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Abstract

The past decade has seen great progress in research on large scale mapping and percep-
tion in static environments. Real world perception requires handling uncertain situations
with multiple possible interpretations: e.g. changing appearances, dynamic objects, and
varying motion models. These aspects of perception have been largely avoided through
the use of heuristics and preprocessing. This thesis is motivated by the challenge of includ-
ing discrete reasoning directly into the estimation process.

We approach the problem by using Conditional Linear Gaussian Networks (CLGNs) as
a generalization of least-squares estimation which allows the inclusion of discrete model
selection variables. CLGNs are a powerful framework for modeling sparse multi-modal
inference problems, but are difficult to solve efficiently. We propose the Iterative Local
Model Selection (ILMS) algorithm as a general approximation strategy specifically geared
towards the large scale problems encountered in tracking and mapping.

Chapter 4 introduces the ILMS algorithm and compares its performance to traditional
approximate inference techniques for Switching Linear Dynamical Systems (SLDSs). These
evaluations validate the characteristics of the algorithm which make it particularly attrac-
tive for applications in robot perception. Chief among these is reliability of convergence,
consistent performance, and a reasonable trade off between accuracy and efficiency.

In Chapter 5, we show how the data association problem in multi-target tracking can
be formulated as an SLDS and effectively solved using ILMS. The SLDS formulation al-
lows the addition of additional discrete variables which model outliers and clutter in the
scene. Evaluations on standard pedestrian tracking sequences demonstrates performance
competitive with the state of the art.

Chapter 6 applies the ILMS algorithm to robust pose graph estimation. A non-linear
CLGN is constructed by introducing outlier indicator variables for all loop closures. The
standard Gauss-Newton optimization algorithm is modified to use ILMS as an inference
algorithm in between linearizations. Experiments demonstrate a large improvement over
state-of-the-art robust techniques.

The ILMS strategy presented in this thesis is simple and general, but still works sur-
prisingly well. We argue that these properties are encouraging for wider applicability to
problems in robot perception.
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Notation

The following general mathematical notation will be used throughout:

e ||x||x = VxTZ 1x will denote the Mahalanobis distance/norm

e N (p, %) - multivariate normal distribution with mean y and covariance X.

e N(x; u,X) - multivariate normal density at point x with mean y and covariance X.
e P(A|B) - probability of A given B

e E[A|B] - expectation of A given B

e Cov[A|B] =E[(A—E[A|B])(A—E[A]|B])" | B] - covariance operator

e Dk (P()[1Q()) = [, P(x) 10g< &?)) dx represents the KullbackLeibler divergence.

e J,(+) is the Dirac delta and when used in a probability density function denotes a
1 yeQ

discrete val tom; oy(x)dx =
iscrete value/atom fxeo y(¥) dx {0 otherwise

o P(x|z) o« f(x,z) & P(x|z) = Z{(;C(Ix,)z)

e fi = f(£) + Vf(%)(x — £) used to denote linearization of f at £.
e x 1 y will be used to denote statistical independence. i.e. P(x,y) = P(x) P(y).

e 1(x) = N(x; 0,00) will be used to denote the fully uninformative “distribution” or the
uniform distribution over the domain if the domain is finite. For Gaussian message
passing this is a degenerate normal distribution parameterized by a 0 information

matrix and vector.
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Introduction

1.1 Motivation

Perception of the world is one of the key research topics in Al, Computer Vision, and
Robotics. At it’s core, the goal is to build an internal representation of the external world
using the available sensors. In AI and Robotics, interpretation of the world is a major part
of the perceive-plan-act loop of an intelligent system. In Computer Vision, perception of

the world through cameras is the definition of the field.

A large body of research has focused on the problem of mapping from a moving plat-
form. In the robots community this has taken the form of Simultaneous Localization and
Mapping (SLAM) - the task of building maps from a moving robot. The problem can be
summarized by the following question: given data about the world collected from a mov-
ing platform, how can we solve for the structure (mapping) of the world together with the
motion of the platform (localization)? Recent research has been successful in solving this
problem using a variety of methods optimized for different world models, sensors, and
situations. State of the art SLAM systems can now work in real-time with both laser and
visual sensors, localize the vehicle they’re mounted on, and map novel parts of the environ-
ment accurately and even robustly. There are still many open problems, but the successes in

handling static environments have opened new areas of research going beyond the original
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problem formulation.

A current state-of-the-art robot is capable of mapping and navigating a mostly static
and constrained environment. Autonomous vehicles are now almost capable of operating
on a public roads, taking care to follow the rules, and avoiding collisions. These systems,
however, still fall short of anything which could be called intelligent decision making. To
be truly autonomous such robotic systems must eventually see the world as more than just
a collection of points and landmarks. This suggests a long term research goal of richer

mapping and tracking algorithms which incorporate semantic understanding.

In the short term, the field of robot perception is filled with practical difficulties which
require some form of discrete reasoning about the world. The classic examples are data as-
sociation and outlier rejection, two problems which have plagued researchers for decades.
In this case the discrete reasoning is often a nuisance to be circumvented in order to es-
timate the robot pose and map. In other situations, the discrete aspects are the primary
objects of interest and cannot be avoided. Object detection and tracking is one example
where the discrete label is in fact one of the things we would like to know. More expressive
discrete models could, for instance, use knowledge of the typical motions of people, cars,
and bicycles to predict where they are likely to be in the future. These examples suggest
the need for a perception system which can choose among various models to better explain

the world.

The research presented in this dissertation is motivated by these higher level aspects of
the mapping problem. The goal is to incorporate discrete decision making as a first class
component of the perception pipeline rather than on the periphery. We accomplish this by
incorporating discrete variables into the traditionally continuous estimation problems used
for perception. For the remainder of the thesis, we will refer to this strategy as a hybrid

discrete-continuous inference approach or equivalently as model selection.
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1.2 Approach

We propose the use of Switching Linear Dynamical Systems (SLDS) and Conditional Lin-
ear Gaussian Networks (CLGN) as a modeling framework for perception. The SLDS is a
fusion of a discrete Hidden Markov Model (HMM) and a continuous Linear Dynamical
System (LDS). The discrete HMM serves as a model selection prior over the LDS and al-
lows switching between multiple continuous models. CLGNs are a generalization of the
same principle to a broader class of graphical models. The CLGN is the fusion of a discrete
and continuous graphical model in which the discrete layer again switches between various

continuous models.

The SLDS and CLGN are not novel representations, but have received limited practi-
cal attention partly due to the difficulties of inference in these models. In this thesis we
introduce the Iterative Local Model Selection (ILMS) algorithm as an approximate inference
strategy for solving the hybrid inference problems encoded by these models. ILMS is a
modification of the Belief Propagation (BP) algorithm which selects the best local model
as part of the message passing procedure. Although the model selection is greedy, the
choice is iteratively revisited as the algorithm proceeds. The approach is broadly similar
to Expectation Propagation (EP) where a local approximation is iteratively refined. Unlike
Expectation Propagation, however, ILMS has guaranteed convergence and in practice tends

to do so quickly.

We believe the algorithm offers an attractive compromise between speed and accuracy
which is well suited for problems in robot perception. The local nature of the algorithm
makes it a good choice for problems where discrete decision making is local, but the con-
tinuous variables are globally correlated. The applications addressed in this thesis, multi-
target tracking and robust estimation are good examples of such problems. With the Latent
Data Association parameterization of multi-target tracking discussed in data as-
sociation can be treated as a local discrete estimation problem. The continuous states of

each tracked target across the entire time series are strongly correlated, but the discrete
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data association variables are only related to each other through the chain of continuous

variables representing each target’s state.

Similarly, the robust pose graph estimation application in is a good use case.
The continuous variables in a pose graph are strongly correlated with each other via the
measurements. The discrete inlier/outlier decisions about each individual loop closure,
however, are not as strongly correlated because outlier loop closures can largely be deter-
mined based on their incompatibility with the odometry data. The compatibility of the loop
closures among themselves is also important, but can be treated as a secondary concern. In
other words, the ‘known” data associations provide a good enough estimate of the system
state so that additional data can be incorporated piecemeal without explicit consideration
of all possible combinations of inliers and outliers. Many problems in Computer Vision
and Robotics which use heuristics to make decisions about how to incorporate data fall into
this category. These are good candidates for ILMS since the algorithm allows data to be
incorporated locally, but still provides some measure of smoothing and re-interpretation of

previously processed data in light of new evidence.

The proposed approach may not work as well for applications which require too much
coordination between different sets of discrete variables. In such cases the algorithm may
still be applicable if care is taken to structure the problem such that strongly correlated
discrete variables appear in the same local optimization sub-problem. Estimation problems
where distant discrete variables are strongly correlated among themselves, however, are
fundamentally not well suited for this strategy. Structuring these problems to bring the
strongly correlated variables together will remove the advantages of sparsity and make

them intractable.

It is also possible for the algorithm to fail due to its local nature. In the application
to robust pose graph estimation, for example, each loop closure is considered individually
based on its compatibility with the current pose graph estimate. It is possible to imagine an

outlier loop closure which is ‘almost correct’ being interpreted as an inlier and precluding
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the correct (but now incompatible) loop closure from being used. This could result in a

string of off-by-one loop closures being selected due to self-consistent perceptual aliasing.

Despite these limitations, ILMS has significant advantages over standard estimation
techniques — it can handle much richer models in a principled manner while scaling to
realistically sized environments. In the remainder of this section we will describe how
CLGNs can be seen as a generalization of least-squares estimation and outline the ILMS

algorithm.

1.2.1 Continuous State Estimation and Gaussian Random Fields

The typical formulation of state estimation for mapping involves defining variables for
the geometric properties of the map and objectives which define the relationship between
them. The set of objectives and variables define a sparse non-linear least squares problem
which is solved iteratively using the Gauss-Newton algorithm or an equivalent numerical
optimization scheme. In the case of Gauss-Newton, each linearization results in a sparse
quadratic optimization problem which must be solved to compute the next linearization
point. Since the optimization problem may involve tens of thousands of variables, it is
important to take advantage of sparsity. This is typically handled by using one of several
strategies from sparse linear algebra. Alternatively, the quadratic optimization problem can
be interpreted as a Gaussian Random Field (GRF). In this case Belief Propagation can be
used as a sparse inference algorithm for solving the least squares problem. Once we have
switched to the inference perspective, it becomes natural to incorporate model selection by
adding discrete variables to the problem. Generalizing the GRF into a Conditional Linear

Gaussian Network is one way to accomplish this.

1.2.2 Switching Models for Tracking and Mapping

Having added the possibility of discrete modeling into our estimation algorithm, we now

consider what this actually gets us. In this section we will sketch out several possible
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applications of switching models and attempt to demonstrate that they are more powerful

than they may initially appear.

As a simple use case, we can make our estimation robust by using a Mixture-of-
Gaussians observation model with a high variance component for outliers. This corre-
sponds to adding an inlier /outlier indicator variable for each observation. To model streaks
of outliers, such as those caused by occlusions, the indicator variables can be coupled to-

gether with a prior which captures this tendency.

In certain situations, data association can also be treated as a switching model by using
a single ‘compound’ discrete variable with a combinatorial number of states (one for each
valid association). Although this may seem impractical, we will show that approximate

inference on such a model is sometimes possible without enumerating all discrete states.

We can also consider behavior modeling of dynamic objects — a more interesting situa-
tion where the discrete variables are a priori correlated. A pedestrian may have a variety of
different behaviors depending on the situation. These would correspond to a set of motion
models describing the motion in each case. Since the behavior at each time is not inde-
pendent, there are correlations between the time-adjacent model selection variables within

each track.

Many other situations could potentially be modeled using switching networks. An
autonomous vehicle may have multiple motion models corresponding to different road
surfaces. An unexpected sensor reading may be interpreted as either a failure of the sensor
itself or a drastic change in the state of the world. Each of these possibilities corresponds
to a switching model. This perspective turns the problem of discrete reasoning into one of

inference in switching models.

1.2.3 Iterative Local Model Selection

The main contribution of this thesis is the Iterative Local Model Selection (ILMS) algorithm

for approximate inference in CLGNs. Iterative Local Model Selection is an approximate
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Belief Propagation algorithm which relies on the observation that many practical model
selection problems are fundamentally local. That is, the discrete variables involved are

primarily correlated with a small neighborhood of other variables.

To explain the algorithm at an intuitive level, consider why the exact Belief Propagation
algorithm becomes intractable for hybrid inference problem. The problem occurs when
the computation of a message requires marginalizing over a discrete variable, resulting in
a Mixture-of-Gaussian message. ILMS avoids this situation by locally picking the "best’
value for the discrete variable and computing the outgoing message conditioned on this
value. Unlike the standard Belief Propagation algorithm, ILMS no longer converges after a
single upward and downward pass through the clique tree and so requires multiple rounds
of message passing to achieve convergence. The algorithm is ‘local” because only a local
neighborhood of discrete variables is considered during each message computation. We
refer to the algorithm as ‘iterative” because the local model selection is revisited multiple

times until the algorithm converges to a consistent solution.

ILMS performs a local search through the discrete space and can be thought of as a
very specific variant of block coordinate ascent where each block contains a small set of
discrete variables together with all continuous variables. The intuition can be illustrated
by a hypothetical linear least-squares problem with outliers. In this problem we want
to estimate the mean of a single variable with two possible models for each observation.
A single binary variable is associated with each observation to indicate the outliers. For a
particular indicator d;, we hold the others fixed and pick the best value for d; by solving the
least squares problems correspond to the two possible values d; = 0 and d; = 1. ILMS cycles
through all of the indicator variables updating them in this manner one by one. Cycling in
a particular order and using message passing allows the algorithm to avoid recomputing
the least-squares solution multiple times by updating previous solutions instead of starting

from scratch.



1.3 Contributions

1.3 Contributions

The novel contributions of this thesis consist of the ILMS inference algorithm and two
practical applications. The algorithm itself is presented in in in the context
Switching Linear Dynamical Systems. We formally prove the convergence of the algorithm
and demonstrate its advantages compared to existing approximate inference methods. This
initial evaluation is conducted on a set of synthetic tracking problems where exact ground

truth is known.

In we show how ILMS can be used for multi-target tracking. The resulting
Latent Data Association algorithm is an approach to multi-target tracking which recasts data
association as an SLDS. For this application, ILMS is used to infer both data associations
and some discrete properties of the individual targets. We include target-specific discrete
states to model track termination, outlier trajectories, and missing observations. Evalua-
tions are performed on real-world data where Latent Data Association is shown to match

state-of-the-art performance as of publication in 2013.

introduces an application of ILMS for Robust Pose Graph SLAM. We ex-
plicitly introduce discrete variables to model outlier loop closure constraints in the graph,
so that ILMS can infer when an appearance based loop closure detector may have failed.
Because pose graphs are not linear chains of variables, we use a Conditional Linear Gaus-
sian Network model to represent the resulting hybrid inference problem. This requires a
generalization of the ILMS algorithm to clique tree structured models which is possible
due to a novel message passing order. Because pose graph estimation is a non-linear es-
timation problem, we present a variant of the Gauss-Newton algorithm which uses ILMS
instead of a least-squares solver in the inner loop. The resulting Hybrid Inference Optimiza-
tion algorithm demonstrates state-of-the-art performance on publicly available datasets as
of publication in 2014. We note that we were able to either match or beat the state-of-the-
art in both of the presented applications despite using a much more general approach than

used by competing problem-specific algorithms. highlights results from the two
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applications.

(@ Multi-Target Tracking.

kitti_02, Ours kitti_02, groundtruth

X X

(b) [Chapter 6f Robust Pose Graph Estimation.

Figure 1.1: Illustration of results on tracking and mapping applications.

1.4 Overview

The thesis is divided into seven chapters. The following two chapters will cover previous
work in the field and introduce relevant background material as well as the notation which
will be used in the remainder of the thesis. Following these, we will present novel research
in chapters 4-6. The final chapter will draw conclusions and present topics of interest for

future work. The following list summarizes each chapter:
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o (Chapter 1| consists of this introduction.
e [(Chapter 2|outlines related work

. reviews background material on Non-linear Optimization, Sparse Estima-

tion, Probabilistic Graphical Models, and Gaussian Belief Propagation.

o introduces the Iterative Local Model Selection (ILMS) algorithm from a
theoretical perspective. This chapter also validates the algorithm on several synthetic

problems.

. applies the ILMS algorithm to the problem of multi-target tracking from a

stationary platform.
. applies a generalization of the algorithm to robust pose graph SLAM.

. draws conclusions from the research conducted and outlines possible av-

enues for future work.



Related Work

Before introducing novel research, we will start by reviewing the overall progression of
the field. The more specific recent work will be presented in the chapters where it is
most relevant. Two areas of previous work are directly related to this thesis. The first,
Multi-Target Tracking, focuses on tracking moving objects from a static reference frame.
The second, SLAM, deals with tracking a moving sensor platform through an unknown
environment. Although today these are different communities, both fields historically trace
their origins to seminal work on state estimation from the 1960s. In both cases, discrete
variables and various forms of model selection have play an important and challenging role.
In multi-target tracking, the fundamental difficulty is associating observations with targets
and estimating the number of targets in the environment. In the classic SLAM formulation,
data association is often simpler since we are not concerned with a changing environment,
but is nonetheless challenging. We take a unified view of SLAM and multi-target tracking
as sparse state estimation problems with discrete model selection components. Given this
perspective, it is natural to review the background in both of these areas as well as their
connections, before considering a framework for model selection. To this end, we begin by
reviewing the early literature on state estimation, followed by multi-target tracking and the

history of the SLAM problem in Robotics.
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2.1 State Estimation and Dynamical Systems

Modern state estimation in dynamical systems was pioneered in the late 1950s and early
1960s for tracking missiles and orbiting satellites. The original problem formulation con-
sisted of a target being tracked and a series of noisy observations of that target. Given a
motion model of the target and a sensor model for the observations, the goal is to estimate
the true motion. The state of the system at time ¢t is represented by the state vector x;.
Observations are denoted z; and a continuous Hidden Markov Model (HMM) is used as the

system model.

The Kalman Filter (KF) [5] was the first practical and real-time estimation algorithm ca-
pable of effectively tracking these targets. The key insight of the KF was that all information
about the past history of observations can be captured by the current state estimate com-
bined with its uncertainty. While Kalman’s original work was presented using different
notation, with modern understanding the Kalman filter can be seen as the simplest case of
a Bayes filter[6] [7]. The KF at time ¢ consists of a Gaussian distribution over x; conditioned

on all previous observations.

A,

P(xt|z14) = N (%1 flay, Eiry) (2.1)

At time t + 1, the filter can be updated to include the measurement z;,; using update

equations based on Bayes’ rule

P(xpi1 | 214) = / P(xpi1 | ) P(x¢ | z1e) o 2.2)

P(xti1 | z1:4) P(ze41 [ Xe41)
P(x Z1. = . 2.3
(xi41 [2Z141) S P(xpi1 | z1:) P(Zog1 | Xpg1) dixppa @3)

If both the motion and observation models are linear with Gaussian noise, these updates

can be computed exactly in closed form.

Other variants of the KF algorithm were quickly discovered in the following decade.
Better numerical stability was observed by using the square root covariance matrix X =

T T
PRI [8,9] or alternatively the square root information matrix =1 = I 212 [10].
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The smoothing problem can be defined as the use of observations from t > t( in order
to compute an estimate of the system state at fo [11]. Unlike the filtering problem, where
we are maintaining a running estimate of the posterior P(x; | z1,), in smoothing we are
attempting to estimate P(x; |z1.7) where T > t is some time in the future. Early work on
state estimation also discovered efficient algorithms for performing this task [12}, [13]. The
Kalman Smoother (KS) algorithm is based on running two separate filters, one forward and
one backward in time. At any given time, the forward and backward filter estimates can be
combined to generate the optimal maximal likelihood estimate conditioned on both past
and future observations. This algorithm and its generalizations are closely related to sparse

non-linear estimation problems and inference in graphical models.

Kalman’s initial work on linear systems was quickly followed by extensions to non-
linear systems via the Extended Kalman Filter (EKF) [14, 15]. In this case the motion and

observation models contain a non-linear mean function plus Gaussian noise.

P(xt+1 | xt) = N(xt+l ’ f(xt>/ z:mot) (24)

P(z¢ | xt) = N(z¢; h(xt), Zobs) (2.5)

The EKF is a simple extension of the Kalman filter where the non-linear functions f and h
are linearized at the estimated system state prior to performing the updates in and
In the following set of EKF equations, we use £; to denote the state estimate, and
P, E to denote the approximate linearized distributions and expectations respectively. The

linearized functions are represented by f and /. Given the previous state estimate £;,

Fo(xe) = f(Re) + Vf(20) (0 — %) (2.6)
P(xpyn | x) = N (215 fo(24), Emot) 2.7)
21 = E[xep | 214] (2.8)
s,y (Xe41) = 1(Re1) + VA(R61) (X1 — 2e1) (2.9)
P(zi1 | xi1) = N (26415 e,y (%e41), Zobs) (2.10)

R = Elxp1 | z1:41] (211)



2.1 State Estimation and Dynamical Systems

Improved accuracy can be achieved by iteratively re-linearizing; this version is known as
the Iterated Extended Kalman Filter (IEKF) and has been applied since at least the 1970s [11].
Bell and Cathey [16] demonstrate that the IEKF is equivalent to linearizing the system after

using the Gauss-Newton algorithm to obtain a local MAP estimate of x;;

P(xi1 | xt) = N (%415 fa(x1), Zmot) (2.12)

i1 = argmax {P(z;y1 | xp41) P | x6) P(xt | z14) } (2.13)
Xt4+1

P(zi1 | xe21) = N (20415 Bgyy (x641), Zobs) (2.14)

For the Iterated Kalman Smoother (EKS), a similar equivalence can be made to Gauss-Newton

applied to the full system state vector[17]

£1; = argmax {P(21 |x1)P(x1) [T Plze|xe) Pxe | xt—l)} (2.15)

X1:t f=2,...,T

Bell [17] demonstrate that the EKS can be thought of as a sparse decomposition of the global
least squares problem via the Matrix Inversion Lemma. Bertsekas [18] show an equivalence
to incremental least squares and provide a proof of convergence subject to some constraints

on the step size.

More recently the Unscented Transform [19, 20] has been proposed as an alternative to
the linearization in the EKF. The resulting algorithm, referred to as the Unscented Kalman
Filter (UTF), is based on representing the distribution P(x|z1.;) as a deterministic set of

weighted sample points

Punscented(xt lzlzt) = Zwti : 5X,,—(xt) (2-16)
i

such that the sample mean and covariance match the target distribution. Instead of lin-
earizing the motion and observations models, the functions f; and h; are applied directly

to the sample points to generate a transformed set of points

Vi = f(Xh) (2.17)

The effect of f on the distribution can be estimated by computing the weighted mean
and covariance of the transformed points. Iterated versions of the UKF have also been

explored [21].
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The need to deal with discrete variables and model selection was also recognized early
in the field. In order to deal with an unknown system model, Magill [22] introduced
what has become known as the Multiple Model (MM) approach[11]. MM runs multiple
independent KFs in parallel using the same input data, each with a separate system model.
At each point in time, the output of the MM filter is a linear combination of the filtered
estimates from the bank of filters. The process is effectively being modeled as a mixture
of several independent linear Gaussian models. Crucially, the MM filter does not model a
switching process; it assumes there is a single linear model which explains the data, but we

are are not sure which model it is.

Ackerson and Fu [23] appear to be the first to propose a switching filter which explicitly
models transitions between different discrete states. They propose a KF operating in a set
of different noise environments. A discrete Markov chain models which environment the
system is in at any given time. Each environment corresponds to different noise parameters

in the motion and observation models.

kee {1,...,K} (2.18)
P(ker = ilke = j) = pyj (2.19)
P(xpi1 | xt ki = 1) = J\/(xm; ft(xt)/zr(;)()t) (2.20)
Pz | xp, ke = i) = J\/(zt; ht<xt>,zggs) 2.21)

They observe that optimal filtering is not feasible in such a system because the true repre-
sentation for the posterior P(x;|z1.) is a mixture with K* components. An approximation is
proposed where the filtering state is represented by a single Gaussian distribution. Tugnait
[24] present a survey of approximate algorithms for such Switching Linear Dynamical Sys-
tems (SLDS) where the process parameters change according to a discrete Markov process.
They note several approximation schemes similar to Ackerson and Fu [23] which had been

proposed up to that point in time.

Blom [25] introduced the Interacting Multiple Model (IMM) filtering approach as an ex-

tension of the MM filter. This approach is similar in spirit to Ackerson and Fu [23]. Instead
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of approximating P(x; | z1,¢) as a single Gaussian, however, the posterior is approximated
as a mixture of Gaussians over the single discrete variable k;

Zf)(xt | kt = i/ Zl:t) f)(kt =1 ‘ Zl:t) ~ ZP(xt/ kl:t yzlzt) P(klzt | Zl:t) (222)
i kl:t

2.2 Tracking

Tracking is a special case of state estimation, but with the additional difficulty of data
association, cluttered false-alarm” sensor readings, and multiple targets. Many of these
difficulties are identical to those arising in the SLAM literature. Traditional approaches
to multi-target tracking were pioneered assuming point-like targets such as radar returns.
Most of these approaches are progressive variations and generalizations of single target

tracking in a cluttered environment.

In a tracking problem, there are typically multiple measurements recorded at each ¢,
denoted by z;; for i =1, ..., M;, which must be associated with the correct targets. Even if

there is only one target, outlier measurements must still be filtered out and ignored.

In the simplest case gating can be used to determine if a candidate measurement orig-
inated from the target being tracked [26]. Given the expected observation Z;;; and its

covariance X

Zt+17
Zry1 = Elzip1 | 214] = /Z “P(zpq1 | xp41) Papgn | x1) P(xp | 214) dz (2.23)
Y, = Covizig | z1y] (2.24)

each measurement in the new set of observations {z;;1;} is considered valid if it passes a

chi-squared test
s \Ty— .
(zes1i — 2141) T, (z041 — Big1i) < T (2.25)
where T is a chosen based on the desired confidence level and the x? distribution. The

valid measurement which is closest to the predicted observation is incorporated into the

filter.
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The Probabilistic Data Association Filter (PDAF), first proposed by Bar-Shalom and Tse
[27], is a more sophisticated approach which allows weighted influence from all measure-
ments. Define ©; € {0,...,n} to be the data association variable with ®; = i indicating
z4; is the valid reading at time t. If ®; = 0, all of the measurements are invalid. Outlier
measurements are assumed to be generated by a uniform distribution over the space of
possible sensor readings. For each measurement a weight w; is computed based on the
likelihood of the measurement being the correct association (assuming f’(xt |z1.4-1) is an

approximation of the posterior over past data associations @1.;_1)

JP(z4i | ®r =i, x¢) P(xt | z1.4-1) dxt
Zj f P(z | ® = j, xt) f’(xt | z1:4—-1) dxy

Measurements are incorporated into the filter by setting P(x; | z1.;) to a Guassian distribu-

w; =P(Or =i|z14) =

(2.26)

tion with the same mean and covariance as the posterior mixture

Y wi Pz | ©p =i, x¢) P(ap—q | x¢) P(xp—1 | z1:4-1) (2.27)

i>0
For multi-target tracking, there are multiple target states which must be tracked in ad-
dition to multiple measurements. We will refer to the state of the j" target being tracked
via x;;. Each measurement has a data association variable, with A; = j indicating mea-
surement i assigned to target j, and A, = 0 indicating an outlier/clutter measurement.
The multi-target data association problem comes with the additional constraint that two

measurements cannot be assigned to one target

JELNA #0= N # Ny (2.28)

The Joint Probabilistic Data Association Filter (JPDAF) [28, 29, 30] generalizes the PDAF
to take into account multiple targets. The weight of each observation is distributed among
all targets, keeping in mind the additional constraint that two targets cannot be responsible
for the same measurement. The set of weights is expanded to allow a separate weight
for each possible target-measurement pair. In the JPDAF, w;; is defined as the weight of

measurement i towards target j

wij = P(Ay = j| z14) (2.29)
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Once the weights have been computed, the update equations for each target are identical to
the PDAF. Note that computing the exact JPDAF weights requires enumerating all possible

associations, so an approximation is typically used [31), 32].

Approaches based on the PDAF/JPDAF suffer from two problems [33]. First, since
the number of targets is assumed known, ad-hoc methods must be used to estimate this
quantity. Second, PDAF-based trackers have a tendency to explain the same observation

with multiple identical targets, a problem known as track coalescence.

The Multiple Hypothesis Tracker (MHT), initially proposed in Reid [34], is an alternative
which does not use weights to split up measurements between multiple targets. Instead,
the MHT explicitly considers all possible data associations and maintains an optimal set of
trajectories conditioned on each of the association hypotheses. This results in an expanding
tree of Kalman Filters: for each hypothesis present in the previous time step, we create a
set of child-hypotheses, each corresponding to a different choice of data association at the
current time. In order to keep this procedure practical, hypotheses are pruned based on
their overall likelihood, with the top k hypotheses propagated to the next time step. Cox
and Hingorani [35] introduced a more efficient version of the MHT by using a polynomial
time algorithm to directly enumerate the top candidates without generating all possible
combinations of data associations. Since a target is implicitly defined as a set of data asso-
ciation decisions, target creation/deletion is managed automatically when the hypothesis

tree is pruned. Blackman [36] provides a summary of the MHT and its extensions.

Streit and Luginbuhl [37] proposes a modification of the JPDAF to achieve a similar de-
layed decision making affect as the MHT. An EM-based weighting procedure is performed
within a sliding window in order to allow past data associations to change as more infor-
mation becomes available. The down side of this approach compared to the MHT is the

need to explicitly decide when to create and delete target tracks.

In general, the data association problem can be viewed as a special case of state esti-

mation in switching environments. In this case, the switching occurs in the combinatorial
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space of all possible data associations. Just as in the case of switching dynamical systems,
the possible data associations create a mixture model posterior. Many of the above data

associations algorithms amount to various approximations of this mixture.

2.3 Mapping

2.3.1 SLAM

The question posed by Simultaneous Localization and Mapping (SLAM) is: given a series
of sensor measurements, can we estimate the set of robot/sensor positions at which they
were made, together with the structure of the world which causes the sensor readings.
In the Robotics context, sensor measurements can take the form of odometry, GPS, lasers,
or camera images recorded at a sequence of points in time. In the context of Computer
Vision, the measurements are the images recorded by the camera, and possibly the output
of an accelerometer. At it’s core, SLAM is a generalization of classical state estimation
problem to include a map M = (my,...,m,) composed of the landmarks {m;}. Unlike the
system/robot state x;, the map is not time dependent, but a fixed property of the world to
be estimated. Further, the observations no longer depend solely on the system state x;, but

also on the unknown map M.

The data association problem faced by SLAM is similar to the one in multi-target track-
ing: multiple observations must be matched with multiple landmarks. A major distinction,
though, is that the posterior distributions of the landmark states are correlated via the mov-
ing sensor platform. This makes it challenging to resolve data association without taking
into account the global correlation structure of the posterior. Maintaining this posterior
as part of an EKF approach, for example, requires maintaining the posterior covariance
of (x;, M) which is quadratic in the size of M. Since landmarks are typically added into
the map, this approach quickly becomes intractable for larger environments. The need to
efficiently represent the correlated posterior of the SLAM problem has lead to research into

sparse representations and approximations.
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The first formulation of the SLAM problem in a stochastic setting is generally credited
to Smith et al. [38], whose approach was based on the EKF and a relative transformation
graph first proposed in Smith and Cheeseman [39]. Smith et al| formulate the SLAM
problem as the estimation of a network of transformations between coordinates frames.
The estimated network of transformations was maintained using an EKF with an associated
covariance matrix representing correlations between the different frames. Moutarlier and
Chatila [40] developed an alternative formulation of the stochastic map and demonstrated
an implementation of their system in practice. In both cases data association is side stepped

by assuming a known mapping between map elements and sensor observations.

Leonard and Durrant-Whyte [41} 42] proposed an EKF formulation which avoided rep-
resenting the full correlation structure of the map by separating the landmarks used for
mapping and localization. A set of well-localized landmarks are used for localization while
new landmarks are separately tracked until their location can be accurately estimated. The
authors critiqued the stochastic map approach as impractical due to the computation com-

plexity of tracking the full robot and landmark state space with an EKF.

Dissanayake et al. [43] provides a review of the early literature on EKF SLAM, a the-
oretical investigation of the problem from a state estimation perspective, and a proof of
concept implementation. Dissanayake et al. [43] and Bailey et al. [44] as well as [45] 46] in-
vestigate the problem of inconsistency in the EKF SLAM algorithm. The overall conclusion
is that EKF SLAM will inevitably fail if the uncertainty in vehicle position is not kept low.
This failure is caused by incorrect and inconsistent linearization being incorporated into

the filter.

Davison and Murray [47] was the first successful system to use vision as a sensor for
real-time SLAM. Instead of processing the whole image frame, |Davison and Murray| di-
rected computational effort by actively looking for each feature in the image within the
region where it is expected to be found. This helped resolve two issues with EKF-SLAM.

First, the active search framework allowed a smaller number of landmarks to be carefully
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tracked, rather then extracting large numbers of features and initializing a large number of
new landmarks at each frame. Second, since EKF-SLAM kept track of landmark position
uncertainty, projecting the current uncertainty ellipse onto the image plane placed a bound
on where the landmark was likely to be observed. By only searching within these bounds,

efficiency was greatly increased.

[48] investigates a distributed version of SLAM and suggests the use of the Information
Filter over the more standard Kalman Filter. The information parameterization allows
incorporating novel information by simply adding constraints to the representation without
performing any matrix inversions. This approach is particularly useful for multi-robot

problems, but has advantages for standard SLAM as well.

An alternative formulation of SLAM, known as pose graph estimation, was proposed
by Lu and Milios [49]. The pose graph approach removes landmarks from the map entirely
and treats the problem as one of estimating a network of robot positions. Constraints
between poses can be generated by using scan matching [50] to align the observed sensor
readings. The network of constraints, referred to as a pose graph, is directly optimized.
In contrast to EKF SLAM, where only the most recent pose is tracked, pose graph SLAM
updates the full trajectory of the robot and so avoids permanently incorporating inaccurate
linearizations. The Sparse Extended Information Filter (SEIF) [51] combines the advantages
of the Information Filter parameterization with the pose graph formulation of Lu and
Milios [49]. Nuchter et al. [52] extends the Graph SLAM approach to 3D environments
by using laser generated pointclouds as input and the Iterative Closest Point (ICP) [50]

algorithm for scan matching.

Montemerlo et al. [53] introduced the FastSLAM algorithm which is based on a com-
bination of sampling and the EKF. The key realization was that conditioning on the robot
trajectory made all of the landmarks conditionally independent. By representing the dis-
tribution over trajectories as a finite set of samples, the locations of the landmarks became

conditionally independent when conditioned on a single trajectory sample. This allowed
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FastSLAM to avoid the O(n?) running cost of EKF-SLAM at the expense of sampling the
space of trajectories. This approach was extremely successful for robots constrained to a
plane and equipped with range sensors such as laser scanners and sonar. Sim et al. [54]
adapted the FastSLAM approach to a visual setting using a stereo rig and SIFT features
[55].

Davison et al. [56] introduced MonoSLAM, the first real-time monocular SLAM algo-
rithm. Unlike previous work which relied on either accurate odometry estimates, or slow
sensor movement, the algorithm introduced by |Davison et al.| works on a rapidly moving
hand-held camera without any odometry. An active search procedure similar to Davison
and Murray [47] is used to locate features, and a delayed initialization scheme is used to
help estimate the position of landmarks. Since a monocular camera cannot give a 3D posi-
tion estimate when a feature is first observed, Davison et al. used a collapsed particle filter
to estimate a distribution of possible landmark locations along a ray. When this distribu-
tion is sufficiently close to being Gaussian, the landmark is fully initialized and tracked

with EKF-SLAM.

Eade and Drummond [57] present a monocular FastSLAM as an alternative to EKF-
SLAM. Eade and Drummond| combined the top-down active search of [47], with an im-
proved version of the delayed initialized procedure in [56]. The improved initialization
procedure uses an inverse-depth parameterization to sample particles along an initial ray.
Unlike MonoSLAM, the particles are used to estimate camera position even before the

landmark is fully initialized.

2.3.2 Structure from Motion

Structure-from-Motion is a similar, but historically independent estimation technique used
for offline map-building. Unlike research in SLAM, which has focused on providing a
real-time solution to the online version of the problem, SfM has focused on offline map

estimation from a large set of images. This procedure traces its history back to the early
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19th century roots of Photogrammetry [58], which uses photographs to estimate topography
for map-making. The Photogrammetry community had coined the term bundle adjustment
(in reference to adjusting the bundles of rays going from features to camera planes) to
refer to the process of least squares estimation of these maps based on matching features

between photographs.

A modern understanding of the procedure from the computer vision perspective is pre-
sented in the survey by Triggs et al. [59], as well as Hartley and Zisserman [60]. We will
define {X;} as a set of 3D points whose position is unknown. These points will loosely
correspond to the M variable in the SLAM formulation. The points are observed through
a set of cameras, which will be known via their set of projection operators {P'}. The appli-
cation of a camera projection operator, P!, onto a 3D point, X;, yields a 2D measurement of

that point, x;. = P'(X;).

Once we are given the set of observations {x;}, we can define the bundle adjustment
problem as least-squares estimation of all of the camera parameters together with the loca-
tions of the 3D points (landmarks in the SLAM terminology):

argmin(z |P'(X;) — x;| 2) (2.30)
{PHAX} ij

where || - ||5 is the L2 norm using X as the metric.

Agarwal et al. [1] demonstrate a very impressive and large scale implementation of
state of the art structure from motion. They build a large scale reconstruction of the city of
Rome using over 1,000,000 individual uncalibrated photographs obtained from user content

uploaded to Flickr. shows a sample reconstruction from the group’s website.
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Figure 2.1: A reconstruction of the Colosseum in Rome obtained from Agarwal et al. [1]

2.4 Sparsity and Decomposition

The topic of sparsity and decomposition deals with efficient computational methods which
take advantage of the sparse relationships between variables in problems. Such methods
are required for both mapping and tracking because the full state spaces of these problems
often involves tens of thousands of variables. For tracking problems, the Kalman Filter and
Smoother can be thought of as sparse estimation algorithms. In multi-target tracking, the

fact the each track is represented as an independent Kalman filter is also a form of sparsity.

In the SfM and SLAM communities, a large body of research has targeted efficient de-
compositions of the estimation problem which are applicable to large data sets. The idea
behind this line of research is to partition a large mapping problem into multiple smaller
problems which can be more easily handled. The local maps can then be merged into a
global map estimate. There are two practical advantages to this approach. First, it allows
maps larger than the memory of the computer to be built. Second, the algorithm is more
efficient since it ignores the generally weaker dependencies between distance map features.
Maintaining the full cross covariance between distance landmarks is the main cause of the
quadratic memory footprint of EKF-SLAM. Much like the Sparse Extended Information
Filter (SEIF) [51], we can gain a computational advantage by maintaining these cross cor-
relations only when they are strong. Whereas the SEIF does this by examining individual
entries in the dependency graph for relevance, submapping approaches to SLAM and StM

take advantage of the natural tendency of distance landmarks to be weekly correlated.
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Chong and Kleeman [61] introduced one of the first submapping schemes where local
maps were built up for each region of the environment. Each local map was treated as an
independent mapping problem with a reference frame based on the initial robot position
at the "start” of the map. Within each local map, a full covariance estimate of all landmarks
is tracked using EKF SLAM. Landmarks which are not part of the same submap do not
have an explicit representation of their relative covariance stored. Instead, the covariance
between the local reference frames themselves is maintained. Leonard and Feder [62] use
a similar scheme, except with a global reference coordinate the offsets between submaps.
This simplifies finding the appropriate submap for the current robot pose since the loca-

tions of the submaps themselves are stored in a single reference frame.

In Bosse et al. [63] each local submap is stored in its own coordinate system, with a
network of relative transformations between the local frames. This is similar in principle
to the original stochastic map, but here each vertex represents an entire submap rather
than a single map feature. The network of coordinate frames is undirected with loops
allowed. Dijkstra’s algorithm is used on this network to find chains of transformation be-
tween different coordinate frames. The algorithm maintains a set of hypothesis local maps
and tracks the robot in parallel in each of the hypothesis. This avoids relying on a single
local map and allows smooth transitions to different local representations by changing the
active set of hypotheses. Periods of simultaneous tracking within multiple hypotheses are

used to refine the estimated transformations between the corresponding submaps.

Sibley et al. [64], Mei et al. [65] introduce a system based on the natural limit of the
submapping approach of Bosse et al. [63]. In this case each individual robot pose is re-
garded as a separate submap containing only the landmarks which were first observed at
that time. This allows constant time operation since incorporating new observations into
the problem does not effect any variables beyond a relatively small set of poses in the past.
Specifically, adding observations of a landmark induces correlations with all other robot
poses which have observed that landmark though the chain of relative transformations be-

tween these poses. Since all transformations are stored in a relative representation, any
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pose not on this chain becomes independent of the new measurements.

Ni et al. [2] uses a local parameterization for each submap, but does so in a smoothing
rather than filtering framework. The resulting Tectonic SAM algorithm can be interpreted
as a non-linear optimization algorithm composed of two types of objectives. The intra-map
objectives are those which constraint variables entirely contained within a single submap.
Because these variables are parameterized in a local coordinate frame, these objectives do
not depend on any variables outside of their submap. The second set of objectives are inter-
map objectives which constraint variables spanning more than one submap. The values of
the inter-map objectives are affected by the transformations relating the local coordinate
frames. Ni et al. [2] propose an optimization algorithm which alternates between opti-
mizing the local submaps (intra-map objectives) and the objectives connecting different
submaps (inter-map objectives). In the first phase, the submap solutions are held fixed,
while the inter-map transformations are optimized. In the second phase, the inter-map
transformations are held fixed while the submaps themselves are optimized. These two
optimization problems are shown to be loosely coupled because of the local parameteri-
zation within each submap. A key point of this approach is that Jacobians can be re-used

between the two phases. shows an illustration of the their strategy.

Taking advantage of problem sparsity directly is an alternative to the explicit submap-
ping techniques described above. The idea of explicitly targeting sparsity in the problem
structure goes back to work on representing the filtered solution to SLAM as a sparse
graphical model. The Thin Junction Tree Filter [66] sparsified the posterior by approximat-
ing it as a tree structured distribution. The (SEIF) [51] offered an alternative technique

based on enforcing sparsity in the information matrix of the posterior.

Dellaert and Kaess [67] explored the use of sparse matrix factorization directly on the
smoothing problem instead of the filtering approach of the EKFE. By not marginalizing out
any variables from the past, this approach maintains sparsity without any approximations.

Aside from these contributions, the authors also explore the connection between graphical
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Figure 2.2: A figure from Ni et al. [2] illustrating the submapping procedure and dependencies
between variables within the submaps

representations of the mapping problem and sparse matrix factorization. They note that the
column ordering heuristics typically employed by sparse matrix factorization algorithms
are analogous to graph triangulation techniques used in the graphical model community
to construct junction trees. Along these lines Krauthausen et al. [68] investigates the used
of Nested Dissection as a column order scheme and Ni and Dellaert [69] shows how the
Nested Dissection scheme can be used to automatically partition a problem into recursive

submaps.

Ranganathan et al. [3] uses Loopy Belief Propagation [70] to take advantage of the
natural sparsity of SLAM. The information form of the problem is used decompose the
optimization into individual constraints corresponds to potentials a graphical model. The
problem can then be solved efficiently using message passing. By stopping the algorithm
when the influence of the messages becomes negligible, Ranganathan et al. are able to
dynamically adjust the amount of optimization that takes place when new data is observed,

reusing as much of the old solution as possible. This allows their SLAM algorithm to run
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in O(1) time without loop closure, and in O(n) time when loops closures occur (where n

is the size of the loop).

Figure 2.3: A figure from Ranganathan et al. [3] showing the operation of the algorithm when new
information is added. Red colored nodes in the graph indicate variables which are being optimized,
while yellow nodes are unaffected. When loop closure does not occur (left), only a small window
of variables around the new information is affected. When loop closure happens (right), all of the
nodes in the loop are optimized in order to spread out error along the loop as best as possible.

Kaess et al. [71] presents an incremental approach to the smoothing problem based
on the connections between probabilistic graphical models and sparse matrix factorization
presented in Dellaert and Kaess [67]. Kaess et al. [72] builds on this by adding a specialized
data structure referred to as a Bayes Tree. The Bayes Tree allows an online approach to
smoothing with incremental variable re-ordering and linearization. This eliminates the

need for the batch operations required in Kaess et al. [71].

Sliding Window Filters (SWEF), introduced to SLAM by Sibley et al. [73], offer a com-
promise between the online approach of filtering and the batch processing used in SfM.
Instead of processing observations one at a time, a limited set of the most recent observa-
tions (those within the sliding window) is processed in batch mode, while all observations
beyond the edge of this window are summarized with a recursively updated state esti-
mate. The filtering disribution of a SWF of length x is P(x¢_x:¢|z1.). Using such a filter

allows us to improve our estimate of x;_, using information from the future (z;_.41.). This
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idea is particularly interesting when combined with the Iterated EKF, where it allows the

linearization point of the last « states to be iteratively updated.

Using the result of Bell and Cathey [16], which showed that the Iterated EKF is equiv-
alent to the Gauss-Newton method for non-linear least squares, we can see that adjusting
the value of x can produce a range of algorithms from bundle-adjustment to the Kalman
Filter. Setting x = t corresponds to solving the full least squares problem. Setting x = 1
corresponds to the Iterated EKFE. For values in between the two extremes, we are perform-
ing a full optimization over the set of variables x;_.;, but marginalizing out x;_, before we

move on to the next time step.

2.5 Model Selection

Model selection is the primary topic of this dissertation, so in this section we review previ-
ous work from this perspective. Although it is not always explicitly called model selection,
discrete decision making is nonetheless present in much of the previous work on tracking
and mapping. Data association is the main model selection topic of interest and is generally
acknowledged as one of the most challenging aspects of multi-target tracking. A second
area of research has been on maneuvering targets where multiple distinct models are used

to explain the observed behavior of a target. Since previous work on both of these topics

has already been discussed in this section will focus on mapping.

2,51 Mapping and Data Association

Unlike in tracking, data association for mapping problems is easier to circumvent with
heuristics. The goal in the mapping problem is to build a reconstruction of the environment
which can be used to accurately localize the robot or provide a high level map. Since the
goal is not to track every single possible landmark, heuristic algorithms can be used to
choose distinctive features and landmarks which are easily identifiable. This approach is

particularly attractive in visual SLAM and Structure-from-Motion due to the availability of
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good feature descriptors such as SIFT [55]].

Agarwal et al. [1] uses SIFT to extract distinct image features and computes potential
matches in a second image using an efficient approximate nearest neighbor algorithm.
The candidate matches are then filtered based on a heuristic test and the RANSAC [74]
algorithm is applied to the remaining matches in order to enforce geometric consistency
between the two images. This procedure, which has a history in cartography dating to at
least 1981 [74], transforms the data association problem into one of outlier rejection. Once
a large enough list of potential feature matches is computed, RANSAC is used to select a
subset of inliers. The result is used as input for an optimization procedure which takes into

account all feature matches to estimate 3D structure and camera locations.

The Visual SLAM algorithm of Davison and Murray [47] uses a combination of gating
and a visual search procedure for data association. The estimated landmark position and
covariance from the current state of the filter are used to physically point the camera in
the direction of the landmark. A 2D search is conducted to find an image patch visually
similar to the original patch used to initiate the landmark. The search is restricted to the
area of the image where the landmark are expected based on the filter covariance. When
a match is found, it is incorporated into the filter as an observation of the landmark. The
MonoSLAM system of Davison et al. [56] uses a similar approach for active feature search,

except without a physically actuated camera.

Pose graph optimization approaches make use of various pre-processing strategies to
establish the graph structure used in the optimization. If visual information is available,
visual similarity can be used to find loop closures [75]. The precise offset between the poses
can be computed using feature matching and RANSAC. With laser data, scan matching
techniques such as the ICP algorithm [50] are used to compute offsets between poses in the

graph.

Because laser and sonar based sensor do not provide unique identifying information

about each feature, early SLAM systems based on these sensors used data association
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techniques from the tracking literature combined with heuristics to identify features such
as corners. Data association techniques used include gating [41, 42, 31] and MHT [76),
77] based approaches. We note that Cox and Leonard [77] recognized the fundamental
similarity of multi-target tracking and SLAM when viewed from the MHT perspective;
the difference being that SLAM assumes static landmarks whereas multi-target tracking

assumes a static sensor.

Other ideas based on a hypothesis tree similar to the MHT have been suggested in
the literature. The most relevant to this dissertation is the Joint Compatibility Branch and
Bound (JCBB) [78] data association algorithm. JCBB builds a data association hypothesis
tree for each measurement within one time slice. Each individual measurement z;; can be
assigned to any of the existing targets and the decision tree of possible assignments defines
an interpretation tree. JCBB applies a branch and bound search procedure to this inter-
pretation tree in order to find a valid assignment hypothesis which maximizes the number
of matches. A hypothesis is considered valid if it passes a multivariate gating criterion
(the joint compatibility test) on all target-measurement pairs present in the hypothesis. By
gating the entire hypothesis rather than individual landmarks, the correlations between
landmark estimates typical in SLAM is taken into account. A procedure similar in spirit is
proposed in Hahnel et al. [79]], but in this case the emphasis is on allowing data associations

from the past to be reconsidered.

Algorithms based on Expectation Maximization (EM) provide an efficient alternative
to explicitly considering the tree of all possible model combinations. Under this heading
we consider both true EM algorithms which optimize a variational bound and EM-like al-
gorithms which operate on intuitively similar principles. An MCMC-based algorithm for
data association using EM was proposed for SfM applications in Dellaert et al. [80]. This
is similar to the JPDAF [29], except the full posterior over data associations at each t is
sampled with an MCMC algorithm to obtain the data association weights. Bibby and Reid
[4] use classification EM within a sliding window filter to allow reversible data associa-

tion and model selection between stationary and moving landmarks/targets. The dynamic



2.5 Model Selection

environment aspects of this paper are also discussed in the follow subsection. The Switch-
able Constraint [81] algorithm relaxes discrete variables into continuous variables and adds
them directly into the non-linear optimization problem. The resulting optimization prob-
lem consists of weighted objectives of the form w - g(x) which are optimized over both w
and x. This applies mainly to robust estimation problems where down-weighting the objec-
tives can be used to discard outliers. In the same vein, the older robust estimation methods
such as Iteratively Reweighted Least Squares and Huber/Cauchy kernels [82] have also

been applied to mapping [83].

2.5.2 Mapping in Dynamic Environments

Solving the SLAM problem in a non-static environment requires dealing with the possi-
bility of moving objects such as people, cars, or other robots. These challenges have given
rise to many specialized algorithms which can easily be interpreted as instances of model
selection. The most basic strategy is to ignore dynamic objects entirely by treating them as
outliers — this is the choice implicitly made when dynamic elements of the scene are not
considered. A more sophisticated strategy is to treat the two problems as roughly inde-
pendent. For example, Schulz et al. [84], Hahnel et al. [85], Schulz et al. [86] are a series
of results which combine a multi-target tracking system with SLAM to filter out dynamic
objects before the mapping process begins. They combine a Particle Filter with the JPDAF
to track people using features extracted from 2D laser range data. The resulting tracks are

then used to as part of the map building procedure in order to filter out spurious data.

Wolf and Sukhatme [87] use an approach which is similar in spirit. Two occupancy
maps are kept to deal with dynamic objects. The static map keeps track of stationary
objects in the world and the dynamic map keeps track of the regions currently occupied by
moving objects. Both maps are updated probabilistically based on a sensor model as well

as a model for how each map changes in time.

In Wang et al. [88], the EKF is used for both tracking and mapping. The dependency
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between object motion and robot motion is ignored in order to simplify the estimation
problem and to prevent the noisy tracking data from effect the robot localization estimates.

The MHTI[34] is used for associating observations with landmarks and dynamic targets.

To extract more out of the dependency between the static and dynamic aspects of the
scene, EM-style algorithms can be used which alternate between updating the static map
and dynamic object until the two converge to a consistent interpretation. Within this cat-
egory, Hiahnel et al. [89] uses an EM procedure to filter out dynamic objects, effectively
treating them as outliers while estimating the map. No appearance information is used
to identify dynamic objects and no tracking is performed. Measurements are identified as

coming from a dynamic object solely based on their inconsistency with the static map.

The SLAM-IDE[4] algorithm is also based on an EM strategy. Discrete decision vari-
ables are used to model both data association and static/dynamic classification of each
observed feature. Generalized Expectation Maximization is used within a sliding window
to compute an estimate for both the discrete and continuous variables involved. The sliding
window approach allows data association in the past to be adjusted as more information
becomes available. This is particularly important for identifying dynamic objects since mo-
tion needs to be observed over a long enough time scale to distinguish it from noise. For
each landmark in the map SLAM-IDE estimates a solution under both the dynamic and
static assumption, as well as the a posteriori probabilities for each of the two cases.

shows one time slice of the graphical model used.

More intricate relationships in the data can also be exploited at a systems level without
an explicit probabilistic relationship between the static and dynamic data. This strategy
is used by Leibe et al. [90] for scene modeling from a moving vehicle. Their system com-
bines SfM estimates of the vehicle pose, discriminative detection of pedestrians/vehicles,
and tracking into a single system. To track dynamic objects, they perform a custom op-
timization within a sliding window. For each potential object hypothesis, H, a search is

performed in space-time based on the maximum-velocity of the object under its motion
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Figure 2.4: The graphical model used in SLAM-IDE. The d; decision variable determines whether
a particular landmark is stationary or dynamic. u; denotes the control inputs to the system. The
remaining notation is consistent with our previous definitions: z; represents observations, x; vehicle
pose, and M the map.
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model. Every other candidate detection which can possibly be reached from H is then
included as part of the associated trajectory hypotheses. Since this search is performed
independently starting from each detection within the window, each detection can be part
of multiple trajectory hypotheses. Quadratic Boolean Optimization (QBO) is then used to
find the optimal set of consistent trajectories subject to the constraint that no two objects
can occupy the same space at the same time. The QBO problem takes into account the

object motion and appearance models when linking together detections.



Background

This chapter provides technical background and introduces the notation which will be used
for the remainder of the thesis. The mathematical notation is introduced in fol-
lowing this we provide a brief summary of the typical tracking and mapping problem.
These are specified as objectives to be minimized from the perspective of non-linear opti-

mization rather than the equivalent maximization of log-likelihood.

describes the Gauss-Newton algorithm as a generic non-linear optimization
procedure applicable to both problems. In order for the Gauss-Newton algorithm to be
applicable to realistic problems, sparse numerical techniques must be used. Various meth-
ods for taking advantage of sparsity are described in as well the relationship

between sparse estimation and the traditional filtering frameworks used for tracking.

The topic of sparsity naturally leads to a discussion of Gaussian Belief Propagation
(GaBP) as a general framework for taking advantage of sparsity in estimation problems.
introduces the idea of Gaussian Belief Propagation on Markov Chains, where
the resulting algorithms are equivalent to the Kalman Filter and Kalman Smoother. Fol-
lowing this, describes the algorithms necessary to generalize GaBP to arbitrary

graphical models.

While there is no novel material presented, we believe there is a gap in the literature of
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graphical models concerning practical algorithms for generating the commonly referenced
clique trees. As part of an effort to make this thesis self contained, we have provided a more
explicit summary of the relevant algorithms. The majority of this chapter can be skimmed
by a reader already familiar with graphical models, but we would focus attention on the
notation for representing potentials and their associated operations as this will be used
throughout the thesis. In particular, the notation for hybrid discrete/continuous potentials

introduced in [Section 3.8|is somewhat unusual, but very useful.

3.1 Basic Notation

This section introduces notation which will be used throughout the thesis. The primary
objects being dealt with can be split up into two categories: observations and the state of
the system being modeled. Observations will generally be denoted as Z;, with t denoting
a time index. When multiple observations are present, Z; will additionally be split as

Zi = (zn,.. .,zt|Zt|) with |Z;| separate measurements.

The generic system state at time t will be denoted as x;. For the purposes of mapping,
the system state can be split into two components, the time-dependent x; and the global
map denoted by M = (mjy,...,my) when |[M| map elements are present. If multiple
independent states are being tracked, such as in multi-target tracking, the time-dependent
state will be split into multiple components: x; = (xy,...,x;n) for N different dynamic
targets plus one robot. In this case, the robot state will be represented by x;. When
discrete variables are modeled as part of the system state, they will be denoted as d; for the

discrete modeling variable corresponding to x;.

Data association variables will be denoted by © for track-oriented approach (associating
an observation with each landmark/track) and A for the measurement-oriented approach
(associating a landmark/track for each observation) ®@; will denote the data associations
at time t and ®;; = j will correspond to the i target, landmark or map element being

associated with measurement z;;. Analogously, A;; = i will indicate that measurement z;;
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was caused by the it target, landmark, or map element.

3.2 The Mapping Problem

The goal of mapping is to estimate the structure of the environment without knowing the
trajectory of the robot or sensor platform. This goal is often formulated as an optimization
problem over two sets of variables: the trajectory of the robot and the location of land-
marks in the environment. The robot trajectory is represented by the sequence of variables
representing the pose at each point in time (py, ..., pr) and the map by M = (x1,..., X))
These variables are linked together through two types of objective functions. The motion
model limet(pt) predicts the location at t + 1 based on the robot pose and state at t. The
observation model, hops(py, X;), predicts the expected sensor observation when landmark
x; is observed while the robot is in state p;. If we consider an idealized scenario where
the data association and number of landmarks is known a priori, estimation reduces to the

following non-linear least squares problem

g(pZ/---/PT,xL... X|M‘) =

1 3.1)

> 5 lmot(pr) = Preallz, + Z ). Hhobs P xi) — 210,15, =

=1 t= 1z\®t,>0

E Loy t+1 (Pt prs1) + Z Z gObS (ps, xi) (3.2)
=10, >0

In the definition above, Xt and X, represent the respective covariances associated with
the motion and observation models. The initial robot position x; is held constant. In prac-
tice we cannot assume that we know the number of landmarks and the true data associa-
tion, so selecting good algorithms and heuristics for data association and map management

is extremely important.

Fig. 3.1| uses a factor graph to illustrate the structure of the optimization objective in
Eq. 3.2 for a small toy problem. A factor graph represents all the variables involved in
the problem as circular nodes and the individual local objectives as black squares (factors)

labeled with the function name. An edge connects a variable with a factor whenever the
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variable appears in the factor’s domain.

Figure 3.1: Factor graph of a sample SLAM estimation problem with T = 7 poses and M = 6
landmarks corresponding to Red nodes represent robot poses and green nodes represent
the landmarks.

Pose graph estimation is an alternative formulation of the mapping problem which
avoids dealing with individual landmarks and instead solves an optimization problem over
only the robot pose variables p;.7. In this case the motion model and observation model are
combined into a single objective & (ps, pr) which encodes an offset between the two poses
and penalizes deviation from this offset according to a metric defined by the covariance X .
For constraints between two consecutive poses the objective h;_1 ; encodes a transformation
estimated from a combination of odometry and sensor data. Constraints between non-
consecutive poses are generated whenever the robot revisits a location and are referred to

as loop closures. The set of loop closures will be referred to as £ = {(s,t) | Ihs(ps, pt) }-
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The optimization objective for pose graph SLAM is a sum over all pairwise pose constraints

T-1

1 1
gp2, - pr) =Y, El\ht,m(lﬂt,Pt+1)H%MH + ) Ellhtl,tz(myPtz)llétl,tz = (3.3)
t=1 (tl,tz)eﬁ
T-1
=Y gmi(pop)+ Y. 8un(ph po) (3.4)
t=1 (tl,tz)eﬁ

The factor graph associated with this objective is shown in

Figure 3.2: Factor graph of the pose graph estimation problem corresponding to The robot
trajectory is identical to but all sensor data is incorporated using pairwise relationships
between the poses.

3.3 The Tracking Problem

Tracking can be thought of as a special case of the mapping problem where the landmarks
move and the sensor is stationary. Despite this, there are several important differences
between the two which cause the estimation algorithms to differ substantially in practice.
One major distinction is that data association can be somewhat side stepped in the mapping
problem. This is due to the fact that we do not need to recover every possible landmark
in the scene — only enough landmarks to reconstruct the trajectory accurately. This gives
some leeway in picking easier landmarks to track which is not present in the tracking

problem. For tracking, the primary focus is on the trajectories of the targets and so data
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association takes a much more prominent role. That said, if we assume data association
is known in advance, the estimation problem can also be expressed as sparse non-linear
least squares. To do we will reuse the notation of the mapping section above as much as
possible. Assuming N targets are being tracked, the states of the targets will be denoted by
{x11,...,x:n}. As before, ©4 will provide the data association with ®;; = j indicating z;; is

an observation of the it target x;;.

The motion model for each target is analogous to the motion model of the robot/sensor
in [Section 3.2, and the observation model corresponds directly to landmark observations
in that section. The overall objective for the problem is

g(PZ/---rPT/xL... XT) =

T-1 N 1 (35)
= Z EHhmot(xt,i) + Z 2 ||hobs Xti) = Z G)nHZobs

t=1i=0 t=11i: @t,>0

T-1 N )
= Zg ,zOt(xtn xt+11 + Z Z go S xtz (36)

t=1i=0 t=11:04>0

mot mot mot mot mot mot
@ 82,1 83,1 @ 841 @ 86,1

obs obs
833 843 873

Figure 3.3: Factor graph of a tracking problem with known data association, T = 7, and N = 3

targets corresponding to [Eq. 3.6

3.4 The Gauss-Newton Method

The sections above defined the tracking and mapping problems as non-linear least squares

optimization problems. The Gauss-Newton method is a standard algorithm for the prob-
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lems defined by [Eq. 3.1} [Eq. 3.3, and [Eq. 3.5, Given a set of objectives gi(x;) : R" — R,

with x; a (possibly overlapping) subsets of the problem domain x € R", the goal is to find

a value for the state vector x which minimizes the combined objective

g =_8i(xi) (3.7)

We will use the index i to index the objective g; as well as the domain of g; within the global
state vector x. In this notation, x; refers to the elements of x over which g; is defined. For
some situations it will be convenient to use a double index for the set of objectives, i.e. gj;.
In this case the corresponding domain will be referred to as x;;. To simplify notation, we
define the addition of such sub-vectors so that x; + x; is the sum over corresponding indices.
The missing entries in each of the two vectors are treated as zeros; e.g. we are treating each
x; as a sparse vector in the full problem domain R”. The same convention will be used

with the gradient vectors and Hessian matrices corresponding to each sub-domain.

The individual g; terms in can be expanded to make the least-squares formula-
tion explicit
gi(x;) = %fi(xi)Tfi(xi) (3.8)
with f; : R% — R™i. If we linearize f; at x*

Al ) = i) + VA (6 — x7) (3.9)
= filx*) + Vfi(x)) 6 (3.10)

we get the classic Gauss-Newton minimization scheme which iteratively minimizes the

approximate linear least-squares objective

~[x* x* 1 ~ el nk

@) =g ) = Lo ) T ) (3.11)
Expanding each term in [Eq. 3.11| results in the following quadratic form

gwx)=2(§ﬂ<x*fﬁ<x*>+ﬁ< VA 8+ 58] VAV )
i (3.12)

:%f(x*) +gr'é+ %NH&
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By setting the derivative of [Eq. 3.12|to 0, we can compute the optimal é and use it to update

the linearization point

gr=2 g = L V/ilxi ) filx)) (3.13)
H = ZHl = Zsz ) Vi) (3.14)
§=—Hgr (3.15)
Xhew = X"+ 0 (3.16)

The Gauss-Newton algorithm proceeds by repeating the linearization and quadratic mini-

mization procedure until convergence.

3.5 Sparse Optimization and the Schur Compliment

For large systems of small objectives (i.e. n; < n ), the quadratic minimization problem
in is often sparse. This sparsity allows to be scaled to problems with
thousands of variables while still maintaining reasonable performance. There are several
common strategies to do this — some fairly general and some problem specific. To talk about
these approaches it is helpful to visualize the sparsity pattern of the Hessian matrix H. The

sparsity patterns of the Hessians associated with the mapping and tracking optimization

problems are illustrated in |[Fig. 3.4 and |[Fig. 3.5 These patterns match the connectivity of

the associated factor graphs (Fig. 3.1} [Fig. 3.2} and [Fig. 3.3). Since each factor denotes a

relationship between the associated variables, it implies a potential non-zero entry in the

Hessian matrix.

For the SLAM and SfM problems illustrated in block matrix inversion is a

common problem-specific sparsity strategy for solving [Eq. 3.15| Looking at [Fig. 3.4al we
P P P y gy g &g g g

can partition the Hessian and gradient into blocks corresponding to the pose and landmark

variables, indicated by the p and x subscripts respectively.

Hpp Hpx| [0p] _ |8Tp
[pr Hxx:| |:5x N 8I'x (3.17)
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The decomposition in [Eq. 3.17|can be used to take advantage of sparsity by applying Gaus-
sian elimination to the blocks (see Schur compliment, Boyd and Vandenberghe [91]). To do

so solve we first symbolically solve for J, in terms of J, using the second block-row.
6 = H! (g1 — Hapy ) (3.18)

The resulting expression is substituted into the second block-row to obtain an equivalent

system in terms of only the x; variables.

S =Hpp — HpxH/Hyp (3.19)

6, =57 (8rp — HpHlgr ) (3.20)

In the above equation S is known as the Schur compliment of Hp,. Once 4, is known, the

corresponding value of §, can be computed directly from [Eq. 3.18| via back substitution.

The method described above does not reduce computational complexity for dense ma-
trices, but it can help when the Hessian is sparse. Two matrix inverses are needed: Hy,! and
S~ 1. In we can see that H,y is a diagonal matrix whose inversion is trivial. On the
other hand, S is of the same size as Hpp and computing S~ is a relatively small problem
because there are typically far fewer poses than landmarks. This technique is often referred

to as the Schur compliment trick and has a long history in the literature [92].

More general sparse matrix decomposition algorithms can take advantage of arbitrary
matrix sparsity when solving the quadratic optimization problem [93]. These techniques
are also applicable to pose graph estimation, where there is no guarantee that any particular

submatrix has diagonal or block diagonal structure.

For the special case of multi-target tracking, a Kalman filter is often used for each of
the trajectories shown in The Kalman filter can also be thought of as a sparse
linear-least squares algorithm [16, 18] and at its core also relies on iterative application of
the Schur compliment trick. The following section will illustrate that Gaussian Graphical

Models can be thought of as a generalization of this idea to arbitrary sparse problems.
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(a) SLAM/SfM formulation of the mapping problem
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(b) Pose graph formulation of the mapping problem

Figure 3.4: Typical sparsity patterns for mapping problems.
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Figure 3.5: Typical sparsity pattern for multi-target tracking problems. Note that the estimation
problem for each track is in fact completely independent. While it is not common to think of this as
problem sparsity, it is in fact an extreme example where the estimation for each track is completely
independent once data association is established.
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3.6 Gaussian Belief Propagation: Markov Chains

Gaussian Belief Propagation is a probabilistic alternative to the linear algebra based ap-
proaches to sparsity discussed in the previous section. Since maximum likelihood infer-
ence in a linear Gaussian model is equivalent to linear least-squares, we can switch to a
probabilistic perspective in order to take advantage of well developed sparse inference al-
gorithms. Gaussian Belief Propagation is an application of Belief Propagation to Gaussian
graphical models [94, O5]. The resulting algorithm is very similar to the block Gaussian
elimination techniques described in the previous section. This connection to graphical
models and general inference techniques motivates the inclusion of discrete variables in
A detailed presentation of these topics is beyond the scope of this thesis, but we
will provide an overview geared towards defining the notation and providing a reference

for the remaining chapters.
3.6.1 Belief Propagation and Message Passing

The Belief Propagation algorithm is a very general application of dynamic programming to
sparse inference. It is applicable to both MAP inference and the computation of posterior
distributions. We use a simple estimation problem as an example to introduce the topic
at an intuitive level. The problem consists of estimating the state of a system of three
variables (x1,x2,x3) € R® from the corresponding observations (z1,z,,2z3). The posterior

for this problem is proportional to the following product

P(X1:3 | Z1:3) X P(Zl ’ x1) P(xl) P(22 | XQ) P(XQ | X1) P(Z3 | X3) P(X3 | XZ) (321)

L(xl) L(xl,xz) L(XQ,X3)

The MAP estimate is given by
x7.3 = argmax {L(x1) L(x1, x2) L(x2, x3) } (3.22)
X1:3
Assuming all of the component distributions in |Eq. 3.21|are Gaussian, we can compute xj 5

by computing the parameters of the distribution P(x13 | z1.3) and looking at its mean.
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Despite the fact that we know x; and x3 do not directly interact, this information is
lost once we compute P(x1,x2,x3). As an alternative, we can incrementally compute the
maximal values while reusing the partial computations as much as possible; this is the
dynamic programming approach. For the example above, we can rewrite the maximization

to emphasize the repetitive computations inherent in the calculation.

xj = argmax {rr}cax {L(xl) L(x1, x2) max {L(x2,x3) } } } (3.23)
X3 =argmax {n}(ax {L(x1) L(x1,x2) } max {L(x2, x3) }} (3.24)
x} =argmax {rr}cax {rr}cax {L(x1) L(x1,x2) } L(x2, x3) } } (3.25)

The repetition becomes more obvious if we define temporary distributions ¢4 (x1, x2), ¢2(x2, x3),

7 (x2), and ¥ (x2) as follows

¢1(x1,22) $2(x2,x3)
—Y —
x] = argmax {max {L(xl) L(x1, x) max {L(x2, x3) } } } (3.26)
X1 X2 X3
% (x2)
¢1(x1,%2) 472(_95@
X3 = argmax {max {L(x1) L(x1, x2) } max {L(x2, x3) }} (3.27)
Xy X1 X3
# (x2) % (x2)
$1(x1,x2) $2(x2,23)
—N— —
x} =argmax {max {max {L(x1) L(x1,x2) } L(x2, x3) } } (3.28)
X3 X2 X1
# (x2)

The temporary distributions ¢ and ¢, are referred to as the local potentials; these capture
the local relationships between variables. The other two temporary distributions, 7 and
<ﬁ, are referred to as messages. The forward message 7 captures all information about
xp from ¢;. Similarly, the backward message ? captures all information about x; from
¢>. The messages transmit information between the two local potentials and allow a global

solution to be coordinated. Belief propagation, when run on this example results in the
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follow computations

¢1(x1,x2) :=L(x1) L(x1, x2) (3.29)
¢2(x2,%3) = L(x2, x3) (3.30)
7 (x2) = max {¢p1(x1,x2) } (3.31)
W (x2) = max {¢2(x2,x3) } (3.32)
By (x1,%2) =1 (x1,%2) ¥ () (3.33)
Ba(x2,x3) = (x2, x3) 7 () (3.34)
(31, 73) = argmax { By (x1, x2)} (3.35)
(x5, %) = arééax (By(x1,32)) (336)

After computing the local potentials and the messages, results are stored in the ’belief’
distributions B; and B,. These combine information from the local potentials with the
incoming message in order to compute a proxy for the global objective over the local vari-
ables. Note that despite the fact that x5 is computed twice, the optimal values will be
the same as long as all of the local potentials are not degenerate distributions. This is a
consequence of the fact that non-degenerate Gaussian distributions have a unique maximal

likelihood value.

The intuition behind the Belief Propagation algorithm is similar to block Gaussian elim-
ination algorithm. Instead of maximizing L(x1, x2, x3) over (x1, x2,x3), we are symbolically
maximizing ¢; over x; in closed form before combining it with ¢, to compute the maxi-
mal value over (x2,x3). In this particular example, there is not much of a computational
advantage due to the overhead of the algorithm compared to the amount of sparsity in the
problem. For larger problems the improvement can be drastic. If each of x1, x2, and x3
represented n-dimensional vectors instead of single variables, the algorithm above would
replace a least-squares problem of size 3n with several problems of size 2n. Due to the
roughly O(n3) computational cost of Cholesky decomposition, this makes a larger differ-

ence as n increases.
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3.6.2 Gaussian Potentials

Gaussian Belief Propagation requires manipulating various Gaussian distributions in closed
form. To do so we must define data structures capable of storing the various potentials as
well as the set of allowed operations on these data structures (e.g. maximization, inte-
gration, and computing products). For many of the required operations, the ‘information
form” of the Gaussian distribution is a much more convenient parameterization than the
standard moment form. In addition, the information matrix naturally corresponds to the
Hessian matrix and so directly reveals the sparsity structure of the problem. This is not
the case with the covariance matrix, which is typically dense even for sparse Gaussian

distributions.

The probability density function of x ~ N'(u,X) is given by

P D) = (2m) H [zl exp(—5r ) Z M) (.37

Instead of the moments i and X, the information form is defined via the information matrix

I and the information vector 7

[=x1 (3.38)

n=x"lu (3.39)

We can rewrite the density from [Eq. 3.37|in information form by expanding the term inside

the exponent and applying the above definitions
_n 1 1 T T 1 T7—1
P(x|n,I) = (2m) 2|I|2 exp —5X Ix+x =5 Iy (3.40)

We note that the log-likelihood of |[Eq. 3.40|is always a quadratic form in x

logP(x) = — glog(Zn) + %logm + (—;xTIx +x'y— ;WTI_117> (3.41)
L 1 T 1 n T 11

=5 (=Dx+x'n+ Elogm — Elog(Zn) — 51 Iy (3.42)

:leAx +x'b+c (3.43)

2
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This motivates the definition of a general Gaussian Potential, ¢(x) as the exponent of a
quadratic form. The Gaussian Potential ¢ : R" — R is represented by the three parameters

Ay, by, and ¢y such that
_ 1+ T
p(x) = exp ¥ Apx +x by +cyp (3.44)

This definition does not always correspond to a valid Gaussian distribution, but any Gaus-
sian distribution can be represented as above. To represent a standard multivariate Gaus-

sian with information parameters (I,7), the potential parameters are set to

Ap=—1 (3.45)

1 n 1 + =
Cp=5 log|I| — 5 log(2m) — EUTI by (3.47)

Gaussian Potentials can also be used to represent conditional distributions where the

mean is parameterized by an affine function

x|y ~N(uy),x) (3.48)

u(y) = Hy + po (3.49)

If we write the information vector, 7, as a function of y and express the log-likelihood in

terms of the parameters I, y, and o we get
n(y) = I(Hy + po) (3.50)
n 1 1 1 _
logP(x|y) = = log(27) + S log|I| — ox " Ix +x"n(y) = 5n(y) ' T'(y)  (351)

By expanding the definition of 77(y) and rearranging terms, we can rewrite [Eq. 3.51| as a

quadratic form of the combined vector (x,y) parametrized by I, H, and g

]‘ ’ pd X ! X
) 2
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with
Ay = —1 (3.53)
Ay = Ay =1H (3.54)
Ay =-H'IH (3.55)
by = Iug (3.56)
by = —H'Ing (3.57)
Lo T

c=5 (;40 Ino +nlog(2m) — 10g]1|> (3.58)

The potentials are closed under multiplication, division, and exponentiation. That is,
1 % P2, ¢1/¢2, and ¢f are all valid potentials. As an example, the multiplication of two

potentials ¢ * ¢ results in the product potential ¢poq With parameters

Aq’pmd = A(Pl + A(PZ (359)
bcpprod = b¢l + b‘PZ (3.60)
C¢prod = C¢1 + C472 (3.61)

These properties are a consequence of the definition in[Eq. 3.44]and the linearity of quadratic
forms in terms of their parameters. When multiplying or diving two potentials which do
not have the same domain, e.g. @prod(¥,¥,2) = ¢1(x,y) - $2(y,z) the factor potentials are
extended to cover the full domain (x,y,z). This is done by setting the quadratic form pa-
rameters correspond to the added variables to zero. Letting Aq,bq,c1 and Ay, by, ¢, be the

parameters of ¢; and ¢, respectively, the product parameters are computed as

_Alxx Alxy 0 0 0 0

A¢prod = Alyx Alyy 0| + |0 AZyy AZyz (362)
L 0 0 0 0 AZzy Aoz
(D1 0

Dppos = | b1y | + | b2y (3.63)
| 0 by,

C‘Pprod :Cl + C2 (364:)

The operations ¢, - ¢, and ¢,/ P, are defined in terms of the respective sum and different

of the parameters of the quadratic forms.
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If a potential ¢ is negative semi-definite, that is the matrix A, is negative semi-definite,
we can also compute integrals and maximize in closed form. To do so for the potential

X,y) we partition its parameters into blocks corresponding to the x € and y €
y partition its p ters into block ponding to th R" and y € R"™

variables
Ay A
A :[ xx xy} € Rr+m)x (nm) (3.65)
¢ Ayx Ay
b(P _ |:Zx:| c Rn+m (3.66)
Y

Using the partitioned parameters, ¢narg(x) = [ ¢(x,y) dy is given by

Aoy = Anx — Arg Ayt Ay (3.67)

b(,bmarg — b AxyA b (3.68)
1 1

Clmarg = bTA )by + mlog(Zn) log\—Ayy\ (3.69)

Similarly, ¢nax(x) = max, {¢(x,y)} has parameters

Agpne = Ary — Ay Ay} Ay (3.70)
Dgma = by AxyA ', (3.71)

1
C‘Pmax = ¢ Zby Ayy by, (372)

Note that the only difference between maximization and marginalization of Gaussian Po-
tentials is the constant factor in the quadratic form. Maximization and marginalization
(integration) of potentials will be a commonly used operation in this thesis, so we define

the following operators as short hand for the operations described above.

marg / $(x,y)d (3.73)
myax[qJ :myax {p(x,v)} (3.74)

These operators take a potential as input and return a modified potential representing the

result of the specified operation.

Finally, it is occasionally useful to define a conditioning or partial evaluation operation

for Gaussian Potentials. This comes into play when a probabilistic model needs to be
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conditioned on actual observations prior to inference. Given ¢(x,y) parameterized as in

Eq. 3.65/and [Eq. 3.66, we can define a partial evaluation operation which fixes y = yp at a

single value. The potential ¢evai(x) = ¢(x, y=y0) has parameters given by

A‘Peval = Axx (3.75)

Dpos = bx + Axy¥o (3.76)
1

C¢eval = C‘P + b;]/O + E]/OTAyy]/O} (3.77)

This operation is efficient in information form as it does not require any matrix inversions.
In the covariance parameterization, computing the parameters of a partial evaluation oper-

ation requires computing the Schur complement.

3.6.3 The Kalman Filter and Smoother

Using the principles from [Section 3.6.1|and the operations from [Section 3.6.2| we can define

the Kalman Filter and Smoother as special cases of Belief Propagation. If the motion and
observation models are linear with Gaussian noise, we can define local potentials for each

t

4)1 (Xl) = P(xl) P(21 | Xl) (378)
¢2(x1,x2) =P(x2|x1) P(22| x2) (3.79)
Pr(xe—1,xt) =P(x¢ | x4—1) P(z¢ | x¢) (3.80)

Given the graphical model and clique tree shown in combined with the po-

tentials defined above, the message passing algorithm is composed of the following basic
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(a) Bayesian Network
H1(x1) W2 (x2) Wroa(xr)
$1(x1) $2(x1,%2) e ¢r(xT—1,%T)
wa(x1) Ha(x2) wr(xr-1)
(b) Clique tree
Figure 3.6: Graphical model and associated clique tree for the filtering /smoothing problem.
recursions fort =2,..., T —1
7t(xt) = max {7t—1(xt—1)¢t(xt—1, xt)} = Ijlclaf[7t—1 -] (3.81)
N —
Wi(xro1) = max {@(xrm1, %) Y1 (x) } = max (91 9 111] (3.82)
Bi(xt—1,x¢) = -1 (xe-1) e (xr-1, %0) W 41 (x1) = Wi e (3.83)

The forward recursion is specified by [Eq. 3.81} the backward recursion by |[Eq. 3.82} and the
local posterior in[Eq. 3.83| combines the two. The resulting algorithm is listed as

The recursion for the messages in the forward direction is equivalent to the Kalman

filter with each forward message 7t equivalent to the filtering distribution P(x; | z;). The

local posteriors after message passing, Bi(x, x1+1), are equivalent to the smoothing distri-

bution P(x;, x;11 | z1.7).
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1: procedure FORWARDBACKWARD({¢¢},_; 1)
2: {7 } := FORWARDPASs ({¢+}) > Compute forward and backward messages
3 {%:} = BackwarpPass({¢:})

4: Bi(x1) = ([71 (x1) - 72(x1) > Compute posterior beliefs
5: fort=2,...,T—1do

6: By (xi—1,xt) 7t 1(xe—1) - e (xe—1, x¢) - <ﬁtﬂ(xt) >[Eq. 3.83
7: end for

8 Br(xr_1,xr) = Hra(xr-1) r(xr_1,x1)

9:  return {B;} > Return the set of posterior beliefs

10: end procedure

11: procedure FORWARDPASS({(Pt})

12: 71 X1 4)1 xl)

13: fort = 2 —1do

14 T () = maxs, 711 (i) - (i, )] >[Eq. 3.81
15: end for

16: return {7t} > Return the computed set of forward messages

17: end procedure

18: procedure BACKWARDPAss({¢:})

19: <ﬁT(JCT_l) = MaXy, |:QDT(XT_1, XT)}

20: fort=T-1,...,2do

21: <ﬁt(xt,l) = maxy, [(,bf(xt,l,xf) . ?t+1(Xf)i| >|[Eq. 3.82
22: end for

23: return {?t} > Return the computed set of backward messages

24: end procedure

Figure 3.7: The Forward-Backward algorithm for Linear Dynamical Systems

3.7 Gaussian Belief Propagation: General Graphs

The previous section introduced the intuition for Gaussian Belief Propagation and the prac-
tical algorithm for Markov Chains. In this section we will describe how to apply the same
techniques to more general problem structures. The generalized procedure requires a sub-
stantial amount of preprocessing in order to generate the appropriate graph structures.
First, we must convert the factor graph representation of the problem to a Markov Random
Field. The Markov Random Field is then used to compute a variable elimination ordering
which in turn generates an elimination tree. At the final stage of the preprocessing, the

elimination tree is modified to produce a clique tree. This final clique tree data structure
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can be used by the Belief Propagation algorithm to partition the sparse global problem
into a tree-structured network of small dense local sub-problems. The four stages of this
preprocessing are shown in The algorithms presented here are based on Dawid

et al. [95] which should be consulted for further details.

To describe the general case, it is easiest to use Markov Random Fields (MRFs) as a
representation of sparsity. A MRF graph contains a vertex for every variable in the problem
and an edge between two variables whenever there is a direct relationship between them.
Specifically, an edge between two variables indicates that they are present together in the
domain of at least one objective/local potential. To convert from a factor graph to an
MREF representation, we simply remove all of the factors in the factor graph. For each
factor removed, edges are added so that the variables in its domain form a clique. As an

example, demonstrate the MRF corresponding to the factor graph in
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(a) Markov Random Field corresponding to (b) Triangulation induced by the elimina-
the factor graph in|Fig. 3.2 tion ordering p1, p3, pa, P2, V5, Pe, p7. Dashed

edges have been added by the triangulation.

p7: {p7}
pe : {pe p7}
ps : {ps pe, 7} ps : {ps pe, p7}
p2 : {p2 ps p7} p2: {p2 ps p7}

Pt {ps p2,ps} pr:Apupa pr} Pt {pa P2, p5}
p1: APy p p7} p3 i {ps P2, pa} p3: ps p2 pa}
(c) Elimination tree corresponding to the (d) Clique tree generated from the elimina-
elimination ordering. tion tree by keeping only the vertices corre-

sponding to maximal cliques.

Figure 3.8: Illustration of the graphs involved in converting the factor graph in [Section 3.2 to a
clique tree which can be used for inference or optimization.
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3.7.1 Variable Elimination Orderings

The concept of an elimination ordering is central to generalizing To do so we
consider the problem of efficiently finding the maximal likelihood value itself (or marginal
likelihood when computing a posterior). This is done by eliminating variables from the
problem one at a time via partial maximization (or marginalization). Each elimination
solves the optimization problem in terms of a single variable and produces a smaller, equiv-
alent problem. However, each elimination has the potential to offset the decrease in prob-
lem size by also decrease sparsity. To avoid this, it is important to choose an elimination
order carefully. Once the ordering is established, it can be used to compute the actual value

of all variables by using a generalization of the dynamic programming/message passing

techniques in [Section 3.6

The process for eliminating a variable starts by collecting all factors which are adjacent
to it in the factor graph. This set of factors is replaced by a single combined factor where
the target variable has been eliminated in closed form. The domain of the newly created
factor is the set of neighbors of the target variable in the MRF. The actual elimination than
reduces the size of this domain by one. In the three variable example from
the optimal elimination order is xj, x, x3 (or the reverse). This ordering corresponds to the

following expression for computing the maximum likelihood value

v* = max {rr}(ax {P(x3| x2) max {P(x1) P(x2 | xl)}}} (3.84)
2 L

X3
Py (x1,%2)

P2 (x2,x3)

#3(x3)

Eliminating the variables in the wrong order, for example the ordering x,, x3,x1, corre-

sponds to the expression

0" = max {rr}gx {rr}:;x {P(x1) P(x2 | x1) P(x3 | xz)}}} (3.85)

X1

Py (x1,X%2,%3)

1/'72 (X1,X3)

¥3(x1)
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By eliminating x; in the inner-most part of the evaluation, we are forced to incorporate
all factors involving x; into a single potential and do not gain anything from the problem
sparsity. Eliminating blocks of variables in the appropriate order, however, can reduce
the total computational effort. Unfortunately finding the optimal elimination order in an
arbitrary graph is an NP-complete problem, the solution of which requires heuristics in

practice [96]].

Heuristic algorithms for variable elimination are based on considering the sequence of

temporary potentials (11, ¢, 3) created in the elimination process, as labeled above in

[Eq. 3.84 and [Eq. 3.85 In the case of the the sub-optimal ordering shown in [Eq. 3.85| the

1 temporary potential is defined over all three variables, and so this ordering negates any
possible savings due to sparsity. In contrast, never constructs a potential with
domain size greater than two. To visualize the resulting loss of sparsity, we can modify the
original MRF by adding the edges necessary to represent the full sequence of temporary
potentials. The resulting graph is the "triangulation” of the original MRFE. The edges added
in this way are referred to as fill-in; our goal will be to minimize the amount of such added
edges. Note that in the Markov Chain example from the previous section, the natural

sequential ordering of the variables is optimal and does not cause any fill-in.

The typical heuristic for computing the elimination ordering, shown in al-
ways attempts to eliminate the variable which will minimize fill-in. To pick which of the
remaining variables to eliminate at step i, the algorithm attempts to minimize the size
of the domain of the temporary potential ¢;. As a side effect, we also generate a set
of temporary potential domains {C|x;|}; which correspond to cliques in the triangulated
graph. Applying this heuristic to the MRF in results in the triangulated graph
shown in where the dashed edges represent fill-in. The corresponding ordering

is: (p1, p3, Pa, P2, P5, Pe, P7)-
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1: procedure ELIMINATIONORDER(G = (V, E), H)
2 forie {1,...,|V|} do
3 u:=argmin g, H(G,0) > Pick next variable using heuristic H
4: N := NEIGHBORS(G, u)
5: G:=Gg\{u} > Remove u along with all adjacent edges
6 E=EU{(ij)ije N} > Add induced edges between neighbors
7 Olu] =i > Store vertex ordering
8 Clu] .= NU{u} > Store the elimination clique
9 end for

10: return (O,C) > Return the ordering and associated cliques

11: end procedure

12: procedure H(G,v)
13:  return |[NEIGHBORS(G,0)| > The minimum degree heuristic
14: end procedure

Figure 3.9: Computing a variable elimination ordering for a Markov Random Field.

3.7.2 Elimination Trees

The variable elimination ordering computed using is in fact not a total ordering,
but a partial order relation. There are sequences of variables which must be eliminated in a
fixed order, but different portions of the graph are often independent of each other and can
in fact be eliminated in parallel. This gives rise to the concept of an elimination tree. Each
node in the elimination tree corresponds to a variable. The root of the tree corresponds to
the last variable to be eliminated. The partial ordering is encoded by the rule that a parent
can only be eliminated after all of its children, whereas siblings can be eliminated in any
order. An example of an elimination tree is shown in Each node is labeled as
v : {c1,¢2, ...} where v is the variable being eliminated and {cy, ¢, ...} is the domain of

the required temporary potential.

An elimination tree can be build with using the previously computed elimina-
tion ordering O and cliques C. For each vertex v in the ordering O, v must be eliminated
before the set of neighbors C[v] to ensure that the domains of the temporary potential
is not altered. This can be guaranteed by making sure that v is eliminated before any

U € NEIGHBORS(V).
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1: procedure ELIMINATIONTREE(V, O, C)
2 E=Q >T =(V,E)
3 forv eV do
4 N := C[v]\{v} > Clique of non-eliminated neighbors when v is eliminated
5: p = argmin,_y {O[u]} > Parent is next (in O) neighbor to be eliminated
6 E=EU(p,0) > Createa p - vedgein T
7 end for
8 return 7 = (V,€) > Return the elimination tree
9: end procedure

Figure 3.10: Constructing an elimination tree from the vertices V, ordering O, and the associated
cliques C.

3.7.3 Clique Trees

A clique tree is the final data structure needed in order to perform inference. It is almost
identical to the elimination tree, but can be more compact by grouping long chains of
eliminations into a single operation. The variable sets in the elimination tree correspond
to domains of the temporary potentials, each of which forms a clique in the triangulated
graph. Each node in the clique tree corresponds to a maximal clique in the triangulated
graph. A clique tree is a network of these maximal cliques which encode a whole set of
elimination orderings as shown in To extract a particular elimination ordering,
we must choose which set of variables we would like to be eliminated last and define this
clique as the root of the tree. The resulting elimination ordering is always consistent with
the triangulated graph. The elimination process starts at the leaves of the clique tree and
proceeds towards the root. Traversing an edge from node u to v requires eliminating all
variables in the set C[u]\C[v]. In traversing the path ps — ps — p2 — ps is
equivalent to eliminating the variables {p3}, {ps}, followed by {p2}. The path p5 — p» —
p1 corresponds to eliminating { ps, p7}, followed by {ps}.

An elimination tree from the previous section can be converted into a clique tree using
the algorithm shown in This algorithm is based on two properties of the elimi-
nation tree. First, each maximal clique of the triangulated graph has a corresponding node
in the elimination tree (the converse is not true). Second, the elimination cliques in the

tree are nested. That is, variables are always eliminated as we move up the tree. This im-
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plies the maximal cliques can be identified by comparing the elimination set of each node
with that of its children. Removing the non-maximal cliques in the elimination tree results
in a clique tree which can be used for inference. The removal of non-maximal cliques is
performed using a contraction operation on edges in the tree. Whenever a clique is found
which is a subset of one of its children, the two vertices are merged by contracting their
shared edge. After running this algorithm, all remaining elimination sets are guaranteed
to be maximal and so the elimination tree becomes a clique tree. The clique tree for the

pose graph example is shown in [Fig. 3.8d

1: procedure CLIQUETREE(T = (V,E),0,C)

2 forv eV do > Go through all nodes in the elimination tree
3 for u € cHILDREN(?) do

4 if C[v] C Cl[u] then > If v has a child whose clique is a super set
5: u* := CONTRACT (1, V) > Merge u and v into a single vertex
6 Clu*] :== Clu] > Set the clique of u* to the larger clique
7 T = (T\{u,v}) U{u*} > Replace u and v with u*
8 break

9: end if
10: end for
11: end for
122 return7 = (V,€) > Return the clique tree

13: end procedure

Figure 3.11: Converting an elimination tree into a clique tree.

3.7.4 Belief Propagation on Clique Trees

As already mentioned, a clique tree encodes a set of variable elimination orderings to effi-
ciently solve for the values of any maximal clique in the triangulated graph. The Forward-
Backward algorithm described in used dynamic programming and temporary
message potentials to simultaneously compute the posterior over all variable in the chain.
The full Belief Propagation algorithm is a generalization of this idea to the clique tree. It
simultaneously computes all possible sequences of variable eliminations encoded by the

tree and so solves the problem for all variables. For example, the expression for the local
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posterior at over the C, domain is given by the following formula

Ba(p2, p5, p7) =2 - Hsp - Hao - Pap = (3.86)
=92+ (max [gs]) - (max [1]) - (max gy - i34]) (3.87)
T/ p p
=¢2- (max(gs]) - (max [¢1]) - (max ¢4 - max [gs]]) (3.88)
| S —— | S — | S —
M52 H1,2 H34
Hap

The general dynamic programming recursion for the posterior with a clique tree 7 =

(V,€) is
Bi=¢i- 1 i Viey (3.89)
JENEIGHBORS (1)
pij = max |- I M V(i,j) € € (3.90)
] Cl\Cl] kenercuBoRrs(i)\{j}

The message potentials y; ; are labeled with two indices specifying, respectively, the source
and target vertex in the clique tree. This recursion makes it possible to simultaneously
compute the posterior over all domains. In practice, the recursive equations are imple-
mented in two rounds of message passing as shown in The initial upward pass
computes all the messages from the leaves to the root of the clique tree. The downward
pass computes the messages from the root back towards the leaves. illustrates the

algorithm on the clique tree example from the previous section.
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Clps] = {ps, ps, P7}
¢s(ps, pe, p7) = exp($s6 + §6,7)

\

V5,2(P5, P7)

Hz,s( Ps, P7)

\

Clp2] = {p2,ps,p7}
$2(p2, ps, p7) = exp(&s.2)

/ / Ha,4(p2, ps)
Uo, 1(P2, P7
Hi2 sz }97)

Hap PZ, P5)

Clpi) = {plfpz, p7} Clps] = {Ps, P2, P5}
¢1(p1, P2, p7) = exp(o1 + §12 + &71) ¢4(p2, Pa, p5) = XP(§4,5)
Ha3(p2,
}l34 le P4

Clps] = {ps, P2, P4}
$3(p2, p3, pa) = exp($23 + $34)

Figure 3.12: Clique tree with annotated messages; the message passing root outlined in bold.
Fig. 3.13|lists the general algorithm for computing the messages and posterior beliefs.
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1: procedure BELIEFPROPAGATION(T = (V, &), {¢o},cy)

2 R := rooT1(T)

3 UprwAaRrDPAss(R) > Gather information from the leaves upward
4; DownNwaRrDPAss(R) > Distribute information from the root downward
5: forvc )V do > Compute the posterior beliefs
6 Bv(xv) = (Pv(xv) 'HuENEIGHBORs(v) Vu,v(xuﬁv)

7 end for

8:  return {By},.y > Return the set of posterior beliefs
9: end procedure

10: procedure UPWARDPASS(v)

11: for ¢ € CHILDREN(?) do

12: UprwaRrDPAss(c)

13: end for

14:  p:= PAreNT(V)

15: Vv,p(xvﬂp> = r}};\ix |:(Pv(xv) : H ,uc,v(xcﬂv):|
vA\P

CECHILDREN (D)
16: end procedure

17: procedure DOwNWARDPAsS(v)

18: for ¢ € CHILDREN(?) do

19: ,uv,c(xvﬁc) = max |:47v<xv) : H Vd,v(xdﬂv)]
o\e deNEIGHBORS(v)\{c}

20: DowNwARDPASS(c)

21: end for

22: end procedure

Figure 3.13: The Belief Propagation algorithm over a clique tree. The domain of each vertex/clique
is denoted by x, = C[v]. The message domains correspond to intersections of the clique domains
and are written as x,n, = C[u] N C[o]. Similarly, x,,, = C[v]\C[u] denotes the set difference domain.
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3.8 Discrete Variables and Hybrid Potentials

This dissertation is focused on incorporating discrete variables into the purely continuous
problems which can be described with Gaussian Graphical Models and solved with mes-
sage passing. Up to this point we have reviewed inference and optimization in continuous
systems, but have avoided the topic of discrete variables and model selection. This sec-
tion focuses on adding discrete variables to the Gaussian Potentials from and

demonstrates why this addition breaks the inference algorithms discussed above.

As a first step, we will define the notation for local potentials which depend on discrete
variables. A hybrid potential ¢(x,d) is a function of both continuous variables x € R"
and discrete variables d € {1,...,K}. Such a hybrid potential is essentially a table of K

different Gaussian Potentials, each conditioned on a possible value of 4

¢(x,d=k) =¢® (x) vke {1,...,K} (3.91)
¢ (x) E%xTA(k)x + 2760 4 ®) vke {1,...,K} (3.92)

The parameterization of the discrete potential ¢(x,d) is formally defined as a table of

quadratic forms, each one equivalent to one of the Gaussian Potentials in {(p(k)}

=

Ay =4 vke {1,...,K} (3.93)
by = vk e {1,...,K} (3.94)
ey =c, vk e {1,...,K} (3.95)

The difficulty with hybrid potentials is that they are not closed under the partial marginal-
ization and maximization operations required for efficient inference. In the case of the
¢(x,d) as defined above, we can define marg,(¢) as

K
marg ¢ = Z ¢(x (3.96)
d

Unfortunately, there is no way to compactly represent the right hand side of [Eq. 3.96| with-

out explicitly storing the parameters of each ¢*) in a table and adding up the K different
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values whenever we need to evaluate marg; [¢| (x) for a particular value of x (the situation
with max,[¢] is identical). Without a closed form representation, taking the product of
successive hybrid potentials results in a table with an exponentially increasing number of
entries. Unlike the Gaussian case where the brute force approach is at worst cubic, hybrid
Belief Propagation is fundamentally intractable without approximations. In the following

chapter we will introduce our approximation strategy to avoid this problem.



lterative Local Model Selection

4.1 Introduction

The major limiting factor in applying switching models to perception is a lack of general
purpose inference algorithms. In order to be useful for the large scale estimation problems

described in the introduction, such an algorithm must satisfy a few basic requirements:

o It must take advantage of sparsity and be able to scale to problems with tens of

thousands of variables
e It should not require domain specific tuning parameters or heuristics

o It should work reliably, avoiding unpredictable failure modes

This chapter introduces the Iterative Local Model Selection (ILMS) algorithm as a novel
approximate inference technique for SLDS models, and validates the algorithm against

these basic requirements above.

The initial development of the algorithm is described in the context of Switching Lin-
ear Dynamical Systems (SLDS) rather than the more general Conditional Linear Gausian
Networks. will introduce the necessary modifications for the more general case.

SLDS time series models are a powerful generalization of Linear Dynamical Systems which
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include a set of discrete variables controlling the behavior of the otherwise linear system.
The discrete variables form a Markov process whose value acts as a switch controlling
which linear model is in play. In other words, the parameters of the observation and tran-
sition model are governed by the discrete variable at each point in time. This structure
allows a non-linear process to be described as a mixture of a combinatorial number of
linear models: one for each possible sequence of discrete states. SLDS models have been
studied in diverse fields for decades with applications including Economics [97], Visual
Tracking [98, 99, [100, [101], Speech Recognition [102], and tracking the breathing of Sleep

Apnea patients [103].

We first provide background on the general problem of inference in SLDS and describe
previous work in the field. Following this, describes the proposed Iterative
Local Model Selection algorithm and provides formal proofs of convergence. In order to
validate the proposed approach, we evaluate the algorithm on a set of simulated track-
ing problems. Comparison against a variety of other approximate inference techniques

demonstrates better overall performance relative to computational effort.

4.2 Switching Linear Dynamical Systems

A Switching Linear Dynamical System for a set of times t € {1,...,T} is described by
three sequences of variables: the discrete states {d;}, the continuous states {x;}, and the
observations {z;}. Each d; € {1, ..., K } is a discrete, unobserved model selection variable
which evolves according to a discrete Markov chain. For each value of the model selec-
tion variable d;, a different variant of the continuous motion and observation models is
selected; this is the ‘switching” aspect of the model. The graphical model capturing these

relationships is shown in Assuming the motion and observation models have been
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Figure 4.1: The graphical model of a general SLDS.

suitably linearized as f and / respectively, the accompanying transition distributions are

Xt | Xiop, dy=j ~ N(f(j)(xt—l)lz‘r(rjl)ot) (4.1)
Zt ’ Xt, dt=j ~ N(E(]) (Xt),ng)s) (42)
P(di=j|d;_=i) = T} (4.3)

The algorithms in the following sections will be described in the notation of graphical
models, so we define the above model in terms of local potentials. A local potential at
time ¢, denoted by ¢, is the product of the local motion and observation models with the

dependency on the observations implicit
Gt (X1t de—1=1,dr=f) = P(xt | xp-1,dr = j) - P(ze | xt,de = ) - P(de=j | di—1=0) (44)

In this notation the full posterior can be written more compactly as the product of T — 1

local factors
T—1

P(x1y, diy | z1:) o [ | de(xeir1, dies) (4.5)
=1

An exact inference algorithm for this problem can be derived by extending with
the hybrid local potentials from Modifying the forward and backward message
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passing recursion defined in [Eq. 3.81|and [Eq. 3.82| to include discrete variables results in

Wil d) =Y / W1 (xem, dro1)pr (X1, d—14) dxp_g =
i (4.6)

=) marg[ 11 ¢4]

di_q Xt-1

G i(xi1,di—1) ::2/(Pt(xtflzt/dtflzt)vﬂrl(xt/dt) dx; =
dy

= Zmarg [47,} . ?H—l]
d[ Xt

(4.7)

These modified equations define a valid belief propagation algorithm, which is un-
fortunately intractable for any reasonably sized problem. In the purely continuous case
marg, [¢(x,y)] can be represented in closed form via the three parameters of the asso-
ciated quadratic form. In the case of a hybrid potential ¢(x,d), however, the function
f(x) = Yip(x,d=i) = ¥,;¢)(x) cannot be represented in closed form. An exact repre-
sentation of f must maintain the full set of parameters for all ¢(¥: {(Ag),bg) ,cg))}il.

Representing the product of two such functions will require maintaining K parameters,

meaning that each computation of [Eq. 4.6|in [Fig. 3.7 multiplies the number of components

by an additional factor of K. At t = T, this will result in a message with KT different sets
of parameters. The combinatorial explosion in the size of the representation makes such a
direct approach intractable. This observation is reinforced by the fact that exact inference

in hybrid systems is provably NP-hard [104].

4.3 Related Work

An ‘exact” hybrid inference method is proposed by Lauritzen [105] and described in detail
in Dawid et al. [95]. The authors show that under certain conditions, the exact first and
second moments of the posterior can be computed efficiently. Unfortunately a specific
form of separability is required between the discrete and continuous variables which does
not hold in the SLDS. With exact inference impractical, the majority of previous work has

focused on tractable approximations and sampling schemes.

Markov Chain Monte Carlo is naturally well suited for hybrid discrete/continuous
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problems. Sampling specific values of the variables allows both discrete and continuous
variables to be treated on an equal footing; all that is required is the evaluation of the
likelihood at each sample. The downside is that we are forced to pay the performance
penalty involved in sampling even for ‘simple” unimodal Gaussian variables. This becomes
significant in tracking and mapping applications when compared with the traditional con-
tinuous optimization and filtering techniques. Oh et al. [101] propose a collapsed/Rao-
Blackwellized sampling strategy with a data driven proposal distribution to overcome the
slow convergence of vanilla MCMC when applied to the SLDS model. Despite being a
viable alternative, we avoid direct evaluations again MCMC algorithms for several reasons.
Theoretically, MCMC will always converge to the exact posterior when given enough time,
so the performance will naturally depend on how long one is will to wait. On top of this,
the choice of proposal distribution has a strong effect on performance. This makes it hard
to compare to MCMC without a set application in mind. Oh et al. [101] in particular use a
proposal which is essentially learned from observation data and so is also dependent on the
choice of learning algorithm. These factors make it difficult to perform a fair comparison

in the context of general purpose algorithms.

A notable exception is Nonparametric Belief Propagation (NBP)[106] which generalizes
the concept of a particle filter to arbitrary graphical models. The NBP algorithm approx-
imates messages as Mixtures-of-Gaussians and uses MCMC to re-sample new mixtures
which represent the various products involved in Belief Propagation. This approach is
extremely general, but requires sampling from a product of (possibly high dimensional)
mixtures in order to compute each message. Due to this sampling step, as well as the non-
parametric representation of each message, NBP requires significantly more computation

per message when compared to our approach.

That said, this chapter will focus on comparisons with the popular [99, [107] determin-
istic algorithms (i.e. Approximate Viterbi [99, [107], GPB2 Smoothing [97| [108], Expectation
Propagation [109], and Variational Bayes [103]). With the exception of Variational Bayes,

these approximations rely on ‘collapsing” a Mixtures-of-Gaussians into a single unimodal
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Gaussian distribution which is in some sense close to the original mixture. Approxima-
tions of this class are closely related to the Expectation Propagation, Assumed Density

Filtering [110], and the Boyen-Koller algorithm [111].

4.3.1 Approximate Viterbi

The Approximate Viterbi[99] algorithm is a two-stage procedure consisting of a filtering
and smoothing stage. This technique is related to the Iterative Local Model Selection al-
gorithm presented in this chapter. In the first, filtering stage an estimate of the switching
sequence d;.; is computed in a single forward pass. Following this, a Kalman Smoother is

run on the continuous system with the discrete switching states fixed.

A maximal likelihood approach is taken to approximate the filtered sequence of discrete
states. Translated into the message passing notation, the first phase of the algorithm can
be thought of as a forward pass of the Belief Propagation algorithm. The exact forward
message shown in[Eq. 4.6]is approximated by picking the best value of d;_; for each possible
value of d;. The sum over d;_1 which is part of the exact marginal is replaced by a single

component for each value of d;=j

di1 ’dz:j = argmax {(maX) [7,&-1 o (dH:i'dt:j)} 4.8)
i Xt—1,Xt
X, dt:' = mar -1 (dt*:dt’l‘dﬁf’d’:]’) (49)
] g ¢
Xt—1

where d;_1| 4,=j Tepresents a table of optimal values for d;_; conditioned on d;=j. The no-
tation [-](#=4-1=) selects a single Gaussian potential from a hybrid potential as described
in The algorithm computes a table of Gaussian posteriors for each of the K>
possible values of (d;_1,d;) using the approximate message 7t_1 as input. Instead of
marginalizing the d;_; dimension of the table via summation, however, we pick a single
value of d;_; for each d;. After the forward pass is complete, the full sequence dj.; can be
reconstructed using the values of d;_1| di=j- Once dj.; is fixed, a regular Kalman Smoother

is run to estimate the continuous variables.
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4.3.2 GPB2

The GPB2 (Generalized Pseudo-Bayesian Order 2) [97, 108] algorithm is a filtering approach
which approximates marginalization of the discrete variables using moment matching. In-
stead of computing the true marginal, the forward messages are approximated with a single
Gaussian potential which has the same mean and covariance as the mixture. To derive the
algorithm, we first introduce a table of Gaussian potentials representing an intermediate
result of Each of the K? entries in the table corresponds to the filtering distribution
over x; conditioned on a value of (d;_1,d;) with x;_; marginalized out. The two indices of

the table v;; correspond to d; 1 =i,d; = j

Xt—1

(i)
Ui]‘(xt) = [marg[?tq (Pt]] (4.10)

= /7t71(xt71/dtflzi)(l)t(xtfl/xt/dtflzi/dtzj) dxi—q
The exact forward message can be written as a mixture, M;(x), of the Gaussian compo-

nents of v;;

K K
Wilx,di=j) = Y marg[ {1 ] = ;Vij(xt) = M;(xt) (4.11)

di_1=1 *t-1

GPB2 approximates the forward message using the first and second moments of M;(x)

W i(xr, di=f) = N<xt; Exom; [x], Covy g [x]) (4.12)

While the name GPB2 often refers to the above filtering algorithm [112]], a GPB2 smoother
was developed in Kim [97]. We will refer to the smoothing version of the algorithm as
GPB2S. GPB2S is more intricate, but fundamentally relies on decoupling the discrete and
continuous variables during the backward pass. As will be demonstrated in the evalu-
ations, this approximation is not always appropriate and can sometimes produce wildly

inaccurate results.
4.3.3 Expectation Propagation

A more recent smoothing approach based on Expectation Propagation (EP) [109, 110] also

uses moment matching. Unlike GPB2, Expectation Propagation matches the moments of



4.3 Related Work

the posterior rather than filtering distribution. This results in a smoothing algorithm which
performs very well, but does not always converge. In practice, the message passing must

be damped in order to ensure both convergence and well defined posterior potentials.

As in GPB2, we define a table v;; to simplify the description of the algorithm. In this case
v;j(xt) represents the local posterior conditioned on d; 1 = i,d; = j with x;_; marginalized
out (note that the approximate backward message ?tﬂ is also included)

(i)
Vij(xt) = {marg [7t—1 ¢y 7t+1]
X1 (4.13)
= / Woa(xi, di =) - ¢s (i1, xe, dp1=i, di=j) - W 11 (e, di=f) dx
The exact forward message can be computed from v;; by summing over i and dividing by
the backward message <ﬁt+1

Yo vij(xe)

x,d =7 = 7
7( =) W 1 (xe, de=j)

(4.14)

Expectation Propagation first uses moment matching to approximate the posterior mixture

M; =¥ vjj, and then divides by (ﬁtﬂ to compute the approximate forward message.

N <xt ; Exents[2], Covie s, [x])

7t+1 (xt,d=j)

I (xe,di=]) ~ (4.15)

By approximating the posterior moments, the approximation can incorporate information
from both the past and the future. The backward pass of the algorithm uses the same
approximation, but divides by the incoming forward message to compute the approximate

backward message.

The downside is that the division in can result in an invalid Gaussian potential
with a negative information matrix. Even when the potentials are forced to be positive
definite, the algorithm still provides no guarantees and will occasionally oscillate or fail
due to numerical stability. To help avoid invalid potentials and non-convergence issues the

EP algorithm is typically damped. At each computation of a message 7t, the parameters
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of the potentials are averaged with those from the previous version of that message 7?“

A =a A" 4 (1 — ) A% (4.16)
b=ab™" + (1 — a)b°d (4.17)
¢ ==ac™ 4 (1 — a)c®d (4.18)

This has the same effect as a smaller step size in an optimization algorithm and generally

improves convergence at the expense of more iterations being required.

4.3.4 Variational Bayes

The variational approach [113} 103,114, 115] is a generalization of Expectation Maximiza-
tion [116]. Unlike Expectation Propagation, Variational Bayesian inference provides con-
vergence guarantees. The algorithm is based on approximating the intractable posterior

P(x1.7,d1.7 | z1.7) as a product of two simpler distributions

Q(x1.1,d1.1 | 21:7) = Ox(¥1:7 | Z1:7) Qa(d:7 | Z1:7) (4.19)

This approximation decouples inference in the discrete and continuous portions of the
model. The graphical models of the approximating distributions Qyx and Qq are shown in
Inference in both of these distributions is tractable since each is just a Markov

model with a respectively continuous and discrete state space.

dl dZ e dT

(a) Qd(d1,. . .,dT)

(b) Qx(x1,...,x7)

Figure 4.2: Markov networks representing the structure of the approximate distribution Q.
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The variational approximation makes use of our ability to perform efficient inference
in the approximate distributions in order to iteratively improve the approximations. At
convergence, the approximate distributions are optimal in the sense that they minimize KL

divergence from the true posterior

Dxr (P(x1.7, d1.7 | 21.7) || Qx - Qq) (4.20)

This fitting is performed via coordinate ascent over the two approximate distributions. The

following two updates are applied until the approximation converges

Q,((iH) = ar%min {DKL (P(Xl:T/ di.t | z1:1) HQx : QS)) } (4.21)
Q((iiﬂ) = arngm {DKL (P(xl 1,417 | 21T HQ (i+1) Qd) } (4.22)
d

As demonstrated in Beal [117], applying variational calculus to the above results in the

follow general update equations

IOg Q)((i+1) = EQg) [log P(XLT, dl:T | Zl:T)] — IOg Zx (4.23)

IOg Q (i+1) = EQ,((iH) [log P(xl:Tr dl:T ‘ Zl:T)] — log Zd (4:24:)

where Z, and Z; are normalization constants. In the update of Qx we compute the expected
log-likelihood with respect to Q4. Computing this expectation is equivalent to averaging
the different continuous models in log-space and results in a tractable continuous-only
Markov chain. Analogously, the update for Qg integrates over the continuous variables and
results in an averaged discrete model. These updates can be simplified to take advantage
of problem structure. Using the linearity of the expectation operator and we get

the following simplifications

logQ 1+1 = EQEII) [Zlog ¢t(xt—1/xtl dt—l/dt)] - log ZX -
t

=) EQS) [log ¢r(xt—1, xt,di—1,dt)] — log Zy

t

(4.25)

logQ (i+1)  _ EQ)(?H) [Zlog¢t(xt1,xt, dtl,dt)] —logZ; =

ZEQ i+1) 1Og¢t Xi— ],Xt,dt 1/dt)] _logzx
t

(4.26)
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In other words, the expectations only have to be computed locally over each potential
¢i(xt—1,x¢,d¢—1,d;). We can define the expected local log-potentials for the continuous and

discrete approximate distributions, respectively, as

log J)font(xt_l, xt) = E(dt-lzdt)NQg) [log (Pt (Xt_l, Xt, dt—lz dt)] (4.27)
log ¢ (d;_q,dy) = E(xt.l,xt)NQEi“) [log ¢ (xt—1, X1, dr—1,d)] (4.28)

Note that these are exactly the expectations which can be computed efficiently with belief
propagation. By applying belief propagation to the chain of potentials {¢§ic(d;_1, d;) } o we
can efficiently calculate the marginals QX (d;_1,d;). These marginals allows us to compute
the expected continuous potentials {¢f™(x;_1,%;)},. Applying the Gaussian version of
Belief Propagation and computing local expectations results in an updated set of expected
discrete potentials. Iterating these four steps (continuous belief propagation, compute ex-
pected discrete potentials, discrete belief propagation, compute expected continuous po-
tentials) is the essence of the variational inference algorithms described by Ghahramani

and Hinton [103], Pavlovic et al. [114], and Oh et al. [115].

The only remaining question is how to compute the local expectations described in

Eq. 4.27 and [Eq. 4.28] To compute these, consider the definition of the potential ¢; in log

space
1 . . .
log ¢ (x—1, x4, dy—1=1,dp=j) = E(xt—bxt>TA(l’])(xt—1,xt) + (xf—].l'xt)Tb(l’]) + i) (4.29)

Computing the expectation of log ¢; over the discrete variables amounts to averaging the

parameters of the quadratic forms

Ageont = Y By(dy_1=i,dp=j) - AU (4.30)
ij

byeon = Y By(dy_1=i, dy=j) - 1Y) (4.31)
ij

Cgemt = 3 Bi(dy =i, dy=j) - ) (4.32)
ij

where B represents the Belief Propagation posteriors. For the average discrete potentials,
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the computation is a bit more complicated; in this case B;(x;_1.) is Gaussian, so
. 1 . . .
log > (d; 1=i,di=]) = Ep, [zxtletA(l'])xt—lzt + x g0 + ) (4.33)
The expectation of a quadratic form when x ~ N (u, L) is given by
1+ T 1 T T
E|l-x Ax+x b+c :fE{x Ax} +u b+tc=
2 2
: , (4.34)
=5 tr(AX) + EyTAy +u'b+c

The downside of Variational Bayes is a general tendency to get stuck in local max-
ima. This is addressed by Ghahramani and Hinton [103] via deterministic annealing. The
expected log-potentials are scaled by an annealing term « € [0,1]. When a = 0, the log-
potential is uniform. Setting & = 1 results in the original update equation. Progressively

increasing « from 0 to 1 as the algorithm progresses helps avoid local maxima.

4.4 TIterative Local Model Selection

The algorithm proposed in this thesis, Iterative Local Model Selection (ILMS), is most closely
related to the Approximate Viterbi algorithm described in Instead of comput-
ing the sequence of switching states once, however, ILMS iteratively scans the sequence
of variables and updates the current estimate of each discrete variable. The current most
likely value of each discrete variable d; is used to compute the forward and backward mes-
sages. The algorithm interleaves the computation of dj with smoothing of the continuous
variables. Unlike the Approximate Viterbi algorithm and GPB2, ILMS is a smoothing al-
gorithm which takes advantage of all data in the past and future. Compared to EP, ILMS

guarantees convergence, does not require damping, and is faster in practice.

44.1 Simplified Case

At first we will assume that there is no direct dependency between the discrete variables as

illustrated in In the simplified case, the local potential at each t no longer contains
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Figure 4.3: The graphical model of the simplified SLDS with d; 1 d; | x;.

d¢_1 in its domain

(Pt(xt—l/xtrdt) = P(Zt \ xtrdt) 'P(Xt ’ xt—l/dt) ‘P(dt) (4.35)
Later, the algorithm will be generalized to handle the full SLDS model.

To introduce the algorithm, we will at first assume that the set of discrete model selec-
tion variables is fully specified, with d; = d}. In this case Belief Propagation can be used
efficiently as in After a run of BP, we will have a set of forward messages { 7}

and backward messages {?t} computed under the assumption that dy.7 = dj.;.

7f(xt) marg 71& 1 (4.36)
Xt—1
% ¢(x-1) = marg [cpfd” ST (4.37)
Xt
Note that the notation gbt(d = ¢r(x_1, x4, di=d]) refers to a single purely Gaussian element

in the hybrid potential ¢;. Using ¢; combined with 7t,1 and y t+1, we can compute the

posterior at ¢
= Fea- 9" e (4.38)

In this expression for the posterior, the incoming messages do not depend on the value of

ds. The dependence of B; on the chosen value of d; is only through the local potential ¢;

By (x¢—1, x¢) 7t 1(xe-1) - <ﬁul(ﬂft) - Pr(xp—1, xp, dy=dy) (4.39)

implicit dependence on (dq:¢—1,d¢41.7) dependence on dy

Consider what would happen if we assigned a different value to d;. If we set d; = j, the local

posterior can be computed using the same incoming message potentials by multiplying in
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a different versions of the local potential. This results in a different local posterior, 5 (), for

each j
BY =,y ¢V (4.40)

We can use this property to pick a new value for d;, while holding the other discrete vari-

ables fixed. Once d; is updated, any message which was computed based on its previous

value is invalidated. It can be seen from |[Eq. 4.36|and [Eq. 4.36| that the outgoing messages

at t, ?t and ﬁz, will be invalidated by changing the value of d;. Any messages which
are computed using these two as input will also be invalidated, so changing d; will in-

validate the set of forward messages after time ¢ and backward messages prior to time f:
%
(ol <tYU{H ot >t}

ILMS operates by interleaving the computation of messages and updates to the discrete
variables. After updating d;, the algorithm recomputes 7t so that both 7,; and ?H»z are
valid. This allows B; 1 = 7t “Pry1 - ?Hz to be computed and d;; to be updated in turn.
When we reach the end of the sequence, the algorithm is reversed and the same procedure
is applied while recomputing the backward messages. This forward and backward scan-
ning is repeated until the values of the discrete variables stop changing and the algorithm

converges.

The criterion by which new values of d; are picked is not specified by the above de-
scription of the algorithm. There are two choices examined in this thesis: maximal like-
lihood (ML) and maximal marginal likelihood (MM). The maximal likelihood version of
the algorithm attempts to find a discrete and continuous state which maximizes the overall

likelihood

(di.r, x7.r) = argmax {P(XLT, dy.T |21:T)} (4.41)

(dr.rx17)

This naturally corresponds to MAP inference and max-marginal message passing (i.e. us-

ing max|-] as the marginalization operator).

The second version attempts to maximizes the marginal likelihood of the discrete vari-

ables with the continuous variables integrated out. This corresponds to a Bayesian model
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selection approach where we first pick a value of dy.1, and then a value for x;.r conditioned
on it

dT:T = argmax {P(dl;T ‘ Zl:T)} = argmax {/ P(xl;T, d];T ‘ Z];T> dXLT} (4:4:2)

di.r di.r

Xj,p =argmax {P(XLT \ dT;T,ZLT)} (4.43)

X1.T

This version of the algorithm corresponds to using marg|-] in the message passing.

When we are updating a single d;, both of these quantities can be computed and maxi-

mized using only the local posterior B;. For the ML version, d; is updated using

{ = argmax {max {P(x1.1, dr:p—1=d7y_y, di=], deyr.7=d} 1.7 | 21.7) }} =

X1.T
! | (4.44)
= argmax {max {B(]) (xp—1:) dxp_14} }
j Xt—1:t
In the case of MM, the update equation is
dy = argmax {P(dl;tflzdit,l,dt#, diy1.7=di 1.7 | Zl:T)} =
! (4.45)

= argmax {/ B(j)(xt,u) dxtlzt}
j

The description of the ILMS algorithm does not depend on which criterion is used for

this update, so we will ignore this distinction until [Section 4.5l where we compare the two
versions. illustrates the process of computing an outgoing message using [Eq. 4.45

Both [Eq. 4.45|and [Eq. 4.44|are optimizing over a single discrete d; together with all con-

tinuous xi.7. If we perform this optimization for each ¢, we are performing block coordi-
nate ascent over the overlapping blocks {(d;, x1.7) }+, with the remaining discrete variables,
(d1:4—1,dr+1.7), held fixed. The ILMS algorithm for the simplified SLDS problem is shown

in |[Fig. 4

ILMS approximates the mixture model of each forward and backward message with
a single component selected based on the value of the local posterior just prior to the
message being computed. In this sense it is similar to Expectation Propagation, except

that the mixture distributions are approximated using a single mode rather then their
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Figure 4.4: A diagram of ILMS local maximization procedure. Each arrow indicates its source being
multiplied into its destination, unless specifically labeled otherwise. The incoming potentials from
this clique’s neighbors (1 and pp) are multiplied with each discrete mode of the local potential ¢
to create K different candidate posteriors: B (U, ..., BX)_ For each candidate, v = f BK) computes
the marginal likelihood conditioned on d = k. In this illustration, selecting d* = argmax, {v;} = 2
maximizes the marginal likelihood. The outgoing message pout is then computed assuming d = 2.
The dashed arrows represent the set of operations which are controlled by the value of d*. Out of
these, only the red dashed arrow corresponding to ¢(x,y, d=2) is active since d* = 2 was selected.

moments. While this approximation is intuitively more greedy, it comes with the advantage

of guaranteed convergence.
Proposition 1. The simplified ILMS procedure shown in converges.

Proof. Consider the sequence of optimizations being performed in [Eq. 4.45 during a for-
ward pass of the algorithm after at least one backward pass has been completed (to ensure
all forward and backward messages have been computed at least once). At time ¢, updating

the value of d} results in new values for 7t and ?t.
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Since the messages {7y}t,> , and {?t}t, _; implicitly depend on the value of d, the
cached versions of these messages become invalid after the update. However, all other
cached messages remain valid and 7t is immediately recalculated. This means that after
updating By, df, 7t, and B;;1 but before updating dj ; we are in a state where both 5;

and B;; are a valid representations of the local posterior.

Let v4(k) = vy as computed in line 31 of [Fig. 4.5/ In this case, v;(d}) = v441(d}, ;) since
both values are computed based on a valid representation of the posterior. Updating d}_ ,
cannot decrease the value of the expression vy, 1(dj, ), so the forward-pass cannot decrease

the likelihood. By analogy, subsequent backward passes cannot decrease the likelihood and

the algorithm as a whole must converge because the likelihood of the SLDS is bounded. 0O
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1. procedure ILMS StMPLIFIED({¢:},_; 1)
2 fort=1,...,T do > Initialize messages
3: t(xt) =1
4 wi(xe1) =1
5 end for
6 while not converged do
7: ForwaRDPASS()
8 BACKwWARDPASS()
9 end while
10: return ({5}, {d}}) > Return local beliefs and discrete states
11: end procedure
12: procedure FORWARDPASS()
13: fort=1,...,T do
14: (B¢, v) := ILMS_UPDATE(t)
15: v} == maxy {vy }
16: d; = argmax, { v} > Update local discrete state
* — dy
17: Wilx) = [ Wioa(xe1)pe(xe-14, dy=d;) dx; 1 = marg, [7t—1 ¢ t)}
18: end for
19: end procedure
20: procedure BACKWARDPASS()
21: fort=1T,...,1do
22: (Bt,v) := ILMS_UPDATE(t)
23: v} == maxy {vy }
24: d;* = argmaxk {vk} > Update local discrete state
d*
25: () = [ pe(xr 1, di=di) T riq (xr) dos = marg, {(Pt( 2y %H}
26: end for
27: end procedure
28: procedure ILMS_UPDATE(t)
29: fork=1,...,K do
30: B(dtzk)(xt 1t 7t 1(xe—1) e (xp—1:t, de=k }4 t+1(xt) 7t 1° (Ptdt <Ftﬂ
31: k= fB dt xt,l.t) dxt,l_t
32: end for
33:  return (B,0)
34: end procedure

Figure 4.5: Iterative Local Model Selection (Simplified Case)
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4.4.2 General Case

In the more general SLDS model, we must deal with dependencies between discrete vari-
ables as shown in [Fig. 4.1} We can no longer pick a single value of d; as in [Eq. 4.45 without
taking into account d;_; since each local potential ¢ now contains both d;_; and d; in its
domain

e(xp—1, x0-1,dr—1,dr) = P(z¢ | x¢,dp) - P(xg | xp—1,dp) - P(de | di—1) (4.46)

The domain of the forward and backward messages is also expanded to 7t(xt,dt) and
?t(xt_l, di—1). When computing the forward message, for example, we must marginalize
over x;_1 and d;_1, but leave x; and d; in the domain of the message. For the backward
message, we must marginalize over x; and d;, but leave x;_1 and d;_; in the domain of the

message.

Prior to updating each message, the general version of the algorithm uses the current
best estimate of the discrete variables as a proxy for the correct marginal distribution.
Because we are marginalizing over only one of the two local discrete variables, however,
our best estimate must be conditional on the unspecified value of the remaining variable.
This conditional estimation of the discrete variables is the same as in the first pass of the
Approximate Viterbi algorithm. Given the current messages, we compute the local belief

By (x¢-1,xt,d¢-1,d;) and construct a table of posterior likelihoods Ujj

df_ =i,dt=‘ d[, :i df_ =l‘,dt=‘ % dt=.
Bt AT <A gt ) (447)
vy = / B=ii=) (3, 1) dp (4.48)

To compute the forward message, we must marginalize over d;_1, so we build a table of

the best value of d;,_; for each possible value of d; = j
d:—1|dt:j = argmax {wij} (4.49)
1
The forward message is computed from this table as

7107 = marg |77\ 7)) (450)

Xt—1
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For the backward message we need to approximate marginalizing over d;, so we compute
the best value of d; for each possible value of d;_1 =i

df |y, ,~; = argmax {v;; } 4.51)
]

and the backward message itself as

i de=df|, dya=ide=di|,
00 = marg |7 ) gt (452)

Xt
The resulting algorithm is the general version of the Iterative Local Model Selection shown
in The proof of convergence for this version of the algorithm is shown in Ap-
pendix A, as it does not provide much additional insight.
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1: procedure ILMS GENERAL({¢t},_; 1)
2 fort=1,...,T do > Initialize messages
3: t(xt, dt) =1
4 t(xi—q,di1) =1
5 end for
6 while not converged do
7: FORWARDPASS()
8 BACKWARDPASS/( )
9 end while
10: return ({B;}, {d; }) > Return local beliefs and discrete states
11: end procedure
12: procedure FORWARDPASS()
13: fort=1,...,T do
14: (B¢, v) := ILMS_UPDATE(t)
15: vf = max {v;;}
16: (di, di_y) = argmax; , {0} > Update local discrete state
17 forj=1,...,Kdo
18: k := argmax; {v;; } > Compute k = d} | drei
dy=j dia=k)  (dy_1=kdi=j
19: 7£ =) . marg, [75:11 ) ‘Pt( t-1=kdi=j)
20: end for
21: end for
22: end procedure
23: procedure BACKWARDPASS()
24: fort=1T,...,1do
25: (B¢, v) := ILMS_UPDATE(t)
26: vf = max {v;;}
27: (dy,d; ) = argmax; i {wij} > Update local discrete state
28: fori=1,...,Kdo
29: k= argmax; {vij} > Compute k = d}|; _;
<—(dy_q1=i di_1=i,di=k) <—(di=k
30: ‘ug”l)::mal’gxt[‘rbt(fllt )'Vt(—s—tl)
31: end for
32: end for
33: end procedure
34: procedure ILMS_UPDATE(t)
35: fori=1,...,Kdo
36: forj=1,...,Kdo
37: Bldi=idi=)) .— 7@{1:’) - (pt(d**:l’dt:] ) %Efﬁ ) > Update local beliefs
38: vij = [ B4 (xy_qp) dag_qy > Update scores
39: end for
40: end for
41:  return (B,v)
42: end procedure

Figure 4.6: Iterative Local Model Selection (General Case)
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443 Clique Tree Case

Having defined ILMS for SLDS models, we briefly discuss how the algorithm generalizes
to clique trees. In order to guarantee convergence with an SLDS model, ILMS message
passing must be run forwards and backwards. The requirement for a general clique tree is
that messages are computed sequentially along an unbroken path through the tree. This
ensures that the ILMS updates are always computed using a valid set of incoming mes-
sages. There are many possible message passing orders which satisfy this requirement,
but a depth-first traversal, as shown in satisfies the constraint. This is the ordering
which will be used for the robust pose graph estimation application in and a

more in depth discussion is reserved until then.
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¢5(ps, pe, P7)

/ ua(ps, p7)
3 (ps, p7) /

er Ps, P7

I
/ PZ/ PS

Ha(p2 yl Pz, p7)
/ Pls P2, P5
\

¢1(p1, P2, P7) $a(p2, pa, ps,d

/Mé(Pzr ps)
u7(p2, P4)/

¢3(p2, p3, pa)

(a) The modified message passing order required for ILMS. The messages, {y;}, are numbered by
the order in which they are computed. This order corresponds to a depth-first traversal of the
tree starting from the root (bold outline). The messages form a cycle which is repeated until the
algorithm converges.

1: procedure COMPUTEMESSAGE] /6]
2 B(Pz, P4, Ps, ) 474(P2, P4, Ps, d) M5(P2, Ps) V7(P2, P4)}

3 4 —argmax{ / B(pa, pa, ps, d=k) dpa dpadps \;

4: te(p2, pa) /494 P2, Pa, ps,d=d") - us(p2, ps) dps;

5. end procedure

(b) The computation of y using ILMS. Marginalization over the discrete variable d is avoided using

the procedure illustrated in [Fig. 4.4

Figure 4.7: ILMS message passing on the clique tree from [Fig. 3.12|with a discrete variable, d, added
to the domain of ¢y.



4.5 Evaluation

91

4.5 Evaluation

We evaluate two versions of the ILMS algorithm alongside the deterministic methods de-

scribed in

ILMS_ML: Iterative Local Model Selection using |[Eq. 4.44

ILMS_MM: Iterative Local Model Selection using [Eq. 4.45

AV: Approximate Viterbi[99]

e GPB2: Generalized Pseudo-Bayesian Order 2 Filter [97]]

GPB2S: Generalized Pseudo-Bayesian Order 2 Smoother [97]

VB: Variational Bayes [103]

EP: Expectation Propagation [109]

All algorithms were implemented in MATLAB. We include both GPB2 and GPB2S because
the smoothing version of the algorithm fails when the assumption underlying its approxi-

mation is violated. In this case the filtering version performs better and is used as a proxy.

The different methods are evaluated on a set of three synthetic datasets with increasing
difficulty: OUT, MNV1, and MNV2. The OUT dataset simulates a robust estimation problem with
an observation model allowing for outliers. The other two datasets simulate a maneuvering

target with various dynamics. All three datasets are based on the following SLDS model

di€{l,...,K},x; € RN,z € R (4.53)

dy ~D(po) (4.54)

di | di_1=i ~D(T)) t>1 (4.55)
x1 ~N(0,%) (4.56)

x| X1, di=j ~ N (A(j)xt_1 + b(f>,zf{;{)t> t>1 (4.57)

obs

2t | xp, di=j ~ N (Gxt, ) ) (4.58)
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Figure 4.8: A sample from the OUT experiment with output from the proposed ILMS_MM algorithm.

The number of switching states in the system is controlled by the integer K, and the size
of the continuous state space by N. A listing of the parameter values used for the evalu-
ations is shown in The notation d ~ D(p) describes a discrete distribution with
P(d=i) = p;.

In the first experiment, OUT, the observation model consists of a mixture distribution be-
tween low covariance observations and high covariance outliers. This simulates the prob-

lem of automatically detecting and discarding outlier measurements using two switching

)

modes (K = 2). If d; = 1, a low amount of sensor noise is assumed (Z(()bs small). When

dy = 2, the sensor noise is high to simulate an outlier measurement very loosely coupled
(2)

obs

with the true behavior of the system (X large). In this experiment, the motion model
does not depend on the switching variable. Since the outliers are uncorrelated in time, d; is

independent of 4,1 and so 71 = T = po. shows a sample from the OUT experiment.
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MNV1 models a maneuvering target with three different behavior regimes. In this case
the dynamics of the system also change based on the discrete state. This experiment simu-
lates a target which moves in roughly straight lines, but occasionally makes large changes
in direction and occasionally slows down. Three possible values of the discrete state d;

control this behavior

e Standard (d; = 1): The motion model is constant velocity with a small amount of
noise in the velocity term, resulting in motion characterized by gradual changes in

direction.

e Maneuvering (d; = 2): A large amount of noise in the velocity term allows quick
changes of direction. More noise is also added to the observation model to simulate

a regime where the sensor is less accurate.

e Braking (d; = 3): In the final mode, the target is braking/stopped. The motion
model halves the velocity and adds almost no noise to the velocity term in between

time steps. The observation noise is identical to the d; = 1 case.

shows a sample from the MNV1 experiment.

MNV2 models a maneuvering target loosely based on a bouncing ball under the influ-
ence of various forces. The ball falls under constant acceleration, but occasionally is lifted
upward by an external force. In addition, a third mode allows the ball to ‘bounce” by
randomly switching the sign of its velocity. This experiments uses a constant acceleration
motion model and so has a three dimensional state space including position, velocity, and

acceleration.
e Falling (d; = 1): A constant negative acceleration is applied to the velocity.

o Lifting (d; = 2): A constant positive velocity is applied to the position.

e Bouncing (d; = 3): An instantaneous change of direction flips the sign of the velocity

term; this model cannot be active for two consecutive times.
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Figure 4.9: A sample from the MNV1 experiment with output from the proposed ILMS_MM algorithm.
Fig. 4.10|shows a sample from the MNV2 experiment.

For each experiment, 100 random samples were drawn from the model in order to
evaluate the algorithms. Root mean square error of the estimated position was used to
measure estimation accuracy in terms of the continuous variables. Estimation accuracy
for the discrete variables was measured via the discrete error rate, which is defined as the
fraction of incorrectly estimated discrete states. We note that the continuous error rate is
more significant because the discrete states are not always uniquely identifiable. The results
in terms of both discrete and continuous errors are shown The corresponding

execution time statistics are shown in Side-by-side comparisons of the outputs

of the evaluated algorithms are shown in |[Appendix A|as [Fig. A.1} [Fig. A.2, and [Fig. A.3|

In addition, we ran another set of experiments from the same models with the standard
deviation of the observation noise scaled by « € {0.05,0.2,1.0,5,20}. An additional 50
samples were generated for each value of x and plots of the median error as a function

of observation noise scale was generated. These plots are also shown in as
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Figure 4.10: A sample from the MNV2 experiment with output from the proposed ILMS_MM algorithm.

Algorithm || min (s) | median (s) | mean (s) | max (s)
ILMS MM || 0.96 1.97 211 7.00
ILMS_ML 0.87 1.75 2.00 6.22
AV 0.32 0.54 0.45 0.58
VB 6.51 9.85 10.04 28.52
EP 7.27 9.77 14.55 33.85
GPB2S 0.16 0.28 0.23 0.36

Table 4.1: The mean, median, min, and max running times over all experiments for the algorithms
evaluated.

In the OUT experiment, we can see that all of the algorithms are roughly equivalent, with
AV having notably bad worst-case RMSE. The identification of uncorrelated outliers appears
to be a relatively easy task for all of the algorithms, but does serve a role as an initial
validation of ILMS. We note that in this robust estimation role, the ILMS_ML version of our
algorithm does not perform any worse than ILMS_MM. This will come in handy for Robust

Pose Graph Estimation in where it is more natural to use a MAP procedure.



4.5 Evaluation

12 0351
101 03
025}
8r o
g
8 = o2
w =
g °f s
g é 015
40 a
01
2+ ] l 0.05
. e e e W .
ILMS_MM ILMS_ML AV VB EP 075 GPB2S ILMS_MM ILMS_ML AV VB EP_075 GPB2S
(a) OUT
201 09r
18 0.8}
16 o7k
141
o 08
_12p &
5 5 05F
w =
o 101 ﬂ
z B 04F
8F 3
2
03
A
4l l 0.2}
2 l l l 01
0 0
ILMS_MM ILMS_ML AV VB EP 075 GPB2 ILMS_MM ILMS_ML AV VB EP 075 GPB2
(b) MNV1
801 07r
70t 0.6
60
05
501 E;%
5 T oar
w =
o 40t @
Z 2 o3f
3
30t 2
0.2F
20} ]
10f 1 o1r
T[T .
ILMS_MM ILMS_ML AV VB EP. 075  GPB2 ILMS_MM ILMS_ML AV VB EP 075 GPB2
(c) MNV2

Figure 4.11: Results for the three experiments showing median RMS error in the estimated position
(left) and the discrete error rate (right). The error bars indicate the maximal and minimal values.
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Figure 4.12: Characteristic failures of the GPB2S algorithm observed in experiments MNV1 and MNV2.

The MNV1 experiment is more difficult, and in this case we can see that the ILMS_MM algo-
rithm performs better than ILMS ML and all other algorithms except EP, which performed
extremely well. In this experiment we observed a general failure of the GPB2S algorithm,
which performed even worse than its filtering counterpart. This appears to be a failure in
the basic approximating assumption of the algorithm which results in ‘incorrect” models
being averaged into the estimate during the backward pass. shows the results of
running GPB2S on the sequence shown in It is also noteworthy that while VB per-
formed well in terms of RMSE, it had the worst performance in terms of discrete error rate.
This appears to be caused by the averaging of different models. Despite the wrong model

having the most weight, it is still possible to get a reasonable estimate of the continuous

variables as shown in [Fig. 4.13

MNV3 is the hardest of the three experiments. It contains more complex target dynamics,
rapid changes of direction, and strong biases in the motion models combined with an all
around high level of observation noise. This creates a situation where using the correct
motion model results in drastically better state estimates. This intuition is confirmed by
[Fig. 4.11q where we can see a strong correspondence between discrete and continuous error
rates. The performance of the algorithms follows the same general trend observed before,

with EP the most accurate and ILMS_MM coming in second best.
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Figure 4.13: Failures of the VB algorithm on MNV1 and MNV2. Despite estimating the wrong discrete
model, Variational Bayes can average over all the models to obtain an ‘OK” continuous estimate.

In general, we note that that performance of the EP algorithm was highly dependent on
the step size schedule with larger step sizes corresponding to both better performance and
a higher chance of failure. The results shown came at the expense of a failure rates of 2%,

3%, and 38% on experiments OUT, MNV1, and MNV2 respectively.

4.6 Conclusions

In this chapter we have described the Iterative Local Model Selection Algorithm for approx-
imate inference in SLDS models. Two variants of the algorithm (ILMS_ML and ILMS_MM)
were proposed based on different model selection criteria. These new algorithms are com-
pared to existing deterministic techniques using three synthetic tracking experiments. We
found that in general the ILMS_MM variant of the proposed approach is more accurate
than ILMS_ML.

Overall, we found Expectation Propagation to be the most accurate when it works.
Unfortunately the EP algorithm does not always converge and is the slowest method eval-
uated. The ILMS_MM variant of our algorithm is almost as accurate as EP, but comes with
a convergence guarantee. In terms of speed, it is approximately five times faster than EP

and Variational Bayes.
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This combination of performance characteristics makes ILMS an interesting choice for
large scale applications — it is fast enough to be applicable, and accurate enough to be
useful. As will be shown in[Chapter 6 ILMS can also be generalized to work on Conditional
Linear Gaussian Networks, widening its applicability to the large scale estimation problems
often seen in the SLAM community. The simplicity of the local maximization procedure
will also be shown to be an advantage as it makes it possible to substitute more interesting
discrete optimization procedures as part of the local model selection step. In
we will make use of this by computing data associations as the model selection procedure

within ILMS.



Multi-Target Tracking

5.1 Introduction

The previous chapter introduced the Iterative Local Model Selection inference strategy and
validated the basic approach. In this chapter we look at how this strategy can be applied to
the problem of data association and outlier rejection in multi-target tracking. We introduce
the Latent Data Association algorithm, which is the combination of the ILMS inference strat-
egy with a specific parameterization of the data association problem. The data association
variables are treated as the discrete variables in a Switching Linear Dynamical System (SLDS)
[108]. The name of the algorithm is due to the fact that data associations are performed in

the latent variable layer of the SLDS.

By looking at multi-target tracking as a discrete/continuous inference problem, more
complex reasoning about object classification can be applied. In this spirit, we take advan-
tage of advances in object detection and classification [118, [119, 120} [121] by incorporating
object/target classification directly into our system. This is accomplished by adding dis-
crete object category variables into the tracking model. The outputs of a standard object
detector can then be used as observations of the target’s category. Using this model allows

the classification and tracking problem to be naturally combined into a single system.



5.1 Introduction 101

¢

o e ¢ @ &
°¢ 4
pe 11 06
. 3
o &6 &:

t=3

¢

t=3 t=4 t=5

-

@

¢ o
.
I

(c) Assignment #3

Figure 5.1: Illustration of three possible Latent Data Association assignments at t = 4. The bi-
nary indicator matrix (Ll(;l)) controls the matching of nodes between t = 4 and ¢t = 3. Nodes are

numbered within each time slice and colored based on their global track membership. Each node
represents a single latent track state together with any observations (if they exist).
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5.2 Related Work

Multi-target tracking is an important, but stubborn problem in Computer Vision as well as
many related fields (notably robotics). The applications range from surveillance, through
autonomous navigation, to active scene modeling and understanding. Despite the numer-
ous motivations for solving this problem, it has remained a challenging topic after decades
of active research. Historically, it has been difficult for two reasons. The first is the combi-
natorial space of possible associations between the observations and objects being tracked,
and the second is model selection over the number of existing tracks. The parameterization
used in this chapter combines both of these model selection problems into an SLDS model

which can be solved with ILMS.

The traditional techniques for multi-target tracking and data association (i.e. JPDAF,
MHT, and JCBB) have already been reviewed in More recently, an approach
known as Tracking-by-Detection [122} [123] has become popular. Tracking by Detection re-
frames multi-target tracking as the fusion of an object detector[118, 120, 121] with data asso-
ciation. In contrast to traditional methods focusing on radar data with point measurements,
the Tracking-by-Detection literature has focused on tracking objects in video sequences. Out

of the recent work, several broad strategies can be identified.

5.2.1 Probabilistic Occupancy Maps

In Probabilistic Occupancy Maps (POMs), detection probabilities are accumulated into a
discretized grid over the workspace. The tracking question is formulated as linking com-

patible detections on the grid into consistent trajectories for each object.

Berclaz et al. [124], Fleuret et al. [125] use Dynamic Programming to find consistent
paths through the POM accumulated from detections in a multi-camera setup. Each track
is processed individually with heuristics used to resolve conflicting data associations. Ap-

pearance information is fused into the algorithm to enable robust data association over long
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sequences. As a downside, heuristics must still be used in order to resolve data association
conflicts between the tracks since the Viterbi algorithm is applied independently for each

object, as well as to estimate the total number of targets to be tracked.

Andriyenko and Schindler [126] proposes a global optimization approach which con-
siders all tracks together and avoids the heuristics of [124,[125]. This is done by formulating
the problem as the relaxation of an Integer Linear Program (ILP) for approximate global op-
timization. The authors also show how appearance information as well as target dynamics

can be included into the POM formulation of tracking.

Berclaz et al. [127] builds a graph over every possible discrete location at every possi-
ble time. An LP is used to formulate a max-flow problem where each vertex contains a
maximum of one object, and flow between adjacent nodes at time ¢t and t — 1 model targets
moving between these nodes. Virtual nodes are used to allow objects to enter and leave the
scene. For efficiency, a sparse version of this graph is constructed — unreachable vertices

are pruned from the graph.

Berclaz et al. [128] also constructs a graph over the set of discrete object positions on
a grid, but formulates the tracking problem as a K-shortest paths problem in order to
obtain a fast global solution. Although they do not include an appearance model, a later
extension[129] shows how an appearance model based on per-part color histograms can be

incorporated into the same framework.

Discretization of the tracking space limits applications of POM based trackers because
the technique cannot easily be applied to a moving sensor platform. The discretization
also forces a compromise between accuracy and the size of the tracking area. Unlike these
approaches, we do not make any discretization; continuous variables are treated as such
and smoothing of the output trajectories is performed via the motion model without any

post-processing.
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5.2.2 Detection Partitioning

The second direction, which we refer to as Detection Partitioning, avoids discretization
by partitioning the set of detections into distinct groups corresponding to target tracks.
Once detections are separated into tracks, the trajectory of each target cat be recovered by

smoothing and interpolating across any missing observations.

Wolf et al. [130] is an early work using dynamic programming to find the most likely
linking of detections into tracks. The jointly optimal solution for all tracks is found simul-
taneously, unlike other approaches (e.g. [124) 125]). Unfortunately, an unrealistically low

missing detection rate is required.

Jiang et al. [131] form a graph of object detections, similar to the dynamic programming
approach in [130]. Each object detection is a node in the graph, with the goal being to link
the nodes to form independent target tracks. Unlike other DP-based methods, however,
interactions between different targets are modeled as mutual exclusion constraints over
the nodes. A relaxed LP formulation is presented whose solution gives the optimal target
tracks. The algorithm assumes a fixed number of tracks, and so cannot be used to estimate

this number directly.

Leal-Taixe et al. [132] form a graph out of the detections with edge costs representing
the cost of data associations. The minimum cost flow through the resulting graph (from
a virtual start node to a virtual end node) determines tracks. The number of targets is
automatically inferred based on the total amount of flow. Notably, a social force model is

also included.

Brendel et al. [133] builds a graph where each node corresponds to a pair of detections
across adjacent frames. The nodes are weighted with a compatibility score based on the
similarity of the two underlying detections. Edges connect tracklets which violate mutual
exclusion constraints, allowing data association to be phrased as a maximum-weight in-

dependent set problem. This problem is re-solved iteratively, interleaved with an online
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learning procedures which improves the compatibility scoring.

Detection Partitioning approaches generally assume fully observable target position
and manually smooth the trajectories as an afterthought. Our approach falls within this
framework, but keeps the hidden state space model, allowing for smoothing as a natural

consequence of the observation model.

5.2.3 Discrete/Continuous Optimization

Leibe et al. [134] 90, 135, [136] propose a batch method which combines detections from the
Implicit Shape Model [137] with a tracking framework. Independent trajectory hypotheses
are formed by starting with each detection and searching for the most likely completions
both forward and backward in time. This over-complete set of (possibly contradictory)
tracking solutions is then pruned down to the most likely non-contradictory set using a

Quadratic Boolean Program.

While a number of the Tracking-by-Detection approaches rely on exact minimization
of an approximate cost function, others have focused on local optimization of a more ac-
curate energy function [138| 139]. In Andriyenko and Schindler [138], a continuous, non-
convex objective function is developed which includes soft mutual exclusion constraints.
Andriyenko et al. [139] extends the former with a combined discrete data association phase
formulated as a label-assignment problem over the detections. The authors show that de-
creases in the objective energy correspond well with increases in performance as measured

by various metrics.

The discrete-continuous optimization formulation of tracking is close to our method in
spirit. In our case, however, tracking is formulated as an inference rather than optimization
problem. As a general contrast to the optimization viewpoint, our method is probabilisti-
cally motivated as an approximation to the Bayesian posterior. This has the advantage of

meaningful parameters and confidence scores on the output.



5.2 Related Work 106

5.2.4 Monte Carlo

Monte Carlo based approaches are both principled and simple to implement even for com-
plicated non-linear models. They rely on representing a distribution over the state space
as a collection of discrete samples. In the case of Particle Filters (PF), these samples are
manipulated so that their distribution tracks the posterior of the filter as a function of time.
Markov Chain Monte Carlo (MCMC) can be used as part of a particle filter to generate
samples from an otherwise intractable distribution, or as an independent tracking algo-
rithm by sampling over the joint posterior of the whole problem. In practice, naive Monte
Carlo implementations can run into problems when the state space increases beyond two
or three dimensions as the number of samples required tends to grow exponentially with
state space dimension. In the case of MCMC, convergence is also notoriously difficult to

diagnose if accurate samples from the posterior are required.

There are several sampling strategies and techniques which have been developed to
adapt particle filters to the problem of multi-target tracking. One of the first practical ap-
plications, Schulz et al. [84], combined a particle filter with the Joint Probabilistic Data
Association Filter (JPDAF) to track people from a mobile platform using 2D laser data.
Using a particle filter allowed the data association weights of the JPDAF to be computed
efficiently by summing over particle weights. Since the JPDAF requires manual initializa-
tion of tracks, a separate filter was used to track the number of targets in the scene and
manually add or remove targets. Vermaak et al. [140] present a generalization of this idea

to include multiple observers and arbitrary proposal distributions.

Doucet et al. [141] introduced an alternative filter which attempts to sample from the
full Bayesian posterior over the number of targets, the data associations, and the individual
target states. Sampling from the resulting Switching Markov Model requires an Auxiliary
Particle Filter[142] combined with an Unscented Transform[20] approximation. In gen-
eral, particle filters tend to poorly represent the multi-modal posterior distributions which

sometimes arise in multi-target tracking. To address this limitation, Vermaak et al. [143]
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propose a mixture of particle filters where each component can track a separate mode of

the posterior.

Because sampling techniques allow both non-linear and hybrid discrete-continuous
likelihood models, they open the door to incorporating additional information and more
complicated interaction models. For example, Giebel et al. [144] use particle filters to track
deformable objects in 3D by integrating information from multiple data sources including
appearance models, object detections, and stereo data. Khan et al. [145] [146] propose a
tracker which automatically manages the number of targets and allows interactions be-
tween individual targets. In this case, Reversible Jump Markov Chain Monte Carlo[147]
was used as part of the particle filter in order to sample both the number of targets and the

data associations.

Cai et al. [148] combines Tracking-by-Detection with a mixture of particle filters. The
output of the detector is incorporated into the proposal distribution in order to improve
the efficiency of the sampler. Data association is computed by solving a linear assignment
problem between currently existing targets and observations. Unlike the data association
parameterization proposed in this chapter, however, their algorithm requires manual ad-
dition and removal of targets based on heuristics. Breitenstein et al. [149, [150] propose an
alternative Tracking-by-Detection particle filter which also incorporates detector scores as

a measure of confidence.

Random Finite Sets [151} [152] are a proposed alternative probabilistic calculus designed
specifically for dealing with finite sets of targets. Here, a specialized theory is developed for
treating a dynamically sized set of target states as a single random variable to be tracked.
This is perhaps the most principled approach to multi-target tracking, but requires a spe-
cialized set of mathematical tools. Our method offers some of the same advantages, but

stays within the 'standard” probabilistic framework.

Aside from filtering, Monte Carlo can also be used as a smoother. Oh et al. [32] propose

an MCMC system which samples over partitions of the detections. Each sampling step in
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their algorithm involves running a Kalman Smoother to solve for the posterior distribution

of the continuous state space conditioned on the proposed detection partitions.

More recently, Benfold and Reid [153] also used MCMC to partition detections, but re-
moves the hidden continuous state space entirely. Instead, they used a simplified tracking
model where the target positions are fully observed at each detection (as is common in
many of the previously mentioned Tracking-by-Detection approaches). In addition, KLT
tracklets[154] are incorporated to help improve the accuracy of data association and gener-
ate stable bounding box tracks. Combined with a sliding window filter, this strategy allows

a real-time system capable of running on high definition video.

5.3 Traditional Data Association

We review the traditional formulation as motivation for the Latent Data Association al-
gorithm introduced in the following section. For the sake of simplicity, we assume a
fixed number of tracks. Consider a set of observations Z = {Z(1),...,Z(M} with Z® =
{zgt) PR ,zg\? } and t denoting time. Depending on the problem, each observation z;; could
include 2D/3D target locations as well as target size and other properties. These observa-
tions are assumed to be generated by M distinct targets. Each target, m € {1,..., M} fol-
lows the trajectory X, = (x,(n1 ), e, x,(nT)). The data association problem is traditionally for-
mulated as finding a correspondence between the targets and observations at each point in

time. This is done by introducing a set of discrete decision variables, D = {D(l), ...,DD 1,

with D) = {dl@}, which control the associations. In this notation, d}t) =je{l,---,M}
(t)

./ is associated with the j target, with the constraint that

(£)

no two observations can be assigned to the same target. The value dit

indicates that the observation z
= 0 indicates an

outlier observation not associated with any particular target. The graphical model for this

problem is shown in for reference.

If D is known, it is possible to infer the posterior trajectories, P(x,(ﬂ1 ) ’ D, Z), using M

independent Kalman Smoothers. With D unknown, however, we are forced to consider all
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possible data associations. This can be formulated as a posterior

P(Xw|Z) =) P(Xu|D,Z)P(D) (5.1)
D
or as a MAP problem
X;, = argmaxP(X,, | D, Z) P(D) (5.2)
X, D

In either case, an approximation must be made to deal with the combinatorial number of
possible values for D. Various search strategies exist for finding a ‘good” D, but these are

often prone to local minima.

Even if we were to avoid enumerating all values of D in the above, “proper’ Bayesian
model selection over the number of tracks, M, still requires this enumeration because the

posterior likelihood is given by

P(Z| M)P(M)
P(Z)

. P(M)g/P(z |X, D) P(X| M)dX (5.4)

P(M|Z) = (5.3)

Whereas for a fixed M we can avoid the enumeration by restricting ourselves to a MAP
estimate and local optimization, the same approach cannot be used for model selection.
To calculate the probability of a given value of M, we must consider the likelihood of all

possible data associations conditioned on the existence of exactly M targets.
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(a) Traditional data association
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@

212 222 272

211 221 RT1
(b) Latent Data Association
Figure 5.2: Graphical models contrasting Latent Data Association with the traditional approach.

Dashed lines represent dependencies controlled by the data association variables D(*) or latent data
association variables L(*) respectively.
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5.4 Latent Data Association

The Latent Data Association parameterization avoids the difficulties of the previous sec-
tion. While the traditional approach attempts to assign observations to previously existing
tracks, Latent Data Association starts by assuming that each detection is its own track of
length one. The problem of tracking then becomes a question of linking these singleton
tracks into longer trajectories. We do this by assigning each track at time t as the continu-
ation of some track at t — 1. This amounts to a set of discrete variables controlling how to
join the tracks after time f with those existing up to time t — 1. We refer to this form of data
association as latent because the discrete variables now control associations between adja-
cent latent state variables. illustrates this parameterization with the tracks being

spliced between t =3 and t = 4.

To define this model formally, we define a node as the set of state variables at a specific
time instance as well as any observations of this state. Each node is denoted by the pair
n = (t,i), where t is the time index and i an index within that time slice (illustrated in
[Fig. 5.1). For the node n = (t,i), we define x;; as the unobserved state variables of the
node and z;; as the observations (if present). A node without any associated observations

is referred to as ‘virtual’.

The binary indicator matrix L{*) is used to control the latent data associations at time

t; setting ngt) = 1 corresponds to linking node (t,i) with node (t —1,j). If Vj, Lf-]. =0,
we know that node (f,i) is not linked with anything in the past and hence represents the
start of a new track. In order to ensure track continuations are always one-to-one, we must

enforce the mutual exclusion constraints ) ; ijt) <land}; Lf].t) <1

Given these definitions, the set of nodes combined with a value for each L") matrix
forms a graph structure, seen in , where each connected component represents an
independent track. This parameterization of the problem subsumes standard data associ-

ation as well as model selection over the number of tracks; any number of tracks and any
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data association can be represented with a suitable value for L = {L(*)}.

By fixing the set of latent data association indicators, we partition the nodes into in-
dependent tracks. Within each such track, we have the standard motion and observation
models. Each observation z;; is generated from the associated target state x;; according to
an observation model, P(z;; | x;;). The motion model between any two nodes is specified

conditional on these nodes being connected:

P(th'

X1, L) =1) (5.5)

The associated graphical model is shown in

If we assume linear motion and observation models, the model forms an SLDS[108]
where the discrete L(*) variables control the relationships between continuous variables in
the Markov Chain. This SLDS can be used to implicitly solve the data association problem

together with model selection over the number of targets.

On their own, neither the use of the linear assignment problem for data association,
nor the concept of associating detections in time are novel. Among others, Cai et al. [148]]
explicitly made use of the Linear Assignment Problem for track-to-observation data associ-
ations. Similarly, many of the Detection Partitioning algorithms discussed in
operate by grouping detection using linear programming and hence can automatically in-
fer the number of targets[130, [131} 132} [133]. In order to do so, however, this latter set
of algorithms is forced to forego the "hidden’ layer in the traditional tracking model. The
novelty of the Latent Data Association approach lies in combining these ideas with the
ILMS algorithm, which allows us to reason about the entire space of hidden continuous
variables for each track while computing the data associations. Computing the associations
horizontally in time, rather than vertically to the detections, allows the number of targets

to be inferred as part of the same procedure.
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5.5 Approximate Inference with ILMS

We use the Iterative Local Model Selection algorithm described in [Chapter 4| to solve
the SLDS introduced in the previous section. The goal is to pick L* = argmax; P(Z|L)

and compute the smooth trajectories X* = argmaxy P(X |Z,L*). This corresponds to the

ILMS_MM algorithm from

If the value of L were known, the problem would be reduced to smoothing trajectories
based on the partitioned observations. We use the message passing notation to describe
the smoothing process with L fixed. For a node (t,i), we define pr;; as the index of the
previous node (at t — 1) in the same track and nx;; as the index of the next node (at t + 1).
As a shorthand, we also define xfir = Xt 1,pr,- Ihe messages can then be defined recursively

as

dri (x5, x1i) = Pz | x4i) - P | x57) (5.6)

7tz‘(xti) = marg[Vt_l,er "Pti} (5.7)
xbr

7&(955) = marg[$t+l,nxti o (5.8)

Xti
After computing both sets of messages, all information about each node will be contained

in the local posterior beliefs

Bti(xfir/ xti) = 7t71,prﬁ : 47ti : ?H»l,nxti (59)

Note that B;; is proportional to the marginal posterior over (x4, xY'), but does not neces-

sarily integrate to one.

At this point, we have computed the posterior over X by assuming a fixed value of
L. To optimize over L we consider the marginal likelihood of a given track, computed by
integrating out all X variables. This quantity can be efficiently retrieved from any node
along the track as

M, = / Byi(xF, xy7) do” dixy; (5.10)
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Eg. 5.10| allows us to maximize the marginal likelihood of all tracks present at t over L!
while holding L(*) fixed for ' # t:
L*®) = argmaxP(Z | L) = argmax [ [ M (5.11)
L® L® i
This optimization can be solved as a Linear Assignment Problem (LAP) between the nodes

at t and t — 1 formulated using the binary indicator matrix L*):

Prij = P(zy | xti) 'P(xti Xt—1,jr Lz(;)zl) (5.12)
Miij ::/7#14"4’&]‘ W e Ay dy (5.13)
L0 = max ZLff) -log My (5.14)

ij

Note that My; is the hypothetical value of M;; if we had torn the node (t,i) from its

current assignment and attached it to node (t — 1,j) instead.

Picking a new value of L) according to is the local model selection step of the
algorithm. Doing so, we are picking a consistent subset of the potentials {¢y;;};; which is
maximally compatible with the incoming messages. As shown in this operation
does not affect any of the forward messages before time ¢ or any of the backward messages
after time t — these only depend on values of L) for t < t and t' > t respectively. After
updating the value of L), we continue message passing in the forward direction using the
selected set of potentials. This allows us to interleave optimization over L(*) into the stan-
dard message passing procedure. We use the messages { 7/;_1} and { % 111} to update L),
and subsequently use the new value of L(*) to compute the forward messages {7t} Virtual
nodes with no observations are added at time ¢ for any nodes from t — 1 which were left
unassigned. The process is repeated going forward; at each point increasing the marginal
likelihood P(Z|L). For the sake of simplicity, the backward pass of the algorithm remains
unchanged from a standard smoother and does not modify the assignments. This ILMS
forward-backward procedure is repeated until convergence. An outline of the modified

forward pass is listed in
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procedure FORWARDMESSAGEPASS
fort=1...T do
remove all virtual nodes at ¢
forall n = (t,i),n’ = (t —1,j) do

1:
2
3
4:
5: compute My;; using
6: end for

7 re-estimate L(*) using

8 add virtual nodes at ¢

9: for all n = (t,i) do

10: update forward message ‘u_ﬁ using
11: end for

12: end for

13: end procedure

Figure 5.3: Approximate message passing procedure used for inference in the forward direction.
Virtual nodes are added to extend tracks which have been determined to have no ‘non-virtual’
continuations.

5.6 Tracking by Detection with Latent Data Association

Up to this point we have described the Latent Data Association parameterization and infer-
ence algorithm in general terms. We now describe the implementation details and exten-
sions used for the presented evaluations. To this end we describe the observation and state
space models for both 2D and 3D tracking, as well as extensions to handle false positive
detections and track length priors. illustrates the graphical model for a single node

with the modifications described in this section.

)

\

\ 4

Ctj ——»

v

Figure 5.4: Extended model for a single node n = (t,7) with extra variables to account for the track
category, detector score, missing observations, and track termination.
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Since every detection now corresponds to a track, outliers must correspond to out-
lier tracks, leading to an extra discrete state variable, c¢;; € {pedestrian,outlier}, repre-
senting the target class. To go with the class model, a prior P(c;;) and transition model
P(cti

principle the formulation allows for more.

1

Ct—1,js L(.t)=1> must be defined. In our evaluation, we use only two classes, but in

The pedestrian detectors we use are discriminative, so no generative model exists to
explain the observations based on the target class. To compensate, we train the observation
model for the detector. The score of each detector firing is treated as a real-valued obser-
vation, s;;, conditioned on the class. Kernel Density Estimation (Gaussian kernel with a
width of 0.05) is used to estimate the distributions P(sy; | ¢;;). The distribution is trained by
matching detector firings with ground truth annotations over sequences out of the PETS’09
dataset [155] (the S2.L1 sequence is excluded since it is used for evaluation). shows

the conditional distributions of the trained model.

6_
pedestrian
S[| = outlier
—x 4
(@]
= 3F
2
o of
1..
0 0.1 02 03 04 05 06 07 08 09 1

S’[i
Figure 5.5: Learned model of the object detector firing score s;; conditioned on the object class
Cy € {pedestrian, outlier}.

In practice, a lot of information is contained in the missing detections — a track with
very few detections is more likely to be an outlier than one with many consistent detections.
To incorporate this negative information, we include detector failure into the observation

model. The indicator variable m;; = 1 is used to denote a missing observation at node n =
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(t,1). In this case n is a virtual node and the z;; and s;; observation variables are ignored. We

allow missing observations to occur with probability dependent on the underlying class.

Finally, we include a track length prior. Because of the detector failure model, we
cannot assume a track continues on indefinitely after its last observation — doing so would
imply a very large number of missing observations and make all tracks likely to be outliers.
Instead, we give each target track a fixed probability of terminating at every time instance
after its last observation. We introduce the indicator variable ¢;; to mark that the track has
ended. Once this variable transitions from 0 to 1, a transition in the other direction is not
possible. If e;; = 1, we require that m;; = 1. This encodes the fact that once a track ends it

cannot be observed.

5.7 Modified Inference Procedure

Incorporating the changes of [Section 5.6 into the approximate inference procedure de-
scribed in [Section 5.5|is not difficult since all of the modifications can be represented as

additional discrete components in the Markov chain. Furthermore, [Eq. 5.9| and [Eq. 5.10|

do not depend on the Markov chain being continuous; analogous equations hold for a
discrete chain if the marginalization integrals are replaced with sums. We run discrete
message passing over e;; and ¢ and compute the combined track score by adding the log-
likelihoods obtained from applied to the discrete and continuous Markov chains
independently. As before, we update L) by solving the LAP in with the cost of
each assignment now based on the combined track log-likelihood from both the discrete
and continuous chain. The discrete and continuous chains are kept separate because we
are using a linear assignment problem to pick L{). This prevents modeling dependen-
cies between c;; and x4, but allows for a more efficient algorithm. Modifying the local

optimization procedure to allow such dependencies is a possible target for future research.
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5.8 Evaluation

Experimental validation was performed using four publicly available video sequences com-
prising over 1200 frames from two standard pedestrian tracking datasets (TUD [122] and
PETS’09 [153]]). 2D tracking was used for the TUD datasets and 3D tracking for the PETS
sequence. We ran 2D tracking on TUD-Stadtmitte despite the available camera calibration
because the oblique viewing angle makes accurate estimation of ground plane positions dif-
ficult. Raw detections, ground truth annotations, and tracking area specifications provided
by Andriyenko et al. [139] were used for all evaluations. Results are presented in terms
of the CLEAR MOT(156] metrics for tracking performance and precision-recall curves for
classification accuracy. We also include the number of fragmentations (FM), mostly tracked
targets (MT), and identity switches (IDS). All evaluations use a 50% intersection over union

threshold for matching 2D bounding boxes.

A constant-velocity motion model with direct linear observations was used within each

track:
xo ~ N (po, o) (5.15)
Xt41 ™ N(A Xty Z‘mot) (516)
zt ~ N (B - xt, Lobs) (5.17)

In the above, A implements the constant-velocity model and the B selects the bounding

box position and dimensions out of the state space.

In the 2D case, the continuous state space is composed of the bounding box center and
the log of the dimensions. Dimensions are tracked in log-space to help compensate for
perspective effects. Both the position, p, and log-dimensions, d, have an associated velocity
(p and d) resulting in an 8D state space: (px,py, dy, dy, Py, Py dx,dy). The position prior
is centered in the image with mean log-dimensions of log(320) by log(240). The standard
deviation (s.d.) is 400px for the position and 1.0 for the log-dimensions. We incorporate

a correlation coefficient of 0.99 between the prior log-dimensions. The velocity prior is
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zero-mean with an s.d. of 5px for the center location and 0.01 for the log-dimensions. The
motion model adds isotropic noise with an s.d. of 10*4px, 1074, 0.5px/s, and 1072, for the
p, d, p, and d components respectively. The observation model is unbiased with an s.d. of

10px for p and 0.1 for d.

For 3D tracking, object position is tracked on the ground plane together with the bound-
ing box dimensions (width and height are tracked; depth is assumed equal to width).
We again use a constant-velocity model for the ground plane position, but assume the
dimensions follow a random walk with no velocity (unlike in the 2D tracking case, we
expect the 3D dimensions to stay relatively constant). The 3D state space consists of
(P, p,, dx, dy, Py, py). The prior is zero mean for p and p with an s.d. of 40m and 0.25m/s
respectively. The prior for (d,,d,) has mean (0.7m,1.7m) with an s.d. of 0.2m. The con-
stant velocity motion model adds isotropic noise with an s.d. of 10~*m, 0.05m/s, and 0.01m
for the three components of the state space respectively. We assume observation noise with

an s.d. of 0.15m for the position and 0.20m for the dimensions.

The discrete model parameters are the same for both 2D and 3D tracking. We use a uni-
form prior over P(cy), and a transition model such that P(¢c; = ¢;_1) = 1 — 107°. The miss-
ing detections probability, P(m; |e; = 0,¢;), is 0.6 for pedestrians and 0.7 for outliers. The
track termination probability, P(e; = 1|e;—1 = 0,c¢), is set so there is a 0.0025(pedestrian)
and 0.18(outlier) chance of terminating after one second. These parameters were deter-
mined empirically and scaled based on the frame rate ﬁ where appropriate. We note in
particular that the discrete Markov transition matrix, T, is adjusted to TAt to control for
the frame rate. Because our system keeps track of object size as well as location, the size
of the bounding boxes output by the detector vs the size of the labeled ground truth plays
an important role in the performance of the system. We scale the width of the bounding

boxes output by our system by 0.75 to better match the ground truth labeling.

The output of our tracking algorithm on the evaluation sequences in shown in

as a series of filmstrips. Quantitative results are shown in [Tab. 5.1| and are competitive
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with the state of the art. We note that despite the widespread use of the CLEAR MOT
metrics, direct comparison of published algorithms is still difficult as many authors differ
in the precise evaluation methods used (2D v.s. 3D metrics, different regions of interest,
etc.). Despite this, we have attempted to make an informative evaluation against recently
published results — we do not imply a head-to-head comparison. Where 2D evaluations
are available, we list those published by the authors. To compare with Andriyenko et
al. [139], we have run our own 2D evaluation scripts on the their data where possible,
as well as listing their published results. Only 3D ground tracks were available for the
TUD-Stadtmitte sequence. In this case we assumed average 3D pedestrian dimensions

and projected these into 2D bounding boxes.

Fig. 5.7] shows the marginal log-likelihood as a function of the number of forward-
backward iterations. Note the monotonic increase in log-likelihood and convergence in a

small number of iterations.

Precision Recall curves showing improvement over the baseline detector are show in
These curves are possible because of the probabilistic nature of our approach

where each output has an associated posterior pedestrian vs outlier probability.
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(d) PETS'09 S2.L1 (View 1)

Figure 5.6: Filmstrip sequences showing tracking output on the evaluation sequences. Outlier tracks
are not shown.
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Algorithm MOTA MOTP DS MT FM
proposed 0.82 0.74 0 5 3
Breitenstein2011* [150] 0.67 0.73 2 - -
(a) TUD-Campus
Algorithm MOTA MOTP DS MT FM
proposed 0.74 0.76 2 7 12
Zamir2012* [157] 0.92 0.76 0 - -
Breitenstein2011% [150] 0.71 0.84 2 - -
(b) TUD-Crossing
Algorithm MOTA MOTP DS MT FM
proposed 0.73 0.71 2 4 1
Zamir2012* [157] 0.78 0.63 0 - -
proposed? 0.63 0.73 4 4 1
Andriyenko201223 [139] 0.61 0.68 3 6 1
(c) TUD-Stadtmitte
Algorithm MOTA MOTP DS MT FM
proposed 0.90 0.75 6 17 21
Zamir2012* [157] 0.90 0.69 8 - -
Andriyenko20123 [139] 0.79 0.66 29 17 56
Andriyenko201214 [139] 0.89 0.56 - - -
Breitenstein2011'4 [150] 0.56 0.80 - - -
proposed? 0.92 0.75 4 18 18
Andriyenko2012%3 [139] 0.83 0.65 24 18 43

1
2
3
4

evaluated by PETS’09 workshop

cropped to tracking region of Andriyenko ef al. [139) [138]
our own 2D evaluations using authors’ provided output data
results as published by authors

(d) PETS'09 S2.L1 (View 1)

Table 5.1: A comparison using various tracking metrics. The threshold P(c;; = pedestrian) > 0.50
was used for all evaluations of our algorithm. Note that Zamir et al. [157] makes use of appearance
information, so better performance is expected.
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Figure 5.7: Convergence of the approximate inference algorithm is achieved in under 7 iterations
for all evaluated sequences. Each curve has been zeroed to its initial log-likelihood.
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Figure 5.8: Precision-Recall curves for all datasets plotted alongside the baseline detector.
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5.9 Conclusions

In this chapter we have presented a novel multi-target tracking algorithm based on the
Iterative Local Model Selection framework. In order to apply ILMS to the problem, we
treat data association variables as the ‘switches’ in a Switching Linear Dynamical Systems.
A key component of the proposed algorithm is the use of a 'latent” parameterization of the
data association problem where associations are made between the latent state variables.
The major advantage of this parameterization is that it implicitly determines the number
of targets in the environment, avoiding various heuristics commonly used to make this
determination. Having compressed the entire inference problem into an SLDS, we add
additional discrete variables to model a few properties of the targets. These include an
inlier vs outlier classification and a rudimentary track length prior. The combined system
has been compared against various state-of-the-art methods and shown to be competitive
in terms of performance. We note that the qualitatively, the tracks output by the algorithm
are very smooth and natural, without any glaring inconsistencies. Given that these results
were obtained without any use of an appearance model, attempting to add some measure

of visual similarity into the track matching criteria could further improve results.
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Robust Pose Graph Estimation

6.1 Introduction

This chapter demonstrates how the Iterative Local Model Selection algorithm can be ap-
plied to large-scale robust mapping. Robustness is achieved by including discrete indicator
variables which are used to model outliers, resulting in a robust estimation algorithm.
Unlike the tracking application in the previous chapter, pose graph estimation cannot be
modeled as a Switching Linear Dynamical System (SLDS) and requires a more general
Conditional Linear Gaussian Network (CLGN) model. On top of this it is fundamentally
a non-linear optimization problem rather than a linear inference problem. This chapter
demonstrates two adaptations to ILMS which make it applicable to this scenario. First,
we describe how ILMS can be made to work on CLGNs using a specific message passing
order. Second, we demonstrate that it can be combined with the Gauss-Newton algorithm
and applied to non-linear estimation problems. shows an example of the results

generated by the system described in this chapter.

Most recent work on SLAM for large scale environments has adopted the pose graph
formulation combined with non-linear least squares as the preferred approach. Due to

its simplicity, the technique is able to scale to extremely large datasets and has been used
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to build systems capable of operating over hundreds of kilometers[158]. These systems
typically rely on external loop closure detection algorithms in order to generate constraints
between non-consecutive poses in the graph. Popular approaches such as FabMap[75]
and that of Cadena et al. [159] use visual features to recognize when the robot revisits a

previously seen location.

Unfortunately, detecting loop closures based on visual information is a difficult prob-
lem with incorrect detections always a possibility due to perceptual aliasing, among other
sources of error. Even state-of-the-art loop closure detection algorithms are not perfect,
and as the size of the map increases incorrect loop closures will inevitably make it past the

front end into the back end of the SLAM system.

The non-linear least squares pose graph formulation is extremely sensitive to such in-
correct constraints being allowed into the pose graph. While robust estimators can be
used, these are not sufficiently robust to deal with all generated candidates and require
conservative filtering of the constraints. This has motivated research on robust pose graph
optimization algorithms which go beyond classical robust estimation techniques and deal

with incorrect loop closures directly in the back end.

In a broader sense, long-term SLAM systems will inevitably confront situations where
the correct map depends on a discrete set of possible explanations for what was observed
by the sensors. It is therefore essential that the back-end optimization must be able to
handle multimodality. In addition to loop closures, such situations could be caused by
ambiguous odometry (e.g. wheel slip[160]) or a changing environment. For these reasons,
dealing with discrete choices in the SLAM optimization framework is a key problem for

long-term autonomous mapping and navigation.

We propose an approach based on interpreting the linearization of the switched non-
linear optimization objective as a Conditional Linear Gaussian Network (CLGN). We use
the ILMS strategy from [Chapter 4] as an approximate inference algorithm in order to esti-

mate subsequent linearization points. In this way our algorithm generates a sequence of
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approximate solutions which locally minimizes the linearized objective in terms of both the

discrete and continuous variables.
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Figure 6.1: The trajectory output of the algorithms we evaluated alongside groundtruth
(dashed/orange) and raw odometry tracks for one of the harder test sequences. Our approach
correctly identifies the loop closures and produces an accurate track.
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6.2 Related Work

Formulations of Simultaneous Localization and Mapping (SLAM) as global optimization
over a constraint network have a long history in the literature[40]. One of the first modern
algorithms was introduced by Lu and Milios [49]. GraphSLAM]161] further popularized
and refined the technique by improving numerical stability through the use of information
rather than covariance matrices. More recently, g20[83] has provided a general software
framework for algorithms formulated as sparse constraint graphs. While g20 offers the op-
tion of robust kernels[82], these methods are not insufficiently robust when large amounts

of outlier loop closures are present[162].

As an alternative to g20, work by Kaess at al[72] on the iSAM and iSAM?2 algorithms
uses inference and message passing instead of the traditional sparse linear algebra. The
key idea is a connection between the internals of sparse matrix factorization and inference
on graphical models. We draw inspiration from this, but while iSAM2 does not deal with
discrete variables, we extend the methodology to do so. We note that unlike our work,
iSAM2 uses a “square root” form of message passing which corresponds to QR decompo-
sition of the Jacobian matrix. Although this has advantages in terms of numerical stability,
it is not a principled difference in the context of this chapter. A more significant difference
is that iSAM?2 does not explicitly compute the local posterior information matrices. Com-
bined with the traditional, two phase message passing order assumed by the architecture,

this makes it difficult to implement our algorithm in the GTSAM library.

Pinies et al. [163] also propose a Junction Tree algorithm for sparse bundle adjustment.
This work is more similar to ours in that it is based on a Cholesky decomposition of
the information matrix. More importantly, the algorithm computes the local posterior
information matrices for each clique in the Junction Tree. Our approach goes further by
adding discrete variables to the cliques and optimizing them during the course of the

message passing.



6.2 Related Work 130

Recently, a series of three publications on robust pose graph estimation has targeted the
same problem. Of these, the Max-Mixture (MM)[160] and Switchable Constraints (SC)[81] al-
gorithms are general purpose techniques, while the Realizing, Reversing, Recovering (RRR)[164]

approach is tailored specifically to robust pose graph estimation.

RRR creates clusters of loop closure detections based on proximity in the topography
of the pose graph. Starting with just the odometry map, the algorithm attempts to add
these clusters into the map while maintaining consistency with the odometry data. A full
minimization of the error is carried out in order to test the compatibility of a cluster to the

odometry, at which point a threshold is applied to decide if it should be kept.

The Switchable Constraints[81] algorithm is more general than RRR, but is only capable
of removing constraints from the graph — e.g. it cannot decide between mutually exclu-
sive options. A weight variable is added into the nonlinear objective for each switchable
constraint. The objective is multiplied by this weight in order to create a continuous re-
laxation of the full discrete-continuous mixture. The set of weight are optimized together
with the rest of the objective and are given a prior pulling them towards 1. Agarwal et al.
[165] propose the Dynamic Covariance Scaling algorithm which computes a closed form ap-
proximation to each of the SC weight variables and thus avoids increasing the size of the
optimization problem. This modification is similar in spirit to Iteratively Reweighted Least
Squares (IRLS) and shows improved performance over the standard form of SC in both ac-
curacy and speed. Along similar lines, Lee at al[166] propose an Expectation-Maximization
(EM) based derivation of an IRLS-like algorithm with a Cauchy weighting kernel. They

show this approach to be more robust than the typical Huber M-estimator[82].

Max-Mixtures is the most general of the three basic approaches, allowing arbitrary
mixtures of objectives to be placed into standard nonlinear optimization. The key is to
replace the sum in the likelihood of a mixture model with a maximum. When com-
puting the log-likelihood of such a mixture, the sum cannot be pulled out of the loga-

rithm whereas the max can. This converts objectives of the form log(¢;(x) + ¢2(x)) into
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max{log(¢1(x)),log(¢2(x))}. The modified objective can be optimized by a standard non-

linear optimizer such as g2o.

Our approach is as general as Max-Mixtures, but offers better performance than all of

the evaluated methods on the robust pose graph estimation problem. [Fig. 6.1 and [Fig. 6.8|

shows the output tracks for two of the evaluation sequences. In the following section we

cover the background and notation needed to introduce our algorithm in [Section 6.6

6.3 Pose Graphs

The pose graph optimization problem is well known in the robotics community. The goal
is to reconstruct the path of a robot traversing an unknown environment. A sequence of
robot poses, pr = (xt, ¥+, t), is given with constraints between pairs of poses based on
odometry information as well as loop closures. A single constraint between a pair of poses

indexed by s and ¢ is of the form

1
gst(ps ) = 5|1 (ps ®msp) © pellg,, (6.1)

where @ and © are the standard pose composition operators[38], m;; is a measurement of
the relative transformation between the two poses, and X is the covariance matrix for the

measurement.

The constraints form a network of measurements relating the various poses. Consec-
utive poses are always related by an odometry measurement. Occasionally, an external
loop closure detection algorithm[167][168] reports that the robot has returned to a location
it has previously seen. In this case, a constraint is created between the current pose and
a previous pose. Because loop closure detections are imperfect, they must be conserva-
tively filtered so as not to corrupt the resulting constraint network with spurious, incorrect

constraints.

Taken together, the pose graph optimization problem can be solved by minimizing the



6.4 Nonlinear Least Squares 132

non-linear objective

Y St Y g (6.2)
t

(s,t)eLl
where L is the set of loop closure constraints. After ensuring L is free from incorrect

loop detections, is typically optimized with a nonlinear least squares solver such
as g20[83] or iSAM2[72]. This optimization will fail if false-positive loop closures are not

removed.
6.4 Nonlinear Least Squares

Nonlinear estimation is typically performed with a variant of the Gauss-Newton algorithm.
Given a set of functions f;(x;) (with each x; a subset of the problem domain X) and the

associated covariances X;, the goal is to find a value for all variables which minimizes
1 _
SJilxi) -2 e filX .
Y5 filxi) - Z - filx) (63)
1

The Gauss-Newton algorithm finds such a point by approximating each function f;(x;)

with its linearization at x7
filxi) = fia) + Vfilx)) - xi (64)
With this approximation in place, becomes a linear least squares problem which can

be solved exactly
. 1. PR
argm1n2§fi(xt)T 2 i) (6.5)
X
The Gauss-Newton algorithm proceeds by taking the solution of [Eq. 6.5 as the new lin-

earization point, and iteratively repeating the process until convergence.
6.5 Relinearization as Inference

A key aspect of the Gauss-Newton algorithm is solving to obtain a new linearization
point which is likely to decrease the value of This process can be thought of as an
inference procedure based on the correspondence between least squares and the Gaussian

distribution.
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We now review this correspondence and define notation for the rest of the chapter.

Consider a Gaussian distribution over z with mean (x)

P(z]x) = N(z; p(x),2)
(6.6)
p(x)=B-x
If z is observed, the maximum likelihood solution for x corresponds to solving the least

squares problem

1
argminEHB-x—zH% (6.7)
X

Distributions of the sort defined by are Gaussian potentials as defined in
The log-likelihood of a Gaussian potential is defined via the associated quadratic
form

logg(x,z) = ~(x,2)" - A-(x,2) + (x,2)" -b+c (6.8)

N =

parameterized by the matrix A, vector b, and constant c. Since the linearized objectives in
are also of this form, we can interpret each term as a Gaussian potential. Assuming
the residual f;(x;) € Rk,

1 1. 1 7 1 k
log ¢i(x;) = EXZT CAp XX b = —Efi(xi)T I filx) — 5[Zil =5 log(27r) (6.9)

Thus, the network of linearized constraints in the pose graph can be thought of as a Gaus-
sian Random Field, and minimizing is equivalent to maximizing the likelihood of

this network.

Maximum likelihood on Gaussian Random Fields is a well studied topic[95]. One stan-
dard solution to the problem is based on converting the factor graph into a clique tree
on which efficient inference can be performed. This conversion is analogous to picking a

variable ordering in sparse matrix solvers (i.e. COLAMD[169]) and was described in

tion 3.7, [Fig. 6.2al shows a sample factor graph over a small network of three Gaussian

potentials. [Fig. 6.2b| illustrates a clique tree created from this factor graph. Once such a
tree is created, it can be used to compute the maximum likelihood values of the variables

efficiently using the Belief Propagation (BP) algorithm[170].
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(a) A factor graph composed of three purely (b) Standard Belief Propagation on the as-

continuous Gaussian potentials each repre- sociated clique tree. Messages are indexed

senting a linearized constraint. based on the order in which they are com-
puted.

Figure 6.2: An example of a purely continuous Gaussian model and a run of the standard Belief
Propagation algorithm on the corresponding clique tree.

The BP algorithm uses dynamic programming in the form of message passing to com-
pute the full maximume-likelihood state by computing partial maximizations of the network
one piece at a time. Each message performs one such maximization, and the result is cached
for later re-use. This allows the algorithm to compute the maximum-likelihood estimates
for the whole constraint network without ever creating the full product distribution over

all variables. [Eq. 6.10] shows the messages computed in a run of the BP algorithm on the

clique tree in [Fig. 6.2b

p1(x) = max¢a(x,y) ps(x) = max¢y(x,w) - pa(x)
Y ¢ (6.10)
pa(x) = max@s(x,z)  pa(x) = max ¢y (x,w) - pr(x)

Once the messages are computed, we can retrieve the optimal value of (x,w), for example,
by computing

(x*,w*) = argmax ¢ (x, w) - p1(x) - pa(x) (6.11)

X, W

The messages 11 and iy capture information from the rest of the constraints and allow us to
locally compute an optimal value for (x*, w*) which takes into account global information.
For a general clique tree, message passing proceeds in two phases. In the first phase,
messages are passed upward towards the root of the tree, collecting information from all

of the nodes in one place. In the second phase, messages are passed downward from the



6.6 Hybrid Inference Optimization 135

root to the children. After both sets of messages are computed, all constraint information

has been propagated throughout the network.

6.6 Hybrid Inference Optimization

The relationship between Least Squares and Gaussian Graphical Models outlined in the
previous section suggests that alternative inference algorithms could be used to predict
the next linearization point; this idea forms the basis of our algorithm. Our approach re-
places the continuous inference procedure used by Kaess et al. [72] with the Iterative Local
Model Selection procedure described in The result is a nonlinear optimization

algorithm capable of dealing with mixture model objectives.

In the application to pose graph estimation, incorrect loop closures are dealt with by
adding ds; € {0,1} as a discrete variable for each loop closure (s,t) € L. When d;; = 1, the
original constraint g is active, whereas ds; = 0 means an alternative, outlier objective g;‘;t
is used in its place. The outlier objective is simply Gaussian with a very large covariance
matrix, identical to the outlier objectives used by Olson and Agarwal [160]. The algorithm

used to optimize this objective, however, is different.

In order to introduce our algorithm we need to incorporate discrete switch variables
into the previously defined notation. The objectives of will now take the form

fi(xi,d;) with each d; a single discrete variable:

min. Z%fi(xi,di)T‘fi(xirdi)
d; € {0,1}

(6.12)

We use i to index the full set of objectives/constraints with each f; corresponding to a g s

and d; to the matching d,;. This is done to minimize clutter in the notation.

With a switching objective function, linearizing f; no longer results in a single Gaussian
potential. Instead, we get a hybrid Gaussian potential as defined The hybrid

potential consists of a table of Gaussian potentials with one entry for each value of d;. Each
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of these is in turn parameterized by a quadratic form.

5 A x 1l b0 4 M (6.13)

1

log ¢i(x;,di=k) = log ‘Pi(k) (xi) =

N —

shows the earlier mentioned factor graph modified to include a discrete variable,
d. [Fig. 6.3b| shows the associated clique tree, which we will use to illustrate the neces-

sary modifications to the basic ILMS algorithm. Note that the message passing order has

changed, as will be explained in [Section 6.6.1
(w) 91 (x,w)
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(a) A hybrid factor graph composed of three (b) The corresponding clique tree showing

potentials. The ¢, potential is hybrid since it the message passing order required to en-

contains the discrete variable d in its domain. sure convergence of ILMS. Messages are in-
dexed based on the order in which they are
computed.

Figure 6.3: A sample Conditional Linear Gaussian Network with hybrid potentials showing the
messages computed by our algorithm.

Analogous to the situation in the previous section, we would like to perform partial
maximizations of the linearized network in order to efficiently compute the maximum-
likelihood estimate. Whenever a discrete variable needs to be maximized out, we encounter

a partial maximization of the form
u(x) = max ¢(x,d=k) (6.14)

Although at first glance this may appear similar to [Eq. 6.10} the discrete variable d makes
this type of maximization impossible to compute efficiently. This is the case since the func-
tion p(x) cannot efficiently be represented in closed form. Evaluating p at a particular

value of x requires keeping around the whole table of quadratic forms which define the
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original hybrid potential ¢(x, d). Worse, multiplying such multi-modal representations will
result in a combinatorial explosion in the size of the table required for the representation.
If we consider the whole constraint network, we will eventually build a table of 2ILl Gaus-
sians — one for every possible value of the combined set of discrete variables. This is a
fundamental problems in such hybrid graphical models, with exact inference known to be

NP-hard[104].
6.6.1 Approximate Hybrid Inference

While exact inference is impractical, in this section we propose using ILMS to estimate the
new linearization point. This algorithm is a generalization of the algorithm proposed in
Segal and Reid [171] for tracking. In that work, the approximate message passing can only
deal with Markov chains, whereas we generalize to arbitrary clique trees. The idea is to
approximate the maximization in by picking the optimal value for the discrete
variable d while assuming all other discrete variables in the network are fixed. Although
we optimize one discrete variable at time, this maximization is performed jointly with all
continuous variables in the rest of the network. This is possible by taking advantage of a

special message passing order, different from the standard upward and downward pass.

Because finding the optimal configuration may require simultaneously toggling multi-
ple discrete variables, our approach is only guaranteed to find a local maximum. The local
nature of the approximate inference is not a huge disadvantage because we are already
working with a linear approximation in the inner loop of a nonlinear optimization proce-
dure. If the linearization is accurate, our approximation will still result in an improvement

of the original objective. If the linearization is inaccurate, we are no worse off than before.

Using the clique tree of the approximate messages in our algorithm are com-
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puted as follows:

pa(x) = max (1 (x, ) - pa(x))

a = argfinaxn;ix ((pz(x, y,d)- ;41(x))

pa(x) = max ¢2(x,y,d%) (6.15)

pa(x) = max (91 (x, w) - pa(x))

pa(x) = max s (x,2)
Since computing y, requires maximizing over the discrete variable d, ILMS picks the best
possible value prior to computing the message. The message yi(x) fully captures the
dependency between ¢»(x,y,d) and the rest of the network, so when we pick d*, we are
effectively picking the single Gaussian potential from ¢»(x,y,d) which is most compatible
with the rest of the network. This potential then is used to compute the outgoing message
2. The message passing is iterated in this fashion until the discrete values stop changing.
At this point we will be guaranteed to have converged to a local maximum of the CLGN

in the sense that changing any single discrete variable cannot result in an improvement.

In the general case, the ILMS message passing starts at the root of the clique tree and
performs a depth-first traversal of the tree sending messages along each edge as shown
in With this message order, each local update to a discrete variable will always
increase the overall likelihood. In effect ILMS is performing coordinate-ascent on the space
of discrete variables, but properly considering the interactions between the discrete variable

being update and all continuous variables in the network.

Before each message is computed, a new value is picked for any discrete variables
associated with the source clique tree node. Consider a node n with a local hybrid potential
¢n(xn,dy), a set of neighboring nodes Ne(#), and a message from node # to node s denoted

by #y—s. To compute this message, we first estimate the discrete value d,,:

d; = argmax max {(,bn(xn,dnzk) ( I yn/_m(xn)> } (6.16)

k n’€Ne(n)

This means ¢, (x,, d;;) is the single Gaussian potential most compatible with the rest of the

network; the incoming messages capture all information about the continuous variables in
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Figure 6.4: An abstract clique tree illustrating the modified message passing order required for
convergence of our algorithm. Labeled nodes correspond to cliques and numbered arrows illustrate
the order messages are computed in. The ordering corresponds to a depth first traversal of the tree.

the network. With the discrete variable fixed to the above value, the outgoing message is

computed as

HUn—s = maX(Pn(xnr d;) | | ,un’—m(xn) (6-17)
n'\Xs n'ENe(n)
n'#s

Whenever a discrete variable associated with a node changes, all messages facing away
from that node become invalid since they were computed based on the previous value of
the variable. However, all messages facing towards the node remain valid since there is
no dependency. In the example of consider computing message number 6. Before
doing so, we must update the discrete value associated with node B, and hence invalidate
all messages facing away from B in the tree, except message 6 itself which will be recom-
puted. With our message passing order, the next discrete variable to be updated is A (while
computing message 7). This update only depends on the incoming messages to A, which
are all still valid. For this reason, the message passing order suggested above guarantees

the overall likelihood will always increase as each message is computed, and our approxi-



6.7 Evaluation 140

mate inference procedure always converges to a consistent estimate of all variables in the
network. Unlike the standard clique tree algorithm, a single run as shown in no
longer leads to convergence; we have to keep passing messages in this cycle until a full
pass through the tree occurs without any changes to the discrete variables. At this point
we compute the maximum likelihood values of all the continuous variables and use this as

the next linearization point.

In the evaluations below, we incorporated two additional heuristics to improve conver-
gence. First, the message passing order is randomized where possible; when a node has
multiple children, the order of their traversal is picked at random. As a second heuris-
tic, we set the root of the clique tree to be the node with the most information so as to
propagate strong observations as soon as possible. The minimum log-determinant over all
information matrices in each node’s table of Gaussian of potentials is used as a proxy for
the information content. We pick the clique tree root once at the start of the algorithm, as

soon as the initial potentials become defined after the first linearization.

6.7 Evaluation

To evaluate the proposed method, we have performed experiments comparing against three
recently published algorithms for robust pose graph estimation: Realizing, Reversing, Recov-
ering (RRR)[164], Switchable Constraints (SC)[162], and Max-Mixtures (MM)[160]. We have
also compared against an odometry-only baseline in which all loop closure detections were

ignored.

Evaluations were performed on two robust loop closure datasets provided by Latif et al.
[164]. The first of these was provided together with the source code of the RRR algorithm
and contains three sequences: B25b, bovisa04, and bovisa06. The second dataset from
the same group is available onlineﬂ it contains 7 sequences extracted from the KITTI[172]

dataset. The sequences are labeled as kitti_0{N} with non-consecutive N (see for

Ihtt://www.github.com/ylatif/dataset-RobustSLAM



6.7 Evaluation 141

sequence names). All sequences provide ground truth GPS tracks as well as the output of

a Bag-of-Words (BoW)[173] loop closure detection algorithm.

In the case of B25b and the KITTI sequences, different sets of loop closures are pro-
vided, generated by varying the threshold of the BoW algorithm. Having these variations
allows the performance of the robust loop closure algorithms to be tested in conditions
ranging from a few very confident loop closures to many loop closures of questionable
accuracy. B25b contain loops closure data with 41 different values of the threshold; the
KITTI sequences provide 21 different values. Between the different sequences and sets of

loop closures, this makes for 190 variations on which the algorithms have been tested.

To run the evaluations, we used the publicly available version of the RRR algorithm
available on the authors” website, with the suggested parameters for each dataset. For
the Switchable Constraints and Max-Mixtures algorithms, we used publicly available imple-
mentations provided by Siinderhauf and Protzel [81] with default parameters. For our
own Hybrid Inference Optimization (HIO) algorithm, we used input objectives and constants
identical to the Max-Mixtures defaults. Specifically, we used a prior of 0.01 for outliers and
set up the outlier objective information matrix to be 10712 times the information matrix
of the corresponding inlier objective. The same parameters were used for all evaluations

presented.

The overall quality of the reconstructed trajectory was evaluated using the Absolute
Trajectory Error (ATE) as defined in the Rawseeds[174] toolkit. The ATE measures the
average XY distance between the reconstructed trajectory and the ground truth data after

the two have been put into optimal alignment.

Our main results for ATE are shown in For each sequence, we plot the median
ATE error achieved over the range of BoW thresholds; the error bars show the minimum
and maximum values. The median, min, and max are more meaningful statistics than

the mean and standard deviation since gross failures of the algorithms often result in

exceptionally large values of the ATE which skew the mean. shows a more detailed
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view of the individual ATE scores for B25b as a function of the BoW threshold. The results
show that the Hybrid Inference Optimization algorithm outperforms the others on almost all
of the sequences. Notably, our overall worst-case performance is dramatically better. The
RRR algorithm is interesting in this sense because it often performs as well as HIO, but

when it fails it does so catastrophically.
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Figure 6.5: Evaluation results on 10 different sequences. We show the median ATE along with the
minimum and maximum values as error bars. Note that the bovisa04 and bovisa06 datasets only
provide one sequence, so the min, max, and median all coincide. The Odometry Only algorithm is

the baseline ATE obtained by running g2o with all loop closures removed.

For the KITTI sequences, where ground truth loop closures are available, we have also
looked at the number of incorrect loop closures accepted by the algorithms and the number
of correct loop closures which were erroneously discarded. Although this information is

equivalent to the commonly used Precision/Recall metrics, it is more informative to look at
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Figure 6.6: ATE as a function of the BoW threshold on the B25b sequence.

the number of individual loops. Complete failure of the algorithms can often be caused by
a single incorrect loop closure, so it is useful to look at the results with higher granularity
than provided by the Precision/Recall ratios. shows a plot of these counts as a
function of the BoW threshold aggregated across all of the KITTI sequences. For the KITTI
sequences, our algorithm correctly finds almost all of the annotated ground truth loop
closures with no false positives and only one false negative in the kitti_05 sequence. In

this sense, our performance on these sequences (Fig. 6.5) is close optimal.

It is noteworthy that the Max-Mixtures algorithm does not perform significantly better
than the baseline in our evaluations. This corresponds with the poor performance of the al-
gorithm measured by Siinderhauf and Protzel [81], but not to the original results published
by Olson and Agarwal [160]. We believe this disparity is caused by different evaluation pro-
tocols. |Olson and Agarwal|evaluated performance using an incremental evaluation scheme
with optimization being run online. In our evaluation, the system state was initialized to
the trajectory indicated by the odometry with no loop closures. It is possible that this

initialization corresponds to a local minimum for Max-Mixtures.
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The improved performance of Hybrid Inference Optimization comes at a cost in terms of
speed. shows statistics over the running times of the algorithms in our evaluation.
HIO is the slowest, with RRR coming in second-slowest. For offline and batch processing,
we argue that the increased accuracy provided by HIO more than makes up for the ex-

tra processing time. In the real-time use case, however, another algorithm may be more

suitable.
Algorithm || min (s) | median (s) | mean (s) | max (s)
Ours 0.22 2.70 4.38 19.89
SC 0.09 0.51 0.48 1.21
RRR 0.04 0.77 0.99 6.03
MM 0.09 0.47 0.45 1.19

Table 6.1: The mean, median, min, and max running times over all tests.
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Figure 6.8: The trajectory output of the algorithms we evaluated alongside groundtruth
(dashed/orange) and raw odometry tracks for the kitti_02 test sequence. Our approach correctly
identifies the loop closures.
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6.8 Conclusions

Taking into account discrete variables in large scale SLAM problems is likely to become
increasingly important as these systems are expected to operate over larger environments
unassisted. This requires the development of large scale discrete/continuous optimization
algorithms which can handle multimodality in the objective. We have proposed such an
algorithm and have evaluated it on the problem of robust pose graph estimation. Our
results show a large improvement over competing methods on this particular problem,
and the general nature of the technique suggests that it may have broader applicability in

the robotics community.
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Conclusions and Future Work

7.1 Conclusions

The research described in this thesis has been motivated by the long-term goal of enabling
intelligent perception in robotics. Despite much progress in large scale mapping, the cur-
rent state of the art still relies heavily on the static world assumption and various pre-
processing heuristics. Long term and robust autonomy requires an estimation framework
capable of dealing with changing environments, ambiguous sensor data, and interpretation
of the environment beyond mere geometry. To this end, we have presented a framework

capable of combining discrete decision making with large scale continuous state estimation.

Our framework models these discrete/continuous problems as Conditional Linear Gaus-
sian Networks and uses a novel approximate inference technique which we call Iterative
Local Model Selection (ILMS). In[Chapter 4, we formally described the ILMS algorithm and
validated its performance against competing deterministic inference techniques. Following
this, we presented two novel algorithms based on the ILMS strategy. applied
ILMS to multi-target tracking of pedestrians by recasting data association as a Switching
Linear Dynamical System. used ILMS for Robust Pose Graph Optimization by
explicitly modeling outlier loop closures with binary indicator variables. Despite targeting

different areas of perception, both algorithms were able to either match or exceed the state
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of the art. This fact is both promising and somewhat surprising given the greedy nature of

the algorithm.

We believe the key to understanding why the ILMS strategy works is looking at the
algorithm through the lens of a block coordinate ascent procedure. Each discrete variable
update is actually performing an optimization over the state of the discrete variable itself,
but also the state of all continuous variables in the system. This turns out to be a surpris-
ingly effective optimization strategy, partly because it matches the way the variables tend
to be naturally correlated. Discrete model selection variables tend to be the most corre-
lated with the continuous variables that they ‘switch’. This makes it important to always
keep them coupled during any optimization — something which the Variational Bayes [103]]

algorithm explicitly avoids.

7.2 Future Work

The simplicity of ILMS and its performance on the applications addressed in this thesis
suggests some interesting topics for future research. There are several low hanging fruit
based on combining combining various elements of the research presented in this thesis.
For example, the Latent Data Association algorithm in can be applied non-
linear settings using the re-linearization scheme from The tracker could also

be extended to include mixtures of different motion models for the objects being tracked,

similar to the experiments in

Another possible extension is a joint tracking and mapping system. Unfortunately,
uncertainty in the camera position induces correlations between the states of the tracked
objects, but the data association strategy in requires these states to be uncorre-
lated. If this is not the case, the score for a given data association cannot be decomposed
as the sum of individual track scores, making it impossible to use a Linear Assignment
Problem. One potential solution would be to use the JCBB [78] algorithm discussed in
instead. JCBB Data Association is specifically designed to address the prob-
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lem of correlated landmarks, but is slower than simpler methods.

The local nature of the algorithm also allows for some more interesting models to be
shoe-horned into the CLGN framework. Since ILMS does not require the space of discrete
variables to be easily enumerable, there is nothing preventing us from choosing among
an extremely large, or even infinite, set of local potentials. For example, in
the Linear Assignment Problem was used to select from the set of all possible data asso-
ciations at each frame. This concept can be taken further by allowing approximate and

non-deterministic selection schemes which pick a model from a large structured space.

One can imagine directly selecting image features as part of the estimation process in
visual SLAM. In this case we would pick image features by associating image points with
the hypothetical resulting observation potential. Feature selection could be performed by
picking the best such potential, and would automatically take into account the current
prior on landmark locations. More ambitiously, the same idea can be applied to pedestrian
detection and tracking. Starting with the Latent Data Association algorithm in
we can imagine looking for pedestrian detections at time t which are compatible with
the predicted locations of tracked targets, as communicated by the incoming messages
from t — 1 and t + 1. Such a combined tracking and detection algorithm is very appealing
because it could be used to bootstrap object detectors and classifiers directly from video
sequence without requiring manual annotation of every single frame. The Latent SVM
machinery used by Felzenszwalb et al. [175] makes this detector particularly appealing

because the classification procedure already involves maximization over a discrete set.

Another possible topic for future work is a characterization of the accuracy of the ILMS
local posterior uncertainty. While accurate decision making is important for robotics appli-
cations, it is also critical to use algorithms which are able to gauge their own confidence in
order to avoid catastrophic mistakes[176]. The ILMS algorithm naturally provides a local
estimate of the posterior distribution P(x;,d; | dowmer). Each such local posterior, however,

is conditional on a fixed value of all other discrete variables aside from d;. This suggests
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the possibility of overconfidence since the posteriors do not properly take into account al-
ternative discrete explanations for the data. Whether or not this approximation is accurate
depends on the specifics of the application. For situations where the majority of the prob-
ability mass is concentrated in a single discrete mode, the ILMS posteriors can be accurate
since uncertainty in the continuous variables is properly taken into account. For more
ambiguous situations, the approximations involved are likely to make the algorithm over-
confident. That said, an MCMC version of the algorithm could be constructed via Gibbs
sampling which would mitigate these problems. In fact, the ILMS algorithm is particularly
well suited for this — replacing the maximization step with sampling over the marginal
distribution

P(di ‘ dother) = /P(dir Xi ‘ dother) dxi (7-1)

would result in a Collapsed Gibbs sampler.



Appendix: lterative Local Model Selection

A.1 Proof of Convergence

Proposition 2. The general version of the Iterative Local Model Selection algorithm in

Fig. 4.6/ will always converge.
Proof. As in assume that at least one forward and backward pass of the algorithm
has been completed so that all messages and local beliefs have been updated at least once.
Consider the table of values v;; computed in the forward pass as shown in [Eq. 4.48 and on
line 38 of [Fig. 4.6, Let v;(7,j) = vj; refer to this table at time t in the forward pass. At this
point ILMS will perform the following steps

1. Update the local belief B;

2. Update the table v;

3. Update d;‘_l{dt

4. Update 7t

5. Update the local belief B;. 4

6. Update the table v;q
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7. Update dy|; .

8. Update 7t+1

We want to show that the value of v = max; {vij} can only increase as the forward
message passing progresses. To see this, consider the situation after step 6. At this point

we use the definition of v; and expand the incoming message <ﬁ 41
vt(i,j) = marg [Bt(i’j)] =
= marg [7t . (Ptl] T Hzl] A1)
s [ 49 0 8

Since dj_ ’ n has just been updated using [Eq. 4.49, we also know that

maxoy(i,f) = max {or(di 1] ) | (A2)

Expanding the right hand side of the above using we get that

a | dr ] _ i}
rrg;.ix{vt(i,J')}:mjaX{marg [751 :’)-475 o) gy ?fﬁ'd”]} (A3)

We can also write down the definition of v; ;1 with the incoming message 71‘ expanded

vr41(j, k) =marg [Bf’ﬁ)] =

—marg |7 ¢/ - 1] (A4)
— marg {75{%1\@4) "P( Fldg=jd) (rbt ) t{(i-)2i|

In this case, observe that d; |, was updated using [Eq. 4.51{ during the backward pass so

it is not up to date with the newly calculated values in v; ;. This means that

max {0141(7,0)} > max {01 (j i 1l.) | (A5)

This time we expand v;;1 on the right hand side using to get

* i t+ - dy =
n,}ax {Ut+1 ], } > m]ax {marg [75@111%/) (P( i—1la=jJ) (Pt] 1|dt =j '?f+2+1|dt-])] } (A.6)

Inspecting the right hand sides of [Eq. A.6|and [Eq. A.3| we can see that they are identical.

This shows that v}, ; = maxj {v;41(j, k) } > max;j {v:(i,j)} = v} and so v} must increase
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as the forward message passing progresses. The backward message passing can be shown
to have the same property in the opposite direction (v < v;_; < --- < 0]), and so iterative
applications of forward and backward message passing must converge at some point when

the values of v} cannot be increased any further. O

A.2 Additional Figures and Results
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Figure A.1: Sampled trajectories and results from experiment OUT with random outlier measure-
ments. Each plot shows the true trajectory in blue, the observations in red, and the estimated
trajectory in green. Below the trajectory data, the true and estimated discrete states are shown as
colored bars. k = 1 corresponds to inlier observations and k = 2 to outliers. k = 3 is not applicable
in this experiment. A third bar indicates discrete estimation errors in black.
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Figure A.2: Sampled trajectories and results from experiment MNV1 with correlated outlier mea-
surements. Each plot shows the true trajectory in blue, the observations in red, and the estimated
trajectory in green. Below the trajectory data, the true and estimated discrete states are shown as
colored bars. k = 1 corresponds to inlier observations and k = 2 to outliers. k = 3 is not applicable
in this experiment. A third bar indicates discrete estimation errors in black.
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Figure A.3: Sample output from the MNV2 experiment with three different regimes corresponding
to smooth motion (k = 1), maneuvering (k = 2), and slowing down (k = 3). Each plot shows
the true trajectory in blue, the observations in red, and the estimated trajectory in green. Below
the trajectory data, the true and estimated discrete states are shown as colored bars. A third bar

indicates discrete estimation errors in black.
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ments. Median RMS Error in the estimated position is shown on the left and median discrete error

rate on the right.



A.3 Dataset Parameters

Tab. A.1|lists the synthetic dataset parameters corresponding to the SDLS model in
This model is repeated below for convenience:

di€{1,...,K},x; e RN, z; e R (A7)

d ~D(po) (A8)

dy |dy_1=i ~D(T;) > 1 (A.9)
x1 ~N(0,%) (A.10)

x| X1, di=j ~ N (A(j)xt_l 1 bU),zfg;{)t) F>1 (A11)
2t | xi,di=j ~ N (G, ) (A12)
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Parameter ouT MNV1 MNV2

K 2 3 3
N 2 2 3
T - 0T - T
Po [0.5 0.5] 098 001 001 0998 0001 0.001
T - ZT - :T
T [0.5 0.5] 0.85 0.05 0.10 0950 0.050 0.050
T - IT - ZT
o [05 0.5] 030 0.70 0.00 0100 0.900 0.000
- ZT - IT
T - 000 020 0.80 1,000 0.000 0.000
%0 diag [1 10*6} diag [1 0.052} diag [1 106 106
11 1
11 11 2
A 011
01 01
00 1
- T
p) 0 0 0 -2 0]
Z‘I%E)t diag [10’6 10*2} diag [1 10*6] diag [1076 10-6 1072]
=l 22 52 202
1 0 0
AQ) =AM =AM 000
00 0
- T
e 0 0 10 0 0
i = 2 diag [10¢ 25| = 2
2) Y
Z‘obs 202 252 — “obs
11 1
1 1 2
AB) - 0 -1 -1
0 05
0 0 0
- T
b3 _ 0 0 0 0
Tt - diag[10°¢ 10| =T
2(3) _ 102 :Z(l)

obs obs

Table A.1: Parameter values for the synthetic experiments in [Chapter 4
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