THE GEHRING LEMMA: DIMENSION FREE ESTIMATES
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ABSTRACT. We present a dimension free estimate for the exponent of higher integrability in Gehring’s
Lemma for an inhomogeneous weak reverse Holder inequality.

Dedicated to Carlo Sbordone on the occasion of his 70th birthday.

1. INTRODUCTION AND STATEMENT OF RESULT

It is well-known that reverse Holder inequalities are self-improving in the sense that if for some cube
Q2 C R", exponent p > 1 and nonnegative integrable function f: {2 — R we have that

]éfpdmgA,, (]éfdx)p

holds for all subcubes  C 2 with a constant A, independent of the cube (), then there exist an
exponent ¢ > p and a constant A,, both depending on n, p and A,, such that

]{2fqu§Aq <]£2fd:v>q

holds for all subcubes () C 2. The result is known as Gehring’s Lemma [10]. The interest in reverse
Holder inequalities can be traced back at the least to the work of Muckenhoupt [29] and the theory
of LP weights (see also [3, 4, 9]). However, Gehring’s contribution was in the direction of L? theory
of quasiconformal mappings. For quasiregular mappings and more generally nonlinear PDEs, weak
reverse Holder inequalities appear naturally in connection with Caccioppoli type estimates. A weak
reverse Holder inequality often takes the form

]éfpdaj <A, (i@f@;)p

where we now integrate over the double cube 2() on the right-hand side. That validity of these inequal-
ities and their inhomogeneous variants also self-improve was established through the works of Elcrat
and Meyers [27], Giaquinta and Modica [11] and Stredulinsky [31]. Since then such inequalities have
been widely studied in many different situations, see for instance [12, 14] for more details and back-
ground. More recently, there has been some interest in obtaining a better control of the constants that
appear in the self-improved inequality. In particular it has been shown that dimension free integrability
improvement can be obtained from a strong reverse Holder inequality in the sense that the exponent
q > p above can be taken independent of the dimension n in such cases. Here we use a terminology
that is inspired by Kinnunen [16] who defined a notion of strong Muckenhoupt weights, and thus a
strong reverse Holder inequality is an inequality of the form

]{%fpdngp (ﬂfdm)p,

where now R is any rectangle in R™ (no bound on the ratios between side-lengths). See also [6, 21,
24, 30, 32] for further interesting results in this direction. In the present note we show that dimension
free integrability improvement follows from an inhomogeneous weak reverse Holder inequality on
rectangles R whose side lengths have ratios between 1/2 and 2 (we call them admissible rectangles):
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Theorem 1.1. Let Q2 be an open subset of R", p € (1,00), K > 1 and f, h € LP(Q) be nonnegative.
Assume that

W (fr dx)i <xcf saei (f dw);

holds for all admissible rectangles R with 2R C ). Then for every exponent q satisfying

p
qsp+ 2P+2Kp+1( p )282 —1
p—1

we have for cubes (Q whose double 2Q) C ) the bound

(1.2) (f(;)fq dm>é <A (i@fp dx) "B (ith da:>é

where A = 22"+ and B = 4™+3(-21) K3 will do.

We emphasize that the main point of our result is the dimension free integrability improvement and
that we have not made any attempt at providing the sharp constants. Our proof is modelled on a proof
of Iwaniec [13] and relies on having good control over constants in various maximal inequalities. These
bounds are established in Section 3 and the proof of Theorem 1.1 is presented in Section 4. The fact
that our proof relies mainly on martingale maximal inequalities makes it more elementary than those
recorded in the literature.

Among the earlier references on reverse Holder inequalities and the closely related topic of Muck-
enhoupt weights we mention [1, 5, 28] and for a sample of applications and extensions not included in
the monographs mentioned above see for instance [2, 8, 15, 18, 19, 20].

2. PRELIMINARIES

2.1. Basic notation. On R™ we use standard euclidean inner products and the corresponding norms
denoted by x - y and |x| = /& -y, respectively. When A and B are subsets of R, then the distance
between them is as usual defined by dist(A, B) = inf{|a — b| : a € A, b € B}.

We use standard notation for functions and measures as can be found in for instance [22]. In par-
ticular, the Lebesgue measure on R™ is denoted by .#™ and when f: A — [0, 0] is a nonnegative
measurable function defined on a measurable subset A C R™ with .£"(A) € (0, 00) its integral mean

over A is denoted by
1
]if(w)dw —]{‘fdw = Zna) /Af(x)dx,

where the value oo as usual is allowed.

2.2. Dyadic cubes and rectangles. By a cube () in R™ we mean a closed cubic interval, so for some
ac€R"ands >0,Q =a+[-5,5]" =[a1 — 5,01+ 5] x - X [an — §,an + 5]. Werefertoa
as the center of the cube () and s as its sidelength. For a positive number A > 0 we write A() for the
dilated cube obtained from @ by dilation with factor A about its center a.

For a cube @ in R" its dyadic subcubes are the cubes obtained by simultaneously bisecting all sides
of the cube and its subcubes. We refer to () itself as the 0-th generation dyadic subcube, and each
of the 2™ congruent subcubes obtained by bisecting each side of () as the 1-st generation and so on.
The collection of k-th generation dyadic subcubes of @) is denoted by Dy (Q) and we record that it
consists of 2*™ nonoverlapping congruent subcubes. Each k-th generation dyadic subcube is in turn the
nonoverlapping union of the 2™ (k + 1)-th generation dyadic subcubes it contains and we refer to these
dyadic subcubes as its children and in turn the k-th generation subcube as their parent. The family of
all dyadic subcubes of @ is denoted by D(Q) = Uy~ Pr(Q).

By a rectangle R in R™ we mean a cartesian product of n bounded closed intervals R = [a1, b1] X
<+ X [an,by]. The center of Ris ((by —a1)/2, ..., (b, — a,)/2) and for a positive number A > 0 the
dilated rectangle AR is the rectangle obtained by dilating R about its center with factor .
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We shall call a rectangle in R™ for admissible if the ratios of its sidelengths b; — a; all belong to the
interval [1,2]:

1 bl‘ — Qa;

- <

2 bj — aj
The notion of dyadic rectangles is defined as a natural generalization of that of dyadic cubes. As a
starting point we fix an admissible rectangle () in R™. The 0-th generation dyadic rectangle is ) itself,
and we put Ro(Q) = {Q}. The first generation dyadic rectangles are the two congruent rectangles,
R’, R", obtained by bisecting the first coordinate side of Q, and we put R1(Q) = {R',R"}. The
second generation dyadic rectangles are the four congruent rectangles that result when we bisect the
second coordinate side in R’ and R”, and so on. The k-th generation dyadic rectangles is denoted
by Ri(Q) and the family of all dyadic rectangles is denoted by R(Q) = Up—o Rx(Q). We record
that R (Q) consists of 2¥ nonoverlapping congruent rectangles, each of which is the union of the two
(k + 1)-th generation dyadic rectangles it contains. We refer to these two (k + 1)-th generation dyadic
rectangles as its children and in turn the k-th generation dyadic rectangle as their parent. Clearly, the n-
th generation dyadic rectangles coincide with the 1-st generation dyadic cubes when the starting point
Q is a cube.

<2for1<i,j5<n.

Lemma 2.1. Let QQ be an admissible rectangle in R™ with center a € R™ and let k € Ny. Then for
each R € Ry (Q) we have 2R € Ry (2Q) and

2R = | J{S € Rp4n(2Q) : S C 2R}
a nonoverlapping union of 2" dyadic (k + n)-th generation subrectangles Ry, ..., Ron that each
satisfies Rj N R € Ri4n(Q) and 22" (R; N R) = L™ (R;).

Proof. Using a coordinate transformation we can assume that ) = [—1/2,1/2]™. Since each dyadic
rectangle is a nonoverlapping union of the maximal dyadic cubes it contains we can without loss in
generality also assume that R is a dyadic cube: R = 27%(z + Q) for some 2z € Z". But then 2R =
27k (2 +2Q) € Ri(2Q) and so 2R is the nonoverlapping union of the 2" dyadic (n + k)-th generation
subrectangles, Ry, ..., Ron, of 2Q) that it contains. It is geometrically clear that R; N R € R4, (Q)
and that 2" (R; N R) = Z"(R;), so the proof is complete. O

3. MAXIMAL INEQUALITIES
For a cube Q in R” we define for each nonnegative f € L' (Q) its maximal function corresponding

to the family R(Q) of dyadic rectangles as

MUf)(0) = M fl(a) = s { f 7y ReR@ana e R} (<@

Clearly, M[f]: Q@ — [0, oo] is a measurable function and we denote its distribution function by
Mb) = 2"({w € Q: MIf]> 1)) (t>0)

From the martingale convergence theorem follows that M[f] > f almost everywhere (see for instance
[7, Chap. XI, Sect. 14]). We then have the following Doob type maximal-martingale inequalities:
Proposition 3.1. For allt > fg we have

1
(3.1) f/ fdax <tA(t) < / fdz,

2 J{a: M5t} {w: M[f]>t}

and consequently for each p € (1, 00) the integral bounds

v %_ v % 5 »
(32) (2]{2f”dw> (%) fQ§<][QM[f]pdx> Sp%fpdx) |

where we recall the notation p' = # for the Holder conjugate exponent.
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Remark 3.2. While the upper integral bound in (3.2) is sharp, it is in fact possible to slightly refine
both bounds appearing in (3.2). For instance, when p = 2 the reader can readily check from the proof
given below that (3.1) actually yields

]édex S]éM[dex S]éfzder]ZQUlede'

The corresponding estimates for p # 2 are more involved, and as we do not require them here we
will not pursue them further. Anyway, using more sophisticated methods a whole array of such refined
bounds have been obtained in [23, 25].

Proof. For the proof of (3.1) we fix t > fg and put F = {x € Q : M[f] > t}. Consider the family F
of dyadic rectangles R € R satisfying

(3.3) ][ Fdz >t
R

Each R € F is contained in a unique maximal R € F. Denote by R;, j € J, the collection of such
maximal dyadic rectangles and note that F' = | ;e Rj, as a non-overlapping union. Since ¢ > fo we

have R; # @ and the dyadic parent R; € R of R; satisfies fz < t. Since R; has two children in R
we deduce that f r; < 2t. We can now conclude with (3.1) as follows:

<Z fdm:/fdx
tL"(F) =Y tL™(Ry) jes ot "
jed ’ ZZ%/Rfdxzé/Ffdx.

je i
The derivation of (3.2) is routine: writing || - ||, for the L? norm on ) and expressing the integral of
M]f] in terms of its distribution function we get
PrAl = p [
0

(3.1) fa oo
< p/ tPIN(1) dt+p/ tP—Q/ fdzdt
0 fe {z: M[f]>t}

< ()" 2"@Q+ /Q ((M[f])’“ - (m)‘“) fda

Holder

< AU = 5= ()27 (@)

The upper bound in (3.2) follows. The derivation of the lower bound is similar, where instead of
Holder’s inequality we simply use that M |[f] > f a.e. whereby we arrive at

I = S+ 5= () 2@

Y n
> LI~ ()2 @).
and the lower bound follows easily from this. 0

Remark 3.3. The usual dyadic maximal function admits slightly worse lower integral bounds that
result from each dyadic cube having 2™ children instead of just 2. Indeed the changes to the above are
minor and we simply must replace the factor % in the lower bounds of (3.1), (3.2) by 2% As we seek to
avoid a dependence on the dimension this small change is crucial here.

In order to deal with the weak reverse Holder inequalities where we integrate over the double rec-
tangle on the right-hand side we require a variant of the upper bound in (3.2). This is addressed in the
following
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Proposition 3.4. Let Q be a cube in R™ and 2Q) its double. We now consider the maximal function
corresponding to the family R(2Q):

M[f](x) = Mg q)fl(z) = sup {]{gfdy : ReR(2Q) and x € R} (x €2Q)
where f € L' (2Q) is nonnegative. Put

A(t) == .z"({x €Q: M[fl(x) > t}) (t>0),

where we emphasize that this is the distribution function of M [f] on the cube Q and not on 2Q. Then

for

2n—1

t>m:= max{]{{fdy: Rc U Rk(QQ)}a
k=0

we have

(3.4) ) <

< */ fdx
t Jizeq: MIf]>1}

and consequently for each p € (1, 00),

(3.5) (]{QM[f]p dx) ’ <yp (éfp dx) ’ +m.

Proof. We use Lemma 2.1 to negotiate between the dyadic rectangles with respect to ) and 2(), but
proceed otherwise as above. Fix t > m and put F = {z € Q : M][f] > t}. We select the maximal
rectangles in the family

F={ReR(2Q): ]ifdx>t}.

If R € F, then necessarily R € R (2Q) for some k& > 2n since ¢ > m. But from Lemma 2.1 we have
in particular that Q = (J{T € R2,(2Q) : T C Q} and so if Z"(RN Q) > 0, then R C Q. The
maximal rectangles in F therefore fall into two groups, those contained in () and those contained in the
complement (2Q)) \ int@. Denote the former by R;, j € J. Then F' = |J._; R; as nonoverlapping
union and estimating as in the previous proof we find

/\(t):Z,,%”(Rj)<%Z/Rbfd:v:%/Ffdx,

jeJ jeJ

jeJ

which is (3.4). Now using this bound we find for p € (1, 00) that

/QM[f]de = (/Om-l—/moo)ptp_l)\(t)dt::I—FH

(3.4) 00
< I+/ ptp_Q/ fdzdt
m {reQ: M[f]>t}

= I—l—p’/ (M[f]p_1 — mp_l)fdx
{zeQ: M[f]>m}

Mg
< +p IMAN I Ny

where || - ||, is the L” norm on Q. Note that || M [f]||, > I and that the function X — X7 —p/ XP~1y
is increasing for X > Y. WhenY > 0 we have for X = I7 +p'Y thatY = (X —I7)/p’ and therefore

that X? — p’ XP~'Y = I. Consequently, X? — p/ XP~'Y > I for X > I» + p'Y and therefore (3.5)
follows if we take X = ||M[f]|l,. Y = ||f||, and note that I < mP.£™(Q). O
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Remark 3.5. The significance of (3.5) resides for us in the fact that the two LP norms are taken over
the cube @) and not its double 2Q) despite the maximal function being defined with reference to 2Q).
Integrals over the double cube 2Q) appear in m.

We require yet another maximal operator in order to efficiently deal with the weak reverse Holder
inequalities. For its definition, fix again a cube @ in R™ and put for nonnegative f € L'(2Q),

M[fl(z) = MR(Q)[ﬂ(x) := sup {]éRfdy : ReR(Q)and x € R} (ze@)

This maximal function is not of martingale type because the generated o-algebras of subsets of 2(Q),
o({2R: R € Rx(Q)}), k € Ny, do not form a filtration (see [7] for the terminology). However, as we
shall see it is possible to bound its distribution function using the maximal operator Mg 2¢) considered
above and then deduce an LP bound from Proposition 3.4 that is essentially dimension free.

Proposition 3.6. Let f € L' (2Q) be nonnegative and put
At)=2"({z € Q: M[f)(z)>t}) (t>0)

Then for t > 0 we have

(3.6) At) < =

=3 / ) Mz 2q)[f]dz,
{z€Q: M[f]>t}

and hence for p € (1, 00),

1

(3.7) <]éM[f}sz> "< (r')? (]éfp dx) ’ +p’22"]12Qf dz.

Proof. Lett > 0 and put F = {z € Q : M[f](x) > t}. Consider the family F of dyadic rectangles
R € R(Q) satisfying
][ fdx >t
2R

Let R;, j € J, denote the maximal such rectangles. Then F = U ;e Rj as anonoverlapping union,
and according to Lemma 2.1 we may write each double 2R; as a nonoverlapping union:

2RJ = Qj71 U...U Q]”Qn,

where Qj,i S R(2Q), Qj,i n Rj S R(Q) and fn(Q]ﬂ) = 271371(@]1 N R]) Now

At) = Z.zn(Rj)<iZ fdx

jeJ jeJ
1 i
— L L Q] far
jeJ i=1 Qj,i
1 271
ong DN 2MQ0) inf Mr(2q) [f]

jeJi=1

IN

on

1
= 3 > 2MQiNRy) g}f Mg 2¢)[f]

jeJi=1

1
n /FMR(QQ)[ﬂ dz.

IN
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This is (3.6). For (3.7) we proceed as in the previous proof and denoting by || - ||, the L” norm taken
over () we get

||Mm||g - /prtp—wt)dt

/ ptP—?2 / Mg 2q)[f]dzdt
{z€Q: M[f]>t}

/QM "My eq)lfldz

Holder

< PIMAIE Mg Al
(3.4) B - L
< PIMIAE @]l +mL™(Q)7)
and (3.7) follows since m < 22”f2Q. O

4. PROOF OF THEOREM 1.1

We follow the strategy of the maximal function proof as exposed in [13, Section 5], but invoke the
maximal inequalities from Section 3. The original proof of Gehring [10] and also its generalizations by
Elcrat and Meyers [27], Giaquinta and Modica [11] and Stredulinsky [31] used maximal functions too,
but relied on a variant of an inequality for Stieltjes integrals from [10] instead of more precise estimates
of the constants in the maximal inequalities.

Proof. 1t is convenient to proceed in two steps.
Step 1. We reduce to the case where f, h are bounded functions.

Let us emphasize that it is at this the point we must require the weak reverse Holder inequality (1.1)
holds for all admissible rectangles and not merely for dyadic rectangles as defined in Section 2 and
used in the later steps of this proof. The reduction is identical to that given in [13, Section 5], but we
provide details for the convenience of the reader since our setting is slightly different.

Let (p;) be a standard smooth mollifier:

1
pe(z) = P (%) ,x e€R™ >0,
where p € C2°(R"™) is nonnegative, supported in By (0), radial and integrates to 1. We extend f, h to
all of R™ by defining them to be 0 off Q. Put f; := p; * f. Then we find for an admissible rectangle
R C Q satisfying dist(2R, 92) > t, using first the integral form of Minkowski’s inequality, then (1.1)

and finally Jensen’s inequality:
/ pe(y) ( fl@=y)? dw) dy
n R

(ferss)
R

<
< /Rnpt(y) [K]éRf(m—y)dwﬂL (iRh(w—y)”dwY] dy
< K][;thdx+<]éRHtpdx);,

where we have defined Hy () := (p; * hp)%

Step 2. Fix {y > 0 and consider a cube ) C 2 such that its double 2@ satisfies dist(2Q, 9Q) > to.
For a fixed t € (0,ty) we write for notational simplicity f, H instead of f;, H; in the following and
record, from Step 1, that for all dyadic rectangles R € R(Q) the weak reverse Holder inequality

(]{%fpdx>; < K]éRfdx—&— (]éRdex>;



8 J. KRISTENSEN AND B. STROFFOLINI

holds. Denoting the maximal functions from Section 3 by M = M) and M = MR(Q) , respectively,
we deduce that M[f”]% < KM[f] + M[Hp}% on Q. For ¢ > p we estimate by elementary means

(f, (s -+ s’ )
K (]{QM[f]qu)é + (]éM[Hp]gdx)é e

Here the left hand side is estimated using the lower bound from Proposition 3.1 and concavity of the
1
function s — s», whereby

s > () l(fé fquf_(]é fpdx)é],

and the right hand side by Proposition 3.6 and again concavity of the function s +— s¥:

2 I
RHS < K(q) (][fqu> +KL22”][ fde
qg—1 Q qg—1 2Q
(75) (frre) +(75) 2 (frme)
q—p 0 q—p 2Q

At this stage we see that the exponent ¢ > p must be chosen so that

() =+ ()

1 2
The choice (ﬁ) " =2K (i) leads to the range of exponents asserted in (1.2) and with this

1

LHS := <]£?M[fp}§ dx)q

IN

IN

Q=

qg—1
choice we can rearrange and simplify the above estimates to arrive at (with ¢’ = ¢/(¢—1) < p/(p—1) =
)

% % 22n
(][fqu> < 2<][fpd;v> + /][ fdz
Q Q qa J2qQ
2 T (K()?) T <][ HE dx) L2t k()T (
Q

][ ar dx)
2Q
1 1
S 22n+1 <][ fp dx> P n 4n+3(p/)6K3 <][ Hq dx) q
2Q 2Q

. A(][ f”dz>p+B< qu:z:>q.
2Q 2Q

Now recall that f = f;, H = H; and that we assume f, h € LP(Q). If h ¢ L(2Q), then there is
nothing to prove so we may assume that h € L9(2Q)). Then we can pass to the limit ¢ N\, 0 in the
penultimate inequality above and conclude with the desired bound. U
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