σm-structure B is a m-clique-width witness if it can be obtained by finite
application of the operations ρi→j, η

R
i⃗

and ⊎ applied to the base structures C1, . . . , Cm.

Given a σ-structure A, the clique-width cw(A) is the least m such that A is the σ-reduct
of an m-clique-width witness A′ .
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Remark 5.3.4. This naive generalisation of the clique-width grammar on graphs to
Struct(σ) is used, for instance in [75]. However, as pointed out by Courcelle in [28],
this definition of clique-width breaks some of the desirable properties of clique-width
over graphs. In particular, in Graph, bounded treewidth classes of graphs are also of
bounded clique-width (but not conversely). However, under this naive definition, there
exist classes of σ-structures which are of bounded treewidth, but unbounded clique-width.
Courcelle in [28] and Blumensath in [22] provide alternative generalisations which retain
the desirable properties of clique-width.

Since Proposition 5.2.9 established the coproduct ⊎ operation has a coKleisli law over Ek,
we have already obtained an FVM theorem for this operation of the grammar involving
∃+FOk and #FOk. It remains to prove the FVM theorems for ρi→j and ηR

i⃗
.

In order to use the coKleisli method to obtain an FVM theorem for ρi→j involving ∃+FOk

and #FOk, we formulate the operation ρi→j as functor. For every i, j ∈ [m], define the
functor ρi→j : Struct(σm)→ Struct(σm) where

• On objects, forA ∈ Ob(Struct(σm)) with universe A, ρi→j(A) has the same universe
A, and relational interpretations defined as:

C
ρi→j(A)
i = ∅

C
ρi→j(A)
j = CA

i ∪ CA
j

Q
ρi→j(A)
j = QA for all Q ∈ σm\{Ci, Cj}

• On morphisms, note that a morphism f : A → B ∈ Ob(Struct(σm)) induces a
morphism ρi→j(f) ∈Mor(Struct(σm)) with the same underlying set function.

For every A ∈ Ob(Struct(σm)), we have a σm-morphism

κA : Ek(ρi→j(A))→ ρi→j(Ek(A))

which as a set function is the identity on the universe Ek(A) of Ek(A). These family of
maps specify a coKleisli law κ : Ek ◦ ρi→j → ρi→j ◦ Ek

Proposition 5.3.5. κA : Ek ◦ ρi→j → ρi→j ◦ Ek is a coKleisli law.

Proof. Since the underlying set function is the identity, verifying that κ is natural and
satisfies diagrams (5.3) and (5.4) is trivial. All that remains to show is that for every
A ∈ Ob(Struct(σm)), κA is a σm-morphism. For clarity of notation, we use ρ = ρi→j.
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Suppose Q ∈ σm, then we must show that QEkρ(A) ⊆ Qρ(EkA). We split into three cases:
For Q = Pj, we have that:

w ∈ CEkρ(A)
j ⇔ ερ(A)(w) ∈ Cρ(A)

j

⇔ ερ(A)(w) ∈ CA
i ∪ CA

j

⇔ εA(w) ∈ CA
i ∪ CA

j

⇔ εA(w) ∈ CA
i or εA(w) ∈ CA

j

⇔ w ∈ CEkA
i or w ∈ CEkA

j

⇔ w ∈ CEkA
i ∪ CEkA

j

⇔ w ∈ Cρ(EkA)
j

The other two cases, Q = Ci or Q ∈ σm\{Ci, Cj}, are easy to check.

Thus as a corollary of this proposition and Theorem 3.2.19, we recover semantically the
following FVM theorems about the recolouring operation ρi→j:

Corollary. For all k > 0, i, j ∈ [m], and σ-structures A,B,

• if A⇛∃+Lk B, then ρi→j(A) ≡∃+FOk ρi→j(B).

• if A ≡#Lk B, then ρi→j(A) ≡#FOk ρi→j(B).

We now proceed with proving FVM theorems for the R-creation operation and ∃+FO
and #FO. For every R ∈ σ with arity r and i⃗ = (i1, . . . , ir) ∈ [m]r, we can formulate the
ηR
i⃗

operation as a functor ηR
i⃗

: Struct(σm)→ Struct(σm) where

• On objects, for A ∈ Ob(Struct(σm)) with universe A, ηR
i⃗

(A) has the same universe
A, and relational interpretations defined as:

RηR
i⃗

(A) = RA ∪ Ci1 × · · · × Cir
QηR

i⃗
(A) = QA for all Q ∈ σm\{R}

• On morphisms, note that a morphism f : A → B ∈ Ob(Struct(σm)) induces a
morphism ηR

i⃗
(f) ∈Mor(Struct(σm)) with the same underlying set function.

For every A ∈ Ob(Struct(σm)), we have a σm-morphism

κA : Ek(ρi→j(A))→ ρi→j(Ek(A))

which as a set function is the identity on the universe Ek(A) of Ek(A). These family of
maps specify a coKleisli law κ : Ek ◦ ρi→j → ρi→j ◦ Ek

Proposition 5.3.6. κA : Ek ◦ ηRi⃗ → ηR
i⃗
◦ Ek is a coKleisli law.
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Proof. Since the underlying set function is the identity, verifying that κ is natural and
satisfies diagrams (5.3) and (5.4) is trivial. All that remains to show is that for every
A ∈ Ob(Struct(σm)), κA is a σm-morphism. For clarity of notation, we use η = ηR

i⃗
.

Suppose Q ∈ σm, then we must show that QEkη(A) ⊆ Qη(EkA). We split into two cases:

For Q = R, suppose that (w1, . . . , wr) ∈ REkη(A), then the w1, . . . , wr are pairwise com-
parable and either (εη(A)(w1), . . . , εη(A)(wr)) ∈ RA or εη(A)(wj) ∈ PA

ij
for all j ≤ r. If

(εη(A)(w1), . . . , εη(A)(wr)) ∈ Rη(A), then by η(Ek(A)) and Ek(A) having the same universe
and εη(A) = εA, (εA(w1), . . . , εA(wr)) ∈ RA. By the w1, . . . , wr being pairwise compara-
ble, (w1, . . . , wr) ∈ REkA. If εη(A)(wj) ∈ PA

ij
for all j ≤ r, then εA(wj) ∈ PA

ij
and therefore

wj ∈ P EkA
ij for all j ≤ r. Hence, (w1, . . . , wr) ∈ REkA or (w1, . . . , wr) ∈ PA

i1 × · · · × P
A
ir .

Therefore, by definition of ηR
i⃗

(EkA), (w1, . . . , wr) ∈ Rη(EkA) and REkη(A) ⊆ Rη(EkA).

For Q ∈ σm\{R}, the verification is trivial as ηR
i⃗

does not change the interpretations of
these relations.

Thus as a corollary of this proposition and Theorem 3.2.19, we recover semantically the
following FVM theorems about the R-creation operations ηR

i⃗
:

Corollary. For all k > 0, R ∈ σ of arity r, i⃗ ∈ [m]r and σ-structures A,B,

• if A⇛∃+Lk B, then ηR
i⃗

(A) ≡∃+FOk ηR
i⃗

(B).

• if A ≡#Lk B, then ηR
i⃗

(A) ≡#FOk ηR
i⃗

(B).
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Chapter 6

Mixed distributive laws

In the previous chapter, we investigated coKleisli laws which were specified by families of
morphisms of type κX : T(F (X))→ F (S(X)) where F is a functorial operation and S,T
are (products of) game comonads arising from arboreal covers of Struct(σ) or Struct⋆(σ).
We demonstrated how such laws reproduced Feferman-Vaught-Mostowski theorems in
logic.

In this chapter, we investigate special case of these laws where S = T and F = M is
the underlying functor of a monad (M, η, µ). Monads are dual to comonads and are
ubiquitous in mathematics and theoretical computer science. In this case, the coKleisli
law κ of T over M must also satisfy additional coherence axioms with the unit η and
multiplication µ of M so that κ is also Kleisli law of T over M.

The original motivation for this line of research arose from the search for a graded distribu-
tive law κd : PkQd → QdPk of the k-pebble game comonad Pk over the graded quantum
monad Qd on relational structures from [4]. Just as the existence of a coKleisli morphism
PkA → B corresponds to the k-consistency approximation A ⇛∃+Lk B to A → B, a
Kleisli morphism A → QdB corresponds the ‘quantum homomorphism’ approximation
to A → B, originally defined in [65] via a non-local game. We could combine these two
approximations to A → B by investigating morphisms of type PkA → QdB. A dis-
tributive law would give a mechanism for composing morphisms PkA → QdB potentially
illuminating a categorical setting for quantum finite model theory.

As a side effect of our initial search for the distributive law κd : PkQd → QdPk, we
ended up proving a no-go theorem demonstrating the non-existence of comonad-monad
distributive laws for (co)monads sharing some similar features as Pk and Qd. Our journey
to this no-go theorem was by first making a series of three simplifications to the search
for a law κd : PkQd → QdPk. The first step was to ignore pebbles and the grading of Pk
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simplifying the question to existence of a distributive law κ : EQd → QdE. The second
step was to try to define κ on universes–ignoring the role of relations–simplifying the
question to the existence of a distributive law κ : N+Qd → QdN

+ were N+ is the prefix
list comonad [72] and Qd is the quantum monad on the empty signature. The final step
was to view the quantum monad ‘at the level of possibilities’ simplifying the question to
the existence of a distributive law κ : N+P → PN+ where P is the powerset monad. It
was this final step which led us to prove, using a Plotkin-style argument, that there is
in fact no distributive law of type N+P → PN+. Our final no-go theorem generalises
this argument to a much wider class of (co)monads showing that there is no distributive
law κ : WM →MW where the comonad W is in a large class of directed containers CW
and M is in a large class of monads equipped with a notion of ‘uniform sampling’ CM .
Despite this no-go theorem, we will conclude that for structures in signatures σ which
have a distinguished binary reflexive, symmetric ‘commeasurability’ relation, there is a
graded distributive law κd : E⊙

k Q⊙
d → Q⊙

d E⊙
k where E⊙

k ,Q⊙
d are tailored versions of Ek,Qd

that fit these commeasurable σ-structures.

6.1 Monads and mixed distributive laws

We recall the definition of monad, dual to the definition of comonad defined in Section 2.3.

Definition 6.1.1. The triple (M : E → E, η, µ) is a monad (in standard form) over
E where M : E → E is functor, η : IdE → M is the unit natural transformation, and
µ : MM→M satisfying the following equations for every X ∈ Ob(E)

µX ◦MµX = µX ◦ µMX ; µX ◦MηX = µX ◦ ηMX = idX

Two common examples of monads over Set are the powerset and distribution monads.

Example 6.1.2. The powerset monad (P , η, µ) has underlying functor P : Set → Set
which maps an object X to the set of subsets P(X) and maps a function f : X → Y to
the direct image function P(f) : P(X)→ P(Y ). The unit η : IdSet → P has components
ηX defined as ηX(x) = {x}. The multiplication µ : PP → P has components µX defined
as µX(U) = ⋃

U . We can also define the finite powerset monad (Pf , η, µ), non-empty
powerset monad (P+, η, µ), and finite non-empty powerset monad (P+

f , η, µ). In each of
these cases, the unit and multiplications are just appropriate restrictions of the unit and
multiplication of the (full) powerset monad. In order to refer to these variants on the
powerset monad uniformly, we will use ℘ to denote one of P ,P+,P+

f ,Pf .

129



Example 6.1.3. The discrete probability distribution monad (DR+ , η, µ) has underlying
functor DR+ : Set → Set which maps a set X to the set of probability distributions
φ : X → R+, i.e. functions such that for all but finitely many x ∈ X, φ(x) = 0 and∑
x∈X φ(x) = 1, and maps a function f : X → Y to the function DR+(f) : DR+(X) →

DR+(Y ) defined as
DR+(f)(φ) = λy.

∑
x∈f−1(y)

φ(x).

The unit η : IdSet → DR+ has components ηX where ηX(x) is the Dirac delta distribution
at point x ∈ X. The multiplication µ : DR+DR+ → DR+ has components µX defined as

µX(Ψ) = λx.
∑

ψ∈DR+ (X)
Ψ(ψ)ψ(x).

This monad is an instance of a wide class of distribution monads on Set that can be
defined over any semiring S. These semiring monads are defined and investigated in
Section 6.2.3.

We conclude the background with the definition of comonad-monad mixed distributive
law.

Definition 6.1.4. A mixed distributive law of comonad (W, ε, δ) over monad (M, η, µ) is
a natural transformation κ : WM →MW satisfying the following diagrams:

W

WM MW

Wη ηW

κ

(6.1)

WM MW

M

κ

εM Mε
(6.2)

WMM MWM MMW

WM MWκ

Wµ

κM Mκ

µW (6.3)

WM MW

WWM WMW MWW

κ

Mδ

κWWκ

δM (6.4)

With a mixed distributive law κ : WM →MW for (co)monads W,M on category E, we
can define a biKleisli composition to compose morphisms of type WA → MB. Given
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morphisms f : WA→ MB ∈Mor(E) and g : WB → MC ∈Mor(E), we can produce a
morphism

WA
δ−→ WWA

W (f)−−−→ WMB
κ−→MWB

M(g)−−−→MMC
µ−→MC (6.5)

of type WA→MC ∈Mor(E).

6.2 No-go theorems

In this section, we build up to proving a general no-go theorem demonstrating that there
is no mixed distributive law of the form in Definition 6.1.4 for a wide class of comonads
CW and monads CM over Set.

6.2.1 Prefix list comonad over powerset monad

We warm-up to the general no-go theorem by demonstrating that there is no natural
transformation of type κ : N+℘→ ℘N+ which satisfies diagram (6.1) and diagram (6.4).
Thus, there is no comonad-monad distributive law of the prefix list comonad over the
powerset monad. This work was motivated by the intuition that the unbounded EF
comonad E on the empty signature is N+ and that the quantum monad ‘at the level of
possibilities’ is the finite non-empty powerset monad P+

f .

Theorem 6.2.1. If (℘, η) is the powerset endofunctor, and κ : N+℘ → ℘N+ is pointed
law, then for all l = [Y1, . . . , Yn] ∈ N+℘+(X) ⊆ N+℘(X),

κ([Y1, . . . , Yn]) = {[y1, . . . , yn] | ∀i ∈ [n], yi ∈ Yi}. (6.6)

The proof of this theorem involves using as three step ‘Plotkin’-style argument where we
chase naturality squares. For the first two steps, we restrict to proving Equation (6.6)
holds for sequences l = [Y1, . . . , Yn] ∈ N+℘+(X) which satisfy the following pairwise
disjoint condition:

(PD) For all i, j ∈ [n], if Yi ∩ Yj ̸= ∅, then i = j.

The first step in the proof of Theorem 6.2.1 is to prove the ⊆ inclusion in Equation (6.6)
using the unit axiom and chasing the naturality square for a ‘collapse’ function cl for
every l ∈ N+(℘+(X)) :

Lemma 6.2.2 (Collapse). If κ satisfies the hypotheses of Theorem 6.2.1 and l = [Y1, . . . , Yn] ∈
N+℘+(X) ⊆ N+℘(X) satisfies condition (PD), then

κ([Y1, . . . , Yn]) ⊆ {[y1, . . . , yn] | ∀i ∈ [n], yi ∈ Yi}.
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Proof. The argument proceeds in through two cases.

(1) Unpacking the unit axiom, we show that equation (6.6) holds if for all i ∈ [n],
Yi = {yi}. Consider the singleton {[y1, . . . , yn]} ∈ ℘+(N+(X))

{[y1, . . . , yn]} = ηN+(X)([y1, . . . , yn]) definition of η
= κX ◦N+(ηX)([y1, . . . , yn]) unit axiom
= κX([ηX(y1), . . . , ηX(yn)]) N+ on morphisms
= κX([{y1}, . . . , {yn}]) definition of η
= κX([Y1, . . . , Yn]) case supposition

(2) For all l = [Y1, . . . , Yn] ∈ N+(℘+(X)) and i ∈ [n], since Yi ̸= ∅, there exists a
yi ∈ Yi. We construct a ‘collapse the Yi’ function cl : X → X. The definition of
cl : X → X is

cl(x) =
yi if x ∈ Yi
x otherwise

.

By the (PD) assumption, the function c is well-defined. Observe that ℘+(cl)[Y1, . . . , Yn] =
[{y1}, . . . , {yn}]. Chasing l along the κ-naturality square of cl, we obtain

[Y1, . . . , Yn] κX([Y1, . . . , Yn])

[{y1}, . . . , {yn}] {[y1, . . . , yn]}

κX

N+(℘(cl)) ℘(N+(cl))

κX

where the bottom arrow follows from the first step. Since ℘+(N+(cl)) maps the
set κX(l) to the singleton {[y1, . . . , yn]}, we can make two observations. Observe
that for every [y′

1, . . . , y
′
n] ∈ κX(l), N+(cl)([y′

1, . . . , y
′
n]) = [y1, . . . , yn]. From the

definition of ℘+(N+(cl)), we conclude that

κX(l) ⊆ {[y′
1, . . . , y

′
n] | ∀i ∈ [n], y′

i ∈ c−1(yi) = Yi}.

The second step in the proof of Theorem 6.2.1 is to prove the ⊇ inclusion in Equation (6.6)
using Lemma 6.2.2 and chasing the naturality square for a ‘swap’ bijection bl for every
l ∈ N+(℘+(X)).

Lemma 6.2.3 (Swap). If κ satisfies the hypotheses of Theorem 6.2.1 and l = [Y1, . . . , Yn] ∈
N+℘+(X) ⊆ N+℘(X) satisfies condition (PD), then

κ([Y1, . . . , Yn]) ⊇ {[y1, . . . , yn] | ∀i ∈ [n], yi ∈ Yi}.
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Proof. For all l = [Y1, . . . , Yn] ∈ N+(℘+(X)) satisfying condition (PD), we construct
a ‘swap’ bijection bl : X → X. Suppose [y1, . . . , yn] ∈ N+(X) such that yi ∈ Yi. We
need to show that [y1, . . . , yn] ∈ κX(l). By the previous case and the fact that κX(l) ∈
℘+(N+(X)) is a non-empty subset of N+(X), we know that there exists at least one
[y′

1, . . . , y
′
n] ∈ κX(l) such that for all i ∈ [n], y′

i ∈ Yi. For every i ∈ [n], let πi : X → X

be the permutation which swaps y′
i ∈ Yi and yi ∈ Yi while fixing every other element

of X. As πi fixes the set Yi and, by the (PD) condition, leaves Yj unchanged for all
j ̸= i ∈ [n], we can conclude that l = N+(℘+(πi))(l). Hence, by the κ-naturality square
of πi, we have that ℘+(N+(πi))(κX(l)) = κX(l). Therefore, we can compose all these
swapping bijections (in any order) {πi}i∈[n] to obtain a bijection bl : X → X such that
℘+(N+(b))(κX(l)) = κX(l). This means that:

[y′
1, . . . , y

′
n] ∈ κX(l)⇒ N+(b)[y′

1, . . . , y
′
n] ∈ κX(l)

⇒ [b(y′
1), . . . , b(y′

n)] ∈ κX(l)
⇒ [π1(y′

1), . . . , πn(y′
n)] ∈ κX(l)

⇒ [y1, . . . , yn] ∈ κX(l)

Since [y′
1, . . . , y

′
n] ∈ κX(l), we can conclude that [y1, . . . , yn] ∈ κX(l).

In the final step for the proof of Theorem 6.2.1, we show that the pairwise-disjoint con-
dition (PD) does not constitute a loss of generality.

Proof of Theorem 6.2.1. Consider l = [Y1, . . . , Yn] ∈ N+(℘+(X)) (the Yi are not nec-
essarily pairwise-disjoint), we first consider the set Z = [n] × X. There is a list l′ =
[Y ′

1 , . . . , Y
′
n] ∈ N+(℘(Z)) where Y ′

i = {(i, yi) | ∀yi ∈ Yi} ∈ ℘(Z) satisfying (PD). By
construction, N+(℘+(t))(l′) = l where t : Z → X is the projection onto the second com-
ponent. Since l′ satisfies (PD), we can use Lemma 6.2.2, Lemma 6.2.3 and the naturality
square of t to compute that

κX(l) = κX(N+℘+(t)(l′))
= ℘+(N+(t)(κY (l′)))
= ℘+(N+(t)({[(1, y1), . . . , (n, yn)] | ∀i ∈ [n], yi ∈ Yi}))
= {[t(1, y1), . . . , t(n, yn)] | ∀i ∈ [n], yi ∈ Yi}
= {[y1, . . . , yn] | ∀i ∈ [n], yi ∈ Yi}.
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Since every distributive law κ : N+℘ → ℘N+ must satisfy the unit axiom (6.1), then by
Theorem 6.2.1, for all lists with non-empty sets, κ must satisfy Equation (6.6). However,
using this definition of κ and chasing a simple element in N+℘+({a, b}) reveals that it
cannot satisfy the comultiplication diagram (6.4). Therefore, there can be no distributive
law of the prefix list comonad N+ over the powerset pointed endofunctor (℘, η).

Theorem 6.2.4. There is no distributive law κ : N+℘→ ℘N+ of (N+, ε, δ) over (℘, η, µ)

Proof. Suppose for contradiction there exists a distributive law κ : N+℘ → ℘N+. As κ
must satisfy the unit axiom (6.1), κ is a pointed law of N+ over (℘, η). Theorem 6.2.1
implies that for lists which contain only non-empty sets, the components of κ satisfy
Equation (6.6). From equation (6.6), the definition of δ, and considering the list l =
[{a, b}, {b}] ∈ N+(℘(X)) for X = {a, b}, we obtain the following inequality contradicting
the comultiplication axiom 6.4:

℘δX ◦ κX([{a, b}, {b}]) = ℘δX({[a, b], [b, b]})
= {[[a], [a, b]], [[b], [b, b]]}
̸= {[[a], [a, b]], [[b], [a, b]], [[a], [b, b]], [[b], [b, b]]}
= κN+X([{[a], [b]}, {[a, b], [b, b]}])
= κN+X ◦N+κX([[{a, b}], [{a, b}, {b}]])
= κN+X ◦N+κX ◦ δ℘X([{a, b}, {b}])

Interestingly, for the list l′ = [{b}, {a, b}], ℘(δX) ◦ κ(l′) = κN+X ◦ N+κX ◦ δ℘X(l′). The
last element is the returned by ε since that is the root position of N+. The fact that the
set {a, b} is in the root position of l′ whereas {a, b} is not in the root position of l leads
to the difference in outcomes when chasing diagram (6.4). Indeed, we can generalise this
counterexample to directed containers since these are comonads that are equipped with
a notion of root position and subshape. This use of a two element set in the non-root
position is the key to generalising Theorem 6.2.1 to a class of directed containers.

6.2.2 Directed containers over uniform choice

We generalise the argument from Section 6.2.1 from the prefix list comonad N+ to non-
linear directed containers W and from the powerset monad to any monad (in fact, any
pointed endofunctor) M which has a meaningful notion of ‘uniform sampling’. Directed
containers are class of comonads of Set whose underlying endofunctor specified by set of
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shapes and positions within those shapes. This is the notion of container over Set [1] as
in the following definition.

Definition 6.2.5. A container S ◁ P , is a set S and a functor P : S → Set where we
consider S as a discrete category, i.e. P defines an S-indexed family of sets. We consider
S to be a set of shapes, and for each s ∈ S, P (s) is the set of positions associated with a
shape s ∈ S. The induced endofunctor on S ◁ P is [S ◁ P ] : Set→ Set where

• for a set X, [S ◁ P ]X = {(s, l) | s ∈ S, l : P (s)→ X}; and

• for a function g : X → Y , [S◁P ]g : [S◁P ]X → [S◁P ]Y is defined as (s, l) 7→ (s, g◦l).

We abuse terminology and say an endofunctor F : Set→ Set is a container if F ∼= [S◁P ]
for some set S and functor P : S → Set. Thus, a container F ∼= [S ◁ P ] is exactly a
polynomial endofunctor F : Set→ Set given by the expression F = ∑

s∈S y
P (s).

Ahman, Chapman, and Uustalu in [16], showed that comonads whose underlying end-
ofunctor is a container are equivalent to containers which are equipped with additional
‘directed’ structure. Intuitively, directed containers are containers where each position
has an associated subshape and every such subshape has a root.

Definition 6.2.6. A directed container D = (F, o, ↓,⊕) consists of

• a container F = [S ◁ P ];

• for each shape s ∈ S, a root position os ∈ P (s);

• for each position p ∈ P (s), a subshape s ↓ p ∈ S;

• for each position p′ ∈ P (s ↓ p) in the subshape s ↓ p, a translation into a position
p⊕s p′ ∈ P (s) in the global shape s ∈ S;

satisfying the equations

s ↓ os = s s ↓ (p⊕s p′) = (s ↓ p) ↓ p′ (6.7)
p⊕s os↓p = p = os ⊕s p (6.8)
(p⊕s p′)⊕s p′′ = p⊕s (p′ ⊕s↓p p′′). (6.9)

A directed container D = ([S ◁ P ], o, ↓,⊕), has an induced comonad ([S ◁ P ], ε, δ) of D
where:

• The counit has components defined as

εX(s, l : P (s)→ X) = l(os)

135



• The comultiplication has components defined as

δX(s, l : P (s)→ X) = (s, λp.(s ↓ p, λq.l(p⊕s q)))

We will abuse terminology and say a comonad (W, ε, δ) is a directed container if it is
isomorphic to the induced comonad of a directed container.

In order to carve out this class of monads which have a meaningful notion of ‘uniform
sampling’, we take inspiration from the algebraic presentations of finitary monads which
arise from universal algebra. In particular, this perspective formalises a term as a natural
transformation into the free monad M associated to an algebraic theory. Thus, we define
a n-ary open term for an endofunctor M : C → C on a category C with finite products,
as a natural transformation β : IdC×· · ·× IdC →M where the domain of β is endofunctor
sending an object X to its n-th Cartesian power Xn. Beyond the algebraic portion of
this definition, we will also need to restrict to monads which have a meaningful notion of
support. Formally, working within the category of Set, we say that a pair (M, supp) is a
supported endofunctor if M : Set→ Set is an endofunctor and supp : M → P is a natural
transformation from M to the covariant powerset functor. With these notions in place,
we arrive at our formalisation of a pointed endofunctor which has ‘uniform sampling’.

Definition 6.2.7. Given a supported pointed endofunctor (M, η, supp), a n-ary open
term β : IdC × · · · × IdC →M for M is a n-uniform choice term if

(1) β is idempotent: For all X ∈ Ob(Set) and x ∈ X,

β(x, . . . , x) = η(x);

(2) β is commutative: For all X ∈ Ob(Set), x1, . . . , xn ∈ X, and permutations
π : [n]→ [n],

β(x1, . . . , xn) = β(xπ(1), . . . , xπ(n));

(3) supp preserves β: For all X ∈ Ob(Set) and x1, . . . , xn ∈ X,

supp(β(x1, . . . , xn)) = {x1, . . . , xn}.

We will say M is a n-uniform choice pointed endofunctor if there exists a natural trans-
formation supp : M → P and n-uniform choice term β for the supported pointed end-
ofunctor (M, η, supp). We will say a monad (M, η, µ) is a n-uniform choice monad if
(M, η) is n-uniform choice pointed endofunctor. Since the powerset supported endofunc-
tor (P , ηP , idP) itself has n-uniform choice term βP(x1, . . . , xn) = {x1, . . . , xn} for every
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n > 0, the terminology for condition (3) in Definition 6.2.7 is justified. In fact, for every
n-uniform choice endofunctor M , it follows that supp : M → P is a pointed endofunctor
morphism:

supp(η(x)) = supp(β(x, . . . , x)) = {x} = ηP(x). (6.10)

Moreover, we have a partial converse: every supported pointed endofunctor (M, η, supp)
such that supp : M → P is pointed endofunctor morphism is a 1-uniform choice endo-
functor where β = η.

For a n-uniform choice pointed endofunctor (M, η) with n-uniform choice term β and
X ∈ Ob(Set), we define the set of terms as

U(X) := {β(x1, . . . , xn) | x1, . . . , xn ∈ X} ⊆M(X).

To illustrate, take M to be the discrete probability distribution monad and define β as

β(x1, . . . , xn) =
∑
i∈[n]

1
n
xi.

In this case, the set U(X) contains uniformly samplings from multisets of X. That
is, β(x1, . . . , xn) is the probability distribution resulting from uniformly sampling from
the multiset of the input list [x1, . . . , xn]. In particular, if each of the x1, . . . , xn are
distinct, then β(x1, . . . , xn) is the uniform distribution on the subset {x1, . . . , xn} of X
of cardinality n.

Theorem 6.2.8. If F = [S ◁P ] is a container, (M, η) is a n-uniform choice endofunctor
with n-uniform choice term β, and ρ : FM → MF is pointed law, then for all (s, l) ∈
FU(X) ⊆ FM(X),

supp(ρ(s, l)) = {(s, j) | ∀p ∈ P (s), j(p) ∈ supp(l(p))}. (6.11)

The proof mirrors collapse-swap-relabel argument of the uniqueness proof of Theorem 6.2.1.
Thus, we prove analogues of Lemmas 6.2.2 and 6.2.3. Condition (1) that β is idempotent
is key to demonstrating the ‘collapse’ argument in Lemma 6.2.9. Condition (2) that β is
commutative is key to demonstrating that the ‘swap’ argument in Lemma 6.2.10.

Similar to Theorem 6.2.1, we first consider elements (s, l) ∈ FM(X) where the following
pairwise disjoint condition holds:

(PDS) For all p, q ∈ P (s), if supp(l(p)) ∩ supp(l(q)) ̸= ∅, then p = q.

Lemma 6.2.9 (Collapse). If F , M , and ρ satisfy the hypotheses of Theorem 6.2.8 and
(s, l) ∈ FU(X) ⊆ FM(X) satisfies condition (PDS), then

supp(ρ(s, l)) ⊆ {(s, j) | ∀p ∈ P (s) ∈ supp(l(p))}.

137



Proof. The argument proceeds in two steps.

(1) Unpacking the unit axiom, we will show that equation (6.11) holds if (s, l) is such
that for all p ∈ P (s), there exists a xp ∈ X, l(p) = η(xp). There is function
j = λp.xp : P (s)→ X. Consider the singleton {(s, λp.xp)} ∈ P(F (X)). For clarity
of notation, we use η for the unit of M and ηP for the unit of P .

{(s, λp.xp)} = ηP(s, λp.xp) definition of ηP

= supp(η(s, λp.xp)) equation (6.10)
= supp(ρ(F (η)(s, λp.xp))) unit axiom
= supp(ρ(s, λp.η(xp))) F functorial action
= supp(ρ(s, l)) definition of l

From the above equation and {(s, λp.xp)} = {(s, j) | ∀p ∈ P (s), j(p) ∈ supp(l(p))},
we obtain that the desired result.

(2) For all (s, l) ∈ F (U(X)) and p ∈ P (s), by the definition of U(X), l(p) = β(xp1, . . . , xpn)
for some xp1, . . . , x

p
n ∈ X, and supp(l(p)) = {xp1, . . . , xpn} ≠ ∅. Hence, for every

p ∈ P (s), we can choose a yp = xp1 ∈ supp(l(p)) in order to construct a ‘collapse the
supp(l(p))’ function c : X → X. The definition of c : X → X is

c(x) =
yp if x ∈ supp(l(p))
x otherwise

.

By the (PDS) assumption, the function c is well-defined. Next, we prove that
M(c) ◦ l = λp.η(yp). Suppose p ∈ P (s):

M(c) ◦ l(p) = M(c)(β(xp1, . . . , xpn)) l(p) ∈ U(X)
= β(c(xp1), . . . , c(xpn)) β-naturality square of c
= β(yp, . . . , yp) definition of c
= η(yp) β idempotent

Chasing (s, l) along the ρ-naturality square of c composed with the supp-naturality
square of F (c), we obtain

(s, l) ρ(s, l) supp(ρ(s, l))

(s, λp.η(yp)) η(s, λp.yp) {(s, λp.yp)}

ρ

F (M(c)) M(F (c))

supp

℘(F (c))

ρ supp

where the bottom left arrow follows from the first step. Since ℘(F (c)) maps the set
supp(ρ(s, l)) to the singleton {(s, λp.yp)}, we can conclude that for every (t, j) ∈
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supp(ρ(s, l)), F (c)(t, j) = (s, λp.yp). Since the function F (c) preserves shape, for
every (t, j) ∈ supp(ρ(s, l)), t = s. Moreover, from the definition of ℘(F (c)), we
conclude that

supp(ρ(s, l)) ⊆ {(s, j) | ∀p ∈ P (s), j(p) ∈ c−1(yp) = supp(l(p))}.

Lemma 6.2.10 (Swap). If F , M , and ρ satisfy the hypotheses of Theorem 6.2.8 and
(s, l) ∈ FU(X) ⊆ FM(X) satisfies condition (PDS), then

supp(ρ(s, l)) ⊇ {(s, j) | ∀p ∈ P (s) ∈ supp(l(p))}.

Proof. For all (s, l) ∈ F (U(X)) satisfying condition (PDS), we construct a ‘swap’ bi-
jection b : X → X. By the assumption that (s, l) ∈ F (U(X)), for all p ∈ P (s), there
exists xp1, . . . , xpn ∈ X such that l(p) = β(xp1, . . . , xpn) and supp(l(p)) = {xp1, . . . , xpn}. Sup-
pose (s, j) ∈ F (X) such that j(p) = xpz ∈ supp(l(p)), we need to show that (s, j) ∈
supp(ρ(s, l)). By the previous case and the fact that supp(ρ(s, l)) ∈ ℘(F (X)) is a non-
empty subset of F (X), we know there exists at least one (s, j′) ∈ supp(ρ(s, l)) such that
j′(p) = xpz′ ∈ supp(l(p)). For every p ∈ P (s), let sp : X → X be the permutation which
swaps xpz, x

p
z′ ∈ supp(l(p)) and (z z′) : [n]→ [n] be the permutation which swaps z, z′ ∈ [n].

By construction, for all j ∈ [n], sp(xpj) = xp(z z′)(j). Next, we prove that M(sp) ◦ l = l.
Suppose p ∈ P (s):

M(sp) ◦ l(p) = M(sp)(β(xp1, . . . , xpn)) l(p) ∈ U(X)
= β(sp(xp1), . . . , sp(xpn)) β-naturality square of sp
= β(xp(z z′)(1), . . . , x

p
(z z′)(n)) definition of sp

= β(xp1, . . . , xpn) β commutative
= l(p) l(p) ∈ U(X)

Thus, the function sp fixes l(p) and by the (PDS) condition leaves l(q) unchanged for all
q ̸= p, so F (M(sp))(s, l) = (s, l). Hence, we can conclude from the ρ-naturality square of
sp:

ρ(F (M(sp))(s, l)) = M(F (sp))(ρ(s, l))
ρ(s, l) = M(F (sp))(ρ(s, l))
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Therefore, we compose all these swapping bijections {sp}p∈P (s) (in any order) to obtain
a bijection b : X → X such that M(F (b))(ρ(s, l)) = ρ(s, l) and b ◦ j′ = j. By the
supp-naturality square of F (b), we obtain that:

supp(ρ(s, l)) = supp(M(F (b))(ρ(s, l)))
= ℘(F (b))(supp(ρ(s, l)))

Unpacking the definition of ℘(F (b)) and using the above equality, we obtain that

(s, j′) ∈ supp(ρ(s, l))⇒ F (b)(s, j′) ∈ supp(ρ(s, l))
⇒ (s, b ◦ j′) ∈ supp(ρ(s, l))
⇒ (s, j) ∈ supp(ρ(s, l))

Since (s, j′) ∈ supp(ρ(s, l)), we can conclude that (s, j) ∈ supp(ρ(s, l)) as desired.

Finally, we complete the proof of Theorem 6.2.8 by repeating a version of the ‘relabel’
argument of Theorem 6.2.1 which demonstrates that assuming (PDS) does not constitute
a loss of generality.

Proof of Theorem 6.2.8. Suppose (s, l) ∈ FU(X) where for all p ∈ P (s), there exists
xp1, . . . , x

p
n ∈ X such that l(p) = β(xp1, . . . , xpn). We factor l = M(t) ◦ z where z : P (s)→

M(P (s)×X) is defined as

z(p) = β((p, xp1), . . . , (p, xpn))

and t : P (s) × X → X is the projection onto the second component. By construction,
(s, z) ∈ FU(P (s) ×X) satisfies condition (PDS), so applying Lemmas 6.2.9 and 6.2.10,
we obtain the equation

supp(ρ(s, z)) = {(s,m) | ∀p ∈ P (s),m(p) ∈ supp(z(p))} (6.12)

Through diagram chasing, we obtain the desired equality:

supp(ρ(s, l))
= { l = M(t) ◦ z }

supp(ρ(s,M(t) ◦ z))
= { definition of F }

supp(ρ(F (M(t))(s, z)))
= { ρ-naturality square of t }

supp(M(F (t))(ρ(s, z)))
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= { supp-naturality square of F (t) }
℘(F (t))(supp(ρ(s, z)))

= { equation (6.12) }
℘(F (t))({(s,m) | ∀p ∈ P (s),m(p) ∈ supp(z(p))})

= { definition of ℘ }
{F (t)(s,m) | ∀p ∈ P (s),m(p) ∈ supp(z(p))}

= { definition of F }
{(s, t ◦m) | ∀p ∈ P (s),m(p) ∈ supp(z(p))}

= { z(p) = β((p, xp1), . . . , (p, xpn)) }
{(s, t ◦m) | ∀p ∈ P (s),m(p) ∈ {(p, xp1), . . . , (p, xpn)}}

= { j = t ◦m }

{(s, j) | ∀p ∈ P (s), j(p) ∈ {t(p, xp1), . . . , t(p, xpn)}}
= { definition of t }
{(s, j) | ∀p ∈ P (s), j(p) ∈ {xp1, . . . , xpn}}

= { supp preserves β }
{(s, j) | ∀p ∈ P (s), j(p) ∈ supp(β(xp1, . . . , xpn))}

= { definition of l(p) }
{(s, j) | ∀p ∈ P (s), j(p) ∈ supp(l(p))}

The equation (6.11) we proved in Theorem 6.2.8 allows us to compute via a simple
counting argument the cardinality of the support of ρ(s, l) for (s, l) ∈ FU(X).

Corollary 6.2.11. If F = [S ◁ P ] is a container, and ρ : FM → MF , then for all
(s, l) ∈ FU(X) ⊆ FM(X)

|supp(ρ(s, l))| =
∏

p∈P (s)
|supp(l(p))| (6.13)

Proof. Equation (6.11) states that supp(ρ(s, l)) is equal to the set of all pairs (s, j) where
for each position p ∈ P (s), j(p) is a sample from the set supp(l(p)). For each position
p ∈ P (s), sample an element from supp(l(p)). Each sampling is independent, thus we
obtain the desired product.

We use CM to denote the class of monads (M, η, µ) such that M is a n-uniform choice
endofunctor for n ≥ 2.
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Theorem 6.2.12. If (W, ε, δ) ∈ CW and (M, η, µ) ∈ CM , then there is no distributive law
ρ : WM →MW of (W, ε, δ) over (M, η, µ).

Proof. Suppose for contradiction, there exists a distributive law ρ : WM → MW . By
Theorem 6.2.8, ρ must satisfy equation (6.11) for every (s, l) ∈ W (U(X)). We will
construct an (s, l) ∈ W (U(X)) which does not satisfy the comultiplication axiom (6.4).

As W ∈ CW , we have that |P (s)| ≥ 2. Hence, there exists a position v ∈ P (s) such
that v ̸= os. As M ∈ CM , there exists a n-uniform choice term β for some n ≥ 2.
Assume without loss of generality that X = {x1, . . . , xn, x}. Let l(v) = β(x1, . . . , xn)
and for all q ̸= v ∈ P (s), l(q) = η(x). By construction, |supp(l(v))| = n and for all
q ̸= v, |supp(l(q))| = |{x}| = 1. From this construction of (s, l) and equation (6.13), we
calculate:

|(supp ◦M(δX) ◦ ρX)(s, l)| = |(P(δX) ◦ supp ◦ ρX)(s, l)| supp-naturality of δX
= |supp(ρX(s, l))| δX injective
=

∏
p∈P (s)

|supp(l(p))| equation (6.13)

= |supp(l(v))| |supp(l(q))| = 1 for q ̸= v

= n |supp(l(v)| = 1

By contrast, consider (s,m) = W (ρX) ◦ δM(X)(s, l) and note by the functorial action of
W ,

(s, supp ◦m) = W (supp ◦ ρ) ◦ δW (X)(s, l).

From the definition of δ and Corollary 6.2.11, we have that

|supp(m(p))| =
∏

q∈P (s↓p)
|supp(l(p⊕s q))|. (6.14)

Applying Corollary 6.2.11 again, we obtain the inequality:

|supp ◦ ρM(X) ◦W (ρX) ◦ δM(X)(s, l)| =
∏

p∈P (s)
|supp(m(p))| equation (6.13)

=
∏

p∈P (s)

∏
q∈P (s↓p)

|supp(l(p⊕s q))| equation (6.14)

≥ |supp(l(v ⊕s os↓v))||supp(l(os ⊕s v))|
= |supp(l(v))||supp(l(v))| equation (6.8)
= n2 |supp(l(v))| = n
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By our supposition, ρ satisfies the comultiplication axiom, so

(M(δX) ◦ ρX)(s, l) = (ρW (X) ◦W (ρX) ◦ δM(X))(s, l)
|(supp ◦M(δX) ◦ ρX)(s, l)| = |(supp ◦ ρW (X) ◦W (ρX) ◦ δM(X))(s, l)|

n ≥ n2

Contradiction, n ≥ 2 implies that n ̸≥ n2.

Example 6.2.13. The discrete probability distribution monad (DR+ , η, µ) from Exam-
ple 6.1.3 is in CM . This monad has a natural transformation supp : DR+ → P which maps
a probability distribution to its underlying support, i.e. supp(φ) = {x | φ(x) ̸= 0}, and
for every n > 0, a n-uniform choice term β : IdSet × · · · × IdSet → D defined as

β(x1, . . . , xn) =
∑
i∈[n]

1
n
xi.

Example 6.2.14. Every variation of the powerset ℘ monad, e.g. full, finite, non-empty,
from Example 6.1.2 has a transformation supp : ℘→ P given by the inclusion into the full
powerset functor. Moreover, for every n > 0, ℘ has a n-uniform choice term β : IdSet ×
· · · × IdSet → ℘ defined as

β(x1, . . . , xn) = {x1, . . . , xn}.

Both these examples are instances of monads M : Set → Set where elements of M(X)
could be considered S-weighted formal sums of elements in X for some semiring S,
e.g. semiring of non-negative reals for Example 6.2.13 and Boolean semiring for Ex-
ample 6.2.14. In the following section, we determine necessary and sufficient conditions
for these monads to be in the class CM .

6.2.3 Distribution and multiset monads of semirings

We begin by recalling the definition of semiring. A semiring is given by the data S =
(S, 0S, 1S,+, ·) where (S, 0S,+) is an ‘additive’ commutative monoid and (S, 1S, ·) is a
‘multiplicative’ monoid where multiplication · distributes over addition +, i.e. for all
x, y, z x · (y + z) = x · y + x · z, (y + z) · x = y · x + z · x, and 0S · x = 0S = x · 0S. A
semiring morphism is a set function preserving the addition, multiplication, additive unit,
and multiplicative unit. Since the semiring of natural numbers (N, 0, 1,+, ∗) is the initial
object in the category of semirings and semiring homomorphisms, for every semiring S,
there is a unique semiring morphism ⊤S : N→ S.

The multiset monad over S is (MS, η, µ) where MS : Set → Set is the endofunctor such
that:
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• for a set X, MS(X) is the set of all functions of type φ : X → S where φ has finite
support, i.e. for all but finitely many x ∈ X, φ(x) = 0S. Due to the finite support
restriction, elements φ ∈MS(X) can be written as formal sums φ = Σx∈Xφ(x).x.

• for a function, f : X → Y , MS(f) : MS(X)→MS(Y ) maps φ to λy.Σx∈f−1(y)φ(x).

• The unit has components defined as ηX(x) = ∆x where ∆x(x) = 1S and ∆x(y) = 0S

for y ̸= x.

• The multiplication has components defined as µX(φ) = λx.Σψ∈MS(X)φ(ψ) · ψ(x).

We define the support of a multiset φ ∈MS(X) as the set supp(φ) = {x ∈ X | φ(x) ̸= 0S}.

The distribution monad (DS, η, µ) over semiring S underlying functor DS : Set → Set
where DS(X) is the subset of MS(X) such that elements φ ∈MS(X) satisfy the normal-
isation condition ∑

x∈X si = 1S. The unit and multiplication of (DS, η, µ) are obtained by
restricting the corresponding maps of the multiset monad to DS(X).

In the case where the addition operation + of S can be extended to an arbitrary sum
operation which also distributes over multiplication, S is a complete semiring. As this
sum operation in complete semirings is well-defined for infinite subsets, we can remove
the finite support restriction on the functions in MS(X) and DS(X) to obtain analogous
monads M∞

S and D∞
S .

We enumerate sufficient conditions for when a distribution DS and multiset monad MS

over a semiring S is in the class of monads CM in order to understand the scope of
Theorem 6.2.12.

(US1) S is zero-sumfree: If a+ b = 0S, then a = 0S and b = 0S.

(US2) S has a natural non-trivial unit nS: There exists some n ≥ 2 such that nS = ⊤S(n)
is a unit. i.e. there exists t ∈ S such that nSt = tnS = 1S. If such a t ∈ S exists,
then t is unique and so we can denote t as 1

nS
.

Lemma 6.2.15. Let M = DS or M = MS for some semiring S. S is zero-sumfree if and
only if (M, suppM) is a supported endofunctor.

Proof. By contrapositive, assume that S is not zero-sumfree, then there exists r, t ∈ S

such that r + t = 0S, but r ̸= 0S or t ̸= 0S. Note that it follows from the semiring
axiom 0S + a = a = a + 0S, that r ̸= 0S ⇔ t ̸= 0S. Thus, both r ̸= 0S and t ̸= 0S. Let
X = {x, y, z}, A = {a, b} and f : X → A defined as x, y 7→ a and z 7→ b. Consider the
distribution φ = r.x + t.y + 1S.z ∈ DS(X). As r + t = 0S, φ satisfies the normalisation
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condition and is indeed a distribution in DS(X). We obtain the following inequality:

(suppA ◦DS(f))(r.x+ t.y + 1S.z)
= suppA((r + t).a+ 1S.b) definition of DS(f)
= suppA(1S.b) r + t = 0S

= {b} definition of supp

̸= {a, b} a ̸= b

= P(f)({x, y, z}) definition of P(f)
= (P(f) ◦ suppX)(r.x+ t.y + 1S.z) definition of supp, r ̸= 0S

Therefore, suppA ◦ DS(f) ̸= P(f) ◦ suppX , the supp-naturality square of f does not
commute. Hence, the family of maps suppX is not a natural transformation.

Conversely, suppose S is zero-sumfree and that f : X → Y ∈Mor(Set). We must show
that suppY (DS(f)(φ)) = P(f)(suppX(φ)) for all φ ∈ DS(X). Suppose φ = ∑

i∈I si.xi ∈
DS(X) and for all i ∈ I, si ̸= 0S. By definition of DS(f), DS(f)(φ) = ∑

y∈f(X)(
∑
j∈Jy

sj)y
where Jy = {i ∈ I | xi ∈ f−1(y)} ⊆ I and f(X) is the image of f . Since S is zero-sumfree,
the sums ∑

j∈Jy
sj are non-zero whenever y = f(xi). Hence, we can compute

suppY (DS(f)(φ)) = {f(xi) | i ∈ I}
= P(f)({xi | i ∈ I}) P on morphisms
= P(f)(suppX(φ))

Lemma 6.2.16. Let M = DS or M = MS. S has a natural non-trivial unit nS if and
only if there exists a n-ary idempotent and commutative term β : IdSet× · · · × IdSet →M

for n ≥ 2 defined as:
β(x1, . . . , xn) =

∑
i∈[n]

1
nS

xi

In particular, if S is zero-sumfree, then β is a n-uniform choice term.

Proof. Suppose S has a natural non-trivial unit nS and β is defined, using nS, as in the
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statement. To verify that β is idempotent, suppose X ∈ Ob(Set) and x ∈ X, then:

β(x, . . . , x) =
∑
i∈[n]

1
nS

.x definition of β

= 1
nS

(
∑
i∈[n]

1S).x distribution axiom of semirings

= 1
nS

nS.x definition of nS

= 1S.x nS is a unit
= η(x) definition of η

To verify β is commutative, suppose X ∈ Ob(Set) and x1, . . . , xn ∈ X, then:

β(xπ(1), . . . , xπ(n)) =
∑
i∈[n]

1
nS

.xπ(i)
∗=

∑
i∈[n]

1
nS

.xi = β(x1, . . . , xn)

where the starred equality ∗= follows from the fact that rearranging terms in the formal
sum yields the same distribution.

Conversely, suppose β is idempotent and commutative n-ary open term for n ≥ 2, then
we want to show that nS is a natural non-trivial unit. Consider a set of n distinct elements
X = {x1, . . . , xn} and β(x1, . . . , xn) = φ ∈ M(X). We want to show that φ(x1) is the
inverse to nS. We first show that for every i ∈ [n], φ(x1) = φ(xi). To accomplish this,
for every i ∈ [n], consider the permutation τi : X → X which swaps xi and x1. By
construction, τi(xj) = x(1 i)(j) where (1 i) : [n]→ [n] is the transposition swapping 1 ∈ [n]
and i ∈ [n].

φ(xi) = β(x1, . . . , xn)(xi) φ = β(x1, . . . , xn)
= β(x(1 i)(1), . . . , x(1 i)(n))(xi) β commutative
= β(τi(x1), . . . , τi(xn))(xi) definition of τi
= M(τi)(β(x1, . . . , xn))(xi) β-naturality square of τi
= M(τi)(φ)(xi) φ = β(x1, . . . , xn)
=

∑
xj∈τ−1

i (xi)

φ(xj) M on morphisms

= φ(x1) τ−1
i (xi) = {x1}

We now show that φ(x1) = φ(x2) = · · · = φ(xn) is the inverse of nS. To accomplish this,
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we consider the ‘constant x1 function’ c : X → X which sends every element in X to x1.

1S = η(x1)(x1) definition of η
= β(x1, . . . , x1)(x1) β idempotent
= β(c(x1), . . . , c(xn))(x1) definition of c
= M(c)(β(x1, . . . , xn))(x1) β-naturality square of c
= M(c)(φ)(x1) φ = β(x1, . . . , xn)
=

∑
xj∈c−1(x1)

φ(xj) M on morphisms

=
∑
i∈[n]

φ(xi) c−1(x1) = {x1, . . . , xn} = X

=
∑
i∈[n]

φ(x1) ∀i ∈ [n], φ(xi) = φ(x1)

From the identity axiom of monoids, i.e. φ(x1) = φ(x1)1S = 1Sφ(x1), and the two distri-
bution axioms of semirings, we obtain that:

1S = φ(x1)(
∑
i∈[n]

1S) = φ(x1)nS; and

1S = (
∑
i∈[n]

1S)φ(x1) = nSφ(x1).

Thus, φ(x1) is the inverse of nS, i.e. φ(x1) = 1
nS

. By n ≥ 2, nS is a non-trivial unit.
Moreover, by β(x1, . . . , xn) = φ and the fact that φ(xi) = φ(x1) = 1

nS
for all i ∈ [n], β is

defined as in the statement of the theorem.

Finally, if we assume that S is zero-sumfree, then nS ̸= 0S and 1
nS
̸= 0S. Thus,

supp(β(x1, . . . , xn)) = supp(
∑
i∈[n]

1
nS

xi) = {x1, . . . , xn}.

Hence, in the case where S is zero-sumfree, β is a n-ary uniform choice term.

Theorem 6.2.17. Let M = DS or M = MS for semiring S. S satisfies conditions (US1)-
(US2) if and only if DS ∈ CM and MS ∈ CM . If S is also complete, then D∞

S ∈ CM and
M∞

S ∈ CM .

Proof. Follows from combining the statements of Lemma 6.2.15 and Lemma 6.2.16. For
the case of D∞

S and M∞
S when S is complete, we note that the proofs of these lemmas do

not make essential use of the finite support restriction.

As a corollary, we obtain an instance of Theorem 6.2.12 for multiset and distribution
monads.
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Corollary 6.2.18. If W ∈ CW and S satisfies conditions (US1)- (US2), then there is no
distributive law ρ : WM →MW where M = DS or M = MS. If S is also complete, then
there is no distributive law ρ : WM →MW where M = D∞

S or M = M∞
S .

Example 6.2.19. The monads in Example 6.2.14 and Example 6.2.13 have a n-uniform
choice term for every n > 0. This example illustrates why the weaker condition of
having a uniform distribution of size n for some n ≥ 2 genuinely widens the scope of
Theorem 6.2.12. The multiset MS and distribution DS monads over the (sub)-semiring
of non-negative rationals of the form n

3k for n, k ∈ N are in CM . In this case, since 2
is not a unit, there are no uniform distributions φ ∈ DS(X) such that |supp(φ)| = 2
However, for every k ∈ N, 3k is a unit and so DS(X) has uniform distributions φ such
that |supp(φ)| = 3k.

As another application of Corollary 6.2.18, we show the non-existence of a distributive
law ρ : E ◦ D̂R+ → D̂R+ ◦ E where k > 1 and D̂R+ is a lifting of the ordinary probability
distribution monad DR+ . This monad was defined in Adam Connolly’s Thesis [26] and
its Kleisli morphisms capture the basic linear programming relaxations (BLP) of the
constraint satisfaction problem.

Example 6.2.20. The BLP monad D̂R+ has functor D̂R+ : Struct(σ)→ Struct(σ) which
sends a relational structure A to a new structure D̂R+(A) with universe DR+(A). For
every relation symbol R ∈ σ, we define

RD̂R+ (A) = {(
∑
a⃗∈RA

γ(⃗a).⃗a[1] . . . ,
∑
a⃗∈RA

γ(⃗a).⃗a[m]) | γ : RA → [0, 1],
∑
a⃗∈RA

γ(⃗a) = 1}

Unit and multiplication have the same element-wise definition as the distribution monad
DR+ on Set.

Corollary 6.2.21. There is no distributive law ρ : EkD̂R+ → D̂R+Ek

Proof. We can view Set as a full subcategory Set(σ) of Struct(σ) where a set X is iden-
tified with the object of Struct(σ) with universe X and empty relational interpretations,
i.e. for every R ∈ σ, RX = ∅. Observe that the (co)monads E and D̂R+ restrict to
the subcategory Set(σ) and these restrictions can be identified with the (co)monads N+

k

and DR+ over Set, respectively. Thus, if we suppose for contradiction there exists a
distributive law ρ : ED̂R+ → D̂R+E over Struct(σ), this would yield a distributive law
ρ′ : N+DR+ → DR+N+ over Set contradicting Corollary 6.2.18. A more formal categori-
cal proof of this argument may be found in [55].

To understand the limitations of Theorem 6.2.12 and Corollary 6.2.18, we exhibit some
examples of semirings which do not satisfy Conditions (US1)-(US2).

148



Example 6.2.22 (Non-Example). Every ring R is not zero-sum-free, so the R-module
monad MR and distribution monad DR, by Lemma 6.2.15, are not in CM .

Example 6.2.23 (Non-Example). There are semirings which are zero-sum-free, but fail
to satisfy the condition (US2). For instance, the semiring of naturals (N, 0, 1,+, ∗) does
not satisfy condition (US2). Therefore, although CM has many multiset monads over
other semirings S, CM does not contain the ordinary multiset/bag monad M = MN.
Moreover, DN over the semiring (N, 0, 1,+, ∗) of natural numbers only has distributions
which are singletons and is, in fact, isomorphic to the identity monad.

Example 6.2.24 (Non-Example). For a example of a zero-sumfree semiring S which
does not satisfy condition (US2), but where DS is not the identity monad, consider
S = N[x, y]/(x + y = 1). This semiring is the quotient of the free commutative semiring
on the set {x, y} by the equation x + y = 1S. The additional equation x + y = 1S

ensures that DS is not the identity monad by allowing for non-singleton distributions, i.e.
x.a+ y.b ∈ DS({a, b}). However, this is the only non-singleton distribution in DS({a, b})
and neither x nor y are inverses to ⊤S(n) for some n ≥ 2. Thus, S does not satisfy
condition (US2), and DS ̸∈ CM . We adapt this example in Section 6.3.2 as a step towards
demonstrating the existence of a distributive law of the EF game comonad over the
quantum monad on relational structures.

6.2.4 Filter monad

In this section, through the example of the filter monad, we demonstrate that the class
of monads under the scope of no-go Theorem 6.2.12 is not limited to multiset and distri-
bution monads. The filter monad (F , η, µ) over Set, appearing in [31], maps a set X to
the families of subsets U ∈ F(X) which satisfy the following closure conditions:

(F1) If S ∈ U and S ⊆ S ′, then S ′ ∈ U .

(F2) If S ∈ U and S ′ ∈ U , then S ∩ S ′ ∈ U .

For a function f : X → Y , F(f) : F(X) → F(Y ) is the double inverse image function,
i.e.

F(f)(U) = {T ⊆ Y | f−1(T ) ∈ U}.

The unit η : IdSet → F maps x ∈ X to the family of subsets S ⊆ X such that x ∈ S. The
multiplication of F is cumbersome to state formally, but as the proof of Theorem 6.2.12
demonstrates, we will not need it for this application.

We will now show that the filter monad is a n-uniform choice monad for every n > 1.
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To describe elements of F(X) we use the notation ⟨S⟩ for the filter generated by the
subset S of X. Given any filter U ∈ F(X), it is uniquely determined by its minimal
element min(U) with respect to ⊆. We define min(U) as the S ∈ U such that if S ′ ∈ U
and S ′ ⊆ S, then S = S ′. For the notation to be well-defined min(U) = S has to be
the unique element satisfying this minimality condition. To verify this, suppose S ′ is also
minimal, then S ∩ S ′ ⊆ S and S ∩ S ′ ∈ U by (F2), by S being minimal S ∩ S ′ = S.
Similarly, S ∩ S ′ ⊆ S ′, so S ∩ S ′ = S ′. Thus, by transitivity of equality, S = S ∩ S ′ = S ′.
Hence, every filter U ∈ F(X) is of the form ⟨min(U)⟩.

Lemma 6.2.25. The family of maps suppX : F(X)→ P(X) indexed by X ∈ Ob(Set)

suppX(U) = min(U)

form a natural transformation. In particular, (F , η, supp) is a supported pointed endo-
functor.

Proof. Suppose f : X → Y , then we need to show that P(f) ◦ suppX = suppY ◦ F(f).
Unpacking this expression, we need to show that for every U ∈ F(X), the following
equality between sets holds:

min(F(f)(U)) = P(f)(min(U)) (6.15)

The following fact relating the preimage f−1 : P(Y )→ P(X) and direct image P(f) : P(X)→
P(Y ) will be useful for our proof:

(IM) For all S ⊆ X, T ⊆ Y , P(f)(S) ⊆ T if and only if S ⊆ f−1(T ).

Suppose T = min(F(f)(U)). By definition of F(f)(U), f−1(T ) ∈ U . Thus, for S =
min(U), by (F2), f−1(T ) ∩ S ∈ U .

f−1(T ) ∩ S ⊆ f−1(T ) intersection
S ⊆ f−1(T ) S minimal, f−1(T ) ∩ S = S

P(f)(S) ⊆ T (IM)

Hence, by T being the minimal element of F(f)(U), P(f)(S) = T . Therefore, T =
P(f)(min(U)).

Lemma 6.2.26. For every n > 0, there is a n-uniform choice term β : IdSet×· · ·×IdSet →
F for F with components βX for X ∈ Ob(Set) defined as:

βX(x1, . . . , xn) = ⟨{x1, . . . , xn}⟩.
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Proof. To verify idempotence, βX(x, . . . , x) = ⟨{x}⟩ which is the family of subsets which
contain x ∈ X, so βX(x, . . . , x) = ηX(x). To verify commutativity, we note that a
permutation of the arguments of β just fixes the set {x1, . . . , xn} and thus fixes its closure.
To verify that supp preserves β, we note that min(⟨{x1, . . . , xn}⟩) is the set {x1, . . . , xn},
and so supp(⟨{x1, . . . , xn}⟩) = {x1, . . . , xn}.

From these two lemmas, we can conclude that the filter monad F ∈ CM and obtain the
following corollary of Theorem 6.2.12:

Corollary 6.2.27. If W ∈ CW , then there is no distributive law ρ : WF → FW .

6.3 Examples of mixed distributive laws

In this section, we exhibit and verify a few example of mixed distributive laws that
involving (co)monads just outside the boundary of the general no-go Theorem 6.2.12.

6.3.1 Coreader comonad over powerset monad

The definition of the class of comonads CW for which the no-go theorem applies is all
directed containers where there exists an s ∈ S, |P (s)| ≥ 2. Since directed containers
are equivalent to polynomial comonads, the class CW can also be described as the class
of non-linear polynomial comonads over Set. From the definition of directed container,
the linear polynomial comonads are the ‘product by S’, also known as, the S-coreader
comonad for any set S ∈ Ob(Set). For a fixed set S, the underlying functor S × (·) of
the coreader comonad (S × (·), ε, δ) maps a set X to S ×X and a function f to idS × f .
The counit has components defined as ε(s, x) = x and comultiplication has components
defined as δ(s, x) = (s, (s, x)). The identity comonad is recovered as the case where S is
a singleton. The coreader comonad on set S is isomorphic to the induced comonad of a
directed container on [S◁P ] where for every s ∈ S, P (s) is the singleton set {⊤}. As P (s)
is trivial for every s ∈ S, the directed container structure is such that os = ⊤, s ↓ ⊤ = s,
and ⊤ ⊕s ⊤ = ⊤. Using the no-go Theorem 6.2.12, we can give a characterisation of
coreader comonads in terms of mixed distributive laws over the powerset monad.

Theorem 6.3.1. Let (W, ε, δ) be a directed container with W = [S ◁ P ]. W = S × (·) is
the coreader comonad on S if and only if there exists a distributive law κ : WP → PW .

Proof. ⇒ Suppose W = S × (·) is the coreader comonad. Let κ : WP → PW be the
natural transformation with components defined as

κX(s, Y ) := {(s, t) | t ∈ Y }

151



for every Y ∈ P(X) and s ∈ S. It is easy to check that κ satisfies the diagrams
(6.1),(6.2),(6.3),(6.4).

⇐ Conversely, suppose that there exists a distributive law κ : WP → PW . By the
contrapositive of Theorem 6.2.12 and P ∈ CM , we must conclude that W ̸∈ CW . Negating
the definition of the class CW , for all s ∈ S, |P (s)| < 2. By W being a directed container,
for every s ∈ S, there is root position os ∈ P (s), so P (s) is non-empty. Therefore,
|P (s)| = 1, so we can take P (s) = {⊤}. This is precisely the definition of the coreader
comonad.

6.3.2 Prefix list comonad over single measurement monad

In this section, we explore a partial converse to Corollary 6.2.18, by constructing semirings
E such that there is a distributive law ρ : N+DE → DEN

+. For every n ≥ 2, we consider
a generating set S = {e1, . . . , en} to produce the free semiring N[e1, . . . , en] on S, and a
set of equations ∆(n):

e2
i = ei for every i ∈ [n] (6.16)

eiej = 0 for every i ̸= j ∈ [n] (6.17)∑
i∈[n]

ei = 1 (6.18)

These equations generate an ideal ⟨∆(n)⟩ in N[e1, . . . , en]. Thus, we can define the quo-
tient semiring En = N[e1, . . . , en]/⟨∆(n)⟩. Throughout the rest of the section, we will assume
that E = En for some n ≥ 2.

Remark 6.3.2. The equations (6.16)-(6.18) were deliberately chosen to mimic the prop-
erties of projectors on a Hilbert space which form a single projector-valued measurement
(PVM). These PVMs are convex sums of projectors arising in the context of quantum
information. We will introduce PVMs in the next example section, Section 6.3.3. Accord-
ingly, we refer to the semirings En as single measurement semirings and the monad DE as
a single measurement monad. The construction of a distributive law ρ : N+DE → DEN

+

is a warm-up to constructing a distributive law of the k-round EF comonad over the
quantum monad.

We now construct a distributive law ρ : N+DE → DEN
+ of the prefix list comonad N+

over DE. For every Y ∈ Ob(Set), the component ρY is defined as

ρY [φ1, . . . , φn] = λ[y1, . . . , ym].


∏
i∈[n] φi(yi) if m = n

0 otherwise
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Which we can express as the formal sum:

ρY [φ1, . . . , φn] =
∑

[y1,...,yn]∈

 ∏
i∈[n]

φi(yi)
 .[y1, . . . , yn]. (6.19)

Proposition 6.3.3. ρ is natural transformation.

Proof. Suppose f : X → Y is a function. We define for every i ∈ [n],

ψi(y) = DE(f)(φi)(y) =
∑

a∈f−1(y)
φi(x). (6.20)

To verify the ρ-naturality square of f , consider [φ1, . . . , φn] ∈ N+(DE(X)):

DE(N+(f)) ◦ ρ(s)
= { definition of ρ }

N+(DE(f))
 ∑

[x1,...,xn]∈N+(X)
(

∏
i∈[n]

φi(Xi)).[x1, . . . , xn]


= { DE on morphisms }∑
[x1,...,xn]∈N+(X)

(
∏
i∈[n]

φi(xi)).N+(f)([x1, . . . , xn])

= { N+ on morphisms }∑
[x1,...,xn]∈N+(X)

(
∏
i∈[n]

φi(xi)).([f(x1), . . . , f(xn)])

Using the distribution axiom of semirings, for every index i ∈ [n], we can inductively
‘pull-out all terms in the formal sum whose i-th element starts with yi = f(xi).

DE(N+(f)) ◦ ρX(s)
= { distribution axiom of semirings }

∑
[x1,...,xn]∈N+(X)

∑
x1∈f−1(y1)

φ1(x1)
 ∏

2≤j≤n
φj(xj).[f(x1), . . . , f(xn)]


= { inductively apply distribution axiom }∑

[x1,...,xn]∈N+(X)
(

∑
x1∈f−1(y1)

φ1(x1))(
∑

x2∈f−1(y2)
φ2(x2)) . . . (

∑
xn∈f−1(yn)

φn(xn)).[f(x1), . . . , f(xn)]

= { equation (6.20) }∑
[x1,...,xn]∈N+(X)

ψ1(y1) . . . ψn(yn).[f(x1), . . . , f(xn)]

= { support in image of N+(f) }∑
[y1,...,yn]∈Im(N+(f))

ψ1(y1) . . . ψn(yn).[y1, . . . , yn]
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= { product notation and 0S terms for N+(Y )\Im(N+(f)) }∑
[y1,...,yn]∈N+(Y )

(
∏
i∈[n]

ψi(yi)).[y1, . . . , yn]

= { definition of ρ (6.19) }
ρY ([ψ1, . . . , ψn])

= { equation (6.20) }
ρY ([DE(f)(φ1), . . . ,DE(f)(φn)])

= { N+ on morphisms }
ρY ◦N+(DE(f))(s)

Before we verify that this definition of ρ indeed yields a distributive law, we first explain
why the counterexample, demonstrating that the failure of the comultiplication axiom at
the core of the no-go theorems, Theorem 6.2.4 and Theorem 6.2.12, can not be carried
out in the case of E. Recall that the counterexample in Theorem 6.2.4 traced the list
[{a, b}, {b}] ∈ N+(℘({a, b})) around the comultiplication diagram 6.2. One chase around
the diagram yielded the set

{[[a], [a, b]], [[b], [b, b]]}.

Whereas the other direction yielded the set

{[[a], [a, b]], [[b], [a, b]], [[a], [b, b]], [[b], [b, b]]}

with the additional ‘covariant’ lists [[b], [a, b]] and [[a], [b, b]]. If we attempt the same chase
for our definition of ρ, in the case where E = E2, we see that equation (6.17) eliminates
these covariant terms and equation (6.16) reduces the degree in the other ‘independent’
terms as in the boldfaced expressions below:

ρN+X ◦N+ρX ◦ δDEX([e1.a+ e2.b, 1.b])
= { definition of δ }
ρN+X ◦N+ρX([[e1.a+ e2.b], [e1.a+ e2.b, 1.b]])

= { N+ on functions }
ρN+X([ρX([e1.a+ e2.b]), ρX([e1.a+ e2.b, 1.b])])

= { definition of ρ }
ρN+X([e1.[a] + e2.[b], e1.[a, b] + e2.[b, b]])

= { definition of ρ }
e2

1.[[a], [a, b]] + e2e1.[[b], [a, b]] + e1e2.[[a], [b, b]] + e2
2.[[b], [b, b]]
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= { equation (6.17) }
e2

1.[[a], [a, b]] + 0.[[b], [a, b]] + 0.[[a], [b, b]] + e2
2.[[b], [b, b]]

= { remove 0 weighted terms }
e2

1.[[a], [a, b]] + e2
2.[[b], [b, b]]

= { equation (6.16) }
e1.[[a], [a, b]] + e2.[[b], [b, b]]

= { definition of δ }
e1.δX([a, b]) + e2.δX([b, b])

= { DE on functions }
DE(δX)({e1.[a, b] + e2.[b, b]})

= { definition of ρX }
DE(δX) ◦ ρX([e1.a+ e2.b, 1.b])

Generalising this diagram chase to arbitrary elements allows us to verify the comultipli-
cation axiom (6.4) of Definition 6.1.4. We now proceed with verifying that ρ is indeed a
mixed distributive law.

Proposition 6.3.4. ρ : N+DE → DEN
+ is a mixed distributive law.

Proof. Unit: To verify the unit axiom (6.1), consider [x1, . . . , xn] ∈ N+(X):

ρ ◦N+(η)([x1, . . . , xn])
= { N+ on morphisms }
ρ([η(x1), . . . , η(xn)])

= { definition of η }
ρ([1.x1, . . . , 1.xn])

= { definition of ρ and φi = 1.xi }
(

∏
i∈[n]

1).[x1, . . . , xn]

= { identity axiom E }

1.[x1, . . . , xn]
= { definition of η }
η([x1, . . . , xn])

Counit: To verify the counit axiom (6.22), consider [φ1, . . . , φn] ∈ N+(DE(X)):

DE(ε) ◦ ρ([φ1, . . . , φn])
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= { definition of ρ }

DE(ε)
 ∑

[x1,...,xn]∈N+(X)
(

∏
i∈[n]

φi(xi)).[x1, . . . , xn]


= { DE on morphisms }∑
[x1,...,xn]∈N+(X)

(
∏
i∈[n]

φi(xi)).ε([x1, . . . , xn])

= { definition of ε }∑
[x1,...,xn]∈N+(X)

(
∏
i∈[n]

φi(xi)).xn

= { distribution axiom Proj(d) }
∑
xn∈X

 ∑
[x1,...,xn−1]∈N+(X)

∏
i∈[n−1]

φi(xi)
φn(xn).xn

= { normalisation }∑
xn∈X

1φn(xn).xn

= { identity 1 ∈ E }∑
xn∈X

φn(xn).xn

= { φn as a formal sum }
φn

= { definition of ε }
ε[φ1, . . . , φn]

Multiplication: To verify the multiplication axiom (6.3), consider [Ψ1, . . . ,Ψn] ∈ N+(DE(DE(X)):

µN+(X) ◦DE(ρ) ◦ ρDE(X)([Ψ1, . . . ,Ψn])
= { definition of ρ }

µN+(X) ◦DE(ρ)
 ∑

[φ1,...,φn]∈N+(DE(X))

∏
i∈[n]

Ψi(φi)).[φ1, . . . , φn]


= { DE on morphisms }

µN+(X)

 ∑
[φ1,...,φn]∈N+(DE(X))

∏
i∈[n]

Ψi(φi)).ρ([φ1, . . . , φn])


= { definition of ρ }

µN+(X)

 ∑
[φ1,...,φn]∈N+(DE(X))

∏
i∈[n]

Ψi(φi)).(
∑

[x1,...,xn]∈N+(X)
(

∏
i∈[n]

φi(xi)).[x1, . . . , xn])

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= { definition of µ }
∑

[x1,...,xn]∈N+(X)

∑
[φ1,...,φn]∈N+(DE(X))

 ∏
i∈[n]

Ψi(φi)φi(xi)
 .[x1, . . . , xn]

= { definition of ρ }
ρX([

∑
φ1∈DE(X)

∑
x1∈X

Ψ1(φ1)(φ1(x1)).x1, . . . ,
∑

φn∈DE(X)

∑
xn∈X

Ψn(φn)(φn(xn)).xn]

= { definition of µX }
ρX([µX(Ψ1), . . . , µX(Ψn)])

= { N+ on morphisms }
ρX ◦N+(µX)([Ψ1, . . . ,Ψn])

Comultiplication: To verify the comultiplication axiom (6.4), we need to be explicit about
the number of monomials in E, so we assume that E = En. Considerφφφ = [φ1, . . . , φm] ∈ N+(DE(X)):

ρDE
◦N+(ρ) ◦ δ(φφφ) = ρDE

◦N+(ρ)([[φ1], . . . , [φ1, . . . , φm]])
= ρDE

([ρ([φ1]), . . . , ρ([φ1, . . . , φm])])

= ρDE

∑
[x1]

φ(x1).[x1], · · ·
∑

[x1,...,xm]
(

∏
i∈[m]

φi(xi)).[x1, . . . , xm]


=
∑

[s1,...,sm]∈T

∏
j∈[m]

 ∑
sj=[x1,...,xj ]

∏
i∈[j]

φj(xj)
 .[[x1], . . . , [x1, . . . , xm]]

where T is the image of the δDE
. Using the +-commutative and distributive axioms

of semirings we can rearrange the terms in the above expression to a more convenient
form. To attain this rearrangement, we first note that by the normalisation condition,
the weights in each of the φi must sum to 1. By the construction of E, the only such
sums are 1 itself and the sum of the monomials ei ∈ E as in equation (6.18). Thus,
for every j ∈ [m], either φj = 1.xj for some xj ∈ X or φj = e1.x

1
j + · · · + en.x

n
j for

some x1
j , . . . , x

n
j ∈ X. By equation (6.18), we can view the former case as instance of

the latter where for all z ∈ [n], xzj = xj. Therefore, we can assume that for all j ∈ [m],
φj = e1.x

1
j + · · ·+ en.x

n
j . Under this assumption, the only terms that are potentially non-

zero correspond to the cases where [s1, . . . , sm] ∈ T is such that the sj = [xz1
1 , . . . , x

zj

j ]
for some z1, . . . , zj ∈ [n]; so we define Tφφφ be the collection of all [s1, . . . , sm] ∈ T of this
form. With this definition and noting that for all j ∈ [m] and i ∈ [n], φj(xzi) = ezi

we
can write the above sum as:

ρDE
◦N+(ρ) ◦ δ(φφφ)

=
∑

[s1,...,sm]∈Tφφφ

 ∑
sm=[xz1

1 ,...,xzm
m ]

ez1 · ez2 · · · · · ezm

 .[[xz1
1 ], . . . , [xz1

1 , . . . , x
zm
m ]]
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However, note that because of equation (6.17), all of the terms of the form ez1 · · · · · ezm

where at least two of the z1, . . . , zm are not equal become 0. Intuitively, these terms
are the weights of the ‘covariant’ lists of lists and the terms that remain are for the
‘independent’ lists of lists: [[xz1], . . . , [xz1, . . . , xzm]] for every z ∈ [n]. More precisely, the
terms that remain are:

ρDE
◦N+(ρ) ◦ δ(φφφ) =

∑
z∈[n]

 ∑
s=[xz

1,...,x
z
m]
emz

 .[[xz1], . . . , [xz1, . . . , xzm]]

=
∑
z∈[n]

 ∑
s=[xz

1,...,x
z
m]
ez

 .[[xz1], . . . , [xz1, . . . , xzm]]

=
∑
z∈[n]

 ∑
s=[xz

1,...,x
z
m]
ez

 .δ([xz1, . . . , xzm])

= DE(δ)(
∑
z∈[n]

ez.[xz1, . . . , xzm])

= DE(δ) ◦ ρ(φφφ)

6.3.3 Ehrenfeucht-Fräıssé comonad over quantum monad

In this section, we exhibit a distributive law of a version of the k-round EF comonad
E⊙
k over a version of the quantum monad Q⊙

d from [4] which are tailored to a category
of ‘commeasurable’ σ-structures Struct⊙(σ) defined below. We start by introducing the
quantum monad over the category of σ-structures Struct(σ) from [4]. The quantum
monad is not in fact a monad, but a graded monad. The definition of graded monad
is rather general and in fact, parametric over monoidal categories [40, 67]. However for
the purpose of introducing the quantum monad, we only need to define (N+, 1, ∗)-graded
monads.

Definition 6.3.5. A N+-graded monad ({Mn}, η, {µn,m}) on E is a N+ indexed family
of endofunctors Mn : E → E, a unit natural transformation η : IdE → M1, and graded
multiplication given by a family of natural transformations {µn,m : MnMm →Mnm}n,m∈N+

satisfying the following diagrams for every i, j, k ∈ N+:

MiMjMk MiMjk

MijMk Mijk

Miµ
j,k

µi,jMk µi,jk

µij,k

MiMjMk MiMj∗k

MijMk Mijk

Miµ
j,k

µi,jMk µi,jk

µij,k
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Since our aim is to exhibit a distributive law of the k-round EF comonad over the N+-
graded monad Qd, we must also adapt Definition 6.1.4 of a comonad-monad distributive
law to take into allow for the N+-grading on the monad.

Definition 6.3.6. A mixed distributive law of a comonad (W, η, δ) over a N+-graded
monad ({Md}, η, {µd,d

′}) is a family of natural transformations κd : WMd →MdW satis-
fying the following commutative diagrams for all d, d′ ∈ N+:

W

WM1 M1W

Wη ηW

κ1

(6.21)

WMd MdW

M

κd

εMd Mdε

(6.22)

WMdMd′ MdWMd′ MdMd′W

WMdd′ Mdd′W
κdd′

Wµd,d′

κdMd′ Mdκ
d′

µd,d′
W (6.23)

WMd MdW

WWMd WMdW MdWW

κd

Mdδ

κdWWκd

δMd
(6.24)

Distributive laws of graded comonads over graded monads are defined in [41]. Defini-
tion 6.3.6 above is an instance of this definition which the grading on the comonad is
trivial and the grading on the monad is given by the multiplicative monoid (N+, 1, ∗).

We now proceed with defining the N+-graded quantum monad Qd on Struct(σ). In
quantum mechanics, pure states of a quantum system are vectors in a complex Hilbert
space. For quantum information, it is common to restrict to finite dimensional Hilbert
spaces. Let Hd denote the d-dimensional Hilbert space consisting of d-length tuples
of complex numbers. Classical information about a quantum system is obtained by
performing measurements on these states. Measurements are represented in a phase-
invariant way via projector-valued measurements (PVMs). To define PVMs we first define
(orthogonal) projectors.

Definition 6.3.7. Given a d-dimensional complex Hilbert space Hd, a projector is a
matrix E representing a linear map of type Hd → Hd satisfying the equations E = E2 =
E† where E† denotes the conjugate transpose of E.
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The d-dimensional identity matrix Id is a projector on the whole space Hd and the d-
dimensional zero matrix 0d is a projector on the zero subspace of Hd. Let Proj(d) denote
set of projectors on Hd. The product EF of two projectors E,F is a projector if and
only if they commute EF − FE = 0d. The projector E is said to be orthogonal to F if
EF = 0d. We are now ready to define PVMs.

Definition 6.3.8. Given a set A, a d-dimensional projector-valued measurement over A
or d-dim PVM over A is a function ϑ : A→ Proj(d) satisfying the following conditions:

(1) ϑ has finite support: For all but finitely many a ∈ A, ϑ(a) = 0d

(2) ϑ is pairwise orthogonal: If a ̸= a′, then ϑ(a)ϑ(a′) = 0d.

(3) normalisation: The sum ∑
a∈A ϑ(a) = Id

As with the probability distributions, we can write PVMs as a formal sums ϑ = ∑
a∈A ϑ(a).a.

Given a d-dim PVM ϑ over A, the probability of measuring outcome a ∈ A on a quantum
system in pure quantum state, represented as vector v ∈ Hd, is v†Pv ≥ 0 where P =
ϑ(a) ∈ Proj(d). Two d-dim PVMs ϑ, ϑ′ are jointly measurable if for all a, a′, ϑ(a)
commutes with ϑ′(a′).

We are now ready to define the N+-graded quantum monad ({Qd}, η, {µd,d
′}) on Struct(σ).

• For every d ∈ N+, the object mapping of the endofunctor Qd : Struct(σ)→ Struct(σ)
maps a σ-structure A with universe A to a σ-structure Qd(A) with universe

Qd(A) = {ϑ : A→ Proj(d) | ϑ is a d-dim PVM.};

and for every m-relation R ∈ σ, (ϑ1, . . . , ϑr) ∈ RQd(A) if and only if

(1) for all i, j ∈ [m], ϑi is jointly measurable with ϑj.

(2) If (a1, . . . , am) ̸∈ RA, then ϑ1(a1) . . . ϑm(am) = ∏
i∈[m] ϑi(ai) = 0d.

• For every d ∈ N+ and every σ-morphism f : A → B ∈ Mor(Struct(σ)), the func-
torial action produces a σ-morphism Qd(f) : Qd(A) → Qd(B) mapping A-valued
PVM ϑ to B-valued PVM λb.

∑
a∈f−1(b) ϑ(a).

• The unit natural transformation η : IdStruct(σ) → Q1 has components ηA : A →
Q1(A) for every A ∈ Struct(σ) where ηA(a) = ∆a is the ‘Dirac delta PVM’:

∆a(a′) =
I1 if a = a′

01 if a ̸= a′
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• To define the multiplication of the quantum monad, we recall that given E ∈
Proj(d) and F ∈ Proj(d′), we can form the tensor product to obtain a projector
E ⊗ F ∈ Proj(dd′). Thus, for every d, d′, the transformation µd,d

′ : QdQd′ → Qdd′

has components µd,d
′

A for every A ∈ Struct(σ) where

µd,d
′

A (Θ) = λa.
∑

ϑ∈Qd′ (A)
Θ(ϑ)⊗ ϑ(a).

Evidently, the definition of the quantum monad resembles the definition of the discrete
probability distribution monad where R+-weighted convex sums are replaced with Proj(d)-
weighted convex sums, i.e. d-dimensional PVMs. In fact, taking into account that each
PVM consists of weights which satisfy idempotence E2 = E and pairwise orthogonality
EF = 0d for F ̸= E, the quantum monad most closely resembles the definition of the
single measurement monad from Section 6.3.2. In fact, Qd can almost be see as a distribu-
tion monad over the ‘semiring’ of d-dimensional projectors Proj(d). However, this is not
accurate as Proj(d) is not a semiring because the multiplication of projectors is a partial
operation, i.e. EF ∈ Proj(d) is only a projector if E and F commute. Another salient
difference between the quantum monad and distribution monads, is that the graded mul-
tiplication of the quantum monad uses the tensor product, rather then the multiplication
of Proj(d). The use of tensor product, instead of projector multiplication, is important
for modelling quantum homomorphisms, but also manages to avoid the issue of Proj(d)’s
multiplication being partial.

Despite this, given the resemblance of Qd to DE and Ek to N+, we can attempt to mimic
the definition of ρ : N+DE → DEN

+ by defining a graded distributive law κd : EkQd →
QdEk whose components κd would send [φ1, . . . , φn] to the PVM where [a1, . . . , an] has the
weight ∏

i∈I φi(ai). However, the partiality of projector multiplication in Proj(d) means
that this would not be well-defined. We may avoid this partiality issue in defining κd

by moving from Struct(σ) to the category of commeasurable σ-structures Struct⊙(σ). To
define Struct⊙(σ), we must first define the category of reflexive graphs RGraph. The
objects of RGraph are undirected graphs G = (V,E) such that each vertex v ∈ V has
a distinguished self-loop from (v, v) ∈ E. Morphisms in RGraph are graph homomor-
phisms which send self-loops to self-loops. We write ⊙ for the commeasurability relation.
The category of Struct⊙(σ) has objects which are σ-structures A such that the universe
A ∈ Ob(RGraph) and that two elements a, a′ ∈ A can be appear in related tuple if
a⊙ a′. Commeasurable σ-structures form the category Struct⊙(σ) where morphisms are
morphisms in RGraph in addition to the interpretation of relation symbols R ∈ σ.

We now adapt the definition of the k-round EF comonad produce a comonad (E⊙
k , ε, δ)

on commeasurable σ-structures Struct⊙(σ). The key difference between Ek and E⊙
k is
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that E⊙
k only consists of sequences of elements which are pairwise commeasurable. For a

commeasurable σ-structure A ∈ Ob(Struct⊙(σ)) with universe A ∈ Ob(RGraph), the
universe E⊙

k (A) of E⊙
k (A) has underlying set

E⊙
k (A) = {[a1, . . . , an] | n ≤ k, ∀i ∈ [n], ai ⊙ aj}.

and commeasurability relation ⊙ being prefix comparable, i.e. s ⊙ s′ if s ⊑ s′ or s′ ⊑ s.
Just as with Ek, the counit ε : IdStruct⊙(σ) → E⊙

k returns the last element. For every m-ary
relation R ∈ σ, the define the interpretation

RE⊙
k

(A)(s1, . . . , sm)⇔ ∀i, j ∈ [m], si ⊙ sj
and RA(εA(s1), . . . , εA(sm))

Notice that since⊙ for E⊙
k (A), by definition, is prefix comparability this coincides with the

definition of relational interpretation REk(A). The action of E⊙
k on Struct⊙(σ)-morphisms

and the definition δ are defined as for Ek.

Remark 6.3.9. Ostensibly, this move to the setting of commeasurable σ-structures
Struct⊙(σ) to fix the partiality issue in the definition of κd may seem unmotivated. How-
ever, this fix was inspired by a similar move in the study of logic for (quantum) contex-
tuality where total Boolean algebras are replaced with partial Boolean algebras [3, 57].
In that setting, similar to our case, partial Boolean algebras are equipped with a com-
measurability relation such that the meet and join operations are only well-defined for
commeasurable elements. Moreover, we can recover ordinary σ-structures Struct(σ) from
Struct⊙(σ) since there is a reflection U ⊣ G where U : Struct⊙(σ) → Struct(σ) is the
forgetful functor removing the commeasurability relation and G : Struct(σ)→ Struct⊙(σ)
sends a σ-structure A to the the commeasurable σ-structure where the commeasurability
relation is the full relation, i.e. ⊙ = A2. Thus, if we take the relative-lifting of Ek by
G : Struct(σ) → Struct⊙(σ), then the coKleisli category of the relative comonad E⊙

k ◦ G
over G is essentially the same as the coKleisli category of Ek. Adding the full relation,
to the signature, as we did via the functor G : Struct(σ) → Struct⊙(σ), has precedence
in the study of quantum constraint satisfaction. Namely, adding the full relation was
required to ensure closure under primitive positive reductions when investigating the
quantum analogue of Schaefer’s dichotomy theorem on Boolean-valued constraint satis-
faction problems [18].

We now adapt the definition of the graded quantum monad to produce a N+-graded
monad ({Q⊙

d }, η, {µd,d
′}) on commeasurable σ-structures Struct⊙(σ). For a commeasur-

able σ-structure A ∈ Ob(Struct⊙(σ)) with universe A ∈ Ob(RGraph), the universe
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Q⊙
d (A) of Q⊙

d (A) has the same underlying set as Qd(A), i.e. all d-dimensional PVMs over
A, and commeasurability relation defined as

ϑ⊙ ϑ′ ⇔ ϑ and ϑ′ are jointly measurable.
and if a⊙ a′ does not hold, then ϑ(a)ϑ(a′) = 0d.

For the other relations R ∈ σ, the interpretation RQ⊙
d

(A) is the same set as RQd(A).

With these definitions of E⊙
k and Q⊙

d in place, we are now able to officially define the
graded mixed distributive law of E⊙

k over Q⊙
d as the family of natural transformations

κd : E⊙
k Q⊙

d → Q⊙
d E⊙

k with components defined as

κdA([ϑ1, . . . , ϑn]) = λ[a1, . . . , am].


∏
ϑi(ai) if m = n

0d otherwise

Which we can express as the formal sum:

κdA([ϑ1, . . . , ϑn]) =
∑

[a1,...,an]∈E⊙
k

(A)

 ∏
i∈[n]

ϑi(ai)
 .[a1, . . . , an]. (6.25)

Note the product in this definition of κ is well-defined precisely because E⊙
k was tailored

to only consists of lists which are pairwise commeasurable.

We first verify that, for eachA ∈ Ob(Struct⊙(σ)) and d > 0, κdA defined by equation (6.25)
is indeed a morphism in Struct⊙(σ).

Proposition 6.3.10. For every A ∈ Ob(Struct⊙(σ)) and d > 0, the function κA
d is a

Struct⊙(σ)-morphism.

Proof. In the following, given a ϑϑϑ = [ϑ1, . . . , ϑn] ∈ E⊙
k (Q⊙

d (A) and s = [a1, . . . , an] ∈
E⊙
k (A), we use the shorthand notation ϑ(s)ϑ(s)ϑ(s) = ∏

i∈[n] ϑi(ai).

Suppose R ∈ σ is a m-ary relation and (ϑ1ϑ1ϑ1, . . . ,ϑmϑmϑm) ∈ RE⊙
k

(Q⊙
d

(A)) where assume for all j ∈
[m], ϑjϑjϑj = [ϑj1, . . . , ϑjn(j)] for some n(j) ≤ k. We need to show that (κd(ϑ1ϑ1ϑ1), . . . , κd(ϑmϑmϑm)) ∈
RQ⊙

d
(E⊙

k
(A)).

To verify the joint measurability condition in the definition of RQ⊙
d

(E⊙
k

(A)), we first observe
that all of the elements ϑ1ϑ1ϑ1, . . . ,ϑmϑmϑm are pairwise commeasurable, i.e. prefix comparable,
for all i, j ∈ [m], ϑjϑjϑj ⊑ ϑiϑiϑi or ϑiϑiϑi ⊑ ϑjϑjϑj. Without loss of generality, assume ϑiϑiϑi ⊑ ϑjϑjϑj. Since
ϑjϑjϑj is a list of pairwise commeasurable elements in Q⊙

d (A) and ϑiϑiϑi ⊑ ϑjϑjϑj, each of the PVMs
ϑiw ∈ [ϑiϑiϑi] is jointly measurable with every PVM ϑjz ∈ [ϑjϑjϑj]. By the definition of jointly
measurable, for all a, a′ ∈ A, ϑiw ∈ [ϑiϑiϑi], and ϑjz ∈ [ϑjϑjϑj], ϑiw(a) commutes with ϑjz(a′).
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It follows that for every s, s′ ∈ Ek(A), ϑi(s)ϑi(s)ϑi(s) commutes with ϑj(s′)ϑj(s′)ϑj(s′), so κd(ϑiϑiϑi) is jointly
measurable with κd(ϑjϑjϑj).

To verify the compatibility condition in the definition ofRQ⊙
d

(E⊙
k

(A)), suppose s⃗ = (s1, . . . , sm) ̸∈
E⊙
k (A). We have to show that K(s⃗) = ∏

i∈[m] κ
d(ϑiϑiϑi)(si) = 0. In this verification, as with

the joint measurability verification, we assume without loss of generality ϑiϑiϑi ⊑ ϑjϑjϑj. There
are three cases we consider:

(1) There exists i ∈ [m], |si| ̸= |ϑiϑiϑi|, then by definition of κd, κd(ϑiϑiϑi)(si) = 0d. Thus, in
this case, the whole product K(s⃗) = 0d.

Thus, we can assume the next two cases that for all i ∈ [m], |si| = |ϑiϑiϑi|.

(2) There exists i, j ∈ [m] where si ̸⊑ sj. It follows that there exists some least
index c where ac ∈ [si] is the c-th element of si and ac ̸∈ [sj]. Let a′

c be the
c-th element of sj which is not equal to ac. By the assumption that ϑiϑiϑi ⊑ ϑjϑjϑj,
for all z ≤ n(i), ϑiz = ϑjz. In particular, ϑic = ϑjc. Since the PVMs ϑ1ϑ1ϑ1, . . . ,ϑmϑmϑm are
pairwise jointly measurable, we can commute the terms of the product K(s⃗) so that
ϑic(ac)ϑjc(a′

c) are adjacent. Since ac ̸= a′
c and projectors in PVMs are orthogonal,

ϑic(ac)ϑjc(a′
c) = ϑic(ac)ϑic(a′

c) = 0d. Thus, the whole product K(s⃗) = 0d.

(3) (εA(s1), . . . , εA(sm)) ̸∈ RA. Since (ϑ1ϑ1ϑ1, . . . ,ϑmϑmϑm) ∈ RE⊙
k

(Q⊙
d

(A)), by the compatibil-
ity condition in the definition of RE⊙

k
(Q⊙

d
(A)), (ϑ1

n(1), . . . , ϑ
m
n(m)) ∈ RQ⊙

d
(A). By the

compatibility condition of RQ⊙
d

(A) and (εA(s1), . . . , εA(sm)) ̸∈ RA, we have that

ϑ1
n(1)(εA(s1)) . . . ϑmn(m)(εA(sm)) =

∏
i∈[m]

ϑin(i)(εA(si)) = 0d.

As with the previous case, by pairwise joint measurability of ϑ1ϑ1ϑ1, . . . ,ϑmϑmϑm, we can
rearrange the product so that the above sequence appears and conclude that K(s⃗) =
0d.

Thus, in all three cases, K(s⃗) = ∏
i∈[m] κ

d(ϑiϑiϑi)(si) = 0 as desired. Since the joint measur-
ability and compatibility conditions are satisfied, (κd(ϑ1ϑ1ϑ1), . . . , κd(ϑmϑmϑm)) ∈ RQ⊙

d
(E⊙

k
(A)) and

κd is a σ-morphism.

Observe that the definition of ⊙ for Q⊙
d (Ek(A)) is the same as any other relational

interpretation. Thus, we can repeat the proof above in the case where R = ⊙, to show
that κd preserves the commeasurability relation. Thus, we can conclude that κd defines
a morphism in Struct⊙(σ).

We next verify that for every d > 0, the family of morphisms {κdA | A ∈ Ob(Struct⊙(σ))}
forms a natural transformation.
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Proposition 6.3.11. For every d > 0, κd : E⊙
k ◦Q⊙

d → Q⊙
d ◦E⊙

k is a natural transforma-
tion.

Proof. The proof follows essentially the same lines as Proposition 6.3.3. Suppose f : A→
B is a morphism in Struct⊙(σ). We define for every i ∈ [n],

ψi(b) = Q⊙
d (f)(φi)(b)

∑
a∈f−1(b)

φi(a) ∈ Q⊙
d (B). (6.26)

To verify the κd naturality square of f , consider s = [φ1, . . . , φn] ∈ E⊙
k Q⊙

d (A):

Q⊙
d (E⊙

k (f)) ◦ κdA(s)
= { definition of κd }

Q⊙
d (E⊙

k (f))

 ∑
[a1,...,an]∈E⊙

k
(A)

(
∏
i∈[n]

φi(ai)).[a1, . . . , an]


= { Q⊙

d on morphisms }∑
[a1,...,an]∈E⊙

k
(A)

(
∏
i∈[n]

φi(ai)).E⊙
k (f)([a1, . . . , an])

= { E⊙
k on morphisms }∑

[a1,...,an]∈E⊙
k

(A)

(
∏
i∈[n]

φi(ai)).([f(a1), . . . , f(an)])

Using the distributive property of projectors in Proj(d), for every i ∈ [n], we can induc-
tively ‘pull-out’ all terms [f(a1), . . . , f(ai)] in the formal sum whose i-th element starts
with bi = f(ai).

Q⊙
d (E⊙

k (f)) ◦ κA(s)
= { distribution property of projectors }

∑
[a1,...,an]∈E⊙

k
(A)

∑
a1∈f−1(b1)

φ1(a1)
 ∏

2≤j≤n
φj(aj).[f(a1), . . . , f(an)]


= { inductively apply distribution property }∑

[a1,...,an]∈E⊙
k

(A)

(
∑

a1∈f−1(b1)
φ1(a1))(

∑
a2∈f−1(b2)

φ2(a2)) . . . (
∑

an∈f−1(bn)
φn(an)).[f(a1), . . . , f(an)]

= { equation (6.26) }∑
[a1,...,an]∈E⊙

k
(A)

ψ1(b1) . . . ψn(bn).[f(a1), . . . , f(an)]

= { support in image of E⊙
k (f) }∑

[b1,...,bn]∈Im(E⊙
k

(f))

ψ1(b1) . . . ψn(bn).[b1, . . . , bn]
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= { product notation and 0 terms for E⊙
k (B)\Im(E⊙

k (f)) }∑
[b1,...,bn]∈E⊙

k
(B)

(
∏
i∈[n]

ψi(bi)).[b1, . . . , bn]

= { definition of κd (6.25) }
κdB([ψ1, . . . , ψn])

= { equation (6.26) }
κdB([Q⊙

d (f)(φ1), . . . ,Q⊙
d (f)(φn)])

= { E⊙
k on morphisms }

κdB ◦ E⊙
k (Q⊙

d (f))(s)

Finally, we check that the collection of natural transformations κd for every d > 0 satisfies
the four diagrams of Definition 6.3.6 verifying that it is indeed a graded distributive law
of comonad E⊙

k over graded monad Q⊙
d .

Proposition 6.3.12. {κd : E⊙
k Q⊙

d → Q⊙
d E⊙

k }d∈N+ is a graded mixed distributive law.

Proof. We must show that for diagrams in for the unit axiom (6.21), counit axiom (6.22),
multiplication axiom (6.23), and comultiplication axiom (6.24) in Definition 6.3.6 are
satisfied.
Unit: To verify the unit axiom (6.21), consider [a1, . . . , an] ∈ E⊙

k (A):

κ1 ◦ E⊙
k (η)([a1, . . . , an])

= { E⊙
k on morphisms }

κ1([η(a1), . . . , η(an)])
= { definition of η }
κ1([I1.a1, . . . , I1.an])

= { definition of κ and φi = I1ai }

(
∏
i∈[n]

I1).[a1, . . . , an]

= { identity axiom Proj(1) }
I1.[a1, . . . , an]

= { definition of η }
η([a1, . . . , an])

Counit: To verify the counit axiom (6.22), consider [φ1, . . . , φn] ∈ E⊙
k (Q⊙

d (A)):

Q⊙
d (ε) ◦ κd([φ1, . . . , φn])
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= { definition of κd }

Q⊙
d (ε)

 ∑
[a1,...,an]∈E⊙

k
(A)

(
∏
i∈[n]

φi(ai)).[a1, . . . , an]


= { Q⊙

d on morphisms }∑
[a1,...,an]∈E⊙

k
(A)

(
∏
i∈[n]

φi(ai)).ε([a1, . . . , an])

= { definition of ε }∑
[a1,...,an]∈E⊙

k
(A)

(
∏
i∈[n]

φi(ai)).an

= { distribution axiom Proj(d) }

∑
an∈A

 ∑
[a1,...,an−1]∈E⊙

k
(A)

∏
i∈[n−1]

φi(ai)

φn(an).an

= { normalisation }∑
an∈A

Idφn(an).an

= { identity Id ∈ Proj(d) }∑
an∈A

φn(an).an

= { φn as a formal sum }
φn

= { definition of ε }
ε[φ1, . . . , φn]

Multiplication: For this verification, we will need to use the following the mixed product
property of the tensor product ⊗:

(E ⊗ F )(G⊗H) = EG⊗ FH (6.27)

To verify the multiplication axiom (6.23), consider [Ψ1, . . . ,Ψn] ∈ Ek(Q⊙
d (Q⊙

d′(A)):

µE⊙
k

(A) ◦Q⊙
d κ

d′ ◦ κdQ⊙
d′

([Ψ1, . . . ,Ψn])

= { definition of κd }

µE⊙
k

(A) ◦Q⊙
d κ

d′

 ∑
[φ1,...,φn]∈E⊙

k
(Q⊙

d′ (A))

(
∏
i∈[n]

Ψi(φi)).[φ1, . . . , φn]


= { Q⊙

d on morphisms }

µE⊙
k

(A)

 ∑
[φ1,...,φn]∈E⊙

k
(Q⊙

d′ (A))

(
∏
i∈[n]

Ψi(φi)).κd
′([φ1, . . . , φn])


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= { definition of κd′ }

µE⊙
k

(A)

 ∑
[φ1,...,φn]∈E⊙

k
(Q⊙

d′ (A))

(
∏
i∈[n]

Ψi(φi)).(
∑

[a1,...,an]∈E⊙
k

(A)

(
∏
i∈[n]

φi(ai)).[a1, . . . , an])


= { definition of µ }∑

[a1,...,an]∈E⊙
k

(A)

∑
[φ1,...,φi]∈E⊙

k
(Q⊙

d
(A))

(
∏
i∈[n]

Ψi(φi)⊗
∏
i∈[n]

φi(ai)).[a1, . . . , an]

= { equation (6.27) }∑
[a1,...,an]∈E⊙

k
(A)

∑
[φ1,...,φi]∈E⊙

k
(Q⊙

d
(A))

(
∏
i∈[n]

Ψi(φi)⊗ φi(ai)).[a1, . . . , an]

= { definition of κdd′ }

κdd
′ [

∑
φ1∈Q⊙

d′ (A)

∑
a1∈A

(Ψ1 ⊗ φ1(a1)).a1, . . . ,
∑

φn∈Q⊙
d′ (A)

∑
an∈A

(Ψn ⊗ φn(an)).an]

= { definition of µA }

κdd
′ [µ(Ψ1), . . . , µ(Ψn)]

= { E⊙
k on morphisms }

κdd
′ ◦ E⊙

k (µ)[Ψ1, . . . ,Ψn]

Comultiplication: To verify the comultiplication axiom (6.24), consider [φ1, . . . , φn] ∈
E⊙
k (Q⊙

d (A)):

κdQ⊙
d
◦ E⊙

k (κd) ◦ δQ⊙
d

([φ1, . . . , φn]) = κdQ⊙
d
◦ E⊙

k (κd)([[φ1], [φ1, φ2], . . . , [φ1, . . . , φn]])
= κdQ⊙

d
([κd([φ1]), . . . , κd([φ1, . . . , φn])])

Using the notation φiφiφi = [φ1, . . . , φi] and φjφjφj([a1, . . . , aj]) = ∏
i∈[j] φi(ai), we obtain the

following from the definition of κd:

κdQ⊙
d
◦ E⊙

k κ
d ◦ δQ⊙

d
([φ1, . . . , φn]) = κdQ⊙

d
([

∑
s=[a1]

φ1φ1φ1(s).s, . . . ,
∑

s=[a1,...,an]
φnφnφn(s).s])

=
∑

[s1,...,sn]∈E⊙
k

(E⊙
k

(A))

∏
(φiφiφi(si)).[s1, . . . , sn]

Let Si = {si = [a1, . . . , ai] ∈ E⊙
k (A) | φiφiφi(si) ̸= 0} and let T = {[s1, . . . , sn] | si ∈ Si}.

From the definition of φiφiφi, every term where [s1, . . . , sn] ̸∈ T is 0. Thus, we obtain that:

κdQ⊙
d
◦ E⊙

k (κd) ◦ δQ⊙
d

([φ1, . . . , φn]) =
∑

[s1,...,sn]∈T

∏
(φiφiφi(si)).[s1, . . . , sn]
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In T , there are two types of terms, independent terms [s1, . . . , sn] where for all i ∈ [n]\n,
si ⊑ si+1, and covariant terms [s1, . . . , sn] where for some i ∈ [n], si ̸⊑ si+1. Let Tx ⊆ T

and Tc ⊆ T denote the set of independent and covariant terms respectively. Using this
notation, we obtain that:

κdQ⊙
d
◦ E⊙

k (κd) ◦ δQ⊙
d

([φ1, . . . , φn]) =
∑

[s1,...,sn]∈Tx

∏
(φiφiφi(si)).[s1, . . . , sn]

+
∑

[s1,...,sn]∈Tc

∏
(φiφiφi(si)).[s1, . . . , sn]

For each element in c = [s1, . . . , sn] ∈ Tc, let ic be the least index such that sic ̸⊑
sic+1. Using the fact that projectors in φ1, . . . , φn are commeasurable, we can rearrange
the terms in product ∏

φiφiφi(si), such that the term φic(aic)φic+1(a′
ic), where aic is the

last element of sic and a′
ic is the penultimate element of sic+1, appears in the resulting

product. Since aic ̸= a′
ic and φic(aic), φic+1(a′

ic) are different projectors of the same PVM
φic , we have that, φic(aic)φic+1(a′

ic) = 000, and thus the product ∏
φiφiφi(si) is 0 for every

[s1, . . . , sn] ∈ Tc. Thus, we obtain that:

κdQ⊙
d
◦ E⊙

k (κd) ◦ δQ⊙
d

([φ1, . . . , φn]) =
∑

[s1,...,sn]∈Tx

∏
(φiφiφi(si)).[s1, . . . , sn]

Using the fact that the projectors in the PVMs φ1, . . . , φn are commeasurable and that
each t ∈ Tx is of the form t = δ([a1, . . . , an]) where for all i ∈ [n], φi(ai) ̸= 0, we can
rearrange the terms in the sum over Tx and obtain that:

κdQ⊙
d
◦ E⊙

k (κd) ◦ δQ⊙
d

([φ1, . . . , φn])

=
∑

[s1,...,sn]∈Tx

∏
i∈[n]

(φi(ai))2.[s1, . . . , sn]

=
∑

[a1,...,an]∈Sn

∏
i∈[n]

(φi(ai))2.δ([a1, . . . , an])

=
∑

[a1,...,an]∈Sn

∏
i∈[n]

φi(ai).δ([a1, . . . , an])

= Q⊙
d (δ)

 ∑
[a1,...,an]∈Sn

∏
i∈[n]

φi(ai).[a1, . . . , an]


= Q⊙
d (δ) ◦ κd([φ1, . . . , φn])

Remark 6.3.13. The verifications that κd satisfies the counit and comultiplication di-
agrams in Proposition 6.3.12, in particular, establish that for every d > 0, there is a
coKleisli law of E⊙

k over Q⊙
d . Thus, we may apply the abstract morphism (Theorem 5.2.2)
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and isomorphism FVM theorem (Theorem 5.2.2) to demonstrate that Qd preserves the
⇛FOk and ≡FOk relations, respectively. This is not a direct application, but involves
using the the relative-liftings of E⊙

k ,Q⊙
d along the functor R : Struct(σ)→ Struct⊙(σ).

With this distributive law in place, we can compose morphisms of type EkA → QdB using
the expression from biKleisli composition in equation (6.5). This is rather interesting since
a biKleisli morphism EkA → QdB can either be interpreted as a ‘quantum strategy for
Duplicator in ∃+EFk(A,B)’ or as ‘quantum perfect strategy in a homomorphism game
with Spoiler’s contexts in ∃+EFk(A,B)’. Finding a recipe for composing strategies across
these two types of games, given their non-categorical definitions would likely have been
difficult task without the use of (co)monads. Furthermore, as the no-go theorem from
the previous section indicates, these similar compositions are by no means guaranteed.
Exploring how the existence of this distributive law could be used to address questions
in quantum finite model theory is outside the scope of this thesis, but will be explored in
the forthcoming work [56] with my co-author Amin Karamlou.
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Chapter 7

Conclusion

The paper Relating Structure and Power [13] demonstrated that the encoding of pebble
games in finite model theory, as comonad over relational structures, first discovered by
Abramsky, Dawar, and Wang in [5], was not simply coincidence, but one instance of the
wider phenomena of model comparison game comonads. However, this paper did more
than just provide an impetus for the game comonads research program, it also articulated
and cast the program as a part of a wider vision of unifying two research strands within
Logic in Computer Science:

Power: This strand uses logic to resolve questions of expressive power and algorith-
mic complexity in databases, constraint satisfaction, artificial intelligence, and
computer-assisted verification.

Structure: This strand studies semantics and compositionality in logic to facilitate the
creation of bug-free, correct, and modular software systems.

The goal of unification is to reap benefits to both strands.

For the Power strand, structural tools provide a perspective that organises, generalises,
and reformulates common arguments employed across different concrete problems.
This birds-eye view opens avenues to discover new variations of old results and new
instances of common constructions.

For the Structure strand, tailoring structural abstractions to these concrete problems
provide new challenges and motivate questions about these abstractions that drive
their further development.

Model comparison game comonads are instance of this vision by drawing a connection
between (finite) model theory, exemplifying power, and categorical semantics, exempli-
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fying structure. It is my belief that the contributions documented in this thesis provide
evidence that both these benefits have emerged from the game comonads program.

7.1 Summary of work

Second-order logics via relative-liftings In Section 3.3 of Chapter 3, we demon-
strated how a relative-lifting of the Ehrenfeucht-Fräıssé comonad could be used to capture
equivalences in logics with equality. This technique of relative-lifting is not limited to
providing an interpretation for equality but for any interpretation that is functorial. In
particular, we showed how use relative-lifting to provide interpretations for first-order
logic with a connectivity predicate. By upgrading the Ehrenfeucht-Fräıssé comonad to
the multi-sorted setting, we used this technique to obtain a relative comonad which cap-
tured equivalence in monadic second-order logic.

Linear arboreal covers In Chapter 4, we strengthened the axioms of arboreal cate-
gories to exclude ‘branching’ behaviours. We also showed that the any arboreal category
C satisfying a strong connectedness condition has a linear arboreal subcategory CL. The
linear arboreal subcategory CL is related to C via right adjoint T : CL → C. Utilising this
right adjoint, we demonstrated how to derive a linear arboreal cover from an arboreal
cover, and thus obtain linear variants of game comonads. These linear variants of game
comonads ‘linearise’ the branching behavioural relations native to C. This axiomatic
work motivated by generalising the passage from the pebbling comonad Pk of to its linear
variant PLk , i.e. the pebble-relation comonad from [68]. Through this example of the
linear pebble comonad PLk , we showed how these linear behavioural relations are related
to all-in-one variants of the model comparison games. These all-in-one games capture
restricted conjunction fragments of ∃+Lk and ∃Lk, and the restriction conjunction with
global counting fragment of #Lk. Moreover, we showed that just as Pk-coalgebras en-
code the data of a tree decomposition of width < k, PLk -coalgebras encode the data of a
path decomposition of width < k. Thus, yielding a coalgebraic definition of pathwidth.
Through the example of the linear modal comonad ML

k , we showed how the ‘branching’
relations of simulation, property-preserving simulation, bisimulation, and graded count-
ing bisimulation can be uniformly ‘linearised’ into trace inclusion, labelled trace inclusion,
labelled trace equivalence, and bijective trace equivalence.

FVM theorems via coKleisli laws In Chapter 5, we investigated given (products
of) game comonads S,T, how distributive laws of type κ : SF → FT reproduce FVM
theorems for functorial operations F . First, we proved that merely having a ‘discrete’
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natural transformation of type κ : TF → FS is sufficient to obtain a FVM theorem for the
positive-existential fragments ∃+J of logics J captured by arboreal covers associated to
game comonads in the product S = ∏

i∈I Si and T. Second, we proved how if κ satisfied the
axioms of coKleisli law then this was sufficient to obtain a FVM theorem for extensions
of J by counting quantifiers #J . We discussed the conditions in [52] that κ and F must
satisfy in order to obtain a FVM theorem for the existential ∃J and full fragments J .
These abstract FVM theorems were illustrated by recovering classical FVM theorems for
coproduct operations. We also applied these theorems to the algebraic operations used to
build structures of bounded clique-width. In the case where F was the identity functor on
either Struct(σ) or Struct⋆(σ), we semantically recovered translations between the logics
associated with game comonad T to the logic associated with game comonad S.

Comonad-monad distributive laws, negative and positive In Chapter 6, we con-
tinued our investigation of distributive laws by focusing on the case where the comon-
ads C = D = W were the same and F was the underlying functor M of a monad
(M, η, µ) satisfying additional coherence axioms with the unit η and multiplication µ of
M . This investigation was motivated by the question of whether there existed a graded
comonad-monad distributive law κ : EkQd → QdEk where Qd is the quantum monad over
Struct(σ) from [4]. The search for such a distributive law lead us to prove a general no-
go theorem demonstrating that there cannot exist any comonad-monad distributive law
ρ : WM →MW for wide class of comonads W ∈ CW and monads M ∈ CM over Set. The
class of CW is all directed containers that are not coreader comonads, or equivalently, all
polynomial comonads which are not linear. The class of CM is all monads which contain a
‘uniform distribution’ of size ≥ 2. As a corollary, we showed there are no distributive law
of the k-round EF or k-pebble comonads over the extension of the discrete probability
distribution monad to Struct(σ) from Adam Connolly’s PhD thesis [26]. By contrast, we
exhibited a distributive law κ : E⊙

k Q⊙
d → Q⊙

d E⊙
k for versions of E⊙

k and Q⊙
d tailored to

σ-structures with a reflexive, symmetric commeasurability relation. These distributive
laws were based on a distributive law of the prefix list comonad κ : N+DE → DEN

+ over
the distribution monad of the ‘single measurement semiring’ E. This illustrated that the
one of the key properties which enables a distributive law of E⊙

k over Q⊙
d , in contrast to

its classical cousin DR≥0 , is the arithmetic of projector-valued measurements involved in
the definition of Q⊙

d .
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7.2 Further directions

We conclude this thesis by mentioning important questions that arose from this research
and suggest directions of further inquiry.

Categorical definition of branch bijective, injective, surjective games In Sec-
tion 3.1.2 about the abstract games from [10], we exhibited the games ∃+

Pebk(A,B),
∃Pebk(A,B), and Pebk(A,B) as instances of abstract path matching games ∃+

G(X, Y ),
∃G(X, Y ), and G(X, Y ) which were defined for any pair of objects X, Y in an arboreal
category C. We also showed that #Pebk(A,B) is equivalent to isomorphism between free
coalgebras Rk(A), Rk(B) in RP

k (σ). Can we define an abstract bijective game #G(X, Y )
which provides an ‘operational’ definition of isomorphism in any arboreal category C sim-
ilar to how ∃+

G(X, Y ) provides a definition of morphism? One key restriction of bijective
games is that only coincide with equivalence in a logic extended with counting quanti-
fiers if the structures are finite. Does this mean that #G(X, Y ) can only be defined on
locally-finitely presentable (lfp) arboreal categories as in [76]? Isomorphism in locally-
finitely presentable categories, where each object is a filtered colimit of compact/finite
objects, are characterised in terms of so-called ‘confluent sequences’ between the filtered
cocones that present an object [66]. The definition of confluent sequence was inspired by
back-and-forth model comparison games. Could a Duplicator winning strategy in an ab-
stract bijective game #G(X, Y ) for an lfp arboreal category C be described as a confluent
sequence between the path embedding cocones that generate X and Y in C? Further-
more, in the paper [25], and in Adam Connolly’s PhD thesis [26], for every n, k > 0, the
‘Hella’ game comonad Hk,n was defined so that isomorphism in the Kleisli category char-
acterised equivalence in k-variable logic extended with all n-ary generalised quantifiers
Lk(Qn). The isomorphism power theorem for Hn,k was proved via looking at a n-ary ex-
tended version of the bijective k-pebble game. As an instance of the investigation in [25],
variants of this game, where f was weakened to be surjection or injection, were shown to
characterise the at least counting quantifier ∃≥n fragment of #Lk and universal fragment
of Lk. Can we similarly define the abstract branch-injective and branch-surjective games
in C? What are the morphisms or constructions, e.g. pathwise embeddings, spans, etc.
in an arboreal category C which correspond to these games?

Relative comonads which are not relative-liftings In Section 3.3 of Chapter 3,
we demonstrated how lifting a game comonad C to a relative comonad C◦J for a functor
J enables the study of equivalence in logics where symbols carry with them the intended
interpretation picked out by the functor J . However, not every relative comonad defined
as in Definition 2.3.1 is obtained by lifting of an ordinary comonad. Are there relative
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comonads which are not obtained through a relative-lifting of game comonad that could
be used to characterise equivalence in other logics?

Other (weak) adjoint constructions to capture different equivalences In Sec-
tion 4.1.1, we constructed an adjunction I ⊣ T from an arboreal category C whose
objects are strongly connected to linear arboreal subcategory CL whose objects and mor-
phisms exclude ‘branching behaviour’. We saw how that generalised forms of simulation,
property-preserving simulation, bisimulation and counting bisimulation native to C were
transformed into their linear variants trace inclusion, labelled trace inclusion, labelled
trace equivalence, and bijective trace equivalence in CL. Further, in the case where only
restricted to objects without branching behaviour, we obtained a weak adjoint Iq ⊣ T q

from an arboreal category to a quasi-linear arboreal category CqL. Illustrated with the
example 4.2.3, we also obtained a categorical characterisation of complete trace equiv-
alence. This reveals that by composing an arboreal cover E by C with (weak) adjoint
functors on an arboreal category C, we can obtain additional behavioural equivalences to
the ones in Definition 3.1.19. What other (weak) adjoint functors on C exist that capture
additional equivalences in fragments of the logic J associated to C?

FVM theorems for operations with structures on indexing sets In Chapter 5,
we showed how considering coKleisli laws of game comonads over functors could recover
FVM theorems and logical translations. FVM theorems demonstrate when a operation
combining multiple structures preserves logical equivalence or maps equivalence in some
logic to equivalence in another logic. However, the original results of Feferman and Vaught
in [35] were more general by involving operations that had structure on the indices of the
input to an operation. Chapter 5 only recovered the case where the indices are a set, i.e.
have no structure. How do we recover these more general Feferman-Vaught-Mostowski
theorems?

No-go theorems for probability monads In Section 6.2.2, we proved that for
any non-linear polynomial Set-comonad, i.e. directed container which is not a coreader
comonad, does not have a distributive law over any Set-monad with a meaningful notion
of ‘uniform sampling’. The primary example of such a monad is the discrete probability
distribution monad DR≥0 . However, DR≥0 is only the most rudimentary example of a
‘probability monad’ investigated in probabilistic programming semantics [39, 46]. Typ-
ically, probability monads are defined over categories where objects have some amount
of topological structure. For instance, the Giry monad over measure spaces [42], the
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Radon monad over compact Hausdorff spaces, and the Borel measure monad on topo-
logical spaces [39]. On the other hand, directed containers can be defined over a wide
class of categories [1]. Is there way to extend our no-go theorem to categories equipped
with a probability monad and have sufficient structure to define directed containers?
The Kleisli category for each of these probability monads are Markov categories [38].
In Markov categories, objects are equipped with a comonoidal structure. In particular,
this means that each object X has an associated copyX : X → X ⊗ X morphism. De-
terministic morphisms f : X → Y , i.e. morphisms that do not exhibit any probabilistic
behaviours, are then axiomatised as morphisms which commute with the copy morphism,
i.e. copyY ◦ f = (f ⊗ f) ◦ copyX . In our proof of the no-go theorem, the failure of the
comultiplication axiom for a distributive law of N+ over DR≥0 amounts to a failure of
the uniform distribution on two elements to commute with the comultiplication for any
polynomial comonad which involves ‘copying’, i.e. is non-linear. Can the characterisation
of non-deterministic morphisms in Markov categories as not commuting with copy maps
be used to generalise our no-go theorem to other probability monads?

Decidable first-order logic via structure theory of arboreal covers One of the
first theorems during the emergence of mathematical logic and computer science in the
early 20th century proved that the satisfiability problem for first-order logic is undecid-
able. By contrast, the satisfiability problem for the much less expressive modal logic,
which we can consider as a fragment of first-order logic via a standard translation, is de-
cidable. Thus, since the field’s inception, practitioners have been searching for fragments
of first-order logic which are decidable, but more expressive than the modal fragment. In
fact, the holy grail of this research program is to characterise the most expressive fragment
of first-order logic with a decidable satisfiability problem. Much of this work has been
guided by proving decidable satisfiability problem for fragments which generalise features
of the modal fragment, for instance the two-variable fragment, guarded fragments, and
variable ordered fragments. These fragments seem to correlate with arboreal covers which
exhibit stronger structural properties, e.g. the arboreal cover capturing modal logic is a
coreflection and the arboreal cover capturing guarded logic satisfies the bisimilar com-
panion property articulated in [11]. By contrast, arboreal covers which do not satisfy this
property seem to correlate to expressive, but undecidable, fragments. Indeed, as Section
6 of the survey paper [2] formulates, we should be able to use the structural properties of
arboreal covers to classify the expressive power of logical fragments. Could a “tame-vs-
wild” structure theory of arboreal covers shed light on characterising the most expressive
fragment of first-order logic which has decidable satisfiability problem? As first step
towards this connection, we note that one of the techniques to show that a first-order
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fragment is decidable is to prove that the fragment has a so-called ‘tree-model property’.
Can the tree-model property be formalised abstractly in terms of arboreal categories and
covers?
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Appendix A

Multi-sorted model theory

Definition A.0.1. A S-sorted binary relation γ from A to B is an S-indexed family of
subsets γs ⊆ As ×Bs

Definition A.0.2. Let I ⊆ S. A S-sorted binary relation γ from A to B is a partial
function on I if for all s ∈ I and a ∈ As, (a, b1), (a, b2) ∈ γs ⇒ b1 = b2.

Definition A.0.3. Given a S-sorted binary relation from A to B, the converse relation
γc is a S-sorted binary relation from B to A such that:

(a, b) ∈ γs ⇔ (b, a) ∈ γcs ⊆ Bs × As

Definition A.0.4. An element a⃗ = (a1:s1, . . . , an:sn) ∈ As1 × · · · × Asn is said to be
A-vector of sort type ⟨s1, . . . , sn⟩.

Definition A.0.5. A S-sorted signature σ is a set of relational symbols R ∈ σ, each with
an associated arity given by a finite tuple ⟨s1, . . . , sm⟩ of elements in S.

Definition A.0.6. An S-sorted σ-structure A has universe given by an S-sorted set A,
and interpretations

RA ⊆ As1 × · · · × Asm

for every relational symbol R ∈ σ with arity ⟨s1, . . . , sm⟩.

Similarly to the single-sorted case, a σ-homomorphism is given by relation preserving
S-sorted function.

Definition A.0.7. An S-sorted σ-morphism h : A → B is a S-sorted function h : A→ B

such that for every relational symbol R ∈ σ of arity ⟨s1, . . . , sm⟩,

RA(a1:s1, . . . , am:sm)⇒ RB(h(a1:s1), . . . , h(am:sm))

for all a1:s1, . . . , am:sm ∈ A.
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We will write StructS(σ) for the category S-sorted σ-structures and σ-morphisms.

The syntax of S-sorted first-order logic with equality on I in relational signature σ,
FOI,S(σ) can be defined recursively. We present this syntax in pseudo-BNF form. We as-
sume, for every sort s ∈ S, we have an infinite supply of variables x1:s, x2:s, . . . ,y1:s, y2:s, . . . ,etc.
The assumption is that when instantiated over S-sorted universe A, x:s varies over the
set As. For every vector of variables x⃗ = (x1:s1, . . . , xn:sn), we define formulas in J (x⃗)
recursively:

ϕ(x⃗) ::= t1:s = t2:s (s ∈ I)
| R(t1:s1, . . . , tr:sr) (R of arity ⟨s1, . . . , sr⟩)
| ¬ϕ(x⃗)
| ϕ1(x⃗) ∧ ϕ2(x⃗) | ϕ1(x⃗) ∨ ϕ2(x⃗)
| ∀y:sϕ(y:s, x⃗) | ∃y:sϕ(y:s, x⃗)

Finally, in order to define the winning conditions for the model comparison games in this
multi-sorted setting, we will need the following definitions.

Definition A.0.8. Given S-sorted σ-structures A,B with universe A,B (respectively),
we say that S-sorted binary relation γ from A to B is a σ-correspondence if, for all R ∈ σ
with arity ⟨s1, . . . , sn⟩,

RA(a1, . . . , an)⇒ RB(b1, . . . , bn)

whenever (a1, b1) ∈ γs1 , . . . , (an, bn) ∈ γsn .

Definition A.0.9. If γ is a σ-correspondence, from A to B, and γc is a σ-correspondence
from B to A, then γ is a tight σ-correspondence from A to B

Definition A.0.10. Given a subset I ⊆ S of sorts, a σ-correspondence γ from A to B is
also a partial function on I is a partial σ-morphism on I.

Definition A.0.11. If γ and γc are partial σ-morphisms on I, then γ is a partial σ-
isomorphism on I.

Equivalently, γ is a partial σ-isomorphism on I if it is a tight σ-correspondence and
γs is a partial injective function for all s ∈ I ⊆ S. We now prove the Ehrenfeucht-
Fräıssé theorem for S-sorted first-order logic. We extending the notation from single-
sorted σ-structures and let (A, a⃗) denote a S-sorted σ-structure with a distinguished
choice of parameters a⃗ = (a1:s1, . . . , an:sn) of sort type s = ⟨s1, . . . , sn⟩. The structure
(A, a⃗) can be equivalently thought of as the σ-structure A in an extended signature
with constants of sort type s. In order to obtain an easy inductive proof, we will prove
the Ehrenfeucht-Fräıssé theorem for these σ-structures choice of parameters a⃗ which
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provide interpretations for free variables in a S-sorted formula . Given two vectors a⃗ =
(a1:s1, . . . , an:sn) of b⃗ = (b1:s1, . . . , bn:sn) of the same sort type in A and B, respectively,
we use γ(⃗a, b⃗) to denote the S-sorted partial function such that ai 7→ bi.

Definition A.0.12. Given S-sorted σ structures with distinguished vectors of the same
sort type (A, a⃗), (B, b⃗), the k-round S-sorted Ehrenfeucht-Fräıssé game EFI

k((A, a⃗), (B, b⃗))
with equality on I sorts is played between two players, Spoiler and Duplicator. In each
round i ≤ k,

• Spoiler chooses a sort si ∈ S and element ai ∈ Asi
or bi ∈ Bsi

.

• Duplicator responds with an element bi ∈ Bsi
or ai ∈ Asi

in the other structure’s
si sort.

Duplicator wins round i, if the following S-relation γi, defined component-wise,

γi,s = γ(⃗a, b⃗)s ∪ {(aj, bj) | for sj = s and j ≤ i}

is a partial isomorphism on I of S-sorted σ-structures from A to B.

Theorem A.0.13. The following are equivalent for all σ-structures A,B with parameters
a⃗, b⃗ of the same sort type s:

(1) Duplicator has a winning strategy in EFk((A, a⃗), (B, b⃗))

(2) (A, a⃗) ≡FOk (B, b⃗)

Proof. (1) ⇒ (2) We prove the statement by induction on k. Suppose k = 0 and that
Duplicator has a winning strategy in EF0((A, a⃗), (B, b⃗)). By the winning condition,
the relation γ = γ(⃗a, b⃗) is a partial isomorphism. Hence, from the definition of partial
isomorphism, a⃗ and b⃗ satisfy the same quantifier-free formulas in A and B, respectively.

For the inductive step, suppose Duplicator has a winning strategy in EFk+1((A, a⃗), (B, b⃗))
and consider the sentence ϕ of rank k+1. It follows from the definition of quantifier rank,
that every sentence ϕ of rank k + 1 is a Boolean combination of sentences of the form
∃y:sψ(y:s) for sort s ∈ S where ψ is a formula of rank ≤ k. Hence, by recursion on the
construction of formulas ϕ(x⃗), it suffices to only prove that (A, a⃗) ⊨ ϕ(x⃗)⇔ (B, b⃗) ⊨ ϕ(x⃗)
for ϕ = ∃y:sψ(y:s, x⃗).

Suppose (A, a⃗) ⊨ ∃y:sψ(y:s, x⃗), then there exists some a ∈ As, such that (A, aa⃗) ⊨ ψ(y:s, x⃗).
Consider the EFk+1((A, a⃗), (B, b⃗)) game where Spoiler plays s ∈ S and a ∈ As in the first
round. Let Duplicator’s response be b ∈ Bs according to her winning strategy. Duplicator
then has a winning strategy in the EFk((A, aa⃗), (B, b⃗b)) game by playing according the
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subsequent k moves of the EFk+1((A, a⃗), (B, b⃗)) game. Hence, by the inductive hypothe-
sis, we have that for all σ formulas ϕ′(y:s, x⃗) of rank ≤ k, (A, a) ⊨ ϕ′(y:s, x⃗) ⇔ (B, b) ⊨

ϕ′(y:s, x⃗). In particular, (B, b⃗b) ⊨ ψ(y:s, x⃗). Hence, B ⊨ ∃y:sψ(y:s, x⃗). A symmetric
argument establishes that B ⊨ ∃y:sψ(y:s)⇒ A ⊨ ∃y:sψ(y:s).

(1)⇒ (2) We prove the statement by induction on k. For k = 0, a⃗ and b⃗ satisfy the same
atomic and negated atomic formulas in A and B proving that γ is a partial isomorphism.

For the inductive step, assume (A, a⃗) and (B, b⃗) satisfy the same formulas of rank k + 1.
We need to show that Duplicator has a winning strategy in the EFk+1((A, a⃗), (B, b⃗)) game.
Suppose, in the first round of k + 1, Spoiler chooses s ∈ S and a ∈ As. By σ having
finitely many relational symbols and k finite, there is finite collection of in-equivalent for-
mulas φ1, . . . , φM of rank k with variables (y:s, x:s1, . . . , x:sn) satisfied by aa⃗, i.e. (A, aa⃗) ⊨
φi(y:s, x⃗) where x⃗ = (x:s1, . . . , x:sn). Hence, (A, a⃗) ⊨ ∃y:s(∧

i≤M φi(y:s, x⃗)). The sentence
∃y:s(∧

i≤M φi(y:s, x⃗)) has rank k + 1, so by the supposition, B ⊨ ∃y:s(∧
i≤M φi(y:s, x⃗)).

Therefore, there exists a b ∈ Bs witnessing the existential quantifier ∃x:s; and so Duplica-
tor responds with this b ∈ Bs. By construction, (A, aa⃗) ⊨ φ(y:s, x⃗)⇔ (B, b⃗b) ⊨ φ(y:s, x⃗)
for all σ formulas of rank ≤ k. By the inductive hypothesis, Duplicator has a winning
strategy in the EFk((A, aa⃗), (B, b⃗b)) game. Therefore, Duplicator proceeding in the sub-
sequent k moves of EFk+1((A, a⃗), (B, b⃗)) according to the moves of EFk((A, a), (B, b))
yields a winning strategy for EFk+1((A, a⃗), (B, b⃗)).

Proposition A.0.14. For all σ-structures A,B,

A ≡MSOk(σ) B if and only if J∈(A) ≡FOI,S
k J∈(B).

Proof. To simplify our reasoning we fix an enumeration of the the four types of variables
we have encountered thus far. We enumerate the ordinary and set variables of MSO(σ),
respectively, as

x1, x2, x3, . . . and X1, X2, X3, . . .

Similarly, we enumerate the f -sorted and s-sorted variables of FOI,S(σ), respectively, as

y1:f , y2:f , y3:f , . . . and z1:s, z2:s, z3:s, . . .

This allows us to write translations between the two types of formulas as follows. Let
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F : MSO(σ)→ FOI,S(σe) be defined inductively as follows

F (xi ∈ Xj) = e(yi, zj)
F (xi = xj) = yi:f = yj:f

F (R(xi1 , xi2 , . . . , xin)) = R(yi1 , yi2 , . . . , yin)
F (φ ∧ ψ) = F (φ) ∧ F (ψ)
F (¬φ) = ¬F (φ)

F (∃xi φ) = ∃ yi:f F (φ)
F (∃Xi φ) = ∃ zi:f F (φ)

Similarly, we obtain a translation in the other direction M : FOI,S(σe) → MSO(σ)
defined by

M(e(yi, zj)) = xi ∈ Xj

M(yi:f = yj:f) = xi = xj

M(R(yi1 :f , yi2 :f , . . . , yin :f)) = R(xi1 , xi2 , . . . , xin)
M(φ ∧ ψ) = S(φ) ∧ S(ψ)
M(¬φ) = ¬S(φ)

M(∃ yi:f φ) = ∃xi S(φ)
M(∃ zi:sφ) = ∃Xi S(φ)

By induction on the complexity of formulas, using the standard semantics, we can show
that for all φ ∈MSO(σ), A ⊨ φ⇔ J(A) ⊨ F (φ) and conversely, for all φ ∈ FOI,S

k (σe),
A ⊨M(φ)⇔ J(A) ⊨ φ.
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[42] Michèle Giry. A categorical approach to probability theory. In Categorical aspects of
topology and analysis (Ottawa, Ont., 1980), volume 915 of Lecture Notes in Mathe-
matics, pages 68–85. Springer, Berlin, 1982.

[43] Martin Grohe. Counting bounded tree depth homomorphisms. In Proceedings of the
35th Annual ACM/IEEE Symposium on Logic in Computer Science (LICS). ACM,
July 2020.

186



[44] Lauri Hella. Logical hierarchies in ptime. Information and Computation, 129(1):1–
19, 1996.

[45] Matthew Hennessy and Robin Milner. On observing nondeterminism and concur-
rency. In Proceedings of the 7th Colloquium on Automata, Languages and Program-
ming, page 299–309, Berlin, Heidelberg, 1980. Springer-Verlag.

[46] Chris Heunen, Ohad Kammar, Sam Staton, and Hongseok Yang. A convenient cat-
egory for higher-order probability theory. In 2017 32nd Annual ACM/IEEE Sympo-
sium on Logic in Computer Science (LICS). IEEE, jun 2017.

[47] Neil Immerman. Upper and lower bounds for first order expressibility. Journal of
Computer and System Sciences, 28:76–98, 1982.

[48] Neil Immerman and Eric Lander. Describing graphs: A first-order approach to graph
canonization. Springer, 1990.

[49] Bart Jacobs. Semantics of weakening and contraction. Annals of Pure and Applied
Logic, 69(1):73–106, 1994.
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[52] Tomáš Jakl, Dan Marsden, and Nihil Shah. A categorical account of composition
methods in logic. In 2023 38th Annual ACM/IEEE Symposium on Logic in Computer
Science (LICS), pages 1–14, Los Alamitos, CA, USA, jun 2023. IEEE Computer
Society.
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