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ABSTRACT

This thesis consists of two completely separate parts. 

In Part I, we look at disorder in fastionic conductors, and 

in Part II we examine the pseudoquadrupole effect in ordered 

magnets.

Part I looks at two aspects of the disordered state in 

fastionics, where the disorder is due to ions moving off 

their regular sites to positions close to other regular sites, 

a feature especially characteristic of the fluorites.

The first aspect is how Coulomb interactions could be 

responsible for the co-operative behaviour of defects which 

causes the transition to fastionic behaviour. We look at this 

with a model of charged defects on a lattice, applying 

techniques involving classical diagrammatic perturbation 

theory to find the free energy of our model system. Using 

elementary thermodynamics, we show how this model can predict 

co-operative behaviour.

The second aspect is the nature of the disorder above 

the fastionic transition. We look at disorder in lead 

fluoride using a molecular dynamics simulation with an 

interionic potential that we obtained. We use the simulation 

to examine the distribution of anions in both real space and 

k space. Simulations have been made on the other fluorites 

CaF0 and SrCl 0 and it is possible that the high dielectric
& £j

constant of lead fluoride might lead to qualitatively diff­ 

erent behaviour. Our results show that this is not the case 

and we find defect concentrations similar to those obtained



from CaFp and SrCl 2< Our Is space analysis however gives 

defect concentrations an order of magnitude larger, in 

approximate agreement with experiment.

In Part II we set up a theory for the pseudoquadrupole 

effect in cubic ferromagnets and show that it is related to 

the difference in longitudinal and transverse magnetic 

susceptibilities. Model calculations are performed for a 

Heisenberg ferromagnet using molecular field theory near 

the critical temperature T , and spin wave theory at low
Vw"

temperatures; and the itinerant model at absolute zero and

v
We find that the pseudoquadrupole effect in iron and 

nickel and at impurities in these metals appears to be very 

much less than measured quadrupole effects. We also look at 

the effect in GdAl2 and show that it can not explain a 

temperature dependent quadrupole interaction seen experimentally 

We therefore conclude that the observed quadrupole effects 

are due to real electric field gradients.



'You should understand, therefore, that there are two 

ways of fighting: by law or by force. The first way is natural 

to men and the second to beasts. But as the first way often 

proves inadequate one must needs have recourse to the second. 

So a prince must understand how to make a nice use of the 

beast and the man. The ancient writers taught princes about 

this by an allegory, when they described how Achilles and 

many other princes of the ancient world were sent to be 

brought up by Chiron, the centaur, so that he might train 

them his way. All the allegory means in making the teacher 

half beast and half man, is that a prince must know how to 

act according to the nature of both, and that he cannot 

survive otherwise.'

Nicolo Machiavelli 'The Prince 

(Transl. G. Bull)
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PART I

DISORDER IN FASTIONICS



CHAPTER 1 

INTRODUCTION

Fastionic conductors are ionic solids which are known to 

show considerable disorder at high temperatures, the range of 

these temperatures varying considerably between fastionics. 

This disorder consists of ions moving off their regular sites 

and being distributed randomly on interstitial sites or close 

to regular sites. In part I of this thesis we study this 

disorder using techniques adapted from theories of liquids. 

We also look at the disorder in a specific case, lead fluoride, 

with a molecular dynamics simulation and make conclusions which 

are relevant to other fastionics particularly those of the 

fluorite structure.

The class of materials known variously as fastionic 

conductors, superionic conductors, or solid electrolytes has 

had so much interest focussed on it in the last few years 

that there is now a journal devoted entirely to the subject - 

'Solid State Ionics' (published by North Holland Publishing 

Co.). These substances are characterised by the following 

properties: they are solid but have conductivities similar 

to those of electrolytes, the high conductivity is due to 

disorder in one or more component sublattices^ and they are 

ionic thus little of the conductivity is due to electrons. 

Excellent reviews of the whole area of fastionics have 

appeared recently, these include Hayes (1978), Hooper (1978), 

Boyce and Huberman (1979) and Salamon (1979).

Research into fastionics started because of their 

technological interest for instance as potential materials for



solid state batteries - for a review see Holzapfel and 

Sickert (1975), there is also more recently an article by 

Steele (1978). However, it was quickly seen that they are 

of great scientific interest because of the way in which 

they combine ordered and disordered states.

Experimentally the disorder has been seen in a wide 

range of different types of measurement which are reviewed 

for fastionics by Hayes (1978). The measurements of particular 

interest to us are of dc conductivities, specific heats, 

X-ray diffraction and neutron diffraction.

The dc conductivity of a typical fastionic will 

show characteristic behaviour if log( or ) is plotted 

against /T. Figure 1 taken from Boyce and Huberman (1979) 

gives examples of this plot for different types of fastionic. 

This method of plotting, related to an Arrtenius plot gives a 

straight line from whose gradient the activation energy of 

the mobile species may be obtained. Fastionics 

show a noticeable change in slope over a narrow range of 

temperature (in some cases several changes of slope) 

indicating an apparent drop in the activation energy. It is 

over this range of temperature that the transition to 

fastionic behaviour appears to occur. Sometimes, as for 

silver iodide, the transition is sharp and is accompanied by 

a structural phase transition and in other cases, notably the 

fluorites, the transition is much more diffuse. Nevertheless 

all fastionics have associated with them a transition

temperature T which indicates the onset of the high conduct-s

ivity regime.
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The fact that there appears to be a transition to a new 

state is confirmed by specific heat anomalies at temperatures 

well below the melting temperature which correspond to the 

temperatures T in different fastionics. This phenomenon is 

generally assumed to be associated with the development of 

extensive disorder in a component sublattice, and the disorder 

is then associated with the high conductivity.

Such a specific heat anomaly is present in fluorite 

fastionics where the enthalpies were found to be 0.1 eV. 

Given the assumption that the defect energy does not fall 

below about 1 eV this indicates that for the fluorites there 

is an order-disorder transition, but in the disordered state 

there is only of the order of 10% of defects (Catlow et al 

1978). It is known (Lidiard 1974) that for fluorites at low 

temperatures, defects are anion Frenkel pairs and it is 

assumed that the Frenkel pairs are also responsible for the 

fastionic disorder (this assumption is confirmed by molecular 

dynamics eg. Dixon and Gillan (1980)). The cation sublattice 

is not disordered (Dixon and Gillan 1980). Catlow et al (1978) 

conclude that the Coulomb interaction between the Frenkel 

defects plays a major role in the co-operative mechanism 

which gives rise to fastionic behaviour. Also the influence 

of Coulomb interactions on the fastionic transition in 

fluorites has been recently examined by March et al (1980) who 

demonstrate an empirical correlation between the transition 

temperature and the static lattice Frenkel energy and suggest 

that it could be explained by using Debye-Hiickel theory 

following work by Kurosawa (1957).



In this thesis we look at the likelihood of Coulomb 

interactions being responsible for the fastionic behaviour 

by setting up a lattice gas model for Frenkel defects which 

we treat as charged mobile particles confined to a lattice. 

The particles in our model have only two interactions, an on 

site exclusion property and the Coulomb interaction. There 

are equal numbers of positively and negatively charged 

particles.

We look at the thermodynamics of this model to see 

whether it will predict a phase transition or diffuse 

transition and at what concentrations, and which temperatures 

We do this by calculating the free energy of the particles in 

our model by applying methods more commonly used in theories 

of liquids. The approach is to start from the Debye-Huckel 

theory of electrolytes which was first applied to ionic

conductors by Lidiard (1957). However as we will show,
it

Debye-Huckel theory is not applicable to the defect concent­ 

rations found in the fluorites. We therefore use classical 

diagrammatic theory of the type first introduced by Mayer 

(1940) for imperfect gases and modified by Morita and Hiroike 

(1961), Stell (1964) and others to cope with the concentrat­ 

ions of particles found in liquids and with the long range 

Coulomb interaction. Application of this modified theory, 

known as cluster expansion theory to the case of our lattice 

gas model gives us an expansion for the free energy of our 

lattice gas due to the Coulomb interactions in increasing 

order of the electronic charge e. We then apply the theory 

of Fade approximants to obtain an expansion which is correct 

for both small and large concentrations and is thus an



interpolation between the two limits. The expression is 

then applied to establish the thermodynamics. (Alnatt and 

Cohen (1964) look at the free energy of charged defects on a 

lattice but do not apply Fade approximant theory nor are 

they interested in the same thermodynamics).

Neutron diffraction measurements (Dickens et al 1980) 

suggest that the defect concentration in l^d ft*™d* is an order 

of magnitude larger than for other fluorites notably strontium 

chloride. As indicated the Coulomb interactions are consid­ 

ered to play an important role in fluorite fastionics. We 

tackle another aspect of this problem by looking at lead 

fluoride which has a very much larger static dielectric 

constant than the other fluorites to see whether it shows 

qualitatively different behaviour. Physically, this is 

because the interactions between defects will be affected by 

how much their charges are screened by the rest of the lattice 

and that is determined in a simple theory by the dielectric 

constant .

Thus a molecular dynamics simulation of this material 

might show up whether the disorder is of a different kind from 

that observed in CaF2 (Dixon and Gillan 1978) and SrCl 2 ( (jilia* «W 

(Dixon and Gillan 1980)). As the simulation programs already 

exist for the other fluorites and could be easily adapted to 

look at lead fluoride, it was quite feasible to look at this 

material in this way. This thesis describes how we found an 

interionic potential for lead fluoride to use in the simulation 

programs and discusses the results we obtained from the 

simulation. (The lead fluoride structure is shown in Figure 2^

cP c|

<S\- a( \-trrvirt, cXOr€ S. (^ e rG-vv ^ v\ ^ /\ o CuJriL
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Fig. 2

Lead fluoride structure
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In the simulation we tried a method of analysis that has 

not hitherto been used in a molecular dynamics simulation to 

our knowledge. The method looks at the simulation results in 

momentum space and shows how a distribution of defects may be 

obtained by fitting various models to the simulation results. 

We adopted this method as it is exactly how the defect
f

concentrations from neturon scattering are obtained so it 

affords a comparison between simulation results and 

experiment that is much more direct than the comparisons used 

before.

Finally, the material is organised as follows: Chapters 

2 and 3 describe the lattice gas model, the theory we used 

on it and the results we obtained. Chapters 4 and 5 contain a 

description of the molecular dynamics technique, the interionic 

potential that we found for lead fluoride and the results of 

the lead fluoride simulation. Chapter 6 contains our 

conclusions.

9
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CHAPTER 2 

CLUSTER EXPANSION THEORY

2A. Preliminary: The Model

Our model is intended to represent defects in a fluorite , 

As discussed in the introduction, one of the chief character­ 

istics of fluorites is that the disorder is confined to a 

single sublattice, and it is intrinsic, involving mostly 

Frenkel defects. Thus we may consider half the defects as 

positively charged and half as negatively charged where the 

charges are equal in magnitude.

Furthermore, molecular dynamics simulations of SrCl2 

(Dixon and Gillan (1980)) have shown that here the motion of 

the defects is that of hopping rather than a liquid like 

diffusion. We model this behaviour by assuming that the 

defects are confined to sites on a simple cubic lattice, 

corresponding to the anion sublattice in the fluorites 

(since here it is the anions which disorder). We choose these 

sites because the molecular dynamics work on the fluorites has 

shown that the disorder can be represented by particles 

hopping between lattice sites and there is little evidence 

of stable interstitial sites. There is more discussion of 

this point in Chapter 5.

If we consider defects in a fastionic, it is clear that 

the probability of two defects of like charge being at the 

same lattice site is very low, from their strong repulsion and 

finite volumes. Furthermore, two defects of opposite charge 

represent a vacancy and an interstitial which would annihilate 

if they were at the same site. Thus effectively no config-
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urations with two defects at the same site will be seen in a 

genuine fastionic. This can be modelled by giving the defects 

a 'hard core' by placing the condition in the model that no 

two defects are found at the same site.*

As we want to find the influence of coulomb interactions 

on the order-disorder transition the only interaction in our 

model apart from the 'hard core' restriction will be the 

Coulomb potential

V(0 - 7--7-T (2 - 1}
4 K <L 0 (- < >

Here 2 is the charge on the defect which we take as _+ 1 (since 

fluorite anions are singly charged), e the electronic charge, 

  the relative dielectric constant and r the distance 

between 2 defects. The effect of all the ions which are not 

defects, including cations) on the defect interactions is 

modelled by the dielectric constant. This we take as the 

macroscopic static dielectric constant.

To sum up, our model to represent the influence of 

Coulomb interactions on the order disorder transition in fluorite 

fastionics consists of: a lattice gas of defects of equal 

charges, half positive, half negative interacting with Coulomb 

forces only and with the restriction that no two defects can 

sit at the same site.

We wish to find out whether such a system would show a 

sharp change in the particle (ie. defect) concentration at

some transition temperature T and at what concentration thiso

transition would take place.

* We call this 'the excluded site property'
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The number of each species of particles per site \) is 

governed by the chemical potential M.  

N 1^ I - (2 ' 2)
O ̂  I M ;T

Here N is the number of lattice sites r >->

A systejn held at a fixed temperature and volume will minimise 

its free energy so that -V ("0 is given by

A" " (2.3)

u contains a constant term which is the Frenkel energy E . 

Thus lines fo f diffe^i- £,'$  on a plot of In v against /T will 

give the behaviour of the system for different Frenkel energies 

and if the sytem does show a phase transition, will indicate 

the critical values of T, *v and E . The Frenkel energy is 

treated by us as an experimental parameter which together with 

the dielectric constant ^^ and the lattice constant a will 

differentiate in its predictions between fluorites (and any 

other materials to which this model may apply).

Thus it is necessary to find an expression for the free 

energy in terms of the defect concentration. We may use 

diagrammatic perturbation theory to achieve this, following 

its application to liquids by Stell and others. This gives 

us an expansion for the free energy due to Coulomb interact­ 

ions in increasing order of the electronic charge e. Our 

zeroth order term comes from Debye-Huckel theory which is only 

valid in the limit of very dilute defect concentrations, said 

to be those of charged ions in tap water. For fluorites we 

show in Chapter 3 section B that this limit does not apply.
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However, we can use the Fade approximant technique success­ 

fully applied by Stell and Wu (1975) to a system of charged 

spheres. This technique is a method of interpolation between 

the low and high concentration limits so that our expression 

for the free energy should be valid even at the concentrations 

encountered in fastionics.

2B. Diagram Theory

As mentioned in the preliminary, we need to calculate 

the free energy of our system of charged mobile defects with 

the excluded site property. We split the free energy into two 

constituents, one, F being that of a lattice gas whose only

interaction is that of site exclusion, the other, F , thec

contribution from Coulomb interactions. In this chapter we

show how to find a diagrammatic series for F in increasingc
£>

order of electronic charge to order e . Our zeroth order term 

is the free energy of charged particles in a continuum 

calculated using Debye-Huckel (D^H) theory. We describe how 

the discrete nature of our system can be taken into account 

through terms of increasing order in e and how charge 

fluctuations ignored by D-H theory can be included.

We commence by obtaining a diagrammatic series in 

continuum theory for the grand canonical partition function 

~ from which the free energy series may be obtained. The free 

energy series is then modified to allow for the discrete 

nature of our lattice gas. We believe that the continuum 

theory we use should be valid for the discrete case but we 

present it as continuum theory since the methods are standard 

and have been described by Hansen and McDonald (1976).



may be written as follows:
& n... . .-..-> ,a . . r ^

£ \ —'-——-
(2.4)

•O-

NJ 1 n

M |\j
(2.4a)

where
M
^ ' • \ ,x

4 / , ^ VT
T y

-^ -j^ ; = i -<\ ( 2 - 5 )

(2>6)

(2 . 7)

TTr (2.8)*^-« j* 4 XX

\ ^ S - Oc,l f e«^i AH^IS Ct-vv^ t^-n 1" > -T t , ^ t cAr\. po^.Ho^ ci^ci r^tf(^<^f"u/^s rcspech o'c(u tT|- |?«.rhc/-e L }

We are assuming that the potential in our system is a central

pair potential xr L~-j 1 } and that there is an external 

field 0 (r. ) so that the technique of functional different­ 

iation may be applied (later 0 is set equal to zero). Follow 

ing Mayer and Mayer (1940) we write

Since f(i j) -> 0 as I r. - r. •* OQ for all physically i —j

reasonable potentials, f(i j) is small for most of the

range of integration of r_. and r_.. Thus ^ becomesi- 3

^1, ' d<-tt (2.10)

where the unlabelled sum is taken over all terms resulting from 

the expansion of the product of 7T (-fG^-H ) . 3
i ^ V

may be written in terms of diagrams:

^ = 1 + [the sum of all distinct diagrams consisting 

of one or more black circles and some or no 

f bonds < (2.11)



. \ - /\ *

(Hansen and McDonald 1976). Here 'distinct' implies 

1 topologically distinct 1 .

These diagrams represent integrals in our expansion; they 

contain in this theory the following elements:

(i) Root points represented by white circles which 

are associated with position variables that 

appear explicitly

(ii) Field points, represented by black circles, which 

are associated with functions of dummy variables 

over which integration has occurred 

(iii) Bonds, represented by lines, associated with 

functions of two variables. We use straight, 

sawtoothed, dotted etc. lines to differentiate 

between the functional forms appearing.

The diagrams may be classified according to their topology 

into three classes

(a) Unlinked diagrams in which the diagram consists of 

two or more separate parts, the circles of the 

separate parts being unlinked by bonds - these are 

disconnected diagrams

eg

(b) Linked diagrams in which the diagram can be

separated into two or more parts by cutting at one
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or more circles-the points of separation are called

'articulation points' and the diagrams are termed
I 

'reducible' V\eg
t 

Here the articulation points are marked by arrows.

(c) Linked diagrams in which every circle is multiply 

connected. By definition the special case of the 

diagram of a single line between two circles is 

included in this category. There are no articul­ 

ation points so that the diagrams are called 

1 irreducible'. 

eg A
The diagrams are a means of counting all the integrals 

in an expansion of a thermodynamic function. This technique 

allows for the fact that the value of an integral is 

independent of the way in which particle labels are attached 

to the dummy variables. We therefore represent the integral 

by a diagram with unlabelled field points. It is possible to 

show (see eg. Hansen and McDonald 1976) that the value of an 

unlabelled 'diagram is equivalent to the value of the equivalent 

diagram with arbitrary labels attached to the field points 

divided by the symmetry number S. S is the number of 

permutations of labels on a labelled diagram that leave the 

connectivity unchanged. The arbitrarily labelled diagram 

can then be written in terms of an integral with a given set 

of particle labels. In this way we can write down the 

integrals having allowed for the indistinguishability of the 

particles, eg. the set of terms in the expansion for the grand 

partition function "£ given by
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4
c\f

I "2 3 4

where P is the permutation operator acting on the dummy 

variables, may be represented by

 ^ F ^1 '
= 2*1 (2.12)

. (2.12a)

By using the linked cluster theorum and functional 

differentiation of diagrams, Hansen and McDonald (1976) show 

that the following expansion may be derived from the expansion 

(2.11) for £ :

log(-(2- ) = 1 the sum of all distinct irreducible
2. L

diagrams consisting of one white circle 

(associated with the function unity), 0.^1 <( 

one or more black circles (associated 

with(?)and4 bonds I

(2.13)

Here ? is the particle density and z the fugacity (defined in

(2.8)):

og -I- (2.14)

The chemical potential of a perfect gas (Hansen and McDonald

1976) is

(2.15)

Thus

(2.16)
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Using the technique of functional differentiation,

C VJ K C r<- V ,5 VJ C- I U

M •

d, Vco

5 3

f - Const'

(2.17)

(2.17a)

(2.17b)

Here F is the total free energy of our system, F the free
P<3

energy of a perfect gas. The condition p- constant applies 

to our model since we are only interested in a homogeneous 

system. It is possible to apply the technique of functional 

differentiation to a series of diagrams (Hansen and McDonald 

1976). It is also possible to show that there is only one 

series whose functional derivative is the series on the right

of equation (2.13) and that hence

A (2.18)

sum of all simple irreducible diagrams with 

two or more field points (ppoints) and no 

more than a single bond connecting any

pair of field ppints

A-v 4-  -W

(2.18a)

(2.18b)

We now modify the theory to cope with the discrete nature 

of our lattice gas. Our method is to introduce a new type of 

field point, represented in diagrams by the symbol Band
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summation over all lattice sites R. multiplied
1 3 

by a dimensional factor of the volume per lattice site ( = /a

for a simple cubic lattice where a is the lattice constant). 

This is analogous to the field points (•) used above which 

represent dummy variables that are integrated over all space. 

We also introduce a new root point, whose symbol is D and is 

defined as being associated with a lattice site R..

Then our expression for A (2.18b) is modified to

t A ,
but the statement of the expansion, (2.18a) still holds.

Our next step is to separate out the influence of the 

Conlomb interactions by the standard technique of decomposing 

the f bonds into f° bonds and Y bonds (defined below) as the

bonds are very much easier to treat when evaluating the 

diagrams:

* P h = l n - (2.20)

(2.21)

(2.22) 

-* ct>. /

c . 
-V U wVi-«X. U^^ « ok-Klhat <n-o.rhcks ujcttn -CxcCc.4e<i St^ » jr - m *m * -- - .^ r^ . , - — y^ j ̂  " 1'S^*"' »•'•*•- w I V * f --.-—••— ——- w^x *• W t ^.*"- -w >r-w - ^^ -—1^1 -^ • | ̂ _ f^^t'V'W* ' ^1

The subscripts^ ,p refer to the species of the particles and 

R is a lattice vector. The other variables in (2.23) are 

defined after (2.1). Because of the excluded site property 

our final result should be independent of c and we shall show 

in section A of Chapter 3 that this is the case, at least to 

the order we take our expansion.
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The result of our decomposition is:

A = TT x ) sum of all irreducible diagrams containing 

two or more field points, at most one f 

bond and any number ofybonds connecting 

any pair of field points ̂

(2.24)

We can considerably reduce the number of diagrams in the 

expansion (2.24) by taking advantage of the technique of 

topological reduction which is explained by Andersen (1977). 

The basic idea is as follows: In certain cases it is possible 

to resum a series of diagrams & in such a way that a new bond 

may be introduced. This new bond can itself be represented 

by a series of diagrams, each of which has two root points 

and bonds of the type appearing in the series >o . By summing 

certain series of diagrams in xS we are able to replace each 

series by a single diagram containing the new bond (in addition 

to other bonds). Thus we achieve the reduction in diagrams 

mentioned above.

In this case we resum the series for A, equation (2.14) 

such that we replace series of diagrams containing f bonds 

(and ^ bonds) by diagrams containing h bonds (and w bonds ). 

h° is by definition the total correlation function for our 

lattice gas if Coulomb interactions are excluded; thus it is 

the correlation function of a lattice gas with the site 

exclusion property as the only interaction. The total 

correlation function for a discrete system is given by

(2.25)
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Here "V^ M/% c\ '(•-,. ^ -2' is the probability that site R- is' *p ~1
occupied by a particle of species ^ and site R^ is occupied 

by a particle of species p . It is easy to show that

O - -S- (2.25a)
<> (•£••> d-^ '" ^^ ^-rO^ 6c Ve r d

Assuming as before that the basic results of diagram theory 

are as valid for the discrete case as for the continuum case, 

we modify an expansion by Hansen and McDonald (1976) for the 

total correlation function of particles with hard core repul­ 

sion and no other interaction (the continuum equivalent of h°)

to give

= i sum of all irreducible diagrams containing

two root points, any number of field 

points and at most one f bond, but no k? 

bonds, between any pair of points /

(2.26)

fj—a +Q—Q 4- D——M—\j -*• ij——u -*• u a -*-....
(2.26a)

We then express the diagrammatic series for A (2.23) > in terms 

of h,*A to

A = A° + w x j sum of all irreducible diagrams cont­ 

aining two or more field points at most 

one h bond and any number of (p bonds 

connecting any pair of points. In 

addition the diagram contains at least 

one (a bond and is free of 'articulation 

pairs' c
(2.27)



(Hansen and McDonald 1976). Here an 'articulation pair' has 

the meaning of: a pair of field points whose removal causes 

the diagram to become disconnected and one of the disconnected 

points contains at least one field point and no /° bonds.

(The term is somewhat more specialised in its definition than
o 'articulation point 1- which we have already defined). vA/ is

the free energy of the lattice gas without Conlomb inter­ 

actions (t»ut with the excluded site property). We could 

write down a diagrammatic series for A° but it is much easier 

to evaluate without the use of diagrams as we will show in 

Chapter 3, section C. Thus we are interested simply in A , relatedtc 

the free energy from the Coulomb interactions in the lattice

gas F by
c. • _ /^ _, ^° (2.28)

(2.28a)

A (given by (2.27) and (2 .28)) contains diagrams

which diverge. This is because the Coulomb potential 

(R) is summed over all lattice sites at each field point. 

We can however remove these divergencies with the aid of 

topological reduction. The method is to renormalise the^(R) 

bonds by summing the series of chain bonds:

~ » - -o •«- [>--»-- -o •+- e>--«h--«- --a + ••• (2.29)

D - - ' (2.29a)

a -a ^ <POCA ^-^'J 
In a continuum context, this method was first used by Mayer

(1950) for ionic solutions. Here the analogous bond

(2.30)

is summed to give the following:
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cW Cir- *''S,*

ete. (2.31)

e
477 ̂ O

c

where

and

(Andersen 1977).

(2. 32)

(2. 32a)

(2. 33)

(2. 34)

_ I
is the Debye-Hiickel screening length.

Unfortunately it is not possible to obtain a closed form

for

</\/>o

) as we have done for 

) . We can however write it as an expansion

about the limit where the lattice spacing goes to zero and

the lattice becomes a continuum. We do this by introducing the

field point A where

(2.35)

Thus

D---a 4- O---»-~Q

-t

a- -•--•--

-*- D--

+

- -4--a
(2.36)

By resumming the diagrams in (2.?>k) in terms of the continuous/\
renormalised Conlomb bond ^Cf-^X ^^O/b ^we find that
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Here
c a-.--a

(2.37)

(2.38)

We can sum all the terms in (2.38) barring O---O because 

for these terms, all the Y 5 ar® functions of continuous

variables and are therefore given by (2.34). Thus, from 

(2.32a),

--*- -a a- -•--•- -a -4- a- --•_-»_ _•_ _a

g-

Then from equation (2.23)

(2.39)

-t C

(2.40)

A , ( N.

Tc ^-" - ) is by

since here all the

(2.41)

in the constituent chain diagrams are

functions of continuous variables. Thus

This term is of order e from the following heuristic argument.

The two bonds contribute a factor e each from their

definition (2.32a). The field point i does not reduce the



order of the diagram because it gives the difference between 

the sum over all R. of e" L /|(x 1 (excluding the origin)~~3. - V-

and the integral over all £ of d ~'l\c\ • The integral and
I / ""Vy »|

the sum will separately contribute a factor /<> |£ (from 

(2. ?>?>)) to the order of the diagram. We know that these 

factors must cancel when one takes the difference between the 

integral and the sum. This is because in the limit as «<» -^ G'

, o r - ,
^— — . c '

diverge. However the difference 2o /R ~J d r l r

does not diverge as we shall argue in section C. Therefore

in the limit as tr^o, the difference between the integral over

f <• I - kL)£- 1 £ / r and the sum over £ yfc does not diverge and thus

A can not contribute any terms varying inversely with ^ and 

hence i^ve r ^^ij w«tK e.

It follows that (2.37) is an expansion in increasing order
s\

of e about the bond)?(?-?0 which from its definition (2.38)
9 2is of order e . Each term in (2.37) is at least of order e

greater than the proceeding term.

We now return to the expansion of A , equation (2.27)
O

Because of the fact that the unrenormalised bonds Y (--•) 

create divergences, we have to renormalise them to 

The latter is written as an expansion in terms of Y C anc* 

field points (A). There is an important exception to this, 

diagrams which consist entirely of rings of ^ bonds

ie /m---9 -f «--

It can be shown (see Andersen 1977) that it is not possible 

to renormalise the ^f bonds in this series which is in fact



the D-H series. The series is further discussed in section B. 

We therefore consider these diagrams separately from the rest 

of the diagrams in (2.27). The contents of this paragraph can 

be turned into a rule for evaluating the diagrams in A :c

Rule 1 All the coulomb bonds Y in the series for A————— / c
A

are to be renormalised to become / ^ bonds
A

which may then be expanded in terms of / c bonds 

and 4 field points. D-H diagrams, the ring 

diagrams are excepted from this rule. ctH-f

Another rule is obtained from the charge symmetry of the 

system namely the fact that

(2.43) 

The result of (2.43) is

Rule 2 If there is an odd number of / bonds incident 

on a field point, the value of the diagram is 

zero.

As a result of Rule 1, a typical diagram consists entirely
A

of m x h bonds (——), n x Yc bonds ( '"V^ ), p x discrete o
field points (•) and q x 'difference' field points ( 4 ). 

From our earlier discussion, the order of the diagram will be 

at least (e?" ) . Thus

Rule 3 The order of a diagram with ^ ^f c bonds ;s

(^ l^ash e "^

Finally we show how to sum all the diagrams with up to
I A O

three V bonds and any number of h bonds by taking advantage



of the simple definition of h (= U? v > ? -i) ), equation
A

(2.25a). Diagrams with only one Yc bond have zero value
A

(Rule 2). The only allowed diagram with two /cbonds and any 

number of h bonds is o>—-a as all the rest contain\^j~

articulation pairs.

Diagrams with three <pc bonds can be represented as:

where represents the sum of all allowed diagrams

which contain only h bonds and at least one field point • .o
Diagrams (i) and (iv) above have the same symmetry number and 

it is easy to show from (2.25a) that they have the same value 

but are of opposite sign. Therefore they cancel as do (ii) 

and (iii) by the same argument. Therefore the only diagrams

with three renormalised Coulomb bonds and any number of h 

bonds that give a net contribution to our series are

o

(2.43a)

These diagrams give only terms at R = R = 0 and these cancel 

with all terms at R = R' = 0 in the D-H diagram (3.15), or give 

terms of higher order than
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We can also show that all diagrams in our series with 4 

points and those with more than three ^fc bonds are of higher 

order than e . Then we are left with the following diagrams 

in our expansion:

/?
(a) The D-H series diagrams evaluated to order e .

We show how to deal with these diagrams in 

section C.

(b) The diagram g£—•§ . This will be evaluated 

along with the renormalised D-H diagrams in 

Section A of Chapter 3.

2C. Debye-Huckel Theory

We have indicated in section B that the D-H diagrams

1 * "•• (2.44)

have to be considered separately because of their special 

structure. This series of ring diagrams has a physical 

significance in that they correspond to a mean field theory 

for finding the free energy due to Coulomb interactions.

It is readily shown that the series

(2 - 45)
ie. the D-H series in the continuum limit can be summed to 

give

A (2.46)

(Resibois 1968). The same result may be obtained without the 

aid of diagrams Resibois (1968) from the assumption that the
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distribution of mobile charges seen by one ion is the same 

for all ions - here in the mean field assumption. Thus our 

theory essentially corresponds to expanding the free energy 

from the Coulomb interactions about the mean field limit.

We have shown in section B that the fluctuations about

the mean field, namely all terms in our series for A (2.27)^
c

that do not come from D-H theory, are (to order e ) given by

the diagram m——fl . We now look at the D-H terms and
\X"v-/

show how to obtain the D-H contribution for a discrete

Dis cr lattice, A (D-H) The problem we have to solve here is
Dis cr how to find an expression for A (D-H) given that the

contributions from individual diagrams in it diverge because 

the Coulomb interaction is summed out to infinity at each 

field point. There is no closed form expression for the series 

unlike the continuum case so that we have to expand about the 

continuum limit. We do this in exactly the same way as we 

did when finding an expansion for the discrete renormalised 

Coulomb bond ( Yb CO - 

Thus we introduce the field point - * -• and write

FH Qr»f f - / * < '« JL/J-& ^ + i-\ TT \ _* ^ * \ > . / • NA tD-H) = <. 9 -t- •--•*•*- ^-^-f-jef-c^ (i)
A V r. - -t

- -^ "*" -eKi. (ii)

(2.47)

series (i) in (2.47) is simply Acont (D-H), series (ii) is

zero. We can see this by looking at the first term

c\r *«2?>

V L /"df c\r'__
t t I y*

(2.48)
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- O (2.48a)

The factor of J comes from /S, /N from our definition of 

and the other factors from the definition of % p CO 

Similarly all the other terms in (ii) in (2.47) are zero. 

Diagrams on the righthand side of (2.47) above which contain 

two or moreipoints may be summed to give:

o *
A

Here s\J^> is the renormalised continuous Coulomb bond ^ (jr ) 

defined in equations (2.38), (2.40) and (£.41).

In section A we showed how to evaluate the order of a 

diagram containing f\J\ bonds and 4 points and argued that

the 4, points do not reduce the order of the diagram but each
2 *\/\ bond contributed a factor e to the value of the diagram.

Then a ring diagram with n 4 points and n S\\ bonds will be
9 n

at least of order (e ) . Thus (2.49) is an expansion of
c

increasing order in e. To order (e ), then

Thus our series A for the free energy consists of thec
following terms

A.- A';;V
(2.51)

In section A of Chapter 3 we show how to find the values of 

these diagrams.
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CHAPTER 3

THERMODYNAMICS OF MODEL

3A. Evaluation of Free Energy Series

We have shown in Chapter 2 that in order to find the free
/j

energy A as an expansion in e to order e , we need to
\*>

evaluate the three diagrams

First we look at the diagram

Using the definition of the discrete field point, (after equation
*\

(2.18)1 the renormalised Coulomb bond ^ (r_), equation (2.32)

and the total correlation function h , equation (2.25a), we 

can write down the value of this diagram as

x

a

0.1)

(3.la)

given that /N for a simple cubic lattice is simply the latt

3 spacing a ^ and given equation (2.33) for JG

ice

Next we look at

L \«,-ej'

L
-J- C

,o

3.2)



4-
e

o o
tj M

(3.2a)

We then need to find the expansion in powers of
r- a v-» -O*K.£ r _ •? fc, ~\i> - a £ ^..- - M' «^
LK ^^ J - c i -J

- R2 ̂ ^ - Td -rL t" R JT»-

of

(3.3)

giving us terms up to K* (and hence e ). Let us define

(3.4)

Th
'/ 2 is represents the difference between the function f(R) = /R

evaluated at the centre of a unit cell and summed over m unit 

cells and the function integrated over the volume taken up 

by the m unit cells, in the limit as m goes to #3 . Consider 

the value of Df for finite m .for cells on or near the surface 

of the volume covered by the m unit cells, the difference 

between the integral and the sum is small and tends to zero 

as the distance from the centre of the unit cell to the 

origin of R tends to infinity. Thus, the value of D in the 

limit that m (and hence the volume integrated or summed over) 

tends to infinity converges to a finite value. We calculated 

D in two ways: firstly by approximating the volume integrated 

or summed over by a sphere and finding the limit for D as 

the volume increases in size. Secondly we took the volume as
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a cube and used the same procedure. In both cases we found 

that

D,
(3.5)

Now consider

\Z
(3.6)

r

There are problems here because if the same method is used 

as for D-, we find that we obtain different results for taking 

the volume as a sphere and as a cube.. This is because there 

are points on the surface of the (smooth) sphere which 

contribute to D? which consist of parts of unit cells. However 

if we choose a cubic as our volume, only complete unit cells 

are integrated over. Unfortunately /r does not decrease 

sufficiently fast as r_ decreases so that the extra terms in 

the integration over the sphere do count.

However this problem is resolved when it is seen that D 

is given by the Taylor series

2 (3.7)

(to order

where

Then D =

D3 ~

C,

r>

dr
2k,-

(3.8)

(3.9)

(3.10)

(3.11)



We have shown that D- is uniquely defined if the limit

kj-^O is taken and then the difference between the sum (over
12 12 /R ) and the integral (over /r ) is found. However we

will only find a unique value for D2 if the limit VIH>C i s

taken after the difference of the sum (over <2.~ (^ ) and

the integral (over ^~ ' \<c ) is found. Thus the e ̂ Q<

acts as a convergance factor. It is possible to find the
V -z.tc-K/0 

difference numerically between ^ ̂  /x and

various values of V^ and find D? by extrapolating to &~ O . in 

this way we obtained

a, (3.12) 

can be evaluated after the limit IfO •* o is taken since"3 

it is then simply

a l (3.13)\j

•p c£ (3.13a)

We can then substitute the values D^, D^ and DS into 

(3.3 ), the value of D into (3.2^) and we then obtain

*\ & ~~ / t — 2-1 I ———~~^~ 
^~~^S

'D i.
(3.14)

Finally we need to evaluate the diagram

X X

" 3 £'Jd-^



r

' - 2

4-

where
D1 -

0- \x -—

=

rc^Y5iv. fo/ ^ 
L P Q

— ' J ) —
arc

(3.15)

(3.15a)
Co rvi <vi cn \r*> ci J^ Ko" L t-

e
<?

C\

2 \dr dr' r'l
(3.16)

(3.16a)

As when evaluating the diagram with two A points, we have to be 

careful to take the limit ^ •* o after the expression inside the 

square brackets, D(<3) has been evaluated. In this case we run 

into a difficulty with conversance. The problem is, that for 

each value of |<; it is necessary to evaluate D over an 

increasing volume until convergance to a well defined figure 

is obtained. As ^ becomes smaller, the maximum volume that is

taken becomes prohibitively large numerically. We were there-
- K R <£ fore forced to replace all terms (2- where A is a discrete or

a continuous variable by the function

(3.17)

This function has the desirable properties that it is flat 

close to X'O, that it tails off rapidly close to ^ ~ % and 

that it is unity at v/v - 0 . The limit C^o corresponds to

taking oo



We believe, though we have no proof, that the result 

we have obtained (equation 3.16a) from this method would be 

the same as the result had we had sufficient computer time to 

evaluate the limit using the exponential functions. Substituting 

equation (3.16a) into (3.15a) we find

7* b (3.18)
/

Summing all the diagrams, equations (3.la), (3.14) and 

(3.18) we finally obtain using equations (2.46), (2.51)

(3.19)

c s. I

(3.18b.)

'V 
We note that all terms containing the parameter c cancel, thus

avoiding divergencies in the final result. It also proves that
c

to order e , the value of the potential at the origin does

not affect the final result as we indicated in section B.

Finally we note that the dependence on e comes in only through
c

the D-H inverse screening lengthfc , again to order e . This 

point arises because of the properties of the diagrams that 

contribute to the expansion to e .

3B. Fade Approximants

We have found an expansion for the free energy,tequations
c

(3.19) that goes to order e and we have written it in terms

of powers of (t,a) where kj is the inverse D-H screening 

length. As we have said in section A, this expansion cannot



be applied directly to fastionics where, as we show at the end 

of this section, 1C a is of the order of unity. We now treat 

NJCX as our expansion parameter since we have shown that, to
c

order e , all the charge, temperature and concentration 

dependence of the interaction can be written in terms of this 

one parameter.

To find a theory that would be more appropriate for 

systems where kcx is of the order of unity, we turn to Fade 

approximants. The general idea of this approach is that it 

creates a means of interpolating between low and high l<o limits,

as follows. If the function we are looking at is given for
i i f* low 16 as a series to order k> and further arguments can be used

i 
to show that in the high l<o limit, the function goes as kj

an interpolation formula for the function is

* Q .-^ft-O *c.C<.*V * ---A GO'"
CO

^

(3.20)

Here a, b, .... and a2 , b 2 .... are found such that on

expanding rtOCo.^ UP to (_ t cO , the low ^ series is recovered.j
Clearly for large k» , jQdc^will vary in the correct manner.

is known as a Fade approximant. 

We adapt an argument due to Onsager (1939) to find the 

behaviour of the free energy as a function of K> for large K> . 

Onsager (1939) looked at a charged hard sphere system and showed 

that there is a lower bound to the internal energy per particle

of the system £^this being

i.
(3.21)cr

where 2 is the charge on each sphere and a" its diameter.
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Assuming that Onsager's theory will be valid for our 

lattice gas, we may assume that in the limit of the charge 

on the particles becoming large, the internal energy will 

vary as the square of the total charge. In this limit, the 

internal energy will dominate over the entropy terms in the 

free energy and so the free energy will also vary as the 

square of the total charge. Since K,~Z (equation (2.33)),
IX t

this implies that the free energy varies as KO in the limit 

of large ti

Clearly by taking the low 1C expansion to arbitrary order 

in & one may generate several Fade approximants. These 

should all converge for small \<o and be sufficiently close 

at the magnitude of hG<x.for which the theory is of interest.
c.

By finding terms up to e we could only obtain two approx­

imants viz:

iGo.y^

and

(3 - 23)

This is because when we obtained the approximants and plotted 

them (figure 3a ) they were both nearly equal for (IG<O :< 6 up h 

where we would expect to apply our theory. Figure 3a provides 

a useful indication that even the two lowest order approx­ 

imants are converging sufficiently that we may consider P2 

as a valid approximant for the free energy.

Given that our low C series for the free energy is from 

equations (2.28) and (3.19)
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Ac
. (3.24)

V

(3.24a)
i *— i *

where

(3.25)

(3.26) 
ET = - 0 Z4 o >

r (3.27) 
then from simple algebra

P 1 = 1 (3.28) 

r 1 = - B = 0-3-32. (3.29)

and

(3.30)

q-

(3.32)

(3.33)
C - ^ 

It is interesting to note % that r is close to 0.5. This

approximant is therefore very similar (and is identical in 

form) to the modified D-H theory (Lidiard 1957) in which 

account is taken of site exclusion.

We may thus take

Fc ^ P2 (3.34)

as our expansion for the free energy due to the Coulomb 

interactions in our lattice gas. (?^;$ qiv<.n t>^ 11

Finally we evaluate what (&<O would be for lead fluoride 

to indicate what size fk^oj would be if we wished to apply our
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theory to the fluorites. Given the definition of 

(equation (2.33)) and assuming the following parameters: 

S 2%, 6^= 31.7, a = 3 8, T ~ 800K and Z = 1, we find that 

&*- ^ j (3.35) 

The value of /^ was obtained from the results of the molecular 

dynamics simulations described in Chapter 5, £is from Samara 

(19?^. a is the distance between nearest neighbour anions- 

a value of 38 from the measurements quoted in Hayes (1974). 

The fastionic transition temperature is 705 K (Derrington et 

al 1976) and in the fluorites the anions are singly charged.

3C. Thermodynamics

We have shown how to find the free energy F due to 

Coulomb interactions in our lattice gas, this being given by 

equation (3.34). There are other contributions to the free 

energy of our system namely the energy required to create the 

defects, the Frenkel energy per defect E and the entropy of 

the defects. Part of this entropy is implicitly included in 

F as here we have calculated the free energy and not the 

internal energy due to the interactions. The remainder comes

from the entropy S when the Coulomb interactions are switched* o

off. S is the entropy of non interacting particles on a 

lattice where no two particles are allowed on the same site 

and it is given by

"(3.36) 

- NU M -2.W-V U NWM-ZN^UfKJ-7/oV) ( 3 -36a)

using Stirling's theory. Here "J is the number of defects 

per lattice site, N is the number of lattice sites and kR is 

Boltzmann's constant.



Thus the total free energy of our system,

(3 . 37)

where E is assumed independent of temperature.

As described in section A of Chapter 2 we can immediately

calculate the chemical potential A/L of our system.

i, _ J ^^
/ ~" f\i ~z::r" — (3.38) 1M 3 ~v p\j ii

F is a function of ( 1^0 which we write in terms of \) using
w

equation (2.33) as follows

V * —;—~—— (3.39)
lx "^ i x*~ x~ » »

^_-. I "7 ~ ~ 2r~ ~
7 Kg Te eT^ (3.39a)

since (^, - ^ /^ "2-4 - t I (3.40)"^ / v_A —

Since in our model we have equal numbers of positively and

negatively charged defects, 0 =P+ - O. . If we define a
I \ i

reduced temperature

I- -- [

where

"^ = ^<~6^cx (3.42)

then from (3.39),

(3.43)

Equations (3.37) and (3.38) then give

(3.44)

where

(3.45)



and is the reduced chemical potential,

4 2t ^ -^—— (3.46)'

t

\

(3.47)

and we define , _ (3.48) 

We found (3.47) from the equations (3.34 ), ( 3.37) and (3.38)

We use equation (3.48) to plot lines of constant h. on a 

graph of /t against latf. The plot is shown in figure.31). It 

shows clearly that our system does have first order, second 

order and diffuse transitions depending on the value of the 

reduced Frenkel energy (E /kg T ).

This graph resembled the plot for a van der Waal's gas 

in which log -p is plotted against the reciprocal of the 

temperature ( p is the density of the gas), for lines of 

constant chemical potential. By this analogy its significance 

may readily be understood. It is possible to obtain fe^, "^ and 

L 1 , the critical reduced temperature, critical defect con­ 

centration, and the critical chemical potential less the 

reduced Frenkel energy, as follows:

first we calculated the pressure p from

nT (3.49)



0
g. 3b 0

-1

_2

-3

-4

-5

I

100 200 300

0.11

0.112

0.115

0.112

0.105
0.1

0.09

0.08

Lines of constant chemical potential in the density
temperature plane



where n is the number of particles. The critical pressure 

is by definition the pressure at which

(3.50)

Using equations ( 3.34), (3.37), (3.50) 

we can show that

(3.51)

(3.52)

and that

C""V O o 1 /^s ~
(3.53)

Hence (3.53a) 

t is marked in figure 3b

We can see immediately that the critical defect con­ 

centration is very low (equation (3.53)). Furthermore 

figure 3b indicates that a diffuse transition will also 

occur at low concentrations in agreement with the behaviour 

noted for the fluorites where the disorder appears to come 

from defect concentrations of 10% or less (see the intro­ 

duction). Figure 3b which for given chemical potential is 

an Arrhenius plot also shows that the change in the logarithm 

of the defect concentration with the reciprocal of the 

reduced temperature is very much slower above the transition 

temperature if there is a diffuse transition. However this 

does not indicate a genuine saturation of defect concentration 

which was suggested by Catlow et al (1978) as being due to
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defect repulsions. Therefore in this respect the model does 

not appear entirely satisfactory.

Another way of testing the model is to look at the 

ratio .

S c - 1LLL . II-Z4 (3.54)
b ,

This is because

- Ec (3.55)/ "

where E is the Frenkel energy for a static lattice of a
\^

system which shows critical behaviour. Assuming that A,' is

close to the value of u! for a system with a diffuse trans­ 

ition, we can assume that ^ gives the correlation between

the static lattice Frenkel energy and the transition 

temperature of a system which shows a diffuse transition. 

Since the reduced temperature cancels in equation (3.54), 

Sc is universal in the sense that it is the same figure for 

all systems to which our model may apply. The point is that 

^ 0 has been examined for the fluorites by March et al (1980) 

where they find that it is approximately 20. This compares 

favourably with the value of l?-^ that we find (equation 

(3.54)).

Finally we calculate the values of the critical 

temperatures and E 's for CaF2 and PbF2 . For CaF2 we use 

6" = (y-lfl- Catlow and Norgett (1973) a = 2• ? 7. A Hayes (1974) 

to obtain

^ | (y O 0 O 1C / Q e:fi N— i ^ O . \J\j )

Then Tc = fc c T0 * 7Z? K ,4 Ts = 1^23 K. (3 . 57)

Dworkin and Bredig (1968)



and E c - / <?UV/ 4 £ 6 ,2V! <> V March et al (1980)
(3.58)

for PbF0 we use £ and a quoted when finding bcto give
<o r

(3<59)
4- 

and T -- (66 K. ci T=7oSK. (3.60)s

, /OeV 1 (3.61)

We see that whilst we obtain a rough agreement with experi­ 

mental values of T , the fastionic transition temperature and 

EQ for CaF2 , the agreement is poor for PbF2 . The reason for 

the poor agreement in the latter case may be that the static 

dielectric constant is not the correct parameter to use when 

writing down the Coulomb interaction between particles in our 

lattice gas. This is because the dielectric constant may be 

affected by local electric fields but it is difficult to see 

how to improve this without considerably complicating the 

theory by introducing a position dependent dielectric constant.

V?/ a major defect of the theory, namely the

neglect of the temperature dependence of E (this could easily 

be modified), the agreement we have with data on the fluorites 

strongly suggestes that the Coulomb interactions do play a 

major role in the transition to fastionic behaviour.

* DerrLngton et al (1976)

* March et al (1980)



CHAPTER 4 

LEAD FLUORIDE SIMULATION

4A. The Molecular Dynamics Technique

As we said in the introduction, we have simulated lead 

fluoride using molecular dynamics programmes that already 

exist and that needed no adapting for this work. Therefore 

this technique will not be described in great detail here 

since it has been reviewed by Sangster and Dixon (1976) for 

alkali halides and discussed by QiK^i and Dv^c ^ (1980) for 

the fluorite

The purpose of molecular dynamics is to numerically 

simulate the time evolution of a material by calculating the 

trajectories of a large number N (of the order of a hundred) 

of particles from Newtonian equations of motion. The N 

simulated particles are enclosed in a cube (in our case) of 

volume V containing an integral number N of unit cells. 

Periodic boundary conditions can then be imposed (they are 

described in Hansen and McDonald 1976) such that the cube may 

be regarded as N unit cells in an infinite crystal. The use 

of the periodic boundary conditions avoids surface effects 

which would clearly be important in only a hundred or so 

particles and enables calculation of the long range Coulomb 

forces as we describe below.

The input for a molecular dynamics programme is the 

interionic potential which is assumed to be pairwise additive 

and central. Thus if $_ is the total potential energy of the 

system it is assumed that
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where * t r are the species of the ions (anions or cations) and
/- \
(_r-• j is the potential between ions i and j which are

r \ \ separated by > \\- If< ~ r ; | . The prime excludes self

interactions. The force on the ith ion is then given 

classically by

(4.2)

When calculating the forces from equation (4.2) the short 

range forces are truncated on a sphere of diameter equal 

to the box length. The Coulomb forces however have to be 

dealt with using special techniques described by Sangster and 

Dixon (1976). For the lead fluoride simulation, Ewald 

summation was used which we describe in section C of this 

chapter. The Coulomb forces are calculated between a given 

particle and other particles in the box, also their images 

and the particles own images in the repeated boxes.

Once the forces have been calculated, the particle 

positions £. and their velocities Jf t are obtained by numerical 

integration of the equations of motion. At this point 

approximations are introduced since we have to replace the 

continuous equations of motion by difference equations invol­ 

ving the time step used in numerical integration, At . 

Sangster and Dixon (1976) discuss various ways of obtaining 

the difference equations. We use Beeman's algorithm 

(Beeman 1976) since it has been found that it achieves very 

good energy conservation. This algorithm approximates r_. and
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as follows: 

£ (t * AV) - 1^ (k) + ^\ (-0 At

(4.3)

and

v. Ct + t NT-~~ L

(4.4)

~ - 
where o^c is the acceleration. &k was taken to be AJ 1° sec,

^^v (ZO of the minimum vibration period. It cannot be too 

small or the computer time required for the simulations would 

be excessive. Equally, it cannot be too large as we need to 

avoid unacceptably big fluctuations in the internal energy of

the system. The b that was chosen gave fluctuations that
-4 

were only 10 of the total internal energy.

During the simulation, the volume, number density, 

momentum and total energy are conserved variables. At the 

start of the first run, the ions were set on the regular 

fluorite positions with the lattice parameter chosen to give 

the required density. The initial velocities were taken from 

a gaussian random distribution with the constraints
/ \ r~ /•">
/_ W - J- ' ~ OC,* '* '"* (4.5)

_- i y z
and "T - ~TT7^~ 4-1 ™ ̂ ,- „ (4.6)

Here T was set to a value considerably lower than that 

required in any of the runs and the system is 'heated' to the 

first temperature desired in steps of >v 150K by scaling the
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velocities. The initial conditions for subsequent runs at 

different densities and temperatures are constructed by scaling 

the positions and velocities obtained at the end of a previous 

run. . With this kind of initialisation, the fastion behaviour 

we will describe in Chapter 5 is in no way .built into the 

system.

Before taking the results for a given run, the system is 

allowed to come into equilibrium, thus the first few hundred 

steps are ignored. Subsequent steps were used in two ways: 

for static properties the system at each step was taken as a 

member of an ensemble and a thermal average would simply be 

the average over all the time steps. For dynamic properties, 

in this work only the-hopping analysis, we are able directly 

to look at microscopic events as a function of time with a 

resolution of At = IG~ 14 sec.

In the next chapter we indicate how physical properties 

which indicate the disorder present are evaluated from the 

simulation and discuss our results.

4B. An Interionic Potential: Fitting of Parameters

It is clear that to simulate a given material one needs to 

produce an interionic potential that will not throw up 

instabilities in the simulation. In this section we show how 

we found an interionic potential for lead fluoride and in the 

following section how we tested the potential using a static 

lattice to check for basic instabilities, and how we revised 

the potential accordingly.

The type of interionic potential that we used is of the



Born-Mayer-Huggins form

& 4.
(4 ' 7)

CO 6*0
Where <tf, (3 denote the ionic species, (^ is the electronic 

charge, 6 0 the permitivity of the vacuum and ^ is the charge 

on ions of species ^< in units of l£ 1 . We chose such a 

potential as we want to compare the results for our lead 

fluoride simulation directly with those from simulations of 

CaF2 and SrClg (Dixon and Gillan (197 S)), Dixon and Gillan 

(1980) respectively) which use precisely this form for the 

interionic potential.

The first term (i) in (4.7) is clearly the Coulomb 

potential where the ions are represented by unpolarisable 

point charges. This is clearly inaccurate, especially for 

lead fluoride for which the high frequency dielectric constant 

is 2.11 C 3o**$ / 1 ^ > ) .

This may be compared with the value of unity that is predicted 

by the rigid ion model. We v would redeem this failing by 

using shell model potentials (for a review see Cochran 1971) 

where the .Gates' electrons are represented by a rigid shell 

coupled through a harmonic spring to a charged core which has 

the mass of the ion. However Dixon and Gillan (19 '*?&i) found 

that for CaF2 the introduction of polarisability through this 

approach does not qualitatively alter the characteristics of 

the system. We do not therefore attempt to obtain a shell 

model potential for lead fluoride in this study as we found a 

rigid ion potential that appears to represent lead fluoride 

satisfactorily on simulation (see Chapter 5), and shell model 

simulations require considerably more computer time than could
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be justified for a first look at lead fluoride.

Term (ii) in (4.7) is a short range repulsive potential 

whose origin lies in the opposition to overlap of closed 

electronic shells when the ions approach each other at 

distances close to the sum of the radii of the outermost 

closed shell. The form assumed for this term, known as the 

Born-Mayer potential, has been found to represent well this 

type of interaction from quantum mechanical calculations. 

(Sangster and Dixon 1976).

The final term, (iii) in (4.7) is aimed at representing
^\

the Van der Waals attraction. The dependence on r is 

argued on the basis that the physical origin of this attractive 

form is fluctuating dipole interactions (see eg. Kittel 1971). 

However it is very difficult to make first principles 

calculations of this form and it is the area most subject to 

arbitrary assumptions (Sangster and Dixon 1976).

We should also say that lead fluoride is assumed to be 

fully ionic and that no attempt has been made to fit non 

integral, charges in the Coulomb term in our work. This may be 

justified by the agreement we obtain with experiment when we 

calculate the cohesive energy (for a static solid), for the 

potential we adopt in our simulation.

Now we show how we found values of the nine parameters 

in the short range interaction viz. A, , C, . , (?. . , A, , C ,
T T "T "T f T T — T —

p , A , C andf? . It must be emphasised that the / +- — — l —
procedure we use is somewhat ad hoc. This is because it is 

difficult to find a unique reliable method for fitting an



interionic potential based on first principles reasoning 

because of the sheer complexity of the system that one is 

attempting to represent with very few parameters.

Whilst all nine parameters could be fitted by experimental 

results, this would not necessarily produce a good potential from 

the combination of many different experimental measurements 

in one potential. We therefore made certain assumptions to 

find our initial potential which fixed six of the parameters 

(some of these subsequently had to be modified as described 

in section C). These assumptions were used in the work of 

Catlow and Norgett (1973) in their defect studies on CaF2 , 

SrF2 and BaF2 and are as follows: the cation-cation short 

range interactions are set equal to zero. The justification 

here is that the cations in the fluorite lattice are some 

distance apart ( //"X x the lattice constant) especially by 

comparison with the anions. The cations do not approach 

each other either as defects (since the cation sublattice does 

not disorder, see the introduction) or under the influence of 

an external electric field being all of like charge. Another 

assumption is that C may be set equal to zero on the basis 

of 'quenching' (see D?lk'-(O^?sO " for a description 

of this phenomenon and how it may be used to justify our 

assumption). Finally, the short range anion-anion interaction 

parameters A __,/?_ and C_ are assumed to be equal to values 

for fluorine ions in other fluorites. This is an assumption 

which was made by C*foco c<.«d <v 0 rftd (ffj?l\ an(* found to work 

well for CaF2 , SrF2 and BaF2> We used initially the values 

for A_ , (°__ and C_ quoted in Catlow and Norgett (1973) 

although we were later forced to alter them, vide discussion 

in section C.
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This leaves two parameters, A +_ and C to be fitted to 

experimental quantities. The low temperature lattice 

constant is one of those chosen 3 as a potential which did not 

get this right is unlikely to be considered realistic. In 

practice what is done is to calculate the parameters such 

that for an assumed value of the lattice constant, the 

pressure is zero. The pressure is calculated from 

P - du1 * du; (4 - 8)
where V is the volume of the system and U its internal energy 

It is easily shown then that

I - e <x,4 ._ --^ —' ( ——
5 CV. *• Cv f~ f O ' ^ £,

L<X' ° (4.9)

where o< is the Madelung constant, a is the lattice constant ,(&*•
AA

is the permittivity of the vacuum. a = 6-O A (Hayes 1974)o

The other parameter chosen is the static dielectric 

constant 6 . This is because, as we discuss in the introduc­ 

tion, lead fluoride is differentiated from the other fluorites 

by an exceptionally large value of 6 which might give rise to 

qualitatively different behaviour. Thus it is essential to 

have a potential which simulates the correct value of £. . 

Furthermore Hardy and Flocken (1970) and Faux and Lidiard 

(1971) have shown that the Frenkel energy in the static 

lattice E is not generally well represented unless €: is 

correct. As we argue in the introduction, it is necessary to 

have a reasonable value of E to obtain fastionic behaviour 

in the correct range of temperatures.



We evaluate £ using the parameters of the interionic 

potential which is being fitted from

(4.10)

where

b r or r
(4.11)

Here r are the anion positions on the regular lattice.*^~» j&-a

Other parameters which have been measured experimentally 

can be calculated for our system with the parameters that 

have been fitted to -t and a. Following Catlow and Norgett 

(1973) we use the elastic constants C.,.,, C12 and C..,, 

together with the cohesive energy to test our potential. The 

elastic constants are obtained for nearest neighbour positions

in the fluorite lattice from

'11

'12

'14

2

(A -
\ I

(4.12)

(4.13)

ft.")

Here A- =

A rt =

r =•

o,

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

These expressions were obtained from Axe (1965). 

*We fit £ to the value of 31.7 (Samara 1976) ^ '"»s (:6\e
0?
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We have also calculated the cohesive energy directly 

from the potential. It is the total internal energy consist­ 

ing of the Coulomb energy (found from the Madelung sum) and 

the short range contribution found from summing the inter­ 

action energy out to nearest neighbours.

This is a very useful test particularly of the ionicity of 

the solid.

4C. Tests of Stability

In this section we describe how, having obtained a 

potential by fitting to the lattice and static dielectric 

constants, we apply various tests to the potential. We show 

how in this study the potential had to be modified to avoid 

an instability which resulted in the longitudinal Raman mode 

at the Brillouin zone boundary (hereafter simply called the 

boundary Raman mode) having a negative squared eigen-frequency.

As we commented in section B, it is essential to obtain 

approximately the right value for the Frenkel energy for a

static lattice E . Thus the first test we applied was to useo
the HADES (Harwell Automatic Defect Evaluation System) 

program to calculate E . This is a program designed to 

evaluate defect energies in a static lattice. HADES divides 

the simulated material into two regions; an inner region 

(region I) containing Ca 100 ions where the ions are 

represented explicitly on a lattice using the interionic 

potential under test and an outer region (.region II) which is 

treated as a matched dielectric continuum. The defect energies 

required are calculated by allowing the ions in region I to



relax to equilibrium and taking account of displacements in 

region II obtained using macroscopic polarisation and 

elastic fields. The programme has been described in detail 

by Lidiard and Norgett (1972) and Norgett (1974). We used 

HADES to find the energy required to take an anion off the 

regular site and put it on the empty cube centre site, to 

check that the intestitial is stable at the cube centre site. 

This can be done by using the HADES program to calculate 

the energies (relative to the energy of the perfect lattice) 

of interstitials which are slightly displaced from the cube 

centre. Another check is that the interstitial is stable 

against interstitialcy motion in which a lattice ion is 

displaced into an adjacent interstitial site (Catlow and 

Norgett 1973). We also look at vacancy migration energies, 

the energy barrier against movement of a vacancy at one 

lattice site to a nearest neighbour lattice site. Clearly a 

potential with large energy barriers against interstialcy 

motion and vacancy migration in the static lattice is less 

likely to create problems in the molecular dynamics simul­ 

ation at finite temperatures.

The final test we consider necessary is that the 

potential should show up no instabilities when evaluating 

the phonon spectrum for the regular lattice.

Having detailed the tests that we consider necessary to 

obtain an acceptable potential we now describe how a 

potential we obtained using the approach described in section 

B failed the final test, that of giving stable phonon modes, 

and how we modified it accordingly.
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We found that by making all the assumptions described 

in section B concerning the parameters, A^ , €,_,_, A ,, A ,
TT TT / TT ——

C_ ,P— and C+_ and fitting A +_ and r>+_ to a and ^ that we 

had a potential which gave good values for the elastic 

constants, cohesive energy and Frenkel energy. It also 

showed none of the instabilities tested for with the HADES 

program. However when we evaluated its phonon spectrum using 

a standard programme we found that the boundary Raman mode 

in the (l 0 o) direction (or 1^0 1 Oj or (0 0 ij directions 

by symmetry) had a negative eigenvalue (square of the eigen - 

frequency) whose magnitude was approximately that of the 

square of the experimental frequency (Dickens and Hutchings 

1978). Thus not only was an instability present, but it was 

also severely unstable. It is worth noting that this soft 

mode is an indication of the weakness of the fluorite 

structure in these directions and the same mode has been 

observed to show a tendency to soften in SrCl 2 (Dixon 1980, 

private communication). Its eigenvectors show that the 

anions are displaced along adjacent parallel lines in the 

fluorite structure and that the cations are not displaced at 

all.

The way we chose to cure the instability was to fit 

another of the nine parameters in the potential so that in 

addition to the correct £ and a we would have a positive

eigenvalue W_ for the boundary Raman mode.
K

We were able to do this by choosing the parameter C_ 

to be the extra parameter fitted to experiment. The reason 

for this was that equation (4.10) shows that only the cation-
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anion short range interaction contributes to the expression 

for 6r and it comes in the combination ( 2./ ijj_- •*• ?J£_±^L )

From (4.26) below we see that if nearest neighbour interact­

ions only are considered for the short range potential,
2 

the cation-anion short range interaction contributes to W „

in exactly the same combination. Therefore it is pointless

2 to alter W _ by fitting the cation-anion parameter C+_ in

addition to A and p as we have to obtain the correct
T — ^ + —

,. S'l v S"
dielectric constant which fixes the combination ( ^ &&*•- * * ff~

As the cations are not displaced in this mode, there is no 

point either in altering the cation-cation interaction. We 

are therefore left with the short range anion-anion 

interaction. We chose C_ rather than A _ and /O because 

it is not well understood so that the value obtained by 

Catlow and Norgett (1973) for fluorine ions in fluorites is 

not as reliable as their values for A and p _ .

2We calculated W D as follows. The phonon modes for a
K

perfect lattice are found from the equation of motion in the 

harmonic approximation

Here U is a column matrix whose elements are the displace­ 

ments of ions on each sublattice, _m is a diagonal matrix with 

the mass of the ions on each sublattice and M is the force 

constant matrix (Cochran 1966). The Roman mode that we want 

is longitudinal and we take it as being parallel to the x. 

direction (1 0 0) although y or z could equally well be 

chosen by symmetry. Thus it is only necessary to diagonalise
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^ IM « V"?) / (4.20)

Here 1, 2, 3 respectively refer to the cation in each unit 

cell, an anion within the unit cell (displaced by a ( i i J ) 

from the cation) and the other anion in the unit cell 

(displaced by a ( -i i i ) from the cation). £ is the wave 

vector of the mode. We ascertained from this matrix that the 

eigenvector of the mode that was going soft was
o 
(

I

2and its eigenvalue, W n
K

where ^^ is the zone boundary wave vector 

Cochran (1966) shows that

(4.20a)

C--^ (4.21a) 

Here kispecifies the ion within the unit cell

N
C ' r ''" -'" (4.22)

where 1 specifies the unit cell of one ion <a and l' goes over

all the unit cells in the lattice.

We split the potential into the short range component 

(p R and the Coulomb potential y> .

S) ~* ^ X*

We define l<- , C
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ic

G
v
-.)-

•X* ,

•< <

•j K_> O

^ c fc

(4.23)

(4.23a)

where

(A -

and

e

.r

* - i
L - L VC

Then truncating y D at nearest neighbours,' Srt

c ^h-

4-
r -

(4.24)

(4.25)

(4.26)

where <p'

(4.27)

Now we look at the Coulomb potential^ .Because of its 

long range, the lattice sums do not converge if attempted 

directly so we use the Ewald transformation and write the 

Coulomb potential as a sum of two series, one in real space,

one in reciprocal space as follows:

(4.28)

(4.28a)
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where

- potential due to the gaussian charge/2. -P'- 1-

^ (4.29)

(4.29a)

and 2: is the charge of the ion fc in the unit cell in units

of the electronic charge je Then

j_ 
v A- r. 6, (4.30)

where ̂ Q is the volume of the crystal, q is a reciprocal lattice 

vector. The reason for this manipulation is that by a good 

choice of the convergance parameter p the series can be made 

to converge very quickly, p is fixed such that the nearest 

neighbour terms summed for the reciprocal space series and 

for the real space series are of approximately the same 

magnitude .

When finding the Coulomb contribution to the matrix 

element we do have one useful simplification:

by applying Laplace's equation

(4.32)

Then we find
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4ne0 i n *• ( 4>33 )

The last term in (4.33) which is independent of £ comes from 

the Coulomb contribution to the force constant at the origin 

which has to be explicitly subtracted off the reciprocal 

lattice series.

We also obtain

\.' 1L

C *

-u'3

(4.34)

By substituting equations (4.26), (4.27) and (4.33)and (4.34) into

(4.23) we may find the Raman boundary eigenvalue from
i\ I 

equat ion (4.20^ if £ is set equal to 2-Tr^ / Q^

2Using this result, we have W „ in terms of the short

range potential. Together with fitting 6 and a, and choosing

2 a suitable value for W n , we have three parameters to fit tort

and the three 'free 1 parameters A , p and C . As before
• "™ ( it* •"• *•• ̂ ~

the short range cation-cation interaction was set to zero and 

A . p were taken from Catlow and Norgett (1973).

Initially we found a potential by fixing WR at the 

experimentally measured frequency (Dickens and Hutchings 197"S) . 

However the large change in C_ required made the potential 

so soft that it was very unstable when tested using the HADES 

program. Therefore we fitted the Raman boundary frequency 

to a small positive value (0.2 THz) instead on the grounds
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"that this would be sufficient to annul the instability. 

Unfortunately the resulting potential was found to be unstable 

with respect to interstitial migration so we were forced to 

alter A_ and /."> _ to avoid this. However we did find that

only slight adjustments to A and p were necessary to__ j __

give a potential that is specified in section D. 

4D. Potential Chosen

In table 1 we list the nine parameters of the short 

range potential that we found.

In table 2 we give the values of: the Frenkel energy 

E , the interstitial migration energy,t^the vacancy migration 

energy,£V)the Raman zone boundary frequency ,Vig the cohesive 

energy£and the elastic constants CIT > C.. 2 , C , . Experimental 

measurements of these parameters are also shown. It is clear 

from table 2 that we have satisfactory agreement for all the 

parameters we have calculated although the agreement for the 

interstitial and vacancy migration energies is poor. However 

overall the agreement was good enough for us to try the 

potential in the molecular dynamics simulation programmes with 

the results outlined in Chapter 5,



Table 1

Short Range Parameters for Lead Fluoride Potential

Gtt

A

P

(eV)

(8)

C" (ev86 )

A+~ (eV)

P +" (8)

C+ - (ev86 )

A++ (eV)

p++ (8)

C++ (ev86 )

10225

0,225

107.324

122.66

0.516

0

0

0

0
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Table 2

Comparison of Parameters from PbF9 Potential with Experiment

E (eV)
0

E. (eV)i
E (eV)

V<~\
VC (THz) K

E (eV) c

From PbF Potential

1.116

.081

.082

.164

22.5

From Experiment

i.o a
0. &lb

f~~\

0 1 t^s 
* / ci

j
39.0°

25. 3 e

C (dynes cm ) 5.56-10 11 9.30 f 'C<'

C (dynes cm" ) 1.44-1011 ^ 40 f >o"

C (dynes cm~ 2 ) 1.26-1011 2.06 f io"

a !^rch et al. (1980)

b Liang and Joshi (1975)

c Liang and Joshi (1975)

d Dickens and Hutchings (1978)

e Weast (1980) (Formation energy of PbF = 159.4 K cal/g mole Hayes (1974))

f Catlow et al. (1978)
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Details of Simulation Runs

68

T (K)run

412

593

792

928

991

a*(8)

5.963

6.005

6.056

6.073

6.089

AR (time steps)

1495

2595

3995

4695

3895

————————— _ —— ̂ 

4-

r
400

600

800

900

1000

We assume in the script that the runs are at these nominal 

temperatures. 

Dickens et al. (1976)
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CHAPTER 5 

MOLECULAR DYNAMICS RESULTS

5A. Real Space Analysis

We described the technique of the molecular dynamics 

simulation in section4A. Now we indicate how certain 

quantities relating to the disorder can be obtained from the

simulation, discuss our results and compare them where
* 

possible with experiment. We give in table 3 details of

temperatures at which we made runs, the lengths of each run 

and the lattice constant <^ at that temperature (giving the 

length scale). The simulations were all done for a box of 

ninety six particles at a pressure of about 0 atmospheres

corresponding to very low ie. atmospheric pressure. The time
/\ -l/t 

step used was /Ac= 10 5

(i) Time Dependent Behaviour

As we commented in section A, the simulation can either 

be used to look at the behaviour of the ions as a function of 

time, measured in discrete time steps. Ae~, or by averaging 

over the system behaviour at different time steps to obtain 

static equilibrium averages. Here we look at the time 

dependent behaviour since we can obtain from this analysis 

values of the diffusion coefficient D^and the conductivitycr 

which may be compared with experiment. We also obtain an 

estimate of the defect concentration although we consider 

another way of finding this important parameter in section B. 

Additionally we have information about the directions for 

which the hops are taking place.
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First of all it is necessary to find the position of 

the underlying regular lattice. We use the cation positions 

for this as we have been able to check tfrat, in agreement 

with experiment (see the introduction), the cations do not 

diffuse. This check was done by calculating the time 

dependent mean square displacement

-7 i v J— v r\c CO > * — , N ^ r* x C L + 't] - r- x cr >
(5.1)

where f- is the position of the ith ion of species y(, at
^v.

time t. The sums go over time origins < and H.- , N are the
^ oC

numbers of time origins and ions of species &(, respectively 

(see Dixon and Gillan 1980). At long times \t\ we have 

(Sangster and Dixon 1976)

6k •*" t. J>a lt( (5.2)

where C) is the self diffusion constant of species < ando^. -

is a constant. Thus if D+ is zero, the cations are not 

diffusing and this is what we found at all temperatures. The 

cations are however vibrating about their regular sites and 

furthermore the cation sublattice as a whole is moving. (The 

sublattice recoils each time an anion hops by conservation 

of momentum). Therefore it was necessary to calculate the 

mean vector position for each simulation run and to average 

these positions to construct the position of the lattice.

Once the regular lattice sites have been established, it 

is possible to obtain a hopping catalogue for the anions. 

This catalogue records when an anion leaves a sphere of radius 

d = a/g (a is the lattice constant) whose centre is at the 

anion regular site. The catalogue also indicates when that
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anion enters a sphere of the same radius surrounding another 

regular site. The two events constitute a hop. It is clear 

that such a method of analysis assumes that there are no 

other sites to which the hops are made as the hops only occur 

between regular sites. The method is vindicated by the fact 

that and (1980) found using precisely this form 

of analysis on an SrCl 2 simulation, that when the radius of 

the sphere was decreased by a factor of two, the number of 

hops recorded only changed by 25%. Since the volume of the 

sphere would have been decreased eightfold when d was reduced 

by two, this suggests that most of the hops are taking place 

between sites within a/ 12 of the regular site. Furthermore 

none of the hops recorded by the catalogue last more than a 

few vibration periods indicating that none of the ions are 

lingering on sites between the regular sites.

The hopping catalogue can first of all be used to find 

the directions of the hops. Three kinds of hop were found: 

between nearest sites along a cube edge (direction Cl 0 0)) 

(91.5%), along a cube face diagonal ((1 1 0)) (8%) and along 

a cube body diagonal (.5%). The percentages shown are percent­ 

ages of hops in each direction noted from a simulation run at 

1000K;- the figures indicate very clearly that by far the greatest 

number of hops is along the (100) direction. This is in 

complete agreement with and (1980).

These percentages may also be used to evaluate the
: <-

mean square value of the hopping distance, ^0 Thus

r 2 (5.3)



Here the sum is taken over the three different values of r 

for each of the three directions specified above, r is the 

nearest neighbour distance in each direction and p is the 

percentage of hops in that direction. The figure of 1.09 is 

obtained from the percentages quoted above. From the total 

number of hops per unit time we obtain the mean rate v at 

which each anion executes hops. If we assume that the 

directions of hops are statistically independent, then we 

can obtain the anion diffusion constant

(5>4)

(Corish and Jacobs 1973).

We used this analysis to obtain D_ at 400K, 600K, 800K, 

900K and 1000K; our results are shown in table 4. It is 

inter ing to see that we obtain quite reasonable agreement 

with experimental values for D_ that are also shown in table 

4. This we feel is a good indication that our simulation 

is producing a good representation of lead fluoride, bearing 

in mind the slightly arbitrary nature of the methods chosen 

to find the potential to be used in the simulation.

We may also evaluate the dc conductivity from the 

simulation using the Nernst Einstein relation

D_ -

Corish and Jacobs (1973).

(5.5)

Here f is the Haven ratio, k0 is Boltzmann's constant, e the M B
electronic charge and p^the density of mobile ions given by
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Table 4

Diffusion Constants and Conductivities

T(K)

600

800

900

1000

-S 2 -1 D,/10 Scm s d

.03

.94

2.2

4.1

_ a / . n ~ b z — 1 D , 710 cm s expt

1.7

3.0

4.0

-1 -1 
a(fi m )

3.4

79

150

270

b , 0-1 -1, a . (ft m ) expt

270

410

520

a Gordon and Strange (1978)

b Carr et al. (1978)



a
(5.6)

where a is the lattice constant, i <- , s a^r)--? -j c/v
J

We have shown our results for ^ in table 4 which we 

calculated using (5.5) and the values of D given in table 

The Haven ratio was set equal to unity as it is not clear 

precisely which value to take and it is known that it should 

not differ from unity by more than a factor of 30%. (Corish 

and Jacobs 1973).

We see from table 4 that we also obtain approximate 

agreement with experiment though this is not such a reliable 

comparison because of uncertainties over the Haven ratio. 

However table 4 does show that the simulated lead fluoride 

has the main characteristic of a fastionic, viz. a sharp 

increase in conductivity over a relatively narrow temperature 

range. This temperature range lies between 600K and 800K and ; 

may be compared with the fastionic transition temperature To

found experimentally for lead fluoride of 705K (Derrington 

et al 1976). We have not examined more precisely the 

temperature range over which the transition occurs in our 

simulation as we are more interested in the qualitative 

nature of the disorder above the transition, and do not 

consider our simulation would give especially good results for 

the behaviour at the transition.

Finally we look at the defect concentration dc A defect, 

as we have already indicated in the introduction, is a 

vacancy or an interstitial for the fluorites. The existence
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of vacancies and interstitials may be found by looking at 

correlated sequences of hops. A correlated sequence is when 

a hop occurs from one site (1) to another (2), from site 2 

to site 3 and so on,

We define the time at which a hop from site 1 to site 2 

takes place as the mean of the times at which the anion 

leaves site 1 and arrives at site 2, and specify the hop from 

site 1 to site 2 by the ordered pair (1, 2). Then if the time 

t at which (1, 2) takes place is before the time t at which 

(2, 3) takes place, we may consider this as indicating the 

presence of an interstitial on site 2 for time t-t . Similarly

if t-t is negative, this corresponds to a vacancy at site 2.
/

We can count the interstitials and vacancies from a 

pictorial representation in which the hopping events are 

represented as points on a line parallel to a time axis and the 

correlation arrows are drawn to connect the points. An 

arrow pointing parallel to the positive direction of the time 

axis indicates that an interstitial is present for the time 

represented by the length of the arrow. Likewise, an arrow 

pointing along the negative direction of the time axis 

indicates that a vacancy is present. The total number of 

vacancies plus interstitials is found at any instant by 

counting the number of correlation lines that cut the line 

perpendicular to the time axis, that intersects the time axis 

at that instant. We find the average defect concentration 

namely the number of vacancies (or interstitials) per site 

by averaging the number of vacancies (or interstitials) over 

the run. By charge neutrality, the numbers of vacancies and
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and interstitials are equal at any instant.

In this way we found that the defect concentration was 

2% at 1000K. This result is somewhat surprising in view of 

the defect concentrations measured by neutron scattering 

measurements (Shapiro and Reidinger 1979) and Dickens et al 

(1979) are about 40% at that temperature. In section B we 

go on to look at a way of explaining this discrepancy. The 

value of 2% is in line with the values of 3% found for SrCl2 

by the same method of analysis as that outlined above (Dixon 

and Gillan 1980). It indicates that lead fluoride does not 

appear to show qualitatively different behaviour from the

other fluorites looked at with molecular dynamics simulations.
i

(ii) Radial Distribution Functions

The radial distribution function Q .(^ for a particleJxp

of species </. at the origin is related to h Cr ) t the average
ft

number of particles of species /3 at distances between r and

r +Ar by

- V np (/} (5 - 7)
(Sangster and Dixon 1976). Here V is the volume of the box 

containing the N. particles of species & . With this 

normalisation, a Cr) tends to unity at large r.
Jw-*

We obtained 9/^r for temperatures 400K, 600K, 800K, 

900K and 1000K. The results at 400K and 1000K are plotted in 

figures 4a and 4b. (^.5 f^(ru uH^ as c. h.-

The general forms of the radial distribution functions 

are similar to those obtained by Rahma-n (1976) for CaF2 , by
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de Leeuw (1976, 1978) for SrCl 2 and by Dixon and Gillan (1980) 

for SrCl . The cation-cation and cation-anion distribution
£*

functions are typical of those found in solids, having large 

and rather sharp peaks out to large distances and troughs 

which descend almost to zero. The anion-anion distribution 

functions by contrast are rather similar to those found in 

liquids, even at 400K where there is no diffusion. This 

indicates that by comparison with the cations, the correlations 

between the anions are relatively weak. It is worth noting 

that the distribution functions for the anions are even more 

liquid like than in SrCl (Dixon and Gillan 1980). J

We also obtained the radial distribution function between 

sites and particles in a way identical to that described above 

for the other radial distribution functions. This time one 

of the position vectors is that of a site, the empty cube 

centre site, and the other position vector that of the anions. 

Our results are shown in figures Sajifor 400K and 1000K. We 

used this radial distribution function to calculate the mean 

square displacement < ^ > of the anions at the regular sites 

since by this means we have automatically excluded the hopping 

particles. *

/^ > is obtained by approximating the density associated 

with an anion vibrating about its regular site as

(5.7a)

where "V is some factor (less than unity) which allows for 

the fact that some anions are in other regions of the lattice. 

We ignore the distortion from sphericity caused by anharmonicity 

* </n *> is found ,Por -, the cations from the simulation by
I ^ s

averaging m over all time steps
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Now assuming the centre of the distribution be 

distributed with equal probability over a sphere of radius r 

(equals the distance from empty cube centre to the anion 

regular site = /3a/ 4 where a is the lattice constant). Also 

multiply by eight to count the eight anion neighbours of the 

cube centre site. Then the spherically averaged density due 

to anions on nearest neighbour sites is

- PJ<V - <L -*(/•'*+ rc z ~2r'rn cose)
2. d&s^&e ^ ° J (5.8) 

0

is the polar angle of the lattice position with respect 

to r_' taken along the z axis. For large enough r' so that 

2 c< ro r is much greater than unity we have

(5.9)

Thus the value of <"<""> is simply the second moment of the 

gaussian distribution where

r = r - r o

Then c\ ~ ~~ - ~~: ^ T~z-> (5.10)

where r is the half width at half height for the gaussian 

Equation (5. 7 ) shows that ^(J'' ' is proportional to the radial 

distribution function ^ (r ) for the anions with respect to the 

cube centre site. Thus r is the half width at half neighbour
HfcvMH

of the gaussian cube centred on r-fScu/£f for Q C^T^ •

We used equation (5.10) to obtain ^^ for 400K, 600K, 

800K, 900K and 1000K. Our results are given in table 5 

where they are compared with the neutron scattering results of 

Dickens et al (1980X7^ -We see that we have reasonable agreement



Table 5

Mean Square Displacements of Anions

T(K)

uoo

600

800

900

1000

o /"\o
<n > (A )rs

.30

.48

.67

.91

1.12

r-\

<n >a (!
e

0.10

0.17

0.30

0.33

0.35

Dickens et al. (1980)

83



with these results,

(iii) Densities

The mean ion density /.; (r) gives the probability density 

of finding ions of species </ at position r_ in the unit cell. 

It is defined by

where the sum goes over ions of species ^ t M^ being the total 

number of these species in the system and the brackets denote 

the equilibrium thermal average. Here the equilibrium average 

is found by averaging over all steps in a run. A is simply 

the reciprocal of the ion density in the regular lattice:

A = ^/ 3 for anions (5.12) a

= *t / 3 for cations (5.12a) a

Thus a uniform distribution of ions would give a density of 

unity. Because our system is crystalline at all temperatures,

the mean ion densities o . (r) are periodic functions of thei <*. - '

vector positions £ even in the presence of anion disorder.

In order to calculate the n, (r) we need to calculate thei •* "'

position of the underlying regular lattice. The method of 

doing this has already been described for the time dependent 

behaviour. The A Cr) are computed by superimposing a cubic 

grid on the unit cell where each element of the grid had 

dimension a/ 4$ . Then the number of ions in each element 

was counted and the mean found over the different time steps. 

In order to improve the statistical accuracy we average over



the occupancies of symmetry related elements.

The data is presented in figures 6a,6b. We have taken 

planar cross sections in the unit cell and constructed equal 

density contours. We have assumed the structure shown in 

Figure 2 where the anions are at (000), (J 0 0) etc. The 

cross sections are taken in the j^O 0 \ \ plane and the 

JJL 1 OJ plane at temperatures of 600K and 1000K. Cation 

contours are shown by dotted lines and anion contours by 

smooth lines. The figure marking the contour is always to 

the fg^of the contour. There is symmetry about a vertical 

line bisecting the plot for the plots in the 1 1 0 J plane 

and about a diagonal for the plots in the 1 0 0 i J plane so 

that not all the contours have been marked.

It may be seen that at the lower temperature, 600K, both 

cations and anions are strongly localised about their respective 

regular sites. This is consistent with the fact that in the 

hopping analysis very few hops are recorded at that temperature 

and indicates that the transition to fastionic behaviour has 

not yet taken place. The spherical symmetry of the cation 

distribution indicates that the cation vibrations are not 

appreciably anharmonic in contrast with the anion distribution 

which shows a strong tetrahedral distortion towards the cube 

centre sites.

The' high temperature (1000K) results are quite similar to 

the low temperature results. Both cation and anion distrib­ 

utions are broader in the fl 1 0J plane but their basic form 

remains the same. The most interesting point is that in
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agreement with the results on SrCl 2 (Dixon and Gillan 1980) 

there is no peak in the anion density at the cube centre 

sites. Therefore the number of anion interstitials which 

reside on these sites for an appreciable time is negligible 

to within our statistical accuracy. The contours in the 

(o 0 I) plane indicates density along and near the cube edges 

of the anion sublattice suggesting that the anions spend a 

significant fraction of their time hopping in these directions, 

and is consistent with the hopping analysis. Again this 

result is the same as for CaF9 (Dixon and Gillan 1978) and
£j

SrCl2 (Dixon and Gillan 1980).

We conclude then, that as with the hopping analysis, the 

results are very similar to the fluorites which have been 

looked at by simulation, CaF? and SrCl 2 ,so that the qualit­ 

ative nature of the disorder in lead fluoride is like that 

in the other fluorites.

5B.L-Space Analysis

As we commented in section A, the defect concentrations 

we find from the hopping analysis differ by an order of 

magnitude from the defect concentrations quoted for PbF2 from 

neutron scattering results. However, the methods of obtaining 

the defect concentration differ very greatly because the 

experimentalist has to work in momentum space. We describe 

in this section the method that is normally used to find the 

defect concentration experimentally (from neutron scattering), 

and show how we were able to apply the same method to our 

molecular dynamics simulation, treating the simulated lead 

fluoride as the 'crystal' from which we obtain data.
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The defect concentration is, as we will show, an ill 

defined term and so it is more accurate to consider the 

neutron scattering measurements as finding the ion densities 

in momentum space. This is because the static disorder 

corresponding to the thermally averaged densities that we 

describe at the end of section A is obtained experimentally 

by looking at the intensities of Bragg peaks. These are 

obtained from the elastic scattering cross section. The

intensities depend on the elastic structure factors
M,

where the sum is over all cations and N is the total numberc
of cations, and

Nc, .e'9-rt >

summing over all anions, given that N = 2N is the totala c
number of anions.

Equatipns (5.12) and (5.13) are the Fourier transforms 

of the average densities of cations and anions respectively. 

Thus in principle it should be possible by Fourier transforming 

the set of elastic structure factors for sufficient reciprocal 

lattice vectors to obtain the ion average densities, albeit 

with finite resolution. We could then directly compare 

experimental results with the contours shown in figure 6. 

However the errors occurring due to overlap and extinction and 

the difficulty of obtaining the data at sufficient reciprocal 

space points to give a reasonable resolution, preclude this.

The experimentalists then commonly adopt the approach
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of calculating the structure factor for various models of 

ion distributions with a number of free parameters eg. defect 

concentration and anharmonicity. These parameters are then 

found so as to minimise the difference between the model 

elastic structure factors and experimental structure factors. 

The model which gives the best fit is then considered to 

represent the ion distribution in the real crystal.

Given this approach, we have various ways in which we 

could compare our simulation results directly with experiment. 

The most straight forward is to evaluate the elastic structure 

factors from our simulation and compare them directly with 

the experimental structure factors. Unfortunately no 

experimental structure factors could be made available to us. 

We therefore achieved our comparison by treating the 

simulation structure factors as 'experimental 1 data and 

comparing these structure factors with a model that resembled 

those used by Dickens et al (1980) in the analysis of their 

measurements.

The model we chose is in fact a generalisation of models 

I to V of Dickens et al (1980) although here we use different 

notation. Our model is as follows: All the cations are on 

regular sites and have harmonic vibrations only with a mean 

square displacement < "^ >0 ^ . There are (1-D) anions on ea c(^ 

regular site which have vibrations specified by a mean square 

displacement * /l7'*'><-A H' They also have anharmonic vibrations 

which we parametise through the anharmonicity -fi . Hereof^ ax. 

defined from the potential seen by the (modelled) anionsj

I (5.14)
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where

- t- I -for anions at (} J J) a (5.14a) 

_ - | for anions at (-J i i) a (5.14b)

Here, as throughout this section, position vectors are 

relative to the cation in the unit cell. This form of the 

potential is obtained directly from symmetry considerations 

as the anions are at sites of tetrahedral symmetry. In 

addition there are A...D anions on the 'diagonal' sites which 

we define as

a(J I J) + x a (1 1 1)

x a (-1 -1 1) 

x a (1 -1 -1) 

x a (-1 1 -1) (5.15)

and

a(-i J i) + x a (-1 -1 -1)

x a (-1 1 1) 

x a (1 -1 1) 

x a (1 1 -1) (5.16)

From figure 2 it may be seen that these defect positions 

lie on the lines joining anions to empty cube centre sites, 

the lines along which they vibrate anharmonically . x, the 

distance along these lines, is also a parameter in our model. 

We represent these anions as vibrating harmonically, with mean 

square displacement ^'>7~>. . The remaining (1-/OD anions
/ CXvCi<7 /

are placed halfway along the cube edges, namely the lines 

joining an anion to a nearest neighbour anion. In our model
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i 
they have a mean square displacement <^

^<j<~

We now derive the elastic structure factor for arbitrary 

reciprocal lattice vector which we can then compare with 

elastic structure factors from the simulation.

Equations (5,12) and (5.13) can be written as follows:

where the geometrical structure factor,

& = 2 e
S

Here the sum is taken over ions on regular or defect sites 

within one unit cell at positions (r with respect to the 

cation. #? is the displacement of the ion from its regular 

or defect site at Jfs .

Next we average separately over regular sites, the 

diagonal sites and the cube edge sites:

a
(regular sites) (diagonal sites)

< e'3'*

(cube edge sites)

and

(5.20)

We look first at the regular cation sites using Bloch's 

identity (Marshall and Lovesey 1971) viz.



- 77 *> ^ e, '- v " '' - e
(5.21)

where W(g) is the Debye-Waller factor that can be written as

(5.22)
^ -(\2- <m2 ̂ ^

Thus a - <^ ^ I

(5.23) 
At the regular anion sites, the anharmonic term has to

be considered too. Using classical theory,

(5.24)
^———— v/

where

r -fi(j</r\'i J -\ v 
<•:> ^- / , , / N rl yiA

(5.25)

and

p - 
' "

We find

./ ^- « g ' i & (5.26)

(5.27) 

where <: > indicates that the average is to be calculated
^(L^CW

for a purely harmonic potential. This average is found in 

the same way as for cations: <^ L 3'"J> - - c\ z <•*]
VlCLVYV} ^ ' 

-ex. <z sv?*~ ^> ,1 >A ftOo. ^^ <?<^ -^ ^ -U O-TL di ̂ l& a .--n. v^ / v c- ^ , ^ j i, f fa fac, s//r ^ ' '> r c ,1 . - ..

Next we calculate the geometrical structure factors for 

the anions. These are

9
(5.29)
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I COS/,/ a 
L '

-f- cos n^ cv
I

4" CCS7\|7

(/

> + <5u(l-40 OB ^' i4-
1,5.30)

and

, S.

- ccs

2

(5.31)

From equations (5.27), (5.28), (5.29), (5.30), and (5.31) 

(adapting ( 5". ££) slightly for different defect sites) we 

obtain by substituting into (5.19)

(5.32)

We used equations (5.23) and (5.32) to find a set of 

elastic structure factors for the cations and anions respect­ 

ively for the twenty-five smallest reciprocal lattice vectors

of the fluorite lattice. This set was compared with elastic
^. 

structure factors given in table 6 for the same set of

reciprocal lattice vectors calculated from a simulation run
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at 1000K using equations (5.12) and (5.13) (for these I 

gratefully acknowledge Dr. Dixon).

The way in which we compared the two sets of structure 

factors was as follows. For each species of ions a programme 

was written to minimise the sum of the squares of the 

differences of the model structure factor and the simulation 

structure factor, summing over the reciprocal lattice vectors

For anions the minimisation was achieved by allowing the

parameters D,x,<"'? 1 > , c ^/ ^ and <il'1 > to vary. The0 / <* H J ' rti'a / ^*c
sum of squares, was printed out once the difference

S^.uxtT$

between model and simulation structure factors had been 

minimised. As the model is not a perfect representation of the

anion distribution, ^-. will be non zero. We found it in all
> 

cases to be well above the lower limit that the minimisation
T programme set so that £-• is a measure of how successful

the model is in fitting to the simulation structure factors. 

The whole procedure was repeated for different values of x, 

the distance of the 'diagonal' sites along the lines joining 

the anions to the empty cube centre sites. For each value of

x, we allowed the fraction u. of the defects on the diagonal
2sites to take two values, /3 and 1,and did the minimisation

for each value. We could have fitted u and x along with the 

other parameters but then there would be so many parameters 

fitted that it would be difficult to establish how adequate 

the model was. By fixing u and x, for each minimisation, we 

could compare the value of ^ for different minimisations. 

Clearly the values of ytc and x that gave the least sum of 

squares would correspond to the distribution that gave the
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2 2 
best fit. /x was fixed at /3 and 1 because ^ = /3

corresponds to model V of Dickens et al (1980) and A = 1 

corresponds to their model V. Thus we had a direct comparison 

with their results.

Our values for x./* 07; S .<.y z > <z^ L > v- b T.
'/> I tat* ' / ^^ cVc<:. ' / ^,'«c •' ^ ; - -'—i

J J S^

are shown in table 7 . Our results show up the very 

interesting fact that the defect concentration D varies 

between about 15% and 40% whilst the sum of squares changes 

very little for different values of x and IL . This indicates 

that there are no values of x and L that are singled out as 

giving a much better fit to the simulation results. We would 

take this to imply that there are no well defined interstitial 

sites in agreement with our real space analysis.

In table 8 we compare our values of *, j*-} < 'f] L >l , <f ; ^°1
i «\— 

* ̂  "^oucj > 7f and D for the smallest 2-» we obtained
S«y/W<V* S

with those of Dickens et al (1980) at 973K (our values are 

nominally at 1000K) It is worth noting that Dickens et al 

(1980) treated x as a parameter to be fitted 

and they did not try to compare D values for different 

x as we did.

Whilst agreement is not especially good, the fact that 

D especially varies so markedly for different values of x 

must be taken into account. It indicates that great caution 

must be used in interpreting the results from this type of 

model fitting.

The other conclusion we may make is that the value D is 

an order of magnitude greater than the value of the defect



Table 6

Structure Factors for PbF2 from Simulation at 1000K.

g = (g,,, gy, g^

(1,1,1)

(2,0,0)

(2,2,0)

(2,2,2)

(3,1,1)

(3,3,1)

(3,3,3)

(4,0,0)

(4,2,0)

(4,2,2)

(4 3 4,0)

(4,4,2)

(4,4,4)

(5,1,1)

(5,3,1)

(5,3,3)

(5,5,1)

(5,5,3)

(6,0,0)

(6,2,0)

(6,2,2)

(6,4,0)

(6,4,2)

(7,1,1)

(7,3,1)

triKo/* 
Structure Factor

.907

.878

.771
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.700
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.417
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Table 7

Lead Fluoride Structure Factor Fit to Molecular Dynamics Results (Anions)

X

0.25

.05

.075

.1

.125

.15

.175

.2

.225

.25

y

67

100

67

100

67

100

67

100

67

100

67

100

67

100

67

100

67

100

67

100

<n2 >
1 latt

.65

.57

.63

.54

.54

.54

.58

.61

.61

.66

.62

.66

.64

.66

.66

.67 •

.66

.64

.66

.65

<i2 > ^
cube 
edge

.50

.17

.63

.17

.69

.17

.44

.17

.32

.17

.43

.17

.38

.17

.33

.17

.36

.17

.34

.17

<nV
diag

.46

1.5

1.8

1.2

.66

.94

.54

.98

.58

2.3

3.6

2.7

2.3

3.9

3.2

5.2

3.4

6.0

3.2

4.7

Y 
ev8' 3

.54

.79

.59

.81

.62

.68

.44

.48

.47

.49

.56

.52

.49

.52

.46

.51

.47

-.60

.44

.47

D 
%

17.3

38

22.5

42

36.8

38.8

26.7

23.2

19.5

1'5 . 6

19.7

15.3

16.2

15.0

15.0

14.1

14.7

17.1

14.6

15.8

I 
squares

.009

.01

.008

.009

.006

.008

.005

.010

.006

.012

.009

.013

.008

.013

.008

.012

.008

.013

.008

.013

(T = 1000K)
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Table 8

Anion Distribution Parameters from k-Space Analysis

x y(%) <n > _ <n > , <n >. y Dlatt cube diag 
edge

(i) .1 67 .58 .44 .54 .44 26.7 

(ii) .18 67 .35 1.14 1.71 .77 43.3

(i) Results from k space Analysis at 100OK.

(ii) Results of Model V of Dickens et al. (1980) at 973K.

Table 9

Cation Mean Square Displacements at 1000K

2 ,o2. 2 * ,o2 N 2 + a<n > ^(A ) <n > (A ) <n > .cat rs expt

0.182 0.211 0.26

Dickens et al. (1980)
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concentration (2 %) obtained from the hopping analysis 

(section A). This appears to go a long way towards resolving 

the discrepancy between experimental results and our real 

space analysis.

We have also evaluated the mean square displacement
7

<^/>*>^ t- for the cations by fitting that in the manner 

described for the anions but using equation (5.23). We 

compare this value in table 9 with the value < J c >^. obtained 

from our real space analysis (section A) and the value 

obtained by Dickens et al (1980), < J^^pt- • It: is apparent 

that agreement with our real space analysis is good, providing 

a useful check and that the agreement with Dickens et al (1980) 

is reasonable.
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CHAPTER 6 

CONCLUSIONS

We have used a lattice gas model to represent Frenkel 

defects in the fluorite fastionics. This model consists of 

mobile particles confined to sites on a cubic lattice which 

interact through the Coulomb interaction and which have a 

site exclusion property where no particles are allowed on the 

same site. The free energy of the particles in this model 

has been evaluated and from that the chemical potential. From 

these results we have shown that our system shows first order, 

second order and diffuse transitions indicating that the 

Coulomb interaction can cause co-operative behaviour on a 

lattice .

We have obtained the critical defect concentration for 

our model, this being

V, '- 3 ^ <° 3 (6.1)

We have also obtained the reduced critical temperature t 

and critical chemical potential less the reduced Frenkel 

energy, A'C . Here reduced units implies division by k a"T\. 

where
z.

(6.2)

Our results for t and /A c areA
(6.3)

(6.4)
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A' is the negative of the Frenkel energy for the static 

lattice for a system which has critical behaviour so that we 

may compare

C - (6.5)

with the value of ^/j^T^ of March et al (1980) for the 

fluorites of about 20. Given that fastionics show diffuse 

transitions which may be close to second order phase transit­ 

ions we conclude that- our model shows that Coulomb interactions 

could be responsible for the co-operative behaviour in 

fluorites .

We have also estimated the critical temperature T and 

Frenkel energy E for CaF0 and PbF0 and we find that
Qs £i £t

H = 715 K {or C^£\ (6 _ 6)

Pb?

and that

o.\f {or
(6.8)

^ (6.9)

We have seen that these results do not give good 

agreement with experiment especially for lead fluoride but 

consider that this may be due to using the static dielectric

constant c to calculate T where a dielectric constant*• o

modified to allow for local field effects might be better. 

This does point up an inadequacy in our model. Another place 

in which our model might easily be improved is to introduce
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a temperature dependence for the Frenkel energy, assumed 

constant for this work.

We consider that our model may be applicable to other 

fastionics, notably silver iodide at temperatures below the 

transition temperature where the structure changes and the 

defects cannot be considered as vacancy-interstitial pairs. 

The reason is that the model predicts how Coulomb interactions 

will lead to co-operative behaviour, not necessarily looking 

at a sharp transition. We also hope to extend the applications 

of our model to other instancesjthan fastionics^of Coulomb 

interactions in an ionic solid.

We have also focussed our attention on lead fluoride 

because its high static dielectric constant indicates that 

the Coulomb interactions between defects might be modified 

sufficiently to cause qualitatively different behaviour.

We have obtained an interionic potential assuming rigid 

ions for lead fluoride given by

^ ̂  r . ___£- (6.10)
t

where o^ A are the species of the ions, 6 0 is the vacuum

permittivity, ~t-/ the charge on an ion of species oC. . A , - >•*. <«t 1^

/> > C . are the short range potential parameters. We have 

assumed

A 4+ - (^ = £** - O (6.11) 

and C+_ - O , (6.12) 

and obtained
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A__ - \OZ25 oV , 'A

• / ^. --I ~> ,-"

(6 . 1 J

A .- o s.bA (6-14)

This potential gives a static Frenkel energy in good agreement 

with the experimental value of 1.0 eV (March et al 1980) and 

we can show that at low temperatures defects in a simulated 

system using the potential are stable at the cube centre site 

in agreement with experiment (Lidiard 1974). The potential 

also gives reasonable values for the cohesive energies and 

elastic constants.

We used the potential (6.10) in a molecular dynamics 

simulation of lead fluoride and have found that the nature of 

the disorder in lead fluoride is qualitatively similar to that 

in CaF2 (Rahman (1978) and Dixon and Gillan (1978)) and SrCl2 

(Dixon and Gillan 1980). The disorder was examined by looking 

at the mean fraction of particles which are hopping between 

regular sites (2%) and by the diffusion constant and 

conductivity at several temperatures where we obtain 

reasonable agreement with experiment. We also looked at the 

radial distribution functions for cation-cation, cation-anion 

and anion-anion interactions. We showed that as for the other 

fluorites, eg. Dixon and Gillan (1980) the cations show a 

solid like radial distribution function when correlated with 

each other and with the anions, but the anions have more 

liquid like behaviour because of weaker correlations with 

each other. In addition we evaluated contours of the mean 

ion density in two planes of the structure and found that
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here too the ion distributions show a close resemblance to 

those of CaF2 (Dixon and Gillan (1978) and SrCl 2 (Dixon and 

Gillan 1980).

We also evaluated the elastic structure factors F^ for

our simulation where
£* 

* ^ < £, ^-^ > (6.16)

where the sum is over all cations (+), or anions (-) and 

N+ is the total number of cations (anions) £ is a reciprocal 

lattice vector. We then compared the value of F_ with that of 

a model in which the anion defects are partly on the 

diagonal lines joining their regular sites to the empty cube 

centre sites in the fluorite lattice and partly mid-way along 

the cube edges, the lines joining nearest neighbour anions. 

We obtained values for the defect concentration D, the mean 

square displacements of the anions at regular sites, 

on the diagonal lines <.^"x and on the cube edges <
I <k«^

and the anharmonicity in the potential/v. This was done by 

varying these parameters to minimise the sum of squares, the 

sums of squares of the differences between model structure 

factors and simulation structure factors (summing over 

different values of g). The position along the diagonal 

lines was fixed and so was the fraction of defects iv at the 

diagonal sites. The procedure was then repeated for different 

values of the distance x of-defects along the diagonal lines 

from the regular sites and for ^ = 67%,and 100%. The 

model that gave the best fit to our results had

X = -I (6.17)
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(6.18)

(6.19) 

44 eVA (6.20)

C -j

A (6.21)
t- -7

(6.22)
c

n ^oypc-cdc^ -- >4^ (6.23)

These values show approximate agreement with the results 

obtained by Dickens et al (1980) using the same method on 

their neutron scattering results.

However we did find that by slightly altering the value 

of x, D varied between 15% and 40%, without making a big 

difference to the sum of squares. We conclude that great 

caution must be taken when using these models to fit an 

assumed defect distribution to the elastic structure factor. 

The large variation in values of D is we consider due to the 

fact that there are no stable defect sites for the inter- 

stitials in the fluorites, as has been shown up by the 

analysis of the simulation in real space.

It is encouraging to note that by this method of 

analysis we have shown that we can obtain defect concentrations
V

for lead fluoride of the same order of magnitude as those

obtained experimentally even though a real space analysis

indictes that the number of anions hopping between regular

sites is about 2%.

We consider that a similar analysis might reveal the
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same results for the other fluorite fastionics and it might 

be interesting to try this method on other molecular 

dynamics simulations.

Thus we would conclude that a molecular dynamics 

simulation is of value in helping to interpret experimental 

results.
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PART II

A NUCLEAR QUADRUPOLE INTERACTION IN ORDERED MAGNETS



Ill

CHAPTER 1 

INTRODUCTION

The nuclear quadrupole interaction that we study is the 

pseudoquadrupole effect which arises from the hyperfine 

interaction. Our theory applies to the size of the effect 

in ordered magnets especially ferromagnets where recently it 

has attracted interest.

The pseudoquadrupole interaction is a term of quadrupole 

symmetry in the nuclear Hamiltonian arising from the hyperfine 

interaction between a nucleus and a net electronic moment. 

Physically it arises as follows: through the hyperfine inter­ 

action, the magnetic field due to the nuclear spin polarises 

the electronic moment, setting up a back field which itself 

polarises the nucleus. It is called the pseudoquadrupole 

effect to distinguish it from other terms of quadrupole 

symmetry in the nuclear spin which are due to the electro­ 

static quadrupole moment of the nucleus coupling to a local 

electric field gradient. At low temperatures the pseudo­ 

quadrupole effect is simply obtained from the hyperfine 

interaction taken to second order in perturbation theory 

(Bleaney 1967).

The existence of the effect was first pointed out by 

Van Vleck (Kellogget al 1940). Baker and Bleaney (1958) 

looked at the effect for ions in a crystal field and showed 

that it could be large for certain low lying excited states, 

for instance in praseodymium ethyl sulphate where it was 

several times the size of the other quadrupole interactions.



Experimentally, the effect was isolated and measured by 

Clauser et al (1966) looking at TmCl 3 .6H20. Segel and 

Stroud (1975) measure a quadrupole anomaly in gallium metal 

predicted by Pykko (1971). A full summary of experimental 

and theoretical work is given by Pykko (1971).

We are interested in the size of the effect in cubic 

magnets because it may obscure the quadrupole effects which 

arise from magnetic ordering especially the magnetically 

induced electric field gradient. Estimates have been made in 

this context for impurities in iron and nickel by Aiga and 

Itoh (1971), Gehring and Williams (1974), Gehring (1974) and 

Demangeat (1975, I and II).

Estimates of the effect in ferromagnets have been made 

by the following authors: Turov and Petrov (1969), Zevin 

and Kaplan (1975), Boasson and Kaplan (1978) and Looyestijn et al 

(1979). They used second order perturbation theory valid 

only at low temperatures. Stewart et al (1977) look at the 

pseudoquadrupole effect at dilute cobalt impurities in iron, 

though here they simply call it a 'back field 1 mechanism.

However a formalism valid at all temperatures may be 

obtained by looking at thermodynamic perturbation theory 

(Gehring and Walker (1981), to be published). We use this 

approach in Chapter 2 to show that the pseudoquadrupole 

effect can be simply related to the difference between 

transverse and longitudinal magnetic susceptibilities. This 

result is reasonable given that the effect arises from the 

response of the electronic moments to the field from the
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nuclear spin.

We also show how the result can be used to predict the 

behaviour with temperature of the effect in both localised 

(Heisenberg) and itinerant magnets. Numerical estimates are 

given for pure iron and nickel and at impurities in these 

metals since here the quadrupole interactions have been 

measured and there is considerable interest due to the 

presence of magnetically induced gradients as described 

above.

The effect is also estimated by us for GdAl 2 where a 

large temperature dependent quadrupole interaction was 

measured by Degani and Kaplan (1973) and ascribed to the 

pseudoquadrupole interaction by Zevin and Kaplan (1975).

This account of the pseudoquadrupole effect in magnets 

is confined to those which are cubic and have zero or 

quenched orbital momentum because as shown in Chapter 2 there 

are terms in the hyperfine interaction which we do not take 

account of in our subsequent theory but which will contribute 

to the effect. These terms disappear for cubic symmetry and 

effectively zero orbital momentum. However, our formalism 

can be generalised to cubic antiferroraagnets since the 

theory in Chapter 2 will apply to that case.

Finally, the material described above and given in 

Part II of this thesis is organised as follows: Chapter 2 

contains a description of the origin of the effect and shows 

how it is related to the local transverse and longitudinal 

susceptibilities. The behaviour of the effect at different
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temperatures including temperatures close to criticality is 

discussed in Chapter 3 and a formalism given for calculations 

in the localised and a simplified itinerant model. Numerical 

estimates at host and impurity nuclei in iron and nickel are 

given and comparisons made with experimental measurements. 

In Chapter 4 we look at the quadrupole interaction in GdAl 2 

and consider explanations additional to the pseudoquadrupole 

interaction which we find is too small to account for the 

experimental data. Chapter 5 concludes Part II of this 

thesis.
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CHAPTER 2 

THE THEORY OF THE PSEUDOQUADRUPOLE EFFECT

2A. The Origin of the Effect

The Harailtonian for the interaction of a nucleus spin _! 

with an electron spin £3 and orbital momentum L may be 

written as:

H
*-+! **** __——•± -O

where g, g are the electronic and nuclear g factors and

u , u the Bohr and nuclear magnetons (Freeman and Watson i O 'N
1961, I). This expression describes all the interactions which 

could lead to the pseudoquadrupole effect. The first term 

(i) is the Fermi contact term (Fermi 1930) and the second 

and third terms (ii) and (iii) respectively the orbital and 

dipolar contributions to the hyperfine interaction.

The interaction responsible for the pseudoquadrupole 

effect in cubic systems with quenched or zero orbital 

momentum is the Fermi contact term. Marshall (1958) has 

shown that the dipolar term will vanish at sites of cubic 

symmetry and it is clear that the orbital term will not 

contribute if the orbital moment can be neglected.

Because of the contact term, the nucleus couples to s 

state core electrons and to conduction electrons, whose wave 

functions overlap with the nucleus. These electrons in 

turn couple to magnetic d or f electrons via the exchange
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interaction and covalent mixing (Freeman and Watson 1961, I). 

There is thus an effective coupling between the nucleus and 

the net magnetisation within the range of the coupling, that 

is the origin of the phenomena of the hyperfine fields and 

the Knight shift as well as of the pseudoquadrupole effect. 

Through this coupling the magnetic moments respond to the 

field of the nuclear spin so that a back field is set up 

that polarises the nucleus (again via the same mechanism) 

causing the pseudoquadrupole interaction (vide Chapter I).

We now set up our formalism for the pseudoquadrupole 

effect using thermodynamic perturbation theory.

The total Hamiltonian for our system will consist of

electronic and nuclear contributions, H n and H andel nuc

V = V\ where V is the hyperfine interaction at the nth n n n
nucleus of spin I . It comes from H, - ((2.1)). We will~-n n x

show that V is given by I^.B^ where B depends on the n ° —n —n —n
magnetisation. Then, by expanding the free energy F in

o 
powers of V to order V using the Brout (1960) identity we

can obtain the terms of quadrupole symmetry in j[ which make 

up the quadrupole effect. 

Defining

HCA^ - H. + 3 £ V (2.2) 

then

* < V* (2-3)
o

where 

< X 

(Brout (I960)).
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Thus

0(v 3 )
(2.5)

so that

where

Af 4

>

0(VV

?>£ a,, [<' 1~ n c,

(2.6)

(2.7)

(2 . 8)

r '

and

(2.9)

(2.10)

AF.. is the contribution to the free energy of the nuclear 

spins interacting with a magnetic field B arising from the 

electronic moments (ie. the normal hyperfine interaction):

k V - n (2.11)

contains the terms from only one nuclear spin which 

are responsible for the pseudoquadrupole effect, but also has

contributions from cross terms V V n ^ m to which the Suhl.n m
Nakamura effect (Suhl (I960)), Nakamura (1958) is attributed.

We now describe our model for the hyperfine interaction

V : We write V as: n n
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A

where A(£ - R ) represents the effective coupling between the

nuclear spin I and the magnetisation M(r). For localised~~n — —

s
We do not attempt to calculate A(r_ - R ) from first principles 

but model it as follows:

Localised

*J i • i * *

if the nucleus is at a magnetic site^

_- /\ c
^— - * /> (2.14a)

if the nucleus is at a non magnetic site and experiences 

a transferred hyperfine interaction with its 2: nearest 

neighbours at the sites (^ n + PJ

Itinerant magnets:

* A '" ' ' '"^ (2.15a)

( 2 .15b)0 1^ >

where 4 7t t< = Brillouin Zone Volume (2.i'5c) 
3 max

Our model assumes that it is reasonable to give A a 

finite range in real space in the localised case and a finite 

range in momentum space for itinerant ;wo --^Ah* Whilst this 

is not exactly consistent, it will be appropriate as long



1 19

as A(£ - R ) is approximately given by a Gaussian centred at

5n'

2B. Localised Magnets

We write the hyperfine interaction term using equations 

(2.12), (2.13) and (2.14):

V - 5^ A (& - K. ^ /^1 T c*"\

where A(Rn - R^) = AQ S^ n ,^is a magnetic site (2.17)

= T A i s™ v,o.v,» n is a non magnetic
2 1 m,n+p site <2.17a)

We can also express equation (2.16) in terms of the Fourier 

transforms
^ - - m 

w - ^ (2.18)

" " (2.19)

as

\/=/p""'" n A A^ T <'99n^ vn ^_j ^- n ̂ '_» ^ * T Y-\ ^z.^u;

Equations (2.11), (2.16) and (2.17) can be used to write 

A and AI in terms of the hyperfine field at saturation,

- A c
c ~ n is magnetic (2.21a)

, A <tt, > c
1 - rtV . ^. (2.21b) 

n is non magnetic

^ A ^.
1 - ° (2.21c)

We can use equations (2.8), (2.16) and (2.21) to write the
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pseudoquadrupole effect in terms of the magnetic suscept­ 

ibilities and the saturation hyperfine field:

, 9( 2 .

where v = x, y, z,
W I Ci
on * IT i

/ 0 n

X

, £i<J

(2.23a)

where
V \1

mm

and

mrvi' an<^ <

P

are

(2.24)

space and wave vector dependent magnetic

susceptibilities. Below T in a cubic magnet,
Ox

^Y^H / *V 
- A r A

2 may be separated into the terms of quadrupole 

symmetry which constitute the pseudoquadrupole effect and an 

isotropic term

v'

(2.25)

where we define the pseudoquadrupole parameter

__ _ / c _ \
(2.26)

(analogously to the quadrupole parameter defined in Stone

(1980)). We write P in terms of the difference between
PQ.

the 3r©-ea4 and transverse magnetic susceptibilities,

(if the nuclei are at a magnetic site) and A (if the nuclei
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are at non magnetic sites) where . "v
v/

(2.27)

and
cv _

a
n-t •' n-t // (2.28)

(2.28a)
•-» !"X ' ~*

where

~ ~£ (2.29) 

The f r s are defined in equation (2.14a)

Equations (2.27) and (2.28a) apply only for spins on a 

Bravais lattice; in Chapter 3 (section A) we show how (2.28a) 

can be generalised to spins on two sublattices. .

Then from equations (2.21), (2.23a), (2.26), (2.27) and 

(2.28) we find that

0 \ A
» c - T" f-\

\ * i -x/
X (n is a magnetic (2.30)

o ' site)

%jA; r {,1/1 I -^ £•'• f1 O'Vl

where

o
(2.31)

Thus the temperature dependence of the pseudoquadrupole 

effect arises from the variation of the difference between

the local transverse and longitudinal susceptibilities with
2temperature. We note that this effect goes as gj and as

the square of the hyperfine field and is independent of the 

nuclear electrostatic quadrupole moment Q. Clearly it will
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K" * \\^ 

from cubic symmetry.

be zero above the transition temperature T where
\~*

Next we look at itinerant magnets where the results have 

very much the same form.

2C. Itinerant Magnets

In this case the magnetisation M(£) is a continuous 

function of r_ so that

V - frir A (<•- O HCO IV J _ . \. V- - o / .^. ̂  n (2.32)

C/'^o A (t(\ M (<). Io 
^ . i v " ' - ^ (2.32a)

where

\ (2.33)

and A(k) is given by equation (2.15)

From equations (2.11) and (2.32a)

r i ' <N 3x AA M -o ' - o (2.34) 

(̂ )^ e l ^ - *^r
~" »—J ^-J 

O Vi

Thus

"° !\j 2 e, ' " (2.35)

,,y A. (o^< N(<5 - (2>36)

- ^ A 1M C2.37)
M t - c

(Here we assume that A(k) is zero outside the Brillouin zone, 

as described in section A). We then use identical reasoning 

to that given in section B to obtain P :
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'"1 = --•- >~ I < I 'S V"'

? —— ' * ^ (2.38)

where

-.o = c <

cr

.39)

. /. , .fc (2.39a)
/ °

(2.40) 

and

J (2.41) 

From equation (2.25) we deduce

(2.42)

(2.42a)/

where

-5 ' (2.43) 

and

S- -3^-

(from (2.37)).

Thus we have the same result as for the localised model, 

namely the pseudoquadrupole effect varies directly as the 

difference between the local transverse and longitudinal 

susceptibilities. The comments after equation (2.31) in 

section B will then apply here too.

We do not look at non magnetic sites in itinerant
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magnets except at impurities in very dilute alloys which 

are discussed below.

2D. Impurities

As we discuss in the introduction and in section C of 

Chapter 3, there is interest in the origin of the inter­ 

actions of quadrupole symmetry measured at dilute alloys to 

which the pseudoquadrupole effect might contribute. We 

therefore apply our theory to this case too.

(i) Localised Magnets

We have to consider separately the case for a 

magnetic impurity where there is a moment At and a 'non 

magnetic' impurity at which At is small compared to the 

host moment, or is zero.

By generalising equations (2.30) and (2.31) we obtain

(2.45)

for a nucleus at a magnetic site where

&1M (2.46)
, - , ._ , / ' ' I_L-
iS I ><> V"-e~ <*J ^c- ;/7 -1 <, /7 ^ ̂  A ̂  ^L£, i*^ fun h-C^ ? i ^C 

^V >« 'V/^2

and AT and Al are the local susceptibilities at the 

impurity site. These susceptibilities may well be different 

from those of the pure host as we shall discuss in Chapter 3 

section A.

At a non magnetic site,

9
(2.47)
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/

where the impurity is at site n and ^ ; * specify its 

nearest neighbours. The hyperfine field at the impurity 

site is from a transferred hyperfine interaction with 

the nearest neighbour host moments so that /^> &v*a™<*t~M t , c.t //^v-

~ j x /^ 3 b i ,

If we assume the dilution model applies, namely the impurity 

has zero moment and does not disturb the neighbouring host 

atoms, the susceptibilities will be those of the unperturbed 

host to a good approximation.

(ii) Itinerant Magnets

If we adapt equations (2.32), (2.39) and (2.42) we find

(249)
and

(2.50) 

(where I refers to the impurity at site n).

For a magnetic impurity the main contribution to a 

hyperfine field will come from the magnetisation within the 

impurity cell (Freeman and Watson 1961,1). If we assume that 

other contributions can be ignored by comparison with that 

from the impurity cell then we find

-' A H
T I

u>i 

For a non magnetic impurity the hyperfine field arises

from interaction with the magnetisation in the neighbouring 

cells. We assume the dilution model is valid, a good 

assumption for impurities with low atomic number but not so



126

good otherwise (although neighbouring host moments differ 

from bulk moment by a few per cent at most). (Sayers 1976). 

Then we obtain the following approximation for P analogous 

to the local moment case:

J- V Iv \M' N/^y 'Y^ 1
IM ^ '^<1 L/U'- At; J (2.52)

where A is given in (2.48).

P within the dilution model would differ from the pure case 

by the presence of lo K \ . We can assume that if we ignore 

' K ' ^nn woulc* "then provide an upper estimate of the
** T.

pseudoquadrupole parameter. 

Other Considerations

We have in the above theory ignored contributions from 

any unquenched orbital angular momentum at the impurity site. 

We know however that they will be present as there is an 

unquenched orbital moment (Demangeat 1975 I, II).

Nevertheless, we do not think that neglect of these 

contributions is a major source of error from the following 

reasoning.

It is possible to model the full hyperfine interaction 

(ie. including terms (ii) and (iii) in the Hamiltonian (2.1) 

using the approach outlined in sections A and C. The dif­ 

ference made by the presence of an orbital moment is that it 

will contribute to the magnetisation and so there will be a 

contribution to P from the orbital susceptibility. The
x^^i.

neglect of the latter at the impurities we look at in section 

C, Chapter 3 is unlikely to make a significant difference to
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validity of our results in view of the other approximations 

made (which are discussed in that section).

However, it is interesting to note that if account 

were taken of the orbital contribution to the susceptibility, 

our theory would apply to examples where orbital momentum 

cannot be neglected.
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CHAPTER 3 

THE MAGNITUDE OF THE PSEUDOQUADRUPQLE EFFECT

We have shown in Chapter 2 that the pseudoquadrupole

parameter P is determined by the difference in the
X^ 

transverse and longitudinal susceptibilities /A . In section

A we evaluate the susceptibilities for the localised model 

within the molecular field and random phase approximations 

(RPA) and we look at the temperature dependence of the effect

^Section B contains a discussion of the behaviour of A near 

criticality. We describe a simplified itinerant model for
A/

/\ in section C appropriate to iron and nickel, evaluate P
Jr*"!

at host and impurity nuclei and compare the results with 

experiment.

3A. The Localised Model

Localised spin interactions are given by the Heisenberg 

Hamiltonian

"> Z, -",, (3.1)
on ̂ o

The molecular field approximation provides a means of 

determining the approximate way in which the susceptibilities 

behave at all temperatures. Here the Heisenberg Hamiltonian 

is replaced by a set of single ion Hamiltonians

o> (3.2)

Thus the spin-spin interactions are approximated by the 

effective field

~
o- (3 .3)

.3 '£
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(3 _ 3a)
A
? is the unit vector parallel to the z axis).

In the simplest version of molecular field theory, the 

transverse susceptibility is evaluated from an effective field

' - (3.4)
*\J *3

giving

where ^ - * 0 \+> ' (3 ' 6)
7\ 0 r; i <jtrf^<'l'C^ />cvvi fry

'oa the derivative of the Brillouin function with respect
\ 2: Nto a small applied field K > '

i ,. (3 - 7)
h = c

5

v;e = V< V/j > -<SS > z ) r (3.9)
' \, ^

Thus for T< T ,

'A , - y .x
(3.10)

(3.11)-j (jn )

By expanding the Brillouin function

^ 
> ° ^ IS X (3.12)

for small x we find that close to T where <S > is smallc
2 v 2. \< s >



130

At low temperature where <^S ^ > '- 3

•^- I- I J*. I ' ^4 VJ(P)"
By assuming an effective field that varies with k

(3.14)

we obtain an interacting transverse susceptibility from 

molecular field theory:

(3.16)

The longitudinal susceptibility is found by expanding
7 .the Brillouin function about the change in <S . > due to an 

applied field h,:

13. i* C~" *2. C^ /^ ~"\

'Z* *-—' ' CA X. / O ^ ry \———_„.. ..._ t__._\^.. _ ^ ^ (3.17)

This susceptibility decreases monotonically as the temperature 

drops, going to zero as absolute zero is reached.

A better approximation at low temperatures is the random 

phase approximation for which the transverse susceptibility 

is also given by equation (3.16) and the longitudinal 

susceptibility from
•2 ^ y (\ _ ( _ ,. t

(3.18)

^ ' (3.18a)

(3.18b) 

where

n K = exp |C T(~V70n)f>S[.-i | (3.19)
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Low temperature approximations were made in deriving 

(3.18) and in further obtaining (3.18a) and (3.18b). Thus
Cs - *

(3.18b) is only valid to leading order in ~ S
'V 

Therefore whilst it might appear that A changes sign for

—c^~ ^ 2^ , this is well outside the region where linear 

spin wave theory should hold. Physically, one would predict 

that A is positive for a ferromagnet. For if there is a net 

alignment of spins in the z direction, the response to a field 

trying to align the spins (which are of fixed magnitude) 

further in the z direction must be less than to a field which 

would rotate them towards the x axis.

By assuming that the RPA is valid at low temperatures 

and the interacting molecular field theory is valid at all"Y "X
other temperatures we obtain the variation of A u , Ai and 

A shown in figure 1. We see that A is positive at all 

temperatures in agreement with the argument above.

rv
We are principally interested in A at low temperatures 

where most experimental measurements of quadrupole inter­ 

actions would be made and where A is largest.

From equations (3.16) and (3.18), as T -» 0

~ . *-- <J . —~~ ---—-;-- •--——

) (3.20)

^5 
^

where

(3.20a)

(3.20b)



uu
PUD 

(l)
zzx

i
0

0U U w
 

X
X

A

I

|apouj

0



133

V - - V - 'l - f
^k " 7 V " (3.22)

/

Equation (3.20b) applies for nearest neighbour exchange 

interactions only where the co-ordination number is z and 

the nearest neighbour displacements are given by ? p ( . *} has
L ) AA/'

been evaluated for cubic lattices:

= 1.5163 simple cubic (a)*

1.3918 body centred cubic (b)* (3.23)

1.3441 face centred cubic (b)*

Equation (3.21) shows that /W,, and hence P reaches
PQ

2
its low temperature value as <S > (plus a constant term) in 

agreement with Zevin and Kaplan (1975). They looked at the 

rare earth intermetallic GdAl 2 for which the moments are at 

the gadolinium ions which lie on a diamond lattice (though 

they do not take account of this fact). We estimate the 

pseudoquadrupole effect for GdAl 2 in Chapter 4 so it is useful 

to have expressions for the longitudinal and transverse 

susceptibilities for the case of a diamond lattice. These 

are derived below using the RPA.

The diamond lattice consists of two face centred cubic 

lattices displaced by /-' = ( \ \ i) in units of the lattice 

constant of the conventional cubic unit cell. We label the 

spins on one sublattice 'S' and on the other sublattice "I". 

For GdAl2 ,

required, namely the response of spins on sublattice A to a 

spatially varying field acting on spins of sublattice B. 

They may be calculated from the Heisenberg Hamiltonian ? 

*(a) Mannari & Kageyama (1968) (b) Dvey Aharon (1978, Private 

Communication)

T = S. The susceptibilities A,, (AB) are



134

where the nearest neighbour spin displacements are />,

' (3.24)

This Hamiltonian is for nearest neighbour interactions only 

between spins on one sublattice and those on the other 

sublattice. Using linearised equations of motion for spins 

on each sublattice we find

AC.*,
(3.25)

(3 - 26)
For the diamond lattice, the other susceptibilities are 

given by

(3 . 28)

The longitudinal susceptibilities may be found from

•s

.> 0.30)
Here A is a spin on a sublattice 'A'. (The linear spinwave 

approximation is used for equation (3.30)). We can find the 

correlation function <A~ _ t » A^> > f^om thermal Greens 

function theory (Zubarev (I960)):

*-*' 5' e PU>^ j (3.32) 

where

(3-33)
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using the equation of motion

(3 . 34)
and the Hamiltonian (3.24) we find G AA (uO in terms of G^.

AA BA

and the Greens function << A~ <• At,<» and G_, A (w) in terms of
r ' b- BA

GAA (w). After solving the simultaneous equations for G AA HH AA

and GAB within the linear approximation to linear terms in

hk we find that 

" 22 ,
V" \ 2 -\ (3.35)

where /^| is the magnetisation and /I the saturation

magnetisation. We also find

V,^ ' ° 5 ' ~ l - (3.36) 

and A~2 (T^) ~- 1 X^O^T)) (3.37)

(3-38)

We conclude this section with a brief look at the theory 

of the pseudoquadrupole effect at magnetic impurities.

As discussed in section D, Chapter 2 the pseudoquadrupole 

effect depends on the difference between the local transverse 

and longitudinal susceptibilities at the impurity site.

The simple molecular field theory will give a rough 

estimate of the effect for a magnetic impurity. We generalise 

equation (3.5) to evaluate X , assume that A will be zero 

for very low temperatures and evaluate P from the theory 

given in section D of Chapter 2.
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Thus

xx t _^
(3.39)

where J^o) is the exchange interaction between the impurity 

moment and nearest neighbour host moments.

Using equations (2.45) and (2.46) we find

(3.40)

sx 
( ^ r /^-A, & ^) a /• Q /IONV —' -L / (\) \j j J {3.Q&)

where S,. is the impurity spin.

/\ xx 
A could also be evaluated for an impurity in a Heisenberg

crystal using the theory given by Marshall and Lovesey (1971) 

to find the Green's function at the impurity site. We also 

require the relationship
O /"• s.

~uJ 1 - " k ) (3.43) 

where

(3.44)

and G, (GJ) is the Greens function (Marshall and Murray 1969). 

We do not^however, pursue this line further as our experi­ 

mental data is for itinerant magnets.

3B. Behaviour Near Criticality

As we have argued in section A, one would expect on 

physical grounds that X , the difference between transverse



137

and longitudinal susceptibilities, is positive. Unfortunately 

we have not been able to find a proof of this. In this 

section we give further arguments to suggest that close to
•"V-

the critical temperature T , A may be positive.
C*S

The correct critical behaviour of /\ is given by a 

classical approximation (unless T is close to zero):
. C*

°n ' J (3.45)

•2- ~1

' " < ^ J (3.46)

where

(3.47)

The quadrupole ordering has been obtained by Wegner (1972) 

in terms of the 'crossover' exponent^. This exponent is 

discussed by Pfeuty et al (1974) and characterises the 

instability of the Heisenberg Hamiltonian to an Ising 

perturbation. Therefore, given that from the definition of 

the exponent P

/ C 2- N CL $ , - ,x ~> / ^ DL -v higher terms
^^ u<- (r 2- \T ., T j ) (^ ; s a ( cr^i S /-\ <- IT '

I I £_

and with the exponent inequality

- ~) — X * -

1 -^ r •^ _ ,
r _

(3.49)

H<-(c> H'. *(Stanley 1971) we can write
f\^ \ P 2. -,,'->'
\' - J_ 7 ^S ( 
A 2^ 7tc L . " n " -1 (3.50)

/v '

If X is positive, equation (3.50) implies that the

/A Ot'tOx s c d ? p A i h tf^\ (fy 1-U v. <j .,
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second term (ii) must be less singular than (i) in the 

critical region so that

(3.51)
/*Vx

If the inequality holds, the behaviour of /\ is given 

by the square of the magnetisation rather than <Q > . There 

is some evidence that (3.51) does hold from renormalisation

group calculations that have looked at both Q and V .
•NX ' 3 Yamazaki (1974) has calculated ¥ and o to order £ for an

n vector model in 4 - tdimensions. His results show that, to
/ 

that order in £, f ̂  Y. Fisher and Pfeuty (1972) proposed
/ 

that Y $ ^ but we believe that our discussion (to be published

as an appendix in Gehring and Walker (1981)) is the first 

attempt to find a physical reason for this inequality.

. ~ 
Further arguments in favour of X being positive come

from molecular field theory which is expected to be valid in 

four dimensions (where the fluctuations neglected become 

unimportant).

Looking at<Q> in the simple molecular field theory 

given at the beginning of section A,

<(s;y>
(3 . 53)

>
(3 54}(3>54)

Equation (3.58) comes from the fixed length of the spins 

and (3.54) from expanding
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> - -c 2.

C 2.

(3.55)

ss-s
'Vx

Equations (3.45) and (3.55) show that A is positive and that 

it varies as <(p 2 ) > and hence linearly with t.

If we use the interacting molecular field of section A 

we find that the dimensionality of our system comes in 

explicitly and we obtain different (and incorrect) results 

in three dimensions. The discrepancy can be explained by 

scaling theory as we discuss below.

We use equation (3.16) and

(eg. Marshall and Lovesey 1971) where >is the inverse 
correlation length

In d dimensions we find for nearest neighbour exchange

interactions

£

I; V

(3.57)

(3.58)

Here K,, is the appropriate angular factor (eg. = 4 TT) ,

the exchange constant, a is the lattice parameter and the 

inverse correlation length is given by its molecular field

approximation
I'

ex (3.59)

The integral has been performed assuming that the dominant 

contribution is from the low K values.
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In three dimensions,

V;o .-v tv ~ L 4/z u L (3.60) 

(We take the classical value for v)

In just over four dimensions,
'N/ .,

'V v l iV fj \( <\j v- \ i\^ i\) \^/^

(at exactly four dimensions there will be logarithmic 

corrections (Ma 1976))

The result for four dimensions agrees with the real 

space simple molecular field calculation (after equation 

(3.55)).whereas the result for three dimensions does not.

This discrepancy is due to the fact that the scaling 

relation between v and ft (Stanley 1971), equation (3.62) 

below involves the dimensionality d and is only satisfied 

with classical exponents (^=f> =£,"/ =o)atd = 4:

(3.61)

(3 . 62)

3C. The Itinerant Model

As discussed in the introduction, it is especially useful 

to have an estimate of the magnitude of the pseudoquadrupole 

effect in iron and nickel, at both host metal nuclei and at 

impurities in very dilute alloys. In this section we show 

how such an estimate can be obtained using a simple model to 

calculate the subsceptibilities based on Kirn, Kubo and
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Izuyama (1963).

The magnetism of iron and nickel is due to d electrons 

whose spins are aligned by exchange interactions. A large 

body of experimental evidence (reviewed by Herring (1966)) 

indicates that d electrons are itinerant. Thus any theory 

of magnetism in these metals must be founded on band theory.

Such a theory has been given by Kirn, Kubo and Izuyama 

(1963), (KKI). Lowde and Windsor (1970) have shown that this 

theory provides a good description of the magnetism in nickel. 

Doniach (1968) has also argued that the RPA is a reasonable 

approximation to the ground state in nickel but he comments 

that in iron many body corrections are likely to be present. 

Recent theories have been shown to give an improved description 

of both the ground state and behaviour at finite temperatures, 

especially in iron (for reviews see Pettifor (1980) and 

Moriya (1979). We will however, use KKI's formulation as our 

results do not appear to justify a more accurate theory (see 

discussion at the end of this section).

KKI calculate the spin susceptibilities using a single 

band tight binding approximation. By ignoring the overlap 

between Wannier functions centred at different lattice sites 

compared with the overlap for the functions at the same site, 

they are able to write the susceptibilities in terms of 

'reduced 1 susceptibilities

, (3.63)

> »» (3.64)
k' k"
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where

Cx ' ' (3.65)

are the annihilation and creation operators for Block states,
AA *

o~ the Pauli spin matrix for direction /^ and F(k) the form 

factor for magnetic electrons. They find the susceptibilities 

by evaluating equations of motion for the Greens function 

in equation (3.64) using the Hubbard Hamiltonian

k , W' CV" i , i / r\ /•* /> \ 
_ 4 V <cr cor 14-K.o' (3.66;

k^r ?<r *<r - *S> !5^ ^' " " ""

Here d(k) is the energy of a Block state Is, and the sum over 

|co excludes ]c = o. (This Hamiltonian involves a major 

approximation concerning the matrix elements of electron 

interaction discussed by KKI and in Marshall and Lovesey 

(1971}). By treating the equations of motion within the RPA 

they obtain the following expressions for the susceptibilities

\- vr r <- (3.67)

where

(3.68)

and
ii f (k +•

where

PC-0 - V (£« *"KV> "fKt^,I c } - Zi __-„!—'-—.— ._...T._...-_- (3.70)
I <£ k: -* \< * - 6 K - Fi U)

Hereof, t < 4/ are the fermi factors for the up and down spin 

bands respectively, 6 k are the hole energies relative to the 

top of the band and A is the band splitting, f" (V) is defined



143

after (3.65).

V is given by the conditions

(3.71) 

and

(3.72)

(3.72) is the condition for a Goldstone mode to exist (for a 

discussion see Kubo and Izuyama (1969)).

At T = 0 the contributions to ' arise from terms

when TK^ = 1 and T^ tK.. = 0 and terms in which r<4/ = 0 and
r n + v-
~^ + K' t = * • These are shown in figure 2a. < (r-} is due to

transitions within an up (or down) spin band as shown in 

figure 2b.

For an order of magnitude estimate we use parabolic 

bands, an approximation which may be justified for nickel 

where there are few holes per atom and these lie at the top 

of the band where the density of states is a minimum. Clearly 

the approximation is much less justified for iron but as the 

use of RPA theory is also doubtful (as we have already 

mentioned) there seems no point in attempting a better 

calculation.

In this case the following expressions are obtained for

the correlation functions.
o + ~ > _*,,- r r> I ,'A', L 2 V^, 2.kkr^iA_ti5 1

1 k K~~ -~A' K3
^ " (3.73)

, i
k

- A 1
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and
__ JL

4 (3.74)

t

where A - A Z™*!^ 2" ,-TL is the volume of the crystal and 

^^(•O are the Fermi wave vectors for the up (down) spin 

bands .

We can evaluate the spin wave stiffness coefficient DC

by expanding for small wand

(3.75)

a =c
/V/KX / -Y^

It is useful to have an estimate for ACX) (^ A CTC
ry A *V2:

to judge by how much A and A alter as the temperature

decreases below T towards zero. Despite doubts about the 

validity of this theory near T (Edwards (1980) we make our
Cx•v~

estimate by calculating A using equations (3.67) and (3.68) 

but with A = 0 since /A oC magnetisation (equation (3.71)).

Since the Fermi temperature Tf is very much greater than Tj- c
for both iron and nickel it should not be a bad approximation 

to assume that the J^rmi factors can be calculated for the 

ground state. However we are forced to assume a temperature 

dependence for v, which is not consistent with the RPA theory, 

since equation (3.72) must be used for Goldstone modes to 

exist .

We give the values for v~ T-'c and ^'7^~ in table 2; 

their difference is a measure of the crudity of our model.

We also give a numerical estimate for D in table 4 as
\^

a further indication of where the model might be inappropriate.
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Other authors (Wakoh et al (1971)) have found that D is much
\*s

smaller than the experimental value D , as we do (using the 

parameters described below). This may be attributed to the 

use of the extreme tight binding approximation in which the 

electron-electron interaction is assumed site diagonal in a 

Wannier representation (Edwards (1980)). However, there is 

also considerable experimental uncertainty about D (Louwde
\2

(1979), private communication).

To make estimates of D , v(T = 0) and v(T = T ) we used
v^ C/

the following parameters which we obtained from experiment: 

the number of holes in the up and down spin bands (which for 

nickel is found from the electron g factor and the saturation 

magnetisation (Kittel 1971)) and A for nickel (for iron it is 

determined by the difference between the up and the down spin 

bands - see figure 2a) . We evaluated m* from the experimental 

measurements of the electronic specific heat C ., which are 

quoted in Kittel (1971) using

2 6 -T- (3.77) 
where T^ is the Fermi temperature

It is necessary to assume that the d band holes would 

dominate C and additionally in iron that the contribution
\3 JL

from spin down band holes can be neglected. The values we 

took for these parameters and references are given in table 1

We find the itinerant susceptibilities from equations 

(3.67) and (3.69) and our expressions for the correlation

functions for parabolic bands, equations (3.73) and (3.74).
'\ ** °Y iL 

The itinerant susceptibilities, A"^ and A^A are defined by



Table 1

Parameters used in the Calculations

nt g (in units of 
electron mass)

A(ev) b e

147

d'

N.

Fe

a)
0.54

c)
2.6

—

c)
0.3

a)
2.2

d)
2.1

28.5

11.3

b)
0.34

1.41

0

0.044

0.013

0

0.0037

0.012

a)

b)

c)

d)

Kittel (1971)

Wohlfarth (1964)

Mott (1964)

Martin (1967)

Table 2

Calculated Parameters for Nickel and Iron

Dc o? De 0? VT=0 VT:TC 
MeVA MeVA 10+32 m3 10+32 m3

N.

F e

48

36

a)
550

b)
314

1.93

2.07

1.29

1.94

a) Lynn (1974)

b) Stringfellow (1968)
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: (3.79)

where K is defined in equations (2.15). It is the radius
m

of a spherical Brillouin zone whose volume is that of the 

Brillouin zone for an fee (face centred cubic) lattice 

(nickel) and a bcc (body centred cubic) lattice (iron). This 

is so that using equation (2.42) we may find the pseudo- 

quadrupole parameter from
A * 'X

L A- (3.79a)

and A L IS given by equation (2.44), A*A and A AH are thus 

approximations to the local susceptibilities in that we do 

not integrate over the full Brillouin zone to be consistent 

with our model for A(k) (equation (2.15)). We parametrise 

the magnetic form factors which are required in equations 

(3.67) and (3.69) by

f 00 ̂  evf [-bfc -cV-d K"] (3>8Q)

where ID, c", d are given in table 1 /TK'S p^«w^^^r7S^Ai>n ^ 

rCt) gave good agreement with the calculated values of Mook

(1966) for nickel and Freeman and Watson (1961), II in iron
V * * ^ l ~ 

especially at low k where AK and \ are largest. Our
V ** N / V <" \ '"\/ il -" A / VZ2. \

values for K^^o) (_- 2\nv, .} ; X ^A C1"- 0 ) V c X ^ /
,Ay \

and AC ' Cr^"' rv (' A nn ' /(^ ) are given in table 3. We include 

our value for /d^(lc J for a rough comparison.

It is possible to approximate our value for
V -2-^ ^n'V**

by assuming that Ann /V^may be found by assuming that
•2. f~\j < <

K /\ ^ in the integral over the spherical Brillouin zone is 

replaced by its value in the limit of K » 0. As is apparent
2. ' V ' A

from figures 3a and 3b which plot K \ < as a function of k, 

this is a good approximation. Physically it implies that
X

is dominated by the spin wave pole,



Table 3

Calculated Itinerant Susceptibilities

(T=0) X (T=0) nn nn (T=0) nn c
———

N.i

Fe

2.9

17

0.84

1.1

2.1

16

10

21

— 32 3 (All values given in units of 10 m )

Table 4

Comparison of x (T=0) Evaluated in Different Approximations

Itinerant 
model

From spin wave theory From molecular1 field theory
D c
*Ai

D

N. 2.1 3.6 0.31 2.0

16 20 2.2 3.1

-32 3 (All values given in units of 10 m )
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TTkT* (3 - 81)

where D is the spin wave stiffness. We call this approx-<^~'V 'v 
imation to A, A^yj) where we use D = D (equation 3.76)) and

where D = D , the experimental spin wave stiffness.

and AA(u) are given in table 4 which includes
ry^

estimates X rv\C obtained from molecular field theory using 

equations (3.16 ), (3.21), (3.22), (3.25) and

(3.82)

This table shows that A/\cO -*- s a g°°d approximation to 

/\n/A~f= °)* making a check on our results for the latter.
,'S-'

However, /\A (j> considerably underestimates X/% n CTr<^ x) owing 

to the large discrepancy between D and D . We see that the 

molecular field theory calculation gives good agreement for 

nickel but not for iron.

We then go on to estimate P for the pure metal using 

equations (3.16) and (2.44). In (2.44) the saturation values 

of the magnetisation were substituted for M ; these are 

0.604 Bohr magnetons for nickel and 2.22 Bohr magnetons for 

iron (Martin(1967)). The other parameters we used to obtain 

A are given in table 5.

Our values are compared with experimental measurements 

of the quadrupole parameter P for iron in table 5. It is 

clear that our estimate for the pseudoquadrupole parameter 

P is down by about two orders of magnitude compared with



Table 5

153

Host Nucleus
(Tesla) (MHz) (kllz)

, f- 
e 

(kHz)

Ni

Fe

Ni

Ni

Fe

Fe

Fe

61Ni

57Fe

192TIr

193 TIr

191TIr

193TIr

Co

3/2

3/2

4

3/2

3/2

3/2

5

a)
.499

c)
.103

.47e)

g)
.108

g)
.097

g)
.108

k)
.758

b)
7.6

c)
34

e)
46.7

h)
47

j)
150

3)
150

1)
29

105

25.3

607

140

10.5

11.7

15.9

.19

.067

6.3

0.34

1.20

1.49

2.75

-

14

300 f)

i)
700

i)
1300

h)
1700

m)
6.5

a)

b)

c)

d)
e)

f)

g) 
h)

i)

j) 
k)

1) 

m)

je

Drain (1964) 

Obenshain et al. (1971) 

Violet and Pipkorn(1971) 

Spijkermn et al. (1971) 

Eska et al. (1971) 

Fox and Stone (1969) 

Davies and Owen (1969) 

Wagner and Potzel(1971) 

Aiga and Itho (1971) 

Calvo et al. (1970) 

Niesen and Huiskamp (1972) 

Foster et al. (1977) 

Callaghan et al. (1976)

QA^ -t

I p/r -f\V
J

it'
D i{. tf fi*
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the experimental parameter:

0• P

P is due to the electrostatic quadrupole moment of the 

nucleus and is given by,

P -
(3.84)

for a nucleus of quadrupole moment Q (G is the electronic charge) 

(Stone 1980) where q is the electric field gradient at the 

nucleus. Thus, even if our model were to significantly 

underestimate P (we have no reason to believe that it would), 

it appears unlikely that the pseudoquadrupole effect would 

make a large contribution to P.

There is considerable interest in the quadrupole effect 

at impurities in iron and nickel as described in the 

introduction. For here there may be magnetically induced 

field gradients due to the rather subtle mechanisms of 

unquenched orbital momentum and magnetostriction (Gehring 

1974). We therefore estimate the size of the splitting for 

impurities where experimental data is available. These are 

the effectively non magnetic impurity, iridium and the 

magnetic impurity, cobalt. The results are in table 5.

We treat iridium as a non magnetic impurity and use the 

theory of section D, Chapter 1 to find P although here
r Xl

there is evidence for a small local moment and a virtual 

bound state in both Ni(Ir) (Demangeat (1975) I) and Fe(Ir) 

(Demangeat (1975) II). Thus the local susceptibility may be 

significantly affected making our assumption (in Chapter 1,

section D) , that P given in the table provides an upper
c m
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estimate of the actual parameter, somewhat dubious.

However, we can see from the experimental measurements
193 192 that, whereas gj for Ir is much larger than g, for Ir,

193 192 P is less for Ir than for Ir. Therefore, the pseudo-

quadrupole effect cannot have a significant effect on the 

measurements. Were the experimental values of P more 

accurate (Spijkerman et al (1971 ) for instance quote an error of 80% 

for their measurements in pure iron), we could even calculate 

P from these two measurements. This is because the
c^i

susceptibilities will be the same in the two cases so that 

the ratio r of the pseudoquadrupole parameters is given by 

the square of the ratio of the hyperfine constants. We also 

know the ratios of the 'real 1 quadrupole parameters P from 

equation (3.84) since q will be the same for both isotopes 

in the same host. Thus we can solve for P and P from thepq q
equations :

C^r^Po. C*'! 
V

f^r
( Ir

(3.85) 

(3>86)

Next we discuss £o(Fe). Cobalt has a moment in iron 

which is very close to that of its host. We therefore, 

assume that the local susceptibilities are close to that of 

the pure host to find P . However it is likely that the 

cobalt impurity will locally modify the band structure, so 

that there could well be a different value for the suscept­ 

ibilities. Since our estimate is so close to the experimental 

splitting (a factor of 3) we consider that a more accurate 

treatment might be advisable. Such a treatment would be

> 
Q . ^^- I'" 01 , J



156

obtained using Wolfram's (1961) theory. He calculated the 

susceptibility using essentially an extended version of KKI. 

Also Campbell and Gomes (1967) find an expression for the 

local susceptibility in an appendix.

We can think of one example where the local transverse 

susceptibility and hence P is likely to be large at an 

impurity. This is FeMn where measurements by Jaccarino et al (196 

showed that the local hyperfine field had a very different 

temperature dependence from that of the host. This suggests 

that the local moment is only loosely coupled to the host 

moments. Jaccarino et al (1964) found that molecular field theory 

gave a surprisingly good fit to the magnetisations obtained 

from the experimental hyperfine field. It should therefore 

be possible to apply the molecular field estimate for P 

(equation (3.42)) to this case. If the impurity moment-host 

moment coupling is weak, this suggests that "3j (o) is small

and hence P will be large. A more accurate estimate might 
pq

be obtained from the theory of Campbell and Gomes (1967) which 

has recently been shown to give very good results for the 

impurity moment (Kajzer and Parete 1980).
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CHAPTER 4

QUADRUPOLE EFFECTS IN GdAl

4A. Experimental Results

Degani and Kaplan (1973) measured a sizeable temperature 

dependent quadrupole interaction at aluminium ions in the rare 

earth intermetallic GdAl 2 . They showed that the interaction 

varied linearly with the magnetisation over a wide range of 

temperature, 4K to 112K, and commented that most origins of a 

magnetisation dependent electric field gradient would have a 

quadratic variation. In this chapter we look at various 

mechanisms that would be consistent with their observations, 

particularly the pseudoquadrupole effect proposed as an 

explanation by Zevin and Kaplan (1975).

GdAl 2 has the cubic Laves phase structure depicted in 

figure 4 (Wernick and Geller 1960). Gadolinium ions are 

arranged on a diamond lattice and the aluminium ions form 

tetrahedra of point symmetry 3 m whose axes of symmetry are 

parallel to the principal diagonals of the cubic unit cell. 

The cell contains eight gadolinium and sixteen aluminium ions 

and the length of one side is a = 7.9A.

Below T = 176K, the gadolinium ions order ferromagnet-
\s

ically along the [l 1 1^ direction, distinguishing aluminium 

ions at 'a' sites whose threefold symmetry axes coincide with 

the magnetisation vector from those at 'b f sites whose symmetry 

axes are parallel to [l 1 l] , [l I l] and [l 1 Ij . 

Measurements of the echo decay modulation frequencies at the 

a' site shown in figure 4 were found to differ significantlyI r. »
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Fig. 4 Schematic representation of cubic laves phasestructure of GdAl 2 . The small open circles are the Al ions, the small full circles the Gd ions on one sublattice and the large open circles the Gd ions on the other sublattice. One 'a' site « marked.

Fig. 5 The six nearest neighbour Al ions to a given Al ion. The dotted line marked the [l 1 Ij axis of the cubic unit cell of GdAl 0
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from those at the 'b' sites marked and to show a magnetisation 

dependence, an effect that may be explained by the assumption 

of a magnetically induced field gradient (efg) . (Degani 

and Kaplan 1973). They find, from 'a 1 site measurements that 

the quadrupole parameter P is given by tc/'^/Y^,. fc ^ ^ cf ^

where

(4>1)

(4.2)

<2 *
- ____— . _r

Q is the nuclear electrostatic quadrupole moment, q the efg 

and M the saturation magnetisation.

The value of \P\ was measured in the para-magnetic phase 

by Jones and Budnick (1966) and was similar to P :

No change of P with temperature was reported for theirpara
measurements which were taken between 350K and 575K. Jaccarino 

et al (1960) measured the quadrupole interaction at aluminium 

ions in the chemically similar but non-magnetic compound LaAl 2 

but do not mention a temperature variation there either. It 

seems likely then that in GdAl 2 magnetic effects are responsible 

for the temperature dependence of the quadrupole parameter as 

Degani and Kaplan (1973) suggested.

4B. The Pseudoquadrupole Effect

The pseudoquadrupole effect is clearly a good candidate



160

for Degani and Kaplan's results (Zevin and Kaplan 1975) since 

it varies linearly with the magnetisation at low temperatures 

(equation (3.21) ) .

We use the theory in Chapter 3 section A to evaluate the 

susceptibilities for the local moments at the Gd atoms. 

However, we can not use it directly as the measurements have 

been made at the aluminium site so that equations (2.28),"y
(2.30) and (2.31) must be employed. We may write A (defined

^V yv \ ^\ ' v/ x \/ v ̂  *\/
in (2.28)) in terms of A (si) ; A (Vn, A (rs)and A

defined in Chapter 3 (just above equation (3.24)):

-i* \ \ ^ \^ /'\/*x r \ V2. V ( X fe>) - Xs ' ^ < ' v_/\^,U./ / \
\

,

where b ^ - <j e. '""' ; 2-^1.

Here |s j and |b( denote displacements of ions on S and T

sublattices respectively from a given aluminium ion for which

s t 
they are nearest neighbours and z = z + z (=6).

Using equations (3.25) to (3.28) and (3.35) to (3.38) 

we find that
rV

where

= 0--7S (4 ' 9)

Here (_-r ^defines the displacement of nearest neighbour Gd ions 

to a given Gd ion (ie. the co-ordination vectors for the
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diamond lattice). The result follows from the assumption of 

exchange interactions between nearest neighbour ions and the

fact that^-Sj = - LM for the GdA1 2 structure.

We evaluate P from equations (2.30), (2.31), (4.7) and 

(4.9) using the following figures: a^ = 1.46 (Kittel 1971), 

BQ = 4.6T (Jones and Budnick (1966)) and we estimated J(o)

from T = 176K (Degani and Kaplan (1973)) using molecular c
field theory. This gives

P = . 44 < irk
1 nn (4.10)

by comparison with Degani and Kaplan's (1973) measurement of 

43kHz (equation (4.4)). This P from our calculations is very 

much smaller than the value measured by Degani and Kaplan 

(1973). We conclude that the observed temperature dependent 

quadrupole interaction is not due to the pseudoquadrupole 

effect.

Our results may be compared with Zevin and Kaplan (1975) 

who estimate P as 22kHz. Their much larger estimate which 

we consider an overestimate comes from approximations in the

spin wave sums when evaluating

n >:j2xxAo
\ = A2M ^ _ _•_->_ (4.11)

t, 1

(equation ( % ) of their paper). (As is clear from equation 

(3.18) this is equivalent to

Z (4.12)

in our notation). We calculated a value of <n that would give 

their estimate for pPseudo and showed that it was 67T(cf 0.73).
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They also appear to overestimate the hyperfine constant A 

by a factor of 2.

4C. Other Mechanisms Consistent with Experiment

Single ion magnetostriction (as distinct from exchange 

magnetostriction - for a review see Kanamori (1963)) may 

provide an alternative mechanism. The distortion and hence 

the efg, q^varies by symmetry arguments (Kanamori (1963)) as

<(S> ) - ~J ^L^* O > and vanishes above T ' in a cubic magnet^ 

where qm is the magnetostr Lcti v 3 contribution term to the total efg

We therefore assume that

(4.13)

Using non interacting spin wave theory it is easily shown

3

< ̂ c > (4.14)

(4.14a)i— -;> .—»

since

<S L' s; > - 2s£ o
- K '5 (4.15)

(4.15a)

Thus we obtain a linear variation of q with the magnetisation, 

in accordance with Degani and Kaplan's observations (using 

equation (4.4)). To calculate P , the rate at which P would 

change with <v^*/> from this mechanism we need to evaluate the 

efg at T = O so that we may find q (T) and hence P from (4.4).

The magnitude of the efg at an 'a' site aluminium ion may
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be estimated using the Thomas Fermi approximation for the 

potential of point charges screened by conduction electrons:

V(O - <L^!_r
(4.16) 

where
Z. 2 \.w — c3 ^\ K *

K° ' ' (4.17)h2 Tx 1 6
C

(Kittel 1971).

We investigate the reasonableness of this model by first 

looking at the efg in the paramagnetic phase.Q.We consider 

nearest neighbour aluminium ions only as the screening length
^

k is small (^0-2 A ). These ions are at the corners of two 

tetrahedra (see figure 5). We find that our calculated value

P'
(4.18)

Here OK> is the Sternheimer antishielding factor and r the

nearest neighbour A1-A1 distance. Taking oo ^ 100 (Cohen and 

Reif (1957), Q = 0.15 Barns (Sharma 1970), z - 3 and r =
c

where a = 7.9 A (Wernick and Geller 1960) we obtain

-- 3.4

Whilst this figure <s A=C iarae. by an order of magnitude cj^ Jones 

and Budnick's (1966) measurement, the agreement is reasonable 

considering the approximations made and so we use this approach

to calculate the efg in the ordered phase.from the magneto­ 

striction, qm
We assume that the efg from magnetostriction,

^-0/>kvQ i / f A or\\ 
i m "~ [ pQ.?<pl ^ I JY\CCMC o o ^c"x(<^ ^*i.^u;

where
r0 - 3

( 4 . 20a )
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where q , is the experimental value of q (4.20a) is Hpexpt ^p'

obtained by assuming Q^^is given by the linear term in 

a Taylor expansion q (e)

P
(4.21)

ccx\e
- ^giving l^ - t>4-3 H2 ; us, 4.<3 ^^c/ (4.22)

^ = 26. 10"" 6 (Burd and Lee 1977)

This calculation suggests that single ion magnetostriction

is too small to account for the temperature dependent 

quadrupole interaction measured by Degani and Kaplan (1973).

Another possible explanation is that there is no 

magnetisation dependent quadrupole interaction and that the 

temperature dependence seen is due to lattice expansion. This

is because both the magnetisation *and variation of q with T
3/ due to thermal expansion go as T '2 over a wide range of

temperature, .02T/T to about .6T/T in both cases.
c c 

Christiansen et al (1976) showed that the following relation­

ship is valid in a very wide range of non cubic metals and 

intermetallics :

q O) - q(^) (j -y^~ ' ^ ! ^ (4.23) 

where

ft ^ lO' 6 K~ S/Z
IU K (4.24)

181 B was generally positive, only one case ( Ta in Be) being

found where it was negative. In GdAl2 the aluminium ions are 

at non cubic sites to that they do see a quadrupole moment 

due to the lattice. We used the data of Degani and Kaplan 

(1973)to find B on the basis that the temperature variation 

of the efg were entirely due to lattice expansion and 

discovered that B would be of the right order of magnitude.

*Nesbitt et al (l962J
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We also showed using equations (4.4) and (4.23) that the 

quadrupole parameter P would increase from MHz at 350K to 

MHz at 575K whereas Jones and Budnick (1966) report P = 0 3 L 

MHz for the range 350 to 575K. Furthermore this explanation 

does not account for the difference in observations at 'a' 

and 'b' sites discussed in section A, nor the lack of 

temperature dependence of the quadrupole splitting in LaAlg, 

also discussed in section A. Thus this explanation, though 

it accounts neatly for the linearity of the efg with

magnetisation over the large temperature range of 4K to 112K/S 
M^II k <j^ ^ Oc l'* \,d

We also considered volume striction. As the crystal

expands, the efg at the aluminium sites responsible for the 

lattice contribution to the lattice coupling constant q will

change. In this case the predicted temperature dependence
5/ would be that of the magnetic energy namely T '2 in simple

spin wave theory. Thus the quadrupole splitting would have
5/ varied as (M(T)) '2 where M(T) is the magnetisation rather

than having the observed linearity. We have therefore not 

investigated this line further.
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CHAPTER 5 

CONCLUSIONS

We have shown that the pseudoquadrupole effect may be 

written in terms of the difference between the local transverse 

and longitudinal susceptibilities and the square of the hyper- 

fine field. These susceptibilities can be calculated exactly 

at T = 0 for a localised (Heisenberg) spin model and estimated 

for the localised model at higher temperatures. They can also 

be calculated within the itinerant model for which we have 

given a simple theory.

We have used our itinerant theory to find estimates of 

the pseudoquadrupole parameter P in pure iron and nickel

and we have shown that P is three orders of magnitude down
pq

from the experimentally measured quadrupole splitting P for
\^

iron. Our estimates for both iron and nickel suggest that in 

neither case is the effect likely to be experimentally 

observable, given an error of about 80% for P quoted in the
w

measurements on iron.

We have extended our theory to look at dilute impurities 

in iron and nickel. For isotopes of iridium in iron and 

nickel we find that here too P is several orders of magnit­ 

ude less than values of P and we can show that for iridium
\2

in nickel, P is not significantly influenced by the pseudo-
\^

quadrupole effect. However, our estimate of P at cobalt
JrVl

impurities in iron is less than PQ by a factor of three only, 

so a more accurate theory is required to establish whether 

the pseudoquadrupole effect may be observable here. We also
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consider that P may be large at manganese in iron although 

we do not estimate its size.

In the rare earth intermetallic magnet with localised 

moments, GdAl 2 , we have shown that the pseudoquadrupole effect 

is too small to account for the observed temperature dependent 

quadrupole splitting.

Our theory has been given for cubic ferromagnets but it 

may readily be extended to cubic antiferromagnets or any other 

colinear spin structure. We do not consider non cubic materials, 

as here the electric field gradients are large. Thus the 

pseudoquadrupole effect would generally be very much less than 

the 'real' quadrupole effects due to the electrostatic 

quadrupole moment of the nucleus.

Finally we note that the following conditions are 

favourable for an observation of the pseudoquadrupole effect 

in cubic magnets:

(i) A large value of the hyperfine constant 

(ii) A small magnetically induced electric field

gradient

(iii) A low value of the exchange constant J 

(iv) Two isotopes (a) and (b) as dilute impurities 

in the same host such that the ratios of 

pseudoquadrupole to real quadrupole parameters

p A\ Q^ T<\ £ 2 H ̂ - OK - -——— ;—.—- — (g ̂ 1 ̂

is large. Here A is the hyperfine constant for 

the two different isotopes, Q the nuclear 

quadrupole moment and I the nuclear
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spin

Looyestijn et al (1979) have observed the pseudoquadrupole
17 effect as a function of magnetic field for 0 in Rb2CuCl 4 .2H20

in the paramagnetic phase. Here condition (iii) applies.
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