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Abstract

We assess the usefulness of pre-testing for seasonal bzstsd on the HEGY approach, for
out-of-sample forecasting. It is shown that if there ardtshin the deterministic seasonal compo-
nents then the imposition of unit roots can partially robystequences of rolling forecasts, yielding
improved forecast accuracy. The analysis is illustrateith wivo empirical examples where more
accurate forecasts are obtained by imposing more rootdshearranted by HEGY.

The issue of assessing forecast accuracy when predictioasyoone of a number of linear
transformations may be of interest is also addressed.

1 Introduction

An important strand of the recent literature on modellingsamality in economic time series has been
concerned with testing for seasonal unit roots. Hylleb&mgle, Granger and Yoo (1990) (henceforth,
HEGY) helped popularize the modelling of economic timeesias variables which exhibit seasonal
unit roots, but as those authors acknowledge, time-senalysts in the tradition of Box and Jenkins
(1970) implicitly assumed the existence of seasonal unisrby using the seasonal differencing operator.
However, there is little evidence in the literature on theamet of imposing seasonal unit roots on forecast
accuracy. An exception is Paap, Franses and Hoek (1997) campare the forecast performance of
autoregressive seasonal unit root models and seasonalsm&ianodels, both empirically and by Monte
Carlo simulation. A main focus of this paper is to assess fedulness of pre-testing for seasonal roots,
based on the HEGY approach, when the aim of the exercise-isfaample forecasting.

To this end, in section 2 we briefly discuss testing for sealsmots within the HEGY framework,
and the tension that is often apparent in practice betwesmumber of unit roots implied by this ap-
proach compared to that of Box and Jenkins (1970).

Then, we return to some issues that have been of concern irecemt work. These relate to what
are appropriate measures of forecast accuracy, and wopkhgepo carry extra force in the context of
forecasting seasonal series. In Clements and Hendry (L99&bquestioned the usefulness of some
commonly-used measures of forecast accuracy for non1salaseries, due to their lack of invariance
under linear transformations for which the associated finddss is invariant, and developed an alterna-
tive. In section 3 we elaborate on the view that these cososould appear to be at least as relevant for
seasonal series, and we briefly discuss an invariant meakimeecast accuracy.

*Financial support from the UK Economic and Social ReseammCil under grants R000233447 and L11625015 is grate-
fully acknowledged by both authors. The paper has benefitead fielpful comments from Philip Hans Franses and three
anonymous referees, to whom we wish to express our gratifiie calculations reported in this paper were carried oinigus
GAUSS-386i VM Version 3.2.6 and the graphs were producedgu&iveWin 9.00 beta01, a pre-release Windows version of
PcGive. A more detailed set of results than presented heraikable on request from the authors.



In section 4 we consider the impact of structural breaks &saeeals, and show that the imposition of
unit roots can partially robustify sequences of rollingefoasts.

In section 5 we illustrate the analyses with applicationfotecasting income in Norway and con-
sumption in the UK, and interpret the findings in light of thedel of seasonal shifts. Section 6 con-
cludes.

2 Non-periodic models of seasonality

We consider forecasting based on scalar autoregressiveri®Rels of seasonal processes, and in par-
ticular the usefulness of imposing roots based upon ptexeprocedures. However, some doubt has
been cast upon the reliability of tests for seasonal rocdedban AR models given that empirically there
often appears to be a tension between inference concellmgnguimber of unit roots suggested by such
tests, and the number implicit in the modelling approach @t Bnd Jenkins.

For quarterly data, the member of the general class of sehsmioregressive-moving average
(SARMA) models developed by Box and Jenkins (1970) that megeal successful empirically takes
the form:

(1-L)(1-LY 2 =p+ (1 —06:L) (1 —04L") 1)

wheree; ~ IN(0,0€?), |01] < 1, |04] < 1 and LFz; = x;_j. Franses (1996) p.42—46 references
empirical studies that fit SARMA models and provides examplehis model is sometimes known as
the ‘airline’ model. The filterA, = (1 — L*) relates to the seasonal part of the model, and captures
the tendency for the value of the series in a particular sessbe highly correlated with the value in
the same season a year earlier. The filiee= 1 — L relates to the nonseasonal part of the model and
captures the stochastic trend that appears to charaategisgeconomic time series (for example, Nelson
and Plosser, 1982, but other views exist: Perron, 1989,)198tus (1) implies annual and one-period
(zero-frequency) differencing filters in the autoregresgolynomial. Since the AR polynomial in (1)
can be written as:

(1-L)1-LY=Q1-L)[(1-L)(1+L)(1 —iL) (1 +iL)]

the airline model entails two zero-frequency roots, as agloots at the bi-annual and seasonal frequen-
cies (taking the two complex roots &s— iL)(1 +iL) = (1 + L?)).

On the other hand, the HEGY procedure seldom finds more thargke sero-frequency root and
only occasionally roots at all the seasonal frequencies, (B example, Osborn, 1990, Hylleberg,
Jargensen and Sgrensen, 1993, and Franses, 1996, Talp&8)2,

A number of possible resolutions to this conundrum have Ipeeposed. If (1) is correct, then the
neglect of the MA components in the HEGY testing procedurg fead to test sizes exceeding their
nominal values (see, for example, Franses and Koehler,))1884logous to findings in the nonseasonal
unit-root testing literature (see, for example, Hall, 1p88dditional lags of the dependent variable can
be included to capture the autocorrelation in the errorsthmisize distortion is bound to be large for
tests of nonseasonal and seasonal unit roots if there iscaeaellation with the MA roots.

Another possibility is that ‘over-differencing’ in (1) ceerts level shifts in seasonal means into
‘blips’ which may be mistaken for outliers. For example, goge the data generating process (DGP) is:

4

ye =Y (ai+ofIF) Qi + € 2)
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that is, consists of a deterministic seasonal componetit, astep change in the seasonal means when
a; # 0, for somei, whereI’. = 1for ¢t € (7,7 and is zero otherwise. In practicg, could beA;z;,
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for example. Thus, the seasonal means change-at. The(@); ; are seasonal dummy variables defined
byQi:=1ift=1i4+4q,¢q=0,1,2,..., and zero otherwise. Taking fourth differences would canve
the step changes to blips:

4 4
Agys = (Z ;i Ay Qi + OéfAﬂ?Qz‘,t) + Ayep = Z ;17 3Qis + Agey
i=1 i=1

This model has seasonal and zero-frequency unit roots raifwertible) negative MA and four outliers
caused by the change in the seasonal means. Omitting durfonitbe seasonal-shift outliers, and not
modelling the MA term might lead to the number of autoreguesanit roots being over-estimated. It is
well known in the nonseasonal unit root testing literatina structural breaks may lead to the number
of unit roots being over-estimated (for example, Perro8919990, Hendry and Neale, 1991). Seasonal
differencing of this form to convert level changes to blipseasonal processes is the subject of section
4, although we do not in this paper apply the recent extesdiorthe HEGY procedure that have been
developed to allow for shifts in seasonal means (see, fanple Franses and Vogelsang, 1997, Smith
and Otero, 1997).

We close this section by briefly describing the HEGY procedas implemented in this paper to test
for seasonal unit roots. The procedure is based upon thessign equation:

a(L)Agxy = m21 41 + ToZo 1 + M323 -2 + Taz3 41 + [t + € (3

where:

3
pe =1+ pat + Y poiQi,
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a(L) is a stationanp'™ order lag polynomial, and:

2t = (14+ L+ L%+ L3z = S(L)xy
2ot = —(1—L)(14 L?)ay
23t = —(]. — LQ).Tt = —(]. - L)(]. + L).Tt

The tests for unit roots at different frequencies are basethe significance of the estimated
coefficients. For example, if; is significantly different from, typically being less thazero, then the
null of a unit root at the zero frequency is rejected. A re@ctof the null thatr, equals zero indicates
the absence of a unit root at the bi-annual frequency. Radtseannual frequency can be tested by an
F-test of the null thatr; = 74 = 0. Typically the ordemp of the polynomialx(L) is chosen to make the
residuals from (3) approximately white noise. Hyllebergl. (1990) provide the details.

The HEGY procedure can also be adapted to generate modéisdoasting seasonal processes, that
emphasize the role played by imposing seasonal roots riaieimplicitly estimating them. Notice that
() withm; #0, i =1,...4,is equivalent to an AR + 4) model. We use the HEGY procedure to test
for seasonal roots, as outlined above, wheigthe smallest lag order consistent with non-rejection on
an LM-test of serial correlation up to fourth order. Therg tegression is re-run omitting which are
not significantly different from zero (judged using the agpiate critical values: see Hyllebeggal.,
1990). All roots are imposed when the null hypotheses that 0, 7o = 0 andws = w4 = 0 are not
rejected, which implies that the process(is) (zero frequency root) after seasonally adjusting with the
S(L) filter. The deterministic trend is retained if tsvalue exceeds in the first regression, although the
t-distribution may not be appropriate. This (restricted)neated model then becomes the forecasting
model.



3 Forecast evaluation criteria

Clements and Hendry (1995a) consider the importance ofsingaero-frequency unit roots in a bivari-
ate nonseasonal cointegrated system, and show that thagarfkased on mean squared forecast error)
of alternative methods partly depend on the linear transétion of the series for which predictions are
evaluated. In terms of predicting either the first differenof the series or the stationaiy0() linear
combination, the improvement in accuracy is small from isipg roots. For seasonal series, we may be
interested in predicting any of the separate factors of timeial differencing operator:

(1-LY=(Q1-L)(1+1L)(1+L? (4)

as well as the annual percentage change (assuming the aexigslogarithms). For example, the UK
Treasury sometimes presents half-yearly forecasts €i.@. ¢ L)z;) based on models of quarterly data
series. Sometimes the second and third factors on thehagid-side of (4) are taken together as:

S(Ly=1+L)(1+L*)=1+L+L*+1L°

to denote the seasonal filter, but we will find it useful to reéethe last factor in (4) as the seasonal filter
given(1 + L)z, may be of interest separately.

Clements and Hendry (1993b) show that a model which yield®biorecasts on one linear trans-
formation than a rival may lose out on another when the médriassessing forecast accuracy is (root)
mean squared forecast error, (R)MSFE. Thus, mbaedy have a smaller MSFE for predictifg— L)x;
than modeR but a larger MSFE for predictingl + L)x; say, for multi-step forecasts. Hence, as well as
calculating RMSFEs for linear transformations of the dat@also report generalized forecast-error sec-
ond moment (GFESM) calculations, which are invariant uralenon-singular scale-preserving linear
transformations of the series.

The GFESM forh-step forecasts is the determinant of the outer-produchefvector formed by
stacking the forecast errors from all previous step aheat&sts 1, 2 up toh) as in (5):

@] = |E [E,E]| ()

! __ / / / / .
whereEh = (€ 1€ 05 T h1s e_T+h)_, where theer ; denote forecast errors, and are scalars for
the univariate processes considered in this paper.
Before establishing the invariance|d#; |, we demonstrate the invariance of forecasts to lineartrans
forms. Denote a univariate forecasting model by the sutciotation:

¢/St = Ut (6)

whereu; ~ 1D(0,02%), s, = (z} : z,), x; is the variable to be forecast amgarek available predeter-
mined variables (here just lags ©f 1), and¢ =(1 : —3')’ say. The parameters af8, o). Then the
likelihood of (6) is invariant under non-singular transfations of the form:

O'PPs, =

which we can write as:
¢"'s; = us. (7
In (7),s; = Ps;, Pisa(k + 1) x (k + 1) non-singular matrix which is upper block-triangular, for

example:
P= 1 p,12 so that P—l _ 1 _p/12P2_21
“\ 0 Py ~\0 P '
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Since we need to calculale—?, a restriction orP is that|Pys| # 0. Then:
o' ='P 7 = (1 :—(p12 + B)/P521) = (1 : —,3*/) .

No restrictions are imposed by these transforms, so equsaf®) and (7) are isomorphic. Transforma-
tions in the class shown in (7) include all the right-handedmttors of (4). For example, the bi-annual
filter for an AR(2) model hagp’, = (1 0), Pyy = I, ands; = (z; x4-1 z¢-2), B = (81 52), say.
The formalization merely makes explicit the fact that adinenodel is defined by its invariance under
linear transformations (or affine transforms more gengralorecasts and forecast confidence intervals
made in the original system and transformed after the ewetjt,tor made directly from the transformed
system, are identical. This remains true when parametersstimated by any method that is invariant
(for example, maximum likelihood), and holds for multi-jwef forecasts. Hence forecasts are invariant
to linear transforms: the critiqgue in Clements and Hend89@b) is of the lack of invariance of some
measures of their accuracy, such as certain MSFE-basedirasas

For transformations involving®, measures based on the ‘simple’ MSFE maer jer, ;] are
not invariant. It is necessary to account for covarianceas/éen different step-ahead errors, as in the
GFESM. Suppos® = Al,, that is, a diagonal matrix of differencing operators. Fitheinvariance of
forecasts to linear transforms, we have ®at; ;7 = ey — ery 17, Whereer ;7 is the error
in forecastingxr; conditional onT’, andex 77 is the error in forecastind\xz ;. Hence writing
ELn = (€7 ri1/79 €A rao/r -+ €A 1t h—17 €A 40 T)» WE ODIAIN:
Eap' = (e Per P e, (PLel P, orEya = (I®P)E,, thus:

@il = E[ByaBy )| = [E[(Le P)E,B} (1o P)]| = [E (B8] x [Lo PP’ = |E 5,8}

sinceI@ P|=[I®P'|=1" x |P|" = 1 andPer,| = er ;.

We have pin-pointed lack of invariance as one advantage &SBFover MSFE-based measures for
evaluating the accuracy of predictions of seasonal segigsn that in principle there are a variety of
different transforms that may be of interest. There are ofs® a number of disadvantages that both
measures share and some problems peculiar to the GFESMdiseeample, Ericsson, 1992, Clements
and Hendry, 1998b, the discussants’ comments on our otigegzer, Clements and Hendry, 1993b,
and the reply, Clements and Hendry, 1993a, and also Arngstaod Fildes, 1995 and Clements and
Hendry, 1995b) and space precludes us reviewing those argarhere. However, a common remark is
that invariance has little to recommend it if only a partouransformation is of interest, with which we
concur. More fundamentally, it is suggested that econdmatralyses should begin by writing down a
loss function that maps forecast errors to their econonsts¢avith the optimal predictor being derived
as the loss minimizer. In practice, well-defined mappingsvben forecast errors and costs are not
typical (Granger, 1993, p.651: ‘real-world cost functiare rarely available’) — as are users who care
about predicting only one linear transform.

A number of recent papers have considered the importancathing the form of the model esti-
mation criterion with that for forecast evaluation, follmg Granger (1969), and see also Zellner (1986).
The evidence in Weiss and Andersen (1984) for the practealance of matching is not strong, and
Fildes and Makridakis (1988) question its practicalitydaven desirability, with reference to Nelson
and Granger, 1979). More recently, Weiss (1996) takes pstijjgestion and explores the properties
of procedures which base estimation on the forecast aitdtinction, defined ovet-step errors, for
a variety of forecast criteria, such as asymmetric quattatis (also see Christoffersen and Diebold,
1997).

The models we use for forecasting are estimated by OLS. The €idtimates are used to obtain
forecasts for all future periods, so that no attempt is madeobustify the longer-horizon forecasts
by estimating the model to minimize, say, fhstep ahead in-sample sum of squares, if the aim is to
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generatg-step ahead ex ante forecasts. In principle there may be gamulti-step estimation whenever
the model is incorrectly specified. The literature begarhwbx (1961), who considered making the
smoothing parameter of the exponential smoothing formaf@eddent on the forecast horizon, an idea
extended by Tiao and Xu (1993), with contributions byer alia, Weiss (1991), Stoica and Nehorai
(1989), Tsay (1993), and Clements and Hendry (1996b). Tier lpaper indicates gains to multi-step
estimation when the model omits an MA component with negdhA parameters close to1; as would

be the case for AR models of seasonal processes if the ainliniel applied. This may be an interesting
avenue for future research, although the outcome remapendent on the exact criterion selected for
minimization, so very different decisions could result levels, first or seasonal differences, and so on.
Consequently, we did not pursue this route since all thestoams reported in section 5 are of interest to
some users of macroeconomic forecasts.

4 Theimpact of structural breaksin seasonals

Consider a quarterly logarithmic-transformed time sediescribed by fixed, trending and shifting deter-
ministic seasonals generalizing (2):

4

ye=Y (i afIpm + Bit + BT (=74 1)) Qi + (8)
=1

fort = 1,...,T, where the indicator variable _, ;7 = 1for¢ € (7,7 + j) and is zero otherwise as
above. We neglect additional sources of dynamics to focus cmange in the seasonal pattern at time
7. The issue we wish to address here concerns conditions widen A,y; has a constant, non-zero
seasonal pattern or a changing seasonal pattern, to hedprador the later empirical results which
reveal that it pays to impose unit and/or seasonal roots whem it is statistically invalid to do so. As
above, we assume that~ IN(0, oe?).

From (8), in terms of annual changes; = (1 — L*):

M-

Agyy = (iA4Qit + oG AyIpTQi g + BilAat Qi + By Aulpr (t — 7+ 1) Qir) + Asey

1

4
= Z ((af +BF (t =7+ 1)) I, 37Qix + 4BiQiz + 487 I Qi) + Aser, ©)
i=1

sinceQ;r = L'Qit SOA4Qir = 0 Vi t; AgtQiy = (tQip — LMQiy) = 4Qip; AIp7Qiy =
I 37Qip and AyI 7(t — 74+ 1)Qiy = (t — 7+ 1)I_ 37Q; fort —7 = 0,3 and 4I}+4Ql-7t for
t — 7 > 3. When the existence and timing of shifts in seasonality ateawn, all the terms involving
products with the indicator variable will add to the residsa over the sample as a whole, there will not
be a redundant common factor(@f— L*). The residuals on (9) are likely to be negatively autocates
in the absence of any dynamic modelling, offset by any oajositive autocorrelation in thig:, }.

In the neighbourhood of time, the evolving seasonal patternsyefand A4y, are as follows.
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First, consider the pattern ig: the initially steady, if trending, seasonality is distedoatr, with a
jump in the level whery) # 0 and in the trend wheps! # 0. The new level in each quarter becomes
a; + af + p;7 and the new trend i§3; + 3;), so forecasts based on assumitjg= 3 = 0 will quickly
become very poor.

Next, considerA4y;: when there are no trending season@is=€ 3 = 0), the break just produces
a jump in the quarterly change in the annual growth rate etual’ for the four quarters from to
7 4+ 3. When there are no structural breaks,;y; has a constant seasonal pattern equdl%e and so
systematically changes more in some quarters than oth&ss, there are complicated movements in the
seasonal pattern ak,y; whenever the coefficients; and3; differ from zero (i.e..I,7 = 1). Finally,
there is a permanent shift in the seasonal pattern véfieA 0. Analogous to differencing a non-seasonal
process, thé\, filter reduces the impact of the effect@f to a transient ‘blip’ for four quarters, and that
of 37 from atrend to a level shift.

Given the above patterns induced by changes in deternagisistisonals, we can show that imposing
unit roots in the forecast model may improve the accuracyolling forecasts when the DGP is (8)
and the shifts are not modelled. The advantages to usingfaayh-differencing, arise for the same
reason that zero-frequency differencing works in the nasseal case when there are structural breaks
or regime shifts: see Clements and Hendry (1996a, 1998a&enially, differencing sets the forecasts
‘back on track’ after the break has occurred. The ‘full valokthe break is incorporated in future
forecasts since differencing effectively projects onlg firesent and gives no weight to the pre-break
history of the process.

As an example, consider forecasting using (8) withdfig3; terms absent (the shifts are not mod-
elled). Forecasts afr;, j > 0 made pre-break at time — 1 rapidly become poor as described above.
The outcome is moderated a little if the forecast origin isvetbforward tor, orr+ 1,7+ 2,... and the
model estimates updated on the extended sample, but thetimipdoe post-break observations on the
estimated model parameters (say,3;) will initially be slight. By way of contrast, consider forasting
with a model that imposes fourth-differencing, and for digify suppose the seasonality is not trending
either pre- or post-break. Forecasts made-atl, 7, ..., 7 + 3 will go awry, but thereafter, as suggested
by the pattern folE[A4y;] set out above, the new pattern of deterministic seasonais ¢;) will be
forecast fory;. The model based on (8) will continue to forecast the patbeised on they;, subject to
the small adjustments referred to above from updating.

Structural breaks in seasonals over the forecast periachitedthat imposing unit roots may improve
forecast accuracy even when this does not appear to be wedran the basis of the outcomes of unit
root tests.



5 Empirical analysis

We consider two examples, one for Norwegian total houseteatidisposable income, the other for UK
consumers’ expenditure on non-durables and services. @&ethuarterly, in constant prices, seasonally
unadjusted, and we investigate their natural logarithms.

5.1 Norwegian income

This series has been analysed by Franses and Paap (1994).s@iies plots of various filters of the
(logarithm) of Norwegian income are shown in figure 1. Theelezxhibits a clear, albeit irregular
or evolving, seasonal pattern. The series still appearghibi¢ a seasonal pattern after regression on
deterministic seasonal dummies, suggesting that the s&l#tgds indeed not constant over time. Taking
fourth differences appears to remove much of the seaspialihe series, while the bi-annual filtered
series exhibits seasonality at the beginning and end ofatimgke, but not over the middle range.

Another means of obtaining an indication of the amount ofseal variation in a series is to regress
the first difference (of the logarithm) of the series on a $seasonal dummies (Miron, 1994):

Ay = 01Dy + 02 Dot + 03D3 1 + 04Dy g + uy. (11)

Thed; estimate the quarterly growth rate in seasoD; ; takes the valug, for observations in seasen
and0 otherwise. Franses (1996) cautions against conductitigtital inference on (11), and we use this
regression as a purely descriptive device. Informal coisparof thed; estimated over sub-samples can
be informative about the constancy of the seasonal pattéenestimate (11) over an initial sub-sample,
and then update the estimates as the sample period is sueteasigmented by one observation each
time. The series of estimates we obtain for 8iis are plotted in figure 3. It is apparent that the fourth
guarter quarterly growth rates go from being negative tatipesand cross over with the second quarter
rates, indicating a non-constant seasonal pattern.

Table 1 describes the results of applying the HEGY testirugguiure outlined in section 2 to the
Norwegian income series. The first row for the full sample anrd 1 confirms the findings of Franses
and Paap (1994), that there appear to be zero frequency amhbal roots (the,, andt,, test statistics
are both less than th& critical values: significance at th&% and 1% levels is denoted by and
** respectively ). The second row indicates evidence of $eftakrelated residuals when the lagged-
dependent variable is dropped, invalidating the rejeatibthe bi-annual root at th&% level. All these
regressions include a constant, linear trend, and det&tigiseasonals.

Since we intend to use the period 1988:1-1993:2 to calcafaf@rical measures of forecast accuracy
based on the outcomes of the HEGY testing procedure, treeahil fourth rows of table 1 show the test
results for the period 1967:1-1987:4 (prior to the creatibtags). Forp = 1 we again do not reject
zero frequency and bi-annual roots. Although thealue on the lagged dependent variable.B28
(last column of the table), its deletion (row 4) does not leadignificant serial correlation on the LM-
test for orders 1 through to 4. However, the portmanteauviéstack power for specific orders of
autocorrelation, and the testing procedure is taken ta@atdizero and bi-annual frequency roots. We
now explore the forecast performance of models that impodteroots at various frequencies, and in
particular, whether imposing roots on the basis of the wout-testing procedure yields significant gains.

All the forecasting models include a constant and detestimseasonals, but no linear trend.

We then undertook a detailed analysis of the accuracy otésteng various linear transformations
of the data for models which impose unit roots at differeatifrencies. The linear transformations being
predicted relate to various seasonal (and non-seasoffabedicing operators. For each particular model
(defined by the frequency of the root(s) imposed) we calewatpirical forecast accuracy measures for



Table 1: Testing for unit roots in Norwegian income.
Sample Period ts tay F... p LM@) tay .,i=1...,p

1967:1 - 1993:2 -1.360 -2335 6.966 1 1.026 3.057
1967:1 - 1993:2 -1.304 -3.547 11.73* 0 2.56%

1967:1 -1987:4 -0.619 -2.192 7.0481 0.320 2.528
1967:1 -1987:4 -0.202 -3.298 9.877* 0 1.627

all the linear transforms. We present empirical root mearasef forecast error (RMSFE) and general-
ized forecast error second moment (GFESM) calculationsdozons ofl to 8-steps ahead, calculated
by moving the forecast origin through the sample beginninitp W987:4, and either with, or without,
updating the coefficient estimates each time.

For example, without updating, the model is estimated omzkfar all on the available sample
(1967:1-1987:4, less periods lost through creating lags$) #0 8-step ahead forecasts are then generated
(i.e. forecasts of the value of the process in 1988:1 thraad!989:4). The origin is then moved to 1988:1
and the exercise is repeatelto 8-step ahead forecasts are again generated. This contindelyaamic
forecasts are calculated up 8esteps ahead subject to data availability for forecastr exatculations.
Thus, when 1992:4 is the origin we halland2-step forecasts (of 1993:1 and 1993:2, respectively), and
when 1993:1 is the origin, only &step forecast of 1993:2.

With updating, the model is re-estimated on data up to anllidimtg the forecast origin before
generating forecasts, but the form of the model remainsamg#d.

All the models include one lagged value of the dependenalibaj consistent with the HEGY testing
procedure results in table 1, and a constant and three daistimseasonals. The linear time trend was
found to be insignificant and excluded. Table 1 indicatesoising a zero-frequency root and possibly a
bi-annual root, though the evidence for the latter is lesaretut.

The baseline is taken to be the unrestricted &\Rnodel estimated once only over the period 1967:1—
1987:4. Relative to this, updating the model each periodigagsmall overall gains on the basis of
GFESM, mainly from improvements at short horizons. Howekerimpact of updating when accuracy
is measured by MSFE is seen to depend on the linear trandfonmaeing predicted - for bi-annual
changes, the consequences of updating are mixed, for sgaswhannual changes almost unambigu-
ously bad, and for first differences yield improvement$%fto 13% - highlighting the ambiguity that
can arise from the use of such a measure, as discussed ons&cti

There are significant gains to imposing the zero-frequency strongly suggested by the HEGY
procedure (table 2). This yields large gains (U8 on levels and annual differenceé&ssteps ahead)
on all transformations other than first differences, wheerd is little gain at any horizon. Updating
the model each period (not shown) does result in gains in¢heracy of predicting first differences,
but these are still approximately only half as large as thegrgage gains in predicting other linear
transformations of the data.

We also find that imposing a bi-annual root has an ambiguopséimon the accuracy with which
bi-annual differences are predicted, whether the modgldsted or not, but that judged by the GFESM
the results are an improvement on the unrestricted modelbve

Imposing seasonal roots yields the least benefit to predittie seasonal transform when the model
is not updated. There are substantial gains to predictisgdifferences, substantially greater than when
either of the unit roots suggested by the HEGY procedure msad.

Imposing all roots appears to be optimal on all forecastuatain criteria (see table 3).

A discussion of some of the features of the results for Noraregncome shared with UK consump-



Table 2: RMSFEs for model with zero frequency root imposeadiramupdating compared to benchmark
model

j z; (1-L)z; (1+L)z; (1+L*)x; (1-L*)z; GFESM
1 -0.682 -0.682
2 -1.594 0.095 -2.214 -1.056
3 -4.747 0.107 -4.756 -4.937 -1.640
4 -13591  -1.289 -11.196 -8.819 -2.946
5 -13.965  -1.062 -19.060 -12.723 -17.448 -4.485
6 -15.546  -0.512 -17.429 -19.523 -27.445 -7.645
7 -18.721  -0.011 -19.715 -19.276 -30.494 -8.054
8 -30.613  -1.641 -27.333 -26.579 -32.653 -8.595

Table 3: RMSFEs for model with all roots imposed and no updatompared to benchmark model

i oz (1-Lyz; (1+L)x; (1+L*)z; (1-L*)z; GFESM
1 -12.793 -12.793
2 -11.316 -15.237 -13.767 -14.944
3 -9.307 -14.762 -11.872 -11.516 -14.903
4 -11.941 -16.570 -10.913 -13.402 -15.000
5 -30.469  -21.394 -26.549 -20.391 -20.869  -16.342
6 -32.160 -25.183 -32.063 -25.367 -34.389  -18.283
7 -29.240  -27.870 -29.391 -24.610 -34.875  -18.547
8 -34.091 -34.212 -28.874 -29.205 -36.831  -18.993

tion is postponed to section 5.3.

5.2 UK consumers expenditure

The data here are taken from Hendry (1994) and are shown iref@uThe estimates obtained from

applying (11) to the UK data (in the same way as describedeafmthe Norwegian income series) are

recorded in figure 4. Again, a non-constant seasonal patepparent: the second and fourth quarter
growth rates are both clearly trending.

Table 4: Testing for unit roots in UK real consumers’ nonahle expenditure.
Sample Period ts tay F.o.. p LM@4) tay, .i=1,...,p

1961:1-1992:4  -3.258 -2.496 2923 5 07385021929, =0.969

—1.848,4.040
1961:1 -1992:4 -2.984 -3.655 6.93F 2 2.683 3.086, 1.843
1961:1 - 1986:4 -3.013 -3.564 5518 2 1.726 2.225,2.024

Over the whole samplé,lags of the dependent variable £ 5) are necessary to whiten the residuals
of the HEGY regression on the portmanteBitest. In that case, the constant, trend ghdseasonal
dummy are significant. Witlp = 5, we are unable to reject there being unit roots at the zeranbual
and seasonal frequencies, which is at odds with the subisdiinging of unit roots at the zero and
seasonal frequencies only. The table shows the sensitiihye results to the augmentation, whes- 2
as in the sub-sample then we can reject the bi-annual robedt% level, although there is evidence of
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serial correlation in the residuals at the 5% level. Thio$éhdings suggests there is a problem of shifts
in behaviour, including seasonality, which is well docuteehelsewhere (see Hendry, 1994).

The benchmark for comparison is the unrestricted modelsteoim and seasonals but excluding a
trend) for which the estimates are estimated once only (dating).

Imposing the zero-frequency unit root, as indicated by tE&€MN testing procedure, yields gains in
forecast accuracy of 3% to 5% at horizons of 2 to 4-steps aimet@ims of predicting the levels of the
series, and the bi-annual and seasonal transformatioasalsie 5). Imposing the unit root and updating
(not shown) improves predictions of first differences butsems predictions of other transformations.

Table 5: RMSFEs for model with zero frequency root imposed o updating as % of benchmark
model

¥ €4 (1 —L) €4 (1+L) Xy (1+L2) Xy (1 —L4) Zj GFESM

1 -1.876 -1.946

2 -3.187 -1.351 -3.049 -1.846
3 -3.830 -1.022 -3.851 -3.640 -1.440
4 -5.018 -1.653 -4.809 -4.831 -1.326
5 -5.749 -3.041 -5.567 -5.253 -5.808 -1.305
6 -6.886 -3.313 -6.507 -6.237 -7.696 -1.446
7 -7.713 -2.565 -7.391 -6.957 -9.455 -1.396
8 -8.885 -3.306 -8.270 -7.927 -11.271 -1.353

In tune with the testing procedure, imposing seasonal rgietds gains at all but the shortest hori-
zons, and particularly for first differences at= 3 andj = 4 (table 6). The gains for the seasonal
transform are only in the range 2% to 3% at all horizons. Updagenerally worsens forecast perfor-
mance relative to the benchmark, except for first difference

Table 6: RMSFEs for model with seasonal frequency roots seg@nd no updating as % of benchmark
model

j oz (1-Lax; (1+L)z; (1+L%)wz; (1-L*)z; GFESM
1 1.343 0.844
2 -0455  1.109 0.003 -0.911
3 -4325  -8.137 -2.420 -2.611 -3.872
4 -5398  -9.169 -4.606 -2.724 -6.979
5 -1.844  -3.361 -3.145 -2.129 -2.789 -9.688
6 -1.130 -3.632 -1.450 -2.296 -1.870 -10.319
7 -3.959  -12.447 -2.848 -3.033 -3.506 -10.079
8 -5.083 -14.481 -4.655 -3.268 -4.734 -9.668

We also find that imposing all roots is just about as good a®#img the zero and seasonal roots at
the same time, as suggested by HEGY, and that in either casging tempers the gains.

53 Summary

The analysis in section 4 helps explain the pattern of fategains and losses for both Norwegian and
UK data from imposing zero frequency and bi-annual and sedsmit roots. As a summary, at a horizon
of 8-steps ahead (recording gains relative to the benchmartestritted - models as positive):

The effect of updating estimates sequentially is usuallplsoompared to the effects of imposing
unit roots, so we focus on the latter. The analysis in sedipredicts that the effect of updating is likely
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Table 7: Summary table of impact of imposing roots on GFESM8tstep ahead forecast horizons.
Expressed a% gain (+) or loss ) relative to the models with no roots imposed

Frequency of roots imposed Norwegian income UK consumption
No updating Updating No updating Updating

None 3 0

Zero frequency root 9 11 1 3

Seasonal root 10 11 10 8
Bi-annual root 3 5 2 2

All roots 19 18 10 10

Unit roots suggested by testing procedure:
Zero and bi-annual 11 12

Zero and seasonal 10 10

to be small, if the DGP is approximately one of shifts in detieistic seasonals. As suggested by the
comparison in (10), enforcing fourth differencing reduttesimpact of any levels shifts in seasonality (or
intercepts) to transient four quarter (or one period) Blignd reduces trend shifts to level shifts. When
forecasting, such reductions in breaks can have major itemacforecast accuracy: here, imposing all
roots induces gains of approximately 10%—2098-ateps ahead as measured by the GFESM, relative
to unrestricted models fitted in levels. For UK consumptioa benefits accrue mainly from imposing
the seasonal root, although the testing procedure alscaitedl a zero-frequency root, and possibly a bi-
annual root as well (based on the whole sample). For Normeg@me forecast accuracy is enhanced
by imposing roots at the zero and seasonal frequenciesr ridudue the zero and bi-annual frequencies
indicated by the testing procedure.

This suggests that there were changes in seasonality avegldvant periods, and is consistent with
the evidence for changing seasonal patterns in UK consompidted by Hendry (1994) and Harvey
and Scott (1994). We interpret an important part of the clrgngeasonal patterns as resulting from
shifts in the seasonal means so that fourth-differencingksvimr the reasons set out in section 4. Fourth-
differencing would also be appropriate if the evolving seedity was stochastic, emanating from roots at
the bi-annual and seasonal frequencies. Generally, th@agisonal unit roots indicate that the amplitude
of the seasonal cycle is unbounded in the long run and thatthse of the cycle can drift without limit,
features which are at odds with the observed seasonal mtémany series. For example Pollock
(1995) notes that the phase of the cycle for consumers’ eifoea does not exhibit this sort of behaviour
- the annual boom invariably occurs at Christmas time.

Finally, the dangers inherent in using any specific MSFE nrea® evaluate the impact of imposing
the different combinations of roots are apparent from otmitésl results (not reported): no linear trans-
form’s MSFE always had the same sign of gain as the GFESM, fandrat one transform could show a
10% gain on MSFE simultaneously with another reporting a 1@$%.

6 Conclusions

The main message of the paper is that building univariatecésting models for quarterly, seasonally
unadjusted data, conditioned on the outcome of unit-raiintg procedures such as HEGY may not be
useful when there are shifts in seasonal, or other aspedigludiviour. In the empirical examples consid-
ered, imposing roots at all frequencies led to at least ad gdorecasting performance as imposing the
smaller number of roots suggested by the HEGY proceduresi@ntially better for Norwegian income,

and no worse for UK consumption, see table 7). Models thabseg all roots and were estimated only
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once were as good as other models that imposed a smaller nofbets and were continually updated.
The theoretical analysis suggested interpreting thaouwcas indicating shifts in the deterministic fac-
tors over the forecast period.

Finally, we reiterate that MSFEs are an unreliable guideotafaring forecast accuracy unless there
is unique data transform of interest. For various combametiof imposed unit roots, one transform could
show a gain while another showed a loss.
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Figure 1: Total Household Real Disposable Income in Nonildne results of applying various filters
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