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Abstract

We construct a finite element method for the numerical solution of a fractional
porous medium equation on a bounded open Lipschitz polytopal domain  C R<,
where d = 2 or 3. The pressure in the model is defined as the solution of a frac-
tional Poisson equation, involving the fractional Neumann Laplacian in terms of
its spectral definition. We perform a rigorous passage to the limit as the spatial
and temporal discretization parameters tend to zero and show that a subsequence
of the sequence of finite element approximations defined by the proposed numeri-
cal method converges to a bounded and nonnegative weak solution of the initial-
boundary-value problem under consideration. This result can be therefore viewed
as a constructive proof of the existence of a nonnegative, energy-dissipative, weak
solution to the initial-boundary-value problem for the fractional porous medium
equation under consideration, based on the Neumann Laplacian. The convergence
proof relies on results concerning the finite element approximation of the spectral
fractional Laplacian and compactness techniques for nonlinear partial differential
equations, together with properties of the equation, which are shown to be inherited
by the numerical method. We also prove that the total energy associated with the
problem under consideration exhibits exponential decay in time.
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1 Introduction

The aim of this work is to construct and analyze a numerical scheme for a porous
medium equation involving the fractional Laplacian, in order to model nonlocal fea-
tures. Let us denote by p a certain density distribution and by v a velocity field; both
are functions of space and time, p = p(x,t), v = v(x,t), the velocity is a vector
function and we assume the density to be nonnegative, p(x,t) > 0. The density and
the velocity field are related by the continuity equation

D49 (ow)=0. (1.12)

We postulate that the velocity v derives from a potential ¢ = ¢(x,t) through the
equality

This happens for instance when p is the density of a fluid and motion is modelled by
Darcy’s law, which relates velocity and pressure of the fluid (in that case ¢ denotes the
pressure). The potential can then be related in a closed form to the density ¢ = ¢(p)
through a suitable equation of state, leading to various different models. For example,
the simplest case ¢ = 2kp in fluid flow modeling, with & signifying a positive con-
stant, pertains to filtration of a fluid through a porous stratum in the isothermal set-
ting, that is the standard model for groundwater infiltration, Boussinesq’s equation
p: = k Ap? (see [10]). More generally one has the model p; = k Ap™ for m > 1.

The structure of the porous medium can be very complex, however. Different
pores, tubes and water filaments can make the phenomenon difficult to study, and
standard models fail in accurately describing these complex features. A number of
experimentalists have shown that in certain porous media, such as construction mate-
rials, classical diffusion cannot accurately predict the evolution of moisture. It was
observed in particular that the wetting front may move in a significantly different way
than classical models predict. For instance, in [48] the authors discuss solute trans-
port in aquifers and they explain that standard dispersion can only occur in homoge-
neous aquifers. To address this issue, different models have been proposed in which
nonlocal interactions and effects are present. For example, in [49] the authors propose
a porous medium modelled with a network of channels of all length-scales through
which the water particles can move over a very long distance.

In recent years there has been considerable interest in the study of nonlocal opera-
tors with the aim to incorporate long-range interactions. The paradigm of such oper-
ators is the fractional Laplacian (—A)® with s € (0,1). The use of the fractional
Laplacian in diffusive processes is discussed in a large body of literature and the
reader may wish to refer to [3, 32, 38] for some examples of its application.

We will consider as the object of our study a nonlocal porous medium equation,
in which the long-range interactions are modelled by a fractional-order elliptic equa-
tion; more precisely, we will consider
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—(=A)c=p, 0<s<l (1.1¢)

If s = 0 we recover the standard porous medium equation, while the case s = 1 has
been investigated in [31, 36, 43].

The model (1.1) has been justified in the hydrological setting in [45], where a
deterministic derivation of the equation was presented, subject to the assumption
that the fluid in the porous medium can contribute to the flux at any point with long
jumps depending only on the distance. The system (1.1) also arises in other contexts:
a model similar to the case s = 1 was considered in [2] to describe the evolution
of vortex-density in superconductors, while the equation with s = % was suggested
in [40] to model the motion of dislocations in a continuum. These equations also
find applications in modelling charged particle transport in materials, since they are
fractional counterparts of classical drift-diffusion equations for semiconductors [43].
For further discussion concerning models of porous medium diffusion with a nonlo-
cal pressure of this type we refer to Section 5.6.1 of [52], where it is noted that the
problem in a bounded domain with Dirichlet or Neumann boundary data has not been
studied and computational techniques to deal with these kinds of nonlocal effects and
the design of generic numerical schemes for this model are needed.

Instead of the first-order hyperbolic equation (1.1) we will consider a parabolic
regularization of the problem, where standard Fickian diffusion is present with the
positive diffusion coefficient scaled to 1, because its specific value is of no relevance
to the discussion herein. This leads to the following system:

op ?
5t = Br =V (pVo),

— (=A)’c=p.

(1.2)

The fractional porous medium equation on R? is obtained by inverting the fractional
operator (—A)* in terms of its fundamental solution U, i.e., —c = Uj * p, and plug-
ging this into the first equation in (1.2), which then yields

% = Ap £V - (pV (U, % p)). (13)

The previous equation has formally the structure of a Wassertein gradient flow of an
energy functional £(p), as in [1, 29, 30] for instance, if mass is normalized, thanks
to it being conserved. Consequently, it leads to an evolution of densities governed by
the dissipation of the free energy functional

1
E(p) = / plog pdz + f/ (Us * p)pdz,
R4 2 R4

where the first term is the Boltzmann entropy and the second term is the total interac-
tion potential energy.
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It has been shown in [23, 26, 32] that under suitable assumptions there exists a
weak solution to (1.1) and (1.2) on the whole of R?, which has several properties,
including conservation of mass, the dissipation of the free energy functional, and the
decay of the spatial L>° norm in time. We will show that our numerical scheme has
some of these features as well. Moreover in the recent works [25, 28] the asymptotic
behaviour of solutions to (1.1) has been investigated where the dissipation of the free
energy functional plays a key role. The existence of a smooth solution on R¢ to the
equation (1.2) or equivalently (1.3), supplemented with an initial condition, has been
proved in [33]. Indeed, a large portion of the available literature for this type of equa-
tion considers the model on the whole of R? written in the form (1.3) as it uses the
integral definition of the fractional Laplacian as a convolution with the Riesz kernel,
see [22] for further details. Many definitions of the fractional Laplacian are available,
both on the whole of R and on a bounded domain Q C R¢ (cf. [42]), and while the
definitions are equivalent in the former case they are not interchangeable in the latter.

The novelty of our work consists in the first place in considering the model (1.2)
on a bounded domain 2 C R?, and secondly in using the spectral fractional Lapla-
cian for the potential instead of the integral definition. These two aspects, together
with our use of a provably convergent numerical method for this fractional-order
porous medium model, based on a spatial continuous piecewise affine finite element
approximation and implicit Euler time-stepping, constitute the main contributions of
our work.

The definition of the finite element approximation of the spectral fractional Lapla-
cian (cf. Section 3) involves the complete set of eigenvalues and eigenfunctions of
the discrete Laplacian, and its implementation is therefore impracticable, except in
very special cases (e.g. when € is a square in R? or a cube in R?, with a homoge-
neous Dirichlet, homogeneous Neumann, or a periodic boundary condition imposed
on 0f2), when the complete set of eigenvalues and eigenfunctions can be explicitly
calculated. It turns out however that an accurate approximation of the discrete frac-
tional spectral Laplacian can be efficiently computed by using a technique based on
rational approximation, which only requires accurate estimates of the smallest and
largest eigenvalue of the discrete Laplacian. The details of the implementation of
this technique will be the focus of our forthcoming, computationally-oriented, pub-
lication [27]. For further details concerning the finite element approximation of the
fractional Laplacian the reader may wish to consult [11, 15, 17, 20].

A key novelty of our approach is that we adapt to the case of a bounded domain
the variational viewpoint that was successfully used when the spatial domain is the
whole of R?, making an effective use of the a priori estimates at all levels of discreti-
zation. The system (1.2) has an analogous variational structure in bounded domains
as when the spatial domain is the whole of R?. In fact, we will show that a related
free energy functional of the form

E(p) ==/QG(p)dw—%/Qcpdw7

is dissipated by the system (1.2) subject to Neumann boundary conditions imposed
on p and ¢, and with the spectral fractional Laplacian. Similar free energy functionals
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have been considered in the related Keller—Segel models for chemotaxis or gravita-
tional models with Fickian diffusion in bounded domains and Neumann boundary
conditions, to obtain regularity estimates and to analyse their asymptotic behavior;
see [12, 14] for instance. In our case, the repulsion effect due to the forcing term
obtained from the spectral fractional Laplacian in (1.2) allows us to obtain further cru-
cial a priori estimates. We also prove that, for any convex function F' € C?([0, 00)),

d

— | F(p)dz <
a ), (p)dx <0,

where p is a solution to the system (1.2) on 2 subject to Neumann boundary condi-
tions imposed on both p and c. This dissipation of the functional p — fQ F(p)dx
along its evolution allows us to obtain pointwise control of the density uniformly in
time from its initial datum at the semidiscrete level, which is of paramount impor-
tance in the proof of the existence of weak solutions, as well as in our study of the
asymptotic behaviour of solutions to both the numerical scheme and the limiting PDE
system (1.2).

The outline of the paper is as follows. In the next section we introduce the rel-
evant function spaces and the statement of the problem under consideration. We
propose a weak formulation of the initial-boundary-value problem for the fractional
porous medium equation and its regularized version involving two positive cut-off
parameters, § and L, corresponding to cut-off from below and from above, respec-
tively. We then discuss key properties of the model, including conservation of mass
and the boundedness in time of the spatial L°° norm. In Sect. 3 we introduce the
time-discretization and the spatial finite element approximation. We then show that
a subsequence of this sequence of approximations converges to a bounded and non-
negative weak solution of the semidiscrete-in-time problem, as the spatial discretiza-
tion parameter 4 and the cut-off parameter ¢ tend to zero. In Sect. 4, after discussing
further properties of the solution of the semidiscrete-in-time scheme, including in
particular a bound on the numerical solution that is independent of the cut-off param-
eter L, we prove that a subsequence of this sequence of approximations converges to
a bounded and nonnegative weak solution of our initial-boundary-value problem, as
the time discretization parameter At tends to zero. We also show that the total energy
associated with the problem under consideration exhibits exponential decay in time
from a specified nonnegative and bounded initial density. We close in Sect. 5 with
concluding remarks and a list of relevant open problems.

2 The fractional porous medium model

We shall supplement the partial differential equations (1.2) with an initial condition
for p and boundary conditions for p and c; the most natural choice for the latter are
no-flux boundary conditions for both p and ¢. Suppose that Q C R¢ is a bounded open
Lipschitz domain; in the next section, simply for ease of triangulating §2, we shall
confine ourselves to the case when €2 is a polytopal Lipschitz domain in R, d = 2, 3.
The initial-boundary-value problem we shall be considering is the following:
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dp

azAp—V(ch) in Q x (0,00),
— (=A)’c=p" in  x (0, 00), 2.1)
Onp=0, Opc=0 on 9 x (0, 00),

p(x,0) = po(x) for all z € Q,

where pg € L*°(2) is a given nonnegative initial datum, with normalized mass
ﬁ Jo podz = 1, the fractional Laplacian (—A)* is understood to be based on its

spectral definition, which we will state later on, and p* stands for the projection of p
into the space of functions with zero integral average, namely

* — : = 1
pi=p—p, withp:= @/dex. (2.2)

We denote by (-, -) the L () inner product and by || - || Lr () and || - || g1 () the stan-
dard LP(2) and H!()) norm, respectively. Moreover let H () denote the dual
space of H'(£2); we denote by (-, -) the associated duality pairing between H ~1(Q)
and H'(Q).

Let us denote by L2(€2) and H(2) the closed linear subspace of L2(2) and
H' () with zero integral average on €2, respectively; that is,

LY(Q) = {1} € L*(Q) such that / vdr = O} and H(Q):= {v € H'(Q) such that / vdz = 0}.
JQ JQ

Let H () denote the dual space of H}(Q2). For s € (0, 1) we define the fractional-
order Sobolev space as

|u(z) — u(y)|?

S Pp— 2
H5(Q) = {u € L7(f2) such that /Q [ — |72

drdy < oo},
Q

and we endow it with the norm defined by

Nl

[ull s (0) == (||U||2L2(Q) + \“ﬁqs(ﬂ)) )
where the Gagliardo—Slobodeckii semi-norm | - | s (q) is given by

2 |u(z) — u(y)|?
s(q) (= ————————dzdy.
@ /Q o |v—y|tee y

|u

For 0 = m + s, where m is a nonnegative integer and s € (0, 1), the Sobolev space
of order o > 0 is defined by

H?(Q) := {u € H™(Q) such that D*u € H*(Q) for all & € N, |a| = m]},
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where H™({2) is the Sobolev space of order m and summability 2, D stands for the
weak derivative of multi-index o = (v, ..., aq) and order |a| := a1 + -+ + ag,
and N denotes the set of all nonnegative integers. We will denote by H—*(2) the
dual space of the fractional-order Sobolev space H*(2). Similarly as before, we let
H:(Q) be the set of all functions in H* () with zero integral average, and we denote
by H_ () its dual space, s € (0,1).

As was indicated previously, many definitions of the fractional Laplacian are
available; for the purposes of our work here we shall consider the spectral definition
of the fractional Neumann Laplacian, based on using the eigenvalues and eigenfunc-
tions of the Neumann Laplacian. The Neumann Laplacian (—Ay, Dom(—Ay)) on a
Lipschitz domain €2 is defined as follows:

Dom(—Ay) := {u €HY(Q) : HY(Q) v »—)/ Vu-Vudz is a continuous linear funcional on L2(Q)},
Q

/(7ANu) V= / Vu-Vodz, uc Dom(-Ay), ve H(R).
Q Q

Thus, —Ay is a nonnegative and selfadjoint linear operator that is a densely
defined in L?(). There exists therefore an orthonormal basis of L?()) consisting
of eigenfunctions v, € HY(Q), k=0,1,2,..., with corresponding eigenvalues
O:>\0 <M <A< "'/‘+OO.T1’1U.S,

{—Ad}k = MWk in €,

Otb = 0 on 99, (23)

with the partial differential equation in the first line of (2.3) understood as an equal-
ity in L2(2), and the homogeneous Neumann boundary condition appearing in the

second line of (2.3) as an equality in H -3 (09) in the sense of the trace theorem
On cuef{vel?() : Ave L2(Q)} — d,u € H-2(09). Following the discus-
sion in Sec. 7 of [24], for s € (0, 1) the domain of the spectral fractional Neumann
Laplacian (—Ay)? is defined as the Hilbert space

HE(Q) = {u(~) = Zukwk(J € L¥(Q): ”“’”]Ifﬂg(n) = Z/\Zuf, < oc} with ug, = / w(x) g (z)de
k=1 k=1 @

fork=1,2,...,and, for u € H:(Q),

(—AN) u(@) =Y Mupi(z), (2.4)
k=1

as an element of H *(2). Furthermore, one has

we () = [[(~AN)*"?ul 20y Vu € H(Q).

[l
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1544 J. A. Carrillo et al.

Remark 2.1 We note that any function u belonging to H3(12), s € (0, 1), satisfies
Jo udz = 0. In addition, thanks to Lemma 7.1 in [24], for any s € (0, 1), a function
u belongs to H (1) if, and only if, u € H5(Q) and [, udz = 0; furthermore, the
norm || - |

H: () 18 equivalent to the seminorm | - | s (), which is a norm on H3(€2).

Having stated the problem (2.1) we now propose its weak formulation. Let
V := HY(Q). The weak formulation of the initial-boundary-value problem (2.1) is
as follows:

Find p € L*(0,T; V) with % € L>(0,T;V’) such that

<@, ¢> - f/ Vp - Voda +/ pVe - Voda (2.5a)
for all ¢ € V and a.e. t € (0,77,

subject to the initial condition p(x,0) = po(x), where pg € L>(Q) and po(z) > 0
for a.e. z € {2 and where

—(—An)’c=p* in Q, (2.5b)

with p* given by (2.2). Notice that c is well defined, as the solution to the frac-
tional equation (2.5b) exists and it is unique by Theorem A.1; we will therefore write
¢ = —(—AN)"%p*, where (—An)~* stands for the inverse of the spectral fractional
Neumann Laplacian (2.4). When we speak of a weak solution to the problem (2.5) we
mean a couple p and ¢ such that (2.5a) and (2.5b) hold.

Now let us assume that a weak solution to problem (2.5) exists and that p is non-
negative almost everywhere in 2 x [0, T]. The existence of a weak solution to our
problem and its nonnegativity will be rigorously proved in the next sections. In order
to motivate the argument which our proof is based upon, we shall now perform pre-
liminary formal computations; in these formal computations we shall additionally
assume that the functions p and ¢ have all the regularity that we need in order to
ensure that our calculations are meaningful.

The first remark we make is that, if we take ¢ =1 as test function in the
weak formulation (2.5), then we have conservation of mass, in the sense that
rar Jo pla,t)de = g o p(x,0)de = g [, po()dz = 1forallt > 0,and because

p(x,t) is supposed to be nonnegative for all ¢ > 0, also

ez @) = llpollLr ) for t > 0.

A further important property that holds true for our equation is that
o)l 2o @) < llpoll Lo (). This fact is shown in [32] for the integral definition of
the fractional Laplacian on R?. We will follow a similar strategy for our argument
and show that the property holds true when €2 is a bounded Lipschitz domain, and
using the spectral definition of the fractional Neumann Laplacian. We will also show
later on that a similar statement holds true for the discretization of our problem.
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Lemma 2.2 Let p be a nonnegative smooth solution of the initial-boundary-
value problem (2.1), let F € C?([0,00)) be a convex function, and suppose that
F(pg) € L1(R). Then,

d

= | F(p)dz <o0.
a ), (p)dx <

Proof Assume first that F”’ is bounded. Then, F’(p) — F'(0) with p € H*(£2) is an
admissible test function in the weak formulation (2.5a). Thus we additionally have
that

d X
G [Fo1e == [ 9o 9P ps— [ o (o)Ve- V(-ax) s
Q Q Q
d
o 5 [Foao =~ [ F@)VoPde~ [ pF"(0)9p- V(-ax)*pda
Q Q Q
d s % 2.6
& 5 [ Fee =~ [ PN~ [ HE)-aypdn, OO
Q Q JQ

@ )

where H (s) := [, tF"(t)dt. Notice that H is a nondecreasing function by definition.

Term @ is clearly nonnegative. For term @ we notice that letting 1 — s = g we can

use the explicit representation of the spectral fractional Laplacian (cf., for example,
eq. (1.11) in [50])

1

_ % - - OO TAN _ -

(—An)Zu(z) T—3/2) /0 (e Nu(x) u(a:))T1+§ dr,

where e/~ u(z) is the solution of the problem
9w = Aw in  x (0, 00),
w(z,0) =u(zx) in Q, 2.7
Opw(z,7) =0 on 9N x [0,00).

We note that by the definition (2.2) of p* we have that ™2~ p* = e™»~ p — p. Thus,
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:/QH(,)( 5/2 / ) (x))Tl%dea:
:/QH(p( 5/2 / e p )) 5 drde

i (e /H )

1 A
_m/o ((e™~p,H(p)) — (PaH(P)))TngdT

dxdT

Let W, (x,y) be the distributional heat kernel for —A subject to a homogeneous
Neumann boundary condition and 7 > 0. We have that W, > 0 for all 7 > 0 and,

for u,v € L*(Q),
TANuv //W (z,y)u x)dydzx.

Therefore, by plugging the heat kernel in the expression above, we deduce that

o= g [ L (] W@ m o) - s o) a
*r«mml A(Awq%wpw—me@@mw
+p(y)H (p(y)) < /Q W (z,y)dz — 1> > dy Tl%% dr
—M;MAMAAWwWWM%MWHMM@M#EM
1 e 1
+ﬁ;§54 prﬂmwmamﬂw—n@;;gM-

By exchanging x and y and using the symmetry of the heat kernel we have also
o= | [ ] W@ - o) @)yt -
=— =7 (@) (p(z) — —— dr
L(=8/2) Jo Jala rlt+3
1 o / A 1
+ — y)H(p(y))(e™N1(y) — 1)dy —— dr.
o [ e ) - D
By summing the two expressions for @ we then find that
1 > 1
®="3r 5/ (/ / / W (z, ) (p(x) — p(y))(H (p(x)) — H(p(y )))dwdy T

/ / J(1—e™N1(y ))dyTligdr).

dr
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Thanks to the definition of Ay  stated in (2.7) we have that e™V1(y) =1,
which results in a convenient simplification of the expression for term @ appear-
ing in the last equality. Hence, from the monotonicity of H we finally deduce
that @ > 0. In the general case (i.e., when F” is not bounded) we define
Fr(u) := F(0) + F'(0)u+ [, [, min(F”(w), k) dwdv for k > 0; then, F}/(u) is
bounded and the result follows for F replaced by Fj and taking the limit £ — oo
using monotone convergence. [

The previous result allows us to prove the following lemma, which provides a
bound on the L>°(€2) norm of p(t) in terms of || po|| . ().

Lemma 2.3 Let p be a nonnegative smooth solution of the initial-boundary-value
problem (2.1). The following inequality holds for all t > 0.

o)l L) < llpollLe= ()

Proof By the previous lemma we have that

sup [ F(p(®)de < | Flpo)a.

t>0 Q

We choose a nonnegative convex function ' € C?([0,0)) such that F'(u) = 0 for
u < [|poll (o) and F'(u) > 0 for u > ||po|| 1 (). Then,

0< /QF(p(t))dx < /QF(po)dx =0 fort>0,

and thus 0 < p(z,t) < ||poll Lo () fort > 0.0

Lemma 2.3 together with the nonnegativity of p and mass conservation implies
that ||p(t)|| r () is bounded forall £ > 0 and 1 < p < oo.

We continue by investigating the energy structure of our problem (2.5a), (2.5b).
Let us define the nonnegative convex function G € C([0, c0)) by

G(s):=s(logs—1)+1 fors>0 and G(0):=1. (2.8)

We note that G(1) =0 and lims_, 1, G(s)/s = +00. We shall assume for the
moment that p(x t) > 0forallz € Qandall ¢t > 0 and its spatial integral is normal-
ized as \QI fQ p(z,t)dx = 1, and consider, as discussed in the Introduction, the free

energy functional

:/QG(p)dQU—%/Qc,odac:/QG(p)dgc—%/Qcp*dac7 (2.9

where the second equality follows thanks to the fact that ¢ has zero integral average
on (2 (cf. Theorem A.1). Both terms appearing in the free energy functional (2.9) are
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nonnegative. Indeed, by applying Jensen’s inequality with the uniform probability

measure du(z) := ﬁdx on (2 to the convex function G yields that

Lewmmmza(émmwmﬁzm

thanks to the normalization of p and the conservation of mass. On the other hand, we
can express the second term in (2.9) in terms of the eigenvalues and eigenfunctions
of the Neumann Laplacian as follows:

1 * 1 = s 2
—§/Qcp dxzikz_l)\kpkzo,

using that —(—Ay)®c = p* on €, in conjunction with the definition (2.4) of the
fractional Neumann Laplacian and Parseval’s identity in L2((2). Therefore, the free
energy functional E(p) is a suitable quantity for controlling the ‘distance’ between p
and p, the uniform density on the domain €2; this will be rigorously proved in Theo-
rem 4.8 stated in Sect. 4.

Lemma 2.4 Let p be a nonnegative smooth solution of the initial-boundary-value
problem (2.1). The following free energy identity holds for all t > 0:

d

GE0 == [ oV0zp—c)dr 0. (2.10)

Proof By (formally) differentiating E(p) with respect to ¢ we have

d 1 1
aE(p):/thG’(p)da:fQ/Qctp*dxf§/ﬂcptdz.

Recalling that we have conservation of mass, % fQ pdx = 0, and so O;p* = Oyp, it
follows that

/ctp*dx = —/((—AN)_SpZ)p*dx = —/ pt (—AN) " ®p*de = / prede.
Q Q Q Q

As a consequence, using the weak formulation (2.5a), we have
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d
d—E(,o):/ptlogpdx—/ptcdx:/pt(logp—c)dx
t Q Q Q

—/leogp-V(logp—c)d:v—i—/ch-V(logp—c)dm
Q Q

. / PV (log p — o)[2dz <0,
Q

and therefore we have the desired decrease of the energy in time. [

Our goal is now to formulate a fully discrete numerical scheme based on spatial
finite element discretization and implicit Euler time-stepping, which can reproduce
all of these properties at the temporally semidiscrete-level upon passing to the limit
with the spatial discretization parameter. We shall then pass to the limit with the
time-step, while keeping the essential estimates intact in the limit, to establish the
existence of a weak solution to the initial-boundary-value problem (2.1), and rigor-
ously prove the decrease in time of the energy.

In order to build our numerical scheme for equation (2.1) that mimics the proper-
ties exhibited by p, because the assumption that p > 0 played an important role in the
derivation of the previous energy estimate, we introduce for0 < 6 < 1 < L < oo the
positive cut-off function ¥ € C%1(R) in the weak formulation (2.52) via

6 if s <,
BE(s):=3 s ifd<s<L,
L ifs>1L,

IV AIA

prior to discretizing the problem. The two cut-off parameters, 6 and L, will be present
in the statement and the analysis of the fully discrete approximation of our model in
Sect. 3. We will then take the limit as the lower cut-off parameter § and the spatial
discretization parameter tend to zero, and in Sect. 4 we will make the semidiscrete-
in-time approximation independent of the upper cut-off parameter L by establishing a
bound on the L (£2) norm, which is uniform with respect to L and analogous to the
one in Lemma 2.3.
We therefore introduce the following ‘truncated’ weak formulation:

aPé,L
ot

7]
< PSL,¢> /vpé,L'v¢dI+//3($L(P§,L)V057L-V¢dz (2.11a)
Q Q
for all ¢ € V and a.e. t € (0,71,

Find ps z € L*(0,T; V) with € L*(0,T;V’) such that

subject to the initial condition ps (-, 0) = po, where
—(=Ax)%csL = p5 . in Q, (2.11b)
and, as before, V = H' (). In this case, similarly as before, we assume that a solu-

tion ps, 1, to our regularized problem exists and that it has all the regularity properties
that we need for the formal computations that follow.
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The structure of the problem (2.11a) is such that it still preserves decay of the
energy in time. To confirm this, we introduce a regularized version G¥ € C?1(R) of
the function G(-), defined, for 0 < 6 < 1 < L < oo, by

£ 4 (logd—1)s+1 ifs<§,

L 9 X
Gy (s) == st)2 ifo<s<L,
SIS 4 (logL—1)s+1 ifs> L.
Clearly,
S+4logd—1 ifs<, % if s <4,
(GEY(s) =4 logs ifod<s<L, Ghy"sy=<S 1 ifd<s<L,
£hlogL—1 ifs> 1L, 1 s>,

and therefore
BE(s)(GEY'(s) =1 for all s € R.

In addition, for any sufficiently smooth function ¢, the following equality holds (see

[7D):
B3 (9)VI(GF) (9)] = Vo (2.12)
Moreover, we have that

min{G¥ (s),s(G§) (s)} > { % if s <0,

= _O(L) ifs>0, @.13)

where C(L) is a positive constant depending only on L. Finally we note that
(GE)"(s) > ¢ for all s € R. The regularized version of the energy E(p) is then
defined by

1 *
E§ (ps,p) = / G§ (ps,p)da — / P5,1.¢6,04%,
Q 2 Jq "
and with similar computations as the ones in (2.10) it is possible to show that

d
—EF <0.
e (P&L) <0

Remark 2.5 The relationship between the potential and the density expressed by the
fractional Poisson equation —(—An)*cs,r, = pj ;, will be crucial throughout and we

want to highlight now one direct consequence of it, which is the nonpositivity of the
L? inner product in space between the gradients of ps,1, and c5 1, namely
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V/)&L . VC(;’LdJ} <0. (2.14)
Q

Indeed, by using the definition of the Neumann Laplacian —Ay and recalling that
cs,. = (—AN)"*pj 1, we get

Vs, - Vespde = / Vs, - Vespdr = / ps. (—AN)cs,pde = 7/ p;f?L(fAN)l’spg’Ld:v <0.
Q Q Q Q

We can also derive a formal energy bound. Using the weak formulation (2.11a) with
¢ = (G£) (ps.1,) and property (2.12), we have that

d
&Eg‘(pé,l‘) = */Q(Gg)”(pd,rl)vp&z‘ - Vps,rda + Q/QV,O&L - Ves,pde — /Qﬁg’(Po‘,L)Vc(s,L - Vs pda.

By integrating this equality in time from 0 to ¢ for some ¢ € (0, T], where T' > 0, and
using (2.13) with the assumption that the initial datum is (ps.1,)o = po, we have that

1 1 i
55 [salas =5 [ pipessdo <@ - [ [ (@0 ()VonlPda
Q Q 0 JQ

t t
+ 2/ / Vs - Ves pde — / / B()L(pg,L)\Vc(;,Lde.
0 Ja o Ja

The property (2.14) then implies that

1 1 [t 1 ¢
55 [osalas+ o [ [ 1VonePao— 3 [ pipessdot [ [ sHpan)essPas < 00,
26 Q L 0 Q 2 Q 0 Q

which means, taking the supremum over ¢ € (0,7") and recalling the equality
—(—=AxN)%csr = p;}L, that we have

1 T
5 sup /[ﬂa,L]Q_fh?Jr/ /leé,L|2d1‘
te(0,7) JQ 0 Q

+ sup /(—AN)SC(S,Lcé,LdCE (2.15)
te(0,1) Ja

T
+/ /stL(,O&L)\VCzs,LIde < C(L).
0 Q

Hence, we arrive at the following bound, which is uniform with respect to the param-
eter J:

1 T T
55w sl + [ [ 1VoniPass sup fesslo + [ [ 8HGs0Vesa s < C(0).
te(0,T) Jo Ja t€(0,T) Jo Ja

A discrete counterpart of this inequality will be used later on to prove nonnegativity
of the numerical solution by passing to the limit 6 — 0.
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We can also consider the weak formulation (2.11a) with ¢ = ps .. We then have
that

/(pé,L)t ps,rdx = —/ \Vps,z|*dx +/ BE(ps.L)Vesr - Vpsrda,
Q Q Q

and the application of the Cauchy—Schwarz inequality and Young’s inequality yields,
for any 17 > 0, that

1d 1

**/ p3 pdz < —/ [V ps,L|*d + Q/ B (ps.L)|Vps,o|*dx + */ B (ps,)|Ves,|*da.
2dt Jg Q 2 Ja 2n Jo

Hence, by taking 7 sufficiently small and recalling (2.15), we get the following over-
all bound on ps, 1.:

1 T
sup / ngda: + 5 sup /[p57L]2_da: +/ |Vps.o|*dz < C(L).
te(0,7) JQ te(0,T) JQ 0 Q (216)

Motivated by these formal calculations, we shall design a finite element method
whose solution mimics the energy law of (2.11a) and the formal bounds (2.15) and
(2.16) at a discrete level, and show that, as the spatial and temporal discretization
parameters tend to zero, a subsequence of this sequence of approximations converges
to a bounded and nonnegative weak solution of our original problem in a suitable
sense. In doing so, we shall confine ourselves to the physically relevant cases of d = 2
and d = 3 space dimensions. The arguments that follow can be therefore viewed as a
constructive proof of the existence of a nonnegative, energy-dissipative, weak solu-
tion to the initial-boundary-value problem for the fractional porous medium equation
under consideration, based on the Neumann Laplacian.

3 Finite element approximation

We now define the fully discrete scheme for the numerical approximation of the prob-
lem (2.11a), (2.11b). Our approach is to couple the strategy used in [5—7] in terms of
the spatial finite element scheme with recent results concerning numerical approxi-
mation of the fractional Laplacian [15, 16, 18, 19]. The overall aim is to construct
a finite element approximation of the problem (2.1) in its weak formulation (2.11a),
(2.11b), which mimics the estimate (2.15) at a discrete level, and to show that a sub-
sequence of this sequence of approximations converges to a bounded and nonnega-
tive weak solution, first as the spatial discretization parameter 4 and the lower cut-off
parameter 0 tend to zero, and then as the time-step At tends to zero. It will also
transpire that it suffices to take a fixed value of the upper cut-off parameter L such
that L > ||po|| L (q); passage to the limit L — +oo will therefore not be required.
We begin by introducing the spatial finite element approximation.
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3.1 Finite Element Approximation

We assume that €2 is a bounded open polygonal domain in R? or a bounded open Lip-
schitz polyhedral domain in R3. With kA > 0 being our spatial discretization parame-
ter, let T, = { K, } f‘f:hl be a quasi-uniform and shape-regular family of triangulations
of 2, where K,,, n =1, ..., M}, are closed simplices with mutually disjoint interi-
ors, such that Q = Uf\l/[:thn; assume further that the triangulation is weakly acute.
Let V}, be the linear space of continuous piecewise affine functions defined on this

triangulation, i.e.,

Vi := {vn € C(Q) such that v, |, € P for all K € T},

and let Ny, := dim (V},). Moreover, let 7, : C°(Q) — V}, be the interpolation
operator into the linear space V}, based on nodal evaluation, i.e., such that, for each
¢ € C(9),

7T}L¢(P]):¢(Pj)a j:17"'7N}L7

where {P;} ;V:hl are the nodes (vertices) of 7, contained in Q.
In order to construct a discrete version of the fractional spectral Neumann Lapla-

cian we first consider a finite-dimensional approximation, —Ay,, of the standard Neu-
mann Laplacian —Ap. Let us consider the bilinear form

a:HHQ) x HY(Q) - R where a(u,v) := / Vu - Voudz, 3.1
Q

which is symmetric, bounded and coercive; we can restrict a(-,-) to
(Vi N L2(Q)) x (Vi N L2(Q)). Clearly, ViNL3(Q) (=V,NHLNQ)) is an
(N, — 1)-dimensional linear subspace of H}(f2). The bilinear form (3.1) gives rise
in Vj, N L2(Q) to a discrete orthonormal basis of eigenfunctions that we denote by
{@Z}ﬁz’”l— ! with corresponding positive eigenvalues A )\']\,h_l such that

a(el,vn) = M@l vp) forallw, € Vi, NLA(Q), k=1,...,N, — 1.

Using these, we can now propose a similar expression to (2.4) and introduce a finite-
dimensional counterpart of the fractional spectral Neumann Laplacian, (—Ax)*®;
namely, for u;, € V;, N L2(Q) and s € [0, 1], we define

Np—1
(—AR)’up = Z (A)sulioh with ul = / uprdz, k=1,...,N, —1.
k=1 @ (3.2)

Remark 3.1 We notice that this definition is consistent with the definition of —A,, in
the sense that if s = 1 then
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Nj—1
—Ap)up = Z /\ZUZ@Z with uZ = / umpﬁdx, k=1,...,N,—1,
— Q

and
Np—1 Np—1
(An)un,vn) = > upAi(er,vn) = Y upa(p,vn) = alun,vy).
k=1 k=1

We shall also define the finite element approximation, 7}, of the inverse spectral
Neumann Laplacian T = (—Ay) !, which with each F' € H_(Q) (uniquely) asso-
ciates T}, (F) := uy, € Vj, N L2(Q) such that

a(un,vp) = (Fyuy), for all vy, € Vi N LA(Q).

Remark 3.2 In our forthcoming paper [27] we will show that an accurate approxima-
tion to the discrete fractional spectral Neumann Laplacian (—A})® can be efficiently
computed without explicit knowledge of the eigenpairs (A}, ), k = 1,..., Ny — 1;
only a positive lower bound on the smallest eigenvalue A\? and an upper bound on the
largest eigenvalue )\}Iﬁ,h_l are required. Full details and extensive numerical simula-

tions will be given in [27].

We shall require in the analysis of our fully discrete numerical method a discrete
version of the property (2.12). In order to ensure that this holds, we define a diagonal
matrix O%(¢5,) € R¥4 in the following way: for an element K € T, let { P}
be the vertices of the simplex K; then, for j = 1,...,d and x € K° (the interior of
K), we define

on(P,) — on(Po)
(GEY (6n(P))) — (GEY (6n(Py))
05 (1)1 (x) := lfd’h( )7 o) (3.32)
<G§>~<¢h<Pj>>_55( o (Fs)
if 6 (P;) = do(P)).

The matrix @)g is designed to approximate 55L I, where B} is the positive cut-off
function defined above, and its elements are simply difference quotients approximat-
ing the inverse of the derivative of (G¥)’, which is (8£)~!

Now, let K be the reference simplex and 7 € K Py+ Bz =z € K the
affine function that maps K onto K, and for x € K° define
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Fig. 1 Triangulation and the computation of the
matrix © g

OF (¢n)(z) = (BE) ' 6§ (¢n)(x) B. (3.3b)

With this definition in place we have that
OF (¢1) (@) V[mn(GE) (#1)(x)] = Von(x) for all x € K°. (34)

The proof of the following lemma is a simple extension of the proof of Lemma 2.1 in
[4] and is therefore omitted.

Lemma 3.3 Let || - || denote the spectral norm on R**?. For any 6 € (0,1) and
L > 1 the function ©F : 'V}, — R4 is continuous, and it satisfies

§ETe < TOk(pr)e < LeTe forall € € RY, ¢y, € V.
Furthermore, for all ¢§ll), 22) € Vi and all K € Tj, one has that

L r o
(0% (1)) —OF (62 @) < = max (16" (P;) = o1 (P)] + |65 (Po) = 617 (Ro)l)  for all @ € K°.
0 j=1,...,d

Moreover, it is possible to prove the following lemma (the proof can be found in
[6]), which clarifies the sense in which the matrix function ©%(-) approximates the
cut-off function 3% (-)1, as 6 and A tend to zero.

Lemma 3.4 For each K € Ty, and for all ¢y, € Vi, we have that
[ 1050~ sE@rPas < o 02 [ [FonPass [ monf?)a).
K K K

The following lemma, together with its corollary, were also proved in [6]; they
will be crucial in our argument to show convergence of a subsequence as 4 and J tend
to zero and we therefore report them here.

Lemma 3.5 Let g € C%1(R) be monotonically increasing with Lipschitz constant
Guip, then, for all K € Ty, and for all ¢y, € Vi,
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/ IV (i (9(6n)) Pz < gip / Vén - Vrn(g(én))dz
K K

Corollary 3.6 Let g be defined and strictly monotonically increasing on R, such that
g~ 1, the inverse function of g, is Lipschitz continuous on R, with Lipschitz constant
(97 ) Lip, then, for all K € Ty, and for all ¢y, € Vi,

/ |Von|*dz < ( Llp/ Vén - Var(g(on))de

We further note that, for each K € T}, with vertices { P; }¢
inequality we have

d 2 d
<m<¢><x>>2=(2¢<a> ) <3 ) o

7=0

§—0, by virtue of Jensen’s

for allz € K and all ¢ € C(K).

In order to formulate the discretization of the problem under consideration with
respect to the temporal variable, we let 7' > 0 denote the final time and we intro-
duce a temporal mesh given by 0 =: tg < t; < --- < ty := T, which for the ease
of exposition we choose to be uniform, with spacing At; i.e., t,, — t,_1 = At for all
n=1,...,N.

Given the initial datum py € L°>°(Q2) such that pg > 0 and ﬁ fQ podz =1, we

first choose pY) € V/, as the unique solution of the following problem:

/ﬂh(pgth)dm—l—At/ vpg-whdx:/poqshdx for all ¢, € Vi,. (3.6)
Q Q Q

The existence of a unique solution p € V}, to (3.6) is a consequence of the fact that
(3.6) is equivalent to a system of linear algebraic equations with a symmetric posi-
tive definite matrix. By taking ¢p, = pY) in (3.6), it follows using (3.5) and Young’s
inequality that

[ ohrassone [ [WhPa< [ de<i0llnliee. G0

Furthermore, by taking ¢, = 1 € V}, in (3.6) and noting that 7, p% = p?, it follows

that
1/ 0 1/
— | pp(x)de = — [ po(x)dx =1.
1 Jo = g Jo o)

Next, we shall prove that 0 < p (z) < [|po|| 1 (q) for all z € Q. To this end, we

consider the function ¢,,, defined so that its first derivative is a regularized version of
the function s € R +— [s]_ € R<g. More precisely, for p > 0, we consider
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The first and second derivative of ¢,, are then given by, respectively,

s+ gy ifs<—3, 1 ifs< -1
@, (s) = —% if —1<s5<0, Pp(s)=q —ps if —1<s5<0,
0 if s > 0; 0 if s > 0.

Clearly, ¢, € C*'(R) and ¢, is a nonnegative convex function. Furthermore,
©p; (s) < 0and sp;,(s) > 0forall s € R.
We then take ¢, = (¢}, (pf))) as test function in (3.6) and apply Lemma 3.5 to

infer that with this choice of ¢y, the second term on the left-hand side of (3.6) is non-
negative, and therefore

[t mtey e < [ pomtel i <o
Q2 Q

because, by hypothesis, po(x) > 0 for a.e. 2 € Q while 7, (¢}, (pf ())) < 0 for all
z € Qsince @), (pf) (x)) < 0 for all z € Q. On the other hand,

0< /Q (0 0 (08))dz = /Q (P () (p3)))dz < 0,

because pj) () ¢}, (o) (x)) > 0 for all z € Q. Hence,
/Qm(pi ¢p(pn))da = 0.

Passing to the limit p — 400, this implies that

/ mh(ph [Pp]-)da = 0.
Q

As (0% [P0]-) = mr(([p%]-)?) and the latter is a nonnegative function on ), we

deduce that 7, (([p%]—)?) is identically zero on €; equivalently, ([p%]_)?(P;) =0
at all vertices Pj, j = 1,..., Ny, of the triangulation. Therefore, p) (P;) > 0 for all
j=1,..., Ny, and consequently, because p9 is piecewise affine, pY(x) > 0 for all
€.

One can use an analogous argument to show that p) < [|po|| = (o) on €. Indeed, if
we define A := ||po|| () and the functions /) := A — p}) and pg := A — po, then,
because 7 ¢ = ¢y, for all ¢y, € V4, it follows from (3.6) that
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/ mh(Phdn)da + At [ VY - Vepde = / poodndz  for all ¢y, € Vj,.
Q Q Q

As pp > 0 a.e. on (2, an identical argument to the one above implies that ﬁ% >0 on
Q, whereby pj) < A = ||po| £ (0), as required. To summarize, we have shown that

— 1
0<ph(x) <|lpollr=(a for allz €Q and |Q|/ P (z)dz = 1. (3.8)
Q

With p?) thus defined, the fully-discrete scheme for the problem under consideration
is then the following:

Let pj, 51 == pj € Vi. Forn=1,..., N, given pZ’}}L € Vi,
find pj 5 1, € Vi such that

n _n—1
/ - (ph,é,LAtph,(S,L ¢h) do — _/ Vol s Vénda (3.9a)
Q Q
JF/ OF (prs.L)Vek s - Vopda  for all ¢, € Vi,
Q
where ¢y 5 1 € Vi N L?(9) satisfies
—(=An)’ch s = (PhsL)" (3.9b)

The time-stepping scheme is chosen to be implicit and we stress that the numerical
approximation relies on the potential cj, 5,1 and the fact that it is repulsive in the
sense that (2.14) holds. This will be crucial in deriving global-in-time existence, uni-
form boundedness and convergence of the sequence of numerical solutions.

Since our first analytical step is to pass to the limit as d, h — 0., we now intro-
duce the definition of the semidiscrete-in-time approximation of our problem, to
which the fully discrete scheme (3.9) will be shown to converge in this limit. We first
need to assign to pg, for a fixed value of At > 0, a certain smoothed initial datum
p = pY(At) € V = H(Q), that is the solution to the following problem:

/p0¢dx+At/VpO~V¢dx:/p0¢d:v forallgp € V.  (3.10)
Q Q Q

It follows by an application of the Lax—Milgram lemma that (3.10) has a
unique solution p° = p°(At) € V = H(Q2). By taking ¢ =1 we find that
Wll J; Q pldz = ‘%' fQ podz = 1. Furthermore, one can show that the following four
assertions hold true:

p° = po weakly in L*(Q) as At — 0y;

thanks to the assumed nonnegativity of py also p” > 0 a.e. on €; the function p°
satisfies
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G(po)dx+4At/ ‘V\F‘ de < | Gloo)de, G.11)
Q

where G € C(]0,00)) is the nonnegative convex function defined in (2.8); and
p® € L>(Q) N'V. The full details of the proofs of these assertions are contained in
the Appendix of [7] and in Section 6 of [5].
With this definition of p® = p°(At) the semidiscrete-in-time approximation of our
problem is then formulated as follows:
Let p9 :=p° = p°(At). Forn =1,..., N,
given p~' €V, find p} € V such that

n—1
/pL PL gy — — /VpL Vodz (3.12a)
Q

+/ BL(pPIVEr - Vodr  for all ¢ €V,
)

subject to the initial condition p9 = p", where

—(=Ax)%cf = (p7)"  in (3.12b)

3.2 Convergence analysis of the discretized fractional porous medium model

Our aim in the rest of this section is to pass to the limit in (3.9a), (3.9b) as § and 4
tend to zero, to infer the semidiscrete-in-time approximation (3.12a), (3.12b) as the
limiting problem. The analysis of the semidiscrete-in-time approximation will then
be the focus of the next section, where we shall pass to the limit At — 0. in (3.12a),
(3.12b), and will also show that the sequence of approximations becomes indepen-
dent of L once L > ||pg|| (), which then makes passage to the limit L — 400
redundant. The first result we prove is an a priori bound on the solution pj; 5 ; of
(3.9a), assuming that it exists, with the existence of a solution to be proved thereafter.

Lemma3.7 For n=1,..., N a solution pj 5 ; € V of (3.12), if it exists, satisfies
the following bound:

| (G e+ At [ Vs Vmn(GEY (g < [ mu(GEoi5 ),
Q Q Q (3 1 3)

Proof By taking ¢y, = 7, ((G%) (p})) as test function in (3.9a), we have that

7 n—1
Ph,s,L. — Ph,s, n n n
[ (P P (G o) o = = [ oo TG (R aae

+ /Q O (0 5 1)Vl 5.1 - Vi ((GEY (57 5.0))
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Hence, by (3.4), it follows that

n n—1
Ph.s,L — Ph,s, n n n n n
/“Wh, <%Wh,((G§)I(Ph,‘57L))>dI == /ﬂ Vl’h.a,L : V"h((Gé)/(ph,(S.L))dw + /sz Vch,,a,L : Vﬂh,,(s‘LdT'-

Next, we bound the left-hand side of this equality from below by using the convexity
of G£, which implies that

- ((pzz,a,L ) m((Gb'(pz,a,L))) = (<pz,5,L ) <G§>’(n¢;,5,L>)

> m (G{%(p::,{;,L) - G.%(p;:,g}L)) = (G s)) — T GRS,

and therefore

é /Q(ﬂ—h(Gg(ph,é,L)) — Wh(GéL(pZ;s,lL)))dl‘

+ / Vil o Van((GE) (of 5.0))dx (3.14)

S/chz,é,L'Vp%,Ld%

We observe that, in the case of a repulsive potential under consideration here, the
right-hand side of inequality (3.14) contributes ‘constructively’ to the desired bound,
in the sense that it satisfies

/ Vi s Vonsrdr <0. (3.15)
Q

Indeed, thanks to the definition of the finite element approximation of the fractional
Laplacian stated in equation (3.2), we have that

/QVC;TLL,J,L ~Vpp s dr = /Q Veq s Viener) dr =aley s, (Ph o)) = alch s, —(—An)chs 1)

Np—1 Np—1
== > O (hspalch s, db) == D (D)™ (e s0)i < 0.
k=1 k=1

This then completes the proof of the lemma. [
We shall now prove the existence of a solution at a given time ¢,, in order to be
able to use the bound (3.13). We will do so by using Brouwer’s fixed point theorem.

Lemma 3.8 For any At > 0, given pZ;;’JL € Vy, there exists at least one solution
(P s Chsn) € Vi x (VN L (82)) to (3.9).

Proof We begin by equipping V}, with the inner product ((-, -)), defined by
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((¥n,on)) = /S2 Th(Yn(x)Pn(z))dz,  dn,pn € Vi

Next, we define the function H : V}, — V}, such that, for any p;, € V3,

n—1 .

Ph — Ph,s, .

(. on)) = [ 7 (P 0 )+ [ T onao ~ [ OF)Ter Varda forall 6, < Vi,
Q Q Q

where ¢;, € V;,, N L2(Q) satisfies —(—Ap)%cy, = p;. The construction of ©%,
together with Lemma 3.3, ensures that # is a continuous mapping. Note that if a
solution pj, 5 ; to (3.12) exists then it is a zero of H, namely

(H(phs,),¢n) =0 forall ¢p, € Vi,

We shall therefore prove that H has a zero. For contradiction, let us assume that A
has no zero for any v € R~ inthe ball B, = {¢, € V}, such that |[¢n | 12) < 7}
We define the function &, : By — B, by

(wh)

) = Y ) ey

By Brouwer’s fixed point theorem &, has at least one fixed point p; in B, and this
means that ||ph||L2 @ = 1€ (p2)|l L2y = 7- Let ¢;) be the solution of the equation

—(—=Ax)%c] = (p})* in Q. Now let us choose @5 = m,((GE)(p])) as test func-
tion and notlce that, by (2.13) and inequality (3.5), together with the trivial equality
Thp;, = py., we have that

Y 2
(M) 7 (GHY () = —m( [ maten m((cb'(p;:)))dr)
Y Ja

D ([ 1 )

<_ IH(p;, ,| £2(Q) (/Q (% _ C(L))dz) _ 7“7{(/7;2/“142((2 (E o )\Q|)-,

and thus for v > [4L C(L) |2]]'/? we also have that

(H(p3)s 7 (GF)' (o)) < 0.

On the other hand, we can proceed in a similar way as in Lemma 3.7 to deduce that

(D) G ) = 57 [ (7= it mu (G () de + [ Vi V(G ()
JQ

/ OF (p)Vep - Van((GF) (p})dw

> i/ mn ((p}] /’hol)”h((Gé) (29)) (117/ V) - Vppda. (3.16)

[©) @
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For the first term in (3.16) we can use the convexity of G to deduce, as in the proof
of the previous lemma, that

2
0> 57 [ (m(G) = (G ) e > 5 (3 - cwlel) - 5 [ G e,

For the second term in (3.16) we can use the definition of ¢} involving the discrete
fractional Neumann Laplacian to deduce an inequality analogous to (3.15), which
then implies that ® > 0. Therefore,

2
(D)l (G o)) = 5 (37— CwIl) = 57 [ m(Gh e

Thus, for v > [AL (C(L) Q| + [|mn(GE (o)) |11 (0))]/? we have

(H(pp), 7 ((GF) (o)) > 0,

and hence we have arrived at a contradiction; therefore the function H has a zero,
which means that at time ¢,, there exists a solution py, 5 ; € V}, to the fully discrete
scheme (3.92). Having shown the existence of pj, 5 ; € Vi, the existence of an asso-
ciated (unique) ¢y 5, € Vi, N L2(Q) follows from (3.9b). O

We need a series of additional results before proceeding to the proof of conver-
gence as ¢ and /4 tend to zero.

Lemma 3.9 4 solution {p’,;‘,57L}£LV:1 C Vi of (3.9a) satisfies the following bound:

N
' " 1 " "3

Lmex /(ph,éyb)zdm'i'gn:nfaXN /ﬂh,([/)hﬁaylj]z,)d:c—l—AtZ/ Vo s.p°dz < C(L).
¢ “ n=17¢ (3.17)

yeeny

Moreover, let cj' 5 ;€ Vi N LZ(£2) be the solution of (3.9b); then, the following
bound holds:

At/Q@(%(pZ,J,L)VCZ,é,L Ve 5 pde < C(L) +/Q(CZ,5,L)2d$- (3.18)

Proof We sum the bounds (3.13) over n=1,...,m to deduce that, for each
me{l,...,N},

/Q (G 0))de + ALY /Q Vol s - Vin(GEY (o 5.0))de < /Q (GE (o)) de
n=1

Using Corollary 3.6 with ¢5, = pj; 5 ; and g = (GE)', noting that g is strictly mono-

tonically increasing and the inverse g~ ! is Lipschitz continuous with Lipschitz con-
stant L, we then have that, for eachm € {1,..., N},
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m At = n
|Gttt FY [ 1Votsalae < [ m(GHR)
n=1

LetQy :=={zx€Q: pjl;, >0}andlet Q_ :=Q\ Q. We shall further bound the

first term on the left-hand side of this inequality from below by noting that, thanks to
(2.13) and (3.5), we have

/Q T(GE (0 5.1))d = / T(GE (. 5.1))da + / Th(GE (PR 5.0))de

Q4

> i e -+ g [ (s ae
ﬁ (P} 5.1)%)da — C(L)|Q4 | +i/'77rh((pzm)2)d% ﬁ/& er((o s 1))
> i S}’fhﬂ?f 51) dw% (o} 5.2 )z — C(L)|9)
- ﬁ /Q(p% L)?de+ T; m([ph 5,012 )de — C(L)|QY,
where in the transition to the fourth line we have used that § < L and that [pj; 5 JE=0

on €14 . It remains to note that, because for all § and L such that 0 < § <1 < L we
have that

I § s2— 12
0 < G5(s) < max l_i’T+(IOgL_1)S+1 , for all s >0,

it follows from (3.8) that 0 < G¥ (p2757L) < C, where C' = C(L) is a positive con-
stant, independent of /2 and §, whereby the same is true of [, 74 (G5 (0}, 5 1,))d. As

Q2 is a fixed domain, we shall absorb || into C(L) and write C(L) instead of C(L)|€2|.
From this, the inequality (3.17) directly follows.
To prove (3.18) we take ¢, = —c}, 5 1, in (3.92); we then have by (3.15) that

Li n n n n n—1 n
At/ O5 (Phs..)Ven s - Vey spdr < /(ph,é,L ~ Phs.0)Ch.s,rdT.
Q Q

Young’s inequality implies that

1 T 1 7 —
At/ OF (ph 5.0.)Vh .1, - Vb 5 pdr < 5 3 /(Ph,&,L)2d$+ §A(ph,6,lL)2dx+AC%76,Ldm'

Finally, we bound the first two terms on the right-hand side of this inequality from
above by using the bound on the first term appearing on the left-hand side of (3.17).
That completes the proof of inequality (3.18). [

The final piece of information we need before taking the limit concerns the con-
vergence of the discrete fractional Laplacian (—Ap)* and thus of the solution cj 5
of the finite-dimensional fractional Poisson problem. We will rely on the results that
were proved in [16, 18, 19], where fractional powers of elliptic operators and their
finite element approximation were studied in the setting we have put in place.

@ Springer



1564 J. A. Carrillo et al.

Proposition 3.10 (Convergence of the spatial discretization of the fractional Lapla-
cian) Suppose that s € (0,1), o € [0, 1] and f € HZ?°(2). Then, there exists a posi-
tive constant C that is independent of h and o such that

I(=AN)"*f = (=An) " mnfll2) < Ce(h)|| fllaze) for all f € HZ (),
where

“(h) = h? ifs+o>1,
) log(h~ A2t ifs 40 < 1.

Now we are ready for passage to the limit with 6 — 04 and »~ — 0. Passage to
the limit At — 0 will be discussed in the next section. It will be also shown that by
taking L > ||pol| L () the sequence of numerical solutions becomes independent of
L, so passage to the limit L — +00 is not required.

Theorem 3.11 The initial data {p? } 1~ ¢ defined in (3.6) are such that, for At and L
fixed, as h — 04 we have that

P = p = p¥ = p°(At)  stronglyin L*(Q). (3.19)

Furthermore there exists a subsequence of {p}; s 1. }e.n>0, @ nonnegative function

pr €V =H'(2) and ¢} € H!(2) such that the following convergence results
hold, foreachn € {1,...,N},as6,h — 04:

Vonst — Vot weakly in L?(; RY), (3.20a)
Phsr = PL strongly in L* (%), (3.20b)

OF (P o) = B(PL)] strongly in L*(Q;RT), (3.20c)
Chos.L — CL strongly in L2(Q;RY), (3.20d)
Vep s — Ve weakly in L2(Q;R?). (3.20¢)

Moreover {p}}n=1.. .~ solves the problem (3.12a), p} > 0 a.e. on {2 for
all n=1,...,N, and, given p? = p’ such that ﬁprOdIZI, one has

‘lﬁlfﬁpde:Iforallnzl,...,N.

Proof 1t follows from (3.7) that there exists a subsequence of {p9 }1,~0 (Which, for
the sake of simplicity of notation, we shall continue to denote by {9 }1,~0) that con-
verges weakly in L?(9) to some element g € L?(Q2), and V! converges weakly to
some element G € L?(Q;R?), as h — 0. To show that G = Vg notice that for any
n € C§°(2; R™) we have
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/G-ndx(— Vp%-ndxz—/p%divndx—)— gdivndez,
Q Q Q Q

which means that G is the distributional gradient of g, i.e., G = Vg in D’(Q; R?), but
since G € L?(Q; R%) we then have that G = Vg € L?(Q; RY). The compact embed-
dingH!'(Q2) <~ L?(2) implies that (a subsequence of) {p%}x~o convergences
strongly in L2(2) to g € L?(2) as h — 0, and therefore we can pass to the limit in
(3.6) with ¢, = 7, ¢ for any function ¢ € C>°(Q) to get equation (3.10). This shows
that g = p°, and the fact that C>°(Q) is dense in V = H'(12) then implies (3.19).

Now, let n € {1,..., N}. The weak convergence (3.20a) and the strong conver-
gence (3.20b) are implied by the inequality (3.17) and the same considerations as the
ones we exposed above in the case of Vp) and pfi. The nonnegativity of the limit
function p7} follows from (3.20b) and the second bound in (3.17).

Combining the second and third bounds in (3.17) and Lemma 3.4 we have the
result (3.20c).

The convergence result (3.20d) can be proved in the following way. We have, by
use of the stability inequality (A.2) satisfied by the solution of the fractional Poisson
equation, that

I=AN) " (03)" = (=8~ (05.0)" 2o
< I=)=*((8)" = (5.0 ey + I(=Bn)~ = (=An) =)0 5.0) 22
< O = (s.0) Iz + 1(=55) = (=)™ (0 5.0)" z2(o0,

and by (3.20b) and the convergence result stated in Proposition 3.10 we have (3.20d);
here and henceforth C signifies a generic positive constant, independent of § and 4.
Notice that this inequality, in conjunction with (A.2) and the bound on the first term
on the left-hand side of (3.17), makes the term on the left-hand side of (3.18) uni-
formly bounded in § and 4.

To prove (3.20¢) we need a uniform bound on the gradient of ¢}, 5 ;; then, the
result will follow from (3.20d). Thanks to Theorem 4.8.12 in [37] we have that

(I = Sp)vllz2) + AT = Sp)v|mi(a) < Chlv|giq) for allv e H'(Q),
3.21)

where S, denotes the Scott—Zhang quasi-interpolation operator. For any vy, € Vj,
thanks to the assumed quasi-uniformity of the family of triangulations, we have also

IVonllL2) < Ch™HvallL2(o)- (3.22)

Let us denote by ¢! 5 ; € H} () the solution of the boundary-value problem
—(=AN)*¢ s = (Phor)” in Q.

Then, the gradient of ¢}, ; ;, satisfies the following chain of inequalities:
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IVers.Lllez@ < 1V(chsr — Snlhs 2@ + IV(Shéhsr — s )llicz @ + 1V s Ll @)

C - -
<% k5,0 — Snhsrllrz) + ClIVE s Ll
< Elelian = G alliao + Feas — S lza +CIVERL 1l
= 36,0 ™ Chs L L2() 7, 1Ch.6.L hCh,s,LIIL?() Ch,8,LIIL%(2)>

where in the transition from the first to the second line we used (3.22) to bound the
first term on the right-hand side of the first line, and (3.21) to bound the second term
on the right-hand side of the first line. Because cj; 5 ; = —(—=Ax)"*(p}; 5.,)" and
s = —(=AN)"*(p} 5.1)"> the first term in the last line is now uniformly bounded
thanks to Proposition 3.10 with o = 1/2 and e(h) = In(h~1) h25*!, and the fact that
(P 5.0)* = Ph s — Jo Pispde € Vi is uniformly bounded in HZ7 () = H ()
as h,d — 04 because of (3.17). The second term in the last line is uniformly bounded
by the interpolation inequality (3.21), (A.3) in Lemma A.3 and the bound on the third

term on the left-hand side of (3.17). For the third term in the last line, we have simi-
larly, thanks to (A.3), that

IVér s.llzz@) < CIVoRs.llL2 @)

and the bound on the third term on the left-hand side of (3.17) then makes the term
uniformly bounded with respect to / and ¢. Having shown that V¢ ;5 ; is uniformly
bounded in L?(2;R?) as h,§ — 0., the weak convergence result (3.20e) follows
from (3.20d) thanks to the uniqueness of the weak limit.

We combine (3.20a)—(3.20c) to pass to the limit as §,h — 0, in (3.9a) with
bn = The, for ¢ € C(Q) together with the strong convergence of T,¢ to ¢ in
the norm of W1°°(Q) as h — 0 (cf., for example, inequality (4.4.29) in [21] with
s=1,m=2,1=1,r =0 and p = oo there), to obtain equation (3.12a). The fact
that C°°(Q) is dense in V = H!(£2) then concludes the argument. The nonnegativity
of p 5, on Q implies the nonnegativity of p7 a.e. on Q forn =1,..., N. Finally,
we note that if we choose ¢ = 1 as a test function in (3.12a) we have conservation of
mass, i.e., [, pf(z)dz = [, p°de =1forp},n=1,...,N.O

Having passed to the limits h — 04 and § — 04 with the spatial discretization
parameter 4 and the lower cut-off parameter ¢, in the next section we shall focus on
passage to the limits At — 04 and L — 400 with the time step At and the upper
cut-off parameter L. Before doing so, however, we close this section by commenting
on possible extensions of the analysis pursued in this section to two related models
that involve a nonlinear mobility coefficient p € R>o — A(p) € Rxo.

Remark 3.12 (Nonlinear mobility model I) Consider the initial-boundary-value
problem
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ot =V (Ap)Vp—pVe) in Q x (0, 00),
—(=A)’e=p" in Q x (0, 00), (3.23)
Onp =0, Opc= on 99 x (0, 00),

p(z,0) = po(x) for all z € Q,
where 4 is a continuous real-valued function defined on R such that

(Jo1,02 € Ryg) (Vs € R>g) 01 < A(s) < 03. (3.24)

For a (nonnegative) continuous piecewise linear function ¢;, € V}, we then consider
the piecewise constant approximation Z(¢y,) of A(¢y,), defined by

E(gn)(x) = Y A(¢n(Pr))xg(x), z€Q, (3.25)

KeTn

where Pk is the barycenter of the symplex K € 7}, and x is the indicator function
of the interior of K. The fully-discrete approximation of the problem (3.23) is then
defined as follows.

Let P(;L,&,L :=p) € V. Forn=1,...,N, given p;:glL € Vi, find pj, 51, € Vi, such that

7 n—1 . .
/) ,0, _ph 5 —_ n 7 n
/ Wh,(ih' 'LAt ’ 6L</>h>d$ = */ E(pns,L)Vohso - Vonda +/ O (Ph 5,.)Vh 5.1, - Vondz
Q Q Q
for all ¢y, € Vy,

where ¢y 5 1 € Vi N L2(Q) satisfies (3.9b). Thanks to our assumptions on 4, it fol-
lows that 0 < o1 < Z(pps5.1)(z) < 02 < 400 for all z € Q. Under the hypotheses

of Lemma 3.5, the assumptions on 4 also imply that
/ E(on)Von - Vn(g(dn))dr = 01/ Von - Vmn(g(on))dz — Vu € V.
K K

This lower bound is crucial so as to be able to ensure the validity of the bound stated
in inequality (3.17) in Lemma 3.9. In addition, by the Cauchy—Schwarz inequality
together with (A.3), (3.24) and the uniform bound on the H*(£2) seminorm, we also
have that

/ E(pns,0)Vep s - Vpsrdr < C/ IV pn.s,L*dz < C(L),
Q Q

which then implies that cj; ; ; satisfies the inequality (3.18). These considerations
enable us to use an identical argument to the one in the proof of Theorem 3.11 to
prove the convergence, as d§, h — 0, of a (sub)sequence of the solution sequence of
the fully discrete problem to a solution of the following semidiscrete-in-time problem.
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Let p% := p® = p°(At). For n=1,..., N, given pz_l €V, find p} € V such that

n _ n—1

/ Mgf)dm = —/ A(p})Vp} - Vedx -I—/ BE(p)Ver - Vpdr  for all g €V,
o At Q o

where c} satisfies (3.12b).

Remark 3.13 (Nonlinear mobility II) Another related problem with nonlinear mobil-
ity is given by

X V(Ao V) i Qx (0,00),
—(=A)’c=p" in Q x (0, 00), (3.26)
Onp=0, O,c=0 on 99 x (0, 00),

p(x,0) = po(z) for allzeQ,

where, again, 4 is a continuous real-valued function defined on R>q such that (3.24)
holds. Let E be the free energy functional defined by (2.9). It then follows that the
following dissipation law holds:

d

GE0 == [ pA(p)IV 0z p =)z < 0

which is analogous to that in (2.10). A crucial inequality, which our analysis in the
case of constant mobility relied on, was (3.15), i.e., that

/ VCZ}(;’L . VpZ’(;,de § 0.
Q

While in the case of the nonlinear mobility model I the function A(-) only multiplies
Vp, and therefore the above inequality can be guaranteed to hold under the stated
assumptions on 4, just as in the case of constant mobility, in the nonlinear mobility
model II the function A(-) now also multiplies Ve. Identical discretization of A(-)
in both terms appearing on the right-hand side of (3.26), unfortunately results in a
numerical method for which the inequality (3.15) cannot be guaranteed to hold. This
means that in the case of the nonlinear mobility model II the coefficient A(-) needs
to be approximated differently in the second term on the right-hand side of (3.26),
than in the first term, and this complicates both the definition and the analysis of the
resulting scheme. We shall therefore not dwell on this extension here further.
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4 The semidiscrete-in-time approximation

Next, we shall pass to the limit as the time-step At > 0 tends to zero in the tempo-
rally semidiscrete scheme (3.12a), which we presented in the previous section, and
which we obtained as the limit of the finite element approximation when 9, h — 0,
as was shown in Theorem 3.11.

In order to pass to the limit At — 04 we shall first show that the approximation
is independent of the cut-off parameter L, provided that L > ||po|| 1 (0); we shall
then derive uniform bounds with respect to At and proceed by extraction of weakly
convergent subsequences as At — 04, similarly as we did in the previous section in
the case of the parameters ¢ and 4.

Suppose that N € N>o and At := T'/N. We then define

tp, —1
At

t—tn 1 ,
Pl (1) = —— =t () +

At P, tE€ [tnotyta], n=1,...,N,

(4.1a)

that is, the continuous piecewise affine interpolant in time of the sequence of discrete-
in-time approximations {p} },=1.... n, in conjunction with the notation

pét’+('7t) = pZ(')v p%tﬁ('vt) = pz_l(')a te (tnflatn]a n=1,...,N.
(4.1b)

We shall adopt pft(’i) as a collective symbol for p2*, pft’i. For future purposes

we observe that

AN Pt ) = Pt (1)
ot ’ At ’

te(tn71>tn]7 ’I’Lzl,...,N,

and that, thanks to the final assertion in Theorem 3.11, one has that

1 1
—/pft(’i)(t)dm: —/podle, te€ (th—1,tn], n=1,...,N.
12 Ja 12 Jo

Fig. 2 Continuous piecewise affine interpolant of the discrete-in-time approximations
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For t € (0,7, let cft(-,t) € H*(Q) N HL(Q) be the unique the solution of the
equation

—(—AN)*cRt = (p2H)*  in Q. 4.2)

We note in passing that, thanks to linearity and because
\ﬁll Jo pide = ﬁpr%dx = ﬁprodx =1foralln=1,..., N, we have that

th —1t
At

* 1 ' t—tln— 0\ * n—1\%
(P2 (1) = pf’—@ ”/J%tdw= N L) () + (Pr )y t€ltacista], n=1...,N,

and therefore

At * At,+ At,—\ %
8(/:9[%) (',t): (/UL ) (7t)At(pL ) (7t) agt (7f) te (tn—laf ] n=1 N.

4.3)
Using the above notation, (3.12a) summed through n = 1,..., N, can be restated in

a form that is reminiscent of a weak formulation in time, that is:

Find p2t(-,t) € V = HY(Q) for t € ( , such that

/ / pL ¢d / / vat-‘r ngd;l:

(4.4a)

/ / BTNVt Voda
for all ¢ € L*(0,T;V),

subject to the initial condition p2t(z,0) = p°(z) for ae. x €, where
cft’Jr(-,t) € H(Q) forall t € (0,T) and satisfies

(AN ) = (o) () i, (4.4b)

forall t € (0,T), and B%(s) := min{s, L} for s € R.

We shall now rigorously prove a result similar to the one that we obtained through
formal calculations for smooth solutions in Lemma 2.2, namely a uniform bound in
time on the L°°(£2) norm of the solution p7t. This property will allow us to eliminate
the parameter L. Moreover the bound will be decisive in the convergence argument
that follows, and it is there where the structure of the problem and the action of
the fractional Laplacian proves advantageous. As was noted previously, in [32] this
result was shown for a smooth solution of the continuous model on the whole of R?
using the integral definition of the fractional Neumann Laplacian, while in Lemma
2.2 above it was asserted for a bounded domain using the spectral definition of the
fractional Neumann Laplacian, based on formal calculations. Our starting point is the
following lemma.
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Lemma4.1 Let pft’+ be defined as in (4.1) and let F € C*([0,)) be a convex and
nondecreasing function. Then,

sup /Q F(pp"* (t))da < /Q F(p")dz. (4.5)

te(0,T

Proof We begin by noting that, because p® € L>°(), we have that F(p°) € L1(Q),
and the right-hand side of the inequality (4.5) is therefore finite. Let us assume first
that F is additionally bounded (for the general case one can use a similar argument

as the one in the proof of Lemma 2.2). Let us then pick ¢ = x| F’(p%t"'r) with
t=t, forn=1,..., N, as test function in (4.4a). We then have that

/ /aPL F'(p At+ )dadr = — / /F// At,+ \fot’ﬂzdxdr

tn
/ / BELP Y F (p2 Vet v pth T da dr.

(4.6)

The first term on the right-hand side is always nonpositive thanks to the convexity of
F. For the second term on the right-hand side we can write

/ /BL LOE (e Vet Vot dedr

/ /BL At+ V(2 At +)vat+
V(=Ax) "2 (prt ) dadr

== fre)

V(=AN) "5 (p2" ) da dr,

(4.7)

where H (s fo BE(T)F" (1) dr is a nondecreasing function by definition.

We Want to employ an argument similar to the one we used in Lemma 2.2 to
show that the minus sign on the left-hand side of the fractional Poisson equation
(4.4b) and the explicit representation of the spectral fractional Neumann Laplacian
in terms of the heat kernel guarantee nonpositivity of the expression in the last line
of (4.7) above, but in order to rigorously replicate the formal argument of Lemma
2.2 we require additional considerations. We would like to perform spatial inte-
gration by parts, as we did in (2.6), to prove the nonpositivity of the term (4.7);

but now pAt + e L°°(0,T; H'(Q)) only, so we cannot proceed directly. We shall

therefore consider a sequence of functions {pﬁtﬁ}ﬁo C L>=(0,T;C>(Q)), such
that pAtJr — p%t "+ strongly in L2(0,T; H'(Q)) as € — 0, and th+ >0 for
a.e. (z,t) € Q x (0,T]. Such a sequence of smooth functions exists thanks to the

density of C°°(€2) in H*(Q2), and is easily constructed by extending p%t’Jr(-7 t)>0
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from (2 to the whole of R by preserving the Sobolev class H'(f2), and convolv-
ing the nonnegative part of the extended function with 0. (z) = e~ %0(x/¢), where
6 € C5°(RY) is a nonnegative function such that [;, 6(x)dz = 1. Instead of the
right-hand side of (4.7) we shall then consider the term

/ /VH (P25h) - V(=AN)*(pr ") da dr.

Proceeding in the same way as we did in Lemma 2.2, using integration by parts, we
have that

/ /VH (P20 T (—An) (020 da dr = / /pr‘j s (letye dzd7(4.8)

and then the nonnegativity of the expression above follows from the same argument
as in the case of the second term in (2.6) in the proof of Lemma 2.2.

To prove the nonpositivity of the right-hand side of (4.7) it remains to show that,
ase — 04,

/ /VH (p2) - V(AN (pph ) dadr — — / VH(p2 ) - V(=AN) " (020 ) dz dr.
Q Q (4.9)

To see this, we observe that
/ [ (THGR )T =) 0511 = VH(E) - V(=) (") dadr

/ /VH U= VH(pp" ) V(=AN) S (ppt ) dadr

)
/ ' / VH(p2) - V(= An) ™ (0254)" — (024))dz dr

@)

Term @ converges to zero as € — 04, Dbecause the function
VH(p2) = BL(p ) F" (p2t T )V p st belongsto L (0, T; L2 (; R?)) (recall
that 8 £ is a bounded functlon by definition, and F"” is a bounded function by assump-
tion), and because for each € L°°(0, T; C5° (2; RY)) we have that

A B A R A

/O"«f W) S diva, (P5) — (o) )d
(

At, +)

. Aty
< N(=AN) " divnll L2072 (0L (P2 ) z2(0,r522(0)) = 0

@ Springer



Finite element scheme for the fractional porous medium equation with... 1573

ase — 0. Wenoteinpassingthat [, divn(z,t)dz = [, n(z,t) - nds = 0,whereby
divn(-,t) € L2(Q) for a.e. t € (0,7 and (—An)~*divn(-,t) therefore belongs to
L2() forall s € (0,1), and for a.e. t € (0, T]. Thanks to the fact that C§°(£; R?) is
dense in L%(£; RY) it follows that

/O 1, V(AN (P20 — (020t 0

ase — 04 forallp € L>=(0,T; L%(; R)), so in particular this is true for
=65 F (o Vet = VH(pp"") € L%(0,T; L (4 RY)).

Thus we have shown that the term @ converges to 0 as € — 0.
For term ® we have that

|®‘ ‘ / / BL(/}Ar + F// pffEJr)vpffeJr 5L(pAf +)F//(pAf +) pﬁt,+) ) V(fAN)i‘ ( At, +) dzdr
< IBHPRE (PR IVt = BH (o I (o )V e s

x [V(=Ax)™ (ﬂL ) lz2(0,7:L2 ()
Focusing on the first factor on the right-hand side of the last inequality, we have that

1B (or s " (o2 IVt = B ) F (0 VL 20,2

< HﬁL(Pftj)F"(Pftj)(VPAt+ Vo ez o.ric2 )

+(B* (o F (2 ) = B (") (4.10)
F//(Pft’+))VPL 20,7502 (2))-

Let us define the constant M := supy¢(o o) ' (s) > 0 (recall that F has been
assumed to be a convex function, with F” bounded on [0, c0)), the first term on

the right-hand side of (4.10) is bounded by LM||VpAt 3 fot’+||L2(0 TiL2(Q))s

which converges to 0 as e — 0. thanks to the strong convergence of p7, A o pAt +

in L2(0,T; H(£2)). For the second term on the right-hand side of (4.10), because

of the strong convergence of pm 1o p%t *in L2(0,T; H'(Q)) there exists a

subsequence (not indicated) such that p (2, t) — pft *(x,t) as € — 0 for

ae. (z,t) € Q2 x (0,7). As B and F" are contlnuous functions we have also that

BE(pp ot (@, ) " (pp (w,)) converges to L (p2 " (, )" (p1 " (w, 1)) for
e. (z,t) € Qx (0,T) as e — 0. Hence, by defining

A, t) = [(B (oL (@, ) F" (o () = B (2" (2, ) F" (o (. 4) V" (2, D)%,

we have also that A.(z,t) — 04 as € — 04 for a.e. (x,t) € Q x (0,T). Let us
note furthermore that 0 < A (z,t) < 4L2M2|Vp%t’+(x, t)|? and that the function

@ Springer



1574 J. A. Carrillo et al.

4L2M2\me’+|2 € LY(Q x (0,T)). Thus, by Lebesgue’s dominated convergence

theorem fo Jo Ac(z, t)dzdt — 04 as € — 04, and consequently the second term

on the right-hand 51de of (4.10) also converges to 0 as € — 0. Thus we have shown
that the term © converges to 0 as € — 0, which then completes the proof of (4.9).

By combining (4.8) and (4.9), we have proved that the entire right-hand side of
(4.6) is nonpositive. For the term on the left-hand side, by Taylor expansion with a
remainder of the function

€ [0,00) — F(s+ ) € [0, 00),
where a € [0, 00), we have that, for any b € [0, 00),

(s —b)F'(s+ ) :F(s—|—a)—F(b—l—a)+%(s—b)2F”(95+(1—9)b+a),

with 6 € (0,1). By noting that t € [0, 7] + p2t(-,t) is piecewise affine relative to
the temporal partition 0 = tg < t; < --- < ty = T, we have that

/t" /QaﬂL F(p2t) drdT—/F(pr'( 7tn))dl’*/QF(/)0($))dav

I -
oni [ [P0 a0 g parar
Jo  JQ

Because the second derivative of F is nonnegative thanks to the assumed convexity
of I, we deduce that

/F(p€t+( ,tn))dxg/F(po(x))dx for alln e {1,...,N},
Q Q

and therefore, because pAtJr( ,t) is constant on each interval (t,_1,t,] for

n € {1,..., N}, the inequality (4.5) directly follows.

The assumption made at the start of the proof that F” is bounded
can be removed as at the end of the proof of Lemma 2.2: i.e., we define
Fr(u) :=F(0) + F'(0)u+ [, [, min(F”(w), k) dwdv for k > 0; then, F}/(u) is
bounded and the assertion of the lemma follows from the inequality (4.5) with F
replaced by Fj; we then take the limit £ — oo using the monotone convergence
theorem. [J

By recalling the definitions (4.1) we can write, for t € (t,—1,tn],n=2,..., N,

| P @ = [ PR (ot - Ao
Q Q
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and for 0 =:ty <t <¢; we have p%t’_(-,t) = p°(-), and therefore we have the
same bound (4.5) also for F'( pft’f) with sup,¢ o, 1) replaced by sup;¢ o 1, and con-

sequently, by the convexity of F, for F((p2?), with Supse (0,7 teplaced by sup;¢po -
These results can now be used to obtain a result that is analogous to Lemma 2.3.

Lemma4.2 Let pft(’i) be defined as in (4.1). Then, the following bound holds:

At(,+
sup ”th( )(t)HLoo(Q) < llpollze=(9)- 4.11)
te(0,T)

Proof First notice that if we test (3.10) with F’(p"), where F € C?([0,00)) is a
nonnegative convex function, then we have, thanks to the nonnegativity of F”, that

/(po—po)F'(pO)dxgo, and therefore also /F(po)dmg / F(po)dx
Q Q )

thanks to the convexity of F. Let us now choose a nonnegative convex func-
tion F' € C?([0,00)) such that F(u) =0 for u < ||pol|r=() and F(u) >0 for
u > ||po|| L (02)- Then,

0< / F(pft(’i)(x,t))dx < / F(po(z))dxe =0 forallte (0,T).
Q Q

HH) < llpoll o= (c2), which then implies the stated L°°(£2) norm

Consequently pf
bound. OJ

Thanks to the fact that (4.11) provides a uniform bound on the L*°(Q2) norm of
pAt6E) for all t € (0,T), dependent only on the L°°(£2) norm of the initial datum,
the temporally semidiscrete weak formulation (4.3), (4.4), which we obtained by
passing to the limits h,d — 04, can be simplified: by assuming without loss of gen-
erality that L > || pol| 2 (), the (upper) cut-off parameter L can be eliminated from
(4.4) by recalling that 5% (s) := min{s, L} and noting that 3%(s) = s for L > s.

Hence, by assuming without loss of generality that L > ||pol| 1 (), the semidis-
crete-in-time formulation of our problem becomes the following:

Find pAt ) € V H'(Q), t € (0,T], such that

T
— _ At,+ | d
c’)t /0 /Qv” Vede (4.12a)

+/ /pAt’JerAt""-V(bdx for all ¢ € L*(0,T;V),
0 Q

subject to the initial condition p2f(z,0) = p°(z) for ae. x €, where
AT t) € HY(Q) forall t € (0,T] and satisfies
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(AN BT () = (0BT (1) i Q (4.12b)
for all ¢ € (0,77, and the definitions of p*(*) are analogous to those of pft(’i)
stated in (4.1).

We can now start to derive a bound that is uniform in A¢. Our candidate test
function will be ¢ = xo,4G’ (pAt), where Xo,s] denotes the characteristic func-
tion of the interval [0, 7]. However, since lim,_,, G’(s) = 400, we need to be
careful because, although the convergence results (3.20) ensure that p~** is non-
negative a.e. on 2 x (0, T, there is no reason why p*+ should be strictly positive
a.e. on § x (0, T]. We shall circumvent this problem by choosing as a test function
X0, G’ (P20 " + @) where o > 0. In this way G’ (p*"" + ) and G" (p”0F + )
will be well defined. After a series of manipulations we shall arrive at a bound involv-
ing G(p** + a) only. At that point we will be able to pass to the limit as o — 0.,
noting that, unlike G’ (p2t*) and G”(p»t1), which are only defined when p~t+ is
positive, the function G(p~*+) is well defined for nonnegative p2~t+.

Thus we take a € (0,1) and we choose ¢ = x[o, 4G’ (p"F + ), with t = t,,,

n € {1,...,N}. We have

(f) At
/ / 55 XD, 1G'( Af++a)dxdt+/ /vaH VX[0,6,]G (P + a)dzdt

@ ®
T
=/ /pAt‘+VcAt’+-VX[o,tn]G'(pA"*+a)d$dt-
0 Q

®

Let us now manipulate the three terms one at a time. First, by Taylor expansion with
a remainder of the function

€ [0,00) = G(s + a) € [0, 00),
we have that, for any b € [0, 00),

(s—0)G(s+a)=G(s+a)—Gb+a)+ %(s —0)?G" (s + (1 — 0)b+ ),

with @ € (0,1). Noting that for ¢ € [0, T the function ¢ — p~*(-,t) is, by definition,
piecewise affine relative to the partition 0 = tg < t; < --- < ty = T of the interval
[0, T, it follows that

0= / G(p™tH (z,t,) + a)dz — / G(p°(z) + a)dz

2At/ / G// At o+ ( e)p -4 a)(pAt,Jr _ pAt’7)2dl‘ dr.
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As G'(s+a)= Sia for all s>0 and (4.11) implies that
G”(QpAt’J'_ + (1 _ Q)pAt,— T a) >

> m almost everywhere in  x (0,7
it follows that

®>/G Af+(xt)+ad$f/G x) + a)dz

1 /t"/ At4  At,—\2
+ (p=0T = pt7)dadr.
2At ([lpollLes () + @) Jo  Ja

For the second term we have

tn tn |vat,+|2
= / / G (pAtF + )| VAt 2dz dr = / o ——da dr,
Q o Japhtta

for all s > 0.

again, since (G*)"(s + o) = 45

For the third term we have

poit At+ At,+
T VpthTdadr.
o= [ v v

Putting everything together we therefore have that

1 rtn ;
G(pAt (2, t,) + a)dz + —/ / Att _ pAL24p dr
R = A ACRRT

tn ‘v/)AtA»‘Z At +
-+ / AT Ta dz dr — / / YN + At’+ . vat’er:E dr
nz
o Jap QP (4.13)

/ G(p”(z) + a)dz.

We can now pass to the limit as o — 04 to obtain the following bound for
n=1,..., N, which is uniform in At thanks to (3.11):

1 b
G(p™tF (2, tn))da + 7/ /(pAt’+ — pAt ) 2dz dr
/Q (@) 2AtpollL=(0) Jo Ja )

tn 2 tn
+ 4/ / VvV pAtt| dzdr — / / VAt t . vpAttdedr
0o Jo o Ja

(4.14)
< [ @nds < [ Gl = Clon)
Finally we notice that, for ¢t € (0,77,
/ VAt T (a,t) - Vp2ht (z, t)de < 0; (4.15)
Q

@ Springer



1578 J. A. Carrillo et al.

this can be proved by using the density of C*°(Q) functions in H*(£2) and a similar
argument as the one contained in the proof of Lemma 4.1 to show the nonpositivity
of the term (4.7). We therefore have, forn = 1,..., N, that

1 bn
G At,+ 7tn dz + / / At,+ _ At,— 2d d
Jyous s g [ - e

t’n 2
+ 4/ / V/ pAtt
o Jo

Using property (3.11) we can supplement the above inequality with additional
bounds. The first of these is arrived at by noticing that

dzdr < C(po). (4.16)

2
daxdt

At,—
p=b

2 2
dadt = 4At dz + 4 pAL—
Q

2 T—At 2
:4At/ 0 dx+4/ / ‘v\/pm+
Q 0 Q
T—At 2
S/G(po)dx—i-él/ /‘V\/pAthr
Q 0 Q

dzdt

dzdt < C,,

where in the two inequalities appearing in the last line we used (3.11) and (4.16),
respectively; here and henceforth C, signifies a generic positive constant, indepen-
dent of At.

A simple calculation then shows that we can also get a similar inequality for p*
and therefore we have the uniform bound

2
VA /pAt(,i)
Q

At this stage we can also obtain a uniform bound on the norm of ¢2*+. By choos-
ing —X[07tn]CAt’+ as a test function in (4.12a) and recalling (4.3) we have, for each

n € {l,...,N}, that

tn a(pAt)* tn tn
—/ / TCAt’+dI dr +/ / PRVt L VAt dr dr = / / Vphtt Vet tda dr,
o Ja t o Ja o Ja

which is equivalent to

pAt) At
/ / Atda: dr + / / 0(p At — cAt’+)d9: dr
tn
/ / Aty + At +‘ dxdr = / / V/)At’Jr VAt tdadr,
Q

dzdt < C,. (4.17)
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The idea at this point is to extract from term @ the H* norm of ¢** in a similar
way as we did in (2.15). Expanding and using (4.2) and (4.3), thanks to the fact
that the fractional Laplacian is an operator acting only in space, we have for each

n € {l,...,N} that
n ot At)x tm pAt+) pAt—
O=- Z / L(ﬂ ) Atdzdr = — / / ) Atdrdr
t 1 ot m=1"tm—

_ n (pm>*7(pm—l)* /trvlt7t7n71 s e /t tn —t o
_n;/g At - At (=AN)*(p™)"dT + A (=Ax) (e H*dr |da

v—1 1

:%}:/«WVf@Wﬂﬂ«ﬂhYﬂﬂﬁ+Pﬂmﬂwwﬂﬂw

=5 L0 a5y e = 5 [ () (A ) da

= —7/(pA‘Jr @, t,) A (2t )dr + = 5 /( N (2) & (x)dx
Q
-1 /(7AN)"CAL‘+(.7C,tn)cm‘+(ﬂc,tn)dz7 1 /(fAN)-*CO(;I:) S (w)de.
2 Ja 2 Ja
We now wish to show that the term @ is nonnegative. We first notice that on the inter-
val [t,,—1, t,], by proceeding similarly as in the case of term ®, we have by linearity
that

t_tn — tn -t — * —\ %
CAt _cAt,—i- — (CAt’+ _ AR, ): (_AN) s((pAt,+) o (pAt, ) )

Al ¢ Al

Therefore, we have that

tn At V% _ (AL —\*
/ / (p ) (P ) (cAt - cAt’+)dx ar
Q

. Pt (pAH)* ty, —
Z / / + ) tht t(_AN)_S((pAt’+)* - (pAt’_)*)dIdT

m=1

_Z/tm " / (P2)" = (0¥ 7)) (=An) " (P¥F) = (p07))da dr.

m—1

)

Since the inverse fractional Laplacian is a positive operator, we have that @ > 0, and
therefore

1 b 2
5/(—AN)ScAt’Jr(x,tn)cAt’Jr(x,tn)dx+/ /pAt’+‘VcAt’+‘ dadt
Q o Ja

tn
/ / VpAht . VAt tdedt < %/(—AN)SCO((E) A (x)dz, (4.18)
o Ja Q

which means, by (4.15), that
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1 . o 2 1 .
7/(—AN)”cAt’+(x,tn)cAt"*'(I,tn)dx+/ /pAt’+‘VcAt’+’ dzdt < = / (—AN)*E(x) O (x)dz
2 Ja 0o Jo 2 Ja

foralln =1,..., N. Notice that, by (A.2),
a0y da = 10l e < O @y < ClllEaey = C-.

At,+.

Therefore we have the following overall (uniform in At) bound on ¢

t 2
sup /(—AN)scAt’+(t)cAt’+(t)dx—|—/ /pAt’Jr‘VcAt’Jr’ dzdt < C,.
te[o, 7] J0 0 /9 (4.19)

We observe that (4.14) in conjunction with (4.18) leads, for any n € {1,..., N}, to
the following bound on the energy functional that we defined in (2.9):

B (1)) = B) = [ G (atwde = 5 [ (2 (@)oot = [ Go°a)da

+3 /<ﬂ“>*<w>c“(w)dx < 74/01'" /Q ‘v\/,JAT

2 Ja

tn tn 2
+ 2/ / VpAtt . vetttdadt  — / / pA"+‘V0At’+‘ dzdt.
o Ja o Jao

2
dadt

(4.20)

The inequality (4.20) can be rewritten, for any n € {1,..., N}, as

B+ [

Because |2V y/pAtT — /pAttVeAhT |2 = pAtt|V(log pAht — A2, the
inequality (4.21) can be seen as a temporally semi-discrete counterpart of the time-

integral in the (formal) free energy identity (2.10).

2
dzdt < E(p%).
4.21)

2V 4 /pAt,Jr o /pAt,JerAt,-i-

We shall assume throughout the rest of the section that the test functions belong to
the function space L2(0, T, W°°(€2)). Our objective is to derive a (uniform in At)
bound on the time-derivative of p™! in terms of the L2(0, T, W1>°(Q2)) norm of the
test function, followed by the use of Sobolev embedding, which will enable us to apply
a variant of the Aubin—Lions compactness lemma, known as Dubinskii’s compact-
ness theorem. From (4.12a) we have that, for a test function ¢ € L2(0, T, W°(2)),

[,

+

apAt T
pdzdt / / PRV AT L Vodadt| .
ot 0o Jo

@ @

T
< / VAt t . Vedadt
0 Q
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We recall that we have
PR >0 ae on Qx(0,7), and (4.22a)
1
@/me(’i)(t) =1 fora.e. te(0,7T). (4.22b)

Moreover we notice that the bound on the first term on the left-hand side of (4.16)
gives us a (uniform in At) bound on the L>°(0,T; L'(Q)) norm of p~*+, because
the function s € [0, 00) — G(s) € [0, 00) has superlinear growth as s — +o0.

For the term ® we then have by (4.16) and (4.22) that

T T
o< / IVl o) / V2t drdt = 2 / V6]l = / N7 N
0 0 0 Q

1 1 1
T 2 2 2 T 3
< 2/ v¢|m(9></g pmv+dm) </2 dx) dtg@(/ ||V¢|ioc(mdt> .
0 2 < 0

For the term @ we recall the bound on the second term on the left-hand side of (4.19)
together with (4.16); with a similar computation as for term @ above we get

T
@< C, (/0 ||V¢||%oo(sz)dt>

By combining the bounds on the terms ® and @ and noting that by the Sobolev
embedding theorem H*1(Q) is continuously embedded in W1>°(€) for d = 2, 3,

we then have that
T 3 T
<c, ( / ww%x(mdt) <c, ( / ¢|?{d+l(mdt> .
0 0 (4.23)

dzdt

VA /pAt.+

1
2

S

T apAt
¢ dxdt
/0 /sz ot

We are now ready to take the limit as At — 04. Our main tool to this end will be
Dubinskii’s compactness theorem in seminormed sets, which we shall state in the
next subsection; cf. [34] and [8].

4.1 Dubinskii's compactness theorem

Let A be a linear space over the field R of real numbers, which will be referred as
ambient space, and suppose that M is a subset of .4 such that,

for all p € M and c € Ry, cp e M. (4.24)
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Suppose further that each element ¢ of a set M with property (4.24) is assigned a
certain real number, denoted by [¢] A4, such that

1. [¢lm >0, and [p] s = 0 if, and only if, ¢ = 0;

2. eplpm = c[p]m forall ¢ € Rxo.

A subset M satisfying (4.24), equipped with [-] satisfying these two properties is
referred to as a seminormed set.Theorem 4.3 [c.f. [8]] Suppose that Ay and A; are
Banach spaces, Ay — A; (i.e., Ay is continuously embedded in A;), and M is a
seminormed set contained in Ay such that M is compactly embedded in Ay. Con-
sider the set

d
Y= {@ 20, T] = M [@lreo,rm) + Hds:

< o0 o,
LP1(0,T;A1)

where 1 < p < oo, < p; <00,] |4, is the norm of A; and i—f is understood in
the sense of A -valued distributions on the open interval (0, 7). Then ), with

)

LP1(0,T;A1)

de
[ely = [lrro,mMm) + Hdt

is a seminormed set in LP(0, T; Ag) N W1P1(0, T; A;), and ) is compactly
embedded in LP(0, T; Ap) ifeither 1 < p < ocand I < p; < oo,orif I < p < oo
and p; = 1.

In our current setting we shall apply Dubinskii’s theorem, as in [5], by selecting

Ao = L*(Q), with the usual Lebesgue norm ||¢|| .4, := / |p|dx
Q

and

M= {¢ € Ag: ¢ > 0 with / |V\/g5‘2dx < oo};
Q

and, for ¢ € M, we define
2
Wlag = lllao + / V5 .

It is a straightforward matter to confirm that (4.24) and properties 1. and 2. stated
above hold, rendering M a seminormed subset of the ambient space Ag = L!(Q).
Finally we put

A= HP(Q):=[H(Q)]) withB=d+1,
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equipped with the dual norm ||¢[[4, := ||| -5 (q). The choice of A; is motivated
by the (continuous) Sobolev embedding

HP(Q) — Wb (Q).

In this way the right-hand side of (4.23) can be further bounded by a constant multiple
of [|¢]| L2 (0, 7: 15 (02))- The Banach spaces .Ag and A; and the seminormed set M then
satisfy the conditions of Theorem 4.3, with M < Ay compactly and Ag — A; (cf.
[5D)."

We shall also make use of the next lemma, whose proof via Holder’s inequality is
straightforward and is therefore omitted.

Lemma4.4 Supposethatasequence{p,}n> 1 convergesstronglyin L' (0, T; L (£2))
to a function o € L1 (0, T; L' (R2)), and is bounded in L>°(0, T; L>°(2)); namely,
there exists a K > 0 such that ||@n|| o0, 7;100(2)) < K for all n > 1. Then
w e LP(0,T;LUL2)) forall p, q € [1,00) and the sequence {¢y}n>1 converges to
o strongly in LP(0, T; LY(02)) for all p, q € [1,00).

4.2 Passage to the limit At — 0

We begin by collecting the At¢-independent bounds (4.16), (4.17), (4.23); we have
shown that there exists a constant C',, independent on At, such that

T
sup [ G(pAtF(t))dz +/ /(pm’Jr — pAt ) 2dadt
Q 0o Ja

te(0,T]
, . , (4.25)
T/ A dadt + /
0

T
[ dt < C..
0 Jo

H-8(Q)

In the proof of the next theorem we shall require a technical result concerning weakly
continuous and weak-* continuous functions. Suppose to this end that X is a Banach
space and let X’ be the (continuous) dual space of X. Let us denote by C,, ([0, T]; X)
the set of all weakly continuous functions that map [0, 7] into X, namely the set of all
functions n € L>(0,T; X ) such that t € [0,T] — (¢, n(t))x € R is continuous on
[0, T] forall ¢ € X’. Whenever X has a predual E, we shall denote by C.,« ([0, T]; X)
the set of all functions ny € L*°(0,T; X) such that ¢ € [0,T] — (n(t), () € Ris con-
tinuous on [0, 7] for all ( € E. We will use Lemma 3.1 of [9], that we cite here.

apAt
ot

Lemma 4.5 Suppose that X and E are Banach spaces.

"The continous embedding of Ag into A1 follows from the following abstract result, whose proof of
straightforward. Let X and Y be normed linear spaces with (continuous) dual spaces X' and Y', respec-
tively, and let i : X — Y’ be a continuous embedding. Then the mapping j :Y — X', defined by
(G (), z) == (y,i(x)), is continuous. Moreover, if i(X) is weak-+ dense in Y, then j is injective, i.e.,
Jj is a continuous embedding. We take X = HP(Q) with 8 =d+ 1, Y = Ag = L' (), and note that
Y’ = L*°(Q).
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(a) Assume that the space X is reflexive and is continuously embedded in a Banach
space Y; then L (0,T; X) N Cyw([0,T];Y) = C ([0, T); X).

(b) Assume that X has a separable predual E and the Banach space Y
has a predual F such that F is continuously embedded in E; then,
L0, T; X) N Cou ([0, T];Y) = Cu+ ([0, TT; X).

We are now ready to pass to the limit At — 0.

Theorem 4.6 There exists a subsequence of{pm(*i)}ADg (not indicated) and a
function p such that

pEL®0,T,L>Q)NH 0, T,H (), B=d+1,

with p > 0 almost everywhere on (2 x (0,T) and %mfgﬁ(x.t)dx: 1 for
ae. t€[0,T],and ¢(-, t) € H*(2) N H! () defined as —(—Ax)*¢(-, t) = p*(-, 1)
in 2 for ¢ € (0, T] such that, forall p € [1, o),

PRt 5 5 strongly in LP(0,T; L*(Q)), (4.26a)

VpAE - v/p weakly in L*(0,T; L*(Q;RY)),  (4.26b)

At -~
Op — % weakly in L* (0,T; H? (€Q)), (4.26¢)
ot ot
pAteE) 5 5 weakly— * in L>(0,T; L>(Q)), (4.26d)
pAt(vi) =75 strongly in LP(0,T; LP(R2)), (4.26¢)
p
cAt(,i) - C Strongly mn LP(07 T; H*® (Q)), (426f)
VAt & ve weakly in L*(0,T; L*(Q;RY)). (4.26g)

The function p is a global weak solution to the problem

/ / 99 \wdt + / / Vp - Vodzdt + / / pVe- Vodrdt
Q

— [ 0 Glucads foralté € WH (0,7 H (@)
Q
suchthato(-,T) = 0.

(4.26h)

In addition, the function p is weak-* continuous as a mapping from [0, 7] to L>°({2)
and it is weakly continuous as a mapping from [0, 7] to L (§2). The energy functional
E(-) defined in (2.9) satisfies the inequality
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s+ [ [

forae. t € [0, T).

2
2V\/p—\/pVeE| dzdr < E(po), (4.26)

Proof We choose Ay, A; and M as in the discussion following the statement of
Dubinskii’s theorem (Theorem 4.3). Then, by taking p = 1 and p; = 2 we have that

< o0
Lr1(0,T;A41)

is compactly embedded in L (0, T; Ag) = L' (0, T; L*(2)). By using the bounds on
the last two terms on the left-hand side of (4.25), we have that there exists a subse-
quence of {p™*} as>0 (not indicated), which converges strongly in L' (0, T; L*(9))
to an element p e LY(0,7;L'(Q)) as At — 0. The strong convergence in
LY(0,T; L' (Q)) ensures almost everywhere convergence of a subsequence (not indi-
cated) to p. We have by (4.1) and the bound on the second term on the left-hand side
of (4.25) that

T 2 T
</ / [pAt — pAt’+dxdt> < T|Q|/ /(pAt,Jr — pAb )2 dzdt < C,T|Q).
0 /e 0Je (4.27)

d
{80 20, T] = M : [@lreo,rm) + de

We apply the triangle inequality in L*(0,T; L'()), together with the strong conver-
gence of the sequence {p™*} ar~0 in L1(0,T; L*(Q2)) to deduce strong convergence
in LY(0,T; L'(Q)) to the same element p € L (0, T; L*(£2)). The inequality (4.27)
also implies strong convergence of {p>t "} ayso in L(0, T; L' (2)) to p. This com-
pletes the proof of (4.26a) for p = 1.

From (4.22) we have that

HPAt(’i)(t)HLl(Q) <19

for a.e. t € (0,7]. This means that the sequences {p™*0*)}a;~0 are bounded in
L>(0,T; L' (92)). We can use Lemma 4.4 together with the strong convergence of
the sequences to p in L1(0,T; L'(Q)) to deduce that we have strong convergence in
LP(0,T; L'(Q)) to the same limit for all values of p € [1,00). We have then com-
pleted the proof of (4.26a).

Because strong convergence in LP(0,T; L' (Q)) for p € [1,00) implies conver-
gence almost everywhere on 2 X (0,T7]) of a subsequence (not indicated), it follows
from (4.22a) that p > 0 a.e. on Q x (0,7). By applying Fubini’s theorem we have
that

@ Springer



1586 J. A. Carrillo et al.

/ |pAt6H) _ jldz — 0 as At — 04 for a.e. t € (0,7)].
Q

Hence we have by (4.22b) that
1 ~
—/ p(t)de =1 for a.e. t € (0,T).
€ Jo

We shall now prove (4.26b). We notice that since |\/c1 — \/C2| < \/|c1 — ¢2| for

any two nonnegative real numbers c¢; and cs, the strong convergence (4.26a) directly
implies that, as At — 0,

VpAteE) - /5 strongly in LP(0,T; L(Q)) for all p € [1,00).

The bound on the third term on the left-hand side of (4.25) implies the existence of
a subsequence (not indicated) and an element G' € L?(0,T'; L?(2;R?)) such that

VVpAEH) — G weakly in L?(0, T; L*(€; R?)).

We have therefore that, for a test function n € C([0,T]; C§°(£; R?)),

T T T
/ /G-ndxdt<— —/ /\/pAt(vi) div npdzdt — —/ VP div ndzdt.
0 Q 0 Q 0 Q

Therefore we have the equality

T T
/ G-ndzdt = — / VP divpdzdt,
0 Q 0 Q

and this means that G is the distributional gradientof \/p.As G € L?(0, T; L*(Q; R%))
it follows that

G =V/pe L*0,T; L*(©;RY)

and hence (4.26b) has been proved.

The weak convergence result (4.26¢) follows from the uniform bound on the last
term on the left-hand side of (4.25) and the weak compactness of bounded balls in the
Hilbert space L?(0,T; H="(Q)).

The weak-* convergence result (4.26d) follows from the uniform bound (4.11)
stated in Lemma 4.2, the weak-* compactness of bounded balls in the Banach space
L*>(0,T; L*°(2)), and the uniqueness of the weak limit.

The strong convergence result (4.26¢) is a direct consequence of (4.26a) and the
uniform bound (4.11) stated in Lemma 4.2, using Lemma 4.4.

With the convergence (4.26¢) in place, (4.26f) follows directly from (A.2) and
(A.9c¢); that is,
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T T
|10 a0 oyt < € [ 108 0) = 0

forall p € [1,00).
Let us now consider the L2(0, T; L%(£; R9)) norm of VAt T, By the stability
result (A.3) we have

T T T
/ / VAt Pdadt < c/ / VoAt [*dadt :40/ /;;AH
0 Q 0 Q 0 Q

T 2
<40 swp [ ey [ [ \me
te(0,T] 0 Q

2
\V4 /pAt,+

dadt

dzdt,

and thanks to the uniform bound on the L°°(0, T; L>°(£2)) norm of p”** from Lemma
4.2 and the bound on the third term on the left-hand side of (4.25) we have that the
L2(0,T; L?(Q; R%)) norm of the gradient of ¢*** is uniformly bounded and there-
fore Vc2t+ converges weakly to an element, that we call C, as At — 0. By (4.26f)
with s = 0 we have that Vc2%* converges strongly to Vé in L2(0, T, H~1(Q; R%)),
but then V¢ must coincide with C because of the uniqueness of the weak limit.

We now want to use the convergence results we have just proved to pass to the
limit as At — 0L in equation (3.12a). Throughout the argument we will consider
test functions ¢ € C1([0,T]; C>°(Q)) such that ¢(-, T') = 0. Note that the set of all
such test functions is dense in the set of functions belonging to W11(0, T'; H? ((2))
and vanishing at ¢t = T (in the sense of the trace theorem in W11(0, T)), which is
continuously embedded in L2(0, T; H?(Q)); therefore the use of such test functions
is fully justified for the purposes of our argument.

We begin by considering the first term in (4.12a) and use integration by parts with
respect to ¢ to deduce that

apAt
/ / pdadt = / / pAt—dxdt— / P° Gli—odz
Q Q Q

for all ¢ € C1([0,T], C>(Q)) such that ¢(-, T') = 0. Moreover,

li = kl L*(Q
A#_%p =po weakly in L7(Q).

Therefore using (4.26a) we immediately have that, as At — 04,

/ / i odaxdt — / 8¢dxdt—/po @|t=od.
Q 0 Por Q

The second term in (4.12a) will be dealt with by decomposing it as follows:
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T T
/ / VpAht . Vedzdt = 2/ / <\/pAtHr - \/E)V\/pmﬂr - Vodadt
o Ja 0o Jo

@
T

+2/ /\/EV\/pAt’JF-ngdxdt.
0 Q

@

For term @ we have by Holder’s inequality that

\®|s2/ ([ |ve-vif dx) ([ [vve=] dx) 196 1 ol

It Pt
m)(> ( [ ez, ) ,

where r € (2, 00). Using the bound on the third term in the inequality stated in (4.25)
we have

2(/0 /Q‘V\//ﬁr(l:vdt) </ Nr==W

o] < 202

VA /)

1A
§2C’f||P o szQ(OTLl ()

V||

L7(0,T;L2(Q)) L7252 (0,71 ()

Vel

L7252 (0,150° ()

where we have used the elementary inequality |\/c1 — \/ca| < /|c1 — c2| with

c1,¢2 > 0. The first factor in the last line converges to 0 as At — 04 thanks to
(4.26a), and therefore the term @ converges to 0 for every ¢ € C1([0,T]; C*°(2))
as At — 0.

Concerning the term®, as p € L>(0,7; L>(2)) and p > 0 a.e. on 2 x (0,7,
we have that 1/p V¢ belongs to L?(0,T; L?(f2)), and the weak convergence result
(4.26b) then directly implies that

T T , T
lim 2/ /\/ﬁv\/pm»+-v¢dmdt:2/ /\/ﬁv\/ﬁ-wdxdt:/ /Vﬁ-V(j)dxdt.
0 Q JO Q 0 Q

At—04

Let us consider the final term in (4.12a). By (4.26e), p~t+ — p strongly in
L2(0,T; L%(Q)) and by (4.26g) VAt — Veé weakly in L2(0,T; L2(;RY)); it
follows that p2t T VAt —~ 5VE weakly in L1(0, T; L' (©; R?)), and therefore

T T
lim / / PRIV AT L Vpdadt = / / pVe- Vodzdt
At=0+ Jo  Ja 0o Ja

for all ¢ € C*([0,T]; C>()). B
Putting these convergence results together, and noting that C* ([0, T']; C>°(£2)) is
dense in the function space W11 (0.T; HA(Q)) with 8 = d + 1, we get (4.26h).
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Letusnowprovetheweak-*continuity ofthe functionpasamapfrom[0,7]to L (2).As
pe L®0,T; L>(Q))andp € HY(0,T; H-4(Q)) c C([0,T];H?(Q)),8 =d+1,
and L>°(Q) = LY(Q)’, it follows from part (b) of Lemma 4.5 with X = L>(Q),
Y =H#(Q) and E = L*(Q) that p € Cy- ([0, T]; L>(R)). Because 2 is bounded,
L () € LY(Q), and it then directly follows from this weak-* continuity property
of pthat p € C,, ([0, T]; L*(£2)), i.e., p is weakly continuous as a mapping from [0, T
to LY(9).

It remains to prove the energy inequality (4.261). Thanks to (4.20), in the form
(4.21), and (3.11) we have that, for all ¢ € (0,7,

t 2
/ G2 (2, t))dz — % / (PP (2, t) A8 (2, t)da +/ / ‘QV\/ pAtt — \/pAtEV AT dedr
Q Q 0 JQ

< [ 6 anas 3 [ 6@ ayda
Q

(4.28)

Since G is a nonnegative, continuous and convex function, by Proposition 7.7 in [47]
and the strong convergence (4.26¢) it follows that, for a.e. t € (0, 7],

/ G(p(x,t))dz < liminf [ G(p™t7T(z,t))dz. (4.29)
Q At—04 QO

As p® = p°(At) is uniformly bounded in L?(Q) with respect to At > 0, it fol-
lows that (p°)* is uniformly bounded in L2((2), and therefore by the continu-
ous embedding of L2(2) = H2(2) into H,*(2), (p°)* is uniformly bounded in

*

H_*(Q). By Theorem A.1, ¢ = —(—An)"*(p°)* is then uniformly bounded in
H*(2), and has therefore a weakly convergent subsequence (not indicated) in H*(€2)
as At — 0 ; because H*(Q2) is compactly embedded in H°(2) = L?(f2), we can
extract a strongly convergent subsequence (not indicated) in L?($2) as At — 0. It
remains to identify the limit of this subsequence. As (p°)* — (po)* weakly in L2(£2)
as At — 04, thanks to the linearity of the operator (—Ayn)™°, we have that
& — ¢p:= —(—An)"*(po)* weakly in H*(Q2), and therefore, thanks to the unique-
ness of the weak limit ¥ — ¢ = —(—An)"*(po)* strongly in L(£2) as At — 0.
Hence, (p°)*c® — (po)*co weakly in L1(Q) as At — 0. Using this to pass to the
limit in the second term on the right-hand side of the inequality (4.28) we have that

fim 5 [ ()@ @ =5 [ o) @a@dn. @30

At—04 2

Concerning the second term on the left-hand side of (4.28), thanks to the strong con-
vergence results (4.26¢) and (4.26f) we have that (p2bT)*cA6+ — (p)* €, strongly
in L1(0,7; L*(2)), and therefore also,
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1

1
5 / (pAt7+)*(x7 ) CAt7+(xa )dﬂ?
Q

3 Q(ﬁ)*(a% ) e, -)de

in L1(0,T) as At — 0. Thus, for a subsequence (not indicated),

%/Q(pAH') (z,t) AV (z,t)dz — = / (z,t)c(z, t)dx (4.31)

forae. t € (0,T] as At — 0.
Finally, for the third term on the left-hand side of (4.28) we use Theorem 7.5 in

[39] for the functional
ur— J(u / /|u| dz dr,
Q

with respect the sequence
2V \/pAtF — \/pALFVALT = QV\/W+ VATV (— pAttY
whichisweaklyconvergentin L2 (0, T'; L?(; ]Rd))(ldentlﬁedw1thL2((07 T) x Q; R?))
to 2V\/;7— \/EVE by (4.26b), (4.26¢) and (4.26g). The functional J (u) is clearly
convex and therefore we have

2v\/ —\/pVe 2v\/7 VALt eAtt

d xdrT.

(4.32)

dI dr < hm 1nf

Therefore, by inserting (4.29), (4.30), (4.31) and (4.32) into (4.28), we deduce that

/G (x,1) dx—f/()(xt xtdm—i—//‘?V\/ \[Vc

1 *
[ Glon(eda =3 [ (o) @) eo(a)ia

dxdr

fora.e. t € (0,7T]. Thus we have shown that

2
2V\/p—\/pVe
Q

fora.e. t € (0, 7] and the final result (4.26i) then directly follows. (]

dxdr S E(p(])

Remark 4.7 We note in passing that, unlike the nonlinear mobility model II men-
tioned in Remark 3.13, model I stated in Remark 3.12 does not have a gradient flow
structure since the free energy (2.9) does not have a discrete counterpart similar to
(3.23). Passage to the limit as At — 0 in the nonlinear mobility model I therefore
remains an open problem.
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As a conclusion of our argument in this section, we shall prove that the function p,
which we defined via the limiting procedure detailed in Theorem 4.6, decays expo-
nentially in time to the trivial solution of problem (2.1), and it does so at a rate that
depends on the L°(£2) norm of the initial datum pg. As a consequence of this we shall
also be able to strengthen the bound asserted in (4.261); in particular we shall show
that, provided that 2 is a bounded convex (and therefore Lipschitz) polytopal domain
inRY, d € {2,3},and s € (1/2,1), the function ¢ € [0,T] — E(p(t)) € Rxg exhib-
its exponential decay.

Theorem 4.8 Suppose that the assumptions of Theorem 4.6 hold. Then, the weak
solution p we have constructed exhibits the following exponential decay properties.

(a) Forany T > 0, the functional G(+), defined in (2.8), exhibits exponential decay
in the sense that

/G dx<e anpoHLoc(Q) /GPO (4.33)

where C, = 1/A1, and \; is the smallest positive eigenvalue of the Neumann
Laplacian on the domain §2.
(b) The function p satisfies the inequality

1 _____ 2T
S 1P ~ Uiy <¢ =D [ Bode. @39
210 :

(¢) Assuming in addition that €2 is convex and that s € (1/2, 1), the energy func-
tional E(+), defined in (2.9), exhibits exponential decay for any 7" > 0, that is,

s
/E(ﬁ(T))dxge 8GallroliLes () /E(po)dx. (4.35)
Q Q

Proof (a) We start by taking t = t; = At and 0 = ¢ in (4.14). We have that, by defi-
nition, p® = p~t~(¢;). We adopt the notation _; = —oo in order to write p™*+ (¢g)
instead of p2t~ (¢, ). Therefore we have that

G(p At (t)de + ————— / / Att _ A’ deT+4
/ 2At||PUHLx ©@ Jto

t1
7/ / VAt VpAttde dr
to Jo

< /{ G ()

V/Af+

dl dr

to

(4.36)

We can now repeat the argument that gave us (4.36) on each interval [t,,_1,t,] for
n=1,..., N, resulting in

@ Springer



1592 J. A. Carrillo et al.

1 it ‘ it
G(p™b" (t,))da + 7/ /(pAt’+— pAE )2z dr + 4/ /
/Q 28| poll > (@) Je, 1o tn1J0

otn n n
- / VAT VpAttdedr < | G2 (tao1) + a)dz. (4.37)
tn_1JQ JQ

2
dxdr

V/pAtt

We discard the nonnegative second term on the left-hand side of (4.37) to find that

[ | |

VA /pAt,+

2 tn
dxdr—/ /VCAt’+-VpAt’+dxdT
t Q

n—1

< / Gl (8 1))da. (4.38)
Q
For s € [t,—1,tn],n =1,..., N, by Poincaré’s inequality we have that
[t o2 (e < [ (02 (s)Pde < Ca [ 965 ()P
Q Q Q

with a positive constant C, > 0 depending only on the domain €2, and the bound on
the L°°(£2) norm of p%t’+ in Lemma 4.2 gives us

2
V()] do < Callplle | \v\/pw(s)

2
/PAH(S) log p2* (s)da < Cn/ P (s) da.
Q Q

We note in passing that C, = 1/\1, the reciprocal of the smallest positive eigenvalue
A1 of the Neumann Laplacian on Q. As slog s = G(s) — (1 — s), we can rewrite the
above inequality as

/ G (s))de < Callpoll e / ‘v, [att ()
Q Q

fors € (tp_1,tn],n =1,..., N. Thanks to the fact that, by definition, p~*7 is con-
stant on the interval (¢,,—1,t,,] and (4.22b) holds, this implies that

tn
at [ G s < Calli [ [ [9/m050
Q tn_1 JQ

forn =1,...,N. Using (4.38) and (4.39) we then have the inequality

2
x — pAbt(s))dx
d +/Q<1 PRt (5))d

2
dx ds
(4.39)

. ot .
<1+27At> / Gl (b)) da — / / Vet . VpAttdp dr < / G+ (1 1))da.
Callpollz=@) /) Ja 1o Q

For the sake of simplicity of the exposition we introduce the following notation:
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2
V= Ay = / G2 (t,))dz, B, :7/ /V::AL+ Vprttdzdr.
CQ”/’OHL“C(SZ) Q tn—1

We have that A,, is nonnegative. In terms of the new notation (4.47) can be rewritten
as

(1+7At)An_BnSAn—l7 n=1,...,N,
and therefore by induction we have that
A, — (1 +~A)~ Z < (1+~At)"4y, n=1,...,N.

In particular, with n = N we have

T
/ G2t (T))dz — (1 +~yA) ™Y / VAT VAt tdedr < (1+~yA8)7Y [ G(p24F(0))da.
JQ JOo JQ Q

We recall that p25+(0) = p° and thus we arrive at the following inequality:

/ G(pAtT(T))dx — (1 + 27At) / / VAt VAt tdz dr
Q Callpoll= ()

<(1+ G( de (4.40)
< CSl|pO|L°°(Q)> / )

We first discard the (nonnegative) second term on the left-hand side of (4.40) recall-
ing (4.15). It then remains to pass to the limit in the resulting inequality as At — 0.
Before doing so, we need make a few additional technical observations.

Thanks to (4.26a) we have that, on passing to a subsequence, p*(T') converges
weakly to p(T) in H=?(Q2) with 8 = d + 1 as At — 0. Noting the bound on the
first term of (4.25) and that G(s)/s — 400 as s — +00, we deduce from de la
Vallée-Poussin’s theorem that the family {p™*(T)} a¢>0 is uniformly integrable in
L'(£2). Hence, by the Dunford—Pettis theorem, {p”*(T)} a¢>0 is weakly relatively
compact in L*(£2). Consequently, upon extraction of a further subsequence (not indi-
cated), p~*(T') converges weakly in L' () to some limit as At — 0, ; however the
uniqueness of the weak limit together with the weak convergence of the sequence in
H=(Q), B = d + 1, implies that the sequence p™*(T') converges to p(1') weakly in
L'(Q), because L' () is continuously embedded in H~#(Q) for 8 = d + 1. Finally,
since the function G is continuous and convex, by applying Tonelli’s semicontinuity
theorem in L1(Q),
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G(p(x, T))dz < liminf | G(p™tF(z,T))dz, (4.41)
Q At~>0+ Q

by noticing that p2t+ (x, T) = p»t(z,T) for a.e. x € Q. We can now pass to the
limit as At — 04 (with N = T/At — +00) in (4.40), using (4.26a) and (4.41);
hence we find that

/G(ﬁ(x,T))dxSeicﬂ”"‘fﬂ*(ﬂ) /G(po(m))dx, (4.42)
Q Q

which proves part (a).
(b) The Csiszar—Kullback inequality [51], with the probability measure
dp(z) == ‘ﬁlldx on {2, yields that

1
2

/ |ﬁ<x,T>—1|du<x>s(2 G(ﬁ(x,mdu(x)) ,
Q Q

thanks to the fact that p(x,¢) > 0 for a.e. x € Q and [, p(x,T)du(z) = 1, and
therefore

10, T) = 11210y < 21 / G(ple, T))da.

Combining this with (4.42) finally gives the desired result (4.34) of part (b), by the
fact that G(p°) < E(p°) for the energy functional E(-) defined in (2.9).

(c) We conclude by proving part (¢) with the additional assumptions that 2 is con-
vex and that the fractional order s lies in between % and 1. To this end, we shall focus
on the second term in the expression (2.9) of the energy functional F(p~*+), that is,
on the interaction term between p2t+ and 26+,

We notice that, from (4.18), taking ¢t = ¢; and 0 = ¢y as we did previously, we
have

1

t1 2
f/(—AN)ScAt’Jr(tl)cAt’Jr(tl)dx—|—/ /pAt’+‘VCAt’+‘ dzdr
2 Ja to Ja

4 ) (4.43)
R / / VpAt,+ . cht,+dx dr < 5 / (*AN)SCAt’Jr(to) cAt’+(t0)dx,
tg JQ Q

and then, on each interval [t,_1,t,] forn=1,... N,
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1
5 /Q(—AN)SCN’JF(tn)cAt’+(tn)da:
tn 2
+/ /pAt’+’VcAt7+‘ dedr
tn_1 JQ

/tn
t

n—1

(4.44)
/ VpAtt . vebtttde dr
Q

1
S 5/(—AN)SCAt’+(tn,1)CAt’+(tn,1)dl‘.
Q

For s € [t,—1,t,] with n =1,... N, by (A.2) and Poincaré’s inequality we have
that

1At (3)113, () = /Q (—Ax) it (s) At (5)da < /Q ((p2t+)7(3))%dx < Cq /Q V(oA () P

2

SCQHPOHL“(SZ)/ ‘V\/m dz,
Q
and hence
tn g 2
At/(*AN)SCAt,vL(tn)cAtHr(tn)dl’SCQHﬂ()HLoc(SZ)/ / ‘V\//Tﬂs) dz ds.
@ tn—1 J8

(4.45)

We combine (4.39) and (4.45) to find the following inequality for the energy func-
tional E(-):

At/ E(pAt(t,))de = At/ G(p™t (t,))dx + %At/(—AN)‘SCM’*(tn)cAt’+(tn)dw
Q Q Q

3 tn [
< §Cg2“p0|‘Loo(Q) / / ‘V pAt,+(.S)
tn—1JQ

2
dz ds. (4.46)

By summing (4.38), (4.44) we also have that

tn
/ E(p® (t,))da + 4 / / VA
Q tn—1JQ

tn
7/ /cht,-F.VpAt*’dedTS/E(pAt’+(tn—1))dmv
tn—1 /8 @

2 tn 2
dxdr+/ /pAt"’L‘VcAt""’ dzdr
tn_1 JQ

and by (4.46) we deduce the following inequality:
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8AL >/ At
1+ —220 ) [ B+ (t,))de
( 3CallpollL=(y/ Ja ( (tn))
tn 2
+/ /pAt’+‘VcAt’+‘ dzdr
tn_1 JQ

tn
—/ / Vbt . Vphttdadr
tno1 JQ

< [ Bt ).

(4.47)

Similarly as we did previously, we introduce the following auxiliary notation:

. 8
"~ 3CallpollLe=()’

tn 2 tn
Dy = / /pAH‘chH‘ dadr — / / VAt . vpAttdg dr.
tn—1 JQ tn-1JQ

We have that C), is nonnegative. In terms of this new notation (4.47) can be rewrit-
ten as

._ At,+ r
C = /Q E(p™ (,))de,

(1+5AY)C, + D, < Cyp_q, n=1,...,N,

and therefore by induction we have that

Co+ (1+0AH)™ Y D; < (146At)7"Co,  n=1,...,N.

Jj=1
In particular, with n = N we have

. T p 2
/ E(pAf=+(T))dx+(1+5At)—N/ /pAt’+‘VcAt’+) dxdr
Q 0 Q

T p
—(1+5At)—N/ / VAT vphttdedr < (1+5At)—N/ E(p24(0))da.
0 Q Q

We recall that p2%+(0) = p° and thus we arrive at the following inequality:
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o dm+<1 > / / At+ At+’dqur
/Q (P (1)) 3cﬂnponmm

B ( 8At ) / /cht,+,vat,+dxdT

SAt ) / .
<f(14+-°20 E(o°)da.
< 3Callpoll L= () Q (?")

We first discard the (nonnegative) second and third terms on the left-hand side of
(4.48) recalling (4.15). It then remains to pass to the limit in the resulting inequal-
ity as At — 0,. We use the argument that allowed us to pass to the limit before
and prove (4.42), together with additional considerations for the interaction term
involved in the energy functional.

We begin by noting that

(P2 (z,t) = p™i(z,t) — l/, PR, t)dE = pP(z,t) — ﬁ i PRt (€,0)d¢

= oA, t) — ﬁ /Q P(E)AE = oA (a, 1) — ﬁ /Q po(€)d = pPH(a 1) — 1.

Hence,
5(pAt)* 7 apAt
oo ot
Because ¢ = —(—An)"*(p™*)* and ¢! and (p™*)* are continuous piecewise lin-

ear functions of ¢ € [0,7] on the partition 0 = tg < t; < --- < tny = T, it follows
from the linearity of the differential operator —(—Ax)™* and its independence of ¢
that

Thereby, for any function ¢ € W1°°(Q), we have that

AcAt dcAt

pdadt| =
at 7 ‘

T At
/(—AN)’SOp—qs*dzdt’

d)*dxdt' =

0pAf

1
—An) so*drdf’<c</ [l(—An)~ </)Hw.x(ﬂ)df>

(4.49)
sc*< / ua*nim(mdt) <o [ 10 mmar)”

where in the first equality of the first line we used the fact that, by definition, ¢ has
zero integral average over ) and therefore the same is true of its time-derivative; in
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the equality appearing in the second line we used the selfadjointness of (—Ax)~* on
L2(9), and in the inequality appearing in the second line we made use of the first
inequality in (4.23); and in the passage from the second to the third line we used
Lemma A.6, which requires the additional assumption on the convexity of 2 and the
restriction on the fractional order s to the range s € (1/2,1).

Hence, thanks to the fact that H2((2) is continuously embedded in L>°(2) for
d = 2,3, we deduce from (4.49) the following uniform bound on the time-derivative
of ¢®tin L2(0,T; H=%(Q)), where H=2(Q) := [H*(Q)]":

T T 2
/’/ <@(/|w@mm07
0 Q 0

for all ¢ € H2(S2), where C, is a positive constant, independent of ¢ and At. Using
the weak compactness of bounded balls in the Hilbert space L?(0,7; H~2(Q)) we
then have that

At
6(; o dadt

At ~
3(; %% weakly in L2(0,T; H %(Q)).

By Lemma A.6, combined with the fact that p* € L°°(0,T; L>(2)) and is uni-
formly bounded with respect to At in the norm of L>(0,7T; L*>°(2)) and the fact
that p € L>(0,T; L>=(Q)) we have, respectively, that ¢t € L>°(0,T; W1 >(Q))
and is uniformly bounded with respect to At in the norm of L>°(0, T; W1:°°(Q)) and
¢ € L>®(0,T;WhH*(Q)). Hence by the Aubin—Lions lemma {c**} a;~¢ is compact
in C([0, T]; X) for any Banach space X such that W1 (Q) <—s— X — H~2(Q);
in particular, (upon extraction of a subsequence, not indicated) c** converges to ¢
strongly in C([0,T]; L (Q2)). As p € Cy-([0,T]; L>=(Q)), it then follows that the
product p¢ belongs to C.,« ([0, T]; L>(12)), and therefore also to C,, ([0, T; L());
in particular,

Le[0,T] = / A(z,t) &, t)dz € R
Q

is a continuous function. Furthermore, because p~*(T) — p(T) weakly in
L'(Q) and ¢AY(T) — &(T) strongly in L=(Q) as At — 0., it follows that
pAHT) AYT) — p(T) &(T) weakly in L' (Q) as At — 0. Thus we deduce that

ti [ A TS @ Do = [ pla Do T @50
At—04 QO Q

We can now pass to the limit as At — 04 (with N = T'/At — +00) in (4.40), using
(4.41), and (4.50). Hence we find that
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8T
E(ﬁ(az,T))dx <e 30qllroll Lo () E(po(l‘))dl‘
Q Q

This completes the proof. [

5 Numerical experiments

In the preceding sections we have confined ourselves to theoretical considerations:
the construction and convergence analysis of a ‘structure-preserving’ numerical
scheme for the fractional porous medium equation.

The implementation of the numerical method introduced here, as well as associ-
ated computational aspects, are the subject of the paper [27], where we describe an
efficient technique based on rational approximation, which is capable of providing
accurate approximations to the finite element counterpart of the spectral fractional
Neumann Laplacian featuring in our numerical method, without explicit knowledge
of its eigenvalues and eigenfunctions.

For details on aspects of our work related to scientific computing and a variety of
numerical experiments, we refer the reader to [27]. We shall confine ourselves here
to numerical simulations that validate the proposed method and indicate some open
problems associated with it.

5.1 Numerical validation

In [13] the authors identified an explicit steady state solution to equation (1.1) in self-
similar variables, namely the function ® : R¢ — R given by

dr(d/2) 1
[d+29T2—sdz+1—s OD

O(y) = ksa(l = Y)Y, ksa=

which is a solution of the elliptic equation

t 1

AV (y®) = V- (@V(-A)"®), y= -3, A= o

A

The equation lacks the parabolic regularization of the problem (1.2) that we have
considered, which is also used in the proof of existence of a solution to our finite ele-
ment method. Instead of the elliptic problem stated above, we shall therefore consider
the following parabolic problem:

(5.2)

for small positive values of ¢ < 1.
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In Figure 3 and Figure 4 we report the simulations performed for equation (5.2)
for different values of €. We observe the effect of the parabolic regularization, which
introduces Brownian diffusion of the density, and we also see that our numerical solu-
tion approaches the profile stated in (5.1) as € decreases.

0.4

03

2
2
— 2
— 2
— S
[
2
2
2

NN NN NN

05 00 05 10 15 20

(a) t =0.50

0.4

[

0.3

0.2

NN NN NN NN
NN NN

(e) t=13.0

Fig. 3 Numerical solutions to the fractional porous medium equation in self-similar variables (5.2).
The simulations were performed for the fractional order s = 0.5 with different values of the param-
eter e =27, m = 2,...,10, controlling the parabolic regularization. The computational domain

is Q = (—2,2)2, po(x) ﬁ; a uniform triangulation based on 2 x 29 equally spaced nodes was
used with A¢ = 0.01. The black reference curve is the cross-section of the function (5.1) at z2 = 0.
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(b)y e =271°

Fig. 4 Numerical solutions to the fractional porous medium equation in self-similar variables (5.2).
The simulations were performed for the fractional order s = 0.5 with different values of the param-
eter e =27, m = 2,...,10, controlling the parabolic regularization. The computational domain

is Q = (—2,2)2, po(x) ﬁ; a uniform triangulation based on 2° x 2° equally spaced nodes was

used with At = 0.01.

5.2 Future work, challenges and open problems

We close by highlighting several open problems that concern the implementation of
the fully discrete scheme developed here. These, too, will be addressed in [27]. The
presence of the upper cut-off parameter L was crucial in the fixed point argument on
which the proof, in Lemma 3.8, of the existence of a solution to the fully-discrete
scheme was based; and its presence was also essential in the derivation of the uni-
form bounds with respect to § and the spatial mesh size stated in Lemma 3.9. While,
as was noted above, the precise choice of the upper cut-off parameter L becomes
irrelevant in the convergence analysis (provided that L is chosen so that it exceeds
the supremum of the initial datum), this independence on L was only shown to hold
for the temporally semidiscrete scheme, i.e., affer passage to the limit with ¢ and
the spatial discretization parameter has taken place; it is unclear whether a similar
independence on L of the solution to the fully discrete scheme holds true. This is a
question that will need to be explored through numerical simulations. Similarly, the
presence of the lower cut-off parameter ¢ in the fully-discrete scheme was essential in
our proof of the nonnegativity of the solution of the temporally semidiscrete scheme
(cf. the second paragraph of the proof of Theorem 3.11), from which the nonnegativ-
ity of the limiting weak solution ultimately follows. The impact of the size of § on the
(sign of the) solution of the fully discrete scheme is however another open question
that will need to be assessed through numerical experiments. We do know however,
thanks to Lemma 3.9, that | max Jomn(lph 5012 )dz < C(L)é forall § € (0,1).

In connection with this an interesting open problem is in fact whether the limits

for the spatial discretization parameter i — 0 and the time step At — 0 commute.
As was previously noted, from the theoretical point of view the dependence on L in
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the energy estimate (3.17) in Lemma 3.9 prevents simultaneous passage to the limit
in space and time. The proof of independence from L of the semidiscrete-in-time
solution, through Lemma 4.1 and Lemma 4.2, is grounded in the properties of the
spectral fractional Laplacian (—A)® and its representation formula. Having said this,
we believe that these limits do commute.

To support this hypothesis, we conducted numerical experiments using the imple-
mentation described in [27], and our results empirically confirm that the order of
taking these limits does not affect the final numerical solution. More precisely, denot-
ing by p~t the finite element approximation of the solution to problem (2.1) for
fixed 4 and At, we computed a series of approximations for h = 27", n=2,...,8,
and At =27% k =6,...,12. We then evaluated the L?(£2) norm of the difference
between each approx1mat10n pt and a reference solution that we denote by p,
defined as the approximation corresponding to the smallest values of the discretiza-

tion parameters 4 and At, namely p = pa'52%, b

By examining the plots in Figures 5 and 7, we observe that ||p2t — 7| r2) — 0
as h — 0 and At — 0, regardless of whether the limits are taken simultaneously or
sequentially (first in space then time, or vice versa). This supports our intuition that
the limits commute in practice, even if the convergence analysis presented above was
based on passing to the limit A — 0, before taking the limit At — 0.

An additional interesting question that arises from our analysis, and one that is
commonly studied in the context of finite element methods, is the rate of spatial
convergence as the spatial discretization parameter / tends to zero. To this end, we
tested the method through a series of simulations. Figure 6 shows that the observed
rate of spatial convergence is quadratic, and that the choice of the time step does not
influence the spatial speed of convergence.

2-8 98
2—7 -2—7
2-6 2-6
275 - 275
-9

9-1 9-1
273 273
9-2 9-2

h h +

Af? —6 2—7 —R -9 2- 10 2- 11 2- 12 Af? —6 2—7‘ —2'4 -9 2- 10 2- 11 2- 12
(a) t = 0.125 (b) t = 0.625

m 7|d _ 41’4\\
)7 g — #"H

Fig. 5 Numerical solutions to the fractional porous medium equation (1.2), with passage to the limit
for h — 0 and At — 0. The simulations were performed for the fractional order s = 0.5 with dif-
ferent values of the spatial discretization parameter h = 27", n = 2,..., 8, and different time steps
At =2"F k =6,...,12. The computational domainis 2 = (0, 1)2, po(z) ox exp(—|z|?/(270)).
The parabolic regularization coefficient was € = 0.01
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-30
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912
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(b) t =0.625

—3.5
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Fig. 6 Numerical solutions to the fractional porous medium equation (1.2), with convergence in space
as h — 0. The simulations were performed for the fractional order s = 0.5, for different values of
the spatial discretization parameter h = 2=, n = 2,...,8, and different time steps At = 2%,
k=86,...,12. The computational domain is = (0, 1)2, po(z) o exp(—|z|?/(27c)). The para-
bolic regularization coefficient was € = 0.01.

A further question that will require computational assessment, because of the pres-
ence of the nonlinear function ©F in the numerical method (cf. eq. (3.9a)), which
is only known to be Lipschitz continuous (cf. Lemma 3.3), is the choice of a suit-
able iterative method for the solution of the finite-dimensional system of nonlinear
equations at a given time-level (e.g. fixed point iteration or a semismooth Newton
method). Finally, we note that because the initial-boundary-value problem under con-
sideration is not known to possess a unique weak solution, the derivation of a bound
on the error between a numerical solution defined by the scheme and the weak solu-
tion, to which a (sub)sequence of solutions generated by the scheme converges, is
presently out of reach. This, too, is a question that will need to be explored through
numerical simulations.

6 Conclusions

We have developed a fully discrete numerical method for the approximate solu-
tion of the fractional porous medium equation that involves the spectral fractional
Neumann Laplacian on a bounded polytopal Lipschitz domain in two or three space
dimensions, with the aim to model nonlocal effects in fluid flow through porous
media, which are not captured by classical porous media flow models. The numeri-
cal method is based on a continuous piecewise linear finite element approximation
on a weakly acute symplicial subdivision of the spatial domain and implicit Euler
time-stepping. Our discretization of the nonlinear term appearing in the equation
involves two positive cut-off parameters: § € (0,1), whose role is to ensure non-
negativity of the numerical solution, uniformly in the spatial and temporal discretiza-
tion parameters; and L > 1, whose role is to ensure that the sequence of numerical

@ Springer



1604 J. A. Carrillo et al.
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Fig.7 Numerical solutions to the fractional porous medium equation (1.2), with passage to the limit for
h — 0 and At — 0. The simulations were performed for the fractional order s = 0.5 with different
values of the spatial discretization parameter h = 27", n = 2, ..., 7, keeping At = 2712 fixed, and
for different values of time step At = 27%, k =6,..., 11, keeping h = 2~8 fixed. The computa-
tional domain is = (0, 1)2, po(z) o exp(—|z|?/(27c)). The parabolic regularization parameter
was € = 0.01.

approximations is uniformly bounded with respect to the discretization parameters.
By using a compactness argument, we have proved convergence of the scheme to a
nonnegative and bounded weak solution of the initial-boundary-value problem as the
spatial discretization parameter, the lower cut-off parameter J, and the time-step all
tend to zero. It transpired from the analysis that, once the upper cut-off parameter L is
chosen so that it exceeds the essential supremum of the (nonnegative) initial datum,
its precise value is of no relevance when passing to the limit with ¢ and the spatial
and temporal discretization parameters; conveniently, this makes passage to the limit
L — +o0 redundant. We have also proved that the weak solution, to which a (sub)
sequence of approximations generated by the scheme converges, satisfies an energy
inequality and that the energy associated with that weak solution exhibits exponential
decay in time. While the exponential decay results (4.33) and (4.34) did not require
any additional restrictions on €2 or the range of the fractional order s, in order to prove
the exponential decay (4.35) of the energy E(-) we had to assume convexity of Q2 and
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that s € (1/2,1), so as to be able to apply Lemma A.6; whether or not these addi-
tional restrictions on 2 and s can be relaxed or removed is an open problem.

Appendix: The spectral fractional Laplacian

We report here certain technical results related to the spectral fractional Neumann
Laplacian (2.4), which are of relevance for our analysis.

For a bounded open Lipschitz domain Q C R%, s € (0,1), and f € H;*(£2), con-
sider the fractional Poisson equation involving the Neumann Laplacian:

(-AN)’u=f in Q. (A.1)

By a weak solution to (A.1) we mean a function u € HE(Q), s € (0, 1), such that
/Q((_AN)S/QU(HU)) (—An)*2o(z))de = (f,v) Vo e HI(R),

where (-,-) denotes the duality pairing between H_*(Q2) and H2(Q2), with
HE(Q) — HY(Q) = HY(Q) — H*(Q) and HI(Q ) L2(Q). In particular if

f € L2(Q), then (f,v) = (f,v) forallv € H(Q2), s € [0,1).

Theorem A.1 (Existence and uniqueness of a weak solution) Suppose that £2 C R% is
a bounded open Lipschitz domain, s € (0, 1), and f € H*({2). Then, the boundary-
value problem (A.1) has a unique weak solution w € H:(12), and

@) < Il - (A.2)

Proof The existence of a unique weak solution u € HE(Q) is a direct consequence
of the Lax—Milgram lemma applied to the variational problem: find v € H2 () such
that a(u,v) = £(v) for all v € H2(Q), with the bilinear form

a(w,v) := /Q((—AN)S/2w(x)) ((—AN)S/Qv(x))dm, w,v € Hi(Q),

and the linear functional ¢(v) := (f,v), v € HE(2). The stated stability inequality
follows by noting that

[[ul

12311(9) = a(u,u) = (f,u) < ||f||H:S(Q)||u| Hs () -

That completes the proof of the lemma. [J
We note in passing that the following function space interpolation inequality holds.

Lemma A.2 Let 2 C RY be a bounded open Lipschitz domain, s € (0,1), and
u € HI(82). Then,
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lulls @y <l b el -

Proof The assertion of the lemma follows by applying Hélder’s inequality. Indeed,
we have for 6 € (0, 1) that

=

1 1
lulle @) = D Aiug = Y fuwl X |ux |77 < (Z |uk‘9p> <Z AZ.quIQ(’)q) :
k=1 k=1 k=1 k=1
for p,q € (1,00) such that zl) + % = 1. The stated inequality then follows by tak-
ing p=2, g= 32, and 6 =2(1—s), whereby Op=2, sq=1, (2—0)q =2,

1/p=0/2=1—-s,and1/qg=s.0

The second result that we rely on throughout our analysis is the following H'!
norm stability of the fractional Poisson equation involving the Neumann Laplacian
on a Lipschitz domain.

Lemma A.3 Suppose that 2 C R? is a bounded open Lipschitz domain, s € (0, 1),
and f € HL (). Suppose further that v € HS () is the unique weak solution of (A.1).
Then, u € H}(§2) and there exists a positive constant C such that

IVullz2@) < CAIV fllz2 ), (A.3)

where \; is the smallest positive eigenvalue of the Neumann Laplacian on (2. More-
over, if s € [1/2, 1), then also

IVullz2) < CA2|| Fllz2 (o). (A4)
for a positive constant C' > 0.

Proof Let vy, k =1,2,..., denote the eigenfunctions of the Neumann Laplacian
corresponding to the positive eigenvalues A, £ = 1,2, ..., where \; is the smallest
positive eigenvalue. As {tx }>1 is a complete orthonormal system in LZ(2) and
f e HXQ) C LE(Q), it follows that

oo

f(z) = ka¢k(x), with fi == /Qf(x)z/}k(x)dm,

k=1

with the convergence of the series understood to be in the norm of L?(f2); i.e., the
M-th partial sum

M
fM(‘r) ::kad}k(x)a ‘TGQ,
k=1
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converges to fstrongly in the norm of L2(2). Similarly, because u € H2(Q) C L2(Q),
we have that

u(z) = I;ukzbk(x), with uy 1= /Qu(x)wk(m)dx7

and the M-th partial sum

M
uM(z) = Zuklbk(l")a x € (),
=1

converges to u strongly in the norm of L?(£2). Because u is the unique weak solution
of (A.1), it follows by taking v = 1), as test function in the weak formulation that
uy = A, ° fx, k= 1,2, .. .. Furthermore,

M M

M M
Va3 q) = (VuM, Vul) = (Z uE Vi, Z WVL“?‘[) = Z Z ke (Vbr, Vibr)
k=1 =1

k=1 =1
M M M M M M
= Z Z upup(—Ady, 1e) = Z Z Aeugue(Vr, te) = Z Z Aruguedy o
k=16=1 k=t k=1¢=1 (A.5)

M M M
=D Nup =y WA Y WU
k=1 k=1 k=1

o0

<A W) T = A ey VM > 1 (A.6)
k=1

As was noted in Remark 2.1, thanks to Lemma 7.1 in [24], for s € (0,1) a func-
tion f belongs to HL™*(Q) if, and only if, f € H'~*(Q2) and [, f(x)dz =0; in
addition, the norm || - [|y1-+ (o) is equivalent to the seminorm | - |1-+(q), which

is a norm on H!~%(Q). There is therefore a positive constant C, independent of
f; such that [|f[|%:-. ) < C|fl31-. ) and because H'(Q) — H'~*(Q), also

||fH12HIl,3(Q) < C’||f||§{1(9). As f has been assumed to belong to H.(Q2), whereby
feHY(Q) and [, f(2)dz = 0, Poincaré’s inequality implies the existence of a
positive constant C such that || f[|71 o) < C||[Vf|72(q)- Thus we have shown the

existence of a positive constant C (independent of M) such that

Va2 0) < OXNEIV T2y VM > 1 (A7)

Using an analogous calculation to the one in (A.6), for any positive integers M and N
such that M/ > N we have that
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M

[V = Fu¥ [Fagy <A D (W)U
k=N+1

Because the infinite series appearing in the last line of (A.6) is convergent, it then fol-
lows that for any € > 0 there exist positive integers M and N, with M > N, such that

M
IVu = VuN|[Faq) AT Y W) TR <,
k=N+1

ie., (VuM)y>1 is a Cauchy sequence in the Hilbert space L?(£2; R?); therefore
VuM converges (strongly in the norm of L2(Q; R?) to an element of L2(Q; R%). As
uM converges to u € L?(Q) strongly in the norm of L2(£2), by the uniqueness of the
limit, Vo™ must converge to Vu in L?(£2; R?). Therefore,

leiinoo HVUJV[H%2(Q) = ||vu||2L2(Q)'

With this information we now return to (A.7) and pass to the limit M — oo on the
left-hand side of the inequality to deduce the desired inequality (A.3).

Inequality (A.4) can be proved by following the same argument, but also using in
(A.5) and the assumed constraint that s € [1/2,1), which implies that 1 — 2s < 0;
therefore,

IVuM 72y < CMT> fll72q) VM > 1.

The desired inequality then follows by passing to the limit M — oco. This completes
the proof. [J

In our context another useful result is a type of Sobolev—Poincaré inequality. In
[41] it was shown that, for a bounded open John domain © C R?, the following

inequality holds for s,7 € (0,1),p < d/sand1 <p < g < dﬁz,p:

1
_ P P
|lu — 1l pa)y <C / / Mdydx . (A8)
0 JonB(a,r dist(z,00)) 1T — Y|P

The seminorm appearing on the right-hand side of (A.8) is weaker than the usual
Gagliardo—Slobodetskii seminorm of the fractional-order Sobolev space W*?((2),

Ju(x) — u(y)|” ) v
———=dxd .
(/Q o |z —yldter Y

Indeed, the two seminorms induce different fractional order Sobolev spaces, which
coincide in the case of a bounded open Lipschitz domain, as was shown in [35]. Thus,
in the case of a Lipschitz domain {2, as is the case in the setting under consideration
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in this paper, and for p = g = 2, we have the following fractional Poincaré inequality
for s € (0,1):

v =2 < Clulws(q), (A.9a)
where C is a positive constant, independent of u. Therefore, in particular,
lull 22 () < Clulgs(q)- (A.9b)

An analogous inequality holds for functions u € HE(Q2) and s € (0, 1): one has that

s/2

lullzz2 ) < AL lullms ) (A.9¢)

This inequality, in conjunction with Theorem A.1, ensures the L2(2) norm stability
of the weak solution to the fractional Poisson equation based on the spectral defini-
tion of the Neumann Laplacian, for f € L2(Q).

We now prove some auxiliary results, which concern the case when the right-hand
side datum of equation (A.1) has L°°(Q) regularity or W°°(£2) regularity. Let us

denote respectively by L2°(€2) and W, >° () the spaces of functions in L°°(£2) and
Whee () with zero integral average over {2

Lemma A.4 Suppose that 2 C R? is a bounded open Lipschitz domain, s € (0, 1),
and [ € LS°((2). Then, we have that

(—AN)"*f ~ Co,e /Q Wﬂy) dy, (A.10)

for a positive constant C , 4 depending only on {2, s and d.

Proof Since L2°(Q) C L?(Q) C H, *(2), we have that

(—AN)"*F = SN fut,  where fi = / fode. (Al
k=1 Q

By noting that for A > 0 and s € (0, 1),

and inserting this in (A.11), we get that
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0 otAn f

—s £ _ L * —tAk 1 _
a0 =g [ e g a= g [ G

e !
i | W ) v,

(A.12)

where {e*~ },+ stands for the heat semigroup associated to Ay, i.e. e/~ u solves
problem (2.7) and W, (x,y) is the distributional heat kernel for —A subject to a
homogeneous Neumann boundary condition on 9f2.

The following bounds are known to hold for the distributional heat kernel (cf.
Theorem 3.1 in [46] or Section 7 in [24]):

e—lz—yl?/(cst) e~ lz—yl?/(cat)

Cc1 SWt(x;y)SCZ ) l’,yGQ, t>07

14 s

for positive constants c1, ¢z, c3 and c4. Therefore, we have that
o0 1 o0 1 2
1% ~ T ol
]g ti=s t(x’y)dt_'jg RS &

1 o0 d 1
= 7/ e Tt g = F(f - 5)7,
[z —yl4=2 Jo 2 |z — yli—2s

where in the passage from the first line to the second line we used the change of
variable r = |z — y|?/t. This, together with expression (A.12), gives us the desired
result. [

Corollary A.5 Suppose that 2 C R is a bounded open Lipschitz domain, s € (0, 1),
and [ € L2 (12). Let u € H:({2) be the unique solution of (A.1). Then v € L>(12)
and

[ull (@) < Kas,all fllz<). (A.13)
for a positive constant K, s 4, depending only on {2, s and d.

Proof The proof is a direct consequence of (A.10) and the fact that the function
1/]2|972¢ is integrable for s € (0, 1) over any bounded ball in R, [J

The following result is an extension to the fractional order setting of a result by
Maz’ya [44], concerning the boundedness of the gradient of the solution to the Neu-
mann Laplace problem in a convex domain.

LemmaA.6 Suppose that 2 C R? is a bounded open convex domain, s € (1/2,1),
and f € L°(02). Let u € H (£2) be the unique solution of (A.1). Then, u. € W."*(£)
and
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lullwre @) < CllfllLe(a),
for a positive constant C' > 0.

Proof By Corollary A.5 we have in first place that v € L>°(Q), with the L ()
stability bound (A.13).

Let us now prove that u € W°(£2). We start from expression (A.12) and we use
the following inequality for the gradient of the heat kernel:

1
IVaWi(z,y)| < Cr—3 e—|x—y\2/(02t)7 r,y €N, t>0;

F1
t=2

this inequality is known to hold in bounded open convex domains (cf. Lemma 3.1 in
[54] or Theorem 1.2 in [53]) for positive constants C; and C5. We then have the fol-
lowing inequality for z € {2 and for some positive constant C' > 0:

1> 1 e
[Vu(z)| <C1‘(s)/0 /Q%e eulE £ (y)|dydt.

By using the change of variable © = |z — y|?/t in the above equality together with
the fact that f € L>°(Q2), we then have that

£l o= () 1 ® L 14
Vo)l < e ® [ o [ e

[flleec) ~(d 1 1
- ‘T =+ = — ————dy.
“TTIy \ata® /Q|x—y|d—28+1 Y

The final assertion of the lemma then follows by noting that the function 1/|z|4=25+1
is integrable for s € (1/2,1) over any bounded ball in R%. (]
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