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Abstract

In both physical and social sciences, we usually use controlled differential
equation to model various continuous evolving system; describing how a re-
sponse y relates to another process z called control. For regular controls z,
the unique existence of the response y is guaranteed while it would never
be the case for non-smooth controls via the classical approach. Besides,
uniform closeness of controls may not imply closeness of their corresponding
responses. Theory of rough paths provides a solution to both concerns. Since
the creation of rough path theory, it enjoys a fruitful development and finds
wide applications in stochastic analysis. In particular, rough path theory
provides an effective method to study irregularity of curves and its geometric
consequences in relation to integration of differential forms. In the chapter 2,
we demonstrate the power of rough path theory in classical complex analysis
by showing the rough path nature of the boundaries of a class of Holder’s
domains; as an immediate application, we extend the classical Gauss-Green’s
theorem.

Until recently, there has been only limited research on applications of theory
of rough paths to high dimensional geometry. It is clear to us that many
geometric objects, in some senses appearing as solids, are actually comprised
of filaments. In the chapter 3, two basic results in the theory of rough paths
which will motivate later development of my thesis has been included. In
the chapters 4 and 5, we identify a sensible way to do geometric calculus via
those filaments (more precisely, space-filling rough paths) in dimension 3.

In a recent joint work of Hambly and Lyons, they have shown that every
rectifiable path can be completely characterized, up to tree-like deformation,
by an algebraic object called the signature, tensor of all iterated integrals,
of the path. It is clear that all tree-like deformation of the path would not
change its topological features. For instance, the number of times a planar
loop of finite length winds around a point (not lying on the path) is unaltered
if one deforms the path in tree-like ways. Therefore, it should be plausible to
extract this topological information out from the signature of the loop since
the signature is a complete algebraic invariant. In the chapter 6, we express
the winding number of a nice loop (respectively linking number of a pair of
nice loops) as a linear functional of the signature of the loop (respectively
signatures of the pair of loops).
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Chapter 1

Introduction

Let V and W be two Banach spaces. In modeling continuous evolving sys-
tems, we usually encounter differential equations in the form:

dy, = Y fi(y)da} (1.1)
1=1
Yo = 603

where f; (-) are smooth enough vector fields, y. € C ({0,1], W) is the depen-
dent process (called the response) under the influence of another continuous
process z. € C ([0, 1], V) (called the control). For bounded variation controls
x., the unique existence of solutions is obvious. However, this is not the case
for non-smooth yet continuous controls z.; indeed, we even have a problem

19

to interpret the “differentials dz}” properly.

1.1 Non-smooth controls

Suppose (W, < -,- >) is now a Hilbert space with induced norm ||-||. With
regard to non-smooth controls, the first successful attempt to establish both
the existence and uniqueness of (1.1) was done by K. Ito [1944],[1946].
Indeed, Ito is the first who formulated an integral calculus against Brow-
nian motions: given a filtered probability space, (Q,F : {‘Ft}te[o,l] ,]P’), an
n—dimensional F; adapted Brownian motion B. and an F;—adapted process
o :[0,1] - L(R*, W) (where L (R™ W) is the space of bounded W-valued
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8 CHAPTER 1. INTRODUCTION

linear maps on R™) such that

1
P(/ ||as|12ds<oo) -1
0

Ito constructed a stochastic integral of o.. against B. as the limit in probability
of Riemann sums over dyadic partitions

t
/ ay (dB,,) = prob — lim Z Qsp (IBS;:H — Bsg) :

sme DN s,t]

where we denote sf = & and D" = {s}}7_,.

Using Picard’s iteration argument and a localization principle in proba-
bility, one can deduce the almost sure existence and uniqueness of solutions
up to explosion of equation (1.1) for locally Lipschitz vector fields when the
control is Brownian motion. Extension, by using a similar approach, to semi-
martingales had been found by a number of scholars including H. Kunita and

S. Watanabe [1967] and P. A. Meyer [1976].

1.2 Discontinuity of response
Even though for regular controls z., the unique existence of solutions of
(1.1) is ensured, uniform closeness of controls may not imply that of their

responses. An example borrowed from Lyons and Qian [2002] is to consider
a differential equation

dy; = ydz; + dz?
ye = &o

Its solution can be expressed as a series of iterated integrals:

— 2 1 2
Yo = §0+/ dz, —/ dz; dz;
o<t <t O<t1<ta<t

oo
+ Z (—l)k/ dz,, ... dz; dz?.
O0<t1 < < <5<t

k=2
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Consider a sequence of controls z (n), 2 (2 cosn®t, £ sinn®t). It is clear that
z (n), converges uniformly to 0 on compacta; however, by simple calculation

1
dz(n)> = =sinn? — 0
t1 n
O<ti<t
t 1 1 t
/ dz, ala:f2 = 5+ —sin 2n’t — — sin n*t — -
0<ty <tp<t 2 d4n n 2

1 t k
dz; ...dz, di? = —~—— [ (cosn’s—1)" cosn’sds,
i1 ti s k'nk_l
O<t < <t <8<t : 0

k-1 4

+i» therefore

while the last term has modulus bounded by (%)

> © oy k-1
k

E (-1) / d:t:gl ...d:ctlkdxg < ot E (ﬁ) o

k=2 Ot < < <5<t P '

Hence, the responses y (n),, respectively corresponding to the control = (n),,
converge to & — % but not §! Meanwhile, we also notice the trouble is
essentially coming from the iterated integral

1 2
/ dz; dzy,.
O<t1<ta<t

1.3 Alternative interpretation of (1.1) and sig-
natures

Both issues described in Sections 1.1 and 1.2 of the controlled differential
equations can be resolved by introducing a metric finer than uniform one on
an extension of the space of continuous paths C([0,1],V). Before this, it
is better to view our controlled differential equations from a different, but a
natural, perspective.

Suppose V' = R™ and all vector fields {f;}._, are linear. The solution of
equation (1.1) can be expressed as

k=11i;=1,..,n O<ty <o <t 1 <t

p=b+> S il fu (i (60))) / dfidz . dale.
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Define V® = R and V®! = V. Let T (V) be the tensor algebra B V.
For k € N, define 7 : T (V) — V& to be the projection operator onto V®*
and linear maps F* (-) : V® — L (W, W) such that

FO) + TeER— W =W,

Fk() : ei1®"'®eikH(fiko"'ofizofi1)(')7k:1}27"'7
where {e'}._, is the standard basis of R*. For simplicity, for any X € T (V),

we denote m (X) by X*). For each k € N, define two linear maps from
T (V) to L (W, W),

O (+) () & FE(x)ome ()
D) () & > M(x)(),
also define a linear map F™' ® -+ ® F™ (-) from V& ® --- ® V®* to
L (W, W®*) such that
Fr@ - @F* () (w1 ® - Qug)=F () (w) @@ F™* (+) (wg),
for any w; € V®™i fori=1,... k.

Definition 1.1 The signature of a bounded vartation path x. over [s,t], de-
noted by S (), ,, 1s the tensor of iterated integrals over s, ], i.e.

S

5($)s,tél+/ d$t1+"'+/ dzy, @ - @ dxy, +.... (1.2)
<t <t s<ty <Lt <t

It should be remarked that, for any path z., S(z). is continuous in two
variables s,t and satisfies an algebraic identity called Chen’s identity (Chen
[1958]):

S (CC)S’t =35 (a:)s,u ® S (:c)uyt, (1.3)
for any s < u < t.
Now, the solution of (1.1) can be written neatly as

v =11 (&) (S (2)g,)

which is a convergent series since the factorial decay of moduli of the tensors
of iterated integrals compensates the exponential growth of the norms of the
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maps F*. So in the case of linear vector fields, the solution of (1.1) can be
regarded as a linear map of the signature of the control z..

In general, the signature of the response y. is also a linear map of the
control z.; indeed, for any k € N,

/ dyt1®'”®dyik
O<ty << <t

11(60) (dS (@), ) @ - @ T () (dS (2

I
o

<t <<t <t

1., (&) (ds (x)o)tl) ® - @1, (&) (dS (:c)o,tk)

l
K
. 3
S

‘,
-
il

o
3
ke
|

o

O<t1 <<t <t

L. re(sem)e e e (i)
O<t1 <<t <t

Mg

-
—
fl

]
=3
>
!

o

cerl ([ 15 @i & a5 )
O<t << <t

<

—
Ii
]
)

>
il
e}

I I

Mg Mg

Mz 0 i
R ™

® @ ®

@ FTE (&) Z 7 (S (x)o,t> ’

r1=0 =0 o€08(r1,..sTk)
where OS (ry,...,7%) is all the permutations o of u; < uy < -+ < Up oty
such that
Uo(ry < 7 < Ug(m)
Ug(r1+1) .< e < Ug(r1472)
Ug(ri++re-1+1) < e <K uo(r1+'--+7‘k)
and
'U/a(rl) < uO'('rl+'r2) < e < ua(r1+...+rk).

While 7% is a linear map from T (V) to V¥ ® - -- ® V®* such that
) = SR .
g

We now interpret the controlled differential equation (1.1) as a nonlinear
map sending the signature of the control z. to the signature of the response
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y. augmented with the control z.:

S(z)y, € T(V)—Sx+yleT(VEW)
dye = Y fi(y)de
1=1

Y = &o.

1.4 p-variation topology and Universal limit
theorem

Notice that a signature is a formal object in the tensor algebra which is not
stable with respect to limit taking. Fortunately, a sufficient number of low
order iterated integrals, together with Chen’s identity, can determine the
whole profile of the signature.

For m € NU {oo}, let T™ (V) be the quotient algebra of T (V') by the
ideal @ . V® and g(™ (V) the Lie subalgebra of 7™ (V) generated by
V, ie.

g™ (V) = &L Vi

where

Vl = V
Vk+1 = [V> Vk] .

where for A, B ¢ T(V), [A,B] & {[a,b]éa@)b—b@a:aeA,beB}.

Also let G (V) = exp (g™ (V)) and so, for any regular path ., S (z). €
G (V). Let dy : T (V) — T (V) be a dilation operator such that for any
X eT(V),

Sy(X) =X+ AXW 4o AmX ™ g

Definition 1.2 Let m € N. A symmetric homogeneous norm ||-||,  on
G (V) is a norm such that for any g,h € G™ (V),

1. |lgll,, =0 if and only if g = 1,
2. 165 (@l = 1AL~ llgll,, for any A € R,
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4 Mg Ml = llgllm -

For example, for any p > 1,

ey 2 o ((2) ‘gi‘f

is a symmetric homogeneous norm on G™ (V). Note that if V is finite di-
mensional, all homogeneous norm are equivalent, see Goodman [1977]. Now,
dmyp (X,Y) = || X~ ®Y]|,,, defines a metric on G™ (V).

Denote by Co ([0, 1], G™ (V)) the set of all continuous G™ (V) — valued
paths Z. : [0,1] — G™ (V) such that Zy = 1. Define Z;, = Z7' ® Z, then

Zs,u = Zs,t ® Zu,t-
For any X.,Y. € Cp ([0,1],G™ (V)), define

DClst

dm,p——var (X’ Y)s,t é sup ] (Z dm,p (Xti,t,-+1 ) }/ti,t1+1 )P)
i

where the supremum is taken over all partition D of [s, t]. Denote dm p_var (X-,1)(5

by [|X |l p—var (s.- NOte that di. o e (- -), 18 & control (see the Definition
1.6 and also see Chapter 3 for a proof). Now, dm p_var,[0,1] defines a metric
on Co ([0,1],G™ (V) called the p— variation metric.

Proposition 1.3 (Extension theorem) Fix three real numbers p 2 1, m 2

lp] and
o (0 ((252) 1)

Suppose X. € Co ([0,1], G™ (V) with || X |, p—varjony < 00, define

(5,82 (BIX psanie)) -

Then there is a unique X. : [0,1] — G (V) such that

1. ’/TG(m)(V) ()?) = X.
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2. For anyn > m,

<w(s )7

n,p—var,[s,t]

Jroen (%)

Proof. As an immediate consequence of the definition, the result is a
reformulation of the extension theorem in Lyons [1998]. =

Let GQ, (V) C Cy ([0,1], G (V)) be the closure of all mgaen (v) <S (7)0,‘),

for some V — valued smooth path ., under the p— variation metric dp|,p—var (-, -)[0’1].
Elements in G2, (V) are called p—geometric rough paths over V.

Theorem 1.4 (Universal limit theorem) Suppose all vector fields f; are smooth.
Consider a map governed by the controlled differential equation

S(x)y. € GQp(V)r— 35 (z+1y)y. €GL (Ve W)
dy, = Z fi () da;
i=1

yo = &o,

with finite p—variation control z.. Then the map is continuous with respect
to the p—uvariation metrics d|p| p—var0,1] OT GPD (V) and Gl (Ve w)
respectively.

Proof. See Lyons [1998] for details. m
As a consequence, we can be continuously extend the notion of solution
of controlled differential equation driven by all p—geometric rough paths in

GQ, (V).

1.5 Main results

1.5.1 Rough path nature of boundaries of Holder do-
mains

Before our work [24], most of the continuous paths (see [23] and the refer-
ences therein) with infinite variation which were shown that can be lifted
as geometric rough paths (should possess self-similar property (at least in
statistical sense). Actually, self-similar structure of a path is sufficient to
provide easily computed controls (see Definition 3.4) for the approximants of
the path and the path itself.
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Definition 1.5 A simply connected planar domain D C C is called an
a—Hélder domain if D is the conformal image of a unique univalent an-
alytic function ¢ : D — C with

¢ (S') =D,
such that ¢ : S' — C s also a— Hélder continuous.

[t is clear that no boundary of any a—Holder domain is self-similar. Chap-
ter 2 is a detailed introduction to our work [24]; indeed, we shall demonstrate
that pure analytic property of the boundaries of certain av—Holder domains
1s enough to establish the rough path nature of the boundaries. In the chap-
ter, we prove that the boundaries of a(> 3)—Holder domain are (1 +¢) —
geometric rough paths for any € > 0. We establish a construction of canon-
ical area processes for the boundaries. Under the restriction that o > %,
it happens with a sophisticated application of isoperimetric inequality and
standard arguments in harmonic analysis, including the Hardy-Littlewood
lemma, that a canonical area process exists. As an immediate application,
we extend the classical Gauss-Green'’s formula to this class of fractal planar
domains

1.5.2 Two results in rough path theory

Definition 1.6 A non-negative continuous function w on Ar is called a con-
trol wf

1. w s superadditive:
w(s,t)+w(t,u) <wl(s,u)
for (s,t), (t,u) € Ar,
2. w(t,t) =0 for allt € {0,T].

Definition 1.7 Let X. be a p—rough path. Define, for any (s,t) € Ay,

b4

1

, (1.4)

wx (s,t) & sup SUP]ZIXtit_l,tl
!

1<i<[p] DCls,t

where the supremum runs over all finite partitions D of the interval [s,t].
We call wx (s,t) the p—variation of X. over [s,t].
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In Chapter 3, we collect two results (and their proofs) which are funda-
mental in nature in the theory of rough paths. The Extension theorem in the
theory of rough paths (Proposition 1.3 in Chapter 1 or its equivalence, Theo-
rem 2.1.1 in Lyons [1998)) states that any p—rough path X. : Ar — TP (V)
can be naturally enhanced as a multiplicative functional of finite p—variation
on TW)(V) for any N > |p]; in other words, all high order tensors of “it-
erated integrals” of a rough path are completely determined by its tensors
of “iterated integrals” of order less than p. In order to prove the Exten-
sion theorem, one has to show that a particular sequence of functionals
{X(n).:Ar— T(N)(V)}wEN is Cauchy by applying the maximal inequal-
ity (see Lyons [1998]) and the fact that there is a control for the rough path
X.. Unfortunately, the assertion that there is a natural control for any contin-
uous multiplicative functional with finite p—variation is only a mathematics
folklore without a proper proof; even there is none in [23] as claimed. In
Section 3.1, I shall provide an elementary proof of the claim which is quoted
in Theorem 3.6.

In the theory of rough paths, it admits that the signature (recall Defini-
tion 1.1) of a geometric rough path completely characterizes the path itself
in the context of control theory. Along the line of thought, if a space-filling
curve v which can be shown to be a geometric rough path and fills up a geo-
metric object M, it is reasonable to expect that we can extract the analytical
properties of M by decoding the information contained in the signature of
~; this is precisely our concern in Chapter 5. In regard to extracting infor-
mation embedded in the signature of a path, it is natural to achieve our goal
by integrating, with aids of different one-forms, against the signature (which
is now considered as a path itself). Therefore, it is essential to ask if the
signature of a geometric rough path, or in general any functional of signa-
ture, can still be treated as a geometric rough path. In Section 3.2, we shall
prove Proposition 3.34 which states that any functional of the log-signature
of a p—geometric rough path can be canonically enhanced as a p—geometric
rough path.

1.5.3 Space-filling rough paths

In the theory of rough paths, it admits that the signature (Definition 1.1) of
a geometric rough path completely characterizes the path itself in the sense
of controlling any arbitrary controlled differential equation. Along the same
line of thought, it is interesting to ask if one can find quantities, which are
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analogous to the signature of a path, that can characterize a high dimensional
geometric object M in the sense of integrating differential forms on M. It is
expected that the established theory of rough paths may help us to resolve our
curiosity; indeed, one plausible approach is to first use path(s) to represent
a high dimensional geometric object M, and then regard a differential form
w as an one-form & over tensors so that integrating the differential form w
on M is the same as integrating the one-form @ against the path(s). More
precisely, given a nice high dimensional geometric object M, can one find a
space-filling curve  for M which can “naturally” be enhanced as a geometric
rough path? If the answer were positive, could we also find a way so that
integrating a differential form w on M is equivalent to integrating an one-
form & against the enhanced path of ¥? In Chapter 4, we shall show that
a class of space-filling curves are actually geometric rough paths; while in
Chapter 5, we shall discuss the issue about integrating a differential form on
a geometric object as contracting a one-form against its space-filling rough
paths.

Since many nice geometric objects can be arbitrarily closely approximated
by a finite number of hypercubes, it is more tractable to commence our
program of research by first looking for a class of space-filling curves for
hypercubes that can be lifted as geometric rough paths. In particular, we
make a conjecture that for each d € N, the space-filling curve Fl (Definition
4.11) for the d—dimensional unit hypercube can be naturally (but not in a
unique way) enhanced as a p (> d) —geometric rough path. We shall prove
our claim when d = 3 in this chapter; unfortunately, it is still open for
d > 4 because iterated integrals of order not less than 4 would need to be
investigated which seems to be far from trivial.

1.5.4 Integral of a 3-form o as an integral of a spinor
(&7 —&)

Once we establish the fact (Theorem 4.82) that there is a class C of space-

filling rough paths with their R3—projections being all the same and fill-

ing up a three-dimensional unit cube; similar results can be extended to

those 3—dimensional geometric object (nice chainlet) AV which can be well-

approximated by cubes. In this respect, one may expect that analytical

properties of A/ can be extracted by decoding the information contained in
the signatures of those space-filling rough paths in the corresponding class C
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for A'. In Chapter 5, we shall show how we can answer our concern, first for
cubes and then for some nice chainlets (see Harrison [1998]), in the dimension
3; indeed, a special pair of space-filling rough paths in C for N will do the
job. Moreover, we shall identify any differential form w as an one-form w (see
Lemma 5.4) over tensors so that integrating the differential form w on N is
equivalent to (see (5.43)) integrating the one-form (a spinor) (W, —w) against
the pair in C with respect to a properly chosen integrator (see Section 5.2).

1.5.5 Winding and linking numbers as a functional of
signatures

Recently, Hambly and Lyons (2006) proved a significant result that all con-
tinuous paths of finite variation can be characterized, up to tree-like defor-
mation, by their respective signatures. As a remark, it should be mentioned
that Chen also acquired similar result if the underlying paths are piecewise-
smooth [Chen (1958)]. It should be obvious that any tree-like deformation
of a path would not alter its topological features. For instance, for almost
every point z in the plane, the number of times a finite variation planar loop
v : I — R? winds about z remains unchanged if one deforms the path v in
tree-like ways without crossing the point 2. In Chapter 6, based on our re-
cent study [Lyons and Yam (2007)], we successfully extract low dimensional
topological information, e.g. winding and linking numbers, from the signa-
tures of the loops under consideration. Furthermore, under mild regularity
conditions on the loops, we have also shown that the winding number 7 (v., 2)
about a point z € C (respectively the linking numbers) of an arbitrary loop
v (respectively a pair of loops 7; and +,) can be expressed as a linear func-
tional of the signature S (v.), , of v (respectively the signatures S (M)g, and
S (72)q, of both loops).



Chapter 2

Boundaries of Holder domains
as rough paths

Before our work [24], most of the continuous paths (see [23] and the refer-
ences therein) with infinite variation which were shown that can be lifted
as geometric rough paths (should possess self-similar property (at least in
statistical sense). Actually, self-similar structure of a path is sufficient to
provide easily computed controls (see Definition 3.4) for the approximants of
the path and the path itself. It is clear that no boundary of any a—Holder do-
main is self-similar. This chapter is a detailed introduction to our work [24];
indeed, we shall demonstrate that pure analytic property of the boundaries
of certain a—Holder domains is enough to establish the rough path nature of
the boundaries. In particular, we are aim to establish the fact that, if o > %
and ¢ > 0, the boundary 7. of a planar a«—Holder domain can be canoni-
cally enhanced as a é + € geometric rough path. The key step to prove our
claim is Lemma 2.30 which aids us to settle the problem in Section 2.4 about
the convergence of geometric Levy processes (see Definition 2.20) of approx-
imants of 4. to that of v.. In order to estimate the sizes of various regions
arisen in Lemma 2.30, we applied the Pohl-Banchoff inequality (Proposition
2.13) and consequences of Hardy-Littlewood lemma (Lemma 2.3) as listed
in Section 2.1. Finally, as an immediate application, we extend the classical
Green-Gauss’ formula to the mentioned class of fractal planar domains.

In this chapter, we use C' and M to denote constants

19



20CHAPTER 2. BOUNDARIES OF HOLDER DOMAINS AS ROUGH PATHS

2.1 Preliminary definitions and results

In this section, we formulate the notion of planar Holder domains and intro-
duce preliminary results from complex analysis which relates the smoothness
of the boundary of a Holder domain to an analytic condition in the interior
of the domain.

Definition 2.1 (Pommerenke [1992]) Let o € (0,1] and A be a connected
subset in C. A function ¢ : A — C is said to be a— Hélder continuous if
there is M € R such that V21,2, € A,

[9(21) — d(22)] < M |21 — 22| (2.1)

Suppose z; = €% and 25 = €% with 0 < 6,0, < 27. To say that ¢
is a—Holder continuous over the unit circle S! is the same as saying that ¢
satisfies the condition:

#(21) = d(2)| < M |arg(2; — 21)|% < M'[0) ~ 6, (2.2)
for some M’ > 0. Denote by D the unit disc in C.

Definition 2.2 (Pommerenke [1992]) A simply connected planar domain
D C C is called an ao— Holder domain if D is the conformal image of a unique
univalent analytic function ¢ : D — C with

$(S") = aD
such that ¢ : S'— C s also a— Holder continuous.

Next, we introduce a lemma, first obtained by Hardy and Littlewood
[1932], which characterizes the rate of growth of the derivative of ¢ when 2
approaches to S!. For an account of this result and its further applications,
see Duren [1970] and Pommerenke [1992]. We here include its proof since it
will motivate further results in this chapter.

Lemma 2.3 (Hardy-Littlewood) Leta € (0,1). Suppose ¢ is a univalent
analytic function in the interior of the unit disc D. Then ¢ : D — C is
continuous and ¢ : S* — C is also a— Hélder continuous if, and only if, there
is C > 0 such that for any z € C,

, C
¢'(2)] < S (2.3)
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Proof. Suppose that ¢ is continuous in I and ¢(e*) is a—Holder con-
tinuous in . According to the Cauchy formula, Vz € D° and n € N,

ooy = B J SO

271
n| /2# d)(eit) eitdt
o 0 (eit — z>n+1 )

Expressing z = re for some r < 1 and —7m < 6 < 7, and taking into account
that for any n > 1,

f d¢ _/2” etdt
st (¢ — )+l Sy (et —z)ntl T

we then have

nl (77 (6(e*) — p(e*)) et

(n) -
¢ (Z) o7 J, (eit _ Tei(?)n+1
~ nl [0 (¢(ei(t+6)) - d>(ew)) (148) - (n+1)i0
= , e e t
] 27—6 ]Cb( 1(t+9) ) _ ¢(ei9>|
(n) < dt
‘¢ (Z)‘ = 97 /_ lezt - T-ln+1 )

Note that ¢ is periodic,

/27r 0 ‘d)( t+0) _ d)(eie)‘dt

|61t — ,r-ln+1

[

) 16 27 —6 i(t+6—2m)\ _ i
L[ ey ) - e,
-6 T

Iezt - T’n-H |ei (t—2m) rl'rH—l
|3(e*9) — p(e)] 7 9(e+D) — g(e)]
/_9 lezt _ r|n+1 dt + [_W |ezi _ Tln+1 dt

_ /w (et t+9)> ¢(ei9)l
((

1—17)2 + 4rsin? %)HTH
Using the Holder condition of ¢ and the fact that

> (),

t\)lw

Vt, |t| <7 = sin
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we then obtain:
n! 7 M - |t

M < = ——dt
PREN S L T arE
n! /11, |u|®
= o du
(27r(1—r)"‘“> - (1+%u2)—§ﬂ
! 00 |u|a
™y < ( n ) / du, (2.4)
&qﬁ ( )l - \2r(l-r)ve ) oo (1+ %qﬂ)ﬁzﬂ
where the last integral is clearly finite when o < 1; and hence

1

()| = :
‘¢ ( )] O<(1 _ lzl>n__a>

For instance, we also have

C
(1 —=z])t=

¢'(2) <

Conversely, suppose ¢'(z) = O(g=;5r==), then for each 6 & [0, 27),

- / 0 - C
S‘/O !gb (7"6l )}dr_<_/o md?‘ < 00,

1—

¢ (re®)dr

0

and hence .
#(0) + li%l/ ¢’ (pe)dp exists.
T 0

So it is possible to extend our domain of definition of ¢ to the whole unit
disc D. For any z; = €1, 2, = " and R < 1, consider the path ~y starting
from z; running radially inward to Rz, then moving along the circular arc
with radius R to Rz;, and finally reaching radially outward to z;.

-
Z,
i

RZ
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The modulus of the difference

/w«mc
1- 6o 1—

1/ ifg ' i0 "re®)] d

< /R ¢/ (re ){dr+/ |¢'(Re )|d9+/R ¢/ (re™™)| dr

6
2C C
= (1= R+ ———— 16— 1.
o 1A Ty 10 - B

¢ (21) — d(22)] =

<

1. Suppose [0y — 6| < 1. Since R is arbitrary, we can choose R = 1 —
|02 — 0| and consequently, we have

ool <0 (142) a0

2. On the other hand, if |§; — 81| > 1, choosing R to be arbitrarily close
to 0, then

2C o
¢ (21) — ¢ (z2)] < —07|92—91| + C'|6; — 6,

2
< C (min(|92 —6,,27) 7% + —> |6y — 6, .
e!
Therefore, as a whole, we have

|¢(21) — (25 (22)‘ S C (max (1,m1n(|92 - 91‘ y QW)I_G) + %) \92 - Qlla )

or simply
() = o (el < € (20724 2 ) I 1], (25)

i.e. ¢ is a—Holder continuous on S'. Applying the fact that the solution to
any well-posed Dirichlet problem is unique, we have

M@=AWHWJWWWM

2 2
where P((, z) = %’—%Eﬁ— is the Poisson kernel; that is to say ¢ is a Poisson

integral over its boundary values, and hence ¢ is continuous over the whole
unit disc D. m
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For every r < 1, define
¢ (2) = ¢(r2)

for all z € D. We next establish an upper bound of the length of the line
segment joining the end-points of the image under ¢,(-) of an arc of the unit
circle.

Lemma 2.4 Suppose that ¢ : S' — C is a—Hélder continuous. For every
0<7r<1, ¢.(e?) is also a—Hélder continuous in 8; in particular, we have

- (e) — ¢ (e®)| < Cr ((an)l-a + %) |6, — 61]*. (2.6)

Proof. According to the Hardy-Littlewood lemma, for every z € D,

C

PEs

for some C > 0. Differentiating ¢, with respect to z, we get ¢,' (2) = r¢'(rz),
and hence

Cr Cr
A=rlhee = A==

Applying the converse part of the Hardy-Littlewood lemma 2.3 and its lines
of proof, we deduce our desired result. m

As a consequence, we also obtain an upper bound of the length of the
line segment joining the end-points of the image under ¢(-) of an arc of any
inner concentric circle.

6, (2)] < (2.7)

Corollary 2.5 Let 0 < r < 1. For any 21,2z, € C with |z;]| = |2| = 7, we

have
Crorl-a

6(n) = 0 (e < S (i Hia-ar. e

Proof. It is clear that one can express z; = re®' and z, = re®: with
|61 — 62] < m; using the inequality (2.6), we conclude our claim. m
In addition, we also have an upper bound of the length of the line segment

joining the end-points of the image under ¢(-) of a radial segment of the unit
circle.
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Lemma 2.6 Let 0 < p < 1. The increment of ¢ along any radial direction
6 is bounded above as:

6(e) = 9 ()| < = (1= )" (2.9
Proof.
]qb(eig)-qﬁ(pew). _ 1;%1 /qqsl(re'w)d(,rei@)
- C
S/p (l—r)l—adr
= g(l—p)"

2.2 Isoperimetric inequality

Consider a metric space (X, d) and once again we denote the unit interval
[0,1] by /. In this section, we introduce a version of the isoperimetric in-
equality which will help proving further results in the rest of the chapter;
for example, the inequality can assist us to estimate the sizes of two re-
gions arisen in Lemma 2.30. We first recall the topological notion of winding
number of a planar loop.

Definition 2.7 A loop v : I — X 1s a continuous path in X such that
7(0) = ~(1).

Suppose X = C. Given aloop 7. : I — C in C and a point z € C/v (1),

we set
73 —Z

s =l
Then g7 : I — S! is a loop in the unit circle S*. Let p : R — S' with

p(:) = €?™, the standard covering map of S!, one can show that there is a
lifting g7 : I — R of g7 from S! to R such that

g7 (s)

pogy=g,.
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Lemma 2.8 For any loop~. : I — C and z € C/~ (1), the difference g} (1)—
g7 (0) is an integer.

Proof. One can consult the book by Munkres [1999] for details. =

Definition 2.9 The winding number of v. : I — C with respect to z & v (I),
denoted by n (7., 2), is defined to be the difference g7 (1) — g7 (0).

Proposition 2.10 The winding numbern (., z) is well-defined, v.e. 1ts value
is independent of the choice of the lifting of g7; in particular, if g} is one of
such liftings of g}, any other lifting of g, has the form g} (-) + m, for some
m € Z.

Proof. Again, see Munkres [1999] for details. m

It should be noted that the notion of winding number is well-defined
even for loops of infinite variation. On the other hand, it is a fact that for
any rectifiable loop 7. : I — C, ~¢ is a countable union of connected open
components; since 7 (+y., -) is constant on each of these components, n (v, -) is
therefore a measurable function. We next introduce the topological invariant
nature of winding number of a loop . around a point z with respect to any
continuous deformation of . without crossing z.

Definition 2.11 Consider two loops v. and v in X. Suppose that there is
a continuous map I' : I x I — X such that

1. =T(,0) and vy =T(,1).

2. Foranyte I, T(0,t)=T(1,¢).
Then we say that «y. is I'— freely homotopic to +'.

Lemma 2.12 Consider two loops 7. and v in C/ {z} If, for a continuous
map I' : I x I — C, . is T'—freely homotopic to v such that T(I x 1) C

C/{z}, thenn (v.,2) =n (v, 2).
Proof. Define G, : I x I — S! by

I'(s,t) — 2

Rl T s
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for (s,t) € I x I. Let G, be a lifting of G, to R. Then G, (1,t) — G, (0,¢)
is an integer for every t. Since G, (1,-) — G, (0,-) is continuous, hence the
image of G, is connected because I is, and therefore it is a constant. =

Next, we will introduce a generalized version of the isoperimetric inequal-
ity - the so-called Pohl-Banchoff inequality, first proven by Pohl and Banchoft
[1971/1972], and then Vogt [1981] provided a simpler proof for the planar
case. In addition, we point out the relationships, which was first discovered
by Rado [1936], between the Levy area for a rectifiable loop . and the inte-
gral of winding numbers of ~. over all points in C. We here include an even
simpler proof than that by Vogt [1981].

Proposition 2.13 Denote A (-) to be the two dimensional Lebesgue measure
over C. Let~. : I — C be a rectifiable loop of length l. Then, one has

1. the Pohl-Banchoff inequality

i / /c 7 (7€) A (dz) < 12, (2.10)

where the equality holds if and only if v. = zo+ Re*™™ for somen € Z,
20 € C and R > 0.

//Cn(v.,z) A(dz) = % (/7 zodys — ysdxs> . (2.11)

To establish the claim, we first prove the result for simple polygonal loop
and then for any polygonal loop. The most general result can be obtained
by interpolating loop by a sequence of polygonal loops and by an application
of Fatou’s lemma.

Lemma 2.14 Both the results (2.10) and (2.11) hold for any simple polygo-
nal loop ..

Proof. We prove the claim by induction on number of vertices v of ..
For v = 3, the polygonal loop 7. is a triangle. Furthermore, if <. is non-
degenerate, ~. is clearly a Jordan loop and so 7n(v,-) takes value 1 in the

interior and 0 in the exterior. Applying the classical isoperimetric inequality
(in do Carmo [1976]), both (2.10) and (2.11) follow.
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Suppose that both (2.10) and (2.11) hold for all simple polygonal loops
with v < n. Consider a polygonal loop . : I — C with n+1 vertices at times
0=+t <t < <ty = 1. Again, by using the classical isoperimetric
inequality (in do Carmo [1976]), result (2.10) follows immediately. We now
add a chord v (ty) — v (t2), then <y is composed of two loops

Yoo (o) =y (t) = v () = v (),
Yo 1 y(to) =y (t2) = - = v (tn) = 7 (tas1) = 7 (to) -

It is clear that n (7y,) = (1, ) +n (72, -) and 71, ¥2 are both polygonal loops
with respective number of vertices < n. Using the induction hypothesis, we

therefore have
//n(v-,z))\(dfl) //?7(71, A(dA) + // (12,2) A (dA)
C C
= L (/ Tsdys — ysda:s) -~ (/ T dys — ysdx5>
Y1 2 Y2

(/ xsdys - ysdxs> .
Y

Lemma 2.15 Both the results (2.10) and (2.11) also hold for any polygonal
loop ~..

i

[N Nl

Proof. We again prove the claim by induction on number of vertices v
of v.. Suppose that the result is true forv <nand~v:J —» Cisa non-simple
loop with n + 1 vertices. Firstly, there must be two times s, s’ € I such that

tjl_<_S<tj1+l<"'<tj238’<tj2+1

for some j; < 7, and
v(s) =v(s).

7. can now be decomposed into two polygonal loops

Mmoo () ==y (t,) =y (s)
= fy(s’)—>’y(tj2+1)“>"'—*7(tn+1 =7 (),
Y2 oo 7(3)—’7(tj1+1)"’"‘“*’Y(tjz)“’ (8) =1~

(s).



2.2. ISOPERIMETRIC INEQUALITY 29

1. If there is exactly one t; in between s and &', i.e. t;41 = tj,. Both
v ([t,, t;,+1]) and 7 ([t;;+1,;,+2]) are straight lines, and we have either

v ([tirs tjr 1)) € ¥ ({41, b 42)) and 7y (85,) = v (s) =7 ()

Y ([tins tia1)) 2 ¥ (i1, tii42]) and v (s) = v (s') = 7 (¢5,42) -

In the former case, v; is a loop of only n vertices while v, is just a
straight line, hence 1 (7, ) = n (7}, ) almost everywhere in C. Now,

4vr//Cn2 (1,¢) A (dA) =47r//chz (1, ) A (dA) < L(m)? < L(7)°
//an.,zM(dA) -

D= DN = t\DI»—*\
o
3
~~
)
-

N
p g
>
—~
Q.
b
N

The second case can be dealt with similarly.

2. If there is more than one but < n—11¢; in between s and s’, both y; and
2 have their number of vertices < n. Againn (v, ) =1 (v, )+7n (72, ),
according to the induction hypothesis, we also have

(), 2 ( [ [0 dA))
< 1 Cn, My + 1 Gy )l
< L) | t(v2) 1)

N ZY N2 SNV
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//Cn(v-,Z)A(dA) = // (1,2 dA>+// (72, 2) A (dA)
</ Tsdys — ysdsvs> 5([72:6361.% ysdx)
(L z,dy; —ysdazs> .

3. If there are exactly n t; in between s and s', the same line of proof as in
the case (1) can be adopted, with the roles of v; and 7, interchanged,
to conclude our induction step.

DO —

N ==

[ ]
Consider a family of partitions

D £ fo=t" < <t =1}

of I for m € Z* such that (1) D™ ¢ D™+ and (2) their mesh sizes tend

to zero. For m € 7Z* and any rectifiable loop 7, let 7.(m) be a polygonal
loop with vertices {7y (t)},cp- It is clear that because 7. is continuous with

compact image, the sequence {fy.(m)} converges uniformly to ~..

Lemma 2.16 Let Q 2 C/vy (1) u®_, v™ (I). For any z € Q,

n(v,2) = lim n(»™,z).

m—0o0

Proof For any 2o € Q2 with d (29,7 ({)) > € > 0, all but except finitely
many ™ (I) lie inside the ¢/2— neighborhood of vy (I) which excludes z.

For all large enough m, 'y.( ™) is freely homotopic to ., by Lemma 2.12, we
therefore have

n (7(m)’ ZO) =T (7) ZO) .

Since zg is arbitrary, we conclude that for all z €

m—0o0
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Lemma 2.17 n(v,-) is a Lebesque measurable function.

Proof. All v(I) and ™ (I) are rectifiable, so
My (D) = A (Y™ (D) = Ay (1) U=y 7™ (1)) = 0,

and hence A (€2°) = 0. As a consequence, being an almost everywhere point-
wise limit of 7 (’y(m), ), n (7, ) is a measurable function. =
Proof of Proposition 2.13. Using Lemma 2.15, for each m

47r// (7™ ¢) A(dA) < 1 (™))"

Applying Fatou’s lemma, we immediately have

47r//cn2(7,§)>\(d/1) = 47r//771££11001nf77 ™, () A(dA)
< d4n lim inf / / ) (dA)

< lim inf { (4™ =1(v)*.

m—0o0

Since all v and 4™ lie in a compact set, therefore we can apply L?*— con-
vergence theorem to conclude that

[ [aGaa@a = sm [ [aGm2) 504
C m—00
= (hm/ T dys — ysda:s>
2 m—oo ,y(m)
= 1 /SU d d
- 2 y S yS ys :L‘S ]

where the last equality follows from the standard definition of Riemann’s
integrals. m
Let%<oz§1andfor any T >0

Ar 2 {(0,0):0<0<p<T}.

In the remaining sections, for any € > 0, we aim to show that ¢, (") and its
associated Levy area process converge in é + e— variation topology to ¢ (e*)
with its geometric Levy area process (see Definition 2.20) as r — 1 over Q.
For the case o = 1, the claim is trivial; from now on, we assume é— <a<l.
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2.3 Convergence for the increment processes

In this section, we aim to establish the convergence of ¢, (") to ¢ (e") in
o (> %) — variation topology at level one.

Lemma 2.18 For any 0 < p<1,¢e>0 and (8, ¢) € Ag,, we have

[0 () = &, (€%) — (8 (€7) — ¢ (%))

< 2(?15_1)“6“ <1+p)(27r1" —>i-(1—p)a€-|cp—9{.

Proof. For any §,6 > 0 and n = 8 + 6, the modulus of the difference

80 () = 85 () = (6 () = 9 (=)
< 272 (J0 (o) = 0 () + 16 (o) ~ 6 () )
(16 (06%) = 9 ()| + [0 (c) — 6 (e)[1)

Using inequalities (2.6) and (2.9), we obtain

@5 (€7) = 80 (%) = (¢ () — & ()"
) (e ) a g e

< 27

(84

Our desired inequality follows if we choose 8 = € and § :i. =

Corollary 2.19 For any partition D={0=6y < --- < 0, = 27} of [0, 27)
the partial sum

)

1

n—1
Z |¢p (eif)i) — ¢, (619141) _ (¢ (eiel) ¢ (ei9¢+1))~;+6
i=0
1 C-};%—e N 5 é
< 2 () (e ) e

O
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Proof. The result is an immediate consequence of Lemma 2.18:
= ' 6 0; 9, St
D 180 (™) = 0, (%) = (8 () — @ (e”+))]°
i=0

C.1_+€ 9 1 n—1
2(_‘15_1)+€‘—§€— (1 + ,0—‘1;) ((QW)FQ + '&) (1—-p)™- Z |0i11 — 05

1=0

VAN

Cate 2\ = e
Qater - (1 + pi) ((27r)1'°‘ + —) (1—p)**.
«c «

|
Therefore,

1

n-1
sup Y [0 (¢%) = 9 (¢%41) = (8 () = 6 ()|
1=0

1

C§+e 2 « e

< 200 (14 8) (e 2) -,
ot Q

which converges to zero as p tends to 1.

2.4 Convergence for the Levy area processes

In this section, we aim to establish the convergence of ¢, (¢*) to ¢ (e*) in
p (> 1) — variation topology at level two. That is to say, we want to show
that the sequence of Levy area processes of ¢, (¢*') converges as r — 1 over
Q in é + €— variation topology to the geometric Levy area process (see
Definition 2.20) of ¢ (e*).

2.4.1 Preliminaries

For simplicity of notation, for 0 < r <1, we denote ¢, (¢*) and ¢ (e*) by "
and ~. respectively; in particular, v! = ..

Given a loop 7. : I — C and (6, ¢) € Ay, we denote the directed arc of
7. from 6 to ¢ by 79, and the directed loop starting from the point 7 to 7,
along the arc 74, and concatenating with the directed chord from 7, and 74
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by 7p.,.
f

| Lo
Definition 2.20 Given a loop 7 : I — C such that X (7 (I)) = 0. For any

(6, 9) € Aoy, we call the signed area, i.e. the signed two dimensional Lebesgue
measure, of the region bounded by the directed loop 74, (being positive when
Wit

the loop is oriented anticlockwise), the geometric Levy area of 7. over [6, ).
Lemma 2.21 The loop v (I) has Lebesgue measure zero.

Proof. In their paper, Jones and Markarov [1995] proved that the Haus-
dorff dimension (or the Minkowski dimension) of the boundary of the image
D of the unit disc D under a univalent function ¢, which is also a-Holder

continuous on S!, does not exceed 2 — Ca, for a universal constant C. For
each € > 0, let the 2 — Ca + € - Hausdorff measure H2=C%+¢ (y (1)) of ~ (I)
be M,. Then there are

1. a decreasing sequence {d,},.,+ with 6, — 0,

2. for each n € Z*, a family of open-balls {U;,},_,+ covering -y (I)

such that diam (U.,) < 6, and Y 5o, diam (Ui,,)* %€ < M, +e. By defini-
tion, we have

Ay (1))

INg

A(Usn) < % S~ diam (U ,)?
1=1

=1

i Ca—ce - : 2—-Coa+e
< 45n Zdzam(Ui,n)
T

4

1=1

(M. +¢€) (55"‘6.

Choosing € < Ca and passing n to 0o, one deduces that )\ (vy(I)=0. =m
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Corollary 2.22 For any 0 <r <1 and (6, ¢) € Ao, define

QG,np = (C/ (UTEQO[O,1]75,¢> .
(—_

Then the Lebesgue measure )\( 3790) = 0.

Proof. For 0 < r < 1, the loop 7" is rectifiable and therefore its Lebesgue
measure is zero. Using Lemma 2.21, we conclude our result. =

Lemma 2.23 For any (0, ¢) € Ap, and z € (g, we have

1 (uez) = im0 (o). 212
Proof. Suppose the distance d <z, ’)/9#,) > ¢ > (. Since ¢ is continuous in
(—_

D and ~y,, is compact, 75"p} uniformly converges to s ,; therefore for all ra-
— —

tional r sufficiently close to 1, we have v , lying inside the e /2—neighborhood
(——

of ¢,,, which excludes 2. Hence, for all large enough r, 3 , is freely homotopic
— —=

to vp,,; using Lemma 2.12, we have 7 (75@, z) =7 (’)’g,w, z> |
— —= —

Corollary 2.24 For every (0,¢) € Aoy, 7 (”/9,(,0, ) is a Lebesgue measurable
(___.

function on C.

Proof. 7 (’)’9)90) ) is an almost everywhere pointwise limit of 7 (75 - >
—= —=

asT— lover Q. m

2.4.2 Pointwise convergence of Ag,(p

In this subsection, we establish the sequence of Levy area processes of ¢, (e*)
converges as r — 1 over Q in pointwise sense to the geometric Levy area
process of ¢ (e*). We first introduce a few notations for various regions
arisen in Lemma 2.30.
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Definition 2.25 Let 0 <r < R <1 and (0, ¢) € Az, we denote Sz, to be
the positive sector

{zE(C:zzpei:c’ whereOSpSrand0§x§90}

with its boundary having anticlockwise orientation.

re'?

Definition 2.26 Define

rR & oR T
DG,«O - Sﬁ,w/S(?,cp

which has a sign induced by those of Sy, and S‘fw.
Re'?

Definition 2.27 Let 0 <r < R <1 and (6,¢) € Ay, define Qg:ﬁ to be the

signed quadrilateral with vertices ¢ (re®), ¢ (Re?), ¢ (Re™) and ¢ (re™)
such that its orientation s taken in the same order.

PcRe )

bore'”
e .
e ¢5ch‘6
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Definition 2.28 Let 0 < r < R <1 and (0,p) € Doy, define Wg’R to be
the signed region bounded by the directed loop starting from ¢ (rew) TUNNING
outward to ¢ (Re') along the arc ¢ (-¢) and concatenating with the directed
chord from ¢ (Re®) to ¢ (re®) such that the orientation is taken in the same
order of the points mentioned. (O
bRe'

¢(reje)

For any signed region A C C, we use 0A to denote the oriented boundary
of A.

Remark 2.29 Consider an arbitrary simply connected signed region A C D
with oriented Jordan boundary 0A. The image ¢ (A) has the boundary

0¢ (A) = ¢ (0A)
which is oriented in a way which is also consistent with 0A.

For each r € [0, 1), define the Levy area of 4" over [0, ¢] as

T 1 T T T T
2 [ AL, - A d,
O<uy <uz<ep

We now investigate the difference of Levy areas Ag{p — Ap', for any 7,1y €
QN [0, 1] with r; < ry; namely, we want to express the difference in terms of
the areas of the regions listed in Definitions 2.25 to 2.28.

Lemma 2.30 Let 0 < p < ry. We have a decomposition of the difference of
Levy areas Ay, — Agl, as:

2(A? — A ) = / / / TsdYs — Ysds
( 6)@ 9)90) < 6¢<Dp 'r2 6¢ DP 7‘1 8Q;?":‘2) ( y y )
Tl T2 F51%% "‘1 T2
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Y ”~
V] ( 1
///"r/ /> - ‘. / 7
/7 P -7 { ' ',/ !
¢ | < ’ - / /
i 4 , f ~ s / /
P — ;" . . v = L. /
— \l’ \\ - -
] -~
! /N -—
! / : - - ~
— Vi — 4 4
S / / / / r e - < Y - ET -~ “ r
N - - 4 o
\ 7 ‘( / L4 \‘
[4
N / ‘e A
~ — am - < ‘-

Proof. In accordance with the definitions of the regions involved, the
identity is clear by studying the corresponding geometric configuration. m

We now estimate the sizes of various regions arisen in Lemma 2.30 by
applying the Pohl-Banchoff inequality (Proposition 2.13) and consequences
of Hardy-Littlewood lemma (Lemma 2.3) as listed in Section 2.1.

Lemma 2.31 Let 0 <7 <r <1 and (6,p) € Ay,

/ T dys —Ys dz s
00
T2

Proof. Decompose the region ng;)
and (T3)g.,* with respective vertices

{(ne?) ¢ (ne?), ¢ (re?)}

< %% ((27r)1_°‘ + i—) (r1472) (r2 —71)" [ — 0]°.

T1,72

into two oriented triangles (77), -

and . | '
{¢(rie?) 6 (r2e”) & (roe) }.
Using (2.8) and (2.9) to bound the sides of triangles, we have

IN
o S
=
5
.

(&)
=
1Y)
QU
[Yaug
»n
Ned
w
Q
=
v
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Lemma 2.32 Let 0<r; <7y <1 and 0 € [0, 27],

/ Tsdys — YsdTs
oWt

Proof. Note that, using (2.7), the length

l((b('ew),[rl,rz]) - /1i

(pe”)

1
< /—Cmﬁadp
o (1-p)

C o
< E(Tz—ﬁ) :

< = VAGDN (- )"

T

Using the Pohl-Banchoff inequality in Proposition 2.13, the fact that the
image ¢ (D) is compact and Lemma 2.6, we have

/awgm T.dys — ysdzs| < // In (OW, 1", 2)| A (dA)
< (W™, ll, - VA (8 (D))
1 T1,T2Y |
< \/—4——1 (W) - /A (¢ (D))
2 C N
< \/—4—75(7"2 —71)" - VA (9 (D)).

Corollary 2.33 Let0<ry <ry; <1 and (6,¢) € Ay,

2|45, - 43

/ _/ (:Esdys - ysdws)
o¢(D5.t)  Joe(Dgyt)

+(£ (24 2ent) + ZEVAGEN ) (- oy

Proof. Combining the inequalities in Lemmas 2.30 and 2.31 with the
identity in Lemma 2.29, we then obtain our claim. m

<
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Lemma 2.34 Let 0 < p <1 and (6,¢) € Ao,

// (0 (D§,) , z) A(dA :regrgﬂ// (8¢ (Dj,) » 2) A(dA) .

Proof. Note that ¢ is conformal over the interior of D, i.e. Vz € D?,

¢ (2) # 0.

Applying the mean value theorem to the smooth function |¢|?, we see that
¢ is injective over D°. As a consequence, forany 0 <r < R <1, ¢ Dg:g 1s

a Jordan domain. Hence, we have

o

1, ifzeg (D TR :
U] <8¢ (D(S:ﬁ) ’Z) = rR ¢
0, ifz€ ¢ DGM ,

(o0 (052). ) <1

Moreover, the image ¢ (D) is compact, and therefore

// (89 (Dg,) ,2) A(dA)

is well-defined and uniformly bounded for all r. Because 9¢ (Dg:;) uniformly

and so

converges to ¢ (Dg:;), using similar arguments as in Lemma 2.23, we have,
Vz € C,

n(0¢(D5,),2) = lim n(0¢(D5}).z).

r€Q, r—1

Now our claim is an immediate consequence of the classical bounded conver-
gence theorem. m

We are now ready to establish the pointwise convergence of Levy area
processes.

Proposition 2.35 Let (6, 9) € Ay and r € QN 0, 1], Ap , converges to a
limit as T tends to 1. ’
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Proof. For any € > 0, there is § > 0, such that whenever 1 — § < r; <
9 < 1, we have

‘// (96 (Dg7),2) M) = [ [ n (08 (Dg7) 2) (dA)l

Using Proposition 2.13, we obtain

/"M’(D””) ) /ar»(D”'”) (®sdys = ysdz,)
= // (89 (D572) ,2) — ”(%(Dgi;‘)vZ)A(dA)l

<

In accordance with Corollary 2.32, we deduce our claim. m

Definition 2.36 For any (6,¢) € Ay, define

A
Agp 2 lim A

reQ, r—1

Proposition 2.37 Ay, equals to the geometric Levy area of the directed loop
6,0
———

Proof. In accordance with Lemma 2.21, the geometric Levy area G Ay,

of the directed loop 7, is well-defined in accordance with Definition 2.20.
¥

Applying Lemma 2.30, for any (p,7) € Ay,

2 (GAGM - Ag,cp) = / _/ i _/ i (zsdys — ysdzs)
06(D5,)  Joe(D5y)  Joqpy
- </ +/ ) (xsdys - ysdxs) .
awy! awy!

Passing 7 to 1 and using Lemmas 2.31 and 2.32 and Proposition 2.35, we
obtain our claim. m
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2.4.3 Equicontinuity of A3,

We are going to show that the difference IAQW — A(Tﬂz,w‘ is uniformly small
for all r € Q when 8, and 8, are close enough. Proof for the general case

that AT is equicontinuous is similar.

Lemma 2.38 Let (01,0;), (02, ) € Aoy, denote z7 = Re (¢ (re)) and y" =
I'm (¢ (re”)).

= Aj (2.13)

1 T T T JA
+5 (@5 =~ 70) (0 = ) = (2, — 72,) (5, — %,)) -

T _ T
017LP 92)@

Proof. It is a direct consequence of Chen’s identity (1.3). m
We now estimate the moduli of two terms on the right hand side of (2.13).

Lemma 2.39 Let (91, 92) , (02,(,0) - Agw,
’(xgz o xgl) (?J; o ygl) - (xrtp o 51722) (ygz o ygl)l
o 2\\?
< (c ((27r)1 @y 5>> (21)° |65 — 6]
Proof. Using the inequality (2.6),

(25, =~ 25,) (v —v,) = (<}, = 25,) (v, — 4&,)]
¢ (re'?) =@ (re™)| [ (re™) — ¢ (re™)]

(C ((2@1‘0 + %))2 (27)% |6, — 61]°.

Lemma 2.40 Let (61,02) € Dyy and p=1— 28 ¢ (D§,) is contained
in the disc centered at ¢ (re”®') with radius C ((2#)1—0 + g) |62 — 6;]°.

IA

IN

Proof. For any p <1, z = |z e € D7 , using (2.6), (2.7) and (2.9),
the difference

|6 (2) — ¢ (re®)]

IN

6 (121 €") = ¢ (re®)| + |¢ (re) — ¢ (re'®)|
Cra-prtor ((2@1*‘* s 2) 6= 0"

IN
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Choosing p =1 — 02—2;@, we obtain

‘d’ (2) — @ (rewl)l <C ((QW)I_Q + %) |6, — 6, .

Definition 2.41 Let (r,R) € Ay and (0,p) € Ay,. Define F;ﬁ to be the
path consisting with three curves concatenating in order:

1. A directed line segment running from Re* radially inward to re®#,
2. A directed circular arc with radius v from re* to re®,

8. A directed line segment running from re® radially outward to Re®.

Re® =777~

A

Lemma 2.42 Let (01,605) € Dogr, p = 1 — 92—2;& and r € I. the length of
¢ (Tor5.)

rr 2C o, 2 o
(6 (T2%,)) < (F ro(m s a)) 6, — 0,
Proof. Using the inequalities (2.6) and (2.9),

T, T C a - 2 [84

(¢ (Ters,)) < 2—(r—pr)"+Cpr ((27r>1 +a> |62 — 61
2C o, 2 o
< <-—+c((2w)1 +a>>;92—91| |

(87

n
Denote the chord joining ¢ (re®®?) and ¢ (reit) by ¢ (reif2) ¢ (reir).




44CHAPTER 2. BOUNDARIES OF HOLDER DOMAINS AS ROUGH PATHS
Corollary 2.43 Let (61,0,) € Aoy andr € 1.

2
|Ag, 6, < C? ((27r>1‘° + -2) (m(2m)* +77t) 6y - 01> . (2.14)

Proof. Because of the conformal nature of ¢, ¢ (D§ g ) is a Jordan
domain. Using the Pohl-Banchoff inequality in Proposition 2.13, we deduce
that

e ’</6¢<Ds::zz>_/¢<rz:’,zz>u¢(rei92>¢<rewl>) e )
< [ [In(es (0gz) .2} 2 @A)
+ [ [ (1 (o (vaz) v BT e ) ) A (d
$ [ [y 2@+ 5 (3 (055) 5T 9

962

< ¢ (@W)I*a 4 g) (7 (2m)° + 771 185 — 6%,

where the last inequality follows by applying Lemmas 2.40 and 2.42. =
Therefore, we can now obtain an upper bound of the modulus of the
difference on the left hand side of (2.13).

Corollary 2.44 Let (61,62), (02, ¢) € Agy,
/Agl R Ap

02,

| < K6, — 6,/ (2.15)

where

_ (cﬁ ((zw)l—a + %>2 (r (2m)" + 771) + -;- (c ((QW)I—Q + §>>2> (2m)*

Proof. By substituting the inequalities in both Lemma 2.39 and Corol-
lary 2.43 into Equation (2.13), we conclude our claim. m

Remark 2.45 Note that the inequalities (2.14) and (2.15) hold uniformly
for all 7 € Q. Therefore, by passing to the pointwise limit, we also have

[Ag; o = Aby | < K |6, — 6,]* (2.16)
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and

|Ag, 9,] < C? ((27r)1'°‘ -+ g) (m(2m)* +771) |62 — > . (2.17)

(87

As a consequence, we can now obtain the ;- + e—variations of the Levy
area processes of 47 and ..

Corollary 2.46 Consider a partitionD ={0=60p < - <0, = 27} of [0, 27).
Lete >0, r € I. Then we have

- 2L+E 3 2 %-4»5
Z ‘Agi>9i+l i < 2m <C2 ((27)1_(1 + E) (7T (27T)a + 7T_1)
i=1
-max |0y — 6:** (2.18)
Proof. Using (2.14), we have
Lte

- —21—+6 3 2 5a
Z Bi;91+1 < (Cz ((27")1-0‘ + a) (7T (27r>a + 7T_1>)

1=1
n
Z 10,01 — 6] 5
1=1

e (e &) o)

20

IN

- maX |0¢+1 — 91‘

N
Similarly, using (2.17), we also have

= te

n 1 2 2c
S Ao |57 < 2 (02 (emy==+2) (7r<27r>“+vr”>>
i=1

87

- max |9i+1 - 91'12&6 (219)
By applying Arzela-Ascoli lemma, we can now conclude the uniform con-
vergence, up to a subsequence, of Levy area processes of ¢, (") to the geo-

metric Levy area process of ¢ (e*).
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Theorem 2.47 There is a subsequence { AT+ },-, converges uniformly to {A.}
such that

1
ate

2

n

E ( TR .
Sup 1A9i,9i+1 A6¢,91~+1
D 1=1

1

2 % ]
< Arm <C2 <(27r)1_‘1 + E) (7 (2m)* + 7r_1)> sup | Agt, — Asl®

83 (9)¢)€A27"
In particular, the sum converges to 0 as k — o0.

Proof. According to the Arzela-Ascoli lemma, there is a subsequence
{ri € Q};2, such that {A™}7-, converges uniformly to {A.}. The sum

1
ate

2

n

2

1=1

£ n ] n
2 %a 1
2 2a 1
Tk Tk 5
< max‘Agi,eiH ~ Ao, 6,1, (Z Aol + § ‘Aé)iﬁm' a>
=1

1=1

Tk
A9i,9z‘+1 o Agi)g

i+1

1
. o 3 2 N 2 £
< 47 <02 <(27r)1 + —> (7 (2m)* + 7r”1)> max lAgfﬁm .V

07

where the last inequality is followed by the application of (2.18) and (2.19).
[

2.5 Main theorems

Let % < a < 1. Consider an a—Holder planar domain D with an associated
conformal map ¢ over D. Again, we denote ¢, (¢”) and ¢ (¢") by 4" = (2, y7)
and . = (z.,y.) respectively. In this section, we show that the boundary of
D can be canonically enhanced as a p (> 1) — geometric rough path. In

addition, we also extend the classical Green-Gauss’ formula to D.

Theorem 2.48 Letp > % The boundary 7. of D together with its geomet-
ric Levy area A. form a p—geometric rough path. In particular, there is q
sequence of rationals {ry}, .y such that truncated signatures of 7,

SO = (1S Gk, S (re2,),

s,t
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converge in p—uvariation topology to a tensor
X (V)St) = <1’X ('Y)i,t , X (’Y)i,t)

in T (R?) where

(z¢ — zs) (Y — ¥s) (ye — s)°

1/ 0 A
T\ —4,, 0

( (2 — z5)° (20 — z4) (ye = s) )

for any (s,t) € Aoy,

Proof. In accordance with the notion of geometric rough paths as defined
in Section 1.4, the claim is a consequence of Corollary 2.19 and Theorem 2.47.
=

According to the extension theorem, Proposition 1.3, we can uniquely
extend our tensor X (ﬁ/)@ to X (7). in G (R?) so that the Chen identity
is still satisfied.

Definition 2.49 Let (6, ) € Dox, we call X (), , to be the signature of the
boundary curve 7. over (8, ¢].

Theorem 2.50 (Generalised Gauss-Green) Consider an one-form w =
w1dzy + wedxy such that for i =1, 2,

1. If 1 <a<1, w e CyC).

2. If 3 <a <3, w € Cy(C) and all its first order partial derivatives are

B— Hélder continuous with 8 > % - 2.

We have the generalized Gauss-Green’s formula

m([oxanixm)=[ [ (2:20)
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Remark 2.51 The integral [ w (X (7)) dX (7) is in the sense of rough path
integral while the double integral is in the usual Lebesgue sense. Note that

value . < / w (X (7)) dX (7))

15 independent of the choices of both the parametrization of v and the rough-
ness p.

Proof of the theorem 2.50. Fixed a p > 1/a, according to Theorem
2.47, there is a sequence of rationals {r¢}, .y such that truncated signatures
of Y,

S ()8 = (LS ()50, S (1))

converge in p— variation topology to the tensor

X (7)(2) = (1 X (v )st , X (7)§,t> :

Applying the universal limit theorem - Theorem 1.4, we have

Joxeaxm = fim [wEEm)ds e

k—oo

Using the fact that m; is continuous, we obtain

n(feemaxm) = gmm( [oxepaxe)

2
= lim w (%) (dvgk)

k*'-*oo 0

= lim w.
k—oo ’Yrk

On the other hand, the classical Green’s formula for domains with C!—

boundaries implies
f W= / dw (2.21)
'y‘rk D7k

where D™ is the Jordan domain bounded by 4"¢. Since the Hausdorf di-
mension of D is strictly less than 2 and 4™ uniformly converges to . from

inside,
//dwzllm// dw,
k‘-*OO D’I“k

and therefore the claim follows.



Chapter 3

Two results in the theory of
rough paths

In this chapter, we collect two results (and their proofs) which are fundamen-
tal in nature in the theory of rough paths. The Extension theorem in the
theory of rough paths (Proposition 1.3 in Chapter 1 or its equivalence, Theo-
rem 2.1.1 in Lyons [1998)) states that any p—rough path X. : Ap — TUPD (V)
can be naturally enhanced as a multiplicative functional of finite p—variation
on TW)(V) for any N > |p]; in other words, all high order tensors of “it-
erated integrals” of a rough path are completely determined by its tensors
of “iterated integrals” of order less than p. In order to prove the Exten-
sion theorem, one has to show that a particular sequence of functionals
{X (n).: Ap — TW )(V)}n e 18 Cauchy by applying the maximal inequality
(see Lyons [1998]) and the fact that there is a control (Definition 3.4 below)
for the rough path X.. Unfortunately, the assertion that there is a natural
control for any continuous multiplicative functional with finite p—variation is
only a mathematics folklore without a proper proof; even there is none in [23]
as claimed. In Section 3.1, I shall provide an elementary proof of the claim
which is quoted in Theorem 3.6. The key idea of the proof is to establish
Corollaries 3.16 and 3.17, i.e. the uniform continuity of our proposed control
wx in (3.4) with respect to either the first or second argument of wy.

In the theory of rough paths, it admits that the signature (recall Defini-
tion 1.1) of a geometric rough path completely characterizes the path itself
in the context of control theory. Along the line of thought, if a space-filling
curve v which can be shown to be a geometric rough path and fills up a geo-

49
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metric object M, it is reasonable to expect that we can extract the analytical
properties of M by decoding the information contained in the signature of
~; this is precisely our concern in Chapter 5. In regard to extracting infor-
mation embedded in the signature of a path, it is natural to achieve our goal
by integrating, with aids of different one-forms, against the signature (which
is now considered as a path itself). Therefore, it is essential to ask if the
signature of a geometric rough path, or in general any functional of signa-
ture, can still be treated as a geometric rough path. In Section 3.2, we shall
prove Proposition 3.34 which states that any functional of the log-signature
of a p—geometric rough path can be canonically enhanced as a p—geometric
rough path.

3.1 Existence of controls for rough paths

The purpose of this section is to establish Theorem 3.6, in particular, the
joint continuity of the p—variation wy in (3.4) of a p—rough path X.. Denote
Ar = {(s,t): 0< s <t <T}.

3.1.1 Preliminary definitions

In this subsection, we shall recall the notion of rough paths and control
functions. We first give the definition of multiplicative functionals of finite
p—variation.

Definition 3.1 4 map X. : Ay — TWNV) is said to be a multiplicative
functional of degree N € Z* if

1. For each (s,t) € Ar,
Xep=(1,X0,,..., X)), (3.1)
where XF, € V® fork=1,... N.
2. X. is continuous on Arp.
3. X. satisfies Chen’s identity:
Xot ® X = Xy, (3.2)
for (s,t), (t,u), (s,u) € Arp.



3.1. EXISTENCE OF CONTROLS FOR ROUGH PATHS 51

Definition 3.2 A4 multiplicative functional X. = (1, X1, ..., XN) on T™N)(V),
s satd to be of finite p—variation if

4
<400, Vi=1,...,N. (3.3)

where the supremum runs over all finite partitions D [0,T)] = {0 =1ty < -+ <
tr =T} of [0,T].

Now, a rough path is just a special type of multiplicative functionals,
namely:

Definition 3.3 A p—rough path is a multiplicative functional of degree |p|
with finite p—variation.

Next, we define the notion of control function which is a superadditive
continuous function that vanishes along the main diagonal.

Definition 3.4 A non-negative continuous function w: Ar — R is called a
control if

1. w 1s superadditive:
w(s,t) tw(t,u) <w(s,u),
for (s,t),(t,u) € Ar.

2. w(t,t) =0 for allt € [0,T].

3.1.2 Joint continuity of the p— variation of a p— rough
path

The purpose of this subsection is to prove the following Theorem 3.6 which is
essential in the theory of rough paths as we pointed out in the introduction
of this chapter (for further details, one can consult the work [22] and [23]). It
should be remarked that a proper proof of the statement is not yet available
in the literature before I drafted this chapter. We begin this subsection by
first defining a suitable control for a rough path.
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Definition 3.5 Suppose X. is a p—rough path, we define for any (s,t) € Ar,

: (3.4)

)

wx (s,t) £ sup sup Z lXZl "

1<i<[p] D[s,t]

where the supremum runs over all finite partitions of the interval [s,t]. We
call wx (s,t) the p—variation of X. over [s, t].

Now, we have the statement of our main result in this section, namely:
the joint continuity of the p—variation wy in (3.4) of a p—rough path X..

Theorem 3.6 The p—variation wx (-, ) of a p—rough path X. is a control.

Note that X. is uniformly continuous: for any € > 0, there is 6, > 0, such
that foralli=1,...,|p] and any u < v with |u — v| < &,

|Xfw[ <€

In order to prove Theorem 3.6, we have to first establish a number of lemmas.
The key lemmas are Corollaries 3.16 and 3.17, i.e. the uniform continuity
of the p—variation wy in (3.4) with respect to both the first and second
arguments of wy respectively.

Lemma 3.7 Let o > 1. For any a,b € R™ with b < 1, we have
0<(a+b)*—a* <max{2aa**,2°} b
Proof. Note that for z € [0, 1],
(1+2)* <1+ 2azx.

1. For a > b,

o b\*
(a+b)" —a® =a"{<1 + a) - 1} <a* <2aé> = 2aa*" b,
a

2. Fora <b <1,
(@a+b)% —a™ < 2%* < 29,
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We next show that in the limit the (p/i)"™ —power of the modulus of the
tensor X is additive.

Lemma 3.8 Foreachi=1,...,|p|,

L 1 __ i —
.Xu,t 'Xt’v =0.

lim sup ‘ X2,

€0 (41),(tv)EAT, [t—v|<be

Proof. Firstly, using Chen’s identity (3.2), we have foreach: = 1,..., |p],

= X, ZX% Fext+ X,
Therefore,
- IX o ‘Xz,v ;
g
= t+ZX1 R XE, XL - |XE T - 1XE
g
S ZXZ k tv+Xti,v _IXfL,t zzz _+_1)<tz,vl12

On the other hand, we have for any (t,v) € Ar such that |t — v| < 4,

ZX’ Y@ Xpy + Xi| [ X

< XL

+ lple(wx (0,T) v 1)

< Ke,
where K = (1+ |p| (wx (0,T)Vv 1)). Hence, using Lemma 3.7, for any
(t,v) € Ar with |t — v| < 4,

Xy : < max {2p(wx (0,T)V1),2°} Ke

- |

X1t+ZX1 k
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and hence, we deduce that

2

Y4 .
1 . 1
— | XL, —|Xm

sup “X
(u,t),(t,w)EAT, |t—v|<ée

< max{2p- wx (O,T),Q”}Ke+s§.

n
We now give a symbol for the measure for deviation from additivity of
the 1" component of p—variation wy at the order triple (s,t,v).
}f)

Next, we show that the measure for deviation from additivity Ds ¢y UDI-
formly approaches to zero as v approaches to ¢t from above; in other Words,
in the limit, the i** component of p—variation wy is uniformly additive.

Definition 3.9 Let (s,t),(t,v) € Ar, define

stv é sup (Z’XZ[ 1,4 1>—Sup (Z'th 1,

D(s,v] Dis,t

1) —_ Sup <Z ‘X‘;’il—-lytl
l

Di[t,v)

Corollary 3.10 For eachi € {1,2,...,|p]},

lim sup D!, =0.
vit (s,t)EAT

Proof. Fixed € > 0 and 0 < At < §.. For any partition
D& {s=tgt1,... ,tn =t+ At}

of [s,t + At], where t; < ¢t < t;;), we have

r Jj—
Z{th 1.t
=1

Therefore, we obtain

2
1 i i 1
E : ‘th—l,tll Z ’th 1,t o Z \th 1,t

t1€DN[s,t+At) t1€DNs,t] ti€DN(t,t+At]

‘th 1,b

|X

IX

=542

ZRIES! ti—1,t

P

i

P

1

P
1 .
1

. i _ i
l t],tj+1 ‘Xt,tj+1
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Hence, by Definition 3.9, we have for any v € [t,t + At],

0 < sup Dstv
(s,t)eAr

< sup ’ |X
(u,t),(t,v)EAT, |t—v|<de

— | X2,

— | X7,

Using Lemma 3.8, the result follows. m
Now, we have continuity of the p—variation wy with respect to the second
argument.

Lemma 3.11 Let (s,t) € Ap. Then we have

Ahm wx (8,t + At) = wx (s,t) .
t—0

In particular,

lim wx (s,s+ As) =0.
As—0t

Proof. Note that for every s, wx (s,-) is non-decreasing on [s,T]. We
shall prove our claim by contradiction. Suppose that it is not the case,
there would be a pair of (sg,t9) € Ar such that ima,_o+ wx (8o, tg + At) —
wx (S, to) > 0; this is only possible if there is 75 € {1,2,...,|p]} such that

. Z %
n% lim sup (Z 'Xff_m 0> — Sup ( 1th 1t > > 0.
! D/|so,to]

At—0% Disg to+ AL
As a consequence of Corollary 3.10, for any € > 0, there is a At > 0 such
that for any v € (to, to + At),
ﬂ)
0
=7

sup (Z‘Xﬁfl’tl
!
On the other hand, for any u € [ty, v], by definition,

D[to,v]
sup (Z’X}l"ltl A ) + sup (ZIXZZO . > < sup (Z ‘X,}lo L4

Dlto,u] Du,v) Dlto,v]

<e. (3.5)

and consequently, using (3.5), for all ¢ty < u < v <ty + At,

L) < 2. (3.6)

Diu,v]

0 < sup ( ‘th L
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For any partition D £ {tg =vg < v <+ < Um = v} of [to,v],

io % o | E io %
(sz LW < to,v1 + (ch 1,0
v eD
522
£ E 10 0
S sSup |Xt0 U1 0+ Sup ti-1,h )
u1€(to,v) Dlv1v] \ 7

therefore, using (3.6), we deduce that for any v € (to, to + At),

sup (Z‘ t, 1t

Dlto,v]

% + 2¢.

) < sup | X,

uy E(to,v)

Using (3.5), we also have

lim sup [X [0

to,u1
vito u1€(to,v)

o >mn— 3¢

Since € is arbitrary, we conclude that

lim sup [X ;0

o >n>0
t Z7
vlto y; e(to,v) 0 [ ,

which contradicts the continuity of X.. =
As a corollary, we obtain a partial result on the uniform continuity of the
p—variation wy with respect to the second argument.

Corollary 3.12 For each t € [0,T],

lim sup lwx (s,v) —wx (s,t)] = 0.
010 (st)eAr, ve[t,t+6)

Proof. Using Lemma 3.11, we have, for every € > 0, there is § > 0, such
that for any v € [t, ¢ + 6],

0 <wx (t,v) <e,
and

max sup D!
L (s,t)EAT

< e.

s,t, v —
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)

Forall s <tandi=1,2...,\|p],

sup (Z ’Xfl_m
!

2 |
) — sup (Z IXZI—I,tl
!

D[s’v] D[S,t]
: B
< sup Z ‘le_l’tl +¢e < 2e.
Dit,v] !

|
Definition 3.13 For any (s,t) € A7, define
Xet 2 Xp_y7_s.
Using Chen'’s identity (3.2), for any (s,t), (t,u) € Ar,
)?s,u = )?t,u 029 —)?s,t-

Since all the derivations in the previous lemmas do not rely on the non-
commutative nature of ®, without further effort, we can immediately deduce
the continuity of the p—variation wx with respect to the first argument.

Lemma 3.14 For any (s,t) € Ar,

Agﬂw wx (s — As,t) = wx (s,t).

In particular,
lim wyx (s — As,s) =0.
As—0TF

Proof. Note that the arguments in the proofs of Lemmas 3.8, 3.10 and
3.11 do not depend on the noncommutativity of ®. Following the same lines
of proof by replacing X. by X., we attain our result. =

Similarly, we also obtain a partial result on the uniform continuity of the
p—variation wy with respect to the first argument.

Lemma 3.15 For eacht € [0,T],

lim sup lwx (s,t) —wx (s,u)] = 0.
410 (s,u)EAT, ue(t—4,t]
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Proof. For all : = 1,2,...,|p]|, using the fact that X. is continuous and
Lemma 3.14, for any € > 0, there is a § > 0, such that for u € [t — 4, 1],

st]( lth L ) <e.
Diu,t

Consider a partition D £ {s = tg,t,...,t, =t} of [s,%] such that t; < u <
ti+1. Then we have

Z ‘Xtt 1.t

J

B
i i
: : th—latl +

=1
Y - | ' .
Z Xzz_1,tz + {]ij’u +Z€’XZJ-’5
=1 k=1
Sup] <Z’ Up_3,u > 'Xtij>u i
2 , 4
(w (0, T)v1)} + sup Z‘X;l_m Y,
l

+ {]X
Dlt;42,]

]X t}<5

and

‘L'

2

1

IN

i1

e
[ n
1
+ 2 : lXiz—htz
l

P
i n
} + Z ’le—lytl
l

=j+2

) i—k k
th,‘u. + Z th,'u. ® Xu
k=1

D

7

IN

IA

and so

P

1

op (5]

Dis,t]

:
- (2 )z ()
+5355u{{(xv,ul +elp) (wx 0.7) v} = x5, [T
. g E
s S’Ei‘ii( Ko )+§?p< (X“”“‘l>
+K°

pwx €
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where

. 2 _i
K, oy e |p] (wx (0,T) V1) max {—igwx (O,T)l P ,2}5} .
The last inequality holds because of Lemma 3.7 and the fact that for all
(S’t> € ATa .
| X2 < w (0, T)% < oo.

Hence

0 < wx (s,t) — wx (s,u) <wx (u,t) + max K:  -e.
i=1,..,|p)
|
By combining our previous claims, namely Corollaries 3.12 and 3.15, we
can now deduce the uniform continuity of the p—variation wx with respect
to the second and first arguments respectively.

Corollary 3.16 For each t € [0,T],

lim sup wx (s,1) —wx (s,v)] = 0.
610 (5,t),(s,w)EAT, VE[t—6,t+0]

Proof. Combining the results in Lemmas 3.12 and 3.15, we obtain our
desired result. m

Corollary 3.17 For each s € [0,T],

lim  sup lwx (s,t) —wx (u,t)] =0,
010 (s,t),(u,t)EAT UE[s—8,5+F]

Proof. Again note that arguments leading to Corollary 3.16 do not
depend on the noncommutativity of ®. By replacing all X. by X., we conclude
the result. =

We are now ready to settle our Theorem 3.6 as follow.

Proof of Theorem 3.6. It is clear that wx is both superadditve and
vanishing on the diagonal. What remains is to establish the joint continuity
of wy. Let (s,t) € Ar with s < t. Using Corollaries 3.16 and 3.17, for
e > 0, there is a positive 6 < %° such that for s € (s— 4,5+ ) and
te(t—6t+0),

wx (5,8) —wx (5, 8)] < &
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and
lwx (8',t) —wx (s',8)] < e.

Therefore
lwx (s,t) —wx (s, )] < 2e.

On the other hand, we consider the case (s, s) lying on the diagonal. Note
that wx (s,s) = 0. According to Lemmas 3.11 and 3.14 and the fact that
X is continuous, for any € > 0, there is & > 0, such that for u € [s — ¢, ],
vE[s,s+d]andi=1,...,|p],

P

wx (u, 8),wx (8,v), ]Xfw t<e¢g
therefore,
.2
wx (u,v) < wx(u,8)+ sup sup | X5 | "+ wx (s,0)
i=1,...,|p] s—8'<uls<v<s+4’
< 3e.

Finally, in general, for any (u,v) € Ap, s = § < u < v < s+ &, we have
wx (u,v) Swx (sAu,sVu) <3 m

3.2 Functions of signatures as geometric rough
paths

In this section, we first recall some elementary notion in the theory of rough
paths. We then establish Proposition 3.31 which states that a special family
of smooth vector fields induces a sequence of recursively defined continuous
paths such that each of the paths can naturally be enhanced as a geometric
rough path. As an immediate consequence, we conclude our claim that any
nice functionals of the log-signature of a p—geometric rough path are also
p—geometric rough paths.

3.2.1 Preliminary definitions and results

This subsection is partially equivalent to Section 1.4 but from a different
perspective which can ease the development leading to our desired results
in Chapter 5. We shall first recall the notion of signatures of geometric
rough paths, and then introduce an alternative yet equivalent definition of
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p—variation topology and finally we state another formulation of Universal
Limit Theorem in the theory of rough paths.

Consider a separable Banach space (V,|-|;,) and its family of algebraic
tensor products V®* =V ®, - - ®, V (total of k copies) with tensor norms
|-, such that:

Ly =11y
2. lv®@wl,, < vl - |wl,, where v € V&* and w € V&',

The completion of the algebraic tensor product V®+* under the norm ||,
is denoted by (V®,|-|.) or V® for short if the tensor norms are clear.

Definition 3.18 For each N € N, the (truncated) tensor algebra on V,
(TNNV), ®), 1s the direct sum of all tensor products up to order N:

TN(V) = &l V®,
where VO =R and V' = V.

Definition 3.19 The multiplication in TW)(V) is defined as: V&€ = (£°, €,
&) =%t ) € TW(V), their product ¢ = (¢, ¢F, ..., ¢M)
s such that fork=1,2,..., N,

k
=Y e
1=0

Lemma 3.20 Define a norm |-, on TW)(V) such that V¢ € TN(V),

N
€l = > 1€°],.-
k=0

Then, (T(N) (V), [-|(N)> is a Banach algebra.

Define a partial order in Az so that (s,t) < (u,v) if boths < uandt < v.
‘Consider a finite variation continuous path v.: [0,1] - V. Let 1 < k € Z™,
the tensor of the k*"-order iterated integral, as a function from A; to V&,

of v:
S(V)f,té/-'-/ dVu, @ -+ @ dyy,
s<uy < <up<t

is well-defined and continuous on A;.
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Definition 3.21 For any (s,t) € Ay, we define

S 2 (LS S )

to be the signature of v over [s,t].

According to the work of Lyons and Hambly [2006], the signature S (), ,
characterizes the finite variation path v over [s, ] up to tree-like pieces. We
now prepare to extend the notion of signatures to geometric rough paths.

Fix N € N. Weuse C (Al, TW) (V)) to denote the space of all continuous

functions X. : A; — (T(N) V) ey

Definition 3.22 Define QN (V) to be the subset of C (A1, T (V) con-
taining all elements X. having properties:

1. X0=1,
2. X. satisfies Chen’s identity (3.2):
Kot = Xsu ® Xuy
for any (s,u) < (u,t) € Ay.

Definition 3.23 Define GQY (V) to be the subset of QN (V) so that VY. :
Ay — TW(V) € GQN (V), there is a finite variation continuous path v :
0,1} — V such that for any k =0,... N

)

Y5 =8(y)k.

Definition 3.24 Define the p—uvariation metric dY (-,+) on QN (V) so that
VX.,Y e QN (V),
p/k> “/p

where the supremum runs through all partitions D of 0,1]. The corresponding
topology induced 1s called the p—variation topology.

d (X, Y)-maxsup(Z’Xllt %

1<k<N D 'L 1,t:
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Remark 3.25 According to the work of Friz and Victoir [2006], the induced
p— variation topology in Definition 3.24 is equivalent to the one mentioned
in Section 1.4.

Fix a real number p > 1.

Definition 3.26 The set of p—geometric rough paths G, (V') is the com-
pletion of GQPI (V) in QIP1 (V) under the p—wvariation metric d?!

Definition 3.27 Let X. € GQ, (V) and 0 < t < 1. Define Xq; as the
signature and logXo; as the log-signature of the path X5 :[0,1] = V over
[0, ].

Denote the space of all finite variation V —valued paths X. : [0, 1] -V
by GQ! (V). Next, we state an alternative formulation of Universal Limit
Theorem in the theory of rough paths.

Proposition 3.28 Let V and W be two Banach spaces and f : V — Lipla, W, W]
be a linear map from V to a— Lipschitz vector fields (see Stein [1970] for a
definition) on W. Define the Ité map Iy : G (V) — GQ' (V @ W) so that
VX € GQF (V),

Z AT (X)=X+Y,

where, for some fited a € W,

dy, = [(¥i)dX,,
YO = a.

Also define a linear map h : V@ W — Lip[1,V @ W,V & W] such that
Ve,veV andy,w € W,

hiz+y)(v+w)=hy)(v+w)=v+f(y)v.

Suppose 1 < p < a. Then for every geometric rough path X. € G, (V') such
that
Ty (X) = X.,

there is ezactly one geometric rough path Z. € GQU, (V @ W) such that

1. We can express
TVeWw (Zoy.) = X. + Y.
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2. 7. satisfies the rough differential equation
6Z. = h(Y;+a)(6Z.).

8. The map Iy : X, — Z_ is the unique continuous ertension of the Ito
map Iy : GO (V) — G (V & W) with respect to p—variation topol-
ogy in such a way that for every finite variation path X. with signature

X, ' t
rw (3(X),) = [ F(%

Proof. For the detail of a proof, one can consult the paper by Lyons
[1998] on page 298. =

3.2.2 Main results
For m € N, consider a family of linear maps f,, from (@Z’:l ek, 1-|(m)> to

+1 k
the smooth vector fields on ( o VR (m+1 >

Definition 3.29 Let X =X+ X! + ... € T (V) with X™ € V®™ for m =
0,1,.... For every k € N, we define

xk & xt ... 4 x*k

Given a finite variation path v : [0,1] — V with signature X (v),, over
[s,t] for all (s,t) € Ay, we construct a sequence of paths recursively.

Definition 3.30 Define v/' such that
f1 Jay / f dXélu} ) @ ek
For everym > 1, we also define v/™ to be the solution to the integral equation:
m+1
= [ of) () € @ ver
k=1

It is clear that each /™ is both continuous and of finite variation; we now
attempt to extend this result in the rough path setting. Fix p > 1.
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Proposition 3.31 For every m € Z%, there is a unique map J'™ from
GQ, (V) to GQ, (Pi! VO*) such that T is continuous with respect to
p—wvariation topology and for every finite variation path 7.,

T (X)) =8 (vm) .

Proof. Uniqueness of the map is clear as a continuous extension of a
definite map. Let 7 : [0,1] — V be a finite variation continuous path. For

m = 1, by definition, X{™ () = Xo. (7) € V®. Define a one-form h; such

yUu

that Voi} € V8! and wil} + wi? € VO @ (PI_, V&),
by (w + w®) (01) = o 4 £ (@) ().
Consider the rough differential equation
6z = hy (2 +0) (621).

According to Proposition 3.28, the Ito map Z,, is a continuous extension
with respect to p— variation topology of Z;, such that

TG0, (i, VE*) (T, (X (M))). =S (1) .

So we take
A
Jgh £ TG, (@i, ver) © L, -

For each m € Z*, consider a finite variation path ¢™ : [0,1] — @,., V®*.
Define an one-form h,, such that Vui™ e @, V& wlml 4 lm+1} ¢

(B, Ve*) @ (B V)
B (w0 4+ 1) (u0m)) = ™) 4 (Y (ym)Y

As above, using Proposition 3.28 again, the Ito map Z,_ is a continuous
extension with respect to the p— variation topology of Z;_ such that

Tas(@pn ver) Tan (X (67))). = S (T, (67, ) |

where Iy, (¢™), . is the solution to the integral equation y. = [/ fm () (do]) €
T+ Ve We now take

Jay
jfm = WGQP(GBZ:]I V®k> © Ihm ©: 0 WGQ,,(@i:l V®k) ° Ihl '
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[ ]

‘Suppose V' is finite dimensional. Fix an integer N > 1. As a corollary,
we deduce that the log-signature of a p—geometric rough path can naturally
be enhanced as a p—geometric rough path.

Corollary 3.32 Given X. € GQ, (V), the truncated log-signature (logX)({,N} €

@g_:l V® can naturally be enhanced as a p—geometric rough path. In partic-

ular, if {X (m) }°_, is a sequence of smooth rough paths converging to X. in

GQ, (V), then (log X (m))(‘giv} also converges to (log X)({)iv} in G, (@szl V®’“) :

Proof. By suitably choosing the sequence of vector fields { f,} in Propo-
sition 3.31, we obtain our result. For example, suppose V has a basis
{e}i™Y | choose fi such that for any v{} € V& {42 € VEI D (@izl Vek)

fi (w + @) 1) = E Y Mo (W) mees (V) e ®e;

i<j<dim(V)

“T<e;> (w{z}) Mees> (’U{l}) e; & ey

then for any Lipschitz path v : [0,1] = V| (log X (7))6?} =X (7). +A (Mo,

TEX ) =8 (X0 + A0,

where A (7)0,. is the Levy area process of v.. The continuity result also holds
because of Propositions 3.28 and 3.31. =

Lemma 3.33 Let V and W be two Banach spaces and F : V — W be an
a (> p+ 1) —Lipschitz function. Suppose X. € GQ,(V), then F (X(}’,) can
naturally be lifted to a p—geometric rough path in GQ, (W).

Proof. For any Lipschitz path v : [0,1] — V|, by regarding F (X (’Y)(l) )
as a solution of the differential equation

{ dy = DF (X1)dX}
Yo = F(0)

and using Proposition 3.28, we obtain our claim. m 4
In general, we can now obtain our main theorem that any functional of

the log-signature of a geometric rough path can naturally be enhanced as a
geometric rough path.



3.2. FUNCTIONS OF SIGNATURES AS GEOMETRIC ROUGH PATHS67

Proposition 3.34 Fiz an integer N > 1. Suppose that V is a finite di-
menstonal and W 1is a separable Banach space. For any smooth function
F: VW, X eGQ,(V),

F ((509X>é,].\/})

can naturally be enhanced as a p—geometric rough path in GQ,(W). In
particular, the truncated signature

XM = exp (logX){™
is also a p—geometric rough path in G, (EBkNZI V®k>.

Proof. As an immediate consequence of Proposition 3.31 and Lemma
3.33. m
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Chapter 4
Space-filling rough paths

In the theory of rough paths, it admits that the signature (Definition 1.1) of
a geometric rough path completely characterizes the path itself in the sense
of controlling any arbitrary controlled differential equation. Along the same
line of thought, it is interesting to ask if one can find quantities, which are
analogous to the signature of a path, that can characterize a high dimensional
geometric object M in the sense of integrating differential forms on M. It is
expected that the established theory of rough paths may help us to resolve our
curiosity; indeed, one plausible approach is to first use path(s) to represent a
high dimensional geometric object M, and then regard a differential form w
as an one-form w over tensors so that integrating the differential form w on M
is the same as integrating the one-form w against the path(s). More precisely,
given a nice high dimensional geometric object M, can one find a space-filling
curve v for M which can “naturally” be enhanced as a geometric rough
path? If the answer were positive, could we find a way so that integrating a
differential form w on M is equivalent to integrating an one-form w against
the enhanced path of v? In Chapter 4, we shall show that a class of space-
filling curves are actually geometric rough paths; while in Chapter 5, we shall
discuss the issue about integrating a differential form on a geometric object
as contracting a one-form against its space-filling rough paths.

Since many nice geometric objects can be arbitrarily closely approximated
by a finite number of hypercubes, it is more tractable to commence our
program of research by first looking for a class of space-filling curves for
hypercubes that can be lifted as geometric rough paths. In particular, we
make a conjecture that for each d € N, the space-filling curve Fld (Definition

69
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4.11) for the d—dimensional unit hypercube can be naturally (but not in a
unique way) enhanced as a p (> d) —geometric rough path. We shall prove
our claim when d = 3 in this chapter; unfortunately, it is still open for
d > 4 because iterated integrals of order not less than 4 would need to be
investigated which seems to be far from trivial.

In Section 4.1, we shall construct the family of space-filling curves e
for hypercubes and show that s /d—Holder continuous. It should be
noted that the first such construction for d = 2 had been done by Buckley
[1996]. In Section 4.2 and 4.3, we shall establish respectively the self-similar
and reversible nature (Definition 4.30) of F9  The key idea to settle our
conjecture for d = 3 is to first develop recursive relations between tensors of
iterated integrals of successive approximants as in Subsection 4.4.2. Secondly,
in Subsection 4.4.3, we use the reversibility of F¥ to simplify the tensor of
third order iterated integral of each approximant as an integral of the Levy
area of the approximant against its increment. Finally, in Subsection 4.4.4
and 4.4.5, we establish conditions that suffice for an application of Ascoli-
Azela lemma to conclude our Theorem 4.82 in Subsection 4.4.6.

Let T > 0. In the foilowing, we again use [ to denote [0, 1] and At to
denote {(s,£) : 0 < s <t <T}. Also use C and M to denote constants. We
begin with some elementary notion.

Definition 4.1 Let V be a vector space. Define recursiely, for everyn € N,

L) = v,
L) = [v,Lm(V)]

and

L(V)=e2,Lk(V).

Definition 4.2 Let d € Z* and 7. : I — RY be a continuous path of finite
variation in R For every (s,t) € Ay, define

L'y = m=%= Y. (¥-)e, (4.1)
1<i<d
L*(v),e & A(v)= Y A@)H[ee], (4.2)

1<i<j<d
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where {ek}zzl is the standard basis of R? and

1

A(y)S =< / dn, dl, — dvl, v, (4.3)
2 s<uy <ua <t

is called the Levy area of 7. over [s,t].

Note that A(7.). can be shown to be independent of the choice of the
basis of V.

Theorem 4.3 (Chen) Consider a finite variation continuous path . : [0,1] —
V. Denote its signature over [s,t] by S(v.).,. Let (s,t) € Ay and n € N,
Then the truncated log-signature

s,t’

log (S (7)”) " e LM (V).

Furthermore,

log (S (v)s,t>m = L(7)e:) (4.4)
log (S ('7)s,t) ? = A (’Y~>s,t' (4.5)

Proof. One can consult the work done by Chen [1957], [1958] for details.
|

4.1 A class of space-filling curves

Let d € Z*. In this section, we introduce a i—Hélder continuous space-filling
curve for the unit hypercube I¢. A construction for the two dimensional case
can be found in Buckley [1996]. Our construction given here is the extension
of the work done by Buckley, namely based on digit construction. We first
introduce some basic notion and a few elementary results.

Definition 4.4 Define ) to be the set of all Zs—valued sequences,
Q=2 {(w)m, wi €4{0,1,2}, i=1,2,...}.

We now define a map that contracts any infinite sequence from Q as a
real number in /.
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Definition 4.5 Define a map 0 : Q — I such that V(w)ioq € £,

o0
Wi

0 ((wi)ieq) 2 (wwy...)3 = ) 3

1=

It is clear that 8 is surjective but not injective; for instance, both (1,2,2,...)
and (2,0,0,...) are mapped to % by 6. We next give a notation for the preim-
age under #~! of a real number from /.

Definition 4.6 Define I' C I to be the set of all numbers having a base-3
expansion (w;) such that w; = 0 for all but finitely many i. For each x € T,
we denote

V, 267 (z).
We then have an elementary result about the cardinality of a set V.

Lemma 4.7 Every element in T has ezactly two base-3 expansions, t.e. Vo €
I, .
card (V) = 2.

Proof. Let z € I', by definition, there is n, € N such that = can be
expressed as
Wi
r = -,
25

where w; = 0 for all j > ng with w,, # 0. Hence, we have
V, = {(w), (Wi, wn, — 1,2,2,...)}.
[ ]

Lemma 4.8 FEvery element in I/I" has exactly one base-3 expansion, 1.e.
vz e I/T,
card (V) = 1.

Proof. Note that for every z = (v;) € I/T', there should be infinitely
many v; = 1. Let (w;) € Q so that there are infinitely many j, € Z* such
that w;, = 1. For every m € N,

o0 Wi o0 2 1
— < - _ S
£ 3t T Z 3t 3k
=m 1=m Jk=>m
1

3m-1 ’
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Therefore, every z € I/T" can only have exactly one base-3 expansion. ®
‘We now introduce a notion for the family of maps ¢ : I — 2 such that
@ o ¢ is the identity map on I.

Definition 4.9 Let ® be the family of all mappings ¢ : I — § such that
Vr €1,

o (z) € V,.

We next introduce a way to construct a d—dimensional point in ¢ out
from a point in 2. The digit swapping mechanism (4.8) ensures F'¥ con-
structed below is a continuous path.

Definition 4.10 Let d, i € N. For eachr € {1,...,d}, let
A(d),,={keN:1<k<Zi-d+r}/(dZ+T). (4.6)

Define a map G141 : Q — Q% such that ¥V (w;) € Q
oc \ d
4 ((w,)) = (r)
G ((wi) ((ul )i=1>r=1 ’ (4.7)

where for each 1 € N,

’uji = . * T o (48)
2 - W(i—1)d+7) Zf ZkEA(d)i—l,r W = 1 (mOd 2) .

Definition 4.11 For each P € &, we define a map F(i[)d] : I — I% such that

YV el,
d

r=1"

F (z) = ((f om0 G¥ o g) ()

where 7, - Q% — Q) is the projection operator such that

e (()0)) = @)

for every r € {1,...,d}.

We shall now show that the definition of F d[)d] is independent of the choice
of ¢.
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Lemma 4.12 For each d € N, the definition of F(éd] is independent of the
choice of ¢ € ®. That is to say, Yeé1, ¢z € d and x € 1,

Fi¥ (z) = Fj2 (z).

Definition 4.13 Define
| Fld & pid (4.9)

for some ¢ € ®.

For a graphical illustration of Fld in the case of d = 2, it is depicted as
below:

Proof of lemma 4.12. For each z € I/T", card (V;) = 1 and it is clear
that F, qu] (z) is the same for all choices of ¢. Without loss of generality, we
now consider z € I" such that its base-3 expansion is

xIr = (wlwg...wjdloo...)S = (wlwg...wdeQZ...)3,

for some j € N. Observe that

Gl ((wlwz .wigl00. . >3> - ((uy)y')ol)j:l ’

1=
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where
(u(1)> (w w w 1,0,0,...), lf ZkEA(d)]_llwk = 0 (mOd 2) ;
1 = yWd+1s -0 —1)d+1: . ' -
1, Wd+ (j—1)d+ 1,2,2,...), if zkeA(d)j_l_l wr =1 (mod 2).
(’U,(T)) -~ | 2,2,...), if ZkeA(d)j_l,, wr =0 (mod 2),
i = \WnWier, - Wi-Nde g g Y if D kenw). ,, Wk = (mod 2) .
12— 4,7

for every r € {2,...,d}. On the other hand,

Gdl ((w1w2 . w;g022 ... >3) = ((Uy))fl)j:l )

where
(v(1)> - | 0,2,2,...), if ZkeA(d)j_m wg =0 (mod 2),
i = WnWi, - Wi-ndeh 9 g0 Y, if D _kea), ,, Wk =1 (mod 2)
J1—1,
( (r)) . ( s 2, 2, ce ) , if ZkEA(d)j_l‘r W = 0 (mod 2) ,
Vi) T Wn Bk ®0-ndin g0, if D kea),_,, Wk =1 (mod 2)
22— 4,7

for every r € {2,...,d}. Therefore, we have
0o, oG ((wl,...,wjd,l,O,...)g) =f0om, oGH ((wl,...,wjd,O,Z,...)s),

and hence, we conclude that all F’ (Ld] () agree at x. Other cases can similarly
be dealt with. =

Corollary 4.14 Fld . ] — ¢ is surjective.

Proof. For each k € Nand r € {1,...,d},

k k
Z uﬁ") = Zw(i_l)dw (mod 2) .
i=1 i=1
Together with the fact that elements in {u§’>} are defined recursively, the
i=1

claim that F!@ is surjective is immediate. =
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Definition 4.15 For each d € N, define a map p : Q¢ — Q such that

(r) oo\ d
H(CH A
i=1/r=1

oo \d
; (((ugﬂ)__l) ) & (ul o, o Y

We next prove our main result in this section, namely: the Holder conti-
nuity of F9. The idea of the proof is that our Definition 4.10 of G!% ensures
every point t € [3%, %], for k =0,...,3%1— 1, with its image Fl4 (t) to lie

in the sub-hypercube with its main diagonal having endpoints £'9 (5%) and
PO ().

Proposition 4.16 For eachd € N, F1¥ : [ — J% is L~ Holder continuous.

Proof. Without loss of generality, consider z = (z;), y = (y:) € 2 such
that
Oz < Oy,

and po G (), po Gl (y) are different from the (dm)®* term on. According
to the definition of p and Lemma 4.12, we have

|F4 (6z) — FI9 (6y))"

2 2 Co(2 2 2
< (d-1) <3m+1+3m+2+"'> +<3_m+3m+1+"'>

(&) ()

and therefore,

|F1 (6z) — Fi) (y)|| < —3—1”7 d+ 8.

In the case that
6z — Oy| > 379

it is clear that

| F4 (62) — F1U (8y)|| < Vd+ 8 [0z — Gyl

Suppose that
0z — Oy| < 379m,
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For if there is a j € N with 0 < j < dm so that Vi < 7,

T; = y; but z; # y,.

Under our assumption that 8z < 8y, it is either (1) : y; = 2 and z; = 0 or
(2) 1 y; = z; + 1. In the former case,

2 2 2
l9$-9y| _37—<3j+1+3j+2+"‘>

= 3—-7.
> 37im

v

which contradicts to the assumption that |#z — 6y| < 379", On the other
hand, in the second case that

Y; = I, —+ 1,
we should have Vi € N with j < i < dm,
Ty =2, 4 = 0;

otherwise, one can find a 7' € N with j < 5/ < dm such that

Yy — x> —1,
and
by — bz > i_(_.Q_+..-+ CE S +>
37 37+1 37'-1 37 37'+1
= 377
> 37

which again contradicts our assumption that |#z — fy| < 379™. However,
even in the present case, the condition still leads to a contradiction to the
assumption that poGl4 (z), po Gl (y) differ from the (dm)* term on. There-
fore, we can only have, Vi < dm,

i = Yi-

Since 0z < Oy and SO Ygm > Tam, it is either (1) : yg, = 2 and z4,, = 0 or
(2) : Yam = Tgm + 1; in the former case, we again have

0z — Oy| > 379
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In conclusion, we have z; = y; for all i < dm and Yam = Tam + 1. Consider
z=(z),z = (%) € Q such that

2z =v;, fori<dm,
z; =0, fori>dm,

and
z; = x;, for i< mnm,
z, =2, fori>nm.

It is clear that because Ygm = ZTam + 1, we have
bz < 07 = 62 < Oy,
If y and z are different from the k** (> dm) term on, then

Oy — Ox Oy — 0z

>
> 3-—k+1

)

and

HF[d] (62) — Fld (gy)H < 3vd (3' fﬂ) ,
Similarly, if z and Z are different from the [** (> dm) term on, then

0z — Oz
3——l+1

Oy — Oz

(VAR

)

and

|F19 (67) — F1 (g2)|| < 3V (3—%1) _
Using Lemma 4.12 again, we can find ¢ and 5 € ® such that

(606)(z) = =
(600)(®) = =

hence we get

F[d] 9 — F[d] 05) = (d] _ Ld]
(6z) s (0z) = Fy" (62) F¢ (62)
= Fld(9z).
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Finally, we have

| F (6y) — F (9z) ||
< HF[d (0y) — F14 (02)|| + || F¥ (62) — F¥ (67)|| + || F'¥ (62) — F' (6z) ||
< (3 %)+o+3f( -l
<

6v/d (3‘ “““(515)) |
Note that 6y — §z > 3~ ™in(k=1I-1) " and hence,

| P14 (6y) — FH (62) || < 6 (372/a) |6y — 0}

We now conclude our main claim:

Corollary 4.17 Fld : [ — I% is a space-filling curve for I¢.

Proof. By combining the results in Corollary 4.14 and Proposition 4.16,
we conclude our claim.

4.2 Self-similarity of F

In thls section, we aim to establish the self-similarity of the space-filling curve
F' for the unit hypercube I¢. We first study properties and the cardlnahty
of the set of all orthogonal transformations induced by increments of Fl
(see Corollary 4.22).

Definition 4.18 For every v = (vy,...,vq) € RY, define a linear transfor-
mation Q, : R — R® such that Yw € R¢,

d
=> (v
i=1
where {€'}2_ is the standard basis for R%.

Lemma 4.19 Let v = (vy,...,v3) € R® with |v;| = 1 for alli =1,...,d.
Then, Q, : R* — R? is an orthogonal transformation.
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Definition 4.20 For every k € N and j € {0,1,...,3%*}, define
J
th(d) = v (4.10)

and a partition of I,
F(d) 2 {th(d):0< 5 < 3%}

We first show that F!@ (¢} (d)) and F¥ (¢l,, (d)) are endpoints of the
main diagonal of a sub-hypercube.

Lemma 4.21 For everyd € N and j € {0,...,3% — 1}, we express
PO (1, (0)) — ¥ (¢ (0)

2N (Pt ~ F (1 (d))), €" (4.11)

1=1

Suppose that

Then, for every l € {1,...,d},

(F (41 () = F (£ (d)),
B 5, if ZkeA(d)u wp =0 (mod 2), (4.12)
—%, if ZkeA(d)u wrg =1 (mod 2). -

Proof. Without loss of generality, we consider the case that for some

m < d,

d
Wi

t(d) = 3

i=1
with w;, =0 foralli=m+1,...,d. Note that

d—-1

1
+—d

°:’|§

_7+1
1=1
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According to Definition 4.10, for every [ € {1,...,d},

P (8 @), =, | 0070 T S o0 =0 (mod2),
j ! ) 2,2,...),, if ZkeA(d)” wr =1 (mod 2),

where

o = wy, if Zkgz—lwk =0 (mod 2),
T 2—w, if Dok<i—1Wk =1 (mod 2) .

On the other hand, for each m € {1,...,d — 1},

P, (@) = (w4 e T Lkeaia, , wx =0 (mod 2),
J+1 m " 0,0, )5, i D kenw),  wk =1 (mod 2),

= (1 {O7O>'--)3v if Zkgd_lwkEO(mon),

[d] (41
F (tj+1 (d))d 2,2,,,_>3, if std_lwk =1 (mod 2).

Therefore, for every | € {1,...,d},

(F (tj41 () = F (£ (4)),
Sieoge, if ZkeA(d)u we =0 (mod 2),
— > g, if ZkeA(d)“ we =1 (mod 2).

Other cases can similarly be dealt with. =
We now deduce our claim that each increment FI4 (t1,, (d)) — F9 (¢} (d))
induces an orthogonal transformation.

Corollary 4.22 For everyd € N and j € {O, ., 3% — 1}, define
d
S & F (8, () — F1 (£ (a)). (4.13)

Then
Qsé[.d] ' R* — R¢

is an orthogonal transformation on Re.

Proof. The claim is an immediate consequence of Lemmas 4.19 and 4.21.
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For every j € {1,...,3% '}, if we express t; (d) as:

d 1
w (tj (d),
k=1
it is clear that for each 7 € {1,...,d},

d

Z w (4 (d)), = Zw (& (), —w (£5 (d)), -

kEAo‘i k=1

We now count the total number of different Q3 5l
J

Corollary 4.23 For every d € N, define

Q(d)é{Qgégd] :j:O,...,Sd—l}. (4.14)
fhen 24 fd=0 (mod 2
card (@ (d)) :{ 041 Z§d21 Ede 2%? (4.15)
Proof. Let

s2 (s1,...,8q4-1) € {-1, l}d_l.
Choose wy € {0,1,2} for k € {1,...,d} such that

d
Zwk =1 (mod 2),
k=1

and for every k € {1,...,d — 1},

14 si

wk=1— 2

Using Lemma 4.21, there is 7; with

d
Wi
k=1

and

1
d
53['1] - 5(51,.--,8d—1>3d)v
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where

sd=2{(d—1)— 5 (mod2)}—1.

Also choose v € {0,1,2}, k =1,...,d such that

d
> =0 (mod2),
k=1

and for every k € {1,...,d — 1},

1+Sk
Vi = — .

2

Using Lemma 4.21 again, there is j, with

and

where

d—1
1 .
51122{— —;Sk (m0d2)}—1

It is clear that s, = s} if and only if d is odd; hence the result follows. =
Finally, we show that each @, is positively oriented when d is an odd
J

number. We first have a lemma:

Lemma 4.24 Let d be an odd number. For every j € {0,...,3% — 1},

d
Hsgn (53[-‘1]) = 1.
!
I=1
Proof. According to Lemma 4.21,

gn\% ), -1, if ZkeA(d)”wk =1 (mod 2),
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where
d

Wi
k=1

Let m and n be the number of “0” and “2” and the number of “1” respectively
and so d = m +n. We have two cases: '

1. For even m and odd n, there are an even number of sgn (5][-(1])1 = —1

and an odd number of sgn ((53[4])1 = 1.

2. For odd m and even n, we again have an even number of sgn (5][.‘1])[ =

—1 and an odd number of sgn (53['d])l = 1.

Corollary 4.25 Let d be an odd number. For every j € {O, 34— 1},
Q36[d] : RY — R? has a unit determinant, i.e.
j

det (Qsé[‘d]> =1. (4.16)
Finally, we conclude this section with our main result that F'¥ is self-

similar which eases our computation of controls for the approximants of F'®
in the course of establishing the geometric rough path nature of Fld,

Proposition 4.26 (Self-similarity of F'¥) Let j € {0,...,3¢~1}. For
any t € [t} (d),tl,, (d)], we have

FI(0) = FI (5 (d) + Qa0 6y (F9 (3 (e~ 11(d))) . (417
Proof. Let )
)= =

and




4.2. SELF-SIMILARITY OF F'*! 85

Then

8

1 (%
3¢ t—tj 2 30

by Definition 4.11 and Lemma 4.12, we have

P @ (e- @) = ((47),),

where

] 1,m

2 — V(j-1)d+m> if ZkEA (d) Ve = (mod 2) .

i—1m

{ V(j—1)dtm,  if ZkeA v =0 (mod 2),

On the other hand, we also have

P 0= ((7),),...

2 Wm, if zlc_<_m—1 wry =0 (mod 2),
V) 2—wn, if D k<m_1Wk =1 (mod 2).

and for each j € N with j > 2,

where

v, =0 (mod 2),
v =1 (mod 2).

7—2,m

. . U(j—2)d4+m, if Zk#m Wi + ZkEA(d
J 2 — V(—2)d+m> if Zk;ém Wy + ZkeA

{ uj(-rfi, if Y imwk =0 (mod 2),

] —-2m

2 —ul™, if S mwk=1 (mod2).
Therefore, for every m € {1,...,d},
(=1)km

3
Using Lemma 4.21, we conclude our claim. =

Fl (), =F4 @ (d) + L Fl (3% (1=t (d))) .

J

Definition 4.27 For everyd € Z* and j € {0, R L - 1}, define an affine
map P}d] ' RY — R? such that Vv € R?,

PM()AQ%mo&(), (4.18)

where, for any A > 0, 6y : R? — R? is the A—dilation map so that Vv € RY,
NOERSE]
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Definition 4.28 Let r.k € Z*+. For every j € {0,...,3% — 1}, we ez
all t% (d) € [0,1] as:

kd Wi k d
tf(d)éz—(té—i(l).

Define a map n, : D" (d) — N such that

d (¢
Ny (t;c (d)) =3¢ (Z w(r_l)dgi(tj <d))> : (

1=1

Corollary 4.29 Let k € Z*. For any t € [t5(d),t5,, (d)], we can exp

r=1
. .
+Pr[:f](t§<d>) o 0 P,ik](t§<d)) (F' (3% (t ~ t5 (d)))) - (

Proof. We shall prove the result by induction. In accordance with P:
sition 4.26, the result is true for the case £ = 1. Assume it is true f
k < n. Note that for every £k > 2 and r > 1,

net1 (t5 (d)) = n, <3d (tf (d) — _(?fd_l ,
and consequently, using the induction hypothesis, we have
dl [ ad ny (677 (d))
P (3 <t -—
Pl (”2 Ul (d>)>
3d

n-1 n+1 A
[d] ..o pld [d [ Mr+2 (tj (d))
+ Z; Png(t?+1(d)) O o Pnr+1(t?+l(d)) (F < 3d

[d] (d] n n
+Pm(t?“(d)) vl Pnk(t?“(d)) (F19 (37 37 (t — 13+ (d)))) -
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Using Proposition 4.26 again, we have

d q ™ (’%’LH (d)) d d d n (t?H (d>)
Fl () = Fld) < 5 >+Pi1](t;+l(d)> (F” (3 (t - ))) .

After substitution, we deduce our claim. m

4.3 Reversible paths

In this section, we introduce the notion of reversible paths and then show
that both F' and the path defined in Definition 4.34 are reversible paths.
In Section 4.4, we shall use the reversibility of F¥ o simplify the level three
component of the signature of each approximant of F'% a5 an integral of the
Levy area of the approximant against its increment.

Definition 4.30 Any continuous path 7. : I — R? is said to be reversible if
vVt e I,

Y=Y =~ (-t~ M), (4.21)
or
Yi-t=Y+7 — "% (4.22)

Notice that reversibility of a path is preserved under any affine transforma-
tion.

Lemma 4.31 Let A : RY — R? be an affine map and v. : I — RY be a
reversible path. Then, Ao~.: I — R? is also reversible.
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Proof. The linear relation in the definition of reversibility of a path is
preserved under any affine transformation. m

Before establishing a common property of reversible paths, we first es-
tablish the claim that F.¥ is a reversible path. Once again, Definition 4.10
of G!9 plays a key role in our argument leading to the claim.

Lemma 4.32 Fl4 . I — I% is a reversible path.

Proof. Let t € I be such that
fo%e! Wi
k=1

By construction, if FI4(t) = (Fld () ..., Flé(t),), then for every r €
{1,...,d},

such that for all 1 € Z7,

W(i-1)d+r; if ZkeA(d) wy =0 (mod 2) ,

(T‘) —_ i—1,r

u = .
i { 2 — Wi-1yd+r, if ZkeA(d) wry =1 (mod 2) .

Note that Fl4 (0) = (0,...,0) and Fl¥ (1) = (1,...,1). Now,
)

o i (.'r
FU(0), + PO (1), — F9 (1), = Y 20
1=1
o )

(r

_ Z Yy
= |
where for every 1 € Zt,
Y - { 2 = W(i-1)dsr, If ZkeA(d)i_u we =0 (mod 2),
1 W(i—1)d+r if EkeA(d)i_llr wrg =1 (mod 2).
e Wk = 0 (mod 2),

_ W(i—1)d+r» if ZkeA(d)
2 = winders I D ken), , We =1 (mod 2),
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such that Vn € N, w, = 2 — w,. It is clear that

k=1 lc=13
= 1-t,

hence for every r € {1,...,d},
FI9(0), + FU (1), - F9 (5, = F¥ (1~ 1),

Consider a reversible path . : I — R%  According to Chen’s theorem,
Theorem 4.3, for every (s,t) € A;, we can express the signature

S (1) =exp (ZH'”;) ’

for some [ (v.)%, € £* (R?), i € N. We then have the result that every even
order component of the signature over [0, 1] is vanished.

Lemma 4.33 Let v. : I — R? be a reversible path. Then for every n € N,
we have

[(7.)g7 =0.

Proof. Since «;_. i1s the path running backwards, so

S (o1 =S (1) —exp< Zz ) (4.23)

Since 7. : I — R¢% is reversible, we therefore have

S (1= )g1 = €xP (Z( 1) 1 (v )01) (4.24)

i=1
By equating the two expressions (4.23) and (4.24), we deduce our claim. =

It would be interesting to ask if the converse of Lemma 4.33 still holds;
unfortunately, before the submission of this thesis, the problem still remains
unsolved. We next generalize our claim in Lemma 4.32 to more general class
of paths which are basically induced by F' We shall later show in our
main theorem, Theorem 4.82, that each of various F4 [r] would induce a
sequence of paths that will converge to different geometric rough path yet
having a common increment process F )
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Definition 4.34 Let 7. : I — I% be a continuous path such that 79 =
(0,...,0) and 7y = (1,...,1). Define a continuous path F[r] 1T — I so
that for every j € {O, . ,Bd} andt € [f; (d) ,t}H (d)},

Fl (7], & FU (25 (d)) + Qg1 © 01 | 7 -de@ : (4.25)
2

I @-t (@)

N

Lemma 4.35 Suppose 7. : I — I% is a reversible path such that 7y =
(0,...,0) and 7y = (1,...,1). Then FU[7] : I — I* is also reversible.

Proof. Denote (1,...,1) by 1. For every j € {0,...,3"‘} and t €
[t} (d) ,t}H (d)}, let

i~
.
N
4
—
>
D

1=t (1, ()

et
.
—
o~
S’
|>

It is clear that

Since T is reversible, hence

—Tu;t) = Ti—ut) — 1
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Note that, using the fact that F9 s reversible, we have

5 = FU (1, (d) - F (£ ()

= (1-FIQ1-1,,@)) - (1-F9(1-1(d))
FU(1-t(d) - F¥ (1 -, (d).

Using Proposition 4.26, we also have

Fi (1 - tj+1 (d))
= FA(1-t(d) - Qs(mdl(1—t}(d))—F‘d1(1“t§+1(d))> ° 91 (1),

Now, using the fact that F is reversible again, we have

Fll[r),+ Fé ], — F [z,
= 1-Fdr],
= 1-F () +Q a4 © 01 (=7u,0)

- F[d] ( t; d ) -+ Q3 F[d] 1— tl( ))_F[dl(l—t;+ (d) )) 051 (TUJ - 1)

= FU(1-t,,)+Q, 3(FIA) (1t} (&) Pl (1-22,, (@) © O3 ()
= FU Ay

4.4 Enhancing F¥ as a geometric rough path

In this section, we establish our main theorem, Theorem 4.82, that each of
various sequences of R*—valued paths as defined in Definition 4.46 converges
to a p (> 3) —geometric rough path so that, in any case, its increment process
is still equal to F® The key idea to settle our claim is to first develop
recursive relations between tensors of iterated integrals of successwe paths
as defined in Definition 4.46 by using the self-similarity of ¥ Secondly,
in Subsection 4.4.3, we shall apply the reversibility of F' and the recursive
relations developed in Subsection 4.4.2 to simplify the third level component
of the signature over I of each member of a sequence of paths as defined
in Definition 4.4.6 as an integral of the Levy area of the member against
its increment. Finally, from Subsection 4.4.4 to 4.4.6, we shall establish the
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uniform boundedness and equicontinuity of the signatures (as functions on
Ar) of paths as defined in Definition 4.4.6 and these conditions will suffice
for an application of Ascoli-Azela lemma to conclude our Theorem 4.82 in
Subsection 4.4.6. We first enclose some preliminary definitions and results
that will motive our desired results in later sections.

4.4.1 Preliminary definitions and resulits

In this subsection, we show that the p—variation of a group-valued path can
be controlled by the suitably chosen partial sums. The result is a generaliza-
tion of Theorem 4.1.1 on page 62 in the book by Lyons and Qian [2002]. The
idea of the proof is the same as that leading to the well-known Kolmogorov’s
continuity theorem in the context of probability theory.

Lete<deN. Forevery ke Nand j € {0, . ,3d}, we again define

k J
t; (d) = 53z
and
D (d) & {t§ (d) : 0 < j <3¢}

as a partition of I. We first recall the notion of symmetric homogeneous
norms on G® (R?) as stated in Section 1.4.

Definition 4.36 Define a symmetric homogeneous norm ||-||, on Gle) (Rd)
s0 that Vg £ 1+ g' +--- + ¢° € G (RY),

(I

lgll, £ max_(it]g"],)* - (4.26)
Also define a metric d. (+,-) on G(© (Rd) so that Vg, h € G (Rd),
do (g, h) 2 ||g7 @R, - (4.27)

Next we make a remark on the invariant nature of the symmetric homo-
geneous norm |||,

Lemma 4.37 Let V be a Hilbert space with tensor norms ||, on V&. Sup-
pose all |-|; are invariant with respect to an orthogonal transformation Q
V — V. Then the symmetric homogeneous norm ||-||_ 1s also invariant with
respect to Q.
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In the rest of this chapter, we assume that every symmetric homogeneous
norm ||-||, under consideration is invariant with respect to all orthogonal
transformations on R, We next recall the notion of p—variation.

Definition 4.38 Denote the set of all (G© (Rd) yde (4, )) ~— valued contin-
uous paths by A°.

Definition 4.39 For every X. : ] — G(© (Rd) € A¢, define
X 2 X' X, (4.28)

Definition 4.40 Define a p—wvariation metric d, (-,-) on A% so that ¥X. :
I — G (Rd) LY T — G (Rd) € A¢,

1
P

de,P (X> Y) £ S%p (Z de (Xtiyti+l ) Ytz,ti+1)p> ) (429)

where the supremum runs through all possible partitions D of I.

We next establish a way on how to effectively partition any interval (s, t)
by points t? (d).

Lemma 4.41 Let 0 < s <t <1 so that there is an m € N with
3—d(m+l) <t—_gs< 3—-de

Then there are kpmy1,Tme1 € N with 0 < 7y < 3¢ and four sequences of
natural numbers {ow};2 15 {Br}rZmir s {Vr bremy and {6-372, 1, such that:

L Omi1 = Ymt1 = Kkmi1, Brms1 = Omg1 = Tmy1 and both km+1 and 741
are chosen in such a way that rn.1 is the largest number so that

s <Pt (d) <t (d) <o <t (d) < t.

kmi1 km+1+Tm41

2. Nr=m+1m+2,...,

B, < 3%
6, < 3¢

IA A
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8. Nr=m+2m+3,..., both a, and B, are chosen in such a way that
B, is the largest number so that

<t (D= (@) <t (@) <<t (@) =17 (@)

— Yary1+Br41 ar—1

4. ¥r=m+2,m+3,..., both v, and &, are chosen in such a way that d,
is the largest number such that

tr-! (d) =t (d) <t i (d) < <t 5 (d)=11 (d) <t

Yr—1+dr-1 Yr+1

Proof. Similar arguments to the one used in proving Theorem 4.1.1 on
page 62 in Lyons and Qian [2002] can be adopted. =

We next provide an effective bound for the norm of the signature a path
over (s,t) by the norms of the signatures of the path over (t% (d),t¥,, (d)).

Corollary 4.42 Let X.: I — G (R%) € A“. For every (s,t) € A; so that
for some m € N,

3dm+) <t g < 379m
we have
r1—1
HXS,tHe Z HXt';cn+_::1+l m+11+l+1(d H + Z Z HXtOt 'HC Qr+k+1 d) l ‘

oo 6r—1

+ Z Z HXt'y +k d) t'yr+k+1(d)" (430)

r=m-+2 k=0

Proof. By combining Lemma 4.41 and the triangle inequality satisfied
by the homogeneous norm ||-||,, we deduce our claim.

Lemma 4.43 For any sequence of m non-negative numbers ay,. .., 0, wWe

have ,
<Zai> Smp“IZaf.

1=1

Proof. This is a special case of Holder’s inequality.
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Corollary 4.44 Let X.: I — G® (Rd) € A% Foreveryp > d and A\ > p—1,

p

r1—1
1XeelP < clp,d,m,\) {ZHXM Dt (@
=

m+1 ! m+1+l+1

o0
A

lo's} r—1
A p
+ Z T Xer (@D iy () }, (4.31)

e

€

P

where

c(p,d,m,\) = 3" (3% - 1),,_1 (1 V ( i r_r’_il>> (4.32)

r=m+2

Proof. As a consequence of Corollary 4.42 and Lemma 4.43, using
Holder’s inequality,

P
P p—1
||Xs)t||e S 3 { (Z | XZI+_:_1 Zlyr—:_il+[+1(d)1|e>

3 P
+< S —5 b Z Xep @it (@) >
r—7:0+2 A Afz p
+< er ?.rp k Xt;r+k(d),tgr+k+l(d) e) }
r=m-+ =0
ol P
< s”‘l{<3d—1>” > X ool
- X -1 Br—1 g
(£ £
= g2 k=0

p—1 0r—1 P
A
2 E A E
( E T p—1 ) T < Xt;r+k(d)’t;r+k+l(d) 8)
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€

T — 1
p—1 p
s 3 { - 1 Z HX Gt @141 (@)

o0 p— 1 oo ,Br"l P
A A (qd p—1
+ ( Z T p—1> Z r <3 o 1) Z ’Xt;r+k(d)’t£r+k+l(d) e
r=m+2 r=m-+2 k=0
_ A A (qd p-1
" ( Z n 1) Z r (3 - 1) IXt§r+k(d)’t§r+k+1(d) e
r=m+2 r=m+2 k=0

Finally, we deduce our claim that the p—variation of the signature of a
path over I is bounded above by a sum involving the norms of the signatures
of the path over (t¥ (d),t%,, (d)).

Proposition 4.45 Let X. : I — G (Rd) € A® and A\ > p— 1. Then we

have,
dep (X, 1) <c(pd, L)Y A+ D [ Xuw|[F- (4.33)
r=0 t,€D"(d)

Proof. For every partition D £ {0 =1ty <t; <--- <t, =1} of I, since
for any @ # 7, (ti,tiv1) N (¢4, t541) = 0, using Corollary 4.44, we have

dop(X,1) 2 Sgpz [ Xt ||

< clpd, LAY 1+t T [ X

r=0 t(GDT(d)

4.4.2 Linear recursive relations between (logXT (n), 1)

In this subsection, all the results hold for any integral value of d. We shall
establish recursive relations between tensors of iterated integrals of successive
paths as defined in Definition 4.46 by using the self-similarity of F¥), We
next use the self-similar maps P[ % as defined in Definition 4.27 to construct
a sequence of reversible paths:
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Definition 4.46 Let 7. : [ — I¢ be a reversible path with 7o = O and 7, =
(1,...,1). In accordance with Lemma 4.35, define a sequence of reversible
paths {7 (n) : I — I*} so that Vn € N,

7(0), = 7,
T(n+1), = Flir(n)]. (4.34)
For simplicity, we also denote, Vt € 1,
X: (n), & 8(7(n)),. (4.35)

Definition 4.47 Let V be a vector space. For every k € N, define

In accordance with Chow'’s theorem, for every path T : I — V, define L* (1) €
LF (V) so that

log S (7)1 = Z L* (7). (4.36)
k=1

In the rest of this subsection, we shall establish linear recursive relations

for low order Lie elements L* (7 (n)). We first have a result that Lie elements
k™ € L™ (V) are in the centre of Z,.

Lemma 4.48 LetV be a vector space. For everyn € Z* andi € {1,...,n},
let I',k* € L' (V). Then, we have

exp (I' +-- - +1"+ k") = exp(I'+-- +1") exp (k") (mod Zny1)
= exp (k") exp (I' +--- +1") (mod Zp41) .

Definition 4.49 Define Y : I — I¢ to be a path such that Vt € I,

T, =t <Z ek> , (4.37)

where {ek}zzl is the standard basis of R9.
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Lemma 4.50 Let . : [ — I% be a reversible path with vg = O and v =
(1,...,1). For everym € N, we have

S(y(n+1)),,

d

= S(F(T)),, ®exp (Z (pj[d])@’?’ (LB(W(n).))> (mod Ty) .

=0

Proof. Using Lemma 4.35 and by induction, for every n € N, 7 (n) is
reversible. According to Lemma 4.33, we have

L* (7 (n)) = A <7 (n).)o,l =0,

and hence, using Lemma, 4.48,

S(v(n))g; = exp (L' (v(n))gy + L (v(n))) (mod Tu)

= exp (L' (7 (n))g, ) exp (L (7 (n))) (mod Z.).
Note that for every n € N,
Ll (7 (n).>0,1 - Ll (T')O,l )

and moreover, for every j € {0,...,3% — 1},
(d] — ld (r1
S (Pj (T'))o,l = exp (PJ (L (T')O,l)) .
Using Lemma 4.48 again, we also have
S(y(n+1))g,
= €exp <P(£d] (Ll (’Y (n).)0,1)) & exXp (P\?{Z}__l (Ll (7 (n).>0)1))

® exp (Z— (Pj(d]>®3 (L (v (n)))) (mod Zy) . (4.38)

7=0
Note that by definition and Chen’s identity (1.3),
S(FA(r)),,

= S (Péd] (T.))O,1 ® - ®S (Pg[if]_l (T.))

0,1

~ exp <P0[d] (Ll (T~)0,1)> ® - Qexp (ng]_l (Ll (T')0,1>>
= exp (Png (Ll (7 (n),>0’1>) ® - Qexp (Pg[j]_l (Ll (v (n).)o,l)) :
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therefore, after substitution into (4.38), the claim follows. m
We finally attain the recursive relations between tensors of iterated inte-
grals of successive members as defined in Definition 4.46.

Proposition 4.51 Let v. : I — I¢ be a reversible path with vg = O and
7 =(1,...,1). For everyn € N,

L'(v(n+1)) = L'(FY(T)), (4.39)
L*(y(n+1)) = L*(F¥ (1)) =0, 4.40)
Plvi+) = L2(F9))+ Y (P9 (0 (). (441)

3=0

Proof. In accordance with the fact that every «(n) is reversible, we
again have, for Vn € N,

L (’Y (n)_)o)l = L (T')O,l )
A (’7 (n).)o,l = 0.

The claim is now an immediate consequence of Definition 4.47 and Lemmas
4.48 and 4.50. =

4.4.3 Expressing coefficients of L°(7) in terms of in-
crement and Levy area

In this subsection, we assume that all paths under consideration are of finite

variation. Let d € N and 7 : I — I be a reversible path. We shall apply

the reversibility of 7. to simplify the expression of the third order Lie element
L3 (1.) as an integral of the Levy area of 7. against the increment of 7.

Lemma 4.52 Let 7.: I — I% be a reversible path. Then we have

s _Liigyes (4.42)

L’ (r)=25 (T')O,l EY

Proof. According to Lemma 4.33,

S ('r.)o’1 = exp (L1 (1) + L? (7)) (mod Z,) ,



100 CHAPTER 4. SPACE-FILLING ROUGH PATHS

therefore

e
Taking {e'}~, to be the standard basis of R Let v : I — R¢ be a
continuous path, we express

7)) & Z L* (v ”k (e®e ®e). (4.43)

1<i,5,k<d

Corollary 4.53 Let 7. : I — I% be a reversible path. For any i,j,k €

a,....d),

3 LWLk __ i j k
L () = / dr, dri dry,
O<uy<ug<uz<1

;1 (/ dr, ) (/Old"fé;) (/01 d753>. (4.44)

Lemma 4.54 Let : I — I% be a reversible path. For anyi,j, k € {1,...,d},

i gk k 3.5 7.4
/ dr, dr] dr;, —/ dr,, drl dr, . (4.45)
O<uy <ug<uz<l O<ur<ug<uz<l

Proof. Since 7. is reversible, for any u € I,
dTu = d (‘7‘1*‘1» .

Hence, we have

i1 g gk
/ dr’ 1al'ru 2d7u3
O<uy<ur<<usz<l

= d(— 1 d(— 3 Lk
'/0<1—U3<1-—u2<1—u1<1 ( Tl_ul) ( Tl_uz)d< Tl—us)

— i 3§ gk
= / dr,,d7; dr, .
O<vi <ve<va<l
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Corollary 4.55 Let 7. : I — I% be a reversible path. For any i,j,k €

{1,....,d},

1 1 1
‘ . L
(/ d'r&l) (/ d732> (/ d’ru3>
0 0 0
_ i 1k kg
= 2 < / dr, dr d7,, + / dry dr,. dr,,
O<ui<us<us<l O<ur<uzr<usz<l

+ / dry drl, dr53> : (4.46)
O0<ui<uz<u3z<l

Proof. After expanding the product of integrals as a shuffle product, the
result is an immediate consequence of Lemma 4.54. m

Lemma 4.56 Let 7 : I — I% be a reversible path. For anyi,j, k € {1,...,d},

/ ()5, drk = — / A(r)2 dr
O<u<l

O<ukl

Proof. Note that for any reversible path 7. and v € I, as an immediate
consequence of the definition of Levy area A. in (4.2),

A (T')u,l =—A (T')O,l—u‘
Therefore, we deduce that
|oamga = [ (-A@L) A=)
O<u<1 0<l1-u<1

= —/ A(T)ow drk.
O<u<l
]

Finally, we have our desired expression:

Proposition 4.57 Let 7. : I — I¢ be a reversible path. For any i,k €
{1,...,d},

I3 (7_'>1,],k =3 (/0 1A ('r_)o’,]u drr — / A (T)%i d’r&) : (4.47)
<u<

O<u<l1
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Proof. Applying Corollaries 4.53 and 4.55 and Lemma 4.54, we have

ik 2 ‘ . 1 o
L’ ()" = < / dr} drl dry — = ( / dr} dri dr.,
3 O<u) <ug<us<l 3 O<ui<uz<uz<l

k 34 7]
d'ru1 d'ru2 d'ru3>
O<u <ug<uz<l

i o35 gk
dr, . dr] ) d’ru3

_+_
S~

W =

i
Wl o
\

i gk g
( / dr, . alTu2 d’/‘uS
O<ui<uz<uz<l

O<u<ugz<uz<l1

+
S~

o i gk
dr;) . af’ru2 dTu3 )

O<ui<uz<usz<l

(dTZldng — alTﬁ1 d’riz) des

§
W] =
\

O<uy <ug<uz<l

i ok gi gk
/ dTu1 (dTuszu3 d’ruzd’r%)
O<ul <ug<uz<l1
2

g 9 L
— o[ Awgades [ A
3 Jo<u<1 ’ 3 Jocu<t ’

Applying Lemma 4.56, we conclude our claim. =

+
Lol =

Lemma 4.58 Let 7. : I — 1% be a reversible path with 7o = O and 7, =

(1,...,1). Foreveryi,5 € {1,...,d} andt € [0,%], we have

i,j i, i L5
A (T')O’,]t =A (7'.)0”]% — A (T)té + Z (Tt] — Tt) . (448)
For anyt € [%, 1], we have
i i\j ii | Ly ~
A(r)gi =4 (T.)O’,J% + A (T>%Jt +7 (7 -7). (4.49)

Proof. For any ¢t € [O, %], using Chen’s identity (1.3), we have

1

AT)oy = A(r)o + Ay +5 |1 (1o, L (1))

1
12

Note that since 7. is reversible,
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Hence, we have

o y o1/ /1 (1.
A(T.)O”J% = A(7)y) +A('r.)t)3% +3 (Tt (—2- - Tg> -7} (5 — t)) :
After rearranging the terms we obtain our first identity (4.48); similar calcu-
lations deduce the second identity (4.49). =

Furthermore, we can have an alternative expression of the integrals on
the right hand side of formula (4.47); we first need a lemma:

Lemma 4.59 Let 7. : I — I¢ be a reversible path with 9 = O and 7, =
(1,...,1). Foranyt € [0,%},
(7.

A >%,%+t =-A (T) (450)

T1 =
2 2

= — {71 — T1
(5“ 5)’

the result is immediate in accordance with the definition of Levy area A (7.)
in (4.2).

Ty, — T
it

(NIl

Corollary 4.60 Let 7. : I — I¢ be a reversible path with 7 = O and 7, =
(1,...,1). Foranyi,j €{1,...,d} andt € [0,%],

A+ AR, =2 (AR +AMY,,,) . @s))

0,5t 0,4+t 0,3
Proof. Note that if 7 is reversible and t € [O, %],
T%—t+7%+t =2T% = 1.

Using this fact and Lemma 4.59, summing the two identities in Lemma 4.58,
we deduce our identity (4.51). =

Proposition 4.61 Let 7. : [ — I be o reversible path with 7¢ = O and
= (1,...,1). Foranyi,j,ke{l,...,d},

/ A(r)i drt = A(r)Y, +2 / A(r)Y,, drk,. (452)
0<u<l ’ ’ 0 AR

2

- k -k 1,5
2/0<u<% (T%+u T%)dA(T.)%’%+u. (4.53)
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Proof. Firstly, we have

/ A(r) drk = / A(r)g, drf + / ATy, ATt
O<u<l ’ 0<u<% , "2 2

0<u<%

— 1,J k 1,7 k

— / 1 A (T.)O’%_u dT%——u +/ 1 A (T.)O)%+u dT%+u
O<u<§ O<’LL<§

_ 4] 1,J k

== / . (A (T')O,%—u '+' A (T>O,%+u> dT%_HL,

after substituting the expression (4.51) from Corollary 4.60, we obtain our
first identity. Furthermore, applying integration by parts to the first identity
(4.52), we also obtain our second formula (4.53). =

4.4.4 TUniform boundedness of {HXT (n)a1
d=e=3

In this subsection, we shall establish the uniform boundedness of the sym-
metric homogeneous norms (4.26) of the truncated signatures of members of
a sequence as defined in Definition 4.46. More precisely, we aim to show that

} when
e neN

sup HXT (n)a1 < 00.

L

In addition, we also find an explicit expression for L3 (7 (n)).
Let d = 3. Recall that we define T : I — I to be the path so that V¢ € I,

3
Tt=t<zek> )
k=1

where {e1, e, e3} is the standard basis for R®. We first introduce an algebraic
lemma which provides us an effective basis for £3 (R?).

Lemma 4.62 The set B of the following 8 elements constitutes a basis for
L3 (R?) :
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Proof. A direct calculation implies our claim. ®

Define A £ {[e}, [e2,€%], [€% [e% €']]}. Let us now find the coefficients
of those dominant terms in the representation of L3 (1.) with respect to the
basis B.

Lemma 4.63 Let 7. : I — I® be a reversible path. If we express
L (1) £ a(m)p5 [€' [€%,€%]] +a(m)y [ [€5 €] + ..., (4.54)
then we have

a(r),, = L ()", (4.55)
a(T)yy = —L°(1)>"%. (4.56)

[el,[eQ,ee’” = 61®62®63—61®€3®€2—€2®63®61+€3®€2®81,
[62,[63,_61]] = Qe Re' —e’Re!lRe—e*Re'®e?+el e el

It is clear that

spanA N span (B/A) = {0},

hence the result follows. m
Actually, both a(7.),,; and a(7.),;, are vanished; we first need a critical
lemma:

Lemma 4.64

1

A(FB (v )2 aFid ()]

1
= [ A(FP(T))T dFs (72
; ,

1
/ A(FBI(T)) 2 dFP(T)2 =
; ,

S~

l
<

Proof. Define a map J : R? — R such that Vo, 8 € R,

J(a,ﬁ):/ol (oz+ﬁt-%>dt.



106 CHAPTER 4. SPACE-FILLING ROUGH PATHS

Using the formula (4.53) in Proposition 4.61, we can reduce the evaluation
of

1
‘/ A(FB(T))," dFB(T.)?
i ,

to calculating a sum of 9 values of J(«, 3) at specific values of a and f;
indeed, for some non-zero constant c,

1
c / A(FB(1)))" i (12
i ,

1 1 2 1 1 1 1
1"‘31) ~ 37/ (5"5) +37 (57“5)

w37 (1g) + 27 (5-3) 22 (373)
- o ({0
e ()

Similar calculations lead to the conclusion that the other two integrals also
vanish. =

Corollary 4.65

a (Fm (1)), =a (F[3] (1).),., =0.

123 231

Proof. This is an immediate consequence of Proposition 4.57 and Lem-

mas 4.63 and 4.64. =
For every i € {1,2,3}, define an orthogonal transformation Q; : R® — R3

so that Vj € {1, 2, 3},
Q; (ej) — (_1>1-51~(j) ) 6j,

where 6; () : N — N is the Kronecker delta function. In accordance with

Corollary 4.23,
card (Q (3)) = 2°7! = 4;

indeed, we have



4.4, ENHANCING F® AS A GEOMETRIC ROUGH PATH 107

1. 9 of @, are the identity map /: R® — R®.
2. 6 of Qsa‘.‘” are (0.
3. 6 of @, are Qs.

4. 6 of Q. are Q3.
2

We finally have the formula for the third level Lie element of 7 (n) by
applying the recursive relations obtained in Subsection 4.4.2.

Proposition 4.66 Let 7. : I — I3 be a reversible path with 9 = O and
71 =(1,...,1). Then we have

L*(7 (n).)

_ (1 n _?_)1_2_ T (%)TH) L (FB (1)) + <%>n1ﬁ (7(0).)

+ (1 _ (3—12>n> {a(7(0)) 1 [}, [€% €]
+a(7(0).), (€% [€° €]}, (4.57)

and therefore {L* (7 (n))}, .y i o convergent sequence.

Proof. Note that, by direct calculation, for every v € 5/ A,

33-1

> () )= 5w

J=0

however, for every w € A,

Nevertheless, in accordance with Proposition 4.51 and Corollary 4.65,

a(r(1))1ys = @ (FB] (T')-)IZS +a(7(0).),45
= a(7(0).);93-
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Similarly, we also have

a(r (1).)231 =a(r (O).)231 :

By induction, we have, for every n € N,

a(T(n).)lzg = a(T(O)-)uS’
a(r(n) )y = a(T(O)-)Zsr

Using (4.41) in Proposition 4.51 and by induction, we can deduce our claim.
|

Let m < d € N. For any g = exp (' + -+ +1™) with [' € £ (R?), define

1
i

l'L'

191l (gey = max

i .

Note that [|-||;m (r4) is a symmetric homogeneous norm on G™ (R%); ac-

cording to the work of Goodman [1977], ||:|| zm(yy is equivalent to ||-{|,. As
a consequence of Proposition 4.66, we now have the uniform boundedness of
the moduli of the truncated signatures X; (n)g)l.

Corollary 4.67 Let 7. : I — I® be a finite variation reversible path with
79=0 and 7 = (1,...,1). Then we have

sup
neN

X (n),

, <00 (4.58)

Proof. In accordance with Proposition 4.51, for every n € N,

L*(r(n)) = L* (F[d] (1)) =1,
L*(r(n)) = L*(FY(Y))=0

As a result of Proposition 4.66, we therefore have, for some C > 0,

sup
neN

R

£3(R3)

Coup ma 14 0)

<  ©oQ.

2

L
1
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4.4.5 On uniform boundedness of {d. (X: (n)",1)}

Let e < d € N. In this subsection, we assume 7 : I — I% to be a finite
variation reversible path with 7o = O and 73 = (1,...,1). We shall estab-
lish a condition (4.65) under which we can obtain uniform boundedness of
p (> 3) —variations of the group-valued paths X, (n)’ for all n € N. As an
application, we shall prove that

sup dsp (X~ (n)?, 1) < oo.

neN

Definition 4.68 For every k € N and p > d, define

P
vart (X, (n)) = HX tf k| (4.59)
tke Dk (d)
Lemma 4.69 For every k € Z* and p > d,
vary (X, (n+1)%) = ~vart_ (X, (n)). (4.60)

374
Proof. Using the invariant nature of ||-||, with respect to all orthogonal
transformations, we have

vary (X, (n+ 1)7)

- 5

theDk(d)

= Z Z XT (’I’L -+ 1):f’tf+1

t} €D (d) ke Dk (d)N[th 1]

_ Z Z 5% <XT (n)gd(tf-tl) 34(tk, | - t1)>

2
1
t€DN(d) theDF(d)N][t] 11,4 ]

= 22 (%)pHXr(”)fflm
= (%)p_d > P e[

[

(TL -+ 1)tk ¢k

1°7i+1

P

P

€

P

€
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Corollary 4.70 Letn € Z*. Forany 1 <k <nandp > d,

vary (X, (n)%) = <3pl_d> varh (X, (n — k)?) . (4.61)
For any k > n,
vary (X, (n)?) = <3—p1_—d> vart_ (X, (0)%). (4.62)

Proof. Applying Lemma 4.69 and by an induction argument, we con-
clude our claim. =

Lemma 4.71 Suppose that 7' : I — R? is piecewise continuous. For any
k > n, we have

wert 0 ) sswptt? () () - 489

tel

Proof. Let (s,t) € A;. Note that the length [(7.),, of 7. over (s,?) is
bounded above as:
()0 < suplrl] - [s — ]
’ tel

Also

Now, for any p > d > 1,

varl, (X 0) = 3 |[X (0)fen g

i by
th=mepk-n(q)

1

P

€

p
< —
< Y (1)pes)
forephnia
< ) p—1
= tf""lgl’Da;C}in(d) < (T-)ti‘—ﬂ,tic_:in) Z(T.)O’l
p—1
< 4 I . '
B (ig) i 3d(k~-n) > Sﬁg?‘m

Using (4.62) in Corollary 4.70, we obtain our inequality.
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Proposition 4.72 Let 7' : I — R? be piecewise continuous. For any p > d
and A\ > p — 1, we have

n
p

dep (X: (n)7,1) < c(p,d,l,»{Z(Hm* <§1_—d)r|1xr<n—r>8,1 e

r=0

+ stgamp . {; (1+7) (71—_;)} . (4.64)

Furthermore, if

Ne (r) £ sup || X- (k)5
keN

\ < oo, (4.65)
then we also have

M, (1) £ supd., (X, (n)°,1)

neN
< c(p,d,1,N) (Ne (1) + stlé? |Tt’|p> 2 (1+r) (Eg;:;)r . (4.66)
Proof. Using Proposition 4.45, Corollary 4.70 and Lemma 4.71, we have
dep (X (W)°,1) 2 sup ) % ()|

(1+47) %) var? (X, (n— r)°)

oo 1 n 1 T—N
A np
+ Z (147) S;‘é? | 7] <3p—d> <3pd—d) } :

r=0

Note that by definition,

vart (X, (n—7r)%) = ”XT (n—r)¢

0,1
e

)

and for any d > 1,
1 1

< .
3pd—d - 3p—d

After simplification and substitution, our claims are immediate. =
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Corollary 4.73 Let 7 : I — I® be a finite variation reversible path with

= O and 7y = (1,...,1) such that 7" : I — R® is piecewise continuous.
For any p > 3, L
supds p (X~ (n)’,1) < 0.

neN

Proof. This is an immediate consequence of Corollary 4.67 and Propo-
sition 4.72. =

4.4.6 On equicontinuity of X, (n)

Let e < d € N. In this subsection, we again assume 7 : [ — I to be a re-
versible path with 7 = O and 77 = (1,...,1). We shall establish a condition
as stated in Proposition 4.76 under Wthh we can obtain equicontinuity of
the group-valued paths X, (n) for all n € N. As an application, using the
idea of proof leading the well-known Ascoli-Azela lemma, we shall prove that
{X. (n)?’}neN is Cauchy.

Lemma 4.74 Let k,n € N with k < n. For any i € {0,...,3’“1 — 1}, we

have
P 1 p
o L oilf=5, e S0,
t;€DN[th tfH] t;€DN[ts ™,

By induction, we also have

p

ty»taﬂ

sup HX

t;eDN[th ek, ]

p
sup ZHX ttﬁl

t ;€DN[0,1]

Proof. This is an immediate consequence of the self-similar construction
of {7 (n) }, .y as defined in Definition 4.46. m

Corollary 4.75 Let k,n € N with k < n. For any i € {0,...,3% — 1}, we
have
sup HX

t;€DN[tk tk, ]

M (7)),

t iti+1

= 3pk

where
M, (1) < sup dep (X- (n)°, 1).

neN
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Proposition 4.76 Suppose that

M, (1) £ supd,, (X, (n)%,1) < oo.

neN

The family of G'® (R%) ~ valued continuous paths
{X; ()T =G RY} _,

18 equiCoONtINUOUS.

Proof. Given ¢ > 0, we choose ky € N such that

1 Pk E\P
Z < () .
<3> M. (7) < <2>
Using Corollary 4.75, Vm > ke, s,t € [tF,tF,,] and 1 € {0,...,3% — 1},

1
e — 3pko - Me (T)

1 (m);

s,t

In general, for any (s,t) € Ay with |s — ¢| < o, there is t{° € [0, 1] such
that
s < th <t

and so

INA

HXT (m>§,t .

i o

1

2{<%>pkoMe (T)}% <e

On the other hand, since all paths X, (n)* : I — G (R?) are continuous,
one can choose § > 0 such that for all 0 < n < kg, V(s,t) € A; with
ls —t| <6,

+ 1% (o,
€ 0

e

|

Combining the results, we conclude that ¥n € N, (s,¢) € A; with |s — t| <
min ((5, 3—}5), we have

<e.

HXT (n)s, ) <e.
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Lemma 4.77 Let7: I — I be a finite variation reversible path with o = O
and 7y = (1,...,1). For any k € N and t¥ (3) € D* (3), the limit

lim X, (n )tk (3) €TLSLS.

Proof. For any (s,t) € A;, we define
X, (), = exp (L ()}, + L)+ L(0)2,) (mod L4).
Fix a k € N. For every d € Nand j € {0,...,3% — 1}, define

sk 2L (k)tl"(d) 1 (d)

J

Also define an affine map P (k)gd] : R® — R3 such that Vv € R?,

P (0 (v) & Qg © 63 (v).

Note that because of the self-similar construction and the reversibility of
7(n),, using Lemma 4.48 and Proposition 4.51, foranyn > k, j € {0, L 3‘”“},

X (1) )
= exp( ()([) ( (0)q >)® - @ exp (P(k)ﬁd_]l (L(O)é,1>>

® exp (2—5 (P (k),!d]>®3 (L (n — k)g’l) (mod Zy) .

Therefore, for any m,n > k, we have

(X'r (m)tf(d)> ® XT (n)t;c(d)
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Now,

j—1

S| (P®I) (Lm=0, — L 0,)

2

IA

J
o |L(m— K)oa — L(n—k)3,

< |Lm=-m3, - Lin-k),

3

For d = 3, in accordance with Proposition 4.66, we deduce that

3
{XT (n)téc(s) }nEN

is Cauchy with respect to ds (+,-). =

Corollary 4.78 Let 7 : I — I3 be a finite variation reversible path with
=0 and 1 = (1,...,1) such that 7" : I — R® 1is piecewise continuous.

{XT (n)g} " converges uniformly on I, 1.e. Ve > 0, there is k € N such
) ne
that Ym,n > k,
oo (X7 (), X, ()°) 2 supds (X, ()5, X- (n)5,) < e

tel -

Proof. Under the given condition, the result in Corollary 4.73 holds and
SO {XT (n)s } is equicontinuous in accordance with the Proposition 4.76.
" J neN

Combining with Lemma 4.77, we conclude our claim. m

Definition 4.79 Let 7 : I — I*® be a finite variation reversible path with
79 =0 and n = (1,...,1) such that 7" : I — R3 is piecewise continu-
ous. In accordance with Corollary 4.78, we define the unigue continuous path
X, (00)® 1 T — GB) (R?) such that

X, (00); & lim X, (n)}.

n—aoo

As a COMSEQUENCE,

lim do (X, (n)®, X, (oo)g) = 0.

n—00
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4.4.7 Main theorem

Finally, we prove our main theorem that for any smooth enough reversible
path 7: [ — I3 witho =0and 7y = (1,...,1), X, (c0)’ is a p(> 3) —
geometric rough path. That is to say the space-filling curve F® can be
enhanced as a geometric rough path in many different ‘natural’ ways. We
first recall two useful results in Friz and Victoir [2006].

Proposition 4.80 Given a Banach space V. Let X. : I — G'© (Rd) and
X (n). : I — G (R%) be group-valued paths. Then we have

lim de (X (n) ,X.) = lim supd, (X (n),,X;) =0

if and only if

lim sup d, (X (n)st,Xs,t) ~0.

n—=00 (5 1)el ’
Proposition 4.81 Let 1 < p < p' < oo. Then for all G (R?) —valued
paths Y, Z,

e (Y, 2) < sup de(Y,Z2)7% dppy (Y, 2)7 .
(s,t)EAl

In particular, if {Y (n)},cn converges uniformly to Y and

supde,p (Y (n).,1) < o0,
neN

then we have
lim dep (Y (n),2Z) =0.

n—00

Theorem 4.82 Let 7 : I — I° be a finite variation reversible path with
o = O and 7y = (1,...,1) such that 7’ : [ — R3 is piecewise continuous.
For any e > 0, X, (00)’ : I — GG (R3) is a (3 + £) — geometric rough path
such that Vt € I,

m (X5 (00)}) = FP. (4.67)

Proof. Under the given condition, using Corollaries 4.78 and Proposi-
tions 4.80 and 4.81, we deduce that {X, (n)f}neN converges to X, (co)? in
3 + e—variation. Furthermore, using Proposition 4.26, we also deduce the
equality of (4.67). =

Before writing up the thesis, the author can only prove our claim for the
case d = 3; it is still open for d > 4 because iterated integrals of order not

less than 4 would need to be investigated which seems to be far from trivial,



Chapter 5

Integral of a 3-form as integral
of a spinor

In the theory of rough paths, it admits that the signature (Definition 1.1)
of a geometric rough path completely characterizes the path itself in the
sense of controlling an arbitrary controlled differential equation. Along the
same line of thought, it is interesting to ask whether one can find quanti-
ties, which are analogous to the signature of a path, that can characterize a
high dimensional geometric object M in the sense of integrating differential
forms on M. Recall that, in Chapter 4, we have already established the
fact (Theorem 4.82) that there is a class C of space-filling rough paths with
their R®—projections being all the same and filling up a three-dimensional
unit cube; similar results can be extended to those 3—dimensional geometric
object (nice chainlet) A which can be well-approximated by cubes. In this
respect, one may expect that analytical properties of N can be extracted by
decoding the information contained in the signatures of those space-filling
rough paths in the corresponding class C for M. In this chapter, we shall
show how we can answer our concern, first for cubes and then for some nice
chainlets (see Harrison [1998]), in the dimension 3; indeed, a special pair
of space-filling rough paths in C for N will do the job. Moreover, we shall
identify any differential form w as an one-form @ (Lemma 5.4) over tensors
so that integrating the differential form w on N is equivalent to (see (5.43))
integrating the one-form (a spinor) (W, —w) against the pair in C with respect
to a properly chosen integrator (see Section 5.2).

Let V be a Banach space. In the following, we shall adopt all the notation

117
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in Chapters 3 and 4. In Section 5.1, we first introduce some algebraic results
(e.g. Proposition 5.8) which suggest any n—form w would annihilate all Lie
elements of order greater than 2; in other words, if we want to integrate w
against a polynomial of iterated integrals of a path <., only increment and .
Levy area processes of . would come to play. Besides, we shall also point
out that why the signature of a path fails to be an integrator.

Section 5.2 is rather technical; in this section, we shall suggest a feasible
integrator, namely:

A (’Y-)—l,t ®dL' (7-)_1,t )

where A (v.)_,, and L' (v.)_, , are respectively the Levy area and increment
processes of a path 7. over [—1,¢]. In accordance with an immediate con-
sequence (Lemma 5.23) of Chen’s identity, we can split the integrator into
three items as, for any s € [0, 1]:

A (’7->~1,t ®dL' (’7-)-1,1&

1
= A ('Y->—1,s ®dL’ (’7-)—1,t + 5 {Ll ('7-)—1,5 L (7-).3,4 ®dL! ('Y-)_u
+A (’Y~)s,t ®dL’ ('Y-)o,t :

Suppose that a is a smooth 3—form (see Definition 5.17 for a notion of
smoothness). In the first part of Section 5.2, we shall find an expression of
the difference between two integrals & over a subinterval [tf, t¥ +1] € [0,1]
against each item in the similar splitting of A(y" (n))_,, ® dL' (7" (n))_,,
with respect to two reversible paths 7 and 75. In the second half of this
section, we shall look for a simplification of the formula in Lemma 5.22
which leads to a subtle implication (see Corollary 5.27) that the difference

of integrals:

/t k a(y™ (n),) (A (7" (), ® AL (47 (n))_l,t>

t iy
- [ a0 ) (467 )y 4L (7 m),).
can describe the difference between the local actions of & on

1
| A @4z (),
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fori=1,2.

In Section 5.3, we shall find, for any £k € N and j = 0,...,3%, the
asymptotic value (see Corollary 5.37) of

3% . J (" (k+ T))t;?,t’?H

in (5.29) as r goes to infinity. Note that the quantity 3%¢- J (47 (k + r))tk)t@“

plays a key role in the derivation of our main result Theorem 5.45 in Section

5.4. The key idea of seeking for the asymptotic value is to first identify
the expression 3% - J (77 (k+ 1)) i » by using self-similar nature of the
773

definition of 77, as an expected value of some functional of a irreducible
aperiodic Markov Chain as defined in Definition 5.28; and then an easy
application of a celebrated result (Theorem 5.30) in ergodic theory leads
to the expression of the asymptotic value.

In Section 5.4, we first use the asymptotic value of 3% . J (7 (k + 7))« e
373

obtained in Section 5.3 to further simplify each of the differences of integrals
a obtained in Section 5.2. Finally, we shall establish our main result Theorem
5.45 which relates a difference (5.40) of two rough path integrals of two space-
filling rough paths from C for a unit cube to a few Lebesgue integrals of some
functions induced by & over the unit cube.

In Section 5.5, we shall identity some choices of pairs of space-filling rough
paths for a unit cube so that those integrals against &) and &® in (5.40)
would vanish while the remaining difference of two Lebesgue integrals would
become the ordinary integral of 3—form a. Together with the theory of
chainlets by Harrison (1998), we extend our result to nice chainlets at the
end of the section and conclude that any 3—form o on a nice chainlet A/ can

o~

be expressed as a limit of a sequence of integrals against a spinor (@, —a).

5.1 Algebraic background

In this section, we shall provide a few algebraic results (e.g. Proposition
5.8) which suggest that any n—form @ annihilates all Lie elements of order
> 2; that is to say, whenever we contract w against a polynomial of iterated
integrals of a path ., only increment and Levy area processes of . are needed.
At the end of this section, we shall make a remark that the signature of a
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path fails to be a sensible integrator. We first introduce the notion about
how to canonically identify a multi-linear map as a linear map on tensor
algebra. Recall that the tensor algebra of V' is the enveloping algebra of V.

Definition 5.1 Impose the natural Lie bracket [-,-] onT (V') such that, Vu,v €
T(v),
[u,v] =u®uv—vQu. (5.1)

For each k € N, we denote by By, the ideal generated by elements of the form

[, [vi,va), . o Um)

form >k, vi,...,um €V.

Definition 5.2 Forn € N, define

LHV) = V
LV = [V,L (V)

and

LV) =2, LF V).

Proposition 5.3 L (V) is a free Lie algebra while T (V') 1is its enveloping
algebra.

Proof. One can find the details of a proof in the book by Reutenauer
[1993]. =
Let n € N and consider a multilinear map w : V"™ — R.

Lemma 5.4 There is a unique linear map W : V®* — R such that for any
’Ul,...,’UnEV,

(U ® - QUp) =w(V1y...,0n). (5.2)

Proof. It is an immediate consequence of the universal property of the
tensor products of V. =

We can now tell how to canonically treat any n—form on V as an one-form
over T (V).
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Definition 5.5 A multilinear map w : V™ — R is said to be n—alternating
if for any permutation o of {1,2,...,n}, v1,...,v, € V,

W (Uo(l), G Uomy) = (1) wvg, .. vn) (5.3)

The corresponding linear map w : V& — R 1is also said to be n—alternating.
Define Alt™ (V') to be the set of all n—alternating multilinear maps w : V™ —

R. Also define Alt™ (V') to be the set of all n—alternating linear maps @ :
Vver . R,

Note that any n—alternating w is also alternating with respect to any of
the m (< n) components.

Definition 5.6 For any open set U C V', we call a continuous map w () :
U — Alt™ (V) an n—form over U.

Without loss of ambiguity, we may identify w (-) : U — Alt™ (V') with the
induced map w (:) : U — Alt* (V) in accordance with Definition 5.5; and so
we would also call @ (-) an n—form over U. We are ready to introduce our

main result in this section that w annihilates all Lie elements of order greater
than 2.

Lemma 5.7 Let m < n € N, v"™ € VO™ Define a linear map o™ :
V™ — R such that Vv, ..., vy, €V

&m(vl,...,vm):5(v1®~~-®vm®v”"m).
Then W™ 1is also m—alternating.
Proof. Forany 1 <1< j < m,
(O QU VT =—0( QU ® U - ®UT™).
n

Proposition 5.8 For 3 < n € N, ifw: V" — R is n—alternating, then @
annihilates all elements in Bs N V®",
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Proof. For m > 3, consider an element of the form [... [uy, vp], ..., U] ®
V™™™ where v*~™ € V®™-m) By definition,

[v1,v2],v3) = (U~ ®v1) @uz — VU3 ® (V1 @ V2 — V2 ® V)
= V1 ®Ua QU3 — U RV QUz —V3QU; QU+ U3 RV & Vy.

Using Lemma 5.7 and the fact that @ () is linear, we have

w ( i ve] o U] ® U”*m)

= (..l ® V3, Va] s U] @ VT
—@ ([... [t ® v ®v3,'u4],...,'um] ®v"™)
~& ([, [v3 ®@v1 QUa,ua], ..., U] ® VP
+0 ([ [vs®@ v ®v1,u4],...,Um] @VTT)

= O([..[1®v®uUs,v,..., v @)
+@ ([ [v1 @ vy ® Uz, v4], ..., U] ®U""m)
& ([ [ ®@v2 Qus,va), ..., U] ® VT
—o ([[m ® vy ® U3, Vg, . .-, Up) ®U"*m)

= 0.
n

Definition 5.9 Define D to be the ideal génemted by double commutators
of the form

[[u17 u2] J [Uh U2]]

for some u;,v; €V, 5 =1,2.

Corollary 5.10 For 4 < n € N, given an n—alternating multilinear map
w: V"™ — R, w annthilates all elements in DN V&,

Proof. Note that for u;,v; € V, j = 1,2,

([u1, wa s [vi, va]] = ([[v1, va] , wa] , wr] = [[[or, va) , wi], ua) .

The result is now an immediate consequence of Proposition 5.8. m
Unfortunately, the converse of Proposition 5.8 may not be valid. To see
this, we first recall a fundamental result in the theory of free Lie algebras:
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Proposition 5.11 (Poincare-Birkhoff-Witt) There is an ordered basis

i€z
for L (V) as an R~module such that

1. For each neN, BN L™ (V) # 0.

2.C & {v, ® - ®u;, k€N, vy,...,u, € B} constitutes a basis for
T (V) as an R—module.

Proof. One can find the details of a proof in the book by Reutenauer
[1993].

Proposition 5.12 The converse of Proposition 5.8 is not true.
Proof. We construct a counter-example. For each n € N, let
CrECNnVe,
Define a map w : C™ — R such that n =47 + - - - + 1,

- 1, Yy, el (V),n=1,2
W(Uil®...®vik)—{0, 3v1]€£"(V),nZ3

Now, we extend @ linearly to V®*. Using the universal property of T (V),
we conclude that the extended map induces a multilinear map w : V* — R
which is not alternating but @ annihilates Bs N V®". m

Finally, we make a remark that the signature of a path cannot serve as a
candidate of plausible integrators as mentioned in Introduction of this chap-
ter, especially when the underlying space is of odd dimension; indeed, any
constant form annihilates the signature of an arbitrary path when dim (V)
is odd (see Corollary 5.15). Nevertheless, in Section 5.2, we shall suggest a
sensible integrator for our later work.

Lemma 5.13 FormeN, j=1,2, k=1,...,m, let Ui € L7 (V). Then

exp (’Ui +vi°‘) K- K exp ('U}n —{—Ufn)

= exp(Zv}c+Zvﬁ+% Z [U},U}]) (mod Bs).
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Proof. For m = 2, using Campbell-Baker-Hausdorff’s formula (see
Reutenauer [1993]), we have

exp (v% + Ui?) X exp (vé + vg‘)

1
= exp <U}+vé+vf+v§+§[

vi +vi v + v§]> (mod Bs)

1
= exp (v%+v§+vf—+—v§+—2—[v%,vé]) (mod Bs),

where the last equality holds because for any z € £ (V) and y € L7 (V) with
149 >3,
[33, y] € BS-

The general result follows by induction. m
Corollary 5.14 Let m € N, consider m finite variation continuous paths

Ye: I -V, k=1,...,m. Let w: V"™ — R be n—alternating. In accordance
with Definition 5.5, for any (s,t) € Ay,

w ((5 M) ®-®S ('ym)s,t)(n)>

m m (n)
- 1
= w exp (Z L (fyk)s,t + Z A (7k>s,t + 5 [L (fYk)s,t ’ L (Vl)s,tj|>
k=1 k=1 1<k<l<m

Proof. Using Lemma 5.13, we have

S (M) ® @5 (1m)s
= €xXp (Z L (i), + Z A(e)se + ‘;‘ [L (Vk)s,t , L (71)5,4> (mod Bs

k=1 1<k<i<m

According to Proposition 5.8, we deduce our result. m

Corollary 5.15 Let n be an odd integer. Consider an n—alternating multi-
linear map w : V™ — R and a Lipschitz loop v. : [ — V| i.e. Yo = Y1,

5 (s =o.
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Proof. Since L(v.),; = 0, we have

@ (5 (7.) T,ll)) = (exp (A (7-)0,1)(n)>

= 0,

because exp (A (7)o 1) can only have non-zero even order tensors. |

5.2 An integrator A <7'>—1,t ® dL* <7'>—1,t

In this section, we suggest a plausible integrator, namely:

A (7‘)-—1,t ® dL* (7'>-1,t y

where A (v.)_,, and L' (7.)_, . are respectively the Levy area and increment
processes of a path +. over [—1,t]. Suppose that & is a smooth 3—form (see
Definition 5.17 for a notion of smoothness). In the first part of this section,
we shall find an expression of the difference between two integrals o over a
subinterval [tf, tfﬁ} C [0,1] against each item in the following splitting of
A" (n))_,, ®dL' (7" (n))_,, with respect to two reversible paths 7; and
To.

AV (n))_, @4l (v (n))
= A(Y" (n))_,,® dL' (v (n).) 1,
+% [Ll (Y (n).) e L1 (V7 (”))syt] @4l (v (),
+A (" (n).),, ®dL" (V" (n).)g, -

In the second half of this section, we shall establish a simplification of Lemma
5.22 which leads to a subtle implication that the difference of integrals:

/ a0 (90 (A" W) ® 4T (0 ()., )

k
J

- / 7 () (A (), @ 4L (77 (m) ),

k
J

can describe the difference between the local actions of & on

1
/0 A (Ti)O,t ®dL’ (Ti)o,t '
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for i = 1,2.. Let 7. : I — I® be a reversible path with 7 = O and 1 =
(1,1,1). Fixed two Lie elements I™ € L™ (R3) for m = 1,2. First of all, for
the sake of convenience, we shall introduce some useful notation:

Definition 5.16 For eachn € N, define a continuous path ofﬁm'te vartation
v (n) : [-1,1] — R® such that

Dy (m) e = I (5.4)
A () = I

and

v (). = 7,
7 (n+1). = FP(y (n)). (5.6)
We again denote T : I — I% to be the path such that for t € I,
d
Tt =1 <Z €k> . (57)
k=1

We next assume that all one-form a () under consideration will be smooth
in the following sense:

Definition 5.17 (Stein [1970]) Letd € Z", k € N and F be a closed subset
of R%. Equip Alt3 (R?) with operator norm. A continuous 3—form & (-) :

F— Alf3 (]Rd) is said to be Lip (A, F), k < A < k+1 1f there are symmetric

multilinear functions &9 : (Rd)@ s AltS (RY), 7 =0,...,k, such that for
any continuous path z : I — R withz (I) C F,

al (z;) (/ ATy, @+ ® da@) + Ry (24, 2)
s<u <<y <t

), (5.8)

for any (s,t) € Ay, and

—~

alzy) =

“©
il
o

IR

) () —

Q1

alll & ~(j Ry (z,
&l = max SUPHO!(” (x)H V sup B (2, y)| < o0
3=0,k zeF

rweF |z —y)
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33k

)

Let k € N. For simplicity, we denote for 7 =0, ...,

k_ J .
for any rever51ble path 7: ] — I® with 7 = O and 7, = (1,1, 1), we denote,
for u € I,

0 (v (1)) = L' (7 (0) et (st ey (5.10)

We first have an expression of the difference between two integrals a over
[tk t5, ] against
AT (n))—l,t;? ® dL (v (n))—l,t

with respect to two reversible paths 7 and 75:

Lemma 5.18 Let e > 0. Suppose that a 3—form & (-) : I* — Alt? (R?) 1s
Lip(2+¢,I%). Form = 1,2, consider two finite variation reversible paths
Tm 2 I — I® with (1), = O and (1m), = (1,1,1). Fork,r € Nwithn = k+r,
the difference

k
t.7+l

[7 &0 0 (400 @) g @4 (7 (),
- /t% a (v (n),) ,(A (v (n)) 16 ® AL (47 (”>)—1,t>

= > / ) (O )((9(7’1 ) -0 <n>>‘§“)®2)

k k41 k
t <t <tJ_{_1

(A" () @87 )

- T / & (¢ 6)) (667 S -0 6 ) )

tk+r

(A (772 (n))_l,t;c ® df (v (n))" )

1 327‘ ek

+0 - sup [A(Y" (n))_y,| ()

33k tel0,1]

( 1 32r —ek sup A(f)ﬂ'z (n>)-—1,t -l(TQ)), (511)

33k t€(0,1]

+0
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where | (1) denotes the length of T.

Proof. For k,r,n € Nwithn =k+r,

/ P ) (A )1 @ (7 (),

tk+r

= > / < byt + <9 (7 )ET = 6y (n))fr))

tk<t“+’<tk

tk—{-r

(AG" () @8 (77 (m) ) .

k+r

Since 6 (y" (n))s  is reversible for each n € N, for u € [0, 3],

tk+r

(067 eDfr, -0 (r D) == (87 ()i -0 (7 )Y ),

2

consequently, we have

J; T ) (A )p @ 42 (), )
-z /{ (v o H,:,H,+(ewn»f}‘“—9<7T<”>>§+r>>
+a (7’ ) geryy = (607 ) =007 (”>)tf+r>> }

(A0 (M)_pp®db (7))

By using (5.8) in Definition 5.17, we can express

+a (’W (n>_"i’;i£ - (9 (v () -6y (”))t:m))
= 25 (FB (%))

+2aW (FBL(¢5)) | FB T+t 3] ( 4k
J 9 - F (tj)
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N e AN
iy () )
+a®) (B (£5)) ((0 v ) =607 () )®2>

2+€>

k+r k+r 2+e
e (t_tt_ji> ~ FB (%)

ghtr ghtr

O <l9 (" () — (7" (n);

1
2

+0 5

Note that because of the self-similar construction in Definition 4.46,
Ay (n»—l,tf =A(y? (n»-l,t;? ;

and

> ) 0 (oo o =6 ™

th<tf*raiek |
T T thtr
(A7 )y @d8 (v (m)S)
1
= 0 —%-32’"’.”- sup |A(Y"(n))_y,|-L(T) ]
3 te(0,1)

Hence, we obtain our identity after substitution.
For if & were constant, we even have a simple expression of the integrals
& over [tF,t¥, )] against

AT (n)>_1,t§ ®dL' (v (n)>—1,t
with respect to a paths 7:

Corollary 5.19 Let a(:) : I3 — Alf3 (Rd) be a constant 3—form, then for
any finite variation reversible paths T : I — I® with 7 = O and 7, = (1,1, 1),
then Vk,7 € N withn =k +r,

& (0) ( [ Al ) g e art <n>>-l,t>

k
j

= 3(0) (/t A (4 () _yp @AL' (7" (n))_u> L (5.12)
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Proof. The result is a special case of Lemma 5.18. =
We next derive an expression of the difference between two integrals o

over [tf,tf +1} against

[Ll (v (n)>—1,t§ L (y™ (n))t;ct] ® dL! (v (n>)—1,t
with respect to two reversible paths 7 and 7!

Lemma 5.20 Let ¢ > 0. Suppose that a 3—form a (-) : [° — Alt3 (Rd) is
Lip(1+¢,I%). For m = 1,2, consider two finite variation reversible paths
Tm o I — I3 with (1), = O and (1), = (1,1,1). Fork,r € N withn = k+r,
the difference

k
tj+1

7 a6 @ ([2 67 ) L 07 ()] @48 07 ().

o)

- / o ) ([2 6 )y, L (07 ())ig ] @ AL (77 () )

-4 Y [TEEE) (e0m mf -o6m )
th<tf*ratk | 0 5
(L™ e (067 )ET =007 () ) ©ds (v () )
- Y [TaER ) (f0m e e )
th<tbtraik | 0 2

1 r—E& T2
+0 (3@'32 “-sup (LY (v (n)_y,| - L(m) | (5.13)

te[0,1]
where [ (1) denotes the length of a path 7.
Proof. For v € R3, define

u (85,677 )

22 & (1 (g 0) (0 )y g @0 @0 )i

0
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1,7

For k,7,n € N with n = k + r, by noting that, for u € [0’ %]’

(66 N5, 007 ;) = (667 ) -l ),

we also have,
k
b

[ Ca ) (L M) L ()| @ AL (77 () )

= 2 /t i a(y’ (n)t) (Ll (v (n»—l,t’? ® L' (v (n))t;‘t ®dL’ (" (n»—l,t)

k J
k+r
-y (tf,tf”,Ll 0 ) oy + (007 @)= 007 ()
th<th Tk e
k gkt T T tf+r T tf+r
T <tj7ti+ 7L1 (f)/ (n>)t§’tf+r:tf+{ - (9 (’7 (n>)u - 9(’7 (’I’L))% )) )

Using the Taylor’s expansion for a as in Lemma 5.18,

k
1

tf+r+tf+r k+r
(Ll (v (n) m®<F‘”< 5 ) Fe (t?))mewn))z )
%N . , l;+r , k+r
a0 Y / & (79 (1) (07 ()~ 07 )
t;?gtf+r<t§+l 0
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-1(7)>;

L (v (n)>_1,t’? = L' (7T2 (n))_l,t;; 5

7

1 —€ T
+0 (éﬁ . 3%~k . sup |L! (v (n))fu

te[0,1]

together with the fact that

we conclude our identity (5.13). m

For if & were constant, we even have a simple expression of the integrals

& over [t¥,t%, ] against

L™ () I (7 ()] @ ALY (97 (),

with respect to a reversible paths 7:

Corollary 5.21 Let & () : I3 — Alt? (RY) be a constant 3—form, then for
any finite variation reversible paths 7 : I — I3 with o = O and 7, = (1,1, 1),
and Vk,r € N withn =k +r,

& (0) ( L@ o P o ey ear <n>>_1,t>

I+1 r

= &(0) (/t (v (n))_w, L' (77 (n))tf't]®dL1 (* (n))_u)

(5.14)

Proof. The result is a special case of Lemma 5.20. =
We next derive an expression of the difference between two integrals &
over [t¥,t%,,] against

A ('YTI (n))t’;t ®dL! (v (n))—u

with respect to two reversible paths 7 and 7:

Lemma 5.22 Let ¢ > 0. Suppose that a 3—form & () : I* — Alt3 (Rd)
18 Lip (5,[3). For m = 1,2, consider two finite variation reversible paths
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Tm I — I® with (1), = O and (1), = (1,1,1). For k,r € N with
n =k + r, the difference

/t & (" () (A0 (), @ L (7 ().,
_ [ s (77 (1)) (A7 (n))ye, @ ALY (57 () ., )
= & (v (o) ( / AO™ (1)), L (77 <n>>t;,t>
a(rmo0g) ([ a0 g, a2t 0o

+O (_k 2T ek . Sup A (’)’Tl (r))O,t - (7'1)

(33k 32r ek Sup A (,),’7'2 (T>)0’t [(7-2)> ’ (515)

where [ () denotes the length of a path 7.

Proof. For any reversible path 7: I — I® with 7o = O and 1, = (1,1, 1).

k
t3+1

[ a6 ) (407 g, @l (7 ),

k
J

_ /tt§+1 (a (’)’T (n)t;‘) + Ry (Ll (" (n»tft)) (A (v (n))tft ®dL’ (" (n))t’?,t>

J

According to the self similar construction in Definition 4.46, we note that for
any t € [t;“,tﬁl],

Ro (L' (v (W)y,) = O

ALY (W), = o(—i—' sup |4 (1" (1)

j 3
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As a consequence, we obtain

/tt?\LI Ry (Ll (7" (n)) t) (A (" (n)>t§,t ®dL (47 (n))_l,t)

k 5
11 R
- 0l ow AT X [ et o |

3 3 tefo,1] e et 3

tjsti <tjii
where
e 1
T 3r
> [ e e < sgie

and hence the result follows. ®
Recall a result which is a direct consequence of Chen’s identity (1.3).

Lemma 5.23 For any (s,t), (t,u) € [-1,1],
1
&ﬂzAw+§@;¢@}h%w (5.16)

Corollary 5.24 Let a () : I°® — Alt® (RY) be a 3—form. For any finite
variation reversible path T : 1 — I® with 7o = O and 7, = (1,1, 1),

[ a0 m) (A0 Lot o7 m).0,) |
= IS [ 0 (B0 @) 67 (g @2 (7 ()

+ Z /t:;?+1 a(vy" (n),) (A (v (n))_1,t§ ®dL' (v (n>)-1,t)

& (" (n),) (AG™ (), ® L (77 (1)), ) (5.17)
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In the remaining part of this section, we shall look for a simplification
of Lemma 5.22 which leads to a subtle implication that the difference of
integrals:

(07 () (AG" (), @ AL (77 (), )

J;.\
+
N

= /t B a (v (n),) (A (V2 (n))ge . ® dLt (y7 (n))_l,t) :
can describe the difference bétween the local actions of & on

/01 A(Ti)o, ® dL! (Ti)o,e
fori=1,2.

Lemma 5.25 Let a () : I — Alt3 (R%) be a constant 3—form. For any
nezt,

1' & (0) (/01 A(T (n),, ®dL* (47 (n))o’t> = 0.

50) ([ 46T o), 00 (7 )1 )
= a(0) (/O AT (1)_,, ®dr’ (v" (1))_1’t> . (5.18)
Proof. Note that for any t € [t5,t5,,],

A (WT (n))t;;’t =0.

1) In accordance with Lemma 4.64, for any constant 3—form,

a (0) </01 AT (1)), ®dL (vT (1))0’t> = 0.
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In general, for any n > 2,

& (0) </01 A(Y" (n),, ®dL (¥7 (n))o,t)
~ 50 1Aw<1>>o,t®w (07 W) )

( Z / (n=1)),, ®dL" (v" (n - 1>)t]1,t>
= Z a (0) ((PJB]) B </01 A <’YT (n - 1)>O,t ®dL’ (fyT (n - 1>)0’t>>

0<ti<]

= 0,

hence the result follows by induction.
2) Applying the claim in part (1), we have,

& (0) ( / A(y" (), ®dL (v <n>>_1,t)
= Z a(0) </tlj+l A (’YT (n))t;t ®dL' (’YT (n))t;t>

+50) ([A6T ), @ (7))
_ 3(0) ( / AGT),, @dl (1" (1))_1,t) |

Corollary 5.26 Leta(:): I® — Alt3 (Rd) be a constant 3—form. For any
finite variation reversible paths T : I — I° with 7o = O and 7, = (1,1,1),
vn € Zt, :

I

A(Y (n)_, @dL (7 (n ))_1’t>

S—

o]
s

A(T)e, ® dL (1), )
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2.

& (0) ( /0 4 (v (n))_;, ®dL* (v (n>>_1,t>
= &(0) ( /0 A (7)o, ® dL’ (T>o,t>
wa0) ([ 46 ea 67 m).). 6519

Proof. In accordance with Corollaries 5.19, 5.21 and 5.24, we have

& (O) (/01 A(Y (n)_1, ®dL* (v (n))_l,t>
~&(0) (/01 A(y" (n)_, ®dL' (¥7 (n))_l,t>

- Y &) ( /HMAW (n))ae ® AL (77 (”»t;’t)

ost;g
t;'+1
o Z & (O) (/ A <7T (n>)t1.,t ® dLl (7T (n))tl.,t> ’
0<t1<1 5 ’ ’

Recall the notion of P}d] in Definition 4.27 for d = 3. In accordance with the
self-similar construction in Definition 4.46 and Lemma 5.25, we have

a (O) </01 A(Y (n))_, ®dL* (77 (n))_l,t>
~&(0) (/01 AT (D) ,, ®dL' (v} (U)_l,t)
> ao) ()7 ( AW (- 1))y, ®dL (v (n - D) )

"5 w0 () ([ 47w e,
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- ¥ 5O ([ A - ed 6 n-1),)

0<5<3%-1

= &(0) (/01 A(Y (n—1)),, ®dL (v (n~ 1)>o,t>

~ &(0) ( /O A (), ® L} (T)O,t> |

Corollary 5.27 Let ¢ > 0. Suppose that a 3—form & (-) : I? — Alt3 (Rd)
is Lip (e, I%). For m = 1,2, consider two finite variation reversible paths
Tm @ I — IP with (1), = O and (1), = (1,1,1). For k,r € N with
n =k +r, the difference

k
tJ+1

/t , @ (™ (n),) (A (Y (7)), ® AL (7" (n))_u>

B /t " ()0) (A0 () @ 4L (47 ()., )

— gi—kaj (’y” (”)t§> </01 A(m)y, ®dL} (Tl)o,t>

_%a (W (n)t;) ( /0 4 (r2)o, ® dL* (rg)o,t>

t€(0,1]

)

+0 <33k 327k sup |A (y7 ()| - L(72)

t€(0,1]
where | (7) denotes the length of a.path 7.

Proof. According to Corollary 4.29, we have

/tth(vr( i @ AL (77 (n).

k
3

_ (P,f](tk)>®3°”'°< ) </A os ® AL (47 (1)), )
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For any constant 3—form @ and a finite variation reversible path 7 : I — I°®
with 9 = O and 1, = (1,1,1),

5 ( [ A )y @ o <n>>t5,t>

'>)®3 oo (pj’;](tﬂfs ( /O CAG (), @D (7 (T))O’t>>

- w0 ([ A6 O @l (7 ()

Using Corollary 5.26, we deduce that

I
&
NN
? o
2=
T

k
tir

w </tk Ay (n»tft ® dL' (v (n»t;‘t)

— 3%5 ( /0 A (7)o, ® dL <¢)0,t> . (5.20)

By substituting (5.20) in Lemma 5.22, we conclude our result. m

5.3 An ergodic result

In this section, we shall find, for any k € Nand j =0, ..., 3%, the asymptotic
value (see Corollary 5.37) of
k T

33 : J(’)’ (k + r))tf’t§+l

in (5.29) as r goes to infinity. Note that the quantity 3% - J (4" (k + 1)) .
372
plays a key role in the derivation of our main result Theorem 5.45 in Section
5.4. The key idea of finding out the asymptotic value is to first identify
the expression 3% - J (77 (k+ 7)), &, » by using self-similar nature of the
7'

definition of 47, as an expected value of some functional of a irreducible
aperiodic Markov Chain as defined in Definition 5.28; and then an easy

application of a celebrated result (Theorem 5.30) in ergodic theory leads
to the expression of the asymptotic value.

We first introduce the mentioned Markov chain. For ¢ = 1,2,3, define
Q; : R® — R® such that @, (¢/) = (=1)%9 eI where 6 (1) : N — N is the
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Kronecker delta function. In accordance with Corollary 4.23,
card (Q (3)) = 2°71 = ¢4;
indeed, 9 of @, are the identity map Qq 2 7.R®— RS 6of Q5 are @y,
; j

another 6 of @), 3 are (), and the remaining 6 of (), 3 are (Js.
as! & 34}

Definition 5.28 Define {Y* (n)} -, to be a discrete time-homogeneous Markov

chain with states space G = {Qo, @1, Q2, @3}, an initial distribution p and
transition probability such that for anyi,7 =0,...,3, n € N,

2 ifj=1
P+ =0l (=)= { B 1150 s

It should be noted that every Markov chain {Y* (n)} 7 is irreducible and
aperiodic with uniform distribution as its invariant measure.

Lemma 5.29 G £ {Qo, Q1, Q2, @3} is an abelian group under matriz mul-
tiplication such that

Q=Q =1 (5.22)
foralli€{0,1,2,3} and

QiQ; = Qx (5.23)
for distinct i, j,k € {0,1,2,3}.
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We next recall a celebrated result in ergodic theory:

Theorem 5.30 (Ergodic behavior of Markov chains) Let S be a Borel
state space. For any irreducible, aperiodic Markov Chain {X (n)}or, in S,
ezactly one of these cases holds:

1. There exists a unique invariant measure v, the latter satisfies v (i) > 0
for alli € S and for any initial distribution u,

lim ||P*o X (n)™" —v|| =0, (5.24)

n—oo

where for any signed measure A on .S,

IMl = sup [IA (Al (5.25)

Aco(A)

2. No invariant measure exists and we also have

lim pj% =0, (5.26)

n—0o0
where p7; is the nth-step transition probability from state 1 to j, for any
1,7 €S.

Proof. One can refer to Theorem 8.18 in Kallenberg [2002] for details.
n

Corollary 5.31 Let V be a Banach space. Suppose that the states space S
is finite. Then forany f:S —V,

lim (sup B (f (X (n))) - v <f>l) 0 (5.27)

n—oo u

Proof. Let z € S and 4, is the Dirac measure with unit mass at z. As
a consequence of Theorem 5.30, we deduce that

lim E* (f (X (n))) = lim > f(y)P* (X (n) =y)

n—oo

= Y ) (lim P (X (n) =)
= ) f) v{)

= v(f)
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Since S is finite, every measure u on S can be expressed as

pu() :Zwy'éy(‘)>

where 0 < w, < 1. Now, we have

B (f (X () = v (Al <D we |[E*= (£ (X (n)) = v (f)],

zeS

S0

sup [B* (f (X (n))) —v (£ < D [E* (f (X (n)) = v ()],

© zeS

where the last sum tends to zero as n approaches to infinity since S is finite.
|

Recall the notations in Definitions 4.27 and 4.28.

Lemma 5.32 Letm € Nandi=0,...,3% — 1. Consider a reversible path
7:1 — B withr=0andn =(1,1,1). Foranyu € I,

/O% (0 (v (m))? -0y (m))t{-”>®2 ®db (v (m)>§"

t‘m

0 (v (m))y = 0(y" (m))|

) 2

n1(8m) nm (£

therefore the result follows.

Corollary 5.33 Let k,r € Nyn = k+ 7 and j = 0,...,3%, consider a
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reversible path 7: I — I® with 1o = O and 7, = (1,1,1).

J (Y () e

7+

>
N
D
=)
-
S
0
I
D
o)
-3
=
o
+
3
N——"
®
[\
%Y
u
)
2
\*
—~
3
=
e

(50 ([ o)

0<tr <1

Proof. In accordance with Definition 4.28, for[=1,...,k,m=1,...,7,
B=0,...,3"—1,

v (877) = (L),
Nk4m (t§;£+r).t§+ﬁ) = Nm (tg) .
Applying Lemma 5.32, we conclude our result. =

Lemma 5.34 Letr € N,

> (P,f](tr)>®3 o---0 (pﬁl(ﬁ»m =E({Y (N®|Y(0) = Qo). (5.30)

1 ?
0<tr<1

Proof. By Definition 4.27, we have

> (P) oo (P)”

0<tr<1
1 3%-1 3 ®3 3 ®3
3 3
L E (@) e (e
11,00 yir=0 ' s
3 2 2 2 °r
= <§ §° + §Q?S+ §Q§®3+§Q§,®3>

= E(Y (r)®°|Y (0) = Qo)
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where the last equality holds because of Definition 5.28 and Lemma 5.29. =
We are now ready to find out the asymptotic value of 3%-J (y7 (k + r))tk,tk“

as r goes to infinity.

Proposition 5.35 Consider a reversible pa.th 7:1 — I3 withtg =0 and
T1 = (1, 1, ].) |

3 ®2
lim sup |3% . J k+r - = ®3 / Ty — TL ® dTy
T—00 k,}) ( ( ZQ < : 2)
= 0. (5.31)

Proof. Note that for any £ € N, using Lemma 5.29,

According to Corollary 5.31, we have

lim sup
T pe{0,...,3}

(5.32)

E (Y (1) |Y (0) = Q) 4ZQ®3

since the invariant measure of {Y (n)}, .y is the uniform one. The result
follows by substituting expression (5.30) into Corollary 5.33 and combining
with (5.32).

Lemma 5.36 Let {¢'},_, be the standard basis of R3, then

3
1
ZZQ?B (e* ® e’ ® )
i=0
_ 0, if any two of a,b,c are the same,
" ® e’ ® e, if all a,b, ¢ are distinct. (5.33)
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Proof. By permutation symmetry of G with respect to {ei}le, we only
have to check the validity of our claim for the following six cases

ll@el@e l@e2@el. el @l Qel,
62®€2®61, 62®83®€1, €3®63®€1.
For any a,b,c € {1, 2,3}, we define

I" (a,b,c) = /0% (7‘3 — T‘%‘) (Tfj - 7'11;) dre. (5.34)

Corollary 5.37 Consider a reversible path 7 : I — I® with 1y = O and
nn = (1,1,1). We have

lim sup 3% - J (" (n))tk,m1 — Z I" (a,b,c) - e* @ e’ ® e
T kg T all distinct a,b,c
= 0.

Proof. By taking into account Lemma 5.36, the result follows as an
immediate corollary of Proposition 5.35. =

5.4 Integrating 1-form against space-filling rough
paths

In this section, we shall first use the asymptotic value of 3%-J (7 (k + 7)) |
377

obtained in Section 5.3 to further simplify each of the differences of integrals
& obtained in Section 5.2. Finally, we shall establish our main result Theo-
rem 5.45 which relates a difference (5.40) of two rough path integrals of two
space-filling rough paths for a unit cube in accordance with Theorem 4.82
to a few Lebesgue integrals of some functions induced by a over the unit
cube. In the following, we fix an arbitrary € > 0 and consider two finite
variation reversible paths 7, : I — I® with (7m), = O and (1), = (1,1,1)
for m = 1,2. In spite of Corollary 5.37, there is 7. € N such that for any
keN,j=0,...,3%-1,

1 . . .
J O (), o Z ™ (a,b,c) e* @ et @e| < -

all distinct a,b,c
(5.35)



146CHAPTER 5. INTEGRAL OF A 3-FORM AS IN TEGRAL OF A SPINOR

For k € N, we denote n. (k) = k + r.. We first have a simplification of the
expression (5.11) in Lemma 5.18: |

Lemma 5.38 Let &' > 0. Let a() : I® — Al® (R%) be a Lip(2+¢, %)
3—form. The difference

k
tj+1

/t . a (Y™ (ne (k)),) (A (7" (e (k)5 ® AL (77 (e (k)))_u>

— [0 (0 )) (AO™ (e ()1 @' (07 (e (B)-)
_ Z <1T1 (CL, b, C) - I (a, b, C))

all distinct a,b,c

a0 (79 () (¢ 0) (A (77 e () 07 -

33k t€(0,1]

‘0 (i'?’%s‘“' sup |4 (7 (ne ()))_,, '“ﬂ)>
L0 (% 3277k sup [A (47 (ne (k) 1| - W)

t€(0,1]
+0 <é%|||a’|||- sup |A (v (ne (K)))_,, ) (5.36)

te(0,1]

where | (T) denotes the length of the path T.

Proof. Note that using the reversibility of v (h) on [t;ﬁtfﬂ] for all
k < h € N, we have

A(y™ (h))_u;? = A ('YT (h>)_1 k-

)j

By substituting our estimate (5.35) of J (Y™ (n)),x ,« into the Lemma. 5.18,
Vi1
we obtain our claim. m 7

We next have a simplification of (5.13) in Lemma 5.20:

Lemma 5.39 Let ¢’ > 0 and & () : I3 — Al (RY) be a Lip(1+¢, 1%
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3—form. The difference

®dL (7 (n (K)))._, )
=4 > (I"(abc)~I"(a,b,c))

all distinct a,b,c

a® (FP () () (FFL(t) ) @ @ ef) - o5

1
+O 3k 32r€__6k - sup Ll (’YT (ns (k)>)__1t ) (l (Tl) + ! (T2)>
3 t€(0,1) ’
E i~
+0 | 5z lall sup |2 (3" (e (k) _,, ) , (5:37)
t€(0,1] '

where [ (1) denotes the length of the path 7.

Proof. Note that using the self-similar construction in Definition 4.46 of
v (k) on [t5, t5, ] for all k < h € N, we have

Jr i+l
L' (4™ (h>>—1,t§ = L' (7T (h>) 1,¢%

By substituting our estimate (5.35) of J (Y™ (n)) + into Lemma 5.20, we

. 3+l
obtain our claim.
We are now ready to establish our main result Theorem 5.45 which re-

lates a difference (5.40) of two rough path Integrals against the integrator
A7), ®dL' (7.)_,,, more precisely, against X. (see (5.39)) of two space-
filling rough paths X. for a unit cube in accordance with Theorem 4.82 to a
few Lebesgue integrals of some functions induced by & over the unit cube.
We first introduce a notion of the first hitting time of the space-filling curve

FB® at a point z.
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Definition 5.40 Let k € N and j = 0,...3%. Define a map &} : I° — I3
such that

% (-) & FE(t) + Qae(pin(e, ) -rio(e:)) © 0% ()
For each x € I*, we define
vk () = min{tf ‘T € be (]3)} .

Lemma 5.41 For each © € I3, v () is increasing in k € N. Hence the
limat
lim vy (z)
k—oo
extsts; as a CONSequence,
v(-) = lim v (v)

k—oo

is measurable on I°.
Proof. According to Corollary 4.29, we note that for any r € N, tf <
tk+T < tk
1 741 '
E (1%) C 0¥ (I°).
Therefore, for any z € &1 (I%),

v (z) < Vkyr ().
The measurability of limg_..o vk (+) is a consequence of the fact that every
e (+), as a piecewise constant map, is measurable. =
Lemma 5.42 (The first hitting time of F¥ at ) For any z € I°,
v(z) =inf{t:z = FBL(t)}.
Proof. Again, in accordance with Corollary 4.29, we note that

FIO (14, #5,,])° € % (7).

7+1

Together with Theorem 4.82 for the case 7. = T, we conclude our result. m

Definition 5.43 Let p > 3. Suppose 7y is a p—geometric rough path on
[—1,0]. In accordance with Theorem 4.82, for any finite variation reversible
paths 7 : I — I® with 7o = O and 11 = (1,1,1), we define the p—geometric
rough path

S (Y™ (00))y, = lim S(Y™ (n))_, . (5.38)

n—oo
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We next treat a path 7. and the corresponding integrator A ('Y->—1,t &
dL' (v.)_,, as a unity:

Lemma 5.44 Let V be a Banach space. Given 3 < p < 4, for every
p—geometric rough path X. € GQ, (V'), consider a path

t
R: & (Xou, Ao, / Ao ® dXo3) (5.39)
0

in V@& V® @V, Then X. can be lifted as a p—geometric rough path
in GO, (Vo Ve o Ve in such a way that if X (m),,’s are smooth rough

paths converging to X, in G2, (V) with p—wvariation topology, then {}2 (m)}

also converges to X. in G, (V & V& @ V®3) with corresponding p— variation
topology.

Proof. This is a special case of Proposition 3.31. =

Theorem 5.45 Let 3 < p < 4. Assume that v. can be enhanced as a
p—geometric rough path on [—1,0]. Consider a Lip(q,I*) 3—form a(-)
I3 — Alf3 (R?), where ¢ > p. Let (0,0,a (")) be the one-form on T®) (R3)
such that Yv; € (R3)®i fori=1,2,3,

(0, O, & ()) (’Ul + (%) + ’U3) = & () (’Ug)

Then we have

™ /A (an’ao’ffﬂei*) —m /A
S(v71(00))_y,. S(v72(00))

= /I G (z) ( /O 4 (1), ® dL’ (TI)OO i\
_ /13 a(z) </01A(72)0,t ® dL! (72)0’t> 0\

+ Y (I™(abc)=I7(abe) (5.40)

all distinct a,b,c

| <2 / & (FE (v (2))) () (F¥ (v (2)) = 7-1) @ € @ €°) dA
n /[3 a® (FBl (v (z))) (e* ® €?) (A (v* (O°>)_1,u(x) ® ec> d)\> ,

-1,

(O, O, o WR3)>
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where X () is the usual three-dimensional Lebesgue measure.

Before proving Theorem 5.45, we shall first find out the expressions of
limits of several Riemann sums.

Lemma 5.46 Using the notation in Lemma 5.38, we have

lim 3 2523 (9 (1) (0 ) (4 (07 (e (1), @)

k—oco

k
ty

= [@ (P @) (o) (AGT(0) 0, © ) i

Proof. Note that by definition of v (z),

S 58 (9 () (@ &) (A (7 (ne (8))_, @ )

3k
tk 3
2

= /13 a? (F[B] (v (2))) (e* ® eb)

(A (7" (e (K))) _, ,, 0y @ €°) dX

According to Theorem 4.82 and Lemma 5.41, we see that

lim F¥ (i (z)) = FO(v(2)),

k—oo

lim A (" (n. (k)))—l,z/k(m) = A" (OO))—LV(x) '

k—o00

Using Corollary 4.73, we also have

A (Y (ne (k)))

< 00.

s;up ‘FB] (v (2))] + s;up

-l (x)

Therefore, by applying the usual dominated convergence theorem, we con-
clude our result.
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Corollary 5.47

tk

. I+1
lim
k—'?OO tk'
t;‘ ]

& (7 (ne (8)),) (A (7 (ne (8)))_y g ® AL (77 (e (K))) )

J

k
i

_/t (v (ne (k)),) (A(v” (e (B))) -y, ® AL (7 ( e<k>)>_1,t)>

k
3

— Z (I™ (a,b,c) — 1™ (a,b,c))

all distinct a,b,c

3 (9w @) () (ADT @)y, 8 )
B (5.41)

Proof. In spite of Corollary 4.73, we have

sup sup ‘A (v" (n))_l,t < 0.

n  t€0,1]

Combining the limit result in Lemma 5.46 with Lemma 5.38, we conclude
our claim. m

Lemma 5.48 Using the notation in Lemma 5.39, we have

i 3 560 (P9 (25)) ) (P9 () ~ 1) @ b 0 )

= [ (P @) @) (FY 0 @) - 7)o ) dn

Proof. Again by the definition of v (z),

Z 331c F[3 tk» (e*) ((F[S] (tf) —7.1) ® €’ ®€°)

= / a® (FB (v (2))) (%) ((F® (ve (7)) — 7-1) ® € @ €°) dA
J3
According to Theorem 4.82 and Lemma 5.41, we see that
lim FB (y (z)) = F®¥ (v (2)),

k—o0
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Using Corollary 4.73, we also have

sup {F[S] (v (2))| < o0.
k,x

Therefore, applying the usual dominated convergence theorem, we conclude
our claim. m

Corollary 5.49 Using the notation in Corollary 5.27,

AL (v (ne (K)))_1,)
=4 > (I"(abc)—1I"(abec))

all distinct a,b,c

/]3 o) (F[3] (v (.’13))) (&%) ((F[B] (v (z)) - ,),_1) 2 e ® ec) A\
+0 (¢). (5.42)

Proof. In spite of Corollary 4.73, we have

sup sup lLl (’YT (me (k»)..l t
n  tel0,1] ’

< 00.

Combining the limit result in Lemma 5.48 with Lemma 5.39, we conclude
our result. m
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Lemma 5.50

lim (/tt§+l a(y"™ (n),) (A (™ (n))t;ct ®dL (™ (n))—l,t>

k
3

E / a T2<n>>(A(vw(n»t;,t@w<w<n>>_1,t)>

( A (1), ® dL' (1), ) d\

/ (/ A(1a)g, ® AL (72), >d>\ (5.43)

Proof. The result is an immediate consequence of the definition of Rie-
mann’s integration together with the application of Corollary 5.27. m

Proof of Theorem 5.45. According to Definition 5.43 and the universal
limit theorem in Section 1.4, we have for 7 = 1, 2,

lim /01 a(y" (Tl)t) (A (™ (n)>—l,t ® dL! (y™ (n))—l,t>

n—oo

= m //\ (0,0, 0 7Rs) | .
5(771(00))_1,.

Recall Corollary 5.24, by passing limit on both sides of (5.17) and using the
expressions in Corollaries 5.47 and 5.49 and Lemma 5.50, we deduce that

T (/S(mo))—l“ (0,0,ao0 7rR3)> — (/S(mo))h (O,O,&OWR3)>
_ /Isa(m </01A(71)Ot®d[,1 (1), )d/\
—/Isam </01A(72)0t®dL1(72) )d)\

+ Z (I™ (a,b,c) — I™ (a,b,c))

all distinct a,b,c

- (2 /13 gt (F¥ (v (2))) () ((F¥ (v (2)) = v-1) @ €" @ €°) d
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+ /13 a? (FB (v (z))) (e* ® €°) <A (47 (09)) y vy ® ec) dA)
+0 (¢).

Note that e is arbitrary, therefore the result is proved by passing € to zero.
=

5.5 Integral of a 3-form as integral of a spinor

In this section, we shall identity some choices of pairs of space-filling rough
paths for a unit cube so that those integrals against &!) and &® in (5.40)
would vanish while the remaining difference of two Lebesgue integrals would
become the ordinary integral of 3—form «. Together with the theory of
chainlets by Harrison (1998), we extend our result to nice chainlets at the
end of this section and conclude that any 3—form o on a nice chainlet A/ can
be expressed as a limit of a sequence of integrals against a spinor (&, —a).
We first find a possible pair as shown below:

Definition 5.51 For § € R*, define a path © (§). : I — R3 such that

( —l—%)—étel, forte [0,%],
d 1 10 1 2 1 27
E I ARG i
T AT AR & )
2
0(),= (¢ L+ (t-2)e?, forte 00 10) (5.44)
(e )t Jorve (R X
571 10 oY 2 5 9
—561—671&—11—0)6, fortejg,m?,
\ 2 (t—1)el, fort e [5,1]
B
| l
| !
Y A

I f
! I
—"————--—Q l
',_.__<_ ___l (,
' A
v |
] |
i t
f = m > - - - - |
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Definition 5.52 Forr € R*, define a path T'(r) : I — R® such that
T (r), =rte®, fort €[0,1].
We next recall the concept of concatenating paths:

Definition 5.53 (Concatenation of paths) LetV be a normed space. Con-
sider two finite variation paths v : I — V and 7 : I — V, we define the
concatenation of v with 7 as the path v+ 7 : I — V such that

_ v (2t), forte[0,1],
THT= {7(1>+T(2t-1), forte [1,1] (5.45)

Denote, for any 0 < 6 < 27, R (6) to be the matrix representing a rotation

of 8 about the z—axis:
cosf —sinf O
sinf cosf O
0 0 1

Definition 5.54 Let0 < r < /3 and 6y,...,6, € R*, we define
U (r,(6,,01),...,(0,0,)) : I —» R
to be the reversible path such that for any t € [0,1/2],
(7, (61,61),...,(0n,0n)), (5.46)
£ T(r)# (R(6) 0O (8:))++ (R(6) 00 (82)) «T (V3 ~7)

_/
/

2t-1
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Definition 5.55 Let 0 <7 < —*g and 61,...,0, € RY. Denote

P Vho

A = ,
RICRVER.
0 0 1

Define a reversible path
T(r,(61,01), ..., (0n,6n)) : I — R®
such that

T (T> (61> 91) IR (511) en))
= ABV(r,(6,,0)),..., (60, 0,)). (5.47)

and
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For the sake of convenience, in the following, we shall use abbreviations
¥ (-), in place of
U (7", (51, 91) y e e ey ((Sn, 0n>)t

while 7 (-), in place of

p. (T‘, (51, 91) ey (6n, 0n>)t

without much loss of ambiguity. We next evaluate those Lebesgue integrals
involving only @ in (5.40) when the pair of pathsis (7(-) ,T.) :

Lemma 5.56 Let0<r<—‘é—§, 0=---=60,=0anddy,...,0, € Rt. Then

we have,
/0 AOR AV = =) (?—) 6,
[ awoiare: - Z(?—) i,
/OlA(\p(-).);fd\p(.)f = 2 ; (?-0 62,

Proof. Let d = (\/5— 27") and h; = % for 1
calculation, we find that:

I
A
3
vs)
<
=7
ﬂ
@
s
S
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Furthermore,

Finally, we also have

/A ))os 4¥ (-);
Z:éfd.

Corollary 5.57 Let 0 <1 < \/_ 0<64,...,6, <2m, 61,...,0, € RT and
a be an alternating multzlmear map,

3 </1 A7 ().)o, ® AL (7 (-).)0,t>

= d(e' @) 252( 3~2r>. (5.48)

1=11

Proof. Note that
det (AB) =
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Because « is alternating, we can express

& (/01 AT (1)), ® AL (7 (-).)o,t)

_ det(AB)( (¢ @ ®e)/0 A ()12 aw ()

+a(ef®e’®e) - /0 AT ())5r v (),

+a(e®e @e?) - /01 AV ())32 av ()?)

n

= Z& (R(6,)®° (' @ ®€)) - 67d

1=1

+Z (€ ® e ®e))-<%63d>
1

+Z 0,)% (° @€ ®e))-<—§63d

= e®e ®e 252

)

where the last equality holds by applying Lemma 5.56 and by noting that

for any 0 < 0 < 2,
det (R(0)) = 1.

We now find a pair of paths (7 (+)., T.) so that the coefficient I""): (a, b, ¢)—

IY (a,b,c) in (5.40) vanishes:

“S

Lemma 5.58 Let 0 < 17 < and 61,...,03m € RT.
{1,2,3}, recall that, as in (5.34), we define

1
I" (a,b,c) £ /2 (Ts —T‘f) (7‘3 —'ri’) dre.
0 2 2

Suppose that for k=1,...,3m,

0, k—1=0 (mod3),
Op=< %, k—1=1 (mod3),
k—1=2

For any a,b,c €
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Then we have Va,b,c € {1,2,3},
I (a,b,c) = 0. (5.49)

e

Proof. Due to the rotational and reflection symmetry of 7(-) : I — I®
along its own axis, we only have to check the case fora =1, b =2 and ¢ = 3,

I"0(1,2,3) = I (1,2,3)

- iq/ol (@r—5n+52’i(1—2t)> <\/gr+(5n+%n(l—2t)> di
_Ci/ol <\/§r+6n+%—(l—2t)> (@r—(sﬁ%—u—m)) dt

= 0.
for some positive constants c;. ®

As a corollary, we can now express any 3—form « as a difference of
1—forms o over a cube:

Theorem 5.59 Let 7 () : I — R® be such reversible path that satisfies the
condition in Lemma 5.58 and has a range 7 (-) (I) C I® with

idf (VB-2r) =1 (5.50)
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Then we have,

/ o = e (0,0,&071']}{3)
s S(rOG) .

—/A (0,0, o Tgs ) - (5.51)
S(Y (o)) 1

Proof. Note that Vt € I,

and hence .
/ A (T)O,t ®dL’ (T>O,t = 0.
0

By applying the expression in Corollary 5.57 and Lemma 5.58 to Theorem
5.45, we deduce that

m / (0,0, 0mgs) | —m / o (O,O,5OWR3)>
(¥ (e0)) _, | S (09))_,.

- / & (@) (¢ ® e @ e’) d
13

= /13 a(z) (', e, e®) dA

Q.
I3

Note that both the terms in (5.39) and the form « are independent of
the choice of the basis of R®; therefore, after rescaling, we can extend our
claim to arbitrary unit cube in R? for any d > 3: namely, for any unit cube
C c R?, there are two space-filling geometric rough paths 71 and 7, for C
such that we can express any 3—form w over the cube C so that

/ W = //\ (0,0,&OTFRd) - /A (0,0,&O7TRd) . (552)
C S(Tl)o). 5(72)0,.

Also notice that both v7¢) (00) and ¥ (00) in (5.51) have the same increment
and Levy area over [—1,1], i.e.

L (’YT(') (OO)>_1,1 = L (’YT (OO))—U ’
A (’YT(') (OO))—I,I = 4 (fYT (OO)) 11
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therefore, by concatenating paths, the claim is still valid in general for any
chain of finitely many cubes embedded in R® for any d > 3.

A decade ago, Harrison (1998) first introduced the notion of flat norm on
the space of simplicial complexes; the completed space is called the space of
chainlets in which the classical Stokes’ theorem remains valid.

Suppose that there is a sequence {AN,} -, of chains of finitely many cubes
embedded in R¢, for some d > 3, so that they are convergent to a chainlet
N with respect to the flat norm. Also assume that for each n € Z*, there is
a pair of space-filling rough paths 7 (n); and 7 (n), such that

/w:'n-l </A (O7O>&O7TR‘1)>_7T1< ——— (Ovoa&;Oﬂ-Rd)>7
C S(T(n)l)o‘_ S(T(n)z)o”

and both the sequences {7 (n);}>., and {7 (n),} -, are Cauchy in p—variation

topology; hence there are two space-filling rough paths 7, and 7, for the
chainlet A/ which are the limits of {7 (n),}>., and { (n),} _, respectively.
In light of (5.52), we also have similar breakdown of any 3—form w on the
chainlet NV, i.e.

/w = m (/A (0,0,0 0 mga) | —m //\
N S(Tl)o,. S(12)g

= lim o o (W, —0), (5.53)

1= J(s(rmn),, S (), )

where the last expression can be interpreted as a limit of a sequence of
integrals of a spinor (W, —w) against a pair of paths 7 (n), and 7 (n),.

(0, 0/& O WRd)> .

)



Chapter 6

Some topological aspects of
signatures

In the work of Hambly and Lyons [2006], they proved that finite variation
paths can be characterized up to tree-like deformation by their respective
signatures. It is clear that a tree-like deformation does not change the topo-
logical features of the path; for instance, for almost every point z in the
plane, the number of times a finite variation planar path +. : I — R? winds
about z remains unchanged if one deforms the path v in tree-like ways with-
out crossing the point z. In this chapter, we aim to extract low dimensional
topological information, e.g. winding and linking numbers, from the signa-
tures of paths under consideration.

In Section 6.1, we shall establish the preliminary result that the winding
number 7 (., z) of a finite variation planar loop . around a point z is a limit
of a sequence of linear combinations of (but involving infinitely many) iter-
ated integrals of .. We first recall an elementary result in complex analysis,
namely: the winding number formula

1 1 ody
n(y.2) =5 / :

T Jo V— 2z

The key idea of the proof of the main result Theorem 6.35 in Section 6.1 is
to first consider a family of random variable N5, where

A (v, Zs), Zse€ R*/y(]0,1
Nd:{mo,é 52567(7[0,[11)D
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and Zs is a two-dimensional Gaussian random variable on the plane with
mean z and variance 4. On one hand, using Prohorov theorem, the expected
values E (Ns) would converge to 7 (7., z). On the other hand, using change of
variables, rapidly decaying nature of any Gaussian kernel and Fubini’s theo-
rem, one can remove the singularity of the integrand in the winding number
formula in the course of computation of each E (Ns); henceforth, we can ex-
press each E (Nj) as a linear combination of iterated integrals of .. In the
appendix of Section 6.1, we shall take an excursion to study on how one can
relate the signature of a logarithm of a planar path . to the signature of 7..
Even though a logarithm of 7. needs not to be unique, there is still exactly
one signature (called logarithmic signature in Definition 6.51) that corre-
sponds to any logarithm of 7. (see Corollary 6.50 for details). More precisely,
we shall establish the fact (Corollary 6.55) that the logarithmic signature
will satisfies a tensor-valued differential equation driven by ~.. Moreover, we
shall also express the logarithmic signature as a limit of a sequence of linear
functions of the signature of 7.. The reason why the author interested in
1nvestigating in such relations is his belief that the relations can motivate
the estimation of the distance between the path +. and a point z ¢ ~ ([0, 1])
in terms of the signature of +..

In Section 6.2, we shall show that, under a mild regularity condition on
a planar loop <. (Condition 6.75), one can express the winding number of
7. about a point z as a linear function which only involves finitely many of
iterated integrals of <., in other words, the truncated signature of +.; see
Theorem 6.80 for details.

In Section 6.3, we shall also provide a numerical illustration for our The-
orem 6.80; more specifically, we shall show that one may need iterated in-
tegrals of order not more than 40 to express the winding number of a unit
circle around the origin. In terms of computation, it seems less complicated
than those knot invariants first suggested by Kontsevich (one can consult
the work by Bar-Natan (1995) for a brief summary); this is a reason why we
guess that the signature of a loop may lead to a relatively simple and more
computable expression for knot invariants, and we shall explore this topic in
our future work.

Finally, in Section 6.4, we shall extend the method we used in Section 6.1
in order to give a sketch of arguments which suggests how one can express



6.1. WINDING NUMBERS FOR LOOPS OF FINITE VARIATION 165

the linking number of a pair of 3—dimensional loops in terms of the joint
iterated integrals of the pair of loops.

6.1 Winding numbers for loops of finite vari-
ation

In this section, we shall express the winding number of an arbitrary planar
loop 7. : I — R? as a functional of the signature of v.. The key idea of the
derivation of the expression is to first consider a family of random variable
Ns, where

07 ZcS € 7([0’ 1])

and Z; is a two-dimensional Gaussian random variable on the plane with
mean z and variance §. Secondly, by applying Prohorov theorem, the ex-
pected values E (Ns) would converge to n(v.,2). Finally, using change of
variables, rapidly decaying nature of any Gaussian kernel and Fubini’s theo-
‘rem, one can remove the singularity of the integrand in the winding number
formula in the course of computation of each E (Ns); henceforth, we can ex-
press each E (Ns) as a linear combination of iterated integrals of . while the
coefficients are functions of vy and z. In the rest of this chapter, we shall
identify C with R2.

We first reduce our general problem to a simple one by shifting the path
Y.

N, & { n(v.,Zs), Zs € R*/v([0,1])

Definition 6.1 Let 7 : I — C be a continuous path and z € C. Define 7.+ z
to be the path translated by z.

Given an arbitrary loop . : I — C and a point z € C. We recall the
notion of winding number of +. around z as defined in Section 2.2.

Lemma 6.2 For every z € C/v(I), we have
n(v,z)=n(y —20). (6.1)

Without loss of generality, in the following, we only consider the winding
number of vy. around the origin O ¢ (). Denote by A; (-) the usual Lebesgue
measure on R2.
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Lemma 6.3 Let 1 <p<2and~.: I — C be aloop of finite p—variation,
A2 (v (1)) = 0.

Consider a family of 2 dimensional Gaussian probability kernels {¢:},c; /(0
on R? so that, Vz € R?,

Definition 6.4 For each t € I/{0}, define Z; to be the two-dimensional
Gausstan random variable with probability density function ¢y.

We now establish our first critical lemma:

Lemma 6.5 Let~. : I — C be a loop of finite variation such that O ¢ v (I).
Then we have

n(v,0) =lImE(n (v, Z)). (6.2)

t10

Before showing our lemma, we first recall a basic result in measure theory:

Definition 6.6 Let (2, B) be a measurable space. For any F' € B, define
OF £ F/F°.

Proposition 6.7 (Prohorov) Let u and {ua},.; be probability measures
on (Q, B). Then we have the net {pa}, ., weakly converges to u. over (0, B)
if, and only if, VE € B with u (0F) =0,

lim o (F) = p (F). (6.3)

Proof. See Kallenberg [2002] for details. m

Let z € C and r > 0. Denote the open ball with centre z and radius r
by B, (r). Secondly, we need one more regularity lemma on ¢; in order to
provide a proof for Lemma 6.5:

Lemma 6.8 For any 6 > 0, we have

sup |t (2) - Lo sy (2)] < oo. (6.4)
z€C, tel/{0}
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Proof of Lemma 6.5. It is clear that {¢t}te1/{o} weakly converges to

the Dirac measure o (). Note that the union of open components of -y ([)C is
a Lebesgue measurable set since Ay (v (7)) = 0. Using Prohorov’s Theorem,
we conclude that for any N € Z*,

(n(v.,0) AN) V=N =lmE{(n(y,Z)AN)V-N}.

Let D be a bounded region containing the graph « (I). According to Propo-
sition 2.13,

77('7-7') GLQ (D> )‘2))

and so
77(77) EH“I (D> )‘2)

Since Vz € D¢
n(v.,z) =0,

therefore we also have
n(7v.,) € L' (R? ).
For every integer N > |n (v, O)|, using Lemma 6.8,

sup ‘lEt ((77 (¥s) = N) = (=n(v,") — N)+)'

t(0,1)

< sup E; (|0 (v, ) Lner)i> N}
t€(0,1]

= sup //|n(7-,z)|1{|n(7.,-)r>1v} (2) * 1y sy (2) - ¢ (2) A (d2)
te01)) Je

< cC. / / 17 (7> 2)] L gntgnts w3 (2) Ao (d2)

which converges to 0 as N tends to infinity since 7 (7., -) € L (R?, X;). By
passing N to infinity, we deduce our desired claim. m

Before we express each E (/Ns) as a linear combination of iterated integrals
of ~., by applying the rapidly decaying nature of ¢;, we first establish the
boundedness of the following integral

}{ B (w) |du]

in (6.11) step-by-step:
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Lemma 6.9 For everyt € I/{0}, the function
¢t (2)

clz_l

&; (1) = dzdy (6.5)

is well-defined, i.e. it is pointwise bounded; indeed, it is also uniformly
bounded.

Proof. For every w € C,

e (w) = /¢t Z+wd:cdy

1z + w|?
= — - dzd
/c |2| 27t exp ( 2t e

1 1 2 4wl
< - —dd — dxd
— 2wt 1 12] $y+/ ()c27rteXp< 2t ) T
< —
< 27rt/ / rdrdf + 1
< =
S t+1

=
Corollary 6.10 For eacht € I/ {0}, the Cauchy transform of ¢;:

5= [ 28

dzdy (6.6)

c <

ezists and is uniformly bounded on C.

Definition 6.11 Define the class U C L} _(R? )\,) of all functions u in
L} (R?%* )Ap) such that there is a rational function R, (-) so that

u (2)
Ry, (z)

Definition 6.12 A function ¢ € C* (R?) is called rapidly decreasing on R?
if Vn € Z7,

lim sup

|2[—00

< 00. (6.7)

lim sup 2" ¢ (2)] < c0. (6.8)

|z|—o0
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Lemma 6.13 Let ¢ € C* (R?) be rapidly decreasing and u € U. Then ux
is continuous. |

Proof. Let R, (-) be a rational function such that (6.7) holds. Note
that R, () has, at the most, finitely many isolated singularities s;. Fix a
point z € C. For every n € Z*, let K,(n) be a compact set such that
B, (n) U (U;Bs, (1)) C K, (n). For any 2’ € B, (1),

lux@(z) —uxp(2)| =

/u<w> (0 (2 — w) — p (7 — w)) dudy
C

< “u”1,}{z(n) lo(z =) —p(z' - ')Hoo,Kz(n)

dud
+2M sup / ¢ Uk,
¢eB.(1) J K, (n)* |{ — W]

for some M > 0 and an integer k > 2. Note that as n — oo,

. / dudv
lim sup =0
n—00 e (1) JK, () [ — W]

For each n, we also have

HuHI,KZ(n) < 00,

and

lim su z— ) — — = 0.
im sup lo (z =) =0 = Mook, (n)

Therefore, we conclude our claim. =
Lemma 6.14 Let ¢ € C* (R?) be rapidly decreasing and u € U. Also let

{K (n)}, oy be a sequence of compact sets such that diamK (n) > n. For any
a>1 and h > 0, we have

lim sup  sup |u(z)p (¢ — 2)|dzdy = 0. (6.9)
n—0oo K(lan])° weEK(n) (€Bw(h)
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Proof. Note that for some M > 0 and an integer k > 2,

]/ sup  sup |u(z)¢ (¢ — z)|dzdy
K(lan))¢ weK(n) (€Buy(h)

dxd
< M/ sup  sup e
K(lan])® weK(n) (€Bw(h IC — Z‘

< M/ da:dy :
lan))e (@ — 1) 2]

= 0 k=2 |
<((a—1)n) )

Proposition 6.15 Letv € C and u € U. Then we have

Vo (¢ xu) () = (Vods) xu (). (6.10)

Proof. For any h € R, w € C and a compact subset K of C,

t X h - *
&y *x u(w + 1;) by u(w>——VU¢t*u(w)

[ut (Slezzrl=ama) g, -2)) dady

~ /K u(2) (Vode (w = 2+ & (w — 2)) = Vs (w — 2)) dady

4 / u(2) (Ve (w = 2+ 6 (w = 2)) = Vg (w — 2)) dady,

where &, (w — z) € Bo (|h|). Note that V,¢, is a rapidly decreasing function.
Using Lemma 6.14, for any € > 0, there is a compact set K. such that

/C u(2) (Voo (w— 2+ & (w ~ 2)) — Vo (w — 2)) dzdy

< 2/ sup |u(2) Vydy (¢ = 2)]
Ke CeBu (k)
< E.
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Now, V,¢, is uniformly continuous on K., there is a § > 0 such that for all
|h| <6,

[ w) (Vb= 2460 (0 = 2)) - Vugh (w - ) ddy
< € ”u”u{s
hence we obtain our claim. ®

Corollary 6.16 For eacht € I/{0}, both &, () and & (1) are continuously
differentiable.
Proof. One can substitute u (-) by

1
[z =

and
1

z —_—
respectively in Proposition 6.15, the claim can then be proved. m

Let R > 1. Consider a continuous loop 7. : I — C of finite variation such
that

v(I) € Bo(R).
Lemma 6.17 For eacht € I/{0},

fq’bvt (w) |[dw| < 0. (6.11)

Proof. This is a consequence of the continuity of d; (1) m

Henceforth, we conclude with the boundedness of djt (-) on the compact
v(I). We can now apply the fact that the integral (6.11) is bounded and
Fubini’s theorem to express each E (Ns) as a linear combination of iterated
integrals of .:

Lemma 6.18 Lett € I/ {0} and 1 <m € Z*. Then we have

E(n(y,2)) = 27m (//BomR i Z;w)dd)d

2omi (//BomR Z;w)da:dy) dw. (6.12)
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Proof. According to Lemma 6.17, using Fubini’s theorem,

E(r(r, %)) = //(Qﬂf ) (2
= f ([ )
- ~% 7( / / gelztw) (Zz+w)d:cdy> dw.

After splitting the integration domain, we obtain our claim. m
Notice that the second integral in (6.12) tends to zero as t goes to zero:
Given a finite variation path 7. : I — C, we denote the length of 7.,

1
/ |d7a] ,
0
by [ (7).

Lemma 6.19 Forr ¢ RY, ke Z™,

1 k
*dedy = ex ——7"2> . 6.13
//z|>r} v k- (27Tt)k*l P ( 2t ( )

Lemma 6.20 Lety.: I — C be a loop of length L (v.) and 1 <m € Z*,

20 3 (] e ™5t o
;T(;l%exp (-(m_Q) RQ). (6.14)

Proof. For t € I/ {0} and w € 7 (1),

&1 (z + w) , 1 /
————dzdy| < —— / + w) dzd
{/ /BO(mR)C P mR Bo(mR)® ¢t (Z w) Tay
< // dxd
mR {lz|>(m-1)R (2) v

1)
< 7
S Rexp( 57 R).
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Therefore, we obtain:

2

sup // dedyig—l—-exp _____(m—l) R* ).

t€(0,1] Bo(mR)® z mAR 2
Hence,

2

sup —}{ // z+w>da:dy dw| < '(r) exp ——————(m D R* .
te(0,1) 27 B(0,mR)" z 2rmR 2
=

Lemma 6.21 Letn € Z, if n 1s expressed as
n=x+r
with |r| < L, then n is equal to the nearest integer to .

Definition 6.22 For each p € RT, define the smallest positive integer m (p)

such that
) exp <_(m (o) - 1)202> < : (6.15)
— 4. :

2rm (p) - p 2

Corollary 6.23 The winding number of v about the origin O, n(~.,0) is
equal to the nearest integer to

(] 2e) )

Proof. As a consequence of Lemmas 6.5, 6.18, 6.20 and 6.21 together
with Definition 6.22, by passing t to zero, we obtain our claim. m

Lemma 6.24 Lett € 1/{0}. Suppose z = z + 1y, w = u+ 1w and y =
Ug + 'L"U(),

ieew) = S (R () (20

k=0 r=0 j=0 1I=0
Az )" (y + vo) TV (u = wp) (v — vp) (6.17)

@
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Proof. From a Taylor expansion, we obtain:

1 - _(——1>k 2 ok
¢ (z+w) = %Z(%)k.k! [(z+uo + (u—w))” + (y + vo + (v —w0))°]
_ 1 - (“‘Uk : k Z / or w2 (g )
B 2wt;(2t)k klrz:%(r)(;( ] )( +uo)” 7 ( 0))

After simplification, the result follows. =

Definition 6.25 Foreacht € I/ {0}, define a sequence of functions {¢} (2) }nens

n

1 <_1>k 2k
qSt ( ) 9t Z (2t)k Y !Z' .

Lemma 6.26 Foreacht € I/{0}, {¢} (2)},cn converges to ¢, uniformly on
compacta.

Corollary 6.27 The winding number 1 (y, O) s equal to the nearest integer
to

lim lim Re( f (// wdmdy) (du+zdv)) C(6.18)
tl0 n—oo Bo(m(R)-R) z

Proof. Note that both Bp (m (R) - R) and «y (I) are compact subsets of
C. =

Remark 6.28 The last integral can be expanded as

I — 7,
(27T j{ (//B m(R)-R) T* + 1 7t ) d:z:dy) (du + id”))
T oor (}{//B ( a:2+ — % (2 +w)dzdydu
) }{ / /Bo(m(R).R) m¢? (=4 w) dxdyd”) |
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We are now ready to express our winding number of ~. about the origin
O as a linear functional of its signature S (7y.), ;-

Definition 6.29 Given a finite Banach space V with a base {e;},. We
define
pivizete s T(V) w< e ® - @ ey, >C VO
to be the projection operator on the tensor algebra T (V') such that for any
XeT(V),
izt (X) A& X (R)iviaeie

We recall again the definition of the signature as an immediate reference.

Definition 6.30 Let V be a finite dimensional Banach space. Given a rec-
tifiable path 7. : I — R, the signature of T. over [s,t|, denoted by X (7.),,, 1s
the unique tensor such that

1. TR (X (T.)s’t) = 1.

s,t’

2 Fork € Z%, myor (X (7)) = [+ frcure cuper @ ® - @ dri,

Before giving our main result Theorem 6.35 in this section, we first intro-
duce two particular functions:

Definition 6.31 Let p € R*, u,v € R and §,€ € N. Define two functions:

>

6,
o’ (p,u,v) o

//B(> —— (w+w)’ (y+v)dedy  (6.19)

Y
e oun) 2 [ [ b’ ) dady (620
olp

Both families of functions a®¢ and $%¢ can be further simplified.

Lemma 6.32 Let m,n € N,
2m
Ton = / cos™ 6 sin™ 6df
0

{ 0 if (im—1)(n—=1)=0 (mod 2),
1

m- DYDY (97) if (m—1) (n— 1) =
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Lemma 6.33 Let p € R, u,v € R and §,£ € N,

S omll(n— DI
m!(n — D! mmn—1)(mo 1
e (pun) = w3 Y (n = D)!Mm(n-1)(mod 2) (1)

(m+n+1)-(m+n+1)!
< fL ) pm+'n+lu6—mvf—n, (622)

and

5¢
B (p,u,v) = 2”ZZ(m X (m—1)n(mod 2) (1)

(m+n+1)-(m+n+ 1)

0
( £ >pm+n+1u(5—'mv£—~n, (623)

where x 1s the indicator function and

0 of (m—1)

n =0 (mod2),
X(m—1)n (mod2) (1) = { 1 Zf (m _ l)n =1

(mod 2) . (6.24)

Proof. Using the binomial theorem,
// - (z + u)’ (y + v)* dzdy
Bo(p) z? +y?

e ) £ x
EE () () [ e
m n Bo(p) T° T Y

m=0 n=0

EE(2)(0)4

rm+”dr> cos™*! @ sin™ 6d6

§
)
S T ——

m=0 n=0
27

a6)€

(IO?U"U>

Il
E

It
o

m

o-.(\
N

I}

os™ ! fsin™ 6d6.

S—
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Similarly, we also have

s &
1 6 m-Tn —m —-n
Pl = DSy () (7)o

2m
: / cos™ @ sin™ ! 6d6.
0

After applying Lemma 6.32, we obtain our claim. =

Definition 6.34 For j,l € N, we define C (j,1) to be the set of all possible
permutations of j indistinguishable “1”’s and | indistinguishable “27’s.

Finally, we obtain our main result:

Theorem 6.35 Given a rectifiable loop ~v. : I — C with length | (v). The
winding number n (., 0) is equal to the nearest integer to

3 e () (5)(C47)

SO g2 (S(7->0,1> ) (6.25)

where

L (7.
oy (u,v) £ \/u2+v2+—%y—).

In general, for any z £ z + 1y € C, the winding number n (., z) is equal
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to the nearest integer to

2r 2(/6 7‘

o K (=10 [k or 2(k—r)
tLO 27r ZZZ (r)(])( l )
k r=0 j= {=0
(ﬁQT‘ 7,2(k—=1)— ( (p ( 'UO——y>)'IO,Y('U,O—‘CC,'UO_‘y);UJO_:E)’UO——'y)
S oot <5(7)01)
ceC(3,1)
—a?" 2 (m (py (g — 2,00 — y)) - poy (w0 — 2,00 = Y) U0 — T, V0 — V)
Z 7 o(j+1),2 (S (V')O,l) ) (6.26)
ceC(3,l)

Remark 6.36 For each t € (0,1}, the series is absolutely convergent since
the series in Definition 6.25 1s absolutely convergent.

Proof of Theorem 6.35. Fort € I, we let v, = (us,v;). For j,l € N,

1
/ (ue — uo)? (vy — vo)" duy
0

= ll'/ / / (d’)'s1 - dﬁ/sy-)
O<s<1 O0<s1 < <sJ<s

/ / (d%l - ® d%j) dus
0<t; < <tl<S
_ j'll Z 7TU (1),..., o(j+1),1 / / df)/tl ) ® d71j+l+1 :
" 0<t1 < <tj4141<1

Similarly, we also have

1
/ (u ——uo) (v —vo) dv,
0
— IZ' Z 7r ..... U(]+l)12 </ . ./ dr-)/tl ® oo ® d’yt3+l+1> .
. 0<t1<"'<tj+1+1<1
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After substitutions into (6.18) in Corollary 6.27 and choosing

[ (.
Py (uo,0) = "0 4\ g

we obtain our desired formula (6.25). In accordance with Lemma 6.2, we
also obtain (6.26). m

6.1.1 Appendix: Logarithm of planar paths

In this appendix, we shall take an excursion to study the relation between the
signature of a planar path ~. with the signature of a logarithm of 7.. Notice
that logarithm of 7. needs not be unique but there is exactly one signature
(logarithmic signature) that corresponds to any logarithm of v. (see Corol-
lary 6.50 for details). More precisely, we shall establish the fact (Corollary
6.55) that the logarithmic signature will satisfies a tensor-valued differential
equation driven by ~.. Finally, we shall also express the logarithmic signature
as a limit of a sequence of linear functions of the signature of +..

Let V = R%2. We first define a permutation operator ~ on the tensor
algebra T (V) in Definition 6.41.

Definition 6.37 For each k € N, let ||, be a norm on V®. The family
{I'l.} 0, of norms are said to be consistent if

1. ||, s the usual absolute value on reals.
2. Fork,leN, z, € V® and z, € V&

|$k®xllk+l= lﬂ?klk'|$[|l. (627)

Definition 6.38 Given a consistent family of norms {|-|,. };-, on {V®’°};Z°:O,
The family of norms is said to be symmetric if for any k,r € Z* with k > r,
li,... . € Nwithly + -+ 1. =k, any permutation o of {1,2,...,71}, we
have for any v; € Vel [ =1,...,r,

lvl®...®vr|k: ‘UU(1)®°"®UU(7‘) ke (628)
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Definition 6.39 Let {|-|k}z<_’__0 be a consistent family of norms, define a norm
]| on T (V) such that for any = z1 +x9 + -+ € T (V) with , € V& for

k=1,2,..., |
[EIEDINEA
k=0

Note that the tensor algebra 7" (V') is a Banach space when it is equipped
with the norm ||-{|.

Lemma 6.40 Suppose the family of norms {|-|, } 1, 1s consistent. (T (V'),{]-]])
18 a Banach space.

We now our permutation operator ~ which is also a norm 1 operator on
T (V) indeed.

Definition 6.41 Define a linear operator * : T (V) — T (V') such that Vk €
Zt, v eV,i=1,2,... )k,
A

(n® - Qu) 2 (-1 0 ® - Qup.

Lemma 6.42 Suppose that the family of norms {|-|, }re, i consistent and
symmetric. ~ is a bounded linear operator with a norm

=1 (6.29)
Also note that signature of a planar path lies in the Banach space (T (V') , ||-{]):

Lemma 6.43 Given a finite vartation continuous path 7.: [ — V. For any
(S, t) € Al,
S (1)

Proof. For (s,t) € Ay,

|

st €T V)LD (6.30)

o0

Z/ |dTy, ] ... dTy, |
k=0 vV s<ur < <up <t
o) 1 ¢ k
= Z k! </ ldTu‘)
k=0 s
t
= exp (/ ‘d7u|> < 0.
|

We next relate the image of the signature of a planar path ~. under
permutation operator " to the signature of the path which runs v. backwards.

I'S ('r.)s’t
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Definition 6.44 Let 7. : I — V be a continuous path. Define its path Tun-
ning backwards 7. : I — V to be a path so that Vt € I,

— 4
T¢=TT—t.

Lemma 6.45 Gien a finite variation continuous path 7. : I — V, for any
(S, t) - Al,

(S()ee) " = S(F)royree-
Definition 6.46 Define a linear map J : V. — C such that for any (u,v) €

v,
J ((u,v)) = u +v.

Note that J is a bijection and hence invertible.

Lemma 6.47 There is a unique linear map J: T (V) — C such that for
any k € Z%, (u;,v;) €V, i=1,...,k,

—~

J ((uy,01) ® - ® (ug, vg)) = H;?:l (u; + 1v;).

Proof. This is a consequence of the universal property of the tensor
algebra of V. =

Lemma 6.48 Suppose that the family of norms {|-|,},—, s consistent. The

7)<

Given a planar path v. : I — C of finite variation with O ¢ ~(I). It
can be shown that there is (non-unique) a finite variation continuous path
6. : I — C such that for any t € I,

norm of J

Yt = €XP (9t> .

Lemma 6.49 Suppose @' : I — C is another finite variation continuous path
such that for any t € I,
v = exp (6;) -

Then, for any t € I,
0, = 6, + 2mne

for some n € Z.



182 CHAPTER 6. SOME TOPOLOGICAL ASPECTS OF SIGNATURES

Despite of infinitely many choices of logarithm of a planar path ~., there
is exactly one signature which corresponds to every logarithm of v.:

Corollary 6.50 The signatures of J=*(0.) and J~! (€') are equal, i.e. for
all (S,t) € Ar,

S(J716)),, =S (71 @)),, €T(V). (6.31)

Definition 6.51 Let (s,t) € Ay. The signature S (J7*(8.)),, is called the
signature of the logarithm of . over s, t].

S(J71(8.)). as a solution to a differential equation driven by ~.

We next use a special interaction of ~ and J (see (6.33)) to derive the differ-
ential equation satisfied by a logarithmic signature.

Lemma 6.52 For (s,t) € A,
T(S(H6),,) =% (6.32)

Proof. For any (s,t) € Ay,

—~

t
T(s(r71e)),,) = 1+/d9u+~-+/< O dO
s s<uy < - <up <t

([ )

= exp (6; —0s) .
n
Corollary 6.53 For (s,t) € Ay,

Zf((s (J- (9.))”) ) =y, (6.33)

Proof.
P((svten.)) = 7(s( (7))
= i(—l)k/ df,, ... db,,
=0 s<up < <uk <t
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Corollary 6.54 Fort e I,
_ 13 -1 ~
b, = —J <(S (J (9.))O,t) )d%. (6.34)

Eventually, we conclude that the logarithmic signature of 7. satisfies the
following tensor-valued differential equation (6.35) driven by +..

Corollary 6.55 The signature S (J~' (6.)),. of the logarithm of ~. satisfies
the differential equation

Yo
Uy = 1 (6.35)

U, = U,®J! (if((Ut) ) d%)

fortel.

Proof. Note that for ¢t € I, by definition,
ds (J‘1 (’Y'))O,t =S5 (J"1 (7.))0’t ® J ! (dv).

Using Corollary 6.54, we attain our result. m

S(J71(8). as a functional of S (J7* (v.)).

In the remaining of this subsection, we shall express the logarithmic signature
as a limit of a sequence of linear functions of the signature of v.. In particular,
we shall attempt to express the signature of J~!(6.) in terms of that of
J~1(7.). The idea of derivation is the same as the argument used to establish
Theorem 6.35. Again let {¢:},¢;/(o) be a family of two-dimensional Gaussian
probability kernels on C such that Vz € C,

For each t € I/ {0}, define Z; to be the two-dimensional Gaussian random
variable with probability density function ¢;.

Lemma 6.56 Let w € C/{0}. Forte I/{0},

E <|wizt|> < \/Q—-t—” (6.36)
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Proof. For each t € I/{0},

E (lw i Zt|> N //R 27ri|z] o <“lz _2tw|2> drdy
/%1/ 2ﬂtrem)< @*-WM >rmd6

= 1 exp ————(T—-le) dr
Vvemt Jo  V2mt 2t

n

-

IA

IA

Corollary 6.57 For each 6 € I/{0},
t d "
E(/'——1—~) (6.37)
s "Yu + Z5|
Proof. Using Lemma 6.56, since 7. is of finite variation, we have
t
1
E
/s ( Yu + Z(S
Lemma 6.58 Letr € Rt.

21 r?
P(lZ <3/ —= —— .
( 1|>r>_\fﬂexp( )

Proof. The claim is immediate by simple calculation. m

18 well-defined.

> |dv.| < o0.

Lemma 6.59 Let w £ rpe?o € C/{0} and 0 € D C C be an open set with
compact closure D. For each € (< rg), we define

7‘0,90 {7‘6 T0~€,T‘0+5),QE(90—6,90+6>}. (638)
There 1s €9 > 0 such that
1
lim sup E (— 15 (4 ) = 0. 6.39
tl0 ¢eFey(ro.b0) }C + Zy| b ( t) ( )
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Proof. Let € > 0 such that 0 ¢ F, (ro,8) C w4+ D.
1
sup IE(_—__.l—c VA )
ceFy (o) NG+ 2 P (2)
lz=¢*
= SuP // dxdy
¢EF (r0,00) ¢+D 27rt |z| ( 2t
1 7.6 10 _ 1,90 2
// exp —l :Oe ’ rdrd@
§(ro.60)° 2L T 2(%)
2
o / Lo [0 ) g,
[To—g-,ro-f- ] omt 2 5
7‘0+- 1 _\2 .2
+/ / — exp .<_TQ__§_)_.__€_ d’l"d@
[fo—e,00+¢]¢ rowg 27t 2 (-2->

< \/Z <(le>\é§\j_> iﬁ—gﬂltz—glexp(—(r—oit——e)—‘f?) (6.40)

Using Lemma 6.58, we deduce the convergence to zero. m

IA

[N

Corollary 6.60 Using the notation as in Lemma 6.59, there 1s g > 0 such
that

1
S e P E( 1 (2 >> < o0. 6.41)
te(0,1) CEFey (rordo)  \|C + Z] b= i<t (
and hence
1
sup SUPE<————* 15 (Z ) < 00, 6.42
t€(0,1) uel Ive + 2] P (Z:) ( )
1
limsupE | ————— 15 (Z ) = 0. 6.43
t—0 uGIl) (h/u‘f‘Zt’ b ( t) ( )

Proof. The result (6.41) is an immediate consequence of (6.40). Since
~v (1) is compact, there is a finite open cover {F., (r;,8;)}~_, for v (I). Now,
we have

supsupE (_—3——[ g (Zt)>

tel wel Yu + 2t

< E ( L 1z ))
max Ssup sup T 4ADE
1=1,...,k tel CeF; (Tz 0. ) ‘C + Zi‘ b ;

< 00,
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and
0 < lims IE( i 1 (Z))
im su - 1=
— =0 uEII) I’Yu+Zt| b t
1
< max lim su E = (Z >
i=1,...,kt—>0CEFi(£,gi) <|(+Zt| 5 (Z¢)
= 0.
]

For any A C C, define
y)+AE{v+z:1el,z€ A}.

There is an open set 0 € G C C with compact closure G such that Bo (% MiNgecs lfytl)ﬂ
(v(I)+ G) = 0 and G has measure zero.
) <.
Proof. Note that for any § € (0, 1],
16 ) 2
sup E < —
uell) ('Yu + Zs) T mingeg |y
1
sup E
uEII) ( Yu + Zé >

1G 1Gc >
+ sup E
u€el (f)/u + Zé) uGII) <’7u + Z(S

— — + sup supIE< ! lge (Zs)
minger || §€(0,1] uel Yu + Zs| ce e

< 0O0Q.

Corollary 6.61
1

7u+Z6

sup supE (

5€(0,1) uel

IA
)]
=
g
&

IA

Lemma 6.62 Let W be a Banach space and { fs(-) : I — Hom (C, W)}ae(o 1
be a family of Hom (C,W) — valued functions such that the limit function

f()= lm f5 ()

—0



6.1. WINDING NUMBERS FOR LOOPS OF FINITE VARIATION 187

extsts and for each compact set K,

sup sup || fs (2)]| < oo.
6€(0,1) z€K

For (s,t) € A,

/stf () (db,) = lim : fs (u) (E (W i Z(;> d7u> . (6.44)

Proof. For § € I/{0}, in accordance with Corollary 6.57, using Fubini’s

theorem,
E = d~,
( s Yut ch f Yu + ZJ K

/,% (i)

Using Corollary 6.60 and the dominated convergence theorem, we deduce
that the second integral (/7) converges to zero as ¢ tends to zero. On the

other hand,
() <
Yu + Zs minge; ||

The dominated convergence theorem ensures that

lgfgl/ Ja(u <7u + Zé) e

lg
= imE d,
/ fa gjl})l (f)/u + Zé) 7
dyy
= f(u ,
[ ( ) Yu

while the last equality holds because of the weak convergence of {¢,},., to
50. |
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Lemma 6.63 Let w = u + iv,ug + 1vg € C/ {0},

s = B Ry s () (1) ()

T Jj=
Az 4 u0) 7 (y + v) T (w = wp) (v = o)

Substituting the expression into the following equation:

E(ij) _ / qbt(z— w) dzdy

B T — 1y B
_ //szuy@z w) dedy.

Definition 6.64 For 6,p € R, n € N, v,v € R, we define two linear
functionals A%%™ : T (V) — R and B%m - T (V) — R such that

i) - L i .zr 2(k=r) (_2’;’;*.‘]\;!_7'!1! ( f > ( 2; > ( Q(kl— r) )

4RIl (4 ) Z go o2 (y | (6.46)
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k  2r 2(k-r)

Bt () = =33 (*2;?’];!9’!“ ( : ) ( . > ( 206 =) )

k=0 r=0 j=0 I=0

_B2r——j,2(k—r)—l (P, u, ’U) Z ,/Ta(l) ..... o(j+1),1 () _ (647)

Corollary 6.65 For (s,t) € Ay, 7o £ ug + i € C,

/ 40, = lim lim tim (A% (S (I (0)),,) + B, (S (I (1))

610 p—oon—oo

Proof. By substituting (6.45) into (6.44) in Lemma 6.62, we get our
result. m

Definition 6.66 For §,p € R*, n € N, u,v € R, we define a linear map
1%%m . T (V) — R? such that

mar () = (A%7 (), BSm ().
- . 8,pn (k) A 176,00
For each k € N, we also define the linear map (II3%™) £ ITA™ o my.

As an immediate consequence of Definition 6.64, we have

2n ()
J»P)n — 5’0,’”
Hu,v - _S_ :(Hu,v ) :
k=0

Corollary 6.67 For (s,t) € Ay, 79 = ug +1vy € C,

t
/ dJ7' (6,) = lim lim lim IT%0"_ <S(J—l (7.))“).

610 p—oon—oo

Definition 6.68 Define a family of independent random elements
{722 (2]}, }

such that each th 1s a Gaussian random variable with probability kernel ¢;.

JEN
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Lemma 6.69 For (s,t) € A1, k €N,

/ b, ® - @ db,
s<uy <<y <t

— limlE(/ (ﬂ%)@@(ﬂ%))
610 scuy<<up<t \Yur T Zs Yur T Z5

Proof. We prove our lemma by induction. According to Lemma 6.62, it
holds for the case £ = 1. Suppose the result is valid for £ = n. Note that for

eacht=1,...,n,
><oo.

dvy, dv,
/ ( "711)@.“@( vnn>
s<u < <un<t 7111 + Z(S /Yuk + Zo'
1 n
< / (sup SUPIE< >> [dvay |- |dYun|
0<uy<--<un<l \ 6€(0,1] tel

Y+ Zs
< OQ.
Applying the induction hypothesis and Lemma 6.62, we deduce our result.
=

1
’)’t+Z§

sup supIE(
5e(0,1] tel

By definition,

sup sup E
5€(0,1] (s,t)eA]

Corollary 6.70 For (s,t) € Ay, k € N,

/ dJ—l (0u1)®'”®d']—1 (euk>
s<uy < <ug <t
d
= lim]E</ J! (———%‘1 1)®...®J’1 <———d%k ) :
810 s<uU < <Uup <t Yuq + Za Yk + Zéc

Recall the notation of tensors of linear maps and shuffle products in Sec-
tion 1.3.
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Proposition 6.71 Forte I, k € N,

/ 4T (6,)® - ©dJ " (6,,)
s<uy < <<t

2n
= lim lim lim (Hi’ﬁ)’")(rl) ®

610 p—oon—oo
T1 ,...T‘k=0

Proof. Applying the results in Section 1.3, we have

/ dJ™! (0m>®"'®d‘]_l (euk)
s<uy < <Lup <t

= lim lim lim e, (48 (I (1), ) @

'—UO,_'UO
610 p—=0ON—=00 Jop <<t

® H‘E%"_UO (dS (J_l (’Y-))s,uk)
on

. . . (r1)
= lim lim lim g (Hi’f}”) ®
8§10 p—oon—oc '
r1,..r1=0

o)™ ([ S (77 (1) @@ ds (7 ().
s<uy<--<ug<t

2n
~ lim lim lim (e @

6.2 Winding number in terms of truncated
signature

In this section, we shall show our Theorem 6.80 that, under a mild regularity
condition on a planar loop 7. (Condition 6.75), one can express the winding
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number of . about a point z as a linear function which involves only finitely
many of iterated integrals of 7., i.e. the truncated signature of v.. We first
recall a result in Hambly and Lyons [2006] which bounds the length of a finite
variation path «. by an infinite sum involving the signature of +..

Definition 6.72 Let V be a finite dimensional Banach space. Gien a
consistent family of norms {|-[ },—, on {V®k}z°=0 and a continuous path
T.:1 =V, for each k € N, we define

/ dry, ® - @ d7y,
O<uy < <ug<l

Proposition 6.73 Consider a continuous path 7. : I — V of finite length
L (7)) such that its derivative 7' being parameterized at unit speed 1s continu-

ous. Then
(r) =1+ lim ~1 —GEOO;O‘kb
(1) = + lim ~log | e o k(1) ).

k=0

bk (T) = k!

k

Proof. For details, one can consult Theorem 5 in Hambly and Lyons
[2006]. =

Next, we shall provide a sufficient condition under which one can only
use finite number of iterated integrals of a path . to estimate the length of

Y.

Lemma 6.74 Given a continuous path . : I — V. Suppose that the deriva-
tive 7' when parameterized at unit speed is continuous with modulus of con-
tinuity
6 (1) & sup |7~ 7,
ls—t|<-

such that

lirré 6, () =0.
Assume that for some M > 0, Vk € N,

bk (7‘) S Mk.

Then for e > 0, there is o (e) and N (), such that

0 I(r) -

<
o (€) k! be (7)) <e.
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Proof. In accordance with the work of Hambly and Lyons [2006], there
are constants Dy, Dy > 0, which are independent of the length [(7.), such
that Vo € R,

0<i(r)— élog <Z %!—bk (T)) < D16, (%) L(1).

Since lim,_,o 9, (€) = 0, there is o/ > 0 such that inf,>q (1 - D6, (%)2> >
0, and hence

(7))

IA
N
—
|
S
o
=)
Ve
|
S
N
N—
Q\
S
0q
RS
ol
T
(@)
| L
- Pt
o~
Pod
=)
\_/

IA

Therefore,

00k D2\?
0<i(r)~ 1 log % b, ()] < MDié, () -
1 — D6, (£2)

a/

In the following, we consider a finite variation continuous planar loop
7. : I — R? such that O ¢ « (I). We can now state the mild condition under
which one only needs a finite number of iterated integrals of a loop ~. to
express the winding number of v. about the origin.

Condition 6.75 We impose three assumptions on a planar loop:

1. For some o,
B(O,T‘o) C ’Y(I)C.

2. When «' 1s parameterized at unit speed, it is continuous with modulus
of continuity 0. (-) such that

limé, (¢) = 0.

e—0
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8. For some o (1) € RY, N(1) € Z*,

1
I{v) <1+
() 07

N(1) k
1 1 a (1)
: < 1 1 bi (7.

Proof. Note that for all ( € B(O,70), n(7.,{) =n(~v.,0). According to
the Pohl-Banchoff inequality in Proposition 2.13,

in((1.0)" (m2) < 4r [[ P r@a) <12

()

mro)l < 52

Using Lemma 6.74 with € = 1, the result follows. =

Lemma 6.77 Suppose that 7. satisfies Condition 6.75. For each t € 1/{0},
we have

2 1 N(1) a(l)k
= {ﬂé_ + B} exp <—2—t> 1+ o log ;_0 1 bk (7.)
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Proof.
uE(( Z.)) =1 (v,0)|
< |E(M(, Ze) - Lizgsro)| + 1 (7, 0)| - Pr (12| > o)
<

/ / 1 (1 2) - Lisusro e (2) dedy + 10 (v, O] - Pr (12 > 7o)

¢ [ [, doay. J [ oeras

+1n (7., 0) - Pr(|Z| > ro)

_ \/: \/mexp “7 +In(1,0)]-exp (3 )
N {47rt§+|n(7 O)|}8Xp< 22)

Using Lemma 6.76, the result follows. =
Definition 6.78 Define a positive number t (v.) such that

L) (o
22#{2“71)%—*—7"0} -p< 2t(’y.)>

N(1) k
. {1 + a—zl-) log (; “ ;11) b m) } . (6.48)

For p € R, we also define n(p) such that

1 1 1 )
5 2 27 (o) 7 {1 + o (1) log (k:o x bk (7.)

o rt)

Definition 6.79 For p € R*, v € N, we define

o) & TR {”aljlog( W)}

exp <(” e pQ) ' (6.50

IA

O+
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Theorem 6.80 Suppose vo = ug + ivg € C. Under Condition 6.75, the
winding number 1 (., O) is equal to the nearest integer to

e nns & wors () () (*%77)

B (n (pg) - po, ug,vg) Y TG (5(7-)0,1)

_a2r—y,2(k—7“)—l (n (po) ) p07 UO7UO) Z 7,‘_0(1) ..... U(]+l)!2 <S (,7)0,1) ,

oc€0S(j,)
(6.51)
where
N(1) k
1 1 a (1)
Ny 2 2, = \

Po = \/up + Yy + 5 {1 + a (1) log ;_O Il be (7.) ; (6.52)

and v € N such that :
(b,), (,00> V) < 5 (653)

Proof. Following the same lines of arguments starting from Lemma 6.20
leading to the claim in Theorem 6.35, using Stirling’s formula, we deduce

that
i Py (2 + W)
,0)— Re | — dxdy | d
k ('7 ) ) <27T7£ </ /Bo(n(Po)'po) z A
)|

(7-’ Zt(’%)
. )) - E (77 (’Y-a Zt('y.)) : 1Bo(n(po)-po))l
)+ 1o (n(en)-0)

o\ (24w
/ / i) { )d:z:dy dw
Bo(n(po)-po) z

Therefore the claim follows. m

OO.IP—‘/\
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6.3 A numerical illustration: a circle

In this section, we shall provide a numerical illustration for our Theorem
6.80. In particular, we shall show that it is enough to have iterated integrals
of order not more than 40 to express the winding number of a unit circle
around the origin. In terms of computation, it seems less complicated than
those knot invariants first suggested by Kontsevich (one can consult the work
by Bar-Natan (1995) for a brief summary); this is a reason why we guess that
the signature of a loop may lead to a relatively simple and more computable
expression for knot invariants.
Consider the unit circle, v: [0,1] — S?, for t € I,

v =, + ivf = cos 27t + 1 sin 27t.
Definition 6.81 For m,n € N, we define

27
JRCER G
0

2w
= / (cosf — 1)™ sin™ 6d (cos 8),
0

1>

J (m,n,1)

27
J (m,n,2) é/ (v =)™ ()" df
0

2
= / (cosf — 1)™ sin™ 6d (sin0) .

0

Lemma 6.82 Form,n € Z™,

J(m,n,l):—ﬁiJ(m+l,n—1,2), (+)
J(m,n—1,1)+J(m+1,n—1,1)+J(m,n,2)=0.

Lemma 6.83 Form € N,
J(m,0,1) = 0.
Proof.

2m
(cos — 1)™H

m+ 1

J(m,0,1) = /27r (cosf — 1)™ d (cos ) =

= 0,
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Lemma 6.84 Form € N,

K(m) = /07r sin™ ¢de

_ 0 ifm=1 (mod 2)
N (=7 ifm=0 (mod2)

m!!

Lemma 6.85 Form € N,

me1 (2m — DI m
J(m,0,2) = (-2) ( (2m)!!) <m+ 1> "

Proof.

J (m,0,2)

I

27 2m
/ (cos — 1)™ df + / (cos@ — 1)™ db
0 0

) 2m 9 2m 0
_ (_2)m+ / sinQ(mH) _d9+(_2)m/ Sil’lQm ~db
0 2 0 2
= (=™K (2(m+ 1)) = (<2 K (2m).

Applying Lemma 6.82, we obtain our formula.

Therefore, together with the recursive relations (x), we can determine
J (m,n,1) inductively for any ¢+ = 1,2 and m,n € Z.

In our case, [(v.) = 2m; we choose pg = ro = 1. Choosing t; = 0.3, we

have
[(.) 1 1 r3
o <2t§ ’ TO) o <—2—t5 Ho)

1 1
= =+ 1) exp (———) = 0.361295. (6.54)
212 2to

Choosing ng = 2, we also have

L(v.) exp <_(n0 - 1>2p§>

27TNg * Po 2tg

L _(no— 1) = (0.094438
= p o = 0. : (6.55)
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Finally, we choose vy = 40

(o o)™ ((”0 + 1>2p2>

27Tt0 : I/o! Qto 0

_ (no 4+ 1)2V+1 N (no + 1)2
to : 1/0! P Qto

) = 0.005922. (6.56)

Then the sum of (6.54) + (6.55) + (6.56) = 0.461655 < 2. Hence, we get:

Proposition 6.86 The winding number n(v.,0) = 1 is equal to the nearest
integer to

mEEEE R (1) ()

=0
) (gQr—j,Q(k—r -1 (no’ 1, O) J (]) l, 1) _ a2r—j,2(k—r)—l (no’ 1, O) J (], l’ 2)) .

Proof. By applying our Theorem 6.80 and recombining the shuffle prod-
ucts of signatures of ., we obtain our claim. m

6.4 Linking numbers of a pair of loops

Finally, in this last section, we shall extend the method we used in Section
6.1 in order to give a sketch of arguments which suggests on how to express
the linking number of a pair of 3—dimensional loops ; and 7, in terms of
the joint iterated integrals of the pair v; and v,. We first recall a classical
celebrated formula.

Theorem 6.87 (Gauss’ formula) Given two loops of finite variation -,
i = 1,2 such that v, (I) N2 (I) = 0. The linking number N [y, 7,] between
these loops is given by the formula:

(1 (5) A (8) 71 () = 2 (8)
Vennl=59 ¢ e -eef 0%

Proof. See Madsen and Tornehave [1997] for details. m
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Definition 6.88 Define a family of 3—dimensional Gaussian kernels such
that ¥ (z1, T2, z3) € R,

1 > S 2
wt (xla T, 1133) = 3 eXp - =l 3 (658)
(27t)2 2

where t € 1/{0}; also for each t € I/ {0}, define Z, £ (Z}, 2%, Z}) to be the
Gaussian random vector with the kernel 1.

Remark 6.89 {zpt}tg/{o} is a net converging to the Dirac measure do (-) on
R3.

Denote the closed ball centered at p with radius r by Bp (r). We first
establish a result which is analogous to Lemma 6.9.

Lemma 6.90

Sy

1
sup K —— | < (6.59)
(I1,$2,13)€R3 <Z?=l (:Cz + Zz,);l) .

Proof. For any (u',u?,u®) € R3, using the spherical polar-coordinates

' = rsinpcos,

2 = rsinesin,

u® = rcosp,

where 0 < r, 0 < <7 and 0 <0 < 2w, we can express

* (o)

S (x4 23 o

ot ] (B Jewesas

(2;)% ///Z;""zll(w')2

(VEL - - V2L w‘)z)z
2t

IA

exp | — dutdu?du®
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o 7”—II(:E 22, 2%)||)°
< / / / — €xp r2drdpdd
27rt)2 R+ T
(r = Iz, 22, z9)|])°
= ——e d
R+ V 27t *P ( 2t r
s
< re (6.60)
[
We next point out a result which is analogous to Lemma 6.8.
Lemma 6.91 For any § > 0, we have
sup | (p) * Lgo(s) (P)] < 0. (6.61)

peR3, tel/{0}

Lemma 6.92 For any § > 0,

1
sup sup E , — -l (Z) ] < oo, (6.62)
tel/{0} pE(x!,z2,23)€R3 (Z?:l (:El + ZZ)Z o(®

1
lim sup E 3 : :
t_)opA(.’El 2 IS)ERS ZIZI (CE'L ‘+' Zz'

)2'180(6)°(Zt>> = 0. (6.63)

Proof. Using the substitution,

= rsinpcos?,
u® = rsinpsind,

= TCOSp,

we let

D, (8) = {(r,,0) : (uv',v*,°) € B, (8)°} .
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In the same way to derive (6.59), we also have, for p = (z', 22, z3),

E(z& <x1i+Zi> #ole) m)

3 1 _ i 2 ’
: ’ 2 exp ( i (;Lt =) > du’ du®du®
BP —
S / /
(2’/Tt R3 Zz 1 u1
3
- exp (— 2z (W 2 7) ) dut du?du®
4t
\/_2—'/7 52 1 (’f‘ . ||p”)2
< T A / _——m—
> ; exXp ( 4t> /R+ it exp Y dr
: = . 6.64
= T P\ T ) (6.64)
~ and hence
s : (2,)
p=(z! :1:2}:;1);'3)6R3 Zf—l <x2 + Ztl)Q Bo(8) t
< 2m 52
S ; exp ) (6.65)

which goes to zero as t tends to zero. =

Corollary 6.93 For any é > 0,

1
sup sup E ‘ . < 00. 6.66
te1/{0} p2 (2} 22,23)€Bo (5)° (Z?=1 (z% + ZZ)2> (6-66)

Proof. Note that for any p = (z!, 2%, 23) € Bp (6

)
! 4
ST iz () B S
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And hence

et
> im (T + Z))

1
- (Zi; @+ zy oW (Zt)>

1
- <Z?=1 (zt + Z,f)2 . 130(%)6 (Zt)>

4 1
+ sup sup E 1. e (Z) ).
02 el {0y p=(at a? )RS (Zf @+ zi)? Peld) (2

1=

IA

[
We now have our main result which is analogous to Lemma 6.5.

Proposition 6.94 Given two loops of finite variation 7, ¢ = 1,2 such that
7 (1) Ny (1) =0.

o 0 (8) =1 (0 + Z
= mg f f, (om0 (ST

Proof. By assumption and the compactness of v, () and vz (), there is
an € > 0 such that

Jof In(s) = )] > e
According to Remark 6.89 and the uniform boundedness:

H 7 ( S) )+Za
% t) + Zs|

4
%—23

<

ao(3) (Ze)

together with the dominated convergence theorem, we have

Yi(s) =) +2Zs
<|l71 (8) — vz (2) + Zs|’ 180(%> (Zé)>
Y1 (s) = 72 (t) .
Iy (s) = 72 (I

lim E

d—00
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In accordance with Lemma 6.92,

EQ$8:$$:ZP”MW“”NFO

lim sup
60 s,tel

Therefore,

imE ( Y1 (8) = 72 (t) + Zs 3)
=0 \|m (s) = 12 (t) + Zs]|

Y1 () — 72 (?) .
Iy (s) = 2 ()]

Note that in accordance with Corollary 6.93, we have

IE< T (s) = (t) +Zs )

l

sup Ssup
Se1/{0} s;tel ”71 (3) — Y2 (t) + Z<5”3
1
< sup supE ( 2)
§€1/{0} s,tel H’Yl (5) - V2 (t) + Zé”

< oQ.

Since both 7, and v, are of finite variation, we deduce our result by applying
the dominated convergence theorem again. ®m
We next have a result which is analogous to Lemma 6.19.

Lemma 6.95 Let [(7) be the length of a continuous path of finite variation
71 — R3 For any r > 2sup, s |7 (8) — 72 (1],
sup

f f (A1 (5) A ds (£),
sel/{0} 1Jvy1 Jy2

Y2 (t) + Zs
(g 2 e (20) )
< Voar(r=1721(y) (1) sup uexp (—%) (6.67)

u€|0,00)

Proof. Recall the inequality (6.64), for any § € I/ {0},

1
sup E , . — - 1, (rye (Zs)
p=(z!,x2,23)€R3 (Zf:l (3;1 + Zg)Q ol

- ) 46
< V2rr~?. sup uexp (——E> . (6.68)
< 3 .

u€|0,00)
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Therefore, for any r > 2sup, ¢, [|v1 (s) — y2 (£,

||E< () —nt)+2Z (Z‘S)>H

B_ $)ny
H71 (S) Yo (t) + Z H3 {v1(s)— 2('))

< E( L5_ 6y 6-matun()° (Z5)
7 (s )“’Yz()—i—ZéH
18 r—1) (Zg)
< K 0 |
- <||71()—72()+Z(5||2>

Also note that for any a,b € R?,
lla A bl < lal] - |[b]] .

Hence, we have for any 6 € I/{0},

(dv1 (s) N dra (1),
Y1 (s) =1 (t) + Zs
EG%(%—A)+%WM“WWWM(%)N

130 r—1)¢

< f e @l e 0] B (e )
< \/§7r(r—1)_2-l(fyl)-l(72)- sup uexp <—%>,

u€|0,00)

which converges to zero as r tends to infinity. ®

Definition 6.96 Define p(v1,72) to be the smallest positive number such
that

V20 () L (72) ( u)

4 (P (71> 72) 1) u€([0,00)

Corollary 6.97 Given two loops of finite variation v;, 1 = 1,2 such that
v (1) Ny (I) = 0. The linking number N [v1,72] 1S equal to the nearest
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integer to

hm_%% (dm (s) A de (1),
b0 4m T Y72
) — 72 (t) + Zs ) >
£ 1 t Z(S
<“'Yl +Z5H3 B_ (v (s)=a(t)) (P(m1,72)) ( )

= Jlggoi;fji dm (s) A dya (1),

/] - em(JW~WM@—w@»W>>
Bo(ptn ) |IVI° (276)% 26

Proof. With the choice of p(v1,72) in Definition 6.96, we have
sup

d’)/l /\ d’}’g ( )
se1/{0} 4 \%Yl 7{2

Y1 (8) = Y2 (t) + Zs
EQm<w—QU+zm“BW“mWW””(%O>‘
1

< -
- 4

Recall Lemma 6.21 and Proposition 6.94, we therefore obtain our claim. :

Definition 6.98 Fort € I/{0}, n € N and Vz £ (z,,72,23) € R®, we
define

U7 (21, 2, T3) = — fj“**uﬂﬁ
t 1y 42,43 (27-[-) s 2ktk kj' .

Clearly, 7" converges uniformly to ; on compacta.

Corollary 6.99 Given two loops of finite variation 7;, 1 = 1,2 such that
7 (I) Ny (1) = 0.

N 71>72

= lim — (d d
i i 2§ G (9 a0,

v (-1)" o
//~/BO(P(’71,'72)) (27”5); HUHS ;O okSE . | v = (7 (s) = v2 ()] > :
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Proof. By substituting Definition 6.98 into Corollary 6.97, we immedi-
ately deduce our claim. =

Let . : I — (R*)? be a path such that

e £ (’Yu’h-)-

By expansion, we can express the linking number as a sum in the form:

N fm,ve] = lim lim ZPké (y1:72) 171 (0) = 72 (0)) Ak (S (7)) 4

d—o0 n—0o0
=0

where P s (p (71,7%),m1 (0) — 7, (0)) is a polynomial in p (1, 72) and 1 (0) —
v2 (0) with each coefficient being a fraction of integrals of powers of trigono-
metric functions and powers of §; Ag (S (7.)) is a sum of projection operators
from T (V) to < €' ® --- ® ' > for different 4;,...,4,, such that

deg Py s + ni = 2k + 3.

Furthermore, note that for any z € R3 with

1 .
2] < 5 slglef]H’Yl (s) =y (DIl

we have
N v+ z,7) = Nmn 7l
Also note that

L)l (72)
ar - infyper |7 (s) = 22 (D))
Lemma 6.100 For any r € R™,

T V2 r?
< — .
e (5 - ) on(2)
P (|25 > )
2m ,02 0
[ L sien( S
p?
= pexp( >dp
p>r,/ 20
(oo (-5) ~o7 (121> 75))
- ) + 6P [ |Z1] > — .
5< om0 exp( 26 al>7))

IN [, 7] < (6.69)

Proof.

IN
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combining with Lemma 6.58, we deduce our claim. =

Corollary 6.101 Given two loops of finite variation ~;, i = 1,2 such that
n () Ny (I)=0.

Vbl gy 74 (.5) ) B (1lf711<(ss>): Jg)): zzn>> |
4 i, mnv)l <(Z>2)— % (1) <\/’27Zc5 T m) o <"55>

Y200 1) exp (—E) |

Proof. Let r = Zinfser || (s) — 72 (t)]], we have

) IN[’V”; (1;?{]{ () a0, E<||;l<(s§):;2<i§):ii\3>>l
’yl,’)/g 5 >T‘

1 1
+—1 -l su E : N R
) (Zle (i + zi)? o ( 5))
V2 r?
< Nl PUIZsl > r) + 350 n) - L) exp (75) |

where we used (6.65) to deduce the last inequality. Using Lemma 6.100 and
(6.69), we obtain our claim. m

In accordance with Lemma 6.95, using the approach as in the proof of
Theorem 6.80, we can also deduce that the linking number N [v;, ;] can
be expressed as a linear functional of the truncated signature of S'(v.),
(and hence computable though the complexity may not be trivial) given
that both infger||v1 (s) — 72 (¢)|| and [ () for i = 1,2 are known. The last
condition can be replaced by the knowledge of the modulus of continuity of
the derivative of ; when the later is parameterized at unit speed as Condition
6.75 we mentioned before.

In summary, this chapter is a preliminary study in how to extract topo-
logical information of a collection of loops from the joint signature of loops.
Section 6.4 also suggested that some topological invariants of loops may be
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relatively easier to be computed in terms of their signatures. Both points of
view motivate us to put a step forward to investigate the extension of the
methods in Knot Theory in future work.
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