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Abstract

This paper develops the links between overidentification tests, underidentification
tests, score tests and the Cragg and Donald (1993, 1997) and Kleibergen and Paap
(2006) rank tests in linear instrumental variable (IV) models. For the structural
linear model y = X 8 4 u, with the endogenous explanatory variables partitioned as
X = [z1 X2, this general framework shows that standard underidentification tests
are tests for overidentification in an auxiliary linear model, z1 = X320 + ¢, estimated
by IV estimation methods using the same instruments as for the original model.
This simple structure makes it possible to establish valid robust underidentification
tests for linear IV models where these have not been proposed or used before,
like clustered dynamic panel data models estimated by GMM. The framework also
applies to tests for the rank of general parameter matrices. Invariant rank tests are
based on the LIML or continuously updated GMM estimators of both structural and
first-stage parameters. This insight leads to the proposal of new two-step invariant
asymptotically efficient GMM estimators, and a new iterated GMM estimator that,
if it converges, converges to the continuously updated GMM estimator.
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1 Introduction

It is common practice when reporting estimation results of standard linear instrumental
variable (IV) models to include the first-stage F, Cragg-Donald (Cragg and Donald, 1993,
1997) and/or Kleibergen-Paap (Kleibergen and Paap, 2006) test statistics. These are
underidentification tests, testing the null hypothesis that the instruments have insufficient
explanatory power to predict the endogenous variable(s) in the model for identification
of the parameters. For the structural linear model specification y = X + u, they are
tests on the rank of Il in the linear projection model for the endogenous explanatory
variables X on the instruments Z, X = ZII+ V', with the standard tests testing the null,
Hy :r (II) = k, — 1 against H; : 1 (IT) = k,, where 1 (II) denotes the rank of the matrix II
and k, is the number of explanatory variables.

The main contribution of this paper is as follows. Partition X = [z; X5], then it is
shown in Section 2 that these underidentification tests are tests for overidentification in the
auxiliary model 1 = X5 +¢, estimated by IV methods using Z as instruments. The non-
robust Cragg-Donald statistic is then equal to the Sargan (1958) or Basmann (1960) test
statistics for overidentifying restrictions after estimating the parameters in the auxiliary
model by limited information maximum likelihood (LIML). The robust Cragg-Donald
statistic is the Hansen J-statistic (Hansen, 1982), based on the continuously updated
generalised method of moments (CU-GMM) estimator. Non-robust refers throughout to
the limiting x? distribution of the test statistic under the null being valid under conditional
homoskedasticity and no serial correlation only, whereas robust refers to it being valid
under conditional heteroskedasticity and/or serial correlation/clustering as well. These
LIML and CU-GMM based test statistics are invariant to the choice of normalisation, i.e.
the choice of z; as the dependent variable in the auxiliary regression. Following the results
of Newey and West (1987), these tests are score tests for Hy : v = 0 in the specification
r1 = Xo0 + Z,y + €, where Z, is any k., — k, + 1 subset of instruments, and it is shown
in Section 2.2 that the standard robust Kleibergen-Paap test statistic is a LIML based
invariant robust score test statistic.

Instead of a single invariant underidentification test, Sanderson and Windmeijer (2016)
considered per endogenous explanatory variable non-invariant tests. These are tests for
overidentification in the k, specifications z; = X_;0; + ¢;, where X_; is X without z;.
In the homoskedastic case, these test statistics are equal to the 2SLS based non-robust

Sargan or Basmann test statistics and robust score test statistics are equal to two-step



GMM Hansen J-statistics. For the homoskedastic case, the non-robust Cragg-Donald and
Sanderson-Windmeijer tests can be used for testing for weak instruments. However, the
Stock and Yogo (2005) weak-instrument test results do not apply when using robust test
statistics for dealing with non-homoskedasticity, see Bun and de Haan (2010), Andrews
(2018) and Kim (2019).

The standard robust Kleibergen-Paap and robust Cragg-Donald score tests achieve
invariance by incorporating the LIML or CU-GMM estimator for Il; to form the optimal
combination of instruments in the auxiliary model, with Xy, = ZII, 4+ V5. This differs
from the standard two-step GMM framework which uses the OLS estimator for I, in
both one-step and two-step estimators for 6. We use this observation to propose in
Section 2.2 a two-step invariant asymptotically efficient GMM estimator that is based on
the LIML estimator for § as the one-step estimator and uses the LIML estimator for 115 to
construct the optimal instruments for the second step. The J-statistic evaluated at this
two-step estimator is then an invariant alternative to the standard robust Kleibergen-
Paap statistic. Alternatively, as shown in Appendix A, one can update the estimator
for II, from the robust first-order conditions of the CU-GMM estimator, which leads to a
different invariant two-step estimator and an iterated GMM estimator that, if it converges,
converges to the CU-GMM estimator.

Section 2.4 applies the various robust tests for underidentification to dynamic panel
data models. Linear dynamic panel data models for panels with a large cross-sectional
dimension n and short time series dimension 7" are a leading example of linear IV models
with clustered and potentially heteroskedastic data. Following Holtz-Eakin, Newey, and
Rosen (1988), commonly used estimation methods are the Arellano and Bond (1991) and
Blundell and Bond (1998) GMM procedures. These can suffer from weak instrument
problems due to the persistence over time of many economic series, see e.g. Blundell
and Bond (1998), Bun and Windmeijer (2010) and Hayakawa and Qi (2019). However,
underidentification tests have not previously been developed for these models. Bazzi and
Clemens (2013) did consider the Kleibergen-Paap test for this setting, but only in a per
period cross-sectional setting, which does not result in a valid test for underidentification
as it does not take clustering into account. Section 2.4 provides results for an application
taken from Acemoglu, Johnson, Robinson, and Yared (2008) and for a Monte Carlo

analysis with a design similar to the application.!

IThe results as presented in the applications can be obtained with the Stata modules UNDERID
(Schaffer and Windmeijer, 2020), and RANKTEST (Kleibergen, Schaffer, and Windmeijer, 2020).



The underidentification test results are not specific to IV models, but apply to general
settings of parameter matrices of potentially reduced rank, as discussed in Section 3. In
this setting, Gospodinov, Kan, and Robotti (2017a) highlighted the problem that invariant
rank tests for overidentification have no power to detect invalid moment conditions when
the model is underidentified, and illustrated this problem in a Monte Carlo analysis within
the setting of linear asset pricing factor models with the number of asset returns larger
than the number of factors. We repeat this Monte Carlo analysis in Section 3.1, but
now include results for tests for underidentification. We find that the underidentification
tests perform well here, with the Sanderson-Windmeijer tests able to identify the spurious
factors that cause underidentification. Section 3.1 further provides results for some of the
applications in Gospodinov, Kan, and Robotti (2019).

The next section, Section 2 sets out the model and standard assumptions, and dis-
cusses the link between testing for over- and underidentification. Section 4 concludes.
In Appendix B, it is shown that the relationships between rank tests, score tests and
overidentification tests readily extend to testing for general rank, which establishes a di-
rect link with the I-test for linear models as proposed by Arellano, Hansen, and Sentana
(2012). Appendix C applies the methods to an asset pricing model example of Manresa,
Penaranda, and Sentana (2017). Further, Appendix D provides details of the limiting
distributions of the Sargan tests for overidentification in underidentified homoskedastic
models, as derived by Kitamura (2006) for the 2SLS estimator and Gospodinov et al.
(2017a) for the LIML estimator. Appendix E contains proofs.

Throughout the paper, we use the following notation for projection matrices. For a full
column rank n x k4 matrix A, the projection matrix Py is defined as Py = A (A’ A)_1 A

and My = I, — P4, with I, the n X n identity matrix.

2 Tests for Underidentification

We consider the linear model

y=XB+u, (1)

where y and u are the n-vectors (y;) and (u;), and X is the n x k, matrix [z}], for the

sample ¢ = 1,..,n. The explanatory variables are endogenous, and Z is an n X k, matrix

g

/] of instrumental variables, with k, > k,. Note that exogenous explanatory variables,

including the constant, have been partialled out. The first-stage, linear projection for X



is given by

X =ZI+V, 2)

where Il is a k, x k, matrix, and V' the n x k, matrix [v]].

We consider the following standard exclusion and relevance assumptions.
Assumption 1 E (z;u;) = 0.
Assumption 2 F (z;x}) = Q.u; T (Q.z) = kz.

Other maintained assumptions are such that IV estimators like 2SLS, LIML and GMM
have standard limiting normal distributions when Assumptions 1 and 2 hold, and the data
moments suffice to estimate the variances of these limiting distributions consistently. See
e.g. Assumptions 3.2 and 3.5 in Hayashi (2000). These assumptions can hold for cross-
sectional or time series data. As in Arellano et al. (2012) and Assumption 3.2 in Hayashi
(2000), time series data are stationary and ergodic. We refer to the case where the
observations are independent/not correlated and conditionally homoskedastic simply as
the homoskedastic case. We defer discussion of a clustered design to Section 2.4 on

dynamic panel data models.

Overidentification
Moment restriction E (z;u;) = 0, Assumption 1, is the exclusion restriction that, when
k. > k., is generally tested by a test of overidentifying restrictions, like the Hansen (1982)
J-test. Tests for overidentifying restrictions are score tests for the hypothesis Hy: v =0
in the IV model
y=XB+Zyy+u, (3)

using instruments Z, and where Z, is any k., — k, subset of instruments. The score test
is invariant to the choice of instruments included in Z,, unlike the Wald test, see Newey
and West (1987) and the proof of Result 1 below in Appendix E. However, as (3) is a
just identified model, different IV estimators all produce the same robust Wald test, the
one based on the just-identified IV /2SLS estimator. Score and Wald tests have the same
local asymptotic power for alternatives v = ¢/y/n, see e.g. Wooldridge (2010, p 417).
It therefore follows that overidentification tests have the same local asymptotic power,
independent of the estimator the overidentification test is based on.

Before discussing underidentification tests, we first show that the standard Hansen

J-test based on the two-step GMM estimator is a robust score test for Hy : v = 0 in (3),
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based on a one-step GMM estimator for 5 and the OLS estimator for I1. This follows, but

differs, from the result of Newey and West (1987), who considered the score test based on

the efficient two-step GMM estimator. This observation will facilitate the exposition for

the robust LIML based Kleibergen-Paap score/rank test for underidentification below.
A one-step GMM estimator for 5 in model (1) is given by

B, = (X'ZW, ' Z2'X) " X' 2w, 2y,

where W, is such that n='W, % W, a finite and positive definite matrix. The 2SLS
estimator is a one-step GMM estimator with W,, = Z'Z. The one-step residual is given
by uy =y— X Bl. The two-step GMM estimator is asymptotically efficient under general

forms of heteroskedasticity and serial correlation, and is given by
—~ —1
B, = (X’Z (Z'Ha, Z)”! Z’X) X'Z(Z'Hy Z2) " 2y,

where, wlog, Z'Hg, Z is an estimator for €2, such that n='Z'Hg, 7 2Q., and ., is the
variance of the limiting normal distribution of \/LEZ’ u-% N (0,€.,). For example, for a
heteroskedasticity only robust specification, Hy, = diag (u%;), an n x n diagonal matrix
with the é-th diagonal element equal to u?;.

Let up = y—X BQ, then the Hansen J-statistic for overidentifying restrictions in model
(1) is given by

J (32, Bl> YAV (AR ATY (4)

Let Il = (2'Z)™ Z'X be the OLS estimator of II, and X = ZII. Further let § be the

2SLS estimator of 7 in the just identified model (3), given by

7= (Z,MzZ,) " Z\My

As Newey and West (1987) showed, J <E2, B1> is equal to the robust score test statistic
based on the efficient two-step estimator, but also equal to a Wald type test statistic given
by

Waa =7 (Var.a, (3)7'7, (5)
where the same estimator Z'Hy, Z/n of €),, is used in the variance estimator. This results
in a robust variance estimator based on the restricted, v = 0, one-step GMM residual,
and hence

Woa =y MgZ, (Z.MgHy, Mg Z,) ™" Z.Mgy.

It follows that J (BQ,BI> is also equal to the robust score test statistic based on the

one-step GMM estimator, which we state formally in the next result.
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Result 1 i) The robust score test statistic for Hy : v = 0 in model (3) based on a one-step
GMM estimator 31 15 given by

S, (B1) = W Mg Z, (Z,Mg Ho, Mg Z) " Z, M.
i1) Let the Hansen J <BQ,31> be as defined in (4) and let W, 5, be as in (5). Then

Sy <g1> =Wya =J (B27Bl> :

Proof. ii) Follows from the results in Newey and West (1987) and the fact that Z) M ¢u;, =
Z!Mgy. For i) and a general proof, see Appendix E. m

It then follows that versions of the score test statistic for overidentifying restrictions
can be obtained as Wald-type test statistics for Hy : v = 0 after OLS regression of the
specification

Uy = X0+ Zoy + ¢, (6)

see also Newey (1985), and using non-robust or robust estimators for Var (7) based either
on u; or based on the residuals E = Mzu,. Under Assumptions 1 and 2 and the other
maintained assumptions these test statistics have a limiting Xiz— r, distribution, the non-
robust versions valid in the homoskedastic case. The versions with the variance estimator
based on u; are commonly called the “LM” versions, and those based on E the “Wald”
versions of the score test statistic, see e.g. the discussion in Baum, Schaffer, and Stillman
(2007) and Bazzi and Clemens (2013). In the remainder, we will only consider the LM
versions of the test statistics for clarity of exposition, but all have their Wald version

counterparts.

Underidentification

Assumption 2, 1 (E (22})) = k., is a necessary condition for the identification of J
using the instrumental variables z;. Let E (z;z)) = Q,., with 1(Q.,) = k.. As Il =
Q. E (22)) it follows that the rank of IT is equal to the rank of E (z;z}). This means
that 3 is identified iff r (II) = k,. The model is therefore underidentified if r (II) < k, — 1.
Standard tests for underidentification, like the Cragg-Donald and Kleibergen-Paap tests
are tests for Hy : r (I) = k, — 1 against H; : 1 (IT) = k,. One may restrict attention to the
hypothesis Hy : 1 (II) = k, — 1, as the rejection probabilities of these rank test statistics
are less than nominal size if 1 (II) < k, — 1, see e.g. Gospodinov et al. (2017a) and the

discussion in Section 3.1. For an alternative approach for testing Hy : 1 (IT) < k, — 1, see

Chen and Fang (2019).



If r (II) = k, — 1, then there is a k,-vector ¢, such that I16* = 0. Partition X =
[ 1 Xo ], with z; an n-vector and Xy an n x (k, — 1) matrix, and equivalently V' =
[ vy Vo ], II= [ m Il ] and 0" = [ 5y oy ]/. Assuming 6] # 0, then my = 150, with
d = —05/6] and hence
r, = Zm+uv =2l + 1,
= Xpd+v; — Vad = Xo0 +e. (7)

Therefore, under Hy : 1 (II) = k, — 1, we have that
E (zig:) = E (2 (vi; — v3,0)) = 0, (8)

as E (zv}) = 0 from linear projection results.

The intuition of orthogonality condition (8) is clear. If the instruments are not corre-
lated with ¢, then they have no explanatory power to predict x; after having controlled
for the other endogenous explanatory variables in the model and the model is underiden-
tified. Clearly, the moment condition F (z;e;) = 0 in model (7) is an exclusion restriction
like E (z;u;) = 0 in model (1), and likewise can be tested by standard tests for overiden-
tification after estimation of the parameter vector ¢ by IV methods using instruments Z,

which are score tests for Hy : v = 0 in the model specification
11 = X20 + Zyy + ¢, (9)

where Z, is any k, — k, + 1 subset of instruments, keeping the notation for v and Z,
generic.

Below we show that the Cragg-Donald rank test statistic for testing Hy : r (II) = k, —1
against H; : 1 (IT) = k, for the homoskedastic case is identical to the Sargan (1958) test
statistic for overidentifying restrictions in (7) after estimation of § by LIML. The robust
Cragg-Donald test statistic is equal to the Hansen J-statistic after estimation of § by the
Continuous Updating GMM estimator (CU-GMM). The standard version of the robust
Kleibergen-Paap rank test statistic is equal to the robust score test statistic for testing
Hy:~v=0in (9) based on the LIML estimators for § and Il,, noting that the first-stage
model for X, in (7) is given by Xy = ZTI5 + V5.

The LIML and CU-GMM estimators are invariant to normalisation and therefore
do not depend on the choice of z; as the dependent variable in (7), which is a necessary
condition in order to equate the overidentification tests to rank tests. An overidentification

test based on a non-invariant estimator, like two-step GMM, is therefore not a rank test.
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However, if a rank test fails to reject the null, indicating that the model is underidentified,
variable specific robust Hansen J-test statistics in the models x; = X_;0; +¢;, where X_;
is X without x;, based on the GMM estimator of §; will provide additional information
about which variable(s) are poorly predicted by the instruments. This is the robust
extension of the variable specific conditional F-statistics of Sanderson and Windmeijer
(2016).

Assumption 1, F (z;u;) = 0, clearly also implies a rank condition. Let w; = ( Y )/,
p=(1 —=p )/ and IT* = Q'F (z;w;). Then E (z;u;) = E (z;w}) 1 = 0 implies IT*¢) =
0, and hence r (II*) = k, when Assumption 2 holds and so r(II) = k,. An invariant

overidentification test is therefore a rank test for testing Hy : r (II*) = k, against H; :

r (II*) = k, + 1. Note that II* = [ w, II | with 7, the reduced-form parameters
y = ZUB+u—-VpE=Zr,+v, (10)

It is therefore clear that the same tests for overidentifying restrictions that test As-
sumption 1 in the model structure y = X3 +u, X = ZII 4+ V are tests for Assumption 2
and hence underidentification when applied to the auxiliary model structure z; = X50+¢,
Xy = ZIIy+ V5. Whilst under Assumptions 1 and 2 the null for the overidentification test

E (zju;) = 0 holds, this is not the case for the null for the underidentification test.

2.1 Cragg-Donald Rank Test for Underidentification

The standard underidentification test is a test for Hy : r (IT) = k, — 1 against H; : r (II) =
ky. Let m = vec (II), ma = vec (Ily) and 7 and 7o their OLS estimators. The Cragg and
Donald (1993, 1997) rank test statistic, C'D, is defined as

CD = min, (7 —7) (Var (7)) (R —7);
st. v(Il) =k, — 1,

or equivalently as the minimum of a nonlinear minimum distance criterion,

CD = %nl_iInMD(&Hg), (11)

o = ((2)-(%)) emor((2)-(%))

An estimator of Var (7) valid under homoskedasticity and the restriction that 7 = 0

is given by Var (7) = %, ® (2'2)7", where &, = X'X/n. Let Var, (7) denote a robust



variance estimator, also under the restriction that m = 0. Denote the resulting robust
statistic by C'D,..
Let EL be the LIML estimator of §, and €7 = 21 — XQEL. Then the Sargan (1958) test
for overidentifying restrictions in model (7) is given by
Sar (SL) = /g,igf/gg

Further, the CU-GMM estimator for ¢ in model (7) is defined as

~

Oy = arg m(sin J (9)
J(8) = (v1— X20) Z (Z'HusZ) ™" Z' (1 — Xs0),

where € (0) = x1 — X260 and Z'H,5)Z is an efficient weight matrix taking into account
serial correlation and/or heteroskedasticity. The Hansen J-statistic for overidentifying

restrictions is then given by J <gcu)

Result 2 Let CD be the Cragg-Donald statistic (11) for testing underidentification, Hy :
r (II) = k, — 1, based on the homoskedastic variance estimator Var (7) and CD, the test
statistic based on the robust variance estimator Var, (7). Then CD is equal to the Sargan

test statistic for overidentifying restrictions in the auxiliary model (7), CD = Sar <5L>,
and C'D,. is equal to the CU-GMM based J-statistic in the auziliary model (7), CD, = J (&u)

These results follow for LIML from the results in Hausman (1983) and Alonso-Borrego
and Arellano (1999), and for CU-GMM from the derivations in Kleibergen and Mavroeidis
(2009, Appendix), see also Gospodinov et al. (2017a). Arellano et al. (2012, p 261) already
clarified the connection between the Cragg-Donald rank test statistic and the CU-GMM
J-statistic, see Appendix B for further details.

2.2 Kleibergen-Paap Test

Let ﬁzL be the LIML estimator of IIy which can be obtained as
My, = (Z'Mz, 2) " Z' Mz, Xo,

with, as before, €7, the LIML residual €, = z; — XQSL, see e.g. Godfrey and Wickens
(1982). Let )/(\'QL = ZﬁgL, then the robust version of the score test statistic for Hy : v =0
in (9) evaluated at the LIML estimators for § and Il is given by

S’I’ <3L> = EILMXQLZO (Z(/)M)?QLH/E\LM)/(:QLZO> Z;M)IZQLgL’ (12)

9



which can be seen as LIML based J-statistic equivalent from Result 1. By the invariance
of LIML, this test is invariant to which explanatory variable is chosen as the dependent
variable. S, (gL) is the test statistic for testing Hy : v = 0 after OLS regression of the
specification

e = Xoun + Zoy + €.

For the Kleibergen and Paap (2006) rank test, let G and F be k, x k, and k, x k, finite
non-singular matrices respectively, and define © = GIIF’ and O = GIIF'. For testing
Hy : v (II) = g, Kleibergen-Paap (KP) propose use of the singular value decomposition
(SVD), © = USU", where U and U* are k, X k, and k, X k, orthonormal matrices
respectively, and S is a k, x k, matrix that contains the singular values of © on its
main diagonal and is equal to zero elsewhere. KP show that the SVD results in the
decomposition © = A,B, + A 1A B, 1, with AJA, 1 = 0 and By 1B, = 0. As A, =0
under the null Hy : r (II) = ¢, the KP test is a test for Hy : vec (A,) = 0.

The SVD applied to ) yields the decomposition 0= A\qé\q + A\% L]\\qﬁ% 1; with Z\\q =
A\:],L@E;,La and the KP test statistic is given by

N (13)

o~

where /):q = vec (Aq> = <l§q7l ®ﬁfm> vec (@)) = (B\Q,J—F®A\;,J_G> 7: and Q, is an
estimator of the asymptotic variance of A\,. Robust versions of the test are obtained by
specifying a robust estimator of the variance of 7.

The next proposition gives the relationship between the Kleibergen-Paap test and the

robust score test (12).

Proposition 1 Consider the Kleibergen-Paap rank test statistic (13) for testing Hy :
r (IT) = k, — 1. Given choices of F' and G, define the estimators BGF and ﬁgyGF as

5, I 1 m I150 , / / T I150
(bor-Faor) =g (( 2,) - (3 )) e ((2) - (7))

Leteqr = o1 — XQEGF, )A(ZGF = Zﬁggp and let Z, be a matrix of any k, — k, + 1 subset

of instruments. Then

rk (kz - 1) - ?GFM)?ZGFZO (Z:’M)?ZGFHA

~1
corMs, o Zo)  ZiMy,  Ear

2,GF 2,GF

Proof. See Appendix E. =

10



It follows from Proposition 1 that versions of rk (k, — 1) are test statistics for testing

Hy : v =0 in the specification

Ear = Xogrn + Zoy + Ear,

after estimation by OLS.

The estimator SGF can alternatively be obtained as the continuous updating estimator
VX' Z(Z2)G'G(Z'Z) 7 2 X
WFE)
with 1) = (1 —¢")". Tt is clear that choosing F' and G such that F'F = i;l and G'G = 3,
results in the LIML estimators for 6 and Il,. Choosing alternatively F'F = I and

; (14)

dgr = arg mgin

G'G = 3, results in the symmetrically normalised 2SLS estimator, see Alonso-Borrego
and Arellano (1999). The robust KP test statistics commonly reported are based on the
LIML normalisation. It therefore follows that the LIML based version of rk (k, — 1) is
equal to S, <§L> as defined in (12).

An invariant alternative to the KP test statistic is the J-statistic evaluated at an

efficient two-step invariant LIML based estimator given by
~ ~ —1 .
5y = (H’QLZ’Z(Z’HgLZ)_l Z’X2> My, 2'7 (Z2'H:, 2) " Z'x, (15)

with the invariant J-statistic calculated as,

Jop = J (52L> =2 Z(Z'Hs, Z) " 2%y, (16)
where €57, = 21 — XQSQL, see Appendix A for details. An invariant efficient two-step
estimator like ggL does not appear to have been considered before in the literature. Ap-
pendix A further considers an alternative two-step estimator based on the second step of

an iterated GMM estimator that, if it converges, converges to the CU-GMM estimator.

2.3 Sanderson-Windmeijer Tests

In contrast to the invariant rank tests, Sanderson and Windmeijer (2016) (SW) proposed
conditional F-statistics for testing for underidentification or weak instruments for each
endogenous variable separately. Their conditional tests statistics are 2SLS based versions

of the underidentification tests. Let gj be the 25LS estimator of ¢, in the model
$j :X—j6j+5j (17)

11
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for j = 1,..., k;, using instruments Z, where X_; is X without x;. Let €; = z; — X_;J;.
The SW test statistics are given by
Sar (6}) = %,
Eigj/n
and SW provided the theory for testing for weak instruments based on the F'-test versions,
F; = Sar (&) / (k. —k; +1). The weak instrument asymptotics they considered was
that of r (II) local to a rank reduction of 1, or m; = II_;0; + {/y/n. SW showed that
the F} statistics can provide additional information to that provided by the C'D statistic
about the nature of the weak instruments problem. The generalisation to robust tests for
underidentification is then to compute the robust versions S, (3\]) . From the results above

it follows that these are simply the two-step Hansen J-statistics in (17), for j = 1,..., k,.

2.4 Underidentification Tests in Dynamic Panel Data Models

We consider an i.i.d. sample {y;, X;},_,, where y; is the T-vector (y;;) and X; is the T x k,
matrix [z],]. The linear panel data model is specified as

Yit = T3+ 1 + i
fori=1,...n,t=1,..T, where x;; can contain lags of the dependent variable. Follow-
ing Holtz-Eakin et al. (1988), the Arellano and Bond (1991) procedure to estimate the
parameters [ is to first-difference the model

Ay = (sz‘t)/ B+ Ay

and estimate by GMM, using lagged levels of the explanatory and dependent variables as
sequential instruments. Assuming z;; contains a lagged dependent variable and all other

variables in x;; are endogenous, the available moment conditions at period ¢ are given by

E (2} Auy), (18)
where i = (2}, @y ... 2}, )/. The moments (18) can be expressed as

E(Z!Au;) =0,

for i = 1,...,n, where Au; is the (T — 2)-vector (Auy),_s, and Z; is the (T —2) x k.

matrix
x%’ o .- 0
Z; = X x?/ ’
0
0 0 %
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with k, =k, (T — 1) (T —2) /2.
For testing underidentification in this setup, consider the first-stage linear projection
model

where AX,; = [(x” - xiyt,l)/} tT:3 isa (T — 2) x k, matrix, Il is a k, X k, matrix and V} is a
(T' — 2) X k, matrix. For the errors V; we now have F (Vec (V;) vec (Vi)/) = Yvee(v). Whilst
we can still make an assumption of conditional homoskedasticity, E (vec (V;) vec (V;)'|Z;) =
Yvec(v), it seems implausible to assume the Kronecker structure Yyecvy = X, ® I,,. For
example, due to the nature of the sequential moments, the variances F (vfjt) are likely to
be varying over time, as are the covariances E (v;j;visy).

Therefore, the non-robust version of the CD test statistic for testing Hy : 1 (II) = k, —1
will be the minimum distance criterion based on a variance estimator of the OLS estimator
T = vec (ﬁ), that takes the clustering into account whilst making an assumption of
conditional homoskedasticity. As this variance does not have a Kronecker representation,
this is no longer a simple minimum eigenvalue problem and the solution needs to be
obtained via iterative methods.

Partition AX,; = [ Az AXy; } and IT = [ m Iy } The robust CD statistic is
obtained as the CU-GMM J-statistic in the model

Az = (AX9)d + ey, (19)

using instruments Z;. The CU-GMM criterion is given by

J (3) — min (Z Zlen (5)) (Z Zlers (8) e (6) Zi> <Z Zlen (5)) ,

where €1; (6) = Azy; — (AXy)d. The CU-GMM estimator can be obtained from the
iterative procedure described in Section A.1, using a cluster robust estimator of Var (7).
The LIML normalised cluster-robust Kleibergen-Paap test is based on the pooled
LIML estimators of ¢ in (19) and Iy in AXy; = Z;1I; + Va;. Under the null that r (IT) =
ks — 1, these test statistics are invariant and have a limiting xj__, ,, distribution under
the maintained assumptions.
The robust Sargan versions of the Sanderson-Windmeijer individual conditional un-

deridentification tests is to estimate the specifications
Azji = (AX_j3) 65 +€j;
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by two-step GMM, again using Z; as the instruments, and to test the null Hy : E (Z/e;;) =
0 with the Hansen J-statistic. These tests are therefore easily implemented using standard
estimation routines for the Arellano-Bond GMM estimator.

The above methods extend straightforwardly to the System estimator of Blundell and
Bond (1998), and, instead of first differences, one could specify the transformation as that
of orthogonal deviations, see Arellano and Bover (1995).

Arellano, Hansen, and Sentana (1999, 2012) also considered testing for underidenti-
fication in dynamic panel data models using their [-test. A general discussion of the
I-test is presented in Appendix B. They considered in particular an AR(2) specification
in first-differences,

Ayir = 01 Ay, 11 + Ay o + Auy.

A comparison of the approach to testing for underidentification followed here and the

I-test for this model is presented in Appendix B.2.

2.4.1 Some Monte Carlo Results

Before we apply the underidentification tests to an application from Acemoglu et al. (2008)
below, we present some Monte Carlo results for a related design. The data are generated

from

Yit = QY11 + ﬁilfi,t71 + 1, + Uy

Ty = pTip—1 + (1 — p) m; + Ouy + wit,

fori =1,...,nand t = 1,...,T, with n,, u; and w; independent N(0,1) distributed
random variables, y;0 ~ N(0,1) and z, ~ N(0,1), # = 0.25 and « = § = 0.5, with
therefore the long-run effect equal to 8/(1 —a) = 1. We further set 7' = 6, and con-
sider values of n = 100, 500 and 1000. Sequential instruments used at time t are
Yils Tily - - - Yit—2, Tit—2, resulting in a total of k, = 20 instruments. When p = 1, we
have that Az;;—1 = 0u;;—1 + w;;—1 and the model is underidentified as the instruments
have then no predictive power for Axz;; ;. We present two-step Arellano-Bond estima-
tion results and rejection frequencies of the underidentification tests at the 5% level from
10,000 Monte Carlo replications in Table 1, for p = 1, but also for p = 0.9 and p = 0.7.
For the underidentified specification, the rejection frequencies of the test statistics are
slightly below the 5% level for the small sample size n = 100, more so for the robust
CD test statistic at 0.025 than the for the robust K P and Jy;, statistics at 0.036 and
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0.035 respectively. The SW test statistics correctly convey the information that the
instruments fail to predict Az;;_q, but do have predictive power for Ay, ;1. For n = 500

and n = 1000, the test statistics have correct size.

Table 1: Monte Carlo results

a B £ KP Jy, CD SW

n = 100 Ayi,tfl Axi,tfl

1 0.440 0.356 0.650 0.036 0.035 0.025 0.883 0.038
p= (0.103)  (0.305)  (0.568)

_gg 0380 0332 0598 0.095 0.095 0.084 0.618  0.100
P=59 0 (0121)  (0.235)  (0.477)

_ . 0367 0397  0.695 0298 0.302 0.288 0.688  0.380
p="5 (0.133)  (0.152)  (0.393)
n = 500

_, 0488  0.335  0.657 0.046 0.046 0.046 0953  0.046
p= (0.044)  (0.287)  (0.564)

0.456  0.417 0802 0.767 0.767 0.766 0.983  0.674

P=09 0066) (0.142) (0.349)

_ o, 0463 0469  0.899 0999 0999 0999 0.999  0.999
=50 (0.067)  (0.069) (0.235)
n = 1000

_, 0494  0.336  0.666 0.052 0.052 0.052 0960  0.052
p= (0.031) (0.284) (0.564)

0.476  0.454  0.888 0.991 0.991 0.991 0.999  0.982
(0.049)  (0.103)  (0.271)

0.481 0485 0948 1.000 1.000 1.000 1.000  1.000
(0.048)  (0.049)  (0.173)

p=0.7

Notes: Mean and (sd) of two-step Arellano-Bond GMM estimates, and rejection frequencies of
robust underidentification tests at 5% level from 10,000 replications. T'= 6, a« = 0.5, 8 = 0.5.

'~

KP =58, (5.), Jar =7 (321.), CD = J (3u), SW; = J (3;), shorthand for J (32, 5;1).

For p < 1, the Arellano-Bond estimator is consistent, but as the results in the table
show, its finite-sample behaviour is poor for p = 0.9 and n = 100. This is reflected in
a low rejection probability of around 10% for the underidentification test statistics. The
estimation results are still quite poor for p = 0.7 and n = 100, with the bias of the
long-run effect not much different from the unidentified case. The rejection frequencies

of the underidentification test statistics is here around 30%. For the larger sample sizes
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of n = 500 and n = 1000, the different underidentification test statistics have identical
rejection frequencies. The estimation results improve with increasing n, with the best
results for n = 1000 and p = 0.7, as expected. The underidentification tests in this latter
case have a rejection frequency of 100% and the average p-values of the test statistics
are then equal to 0.000. As is the case with the standard F-statistic for testing for
underidentification, a rejection of the null of underidentification does not necessarily imply
that the estimator is well behaved and has a small bias. However, it is clear that when

the null of underidentification is not rejected, estimation results are not reliable.

2.4.2 An Application

We investigate underidentification in an example taken from Acemoglu, Johnson, Robin-
son, and Yared (2008) (AJRY), as recently revisited by Hansen and Lee (2020). AJRY
consider the effect of income on democracy and specify the linear dynamic panel data
model

dit = Oédi’tfl + ﬁZ’TLC@til + 7+ n; + U,

where d;; is a measure of democracy and inc; is log income per capita. The data used
is a panel of 127 countries observed over the period 1960-2000 at 5-year and 10-year
frequencies. Following Hansen and Lee (2020), we consider the AJRY estimates as re-
ported in their Table 2. The parameters are estimated using the Arellano-Bond GMM

first-differenced estimator, with the instruments specified as

dil 0 0 0 iTLC,’l

0 diadiz O 0 incs
oo 0 :

0 0 0 dil e d/L'7T72 inci,T,Q

Hansen and Lee (2020) found large differences between the one-step Arellano-Bond GMM
estimator and the iterated GMM estimator, which iterates over the weight matrix until
convergence, for the 5-year frequency data, but not for the 10-year frequency data. These

results are presented in Table 2.
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Table 2: Estimation results, Arellano-Bond estimator

one-step GMM iterated GMM
Frequency Q I} % « 6] %
5 year 0.489 -0.129 -0.253 0.744 -0.009 -0.036
ky, — k, =44 (0.095) (0.088) (0.163) (0.128) (0.039) (0.149)
n = 127, #obs = 838
10 year 0.227 -0.318 -0.411 0.288 -0.280 -0.393
k, —k, =15 (0.125)  (0.183)  (0.246)  (0.146)  (0.202)  (0.290)

n = 118, #obs = 338

Notes: From Acemoglu et al. (2008, Table 2) and Hansen and Lee (2020, Table 4).
Misspecification-robust standard errors of Hansen and Lee (2020) in brackets

This sensitivity to the choice of initial weight matrix could be an indication of un-
deridentification. The results in Table 3 confirm this. The robust K P, Jy;, and C'D test
statistics do not reject the null of underidentification for this specification using the 5-year
frequency data, with p-values of 0.135, 0.132 and 0.231 respectively.? The SW statistics
show that especially the lag of log income per capita in the differenced model, Ainc; ;1
is poorly predicted by the instruments. The p-values of the robust test statistics for the
10-year frequency data are smaller, at 0.023, 0.024 and 0.026, but therefore do not reject
the null of underidentification at the 1% level, with the SW statistic for Ainc;;— having
a p-value of 0.022, whereas the SW p-value for Ad;;_; is equal to 0.000.

Table 3: P-values of robust underidentification test statistics
KP Jor, CD SW

Frequency Adiy—1 Ainciy
D year 0.135 0.132 0.231 0.018 0.121
10 year  0.023 0.024 0.026 0.000 0.022

3 Testing the Rank of General Parameter Matrices

The LIML and CU-GMM based tests of rank of the matrices II* and II may appear
to be specific to the linear IV setup, with Z used as instruments for both the over- and
underidentification tests. This approach can, however, be applied to more general settings

testing the rank of parameter matrices. Consider the possibly reduced rank linear model

2These results can be obtained using the UNDERID routine (Schaffer and Windmeijer, 2020) in Stata.
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specification as considered in Anderson (1951), see also Reinsel and Velu (1998) and
Al-Sadoon (2017),
yi = B'w; + v,

for © =1, ...,n, where y; and v; are k,-vectors, x; is a k,-vector and B is a k, X k, matrix

of unknown parameters. In matrix notation the model is
Y=XB+YV,

where Y is the n x k, matrix [y{], X is the n x k, matrix [2]] and V is the n x k,
matrix [vf]. It is assumed that E (z;v]) = 0 and therefore the OLS estimator for B,
B= (X'X )71 X'Y is consistent, with further regularity conditions in place for standard
limiting normal distribution results.

Consider first the situation where k, > k, and testing the null hypothesis Hy : r (B) =
k, — 1. This is the setup as in Cragg and Donald (1993, 1997), and in analogy to the
IV results above, the CD rank test is a LIML/CU-GMM based score test. Partition
Y=[w V2], B=[b B}, B=|b B|andX=[Xi X, ], where X, is any
(ki — ky + 1) subset of variables in X. Then the rank test is the score test for Hy : v =0
in the specification

y1 = Y20 + Xoy + 1.

Let SL and EQL be the LIML estimators of § and B, in the restricted model
Y1 = Y20 + e, (20)

using X as instruments. Let %L = XEQL and €17, = y; — YQSL, then the non-robust CD
and robust KP test statistics can again be obtained as the Wald-type test statistics for
Hy : v =0 in the specification

e = 3A/2L77 + Xov + Cips

estimated by OLS. The robust CD test statistic is J (5%) after estimation of (20) by
CU-GMM. The extensions to general rank tests, Hy : 1 (B) = ¢, are then as discussed in
Appendix B.

Next, consider the case where k, < k,. In that case, the CD and KP rank tests apply to
the column rank of the k, X k, matrix B’, for example Hy : r (B’) = k, — 1. The OLS esti-
mator is then B/ = Y'X (X’X) " and the estimator of Var (Vec (E’ )) under conditional
homoskedasticity and B = 0 is given by (X'X)™' ® iy. The KP LIML normalisation,
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Op = GB'F', is then obtained with G'G = i;l and F'F =%, = X'X/n. Choosing wlog
G =G = i;l/Z and F = F' = iiﬂ results in @B/ _ (Yly)fl/Q Y'X (X/X)71/2'

Next, consider the specification
X=YC+U,

with C' a k, x k, matrix, the same dimension of B’. The OLS estimator is given by
C = (Y'Y)"'Y’X. Assuming conditional homoskedasticity and C' = 0, the estimator for
the variance of vec (@) is given by S, ® Y’ Y)_l. For testing hypotheses on the rank of
C, the KP LIML normalisation is then (:)C = G@F/, with here G = i;ﬂ and F = 5,2
Hence O¢ = (Y'Y) ™ 2Y'X (X'X)™/? = ©p. Therefore, for this case where ky <k,
the CD and KP rank test statistics for, for example, Hy : r (B’) = k, — 1 are identical to
the rank test statistics for Hy : v (C) = k, — 1. Partition X = [ 1 Xo ], then the test

statistics can be obtained analogous to above by estimating the model
T = Xgé + &1

by LIML or CU-GMM, now using " as the instruments. When k, = k, the two approaches
are identical.

This setup applies to asset pricing models as discussed next.

3.1 Asset-Pricing Models

Gospodinov, Kan, and Robotti (2017a) (GKR) considered the behaviour of the CU-GMM
J-test for overidentification in a reduced-rank asset-pricing model. Using their notation,
the candidate stochastic discount factor (SDF) at time ¢ is zj\, for t = 1,..., T, where
Ty = ( 1 f )/, with f; a k; vector of systematic risk factors, and A = ( Ao A )/ a
kg-vector of SDF parameters, with k;, = k;y + 1. R, is the kg-vector of gross returns on
kr > k, test assets. Let ¢z, be a kg-vector of ones, then the moment conditions to be

tested are given by

E (Ryxy A — tgy,) = 0. (21)

Let e; (A\) = RyxjA — tgy,. Then the CU-GMM J-test is given by

J (X) = Tmine () V. ()2 (3),

where € () = %23:1 e, (\) and V, (\) is a consistent estimator of the long-run variance

matrix of the sample pricing errors, V; (A).
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Let H = [ u, E(Ra}) ], then (21) can be written as Hy) = 0, withy) = ( =1 X' ),
and GKR showed that therefore testing moment conditions (21) is equivalent to testing
Hy:1(H) =k, against Hy : v (H) = k, + 1. From this it follows that if r (E (Rx})) < ku,
the CU-GMM J-test has no power to detect violations of the moment conditions (21).

Let P, be the kg x (kg — 1) orthonormal matrix whose columns are orthogonal to ¢4,
such that P/P, = I;,—1 and P P| = I, — LkRL;CR//{R. Let Ry = P{R;, then GKR show
that the J (Xcu> -statistic is the same as the robust Cragg-Donald statistic for testing
Hy:1(E (Ryx})) =k, — 1 against Hy : 1 (F (Ryx))) = ky.

The latter formulation fits the testing procedure described in Section 3. The CD test
for Hy : 1 (E (Ryxy)) = ki — 1 is the test for Hy : 1 (A}) = k, — 1 in the regression model

/
Ry = Nz + vy,

based on the OLS estimator of the k, x (kg — 1) matrix A;. The hypothesis can then be

reformulated as Hy : v (C}) = k, — 1 in the specification
T = Cith -+ Uyg.

With X = [ tp F ], we can therefore obtain robust invariant test statistics for overiden-

tification by estimating the specification
LT = Fo +é (22)

by LIML or CU-GMM, using the T x (kg — 1) matrix Ry = [Ry;] as instruments for F.
GKR confirmed in a Monte Carlo study the poor performance of the overidentification
test in underidentified models. Here, the model is underidentified if r (£ (R;x})) < k, and
GKR incorporated underidentification by including spurious factors that are uncorrelated
with the test assets. They did, however, not perform tests of underidentification on the
rank of £ (R,x}) itself. These tests are the same as the overidentification tests above for
model (22), but now with the 7' x ki matrix R = [R;] used as instruments instead of Rj.
Tables 4 and 5 present some results of the over- and underidentification tests for the
same model design as the Monte Carlo exercise in GKR, (Table 1, p 1621). We focus on
the misspecified model with 3 useful factors for the cases of 0, 1 and 2 spurious factors,
for the sample sizes T" = 200 and 7" = 1000. The DGP in GKR is one of homoskedastic
i.i.d. data, and the robustness they consider in the estimation is that against conditional

heteroskedasticity. We repeat this design, and include the non-robust Sargan statistic
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as well for comparison. Unlike GKR, we do not take deviations from the means of the

residuals when computing the variance-covariance matrix of the moments.

Table 4: Rejection frequencies of overidentification test statistics at 5% level

T  # spur factors Sar <XL) KP, S, (XL) Jor, J (XZL) CD, J (}:cu> J (th>

200 0 0.4848 0.4309 0.4234 0.3448 0.5604
1 0.0117 0.0112 0.0092 0.0019 0.4793
2 0.0002 0.0005 0.0004 0.0000 0.3909
1000 0 1.0000 1.0000 1.0000 1.0000 1.0000
1 0.0424 0.0382 0.0377 0.0371 0.9808
2 0.0012 0.0008 0.0008 0.0007 0.9309

Notes: Design as in GKR Table 1, moment conditions (21) are invalid. 10,000 MC replications

Table 5: Rejection frequencies of underidentification test statistics at 5% level

T  # spur factors Sar <3L> KP, S, (gL) Jor, J (ggL) CD,J <gcu>

200 0 0.9991 0.9840 0.9826 0.9778
1 0.0396 0.0275 0.0241 0.0138
2 0.0013 0.0015 0.0011 0.0002
1000 0 1.0000 1.0000 1.0000 1.0000
1 0.0487 0.0433 0.0429 0.0428
2 0.0016 0.0018 0.0017 0.0012

As in GKR, the results in Table 4 confirm the poor power properties of the invari-
ant test statistics for overidentifying restrictions in underidentified models. Table 4 also
presents the results for a two-step Hansen J-statistic, denoted for brevity J (th)7 with
the one-step estimator the one that minimises the Hansen and Jagannathan (1997) dis-

tance,

M =T <X’R (RR)™" R’X) D XR(RR) e,
confirming that this test does retain power to reject the false null in underidentified models
like the standard 2SLS-based Sargan test, as shown in Appendix D.

For the homoskedastic case, Guggenberger, Kleibergen, and Mavroeidis (2019) propose
a conditional subvector Anderson-Rubin test procedure that results in more power than
when using standard asymptotic chi-squared critical values, whilst controlling size. This

test can be seen as a LIML based overidentification test, and the conditional approach
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of Guggenberger et al. (2019) can be applied to the Sargan test for overidentification,
Sar <XL> However, in underidentified models as considered here, this conditional test
procedure will not have power exceeding size, see Guggenberger et al. (2019, p 497), and
so will not lead to meaningfully improved power in these underidentified models.

The limiting distribution results for the invariant overidentification test statistics as
derived by GKR also apply to the invariant underidentification test statistics, mean-
ing that the test statistics converge in distribution to a x; _; ,; under the null that
r(E (Rux))) = k, — 1 and the maintained assumptions. If r (F (R;z})) < k, — 1 then
the rejection frequency will be less than size. This is confirmed by the results in Ta-
ble 5. In this design, the underidentification tests correctly convey that the model is
underidentified.

Table 6 presents the results for the robust SW J (8\]) statistics, for the models z; =
X_;d; +¢;, the one-step estimator being 25LS. For this design, these test statistics give a
clear indication of which factors are the spurious ones, with low rejection frequencies for

the spurious factors f; and fs.

Table 6: Rejection frequencies of robust SW J (3]) statistics at 5% level

T+ spur factors ¢ S f2 fs Ja s
200 0 1.0000 0.9870 0.9998 0.9999

1 0.9955 0.9257 0.9810 0.9862 0.0303

2 0.9802 0.8319 0.9446 0.9442 0.0263 0.0242
1000 0 1.0000 1.0000 1.0000 1.0000

1 0.9951 0.9947 0.9963 0.9961 0.0432

2 0.9879 0.9797 0.9835 0.9827 0.0353 0.0346

Gospodinov, Kan, and Robotti (2019) highlighted the problem of the presence of
spurious factors in the asset pricing models as proposed by Jagannathan and Wang (1996)
(C-LAB), that includes as risk factors the market excess returns (vw), the growth rate
in per capita labor income (labor) and the lagged default premium (prem), which is the
yield spread between Baa- and Aaa-rated corporate bonds, and as proposed by Lettau and
Ludvigson (2001) (CC-CAY), that includes the growth rate in real per capita nondurable
consumption (cg), the lagged consumption-aggregate wealth ratio (cay) and an interaction
term between cg and cay (cg - cay) as risk factors.

Table 7 presents the p-values for the uncentered robust over- and underidentification
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Table 7: P-values of robust over- and underidentification test statistics
‘ overidentification ‘ underidentification

KP Jy CD J(th> KP Jy CD

C-LAB | 0.389 0.406 0.684  0.000 | 0.438 0.447 0.700
CC-CAY | 0.936 0.921 0.949 0.001 | 0.944 0.947 0.956

Notes: Models and data from Gospodinov et al. (2019), Tables 5 and 6, Panels A.

Table 8: P-values of SW J (SJ) statistics

L vw  labor prem  cg cay cg-cay

C-LAB  0.420 0.000 0.394 0.661
CC-CAY 0.000 0.567 0.487 0.938

test-statistics for the two models, using the data as in Gospodinov et al. (2019) that consist
of monthly value-weighted gross returns on 25 Fama-French size and book-to-market
ranked portfolios for the 7" = 552 months January 1967 to December 2012. Centered
CD test statistics were reported in Gospodinov et al. (2017b, 2019). The KP and Jyp,
statistics further confirm the problem of underidentification in these two asset pricing
models. As expected, the invariant overidentification tests statistics do not indicate any
misspecification problems. However, the two-step overidentification test statistic J (Xh])
indicates that both models are misspecified in the sense that moment conditions (21) are
not valid, a conclusion also reached by Gospodinov et al. (2017b) on the bases of the
Hansen and Jagannathan (1997) distance statistic.

The SW variable specific underidentification statistics provide interesting additional
information, as displayed in Table 8. For the C-LAB model, only vw is correlated with
the returns R, whereas labor and prem could be spurious factors. For the CC-CAY model
all factors cg, cay and cg - cay could be spurious. These results line up exactly with the
model selection in Gospodinov et al. (2019) that selects vw as the only remaining factor
for the C-LAB model and no factors remaining for the CC-CAY model, with for both
these models the overidentification test statistics rejecting the moment conditions (21).

Following arguments similar to those in Manresa, Penaranda, and Sentana (2017),
the problems with these specifications can directly be inferred from the ranks of the

matrices H = [ w, FE(Ru;) | and E(Rx}).® For a combination of the factors to form

3 Appendix C performs related rank tests for one of the specifications for excess returns in Manresa
et al. (2017).
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Table 9: P-values of robust rank test statistics for H and E (R;z})

rank reduction KP Jor, CD KP Jor, CD

C-LAB 2 0.592 0.591 0.602 0.519 0.519 0.521
0.004 0.005 0.007 0.000 0.000 0.000

0.965 0.962 0.968 0.949 0.946 0.956
0.922 0.920 0.924 0.934 0.934 0.934
0.026 0.026 0.026 0.000 0.000 0.000

CC-CAY

W N[ W

a meaningful pricing SDF, it should be the case that r (H) = r (E (Ryx})) > 0. Table
9 provides results for sequential rank tests. A rank reduction of 7 > 0 indicates testing
Hy:r(H)=1+k, —jagainst Hy :v(H) =2+ k, — j, and Hy : v (E (Rx})) =k, — j
against Hy : 1 (E (Ryx})) = 1+ k, — j. It is clear that for both the C-LAB and CC-CAY
models, the reduction in rank in H is driven by the reduction in rank of E (R;x}). The
results indicate that v (H) = 3, r (E (R;)) = 2 for the C-LAB model and 1 (H) = 2,
r(E (Rix})) = 1 for the CC-CAY model, and hence neither provide meaningful SDFs,

which is the same conclusion reached above and by Gospodinov et al. (2019).

4 Conclusions

This paper has developed the links between overidentification tests, underidentification
tests, score tests and the Cragg-Donald and Kleibergen-Paap rank tests. This general
framework made it possible to establish valid robust underidentification tests for models
where these have not been proposed before, like dynamic panel data models estimated by
GMM. It is well known that these models may suffer from weak instrument problems, and
the example we examined for illustration did indicate that the model was underidentified.
An issue with robust underidentification tests is that there is no longer a link with testing
for weak instruments as in Stock and Yogo (2005), although Windmeijer (2019) provides
a link between robust underidentification tests and the behaviour of a GMM estimator
where the weight matrix is based on the first-stage residuals. Whereas a rejection of
the null of underidentification does not necessarily imply strong instruments, if the null of
underidentification is not rejected, this clearly suggests a problem with the identification of
the model. Also, if an invariant rank test is used for a test for overidentifying restrictions,

this test will not have power to reject a false null if the model is underidentified. Given
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the different behaviours of these test statistics in under- and weakly identified models,
it is recommended to calculate invariant and non-invariant over- and underidentification
tests for each application.

For future research, it is important to establish the behaviour of the tests in weakly
identified models, including those with many instruments. The CU-GMM based tests are
relatively insensitive to weak identification, see Newey and Windmeijer (2009). For cross-
sectional models with heteroskedasticity, the proposal of Hausman, Newey, Woutersen,
Chao, and Swanson (2012) and Chao, Hausman, Newey, Swanson, and Woutersen (2014),
using Jackknife LIML (HLIM) or Fuller (HFUL) together with their proposed T statistic
for overidentification appears a promising avenue, also for testing underidentification as

this is simply applying the T test to the auxiliary linear model.
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A A Two-Step Invariant Estimator and Test for Overi-
dentifying Restrictions

For estimating /3 in structural model (1) with first-stage specification (2), if IT were known,
then the natural just-identifying linear combination of instruments would be Z =2 IT,
which would be the efficient combination in the homoskedastic model. 2SLS and LIML are
asymptotically efficient in that case by estimating II consistently by I and I 1, respectively.

For a general known (2, the optimal combination of instruments for known II is
Z=270.'7'71
and the efficient IV estimator is given by

~ ~ -1
3 = (Z’X) Z'y
= (WZ'z0' 72 X) "' Wz Z20;} 7'y,

with limiting distribution, where @, = plim (Z'Z/n),
Jn (B - 5) 4N (o, (H’QZZQ;}QZZH)_1> . (A1)

For the 2SLS estimator and associated two-step GMM estimator, 11 is estimated by
OLS, = (2'2)"' Z'X, and the two-step GMM estimator is given by

~

~ -1 <
G, = (H/Z’Z(Z’H%SZ)”Z’@ 'Z2'Z(2'Ha,, 2) " Z'y

U2sls

—1
_ <X’Z(Z’HA Z)_IZ’X> X'Z(Z'Ha,, Z)"" 2y,

U2sls

1



which is asymptotically efficient with the same limiting distribution as the infeasible
estimator (A.1).
An optimal invariant two-step estimator based on the LIML estimators E ;, and I L is
given by
Bop = (ﬁ’LZ’Z (Z'Ha, 7)"" Z’X) 2z (2 H, 7). (A.2)
52 ; has the same limiting distribution as the optimal infeasible estimator (A.1) and is

invariant to normalisation. The Hansen J-statistic calculated as
J (B2L) =y, Z (Z' Hzp Z)” Z'r, (A.3)

S~ ~ . : : — - d
with Usr, = y — X8, is also invariant to normalisation, and .J (62L> — Xj._p, under

Assumptions 1 and 2 and further maintained assumptions.

A.1 CU-GMM as an Iterated GMM Estimator

Let IT* = [ my 11 }, " = [ Ty I }, m = vec (II), T = vec <ﬁ>, and T = vec (ﬁ*) For
the CU-GMM estimator we have the following result.

Lemma A.1 Consider the CU-GMM minimum distance estimators

(o) o () (% v (3) ()

and let Uy, =y — chu. Then

o~

~ -1 <
Bo= (M, 22(2'H5,2)" 2X) W, 2'2(2'H;.,2)" 2y,
Proof. See Appendix E. =

From Lemma A.1 it is clear that the main difference between the two-step GMM
estimator and the CU-GMM estimator is the estimator for II, with the two-step GMM
estimator keeping this fixed at the OLS estimator .

From the first-order condition for the CU-GMM estimator of II, we have for ﬁcu,

vee () = (G (Var, 3) " ) Gy (Vir, (7)) 7 (A4)

cu

~ R / ~
where C,, = [ Bow I, } ® I;.. Let B, be an initial consistent and normal estimator for
~ ~ ~ /
fand uy =y — XpB,. Let C} = [61 sz] ® I, and
1

vee (M) = (€ (var, (7)) C1) € (var, (7)) 7"

2



Then an alternative two-step GMM estimator is given by
~ ~ -1
B, = (H’lZ’Z (Z'Ha, 2)" Z’X) 27 (2 Hy Z) " Z'y,
and a general iteration scheme then is
~ ~ . 1 .
B = (22 (2H,2)" 2X) W22 (2'He,2) " 21y,

resulting in Bcu and Il,, if the scheme converges.

It is interesting to note that if 61 is not an invariant estimator, we obtain a sequence of
efficient estimators converging to an invariant estimator. If B1 is an invariant estimator,
for example the LIML estimator E 1, We obtain a sequence of efficient invariant estimators.

Note that therefore an alternative invariant two-step estimator to @2 ;. in (A.2) is given by
Bor, = (ﬁ’wz’z (Z'Ha, 7)"" Z’X>_1 0, 2'2 (%' Hay Z) " 2y,
where
vee (Tiz,.) = (Cp (Var, (7)) G, ) T8 (Var, 3Y) L7
with C, = [ BL Iy, ]/ ® I, and invariant Hansen test
I (Bor) = oy, 2 (2 Hayy Z) " i,

where sz, =y — X By .

B Testing for General Rank and the Arellano-Hansen-
Sentana [ Test

In order to provide the link to the Arellano, Hansen, and Sentana (2012) (AHS) test,
we return to the original structural and first-stage models (1) and (2). Specify w; =
( Y T ), and consider testing a general null hypothesis on the rank of IT*. For ease of
exposition, we consider the situation where there are two linear relationships between the

variables such that

E(zw) (¢ ¥y)) =E(zw)¥) =0,
or v (II*) = k, — 1. As in AHS, we start by standardising ¥ = [ 2 } Partition w =
[ y x1 Xo ] and IT* = [ my w1y } We then have the two equations

y = Xad,+¢y (B.1)
Ty = X253:+5:Jc (BZ)

3



and the test for overidentifying restrictions is a test for Hy : E (z;¢;) = 0, where here
/
E; — ( 5y,i 83571' ) .

Let Z, be any selection of k, — k, + 1 instruments, and specify

Yy = Xg(Sy + ZO’}/y + Ey
Ty = X25x + Zo%; + €4y

then a test for Hy : E(2}) = 0 is a score test for Hy : 7, = 7, = 0. Both equations are
again just identified, and hence the IV estimators for v, and v, are given by ( Yo Ve ) =
(Z(’)M;QZO)_1 ZQM)A(2 ( Yy T ), where )/(\'2 = Zﬁz. These IV estimators are also efficient
under conditional homoskedasticity, Var (¢;]z;) = ., by standard SURE arguments.

Let 31 = ( 3\;71 8\;’1 )/, with gy,l and gm initial IV/GMM estimators of §, and §, in
the restricted models (B.1) and (B.2), with &, = ( &,, &, )I the associated residuals.

Analogous to the test derived in Section 2, the robust score test statistic for Hy : v, =

v, = 0 is then given by
~ ~ s~ N1 ~
S, (51> — 2.7, (Z;Hgl Zz) 721, (B.3)

where Zy = I, ® Mg, Z,, %Zgg — N (0,93,.), where ¢ = (5;,5;)/ and n~! <Z§H51§2>
is a consistent estimator of {2z,.. Under the maintained assumptions and Hy, S, <gl> LN

X%(kz—kz—&-l)‘
The 2SLS based non-robust version which is valid in the homoskedastic case, has

ZQHQQSZSZQ = igws ® Z(')M)?QZO, and so

S (8\2815) = gésls <§/g21sls ® M)?ZZO (Z(,)M)/(\'QZO)_l Z;M)’EQ) ngls

_ o ! =
= Eouls <Z§2515 ® PZ) €2sls-

Let Z = (Io ® Z). For a general one-step estimator 31, the two-step GMM estimator is
given by

/
Sy Xog, (71 ')—1 [y — X0,
%-arg;}ry%i(xl_)(ﬂsx) Z\Z'H:; 7)) Z o1 — Xo0, )
with the Hansen J-test given by
o~ S N
J (52,51) .y (Z’Hng> 7’2,

= 5.(5).



Next let @1 ., and @QL be the LIML estimators of 1), and ,. These are obtained as
121 L = Sot 221[1] and @M S 21)[2] where vp; and vpy) are the orthonormal eigenvectors
associated with the 2 smallest eigenvalues of SoY QW’PZWEZUU ? and S, = W'W/n.
These estimates therefore have the normalisation @;Liwim = @;Liwfbn = 1 and
@;Liw;ﬁ\u = 0. Let € = vec (WCI\JL>, where U, = [ @11: @ZL ] Then the non-robust

score test statistic is given by
S <\TIL) =z (igj ® PZ) G2
However, as
S, = %\T/’LW’W\T/L = I,
it follows that
S (cI;L) = e + e,
the sum of the two smallest eigenvalues of So AW PZWXA];I/ 2,

|\ ~ . ~ o~
LA ] where Uy 4 is a 2 X 2 matrix, and let U] = \IIL\I/Zi‘ =

\PLB

-~

Next, partition \T/L =

I N N N N N
{ G, g1 } Then &} = vec (W\IJL) - (xpgy@@) 2, and Se = LUYWIWT; =
LA
W 0t and so
S (@L) — (igzl ® PZ) 2

€L
G (\TJ;, ® In> ((@LA\TJ/LA) ® PZ> (\ngj{ ® In> zL

We can now link this to the Cragg-Donald minimum distance criterion, with the result
that
7, — s, ' 7, — 1,4,
@) - | Tk (e mom )
T\ vee (HQ — Hg) vec <H2 — Hz)

and the resulting estimators [ SyL Sx L } = L B@Zip see also Cragg and Donald (1993).
Clearly, this is the invariant LIML based rank test statistic for testing Hy : r (II*) = k, —1
against Hy : 1 (IT*) > k, — 1.

Let 17 be the LIML estimator of IT,, and let Xo; = ZIlo; The LIML based Kleibergen-

Paap rank test statistic is then the robust score test statistic

~ ~ ~ —~ —1
5(5) = 7 (Fma ) 7
~ ~ ~ -1 -
— 2 7 <Z§LHgLZgL) 7 %5,

bt



where ZL =0L5L® M;(QLZO. Note that, as before, the estimator ﬁgL can be obtained

directly from the minimum eigenvalue LIML estimator T 1. Let U L= W L, then
N -1
Moy = (2/Mp, 2)  2'Mg, Xs.

The CU-GMM robust invariant CD rank test statistic is

!/

%, — 11,6, %, — 11,6,
J (B) ~ min 1 — 1120, Var, )~ | T -lbde | (B
M2:0y0e |- G <H2 — H2> vec <H2 - H2>

These test statistics are versions of the AHS I test statistic for underidentification
for the standard linear IV model. They are straightforwardly generalised to testing for
general Hy : 1 (IT*) = q against H; : r (IT*) > ¢, the resulting tests being score type tests of
the form (B.3), with the LIML and CU-GMM versions being invariant to normalisation.

B.1 Incorporating Cross-Equation Restrictions

One of the motivations of AHS for their I test was that it could incorporate cross-equation
restrictions. However, the robust CD rank test as formulated in (B.4) can incorporate
cross-equation restrictions. It is illustrative to consider Example 3.4 in AHS (2012, pp.
262-263). They considered a normalized four-input translog cost share equation system,

resulting in the equations

Yje = Bjap1t + Bjop2s + B33t + Vi,

for j =1,2,3,t = 1,...,T, and where y;; denotes the cost share of input j and p,, is
the log price of input j relative to the omitted input, and w; = (Y1 Y2t Ysr D1t Do p37t)/.

The symmetry constraints are given by

ﬁj,k = ﬁk,j J 7£ k.

Prices are endogenous and there is a k, dimensional vector of instruments 2, available to
instrument prices under the assumption that E (zv;,) = 0 for j = 1,2, 3. For this case we
have IT* = [ T, Ty, Ty Tp, Tpy Tpy | = | I, II, |. The test for overidentifying
restrictions Hy : E (zv;:) = 0 for j = 1,2, 3 is in this case a test for Hy : 1 (II*) = 3, which,
incorporating the restrictions, can for example be obtained as the CU-GMM criterion

!/

vec (ﬁy — HpB> Var, (%*))_1

vec (ﬁy — H,,B)
IIp,B vec (ﬁp — Hp>

vec (ﬁp — Hp)



with
Bi1 B Big
B=1| Bis Baa Pas
Bis Bas DBsgs

As IT* is a k, x 6 matrix, it is clear that the necessary order condition is that k, > 3.
Note that the degrees of freedom of the test is equal to k, x (6 —3) — (9 — 3), so even if
k, = 3, the model is overidentified due to the symmetry restrictions.

Next, consider the AHS underidentification test for Hy : r (II*) = 2. Let II,, =

[ 1, m,, ] and Il =[ 7, 7, |. We now add a linear relationship of the form

D1t = O2P2t + 03P3s + €14

and express the original equations in terms of ps; and p3; only. Hence,

Yjr = (@;2 + 5253*,1) D2t + (63’73 + 535]‘,1) p3t v+ Bj1E1

Then the robust rank test statistic for testing Hy : 1 (IT*) = 2, incorporating all restric-
tions, is given by

!/

- vec (ﬁ —1II QE) vec (ﬁ —1II QE)
J <Eu) — min e (Var, 7)) SO ,
vec (Hm — Hp2> vec (sz — Hp2)

Hp27

T

with
E — { Pro+ 02811 Bap+ 02815 Baz+ 02013 02 ]
B+ 03011 Bag+ 0301y Ps3+0381s 03
_ [ €1,1 €21 €31 €41 ]
€12 €22 €32 €492
and the restriction (e3; — e22) = es1€12 — €42€11. This shows that these parameter
restrictions can be incorporated directly into the CD rank test procedure.

Whilst the null hypothesis of the AHS test is clear, the main issue with this test
seems to be that it is unclear what a rejection of the null implies. Rejecting the null Hy :
r (IT*) = 2 in the example above does not necessarily mean that the model is meaningfully
identified, as it could well be the case that F (ze:1) = E (zv2:) = E (zv3:) = 0, but
E (zv14) # 0. As what matters for identification in this model is whether the instruments

can predict the endogenous prices, the more natural test for underidentification seems to

be Hy : E (ze14) =0 or Hy : r (II,) = 2 against H, : 1 (II,) = 3.



B.2 [ Test for Panel AR(2) Model

Arellano, Hansen, and Sentana (1999, 2012) considered the I test in dynamic panel data

models, in particular an AR(2) specification in first differences
Ayir = 0 Ay, 11 + Ay, o + Ay,

with moment conditions F [yf_QAuit} = 0, where yf‘z = (Yi1, - - - ,yi,t_g)'. Notice that
Ay; o is here an exogenous variable, perfectly predicted by the instruments, and the
standard test for underidentification is like the standard robust F-test for Hy : @ = 0 in

the first-stage equation for the single endogenous variable,
Ay; 1= 7Ay; 2 + 27 + &,

where Ay, _; is the T'— 3 vector (y;,—;), and Z is the matrix of sequential instruments
with one column removed. The robust score test is then a test for overidentification of

the (T'—1) (T — 2) /2 — 1 moment conditions

E [y (Ayii1 — 11AYii2)] =0, (B.5)

for t =4,...,T. Under the null of underidentification, 7 = 0, the test statistic will have
an asymptotic x? distribution with (7' — 1) (T' — 2) /2 — 2 degrees of freedom.

The I test considers testing for underidentification in the sense that there are multiple
solutions to the moment conditions F [yf’QAuit] = 0, which would be the case if the
autoregressive process contains a unit root, such that a; + as = 1. This is equivalent to
testing the null hypothesis Hy : r[m, 7] = 0, where 7, are the reduced form parameters
in

Ay = 1Ay o + Zmy + v
Because of redundancies due to the autoregressive nature of the process, see Arellano
et al. (1999, p 16), the I test is a test for overidentification of the (T"— 1) T'/2 — 1 moment

conditions

E [yf_2 (Ayis—1 — '71Ayi,t—2)} =0, (B.6)
for t =4,...,T 4+ 1. Compared to moment conditions (B.5), the I test adds the 7" — 2
moment conditions E [y} ~' (Ay;r — 7,Ayir—1)] = 0. These are not in (B.5) because

Ay, r is not part of the endogenous explanatory variable.



C Asset Pricing Model Example from Manresa et al.
(2017)

We can apply the methods developed here also to the setting of Manresa, Penaranda, and

Sentana (2017) (MPS) who considered asset-pricing model moments of the form
E (rax0) = 0,

where 7, are excess returns. MPS use the Arellano, Hansen, and Sentana (2012) approach
to estimate a basis of the subspace of SDFs compatible with the pricing conditions, instead
of a unique SDF (up to scale). Apart from testing the model itself, this basis estimation
allows to test important properties of all SDFs in that set, such as for some pricing factor
to not enter any SDF, or if all SDF's are uncorrelated with the cross-section of returns.
Maintaining that E (r;) # 0, let r(E (rx})) = kf +1 —d. When d > 2, there
will be a multidimensional subspace of admissible SDFs even after fixing their scale and

MPS proceed by estimating a basis of that subspace by replicating d times the moment

conditions:
Tyt 0
2,02 0
. - b
ri,04 0

imposing enough normalisation on the parameters to ensure point identification. For
example, for d = 2, MPS consider in their application with a model with three factors,

the following extended moments

B[ i el ] <o ©

where

f{2,t = ( Jie Ja ); f{?;,t = ( Jie Jfa )
MPS proceed to estimate the parameters §; and do by CU-GMM and obtain J <gcu) as a
test statistic for the validity of the moment conditions (C.1). Because of invariance, the

same test statistic is obtained from specifying the moment conditions as

Tt (1 - fé3,t5>{) } _
E [ e (f1e — f53,03) =9

where f;, = ( for  fa ) Therefore the J (gcu> test statistic is the same as the robust
CD test statistic for testing Hy : 1 (C) =k, — 2 in

!
l’t:CTt+Ut7
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following the exposition in Section 3, and is the general robust, CU-GMM based rank test
statistic as described in Appendix B.

Similar to the GKR specifications in Section 3.1, the MPS specification is underidenti-
fied if r (Cov (14, fi)) < kg, but an SDF is still economically meaningful if r (Cov (r,x})) =
r(Cov (ry, fr)) > 0. The robust CD test statistic for testing Hy : Cov (ry, fi) = q is
obtained as the test statistic for testing Hy : v (D) = ¢ in

ft = do + D/Tt + Vt.

The RANKTEST module for Stata (Kleibergen, Schaffer, and Windmeijer, 2020) re-
produces the test and estimation results as reported in e.g. Table 1 of MPS, where they
analyse the linear version of the model in Yogo (2006), with the SDF depending on three
factors: the market return, and the consumption growth of nondurables and durables.
Table C1 presents the results of the robust rank test statistics for a rank reduction of
2 and 3 for the matrices E (rz;) and Cov (14, f;). The results indicate the same rank
reduction of 2 for the two matrices, suggesting that the reduction in rank of E (ruz}) is
due to the reduction in rank of Cov (1, f;) and, as Manresa et al. (2017, p 16) conclude,
this suggests that the model is completely overspecified.

Table C1: P-values of robust rank test statistics for £ (r;z}) and Cov (14, ft)

E (rx)}) Cov (1, fr)
rank reduction KP Jor, cD KP Jor, CD
2 0.107 0.129 0.134 0.113 0.133 0.151
3 0.000 0.000 0.000 0.000 0.000 0.000

Notes: Model and data from Manresa et al. (2017), Table 1.

D Limiting Distribution of the Sargan Test in Un-
deridentified Models

The limiting distributions of the Sargan tests for overidentifying restrictions in the struc-
tural model (1), Sar (stls> and Sar (BL>, when r (z;w]), or equivalently r (IT*), is less then
k. have been derived by Kitamura (2006) for Sar <32515>, and the result of Gospodinov,
Kan, and Robotti (2017)) (GKR) derived in the context of linear factor models applies to
Sar (BL> As Sar <3L> is an invariant rank test, its limiting distribution is determined
by 1 (IT*) only, independent of whether the moments restrictions E (z;u;) = 0 hold or

10



not. In contrast, the limiting distribution of Sar <BQSZS> under rank deficiency depends
on whether the moment restrictions hold or not. These limiting distribution results hold
under standard maintained assumptions and conditional homoskedasticity.

Theorem 2 of GKR states the limiting distribution result for an asset-pricing model
with linear moment restrictions. From the proof (GKR, p. 1626) it follows directly that
the result holds for the minimum eigenvalue representation of Sar (BL) Let 1 (IT*) =

k. 4+ 1 —d, for an integer d. Then the result is that for d > 1,
Sar (BL) 4wy, (D.1)

where wy is the smallest eigenvalue of W, ~ Wy (k, — k, — 1 + d, 1), the Wishart distri-
bution with k, — k, — 1 + d degrees of freedom and scaling matrix 1.

When the moments F (zu;) = 0 are valid, , the result for Sar (BQSZS> as given in
Theorem 3.1 in Kitamura (2006, p 67) is,

Sar (E%m) % C x By,

%, %) and C' and B, are independent. As before,

where C' ~ X7 _, | Bq ~ Beta (
r(I1*) = k, + 1 — d with here d > 2. When d =1, B; = 1.
When the moment conditions are invalid, the result for Sar <E2sl3) as given in Theorem

3.2 in Kitamura (2006, p 71) is,
S (BQSlS) _d> C x [Bda

where C' ~ Xisz, 1By ~ Inverted Beta (g, %) and C' and IB,; are independent,
with here d > 1.

Figure D1 displays the limiting distributions of Sar (B L) and Sar <32315> for k, —k, =
7, for Sar (BQst> when the moments E (z;u;) = 0 are valid, for values of d = 1,2, 3.

Figure D2 presents the limiting distribution of Sar (Bgsls) when the moment conditions
E (zu;) = 0 are invalid, for the same values of d.

The densities for the LIML estimator are the same as in GKR, Figure 1, as the degrees
of freedom are the same. Clearly, with rank deficiency, the rejection probability for both

Sar (BL> and Sar (BQSZS> is less than nominal size when the moments F (z;u;) = 0 are

valid, with the discrepancy larger for Sar <B L> than for Sar <BQSZS>. Also, as Sar (EL> is
an invariant rank test, it has power equal to size if the moment conditions E (z;u;) = 0

do not hold, but r (IT*) = k,.
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Figure D1: Limiting distributions of Sar <BL> and Sar (32815>, for r (IT*) = k, + 1 — d,

k. — k, = 7. Moment conditions F (z;u;) = 0 are valid for Sar <B2sls :
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Figure D2: Limiting distributions of Sar <BQSZS> forr(Il*) =k, +1—4d, k, — k, = 7.

Moment conditions E (z;u;) = 0 are invalid.

In contrast, Figure D2 shows that when the moment conditions do not hold, the

limiting distribution of Sar (BQSZS) under rank deficiency is very different. Although the
test is no longer consistent, it still has power to reject the null. For this design, the
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power of the test at the 5% level in the limit is 0.881, 0.742 and 0.606 for d = 1, 2 and 3
respectively.

Table D1 presents the power of Sar <BQSZS> to reject the null in the limit at the 5%
level, for various combinations of the degrees of freedom k, — k, = [1, .., 5,10, 15, 20], and
rank deficiency d = [1,..,5]. As Kitamura (2006, p 74) shows, the limiting distribution
of Sar (BQSZS> when the moment conditions do not hold is equal to the distribution of
Cr.—k, Ck.—k.+1/Ca, where the independent random variables are distributed as C__x, ~
Xt —k> Chimkot1 ™~ Xio—pop1 and Cyq ~ x3. We obtained the rejection probabilities from
1,000,000 draws of the three random variables. As is clear from the results, the power of
the test is increasing in k, — k, and decreasing in d. When k, — k, = 20, the power is close
to one, at 0.996, when d = 1, and is still 0.917 when d = 5. For the Monte Carlo analysis
of GKR, as further detailed in Section 3.1, the degree of overidentification is around 20.

Table D1: Rejection probabilities, P (Sar <ﬁ2513> > Xzz—kx,o.%)

d
k., —k, 1 2 3 4 )
1 0.342 0.162 0.089 0.053 0.033
2 0.518 0.293 0.176 0.110 0.072
3 0.640 0.412 0.269 0.180 0.123
4 0.730 0.517 0.364 0.257 0.182
) 0.796 0.607 0.453 0.336 0.248
10 0.947 0.868 0.773 0.672 0.576
15 0.98 0.959 0.917 0.863 0.801
20 0.996 0.988 0.972 0.949 0.917

Moment conditions E (z;u;) = 0 are invalid.
Simulated probabilities from 1,000,000 draws of X%zf ks Xizf ks 1/ X%

It is clear from the above results that the invariant Sar <BL) does not have power
to reject Hy : E (z;u;) = 0 in underidentified models when the moment conditions are

invalid. This is clearly problematic when using Sar (BL> as a test for overidentifying

restrictions. However, this is of course less of a problem for the use of Sar <5L> as a test
for underidentification, and is also a reason why an underidentification test should be
reported. The underidentification tests described in Section 2 are for testing Hy : 1 (II) =
k, — 1 against Hy : r(II) > k, — 1. If r (II) < k, — 1, the limiting distribution results
given in (D.1) apply to Sar (3,;) and so the rejection frequency of Sar <5L> will be less

than nominal size. This implies that a higher degree of underidentification does not lead
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to erroneous conclusions for the test of underidentification.

E Proofs

Result 1
Proof. Consider the score test for Hy : v = 0 in model (3),

Yy = X6+Z07+u
= DO+ u,

withD=[X Z, | and0= (5 « )/. The full instrument matrix is Z = [ Z1 Z, |.
The null hypothesis can therefore be written as H, : R = 0, with R = [ Ok, Ik, ],
where Oy, is a (k, — k) X k, matrix of zeros. As the unrestricted model is just identified,

the score for all IV estimators in the unrestricted model is given by

s(E)zzf(y—Dé)zo,

with

)
I

(ZD)"" 2y
P -1
Var (9) - <D’Z (Z'HoZ) ™ Z’D) —(Z'D) Z'H.Z (D'Z) ",
where here u =y — D.

Let /Bl be any one-step GMM estimator of 3 in the restricted model, and let u; = y—X/ﬁ\l.
Then the robust score test statistic for testing the null Hy : v = 0 is given by

(51)_u1 (D'Z)' R (R(Z’D)—lz’HmZ(D’Z)*lR’) R(Z'D)" 7',

As

where

it follows that

. (3)) =mb (95) " w(

=
/N
)
-))
N—
|

o)

=
-)
/N
)
-))
N—
|

=)

N———

=
~~
o)
-)
N—
|

o)

)

As



it follows that
s, (51) = W\ Mg Z, (Z,MgHz, M5 Z,) " 7, Mgy,
But

Z' Mgty = Zly—Z'XB, — Z.Pey+ Z Pe X[,
= Z,Mgy,
and so we obtain

3, (E) =y My Z, (Z,MgHa, M Z,) " Z\ Mgy.

Next, let 32 be the two-step GMM estimator, and consider the following version of

the robust score test

S, (BQ,@) - WZ(D'Z)'R (R(Z’D)*lz’H@Z(D’Z)‘lR') R(Z'D)" 7',
= WMyZ, (ZMgHa Mg Z,) " Z! Mg,

As
7! My = Z. My,
it follows that
Sy <BQ¢B1> =5 <B1) :
The score of the two-step estimator in the restricted model is X'Z (Z'Hg, Z) ™" Z'ty = 0
and hence L'D'Z (Z'Hg, Z) ™' Z'tly = 0, where L' = [ I, Oy, |. As

-1
(Z'D)"* 25, = (D’Z (Z'Ha, 2) " Z’D) D'Z(Z'Ha, 2)" 2%,
and letting B = D'Z (Z'Hy, Z) ™" Z'D, we get
S, (BQ, Bl) = W,Z(Z'Hy, 2)" Z’DB'R (RB™'R) "  RB'D'Z (Z'Hz, 2)”" Z'tiy.
Because RL = 0, it follows that, see e.g. Wooldridge (2010, p 424),
B™'R (RB™'R)™ RB™
= B'-L(/BL)'L,
and so
~ o~ —1
S, (@2, 51> = WZ(Z'HaZ) ' Z'D (D’Z (Z'Ha, 2) Z’D) D'Z(Z'Ha Z)"* Z'0y
= W,Z(Z'Hy,2)"" 2",
= J (5%61) )
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where J (Bz, Bl) is the GMM Hansen J-test for overidentifying restrictions. m

Proposition 1

Proof. It is illustrative to first set G = I}, and F' = I, , hence © = II and o = II.
Order the columns of II such that II = [ I, m ], and likewise for I1. Further, let
Z = [ Zy Z, }, with Z; an n x (k, — 1) matrix, and Il partitioned accordingly as
I, = [ I}, I, ],. It then follows from the discussion in Kleibergen and Paap (2006,
pp 101-102), that for ¢ = k, — 1 and m = 15

Aq = Hg;Bq = [ ]kx—l (5 ]
Aqu == [HQ HQ&]

— (ITyy) ' IT _ - ~1/2
Aq,L = ( <IZ1)—k 20 ) <[d+H2on11 (H/21) 1H/20>

By = (1 =8 )/V1+85=¢/Vd,

where ¢ = ( R )/. For the test statistic, we can ignore the standardisation terms
(T —ry + TpoI05) (I1,,)~" 1’[’20)71/2 and (¢’¢)_1/2. It then follows that the test statistic is

based on

o~

Aq - |: —ﬁzgﬁgll ]kz—kz-i-l ]ﬁ/(\b/, (El)
where the estimators ﬁg and ﬁQS are determined from
zzl\q./éq — |: ﬁg ﬁgg] .

For this case where G = Ij, and F' = I, it follows that II, and J are given by

() =y ((2) - (%)) ((2)- ()

where my = vec (Ily), Ty = vec (ﬁQ) Exactly the same formula for Kq as in (E.1) is
obtained for general choices of F' and G, only the estimators Il, and & vary with F' and

G. Denote these estimators INIQVGF and gg r. Then the decomposition for O is

~

@ - GﬁF, - Aqéq + AA\(LLKQ/BSQ’J_
and hence
=6 "¢ (Eqéq + Eq,lﬁqéq,l) FF'F)™,
from which it follows that
(@)@ (4,8,) F(FF) " = | Thor Toarder |-
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with

) won () (%) e () (%))
|

Lemma A.1

Proof. Consider the following minimisation problem

gﬁ{l%((?)— ( T ))/(Ikﬁl@B)A(Isz@B)(( Ty ) - ( ™ >)

s.t. I —m, =1I"Y =0,

where as above IT* = [ m, II |and¢ = ( -1 f' )/. Aand B are (k, + 1) k. x (k. + 1) k,
and k, x k, symmetric nonsingular matrices respectively.
The Lagrangean is given by
1 ~% * A~k * *
L(w ) =5 & =7") (Iut1 @ B)A(le,1 ® B) (77— 77) + p/T,

and the first-order conditions are given by

aL(W*7B>M) T~
T = II'n=0
OL (", B, ) 9 = 0,
o
and
M — (1 ® B) A(I ®B)(A*—~*)—|—<171®~>—0 (E.2)
O ke+1 ke+1 T T w) =u. .

From (E.2) it follows that

(o1 ® B) (7 ~7) = A7 (@ B™) (bof)
— A (17; ® Ikz) B'L
Pre-multiplying both sides by <w ® I, > results in
(PoB) @ -7)= (P o )a" (for)B R
As
(Vo B) G -7) =B (i 1) § = BT,
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it follow that
~ ~ 1~

i=B ((w’ ® Ikz> AL (¢ ® Ik>) BIi*v,
and hence the solution for B satisfies
~ ~ - ~ 1N\t - ~ -1
G- (H’B (@ ® sz) A (¢ ® Ik)> BH) B ((¢ ® sz) A~ (w ® 1k>) B7,.
Let B = Z'Z and we choose for example A = (327, (w;w!) & (22]))”" for a heteroskedas-
ticity robust variance estimator of 7 under the null that 7* = 0.
We then get that (1? ® ]kz> AL ({L ® ]kz) = >0 U2z}, where u; = wﬂ?} = 1 — x;B,
and the solution for the CUE estimator satisfies

-1

n —1
'X| W2z (Z a”fzi,z;> Z"y.
=1

1

=1
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