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Abstract
In both physical and social sciences, we usually use controlled differential 
equation to model various continuous evolving system; describing how a re­ 
sponse y relates to another process x called control. For regular controls x, 
the unique existence of the response y is guaranteed while it would never 
be the case for non-smooth controls via the classical approach. Besides, 
uniform closeness of controls may not imply closeness of their corresponding 
responses. Theory of rough paths provides a solution to both concerns. Since 
the creation of rough path theory, it enjoys a fruitful development and finds 
wide applications in stochastic analysis. In particular, rough path theory 
provides an effective method to study irregularity of curves and its geometric 
consequences in relation to integration of differential forms. In the chapter 2, 
we demonstrate the power of rough path theory in classical complex analysis 
by showing the rough path nature of the boundaries of a class of Holder's 
domains; as an immediate application, we extend the classical Gauss-Green's 
theorem.

Until recently, there has been only limited research on applications of theory 
of rough paths to high dimensional geometry. It is clear to us that many 
geometric objects, in some senses appearing as solids, are actually comprised 
of filaments. In the chapter 3, two basic results in the theory of rough paths 
which will motivate later development of my thesis has been included. In 
the chapters 4 and 5, we identify a sensible way to do geometric calculus via 
those filaments (more precisely, space-filling rough paths) in dimension 3.

In a recent joint work of Hambly and Lyons, they have shown that every 
rectifiable path can be completely characterized, up to tree-like deformation, 
by an algebraic object called the signature, tensor of all iterated integrals, 
of the path. It is clear that all tree-like deformation of the path would not 
change its topological features. For instance, the number of times a planar 
loop of finite length winds around a point (not lying on the path) is unaltered 
if one deforms the path in tree-like ways. Therefore, it should be plausible to 
extract this topological information out from the signature of the loop since 
the signature is a complete algebraic invariant. In the chapter 6, we express 
the winding number of a nice loop (respectively linking number of a pair of 
nice loops) as a linear functional of the signature of the loop (respectively 
signatures of the pair of loops).



Contents

1 Introduction 7
1.1 Non-smooth controls ....................... 7
1.2 Discontinuity of response ..................... 8
1.3 Alternative interpretation of (1.1) and signatures ....... 9
1.4 p-variation topology and Universal limit theorem ....... 12
1.5 Main results ............................ 14

1.5.1 Rough path nature of boundaries of Holder domains . . 14
1.5.2 Two results in rough path theory ............ 15
1.5.3 Space-filling rough paths ................. 16
1.5.4 Integral of a 3-form a as an integral of a spinor (5, —a) 17
1.5.5 Winding and linking numbers as a functional of signa­ 

tures ............................ 18

2 Boundaries of Holder domains as rough paths 19
2.1 Preliminary definitions and results ................ 20
2.2 Isoperimetric inequality ...................... 25
2.3 Convergence for the increment processes ............ 32
2.4 Convergence for the Levy area processes ............ 33

2.4.1 Preliminaries ....................... 33
2.4.2 Pointwise convergence of ATQ 9 .............. 35
2.4.3 Equicontinuity of Are^ .................. 42

2.5 Main theorems .......................... 46

3 Two results in the theory of rough paths 49
3.1 Existence of controls for rough paths .............. 50

3.1.1 Preliminary definitions .................. 50
3.1.2 Joint continuity of the p— variation of a p— rough path 51

3.2 Functions of signatures as geometric rough paths ....... 60



6 CONTENTS

3.2.1 Preliminary definitions and results ........... 60
3.2.2 Main results ........................ 64

4 Space-filling rough paths 69
4.1 A class of space-filling curves . .................. 71
4.2 Self-similarity of F [d] ....................... 79
4.3 Reversible paths .......................... 87
4.4 Enhancing F/3' as a geometric rough path ........... 91

4.4.1 Preliminary definitions and results ........... 92
/ \ 3

4.4.2 Linear recursive relations between llogXT (n) 0)1 j ... 96

4.4.3 Expressing coefficients of L3 (r.) in terms of increment
and Levy area ....................... 99

4.4.4 Uniform boundedness of { XT (n) e when d =
e = 3 ............................ 104

4.4.5 On uniform boundedness of {de (XT (n) e , l)}n N .... 109
4.4.6 On equicontinuity of XT (n) e ............... 112
4.4.7 Main theorem ....................... 116

5 Integral of a 3-form as integral of a spinor 117
5.1 Algebraic background ....................... 119
5.2 An integrator A(^.)_^t 0 dL 1 (7-)_ lt .............. 125
5.3 An ergodic result ......................... 139
5.4 Integrating 1-form against space-filling rough paths ...... 145
5.5 Integral of a 3-form as integral of a spinor ........... 154

6 Some topological aspects of signatures 163
6.1 Winding numbers for loops of finite variation . ......... 165

6.1.1 Appendix: Logarithm of planar paths .......... 179
6.2 Winding number in terms of truncated signature . ....... 191
6.3 A numerical illustration: a circle ................. 197
6.4 Linking numbers of a pair of loops ................ 199



Chapter 1

Introduction

Let V and W be two Banach spaces. In modeling continuous evolving sys­ 
tems, we usually encounter differential equations in the form:

n

dyt = fi(yt)dxl (1.1)

where /; ( ) are smooth enough vector fields, y. G C ([0, 1] , W) is the depen­ 
dent process (called the response) under the influence of another continuous 
process x. £ C ([0, 1] , V] (called the control). For bounded variation controls 
x., the unique existence of solutions is obvious. However, this is not the case 
for non-smooth yet continuous controls x.\ indeed, we even have a problem 
to interpret the "differentials dx\" properly.

1.1 Non-smooth controls

Suppose (W, < -,   >) is now a Hilbert space with induced norm ||-||. With 
regard to non-smooth controls, the first successful attempt to establish both 
the existence and uniqueness of (1.1) was done by K. Ito [1944], [1946]. 
Indeed, Ito is the first who formulated an integral calculus against Brow-

nian motions: given a filtered probability space, f^,^r , {^rt} t r01 i ,P), an 

n dimensional Ft adapted Brownian motion B. and an j^ adapted process 
a. : [0,1] -> L (Rn , W) (where L (Rn , W) is the space of bounded W-valued

7
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linear maps on En ) such that

i «-*

ds < oo = 1,

Ito constructed a stochastic integral of a. against B. as the limit in probability 
of Riemann sums over dyadic partitions

o.u (dMu ) = prob — lim

where we denote s£ = ^ and Dn = {s£}jL0 .
Using Picard's iteration argument and a localization principle in proba­ 

bility, one can deduce the almost sure existence and uniqueness of solutions 
up to explosion of equation (1.1) for locally Lipschitz vector fields when the 
control is Brownian motion. Extension, by using a similar approach, to semi- 
martingales had been found by a number of scholars including H. Kunita and 
S. Watanabe [1967] and P. A. Meyer [1976].

1.2 Discontinuity of response

Even though for regular controls x., the unique existence of solutions of 
(1.1) is ensured, uniform closeness of controls may not imply that of their 
responses. An example borrowed from Lyons and Qian [2002] is to consider 
a differential equation

dyt = ytdx\ + dx2. 
Vt = Co-

Its solution can be expressed as a series of iterated integrals:

k=2



1.3. ALTERNATIVE INTERPRETATION OF (1.1) AND SIGNATURES9

Consider a sequence of controls x (n} t = (^ cosn2 £, ^ sinn2 t). It is clear that 
x (n) converges uniformly to 0 on compacta; however, by simple calculation

/ O 1 o 
dx(n) ti = -sinnt  >0 

_<ti<i

/ , 1,0 I- -"-.^9, -"-  0 - ^.J^v. 1 /^^r"^   _ | ___ Q-IV-, On / _ __a:r ti a:r i 2 - 9 ^ 4 2 bmzn l 2
_<ti<t2 <i ^ /fc

/ I r l k 
ltl .. .dx\k dx2s — k_ l I (cosn2s-l) cosn2 sds, 

K- H JO^0<ti<---<t fc <s<i A"' t o/O

while the last term has modulus bounded by (-) A, therefore
\ Ttf / K.

00 / <-, \ fc-i ioo

n

,'expm-l-^',
= t U;.   * ->0

n

Hence, the responses y (n) t , respectively corresponding to the control x (n) t , 
converge to £o   | but not {0 ! Meanwhile, we also notice the trouble is 
essentially coming from the iterated integral

1.3 Alternative interpretation of (1.1) and sig­ 
natures

Both issues described in Sections 1.1 and 1.2 of the controlled differential 
equations can be resolved by introducing a metric finer than uniform one on 
an extension of the space of continuous paths C([0, 1] ,!/). Before this, it 
is better to view our controlled differential equations from a different, but a 
natural, perspective.

Suppose V = Mn and all vector fields {/i}"=1 are linear. The solution of 
equation (1.1) can be expressed as

00
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Define V®° = M and V® 1 = V. Let T (V) be the tensor algebra ®£L
For k E N, define nk : T (V) -> 1/®fc to be the projection operator onto V®k
and linear maps Fk (•) : V0fc -* L (W, H/) such that

F° (•) : 1 G R ^ t : W -

where {e'}^L 1 is the standard basis of En . For simplicity, for any X 6
we denote TT^ (X) by X (fc) . For each A; 6 N, define two linear maps from
T(V) to

fc=0

also define a linear map Fri <g> • • • ® Frfc (•) from l/®ri ® • • • ® K®rfc to 
L 1^ l^0fc such that

for any u>; E V®ri for i = 1, . . . , k.

Definition 1.1 The signature of a bounded variation path x. over [s,t], de­ 
noted by S (x} st , is the tensor of iterated integrals over [s,t], i.e.

/ r 
dxtl 4- • • • + / dxtl 0 • • • ® dxtk -^r .... (1.2) 

<ti<t J s<t\<---<t<ts<t\<---<tk <t

It should be remarked that, for any path x., 5 (re), is continuous in two 
variables s,t and satisfies an algebraic identity called Chen's identity (Chen 
[1958]):

S(^ s,^S(x) s^S(x}u^ (1.3)
for any s < u < t.

Now, the solution of (1.1) can be written neatly as

which is a convergent series since the factorial decay of moduli of the tensors 
of iterated integrals compensates the exponential growth of the norms of the
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maps Fk . So in the case of linear vector fields, the solution of (1.1) can be 
regarded as a linear map of the signature of the control x..

In general, the signature of the response y. is also a linear map of the 
control x.; indeed, for any k £ N,

dytl <g> • • • <g> dyik

'0<ti<---<tk <t
oo oo

E • • • E / n" KO) (ds Wo,,,) ® • • • ® n" (&) (rfs Wo, J
-/0<( l < -< < * <tn=o

oo oo

n=0 rfc =<

oo oo

E
ri =0

™ 
n=o

OO OO

E ' ' ' E F" Ko) <tf (*)&' ® ' ' ' ® F" («o) dS (x) 
= = -/0<t i<-^< 1 fc< t

where OS1 (ri, . . . ,r/c) is all the permutations a of iii < u^ < • • • < uri+ ... +rk 
such that

and
Ua (n ) < Ua(

While ira is a linear map from T (V) to V®ri <g> • • • ® ]/®rfc such that

We now interpret the controlled differential equation (1.1) as a nonlinear 
map sending the signature of the control x. to the signature of the response
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y. augmented with the control x.

n

dyt =

yo = Co-

1.4 p- variation topology and Universal limit 
theorem

Notice that a signature is a formal object in the tensor algebra which is not 
stable with respect to limit taking. Fortunately, a sufficient number of low 
order iterated integrals, together with Chen's identity, can determine the 
whole profile of the signature.

For m G NU {00} , let T (m) (V) be the quotient algebra of T (V) by the 
ideal 0fclm+1 V® fc and gW (V) the Lie subalgebra of T(m ) (V) generated by 
V, i.e.

9W (V) = eZUVfc

where

Vi = V
vk+1 =

where for A, B C T(V), [A, B] = |[a,6] = a® b - b® a : a £ A,b £ B\. 

Also let G(m] (V) = exp (^(m) (V)) and so, for any regular path x., S(x), G
G(oo (V). Let Sx :T(V) -* T (V) be a dilation operator such that for any

6X (X) =

Definition 1.2 Let m G N. A symmetric homogeneous norm 
^5 a norm 5WC/i ^a^ yor any g,h

\\ on

- \\9\\ m = 0 ^



1.4. P- VARIATION TOPOLOGY AND UNIVERSAL LIMIT THEOREMS

3- m

4-

For example, for any p > 1,

i ,i

is a symmetric homogeneous norm on G^ (V). Note that if V is finite di­ 
mensional, all homogeneous norm are equivalent, see Goodman [1977]. Now, 
dm,p (X, Y) = | IX- 1 <8> y||mjp defines a metric on G<m> (V).

Denote by G0 ([0, 1] , G ( ™> (V)) the set of all continuous G(m) (V) - valued 
paths Z. : [0, 1] -> G(m) (K) such that Z0 = 1. Define ZStt = Z~ l <g> Zt , then

For any X., Y. e Q ([0, 1] , G^m) (V)), define

\

where the supremum is taken over all partition D of [s, £]. Denote dm^p_var (X., l)r
by ll^-llm)P-^ar ! [ 5) t]- Note that C.p-vor (•> Os.t is a control (see the Definition 
1.6 and also see Chapter 3 for a proof). Now, dm ,p-i;ar,[o,i] defines a metric 
on C0 ([0, 1] , G (m) (V)) called the p- variation metric.

Proposition 1.3 (Extension theorem) Fix three real numbers p > 1 ; m > 
[_p\ and

0 > P2 l + 2^ C

Suppose X € C0 ([0, 1] , G<m > (V)) ™tt II^ILj.-^o.i < oo, define

p
•\\m,p-var,[s,t] ) '

Then there is a unique X. : [0, 1] — > G^ 00^ (V) such that 

1. 7r(m ( X. = X..
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2. For any n> m,

^G^(V) v , , ,. 
K v ' n,p-var,[s,t]

Proof. As an immediate consequence of the definition, the result is a 
reformulation of the extension theorem in Lyons [1998]. •

Let GSlp (V) C C0 ([0, 1] , <7< W> (V)) be the closure of all 7rG(Lpj) (v) (jS (7) 0> .

for some V— valued smooth path 7., under ihep— variation metric d^p^p-. var (•, -)[o,i]' 
Elements in G£lp (V] are called p— geometric rough paths over V .

Theorem 1.4 (Universal limit theorem) Suppose all vector fields fi are smooth. 
Consider a map governed by the controlled differential equation

S(x)0 . e0t
n

yo = fo,
with finite p— variation control x.. Then the map is continuous with respect 
to the p— variation metrics d^j.p-warjo.i] on G^^ (V) and G^p^ (V © W) 
respectively.

Proof. See Lyons [1998] for details. •
As a consequence, we can be continuously extend the notion of solution 

of controlled differential equation driven by all p— geometric rough paths in 
G$lp (V).

1.5 Main results

1.5.1 Rough path nature of boundaries of Holder do­ 
mains

Before our work [24], most of the continuous paths (see [23] and the refer­ 
ences therein) with infinite variation which were shown that can be lifted 
as geometric rough paths (should possess self-similar property (at least in 
statistical sense). Actually, self-similar structure of a path is sufficient to 
provide easily computed controls (see Definition 3.4) for the approximants of 
the path and the path itself.
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Definition 1.5 A simply connected planar domain D C C is called an 
a— Holder domain if D is the conformal image of a unique univalent an­ 
alytic function 4> : D — » C with

4 (S 1 ) = dD, 

such that <p : S 1 — > C is also a— Holder continuous.

It is clear that no boundary of any a— Holder domain is self-similar. Chap­ 
ter 2 is a detailed introduction to our work [24]; indeed, we shall demonstrate 
that pure analytic property of the boundaries of certain a— Holder domains 
is enough to establish the rough path nature of the boundaries. In the chap­ 
ter, we prove that the boundaries of a(> ^)-H61der domain are (^ + e) — 
geometric rough paths for any £ > 0. We establish a construction of canon­ 
ical area processes for the boundaries. Under the restriction that a > |, 
it happens with a sophisticated application of isoperimetric inequality and 
standard arguments in harmonic analysis, including the Hardy-Littlewood 
lemma, that a canonical area process exists. As an immediate application, 
we extend the classical Gauss-Green's formula to this class of fractal planar 
domains

1.5.2 Two results in rough path theory
Definition 1.6 A non-negative continuous function u on AT is called a con­ 
trol if

1. uj is superadditive:

uj (s, t) + uj (£, u) < u (s, u) 

for(s,t),(t,u) e AT;

2. u(t,t) = 0 for allt e [0,T].

Definition 1.7 Let X. be a p— rough path. Define, for any (s,£) E AT,

^ ?ux (s,t)= sup sup V XI t l , (1.4)
'

where the supremum runs over all finite partitions D of the interval [s,t\. 
We call MX (s,t] the p— variation of X. over [s,tj.
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In Chapter 3, we collect two results (and their proofs) which are funda­ 
mental in nature in the theory of rough paths. The Extension theorem in the 
theory of rough paths (Proposition 1.3 in Chapter 1 or its equivalence, Theo­ 
rem 2.1.1 in Lyons [1998]) states that any p-rough path X. : AT -> T^J)(1/) 
can be naturally enhanced as a multiplicative functional of finite p—variation 
on T(/V) (V) for any N > [pj; in other words, all high order tensors of "it­ 
erated integrals" of a rough path are completely determined by its tensors 
of "iterated integrals" of order less than p. In order to prove the Exten­ 
sion theorem, one has to show that a particular sequence of functionals 
{X (n). : AT —> T(N^(V)} ^ ig Cauchy by applying the maximal inequal­ 
ity (see Lyons [1998]) and the fact that there is a control for the rough path 
X.. Unfortunately, the assertion that there is a natural control for any contin­ 
uous multiplicative functional with finite p—variation is only a mathematics 
folklore without a proper proof; even there is none in [23] as claimed. In 
Section 3.1, I shall provide an elementary proof of the claim which is quoted 
in Theorem 3.6.

In the theory of rough paths, it admits that the signature (recall Defini­ 
tion 1.1) of a geometric rough path completely characterizes the path itself 
in the context of control theory. Along the line of thought, if a space-filling 
curve 7 which can be shown to be a geometric rough path and fills up a geo­ 
metric object A^, it is reasonable to expect that we can extract the analytical 
properties of M. by decoding the information contained in the signature of 
7; this is precisely our concern in Chapter 5. In regard to extracting infor­ 
mation embedded in the signature of a path, it is natural to achieve our goal 
by integrating, with aids of different one-forms, against the signature (which 
is now considered as a path itself). Therefore, it is essential to ask if the 
signature of a geometric rough path, or in general any functional of signa­ 
ture, can still be treated as a geometric rough path. In Section 3.2, we shall 
prove Proposition 3.34 which states that any functional of the log-signature 
of a p— geometric rough path can be canonically enhanced as a p—geometric 
rough path.

1.5.3 Space-filling rough paths

In the theory of rough paths, it admits that the signature (Definition 1.1) of 
a geometric rough path completely characterizes the path itself in the sense 
of controlling any arbitrary controlled differential equation. Along the same 
line of thought, it is interesting to ask if one can find quantities, which are
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analogous to the signature of a path, that can characterize a high dimensional 
geometric object M. in the sense of integrating differential forms on M.. It is 
expected that the established theory of rough paths may help us to resolve our 
curiosity; indeed, one plausible approach is to first use path(s) to represent 
a high dimensional geometric object .M, and then regard a differential form 
uj as an one-form uj over tensors so that integrating the differential form u 
on M. is the same as integrating the one-form LJ against the path(s). More 
precisely, given a nice high dimensional geometric object A"f, can one find a 
space-filling curve 7 for M. which can "naturally" be enhanced as a geometric 
rough path? If the answer were positive, could we also find a way so that 
integrating a diflerential form u on M is equivalent to integrating an one- 
form uj against the enhanced path of 7? In Chapter 4, we shall show that 
a class of space-filling curves are actually geometric rough paths; while in 
Chapter 5, we shall discuss the issue about integrating a differential form on 
a geometric object as contracting a one-form against its space-filling rough 
paths.

Since many nice geometric objects can be arbitrarily closely approximated 
by a finite number of hypercubes, it is more tractable to commence our 
program of research by first looking for a class of space-filling curves for 
hypercubes that can be lifted as geometric rough paths. In particular, we 
make a conjecture that for each d G N, the space-filling curve F. (Definition 
4.11) for the d—dimensional unit hypercube can be naturally (but not in a 
unique way) enhanced as a p(> d} —geometric rough path. We shall prove 
our claim when d = 3 in this chapter; unfortunately, it is still open for 
d > 4 because iterated integrals of order not less than 4 would need to be 
investigated which seems to be far from trivial.

1.5.4 Integral of a 3-forrn a as an integral of a spinor
(a, -a)

Once we establish the fact (Theorem 4.82) that there is a class C of space­ 
filling rough paths with their M3 —projections being all the same and fill­ 
ing up a three-dimensional unit cube; similar results can be extended to 
those 3—dimensional geometric object (nice chainlet) M which can be well- 
approximated by cubes. In this respect, one may expect that analytical 
properties of J\f can be extracted by decoding the information contained in 
the signatures of those space-filling rough paths in the corresponding class C
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for A/". In Chapter 5, we shall show how we can answer our concern, first for 
cubes and then for some nice chainlets (see Harrison [1998]), in the dimension 
3; indeed, a special pair of space-filling rough paths in C for Af will do the 
job. Moreover, we shall identify any differential form uj as an one-form u (see 
Lemma 5.4) over tensors so that integrating the differential form u on A/" is 
equivalent to (see (5.43)) integrating the one-form (a spinor) (5, — u) against 
the pair in C with respect to a properly chosen integrator (see Section 5.2).

1.5.5 Winding and linking numbers as a functional of 
signatures

Recently, Hambly and Lyons (2006) proved a significant result that all con­ 
tinuous paths of finite variation can be characterized, up to tree-like defor­ 
mation, by their respective signatures. As a remark, it should be mentioned 
that Chen also acquired similar result if the underlying paths are piecewise- 
smooth [Chen (1958)]. It should be obvious that any tree-like deformation 
of a path would not alter its topological features. For instance, for almost 
every point z in the plane, the number of times a finite variation planar loop 
7 : / —* E2 winds about z remains unchanged if one deforms the path 7 in 
tree-like ways without crossing the point z. In Chapter 6, based on our re­ 
cent study [Lyons and Yam (2007)], we successfully extract low dimensional 
topological information, e.g. winding and linking numbers, from the signa­ 
tures of the loops under consideration. Furthermore, under mild regularity 
conditions on the loops, we have also shown that the winding number 77 (7., z] 
about a point z G C (respectively the linking numbers) of an arbitrary loop 
7 (respectively a pair of loops 71 and 72) can be expressed as a linear func­ 
tional of the signature S (7.) 0 l of 7 (respectively the signatures S (71 ) 0 1 and 
S (72)0! of both loops).



Chapter 2

Boundaries of Holder domains 
as rough paths

Before our work [24], most of the continuous paths (see [23] and the refer­ 
ences therein) with infinite variation which were shown that can be lifted 
as geometric rough paths (should possess self-similar property (at least in 
statistical sense). Actually, self-similar structure of a path is sufficient to 
provide easily computed controls (see Definition 3.4) for the approximants of 
the path and the path itself. It is clear that no boundary of any a—Holder do­ 
main is self-similar. This chapter is a detailed introduction to our work [24]; 
indeed, we shall demonstrate that pure analytic property of the boundaries 
of certain a—Holder domains is enough to establish the rough path nature of 
the boundaries. In particular, we are aim to establish the fact that, if a > \

O

and e > 0, the boundary 7. of a planar a— Holder domain can be canoni- 
cally enhanced as a ^ H- e geometric rough path. The key step to prove our 
claim is Lemma 2.30 which aids us to settle the problem in Section 2.4 about 
the convergence of geometric Levy processes (see Definition 2.20) of approx­ 
imants of 7. to that of 7.. In order to estimate the sizes of various regions 
arisen in Lemma 2.30, we applied the Pohl-Banchoff inequality (Proposition 
2.13) and consequences of Hardy-Littlewood lemma (Lemma 2.3) as listed 
in Section 2.1. Finally, as an immediate application, we extend the classical 
Green-Gauss' formula to the mentioned class of fractal planar domains.

In this chapter, we use C and M to denote constants

19



20 CHAPTER 2. BOUNDARIES OF HOLDER DOMAINS AS RO UGH PATHS

2.1 Preliminary definitions and results
In this section, we formulate the notion of planar Holder domains and intro­ 
duce preliminary results from complex analysis which relates the smoothness 
of the boundary of a Holder domain to an analytic condition in the interior 
of the domain.

Definition 2.1 (Pommerenke [1992]) Let a 6 (0, 1} and A be a connected 
subset in C. A function $ : A — » C is said to be a-Holder continuous if 
there is M e E+ such that Vzi, z2 G A,

Wzi)-<K*2 )|<M z,-z2 \ a . (2.1)

Suppose zi = eiei and z2 = eid2 with 0 < 0i,02 < 2?r. To say that 0 
is a— Holder continuous over the unit circle S1 is the same as saying that <p 
satisfies the condition:

- Zl )\ a < M' 0! - 62 a (2.2) 

for some M' > 0. Denote by D the unit disc in C.

Definition 2.2 (Pommerenke [1992]) A simply connected planar domain 
D C C is called an a— Holder domain if D is the conformal image of a unique 
univalent analytic function (p : D — » C with

=dD

such that (p : S1 — > C is also a— Holder continuous.

Next, we introduce a lemma, first obtained by Hardy and Littlewood 
[1932], which characterizes the rate of growth of the derivative of 0 when z 
approaches to S 1 . For an account of this result and its further applications, 
see Duren [1970] and Pommerenke [1992]. We here include its proof since it 
will motivate further results in this chapter.

Lemma 2.3 (Hardy-Littlewood) Let a G (0, 1). Suppose 0 is a umvalent 
analytic function in the interior of the unit disc D. Then 0 : D — *• C is 
continuous and 0 : S 1 — > C is also a— Holder continuous if, and only if, there 
is C > 0 such that for any z G C ;

- (2.3)
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Proof. Suppose that $ is continuous in D and (f)(e l6 ) is a—Holder con­ 
tinuous in 9. According to the Cauchy formula, Vz G O0 and n G N,

n! 
2m

27T -it _ 2)n+l '

Expressing z = reld for some r < 1 and — TT < 0 < TT, and taking into account 
that for any n > 1,

"2-rr elt dt
(C -

we then have
"27T

(pit — ypid\

if - r)n+1
ifl+() (n+1M

e" — r

Note that 0 is periodic,

r -6>

-6»
"7T

eu —

e tl — n+1

,

eit _

J-K ((I -r) 2 + 4rsin2 | 

Using the Holder condition of 0 and the fact that

vut|<, "'• l
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we then obtain:

77! M'-\t\

n!
7T

' J-r

27r(l-r)n-°7 J-^~r 
n\ •>oo u a

27r(l - r ) n'a 

where the last integral is clearly finite when a < 1; and hence

(2.4)

—-———).
_ ~hn-a'

For instance, we also have

<

Conversely, suppose 4>'(z) — O( n , ^u-o.), then for each 9 £ [0,27r),
• i-

<
_ r \l~a dr < CXD,

and hence

/ r 
4)'(peiB )dp exists. 

.
So it is possible to extend our domain of definition of 0 to the whole unit 
disc D. For any z\ = e z/?1 , z^ — e^2 and R < 1, consider the path 7 starting 
from Z2 running radially inward to Rz2 , then moving along the circular arc 
with radius R to Rzi, and finally reaching radially outward to z\.
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The modulus of the difference

' (0 dC,
'7

R
[ * \(f>'(Reie )\d6 + I 
e\ JR

dr

Oi (1 -

1. Suppose | $2 — $1 < 1- Since # is arbitrary, we can choose R 
| #2 ~ #1 and consequently, we have

= I —

2. On the other hand, if |02 — 
to 0, then

1C

> 1, choosing 7? to be arbitrarily close

< C min(|02 -0i

Therefore, as a whole, we have

- 0 (2:2)! < C (max (1, min(|02 - 0!

or simply

Tllfc

|02 - a

10 fe) - 0 1 -" + ~ |02 - 9, a (2.5)

i.e. 0 is a—Holder continuous on S1 . Applying the fact that the solution to 
any well-posed Dirichlet problem is unique, we have

where P(£, z] = ^~ |l_ fJ is the Poisson kernel; that is to say 0 is a Poisson 
integral over its boundary values, and hence 0 is continuous over the whole 
unit disc P. •
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For every r < 1, define

for all z € D. We next establish an upper bound of the length of the line 
segment joining the end-points of the image under </>r (-) of an arc of the unit 
circle.

Lemma 2.4 Suppose that 0 : S 1 —> C is a— Holder continuous. For every 
0 < r < 1, <fir (eie } is also a—Holder continuous in 6; in particular, we have

[c/V (e^) - 0r (e^)\ < Cr ((^} 1^ + -} |02 - #i| Q . (2.6)
I \ / \ / I \^ Q, J

Proof. According to the Hardy- Littlewood lemma, for every z G ID,

C
< (1-

for some C > 0. Differentiating 0r with respect to z, we get <f)r ' (z) — r<p'(rz},
and hence

Cr Cr
< .1 .^m-. < T,——^TTT- (2-7)Z l)l-

Applying the converse part of the Hardy-Littlewood lemma 2.3 and its lines 
of proof, we deduce our desired result. •

As a consequence, we also obtain an upper bound of the length of the 
line segment joining the end-points of the image under </>(•) of an arc of any 
inner concentric circle.

Corollary 2.5 Let 0 < r < 1. For any Zi,22 G C with z\ = z2 | = r, we 
have

^ z2 - Zl a . (2.8)

Proof. It is clear that one can express z\ = reiBl and 22 = rei02 with
-62 < TT; using the inequality (2.6), we conclude our claim. •
In addition, we also have an upper bound of the length of the line segment

joining the end-points of the image under </>(•) of a radial segment of the unit
circle.
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Lemma 2.6 Let 0 < p < 1. The increment of 0 a/om? any rarfm/ direction 
0 is bounded above as:

Proof.

\<p (el ) — (f> (pel } = lim

< 7"
, N1 (l-r)i-a

a -P
a

2.2 Isoperimetric inequality
Consider a metric space (X, d) and once again we denote the unit interval 
[0,1] by /. In this section, we introduce a version of the isoperimetric in­ 
equality which will help proving further results in the rest of the chapter; 
for example, the inequality can assist us to estimate the sizes of two re­ 
gions arisen in Lemma 2.30. We first recall the topological notion of winding 
number of a planar loop.

Definition 2.7 A loop 7. : / —» X is a continuous path in X such that 
7(0)=7(1)-

Suppose X = C. Given a loop 7. : / —> C in C and a point z G C/7 (/),
we set

% - z

Then g] : / — » S1 is a loop in the unit circle S 1 . Let p : R — > S 1 with 
p(-) = e2vr ', the standard covering map of S 1 , one can show that there is a 
lifting gl : / -> R of g] from S 1 to R such that

P°9z =9]-
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Lemma 2.8 For any loop 7. : / —> C and z G C/7 (/), tfie difference g] (1)- 
gj (0) is an integer.

Proof. One can consult the book by Munkres [1999] for details. •

Definition 2.9 The winding number 0/7. : / —»• C with respect to z £ 7 (/), 
denoted by 77 (7., z}, is defined to be the difference g] (1) — gl (0).

Proposition 2.10 The winding number 77 (7., z) is well-defined, i.e. its value 
is independent of the choice of the lifting of g]; in particular, if g] is one of 
such liftings of gl, any other lifting of <?7 has the form g] (•) + m, for some 
meZ.

Proof. Again, see Munkres [1999] for details. •

It should be noted that the notion of winding number is well-defined 
even for loops of infinite variation. On the other hand, it is a fact that for 
any rectifiable loop 7. : / —* C, 7C is a countable union of connected open 
components; since 77 (7., •) is constant on each of these components, 77 (7., •) is 
therefore a measurable function. We next introduce the topological invariant 
nature of winding number of a loop 7. around a point z with respect to any 
continuous deformation of 7. without crossing z.

Definition 2.11 Consider two loops 7. and 7' in X. Suppose that there is 
a continuous map F : / x / —> X such that

1. 7 = r(-,0) and 7.' = F (-,!).

2. For anyt e /, F(0,t) = T(l,t).

Then we say that 7 is F— freely homotopic to 7'.

Lemma 2.12 Consider two loops 7 and ^( in C/ {z}. If, for a continuous 
map F : / x / —» C, 7 is F—freely homotopic to 7' such that F (/ x /) C 
C/ {z}, then 77 (7, z) = 77 (7.', z).

Proof. Define Gz : I x / -> S 1 by

, _ T(s,t)-z
^ t — Wr~f—1\———— \\T(s,t)-z\\
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for (s,t) e / x /. Let C?z be a lifting of Gz to R. Then < 2 (l,t) - G
is an integer for every t. Since G2 (1, •) - (5Z (0, •) is continuous, hence the
image of Gz is connected because / is, and therefore it is a constant. •

Next, we will introduce a generalized version of the isoperimetric inequal­ 
ity - the so-called Pohl-Banchoff inequality, first proven by Pohl and Banchoff 
[1971/1972], and then Vogt [1981] provided a simpler proof for the planar 
case. In addition, we point out the relationships, which was first discovered 
by Rado [1936], between the Levy area for a rectifiable loop 7. and the inte­ 
gral of winding numbers of 7. over all points in C. We here include an even 
simpler proof than that by Vogt [1981].

Proposition 2.13 Denote X (•) to be the two dimensional Lebesgue measure 
over C. Let 7. : / — * C be a rectifiable loop of length I. Then, one has

1. the Pohl-Banchoff inequality

47T f /V(7,C)A(cfe)</2 , (2.10) 
J Jc

where the equality holds if and only if'j. = ZQ-\~ Re2nm ' for some n G Z ; 
z0 e C and R > 0.

2.
f r i ( r \ 
/ / 77 (7, z) X(dx) = - / xs dys - ys dxs . (2.11) 

J Jc z \Jf /

To establish the claim, we first prove the result for simple polygonal loop 
and then for any polygonal loop. The most general result can be obtained 
by interpolating loop by a sequence of polygonal loops and by an application 
of Fatou's lemma.

Lemma 2.14 Both the results (2.10) and (2.11) hold for any simple polygo­ 
nal loop 7..

Proof. We prove the claim by induction on number of vertices v of 7.. 
For v = 3, the polygonal loop 7. is a triangle. Furthermore, if 7. is non- 
degenerate, 7. is clearly a Jordan loop and so 77(7,-) takes value 1 in the 
interior and 0 in the exterior. Applying the classical isoperimetric inequality 
(in do Carmo [1976]), both (2.10) and (2.11) follow.
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Suppose that both (2.10) and (2.11) hold for all simple polygonal loops 
with v < n. Consider a polygonal loop 7. : / — > C with n-f-1 vertices at times 
0 = tQ < ti < • • • < tn+ i = 1. Again, by using the classical isoperimetric 
inequality (in do Carmo [1976]), result (2.10) follows immediately. We now 
add a chord 7 (t0 ) — » 7 (£2), then 7 is composed of two loops

71 :
72 :

It is clear that 77 (7, •) = 77 (71, •) + ?? (72, •) and 71, 72 are both polygonal loops 
with respective number of vertices < n. Using the induction hypothesis, we 
therefore have

c c c
\ 1

- ys dxs + - / xs dys ~ ys dx<

xs dys - ys dx&

Lemma 2.15 Both the results (2.10) and (2.11) also hold for any polygonal 
loop 7.

Proof. We again prove the claim by induction on number of vertices v 
of 7.. Suppose that the result is true for v < n and 7 : / — > C is a non-simple 
loop with n + 1 vertices. Firstly, there must be two times s, 5' G / such that

s

for some j\ < J2 and
7(5) = 7(5').

7 can now be decomposed into two polygonal loops

71 :
= 7 * -^ 7 +i -* ' ' • -* 7 *n+i) = 7

72 : 7 (5) -» 7 fe1+ i) -* ' ' • -» 7 fo ) -> 7 («') = 7
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1. If there is exactly one tj in between s and s', i.e. tj i+ i = tj2 . Both 
7([tjl ,th+1 ]) and 7 ([tjl+1 , tj1+2)) are straight lines, and we have either

C7(fei+i,*j,+2]) and 7^) = 7(5) =7(5')

or

and 7 (5) =

In the former case, 71 is a loop of only n vertices while 72 is just a 
straight line, hence 77 (7, •) = 77 (7], •) almost everywhere in C. Now,

47T / / rf (7,0 A (<M) = 47T / / T? 2 (71, C) A (cM) < / (7i) 2 < / (7)' 
7 Jc 7 7c'C

and

c c c
I

+ 0

The second case can be dealt with similarly.

2. If there is more than one but < n— 1 tj in between s and s', both 7! and 
72 have their number of vertices < n. Again 77 (7, •) = 77 (71, 0 + 7? (72, •}•, 
according to the induction hypothesis, we also have

_A_2 ~~
"C

7T



30CHAPTER2. BOUNDARIES OF HOLDER DOMAINS AS ROUGH PATHS 

and

I f T)(j.,z)X(dA) = / I r] (^z}\(dA}+ I ( 
J Jc J Jc J Jc

I / r \ i 
- / xs dys - ys dxs + -
2 V7l / 2 72

1

3. If there are exactly n tj in between s and 5', the same line of proof as in 
the case (1) can be adopted, with the roles of 71 and 72 interchanged, 
to conclude our induction step.

Consider a family of partitions

of / for m e 1+ such that (1) V^ C V^m^ and (2) their mesh sizes tend 
to zero. For m G Z+ and any rectifiable loop 7, let 7 be a polygonal 
loop with vertices (7 (£)}«ex>("0- ^ ^s dear that because 7. is continuous with

compact image, the sequence ^7 1- converges uniformly to 7..

Lemma 2.16 Let 0 = C/7 (/) U~=1 7(m) (/). For any z£tt,

77(7,2) = lim
m—>oo

Proof. For any z0 G H with d(z0 ,7 (/)) > e > 0, all but except finitely 
many 7^ (/) lie inside the e/2— neighborhood of 7 (/) which excludes ZQ. 
For all large enough m, 7.^' is freely homotopic to 7., by Lemma 2.12, we 
therefore have

Since ZQ is arbitrary, we conclude that for all z G 17,

77(7,2) - lim 77(7(m) ,z) .
m—>oo
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Lemma 2.17 77 (7, •) is a Lebesgue measurable function. 

Proof. All 7 (/) and 7(m) (/) are rectifiable, so

A (7 (/)) = A (7 (m) (/)) = A (7 (/) U~=1 7(m) (/)) = 0,

and hence A (fic ) = 0. As a consequence, being an almost everywhere point- 
wise limit of 77 (7^, •) , 77 (7, •) is a measurable function. •

Proof of Proposition 2.13. Using Lemma 2.15, for each m

c 
Applying Fatou's lemma, we immediately have

47T f I rf (7, C) A (dA) = 47T / / lim inf rf (7(m) ,C) A (dA)
I /(T lie m~~ *°° */ */ (L* */ v/ \L,

< 47T lim inf / f rf (7(m) , () A (<L4) m^°° J Jc

lim inf
m—>oo

Since all 7 and 7^ lie in a compact set, therefore we can apply L2 — con­ 
vergence theorem to conclude that

[ [ r,(r ,z)X(dA) = lim / t rj(^m\z}\(dA]
] l r m-»oo c ^ '

\J \J ^ \J \J v^

i ( r
= - I ^lirn^ / x s dys - ys (ixs

l( * 1 * \xs dys - ys dxs 1 ,

where the last equality follows from the standard definition of Riemann's 
integrals. •

Let \ < a < I and for any T > 0

AT 4 {(0 )V>) :0 < 9 < (p< T}.

In the remaining sections, for any e > 0, we aim to show that 4>r (e1 '} and its 
associated Levy area process converge in ^ + £— variation topology to 0 (e*') 
with its geometric Levy area process (see Definition 2.20) as r —> 1 over Q. 
For the case a — 1, the claim is trivial; from now on, we assume | < a < 1.
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2.3 Convergence for the increment processes
In this section, we aim to establish the convergence of <pr (e 1 ') to 0(ev ) in 
p (> ^) — variation topology at level one.

Lemma 2.18 For any 0</o<l, e>0 and (9, (p) € A 27r , we have

a - pr -\<f>-o\.
Proof. For any /3, 6 > 0 and 77 = /? -f £, the modulus of the difference

• (|0 (pel6 ) - 0 (pe*) 6 + \(f) (e i9 ) - </> (e<¥> ) |' 
\

Using inequalities (2.6) and (2.9), we obtain

Our desired inequality follows if we choose (3 = e and 6 =-. m

Corollary 2.19 For any partition T> = {0 = #0 < • • • < On = 27r} of [0, 2-ir], 
partial sum

(e*) - 0, (e'e-) - (4 (e*) - 0 (e -+' +£

l + "
a
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Proof. The result is an immediate consequence of Lemma 2.18:

n-l

i=0

I n-l
a

i=0
i

= 2S+« 7r _L_ (l+p* } I (27T) A -" + -

Therefore,

which converges to zero as p tends to 1.

2.4 Convergence for the Levy area processes
In this section, we aim to establish the convergence of 4>r (e1 ') to 0(e2 ') in 
p (> ^) — variation topology at level two. That is to say, we want to show 
that the sequence of Levy area processes of (pr (e1 '} converges as r —> 1 over 
Q in - + £— variation topology to the geometric Levy area process (see 
Definition 2.20) of

2.4.1 Preliminaries

For simplicity of notation, for 0 < r < 1, we denote 0r (e*') and 0 (e*') by 7r 
and 7. respectively; in particular, 7.1 = 7..

Given a loop r. : / — > C and (0, (p) £ A 27r , we denote the directed arc of 
r. from 9 to <£> by T0 )¥, and the directed loop starting from the point T# to r^ 
along the arc TQ^ and concatenating with the directed chord from r^ and TQ
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by T0 )V,.

Definition 2.20 Given a loop r : I -» C such that X (r (/)) = 0. For any 
(9, </?) G A27r , we ca/Z i/ie signed area, i.e. the signed two dimensional Lebesgue 
measure, of the region bounded by the directed loop TQ^ (being positive when
the loop is oriented anticlockwise), the geometric Levy area of r. over [$,</?]. 

Lemma 2.21 The loop 7 (/) has Lebesgue measure zero.

Proof. In their paper, Jones and Markarov [1995] proved that the Haus- 
dorff dimension (or the Minkowski dimension) of the boundary of the image 
D of the unit disc D under a univalent function 0, which is also o-H61der 
continuous on S 1 , does not exceed 2 — CQ, for a universal constant C. For 
each e > 0, let the 2 - Ca + E - Hausdorff measure H2 ~Ca+e (7 (/)) of 7 (/) 
be Me . Then there are

1. a decreasing sequence (5n } neZ+ with 8n —> 0,

2. for each n G Z+ , a family of open-balls {U^n }i€Z+ covering 7 (/)

such that diam (U. >n ) < 6n and ^i diam (Ui,n ) 2 ~ Ca+e < Me + e. By defini­ 
tion, we have

00 00

oo 
7T 2-Ca+e 4 "n

7T

Choosing e < Ca and passing n to oo, one deduces that A (7(7)) = 0.
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Corollary 2.22 For any 0 < r < 1 and (6,(f>) € ^2-^, define

Then the Lebesgue measure X (^^) = 0.

Proof. For 0 < r < 1, the loop 7r is rectifiable and therefore its Lebesgue 
measure is zero. Using Lemma 2.21, we conclude our result. •

Lemma 2.23 For any (0,<p) e A 27r and z £ f20 )V,, we have

TO*, z = im 77 ,, z . (2.12)

Proof. Suppose the distance d ( z, 751^ ) > e > 0. Since </> is continuous in

D and 70,^, is compact, < 7^ > uniformly converges to 70 )V> ; therefore for all ra­ 

tional r sufficiently close to 1, we have 7^ lying inside the e/2— neighborhood 

of 7^ >¥, which excludes z. Hence, for all large enough r, 7^ is freely homotopic

to 70 >y> ; using Lemma 2.12, we have r\ ( 7^, z \ — r] I 7^^,

Corollary 2.24 For every (9, </?) £ Ain, "n 70 co, • I ^ a Lebesgue measurable\^~ J 
function on C.

Proof. 77 ( 70 >v> , • J is an almost everywhere pointwise limit of 77 I 7^, • j
V" / \<— / 

as r —> 1 over Q. •

2.4.2 Pointwise convergence of Are

In this subsection, we establish the sequence of Levy area processes of <pr (e1 '} 
converges as r —» 1 over Q in pointwise sense to the geometric Levy area 
process of 4>(e1 '). We first introduce a few notations for various regions 
arisen in Lemma 2.30.
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Definition 2.25 Let 0 < r < R < 1 and (0, (p) € A27r , we denote Sre^ to be 
the positive sector

{z eC: z = peix , where 0 < p < r and 0 < x < t 

with its boundary having anticlockwise orientation.

Definition 2.26 Define
r > R

which has a sign induced by those of SrB and

re

Definition 2.27 Let 0 < r < R < 1 and (8,ip) G A27r , define Qr̂  to be the 
signed quadrilateral with vertices 0 (re16 ) , 0 (Reie) , 0 (Rei(f> ) and 0 (rei(p ) 
such that its orientation is taken in the same order.
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Definition 2.28 Let 0 < r < R < 1 and (0,<p) e A27r; define WTe ' R to be 
the signed region bounded by the directed loop starting from 0 (rel9 ) running 
outward to 0 (Re10 } along the arc 0 (-el6 ) and concatenating with the directed 
chord from 0 (R eld ) to 0 (re10 ) such that the orientation is taken in the same 
order of the points mentioned. >

For any signed region A C C, we use dA to denote the oriented boundary 
of A.

Remark 2.29 Consider an arbitrary simply connected signed region A C O 
iwii/i oriented Jordan boundary dA. The image 0 (A] has the boundary

d(p (A) - 0 (dA)

which is oriented in a way which is also consistent with dA. 

For each r G [0,1), define the Levy area of 7r over [0, ip] as

- d d

We now investigate the difference of Levy areas Ard2 — Ar0 l for any ri,r2 G 
Qn [0, 1] with TI < r2 ; namely, we want to express the difference in terms of 
the areas of the regions listed in Definitions 2.25 to 2.28.

Lemma 2.30 Let 0 < p < r\. We have a decomposition of the difference of 
Levy areas A% - A as:

- A?) = - - (xs dys - ys dxs )^

(xs dys - ys dxs ) .
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r

Proof. In accordance with the definitions of the regions involved, the 
identity is clear by studying the corresponding geometric configuration. •

We now estimate the sizes of various regions arisen in Lemma 2.30 by 
applying the Pohl-Banchoff inequality (Proposition 2.13) and consequences 
of Hardy-Littlewood lemma (Lemma 2.3) as listed in Section 2.1.

Lemma 2.31 Let 0 < r\ < r2 < 1 and (6, (p) G A2?r;

'dQ r l> r2 2 a

Proof. Decompose the region Qre]£2 into two oriented triangles (7i)J1: 
and (T2 )?'r2 with respective vertices

and

Using (2.8) and (2.9) to bound the sides of triangles, we have

xs dys - ys dx t

xs dys - ys dx< xs dys - ys dxs

2 a
r2 ) (r2 - ri ) a \v - e\ a .
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Lemma 2.32 Let 0 < n < r2 < 1 and 0 6 [0, 2ir],

- ys dxt

Proof. Note that, using (2.7), the length

1 C

Cr,
—Q

< — (r2 -ri)a . 
a

Using the Pohl-Banchoff inequality in Proposition 2.13, the fact that the 
image 0 (D) is compact and Lemma 2.6, we have

xs dys - ys dxs f j \ri(dW^\z)\\(dA] 
J Jc

4yr 
2 C,

— fa ~ TI)

Corollary 2.33 Lei 0 < n < r2 < 1 anrf (6, (p) G

,V

(xs dys - ys dxs )

2(°
(ra-

Proof. Combining the inequalities in Lemmas 2.30 and 2.31 with the 
identity in Lemma 2.29, we then obtain our claim. •
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Lemma 2.34 Let 0 < p < 1 and (6, y] 6 A27r;

) , *) A (dA) = UEDL rj (d</> TO , z) X (dA) -

Proof. Note that (f> is conformal over the interior of P, i.e. \/z G D°,

0.
rj

Applying the mean value theorem to the smooth function |</>| , we see that 
4> is injective over P°. As a consequence, for any 0<r</2<l,<^> (^^ ) is 
a Jordan domain. Hence, we have

0, if
V

and so

Moreover, the image 4> (D) is compact, and therefore

f frj(dd> (D^) , 2) A (dA) 
J Jc

is well-defined and uniformly bounded for all r. Because d<p (Dg'r ] uniformly 
converges to d(p (D^), using similar arguments as in Lemma 2.23, we have,
Vz e C,

Now our claim is an immediate consequence of the classical bounded conver­ 
gence theorem. •

We are now ready to establish the pointwise convergence of Levy area 
processes.

Proposition 2.35 Let (0,p) G A27r and r e Qn [0,1], Are^ converges to a 
limit as r tends to 1.
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Proof. For any e > 0, there is 6 > 0, such that whenever 1 — 6 < r\ < 
r2 < 1, we have

r,
c

) , z) A (dA) - r,
c

, z} \ (dA) < e.

Using Proposition 2.13, we obtain

(xs dys - ys dxs )

,z)-r) (30 (Dft) , z) \ (dA)

< £.

In accordance with Corollary 2.32, we deduce our claim.

Definition 2.36 For any (0,(p] G AZ-K, define

Proposition 2.37 AQ^ equals to the geometric Levy area of the directed loop

Proof. In accordance with Lemma 2.21, the geometric Levy area 
of the directed loop 7,9^ is well-defined in accordance with Definition 2.20.
Applying Lemma 2.30, for any (p,r] G AI,

(x s dys - ys dxs )

(x s dys - ys dxs ).

Passing r to 1 and using Lemmas 2.31 and 2.32 and Proposition 2.35, we 
obtain our claim. •
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2.4.3 Equicontinuity of Ag

We are going to show that the difference Al^ - AT02^ is uniformly small 
for all r G Q when 0\ and #2 are close enough. Proof for the general case 
that Ar is equicontinuous is similar.

Lemma 2.38 Let (0i, 02 ), (02 , ip) E A2?rj denote xr = Re (<f> (rei- )) and yr =

(2.13)

Proof. It is a direct consequence of Chen's identity (1.3). •
We now estimate the moduli of two terms on the right hand side of (2.13).

Lemma 2.39 Let (0i,02 ) , (#2,

Proof. Using the inequality (2.6),

I (^ - xoj (yrv - yre,} - fa - ̂ 2 ) 04 -

Lemma 2.40 Le^ (0i,02 ) e A2^ and p = 1 - 6-^. 0 (D^JJ zs contained 
in the disc centered at $ (re101 ) w^£/z radius C ((27r) 1 ~ Q 4- -) |02 — 0i

Proof. For any p < 1, 2 - z e{t G D^2 , using (2.6), (2.7) and (2.9), 
the difference

< r (I - p)* + Cr (I*) 1 -" + \02 - 0!
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Choosing p — 1 — ^~, we obtain

\d>(z) - 0 (re* 1 ) | < C - 0!

Definition 2.41 Let (r,R) € A : and (0,y?) £ A 27r . De/me rj' to be the 
path consisting with three curves concatenating in order:

1. A directed line segment running from Rel(f> radially inward to rel<f> ,

2. A directed circular arc with radius r from rel(p to re10 ,

3. A directed line segment running from reld radially outward to Re10 .

Lemma 2.42 Let (0i,02 ) £ A27r; p = 1 - and re/, the length of

9

Proof. Using the inequalities (2.6) and (2.9),

2- (r - pr)° + Cpr
Of
'2(7

a;
C a

Denote the chord joining 0 (rez<?2 ) and 0 (re101 ) by 0 (rei02 ) 0 (reidl ).
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Corollary 2.43 Let (0i,02 )

C

and r £ I.

TT
2a (2.14)

Proof. Because of the conformal nature of 0, 0 (-^[Jj is a Jordan 
domain. Using the Pohl-Banchoff inequality in Proposition 2.13, we deduce 
that

(xs dys - ys dxs )

c

c
U (dA)

i-A(^) + -5-/(0(r^2 )u0
r,r \ 4/T V i! 
1 ,6 9 J

0

C2 2a

where the last inequality follows by applying Lemmas 2.40 and 2.42. •
Therefore, we can now obtain an upper bound of the modulus of the 

difference on the left hand side of (2.13).

Corollary 2.44 Let (e lt 02 ) , (02 , (/?) €

where

(2.15)

K =

Proof. By substituting the inequalities in both Lemma 2.39 and Corol­ 
lary 2.43 into Equation (2.13), we conclude our claim. •

Remark 2.45 Note that the inequalities (2.14) and (2.15) hold uniformly 
for all r € Q. Therefore, by passing to the pointwise limit, we also have

-#i| a (2.16)
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and

TT (2.17)

As a consequence, we can now obtain the ^ + e— variations of the Levy 
area processes of 7r and 7..

Corollary 2.46 Consider a partition V = {0 = 00 < • • • < On = 2?r} o/[0, 2?r]. 
Let e > 0, r E /. TTien we

n ( 2 
C2 (V) 1 -* + ^ (7r(27r) a + 7r- 1 ) 

.
max \Oi+\ — (2.18)

Proof. Using (2.14), we have

n
2a

-fe-

< 27T | C2 (/ (27r) 1 -° + -^ (7r(27r)a + 
V V <*J

max \6{+i — 2ae

Similarly, using (2.17), we also have

n

max (2.19)

By applying Arzela-Ascoli lemma, we can now conclude the uniform con­ 
vergence, up to a subsequence, of Levy area processes of 4>r (e1 '} to the geo­ 
metric Levy area process of
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Theorem 2.47 There is a subsequence {Ark }™=l converges uniformly to {A.} 
such that

A+ £

1 -a + (TT (27r) Q - A
0>(f>

In particular, the sum converges to 0 as k — > co.

Proof. According to the Arzela-Ascoli lemma, there is a subsequence
{rk Li such that {Ark }™=l converges uniformly to {A.}. The sum

n

1=1

max
n n

'i+i
1=1 1=1

max

where the last inequality is followed by the application of (2.18) and (2.19).

2.5 Main theorems
Let < a < 1. Consider an a— Holder planar domain D with an associated
conformal map (j) over D. Again, we denote 0r (e1 '} and </> (e1 ') by 7r = (rrr , y 
and 7. = (x.,2/.) respectively. In this section, we show that the boundary of 
D can be canonically enhanced as aj>(> i) — geometric rough path. In 
addition, we also extend the classical Green-Gauss' formula to D.

Theorem 2.48 Let p > £. The boundary 7. of D together with its geomet­ 
ric Levy area A. form a p- geometric rough path. In particular, there is a 
sequence of rationals {rk } k€N such that truncated signatures of 7rfc ,
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converge in p— variation topology to a tensor

in T (R2 ) where

\f (xi- xs ) (x t - xs ) (yt - ys ) 
2\(xt - xs ) (yt - ys ) (yt - ys ) 2

1 ( 0 As>t 
-ABti 0

for any (s,t) G A 27r .

Proof. In accordance with the notion of geometric rough paths as defined 
in Section 1.4, the claim is a consequence of Corollary 2.19 and Theorem 2.47. 
•

According to the extension theorem, Proposition 1.3, we can uniquely 
extend our tensor X (~/) (2} to X (7). in G(oo) (E2 ) so that the Chen identity 
is still satisfied.

Definition 2.49 Let (#,<£>) £ A27r, ^e call X (7)3 to be the signature of the 
boundary curve 7. over [9, (p\.

Theorem 2.50 (Generalised Gauss-Green) Consider an one-form LO — 
u)\dx\ + (jJ^dxi such that for i — 1,2,

2. If I < a < |, Ui G C^(C) and all its first order partial derivatives are 
fl—Holder continuous with (3 > - — 2.

We have the generalized Gauss-Green's formula

TTj ( i u (X (7)) dX (j)} = I I du. (2.20) 
\J / J JD
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Remark 2.51 The integral / u (X (7)) dX (7) is in the sense of rough path 
integral while the double integral is in the usual Lebesgue sense. Note that 
value

is independent of the choices of both the parametrization 0/7 and the rough­ 
ness p.

Proof of the theorem 2.50. Fixed a p > I/a, according to Theorem 
2.47. there is a sequence of rationals 0"fc} fceN such that truncated signatures 
of 7rfc ,

_ 
- s ,t — \^ V- Sl t . s,t

converge in p— variation topology to the tensor

Applying the universal limit theorem - Theorem 1.4, we have 

fu(X (7)) dX (7) = lim [u(S (Yk )) dS (7rfc )
/ k— »oo /

*/ */

Using the fact that TTJ is continuous, we obtain

/ k—>oo I / / W

/ 27T 

u

r
= lim ® a;.

</"y.

On the other hand, the classical Green's formula for domains with C l — 
boundaries implies

f "= du (2.21) J-r k J JDr k
where DTk is the Jordan domain bounded by jTk . Since the Hausdorff di­ 
mension of D is strictly less than 2 and j*k uniformly converges to 7. from 
inside,

= lim
' D fc~>0°

and therefore the claim follows. •



Chapter 3

Two results in the theory of 
rough paths

In this chapter, we collect two results (and their proofs) which are fundamen­ 
tal in nature in the theory of rough paths. The Extension theorem in the 
theory of rough paths (Proposition 1.3 in Chapter 1 or its equivalence, Theo­ 
rem 2.1.1 in Lyons [1998]) states that any p-rough path X. : AT -> T( ^(V) 
can be naturally enhanced as a multiplicative functional of finite p— variation 
on T^(V) for any N > [pj; in other words, all high order tensors of "it­ 
erated integrals" of a rough path are completely determined by its tensors 
of "iterated integrals" of order less than p. In order to prove the Exten­ 
sion theorem, one has to show that a particular sequence of functionals 
{X (n). : A^ — » T^N\V}} n N is Cauchy by applying the maximal inequality 
(see Lyons [1998]) and the fact that there is a control (Definition 3.4 below) 
for the rough path X.. Unfortunately, the assertion that there is a natural 
control for any continuous multiplicative functional with finite p— variation is 
only a mathematics folklore without a proper proof; even there is none in [23] 
as claimed. In Section 3.1, I shall provide an elementary proof of the claim 
which is quoted in Theorem 3.6. The key idea of the proof is to establish 
Corollaries 3.16 and 3.17, i.e. the uniform continuity of our proposed control 

in (3-4) with respect to either the first or second argument of u>x-

In the theory of rough paths, it admits that the signature (recall Defini­ 
tion 1.1) of a geometric rough path completely characterizes the path itself 
in the context of control theory. Along the line of thought, if a space-filling 
curve 7 which can be shown to be a geometric rough path and fills up a geo-

49
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metric object M, it is reasonable to expect that we can extract the analytical 
properties of M by decoding the information contained in the signature of 
7; this is precisely our concern in Chapter 5. In regard to extracting infor­ 
mation embedded in the signature of a path, it is natural to achieve our goal 
by integrating, with aids of different one- forms, against the signature (which 
is now considered as a path itself). Therefore, it is essential to ask if the 
signature of a geometric rough path, or in general any functional of signa­ 
ture, can still be treated as a geometric rough path. In Section 3.2, we shall 
prove Proposition 3.34 which states that any functional of the log-signature 
of a p— geometric rough path can be canonically enhanced as a p— geometric 
rough path.

3.1 Existence of controls for rough paths
The purpose of this section is to establish Theorem 3.6, in particular, the 
joint continuity of the £>— variation MX in (3.4) of a p— rough path X.. Denote 

:0<5 <t

3.1.1 Preliminary definitions
In this subsection, we shall recall the notion of rough paths and control 
functions. We first give the definition of multiplicative functional of finite 
p— variation.

Definition 3.1 A map X. : A^ — > T^(V) is said to be a multiplicative 
functional of degree N G Z+ if

1. For each

*M = (l,Xit ,...,X£), (3.1) 

where X kS]i £ V®k for k = 1, . . . , N.

2. X. is continuous on A^.

3. X. satisfies Chen's identity:

X8 ,t ® XtiU = Xs , u , (3.2) 

for (s, £),(*, u), (s, u) G AT .
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Definition 3.2 A multiplicative functional X. = (I,* 1 , . . . , XN ) onT(N\V), 
is said to be of finite p— variation if

sup V Xltl ltl l <+oo, Vi = l,. ..,//. (3.3)
D[0,T] ^

where the supremwn runs over all finite partitions D [0,T] = {0 = to < • • • < 
o/[0,T].

Now, a rough path is just a special type of multiplicative functionals, 
namely:

Definition 3.3 A p— rough path is a multiplicative functional of degree [p\ 
with finite p— variation.

Next, we define the notion of control function which is a superadditive 
continuous function that vanishes along the main diagonal.

Definition 3.4 A non-negative continuous function uj : A^ — > R is called a 
control if

1. (jj is superadditive:

UJ (S, t}+U (t, U) < UJ (S, It) ,

for(s,t),(t,u) E AT .

2. u(t,t) = 0 for allte [0,T].

3.1.2 Joint continuity of the p— variation of a p— rough 
path

The purpose of this subsection is to prove the following Theorem 3.6 which is 
essential in the theory of rough paths as we pointed out in the introduction 
of this chapter (for further details, one can consult the work [22] and [23]). It 
should be remarked that a proper proof of the statement is not yet available 
in the literature before I drafted this chapter. We begin this subsection by 
first defining a suitable control for a rough path.
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Definition 3.5 Suppose X. is a p— rough path, we define for any (s,t) 6 AT ;

= sup sup]T
l<i<\p] D[s,t]

where the supremum runs over all finite partitions of the interval [s,t\. We 
call MX (-M) the p— variation of X. over[s,t].

Now, we have the statement of our main result in this section, namely: 
the joint continuity of the p— variation LJX in (3.4) of a p— rough path X..

Theorem 3.6 The. p— variation LJX (v) of a p— rough path X. is a control.

Note that X. is uniformly continuous: for any e > 0, there is 6£ > 0, such 
that for alH — 1, . . . , [p\ and any u < v with u — v < 5£ ,

X.u.v < £.

In order to prove Theorem 3.6, we have to first establish a number of lemmas. 
The key lemmas are Corollaries 3.16 and 3.17, i.e. the uniform continuity 
of the p— variation ujx in (3.4) with respect to both the first and second 
arguments of ux respectively.

Lemma 3.7 Let a > 1. For any a, b £ R+ with b < 1, we have

0 < (a + b) a - aa < max {2aaQ ~ 1 , 2a } • b. 

Proof. Note that for x G [0, 1],

(1 + x) a < 1 

1. For a > 6,

(a a
2. For a < b < 1,

(a + 6) Q - aa < 2a ba < Tb.
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•-\thWe next show that in the limit the (p/i] —power of the modulus of the 
tensor X1 is additive.

Lemma 3.8 For each i = 1,...,

lim
e->0

sup
, \t-v\<6e

= 0.

Proof. Firstly, using Chen's identity (3.2), we have for each i = 1,..., \p\ ,

i _ yi i \ ̂  yi—
u,v — A u,( + / ; A u,t

Therefore,

fc=l

fc=l

On the other hand, we have for any (t,v] £ AT- such that \t — v < 8£ ,

k=l
< Ks,

where K = (1 4- [p\ (0;^ (0,T) V 1)). Hence, using Lemma 3.7, for any 
(t,v) G AT with |t- u < Je ,

ri , V~^ yi-L «,t ~^ 2-/ •"-<
fc=l

yi A u,t < max {2p (ux (0, T) V 1), 2P ] Ke
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and hence, we deduce that

sup

We now give a symbol for the measure for deviation from additivity of 
the i ih component of p—variation ux at the order triple (s,£,v).

Definition 3.9 Let (s,t), (t,v) G AT; define

D[a,v]

4 \ /- sup y^
/ „, ., I /——<

sup
Next, we show that the measure for deviation from additivity Dls t v uni­ 

formly approaches to zero as v approaches to t from above; in other words, 
in the limit, the i ih component of p— variation ujx is uniformly additive.

Corollary 3.10 For each i e {1, 2, . . . , \p\] ,

lim sup D\ t .. = 0.
I . •*• O < L . U

Proof. Fixed E > 0 and 0 < At < 6£ . For any partition

of [s, t -f At], where tj < t < t^+i, we have
.7-1'=E XI

n

Therefore, we obtain

E - E x E xi
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Hence, by Definition 3.9, we have for any v E [t, t + At], 

0 < sup D\ tttV

< sup
, \t-v\<Se

E . E
Xlu ,t

Using Lemma 3.8, the result follows. •
Now, we have continuity of the p—variation MX with respect to the second 

argument.

Lemma 3.11 Let (s,t) E Aj. Then we have

lim ujx (5, t + At) = LUX (s, t).

In particular,
lim u>x (s, s + As) = 0.

As->0+

Proof. Note that for every s, tux (s, •) is non-decreasing on [s.T]. We 
shall prove our claim by contradiction. Suppose that it is not the case, 
there would be a pair of (s 0 , to) E A^ such that limAi_t0+ <^x (SQ, ^o + At) —

(SQ, t0 ) > 0; this is only possible if there is i Q E (1, 2,.... |_pj) such that

77 = lim sup Ei
X 10 — sup

JL 
'0

> 0.

As a consequence of Corollary 3.10, for any e > 0, there is a At > 0 such 
that for any v £ (t0 , t 0 -f At),

JL 
*0 < e.

D[t0 ,v]

On the other hand, for any u E [to,^, by definition,
_£.'

(3.5)

sup
£>[to,uj x L

sup
D[u,v]

/ -^ XI < sup V *0

and consequently, using (3.5), for a!H0 < u < v < tQ + At,

0 < sup
D[u,v]

(3.6)
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For any partition V = {t0 = v0 < v\ < • • • < vm = v] of [t0 ,

£
m

< ),m
Z=2

< sup ^o + SUp

therefore, using (3.6), we deduce that for any v G (£Q, £Q +

sup < sup * +2£.

Using (3.5), we also have

lim sup

Since e is arbitrary, we conclude that

lim sup

l° > 77 - 3e.

> T] > 0,

which contradicts the continuity of X. . •
As a corollary, we obtain a partial result on the uniform continuity of the 

p— variation uJx with respect to the second argument.

Corollary 3.12 For each t G [0,T] ;

lim sup ~ ux (s,t)\ = 0.

Proof. Using Lemma 3.11, we have, for every e > 0, there is 6 > 0, such 
that for any v G [t, t + 5],

<wx (£,?;) <£,

and
max sup D^ t1J < e.
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For all s < t and i = 1,2,..., \p\ ,

D[s,i

< sup

Definition 3.13 For any (s,t) G A^, define

Using Chen's identity (3.2), for any (s, £) , (t, u) G

Since all the derivations in the previous lemmas do not rely on the non- 
commutative nature of ®, without further effort, we can immediately deduce 
the continuity of the p— variation ux with respect to the first argument.

Lemma 3.14 For any (s,£) G A^ ;

lim — As, t] — (jjx (s. t]

In particular,
lim ux (s — As, s) = 0.

As->0+

Proof. Note that the arguments in the proofs of Lemmas 3.8, 3.10 and 
3.11 do not depend on the noncommutativity of ®. Following the same lines 
of proof by replacing X. by X., we attain our result. •

Similarly, we also obtain a partial result on the uniform continuity of the 
p—variation ujx with respect to the first argument.

Lemma 3.15 For each t G [0,T],

lim sup -ujx (s,u)\ = 0.
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Proof. For all i = 1, 2, . . . , \p\ , using the fact that X. is continuous and 
Lemma 3.14, for any £ > 0, there is a 6 > 0, such that for u £ [t — 6,t],

and

Consider a partition T) = {s 
. Then we have

= £ 0 ,

< £.

— t} of [s, t] such that tj < u <

<•
/=!

< sup
,u

and so

i-l,*l

k=l

sup

in
\ ̂

/ .

n

t-i,tl

+ sup
s<v<u

< sup + sup Xi

r~l 
^V,U
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where

- LPJ K (0,T) V 1) - max ^u* (O.T) 1 ^ ,2?

The last inequality holds because of Lemma 3.7 and the fact that for all 
(s,t)£AT ,

> < oo. 

Hence

0 < ux (s, t) - ux (s, it) < (jJx (u, t) + max Kl • e.
i=l,...,p

By combining our previous claims, namely Corollaries 3.12 and 3.15, we 
can now deduce the uniform continuity of the p— variation ujx with respect 
to the second and first arguments respectively.

Corollary 3.16 For each t £ [0,T],

lim sup uJx (s,t) — ujx (s,v)\ — 0.

Proof. Combining the results in Lemmas 3.12 and 3.15, we obtain our 
desired result. •

Corollary 3. IT For each s G [0,T] ;

lim sup ujx (s,t) — ux (u, t)\ = 0.

Proof. Again note that arguments leading to Corollary 3.16 do not 
depend on the noncommutativity of ®. By replacing all X. by X., we conclude 
the result. •

We are now ready to settle our Theorem 3.6 as follow.
Proof of Theorem 3.6. It is clear that ujx is both superadditve and 

vanishing on the diagonal. What remains is to establish the joint continuity 
of ux- Let (s,£) £ Aj with s < t. Using Corollaries 3.16 and 3.17, for 
e > 0, there is a positive 6 < ^jp such that for s' £ (s — 6, s + 8} and 
t' £ (t-8,t
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and
\ux (s', t)-ux (s', 01 < £

Therefore
\UX (s,t}-LJX (s',t'}\ <2£.

On the other hand, we consider the case (s, 5) lying on the diagonal. Note 
that ux (s,s) = 0. According to Lemmas 3.11 and 3.14 and the fact that 
X. is continuous, for any £ > 0, there is 6' > 0, such that for u 6 [s - 6', s],
v e [s, s 4- 6'] and i = l,...,[p\,

E
ujx (u,s),ux (s,v], XlUjV * < £ 

therefore,
£

, v) < ux (u, s) + sup sup X^v i + ux (s, v)

Finally, in general, for any (u,v) 6 AT , s - 8' < u < v < s + 6', we have 
, v ) 5: ux (s A ti, s V f ) < 3e. •

3.2 Functions of signatures as geometric rough 
paths

In this section, we first recall some elementary notion in the theory of rough 
paths. We then establish Proposition 3.31 which states that a special family 
of smooth vector fields induces a sequence of recursively defined continuous 
paths such that each of the paths can naturally be enhanced as a geometric 
rough path. As an immediate consequence, we conclude our claim that any 
nice functional of the log-signature of a p- geometric rough path are also 
p— geometric rough paths.

3.2.1 Preliminary definitions and results
This subsection is partially equivalent to Section 1.4 but from a different 
perspective which can ease the development leading to our desired results 
in Chapter 5. We shall first recall the notion of signatures of geometric 
rough paths, and then introduce an alternative yet equivalent definition of
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p— variation topology and finally we state another formulation of Universal 
Limit Theorem in the theory of rough paths.

Consider a separable Banach space (V, • v ) and its family of algebraic 
tensor products V®° fc = V <g) a • • • <8> 0 V" (total of k copies) with tensor norms 

such that:

1.

2. \v <S>w
v

V w ,, where v e V®ak and w G V®* 1 .

The completion of the algebraic tensor product V®nk under the norm 
is denoted by (V® fc , • k ) or V®k for short if the tensor norms are clear.

Definition 3.18 For each N e N, the (truncated) tensor algebra on V , 
®) ; is the direct sum of all tensor products up to order N:

where V®Q = = V.

Definition 3.19 The multiplication in T^N\V] is defined as: V£ = 
"l „ _ (nQ J-.1 ,-JVA c: T(N)(V] thpir nrnHiirt C — (f° f l

/ ; '/ —— \t I i'/ 5 " * * 5 / / ^- \ / ^ t'/fcCt'/ L/ft/U/U/Ut'L —— I v^ 5 1^ ^ .

/orfc = l,2,...,^
fc

•i /o ~~k—i

i=0

Lemma 3.20 Define a norm • (N] on T^(V) such that V£ €

N

fc •

Then, (V) , (TV) is a Banach algebra.

Define a partial order in Aj1 so that (s, t] < (u, v} if both s < u and t < v 
Consider a finite variation continuous path 7. : [0, 1] — »• V. Let 1 < k e Z+ 
the tensor of the fct/l-order iterated integral, as a function from AI to
of 7:

/ /• 
/ • • • / 

J S

is well-defined and continuous on
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Definition 3.21 For any (s,t) G AT; we define

to be the signature 0/7 over [s,t].

According to the work of Lyons and Hambly [2006], the signature 
characterizes the finite variation path 7 over [s, t] up to tree-like pieces. We 
now prepare to extend the notion of signatures to geometric rough paths.

Fix TV € N. We use C (A 1? T (7V) (V}] to denote the space of all continuous
functions X. : A! -> (T^ (V) , • (7V) ) .

Definition 3.22 Define Q N (V) to be the subset of C (A 1? T^ (I/)) con- 
taining all elements X. having properties:

1.

2. X satisfies Chen's identity (3.2):

for any (5, u) < (u,

Definition 3.23 Z)e/^e Gfi^ (K) to be the subset of ttN (V) so that VK
A! — > T(7V ^ (I/) £ G^ (V), i/iere Z5 a finite variation continuous path 7 
[0, 1] — » V suc/i £/m£ /or any A; = 0, . . . , AT,

Definition 3.24 Define the p-variation metric d^ (-,-) on QN (V) so that
\/X.,Y. £tlN (V),

, p/fc., Y.) = max sup ' x v<v ^k
fc/p

where the supremum runs through all partitions V o/[0,1]. T/ie corresponding 
topology induced is called the p-variation topology.
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Remark 3.25 According to the work of Friz and Victoir [2006], the induced 
p— variation topology in Definition 3.24 is equivalent to the one mentioned 
in Section 1.4.

Fix a real number p > I.

Definition 3.26 The set of p—geometric rough paths G£lp (V) is the com­ 
pletion of (7f^p-l (V) in r^p-l (V) under the p—variation metric dp .

Definition 3.27 Let X. G G£lp (V) and 0 < t < 1. Define X^ t as the 
signature and logXQ t as the log-signature of the path XQ : [0, 1] — > V over

Denote the space of all finite variation V- valued paths X. : [0, 1] — > V 
by G& (V). Next, we state an alternative formulation of Universal Limit 
Theorem in the theory of rough paths.

Proposition 3.28 Let V and W be two Banach spaces and f : V — > Lzpja, W] W] 
be a linear map from V to a—Lipschitz vector fields (see Stein [1970] for a 
definition) on W. Define the ltd map I/ : Gtt 1 (V) -> Gft 1 (V ® W) so that 
VX. G Gtt 1 (V),

Z. =If (X.) = X. + K,

where, for some fixed a G W,

dYt = f(Yt)dXt , 
Yo = a.

Also define a linear map h : V © W — > Lip [1, V © W, V © W] such that 
Vx, v G V and y, w G W ,

h(x -}- y] (v -{- w) = h(y] (v + w} = v + f (y] v.

Suppose 1 < p < a. Then for every geometric rough path X. G G£lp (V] such 
that

there is exactly one geometric rough path Z. G G£lp (V 0 W) 5uc/i

can express
. = A". + y.
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2. Z. satisfies the rough differential equation

6Z. = h(Yt + a)(6Z.).

3. The map X^ : X. i — > Z is the unique continuous extension of the ltd 
map If : CT 1 (V) — > GQ 1 (V © W) with respect to p— variation topol­ 
ogy in such a way that for every finite variation path X. with signature
X"

= f f(Yu)dXu .
J S

Proof. For the detail of a proof, one can consult the paper by Lyons 
[1998] on page 298. •

3.2.2 Main results
For m 6 N, consider a family of linear maps fm from f ©JLj V®k , • ^ J to 

the smooth vector fields on (0^ V®k , • (m+1) Y

Definition 3.29 Let X =X° + X 1 + • • • e T (V) with Xm G V®m for m =
0, 1, .... For every k G N, we define

Given a finite variation path 7 : [0, 1] — > V with signature X (~y} st over 
s,t] for all (s,t) 6 AI, we construct a sequence of paths recursively.

Definition 3.30 Define 7/1 such that

For e^er?/ m>l,we also define jfm to be the solution to the integral equation:

m+l

It is clear that each ^fm is both continuous and of finite variation; we now 
attempt to extend this result in the rough path setting. Fix p > 1. '
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Proposition 3.31 For every m <E Z+ , there is a unique map J^m from 
GQP (V) to G£lp (Q)™=i V®k ) such that Jf™ is continuous with respect to 
p— variation topology and for every finite variation path 7.,

Proof. Uniqueness of the map is clear as a continuous extension of a 
definite map. Let 7 : [0, 1] — > V be a finite variation continuous path. For 
m = 1, by definition, xffi (7) = X^u (7) G V®1 . Define a one- form hi such
that VvW e V® 1 and u 1 ) + u/2 > E V® 1 * =1

Consider the rough differential equation

According to Proposition 3.28, the Ito map 2^ is a continuous extension 
with respect to p— variation topology of J/j such that

So we take

For each m e Z+ , consider a finite variation path 0m : [0, 1] — > 0^ V® fc . 
Define an one-form /im such that V^ {m} e © = K® fc , w; {m} -f

hm (w + w; Tn+ ) (i; m = z; m + /m

As above, using Proposition 3.28 again, the Ito map Thm is a continuous 
extension with respect to the p— variation topology of J/m such that

/ V f -LTTl\ \\ O 
n(X(<f> ).)). = S

where Z/m (4>m ) Q is the solution to the integral equation y. = JQ fm (yu ] (drf)™} E 
. We now take
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^v

Suppose V is finite dimensional. Fix an integer N > 1. As a corollary, 
we deduce that the log-signature of a p-geometric rough path can naturally 
be enhanced as a p—geometric rough path.

Corollary 3.32 Given X. € Gtlp (V), the truncated log-signature 
©fcLi V®k can naturally be enhanced as a p-geometric rough path. In partic­ 
ular, i/{X(m).}~_ 1 is a sequence of smooth rough paths converging to X. in
G$lp (V), tfien(logX(m))^ } also converges to (logX)^} in OT

Proof. By suitably choosing the sequence of vector fields {/m } in Propo­ 
sition 3.31, we obtain our result. For example, suppose V has a basis 

t^ choose/! such that for any z^> € V^^w^+w^ 6 V® 1 © (©£=1

\

7T<ei> 6j (g) 6,

then for any Lipschitz path 7 : [0,1] -> K, (logX (7))J2. } = X (7)^. + A

where A (7) 0 . is the Levy area process of 7.. The continuity result also holds 
because of Propositions 3.28 and 3.31. •

Lemma 3.33 Let V and W be two Banach spaces and F : V — »• W be an 
a (> p + 1) -Lipschitz function. Suppose X. e G£lp (V), then F (X] .) can 
naturally be lifted to a p— geometric rough path in GQP (W).

Proof. For any Lipschitz path 7 : [0, 1] -> V, by regarding F (x (7)^ 
as a solution of the differential equation

and using Proposition 3.28, we obtain our claim. •
In general, we can now obtain our main theorem that any functional of 

the log-signature of a geometric rough path can naturally be enhanced as a 
geometric rough path.
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Proposition 3.34 Fix an integer N > 1. Suppose that V is a finite di­ 
mensional and W is a separable Banach space. For any smooth function

can naturally be enhanced as a p— geometric rough path in GQP (W}. In 
particular, the truncated signature

X0(w > = exp 

is also a p—geometric rough path in G$lp (®fc=1 V®k ) •

Proof. As an immediate consequence of Proposition 3.31 and Lemma 
3.33. •
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Chapter 4

Space-filling rough paths

In the theory of rough paths, it admits that the signature (Definition 1.1) of 
a geometric rough path completely characterizes the path itself in the sense 
of controlling any arbitrary controlled differential equation. Along the same 
line of thought, it is interesting to ask if one can find quantities, which are 
analogous to the signature of a path, that can characterize a high dimensional 
geometric object M in the sense of integrating differential forms on M. It is 
expected that the established theory of rough paths may help us to resolve our 
curiosity; indeed, one plausible approach is to first use path(s) to represent a 
high dimensional geometric object .M, and then regard a differential form uj 
as an one-form uj over tensors so that integrating the differential form uj on M 
is the same as integrating the one-form LJ against the path(s). More precisely, 
given a nice high dimensional geometric object M.. can one find a space-filling 
curve 7 for M. which can "naturally" be enhanced as a geometric rough 
path? If the answer were positive, could we find a way so that integrating a 
differential form u on M. is equivalent to integrating an one-form LJ against 
the enhanced path of 7? In Chapter 4, we shall show that a class of space­ 
filling curves are actually geometric rough paths; while in Chapter 5, we shall 
discuss the issue about integrating a differential form on a geometric object 
as contracting a one-form against its space-filling rough paths.

Since many nice geometric objects can be arbitrarily closely approximated 
by a finite number of hypercubes, it is more tractable to commence our 
program of research by first looking for a class of space-filling curves for 
hypercubes that can be lifted as geometric rough paths. In particular, we 
make a conjecture that for each d £ N, the space-filling curve F. (Definition

69
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4.11) for the d— dimensional unit hypercube can be naturally (but not in a 
unique way) enhanced as a p (> d) -geometric rough path. We shall prove 
our claim when d = 3 in this chapter; unfortunately, it is still open for 
d > 4 because iterated integrals of order not less than 4 would need to be 
investigated which seems to be far from trivial.

In Section 4.1, we shall construct the family of space-filling curves F. 
for hypercubes and show that F^ is l/d-H61der continuous. It should be 
noted that the first such construction for d = 2 had been done by Buckley 
[1996]. In Section 4.2 and 4.3, we shall establish respectively the self-similar 
and reversible nature (Definition 4.30) of F^. The key idea to settle our 
conjecture for d = 3 is to first develop recursive relations between tensors of 
iterated integrals of successive approximants as in Subsection 4.4.2. Secondly, 
in Subsection 4.4.3, we use the reversibility of F. to simplify the tensor of 
third order iterated integral of each approximant as an integral of the Levy 
area of the approximant against its increment. Finally, in Subsection 4.4.4 
and 4.4.5, we establish conditions that suffice for an application of Ascoli- 
Azela lemma to conclude our Theorem 4.82 in Subsection 4.4.6.

Let T > 0. In the following, we again use / to denote [0,1] and AT to 
denote {(s,t) : 0 < 5 < t < T}. Also use C and M to denote constants. We 
begin with some elementary notion.

Definition 4.1 Let V be a vector space. Define recursively, for every n £ N,

£l (v) = v,
Cn+l (V) = 

and

Definition 4.2 Let d 6 Z+ and 7. : / -> Kd fce a continuous path of finite 
variation in Kd . For every (s,t) e AI, define

(4.1)

(4.2)
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where {ek } k=l is the standard basis ofRd and

, (4.3)

is called the Levy area of 7. over [s,t] .

Note that A (7.). can be shown to be independent of the choice of the 
basis of V .

Theorem 4.3 (Chen) Consider a finite variation continuous pathj. : [0, 1] - 
V. Denote its signature over [s,t] by S(j.} st . Let (s,£) G AI and n £ N. 
Then the truncated log-signature

Furthermore,
, \ m

(4.4)

(4.5)

Proof. One can consult the work done by Chen [1957], [1958] for details.
•

4.1 A class of space-filling curves
Let d G Z+ . In this section, we introduce a ^ — Holder continuous space-filling 
curve for the unit hypercube Id . A construction for the two dimensional case 
can be found in Buckley [1996]. Our construction given here is the extension 
of the work done by Buckley, namely based on digit construction. We first 
introduce some basic notion and a few elementary results.

Definition 4.4 Define Q to be the set of all Zs — valued sequences,

We now define a map that contracts any infinite sequence from ft as a
real number in /.
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Definition 4.5 Define a map 9 : Q — -> / such that V(cJi)~ 1 G £1,
00

It is clear that 0 is surjective but not injective; for instance, both (1,2,2,...) 
and (2, 0,0,...) are mapped to | by 0. We next give a notation for the preim- 
age under 9~ l of a real number from /.

Definition 4.6 Define T C I to be the set of all numbers having a base-3 
expansion (u^) such that Ui — 0 for all but finitely many i. For each x G F, 
we denote v 4 0-

We then have an elementary result about the cardinality of a set Vx . 

Lemma 4.7 Every element inT has exactly two base-3 expansions, i.e. \/x G
r,

card (Vx ) = 2.

Proof. Let x G F, by definition, there is nx G N such that x can be 
expressed as

oo

E Ui 
¥'

i=l

where LJJ = 0 for all j > nx with ujnx ^ 0. Hence, we have

Lemma 4.8 Every element in I /T has exactly one base-3 expansion, i.e.
//r,

card (Vx ] = 1.

Proof. Note that for every x = (^) G //T, there should be infinitely 
many v{ — I. Let (ui) G Q so that there are infinitely many jk G Z+ such 
that ujjk — 1. For every m G N,

00 00 0

3m-l'
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Therefore, every x G I/T can only have exactly one base-3 expansion. •
We now introduce a notion for the family of maps 0 : / — > £7 such that 

6 o 0 is the identity map on /.

Definition 4.9 Let <£> be the family of all mappings 0 : / — > fi suc/i

We next introduce a way to construct a d— dimensional point in fi out 
from a point in ft. The digit swapping mechanism (4.8) ensures F^ con­ 
structed below is a continuous path.

Definition 4.10 Let d, i G N. For each r G {1, . . . , d], let

A (d\r = {A; e N : 1 < fc < i • d + r} / (dZ + r) . (4.6) 

Define a map G\d] : ft -» ftd such that V (cji) G ft

°) d , (4-7) i= i/ r= i

where for each i G N,

° (mod 2 ) » 
2 - ̂ (i-i)d+r, i/ EfceAd. w* = ! (morf 2 ) •

Definition 4.11 For eac/i 0 G $, iwe define a map F, . / — > /d swc/i, 
VxG/ ;

where i\r : ft d -^ ft zs i/ie projection operator such that

i=l/ fc=l
s,

for every r G {1,..., d}.

We shall now show that the definition of FJ, J is independent of the choice 
of 6.
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Lemma 4.12 For each d G N, the definition of Fy is independent of the 

choice of $ G $. That is to say, V0i, 02 £ $ and rr € /,

Definition 4.13 Define

for some 0 G <£.

/ N _
(X) ~

p(d] A

4>2

(4.9)

For a graphical illustration of 
below:

in the case of d = 2, it is depicted as

_ _ _ _ _ _ _ _
—• "—: — "*""~ ~"~ I " *" '"""

Proof of lemma 4.12. For each x G //F, card (Vx ) = 1 and it is clear 

that FQ (x) is the same for all choices of 0. Without loss of generality, we 
now consider x G F such that its base-3 expansion is

x = • • • ^jdlOO . . . ) 3 =

for some j G N. Observe that
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where

d) _ , 1,0,0,...), if
100 A '£ V^ — 1 /"™ ,7 0\1,2,2, ...), if 2^ k^(d)._^^k = 1 (mod 2)

(r} _ ( 2,2,...), if

^ if u, u, . . . ) , ii

for every r E {2,..., d}. On the other hand,

oo \ d

where

(i)\ ( ( 0,2,2,...), if Efc6 A(d), ,,^ = 0 (mod
) if z, u, u,. . .; , 11

2,2,...), if I
0,0,...), if £*6 A(<o,_ 1 , r U'fc = 1 (mod 2).

for every r G {2,..., d}. Therefore, we have

6 o 7rr o GW (fa, ..., cc; 7- d , 1,0,... U = 0 o 7rr o G [d] (fa ,..., w,- d , 0,2,...

and hence, we conclude that all F^ J (•) agree at x. Other cases can similarly 
be dealt with. •

Corollary 4.14 F : / — > Id is surjective 

Proof. For each k G N and r G {1, . . . ,

(mod 2).

Ml 00
Together with the fact that elements in <{ u\r > are defined recursively, thej 1=1
claim that F is surjective is immediate.
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Definition 4.15 For each d G N, define a map p : £ld — > H such that

a , x\ oo \ d 

U^} } / i=\) T-\

Dp

We next prove our main result in this section, namely: the Holder conti­ 
nuity of F^. The idea of the proof is that our Definition 4.10 of G^ ensures 
every point t 6 [-3, ^r] , for k = 0, . . . , 3 d - 1, with its image F^ (t) to lie
in the sub-hypercube with its main diagonal having endpoints F^ (^) and 
p[d] (k±i\
r \ 3 d /'

Proposition 4.16 For eac/i d G N ; F'd] : / — > /d is — Holder continuous.

Proof. Without loss of generality, consider x = (xi) , y = (?/;) G n such 
that

Ox < 6y,

and po G^ (x), po G^ (y) are different from the (dm] ih term on. According 
to the definition of p and Lemma 4.12, we have

(Ox) - F[d] (6y)\\ 2

= (d-l)(^r) +

and therefore,

(0X ) - pM (Oy)\\ <

In the case that
\Bx - Oy\ > 3~ drn ,

it is clear that

(Ox) - pW (6y)\ < x/dTs \6x - Oy\*

Suppose that
\Ox-Gy\ <3~dm .
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For if there is a j G N with 0 < j < dm so that \/i < j,

Xi = yi butx,-

Under our assumption that 9x < 9y, it is either (1) : yj = 2 and Xj = 0 or 
(2) : yj — Xj + 1. In the former case,

which contradicts to the assumption that \0x — 6y\ < 3~ dm . On the other 
hand, in the second case that

we should have Vi G N with j < i < dm,

Xi = 2, y, = 0; 

otherwise, one can find a j' 6 N with j < j' < dm such that

Vj' -^j' > -1,

and
1/2 212

which again contradicts our assumption that \9x — Oy\ < 3~dm . However, 
even in the present case, the condition still leads to a contradiction to the 
assumption that poG^ (x), poG^ (y) differ from the (dm) th term on. There­ 
fore, we can only have, Vi < dm,

i — y i •

Since #x < Oy and so ^m > x dm, it is either (1) : ^/dm — 2 and Xdm = 0 or 
(2) : ydm — xdm + 1; in the former case, we again have

\6x-6y\ > 3 — dm
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In conclusion, we have Xi = yi for all i < dm and ydm — ^dm + 1- Consider
z = (zi) , z = (zi) e Q such that

Zi = y^ for i < dm, 
^ = 0, for i > dm,

and
Zi = Xi, for i < nm,
^ = 2, for i > nm. 

It is clear that because ydm = Xdm + 1, we have

Ox < 6z = 6z < Oy.

If y and z are different from the kth (> dm) term on, then

dy-Ox > 6y-6z

and

Similarly, if x and z are different from the I th (> dm) term on, then

By -6x > Oz-Ox

and

Using Lemma 4.12 again, we can find 0 and <p € $ such that

(0o6>)(z) = z, 

(?o0)(z) ^ z.

hence we get

Fld] (9z) = F
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Finally, we have

Note that By - 9x > ,;-^ and henc6) 

(6x)\\ < 6 3-3

(Bz) - F [d] (Ox

\6y -

We now conclude our main claim:

Corollary 4.17 : I —> Id is a space-filling curve for Id .

Proof. By combining the results in Corollary 4.14 and Proposition 4.16, 
we conclude our claim. •

4.2 Self-similarity of F. \d]

In this section, we aim to establish the self-similarity of the space-filling curve 
F. 1 J for the unit hypercube Id . We first study properties and the cardinality 
of the set of all orthogonal transformations induced by increments of F; ' 
(see Corollary 4.22).

Definition 4.18 For every v — (i>i,..., 
mation Qv : Rd —> Ed suc/i £/ia£ Vu> G

G R , define a linear transfer-

Qv
1=1

where {el } i=1 is the standard basis for

Lemma 4.19 Let v = (i>i, . . . , Vd) G Rd with Vi = 1 for all i — 1, . . . , d. 
Then, Qv : Rd — > IRd ^5 an orthogonal transformation.
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Definition 4.20 For every k e N and j € {0, 1, . . . , 3 d ' k }, define

t] (d) 4 - (4.10)

and a partition of I ,

± {tk (d} :0<

We first show that pW (t] (d)) and F^ (t lj+l (d)) are endpoints of the 
main diagonal of a sub-hypercube.

Lemma 4.21 For every d £ N and j £ {0, . . . . 3d - l}, we express

tj +I (d)) - fW (t] (d))

e\ (4.11)=
1=1

Suppose that

Then, for every I £ (1, . . . , d},

= 0 (mod 2)

Proof. Without loss of generality, we consider the case that for some 
m < d,

with Ui — 0 for alH = m 4- 1,..., d. Note that

d-l
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According to Definition 4.10, for every / G {1, . . . , d],

= 0 (™od 2 ) 
2)

where
<4, if Efc<;-i ^fc = ° (mod 2) , 

2-Wi, if

On the other hand, for each m G {1, . . . , d — 1},

0,0,...),, if EfcE4(<0iim wt s 1 (mod 2)

o.o.---)3 . if Ek<d-i w* = ° (mod 2) ,
2,2,...),, if 1:^,^ = 1 (mod 2).

Therefore, for every / G {1, . . . , cf},

, >° _£. if V* /,;, = 0 (mnd 9}/.L.— O ofc ) Al S^ L.£- A /j\ ^'/C —— ^ \l I LU(Ji £i \ j

5 2 -r v
=2 9fc 5 ir Z

Other cases can similarly be dealt with. •
We now deduce our claim that each increment F^ (tj+1 (d)) — F^ (tj (c/)) 

induces an orthogonal transformation.

Corollary 4.22 For every d G N and j 6 {0, . . . , 3 d - l}, define

T/ien

an orthogonal transformation on ~Rd . 

Proof. The claim is an immediate consequence of Lemmas 4.19 and 4.21.



82 CHAPTER 4. SPACE-FILLING ROUGH PATHS

For every j G {l,..., 3 d" 1 }, if we express tj (d) as:

it is clear that for each i G {1, . . . , d},

fceA0 ,i fc=i

We now count the total number of different Q~ x [d\ .* 6j

Corollary 4.23 For every d £ N, define

(4.14)

= 0 (mod 2) 
] dsi

Proof. Let

Choose a;/. G (0, 1. 2} for /c £ {1, . . . , c/} such that

d
^ . , , 2^

and for every k G {1, . . . , d — 1} ,

-^ = 1 - 

Using Lemma 4.21, there is jj with

d

and
~ 3
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where
d-l ,

Sd — 2 t (d — 1) — V^ —-— (mod 2) J> —

Also choose i/fc e {0,1, 2}, /c = 1,.... d such that

d

>k = 0 (mod 2),
fc=i 

and for every /c £ {1, . . . , d — 1} ,

2 

Using Lemma 4.21 again, there is ji with

and

where

~ 1-^ (mod 2)^-1.
fc=i

It is clear that s^ = s^ if and only if d is odd; hence the result follows. • 
Finally, we show that each Q 7 ,[d] is positively oriented when d is an odd6dj

number. We first have a lemma:

Lemma 4.24 Let d be an odd number. For every j G {0,..., 3 d — l} ;

d '

1=1
Proof. According to Lemma 4.21,

[ d}\ !' if Efc€ A(d) 1 , ^k = 0 (mod 2) , 
-1, if £fc eA(d) wfc = 1 (mod 2) ,
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where

Let m and n be the number of "0" and "2" and the number of "1" respectively 
and so d = m + n. We have two cases:

1. For even m and odd n, there are an even number of sgn (5^ J = — 1
\ / t

and an odd number of sgn

2. For odd m and even n, we again have an even number of sgn — 

— 1 and an odd number of sgn (<5J M =1.

Corollary 4.25 Let d be an odd number. For every j G {O,. .., 3d — l} ;
has a unit determinant, i.e.

det (Q^w] = 1. (4.16)

Finally, we conclude this section with our main result that F is self- 
similar which eases our computation of controls for the approximants of F^ 
in the course of establishing the geometric rough path nature of F^.

Proposition 4.26 (Self-similarity of F^) Let j G {0, . . . , 3 d - l}. For
any t G [i] (d) , tj+1 (d)] , we have

(t) = F® (t} (d)) + QM M o 6, (FW (3" (t - t] (d)))) . (4.17) 

Proof. Let

t=i 
and

E ^i
00

1=1 1=1
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Then
oo

by Definition 4.11 and Lemma 4.12, we have

where

%-Dd+m, ^ EfceA(d) J _ lim ^ = ° ( m°rf 2 )

2 - %-i)d+m, if Efc 6 A(d),._ lim ^ = ! (mod 2 ) 

On the other hand, we also have

where

fll I 2 - tjm , if E^™ ! wfc = 1 (mod 2).v. '"•' A—JK<.m—i "" \ /

and for each j G N with j > 2,
V1

i TT) ) I i./ — / ~i Tit 5 / ^y K~f TTi ^^ ' --* rC ^ AA f Cl) • rC ' \ ^"-^ ^^ y
a \ — < __ „__ J —2,m

o \ c\ m f V~^ i V^ __ -i / i o\

w- if Efc^m ^ = 0 (mod 2) , 
2-^-i, if E^m^^l (mod 2).

Therefore, for every m G {1, . . . , d},

(t _ t .
Using Lemma 4.21, we conclude our claim. •

Definition 4.27 For every d G Z+ and j G {0, ... 3 d - l}, de/me an affine 
map P ] : Rd -^ Rd such that Vv G Rd ,

(4.18) 

where, for any X > 0, 6\ : Rd —> Rd is the X— dilation map so that Vi> G Rd ,
= A • u.
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Definition 4.28 Let r, k G Z+ . For every j € {0,..., 3dfc - l}, we ei
all tk (d) e [0,1] as:

kd 
+k

31

Define a map nr : VT (d) -* N such that

•nnr
i=l

Corollary 4.29 Let k G Z+ . For any t G [tf (d) , tkj+l (d)], we can exp

(t)

r=l

Proof. We shall prove the result by induction. In accordance with P: 
sition 4.26, the result is true for the case k = 1. Assume it is true f< 
k < n. Note that for every k > 2 and r > 1,

k r+1

and consequently, using the induction hypothesis, we have

(d))
3 t - 3d

n-l

3
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Using Proposition 4.26 again, we have

p[d\ f t \ = p[d] (d))

After substitution, we deduce our claim. •

4.3 Reversible paths
In this section, we introduce the notion of reversible paths and then show 
that both F. and the path defined in Definition 4.34 are reversible paths. 
In Section 4.4, we shall use the reversibility of F. ' to simplify the level three 
component of the signature of each approximant of F. as an integral of the 
Levy area of the approximant against its increment.

Definition 4.30 Any continuous path 7. : /
V* e /,

7* - 7o = - (7i-t ~

or

l.d is said to be reversible if

(4.21)

(4.22)

Notice that reversibility of a path is preserved under any affine transforma­ 
tion.

Lemma 4.31 Let A : Rd —> Md 6e an aj^ne map ana7 7. : / 
reversible path. Then, A o 7. : / —> Rd is also reversible.

be a
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Proof. The linear relation in the definition of reversibility of a path is 
preserved under any affine transformation. •

Before establishing a common property of reversible paths, we first es­ 
tablish the claim that F. is a reversible path. Once again, Definition 4.10 
of G^ plays a key role in our argument leading to the claim.

Lemma 4.32 : I — > I d is a reversible path.

Proof. Let t £ I be such that
oo Uk_ 

3 fc

By construction, if F^ (t) = (F^ (t) l ,... ,F^ (£) d), then for every r

00 „»

fc=l

such that for all i G

u(r) =
Ul ^ 2 if

2 )

= 1 (mod 2)

Note that F^ (0) = (0, . . . , 0) and F^ (1) = (!,..., 1). Now,

00 (r )

oo

where for every i €

u(i_ l)d+r ,

w(l _ l)d+r , 
2 - w (i - l]d+T ,

if
if Z)fceA(d) i _ lir a'fc

if 
if

= 0 (mod 2), 
= ! (mod 2).

= 0 (mod 2) , 
= 1 (mod 2) ,
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such that Vn G N, wn = 2 - un . It is clear that
00 OO

E Wk -. V—^ ^k
O ]? / J O /-< K ' -J Jf^

hence for every r G { 1 , . . . , d] ,

( 0 ) r

Consider a reversible path 7. : / — > Rd . According to Chen's theorem, 
Theorem 4.3, for every (s,t) G AI, we can express the signature

for some / (7.)* t G £z (Md ), i £ N. We then have the result that every even 
order component of the signature over [0,1] is vanished.

Lemma 4.33 Let 7. : / — >• R be a reversible path. Then for every n G N, 
we have

Proof. Since 7i_. is the path running backwards, so
/ oo

S (7i-)o,i = •? (7.)o,l - exp - ̂  / (7.)^ . (4.23)
\ ^=\

Since 7, : / — > Ed is reversible, we therefore have

\
(4-24)

i=i
By equating the two expressions (4.23) and (4.24), we deduce our claim. • 

It would be interesting to ask if the converse of Lemma 4.33 still holds; 
unfortunately, before the submission of this thesis, the problem still remains 
unsolved. We next generalize our claim in Lemma 4.32 to more general class 
of paths which are basically induced by F. . We shall later show in our 
main theorem, Theorem 4.82, that each of various F^ [T.]. would induce a 
sequence of paths that will converge to different geometric rough path yet 
having a common increment process



90 CHAPTER 4. SPACE-FILLING ROUGH PATHS

Definition 4.34 Let r. : I —» Id be a continuous path such that TO = 
(0,..., 0) and TI = (!,...,!). Define a continuous path F^ [r.]. : / —> Id so 
that for every j € {0,. -., 3d } and t e [t] (d) , t] +l (d)} ,

t] (d)) + Q [d] 061 \T t _ t i (d)
i o I _____J.——„.

(4.25)

_ _ _ J. _ _ -N.^v_

Lemma 4.35 Suppose T. : I —> Id is a reversible path such that TO = 
(0,..., 0) and TI = (1,. .., 1). T/ien F^ [r.]. : I -^ Id is also reversible.

Proof. Denote (!,...,!) by 1. For every j G {0,....3d } and t e

1 - t - (1 - t}+l (d))

It is clear that

Since r. is reversible, hence

- Uj (t) = Vj (t)

uj (t)
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Note that, using the fact that F. * is reversible, we have

(1 - t] (d)) - fW (i _ t i+i 

Using Proposition 4.26, we also have

= F[d] (1 - t] (d)} - Q

Now, using the fact that F. * is reversible again, we have 

[T.] Q + FW [T.], - F^ [T.] f

- t] (d)) + Q 

F [d] (l - t lj+1 (d)) + Q

f3l4.4 Enhancing F. as a geometric rough path
In this section, we establish our main theorem, Theorem 4.82, that each of 
various sequences of R3 —valued paths as defined in Definition 4.46 converges 
to ap (> 3) —geometric rough path so that, in any case, its increment process 
is still equal to F. . The key idea to settle our claim is to first develop 
recursive relations between tensors of iterated integrals of successive paths

[31as defined in Definition 4.46 by using the self-similarity of F. . Secondly, 
in Subsection 4.4.3, we shall apply the reversibility of F.' ' and the recursive 
relations developed in Subsection 4.4.2 to simplify the third level component 
of the signature over / of each member of a sequence of paths as defined 
in Definition 4.4.6 as an integral of the Levy area of the member against 
its increment. Finally, from Subsection 4.4.4 to 4.4.6, we shall establish the
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uniform boundedness and equicontinuity of the signatures (as functions on 
AT) of paths as defined in Definition 4.4.6 and these conditions will suffice 

for an application of Ascoli-Azela lemma to conclude our Theorem 4.82 in 
Subsection 4.4.6. We first enclose some preliminary definitions and results 

that will motive our desired results in later sections.

4.4.1 Preliminary definitions and results

In this subsection, we show that the p—variation of a group-valued path can 
be controlled by the suitably chosen partial sums. The result is a generaliza­ 

tion of Theorem 4.1.1 on page 62 in the book by Lyons and Qian [2002]. The 
idea of the proof is the same as that leading to the well-known Kolmogorov's 

continuity theorem in the context of probability theory.
Let e < d G N. For every k G N and j G (0,..., 3d }, we again define

n

and
: 0 < j < 3d ' k }

as a partition of /. We first recall the notion of symmetric homogeneous 
norms on G^ (Rd) as stated in Section 1.4.

onDefinition 4.36 Define a symmetric homogeneous norm 
so that Mg = 1 + g l + • • • + ge G G (e) (Rd ),

(4.26)
i—l,...,e

Also define a metric de (-, •) on G(e) (Ed) so that Vp, h G <3 (e) (Rd),

de (g,ti) = \\g~ l <g>/i|| (4.27)

Next we make a remark on the invariant nature of the symmetric homo­ 
geneous norm

Lemma 4.37 Let V be a Hilbert space with tensor norms • { on V®\ Sup­ 
pose all • i are invariant with respect to an orthogonal transformation Q : 
V —* V • Then the symmetric homogeneous norm \\-\\ is also invariant with 
respect to Q.
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In the rest of this chapter, we assume that every symmetric homogeneous 
norm \\-\\ e under consideration is invariant with respect to all orthogonal 
transformations on Rd . We next recall the notion of p— variation.

Definition 4.38 Denote the set of all (G^ (Rd ) , de (•, •)) - valued contin­ 
uous paths by Ad .

Definition 4.39 For every X. : / -» G^ (Rd ) e Ad , define

Xs ,t ±X; l ®Xt . (4.28)

Definition 4.40 Define a p— variation metric de (-,-) on Ad so that \/X. : 
I -> G^ (Rd) , Y. : I -> G^ (Rd) e ^ d ,

sup

where the supremum runs through all possible partitions V of I .

We next establish a way on how to effectively partition any interval (s, t) 
by points t* (d).

Lemma 4.41 Let 0<s<t<lso that there is an m £ N with

-d(m+l) _

i/iere are /cm+i,rm+ i G N it/ii/i 0 < rm+ i < 3d and four sequences of 
natural numbers {oir }^Lm+l , {0r }™=m+l , {7r}^lm+ i arirf {^}^m+1 such that:

/cm+1 and rm+1 
are chosen in such a way that rm+ i is the largest number so that

Vr = m+ l,

0 < (3T < 3 d , 
0 < 6r < 3d .
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3. Vr = m + 2, m 4- 3, . . . , fro£/i ar and 
f3T is the largest number so that

chosen in such a way that

Vr — m 4- 2, m + 3,..., both jr and 6r are chosen in such a way that 6r 
is the largest number such that

_ JT + 1= , t.

Proof. Similar arguments to the one used in proving Theorem 4.1.1 on 
page 62 in Lyons and Qian [2002] can be adopted. •

We next provide an effective bound for the norm of the signature a path 
over (5, t) by the norms of the signatures of the path over (t* (d), tj+1 (d)).

Corollary 4.42 Let X. : I -> G& (Rd ) G Ad . For every (s,t) G A! so that 
for some m G N,

q—d(m+l) ^- ± __ ^ o—dm

we have
ri-l

LA. c /|| S) t
1=0

00 /3r -l

Z._s 
r=m+2 k=Q

oo 6r ~ 1

r-m+2 fc=

(4.30)

Proof. By combining Lemma 4.41 and the triangle inequality satisfied 
by the homogeneous norm \\-\\ e , we deduce our claim. •

Lemma 4.43 For any sequence of m non-negative numbers 
have

am , we

m

1=1

Proof. This is a special case of Holder's inequality.
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Corollary 4.44 LetX. : I -> G& (Rd) e Ad . For every p >dand\> p-l,

•ri-l

(d)

00

E (d)

oo <5 r — 1r"E
r-m+2 k=Q
E (4.31)

where
00

IV (4.32)

Proof. As a consequence of Corollary 4.42 and Lemma 4.43, using 
Holder's inequality,

1=0
+m+l /A ,m+l

+

oo

E
,r=m+2

\ X

oo

+ I > r

E
fc=0 

<5r -l

n-l

OO

4- I '> r
oo

oo

r-m+2 

P- 1 oo

r=m+2

(d)
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n-l
P

Finally, we deduce our claim that the p— variation of the signature of a 
path over / is bounded above by a sum involving the norms of the signatures 
of the path over (tj (d) , tj+1 (d)) .

Proposition 4.45 Let X.
have,

: I ) e A.d and A > p - 1. Then we

oo

Xtlt t l+l \\ Pe (4-33)
r=0

Proof. For every partition T> = {0 = ^ < ^i <••• < tn = 1} of/, since 
for any i 7^ j, (ti,ti+1 ) n (tj, tj+i) = 0, using Corollary 4.44, we have

p
oo

/ \ 6
4.4.2 Linear recursive relations between I loqXT fn) n i I\ ^ i \ /u,iy

In this subsection, all the results hold for any integral value of d. We shall 
establish recursive relations between tensors of iterated integrals of successive 
paths as denned in Definition 4.46 by using the self-similarity of F^. We 
next use the self-similar maps Pj as defined in Definition 4.27 to construct 
a sequence of reversible paths:
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Definition 4.46 Let r. : I — » Id be a reversible path with TO = O and r\ = 
(1, . . . , 1). In accordance with Lemma 4.35, define a sequence of reversible 
paths {r (n), : I -> Id ] so that Vn G N,

r(0). = r., 
r(n+l). - F^[r(n).].. (4.34)

For simplicity, we also denote, Vt G /,

XT (n) t ±S(T(n)) Qit . (4.35)

Definition 4.47 Let V be a vector space. For every k G N, define

Xk A ej^y®'.

7n accordance with Chow's theorem, for every path r. : / — > V, define Lk (r.) G 
(K) 50

oo

(4 - 36 )

In the rest of this subsection, we shall establish linear recursive relations 
for low order Lie elements Lk (r (n) ). We first have a result that Lie elements 
kn G £n (V) are in the centre of Jn .

Lemma 4.48 Le£ V be a vector space. For every n G Z+ and i G {1, . . . , n}, 
let l\ kl G ^ (V). Then, we have

exp (I 1 + • • • + T 4- /cn ) = exp (/ : + • • • + /n ) exp (/cn ) (mod In+l )
= exp (/cn ) exp (I 1 + • • • +

Definition 4.49 Define T : I ^ Id to be a path such that Vt G /,

where (e/c }^=rl is i/ie standard basis ofRd .
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Lemma 4.50 Let 7. : / — » Id be a reversible path with ^Q = O and 71 = 
(!,...,!). For every n 6 N, we have

S (7 (n + !).)„_,
3 d -l

Proof. Using Lemma 4.35 and by induction, for every n 6 N, 7 (n) is 
reversible. According to Lemma 4.33, we have

and hence, using Lemma 4.48.

S(7(n).)0il = exp(L 1 (7 (n).) 0]1 +L3 (7 (n).))

= exp(L1 (7 (n).) 0il )exp(L3 (7(n).)) 

Note that for every n G N,

and moreover, for every j e {0, . . . , 3 rf - l},

Using Lemma 4.48 again, we also have

~ exp (pM (L1 (7 (n).)w)) ® • • • ® exp (pjl, (i1 (7 (n).)OJ ))

/Oi Q (mod
Note that by definition and Chen's identity (1.3),

= exp . 0l ® ... ® exp

= exp (pM (V (7(n).) 0>1 )) ® • • • ® exp (P^ (i> (7 („).)„_,)) ,
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therefore, after substitution into (4.38), the claim follows. •
We finally attain the recursive relations between tensors of iterated inte­ 

grals of successive members as defined in Definition 4.46.

Proposition 4.51 Let 7. : / —> Id be a reversible path with 70 = O and 
7i — (!,...,!). For every n (E N,

L'Mn + l).) = L 1 (F® (T.).) , (4.39) 
L2 (7 (n+l).) = L2 (F^ (T.).) = 0, (4.40)

3d —

j=o

Proof. In accordance with the fact that every 7 (n) is reversible, we 
again have, for Vn £ N,

' (7 (").)„,, = i'

= 0.

The claim is now an immediate consequence of Definition 4.47 and Lemmas 
4.48 and 4.50. •

4.4.3 Expressing coefficients of L3 (T.) in terms of in­ 
crement and Levy area

In this subsection, we assume that all paths under consideration are of finite 
variation. Let d G N and r : I — > Id be a reversible path. We shall apply 
the reversibility of r. to simplify the expression of the third order Lie element 
L3 (r.) as an integral of the Levy area of T. against the increment of T..

Lemma 4.52 Let T. : I —> Id be a reversible path. Then we have

i3 (r.) = S(r.)2, 1 -ii1 (r.)«3 . (4.42)

Proof. According to Lemma 4.33,

5(r.) 0>1 = exp (L 1 (r.) + L3 (r.)) (modi,) ,
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therefore
= -L•^0,1 ~ ^7-^ \'-J ' ^ v 7"') '

Taking {e*}^ to be the standard basis of Rd . Let 7. : / -> Rd be a 
continuous path, we express

L3 M'3 ' k e l ® eJ ® e k . (4.43)

Corollary 4.53 Let r. : I — > Id be a reversible path. For any i,j,k

£3 (T W> fc _

i /y1 ,, w r 1 , , w f l , k \ , AAA , ~^T / drii / dri / rfr-3 • ( 4 - 44 )
o! Wo / V^o / \7o /

Lemma 4.54 Let r. : I —> Id be a reversible path. For any i : j, k E {1,..., d},

/ _ 
dr^dr^ drL-

Proof. Since r. is reversible, for any u G /,

dru = d(~Ti^u). 

Hence, we have

—U 2 <1—
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Corollary 4.55 Let r. : I —> Id be a reversible path. For any i,j,k £

'0

f f f
0<U1<U2<U3<1

(4.46)

Proof. After expanding the product of integrals as a shuffle product, the 
result is an immediate consequence of Lemma 4.54. •

Lemma 4.56 Let r. : I — » Id be a reversible path. For any i, j, k G {1, . . . , d},

Proof. Note that for any reversible path r. and u G /, as an immediate 
consequence of the definition of Levy area A. in (4.2),

A (T.).,, - -A (r.) OJ _ u . 

Therefore, we deduce that

-u<l

Finally, we have our desired expression: 

Proposition 4.57 Let r. : / — > Id be a reversible path. For any i,j,k

(r j, = 2
O<u<l J0<u<l

_
•J
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Proof. Applying Corollaries 4.53 and 4.55 and Lemma 4.54, we have 

9 r 1
7" ^ / \i 1 K I 1 i T i J h

LJ ( T~ ) ——- — / OiTT CL1~ CL7~ — — \ / O / "^1 ^-2 f-3 Q
^ \-/0<Ui<ti2 <U3<l

2 / J i 7 ? J fc "*"// JtJ/CJ?

3

drj drl dra ' U ' a '

i
3

3 

Applying Lemma 4.56, we conclude our claim. •

Lemma 4.58 Lei T. : I -* Id be a reversible path with TQ = O and TI —
(!,...,!). For every i,j £ {1,..., d} and t G [0, |] ; i6»e have

i --v-; t 'i +7W'-^)- (4 - 48 )
"'2 f >2 4V 1- 1 /

For ani/1 G [|, l] ; w;e have

. . 1 .
A fr )nj. = A (r I 1 '-7, 4- A (r )VJ + - ( rl — rl} (4 4Q")V / (I /• V / n * V / 1 •*• ' j V r f i * iTt.Te/jU)C u '2 2>* 4 v y 

Proof. For any i G [0. |], using Chen's identity (1.3), we have

Note that since r. is reversible,

1
Tl = -' 

2 9

Tl_f — Tl = — (Tl , f — T\
2 2 V 2~K 2



4.4. ENHANCING F.[3] AS A GEOMETRIC ROUGH PATH 103

Hence, we have

A(T.)%=A(r.%t + A(r.)% + \(i(±-^-Ti(\-,

After rearranging the terms we obtain our first identity (4.48); similar calcu­ 
lations deduce the second identity (4.49). •

Furthermore, we can have an alternative expression of the integrals on 
the right hand side of formula (4.47); we first need a lemma:

Lemma 4.59 Let r. : I —> Id be a reversible path with TO — O and TI = 
(!,...,!). For anyt G [0, |] ,

(4.50)_
2 ' 2 2 ' 2

Proof. Again using the fact that if r. is reversible,

-\-t-T\ = -n+'-^J'
the result is immediate in accordance with the definition of Levy area A (r.) 
in (4.2). •

Corollary 4.60 Let T. : I —> Id be a reversible path with TO = O and T\ — 
(!,...,!). For any i,j G {1,..., rf} and t G [0, |],

.) +( = 2 A (T.)*^ + A (r.)\J 1 . (4.51)
, 2 ^^^^ \ u '2 2'2

Proof. Note that if r. is reversible and t G [0, |] ,

n . 4- ri , , — 2n = 1.
2 C 2"t" C 2

Using this fact and Lemma 4.59, summing the two identities in Lemma 4.58, 
we deduce our identity (4.51). •

Proposition 4.61 Let T. : I —+ Id be a reversible path with TQ = O and 
n = (1,. . . ,1). For any ij,k G {!,. ..,d},

*« (4 - 52 )
r O<u<l "'
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Proof. Firstly, we have

after substituting the expression (4.51) from Corollary 4.60, we obtain our 
first identity. Furthermore, applying integration by parts to the first identity 
(4.52), we also obtain our second formula (4.53). •

4.4.4 Uniform boundedness of Xr when

In this subsection, we shall establish the uniform boundedness of the sym­ 
metric homogeneous norms (4.26) of the truncated signatures of members of 
a sequence as defined in Definition 4.46. More precisely, we aim to show that

sup < 00.

In addition, we also find an explicit expression for L3 (r (n)_).
Let d — 3. Recall that we define T : / —» / 3 to be the path so that Vt £ /,

where {ei, e2 , e 3 } is the standard basis for IR3 . We first introduce an algebraic 
lemma which provides us an effective basis for £3 (R3 ).

Lemma 4.62 The set B of the following 8 elements constitutes a basis for
" (R3 ) :

[e2 ,[eV]],
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Proof. A direct calculation implies our claim. •
Define A = {[e 1 , [e2 ,e3]], [e2 , [e^e 1 ]]}. Let us now find the coefficients 

of those dominant terms in the representation of L3 (T.) with respect to the 
basis B.

Lemma 4.63 Let r. : I —> /3 be a reversible path. If we express

L3 (r.) 4 a (r.) 1M [e 1 , [e2 ,e3 ]] + a(r.) 23I [e2 , [e*,e 1 }} + ..., (4.54) 

then we have

a(r.) 123 = L3 (r.) 1A3 , (4.55) 
a(r.) 231 - -L3 ^.) 3 ' 1 ' 2 . (4.56)

Proof. Note that

[e 1 , [e 2 ,e3]] = e 1 <g> e2 0 e3 - e 1 <g> e3 0 e2 - e2 ® e3 0 e 1 + e3 <g> e2 ® e 1 , 
[e2 , [e 3 ,e ! ]] = e2 ® e3 <g> e 1 - e 2 <g) e 1 ® e3 - e3 <g> e 1 0 e2 + e 1 <g) e3 ® e2 .

It is clear that
span A n span (/3/.A) = {0} ,

hence the result follows. •
Actually, both a(r.) 123 and a(r.) 231 are vanished; we first need a critical 

lemma:

Lemma 4.64

JO
= 0.

Proof. Define a map J : R2 -> R such that Va,/3 G R,

: + /%-;TU.
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Using the formula (4.53) in Proposition 4.61, we can reduce the evaluation 
of

o
to calculating a sum of 9 values of J (a, /?) at specific values of a and /?; 
indeed, for some non-zero constant c,

- 1
1/2

= o.
Similar calculations lead to the conclusion that the other two integrals also 
vanish. •

Corollary 4.65

Proof. This is an immediate consequence of Proposition 4.57 and Lem­ 
mas 4.63 and 4.64. •

For every i E {1, 2, 3}, define an orthogonal transformation Q { : R3 -» R3 
so that Vj <E {1,2,3},

where 5l (•) : N — > N is the Kronecker delta function. In accordance with 
Corollary 4.23,

indeed, we have



4.4. ENHANCING F|3] AS A GEOMETRIC ROUGH PATH 107

1. 9 of Q~ x \3] are the identity map / : R3 —> R3 .
60 3

2. 6 of Q35 i3] are Qj.

3. 6 of Q 3(5 [ 3 ] are Q 2 .

4. 6 of Q 3<5 (3] are Q3 .
j

We finally have the formula for the third level Lie element of r(n). by 
applying the recursive relations obtained in Subsection 4.4.2.

Proposition 4.66 Let r. : I —> /3 be a reversible path with TQ = O and 
TI = (!,...,!). Then we have

L3 (r(n).) 

1 (T .)) +L3 (T-3

+ a(r(0)J231 [e2 ,[e3 ,e 1 ]]}, (4.57) 

and therefore {L3 (r (^).)} neN is a convergent sequence.

Proof. Note that, by direct calculation, for every v G B/A,

3=0

however, for every w G A,

3 3 -l
/ _ \ ivi.-\

(w) — w. 

Nevertheless, in accordance with Proposition 4.51 and Corollary 4.65,

a (T ( 1 ).)l23 = a
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Similarly, we also have

By induction, we have, for every n £ N,

Using (4.41) in Proposition 4.51 and by induction, we can deduce our claim.

Let m < d S R For any g = exp (I 1 + • • • + l m) with I* e £' (Kd), define

HslU = max

Note that IHI^mY]^ is a symmetric homogeneous norm on G^ (Rdy, ac­ 
cording to the work of Goodman [1977], IH^m^) is equivalent to ||-|| m . As 
a consequence of Proposition 4.66, we now have the uniform boundedness of

Q

the moduli of the truncated signatures XT (n) 0 r

Corollary 4.67 Let r. : / —-> /3 be a finite variation reversible path with 
TQ = O and TI = (1,..., 1). Then we have

sup < CO. (4.58)

Proof. In accordance with Proposition 4.51, for every n G N,

L2 (r(n).) -

As a result of Proposition 4.66, we therefore have, for some C > 0,

sup < Csup
£3 (R3 )

max
i=l,2,3

< CO.
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4.4.5 On uniform boundedness of {de (Xr (n) e , 1)}

Let e < d £ N. In this subsection, we assume r : I —> Id to be a finite 
variation reversible path with TO = O and r\ = (!,...,!). We shall estab­ 
lish a condition (4.65) under which we can obtain uniform boundedness of 
p(> 3) —variations of the group-valued paths XT (n} e for all n £ N. As an 
application, we shall prove that

sup d3ip (XT (n) 3 , l) < oo.

Definition 4.68 For every k £ N and p > d, define

v / \s / \e\ Apk (XT (n),) = •i >S:+i
(4.59)

Lemma 4.69 For every k £ Z+ and p > d,

1
varpk (Xr (n 3P - ;_!(^(n) e ). (4.60)

Proof. Using the invariant nature of ||-|| e with respect to all orthogonal 
transformations, we have

varpk (Xr (n

XT (n

= E XT (n

/A^

XT

i]

-1 4 fc-l t+1

1
3

p-d

E
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Corollary 4.70 Let n E Z+ . For any I < k < n and p > d,

(Xr (n) e ) = var^ (XT (n — k) e ). (4.61)

For any k > n,
n

j-d V<-n (Xr (O) 6 ) - (4.62)

Proof. Applying Lemma 4.69 and by an induction argument, we con­ 
clude our claim. •

Lemma 4.71 Suppose that T' : I 
k > n, we have

ld is piecewise continuous. For any

(Xr < sup r
1 r/ l xfc-n

-d (4.63)

Proof. Let (s,t) £ AI. Note that the length l(r.) st of r. over (s,t) is 
bounded above as:

<sup r{ • s-t\.

Also

Now, for any p > d > 1,

varl_ n (XT (0)") =

max (r.)V ^

< sup ^ • 1
3d(/c-n)

\ p-1 
J -sup r't

Using (4.62) in Corollary 4.70, we obtain our inequality.
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Proposition 4.72 Let r1 : I
and X > p — I, we have

be piecewise continuous. For any p > d

oo 1 Y

XT (n-r) eQtl

j-d (4.64)
r=

Furthermore, if

then we also have
fc€N

XT Mo,! < (X), (4.65)

t£l
. (4.66)

Proof. Using Proposition 4.45, Corollary 4.70 and Lemma 4.71, we have

XT (n) etit ti+l

< c (p, d, 1, A) (1 + r

00

(XT (n - r) e )

n "—n

Note that by definition,

pQ (Xr (n ~ r) e ) = Xr (n- r) eQ1

and for any d > 1,
1 1

Qpd—oi — 3P~^

After simplification and substitution, our claims are immediate.



112 CHAPTER 4. SPACE-FILLING ROUGH PATHS

Corollary 4.73 Let r : I —> I3 be a finite variation reversible path with 
TO = O and TI = (!,...,!) such that r' : I —» R3 is piecewise continuous. 
For any p > 3,

oo.

Proof. This is an immediate consequence of Corollary 4.67 and Propo­ 
sition 4.72. •

4.4.6 On equicontinuity of Xr (n) e
Let e < d E N. In this subsection, we again assume r : / -— >• Id to be a re­ 
versible path with TO = O and TI = (!,...,!). We shall establish a condition 
as stated in Proposition 4.76 under which we can obtain equicontinuity of 
the group-valued paths XT (n) e for all n <E N. As an application, using the 
idea of proof leading the well-known Ascoli-Azela lemma, we shall prove that 

is Cauchy.

Lemma 4.74 Let /c, n £ N with k < n. For any i E {O, . . . , 3kd — l} ; we 
have

sup XT (•»);„,

induction, we also have

1 sup

sup T (n) fe\ H3 , sup XT (n - k) etV y ^'

Proof. This is an immediate consequence of the self-similar construction 
of {r (n).}n£N as defined in Definition 4.46. •

Corollary 4.75 Let /c,n E N with k < n. For any i E {0,..., 3kd — l} ;

sup r (n)f T v 'tj, Me (r),e V ' '
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Proposition 4.76 Suppose that

Me (r) = sup de>p (XT (n) e , 1) < oo.

The family of G^ (Rd ) — valued continuous paths

is equicontinuous.

Proof. Given e > 0, we choose /c0 G N such that

0
pfco

Using Corollary 4.75, Vm > /CQ, 5, t G [tf, tf+1 ] and i G {0,..

P 1

3 fcd - l},

3pfc0 Me (r).

In general, for any (s,t) G AX with 5 — t\ < ^5-, there is 
that

5 < t 1*0 < t,

and so

G [0, 1] such

XT (m) s,t

On the other hand, since all paths Xr (n} e : I —> G^ (Rd ) are continuous, 
one can choose 6 > 0 such that for all 0 < n < /c0 , V(s,t) G A! with

-*|<£,
< e.

Combining the results, we conclude that Vn G N, (s,i) G A! with s — t\ < 
J,^-), we have

< e.
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Lemma 4.77 Let r : I — > / 3 be a finite variation reversible path with TO = 0 
and n = (1, . . . , 1). For any k € N and tk3 (3) G £> fc (3), tfie limit

lim XT (n),fc f3) exists.
n— »oo

Proof. For any (s,£) G A 1? we define

*T (n) s, = exp (L (n)i ff + L (n)J, + L (n)^) (mo^ 74 ) 

Fix a /c G N. For every d G N and j G {0, . . . , 3dk - l}, define

Also define an affine map P (k) [f] : E3 -> IR3 such that V^ G E3 ,
J

P (k)W (V) A o

Note that because of the self-similar construction and the reversibility of 
r (n)., using Lemma 4. 48 and Proposition 4. 51, for any n > /c, j G {0, . . . , 3dk },

(g) exp I ^ (P (k) 1̂  (L (n - /c)^) J (mod I±)
\i=0 /

Therefore, for any m. n > /c, we have

!) (mod
i=0 '



4.4. ENHANCING F{3] AS A GEOMETRIC ROUGH PATH 115

Now,

i=0

L (m - /c) -L(n- k) Q1

''-1 3

For d = 3, in accordance with Proposition 4.66, we deduce that

is Cauchy with respect to d3 (-,-). •

Corollary 4.78 Let T : I — > /3 be a finite variation reversible path with 
TO = O and r\ = (!,...,!) such that T' : I — > M3 is piecewise continuous.
f 2^1

< Xr (n) 0 . > converges uniformly on I, i.e. Me > 0, £/iere zs /c G N such
v ' J n£N
that Vm, n > k,

d^ (Xr (m) 3 , *r (n) 3 ) 4 sup d3 1 , XT (n) 1 < e. '

Proof. Under the given condition, the result in Corollary 4.73 holds and
f si so { Xr (n) n > is equicontinuous in accordance with the Proposition 4.76.I ''JneN

Combining with Lemma 4.77, we conclude our claim. •

Definition 4.79 Let r : I — + I3 be a finite variation reversible path with 
TQ = O and TI = (!,...,!) such that r' : I — » R3 is piecewise continu­ 
ous. In accordance with Corollary 4.78, we define the unique continuous path 
Xr (oo) 3 : / -> G^ (R3 ) such that

3XT (oo) = lim XT (n) .
n—>oo

As a consequence,

lim doo(*r(n) 3 ,XT (oo) 3 ) -0.
n—>oo
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4.4.7 Main theorem
Finally, we prove our main theorem that for any smooth enough reversible 
path r : / — > /3 with TO = O and r\ = (1, . . . , 1), Xr (oo) 3 is a p (> 3) —

[31geometric rough path. That is to say the space-filling curve F. [ can be 
enhanced as a geometric rough path in many different 'natural' ways. We 
first recall two useful results in Friz and Victoir [2006] .

Proposition 4.80 Given a Banach space V. Let X. : / -> (7(e) (Rd ) and 
X (n). : / — > G( e ) (Ed ) 6e group-valued paths. Then we have

lim
n— >oo

(n). , X.) = lim sup 4 (X (n) t ,Xt )=Q
n— >oo

/ anrf on/?/ if
lim sup de = 0.

Proposition 4.81 Lei 1 < p < p' < oo. Then for all G(e] (Rd) -valued 
paths y, Z,

< sup d
In particular, if {Y (^)}nef^ converges uniformly to Y and

sup4;p (y (n). .1) < oo,

(n) , Z) = 0.lim
n

Theorem 4.82 Let r : I —> J3 be a finite variation reversible path with 
TO = O and r\ — (!,...,!) such that r' : I —* IR3 is piecewise continuous. 
For any e > 0, XT (oo) 3 : / -» G^ (R3 ) is a (3 + e) - geometric rough path 
such that Vt E /,

7r 1 (XT (oo)J)=Ft(31 . (4.67)

Proof. Under the given condition, using Corollaries 4.78 and Proposi­ 
tions 4.80 and 4.81, we deduce that {Xr (n) 3t } N converges to Xr (oo) 3 in 
3 + e— variation. Furthermore, using Proposition 4.26, we also deduce the 
equality of (4.67). •

Before writing up the thesis, the author can only prove our claim for the 
case d = 3; it is still open for d > 4 because iterated integrals of order not 
less than 4 would need to be investigated which seems to be far from trivial.



Chapter 5

Integral of a 3-forrn as integral 
of a spinor

In the theory of rough paths, it admits that the signature (Definition 1.1) 
of a geometric rough path completely characterizes the path itself in the 
sense of controlling an arbitrary controlled differential equation. Along the 
same line of thought, it is interesting to ask whether one can find quanti­ 
ties, which are analogous to the signature of a path, that can characterize a 
high dimensional geometric object M. in the sense of integrating differential 
forms on A4. Recall that, in Chapter 4, we have already established the 
fact (Theorem 4.82) that there is a class C of space-filling rough paths with 
their R3 —projections being all the same arid filling up a three-dimensional 
unit cube; similar results can be extended to those 3—dimensional geometric 
object (nice chainlet) Af which can be well-approximated by cubes. In this 
respect, one may expect that analytical properties of Af can be extracted by 
decoding the information contained in the signatures of those space-filling 
rough paths in the corresponding class C for Af. In this chapter, we shall 
show how we can answer our concern, first for cubes and then for some nice 
chainlets (see Harrison [1998]), in the dimension 3; indeed, a special pair 
of space-filling rough paths in C for Af will do the job. Moreover, we shall 
identify any differential form uj as an one-form LJ (Lemma 5.4) over tensors 
so that integrating the differential form LJ on Af is equivalent to (see (5.43)) 
integrating the one-form (a spinor) (LJ, — u) against the pair in C with respect 
to a properly chosen integrator (see Section 5.2).

Let V be a Banach space. In the following, we shall adopt all the notation

117
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in Chapters 3 and 4. In Section 5.1, we first introduce some algebraic results 
(e.g. Proposition 5.8) which suggest any n— form u would annihilate all Lie 
elements of order greater than 2; in other words, if we want to integrate u 
against a polynomial of iterated integrals of a path 7. , only increment and 
Levy area processes of 7. would come to play. Besides, we shall also point 
out that why the signature of a path fails to be an integrator.

Section 5.2 is rather technical; in this section, we shall suggest a feasible 
integrator, namely:

where A (7-)_i t and Ll (7.)_ 1 1 are respectively the Levy area and increment 
processes of a path 7. over [—!,£]. In accordance with an immediate con­ 
sequence (Lemma 5.23) of Chen's identity, we can split the integrator into 
three items as, for any s E

= A (i.) ® dL1 (7.)_ w + \ \Ll (7.)- M , L l (7.) J
Zj L J

Suppose that a is a smooth 3— form (see Definition 5.17 for a notion of 
smoothness). In the first part of Section 5.2, we shall find an expression of 
the difference between two integrals 5 over a subinterval [^,^+1] C [0,1] 
against each item in the similar splitting of A (~yr (n).)_ 1 1 ® dL 1 (jr (n).) , 
with respect to two reversible paths r\ and TI- In the second half of this 
section, we shall look for a simplification of the formula in Lemma 5.22 
which leads to a subtle implication (see Corollary 5.27) that the difference 
of integrals:

can describe the difference between the local actions of a on
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fori = 1,2.

In Section 5.3, we shall find, for any k G N and j = 0, ...,33fc , the 
asymptotic value (see Corollary 5.37) of

33fe -J(7T (fc + r%()fc+i

in (5.29) as r goes to infinity. Note that the quantity 33fc • J (Y (k + r)) t k tk
plays a key role in the derivation of our main result Theorem 5.45 in Section 
5.4. The key idea of seeking for the asymptotic value is to first identify 
the expression 33fc • J (Y (k + r)} t k t k , by using self-similar nature of the 
definition of Y'•> as an expected value of some functional of a irreducible 
aperiodic Markov Chain as defined in Definition 5.28; and then an easy 
application of a celebrated result (Theorem 5.30) in ergodic theory leads 
to the expression of the asymptotic value.

In Section 5.4, we first use the asymptotic value of 3 3/c • J (Y (k -f r}} t k t k 
obtained in Section 5.3 to further simplify each of the differences of integrals 
a obtained in Section 5.2. Finally, we shall establish our main result Theorem 
5.45 which relates a difference (5.40) of two rough path integrals of two space­ 
filling rough paths from C for a unit cube to a few Lebesgue integrals of some 
functions induced by a. over the unit cube.

In Section 5.5, we shall identity some choices of pairs of space-filling rough 
paths for a unit cube so that those integrals against 5^ and a^ in (5.40) 
would vanish while the remaining difference of two Lebesgue integrals would 
become the ordinary integral of 3—form a. Together with the theory of 
chainlets by Harrison (1998), we extend our result to nice chainlets at the 
end of the section and conclude that any 3—form a on a nice chainlet A/" can 
be expressed as a limit of a sequence of integrals against a spinor (5, —a).

5.1 Algebraic background
In this section, we shall provide a few algebraic results (e.g. Proposition 
5.8) which suggest that any n—form LJ annihilates all Lie elements of order 
> 2; that is to say, whenever we contract u against a polynomial of iterated 
integrals of a path 7., only increment and Levy area processes of 7. are needed. 
At the end of this section, we shall make a remark that the signature of a
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path fails to be a sensible integrator. We first introduce the notion about 
how to canonically identify a multi-linear map as a linear map on tensor 
algebra. Recall that the tensor algebra of V is the enveloping algebra of V.

Definition 5.1 Impose the natural Lie bracket [-, •] onT (V] such that, Vu, v G 
T(V),

[u, v] = u (£> v — v (g> u.

For each k G N, we denote by B& the ideal generated by elements of the form

for m > k, i>i, . . . ,vm G V . 

Definition 5.2 For n G N, define

C l (V) = V 
Cn+1 (V) =

and

Proposition 5.3 £(V] is a free Lie algebra while T (V] is its enveloping 
algebra.

Proof. One can find the details of a proof in the book by Reutenauer 
[1993]. •

Let n G N and consider a multilinear map u : Vn — >• R.

Lemma 5.4 There is a unique linear map u : V®n — > R such that for any

(5.2)

Proof. It is an immediate consequence of the universal property of the 
tensor products of V '. •

We can now tell how to canonically treat any n-form on V as an one-form 
overT(K).
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Definition 5.5 A multilinear map u : Vn —> R is said to be n—alternating 
if for any permutation a of {1, 2,..., n}, v\,. • • ,vn £ V,

The corresponding linear map LJ : V®n —* R is also said to be n— alternating. 
Define Altn (V) to be the set of all n—alternating multilinear maps u : Vn —» 
R. Also define Altn (V] to be the set of all n—alternating linear maps u :

Note that any n— alternating u is also alternating with respect to any of 
the m(<n] components.

Definition 5.6 For any open set U CV, we call a continuous map u (•) : 
U — » Altn (V] an n—form over U.

Without loss of ambiguity, we may identify LO (•) : U — > Altn (V] with the 
induced map LJ (•) : U — > Altn (V] in accordance with Definition 5.5; and so 
we would also call uj (•) an n—form over U. We are ready to introduce our 
main result in this section that uj annihilates all Lie elements of order greater 
than 2.

Lemma 5.7 Let m < n £ N, vn-m G l/®("- m). Define a linear map um : 
Vm -^ R such that Vi»i, . . . , vm e V

Then um is also m— alternating. 

Proof. For any 1 < i < j < m,

Proposition 5.8 For 3 < n G N, i/ a; : Vn —* R zs n—alternating, then 
annihilates all elements in BZ D
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Proof. For m > 3, consider an element of the form [. . . [vi, i»2 ] , . • • , vm ] 
vn~m where vn-m e V® (n~m) . By definition,

v2
^ 3 — ^3 ® ^1 ®

Using Lemma 5.7 and the fact that u (•) is linear, we have

T l 7i -• _ Tn \z ® vl <g) i»3 , ^4 ] , . . . , vm ] ® ^n m ) 
-a; . . . v3 <g) i»j ® v2 , ^ , • • • , vm (g) ^n~

, • • • , vm ]
-a5 ([. . . [vi ® vz ® v33 ^4] , • • • , ^ 

- 0.

Definition 5.9 Define D to be the ideal generated by double commutators 
of the form

for some Uj, Vj £ V , j = 1, 2.

Corollary 5.10 For 4 < n € N, pzven an n- alternating multilinear map 
uj : Vn — » R ; LJ annihilates all elements in D n l/®n .

Proof. Note that for Uj,Vj G V, j = 1, 2,

The result is now an immediate consequence of Proposition 5.8. •
Unfortunately, the converse of Proposition 5.8 may not be valid. To see 

this, we first recall a fundamental result in the theory of free Lie algebras:
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Proposition 5.11 (Poincare-Birkhoff-Witt) There is an ordered basis

/or £ (V) as an R— module such that 

1. For each n£N, B C\ Cn (V) ^ 0.

2. C — {tyj ® • • • <g) i>ifc : /c G N, 1^ , . . . , vik £ $} constitutes a basis for 
T (V} as an 'Si— module.

Proof. One can find the details of a proof in the book by Reutenauer 
[1993]. •

Proposition 5.12 The converse of Proposition 5.8 is not true. 

Proof. We construct a counter-example. For each n £ N, let

Cn = C n V®n . 

Define a map uj : Cn — > R such that n = ii + • • • + i fc ,

Now, we extend uj linearly to V®n . Using the universal property of T(V), 
we conclude that the extended map induces a multilinear map uj : Vn — > R 
which is not alternating but u; annihilates B3 n l/®n . •

Finally, we make a remark that the signature of a path cannot serve as a 
candidate of plausible integrators as mentioned in Introduction of this chap­ 
ter, especially when the underlying space is of odd dimension; indeed, any 
constant form annihilates the signature of an arbitrary path when dim (I/) 
is odd (see Corollary 5.15). Nevertheless, in Section 5.2, we shall suggest a 
sensible integrator for our later work.

Lemma 5.13 For m e N, j = 1, 2, k = 1, . . . ,m, let v{ G O (V). Then
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Proof. For m = 2, using Campbell-Baker-Hausdorff's formula (see 
Reutenauer [1993]), we have

exp (yl + Vi) <8> exp (v2 + v$)

l+V2 + Vi+vl + -[vl + vl,V2 + v$\} (mod BZ)
^ /

= exp ( v\ +v\+vl + v\ + - [v\,v\] 1 (mod B3 ) , 
\ ^ /

where the last equality holds because for any x £ C1 (V) and y £ £J (V) with

The general result follows by induction. •

Corollary 5.14 Let m G N ; consider m finite variation continuous paths 
7/c : / — > V, /c = 1, . . . , 77i. Le£ a; : Vn — > R 6e n— alternating. In accordance 
with Definition 5.5, /or am/ (s,t) G AI,

/ / m. m . __

exp ^ L (7t ) Si( + ^ ,4 (7t ).,( + 2 E [L (T*).,, , £ (7,).,,]
y \fc=l fe=l l</c<Km

Proof. Using Lemma 5.13, we have

m m

exp
fc=l /c=l l</c<Km

According to Proposition 5.8, we deduce our result. •

Corollary 5.15 Let n be an odd integer. Consider an n— alternating multi
linear map uj : Vn — > 1R and a Lipschitz loop 7. : / — > V , i.e. 70 = 71,
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Proof. Since L (j.) Q l = 0, we have

= o,
because exp (A (y.) Q l j can only have non-zero even order tensors.

5.2 An integrator A (7-)_i t ® dLl (7-)_ 1

In this section, we suggest a plausible integrator, namely:

where A (7.)-! t and I/ 1 (7.)-! t are respectively the Levy area and increment 
processes of a path 7. over [—!,£]. Suppose that a is a smooth 3— form (see 
Definition 5.17 for a notion of smoothness). In the first part of this section, 
we shall find an expression of the difference between two integrals a over a 
subinterval [^,ij+ i] C [0,1] against each item in the following splitting of 
A (Y (n)}_, Cg> dL l (Y (n).)_, with respect to two reversible paths r\ and1 ,C 1 ,1

T2-

\ L 1 (7T

In the second half of this section, we shall establish a simplification of Lemma 
5.22 which leads to a subtle implication that the difference of integrals:

<t k
K) (A (7n (n)) t * tt ® dL l (7T1 (n))_ 1>t )

«(7T2 (7i) t ) (^(7T2

can describe the difference between the local actions of a on
f l

A T <8) dLl
'o
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for i = 1,2.. Let r. : / — > /3 be a reversible path with TO = O and r\ = 
(1, 1, 1). Fixed two Lie elements l m € Cm (M3 ) for m = 1, 2. First of all, for 
the sake of convenience, we shall introduce some useful notation:

Definition 5.16 For eachn £ N, define a continuous path of finite variation .
7T (n) : [-1, 1] -» Rd such that

l0 - J 1 , (5-4)

and

7T (0). = r., 
7T (n + l). = F^(7T (n)). (5.6)

We again denote T : / — »• Id to be the path such that for t £ /,

We next assume that all one-form a(-) under consideration will be smooth 
in the following sense:

Definition S.lTjStein [1970]) Let d G Z+ ; /c £ N and F be a closed subset 
of7$Ld . Equip Alt3 (Rd ) with operator norm. A continuous 3— form o?(-) : 
F — > A/t3 (Rd ) is 5a^d <o 6e Lip (A, F), /c < A < /c + 1 i/ £/iere are symmetric
multilinear functions a(j) : (Rd )®J ->• 5T3 (Rd), j = 0, . . . , k, such that for 
any continuous path x : I — > E3 u^/i x (/) C F;

xs ) , 

(5.8)

/or any (s,t) £ AI, and

- max supx V sup
j=o,...,k x€F Xjy€F x -y\
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Let k G N. For simplicity, we denote for j = 0,..., 3 3/c ,

+k _ 3 . (5.9)

for any reversible path r : / — > / 3 with TO = 0 and r\ — (1,1,1), we denote, 
for u £ /,

6 T n = L 1 T n . (5.10)= 7 n (f ,tf+((f+i _ (f )u .

We first have an expression of the difference between two integrals a over 
against

t

with respect to two reversible paths r\ and T^'-

Lemma 5.18 Let e > 0. Suppose that a 3-form a(-) : /3 — > A/t3 (Ed ) ^5 
Lip (2 -f e, /3 ). For ra = 1,2, consider two finite variation reversible paths 
Tm : I — > 73 iwii/i (rm ) 0 — O and (Tmjj = (1, 1, 1). For k, r G N iyi£/i n = k+r, 
the difference

(n) t )
1 (7T1

(7
T2 '(7T2

E
(7T1

<2> e fk+r 

2

3 3/c

3 3fc

• supo2r—efc

3 2r ~ £k • sup (5.11)
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where I (r) denotes the length of r.

Proof. For /c, r, n G N with n = k + r,

"j+l
T (n)t) (A (TT W)-i lt * ® ^ (TT W)_i,t)

t+ fc+r + f^(7T (n))jf+r -^(7'
._____i-f~ 1 y

t k+r
Since ^ (7T (n))^ is reversible for each n G N, for it G [0, |],

2"*" U 2 /

consequently, we have

/ 3+ 5(7T (n) t ) (A(7r (n))_ litfc (g 
Jt'? v °

< T (n ) t+* +#; + (0 (7T W)fr - 0 (7r (n))f

'tj

(n) t+r +t+ - ^ (7T (n))f r - 0 (7T (n))

By using (5.8) in Definition 5.17, we can express

5 (7T (n) tfc+r -r + (0 (7T (n))jf+r - 6> (7r
V -———o '+ V 2

.T,-\M*+r - • • --* fc + r(n) t?+f+tf++r - ^ (7T (n)) T - 9 (Y (n))'' 

- 25
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i-k+r
( F (3] ( < - F'3' (t*)

,fc+r\ <8>2

+0

+0

,fc+r

^fc-fr , -fc+r

2+e v

Note that because of the self-similar construction in Definition 4.46.

and

E
2+e"

.k + r

= O I -jf • 32^* • sup
££[o,i]

Hence, we obtain our identity after substitution. •
For if a were constant, we even have a simple expression of the integrals 

a? over [t!S?,£!Lil against

with respect to a paths r:

Corollary 5.19 Let a (•) : I3 —> A/t3 (Rd) 6e a constant 3-form, then for 
any finite variation reversible paths r : I —> 73 wi/i TO = O a?ic/ TI = (1,1,1), 
then V/c, r G N with n = k + r,

5(0)
"*+ i

= 5(0) A (7T
i

1 (7T (5.12)
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Proof. The result is a special case of Lemma 5.18. • 
We next derive an expression of the difference between two integrals a 

over fe,^, ,1 against

1 (7ri
, J ••/

is
with respect to two reversible paths r\ and r^.

Lemma 5.20 Let e > 0. Suppose that a 3-form a(-) : I 3 — > Alt3 
Lip (1 + 5. 13 }. For m = 1,2, consider two finite variation reversible paths 
Tm : I — > I3 with (rm ) 0 = O and (rm ) l = (1, 1, 1). Fork.r G N withn = k+r, 
the difference

r tk+i 
J" 5 (7T1 (n) t ) L 1

(7T2 («)«)(V

r
n)) - (n))

r

(7 (7
T1 ,/c + r

(7
T1 f k + 7

E
(n)) (n))

/(r2 ) (5.13)

where I (r] denotes the length of a path r. 

Proof. For v G M3 , define

4 2/ 2 5(7T Kfc
In \. J
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For /c, r, n <G N with n = k + r, by noting that, for it G [0, |],

we also have,

1 (7T 

= 2 5 (7T (n) t ) L 1 (7T (n))_ 1]tfc ® L 1 (7T (n)) (fc , ® dL 1 (7T

t k

/ ,fc + r *'= + '•1,,,-, I s\ / tr / \ \ 7 — ' —— * \ \ r .' 7 W) t fc^+t fc +- + I 0 (7r (n) r; - <\ ' \ / / . t.. +t.. , , \ ^ ' \ / / ufc
V 2

Using the Taylor's expansion for a as in Lemma 5.18,

a (Y (n) t ) ( L 1

= 4
k <tk+rk
-

'0

/.fc+r | +k+r 
^——r / ^ _ .ft \ / _roi / i_\ \ / _foi / I

+4 z_^
tks'fk + r ̂ ,k

+4 5 F t 0

,k+r t \ t k + T \(Y (n))u ~ 9 (TT W)i )®de (7T (n))j J
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in I ___ . Q2r-efc . 
' U I o 3fc °

*€[0,1]

together with the fact that

'(7T (»))_!,, -'(r) i

we conclude our identity (5.13). •
For if 5 were constant, we even have a simple expression of the integrals 

5 over [t,t*+1 ] against

"[L1 (7T'(n))_uj,I,1 (7 

with respect to a reversible paths r:

Corollary 5.21 Let a(-) : /3 -* A/t3 (Rd ) 6e a constant 3-form, then for 
any finite variation reversible paths T : I —* /3 with TQ =• O and r\ = (1,1,1) ; 
and Vfc, r G N wt/i n = k -\- r,

(O)

= ^ X

(5.14)

Proof. The result is a special case of Lemma 5.20. • 
We next derive an expression of the difference between two integrals 5 

over [t^tf,,] against

with respect to two reversible paths TI and r^\

Lemma 5.22 Let e > 0. Suppose that a 3-form 5(-) : 7 3 —» A/T3
is Lip(e,I3 ). For m = 1,2, consider two finite variation reversible paths
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rm : / -> 73
n = k + r, the difference

(rm ) 0 = O and (rm ) 1 = (1,1,1). For k,r G N with

5 (7T1 (n) t ) (A (7T1 >,7

i(7n

5 (7T2 (n) t ) (A

(7T1 (n)) * it

- 7T2
tk (7

T2
>t

• sup

• sup (5.15)

where I (r) denotes the length of a path r.

Proof. For any reversible path r : / —+ /3 with TQ = O and TI = (1,1,1).

(7r / T / \ \ v—v 7 T" 1 / *7~

V / V / /1 • .1- ^"^ V /

1 (TT W) tj >t )

According to the self similar construction in Definition 4.46, we note that for

(7T

>4(7T W)^,t = °(q5fc- SUP ^(^(0)0,J Y'J te[o,i]
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As a consequence, we obtain

= o 1
3efc

1
32fc • sup

te[o,i]
^(7T W)o,

t k t <8> dLl

E
\

1 (rf (n}} k \ ' \ ''t.- ,t
\

where

E 1< 33r -/(r)

o2ro
3*

and hence the result follows. •
Recall a result which is a direct consequence of Chen's identity (1.3).

Lemma 5.23 For any (s, t} , (£, ti) G [—1, 1],

1A — A I _ ^•s,u — ^s,i r (5.16)

Corollary 5.24 Let a(-) : / 3 -* A/t3 (Rd ) 6e a 3-form. For any finite 
variation reversible path T : I —> /3 tuii/i TO — O anrf TI = (1,1,1) ;

(7r (n) t )

l (TTI (5.17)
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In the remaining part of this section, we shall look for a simplification 
of Lemma 5.22 which leads to a subtle implication that the difference of 
integrals:

C +1 ~ / \
/ rv f'-v7" 1 (T>\ \ I A f'vTl (n'\^ , &\ r! T f-'v7" 1 (n\\ I/ a \I V' i JiM /1 V7 \' L ))tk ,t ^ aLj \i \' l ))-\,t)

Jt k \ o /

-I a (7T2 (n) t ) IA (7T2 (n)) t k t <S> dLl (^ 

can describe the difference between the local actions of a on

T2

for i = 1,2.

Lemma 5.25 Let a(-) : /3 —> Alt3 CRd ] be a constant 3—form. For any

2.

(5.18)

Proof. Note that for any t G

A
1) In accordance with Lemma 4.64, for any constant 3 -form,
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In general, for any n > 2,

+5 (O) £ ^A (7T (n - 1)) ® rfL 1 (7T (n -

T———> / / fTl \ ^^ // / -V s 1 / -V

Y^ 5(0) ((P 31 ) ( Atffr-VD^Vdtftffr-
\ \ / \ I Q

= 0,

hence the result follows by induction.
2) Applying the claim in part (1), we have,

a (O) A (7T (n))_ lit 0 dLl (7T 
\«/ o

/ t 1. N
= E 5(0) //">l(7T (n)) lit ®dL1 (71r (n)),, i ,

o<tj<i V *j J J /
J

+5 (0) (jf ' A (7T (1))_ M ® di1 (7T (l))_ w 

= 5 (O) f ' A (7T (1)) _ li( ® dL 1 (7T (1)) _ M

Corollary 5.26 Let 5(-) : / 3 -* A/t3 (Ed ) be a constant 3-form. For any 
finite variation reversible paths r : / —> / 3 wi/i TO = O and r\ — (1,1,1), 
VnGZ+ ,

/
0
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2.

\Jo

( f l i
V 'i/ ^ ' LK t ^ ' L)\Jo

+a(O)( [ /l(7T (l))_ lt ®dL 1 (7T (l))_ 1 J . (5.19) 
\Jo ' ' /

Proof. In accordance with Corollaries 5.19, 5.21 and 5.24, we have

5 (O) A (Y 
\Jo

-a (O) C f 1 A (7
\«/ 0

E , ,1

(O) / '" A (7T

Recall the notion of P\ J in Definition 4.27 for d = 3. In accordance with the 
self-similar construction in Definition 4.46 and Lemma 5.25, we have

(O) A (Y (n))_, t ® dL 1 (7T 
\7o

5 (O) f/ 1 /I (7T (I))., ( ®rfL] (7T (!))_, ,
' '
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= E F
0<j<33 -l

= 3(0) (7T 1 (7T (n -

Corollary 5.27 Let e > 0. Suppose that a 3-form a(-) : J3 -> Alt3 (Rd 
zs Z/zp(e,/3 ). For TTI = 1,2, consider two finite variation reversible paths 
Tm : I —» / 3 wi/i (rm ) 0 = O and (rm ) 1 = (1,1,1). For /c,r G N 
n = /c + r, the difference

a (n)) t|t

a (7T2 (n) t ) ^ (7T2

1

• O

• o

• sup

• sup
£€[0,1]

where I (r) denotes the length of a, path r.

Proof. According to Corollary 4.29, we have

(r2 )

13]
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For any constant 3—form LJ and a finite variation reversible path r : / —> /3 
with TO — O and r\ — (1,1,1),

Using Corollary 5.26, we deduce that
tk

QQtt . (5.20) 
^ \./o /

By substituting (5.20) in Lemma 5.22, we conclude our result.

5.3 An ergodic result
In this section, we shall find, for any k G N and j = 0,..., 3 3fc , the asymptotic 
value (see Corollary 5.37) of

in (5.29) as r goes to infinity. Note that the quantity 3 • J (Y (k + r)) tk tk 
plays a key role in the derivation of our main result Theorem 5.45 in Section 
5.4. The key idea of finding out the asymptotic value is to first identify 
the expression 33fc • J (JT (k -f r)) ffc tk , by using self-similar nature of the
definition of 7T , as an expected value of some functional of a irreducible 
aperiodic Markov Chain as defined in Definition 5.28; and then an easy 
application of a celebrated result (Theorem 5.30) in ergodic theory leads 
to the expression of the asymptotic value.

We first introduce the mentioned Markov chain. For i = 1,2,3, define 
Qt : R3 -» R3 such that Q x (e>) = (-l) l ~ 6l(j} • 4 where 5, (•) : N'-* N is the
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Kronecker delta function. In accordance with Corollary 4.23,

indeed, 9 of Q35 {3] are the identity map QQ = I :
j 

another 6 of Q nr i3i
, 6 of are

are Qi and the remaining 6 of Q~M\ are Q 3 .
60j

Definition 5.28 Define {Y^ (n)}^=0 to be a discrete time-homogeneous Markov 
chain with states space G == [Qo, Q\, Qz, Qz}, an initial distribution /j, and 
transition probability such that for any i, j = 0...., 3, n G N ;

(5.21)

It should be noted that every Markov chain Y^ (n)} 0 is irreducible and 
aperiodic with uniform distribution as its invariant measure.

Lemma 5.29 G = {Qo.Qi.Qz.Qs} ls an abelian group under matrix mul­ 
tiplication such that

Ql = Qo = / (5.22) 
jor all i G (0,1, 2, 3} and

QiQj = Qk (5.23) 
for distinct z, j, k G {0,1, 2, 3}.



5.3. AN ERGODIC RESULT 141

We next recall a celebrated result in ergodic theory:

Theorem 5.30 (Ergodic behavior of Markov chains) Let S be a Borel 
state space. For any irreducible, aperiodic Markov Chain {X (n)} =̂l in S, 
exactly one of these cases holds:

1. There exists a unique invariant measure v, the latter satisfies v (i) > 0 
for all i G S and for any initial distribution JJL,

lim \\WoX(n)- 1 -I/I! =0, (5.24)
n—»oo

where for any signed measure A on S,

± sup ||A (/1)||. (5.25)

2. No invariant measure exists and we also have

lim 2# = 0, (5.26)
n—>oo J

where p^- is the nih -step transition probability from state i to j, for any 
ij eS.

Proof. One can refer to Theorem 8.18 in Kallenberg [2002] for details.

Corollary 5.31 Let V be a Banach space. Suppose that the states space S 
is finite. Then for any f : S —* V,

lim fsup |E" (/ (X (n))) - v (f)\\ = 0. (5.27)
n->oo

Proof. Let x G S and 6X is the Dirac measure with unit mass at x. As 
a consequence of Theorem 5.30, we deduce that

lim E5* (f (X (n))) = lim T / (y) Px (X (n) = y)
n—>oo n—>oo yes

yes
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Since S is finite, every measure fj, on S can be expressed as

where 0 < wy < 1. Now, we have

|E*(/(X(n)))-i/(/)|<£ux |E*-(/
x£S 

SO

sup |EM (/ (X (n})} — v (/)| < 2_, ^x (/ (X (n))) ~~ v (/)| >

where the last sum tends to zero as n approaches to infinity since S is finite. 
•

Recall the notations in Definitions 4,27 and 4.28.

Lemma 5.32 Let m £ N and i = 0, . . . , 3 3m — 1. Consider a reversible path 
r : I — > 73 iui£/i TO = O and rx — (1, 1, 1). For any u £ /,

T (m)) - 0 (7T

(5.28) 

Proof. As a consequence of Corollary 4.29, we have

therefore the result follows. •

Corollary 5.33 Let /c,r £ N, n = k + r ana7 j = 0,... ,33fc ; consider a
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reversible path r : / — > /3 with TO = 0 and r\ = (1, 1, 1).

1
A

X —— r

E
kk+rk

®3 / \ ®3 
>P] \ „...„( p(3]° ' ' ' ° ( Pn

\ fc V J / /

<8>3 / \ <8>3 / - 1v-^ f m \ f w \ / / 2 / \ ^xEj^w) o -°(^)) U (T-- r*) ^,
(5.29) 

Proof. In accordance with Definition 4.28, for / = 1,..., /c, m = 1,..., r,

Applying Lemma 5.32, we conclude our result. 

Lemma 5.34 Let r G N,
(83 = E (y (r)83 |y (o) = °o) • (5 - so)

Proof. By Definition 4.27, we have
(8)3

p[3] \ n • • • O / P [3] " 
n (tr \ I \ n (

H i 1 J \ T \

3 3 -l / \ ®3 / x (g)3

33

07-

- E (y (r)®3 |y (o) - QQ
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where the last equality holds because of Definition 5.28 and Lemma 5.29.
We are now ready to find out the asymptotic value of 33fc -J (Y (k + r)) t k >t k 

as r goes to infinity.

Proposition 5.35 Consider a reversible path r : I —> /3 with TO = O and 
TI = (1,1,1).

lim sup
r—>oo

0.
1 —U

® dru 

(5.31)

Proof. Note that for any k G N, using Lemma 5.29,

... o ( P [3]

(8)3

13]

According to Corollary 5.31, we have

lim sup

(3]

'('?)

i=0

-o, (5.32)

since the invariant measure of {^(^)}neN is the uniform one. The result 
follows by substituting expression (5.30) into Corollary 5.33 and combining 
with (5.32). •

O

Lemma 5.36 Let {el } i=1 be the standard basis o/lR3 , then

1

4 Qf c )

0, if any two o/a, 6, c are i/ie same, 
i/ all a, 6, c are distinct.ea <g> e6 <g) e c , (5.33)
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o

Proof. By permutation symmetry of G with respect to {e*} i==1 , we only 
have to check the validity of our claim for the following six cases

e l ® e l ® e 1 , e 1 ® e2 ® e 1 , e 1 ® e3 0 e 1 , 
e 2 <8> e2 <g) e 1 , e2 <8> e3 <8> e 1 , e 3 ® e3 (g) e 1 .

For any a, 6, c G {1, 2, 3}, we define

r(a,b,c)± K-r? K-r?U<. (5.34)
JQ \ 2/ \ 2/

Corollary 5.37 Consider a reversible path r : I —> /3 iyii/2, TO = O 
TI - (1,1,1). M/e have

lim sup
r—>oo

Q3fc T / r / \N _ \^ TT f i \ a
O J ^ [ V y/f'? i^ / V ' ' / e

all distinct a,6,c

- 0.

Proof. By taking into account Lemma 5.36, the result follows as an 
immediate corollary of Proposition 5.35. •

5.4 Integrating 1-form against space-filling rough 
paths

In this section, we shall first use the asymptotic value of 33fc - J (Y (k + r)), fc , fc
3 ' j' + l

obtained in Section 5.3 to further simplify each of the differences of integrals 
a obtained in Section 5.2. Finally, we shall establish our main result Theo­ 
rem 5.45 which relates a difference (5.40) of two rough path integrals of two 
space-filling rough paths for a unit cube in accordance with Theorem 4.82 
to a few Lebesgue integrals of some functions induced by a over the unit 
cube. In the following, we fix an arbitrary E > 0 and consider two finite 
variation reversible paths rm : / — > /3 with (rm ) 0 = O and (rm ) 1 = (1,1,1) 
for 77i = 1,2. In spite of Corollary 5.37, there is r£ G N such that for any

E e6 <
all distinct a,6,c

(5.35)
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For k £ N, we denote n£ (k) = k + r£ . We first have a simplification of the 
expression (5.11) in Lemma 5.18:

Lemma 5.38 Let e' > 0. Let a(-) : /3 
3— form. The difference

Alt3 (Rd ) be a Lip (2 + e1 , /3 )

(7n (n£

LJ+I

i t k

E
a// distinct a,6,c

(Y2 (n£ (k)) t ) (^4(7T2

(a, b, c) - IT2 (a, 6, c))

L(7T

• 32r*- £k • sup

33* • sup
*e[o,i]

+0 • sup 
te[o,i]

1 (~,T2_ lii (g) dLl (7

(5.36)

where I (r) denotes the length of the path r.

Proof. Note that using the reversibility of 7Tm (h) on 
k < h G N, we have

f°r

By substituting our estimate (5.35) of J (Ym (n)) fk , k into the Lemma 5.18,
lj^3 + \ '

we obtain our claim. •
We next have a simplification of (5.13) in Lemma 5.20:

Lemma 5.39 Let e' > 0 and 5(-) : /3 a Lzp(l + e', I3 )
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3— form. The difference

K _,,* , i 1 (7T1 ,3

®dLl (7T1

- /"'" 5 (7T2 (n (7T2 (n, n

= 4 E
all distinct a,b,c

(a,6,c)-/T2 M,c))

5(D (F [3] ( t* 

1 -3= • sup
i€(0,l]

L 1 (<f (ne (k))) _

sup
t€[0,l]

(5.37)

where I (r) denotes the length of the path T.

Proof. Note that using the self-similar construction in Definition 4.46 of 
7Tm (ft) on [£*, lkj+l ] for all fc < h € N, we have

By substituting our estimate (5.35) of J (7Tm (n)}. k t k into Lemma 5.20, wej * j+i
obtain our claim. •

We are now ready to establish our main result Theorem 5.45 which re­ 
lates a difference (5.40) of two rough path integrals against the integrator

X-x

A (7.)-! t ® ^1 (7-)-i i' more precisely, against X. (see (5.39)) of two space­ 
filling rough paths X. for a unit cube in accordance with Theorem 4.82 to a 
few Lebesgue integrals of some functions induced by 5? over the unit cube. 
We first introduce a notion of the first hitting time of the space-filling curve 

at a point x.
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Definition 5.40 Let k G N and j = 0, . . . 3 3fc . Define a map $J : / 3 -> /3 
swc/i

** (.) 4 f P] (t + <, 3 o

For each x G /3 , we define.

Lemma 5.41 For each x G I3 , vk (x] is increasing in k G N. Hence the 
limit

lim z//c (x}
k—>oo

exists; as a consequence,
v (•) ~ lim vk (•)

/C—KDO

is measurable on I3 .

Proof. According to Corollary 4.29, we note that for any r € N, t* <

c $!
Therefore, for any x e $,fc+r (/3 ),

< Vk +r (X) .

The measur ability of lim^oo ^ (•) is a consequence of the fact that every 
z'fc (•)> as a piecewise constant map, is measurable. •

Lemma 5.42 (The first hitting time of F^ at x) For any x £ I3 ,

Proof. Again, in accordance with Corollary 4.29, we note that

Together with Theorem 4.82 for the case r. = T., we conclude our result. •

Definition 5.43 Let p > 3. Suppose j is a p— geometric rough path on 
[—1,0]. In accordance with Theorem 4.82 ; for any finite variation reversible 
paths r : I — > I3 with TQ = O and r\ ~ (1, 1, 1), we define the p— geometric 
rough path

S (Y1 (oo)).! . = lim S (Yl (n))^ . . (5.38)
' 71 — tOO -1 ' ^ '
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We next treat a path 7. and the corresponding integrator A(iy.)_ lt <8> 
dL l (7.)__ 1 1 as a unity:

Lemma 5.44 Let V be a Banach space. Given 3 < p < 4, /or every 
p— geometric rough path X. E Gfip (V), consider a path

(5.39)
'0

in V © V®2 © V®3 . Then X. can be lifted as a p~geometric rough path 
in Gfip (V © V®2 © V®3 ) ; in such a way that if X (m) s t 's are smooth rough

C -*•"- '" ^
paths converging to Xs t in G£lp (V] with p—variation topology, then < X (m). >' I j
also converges to X. in GQP (V © V®2 © I/®3 ) with corresponding p—variation 
topology.

Proof. This is a special case of Proposition 3.31. •

Theorem 5.45 Let 3 < p < 4. Assume that 7. can be enhanced as a 
p—geometric rough path on [—1,0]. Consider a Lip(q : I3 } 3—form a(-) :
I3 -> Alt3 (Rd ), where q > p. Let (0,0,a(-)) be the one-form on T<3) (E3 ) 
such that \/Vi G (R3 )®{ for i = 1, 2, 3,

(0,0,5?(.))(^i+^2 + ^) = 5(-)fe) 
we have

(0,0,a07TR3) ) -7T].

'/3

r ~ (f l \I a (x] I / A (r2 } n < <S> dL l (r2 ) n , dA/ ^ ' \ I ^ *'vt ^ 'U,t / 
J/3 \JO /

E (/T1 (a, 6, c) — 7T2 (a, 6, c)) (5.40) \\<'/ \ ' ' / / \/
o// distinct a,b,c

• I 9 / r> (1) f F [3J Czx Cr^^ (ea ] ((F^ (v (x\\ - "v , ^ 6S p b 6b p c }I ^ I L4: IJ. l*/ \«^-'///\t--- /ll-*- \ ^ V **^ / / /_ 1 / x^y t^ vy O II I y \\///\ '\\ \\// / ^^ ^^^ /

7/3 ^

T ec
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where X (•) is the usual three-dimensional Lebesgue measure.

Before proving Theorem 5.45, we shall first find out the expressions of 
limits of several Riemann sums.

Lemma 5.46 Using the notation in Lemma 5.38, we have

Ahr (nJk}}] ,, k ®ec

5<2 > (Fl'l (ix (x))) (e° ® e") A (7T (oo)) _

Proof. Note that by definition of vk

\~^
2-^ 33fc

According to Theorem 4.82 and Lemma 5.41, we see that

lim F [3] (i/fc (x)) -
»00

Using Corollary 4.73, we also have

k,x k,x
1 f . ,. N < CO. — I,i

Therefore, by applying the usual dominated convergence theorem, we con­ 
clude our result. •
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Corollary 5.47

lim " 5 n A
^

5 t ) (A (7T2 (n£ (fc)))_ 1|t , ® dLl (^ (n ^ J

all distinct a,b,c

l"' T _ 1

(5.41) 

Proof. In spite of Corollary 4.73, we have

sup sup A (7T (n)) < oo.

Combining the limit result in Lemma 5.46 with Lemma 5.38, we conclude 
our claim. •

Lemma 5.48 Using the notation in Lemma 5.39, we have

pi3] ($} _ ~ \ (g> e6 (g) 6 \ j i ' i

= 5(1) (F® (v (x))) (ea ) ((F® (v (x)) - 7_j) ® e6 ® ec ) d\.
7/3

Proof. Again by the definition of v^ (x),

- 7-0 ® ^0

b cx)) - 7_0 0 eb ® e

According to Theorem 4.82 and Lemma 5.41, we see that

lim
/c— >oo
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Using Corollary 4.73, we also have

sup < oo.

Therefore, applying the usual dominated convergence theorem, we conclude 
our claim. •

Corollary 5.49 Using the notation in Corollary 5.27,

£
lj+i

l (7n K «))-!,* , L1 (7T1

! (7T1 (ne

(7T2 i 1, , fc , L (7T2 (ne (/c))),fc,i.tj. ///t,,.,tj

- 4
all distinct a,6,c

(x))) (ea ) ((F® (z/ (x)) - 7.^ ® e6 ® ec )

+0 (5.42)

Proof. In spite of Corollary 4.73, we have

sup sup
n *€[0,1]

< (X).

Combining the limit result in Lemma 5.48 with Lemma 5.39, we conclude 
our result. •
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Lemma 5.50

I*

'" 5 (7T2 (n) t ) ^ (7T2 (n)) tfc , ® dL 1 (7T2 
ffc

5 Or)

a(x)(f A (r2 ) 0it ® dL 1 (r2 ) 0ii ) dA. 
V./0 /

(5.43)

Proof. The result is an immediate consequence of the definition of Rie- 
mann's integration together with the application of Corollary 5.27. •

Proof of Theorem 5.45. According to Definition 5.43 and the universal 
limit theorem in Section 1.4, we have for i = 1, 2,

lim /n^°° Jo

7T! ___ (0,0,507TR3) .

Recall Corollary 5.24, by passing limit on both sides of (5.17) and using the 
expressions in Corollaries 5.47 and 5.49 and Lemma 5.50, we deduce that

\ (r _
(0,0,0^07^3) -?TI / __ (0,0,ao7rK3)

~a(x} Afa^todtffa^t d\ 
o

a v ' v , 'o

all distinct a,b,c

' f
2 / a^ (F^ (v (x}}} (ea ] ((F^ (y (x}} — 7_i) 0 eb 0 e°] d\
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A ^ > v ;
dX

+0 (e) .

Note that £ is arbitrary, therefore the result is proved by passing e to zero.

5.5 Integral of a 3-form as integral of a spinor
In this section, we shall identity some choices of pairs of space-filling rough 
paths for a unit cube so that those integrals against a^ and a^ in (5.40) 
would vanish while the remaining difference of two Lebesgue integrals would 
become the ordinary integral of 3—form a. Together with the theory of 
chainlets by Harrison (1998), we extend our result to nice chainlets at the 
end of this section and conclude that any 3—form a on a nice chainlet A/" can 
be expressed as a limit of a sequence of integrals against a spinor (5, —5). 
We first find a possible pair as shown below:

Definition 5.51 For 6 £ R+ , define a path 6 ((5). : / —>• M3 such that

=

10
2

_ JL)

fort £ 
fort £ 
fort G 
fort G 
fort G

10.

10J

(5.44)

. _ _ s-v- - —

A
t

i 
A
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Definition 5.52 For r E R+ , define a path T (r). : / -> M3 suc/i */ia£
T(r) t = rte3 , /ori E [0,1]. 

We next recall the concept of concatenating paths:
Definition 5.53 (Concatenation of paths) Let V be a normed space. Con­ 
sider two finite variation paths 7 : / —> V and T : I —» V, we define the 
concatenation of 7 with T as the path 7 * r : / —> V such that

7(2*), /or£e 
+ r(2£- 1), fort G

Denote, for any 0 < 9 < 2yr, R (0} to be the matrix representing a rotation 
of 9 about the z—axis:

cos 6 — sin 9 0
sin 9 cosO 0

0 0 1
Definition 5.54 Let 0 < r < \/3 and #1,..., £n E M+ , we define

2 (5.45)

to be the reversible path such that for any t E [0, 1/2],
(5-46)
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Definition 5.55 Let 0 < r < and £1, . . . , <5n £ M+ . Denote

A =

B =

Define a reversible path

\

0 0 I/ 
/ 1 0 0 \

\

0

0 -,/J VI y

O,
(1,1,1)-

(5.47)
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For the sake of convenience, in the following, we shall use abbreviations 
^ (-) t in place of

* (r, ( *!, 9, ),...,

while r(-) t in place of

without much loss of ambiguity. We next evaluate those Lebesgue integrals 
involving only a in (5.40) when the pair of paths is (r (•). , T.) :

Lemma 5.56 Let 0 < r < , 0i - • • • = 6n = 0 and £1? . . . , 6n G

<-l • 2
A(V(-}Y''l dy(-Y - 2>'l—-rU2
/A\3T\ } )n^LLY\ ft —— £ / I 'j^i

LJ

Proof. Let d = (\/3-2r) and /i» = | for i = 1,... ,n. By direct 
calculation, we find that:

(\ (•*(•).)% d*(-)?
Jo

n

E l / J- "i \ / ui \ . / -1- "i \ / u i \ , / ^ "i \ / ui 
„ {(-r 2 J (- 2 J + Ur 2 J U j + (r 2 J U

+
n
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Furthermore,

'0
n

Finally, we also have

/o
n

Corollary 5.57 Let 0 < r < ^, 0 < ^,... ,6>n < 2yr ; 6lt . .., ^ € 
a 6e an alternating multilinear map,

5( / A(r'o
n

Proof. Note that
= 1

(5.48)
\ /

i=H
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Because a is alternating, we can express

5 ' A (r (.).)
O

/ /•!

- det (AB) (a (e 1 ® e2 <g> e3 ) / 
\ Jo

+5(e2 ®e3 ®e 1 ). /' A (* (-).
Jo

(•)

n

= a (e 1 (g) e2 <g> e 3 )

where the last equality holds by applying Lemma 5.56 and by noting that 
for any 0 < 0 < 2?r,

We now find a pair of paths (r (•)., T.) so that the coefficient IT ^- (a, b, c} — 
/T (a, 6, c) in (5.40) vanishes:

Lemma 5.58 Let 0 < r < & and <5i,...,£3m G K+ . For any a,6,c € 
{1,2,3} ; reca// that, as in (5.34), we define

C 
r (a, 6, c) 4 / 2

JQ

Suppose that for k = 1,..., 3m,
0, fc - 1 = 0 (mod 3),

9k = { f, A;-1 = 1 (mod 3),
^, /c- 1 = 2 (mod 3).
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Then we have Va, 6, c £ {1,2,3},

T( - ) -(a,6,c)-/T-(a,6,c) = 0. (5.49)

Proof. Due to the rotational and reflection symmetry of r (•):/ 
along its own axis, we only have to check the case for a = 1, b = 2 and c

/3 

3,

n
_ y^ c dt

c 
- &n + Jl (1 - 24) dt

Z

= 0.

for some positive constants C{. •
As a corollary, we can now express any 3— form a as a difference of 

1 — forms a. over a cube:

Theorem 5.59 Let T (•) : I — > R3 6e swc/z reversible path that satisfies the 
condition in Lemma 5.58 and has a range T (•) (/) c /3

i—l
(5.50)
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Then we have,

ta = __ (0,0,ao7rR3)
/3 _ i|

- /__ (0,0,5o7TE3). (5.51)
7s(7T(00))_ 1] .

Proof. Note that Vt 6 /, 

and hence
/" .4 (T)w 0 dZ, 1 (T)0i , = 0.

JO

By applying the expression in Corollary 5.57 and Lemma 5.58 to Theorem 
5.45, we deduce that

(0,0,507TR3) 1 -

a (x) (e 1 <g> e2 <g> e3 ) 

a(x)(e 1 ,e2 ,e3 )dA

= "'
7/3

•
Note that both the terms in (5.39) and the form a are independent of 

the choice of the basis of M3 ; therefore, after rescaling, we can extend our 
claim to arbitrary unit cube in Ed for any d > 3: namely, for any unit cube 
C C Ed , there are two space-filling geometric rough paths n and T2 for C 
such that we can express any 3— form uj over the cube C so that

(5.52)
c

Also notice that both JT^ (°°) an^ 7T (oo) in (5.51) have the same increment 
and Levy area over [—1,1], i.e.

_ u = L 1 (7T
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therefore, by concatenating paths, the claim is still valid in general for any 
chain of finitely many cubes embedded in Rd for any d > 3.

A decade ago, Harrison (1998) first introduced the notion of flat norm on 
the space of simplicial complexes; the completed space is called the space of 
chainlets in which the classical Stokes' theorem remains valid.

Suppose that there is a sequence {Afn }' =̂l of chains of finitely many cubes 
embedded in Rd , for some d > 3, so that they are convergent to a chainlet 
A/" with respect to the flat norm. Also assume that for each n G Z+ , there is 
a pair of space-filling rough paths r (n^ and r (n) 2 such that

(0,0,o;o7rRd) -TTi / __ (0,0,o;o7rRd)
s(r(n) 2 )

and both the sequences {T (n} l }' >̂=1 and {r (n) 2 }^L 1 are Cauchy in p— variation 
topology; hence there are two space-filling rough paths TI and T^ for the 
chainlet AT which are the limits of {r(n) 1 }^:1 and {r (n) 2 }^=1 respectively. 
In light of (5.52), we also have similar breakdown of any 3—form u on the 
chainlet J\f. i.e.

LJ = TTi ( / (0,0,£o7rR d) ) - TTi ( /___ (0,0,5 O 7TR d) .

/

(5.53)

where the last expression can be interpreted as a limit of a sequence of 
integrals of a spinor (£5, — LO) against a pair of paths r (n} l and r (n) 2 .



Chapter 6

Some topological aspects of 
signatures

In the work of Hambly and Lyons [2006], they proved that finite variation 
paths can be characterized up to tree-like deformation by their respective 
signatures. It is clear that a tree-like deformation does not change the topo­ 
logical features of the path; for instance, for almost every point z in the 
plane, the number of times a finite variation planar path 7. : / —> R2 winds 
about z remains unchanged if one deforms the path 7 in tree-like ways with­ 
out crossing the point z. In this chapter, we aim to extract low dimensional 
topological information, e.g. winding and linking numbers, from the signa­ 
tures of paths under consideration.

In Section 6.1, we shall establish the preliminary result that the winding 
number 77 (7., z) of a finite variation planar loop 7 around a point z is a limit 
of a sequence of linear combinations of (but involving infinitely many) iter­ 
ated integrals of 7.. We first recall an elementary result in complex analysis, 
namely: the winding number formula

/ N
7] (7., Z) = - z

The key idea of the proof of the main result Theorem 6.35 in Section 6.1 is 
to first consider a family of random variable A^, where

o,

163
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and Zs is a two-dimensional Gaussian random variable on the plane with 
mean z and variance 6. On one hand, using Prohorov theorem, the expected 
values E (Ng) would converge to 77 (7., z). On the other hand, using change of 
variables, rapidly decaying nature of any Gaussian kernel and Fubini's theo­ 
rem, one can remove the singularity of the integrand in the winding number 
formula in the course of computation of each E (Ng); henceforth, we can ex­ 
press each E(Ng) as a linear combination of iterated integrals of 7. In the 
appendix of Section 6.1, we shall take an excursion to study on how one can 
relate the signature of a logarithm of a planar path 7. to the signature of 7.. 
Even though a logarithm of 7. needs not to be unique, there is still exactly 
one signature (called logarithmic signature in Definition 6.51) that corre­ 
sponds to any logarithm of 7. (see Corollary 6.50 for details). More precisely, 
we shall establish the fact (Corollary 6.55) that the logarithmic signature 
will satisfies a tensor-valued differential equation driven by 7.. Moreover, we 
shall also express the logarithmic signature as a limit of a sequence of linear 
functions of the signature of 7. The reason why the author interested in 
investigating in such relations is his belief that the relations can motivate 
the estimation of the distance between the path 7. and a point 2^7 ([0,1]) 
in terms of the signature of 7..

In Section 6.2, we shall show that, under a mild regularity condition on 
a planar loop 7. (Condition 6.75), one can express the winding number of 
7. about a point z as a linear function which only involves finitely many of 
iterated integrals of 7., in other words, the truncated signature of 7.; see 
Theorem 6.80 for details.

In Section 6.3, we shall also provide a numerical illustration for our The­ 
orem 6.80; more specifically, we shall show that one may need iterated in­ 
tegrals of order not more than 40 to express the winding number of a unit 
circle around the origin. In terms of computation, it seems less complicated 
than those knot invariants first suggested by Kontsevich (one can consult 
the work by Bar-Natan (1995) for a brief summary); this is a reason why we 
guess that the signature of a loop may lead to a relatively simple and more 
computable expression for knot invariants, and we shall explore this topic in 
our future work.

Finally, in Section 6.4, we shall extend the method we used in Section 6.1 
in order to give a sketch of arguments which suggests how one can express
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the linking number of a pair of 3— dimensional loops in terms of the joint 
iterated integrals of the pair of loops.

6.1 Winding numbers for loops of finite vari­ 
ation

In this section, we shall express the winding number of an arbitrary planar 
loop 7. : / — > R2 as a functional of the signature of 7.. The key idea of the 
derivation of the expression is to first consider a family of random variable 

where

5 ~ o,
and Z§ is a two-dimensional Gaussian random variable on the plane with 
mean z and variance 6. Secondly, by applying Prohorov theorem, the ex­ 
pected values E (Ng) would converge to 77 (7., z). Finally, using change of 
variables, rapidly decaying nature of any Gaussian kernel and Fubini's theo­ 
rem, one can remove the singularity of the integrand in the winding number 
formula in the course of computation of each E (./Vj); henceforth, we can ex­ 
press each E (A^) as a linear combination of iterated integrals of 7. while the 
coefficients are functions of 70 and z. In the rest of this chapter, we shall 
identify C with E2 .

We first reduce our general problem to a simple one by shifting the path 
7.:

Definition 6.1 Let r. : I — > C be a continuous path and z £ C. Define r.-\- z 
to be the path translated by z.

Given an arbitrary loop 7. : / — > C and a point z G C. We recall the 
notion of winding number of 7. around z as defined in Section 2.2.

Lemma 6.2 For every z e C/7 (/), we have

r/ (7., z)- T? (7. -2,0). (6.1)

Without loss of generality, in the following, we only consider the winding 
number of 7. around the origin O £ 7 (/). Denote by A 2 (•) the usual Lebesgue 
measure on R2 .
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Lemma 6.3 Let 1 < p < 2 and 7. : / —» C be a loop of finite p—variation,

A 2 (7 (/)) = 0.

Consider a family of 2 dimensional Gaussian probability kernels {</>t} te //{0 } 
on R2 so that, Vs e R2 ,

A 1 z 2

2t

Definition 6.4 For each t G //{O}, de/me Zt io 6e £/ie two-dimensional 
Gaussian random variable with probability density function <pt .

We now establish our first critical lemma:

Lemma 6.5 Let 7. : / — >• C be a loop of finite variation such that O <£ 7 (/). 
Then we have

77 (T ,0) = ^£(77(7.,^)). (6-2)

Before showing our lemma, we first recall a basic result in measure theory: 

Definition 6.6 Let (Q,B] be a measurable space. For any F £ B, define

Proposition 6.7 (Prohorov) Let p, and {pa } a& j be probability measures 
on (£1 } B}. Then we have the net {p^a } a£j weakly converges to p,. over (£l,B) 
if, and only if, VF G B with p (dF} = 0,

limpa (F) = p. (F). (6.3)

Proof. See Kallenberg [2002] for details. •
Let z G C and r > 0. Denote the open ball with centre z and radius r 

by Bz (r). Secondly, we need one more regularity lemma on 0t in order to 
provide a proof for Lemma 6.5:

Lemma 6.8 For any 6 > 0, we have

sup \(j>t (z) • l Bo (5) c (z)\ < oo. (6.4) 
zee, te//{o>
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Proof of Lemma 6.5. It is clear that {0i} te /// 0 x weakly converges to
the Dirac measure 60 (•)• Note that the union of open components of 7 (/) is 
a Lebesgue measurable set since A2 (T(/)) = 0. Using Prohorov's Theorem, 
we conclude that for any TV £ Z+ ,

(77 (7, 0) A N) V -TV - limE {(77 (7, Zt ) /\N)V -N] .
C 4>U

Let D be a bounded region containing the graph 7 (/). According to Propo­ 
sition 2.13,

77 (7,-)eL2 (D, A2 ),
and so

r7 (7.,-)eL1 ( JD, A 2 ).

Since Vz e Dc
r] (7, z) -0,

therefore we also have
7? (7.,-)eL 1 (lR2 , A2 ).

For every integer N > \TJ (7., O)|, using Lemma 6.8,

sup Et ((ry (7, •) - N} + - (-77 (7, •) - N) 
«e(o,i]

< SUp E

= sup / / IT? (7., 2)I 1{|77(T ,-)I>N} (*} • lBo(5) c ( z ) -0t(z) A 2 (dz)
£6(0,1] 7 JC

7 jc
which converges to 0 as A7" tends to infinity since 77 (7., •) e L1 (IR2 , A 2 ). By 
passing TV to infinity, we deduce our desired claim. •

Before we express each E (Ng) as a linear combination of iterated integrals 
of 7, by applying the rapidly decaying nature of 0t , we first establish the 
boundedness of the following integral

<z> 4>t (w] \dw 

in (6.11) step-by-step:
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Lemma 6.9 For every t G // {0}, the function

A [ 4>t (Z)

z — dxdy (6.5)

is well-defined, i.e. it is pointwise bounded; indeed, it is also uniformly 
bounded.

Proof. For every w G C, 

[ fa (z + w)
'c

'c

1

dxdy

1 1

1-Kt 

1

— dxdy +
z

"27T />! -I

/ -rdrdO +1

dxdy 

1
exp -

z + w
- dxdy

'o Jo r
I

Corollary 6.10 For eac/i t G //{O}, £/ie Cauchy transform of fa:

'C z (6.6)

exists and is uniformly bounded on C.

Definition 6.11 Define the class U C L\oc (1R2 , A 2 ) of all functions u in 
L\oc (R2 , A 2 ) such that there is a rational function Ru (•) so that

lim sup
z —»oo

< OO. (6.7)

Definition 6.12 A function ip e C°° (R2 ) is called rapidly decreasing on R2

lim sup zn -(p(z}\ < oo. (6.8)
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Lemma 6.13 Let (p £ C°° (R2 ) be rapidly decreasing and u G U. Then u*(p 
is continuous.

Proof. Let Ru (•) be a rational function such that (6.7) holds. Note 
that Ru (•) has, at the most, finitely many isolated singularities s^. Fix a 
point z £ C. For every n G Z+ , let Kz (n) be a compact set such that 
Bz (n} U (UAt (1)) C Kz (n). For any z1 £ S2 (1),

u* (p(z] — u* (p (z'}\ —
r
I u (w} ((p (z — w) — (f> (z1 — w)) dudv 

Jc
u\

+1M sup
dudv

k'

for some M > 0 and an integer k>1. Note that as n —> oo,

lim sup
dudv = 0.

For each n, we also have
u l,Kz (n) < OO,

and
lim SUp -0.

Therefore, we conclude our claim.

Lemma 6.14 Let (p G C°° (M2 ) be rapidly decreasing and u £ U. Also let 
{K (n}} n€N be a sequence of compact sets such that diamK (n) > n. For any 
a > I and h > 0, we have

lim / sup sup u (z) (p (C - z) \ dxdy - 0.
n^°° JK([an\) c

(6.9)
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Proof. Note that for some M > 0 and an integer k > 2,

JK([an\Y

< M f 

< M

sup sup u (z) (/?(( - z)\ dxdy

dxdy 
sup sup ———

) c w£K(n) (,&Bw (h) |C — Z

dxdy

- 0

'K([an\) c 

1

((a-l)n) fc-2

Proposition 6.15 Let v G C and u G C7. TTien we /iai>e

Proof. For any h G R, w G C and a compact subset K of C,

0t * u (w -\- hv] — 4>t * u (w}
V v q>t * ^ n

(11; — z + /if) — 4>t(w — z}= [u(Z)(^ 
Jc \ /•

= I u(z] (Vv 4>t (w — z + £h (w — i \ / \ "»"\ 3v Xj/f

(6.10)

- V^0t (w — z) \ dxdy 
/

u <& (w; - ̂ )) dxdy

Vv (f) t (w - z)) dxdy,

where ^ (it; - z) G BO (\h\). Note that Vv <^ is a rapidly decreasing function. 
Using Lemma 6.14, for any e > 0, there is a compact set K£ such that

u(z) (V V 0; (w-

r
/ u (z) (Vv 

JK
- z}} - Vv <j> t (w - z)) dxdy

< 2

< e.

sup
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Now, Vv (j>t is uniformly continuous on K£ , there is a 6 > 0 such that for all 
\h\ < 6,

u (z) (Vv (j) t (w- z + £h (w- z)) - Vv (j) t (w - z)} dxdy

< u\

hence we obtain our claim. •
_ , I*"*-* s***.

Corollary 6.16 For each t £ //{O}, both (f)t (•) and 4>t (•) are continuously 
differentiate.

Proof. One can substitute u(-) by
1

z — 

and

z — • 
respectively in Proposition 6.15, the claim can then be proved. •

Let R > 1. Consider a continuous loop 7 : 7 —» C of finite variation such 
that

7 (/) e Bo (R).
Lemma 6.17 For each t G // {0},

r _

<p (f>t(w)\dw < co. (6.11) J~f

Proof. This is a consequence of the continuity of 4>t (•). • 
Henceforth, we conclude with the boundedness of 4>t (•) on the compact 

7(/). We can now apply the fact that the integral (6.11) is bounded and 
Fubini's theorem to express each E (A^) as a linear combination of iterated 
integrals of 7.:

Lemma 6.18 Let t E I/ {0} and 1 < m E Z+ . Then we have

B0 (mR) *

———-—————— nTnii \ nin ( fi 1 9 i\JjJU Lt/ \J I Li/ UU . I w . J. Li I

B0 (mR) c Z J
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Proof. According to Lemma 6.17, using Fubini's theorem,

(z] dxdy
c \2m J7 w ~ z

-dxdy dw 
w — z J,]27TI

dxdy I dw.

After splitting the integration domain, we obtain our claim. •
Notice that the second integral in (6.12) tends to zero as t goes to zero: 

Given a finite variation path T. : / —> C, we denote the length of r.,

\dru

by/(r).

Lemma 6.19 For r £ R+ ; k £ Z+ ;

(f>t (z) dxdy =
{\z\>r}

k— exp ——r
- 1 l It

(6.13)

Lemma 6.20 Let 7. : / —>• C be a loop of length I (7) and 1 < m £ Z+ ;

sup
te(o,i] B0 (mR) c z 

r?2

dxdy ) dw

(6.14)

Proof. For t £ // {0} and w G 7 (/),

d>t (z 4- n;)
/"/ T* /V1? /

Z

1
<
~ m^

1

. <

mR

mR
exp

{\z\>(m~l)R}

(m-lf

4>t (z 4- w] dxdy 

4>t (z) dxdy

2t
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Therefore, we obtain:

sup
B0 (mR) c

(pt (z -f- u>)
z

1
~ m# exp

Hence,

sup 0t (* + W)

7 \J JB(Q,mRY
dxdy aw 

J

Lemma 6.21 Let n £ Z, if n is expressed as

n = x + r

with r < |, £/ieft n zs equal to the nearest integer to x.

Definition 6.22 For each p G ]R+ , define the smallest positive integer m (p) 
such that

(m(p)-l) 2
27rm (p) • p

exp — (6.15)

Corollary 6.23 The winding number of 7 about the origin O, 77 (7., O) is 
equal to the nearest integer to

lim Re —
no V 2?r B0 (m(R)-R)

dxdy J du; (6.16)

Proof. As a consequence of Lemmas 6.5, 6.18. 6.20 and 6.21 together 
with Definition 6.22, by passing t to zero, we obtain our claim. •

Lemma 6.24 Let t G //{O}. Suppose z~x + iy,w — u + iv and 70 =
UQ + IV0 ,

oo 2(/c-r) . . k

k 7.1 \ 7-
2r \ f 2(k~r)

k=0 r=0 j= 

v2r-j
(y (6.17)
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Proof. From a Taylor expansion, we obtain: 

i
- uQ )) 2 + (y + v0 + (v- v0 )) 2 }

oo / -i \ fc fc /j\/ 2r- -* k

.
~ r ) \ f , \2(k-r)-l}

1=0

After simplification, the result follows. •

Definition 6.25 For each t 6 // {0}, define a sequence of functions

i n k

Lerntma 6.26 For each t € // (0} ; (^ (^)} n€N converges to 4>t uniformly on 
compacta.

Corollary 6.27 The winding number rj (7, O) is equal to the nearest integer 
to

lim Urn Re- < -dxdy (du + «fo) ) . (6.18)
UO n->oo ^ 27r /7 U JB0 (m(K).R) Z ) )

Proof. Note that both Bo (m (R) • R) and 7 (/) are compact subsets of
C. •

Remark 6.28 The last integral can be expanded as

\ 
dxdy) (du + idv)

Bo (m( R)-R)

—— (ill V
27T \J^ J JBo(m(R}-R) ^ +

X
^ (z + w) dxdydv } .
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We are now ready to express our winding number of 7. about the origin 
O as a linear functional of its signature S (y.) Q r

Definition 6.29 Given a finite Banach space V with a base {ei}~ r We 
define.

TT^2 '"'^ : T (V) ->< en ® • • • <g> eik >C V®k

to be the projection operator on the tensor algebra T (V] such that for any 
X e T (V) ,

We recall again the definition of the signature as an immediate reference.

Definition 6.30 Let V be a finite dimensional Banach space. Given a rec- 
tifiable path T. : / — > R ; the signature of T. over [s,t], denoted by X (T.} st , is 
the unique tensor such that

2. For k 6 Z+ T.VO* X

Before giving our main result Theorem 6.35 in this section, we first intro­ 
duce two particular functions:

Definition 6.31 Let p G M+ ; u,v G R and 5, ^ G N. Define two functions:

x

x

(6-19) 

(6.20)

Both families of functions a6'^ and (36^ can be further simplified. 

Lemma 6.32 Let m, n e N,

/ 27T 
cosm 0 sinn 6d6

0 j/(m _i)(rl _i) = o (mod 2),
2) .
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Lemma 6.33 Let p 6 IR+ , it, v 6 R and (5, f G N,

m + n + 1)1!
m=0 n— 0 x ' ^ '

M Pm+n+l u5 -mvS-n , (6.22) 
n

and

_ 771 m=0 n=0

M ( t
m

where x is the indicator function and

0 i
2 )

Proof. Using the binomial theorem,

vfdxdy

m
=Q n=0

/ ( /o \Jo
cosm+1 0 sinn

jm+n+l u6-mv£-n

m=0 n=( 
r2ir
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Similarly, we also have

6 t 1 / x \ /v •> ^—"> J. / Q \ / Q

/ ^ / -J rY~r\ I /v-% I 1 \ oon / \ Tl //i, ~p / ^ ~|~ J. \ lit/ I \ IL
m=0 n=0 x / ^ 

rlv
• / cosm #sinn+1 0d#.

7o

After applying Lemma 6.32, we obtain our claim.

Definition 6.34 For j, I G N, we define C (j, /) to be the set of all possible 
permutations of j indistinguishable "l"'s and I indistinguishable "2"'s.

Finally, we obtain our main result:

Theorem 6.35 Given a rectifiable loop 7. : / — > C with length /(T). The 
winding number rj (7., O) is equal to the nearest integer to

oo fc 2r 2(fc-r) , ,^ / ; \ / o \/o/; N/ /c W 2r \ / 2 (/c - r)
2 t C2t} A- 1 V r / 3^ fc=0 r=0 j=0 i= ^ 6 /v. \ / \ J

r^ 1 (m (Pj (u0 , VQ ))
a(l),..., 71

(6-25)

/ \ A / o i o i(^ 5 ^j = \u -\-v-\-

/n general, for any z = x -f iy G C, £/ie winding number r/ (7., z) zs
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to the nearest integer to

oo k IT 2(/c-r)1- 1

E
7

r
n\ /n/; \( r)

_a2r-j,2(k-r)-l

(6-26)

Remark 6.36 For each t G (0, 1], £/ze series is absolutely convergent since 
the series in Definition 6.25 is absolutely convergent.

Proof of Theorem 6.35. For t G /, we let 7^ = (ut , ^). For j, / G N,

/ 7 I
/ (Ut — UQ) (Vt — VQ) du

Jo

Jill

\

\

Similarly, we also have

(ut - uo y (vt - v0 ) 1 dv
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After substitutions into (6.18) in Corollary 6.27 and choosing

we obtain our desired formula (6.25). In accordance with Lemma 6.2, we 
also obtain (6.26). •

6.1.1 Appendix: Logarithm of planar paths

In this appendix, we shall take an excursion to study the relation between the 
signature of a planar path 7. with the signature of a logarithm of 7.. Notice 
that logarithm of 7. needs not be unique but there is exactly one signature 
(logarithmic signature) that corresponds to any logarithm of 7. (see Corol­ 
lary 6.50 for details). More precisely, we shall establish the fact (Corollary 
6.55) that the logarithmic signature will satisfies a tensor-valued differential 
equation driven by 7.. Finally, we shall also express the logarithmic signature 
as a limit of a sequence of linear functions of the signature of 7..

Let V — R2 . We first define a permutation operator " on the tensor 
algebra T (V) in Definition 6.41.

Definition 6.37 For each k E N, let • k be a norm on V®k . The family 
II- i_)?°n of norms are said to be consistent if
II K J /C=0 J J

1. • Q is the usual absolute value on reals.

2. For /c, / E N, xk E V®k and xt E V® 1

= W fc - *ilr (6-27)

onDefinition 6.38 Given a consistent family of norms {)• 
The family of norms is said to be symmetric if for any /c, r E Z+ with k > r, 
/i,... ,/r G N with li -f • • • + IT = k, any permutation a of {1, 2,. .., r}, we 
have for any vz E V®tl , i = 1,..., r,

i>i <8> • • • <8> ty. . = Vffm <8> • • • <8> va i T \ . (6.28)
•*- K \ / V//r \ /
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Definition 6.39 Let {\- k }^0 be a consistent family of norms, define a norm
11 • 11 on T (V) such that for any x = x l + x 2 + • • • € T (V) with xk G V® fc for

00

Note that the tensor algebra T (V) is a Banach space when it is equipped 
with the norm 11 • 11.

Lemma 6.40 Suppose the family of norms {\- k }^L0 is consistent. (T (V) , | 
is a Banach space.

We now our permutation operator " which is also a norm 1 operator on 
T (V) indeed.

Definition 6.41 Define a linear operator " : T (V) —> T (V) such that V/c e

Lemma 6.42 Suppose that the family of norms {|- fc }^!0 is consistent and 
symmetric. is a bounded linear operator with a norm

1111 = 1- ( 6 - 29 ) 

Also note that signature of a planar path lies in the Banach space (T (V) , ||-

Lemma 6.43 Given a finite variation continuous path T. : I —> V. For any 
s,t)e Aj,

S(r.). t e (T 00,|H|). (6.30)
^'OjC \ \ / ' I I I I / \ /

Proof. For (s,t) G A l5
00

00\^I

= exp < oo.

We next relate the image of the signature of a planar path 7. under 
permutation operator " to the signature of the path which runs 7. backwards.
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Definition 6.44 Let r. : I —> V be a continuous path. Define its path run­ 
ning backwards ^F.:I^Vtobea path so that Vt G /,

- Tr-t-

Lemma 6.45 Given a finite variation continuous path r. : I — * V , for any

Definition 6.46 Define a linear map J : V — > C such that for any (u,v] G 
V,

J ((u, v)) = u + iv.

Note that J is a bijection and hence invertible.

Lemma 6.47 There is a unique linear map J : T (V] — > C such that for 
any k G Z+ ; (uj, Vj) G V, j = 1, . . . , k,

J((v>i,vi) <g> ••• <E>(ufc ,i>fc)) = IIJLi (uj

Proof. This is a consequence of the universal property of the tensor 
algebra of V. •

Lemma 6.48 Suppose that the family of norms [\- k } =̂0 is consistent. The 
norm of J "j

< 1.

Given a planar path 7. : / —-> C of finite variation with O £ 7 (-/")• ^ 
can be shown that there is (non-unique) a finite variation continuous path 
6. : I —> C such that for any t G /,

7t = exp (6t ) •

Lemma 6.49 Suppose 0( : I —> C is another finite variation continuous path 
such that for any t £ /,

7, = exp (e't ).

Then, for any t 6 /,
0't = Ot

/or some n G Z.
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Despite of infinitely many choices of logarithm of a planar path 7., there 
is exactly one signature which corresponds to every logarithm of 7.:

Corollary 6.50 The signatures of J~ l (6.) and J~ l (9[) are equal, i.e. for 
all (s,t) G AT,

(6.31)

Definition 6.51 Let (s,t) G AI. The signature S (J l (O.)) st is called the 
signature of the logarithm 0/7. over [s, t].

S (J~ l (0.}}, as a solution to a differential equation driven by 7.

We next use a special interaction of " and J (see (6.33)) to derive the differ­ 
ential equation satisfied by a logarithmic signature.

Lemma 6.52 For (s,t) G A !;
n / T —1 //i N N \ —1 (c ooNb (J (O.)) s t 1 = 7S • 7i- (b.62) 

Proof. For any (s,£) G AI,

/ r n 
d6u + ---+ \ d6Ul ... d6Uk + ... 

Js<Ui<-"<Uk <t

i r ^= exp I / dOu 

= exp(6t ~9s ).

Corollary 6.53 For (s,t) G AI, 

Proof.
XX _. / s j- 1

T-t,T-s 
oo ,,

t • • • ^^uk 
•<uk <t

= exp(-(9t -es )).
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Corollary 6.54 For t G /,

(6.34)

Eventually, we conclude that the logarithmic signature of 7. satisfies the 
following tensor- valued differential equation (6.35) driven by 7..

Corollary 6.55 The signature S (J~ l (#.)) 0 . °f the logarithm 0/7. satisfies 
the dierential euionthe differential equation

dUt =
7o

C70 - 1 (6.35) 

for t G /.

Proof. Note that for t G /, by definition,

dS (J-' (7.)) 0 , ( = S (J-> (T )) 0]( ® J- 1 (dv) .
Using Corollary 6.54, we attain our result. •

S(J~ l (0.}). as a functional of S (J~ l (7.)).

In the remaining of this subsection, we shall express the logarithmic signature 
as a limit of a sequence of linear functions of the signature of 7.. In particular, 
we shall attempt to express the signature of J~ l (6.) in terms of that of 
J" 1 (7.). The idea of derivation is the same as the argument used to establish 
Theorem 6.35. Again let {0t} i€ //{o} be a family of two-dimensional Gaussian 
probability kernels on C such that Vx G C,

27Tt

For each t G // {0}, define Zt to be the two-dimensional Gaussian random 
variable with probability density function 0t .

Lemma 6.56 Let w G C/ {0}. For t G // {0},

-^TZT) - Vr- (6 - 36)
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Proof. For each t € //{O},

E w + exp
2: — w

- I dxdy

"27T

27T

r 2t

1 (r- 
exp

rdrdO

dr

Corollary 6.57 For each 6 el/ {0} ;

E (6.37)

is well-defined.

Proof. Using Lemma 6.56, since 7. is of finite variation, we have

1E oo.

Lemma 6.58 Let r e

Proof. The claim is immediate by simple calculation. •

Lemma 6.59 Let w = rQ eie° e C/ {0} and 0 e D C C be an open set with 
compact closure D. For each e (< r0 ) ; we define

(6.38)

(6.39)

J7* (T fi \ — J r&1 " • <r C. (T C r -L c-\ A tZ (Q r- Q^e ( rQ, #0j — V G • T fc ( ° ~ £ ' r° + £ ) ' " ^ 1"0 ~~ £ 5 t/0

There is SQ > 0 suc/i i/iai

lim sup E 
^° CeFeo (r0 ,e0 )

D C (^t) = 0.
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Proof. Let e > 0 such that 0 £ F£ (r0 , 00 ) C w + D.
1sup E

sup exp dxdy
re* - r0 eie°

< 2?r

exp -

1 / (r-rQ yexp --i-

3 1
27Tt

exp -
2(1)

Using Lemma 6.58, we deduce the convergence to zero. •

Corollary 6.60 Using the notation as in Lemma 6.59, there is
that

1 
sup sup J£ | ———— • l-nc (£*) 1 < oo.

hence

sup supE I -— 
te(o,i] ue7 \]7u

lim sup E
1

< 00,

= 0.

(6.40)

> 0 such

(6.41)

(6.42)

(6.43)

Proof. The result (6.41) is an immediate consequence of (6.40). Since 
7(/) is compact, there is a finite open cover {F£i (n, #i)}Jl : for 7(7). Now, 
we have

sup supE
t£l u&I

< max sup sup E

< oo,

i ,

K
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and

0 < limsupE
*->° u€J V Zt

4j« (Zt )

< max lim sup E

= 0.
|C

For any A C C, define

There is an open set 0 E G C C with compact closure G such that BQ (\ mint€/ |7t|)n 
(7 (/) + G) = 0 and 5G has measure zero.

Corollary 6.61

sup supE < CO.

Proof. Note that for any 6 G (0,1],

supE <

supE

< supE + sup E(-

sup supE I 
,1] ue/ V

< CO.

Lemma 6.62 Le^ W be a Banach space and {f5 (•):/—> //om (C, ^ fo 
6e a family of Horn (C, VK) - valued functions such that the limit function
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exists and for each compact set K,

sup sup | \f&(z) 11 < oo.

For (s,t) G A!

/ / (u) (d6u ) = hm I fs (u) (E ( j z ) dju} • (6.44)

Proof. For 5 £ // {0}, in accordance with Corollary 6.57, using Fubini's 
theorem,

,E —— ~ = /j (u) • E — — — d>yu
S

Using Corollary 6.60 and the dominated convergence theorem, we deduce 
that the second integral (//) converges to zero as 6 tends to zero. On the 
other hand,

The dominated convergence theorem ensures that

" f f ^ d^ /W-T-

while the last equality holds because of the weak convergence of {0t} (€/ to 
50 . •
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Lemma 6.63 Let w = u + iv, UQ + iv$ £ C/ {0},

1
E

Zt
oo k 2r 2(k-r) . 

r *- V^ V^ V^ V^ \~
— lim —— y / ^ / ^ / ̂

k \ f 2r W 2 (k - r)
V ^

Proof. Recall that for t G // {0}, z = x + iy G C,

1 oo /c 2r /^ 7 0 o/7- 1 * "
, \2r-i / , \2(k—r} — I / \j / \L+ u0 ) (y + ^o) (w - UD) (^ - ̂ o) - 

Substituting the expression into the following equation:

El—^——) = f [^(pt(z-w)dxdy

x — iy
^ 2 9t (z - w) dxdy.

x -f y

Definition 6.64 For 6, p G M4", n 6 N, it, v 6 R, tue define two linear 
functional A5̂ n : T (V) -> R and 5j£n : T (K) -> R

fc W 2r W 2 (fc - r)
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k W 2r
j•>fc=0 r=0 j=0 J=

( 6 . 47)

Corollary 6.65 For (s,t) E A 1; 70 = u0 4- ^o e C,

Proof. By substituting (6.45) into (6.44) in Lemma 6.62, we get our 
result. •

Definition 6.66 For 6, p G M+ , n £ N, u, D E E, t^e define, a linear map 
n n : T

n<5,p,n / \ _ / A6,p,n ( \ rj(5,p,n / \\ 
u,u IV — ^u,v Iv >^u,v I JJ '

For eac/i fc £ N, twe a/so rfe/ine tfie /inear map (n^'n ) = II^n o 7rfc . 

As an immediate consequence of Definition 6.64, we have
2n

/TT(5,p,n\ ( fc ) 
V u,v J

Corollary 6.67 For (s, t) G A 1; 70 = u0 + iu0 e C,

/'dJ- 1 («„) = lim lim lim nl^.^ (5 (J" 1 (T )). t ) -
/ <5|0 p— »oon— »oo \ '*>'•/

Definition 6.68 Define a family of independent random elements

such that each ZJt is a Gaussian random variable with probability kernel (f) t .
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Lemma 6.69 For (s,t) 6 AI, k £ N,

de.u\ d6.

limE
<5|0

u\ uk

.7m

Proof. We prove our lemma by induction. According to Lemma 6.62, it 
holds for the case k~\. Suppose the result is valid for k — n. Note that for 
each i — 1,..., n,

1sup supE I
56(0,1] t&I V

< oo.

By definition,

sup sup E
56(0,1] (

un

S<U\<---<Un <t

sup supE I 
<5e(o,i] t€i \

n

< oo.

Applying the induction hypothesis and Lemma 6.62, we deduce our result.

Corollary 6.70 For (s,t) G AI, k G N,

WJ
limE
610

J-1 uk

s<ui<---<uk <t

Recall the notation of tensors of linear maps and shuffle products in Sec­ 
tion 1.3.
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Proposition 6.71 For t G /, k G N,

/ dJ~ l (9UI ) ® • • • ® dJ~ } (6Uk )Uk
S<Ul<---<Uk <t

In

= lim lim lim
610 p->oon^o

ri,...r fc =0

E "
a€OS(n,...,r fc )

Proof. Applying the results in Section 1.3, we have 

/ dJ~ l (6UI ) ® • • • ® dJ~ l (6Uk )
J S<U\ <--<Ufc<t

n^,^ (ds (J- 1 (7.)) .<u 1 <...<u fc <* °' ° v v )s ' ui

In

lim lim lim V
^oon^oo ^^

n,...r fc =0

lim lim lim V
6[0 p-^oon^oo •^--'

rj,...r fc =0

2n
(n)

(ffc)
s,uk

6.2 Winding number in terms of truncated 
signature

In this section, we shall show our Theorem 6.80 that, under a mild regularity 
condition on a planar loop 7. (Condition 6.75), one can express the winding
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number of 7. about a point z as a linear function which involves only finitely 
many of iterated integrals of 7, i.e. the truncated signature of 7.. We first 
recall a result in Hambly and Lyons [2006] which bounds the length of a finite 
variation path 7. by an infinite sum involving the signature of 7..

Definition 6.72 Let V be a finite dimensional Banach space. Given a 
consistent family of norms {(• fc }^0 on {^® fc } fc=0 and a continuous path 
r. : I —> V, for each k € N, we define

(r.) = k\ drUk

Proposition 6.73 Consider a continuous path T. : I — » V of finite length 
I (r.) such that its derivative r' being parameterized at unit speed is continu­ 
ous. Then

1 / 00 fc

/(r.) = l+ Urn-log e-a
\ \

a->oo

Proof. For details, one can consult Theorem 5 in Hambly and Lyons 
[2006]. •

Next, we shall provide a sufficient condition under which one can only 
use finite number of iterated integrals of a path 7. to estimate the length of

Lemma 6.74 Given a continuous path r. : I —+ V . Suppose that the deriva­ 
tive r' when parameterized at unit speed is continuous with modulus of con­ 
tinuity

6T (-) = sup r's -r( ,
\s-t\<-

such that
\im6r (E) = 0.
E^Q

Assume that for some M > 0, V/c G N ;

bk (r.)<Mk . 

Then for e > 0, there is a (e) and N (e], such that
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Proof. In accordance with the work of Hambly and Lyons [2006], there 
are constants DI, D2 > 0, which are independent of the length / (T), such 
that Vet G R+ ,

1 / oo k \ / T-V \ 2

0 < J (r.) - - log (£ ̂ bk (r.)J < DA ^J I (r.).

Since lime _^ 0 (5T (e) = 0, there is a' > 0 such that infQ > Q / M - D\5T (^) ) > 
0, and hence

00

M

Therefore,

In the following, we consider a finite variation continuous planar loop 
7. : / — > R2 such that O ^ 7 (/). We can now state the mild condition under 
which one only needs a finite number of iterated integrals of a loop 7. to 
express the winding number of 7. about the origin.

Condition 6.75 We impose three assumptions on a planar loop: 

1. For some

2. When 7' is parameterized at unit speed, it is continuous with modulus 
of continuity <57 (•) such that

lim (L (e) — 0.r
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3. For some a (1) G E+ ; TV (1) 6 Z+ ,

Lemma 6.76 Suppose that 7. satisfies Condition 6.75. TTien u>e

i 1 /jv(1) fc

y

Proof. Note that for all ( G B (O, ro ), T? (7., () = ry (7., O). According to 
the Pohl-Banchoff inequality in Proposition 2.13.

47T (T) (7-, O)) 2 (TrrJ) < 47T rf (7., C) A (dA) < I (7.) :

Using Lemma 6.74 with e = 1, the result follows.

Lemma 6.77 Suppose that 7. satisfies Condition 6.75. For each t G //{O},

IE fa (7., zt ))-77

k=Q
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Proof.

|E (77 (7,-Zt))-rj (7, 0)\

f fr) (7.,
7 7c

>r0 ) 

(7, 0)| • Pr (|Zt | > ro )

f f r~c ?- W/ / in('y->z) 2 dxdy- J / /
]j J JC \l J J{\{\Z\>TO}

>r0 )

4?r

Using Lemma 6.76, the result follows. •

Definition 6.78 Define a positive number t (7.) such that

1

For /9 € M+ ; we a/so define n (p) such that

• exp

Definition 6.79 For p G M+, v e N, we define

2?rt (7.) • v\

i 1 .—log

(6.48)

(6.49)

• exp 2t(7.)
(6.50)
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Theorem 6.80 Suppose 70 — UQ + WQ G C. Under Condition 6.75, the 
winding number 77 (7., O] is equal to the nearest integer to

I k 2r 2(k-r)

EEEE k

? (24(7.))**! V' A 3

2(k-r) 
I

(n (po ,! (5 (7.) 0ji

A;! (7.)

(6.51)

(6.52)

v G N suc/i
< . (6.53)

Proof. Following the same lines of arguments starting from Lemma 6.20 
leading to the claim in Theorem 6.35, using Stirling's formula, we deduce 
that

B0 (n(po)-po)
dw

TJ (7,0) -

• l B0 (n(p0 ).po)

(z
dw

1 ]. 11 
- 9 + 9 + 9 ~ 3'

Therefore the claim follows.
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6.3 A numerical illustration: a circle
In this section, we shall provide a numerical illustration for our Theorem 
6.80. In particular, we shall show that it is enough to have iterated integrals 
of order not more than 40 to express the winding number of a unit circle 
around the origin. In terms of computation, it seems less complicated than 
those knot invariants first suggested by Kontsevich (one can consult the work 
by Bar-Natan (1995) for a brief summary); this is a reason why we guess that 
the signature of a loop may lead to a relatively simple and more computable 
expression for knot invariants.

Consider the unit circle, 7 : [0,1] —> S 1 , for t G /,

7t = 7* -f ijf = cos 2-irt + i sin Int. 

Definition 6.81 For m, n G N, we define

/ ^7T W - i) n 
.
f2ir

= / (cosfl-l)m sinn ^(cos#), 
Jo

/>2?r

J(m,n,2) = / W-l) r' 
Jo

i-2-n 

JO

Lemma 6.82 For m, n G Z+ ,
^(m,n 1 l) = -^T J(m+l > n-l > 2) 1 

J(m,n-l,l) + J(m+l J n-l,l) + J(m,n,2) = 0.

Lemma 6.83 For m € N,
J(m,0,l) = 0.

Proof.

7(771,0,1) - /
Jo 

= 0,

, . ,27T/i -i \m+lcos# - 1)
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Lemma 6.84 For m £ N,

K(m) = I smm (f)d<t) 
Jo

0 if m = 1 (mod 2) 
^TT ifm = Q (mod 2)

Lemma 6.85 For m € N,

Proof.

J(m,0,2) = f \cosO-I} m+l d9+ I (cos6-l)m d6 
Jo Jo

/ 2?r n rl-n r\ 
sin2^+1 ) -d9 + (-2)m / sin2m -d6 

2 J0 2
= - (-2)m+2 AT (2 (m + 1)) - (-2) m+1 K (2m).

Applying Lemma 6.82, we obtain our formula. •
Therefore, together with the recursive relations (*), we can determine 

J (ra, n, i) inductively for any i = 1, 2 and m, n G Z.
In our case, £(7.) = 2?r; we choose pQ = TO = 1. Choosing £0 — 0-3, we 

have

1 \ / 1
- + 1 ) exp -— ) = 0.361295. (6.54) 

\ ^tf

Choosing rig = 2, we also have

27rn0 -

1
— exp - - 0.094438. (6.55) 
n0 \ 2t0 / v ;
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Finally, we choose ^0 = 40

exp = 0 , 005922 , (6 . 56)
Then the sum of (6.54) + (6.55) + (6.56) = 0.461655 < f . Hence, we get:

Proposition 6.86 The winding number 77 (7., O) = 1 is equal to the nearest 
integer to

fe W 2r W 2(*-r)
(2*0)**'

^-> (n0 , 1, 0) J (j, 1, 1) - a21-*2'"-')-' (nc , 1, 0) J (j, /, 2)) .

Proof. By applying our Theorem 6.80 and recombining the shuffle prod 
ucts of signatures of 7., we obtain our claim. •

6.4 Linking numbers of a pair of loops
Finally, in this last section, we shall extend the method we used in Section 
6.1 in order to give a sketch of arguments which suggests on how to express 
the linking number of a pair of 3— dimensional loops 7! and 72 in terms of 
the joint iterated integrals of the pair 7! and 72. We first recall a classical 
celebrated formula.

Theorem 6.87 (Gauss' formula) Given two loops of finite variation 7;, 
i — 1, 2 such that 71 (/) fl 72 (/) — 0. The linking number N [71, 72] between 
these loops is given by the formula:

,,, , .N [7i ' 72] = * — ̂w-^wf — • (6 - 57)
Proof. See Madsen and Tornehave [1997] for details. •
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Definition 6.88 Define a family of 3—dimensional Gaussian kernels such 
that V (xi, £2 , £3) 6 M3 ;

(27rf)'
exp - (6.58)

where t E // {0}; also for each t e // {0} ; define Zt = (Z\, Z2 , Z?) to be the 
Gaussian random vector with the kernel ipt-

Remark 6.89 {^t} te //(o} is a net converging to the Dirac measure 60 (•) on

Denote the closed ball centered at p with radius r by BQ (T). We first 
establish a result which is analogous to Lemma 6.9.

Lemma 6.90

sup E
Z})

7T (6.59)

Proof. For any (u l ,u2 ,u3 } E R3 , using the spherical polar-coordinates

ul = r simp cos 6,
O y\u = r sin c/? sin 6>, 

u3 = r cos (p,

where 0<r, O^^^^" and 0 < 9 < 27r, we can express

E
1

^ exp -

exp

\

! \

2t
du l du2 du2
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l 2 321 (r —I V' iK <Ay 5 tAj 5"^yii/ i v i 7 7/1-exp --————-—'—-^- I r drd<pd6

n [ 1 ( (r- 1 exp '
2t

7T
(6.60)

We next point out a result which is analogous to Lemma 6.8.

Lemma 6.91 For any 6 > 0, we have

sup \ipt (p) • lz?0 (<5) c (P)\
P6K3 ,i€//{0}

Lemma 6.92 For any 6 > 0 ;

sup sup E —r—-————2 • l Bo (5r (Zt) < oo, (6-62)

lim sup E —3—-————2 • lBo (<5) c (Zt) = 0. (6.63)

Proof. Using the substitution,

ul = r sin ( cos

= r cos

we let
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In the same way to derive (6.59), we also have, for p = (a: 1 ,^2 ,

(Zt
1

1 / 62 < ———- exp

V/27T f 62 \ [ 1 ( (r- \\p\\}' ., —— exp —— / —= exp — - —— - —— — drp '
, N< —— exp -- , (6.64)

and hence

V/27T / 62

t r \ 4t 

which goes to zero as t tends to zero.

Corollary 6.93 For any 6 > 0.

exp -- , (6.65)

sup sup E —3 — — ——— -2 < oo. (6.66)

Proof. Note that for any p = (x 1 , x2 , x3 ) 6 BO (8)°,

1____ ,„, . 4
n ' X >o
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And hence

E

- E

• 1
SO 5

< — SUp sup E a° (Zt)

We now have our main result which is analogous to Lemma 6.5. 

Proposition 6.94 Given two loops of finite variation ji; i = 1,2 such that

#[71,72]
~ 72 Zs

Proof. By assumption and the compactness of 7! (/) and 72 (/), there is 
an e > 0 such that

inf |7i W-72WI > £ -

According to Remark 6.89 and the uniform boundedness:

7i (s) - 72 (t) + Zs _

h / \ /i\ i r/ n3 oo( o 
1 (Sj - 72 (i) + ^5

together with the dominated convergence theorem, we have

,. w , 7i (s) ~ 72 (t) + Z5 lim E I ———————-————* • 1,
|7i ( 5 ) - 72 (t) + 

7i («) ~ 72 (0



204 CHAPTER 6. SOME TOPOLOGICAL ASPECTS OF SIGNATURES

In accordance with Lemma 6.92,

lim sup E / 71 (s) - 72 (t) + Zs _
• —.^. j^ = 0

Therefore.

limE 7i W - 72 (t) + Zs

7i (s) ~ 72 (t)

Note that in accordance with Corollary 6.93, we have
71 (s) - 72 (t) +sup sup

<56//{0} s,
E

Z6

< sup sup E
<5e//{o} 5,t

< CO.

1
72

Since both 71 and 72 are of finite variation, we deduce our result by applying 
the dominated convergence theorem again. •

We next have a result which is analogous to Lemma 6.19.

Lemma 6.95 Let I (T) be the length of a continuous path of finite variation 
T : I -> R3 . For any r > 2supa|t€/ ||7i (s) - 72

sup
e/

E

A (t) ,
-Y2

B r)' 1

- 1)~ 2 • H7i) ' ^(72) ' sup uexp(--).
1/C(n r^^l \ 4 /u€[0,oo)

Proof. Recall the inequality (6.64), for any 6 6 7/{0},

1

(6.67)

sup E

X/27T

-2 / U *• sup u exp ( — — ) . (6.68)
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Therefore, for any r > 2supS]t€/ || 7l (s) - 72

7i 00 - 72

< E

< E

Also note that for any a, 6 E R3 ,

|aA6||<||a|

Hence, we have for any 6 G // {0},

(s) A

( u \ ~7 
.._....... 4 /ue[o,oo)

which converges to zero as r tends to infinity.

Definition 6.96 Define p (71,7-2} to be the smallest positive number such 
that

/ u\ I-z sup u exp — - < -.* 2 - - V 4/ 44 (/0 (71,72) - !) ^e[o,

Corollary 6.97 (7iuen two loops of finite variation 7^ i = 1,2 sitc/i
7i (/) H 72 (/) = 0- The linking number W [71,72] is equal to the nearest
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integer to

I 
lim —<5-oo 47T (5) A d72 (t) ,

72

= lim
4?r (5) A

'72

V 1—— :——— exp
V

Proof. With the choice of p(7i, 72) in Definition 6.96, we have

1
sup (s) A ofy2 (t),

1 
~ 4'

Recall Lemma 6.21 and Proposition 6.94, we therefore obtain our claim.

Definition 6.98 For t e //{O}, n G N and Vx = (x!,x2 ,x3 ) e R3 ; 
define

^ i.

Clearly, -0" converges uniformly to i/;t on compacta. 

Corollary 6.99 Given two loops of finite variation 7^
7l (/)n 72 (/) = 0.

= 1,2

[71 , 72]
= lim lim — (s) A d72 (t) ,

'71 ^72
n

•1,72 V
- 72 2k



6.4. LINKING NUMBERS OF A PAIR OF LOOPS 207

Proof. By substituting Definition 6.98 into Corollary 6.97, we immedi­ 
ately deduce our claim. •

Let 7. : / — >• (M3 ) 2 be a path such that
7- -

By expansion, we can express the linking number as a sum in the form:
n

N [7l , 72 ] - Urn lim V PM (p (71,72), 7i (0) - 72 (0)) Afc (S (7)) >
(S—+00 n—+00 *—••

fc=0

where PkjS (p (71, 72) , 7i (0) - 72 (0)) is a polynomial in p (71, 72) and 71 (0) - 
72 (0) with each coefficient being a fraction of integrals of powers of trigono­ 
metric functions and powers of 6] A& (S (7.)) is a sum of projection operators 
from T (V) to < e11 <g> • • • ® eZn fc > for different ii, . . . , i n/t such that

Furthermore, note that for any z G 1R3 with

we have

Also note that
^,72] = N [71,72]

(6.69)

Lemma 6.100 For any r G M+ ;

Proof.

p>r

5
exp -777y

(-a
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combining with Lemma 6.58, we deduce our claim. •

Corollary 6.101 Given two loops of finite variation 7i; i = 1,2 such that

r i * / / / , / N , / N m ( 71 5 - 72 (t + ^7i, 72 ~ -r- <P <P ( <*7i ( s ) A ^72 (t) , E f V ;——^^———-
L J 47T L L \ /v; fv; ' I IU r^-^^^- 7cl

< ———————————:——=——:——=—————————- I 4 / ——r 4- —————— I eXp I ——-

26

Proof. Let r = \ infS)te / || 7i (s) - 72 Mll> we nave

1 / / /^, /^ A ^. AA TIT / 7i (s) - 72 (i) + Zs

• l fio(r) c (Zs \

where we used (6.65) to deduce the last inequality. Using Lemma 6.100 and 
(6.69), we obtain our claim. •

In accordance with Lemma 6.95, using the approach as in the proof of 
Theorem 6.80, we can also deduce that the linking number TV [7^ 72] can 
be expressed as a linear functional of the truncated signature of 5(7.) 01 
(and hence computable though the complexity may not be trivial) given 
that both inf5)4e / ||7i (s) - 72 (t)\\ and / (7^) for i — 1, 2 are known. The last 
condition can be replaced by the knowledge of the modulus of continuity of 
the derivative of 7; when the later is parameterized at unit speed as Condition 
6.75 we mentioned before.

In summary, this chapter is a preliminary study in how to extract topo- 
logical information of a collection of loops from the joint signature of loops. 
Section 6.4 also suggested that some topological invariants of loops may be
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relatively easier to be computed in terms of their signatures. Both points of 
view motivate us to put a step forward to investigate the extension of the 
methods in Knot Theory in future work.
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