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MENITA CAROZZA, JAN KRISTENSEN, AND ANTONIA PASSARELLI DI NAPOLI

ABSTRACT. We construct a trace preserving operator which improves the integrability of functions in Sobolev classes
refining the ones available in literature. As applications, we prove a C'>% partial regularity result for local minimizers
of quasiconvex integral functionals satisfying non standard (p, g) growth conditions in the borderline case p = n — 1
and ¢ = n, and a global integrability result for weak solutions to a nonlinear elliptic system.
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1. INTRODUCTION AND STATEMENTS

The aim of this paper is to construct a linear operator from W' into W1 which preserves the boundary
values and improves the integrability of the functions and of their distributional gradients. A suitable regularity
assumption on the boundary allows us to obtain an improved integrability result that, in certain aspects, refines
those available in literature (see in particular [23]). Our construction is similar to an approach used by Gagliardo
and we obtain the integral bounds expoliting an idea used by Hedberg for proving boundedness of Riesz potentials.
It relies on a convolution kernel operator that leads us to extend a function defined on R™~!, considered as the
boundary hyperplane of the n-dimensional upper half space R’} to the whole of R} . Thus

RY ={(z,y) : 2 € R y>0}, and R"'=R"!'x{0}={(2,0):2eR"'}.
In addition we denote by 37! the unit ball of R™~ !,
Bl ={zeR" ! |z| <1}
and consider a convolution kernel X € C2°(B"~!) such that
KdH" ' =1.
Rn—1
Put, forz € R* ' andy > 0,

Ky(z) = y' K (%)

and define the operator
(1.1) ET: fla) = Fla,y) = (Ky + f)(2),

where * denotes convolution of functions on R”~! (defined component-wise when f is vector-valued). Let us
recall the definition of the homogeneous Sobolev space WP = WHP(R", RY) for 1 < p < oo as the space of
locally integrable maps v: R} — RY such that Dv € L (R%, RY "), Our main result is the following:

Proposition 1.1. The linear extension operator £t defined by (1.1) maps W1P(R*~1 RN) continuously into
WEP(R%,RY), p > 1. Moreover we have for p € (1,00):

i) Iff e Whe(R* 1 RMNL" (R, RY) and q = p+ =14 then there exists a positive constant c depending
only onn, N, r,p such that

e
Lr(Rn—l 7]RN) .

(12) HF”%‘I*(Ri,RN) + ||DFH%G(R1,RN><H) S cHDinp(Rn—l’RNx(n—l))||f
1
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i) Iff e WhP(R* L RN)NBMO(R" 1, RY) and q = p+1, then there exists a positive constant c depending
only on n, N, p such that

(1.3) 1E N o gy vy T IDF N oy mvsny < DS gnr grvscen—vy I flBrro@n—1m2) -

iii) Iff ¢ WhP(R* L RMNCO*(R 1 RN ) and q = p+ 1= then there exists a positive constant c depending
only onn, N, o, p such that

1
(1.4) VI g ey + IDF I vy < DI g s 1150 e

* _ ng_ . . .
where as usual ¢* = P denotes the Sobolev conjugate exponent of q if ¢ < n, or any finite exponent if ¢ > n.

We transfer this construction to functions defined on spheres in R", as usual by the use of the stereographic
projections. This will allow us to connect two W1? functions in an annulus with a W function, for some
q > p. Itis well known that, when dealing with integral functionals with (p, ¢)-growth conditions, one of the main
difficulties is to construct suitable test functions and this is the motivation for our result.

Here, as an application, we will establish the C'»* partial regularity of the local minimizers of quasiconvex integrals

of the form
= / G(Dv(x))dz
o

where O is an open subset of some fixed bounded and open subset 2 of R”, n > 2, and v: 2 — RN N > 2 We
consider integrands G': RV*™ — R satisfying for some positive constants L, v > 0 the following hypotheses:

G:RN*" 5 R is C? (H1)

0<G(E) <LA+[E") (H2)

/ G(§+ Dy(z)) dz > /(G(f) +r(l+ \Dso(w)lg)?lD@(w)IQ) dz (H3)
Q

for every ¢ € RV*™ and for all € Wy (Q, R”Y). An example of a functional that is not convex and satisfies
the above assumptions in dimensions n = N > 2 is given by

nl

/ (1+ |Duf?)" = "+ |AdjDu
o

The quasiconvexity condition (H3) is a uniform strict form of the W!:"~!-quasiconvexity condition considered in
[3]. See also [32].

The notion of quasiconvexity, originally introduced in [42] as a condition, that under suitable growth conditions,
is equivalent to sequential weak lower semicontinuity, has nowadays become a common condition in the vectorial
calculus of variations.

The study of regularity of minimizers of quasiconvex integrals started with the celebrated paper by Evans [20]
and has subsequently been studied by many authors (see for instance [28, 1, 11, 7, 12, 13, 30, 17] for results
under standard growth condition). We recall that for vector valued minimizers the regularity results are only
partial, meaning that they are obtained outside a negligible relatively closed subset of 2. This state of affairs is
even unavoidable for the case of regular variational problems (i.e. strongly convex integrands) by well-known
examples, see for instance [15, 43, 48, 41].

The assumptions (H1)— (H3) clearly entail a (p, ¢) growth condition with p = n — 1 and ¢ = n. The study of
the regularity of minimizers of such functionals started with the celebrated papers by Marcellini (see in particular
[36, 38]) and has since attracted much attention. From very early on it has been clear that no regularity can be
expected if the coercivity and growth exponents, denoted p and g, respectively, are too far apart (see [27, 37]). On
the other hand, many regularity results are available for convex integrands if the ratio ¢/p is bounded above by a
suitable constant depending on the dimension n, and converging to 1 when n tends to infinity (incl.[2, 4, 5, 6, 8,
16, 18, 19, 21, 34, 39, 40, 44]).
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The first papers regarding the non convex (p,q) growth case are due to Fusco and Hutchinson ([24, 25]).
More precisely, they considered polyconvex integral functionals satisfying a (p, ¢) growth condition of the type
n — 1 < p < g = n. We emphasize that their techniques can not be used to treat the general quasiconvex case.

More recently, the general quasiconvex case has been addressed in a series of papers by Schmidt ([45, 46, 47])
under a (p, q) growth assumption of the type p < ¢ < p 4+ min{X, Z}. Here, as an application of the trace
preserving operator, we give an extension of one of the results by Schmidt ([45]) to the case p = n — 1, ¢ = n and,
in this way, we cover what appears to be a borderline case. At least this is so for the corresponding situation in
the Lebesgue-Serring-Marcelini set-up, where the functional is defined by relaxation from smooth maps (see the

example of Maly [35]).

1,n—1
oc

Definition 1.1. A map u € W, (,RYN) is a local G-minimizer if

/O G(Du)dz < / G(Dv) dz

o
forany O € Q and any v € Whn=1(O,RY).

Recall that quasiconvexity in connection with the growth condition (H2) implies

[DG(E)] < c(1+[¢"71). (H4)
(for the proof see [36], Step 2, p. 6).
Moreover, the strict uniform quasiconvexity condition, stated in (H3), implies the strong Legendre-Hadamard
condition (see [42]), that is:
(1.5) D?G(A)(b® a,b® a) > v|b|?*|al?

for all b € RY, a € R™, where as usual b ® a is the N x n matrix with entry b"a® in row 7, column c.

Remark 1.1. [The Euler-Lagrange system for ¢ < p + 1.] If w is a local minimizer of the functional T and
¢ € CL(Q,RN) we get by use of (H4) and the minimality condition that for any € > 0:

e ;
0< /Q [G(Du+ eD¢) — G(Du)|dz = ¢ /Q /0 @(Du +etD¢) Dy dt dzz

where the usual summation convention is in force. Dividing this inequality by €, and letting € \, 0, we infer from
(H4) since ¢ < p + 1, that
oG

¢}
Q «
Consequently, u is a weak solution to the Euler-Lagrange system for 1L:

oG
a0,

(Du)Dy¢' dz > 0.

(Du)Dy¢' dx =0 Vo € CHQ,RY).

We recall that the connection between G-extremality and G-minimality has been considered in [9], [10] for convex
integrands, under more general assumptions on the growth conditions of GG. Actually in these papers it has been
proven that minimizers satisfy the Euler-Lagrange system assuming that the convex integrand is only superlinear
at co without any growth assumption from above.

Notice that we do not assume any growth condition on the second derivatives of G and that they do not follow
from our hypotheses (H1)—(H3). Instead we observe that since G is C2 we have for each M > 0 the bound

(1.6) sup{\D2G(A)| LAl < M} = Ky < 0.
We will prove the following C'+“- partial regularity result for local G-minimizers.

Theorem 1.1. Let G satisfy the assumptions (H1), (H2), (H3). If u € Wli’cn_l(Q, RN) is a local G-minimizer;
then there exists an open subset 2 of §) such that

meas(2\ Q) =0
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and
ue Ch¥(Qo, RY) forall a<1.

loc

The second application of the trace preserving operator concerns integral bounds for weak solutions to a non-
linear elliptic system and is presented in Section 4.
Acknowledgement: M. Carozza and A. Passarelli di Napoli are members of the Gruppo Nazionale per 1’ Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (IN-
dAM).

2. AN EXTENSION OPERATOR

The aim of this section is to give the proof of our main result from which we will deduce that two W functions
can be connected in an annulus with a W14 function, for some ¢ > p (see Lemmas 2.1 and 2.2 below).

Proof of Proposition 1.1. Because F(x,y) — 0 uniformly in 2 € R"~! as y — oo, it follows from the Poincaré-
Sobolev inequality (when ¢ < n) that

”FH%‘I*(]R;‘_,RN) < c(n7N7Q)||DF||%Q(R17RNXTL)‘

Obviously, when ¢ = n we will have a BMO bound and when ¢ > na (1 — %)-Hdlder bound. Hence we can
confine ourselves to estimating only the derivatives of F'. Carrying out the differentiation gives

Dy F(z,y) = (Kyx Dy, f)(z)
1
2.1 = ;((Dmi’C)y * f) (z),
where clearly D, K € C°(B" ') and [;,, Dy, KdH" ™' = 0. Likewise we may write
1 - -
(2.2) D,F(x,y) = ;(KU * f)(z) with K =—(n—1)K(z) — DK (x).z.

Note that K € C°(B" 1) and fRn,l KdH" ! = 0. Moreover, the definition of F' and a simple change of variables
yield

(2.3) DyF(z,y) = — RnillC(z)(Df(a: —yz),2) dH" ().

First we observe that one easily gets that the operator £+ maps WP (R"~1, RY) continuously into YW (R%, RM).
Namely, for each fixed z € R”~!, we have
K(2){Df(z = yz), z)dH" " (2)

(e’ 1
/ |DyF(z,y)Pdy = /
0 0 | Jre—1

- h [ @ =)

c(m)|IKIG M(IDS])? () + e(n) Kl M(If1)P ().

p
dy

p
dy

(2.4)

IA

Here and in the following we denote by M (g) the Hardy-Littlewood maximal function of g. Integrating (2.4) over
x € R™! and using the maximal theorem we obtain

@5 | PPl drdy <cnNp) [ (DF@P+17@P) de.

Rn—1

Similar bounds hold for the other partial derivatives. Next step is to prove inequalities (1.2)—(1.4). To this aim
we prove a corresponding inequality for each fixed x € R™"~! and then we integrate the result with respect to .
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We will examine only the y-derivative of F', since the computations for the other partial derivatives are analogous.
First write

/ |DyF(z,y)"dy = / K()(Df(x — yz), 2)dH" " (2)| dy
i 0 Rn—1
i /500 /R'Hiky(z)f(x —2)dH" " (2)| dy

(2.6) = I+II

In order to estimate the term [ it suffices to observe that

o q
/O (/BM IK(2)|Df(x — yz)|dH" (z)) dy
c()||IK||% o M(IDf)4(x)0,

where M (D f) is the (Hardy-Littlewood) maximal function of D f. We shall estimate the term I in three separate
cases.

Case I: f € WEP(R"=L RN) N L"(R* 1, RY).

Thanks to Holder’s inequality and the assumptions on C and f, we have that

I

IN

2.7)

IA

r—1

oo 9=
II < IIfI%r/ y~ " / T (z>d’H”1(z) dy
5 Rn—1 y
~ S r—1
< )KL 12 /5 yrayn=DazEt gy
(28) < eln,q,r)|[K] g lfIIg, 0O

where we used that, since the support of K is contained in the unit ball of R"~!, then

”

Kt (y> AU (2) < c(n) K| ey

Rn—1

and also that, by virtue of the assumption on the exponent ¢, we have that —ng + 1 + (n — l)q%1 < 0. Now, if
we choose

T

§ = <M(||I£HfL|)(x)> i

in (2.7) and in (2.8), we obtain that

2.9) I+ :/ |DyF(,y)|" dy < e(n,q, 7, [Kl| o) | £ £ 7 M(ID )9 755 ()
0
Integrating (2.9) with respect to x € R”~, we get
(2.10) |DyF(z,y)|*dz dy < ¢(n, N, q,r, | K|l o)l FlI £ / [DfIP () dz
R7 R
provided ¢ = p + ;=17 by virtue of the maximal theorem.
Case 2: f € WLP(R"! RN)N BMO(R" 1, RY).
Denoting by f5 the mean value of f on the ball B(0, |y|), we have that
q
oo 1 ~ e
o= [ SR - i) dy
5 Re—1Y

IN

q
][ f(x—Z)—fBIdH"‘l(z)> dy
B(0,]yl)

()[R /:t(
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IN

() [R1% | 1% nro /5 ydy

@11) c(n, Q)IKN7 <1 fI5arod 7.
Then, inserting (2.7) and (2.11) in (2.6), we get

/Om|DyF<x,y>|qdy < e(n) K% M(DF) ()5

(2.12) +(n, Q) IK NS 1 152007

It is easy to verify that for

IN

§ = |[flzaoM(IDf)~" (x)
the following equality

M(IDf)* ()8 = || f15arod"~

is satisfied. Then inserting such 4 in (2.12) we obtain
(2.13) / |DyF (@, y)|* dy < e(n, g, IKl|=) | f Earo M (IDF) ().
0
Now, integrating both sides of (2.13) with respect to 2 € R"~! and using the maximal theorem, we get

Dy F(z,y)|" dz dy c(n, @) IKN L IIfIIBMo/]R MDD () da

IN

R}

IA

.14 c(n. N0l | flsaso | IDSP(e) da

provided ¢ = p + 1.
Case 3: f € WLP(R"—L RN) 0 COx(R*~1 RY).

Thanks to our assumptions on C, we have that
1 3 —
[ A= 2) — a2

I = /
5 n—1y
[o'e) q
112 | ( /. |zcy<z>|w1<z>> oD gy

(2.15) c(a,n, @) | Kl || £l oo 87D,
Then, inserting (2.7) and (2.15) in (2.6), we get
/ [DyF(z,y)|"dy < c(n)||K|7=M(Df])*(x)é
0

(2.16) el n, ) |K) o 1 f 11,8,

If we choose

q
dy

IN

IN

5 = M(DJ)= (@)|| ] 5
then
MDY ()3 = ||l o d*HE00.

Thus inserting such ¢ in (2.16) we obtain
e 1
2.17) / Dy F(z,y)|*dy < c(a,n, q, IIICIILoo)IIcho WMD) e ()
0
Now, integrating both sides of (2.17) with respect to 2 € R”~! and using the maximal theorem, we get

/|Dny>|dedy < o, g, IK]oe) IIfIICOa/ M(DF)*™ 5 (2) de
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@.18) < o N [RIIAIGE [ DS ds

provided ¢ = p + —
In order to conclude the proof it is enough to observe that estimates (2.10), (2.14), and (2.18) hold true for all the
derivatives of F'(x,y), then summing up we conclude with (1.2), (1.3), and (1.4), respectively. Il

Remark 2.1. Observe that letting r /* oo in (1.2) we obtain an estimate analogous to (1.3), where ||f||prro
is replaced by || f||L~. Moreover, if the function f € WLP(R"“L RN) for a p < n — 1, but does not satisfy
any other regularity assumption, then by the Sobolev embedding theorem we know that f € L"(R"~1 RY), with

r= 51"7 VP 1 this case the exponent of improved integrability is given by q = 7, which is exactly the borderline
case determlned by Lemma 2.4 in [22]. However, note that our result holds true also for the borderline exponent
q = 55, whereas for the result in [22] the exponent q has to be strictly less than 5. The borderline case was

also dlscussed in[31].
We also note that if f € Wn=1(R"~1 RN), then Sobolev’s embedding theorem implies that f € BMO(R"~1 RY).
Hence any map f € WEn=HR"~1 RYN) can be extended to a map F belonging to W' (R7, RN) and

HDF||Z”(R1,RN><”) < C(nvN)”Df”rll,n*l(]R"*l,RNX(nfl))'
For further needs we now prove the following

Proposition 2.1. The linear extension operator ET defined by (1.1) maps W12(R*~1 RN) continuously into
wi2 (R%, RY). Moreover we have that there exists a positive constant ¢ depending on n, N such that

(2.19) IDF |72 @p znsny < el DSz a1 gvxcn-n)-

Proof. By the definition of F'(x,y) and by virtue of the equality (2.2) we have that

/n D, F|?dady = /*”/ r f|2 ydx
- /om /R, |’€yl2\ﬂ23—§dx
=[] Rworifor
+oo
/‘“/ perer de /ﬂ / wel I F @) ydg

C/R 71|f||f(§)|2 d¢ < CHfHWl/?’z(]R”*l,RN) < CHDfHLZ(]R"*,RNX(“*l))7

IN

where the symbol T denotes the Fourier transform of h and we used that
= . 1
Kol < emin { ol 7}

It is now routine to construct linear extension operators from smooth hypersurfaces in R™ with similar mapping
properties. Here we shall confine ourselves to spheres where the previous construction can be transferred by use of
two stereographic projections and a standard covering argument. Our results can be translated into the following

O

Corollary 2.1. Let v € WP(Bg,RN), with p > 1. Then there exists a function © € WP (R™, R™) such that
=0 on OBpg
and

j) ifv e L"(0Bg,RY) with (Ln 11)2 <r < 400, then

(220) ||la||%q*(Rn\BR’RN) + ||DUHL(I(R7L\BR7RNXH) < c(n, N7pa )”DU” P(OBR,RN X (n— 1))HU
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where g = p + — 1+T
ji) Ifve BMO(OBg,RY), then

(2.21) HT)H%q*(Rn\BR,RN) + ||D6||%Q(Rn\BR’RNXn) < C("vva)”D’U”ip(aBR,RNx(nfl))HU”BMO(??BR,RN)?
where ¢ = p + 1.

jip) Ifv e C%*(0Bg,RY), then

2.22) ||3|]

La* (R"\Bg,RN) + ||D6||%Q(R"\BR,RNX") (n N (% p)HDUH

6BR RN X (n— 1))H’U||C’0 O‘(aBR RN)7
where ¢ = p + ﬁ

Via the inversion in the sphere we get also

Corollary 2.2. Let w € WP(Bg,RYN) with p > 1. Then there exists a function w € WP (R", RN such that

W= w on OBg
and
h) ifw e L"(0Bg,RY) with % <1 < 400 then, for every v € (0,1)
(2.23)

- - 1
D15 0x (505 ) T DD 1 vy < ?c(n,N,p,T)\\DwHip(@BR)RNX(n oy 1wl -t p mvys

where ¢ = p + —

—1+4r"

hh) Ifw € BMO(OBg,RY) then, for every v € (0,1)
(2.24)

- - 1
||w||%q*(BR\B_YR7]RN) + HDw||%q(BR\B_YR)RNXn) < ?C(nvva)H‘DwHip(aBR’RNX(n—l))||wHBMO(33R,RN))

where ¢ = p + 1.
hhh) Ifv € C%*(0Bg,RY) then, for everyy € (0,1)
(2.25)

1
< ?C(H,Nﬂl,p)HDwH

Hw”qL‘l*(BR\Bn,R,RN) + HDIDHqu(BR\BWRRNXn) = LP(8BR,RN x(n— 1))”ch0 *(dBR,RN)

whereq:p—f—%

Proof. Let us consider the inversion in the sphere S" 11% = 0By, R, i.e., the map defined as

r— T
II(z) =xo+327|x7x00|2 z € R™\ {xo}.

Recall that IT is a conformal mapping of the Riemann sphere R™ onto itself. Furthermore

R2
(2.26) |H(I) - JL'0| = |$ _ LL'()|
and
R?|x —
(227) (@) - T(y)| = — ==Y

|z — @olly — @0l
Thanks to (2.27), II is a bilipschitzian mapping of any ring domain Br \ Byg (0 < v < 1) onto itself and the
Lipschitz constant is 712 At this point it suffices to set

w(y) = w(Il(y)),
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where w is the function determined by Corollary 2.1 corresponding to w and observe that
- C
|Dw| < —[Dw|.
Y
O

Now, if we combine estimates (2.20) and (2.23) in Corollary 2.1 and 2.2 respectively, we can prove the following

Lemma 2.1. Let v, w € WP(B1(0),RY) N L"(B1(0),RY), p>1and 0 < s <t < 1. Ifp < q < p+ 1, there
exist a function z € WP (B1(0),RY) and numbers 0 < s < s’ <t' <t < 1, depending on v, w such that

sy <y
— s —s
g = <
and
= v  on By
|\ w onB;\ By
Moreover
tQH’U QTI) t2||w QTP N
/ |Dz|9dz < C D / |DvlPdx | +C e / | Dw|P dx
B,\B, s2(t—s)1t = \UB.\B. s2(t—s)t T = \UB\B.
and

q

* - t2||’U| LT 3B /) t qu /)
127" dz < 008 Dol de | + C—— 950 |DwlPdz | |
By\B.s s3(t — s) Bi\B. s2(t — s) B:\B,

where C' = C(n,N,q,p) and g = p +

n— 1+7

Proof. Fix 0 < s < t < 1 and define the set

4
Eoi=1pe(si): / Du() i (z) < / Du(a) P da
aB =5 JB,\B,

A

P

and/ |Dw(z)|P dH" 1 (z) < i / |Dw ()P dz » .
oB, t—5 /BB,

One can easily check that |E; ;| > 5% and therefore we can fix radii s',¢' € E,; such that s’ < ¢’ and ' — s’ >
=5 Using Corollary 2.1 there ex1sts a function o € WHP(R" RY) such that

A

U= on OBy

and

||17H(2q* (R"\B,/ RN) + ‘|D17H%q(R'VL\BS/7RNX7L) < c(n,p, T)||DUH€/P(8BS,7RNX”) ]9
Therefore, by the definition of E ; , the previous estimate in particular gives

4

/ o7 dr |+ / D da

B,\B./ B,\B./

) c

%vf@BS,RN) <t S /Bt\B |Dv|pdx> .

On the other hand by Corollary 2.2 we also have that there exists a function @ € WP(R", RY) such that

(2.28) < vl

W =w on OBy

and

||w||7:q*(3t,\37t,,RN) + ||Dw||qu(Bt,\BW,RNXn) < —c(n, N,r p)”Dw”m OB, RN X(n-1)) Jw]|7. Lr(aBt/ RN

Q‘,_.
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for every v € (0,1). Hence, again by the definition of F ;, the previous estimate in particular yields

q

/ |w]4" da + / |Dw|? da
B,/ \B,/ B,/ \Bg,s

_ c
(2.29) < wld b, v (H /Bt\B | Duw|P dx) :

Define the map

v on By
z= (t,_lx‘)gt(s‘,m‘_s,)m on By \ By
w on B; \ By.
A direct computation shows that in By \ By
(2.30) |D2|t < C (Do) + [Daf? + M)
. < W —s))

Then combining inequality (2.30) with estimates (2.28), (2.29), using Holder’s inequality and the fact that ¢’ — s" >
=2, we easily get

t2
D:fida < C i 018 vy [ DU d
/Bt,\BS/ $2(t— syl (OB b,
t2 -
(2.31) + 052(15— 3)1““1("71) ”wH%rﬁ’)Bt/,RN) /B 5 |Dwl” da.
The other estimate follows similarly. g

Remark 2.2. Notice that arguing in the same way we can connect two functions in W1P(By(0), RV )NL>(B;(0), RY)
or WHP(B1(0),RN) N BMO(B1(0),RY) or in WHP(B1(0), RY) N C%%(B;(0), RY) with a function W4 in
a ring domain of B1(0), where q is determined by Theorem 1.1.

In particular, when the two maps belong to W1»~1(B;(0), RY), the connection between them is a W™ map

in a ring domain of B1(0). In this case the regularity assumption on the traces is guaranteed by the borderline
Sobolev embedding theorem. Namely, we have

Lemma 2.2. Let v, w € W= 1(B1(0),RY) and 0 < s < t < 1. There exist a function z € W1(B1(0), RN)
and 0 < s < s’ <t' <r <1, depending on v, w such that

L2S cp <t
and
L v on By
| w onBy\ By
Moreover
t2 =
/ |Dz|"dz < C—l(/ | Dv|™~ dx)
n+——
By\B, s2(t — s)"" -1 \JB,\B,
t2 =
o ([ purtas)™
s2(t — s)"ta=1 \paB,
and

IN

2 =
/ |z|" dz Cﬁ</ |Dv|" ! da:) '
By \By/ 82(t - S) n-t B:\Bs

n

t2 o
+Cﬁ(/ \Dw|"_1dx) .
s2(t — s)"=1 \JB,\B,

where C = C(n, N).
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3. A PARTIAL REGULARITY RESULT

In this section we shall prove the partial regularity result of Theorem 1.1. As usual, we shall use a linearization
argument aimed to establish a decay estimate for the so called excess functional, that measures how the gradient
of a local minimizer is far from being constant in a ball.

3.1. Caccioppoli type estimates. The aim of this section is to prove a Caccioppoli type inequality for minimizers
of the rescaled functionals defined in Lemma 3.1 below. The inequality can be viewed as a perturbation of the
classical Caccioppoli inequality. For our purposes the important point is that the additional terms do not affect the
blow-up procedure.

We start by observing that the weak bound on the second derivative at (1.6), via the following result from [1], it
suffices to control the growth of certain rescaled functionals that appear in our proof.

Lemma 3.1. Let n > 2 and let G: RV*™ — R be an integrand of class C? satisfying
GOI<LA+[E")  and  |[DG(E)] < c(1+]€")

Then for every M > 0 there exists a constant 3 = (M) such that, if we define for X > 0 and A € RN*" with
|A| < M the shifted and rescaled integrand

G3.1) Gar = 331G(A +26) ~ G(4) ~ ADG(A)g]
then
(3.2) Gan©] < BUER + A"2[¢]")

IDGAA(©)] < BN+ A"2[¢" 7).

Now, we are ready to prove the following

Theorem 3.1. Let G4\ be a the function defined in (3.1) and let v € Wé’cnfl(Bl(O), R™) be a local Gax—
minimizer. Then there exists a positive constant ¢ = ¢(n, N, 3,v) such that
2 n

][ (|Dv|2—|—)\"7‘3|Dv|”71> dz < c][ %dx—i—c(r))\%(/\"fzs/ \Dv|"71dx>ﬁ,
B, Bor T Bar

1
Jorevery) <1 < 3.

Proof. Fix 0 < 2 < s <t < 7 < 3. By Lemma 2.2 there exist a function = € W'"(B;(0),R") and

s < s’ <t <t,depending on v such that

Lo oy <t
g = <
and
| v onBy
= v on Bl \ Bt/
Moreover
1 T
(3.3) / IDz"dz < 67(/ |Dv|”*1dx) "
B,/\B.s (t —s)"T7=1 \JB,\B.
and
n 1 L \EEr
(3.4) l2|"de < 07L< Dol dx) 7
By \Bg (t - S) n-t B¢\ B

where ¢ = c(n, N). Fix now a cut-off function € C§°(By), such that n = 1in By and [Vn| < <. Since

s’

nz € VVO1 el (By ), the strict uniform quasiconvexity of G stated in (H3), implies

,,/ (|DU\Q+A”*3|DU|"*1)dxg/ Gar(Dn)) de
B, By
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Ga(Dv) dx—i—/ Gax(D(nz))dz

B B,\B,/

< / GAADv)dx—/ Gar(Dv) +ﬁ/ D(n2)[? + X=2|D(2)") da
/\B 4 t/\B /
< / Gar(D((1 - )z))dx—/ Gar(Dv)dz
Bt’\Bs’
+6 (1ID@=)2 + A2 D(2)") d
Bt’\Bs’
< B (ID((1 = m2)P + X"2ID((1 = m)2)]" ) da
Bt/\Bs/

+5/B 5 /(ID(nz)IQ + )\"_Q\D(nz)rl) Az

- / GA)\(DU) dz
By \Bygs

(3.5) = I+IIT+1I1I.

In previous estimate we used that nz = v on the ball By, , the minimality of v and the growth condition (3.2).
Using the properties of 7, we get

2 ‘Z|n
[+11 < (D22 + A2 D2 )a / (7|Z| L.
L A et AW (e T DL
Reasoning as in Corollary 2.2, thanks to Proposition 2.1, we evaluate the L?—norm of Dz, as follows
(3.6) / |Dz|? < c/ | Dv|?
B, \By/ B\ Bs
and

37) / 122 < c/ o2,
B,/ \B,/ B¢\Bs

Using (3.3), (3.4), (3.6) and (3.7), we get
Kl

I+1I < c/ |Dv|2dx+c/ A de
B\ B, B, (t—3)

G s ([ ipurtas)™

n

(t—s)n-1
In order to estimate I11, we recall that, by virtue of definition of G at (3.1), we have

1 1
Gar© = [ [(D*Ga+ s asar

Therefore, we have

111 = GA’)\(D’U)— GA’)\(DU)

/(Bt/\BS/)ﬂ{|)\Dv|<1} /(Bt/\BS/)ﬂ{|/\Dv|>1}
11
—/ //(DQG(A—l—stADv)st,Dv)dsdtdx
(B, \B,)n{IADvl<1} 0

1
-5 / G(A+ ADv) — G(A) — DG(A)ADv
(By \Bgy)N{|ADv|>1}
< km | Dov|?

(BA\B.)N{|ADv|<1}
1
+—

v/ G(A)] + IDG(A)ADY|
(BA\B)N{|ADv|>1}
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1
< b [ DoPdes g (IG(A)] + [DG(A)) | Dof? da
(BA\B.) A® J(BABIN{IADY[>1)
(39) S ki]\/[/ |D’U|2.
B¢\B;

Inserting (3.8) and (3.9) in (3.5), we get
”/ <|D”|2 + A"‘3|Dv|"‘1) da < v/ (\Du|2 + /\"‘3\Dv|"‘1> da
Bs

s/

2
< cmM/ Ddex—&—c/ [v] dz
( ) Bt\Bs‘ | B, (t—s)?

(3.10) +%A"—2(/ \Du|"—1olgc)m
B,

n

(t—s)n—1
We fill the hole by adding to both sides of (3.10) the term
e(n, M)/ (|Dv\2 + )\”’3|Dv|"*1) da

s

thus obtaining

/ (|Dv|2 + )\"_3|Dv\"_1) dz
B

2
< 0/ (\Dv|2+)\”73|Dv|”71) dz+c/ id 5 dz
B B, (t—)

(.11 +%)\n72(/ \Dv|n71dx)m
B,

n

(t—s)»1
with 6 < 1. A standard iteration Lemma (see [29]) yields
2 _n_
/ (|Dv|2 + )\”73|Dv\"71> dr < c/ % dz + c(T)A% (/\"73/ | Dy|" 1 da:) "
B B, T B

T T
2

We conclude the proof, dividing previous inequality by |B| . 0

3.2. The decay estimate. As usual, to get the partial regularity result stated in Theorems 1.1, it suffices to have a
decay estimate for the excess function U (¢, r) defined as

U(zo,7) :][ (1D~ (Du)ey [ 41D~ (Du)y ")
Br(g)

The desired decay estimate is established in the next Proposition.

Proposition 3.1. Assume that v € WliCp(Q) is a local minimizer for an integrand G: RN*" — R satisfying
hypotheses (H1), (H2), (H3).
Fix M > 0. There exists a constant Cpr > 0 such that for every 0 < T < i there exists ¢ = (1, M) with the

following property. If
|(Dw)gyrl <M and  Uzo,r) <e,

then
(3.12) Ul(zo, mr) < Cprr2U (20, 7)

Proof. Fix M and 7. We shall determine C'j; later. We argue by contradiction assuming that there exists a sequence
of balls B,, (z,) satisfying

B, (zn) C Q, [(Du)gy, | < M, li}an U(zxp,rn) =0,
but
(3.13) U(zp,1ry) > C]*WTQU(mh,rh)
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Set
Ap = (D’U’)Ih,ﬂ“h an = (u)aﬂhﬂ’h, >‘i27, = U(‘Tfﬂrh)
Step 1 (Blow up): We rescale the function « in each B,, (x}) to obtain a sequence of functions on B; =
B1 (0) Set
vn(y) = 3 [u(xn +ray) — an — ThARY], Y € Bi.
hTh
Then v, € WP (B;) and
1
Don(y) = -[Dulan +ray) — Al
Clearly we have
(Dvn)o1 =0, [Ax] <M,
and
U(xp,r n— n_
(3.14) % =][ (|Dvh\2 + A773| Doy | 1>dy —1.
h B,
Then, passing possibly to a subsequence, we may suppose that
(3.15) vy — v weakly in Wl’Q(Bl)
and
(3.16) A — A
Step 2 (v solves a linear system): Now we show that
0%G ; i
(3.17) / ——(A)Dpv! Dad'dy = 0 Vo € C3 (B, RY).
B1(0) 0,085

The minimizer u is a weak solution to the Euler-Lagrange system (see Remark 1.1). Then, rescaling in each
B, (x1,), we get for any ¢ € C3(B1,RY) andeach 1 <i < N

oG )
9E (Ap + AnDvp)Dag" dy = 0,
Bq 504
and therefore
1 oG oG -
3.18 — — (A D — —(Ap) | Dyot dy = 0.
(3.18) N /Bl(o){agé( n+ AnDuvy) 35&( h)} o' dy

Let us write
By =E}f UE, ={y € By : A\|Dup(y)| > 1} U{y € By : \p|Dup(y)| < 1}

then by (3.14) we get
(3.19) E;r| S/ A [ Dy dy < A%/
E;f B

Now, by (H4), we have that

| Dup, |2dy < cA3.
1(0)

1
= / {DG(Ah—k/\hDvh)—DG(Ah)]qudy
An B
c n— n—
< (AE;HcAh [ 1w 1dy> D1~
h Jong
(3.20) < M| Dol

where we used (3.14) again. From this it follows that

1
(3.21) lim — / [DG(A;L + )\hDUh) - DG(Ah)} D¢dy = 0.
h )\h E;r
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On £,  we have
1

A JE;

1
/ / D2G(Ay, + s\, Duvy,) Duy, Dédsdy
E,J0

[DG(Ah + A Dup) — DG(A;L)] Do dy

1
/ / [D2G(Ah + sAnDuy) — DQG(Ah)} Dup D ds dy
E;Jo
+ | D?*G(An)DvpDody.
By
Note that (3.19) ensures that Xg- = XB in L"(By) for all 7 < oo and by (3.14) we have,

AnDup(y) — 0 in measure on  B;

Then, by (3.15), (3.16) and the uniform continuity of D?F on bounded sets, we get

lim i‘/ [DG(A}L + A Duy) — DG(Ah)]D(b dy
A JE

= [ D?*G(A)DvD¢dy
B1

By (3.18), (3.21) and the above equality, we infer that v solves system (3.17). Since D?*F (A) satisfies the
Legendre-Hadamard condition by (H3), we can apply the classical regularity results for the solution v (see for
example [29]). Consequently, for any 0 < 7 < 1/2, we have

][ |Dv — (Do), |*dy < er* 4 |Dv — (Dv);|*dy < e7?.
B, By

and
(3.22) [(Dv)ar — (Do) |* < er?,
where ¢ = ¢(M). Moreover we have

ve C®(By,RY).
Step 3 (Conclusion): We set

L (G(An 4+ M&) — G(AR) — MDG(AR)é]

G -
Ap,An (5) )\% [

and forevery r < 1

Ih,r(w) = / GAh,Ah,(Dw)dy .
B

One can easily check that v;, minimizes the functional I}, ,. for every h.
Fix 7 € (0, 1), set by, = (vp)B,, » By, = (Dvy) g, and define
wr(y) = vr(y) — br — Bpy.

Note that w;, minimizes
Dslw) = [ Gn(Duw)dy,
B’V‘

where

Gh(€) = 53 G(An + M€ + Bu)) = GAn + MuBa) — MG(An + MuBa)e]
h
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We have that G}, satisfies the inequalities in (3.2) of Lemma 3.1, for some constant that could depend on 7 through
|AnBp|. But, given 7 € (0, 1), we may always choose h large enough to have |\, Bj,| < ’\’5 < 1. Then we can
apply to wy, the estimate of Theorem 3.1, thus obtaining

U(.’thﬂ'?’h)

(L ]{B<|th\2+)\};‘3|th|”*1> dy
h .

[onl® 4 w27 (yne3 1 g\ T
c 5 dy +c(m)A; (AL |Dwp "~ dy .
By, T Ba,

Now, passing to the limit as h — oo in (3.23), using Poincaré’s inequality and estimate (3.22) we get

(3.23)

IN

Ul(zp, Trm) <

83 A - 72 B2T(|U = (V)27 = (Dv)2ryl* dy + T% s |(Dv)ar — (Dv),|*y* dy
< c]{; |(Dv)2r — (Dv),|?) dy
(3.24) < Oyt
which contradicts (3.13) if we choose C'}, larger than C,. 0

It follows from our proof that the singular set can be explicitly described as follows:

r—0

Q\Q C {x €N: 1iminf]{3( ) |V (Du) — V((Du)y)|* > 0 or

limsup|V((Du)gr)| = oo}.

r—0

4. A NONLINEAR A-HARMONIC EXTENSION

Let Q ¢ R™ be a C? bounded domain. Another application of our main result is an .A-harmonic extension of

Sobolev functions defined on Jf2.
More precisely, let us consider A: Q x RY*™ s RN¥X" 3 continuous mapping satisfying, for m, £, L positive
constants, a parameter 1 > 0 and an exponent p > 2, the following conditions

Az, 2) — Aly, 2)| < m(p® + |22) 7 | — y| (C1)

2z Az, 2) is C' and (2, 2) — D,.A(x, 2) is jointly continuous (C2)
ID.A(z, 2)| < L(u? + |2?) =" (C3)

(DA, 2)A, N) > £ + [22) "7 A2, (C4)

for every z, A € M and a.e. z € (.
Let us consider the boundary value problem

—divA(z,Du) =0 in Q

(P)
u =f on Jf)

where f € W1P(9Q; RY). Tt is well known by the Browder-Minty theory of monotone operators that problem (P)
admits a unique solution v € W1P(Q; RY). Let

Sa: WHP(OQRY) s WHP(Q; RY)

denote the solution operator. The aim of this section is to prove the following
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Theorem 4.1. Let A satisfy the assumption (C1)—(C4). Then we have the following three statements
k) Iff € WO RY) 0 L7 (99, RN) with “=L2 < < 00 then

(41) ||DS_A(f)H%q(QVRNXn) < C(Q,?’L, Napv r,m,f,L)HDfH Lr (09, ]RNX(W—l))H-ﬂ Lr BQ RN

where q = m1n{p+ el %}
kk) If f € W'P(9Q: RN )N € BMO(OQ,RY) then

4.2) IDSA(N) L@ prnxny < c(€n, Nyp,m, £, LD, 90 g -y [1f | Brrooary),
where ¢ = min {p +1, np"Q}

Kkk) If f € WEP(OQ; RN) N CO(0Q, RYN) then,

@3) DSy < O Ny, £ DDA o0 oo L IEE o
where ¢ = min {p =, np"Q}

Proof. Suppose that Q = Br. We will only give details for the statement k), the others can be proven analogously.
Since f € WHP(9Q; RY) N L™ (99, RY), by using Corollary 2.2, we get a function f € W14 (Bg \ Bg), with
¢ =P+ ;=15 such that

(44) 1D 1L i vy < N D DI o oy | F 1% v
4
Now let us define
0 on Bg
F= %f on By \ B

f onBr\ Bz.
By (4.4), one can easily check that ' € W19(Bg; R"Y) and that

(45) HDF”%(I(BR,RNX”) < c(n,N,p, r, R)”DfH L?(OBr, Ran)”.ﬂ L”"(ﬁBR RN)*
Since S4(f) = S4(F), by applying Theorem 7.8 in [33] we have that S4(f) € W14(Bg), for every q <
min {p + ot L4 ¢ and the following estimate

HDS-A(f)”L‘I(BR,RNX") S C(R,n,N,q,m,f, L)”DF”LQ(BR,RNX")

holds. Combining previous estimate with (4.5) gives the conclusion on balls. The result for general C? domains,
follows through a standard covering argument. g
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