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Abstract The stability of an inextensible unshearable elastic rod with quadratic strain energy density subject to
end loads is considered. We study the second variation of the corresponding rod-energy, making a distinction be-
tween in-plane and out-of-plane perturbations and isotropic and anisotropic cross-sections respectively. In all cases, we
demonstrate that the naturally straight state is a local energy minimizer in parameter regimes specified by material
constants. These stability results are also accompanied by instability results in parameter regimes defined in terms of
material constants.
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1 Introduction

The buckling of rods under loads is the archetypical stability problem in continuum mechanics, dynamical systems,
and bifurcation theory. First described by Euler for the case of a beam under compressive force [10,11], the general
problem of stability of elastic structures under loads and constraints is a major topic in continuum mechanics of great
technological importance [4]. There are essentially three methods to approach the problem of stability in rods. First, we
have the method of static bifurcation as originally used by Michell [23,15] and Timoshenko [26]. This method consists
in identifying values of a parameter (the control parameter) for which the linearised system (around a reference state)
admits a non-trivial solution. This is accompanied by the assumption that the reference state of the system loses
stability with respect to a bifurcating branch at the critical control parameter. This method can be easily applied to
many systems with great success, leading to a simple and elegant way for developing some insight into possible behaviors
of rods. However, it fails both in providing rigorous results (there is, in general, no basis for the assumed stability of
the new branch) and in handling more complicated situations (for instance the case of a follower tangential load on
a rod proposed by Beck [5] cannot be properly analyzed by a static bifurcation study). For these non-conservative
problems, the dynamical bifurcation method is more appropriate. Within the framework of this second method, one
studies the time evolution of small perturbations around both the trivial and bifurcated solutions for the linearized
problem[28,1,17]. The spectrum of the linearized operator provides information about the exponential instability of
some of these solutions which, for some prescribed dynamics, can yield rigorous results [6]. The third approach is a
variational approach whereby we describe stable equilibria as local minimizers of a suitably defined elastic energy [7].
There are necessary and sufficient criteria for stability in terms of the second variation of the elastic energy [21] e.g.
Jacobi’s condition, Legendre’s condition and these have been successfully applied to a large class of nonlinear rods [22].

While it is usually the trend to generalise methods and systems, we run the risk of not seeing the tree for the forest.
Here, we present a self-contained proof for the stability of a naturally straight, inextensible, unshearable rod in the
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Fig. 1 A depiction of the type of rod geometry considered. The equilibrium configuration is shown in (a). The applied loads
Fx are represented by bi-directional arrows, to indicate tension or compression. A moment pair used to apply a left-handed
end-rotation M is also shown. A curve drawn out by the vector di(s) is shown on the surface, indicating the uniform twist of
the equilibrium solution we study. An example of the type of perturbation considered is shown in (b). The tangent vector ds
points along % at the end points and the force is considered to act at the rod’s ends along %x. The center-line of the equilibrium
configuration is aligned with the % axis, as shown in (c).

(z, y)-plane, with a quadratic strain-energy density, under tension and controlled end-rotation. This problem is of great
interest in the study of single-molecule DNA experiments [14]. As a stability problem, similar systems were first studied
by Greenhill [18] and revisited by many authors through the method of static bifurcation or linear stability analysis
[28]. We address the question of stability by studying the second variation of the strain energy directly i.e. without
appealing to either Legendre or Jacobi conditions or conjugate point methods. We formulate the stability problem in
terms of Euler angles (6, ¢, 1) (similar examples can be found in [21]) and by means of a direct computation, show that
the energy density is strictly convex with respect to the first derivatives provided that the polar singularities, § = 0
and 0 = m, are not encountered. The strict convexity allows us to infer the local energy minimality of the naturally
straight state from the positivity of the second variation [3,19]. We use integral inequalities e.g. Wirtinger’s inequality,
to obtain explicit upper and lower bounds for the critical tension F. in terms of the material parameters, rod-length
and end-rotation such that the rod is naturally straight for F' > F. and deforms for F' < F,.. For the case of a rod
with an isotropic cross-section and subject to in-plane perturbations, these bounds match and yield an exact formula
for the critical tension, which is simply the classical buckling result [25]. When we consider the fully three-dimensional
problem with out-of-plane perturbations, these bounds do not match as they also depend on the magnitude of the
controlled end-rotation, referred to as twist in the rest of the paper. We show that these methods can be readily
generalized to rods with anisotropic cross-sections and the picture is qualitatively unchanged. The paper is organized
as follows. We recall the main constituents of the elastic model in Section 2. In Section 3, we derive the governing
equilibrium Euler-Lagrange equations and in Sections 4.1 and 4.2, we analyze the stability of a naturally straight rod
with an anisotropic and isotropic cross-section respectively, in terms of the second variation of the strain energy. We
summarize our main conclusions in Section 5.

2 Preliminaries

Consider a naturally straight, uniform, inextensible and unshearable elastic rod. We work with a Kirchhoff rod under
the assumptions of hyper-elasticity (the existence of a strain energy density) and linear constitutive relations between
moments and Darboux curvature [20,21,2].



Fig. 2 A visualisation of the Euler angle rotations {6, ¢, %}, used to map the Cartesian basis {%X,¥,2} to the director basis
{d1,d2,ds}. First the Cartesian basis is rotated through an angle ¢ about z. A rotation of angle # about the image of the y
vector is then applied. This maps the vector z to d3. Finally a rotation of angle 1 is applied about d3 in order to obtain the
director basis.

The elastic rod is initially aligned along the X axis of a Cartesian basis {X,¥,2}. The rod is of fixed length L, is
clamped at both ends and subject to a controlled end-rotation characterized by a non-zero parameter M, referred to
as the twist parameter in the paper. An external force F', in the z-direction, is applied to both ends (see Figures 1(a)
and 1(c)). We parameterize the rod by an arc-length variable, s, where s € [0, L]. The state of the rod is specified by
its center-line, r(s) : [0, L] — R3, and a triad of orthogonal vectors known as directors: {d1,d2,ds} where d3 = %
the local tangent to the rod [21]. Collectively, the directors define a right-handed rod-centered co-ordinate frame that
relates the stressed and unstressed states of the rod. The director evolution along the rod is governed by the following

system of ordinary differential equations:

is

d;=Uxd; i=1,23 (1)

where U = (u1,u2,u3) is the Darboux vector, u1 and u2 are related to the curvature and geometric torsion of the
rod-axis and w3 measures physical twist [21] (see Figures 1(a) and 1(b)). We note that d; denotes the derivative of d;
with respect to s and this notation will be followed throughout the paper.

We close the system by introducing a strain energy density function W (u1,u2,u3) that is quadratic in the strain
components [8,9],

1
W (u1,uz,u3) = iUiMz‘jUa‘ i, =1,2,3, (2)

where we have used Einstein summation convention and M € M3*3 is a constant, positive-definite symmetric 3 x 3
matrix whose components can be related to the elastic constants of the rod. In particular, the positive-definiteness
requires that the diagonal elements, {Mll, Moa, M33}, are positive where M1, Mag2 are the bending rigidities and
M3s3 is the torsional rigidity respectively [21].

In what follows, we introduce a set of Euler angles {6(s), ¢(s),%(s)} € C* ([0, L];R) ( C* denotes the space of
continuously differentiable functions) to describe the orientation of the directors {d;(s)} with respect to the unstressed
state (see Figure 2). Following the conventions in [21], the strain components are given in terms of the Euler angles by

up = —¢/ sin 0 cos ¢ + 0 sin P,
ug = qﬁ/ sin @ sinvy + 0 cos 1,
usz = qﬁ/ cos@—!—d)l. (3)



The clamped boundary conditions translate into a Dirichlet boundary-value problem for 6(s), ¢(s) : [0, L] — R given
by

Y(L) =27 M, ()

for some non-zero integer M. The rod-energy is the sum of the strain energy (see (2)) and the potential energy as
shown below

L
5[9,¢,¢]=/() W (u1,u2,us) — F'sinf cos ¢ ds. (6)

In (6), the strain components are related to the Euler angles as in (3) and F' can be positive (stretching) or negative
(compressive). An equilibrium is defined to be a solution of the Euler-Lagrange equations associated with (6) and a
stable equilitbrium is a local energy-minimizer in the space of admissible variations.

The unstressed state of the rod corresponds to the naturally straight state Oo(s) = (0o(s), po(s),¥o(s)) defined

by
bo(s) =
Po(s) =

Sl

0<s< L,
0<s<L. (7)

The corresponding profile for 1o will be determined from the Euler-Lagrange equations in the next section. We note
that the first two strain components, u1 and w2, identically vanish for s € [0, L]. In the following sections, we consider
two questions (i) for what choices of the matrix M in (2) is the unstressed state an equilibrium state and (ii) for such
choices of M, when is the unstressed state a stable equilibrium and can we predict the onset of instabilities?

3 The Euler-Lagrange Equations

The energy density in (6) can be explicitly written in terms of the M;;’s in (2) as shown below
1
e [9, @, 1/}] = 5 {Mn’u,% + Mzzug + M33u§ + 2Miouius + 2Mi3uius + 2M23U2U3} — F'sin 0 cos ¢, (8)

where the u;’s are given in terms of the Euler angles in (3). All equilibria associated with the rod-energy (6) are
solutions of the following bulk Euler-Lagrange equations on the open interval 0 < s < L (see [12] for an exposition on
the methods in the calculus of variations):

sin @ [—Mi1u1 cos ¥ + Mazug sin ] + M3szus cos @ + +Mi2 sin 6 [ug sin ) — ug cos Y]

+Mi3 [u1 cos @ — uz sin € cos ] + Ma3 [uz cos @ + uz sinfsin] = F'sinfsin ¢ (9)

d
e [M3sus + Migur + Mazua)

= uiuz (M11 — Ma2) + M2 (u% — u%) + (Misug2 — Ma3ui)us, (10)

and

d
% [M11u1 Sinw + Mosus cosw + Mo (u1 COS’L/J + u2 sin ’Lﬁ) + Misus Sin’L/) + Ma3us cos ’(/)] =

= qb, cos 0 [Maauz sinty — M1iiuq cos ] — M33U3¢/ sinf — F cos 6 cos ¢ +
+M12¢/ cos @ (u1 sint — ug cosp) + M13¢/ (—u1sin@ — ug cos cos ) +
+M23¢/ (—u2 sin 6 + ug cos O sin 1) . (11)



We now address the question - for what choices of {Mi1, Moz, M3z, M12, M3, Ma3} is the unstressed state
defined in (7) an equilibrium state? We denote the Darboux vector associated with the unstressed state by Ug =

{Uw, u20, U30} with w10 = u20 = 0. We substitute w19 = u20 = 0 and 0p(s) = % for 0 < s < L into (10) to find

M3ssusz = constant (12)

i.e. the unstressed state has constant twist density us. Recalling that ¢o is a constant from (7) and the controlled
end-rotation boundary conditions (5), we necessarily have that

/ 2w M
Po(s) = I
and hence,
¢d@:2mw% 0<s<L. (13)

However, (9) requires that

Moazuz sin g — Mi3usz cosog =0

since ¢o = 0, and this is clearly incompatible with (13). We deduce that the off-diagonal elements
Mis = Ma3 =0 (14)

for the unstressed state ©g = (o, $o,10) to be an admissible equilibrium. Physically the constraints (14) imply that
there is no coupling between bending and torsion.

Comment: We note that for the rod-energy (6) to have any straight equilibrium state characterized by 6(s) =
C1 and ¢(s) = Ca, for constants C1 and C2, we must have Mi3 = Maz = 0.

For a uniform rod with the director d3 aligned along the local tangent to the rod, we can WLOG take Mi2 = 0
[8]. This combined with (14) shows that it suffices to consider the diagonal rod-energy

L
Ep 0, d,¢] = /0 % (Au? + Bu3 + Cug) — F'sinfcos ¢ ds (15)

whilst studying the unstressed state ©g = (0o, ¢o,10) defined in (7) and (13) above. Here, A, B,C' > 0 are material-
dependent constants. If A # B, then the rod has an anisotropic cross-section whereas if A = B, then the rod
cross-section is isotropic [21]. We refer to the A # B case as the anisotropic case and to the A = B case as the
isotropic case in what follows. In the anisotropic case, we can always assume that

A<B (16)

and this convention will be followed in the rest of the paper [16].

For completeness, the Euler-Lagrange equations associated with the diagonal rod-energy in (15) are given below,

i —Auq sin @ cos ) + Bug sin0sin ¢ + Cus cos ] = F'sin 0 sin 17
d

s
C%?:uwﬂA—B) (18)

% [Aui sin®y + Bua cos ] =

= (b/ cos 6 [Bug siny — Auj cos )] — Cu;;(bl sin @ — F cos 6 cos ¢. (19)

We note that the corresponding equilibria do not have, in general, constant twist density us for A # B.



4 Stability Analysis
4.1 The Anisotropic Case

In the previous section, we demonstrated that the unstressed state ©¢ = (0o, ¢o, 10), in (7) and (13), is an equilibrium
state for the diagonal rod-energy in (15) for all choices of A, B,C' > 0. In what follows, we take M > 0 and treat (4)
and (5) collectively as a Dirichlet boundary-value problem for the Euler angles (6, ¢, 1). We first make the elementary
observation that the unstressed state is not globally energy-minimizing for large, compressive forces F' < 0 in (15).

Lemma 1 For F <0 and |F| sufficiently large, the planar equilibrium ©o(s) = (0o, ¢o, o) for s € [0, L], is not
a global minimizer for the rod-energy in (15), subject to the boundary conditions (4) and (5).

Proof: Recalling that 0o = 5,¢0 = 0 and vo(s) = 2rM 7, a direct computation shows that the rod-energy of the

unstressed state is given by

M2
Ep [6o, do, Yo] = 27207 + |F|L. (20)

We construct a function 6* : [0, L] — R subject to the clamped boundary conditions such that

D [0%, ¢0,%0] < ED (6o, do, ¥o] (21)

for |F| sufficiently large, thus proving the claim in Lemma 1. The function 6" is defined to be

L
5(1-%) 0<s<%
*
0" (s) = { & F<s< (22)
3L
2L T Ss<L

Comment: 0% in (22) is not continuously differentiable by construction. However, 8% can be approzimated by
continuously differentiable functions and this will not affect the energy estimates below.

The rod-energy of the triplet ©* = (8", ¢o,10) is bounded from above by -

L 2 *\ 2
s[5 s (25 o
L
+/0 %(%co 0 (s )+%) T |F|sin6"(s) ds (23)

since A < B from (16). Since ¢o(s) = 0 and to(s) = 2nM £ for s € [0, L], we have that

c [t d¢0 dl/)o o 2,20

From the explicit form of 6* in (22), we have

L/ de* 72
/0 ( Is ) ds = S and (24)
L
|F|sin 6% (s) ds <|F| LI G 3 (25)
o 2 8

Substituting the above into (23), we have that

" Bm C o3
gD[0’¢O’¢O]Sﬁ+2 M= +|F\ (l—l—smg). (26)

We deduce that (21) will be satisfied whenever

Br? 1 3m
6L _|F|L<1—§<1+sm§)>. (27)



This inequality is satisfied for large |F'| since (1 — % (1 + sin 3%)) > 0, hence proving the claim in Lemma 1. O

The next step is to address the question of stability of the unstressed state and study the interplay between the
elastic constants, twist, rod-length, and external force. To this end, we first recall a version of Weierstrass’ theorem for
one-dimensional problems [3,19,21]: consider the integral I(y) = f: f (z,y(w),y’ (ac)) dx where y/(z) = %, subject
to Dirichlet boundary conditions at the end-points x = a and © = b. The Weierstrass theory guarantees that if f is
smooth in its arguments, f,/,» > 0 i.e. f is strictly convex with respect to the gradient, then an equilibrium solution
u € C?[a,b] is a local energy minimizer if the second variation 62I[u] > 0. We can explicitly compute the 3 x 3
matrix, e[, ¢,¢],,/, where y/ = (9/, ¢/,¢/) and e[6, ¢,1] has been defined in (8). For completeness, the matrix

eld, o, w}y/y/ is given by

d?e de d%e
dg’?  do’de’ do’dy’
0 _ d’e d’e d’e
6[ ,(Zs,’(,[]]y/y/ = d0'dq§' d¢’2 dw/dd)/
d%e d’e d’e

Wiy Tid
For the unstressed state ©g defined in (7) and (13), this matrix is given by

Asin® 1o + B cos® 1o (B — A)sint)g cos g 0
T (©) = | (B — A)sing costho A cos? 1hg + Bsin® 1o 0
0 0 C

and one can directly check that
h;, T (Qo)ij h; = B (costoh1 + Sin'L/)()hQ)2 + A (sintoh1 — cos 1/}0h2)2 + C/’L% >0

for any non-zero vector h = (h1, ha, h3) € R3. This necessarily implies that the eigenvalues of the matrix, T (Op), are
postive. Hence, the energy density in (8) is strictly convex with respect to the first derivatives of the Euler angles in
a neighbourhood of the planar equilibrium @y and we can treat the positivity of the second variation as a sufficient
criterion for local energy minimality [19].

For the sake of illustration, we repeat the same computation for the polar singularity 8 = 0 i.e. compute the 3 X 3

matrix, e [0, ¢,v],/,/, where yl = (9/, d)/, 1//), with @ = 0. The corresponding matrix is given by

Asin® 1)+ Beos®y 0 0
T (0) = 0 ccC
0 cc

so that
h,T (0),, hy = (A sin? ¢ + B cos® u;) K2 4+ C (hy + h3)?

for any non-zero vector h = (hi1, ho, h3) € R3. If h € R® is such that h; = 0 and ha + hs = 0, then the right-hand
side of the above equality vanishes and hence, we lose strict convexity of the energy density with respect to the first
derivatives near a polar singularity.

We non-dimensionalize the diagonal rod-energy in (15) by using the simple change of variable

s
s=— 0<s5<1.
s 17 <s5<

Then the re-normalized rod-energy is given by (up to a multiplicative constant)
! 2 2 2 2
Ep 0, P, v = / 3 (Aul + Buj + CU3) — FL*sinfcos ¢ ds. (28)
0

In what follows, we work with the re-normalized energy in (28) and drop the bars from the re-scaled variable for
brevity. All subsequent results are to be understood in terms of the re-scaled arc-length variable above. The unstressed
state is now defined by the triplet

Oo(s) = (6o, po,Y0) = (g,O,ZWMs> . (29)



We consider in-plane perturbations (perturbations in the (zy)-plane) and out-of-plane perturbations (three-dimensional

perturbations) separately. To this end, for a given M > 0, the general form of the in-plane perturbations of the un-
stressed state are given by O¢ = (0, ¢, 10e) where

ll)e(S) 2 M8+6¢1() (30)

and ¢1(0) = ¢1(1) = 0 and 91(0) = 91(1) = 0 by virtue of the Dirichlet conditions in (4) and (5). The out-of-plane
perturbations are described by perturbations in the Euler angle § and the general form O, = (0, ¢c, 1) is defined to
be

e(s) = 3 + (),

be(s) = ep1(s),
Ye(s) = 2w Ms + epi(s), (31)

where 61(0) = 61(1) = 0, ¢1(0) = ¢1(1) = 0 and ¥1(0) = ¥1(1) = 0 from the clamped boundary conditions (4) and
the controlled end-rotation (5). We note that € is sufficiently small so that 8¢ € (0, 7) i.e. f¢ is bounded away from the
polar singularities. From standard results in the calculus of variations [19,25], the positivity of the second variation of
the rod-energy

d2

7ED ( € ¢67w6) |€:0 >0 (32)

is sufficient to guarantee the local energy minimality of the unstressed state. Similarly, if we can construct an explicit
perturbation @¢ = (e, Pe, Pe) for which

d2
—&
de?

then this is sufficient to deduce the instability of the unstressed state for the corresponding parameter regime.

D (967¢e;¢6) ‘e:O < 07 (33)

Our first result concerns in-plane perturbations of the unstressed state where we recover the classical buckling
result.

Proposition 1 The unstressed state defined in (7) and (13) is stable with respect to in-plane perturbations of
the form (30) if

Ar?
F 25 20 (34)

where A is the smaller of the two bending stiffnesses {A, B} from (16).

Proof: Consider the perturbations defined in (30); these are the most general in-plane perturbations compatible with
this boundary-value problem. We denote the corresponding perturbed Darboux vector by Ue = (u1e, u2e, use) with
strain components given by

’
Ule = 7€¢1 COS¢O7
’
U2e = €1 8in Yo,

use = 27 M + ew/l. (35)

We compute the corresponding second variation of the diagonal rod-energy in (15) to be

L (e,qbe,we)\e:o:/olA(%) w+B<d¢1) w+c(d¢1) L FL%6 ds  (36)

The integral in (36) is bounded from below by

fQ (6,¢e,¢e)|6:oz/olA<%) +c<d¢1> + FL¢3 ds (37)

since A < B from (16). Recalling Wirtinger’s inequality [27]

/ 1 (dj)Q > | $3(s)ds,



we deduce that
d2 1
D Ode v oo = [ (A4 FL?) 61 ds (38)

and the second variation in (38) is clearly positive if A + FL? > 0 as stated in Proposition 1.

The borderline case F' = ,A%z: for the general in-plane perturbations in (30), one can perform a Taylor series
expansion for the energy of the triplet (f¢, e, 10e) as shown below:
dEp (e, Pe, e > d?
D (0c, e, ¥e) = Ep (0o, po, o) + G%k o+ 5d728D (Oc, b, tpe) [e=0 +
e (Bt oo+ e (006000 o 0 (). (39)
6d3 6767660 24d4DE7€7€EO

The first variation vanishes since (6o, ¢0,0) is an equilibrium solution. The second variation is non-negative from
(38). The third variation vanishes, as can be checked from the formula for the perturbed strain vector for in-plane
perturbations from (35). Finally

d4

S8 (0, e ) |emo = —FL / 6% (s) ds >0
since F' = A’r2 < 0. We conclude that the unstressed state is stable with respect to in-plane perturbations for
F> fA%.

We, next, address the question of stability with respect to out-of-plane perturbations.

Proposition 2 The unstressed state, defined in (7) and (13), is a local minimizer of the rod-energy (15) (is
nonlinearly stable) under the following conditions

A>2MC
2 5 C
2
F> A7L+M (40)

L?
where A is the smaller of the two bending stiffnesses {A, B} from (16).

Proof: Consider the perturbations defined in (31); these are the most general three-dimensional perturbations compati-
ble with this boundary-value problem. We denote the corresponding perturbed Darboux vector by Ue = (U1, U2e, U3e)
with strain components given by

Ule = € (f(ﬁ/l cos (2mMs) + 0/1 sin (27TM5))
Ue = € (qf),l sin (2mM s) + 9/1 cos (27TM5))
uge = 27 M + 6’1/)/1 — 6291(,25/1. (41)
The second variation of the rod-energy is computed to be
d2 1 / ’ 2
38D (Bes e 90 le=0 = / A~ cos (2mMs) + 6, sin (2nMs)) " ds +
€ 0

1 ’ ’ 2
+ / B (g1 sin (27 Ms) + 0, cos (2 M) ds +
0

+/01 C (¢’1)2 — 4rMCé16y + F (e% +61) ds, (42)

and is bounded from below by

d2 do dén \?
d2 (Ea¢€7¢€ 50>A/( 1) +(d751> d5+

d d
+/O c(%) — 4T MCO, ¢1 +FL? (0$+¢%) ds. (43)
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We partition the integral in (43) as shown below

2 2 1 2
LD (B 6e,v0) ) le= 0>27TMC/ <@_ 1) d5+c/ (d%) ds +
d2 0 ds

1
—|—/ (A—2rMCQC) < j1> + FL*¢% ds +
0
1 2
+ / A (d—el) + (FL2 - szc) 0?7 ds. (44)
0 ds

2
The integral fol 2rMC (% — 91) ds + C’fo ( 1) ds is non-negative since M,C > 0. If A > 2rMC, then we

ds

can apply Wirtinger’s inequality to the ¢-integral in (44) to get the following lower bound
! dér 2 2 ! 2 2] ,2
/ (A—2r MC)( ) + L2 dsz/ (4~ 2n0C) 7 4+ FL?) 63 ds
0 0
and the integral in question is necessarily positive for a non-zero ¢ if
[(A MO 7 + FLQ] > 0. (45)

Similarly, we can obtain a lower bound for the #-integral in (44),

/01 A (‘if;)z + (FL2 - 27TMC) 02 ds > /01 [AWQ n (FL2 - szc)] 0?7 ds

and this integral is necessarily positive for a non-zero 1 if
[Aﬂ'Q + (FL2 - szc)] > 0. (46)
We combine (45) and (46) to deduce that the unstressed state is a local minimizer of the rod-energy in (28) if

C

min{A—27rMC’A —|—F—271'ML27

(A—2rM C) 5 + F} (47)
The conclusion of Proposition 2 now follows. [J
Proposition 3 The unstressed state defined in (7) and (13) is unstable if

F<-BT (48)

where B is the larger of the two bending stiffnesses from (16).

Proof: We start with the integral formula for the second variation in (42) and make the elementary observation

that
7d2 E ! dor 2 db 2
1) 0 < o1
de2 D (Bc, Pe, Pe) |e=0 /0 B [( Is ) + ( s )

L /d d
+/O c(%) — 47 MCH; ¢1 + FL? (e%+¢%) ds (49)

ds +

since A < B from (16). We partition the integral in (49) as in (44) :
’ 2 1 2
igD(6)¢eaw6)| O<27TMC/ (ﬁ— 1> ds+0/ % dS—|-
de? . s
' d¢1 2,2
+ (B —2rMC) +FL o1 ds +
0

v (don? 2 2
+/O B<E> +(FL —27rMC> 0? ds. (50)
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We aim to construct a triplet (61, ¢1,1) for which j—;&j (Oc, Pe,e) le=0 < 0 (recall the definition of (fe, e, e)
from (31)). There are two possible options: (i) we can either construct (61, ¢1,%1) so as to minimize the integrals

2 2
fol (B—21tMC) (%) + FL?¢? ds and fol B (%) + (FL2 — 27 MCQ) 6% ds or (ii) construct (61, ¢1,1) so as to

ds
which satisfy (i) and (ii) separately, compare the two different resulting instability criteria and choose the better one.

2 2
minimize the integral fol 2rMC (% - 91) +C (dwl) ds. In what follows, we construct perturbations (61, ¢1,¥1)

(i) We set

Yi(s) =0 0<s<1. (51)

We note that 61(0) = 61(1) = 0 and ¢1(0) = ¢1(1) = 0 as required from the clamped boundary condition (4).
Substituting (51) into (49), we have that

2 1
A e (B, ber ) |eco < 2 (Bx* + FL?) / sin? (rs) ds (52)
d62 0

. 2
where we have used the fact that fol (%) ds = w2 fol sin? (ws) ds. It is clear that

d2
@SD (057 ¢67¢6) |5:0 <0
if
Br® + FL? <0. (53)

(ii) We construct ¢1 and 61 so that 61 = %, subject to the clamped boundary condition (4). There are multiple
choices but we set

01(s) = sin (27s),

o1(s) = % (1 — cos (27s)),

Ui(s)=0 0<s<L (54)

We note that the functions 61 and ¢1 vanish at the end-points as required. Substituting (54) into the second variation
formula (49), we find that

3 72 B C
&b (667¢e;we) ‘620 <F (1+ R) +4Bﬁ + ﬁ _47TMﬁ

d2
de?
and the second variation is negative if
2
—4B%; — B 4+ anrM &

F<
(1+ 72)

(55)

We compare formulae (53) and (55); (53) is the classical buckling result with bending stiffness B [25] and (55)
depends on the controlled end-rotation characterized by M. One might expect (55) to contain more information when

M is large. However, we want to compare instability results with the stability result in Proposition 2. Hence, we work
with B > A > 27 MC. Then,

—4BT, — B Lurm & 2
3 <P
(1+ 772) L

since 2B7? > 4rMC and 1 + % < 2. We conclude that under the hypothesis A > 2 M C, (53) is a sharper result
than (55) and we deduce that the unstressed state defined in (7) and (13) is unstable if
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To summarize for the anisotropic case A # B with three-dimensional perturbations, we have demonstrated stability
of the unstressed state under the condition

min{A27rMC,AZZ+F27TM§;,(A27TMC)Z2+F}>O (56)
and instability for
F< —BZ—Z. (57)
The two conditions are compatible since (56) guarantees stability for A > 2r M C' and
F>FC1:maX{A7[r;+27rM;,(AQwMC)ZZ} (58)
and (57) guarantees instability for F' < F,, = —Bz—z. The two results are consistent since Fe, < F,, from (16). The

instability condition is analogous to the classical buckling result [25] and does not depend on the twist variable M. The

stability result does depend on M and one can view F, as the sum of the classical buckling critical force, fAz—z, with

bending stiffness A, and a perturbation term, {QNM%, QNMCZ—Z}, that depends on the torsional rigidity and the
total twist. The stability result is affected by three-dimensional effects whereas the instability result can be captured

by in-plane perturbations alone.

We note that the stability result in (2) may not be optimal. This is because the coupling term involving ¢/101,
in (44), cannot be readily optimally estimated and is indeed the source of the mismatch between the stability and
instability criteria. Should the condition A > 2w M C' be relaxed, then the stability criterion in Proposition 2 does not
hold. However, Proposition 3 holds for all A, M,C > 0 and we have demonstrated that the unstressed state defined
in (7) and (13) is unstable if

(59)

2 m? B c
F < min{—B7T —ABir ~ gz +47TML2}

L2 1+ )
If B < 2nMC, then it is plausible that the second term in (59) yields a sharper upper bound for the critical force
than the classical buckling result.

4.2 The Isotropic Case

For an elastic rod with isotropic cross-section, the bending rigidities are equal i.e. A = B in (15) and the rod-energy

reduces to the simpler form
LA /dp\? . doN?| C [de dip\? 2 .
Er 0, ¢, ] —/0 5 [(ds) sin® 0(s) + (d—s) + 0 (dis cosO(s) + d—s) — FL”sin0(s) cos ¢(s) ds (60)

subject to the boundary conditions §(0) = 6(1) = 5, ¢(0) = ¢(1) = 0 and ¥(0) = 0,%(1) = 2w M. The corresponding
equilibria are solutions of the associated Euler-Lagrange equations :-

(b/ cos 0 + w, = u3 = constant
di [A sin? 0 + C'ug cos 9] = FL?sinfsin ¢
s

d*0 , dp1\? 2 o dg
A@ = Asinfcos6 (%) — FL? cosfcos¢p — Cus SIHGE' (61)

‘We note that unlike the anisotropic case, all equilibria have constant twist density us.

The unstressed state defined in (7) and (13) is an equilibrium state for the isotropic rod-energy in (60) i.e. is a
solution of the Euler-Lagrange equations in (61). We define F. be the critical force such that the unstressed state is
a stable equilibrium for F' > F. and is unstable for F' < F.. We can obtain explicit upper and lower bounds for F.
from Propositions 2 and 3, by simply setting A = B. This yields the following estimates for F, under the hypothesis
A > 2w MC as shown below:

72 72 C 2

In the special case of in-plane perturbations, we re2call Proposition 1 and deduce that the unstressed state is stable
with respect to in-plane perturbations if /' > — A7, and unstable otherwise.
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5 Conclusion

We study the stability of a naturally straight Kirchhoff rod, aligned along the x-axis, subject to clamped boundary
conditions, controlled end-rotation and terminal loads. We start with a general rod-energy in (6) and show that the
diagonal rod-energy in (15) is the most general rod-energy compatible with any planar equilibrium state. We approach
the stability analysis from a variational perspective and study the second variation of the diagonal rod-energy, including
three-dimensional effects into the problem formulation. The second variation methodology is a more powerful technique
than static bifurcation methods and yields rigorous results on the stability spectrum.

By means of a direct computation, we demonstrate that the energy density in (15) is strictly convex with respect
to the first derivatives of the Euler angles provided we do not encounter the polar singularities, # = 0 or § = 7. The
strict convexity is a pre-requisite for the application of Weierstrass theory for scalar variational problems [3,19] to our
model problem. We use the positivity of the second variation of the rod-energy as a sufficient criterion for the local
energy minimality of the unstressed naturally straight state. From Proposition 2, the naturally straight state is stable
for external forces

2 C 2
F > max{—AZ2+27TML2,—(A—27TMC')711:2

provided A > 2n M C. More precisely, we show that in the parameter regime (58), there exists an e-neighbourhood,
Ae, of the unstressed state ©g in (7) and (13) for some suitably defined € > 0 i.e.

™

Ac = {(0,6,9) € B max {[6(s) = T| . 19(s)], () — 2mM |} < e (63)

such that
gD (@0) < gD (97 ¢7 QZ}) v (07 ¢7 1/’) € AE' (64)

This conclusion follows directly from the positivity of the second variation of the rod-energy and is the definition of
a strict local energy minimum [3,19]. This stability result is accompanied by an instability result in Proposition 3
where we demonstrate instability of the naturally straight state for F' < —Bz—z. Therefore, if F. denotes the critical
force such that the naturally straight state is stable for F' > F. and unstable for F' < F¢, then

2

2 2
s s C T

where A < B. The two-dimensional in-plane analysis is simpler whereby we recover the classical buckling result in
Proposition 1.

The results in this paper are an example of how variational methods can be applied to stability problems in
the theory of Kirchhoff rods, yielding rigorous results in a three-dimensional framework. Our methods highlight the
mathematical analogies between the anisotropic case (A # B) and the isotropic case (A = B), see Propositions 2
and 3 where we effectively reduce the anisotropic problem to the isotropic one. We use integral inequalities to obtain
bounds for the second variation and this is an approach that can be further exploited. We hope to generalize these
techniques to a wide class of problems in elasticity with special emphasis on the structure and stability of buckled
modes, subject to topological constraints e.g. fixed linking number [13] in future work.
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