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Abstract
We construct a finite element method for the numerical solution of a fractional 
porous medium equation on a bounded open Lipschitz polytopal domain Ω ⊂ Rd, 
where d = 2 or 3. The pressure in the model is defined as the solution of a frac-
tional Poisson equation, involving the fractional Neumann Laplacian in terms of 
its spectral definition. We perform a rigorous passage to the limit as the spatial 
and temporal discretization parameters tend to zero and show that a subsequence 
of the sequence of finite element approximations defined by the proposed numeri-
cal method converges to a bounded and nonnegative weak solution of the initial-
boundary-value problem under consideration. This result can be therefore viewed 
as a constructive proof of the existence of a nonnegative, energy-dissipative, weak 
solution to the initial-boundary-value problem for the fractional porous medium 
equation under consideration, based on the Neumann Laplacian. The convergence 
proof relies on results concerning the finite element approximation of the spectral 
fractional Laplacian and compactness techniques for nonlinear partial differential 
equations, together with properties of the equation, which are shown to be inherited 
by the numerical method. We also prove that the total energy associated with the 
problem under consideration exhibits exponential decay in time.
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1  Introduction

The aim of this work is to construct and analyze a numerical scheme for a porous 
medium equation involving the fractional Laplacian, in order to model nonlocal fea-
tures. Let us denote by ρ a certain density distribution and by v a velocity field; both 
are functions of space and time, ρ = ρ(x, t), v = v(x, t), the velocity is a vector 
function and we assume the density to be nonnegative, ρ(x, t) ≥ 0. The density and 
the velocity field are related by the continuity equation 

	
∂ρ

∂t
+ ∇ · (ρv) = 0.� (1.1a)

We postulate that the velocity v derives from a potential c = c(x, t) through the 
equality

	 v = −∇c.� (1.1b)

This happens for instance when ρ is the density of a fluid and motion is modelled by 
Darcy’s law, which relates velocity and pressure of the fluid (in that case c denotes the 
pressure). The potential can then be related in a closed form to the density c = c(ρ) 
through a suitable equation of state, leading to various different models. For example, 
the simplest case c = 2kρ in fluid flow modeling, with k signifying a positive con-
stant, pertains to filtration of a fluid through a porous stratum in the isothermal set-
ting, that is the standard model for groundwater infiltration, Boussinesq’s equation 
ρt = k ∆ρ2 (see [10]). More generally one has the model ρt = k ∆ρm for m > 1.

The structure of the porous medium can be very complex, however. Different 
pores, tubes and water filaments can make the phenomenon difficult to study, and 
standard models fail in accurately describing these complex features. A number of 
experimentalists have shown that in certain porous media, such as construction mate-
rials, classical diffusion cannot accurately predict the evolution of moisture. It was 
observed in particular that the wetting front may move in a significantly different way 
than classical models predict. For instance, in [48] the authors discuss solute trans-
port in aquifers and they explain that standard dispersion can only occur in homoge-
neous aquifers. To address this issue, different models have been proposed in which 
nonlocal interactions and effects are present. For example, in [49] the authors propose 
a porous medium modelled with a network of channels of all length-scales through 
which the water particles can move over a very long distance.

In recent years there has been considerable interest in the study of nonlocal opera-
tors with the aim to incorporate long-range interactions. The paradigm of such oper-
ators is the fractional Laplacian (−∆)s with s ∈ (0, 1). The use of the fractional 
Laplacian in diffusive processes is discussed in a large body of literature and the 
reader may wish to refer to [3, 32, 38] for some examples of its application.

We will consider as the object of our study a nonlocal porous medium equation, 
in which the long-range interactions are modelled by a fractional-order elliptic equa-
tion; more precisely, we will consider
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	 −(−∆)sc = ρ, 0 < s < 1.� (1.1c)

 If s = 0 we recover the standard porous medium equation, while the case s = 1 has 
been investigated in [31, 36, 43].

The model (1.1) has been justified in the hydrological setting in [45], where a 
deterministic derivation of the equation was presented, subject to the assumption 
that the fluid in the porous medium can contribute to the flux at any point with long 
jumps depending only on the distance. The system (1.1) also arises in other contexts: 
a model similar to the case s = 1 was considered in [2] to describe the evolution 
of vortex-density in superconductors, while the equation with s = 1

2  was suggested 
in [40] to model the motion of dislocations in a continuum. These equations also 
find applications in modelling charged particle transport in materials, since they are 
fractional counterparts of classical drift-diffusion equations for semiconductors [43]. 
For further discussion concerning models of porous medium diffusion with a nonlo-
cal pressure of this type we refer to Section 5.6.1 of [52], where it is noted that the 
problem in a bounded domain with Dirichlet or Neumann boundary data has not been 
studied and computational techniques to deal with these kinds of nonlocal effects and 
the design of generic numerical schemes for this model are needed.

Instead of the first-order hyperbolic equation (1.1) we will consider a parabolic 
regularization of the problem, where standard Fickian diffusion is present with the 
positive diffusion coefficient scaled to 1, because its specific value is of no relevance 
to the discussion herein. This leads to the following system:

	




∂ρ

∂t
= ∆ρ − ∇ · (ρ∇c),

− (−∆)sc = ρ.
� (1.2)

The fractional porous medium equation on Rd is obtained by inverting the fractional 
operator (−∆)s in terms of its fundamental solution Us, i.e., −c = Us ∗ ρ, and plug-
ging this into the first equation in (1.2), which then yields

	
∂ρ

∂t
= ∆ρ + ∇ · (ρ∇(Us ∗ ρ)).� (1.3)

The previous equation has formally the structure of a Wassertein gradient flow of an 
energy functional E(ρ), as in [1, 29, 30] for instance, if mass is normalized, thanks 
to it being conserved. Consequently, it leads to an evolution of densities governed by 
the dissipation of the free energy functional

	
E(ρ) :=

∫

Rd

ρ log ρdx + 1
2

∫

Rd

(Us ∗ ρ)ρdx,

where the first term is the Boltzmann entropy and the second term is the total interac-
tion potential energy.
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It has been shown in [23, 26, 32] that under suitable assumptions there exists a 
weak solution to (1.1) and (1.2) on the whole of Rd, which has several properties, 
including conservation of mass, the dissipation of the free energy functional, and the 
decay of the spatial L∞ norm in time. We will show that our numerical scheme has 
some of these features as well. Moreover in the recent works [25, 28] the asymptotic 
behaviour of solutions to (1.1) has been investigated where the dissipation of the free 
energy functional plays a key role. The existence of a smooth solution on Rd to the 
equation (1.2) or equivalently (1.3), supplemented with an initial condition, has been 
proved in [33]. Indeed, a large portion of the available literature for this type of equa-
tion considers the model on the whole of Rd written in the form (1.3) as it uses the 
integral definition of the fractional Laplacian as a convolution with the Riesz kernel; 
see [22] for further details. Many definitions of the fractional Laplacian are available, 
both on the whole of Rd and on a bounded domain Ω ⊂ Rd (cf. [42]), and while the 
definitions are equivalent in the former case they are not interchangeable in the latter.

The novelty of our work consists in the first place in considering the model (1.2) 
on a bounded domain Ω ⊂ Rd, and secondly in using the spectral fractional Lapla-
cian for the potential instead of the integral definition. These two aspects, together 
with our use of a provably convergent numerical method for this fractional-order 
porous medium model, based on a spatial continuous piecewise affine finite element 
approximation and implicit Euler time-stepping, constitute the main contributions of 
our work.

The definition of the finite element approximation of the spectral fractional Lapla-
cian (cf. Section 3) involves the complete set of eigenvalues and eigenfunctions of 
the discrete Laplacian, and its implementation is therefore impracticable, except in 
very special cases (e.g. when Ω is a square in R2 or a cube in R3, with a homoge-
neous Dirichlet, homogeneous Neumann, or a periodic boundary condition imposed 
on ∂Ω), when the complete set of eigenvalues and eigenfunctions can be explicitly 
calculated. It turns out however that an accurate approximation of the discrete frac-
tional spectral Laplacian can be efficiently computed by using a technique based on 
rational approximation, which only requires accurate estimates of the smallest and 
largest eigenvalue of the discrete Laplacian. The details of the implementation of 
this technique will be the focus of our forthcoming, computationally-oriented, pub-
lication [27]. For further details concerning the finite element approximation of the 
fractional Laplacian the reader may wish to consult [11, 15, 17, 20].

A key novelty of our approach is that we adapt to the case of a bounded domain 
the variational viewpoint that was successfully used when the spatial domain is the 
whole of Rd, making an effective use of the a priori estimates at all levels of discreti-
zation. The system (1.2) has an analogous variational structure in bounded domains 
as when the spatial domain is the whole of Rd. In fact, we will show that a related 
free energy functional of the form

	
E(ρ) :=

∫

Ω
G(ρ)dx − 1

2

∫

Ω
cρdx,

is dissipated by the system (1.2) subject to Neumann boundary conditions imposed 
on ρ and c, and with the spectral fractional Laplacian. Similar free energy functionals 
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have been considered in the related Keller–Segel models for chemotaxis or gravita-
tional models with Fickian diffusion in bounded domains and Neumann boundary 
conditions, to obtain regularity estimates and to analyse their asymptotic behavior; 
see [12, 14] for instance. In our case, the repulsion effect due to the forcing term 
obtained from the spectral fractional Laplacian in (1.2) allows us to obtain further cru-
cial a priori estimates. We also prove that, for any convex function F ∈ C2([0, ∞)),

	
d
dt

∫

Ω
F (ρ)dx ≤ 0,

where ρ is a solution to the system (1.2) on Ω subject to Neumann boundary condi-
tions imposed on both ρ and c. This dissipation of the functional ρ �→

∫
Ω F (ρ)dx 

along its evolution allows us to obtain pointwise control of the density uniformly in 
time from its initial datum at the semidiscrete level, which is of paramount impor-
tance in the proof of the existence of weak solutions, as well as in our study of the 
asymptotic behaviour of solutions to both the numerical scheme and the limiting PDE 
system (1.2).

The outline of the paper is as follows. In the next section we introduce the rel-
evant function spaces and the statement of the problem under consideration. We 
propose a weak formulation of the initial-boundary-value problem for the fractional 
porous medium equation and its regularized version involving two positive cut-off 
parameters, δ and L, corresponding to cut-off from below and from above, respec-
tively. We then discuss key properties of the model, including conservation of mass 
and the boundedness in time of the spatial L∞ norm. In Sect. 3 we introduce the 
time-discretization and the spatial finite element approximation. We then show that 
a subsequence of this sequence of approximations converges to a bounded and non-
negative weak solution of the semidiscrete-in-time problem, as the spatial discretiza-
tion parameter h and the cut-off parameter δ tend to zero. In Sect. 4, after discussing 
further properties of the solution of the semidiscrete-in-time scheme, including in 
particular a bound on the numerical solution that is independent of the cut-off param-
eter L, we prove that a subsequence of this sequence of approximations converges to 
a bounded and nonnegative weak solution of our initial-boundary-value problem, as 
the time discretization parameter ∆t tends to zero. We also show that the total energy 
associated with the problem under consideration exhibits exponential decay in time 
from a specified nonnegative and bounded initial density. We close in Sect. 5 with 
concluding remarks and a list of relevant open problems.

2  The fractional porous medium model

We shall supplement the partial differential equations (1.2) with an initial condition 
for ρ and boundary conditions for ρ and c; the most natural choice for the latter are 
no-flux boundary conditions for both ρ and c. Suppose that Ω ⊂ Rd is a bounded open 
Lipschitz domain; in the next section, simply for ease of triangulating Ω, we shall 
confine ourselves to the case when Ω is a polytopal Lipschitz domain in Rd, d = 2, 3. 
The initial-boundary-value problem we shall be considering is the following:
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



∂ρ

∂t
= ∆ρ − ∇ · (ρ∇c) in Ω × (0, ∞),

− (−∆)sc = ρ∗ in Ω × (0, ∞),
∂nρ = 0, ∂nc = 0 on ∂Ω × (0, ∞),
ρ(x, 0) = ρ0(x) for all x ∈ Ω,

� (2.1)

where ρ0 ∈ L∞(Ω) is a given nonnegative initial datum, with normalized mass 
1

|Ω|
∫

Ω ρ0dx = 1, the fractional Laplacian (−∆)s is understood to be based on its 
spectral definition, which we will state later on, and ρ∗ stands for the projection of ρ 
into the space of functions with zero integral average, namely

	
ρ∗ := ρ − ρ, with ρ := 1

|Ω|

∫

Ω
ρdx.� (2.2)

We denote by (·, ·) the L2(Ω) inner product and by ∥ · ∥Lp(Ω) and ∥ · ∥H1(Ω) the stan-
dard Lp(Ω) and H1(Ω) norm, respectively. Moreover let H−1(Ω) denote the dual 
space of H1(Ω); we denote by ⟨·, ·⟩ the associated duality pairing between H−1(Ω) 
and H1(Ω).

Let us denote by L2
∗(Ω) and H1

∗ (Ω) the closed linear subspace of L2(Ω) and 
H1(Ω) with zero integral average on Ω, respectively; that is,

	
L2

∗(Ω) :=
{

v ∈ L2(Ω) such that
∫

Ω
vdx = 0

}
and H1

∗ (Ω) :=
{

v ∈ H1(Ω) such that
∫

Ω
vdx = 0

}
.

Let H−1
∗ (Ω) denote the dual space of H1

∗ (Ω). For s ∈ (0, 1) we define the fractional-
order Sobolev space as

	
Hs(Ω) :=

{
u ∈ L2(Ω) such that

∫

Ω

∫

Ω

|u(x) − u(y)|2

|x − y|d+2s
dx dy < ∞

}
,

and we endow it with the norm defined by

	 ∥u∥Hs(Ω) :=
(
∥u∥2

L2(Ω) + |u|2Hs(Ω)
) 1

2 ,

where the Gagliardo–Slobodeckiĭ semi-norm | · |Hs(Ω) is given by

	
|u|2Hs(Ω) :=

∫

Ω

∫

Ω

|u(x) − u(y)|2

|x − y|d+2s
dxdy.

For σ = m + s, where m is a nonnegative integer and s ∈ (0, 1), the Sobolev space 
of order σ > 0 is defined by

	 Hσ(Ω) :=
{

u ∈ Hm(Ω) such that Dαu ∈ Hs(Ω) for all α ∈ Nd, |α| = m
}

,
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where Hm(Ω) is the Sobolev space of order m and summability 2, Dα stands for the 
weak derivative of multi-index α = (α1, . . . , αd) and order |α| := α1 + · · · + αd, 
and N denotes the set of all nonnegative integers. We will denote by H−s(Ω) the 
dual space of the fractional-order Sobolev space Hs(Ω). Similarly as before, we let 
Hs

∗(Ω) be the set of all functions in Hs(Ω) with zero integral average, and we denote 
by H−s

∗ (Ω) its dual space, s ∈ (0, 1).
As was indicated previously, many definitions of the fractional Laplacian are 

available; for the purposes of our work here we shall consider the spectral definition 
of the fractional Neumann Laplacian, based on using the eigenvalues and eigenfunc-
tions of the Neumann Laplacian. The Neumann Laplacian (−∆N, Dom(−∆N)) on a 
Lipschitz domain Ω is defined as follows:

	

Dom(−∆N) :=
{

u ∈ H1(Ω) : H1(Ω) � v �→
∫

Ω
∇u · ∇vdx is a continuous linear funcional on L2(Ω)

}
,

∫

Ω
(−∆Nu) v :=

∫

Ω
∇u · ∇vdx, u ∈ Dom(−∆N), v ∈ H1(Ω).

Thus, −∆N is a nonnegative and selfadjoint linear operator that is a densely 
defined in L2(Ω). There exists therefore an orthonormal basis of L2(Ω) consisting 
of eigenfunctions ψk ∈ H1(Ω), k = 0, 1, 2, . . ., with corresponding eigenvalues 
0 = λ0 < λ1 ≤ λ2 ≤ · · · ↗ +∞. Thus,

	

{
−∆ψk = λkψk in Ω,

∂nψk = 0 on ∂Ω,
� (2.3)

with the partial differential equation in the first line of (2.3) understood as an equal-
ity in L2(Ω), and the homogeneous Neumann boundary condition appearing in the 
second line of (2.3) as an equality in H− 1

2 (∂Ω) in the sense of the trace theorem 
∂n : u ∈ {v ∈ L2(Ω) : ∆v ∈ L2(Ω)} �→ ∂nu ∈ H− 1

2 (∂Ω). Following the discus-
sion in Sec. 7 of [24], for s ∈ (0, 1) the domain of the spectral fractional Neumann 
Laplacian (−∆N)s is defined as the Hilbert space

	
Hs

∗(Ω) :=

{
u(·) =

∞∑
k=1

ukψk(·) ∈ L2
∗(Ω) : ∥u∥2

Hs
∗(Ω) :=

∞∑
k=1

λs
ku2

k < ∞

}
with uk :=

∫

Ω
u(x)ψk(x)dx

for k = 1, 2, . . ., and, for u ∈ Hs
∗(Ω),

	
(−∆N)su(x) :=

∞∑
k=1

λs
kukψk(x),� (2.4)

as an element of H−s
∗ (Ω). Furthermore, one has

	 ∥u∥Hs
∗(Ω) = ∥(−∆N)s/2u∥L2(Ω) ∀ u ∈ Hs

∗(Ω).
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Remark 2.1  We note that any function u belonging to Hs
∗(Ω), s ∈ (0, 1), satisfies ∫

Ω udx = 0. In addition, thanks to Lemma 7.1 in [24], for any s ∈ (0, 1), a function 
u belongs to Hs

∗(Ω) if, and only if, u ∈ Hs(Ω) and 
∫

Ω udx = 0; furthermore, the 
norm ∥ · ∥Hs

∗(Ω) is equivalent to the seminorm | · |Hs(Ω), which is a norm on Hs
∗(Ω).

Having stated the problem (2.1) we now propose its weak formulation. Let 
V := H1(Ω). The weak formulation of the initial-boundary-value problem (2.1) is 
as follows: 

	

Find ρ ∈ L2(0, T ; V ) with
∂ρ

∂t
∈ L∞(0, T ; V ′) such that

⟨∂ρ

∂t
, ϕ

⟩
= −

∫

Ω
∇ρ · ∇ϕdx +

∫

Ω
ρ∇c · ∇ϕdx

for all ϕ ∈ V and a.e. t ∈ (0, T ],

� (2.5a)

subject to the initial condition ρ(x, 0) = ρ0(x), where ρ0 ∈ L∞(Ω) and ρ0(x) ≥ 0 
for a.e. x ∈ Ω and where

	 −(−∆N)sc = ρ∗ in Ω,� (2.5b)

 with ρ∗ given by (2.2). Notice that c is well defined, as the solution to the frac-
tional equation (2.5b) exists and it is unique by Theorem A.1; we will therefore write 
c = −(−∆N)−sρ∗, where (−∆N)−s stands for the inverse of the spectral fractional 
Neumann Laplacian (2.4). When we speak of a weak solution to the problem (2.5) we 
mean a couple ρ and c such that (2.5a) and (2.5b) hold.

Now let us assume that a weak solution to problem (2.5) exists and that ρ is non-
negative almost everywhere in Ω × [0, T ]. The existence of a weak solution to our 
problem and its nonnegativity will be rigorously proved in the next sections. In order 
to motivate the argument which our proof is based upon, we shall now perform pre-
liminary formal computations; in these formal computations we shall additionally 
assume that the functions ρ and c have all the regularity that we need in order to 
ensure that our calculations are meaningful.

The first remark we make is that, if we take ϕ ≡ 1 as test function in the 
weak formulation (2.5), then we have conservation of mass, in the sense that 

1
|Ω|

∫
Ω ρ(x, t)dx = 1

|Ω|
∫

Ω ρ(x, 0)dx = 1
|Ω|

∫
Ω ρ0(x)dx = 1 for all t ≥ 0, and because 

ρ(x, t) is supposed to be nonnegative for all t ≥ 0, also

	 ∥ρ(t)∥L1(Ω) = ∥ρ0∥L1(Ω) for t ≥ 0.

A further important property that holds true for our equation is that 
∥ρ(t)∥L∞(Ω) ≤ ∥ρ0∥L∞(Ω). This fact is shown in [32] for the integral definition of 
the fractional Laplacian on Rd. We will follow a similar strategy for our argument 
and show that the property holds true when Ω is a bounded Lipschitz domain, and 
using the spectral definition of the fractional Neumann Laplacian. We will also show 
later on that a similar statement holds true for the discretization of our problem.

1 3

1544



Finite element scheme for the fractional porous medium equation with…

Lemma 2.2  Let ρ be a nonnegative smooth solution of the initial-boundary-
value problem (2.1), let F ∈ C 2 ([0 , ∞)) be a convex function, and suppose that 
F(ρ0 ) ∈ L1 (Ω). Then,

	
d
dt

∫

Ω
F (ρ)dx ≤ 0.

Proof  Assume first that F ′′ is bounded. Then, F ′(ρ) − F ′(0) with ρ ∈ H1(Ω) is an 
admissible test function in the weak formulation (2.5a). Thus we additionally have 
that

	

d
dt

∫

Ω
F (ρ)dx = −

∫

Ω
∇ρ · ∇F ′(ρ)dx −

∫

Ω
ρF ′′(ρ)∇ρ · ∇(−∆N)−sρ∗dx

⇔ d
dt

∫

Ω
F (ρ)dx = −

∫

Ω
F ′′(ρ)|∇ρ|2dx −

∫

Ω
ρF ′′(ρ)∇ρ · ∇(−∆N)−sρ∗dx

⇔ d
dt

∫

Ω
F (ρ)dx = −

∫

Ω
F ′′(ρ)|∇ρ|2dx

︸ ︷︷ ︸
1

−
∫

Ω
H(ρ)(−∆N)1−sρ∗dx

︸ ︷︷ ︸
2

,
� (2.6)

where H(s) :=
∫ s

0 tF ′′(t)dt. Notice that H is a nondecreasing function by definition.
Term ① is clearly nonnegative. For term ② we notice that letting 1 − s = β

2  we can 
use the explicit representation of the spectral fractional Laplacian (cf., for example, 
eq. (1.11) in [50])

	
(−∆N)

β
2 u(x) = 1

Γ(−β/2)

∫ ∞

0
(eτ∆N u(x) − u(x)) 1

τ1+ β
2

dτ,

where et∆N u(x) is the solution of the problem

	

{ ∂w
∂τ = ∆w in Ω × (0, ∞),
w(x, 0) = u(x) in Ω,
∂nw(x, τ) = 0 on ∂Ω × [0, ∞).

� (2.7)

We note that by the definition (2.2) of ρ∗ we have that eτ∆N ρ∗ = eτ∆N ρ − ρ̄. Thus,
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2 =
∫

Ω
H(ρ(x)) 1

Γ(−β/2)

∫ ∞

0
(eτ∆N ρ∗(x) − ρ∗(x)) 1

τ1+ β
2

dτdx

=
∫

Ω
H(ρ(x)) 1

Γ(−β/2)

∫ ∞

0
(eτ∆N ρ(x) − ρ(x)) 1

τ1+ β
2

dτdx

= 1
Γ(−β/2)

∫ ∞

0

( ∫

Ω
H(ρ(x))eτ∆N ρ(x) −

∫

Ω
H(ρ(x))ρ(x)

)
1

τ1+ β
2

dxdτ

= 1
Γ(−β/2)

∫ ∞

0

(
(eτ∆N ρ, H(ρ)) − (ρ, H(ρ))

) 1
τ1+ β

2
dτ.

Let Wτ (x, y) be the distributional heat kernel for −∆ subject to a homogeneous 
Neumann boundary condition and τ > 0. We have that Wτ ≥ 0 for all τ > 0 and, 
for u, v ∈ L2(Ω),

	
(eτ∆N u, v) =

∫

Ω

∫

Ω
Wτ (x, y)u(y)v(x)dydx.

Therefore, by plugging the heat kernel in the expression above, we deduce that

	

2 = 1
Γ(−β/2)

∫ ∞

0

∫

Ω

( ∫

Ω
Wτ (x, y)ρ(x)H(ρ(y))dx − ρ(y)H(ρ(y))

)
dy

1
τ1+ β

2
dτ

= 1
Γ(−β/2)

∫ ∞

0

∫

Ω

( ∫

Ω
Wτ (x, y)(ρ(x) − ρ(y))H(ρ(y))dx

+ ρ(y)H(ρ(y))
( ∫

Ω
Wτ (x, y)dx − 1

))
dy

1
τ1+ β

2
dτ

= 1
Γ(−β/2)

∫ ∞

0

∫

Ω

∫

Ω
Wτ (x, y)(ρ(x) − ρ(y))H(ρ(y))dydx

1
τ1+ β

2
dτ

+ 1
Γ(−β/2)

∫ ∞

0

∫

Ω
ρ(y)H(ρ(y))(eτ∆N 1(y) − 1)dy

1
τ1+ β

2
dτ.

By exchanging x and y and using the symmetry of the heat kernel we have also

	

2 = − 1
Γ(−β/2)

∫ ∞

0

∫

Ω

∫

Ω
Wτ (x, y)(ρ(x) − ρ(y))H(ρ(x))dydx

1
τ1+ β

2
dτ

+ 1
Γ(−β/2)

∫ ∞

0

∫

Ω
ρ(y)H(ρ(y))(eτ∆N 1(y) − 1)dy

1
τ1+ β

2
dτ.

By summing the two expressions for ② we then find that

	

2 = − 1
2Γ(−β/2)

( ∫ ∞

0

∫

Ω

∫

Ω
Wτ (x, y)(ρ(x) − ρ(y))(H(ρ(x)) − H(ρ(y)))dxdy

1
τ1+ β

2
dτ

+
∫ ∞

0

∫

Ω
ρ(y)H(ρ(y))(1 − eτ∆N 1(y))dy

1
τ1+ β

2
dτ

)
.
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Thanks to the definition of ∆N  stated in (2.7) we have that eτ∆N 1(y) ≡ 1, 
which results in a convenient simplification of the expression for term  ② appear-
ing in the last equality. Hence, from the monotonicity of H we finally deduce 
that ② ≥ 0. In the general case (i.e., when F ′′ is not bounded) we define 
Fk(u) := F (0) + F ′(0)u +

∫ u

0
∫ v

0 min(F ′′(w), k) dw dv for k > 0; then, F ′′
k (u) is 

bounded and the result follows for F replaced by Fk and taking the limit k → ∞ 
using monotone convergence. □

The previous result allows us to prove the following lemma, which provides a 
bound on the L∞(Ω) norm of ρ(t) in terms of ∥ρ0∥L∞(Ω).

Lemma 2.3  Let ρ be a nonnegative smooth solution of the initial-boundary-value 
problem (2.1). The following inequality holds for all t ≥ 0 :

	 ∥ρ(t)∥L∞(Ω) ≤ ∥ρ0∥L∞(Ω).

Proof  By the previous lemma we have that

	
sup
t>0

∫

Ω
F (ρ(t))dx ≤

∫

Ω
F (ρ0)dx.

We choose a nonnegative convex function F ∈ C2([0, ∞)) such that F (u) = 0 for 
u ≤ ∥ρ0∥L∞(Ω) and F (u) > 0 for u > ∥ρ0∥L∞(Ω). Then,

	
0 ≤

∫

Ω
F (ρ(t))dx ≤

∫

Ω
F (ρ0)dx = 0 for t ≥ 0,

and thus 0 ≤ ρ(x, t) ≤ ∥ρ0∥L∞(Ω) for t ≥ 0. □
Lemma 2.3 together with the nonnegativity of ρ and mass conservation implies 

that ∥ρ(t)∥Lp(Ω) is bounded for all t ≥ 0 and 1 ≤ p ≤ ∞.
We continue by investigating the energy structure of our problem (2.5a), (2.5b). 

Let us define the nonnegative convex function G ∈ C([0, ∞)) by

	 G(s) := s(log s − 1) + 1 for s > 0 and G(0) := 1.� (2.8)

We note that G(1) = 0 and lims→+∞ G(s)/s = +∞. We shall assume for the 
moment that ρ(x, t) ≥ 0 for all x ∈ Ω and all t > 0 and its spatial integral is normal-
ized as 1

|Ω|
∫

Ω ρ(x, t)dx = 1, and consider, as discussed in the Introduction, the free 
energy functional

	
E(ρ) :=

∫

Ω
G(ρ)dx − 1

2

∫

Ω
cρdx =

∫

Ω
G(ρ)dx − 1

2

∫

Ω
cρ∗dx,� (2.9)

where the second equality follows thanks to the fact that c has zero integral average 
on Ω (cf. Theorem A.1). Both terms appearing in the free energy functional (2.9) are 
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nonnegative. Indeed, by applying Jensen’s inequality with the uniform probability 
measure dµ(x) := 1

|Ω|dx on Ω to the convex function G yields that

	

∫

Ω
G(ρ)dµ(x) ≥ G

(∫

Ω
ρ(x)dµ(x)

)
= 0,

thanks to the normalization of ρ and the conservation of mass. On the other hand, we 
can express the second term in (2.9) in terms of the eigenvalues and eigenfunctions 
of the Neumann Laplacian as follows:

	
−1

2

∫

Ω
cρ∗dx = 1

2

∞∑
k=1

λs
kρ2

k ≥ 0,

using that −(−∆N)sc = ρ∗ on Ω, in conjunction with the definition (2.4) of the 
fractional Neumann Laplacian and Parseval’s identity in L2

∗(Ω). Therefore, the free 
energy functional E(ρ) is a suitable quantity for controlling the ‘distance’ between ρ 
and µ, the uniform density on the domain Ω; this will be rigorously proved in Theo-
rem 4.8 stated in Sect. 4.

Lemma 2.4  Let ρ be a nonnegative smooth solution of the initial-boundary-value 
problem (2.1). The following free energy identity holds for all t ≥ 0 :

	
d
dt

E(ρ) = −
∫

Ω
ρ|∇(log ρ − c)|2dx ≤ 0 .� (2.10)

Proof  By (formally) differentiating E(ρ) with respect to t we have

	
d
dt

E(ρ) =
∫

Ω
ρtG

′(ρ)dx − 1
2

∫

Ω
ctρ

∗dx − 1
2

∫

Ω
cρtdx.

Recalling that we have conservation of mass, d
dt

∫
Ω ρdx = 0, and so ∂tρ

∗ = ∂tρ, it 
follows that

	

∫

Ω
ctρ

∗dx = −
∫

Ω
((−∆N)−sρ∗

t ) ρ∗dx = −
∫

Ω
ρt (−∆N)−sρ∗dx =

∫

Ω
ρtcdx.

As a consequence, using the weak formulation (2.5a), we have
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d
dt

E(ρ) =
∫

Ω
ρt log ρdx −

∫

Ω
ρtcdx =

∫

Ω
ρt(log ρ − c)dx

= −
∫

Ω
ρ∇ log ρ · ∇(log ρ − c)dx +

∫

Ω
ρ∇c · ∇(log ρ − c)dx

= −
∫

Ω
ρ|∇(log ρ − c)|2dx ≤ 0,

and therefore we have the desired decrease of the energy in time. □
Our goal is now to formulate a fully discrete numerical scheme based on spatial 

finite element discretization and implicit Euler time-stepping, which can reproduce 
all of these properties at the temporally semidiscrete-level upon passing to the limit 
with the spatial discretization parameter. We shall then pass to the limit with the 
time-step, while keeping the essential estimates intact in the limit, to establish the 
existence of a weak solution to the initial-boundary-value problem (2.1), and rigor-
ously prove the decrease in time of the energy.

In order to build our numerical scheme for equation (2.1) that mimics the proper-
ties exhibited by ρ, because the assumption that ρ ≥ 0 played an important role in the 
derivation of the previous energy estimate, we introduce for 0 < δ < 1 < L < ∞ the 
positive cut-off function βL

δ ∈ C0,1(R) in the weak formulation (2.5a) via

	
βL

δ (s) :=

{
δ if s ≤ δ,
s if δ < s < L,
L if s ≥ L,

prior to discretizing the problem. The two cut-off parameters, δ and L, will be present 
in the statement and the analysis of the fully discrete approximation of our model in 
Sect. 3. We will then take the limit as the lower cut-off parameter δ and the spatial 
discretization parameter tend to zero, and in Sect. 4 we will make the semidiscrete-
in-time approximation independent of the upper cut-off parameter L by establishing a 
bound on the L∞(Ω) norm, which is uniform with respect to L and analogous to the 
one in Lemma 2.3.

We therefore introduce the following ‘truncated’ weak formulation: 

	

Find ρδ,L ∈ L2(0, T ; V ) with
∂ρδ,L

∂t
∈ L2(0, T ; V ′) such that

⟨∂ρδ,L

∂t
, ϕ

⟩
= −

∫

Ω
∇ρδ,L · ∇ϕdx +

∫

Ω
βL

δ (ρδ,L)∇cδ,L · ∇ϕdx

for all ϕ ∈ V and a.e. t ∈ (0, T ],

� (2.11a)

subject to the initial condition ρδ,L(·, 0) = ρ0, where

	 −(−∆N)scδ,L = ρ∗
δ,L in Ω,� (2.11b)

 and, as before, V = H1(Ω). In this case, similarly as before, we assume that a solu-
tion ρδ,L to our regularized problem exists and that it has all the regularity properties 
that we need for the formal computations that follow.
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The structure of the problem (2.11a) is such that it still preserves decay of the 
energy in time. To confirm this, we introduce a regularized version GL

δ ∈ C2,1(R) of 
the function G(·), defined, for 0 < δ < 1 < L < ∞, by

	
GL

δ (s) :=




s2−δ2

2δ + (log δ − 1)s + 1 if s ≤ δ,
G(s) if δ < s < L,
s2−L2

2L + (log L − 1)s + 1 if s ≥ L.

Clearly,

	
(GL

δ )′(s) =

{ s
δ + log δ − 1 if s ≤ δ,
log s if δ < s < L,
s
L + log L − 1 if s ≥ L,

(GL
δ )′′(s) =




1
δ if s ≤ δ,
1
s if δ < s < L,
1
L if s ≥ L,

and therefore

	 βL
δ (s)(GL

δ )′′(s) = 1 for all s ∈ R.

In addition, for any sufficiently smooth function ϕ, the following equality holds (see 
[7]):

	 βL
δ (ϕ)∇[(GL

δ )′(ϕ)] = ∇ϕ.� (2.12)

Moreover, we have that

	
min{GL

δ (s), s(GL
δ )′(s)} ≥

{
s2

2δ if s ≤ 0,
s2

4L − C(L) if s ≥ 0,
� (2.13)

where C(L) is a positive constant depending only on L. Finally we note that 
(GL

δ )′′(s) ≥ 1
L  for all s ∈ R. The regularized version of the energy E(ρ) is then 

defined by

	
EL

δ (ρδ,L) :=
∫

Ω
GL

δ (ρδ,L)dx − 1
2

∫

Ω
ρ∗

δ,Lcδ,Ldx,

and with similar computations as the ones in (2.10) it is possible to show that

	
d
dt

EL
δ (ρδ,L) ≤ 0.

Remark 2.5  The relationship between the potential and the density expressed by the 
fractional Poisson equation −(−∆N)scδ,L = ρ∗

δ,L will be crucial throughout and we 
want to highlight now one direct consequence of it, which is the nonpositivity of the 
L2 inner product in space between the gradients of ρδ,L and cδ,L, namely
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∫

Ω
∇ρδ,L · ∇cδ,Ldx ≤ 0.� (2.14)

Indeed, by using the definition of the Neumann Laplacian −∆N and recalling that 
cδ,L = (−∆N)−sρ∗

δ,L, we get

	

∫

Ω
∇ρδ,L · ∇cδ,Ldx =

∫

Ω
∇ρ∗

δ,L · ∇cδ,Ldx =
∫

Ω
ρ∗

δ,L (−∆N)cδ,Ldx = −
∫

Ω
ρ∗

δ,L(−∆N)1−sρ∗
δ,Ldx ≤ 0.

We can also derive a formal energy bound. Using the weak formulation (2.11a) with 
ϕ = (GL

δ )′(ρδ,L) and property (2.12), we have that

	
d
dt

EL
δ (ρδ,L) = −

∫

Ω
(GL

δ )′′(ρδ,L)∇ρδ,L · ∇ρδ,Ldx + 2
∫

Ω
∇ρδ,L · ∇cδ,Ldx −

∫

Ω
βL

δ (ρδ,L)∇cδ,L · ∇cδ,Ldx.

By integrating this equality in time from 0 to t for some t ∈ (0, T ], where T > 0, and 
using (2.13) with the assumption that the initial datum is (ρδ,L)0 = ρ0, we have that

	

1
2δ

∫

Ω
[ρδ,L]2−dx − 1

2

∫

Ω
ρ∗

δ,Lcδ,Ldx ≤ C(L) −
∫ t

0

∫

Ω
(GL

δ )′′(ρ)|∇ρδ,L|2dx

+ 2
∫ t

0

∫

Ω
∇ρδ,L · ∇cδ,Ldx −

∫ t

0

∫

Ω
βL

δ (ρδ,L)|∇cδ,L|2dx.

The property (2.14) then implies that

	
1
2δ

∫

Ω
[ρδ,L]2−dx + 1

L

∫ t

0

∫

Ω
|∇ρδ,L|2dx − 1

2

∫

Ω
ρ∗

δ,Lcδ,Ldx +
∫ t

0

∫

Ω
βL

δ (ρδ,L)|∇cδ,L|2dx ≤ C(L),

which means, taking the supremum over t ∈ (0, T ) and recalling the equality 
−(−∆N)scδ,L = ρ∗

δ,L, that we have

	

1
δ

sup
t∈(0,T )

∫

Ω
[ρδ,L]2−dx +

∫ T

0

∫

Ω
|∇ρδ,L|2dx

+ sup
t∈(0,T )

∫

Ω
(−∆N)scδ,L cδ,Ldx

+
∫ T

0

∫

Ω
βL

δ (ρδ,L)|∇cδ,L|2dx ≤ C(L).

� (2.15)

Hence, we arrive at the following bound, which is uniform with respect to the param-
eter δ:

	
1
δ

sup
t∈(0,T )

∥[ρδ,L]−∥2
L2(Ω) +

∫ T

0

∫

Ω
|∇ρδ,L|2dx + sup

t∈(0,T )
∥cδ,L∥2

Hs
∗(Ω) +

∫ T

0

∫

Ω
βL

δ (ρδ,L)|∇cδ,L|2dx ≤ C(L).

A discrete counterpart of this inequality will be used later on to prove nonnegativity 
of the numerical solution by passing to the limit δ → 0+.
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We can also consider the weak formulation (2.11a) with ϕ = ρδ,L. We then have 
that

	

∫

Ω
(ρδ,L)t ρδ,Ldx = −

∫

Ω
|∇ρδ,L|2dx +

∫

Ω
βL

δ (ρδ,L)∇cδ,L · ∇ρδ,Ldx,

and the application of the Cauchy–Schwarz inequality and Young’s inequality yields, 
for any η > 0, that

	
1
2

d
dt

∫

Ω
ρ2

δ,Ldx ≤ −
∫

Ω
|∇ρδ,L|2dx + η

2

∫

Ω
βL

δ (ρδ,L)|∇ρδ,L|2dx + 1
2η

∫

Ω
βL

δ (ρδ,L)|∇cδ,L|2dx.

Hence, by taking η sufficiently small and recalling (2.15), we get the following over-
all bound on ρδ,L:

	
sup

t∈(0,T )

∫

Ω
ρ2

δ,Ldx + 1
δ

sup
t∈(0,T )

∫

Ω
[ρδ,L]2−dx +

∫ T

0

∫

Ω
|∇ρδ,L|2dx ≤ C(L).

� (2.16)

Motivated by these formal calculations, we shall design a finite element method 
whose solution mimics the energy law of (2.11a) and the formal bounds (2.15) and 
(2.16) at a discrete level, and show that, as the spatial and temporal discretization 
parameters tend to zero, a subsequence of this sequence of approximations converges 
to a bounded and nonnegative weak solution of our original problem in a suitable 
sense. In doing so, we shall confine ourselves to the physically relevant cases of d = 2 
and d = 3 space dimensions. The arguments that follow can be therefore viewed as a 
constructive proof of the existence of a nonnegative, energy-dissipative, weak solu-
tion to the initial-boundary-value problem for the fractional porous medium equation 
under consideration, based on the Neumann Laplacian.

3  Finite element approximation

We now define the fully discrete scheme for the numerical approximation of the prob-
lem (2.11a), (2.11b). Our approach is to couple the strategy used in [5–7] in terms of 
the spatial finite element scheme with recent results concerning numerical approxi-
mation of the fractional Laplacian [15, 16, 18, 19]. The overall aim is to construct 
a finite element approximation of the problem (2.1) in its weak formulation (2.11a), 
(2.11b), which mimics the estimate (2.15) at a discrete level, and to show that a sub-
sequence of this sequence of approximations converges to a bounded and nonnega-
tive weak solution, first as the spatial discretization parameter h and the lower cut-off 
parameter δ tend to zero, and then as the time-step ∆t tends to zero. It will also 
transpire that it suffices to take a fixed value of the upper cut-off parameter L such 
that L > ∥ρ0∥L∞(Ω); passage to the limit L → +∞ will therefore not be required. 
We begin by introducing the spatial finite element approximation.
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3.1  Finite Element Approximation

We assume that Ω is a bounded open polygonal domain in R2 or a bounded open Lip-
schitz polyhedral domain in R3. With h > 0 being our spatial discretization parame-
ter, let Th = {Kn}Mh

n=1 be a quasi-uniform and shape-regular family of triangulations 
of Ω, where Kn, n = 1, . . . , Mh, are closed simplices with mutually disjoint interi-
ors, such that Ω = ∪Mh

n=1Kn; assume further that the triangulation is weakly acute. 
Let Vh be the linear space of continuous piecewise affine functions defined on this 
triangulation, i.e.,

	 Vh :=
{

vh ∈ C(Ω) such that vh

∣∣
K

∈ P1 for all K ∈ Th

}
,

and let Nh := dim (Vh). Moreover, let πh : C0(Ω) → Vh be the interpolation 
operator into the linear space Vh based on nodal evaluation, i.e., such that, for each 
ϕ ∈ C(Ω),

	 πhϕ(Pj) = ϕ(Pj), j = 1, . . . , Nh,

where {Pj}Nh
j=1 are the nodes (vertices) of Th contained in Ω.

In order to construct a discrete version of the fractional spectral Neumann Lapla-
cian we first consider a finite-dimensional approximation, −∆h, of the standard Neu-
mann Laplacian −∆N. Let us consider the bilinear form

	
a : H1

∗ (Ω) × H1
∗ (Ω) → R where a(u, v) :=

∫

Ω
∇u · ∇vdx,� (3.1)

which is symmetric, bounded and coercive; we can restrict a(·, ·) to 
(Vh ∩ L2

∗(Ω)) × (Vh ∩ L2
∗(Ω)). Clearly, Vh ∩ L2

∗(Ω) (= Vh ∩ H1
∗ (Ω)) is an 

(Nh − 1)-dimensional linear subspace of H1
∗ (Ω). The bilinear form (3.1) gives rise 

in Vh ∩ L2
∗(Ω) to a discrete orthonormal basis of eigenfunctions that we denote by 

{φh
k}Nh−1

k=1  with corresponding positive eigenvalues λh
1 , . . . , λh

Nh−1 such that

	 a(φh
k , vh) = λh

k(φh
k , vh) for all vh ∈ Vh ∩ L2

∗(Ω), k = 1, . . . , Nh − 1.

Using these, we can now propose a similar expression to (2.4) and introduce a finite-
dimensional counterpart of the fractional spectral Neumann Laplacian, (−∆N)s; 
namely, for uh ∈ Vh ∩ L2

∗(Ω) and s ∈ [0, 1], we define

	
(−∆h)suh :=

Nh−1∑
k=1

(λh
k)suh

kφh
k with uh

k :=
∫

Ω
uhφh

kdx, k = 1, . . . , Nh − 1.

� (3.2)

Remark 3.1  We notice that this definition is consistent with the definition of −∆h, in 
the sense that if s = 1 then
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(−∆h)uh =

Nh−1∑
k=1

λh
kuh

kφh
k with uh

k =
∫

Ω
uhφh

kdx, k = 1, . . . , Nh − 1,

and

	
((−∆h)uh, vh) =

Nh−1∑
k=1

uh
kλh

k(φh
k , vh) =

Nh−1∑
k=1

uh
ka(φh

k , vh) = a(uh, vh).

We shall also define the finite element approximation, Th, of the inverse spectral 
Neumann Laplacian T = (−∆N)−1, which with each F ∈ H−1

∗ (Ω) (uniquely) asso-
ciates Th(F ) := uh ∈ Vh ∩ L2

∗(Ω) such that

	 a(uh, vh) = ⟨F, vh⟩, for all vh ∈ Vh ∩ L2
∗(Ω).

Remark 3.2  In our forthcoming paper [27] we will show that an accurate approxima-
tion to the discrete fractional spectral Neumann Laplacian (−∆h)s can be efficiently 
computed without explicit knowledge of the eigenpairs (λh

k , φh
k), k = 1, . . . , Nh − 1; 

only a positive lower bound on the smallest eigenvalue λh
1  and an upper bound on the 

largest eigenvalue λh
Nh−1 are required. Full details and extensive numerical simula-

tions will be given in [27].

We shall require in the analysis of our fully discrete numerical method a discrete 
version of the property (2.12). In order to ensure that this holds, we define a diagonal 
matrix ΘL

δ (ϕh) ∈ Rd×d in the following way: for an element K ∈ Th, let {Pi}d
i=0 

be the vertices of the simplex K; then, for j = 1, . . . , d and x ∈ K◦ (the interior of 
K), we define 

	

Θ̃L
δ (ϕh)jj(x) :=




ϕh(Pj) − ϕh(P0)
(GL

δ )′(ϕh(Pj)) − (GL
δ )′(ϕh(P0))

if ϕh(Pj) ̸= ϕh(P0),
1

(GL
δ )′′(ϕh(Pj))

= βL
δ (ϕh(Pj))

if ϕh(Pj) = ϕ0(Pj).

� (3.3a)

The matrix Θ̃L
δ  is designed to approximate βL

δ I , where βL
δ  is the positive cut-off 

function defined above, and its elements are simply difference quotients approximat-
ing the inverse of the derivative of (GL

δ )′, which is (βL
δ )−1.

Now, let K̂ be the reference simplex and x̂ ∈ K̂ �→ P0 + BK x̂ = x ∈ K the 
affine function that maps K̂ onto K, and for x ∈ K◦ define
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	 ΘL
δ (ϕh)(x) := (BT

K)−1 Θ̃L
δ (ϕh)(x) BT

K .� (3.3b)

 With this definition in place we have that

	 ΘL
δ (ϕh)(x) ∇[πh(GL

δ )′(ϕh)(x)] = ∇ϕh(x) for all x ∈ K◦.� (3.4)

The proof of the following lemma is a simple extension of the proof of Lemma 2.1 in 
[4] and is therefore omitted.

Lemma 3.3  Let ∥ · ∥ denote the spectral norm on Rd×d . For any δ ∈ (0 , 1 ) and 
L > 1  the function ΘL

δ : Vh → Rd×d  is continuous, and it satisfies

	 δ ξTξ ≤ ξTΘL
δ (ϕh)ξ ≤ L ξTξ forall ξ ∈ Rd, ϕh ∈ Vh.

Furthermore, for all ϕ(1)
h , ϕ

(2)
h ∈ Vh  and all K ∈ Th , one has that

	
∥∥(

ΘL
δ

(
ϕ

(1)
h

)
− ΘL

δ

(
ϕ

(2)
h

))
(x)

∥∥ ≤ L

δ
max

j=1,...,d
(|ϕ(1)

h (Pj) − ϕ
(2)
h (Pj)| + |ϕ(1)

h (P0) − ϕ
(2)
h (P0)|) for all x ∈ K◦.

Moreover, it is possible to prove the following lemma (the proof can be found in 
[6]), which clarifies the sense in which the matrix function ΘL

δ (·) approximates the 
cut-off function βL

δ (·)I , as δ and h tend to zero.

Lemma 3.4  For each K ∈ Th  and for all ϕh ∈ Vh  we have that

	

∫

K

|ΘL
δ (ϕh) − βL

δ (ϕh)I|2dx ≤ C

(
δ2 + h2

∫

K

|∇ϕh|2dx +
∫

K

πh([ϕh]2−)dx

)
.

The following lemma, together with its corollary, were also proved in [6]; they 
will be crucial in our argument to show convergence of a subsequence as h and δ tend 
to zero and we therefore report them here.

Lemma 3.5  Let g ∈ C 0 ,1 (R) be monotonically increasing with Lipschitz constant 
gLip; then, for all K ∈ Th  and for all ϕh ∈ Vh ,

Fig. 1  Triangulation and the computation of the 
matrix Θ̃L

δ
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∫

K

|∇(πh(g(ϕh))|2dx ≤ gLip

∫

K

∇ϕh · ∇πh(g(ϕh))dx.

Corollary 3.6  Let g be defined and strictly monotonically increasing on R, such that 
g−1 , the inverse function of g, is Lipschitz continuous on R, with Lipschitz constant 
(g−1 )Lip; then, for all K ∈ Th  and for all ϕh ∈ Vh ,

	

∫

K

|∇ϕh|2dx ≤ (g−1)Lip

∫

K

∇ϕh · ∇πh(g(ϕh))dx.

We further note that, for each K ∈ Th with vertices {Pj}d
j=0, by virtue of Jensen’s 

inequality we have

	

(πh(ϕ)(x))2 =
( d∑

j=0
ϕ(Pj)ϕj(x)

)2

≤
d∑

j=0
(ϕ(Pj))2ϕj(x) = πh(ϕ2)(x)

for all x ∈ K and all ϕ ∈ C(K).

� (3.5)

In order to formulate the discretization of the problem under consideration with 
respect to the temporal variable, we let T > 0 denote the final time and we intro-
duce a temporal mesh given by 0 =: t0 < t1 < · · · < tN := T , which for the ease 
of exposition we choose to be uniform, with spacing ∆t; i.e., tn − tn−1 = ∆t for all 
n = 1, . . . , N .

Given the initial datum ρ0 ∈ L∞(Ω) such that ρ0 ≥ 0 and 1
|Ω|

∫
Ω ρ0dx = 1, we 

first choose ρ0
h ∈ Vh as the unique solution of the following problem:

	

∫

Ω
πh(ρ0

hϕh)dx + ∆t

∫

Ω
∇ρ0

h · ∇ϕhdx =
∫

Ω
ρ0ϕhdx for all ϕh ∈ Vh.� (3.6)

The existence of a unique solution ρ0
h ∈ Vh to (3.6) is a consequence of the fact that 

(3.6) is equivalent to a system of linear algebraic equations with a symmetric posi-
tive definite matrix. By taking ϕh = ρ0

h in (3.6), it follows using (3.5) and Young’s 
inequality that

	

∫

Ω
(ρ0

h)2dx + 2∆t

∫

Ω
|∇ρ0

h|2dx ≤
∫

Ω
ρ2

0dx ≤ |Ω| ∥ρ0∥2
L∞(Ω).� (3.7)

Furthermore, by taking ϕh ≡ 1 ∈ Vh in (3.6) and noting that πhρ0
h = ρ0

h, it follows 
that

	
1

|Ω|

∫

Ω
ρ0

h(x)dx = 1
|Ω|

∫

Ω
ρ0(x)dx = 1.

Next, we shall prove that 0 ≤ ρ0
h(x) ≤ ∥ρ0∥L∞(Ω) for all x ∈ Ω. To this end, we 

consider the function φp, defined so that its first derivative is a regularized version of 
the function s ∈ R �→ [s]− ∈ R≤0. More precisely, for p > 0, we consider
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φp(s) :=




s2

2 + s
2p + 1

6p2 if s ≤ − 1
p ,

− ps3

6 if − 1
p ≤ s ≤ 0,

0 if s ≥ 0.

The first and second derivative of φp are then given by, respectively,

	

φ′
p(s) =




s + 1
2p if s ≤ − 1

p ,

− ps2

2 if − 1
p ≤ s ≤ 0,

0 if s ≥ 0;
φ′′

p(s) =




1 if s ≤ − 1
p ,

−ps if − 1
p ≤ s ≤ 0,

0 if s ≥ 0.

Clearly, φp ∈ C2,1(R) and φp is a nonnegative convex function. Furthermore, 
φ′

p; (s) ≤ 0 and sφ′
p(s) ≥ 0 for all s ∈ R.

We then take ϕh = πh(φ′
p(ρ0

h)) as test function in (3.6) and apply Lemma 3.5 to 
infer that with this choice of ϕh the second term on the left-hand side of (3.6) is non-
negative, and therefore

	

∫

Ω
πh(ρ0

h πh(φ′
p(ρ0

h)))dx ≤
∫

Ω
ρ0 πh(φ′

p(ρ0
h))dx ≤ 0,

because, by hypothesis, ρ0(x) ≥ 0 for a.e. x ∈ Ω while πh(φ′
p(ρ0

h(x))) ≤ 0 for all 
x ∈ Ω since φ′

p(ρ0
h(x)) ≤ 0 for all x ∈ Ω. On the other hand,

	
0 ≤

∫

Ω
πh(ρ0

h φ′
p(ρ0

h))dx =
∫

Ω
πh(ρ0

h πh(φ′
p(ρ0

h)))dx ≤ 0,

because ρ0
h(x) φ′

p(ρ0
h(x)) ≥ 0 for all x ∈ Ω. Hence,

	

∫

Ω
πh(ρ0

h φ′
p(ρ0

h))dx = 0.

Passing to the limit p → +∞, this implies that

	

∫

Ω
πh(ρ0

h [ρ0
h]−)dx = 0.

As πh(ρ0
h [ρ0

h]−) = πh(([ρ0
h]−)2) and the latter is a nonnegative function on Ω, we 

deduce that πh(([ρ0
h]−)2) is identically zero on Ω; equivalently, ([ρ0

h]−)2(Pj) = 0 
at all vertices Pj , j = 1, . . . , Nh, of the triangulation. Therefore, ρ0

h(Pj) ≥ 0 for all 
j = 1, . . . , Nh, and consequently, because ρ0

h is piecewise affine, ρ0
h(x) ≥ 0 for all 

x ∈ Ω.
One can use an analogous argument to show that ρ0

h ≤ ∥ρ0∥L∞(Ω) on Ω. Indeed, if 
we define A := ∥ρ0∥L∞(Ω) and the functions ρ̂0

h := A − ρ0
h and ρ̂0 := A − ρ0, then, 

because πhϕh = ϕh for all ϕh ∈ Vh, it follows from (3.6) that
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∫

Ω
πh(ρ̂0

hϕh)dx + ∆t

∫

Ω
∇ρ̂0

h · ∇ϕhdx =
∫

Ω
ρ̂0ϕhdx for all ϕh ∈ Vh.

As ρ̂0 ≥ 0 a.e. on Ω, an identical argument to the one above implies that ρ̂0
h ≥ 0 on 

Ω, whereby ρ0
h ≤ A = ∥ρ0∥L∞(Ω), as required. To summarize, we have shown that

	
0 ≤ ρ0

h(x) ≤ ∥ρ0∥L∞(Ω) for all x ∈ Ω and
1

|Ω|

∫

Ω
ρ0

h(x)dx = 1.�(3.8)

With ρ0
h thus defined, the fully-discrete scheme for the problem under consideration 

is then the following: 

	

Let ρ0
h,δ,L := ρ0

h ∈ Vh. For n = 1, . . . , N, given ρn−1
h,δ,L ∈ Vh,

find ρn
h,δ,L ∈ Vh such that

∫

Ω
πh

(
ρn

h,δ,L − ρn−1
h,δ,L

∆t
ϕh

)
dx = −

∫

Ω
∇ρn

h,δ,L · ∇ϕhdx

+
∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇ϕhdx for all ϕh ∈ Vh,

� (3.9a)

where cn
h,δ,L ∈ Vh ∩ L2

∗(Ω) satisfies

	 −(−∆h)scn
h,δ,L = (ρn

h,δ,L)∗.� (3.9b)

The time-stepping scheme is chosen to be implicit and we stress that the numerical 
approximation relies on the potential ch,δ,L and the fact that it is repulsive in the 
sense that (2.14) holds. This will be crucial in deriving global-in-time existence, uni-
form boundedness and convergence of the sequence of numerical solutions.

Since our first analytical step is to pass to the limit as δ, h → 0+, we now intro-
duce the definition of the semidiscrete-in-time approximation of our problem, to 
which the fully discrete scheme (3.9) will be shown to converge in this limit. We first 
need to assign to ρ0, for a fixed value of ∆t > 0, a certain smoothed initial datum 
ρ0 = ρ0(∆t) ∈ V = H1(Ω), that is the solution to the following problem:

	

∫

Ω
ρ0ϕ dx + ∆t

∫

Ω
∇ρ0 · ∇ϕdx =

∫

Ω
ρ0ϕ dx for all ϕ ∈ V.� (3.10)

It follows by an application of the Lax–Milgram lemma that (3.10) has a 
unique solution ρ0 = ρ0(∆t) ∈ V = H1(Ω). By taking ϕ ≡ 1 we find that 

1
|Ω|

∫
Ω ρ0dx = 1

|Ω|
∫

Ω ρ0dx = 1. Furthermore, one can show that the following four 
assertions hold true:

	 ρ0 → ρ0 weakly in L2(Ω) as ∆t → 0+;

thanks to the assumed nonnegativity of ρ0 also ρ0 ≥ 0 a.e. on Ω; the function ρ0 
satisfies
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∫

Ω
G(ρ0) dx + 4∆t

∫

Ω

∣∣∣∇
√

ρ0
∣∣∣
2
dx ≤

∫

Ω
G(ρ0)dx,� (3.11)

where G ∈ C([0, ∞)) is the nonnegative convex function defined in (2.8); and 
ρ0 ∈ L∞(Ω) ∩ V . The full details of the proofs of these assertions are contained in 
the Appendix of [7] and in Section 6 of [5].

With this definition of ρ0 = ρ0(∆t) the semidiscrete-in-time approximation of our 
problem is then formulated as follows: 

	

Let ρ0
L := ρ0 = ρ0(∆t). For n = 1, . . . , N,

given ρn−1
L ∈ V, find ρn

L ∈ V such that
∫

Ω

ρn
L − ρn−1

L

∆t
ϕdx = −

∫

Ω
∇ρn

L · ∇ϕdx

+
∫

Ω
βL(ρn

L)∇cn
L · ∇ϕdx for all ϕ ∈ V,

� (3.12a)

subject to the initial condition ρ0
L = ρ0, where

	 −(−∆N)scn
L = (ρn

L)∗ in Ω.� (3.12b)

3.2  Convergence analysis of the discretized fractional porous medium model

Our aim in the rest of this section is to pass to the limit in (3.9a), (3.9b) as δ and h 
tend to zero, to infer the semidiscrete-in-time approximation (3.12a), (3.12b) as the 
limiting problem. The analysis of the semidiscrete-in-time approximation will then 
be the focus of the next section, where we shall pass to the limit ∆t → 0+ in (3.12a), 
(3.12b), and will also show that the sequence of approximations becomes indepen-
dent of L once L > ∥ρ0∥L∞(Ω), which then makes passage to the limit L → +∞ 
redundant. The first result we prove is an a priori bound on the solution ρn

h,δ,L of 
(3.9a), assuming that it exists, with the existence of a solution to be proved thereafter.

Lemma 3.7  For n = 1 , . . . , N  a solution ρn
h,δ,L ∈ Vh  of (3.12), if it exists, satisfies 

the following bound:

	

∫

Ω
πh(GL

δ (ρn
h,δ,L))dx + ∆t

∫

Ω
∇ρn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L)))dx ≤
∫

Ω
πh(GL

δ (ρn−1
h,δ,L))dx.

� (3.13)

Proof  By taking ϕh = πh((GL
δ )′(ρn

h)) as test function in (3.9a), we have that

	

∫

Ω
πh

(
ρn

h,δ,L − ρn−1
h,δ,L

∆t
πh((GL

δ )′(ρn
h,δ,L))

)
dx = −

∫

Ω
∇ρn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L))dx

+
∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L))dx.
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Hence, by (3.4), it follows that

	

∫

Ω
πh

(
ρn

h,δ,L − ρn−1
h,δ,L

∆t
πh((GL

δ )′(ρn
h,δ,L))

)
dx = −

∫

Ω
∇ρn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L))dx +
∫

Ω
∇cn

h,δ,L · ∇ρn
h,δ,Ldx.

Next, we bound the left-hand side of this equality from below by using the convexity 
of GL

δ , which implies that

	

πh

(
(ρn

h,δ,L − ρn−1
h,δ,L) πh((GL

δ )′(ρn
h,δ,L))

)
= πh

(
(ρn

h,δ,L − ρn−1
h,δ,L) (GL

δ )′(ρn
h,δ,L)

)

≥ πh

(
GL

δ (ρn
h,δ,L) − GL

δ (ρn−1
h,δ,L)

)
= πh(GL

δ (ρn
h,δ,L)) − πh(GL

δ (ρn−1
h,δ,L)),

and therefore

	

1
∆t

∫

Ω
(πh(GL

δ (ρh,δ,L)) − πh(GL
δ (ρn−1

h,δ,L)))dx

+
∫

Ω
∇ρn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L))dx

≤
∫

Ω
∇cn

h,δ,L · ∇ρn
h,δ,Ldx.

� (3.14)

We observe that, in the case of a repulsive potential under consideration here, the 
right-hand side of inequality (3.14) contributes ‘constructively’ to the desired bound, 
in the sense that it satisfies

	

∫

Ω
∇cn

h,δ,L · ∇ρn
h,δ,Ldx ≤ 0.� (3.15)

Indeed, thanks to the definition of the finite element approximation of the fractional 
Laplacian stated in equation (3.2), we have that

	

∫

Ω
∇cn

h,δ,L · ∇ρn
h,δ,Ldx =

∫

Ω
∇cn

h,δ,L · ∇(ρn
h,δ,L)∗dx = a(cn

h,δ,L, (ρn
h,δ,L)∗) = a(cn

h,δ,L, −(−∆h)scn
h,δ,L)

= −
Nh−1∑
k=1

(λh
k)s(cn

h,δ,L)ka(cn
h,δ,L, ϕh

k) = −
Nh−1∑
k=1

(λh
k)1+s(cn

h,δ,L)2
k ≤ 0.

This then completes the proof of the lemma. □
We shall now prove the existence of a solution at a given time tn in order to be 

able to use the bound (3.13). We will do so by using Brouwer’s fixed point theorem.

Lemma 3.8  For any ∆t > 0 , given ρn−1
h,δ,L ∈ Vh , there exists at least one solution 

(ρn
h,δ,L, cn

h,δ,L) ∈ Vh × (Vh ∩ L2
∗ (Ω)) to (3.9).

Proof  We begin by equipping Vh with the inner product ((·, ·)), defined by
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((ψh, φh)) :=

∫

Ω
πh(ψh(x)ϕh(x))dx, ϕh, φh ∈ Vh.

Next, we define the function H : Vh → Vh such that, for any ρh ∈ Vh,

	
((H(ρh), ϕh)) :=

∫

Ω
πh

(
ρh − ρn−1

h,δ,L

∆t
ϕh

)
dx +

∫

Ω
∇ρh · ∇ϕhdx −

∫

Ω
ΘL

δ (ρh)∇ch · ∇ϕhdx for all ϕh ∈ Vh,

where ch ∈ Vh ∩ L2
∗(Ω) satisfies −(−∆h)sch = ρ∗

h. The construction of ΘL
δ , 

together with Lemma 3.3, ensures that H is a continuous mapping. Note that if a 
solution ρn

h,δ,L to (3.12) exists then it is a zero of H, namely

	 ((H(ρn
h,δ,L), ϕh)) = 0 for all ϕh ∈ Vh.

We shall therefore prove that H has a zero. For contradiction, let us assume that H 
has no zero for any γ ∈ R>0 in the ball Bγ = {ψh ∈ Vh such that ∥ψh∥L2(Ω) ≤ γ}. 
We define the function Eγ : Bγ → Bγ  by

	
Eγ(ψh) = −γ

H(ψh)
∥H(ψh)∥L2(Ω)

.

By Brouwer’s fixed point theorem Eγ  has at least one fixed point ργ
h in Bγ , and this 

means that ∥ργ
h∥L2(Ω) = ∥Eγ(ργ

h)∥L2(Ω) = γ. Let cγ
h be the solution of the equation 

−(−∆N)scγ
h = (ργ

h)∗ in Ω. Now let us choose ϕh = πh((GL
δ )′(ργ

h)) as test func-
tion and notice that, by (2.13) and inequality (3.5), together with the trivial equality 
πhργ

h = ργ
h, we have that

	

((H(ργ
h), πh((GL

δ )′(ργ
h)))) = −

∥H(ργ
h)∥L2(Ω)

γ

( ∫

Ω
πh(ργ

h πh((GL
δ )′(ργ

h)))dx

)

= −
∥H(ργ

h)∥L2(Ω)

γ

( ∫

Ω
πh(ργ

h (GL
δ )′(ργ

h))dx

)

≤ −
∥H(ργ

h)∥L2(Ω)

γ

( ∫

Ω

(
(ργ

h)2

4L
− C(L)

)
dx

)
= −

∥H(ργ
h)∥L2(Ω)

γ

( γ2

4L
− C(L)|Ω|

)
,

and thus for γ > [4L C(L) |Ω|]1/2 we also have that

	 ((H(ργ
h), πh(GL

δ )′(ργ
h))) < 0.

On the other hand, we can proceed in a similar way as in Lemma 3.7 to deduce that

	

((H(ργ
h), πh(GL

δ )′(ργ
h))) = 1

∆t

∫

Ω
πh

(
(ργ

h − ρn−1
h,δ,L)πh((GL

δ )′(ργ
h))

)
dx +

∫

Ω
∇ργ

h · ∇πh((GL
δ )′(ργ

h))dx

−
∫

Ω
ΘL

δ (ργ
h)∇cγ

h · ∇πh((GL
δ )′(ργ

h))dx

≥ 1
∆t

∫

Ω
πh

(
(ργ

h − ρn−1
h,δ,L)πh((GL

δ )′(ργ
h))

)
dx

︸ ︷︷ ︸
1

−
∫

Ω
∇cγ

h · ∇ργ
hdx.

︸ ︷︷ ︸
2

� (3.16)
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For the first term in (3.16) we can use the convexity of GL
δ  to deduce, as in the proof 

of the previous lemma, that

	
1 ≥ 1

∆t

∫

Ω

(
πh(GL

δ (ργ
h)) − πh(GL

δ (ρn−1
h ))

)
dx ≥ 1

∆t

( γ2

4L
− C(L)|Ω|

)
− 1

∆t

∫

Ω
πh(GL

δ (ρn−1
h ))dx.

For the second term in (3.16) we can use the definition of cγ
h involving the discrete 

fractional Neumann Laplacian to deduce an inequality analogous to (3.15), which 
then implies that ② ≥ 0. Therefore,

	
((H(ργ

h), πh((GL
δ )′(ργ

h)))) ≥ 1
∆t

( γ2

4L
− C(L)|Ω|

)
− 1

∆t

∫

Ω
πh(GL

δ (ρn−1
h ))dx.

Thus, for γ > [4L (C(L) |Ω| + ∥πh(GL
δ (ρn−1

h ))∥L1(Ω))]1/2 we have

	 ((H(ργ
h), πh((GL

δ )′(ργ
h)))) > 0,

and hence we have arrived at a contradiction; therefore the function H has a zero, 
which means that at time tn there exists a solution ρn

h,δ,L ∈ Vh to the fully discrete 
scheme (3.9a). Having shown the existence of ρn

h,δ,L ∈ Vh, the existence of an asso-
ciated (unique) cn

h,δ,L ∈ Vh ∩ L2
∗(Ω) follows from (3.9b). □

We need a series of additional results before proceeding to the proof of conver-
gence as δ and h tend to zero.

Lemma 3.9  A solution {ρn
h,δ,L}N

n=1 ⊂ Vh  of (3.9a) satisfies the following bound:

	
max

n=1,...,N

∫

Ω
(ρn

h,δ,L)2dx + 1
δ

max
n=1,...,N

∫

Ω
πh([ρn

h,δ,L]2−)dx + ∆t
N∑

n=1

∫

Ω
|∇ρn

h,δ,L|2dx ≤ C(L).
� (3.17)

Moreover, let cn
h,δ,L ∈ Vh ∩ L2

∗ (Ω) be the solution of (3.9b); then, the following 
bound holds:

	
∆t

∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇cn
h,δ,Ldx ≤ C(L) +

∫

Ω
(cn

h,δ,L)2dx.� (3.18)

Proof  We sum the bounds (3.13) over n = 1, . . . , m to deduce that, for each 
m ∈ {1, . . . , N},

	

∫

Ω
πh(GL

δ (ρm
h,δ,L))dx + ∆t

m∑
n=1

∫

Ω
∇ρn

h,δ,L · ∇πh((GL
δ )′(ρn

h,δ,L))dx ≤
∫

Ω
πh(GL

δ (ρ0
h))dx.

Using Corollary 3.6 with ϕh = ρn
h,δ,L and g = (GL

δ )′, noting that g is strictly mono-
tonically increasing and the inverse g−1 is Lipschitz continuous with Lipschitz con-
stant L, we then have that, for each m ∈ {1, . . . , N},
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∫

Ω
πh(GL

δ (ρm
h,δ,L))dx + ∆t

L

m∑
n=1

∫

Ω
|∇ρn

h,δ,L|2dx ≤
∫

Ω
πh(GL

δ (ρ0
h))dx.

Let Ω+ := {x ∈ Ω : ρn
h,δ,L ≥ 0} and let Ω− := Ω \ Ω+. We shall further bound the 

first term on the left-hand side of this inequality from below by noting that, thanks to 
(2.13) and (3.5), we have

	

∫

Ω
πh(GL

δ (ρn
h,δ,L))dx =

∫

Ω+

πh(GL
δ (ρn

h,δ,L))dx +
∫

Ω−

πh(GL
δ (ρn

h,δ,L))dx

≥ 1
4L

∫

Ω+

πh((ρn
h,δ,L)2)dx − C(L)|Ω+| + 1

2δ

∫

Ω−

πh((ρn
h,δ,L)2)dx

= 1
4L

∫

Ω
πh((ρn

h,δ,L)2)dx − C(L)|Ω+| + 1
2δ

∫

Ω−

πh((ρn
h,δ,L)2)dx − 1

4L

∫

Ω−

πh((ρn
h,δ,L)2)dx

≥ 1
4L

∫

Ω
(πhρn

h,δ,L)2dx + 1
4δ

∫

Ω
πh([ρn

h,δ,L]2−)dx − C(L)|Ω|

= 1
4L

∫

Ω
(ρn

h,δ,L)2dx + 1
4δ

∫

Ω
πh([ρn

h,δ,L]2−)dx − C(L)|Ω|,

where in the transition to the fourth line we have used that δ < L and that [ρn
h,δ,L]2− ≡ 0 

on Ω+. It remains to note that, because for all δ and L such that 0 < δ < 1 < L we 
have that

	
0 ≤ GL

δ (s) ≤ max
{

1 − δ

2
,

s2 − L2

2L
+ (log L − 1)s + 1

}
, for all s ≥ 0,

it follows from (3.8) that 0 ≤ GL
δ (ρ0

h,δ,L) ≤ C, where C = C(L) is a positive con-
stant, independent of h and δ, whereby the same is true of 

∫
Ω πh(GL

δ (ρ0
h,δ,L))dx. As 

Ω is a fixed domain, we shall absorb |Ω| into C(L) and write C(L) instead of C(L)|Ω|. 
From this, the inequality (3.17) directly follows.

To prove (3.18) we take ϕh = −cn
h,δ,L in (3.9a); we then have by (3.15) that

	
∆t

∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇cn
h,δ,Ldx ≤

∫

Ω
(ρn

h,δ,L − ρn−1
h,δ,L)cn

h,δ,Ldx.

Young’s inequality implies that

	
∆t

∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇cn
h,δ,Ldx ≤ 1

2

∫

Ω
(ρn

h,δ,L)2dx + 1
2

∫

Ω
(ρn−1

h,δ,L)2dx +
∫

Ω
c2

h,δ,Ldx.

Finally, we bound the first two terms on the right-hand side of this inequality from 
above by using the bound on the first term appearing on the left-hand side of (3.17). 
That completes the proof of inequality (3.18). □

The final piece of information we need before taking the limit concerns the con-
vergence of the discrete fractional Laplacian (−∆h)s and thus of the solution cn

h,δ,L 
of the finite-dimensional fractional Poisson problem. We will rely on the results that 
were proved in [16, 18, 19], where fractional powers of elliptic operators and their 
finite element approximation were studied in the setting we have put in place.
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Proposition 3.10  (Convergence of the spatial discretization of the fractional Lapla-
cian) Suppose that s ∈ (0 , 1 ), σ ∈ [0 , 1 ] and f ∈ H 2σ

∗ (Ω). Then, there exists a posi-
tive constant C that is independent of h and σ such that

	∥(−∆N)−sf − (−∆h)−sπhf∥L2(Ω) ≤ Cε(h)∥f∥H2σ(Ω) for all f ∈ H2σ
∗ (Ω),

where

	
ε(h) =

{
h2 ifs + σ > 1,
log(h−1)h2(s+σ) ifs + σ ≤ 1.

Now we are ready for passage to the limit with δ → 0+ and h → 0+. Passage to 
the limit ∆t → 0+ will be discussed in the next section. It will be also shown that by 
taking L > ∥ρ0∥L∞(Ω) the sequence of numerical solutions becomes independent of 
L, so passage to the limit L → +∞ is not required.

Theorem 3.11  The initial data {ρ0
h }h>0  defined in (3.6) are such that, for ∆t and L 

fixed, as h → 0+ we have that

	 ρ0
h → ρ0

L = ρ0 := ρ0(∆t) strongly in L2(Ω).� (3.19)

Furthermore there exists a subsequence of {ρn
h,δ,L}δ,h>0 , a nonnegative function 

ρn
L ∈ V = H 1 (Ω) and cn

L ∈ H 1
∗ (Ω) such that the following convergence results 

hold, for each n ∈ {1 , . . . , N}, as δ, h → 0+: 

	 ∇ρh,δ,L → ∇ρn
L weakly in L2(Ω;Rd),� (3.20a)

	 ρn
h,δ,L → ρn

L strongly in L2(Ω),� (3.20b)

	 ΘL
δ (ρn

h,δ,L) → βL(ρn
L)I strongly in L2(Ω;Rd×d),� (3.20c)

	 cn
h,δ,L → cn

L strongly in L2
∗(Ω;Rd),� (3.20d)

	 ∇cn
h,δ,L → ∇cn

L weakly in L2
∗(Ω;Rd).� (3.20e)

 Moreover {ρn
L}n=1 ,...,N  solves the problem (3.12a), ρn

L ≥ 0  a.e.  on Ω for 
all n = 1 , . . . , N , and, given ρ0

L = ρ0  such that 1
|Ω|

∫
Ω ρ0 dx = 1 , one has 

1
|Ω|

∫
Ω ρn

Ldx = 1  for all n = 1 , . . . , N .

Proof  It follows from (3.7) that there exists a subsequence of {ρ0
h}h>0 (which, for 

the sake of simplicity of notation, we shall continue to denote by {ρ0
h}h>0) that con-

verges weakly in L2(Ω) to some element g ∈ L2(Ω), and ∇ρ0
h converges weakly to 

some element G ∈ L2(Ω;Rd), as h → 0+. To show that G = ∇g notice that for any 
η ∈ C∞

0 (Ω;Rn) we have
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∫

Ω
G · η dx ←

∫

Ω
∇ρ0

h · ηdx = −
∫

Ω
ρ0

hdiv η dx → −
∫

Ω
g div η dx,

which means that G is the distributional gradient of g, i.e., G = ∇g in D′(Ω;Rd), but 
since G ∈ L2(Ω;Rd) we then have that G = ∇g ∈ L2(Ω;Rd). The compact embed-
ding  implies that (a subsequence of) {ρ0

h}h>0 convergences 
strongly in L2(Ω) to g ∈ L2(Ω) as h → 0+, and therefore we can pass to the limit in 
(3.6) with ϕh = πhϕ for any function ϕ ∈ C∞(Ω) to get equation (3.10). This shows 
that g = ρ0, and the fact that C∞(Ω) is dense in V = H1(Ω) then implies (3.19).

Now, let n ∈ {1, . . . , N}. The weak convergence (3.20a) and the strong conver-
gence (3.20b) are implied by the inequality (3.17) and the same considerations as the 
ones we exposed above in the case of ∇ρ0

h and ρh
0 . The nonnegativity of the limit 

function ρn
L follows from (3.20b) and the second bound in (3.17).

Combining the second and third bounds in (3.17) and Lemma 3.4 we have the 
result (3.20c).

The convergence result (3.20d) can be proved in the following way. We have, by 
use of the stability inequality (A.2) satisfied by the solution of the fractional Poisson 
equation, that

	

∥(−∆N)−s(ρn
L)∗ − (−∆h)−s(ρn

h,δ,L)∗∥L2(Ω)

≤ ∥(−∆N)−s((ρn
L)∗ − (ρn

h,δ,L)∗)∥L2(Ω) + ∥((−∆N)−s − (−∆h)−s)(ρn
h,δ,L)∗∥L2(Ω)

≤ C∥(ρn
L)∗ − (ρn

h,δ,L)∗∥L2(Ω) + ∥((−∆N)−s − (−∆h)−s)(ρn
h,δ,L)∗∥L2(Ω),

and by (3.20b) and the convergence result stated in Proposition 3.10 we have (3.20d); 
here and henceforth C signifies a generic positive constant, independent of δ and h. 
Notice that this inequality, in conjunction with (A.2) and the bound on the first term 
on the left-hand side of (3.17), makes the term on the left-hand side of (3.18) uni-
formly bounded in δ and h.

To prove (3.20e) we need a uniform bound on the gradient of cn
h,δ,L; then, the 

result will follow from (3.20d). Thanks to Theorem 4.8.12 in [37] we have that

	 ∥(I − Sh)v∥L2(Ω) + h|(I − Sh)v|H1(Ω) ≤ Ch|v|H1(Ω) for all v ∈ H1(Ω),
� (3.21)

where Sh denotes the Scott–Zhang quasi-interpolation operator. For any vh ∈ Vh, 
thanks to the assumed quasi-uniformity of the family of triangulations, we have also

	 ∥∇vh∥L2(Ω) ≤ Ch−1∥vh∥L2(Ω).� (3.22)

Let us denote by c̃n
h,δ,L ∈ H1

∗ (Ω) the solution of the boundary-value problem

	 −(−∆N)sc̃n
h,δ,L = (ρn

h,δ,L)∗ in Ω.

Then, the gradient of cn
h,δ,L satisfies the following chain of inequalities:
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∥∇cn
h,δ,L∥L2(Ω) ≤ ∥∇(cn

h,δ,L − Shc̃n
h,δ,L)∥L2(Ω) + ∥∇(Shc̃n

h,δ,L − c̃n
h,δ,L)∥L2(Ω) + ∥∇c̃n

h,δ,L∥L2(Ω)

≤ C

h
∥cn

h,δ,L − Shc̃n
h,δ,L∥L2(Ω) + C∥∇c̃n

h,δ,L∥L2(Ω)

≤ C

h
∥cn

h,δ,L − c̃n
h,δ,L∥L2(Ω) + C

h
∥c̃n

h,δ,L − Shc̃n
h,δ,L∥L2(Ω) + C∥∇c̃n

h,δ,L∥L2(Ω),

where in the transition from the first to the second line we used (3.22) to bound the 
first term on the right-hand side of the first line, and (3.21) to bound the second term 
on the right-hand side of the first line. Because cn

h,δ,L = −(−∆h)−s(ρn
h,δ,L)∗ and 

c̃n
h,δ,L = −(−∆N)−s(ρn

h,δ,L)∗, the first term in the last line is now uniformly bounded 
thanks to Proposition 3.10 with σ = 1/2 and ε(h) = ln(h−1) h2s+1, and the fact that 
(ρn

h,δ,L)∗ := ρn
h,δ,L −

∫
Ω ρn

h,δ,Ldx ∈ Vh is uniformly bounded in H2σ
∗ (Ω) = H1

∗ (Ω) 
as h, δ → 0+ because of (3.17). The second term in the last line is uniformly bounded 
by the interpolation inequality (3.21), (A.3) in Lemma A.3 and the bound on the third 
term on the left-hand side of (3.17). For the third term in the last line, we have simi-
larly, thanks to (A.3), that

	 ∥∇c̃n
h,δ,L∥L2(Ω) ≤ C∥∇ρn

h,δ,L∥L2(Ω)

and the bound on the third term on the left-hand side of (3.17) then makes the term 
uniformly bounded with respect to h and δ. Having shown that ∇cn

h,δ,L is uniformly 
bounded in L2(Ω;Rd) as h, δ → 0+, the weak convergence result (3.20e) follows 
from (3.20d) thanks to the uniqueness of the weak limit.

We combine (3.20a)–(3.20c) to pass to the limit as δ, h → 0+ in (3.9a) with 
ϕh = πhϕ, for ϕ ∈ C∞(Ω) together with the strong convergence of πhϕ to ϕ in 
the norm of W 1,∞(Ω) as h → 0+ (cf., for example, inequality (4.4.29) in [21] with 
s = 1, m = 2, l = 1, r = 0 and p = ∞ there), to obtain equation (3.12a). The fact 
that C∞(Ω) is dense in V = H1(Ω) then concludes the argument. The nonnegativity 
of ρn

h,δ,L on Ω implies the nonnegativity of ρn
L a.e. on Ω for n = 1, . . . , N . Finally, 

we note that if we choose ϕ ≡ 1 as a test function in (3.12a) we have conservation of 
mass, i.e., 

∫
Ω ρn

L(x)dx =
∫

Ω ρ0dx = 1 for ρn
L, n = 1, . . . , N . □

Having passed to the limits h → 0+ and δ → 0+ with the spatial discretization 
parameter h and the lower cut-off parameter δ, in the next section we shall focus on 
passage to the limits ∆t → 0+ and L → +∞ with the time step ∆t and the upper 
cut-off parameter L. Before doing so, however, we close this section by commenting 
on possible extensions of the analysis pursued in this section to two related models 
that involve a nonlinear mobility coefficient ρ ∈ R≥0 �→ A(ρ) ∈ R>0.

Remark 3.12  (Nonlinear mobility model I) Consider the initial-boundary-value 
problem
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



∂ρ

∂t
= ∇ · (A(ρ)∇ρ − ρ∇c) in Ω × (0, ∞),

− (−∆)sc = ρ∗ in Ω × (0, ∞),
∂nρ = 0, ∂nc = 0 on ∂Ω × (0, ∞),
ρ(x, 0) = ρ0(x) for all x ∈ Ω,

� (3.23)

where A is a continuous real-valued function defined on R≥0 such that

	 (∃σ1, σ2 ∈ R>0) (∀s ∈ R≥0) σ1 ≤ A(s) ≤ σ2.� (3.24)

For a (nonnegative) continuous piecewise linear function ϕh ∈ Vh we then consider 
the piecewise constant approximation Ξ(ϕh) of A(ϕh), defined by

	
Ξ(ϕh)(x) =

∑
K∈Th

A(ϕh(PK))χK̊(x), x ∈ Ω,� (3.25)

where PK  is the barycenter of the symplex K ∈ Th and χK̊  is the indicator function 
of the interior of K. The fully-discrete approximation of the problem (3.23) is then 
defined as follows.

	

Let ρ0
h,δ,L := ρ0

h ∈ Vh. For n = 1, . . . , N, given ρn−1
h,δ,L ∈ Vh, find ρn

h,δ,L ∈ Vh such that
∫

Ω
πh

(
ρn

h,δ,L − ρn−1
h,δ,L

∆t
ϕh

)
dx = −

∫

Ω
Ξ(ρh,δ,L)∇ρn

h,δ,L · ∇ϕhdx +
∫

Ω
ΘL

δ (ρn
h,δ,L)∇cn

h,δ,L · ∇ϕhdx

for all ϕh ∈ Vh,

where cn
h,δ,L ∈ Vh ∩ L2

∗(Ω) satisfies (3.9b). Thanks to our assumptions on A, it fol-
lows that 0 < σ1 ≤ Ξ(ρh,δ,L)(x) ≤ σ2 < +∞ for all x ∈ Ω. Under the hypotheses 
of Lemma 3.5, the assumptions on A also imply that

	

∫

K

Ξ(ϕh)∇ϕh · ∇πh(g(ϕh))dx ≥ σ1

∫

K

∇ϕh · ∇πh(g(ϕh))dx ∀ ϕh ∈ Vh.

This lower bound is crucial so as to be able to ensure the validity of the bound stated 
in inequality (3.17) in Lemma 3.9. In addition, by the Cauchy–Schwarz inequality 
together with (A.3), (3.24) and the uniform bound on the H1(Ω) seminorm, we also 
have that

	

∫

Ω
Ξ(ρh,δ,L)∇cn

h,δ,L · ∇ρδ,Ldx ≤ C

∫

Ω
|∇ρh,δ,L|2dx ≤ C(L),

which then implies that cn
h,δ,L satisfies the inequality (3.18). These considerations 

enable us to use an identical argument to the one in the proof of Theorem 3.11 to 
prove the convergence, as δ, h → 0, of a (sub)sequence of the solution sequence of 
the fully discrete problem to a solution of the following semidiscrete-in-time problem.

1 3

1567



J. A. Carrillo et al.

	

Let ρ0
L := ρ0 = ρ0(∆t). For n = 1, . . . , N, given ρn−1

L ∈ V, find ρn
L ∈ V such that

∫

Ω

ρn
L − ρn−1

L

∆t
ϕdx = −

∫

Ω
A(ρn

L)∇ρn
L · ∇ϕdx +

∫

Ω
βL(ρn

L)∇cn
L · ∇ϕdx for all ϕ ∈ V,

where cn
L satisfies (3.12b).

Remark 3.13  (Nonlinear mobility II) Another related problem with nonlinear mobil-
ity is given by

	




∂ρ

∂t
= ∇ · (A(ρ)(∇ρ − ρ∇c)) in Ω × (0, ∞),

− (−∆)sc = ρ∗ in Ω × (0, ∞),
∂nρ = 0, ∂nc = 0 on ∂Ω × (0, ∞),
ρ(x, 0) = ρ0(x) for all x ∈ Ω,

� (3.26)

where, again, A is a continuous real-valued function defined on R≥0 such that (3.24) 
holds. Let E be the free energy functional defined by (2.9). It then follows that the 
following dissipation law holds:

	
d
dt

E(ρ) = −
∫

Ω
ρA(ρ)|∇(log ρ − c)|2dx ≤ 0,

which is analogous to that in (2.10). A crucial inequality, which our analysis in the 
case of constant mobility relied on, was (3.15), i.e., that

	

∫

Ω
∇cn

h,δ,L · ∇ρn
h,δ,Ldx ≤ 0.

While in the case of the nonlinear mobility model I the function A(·) only multiplies 
∇ρ, and therefore the above inequality can be guaranteed to hold under the stated 
assumptions on A, just as in the case of constant mobility, in the nonlinear mobility 
model II the function A(·) now also multiplies ∇c. Identical discretization of A(·) 
in both terms appearing on the right-hand side of (3.26)1 unfortunately results in a 
numerical method for which the inequality (3.15) cannot be guaranteed to hold. This 
means that in the case of the nonlinear mobility model II the coefficient A(·) needs 
to be approximated differently in the second term on the right-hand side of (3.26)1 
than in the first term, and this complicates both the definition and the analysis of the 
resulting scheme. We shall therefore not dwell on this extension here further.
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4  The semidiscrete-in-time approximation

Next, we shall pass to the limit as the time-step ∆t > 0 tends to zero in the tempo-
rally semidiscrete scheme (3.12a), which we presented in the previous section, and 
which we obtained as the limit of the finite element approximation when δ, h → 0+, 
as was shown in Theorem 3.11.

In order to pass to the limit ∆t → 0+ we shall first show that the approximation 
is independent of the cut-off parameter L, provided that L > ∥ρ0∥L∞(Ω); we shall 
then derive uniform bounds with respect to ∆t and proceed by extraction of weakly 
convergent subsequences as ∆t → 0+, similarly as we did in the previous section in 
the case of the parameters δ and h.

Suppose that N ∈ N≥2 and ∆t := T/N . We then define 

	
ρ∆t

L (·, t) := t − tn−1

∆t
ρn

L(·) + tn − t

∆t
ρn−1

L (·), t ∈ [tn−1, tn], n = 1, . . . , N,

� (4.1a)

that is, the continuous piecewise affine interpolant in time of the sequence of discrete-
in-time approximations {ρn

L}n=1,...,N , in conjunction with the notation

	 ρ∆t,+
L (·, t) := ρn

L(·), ρ∆t,−
L (·, t) := ρn−1

L (·), t ∈ (tn−1, tn], n = 1, . . . , N.
� (4.1b)

We shall adopt ρ∆t(,±)
L  as a collective symbol for ρ∆t

L , ρ∆t,±
L . For future purposes 

we observe that

	
∂ρ∆t

L

∂t
(·, t) =

ρ∆t,+
L (·, t) − ρ∆t,−

L (·, t)
∆t

, t ∈ (tn−1, tn], n = 1, . . . , N,

and that, thanks to the final assertion in Theorem 3.11, one has that

	
1

|Ω|

∫

Ω
ρ

∆t(,±)
L (t)dx = 1

|Ω|

∫

Ω
ρ0dx = 1, t ∈ (tn−1, tn], n = 1, . . . , N.

Fig. 2  Continuous piecewise affine interpolant of the discrete-in-time approximations
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For t ∈ (0, T ], let c∆t
L (·, t) ∈ Hs(Ω) ∩ H1

∗ (Ω) be the unique the solution of the 
equation

	 −(−∆N)sc∆t
L = (ρ∆t

L )∗ in Ω.� (4.2)

We note in passing that, thanks to linearity and because 
1

|Ω|
∫

Ω ρn
Ldx = 1

|Ω|
∫

Ω ρ0
Ldx = 1

|Ω|
∫

Ω ρ0dx = 1 for all n = 1, . . . , N , we have that

	
(ρ∆t

L )∗(·, t) := ρ∆t
L − 1

|Ω|

∫

Ω
ρ∆t

L dx = t − tn−1

∆t
(ρn

L)∗(·) + tn − t

∆t
(ρn−1

L )∗(·), t ∈ [tn−1, tn], n = 1 . . . , N,

and therefore

	
∂(ρ∆t

L )∗

∂t
(·, t) =

(ρ∆t,+
L )∗(·, t) − (ρ∆t,−

L )∗(·, t)
∆t

= ∂ρ∆t
L

∂t
(·, t), t ∈ (tn−1, tn], n = 1 . . . , N.

� (4.3)

Using the above notation, (3.12a) summed through n = 1, . . . , N , can be restated in 
a form that is reminiscent of a weak formulation in time, that is: 

	

Find ρ∆t
L (·, t) ∈ V = H1(Ω) for t ∈ (0, T ], such that

∫ T

0

∫

Ω

∂ρ∆t
L

∂t
ϕdx = −

∫ T

0

∫

Ω
∇ρ∆t,+

L · ∇ϕdx

+
∫ T

0

∫

Ω
βL(ρ∆t,+

L )∇c∆t,+
L · ∇ϕdx

for all ϕ ∈ L1(0, T ; V ),

� (4.4a)

subject to the initial condition ρ∆t
L (x, 0) = ρ0(x) for a.e.  x ∈ Ω, where 

c∆t,+
L (·, t) ∈ H1

∗ (Ω) for all t ∈ (0, T ] and satisfies

	 −(−∆N)sc∆t,+
L (·, t) = (ρ∆t,+

L )∗(·, t) in Ω,� (4.4b)

 for all t ∈ (0, T ], and βL(s) := min{s, L} for s ∈ R.
We shall now rigorously prove a result similar to the one that we obtained through 

formal calculations for smooth solutions in Lemma 2.2, namely a uniform bound in 
time on the L∞(Ω) norm of the solution ρ∆t

L . This property will allow us to eliminate 
the parameter L. Moreover the bound will be decisive in the convergence argument 
that follows, and it is there where the structure of the problem and the action of 
the fractional Laplacian proves advantageous. As was noted previously, in [32] this 
result was shown for a smooth solution of the continuous model on the whole of Rd 
using the integral definition of the fractional Neumann Laplacian, while in Lemma 
2.2 above it was asserted for a bounded domain using the spectral definition of the 
fractional Neumann Laplacian, based on formal calculations. Our starting point is the 
following lemma.
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Lemma 4.1  Let ρ∆t,+
L  be defined as in (4.1) and let F ∈ C 2 ([0 , ∞)) be a convex and 

nondecreasing function. Then,

	
sup

t∈(0,T ]

∫

Ω
F (ρ∆t,+

L (t))dx ≤
∫

Ω
F (ρ0)dx.� (4.5)

Proof  We begin by noting that, because ρ0 ∈ L∞(Ω), we have that F (ρ0) ∈ L1(Ω), 
and the right-hand side of the inequality (4.5) is therefore finite. Let us assume first 
that F ′′ is additionally bounded (for the general case one can use a similar argument 
as the one in the proof of Lemma 2.2). Let us then pick ϕ = χ[0,t]F

′(ρ∆t,+
L ) with 

t = tn for n = 1, . . . , N , as test function in (4.4a). We then have that

	

∫ tn

0

∫

Ω

∂ρ∆t
L

∂t
F ′(ρ∆t,+

L )dx dτ = −
∫ tn

0

∫

Ω
F ′′(ρ∆t,+

L )|∇ρ∆t,+
L |2dx dτ

+
∫ tn

0

∫

Ω
βL(ρ∆t,+

L )F ′′(ρ∆t,+
L )∇c∆t,+

L · ∇ρ∆t,+
L dx dτ.

� (4.6)

The first term on the right-hand side is always nonpositive thanks to the convexity of 
F. For the second term on the right-hand side we can write

	

∫ tn

0

∫

Ω
βL(ρ∆t,+

L )F ′′(ρ∆t,+
L )∇c∆t,+

L · ∇ρ∆t,+
L dx dτ

= −
∫ tn

0

∫

Ω
βL(ρ∆t,+

L )F ′′(ρ∆t,+
L )∇ρ∆t,+

L

· ∇(−∆N)−s(ρ∆t,+
L )∗dx dτ

= −
∫ tn

0

∫

Ω
∇H(ρ∆t,+

L )

· ∇(−∆N)−s(ρ∆t,+
L )∗dx dτ,

� (4.7)

where H(s) :=
∫ s

0 βL(τ)F ′′(τ) dτ  is a nondecreasing function by definition.
We want to employ an argument similar to the one we used in Lemma 2.2 to 

show that the minus sign on the left-hand side of the fractional Poisson equation 
(4.4b) and the explicit representation of the spectral fractional Neumann Laplacian 
in terms of the heat kernel guarantee nonpositivity of the expression in the last line 
of (4.7) above, but in order to rigorously replicate the formal argument of Lemma 
2.2 we require additional considerations. We would like to perform spatial inte-
gration by parts, as we did in (2.6), to prove the nonpositivity of the term (4.7); 
but now ρ∆t,+

L ∈ L∞(0, T ; H1(Ω)) only, so we cannot proceed directly. We shall 
therefore consider a sequence of functions {ρ∆t,+

L,ϵ }ϵ>0 ⊂ L∞(0, T ; C∞(Ω)), such 
that ρ∆t,+

L,ϵ → ρ∆t,+
L  strongly in L2(0, T ; H1(Ω)) as ϵ → 0+ and ρ∆t,+

L,ϵ ≥ 0 for 
a.e. (x, t) ∈ Ω × (0, T ]. Such a sequence of smooth functions exists thanks to the 
density of C∞(Ω) in H1(Ω), and is easily constructed by extending ρ∆t,+

L (·, t) ≥ 0 
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from Ω to the whole of Rd by preserving the Sobolev class H1(Ω), and convolv-
ing the nonnegative part of the extended function with θϵ(x) = ϵ−dθ(x/ϵ), where 
θ ∈ C∞

0 (Rd) is a nonnegative function such that 
∫
Rd θ(x)dx = 1. Instead of the 

right-hand side of (4.7) we shall then consider the term

	
−

∫ tn

0

∫

Ω
∇H(ρ∆t,+

L,ϵ ) · ∇(−∆N)−s(ρ∆t,+
L,ϵ )∗dx dτ.

Proceeding in the same way as we did in Lemma 2.2, using integration by parts, we 
have that

	
−

∫ tn

0

∫

Ω
∇H(ρ∆t,+

L,ϵ ) · ∇(−∆N)−s(ρ∆t,+
L,ϵ )∗dx dτ = −

∫ tn

0

∫

Ω
H(ρ∆t,+

L,ϵ )(−∆N)1−s(ρ∆t,+
L,ϵ )∗dx dτ,

� (4.8)

and then the nonnegativity of the expression above follows from the same argument 
as in the case of the second term in (2.6) in the proof of Lemma 2.2.

To prove the nonpositivity of the right-hand side of (4.7) it remains to show that, 
as ϵ → 0+,

	 −
∫ tn

0

∫

Ω
∇H(ρ∆t,+

L,ϵ ) · ∇(−∆N)−s(ρ∆t,+
L,ϵ )∗dx dτ → −

∫ tn

0

∫

Ω
∇H(ρ∆t,+

L ) · ∇(−∆N)−s(ρ∆t,+
L )∗dx dτ.

� (4.9)

To see this, we observe that

	

∫ tn

0

∫

Ω
(∇H(ρ∆t,+

L,ϵ ) · ∇(−∆N)−s(ρ∆t,+
L,ϵ )∗ − ∇H(ρ∆t,+

L ) · ∇(−∆N)−s(ρ∆t,+
L )∗dx dτ

=
∫ tn

0

∫

Ω
(∇H(ρ∆t,+

L,ϵ − ∇H(ρ∆t,+
L )) · ∇(−∆N)−s(ρ∆t,+

L,ϵ )∗dx dτ

︸ ︷︷ ︸
1

+
∫ tn

0

∫

Ω
∇H(ρ∆t,+

L ) · ∇(−∆N)−s((ρ∆t,+
L,ϵ )∗ − (ρ∆t,+

L )∗)dx dτ

︸ ︷︷ ︸
2

.

Term ② converges to zero as ϵ → 0+, because the function 
∇H(ρ∆t,+

L ) = βL(ρ∆t,+
L )F ′′(ρ∆t,+

L )∇ρ∆t,+
L  belongs to L∞(0, T ; L2(Ω;Rd)) (recall 

that βL is a bounded function by definition, and F ′′ is a bounded function by assump-
tion), and because for each η ∈ L∞(0, T ; C∞

0 (Ω;Rd)) we have that

	

∣∣∣∣
∫ tn

0
(η, ∇(−∆)−s((ρ∆t,+

L,ϵ )∗ − (ρ∆t,+
L )∗))dt

∣∣∣∣ =
∣∣∣∣ −

∫ tn

0
(div η, (−∆N)−s((ρ∆t,+

L,ϵ )∗ − (ρ∆t,+
L )∗))dt

∣∣∣∣

=
∣∣∣∣
∫ tn

0
((−∆N)−sdiv η, (ρ∆t,+

L,ϵ )∗ − (ρ∆t,+
L )∗)dt

∣∣∣∣
≤ ∥(−∆N)−sdiv η∥L2(0,T ;L2(Ω))∥(ρ∆t,+

L,ϵ )∗ − (ρ∆t,+
L )∗∥L2(0,T ;L2(Ω)) → 0
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as ϵ → 0+. We note in passing that 
∫

Ω div η(x, t)dx =
∫

∂Ω η(x, t) · n ds = 0, whereby 
div η(·, t) ∈ L2

∗(Ω) for a.e. t ∈ (0, T ] and (−∆N)−sdiv η(·, t) therefore belongs to 
L2

∗(Ω) for all s ∈ (0, 1), and for a.e. t ∈ (0, T ]. Thanks to the fact that C∞
0 (Ω;Rd) is 

dense in L2(Ω;Rd) it follows that

	

∫ tn

0
(η, ∇(−∆N)−s((ρ∆t,+

L,ϵ )∗ − (ρ∆t,+
L )∗))dt → 0

as ϵ → 0+ for all η ∈ L∞(0, T ; L2(Ω;Rd)), so in particular this is true for

	 η = βL(ρ∆t,+
L )F ′′(ρ∆t,+

L )∇ρ∆t,+
L = ∇H(ρ∆t,+

L ) ∈ L∞(0, T ; L2(Ω;Rd)).

Thus we have shown that the term ② converges to 0 as ϵ → 0+.
For term ① we have that

	

| 1 | =
∣∣∣∣
∫ tn

0

∫

Ω
(βL(ρ∆t,+

L,ϵ )F ′′(ρ∆t,+
L,ϵ )∇ρ∆t,+

L,ϵ − βL(ρ∆t,+
L )F ′′(ρ∆t,+

L )∇ρ∆t,+
L ) · ∇(−∆N)−s(ρ∆t,+

L )∗dx dτ

∣∣∣∣
≤ ∥βL(ρ∆t,+

L,ϵ )F ′′(ρ∆t,+
L,ϵ )∇ρ∆t,+

L,ϵ − βL(ρ∆t,+
L )F ′′(ρ∆t,+

L )∇ρ∆t,+
L ∥L2(0,T ;L2(Ω))

× ∥∇(−∆N)−s(ρ∆t,+
L,ϵ )∗∥L2(0,T ;L2(Ω)).

Focusing on the first factor on the right-hand side of the last inequality, we have that

	

∥βL(ρ∆t,+
L,ϵ )F ′′(ρ∆t,+

L,ϵ )∇ρ∆t,+
L,ϵ − βL(ρ∆t,+

L )F ′′(ρ∆t,+
L )∇ρ∆t,+

L ∥L2(0,T ;L2(Ω))

≤ ∥βL(ρ∆t,+
L,ϵ )F ′′(ρ∆t,+

L,ϵ )(∇ρ∆t,+
L,ϵ − ∇ρ∆t,+

L )∥L2(0,T ;L2(Ω))

+ ∥(βL(ρ∆t,+
L,ϵ )F ′′(ρ∆t,+

L,ϵ ) − βL(ρ∆t,+
L )

F ′′(ρ∆t,+
L ))∇ρ∆t,+

L ∥L2(0,T ;L2(Ω)).

� (4.10)

Let us define the constant M := sups∈[0,∞) F ′′(s) ≥ 0 (recall that F has been 
assumed to be a convex function, with F ′′ bounded on [0, ∞)), the first term on 
the right-hand side of (4.10) is bounded by LM∥∇ρ∆t,+

L,ϵ − ∇ρ∆t,+
L ∥L2(0,T ;L2(Ω)), 

which converges to 0 as ϵ → 0+ thanks to the strong convergence of ρ∆t,+
L,ϵ  to ρ∆t,+

L  
in L2(0, T ; H1(Ω)). For the second term on the right-hand side of (4.10), because 
of the strong convergence of ρ∆t,+

L,ϵ  to ρ∆t,+
L  in L2(0, T ; H1(Ω)) there exists a 

subsequence (not indicated) such that ρ∆t,+
L,ϵ (x, t) → ρ∆t,+

L (x, t) as ϵ → 0+ for 
a.e. (x, t) ∈ Ω × (0, T ). As βL and F ′′ are continuous functions we have also that 
βL(ρ∆t,+

L,ϵ (x, t))F ′′(ρ∆t,+
L,ϵ (x, t)) converges to βL(ρ∆t,+

L (x, t))F ′′(ρ∆t,+
L (x, t)) for 

a.e. (x, t) ∈ Ω × (0, T ) as ϵ → 0+. Hence, by defining

	Aϵ(x, t) = |(βL(ρ∆t,+
L,ϵ (x, t))F ′′(ρ∆t,+

L,ϵ (x, t)) − βL(ρ∆t,+
L (x, t))F ′′(ρ∆t,+

L (x, t)))∇ρ∆t,+
L (x, t)|2,

we have also that Aϵ(x, t) → 0+ as ϵ → 0+ for a.e.  (x, t) ∈ Ω × (0, T ). Let us 
note furthermore that 0 ≤ Aϵ(x, t) ≤ 4L2M2|∇ρ∆t,+

L (x, t)|2 and that the function 
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4L2M2|∇ρ∆t,+
L |2 ∈ L1(Ω × (0, T )). Thus, by Lebesgue’s dominated convergence 

theorem 
∫ T

0
∫

Ω Aϵ(x, t)dxdt → 0+ as ϵ → 0+, and consequently the second term 
on the right-hand side of (4.10) also converges to 0 as ϵ → 0+. Thus we have shown 
that the term ① converges to 0 as ϵ → 0+, which then completes the proof of (4.9).

By combining (4.8) and (4.9), we have proved that the entire right-hand side of 
(4.6) is nonpositive. For the term on the left-hand side, by Taylor expansion with a 
remainder of the function

	 s ∈ [0, ∞) �→ F (s + α) ∈ [0, ∞),

where α ∈ [0, ∞), we have that, for any b ∈ [0, ∞),

	
(s − b)F ′(s + α) = F (s + α) − F (b + α) + 1

2
(s − b)2F ′′(θs + (1 − θ)b + α),

with θ ∈ (0, 1). By noting that t ∈ [0, T ] �→ ρ∆t
L (·, t) is piecewise affine relative to 

the temporal partition 0 = t0 < t1 < · · · < tN = T , we have that

	

∫ tn

0

∫

Ω

∂ρ∆t
L

∂t
F ′(ρ∆t,+

L )dx dτ =
∫

Ω
F (ρ∆t,+

L (x, tn))dx −
∫

Ω
F (ρ0(x))dx

+ 1
2∆t

∫ tn

0

∫

Ω
F ′′(θρ∆t,+

L + (1 − θ)ρ∆t,−
L )(ρ∆t,+

L − ρ∆t,−
L )2dx dτ.

Because the second derivative of F is nonnegative thanks to the assumed convexity 
of F, we deduce that

	

∫

Ω
F (ρ∆t,+

L (x, tn))dx ≤
∫

Ω
F (ρ0(x))dx for all n ∈ {1, . . . , N},

and therefore, because ρ∆t,+
L (·, t) is constant on each interval (tn−1, tn] for 

n ∈ {1, . . . , N}, the inequality (4.5) directly follows.
The assumption made at the start of the proof that F ′′ is bounded 

can be removed as at the end of the proof of Lemma 2.2: i.e., we define 
Fk(u) := F (0) + F ′(0)u +

∫ u

0
∫ v

0 min(F ′′(w), k) dw dv for k > 0; then, F ′′
k (u) is 

bounded and the assertion of the lemma follows from the inequality (4.5) with F 
replaced by Fk; we then take the limit k → ∞ using the monotone convergence 
theorem. □

By recalling the definitions (4.1) we can write, for t ∈ (tn−1, tn], n = 2, . . . , N ,

	

∫

Ω
F (ρ∆t,−

L (x, t))dx =
∫

Ω
F (ρ∆t,+

L (x, t − ∆t))dx,
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and for 0 =: t0 < t ≤ t1 we have ρ∆t,−
L (·, t) = ρ0(·), and therefore we have the 

same bound (4.5) also for F (ρ∆t,−
L ) with supt∈(0,T ] replaced by supt∈(0,T ), and con-

sequently, by the convexity of F, for F (ρ∆t
L ), with supt∈(0,T ] replaced by supt∈[0,T ]. 

These results can now be used to obtain a result that is analogous to Lemma 2.3.

Lemma 4.2  Let ρ∆t(,±)
L  be defined as in (4.1). Then, the following bound holds:

	
sup

t∈(0,T )
∥ρ

∆t(,±)
L (t)∥L∞(Ω) ≤ ∥ρ0∥L∞(Ω).� (4.11)

Proof  First notice that if we test (3.10) with F ′(ρ0), where F ∈ C2([0, ∞)) is a 
nonnegative convex function, then we have, thanks to the nonnegativity of F ′′, that

	

∫

Ω
(ρ0 − ρ0)F ′(ρ0)dx ≤ 0, and therefore also

∫

Ω
F (ρ0)dx ≤

∫

Ω
F (ρ0)dx,

thanks to the convexity of F. Let us now choose a nonnegative convex func-
tion F ∈ C2([0, ∞)) such that F (u) = 0 for u ≤ ∥ρ0∥L∞(Ω) and F (u) > 0 for 
u > ∥ρ0∥L∞(Ω). Then,

	
0 ≤

∫

Ω
F (ρ∆t(,±)

L (x, t))dx ≤
∫

Ω
F (ρ0(x))dx = 0 for all t ∈ (0, T ).

Consequently ρ
∆t(,±)
L ≤ ∥ρ0∥L∞(Ω), which then implies the stated L∞(Ω) norm 

bound. □
Thanks to the fact that (4.11) provides a uniform bound on the L∞(Ω) norm of 

ρ∆t(,±) for all t ∈ (0, T ), dependent only on the L∞(Ω) norm of the initial datum, 
the temporally semidiscrete weak formulation (4.3), (4.4), which we obtained by 
passing to the limits h, δ → 0+, can be simplified: by assuming without loss of gen-
erality that L > ∥ρ0∥L∞(Ω), the (upper) cut-off parameter L can be eliminated from 
(4.4) by recalling that βL(s) := min{s, L} and noting that βL(s) = s for L > s.

Hence, by assuming without loss of generality that L > ∥ρ0∥L∞(Ω), the semidis-
crete-in-time formulation of our problem becomes the following: 

	

Find ρ∆t(·, t) ∈ V = H1(Ω), t ∈ (0, T ], such that
∫ T

0

∫

Ω

∂ρ∆t

∂t
ϕdx = −

∫ T

0

∫

Ω
∇ρ∆t,+ · ∇ϕdx

+
∫ T

0

∫

Ω
ρ∆t,+∇c∆t,+ · ∇ϕdx for all ϕ ∈ L1(0, T ; V ),

� (4.12a)

subject to the initial condition ρ∆t(x, 0) = ρ0(x) for a.e.  x ∈ Ω, where 
c∆t,+(·, t) ∈ H1

∗ (Ω) for all t ∈ (0, T ] and satisfies
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	 −(−∆N)sc∆t,+(·, t) = (ρ∆t,+)∗(·, t) in Ω� (4.12b)

 for all t ∈ (0, T ], and the definitions of ρ∆t(,±) are analogous to those of ρ∆t(,±)
L  

stated in (4.1).
We can now start to derive a bound that is uniform in ∆t. Our candidate test 

function will be ϕ = χ[0,t]G
′(ρ∆t,+), where χ[0,t] denotes the characteristic func-

tion of the interval [0,  t]. However, since lims→0+ G′(s) = +∞, we need to be 
careful because, although the convergence results (3.20) ensure that ρ∆t,+ is non-
negative a.e. on Ω × (0, T ], there is no reason why ρ∆t,+ should be strictly positive 
a.e. on Ω × (0, T ]. We shall circumvent this problem by choosing as a test function 
χ[0,t]G

′(ρ∆t,+ + α) where α > 0. In this way G′(ρ∆t,+ + α) and G′′(ρ∆t,+ + α) 
will be well defined. After a series of manipulations we shall arrive at a bound involv-
ing G(ρ∆t,+ + α) only. At that point we will be able to pass to the limit as α → 0+, 
noting that, unlike G′(ρ∆t,+) and G′′(ρ∆t,+), which are only defined when ρ∆t,+ is 
positive, the function G(ρ∆t,+) is well defined for nonnegative ρ∆t,+.

Thus we take α ∈ (0, 1) and we choose ϕ = χ[0,t]G
′(ρ∆t,+ + α), with t = tn, 

n ∈ {1, . . . , N}. We have

	

∫ T

0

∫

Ω

∂ρ∆t

∂s
χ[0,tn]G

′(ρ∆t,+ + α)dxdt

︸ ︷︷ ︸
1

+
∫ T

0

∫

Ω
∇ρ∆t,+ · ∇χ[0,tn]G

′(ρ∆t,+ + α)dxdt

︸ ︷︷ ︸
2

=
∫ T

0

∫

Ω
ρ∆t,+∇c∆t,+ · ∇χ[0,tn]G

′(ρ∆t,+ + α)dxdt

︸ ︷︷ ︸
3

.

Let us now manipulate the three terms one at a time. First, by Taylor expansion with 
a remainder of the function

	 s ∈ [0, ∞) �→ G(s + α) ∈ [0, ∞),

we have that, for any b ∈ [0, ∞),

	
(s − b)G′(s + α) = G(s + α) − G(b + α) + 1

2
(s − b)2G′′(θs + (1 − θ)b + α),

with θ ∈ (0, 1). Noting that for t ∈ [0, T ] the function t �→ ρ∆t(·, t) is, by definition, 
piecewise affine relative to the partition 0 = t0 < t1 < · · · < tN = T  of the interval 
[0, T], it follows that

	

1 =
∫

Ω
G(ρ∆t,+(x, tn) + α)dx −

∫

Ω
G(ρ0(x) + α)dx

+ 1
2∆t

∫ tn

0

∫

Ω
G′′(θρ∆t,+ + (1 − θ)ρ∆t,− + α)(ρ∆t,+ − ρ∆t,−)2dx dτ.
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As G′′(s + α) = 1
s+α  for all s ≥ 0 and (4.11) implies that 

G′′(θρ∆t,+ + (1 − θ)ρ∆t,− + α) ≥ 1
∥ρ0∥L∞(Ω)+α  almost everywhere in Ω × (0, T ) 

it follows that

	

1 ≥
∫

Ω
G(ρ∆t,+(x, tn) + α)dx −

∫

Ω
G(ρ0(x) + α)dx

+ 1
2∆t (∥ρ0∥L∞(Ω) + α)

∫ tn

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dx dτ.

For the second term we have

	
2 =

∫ tn

0

∫

Ω
G′′(ρ∆t,+ + α)|∇ρ∆t,+|2dx dτ =

∫ tn

0

∫

Ω

|∇ρ∆t,+|2

ρ∆t,+ + α
dx dτ,

again, since (GL)′′(s + α) = 1
s+α  for all s ≥ 0.

For the third term we have

	
3 =

∫ tn

0

∫

Ω

ρ∆t,+

ρ∆t,+ + α
∇c∆t,+ · ∇ρ∆t,+dx dτ.

Putting everything together we therefore have that

	

∫

Ω
G(ρ∆t,+(x, tn) + α)dx + 1

2∆t (∥ρ0∥L∞(Ω) + α)

∫ tn

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dx dτ

+
∫ tn

0

∫

Ω

|∇ρ∆t,+|2

ρ∆t,+ + α
dx dτ −

∫ tn

0

∫

Ω

ρ∆t,+

ρ∆t,+ + α
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
∫

Ω
G(ρ0(x) + α)dx.

� (4.13)

We can now pass to the limit as α → 0+ to obtain the following bound for 
n = 1, . . . , N , which is uniform in ∆t thanks to (3.11):

	

∫

Ω
G(ρ∆t,+(x, tn))dx + 1

2∆t ∥ρ0∥L∞(Ω)

∫ tn

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dx dτ

+ 4
∫ tn

0

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ −
∫ tn

0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
∫

Ω
G(ρ0(x))dx ≤

∫

Ω
G(ρ0)dx =: C(ρ0).

� (4.14)

Finally we notice that, for t ∈ (0, T ],

	

∫

Ω
∇c∆t,+(x, t) · ∇ρ∆t,+(x, t)dx ≤ 0;� (4.15)
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this can be proved by using the density of C∞(Ω) functions in H1(Ω) and a similar 
argument as the one contained in the proof of Lemma 4.1 to show the nonpositivity 
of the term (4.7). We therefore have, for n = 1, . . . , N , that

	

∫

Ω
G(ρ∆t,+(x, tn))dx + 1

2∆t ∥ρ0∥L∞(Ω)

∫ tn

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dx dτ

+ 4
∫ tn

0

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ ≤ C(ρ0).� (4.16)

Using property (3.11) we can supplement the above inequality with additional 
bounds. The first of these is arrived at by noticing that

	

4
∫ T

0

∫

Ω

∣∣∣∣∇
√

ρ∆t,−
∣∣∣∣
2

dxdt = 4∆t

∫

Ω

∣∣∣∣∇
√

ρ0
∣∣∣∣
2

dx + 4
∫ T

∆t

∫

Ω

∣∣∣∣∇
√

ρ∆t,−
∣∣∣∣
2

dxdt

= 4∆t

∫

Ω

∣∣∣∇
√

ρ0
∣∣∣∣
2

dx + 4
∫ T −∆t

0

∫

Ω

∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dxdt

≤
∫

Ω
G(ρ0)dx + 4

∫ T −∆t

0

∫

Ω

∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dxdt ≤ C∗,

where in the two inequalities appearing in the last line we used (3.11) and (4.16), 
respectively; here and henceforth C∗ signifies a generic positive constant, indepen-
dent of ∆t.

A simple calculation then shows that we can also get a similar inequality for ρ∆t, 
and therefore we have the uniform bound

	
4

∫ T

0

∫

Ω

∣∣∣∣∇
√

ρ∆t(,±)
∣∣∣∣
2

dxdt ≤ C∗.� (4.17)

At this stage we can also obtain a uniform bound on the norm of c∆t,+. By choos-
ing −χ[0,tn]c

∆t,+ as a test function in (4.12a) and recalling (4.3) we have, for each 
n ∈ {1, . . . , N}, that

	
−

∫ tn

0

∫

Ω

∂(ρ∆t)∗

∂t
c∆t,+dx dτ +

∫ tn

0

∫

Ω
ρ∆t,+∇c∆t,+ · ∇c∆t,+dx dτ =

∫ tn

0

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dx dτ,

which is equivalent to

	

−
∫ tn

0

∫

Ω

∂(ρ∆t)∗

∂t
c∆tdx dτ

︸ ︷︷ ︸
1

+
∫ tn

0

∫

Ω

∂(ρ∆t)∗

∂t

(
c∆t − c∆t,+)

dx dτ

︸ ︷︷ ︸
2

+
∫ tn

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ =

∫ tn

0

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dx dτ.
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The idea at this point is to extract from term ① the Hs norm of c∆t,+ in a similar 
way as we did in (2.15). Expanding and using (4.2) and (4.3), thanks to the fact 
that the fractional Laplacian is an operator acting only in space, we have for each 
n ∈ {1, . . . , N} that

	

1 = −
n∑

m=1

∫ tm

tm−1

∂(ρ∆t)∗

∂t
c∆tdx dτ = −

n∑
m=1

∫ tm

tm−1

∫

Ω

(ρ∆t,+)∗ − (ρ∆t,−)∗

∆t
c∆tdx dτ

=
n∑

m=1

∫

Ω

(ρm)∗ − (ρm−1)∗

∆t

( ∫ tm

tm−1

t − tm−1

∆t
(−∆N)−s(ρm)∗ dτ +

∫ tm

tm−1

tm − t

∆t
(−∆N)−s(ρm−1)∗dτ

)
dx

= 1
2

n∑
m=1

∫

Ω
((ρm)∗ − (ρm−1)∗) ((−∆N)−s(ρm)∗ + (−∆N)−s(ρm−1)∗)dx

= 1
2

∫

Ω
(ρn)∗ (−∆N)−s(ρn)∗dx − 1

2

∫

Ω
(ρ0)∗ (−∆N)−s(ρ0)∗dx

= −1
2

∫

Ω
(ρ∆t,+)∗(x, tn) c∆t,+(x, tn)dx + 1

2

∫

Ω
(ρ0)∗(x) c0(x)dx

= 1
2

∫

Ω
(−∆N)sc∆t,+(x, tn) c∆t,+(x, tn)dx − 1

2

∫

Ω
(−∆N)sc0(x) c0(x)dx.

We now wish to show that the term ② is nonnegative. We first notice that on the inter-
val [tn−1, tn], by proceeding similarly as in the case of term ①, we have by linearity 
that

	
c∆t − c∆t,+ = t − tn

∆t
(c∆t,+ − c∆t,−) = tn − t

∆t
(−∆N)−s((ρ∆t,+)∗ − (ρ∆t,−)∗).

Therefore, we have that

	

2 =
∫ tn

0

∫

Ω

(ρ∆t,+)∗ − (ρ∆t,−)∗

∆t
(c∆t − c∆t,+)dx dτ

=
n∑

m=1

∫ tm

tm−1

∫

Ω

(ρ∆t,+)∗ − (ρ∆t,−)∗

∆t

tm − t

∆t
(−∆N)−s((ρ∆t,+)∗ − (ρ∆t,−)∗)dx dτ

=
n∑

m=1

∫ tm

tm−1

tm − t

∆t

∫

Ω
((ρ∆t,+)∗ − (ρ∆t,−)∗)(−∆N)−s((ρ∆t,+)∗ − (ρ∆t,−)∗)dx dτ.

Since the inverse fractional Laplacian is a positive operator, we have that ② ≥ 0, and 
therefore

	

1
2

∫

Ω
(−∆N)sc∆t,+(x, tn) c∆t,+(x, tn)dx +

∫ tn

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dxdt

−
∫ tn

0

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dxdt ≤ 1

2

∫

Ω
(−∆N)sc0(x) c0(x)dx,� (4.18)

which means, by (4.15), that
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1
2

∫

Ω
(−∆N)sc∆t,+(x, tn) c∆t,+(x, tn)dx +

∫ tn

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dxdt ≤ 1

2

∫

Ω
(−∆N)sc0(x) c0(x)dx

for all n = 1, . . . , N . Notice that, by (A.2),

	

∫

Ω
(−∆N)sc0 c0dx = ∥c0∥2

Hs
∗(Ω) ≤ C∥ρ0∥2

L2(Ω) ≤ C∥ρ0∥2
L2(Ω) = C∗.

Therefore we have the following overall (uniform in ∆t) bound on c∆t,+:

	
sup

t∈[0,T ]

∫

Ω
(−∆N)sc∆t,+(t)c∆t,+(t)dx +

∫ t

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dxdt ≤ C∗.

� (4.19)

We observe that (4.14) in conjunction with (4.18) leads, for any n ∈ {1, . . . , N}, to 
the following bound on the energy functional that we defined in (2.9):

	

E(ρ∆t,+(tn)) − E(ρ0) =
∫

Ω
G(ρ∆t,+(x, tn))dx − 1

2

∫

Ω
(ρ∆t,+)∗(x, tn)c∆t,+(x, tn)dx −

∫

Ω
G(ρ0(x))dx

+ 1
2

∫

Ω
(ρ0)∗(x)c0(x)dx ≤ −4

∫ tn

0

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dxdt

+ 2
∫ tn

0

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dxdt −

∫ tn

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dxdt.

� (4.20)

The inequality (4.20) can be rewritten, for any n ∈ {1, . . . , N}, as

	
E(ρ∆t,+(tn)) +

∫ tn

0

∫

Ω

∣∣∣∣2∇
√

ρ∆t,+ −
√

ρ∆t,+∇c∆t,+
∣∣∣∣
2

dxdt ≤ E(ρ0).
� (4.21)

Because |2∇
√

ρ∆t,+ −
√

ρ∆t,+∇c∆t,+|2 = ρ∆t,+|∇(log ρ∆t,+ − c∆t,+)|2, the 
inequality (4.21) can be seen as a temporally semi-discrete counterpart of the time-
integral in the (formal) free energy identity (2.10).

We shall assume throughout the rest of the section that the test functions belong to 
the function space L2(0, T, W 1,∞(Ω)). Our objective is to derive a (uniform in ∆t) 
bound on the time-derivative of ρ∆t in terms of the L2(0, T, W 1,∞(Ω)) norm of the 
test function, followed by the use of Sobolev embedding, which will enable us to apply 
a variant of the Aubin–Lions compactness lemma, known as Dubinskiĭ’s compact-
ness theorem. From (4.12a) we have that, for a test function ϕ ∈ L2(0, T, W 1,∞(Ω)),

	

∣∣∣∣∣
∫ T

0

∫

Ω

∂ρ∆t

∂t
ϕdxdt

∣∣∣∣∣ ≤

∣∣∣∣∣
∫ T

0

∫

Ω
∇ρ∆t,+ · ∇ϕdxdt

∣∣∣∣∣
︸ ︷︷ ︸

1

+

∣∣∣∣∣
∫ T

0

∫

Ω
ρ∆t,+∇c∆t,+ · ∇ϕdxdt

∣∣∣∣∣
︸ ︷︷ ︸

2

.
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We recall that we have 

	 ρ∆t(,±) ≥ 0 a.e. on Ω × (0, T ), and � (4.22a)

	
1

|Ω|

∫

Ω
ρ∆t(,±)(t) = 1 for a.e. t ∈ (0, T ).� (4.22b)

 Moreover we notice that the bound on the first term on the left-hand side of (4.16) 
gives us a (uniform in ∆t) bound on the L∞(0, T ; L1(Ω)) norm of ρ∆t,+, because 
the function s ∈ [0, ∞) �→ G(s) ∈ [0, ∞) has superlinear growth as s → +∞.

For the term ① we then have by (4.16) and (4.22) that

	

1 ≤
∫ T

0
∥∇ϕ∥L∞(Ω)

∫

Ω
|∇ρ∆t,+|dxdt = 2

∫ T

0
∥∇ϕ∥L∞(Ω)

∫

Ω

√
ρ∆t,+

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣dxdt

≤ 2
∫ T

0
∥∇ϕ∥L∞(Ω)

( ∫

Ω
ρ∆t,+dx

) 1
2
( ∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx

) 1
2

dt ≤ C∗

( ∫ T

0
∥∇ϕ∥2

L∞(Ω)dt

) 1
2

.

For the term ② we recall the bound on the second term on the left-hand side of (4.19) 
together with (4.16); with a similar computation as for term ① above we get

	
2 ≤ C∗

( ∫ T

0
∥∇ϕ∥2

L∞(Ω)dt

) 1
2

.

By combining the bounds on the terms  ① and ② and noting that by the Sobolev 
embedding theorem Hd+1(Ω) is continuously embedded in W 1,∞(Ω) for d = 2, 3, 
we then have that

	

∣∣∣∣∣
∫ T

0

∫

Ω

∂ρ∆t

∂t
ϕ dxdt

∣∣∣∣∣ ≤ C∗

( ∫ T

0
∥∇ϕ∥2

L∞(Ω)dt

) 1
2

≤ C∗

( ∫ T

0
∥ϕ∥2

Hd+1(Ω)dt

) 1
2

.
� (4.23)

We are now ready to take the limit as ∆t → 0+. Our main tool to this end will be 
Dubinskiĭ’s compactness theorem in seminormed sets, which we shall state in the 
next subsection; cf. [34] and [8].

4.1  Dubinskiĭ’s compactness theorem

Let A be a linear space over the field R of real numbers, which will be referred as 
ambient space, and suppose that M is a subset of A such that,

	 for all φ ∈ M and c ∈ R≥0, c φ ∈ M.� (4.24)
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Suppose further that each element φ of a set M with property (4.24) is assigned a 
certain real number, denoted by [φ]M, such that 
1.	 [φ]M ≥ 0, and [φ]M = 0 if, and only if, φ = 0;
2.	 [cφ]M = c[φ]M for all c ∈ R≥0.

 A subset M satisfying (4.24), equipped with [·] satisfying these two properties is 
referred to as a seminormed set.Theorem 4.3  [c.f. [8]] Suppose that A0  and A1  are 
Banach spaces, A0 ↪→ A1  (i.e., A0  is continuously embedded in A1 ), and M is a 
seminormed set contained in A0  such that M is compactly embedded in A0 . Con-
sider the set

	
Y :=

{
φ : [0, T ] → M : [φ]Lp(0,T ;M) +

∥∥∥∥
dφ

dt

∥∥∥∥
Lp1 (0,T ;A1)

< ∞

}
,

where 1 ≤ p ≤ ∞, 1 ≤ p1 ≤ ∞, ∥ · ∥A1  is the norm of A1  and dφ
dt  is understood in 

the sense of A1 -valued distributions on the open interval (0, T). Then Y , with

	
[φ]Y := [φ]Lp(0,T ;M) +

∥∥∥∥
dφ

dt

∥∥∥∥
Lp1 (0,T ;A1)

,

is a seminormed set in Lp(0 , T ; A0 ) ∩ W 1 ,p1 (0 , T ; A1 ), and Y  is compactly 
embedded in Lp(0 , T ; A0 ) if either 1 ≤ p ≤ ∞ and 1 < p1 < ∞, or if 1 ≤ p < ∞ 
and p1 = 1 .
In our current setting we shall apply Dubinskiĭ’s theorem, as in [5], by selecting

	
A0 = L1(Ω), with the usual Lebesgue norm ∥φ∥A0 :=

∫

Ω
|φ|dx

and

	
M =

{
ϕ ∈ A0 : φ ≥ 0 with

∫

Ω

∣∣∇√
φ

∣∣2dx < ∞

}
;

and, for φ ∈ M, we define

	
[φ]M := ∥φ∥A0 +

∫

Ω

∣∣∇√
φ

∣∣2dx.

It is a straightforward matter to confirm that (4.24) and properties 1. and 2. stated 
above hold, rendering M a seminormed subset of the ambient space A0 = L1(Ω). 
Finally we put

	 A1 = H−β(Ω) := [Hβ(Ω)]′ with β = d + 1,
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equipped with the dual norm ∥φ∥A1 := ∥φ∥H−β(Ω). The choice of A1 is motivated 
by the (continuous) Sobolev embedding

	 Hβ(Ω) ↪→ W 1,∞(Ω).

In this way the right-hand side of (4.23) can be further bounded by a constant multiple 
of ∥ϕ∥L2(0,T :Hβ(Ω)). The Banach spaces A0 and A1 and the seminormed set M then 
satisfy the conditions of Theorem 4.3, with M ↪→ A0 compactly and A0 ↪→ A1 (cf. 
[5]).1

We shall also make use of the next lemma, whose proof via Hölder’s inequality is 
straightforward and is therefore omitted.

Lemma 4.4  Suppose that a sequence {φn}n≥1  converges strongly in L1 (0 , T ; L1 (Ω)) 
to a function φ ∈ L1 (0 , T ; L1 (Ω)), and is bounded in L∞(0 , T ; L∞(Ω)); namely, 
there exists a K > 0  such that ∥φn∥L∞(0 ,T;L∞(Ω)) ≤ K  for all n ≥ 1 . Then 
φ ∈ Lp(0 , T ; Lq(Ω)) for all p, q ∈ [1 , ∞) and the sequence {φn}n≥1  converges to 
φ strongly in Lp(0 , T ; Lq(Ω)) for all p, q ∈ [1 , ∞).

4.2  Passage to the limit ∆t → 0+

We begin by collecting the ∆t-independent bounds (4.16), (4.17), (4.23); we have 
shown that there exists a constant C∗, independent on ∆t, such that

	

sup
t∈(0,T ]

∫

Ω
G(ρ∆t,+(t))dx +

∫ T

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dxdt

+
∫ T

0

∫

Ω

∣∣∣∣∇
√

ρ∆t(,±)
∣∣∣∣
2

dxdt +
∫ T

0

∥∥∥∥
∂ρ∆t

∂t

∥∥∥∥
2

H−β(Ω)
dt ≤ C∗.

� (4.25)

In the proof of the next theorem we shall require a technical result concerning weakly 
continuous and weak-∗ continuous functions. Suppose to this end that X is a Banach 
space and let X ′ be the (continuous) dual space of X. Let us denote by Cw([0, T ]; X) 
the set of all weakly continuous functions that map [0, T] into X, namely the set of all 
functions η ∈ L∞(0, T ; X) such that t ∈ [0, T ] �→ 〈φ, η(t)〉X ∈ R is continuous on 
[0, T] for all φ ∈ X ′. Whenever X has a predual E, we shall denote by Cw∗([0, T ]; X) 
the set of all functions η ∈ L∞(0, T ; X) such that t ∈ [0, T ] �→ 〈η(t), ζ〉 ∈ R is con-
tinuous on [0, T] for all ζ ∈ E. We will use Lemma 3.1 of [9], that we cite here.

Lemma 4.5  Suppose that X and E are Banach spaces. 

1 The continous embedding of A0 into A1 follows from the following abstract result, whose proof of 
straightforward. Let X and Y be normed linear spaces with (continuous) dual spaces X′ and Y ′, respec-
tively, and let i : X → Y ′ be a continuous embedding. Then the mapping j : Y → X′, defined by 
⟨j(y), x⟩ := ⟨y, i(x)⟩, is continuous. Moreover, if i(X) is weak-∗ dense in Y ′, then j is injective, i.e., 
j is a continuous embedding. We take X = Hβ(Ω) with β = d + 1, Y = A0 = L1(Ω), and note that 
Y ′ = L∞(Ω).
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(a)	 Assume that the space X is reflexive and is continuously embedded in a Banach 
space Y; then L∞(0, T ; X) ∩ Cw([0, T ]; Y ) = Cw([0, T ]; X).

(b)	 Assume that X has a separable predual E and the Banach space Y 
has a predual F such that F is continuously embedded in E; then, 
L∞(0, T ; X) ∩ Cw∗([0, T ]; Y ) = Cw∗([0, T ]; X).

We are now ready to pass to the limit ∆t → 0+.

Theorem 4.6  There exists a subsequence of {ρ∆t(,±)}∆t>0  (not indicated) and a 
function ρ̂ such that

	 ρ̂ ∈ L∞(0, T, L∞(Ω)) ∩ H1(0, T, H−β(Ω)), β = d + 1,

with ρ̂ ≥ 0  almost everywhere on Ω × (0 , T ) and 1
|Ω|

∫
Ω ρ̂(x.t)dx = 1  for 

a.e. t ∈ [0 , T ], and ĉ(·, t) ∈ Hs(Ω) ∩ H 1
∗ (Ω) defined as −(−∆N)sĉ(·, t) = ρ̂∗(·, t) 

in Ω for t ∈ (0 , T ] such that, for all p ∈ [1 , ∞), 

	 ρ∆t(,±) → ρ̂ strongly in Lp(0, T ; L1(Ω)),� (4.26a)

	 ∇
√

ρ∆t(,±) → ∇
√

ρ̂ weakly in L2(0, T ; L2(Ω;Rd)),� (4.26b)

	
∂ρ∆t

∂t
→ ∂ρ̂

∂t
weakly in L2(0, T ; H−β(Ω)),� (4.26c)

	 ρ∆t(,±) → ρ̂ weakly− ∗ in L∞(0, T ; L∞(Ω)),� (4.26d)

	 ρ∆t(,±) → ρ̂ strongly in Lp(0, T ; Lp(Ω)),� (4.26e)

	 c∆t(,±) → ĉ strongly in Lp(0, T ;Hs(Ω)),� (4.26f)

	 ∇c∆t,+ → ∇ĉ weakly in L2(0, T ; L2(Ω;Rd)).� (4.26g)

The function ρ̂ is a global weak solution to the problem

	

−
∫ T

0

∫

Ω
ρ̂

∂ϕ

∂t
dxdt +

∫ T

0

∫

Ω
∇ρ̂ · ∇ϕdxdt +

∫ T

0

∫

Ω
ρ̂ ∇ĉ · ∇ϕdxdt

=
∫

Ω
ρ0 ϕ|t=0dx forallϕ ∈ W 1,1(0, T ; Hβ(Ω))

suchthatϕ(·, T ) = 0.

�(4.26h)

In addition, the function ρ̂ is weak-∗ continuous as a mapping from [0, T] to L∞(Ω) 
and it is weakly continuous as a mapping from [0, T] to L1 (Ω). The energy functional 
E(·) defined in (2.9) satisfies the inequality
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E(ρ̂(t)) +

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ̂ −
√

ρ̂ ∇ĉ

∣∣∣∣
2

dx dτ ≤ E(ρ0),� (4.26i)

for a.e. t ∈ [0 , T ].

Proof  We choose A0, A1 and M as in the discussion following the statement of 
Dubinskiĭ’s theorem (Theorem 4.3). Then, by taking p = 1 and p1 = 2 we have that

	

{
φ : [0, T ] → M : [φ]Lp(0,T ;M) +

∥∥∥∥
dφ

dt

∥∥∥∥
Lp1 (0,T ;A1)

< ∞

}

is compactly embedded in L1(0, T ; A0) = L1(0, T ; L1(Ω)). By using the bounds on 
the last two terms on the left-hand side of (4.25), we have that there exists a subse-
quence of {ρ∆t}∆t>0 (not indicated), which converges strongly in L1(0, T ; L1(Ω)) 
to an element ρ̂ ∈ L1(0, T ; L1(Ω)) as ∆t → 0. The strong convergence in 
L1(0, T ; L1(Ω)) ensures almost everywhere convergence of a subsequence (not indi-
cated) to ρ̂. We have by (4.1) and the bound on the second term on the left-hand side 
of (4.25) that

	

( ∫ T

0

∫

Ω
|ρ∆t − ρ∆t,+|dxdt

)2

≤ T |Ω|
∫ T

0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dxdt ≤ C∗T |Ω|.

� (4.27)

We apply the triangle inequality in L1(0, T ; L1(Ω)), together with the strong conver-
gence of the sequence {ρ∆t}∆t>0 in L1(0, T ; L1(Ω)) to deduce strong convergence 
in L1(0, T ; L1(Ω)) to the same element ρ̂ ∈ L1(0, T ; L1(Ω)). The inequality (4.27) 
also implies strong convergence of {ρ∆t,−}∆t>0 in L1(0, T ; L1(Ω)) to ρ̂. This com-
pletes the proof of (4.26a) for p = 1.

From (4.22) we have that

	 ∥ρ∆t(,±)(t)∥L1(Ω) ≤ |Ω|

for a.e.  t ∈ (0, T ]. This means that the sequences {ρ∆t(,±)}∆t>0 are bounded in 
L∞(0, T ; L1(Ω)). We can use Lemma 4.4 together with the strong convergence of 
the sequences to ρ̂ in L1(0, T ; L1(Ω)) to deduce that we have strong convergence in 
Lp(0, T ; L1(Ω)) to the same limit for all values of p ∈ [1, ∞). We have then com-
pleted the proof of (4.26a).

Because strong convergence in Lp(0, T ; L1(Ω)) for p ∈ [1, ∞) implies conver-
gence almost everywhere on Ω × (0, T ]) of a subsequence (not indicated), it follows 
from (4.22a) that ρ̂ ≥ 0 a.e. on Ω × (0, T ). By applying Fubini’s theorem we have 
that
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∫

Ω
|ρ∆t(,±) − ρ̂|dx → 0 as ∆t → 0+ for a.e. t ∈ (0, T ].

Hence we have by (4.22b) that

	
1

|Ω|

∫

Ω
ρ̂(t)dx = 1 for a.e. t ∈ (0, T ].

We shall now prove (4.26b). We notice that since |√c1 − √
c2| ≤

√
|c1 − c2| for 

any two nonnegative real numbers c1 and c2, the strong convergence (4.26a) directly 
implies that, as ∆t → 0+,

	
√

ρ∆t(,±) →
√

ρ̂ strongly in Lp(0, T ; L2(Ω)) for all p ∈ [1, ∞).

The bound on the third term on the left-hand side of (4.25) implies the existence of 
a subsequence (not indicated) and an element G ∈ L2(0, T ; L2(Ω;Rd)) such that

	 ∇
√

ρ∆t(,±) → G weakly in L2(0, T ; L2(Ω;Rd)).

We have therefore that, for a test function η ∈ C([0, T ]; C∞
0 (Ω;Rd)),

	

∫ T

0

∫

Ω
G · η dxdt ← −

∫ T

0

∫

Ω

√
ρ∆t(,±) div ηdxdt → −

∫ T

0

∫

Ω

√
ρ̂ div ηdxdt.

Therefore we have the equality

	

∫ T

0

∫

Ω
G · η dxdt = −

∫ T

0

∫

Ω

√
ρ̂ div ηdxdt,

and this means that G is the distributional gradient of 
√

ρ̂. As G ∈ L2(0, T ; L2(Ω;Rd)) 
it follows that

	 G = ∇
√

ρ̂ ∈ L2(0, T ; L2(Ω;Rd))

and hence (4.26b) has been proved.
The weak convergence result (4.26c) follows from the uniform bound on the last 

term on the left-hand side of (4.25) and the weak compactness of bounded balls in the 
Hilbert space L2(0, T ; H−β(Ω)).

The weak-∗ convergence result (4.26d) follows from the uniform bound (4.11) 
stated in Lemma 4.2, the weak-∗ compactness of bounded balls in the Banach space 
L∞(0, T ; L∞(Ω)), and the uniqueness of the weak limit.

The strong convergence result (4.26e) is a direct consequence of (4.26a) and the 
uniform bound (4.11) stated in Lemma 4.2, using Lemma 4.4.

With the convergence (4.26e) in place, (4.26f) follows directly from (A.2) and 
(A.9c); that is,

1 3

1586



Finite element scheme for the fractional porous medium equation with…

	

∫ T

0
∥c∆t(,±)(t) − ĉ(t)∥p

Hs
∗(Ω)dt ≤ C

∫ T

0
∥ρ∆t(,±)(t) − ρ̂(t)∥p

L2
∗(Ω)dt

for all p ∈ [1, ∞).
Let us now consider the L2(0, T ; L2(Ω;Rd)) norm of ∇c∆t,+. By the stability 

result (A.3) we have

	

∫ T

0

∫

Ω

∣∣∇c∆t,+∣∣2dxdt ≤ C

∫ T

0

∫

Ω

∣∣∇ρ∆t,+∣∣2dxdt = 4C

∫ T

0

∫

Ω
ρ∆t,+

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dxdt

≤ 4C sup
t∈(0,T ]

∥ρ∆t,+∥L∞(Ω)

∫ T

0

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dxdt,

and thanks to the uniform bound on the L∞(0, T ; L∞(Ω)) norm of ρ∆t,+ from Lemma 
4.2 and the bound on the third term on the left-hand side of (4.25) we have that the 
L2(0, T ; L2(Ω;Rd)) norm of the gradient of c∆t,+ is uniformly bounded and there-
fore ∇c∆t,+ converges weakly to an element, that we call C, as ∆t → 0+. By (4.26f) 
with s = 0 we have that ∇c∆t,± converges strongly to ∇ĉ in L2(0, T, H−1(Ω;Rd)), 
but then ∇ĉ must coincide with C because of the uniqueness of the weak limit.

We now want to use the convergence results we have just proved to pass to the 
limit as ∆t → 0+ in equation (3.12a). Throughout the argument we will consider 
test functions ϕ ∈ C1([0, T ]; C∞(Ω)) such that ϕ(·, T ) = 0. Note that the set of all 
such test functions is dense in the set of functions belonging to W 1,1(0, T ; Hβ(Ω)) 
and vanishing at t = T  (in the sense of the trace theorem in W 1,1(0, T )), which is 
continuously embedded in L2(0, T ; Hβ(Ω)); therefore the use of such test functions 
is fully justified for the purposes of our argument.

We begin by considering the first term in (4.12a) and use integration by parts with 
respect to t to deduce that

	

∫ T

0

∫

Ω

∂ρ∆t

∂t
ϕdxdt = −

∫ T

0

∫

Ω
ρ∆t ∂ϕ

∂t
dxdt −

∫

Ω
ρ0 ϕ|t=0dx

for all ϕ ∈ C1([0, T ], C∞(Ω)) such that ϕ(·, T ) = 0. Moreover,

	
lim

∆t→0+
ρ0 = ρ0 weakly in L2(Ω).

Therefore using (4.26a) we immediately have that, as ∆t → 0+,

	

∫ T

0

∫

Ω

∂ρ∆t
L

∂t
ϕdxdt → −

∫ T

0

∫

Ω
ρ̂

∂ϕ

∂t
dxdt −

∫

Ω
ρ0 ϕ|t=0dx.

The second term in (4.12a) will be dealt with by decomposing it as follows:
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∫ T

0

∫

Ω
∇ρ∆t,+ · ∇ϕdxdt = 2

∫ T

0

∫

Ω

(√
ρ∆t,+ −

√
ρ̂

)
∇

√
ρ∆t,+ · ∇ϕdxdt

︸ ︷︷ ︸
1

+ 2
∫ T

0

∫

Ω

√
ρ̂ ∇

√
ρ∆t,+ · ∇ϕdxdt

︸ ︷︷ ︸
2

.

For term ① we have by Hölder’s inequality that

	

| 1 | ≤ 2
∫ T

0

( ∫

Ω

∣∣∣
√

ρ∆t,+ −
√

ρ̂
∣∣∣
2
dx

) 1
2
( ∫

Ω

∣∣∣∇
√

ρ∆t,+
∣∣∣
2
dx

) 1
2

∥∇ϕ∥L∞(Ω)dt

≤ 2

( ∫ T

0

∫

Ω

∣∣∣∇
√

ρ∆t,+
∣∣∣
2
dxdt

) 1
2
( ∫ T

0

∥∥∥
√

ρ∆t,+ −
√

ρ̂
∥∥∥

r

L2(Ω)
dt

) 1
r
( ∫ T

0
∥∇ϕ∥

2r
r−2
L∞(Ω)dt

) r−2
2r

,

where r ∈ (2, ∞). Using the bound on the third term in the inequality stated in (4.25) 
we have

	

| 1 | ≤ 2C
1
2
∗

∥∥∥
√

ρ∆t,+ −
√

ρ̂
∥∥∥

Lr(0,T ;L2(Ω))
∥∇ϕ∥

L
2r

r−2 (0,T ;L∞(Ω))

≤ 2C
1
2
∗ ∥ρ∆t,+ − ρ̂∥

1
2

L
r
2 (0,T ;L1(Ω))

∥∇ϕ∥
L

2r
r−2 (0,T ;L∞(Ω))

,

where we have used the elementary inequality |√c1 − √
c2| ≤

√
|c1 − c2| with 

c1, c2 ≥ 0. The first factor in the last line converges to 0 as ∆t → 0+ thanks to 
(4.26a), and therefore the term ① converges to 0 for every ϕ ∈ C1([0, T ]; C∞(Ω)) 
as ∆t → 0+.

Concerning the term②, as ρ̂ ∈ L∞(0, T ; L∞(Ω)) and ρ̂ ≥ 0 a.e. on Ω × (0, T ), 
we have that 

√
ρ̂ ∇ϕ belongs to L2(0, T ; L2(Ω)), and the weak convergence result 

(4.26b) then directly implies that

	
lim

∆t→0+
2

∫ T

0

∫

Ω

√
ρ̂ ∇

√
ρ∆t,+ · ∇ϕ dxdt = 2

∫ T

0

∫

Ω

√
ρ̂ ∇

√
ρ̂ · ∇ϕ dxdt =

∫ T

0

∫

Ω
∇ρ̂ · ∇ϕ dxdt.

Let us consider the final term in (4.12a). By (4.26e), ρ∆t,+ → ρ̂ strongly in 
L2(0, T ; L2(Ω)) and by (4.26g) ∇c∆t,+ ⇀ ∇ĉ weakly in L2(0, T ; L2(Ω;Rd)); it 
follows that ρ∆t,+∇c∆t,+ ⇀ ρ̂ ∇ĉ weakly in L1(0, T ; L1(Ω;Rd)), and therefore

	
lim

∆t→0+

∫ T

0

∫

Ω
ρ∆t,+∇c∆t,+ · ∇ϕdxdt =

∫ T

0

∫

Ω
ρ̂ ∇ĉ · ∇ϕdxdt

for all ϕ ∈ C1([0, T ]; C∞(Ω)).
Putting these convergence results together, and noting that C1([0, T ]; C∞(Ω)) is 

dense in the function space W 1,1(0.T ; Hβ(Ω)) with β = d + 1, we get (4.26h).
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Let us now prove the weak-∗ continuity of the function ̂ρ as a map from [0, T] to L∞(Ω). As 
ρ̂ ∈ L∞(0, T ; L∞(Ω)) and ̂ρ ∈ H1(0, T ;H−β(Ω)) ⊂ C([0, T ];H−β(Ω)), β = d + 1, 
and L∞(Ω) = L1(Ω)′, it follows from part (b) of Lemma 4.5 with X = L∞(Ω), 
Y = H−β(Ω) and E = L1(Ω) that ρ̂ ∈ Cw∗([0, T ]; L∞(Ω)). Because Ω is bounded, 
L∞(Ω) ⊂ L1(Ω), and it then directly follows from this weak-∗ continuity property 
of ρ̂ that ρ̂ ∈ Cw([0, T ]; L1(Ω)), i.e., ρ̂ is weakly continuous as a mapping from [0, T] 
to L1(Ω).

It remains to prove the energy inequality (4.26i). Thanks to (4.20), in the form 
(4.21), and (3.11) we have that, for all t ∈ (0, T ],

	

∫

Ω
G(ρ∆t,+(x, t))dx − 1

2

∫

Ω
(ρ∆t,+)∗(x, t) c∆t,+(x, t)dx +

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ∆t,+ −
√

ρ∆t,+∇c∆t,+
∣∣∣∣
2

dx dτ

≤
∫

Ω
G(ρ0(x))dx − 1

2

∫

Ω
(ρ0)∗(x) c0(x)dx

≤
∫

Ω
G(ρ0(x))dx − 1

2

∫

Ω
(ρ0)∗(x) c0(x)dx.

� (4.28)

Since G is a nonnegative, continuous and convex function, by Proposition 7.7 in [47] 
and the strong convergence (4.26e) it follows that, for a.e. t ∈ (0, T ],

	

∫

Ω
G(ρ̂(x, t))dx ≤ lim inf

∆t→0+

∫

Ω
G(ρ∆t,+(x, t))dx.� (4.29)

As ρ0 = ρ0(∆t) is uniformly bounded in L2(Ω) with respect to ∆t > 0, it fol-
lows that (ρ0)∗ is uniformly bounded in L2

∗(Ω), and therefore by the continu-
ous embedding of L2

∗(Ω) = H0
∗(Ω) into H−s

∗ (Ω), (ρ0)∗ is uniformly bounded in 
H−s

∗ (Ω). By Theorem A.1, c0 = −(−∆N)−s(ρ0)∗ is then uniformly bounded in 
Hs(Ω), and has therefore a weakly convergent subsequence (not indicated) in Hs(Ω) 
as ∆t → 0+; because Hs(Ω) is compactly embedded in H0(Ω) = L2(Ω), we can 
extract a strongly convergent subsequence (not indicated) in L2(Ω) as ∆t → 0+. It 
remains to identify the limit of this subsequence. As (ρ0)∗ ⇀ (ρ0)∗ weakly in L2

∗(Ω) 
as ∆t → 0+, thanks to the linearity of the operator (−∆N)−s, we have that 
c0 ⇀ c0 := −(−∆N)−s(ρ0)∗ weakly in Hs(Ω), and therefore, thanks to the unique-
ness of the weak limit c0 → c0 = −(−∆N)−s(ρ0)∗ strongly in L2(Ω) as ∆t → 0+. 
Hence, (ρ0)∗c0 ⇀ (ρ0)∗c0 weakly in L1(Ω) as ∆t → 0+. Using this to pass to the 
limit in the second term on the right-hand side of the inequality (4.28) we have that

	
lim

∆t→0+

1
2

∫

Ω
(ρ0)∗(x) c0(x)dx = 1

2

∫

Ω
(ρ0)∗(x) c0(x)dx.� (4.30)

Concerning the second term on the left-hand side of (4.28), thanks to the strong con-
vergence results (4.26e) and (4.26f) we have that (ρ∆t,+)∗c∆t,+ → (ρ̂)∗ ĉ, strongly 
in L1(0, T ; L1(Ω)), and therefore also,
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1
2

∫

Ω
(ρ∆t,+)∗(x, ·) c∆t,+(x, ·)dx → 1

2

∫

Ω
(ρ̂)∗(x, ·) ĉ(x, ·)dx

in L1(0, T ) as ∆t → 0+. Thus, for a subsequence (not indicated),

	
1
2

∫

Ω
(ρ∆t,+)∗(x, t) c∆t,+(x, t)dx → 1

2

∫

Ω
(ρ̂)∗(x, t) ĉ(x, t)dx� (4.31)

for a.e. t ∈ (0, T ] as ∆t → 0+.
Finally, for the third term on the left-hand side of (4.28) we use Theorem 7.5 in 

[39] for the functional

	
u �→ J (u) =

∫ t

0

∫

Ω
|u|2dx dτ,

with respect to the sequence 
2∇

√
ρ∆t,+ −

√
ρ∆t,+∇c∆t,+ = 2∇

√
ρ∆t,+ +

√
ρ∆t,+∇(−∆N)−s(ρ∆t,+)∗ , 

which is weakly convergent in L2(0, T ; L2(Ω;Rd)) (identified with L2((0, T ) × Ω;R2)) 
to 2∇

√
ρ̂ −

√
ρ̂ ∇ĉ by (4.26b), (4.26e) and (4.26g). The functional J (u) is clearly 

convex and therefore we have

	

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ̂ −
√

ρ̂∇ĉ

∣∣∣∣
2

dx dτ ≤ lim inf
∆t→0+

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ∆t,+ −
√

ρ∆t,+∇c∆t,+
∣∣∣∣
2

dx dτ.

� (4.32)

Therefore, by inserting (4.29), (4.30), (4.31) and (4.32) into (4.28), we deduce that

	

∫

Ω
G(ρ̂(x, t))dx − 1

2

∫

Ω
(ρ̂)∗(x, t) ĉ(x, t)dx +

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ̂ −
√

ρ̂ ∇ĉ

∣∣∣∣
2

dx dτ

≤
∫

Ω
G(ρ0(x))dx − 1

2

∫

Ω
(ρ0)∗(x) c0(x)dx

for a.e. t ∈ (0, T ]. Thus we have shown that

	
E(ρ̂(t)) +

∫ t

0

∫

Ω

∣∣∣∣2∇
√

ρ̂ −
√

ρ̂∇ĉ

∣∣∣∣
2

dx dτ ≤ E(ρ0)

for a.e. t ∈ (0, T ] and the final result (4.26i) then directly follows. □

Remark 4.7  We note in passing that, unlike the nonlinear mobility model II men-
tioned in Remark 3.13, model I stated in Remark 3.12 does not have a gradient flow 
structure since the free energy (2.9) does not have a discrete counterpart similar to 
(3.23). Passage to the limit as ∆t → 0 in the nonlinear mobility model I therefore 
remains an open problem.
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As a conclusion of our argument in this section, we shall prove that the function ρ̂, 
which we defined via the limiting procedure detailed in Theorem 4.6, decays expo-
nentially in time to the trivial solution of problem (2.1), and it does so at a rate that 
depends on the L∞(Ω) norm of the initial datum ρ0. As a consequence of this we shall 
also be able to strengthen the bound asserted in (4.26i); in particular we shall show 
that, provided that Ω is a bounded convex (and therefore Lipschitz) polytopal domain 
in Rd, d ∈ {2, 3}, and s ∈ (1/2, 1), the function t ∈ [0, T ] �→ E(ρ̂(t)) ∈ R≥0 exhib-
its exponential decay.

Theorem 4.8  Suppose that the assumptions of Theorem 4.6 hold. Then, the weak 
solution ρ̂ we have constructed exhibits the following exponential decay properties. 

(a)	 For any T > 0, the functional G(·), defined in (2.8), exhibits exponential decay 
in the sense that 

	

∫

Ω
G(ρ̂(T ))dx ≤ e

− 2T
CΩ∥ρ0∥L∞(Ω)

∫

Ω
G(ρ0)dx,� (4.33)

	  where CΩ = 1/λ1, and λ1 is the smallest positive eigenvalue of the Neumann 
Laplacian on the domain Ω.

(b)	 The function ρ̂ satisfies the inequality 

	
1

2|Ω|
∥ρ̂(·, T ) − 1∥2

L1(Ω) ≤ e
− 2T

CΩ∥ρ0∥L∞(Ω)

∫

Ω
E(ρ0)dx.� (4.34)

(c)	 Assuming in addition that Ω is convex and that s ∈ (1/2, 1), the energy func-
tional E(·), defined in (2.9), exhibits exponential decay for any T > 0, that is, 

	

∫

Ω
E(ρ̂(T ))dx ≤ e

− 8T
3CΩ∥ρ0∥L∞(Ω)

∫

Ω
E(ρ0)dx.� (4.35)

Proof  (a) We start by taking t = t1 = ∆t and 0 = t0 in (4.14). We have that, by defi-
nition, ρ0 = ρ∆t,−(t1). We adopt the notation t−1 = −∞ in order to write ρ∆t,+(t0) 
instead of ρ∆t,−(t1). Therefore we have that

	

∫

Ω
G(ρ∆t,+(t1))dx + 1

2∆t∥ρ0∥L∞(Ω)

∫ t1

t0

∫

Ω
(ρ∆t,+ − ρ∆t,−)2dx dτ + 4

∫ t1

t0

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ

−
∫ t1

t0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
∫

Ω
G(ρ∆t,+(t0))dx.

� (4.36)

We can now repeat the argument that gave us (4.36) on each interval [tn−1, tn] for 
n = 1, . . . , N , resulting in
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∫

Ω
G(ρ∆t,+(tn))dx + 1

2∆t∥ρ0∥L∞(Ω)

∫ tn

tn−1

∫

Ω
(ρ∆t,+− ρ∆t,−)2dx dτ + 4

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ

−
∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ ≤

∫

Ω
G(ρ∆t,+(tn−1) + α)dx.� (4.37)

We discard the nonnegative second term on the left-hand side of (4.37) to find that

	

∫

Ω
G(ρ∆t,+(tn))dx + 4

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ −
∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
∫

Ω
G(ρ∆t,+(tn−1))dx.� (4.38)

For s ∈ [tn−1, tn], n = 1, . . . , N , by Poincaré’s inequality we have that

	

∫

Ω
ρ∆t,+(s) log ρ∆t,+(s)dx ≤

∫

Ω
(ρ∆t,+(s))2dx ≤ CΩ

∫

Ω
|∇ρ∆t,+(s)|2dx,

with a positive constant CΩ > 0 depending only on the domain Ω, and the bound on 
the L∞(Ω) norm of ρ∆t,+

L  in Lemma 4.2 gives us

	

∫

Ω
ρ∆t,+(s) log ρ∆t,+(s)dx ≤ CΩ

∫

Ω
ρ∆t,+(s)

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx ≤ CΩ∥ρ0∥L∞(Ω)

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx.

We note in passing that CΩ = 1/λ1, the reciprocal of the smallest positive eigenvalue 
λ1 of the Neumann Laplacian on Ω. As s log s = G(s) − (1 − s), we can rewrite the 
above inequality as

	

∫

Ω
G(ρ∆t,+(s))dx ≤ CΩ∥ρ0∥L∞(Ω)

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx +
∫

Ω
(1 − ρ∆t,+(s))dx

for s ∈ (tn−1, tn], n = 1, . . . , N . Thanks to the fact that, by definition, ρ∆t,+ is con-
stant on the interval (tn−1, tn] and (4.22b) holds, this implies that

	
∆t

∫

Ω
G(ρ∆t,+(tn))dx ≤ CΩ∥ρ0∥L∞(Ω)

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx ds
� (4.39)

for n = 1, . . . , N . Using (4.38) and (4.39) we then have the inequality

	

(
1 + 2∆t

CΩ∥ρ0∥L∞(Ω)

) ∫

Ω
G(ρ∆t,+(tn))dx −

∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ ≤

∫

Ω
G(ρ∆t,+(tn−1))dx.

For the sake of simplicity of the exposition we introduce the following notation:
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γ := 2

CΩ∥ρ0∥L∞(Ω)
, An :=

∫

Ω
G(ρ∆t,+(tn))dx, Bn :=

∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ.

We have that An is nonnegative. In terms of the new notation (4.47) can be rewritten 
as

	 (1 + γ∆t)An − Bn ≤ An−1, n = 1, . . . , N,

and therefore by induction we have that

	
An − (1 + γ∆t)−n

n∑
j=1

Bj ≤ (1 + γ∆t)−nA0, n = 1, . . . , N.

In particular, with n = N  we have

	

∫

Ω
G(ρ∆t,+(T ))dx − (1 + γ∆t)−N

∫ T

0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ ≤ (1 + γ∆t)−N

∫

Ω
G(ρ∆t,+(0))dx.

We recall that ρ∆t,+(0) = ρ0 and thus we arrive at the following inequality:

	

∫

Ω
G(ρ∆t,+(T ))dx −

(
1 + 2∆t

CΩ∥ρ0∥L∞(Ω)

)−N ∫ T

0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
(

1 + 2∆t

CΩ∥ρ0∥L∞(Ω)

)−N ∫

Ω
G(ρ0)dx.� (4.40)

We first discard the (nonnegative) second term on the left-hand side of (4.40) recall-
ing (4.15). It then remains to pass to the limit in the resulting inequality as ∆t → 0+. 
Before doing so, we need make a few additional technical observations.

Thanks to (4.26a) we have that, on passing to a subsequence, ρ∆t(T ) converges 
weakly to ρ̂(T ) in H−β(Ω) with β = d + 1 as ∆t → 0+. Noting the bound on the 
first term of (4.25) and that G(s)/s → +∞ as s → +∞, we deduce from de la 
Vallée-Poussin’s theorem that the family {ρ∆t(T )}∆t>0 is uniformly integrable in 
L1(Ω). Hence, by the Dunford–Pettis theorem, {ρ∆t(T )}∆t>0 is weakly relatively 
compact in L1(Ω). Consequently, upon extraction of a further subsequence (not indi-
cated), ρ∆t(T ) converges weakly in L1(Ω) to some limit as ∆t → 0+; however the 
uniqueness of the weak limit together with the weak convergence of the sequence in 
H−β(Ω), β = d + 1, implies that the sequence ρ∆t(T ) converges to ρ̂(T ) weakly in 
L1(Ω), because L1(Ω) is continuously embedded in H−β(Ω) for β = d + 1. Finally, 
since the function G is continuous and convex, by applying Tonelli’s semicontinuity 
theorem in L1(Ω),
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∫

Ω
G(ρ̂(x, T ))dx ≤ lim inf

∆t→0+

∫

Ω
G(ρ∆t,+(x, T ))dx,� (4.41)

by noticing that ρ∆t,+(x, T ) = ρ∆t(x, T ) for a.e. x ∈ Ω. We can now pass to the 
limit as ∆t → 0+ (with N = T/∆t → +∞) in (4.40), using (4.26a) and (4.41); 
hence we find that

	

∫

Ω
G(ρ̂(x, T ))dx ≤ e

− 2T
CΩ∥ρ0∥L∞(Ω)

∫

Ω
G(ρ0(x))dx,� (4.42)

which proves part (a).
(b) The Csiszár–Kullback inequality [51], with the probability measure 

dµ(x) := 1
|Ω|dx on Ω, yields that

	

∫

Ω
|ρ̂(x, T ) − 1|dµ(x) ≤

(
2

∫

Ω
G(ρ̂(x, T ))dµ(x)

) 1
2

,

thanks to the fact that ρ̂(x, t) ≥ 0 for a.e.  x ∈ Ω and 
∫

Ω ρ̂(x, T ) dµ(x) = 1, and 
therefore

	
∥ρ̂(·, T ) − 1∥2

L1(Ω) ≤ 2|Ω|
∫

Ω
G(ρ̂(x, T ))dx.

Combining this with (4.42) finally gives the desired result (4.34) of part (b), by the 
fact that G(ρ0) ≤ E(ρ0) for the energy functional E(·) defined in (2.9).

(c) We conclude by proving part (c) with the additional assumptions that Ω is con-
vex and that the fractional order s lies in between 1

2  and 1. To this end, we shall focus 
on the second term in the expression (2.9) of the energy functional E(ρ∆t,+), that is, 
on the interaction term between ρ∆t,+ and c∆t,+.

We notice that, from (4.18), taking t = t1 and 0 = t0 as we did previously, we 
have

	

1
2

∫

Ω
(−∆N)sc∆t,+(t1) c∆t,+(t1)dx +

∫ t1

t0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

−
∫ t1

t0

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dx dτ ≤ 1

2

∫

Ω
(−∆N)sc∆t,+(t0) c∆t,+(t0)dx,

�(4.43)

and then, on each interval [tn−1, tn] for n = 1, . . . , N ,
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1
2

∫

Ω
(−∆N)sc∆t,+(tn) c∆t,+(tn)dx

+
∫ tn

tn−1

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

−
∫ tn

tn−1

∫

Ω
∇ρ∆t,+ · ∇c∆t,+dx dτ

≤ 1
2

∫

Ω
(−∆N)sc∆t,+(tn−1) c∆t,+(tn−1)dx.

� (4.44)

For s ∈ [tn−1, tn] with n = 1, . . . , N , by (A.2) and Poincaré’s inequality we have 
that

	

∥c∆t,+(s)∥2
Hs

∗(Ω) =
∫

Ω
(−∆N)sc∆t,+(s) c∆t,+(s)dx ≤

∫

Ω
((ρ∆t,+)∗(s))2dx ≤ CΩ

∫

Ω
|∇(ρ∆t,+)∗(s)|2dx

≤ CΩ∥ρ0∥L∞(Ω)

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx,

and hence

	
∆t

∫

Ω
(−∆N)sc∆t,+(tn) c∆t,+(tn)dx ≤ CΩ∥ρ0∥L∞(Ω)

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx ds.

� (4.45)

We combine (4.39) and (4.45) to find the following inequality for the energy func-
tional E(·):

	

∆t

∫

Ω
E(ρ∆t,+(tn))dx = ∆t

∫

Ω
G(ρ∆t,+(tn))dx + 1

2
∆t

∫

Ω
(−∆N)sc∆t,+(tn) c∆t,+(tn)dx

≤ 3
2

CΩ∥ρ0∥L∞(Ω)

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+(s)
∣∣∣∣
2

dx ds.� (4.46)

By summing (4.38), (4.44) we also have that

	

∫

Ω
E(ρ∆t,+(tn))dx + 4

∫ tn

tn−1

∫

Ω

∣∣∣∣∇
√

ρ∆t,+
∣∣∣∣
2

dx dτ +
∫ tn

tn−1

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

−
∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ ≤

∫

Ω
E(ρ∆t,+(tn−1))dx,

and by (4.46) we deduce the following inequality:
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(
1 + 8∆t

3CΩ∥ρ0∥L∞(Ω)

) ∫

Ω
E(ρ∆t,+(tn))dx

+
∫ tn

tn−1

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

−
∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
∫

Ω
E(ρ∆t,+(tn−1))dx.

� (4.47)

Similarly as we did previously, we introduce the following auxiliary notation:

	

δ := 8
3CΩ∥ρ0∥L∞(Ω)

, Cn :=
∫

Ω
E(ρ∆t,+(tn))dx,

Dn :=
∫ tn

tn−1

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ −

∫ tn

tn−1

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ.

We have that Cn is nonnegative. In terms of this new notation (4.47) can be rewrit-
ten as

	 (1 + δ∆t)Cn + Dn ≤ Cn−1, n = 1, . . . , N,

and therefore by induction we have that

	
Cn + (1 + δ∆t)−n

n∑
j=1

Dj ≤ (1 + δ∆t)−nC0, n = 1, . . . , N.

In particular, with n = N  we have

	

∫

Ω
E(ρ∆t,+(T ))dx + (1 + δ∆t)−N

∫ T

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

− (1 + δ∆t)−N

∫ T

0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ ≤ (1 + δ∆t)−N

∫

Ω
E(ρ∆t,+(0))dx.

We recall that ρ∆t,+(0) = ρ0 and thus we arrive at the following inequality:
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∫

Ω
E(ρ∆t,+(T ))dx +

(
1 + 8∆t

3CΩ∥ρ0∥L∞(Ω)

)−N ∫ T

0

∫

Ω
ρ∆t,+

∣∣∣∇c∆t,+
∣∣∣
2
dx dτ

−
(

1 + 8∆t

3CΩ∥ρ0∥L∞(Ω)

)−N ∫ T

0

∫

Ω
∇c∆t,+ · ∇ρ∆t,+dx dτ

≤
(

1 + 8∆t

3CΩ∥ρ0∥L∞(Ω)

)−N ∫

Ω
E(ρ0)dx.

� (4.48)

We first discard the (nonnegative) second and third terms on the left-hand side of 
(4.48) recalling (4.15). It then remains to pass to the limit in the resulting inequal-
ity as ∆t → 0+. We use the argument that allowed us to pass to the limit before 
and prove (4.42), together with additional considerations for the interaction term 
involved in the energy functional.

We begin by noting that

	

(ρ∆t)∗(x, t) := ρ∆t(x, t) − 1
|Ω|

∫

Ω
ρ∆t(ξ, t)dξ = ρ∆t(x, t) − 1

|Ω|

∫

Ω
ρ∆t(ξ, 0)dξ

= ρ∆t(x, t) − 1
|Ω|

∫

Ω
ρ0(ξ)dξ = ρ∆t(x, t) − 1

|Ω|

∫

Ω
ρ0(ξ)dξ = ρ∆t(x, t) − 1.

Hence,

	
∂(ρ∆t)∗

∂t
= ∂ρ∆t

∂t
.

Because c∆t = −(−∆N)−s(ρ∆t)∗ and c∆t and (ρ∆t)∗ are continuous piecewise lin-
ear functions of t ∈ [0, T ] on the partition 0 = t0 < t1 < · · · < tN = T , it follows 
from the linearity of the differential operator −(−∆N)−s and its independence of t 
that

	
∂c∆t

∂t
= −(−∆N)−s ∂(ρ∆t)∗

∂t
= −(−∆N)−s ∂ρ∆t

∂t
.

Thereby, for any function ϕ ∈ W 1,∞(Ω), we have that

	

∣∣∣∣
∫ T

0

∫

Ω

∂c∆t

∂t
ϕdxdt

∣∣∣∣ =
∣∣∣∣
∫ T

0

∫

Ω

∂c∆t

∂t
ϕ∗dxdt

∣∣∣∣ =
∣∣∣∣
∫ T

0

∫

Ω
(−∆N)−s ∂ρ∆t

∂t
ϕ∗dxdt

∣∣∣∣

=
∣∣∣∣
∫ T

0

∫

Ω

∂ρ∆t

∂t
(−∆N)−sϕ∗dxdt

∣∣∣∣ ≤ C∗

( ∫ T

0
∥(−∆N)−sϕ∗∥2

W 1,∞(Ω)dt

) 1
2

≤ C∗

( ∫ T

0
∥ϕ∗∥2

L∞(Ω)dt

) 1
2

≤ C∗

( ∫ T

0
∥ϕ∗∥2

W 1,∞(Ω)dt

) 1
2

,

� (4.49)

where in the first equality of the first line we used the fact that, by definition, c∆t has 
zero integral average over Ω and therefore the same is true of its time-derivative; in 
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the equality appearing in the second line we used the selfadjointness of (−∆N)−s on 
L2

∗(Ω), and in the inequality appearing in the second line we made use of the first 
inequality in (4.23); and in the passage from the second to the third line we used 
Lemma A.6, which requires the additional assumption on the convexity of Ω and the 
restriction on the fractional order s to the range s ∈ (1/2, 1).

Hence, thanks to the fact that H2(Ω) is continuously embedded in L∞(Ω) for 
d = 2, 3, we deduce from (4.49) the following uniform bound on the time-derivative 
of c∆t in L2(0, T ; H−2(Ω)), where H−2(Ω) := [H2(Ω)]′:

	

∣∣∣∣∣
∫ T

0

∫

Ω

∂c∆t

∂t
ϕ dxdt

∣∣∣∣∣ ≤ C∗

( ∫ T

0
∥ϕ∥2

H2(Ω)dt

) 1
2

,

for all ϕ ∈ H2(Ω), where C∗ is a positive constant, independent of ϕ and ∆t. Using 
the weak compactness of bounded balls in the Hilbert space L2(0, T ; H−2(Ω)) we 
then have that

	
∂c∆t

∂t
→ ∂ĉ

∂t
weakly in L2(0, T ; H−2(Ω)).

By Lemma A.6, combined with the fact that ρ∆t ∈ L∞(0, T ; L∞(Ω)) and is uni-
formly bounded with respect to ∆t in the norm of L∞(0, T ; L∞(Ω)) and the fact 
that ρ̂ ∈ L∞(0, T ; L∞(Ω)) we have, respectively, that c∆t ∈ L∞(0, T ; W 1,∞(Ω)) 
and is uniformly bounded with respect to ∆t in the norm of L∞(0, T ; W 1,∞(Ω)) and 
ĉ ∈ L∞(0, T ; W 1,∞(Ω)). Hence by the Aubin–Lions lemma {c∆t}∆t>0 is compact 
in C([0, T]; X) for any Banach space X such that W 1,∞(Ω) ↪→↪→ X ↪→ H−2(Ω); 
in particular, (upon extraction of a subsequence, not indicated) c∆t converges to ĉ 
strongly in C([0, T ]; L∞(Ω)). As ρ̂ ∈ Cw∗([0, T ]; L∞(Ω)), it then follows that the 
product ρ̂ ĉ belongs to Cw∗([0, T ]; L∞(Ω)), and therefore also to Cw([0, T ]; L1(Ω)); 
in particular,

	
t ∈ [0, T ] �→

∫

Ω
ρ̂(x, t) ĉ(x, t)dx ∈ R

is a continuous function. Furthermore, because ρ∆t(T ) ⇀ ρ̂(T ) weakly in 
L1(Ω) and c∆t(T ) → ĉ(T ) strongly in L∞(Ω) as ∆t → 0+, it follows that 
ρ∆t(T ) c∆t(T ) ⇀ ρ̂(T ) ĉ(T ) weakly in L1(Ω) as ∆t → 0+. Thus we deduce that

	
lim

∆t→0+

∫

Ω
ρ∆t(x, T ) c∆t(x, T )dx =

∫

Ω
ρ̂(x, T ) ĉ(x, T )dx.� (4.50)

We can now pass to the limit as ∆t → 0+ (with N = T/∆t → +∞) in (4.40), using 
(4.41), and (4.50). Hence we find that

1 3

1598



Finite element scheme for the fractional porous medium equation with…

	

∫

Ω
E(ρ̂(x, T ))dx ≤ e

− 8T
3CΩ∥ρ0∥L∞(Ω)

∫

Ω
E(ρ0(x))dx.

This completes the proof. □

5   Numerical experiments

In the preceding sections we have confined ourselves to theoretical considerations: 
the construction and convergence analysis of a ‘structure-preserving’ numerical 
scheme for the fractional porous medium equation.

The implementation of the numerical method introduced here, as well as associ-
ated computational aspects, are the subject of the paper [27], where we describe an 
efficient technique based on rational approximation, which is capable of providing 
accurate approximations to the finite element counterpart of the spectral fractional 
Neumann Laplacian featuring in our numerical method, without explicit knowledge 
of its eigenvalues and eigenfunctions.

For details on aspects of our work related to scientific computing and a variety of 
numerical experiments, we refer the reader to [27]. We shall confine ourselves here 
to numerical simulations that validate the proposed method and indicate some open 
problems associated with it.

5.1  Numerical validation

In [13] the authors identified an explicit steady state solution to equation (1.1) in self-
similar variables, namely the function Φ : Rd → R given by

	
Φ(y) = ks,d(1 − |y|2)s

+, ks,d = dΓ(d/2)
(d + 2s)4sΓ(2 − s)Γ(d/2 + 1 − s)

,� (5.1)

which is a solution of the elliptic equation

	
−λ∇ · (yΦ) = ∇ · (Φ∇(−∆)−sΦ), y = t

xλ
, λ = 1

d + 2 − 2s
.

The equation lacks the parabolic regularization of the problem (1.2) that we have 
considered, which is also used in the proof of existence of a solution to our finite ele-
ment method. Instead of the elliptic problem stated above, we shall therefore consider 
the following parabolic problem:

	




∂ρε

∂t
= ε∆ρε − ∇ · (ρε∇cε) + λ∇ · (yρε),

− (−∆)scε = ρε.
� (5.2)

for small positive values of ε ≪ 1.
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In Figure 3 and Figure 4 we report the simulations performed for equation (5.2) 
for different values of ε. We observe the effect of the parabolic regularization, which 
introduces Brownian diffusion of the density, and we also see that our numerical solu-
tion approaches the profile stated in (5.1) as ε decreases.

Fig. 3  Numerical solutions to the fractional porous medium equation in self-similar variables (5.2). 
The simulations were performed for the fractional order s = 0.5 with different values of the param-
eter ε = 2−m, m = 2, . . . , 10, controlling the parabolic regularization. The computational domain 
is Ω = (−2, 2)2, ρ0(x) ∝ 1

|Ω| ; a uniform triangulation based on 29 × 29 equally spaced nodes was 
used with ∆t = 0.01. The black reference curve is the cross-section of the function (5.1) at x2 = 0.

 

1 3

1600



Finite element scheme for the fractional porous medium equation with…

5.2  Future work, challenges and open problems

We close by highlighting several open problems that concern the implementation of 
the fully discrete scheme developed here. These, too, will be addressed in [27]. The 
presence of the upper cut-off parameter L was crucial in the fixed point argument on 
which the proof, in Lemma 3.8, of the existence of a solution to the fully-discrete 
scheme was based; and its presence was also essential in the derivation of the uni-
form bounds with respect to δ and the spatial mesh size stated in Lemma 3.9. While, 
as was noted above, the precise choice of the upper cut-off parameter L becomes 
irrelevant in the convergence analysis (provided that L is chosen so that it exceeds 
the supremum of the initial datum), this independence on L was only shown to hold 
for the temporally semidiscrete scheme, i.e., after passage to the limit with δ and 
the spatial discretization parameter has taken place; it is unclear whether a similar 
independence on L of the solution to the fully discrete scheme holds true. This is a 
question that will need to be explored through numerical simulations. Similarly, the 
presence of the lower cut-off parameter δ in the fully-discrete scheme was essential in 
our proof of the nonnegativity of the solution of the temporally semidiscrete scheme 
(cf. the second paragraph of the proof of Theorem 3.11), from which the nonnegativ-
ity of the limiting weak solution ultimately follows. The impact of the size of δ on the 
(sign of the) solution of the fully discrete scheme is however another open question 
that will need to be assessed through numerical experiments. We do know however, 
thanks to Lemma 3.9, that max

n=1,...,N

∫
Ω πh([ρn

h,δ,L]2−)dx ≤ C(L)δ for all δ ∈ (0, 1).

In connection with this an interesting open problem is in fact whether the limits 
for the spatial discretization parameter h → 0 and the time step ∆t → 0 commute. 
As was previously noted, from the theoretical point of view the dependence on L in 

Fig. 4  Numerical solutions to the fractional porous medium equation in self-similar variables (5.2). 
The simulations were performed for the fractional order s = 0.5 with different values of the param-
eter ε = 2−m, m = 2, . . . , 10, controlling the parabolic regularization. The computational domain 
is Ω = (−2, 2)2, ρ0(x) ∝ 1

|Ω| ; a uniform triangulation based on 29 × 29 equally spaced nodes was 

used with ∆t = 0.01.
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the energy estimate (3.17) in Lemma 3.9 prevents simultaneous passage to the limit 
in space and time. The proof of independence from L of the semidiscrete-in-time 
solution, through Lemma 4.1 and Lemma 4.2, is grounded in the properties of the 
spectral fractional Laplacian (−∆)s and its representation formula. Having said this, 
we believe that these limits do commute.

To support this hypothesis, we conducted numerical experiments using the imple-
mentation described in [27], and our results empirically confirm that the order of 
taking these limits does not affect the final numerical solution. More precisely, denot-
ing by ρ∆t

h  the finite element approximation of the solution to problem (2.1) for 
fixed h and ∆t, we computed a series of approximations for h = 2−n, n = 2, . . . , 8, 
and ∆t = 2−k, k = 6, . . . , 12. We then evaluated the L2(Ω) norm of the difference 
between each approximation ρ∆t

h  and a reference solution that we denote by ρ̃, 
defined as the approximation corresponding to the smallest values of the discretiza-
tion parameters h and ∆t, namely ρ̃ = ρ∆t=2−12

h=2−8 .
By examining the plots in Figures 5 and 7, we observe that ∥ρ∆t

h − ρ̃∥L2(Ω) → 0 
as h → 0 and ∆t → 0, regardless of whether the limits are taken simultaneously or 
sequentially (first in space then time, or vice versa). This supports our intuition that 
the limits commute in practice, even if the convergence analysis presented above was 
based on passing to the limit h → 0, before taking the limit ∆t → 0.

An additional interesting question that arises from our analysis, and one that is 
commonly studied in the context of finite element methods, is the rate of spatial 
convergence as the spatial discretization parameter h tends to zero. To this end, we 
tested the method through a series of simulations. Figure 6 shows that the observed 
rate of spatial convergence is quadratic, and that the choice of the time step does not 
influence the spatial speed of convergence.

Fig. 5  Numerical solutions to the fractional porous medium equation (1.2), with passage to the limit 
for h → 0 and ∆t → 0. The simulations were performed for the fractional order s = 0.5 with dif-
ferent values of the spatial discretization parameter h = 2−n, n = 2, . . . , 8, and different time steps 
∆t = 2−k , k = 6, . . . , 12. The computational domain is Ω = (0, 1)2, ρ0(x) ∝ exp(−|x|2/(2πσ)). 
The parabolic regularization coefficient was ε = 0.01
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A further question that will require computational assessment, because of the pres-
ence of the nonlinear function ΘL

δ  in the numerical method (cf. eq. (3.9a)), which 
is only known to be Lipschitz continuous (cf. Lemma 3.3), is the choice of a suit-
able iterative method for the solution of the finite-dimensional system of nonlinear 
equations at a given time-level (e.g. fixed point iteration or a semismooth Newton 
method). Finally, we note that because the initial-boundary-value problem under con-
sideration is not known to possess a unique weak solution, the derivation of a bound 
on the error between a numerical solution defined by the scheme and the weak solu-
tion, to which a (sub)sequence of solutions generated by the scheme converges, is 
presently out of reach. This, too, is a question that will need to be explored through 
numerical simulations.

6  Conclusions

We have developed a fully discrete numerical method for the approximate solu-
tion of the fractional porous medium equation that involves the spectral fractional 
Neumann Laplacian on a bounded polytopal Lipschitz domain in two or three space 
dimensions, with the aim to model nonlocal effects in fluid flow through porous 
media, which are not captured by classical porous media flow models. The numeri-
cal method is based on a continuous piecewise linear finite element approximation 
on a weakly acute symplicial subdivision of the spatial domain and implicit Euler 
time-stepping. Our discretization of the nonlinear term appearing in the equation 
involves two positive cut-off parameters: δ ∈ (0, 1), whose role is to ensure non-
negativity of the numerical solution, uniformly in the spatial and temporal discretiza-
tion parameters; and L > 1, whose role is to ensure that the sequence of numerical 

Fig. 6  Numerical solutions to the fractional porous medium equation (1.2), with convergence in space 
as h → 0. The simulations were performed for the fractional order s = 0.5, for different values of 
the spatial discretization parameter h = 2−n, n = 2, . . . , 8, and different time steps ∆t = 2−k , 
k = 6, . . . , 12. The computational domain is Ω = (0, 1)2, ρ0(x) ∝ exp(−|x|2/(2πσ)). The para-
bolic regularization coefficient was ε = 0.01.
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approximations is uniformly bounded with respect to the discretization parameters. 
By using a compactness argument, we have proved convergence of the scheme to a 
nonnegative and bounded weak solution of the initial-boundary-value problem as the 
spatial discretization parameter, the lower cut-off parameter δ, and the time-step all 
tend to zero. It transpired from the analysis that, once the upper cut-off parameter L is 
chosen so that it exceeds the essential supremum of the (nonnegative) initial datum, 
its precise value is of no relevance when passing to the limit with δ and the spatial 
and temporal discretization parameters; conveniently, this makes passage to the limit 
L → +∞ redundant. We have also proved that the weak solution, to which a (sub)
sequence of approximations generated by the scheme converges, satisfies an energy 
inequality and that the energy associated with that weak solution exhibits exponential 
decay in time. While the exponential decay results (4.33) and (4.34) did not require 
any additional restrictions on Ω or the range of the fractional order s, in order to prove 
the exponential decay (4.35) of the energy E(·) we had to assume convexity of Ω and 

Fig. 7  Numerical solutions to the fractional porous medium equation (1.2), with passage to the limit for 
h → 0 and ∆t → 0. The simulations were performed for the fractional order s = 0.5 with different 
values of the spatial discretization parameter h = 2−n, n = 2, . . . , 7, keeping ∆t = 2−12 fixed, and 
for different values of time step ∆t = 2−k , k = 6, . . . , 11, keeping h = 2−8 fixed. The computa-
tional domain is Ω = (0, 1)2, ρ0(x) ∝ exp(−|x|2/(2πσ)). The parabolic regularization parameter 
was ε = 0.01.
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that s ∈ (1/2, 1), so as to be able to apply Lemma A.6; whether or not these addi-
tional restrictions on Ω and s can be relaxed or removed is an open problem.

Appendix: The spectral fractional Laplacian

We report here certain technical results related to the spectral fractional Neumann 
Laplacian (2.4), which are of relevance for our analysis.

For a bounded open Lipschitz domain Ω ⊂ Rd, s ∈ (0, 1), and f ∈ H−s
∗ (Ω), con-

sider the fractional Poisson equation involving the Neumann Laplacian:

	 (−∆N)su = f in Ω.� (A.1)

By a weak solution to (A.1) we mean a function u ∈ Hs
∗(Ω), s ∈ (0, 1), such that

	

∫

Ω
((−∆N)s/2u(x)) ((−∆N)s/2v(x))dx = ⟨f, v⟩ ∀v ∈ Hs

∗(Ω),

where ⟨·, ·⟩ denotes the duality pairing between H−s
∗ (Ω) and Hs

∗(Ω), with 
Hs

∗(Ω) ↪→ H0
∗(Ω) ≡ H0

∗(Ω)′ ↪→ H−s
∗ (Ω) and H0

∗(Ω) = L2
∗(Ω). In particular if 

f ∈ L2
∗(Ω), then ⟨f, v⟩ = (f, v) for all v ∈ Hs

∗(Ω), s ∈ [0, 1).

Theorem A.1  (Existence and uniqueness of a weak solution) Suppose that Ω ⊂ Rd  is 
a bounded open Lipschitz domain, s ∈ (0 , 1 ), and f ∈ H−s

∗ (Ω). Then, the boundary-
value problem (A.1) has a unique weak solution u ∈ Hs

∗(Ω), and

	 ∥u∥Hs
∗(Ω) ≤ ∥f∥H−s

∗ (Ω).� (A.2)

Proof  The existence of a unique weak solution u ∈ Hs
∗(Ω) is a direct consequence 

of the Lax–Milgram lemma applied to the variational problem: find u ∈ Hs
∗(Ω) such 

that a(u, v) = ℓ(v) for all v ∈ Hs
∗(Ω), with the bilinear form

	
a(w, v) :=

∫

Ω
((−∆N)s/2w(x)) ((−∆N)s/2v(x))dx, w, v ∈ Hs

∗(Ω),

and the linear functional ℓ(v) := ⟨f, v⟩, v ∈ Hs
∗(Ω). The stated stability inequality 

follows by noting that

	 ∥u∥2
Hs

∗(Ω) = a(u, u) = ⟨f, u⟩ ≤ ∥f∥H−s
∗ (Ω)∥u∥Hs

∗(Ω).

That completes the proof of the lemma. □
We note in passing that the following function space interpolation inequality holds.

Lemma A.2  Let Ω ⊂ Rd  be a bounded open Lipschitz domain, s ∈ (0 , 1 ), and 
u ∈ H1

∗ (Ω). Then,
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	 ∥u∥Hs
∗(Ω) ≤ ∥u∥1−s

L2(Ω) ∥u∥s
H1(Ω).

Proof  The assertion of the lemma follows by applying Hölder’s inequality. Indeed, 
we have for θ ∈ (0, 1) that

	
∥u∥2

Hs
∗(Ω) =

∞∑
k=1

λs
ku2

k =
∞∑

k=1

|uk|θλs
k|uk|2−θ ≤

( ∞∑
k=1

|uk|θp

) 1
p
( ∞∑

k=1

λsq
k |uk|(2−θ)q

) 1
q

,

for p, q ∈ (1, ∞) such that 1
p + 1

q = 1. The stated inequality then follows by tak-
ing p = 2

θ , q = 2
2−θ  and θ = 2(1 − s), whereby θp = 2, sq = 1, (2 − θ)q = 2, 

1/p = θ/2 = 1 − s, and 1/q = s. □

The second result that we rely on throughout our analysis is the following H1 
norm stability of the fractional Poisson equation involving the Neumann Laplacian 
on a Lipschitz domain.

Lemma A.3  Suppose that Ω ⊂ Rd  is a bounded open Lipschitz domain, s ∈ (0 , 1 ), 
and f ∈ H 1

∗ (Ω). Suppose further that u ∈ Hs
∗(Ω) is the unique weak solution of (A.1). 

Then, u ∈ H 1
∗ (Ω) and there exists a positive constant C such that

	 ∥∇u∥L2(Ω) ≤ Cλ−s
1 ∥∇f∥L2(Ω),� (A.3)

where λ1  is the smallest positive eigenvalue of the Neumann Laplacian on Ω. More-
over, if s ∈ [1/2 , 1 ), then also

	 ∥∇u∥L2(Ω) ≤ Cλ1−2s
1 ∥f∥L2(Ω),� (A.4)

for a positive constant C > 0 .

Proof  Let ψk, k = 1, 2, . . ., denote the eigenfunctions of the Neumann Laplacian 
corresponding to the positive eigenvalues λk, k = 1, 2, . . ., where λ1 is the smallest 
positive eigenvalue. As {ψk}k≥1 is a complete orthonormal system in L2

∗(Ω) and 
f ∈ H1

∗ (Ω) ⊂ L2
∗(Ω), it follows that

	
f(x) =

∞∑
k=1

fkψk(x), with fk :=
∫

Ω
f(x)ψk(x)dx,

with the convergence of the series understood to be in the norm of L2(Ω); i.e., the 
M-th partial sum

	
fM (x) :=

M∑
k=1

fkψk(x), x ∈ Ω,
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converges to f strongly in the norm of L2(Ω). Similarly, because u ∈ Hs
∗(Ω) ⊂ L2

∗(Ω), 
we have that

	
u(x) =

∞∑
k=1

ukψk(x), with uk :=
∫

Ω
u(x)ψk(x)dx,

and the M-th partial sum

	
uM (x) :=

M∑
k=1

ukψk(x), x ∈ Ω,

converges to u strongly in the norm of L2(Ω). Because u is the unique weak solution 
of (A.1), it follows by taking v = ψk as test function in the weak formulation that 
uk := λ−s

k fk, k = 1, 2, . . .. Furthermore,

	

∥∇uM ∥2
L2(Ω) = (∇uM , ∇uM ) =

( M∑
k=1

uk∇ψk,
M∑

ℓ=1

uℓ∇ψℓ

)
=

M∑
k=1

M∑
ℓ=1

ukuℓ(∇ψk, ∇ψl)

=
M∑

k=1

M∑
ℓ=1

ukuℓ(−∆ψk, ψℓ) =
M∑

k=1

M∑
ℓ=1

λkukuℓ(ψk, ψℓ) =
M∑

k=1

M∑
ℓ=1

λkukuℓδk,ℓ

=
M∑

k=1

λku2
k =

M∑
k=1

(λk)1−2sf2
k ≤ λ−s

1

M∑
k=1

(λk)1−sf2
k

� (A.5)

	
≤ λ−s

1

∞∑
k=1

(λk)1−sf2
k = λ−s

1 ∥f∥2
H1−s(Ω) ∀M ≥ 1. � (A.6)

As was noted in Remark 2.1, thanks to Lemma 7.1 in [24], for s ∈ (0, 1) a func-
tion f belongs to H1−s

∗ (Ω) if, and only if, f ∈ H1−s(Ω) and 
∫

Ω f(x)dx = 0; in 
addition, the norm ∥ · ∥H1−s

∗ (Ω) is equivalent to the seminorm | · |H1−s(Ω), which 
is a norm on H1−s

∗ (Ω). There is therefore a positive constant C, independent of 
f, such that ∥f∥2

H1−s(Ω) ≤ C|f |2H1−s(Ω), and because H1(Ω) ↪→ H1−s(Ω), also 
∥f∥2

H1−s(Ω) ≤ C∥f∥2
H1(Ω). As f has been assumed to belong to H1

∗ (Ω), whereby 
f ∈ H1(Ω) and 

∫
Ω f(x)dx = 0, Poincaré’s inequality implies the existence of a 

positive constant C such that ∥f∥2
H1(Ω) ≤ C∥∇f∥2

L2(Ω). Thus we have shown the 
existence of a positive constant C (independent of M) such that

	 ∥∇uM ∥2
L2(Ω) ≤ Cλ−s

1 ∥∇f∥2
L2(Ω) ∀M ≥ 1.� (A.7)

Using an analogous calculation to the one in (A.6), for any positive integers M and N 
such that M > N  we have that

1 3

1607



J. A. Carrillo et al.

	
∥∇uM − ∇uN ∥2

L2(Ω) ≤ λ−s
1

M∑
k=N+1

(λk)1−sf2
k .

Because the infinite series appearing in the last line of (A.6) is convergent, it then fol-
lows that for any ε > 0 there exist positive integers M and N, with M > N , such that

	
∥∇uM − ∇uN ∥2

L2(Ω) ≤ λ−s
1

M∑
k=N+1

(λk)1−sf2
k < ε,

i.e., (∇uM )M≥1 is a Cauchy sequence in the Hilbert space L2(Ω;Rd); therefore 
∇uM  converges (strongly in the norm of L2(Ω;Rd) to an element of L2(Ω;Rd). As 
uM  converges to u ∈ L2(Ω) strongly in the norm of L2(Ω), by the uniqueness of the 
limit, ∇uM  must converge to ∇u in L2(Ω;Rd). Therefore,

	
lim

M→∞
∥∇uM ∥2

L2(Ω) = ∥∇u∥2
L2(Ω).

With this information we now return to (A.7) and pass to the limit M → ∞ on the 
left-hand side of the inequality to deduce the desired inequality (A.3).

Inequality (A.4) can be proved by following the same argument, but also using in 
(A.5) and the assumed constraint that s ∈ [1/2, 1), which implies that 1 − 2s ≤ 0; 
therefore,

	 ∥∇uM ∥2
L2(Ω) ≤ Cλ1−2s

1 ∥f∥2
L2(Ω) ∀M ≥ 1.

The desired inequality then follows by passing to the limit M → ∞. This completes 
the proof. □

In our context another useful result is a type of Sobolev–Poincaré inequality. In 
[41] it was shown that, for a bounded open John domain Ω ⊂ Rd, the following 
inequality holds for s, τ ∈ (0, 1), p < d/s and 1 < p ≤ q ≤ dp

d−sp :

	
∥u − ū∥Lq(Ω) ≤ C

(∫

Ω

∫

Ω∩B(x,τ dist(x,∂Ω))

|u(x) − u(y)|p

|x − y|d+sp
dy dx

) 1
p

.� (A.8)

The seminorm appearing on the right-hand side of (A.8) is weaker than the usual 
Gagliardo–Slobodetskiĭ seminorm of the fractional-order Sobolev space W s,p(Ω),

	

(∫

Ω

∫

Ω

|u(x) − u(y)|p

|x − y|d+sp
dx dy

) 1
p

.

Indeed, the two seminorms induce different fractional order Sobolev spaces, which 
coincide in the case of a bounded open Lipschitz domain, as was shown in [35]. Thus, 
in the case of a Lipschitz domain Ω, as is the case in the setting under consideration 
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in this paper, and for p = q = 2, we have the following fractional Poincaré inequality 
for s ∈ (0, 1): 

	 ∥u − ū∥L2(Ω) ≤ C|u|Hs(Ω),� (A.9a)

where C is a positive constant, independent of u. Therefore, in particular,

	 ∥u∥L2
∗(Ω) ≤ C|u|Hs

∗(Ω).� (A.9b)

An analogous inequality holds for functions u ∈ Hs
∗(Ω) and s ∈ (0, 1): one has that

	 ∥u∥L2
∗(Ω) ≤ λ

−s/2
1 ∥u∥Hs

∗(Ω).� (A.9c)

 This inequality, in conjunction with Theorem A.1, ensures the L2
∗(Ω) norm stability 

of the weak solution to the fractional Poisson equation based on the spectral defini-
tion of the Neumann Laplacian, for f ∈ L2

∗(Ω).
We now prove some auxiliary results, which concern the case when the right-hand 

side datum of equation (A.1) has L∞(Ω) regularity or W 1,∞(Ω) regularity. Let us 
denote respectively by L∞

∗ (Ω) and W 1,∞
∗ (Ω) the spaces of functions in L∞(Ω) and 

W 1,∞(Ω) with zero integral average over Ω

Lemma A.4  Suppose that Ω ⊂ Rd  is a bounded open Lipschitz domain, s ∈ (0 , 1 ), 
and f ∈ L∞

∗ (Ω). Then, we have that

	
(−∆N)−sf ≃ CΩ,s,d

∫

Ω

1
|x − y|d−2s

f(y) dy,� (A.10)

for a positive constant CΩ,s,d  depending only on Ω, s and d.

Proof  Since L∞
∗ (Ω) ⊂ L2

∗(Ω) ⊂ H−s
∗ (Ω), we have that

	
(−∆N)−sf =

∞∑
k=1

λ−s
k fkψk, where fk =

∫

Ω
fψkdx.� (A.11)

By noting that for λ > 0 and s ∈ (0, 1),

	
λ−s = 1

Γ(s)

∫ ∞

0
e−tλ 1

t1−s
dt,

and inserting this in (A.11), we get that
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(−∆N)−sf = 1
Γ(s)

∫ ∞

0

∞∑
k=1

e−tλk fkψk
1

t1−s
dt = 1

Γ(s)

∫ ∞

0

et∆N f

t1−s
dt

= 1
Γ(s)

∫ ∞

0

∫

Ω
Wt(x, y) 1

t1−s
f(y) dy dt,

�(A.12)

where {et∆N }t>0 stands for the heat semigroup associated to ∆N, i.e. et∆N u solves 
problem (2.7) and Wt(x, y) is the distributional heat kernel for −∆ subject to a 
homogeneous Neumann boundary condition on ∂Ω.

The following bounds are known to hold for the distributional heat kernel (cf. 
Theorem 3.1 in [46] or Section 7 in [24]):

	
c1

e−|x−y|2/(c3t)

t
d
2

≤ Wt(x, y) ≤ c2
e−|x−y|2/(c4t)

t
d
2

, x, y ∈ Ω, t > 0,

for positive constants c1, c2, c3 and c4. Therefore, we have that

	

∫ ∞

0

1
t1−s

Wt(x, y) dt ≃
∫ ∞

0

1
t

d
2 +1−s

e−|x−y|2/t dt

= 1
|x − y|d−2s

∫ ∞

0
e−rr−1−s+ d

2 dr = Γ
(d

2
− s

) 1
|x − y|d−2s

,

where in the passage from the first line to the second line we used the change of 
variable r = |x − y|2/t. This, together with expression (A.12), gives us the desired 
result. □

Corollary A.5  Suppose that Ω ⊂ Rd  is a bounded open Lipschitz domain, s ∈ (0 , 1 ), 
and f ∈ L∞

∗ (Ω). Let u ∈ Hs
∗(Ω) be the unique solution of (A.1). Then u ∈ L∞(Ω) 

and

	 ∥u∥L∞(Ω) ≤ KΩ,s,d∥f∥L∞(Ω),� (A.13)

for a positive constant KΩ,s,d , depending only on Ω, s and d.

Proof  The proof is a direct consequence of (A.10) and the fact that the function 
1/|z|d−2s is integrable for s ∈ (0, 1) over any bounded ball in Rd. □

The following result is an extension to the fractional order setting of a result by 
Maz’ya [44], concerning the boundedness of the gradient of the solution to the Neu-
mann Laplace problem in a convex domain.

Lemma A.6  Suppose that Ω ⊂ Rd  is a bounded open convex domain, s ∈ (1/2 , 1 ), 
and f ∈ L∞

∗ (Ω). Let u ∈ Hs
∗(Ω) be the unique solution of (A.1). Then, u ∈ W 1 ,∞

∗ (Ω) 
and
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	 ∥u∥W 1,∞(Ω) ≤ C∥f∥L∞(Ω),

for a positive constant C > 0.

Proof  By Corollary A.5 we have in first place that u ∈ L∞(Ω), with the L∞(Ω) 
stability bound (A.13).

Let us now prove that u ∈ W 1,∞(Ω). We start from expression (A.12) and we use 
the following inequality for the gradient of the heat kernel:

	
|∇xWt(x, y)| ≤ C1

1
t

d+1
2

e−|x−y|2/(C2t), x, y ∈ Ω, t > 0;

this inequality is known to hold in bounded open convex domains (cf. Lemma 3.1 in 
[54] or Theorem 1.2 in [53]) for positive constants C1 and C2. We then have the fol-
lowing inequality for x ∈ Ω and for some positive constant C > 0:

	
|∇u(x)| ≤ C

1
Γ(s)

∫ ∞

0

∫

Ω

1
t

d
2 + 3

2 −s
e−|x−y|2/t|f(y)|dydt.

By using the change of variable r = |x − y|2/t in the above equality together with 
the fact that f ∈ L∞(Ω), we then have that

	

|∇u(x)| ≤ C
∥f∥L∞(Ω)

Γ(s)

∫

Ω

1
|x − y|d−2s+1

∫ ∞

0
e−rr− 1

2 −s+ d
2 drdy

= C
∥f∥L∞(Ω)

Γ(s)
Γ

(
d

2
+ 1

2
− s

) ∫

Ω

1
|x − y|d−2s+1 dy.

The final assertion of the lemma then follows by noting that the function 1/|z|d−2s+1 
is integrable for s ∈ (1/2, 1) over any bounded ball in Rd. □
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