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 A B S T R A C T

We present a detailed study into compressible flows in presence of unsteady conjugate heat transfer to the 
walls. The investigation reveals that all flow quantities experience drift until thermal steady state is achieved 
in both fluid and solid domains. The drift follows a characteristic exponential decay, and we demonstrate that 
the heat transfer process between the two domains is ruled by the ratio of thermal capacity and the Stanton 
number that characterises the interface. To illustrate these effects, we numerically analyse the influence of 
slow thermal transients due to conjugate heat transfer on discharge characteristics of non-adiabatic nozzles. A 
transonic nozzle with thermally conducting walls is simulated using numerical methods with different fidelity, 
from one-dimensional reduced-order models to large eddy simulations, and the transient evolution of mass 
flow rate is monitored. Additionally, it is observed that while preheating does not affect the decaying time 
constant of the drift, the bounds of the decay are directly proportional to the initial temperature difference.
1. Introduction

Conjugate heat transfer (CHT), the thermal interaction between 
fluid flow and solid bodies, plays a crucial role in understanding and 
optimising the performance of many fluid dynamics domains. Its signif-
icance spans from microscopic levels, such as near-wall turbulence [1] 
or the use of nanofluids for improved heat transfer [2], to macroscale 
systems such as thermal management in spacecraft, insulation in nu-
clear reactors, cooling of turbine blades, and thermal regulation in 
battery technology, [3,4].

In turbomachinery, CHT is a critical aspect when designing the 
hot parts in high-pressure turbines [5,6]. This is particularly important 
when considering the increased inlet temperatures of next-generation 
aero-engines, which can exceed the melting points of current turbine 
blade materials. These components therefore require complex thermal 
cooling system and accurate thermal analysis is needed to ensure their 
longevity and safety.

1.1. Effects of steady conjugate heat transfer through the external walls on 
flow characteristics

The present work examines the transient impact of the external 
thermal boundary on non-isentropic internal flows. However, before 
looking at transient effects, let us first consider with an example the 
steady effects that external heat transfer can have on global flow 
characteristics.
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A Rayleigh flow describes a frictionless, non-adiabatic flow through 
a constant area duct with heat transfer. Using isentropic relations, 
the dimensional mass flow rate in the duct is given by the following 
equation: 

𝑚̇ =
𝐴𝑝𝑡
√

𝑇𝑡

√

𝛾
𝑅

𝑀
(

1 +
𝛾 − 1
2

𝑀2
)− 𝛾+1

2(𝛾−1)
(1)

For the traditional Rayleigh flow setup, the inlet Mach number and 
stagnation temperature are fixed along with the outlet static pressure. 
Therefore, for a given entropy rise, the mass flow rate is proportional 
to the total pressure at the inlet.

The total pressure can be found using the outlet pressure and a 
closed-form solution for internal compressible flows with an arbitrary 
combination of area change, heat addition. Details of the implemen-
tation can be found in Appendix  A. The development lead to Eq.  (2) 
which is a second-order equation for the exit Mach number based on an 
inlet Mach number and a stagnation temperature ratio. This approach 
provides a tool for analysing the steady effects of heat transfer on flow 
characteristics in a quasi-one-dimensional setting. 
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When looking at the enthalpy-entropy diagram for a Rayleigh flow, on 
the subsonic branch the entropy change will lead to a change in total 
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Nomenclature

𝛼 Thermal diffusivity
𝛿𝑓 Thermal boundary layer thickness
𝛿𝑠 Thermal penetration depth in the solid
𝑚̇ Mass flow rate
𝛤 Capacity
𝛾 Ratio of specific heats
𝜇 Dynamic viscosity
𝜌 Density
𝜏 Characteristic time
𝜃 Dimensionless temperature
𝜉, 𝜁 , 𝜂 Geodesic coordinates
𝐴 Area
𝑎 Speed of sound
𝑐𝑝 Specific heat capacity at constant pressure
𝑐𝑣 Specific heat capacity at constant volume
𝐹𝑓𝑥 Friction force acting on the control volume 

projected in the streamwise direction
ℎ Specific enthalpy
ℎ𝑓 Heat transfer coefficient
𝑘 Thermal conductivity
𝑀 Mach number
𝑝 Pressure
𝑄 Heat transferred into the control volume
𝑅 Specific gas constant
𝑠 Specific entropy
𝑇 Temperature
𝑇 ′ Temperature perturbation
𝑇𝑤 Temperature at the conjugate interface
𝑈 Streamwise velocity magnitude
𝑢, 𝑣,𝑤 Velocity components
𝑊𝑖 Characteristic variables
Ec Eckert number
MA Moving average
Pr Prandtl number
Re Reynolds number
Re𝜏 Reynolds number based on the friction 

velocity
St Stanton number
Subscripts and superscripts
𝑥∗ Reference condition
𝑥+ Dimensionless distance
𝑥𝑓 Related to the fluid
𝑥𝑠 Related to the solid
𝑥𝑡 Stagnation quantity
𝑥𝑆𝑆 Steady state value

pressure and Mach number that follows the direction of the entropy 
change. The opposite holds on the supersonic branch. Fig.  1 shows this 
phenomenon graphically by plotting the contours of the dimensional 
mass flow change with respect to adiabatic conditions for different inlet 
Mach number and total temperature increase. At low Mach number 
(𝑀1 < 0.6), the change in mass flow rate relative to adiabatic condition 
is less than proportional to the change in total temperature, i.e. a 
change of 1% in 𝑇𝑡,2 will lead to a change in mass flow rate less than 
1% with respect to the adiabatic case. For 0.6 < 𝑀1 < 1, the change 
in mass flow rate becomes more than proportional to 𝑇𝑡,2∕𝑇𝑡,1. As the 
fluid continues to be heated, the flow eventually becomes thermally 
2 
choked, resulting in smaller changes in mass flow rate. The unshaded 
area represents the thermally choked region. On the supersonic side, for 
most of the Mach number range tested, the change in mass flow rate 
is more than proportional to the stagnation temperature change. The 
greatest change in capacity occurs near sonic conditions where ‖ 𝑑𝑀

𝑑𝑠 ‖

is maximum.
Practical examples of how heat transfer can influence flow char-

acteristics can be found in numerous research areas. For instance, in 
combustor flows [7,8], in transonic compressors [9], and in hypersonic 
flows [3,10].

1.2. Effects of unsteady conjugate heat transfer through the external walls 
on flow characteristics

Having reviewed and demonstrated some steady state effects of 
conjugate heat transfer on a system, we now turn to the impact of 
unsteadiness. For instance, Fig.  2 sketches the time evolution of a flow 
quantity for an experiment involving the flow of a hot fluid through 
equipment of large thermal capacity, initially at room temperature, 
when CHT is taken into account. The initial transient phase corresponds 
to the fluid accelerating from rest to a quasi-steady state value from 
the perspective of fluid time scales. This state, denoted as 𝛤𝑖𝑠𝑜, repre-
sents a system with isothermal walls since the large thermal capacity 
of the metal causes the interface to act as an isothermal boundary. 
After reaching this point, the variable gradually drifts as the metal 
approaches thermal steady state, 𝛤𝑆𝑆 . The time required to reach 
steady state depends on the thermal time scales of the solid.

A practical example can be found in aeroengines, where the time 
required to reach thermal equilibrium after startup often constitutes 
a significant portion of the flight envelope, leading to changes in the 
thermodynamic flow path, as described by Lazareff et al. [11]. Similar 
transient heat transfer conditions occur during engine start-up and 
shutdown in rocket propulsion systems. During these transients, the 
chamber or nozzle walls can reach temperatures higher than those 
observed during steady state operation and may experience substantial 
temperature gradients [12]. As a result, cooling systems designed for 
nominal engine conditions may be inadequate to ensure overall safety 
and structural integrity. Wang et al. [13] studied the cold start warm-up 
process of a steam turbine control valve, observing significant changes 
in temperature and heat flux throughout the startup process.

Hypersonic flows also are highly influenced by heat transfer, and it 
is widely recognised that outer walls do not reach thermal equilibrium 
during typical testing due to the rapid nature of the flow. As a result, 
walls are often modeled as isothermal, based on the assumption that 
they cannot respond quickly enough within the experiment’s dura-
tion [14]. However, as reviewed by Lewis and Hickey [3], at high 
speeds, non-adiabatic wall temperatures significantly affect both the 
characteristics of the turbulent boundary layer and its transitional 
behaviour. Griffin et al. [10] proposed a scaling law for the transi-
tional boundary layer thickness in hypersonic flows, emphasising the 
importance of accounting for non-adiabatic wall temperatures in such 
cases. Recently, [15] studied the mechanisms governing the unsteady 
interactions between a showckwave and a boundary layer.

Another area where thermal transients are of significant interest is 
experimental testing. Often, the temperature field of the test section 
is not matched to the target conditions. For example, turbine testing 
typically involves cooler test chamber walls compared to actual turbine 
walls. This mismatch can result in spurious temperature gradients and 
heat transfer from external surfaces, potentially compromising mea-
surement accuracy. A practical example of this was observed by Adams 
et al. [16] during the design of a swirler for a transonic test turbine 
facility. They reported a 6% reduction in the mass-mean total tem-
perature at the turbine inlet, which was attributed to convective heat 
transfer to the metal components.

From a transient perspective, many test facilities operate for a 
short duration, typically on the order of a few seconds. This limited 



Y. Dreze and L. di Mare International Journal of Heat and Mass Transfer 246 (2025) 127036 
Fig. 1. Contours of the relative change in dimensional mass flow rate with respect to adiabatic conditions at fixed stagnation temperature and Mach number.
Fig. 2. Sketch of the typical unsteady behaviour of a global flow quantity with external 
heat transfer.

timeframe frequently proves often insufficient for solid components 
to achieve thermal equilibrium with the fluid. Measurements taken 
during this period would correspond to 𝑡𝑖𝑠𝑜, as shown in Fig.  2. These 
slow thermal transients can significantly impact flow dynamics in 
high-temperature applications, particularly when tests are conducted 
in quick succession. Amend et al. [17] addressed this issue in their 
study of a lean-burn combustor simulator by implementing a transient 
effectiveness correction to account for convective heat loss to the 
endwalls.

Similarly, when calibrating total temperature probes, Englerth [18] 
found that repeatability and sensor performance were highly dependent 
on the thermal state of the stainless steel facility. To ensure accurate 
measurements, they ran the facility until the nozzle reached a steady 
state temperature, minimising heat transfer between the fluid and the 
structure, which otherwise affected total temperature readings and 
sensor accuracy. Achieving steady state conditions greatly improved 
measurement repeatability.

In transient heat transfer studies, thermal transients have been 
shown to affect external wall heat transfer characteristics. Bianchi 
et al. [19] studied unsteady heat conduction in nozzles and its impact 
on erosion. Their results indicated that the steady state condition 
was achieved near the throat region, while regions farther from the 
throat — experiencing lower heating rates — remained far from steady 
state. Xue et al. [20] developed a transient measurement technique for 
heat transfer that accounts for linear temperature variations in the main 
flow during the measurement window due to cooling.
3 
These examples underscore the importance of unsteady heat transfer 
effects in practical situations, as they can significantly alter both local 
and global flow parameters. Researchers must be aware that their 
experiments capture either 𝛤𝑖𝑠𝑜 or 𝛤𝑆𝑆 ; otherwise, time-dependent 
modeling errors may be introduced. These steady and unsteady phe-
nomena are often overlooked in standard testing procedures, where 
measurements rarely account for the influence of external heat transfer.

A similar argument can be made from a computational perspec-
tive. Most numerical methods do not account for CHT; the interface 
between solid walls and fluid domains is typically modeled using 
simplified thermal boundary conditions, such as fixed heat flux or con-
stant temperature. The isothermal boundary condition represents rapid 
transients, where swift changes in state parameters preclude significant 
heat transfer. This assumption implies that the surrounding environ-
ment has infinite heat capacity, corresponding to the 𝛤𝑖𝑠𝑜 state from Fig. 
2. Conversely, constant heat flux boundaries, particularly the limiting 
case of adiabatic flow, assume that the gas has achieved thermal equi-
librium with its surroundings. This condition is usually associated with 
slow, time-dependent processes. Except for high-temperature cases, the 
adiabatic or isothermal boundary assumptions are widely adopted as 
default boundary condition in numerical simulations for blade and end 
walls. Only for thermal assessments of turbine blades or combustors 
is heat transfer to the solid taken into account, and even then, it is 
often done in a steady state manner. This simplification represents 
a significant limitation that must be carefully considered during the 
validation or calibration of CFD results against experimental data.

The reason time-accurate conjugate heat transfer is rarely accounted 
for in numerical simulations is because it faces significant challenges. 
These arise primarily due to the substantial disparity between ther-
mal time scales of solids and fluids. Conventional numerical methods, 
such as URANS or LES, rely on time-marching approaches with small 
timesteps. When combined with stringent grid requirements for the 
solid domain, these methods become computationally intensive for 
conjugate simulations spanning solid thermal time scales.

Reduced-order models offer a promising alternative for capturing 
both steady and transient CHT effects. These models can provide rapid 
insights, enabling efficient analysis of CHT impacts and facilitating the 
development of mitigation strategies. This study will then also aim 
to assess the ability of simplified models to get order of magnitude 
estimates and to explore potential mitigation strategies of the slow 
transients effect.

To further understand the parameters that govern the approach to 
steady state of the coupled fluid-solid system, we propose a simple 
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Fig. 3. Sketch of the fluid boundary layer and solid domain.

dimensional analysis of a boundary layer flow. The problem of interest 
consist of a semi-infinite solid domain in contact with a fluid. The fluid 
has a streamwise freestream velocity 𝑈∗ and freestream temperature 
𝑇∞. The fluid has some arbitrary temperature fluctuation profile 𝑇 ′

associated with a thermal penetration depth 𝛿𝑠 in the solid. A sketch 
of the problem is available in Fig.  3.

The energy equation for an incompressible boundary layer in coor-
dinates aligned with the surface is given by: 

𝜌𝑓 𝑐𝑝,𝑓

(

𝜕𝑇
𝜕𝑡

+ 𝑢 𝜕𝑇
𝜕𝑥

+ 𝑣 𝜕𝑇
𝜕𝑦

)

= 𝑘𝑓
𝜕2𝑇
𝜕𝑦2

+ 𝜇
(

𝜕𝑢
𝜕𝑦

)2
(3)

where 𝑢 and 𝑣 are velocity components in 𝑥 and 𝑦 directions respec-
tively, 𝑡 is time, 𝑇  is temperature, 𝑘𝑓  is the thermal conductivity of the 
fluid, 𝜇 is the dynamic viscosity, 𝜌𝑓  is the density of the fluid and 𝑐𝑝,𝑓
is the specific heat capacity at constant pressure. The dissipation term 
is included to ensure the analysis is applicable to both subsonic and 
transonic flows.

On the solid side, the unsteady heat equation applies. Assuming 
that the streamwise characteristic length scale is much larger than the 
transversal one, the streamwise heat diffusion can be neglected. The 
energy equation for the solid is then given by: 

𝜌𝑠𝑐𝑝,𝑠
( 𝜕𝑇
𝜕𝑡

)

= 𝑘𝑠
𝜕2𝑇
𝜕𝑦2

(4)

where 𝑘𝑠 is the thermal conductivity of the solid, 𝜌𝑠 is the density of 
the solid and 𝑐𝑝,𝑠 is the specific heat capacity.

At the interface, we have the continuity of both the heat flux and 
the temperature: 

𝑘𝑠
𝜕𝑇
𝜕𝑦

|

|

|

|𝑠
= 𝑘𝑓

𝜕𝑇
𝜕𝑦

|

|

|

|𝑓
& 𝑇 |𝑠 = 𝑇 |𝑓 (5)

On the fluid side, introducing the following dimensionless variables:

𝑢̃ = 𝑢
𝑈∗ , 𝑣̃ = 𝑣

𝑈∗ , 𝑡 = 𝑡𝑈
∗

𝐿∗ , 𝑥̃ = 𝑥
𝐿∗ , 𝑦̃ =

𝑦
𝛿𝑓

, 𝑇̃ =
𝑇 − 𝑇∞
𝑇𝑤 − 𝑇∞

Where 𝐿∗ is a characteristic length scale in the streamwise direction, 𝑈∗

is the characteristic streamwise velocity, 𝑇𝑤 is the interface temperature 
and 𝛿𝑓  is the thermal boundary layer thickness of the fluid domain.

𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

= 1
Re Pr

(

𝐿∗

𝛿𝑓

)2 𝜕2𝑇̃
𝜕𝑦̃2

+
𝜇𝐿∗

𝜌𝑓 𝑐𝑝,𝑓𝑈∗(𝑇𝑤 − 𝑇∞)

(

𝑈∗

𝛿𝑓

)2 ( 𝜕𝑢̃
𝜕𝑦̃

)2
(6)

Introducing the Eckert number Ec:

𝜕𝑇̃ + 𝑢̃ 𝜕𝑇̃
∗ + 𝑣̃ 𝜕𝑇̃

∗ = 1
(

𝐿∗)2 𝜕2𝑇̃

𝜕𝑡 𝜕𝑥 𝜕𝑦 Re Pr 𝛿𝑓 𝜕𝑦̃2

4 
+ Ec
Re

(

𝐿∗

𝛿𝑓

)2 ( 𝜕𝑢̃
𝜕𝑦̃

)2
(7)

Eq.  (7) can be further simplified using the desired scaling for the 
Reynolds number and the streamwise to transversal characteristic 
length scale ratio 

(

𝐿∗

𝛿𝑓

)

∼ Re 𝑎.

General BL: 𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

=Re
−1+2𝑎

 Pr
𝜕2𝑇̃
𝜕𝑦̃2

+ EcRe−1+2𝑎
(

𝜕𝑢̃
𝜕𝑦̃

)2
(8)

For instance, in a laminar boundary layer the proportionality relation 
is given by 

(

𝐿
𝛿𝑓

)

∼
√

Re which would lead to Eq.  (9). 

Laminar BL: 𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

= 1
 Pr

𝜕2𝑇̃
𝜕𝑦̃2

+ Ec
(

𝜕𝑢̃
𝜕𝑦̃

)2
(9)

In Eq.  (8), the approach to a steady state is dominated by the 
diffusion coefficient, 

(

Re−1+2𝑎
 Pr

)

, in front of the second order term. The 
nonlinear term and the convective terms can also affect the approach 
to equilibrium especially at the initial state when the flow has not 
settled yet to a quasi-steady state, but the second-order derivative term 
is generally the dominant factor in determining the approach to steady 
state rate.

For the solid domain, we introduce the dimensionless transversal 
coordinate on the solid side 𝑦̃𝑠 = 𝑦

𝛿𝑠
, based on the thermal boundary 

layer thickness. The interface condition can be rewritten as: 
𝑘𝑠
𝛿𝑠

𝜕𝑇̃
𝜕𝑦̃𝑠

|

|

|

|𝑠
=

𝑘𝑓
𝛿𝑓

𝜕𝑇̃
𝜕𝑦̃

|

|

|

|𝑓
(10)

Assuming the gradients of the normalised temperature with respect 
to the dimensionless transversal coordinate specific to the individual 
domains are of the same order, we have: 
𝛿𝑠
𝛿𝑓

∼
(

𝑘𝑠
𝑘𝑓

)

(11)

Finally, the unsteady heat equation in the solid can be made dimen-
sionless: 
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝑈∗
𝛼𝑠
𝛿2𝑠

𝜕2𝑇̃
𝜕𝑦̃2𝑠

(12)

Under the assumption that in the boundary layer ℎ𝑓 = 𝑘𝑓∕𝛿𝑓 , we 
have: 
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝑈∗

𝛼𝑓
𝛼𝑓

𝛼𝑠
𝛿2𝑠

𝜕2𝑇̃
𝜕𝑦𝑠2

= 𝜕𝑇̃
𝜕𝑡

=
𝐿∗𝛿𝑓
𝛿2𝑠

𝛼𝑠
𝛼𝑓
St 𝜕

2𝑇̃
𝜕𝑦𝑠2

(13)

Using the proportionality found in the interface equation, we have the 
final equation for the solid side:
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝛿𝑠

𝜌𝑓 𝑐𝑝,𝑓
𝜌𝑠𝑐𝑝,𝑠

St 𝜕
2𝑇̃

𝜕𝑦𝑠2
=

𝛿𝑓
𝛿𝑠

𝜌𝑓 𝑐𝑝,𝑓
𝜌𝑠𝑐𝑝,𝑠

Re𝑎
St

𝜕2𝑇̃
𝜕𝑦𝑠2

(14)

=
𝑘𝑓 𝜌𝑓 𝑐𝑝,𝑓
𝑘𝑠𝜌𝑠𝑐𝑝,𝑠

Re𝑎
St

𝜕2𝑇̃
𝜕𝑦𝑠2

(15)

In Eqs.  (8) and (15), the diffusion coefficients determine how 
quickly the system approaches steady state. On the fluid side from Eq. 
(8), shows that the diffusion coefficient is dependent on the Prandtl 
number and the Reynolds number scaling of the boundary layer height. 
On the solid side, Eq.  (15), the approach to steady state depends on 
the thermal capacity ratio of the solid to the fluid, the ratios of heat 
conductivities, the Stanton number and again on the Reynolds number. 
In Eq.  (15), the product 𝑘𝜌𝑐𝑝 appear which is characteristic of transient 
thermal analysis because it directly influences the rate at which heat is 
absorbed, stored, and conducted within a material, [21].

For a typical, fluid-solid coupled system of air and steel the fol-
lowing properties can be chosen. The metal specific heat is 465 J/kg 
K, thermal conductivity 54 W/(m K) and density 7800 kg∕m3. The 
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Prandtl number of air is of order 1, thermal conductivity 3×10−2W/(m 
K), density 1.293 kg/m3 and specific heat capacity 1000 J/kg K. The 
Stanton number of the coupled system is ≈ 10−1 with a Reynolds 
number of 100,000.

Using these values, in a turbulent boundary layer, the ratio between 
the diffusion constants of the two equations become: 
𝑘𝑓 𝜌𝑓 𝑐𝑝,𝑓
𝑘𝑠𝜌𝑠𝑐𝑝,𝑠

StRe𝑎

(

Re−1+2𝑎
Pr

)
≃ 4 ⋅ 10−4 (16)

Eq.  (16) shows that the ratio of the diffusion constants is of the order 
of 10−4. Indicating that, if the system was decoupled, the fluid side 
would reach a steady state much faster than the solid side. However, in 
the coupled system, the solid side will influence the fluid side, and the 
system will reach a steady state at a rate determined by the solid side, 
forcing the simulation or experiment to be carried out for extended 
time periods. Besides the physical properties of the system, the main 
parameters that describe this ratio are the Stanton number, which 
directly describes the interface condition, and the Reynolds number. A 
similar result for the time scales’ ratio was obtained by He and Oldfield 
[22], who noted that in typical operating conditions, the ratio of these 
time scales is approximately 10,000.

The aim of the paper is to illustrate the impact of unsteady CHT 
on global flow quantities. To this end, we will simulate numerically 
the transient flow through a nozzle with conducting walls. The global 
flow quantity of interest chosen is capacity, which will be recorded over 
time, similarly to Fig.  2, to see how it evolves. The transient evolution 
will be characterised by the parameters governing the approach to 
steady state of the coupled fluid-solid system.

1.3. Capacity prediction

Flow capacity can be defined as: 

𝛤 =
𝑚̇
√

𝑇𝑡
𝑝𝑡

(17)

In axial turbomachinery, accurate capacity measurements has been 
a long-standing challenge and area of research interest [23,24]. The 
capacity of the high-pressure nozzle guide vane (NGV) typically plays 
a critical role in design as it sets the overall engine capacity. Inaccurate 
prediction of engine capacity leads to mismatching of downstream 
stages, where even minor deviations from design conditions can sig-
nificantly impact performance. .wf/10.5772/intechopen.74104 Despite 
technological advancements, there remains a noticeable discrepancy 
between engine test capacity measurements and those obtained through 
alternative methods. Previous research has identified various potential 
sources for this discrepancy. From a numerical perspective, Fielding 
[25] provided insights on the relationship between irreversibilities and 
capacity measurements in gas turbines and introduced a correction 
factor to account for this effect. Afanasiev et al. [26] put forward the 
influence of 3D flow effects on capacity measurements by comparing 
1D and 3D approaches. Experimentally, Povey [24] studied the effect 
of film cooling on capacity measurements. Burdett et al. [27] presented 
a novel technique for low uncertainty capacity measurements. CHT 
can significantly affect capacity measurements and predictions due to 
the extreme operating conditions of NGVs. These components typi-
cally function in high-pressure, high-temperature environments, often 
approaching 1500 ◦C.

2. Methodology

The present numerical study will use two methods to investigate 
the impact of unsteady conjugate heat transfer and these methods 
are outlines in this section. First, an unsteady quasi-one-dimensional 
analysis utilising the method of characteristics (MOC). This is used to 
get an estimate on the time scales and bounds of the CHT influence. It 
5 
is anticipated that this reduced order method will adequately capture 
slow thermal transients, while the influence of turbulent perturbations 
on the system will not be captured. Then, fully coupled Large Eddy 
Simulations (LES) will serve as baseline cases.

2.1. Unsteady, quasi-one-dimensional compressible flow with heat transfer 
(MOC)

The method of characteristics provides a straightforward approach 
to solving the unsteady Euler equations [28–30]. It has also been 
successfully applied to simulate efficiently unsteady flows with heat 
transfer.  Issa and Spalding [31] presented a procedure for solving 
one-dimensional, unsteady, compressible, frictional flows with heat 
transfer, demonstrating its effectiveness in simulating shock tube flows. 
Similarly, Huang [32] employed the method of characteristics to study 
unsteady flow in a heat exchanger. The unsteady Euler equations can 
be transformed into the characteristic expression written in Eq.  (18), 
details of the derivation are available in Appendix  B. The source vector 
of the conservative variables has been projected and behave as source 
terms for the entropy and the sounds waves.
𝜕𝑊1
𝜕𝑡

= −𝑈
𝜕𝑊1
𝜕𝑥

−(𝛾 − 1)
𝜌𝑈
𝑎2

𝛿𝑄𝑥

𝜕𝑊2
𝜕𝑡

= −(𝑈 + 𝑎)
𝜕𝑊2
𝜕𝑥

− 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

+(𝛾 − 1)𝑈
𝑎

𝛿𝑄𝑥 (18)
𝜕𝑊3
𝜕𝑡

= −(𝑈 − 𝑎)
𝜕𝑊3
𝜕𝑥

+ 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

−(𝛾 − 1)𝑈
𝑎

𝛿𝑄𝑥

The conjugate portion of the code solves the unsteady heat con-
duction equation in a 2D finite element framework fully coupled with 
the MOC. Unlike the MOC, wall-normal temperature variations are 
considered with both streamwise and wall-normal conduction solved 
for. The interface condition is imposed by continuity of the heat flux. 
The heat flux can be inferred from the temperature difference between 
the fluid and the solid and a correlation for the heat transfer coefficient, 
for instance the Dittus–Boelter equation for turbulent flows in tubes.

2.2. 3D Large Eddy Simulations (LES)

The flow equations are solved using the in-house code H4X [33–
36]. The code is a cell-centred finite volume code based on a multi-
block grid arrangement. The flow field is represented by the viscous 
variables: velocities, temperature, pressure. The equations of motion 
for a compressible fluid are solved in conservative form. The spatial 
discretisation is third-order accurate in space for the inviscid fluxes. 
Third-order accuracy is achieved on a compact stencil by using vari-
able extrapolation. No limiter is applied to the entropy and vorticity 
fields whereas the sound waves are limited using a third order limiter 
introduced by [37]. The extrapolation is based on weighted least-square 
gradients. The gradient stencil contains all the face neighbours of each 
cell. For the purpose of variable extrapolation onto a cell interface, 
the gradient stencil is biased by removing the contributions from the 
neighbour on the other side of the interface. At low Mach numbers, the 
numerical fluxes are adapted following the work of Hope-Collins and di 
Mare [34] and a modified pressure flux is employed. The viscous fluxes 
are evaluated using a second-order discretisation. Advancement in time 
is performed using a formally second-order accurate implicit scheme. 
The implicit iterations are based on a dual-time stepping formulation. 
The dual-time framework is advantageous for unsteady problems with 
multiple time scales, such as CHT problems. It allows for the separation 
of these scales, enabling each to be resolved appropriately without the 
need for excessively small physical time steps. The code is parallelised 
by partitioning the blocks of the multiblock grid among the available 
MPI ranks. Within each rank, block operations are parallelised using 
OpenMP. Computations and communications are overlaid to hide the 
latency of the network fabric. The computations have been done on the 
Cirrus UK National Tier-2 HPC Service.
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Fig. 4. Validation of the steady state Rayleigh flow for the STE and MOC methods.

At the inflow boundary, synthetic turbulence is generated using 
the method described by Dreze et al. [33]. This technique uses mod-
ified uniformly distributed random sequences to construct divergence-
free anisotropic random fields with sensible spectrum and complete 
complex correlation in space and time.

The conjugate portion of the code solves the unsteady heat con-
duction equation in a fully-coupled fashion using a node-based finite 
element framework. The solid domain mesh is directly extruded from 
the interface surface and the mesh is scaled proportionally to the wall-
normal mesh density of the fluid domain. This technique avoids the 
requirements of generating two separate meshes and as well as the 
overheads related to a separate data structures for the solid grid and 
provisions for interpolation of temperatures and fluxes between the two 
grids. The extrusion uses a thin layer approximation to form the heat 
conduction equation. The Laplacian of the temperature in a thin layer 
for geodesic coordinates on a smooth surface can be written as: 

 (𝑇 ) = 𝜕2𝑇
𝜕𝜉2

+ 𝜕2𝑇
𝜕𝜂2

+ 𝜕2𝑇
𝜕𝜁2

+ 1
𝑅𝑐

𝜕𝑇
𝜕𝜁

(19)

where 1
𝑅𝑐

 is the local harmonic mean curvature of the surface.

3. Results

This section studies two different cases. First, a Rayleigh flow is used 
to validate the different conjugate methods. Then, as Fig.  1 showed that 
the effect of heat transfer on a discharge characteristic of quasi-one-
dimensional flow is strongest near sonic conditions, a transonic nozzle 
is simulated and the transient evolution of capacity is recorded.

3.1. Channel with uniform heat flux

To validate the inviscid MOC and the steady approach proposed, 
a Rayleigh flow is used. The dimensionless change in entropy with 
respect to sonic conditions has been derived in Shapiro [38] and is 
shown in Eq.  (20). Fig.  4 compares this theoretical solution with the 
different implementations to demonstrates agreement of the solutions 
for this reference case for the inviscid approaches. In all cases the 
entropy change has been applied as a constant uniform heat flux along 
the length of the domain. 

𝑠 − 𝑠∗

𝑐𝑃
= ln

[

𝑀2
(

𝛾 + 1
1 + 𝛾𝑀2

)(𝛾+1)∕𝛾
]

(20)

To validate the LES methodology, the present methodology is com-
pared to simulations by Kawamura et al. [39]. They simulated heated 
channel flows with symmetrical heating from both walls. The heating 
6 
Table 1
Grid statistics for the channel flow simulation.
 𝑀1 Re𝜏 (𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧) 𝛥𝑥+ 𝛥𝑦+ 𝛥𝑧+  
 0.1 178.38 (312, 144, 128) 14.34 0.31 5.92 

Fig. 5. Mean dimensionless temperature profile for the channel flow.

is applied using a uniform constant heat flux. To keep the energy 
balanced, a negative source term is applied to the energy equation. The 
bulk Reynolds number is 5500 corresponding to a Reynolds number 
based on the friction velocity of 180 and the inlet Mach number is 
0.1, to align best with the incompressible results from Kawamura et al. 
[39]. The Prandtl number is set to 0.71. The streamwise length of 
the computational domain is 8𝜋𝛿 while the transversal length is 4∕3𝜋𝛿
where 𝛿 is the channel half-width. The first section of length 3𝜋𝛿 section 
was used for the inflow generated fluctuations to settle, and the heat 
flux was only applied to the remaining of the domain. The grid has 
a stretching in the wall-normal directions detailed in [40] and grid 
statistics can be found in Table  1. The mean normalised temperature 𝜃+
profile is shown in Fig.  5 and shows good agreement with Kawamura 
et al. [39]. Towards the middle of the channel, the temperature profile 
is overpredicted by a maximum of 3.7%.

Now that both approaches have been validated, let us investigate 
the transient evolution of flow capacity. The channel was started from 
rest and the capacity was recorded. The transient evolution of the 
normalised capacity is shown in Fig.  6 , the time is normalised by 
the channel flow through time, defined as the length of the channel 
divided by the bulk velocity. In this case the time to reach steady state 
is relatively short in terms of fluid time scales because the boundary 
condition is time invariant. The capacity predictions by the quasi one-
dimensional methods are accurate within a couple of percents and can 
be attributed to boundary layer blockage, effectively reducing the core 
flow area. This is a well-known phenomenon limitation and multiple 
correction methodologies to account for viscous effects and boundary 
layer growth have been proposed in the literature, [41,42].

3.2. Back nozzle

The transonic case examined is an axisymmetric convergent-diver-
gent nozzle, originally studied by Back et al. [43]. The primary ob-
jective of their study was to collect experimental data on convective 
heat transfer in turbulent flows characterised by significant pressure 
gradients, where boundary layers where relatively thin compared to 
the channel cross-section.

The specific configuration involves a nozzle discharging a perfectly 
expanded isothermal free jet at Mach 2.4 for a Reynolds number 
based on the throat radius of Re= 4.1 × 104 and a Reynolds number 
based on the friction velocity Re = 993, with a pressure ratio of 11. 
𝜏
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Fig. 6. Transient evolution of capacity normalised by the steady state capacity value 
of the LES. Black curve is steady method, red curve is MOC and blue curve is LES 
results. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

The boundary conditions at the nozzle inlet are set to a stagnation 
temperature of 833 K and a pressure of 10.34 bar. The freestream 
boundary condition is established at standard atmospheric pressure and 
room temperature. This case serves as an excellent test scenario due to 
the extensive available data on heat transfer. The nozzle external walls 
are made of 8 mm thick 502-type stainless steel and are assumed to be 
thermally insulated to the exterior.

The grid used for this case is a structured radial grid with a confor-
mal elliptic transformation to an axisymmetric domain with a power 
law stretching at the walls. The grid size is (288 × 128 × 128). This 
leads to a grid spacing of 𝛥𝑦+ in the range [0.71, 3.27] on the fluid side 
and [0.32, 1.46] on the solid side. The mesh on the solid side is finer 
at the wall because the lower penetration depth in the solid requires 
appropriate resolution to capture correctly the wall fluctuations, as per 
Eq.  (11). The streamwise spacing was adjusted so that it lied in the 
range 𝛥𝑥+ ∈ [10, 45]. The domain extends 3 nozzle diameters upstream 
of the nozzle inlet to allow for the synthetic turbulence to morph 
into the prescribed turbulent profiles. The profiles are fully turbulent 
following a 1/7-power-law curve as reported in [43]. Once thermal 
steady state reached for the combined system, the simulations were run 
for 10 flow-through times to record steady state statistics. CHT is not 
considered in the extended upstream domain.

Fig.  7 shows the convective heat-transfer coefficient of the LES 
results, and comparison to data extracted from Back et al. [43]. The 
largest difference between the experimental data and the LES results is 
downstream of the nozzle throat towards the exit of the nozzle where 
the relative difference is 19%. LES data is also compared with a finer 
grid of 288 × 160 × 160 with adiabatic walls, to show consistency 
and appropriate resolution. Even if the finer grid captures better the 
heat transfer coefficient peak at the throat the maximum difference 
between the two grids is less than 5% for the heat transfer coefficient. 
The difficulty in predicting the divergent section has been noted in 
previous studies [44–46] and despite some discrepancies, the main 
trend is well captured, reinforcing confidence in the overall results. 
Table  2 compares also macroscale properties of the different cases, 
confirming the ability of the chosen grid to simulate the desired setup.

For the MOC approach the heat transfer coefficients were directly 
taken from the experimental data.

The transient behaviour of the nozzle is shown in Figs.  8 and 9, the 
dark blue line correspond to a moving average (MA) value while the 
light blue is the instantaneous value. Fig.  8 shows the initial startup 
period that ends when the first pseudo steady state is reached. Fig.  9 
then plots the slow capacity drift that occurs because of the external 
7 
Fig. 7. Steady heat transfer coefficient for the Back nozzle. 

Table 2
Global properties of the cases for the Back nozzle.
 Back et al. LES Finer LES (adiabatic) 
 𝑀2 2.45 2.42 2.41  
 St ×103 1.58 1.50 1.53  
 𝛤 × 105 [𝑚√𝐾𝑠] 6.46 6.31 6.34  

walls are heating up before reaching a final steady state. In both plots 
the dimensionless time has been normalised by the constants found in 
Section 1.2.

For both the LES and the MOC, the capacity in the initial pseudo 
steady state is higher than the final steady state value. For instance, 
as seen in Fig.  9, the pseudo steady state value for the LES case is 
𝛤 = 6.42 × 10−5 while the final steady state value is 𝛤 = 6.11 × 10−5. 
The overprediction comes from the fluid being overcooled because of 
the initial temperature difference between the walls and the flow. This 
leads to denser flow and therefore greater mass flux. Therefore, as per 
Fig.  9, if the external walls are not at thermal steady state, the capacity 
will be overpredicted by 1.7%. Looking at the comparison between the 
LES and MOC predictions for the final value of capacity, the quasi one 
dimensional method fall within 2% of the LES predictions. Similarly 
to Section 3.1, while the one-dimensional model fails to capture the 
boundary layer blockage effect, the differences in the predictions re-
main low due to the relatively simple geometry and thin boundary 
layers. But the transient behaviour of capacity is well captured by 
the MOC method. In terms of computational efficiency, the 1D MOC 
method completes within a minute on a standard laptop, whereas 
the full transient conjugate LES simulation requires access to large 
multicore facilities. This stark contrast underscores the practicality of 
MOC for rapid analysis.

The transient behaviour of capacity has the characteristic exponen-
tial decay of a preheated body cooled by convection. The characteristic 
time of the decay to steady state depends on the solid thermal prop-
erties and the heat transfer coefficient. When superimposed, one can 
see that the capacity decay in the LES case is lagging in time with 
respect to the one-dimensional model and has narrower bounds. This 
is because the boundary layer acts as a thermal resistance for heat 
transfer, slowing down the rate of heat transfer between the surface and 
the fluid. The fluid in direct contact with the cold surface quickly cools 
down and loses heat, while the faster-moving fluid above this layer does 
not lose heat as quickly. Resulting in additional time for the heat flux 
that is lost to the external wall to reach the mean flow, the amplitude 
is also lower because not all the heat transferred is reaching the mean 
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Fig. 8. Time evolution of the nozzle capacity starting from rest. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version 
of this article.)

Fig. 9. Time evolution of the nozzle capacity after the initial startup transient. (For 
interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)

flow. The thicker the boundary layer, the greater the resistance to heat 
transfer.

This phenomenon has been well-known and quantified for critical 
flow Venturi (CFV) nozzle, warmer, lower density gas near the CFV 
wall reduces mass flux through the CFV, an effect that increases in 
significance at lower Reynolds numbers. Wright et al. [47] proposed 
a correction factor for the thermal boundary layer effect. Wang et al. 
[48],Ding et al. [49] also studied this effect experimentally and nu-
merically and concluded that it can have great impact on the mass 
flow.

To reduce the time required for the thermal transient to vanish, one 
solution is to preheat the walls to try to lower the initial temperature 
difference. Fig.  10 plots a case where the external walls have been 
preheated to 75% of their steady state temperature rise.

During the thermal transient, the temperature difference in the 
metal decays exponentially, and the temperature distribution in the 
solid stays self-similar, if streamwise conduction can be ignored. This 
is because while the time constant of the solid is only related to 
the thermal properties of the system, the bounds of the decay are 
directly proportional to the fluid-solid temperature difference at the 
first pseudo-steady state.
8 
Fig. 10. Effect of preheating on the capacity evolution. Dotted lines are non-preheated 
cases, while solid lines are preheated cases.

4. Conclusion

This article has presented a comprehensive study of the existing re-
search on the influence of external heat transfer on flow characteristics. 
Until thermal steady state is reached, all flow quantities are drift-
ing, and this transient can be significant in case of high-temperature 
gradients between the initial solid thermal state and the steady state 
value. The study has focused on a practical application using capacity 
prediction to demonstrate these effects and to assess on the ability of 
simple models to predict the range of impact. For the transonic nozzle 
case, the error made if the external heat loss is not taken into account 
is about 2%. However, in other scenarios and quantity of interest it can 
have a greater impact, as reported by [16].

It was concluded that these methods are well suited to predict the 
global effects of heat loss. The literature survey showed that only few 
research items talk about this issue, but researcher could benefit with 
the use of 1D models to better design for this phenomenon. While for 
more complex cases, the predicted values might be offset because of 
unaccounted for 3D effects or other, the authors believe that the extent 
of the influence of CHT will still be well captured due to its intrinsic 
influence on the coreflow.

Finally, one strategy to minimise the effects of the slow thermal 
transients is to pre-heat the external walls to reduce the time to reach 
a steady state. While the exponential decay of the capacity will be self-
similar, the amplitude of the decay will be directly proportional to the 
initial temperature difference.

A notable limitation of this study is the scarcity of experimental 
data for validation, as existing high-temperature experiments rarely 
comment on the thermal equilibrium or report time-resolved tempera-
ture fields. Future transient thermal tests cases would be valuable for 
cross-validating the numerical results.
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Appendix A. Equations for steady, quasi-one-dimensional com-
pressible flow with heat transfer (ste)

The equations for steady non-isentropic internal flows have long 
been a subject of theoretical interest. Classical cases such as Fanno 
and Rayleigh flows have analytical solutions [38,50] and multiple set 
of solutions for other types of flow have been proposed [51–53]. This 
paper adopts the methodology proposed by Oliva and Morris [54], who 
presented a closed-form solution for internal compressible flows with 
an arbitrary combination of area change, heat addition, friction, and 
non-uniform flow. Both friction forces and heat transfer are expected 
to influence the mass flow.

Consider a control volume with varying area, friction, and heat 
addition as illustrated in Fig.  A.11, the following equations can be de-
rived. Using averaged quantities, the mass and momentum conservation 
equations for this control volume can be derived as follows: 

Mass conservation : 
𝐴1𝜌1𝑈1 = 𝐴2𝜌2𝑈2 (A.1)

⇔
𝑝2𝐴2
𝑝1𝐴1

√

𝑇𝑡,1𝑓 (𝑀2)
𝑇𝑡,2𝑓 (𝑀1)

𝑀2
𝑀1

− 1 = 0 (A.2)

With 𝑓 (𝑀) = 1 +
𝛾 − 1
2

𝑀2 (A.3)

x-momentum conservation : 

𝜌2𝑈
2
2𝐴2 − 𝜌1𝑈

2
1𝐴1 = 𝑝1𝐴1 − 𝑝2𝐴2 + ∫

𝐴2

𝐴1

𝑝𝑑𝐴 − 𝐹𝑓𝑥 (A.4)

The flow variables in the above equations are representative variables 
defined by the chosen averaging method. For a detailed discussion on 
this, refer to [54]. In Eq.  (A.4), the streamwise integral for the resultant 
pressure force acting on the control volume can be simplified by 
assuming a linear pressure variation with area, as discussed by [54,55]. 
This allows to rewrite Eq.  (A.4) as: 

𝑝1𝐴1(1 +
𝐴2
𝐴1

+ 2𝛾𝑀2
1 ) = 𝑝2𝐴2(1 +

𝐴1
𝐴2

+ 2𝛾𝑀2
2 ) − 2𝐹𝑓𝑥 (A.5)

By combining the continuity and streamwise momentum equations, and 
neglecting friction forces, we obtain: 
(1 + 𝐴2

𝐴1
+ 2𝛾𝑀2

2 )

(1 + 𝐴1
𝐴2

+ 2𝛾𝑀2
1 )

√

𝑇𝑡,2𝑓 (𝑀1)
𝑇𝑡,1𝑓 (𝑀2)

𝑀1
𝑀2

− 1 = 0 (A.6)

Eq.  (A.6) is a second-order equation for the exit Mach number based 
on an inlet Mach number and a stagnation temperature ratio. This 
approach provides a tool for analysing the steady effects of heat transfer 
on flow characteristics in a quasi-one-dimensional setting. The solution 
procedure involves discretising the domain of interest into small con-
trol volumes and solving for each control volume sequentially. If the 
another property is to be specified at the inlet such as the complete 
stagnation state or entropy instead of the Mach number, an iterative 
approach is required to determine the inlet Mach number. For detailed 
solution methods, refer to [54].

We have shown that the Stanton number is a key parameter in the 
study of heat transfer in compressible flows. The total temperature ratio 
9 
Fig. A.11. Sketch of a control volume with variable area, heat transfer and friction. 
Dashed lines define the control volume boundary.

in Eq.  (A.6) can be decomposed further to make the Stanton number 
appear explicitly. 

𝑇𝑡,2 = 𝑇𝑡,1 +
𝑄
𝑐𝑝

= 𝑇𝑡,1 + St𝐴𝑐𝜌1𝑈1𝑇1 = 𝑇𝑡,1 + St𝐴𝑐
𝑝1𝑈1
𝑅

(A.7)

Where 𝑄 is the heat transfer rate, 𝑐𝑝 is the specific heat capacity at 
constant pressure, 𝐴𝑐 is the external area, and 𝑅 is the gas constant.

Aside from this approach, other recent research has expanded to 
include nonlinear analytical solutions for more generalised cases in-
volving varying area. [52] derived the quasi-one-dimensional linearised 
Euler equations incorporating heat transfer, subsequently investigat-
ing a converging-diverging nozzle with constant heat transfer. Their 
findings revealed a strong dependence of the nozzle’s acoustic and 
entropy transfer functions on heat transfer. [53] presented a gener-
alised one-dimensional compressible flow analysis, accounting for heat 
addition and/or friction, for a prescribed pressure-area relation. Fur-
thermore, [51] derived analytical solutions for one-dimensional steady 
state compressible viscous diabatic flow of an ideal gas through a 
constant cross-section pipe. While, [25,26] have highlighted limitations 
in predicting capacity using one-dimensional analysis, the purpose of 
this approach in our study is to understand the steady state sensitivity 
of external heat transfer on capacity measurements. The inaccuracies 
pointed arise from 3D effects or complex flows, but the heat transfer 
will directly influence the thermodynamic state the flow is in.

Appendix B. Equations for unsteady, quasi-one-dimensional com-
pressible flow with heat transfer (MOC)

The quasi-one-dimensional unsteady Euler equations with heat
transfer, expressed in terms of primitive variables, can be written as: 

𝜕𝜌
𝜕𝑡

+ 𝑈
𝜕𝜌
𝜕𝑥

+ 𝜌 𝜕𝑈
𝜕𝑥

= −
𝜌𝑈
𝐴

𝜕𝐴
𝜕𝑥

(B.1)

𝜕𝑈
𝜕𝑡

+ 𝑈 𝜕𝑈
𝜕𝑥

+ 1
𝜌
𝜕𝑝
𝜕𝑥

= 0 (B.2)

𝜕𝑝
𝜕𝑡

+ 𝑈
𝜕𝑝
𝜕𝑥

+
𝑝𝑈𝛾
𝐴

𝜕𝐴
𝜕𝑥

+ 𝑝𝛾 𝜕𝑈
𝜕𝑥

= 𝑄𝜌𝑈 (𝛾 − 1) (B.3)

In matrix form: 
𝜕𝐐
𝜕𝑡

+𝐌 𝜕𝐐
𝜕𝑥

= 𝐒 (B.4)

Where,

𝐐 =
⎡

⎢

⎢

𝜌
𝑈
⎤

⎥

⎥

(B.5)

⎣ 𝑝 ⎦
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𝐌 =

⎡

⎢

⎢

⎢

⎣

𝑈 𝜌 0
0 𝑈 1

𝜌
0 𝑝𝛾 𝑈

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝑈 𝜌 0
0 𝑈 1

𝜌
0 𝜌𝑐2 𝑈

⎤

⎥

⎥

⎥

⎦

(B.6)

𝐒 =

⎡

⎢

⎢

⎢

⎣

− 𝜌𝑈
𝐴

𝜕𝐴
𝜕𝑥

0
− 𝑝𝑈

𝐴 𝛾 𝜕𝐴
𝜕𝑥 +𝑄𝜌𝑈 (𝛾 − 1)

⎤

⎥

⎥

⎥

⎦

(B.7)

Decomposing 𝐌 in its left and right eigenvectors, one can obtain 
the compatibility equations for the characteristic variables 𝐖. 
𝜕𝐖
𝜕𝑡

+Λ
𝜕𝐖
𝜕𝑥

= 𝐋𝐒 (B.8)

So the compatibility equations become
𝜕𝑊1
𝜕𝑡

= −𝑈
𝜕𝑊1
𝜕𝑥

−(𝛾 − 1)
𝜌𝑈
𝑎2

𝛿𝑄𝑥 (B.9)

𝜕𝑊2
𝜕𝑡

= −(𝑈 + 𝑎)
𝜕𝑊2
𝜕𝑥

− 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

+(𝛾 − 1)𝑈
𝑎
𝛿𝑄𝑥 (B.10)

𝜕𝑊3
𝜕𝑡

= −(𝑈 − 𝑎)
𝜕𝑊3
𝜕𝑥

+ 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

−(𝛾 − 1)𝑈
𝑎
𝛿𝑄𝑥 (B.11)

To model best the setup of interest, the boundary condition at the 
inlet should of type total enthalpy-entropy or fixing the stagnation 
properties. The following development is made under the assumption 
of no heat flux and constant area at the inlet but can be extended.
𝜕𝑊1 = 𝜕𝜌 − 1

𝑎2
𝜕𝑝 (B.12)

𝜕𝑊2 = 𝜕𝑈 + 1
𝜌𝑎

𝜕𝑝 (B.13)

𝜕𝑊3 = 𝜕𝑈 − 1
𝜌𝑎

𝜕𝑝 (B.14)

However the variation of entropy is

𝑑𝑠 = −
𝛾𝑐𝑣
𝜌

(

𝑑𝜌 −
𝑑𝑝
𝑎2

)

𝑑𝜌 = −𝑑𝑠
𝜌
𝛾𝑐𝑣

+
𝑑𝑝
𝑎2

Therefore 
𝜕𝑊1 = 𝜕𝜌 − 1

𝑎2
𝜕𝑝 = −

𝜌
𝛾𝑐𝑣

𝜕𝑠 (B.15)

For the total enthalpy:
𝑑ℎ𝑡 = 𝑐𝑝𝑑𝑇 + 𝑈𝑑𝑈

= 𝑐𝑝𝑇
𝑑𝑇
𝑇

+ 𝑈𝑑𝑈

= 𝑐𝑝𝑇
(

𝑑𝑝
𝑝

−
𝑑𝜌
𝜌

)

+ 𝑈𝑑𝑈

= 𝑐𝑝𝑇
(

𝜌𝑎
2𝑝

(𝜕𝑊2 − 𝜕𝑊3) − 𝜕𝑊1∕𝜌 −
𝜌

𝜌2𝑎
(𝜕𝑊2 − 𝜕𝑊3)

)

+ 𝑈𝑑𝑈 (B.16)

= 𝑐𝑝𝑇
(

(𝜕𝑊2 − 𝜕𝑊3)(
𝜌𝑎
2𝑝

− 1
2𝑎

) − 𝜕𝑊1∕𝜌
)

+ 𝑢
2
(𝜕𝑊2 + 𝜕𝑊3)

= −
𝑐𝑝𝑇
𝜌

𝜕𝑊1 + 𝜕𝑊2(
𝜌𝑎𝑐𝑝𝑇
2𝑝

−
𝑐𝑝𝑇
2𝑎

+ 𝑈
2
)

+ 𝜕𝑊3(−
𝜌𝑎𝑐𝑝𝑇
2𝑝

+
𝑐𝑝𝑇
2𝑎

+ 𝑈
2
)

= − 𝑎2

(𝛾 − 1)𝜌
𝜕𝑊1 + 𝜕𝑊2(

𝑎𝑐𝑝
2𝑅

− 𝑎
2(𝛾 − 1)

+ 𝑈
2
) + 𝜕𝑊3(−

𝑎𝑐𝑝
2𝑅

+ 𝑎
2(𝛾 − 1)

+ 𝑈
2
) (B.17)

A similar expression can be derived for prescribing the stagnation 
pressure. At the outlet, the static pressure is specified in case of subsonic 
outflow. To avoid the reflection of the characteristics at the outlet, a 
non-reflecting boundary condition is used [56].

As one of the focus of this study is the transient behaviour of 
the flow in transonic nozzles, it is expected that sonic conditions will 
be encountered. Numerical methods often encounter difficulties when 
10 
dealing with sonic points. In these cases, a phenomenon known as 
the sonic glitch may occur. The sonic glitch manifests as a small, 
non-physical discontinuity or visible error in the computed solution 
around the sonic point [57]. To ensure a smooth transition as the flow 
accelerates through the sonic point, an entropy fix is implemented. This 
approach, as discussed by Va et al. [58], helps preserve the continuity 
of the solution across the sonic threshold. The entropy fix is particularly 
crucial in maintaining the accuracy and stability of our numerical 
simulations as the flow transitions from subsonic to supersonic regimes.

Data availability

Data will be made available on request.
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