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Abstract

This thesis is primarily focused on problems in extremal combinatorics,
although we will also consider some questions of analytic and algorithmic

nature.

The d-dimensional hypercube is the graph with vertex set {0,1}? where
two vertices are adjacent if they differ in exactly one coordinate. In Chap-
ter 2 we obtain an upper bound on the ‘saturation number’ of @), in Q.
Specifically, we show that for m > 2 fixed and d large there exists a sub-
graph G of Q4 of bounded average degree such that G' does not contain
a copy of @Q,, but, for every G’ such that G C G’ C Qq4, the graph G’
contains a copy of @),,. This result answers a question of Johnson and

Pinto and is best possible up to a factor of O(m).

In Chapter 3, we show that there exists € > 0 such that for all k£ and for n
sufficiently large there is a collection of at most 2175)* subsets of [n] which
does not contain a chain of length k£ + 1 under inclusion and is maximal
subject to this property. This disproves a conjecture of Gerbner, Keszegh,
Lemons, Palmer, Palvolgyi and Patkds. We also prove that there exists a

constant ¢ € (0,1) such that the smallest such collection is of cardinality
20+o)ek for all k.

In Chapter 4, we obtain an exact expression for the ‘weak saturation
number’ of @), in Q4. That is, we determine the minimum number of
edges in a spanning subgraph G of @), such that the edges of E(Qq)\ E(G)
can be added to GG, one edge at a time, such that each new edge completes
a copy of (Q,,. This answers another question of Johnson and Pinto. We
also obtain a more general result for the weak saturation of ‘axis aligned’

copies of a multidimensional grid in a larger grid.



In the r-neighbour bootstrap process, one begins with a set Ay of ‘infected’
vertices in a graph G and, at each step, a ‘healthy’ vertex becomes infected
if it has at least r infected neighbours. If every vertex of G is eventually
infected, then we say that Ay percolates. In Chapter 5, we apply ideas
from weak saturation to prove that, for fixed » > 2, every percolating
set in )y has cardinality at least 1%'(1)(7"?1). This confirms a conjecture
of Balogh and Bollobéas and is asymptotically best possible. In addition,
we determine the minimum cardinality exactly in the case r = 3 (the

minimum cardinality in the case r = 2 was already known).

In Chapter 6, we provide a framework for proving lower bounds on the
number of comparable pairs in a subset S of a partially ordered set (poset)
of prescribed size. We apply this framework to obtain an explicit bound
of this type for the poset V (¢, n) consisting of all subspaces of [ ordered

by inclusion which is best possible when S is not too large.

In Chapter 7, we apply the result from Chapter 6 along with the recently
developed ‘container method,” to obtain an upper bound on the number
of antichains in V (¢,n) and a bound on the size of the largest antichain
in a p-random subset of V (¢,n) which holds with high probability for p

in a certain range.

In Chapter 8, we construct a ‘finitely forcible graphon’ W for which there
exists a sequence (g;)°, tending to zero such that, for all ¢ > 1, every
weak €;-regular partition of W has at least exp <€;2 /251087 e; 2) parts. This
result shows that the structure of a finitely forcible graphon can be much

more complex than was anticipated in a paper of Lovasz and Szegedy.

For positive integers p,q with p/q > 2, a circular (p,q)-colouring of a
graph G is a mapping V(G) — Z, such that any two adjacent vertices
are mapped to elements of Z, at distance at least ¢ from one another.
The reconfiguration problem for circular colourings asks, given two (p, q)-
colourings f and g of G, is it possible to transform f into g by recolour-
ing one vertex at a time so that every intermediate mapping is a (p, q)-
colouring? In Chapter 9, we show that this question can be answered in

polynomial time for 2 < p/q < 4 and is PSPACE-complete for p/q > 4.



Statement of Originality

This thesis contains no material which has been accepted in whole, or in
part, for any other degree or diploma. Chapters 2, 3 and 4 are based on two
joint papers with Natasha Morrison and Alex Scott [170,171|. Chapter 5
is based on a joint paper with Natasha Morrison [169]. Chapters 6 and 7
are based on a joint paper with Alex Scott and Benny Sudakov [176].
Chapter 8 is based on a joint paper with Jacob Cooper, Tomas Kaiser
and Daniel Kral’ [74]. Chapter 9 is based on a joint paper with Richard

Brewster, Sean McGuinness and Benjamin Moore [55].



Contents

Chapter 1 Introduction
1.1 Saturated Subgraphs of Minimum Size . . . . . . .. ... ... ...
1.2 A Saturation Problem for Set Systems . . . ... .. ... ... ...
1.3  Weakly Saturated Subgraphs of Minimum Size . . . . . . . . ... ..
1.4 Bootstrap Percolation in the Hypercube . . . . . ... ... ... ..
1.5 Supersaturation in Posets . . . . . ... ..o
1.6 Containers for Antichains . . . . .. .. .. ... ... ... ... ..
1.7 Finitely Forcible Graph Limits . . . . . . .. ... ... ... .. ...
1.8 Reconfiguring Graph Colourings . . . . . . . ... .. ... ... ...

Chapter 2 Minimum Saturation in the Hypercube
2.1 Preliminaries . . . . . . . ...
2.2 Definitions and Proof Outline . . . . . . ... ... ... ... ....
2.3 The Construction . . . . . . . ... ...
24 Open Problems . . .. .. .. ...

Chapter 3 Chain Saturation in Set Systems
3.1 Preliminaries . . . . . . .. ..
3.2 Combining Chain Saturated Collections . . . . . . . .. .. ... ...
3.3 Proof of Theorem 1.4 . . . . . . .. .. ... ... .. ... ...
3.4 Asymptotic Behaviour of chain-sat(k) . . . . . ... ... ... ...

Chapter 4 Weak Saturation in the Hypercube and the Grid
4.1 The Linear Algebraic Lemma . . . . ... . ... ... ... .....
4.2 Proof of Theorem 4.3 . . . . . . . . . ... ... .. ...
4.3 Open Problems . . . . ... ... ...

0 N O e W NN =

—
S

12
15
16
18
25

28
29
34
35
37



Chapter 5 Bootstrap Percolation in the Hypercube and the Grid

5.1
5.2
5.3
5.4
5.5
5.6

The Key Inequality . . . . . .. .. ... oo

The Hypercube Case . . . . . . . . . . . .. ... ... ... .....
General Grids . . . . . .

Upper Bound Constructions . . . . . . .. . . ... ... .......

Open Problems . . . . . . . . . .. ... ... ...

Appendix: An Explicit Linear Algebraic Construction . . . . . . . ..

Chapter 6 Supersaturation in Posets

6.1 Comparison Counting Via Random Chains . . . . . . . .. ... ...

6.2 Supersaturation in P(n) and V(¢,n) . . . ... ...

Chapter 7 Applications of the Container Method in Posets

7.1
7.2
7.3
7.4

A Container-Type Lemma for General Posets . . . .. ... .. ...

Counting Antichains . . . . . . . .. .. ... .. ... ...

Antichains in Random Subsets . . . . . . . . . ... ... ..

Open Problems . . . . . . . .. .. ... ... ..

Chapter 8 Weak Regularity and Finitely Forcible Graph Limits

8.1
8.2
8.3

8.4
8.5

Graph limits . . . . . . . .. o

Weak regular partitions. . . . . . . . .. ...

Definition of the Svejk graphon . . . . . . ... ... ... ... ...

8.3.1 Some ideas behind the construction . . . . . . . . . ... ...
8.3.2 Formal definition . . . . . . . . ...,
Constraints . . . . . . . .

Finite forcibility of the Svejk graphon . . . . . . . . . ... ... ...

8.5.1
8.5.2
8.5.3
8.5.4
8.5.9
8.5.6
8.5.7
8.5.8

Coordinate system . . . . . . ... ... ... ... ...
Segmenting . . . . . ... Lo
Tower function . . . . . . . ... ... ... ...
Subsegmenting . . . .. ... L Lo
Binary expansions . . . . . . .. ...
Linear transformation . . . . ... . ... ... ... .....
Dot product . . . . . ...
Main part . . . . . . . ..o

i

50
53
55
60
65
68
69

72
74
76

80
82
86
88
90



8.5.9 Degree balancing . . . . .. ... oo 126

8.6 Concluding remark . . . . . .. .. ... 128
Chapter 9 Complexity of Circular Colouring Reconfiguration 129
9.1 The Polynomial Cases: 2 <p/qg<4 .. ... ... ... .. ...... 130
9.1.1 Edge Relabellings . . . . . ... ... ... ... ... .. 131

9.1.2 Vertex Recolouring . . . . .. . ... ... ... ... ..., 134

9.1.3 Polynomial Time Algorithm . . . . ... ... ... ... ... 136

9.2 The PSPACE-complete Cases: p/g >4 . . . .. ... .. ... .... 140
9.2.1 Overview . . . . . . .. 140

9.2.2 Defining the Forbidding Paths . . . . . . . .. ... ... ... 142

9.2.3 Defining o and 8 on the Forbidding Paths . . . . . .. . ... 145

9.2.4 Recolouring G' . . . . . ... 146
References 151

il



List of Figures

2.1

4.1

5.1

5.2

8.1
8.2

8.3

8.4
8.5

8.6

8.7

8.8

An illustration of the proof of Claim 2.17 in the case that m = 3 and

w(l) Zo(l). o

A pair of non-isomorphic weakly ([6]?, [3]?)-saturated graphs, each with
wsat ([6]%,[3]2) edges. . . . . ..

A weakly (Q5, K1 4)-saturated graph F' constructed inductively from a
weakly (Q4, K1 4)-saturated graph Fy and a weakly (Qy4, K 3)-saturated
graph F, each of which is also constructed inductively. . . . . . ..
An illustration of the set Ay constructed in the proof of Lemma 5.21
in the case r = 3. Each node represents a copy of QQ4_3. The set Ag

consists of a copy of B; on each node labelled i € {1,2,3}. . . .. ..

The évejk graphon. . . . . . .. L Lo
Decorated constraints used in Subsection 8.5.1 where X is one of
AB,C/D,E,ForG,YisE,ForGand Zis A,B,Cor D. .. ...
Decorated constraints used in Subsection 8.5.2 where X is one of
B,C, D, E;ForG. ...... .. ... ... ...
Decorated constraints used in Subsection 8.5.3. . . . . .. ... ...
The first set of decorated constraints used in Subsection 8.5.4 where
X e{B,E,FG}Y. . .. o
The second set of decorated constraints used in Subsection 8.5.4 where
(Z,X)e{(F,F),(F,D),(G,G)}. . .. ... ...
The third set of decorated constraints used in Subsection 8.5.4 where
(X,Y) e {(F,G), (G, F)}. o o oo

The decorated constraints used in Subsection 8.5.5. . . . . . . . . ..

v

21

48

o8

67

100

109

110
114

116

117



8.9

8.10

8.11
8.12

9.1
9.2
9.3
9.4

9.5

The decorated constraints used in Subsection 8.5.6. Note that one of
the constraints is on both the second and third lines. . . . .. .. ..
The set of decorated constraints used in Subsection 8.5.7. Note that
one of the constraints is on both the third and fourth lines. . . . . . .
The set of decorated constraints used in Subsection 8.5.8. . . . . . . .
The set of decorated constraints used in Subsection 8.5.9 where X €

{A,B,C.,D,E,F,G,PY. . .

The Recolouring Algorithm . . . . . .. .. ... .. ... ......
Forbidding paths attached to each edge wv . . . . . . . . . ... ...
Assignment of lists to the internal vertices of the forbidding path.

Assignment of lists to the internal vertices of the forbidding path for
the (p,q) = (18,4) case. . . . . . . . ..

Recolouring u from 0 to 6 in the (18,4) case. . . . . . . . ... .. ..

121

123
126

127

139
143
144



Chapter 1

Introduction

The central focus of extremal combinatorics is on understanding the characteristics
(size, structure, etc) of combinatorial objects which maximise or minimise a par-
ticular parameter subject to certain constraints. A standard question in extremal

combinatorics is the following.

For a fized graph H, what is the maximum number of edges in a graph (1.1)
on n vertices which does not contain a copy of H?

This maximum number, known as the extremal number for H, is denoted by ex(n, H).
One of the cornerstones of extremal combinatorics is Turan’s Theorem [215] which
provides an exact expression for ex(n, K,) and says that the unique graph attain-
ing the maximum is the complete multipartite graph in which every part is of size
In/(r—1)] or [n/(r —1)]. The special case r = 3 of Turan’s Theorem was first
proved by Mantel [164] in 1907 and is among the oldest theorems in extremal combi-
natorics.

In this thesis, we study several topics in extremal combinatorics which are vaguely
related to the Turdn-type problems discussed above: namely, saturation, weak satu-
ration, bootstrap percolation and supersaturation. We also prove a theorem on finitely
forcible graph limits which is analytic in nature, but has its roots in extremal graph
theory. In addition, we study an algorithmic reconfiguration problem for graph ho-
momorphisms which, admittedly, has little to do with extremal combinatorics, but is
interesting in its own right. We provide a brief introduction to these topics below;
additional background to each topic can be found at the beginning of the relevant

chapter.



1.1 Saturated Subgraphs of Minimum Size

Given graphs F' and H, a spanning subgraph G of F is said to be (F, H)-saturated
if G does not contain a copy of H but, for every edge e € E(F) \ E(G), the graph
G + e contains a copy of H. It is easy to see that every H-free graph with ex(n, H)
edges is (K, H)-saturated and, therefore, question (1.1) can be rephrased as asking
for the maximum number of edges in a (K, H)-saturated graph. We are interested

in a similar question, but with the word ‘maximum’ replaced by ‘minimum.’

For fixed graphs F and H, what is the minimum number of edges in an (1.2)

(F, H)-saturated graph?

This minimum number is known as the saturation number of H in F' and is denoted
by sat(F, H).

In Chapter 2, we prove an upper bound on sat(Qg, Q,,) where Qg is the d-
dimensional hypercube; i.e. the graph with vertex set {0,1}¢ where two vertices
are adjacent if they differ on exactly one coordinate. Our proof is constructive; it ex-
ploits the existence of an efficient dominating set in hypercubes known as a Hamming
code [118] and a construction of Conder [70] of a 3-colouring of the edges of Q4 with
no monochromatic cycle of length 4 or 6. The following result answers a question of

Johnson and Pinto [133]| and is best possible up to a factor of O(m); see (1.9).

Theorem 1.3 (Morrison, Noel and Scott [170]). For fired m > 2 and d — oo, we
have
sat(Qg, Qm) < (14 o(1))72m?2%.

1.2 A Saturation Problem for Set Systems

Define [n] := {1,...,n} and let P(n) be the poset of subsets of [n] ordered by in-
clusion. An antichain in P(n) (or, in any poset) is a set of pairwise incomparable
elements, and a k-chain is a set of k pairwise comparable elements. Another corner-
stone of extremal combinatorics is Sperner’s Theorem [210] which says that the size
of the largest antichain in P(n) is ( U;;? J)' Erdés [83] generalised Sperner’s Theorem
by proving that the cardinality of a collection F C P(n) containing no (k + 1)-chain

is at most the sum of the k largest binomial coefficients (7;)



In Chapter 3, we study a ‘saturation analogue’ of Erdds’ result, first considered by
Gerbner, Keszegh, Lemons, Palmer, Palvolgyi and Patkos [104]. Say that a collection
F CP(n)is (k+1)-chain saturated if F does not contain a (k+ 1)-chain but FU{S}
contains a (k + 1)-chain for every set S € P(n)\ F. We let chain-sat(n, k) denote the
size of the smallest (k + 1)-chain saturated collection in P(n). In [104] it is proved
that chain-sat(n, k) = chain-sat(m, k) if n and m are sufficiently large with respect

to k, and so we can define

chain-sat(k) := lim chain-sat(n, k).
n—oo

Gerbner et al. [104] conjectured that chain-sat(k) = 281 for all & > 1 and proved
the upper bound. The conjecture is trivially true for k£ € {1,2} and was shown to be
true for k = 3 in [104] and for k € {4,5} in [171].

In Chapter 3, we disprove the conjecture of [104] for all £ > 6 in a strong sense.
First, we show that there is a 7-chain saturated collection in P(n) of cardinality
30 < 2° for all n sufficiently large. Note that, since chain-sat(k + 1) < 2 chain-sat(k)
for all £ > 1 (see [104] for a proof), this is already enough to disprove the conjecture for
all £ > 6. We go a step further by obtaining the following exponential improvement
on the upper bound chain-sat(k) < 2*=! proved in [104].

Theorem 1.4 (Morrison, Noel and Scott [171]). There exists ¢ > 0 such that, for all
k, chain-sat(k) < 201=5)k,

The proof of the above theorem involves proving that chain-sat(k) satisfies a cer-
tain submultiplicativity bound. The following result is a simple by-product of this

bound (via Fekete’s Lemma).

Theorem 1.5 (Morrison, Noel and Scott [171]). There exists a positive constant

c € (0,1) such that chain-sat(k) = 2(1+e(t)ek,

1.3 Weakly Saturated Subgraphs of Minimum Size

We also consider the following ‘relaxation’ of question (1.2).

For fixed graphs F' and H, what is the minimum number of edges in a

spanning subgraph G of F such that the edges of E(F)\ E(G) can be (1.6)
added to G, one edge at a time, in such a way that each edge completes

a copy of H when it is added?



Such a graph G is said to be weakly (F, H)-saturated. The weak saturation number
of F'in H, denoted by wsat(F, H), is the minimum number of edges in a weakly
(F, H)-saturated graph.

Trivially, every (F, H)-saturated graph is also weakly (F, H)-saturated and, there-
fore, for all graphs F' and H,

sat(F, H) > wsat(F, H). (1.7)

On the other hand, for n > r > 3, there exist weakly (K, K,)-saturated graphs with
sat(K,, K,) edges which are not (K,, K,)-saturated. For example, every n-vertex
tree is weakly (K,, K3)-saturated, but the only (K,, K3)-saturated graph with n — 1
edges is the star Ky ,_;.

In Chapter 4, we determine the weak saturation number of ),,, in ()4. This answers
another question of Johnson and Pinto [133]. In the proof, we apply a linear algebraic
lemma of Balogh, Bollobas, Morris and Riordan [21], which we shall state and prove

in Section 4.1.

Theorem 1.8 (Morrison, Noel and Scott [170]). Ford > m > 1, we have
m—2 d
wsat (Qq, Qm) = (m — 1)2/ = > " (m — 1 —j) (j)
=0

Combining Theorem 1.8 with (1.7), we obtain the following asymptotic lower

bound on the saturation number for (), in ()4. For fixed m > 2 and d — oo,

sat(Qg, Q) > (m — 1 — o(1))2¢. (1.9)

This improves on a lower bound of (m + 1 — 0(1))2%"! proved by Johnson and
Pinto [133]. Theorem 1.8 is actually a special case of a more general theorem on
the weak saturation number of ‘axis-aligned’ copies of a multi-dimensional grid in a

larger grid. This result is stated and proved in Chapter 4.

1.4 Bootstrap Percolation in the Hypercube

Given a positive integer r and a (finite or infinite) graph G, the r-neighbour bootstrap
process begins with an initial set of ‘infected’ vertices in G and, at each step of the

process, a ‘healthy’ vertex becomes infected if it has at least r infected neighbours.

4



More formally, if Aq is the initial set of infected vertices, then, for j > 1, the set of

vertices that are infected after the jth step of the process is defined by
A] = Ajfl U {’U € V(G) . ’NG(U) N Aj,ﬂ Z 7"}

where N¢(v) denotes the set of all vertices of G which are adjacent to v. We say that
Ag percolates if U;io A; = V(G). The minimum cardinality of a set which percolates
in G under the r-neighbour bootstrap process is denoted by m(G, ).

Motivated by potential applications in a probabilistic setting, Balogh and Bol-
lobés [15] conjectured that m(Qg,r) = 1tol) (:1

T

) for fixed r and d — oo (see
also [19,21]). As was demonstrated in [19], the upper bound is not difficult to prove;
see Construction 5.3. In Chapter 5, we prove a matching asymptotic lower bound. In
the following result note that the expression in the lower bound is dominated by the

7 =1 term in the sum; i.e., by %(f:f)

Theorem 1.10 (Morrison and Noel [169]). For d > r > 2, we have

r—1 . c~
B d—j—1) 521
m(der)Z2T 1+ E < . )
= r—17 r

where, by convention, (‘;) =0 when a < b.

The key to our proof is a connection between bootstrap percolation and weak

saturation which is illustrated by the following bound. For any graph G and r > 1,

S wsat (G, K17r+1).

m(G,r) (1.11)

r

We prove (1.11) in Section 5.1. Given (1.11) we see that, in order to prove the
conjecture of Balogh and Bollobés [15], it suffices to show that wsat(Qg4, K1,41) >
(14+0(1)) (Tfl). We apply the linear algebraic lemma of Balogh, Bollobas, Morris and
Riordan [21]| once again to obtain an exact expression for this quantity. Note that

the following result implies Theorem 1.10 via (1.11).

Theorem 1.12 (Morrison and Noel [169]). For d > r > 0, we have

r—1 .
d—j—1 -
wsat (Qd; K17T+1) = T2T_1 + E < J . >j2]_1.
J

” r—=
Jj=1



We also generalise Theorem 1.12 to general multidimensional grids; a precise state-
ment can be found in Section 5.3. In addition, we provide a recursive construction
which improves on the best known upper bound on m(Qg, ). With a bit more work,

we use this construction to show that Theorem 1.10 is tight in the case r = 3.

Theorem 1.13 (Morrison and Noel [169]). For d > 3, we have

m(Qq,3) = { 5

1.5 Supersaturation in Posets

A natural extension of Turan’s problem (question (1.1)) is to ask, given a graph H and
integers n and m such that m > ex(n, H), what is the minimum number of copies of H
in a graph with n vertices and m edges? This is known as the supersaturation problem
for graphs, and is very well studied. In Chapter 6, we investigate supersaturation
problems for posets which take the following form.

Given a poset P and an integer m greater than the size of the largest

antichain in P, what is the minimum number of comparable pairs in a
subset S of P of cardinality m?

(1.14)

An early result in this direction is a theorem of Kleitman [141] which says that the
number of comparable pairs in a subset of P(n) of prescribed size is minimised by a
collection consisting of sets whose cardinalities are as close to n/2 as possible.! This
result strengthens Sperner’s Theorem [210] and settled a conjecture of Erdds and
Katona (see [141] or [76]). Quantitatively speaking, a weak form of Kleitman’s result
says that if the cardinality of S C P(n) exceeds the sum of the k largest binomial
coefficients (") by ¢, then S must contain at least t([(”Jr,f)/ 2]) = Q(tn*) comparable
pairs.

In Chapter 6, we provide a general framework for proving supersaturation results
in posets based on counting comparable pairs relative to a random chain. We then
apply this framework to obtain (a) an alternative proof of an approximate version of
the aforementioned theorem of Kleitman [141], and (b) a lower bound on the number
of comparable pairs in a subset S of the poset V' (¢, n) consisting of all subspaces of Fyy

ordered by inclusion. In order to state the latter result, we require a few definitions.

!Das, Gan and Sudakov [76] further refined Kleitman’s argument and characterised the tight
examples.



Definition 1.15. Given a subset S of a poset P, let comp(S) denote the number of

comparable pairs in S.

Definition 1.16. Given a prime power ¢ and integers n and k with 0 < k£ < n, define

[Z}q to be the number of subspaces of Fy of dimension k.

Remark 1.17. Elementary counting shows that

k—1

n 1—qt
[k]q o g 1 —qgitt’
One may also observe that, for fixed n and ¢, the sequence [g] SRR [m . is unimodal

and satisfies [Z]q = [nfk]q forall 0 < k <n.

Given an integer m, a natural way of constructing a subset S of V (¢, n) of cardi-
nality m with a small number of comparable pairs is to take m subspaces of dimension
as close to n/2 as possible (analogous to the construction in P(n) mentioned above).

If m is of the form h’,ﬁ] +tfor 0 <t < [L(n—q)/%} , then such a collection will
q q

2

contain precisely ¢ [((n+11)/ 2]} comparable pairs. In Chapter 6, we prove following
q
theorem which, in particular, implies that this construction is best possible for all
m in this range. Our method of proof involves counting comparisons relative to a

random chain and is likely to be applicable to other posets as well.

Theorem 1.18 (Noel, Scott and Sudakov [176]). Let ¢ be a prime power and let k
be a fized positive integer. Then there ezists a constant ng(k) such that if n > ng(k)

and S CV(q,n) has cardinality at least

Z[{—w]“

r=0 2
then

comp(S) > ¢ P(H WﬂL'

k

1.6 Containers for Antichains

The motivation for combinatorial supersaturation has increased in recent years due
to its applications involving the container method. The container method was de-

veloped by Saxton and Thomason [205] and, independently, by Balogh, Morris and

7



Samotij [26]* and has lead to several substantial results on counting combinatorial
objects with forbidden substructures and extremal problems for sparse random struc-
tures.

In Chapter 7, we apply Theorem 1.18 and the container method to prove an
upper bound on the number of antichains in V (¢,n) and an upper bound on the
largest antichain in a ‘not too sparse’ random subset of V (¢, n) which holds with high
probability.3

Theorem 1.19 (Noel, Scott and Sudakov [176]). Let q be a fized prime power. Then

(1+o(vra™/*))[ ,))]

the number of antichains in V(q,n) is at most 2 a.

Definition 1.20. Given a set X, a p-random subset of X is a subset of X obtained
by including each element of X with probability p independently of one another.

Theorem 1.21 (Noel, Scott and Sudakov [176]). Let q be a fized prime power and
e > 0. There exists a positive constant c(e,q) such that if p > c(e,q)/q"?, then with
high probability every antichain in a p-random subset of V (q,n) has cardinality at

most (14 ¢)p [ " } )
( ) [n/2] |,
Theorem 1.21 is best possible up to the choice of the constant (e, ¢); this is made

explicit in Section 7.1.

1.7 Finitely Forcible Graph Limits

One of the most important results in extremal combinatorics is the Erd&s—Simonovits
Stability Theorem [86, 208]. In rough terms, what this theorem says is that if G
is a graph which does not contain a complete graph on r vertices and has ‘close’ to
(1 — 7%1) (Z) edges, then, in some specific sense, the structure of GG is ‘close’ to that of
a complete multipartite graph in which every part has size [n/(r — 1) or [n/(r — 1)].
A short and elegant proof of this result can be found in a recent paper of Fiiredi [98].

In other words, the Erdés—Simonovits Stability Theorem says that the property
that G is close to a balanced complete (r — 1)-partite graph can be ‘forced’ by speci-

fying that GG contains no clique on r vertices and that the edge density of G is close

2Some precursors to the container method can be found in the work of Kleitman and Win-
ston [144], Sapozhenko [199,201,202], Green [112] and Saxton and Thomason [204].

3Throughout the thesis, the term ‘with high probability’ is taken to mean ‘with probability
tending to 1 as n — co.’



to (1 — rll) A typical finite forcibility problem focuses on determining approximate
‘global’ structures? (e.g. being close to a balanced (r — 1)-partite graph) that can
be forced in a graph by specifying the asymptotic densities of a finite number of
subgraphs (e.g. K, and K3).

The notion of finite forcibility is defined more formally in Chapter 8 in the language
of graph limits. For the purposes of this introductory discussion, we stick with an
informal description. In what follows, a graphon is an analytic object which represents
the limit of a convergent sequence of dense graphs and a graphon is said to be finitely
forcible if it is the unique (in a certain sense) graphon which attains some finite list of
subgraph densities. For example, a sequence of balanced complete bipartite graphs of
increasing order is a convergent sequence of graphs, and the corresponding graphon
is finitely forcible as it is the unique graphon with edge density equal to 1/2 and
triangle density equal to 0.

In [159], Lovasz and Szegedy made several conjectures regarding the properties of
finitely forcible graphons. At the time, every graphon that was known to be finitely
forcible had a relatively simple structure, which lead them to believe that this was
the case in general. In particular, one of their conjectures (interpreted in a particular
way) would have implied that every finitely forcible graphon has a ‘weak e-regular
partition’ in which the number of parts is bounded above by a polynomial in 7!
(see Section 8.2 for background on weak e-regularity). This conjecture was disproved
by Glebov, Klimosova and Kral’ [107], but the problem of determining the minimum
number of parts in a weak e-regular partition of a finitely forcible graphon remained.
In Chapter 8, we use a construction of Conlon and Fox [72] and techniques developed
in {107, 108] (which apply the notion of ‘flag algebras’ due to Razborov [187]) to
construct a finitely forcible graphon for which there exists a sequence (g;)32, tending
to zero such that, for each ¢ > 1, the number of parts in any weak ¢;-regular partition
of this graphon is at least exponential in e;%/2°18" & ’ (see Theorem 8.4). This result

nearly matches a known upper bound for general graphons (finitely forcible or not)

and is, in a certain sense, best possible.

4We remark that we are using the word ‘structure’ somewhat loosely here. For example, a graph
G with ~ %(g) edges distributed sufficiently uniformly (i.e. a ‘quasirandom graph’) will be thought of
as having ‘structure’ close to that of a typical instance of the Erdés—Rényi random graph G(n,1/2).



1.8 Reconfiguring Graph Colourings

The final topic of this thesis is on the computational complexity of ‘reconfiguration
problems’ for graph colourings and homomorphisms. Generally speaking, a reconfig-
uration problem has the following form: given two solutions to a fixed combinatorial
problem (e.g. two cliques of order k in a graph or two satisfying assignments of a
specific 3-SAT instance) is it possible to transform one of these solutions into the
other by applying a sequence of allowed modifications such that every intermediate
object is also a solution to the problem?

As a specific example, for a fixed integer £ and a graph G, one may ask the
following: given two (proper) k-colourings f and ¢ of G, is it possible to transform
f into g by changing the colour of one vertex at a time such that every intermediate
mapping is a k-colouring? In the affirmative we say that f reconfigures to g. Trivially,
this problem is solvable in polynomial time for £ < 2. Rather surprisingly, Cereceda,
van den Heuvel and Johnson [58| proved that it is also solvable in polynomial time
for £ = 3 despite the fact that determining if a graph admits a 3-colouring is NP-
complete. On the other hand, Bonsma and Cereceda [48] proved that, when k > 4,
the problem is PSPACE-complete. Combining these two results yields the following

dichotomy theorem.

Theorem 1.22 (Cereceda, van den Heuvel and Johnson [58]; Bonsma and Cere-

ceda [48]). The reconfiguration problem for k-colourings is solvable in polynomial time

for k <3 and is PSPACE-complete for k > 4.

In Chapter 9, we study the complexity of the reconfiguration problem for circular
colourings. Given a graph G and positive integers p and g with p/q > 2, a (circular)
(p, q)-colouring of G is a mapping f : V(G) — {0,...,p — 1} such that, for every
edge uv € E(G),

¢<|fw) = flv)l<p—q (1.23)
Clearly, a (p,1)-colouring is nothing more than a p-colouring and therefore (p, q)-
colourings generalise classical graph colourings. Circular colourings were introduced
by Vince [219], and have been studied extensively; see the survey of Zhu [226]. Anal-

ogous to that of classical graph colourings, the reconfiguration problem for circular
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colourings asks, given (p, ¢)-colourings f and g of G, whether it is possible to recon-
figure f into g by recolouring one vertex at a time while maintaining (1.23) for every
wv € E(G) throughout. We determine the complexity of this problem for all fixed

values of p and gq.

Theorem 1.24 (Brewster, McGuinness, Moore and Noel [55]). Let p,q be fized pos-
itive integers with p/q > 2. Then the (p,q)-RECOLOURING problem is solvable in
polynomial time for 2 < p/q < 4 and is PSPACE-complete for p/q > 4.

For the ‘polynomial cases’ 2 < p/q < 4, we provide an explicit polynomial
time algorithm. It is clear the the reconfiguration problem for (p,q)-colourings is
in PSPACE. To show that it is PSPACE-complete for p/q > 4, we reduce the re-
configuration problem for |p/q|-colourings to the reconfiguration problem for (p, q)-

colourings (in polynomial time) and apply Theorem 1.22.

11



Chapter 2

Minimum Saturation in the
Hypercube

We open this chapter with a (non-exhaustive) survey of saturation problems in ex-
tremal combinatorics; see Faudree, Faudree and Schmitt [93]| for a more extensive
survey. The earliest result in this area is due to Zykov [227] and Erdés, Hajnal and

Moon [89] who independently proved that

sat(K,, ,) = (Z) - (”_;”*2) —(r—(n—r+2)+ (T;Q) (2.1)

for all n > r > 2. In addition they proved that the only graph attaining the minimum
is the graph obtained from K, by deleting the edges of a clique on n — r + 2 vertices.

Motivated by an extension of (2.1) to hypergraphs, Bollobas [35] proved the fol-
lowing result which has come to be known as the ‘Two Families Theorem’ and is of

fundamental importance throughout extremal combinatorics.

Two Families Theorem (Bollobas [35]). Let A, ..., A, and By,..., By, be two
families of finite sets such that

(a) A;NB; =0 for1<i<m, and

(b) AinB; # 0 for1 <i,j <m withi# j.
m i i) 1

Then > ", (|A||XJ‘B |) < 1.

The special case in which |A;| =--- = |A,,| and |By| = -+ - = |B,,| was rediscov-
ered and posed as a conjecture by Ehrenfeucht and Mycielski (see [139]), and proofs
were published by Katona [139], Jaeger and Payan [128] and Tarjan [211]. We remark
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that the Two Families Theorem implies the LYM Inequality [160,166,225] in extremal
set theory which, itself, is a strengthening of Sperner’s Theorem [210].

Let us apply the Two Families Theorem to obtain an analogue of (2.1) for hyper-
graphs, as was done in [35]. Given two k-uniform hypergraphs F' and H, a subhyper-
graph G of F' is said to be (F, H)-saturated if it contains no copy of H, but G + e
contains a copy of H for every hyperedge e € E(F') \ E(G). We denote the complete
k-uniform hypergraph on n vertices by K&,

Now, let G be a (K,(Lk), Kﬁk))—saturated hypergraph with (Z) —m hyperedges and
let By,..., B, be the hyperedges which are absent from G. For 1 <i < m, let V; be
the vertex set of a copy of K,(k) contained in G + B;. If we define A; .=V (Kﬁk)) \ Vi
for 1 <1i < m, then we see that A;,..., A,, and By, ..., B, satisfy the conditions of
the Two Families Theorem. Thus, since |A;| = n —r and |B;| = k for all i, we get

1 : _ :
m(””,: ") <1 or, in other words, m < (”+II§ "). This proves

el k)= (5) = (")

The matching upper bound is easy to prove: simply let G be a k-uniform hypergraph
obtained from K" by deleting the hyperedges of a complete k-uniform hypergraph on
n+ k —r vertices. Bollobas [35] also proved that, up to isomorphism, this hypergraph
is the only tight example. In Chapter 4, we will discuss so-called ‘skew versions’ of
the Two Families Theorem which can be applied, in a similar manner, to obtain lower
bounds for weak saturation problems in graphs and hypergraphs.

In their original paper on saturation, Erdés, Hajnal and Moon [89] also considered
the problem of determining sat(K, ,, K,,) for n > r. As they pointed out, one can

obtain an upper bound
sat(Kyn, Krp) <n? — (n—7r+1)> = (2r —2)n — (r — 1) (2.2)

by considering the graph obtained from K, , by deleting the edges of a copy of
K, —r41n—rt1. They conjectured that this upper bound is tight. This conjecture was
proved independently by Bollobés [36] and Wessel [220,221]. However, the related
problem of determining sat (K, ,, K, ) for r # s is surprisingly less well-understood.
In [172], Moshkovitz and Shapira proposed the following conjecture and provided a

construction attaining the upper bound.
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Conjecture 2.3 (Moshkovitz and Shapira [172]). Let 1 < r < s be integers. Then

there exists ng = no(r, s) such that if n > ny(r, s), then

sat (Kp, Ks) = (r + 5 — 2)m — K#)QJ |

Of course, the aforementioned result of Bollobés [36] and Wessel [220,221] implies
the conjecture when r = s. Gan, Korandi and Sudakov [103] proved the conjecture
in the case r = 2 and s = 3 and obtained a lower bound of sat (K, ,, K,s) > (r +
s—2)n—(r+s—2)%forn>s>r > 1. However, the conjecture remains open in
general. We remark that an ‘ordered version’ of this problem was conjectured in [89]
and solved in [36,220,221]; see [103,172] for discussion regarding the ordered problem
and how it differs from Conjecture 2.3.

With regards to the asymptotics of sat(K,, H) for general graphs H, Készonyi
and Tuza [138] provided an explicit upper bound which, in particular, implies that
sat(K,, H) = O(n) for any fixed graph H. Pikhurko [182] proved an analogous result
for hypergraphs which confirmed a conjecture of Tuza [216]. Another tantalising

conjecture of Tuza [216], which remains open, is as follows.
Conjecture 2.4 (Tuza [216]). lim,, w exists for every fized graph H.

Evidence towards a positive answer to this conjecture can be found in [214], while
evidence towards a negative answer can be found in [181,184].

There are also several papers on determining the minimum number of edges in a
(K,, H)-saturated graph G' with additional constraints on its maximum or minimum
degree [5,41,77,80,90,102,117,184]. Recently, Day [77] used the LYM Inequality and
an ingenious greedy argument to prove that, for every integer d, there exists f(d)
such that every (K, K, )-saturated graph with minimum degree at least d contains
at least dn — f(d) edges. This improves a bound of Pikhurko [184] and answers a
question of Bollobés [41].

In a recent paper, Korandi and Sudakov [146] considered the problem of deter-
mining sat(G(n, p), K,) where G(n, p) is the Erd6s—Rényi random graph with density
p (see [42,131] for background on random graphs). In particular, it is shown that, for
fixed » > 3 and fixed p € (0, 1),

sat(G(n,p), 1) = (1+ o(1))n1og 4 ()
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with high probability. Rather surprisingly, this implies that, for fixed p, the asymp-
totics of sat(G(n,p), K,) are independent of the value of r. As was noted in [146],
some analogous problems for non-complete graphs H, hypergraphs, and non-constant
densities p remain open.

As was mentioned in Section 1.1, our goal in this chapter is to prove an upper
bound on sat(Q4, Q). This problem was first considered by Choi and Guan [65] in the
case m = 2 who constructed a (Qq, Q2)-saturated graph with at most (1 + o(1)) d2¢!
edges. Santolupo (see [93]) conjectured that this construction is best possible. This

was disproved (in a strong sense) by Johnson and Pinto [133].

Theorem 2.5 (Johnson and Pinto [133]). For every fized m > 2, there exists 0 <
em < 1 such that

sat(Qa, Qm) = O (d'~277") = O (|E(Qq)l/d").

In the case m = 2, Johnson and Pinto [133] obtained a stronger bound; namely,

sat(Qq, Q2) < 10 - 2¢. (2.6)

That is, for every d, they proved that there exists a (Qg, Q)2)-saturated graph of
bounded average degree. Motivated by this result, they asked the following: for
which fixed values of m is it true that sat(Qq, @m) = O (2%)? The result of this
chapter (Theorem 1.3) shows that this is the case for every fixed m > 2.

The rest of the chapter is structured as follows. In Sections 2.1 and 2.2, we re-
view some fundamental properties of hypercubes which will be used in the proof of
Theorem 1.3. Then, in Section 2.3, we prove Theorem 1.3 by giving an explicit con-
struction of a (Qg, @, )-saturated graph with bounded average degree. We conclude

the chapter in Section 2.4 by mentioning some open problems.

2.1 Preliminaries

Let e; denote the jth standard basis vector in F4; i.e., the vector in which the jth
coordinate is equal to one and every other coordinate is zero. Given a vertex v of @)y,
let |v| denote the sum of its coordinates.

A basic fact about hypercubes is that, for d > m, every copy @ of @,, in Qq
is induced by a set of vertices of the form {v + > ieneitJ CJ } where v is any
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vertex of Q and J C [d] has cardinality m (here, addition is in F4). We say that the
coordinates of J are variable under @) and that the coordinates in [d] \ J are fized
under Q).

We will need a standard result from Coding Theory, due to Hamming [118] (for
another reference, see [161,162]). This result was also used by Johnson and Pinto [133]

(and we use some ideas from [133] in our proof).

Theorem 2.7 (Hamming [118]). There is a stable set C C V (Qa—1) such that every
vertex of V (Qat—1) \ C has a unique neighbour in C.

A set C' as in Theorem 2.7 is often referred to as a Hamming code. We remark

that, since every vertex of (Q2¢:_; has exactly 2 — 1 neighbours,

22t71

C| = — 92—t (2.8)

(2t—1)+1
Another ingredient in the proof of Theorem 1.3 is the following result of Con-

der [70].

Theorem 2.9 (Conder [70]). For every s > 1, there is a 3-colouring of the edges of

Qs in which there is no monochromatic cycle of length 4 or 6.

2.2 Definitions and Proof Outline

Our construction will use Theorems 2.7 and 2.9 to build a spanning subgraph G of Q4
which contains no copy of @, with the property that any (Qg, @,,)-saturated graph
G' containing G must satisfy the bound in Theorem 1.3. In particular, G itself will
not be (Qg, @ )-saturated (in fact, it will even contain some isolated vertices).
Throughout the proof, let m > 2 be fixed and let d be an integer which we may

choose to be sufficiently large. Let ¢ and s be the unique integers such that
d=6m(2" — 1)+ s and 0 < s < 6m2". (2.10)

We view the set [d] as a union of m intervals of length 6(2°—1) indexed by the elements
of [m] followed by one interval of length s. Given v € V(Qq) and 1 < i < m, let v(7)
denote the vertex of V(Qgs(2t—1)) obtained by restricting v to the coordinates of the ith
interval, and let v(m + 1) be the vertex of V(Q) obtained by restricting v to its last
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s coordinates. Each of the first m intervals of [d] is further divided into 6 subintervals
of length (2" — 1) indexed by the pairs (r,7) where r € {0,1} and v € {0, 1,2}. For
(i,7,7) € [m] x {0,1} x {0,1,2}, let v(i,r,~) be the vertex of V(Qq:_1) obtained by
restricting v(7) to the subinterval corresponding to the pair (r,7).

Let C be a subset of V' (Q2_1) as in Theorem 2.7. We will treat the vertices v €
V (Qq) differently depending on which of the triples (i,7,v) € [m] x {0,1} x {0, 1,2}
satisfy v(i,r,y) € C. For starters, let X denote the set of all vertices v for which
there exists some ¢ € [m] and (r,7) # (',7') such that v(i,r,~v) and v(i,r’,7’) are
both contained in C'. The vertices of X will be isolated in G' and will not play a large
role in the construction. Now, divide the vertices of V' (Qy) \ X into sets Ay, ..., Ay,
where A; is defined to be the set of all vertices of V (Q4) \ X for which there are
exactly j triples (¢,7,) such that v(i,r,v) € C. We remark that, by (2.8) and (2.10),

IV (Qa) \ Ao| = O (27/d) . (2.11)

In other words, Ay contains an overwhelming majority of the vertices of Q4.

The key properties of the graph G that we construct are the following.
(a) it does not contain @,, as a subgraph,
(b) it does not contain any edge uv of Q4 where u,v € Ay and

(c) it has the property that, for any wv € E(Qg) with u,v € Ay, the graph G + wv

contains a copy of @,,.

Given such a graph G, let G’ be any graph obtained from G by adding a maximal set
of edges from E(Q4)\ E(G) to G without creating a copy of Q,,. Then G" is (Qq4, Qm)-
saturated and, by (b) and (c), every edge of G’ has at least one endpoint in V' (Q4)\ Ao.
Every vertex of Q4 has degree d and so, by (2.11), the total number of edges incident
to V (Qa) \ Ap is at most O (2¢). Thus, we obtain sat(Qq, Qm) < |E (G")] = O (29),
as desired.

The difficulty of the proof comes from ensuring that (a) and (c) hold simultane-
ously. Let us describe, in rough terms, how we achieve this. In what follows, let
¢ F (Q6(2t_1)) — {0,1,2} and ¢ : E(Qs) — {0,1,2} be colourings as in Theo-
rem 2.9, and let ¢ : F (Q6(2t_1)) U E(Qs) — {0,1,2} be the mapping which is equal
to ¢1 on E (QG(Qt_l)) and equal to ¢ on E (Q;).
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First, we let G contain every edge of (); joining a vertex of A; to a vertex of
Ajyq for 0 < 7 < m — 2. It follows that every vertex of Ay is contained in at least
m6™! copies of Q,,_1. To see this, let v € Ag, let I be a subset of [m] of cardinality
m — 1 and, for every i € I, let (r;,7;) € {0,1} x {0,1,2}. Since v € Ay, we have that
v(t,7;,7) ¢ C and so v(i,7;,7;) has a unique neighbour z; € C. For each subset S of
I, let vg denote the vertex of Q4 such that vg(i,7;,7;) = z; for i € S and vg is equal

to v on all other coordinates. Then it is easily observed that
e Uy =,
e vg € Ajg for every S C I, and
e g is adjacent to vgyugy for every S C I and j € 1\ S.

Thus, the vertices of {vg : S C I} form a copy of @,,_1 in G containing v.

Now, in order to ensure that (c) holds, we also add edges within the sets A; for
j=1,...,m —1 so that, for every pair u,v € Ay which are adjacent in ()4, there
exists a choice of the set I C [m] and the pairs (r;, ;) so that vg is adjacent to ug for
every non-empty set S C I (here, ug is defined analogously to vg). If k is the unique
element of [m + 1] such that u(k) # v(k), then the set I is chosen so that k ¢ I. The
choice of the pairs (r;,7;) depends on a ‘parity condition’ as well as the colour of the
edge u(k)v(k) under ¢. The reason that we require these conditions is to ‘break’ any
potential copies of (), which could occur in G as a result of adding edges within the

sets A; for 1 <j <m —1.

2.3 The Construction

We now give the details of our construction. Let G' be a spanning subgraph of Q); in

which the edges of G are defined by the following two steps.

Step 1. Let G contain every edge of QQq which joins a vertex of A; to a vertex of
Aj+1 fOT’OSj Sm—Q

Step 2. Suppose that uv is an edge of Qq such that u,v € A; for some1 < j < m—1.
Let k be the unique element of [m + 1] such that u(k) # v(k). We let G contain the

edge uv if the following two conditions are satisfied:
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(i) either k = m + 1 or there does not exist (r',~") € {0,1} x {0,1,2} such that
u(k,r',y) =v(k,r",+y) € C, and

(ii) for every (i,r,v) € [m] x {0,1} x {0,1,2} such thati # k and v(i,r,v) € C we
have v = ¢(u(k)v(k)) and |v| + [v(k)| + |v(i)| +7 —1 =7 mod 2.

Note that |v| + |v(k)| + [v(i)|+ 5 — 1 = |u] + |u(k)| + |u(i)| +7 — 1 mod 2 since the
only coordinate on which u and v differ is in the kth interval. Therefore, condition

(1) is invariant under swapping u and v.

Before moving on we make a few simple observations, each of which can be verified

by looking carefully at Steps 1 and 2.
Observation 2.12. A,, U X is a set of isolated vertices in G.
Observation 2.13. A, is a stable set of G.

Observation 2.14. If uwv is an edge of G such that u(i,r,v) = v(i,r,y) € C, then
u(i, ', ~") =v(i,r',7') for every pair (r',7') € {0,1} x {0,1,2}.

Observation 2.15. If wv is an edge of G such that u(m + 1) # v(m + 1), then
u,v € Aj for some 1 < j <m — 1.

The next observation follows from the fact that C' is a stable set in QQo_.

Observation 2.16. If uv is an edge of G such that u(i,r,v) # v(i,r,7), then at most

one of u(i,r,v) or v(i,r,v) is in C.

To complete the proof of Theorem 1.3, it suffices to establish the following two
claims. We state these claims now and show that they imply Theorem 1.3 before

proving the claims themselves.

Claim 2.17. For every edge uv of Qg such that u,v € Ay, the graph G 4+ uv contains
a copy of Q.

Claim 2.18. G does not contain Q,, as a subgraph.
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Proof of Theorem 1.3. If G is not (Qqg, @,,)-saturated, then by Claim 2.18 we can
extend G to a (Qg, Qn)-saturated graph G’ by adding a maximal set of edges from
E(Qq) \ E(G) to G which do not create a copy of @,,. By Claim 2.17 none of these
additional edges are between vertices in Ay and so, by Observation 2.13, Ay is a stable
set in G'. Thus, every edge of G’ has at least one endpoint in (|, Ax) U X. The

total number of edges incident to vertices of this set is at most

(09| -aat o] () o

k=1
Note that |/, Ax) UX| = O (|C|?2¢472@'-V), which is O (2¢/d?) by (2.8) and
(2.10). Therefore the second term of the above expression is o (2) and it suffices

to bound d|A;|. We have

d

dl ] = d (6m] €20 D) = d (6m22 712 0) — g2’

= 6m (6m(2" — 1) + 5) 297" < 7T2m*2¢
by (2.10). The result follows. O

Remark 2.19. Note that if d is of the form 6m(2" — 1) for some ¢, then we obtain a
better bound: sat(Qg, @m) < (1 + o(1))36m?2%.

Thus, it suffices to prove Claims 2.17 and 2.18. We begin by presenting a short

proof of Claim 2.17, which was foreshadowed in the previous section.

Proof of Claim 2.17. Let uv be an edge of )y where u,v € Ag and let k be the unique
element of [m~+1] for which u(k) # v(k). Define v := ¢(u(k)v(k)) and let I C [m]\{k}
be a set of size m — 1. For ¢ € I, pick r; € {0,1} so that

|v| + [v(k)| + |v(i)] = r; mod 2.

For each i € I, let ¢; be the unique neighbour of v(i,r;,7y) in Q91 contained in
C. Given I' C I, we let vy and up be the vertices of Qg such that up(i,r;,v) =
vp(i,7r;,77) = ¢; for all ¢ € I’ and, on all other coordinates, u; and vy agree with u
and v, respectively. In particular, vy = v and ug = u. If I’ # I, then for any i € I\ I

we see that vp is adjacent to vpugyy and up is adjacent to upygyy in G via edges
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added in Step 1. Also, for I’ C I, we have vy, up € Ajp| and, if I' # ), then for each
1el,

for] + op ()| + o ()] =i+ I =1 mod 2.
Thus, for I’ # (), vy is adjacent to up via an edge of G added in Step 2. This implies
that {vy : I' C I} U{up : I’ C I} induces a copy of @, in G + uv, which completes
the proof. n

Figure 2.1: An illustration of the proof of Claim 2.17 in the case that m = 3 and

u(1) # v(1).

Proof of Claim 2.18. Suppose, to the contrary, that G contains a copy @ of @,,. Let
J C [d] be the set of coordinates which are variable under (). For each ¢ € [m + 1],
let J(7) be the set of coordinates of J which are in the interval of [d] corresponding
to i. Moreover, given (i,r,7v) € [m] x {0,1} x {0,1,2}, let J(i,7,v) be the set of
coordinates of J which are in the interval of [d] corresponding to (i,7,7).
Subclaim 2.20. For each i € [m] there is a pair (r;,7;) € {0,1} x{0,1,2} such that
J(@) = J(i,75,7).
Proof. Suppose to the contrary that there exists (r,v) # (r/,7) such that both
J(i,r,v) and J(i,7",~") are non-empty.

First, suppose that there exists a vertex v € V(Q) with v(i,r,v) € C. Let
u be a neighbour of v in ) obtained by changing a coordinate in J(i,7’,v"). By
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Observation 2.14, the edge uv is not contained in G, which is a contradiction. Thus,
v(t,r,y),v(i,r', ") ¢ C for all v € V(Q).

Now, let Q" be a copy of 3 in () obtained by starting with an arbitrary vertex of
@ and varying one coordinate of J(i,r,7y) and one coordinate of J(i,7’,7’). By the
result of the previous paragraph, we see that V(Q)) C A; for some j and so every
edge of @' was added in Step 2. By taking the edges of (' and restricting them to the
interval of [d] corresponding to i, we see that all of the resulting edges must receive
the same colour under ¢. This contradicts the fact that there is no copy of )2 which

is monochromatic under ¢ and completes the proof of the subclaim. n

Subclaim 2.21. Suppose that |J(i)| > 2 for some i € [m] and let Q" be a copy of Q2
i @ obtained by starting with an arbitrary vertex of QQ and varying two coordinates

of J(i). Then there is a unique vertex v € V(Q') with v(i,r;,v;) € C.

Proof. By Subclaim 2.20 we have J(i) = J(i,7;,7;). By Observation 2.16, if wov is
an edge of @)', then we cannot have (i, r;,v;), v(¢,7;,7v;) € C. Thus, if there are two
vertices u, v of Q' for which u(i,r;,7;),v(i,r;,v:) € C, then they must be non-adjacent.
So, in this case, the vertices of )’ alternate between A; and A;; for some j and every
edge of )’ was added in Step 1. However, this implies that for w € V(Q') such that
w(i,ry,vi) ¢ C, the vertex w(i,r;,7;) of Qa1 must have two distinct neighbours in
C, which is a contradiction.

Now we assume that every vertex v of )’ satisfies v(i,r;,7;) ¢ C. However, in this
case, we see that every edge of (' was added in Step 2. As before, we obtain a copy

of Q2 in Qg2¢—1) which is monochromatic under ¢, a contradiction. O]
Subclaim 2.22. |J(i)| < 2 for every i € [m].

Proof. Suppose not. Let )’ be a copy of Q3 in ) obtained by starting with an
arbitrary vertex and varying three coordinates of J(i). If we vary any pair of these
coordinates, leaving the third one fixed, we obtain a copy of Q)3 in @)’ which must obey
Subclaim 2.21. This implies that there are precisely two vertices z,y € V(Q') such
that x(i,r;,v:),y(i,7;,7) € C and they are at distance 3 in ). However, now we get
that the vertices of V(Q') \ {x,y} induce a copy F of Cs in @, where every edge of I’
was added in Step 2. Taking the edges of F' and restricting them to the interval of [d]

corresponding to i, we see that all such edges must receive the same colour under ¢.
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This contradicts the fact that there is no copy of Cs which is monochromatic under

¢ and completes the proof of the subclaim. n
Subclaim 2.23. |[J(m+1)| < 1.

Proof. 1f not, then let Q' be a copy of ()5 in (Q obtained by starting at an arbitrary
vertex and varying two coordinates of J(m + 1). Then, restricting the edges of @’ to
the last s coordinates, we obtain a copy of ()2 in (), which is monochromatic under

¢, a contradiction. O

Subclaim 2.24. Suppose that uv and vw are distinct edges of QQ where u,v,w € A;
for some j. Then there is some k € [m] such that u(k) # v(k) and v(k) # w(k).

Proof. We show that there cannot exist distinct integers k, k" € [m + 1] such that
u(k) # v(k) and v(k") # w(k’). This is sufficient to prove the subclaim since, by
Subclaim 2.23, we cannot have u(m + 1) # v(m + 1) and v(m + 1) # w(m + 1).

Suppose that such integers k, &’ exist, and let x be the unique vertex of Q4 distinct
from v which is joined to both v and w in ();. Note that both of the edges zu and wz
are present in (). Also, z € A; and so all of the edges uv, vw, wz, ru were added to G
in Step 2. This implies that j > 1 and that there is a triple (i,7,v) with i ¢ {k, £}
such that

u(i,r,y) =v(i,r,y) =w(,ry) =z(,ry) € C.

However, one can easily check that the parity of |v| + |v(k)| + |v(7)] is different from
the parity of |x| + |z(k)| + |#(¢)] modulo 2 and so only one can be equivalent to
r. By definition of Step 2, only one of the edges uv and zw can exist in G. This

contradiction completes the proof. O]
Subclaim 2.25. If [J(m +1)| =1, then |J(i)| < 1 for alli € [m)].

Proof. If not, let Q' be a copy of Y3 in () obtained by starting at an arbitrary vertex
and varying one coordinate of J(m + 1) and two of J(i). Then, by Subclaim 2.21,
there is an edge uv € E(Q’) such that u(i) # v(i) and u,v € A; for some j (in fact,
there are many such edges). Now, let w be the neighbour of v in @ obtained by
changing the coordinate of J(m + 1). By Observation 2.15, we have that w € A; as

well. However, this contradicts Subclaim 2.24. O
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Subclaim 2.26. There is at most one i € [m] for which |J(i)| = 2.

Proof. 1f not, let i,7' € [m| such that |J(i)| = |J(i')] = 2 and let Q" be a copy of
Q)4 obtained by starting at an arbitrary vertex and varying two coordinates of J(7)
and two coordinates of J(i'). By Subclaim 2.21, we see that there must exist edges
wv,vw € E(Q') such that u(i) # v(7), v(i') # w(i') and w, v, w € A; for some j. This
contradicts Subclaim 2.24 and completes the proof. m

Now, let us complete the proof of the claim. Throughout, for each i € [m], we
let (r;,;) be a pair such that J(i) = J(i,7;,7;), which exists by Subclaim 2.20. In
what follows, we let j* be the minimum integer j such that V(Q) N A; # () and let
v* € V(Q) N Aj+. Note that for every i € [m] such that J(i) # (0 we must have
v*(i,7;,7v) ¢ C. If not, then starting with v* and changing a coordinate of J(i) yields
a vertex of V(Q)) N A;«_; by Observations 2.14 and 2.16, contradicting our choice of
J*. By Subclaims 2.25 and 2.26, there is at most one ¢ € [m] such that J(i) = (). This
implies that

j* e {01}, (2.27)

where j* must equal zero if no such i exists. We divide the proof into cases.
Case 1: |J(i)| = 1 for every i € [m)].

In this case, we must have j* = 0 and so v* € Ay. However, if we start with v and
change the coordinate of J(i) for any i, then we obtain a vertex u with u(i,r;,v;) € C
by Observation 2.13. Thus, changing all m of these coordinates yields a vertex w such
that w(i,r;, ;) € C for all i € [m]; that is, w € A,,. This is a contradiction since, by

Observation 2.12, w is an isolated vertex and therefore cannot belong to Q.
Case 2: |J(m+1)| = 1.

Let u be the neighbour of v* in () obtained by changing the coordinate in J(m+1).
We must have u,v* € A; by (2.27) and Observation 2.15. This implies that there is
some i € [m] such that J(i) = 0 and v*(i,7,v;) € C. Also, by Subclaim 2.25 and the
Pigeonhole Principle, we must have |J(i')| = 1 for every ¢ € [m] \ {¢}.

Now, for each ¢/ € [m] \ {i}, let wy be the neighbour of v* in @ obtained by
changing the coordinate in J(i'). By Subclaim 2.24 and the fact that u,v* € Ay, we

cannot have wy € Ay. So, by our choice of j*, we must have wy (7', ry,7y) € C. Asin
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the proof of Case 1, if we start with v* and change the coordinate of J(i") for every
i’ € Im]\{i}, we obtain a vertex of A,, contained in ), contradicting Observation 2.12.

This completes the proof in this case.
Case 3: |J(i)| = 2 for some i € [m].

By Subclaim 2.21, there is a neighbour u of v* in ) obtained by changing a
coordinate in J(7) such that u € Aj-. This immediately implies that j* = 1 by (2.27)
and Observation 2.13.

Now, for each i’ € [m] for which |J(i')| = 1, let wy be the neighbour of v* in @
obtained by changing the coordinate in J(i'). By Subclaim 2.24 and the fact that
u,v* € Ay, we must have wy (i, 7y, vi) € C. Thus, if we let 2 be the vertex obtained
from v* by changing the coordinate of J(i") for every such #', then z € A,, ;.

Let Q" be the copy of @2 in ) obtained by starting at x and varying the two
coordinates of J(i). Then, by Subclaim 2.21, there must be some vertex y of V(Q’)
such that y(i,7;,7;) € C. However, this implies that y € A,,, contradicting Observa-
tion 2.12. This completes the proof of Claim 2.18 and of Theorem 1.3. O

2.4 Open Problems

We conclude this chapter by stating several open problems. Recall that we obtained
a better upper bound on sat(Qg, Q,,) when d is of the form 6m(2* — 1) than for
general values of d (see Remark 2.19). It is not clear whether this is simply an
artefact of our proof, or part of a more general phenomenon. We ask the following

(c.f. Conjecture 2.4).

Question 2.28 (Morrison, Noel and Scott [170]). For fized m > 2, does W(QQ+Q’")

converge as d — oo ?

As it stands, the best known lower bound on sat(Qqg, Q) is that given by (1.9).
We doubt that this bound is tight. In particular, we ask the following.

Question 2.29 (Morrison, Noel and Scott [170]). For fited m > 2, let ¢, :=

lim infy o sat(Qg, @) /2¢. Does fm — 00?
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Ford > 1and aq,...,aq > 2, the d-dimensional a; X - - - X aq grid is the graph with
vertex set []°_,[a;] where two vertices are adjacent if they differ by one in exactly
one coordinate. As a slight abuse of notation, we denote this graph by [[_,[a]. In
the symmetric case a; = --- = aq = n, we write [n]¢. Note that, in particular, [2]¢ is
isomorphic to Q4.

For n > r > 2 and d > m > 1, we say that a copy of [r]™ in [n]? is axis-aligned
if it is induced by a set of vertices of the form I; x --- x I; where exactly m of the
sets I; are intervals of length r in [n] and the rest are singletons. We remark that if
r =2 or d = m, then every copy of [r]™ in [n]? is axis-aligned. Let sat* ([n]?, [r]™)
denote the minimum number of edges in a spanning subgraph G of [n]¢ containing
no axis-aligned copy of [r]™ such that, for every edge e € E ([n]?) \ E(G), the graph
G + e contains an axis-aligned copy of [r]™. It would be interesting to obtain bounds

on sat ([n]?, [r]™) and sat*([n]%, [r]™). In particular, we ask the following questions.

Question 2.30. Fizm > 2 andn >1r > 2, and let d — oo. Is it true that
sat ([n]%, [r]™) = O (n%)?

Question 2.31 (Morrison, Noel and Scott [170]). Fiz m > 2 andn >r > 2, and let
d — oo. Is it true that
sat* ([n]?, [r]™) = O (n%)?

It would also be interesting to study the cases where d is fixed and n is large, or
where n is a function of d. More generally, one could consider similar problems for
the asymmetric grid ], [a,].

Let Cy denote the cycle of length ¢. The problem of determining sat (K, Cy) has
been extensively studied [33,39,63,64,99,110,178,217]. Also, in [93], the problem
of determining sat (K, ,,, Ca¢) is proposed. We also find it natural to ask about the

saturation number of cycles in the hypercube.

Problem 2.32 (Morrison, Noel and Scott [170]). For 2 < ¢ < 2971 determine
sat(Qd, ng) .

A similar question is also asked for cycles in [n]? in [170]. We remark that the

related problem of determining ex (Q4, Cor) was proposed by Erdds [88] and is very
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well studied; see, e.g., [9,22,54,66,70,71,100,101]. Here, ex (Qq, Ca) refers to the
maximum number of edges in a Cy-free subgraph of Q).
We close by stating a saturation problem in K, which, to our knowledge, has not

been investigated apart from the case d = 2 [178,217].
Problem 2.33. For d > 2 and n > 2%, determine sat(K,, Q).

The related problem of determining ex(n, Q3) was proposed by Turan [215] and is
still open; see [97].
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Chapter 3

Chain Saturation in Set Systems

As was mentioned in Section 1.2, Gerbner et al. [104] conjectured that chain-sat(k) =
2k=1 for all £ > 1 and the conjecture is known to hold for 1 < k < 5 [104, 171].
Gerbner et al. [104] proved that 2¥/2~! < chain-sat(k) < 2¥~! for all k, where the

upper bound is implied by the following simple construction.

Construction 3.1 (Gerbner et al. [104]). For n > k — 1, define
G=Pk-2)U{SU([n]\[k—2]): S ePk—2)}.
It is easily verified that G is (k + 1)-chain saturated and that |G| = 2~~1.

In this chapter we prove Theorems 1.4 and 1.5. These results disprove the conjec-
ture of [104] and show that there exists a constant ¢ € (0, 1) such that chain-sat(k) =
2(1Fo()ek - The determination of this constant is, however, an open problem (Prob-
lem 3.19 below).

In Section 3.1, we prove some preliminary results which will be used throughout
the chapter. In particular, we provide conditions under which a (k+1)-chain saturated
collection F can be decomposed into, or constructed from, a sequence of k disjoint
saturated antichains. The main ingredient in the proofs of Theorems 1.4 and 1.5 is a
submultiplicativity bound on chain-sat(k) which follows from a ‘combining lemma’ for
chain saturated collections proved in Section 3.2. In Section 3.3, we use this lemma
and an explicit construction of a 7-chain saturated collection to prove Theorem 1.4.

We use the submultiplicativity bound to prove Theorem 1.5 in Section 3.4.
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3.1 Preliminaries

Given a collection F C P(n), we say that a set A C [n] is an atom for F if A is

maximal with respect to the property that
for every set S € F, we have SN A € {0, A}. (3.2)

We say that an atom A with |A| > 2 is homogeneous for F. The following lemma
of [104] says that a (k + 1)-chain saturated collection can have at most one homoge-

neous set. We include a proof for completeness.

Lemma 3.3 (Gerbner et al. [104]). If F C P(n) is a (k+1)-chain saturated collection
and Hy and Hy are homogeneous for F, then Hy = H,.

Proof. Suppose to the contrary that H; and H, are homogeneous for F and that
Hy # H,. Then, since each of H; and H, are maximal with respect to (3.2), we have
that H;UH> is not homogeneous for F. Therefore, there is a set S € F which contains
some, but not all, of H; U Hy. Without loss of generality, we have S N H; = H; and
SN Hy =0. Now, pick z € H; and y € H, arbitrarily and define

T=(S\{z}) U{y}.

Clearly T' cannot be in F since TNH, = H,\{z} and H; is homogeneous for F. Since
F is (k + 1)-chain saturated, there must exist sets A;,..., A, € F and t € {0,...,k}
such that

MG CACTCALS - C A

Since H; and H, are homogeneous for F, and neither H; nor Hy is contained in 7T,
we get that A, C T\ (H; U Hy) C S. Similarly, Ay 2 S. However, this implies that
{A1,..., A} U{S} is a (k + 1)-chain in F, a contradiction. O

By Lemma 3.3, if F is a (k + 1)-chain saturated collection for which there exists
a homogeneous set, then the homogeneous set must be unique. Throughout the rest
of the chapter, it will be useful to distinguish the elements of F which contain the

homogeneous set from those that do not.
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Definition 3.4. Let F C P(n) be (k + 1)-chain saturated with homogeneous set
H. We say that a set S € F is large if H C S or small if SN H = (. Let Flaree
and F*mal denote the collection of large and small sets of F, respectively. Thus,

F = Fsmall L] ‘/’_'large.

Lemma 3.5. Let A C P(n) be a saturated antichain with homogeneous set H. Then

every set S € P(n)\ A either contains a set in A or is contained in a set of A&,

Proof. Suppose, to the contrary, that S € P(n) \ A does not contain a set of 45l

and is not contained in a set of A4'%#°. Since A is saturated, we get that either

(a) there exists A € A such that A C S, or
(b) there exists B € A" such that S C B.

Suppose that (a) holds. Let x € H and y € S\ A and define 7" := (A \ {z}) U {y}.
Since H is homogeneous for A and TN H = H \ {z}, we must have T" ¢ A. Also,
since H is homogeneous for A, any set 7" € A containing 7" would have to contain
T U{x} 2 A. Therefore, since A is an antichain, no such set 7" can exist. Thus,
there is a set 7" € A such that 7”7 C T C S. Since H is homogeneous for A and
TNH+# H, we get that 7" € Al contradicting our assumption on S.

Note that we are also done in the case that (b) holds by considering the saturated
antichain {X \ A : A € A} and applying the argument of the previous paragraph. [J

There is a natural way to partition a (k + 1)-chain free collection F C P(n) into
a sequence of k pairwise disjoint antichains. Specifically, for 0 < i < k — 1, let A; be
the collection of all minimal elements of F \ (U i< Aj> under inclusion. We say that
(Ai)f:_ol is the canonical decomposition of F into antichains.

Our next goal is to provide conditions under which a sequence of k pairwise disjoint
saturated antichains can be united to obtain a (k+1)-chain saturated collection. Later
we will prove a partial converse: if 7 C P(n) is a (k + 1)-chain saturated collection
with a homogeneous set, then every antichain of the canonical decomposition of F is
saturated. We also provide an example which shows that this is not necessarily the

case if we remove the condition that / has a homogeneous set.

Definition 3.6. We say that a sequence (D;)!_, of subsets of P(n) is layered if, for
1 <i<t, every D € D; strictly contains some D' € D;_; as a subset.
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Note that the canonical decomposition of any collection is layered.

Lemma 3.7. If (A;)!_, is a layered sequence of pairwise disjoint saturated antichains,

then every A € A; is strictly contained in some B € A; 1

Proof. Let A € A;. Since A;,; is a saturated antichain disjoint from A;, there exists
some B € A;.; such that either B C A or A C B. In the latter case we are done,
so suppose B C A. Since (A;)L_, is layered, there exists some A" € A; such that
A" C B. Hence we have A’ C B C A, contradicting the fact that A; is an antichain

and completing the proof. n

Lemma 3.8. If (Ai)fz_ol 15 a layered sequence of pairwise disjoint saturated antichains

in P(n), then F = Uiy A; is (k + 1)-chain saturated.

Proof. Clearly, F cannot contain a (k + 1)-chain since Ay, ..., A;_; are antichains.
Let S € P(n) \ F be arbitrary and define ¢ := max{i : S 2 A for some A € A;} (if
no such ¢ exists, set ¢ := —1). If ¢ > 0, then S strictly contains some set A; € A;. As
(A)F) s layered, for 0 < i <t — 1, there exist sets 4; € A; such that

A C - CACS

Now, if ¢ > k — 2, then since A;;; is a saturated antichain and S does not contain a
set of A;,1, there must exist A, € A1 such that S C Ay ;. By Lemma 3.7, we see
that for t +2 <7 < k — 1 there exists A; € A; such that

Thus {Ao, ..., Ax_1} U{S} is a (k + 1)-chain, as desired. O

In Lemma 3.8, we require the sequence (Ai)f;ol of saturated antichains to be
layered. As it turns out, if each antichain 4; has a homogeneous set, then (A;)F;
is layered if and only if (Afma”)i:ol is layered. This will be useful in the proof of

Theorem 1.4.

Lemma 3.9. Let (Ai)fz_ol be a sequence of pairwise disjoint saturated antichains in
P(n), each of which has a homogeneous set. Then (A;)¥2) is layered if and only if
(Af‘ma“)i.:ol is layered.
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Proof. Suppose that (A;)}~ is layered and, for some i > 0, let A € A2 be arbitrary.
We show that A contains a set of A5™!. Otherwise, since (A;)F=4 is layered, we get
that there is some B € A such that B C A. Therefore, since A; is an antichain,
A cannot be contained in an element of A™#°. By Lemma 3.5 and the fact that A,
and A;;; are disjoint, we get that A contains a set of A5 as desired.

Now, suppose that (.,élsmdl)i:1 is layered. Given 7 > 0 and S € .Ai"_ffe, we show
that S contains a set of A;, which will complete the proof. If not, then since A;
is saturated and disjoint from 4;,;, there must exist T" € A; such that S C T.
Since A;;; is an antichain, S cannot be strictly contained in a set of Aijf%e, and so
neither can 7. Therefore, by Lemma 3.5, there is a set A € A contained in 7.
However, since (Asmau)z.: Lis layered, there exists A’ € A3l such that A’ C A. But
then, A" C T, which contradicts the assumption that A; is an antichain. The result

follows. O

It is natural to wonder whether a converse to Lemma 3.8 is true. That is: if F
is (k 4 1)-chain saturated, does it follow that the canonical decomposition of F is a
layered sequence of pairwise disjoint saturated antichains? The following example
shows that this is not always the case. For illustrative purposes, it will sometimes be
useful to consider set systems on a general ground set X, as opposed to [n]. For a

general set X, let P(X) denote the collection of all subsets of X.

Example 3.10. Let X := {z1, 29,23}, Y := {y1, 92,43} and Z := X UY. We define
BO = {{in,x]‘} oy 7£ ]}U{{‘rlayl} S {17273}}U{{xk7ylayj} : Z.ijk distinct }U{Y}7

B, = {X7 {CE171’2,Z/1}7 {95175537y3}, {$279537y2}7 {$1>y17y3}7 {5527%,3/2}7 {9537y2;y3}7

{371> T2, Y2, y3}7 {»’171, T3, Y1, 92}; {1'2, T3, Y1, y3}}

One can easily check by hand that B; and Bs are antichains and that every element
in By contains an element of By; that is, (BZ-)ZLO is a layered sequence of disjoint
antichains. In fact, (Bz');:o is the canonical decomposition of the collection F :=
By U B;. Clearly By is not a saturated antichain as Y ¢ B; and Y is not comparable
to any element of B;. We claim that F is 3-chain saturated.

Consider any S € P(Z) \ F. We will show that F U {S} contains a 3-chain. It is
easy to check that every element of By \ {Y'} is contained in a set of ;. Hence if S is
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contained in some set B € By \ {Y'}, then F U {S} contains a 3-chain. In particular,
this completes the proof when |S| € {0,1,2}. Similarly, since (B;),_, is layered, if S
contains some set B € By, then F U {S} contains a 3-chain. Therefore, we are done
if |S| € {4,5,6}.

It remains to consider the case |S| = 3. Since X, Y € F, we must have |[SNY| = 2,
or [SNX| =2 If|SNY]| =2, we have S € {{z1,y1,v2}, {®2,y2, y3}, {®3,y1,y3} }.
This implies that S is contained in a set B € B; and contains a set B’ € ByNP(n). If
|S N X| =2, then S contains some set {z;,z;} € By. Also, it is easily verified that S
is contained in a set of B;. Thus, F is a 3-chain saturated collection whose canonical

decomposition contains an antichain which is not saturated, namely, B;.

However, for a (k + 1)-chain saturated collection with a homogeneous set, the
converse to Lemma 3.8 does hold; we can partition F into a layered sequence of &

pairwise disjoint saturated antichains.

Lemma 3.11. Let F € P(n) be a (k+1)-chain saturated collection with homogeneous

set H and canonical decomposition (Az)f:_ol Then A; is saturated for all 1.

Proof. Fix i and let S € P(n) \ A;. Let € H and define
T:=(S\H)U{x}.

Then T' ¢ F since TN H = {z} and H is homogeneous for F. Therefore, there exists
{Ao,..., A1} C Fand t€{0,...,k} such that

AOQ"'_,C,_At—lCT,C,_AtC"‘g_Ak—l-

By definition of the canonical decomposition, we must have A; € A; for all j. Also,
since H is homogeneous for F and TN H ¢ {0, H}, we must have A,_; CT\H C S
and A; D TUH D S. Therefore,

A C - CA 1 CSCAC--C A

Since S # A;, we must have either A; C S or S C A; depending on whether or not
1 < t. Therefore, A; is saturated for all 7. n
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3.2 Combining Chain Saturated Collections

Our first goal in this section is to prove that, under certain conditions, a (ki +1)-chain
saturated collection F; C P(X;) and a (ko+1)-chain saturated collection F C P(X5)
can be combined to yield a (k; + ko — 1)-chain saturated collection in P(X; U X5).

This will be used to prove Theorem 1.4, as well as Theorem 1.5.

Lemma 3.12. Let X; and X3 be disjoint sets. For i € {1,2}, let F; C P(X;) be a
(k; +1)-chain saturated collection containing {0, X;} and let H; C X; be homogeneous
for Fi. If G C P(X; U Xy) is defined by

G:={AUB:AeF™ Be R} u{SUT: S e F"™ T eF],

then G is a (ki + ko — 1)-chain saturated collection which contains {0, X; U X5} and
H, U H5 is homogeneous for G.

Proof. Tt is clear that G contains {0, X; U X,} and that H; U Hy is homogeneous for
G. We show that G is a (k; 4+ ko — 1)-chain saturated collection.

First, let us show that G does not contain a chain of length k; + ks — 1. Suppose
that {A1,..., A} is an r-chain in G. We can assume that A; = () and A, = X; U X,.
Define

L={i:AnNX; CA1NX;}, and

IQ = {Z : Az ﬁXQ g Ai-l—l ﬂXg}

Clearly, Iy Uy = {1,...,r — 1}. Also, for i € {1,2}, since F; has no (k; + 1)-chain,
we must have |I;| < k; — 1. Let ¢ be the maximum index such that A, N X; € Fymall,
Note that ¢ exists and is less than r since A; = () and A, = X; U X,. By construction
of G, Ay N X5 is a small set for F; and, for i € {1,2}, A;y1 N X; is a large set for F;.
This implies that t € I; N I, and so

r—1=|LUL|=|L|+|L|— LN <k +k —3

as required.
Now, let S € P(X;UX5)\G. We show that GU{S} contains a (k; + ky — 1)-chain.
Fix x1 € H; and x9 € Hy and define

T .= (S \ (Hl U HQ)) U {xl,x2}.
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For i € {1,2}, let T; := T'N X;. Then T; ¢ F; since T; N H; = {x;}. Therefore, there
exists Af,..., A}, € Fi and t; € {1,... k; — 1} such that

0=A1C - CACTLCA LG CA =X

Note that A5 € Fp™! for j < t; and A} € FI8 for j > t; + 1. This implies that
A} UA} C Sand A}, UA? ., 2 S. Therefore,

= =

AJUAT CAJUASC - CATUA] CAJUA] €~ C A UA, CS

=

1 2 1 2 1 2 1 2 2 2
g— At1+1 UAtQ-i-l g At1+1 UAt2+2 g e g At1+1 UA]{?Q - At1+2 UAkQ g U g Akl U Akg

and so G U {S} contains a (k; + ko2 — 1)-chain. The result follows. O
Remark 3.13. If F;, /5 and G are as in Lemma 3.12, then

’g| _ ’Jflsmall’ |f§mall| + ’J,—_-iarge j—_;arge '

3.3 Proof of Theorem 1.4

We apply Lemma 3.12 to prove Theorem 1.4. The first part of the proof of Theo-
rem 1.4 is to exhibit an infinite family of 7-chain saturated collections with cardinality

30 < 2°.

Proposition 3.14. There is a 7-chain saturated collection F C P(n) with a homo-
geneous set such that ‘fsmall‘ = }}"large} =15.

Proof. Let n > 8. Let z1,x9,y1,y2,w and z be distinct elements of [n] and define
H = [n)\{z1, 22, y1,92,w, z}. We apply Lemma 3.8 to construct a 7-chain saturated
collection F C P(n) of order 30. Naturally, we define Ay = {0} and A5 := {[n]}.
Also, define

Ay = {{x } {z} {n }, {w}, HU {y2, 2}}, and
Ay :={n]\A: Ae A}

It is easily observed that A; and A4 are saturated antichains. We define A, and
Ajz by first specifying their small sets. Define

Azmall = {{xzayj} -1 S Z,] S 2} U {{wgz}}a and
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.A?gman = {H{z, y, wh {z, v, 2} {22, v2, wh {22, 42, 21 -

Given any collection B C P(n), a set S C [n] is said to be stable for B if S does not
contain an element of B. For i = 2,3, define A to be the collection consisting
of all maximal stable sets for A and let A; := A U A2 Note that every
element of A contains H. It is clear that A; is an antichain for i = 2, 3. Moreover,
A; is saturated since every set A € P(n) either contains an element of A$™al or is
contained in an element of A,

One can easily verify by hand that (Aima“)f:o is layered. Therefore, by Lemma 3.9,
(Ai)?zo is a layered sequence of pairwise disjoint saturated antichains. By Lemma 3.8,

F = U?:o A; is a T-chain saturated collection. Also,

5
‘J,—_-small‘ — Z |A?mall| — (1 +5+9+0) = 15, and
=0

5
P = 3 AP = (04+9+5+1) = 15,
=0

as desired. [

We remark that the construction in Proposition 3.14 bears some similarity to one
which was used in [104] to prove that chain-sat(k, k) < 102" for every k > 6.

For the proof of Theorem 1.4 we will use the fact that
chain-sat(k) < 2 chain-sat(k — 1). (3.15)

This was proved in [104] using the fact that if 7 C P(n) is k-chain saturated, then
FU{AU{n+1}: A€ F}isa (k+ 1)-chain saturated collection in P(n + 1).

Proof of Theorem 1./. First, we prove that the result holds when £ is of the form 4542
for some 7 > 1. In this case, we repeatedly apply Lemma 3.12 and Proposition 3.14
to obtain a (k + 1)-chain saturated collection F on an arbitrarily large ground set X
such that
| Fomell| 4 | Flee] = 15 + 157 = 215,

Therefore, if k = 45 + 2, then chain-sat(k) < 2- 157,

For k of the form 45 + 2+ s for 7 > 1 and 1 < s < 3, apply (3.15) to obtain
chain-sat(k) < 2% chain-sat(4j+2) < 2°71.157. Thus, we are done by setting ¢ slightly
smaller than (1 — %). O
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3.4 Asymptotic Behaviour of chain-sat (k)

To prove Theorem 1.5, we require the following facts, which are proved in [104]. We

include proofs for completeness.

Lemma 3.16 (Gerbner et al. [104]). Forn >k > 1, there is a (k+1)-chain saturated
collection F C P(n) such that |F| = chain-sat(n, k) and {0, [n]} C F.

Proof. Let F C P(n) be any (k + 1)-chain saturated collection such that |F| =

chain-sat(n, k). We let (Ai)i:ol denote the canonical decomposition of F and define
F = (]:\ (Ao U Ak;—l)) U {@, [n]}

It is clear that F’ is (k + 1)-chain saturated and |F’| < |F| = chain-sat(n, k), which

proves the result. O

Claim 3.17 (Gerbner et al. [104]). Given a collection F C P(n), if n > 21, then

there is a homogeneous set for JF.

Proof. We observe that every atom A for F corresponds to a subcollection Fu :=
{S € F:ACS} of Fsuch that Fy # Fa whenever A # A’. This implies that the
number of atoms for F is at most 2”1, Therefore, since n > 271, there must be a

non-singleton atom, i.e. a homogeneous set, for F. [

Proof of Theorem 1.5. We show that, for all k. ¢,
chain-sat(k + ¢) < 4 chain-sat(k) chain-sat((). (3.18)

Letting f(k) := 4 chain-sat(k), we see that (3.18) implies that f(k+¢) < f(k)f(¢) for
every k, £. Tt follows by Fekete’s Lemma that f(k)'/* converges, and so chain-sat(k)'/*
converges as well.

For n > 227" let X and Y be disjoint sets of size n and let F, C P(X)
and F; C P(Y) be (k + 1)-chain saturated and (¢ + 1)-chain saturated collections
of cardinalities chain-sat(k) and chain-sat(¢), respectively. By Claim 3.17, we can

assume that F and F; have homogeneous sets and, by Lemma 3.16, we can assume

that {0, X} C Fi. and {0,Y} C F,. We apply Lemma 3.12 and Remark 3.13 to
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obtain a (k + ¢ — 1)-chain saturated collection G C P(X UY') of order at most
| Fi||Fe| = chain-sat(k) chain-sat(¢). Therefore, by (3.15), we have

chain-sat(k + ¢) < 4 chain-sat(k + ¢ — 2) < 4|G| < 4 chain-sat(k) chain-sat(¢)
as required. O

A result of Gerbner et al. [104] implies that the constant ¢ in Theorem 1.5 is at
least 1/2, and Theorem 1.2 implies that ¢ < w. We wonder about the precise

value of c.

Problem 3.19 (Morrison, Noel and Scott [171]). Determine the value of ¢ such that
chain-sat (k) = 20Fo())ek,
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Chapter 4

Weak Saturation in the Hypercube
and the Grid

The study of weak saturation was initiated by Bollobas [37], who conjectured in [39]
that wsat(K,, K,) = sat(K,, K,) for all n > r > 1. A proof of this conjecture can
be derived from the following result of Frankl [95]|, which is usually referred to as
the ‘Skew Two Families Theorem.” For us, the most important difference between
the Skew Two Families Theorem and Bollob4s’ Two Families Theorem is that the

condition ¢ # j has been replaced with i < j in (b).

Skew Two Families Theorem (Frankl |95]). Let Ay, ..., A, and By, ..., B, be
two families of sets such that |A;| < k and |B;| < ¢ for 1 <i < m and the following
hold:

(a) A;NB; =0 for1<i<m, and
(b) AinB; #0 for1 <i<j<m.

Then m < (k;f)

Remark 4.1. Of course, another difference between the Skew Two Families Theorem

|Bi|)_1 < 1 has been

). In fact, this difference is essential,

and Bollobas’ Two Families is that the conclusion ) ", ('Ai“;ﬂ

k+¢
k

as the bound ) ", (‘AﬂlX'lB ”)_1 < 1 does not necessarily hold under the hypotheses

replaced with the weaker statement m < (

of the Skew Two Families Theorem. For example, suppose that Aj,..., Ay consists
of all subsets of [n] ordered by decreasing cardinality and set B; := [n] \ A; for
1 < ¢ < 2" Then clearly Ay,..., Ayn and By,..., By satisfy (a) and (b), but

n ) I\ —1
> (|A1||:xr-‘\BZ|) =n

1
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Interestingly, the idea behind Frankl’s proof originated in a paper of Lovasz [152]
which, on its surface, had very little to do with weak saturation. In that paper, Lovasz
used multilinear techniques (exterior algebra) to generalise Bollobas’ Two Families
Theorem to a statement regarding flats of rank r in a matroid representable over a
commutative field. These methods have since been applied by Alon [4], Kalai [136] and
Pikhurko [183] to obtain various weak saturation results for graphs and hypergraphs.

In the previous chapter, we used Bollobas” Two Families Theorem to obtain lower
bounds on saturation numbers of complete hypergraphs. In much the same way,
one can use the Skew Two Families Theorem to obtain the same lower bounds for
the analogous weak saturation numbers; in particular, as mentioned above, the Skew
Two Families Theorem implies the conjecture of Bollobas [39] that wsat(K,, K,) =
sat(K,, K,) for all n > r > 1.

In [4], Alon obtained the following ‘multipartite’ generalisation of the Skew Two
Families Theorem. As mentioned above, his proof also makes use of multilinear

techniques.

Partite Skew Two Families Theorem (Alon [4]). Let Xi,..., X} be disjoint sets
and let ay,...,a; and by, ..., b, be non-negative integers. Suppose that Ay, ..., A,

and By, ..., By, are two families of subsets of X1 U---U X} such that
(a) |AiNX;| <aj and |BiNX;| <b; for 1 <i<mand1l<j <k,
(b) AinB; =0 for1<i<m, and

(c) AinBj # 0 for1 <i<j<m.

Then m < Hle (‘“H’i).

ag

It is eay to see that the Skew Two Families Theorem is equivalent to the case k = 1
of the Partite Skew Two Families Theorem. As a simple application of the Partite
Skew Two Families Theorem, let us argue that wsat (K, ,, K,,) =n®> — (n —r + 1),
as was done in [4].

First, note that an upper bound of n? — (n — r + 1)? follows immediately from
(2.2) via (1.7). Now, let G be a weakly (K, ., K, ,)-saturated graph with n? —m
edges and label the edges of E (K, ,) \ E(G) by By, ..., By, so that, for each i > 1,
B; is contained in a copy of K,, in G + {By,...,B;}. Let V; be the vertex set of
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that copy of K, , and define A; := V (K, ) \ V;. Applying the Partite Two Families
Theorem to Aq,..., A, and By,...,B,, with k =2, a1 =as=n—1r, by =by =1
and X; and X, being the two parts of K, ,, we get m < (n —r + 1)2. This proves
that wsat(K,, ,, K,,) = n? — (n —r+ 1) This argument extends naturally to give a
weak saturation result for k-partite k-uniform hypergraphs in which each hyperedge
contains exactly one vertex from each part; see [4].

One may notice that the argument of the previous paragraph does not adapt easily
to give a tight lower bound on wsat (K, ,, K, ) for 1 <r < s < n. The issue is that a
copy of K, ; can appear in K, ,, in two different ways: with r vertices on the left and s
on the right, or vice versa. This issue was resolved by Moshkovitz and Shapira [172],
who proved a version of the Partite Skew Two Families Theorem which allows for a
permutation of the partite sets Xy, ..., Xg. Their proof involves a clever, and purely
combinatorial, reduction to the Partite Skew Two Families Theorem. We will not

state their result here, but mention that it can be applied to prove that
wsat(Kpn, Kro) >n* —(n—7+ 1)+ (s — 1)?

for 1 <r < s <n. This is easily seen to be tight by considering the graph obtained
from K, , by deleting the edges of a copy of K,,_,+1,—r+1 and then adding the edges
of a copy of K,_, .. We remark that the special case r = 1 can also be derived from
a result of Balogh, Bollobas, Morris and Riordan [21]. The result of Moshkovitz and
Shapira [172] can also be applied to obtain tight lower bounds on a wide range of
‘asymmetric’ weak saturation problems in k-partite k-uniform hypergraphs.

There has been some recent interest in weak saturation problems in random set-

tings. Korandi and Sudakov [146] proved that, for fixed » > 3 and p € (0, 1),

wsat(G(n, p), K,) = (Z) - (n E +2)

with high probability. This is in stark contrast to their result, mentioned in Chapter 2,
that sat(G(n,p), K,) = ©(nlogn).

Another probabilistic problem, first studied by Balogh, Bollobéas and Morris [20],
is the following: given a graph H and n large, what is the infimum over all p € (0,1)
such that the probability that G(n, p) is weakly (K, H)-saturated is at least 1/22 This

infimal density is known as the critical density and is denoted p.(n, H). It is easily
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observed that an n-vertex graph G is weakly (K, K3)-saturated if and only if it is
connected. Therefore, p.(K,, K3) = logn/n + ©(1/n) by a classical result of Erdds
and Reényi [91]. For more general cliques, Balogh, Bollobas and Morris [20] proved
the following bounds.

pe(n, Ky4) = © ( ! ) and

nlogn
__r=2

__r=2
QO (n (2)-2 (logn)_1> <pe(n, K,) <n (3)-2 logn for fixed r > 5.

In addition, they obtain bounds on p.(n, H) for graphs H which are ‘balanced,’

the sense that |EEH;I 3 > Iggg: I ; for every proper subgraph H’' of H with at least
three vertices.

There are also a number of recent results regarding the amount of ‘time’ that a
weakly (K, K,.)-saturated graph requires for all of its edges to be added. To make this
precise, it is useful to redefine the notion of a weakly (F, H)-saturated graph in terms
of an infection process, known as the graph bootstrap process. In the (F, H)-bootstrap
process, one begins with an initial set Fy C E(F') of ‘infected edges’” and, at each step,
a ‘healthy’ edge of F' becomes infected if it completes an infected copy of H. We say
that Ey percolates if every edge of F' is eventually infected. It is clear that Ej perco-
lates if and only if the subgraph of F' induced by Fy is weakly (F, H)-saturated. The
problem of determining the slowest percolating set in the (K, K, )-bootstrap process
(i.e. that which requires the maximum number of steps) was investigated indepen-
dently by Bollobas, Przykucki, Riordan and Sahasrabudhe [45] and Matzke [165]. It
is proved that, for r = 3,4, the maximum time for the (K,, K,)-bootstrap process is
[log(n — 1)] and n — 3, respectively. The following intriguing conjecture was posed

in [45].

Conjecture 4.2 (Bollobas, Przykucki, Riordan and Sahasrabudhe [45]). For fized

r > 5, the mazimum time for the (K, K,.)-bootstrap process is o(n?).

Gunderson, Koch and Przykucki [114] consider a ‘percolation time’ problem for
weak saturation in a random setting. Specifically, they bound the critical density for
E(G(n,p)) to percolate by a specified time under the (K, K,)-bootstrap process.

Our goal in this chapter is to determine the weak saturation number of axis-aligned

grids® in a larger grid. Theorem 1.8 will follow as a special case since every copy of Q,,

1See Section 2.4 for a definition of an ‘axis-aligned’ copy of [r]™ in [n]?.
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in Qg is axis-aligned. In what follows, the notation wsat* ([n]?, [r]™) indicates that
we are considering weak saturation with respect to axis-aligned copies of [r]™ in [n]?.
We note that the special case wsat(Qg, Q2) = 2% — 1 was proved earlier by Johnson
and Pinto [133] by exhibiting the existence of a weakly (Qg, Q)2)-saturated spanning

tree of )4 and noticing that every (Qq, Q2)-saturated graph must be connected.

Theorem 4.3 (Morrison, Noel and Scott [170]). Forn >r>2 andd > m > 1,
d d—j .
d\ (d—j , ,
£ —1 —r+ 1) (r —2)
wsa ]E:Zz: +1 (])( . )(n r+1)(r—2)

e

where, by convention, 0° = 1.

3
1\3

Il
o

J

In the next section, we state and prove a linear algebraic lemma of Balogh, Bol-
lobés, Morris and Riordan [21| which is our main tool in this chapter and the next.
In Section 4.2, we apply this lemma to prove Theorem 4.3. We pose several open

problems in Section 4.3.

4.1 The Linear Algebraic Lemma

Given a graph F' and a set H of subgraphs of F, let wsat (F,H) be the minimum
number of edges in a spanning subgraph G of F such that the edges of E(F) \ E(G)
can be added to GG, one edge at a time, in such a way that each added edge increases
the number of graphs of H contained in G; such a graph is said to be weakly (F,H)-
saturated. In this language, wsat* ([n]?, [r]™) = wsat ([n]%, %) where H consists of all
axis-aligned copies of [r]™ in [n]?.

Generally speaking, to prove an upper bound on a weak saturation number, one
only needs to construct a single example of a weakly saturated graph of small size.
It would seem that proving lower bounds is more difficult, as one must show that
no graph with ‘too few’ edges can be weakly (F, H)-saturated. A major advantage
of the following lemma is that it allows us to prove lower bounds in a constructive
manner as well. In addition, as we will see in our applications of this lemma, the

upper bound construction often guides the lower bound construction. This lemma
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(in a slightly different form) was stated and proved by Balogh, Bollobas, Morris and
Riordan [21], but the idea behind it was already present in the work of Kalai [136]

and Pikhurko [183]; we include a proof for completeness.

Lemma 4.4 (Balogh, Bollobas, Morris and Riordan [21]). Let F' be a graph, let H be
a collection of subgraphs of F', and let W be a vector space. Suppose that there exists
a set {fe:e€ E(F)} C W such that for every H € H there are non-zero scalars
{ce:e € E(H)} such that 3 c gy cefe = 0. Then

wsat(F,H) > dim (span{f. : e € E(F)}).

Proof. Let G be a weakly (F, H)-saturated graph. Define G := GG and label the edges
of E(F)\ E(G) by ey, ...,eg such that for 1 <4 < k there is a subgraph H; € H of
G; := (1 + ¢; such that H; contains e,. Thus, by hypothesis, f., can be written as
a linear combination of the vectors in {f. : e € E(H;) \ {e;}}. This implies that

span{f. : e € E(Go)} =span{f.:e€ E(Gy)} =---=span{f.:e € E(Gy)}.

Since G = Gy and F' = Gy, we must have |E(G)| > dim (span {f. : e € E(F)}). Since
G was an arbitrary weakly (F,H)-saturated graph, this completes the proof. O

4.2 Proof of Theorem 4.3

Given a vertex v of [n]¢, say that a coordinate of v is large if it is at least r and small
otherwise. We let L(v) denote the number of large coordinates of v and let |v| denote
the sum of the coordinates of v. Given i € [d], a line L in direction 7 is a path of

d

length n — 1 in [n]* in which any two vertices of £ differ on the ith coordinate.

Proof of Theorem 4.3. Let G be a spanning subgraph of [n]? in which, for each vertex

v € [n],

e we add every edge uv of [n]? such that |u| = |v| — 1 and u and v differ on a

small coordinate of v, and

e we add min{L(v),m — 1} edges uv of [n]? such that |u| = |v| — 1 and u and v

differ on a large coordinate of v.
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Some elementary counting gives us

E(G):ig(m—lJri)(C,l) <d;j>(n—r+1)j(r—2)i

j=0 =0 J
—gg(m— 1 —j)(;.l) (d;j>(n—r+ 1) (r — 2)'.

So, to prove the upper bound, we need only show that G is weakly saturated with
respect to axis-aligned copies of [r]™. In order of increasing |v|, we add all edges
of E([n]Y) \ E(GQ) from v to vertices u with |u| = |v| — 1 one edge at a time. By
construction, for every added edge uv with |u| = |v| — 1, the coordinate on which u
and v differ is large in v. For any vertex z, if L(x) < m — 1, then all edges xy with
|z| = |y| — 1 are already present in G. Also, if v is a vertex with L(v) > m, then
G contains m — 1 edges wv with |w| = |v| — 1 such that the coordinate on which w
and v differ is large in v. Putting this together, an easy inductive argument shows
that, if we add edges in this order, then each edge added from v to a vertex u with
|u| = |v| — 1 creates a new axis-aligned copy of [r]™ in which v is the ‘top’ vertex.
For the lower bound, we apply Lemma 4.4 where H consists of all axis-aligned
copies of [r]™ in [n]?. So, it suffices to show that there exists a vector space W and a

set { fereel ([n]d)} C W which satisfy the hypotheses of Lemma 4.4 such that
dim (span {f. : e € E ([n]9) }) > |E(G)|. (4.5)

The space W that we choose is the direct sum of [n]? copies of R™!, one for each

vertex of [n]?, and dn?~! copies of R"~2, one for each line in [n]¢. That is,

(o )-(o)

T L

where x ranges over all vertices of [n]? and £ ranges over all lines in [n]<.

Given a
vector w of W, a vertex x of [n]¢ and a line £ of [n]?, let 7,(w) denote the projection
of w onto the copy of R™™! corresponding to = and let m;(w) denote the projection
of w onto the copy of R"~2 corresponding to £. Note that w is determined by its
projections.

Let Z := {z1,...,24} be a collection of d vectors of R™~! in general position.

Also, let Y := {y1,...,yn_1} be a set of n — 1 vectors of R"~2 such that yi,..., 5o

45



are linearly independent and, forr — 1 <t <n —1,

Yp = — X_: Y- (4.6)

j=t—r+2
Thus any consecutive r — 2 vectors y;, ..., %;i_2 are linearly independent and any
consecutive r — 1 vectors y;, ..., y;4r—1 sum to zero. Suppose that e = uwv is an edge

of [n]? such that u and v differ on coordinate i € [d] and let ¢ be the minimum of the
ith coordinates of u and v. Further, let £ be the unique line of [n]? containing e. We

define f. to be the vector of W such that
o m.(fe) =m(fe) = 2z and 7, (f.) = 0 for every x € V(Qq) \ {u,v}, and
o 7o(f.) =y and 7o (fe) = 0 for every line L' # L.

In order to apply Lemma 4.4, we need to show that for every axis-aligned copy H
of [r]™ in [n]? there are non-zero scalars {c. : ¢ € E(H)} such that > eenm) Cefe = 0.
Let H be an axis-aligned copy of [r]™ in [n]? and let I C [d] be the set of m coordinates
which vary under H. Let {c; : i € I} be a set of scalars such that ) ,_, c;z; = 0. Note
that ¢; # 0 for all ¢ € I since the vectors of Z are in general position.

For each vertex v of H, let M (v) C [d] be the set of indices j such that both v —e;
and v +e¢; are contained in H. Define the lines of H to be the paths of length r —1 in
H obtained by taking the intersection of a line of [n]? with V(H). Note that |M(v)]
is precisely the number of lines of H in which v has degree two. For each line £ of
H, define m(L) := |M(v)| where v is an endpoint of £ (clearly the two endpoints
give the same value). For each i € I, let F; be the set of all edges of H for which i
is the variable coordinate. For each edge e € FE; contained in a line £ of H, define
d, := 25 ¢;. We claim that ZeeE(H) d.f. = 0.

First, let £ be a line of H in direction 7. Then, for some ¢t > r — 1, we have

t

Tr Z dofe | = Z dere(fe) = Z 2m(£)ci7rl;(fe):2m(ﬁ)ci Z Y-

ecE(H) ecE(H) e€E(L) Jj=t—r+2
However, this sum is equal to zero by (4.6).
Now, fix a vertex v of H and for each ¢ € I let L; be the line of H in direction ¢

containing v. We have

Ty Z defe = de”v(fe)
(H)

ecE(H) ecE
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= Z Z 2m(£ )Czﬂ'v(fe Z Z 2m Czﬂ-fu fe

€M (v) e€E; 1€I\M (v) e€E;

which is equal to

> et (f)+ Y 2" em(f.)

ieM(v) i€\ M (v)
by definition of M (v) and the fact that m,(f.) = 0 if e is not incident to v. We observe
that, for any i € M(v), we have m(L;) = |[M(v)| — 1 and for any ¢ € I\ M(v) we
have m(L;) = |M(v)|. Therefore, the above sum is equal to 2M®IS™  ¢;z; which
is zero by our choice of {¢; : i € I'}. Combining this with the result of the previous
paragraph, we get . B(H) def. = 0, as desired.

To complete the proof, it suffices to prove (4.5). To do so, we let G be a graph
as in the proof of the upper bound and show that the vectors of {f. : e € E(G)} are
linearly independent. Let {c. : e € E(G)} be any set of scalars, not all of which are
zero, and let F' be the spanning subgraph of G containing all edges e € E(G) such
that ¢, # 0. Let v be a vertex of non-zero degree in F' such that |v| is maximum.

First, consider the case that v has degree at most m — 1 in F'. Let J denote the
set of dr(v) coordinates such that, for each j € J, the edge from v to v —e; is present
in . Then 3y cemo(fe) is a linear combination of the vectors in {z; : j € J} in
which not all of the coefficients are zero. Since |J| < m — 1 and the vectors of Z are
in general position, this sum is non-zero and therefore ) B(G) Ce fe #0.

Now, suppose that v has degree at least m in F. By construction of G, this
implies that there is a coordinate j which is small for v such that the edge e from v
to v — e; is present in F. Let £ be the unique line of [n]? containing e. Then, by
maximality of |v|, every edge of £ contained in F' joins two vertices for which j is a
small coordinate. This implies that > ) ceme(fe) is a linear combination of the
vectors in {y; : 1 <i < r— 1} in which not all of the coefficients are zero. Thus, since
the vectors vy, ...,y,_1 are linearly independent, this sum is non-zero and we obtain

Y e B() Cefe # 0, which completes the proof. O

Remark 4.7. It is clear that, for most values of n > r > 2 and d > m > 1, there
is some flexibility in the construction of the graph GG in Theorem 4.3. Therefore, the
tight examples are usually not unique. For an explicit example in two dimensions,

see Figure 4.1.
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Figure 4.1: A pair of non-isomorphic weakly ([6]?, [3]?)-saturated graphs, each with
wsat ([6]%, [3]%) edges.

4.3 Open Problems

We conclude the chapter by stating some open problems. Theorem 4.3 provides an
exact expression for the weak saturation number of axis aligned copies of [r]™ in [n]?.
However, for most values of r, m, n, d, our upper bound constructions contain several
‘bent’ copies of [r|™. We ask about the weak saturation number of general copies of
[r]™ in [n]?.

Problem 4.8 (Morrison, Noel and Scott [170]). For general 1 <m < d and 2 <r <

n, determine wsat ([n], [r]™).

One could also consider the generalisations of Theorem 4.3 and Problem 4.8 to
asymmetric grids.

Another problem is to determine the weak saturation number )4 in K, for d >
2¢: this can be viewed as a weak saturation version of Problem 2.33. Note that
the case d = 2 was solved in [53] but, to our knowledge, it is open for every fixed
d > 3. For fixed d and n sufficiently large with respect to d, one can obtain a weakly
(K., Qq)-saturated graph by taking a weakly (K, _ga-1,Qq)-saturated graph G with

the minimum number of edges and adding a set S of 2971 vertices such that
o |S] =201,
e the vertices of S induce a copy of Y41, and

e the edges between V(G) and S form a matching of size 2471 — 1.
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This construction implies that wsat(K,,, Q4) < (%) n+O0(1). We conjecture
that this is tight.
Conjecture 4.9. For fired d > 3 and n — oo,

(d+1)292 -1
9d—1

wsat(Kp, Qu) = ( ) n+0(1).
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Chapter 5

Bootstrap Percolation in the
Hypercube and the Grid

Bootstrap percolation is a simple, but important, example of a cellular automaton.
Roughly speaking, cellular automata are dynamic processes on graphs in which each
vertex of (G is initially assigned to one of a finite number of ‘states’ and, after each
time step, the states of the vertices are simultaneously updated based on homogeneous
and local update rules; that is, the update rules are the same for every vertex and
depend only on the states of vertices at a bounded distance from it. The notion of
a cellular automaton was formally introduced by von Neumann [174] but grew out
of his discussions with Ulam during the 1940’s and 50’s (see [218] or [194]). Cellular
automata serve as mathematical models for a wide range of natural and sociological
processes including, for example, traffic flow [163], the growth of brain tumors [137]
and the spread of opinions through a social network [12].

The r-neighbour bootstrap process was introduced by Chalupa, Leath and Re-
ich [62] as a mathematical simplification of existing dynamic models of ferromag-
netism, but has also found applications in the study other physical phenomena such
as crack formation and hydrogen mixtures (see [1]). Advancements in bootstrap perco-
lation have been highly influential in the analysis of more complex cellular automata;
for examples of this, we refer the reader to [13,14,47,61,68,94, 168|.

The central problem in bootstrap percolation is to estimate the critical density at
which a randomly generated set becomes likely to percolate. To be more precise, for
p € [0, 1], suppose that Af is a subset of V(G) obtained by including each vertex ran-
domly with probability p independently of all other vertices. The critical probability
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for the r-neighbour bootstrap process on G is defined to be
pe(G,r) = inf{p : P(Af percolates) > 1/2}.

While bootstrap percolation has now been studied for many different graph classes
and random graph distributions (see, e.g., [6,7,28,30,34,44, 57,115,129, 132, 203]),
most classical problems focus on induced subgraphs of the integer lattice Z¢. Two
elements (vertices) of Z? are adjacent if they are at Euclidean distance one. One of
the first rigorous results in the study of the bootstrap percolation model is due to
Schonmann [207] who proved that, for all d and r, the critical probability for the
r-neighbour bootstrap process in Z¢ attains one of the ‘trivial’ values. Specifically,

d . 0 lfTSCL
pe (2 ’T)_{ 1 ifr>d+1.

An earlier result of van Enter [82] settled the case d = 2 and r = 3.
Aizenmann and Lebowitz [3] were the first to consider the behaviour of the boot-

strap percolation model on finite sublattices of Z¢. Their main result is that

pe(al'2) =0 ()

for fixed d and n — oo where, as usual, [n] := {1,...,n}. An analogous result
was proved for r = d = 3 by Cerf and Cirillo [59] and then generalised to all fixed
2 <r < d by Cerf and Manzo [60].

Shortly after this, Holroyd [123] obtained a remarkably sharp estimate in the case

d = r = 2; namely,
' (t2) — U007
PeAlnt =) = 18log(n) ’

where log denotes the natural (base e) logarithm. Moreover, he showed that the
probability that A5 C [n]? percolates with respect to the 2-neighbour bootstrap pro-
cess changes abruptly from o(1) to 1 — o(1) when p is in a small window around
pe ([n]?,2); this phenomenon is known as a sharp threshold. More precise asymptotics
for p.([n]?,2) were later obtained by Gravner, Holroyd and Morris [111]. In [17],
Balogh, Bollobas and Morris obtained a sharp threshold for the case r = d = 3 and
laid some of the groundwork for further generalisations. This rewarding line of re-
search culminated in a paper of Balogh, Bollobés, Duminil-Copin and Morris [16] in

which a sharp threshold was determined for all fixed values of d and 2 < r < d.
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Comparably, far less is known about the critical probability when d tends to
infinity. A first step in this direction was made by Balogh and Bollobas [15]|, who
proved that

pe(Qa,2) = 0O <d*2272\/&>

as d — oo. This result was substantially improved by Balogh, Bollobas and Mor-
ris [19], who obtained a sharp threshold for the 2-neighbour bootstrap process in
[n]¢ whenever d > log(n) > 1. In addition, Balogh, Bollobas and Morris [18]
proved sharp asymptotic bounds on p.(Qq, [d/2]) and p.([n]¢,d) for n large and
d > (loglog(n))*logloglog(n). Beyond this, very little has been established for high
dimensions. For example, for fixed r > 3, the logarithm of p.(Qg,7) is not even

known to within a constant factor; that is, the following conjecture of [19] is open.

Conjecture 5.1 (Balogh, Bollobas and Morris [19]). For fized r > 3,

(@) = exp (<0 (7))

When bounding the probability that a randomly generated set percolates, it is
often useful to understand the structure and behaviour of percolating sets in [n]? with
certain extremal characteristics. Of particular importance is the minimum cardinality
of a percolating set, i.e., m(G,r). A rewarding ‘coffee time problem’ [43, Problem
34| is to prove that m([n]?,2) = n for all n > 1. This exercise turns out to have
important extensions. In particular, the proof of Balogh, Bollobas and Morris [19]
of a tight bound on p,. ([n]d, 2) for large d relies on the following generalisation to

rectangular grids proved in [15]:

m (H[ai]ﬂ) - {W} +1. (5.2)

i=1
As was mentioned in [21], a ‘stumbling block’ for obtaining good estimates for the
critical probability when d — oo is has been a lack of a tight asymptotic lower bound
on m(Qq,r) for general r. Our goal in this chapter is to prove Theorem 1.10, which
provides such a bound.

We mentioned in Section 1.4 that an upper bound of m(Qg,r) < 1+i(1) (Tfl) is not

difficult to prove. Let us verify this now. In what follows, level k of (04 is defined to

be the set of all vertices whose coordinates sum to k.
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Construction 5.3 (Balogh, Bollobas and Morris [19]). Let d be large with respect
to r and let Ag consist of all vertices on level r — 2 of ()4 and a set S of 1+T0(1)(7j1)
vertices on level r such that every vertex on level r — 1 has at least one neighbour
in S. Note that the existence of such a set S, known as an ‘approximate Steiner
system,” is guaranteed by a seminal result of Rodl [192]|. It is easily observed that

|Ao| = 1++(1)(£1) and that A, percolates.

Remark 5.4. By an important result of Keevash [140], for certain values of d and
r, the approximate Steiner system in Construction 5.3 can be replaced by an exact
Steiner system. For these values of r and d, we obtain

m@en<3(, )+ () =T o). 69

On the other hand, Theorem 1.10 implies a lower bound of

d—t  d%(6—r)
m(Qa ) 2 d 2r(r — 2)!

+ 0 (d?) (5.6)

which differs from (5.5) by an additive term of order © (d"~?).

As was mentioned in Section 1.4, the key step of the proof is to establish a rela-
tionship between bootstrap percolation and weak saturation; specifically, (1.11). We
provide a proof of this in the next section. Once this is proved, we will focus our
attention on proving lower bounds on the weak saturation number of stars in grids.
We focus on the hypercube in Section 5.2, proving Theorem 1.12. Our most gen-
eral result provides an exact expression for the weak saturation number of K ,,; in
1%, [a;]. This result is stated and proved in Section 5.3. In addition, we provide a
recursive upper bound on m(Qg,r) for general d > r in Section 5.4 which improves

on the bound in (5.5). In the case r = 3, we combine this general bound with some

ad hoc constructions in small dimensions to prove Theorem 1.13.

5.1 The Key Inequality

We open this section by proving the following lemma, which implies (1.11) and im-
proves it slightly for graphs containing vertices of degree less than r (including, for

example, the graph H?Zl[ai] when d < 7).
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Lemma 5.7. Let G be a graph and let F' be a spanning subgraph of G such that the

set

Ap :={v € V(G) : dp(v) > min{r,dg(v)}}
percolates with respect to the r-neighbour bootstrap process on G. Then F' is weakly
(G, K1 441)-saturated.
Proof. By hypothesis, we can label the vertices of G by vy, ..., v, in such a way that
o {v1,...,v4,} = Ao, and
o for |Ag| +1 < i < n, the vertex v; has at least r neighbours in {vy,...,v;_1}.

Let us show that F' is weakly (G, K ,.1)-saturated. We begin by adding to F' every
edge of E(G) \ E(F) which is incident to a vertex in A, (one edge at a time in an

arbitrary order). For every vertex v € Ay, we have that either

e there are at least r edges of F' incident to v, or
e every edge of G incident with v is already present in F'.

Therefore, every edge of E(G) \ E(F) incident to a vertex in Ay completes a copy of
K1 41 when it is added.

Now, for each i = |Ag| + 1,...,n in turn, we add every edge incident to v; which
has not already been added (one edge at a time in an arbitrary order). Since v;
has at least r neighbours in {vy,...,v;_1} and every edge incident to a vertex in
{v1,...,v;_1} is already present, we get that every such edge completes a copy of

K 41 when it is added. The result follows. O
For completeness, we will now deduce (1.11) from Lemma 5.7.

Proof of (1.11). Let Aq be a set of cardinality m(G, r) which percolates with respect
to the r-neighbour bootstrap process on GG and let F' be a spanning subgraph of G
such that dp(v) > min {dg(v),r} for each v € Ay. Note that this can be achieved by
adding at most 7 edges per vertex of Ay and so we can assume that |E(F)| < r|Ag| =

r-m(G,r). By Lemma 5.7, F' is weakly (G, K ,41)-saturated and so
wsat (G, K1,11) < |E(F)| <r-m(G,r)
as required. O
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5.2 The Hypercube Case

Our goal in this section is to prove Theorem 1.12. First, we require some definitions.

Definition 5.8. Given k& > 1, an index i € [k] and # € R*, let z; denote the ith

coordinate of z. The support of z is defined by supp(x) := {i € [k] : x; # 0}.

Definition 5.9. The direction of an edge e = uv € E (Qq) is the unique index i € [d]
such that u; # v;. Given a vertex v € V(Q4), we define e(v,7) to be the unique edge

in direction ¢ that is incident to v.

Note that each edge of Q4 receives two labels (one for each of its endpoints). Our

approach will make use of the following simple linear algebraic fact.

Lemma 5.10. Let k > ¢ > 0 be fized. Then there exists a subspace X of RF of
dimension k — € such that |supp(z)| > ¢+ 1 for every x € X \ {0}.

Proof. Define X to be the span of a set {v1,...,v,_¢} of unit vectors of R* chosen
independently and uniformly at random with respect to the standard measure on
the unit sphere S*~'. Given a fixed subspace W of R¥ of dimension at most ¢ and
1 <i<k—/, the space

span (W U {vy,...,v;1})

has dimension less than k. Thus, the unit sphere of this space has measure zero in
S*=1 and so, with probability one, v; ¢ span (W U {vy,...,v;_1}). It follows that
dim(X) =k — ¢ and X N W = {0} almost surely. In particular, if we let 7" C [k] be
a fixed set of cardinality ¢ and define

Wr = {:I; € R* : supp(x) C T} ,

then X N Wy = {0} almost surely. Since there are only finitely many sets T C [k] of
cardinality ¢, we can assume that X is chosen so that X N W = {0} for every such

set. This completes the proof. O]

In the appendix, we provide an explicit (ie. non-probabilistic) example of a vec-
tor space X satisfying Lemma 5.10. The following lemma highlights an important
property of the space X.
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Lemma 5.11. Let k > ¢ > 0 and let X be a subspace of R¥ of dimension k — ¢ such
that |supp(x)| > €+ 1 for every x € X\{0}. For every set T C [k] of cardinality
0+ 1, there exists x € X with supp(z) =T.

Proof. Let T C [k] with |T| = ¢ + 1. Clearly, the space {x € R* : supp(z) C T}
has dimension ¢ 4 1. Therefore, since dim(X) = k — ¢, there must be a non-zero

vector x € X with supp(z) C T. However, this inclusion must be equality since

| supp(x)| > ¢ + 1. O

We are now in position to prove Theorem 1.12. For notational convenience, we

write

r—1 d—i—1
w = r2’"1+z< J , >j2j1.
j=1

r—J
Also, using Lemma 5.10, let X be a subspace of R? of dimension d — r such that
| supp(x)| > r+1 for every z € X \ {0}. We deduce Theorem 1.12 from the following

lemma, after which we will prove the lemma itself.

Lemma 5.12. There is a spanning subgraph F' of Qq and a set {f.: e € E(Qq)} of

vectors of RY such that

(Q1) F is weakly (Qq, K1 ,41)-saturated and |E(F)| = w,
(Q2) L, T fewi) = 0 for every v € V (Qq) and x € X, and

(@3) span{f. : e € E(Qa)} = R".

Proof of Theorem 1.12. Clearly, the existence of a graph F' satisfying (Q1) implies
the upper bound wsat(Qg, K1 ,+1) < w. We show that the lower bound follows from
(Q2), (Q3) and Lemma 4.4. Note that the edge sets of copies of K, 1 in Q4 are
precisely the sets of the form {e(v,i) : i € T'} where v is a fixed vertex of Q4 and T is
a subset of [d] of cardinality  + 1. By Lemma 5.11 we know that there exists some

x € X with supp(z) = T. By (Q2) we have

d
infe(vvi) = infe(v,z’) = 0.
=1

€T

Therefore, by Lemma 4.4,

wsat (Qa, K1,41) > dim(span {f. : e € E(Qq)})

which equals w by (Q3). The result follows. O
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Proof of Lemma 5.12. We proceed by induction on d. We begin by settling some easy

boundary cases before explaining the inductive step.
Case 1: r = 0.

In this case, K;,41 ~ Ky. Also, w = 0 and X = R?. We let F be a spanning
subgraph of Q); with no edges and set f. := 0 for every e € Q4. It is trivial to check
that (Q1), (Q2) and (Q3) are satisfied.

Case 2: d=1r > 1.

In this case, w = d2¢71 = |F(Qq4)| and X = {0}. We define F := @Q, and let
{fe :e € E(Qa)} be a basis for R”. Clearly (Q1), (Q2) and (Q3) are satisfied.

Case 3:d>r > 1.

We begin by constructing F' in such a way that (Q1) is satisfied. For i € {0,1},
let QY_, denote the subgraph of Q4 induced by {0,1}%"! x {i}. Note that both QY_,
and Q) | are isomorphic to Q4. Let F be a spanning subgraph of @, such that

e the subgraph Fj of F' induced by V (ngﬁ is a weakly (Qg—1, K1 ,+1)-saturated

graph of minimum size,

e the subgraph F; of F induced by V (Q}j_l) is a weakly (Q4—1, K, )-saturated

graph of minimum size, and
e [ contains no edge in direction d.

Figure 5.1 contains a specific instance of this construction. Now, let us define wy :=
wsat (Qa—1, K1 ,4+1) and wy := wsat (Qq—1, K1 ,). By construction, we have |E(F)| =
wo + wy which is equal to w by the inductive hypothesis. Let us verify that F' is
weakly (Qq, K1 ,41)-saturated. To see this, we add the edges of E(Qq) \ E(F) to F
in three stages. By construction, we can begin by adding all edges of QY _, which are
not present in Fy in such a way that each edge completes a copy of Ki 41 in QY ,
when it is added. In the second stage, we add all edges of (), in direction d one by
one in any order. Since every vertex of )y has degree d > r 4+ 1 and every edge of
QY_, has already been added, we get that every edge added in this stage completes
a copy of Ki,11 in Qg. Finally, we add the edges of @}, which are not present in
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Fy in such a way that each added edge completes a copy of Ky, in Q) . Since the
edges in direction d have already been added, we see that every such edge completes

a copy of K ,41 in Qq. Therefore, (Q1) holds.

p==——-—-— a p==——-—-— a
’, ’, ’, ’,
e ! A e ! A
’ 1 . ! ’ 1 . !
— P — P
1 1 1 1 1 f 1 1
1 1 1 | memm- ! f 1 1
1 1 1 1 1 f 1 1
1 1 1 1 1 1
: D N
‘ .
1 [ 1,
k4 1
) ’
1 F 1
1 1 1
1 1
1 1
p==——-—-— a
’, ’,
e ! A
’ 1 ¢ !
— 1
1 1 1 1
- 1 1 1 1
1 1 1 1
1 1 1
1
1

Figure 5.1: A weakly (@5, K1 4)-saturated graph F' constructed inductively from a
weakly (Qy, K1 4)-saturated graph Fj and a weakly (Qg4, K 3)-saturated graph Fi,
each of which is also constructed inductively.

Thus, all that remains is to construct {f. : e € E(Q4)} in such a way that (Q2)
and (Q3) are satisfied. Let 7 : X — R be the standard projection defined by
(1, ... ,xq) = (21,...,24-1). Let z € X be an arbitrary vector such that d €
supp (z) (such a vector exists by Lemma 5.11) and let 7, : X — X be the linear map
defined by

for x € X. Define

Clearly, ker (7,) = span {z} and, since every z € X \ {0} has |supp(z)| >r+ 1> 2,

we have ker(m) = {0}. This implies that X, has dimension d — r — 1 and that X,

has dimension d — r. Also, by construction, we have that | supp(z)| > r + 1 for every

non-zero « € Xy and |supp(z)| > r for every non-zero x € Xj.
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Therefore, by the inductive hypothesis, there exists { frecFE (Q2_1)} in Rwo
and {f! :e € F(Q}_,)} in R* such that

(Q2.0) 3¢ a;lfom =0 for every v € V (QY_,) and z € X,

(Q2.1) Y& xlflm =0 for every v € V (Qy_) and z € X,
(Q3.0) span{f?:e€ E(Q5 )} =R, and

(Q3.1) span{fl:e€ E(Qi )} =R
We will define the vectors {f. : e € E(Qq)} C R* & R¥ ~ R" satisfying (Q2)
and (Q3) in three stages. First, if e € E (QY_,), then we set
fe = fg @ 0.

Next, for each edge of the form e = e(v,d) for v € V (ngl), we let

d—1
1
fe = _Z_d E Zife(v,i) (513)
=1

(recall the definition of z above). Finally, if e = uv € E (Q}Fl), then we let ¢ = u'v/

where v and v’ are the unique neighbours of u and v in V' (QY_,) and define

fe=foef..

It is easily observed that dim (span{f.:e € E(Qq4)}) = wo +w; = w by (Q3.0),
(Q3.1) and the construction of f. given above. Therefore, (Q3) holds.

Finally, we prove that (Q2) is satisfied. First, let v € V (ngl) and let x € X be
arbitrary. Define z' := T.(z) and note that d ¢ supp (xT) We have

d
Z xz’fe(v,z Z Z; fe (v,7) + — Z Zife(v,i)
=1

=1

by definition of 7,. Both of the sums on the right side are zero by (Q2.0) and (5.13).
Now, suppose that v € V (Qé_l) and let v" be the unique neighbour of v in V' (Qg_l).

Given x € X, we have

S ufin = Yo + Yo (05 £)
i=1 i=1 i=1

which is zero by (Q2.1) and the fact that 3¢ | z; fe(w sy = 0, which was proved above
(asv' €V (Qg_l)). Therefore, (Q2) holds. This completes the proof of the lemma.
]
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5.3 General Grids

Our objective in this section is to determine the weak saturation number of K, in
H?Zl[ai] in full generality. We express this weak saturation number in terms of the

following recurrence relation.

Definition 5.14. Let d and r be integers such that 0 < r < 2d and let aq,...,aq > 2.

Define w,(ay, ..., aq) to be
e 0, if r=0;
d
. Z(aj—l)Hai, if r = 2d;
=1 i#j
o 27! ifay=---=aq;=2andd+1<r<2d—1;
r—2 d—i—_1
° T2T_1+Z( J . )j2]_1, ifa,=---=as=2and 1 <r <d; and
=1 B
i wT(a17"'7aiflva’i - 17ai+17"'a’d) +w7«,1(a17...,ai,17ai+1,...ad)

+ > 29J(e;-2), if1<r<2d—1land g >3
SCl\{i}  j#S
|S|>2d—r

We prove the following.

Theorem 5.15. For 0 <r < 2d and aq,...,aq > 2, we have

d
wsatb (H[al], Kl,r+1> = wT(al, e ,ad).

=1

Let ay,...,aq > 2 and define G := []%,[a;]. In proving of Theorem 5.15, we
employ an inductive approach similar to the one used in the proof of Theorem 1.12.
The main difference is that a vertex v of G may be incident to either one or two edges
in direction i € [d] depending on whether or not v; € {1, a;}. With this in mind, we
define a labelling of the edges of G.

Definition 5.16. Say that an edge e = uwv € E(G) in direction i € [d] is odd if
min {u;, v;} is odd and even otherwise. We label e by e(v,2i — 1) if e is odd and

e(v,2i) if e is even.
Note that each edge of G receives two labels, one for each of its endpoints.
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Definition 5.17. For v € V(G), define I¢ := {j € [2d] : e(v, j) € E(G)}.

We are now in position to prove Theorem 5.15. Using Lemma 5.10, we let X be a
subspace of R?? of dimension 2d —r such that | supp(z)| > r+1 for every z € X \ {0}.
Define w := w,(ay,...,aq). As with the proof of Theorem 1.12; we state a lemma

from which we deduce Theorem 5.15, and then we prove the lemma.

Lemma 5.18. There is a spanning subgraph F of G and a set {f.:e € E(G)} of
vectors of RY such that

(G1) F is weakly (G, K1 ,+1)-saturated and |E(F)| = w,
(G2) 2, i fe(ws) = 0 for every v € V (G) and x € X such that supp(z) C IF, and
(G3) span{f.:e€ E(G)} =R".

Proof of Theorem 5.15. First observe that the existence of a graph F satisfying (G1)
implies wsat(G, K1 ,41) < w. To obtain a matching lower bound, we apply Lemma
4.4 as we did in the hypercube case. The edge sets of copies of K .41 in G are the sets
of the form {e(v,4) : i € T}, where v € V(G) and T is a subset of IS of cardinality
r + 1. By applying Lemma 5.11 together with (G2), we see that the conditions of
Lemma 4.4 are satisfied. Thus by (G3), wsat(G, K;,4+1) > w. O

Proof of Lemma 5.18. We proceed by induction on |V (G)|. We begin with the bound-

ary cases.
Case 1: r = 0.

In this case, Kj,+1 ~ K. Also, w = 0 and X = R2?. We let F be a spanning
subgraph of G with no edges and set f, := 0 for every e € Q4. Properties (G1), (G2)
and (G3) are satisfied trivially.

Case 2: r =2d > 2.

In this case, w = |E(G)| and X = {0}. We define F':= G and let {f. : e € E(G)}
be a basis for R”. Clearly (G1), (G2) and (G3) are satisfied.

Case 3:a1=...=ag=2and 1 <r <2d-1.
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In this case, G = [2]¢ is isomorphic to Q4 and every edge of G is odd. First,
suppose that d +1 < r < 2d — 1. Then we have w = |E(G)| and we define F' := G
and let {f. : e € E(G)} be a basis for R".

On the other hand, if 1 < r < d, then we let X’ be the subspace of X consisting
of all vectors x of X such that every element of supp(z) is odd. It is not hard to show
that X’ has dimension d — r and that every vector z € X’ has |supp(z)| > r + 1.

Thus, we are done by Lemma 5.12.
Case 4: a; > 3 for some i € [d] and 1 <r <2d — 1.

Without loss of generality, assume that ag > 3. Define

d—1

Gy = H[ai] X [ag — 1], and

i=1
Gy =G\ Gy.
Observe that every vertex of G5 has a unique neighbour in V(Gy). The edges with

one endpoint in GG; and the other in Gy will play a particular role in the proof. We

define
] 2d—1 aqg—1isodd
T 2d aq — 1 is even,

and we write 7 for the unique element of {2d—1, 2d}\{7}. Observe that for v € V(G,),
we have that 7 ¢ IS¢ and that I¢2 = I¢\ {7}. On the other hand, if v € V(G}), then

761 — IE\{T} ifvg=aq—1,
v IS otherwise.

Define
Y:={veV(G) :vg=aq—1and dg,(v) <r}.

It is not hard to see that

Yi= Y 2°](e-2).

5Cd—1] J¢s
|S|>2d—r

For brevity we write y := |Y| and
wp = WS&t(Gl, Kl,r—l—l);
wy = wsat(G, Ki,).

We construct a graph F' satisfying (G1). Define F' to be a spanning subgraph of G
such that
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e the subgraph F} of F'induced by V (G) is a weakly (G4, K ,41)-saturated graph

of minimum size,

e the subgraph F; of F' induced by V(G3) is a weakly (G2, K1, )-saturated graph

of minimum size, and

e an edge e from V(Gy) to V(G2) is contained in F' if and only if e is of the form
e(v,7) forveY.

Applying the inductive hypothesis and Definition 5.14, we see that |E(F)| =
wy + we +y = w, as required. To see that F' is weakly (G, K ,1)-saturated, we
add the edges of F(G)\FE(F) to F in three stages. First, by definition of Fj, we can
add the edges that are not present in E(F}) in such a way that every added edge
completes a copy of Kj,41 in Gi. Next, we can add the edges of the form e(v, ),
where v ¢ Y and vy = ag— 1, in any order. By definition of Y, we see that every such
v has at least r neighbours in GG;. As every edge in F(G;) has already been added,
the addition of e(v, 7) completes a copy of Kj,1 in G. Finally, we add the edges of
(G5 that are not present in F; in such a way that each added edge completes a copy
of Ky, in G5. Every such edge completes a copy of K;,4; in G since every vertex
in G5 has a neighbour in G; and every edge between (G; and G, is already present.
Thus, (G1) holds.

It remains to find a collection {f, : e € E(G)} satisfying (G2) and (G3). Let
7 : X — R?¥72 be the projection defined by 7 : (z1,...,%oq) > (T1,...,T24_2). Let 2
be a fixed vector of X such that 7 € supp (z) and define 7, : X — X by

Define X; := X and Xy := 7 (7,(X)). Since ker (7,) = span {z} and ker(m) = {0} we
see that X, has dimension 2d—r—1 = 2(d—1)—(r—1). Also, by construction, we have
| supp(x)| > r for every non-zero x € X,. By applying the inductive hypothesis to
both G and Gy, we can find collections {f! : ¢ € E(G;)} mR** and {f? : e € E(G2)}
in R*? such that

(G2.1) 32 xifel(m) =0 for every v € V (G;) and x € X; with supp(z) C ¢,
(G2.2) S22 xiff(w.) = 0 for every v € V (Gs) and x € X, with supp(x) C 12,
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(G3.1) span{fl:ee E(G))} = R*!, and
(G3.2) span{f?:e € E(Gq)} = R*2.

Using this, we will now construct a collection {f. : e € E(G)} C R @R PRY ~
R" in four steps. First, for e € E(G), we define

foo=flo0o0.

Let {f :y € Y} be a basis of R¥. Next, we consider edges e = uv, where v € V(Gy),
and u € V(Gq). lf v isin Y, then we let

Je :O@O@fg

If vis not in Y, then let 2¥ € X be a vector such that supp(z¥) C I¢ and 7 € supp (2°),
which exists by Lemma 5.10. Define

1 v
fe = _Z_U Z 2 fe(v,i)- (519>
T ie[2d)\{7}

Finally if e = uwv € E(G,), then let ¢/ = u/v" where w'v" are the unique neighbours of

uwand v in V(G;) and define
fo=fleffaoo.

It is clear from (G3.1), (G3.2) and the construction of f., that the dimension of
span{ f. : e € E(G)} is wy + wy + y = w. Thus (G3) is satisfied.

It remains to show that (G2) holds. Firstly, suppose v € V(G;) and let z € X
be such that supp(x) C I¢. If vg < aq — 1, then Z?il Tifews = 0 by (G2.1). If
vg = ag— 1 and v € Y, then, by definition of Y, we have |I¢| < r and so it must be
the case that z = 0 and we are done. Now suppose that v ¢ Y and that vy = ag — 1.

Define
T,

ohi=r = 2220
2
We have,
2d 2d . 2d
Z xife(v,i) = Zz;rfe(v,i) + Z_Z Z:']fe(v,i)- (520>
i=1 i=1 Ti=1

Note that 7 ¢ supp(z') and thus supp(z) C I¢1. Therefore, both of the sums on the
right side of (5.20) are zero by (G2.1) and (5.19).
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Finally, consider v € V(Gs). Let v’ be the unique neighbour of v in V(G2). Given
r € X, with supp(x) C I¢ we have

2d 2d 2d—2
infe(v,i) = Z mife('u”i) + Z Z; (0 ) feg(%i) ) O) .
=1 =1 =1

We have that Z?il Tifew iy = 0 for ' € V(G,), as proved above. The second sum
on the right side is zero by (G2.2), which is applicable as 7 ¢ IS D supp(x), and so
x € T,(X). This completes the proof of the lemma. ]

5.4 Upper Bound Constructions

In this section, we prove a recursive upper bound on m(Qg,r) for general d > r > 1

and then apply it to obtain an exact expression for m(Qg, 3).

Lemma 5.21. Ford>r > 1,

[r/2]—1
(Qur) < Qo) + = D (Querr =)+ 30 (1 Y Querr —2),
j=1

Proof. Let d > r be fixed positive integers. For 1 < ¢t < r, let B; be a subset of
V (Qq_) of cardinality m (Qq_,,t) which percolates with respect to the t-neighbour
bootstrap process in QQq_,.

Given = € V(Qq), let [z], and [z],—, denote the vectors obtained by restricting x
to its first r coordinates and last d — r coordinates, respectively. We partition {0, 1}"
into r + 1 sets Lg, ..., L, such that L, consists of the vectors whose coordinate sum
is equal to i. We construct a percolating set Ay in Q4. Given x € V(Qy), we include

x in Ay if one of the following holds:
e [z], € L; and either

— [z}, =(1,0,...,0) and [z]4—, € B,.

— [z} # (1,0,...,0) and [z|q—, € B,—1.

o [z], € Lgjyq for some 1 < j < [r/2] —1 and [z|q—, € By_oj.
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It is clear that

[r/2]-1
[ Aol = m (Qa—r,7) + (r — )m (Qa—r,7 — 1) + Z (2]':— 1>m(er,r —2j)
j=1

by construction. We will be done if we can show that A, percolates with respect to
the r-neighbour bootstrap process.

We begin by showing that every vertex x with [z], € Ly U Ly is eventually in-
fected. First, we can infect every vertex x such that [z], = (1,0,...,0), one by one
in some order, by definition of B,. Next, consider a vertex x such that [z], € Ly and
[#]q—r € B,—1. Then z has r — 1 neighbours z € Ay such that [z], # (1,0,...,0), by
construction, and one infected neighbour y such that [y, = (1,0,...,0). Thus, every
such x becomes infected. Now, by definition of B,_;, the remaining vertices x such
that [z]. € Ly can be infected since every such vertex has an infected neighbour y
such that [y], = (1,0,...,0). Finally, each vertex = such that x # (1,0,...,0) and
[z], € L; becomes infected using the definition of B,_; and the fact that every vertex
y with [y], € Ly is already infected.

Now, suppose that, for some 1 < j < [r/2] — 1 every vertex x such that [z], €
LoU---ULgj_4 is already infected. We show that every vertex « with [x], € Ly;ULgjtq
is eventually infected. First, consider a vertex x with [x], € Ly; and [z]q—, € B,_sj.
Such a vertex has 2j infected neighbours y such that [y], € Ly;_; and r—2j neighbours
z such that [z], € Lgj11 N Ag. Therefore, every such = becomes infected. Now, by
definition of B,_s;, the remaining vertices = such that [z], € Ly; can be infected since
every such vertex has 2j infected neighbours y such that [y], € Lg;—;. Finally, each
vertex x such that [z], € Lyji1 becomes infected using the definition of B,_5; and the
fact that every vertex y with [y, € Loj_; is already infected.

Finally, if r is even, then we need to show that every vertex of L, becomes infected.
Every such vertex has precisely r neighbours in L,_;. Thus, given that every vertex

of L,_; is infected, x becomes infected as well. This completes the proof. n

We remark that the recursion in Lemma 5.21 gives a bound of the form m (Qq,7) <
% where the second order term is better than the one in (5.5). Next, we prove

Theorem 1.13.
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Figure 5.2: An illustration of the set Ay constructed in the proof of Lemma 5.21 in
the case r = 3. Each node represents a copy of (Q4_3. The set Ag consists of a copy
of B; on each node labelled i € {1, 2, 3}.

Proof of Theorem 1.13. The lower bound follows from Theorem 1.10. We prove the
upper bound by induction on d. First, we settle the cases d € {3,...,8}. For
notational convenience, we associate each element v of {0, 1}¢ with the subset of [d]
for which v is the characteristic vector. Moreover, we identify each non-empty subset
of [d] with the concatenation of its elements (e.g. {1,3,7} is written 137). One
can verify (by hand or by computer) that the set Ad, defined below, percolates with
respect to the 3-neighbour bootstrap process in (); and that it has the cardinality

[ (d+3)-‘ s

A= {1,2,3,123},

Af = (A\ {3}) U{134,4,234},

Aj = (A4p \ {134}) U {135,245, 12345},

Af = (A5 \ {135,245}) U {346, 12356, 456, 23456},

Al = (A§\ {346}) U {13457, 24567, 12367, 1234567},

Af = (AJ\ {13457,24567}) U {34568, 1234578, 34678, 25678, 2345678}

Now, suppose d > 9 and that the theorem holds for smaller values of d. If d is
odd, then we apply Lemma 5.21 to obtain

m (Qm 3) S m (Qd_g, 3) + 2m (Qd_g, 2) +m (Qd_g, 1) .

Clearly, m (Q4-3,1) = 1 and it is easy to show that m (Qq—3,2) < %2 +1 (since d — 3
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is even). Therefore, by the inductive hypothesis and (5.2),

m (Qa,3) < [@ﬂ+1+2($+1>+1: ’V@-‘—Fl.

Now, suppose that d > 10 is even. For t € {1,2,3}, let B; be a subset of V (Q4_¢)
of cardinality m (Qq_¢,t) which percolates with respect to the t-neighbour bootstrap
process on Qq_¢ and let AS be as above. Given a vector x € V(Qy), let [z] be the

restriction of z to its first six coordinates and [z],_g be the restriction of = to its last
d — 6 coordinates. We define a subset Ay of V(Q,4). We include a vertex x € V(Qq)
in Ay if [x]¢ € AS and one of the following holds:

e (2] =1(0,0,1,1,0,1) and [z]4_¢ € Bs.
e [z]s #(0,0,1,1,0,1) and we have x5 = 1 and [z];_¢ € Bs.
e 15 =16 =0 and [z]4_¢ € B.

The fact that Ay percolates follows from arguments similar to those given in the proof

of Lemma 5.21; we omit the details. By construction,

|Ao] = m (Qa—s,3) +4m (Qq—s,2) + 5m (Qa—s, 1)

which equals

[U=0U=D] g (428 020

by (5.2) and the inductive hypothesis. The result follows. O

5.5 Open Problems

In this chapter, we have determined the main asymptotics of m (Qg4, ) for fixed r and
d tending to infinity and obtained a sharper result for r = 3. We wonder whether

sharper asymptotics are possible for general r.
Question 5.22. For fivred r > 4 and d — oo, does

m (Qda T') - d:;l
dT—Q

converge? If so, what is the limit?
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As Theorem 1.13 illustrates, it may be possible to obtain an exact expression for

m (Qg,r) for some small fixed values of r. The first open case is the following.
Problem 5.23. Determine m (Qq,4) for all d > 4.

Using a computer, we have determined that m (Qs,4) = 14, which is greater than
the lower bound of 13 implied by Theorem 1.10. Thus, Theorem 1.10 is not tight for
general d and r. However, we wonder whether it could be tight when r is fixed and

d is sufficiently large.

Question 5.24. For fixed r > 4, is it true that

r—1 . ey
d—j—1)j2
m(Qa,r) = 2" + { ( - )j—w
— r—7 r

provided that d is sufficiently large?

.

Another direction that one could take is to determine wsat (G, K ,41) for other

graphs G. For example, one could consider the d-dimensional torus ZZ.

Problem 5.25. Determine wsat (Zg, KL,«H) for all n,d and r.

5.6 Appendix: An Explicit Linear Algebraic Con-
struction

Given integers k and ¢ with k > ¢ > 0, we construct an explicit subspace X of R¥ of
dimension k — ¢ such that |supp(z)| > ¢+ 1 for every x € X \ {0}. This can be seen
as an alternative proof of Lemma 5.10.

The construction is based on a so-called Vandermonde matriz. For 1 <1 <k — /¢

we let a; € R? be the vector such that, for 1 < j < ¢,

Q; =1

Now, for 1 < i < k —/ let e; be the ith standard unit basis vector of R¥~* and define
v; =y D e;.

The space X is defined to be span{vy,...,vx_¢}. It is clear that dim(X) =k — ¢ by
construction. All that remains is to show that | supp(x)| > ¢+1 for every z € X\ {0}.

We require a few definitions.
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Definition 5.26. Given a set T' C [k], let mp : R¥ — RI”I be the standard projection

WTZ(xl,...,xk)i—)(l’iii€T>.

Definition 5.27. For n > 1, a collection Z C R" is in general position in R™ if any

set of at most n vectors from Z is linearly independent.
Our proof of the following proposition follows an argument of Moshonkin.!

Proposition 5.28. For any set T' C [{], the vectors {mr () : 1 <i <k —{} are in

general position in RITI,

Proof. We assume that |T'| > 1; otherwise, the result is trivial. Let ¢ := |T'|. Suppose
that the proposition is false and let I C [k — /] be a set of cardinality ¢ for which

there exists {¢; : ¢ € I}, not all of which are zero, such that

Z cimr (o) = 0.

iel
Equivalently, for each j € T,

Z Cﬂ;j =0.

iel
Since the determinant of a square matrix is equal to the determinant of its transpose,
there must also exist scalars {c : j € T'}, not all zero, such that

Z c;ij =0

jJET
for every i € I.

Let p(z) denote the real polynomial y. ;. ¢ja’. Then p(z) is a polynomial with
between one and t non-zero terms and at least ¢ positive real roots (namely, each
i € I). We show, by induction on ¢, that no such polynomial can exist. The base case
t = 1 is trivial. Now, let p(x) be a polynomial with ¢ > 2 non-zero terms and at least
t positive real roots. Define g(z) to be the polynomial of smallest degree such that
q(z) = x°p(x) for some s > 0. It is clear that ¢(z) has at least as many positive real
roots as p(x). However, the derivative of ¢(z) has at most ¢ — 1 positive terms and at

least ¢ — 1 positive real roots, contradicting the inductive hypothesis. This completes

the proof. O

YA. G. Moshonkin, Concerning Hall’s theorem, Mathematics in St. Petersburg, Amer. Math.
Soc. Transl. Ser. 2, vol. 174, Amer. Math. Soc., Providence, RI, 1996, pp. 73-77.
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Now, suppose that z € X \ {0} such that |supp(z)| < £. Define
Uy := supp(z) N [¢],

Uy :=supp(z) \ [¢] and

T := [0\ U.
Since x € X \ {0}, we can write
k—t
Tr = Z C;U;
i=1

for scalars ¢; which are not all zero. However, it must be the case that ¢; = 0 for each

i such that i + ¢ ¢ Uy. Thus,

0=mp(x)= Z cimp (v;) = Z ey (ay) (5.29)

i:i4+0€Us 1:i4+0€Us

However, since |U|+ |Uz| < € we have |T'| = ¢ — |Uy| > |Us|. Thus, (5.29) contradicts
Proposition 5.28. It follows that | supp(x)| > ¢+ 1 for every x € X \ {0}, as required.

71



Chapter 6

Supersaturation in Posets

A typical supersaturation problem for graphs asks, given a fixed graph H and an
integer m > ex(n, H), what is the minimum number of copies of H in a graph with n
vertices and m edges? This question can be seen as a quantitative version of Turan’s
original problem (question (1.1)). Perhaps the earliest supersaturation result is a
strengthening of Mantel’s Theorem [164] due to Rademacher (unpublished, see [85])
which says that every graph with n vertices and more than n?/4 edges must contain
at least [n/2] triangles. This result was generalised by Erdds [85,87], who obtained
an exact value for the minimum number of cliques of order r in a graph with n vertices
and m edges where ex(n, K,) < m < ex(n, K,) + C,n for some constant C,. > 0.

Since the work of Rademacher and Erdds, there has been a great deal of inter-
est in determining asymptotic bounds on the minimum number of cliques of order r
contained in a graph with n vertices and m = p(;) edges where p is a fixed real num-
ber in (1 — -, 1). Motivated by some illuminating early work in [38,109,154, 167]
(see also [92,116,177]), Lovasz and Simonovits [155] conjectured that this minimum
number is asymptotically equal to the number of cliques of order r in a complete
multipartite graph which is ‘nearly balanced’ in the sense that all parts are of the
same size except for one (which is smaller). This important conjecture was finally
proved in the case r = 3 by Razborov [188], » = 4 by Nikiforov [175] and for general
r > 5 by Reiher [191]. All three of these proofs rely on analytic methods.

Returning momentarily to classical results, the following general theorem on the
number of copies of a fixed graph H in an n-vertex graph with a prescribed number
of edges was proved by Erdds and Simonovits [92]. Some important applications of

this theorem will be discussed in Chapter 7.
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Theorem 6.1 (Erdés and Simonovits [92]). Let H be a fized graph. For every e >
0 there exists 0 = 0(H,e) > 0 such that if G is an n-vertex graph with at least

ex(n, H) +en? edges, then G contains at least on/V I copies of H.
g

There are now many papers on supersaturation for other combinatorial structures
such as monotone subsequences of finite integer sequences [23,173,197], substructures
in finite set systems [75,76,79,141,180] and certain arithmetic structures in subsets
of abelian groups [198].

In [141], Kleitman applied standard ideas from matching theory to prove that
the number of comparable pairs in a subset of P(n) of prescribed size is minimised
by a collection consisting of sets whose cardinalities are as close to n/2 as possible.
Interestingly, though, these ideas cannot be easily extended to give a supersaturation
theorem for longer chains. Kleitman [141] conjectured the following supersaturation
version of the result of Erdds [83]: for any k > 3, the number of k-chains in a
subset of P(n) of prescribed size is minimised by a collection consisting of sets whose
cardinalities are as close to n/2 as possible. Das, Gan and Sudakov [76] and Dove,
Griggs, Kang and Sereni [79] independently proved this conjecture in some restricted
cases; however, the conjecture is open in general. The main idea in both of these
papers is that one can sometimes obtain a lower bound on the number of k-chains
in a subset S of a poset P by considering the expected size of the intersection of S
with a chain in P chosen randomly according to some distribution. In some sense,
this idea traces back to Lubell’s proof [160] of the LYM inequality [35, 160, 166, 225]
(see also [40]).

In the next section, we state a general lemma for proving lower bounds on the
number of comparable pairs in a subset S of a poset P using the strategy from [76,79].
While it is unlikely that such a lemma can be used to prove a structural result as
precise as Kleitman’s [141], the main advantages of this approach are that it is widely
applicable and that it can often be used to obtain bounds which are good enough
for applications. We illustrate this in Section 6.2 by proving an approximate version
of Kleitman’s result [141] and Theorem 1.18; both of these results will be applied in
Chapter 7.
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6.1 Comparison Counting Via Random Chains

The following lemma describes our main approach; before stating it, we require a

definition.

Definition 6.2. Let P be a poset. A comparability digraph for P is a digraph D with
V(D) = P such that

e for every arc (x,y) of D, we have that x is comparable to y in P, and

e for every comparable pair z,y € P, at least one of the arcs (x,y) or (y,x) is in
E(D).

Lemma 6.3. Let P be a poset, let D be a comparability digraph for P, let i be a
distribution on the chains of P and let C,, be a random chain chosen according to .
Suppose further that p has the property that P (z € C,) > 0 for every x € P. Then,
for every set S C P, we have

(z,y)€E(D)

comp(S) > ( max P(yeC,|ze€ Cu)>1 <|S| - (ﬂ%iﬁlp(x € Cu)>1> :

Proof. We proceed by induction on |S|; the base case |S| < (mingep P (z € C,)) " is
trivial. Given w € S, we define df(w) to be the number of arcs (w, z) € F(D) such
that z € S. Suppose, for contradiction, that there exists w € S such that

-1
dt > P C C .
Sw)= (mx Plrec,leec,))

In this case, we apply the inductive hypothesis to S\ {w} to obtain at least

( max IP’(yGCM|9:€CM)>_1 <|S\{w}|—(gréiEIP(a:ECu))_j.

(z,y)eE(D)

comparable pairs in S which do not involve w. We then obtain the desired bound
on comp(S) by considering these comparable pairs along with those of the form
(w,z) € E(D) with z € S. Thus, from here forward, we assume that every w € S

satisfies

-1
ds P C C . 6.4
fw) < max PeCilzec,) (6.
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The chain C, contains precisely |C,, N S| elements of S and (‘C“;S |

) of the comparable
pairs of S (since every pair in C, is comparable). Since k — (g) < 1 for all k, we get

that

12E(ycm5| - ('C“;S')) Y Pwec)- 3 P(wzeC

weS w,z€S
(w,z)€E(D)

:ZP(wecu) 1-— Z P(zeC,|weC,)

weS z€S
(w,z)EE(D)
>3 P(wecd, (1 — df(w) ((Lgleaémp (yeC,|ze cu))) .

weSs
By (6.4), all of the summands are positive, and so this expression is bounded below

by

Z (Ixneilrjlp(flr € Cu)) <1 — df(w) ((xglea];)c(D)P (yel,|ze C#)))

weS

Rearranging, we obtain

comp(S) = Z df(w)

weS

> ((337516?:([))1@ (yel,|lze Cu)) <|S| - (rxneiII;IP’(:p € Cu)) )
as desired. -

Remark 6.5. We remark that the proof of this lemma generalises to give a bound
on the number of edges induced by a set of m vertices in a general graph G (in terms
of m). That is, one could orient the edges of the graph and select a random clique

according to a probability distribution .

In order for Lemma 6.3 be effective, one requires a distribution on the chains in P
which is sufficiently ‘balanced’ in the sense that a random chain chosen with according
to this distribution is not too unlikely to contain any fixed element of P and, at the
same time, not too likely to contain any fixed comparable pair of P. In both of the
applications provided in this chapter, it suffices to let C,, be a maximal chain in P
chosen uniformly at random. However, in other posets, the problem of finding an

appropriate distribution can be much more involved. One such example is the poset
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of divisors of a fixed integer with n prime factors of bounded multiplicity. In [176],
we use Lemma 6.3 to obtain some supersaturation results for such posets under some

(fairly restrictive) conditions.

6.2 Supersaturation in P(n) and V (g, n)

As a first application of Lemma 6.3, we prove the following approximate version of

the result of Kleitman [141].

Theorem 6.6 (Kleitman [141]). Let k be a fized positive integer. Then there exists
a constant no(k) such that if n > ng(k) and S C P(n) is a set of cardinality at least

k—1
( n— k+1+2r'|) +t7
r=0 2

[(n+k)/2]
)

then
comp(S) >t (

Proof. For 0 <r < k—1, let P, be the poset consisting all subsets of [n] of cardinality
equivalent to (WW modulo k ordered by inclusion. Note that Py U --- U Py

partitions P(n). Define S, := SN P, and

by 1= |Sr‘ - ((nkfum“)'
2

Clearly, Zf;é t, =t. Our goal is to show that, for 0 < r < k —1, the following holds:

o /21

. (6.7)

comp(S,) = tr(

This will imply the result since comp(.S) > Z 0 ! comp(S,).

Let » € {0,...,k — 1} be fixed. We prove (6.7) by induction on t,.. Note that
(6.7) holds trivially if ¢, < 0. Now, for ¢, > 1, if S, contains an element x which
is comparable to at least ([(”J“,f)/ ﬂ) elements of S, then we apply the induction
hypothesis to find at least (¢, — 1) ([("J“:)/ 21) comparable pairs in S, \ {z} and we are
done. Therefore, there can be no such x € S,.

Let s € {0,...,k — 1} so that [2=5t1421] = gmod k. Let X be the set of all
elements of S, of cardinality s. Suppose that X # () and for each z € X let Ny, 4(z)
be the elements of P, \ S, of cardinality k 4+ s which are comparable to x. By the
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result of the previous paragraph, x is comparable to fewer than (H"Jr,f)/ 21) elements

of S,, and so

[ Niys(2)] > (n;) _ (( (n +kk>/2w> N (n— et 1) ) (Rn T)/z})

which, if ny(k) is chosen large enough with respect to k, is at least

()= ()em

Therefore, we can greedily associate each element z of X to an element y, of P\ S,
of cardinality k£ + s such that x is comparable to y, and the y, are distinct from
one another. It is clear that the set S/ := (S, \ X) U {y, : * € X} has the same
cardinality as S, and at most as many comparable pairs as S,. So, in what follows,
we can assume that X = (J; that is, every element of S, has cardinality at least & + s.

Now, define P to be the poset obtained from P, by deleting all sets of cardinality
s. Let D be a digraph with V(D) = P* such that E(D) consists of the pairs (z,y)
where z and y are comparable and the cardinality of y is at least as close to n/2 as the
cardinality of . Let C, be a random chain in P obtained by taking a maximal chain

in P(n) uniformly at random and intersecting it with P*. Then any two elements of

P} of the same cardinality are equally likely to be contained in C,, and so

-1
P(zeC,) > (("‘kﬁ“ﬂ) for all z € P7.

2

Also, given (z,y) € E(D), we have

z\ 1 :
(‘IyD 1 if z >y,
( n—e] ) " otherwise.

lyl—|=|

P(yeC,|zeC,)

By definition of D and the fact that X = (), we get that this quantity is always at
most ([(nJr:)m)_l. Thus, (6.7) holds by Lemma 6.3. O

We remark that the idea of splitting the levels of P(n) into equivalence classes
modulo k is also used by Collares Neto and Morris [69]. The proof of Theorem 6.6
given above exploits the following two properties of a uniformly random maximal

chain C, in the boolean lattice.

e any two subsets of [n] of the same cardinality are equally likely to be contained

in C,, and
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e for any two comparable pairs (z1,y:) and (z2,y2) in P(n) such that |z = |2

and ’y1| = |y2|7 we have P('rl?yl € C,LL) = P(x27y2 € C,u)

It is clear that one can obtain a supersaturation result for any poset satisfying
these two conditions by taking a maximal chain uniformly at random and applying

Lemma 6.3. We demonstrate this by outlining a proof of Theorem 1.18.

Proof of Theorem 1.18. For 0 <r < k—1, let P, be the poset consisting all subspaces

n—k+142r
2

to the proof of Theorem 6.6, we define S, := SN P, and

of F of dimension equivalent to { W modulo k ordered by inclusion. Analogous

n
tr =S| — {(nkzuzr‘d .
q

Clearly, Zf;é t, =t. We prove that, for each r =0,..., k —1,

/] 65)

comp(S,) > t, [ ;

We prove (6.8) by induction on ¢, where the case t,, < 0 is trivial. By the inductive
hypothesis, we can assume that every element of S, is comparable to fewer than
[H"Jr:)/ 21] other elements of S,. If S, contains an element of dimension s < k, then
we can shi%t all such elements up to subspaces of dimension k + s without increasing
the number of comparable pairs (similar to the proof of Theorem 6.6) since, if ng(k)
is chosen large enough with respect to k,

[n_kﬂ] - {[(m@m} - (ﬁ 1_qm’> - (ﬁ 1_qf<n+k>/2w>
k . k . N 1 — ¢itt 1 — ¢ttt

i=0 =0

> an—(ngé 2i41) _ /21 > n(k=1) [k ﬁ 1] |
q

Now, we let P* be the poset obtained from P, by deleting all elements of dimension
less than & and let D be a digraph with V(D) = P* where E(D) consists of all pairs
(x,y) such that x is comparable to y and the dimension of y is at least as close to n/2
as the dimension of z. Let C, be a random chain in P’ obtained by taking a random

maximal chain in V (¢, n) and intersecting it with P*. It is not hard to show that

-1
P(zeC,) > hn_kflﬂr-d for all z € P, and
2 q
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PlyeC,|zeC,) < [((n +/~ck>/2q—1 for all (z,y) € E(D).

The result follows.
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Chapter 7

Applications of the Container
Method 1in Posets

In the past few years, there has been some considerable success in extending classical
results in extremal combinatorics to sparse random settings. An example of a question
of this type, first investigated by Babai, Simonovits and Spencer [8], is roughly stated
as follows: Typically speaking, what is the maximum number of edges in a subgraph
of G(n,p) containing no copy of a fized graph H? This can be thought of as a
random analogue of the original question of Turén [215] (question (1.1)). For a graph
H with x(H) > 3, one obvious way of constructing such a subgraph is to split the
vertices of G(n, p) arbitrarily into x(H) — 1 sets of roughly equal size and remove all
of the edges within the sets. Provided that p is not too small as a function of n we
get that, with high probability, the resulting graph has p (1 — m + 0(1)> (’;) =
(1+o(1))pex(n, H) edges.!

Haxell, Kohayakawa and Luczak [121] (see also [145]) conjectured that this con-
struction is asymptotically best possible provided that p = p(n) is large enough so
that, with high probability, the number of copies of H in G(n,p) greatly exceeds the
number of edges in G(n, p). Note that this is, in some sense, necessary; if the number
of copies of H is small with respect to the number of edges in G(n,p), then it is
possible to obtain a better lower bound by simply deleting one edge from each copy
of H. After a great deal of interest, this conjecture was finally proved by Conlon and

Gowers |73] (under the additional assumption that H is ‘strictly 2-balanced’) and by

'Here, we used the famous theorem of Erdds and Stone [84] which says that ex(n,H) =

(1 -L+ 0(1)) (3) for any graph H containing an edge.

r
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Schacht [206] using quite different methods. While an obvious advantage of Schacht’s
method is that it applies to all graphs H, the method of Conlon and Gowers lends
itself more naturally to proving stronger stability-type results. This apparent gap
between the two methods was bridged by Samotij [195], who refined the approach of
Schacht [206] to prove a stability version of the conjecture in full generality.

Shortly thereafter another, very different, method for proving extremal theorems
in random structures was developed independently by Saxton and Thomason [205]
and Balogh, Morris and Samotij [26]. As was demonstrated in [26,205] this method,
known as the ‘container method,” can be used to prove many of the results of Conlon—
Gowers [73], Schacht [206] and Samotij [195]. This includes, for example, the general
stability version of the Haxell-Kohayakawa—fuczak Conjecture [121] and an even
stronger conjecture of Kohayakawa, fuczak and Rodl [145] (the so-called KER Con-
jecture). Two advantages of the container method are that it is usually relatively
straightforward to apply and that it often provides ‘counting’ results which can be
much stronger than the corresponding probabilistic statements. Supersaturation re-
sults form a key ingredient in most proofs involving the container method; for instance,
all of the applications mentioned in this paragraph relied on the classical supersatura-
tion theorem of Erdds and Simonovits [92] (Theorem 6.1). For additional applications
of the container method, see [24,25,27,29,31,32,69| and the references therein.

Our applications of the container method in this chapter were mainly inspired by
the work of Balogh, Mycroft and Treglown [27] and Collares Neto and Morris [69]
who independently applied an approximate version of the supersaturation theorem of
Kleitman [141] (see Theorem 6.6) to prove the following ‘random version’ of Sperner’s

Theorem [210]; this result confirms a conjecture of Osthus [179].

Theorem 7.1 (Balogh, Mycroft and Treglown [27]; Collares Neto and Morris [69]).
Let € > 0 be fixred. Then there exists a positive constant c(€) such that if p > ¢(e)/n,
then with high probability every antichain in a p-random subset of P(n) has cardinality

at most (1 + 5)p(Ln72j)'

Our Theorem 1.21, proved using Theorem 1.18 in Section 7.3, is a natural analogue
of Theorem 7.1 for the poset V (¢,n). Using ideas from [27], Balogh, Treglown and
Wagner [31] recently applied the container method to give an alternative proof of

a well known theorem of Kleitman [142] which says that the number of antichains
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(Ho(l))(tn?%).? The problem of approximating the number of

in P(n) is at most 2
antichains in P(n) is known as Dedekind’s Problem and has a long history; see [135].
In Section 7.2, we show how a ‘multi-stage’ container lemma for P(n), first used by

Balogh, Mycroft and Treglown [27], implies a stronger upper bound of

o (1+0(Viog(m)/n) ) (1,11) (7.2)

We remark that much stronger bounds than (7.2) are known. In particular, Kor-
shunov [147] obtained precise asymptotics of the number of antichains in P(n); see
also [135,143,200]. We prove an upper bound on the number of antichains in V (g, n)
(Theorem 1.19) using a similar approach. Our proofs use a container lemma for
general posets which is stated and proved in Section 7.1. The proof of this lemma
relies heavily on ideas from [27] (some of which are based on ideas of Kleitman and

Winston [144]).

7.1 A Container-Type Lemma for General Posets

In this section, we prove a container-type lemma for general posets which generalises
a result of Balogh, Mycroft and Treglown [27]. The main idea in the proof originated
in the work of Kleitman and Winston [144] and has now been used many times; see,
e.g., [27,31,196]. In essence, what this lemma says is that if P satisfies a certain
supersaturation bound, then there is a collection of ‘not very large’ subsets of P
indexed by ‘very small’ subsets of P with the property that every antichain in P is
contained in at least one set from the collection. The elements of such a collection are
referred to as containers. The fact that the containers are indexed by small subsets
of P is typically used to argue that the total number of containers is very small

compared, for example, to the total number of antichains.

Definition 7.3. Given a set X and an integer j, we let ( fj) denote the set of all

subsets of m of cardinality at most j. Also, for n > j, define ( <"J) = i:o (f)

2In addition, the authors of [31] obtained a ‘two-coloured’ generalisation of this result, obtained
bounds on the number of ‘(p, g)-tilted Sperner families’ (see [151]), and proved a number of results
on intersecting families and error-correcting codes.
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Lemma 7.4. Let d and m be positive integers and let P be a poset such that |P| > m
and every subset S of P of cardinality greater than m contains at least |S|d comparable

pairs. Then there exists a function

I (s PY(oa+ 1>) - (spm)

such that for every antichain I C P there exists a subset T of I of cardinality at most
|P|/(2d+ 1) with TN f(T)=0 and I CT U f(T).

Actually, we will prove something more general. A key idea from [27] is that it can
often be advantageous to prove a ‘multi-stage’ container lemma, where the purpose
of the early stages is to ‘thin out’ the poset which helps to reduce the total number of
containers (see [31] for another application of this approach). We prove the following
lemma of this type; Lemma 7.4 corresponds to the case £ = 1. We remark that we

will only actually apply this lemma in the cases £ = 1 and k = 2.

Lemma 7.5. For k > 1 let d; > --- > dy and mg > --- > my be positive integers
and let P be a poset such that |P| = mg and, for 1 < j < k, every subset S of P of
cardinality greater than m; contains at least |S|d; comparable pairs. Then there exists

functions fi,..., fr where
b (e s 1) ()
AL >0 (my—1/(2d, + 1)) < m;
such that for every antichain I C P there exists disjoint subsets T, ..., Ty of I with
(1) [T3] <mja/(2d; +1) for 1 <j <k,
(i) T, € fa (ULIT) Jor2 < j < k=1,
(iii) (W 1) 0 f; (UL T0) =0 for 1< j <k, and

(i) 1€ (Ui 2) U fe (U ).

Proof. Fix an arbitrary total order zy,...,zp| on the elements of P (this will only
be used to ‘break ties’ later in the proof). The proof of this lemma amounts to a
simple application of the so-called Kleitman—Winston algorithm [144]. This algorithm
takes, as an input, an antichain I of P and produces the sets T7,...,T; as well as

the sets fi(11),..., fx <Uf:1 TT>. After describing this algorithm, we will verify that
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these sets have all of the desired properties and that the functions fi, ..., fi are well

defined; i.e., we show that f; ( . TT> depends only on Uizl T’ and not on the input
antichain I or on the sets 77, ...,7T; individually.

Set Py := P. Now, given ¢ > 1 and the set P,_1, the ith step of the algorithm will
either terminate or it will produce a set P; C P;_; which it will pass to the next step.
For each x € P,_1, let Np,_,(x) be the set of elements of P,_; that are comparable to
x and let dp,_,(x) := |Np,_,(x)|. Let u;_1 be the element of P,_; for which dp,_, (u;_1)
is maximum; if there is a tie, then we let u;_; be the choice which comes earliest in

the total order. Now, given u; 1, we proceed differently depending on the value of

dﬂ—1(uﬁ4)'
Case 1: dp,_, (u;—1) > 2dy.

Let j be the smallest integer in {1,...,k} such that dp,_,(u;—1) > 2d;. First,
if i« = 1, then since |P| = my > m; we must have that P contains at least |P|d;
comparable pairs. This implies that dp,(ug) > 2d; and so j = 1. If i > 2, then we let
¢ be the smallest integer in {1,...,k} such that dp,_,(u;—2) > 2d,. If £ < j, then we

define , .
j—

ff (U Tr) == :fj_l (UTT) = Pi—l-
r=1 r=1

Now, if u;_1 ¢ I, then we simply define P, := P, ; \ {u;_1} and proceed to
the next step. On the other hand, if v,y € I, then we add w;_; to Tj, define
P, == Py \ ({wie1} UNp_,(ui—1)) and proceed to the next step. It is clear that
PCPo.

Case 2: dp,_, (u;—1) < 2d.

In this case, we will terminate the algorithm at the end of this step. Before
terminating, though, we will need to define all of the sets f; (Uizl T, r) which were
not defined in previous steps.

Note that ¢ > 2 since |P| = mg > my which implies that P contains at least
| P|d), comparable pairs and, hence, we must have dp, (ug) > 2dj. So, since i > 2 and

the algorithm terminates on the first step in which Case 2 is satisfied (in particular,
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Case 1 was satisfied at the previous step), we can define ¢ to be the smallest integer

in {1,...,k} such that dp,_,(u;_2) > 2d,. We set

) slir) -

and terminate the algorithm. This concludes the description of the algorithm.

A key feature of the algorithm is that the sequence dp,(ug),dp, (u1),... is non-
increasing, which follows easily from the fact that P; C P,y for all ¢ > 1. Since this
sequence is non-increasing and d; > - - - > dj, we get that, for each j € {1,..., k}, there
is a unique step of the algorithm such that dp, ,(u;—2) > 2d; and dp, ,(u;—1) < 2d;.

It is precisely at this step when f; (Uizl TT> is defined and when the definition of
T; is finalised. In particular, the set f; (Uizl TT) is defined exactly once during the

running of the algorithm.

It is clear by construction that (ii), (iii) and (iv) hold and that 7; C I for

1 < 5 < k. Also, by construction, every element of fj< . Tr> is comparable

to fewer than 2d; other elements in f; (Ui:l TT>. Therefore, comp ( 1 <Uf;:1 TT>) <
fj < 1:1 Tr) fj < 1:1 Tr)
fies that f; does, indeed, map into ( <1:n j). For each element that we added to T} we
deleted at least 2d; +1 elements of P._Therefore, 71| < |P|/(2d1+1) = mo/(2d; +1).
Similarly, for j > 2, for each element that we added to T we deleted at least 2d; + 1
elements of f;_4 (Ui: Tr> and so |T;| < m;_1/(2d; +1). Thus, (i) holds.

Finally, we argue that the functions fi,..., fr are well defined. Let I and I’ be

d; which implies that < m; by hypothesis. This veri-

antichains yielding the same set Uf;zl T, for some j with 1 < j < k. Let ug, uq, ... and
Py, Py, ... be the vertices and sets produced while running the algorithm with input 7
and let ug, u},... and PJ, P/, ... be the vertices and sets produced while running the
algorithm with input I’. Let i denote the minimum integer such that dp, (u;) < 2d;.
We prove that u; = u; and P, = P/ for all 0 <t <i— 1. If not, let ¢ be the smallest
such integer for which it fails. Clearly, t > 1. The fact that P,_; = P,/_, implies that
uy = uy and so we must have P, # P/. However, since u;—; = u;_; and P,_; = P/ |,
the only way that we can have P, # P/ is if u;y € I and u;_, ¢ I’ or vice versa. By
definition of i, we have dp, ,(u;—1) > 2d; and so u;—y € I implies u;_; € Ui:1 T, by
the description of the algorithm. However, uj ; ¢ I’ implies that the algorithm will
not add u}_, to any of the sets T1,..., T} and so u, , ¢ |J'_, T}, contradicting the
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fact that w,—; = uj_;. Therefore f; (Uizl T, r) does not depend on I. This argument
also proves that it depends only on the union Uizl T, and not on the sets T1,...,T;

individually. This completes the proof. O

The following lemma is a consequence of Lemma 7.5 which we will use to count

antichains in the next section.

Lemma 7.6. For k > 1 letd; > --- > di and mg > --- > my be positive integers
and let P be a poset such that |P| = mg and, for 1 < j < k, every subset S of P of
cardinality greater than m; contains at least |S|d; comparable pairs. Then there is a

collection F of subsets of P such that

k My
(a) "F| S Hr:l (Smr,l/(Qldr—i-l))’

(b) |A] <my + Zle si 51 for every A€ F, and

(c) for every antichain I of P, there exists A € F such that I C A.

Proof. Apply Lemma 7.5 to obtain the functions fi,..., fx. For each antichain I,
let T y,...,T;; be disjoint sets as in Lemma 7.5 such that I C (Uf:1 TT,I> U

f (Ul:zl Tr,[)- Define

k k
F = { (U TM) Uf (U TTJ) : I C Pisan antichain} .
r=1 r=1

Then (b) and (c) hold by construction. Let us show that (a) holds. The number

of ways of choosing 77 is at most (<|P|/|g|dl+1)). Now, for 2 < j < k, given that

Tir,...,T;—1 1 have been chosen, we know that T} is a subset of f;_; (Ui:} TM).

mj—1
<mj_1/(2d;+1)

(a). O

Therefore, there are at most ( ) ways to choose T} ;. This argument proves

7.2 Counting Antichains

We begin by applying Lemma 7.6 and Theorem 6.6 to give a short proof of a known

upper bound on the number of antichains in P(n).

Theorem 7.7 (See [135]). The number of antichains in P(n) is at most

o (1+0(Vioem/n) ) (1.1a1)
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Proof. Set dy := n+/logn, dy := /nlogn, my := 2", m; = 127(521{722 and mo =
M. If S is a subset of P(n) of cardinality at least m;, then, by Theorem 6.6,

1-2da/n
oty (5-2(,72)) (2)

51 (2 (-5 (5) 2051 -

since (m1 - 2(Ln72 J)> <%2> = myd;. Similarly, if S has cardinality at least ms, then
comp(S) > |S|dy. Therefore, we can apply Lemma 7.6 to P(n) with £ = 2 and these
values of dy, ds, mg, m; and mso to obtain a collection F of containers. We get that

the number of antichains in P(n) is at most

2n my Mgt ™L 2" 2n my gt Ly 2"
9 27T g q < 22n ) 27T g a
(S 2”/dl) (S ml/d2) s (2"/d1> (ml/d2> s

< 92n (6 . dl)Q”/dl (e . dz)m1/d2 2m2+%+%

2" o e-d m1 lo e-d m on
ont gdz( 1) ™ 52( 2)+m2+d71+di
1 2 2 1

=2

2" logn , mqplogn
ma+O( T pan  mesn

<2

for n sufficiently large. Now, bounding the exponent, we get

2"logn  mylogn
mo + O ( d1 + dg )
(Lr;/lzj) 2™\ /logn n
= —— B —— l
1—2d2/n+0( n Ty ) Viesn/n

: (m?zj) *47%(&%) o <<Ln72J)W>
- (1o (Vi) (7))

since (Ln72 J) =0 (3—%) by Stirling’s Approximation. The result follows. O]

It is possible that one could apply the full power of the supersaturation theorem
of Kleitman [141] alongside Lemma 7.6 to obtain a better bound than that of The-
orem 7.7; however, we will refrain from this here as this is unlikely to yield the best
known results.

Theorem 1.19 can be proved by following along similar lines to the proof of Theo-
rem 7.7 given above. In proving it, the following theorem of Wilf [222] will be useful

for estimating relative orders of magnitude.
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Theorem 7.8 (Wilf [222]). For fized ¢ and n — oo, we have

[V (q,n)| =0© (q”2/2) , and

[m?zJ ] =0(a"").

In particular, |V (¢,n)| = O ([LN%J] )
q
We prove Theorem 1.19.

Proof of Theorem 1.19. Let d := \/ng/* and m := %. By Theorem 1.18,

if S is a subset of V (¢, n) of cardinality at least m, then Compq(S) > |S|d. Thus, by
Lemma 7.6, the number of antichains in V (¢, n) is at most

|V(Q7n)| m+w n ’V (Q7n>| erW
(s V(g.n) |/d)2 <Vl >'(|v<q,n> |/d>2

Pl o Y@L omtog [V(g,n)|+( 24 ) log(e-d)+1)

<Vl(g,n)|(e-d)
Since ¢ is fixed, we can use Theorem 7.8 to bound the exponent as follows:

m+log |V (¢,n) |+ <W) (log(e-d) +1)

L), £ (s L)
1—d [f<n+11)/21] d

q

= [Ln%Jﬁ%*O(W)

q

This completes the proof since |V (¢,n)| = © ([ } ) by Theorem 7.8 and, for
q

[n/2]
fixed ¢, we have [((nJrll)/ﬂ]q =0 (¢"?). O

7.3 Antichains in Random Subsets

In this section, we use Lemma 7.6 to prove Theorem 1.21. We remark that our

approach is very similar to that of Balogh, Mycroft and Treglown [27].
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Proof of Theorem 1.21. Let p = c(e,q)/q™? for some constant c(e,q), to be chosen
later, and let A, be a subset of V (¢, n) obtained by including each element indepen-

dently with probability p. Let m = (1+¢/2) [ . By Theorem 1.18, every subset
q

[n/2] ]
S of V(gq,n) of cardinality at least m satisfies

comp(S) > (ys\ _ {MT/LQJ) :((n +11)/21L

> (1) [0 s () 14 0) 1o

for ¢ < 1. So, we set d = (%) [[("+11)/21] and let f be the function resulting from
q

applying Lemma 7.4 to V (¢, n) with these values of m and d.
Fix T C V(q,n) such that |T| < %. The probability that A, contains an

antichain I of size at least (1 +¢)p [[n%]} with TC I CTU f(T) is at most
q

since TN f(T) = 0. By Theorem 7.8, |T| < “;Eiqﬁ)l =0 (p [f”T/Lﬂ]q)' By choosing

(g, q) sufficiently large, we get that the above probability is at most

pTIp (IAP NFT) = p(1+3e/4) {M?;?W] ) |

By the Chernoff bound and the fact that |f(T")| < (1 +&/2)m, the second factor can
be bounded above by, say, e=<""?/190 Therefore, the probability that A, contains an

antichain of size at least (14 ¢)p [[n;bz}] is at most
q

V(g,n)|/(2d+1) Y
Z p\Tle—e"’mp/loo < Z <| (g,n) |)pae—€2mp/100‘

TCV(g,n) =0 a
IT|<[V(g,n)]/(2d4+1)

Vign)l

! )p“ is increasing for 0 < a <

Given that c(e, q) is large enough, the quantity (

[V(g,n)|
2d+1

. Thus, the above expression is bounded above by

V(q,n) | V(gn)l/(2d+1) —e?
Z A0 1 2d + 1 q;n € mp/lOO.
(B0 etza-+ ) e

Finally, for c(e, q) sufficiently large, this expression is o(1). The result follows. ]
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Let us argue that Theorem 1.21 is best possible up to the choice of the constant
c(e,q). Let A, be a p-random subset of V (g, n) where p = ¢/q"? for some constant
¢ > 0 and let n be large with respect to ¢ and ¢. Given = € V(q,n) of dimension
[(n+1)/2], the expected number of subspaces of = of dimension |n/2] contained
in A, is constant. Thus, with probability bounded away from zero, a constant pro-
portion of the elements of V (¢,n) N A, of dimension [(n + 1)/2] have no subspaces
of dimension [n/2] contained in A,. Taking this set along with all subspaces of Fy

of dimension |n/2| gives us an antichain of size at least (1 + ¢)p [U:/L? j] for some
q

e =¢(q,c) > 0. Here, we used the fact that [((nﬂ)/ﬂ]q =0 ([LT%JL) for fixed q.

7.4 Open Problems

It would be interesting to improve our bound on the number of antichains in V (g, n)

(Theorem 1.19). For example, we propose the following.

Problem 7.9 (Noel, Scott and Sudakov [176]). Determine the precise asymptotics

for the number of antichains in V (q,n).

Short of this, it would be interesting, and probably quite challenging, to determine
the second order term in the asymptotics of the logarithm of the number of antichains
inV (g, n).
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Chapter 8

Weak Regularity and Finitely
Forcible Graph Limits

The theory of combinatorial limits has recently attracted a significant amount of
attention. This line of research was sparked by limits of dense graphs [50-52, 157],
which we focus on here, followed by limits of other structures, e.g. permutations [105,
124,125, 150], sparse graphs [46, 81| and partial orders [130]. Methods related to
combinatorial limits have led to substantial results in many areas of mathematics and
computer science, particularly in extremal combinatorics. For example, the notion of
flag algebras, which is strongly related to combinatorial limits, resulted in progress on
many important problems in extremal combinatorics [9-11,22, 113,119,120, 148, 149,
185-187,189,190]. Theory of combinatorial limits also provided a new perspective
on existing concepts in other areas, e.g. property testing algorithms in computer
science [106, 126, 158].

A convergent sequence of dense graphs can be represented by an analytic ob-
ject called a graphon. Let d(H,W) be the density of a graph H in a graphon W
(a formal definition is given in Section 8.1). A graphon W is said to be finitely
forcible if it is determined by finitely many subgraph densities, i.e. there exist graphs
Hy, ..., Hyandreals dy, ..., d such that W is the unique graphon with d(H;, W) = d;.
Finitely forcible graphons appear in many different settings, one of which is in ex-
tremal combinatorics. It is known that if a graphon is finitely forcible, then it is the
unique graphon which minimises a fixed finite linear combination subgraph densities,
i.e. finitely forcible graphons are extremal points of the space of all graphons. The

following conjecture [159, Conjecture 7] claims that the converse is also true.
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Conjecture 8.1. Let Hy,..., Hy be finite graphs and aq, ..., reals. There exists
k

a finitely forcible graphon W that minimises the sum »_ a;d(H;, W).
i=1

Finitely forcible graphons are also related to quasirandomness in graphs as studied
e.g. by Chung, Graham and Wilson [67], R6dl [193] and Thomason [212,213]. In the
language of graph limits, results on quasirandom graphs state that every constant
graphon is finitely forcible. A generalisation of this statement was proved by Lovasz
and Sos [156]: every step graphon (i.e. a multipartite graphon with a finite number
of parts and uniform edge densities between its parts) is finitely forcible.

In [159], Lovész and Szegedy carried out a more systematic study of finitely forcible
graphons. The examples of finitely forcible graphons that they constructed led to a
belief that finitely forcible graphons must have a simple structure. To formalise this,
they introduced the (topological) space T'(W) of typical vertices of a graphon W and

conjectured the following [159, Conjectures 9 and 10].

Conjecture 8.2. The space of typical vertices of every finitely forcible graphon is

compact.

Conjecture 8.3. The space of typical vertices of every finitely forcible graphon has

a finite dimension.

Both conjectures were disproved through counterexample constructions in [107,108].

Conjecture 8.3 is a starting point of our work. Analogously to weak regularity of
graphs, every graphon has a weak e-regular partition with at most 20(=7%) parts. (See
Section 8.2 for the necessary definitions.) If the space of typical vertices of a graphon
is equipped with an appropriate metric, then its Minkowski dimension is linked to
the number of parts in its weak regular partitions. In particular, if its Minkowski
dimension is d, then the graphon has weak e-regular partitions with O (e_d) parts.
Consequently, if Conjecture 8.3 were true, the number of parts of a weak e-regular
partitions of a finitely forcible graphon would be bounded by a polynomial of ¢!,
The number of parts in weak e-regular partitions of a graphon constructed in [107]
as a counterexample to Conjecture 8.3 is 2@(1°g25_1), which is superpolynomial in 7!,
but is much smaller than the general upper bound of 20(7%). We construct a finitely

forcible graphon almost matching the upper bound.
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Theorem 8.4 (Cooper, Kaiser, Kral and Noel [74]). There exist a finitely forcible

graphon W and positive reals €; tending to 0 such that every weak €;-reqular partition

Q(e{2/251°g* 2 )
of W has at least 2 parts.

As pointed out to us (the authors of [74]) by Jacob Fox, there is no graphon (finitely
forcible or not) matching the upper bound for infinitely many values of ¢ tending to

0. In light of this, Theorem 8.4 is almost the best possible.

Proposition 8.5. There exist no graphon W, positive real ¢ and positive reals €;

tending to O such that every weak €;-regular partition of W has at least 9¢s; parts.

The proof of this proposition is sketched at the end of Section 8.2.

We will refer to the graphon W from Theorem 8.4 as the gvejk graphon. Svejk is
the name of a famous (and fictitious) brave Czech soldier and, more importantly for
us, it is the name of the restaurant where we (the authors of |74]) usually ate lunch
during our work on this subject while three of us were visiting the University of West

Bohemia in Pilsen.

8.1 Graph limits

We now introduce notions related to graphons and convergent sequences of graphs.
The density of a graph H in G, which is denoted by d(H, ), is the probability that
|H| randomly chosen vertices of G induce a subgraph isomorphic to H, where |H |
is the order (the number of vertices) of H. A sequence of graphs (G,,)nen With the
number of their vertices tending to infinity is convergent if the sequence d(H, G,,)
converges for every graph H. Note that if G,, has o(|G,|*) edges, then the sequence
(Gp)nen is convergent for trivial reasons. Hence, this notion of graph convergence is
of interest for sequences of dense graphs, i.e. graphs with Q(|G,,|?) edges.

A convergent sequence of dense graphs can be represented by an analytic object
called a graphon. A graphon W is a measurable function from [0, 1] to [0, 1] that is
symmetric, i.e. it holds that W (z,y) = W(y, x) for every z,y € [0,1]. The points in
0, 1] are often referred to as the vertices of the graphon .

If W is a graphon, then a W-random graph of order k is obtained by sampling

k random points xy, ...,z € [0, 1] uniformly and independently, and joining the ith
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and the jth vertex by an edge with probability W (z;, z;). The density of a graph H
in a graphon W is the probability that a W-random graph of order |H| is isomorphic
to H. If (G,)nen is a convergent sequence of graphs, then there exists a graphon
W such that d(H,W) = 7}1—{20 d(H,G,) for every graph H [157]. This graphon can
be viewed as the limit of the sequence (G, )nen. On the other hand, a sequence of
W-random graphs of increasing orders is convergent with probability one and its limit
is the graphon W.

Two graphons W; and W5 are weakly isomorphic if there exist measure preserving
maps ¢ and ¢, from [0, 1] to [0, 1] such that Wy (¢1(x), v1(y)) = Wa(pa(x), pa(y)) for
almost every pair (x,y) € [0, 1]%. If two graphons W, and W, are weakly isomorphic,
then d(H,W,) = d(H,W,) for every graph H. The converse is also true [49]: if two
graphons Wy and W, satisfy that d(H, W;) = d(H, W) for every graph H, then W
and Wy are weakly isomorphic. Hence, the limit of a convergent sequence of graphs is
unique up to weak isomorphism. We finish with giving a formal definition of a finitely
forcible graphon: a graphon W is finitely forcible if there exist graphs Hy, ..., Hy
such that if a graphon W’ satisfies that d(H;, W') = d(H;, W) for i = 1,...,k, then
d(H,W') = d(H,W) for every graph H.

8.2 Weak regular partitions

In this section, we recall some basic concepts related to weak regularity for graphs
and graphons and cast the lower bound construction of Conlon and Fox from [72] in
the language of graphons. Since we do not use any other type of regularity partition,
we will just say “regular” instead of “weak regular” in what follows.

We start with defining the notion for graphs. If GG is a graph and A and B two
subsets of its vertices, let e(A, B) be the number of edges uv such that u € A and
v € B. A partition of a vertex set V(G) of a graph G into subsets Vi, ..., V} is said
to be e-regular if it holds that
(a.8) - X CrAvin a0 B < v

illVi

i,j€[k]

for every two subsets A and B of V(G). It is known that for every e, there exists
ko < 20(=7%) (which depends on ¢ only) such that every graph has an e-regular
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partition with at most ko parts [96]. This dependence of kg on ¢ is best possible up
to a constant factor in the exponent as shown by Conlon and Fox [72].

We now define the analogous notion for graphons. Let W : [0,1]> — [0,1] be a
graphon. If A and B are two measurable subsets of [0, 1], then the density dw (A, B)
between A and B is defined to be

dw(4.B) = [ Wiy dody.
AxB

We will omit W in the subscript if the graphon W is clear from the context. Note that
it always holds that d(A, B) < |A||B| where | X| is the measure of a set X. We would

like to mention that the density between A and B is often defined in a normalised

d(A,B)

TAIB] but this is not the case in this thesis.

way, i.e. it is defined to be

A partition [0, 1] into measurable non-null sets Uy, ..., Uy is said to be e-reqular
if it holds that

d(U;,U;
d(A, B) — ;ﬂ \(UT(JJ-JI)|U" NA|lU;NB|| <e

for every two measurable subsets A and B of [0,1]. The upper bound proof trans-
lates directly from graphs to graphons and so we get that for every &, there exists
ky < 20(=™®) such that every graphon has an e-regular partition with at most kg
parts. Likewise, the example of Conlon and Fox from [72] can be used to obtain a
step-graphon W, such that every e-regular partition of W, has at least 22(s7%) parts.
However, the construction is probabilistic and the description of W, is thus not ex-
plicit. Based on this construction, we will define an explicit graphon W, which has

/2 In fact, a W&-random graph of order 20™

similar properties as W, for ¢ &~ m~
for some « close to 0 is the graph constructed by Conlon and Fox in [72].

Fix an integer m. The graphon W, is a step graphon that consists of 2™ parts
of equal size. Each of the parts is associated with a vector u € {—1,+1}™. The
part of the graphon W{} corresponding to vectors v and u' is constantly equal to

trunc (% + {ww)

Am1/2

> where trunc (z) is equal to z if € [0, 1], it is equal to 0 if x < 0
and to 1 if x > 1. In other words, the operator trunc (-) replaces values smaller than
0 or larger than 1 with 0 and 1, respectively. Observe that d([0,1],[0,1]) = 1/2 by
symmetry. Using the Chernoff bound, one can show that the measure of the points

(z,y) with 0 < W(z,y) < 1is at least 1 — 272 > 1/2.
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It would be possible to relate the proof presented in [72] to arguments on regular
partitions of graphons. However, the probabilistic nature of the construction would
make this technical and obfuscate some simple ideas. Because of this, and to keep
the chapter self-contained, we decided to present a direct proof following the lines of

the reasoning given in [72].

Theorem 8.6. If m > 25 and ¢ < m, then every e-reqular partition of the

graphon W& has at least 2™* parts.

Proof. Fix an integer m > 25. Let V™ be the vertices of W in the parts associated
with vectors u whose ith coordinate equals —1. Similarly, V;* are the vertices of W
in the parts associated with vectors u whose ith coordinate equals +1.

Suppose that W&, has an e-regular partition Uy, . .., Uy with ¢ < 27%m~1/2 and
k < 2m/* We say that a part U, is small if |U;| < 27™/3. Note that the sum of the

measures of the small parts is at most &k - 27™/3 < 1/2. For every ¢ € [k], set

Sp=> U NV7|- U NV (8.7)
i€[m]

If v € {—1,41}™, then the number of vectors v' € {—1,+1}™ such that v and ¢’
differ in at most m/16 coordinates is at most IM—Tosm <L 92m/3-1 using the Chernoff
bound and the fact that m > 25. Hence, for every v € {—1,+1}™, the measure of
the vertices in the parts associated with vectors that differ from v in at most m/16
coordinates is at most 27"/3/2. Consequently, if U, is not small, then each vertex
of U, contributes to the sum (8.7) by at least 22 (|Uy| —27™/3/2) > m|U,|/32. We
conclude that S; > |U;|*m/32 if U, is not small.

We say that the pair (4,t) € [m]x [k] is useful if min{|U;NV,”|, |[U;NV; |} > |U;|/64.
Let My, t € [k], be the number of indices i € [m] such that the pair (i,¢) is useful.
Since each term in the sum (8.7) is at most |U;|*/4 and it is at most |Uy|*/64 if (4,t)
is not useful, it follows that Sy < |U;|*(M;/4 + m/64). We conclude that M; > m/16
unless Uy is small (recall that S; > |U;|*m /32 if U, is not small). Since the sum of the

measures of the parts that are not small is at least 1/2, we obtain that

> MU > m/32. (8.8)
telk]
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In particular, there exists ig € [m] such that the sum of the measure of parts U; such
that the pair (ig,t) is useful is at least 1/32. Fix such an index ¢, for the rest of the
proof.

Let A~ be any measurable subset of V,~ such that [A~ N Uy| = |U,|/64 if (ig,t)
is useful, and |A~ N U;| = 0 otherwise. Similarly, let A" be any measurable subset
of Vi such that |[A* N U,| = |U;|/64 if (ig,t) is useful, and |A* N U;| = 0 otherwise.
Such sets A~ and AT exist because min{|U; N V|, |[U, N V;T|} > |Uy]/64 for every t
such that (ig,t) is useful. Note that the sets A~ and AT have the same measure and
the choice of i implies this measure is at least 1/2048 = 271,

Let B =V, . Since the partition Uy, ..., Uy is e-regular, we get that

d(U;,U;)
ijelk] Y
and that
- d(U;,U;) _
d(A B—E — U NA||U;NB|| <e.
( ) ) |U7,||U]|| || J | >¢€

i,jE[k]
Since |A~ NUy| = |AT N Uy for every t € [k], we infer that |d(A~, B) — d(AT, B)| <
2¢ < 27¥m~Y2_ On the other hand, the choices of A=, AT and B imply that
d(A=,B) = (1/2 4+ m~'?/4)|A~||B| and d(A*,B) = (1/2 — m~Y2/4)|A*||B|. In
particular, it holds that

m”2(|AT| + [AT])IB

> 913, -1/2
1 > m

[d(A™, B) — d(A*, B)| =

This contradicts the fact that Ui,..., Uy is an e-regular partition of W& with ¢ <
2714m=Y2 and k < 2m/4, O

We finish this section by sketching a short argument explaining why Proposi-
tion 8.5 is true. The proof of the weak regularity lemma in [96] is based on iterative
refinements of a partition of a graph(on), at each step doubling the number of parts
and increasing the “mean square density” by at least €2 until the partition becomes
weakly e-regular. Suppose that there exists a graphon W and ¢; — 0 as in the propo-
sition. We can assume that €47 < g;/2 for every i € N. We start with a trivial
partition into a single part and keep refining it until it becomes e;-regular; let k; be

the number of steps made. We then continue with refining until it becomes eo-regular
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and let ko > kq be the total number of steps made till this point. We continue this
procedure and define k;, © > 3, in the analogous way. Setting ky = 0, we conclude

that the mean square density after k,, steps is at least

i(kl — k’z‘_l)&f? > i k?z (83 — €?+1) 2 i ;l/{?ch? .
i=1 i=1 =1

However, each k; must be at least cg; 2 by the assumption of the proposition (other-
wise, W would have a weak ¢;-regular partition with fewer than 2 ’ parts). Con-
sequently, after m = (%W + 1 steps, the mean square density exceeds one, which is

impossible.

8.3 Definition of the Svejk graphon

8.3.1 Some ideas behind the construction

At first sight, it might seem natural to consider the limit of the sequence of the
graphons Wi, m € N, as a candidate for a finitely forcible graphon with no regular
partitions with few parts. It can be shown that the sequence of W{,, m € N,
is convergent, however, its limit is (somewhat surprisingly) the graphon that maps
every (z,y) € [0,1]? to 1/2. Clearly this graphon has an e-regular partition with one
part for every € > 0.

Another natural candidate is the graphon Wé?i)?il consisting of a disjoint union of

mi ppme

copies of the graphons Wi, Wi, ... where (m;)2, is a sequence tending to infinity

and the vertex set of the copy of W(§ is the interval [T;jl, 21?71) C [0,1]. Provided

that (m;)$2, increases sufficiently rapidly, one can use Theorem 8.6 to show that,
for infinitely many e, this graphon does not have an e-regular partition with few
parts. The problem with this construction, however, is that it is unlikely to be
finitely forcible. Strong evidence for this is given by a result of [105] which says that

the much simpler graphon consisting of a disjoint union of cliques (i.e. constant 1

graphons) where the vertex set of the ith clique is the interval [2;:1, 2;?) is not
finitely forcible.

A remarkable fact, used in [107,108], is that it can sometimes be possible to
construct a finitely forcible graphon W containing (up to weak isomorphism) a copy

of a non-finitely forcible graphon W’ on a positive proportion of [0, 1]. For instance,
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the finitely forcible graphons constructed in [107,108] and in this thesis all contain
the non-finitely forcible graphon consisting of a disjoint union of cliques described in
the previous paragraph. Our goal in this chapter is to construct a finitely forcible
graphon containing the graphon Wé?i)gil for some rapidly increasing sequence (m;)5°,
on a positive proportion of [0, 1]. Again, by Theorem 8.6, for any such graphon there
are infinitely many e for which it does not have an e-regular partition with few parts

(see Proposition 8.9).

8.3.2 Formal definition

The gvejk graphon Wy has ten parts A, B, C, D, E, F, G, P, Q and R. The most
important part is £ x F which consists of disjoint copies of the Conlon—Fox graphons,
as described in the previous subsection. For simplicity, we will define the graphon Wy
as a function W3 from [0, 13) x [0, 13) to [0, 1], and we set Wg(z,y) = Wi3(13z, 13y).
All parts of W3 except for () have measure one and we associate each of them with
the unit interval [0, 1), i.e. we view the points of those parts as points in [0,1). The
remaining part @) is associated with [0, 4).

Before formally defining the graphon, we need to introduce a fair bit of notation.
We start with defining a tower function ¢(n) : N — N as follows:

Hn) = { ZW}il) if n= Q, and
otherwise.

Note that £(0) = 1, #(1) = 2, £(2) = 22 = 4, #(3) = 22° = 16, t(4) = 2°* = 65536, etc.

The notation that we define next is summarised in Table 8.1. For x € [0,1), we
define [x]; to be the smallest integer k such that z < 1 —27%. In particular, [z]; =1
iff x €1[0,1/2), [z]; =2iff z € [1/2,3/4), [x]; = 3 iff x € [3/4,7/8), etc. This allows
us to view the interval [0, 1) as split into segments [0,1/2), [1/2,3/4), [3/4,7/8), etc.
and [z]; is the index of the segment containing = (numbered from one). We then
define [2]; to be (z + 217kl — 1) . 2h je [z], is the position of x in the [z];th
segment if the [x];th segment is scaled to the unit interval.

Next, we let [z]y equal |[z]; ¢ ([z];)]. In other words, if the [z];th segment of
[0,1) is divided into ¢ ([z];) parts of the same length 2711 /¢ ([2],), then [z], is the
index of the part containing x if the parts are numbered from 0. We refer to these

parts of the segments as subsegments. Analogously, we let [z]|3 be the index of the
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Figure 8.1: The Svejk graphon.

index of the segment [0,1/2), [1/2,3/4), [3/4,7/8), etc, containing x
index of the subsegment of the [z];th segment containing x (the segment
is divided into ¢ ([x];) subsegments)

index of the part of the [z|sth subsegment of the [z];th segment
containing = (the subsegment is divided into t ([z];) parts)

[2]s + t ([z]1) [2]5

the position of x in its segment scaled to be in [0, 1)
the ith bit of the binary representation of [x];

a vector in {£1}(?1h—=1) whose 4th coordinate is 2[x]{} — 1

the ith bit of the binary representation of [z];

a vector in {£1}(*1=1) whose (i + 1)th coordinate is 2[z]%} — 1

Table 8.1: The notation used in the definition of the Svejk graphon.
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part containing x when the [z]oth subsegment of the [z];th segment is divided into
t ([x]1) parts of length 2711 /¢ ([2];)®, where the parts are numbered from 0. Define
[2]2.5 to be [x]3+1 ([x]1) [z]2. Note that [z]2 3 can also be viewed as the part containing
z when the [2];th segment is divided into ¢ ([z];)? parts of length 2~ /¢ ([z];)?, and
that [z]3 is equal to [x] 3 reduced modulo ¢ ([z]).

For i > 1, let [z]}} denote the ith bit in the binary representation of [z];. For
example, if [z]; = 0.375 = .011 in binary, then [z]?} = 0, [z]?, = [z]}y = 1
and [2]?; = 0 for i > 4. We let [z]{" denote the vector in {£1}*h=1 whose ith
coordinate is equal to 2[z]?; — 1 (i.e. 1 is mapped to 41 and 0 is mapped to —1).

For j € {2,3} and 7 > 0, let [2]}} denote the ith bit in the binary representation
of [z];. For example, if [z]; = 5 = 2° + 2?2, then [z]); = [#])} = 1, [z]}} = 0 and
[#]% = 0 for i > 3. We let [2];" denote the vector in {+1}*1'=1) whose (i + 1)th

coordinate is equal to 2[z]%} — 1.

A pair (x,y) belongs to | The value of Wis(x,y) is 1 if and only if
Ax(AUBU---UG) | [l = il
Bx (BUEUFUQG) [z]y = [y]: and [z]y = [y]2
Bx o t([el = 1) = [y
DxC [z] = [yh +1
DxD [z =[yh =1
D@ [z]1 = [y]: and [y] <trunc(l+w)
L = 2 " ah )

Eoec [}y, =1
ExD Yy <1-— [[l,]]l
Fxc i <t(fx]y - 1), [» ?}[yh =1 and [y]; < t([x]l)*lg[yh
FxE (e = [y} and [yl < § — LD
Fx(DUF)or GxG | [x]as=[ylas
FxG [z]3 = [yl2
GxC (Y1 < t([z]y — 1) and [y]; < t([z];) 1200
GxE [z]; = [y]: and

1 — [z]; < trunc (% +t([z]y — 1)1/2 ([[y]h B %)>
Px(AUBUCUD) <y
Px(EUFUGUP) |z>1-y

Table 8.2: The definition of the Svejk graphon on (AU --- UG U P)? except on C2,
E2, Bx Dand D x B

We will first define the values of the graphon Wj3 between the pairs of the parts
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not involving @ and R. The graphon W3 has values zero and one on (AU- - -UGU P)?
except on C?, B2, B x D and D x B. Table 8.2 determines the values of W3 in this
zero-one case. The values of Wiz on C?, E? and B x D (by symmetry, this also

determines the values on D x B) are defined as follows.

g2kt g [z]1 = [y]1, and

_ 2
Wis(z,y) = { 0 otherwise, for (z,y) € C%,

Wis(z,y) = { [xl K ([[x]]l’ [yl if [z] = [y]s, and for (z,y) € E?, and

otherwise,

Wis(z,y) = { H(lzl)™ if [a], B [yh, and for (z,y) € B x D.

0 otherwise,
We have defined the values of the graphon W3 on (AU---UGU P)?, i.e. between all
pairs of its parts not involving () and R.
The part @ is used to equalise degrees of the vertices in the parts A,...,G, P
(see Section 8.4 for the definition of the degree of a vertex in a graphon). If z €
AU---UGUP=QUR and y € Q, then

Wis(z,y) = - 4—/W13:cz dz

QUR

It is straightforward to verify that Wis(x,y) € [0, 1] for every (z,y) € QU R X Q.
The part R distinguishes the parts by vertex degrees. If y € R, then

(1/8 ifz € B,
2/8 ifxeC,
3/8 ifz €D,
4/8 ifx e E,

Wis(z,y) = 5?8 if v € F,

6/8 ifzxeQG,

7/8 if x € P, and

. 0 otherwise.

Finally, the graphon W3 is equal to 1 on Q) x Q.
The vertices in each of the ten parts of the évejk graphon have the same degree.

This degree is given in Table 8.3. We have not computed the degree of the vertices in
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Part A|B|C|D|FE|F |G| P Q R

32 [ 33 | 34 | 35 | 36 | 37 | 38 | 39 | > 40 | 28
104 104 104 104 104 104 104 104 — 104 104

Degree

Table 8.3: The degrees of the vertices in each part of the évejk graphon.

the part () exactly since it is enough to establish that this degree is larger than (and
thus distinct from) the degrees of the vertices in the other parts.
We finish this section by establishing that the gvejk graphon has no weak regular

partitions with few parts.

Proposition 8.9. The gvejk graphon Wg has no weak e-regular partition with fewer

than 2t)/% parts if € < 7z and n > 4. In particular, there exists a sequence

1
224+2nt(n)

of positive reals €; tending to 0 such that every weak ;-reqular partition of Ws has at

Q -2 2510g* e;
least 2 (EZ / ) parts.

Proof. The graphon Wy contains a copy Wé(l?) scaled by 27"71/13 for every n € N.
Note that a weak e-regular partition of Wy yields a weak (272" /676)-regular partition
of Wé(l?) with fewer or the same number of parts. It follows that Ws cannot have
a weak e-regular partition with fewer than 2/"/* parts for ¢ < m and

n > 4 by Theorem 8.6.

Setting ¢; = W, we obtain the desired sequence of ¢;’s. Note that
log* e log™* (2430t (4
im 28 E _ iy g  (2G) _
i—00 7 i—00 7
and so ‘@ € O (5[2/251‘)?;* 5;2> as desired. O

8.4 Constraints

The proof that the Svejk graphon is finitely forcible uses the notion of decorated
constraints, which was introduced in [108] and further developed in [107]. We now
present the notion following the lines of [107].

A constraint is an equality between two density expressions where a density ex-
pression is recursively defined as follows: a real number or a graph H are density
expressions, and if Dy and D are two density expressions, then the sum D; + Dy and

the product Dy - D5 are also density expressions. The value of the density expression
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for a graphon W is the value obtained by substituting for each graph H its density
in W.

As observed in [108], if W is the unique graphon (up to weak isomorphism) that
satisfies a finite set C of constraints, then it is finitely forcible. In particular, W is the
unique graphon with densities of subgraphs appearing in C equal to their densities
in W. Hence, a possible way of establishing that a graphon W is finitely forcible is
providing a finite set of constraints C such that the graphon W is the unique graphon
up to weak isomorphism that satisfies these constraints.

If W is a graphon, then the points of [0, 1] can be viewed as vertices and we can
also speak of the degree of a vertex z € [0, 1], defined as

degy () = [ W(z,y)dy.
[0,1]
Note that the degree is well-defined for almost every vertex of W. We will omit the
superscript W when the graphon is clear from the context.

A graphon W is partitioned if there exist k € N and positive reals aq,...,a
summing to one and distinct reals dy,...,d; between 0 and 1 such that the set of
vertices of W with degree d; (referred to as a part of the partitioned graphon) has

measure a;. The following lemma was proved in [108].

Lemma 8.10. Let aq,...,ax be positive reals summing to one and let dy, ..., d; be
distinct reals between O and 1. There exists a finite set of constraints C such that any
graphon W satisfying C must be a partitioned graphon with parts of sizes aq, ..., ax

and degrees dy, . .., dy.

We now introduce a stronger type of constraints, which was also used in [107,
108]. We will refer to the constraints introduced earlier as ordinary constraints if a
distinction needs to be made. Suppose that W is a partitioned graphon with parts
A; € [0,1], i € [k], where the part A; has measure a; and it contains vertices of
degrees d;. A decorated graph is a graph with some vertices distinguished as roots
and each vertex labeled with one of the parts A, ..., Ag; the roots of a decorated
graph come with a fixed order. Two decorated graphs are compatible if the subgraphs
induced by their roots are isomorphic through the isomorphism mapping the ith

root of one of them to the 7¢th root of the other; this isomorphism must preserve
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both the vertex labels and the (non-)edges between the vertices. In particular, two
compatible decorated graphs have the same number of roots. A decorated constraint
is a constraint where all graphs appearing in the density expressions are compatible
decorated graphs. Note that decorated graphs and constraints are always defined
with a particular type of a partition of a graphon (i.e. names of the parts) in mind.

We now define when a graphon W satisfies a decorated constraint. Fix a decorated
constraint C. Let Hy be the decorated graph induced by the roots of the decorated
graphs appearing in the constraint C. The graph Hj is well-defined since all decorated
graphs appearing in C' are compatible. All the vertices of Hy are roots; let ny be the
number of these vertices. If the probability that a W-random graph of order nyg is
isomorphic to Hy by mapping its ith vertex to the ith root of Hy (the isomorphism
must preserve both (non-)edges and the vertex labels, i.e. the ith vertex must belong
to the part that the ith root is labeled with) is zero, then the decorated constraint C
is satisfied. If C' is satisfied in this way, we will say that C' is null-satisfied.

The decorated constraint C' that is not null-satisfied is satisfied if the following
holds for almost every choice of ny vertices in [0, 1] such that the ith vertex belongs
to the part that the ith root of Hj is labelled with and the 7th and jth vertices are
adjacent if and only if the ith and jth roots of Hy are. Each decorated graph is evalu-
ated to the probability that the random choice of its non-rooted vertices conditioned
on each of them chosen from a part that it is labeled with gives the decorated graph
(here, we do not allow a permutation of vertices to make the randomly chosen graph
isomorphic to the decorated graph). Both sides of the constraint C' are required to
evaluate to the same value with probability one with respect to a random choice of
the roots.

The following lemma was proved in [108], also see [107].

Lemma 8.11. Let k € N, let aq, ..., ax be positive real numbers summing to one, and
let dq, ..., d; be distinct reals between zero and one. If W is a partitioned graphon with
k parts formed by vertices of degree d; and measure a; each, then any decorated con-
straint can be expressed as a single ordinary constraint, i.e. W satisfies the decorated

constraint if and only if it satisfies the ordinary constraint.

By Lemma 8.11, we can equivalently work with (formally stronger) decorated con-

straints instead of ordinary constraints.
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It is useful to fix some notation for visualising decorated constraints. We write
the decorated constrains as expressions involving decorated graphs where the roots
are depicted by squares and non-root vertices by circles, and each vertex is labeled
with the name of the respective part of a graphon. The solid lines connecting vertices
correspond to the edges and dashed lines to the non-edges. No connection between
two vertices means that both edge or non-edge are allowed between the vertices,
i.e. the picture should be interpreted as the sum of two graphs, one with an edge
and with a non-edge. If more than a single pair of vertices is not joined, the picture
should be interpreted as the multiple sum over all non-joined pairs of vertices. To
avoid possible ambiguity, the drawing of the graph on the roots is identical for all
decorated graphs in each constraint, which makes clear which roots correspond to
each other.

We finish this section with the following lemma, which is an easy corollary of
Lemma 8.11. In essence, it says that if a graphon Wy can be finitely forced in its
own right, then it can be forced on a single part of a partitioned graphon W without

affecting the structure of the other parts.

Lemma 8.12. Let Wy be a finitely forcible graphon, let aq,...,a; be positive reals
summing to one and let dy, ..., dy be distinct reals between zero and one. Then there
exists a finite set C of decorated constraints such that a partitioned graphon W with
k parts formed by vertices of degree d; and measure a; each satisfies C if and only
if the subgraphon of W induced by the mth part is weakly isomorphic to Wy. In
other words, if the mth part is denoted A,,, then W satisfies C if and only if there
exist measure preserving maps ¢ : [0,a,] — A, and ¢o : [0,1] — [0,1] such that

W (po(zam), o(yam)) = Wolpo(x), wo(y)) for almost every pair (x,y) € [0, 1]%.

Proof. Let Hy,...,Hy and dy,...,d,; be the subgraphs and their densities such that
Wy is the unique graphon (up to weak isomorphism) with these densities. The set
C is formed by ¢ decorated constraints: the left side of the ¢th constraint contains
H; with all its vertices labelled by A,, and the right side is d;. If the subgraphon
of W induced by A,, is weakly isomorphic to Wy, then clearly these constraints are
satisfied. On the other hand, since W is forced by setting the densities of H; to d;

for every i € [¢], the converse is true as well. O
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A B C D E F ¢ P Q R
852 852 852 852 852 852 852 851 859 859
852 854 853 853 854 854 854 851 859 859
852 853 853 852 855 855 855 851 859 859
852 853 852 852 855 854 857 851 859 8509
852 854 855 855 858 857 856 851 859 859
852 854 855 854 857 854 854 851 859 859
852 854 855 857 856 854 854 851 859 859
851 851 851 851 851 851 851 851 859 859
859 859 859 859 859 859 859 859 859 859
859 859 859 859 859 859 859 859 859 859

TJTLOoOTLOTEEHOQT =

Table 8.4: The subsections of Section 8.5 where the structure of the Svejk graphon
between the corresponding pairs of parts is forced.

8.5 Finite forcibility of the Svejk graphon

Our final and longest section is devoted to proving that the Svejk graphon is finitely
forcible. We will prove this by exhibiting a finite set of constraints that the Svejk
graphon satisfies and showing that the gvejk graphon is the only graphon up to weak
isomorphism that satisfies this set of constraints. By Lemma 8.10, there exists a finite
set of constraints such that any graphon that satisfies them is a partitioned graphon
with ten parts of the sizes as in the gvejk graphon and degrees of vertices in these
parts as in Table 8.3. Hence, we can work with decorated constraints with vertices
labeled by the parts A,...,G, P, @Q and R (see Lemma 8.11). We will use decorated
constraints to enforce the structure of the graphon between pairs of its parts, one
pair after another, often building on the structure enforced by earlier constraints.
Table 8.4 gives references to subsections where the structure between the particular
pairs of parts is forced.

Fix a graphon W, that satisfies all the constraints presented in this section. In
particular, W, satisfies the constraints given by Lemma 8.10 and it is a partitioned
graphon with ten parts of the sizes as in the gvejk graphon and degrees of vertices
in these parts as in Table 8.3. These ten parts of W, will be denoted by Ay, ..., G,
Py, Qo and Ry in correspondence with the parts of the évejk graphon. We will show
that W, is weakly isomorphic to the Svejk graphon.
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8.5.1 Coordinate system

The half-graphon W, i.e. the zero-one graphon defined by Wa(x,y) =1 iff z +y >
1, is finitely forcible [78], also see [159]. By Lemma 8.12, there exists a finite set
of decorated constraints such that W, satisfies these constraints if and only if the
subgraphon induced by the part F, is weakly isomorphic to the half-graphon Wx.
We insist that W, satisfies these constraints.

Let X € {A,...,G,P}. We use the symbol X, to refer to the corresponding
element of {Ay, ..., Gy, Py}. By the Monotone Reordering Theorem (see [153, Propo-
sition A.19] for more details), there exist measure preserving maps ¢x : Xo — [0, | Xo|)

and non-decreasing functions fx : [0,|Xo|) — [0,1), such that

fx(ox(z)) = 13/Wo(x,z) dz
Py
for almost every x € X,. Since we already know that the subgraphon of Wy induced
by P is weakly isomorphic to Wa, we must have Wy(z,y) = 1 for almost every pair
(z,y) € P? with fp(op(x)) + fe(ep(y)) > 1, Wo(z,y) = 0 for almost every pair
(z,y) € P? with fp(ep(x)) + fr(pp(y)) < 1, and fp(z) = 13z for almost every
z €[0,1/13).

Set gx(z) = fx(¢x(x)) for x € Xy and X € {A,...,G, P}. For completeness, let
go and ggr be any measurable maps from )y and Ry to @ = [0,4) and R = [0,1) such
that for any measurable subset Z of [0,4) and [0, 1), respectively, we have |g,'(Z)| =
|Z|/13 and |g5'(Z)] = |Z|/13, respectively. Each gy can be viewed as a map from
Xy to the part X of the graphon Wj3. The maps g4, ..., 9q, gp, 9o and ggr constitute
a map ¢ from the vertices of Wy to the vertices of W3 and so to those of Wi.

We will argue that the map ¢g as a map from the vertices Wy to the vertices
of Wy is measure preserving and we will show that Wy(z,y) = Ws(g(z),g(y)) for
almost every pair (z,y) € [0,1]>. This will prove that the graphons Wy and Wy are
weakly isomorphic. So far, we have established that Wy(p,p") = Ws(g(p), g(p')) for
almost every pair (p,p’) € P§ and the map g is measure preserving when restricted
to Py UQg U Ry.

Let us consider the decorated constraints depicted in Figure 8.2. Let Ny (z) =
{y e Yo | Wo(z,y) =1} for x € Py and Y € {A,...,G}. The first constraint implies

that the graphon Wj is zero-one valued almost everywhere on Py x (Ag U --- U Gp)
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Figure 8.2: Decorated constraints used in Subsection 8.5.1 where X is one of
A B,C,D,E,ForG,Yis E,ForGandZis A, B,C or D.

and that Ny (z) \ Ny(z') or Ny(z') \ Ny(x) has measure zero for almost every pair
(z,2') € P? and forevery Y € {A, ..., G}. The second constraint in Figure 8.2 implies
for Y € {E, F, G} that the measure of Ny (z) is gp(x) for almost every x € Fy. Hence,
it must hold that fy(y) = 13y for y € [0,1/13) and Wy(z,y) = 1 for almost every
(x,y) € Py x Yy with gp(z) + gy(y) > 1, where Y € {E, F,G}. Similarly, the third
constraint in Figure 8.2 implies for Y € {A, B,C, D} that the measure of Ny (x) is
1 — gp(x) for almost every = € . Consequently, it holds that fy(y) = 13y for
y € [0,1/13) and Wy(z,y) = 1 for almost every (z,y) € Py x Yy with gp(z) > gy (2)
for Y € {A, B,C, D}. We conclude that g is a measure preserving map on the whole
domain and Wy (z,y) = Ws(g(x), g(y)) for almost every pair (z,7) € Py x (Qo U Ry).

The values of the functions g4, ..., gg can be understood to be the coordinates of
the vertices in Aq, ..., Gg, respectively, and the coordinate of a vertex x € AgU- - UGy
is

gy(x) = 13/W0(:1:,z) dz

for Y € {A,...,G}. This integral is easily expressible as a decorated density expres-
sion since it is just the relative edge density (degree) of x to Fy. This view allows us to
speak about segments and subsegments of the parts Ay, ..., Gy. The kth segment of
Xo, X € {A,...,G}, is formed by those z € X such that [gx(x)]; = k. Analogously,

the values [gx ()]s determine the subsegments.

8.5.2 Segmenting

We now force that the parts Ay, ..., Gy of Wy are split into segments as in Wg. We
also force the structure to recognise the first segment through the clique inside D?
and to have the “successor” relation on the segments through the structure inside
Coy X Dgy. All three of these aims will be achieved by the decorated constraints given

in Figure 8.3.
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Figure 8.3: Decorated constraints used in Subsection 8.5.2 where X is one of
B,C,D,E F or G.

The four constraints on the first line in Figure 8.3 force the structure on A3.
The line of arguments in this subsection follows those given in [107,108]. The first
constraint implies that there exists a set J of disjoint measurable subsets of Ag
such that for almost every z € Ay, there exists J € J such that Wy(z,y) = 1 for
almost every x,y € J and Wy(z,y) = 0 for almost every z € J and y ¢ J. Hence,
Wo(z,y) = 1 for almost every (z,y) € e, J* and Wy(z,y) = 0 for almost every
(z,y) € A\ Ujes J*

We claim that the second constraint together with the structure on Ay x Py yields
that for every set J € J there exists an open interval J' C [0,1) such that J and
gx'(J") differ on a set of measure zero. Note that such an open interval J' might
be empty. Since we use an argument of this kind for the first time in this thesis,
we give more details. If one of the (non-null) sets J did not have the property,
then a random sampling of three points z, 2’2" € J C Ay with ga(z) < ga(z’) <
ga(z”) would satisfy Wy(x,2") = 0 and Wy(x,2"”) = 1 with positive probability. For
such three points, the probability of sampling the additional two points from Fy is
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ga(2") — ga(x) and ga(z”) — ga(2’) and the triples of points z,z’, 2" such that the
differences ga(2') — ga(x) and ga(z”) — ga(2’) would be bounded away from zero have
positive measure. Let J' be the set of open intervals J' C [0,1) such that g;' (J')
and J differ on a set of measure zero for some J € J. Since the sets in J are disjoint
and the sets in J' are open, the intervals of 7' are also disjoint.

The third constraint implies that if z,2" € g;* (J') for some J' € J’, then the
measure of the interval J’, assuming it is non-empty, and the measure of the interval
(sup J’, 1) are the same. Again, we provide a detailed justification since we use an
argument of this kind for the first time. Almost every choice of the three roots
x € Ay, ' € Py and 2 € Ay (the order follows that in the figure) satisfies that
ga(z) < gp(2') < ga(2”) (because of the non-edge between x and z’ and the edge
between 2’ and z”) and that there exists J' € J' such that z,2” € g;* (J') (because
of the edge between x and z”). The left side is then equal to the measure of g;* (J'),
which is the measure of J'. The right side is equal to the measure of those z € Ay
such that z ¢ g;' (J') and ga(z) > gp (2'). Hence, the right side is equal to 1 —sup J’.
Since this holds for almost every triple z, 2’ and x”, we conclude that the measure of
each non-empty interval J' € J"is 1 —sup J'. Consequently, each non-empty interval
J' must be of the form (1 — 2a,1 — «) for some « € [0,1). Since the intervals of J’
are disjoint, there can only be a finite number of intervals to the left of each interval
of J'. This implies that the set [J’ is countable.

Finally, the last constraint on the first line yields that

1

W do dy = J —infJ) == .
/ (z,y) dzdy = Y (supJ' —inf .J') 3
A2

JeJ!
0

However, this equality can hold only if the intervals contained in [J' are exactly the
intervals (1 —2'7% 1 —27%) k € N. We conclude that Wy(z,y) and Ws(g(z), g(y))
are equal for almost every pair (z,y) € A32.

We now analyse the four constraints on the second line in Figure 8.3. Fix X €
{B,...,G}. The first constraint implies that for every J € J, there exists Z; C X
such that Wy(z,y) = 1 for almost every (x,y) € J x Z; and Wy(x,y) = 0 for almost
every (z,y) € J x (Xo \ Z;). The second constraint yields that the measure of 7 is
the same as the measure of J. The third constraint implies that there exists an open

interval Z', such that Z; and gi' (Z/) differ on a set of measure zero. Finally, the
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last constraint on the second line yields that each of the intervals Z’ is of the form
(1 -2a,1—a) for some a € [0, 1). Since the length of Z’ is the same as the measure
of J, we conclude that if J = g;'((1 —2'7% 1 —27%)), then 7 = (1 —2!7% 1 —27F).
Hence, Wy(x,y) and Ws(g(x), g(y)) are equal for almost every pair (z,y) € Ay x Xo,
X e{B,...,G}.

Let us turn our attention to the three constraints on the third line in Figure 8.3.
The first constraint implies that there exists a subset Zp of Dy such that Wy(z,y) =1
for almost every (x,y) € Z% and Wy(x,y) = 0 for almost every (z,y) € D\ Z%. The
second constraint yields that Zp is a subset of Z; for some J € 7. Finally, the third
constraint says that the square of the measure of Zp is 1/4, i.e. the measure of Zp is
1/2. However, this is only possible if Zp and g5,'((0,1/2)) differ on a set of measure
zero. We conclude that Wy(z,y) and Ws(g(x), g(y)) are equal for almost every pair
(z,y) € D2.

It remains to analyse the three constraints on the last line in Figure 8.3. The first
constraint yields that for every k € N, there exists Z;, C Dg such that W (x,y) =1 for
almost every (z,y) € g5 ((1—2'7%,1—27%)) x Z; and W (z,y) = 0 for almost every
(z,9) € go"((1 —27%,1 = 27%)) x (Dy \ Zi). The second constraint yields that the
measure of Z, is 27*~!, and the third constraint that Zj, is a subset of g;,*((1—27%,1—
275=1)) except for a set of measure zero. Hence, Z; and g,'((1 — 27% 1 — 27%71))
differ on a set of measure zero, and we can conclude that Wy(z,y) and Ws(g(z), g(y))

are equal for almost every pair (z,y) € Cy X Dy.

8.5.3 Tower function

In this subsection, we will force a representation of the tower inside By x Dy. This
is achieved using the constraints depicted in Figure 8.4. Before analyzing these con-

straints, we give an analytic observation based on [159, proof of Lemma 3.3].

Lemma 8.13. Let F : [0,1)* = [0,1) be a measurable function. If

/ F(z,2)F(y,2) dz=C
[0,1)
for almost every (x,y) € [0,1)?, then
F(x,2)> dz=C

[0,1)
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for almost every x € [0,1).

The constraint on the first line in Figure 8.4 yields that

2

/Wo(x, 2)Wo(y, z) dz

/Wo(x’,z)Wo(ac”,z) dz /Wo(y/,z)Wo(y",z) dz

for almost every x, 2, 2" € Cy and y,y/,y" € Ap all in the same segment (this is

implied by the presence of the edges between the roots). By Lemma 8.13, we get that

/Wo x, 2)Wo(y, 2) /Wo 2, 2)* dz /Wo(y’,z)2 dz
0

Co

for almost every z,2" € Cy and y,y" € Ay such that [go(z)]1 = [ga(y)]1. Since the
equality holds for almost every z, 2’ € Cy and y,y’ € Ao, it actually holds that

/Wo x, 2)Wo(y, 2) /WO r,2)? dz /Wo(y, 2)* dz
Co

for almost every z € Cy and y € Aj such that [go(x)]1 = [ga(y)]1. The Cauchy-
Schwarz Inequality yields that there exist &, k € N, such that Wy(x, 2) = & - Wo(y, 2)
for almost every z € Cy, y € Ay and z € Cy with [go(x)]1 = [ga(y)]1 = k. Hence,
Wo(x, z) = & for almost every = € Cy and z € Cy with [go(2)]1 = [9c(2)]1 = k and
Wo(x,z) = 0 for almost every x € Cy and z € Cy with [go(z)]1 # [go(2)]1. Along
the same line, the constraint on the second line implies that there exist &, k € N,
such that Wy(z, z) = &, - Wy(y, 2) for almost every z € By, y € Ay and z € Dy with
lga(z)]1 = [9a(y)]1 = k. Consequently, Wy(x,z) = &, for almost every z € Dy and
z € By with [gp(2z)]1 = [gB(2)]1 = k and Wy(x, z) = 0 for almost every x € Dy and
z € By with [gp(2)]1 # [98(2)]1-

Almost every choice of the roots in the first constraint on the third line satisfies
that all the roots belong to the same segment and this segment must be the first
segment because of the edge between the two roots from Dy. Hence, this constraint

implies that & |g5'((0,1/2))] = 1/4, i.e. & = 1/2 as desired.
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Figure 8.4: Decorated constraints used in Subsection 8.5.3.
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Let us now look at the second constraint. Almost every choice of the roots satisfies
that if the right root from Cj is in the kth segment, then the roots from Ay and D, are
also in the kth segment and the left root from Cj is in the (k — 1)th segment. Since
for every k the choice of such roots has positive probability, the constraint implies

that the following holds for every k& € N:
(6o (1= 27 1= 29 ) gt (1251 — 27|

= (loa" (1 =27 1= 29) ) G [ (1 -2, 1 - 275))|.

Hence, &1 = & = 272! We conclude that Woy(z,y) and Ws(g(z), g(y)) are equal
for almost every pair (z,y) € Cy x Cp.

The first three constraints on the fourth line in Figure 8.4 yield that for every
k € N either W(z,y) = 0 for almost every € By in the kth segment and almost
every y € Cy or there exists my such that W (z,y) = 1 for almost every x € By in
the kth segment and almost every y € Cj in the myth segment and W (x,y) = 0 for
almost every y € Cp not in the m;th segment. The last constraint on the fourth line
yields that m; = 1.

We now show that the constraint on the fifth line implies that m; exists and
my = t(k — 1) for every k € N. For almost every choice of the roots in the constraint
on the fifth line, if the right root from By belongs to the kth segment, the left root
from By belongs to the (k — 1)th segment and the left root from Cj belongs to the

my_1th segment. We derive that this constraint implies that
mp_1—1 2 2
(27 ame) = (et

We conclude that my = 2™t and so m; = t(k — 1). Consequently, Wy(z,y) and
Ws(g(x), g(y)) are equal for almost every pair (z,y) € By x Cp.
The constraint on the last line in Figure 8.4 yields by considering a choice of the

root in the kth segment of By that
o7k gmme — ¢ o7k

We conclude that &, = 27" = 2-tk=1) — t(k)~'. Hence, Wy(x,y) and Ws(g(z), g(y))

are equal for almost every pair (x,y) € By X Dy.
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8.5.4 Subsegmenting

In analogy to Subsection 8.5.2, the first two constraints in Figure 8.5 for X = B yield
that there exists a set J of disjoint open subintervals of [0, 1) such that Wy(z,y) =1
for almost every (z,y) € gg'(J)? for some J € J and Wy(x,y) = 0 for almost all
other pairs (z,y) € B2. The third constraint implies that every set g5'(J) is a subset
of g1 ((1 —27%+1 1 — 27%)) except for a set of measure zero for some k € N. Hence,
each interval J € J is a subinterval of (1 —27%+1 1—27%) for some k € N. The fourth
constraint with X = B yields that the length of each interval J is 27%¢(k)~!. Finally,
the first constraint on the second line can hold only if each interval (1 —27%1 1-27F)
contains t(k) such intervals J. We conclude that Wy(x,y) and Wgs(g(z),g(y)) are

equal for almost every pair (z,y) € B2.

® x I .
_k;?%“’“) O—0O-©®

S~ --

Figure 8.5: The first set of decorated constraints used in Subsection 8.5.4 where
X € {B,E,F,G}.

For X € {E, F,G}, the first, second and fourth constraints on the first line yield
that for each J € J there exists an open interval J' of the same length as J such
that Wy(z,y) = 1 for almost every (z,y) € J x J" and Wy(x,y) = 0 for almost every
(x,y) € J x (X \ J'). The last constraint on the second line in Figure 8.5 gives that
the intervals J’ follow in the same order as the intervals J. Hence, Wy(x,y) and
Ws(g(x), g(y)) are equal for almost every pair (x,y) € By X (Eo U Fy U Gy).

The set of constraints in Figure 8.6 is analogous to those in Figure 8.5. The main
difference is the third constraint, which forces that if an interval J is a subinterval
of an interval (1 — 2751 1 — 27%) then (2*’“25(k;)*1)2 = 27%.|J|. Hence, the length
of J must be 27%¢(k)™2. The first constraint on the second line then forces that

the interval (1 —27%"1 1 — 27%) must contain ¢(k)? such intervals J and the order
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S_——--

Figure 8.6: The second set of decorated constraints used in Subsection 8.5.4 where
(Z7 X) E {<F7 F)7 <F7 D)7 (G7 G)}'

of the corresponding pairs of intervals is forced by the last constraint. We can now
conclude that Wy(x,y) and Ws(g(x), g(y)) are equal for almost every pair (z,y) €

S_——--

Figure 8.7: The third set of decorated constraints used in Subsection 8.5.4 where
(X,Y) e {(F,G), (G, F)}.

We now analyse the constraints from Figure 8.7. As in the previous cases, the
three constraints on the first line force that each interval (1 — 2751 1 —27%) k e N,
contain disjoint open intervals I, ..., Jyxy2 and Ji, . . ., Jyu)2, each of length 27%¢(k) 2,
such that Wy(z,y) = 1 for almost every (v,y) € gz' (I;) X gz (J;) and Wy(z,y) =0
for almost every (x,y) € gz' (I;) x (Fo \ 7' (J;)).

Fix a choice of the roots in the first constraint on the second line in Figure 8.7;
in almost every choice of the roots, all the three roots belong to the same segment.
Suppose that they belong to the kth segment. The right side is equal to (2_”%(1{)_1)4

for almost all choices of the roots (since the structure of B2 has already been forced)
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and the left side is equal to 272% . (2_kt(k)_2)2 multiplied by the number of choices
of I; and J; such that I; is contained in the subsegment of the left root and J; in the
subsegment of the right root. Since the left side and the right side must be equal for
almost all choices of the roots, we conclude that for any pair of subsegments S and
S’ of the kth segment there exists a unique index 7 such that I; is contained in .S and
J; in S’. The last constraint in Figure 8.7 enforces that for any fixed subsegment S
of the kth segment and any two subsegments S’ and S” such that S’ precedes S”, the
pairs I; x J; € S x S"and I; x Jy C S x S” satisfy that the interval I; precedes the
interval I;;. This implies that Wy(x,y) and Ws(g(z), g(y)) are equal for almost every
pair (z,y) € Fy x Gy.

8.5.5 Binary expansions

In this section, we force the structure of the graphon inside Fy x Dy, Ey X Cy, Gy x Cy

and Fy x Cy. This will be achieved using the constraints depicted in Figure 8.8.

o o

Figure 8.8: The decorated constraints used in Subsection 8.5.5.

The first constraint on the first line in the figure causes that for almost every x €
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Ey, there exists &, such that Wy(z,y) = 1 for almost every y € Dy with gp(y) < &, and
Wo(x,y) for almost every y € Dy with gp(y) > £,. The second constraint on the line
causes that for almost every = € Ey, it holds that 2-l9r@)h¢, =1 - 2-le@h _ o (7).
It follows that

1 — 27[gE(x)h — gE(l’)
gx = 9 lgr (@) =1- [[gE(x)]]l

for almost every = € Ey. We conclude that Wy(x,y) and Ws(g(x), g(y)) are equal for
almost every pair (z,y) € Ey x Dy.

The first constraint on the second line forces that W is almost everywhere 0 or
almost everywhere 1 on each product of a subsegment of Fy and a segment of Cj.
Fix a segment Sg of Fy. The second constraint forces that for almost every y € C
the measure of x € Sk such that Wy(z,y) = 1 is exactly half of the measure of Sg.
Since the measure of y € Cy such that Wy(z,y) = 1is 1 — &, = [gr(z)]; for almost
every © € FEj because of the third constraint on the second line, the choice of the
segments and subsegments where W, is one almost everywhere is unique. So, we get
that Wy(z,y) and Ws(g(z), g(y)) are equal for almost every pair (z,y) € Ey x Cp.

The first constraint on the third line implies that for almost every x € G there
exist &, k € N, such that Wy(x,y) = 1 for almost every y with [go(y)]1 = k and
loc(W)]1 < &k and Wy(z,y) = 0 for almost every other y € Cy. Consider a possible
choice of the roots in the second constraint on the third line. For almost every such
choice of the roots, if the leftmost root from Ag lies in the kth segment, then the
middle root from A is in the ¢(k — 1)th segment (because of the already enforced
structure of Wy on By x Cj in particular) and the rightmost root from Ay is in the ¢th
segment where ¢ < t(k—1). The left side of the constraint is equal to 27t*=1) = ¢(k)~'.
The right side of the constraint is equal to &, ,27¢ where x is the root from Gy. This
implies that &, , = 2°/t(k) where for almost every x from the kth segment of Gy and
¢ < t(k —1). Finally, almost every choice of the roots in the last constraint on the
third line satisfies that if the leftmost root from Aq lies in the kth segment, then the
middle root from Ay is in the ¢(k — 1)th segment and the rightmost root from Ay is
in the (th segment where ¢ > t(k — 1). Hence, &, = 0 for almost every x from the
kth segment of Gy and ¢ > t(k — 1). We conclude that Wy(z,y) and Ws(g(z), g(y))

are equal for almost every pair (x,y) € Gy x Cy.
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The first constraint on the fourth line implies that for almost every y € C, if
the measure of z with Wy(z,y) > 0 from the kth segment of Fj is positive, then
Wo(x,y) = 1 for almost every z from the kth segment of Gy. Analogously, the second
constraint yields that for almost every y € Cy, if the measure of z with Wy(z,y) > 0
from a certain subsegment of Fj is positive, then Wy(x,y) = 1 for almost every z
from the corresponding subsegment of Gy. Consequently, Wy(z,y) = 0 for almost
every pair (z,y) € Fy x Cy such that Ws(g(z),g(y) = 0. Since the last constraint
implies that the integral of Wy over Fy x () is the same as the integral of Wg over
F x C, it holds that Wy(x,y) and Ws(g(z),g(y)) are equal for almost every pair
(z,y) € Fy x Cy.

8.5.6 Linear transformation

In this subsection, we focus on the pair Gy and Ej of the parts. The first constraint
in Figure 8.9 yields that Wy(z,y) = 0 for almost every (z,y) € Gy x Ey such that the
segments of [gc(z)]1 # [9(y)]1, i-e. the segments of x and y are different. The second
constraint implies that for almost every « € Gy there exists &, such that Wy(z,y) =
1 for almost every y € FEj such that [go(x)]1 = [g9r(y)]1 and [gr(y)]1 > & and
Wo(x,y) = 0 for almost every y € Ej such that [go(2)]1 = [9r(y)]1 and [ge(y)]1 < &
The third constraint implies that almost every pair of x and 2’ from the same segment
of Gy such that gg(z) < go(z’) satisfies that & > &,/ In order to show that Wy(z, y)
and Ws(g(z), g(y)) are equal for almost every pair (z,y) € Gy X Ey, it is enough to

show that

=+ tloelol ~ 02 (5 - ool (8.14)

for almost every x € Gj.

Almost every choice of the roots in the last constraint on the first line in Figure 8.9
satisfies that the root from G is from the first segment. Hence, this constraint implies
that almost every x € Gy with [ge(z)]; = 1 satisfies that 155 = gg(z). Since ¢(0) = 1
and [gc(z)]1 = 2g9¢(x) for such z € Gy, we obtain that (8.14) holds for almost every
x from the first segment of Gj.

We now analyse the constraint on the second and third lines in Figure 8.9. Note
that almost every choice of the roots satisfies that if the left root from A is in the

kth segment, then the root from G is also in the kth segment and the right root from
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Figure 8.9: The decorated constraints used in Subsection 8.5.6. Note that one of the
constraints is on both the second and third lines.

A and the right root from D are in the (k — 1)th segment. In particular, k& > 2 for
almost every choice of the roots. Rewriting the densities using the already established
structure of the graphon, we obtain that almost every x € Gy with [gg(x)]; = k > 2
satisfies that

Since it holds that [gq(z)]1 = 2% - (9a(x) — 14 27*D), we can rewrite the right side

as follows

f(;’“_‘f) (2—k[[ge<m>ﬂ1 -3 2"“)2 =27 (% (- fﬂ”w)Q |

which can be transformed to

(s~ 1) =ek-n (1)

This implies that &, is equal to

1 1 1

3+ (el ~ 0 (5 = Do ) or 5~ t(lacl - 0 (5 - loco))
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for almost every = € GGy not contained in the first segment of GGy. Recall that almost
every pair of z and 2’ from the same segment of Gy such that go(z) < ge(2), which
is equivalent to [gq(x)]1 < [ga(2')]:, satisfies that & > &. This implies that the
latter of two options for the values £, holds for almost no = € Gy and thus (8.14) also
holds for almost every x € G not contained in the first segment of G3. We conclude

that Wy(z,y) and Ws(g(z), g(y)) are equal for almost every pair (z,y) € Gy x Ej.

8.5.7 Dot product

We now enforce the unique structure inside the pairs Fy x Ey and Dy x Gy. The first
constraint in Figure 8.10 yields that Wy(z,y) = 0 for almost every (z,y) € Fy x Ey
with [gr(2)]1 # [9e(y)]1, i.e. the segments of x and y are different. The second
constraint implies that for almost every x € I} there exists £, such that Wy(z,y) =1
for almost every y € Ey with [gr(x)]s = [ge()]s and [g5(s)]s < & and Wo(z,y) = 0
for almost every y € Ey with [gr(2)]1 = [ge(y)]:1 and [gr(y)]1 > & In order to show
that Wy(z,y) and Ws(g(z), g(y)) are equal for almost every pair (z,y) € Fy X Ep, it

is enough to show that

o 1 . <[9F( 2 » lgr(z j[1>
“T2 T @l -1 1)

for almost every z € Fy.

Let z and 2’ be two elements of Fjy from the same segment, say, the kth segment.
By the structure on Fy x Cp, the measure of y € C such that either Wy(z,y) = 1 and
Wo(z',y) = 0 or Wy(z,y) = 0 and Wy(2',y) = 1 is equal to the number of different
pairs of coordinates in [gr(z)]F" and [gr(2")]7" multiplied by ¢(k)~! for almost any
pair z and z/. This measure can be rewritten as

tk = 1) = ([gr(@)]5", lgr(@)]F)
2t(k) '

(8.16)

Consider now the constraint on the second line in Figure 8.10. For almost every
choice of the roots, their segments are the same and so they all belong to the first
segment of their parts (because of the edge between the two roots from Dy). Let = be
the right root that belongs to F, and 2’ the left one. Because of the already enforced

structure of the graphon, the subsegment of 2’ is [gr(z)]3 in almost every choice of
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Figure 8.10: The set of decorated constraints used in Subsection 8.5.7. Note that one
of the constraints is on both the third and fourth lines.
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the roots. Using (8.16) with #(0) = 1 and (1) = 2, we derive that it holds for almost
every x € Fj that belongs to the first segment that

Sx . 1 1_<[9F( 2 7gF i1>
o=t i

We conclude that the equation (8.15) holds for almost every x € Fy from the first
segment.

We now consider the constraint on the third and fourth lines in Figure 8.10. In
almost every choice of the roots, the segment of the two roots from Fj is one higher
than the segment of the root from Ag adjacent to the root from Cjy. Also note that
for almost every x € Fj that belongs to the second or higher segment, there is a set
of positive measure of possible choices of the roots. Let x be the right root from Fy,
2’ the left one and k the common index of their segment. The constraint implies for
almost every choice of the roots that

2k . o= (k1) — (lgr@)F" lgra)]T) 27D
t(k—1) 2t (k) - 2i(k-1)

2 (3-277—4g,-27%) .

This expression readily transforms to

(Lor (@), [gr(=)]F)

b= t(k—1)

=3 4¢, .

Since we can choose the roots for almost every = € Fj that belongs to the second or
higher segment with positive probability, almost every such = € Fj satisfies (8.15).
We conclude that Wy(z,y) and Ws(g(x), g(y)) are equal for almost every pair (z,y) €
Fy x Ey.

In the analogy to the first two constraints on the first last in Figure 8.10, the first
two constraints on the last line in the figure yield that for almost every z € Dy, there
exists A, such that Wy(z,y) = 1 for almost every y € Gy with [gp(2)]1 = [96(y)]1
and [ga(y)]1 < A, and Wy(z,y) = 0 for almost every y € Gy with [gp(2)]1 # [96(y)]1
or [ga(y)]i > A.. We now consider the last two constraints on the last line in
Figure 8.10. Fix a choice of roots x € Fj and z € Dy. Almost every such choice
of roots satisfies [gp(2)]23 = [9p(2)]2,3, which implies that [gr(x)]1 = [gp(2)]1. The
last but one constraint yields that Wy(y,y’) = 0 for almost every y € Ey, v € Go,

l9e()]1 = [9r(@)]1, [9c(W) = [gp(2))1; [96(y)]1 < & and [ga(y)]1 < A.. Similarly,
the last constraint yields that Wy(y,y') = 1 for almost every y € Ey, v € Gy,
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lge(W)h = lgr(@)1; [9cW)]i = [gp(2)]1; [gr)]i > & and [ga(y)]1 > A.. The
structure of the graphon Wy on Ey x G implies that

A, = trunc <t(k —1)/? (% — gx) + %) (8.17)

for almost every pair of x € Fy and z € Dy such that [gr(x)]25 = [gp(2)]23 and
lgr(x)]1 = [gp(2)]1 = k. The expression (8.15) can be rewritten (for a particular

choice of x and 2) as

e _ L (oGt o))
2 4t(k — 1) ‘

We get by substituting (8.18) in (8.17) that

<[9D( 2 ) gD i1>>

A=t L
ST S T k= 1)

for almost every z € Dy that belongs to the kth segment. We conclude that Wy(z, y)

(8.18)

and Ws(g(z),g(y)) are equal for almost every pair (z,y) € Dy X Gy.

8.5.8 Main part

We now focus on the values of W, on E2. The first constraint in Figure 8.11 implies
that Wy(z,y) = 0 for almost every z,y € EZ with [gg(2)]1 # [gr(y)]:. Let us
consider the second constraint in the figure. For almost every choice of the roots, all
the roots belong to the same segment in their respective parts. Let k be the index
of this segment and let z and 2’ be the choices of the bottom and the top roots that
belong to By. Further, let S and S’ be the subsegments of Ej corresponding to the
subsegments of z and 2’ in By, respectively. For almost every choice of the roots, the
root from Ej belongs to S. The second constraint yields that it holds for almost all

z € S that

z il’ nnEl
trunc (% + (Ioz( if(lk—[[l‘?f/(j I >)

[ W) dy= 151 - (8.19)

Along the same lines, the third constraint yields that it holds for almost all z, 2" € S

that
(trunc (l + <|IQB(2)]]1i1’[[gB(Z/)]]1i1>))2

2 4t(k—1)1/2
2_%/W(x’y)w($'7y) dy = [S'] ook . (8:20)
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By Lemma 8.13, the identity (8.20) implies that

qu / W(I, y)2 dy = <trunc (% + <[[gB(Z)H1 1’ ﬂgB(Z/)]]l 1>>> . (821)

4t(k —1)1/2

for almost every x € S.

Figure 8.11: The set of decorated constraints used in Subsection 8.5.8.

We derive from (8.19) and (8.21) using Cauchy-Schwarz inequality that

W(iﬂ,y) = trunc (1 + <[[9B(Z)]]i':17 [[QB(Z/)]H:1>>

2 At(k —1)1/2

for almost every » € S and every y € S'. Since [g5(2)]F' = [g9p(z)]F" and
[9z(ZN]F' = [9e(y)]i* for almost every such pair o and y, we conclude that Wy(z, y)

and Ws(g(x), g(y)) are equal for almost every pair (z,y) € Fz.

8.5.9 Degree balancing

Fix X € {A,... G, P}. The first constraint in Figure 8.12 implies that

/Wo(x,y)Wo(fB’, y)dy = Kx

Xo

for almost every x, 2" € Qg for some Ky. By Lemma 8.13, this also implies that

/Wo(x,y)2 dy = Kx

Xo

for almost every x € @Qo. Hence, there exists a function hx : Qo — [0, 1] such that
Wo(x,y) = hx(y) for almost every x € Qy and y € Xy. Since the last constraint on

the first line yields that

4

/Wo(fc,y) dy = 1

Ro

126



for almost every = € X and it holds that

/Wo(x,y) dy :/ Ws(g9x(z),y) dy

QoURo QUR
for almost every x € X because of the already enforced structure, we conclude that

Wo(x,y) and Wg(g(x), g(y)) are equal for almost every pair (z,y) € Xy X Qo.

(X) Q)
=1 [ Wis(z,y)? dedy > 4
Q] [Q] QxX Y=A,B,....G,P,Q

®)
= [ Wis(z,y) de dy
XXR

Figure 8.12: The set of decorated constraints used in Subsection 8.5.9 where X €
{A,B,C,D,E,F,G, P}.

The three constraints on the second line in Figure 8.12 clearly implies that Wy (z, y)
and Ws(g(z), g(y)) are equal for almost every pair (z,y) € (Qo U Ry)?%.

Again fix X € {A,...,G, P}. The two constraints on the last line in Figure 8.12
give using Lemma 8.13 that

Wo(x,y) dy = Kx|Ro| and Wo(z,y)? dy = KX|Rol
Ry Ro

for almost every z € X, for some Kx. However, this is only possible if Wy(z,y) = Kx
for almost every z € Xy and almost every y € Ry. The right side values of the two
constraints yield that the values of Kx matches the corresponding values in Wg. So,
we can conclude that Wy(z,y) and Ws(g(z), g(y)) are equal for almost every pair
(x,y) € Xo X Rp. Since we have shown that the constraints in Figures 8.2-8.12 imply
that Wy(z,y) and Ws(g(z),g(y)) are equal for almost every pair « and y, we have
established that the Svejk graphon is finitely forcible. This completes the proof of
Theorem 8.4.
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8.6 Concluding remark

Proposition 8.5 implies that it is not possible to remove 2°1°8" =" completely from
the denominator in the exponent in Theorem 8.4. However, our construction can be
modified to replace t(n) with a faster growing function of n, e.g. with ¢(¢(n)), which

would replace the function 2°1°8" * with a slower growing function of 1.
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Chapter 9

Complexity of Circular Colouring
Reconfiguration

In recent years, a large body of research has emerged concerning reconfiguration
variants of combinatorial problems; see the survey of van den Heuvel [122] and the
paper of Tto et al. [127] for background. We mainly focus on reconfiguration problems
for graph colourings and, more generally, graph homomorphisms (defined below).
Problems of this type are of interest in statistical physics. The set of k-colourings of
a graph GG can be viewed as the space of possible global states of the anti-ferromagnetic
Potts model at zero temperature (see Sokal [209]) and the reconfiguration problem
corresponds precisely to the Glauber dynamics for this model.

Classical graph colourings and circular colourings are both special cases of graph
homomorphisms. A homomorphism from a graph G to a graph H (also called an H-
colouring of G) is a mapping f : V(G) — V(H) such that f(u)f(v) € E(H) whenever
wv € E(G). The notation f : G — H indicates that f is a homomorphism from G to
H. In this language, a k-colouring is simply a homomorphism to a complete graph
on k vertices. A (p, q)-colouring of G is equivalent to a homomorphism from G to the
graph G, , which has vertex set {0,...,p—1} and edge set {ij : ¢ < |i —j| <p—q}.

The graph G, , is called a circular clique.

Remark 9.1. It is well known that G,, admits a homomorphism to G, o if and
only if p/q < p'/q’ |219]. Therefore, since the composition of two homomorphisms

is a homomorphism, a graph G' admits a (p, ¢)-colouring if and only if it admits a

(v, ¢')-colouring for all p’/q’ > p/q.
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Given two homomorphisms f,g : G — H, we say f reconfigures to g if there a
sequence (f = fo), f1, fo,- -+, (fn = g) of homomorphisms from G to H such that f;
and f;1 differ on only one vertex. The sequence is referred to as a reconfiguration
sequence. Clearly the existence of a reconfiguration sequence from f to g can be
determined independently for each component of GG, so we may assume that G is

connected. We define the general homomorphism reconfiguration problem as follows.

Let H be a fixed graph.

H-RECOLOURING

Instance: A connected graph GG, and two homomorphisms f,g: G — H.

Question: Does f reconfigure to g?

When H = K, or H = G, we will call the problem k-RECOLOURING and (p, q)-
RECOLOURING respectively. The complexity of H-RECOLOURING is only known for a
handful of families of targets. Theorem 1.22 is a dichotomy theorem for the family of
complete graphs and Theorem 1.24 is a dichotomy theorem for the family of circular
cliques. Recently, Wrochna [224] (see also [223]) proved that H-RECOLOURING is
polynomial whenever H does not contain a 4-cycle. In contrast, one can observe that
G4 contains 4-cycles whenever p > 2g+1 and so the polynomial side of Theorem 1.24
does not follow directly from the result of Wrochna.

The rest of the chapter is outlined as follows. In Section 9.1, we provide an
explicit polynomial-time algorithm for deciding the (p, q)-RECOLOURING problem
when 2 < p/q < 4. In Section 9.2, we show that, when p/q > 4, the reconfiguration
problem for |p/q|-colourings can be reduced to the reconfiguration problem for (p, q)-

colourings, thereby completing the proof of Theorem 1.24 (via Theorem 1.22).

9.1 The Polynomial Cases: 2 < p/q < 4

We now extend the ideas of [58] to study the complexity of (p, ¢)-RECOLOURING for
2 < p/q < 4. Given two 3-colourings f and g of a graph G, the algorithm in [5§]
consists of two phases. The first phase tests whether the so-called “fixed vertices”

(vertices that cannot be recoloured under any sequence of recolourings) are assigned
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the same colours under f and g. If not, then we know that f does not reconfigure to
g and the algorithm terminates.

If the algorithm does not terminate at this point, then it enters the second phase.
In this phase, the algorithm obtains two edge labellings of G from the vertex colourings
f and g. The key property of these labellings is that, given that the algorithm did not
terminate after the first phase, one can show that f reconfigures to ¢ if and only if
every cycle of G has the same “weight” under both edge labellings. After a polynomial
number of steps, the algorithm either produces a reconfiguration sequence or discovers
a cycle with different weights under f and g. We follow a similar approach, but we
begin by examining the edge relabelling problem which turns out to depend only on

cycle weights.

Remark 9.2. The work in [58] has been extended in [134] where the authors find
shortest paths between 3-colourings. In our work, we do not consider shortest paths,
but rather are simply concerned with testing the existence of paths in polynomial

time.

9.1.1 Edge Relabellings

Let f be a (p,q)-colouring of a graph G. Let 8 be an oriented graph obtained
by arbitrarily orienting each edge of G. (This orientation is required to define the
weighting of paths, cycles, and cuts below. Thus throughout this section we will
assume a graph G has an orientation 8) The edge-labelling induced by f is defined
as s : B(G) = {0,1,...,p—1} by ps(e) = f(v) — f(u) mod p where e = ub. Let C
be a cycle of G and arbitrarily choose a direction of traversal. Let E*(C') be those
edges of C' whose orientation in 3 agrees with the direction of traversal (forward arcs)
and E~(C) be those edges of C' whose orientation in 8 is reversed to the direction

of traversal (backward arcs). Define
pr(C)= D e+ > (p—es(e). (9.3)
ecE+(C) ecE—(C)

Note that the summation above is in Z, i.e. it is not reduced modulo p. The following
properties of ¢ are immediate from the fact that f is a (p, ¢)-colouring and the sum

©r(C) is a telescoping series in the values of f on C.
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P1 g < yys(e) < p—q for all edges e.
P2 ¢;(C) =0 (mod p) for all cycles C.

Given a graph G, an edge-labelling ¢ : E(G) — {0,1,...,p—1} is a (p, q)-labelling if
it satisfies properties P1 and P2 above. Similar to the weighting function for cycles
in (9.3), we define a weighting for paths: ¢(P) is the sum of ¢(e) and p — p(e) for
forward and backward arcs e in P, respectively, according to some chose direction of
traversal on P.

We now introduce the reconfiguration process for edge-labellings. Let G be a
graph and @ an orientation of G. For 0 # X C V(GQ), the edge cut 9(X) is the
set of edges with one end in X and the other in X. Let 0%(X) (resp. 07(X)) be
those edges oriented from X to X (resp. X to X) in &, Given a (p, q)-labelling
v: E(G)—={0,1,...,p— 1}, let a be an integer 1 < a < p — 1, where p(e) > ¢+ «
for e € 07(X) and p(e) < p—q— « for e € 07 (X). The labelling ¢’ obtained from
¢ by relabelling on (X)) by « is defined by:

{ ple) —a ifee d™(X),

#le) = ple)+a ifeed (X)

This process is called an edge cut relabelling. Clearly if ¢ is a (p, ¢)-labelling, then ¢’
is as well. It is easy to verify that for any cycle C, o(C) = ¢'(C).

We remark an alternative relabelling definition is to simply require that if ¢ is
a (p, q)-labelling, then ¢’ is as well (with no requirement that ¢(e) > ¢ + a for
e € 07(X) and p(e) < p—q—afor e € 07(X)). In this case one would naturally
reduce ¢’ modulo p after shifting by . With this more general definition the weight
of a cycle can change after relabelling. For example, consider a directed 4-cycle with
p =4 and ¢ = 1. The constant labelling of 1 on each edge is a (4, 1)-labelling. The
weight of this cycle is 4 (when traversed in the direction of the edges). Using a = 2,
one can relabel to obtain the constant labelling ¢'(e) = 3 for all edges: simply add 2
to the first and third edges, and —2 to the second and fourth edges. After reducing
the weights modulo 4, we see ¢'(e) = 3 for all edges. The weight of the cycle is now
12. Nonetheless, the two notions of relabelling are equivalent with the assumption
p/q < 4 and the natural restriction —p/2 < a < p/2. We will use the first definition

as it eases the analysis below.

132



Theorem 9.4. Let G be a connected graph and o, be two (p, q)-edge-labellings of
G. Then ¢ reconfigures to ¢ through a sequence of edge cut relabellings if and only if
o(C) = Y(C) for all cycles C' in G.

Proof. Relabelling on an edge cut does not change the weight of any cycles. Thus,
if » reconfigures to v, then p(C) = ¥(C) for all cycles C' is a necessary condition.
To prove sufficiency, assume ¢(C) = 1(C) for each cycle C. We may assume ¢ # 1.
Let wi be an arc such that o(wu) < ¢(wu). (The case where p(wu) > (wu) is
analogous.) Let T be a spanning tree of G rooted at u with all arcs directed away
from u. For each v € V(G) define wt(v,¢) = ¢(P) where P is the (u,v) path in T,
traversed from u to v. Similarly define wt(v, ).

Let X = {v: wt(v, ) < wt(v,9)}. Thus, X = {v: wt(v, 9) > wt(v,?)}. Clearly
v € X and it is easy to see w € X. Suppose to the contrary w € X. Then ww is
not an edge of T" and thus the uw path in T plus the edge wu is a cycle C'. Moreover
this cycle must have ¢(C') < ¥(C') when traversed with the direction of the path P,
contrary to our assumption. Hence () # X C V(G) and 9(X) is a well defined edge
cut.

We claim that 07 (X) must only contain arcs where ¢(e) > 1(e) and arcs in 9~ (X)
must have p(e) < ¥(e). Suppose to the contrary there is an edge e = reX,yeX
such that ¢(e) < 1¥(e). (The proof for arcs in 9~ (X) analogous.) By construction
there is a (u, x)-path P; such that o(P;) < ¢(P;). Thus P, +y is an (u, y)-path such
that (P, +vy) < (P, +vy). On the other hand, since y € X, the path (u,y) path
in T, say P,, has the property that ¢(P,) > 1(F,). Hence, reverse of the path is a
(y,u)-path, P such that p(PJY) < ¢(PJ). The concatenation of P, +y and PJ is a
closed (u,u)-walk with less weight under ¢ than . In particular, it must contain a
cycle C such that p(C) # ¥(C), a contradiction. Let o = min.epx){|¢(e) — ¥ (e)}.
Relabel 0(X) by « to obtain ¢'. Now ¢’ agrees with ¢) on more edges than . The

result follows. O]

Observe the second half of the proof of Theorem 9.4 shows that if there is a cycle
C with different weights under ¢ and v, then C' is the fundamental cycle in T' + e
where e € 9(X). The discovery of such a cycle through examining fundamental cycles

plays a key role in our polynomial time algorithm.
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Corollary 9.5. Let G be a graph together with two (p,q)-edge-labellings ¢ and .
Either ¢ reconfigures to ¢ through a sequence of edge cut relabellings or there is a
cycle C' for which (C) # 1 (C). Morever, in the latter case C may be taken to be the
fundamental cycle in T 4+ e where T is a fived spanning tree of G, and e € O(X) as
defined in the proof of Theorem 9.4. Determining which of the two cases (exclusively)

holds can be determined in polynomial time.

9.1.2 Vertex Recolouring

We now return to recolouring vertices. We have already observed that given a (p, q)-
colouring f of a graph, we can construct a (p, ¢)-edge labelling ¢;. Conversely given
¢, a (p,q)-edge labelling, using the ideas from the proof of Theorem 9.4, we can
generate a weight, wt(v, ), for each vertex v. Reducing these weights modulo p
yields a (p, q)-colouring f where ¢ = . The following proposition is immediate.

Throughout this section addition (for shifting colours) is done modulo p.

Proposition 9.6. Let G be a connected graph. An edge-labelling ¢ : E(G) —
{0,1,...,p — 1} is a (p, q)-labelling if and only if v = s for some f : G — G,,.
Moreover, if oy = g for f,g: G — G4, then there exists k € {0,1,...,p— 1} such
that f(v) = g(v) + k for allv € V(G).

To connect our work on edge cut relabellings back to vertex recolourings, we must
realise edge cut relabelling through vertex recolourings where we recolour one vertex at
a time. First, we observe that relabelling ¢ on 9(X) by a corresponds to the following
vertex recolouring where we recolour an entire set of vertices (simultaneously). Let
f' be the colouring obtained from f by:

FO=1 70" e
Then ¢ is the edge-labelling obtained from ¢, by relabelling on 9(X) by a. We
call this process recolouring the vertex set X by o. Provided ¢(e) > ¢ + « for all
e € 0"(X) and ¢(e) < p—q— «a for all e € 97(X), the new colouring [’ is a
proper (p, q)-colouring. The following corollary is immediate from Proposition 9.6

and Theorem 9.4.
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Corollary 9.7. Let f and g be two (p,q)-colourings of a graph G. Then there is a
sequence of colourings f, f1, fa, ..., fn, €ach obtained from its predecessor by a vertex
set recolouring, where f,(v) = g(v) + k for all vertices v and some constant k if and

only if o;(C) = pgu(C) for all cycles C in G.

To complete our algorithm, we need to determine when recolouring a vertex set X
by a can be realised by a sequence of single vertex recolourings. We begin by proving
that for p/q < 4, recolouring by « can always be achieved through recolouring X by
1 (« times). Note this not the case when p/q > 4. For example, consider a (4, 1)-
colouring of Cy where the vertices are coloured 0, 1,2,3 (in their cyclic order). The
vertex with colour 0 can be recoloured to 2. However, the recolouring cannot be done
by increasing the colour by 1 (twice).

Given a pair a,b € {0,...,p — 1}, the interval [a,b] is defined to be the set
{a,a+1,...,b—1,b} (where addition is modulo p). An important property of G,,
used in the proof below is that, when 2 < p/q < 4, the common neighbours of any two
vertices form an interval. This fact, and its proof, appear in [56]. (Roughly, if z and y
are common neighbours in two non-contiguous intervals, then the non-neighbours of

x and the non-neighbours of y are disjoint intervals. This requires p > 242 (2¢—1)
or p/q>4.)

Proposition 9.8. For 2 < p/q < 4, let f,g be two (p,q)-colourings of a graph G
where g is obtained from f by recolouring the vertex set X by «. Then there is a
sequence of colourings (f = fo), f1, f2, -, (fa = g) where each colouring is obtained
from its predecessor by recolouring X by 1 (for the entire sequence) or each is obtained

from its predecessor by recolouring X by —1 (for the entire sequence).

Proof. Let v € X and vu be an edge. If u € X, then (f(v) + 1)(f(u) + 1) and
(f(v) = 1)(f(u) — 1) are both edges of G,,. Consequently we can increment the
colour by 1 of each vertex in X, or decrement the colour by 1 of each vertex in X,
and maintain a proper (p, g)-colouring on X.

On the other hand, consider a neighbour u of v such that u ¢ X. Note f(u)f(v)
and f(u)(f(v)+a) are both edges of G, ,. If @ = p/2, then f(u) is distance at least ¢
from both f(v) and f(v) + p/2 which implies p/2 > 2¢, contrary to our assumption.
If @ < p/2 < 2q, then f(u) must belong to the interval [f(v) + «, f(v)]. Thus f(u)
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is adjacent in G, , to every vertex of [f(v), f(v) + o] and in particular to f(v) + 1.
Note this argument depends only on o < p/2. Hence the colouring f; obtained from
f by increasing the colour of each vertex in X by 1 is a (p, ¢)-colouring of G.

A similar argument shows for @ > p/2, the colouring f; obtained from f by
decreasing the colour of each vertex in X by 11is a (p, ¢)-colouring. The result follows.

]

Given G, an orientation 8, and an (p, q)-edge-labelling, say ¢, let D, be the
subdigraph of 8 induced by edges with label ¢ or p — q. Without loss of generality
we may assumed D,, is oriented so that all edges have label ¢. (To simplify notation
we shall write Dy instead of D,, when the edge-labelling ¢, comes from some vertex
colouring f.) In the case p/q = 2, each edge will be oriented both ways, thus we have

a directed 2-cycle on each edge.

Lemma 9.9. Let f be a (p,q)-colouring of a graph G. Let f’ be the (p,q)-colouring
obtained from f by recolouring some vertex set X by 1. Then f' can obtain from f by
a sequence of recolourings of single vertices if and only if induced subdigraph D ¢[X]

contains no directed cycles.

Proof. Suppose D;[X] contains no directed cycles. We topologically sort the vertices
of X to obtain an ordering 1, s, . ..,x, where e = Tz, € E(D[X]) implies i < j.
For each i =t,t —1,...,1 increase f(x;) by 1.

On the other hand, suppose D;[X] contains a directed cycle. If one could sequen-
tially increase the colour of each vertex in X by 1, then there would be a first vertex
¢; in the cycle to have its colour changed. However, ¢; has an out neighbour ¢;y; (in
D¢[X]) meaning f(c;41) — f(¢;) = ¢. The resulting colouring gives the edge c;ci11 a

weight of ¢ — 1, i.e. the resulting colouring is a not a proper (p, ¢)-colouring. O]

9.1.3 Polynomial Time Algorithm

We now describe the polynomial time algorithm for recolouring. We present a proof
of correctness for each step below. The algorithm itself is in Figure 9.1.3.

Let f and g be two (p,q)-colourings of a graph G. As defined in [58], vertices
whose colours can never change under any sequence of recolourings are called fized.

Following the ideas of [58] and using the results above, we identify (the only) three
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obstructions preventing the recolouring of f to g: fixed vertices, cycle weights, and
weights of paths between fixed vertices.
The first step of the algorithm is to identify fixed vertices and verify f(v) = g(v)

for all fixed vertices.

Lemma 9.10. Let f be a (p, q)-colouring of a graph G where 2 < p/q < 4. Suppose
v s a vertex in a strongly connected component of Dy. Then the colour of v cannot

be changed under any sequence of recolourings.

Proof. Since v belongs to a strongly connected component of D¢, v must belong to a
directed cycle in Dy. By definition of Dy, the predecessor and successor of v on this
cycle receive colours f(v) — ¢ and f(v) + ¢ respectively. As noted above, and proved
in [56], the common neighbours of two vertices in G,,, form an interval. As the colour
of v must be a common neighbour of f(v) — ¢ and f(v) + ¢, the only choice for v is
f(v). That is, the colour of v cannot change until the colour of one its neighbours
changes. However, this is true for every vertex on the directed cycle. All the vertices

in the strongly connected component are fixed. O]

The strongly connected components of Dy can be found in linear time; hence, we
can find the fixed vertices and verify equality of f and g on the fixed vertices in linear
time. (See, e.g., [2].)

In Step 2 (a) of the algorithm we construct a spanning tree 7" rooted a vertex u,
and construct the cut 9(X) as in the proof of Theorem 9.4. Corollary 9.5 shows if
some cycle has different weight under ¢; and ¢,, then we will discover a fundamental
cycle in T+ e for some edge e € J(X).

In Step 2 (b) we calculate the shift a that will increase the number of edges upon
which ¢y and ¢, agree. Proposition 9.8, Lemma 9.9, and Lemma 9.11 show that the
vertices of X or X can be recoloured 1 at a time, or there is a path between fixed
vertices certifying that f does not recolour to g. Specifically, in the case we wish to
increase the vertex set X by 1 and D;[X] contains a directed cycle, we can achieve
the same change to the edge labelling on 9(X) by decreasing X by 1 provided D f [X]
does not contain a directed cycle. In the event both subgraphs contain a directed

cycle, we have an obstruction to recolouring as described in the following lemma.
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Lemma 9.11. Let G be a graph with two (p,q)-colourings f and g. Suppose T is
a spanning tree rooted at u. Let X = {v : wt(v,¢r) < wt(v,,)} (as defined in

Theorem 9.4). If Ds[X] and D;[X] both contain a directed cycle, then f does not

recolour to g.

Proof. Let z belong to a directed cycle in X and y belong to a directed cycle in X.
Then there are paths in T' from u to x, say P, and from u to y, say P, such that
0r(P1) < @g(Pr) and () > ¢,(P,). Thus the reverse of P, concatenated with P,
is an z,y-path such that ¢;(PfP) > p,(PEP). Since the end points of this path
belong to directed cycles in Dy, their colours are fixed. Let z be an internal vertex
of the path. If z can be recoloured by « it is easy to check the sum of the weight of
the two path edges incident with z does not change. (For example, if both edges are
directed in the direction of traversal of the path, one increases by « and the other
decreases by . The analyses for the other possible orientations of the two edges are

similar.) O

In [58], fixed vertices are found by successively deleting sources and sinks from
Dy. Thus vertices belonging to a directed cycle will be fixed, but also vertices on a
directed path between two directed cycles are also fixed. In our work, we identify fixed
vertices of the former type using strongly connected components of Dy and vertices
of the latter type by the weight of paths between strongly connected components (our
third obstruction) as directed paths in Dy have the smallest possible weight over all
edge labellings.

In Step 3 of the algorithm, we have recoloured vertices to obtain a colouring f,
such that ¢y, = ¢,. By Corollary 9.7, f,,(v) = g(v) + k for some constant k. If Dy
contains any directed cycles, then there are fixed vertices under f. In Step 1 we have
checked that f(v) = g(v) for fixed vertices, so we can conclude £ = 0 and f,, = g.
On the other hand, if £ # 0, then there are no directed cycles in Dy. Applying
Proposition 9.8 with X = V(G) shows we can recolour the vertices one at a time to
reconfigure f,, to g.

The following theorem is immediate from the algorithm.

Theorem 9.12. Let 2 < p/q < 4. Suppose f and g are (p,q)-colourings of a graph
G, 8 is an orientation of G and @y, @, are the edge labellings of G' obtained from f
and g. Then f recolours to g if and only if:
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The Recolouring Algorithm
Let 2 <p/q < 4.

Input: A graph G and two (p, ¢)-colourings f, g.

Output: A recolouring sequence from f to g or an obstruction to recolouring.

1. Find the strongly connected components of D¢. For each vertex v belonging to
a nontrivial strongly connected component, verify f(v) = g(v). If for some such
v, f(v) # g(v), then answer NO, return a directed cycle to which v belongs,
and STOP.

2. Construct a spanning tree T’ rooted at a vertex w. Partition V(G) into three
sets: Xy, Xe, X consisting of those vertices v whose (u, v)-path in T" has weight
larger, equal, smaller under ¢ versus ¢, respectively. Repeat until X,UX, = 0:

(a) If X; # 0, then let X = X, UX, and X = X,. (If X, = 0 and X, # 0
apply an analogous process reversing their roles.) For each e € 97 (X)
(resp. 07 (X)), verify ¢r(e) > p4(e) (resp. @r(e) < pq(e)). If some edge
fails this test, then answer NO, return a cycle with different weights under
¢f and ¢4, and STOP.

(b) If D¢[X] and D¢[X] both contain nontrivial strongly connected compo-
nents, then answer NO, return a path P between two fixed vertices with

©f(P) # @4(P), and STOP.

(c) Let v = mineep(x) |s(e) — @g(€)|- Recolour the vertices of X (or X) by 1
using a sequence of single vertex recolourings. Repeat this recolouring by
X (by 1) « times.
(d) Update the path weights in 7" and the sets X, X, X;.
3. At this point ¢ = ¢,. If f(u) = g(u), then answer YES, return the sequence of
recolourings, and STOP. Otherwise, we know G contains no directed cycles and
we can topologically sort V(G) : vy, v, ... v,. Increase (or decrease) the colour

of all the vertices by 1 in the order v, to v;. Repeat this until f(u) = g(u).
Answer YES, return the recolouring sequence, and STOP.

Figure 9.1: The Recolouring Algorithm
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1. the same set of vertices are fized under f and g and f(v) = g(v) for all fized

vertices;
2. for each cycle C of G, ¢¢(C) = ¢4(C); and
3. for each path P whose end points are fized, pr(P) = ¢4(P).

Moreover, one can find a recolouring sequence from f to g or an obstruction of the

above type in polynomial time.

At each iteration of the algorithm we recolour O(|V'(G)|) vertices and increase X,
by at least one vertex. Once a vertex is in X, it never leaves. Thus we do O(|V(G)])

recolouring steps.

Corollary 9.13. Let 2 < p/q < 4. Suppose f and g are (p,q)-colourings of a graph
G. If f recolours to g, then there is a reconfiguration sequence of length O(|V(G)]?)
which certifies this.

9.2 The PSPACE-complete Cases: p/q > 4

9.2.1 Overview

As in the previous section, addition and subtraction of in {0,...,p — 1} is viewed
modulo p. We say that i,57 € {0,...,p — 1} are compatible if they are adjacent in
Gp,,- For notational convenience, let us define k := |p/q| and r := p — kq.

Consider, for a moment, the case r = 0. If ¢ = 1, then the complexity is PSPACE-
complete by Theorem 1.22. Otherwise, let v : {0,...,k — 1} — {0,...,p — 1} be
defined by (i) :== gi and ¢ : {0,...,p — 1} — {0,...,k — 1} be defined by ¢(j) :=
|7/q]. It is not hard to see that v is a homomorphism from Kj to G, and that
¢ is a homomorphism from G, to K;. Also, given an instance (G, f,g) of the k-
RECOLOURING problem, we have that f reconfigures to g if and only if v f reconfigures
to vg as (p, q)-colourings. Therefore, the (p, ¢)-RECOLOURING problem is PSPACE-
complete if p/q > 4 and r = 0. Thus while the proofs below work when r = 0, to
avoid trivialities we assume that r > 1.

Given an instance (G, f, g) of the k-RECOLOURING problem, we will construct an

instance (G', «, ) of the (p, ¢)-RECOLOURING problem in polynomial time such that:
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o V(G =O(V(G)| +[E(G)]) and
e f reconfigures to ¢ if and only if a reconfigures to .

It will follow from Theorem 1.22 that the reconfiguration problem for (p, q)-colourings
is PSPACE-complete, thereby completing the proof of Theorem 1.24.

We give a brief outline of the ideas behind the construction before moving into the
finer details. The first step is to divide the set {0,...,p — 1} into k intervals which

we will, in some sense, treat as k separate colours. Define
So:=1[0,q+r—1], and

Si=lig+r,(i+1)g+r—1)forl1 <i<k-—1.

It is clear that S; and S; are disjoint for i # j and that [J'-) S; = {0,...,p—1}. Let
v:{0,...,k—1} = {0,...,p— 1} be the function which maps i to the left endpoint
of S; for 0 < i < k—1. For ¢ # j, it is easily observed that the left endpoint of
S; is adjacent to the left endpoint of S; in G,,. Therefore, given any k-colouring
f:V(G) —={0,...,k— 1}, the composition v f is a (p, ¢)-colouring.

This observation guides part of our construction. The graph G’ will contain G
as an induced subgraph and the (p,¢)-colourings o and [ will be defined so that
their restrictions to G will be equal to v f and g, respectively. Now, if it is possible
to reconfigure o to 8 in such a way that none of the intermediate colourings map
a pair of adjacent vertices of G' to the same set S;, then we immediately obtain a
reconfiguration sequence taking f to g. That is, to obtain a sequence of k-colourings
taking f to g, one could simply compose each (p, q)-colouring of the sequence with
the function ¢ : {0,...,p — 1} — {0,...,k — 1} which maps every vertex of S; to
¢ for 0 <4 < k —1. Notice that, for ¢ # 0, the set S; is a stable set in G, and
therefore no adjacent pair is ever mapped to S;. Thus, all that we need to worry
about is that some of the intermediate colourings may map two adjacent vertices of
G to Sp. To remedy this, we will add some structures (or “gadgets”) to G' which will
forbid adjacent vertices of G' from mapping to Sp.

To this end, we start by adding a copy of G, , disjoint from G with vertex set
{yo, ..., Yp—1}, where y;y; is an edge whenever ¢ < |i — j| < p — q. We extend the
(p, q)-colourings a and S to {yo,...,yp—1} by setting a(y;) = B(y;) = ¢ for all 7. It
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is clear that each vertex y; is fixed in o and 8 and, moreover, in any (p, ¢)-colouring
which reconfigures to « or .

Now, for each edge uv of G, we will add two forbidding paths P,, and P,, from u
to v to G’ which are internally disjoint from V(G) U {yo,...,¥y,—1} and one another,
as well as from every other such path. These paths restrict the colour pairs which
can appear on u and v during a reconfiguration process. We achieve this by assigning
to each interval vertex of the path, a list of allowed colours for that vertex, i.e. we
use a list colouring. This is accomplished by joining the internal vertices of the paths
to specific subsets of {yo,...,yp—1}. For example consider the case p = 18,q = 4
which we explore below. Suppose we want a path vertex x to always be coloured
with an element of the list {4,5,...,11}. Then it suffices to join x to the vertices
{v15, Y16, Y17, Yo }. As we will show, the colours in the lists forbids u and v from
mapping to Sy. Also, once we describe our construction in detail, it will be clear
that the length of the forbidding paths depends only on p and ¢, and so |V(G')| =
O (V(G)] + [E(G)]).

The difficulty now comes in proving that if f reconfigures to g, then a reconfigures
to 3. Specifically, given a reconfiguration sequence (h;);_; taking f to g, we need that
the lists assigned to the internal vertices of the forbidding paths are flexible enough
that we can use (h;);_; to obtain a reconfiguration sequence taking « to 8. This will
be proved using a moderate amount of case analysis at the end of the section. Before
moving on, we remark that the general strategy of using some sort of forbidding
paths in which the internal vertices are confined to lists was also used by Bonsma
and Cereceda [48] (in a somewhat different manner) to prove that the reconfiguration

problem for k-colourings is PSPACE-complete for k£ > 4.

9.2.2 Defining the Forbidding Paths

Let uv be an edge of G. We will now describe our construction of the forbidding path
P, = uxg’z{ ... z{"v from u to v, including the definition of the lists assigned to
the internal vertices xj",...,x}"". As mentioned before, the construction of G’ also
includes a path P,, from v to u which is defined similarly.

First, the construction of the lists depends on the sequence ¢, 2q, 3¢, . .., r. Define

t to be the smallest positive integer such that (¢4 1)g = r(mod p). Now, the lists for
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uv uv

<
<

2 . o
Figure 9.2: Forbidding paths attached to each edge uv

the internal vertices of P,, are intervals of G, , and are defined as follows:
L(zg") =L (") == [p—1,2¢—1],

L(z}) :=[ig,(1 +2)g—1] for 1 <i<t—1.

As stated in the outline, in order to enforce these lists we add a copy of G,, , on vertex
set {¥o,-..,Yp—1} and join the vertices of P,, \ {u,v} to the appropriate vertices of
this set. Specifically, we join the vertices z{” and x}"* to {y; : j € [3¢ — 1,p — ¢ — 1]}
and join 2’ to {y; : j € [(i+3)g—1,(i —1)g]} for 1 <i <t —1.

Figure 9.3 contains a useful tabular representation of the lists, and a specific case
(p,q) = (18,4) is depicted in Figure 9.4. In both of these figures, the colours are laid
out so that below colour ¢ in the table is the colour ¢ 4 ¢q. This gives the following

proposition.

Proposition 9.14. When colouring the path xi’, x}, ..., x}" the colours used (one
per row) must be directly below or to the right of the preceding vertez, and any such
sequence of colours from the table gives a good colouring of the path with the exception
of L(x) and L(x}{). In this case colours in the interval [r —2q,r —1] of L(x}*) are
compatible with colours below and to the right in the interval [p — 1,q + r] of L(z}").

Similarly, the interval [—q — 1,7 — 1] is compatible with colours below and to the right

of [p—1,2¢ —1].

Proof. For 1 <i <t—2 vertex z}'V receives a colour from the interval [ig, (i +2)q — 1]
and z}; receives a colour from [(i 4+ 1)g, (i +3)q — 1]. Observe iq is compatible with
all colours in the interval [(i + 1)q, (i — 1)g]. Since p+ (i —1)q > (i + 3)q — 1, we have
iq is compatible with every colour on the list for zj},. The colour ig+ 1 is compatible

with [(i+1)¢+1, (i—1)g+ 1] which include all colours below and to the right of ig+1.
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Continuing one sees that (i +2)g — 1 is compatible with [(i +3)q — 1, (i + 1)q — 1]
which includes only the last vertex of the list for ;. Thus the proposition holds
for 1 <1 <t—2. It is straightforward to verify the case i = 0 as well. Consider now
1 =t —1. The argument is similar; however, we need to consider the two cases in the
statement of the proposition. First for a colour [r —2q,r — 1], a colour in [p—1, g+ r]
is compatible if and only if it is below and to the right. (Note the right hand end
point g+ r is compatible with r —2¢ if and only if p+7r—2¢—¢q > g+rorp > 4q.) A
similar statement holds for [-¢ — 1,7 — 1] and [p — 1,2¢q — 1]. The result follows. [

Finally the vertical bar in the table provides the following information: if vertex
u receives colour 0, then only colours to the right of the vertical bar can be used to

colour the path P,,.

Vertex Lists

zy” p—1 0 qg—r—1 qg—1 q 2qg—1

v q 2g—r—1 2q—1 2q 3qg—1

5" 2q 3g—r—1 3g—1 3q 49 —1

v iq . (+Dg—r—-1 ... (i+lg—-1]|GE+1)qg ... (1+2)g—1

Ty r—2q ... —q—1 r—qg—1 r—gq r—1

xy p—1 r—1 r qg+r—1 .o 2g—1

Figure 9.3: Assignment of lists to the internal vertices of the forbidding path.

Vertex Lists

xgt |17 0 1 2 3] 4 5 6 7

x{ 4 5 6 7| 8 9 10 11

g’ 8 9 10 11|12 13 14 15

xy’ 12 13 14 15|16 17 0 1

xy’ 7 0 1| 2 3 4 5 6 7

Figure 9.4: Assignment of lists to the internal vertices of the forbidding path for the
(p. q) = (18,4) case.

Before moving on, let us check that the paths P,, and P,, actually do the job
that they are meant to do; namely, that they forbid v and v from both being mapped
to So.
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Proposition 9.15. Let uv be an edge of G. If ¢ is a (p,q)-colouring of Py, U Py,
such that the internal vertices of each path are coloured from their lists, then 1 (u)

and (v) cannot both be contained in Sy.

Proof. Suppose to the contrary that i (u), ¥ (v) € Sp. In G, 4, the only edges contained
in Sy are between vertices in [0, — 1] and vertices in [q,q + r — 1]. So, without loss

of generality, we can assume that
Y(u) € [0,r — 1] and ¥ (v) € [q,q+ 1 — 1]. (9.16)

However, the fact that ¢(u) € [0, — 1] implies that ¢ (") € [¢,2q — 1] (Note that
r—1 < g—1and thus (r—1,p—1) is not an edge of G, ,.) By our observations above,
we see that only colours to the right of the vertical line in Figure 9.3 can be used to
colour P,,. In particular ¢ (z}) € [r,2¢q — 1]. This implies that ¢(v) & [q,q +r — 1],
which contradicts (9.16) and completes the proof. O

9.2.3 Defining o and 3 on the Forbidding Paths

As we have already mentioned, o and [ are defined in such a way that their restrictions
to G are equal to v f and ~g, respectively, and a(y;) = B(y;) = i for all i. Next, we
will describe the way in which we extend a and [ to the vertices of the forbidding
paths.

Recall that the vertices of G each receive a colour from {0, g+r, 2¢+r, ..., (k—1)g+
r} under a. Given an edge uv of G, the internal vertices of P,, are coloured as follows.
If a(u) # 0 and a(v) # 0, then colour =¥ with colour iq for i = 0,1,2,...,¢t — 1 and
colour z}” with 0. (These colours correspond to the left hand column in Figure 9.3 for
1 <i<t—1.) The path P is similarly coloured so that a(z}") = iq and a(z}") = 0.
In particular, a(z§’) = a(zj*) = 0 for all v € N(u). Note that (t — 1)g = r — 2q
(mod p) which is compatible with 0. On the other hand, if a(u) = 0, then set
alzd) = (i+1)q for i = 0,1,...,t. For P,,, set a(zi*) = iq for i = 0,1,...,t —1
and a(z}") = ¢q. Observe in this case, the internal vertices around u have colour g,
Le. a(zf’) = a(zy*) = q for all v € N(u), and the internal vertices around v have
colour r or 0, i.e. a(x}’) =r and a(z§*) = 0 for all v € N(u).

We similarly extend /5 using g. A technical detail we will exploit below is that in
extending v and [ the colour for 2} belongs to {0, 7, q}. These colours are compati-

ble with all colours above and to the left in the row for z}*¥; by Proposition 9.14. We
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call these colourings of P,, the standard path colourings. At the start of each recon-
figuration step we assume the paths have a standard path colouring, and the end of
each reconfiguration step we ensure the paths have a standard path colouring. The
standard path colourings correspond to coloumns in Figure 9.3 with possible changes
at z;"’.

By Proposition 9.15, given any sequence of (p,q)-colourings which reconfigures
a to B, we can compose each of these colourings with + to obtain a sequence of

k-colourings taking f to g. This proves the following proposition.

Proposition 9.17. Suppose (G',«a, ) is an instance of (p,q)-RECOLOURING o0b-
tained from (G, f,q), an instance of k-RECOLOURING, as described above. If o re-

configures to 3, then f reconfigures to g.

9.2.4 Recolouring G’

To complete the reduction we need to prove that if f reconfigures to ¢, then «
reconfigures to 8. Let (h;);_; be any reconfiguration sequence taking f to g. We

show that there is a sequence (7;)5_; of (p, g)-colourings of G’ such that
e m =« and ns = f,
e the restriction of n; to G is vh; for 1 <1 < s, and
e 1); reconfigures to ;41 for 1 <i <s—1.

Clearly this will prove that a reconfigures to f and complete the proof of Theo-
rem 1.24.

Before tackling the general case we illustrate our method with the example in
Figure 9.5, in which (p,q) = (18,4). In this case, the colourings n; map V(G) to the
colours {0,6,10,14}. Let 1 < j < s — 1 be fixed and suppose that (1;)’_, have been
constructed to satisfy the conditions above; our goal is to construct the colouring 7,41
and a reconfiguration sequence taking 7; to 7;41.

By definition, h; and h;i; differ on at most one vertex, say u € V(G). Suppose,
for example that h;(u) = 0 and hji(u) = 1; this requires us change the colour of
u from 0 (its current colour under 7;) to 6 (its desired colour under 7;4;) without

changing the colour of any other vertex of G. We remark that this is the most involved
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Figure 9.5: Recolouring u from 0 to 6 in the (18,4) case.

case, and corresponds to Case (c¢) in Lemma 9.18 below. The other cases use similar
ideas but are more straightforward. For each vertex v € V(G) to which u is adjacent,
v must receive a colour from {2,3} under h; to facilitate the recolouring of u, which
implies that n;(v) € {10,14}. Each step below is applied for each neighbour v of
u, one by one, before moving on to the subsequent step. The recoloured vertices at
each step are shown as white vertices in Figure 9.5 with the new colours indicated in

boldface.

i) First, recolour z%* to 13 and xj* to 7. Then, recolour P,, by recolouring z}"
3 4 y g Ty
to 5, 23" to 1, x4¥ to 15, z{¥ to 11 and z{¥ to 7. At this point all vertices of

{z§?, 2" : v € Ng(u)} have colour 7.
(ii) Now, change the colour of u to 3 (temporarily).

(iii) Next, change the colour of 2§’ to 17 and z}* to 17. At this point all vertices of

{z§?, 2" : v € Ng(u)} have colour 17. Recolour u to 6.

uv

(iv) Recolour the paths to the standard colourings:

“v is coloured iq for i =

0,1,...,t — 1 and z}"” is coloured 0; z}*, is coloured 12 and z}* is coloured

0.
We now describe the recolouring technique in general.

Lemma 9.18. Let h and h' be k-colourings of G which differ on a unique vertex u

and let n be a (p, q)-colouring of G' such that
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e 1 is the standard path colouring for all paths P,,,
e 7n(y;) =1 for all i, and
e the restriction of n to G is yh.

Then there exists a (p, q)-colouring ' of G’ such that 1/ is the standard path colouring
for all paths P,,, the restriction of ' to G is vh', and n reconfigures to n'.

Proof. We provide a reconfiguration sequence which takes n to a colouring 7’ with
the desired properties. The proof is divided into cases. In each case, each of the
reconfiguration steps is done for every neighbour v of u, one by one, before moving
on to the subsequent step.

As mentioned above, when extending « from V(G) to V(G’), the colour for x}"
is selected from the interval [p — 1, ¢ + r]. In some cases below we may assign z}¥ a
colour outside of this interval (but still on its list). However, the assignment will be
compatible with the current colour of z}"”; and at the end of the case the colour of
2 will be in [p— 1,9+ r].

Let uv be an edge in G and assume the paths P,, and P,, have standard path

colourings.

Case (a): n(u),n'(u) € {g+r2¢+r,...,(k—1)g+r} In standard path colour-
ings n(xy”), n(xy*) € {0,r} for each v € N(u). The colour 1'(u) is compatible
with both 0 and r, so we may change the colour of u to n’(u). The paths still

have standard path colourings.
Case (b): n(u) =0,7(u) € {2¢+7r,3¢+7r,...,(k—1)qg+7}

(i) By the definition of standard path colourings, n(z{") = n(z}*) = ¢. Change
the colour of u to 7'(u).
(ii) Recolour z}* to 0. The path P,, now has a standard path colouring.
(iii) Recolour z¥ to iq for i = 0,1,...,t — 1 and x}"¥ to 0. The path P,, now

has a standard path colouring.

Case (c¢): n(u) =0,7'(u) =qg+r
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(i) We begin observing that h(u) = 0 and A'(u) = 1, which implies that
h(v) € {2,...,k —1}. Thus, n(v) € {2¢+r,3¢+7r,...,(k—1)g+r}. For

i=1t,...,0, in order, recolour z* to (i +2)q — 1.

(ii) Change the colours of z}*, to —¢ — 1, and x}"* to 2¢ — 1. These colours are
compatible with each other, and by Propsoition 9.14, the colour of x}“,

and ", are compatible as well.

(iii) At this point all vertices of {z{", 2}" : v € Ng(u)} have colour 2¢ — 1. Re-
colour u to ¢ — 1 (temporarily). Note that this colour is compatible with

all neighbours v of w in G since n(v) € {2¢+r,3¢+r,...,(k—1)g+r}.
(iv) Recolour z" to p — 1 and z}* to p — 1.

(v) At this point all vertices of {z{", z{*:v € Ng(u)} are coloured p — 1.

Change the colour of u to g + 7.
(vi) Recolour z}“; to r—2q and z}" to 0. Recolour z}" to iq fori =0,1,...,t—1
and ¥ to 0. The paths now have the standard path colourings.
Case (d): n(u) € {2¢+r,3¢+7r,...(k—1)g+7r},7'(u) =0
(i) Change the colour of z¥" to ¢, and recolour z¥* to (i + 1)q for i = ¢,t —
1,...,0.

(ii) At this point all vertices of {z{",z}" : v € Ng(u)} have colour q. Now

change the colour of u to 0.

(iii) The paths have standard path colourings.
Case (e): n(u) =q+r,n'(u) =0

(i) Recolour z}" to p — 1 and z§" to p — 1.

(ii) At this point all vertices of {z{", z}* : v € Ng(u)} have colour p—1. Change
the colour of u to ¢ — 1 (temporarily). Note that this colour is compatible

with all neighbours v of u in G since n(v) € {2¢+r,3q¢+r,...,(k—1)g+r}.

(iii) Since n(v) € {2¢ +r,3¢+r,...,(k —1)g+r}, for ¢ = ¢,...,0 we can

recolour ¥ to (i + 2)q — 1.

iv) Change the colour of x}%; to —g — 1, z}* to 2¢ — 1 and u to 0.
t—1 t
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(v) Finally, recolour z* to (i + 1)q for i = 0,1,...,t. Recolour z}* to ¢, and

xy", to r — 2q. The paths have the standard path colourings.

This completes the proof of the lemma, and of Theorem 1.24. m
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