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Abstract

Signalling pathways are subcellular networks that enable the cell to respond to its
microenvironment. Abnormal function of a signalling pathway is a hallmark of car-
cinogenesis and developmental diseases. The signalling cascades in these pathways
involve biochemical interactions that can lead to highly nonlinear cellular responses.
Studies of signalling pathways often involve the proposal of models based on exper-
imental data that are difficult to quantify and reproduce. Due to the nature of the
experimental procedures, the experimental results can often be qualitative or at best
semi-quantitative. As a result, the data and models proposed in different studies can
often appear inconsistent.

The canonical Wnt pathway, overactive in 90% of colorectal cancer cases, is not
immune to these problems. A review of the literature reveals many seemingly incon-
sistent experimental results and models regarding the pathway dynamics. This makes
the Wnt pathway a natural candidate for investigation using a new model selection
framework using qualitative experimental data.

The steps involved in our model selection framework are as follows. We propose
a set of candidate mathematical models that may be consistent with experimental ob-
servations. Using a qualitative cost function, we explore the output of these models
to investigate whether they can reproduce qualitatively similar outputs to the experi-
mental observations. Any consistent candidate models are analysed further using sen-
sitivity analysis and in silico experiments, before new in vitro experiments are proposed
to discriminate between remaining models.

Our literature review of the Wnt pathway revealed that a major source of dis-
crepancy is the way in which Wnt stimulation leads to the initial accumulation of the
Wnt-target 3-catenin. Before studying this problem, we introduce a set of candidate
models to study the first steps in the Wnt signalling cascade involving the Axin scaf-
folding protein that degrades 3-catenin and the LRP6 co-receptor, which facilitates de-
activation of this process. Using our framework, we reduce the number of suitable
candidate models from twelve to four and propose new in vitro experiments to dis-
criminate between these models further. In a multi-disciplinary study, we carry out
these experiments in the laboratory to discriminate between the remaining candidate
models.

Our results suggest that Axin can interact with LRP6 independently of Wnt, and
that Wnt stimulation leads to Axin-driven LRP6 phosphorylation. We build on our
initial candidate models and introduce p-catenin and further details of the pathway in
a new set of candidate mathematical models. We compare these models to experimen-
tal results from three different studies of the pathway, which have proposed different
models for the pathway. We establish that one of our candidate models can qualita-
tively reproduce the results from all three studies. According to this model, the first
steps that lead to accumulation of 3-catenin upon Wnt stimulation is sequestration of
Axin at the membrane. Beyond the first half hour, dephosphorylation of Axin allows
levels of 3-catenin to increase further.

The existence of seemingly inconsistent experimental results and models is not
unique to the Wnt pathway. Thus we believe that the framework developed in this
thesis could be adapted for use in other studies of signalling pathways to understand
the underlying networks of individual pathways and their crosstalk.
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Chapter 1

Introduction

1.1 Motivation

The ability of a cell to respond and adapt to its surrounding environment is funda-
mental to its survival. In multicellular organisms, a cell’s response to its microenviron-
ment enables it to become specialised, and to carry out specific functions (Krstic et al.,
2017; Vermeulen et al., 2010). This response often involves changes to proteins, such as
synthesis, degradation, phosphorylation or complex formation that enable the cell to
function appropriately in the given environment.

Signalling pathways are subcellular networks that transfer a stimulus (e.g. bind-
ing of a ligand to a receptor at the cell membrane) across the cell via a series of bio-
chemical cascades to a response to that stimulus (e.g. increase in transcription of a
particular gene). The biochemical reactions involved in this signal transduction typi-
cally involve interactions between different proteins and conformational changes that
enable the transfer of this signal within the cell and across neighbouring cells (Molnar
et al., 2011).

The biochemical interactions that participate in signalling pathways can gener-
ate complicated dynamics depending on the stimulus and the cell’s status. Moreover,
crosstalk between signalling pathways is common (Song et al., 2015; Kay et al., 2017;
Vert and Chory, 2011; Collu and Hidalgo, 2014). This means a signalling event in one
pathway could change the behaviour in another pathway or the combined signal from
both pathways triggers a response different to the one from each pathway (Vert and
Chory, 2011). This can make the behaviour of signalling pathways highly nonlinear
and in many cases hard to predict (Janson, 2012; Carballido-Landeira and Escribano,
2016; Tyson et al., 2003).

Abnormal function of a signal transduction pathway, for example due to mu-
tations in its components, is a hallmark of carcinogenesis and developmental dis-
eases (Bazigou and Rallis, 2007). In order to understand how these abnormalities lead
to such diseases, it is important first to understand the signal transduction process in
healthy cells.

As a result, one of the core research themes within Systems Biology is the study of
signalling pathways (Alon, 2007; Alberghina and Westerhoff, 2005). The primary chal-
lenges are to understand the structure of the biochemical networks that define these
pathways and how mutations within their components lead to incorrect cellular re-
sponses. Typically, such studies involve abstract models that describe these networks.
These may be mathematical, e.g. using ordinary differential equations (ODEs), or ver-
bal, using a word description to detail the network interactions (MacLean et al., 2015a).

A particular challenge in these studies is that the experimental results on which
these models are based are often hard to interpret quantitatively (Bass et al., 2017;
Gassmann et al., 2009; Taylor et al., 2013). Based on the experimental procedure the re-
sults are often qualitative or, at best, semi-quantitative (Pargett and Umulis, 2013; Bass
et al., 2017). For example, levels of a particular protein may increase monotonically,
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or follow a bell shape, but the exact levels of such changes can vary across experi-
ments. Moreover, the experimental procedures and setup, and the initial states of the
biological system can mean that seemingly contradictory results are observed in dif-
ferent studies or even within the same study by the same group of experimentalists.
In addition, the sparsity of the available data adds further challenges to such studies.
These challenges mean experimental results and models proposed in different studies
can often appear contradictory (Metcalfe and Bienz, 2011).

One of the well-studied signalling pathways in vertebrates is the Wnt signalling
pathway, which regulates many processes in the cell and its disruption is a hallmark of
carcinogenesis (Zhan et al., 2017; Duchartre et al., 2016; Clevers and Nusse, 2012). In
particular, 90% of colorectal cancer cases show overactivation of this pathway (Radtke
and Clevers, 2005), with 75% of these cases carrying a mutation in APC, one of the core
components of the canonical Wnt pathway (Morin et al., 1997). This makes the canoni-
cal Wnt pathway an ideal model system for exploring novel approaches to investigate
the behaviour of signalling pathways in general.

Unsurprisingly, studies of the Wnt pathway also face the challenges described
above. A review of the recent experimental research on the Wnt pathway reveals that
the verbal models proposed for the pathway can also appear contradictory (MacDon-
ald and He, 2012; Metcalfe and Bienz, 2011). The existing verbal models of the path-
way have not been shown to be fully consistent with the experimental data, nor can
the data be used to reject competing models. Similarly, mathematical modelling, and
more importantly model parametrisation, based on such qualitative data can lead to
inconsistent models.

There is therefore a growing need for a different approach in order to assess the
available experimental data and establish whether seemingly inconsistent results can
be reconciled. Accordingly, in this thesis, instead of carrying out quantitative anal-
ysis of models of the Wnt signalling pathway, we carry out qualitative comparisons
of alternative quantitative models against the experimental data. Our aim is to deter-
mine whether seemingly inconsistent experimental observations can be unified under
a mathematical framework.

Focusing on the Wnt pathway, we carry out a detailed literature review to pro-
pose a set of candidate models that may be consistent with different (and sometimes
apparently contradictory) experimental observations. We represent these models using
ODEs, and use our framework to capture their qualitative behaviour, and ask whether
they may be qualitatively consistent with the experimental observations.

The steps in our model selection framework are as follows. First, we propose a
set of candidate mathematical models that may be consistent with the experimental
observations. Using the results from a single study, we propose a qualitative cost func-
tion that allows us to compare the quantitative output of our candidate mathematical
models with the experimental data from that study. Within this study, we use an opti-
misation algorithm to explore the parameter space of each candidate model, and reject
candidate models where we are unable to find suitable parameter values to reproduce
the experimental results qualitatively. Using the feasible parameter values found for
the remaining candidate models, we carry out further analysis on these models, in
particular sensitivity analysis, and in silico experiments to compare the model outputs
with other experimental observations not used in the original cost function.

If there are suitable experimental results available from different studies, we may
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then propose different cost functions for each set of results and apply the above steps
for each candidate model and cost function across these studies. If there are several
candidate models that describe the observed experimental data across all studies, we
then analyse the model outputs to propose new experiments that may be used to dis-
criminate between them.

Using this framework, we first focus on the cell’s initial response to Wnt stimula-
tion. In particular, we question which reactions are fundamentally altered by binding
of Wnt ligands to the receptors at the cell membrane; namely, the rate of recruitment
of the scaffolding protein Axin to the membrane, or the phosphorylation of LRP6 co-
receptor. We are able to establish that several of our proposed candidate models are
consistent with the experimental observations from one of the recent studies of the
Wnt pathway, and go on to propose new in vitro experiments that could discriminate
between these models.

In order to explore the utility of this approach further I undertook training within
the laboratory of my experimental supervisor. I subsequently spent a significant time
period in the laboratory reproducing the experiments used in our framework and car-
rying out our new in vitro experiment to discriminate between the remaining candi-
date models. I experienced first-hand the challenges of experimental work, and the
problems of reproducibility of experimental results that my experimental colleagues
experience every day. The insights gained are explored further later in this thesis.

Following this experimental phase, we shift our focus to studying how Wnt stim-
ulation leads to deactivation of the multiprotein complex termed the destruction com-
plex, and accumulation of the primary Wnt-target, 3-catenin (see Chapter 2 for a de-
tailed review). We apply our framework to three different sets of results concerning the
deactivation of the destruction complex and show that under our framework, we are
able to propose a unifying mathematical model of the Wnt pathway describing these
seemingly inconsistent results.

In summary, using this approach, we can demonstrate that within this framework,
even with relatively sparse, qualitative experimental results it is possible to discrimi-
nate between different candidate models. Additionally, the framework can guide us
towards new experiments that could discriminate between any remaining candidate
models. With regards to the Wnt pathway, we are able to use our framework to es-
tablish which reactions are most likely altered upon Wnt stimulation. Moreover, we
are able to show that a single model can reconcile seemingly inconsistent experimental
results.

It is important to note that the proposal of inconsistent verbal models of signalling
pathways are not peculiar to the Wnt pathway; arising primarily from the experimen-
tal procedures that are widely used in these studies. Consequently, although we ap-
plied our framework to the Wnt pathway, it should be more widely applicable to other
pathways. We hope that the framework can, in the future, be extended and used to
discriminate between different models of signalling pathways, and guide experimen-
talists in designing future experiments.

1.2 Research questions

Here we rephrase the above motivation into explicit research questions. The overarch-
ing research question we would like to investigate is whether mathematical modelling
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can help us discriminate between different verbal models of the canonical Wnt path-
way proposed in different experimental studies. In particular, we study four specific
questions:

1. Can we apply a computational framework to experimental results that are pri-
marily semi-quantitative and qualitative, rather than quantitative, to infer suit-
ability of different model structures in describing different experimental results?

2. Can we use such a framework, mathematical modelling using ordinary differen-
tial equations, and the current experimental results in the literature to understand
the structure of the biochemical interactions that lead to recruitment to the mem-
brane and deactivation of the destruction complex?

3. Can we propose and carry out new in vitro experiments that may clarify the struc-
ture of these interactions further?

4. Can we propose a minimalistic unifying model of the canonical Wnt pathway
that may under different parameterisations explain the seemingly inconsistent
experimental results that have led to proposals of different models of the canon-
ical Wnt pathway?

1.3 Thesis structure

Chapter 2: Literature review. In the next chapter, we introduce the canonical Wnt
pathway and provide a detailed review of the recent biological literature involving
some of its key components. We summarise some of the latest verbal models of the
canonical Wnt pathway, focusing on the steps that lead to deactivation of an important
multiprotein complex at the centre of the pathway, termed the destruction complex.
We then summarise some of the important mathematical models of the canonical Wnt
pathway before discussing the problem of data quality in studies of signalling path-
ways.

Chapter 3: Model selection. In this chapter, we introduce mathematical model selec-
tion and carry out a brief literature review. We compare our model selection technique
based on CMA-ES optimisation algorithm to one based on approximate Bayesian com-
putation. We apply the two techniques to two case studies. In the first case study, we
follow Toni et al. (2009) and apply the techniques to SIR models studying the spread
of infectious diseases. The second case study focuses on a simple signalling pathway
and introduces the idea of qualitative model comparison. We discuss the advantages
and disadvantages of each technique.

Chapter 4: A reduced core model of the Wnt pathway. In Chapter 4, we introduce
a set of candidate models for the interactions between two core components of the
Wnt pathway, Axin and LRP6. By applying our model selection framework to recent
experimental results by Kim et al. (2013), we reduce the number of suitable candi-
date models from twelve to four and propose new in vitro experiments to discriminate
between these models further. Because in this chapter we only study the cell’s initial
response to Wnt stimulation, in preparation for introducing further complexities in our
candidate models and studying a more complete picture of the pathway, and in order
to keep the problem of model selection tractable, we end the chapter by simplifying
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the most suitable candidate model further. We show that this model can still describe
key experimental dynamics.

Chapter 5: Experimental work. In this chapter, we describe our efforts to carry out
the in vitro experiments proposed in Chapter 4 to discriminate between our remaining
candidate models for the interaction between Axin and LRP6. We detail the materials
and methods and summarise our results. We discuss why further work is needed to
validate or reject the candidate models. We also discuss some of the problems we faced
when carrying out experimental work.

Chapter 6: A new model of the Wnt pathway. In this chapter, we build on our ini-
tial candidate models. We introduce $3-catenin and further details of the Wnt pathway
in our models. We compare our candidate models to experimental results from three
recent studies of the canonical Wnt pathway, each of which has proposed different ver-
bal models for the Wnt pathway (Kim et al., 2013; Azzolin et al., 2014; Li et al., 2012).
We show one of our candidate models is consistent with the three sets of experimental
results.

Chapter 7: Discussion. In this final chapter, we summarise the work carried out in
this D.Phil. and presented in this thesis. We highlight the main contributions of the
work and describe some of its limitations. We outline some of the problems we faced
carrying out multidisciplinary work and some of the lessons we learnt carrying out
cell culture work from the point of view of a non-experimentalist. We discuss future
works and potential extensions of this thesis.






Chapter 2

Literature review

2.1 Introduction

The Wnt signalling pathway is one of the fundamental signal transduction pathways in
vertebrates. It regulates many processes in the cell, such as cell cycle progression and
cell differentiation, and disruption of Wnt signalling is a hallmark of carcinogenesis
and several developmental diseases such as Norrie or Tetra-amelia (Stamos and Weis,
2013; Valenta et al., 2012; Clevers and Nusse, 2012). The Wnt pathway is named after
the hydrophobic Wnt family of proteins that bind to various receptors and co-receptors
on the cell membrane, transferring extracellular cues into intracellular signals.

The Wnt pathway consists of two subsets: the canonical Wnt pathway, which reg-
ulates intracellular levels of the [-catenin protein; and the non-canonical pathways,
such as the Planar Cell Polarity (PCP) pathway, which directs the alignment of cells
within tissues (Amerongen, 2012). Our primary focus is the canonical Wnt pathway,
which we simply refer to as the Wnt signalling pathway, unless otherwise specified.

Of particular interest in this thesis is the relevance of Wnt signalling to colorectal
cancer (CRC), the fourth most common cancer in humans (Ferlay et al., 2012). CRC
initiates in the layer of epithelial cells that cover the surface of the intestine in test-tube
shaped glands called crypts (Reya and Clevers, 2005). Colorectal carcinogenesis occurs
as a consequence of changes that disrupt normal crypt dynamics. Thus, elucidating the
extracellular chemical signals and mechanical cues that control crypt homeostasis, and
how mutations alter these is crucial to understanding the origins of CRC. Overactiva-
tion of the Wnt signalling pathway occurs in 90% of CRCs (Radtke and Clevers, 2005),
with mutations in adenomatous polyposis coli (APC) occurring in 75% of CRC cell
lines (Morin et al., 1997). It is therefore important to understand how these alterations
allow neoplasms to develop and take over the healthy tissue. This may assist in iden-
tification of suitable drug targets. Before we may identify the effect of these mutations
on cell and tissue, we need to understand the behaviour of Wnt signalling in healthy
cells.

The Wnt pathway is highly conserved from invertebrates, including C. elegans
and Drosophila, to vertebrates, including Xenopus and mammals (Valenta et al., 2012).
Although we will primarily focus on the behaviour of the pathway in vertebrates and
in particular mammals, most proteins and processes named here have orthologs or
equivalents in invertebrates and many studies of the Wnt (or Wingless/Wg) pathway
have been carried out in Drosophila.

Our understanding of the Wnt pathway is still very limited; however, a few steps
are very well observed. In the absence of a Wnt stimulus (Figure 2.1A), (3-catenin is
marked by a multiprotein assembly, called the destruction complex, for degradation.
The main components of the destruction complex are understood to be scaffolding
proteins Axin and APC, and kinases GSK3 and CK1. Wnt stimulation leads to binding
of Wnt ligands to Frizzled receptors and LRP5/LRP6 co-receptors (Figure 2.1B). This
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leads to recruitment of several components of the destruction complex, and in particu-
lar the scaffolding protein Axin to the membrane, and deactivation of this complex in
a not very well understood way. Deactivation of the destruction complex drives an in-
crease in levels of B-catenin, which translocates to the nucleus, leading to transcription
of various Wnt-target genes.

@
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ﬁ—catenm Destruction Complex r ) D F“" Destruction Complex
1 BRREE
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FIGURE 2.1: Schematic of the canonical Wnt signalling pathway. In the absence of extracellu-
lar Wnt ligands (left), 3-catenin is continuously degraded by a multiprotein complex termed
the destruction complex, which causes -catenin phosphorylation at residues 545 by CK1 and
S33/537/T41 by GSK3. Upon Wnt stimulation (right), the destruction complex is deactivated,
causing [3-catenin accumulation and Wnt target gene transcription. A large fraction of 3-catenin
is also found at the membrane, bound to E-cadherin in adherens junctions

The description above is a very simplified version of the events of the Wnt
pathway. The Wnt pathway involves many proteins that go through various post-
translational modifications, and has cross talk with several other important pathways,
including Hippo (Azzolin et al., 2012; Piccolo et al., 2014), Delta-Notch and Hedgehog
pathways (Takebe et al., 2011).

In the first part of this chapter, we introduce several proteins that play important
roles in the Wnt pathway dynamics. We then describe several verbal and mathemat-
ical models of the pathway, and describe some competing verbal models for how the
destruction complex is deactivated upon Wnt stimulation.

We then review several existing mathematical models of the Wnt pathway. We
end by touching uppon data quality in studies of signalling pathways, and explain
why caution must be exercised by both experimentalists and mathematicians before
predictions are made using any such data.

2.1.1 [-catenin

The main target of the Wnt pathway, $-catenin, plays two different roles in the cell. It
is a transcriptional coactivator, which can increase transcription of various genes by
binding to the T-cell factor/lymphoid enhancer factor (TCF/Lef) family of transcrip-
tion factors (Tetsu and McCormick, 1999). It also plays an important role in adherens
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junctions by forming complexes with a-catenin and E-cadherin, and, in this way, con-
necting the actin cytoskeleton to the cell-cell junctions (Clevers and Nusse, 2012).

The role of B-catenin was first discovered in the 1980s. Its role in cell adhesion
was discovered by Ozawa et al. (1989) as a binding partner of E-cadherin. Its role in
gene transcription was discovered in Drosophila, via the $-catenin ortholog, Armadillo
(Nusslein-Volhard et al., 1984).

Figure 2.2 displays a schematic of (3-catenin and several of its binding partners.
These binding partners share overlapping binding regions. For example, APC, E-
cadherin and TCF/Lef bind to 3-catenin via overlapping regions, meaning [3-catenin
cannot form complexes with these proteins at the same time, i.e. it has to choose be-
tween cell-adhesion, gene transcription and degradation (Valenta et al., 2012). Confor-
mational changes in 3-catenin may bias it towards its different roles. In Drosophila,
Armadillo mutants have been produced that can perform exclusively its role in gene
transcription or cell adhesion (Valenta et al., 2012).
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FIGURE 2.2: The B-catenin protein consists of a central region composed of 12 Armadillo re-
peats (numbered boxes), flanked by an amino-terminal domain (NTD) and a carboxy-terminal
domain (CTD). Between the last Armadillo repeat and the flexible part of the CTD is the con-
served helix-C (C). Coloured bars show experimentally validated binding sites for (3-catenin
interaction partners. Colour code: purple, components of adherens junctions; blue, members
of the [3-catenin destruction complex; red, transcriptional co-activators; green, transcription
factors providing DNA binding; gray, transcriptional inhibitors. C-Terminal Transcriptional
Activators (CTTA), the critical domain for their binding is marked by brackets. Little circles in-
dicate phosphorylation sites on either E-cadherin or APC that enhance the interactions. Figure
reproduced with permission of Springer from Valenta et al. (2012).

Since [-catenin is an important part of adherens junctions and a large fraction of
(-catenin is bound to adherens junctions at the cell membrane, disruptions in adherens
junctions could release p-catenin to the cytoplasm and may cause Wnt signalling.
Herzig et al. (2007) observe that E-cadherin-negative cells failed to show higher levels
of TCF transcription using the Top/flash report assay compared to E-cadherin posi-
tive cells (Herzig et al., 2007). However, other groups have observed an increase in
B-catenin/TCF mediated transcriptional response in murine breast cells (Stockinger et
al., 2001).
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B-catenin may be phosphorylated in various sites which may increase its likeli-
hood of taking part in a particular role in the cell. For example, phosphorylation at
Y654 residue by Src can reduce its ability to bind to cadherins, while increasing its nu-
clear translocation and signalling ability (Huber and Weis, 2001; Veelen et al., 2011).
Similarly, phosphorylation at 5191 and S605 by JNK2 kinase has been observed to in-
crease nuclear localisation of 3-catenin (Wu et al., 2008), although the exact method of
translocation of (3-catenin into the nucleus is not yet well understood (Valenta et al.,
2012).

Of particular interest to our thesis is 3-catenin phosphorylation that occurs in the
destruction complex. CK1 phosphorylates the S45 residue (Amit et al., 2002; Liu et al.,
2002), which primes {3-catenin for phosphorylation by GSK3 at T41, leading to succes-
sive phosphorylation at S37 and S33. This creates a binding site for 3-TrCP (Yost et al.,
1996; Liu et al., 2002; Wu and He, 2006). 3-TrCP recruits 3-catenin to the Skp1/Cull/F-
box/B-TrCP (SCFB-TrCP) E3 ubiquitin ligase complex, which leads to 3-catenin degra-
dation via the 26S proteasome (Hart et al., 1999).

B-catenin may also be marked for degradation in a 3-TrCP independent manner, in
particular via Siah-1 (Liu et al., 2001) and Jade 1 (Chitalia et al., 2008). Siah-1 degrada-
tion is in fact independent of 3-catenin phosphorylation via the destruction complex,
however, it has been proposed that the rates of degradation of B-catenin independently
of the destruction complex, cannot be significant (Herndndez et al., 2012).

2.1.2 The Wnt family of proteins

In mammals there are 19 different genes for Wnt proteins, each approximately 40 kDa
in size (Schweizer and Varmus, 2003). They are secreted into the extracellular space by
Wnt-secreting cells such as Paneth cells (Gregorieff et al., 2005), and are typically found
bound to the cell membrane or the extracellular matrix (Mikels and Nusse, 2006a). Wnt
signalling often acts on a relatively short range between neighbouring cells (Clevers
and Nusse, 2012). It can shape tissues as it can give polarity and asymmetry to cells,
e.g. during cell division, daughter cells close to Wnt beads show higher levels of nu-
clear -catenin and pluripotency (Habib et al., 2013).

The difference in the roles different Wnt ligands play is not well understood.
Some Wnt ligands predominantly lead to canonical signalling while others activate
non-canonical signalling only. It has also been observed that ligands can work in a
cooperative manner (Miller et al., 2012). Most in vitro studies of the canonical Wnt
pathway use human or murine Wnt3A ligands to stimulate cells.

The structure of Wnt proteins and how they interact with receptors at the mem-
brane is also not well understood, largely because researchers have found it difficult to
generate the soluble Wnt protein fragments which are required for such studies (Mac-
Donald and He, 2012). It has also been difficult to purify Wnt proteins. Indeed, most
studies of the Wnt pathway use Wnt Conditioned Media. HEK293T cells are often
transfected with a Wnt producing vector, or alternatively, cell lines such as L-Wnt-3A
cells (available from ATCC) which are stably transfected with such a vector, are used
to produce Wnt Conditioned Media, which is then used to stimulate other cells in vitro.
It is important to note that Wnt Conditioned Media contains other proteins secreted by
the Wnt producing cells, which may stimulate the cells in other unexpected ways.

Other Wnt ligands can also act to activate or inhibit canonical Wnt signalling in a
receptor dependent manner. For example Wnt5A can inhibit 3-catenin induced gene
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transcription by binding to receptor orphan tyrosine kinase Ror2, whereas it can ac-
tivate canonical Wnt signalling by binding to Frizzled 4 receptor (Mikels and Nusse,
2006b).

2.1.3 Frizzled family of receptors

Frizzled proteins are seven-transmembrane receptors. They are the main receptors for
Wnt ligands and play central roles in cell proliferation, movement and polarity (Yu
et al., 2012). Ten Frizzled proteins have been identified in mammalian cells. Different
Wnt ligands activate Wnt signalling by binding to these different receptors. Partial
redundancies in various Frizzled proteins have been observed in different tissue types.
For example, Fzd4 and Fzd8 function redundantly in kidney development (Ye et al.,
2011).

Yu et al. (2012) carried out a detailed review of interactions between Wnt ligands
and Frizzled receptors (Figure 2.3). They found that Frizzled 2 and Frizzled 7 are capa-
ble of canonical Wnt signalling and are highly redundant with respect to one another.
However, they admit that it is unclear how these redundancies occur, and whether
signalling converges at the receptor level with formation of the same ligand /receptor
complexes or indirectly further downstream.

It is well known that the Frizzled receptor is crucial to Wnt signalling, however
its exact role and the mechanism of its activity is not well understood. The first crys-
tal structure of binding of Wnt ligands to a Frizzled receptor was published in 2012
showing mouse Fzd8 CRD domain in complex with Xenopus Wnt8 ligand (Janda et
al., 2012).
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FIGURE 2.3: The activity of the canonical Wnt pathway upon transfection of STF cells
(HEK293T cells stably expressing firefly luciferase reporter, which is a measure of canonical
Wnt activity) with various mouse Wnt and Frizzled proteins alongside LRP5. Figure repro-
duced from Yu et al. (2012) with permission.

We refer readers to a recent publication by Wang et al. (2016) for a review of the
latest research on the Frizzled family of receptors.
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FIGURE 2.4: Schematics of LRP6 protein. (A) Arrow, LRP5, and LRP6 are shown schematically
together with LDLR. LRP6 binding to different Wnt proteins and antagonists SOST and DKK1
are shown. (B) LRP6 is a single-pass transmembrane protein. It has a modular extracellular
domain (ECD), consisting of YWTD domains, EGF-like repeats, and LDL repeats. The intracel-
lular domain (ICD) consists of PPPSP repeats (A-E), each juxtaposed with CK1 sites. Protein
kinases promoting LRP6 signal transduction are indicated. Note that N-terminal phosphoryla-
tion by CKle is inhibitory to Wnt/LRP6 signalling. (A) is reproduced with permission of Cold
Spring Harbor Laboratory Press from MacDonald and He (2012) and (B) is reproduced with
permission of Springer from Niehrs and Shen (2010).

2.1.4 Arrow/LRP5/LRP6

LDL receptor-related proteins 5 and 6 (LRP5/LRP6) in vertebrates, or their Drosophila
ortholog, Arrow, (henceforth referred to as LRP6 for simplicity) are single-span trans-
membrane proteins with approximately 1600 amino acid residues that play an im-
portant role in canonical and non-canonical Wnt signalling. They are believed to act
as a co-receptor for Frizzled, forming a ternary complex with Frizzled and Wnt lig-
ands (MacDonald and He, 2012), leading to Wnt signalling.

Different groups have established that Wnt ligands can bind directly to LRP6 (He
et al., 2004). A single LRP6 protein may also be able to engage two different Wnt pro-
teins simultaneously (MacDonald and He, 2012), adding further to the complexities
of Wnt signalling. The schematic in Figure 2.4A shows where various ligands bind to
the extracellular domain of LRP6. Figure 2.4B shows the structure of the LRP6 intra-
cellular domain. LRP6 has five signature PPP(S/T)PxS motifs (often summarised to
PPPSPxS or simply PPPSP) named A to E. These motifs are conserved from inverte-
brates to human. For consistency, from this point on we refer to these motifs as PPPSP.
These motifs and, in particular, phosphorylation of several of their residues are be-
lieved to play important roles in the Wnt cascade. PPPSP phosphorylation by GSK3
primes LRP6 for phosphorylation at xS by CK1. We note that this contrasts with the
-catenin phosphorylation steps, where CK1 primes {3-catenin for GSK3 phosphoryla-
tion. Most studies use an antibody that measures phosphorylation of the 51490 residue
on the PPPSP motif A by GSK3, while similar regulations are observed on other motifs.

PPPSP motifs work in a cooperative manner. A single PPPSP motif is insufficient
to stimulate Wnt signalling (Wolf et al., 2008; Niehrs and Shen, 2010); with at least
four motifs required for competent Wnt signalling (MacDonald et al., 2008; Wolf et al.,
2008).

LRP6 also has an S/T cluster, preceding the first PPPSP motif, which may be phos-
phorylated by CK1, and in particular residue T1479, which is phosphorylated by CK1y
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upon Wnt stimulation (Bilic et al., 2007). The importance of this phosphorylation in the
Wnt cascade is not clear, particularly because it is not conserved in Drosophila (Zeng
et al., 2008).

We remark that apart from the kinases described above, various other kinases
are known to phosphorylate LRP6 at several sites in Wnt-dependent and Wnt-
independent manners. We refer the reader to a review by Niehrs and Shen (2010) for a
more detailed review of LRP6 phosphorylation.

Many studies of Wnt signalling involve mutants that have the LRP6 cytoplasmic
region knocked out (called LRP6AC), or have the five motifs replaced by PPPAPxA or
PPPAP, such that they can no longer be phosphorylated. These mutations lead to de-
activation and lack of Wnt signalling. On the other hand, mutants lacking the extracel-
lular domain of LRP6 (called LRP6AN) have constitutively active Wnt signalling (Wu
et al., 2009; Zeng et al., 2005; MacDonald and He, 2012).

It is observed that Axin is recruited to LRP6 upon Wnt stimulation (Khan et al.,
2007; Bilic et al., 2007), however, the exact method of recruitment is unclear; it may
be direct, indirect or a combination of both (Piao et al., 2008; Zeng et al., 2008; Mac-
Donald et al., 2008; Zeng et al., 2005). A Phosphorylated PPPSP motif is a docking
station, unlike an unphosphorylated one (Tamai et al., 2004). However, Zeng et al.
(2008) and Yamamoto et al. (2006) observe that Axin is required for LRP6 phosphoryla-
tion at PPPSP motifs. Phosphorylation by GSK3 of LRP6 at S1490, which is in the first
of these motifs, is greatly enhanced upon overexpression of Axin (Yamamoto et al.,
2006). These results suggest that there may be several alternative ways of recruitment
of Axin to phosphorylated and unphosphorylated LRP6. Only Axin that can recruit
GSK3 has been observed to phosphorylate LRP6 (Zeng et al., 2008), suggesting Axin
might aid LRP6 phosphorylation by chaperoning GSK3 to the membrane and enhanc-
ing its availability there.

Frizzled is also required for PPPSP phosphorylation by GSK3 (Zeng et al., 2008).
Indeed, preventing Frizzled /Dishevelled interaction halted this phosphorylation sug-
gesting that Dishevelled plays a key role in Frizzled /Wnt induced phosphorylation of
LRP6 (Zeng et al., 2008). The role of Dishevelled is discussed further below.

Another observation in the study of signalling via LRP6 is that caveolin, a family of
membrane proteins important for endocytosis, is required for 3-catenin accumulation
upon Wnt stimulation (Yamamoto et al., 2006, Yamamoto et al., 2008). These studies
found that LRP6 phosphorylation at 51490 and T1479 and LRP6 internalisation were
required for Wnt signalling. Caveolin was found to be important for internalisation of
LRP6 in lipid rafts, membrane micro domains that are enriched in cholesterol and gly-
cosphingolipids (Yamamoto et al., 2006). We remark that these studies were performed
using overexpression of LRP6 proteins, which may lead to increased endocytosis.

We also note that GSK3 plays two opposing roles in Wnt signalling. Cytoplasmic
GSK3 can lead to degradation of 3-catenin and inhibition of Wnt signalling, whereas
GSK3 at the membrane can lead to its activation (MacDonald and He, 2012).

2.1.5 Dishevelled

Dishevelled (or simply Dvl) proteins (DVL1, DVL2, DVL3 in humans and Dsh in
Drosophila and Xdsh in Xenopus) comprise approximately 700 amino acids and play
important roles in Wnt signal transduction (MacDonald et al., 2008).

Dvl has three important domains called DIX, PDZ, and DEP. The PDZ and DEP
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domains have been shown to be important for recruitment of Dvl to Frizzled and the
plasma membrane. However, it is unclear whether Frizzled-Dvl interaction is primar-
ily Wnt-driven (MacDonald and He, 2012). The DIX domain, on the other hand, can
lead to polymerisation of DVL (Schwarz-Romond et al., 2005), and may lead to the
dynamic assembly of protein-protein interactions such as between Axin and Dvl, and
play an important role in the formation of aggregates at the membrane called the LRP6
signalosome (Bilic et al., 2007). Recently, it has been suggested that the DEP domain of
Dvl is also essential to LRP6 signalosome formation by enabling dimerisation of Dvl
proteins (Gammons et al., 2016). However, it has also been suggested these aggregates
are, in fact, endocytic vesicles (Taelman et al., 2010). Dvl can associate with CK1le and
CK2, and become hyperphosphorylated upon Wnt stimulation (Willert et al., 1997),
although the role of Dvl phosphorylation in Wnt signalling is not yet clear.

The Axin scaffolding protein has a similar DIX domain, which is called DAX in the
literature to distinguish it from the Dvl DIX domain. It has been suggested that Axin
oligomerization might also play an important role in 3-catenin degradation (Fiedler
et al., 2011). Axin is recruited to Dvl in overexpression studies, although again the
interaction between Axin and Dvl and its role in Wnt signalling is unclear (Kishida
et al., 1999).

Although it has been observed Dvl plays an important role in Wnt signalling, and
in particular phosphorylation of LRP6, recruitment of Axin to the membrane and deac-
tivation of the destruction complex, its precise role and the importance of its domains
or phosphorylation at various residues are not well understood.

2.1.6 Axin

One of the primary members of the 3-catenin destruction complex is the Axin scaffold-
ing protein. There are two Axin genes in vertebrates, Axinl and Axin2, which do not
seem to vary in function (Stamos and Weis, 2013). Axin2 is a Wnt-target gene, leading
to one of the well observed feedback loops in Wnt signalling (Jho et al., 2002). Going
forward, we refer to the total Axinl and Axin2 simply as Axin.

Axin is a tumour suppressor, with overexpression of Axin able to reduce levels of
(-catenin in colorectal cancer cell lines (Behrens et al., 1998). It is a largely unstructured
protein with binding sites for $-catenin, GSK3 and CK1 kinases, PP2A phosphotase
and APC. It has been observed to enhance phosphorylation of 3-catenin by CK1 and
GSK3 by acting as a scaffold (Stamos and Weis, 2013).

Axin levels have been observed to vary across cell lines. Whereas Lee et al. (2003)
observed low levels of Axin in Xenopus (0.02 nM), Tan et al. (2012) observed higher
levels in a range of mammalian cell lines (e.g. 150 nM in HEK293T human embryonic
kidney cells).

Levels of Axin are observed to drop upon Wnt stimulation (Li et al., 2012). This
is most likely due to Axin dephosphorylation at various residues which is observed
to reduce Axin stability (Yamamoto et al., 1999; Strovel et al., 2000). Although this
drop might play an important role in long term Wnt response, initial accumulation
of B-catenin occurs before any changes in levels of Axin are observed. [-catenin ac-
cumulation and increase in Wnt target gene mRNA were observed within the first 30
minutes to 2 hours after Wnt stimulation, whereas there is no noticeable drop in Axin
concentration in this period (Li et al., 2012).
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Axin phosphorylation might also play an important role in the cell’s initial re-
sponse to Wnt signalling. Phosphorylation of Axin by GSK3 at 5497 /5500 residues
can increase its affinity for 3-catenin (Kim et al., 2013). Kim et al. (2013) observed that
Axin is dephosphorylated by protein phosphatase 1cy (PP1cy) at these sites upon Wnt
stimulation. Luo et al. (2007) observed that PP1-driven dephosphorylation of Axin can
reduce its affinity for GSK3. Similarly, Willert et al. (1999) observed that Wnt stimula-
tion leads to dephosphorylation of Axin; however, they observed that this dephospho-
rylation was reduced by blocking protein phosphatase 2A (PP2A), and not PP1.

2.1.6.1 Axin feedback loops

Two well observed Axin feedback loops affect the canonical Wnt signalling. First,
Axin2, has been shown to be a Wnt target gene (Jho et al., 2002; Leung et al., 2002).
This provides a negative feedback loop on the canonical Wnt cascade as an increase
in Wnt stimulation causes [3-catenin accumulation, increasing transcription of Axin2
and hence increasing 3-catenin degradation via the destruction complex. Second, Axin
dephosphorylation via the LRP6 complex upon Wnt stimulation leads to destabilisa-
tion of Axin via enzymes tankyrase 1 and tankyrase 2 via an as yet unknown man-
ner (Huang et al., 2009). This causes Axin levels to fall 4 to 5 hours after Wnt stimu-
lation (Li et al., 2012) and creates a positive feedback loop as Wnt stimulation reduces
the concentration of the destruction complex, increasing the affects of Wnt stimulation
turther.

2.1.7 APC

Mutations in the tumour suppressor APC occur in 75% of CRC cell lines (Morin et al.,
1997), suggesting it plays a crucial role in controlling cell processes whose disruption
can initiate carcinogenesis.

APC has binding sites for 3-catenin and Axin (Stamos and Weis, 2013). Its phos-
phorylation by GSK3 and CK1 is enhanced in the presence of Axin and increases its
affinity for 3-catenin (Stamos and Weis, 2013). In addition to its role in the 3-catenin
destruction complex, APC has important roles in spindle formation, kinetochore at-
tachment and microtubule stability (McCartney and Nathke, 2008). These roles might
also explain why APC mutations are so common in CRC.

The exact role of APC in the destruction complex is not well understood. In a study
involving purified proteins, increasing levels of APC in the presence of other compo-
nents of the destruction complex failed to increase 3-catenin phosphorylation (Stamos
and Weis, 2013). However, it has been suggested that APC is necessary for 3-catenin
phosphorylation (Wang et al., 2014).

Recently Pronobis et al. (2017) used overexpression of the Drosophila APC2 and
Axin proteins in human SW480 cells to study the role of APC and Axin. Their investi-
gation revealed that non-functional APC2 and Axin mutants were able to complement
each other to form a functioning destruction complex. They proposed that the destruc-
tion complex is able to recruit 3-catenin using different domains of the APC and Axin
scaffolding proteins. Moreover, the authors observed that although overexpression of
some non-functional APC2 or Axin mutants did not lead to 3-catenin degradation, this
did inhibit Wnt target gene transcription as effectively as overexpression of full length
APC2 or Axin, suggesting these proteins might play a role in sequestering (3-catenin in
the cytoplasm and away from the nucleus.
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Su et al. (2008) observed that APC protects 3-catenin from dephosphorylation by
PP2A, and can facilitate its binding to the SCF/B-TrCP complex. APC’s role in 3-catenin
ubiquitination is also supported by studies in colorectal cancer cell lines that carry
mutations in APC (e.g SW480 and DLD-1) in which levels of phosphorylated 3-catenin
were unaltered (Su et al., 2008)

Since APC phosphorylation enables APC to bind to the same domain of 3-catenin
as Axin, it has also been proposed that APC might play a role in recycling Axin by
removing phosphorylated 3-catenin from the destruction complex (Kimelman and Xu,
2006). Similarly, APC has multiple binding sites for 3-catenin with their affinity de-
pending on APC’s phosphorylation state. These observations suggest that phosphory-
lation state of APC is important for its function (Ha et al., 2004).

Localisation of APC in the cell may also influence its role in Wnt signalling. Bro-
cardo et al. (2005) observed that truncated APC could shuttle between the cytosol and
the nucleus more easily than full length APC; however, a more recent study failed to
tind a significant amount of APC2 in the nucleus, suggesting APC’s nuclear transport
might not play an important role in Wnt signalling (Roberts et al., 2012).

There are numerous other hypotheses about the role of APC in the destruc-
tion complex, although understanding the role of APC still remains extremely illu-
sive (MacDonald and He, 2012).

2.1.8 E-cadherin

A large pool of (-catenin is bound to E-cadherin in Adherens junctions at the cell
membrane and disruption in these junctions may affect Wnt signalling (Herzig et al.,
2007; Stockinger et al., 2001). Repression of E-cadherin is a hallmark of Epithelial-
mesenchymal transition (EMT), a key event in the generation of invasive tumours (Shin
et al., 2010). The levels of E-cadherin are regulated by the canonical Wnt pathway in
several ways. First, the Slug family of proteins is an inhibitor of E-cadherin transcrip-
tion, and can itself be induced by (-catenin signalling (Conacci-Sorrell et al., 2003).
Additionally, the protease ADAM10 is known to destroy the integrity of the Adherens
junctions, and is itself transcribed by a Wnt target gene (Maretzky et al., 2005).

More recently, Huels et al. (2015) investigated the role E-cadherin plays in con-
trolling normal cell behaviour when components of the canonical Wnt pathway are
mutated. They observed that mutations in APC or GSK3 quickly lead to -catenin ac-
cumulation in the small intestine and colon, whereas in the case of a single activating
mutation of 3-catenin, E-cadherin acted as a sink for the accumulated (3-catenin. This
meant it took longer for tumours to initiate in the small intestine and no tumours were
observed in the colon, where there are higher levels of E-cadherin. Both a reduction
in E-cadherin levels and a double mutation in 3-catenin were shown to have a similar
effect on Wnt signalling as mutations in GSK3 and APC.

These observations suggest that E-cadherin might play an important role in ex-
plaining how mutations in components of Wnt signalling leads to carcinogenesis.

2.1.9 The role of YAP/TAZ

Crosstalk has been observed between the canonical Wnt pathway and other fundamen-
tal subcellular pathways, such as the Hedgehog and Delta/Notch pathways (Takebe
et al., 2011), and non-canonical Wnt signalling pathways (Amerongen, 2012). Wnt also
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interacts with the Hippo pathway, which determines organ size by regulating cell pro-
liferation and apoptosis in several ways (Piccolo et al., 2014). First, the transcriptional
coactivators Yes-associated protein (YAP) and transcriptional coactivator with PDZ-
binding motif (TAZ), targets of the Hippo pathway, share with -catenin a common
DNA-binding platform to transcribe several target genes involved in cell proliferation
and viability (Piccolo et al., 2014). Next, Azzolin et al. (2014) showed that YAP/TAZ
are part of the destruction complex and Wnt induces disassociation of YAP/TAZ from
Axin. YAP/TAZ may then translocate to the nucleus and cause YAP target gene tran-
scription. Unlike Azzolin et al. (2014), more recently Cai et al. (2015) failed to detect an
increase in YAP/TEAD transcription factors reporter activity upon Wnt stimulation.
More work is needed to explain these dependencies.

Azzolin et al. (2014) also detected a drop in Wnt transcriptional activity upon over-
expression of YAP and a decrease in the association of 3-TrCP with Axinl upon de-
pletion of YAP with short interfering RNAs (siRNAs). Hence, YAP/TAZ can act as
mediators and inhibitors of Wnt signalling (Piccolo et al., 2014).

YAP/TAZ also transduce the mechanical effect of confluency and contact inhi-
bition, with healthy proliferating cells in sparse cell cultures or cultures on stiff ex-
tracellular matrix showing nuclear localisation of YAP/TAZ (Aragona et al., 2013).
YAP /TAZ effects are particularly important after oncogenic mutations. In wild-type
epithelial cells YAP1 inhibition fails to reduce the rate of proliferation. However, after
loss of APC, inhibition of YAP1 via YES1 kinase activity reverses cell hyperprolifera-
tion (Rosenbluh et al., 2012).

Our understanding of the crosstalk between the Hippo and canonical Wnt path-
way is still rather limited. The complexities of the two pathway suggest that there may
be an exciting opportunity for mathematical modelling of this crosstalk.

2.1.10 Other agonists and antagonists of the Wnt pathway

In additions to the proteins described above, many other agonists and antagonists of
Wnt signalling form ligand-receptor complexes that regulate Wnt signalling (Niehrs,
2012). For example, R-spondins (roof plate-specific spondin) is a known activator of the
canonical Wnt pathway (Wei et al., 2007). R-spondins promote continual Wnt stimula-
tion by stabilising the Frizzled /LRP5/6 signalosome and halting its endocytosis (Mah
et al., 2016). R-spondin 1 is required for the growth of mouse crypt organoids in Wnt
conditioned media (Sato et al., 2009).

Frizzled-related proteins (sFRPs) and Wnt inhibitory protein (WIF), inhibit Wnt
signalling by forming a complex with Wnt (Itasaki, 2003; Li et al., 2005b; Seménov et
al., 2005), whereas proteins from the Dickkopf (DKK) and WISE/SOST families cause
inhibition by binding to LRP6 co-receptors and disrupting the LRP6/Fzd complex for-
mation (Glinka et al., 1998; Bovolenta et al., 2008). These antagonists bind to LRP6 in
regions that overlap with sites for Wnt ligands, blocking the interaction of Wnt ligands
with LRP6 (MacDonald and He, 2012) (see Figure 2.4A).

2.2 Models of the Wnt pathway

Signalling pathways can be modelled in a variety of ways; we consider two categories:

* Verbal models use words to describe the interactions between pathway compo-
nents. They are usually proposed in experimental studies.
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* Mathematical (and rule-based) models use a set of rules and/or mathematical
equations, such as ordinary or stochastic differential equations, to describe the
temporal and spatial dynamics of the pathway. Whereas traditional mathemat-
ical models may treat each conformational state of a protein as an individual
species, rule-based or agent-based models treat proteins as agents, with sites that
may be in different states.

In the next two sections, we summarise some of the recent verbal and mathemati-
cal models of the Wnt pathway. We will focus on the models that include components
of the pathway that we study in later thesis chapters.

2.2.1 Verbal models

In the first part of this chapter, we introduced the main components of the canonical
Wnt pathway and summarised some of the important experimental observations re-
garding their interactions, and the post-translational modifications that some of these
proteins undergo.

Many verbal models of the canonical Wnt pathway have been published. Al-
though all have added new insights, they differ in the assumptions they make about
the primary steps that lead to the accumulation of 3-catenin in the cell. Table 2.1 sum-
marises some of these hypotheses, which we detail below.

A note on role of LRP6. As described in Section 2.1.4, the LRP6 co-receptor and the
Wnt-dependent conformational changes it undergoes seem to play an important role
in Wnt signalling. We note that various verbal models have been proposed for the role
of LRP6 in initiating Wnt signalling and (-catenin accumulation. We highlight these
below:

1. LRP6 signalosome formation. Wnt-driven Dvl-mediated polymerisation leads
to formation of LRP6 signalosomes. Proximity of several co-receptors provides
an enhanced platform for sequestration of Axin at the membrane and Wnt sig-
nalling (Bilic et al., 2007).

2. LRP6 internalisation. Wnt-driven, caveolin-mediated internalisation of LRP6
leads to LRP6 endocytosis. Localisation of LRP6 with components of the destruc-
tion complex in vesicles on the way to endocytosis leads to deactivation of the
destruction complex (Yamamoto et al., 2006; Yamamoto et al., 2008).

3. Initiation and amplification effects. As an initial step, Wnt stimulation leads to
recruitment of Axin to the membrane and LRP6, which drives LRP6 phospho-
rylation. Phosphorylated LRP6 becomes a docking station for Axin, and in par-
ticular, phosphorylated Axin (Kim et al., 2013), amplifying Wnt signalling (Kim
et al., 2013; MacDonald et al., 2008).

4. Inhibition of GSK3-phosphorylation of $-catenin by phosphorylated PPPSP
motifs. Phosphorylated LRP6 inhibits GSK3, which is bound to Axin, from phos-
phorylating 3-catenin (Piao et al., 2008; Wu et al., 2009; Cselenyi et al., 2008).

5. Substitution of 3-TrCP by LRP6. Wnt signalling leads to recruitment of Axin
to LRP6, which removes (3-TrCP from the destruction complex (Azzolin et al.,
2014). Li et al. (2012) propose a similar model where Wnt stimulation leads to
dissociation of B-TrCP from Axin.

We remark that caveolin is observed with LRP6 in studies proposing models (1) and
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Primary Step Description Reference
. Recruitment of Axin to Frizzled /LRP6
Signalosome forma- complex at the membrane leads to se-
tion/Sequestration of piex . . (Bilic et al., 2007)
. questration and inactivation of destruc-
Axin at the membrane -
tion complex.
Reduced affinity of Dephosphorylétlon of Axin (eg at (Kim et al., 2013; Jho et
. . S497/S500 residues) leads to reduced
Axin to B-catenin L. ) al., 1999)
affinity to $-catenin.
(Yamamoto et al,

Degradation of Axin

Direct inhibition of
B-catenin
phosphorylation
Dissociation of APC
from the destruction
complex
Dissociation of GSK3
from the destruction
complex
Dissociation of 3-TrCP
from the destruction
complex

Inhibition of 3-catenin
ubiquitination

LRP6 internalisation

MVB formation

Wnt stimulation leads to destabilisation
and degradation of Axin.

Phosphorylated PPPSP motifs of LRP6
can lead to direct inhibition of GSK3
phosphorylation of 3-catenin.

Dissociation of APC from the Axin—-GSK3
complex.

PP1-driven dephosphorylation of Axin
leads to lower affinity to GSK3.

Release of ubiquitin B-TrCP from the
destruction complex scaffolding protein,
Axin.

Inhibition of 3-catenin ubiquitination and
not B-catenin phosphorylation while in
complex with Axin.

Caveolin-dependent LRP6 internal-
isation into vesicles alongside Axin
and other components of the destruc-
tion complex leads to inhibition of
GSK3/recruitment of B-catenin to Axin.
Formation of multivesicular bodies
(MVB) sequesters GSK3 from {3-catenin.

1999; Strovel et al,
2000; Li et al., 2012)
(Wu et al., 2009; Piao
et al., 2008; Cselenyi et
al., 2008)

(Valvezan et al., 2012)

(Luo et al., 2007)

(Azzolin et al., 2014)

(Li et al., 2012)

(Yamamoto et al,
2006; Yamamoto et al.,
2008)

(Taelman et al., 2010)

TABLE 2.1: Summary of mechanisms that have been proposed in verbal models of the canonical
Wnt pathway to contribute to inactivation of the destruction complex and accumulation of -
catenin. We include illustrative references for each hypothesis, but note that for most there are
many other publications supporting each hypotheses.

(2), so they are describing the same system using two different models. Models (1) and
(3) (and similarly models (1) and (5)) could be mutually consistent with each other,
such that LRP6 signalosome formation increases the rate of recruitment of Axin to the
membrane. Finally, if unphosphorylated Axin has a lower affinity for 3-TrCP, models
(3) and (5) could also be consistent.

A note on -catenin degradation by the destruction complex. There are four primary
steps that (3-catenin goes through before being degraded via the destruction complex:
(i) recruitment to the destruction complex, (ii) phosphorylation by CK1, (iii) phospho-
rylation by GSK3, and (iv) ubiquitination by -TrCP. A major discrepancy among ex-
isting Wnt pathway models lies in which of these steps are assumed to be altered by
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Wnt signalling. Figure 2.5 summarises the competing hypotheses.

@ Phosphorylated

O Ubiquitinated

altered by Wnt stimulation

FIGURE 2.5: Schematic of the steps involved in -catenin degradation via the destruction com-
plex. There have been different proposals on how Wnt stimulation alters the dynamics of the
destruction complex, leading to accumulation of 3-catenin in the cell. Kim et al. (2013) and Jho
et al. (1999) observed a reduced interaction between [3-catenin and Axin, an important mem-
ber of the destruction complex. Herndndez et al. (2012) proposed that Wnt reduces the rate of
phosphorylation of 3-catenin by CK1 and GSK3. Other groups have proposed that Wnt reduces
the rate of phosphorylation by GSK3 (Kim et al., 2013; Luo et al., 2007; Wu et al., 2009; Taelman
et al., 2010), whereas Li et al. (2012) and Azzolin et al. (2014) suggested that Wnt reduces the
ubiquitination rate of 3-catenin. We only include some illustrative references for each step.

In the remainder of this section, we review some of the publications that have pro-
posed verbal models about how Wnt signalling alters the behaviour of the destruction
complex.

2.2.1.1 Reduced affinity of 3-catenin for Axin

Kim et al. (2013) carry out their study in two mammalian cell lines; HEK293T cells and
L-cells using endogenous protein levels. Similar to earlier studies, they observe that
Axin is recruited to LRP6 within the first half hour of Wnt stimulation. Interestingly
they noticed that levels of Axin in complex with LRP6 return to their original levels
within 2 hours, while levels of 3-catenin stay elevated, and levels of phosphorylated
LRP6 remain higher than their “Wnt-off” levels.

Kim et al. (2013) developed a new antibody for Axin phosphorylated by GSK3 at
the S497 and S500 residues as originally observed by Jho et al. (1999). By using overex-
pression of PP1cy and using PP1 inhibitor, Tautomycin (TM), they showed that levels
of phosphorylated Axin are controlled by the balance between GSK3-driven phospho-
rylation and PP1-driven dephosphorylation of these residues. They observe that Wnt
stimulation leads to Axin dephosphorylation at these residues.

Kim et al. (2013) hypothesised what impact Axin dephosphorylation could have
on its conformational state. Having shown that the Axin-DIX domain binds to Axin-
BCD (-catenin binding domain) in the absence of GSK3, but fails to bind in its pres-
ence, they proposed that dephosphorylation of Axin leads to its inactivation in what
they call “intramolecular autoinhibition”. They also showed that levels of 3-catenin
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binding to Axin-BCD are inversely proportional to levels of Axin-DIX binding to Axin-
BCD, suggesting increased levels of $-catenin act as a safeguard mechanism for reacti-
vating Axin and keeping levels of 3-catenin under control.

Similar to earlier studies, Kim et al. (2013) also detected an increase in levels of
LRP6 phosphorylated at S1490 residue, one of the five PPPSP motifs on LRP6, upon
Wnt stimulation. They suggest that Axin-bound GSK3 enables phosphorylation of
LRP6 upon Wnt stimulation. They also observed that phosphorylated LRP6 binds pref-
erentially to Axin phosphorylated at 5497/S500. They proposed that this amplification
effect, proposed in earlier work by Zeng et al. (2008), leads to selective recruitment of
phosphorylated Axin to the membrane, its dephosphorylation and increasingly rapid
inactivation of the destruction complex (Kim et al., 2013).

2.2.1.2 Direct inhibition of GSK3-phosphorylation of 3-catenin by LRP6 phospho-
rylated at PPPSP motifs

Piao et al. (2008), Wu et al. (2009), and Cselenyi et al. (2008) have all observed that phos-
phorylation of PPPSP motifs on LRP6 is important in the inhibition of phosphorylation
of B-catenin by GSK3 in vitro. Piao et al. (2008) and Wu et al. (2009) both observed that
injection of phosphorylated PPPSP peptide into Xenopus embryos leads to axis dupli-
cation, which is a sign of increased Wnt signalling.

Wu et al. (2009) used recombinant proteins to show that dually phosphorylated
PPPSPxS peptides (which we again refer to PPPSP for consistency) directly inhibit
GSK3-phosphorylation of B-catenin. Using assays containing Axin, 3-catenin, CK1 and
GSK3, they observed that addition of phosphorylated PPPSP motifs only affects phos-
phorylation of 3-catenin at the S33/537 and T41 residues and not its phosphorylation
at 545 by CK1. They found that motifs A, C and E in particular had the strongest
inhibitory effect on 3-catenin phosphorylation.

Wau et al. (2009) also found that phosphorylated PPPSP peptides inhibit GSK3 ac-
tivity independently of Axin. They concluded that PPPSP does not effect interactions
between Axin and GSK3 and more likely inhibits GSK3 activity directly.

Piao et al. (2008) made a similar observation that phosphorylated PPPSP motifs
(and not the unphosphorylated motifs) play an important role in the inhibition of
GSK3. They also observed that the S/T cluster of LRP6 is crucial for binding of GSK33
to LRP6.

2.2.1.3 Inhibition of ubiquitination of 3-catenin facilitated by APC

Li et al. (2012) found that ubiquitinated (3-catenin accumulates in a complex with Axin
after proteasomal degradation is halted via the MG132 proteasome inhibitor, suggest-
ing (3-catenin is degraded while still in complex with Axin, contrary to previous as-
sumptions that it was released from Axin after phosphorylation by GSK3.

Li et al. (2012) argue that Wnt stimulation inactivates the final step of the destruc-
tion complex by releasing 3-TrCP from the destruction complex, thereby preventing
it from marking B-catenin for ubiquitination. This argument is based on their find-
ing that B-TrCP failed to co-immunoprecipitate with Axin upon Wnt stimulation after
degradation was halted using MG132. Additionally, the authors failed to detect Axin
in complex with LRP6 in several Wnt-unresponsive cell lines. When full-length APC
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was reintroduced into cell lines with APC truncation (e.g. SW480 and DLD1), Li et al.
(2012) observed reduced Wnt pathway activity. They also observed an increase in lev-
els of ubiquitinated (-catenin in DLD1 and SW480 cells transfected with central region
of APC, once degradation was after stimulation with MG132. They concluded that
APC plays an important role in ubiquitination of 3-catenin.

They proposed a model where Wnt stimulation (or APC mutations) prevents the
destruction complex from marking (3-catenin for ubiqutination, and frees the destruc-
tion complex to recruit further 3-catenin. This saturates the destruction complex and
enables levels of 3-catenin to increase.

2.2.1.4 YAP enhances binding of 3-TrCP to Axin and $-catenin ubiquitination

Azzolin et al. (2014) made similar observations to those reported by Li et al. (2012).
They found that 3-TrCP fails to co-immunoprecipitate with Axin after Wnt stimulation.
Unlike several other studies (Kim et al., 2013; Khan et al., 2007; Li et al., 2012), where
levels of Axin in complex with LRP6 fall after the first hour of Wnt stimulation, they
found that levels of this complex continued to increase in the first 4 hours after Wnt
stimulation.

Azzolin et al. (2014) also investigated the effect of YAP/TAZ on the 3-catenin de-
struction complex. They showed that YAP/TAZ are part of the destruction complex
and Wnt induces disassociation of YAP/TAZ from Axin. They detected a drop in Wnt
transcriptional activity upon over-expression of YAP and a decrease in the association
of B-TrCP with Axin upon depletion of YAP with short interfering RNAs (siRNAs).
They proposed that YAP plays an important role in allowing binding of 3-TrCP to Axin,
thereby facilitating ubiquitination of 3-catenin within the destruction complex.

2.2.1.5 Sequestration of GSK3 inside MVBs

An alternative verbal model of the canonical Wnt pathway proposes that Wnt sig-
nalling requires sequestration of GSK3 within multivesicular bodies (MVBs) (Taelman
et al., 2010). This introduces two layers of membrane between GSK3 and its sub-
strates, in particular $-catenin, inhibiting phosphorylation of its substrates. Taelman
et al. (2010) found that proteins essential for MVB formation are required for Wnt sig-
nalling. They also found that GSK3 colocalised with endocytosed Wnt ligands. GSK3
also relocated into compartments that could be MVBs or lysosomes.

Interestingly, using p-catenin siRNA, they found that -catenin was required for
sequestration of GSK3 in MVBs, introducing the possibility of another feedback loop in
Wnt signalling. Localisation of proteins in MVBs is often followed by their degradation
via lysosomes. Hence a drop in levels of GSK3 may be expected according to this
model. It is unclear how this model is consistent the observations that levels of GSK3
are unchanged upon Wnt stimulation (Metcalfe and Bienz, 2011).

2.2.2 Mathematical models

There are a large number of mathematical models of the canonical Wnt pathway, which
differ in complexity (see Table 2.2), the species included, and their assumptions about
how Wnt acts on the cell. In Table 2.3 we summarise some of the ways in which Wnt
stimulation has been assumed to act in several recent mathematical models. We discuss
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a few of these recent models below and refer the reader to Lloyd-Lewis et al. (2013) for
a more detailed review.

Number of Number of dependent

b GG Parameters variables
Chen et al. (2014) 63 29
MacLean et al. (2015b) 31 19
Song et al. (2014) 31 17
Haack et al. (2015) (basic model) 23 8
Lee et al. (2003) 22 15
Barua and Hlavacek (2013) 21 410 (29 %ndependent
reactions only)
Leeuwen et al. (2007) 10 11
Kogan et al. (2012) 20 7
Mazemondet et al. (2012) 17 4
Schmitz et al. (2013) 16 11
Our candidate models H, 16 6
Our candidate models S, 7 3
Our candidate models M, 13 6
Our candidate models N, 15 8
Mirams (2008) 5 1

TABLE 2.2: Summary of the complexity of existing mathematical models of the canonical Wnt
signalling pathway, as quantified by the number of parameters and dependent variables. For
simplicity, we exclude parameters used to represent a Wnt stimulus in each model. Note that
although some models use mass action rules to describe biochemical interactions, many others
assume more complicated nonlinear interaction terms.

Lee et al. (2003) introduced the first mathematical model of the canonical Wnt
signalling pathway, which they calibrated using experimental data from Xenopus egg
extracts. The Lee model comprises a set of Ordinary Differential Equations (ODEs)
governing the temporal dynamics of Wnt pathway components, such as Axin, APC,
GSK3, Dvl, TCF and B-catenin. It focuses on the formation of the destruction complex
from its constitutive parts (Axin, APC and GSK3). Synthesis and degradation of Axin
and B-catenin are modelled, with total levels of other proteins assumed constant. Wnt
is assumed to control the rate of activation of Dvl, with activated Dvl leading to break
up and deactivation of the destruction complex.

Lee et al. (2003) use conservation laws and fast kinetics approximations to reduce
their system from fifteen to seven ODEs. They model Wnt stimulation using a dimen-
sionless variable W, W = 0 denotes unstimulated or reference, W = 1, the stimulated
state, and IV > 1 the hyperstimulated state. They also consider a transient Wnt stimu-
lation by imposing a time-dependent exponential decay on V.

Lee et al. (2003) used their model to study the effect on the half life of $-catenin of
changes in concentrations of Axin, GSK3 and Dvl in the absence of Wnt stimulation.
While they observed similar qualitative results experimentally, they noticed that their
model over-estimates the effect of Axin and GSK3 for high concentrations of Dvl. They
argue that in cells expressing full-length APC, Axin-independent degradation does
make a significant contribution to the total B-catenin flux; however, with a 50% loss
in APC, that contribution becomes important in determining total levels of (3-catenin.
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Wnt dependent
reaction

Activation of Dvl

Phosphorylation of
LRP6 by CK1

Axin degradation

Break up of
destruction complex

Conformational
change in 3-catenin

CK1 and GSK3
phosphorylation of
B-catenin
Deactivation of the
destruction complex

Brief description

Wnt stimulation increases rate of activation of
Dvl, which deactivates the destruction com-
plex. Lee et al. (2003) detail the deactivation of
the destruction complex by break up of its com-
ponents.

Wnt is modelled as a species, which binds to
LRP6 and Frizzled, enabling phosphorylation
of LRP6 by CK1. phospho LRP6 recruits and
sequesters Axin, leading to deactivation of the
destruction complex.

The rate of Axin degradation increases upon
Wnt stimulation, reducing the levels of destruc-
tion complex available to mark [3-catenin for
degradation.

Wnt stimulation leads to inactivation of the de-
struction complex by causing it to decompose
to its constitutive parts.

B-catenin exists in two conformations, with dif-
ferent binding affinity for transcriptional fac-
tors. Wnt controls the rate of this conforma-
tional change.

Wnt stimulation reduces the rate of phosphory-
lation of B-catenin.

Wnt stimulation increases the rate of deactiva-
tion of the destruction complex

Reference

Lee et al. (2003)
and MacLean et
al. (2015b)

Haack et al
(2015)

Leeuwen et al.
(2007)

Leeuwen et al.
(2007) and Song
et al. (2014)

Leeuwen et al.
(2007)

Hernéndez et al.
(2012)

Schmitz et al.
(2013)

TABLE 2.3: Summary of the key assumptions used in some of the existing mathematical
models of the canonical Wnt pathway regarding the effect of Wnt stimulation on cells. Some
mathematical models focus on $3-catenin and the changes it goes through prior to its degra-
dation (Herndndez et al.,, 2012), while others include descriptions of the destruction com-
plex (Leeuwen et al., 2007; Lee et al., 2003), focus on interactions at the membrane (Haack
et al., 2015), consider the dual role of 3-catenin in signalling and cell adhesion (Leeuwen et
al., 2007), or study the role shuttling between nucleus and cytoplasm (MacLean et al., 2015b;
Schmitz et al., 2013).

They suggest that if the rate of Axin-independent degradation varies across tissues,
their model could explain why APC loss may be oncogenic in certain tissues.

Leeuwen et al. (2007) incorporated the role of 3-catenin in cell adhesion in their
model, but unlike Lee’s mathematical model, their model did not explicitly include
the role of APC and GSK3. Leeuwen et al. (2007) consider two hypotheses. Under the
tirst hypothesis, there is competition between E-cadherin and the signalling machinery
for B-catenin. Under the second hypothesis, (3-catenin can undergo a conformational
change (to a closed form) upon Wnt stimulation (Gottardi and Gumbiner, 2004), which
reduces its affinity for a-catenin, an important part of the adherens junctions, meaning
(-catenin is more likely to bind to TCF/LEF. Wnt controls the rate of deactivation of
the destruction complex, and can also (under the second hypothesis) promote confor-
mational change (or closing) of the (3-catenin.
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Leeuwen et al. (2007) used their mathematical model to show that measuring lev-
els of cadherin-mediated cell adhesion upon Wnt stimulation might enable one to dis-
criminate between their two hypotheses. They also suggested that their model pre-
dictions about the level of functional APC needed for malignant transformation are
consistent with experimental observations by Li et al. (2005a).

Hernandez et al. (2012) combined experimental work with mathematical mod-
elling to study the destruction complex in more detail. They designed a simple ODE
model of B-catenin phosphorylation by CK1 and GSK3 in the destruction complex and
its ubiquitination. They exploited experiments in various human cell lines to deter-
mine which steps in the destruction complex must be altered by Wnt stimulation. By
assuming that 3-catenin phosphorylation reactions are in quasi-steady-state, they con-
cluded that Wnt signalling does not affect the rate of ubiquitination of $-catenin, in
contrast to assertions made by Azzolin et al. (2014) and Li et al. (2012), whereas it must
reduce the rate of phosphorylation of 3-catenin by CK1 and GSK3. They also argued
that any degradation of B-catenin that occurs independently of the destruction com-
plex must be negligible. Finally, they discussed two possible scenarios for the state
of the destruction complex, namely whether GSK3 and CK1 are always in association
with Axin or whether they may engage or disengage from Axin at various steps, and
suggest either is possible given their results.

Song et al. (2014) used mathematical modelling and in vivo experiments to study
the competition of 3-catenin between cell adhesion and signalling. The authors as-
sumed a secondary role for APC in transporting -catenin to the cell membrane. Their
mathematical model predicts that whereas both APC and 3-catenin mutations can re-
sult in 3-catenin accumulation and increased Wnt signalling, only the former increases
cell-cell adhesion. They validated this prediction by showing that APC-mutated cells
migrate at a slower pace in murine intestinal crypts in vivo.

2.2.2.1 Compartmentalised models

Most mathematical models of the Wnt pathway, including the models we propose later
in this thesis, treat the cell as a well mixed system. As we have discussed in the first
part of this chapter, Wnt signalling involves the formation of large protein complexes,
including the LRP6 signalosome, Adherens junctions and the destruction complex, and
movement of various key pathway proteins to different locations in the cell, including
recruitment of the destruction complex to the membrane and signalosome formation,
or translocation of 3-catenin into the nucleus (Lloyd-Lewis et al., 2013). Some mathe-
matical model have investigated the role of spatial variations in Wnt signalling. For ex-
ample, MacLean et al. (2015b) and Schmitz et al. (2013) used ODE models to study the
role of nuclear/cytoplasmic transportation of the destruction complex and [3-catenin
on the dynamics of the Wnt pathway, and Haack et al. (2015) used a stochastic multi-
compartmental model to study the effect of lipid-raft-dependent Wnt signalling on
driving cell fate.

Adding spatial variations to mathematical modelling of Wnt signalling adds fur-

ther challenges with regards to model fitting and availability of suitable experimental
observations, which need to be considered.
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2.3 Overview of experimental data used in models of sig-
nalling pathways

The verbal and mathematical models reviewed above illustrate recent efforts to in-
crease our understanding of the canonical Wnt pathway. Although these models have
given insights into the workings of the pathway, differences in the assumptions and
the models proposed to describe the experimental observations indicate that our un-
derstanding of the canonical Wnt pathway remains limited.

Mathematical models provide a complementary approach to verbal models, en-
abling us to gain insights into the dynamics of multiple nonlinear biochemical inter-
actions (MacLean et al., 2015a). A major source of uncertainty is the value of model
parameters, such as reaction rate constants, which are difficult to observe experimen-
tally. In such cases, mathematical models are often fitted to experimental results to
estimate a suitable set of parameter values.

When studying the temporal dynamics of signalling pathways, time course ex-
periments are often used as target data in model fittings. Such experiments usually
include steps like the following:

¢ samples containing cells of interest are prepared in several dishes,
¢ astimulus (e.g. Wnt) is added to the samples for different time periods,
¢ the samples are collected at the end of the allocated time,

* the samples are probed for levels of a particular target that may be compared to
the mathematical model output.

The final step might involve different techniques, including qPCR (to e.g. measure
levels of mRNA expression), immunofluorescence (to e.g. measure protein localisa-
tion), and many more. However, the most common techniques used involve Western
blot detection. We give a brief description of this technique below.

2.3.1 Western blot detection

Western blot (WB) or protein immunoblot is widely used in experimental studies of
signalling pathways to measure the levels of a particular protein in a sample. Figure 2.6
displays the various steps involved in carrying out a Western blot:

¢ Sample preparation: Several samples may be prepared. These may include for
example (1) stimulation of the cells for different periods with the same stimuli, (2)
stimulation with different stimuli, or (3) using cell lines transfected to express dif-
ferent levels of a particular protein. Samples are lysed using a suitable buffer and
suitable technique to ensure the proteins of interest are preserved in the lysate.

* Gel electrophoresis: The samples are loaded onto a gel which separates the sam-
ples depending on their size and electric charge. Each gel can run slightly dif-
ferently so results of Western blots should be compared within that particular
gel.

* Membrane transfer: Using electroblotting, the separated proteins are transferred
onto a membrane which may be probed for proteins of interest.

* Blocking, primary and secondary antibody incubation: The membrane, which
now carries the separated proteins on one side is blocked using a suitable solu-
tion to avoid non specific binding of antibodies before being incubated with the
primary antibody for the protein of interest, and then a secondary antibody that
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can specifically detect the primary antibody. The membrane is often cut at appro-
priate points to incubate against antibodies for proteins of different weight at the
same time.

¢ Detection and analysis: Finally, the membrane is incubated in a suitable sub-
strate, which interacts with the secondary antibody and produces a signal corre-
sponding to the levels of the protein of interest.

Results of Western blots are often described as semi-quantitative (Pargett and
Umulis, 2013), meaning that the readout from a Western blot is not the actual pro-
tein levels, but a transformation of these levels in the sample. This transformation can
vary depending on the exact procedure carried out, and can vary from lab to lab and,
in fact, from experiment to experiment. Figure 2.7 illustrates how the signal strength
from a Western blot varies depending on protein levels. It is important to carry out a
Western blot in the linear range for the detection procedure used.

It is common to quantify the results of Western blots. This is often carried out in
experimental studies (for example, see figures in Li et al. (2012) and Kim et al. (2013)).
These quantifications can give markedly different results (see Figure 2.8). It is hence
generally not appropriate to compare the levels of a particular protein from one exper-
iment to another.

2.3.2 Co-immunoprecipitation (co-IP) studies.

Many studies of the canonical Wnt pathway have used co-IPs to measure dynamic
changes in interaction between core components of the Wnt pathway upon Wnt stim-
ulation. Here we summarise a typical co-IP procedure:

¢ Lysate preparation. In a similar fashion to Western blots, cells are lysed using an
appropriate lysis buffer. It is important to ensure that the lysis buffer preserves
interactions between the proteins of interest.

* Beads incubation. The lysates are incubated with beads and the primary anti-
body for the IP protein. The beads bind to the primary antibody which in turn
binds to the IP protein. Any proteins in complex with the IP protein also remain
in complex with the beads.

e Westen blot. Western blot detection, as described above, is carried out on the
proteins after they are eluted from the beads.

As for the Western blot procedure described above, co-IP protocol must be opti-
mised for the complex of interest. In particular, it is important to use the correct buffer,
antibody and procedure to ensure maximum specific binding of the antibody to the IP
protein while in complex with other proteins of interest.

2.3.3 Reading co-IP/Western blot results

Figure 2.9 represents a typical output from a co-IP study. We will use this example to
illustrate how one might read and interpret such output. There are two sets of columns
present under “IP” and “input”. The input column contain the results of Western blot
detection on the lysates without incubation with beads. These data should represent
the total levels of each protein in the samples after 0, 0.5 and 2 hours of Wnt stim-
ulation. Each row represents detection using the antibody against the given protein
named in the right hand side. For example the first row under input columns suggests
that levels of 3-catenin are much higher in the samples after 2 hours compared to after
30 minutes of Wnt stimulation, which is itself higher than 3-catenin levels without any
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FIGURE 2.6: There are several steps involved in carrying out a Western blot. Each step in
the procedure can vary greatly among different experimental labs. Many factors affect the
details that needs to be followed at each step including the materials and equipment available
or the protein of interest. Moreover, the steps often require optimisation to produce a suitable
final output. All these mean that results from Western blots are semi-quantitative. Figure
reproduced from Bass et al. (2017) under Creative Commons Attribution License (CC BY).

Wnt stimulation.

The IP columns show Western blot detection after the IP procedure. the “Axin
IP” columns represent the proteins that bound to the anti-Axin antibody and the IP
beads after the incubation period. Using the first row as an example, we can observe
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FIGURE 2.7: When carrying out Western blots, we must ensure that the system’s linear range
of detection is used. This range can vary depending on the blotting procedure, the protein
of interest, the antibodies and substrates used, and the various incubation times. Beyond this
range, the blot’s signal strength may not correspond to the levels of protein in the sample.

that levels of -catenin in complex with Axin drop from 0 to 30 minutes after Wnt
stimulation before increasing again at 2 hours. The “con IP” column represent the
sample that was incubated with beads and IGG antibody (a control antibody which
should not bind to our proteins of interest). An empty column suggests that the beads
did not bind non specifically to the various proteins of interest, validating the Axin IP.

Mathematical models can be fitted to results from such experiments (e.g. Lee et
al. (2003) and MacLean et al. (2015b) and many more) using sum of squared errors
distance metrics that measure the distance between experimental observations and
the mathematical model output. However, given the semi-quantitative nature, other
titting methods, such as satisfaction metrics, may be more appropriate (Pargett and
Umulis, 2013). These metrics are defined such that if a particular requirement is sat-
isfied, the distance is zero; otherwise the distance of the output from the edge of the
satisfaction area is considered. We discuss satisfaction metrics further in Chapter 3.

2.3.4 Parameter Identifiability

Parameter identifiability, i.e. the ability to find unique estimates of the true parameter
values from experimental observations, is a significant hurdle in mathematical mod-
elling of biological systems. Hines et al. (2014) demonstrate that even simple models
of biochemical interactions could suffer from this problem, where markedly different
parameter values provide equally good fits to the experimental data. Parameter iden-
tifiability could be structural (e.g. due to redundancies existing in model structure), or
practical (e.g. due to the quality of the available experimental data (Raue et al., 2009)).

Parameter values for mathematical models of the Wnt pathway have been esti-
mated from experimental results (Lee et al., 2003), however, parameter identifiability
has not been investigated in such studies.

Several recent experimental studies of the Wnt pathway have provided time
course results for levels of core Wnt pathway proteins (Li et al., 2012; Azzolin et al.,
2014; Kim et al., 2013; Herndndez et al.,, 2012). However, since these experiments
have depended on semi quantitative techniques (e.g. Western blots, co-IP’s), parameter
identifiability remains a challenge. Despite this shortfall, it should still be possible to
combine such semi-quantitative results alongside mathematical modelling to improve
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FIGURE 2.8: Quantification of experimental results measuring fold change in levels of 3-catenin
upon Wnt stimultion in different studies in (A)L-cells, (B) HEK293T cells, and (C) RKO cells us-
ing the technique described in Appendix A. Different studies have yielded markedly different
result. All results are from Western blots apart from our results which use immunofluorescence.

our understanding of the Wnt pathway. In particular, mathematical model selection
may be used to select structures that are consistent with experimental observations
and reject ones that are not.
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FIGURE 2.9: Example of a co-IP experiment ran using an anti-Axin antibody. The IP columns
include the samples collected from the IP beads, so represent the levels of each protein pulled
down in the IP experiment alongside Axin. The input columns include the samples before
incubation with the beads, and hence should show the total protein levels in each sample.
Figure reproduced from Kim et al. (2013) with permission.

2.3.5 Modelling based on population scale experimental results

By using experimental procedures such as Western blots and co-IP’s to propose and fit
models for subcellular signalling pathways, we are assuming that the observed pop-
ulation dynamics represent the dynamics of individual cells. In the intestinal crypts,
certain cells are essential for Wnt secretion, driving Wnt signalling in neighbouring
cells (Valenta et al., 2016). However, cell lines that are often used in in vitro experi-
ments of Wnt pathway are not believed to secret Wnt. In these in vitro experiments,
Wnt signalling in one cell, is not believed to effect signalling in neighbouring cells.
However, in other pathways, such as Delta-Notch, where subcellular signalling in one
cell directly alters the signal in a neighbouring cell (e.g. leading to alternating cellular
patterns in the intestinal crypts) (Kay et al., 2017), caution must be exercised.

24 Summary and what is to come...

In this chapter we have provided a brief review of the biological literature involving the
interactions between the core components of the Wnt pathway. We have summarised
existing verbal models of the pathway. We have outlined the competing hypotheses
about the deactivation of the destruction complex, and in particular the role played
by LRP6. We have also reviewed some of the recent mathematical models of the Wnt
pathway, starting with the first model of the pathway by Lee et al. (2003). In particular,
we have detailed the different assumptions about where Wnt is assumed to act in these
models.

We remark that none of the mathematical models have investigated the role that
the LRP6 co-receptor and its conformational changes might play in the deactivation
of the destruction complex and initiation of the Wnt signalling cascade. This is where
our study of the Wnt pathway is focused as we believe mathematical modelling can
reconcile differences in some of the experimental results.

We also touched briefly on the quality of data used in studies of signalling path-

ways and parameter identifiability. We recognised that with the existing procedures
estimating suitable parameter values for a mathematical model of the Wnt pathway is
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extremely difficult. Hence, instead of focusing parameter inference, we will focus on
model selection in our study of the canonical Wnt pathway.

By recognising the qualitative or semi-quantitative nature of the available ex-
perimental data, we develop a framework that enables us to study the structure of
the canonical Wnt pathway and thereby select the most suitable mathematical model
among several candidate models.

In the next chapter we introduce the primary step in our model selection proce-
dure which is based on the CMA-ES optimisation technique. We apply this technique
to two case studies and compare its performance to a model selection technique based
on Approximate Bayesian Computation (ABC). We use our results of this comparison
to establish why we use the CMA-ES technique to study the Wnt pathway in Chap-
ters 4 and 6.



Chapter 3

Model selection

3.1 Introduction

Signalling pathways are often modelled using ordinary differential equations (ODEs)
(Alon, 2007). They may contain a large number of parameters which may be difficult
to measure directly. There has been a large focus in systems biology on estimating
parameter values for such models by fitting their outputs to experimental results (Toni
et al., 2009; MacLean et al., 2015a; Vyshemirsky and Girolami, 2008).

As highlighted in Chapter 2, experimental observations and verbal modelling
alone have proved insufficient in clarifying the dynamics of signalling pathways.
Rather than parameter estimation, a primary contribution of mathematical modelling
in this field may be to provide model selection techniques that enable us to discrimi-
nate between competing models of a signalling pathway.

Given the complexity of problems in systems biology, it is often intractable, or
at least difficult, to enumerate all candidate models that are consistent with a set of
experimental observations. Coghill et al. (2008) proposed a method called qualitative
system identification that enables a modeller to discriminate between candidate model
structures of signalling pathways. They studied the glycolysis pathway by considering
thousands of possible combinations by which the 15 species of interest might interact.
After several months of computation time on a 65 node cluster, they reduced the num-
ber of candidate models from 27,254 to 35. Using an alternative approach, Lee et al.
(2003) proposed the first mathematical model of the canonical Wnt pathway, which
involved 15 species, without discussing competing model structures that may be con-
sistent with observed experimental results.

We believe that there is a middle ground between rigorous model selection and
ad-hoc model proposals. By taking a multidisciplinary approach, and combining prior
knowledge, mathematical modelling, experimental work and a detailed review of the
literature, it should be possible to propose a small set of candidate models for the path-
way of interest. If these candidate models are analysed using model selection tech-
niques, they could inform us further about the appropriate structure of the signalling
pathway, and may enable us to discriminate between competing structures by identify-
ing further targeted experiments. In line with our view, there has recently been a shift
towards model selection rather than parameter estimation. Model selection techniques
are being developed and used to identify the models that may best reproduce biolog-
ical observations (MacLean et al., 2015b; Kirk et al., 2013; Vyshemirsky and Girolami,
2008).

We start this chapter by summarising several model selection techniques, focusing
on the classical or frequentist approach and the Bayesian approach. We then introduce
the technique we use to study the canonical Wnt pathway in Chapter 4 together with
an alternative based on Approximate Bayesian Computation (ABC) (Toni et al., 2009).
Finally, we compare the two methods by applying them to two case studies.

33
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3.2 Literature Review

Two main approaches are used for parameter estimation and model selection: these
are the classical or frequentist approach and the Bayesian approach. In the former, the
correct parameter values of a model are assumed to be fixed, and any difference be-
tween the model output and observed experimental results viewed as errors in quan-
tities such as measurements. In this approach, one considers a confidence interval
(CI), where the probability associated with the CI (e.g. 95%) is the probability that the
CI covers the true parameter value. In the Bayesian approach, we do not consider
parameter values to be fixed. Instead the uncertainty observed in the experimental ob-
servations are propagated to the parameter values, such that probability distributions
of these parameters determine the range of feasible model parameter values.

3.2.1 Classical methods of parameter inference and model selection

One of the most widely used techniques for model selection is classical hypothesis
testing. Typically, a null hypothesis (e.g. Hy: a coin used in a series of coin tosses is
fair) and an alternative hypothesis (e.g. H;: the coin is not fair) are proposed. Through
an appropriate statistical test (e.g. two-tailed Binomial test), the null hypothesis may
be rejected if there is sufficient evidence that the observed experimental results are
unlikely (e.g. if the p-value, the probability of the observed results under hypothesis H,
is less than a threshold, such as 0.05) (Neyman and Pearson, 1933; Cedersund and Roll,
2009).

An important function in many parameter inference and model selection tech-
niques is the likelihood function. The likelihood function of a model or hypothesis H,
with parameter vector 0y for a set of observations x is defined as:

where P(z|0y, H) is the probability density function under model H, given parameter
vector . The likelihood is a function of the parameter vector 6y, and describes the
probability of data = being observed given parameter vector 5 under model H. Un-
der the frequentist approach one might estimate the appropriate parameter vector 0
for a set of observations by maximising the likelihood function (maximum likelihood
estimation or MLE).

If the models being studied are nested, i.e. the null hypothesis is a special case of
the alternative, the likelihood ratio test is commonly used for model selection. Notice
in the likelihood ratio test, the alternative model is always more complicated than the
null hypothesis, a simple comparison of maximum likelihood values is not sufficient,
and a statistical test is required. If the models are not nested, or when several models
are being compared it may be appropriate to use alternative measures. For example,
Akaike’s Information Criterion (AIC):

AICy = —2log Ly (0x|z) + 2ng, (3.2)

may be suitable, where ;; is the parameter vector corresponding to the maximum
likelihood, and ny is the number of parameters in model H. While the first term is a
measure of goodness of fit, the second term penalises complicated models. The best
tit is then provided by the model with the lowest AIC value, although there is no
guarantee that such a model is in fact a good fit (MacLean et al., 2015a).
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We note that finding the maximum value of the likelihood function often involves
a non-trivial non-linear optimisation, which may require careful investigation (Gould
and Leyffer, 2003; Raue et al., 2013).

3.2.2 Bayesian methods of parameter inference and model selection

The use of Bayesian inference in parameter estimation and model selection has be-
come increasingly more common in many scientific fields including systems biology
(Wilkinson, 2007). This is for several reasons including the advantages they offer over
existing frequentist methods, new inference techniques, increasing availability of off-
the-shelf software packages and increasing computing power (Kirk et al., 2013).

Bayesian parameter estimation and model selection use new observations to up-
date our existing belief of unknown model parameters (the prior distribution) by cal-
culating an updated belief (the posterior distribution). This is possible thanks to the
Bayes theorem:

P(x|0u, H)P(0n|H)

P(Oy)z, H) = BalH) ,

(3.3)

where P(6y|x, H) is the posterior distribution, P(x|0y, H) = Ly (0g|z) is the likelihood
function, and P(6y|H) is the prior. P(x|H) is the marginal likelihood or the evidence
of the observation x under model H:

Plalt) = [ P(elon. H)P(6ul A 0. (3.4

where [ d""6y represents integration over the ny-dimensional parameter space. This
can be difficult to evalulate in high-dimensional cases. Another challenge is that in
many cases it is impossible to calculate a closed form for the posterior distribution
P(z|H). One special case where this is possible is the case of conjugate-distributions.
For example, a Gaussian distribution with an unknown mean is a conjugate prior for
a Gaussian likelihood function; meaning in such cases the posterior is also a Gaussian
distribution.

These computational difficulties limited the use of Bayesian techniques for infer-
ence until the introduction of Markov Chain Monte Carlo (MCMC) methods (Gelfand
and Smith, 1990). MCMC methods, such as Gibbs or Metropolis-Hastings samplers,
allow sampling from the posterior distribution only up to the proportionality, i.e. with-
out the need to calculate the normalisation constant, the evidence P(z|H ):

P(Onl|x, H) o< P(x|0m, H)P(0r|H), (3.5)

which removes the need to calculate the high dimensional integral in Equation (3.4).

Model selection

When considering model selection, given a set of m candidate models H;,i =1,...,m,
we may use Bayes theorem to update the probability of model H; given observation x:
P(x|H;)P(H;)

PULLE) = S~ b Gl ) () (36)
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We may then use the observation z to compare the posterior probabilities for any
two models H; and H;:

P(Hilx) _ P(x|Hi)P(H)

= . (3.7)
P(Hjlz)  P(z|H;)P(H;)
An important metric for Bayesian model selection is the Bayes Factor:
P(z|H;)
By = =i, (38)
T P(a|Hj)
which may be re-written using Equation (3.7):
P(H;|z)/P(H,

P(H;)/P(H;)

The Bayes factor B;; may be interpreted as the ratio of posterior odds over the prior
odds for H; and against H;. Kass and Raftery (1995) suggest the Bayes factor may be
used to measure the evidence for and against a particular model versus another model
(see Table 3.1). We remark that if we assume a uniform prior over all models, such that
P(H;) = P(H,), the ratio of the model posteriors is equal to the Bayes factor.

Bayes Factor B;; Evidence for H; and against /;

1-3 very weak
3-20 positive
20-150 Strong

> 150 Very Strong

TABLE 3.1: Kass and Raftery (1995) propose how Bayes factor should be used to compare
evidence for and against two models.

Notice that in the problem of model selection unlike parameter inference, the in-
tegral in Equation (3.4) may not be avoided. In such cases methods such as Thermo-
dynamic Integration (Vyshemirsky and Girolami, 2008) and Nested Sampling (Skilling
and John, 2004; Feroz et al., 2009) may be used to estimate this integral numerically.

3.2.3 Approximate Bayesian Computation

The techniques discussed in the last two sections require calculation of the likelihood
function, which may be intractable or expensive. In such cases, Approximate Bayesian
Computation (ABC) methods may be employed to infer parameter values and per-
form model selection. Provided that a distance function can be defined to measure the
goodness of fit between a model output z and an experimental observation z,, ABC
methods can be used to replace calculation of the likelihood with repeated simulation
of the model.

The simplest ABC method is the ABC rejection sampler (Pritchard et al., 1999),
which can have a very low acceptance rate. Inference in this algorithm is as follows.
Sample a parameter set #* from the prior distribution P(¢). Simulate the model using
the sampled parameter set to generate a model output 2*. Accept the sampled parame-
ter set if the distance d(x¢, 2*) between x¢ and z* is less than the tolerance . The output
of ABC rejection sampler will be a set of samples from a distribution P(0|d(x¢, z*) < €),
which will be an approximation to the posterior distribution P(6|z,) as ¢ — 0.
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Other methods include ABC MCMC (Marjoram et al., 2003), and ABC methods
based on Sequential Monte Carlo (SMC) (Sisson et al., 2007; Toni et al., 2009). In the
next section, we will detail an ABC SMC technique (Toni et al., 2009) and compare
it to the multi-start Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES)
technique.

A note on summary statistics. In order to keep the problem of sampling from a high
dimensional parameter space computationally efficient, the distance d(z, z*) is often
replaced with distance between a set of summary statistics d*(S(x), S(z*)), which cap-
tures the important features of the experimental observations. If the summary statistics
are sufficient then this leads to no loss of information compared to using all data points.
However, often informative but not necessarily sufficient summary statistics are used.

3.3 Methods

As the experimental data we are using to study the structure of signalling pathways
are semi-quantitative, we are not able to write down a suitable likelihood function for
our candidate models. Therefore, we need to recruit likelihood free methods for model
selection. In this section we will describe two such model selection techniques, one
based on Approximate Bayesian Computation (Toni et al., 2009), and another based
on the CMA-ES optimisation technique (Hansen, 2006). We apply the two techniques
to different case studies to compare their performance. We find that the ABC SMC
technique can account for model complexity during model selection and provide in-
formation about the range of suitable parameter values. On the other hand, CMA-ES
is more computationally efficient and can perform model selection with considerably
fewer model simulations.

Following Toni et al. (2009), our first case study focuses on the spread of infectious
diseases. We apply the ABC SMC and CMA-ES to two datasets; a synthetic dataset
where the correct model is known and a real dataset from an epidemiological study.

Our second case focuses on simple models of signalling pathways. We consider
two candidate models of Feed Forward Loops (FFLs). We use one of the models to gen-
erate a synthetic dataset, before studying whether ABC SMC and CMA-ES are able to
identify the correct model. We also introduce the concept of qualitative comparison of ex-
perimental results and model outputs, which we will use in our study of the canonical
Wnt pathway in the next chapter.

3.3.1 ABC SMC technique

The aim of Approximate Bayesian Computation Sequential Monte Carlo (ABC SMC) is
to develop an approximation to the posterior distributions of model parameters. In or-
der to approximate these posterior distributions, ABC SMC uses a series of prescribed
and decreasing population tolerance levels ¢, ..., ey (see e.g. Table 3.2) to calculate T’
intermediate approximations to the probability distributions for the parameter vector.
In the first step, the algorithm samples the parameter vector from the priors, and points
are accepted if their distance is within the step tolerance ¢,. Once a specific number of
particles are accepted, the distribution of the new population and, in particular, the
weights calculated for each particle, form the prior for the next set of samples. After
the first population, particles are sampled from the particles accepted in the last pop-
ulation and perturbed using a perturbation kernel, before being accepted or rejected
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using the new tolerance value. This process is repeated until the smallest tolerance
is reached. The distribution of the final population is the algorithm’s approximation
to the posterior distribution of the parameter vector (Toni et al., 2009). Figure 3.1A
summarises this process.
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FIGURE 3.1: (A) Progress of ABC SMC algorithm in finding an approximation to the posterior
distribution of a model parameter value in 1D. Particles are initially sampled and accepted
from the prior. Accepted particles are then perturbed and accepted with a reduced tolerance in
the next population. (B) Progress of CMA-ES algorithm in finding the minimum of a function
in 2D. The black dots represent the sampled particles in each population. The white solid lines
represent areas with the same function value. The orange dashed line represents a measure of
the shape and size of the distribution of the current population. Figure reproduced from work
by Nikolaus Hansen (Hansen, 2006) under Commons license.

The algorithm may also be used for model selection by introducing a new pa-
rameter h = 1,...,m, which samples from the possible models under observation.
Depending on which model is represented, each particle carries a parameter vector for
the corresponding model. At each step in the ABC SMC model selection algorithm,
we first sample from the model prior, before sampling from the particles correspond-
ing to the sampled model. Particles are accepted or rejected and the populations are
progressed as before.

If the algorithm fails to sample any particles from a particular model in a given
population, that model is regarded as dead, and sampling continues with the remain-
ing models. The weighted average of the number of particles remaining for each model
in the final population may be used to calculate the model marginals and Bayes factors.

We used an improved implementation of abc-sysbio package (Liepe et al., 2010)
for ABC SMC model selection. Our version, available at https://github.com/
oofaish/abc-smc-bare, contains various bug fixes. We also implemented a new
interface that enables the user to interact with the package programmatically without
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Case Study Particles Populations Population tolerances ¢y, ..., er

one (common-cold) 1000 17 100.0, 90.0, 80.0, 73.0, 70.0, 60.0, 50.0, 40.0,
30.0,25.0,20.0,16.0,15.0,14.0,13.2,12.8,12.4

one (synthetic) 200 14 1000, 774, 599, 464, 359, 278, 215, 190, 170,
140, 120, 105, 100, 98

two (FFL networks) 50 5 1.0,0.5,04,0.3,0.25

TABLE 3.2: Algorithm parameter values under ABC SMC model selection. In the common-
cold dataset, the same values were used as Toni et al. (2009). In the other case studies, the first
population tolerance was chosen after trial and error to ensure the ABC SMC method has a
reasonable acceptance ratio in the first population, while the rest of the population tolerances
were chosen to be exponentially decreasing. The number of particles and number of popula-
tions were chosen again via trial and error to be low without the algorithm failing to sample all
models in the first step or leading to a very low acceptance ratio.

using the SBML interface. The original abc-sysbio package assumes that all models are
implemented as a system of ordinary differential equations, and solved using an ODE
solver. Our implementation removes this assumption and allows arbitrary model def-
inition and cost functions. It also provides improved tools for visualising the inference
results. For our problem of interest, and in order to compare our results with Toni
et al. (2009), most ABC SMC technique parameters were fixed at the default values
prescribed by Liepe et al. (2010) and Toni et al. (2009). In particular, each particle was
perturbed to another live model with probability 0.3. Moreover, a uniform parameter
perturbation kernel U[—o/2,+0/2] was used where ¢ is the maximum range of the
parameter being sampled in the last population. We remark that this differs from the
perturbation kernel used by Toni et al. (2009), where the value of ¢ is fixed. However,
as the results in Section 3.4.3.1 reveal, the model selection outcome is consistent with
Toni et al. (2009). Table 3.2 summarises the remaining algorithm parameter values used
in each case study. The aim of the first part of this chapter is to reproduce the results
by Toni et al. (2009). In Section 3.4.3.1, we establish that we can replicate the results
from Toni et al. (2009). We discuss the selection of the parameter values for the model
selection algorithms further in Section 3.6.

3.3.2 Multi-start CMA-ES Algorithm

The main aim of our thesis is to develop a better understanding of the structure of
signalling pathways. Since many experimental techniques generate outputs that are
not quantitative, we hope to establish whether a particular mathematical model can
replicate results that are qualitatively similar to the experimental observations. We
seek to infer which structures are consistent with experimental observations and which
are not, rather than necessarily to infer parameter values. Consequently, we focus
on techniques that allow us to explore the output space and accept and reject model
structures quickly.

The initial step in model selection is simple. We develop a metric that measures
the distance between model output and the experimental observations, and attempt to
minimise this metric globally. If all candidate mathematical models have similar levels
of complexity, and if there is a clear favourite among these models (with the lowest
distance to the experimental observations), that model is selected. We use a multi-start
CMA-ES optimisation algorithm to tackle this global minimisation problem.

The Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES) optimisation
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algorithm (Hansen, 2006) starts from an initial estimate for the parameter vector and
points are sampled from a multivariate normal distribution centred about this vector.
The cost function J is calculated at each new sampled point, and a new mean is cal-
culated using a weighted average of the lowest cost points, while the covariance ma-
trix, which holds the pairwise correlation between the random variables correspond-
ing to each element of cost vector, is updated to reflect a skew towards these low cost
points (Hansen, 2006).

Figure 3.1B displays the progress of the CMA-ES algorithm in a typical min-
imisation run. We use the Python implementation of the CMA-ES algorithm (see:
https://pypi.python.org/pypi/cma).

The multi-start technique initialises the CMA-ES algorithm at IV different points to
allow a better exploration of the parameter space. We select these V starting points at
random in log space. The parameter vector corresponding to the lowest cost is selected
as the final optimisation result.

Depending on the dimensionality of the parameter space, we initiate the algorithm
at different numbers of starting points. For the problems considered in this chapter one
starting point is sufficient. We discuss how to select and validate the number of starting
points further in Chapter 4 where we deal with higher dimensional problems.

3.4 Case study 1: Spread of infectious diseases

We apply the two model selection techniques to four different SIR models that may de-
scribe the ‘spread of infectious diseases. These models decompose the population into
three or more distinct groups; susceptible (S), who do not have immunity to the given
disease; infected (I), who are carrying the disease and can infect others; and recovered
(R), who cannot be re-infected and cannot pass on the disease. An extension to the ba-
sic SIR model is the SEIR model which includes a population who have been infected,
or Exposed (E) to the infection, and show signs of infection but are not yet infectious,
unlike the infected (I) sub-population. Another extension is the SIRS model, where
the recovered population could become re-susceptible after a period. The final alterna-
tive we consider is the SIR-delay model, where an infected person becomes infectious
only after a latent period. This is implemented via a delay differential equation. The
SIR-delay and SEIR models account for delays in becoming infectious, but in different
ways. Table 3.3 displays a summary of these four models.

The temporal dynamics of each model may be formulated as a system of ordinary
differential equations (ODEs), or delay differential equations for the SIR-delay model.
We represent these systems of differential equations below. The colours red, blue and
green represent the total susceptible, infected (and exposed), and recovered popula-
tions, respectively.

The SIRS model may be written as
as _

P B — BSI/N(t) — uS + vR, (3.10)
drl

= BSI/N) ~ (v -+ T, (3.11)
drt =~ — (n+v)R, (3.12)

dt

where B and p represent the Birth and Death rates, 3 is the contact rate between the
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Model Groups Parameters Equations Notes
in addition
to SIR
parameters
SIR 3 (susceptible, (3.10-3.12)
infected, recov-
ered)
SIRS 3 (susceptible, Re- (3.10-3.12) Recovered population can be-
infected, recov- susceptibility come susceptible again.
ered) rate
SEIR 4 (susceptible, ex- Latent (3.13-3.16) Latent individuals show signs of
posed, infected, period infection but are not infectious.
recovered)
SIR-delay 3  (susceptible, Latent (3.17-3.19) A time-delay accounts for the
infected, recov- period delay between catching a dis-
ered) ease and becoming infectious.

A system of Delay differential
equations (DDEs) is used to
model the temporal dynamics.

TABLE 3.3: Summary of the four SIR-based models for studying the spread of infectious dis-
eases in a population. The basic SIR model contains 5 parameters: birth rate, death rate, period
before contact with an infected person, recovery period, and initial population.

susceptible and infected populations, 1/v is the average infection period, and 1/v is
average period before which a recovered person becomes susceptible again. N(t) =
S(t) + I(t) + R(t) represents the total population count at time ¢. The SIRS model
simplifies to the SIR model when v = 0.

The SEIR model may be written as

1
‘df — B — BSI/N(t) — uS, (3.13)
dE
dI
R (3.16)
dt

where 1/e represents the average latent time for an exposed person.
Finally, the SIR-delay model may be written

C(ls =B —pBSI(t—T1)/N(t) — psS, (3.17)
= BSI(t = )N (W) — (3 + )], (318)
1R, (3.19)

where 7 represents the time period before an infected individual becomes infectious.
All parameter values are assumed constant and positive. We did not nondimensional-
ize the SIR models for consistency with Toni et al. (2009).
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For all simulations we assume the following initial conditions: one infected in-
dividual, with the rest of the population susceptible. These models were imple-
mented in Python and solved numerically using the scipy (Jones et al., 2001) and py-
delay (Flunkert and Schoell, 2009) packages.

In order to compare model outputs with observations, we sample the model out-
puts at n time points and compare the number of infected individuals and recovered
individuals (I* and R’ for i = 1,...,n) with observations (I} and R}, fori = 1,...,n).
For the SEIR model, members of the latent population E are considered infected, such
that total infected individuals at time ¢ is I(¢) + E(t). We calculate sum of squared
errors to compare the model outputs with the true dataset:

J=Y (I' = I)*+ (R — RY)*). (3.20)

3.4.1 Dataset from outbreak of common-cold in Tristan da Cunha col-
lected in October 1967

In order to validate our implementation of the ABC SMC algorithm, we first tried to
reproduce the model selection results from Toni et al. (2009). The authors investigate
which SIR model best describes the outbreak of common-cold on an isolated island in
the Atlantic Ocean with a population of 300 inhabitants. Table 3.4 contains the true
dataset for this case study.

Day 1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
Infected 113 7 6 10 13 13 14 14 17 10 6 6 4 3 1 1 1 1 0
Recovered 0 0 0 O 5 7 8 13 13 16 24 30 31 33 34 36 36 36 36 36 37

TABLE 3.4: Common-cold data from Tristan da Cunha collected in October 1967.

Table 3.5 summarises the priors used as input to the ABC SMC algorithm. The
range of the prior distributions was used to bound the search space in the multi-start
CMA-ES algorithm. We denote by C(x) a constant prior fixed at value x, and U(x, y) to
represent a uniform prior over the interval (z, y).

3.4.2 Synthetic dataset

Here we apply the model selection methods to a problem where the true model is
known. We generate synthetic data from the SEIR model and then compare the abil-
ity of each technique to recover this model. Column “True” in Table 3.5 details the
parameter values used to generate the synthetic data. We note that we assume a pop-
ulation of 1000 individuals, and make the problem more realistic by adding Gaussian
noise o< A/(0, 10?) to the true output. We sample 20 data points from the time series of
susceptible, infected and recovered populations.

3.4.3 Results

We applied the two model selection techniques to four SIR models (SIR, SIRS, SEIR and
SIR-delay). We consider two different datasets. The first dataset is the common-cold
data collected from Tristan da Cunba in 1967 and given in Table 3.4. Toni et al. (2009)
applied the ABC SMC model selection technique to these data, and we replicate their
computations to validate our implementation. For the second dataset, we apply the
two model selection techniques to synthetic data generated using the SEIR model.
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. Prior

Parameter Description True Units Prior (common

Sampled (synthetic) (synthetic) old)
B Birth rate 0 individuals/day C(0) C(0)
o Death rate 0 1/day C(0) C(0)

1/p Period before contact 2 days U(1,10) U(1,10)
1/~ Recovery period 10 days U(1,30) U(1,30)
1/e Latent period 7 days U(1,10) U(0,5)
T Latent period days U(1,10) U(0,5)
v Re-susceptiblity rate 1/day U(,1) U(0,5)
N Initial population 1000 individuals C(1000) U(37,100)

TABLE 3.5: Description of parameters that appear in the SIR models of Section 3.4. The two
model selection techniques were applied to two datasets, a synthetic dataset (generated us-
ing the SEIR model with values given in the “True” column) and the data of the outbreak of
common-cold, as used by Toni et al. (2009). We used what we believe are reasonable priors
(and bounds).

3.4.3.1 Dataset from outbreak of common-cold in Tristan da Cunha collected in
October 1967

Figure 3.3B displays the progress of the model marginals (i.e. weight adjusted ratio
of the number of accepted particles corresponding to each model at each population)
alongside the population tolerance. Initially all models are equally likely, before the
SIR-delay model becomes more favourable. As in Toni et al. (2009), the most favourable
model switches from the SIR-delay to the SEIR model as the tolerance level drops.
This plot is consistent with Figure 7 of Toni et al. (2009), where histograms for each
population of particles are used to represent the model marginals.

Figure 3.3C shows how the ratio of accepted to sampled particles changes over
successive populations. As the tolerance drops, the ratio also drops.

In Figure 3.4 we present our approximations to the posterior distributions for the
parameter values in the SEIR model. The diagonal sub-figures display the approxima-
tion to the posterior distribution from the final population, whereas the non-diagonal
terms display the cross-correlation between the different parameter values for all pop-
ulations.

While the ABC SMC technique gives a measure of the model marginals, the CMA-
ES technique only gives a measure of the goodness of fit of each model to the obser-
vations. Figure 3.2 displays the best fitting model outputs corresponding to parameter
values found using CMA-ES, which are displayed in Table 3.6. The SEIR model pro-
duces an output closest to the experimental observations. However, all other models
produce reasonable fits. Notice that the SIR model is a special case of the SIRS model,
and given the same lowest cost, we would select the simpler SIR model.

Table 3.7 summarises these results from the two model selection techniques. In
both cases the SEIR model gives the best ‘fit’, however, as we see in Figure 3.2, all
four SIR models produce good fits to the experimental results and the fact that the
SEIR model provides the lowest numerical cost is not particularly meaningful. Despite
this remark, we note that using the ABC SMC technique we can calculate evidence
for and against each model. For example, the Bayes factor for the SEIR model against
the SIR-delay model is 5.83, which falls under "Positive Evidence’ according to Table
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FIGURE 3.2: Results of fitting four different models for the spread of infectious diseases to
common-cold data from Tristan da Cunha using CMA-ES. SEIR produces the closest output to
the observations.

3.1. We note that the choice of final tolerance (12.4 in our study) is arbitrary, and it
should be evident that if the ABC SMC technique was run to a lower tolerance and, in
particular, for a tolerance below 12.0 (the lowest distance between SIR-delay model and
the experimental observations), then the model marginal for the SEIR model would
converge to 1.0 and the Bayes factor would suggest very strong evidence for the SEIR
model against the SIR-delay model. This again reiterates that caution must be exercised
when considering the results of such model selection techniques.

3.4.3.2 Synthetic dataset

Synthetic data was generated using the SEIR model with Gaussian noise added. Our
aim here is to establish whether the two model selection techniques can recover the
model that was used to generate the data. Table 3.9 summarises the results of the
model selection. Using CMA-ES, we can find a parameter set for the correct model
that has a cost 70% below the closest competitor (30.2, compared to costs of 180.8, 180.8
and 99.1 for the three incorrect models). Table 3.8 summarises the resulting parameter
estimates while Figure 3.5 shows the best fits.

The ABC SMC technique also identified the correct model. Figures 3.6B and 3.6C
show how the model marginals and acceptance ratios change as the population toler-
ances drop. We note that the marginal distribution converges to one as the population
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SIRS SEIR SIR SIR-delay
N 41 39 41 39
1/ 085 184 0.85 221
1/5 027 051 0.27 0.26
v 0.00
1/e, T 0.57 3.20

TABLE 3.6: The parameter values found by fitting each SIR model to the common-cold dataset
using the CMA-ES technique.

Free Lowest Cost Model Marginals (Toni
Model Parameters (CMA-ES et al., 2009) (17 iterations,
method) final e = 12.4)
SIRS 4 12.532 0
SEIR 4 10.129 0.85
SIR 3 12.532 0
SIR-delay 4 11.991 0.15

TABLE 3.7: Summary of results when ABC SMC and CMA-ES model selection techniques are
applied to outbreak of common-cold data in Tristan da Cunh.

Sampled parameter SEIR (true values) SIRS SEIR SIR  SIR-delay

1/p 2 451 177 451 176
1/~ 10 18.08 8.74 1744 17.44
v 0.00

1/e, T 7 8.17 7.72

TABLE 3.8: The parameter values used to generate the synthetic data using the SEIR model
before addition of Gaussian noise o N (0, 10?), alongside the parameter values found using the
CMA-ES technique.

Free Lowest Cost Model Marginals (Toni
Model Parameters (CMA-ES et al., 2009) (14 iterations,
method) final € = 98)
SIRS 3 180.8 0.0
SEIR (true) 3 30.2 1.0
SIR 2 180.8 0.0
SIR-delay 3 99.1 0.0

TABLE 3.9: Summary of model selection using ABC SMC and CMA-ES applied to synthetic
data generated from SEIR model and Gaussian noise added. Both methods identify the correct
model.

tolerance approaches the lowest cost found by the CMA-ES algorithm.

In Figure 3.6A we present the output from the particles sampled in the last popu-
lation to illustrate the accepted range compared to the true data. With noisy data, ABC
SMC can estimate the posterior distribution for the parameters that fit the true data.
Figure 3.7 displays the approximation to the posterior distributions for the parameters
in the SEIR model as fitted to the synthetic data in our case study.

As one might expect, the recovery period for infected individuals is negatively cor-
related with the latent period. Similarly the longer the recovery period, the shorter the
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period before a susceptible individual gets infected (or the higher the rate of infection).
Equally, the latent period is negatively correlated with the period before contact.

We also investigated how the results of model selection varies at different noise
levels. We generated synthetic data using the SEIR model and added noise with differ-
ent standard deviations to create a target dataset. We then used CMA-ES to investigate
whether we are able to identify the correct model. Figure 3.8 displays how the lowest
cost found under each model varies at different noise levels. At 5% noise, the technique
often failed to identify the true model, however, in our analysis, at 1% it was able to
identify SEIR model as the correct model. Moreover, at 1% noise, the lowest cost for
the SEIR (true model) is at least 2.5 times lower than other models, whereas at higher
noise levels, this ratio is much smaller, which should raise further questions about the
reliability of the model selection results.
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FIGURE 3.3: Reproducing model selection results for common-cold data from Tristan da Cunha
from Toni et al. (2009). As the tolerance is reduced, SEIR, which has the lowest cost as found
by CMA-ES algorithm, becomes more favourable. (A) The original data and model output
from 200 particles with the highest weights from the last population. (B) The change in the
model marginals as the tolerance € drops in ABC SMC model selection. From populations zero
to seven, the SIR-delay model seems to be the more suitable model. (C) Acceptance ratio for
different populations of particles.
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FIGURE 3.4: Parameter inference for the SEIR model fitted to common-cold data from Tristan
da Cunha. A pair plot displaying an approximation to the posterior distribution for parameter
values for the SEIR model and scatter plots of pair wise relationships between its parameter
values. The histograms are from particles accepted under the final tolerance levels, whereas the
scatter plots include values from particles accepted at intermediate tolerance levels during the
ABC SMC algorithm. We remark that the ABC SMC final tolerance (12.4) is close to the lowest
cost found by CMA-ES (10.129), however, the final approximation to the posterior distributions
are still wide, suggesting that the model parameters are not identifiable from the given set of
experimental observations.
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FIGURE 3.5: Results of fitting four SIR models to synthetic data generated from the SEIR model
(see Equations (3.13)-(3.16); and added Gaussian noise. A simple sum of squared errors com-
pares the simulated data and the true data at 20 time points. As expected the SEIR model has
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FIGURE 3.7: Parameter inference when fitting the SEIR model to synthetic data. A pair plot
displaying an approximation to the posterior distribution for parameter values for the SEIR
model (see Equations (3.13)-(3.16)) and scatter plots of pair wise relationships between the pa-
rameter values. The histograms are from the final population, whereas the scatter plots include
values from intermediate populations. The parameter values used to generate the true data are
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one of the model marginals reaches one. The ¢ for the final population is 98, which is much
higher than the lowest distance found by CMA-ES at 30.2. We use 98 as the final population
tolerance for the ABC SMC technique since the model marginal for the true model is 1 by this

point.
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FIGURE 3.8: Effect of noise levels on results of model selection for the synthetic dataset under
case study 1 (Notice the different scales on y-axes). We ran model selection using the CMA-ES
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and CMA-ES was carried out at 1%. As the noise level increases, the model selection becomes
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noise levels, the technique often selected the wrong model (in the example here, at 5% noise, it
incorrectly identifies SIR delay model as the correct model).
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3.5 Case study 2: model selection in signalling pathways

The aim here is to verify that the two techniques can be used for model selection in
studies of signalling pathways. We focus on two Feed Forward Loop (FFL) network
motifs (Alon, 2007), which we describe below.

Transcription factors are proteins that regulate the transcription (i.e. the first steps
in gene expression) of other proteins. We assume that protein X is a transcription
factor for proteins Y and Z. Now suppose Y is a transcriptional co-regulator of pro-
tein Z, such that it can increase or decrease the expression of protein Z. Notice that
we have not specified whether X and Y promote or repress the transcription of their
target gene/protein Z. We consider two possible scenarios for this network (see Fig-
ure 3.9A), which we describe below. We assume further that the transcription of each
protein starts (or stops) when the levels of its promoters (or repressors) rise above (or
fall below) threshold values, and use time dependent system of ODEs to study the
dynamics of the two networks:

* Network 1: X is a promoter of Y and Z, whereas Y is a repressor of Z, such that
the rate of expression of Z is reduced when levels of Y increase:

( dx

7 = P T, (3.21)
d
Network 1 d—:g = B,0(x > kyy) — ayy, (3.22)
d
\ d_j = B.0(x > ku2)0(y < kyz) — oz, (3.23)
* Network 2: X is a promoter of Z but a repressor of Y, while Y is a co-activator
of Z:
(dz
d
Network 2 d—?; = B,0(x < kuy) — ayy, (3.25)
d
d—:: = Ze(ﬂj > km)e(y > kyz) — Q2 (326)

where z, y, and 2 denote the concentration of proteins X, Y and Z at time ¢. /3,, 3, and
f3, are transcription rates, and «,, o, and «, are rates of degradation of X, Y and Z re-
spectively. Parameters k,,, k., and k,, are threshold values at which gene transcription
starts.

The piecewise constant function #(b) takes the following values:

() — 1 ifbis TRUE (3.27)
~ 1 0.01 ifbis FALSE (3.28)

such that there is always a small background level of gene transcription. As an ex-
ample, in Equation (3.23), the term 6(x > k,.)0(y < k,.) means that transcription of
protein Z starts when levels of protein X are above a threshold (X is a promoter of Z),
but levels of Y are below a certain threshold (Y is a repressor of 7).
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FIGURE 3.9: (A) The structure of the two Feed Forward Loops used in case study 2. (B) Example
outputs from the two networks, after nondimensionalisation. The parameter values for model
one are: k;, = 0.3,y = 1.5,a, = 0.01, 8, = 1.5 and 3, = 3.5. Parameter values for model two
are k., = 0.3,ay = 1.5,a; = 1.0, 8, = 1.5 and 8, = 4.0. For both models we assume that the
initial protein concentrations are all zero, such thatat¢ = 0, X =Y = Z = 0. Notice the dashed
lines represent the protein levels that may be assumed when only 5 time points are collected at
t=20,5,10, 15 and 20.

3.5.1 Nondimensionalization

By rescaling the variables in a model, nondimensionalization can be used to reduce
the number of independent parameters in the model. This can inform us about pa-
rameter identifiability. Moreover, where quantitative estimates of model parameters
exist, it enables us to estimate relative importance of different processes included in
the model and thereby to justify neglect of certain processes. In case study one, we
avoided nondimensionalization for consistency with Toni et al. (2009). In this second
case study, we reduce the number of model parameter values by rescaling the protein

concentrations z, y, and z, and time ¢ as follows:
T 0y
rr=—y = i,z* = 22t = qut.
z

kxy kyz B

Substituting these variable changes into Equations (3.21)-(3.23) and (3.24)-(3.26) yields
the following nondimensionalized system of ODEs for the two FFL networks:

i By —x (3.29)
dy* * * k%
Network 1 S Baf(x* > 1) —ay (3.30)
d *
S O(z" > k;,)0(y" <1)—aiz” (3.31)
\ it
(da*
= f - 632
dy* * * k ok
Network 2 < i B0(x" <1) —ay (3.33)
d *
S O(z" >k, )0(y" > 1) — aiz", (3.34)

\ dt*
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where

Ba

Ay kxy

151 o «a k

Y * Yy * z *  _ vxz

. =, o= — kxsz .
xy

B = (3.35)

azky. Yoo, o,

Each network model now contains only five parameters instead of nine, reducing
the dimensionality of the parameter space that needs to be explored and speeding up
model selection without changing the system dynamics (see Figure 3.12). Henceforth,
for simplicity we drop the *’s from the variable and parameter names.

We solve the models numerically using the integrate.odeint function in Python’s
scipy scientific package for ¢ = 0 to ¢t = 20 at 100 equally spaced time points. This
function uses Isoda from FORTRAN library odepack and automatically adapts to solve
stiff and non-stiff systems of first order ODEs using Backward Differentiation Formula
(BDF) or Adams predictor-corrector methods respectively.

In Figure 3.9B, we present typical outputs from the two (nondimensionalised)
models. We use the output generated by model two as the true dataset and employ
model selection techniques to investigate whether it is possible to infer the correct
model.

3.5.2 Qualitative fitting and satisfaction metrics

As described in Chapter 2, experimental data in studies of subcellular pathways is
often semi-quantitative or qualitative. This means, for example, readouts from West-
ern blots used to measure levels of proteins in a particular conformational state are a
transformation of the real protein levels that can vary considerably depending on the
specificity of the antibody used or the procedure followed to perform the Western blot.

As such, when performing model selection, we consider qualitative rather than
quantitative outputs. That is, we investigate whether a given model can reproduce the
same qualitative behaviour as the true output. We define our cost function using satis-
faction metrics. Satisfaction metrics are defined such that if a particular requirement is
satisfied, the cost is zero; otherwise a penalty proportional to the distance of the output
from the edge of the satisfaction area is added to the cost function (Pargett and Umulis,
2013).

For example, if x(t) is the model output at time ¢, and we require = to increase
from ¢t = ¢, to t = t,,, we may define the satisfaction distance as

J = max(0, z(ty) — x(t,)). (3.36)

The synthetic dataset we use is generated from model two (see Figure 3.9B). The
qualitative features we aim to reproduce are:

* A monotonic increase in levels of protein Z. In other words, the gradient should
be zero or positive. The satisfaction distance is defined as the lowest negative
gradient of Z among all simulation points: (); = %, fori=1,...,100.

¢ A bell shape in levels of protein Y.

— Levels of Y should increase at least to 3.5 at t = 5: The satisfaction distance
is defined as the distance between y(t = 5) and 3.5 if y < 3.5,

— Levels of Y should drop at least 1.5 times between ¢ = 5 and ¢t = 20. The
satisfaction distance is defined as the distance between yy((t’:;’o)) and 1.5 if this
ratio is below 1.5.
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We ignore changes in Protein X since it is monotonically increasing in all cases. Table
3.10 lists the elements of the cost vector. The final cost value is then given by

3
J=> w.J}, (3.37)
i=1

where J; and w; are the cost elements and their associated weights.

We assume that all five model parameters in the nondimensionalized model are
unknown. For model selection, we assume a uniform prior for each of these param-
eters oc U[0,10]. We use 50 particles for the ABC SMC algorithm. For the CMA-ES
algorithm we initiated the exploration of the parameter space at only one randomly
selected point, with the four times the number of default particles.

o . Quantity of . Weight
Qualitative Requirement Interest (Q;) Value (J;) (w)
Levels of Z should increase monotoni- % minj—y,. (0, Q;) 1
cally.

Levels of Y should increase at least to 3.5 y(t =5) min(0, Q; — 3.5) 1
att =5
Levels of Y should drop 1.5 times from yy(gfz‘:’o)) min(0, Q; — 1.5) 1

the valueatt =5

TABLE 3.10: The elements of the cost vector used to compare model output with the true
output. We assume values of y and z are calculated at n different time points ¢ = 0, ..., ¢, = 20.
The exact levels of satisfaction boundaries are chosen to achieve a qualitative match to the
experimental observations. We are not placing any requirements on when the turning point in
Y should occur.

3.5.3 Analytical model selection

The two networks in this study can be solved analytically, without resorting to numer-
ical methods. We assume zero initial conditions for all proteins and ignore background
gene transcription.

Integrating equations (3.29) or (3.32) with z(¢ = 0) = 0 yields:

r=03,(1-¢e"). (3.38)

Equation 3.38 indicates that (¢) is an increasing saturating function of time for 3, > 0.
We use Equation 3.38 to solve Equations (3.31) and (3.34) for y under models one and
two. Under both models there is a regime change at z = 1. Setting = 1 in Equation
(3.38):

1
l—et< -,
B
5
t <l = {p.
Ogﬁ—l 0

Under model one, assuming initial conditions of y(t = 0) = 0, we can solve Equa-
tion (3.31):
0 t<ty, (3.39)

y= @(1—e%<f-fo>) t > to, (3.40)
Qy
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and similarly for model two:

%(1 —e )t <y, (3.41)
Yy

y =
%(e“yt0 — e ™"t >t (3.42)

Y

We can hence deduce that under model one, y(t) is an increasing saturating func-
tion of time ¢t and model one cannot reproduce the qualitative behaviour produced by
our synthetic dataset described in Section 3.5.2 and displayed in Figure 3.9B.

We summarise the results from the ABC SMC and CMA-ES model selection tech-
niques in the next section and in doing so, confirm that they match this analytical
result. We remark that such an analytical study is not possible for the more compli-
cated pathways considered in later chapters of this thesis, making it essential to use
the model selection techniques described in this chapter.

3.5.4 Results

We apply the two model selection techniques to two different Feed-forward loop net-
work models. Unlike Case Study 1, we use a qualitative distance metric to account for
the semi-quantitative nature of many biological experiments.

Lowest Cost

Model Free (CMA-ES N.Iodel.Marglnals (5
Parameters iterations, ¢=0.25)
method)
Model one 5 0.25 or 12.25 0.0
Model two 5 0.00 1.0
(true)

TABLE 3.11: ABC SMC and CMA-ES model selection techniques applied to two FFL networks.
Synthetic data was generated from model two, and a qualitative cost metric was used to com-
pare the model outputs with the desired qualitative output. Both methods identify the correct
model.

Table 3.11 summarises the results of model selection process. The CMA-ES
method can find a set of parameters with zero cost for model two (i.e. the model satis-
ties all satisfaction metrics). It fails to identify a set of parameter values under model
one that yield the correct qualitative output.

On some runs, CMA-ES failed to find the minimum value for the cost function for
model one (i.e. 0.25) and converged to a local minimum at 12.25. These problems were
resolved if either the number of particles or the number of starting points for the multi-
start CMA-ES algorithm were increased. These do not change the final outcome of the
model selection, however, they suggest that caution must be exercised when applying
these techniques to problems where the solution is unknown.

ABC SMC suffered a different flaw where if we did not sample enough particles
in each population (we settled on sampling 50 particles in each population), it incor-
rectly chose model one as the correct model. Again, this suggests that caution must be
exercised when applying these model selection techniques.

In Figure 3.10 we plot the approximate posterior distributions for the parameter
values found using ABC SMC. We note that unlike case study one, our distance metric



58 Chapter 3. Model selection

is now based on satisfaction metrics, since we are seeking a qualitative, rather than a
quantitative fit. There is a large area of parameter space that satisfies our qualitative
requirement. Hence the particles from the final population cover a wide area. The
ABC SMC model selection yields a posterior distribution of parameter values that can
be sampled if desired (see Figure 3.11C). This situation does not arise with CMA-ES as
it generates a single set of suitable parameter values.
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FIGURE 3.10: Distribution of particles accepted in the ABC SMC algorithm under model 2 (true
model). The histograms are from the final population, whereas the scatter plots include all five
particle populations. The black crosses and dashed lines show the true parameter values. The
qualitative fit means that the range of suitable parameter values are wide and it is difficult to
recover the original parameter values.



Chapter 3. Model selection 59

1.0 . 1.0
“ce— ONE model i ---- Population Tolerance

0.8 —==._TWO model marginal "\‘\ 0.
: 0.8

Model margin
o o
=N [e)]
o o o o
B [4)] (2] ~
Tolerance

e

o
o
w

o
o
'
'
'
.
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
/
o
N

0 1 2 3 4
Population
(A)
0.6 1.0
Population Acceptance Rate ____—== Population Tolerance
0.5
0.8
2 04 -
- 0.7 ¢
o e
203 068
= o
o o
© 0.5+
g 02 T
= e 0.4
0.1 _h_‘"“‘-—________________ - 0.3
0.0 ‘0.2
0 1 2 3 4
Population
(B)
35
Samples from ABC-SMC
30 e original response
o~ s CMA-ES
= 26
=
5
S 20
._Q'
s 15
B ——
210
-
5
0
0 5 10 15 20
time
(©)

FIGURE 3.11: Results of model selection using ABC SMC and applied to a simple signalling
pathway model. (A) The change in marginal values of model parameter and ¢ values for differ-
ent populations. (B) Acceptance ratio for different populations. (C) The temporal dynamics of
levels of protein Y/, plotted using the parameter vector with lowest cost found using the CMA-
ES technique and samples from final population of ABC SMC technique. The true parameter
values are k;, = 0.3, ay = 1.5, a, = 1.0, B, = 1.5 and 8, = 4.0. The values recovered using the
CMA-ES technique are: k.. = 1.32, oy = 0.04, o, = 0.99, 3, = 1.04 and 3, = 3.27.
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3.6 Discussion

In this chapter we introduced and compared two different model selection techniques
that may be used to study signalling pathways. Since many experimental results in this
field are semi-quantitative, we also introduced semi-quantitative/qualitative distance
metrics. We focused on likelihood free model selection techniques since defining a
tractable likelihood function is difficult when considering semi-quantitative distance
metrics.

The first method, ABC SMC (Toni et al., 2009), a popular Approximate Bayesian
Computation technique, considers model choice as an input parameter and uses a se-
ries of reducing tolerances to develop an approximation to the posterior distribution
of appropriate model and parameter values for each model. In the second method, the
cost function is minimised for each model using a multi-start CMA-ES algorithm. The
model with the lowest global cost is considered the most suitable.

We applied these techniques to different case studies. Our first case study focused
on the spread of infectious diseases. We used real and synthetic datasets to compare
the two techniques. We then used the techniques to study signalling pathways. In this
case study we incorporated qualitative comparison of model outputs and experimental
results in order to mimic semi-quantitative experimental data.

According to Hansen (2006), the CMA-ES algorithm does not require extensive
tuning of optimisation algorithm parameters, and the default parameter values were
indeed suitable for our studies. The default number of particles in the initial popula-
tion for each run of the algorithm in the multi-start regime has a default of 4+ 3 log(ny)
where ny is the dimensionality of the parameter space. For global optimisation prob-
lems, an increase in this population size is recommended. In our tests, we found that
the multi-start method and increasing the number of samples helped find the same
minimum value. In high dimensional problems, multi-start facilitates the identifica-
tion of parameter regions with different dynamics which can then be studied further
(see Chapter 4 for details). In the first set of case studies, since we are not interested
in studying different possible dynamics of the models, increasing the default popula-
tion size four fold seemed sufficient for convergence to the global minimum. In the
second case study, one start and the default number of particles were sufficient under
the CMA-ES technique.

For ABC SMC, we used a different number of particles for each case study. For
the synthetic example in the first case study, 200 particles were sufficient for model
selection. With fewer particles the algorithm often failed to progress beyond the first
population as it failed to sample all models, unless we increased the initial tolerance.
In the common-cold dataset, 1000 particles were used for consistency with Toni et al.
(2009). Finally, in the second case study, 50 particles were sufficient for correct model
selection, any fewer particles and ABC SMC often failed to progress beyond the first
population or selected the wrong model. It is interesting to note that although the
second case study has a higher dimensionality compared to the first (five versus two to
four), fewer particles were needed for correct model selection under both techniques.
This is likely due to the satisfaction metrics, where the area in the parameter space that
satisfies the required qualitative behaviour is relatively easier to locate.

The ABC SMC technique has many advantages compared to CMA-ES. If the pri-
mary objective is parameter inference, then the ABC SMC should be employed. Similar
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to other Bayesian-based methods, the ABC SMC uses the experimental observations to
approximate the posterior distribution for each of the model parameters. CMA-ES can
generate single sets of suitable parameter values.

If we wish to explore different dynamics of a high dimensional problem, it may be
appropriate to combine the two techniques. Initially, a multi-start CMA-ES algorithm
may be used to locate different regions of parameter space that can describe the experi-
mental observations. ABC SMC may then be applied to suitable priors defined around
the parameter set found using CMA-ES. With a suitable quantitative distance metric
(e.g. sum of squared errors), we can then use the results of the ABC SMC inference to
inform us about the identifiability of model parameter values and sensitivity of model
output to perturbations in parameter values.

For model selection, ABC SMC yields an approximation to the marginal likeli-
hoods of each model, which may be used to calculate evidence for one model against
another. CMA-ES only gives a measure of closeness of each model to the data. How-
ever, as observed in our case studies, the approximation to the model marginals given
by ABC SMC are highly dependent on the choice of tolerances (Figures 3.3B, 3.6B).
Caution must be exercised when considering such results.

An important factor to consider in model selection is model complexity and the
problem of over-fitting. A simple model with a reasonable fit to the experimental ob-
servations may be preferable to a complex model, with more parameters, that fits the
observations much better. Model selection criteria, such as AIC, penalise models with
more parameters. Another advantage of the ABC SMC technique, alongside other
Bayesian model selection techniques, is the automatic incorporation of the principle of
Occam’s razor. Bayesian-based approaches penalise higher dimensional models when
calculating the evidence in Equation (3.4), unless the more detailed model is signifi-
cantly better. CMA-ES, combined with semi-quantitative distance metrics, is unable to
make such considerations and caution must be exercised when comparing models that
differ markedly in their complexity.

Another concept we explored in this chapter is qualitative /semi-quantitative com-
parison and satisfaction metrics. Such methods are useful when experimental results
are not quantitative. These enable us to quickly explore and compare model outputs
with experimental observations and to establish whether the output exhibits similar
behaviour to the experimental observations. One of the disadvantages of satisfaction
metrics is that studying parameter identifiablity and sensitivity becomes impossible.
Standard distance metrics (such as sum of squared errors) should be recruited to study
parameter identifiablity once a suitable set of parameter values is found. Given the of-
ten large area of satisfaction, more than one model may be able to reproduce the exper-
imental observations making the problem of model selection more difficult. However,
until higher quality data becomes available, we believe these methods offer the best
chance of improving our understanding of the dynamics of signalling pathways.

The primary advantage of CMA-ES over ABC SMC is speed. Figure 3.12 displays
the number of model simulations required for ABC SMC and CMA-ES. For the nondi-
mensionalized model, the difference for case study 2 where we use satisfaction metrics
is substantial (1500 vs. 16000 on average). In our analysis, ABC SMC seems to particu-
larly suffer when using satisfaction metrics, whereas CMA-ES quickly converges to the
minimums for each model, ABC SMC initially gives a higher marginal probability to
the incorrect model, and once the tolerance drops low enough it switches to the correct
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FIGURE 3.12: The distribution of total number of simulations required for model selection in
case study 2 under (A) multi-start CMA-ES without model nondimensionalization, (B) multi-
start CMA-ES with model nondimensionalization, and (C) ABC SMC with model nondimen-
sionalization. Each model selection was run 100 times. ABC SMC required an average just
under 16000 model simulations, whereas CMA-ES required on average 1500 and 2500 model
simulations for the nondimensionalized and dimensionalized models respectively.

model. We experimented with different tolerance schedules, ¢, . .., er, without being
able to improve this. Moreover, the candidate models being considered in our study
of the canonical Wnt pathway have higher dimensionality than the models considered
here (sixteen or seventeen versus five), meaning the extra speed offered by CMA-ES
outweighs the benefits of ABC SMC. We experimented with running ABC SMC using
different tolerance schedules and number of particles, without being able to improve
the performance further. In future work it may be interesting to perform a more de-
tailed investigation of the impact of the implementation parameter value on the speed
and results of model selection. For these reasons we use CMA-ES for model selection
in the remainder of this thesis. ABC SMC model selection has many advantages com-
pared to CMA-ES. However, many of these advantages, such as parameter inference,
are not fully utilised when using qualitative distance metrics.

In the second case study involving signalling pathways, we also demonstrated
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how nondimensionalization may be used to reduce the dimensionality of the param-
eter vector, reducing the computational resources required for model selection. Fig-
ures 3.12A and 3.12B display the number of simulations required for model selection
using the CMA-ES technique with and without nondimensionalization. Nondimen-
sionalization speeds up model selection by reducing the average number of model
simulations from 2500 to 1500. However, model selection using the dimensionalized
model with the CMA-ES technique is still substantially faster than the process using
the ABC SMC technique. Moreover, nondimensionalization, which involve manual
analysis of the model system, can be time consuming and can slow down prototyping
of new models. In our view, the small speed up (2500 vs 1500 model simulations), does
not outweigh the time cost of nondimensionalization. Hence for the rest of this thesis,
we avoid nondimensionalizing the models we propose, and instead apply CMA-ES to
the dimensionalized model.

Our results in this chapter show that the CMA-ES technique may be used for
model selection, providing an efficient method to explore the parameter space of can-
didate models without the need for extensive tuning of parameter values. We also
showed that in face of qualitative experimental results, it may be possible to use satis-
faction metrics to establish the most suitable model structures.

In the next chapter, we use the model selection techniques introduced here to
study the canonical Wnt pathway. We will focus on the cell’s initial response to Wnt
stimulation. Recruiting the latest biological findings we introduce a set of candidate
models that may be consistent with experimental observations, and use CMA-ES and
satisfaction metrics to discriminate between these candidate models.






Chapter 4

A reduced core model of the Wnt path-
way

41 Introduction

In the last chapter we introduced the idea of mathematical model selection. We showed
that a technique based on a multi-start CMA-ES optimisation algorithm and satisfac-
tion metrics can quickly select between mathematical models of a signalling pathway:.
In Chapters 1 and 2 we introduced the current state-of-the-art in modelling of the
canonical Wnt pathway. We summarised various competing models proposed by var-
ious groups based on seemingly contradictory observations. In this chapter, and in
Chapter 6, we use mathematical model selection to determine whether we can pro-
pose a model that is consistent with these observations. In this chapter we focus on the
cell’s initial response to Wnt stimulation.

One of the earliest aspects of canonical Wnt signalling is exposure of the Frizzled
transmembrane receptor and the Low Density Lipoprotein Receptor-related Protein 6
(LRP6) co-receptor, and its homolog LRP5, to extracellular Wnt ligands. This drives
recruitment of the destruction complex, including Axin, APC and kinases GSK3 and
CK1, to the membrane via the Dishevelled (Dvl) protein and its inactivation. As a
result, -catenin is not degraded by the proteasome, instead accumulating in the cyto-
plasm and translocating to the nucleus, where it causes Wnt target gene transcription.
Figure 4.1 shows a schematic of the canonical Wnt pathway.

Wnt stimulation also leads to phosphorylation of the LRP6 at various sites. In
particular, CK1 phosphorylates LRP6 at its threonine 1479 residue (Bilic et al., 2007)
while GSK3 and CK1 can phosphorylate it at threonine/serine residues at one or more
of its five PPPSP /PPPTP motifs (Zeng et al., 2005). Zeng et al. (2005) observe that GSK3
phosphorylation primes LRP6 for CK1 phosphorylation at these sites.

As described in Chapter 2, we break down the models of signalling pathways into
two categories; verbal models, often proposed in experimental studies, and mathemat-
ical and rule based models. Various models of the canonical Wnt pathway have been
proposed over the last two decades. Verbal models alone have failed to yield a model
of the canonical pathway that unifies various, seemingly contradictory observations.
Figure 2.5 in Chapter 2 summarises some of those discrepancies that lead to inactiva-
tion of the destruction complex.

Mathematical models offer a complementary approach to verbal models and can
yield insight into the dynamics associated with the multiple nonlinear biochemical
interactions that constitute the Wnt pathway. As demonstrated in Chapter 3, they can
be used for model selection and also to generate experimentally testable predictions.

One of the aims of this thesis is to use mathematical modelling to explain seem-
ingly contradictory experimental observations. Many recent studies have proposed
that the conformational states of the LRP6 co-receptor and the Axin scaffolding pro-
tein contribute to inactivation of the destruction complex (Kim et al., 2013; Piao et al.,

65
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FIGURE 4.1: Schematic of the canonical Wnt signalling pathway. In the absence of extracellu-
lar Wnt ligands (left), 3-catenin is continuously degraded by a multiprotein complex termed
the destruction complex, which causes -catenin phosphorylation at residues 545 by CK1 and
S33/537/T41 by GSK3. Upon Wnt stimulation (right), the destruction complex is deactivated,
causing 3-catenin accumulation and Wnt target gene transcription. A large fraction of 3-catenin
is also found at the membrane, bound to E-cadherin in Adherens junctions.

2008; Wu et al., 2009). To the best of our knowledge, none of the existing mathemat-
ical models of the canonical Wnt pathway have focused on these components of the
canonical Wnt pathway.

Our literature review detailed in Chapter 2 revealed many as yet unanswered
questions about the interactions between Axin and LRP6. There are some well reported
observations with regards to interactions of these proteins, including recruitment of
Axin to LRP6 (Bilic et al., 2007; Kim et al., 2013) and phosphorylation of LRP6 (Kim
et al., 2013; Li et al., 2012). However, there are also inconsistencies, such as the ob-
servation that Axin is required for LRP6 phosphorylation (Wolf et al., 2008; Zeng et
al., 2008), while unphosphorylated LRP6 does not in fact provide a docking site for
Axin unlike phosphorylated LRP6 (Zeng et al., 2005). In addition, it is also unclear
whether or not the first steps after Wnt stimulation is recruitment of Axin to LRP6 or
LRP6 phosphorylation. For example, LRP6 aggregates are formed at the membrane
upon Wnt stimulation. These aggregates lead to an increase in Axin recruitment to the
membrane (Niehrs and Shen, 2010; Bilic et al., 2007). It is proposed that LRP6 phospho-
rylation is the consequence and not the cause of these aggregations (Niehrs and Shen,
2010; Bilic et al., 2007). These observations make it unclear whether Wnt signalling
leads to an increase in rate of recruitment of Axin to the membrane (via the formation
of aggregates), or an increase in LRP6 phosphorylation which then leads to recruit-
ment of Axin. These are two of the primary hypotheses we are testing in this chapter.
To address these questions, in this chapter we propose a set of candidate models with
competing structures that may give us a better understanding of the ways in which
these two proteins interact. The models differ in the biochemical interactions that are
included, and those reactions that are regulated by Wnt. As in Chapter 3, we use the
CMA-ES technique and satisfaction metrics to determine which models best describe
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the experimental observations and use this to reduce the number of suitable candidate
models.

We use sensitivity analysis and in silico experiments to reduce the space of suitable
candidate models further, before proposing new experiments that may enable us to
find the most suitable model.

The remainder of this chapter is structured as follows. In the Methods section, we
give a detailed description of our candidate mathematical models. We first give a ver-
bal description, detailing the assumptions on which the models are based. Next, we
introduce our competing candidate models. We present the mathematical equations
that define each mathematical model and outline the analysis we perform. In the Re-
sults section, we discuss the results of model selection. We then describe how we may
simplify our candidate models while maintaining important features in the model. Fi-
nally, in the Discussion section we summarise our findings and describe the next steps
in our work.

4,2 Methods

Several recent studies of the canonical Wnt pathway have focused on interactions be-
tween the LRP6 co-receptor and the Axin scaffolding protein (Kim et al., 2013; Haack
etal., 2015), particularly the impact of phosphorylation of Axin and LRP6 as among the
earliest steps leading to inactivation of the destruction complex. While some progress
has been made, there are many open questions about these interactions and how con-
formational states of LRP6 and Axin might regulate them.

We propose a set of candidate mathematical models that differ in two ways. First,
the reactions included in the different models may vary. Second, the reactions which
are altered by Wnt stimulation may vary. By comparing these mathematical models
with experimental results, we aim to elucidate how LRP6 and Axin contribute to the
dynamics of the canonical Wnt pathway.

We note that due to lack of suitable experimental results, we do not explicitly
model several other proteins that are observed to be fundamental to recruitment of
Axin to the membrane and initiation of Wnt signalling, including Frizzled and Dvl.

4.2.1 Qualitative description of our mathematical models

We focus on LRP6 and Axin and study their phosphorylation, dephosphorylation and
complex formation. Our candidate models are formulated in terms of 8 different
species. We assume that Axin and LRP6 exists in one of two states; phosphorylated
(represented by A, and L) and unphosphorylated (represented by A, and L,). We
also distinguish the four complexes that may form between them, denoting the com-
plexes ALy, A,Ly, ALy and A L, by Cy, Cy, C; and C; respectively. Table 4.1 contains
a summary of the dependent variables used in our models.

As discussed in Chapter 2, LRP6 has various sites that are phosphorylated upon
Wnt stimulation. We consider only LRP6 phosphorylation by GKS3 at the 51490
residue (pS1490 LRP6). 51490 is part of one of the five PPPSP motifs on LRP6, which
may be phosphorylated upon Wnt stimulation and are believed to cooperate in order
to amplify Axin recruitment to LRP6 (MacDonald et al., 2008). We include this phos-
phorylation state for two reasons. First, Kim et al. (2013) propose that this conforma-
tional change increases the rate of recruitment of Axin phosphorylated at S497/S500
(pS497/500 Axin) to the membrane. Second, pS1490 LRP6 may cause direct inhibition
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Dependent variable Description

A, Concentration of Axin not phosphorylated at S497 /S500
Ay Concentration of Axin phosphorylated at 5497 /5500

L, Concentration of LRP6 not phosphorylated at S1490

L, Concentration of LRP6 phosphorylated at S1490

Co Concentration of Complex of L, and A,

Ch Concentration of Complex of L, and A,

Cy Concentration of Complex of L, and A,

C3 Concentration of Complex of L, and A,

TABLE 4.1: Dependent variables used in our mathematical models.

of destruction complex activity (Piao et al., 2008; Wu et al., 2009; Cselenyi et al., 2008).
We do not explicitly model phosphorylation of LRP6 by CK1 at the T1479 residue,
since Axin may be recruited to the membrane without phosphorylation of LRP6 at this
residue (Bilic et al., 2007).

We focus on Axin phosphorylation by GSK3 at residues 5497/5500, which may
play an important role in determining the activation state of the destruction complex
and the recruitment of 3-catenin to the destruction complex (Kim et al., 2013).

We restrict attention to the first 3 hours after Wnt stimulation and assume that
total levels of Axin and LRP6 are fixed. A fall in both these levels are observed beyond
3-4 hours of Wnt stimulation (Kim et al., 2013; Khan et al., 2007; Li et al., 2012).
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FIGURE 4.2: Schematic of our candidate mathematical models of the canonical Wnt pathway.
These models describe the dynamics of phosphorylated and unphosphorylated Axin and LRP6
and the various complexes of Axin and LRP6 that they may form (see Table 4.1 for a summary
of the dependent variables). "*" represent a phosphorylated protein. Black arrows indicate
Wnt-independence under all model structures. Colours for other reactions match colours in
Reactions (4.1)-(4.9). The rate constants for reaction R; are given by k.;, where the k;’s represent
association or phosphorylation rates and the £_;’s represent dephosphorylation or dissociation
rates.

In Figure 4.2 we present a schematic of the 9 interactions included in our can-
didate mathematical models and we detail below the biological motivation/evidence
underpinning each of these reactions. We view the cytosol, nucleus and membrane
as a single well-mixed compartment and assume that all reactions take place in this
compartment and ignore spatial variation in protein concentrations.
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Ri: A, <= A, (4.1)
Ry L, ;% L, 4.2)
Rea: A, +L. ;ﬁ . (4.3)
Ryp: A, +1L, :: ,, (4.4)
Rua: C ]‘: C,. (4.5)
Rug: C, :: C,, (4.6)
Rs: G, lf: C., (4.7)
Rs: A, +L, == C, (4.8)
Rr: A +L, == C,. (4.9)

Reactions R, and R, represent the Wnt-independent phosphorylation and dephos-
phorylation of Axin and LRP6. It has been observed that Axin is required for LRP6
phosphorylation (Zeng et al., 2008). Therefore, we assume that Axin (A, and Ay) can
form a complex with unphosphorylated LRP6 (L,). This interaction is represented by
reversible reactions R34 and Rj3p.

Kim et al. (2013) observed that pS1490 LRP6 binds preferentially to pS497/500
Axin compared to unphosphorylated Axin. Reaction R; represents this increased affin-
ity between pS497/500 Axin (A;) for pS1490 LRP6 (L;).

GSK3 is known to stay bound to Axin upon its dephosphorylation (Kim et al.,
2013; Li et al., 2012). Kim et al. (2013) proposed that GSKS3 is recruited via Axin to
facilitate LRP6 phosphorylation. Thus we assume that LRP6 may be phosphorylated
while in complex with both Axin states and represent this by reactions R44 and Ryp.
Kim et al. (2013) observed that Axin is dephosphorylated upon Wnt stimulation, and
proposed that this is due to recruitment of Axin to LRP6. In Reaction Rg, we assume
that Axin in complex with LRP6 can be dephosphorylated upon Wnt stimulation. Ad-
ditionally, LRP6 phosphorylation my occur in the absence of Axin dephosphoryla-
tion (Kim et al., 2013). We hence assume that phosphorylation of LRP6 in reactions
R44 and R, precedes the observed dephosphorylation of Axin in reaction Rj.

Upon Wnt stimulation, levels of Axin in complex with LRP6 have been observed

first to rise and then to drop (Kim et al., 2013; Khan et al., 2007). We include reaction
R7 to represent the release of Axin from LRP6 after Axin has been dephosphorylated.

In some candidate models, we assume that there is always the same basal level of
recruitment of Axin to pS1490 LRP6. In these candidate models, k.5 = k% 5 + ki3, while
k7 = ks and k_7 = k*, 4+ k_3. In other candidate models we assume k; = 0. We will
discuss this in more detail later.
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4.2.1.1 Modelling the effect of Wnt

Most existing mathematical models of the Wnt pathway account for Wnt stimulation
in one of two ways. Lee et al. (2003), Leeuwen et al. (2007) and Herndndez et al. (2012)
view it as an externally prescribed function of time that acts on certain reactions. On
the other hand, Haack et al. (2015) and Mazemondet et al. (2012) view Wnt as a depen-
dent variable which is produced, degraded and interacts with other model variables.
For simplicity, we follow Lee et al. (2003), representing Wnt stimulation as an expo-
nential function of time, that changes from the “Wnt-off” value to the “Wnt-on” with
a time constant of 1 to 20 minutes to account for reactions not included in our math-
ematical models. This time delay is in line to the delay observed by Herndndez et al.
(2012). The exact mathematical function used to represent Wnt stimulation is given in
Equation (4.24).

We compare our candidate mathematical models with in vitro experiments, in
which the number of Wnt3A ligands is typically 500 times higher than the number
of LRP6 co-receptors (see Section A.2 in Appendix A). Since we focus on the first 3-4
hours after Wnt stimulation, we neglect any drop in Wnt levels over time.

4.2.2 Candidate models

Candidate models differ structurally in two ways and we use the notation H,,, where
x and y are positive integers, to refer to different candidate models. The subscript =
indicates which reactions are altered by Wnt, while the subscript y indicates how Axin
interacts with LRP6 and structural differences between the models.
Subscript x = 1,2, 3,4, 5 or 6 determines which reaction rates are altered upon Wnt
stimulation:
¢ x=1: LRP6/Axin binding (k3 in reactions R34, R3p, Rs and Ry),
¢ x=2: LRP6 phosphorylation while in complex with Axin (k, in reactions 44 and
Ryp),
¢ x=3: LRP6/Axin binding (k3 in reactions R34, R3p, 5 and R7), and LRP6/Axin
release (k_; in reaction Ry),
¢ x=4: Dephosphorylation of Axin while in complex with LRP6 (k_¢ in reaction
Rs),
* x=5: Dephosphorylation of Axin (k_s in reaction Rg) and release of Axin from
LRP6 (k_7 in reaction R;),
¢ x=6: Phosphorylation of LRP6 (k4 in reactions R,4 and R,p) and release of Axin
from LRP6 (k_7 in reaction R7).

Subscript y determine how LRP6 and Axin interact:
* y=1: No basal level of Axin/pS1490 LRP6 binding. Reaction R; is not reversible
with k7 = 0.
e y=2: Basal level of Axin/pS1490 LRP6 binding. k.5 = ki, + ki3, k7 = ks and
k_7 = k*, + k_3, where k% ; and k_; are independent of k3.

We remark that we only consider candidate models where Wnt leads to an increase
in rate of reactions. One may investigate whether Wnt in fact leads to a reduction in the
rate of the reverse reaction (e.g. dissociation of Axin from LRP6(k_3) or LRP6 dephos-
phorylation (k_,)), however, since we failed to find any commentary in the literature
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highlighting such mechanisms with regards to the Wnt pathway and since it is com-
putationally expensive to consider all possible model structures, we ignored any such
model structure. However, future work could consider such candidate models, and
investigate the differences in the Wnt pathway dynamics due to such structures.

4.2.3 Mathematical representation of our candidate models

In this section we explain how we translate the reactions introduced in Section 4.2.1
into mathematical functions and use them to construct the candidate mathematical
models of the canonical Wnt pathway.

We assume that all reactions follow mass action kinetics, meaning that the rate
at which a reaction proceeds is proportional to the product of the concentrations of
the reactants. We remark that this means we ignore saturation of the reactions due to
other, un-modelled, species. We note that as discussed in Section 2.1.5, Dvl may play
an important role in recruitment of Axin to the membrane and LRP6 phosphorylation.
However, given that Dvl’s exact role in the Wnt pathway is not yet clear, and it is
unclear if it is a rate limiting element, we avoid modelling it, and in particular assume
that Axin’s recruitment to the LRP6 co-receptor and LRP6 phosphorylation happens
according to mass-action kinetics. This enables us to keep the models simple, however,
this assumption may need to be re-visited in the future if our candidate models are
unable to describe the observed experimental results.

We also use the principle of mass balance to construct the governing equations,
assuming that the net rate at which a reactant is produced is equal to the sum of sources
minus the sum of the sink terms. As an illustrative example, the temporal dynamics of
the reversible reaction:

A+B==C (4.10)

are described by the system of ODEs:

d
d—(i —k,AB—k_C (4.11)
% - kL, AB+k C (4.12)
dd—f =k AB+ k. C (4.13)

where ¢ represents time, £, and k_ are the forward and reverse reaction rates and
concentration of proteins A, B and C are represented by A, B and C respectively.

Applying the above principles to the network defined by Reactions (4.1)-(4.9), we
deduce that the temporal dynamics of the dependent variables can be described by the
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following system of ODEs:

Ay
ddt =-T —T3a — T3¢ +r7, (4.14)
dA
d7tp =7 —T3p =I5, (4.15)
dL,
T = —T2—T3a — T30, (4.16)
dL
Tf = ro—T13¢ =75 +r7, (4.17)
dT? = T3a —T4a, (418)
dC
ditl = T3p —T4b, (419)
ddictb = T3¢ +T4q —Te —I7, (4.20)
L rap 75 75, (4.21)
where
R1 : r = klAu — k_lAp,
R2 : ro = k'QLu — k_QLp,
R3a : T3a= k?;(w)AuLu — k_3C,
R3p : r3p= k3(w)ApL, — k_3C1,
R,Lq . T4a— ]\1 (71,‘)(70 — ]\,‘,x] (.72,
Ryp : rap=kq(w)Cp — k_4C3,
Re . o ksApL, — k_5C3 under models H,1,
o o (k3(w) + ks)ApL, — (k—3 + k_5)C3 under models H,o,
R : r6= keC2 — k_6(w)C3,
R ) k7(w)Co under models H,1,
o - ks(w)AuL, — (k-3 + k_7(w))C2 under models Hys,
and k; (i = 1,...,6) represent association or phosphorylation rates and k_; (i =
1,...,7) represent dephosphorylation or dissociation rates. Here w indicates possible

Wnt-dependence of a particular rate constant. The colours for each equation corre-
spond to those used in the model schematic (see Figure 4.2).

Historically, most mathematical models of the Wnt pathway are based on systems
of ODEs. Given their quantitative nature, ODE-based models have many advantages
compared to verbal models that are common in many studies of the pathway, yet they
are much simpler than spatial and stochastic models. Using a system of ODEs to de-
scribe the temporal dynamics of our candidate mathematical models encapsulates sev-
eral assumptions.

First, we assume that randomness and stochastic nature of the interaction of our
proteins of interest is not fundamental in driving the observed dynamics. Mazemon-
det et al. (2012) compared stochastic and deterministic modelling of the Wnt pathway.
They established that for low levels of Axin, as observed by Lee et al. (2003), stochastic
effects can play a part in determining the model dynamics, however these effects were
not reproducible in their in vitro experiments in mammalian cell lines. This led them to
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suggest that Axin levels may not be as low as proposed by Lee et al. (2003), in which
case stochastic effects may be neglected. Moreover, Tan et al. (2012) also observe high
levels of Axin, again suggesting stochastic effects might not be crucial in describing
the dynamics of the Wnt pathway in mammalian cell lines. We remark that the PySB
package we use in our framework can also solve a proposed model using stochastic
simulators, either via the the Danos implicit state simulation algorithm for rule-based
systems (Danos et al., 2007), or simulate the set of reactions stochastically using the
the Gillespie algorithm (Gillespie, 1976). However, stochastic modelling has consider-
ably higher computational cost, that will bring another complication to proposing new
model structures and model selection.

Second, we ignore the spatial variations in protein concentrations in our candi-
date mathematical models. These variations may be modelled using different meth-
ods, such as compartmentalisations (e.g. the Shuttle model by MacLean et al. (2015b)).
Our literature review revealed very little useful data with regards to localisation of Wnt
pathway proteins upon Wnt stimulation. Moreover, in reality, most of the current com-
mercially available antibodies are not suitable for immunofluorescence studies which
may enable collection of such data. As such, model selection among candidate models
that involves such details will be extremely difficult. Hence, in line with most other
mathematical models of the Wnt pathway, we ignore spatial variations and assume a
well-mixed system.

Dependent  Description Initial Condition (nM)

variable

A, Concentration of Axin not phosphorylated at 0
5497/5500

Al Concentration of Axin phosphorylated at Variable
5497/5500

L, Concentration of LRP6 not phosphorylated at 15
S1490

Ly Concentration of LRP6 phosphorylated at 51490 2

Co Concentration of Complex of L, and A, 0

(o Concentration of Complex of L, and A, 0

Cs Concentration of Complex of L, and A, 0

Cs Concentration of Complex of L, and A, 0

TABLE 4.2: Dependent variables used in our mathematical models, and their initial values
in the “Wnt-off” simulation (see Section 4.2.4). Starting at these initial conditions, we solve
the system of ODEs numerically until we reach a steady state, before using these steady state
values as initial conditions for solving the system under “Wnt-on” parameter values. We vary
total levels of Axin, A, by changing the initial conditions for A4,. See text for more details.

In Tables 4.2 and 4.3 we list the dependent variables and parameters used in our
mathematical models, while Table 4.4 summarises the candidate models we consider.

By taking suitable combinations of Equations (4.14)-(4.21), it is possible to derive
two conservation laws. In particular, summing Equations (4.14), (4.15) and (4.18)-(4.21)
yields:

%(total Axin) = %(Au + A, +Co+Cr+ Cy +C3) =0,
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Parameter  Description Unit

k41 Rate of Axin phosphorylation/dephosphorylation (Wntin- min~ 1
dependent)

ko Rate of LRP6 phosphorylation/dephosphorylation (Wnt min~—!
independent)

ki3 Rate of initial LRP6/Axin association/dissociation min~'nM~!

() Rate of LRP6 phosphorylation/dephosphorylation whilein  min~!
complex with Axin

ks Rate of association/dissociation of pS497/500 Axin and min~'nM™!
pS1490 LRP6

k16 Rate of phosphorylation/dephosphorylation of Axin while min~!
in complex with LRP6

k_7 Rate of release of unphosphorylated Axin from Axin/LRP6 min~!
complex

Aiot, Liot Total Axin and LRP6 nM

w3, wq,w—7  Wnt multipliers (see Section 4.2.4) -

T Time constant (see Section 4.2.4) -

TABLE 4.3: Parameters used in our mathematical models. Table 4.5 contains the ranges used to
estimate these parameters during model selection.

while, summing Equations (4.16)-(4.21) supplies:

dt dt

L (total LRP6) = L (L, + L+ Co+ €1 + Cy + Co) = 0.

That is, total levels of LRP6 and Axin are constant with respect to time:

Atot:Au+Ap+OO+Cl+CZ+O37
Ltot:Lu+Lp+CQ+Cl+CQ+Cg.

(4.22)
(4.23)

where A, and Ly are the total levels of LRP6 and Axin respectively. We can exploit
these conservation laws to reduce the number of dependent variables in the candidate

models from eight to six.
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Candidate | Number of Wnt Dependent Reactions Basal Axin/LRP6
Model Independent Binding
Parameters
Hyy 17 LRP6/Axin binding -
Hio 17 LRP6/Axin binding v
Hy, 17 Bounded LRP6 phosphorylation -
Hy 17 Bounded LRP6 phosphorylation v
Hs 18 LRP6/Axin binding and release -
Hsy 18 LRP6/Axin binding and release v
Hy 17 Bounded Axin dephosphorylation -
Hyo 17 Bounded Axin dephosphorylation v
Hsq 18 Bounded Axin dephosphorylation -
and Axin/LRP6 release
Hso 18 Bounded Axin dephosphorylation v
and Axin/LRP6 release
Hg1 18 Bounded LRP6 phosphorylation and -
Axin/LRP6 release
Hgo 18 Bounded LRP6 phosphorylation and v
Axin/LRP6 release

TABLE 4.4: We study a few different candidate models that differ in terms of both the reactions
that are included in the model and the reactions that are Wnt dependent. We aim to keep the
candidate models simple, while including different structures that could be consistent with
experimental observations. Independent parameters include reaction rates, conserved protein
levels, Wnt multipliers and exponential growth time constant.

4.2.4 Implementation of the mathematical model

The candidate models were solved by first writing the reactions in Python using the
PySB package (Lopez et al., 2014); this package automatically converts a set of chemical
reactions to a system of ODEs. In order to improve computation time, instead of using
the numerical methods provided by PySB, the ODEs were extracted automatically and
solved using the integrate.odeint function in Python’s SciPy scientific package (Jones et
al., 2001). This function uses Isoda from the FORTRAN library odepack and automat-
ically adapts to solve stiff and non-stiff systems of first order ODEs using Backward
Differentiation Formula (BDF) or Adams predictor-corrector methods respectively.

We solved the system of ODEs at equidistant simulation time points of fifteen min-
utes, with the maximum number of steps between each time point (mxstep argument
to integrate.odeint) increased to 10000. The solver automatically reduces the time step
between the requested time points further to keep the estimated local error within rel-
ative and absolute tolerances (rtol, atol), which default to 107%. We used the default
values for all other parameters. In our experience, the default value for mxstep lead to
warnings due to the stiffness of the system for some of the sampled parameter values
as the CMA-ES algorithm explored the parameter space. Moreover, as we will estab-
lish in Section 4.2.5.1, our implementation is able to find suitable parameter values for
all synthetically generated random model outputs, which increases our confidence in
accuracy of our numerical solutions. Finally, in order to increase confidence in va-
lidity of our numerical solution further, we attempted to recover suitable parameter
values for a subset of the synthetically generated model outputs (see Section 4.2.5.1)
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after reducing mxstep from 10000 to 1000, effectively coarsening the time step refine-
ment. Using visual inspection, we picked model outputs that were particularly stiff.
We failed to recover suitable parameter values in all these cases, whereas as we es-
tablish in Section 4.2.5.1 we are able to recover suitable parameter values with mxstep
at 10000. Increasing mxstep above 10000 made no difference to our ability to recover
suitable parameter values.

4.2.4.1 Steady state analysis

Bistability has been associated with various sub-cellular biological phenomena such as
cell cycle progression (Tyson and Novék, 2010; Swat et al., 2004). Such a system could
tolerate large changes in the value of underlying parameters while admitting a switch
like behaviour. To our knowledge bistability has not been observed or proposed to be
important in the canonical Wnt pathway.

We have not been able to obtain a concise analytic expression for the steady state(s)
of Equations (4.14)-(4.21). Thus, we instead solve the ODE system to steady state nu-
merically for a model parameter set. We note that if the ODE system admits more than
one stable steady state, this method may miss one or more of the steady states.

Note on analysis with chemical reaction network theory (CRNT) toolbox. Chemical
reaction network theory (CRNT) may be applied to biochemical networks to establish
whether they may admit multiple steady states. We studied our candidate mathemat-
ical models using the CRNT Toolbox (Ellison et al., 2014), which calculates various
properties of chemical networks in order to establish whether a particular network
may admit multiple positive steady states. The results were inconclusive in suggest-
ing whether bistability is possible or not, and so we do not detail them here.

4.2.5 Model selection

We apply multi-start CMA-ES as described in Chapter 3 to our candidate mathemati-
cal models to determine whether they can reproduce some of the recent experimental
observations. This enables us to accept or reject certain model structures, and gives
insight into the possible nature of the interactions between LRP6 and Axin.

For a sampled set of model parameters (see Table 4.5), we integrate the model in
the “Wnt-oftf” state numerically from the initial conditions given in Table 4.2 until a
steady state is reached. We assume the solution has reached steady state if the maxi-
mum absolute change in each dependent variable in the last hour of simulation is less
than 1%. We continue simulating for a longer period if this is not achieved, up to a
maximum time of 20 hours. This steady state was then used as the initial conditions
when solving the mathematical model in the “Wnt-on” state until ¢n, = 3 hours.

Wnt-dependent rate parameters changed over time from their “Wnt-off” to “Wnt-
on” value using an exponential growth time-dependent function, where the exponen-
tial time can vary between 1 and 20 minutes (see Section 4.2.1.1). For example, assum-
ing Wnt acts on reaction rate k;, increasing it by a factor of w upon Wnt stimulation,
we assume:

kO (t) = k, (1 +w—1)(1- eH/T))) (4.24)

where w is the Wnt multiplier and 7 is the exponential time constant, meaning 71n 2 is
the half life of the exponential growth. Figure 4.3 displays an example of this function.
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Param  Description Unit
I Total LRP6 oM
tot concentration
Total Axin
A . M
tot concentration 1
Phosphorylation,
d _
ephogphory min-!
lation
rates
Association nM—1L
rates min~—?!
Di ..
1ssociation oM
constants
w; Wnt multipliers

Activation time
constant

Value

17

0.001-
200

10~4-10%

1075-106

0.01-10*

1-100

1-20

Details

Bafico et al. (2001) calculate 2500-5000 molecules/ cell
in NIH3T3 cells. Average number of receptors per cell
(3750) is converted to a concentration level using a
membrane volume of 0.37pL: for HEK293T cells (Tan
et al., 2012).

150 (HEK293T), 110 (MDCK), 30 (Caco-2), 30
(SW480), 20 (SW480APC) (Tan et al., 2012), 0.02
(Xenopus egg extracts) (Lee et al., 2003).

Upper bound chosen to be one order of magnitude
above highest measured by Rose and Dube (1976),
and the lower bound chosen one order of magnitude
below the lowest values found in mathematical mod-
els of the Wnt pathway.

Northrup and Erickson (1992) argue that typical val-
ues for association rates are of order of 10°M~1s~! =
10960 x 10~*nM ' min~" = 0.06nM ' min~"'. There
is a large range of fitted parameter values in the rel-
evant literature. We select upper and lower bounds
that are one order of magnitude beyond the highest
and lowest values fitted.

Upper and lower bounds chosen one order of mag-
nitude beyond the values found in the relevant refer-
ences (Lee et al., 2003; Wei et al., 2007). Other math-
ematical models of the Wnt pathway have found
lower fitted rate constants, however we do not use
these values as they are not backed by any experi-
mental observations.

Upon Wnt stimulation, Herndndez et al. (2012) see up
to a ten fold increase in inhibition of the rate of phos-
phorylation of -catenin. We use an upper bound
which is one order of magnitude beyond this value.

Exponential time constant used to calculate the speed
of fold change in the rate of Wnt driven reaction, in
line with values observed by Herndndez et al. (2012).

TABLE 4.5: Range of parameter values used to explore the output of each candidate mathemat-
ical model. The upper and lower ranges for the rate constants are taken from a combination
of measurements from biological experiments or values used in other mathematical models of

the Wnt pathway.

A note on the range of parameters w. For candidate models H,, in this chapter, we
only consider cases where Wnt stimulation leads to an increase in a particular reaction
rate. We believe this is justified due to several reasons. For example, LRP6 phospho-
rylation and levels of Axin in complex with LRP6 are both observed to increase upon
Wnt stimulation. Similarly, Kim et al. (2013) hypothesise that Axin is actively released
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from LRP6 after dephosphorylation upon Wnt stimulation. We believe these justify our
assumptions that Wnt might lead to an increase in the rate of these reactions (namely
rates ks, ky and k_7).

10

0.0 0.5 1.0 1.5 2.0 2.5 3.0
time/hours

FIGURE 4.3: Externally prescribed dependent variables W;(t) drives the change in reaction
rates upon Wnt stimulation in our mathematical models. This Figure shows a plot for W;(t) =
(1+ (10 — 1)(1 — €%9%/6), which corresponds to a multiplier of 10 and characteristic time of 6
minutes

We compare the output of each candidate mathematical model to data from
experiments by Kim et al. (2013). The authors used Western blots and co-
immunoprecipitation (co-IP) studies to measure the changes in levels of Axin and LRP6
in various phosphorylation states and in complexes with one another upon Wnt stim-
ulation. They achieved similar results in two different human cell lines, HEK293T and
L cells. We also note that similar results regarding interactions between Axin and LRP6
have been reported by Khan et al. (2007) and Li et al. (2012).

As mentioned in Chapters 2 and 3, the output from Western blots and co-IPs are
semi-quantitative; they do not directly correspond to the concentration of the proteins
being measured, but instead a transformation of these levels, which may vary depend-
ing on the experimental conditions and the specificity of the antibodies used (Pargett
and Umulis, 2013). The quantitative output may also vary greatly from experiment to
experiment depending on the initial state of the cells.

Given the expected variation in these values, we make a qualitative, rather than
quantitative, comparison between the output of candidate models and the experimen-
tal observations. That is, we investigate whether a candidate model can reproduce
the qualitative behaviours observed experimentally, such as a monotonic increase or a
bell shape in a certain experimental output. As described in 3.5.2, we used satisfaction
metrics to make model comparisons. Satisfaction metrics are defined such that if the re-
quirement is satisfied, the cost is zero; otherwise a penalty is added to the cost function
to represent the distance of the output from the edge of the satisfaction area (Pargett
and Umulis, 2013).

In our study, the cost function that is optimised using multi-start CMA-ES is the
[>-norm of a cost vector, where each element of the cost vector aims to compare various
properties of the model output with observations by Kim et al. (2013). Qualitatively,
our primary requirements are that upon Wnt stimulation:

1. Total levels of pS497/500 Axin (i.e. A, + C1 + () should drop monotonically;
2. Total levels of pS1490 LRP6 (i.e. L, + C5 + Cs) should increase monotonically;
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3. Levels of LRP6/Axin Complex (i.e. Cy + C; + Cy 4 Cs) should increase within 30
minutes and then return to their original levels within 2 hours;

4. and the system should reach steady state within 90 minutes.

Kim et al.

~
o

w
4]

w
o

0 025 05 1 2 3 Wnt3a(h)
S -— - - o | PAXIN
’ - L& (S497/500)

. pLRPE
mEm—-

N
o

-
w

-
o
.

Fold change in Western Blot Intensity
N
o

o |
- 0.5 ==
E Axin IP input 5 e meeieian.s S — — T
Q @ 0.5 2 Wiy 0.0
0 0.5 2 {h} tia 0.0 0.5 1.0 15 20 25 3.0 3.5 4.0
Time after Wnt3A stimulation/hour

— -— - . LRPG

- —— Axin/LRP6 complex phospho LRP8 - # - phospho Axin

(A) (B)

FIGURE 4.4: Kim et al. (2013) stimulate human cell lines HEK293T and L Cells with Wnt3A
ligands and use Western blots and co-immunoprecipitation studies to measure the change in
concentration levels of various components of the Wnt signalling pathway. (A) Actual blots
data in L cells (please see Section 2.3.3 of Chapter 2 on how to read such blots). (B) Quantifi-
cation of these results using algorithm described in Appendix A, Section A.3. Total pS497/500
Axin, pS1490 LRP6 and Axin/LRP6 complex correspond to A, + Cy + C3, L, + Cy + C3 and
Co + C1 + Cy + (3 in our candidate model outputs respectively.

We developed a simple algorithm (See Appendix A) to convert the semi-
quantitative experimental results by Kim et al. (2013) into quantitative values, shown
in Figure 4.4. This allows us to fix reasonable edges for the satisfaction metrics when
defining the elements of the cost vector. Table B.1 in Appendix B lists the exact el-
ements of the cost vector used in our optimisation algorithm. The final cost is then
given by

8
J=> w.J}, (4.25)
i=0
where J; and w; are the cost elements and the associated weights.

4.2.5.1 Parameter values for the multi-start CMA-ES technique

In order to increase confidence that we are exploring the high dimensional parameter
space of the candidate models appropriately using the multi-start CMA-ES technique,
we investigate whether the multi-start CMA-ES technique can find appropriate fits to
synthetic data generated from the candidate models.

For each of the twelve candidate models, we generate eight random vectors from
the parameter space defined in Table 4.5 and use these to generate 12 x 8 = 96 synthetic
model outputs.



80 Chapter 4. A reduced core model of the Wnt pathway

We solve each model numerically as described earlier in the “Wnt-off” state un-
til steady state and then in the “Wnt-on” state. We sample the model output at ten
equidistant time points in the “Wnt-on” state. Since it is difficult to select an appropri-
ate qualitative cost function for randomly generated model outputs, we calculate sum
of squared errors to compare the model outputs with the synthetic model output. We
accept any fits with a cost of below 0.001. For consistency with the problem of inter-
est, we only include levels of pS497/500 Axin, pS1490 LRP6 and Axin/LRP6 complex
when measuring the distance between the target data and model output.

We keep other CMA-ES algorithm parameter values at their default value, in par-
ticular using the default number of particles. We initiate CMA-ES at a randomly se-
lected parameter vector 6 selected in log-space. Using log-space to calculate the initial
optimisation points enabled a better exploration of the wide parameter space, which
can span ten orders of magnitude. Unless a suitable fit is found, we restart the algo-
rithm at a new randomly selected parameter vector. We continue this process until a
suitable fit is found.

In all cases we confirmed that we are able to find a set of parameter values that
reproduces the synthetic true output. As expected the original parameter vector was
not identified.

In 72 of the 96 synthetic datasets, 10 or fewer restarts were enough to find a good
tit, while for 3 of the 96 synthetic datasets, more than 80 optimisation runs were com-
pleted before a suitable fit was found. The highest number of optimisation runs com-
pleted before a suitable parameter set was found was 106. We note these results would
be different for re-runs.

Using these results, we initialise CMA-ES at 112 randomly selected parameter vec-
tors 6 selected in log-space. The parameter vectors corresponding to the lowest costs
are selected as vectors with best fits. 112 = 7 x 16 was selected as it was higher than
106 (the highest number of restarts required to reproduce any of the synthetic model
outputs) and to ease distribution of computational workload as our model selection
was carried out on 16-core computers in a cluster.

Table 4.5 lists the range of parameter values used to explore the model outputs.
The parameter vector 8 consists of:

Phosphorylation and dephosphorylation rates (ki1, kto, kx4, k1),

Association rates (k3, ks),
Dissociation constants (K3 = k_3/ks, K5 = k_5/ks, K7 = k_7/k3),
¢ Time constant 7,

A subset of Wnt multipliers ws, wy, w_7, depending on the candidate model struc-
tures,

e Total Axin levels Ay;.

Notice we use dissociation constants instead of dissociation rates as we could find
several values for dissociation constants in the literature. These are then used to calcu-
late the dissociation rates, k_3, k_s and k_-.

The parameter vector 8 contains 16 or 17 parameters depending on the candidate
model. We remark that we allow the total levels of Axin A, to vary during model
selection to reflect the markedly different values quoted in the literature for the levels
of Axin in different cell lines. We do not vary the total levels of LRP6 (L) as we are
only able to find one quoted value in the literature.
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4.3 Results

We have proposed a set of candidate models that can be combined with semi-
quantitative experimental data in order to gain insight into the interactions between
LRP6 and Axin upon Wnt stimulation. We assume that Axin and LRP6 may exist in
phosphorylated or unphosphorylated states. Axin and LRP6 may also form complexes
that may lead to Axin dephosphorylation and LRP6 phosphorylation. The candidate
models differ in their structure (i.e. interactions that define each model) and which
reactions are altered by Wnt.

The parameter space of each candidate model is explored using the optimisation
algorithm described earlier to find sets of parameter values with a good qualitative
fit to experimental observations by Kim et al. (2013). We reject candidate models for
which the algorithm fails to find a suitable parametrization. In Table 4.6 we identify
those models for which we could find parameter values that yield a suitable qualitative
tit to the experimental observations. In Figure 4.5 we present typical outputs from the
successful candidate models. We rank the parameter sets found in ascending order of
the corresponding cost from 0 to 111 (112 starting points). The exact parameter sets are
provided in Appendix C.

Candidate Wnt Dependent Reactions Basal %o
Model Axin/LRP6 optimisation
Binding runs with a
good
qualitative fit

Hyy LRP6/Axin binding - 4%
Hio LRP6/Axin binding v X

Hoyq Bounded LRP6 phosphorylation - 14%
Hoyo Bounded LRP6 phosphorylation v 9%

Hsy LRP6/Axin binding and release - 10%
Hso LRP6/Axin binding and release v 8%
Hyy Bounded Axin dephosphorylation - X
Hyo Bounded Axin dephosphorylation v X
Hsy Bounded Axin dephosphorylation - X

and Axin/LRP6 release
Hso Bounded Axin dephosphorylation v X
and Axin/LRP6 release
Hg Bounded LRP6 phosphorylation and - 20%
Axin/LRP6 release
Heo Bounded LRP6 phosphorylation and v 16%
Axin/LRP6 release

TABLE 4.6: The results of running the multi-start CMA-ES technique on the twelve candidate

models H,, to investigate whether they can reproduce the experimental results by Kim et al.
(2013).

We remark that some of the remaining candidate models (e.g. H»;) are simpler
versions of other models (e.g. Hs;). We only choose the more detailed model if further
analysis (such as in silico experiments and sensitivity analysis) suggest the simpler can-
didate models are unsuitable; we choose the simpler model if there is insufficient data
to distinguish between the two.
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FIGURE 4.5: Example of best fits from four of the candidate models that we could find a set of
parameter values that provide a good qualitative fit to the experimental observations by Kim
et al. (2013) (we exclude candidate models Hg; and Hgz and only include the simpler versions
of these model structures, namely Hy; and Hs). The experimental observations are displayed
in the inset plots. pS1490 LRP6, LRP6/Axin complex and pS497/500 Axin correspond to L, +
Cy+C3, Cp+ C1 4+ C2 4+ C3 and Ay, + Cy + C3 in our candidate model outputs respectively. The
optimisation algorithm used to explore the parameter space is detailed in Section 4.2.5, and the
details of the candidate models is summarised in Table 4.6. The number in bracket next to the
candidate model name in the figure legend corresponds to the parameter set found using the
optimisation algorithm. These parameter sets are given in Appendix C.

For candidate models H,,, where pS1490 LRP6 binds to pS497/500 Axin only, in
some cases we were able to find a good qualitative fit by making only one reaction rate
Wnt dependent (rate of LRP6/Axin complex formation in Hy;; rate of LRP6 phospho-
rylation in Hy;). Increasing the rate of dephosphorylation of Axin upon Wnt stimula-
tion was insufficient to describe the observed dynamics. Unsurprisingly, increasing the
rate of release of Axin from LRP6 upon Wnt stimulation in addition to Axin/LRP6 re-
cruitment (under H3;), or LRP6 phosphorylation (under Hg;), was sufficient to describe
the observed dynamics.

For candidate models H,, where there is a basal level of Axin binding to pS1490
LRP6, increasing the rate of Axin/LRP6 complex formation upon Wnt stimulation (as
in H,,) fails to describe the experimental observations. However, if the rate of LRP6
phosphorylation increases upon Wnt stimulation (as in Hs,) it is then possible to ex-
plain the experimental observations. As before, we identify several sets of parameter
values with suitable model outputs.

In order for candidate models H,; to fit the experimental observations, an increase
in the rate of recruitment of Axin to LRP6 (k3) upon Wnt stimulation, must be com-
bined with an increase in the rate of release of Axin from LRP6 after its dephospho-
rylation (k_7). This structure corresponds to model Hj,; we found several suitable
parameter sets for this model.

It should be apparent from the plots in Figure 4.5 that several candidate models
give good qualitative fits. That is, we could not discriminate between these mathemat-
ical models using these experimental observations. We note also that other suitable
parameter sets may exist in regions of parameter space not explored by our algorithm.
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In the next two sections we analyse these candidate models further.

4.3.1 Sensitivity analysis

Living organisms face perturbation on various levels from subcellular and genetic
levels to organism levels. Robustness is a central feature of many systems in living
organism (Stelling et al., 2004). Robustness might be achieved by several methods.
For example, it could be due to redundancy, where different paths exist for carrying
out the same functionality. Feedback loops are also known to increase robustness of
subcellular pathways, where a system’s output controls the effectiveness of the input
signal on the system. Robustness might also be an inherent part of the design of a
system (Stelling et al., 2004).
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FIGURE 4.6: Standard deviation of control coefficients corresponding to fold change in total
levels of pS497/500 Axin for various candidate models and parameter sets. We show up to 5
parameter sets for each candidate model. Each bar corresponds to one candidate model and
parameter set combination. Lower values of the standard deviation correspond to a system that
is more robust to perturbations in the values of rate parameters. * above a bar marks model and
parameter combinations with a standard deviation of less than 1, which we accept as robust.

Goentoro and Kirschner (2009) use experiments on the RKO cell line and Xenopus
embryos to show that the fold change in total levels of 3-catenin upon Wnt stimulation
is robust to perturbation in Wnt pathway machinery in the first few hours after Wnt
stimulation. Since our candidate models is focused on the first few hours after Wnt
stimulation, and known feedback loops involving Axinl, Axin2 or LRP6 operate on
longer time periods, studying robustness of our the model outputs to perturbations in
parameter values might provide us with further information about their suitability i.e.
a means by which to discriminate between suitable candidate models.

As described earlier in this chapter, we represent active destruction complex,
which can recruit and mark (-catenin for degradation by pS497/500 Axin in our can-
didate models. Drops in levels of pS497/500 Axin leads to an increase in levels of
-catenin (Kim et al., 2013). Since we do not model 3-catenin in our candidate model,
we instead investigate robustness of levels p5497/500 Axin to perturbation in model
parameter values. Following Lee et al. (2003), we study the robustness in the model
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with respect to changes in parameter values using control coefficients:

x _ ke 0X
X kg

(4.26)

where X denotes the fold change in total levels of pS497/500 Axin after 3 hours of
Wnt stimulation. We use the standard deviation of all control coefficients to calculate
a measure of system robustness to variation in all model parameters:

= S e ey, (427)

all ko

where 1~ is the mean of all such control coefficients.

In Figure 4.6 we show how ¢~ varies for different candidate models and feasible
parameter sets identified in the last section.

Some of the candidate models and parameter sets are very sensitive to changes
in parameter values. For example, a 1% change in the rate constants under candidate
model H,; with parameter set 3, corresponds to on average a 3% change in fold change
in levels of p5497/500 Axin over 3 hours. We can use these observations to reject non-
robust parameter sets for each candidate model. * above a bar indicates the candidate
model and parameter sets we are accepting as being most robust.

4.3.2 in silico experiments

In addition to looking at the effect of Wnt stimulation on cells in vitro, Kim et al. (2013)
also studied the impact of inhibitors such as the highly specific and potent PP1 in-
hibitor, Tautomycin (TM), on the interaction between Axin and LRP6 and their phos-
phorylation states (see Figure 4.7). Axin dephosphorylation upon Wnt stimulation
likely reflects the counterbalance between GSK3 and protein phosphotase PP1 (Kim et
al., 2013). They observed that treatment with TM did not affect levels of LRP6 phospho-
rylated at S1490 upon Wnt stimulation (third panel in Figure 4.7B), whereas it reduces
the effect of Wnt on dephosphorylation of Axin (first panel in Figure 4.7B). Figure 4.7A
suggests that TM also increases levels of LRP6 in complex with Axin compared to Wnt
stimulation alone.

Using the candidate models and parameter sets found earlier, we run similar in
silico experiments to study the response of each candidate model and parameter set to

Wnt
Bae  Axdnip con TM Wnt +TM
5 Axin
] con Wnt -‘:\"rﬁ ’“ i ~| FS;;TISOO)
| - 5 - -‘ B-catenin N BN g W | Axin
pLRP6
N ‘. LRP6 - 00)
(A) L cells (B) HEK293T

FIGURE 4.7: Kim et al. (2013) stimulated HEK293T cells or L cells with Wnt and/or the PP1
inhibitor, Tautomycin (TM) and measured levels of pS1490 LRP6, pS497/500 Axin, and LRP6
in complex with Axin after 30 minutes. We present the results from similar in silico experiments
performed on each candidate model in Figure 4.8. We given an explanation on how to read such
blots in Section 2.3.3 of Chapter 2.
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FIGURE 4.8: in silico experiments on candidate models H,, with in vitro. The final bars dis-
played in different colours are quantification of the equivalent in vitro experiments displayed
in Figure 4.7 by Kim et al. (2013). We assume that stimulation with phosphatase inhibitor TM
reduces the rate of dephosphorylation of Axin in complex with LRP6 (k_¢g) by 90% + 10% (see
text). Black lines above each bar represent a one standard deviation confidence interval. We
stimulate the cells with TM alone, with Wnt alone, or with Wnt plus TM for 30 minutes. We
show up to 5 parameter sets for each candidate model. * above a bar marks model and param-
eter sets that are qualitatively consistent with in vitro experimental observations.
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a combination of TM and Wnt stimulation. We assume TM reduces the rate of Wnt-
dependent dephosphorylation of Axin (k_g) by 90% =+ 10% on a relative basis (i.e. 81%,
90% or 99%), without impacting other reaction rates in each candidate model. We note
that we do not change the rates of LRP6 dephosphorylation nor Wnt-independent Axin
dephosphorylation for the following reasons: levels of phosphorylated Axin remain
unchanged from control upon stimulation with TM alone (notice the first two columns
in the first row in Figure 4.7B), suggesting that TM does not significantly impact the
Wnt-independent Axin dephosphorylation. Similarly, LRP6 phosphorylation is un-
changed from unstimulated levels upon stimulation with TM alone, again suggesting
that TM does not significantly alter dephosphorylation of LRP6.

The in vitro experiments that we seek to replicate are:

* (A) Levels of p5497/500 Axin do not change from their original levels on stimu-
lation with TM, or Wnt and TM combined.

® (B) There is a similar increase in levels of pS1490 LRP6 upon stimulation with
alone or Wnt and TM combined.

* (C) Levels of Axin/LRP6 Complex are higher after stimulation with Wnt and TM,
compared to Wnt alone.

Figure 4.8 displays the results of these in silico experiments. The *'s above each
bar mark parameter sets that are consistent with in vitro results. We accept candidate
models that produce a similar qualitative output compared to the in vitro experiments.
We accept any result that is within 30% of the target value. For example, in Figure 4.8A,
where we expect the fold change in pS497/500 Axin to stay close to one, we accept any
candidate models and parameter sets where this level is within 0.7 and 1.3. We can
use these observations to reject some candidate models and parameter sets, such as
candidate model Hy;.

4.3.3 Reject more detailed models

We can use observations in Sections 4.3.1 and 4.3.2 to question the suitability of param-
eter sets/candidate model pairings that are not robust to parameter changes or do not
reproduce other observed experimental results. For nested models, such as models Hy;
and Hg where Hg; assumes two reactions are Wnt driven whereas Hy; assumes only
one is, we reject the more detailed model, i,e. model Hg;. We similarly reject candidate
Model Hg, in favour of candidate model Hs,,. This enables us to reduce the number of
suitable candidate models to four: Hs;, Hye, H3; and Hss.

4.3.4 Proposing further experiments

We have now reduced the number of candidate models remaining to four: Hy;, Hao,
Hj and Hj,. We now explain how we may be able to discriminate between these
remaining candidate model by carrying out new experiments.

In Figure 4.9 we show how levels of pS1490 LRP6 in complex with Axin vary for
the four remaining candidate models after Wnt stimulation. We may measure this
quantity using a co-IP study. For example, a large increase after 2 hours will rule out
candidate models H3; and Hs,. However, it will not enable us to distinguish between
models Hs; and Has.

In particular notice that the results of this experiment will inform us of the struc-
ture of the Wnt pathway in a significant way. Measuring the fold change in levels of
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FIGURE 4.9: Measuring levels of Axin in complex with LRP6 phosphorylated at S1490 upon
Wnt stimulation could enable us to determine which of our candidate models best describes the
dynamics of the canonical Wnt pathway. However, it cannot discriminate between candidate
models Hgl and H22.

Axin/pS1490 LRP6 complex after 3 hours of Wnt stimulation can tell us which reac-
tions of the Wnt pathway are primarily Wnt driven according to our candidate models:

¢ An increase would suggest that the primary Wnt driven reaction is phosphory-
lation of LRP6 (reaction R,).

* No increase or a drop in these levels would suggest that recruitment of Axin to
LRP6 and its release are the dominant Wnt driven reactions (reactions R3 and
Ry).

This is one of the key results from this chapter of our work.

A note on results by Li et al. (2012). Similarly to the study by Kim et al. (2013), Li
et al. (2012) studied the interaction between Axin and LRP6 upon Wnt stimulation (see
Table 6.10 in Chapter 6 for a comparison between the results between these two stud-
ies.). We remark that their results did not include the changes in levels of pS497 /500
Axin. Similarly to Kim et al. (2013), they observed that levels of Axin/LRP6 complex
followed a bell-shape, however, they did not observe a drop to the original levels after
2 hours. We note that Li et al. (2012) also measured the levels of Axin in complex with
pS1490 LRP6, which is the experiment we have proposed here. They do observe that
these levels increase upon Wnt stimulation as predicted by our candidate models Hy;
and Hs,, hinting at the suitability of these two models. However, in our opinion this
does not validate these two candidate models fully since they observe slightly different
results when looking at levels of Axin/LRP6 complex compared to Kim et al. (2013).
Levels of Axin/LRP6, and Axin/pS1490 LRP6 complexes should be measured in the
same experiment to enable discrimination between the remaining candidate models.
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4.4 Simplification of the reduced core model

In Chapter 6 we will extend our candidate models of the canonical Wnt pathway to
incorporate 3-catenin and a more detailed description of the destruction complex. In-
troducing new species and biochemical reactions will increase the dimensionality of
the model parameter space. In an effort to keep the problem computationally tractable
(see Discussion in Chapter 6 and Figure 6.20), in this section we investigate whether
we can further simplify the candidate model introduced here while retaining key qual-
itative behaviours.

4.4.1 Summary of the chapter so far

In this chapter, we have used the state-of-the-art biological literature to propose twelve
candidate mathematical models that may describe a cell’s initial response to Wnt stim-
ulation. The candidate models focus on interactions between Axin and LRP6 and dif-
fer fundamentally in two ways. First, Wnt stimulation alters different reactions in each
candidate model. Second, the candidate models vary in structure and in the biochem-
ical reactions included.

We have developed a framework to explore the output of these candidate mod-
els and used it to reduce the number of suitable candidate models that are compati-
ble with experimental observations. Figure 4.10 summarises the primary steps in the
framework. We give further details of these steps below.

Study the latest literature and summarise the

: . - Propose new in vitro experiments.
experimental observations we aim to reproduce

Propose a set of potentially

suitable candidate models Reject more detailed model for nested models

Propose a suitable cost function,potentially
using qualitative comparison techniques

l

Explore the model outputs Carry out sensitivity analysis

Run in silico experiments

FIGURE 4.10: Our framework for studying dynamics of signalling pathways as applied to a
reduced model of the canonical Wnt pathway in this chapter.

Study the latest biological results. Any model proposed to describe a real world
system is going to involve some simplifications. By carrying out a detailed literature
review, studying existing models and discussion with experts in the field we should
be able to summarise the important experimental observations that may be relevant to
our problem of interest.

Propose a set of candidate mathematical models. Instead of writing down just one
mathematical model, we propose a set of candidate models that may be consistent
with the observed experimental results. We note that there may be many more model
structures that may also be able to describe the experimental observations.
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Propose a suitable cost function. This will allow us to compare the mathematical
model output with the experimental observations. If the experimental results are not
quantitative, which is the case in many studies of signalling pathways, it might be
suitable to use qualitative model comparison techniques such as satisfaction metrics.

Explore the model outputs. Use the CMA-ES optimisation algorithm to establish
whether each candidate model can reproduce experimental observations. We remark
that care must be taken if the candidate models have markedly different complexities.

Carry out sensitivity analysis. If the output of the biological system is known to
be robust to certain perturbations (such as in the case of the canonical Wnt path-
way (Goentoro and Kirschner, 2009)), we may use sensitivity analysis to reduce the
number of candidate models further by studying their robustness to changes in pa-
rameter values.

Run in silico experiments. There may be other experimental observations beyond
the initial observations that we may be able to use to analyse the candidate models.
For example, experimentalists often stimulate cells in vitro using stimuli other than
Wnt3A. We can perform in silico experiments on the candidate models and parameter
sets found earlier and compare the results with analogous ones from in vitro experi-
ments. This step allows us to further refine the set of suitable candidate models.

Reject more detailed models. If there are any nested models in our remaining can-
didate models, we will reject the complicated model.

Propose new in vitro experiments. We propose new experiments that may enable us
to discriminate between the remaining candidate models.

Table 4.7 summarises the results of the steps above as applied to our twelve can-
didate models.

In the absence of suitable experimental data with which to discriminate between
the remaining models, we invoke the principle of Occam’s razor to select one of the
remaining candidate models to study the canonical Wnt pathway further:

* When comparing candidate model structures H,; and H,;, we choose models
H,,, which have a simpler structure and fewer reactions.

¢ Between models Hy; and Hj;, we select model Hs;, since it assumes there is only
one Wnt driven reaction (phosphorylation of LRP6) rather than two (binding and
release of Axin and LRP6).

We identify model H,; as the most suitable model for describing interactions be-
tween Axin and LRP6. In this model:

* Wnt drives phosphorylation of LRP6 by GSK3 rather than recruitment of Axin to
LRP6. GSK3 is recruited to the membrane thanks to recruitment of Axin to LRP6.

* Recruitment of unphosphorylated Axin to pS1490 LRP6 is negligible.
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Wnt Dependent Basal % optimi- % of % of Remaining
0 . . . >
z B Reactions Axin/ | sationruns | good good robust @ 0
2, v LRP6 with a runs runs parame- ,_% 13
o ?{ Binding good which |  which ter sets 22
@ qualitative are match in with e
tit robust silico good fits
experi-
ments
Hyy LRP6/Axin binding - 4% 0% 0% X
Hio LRP6/Axin binding v X = = X
Hy Bounded LRP6 - 14% 31% 50% 5,15 v
phosphorylation
Hoyy Bounded LRP6 v 9% 0% 100% 1,2, 3,4, v
phosphorylation 5,6,8,9
Hs, LRP6/Axin binding - 10% 18% 72% 1 v
and release
Hso LRP6/Axin binding v 8% 11% 9% 8 v
and release
Hy Bounded Axin - X - - X
dephosphorylation
Hyo Bounded Axin v X = =
dephosphorylation
Hsq Bounded Axin - X - - X
dephosphorylation
and Axin/LRP6
release
Hs, Bounded Axin v X = = X
dephosphorylation
and Axin/LRP6
release
Hg Bounded LRP6 - 20% 41% 32% 0,347 X
phosphorylation and
Axin/LRP6 release
Heo Bounded LRP6 v 16% 56% 100% 0,1,5,6, X
phosphorylation and 7,8,9,12,
Axin/LRP6 release 13, 14

TABLE 4.7: Summary of model selection for the twelve candidate models. The second to last
column contains the number for the parameter sets (from the original 112 sets under each candi-
date model) that were able to reproduce various experimental observations and were robust to
perturbations in model parameter values. These are provided in Appendix C. The last column
marks the candidate models we reject (Hg; and Hgy), since simpler nested candidate models
are accepted (Hs; and Hag).

4.4.2 Simplifying the model

As summarised in the last section, our study suggests that LRP6 phosphorylation is the
most likely Wnt driven reaction in our models of the canonical Wnt pathway. We es-
tablished that several model structures are consistent with the observed experimental
results; however, for simplicity we consider the model with fewest reactions. In par-
ticular we assume pS1490 LRP6 binds to pS497 /500 Axin only and focus on candidate
model Hy;. In this section we describe a simplified version of this candidate model.
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Figure 4.11 displays the schematic of our simplified model. We remark that in all
candidate models considered so far, we assume that Axin is required for LRP6 phos-
phorylation at the S1490 (Zeng et al., 2008). In particular, in model H,;, Axin is re-
cruited to LRP6 via three reactions:

¢ via Reactions R34 and R;p to unphosphorylated LRP6,
¢ via Reaction R; to phosphorylated LRP6.

For our simplified model, we now ignore the Wnt-independent recruitment of
Axin to LRP6 (reactions 734 and R3p) and assume LRP6 is phosphorylated upon Wnt
stimulation without recruitment of Axin.

Our original model assumes Axin and LRP6 form 4 different complexes depend-
ing on whether either protein is phosphorylated or unphosphorylated:

e Cy=[A,: L,
e C1=[4,: L]
o (hy=[A,: L)
o C3=1[A,: L)

We now ignore complexes Cj, and C' since we no longer assume Axin is required
for LRP6 phosphorylation. Moreover, in the absence of any experimental data sug-
gesting an important role for dephosphorylated Axin in complex with LRP6, we also
ignore complex C; and assume that Axin is quickly released from LRP6 after its de-
phosphorylation upon Wnt stimulation.

LRP6 LRP&*

Signalosome

Co: Axin/LRPﬁ-—7 Raua
R

C1: AXin*/LRP6 «——» C3: AXin*/LRP6* 6 5 C2: Axin/LRPE*

Rag

Axin*

LRP6 LRP6&*
R, Axin

Signalosome

C: Axin*/LRP6*

AXxin*

(B)

FIGURE 4.11: Schematic of candidate model (A) Ho; and (B) S;. The faded out reactions and
species in Figure (B) are presented to reflect the simplifications from the original candidate
model.
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Under these assumptions the reactions involved in our model of the canonical Wnt
pathway may be simplified to the following:

k1

Rii A, == A, (4.28)

Ry L. =2y, 429

2- u T_Q p’ ( : )
k3

Ryt Ay+L,==C, (4.30)

R C5% A 4L, (4.31)

We represent our model via the following system of ODEs:

dA,

5= RAu+ R Ay +haC (4.32)
dA,
? == ]flAu - k’,lAp - kgApr + k,30 (433)
dL,
dL
d—t” = ky(w)Ly — k_oLy, — ksA,L, + (k_s + k4)C (4.35)
dC
E == ]{ZgApr - (k',g + ]{?74)C. (4:36)

We call this candidate model, model S;.

In the new S; model, the rate of LRP6 phosphorylation k;(w) is altered by Wnt,
changing as a function of time upon Wnt stimulation as described in Equation (4.24).
Tables 4.8 and 4.9 summarise the dependent variables and parameters in candidate
model 5;. Using the same methodology as before, we can also deduce conservation of
Axin and LRP6, which enables us to reduce the number of ODEs to 3:

Aot = Ay + A, + C, (4.37)
Lit=L,+L,+C. (4.38)
Dependent Description Initial
variable Value (nM)
A, Concentration of Axin not phosphorylated at 0
5497 /5500
Aly Concentration of Axin phosphorylated at S497/5S500  Variable
Ly Concentration of LRP6 not phosphorylated at 51490 15
L, Concentration of LRP6 phosphorylated at S1490 2
C Concentration of Complex of L, and A, 0

TABLE 4.8: Dependent variables used in the candidate model S, and their initial values in the
“Wnt-off” simulation (see Section 4.2.4).
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Parameter  Description Unit

ki1 Rate of Axin phosphorylation/dephosphorylation (Wntin- min~!
dependent)

k4o Rate of LRP6 phosphorylation/dephosphorylation min~—!

kis Rate of association/dissociation of pS497/500 Axin and min~'nM~!
pS1490 LRP6

k_4 Rate of release of unphosphorylated Axin from Axin/LRP6 min~!
complex

Aiot, Liot Total Axin and LRP6 nM

w Wnt multiplier (see Section 4.2.4) -

T Time constant (see Section 4.2.4) -

TABLE 4.9: Parameters used in the simplified mathematical models of the canonical Wnt path-
way.

4.4.3 Steady state analysis

Unlike the twelve candidate models introduced in the first part of this chapter, we
can determine the steady states of candidate model S; by setting & = 0 in Equations
(4.32)-(4.36).

We can use Equations (4.34), (4.36) and (4.38) to write:

k_
L= =2p (4.39)
ko
k2
C — Ltot - (1 —I— k—Lp), (440)
2
ke
ks ApLy = (k_3 + k1) (Liot — (1 + k—g)Lp),
2
B k_s+k_s /Lot — (1+ kk_j)Lp
= Ay =" ( I ) (4.41)

We can use conservation of Axin in Equation (4.37) to eliminate A, from Equation
(4.32). We can use this alongside Equation (4.40) to derive

A, = ﬁ ((kl ko) (1+ kk—;)Lp + kA — (b + k:_4)Lt0t>. (4.42)
Notice Equations (4.41) and (4.42) describe a hyperbola and a straight line in the (Z,,
Ap) plane. The intersection of these two lines represents the steady states of the sys-
tem. Figure 4.12 displays these equations for an example set of parameter values. The
hyperbola always has a discontinuity at L, = 0, while the line always has a positive
gradient. We can deduce that there can be at most one positive steady state for the
system, confirming model S} cannot admit bistability.
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FIGURE 4.12: Assuming positive parameter values, there can only be one or zero positive inter-
section of the hyperbola described by Equation (4.41) and the line described by Equation (4.42)
in the positive quadrant. If one does exist, it is the steady state of candidate model 5.
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4.4.4 Target model output
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FIGURE 4.13: Typical output of candidate model H»; reproducing experimental results of Kim
et al. (2013). We fit candidate model S; qualitatively to these outputs for total pS497/500 Axin
(Ap + C1 + C3), pS1490 LRP6 (L, + Cy 4 C3), and pS497 /500 Axin/pS1490 LRP6 complex (C3)

We explore the model output for candidate model S; to investigate whether it can
reproduce the results of Kim et al. (2013). In the first part of this chapter we focused
on the changes in levels of pS497/500 Axin, pS1490 LRP6 and complex of Axin and
LRP6. Since our simplified model considers only pS497/500 Axin in complex with
pS1490 LRP6, we replace the Axin/LRP6 complex output in our original cost function
with pS497/500 Axin/pS1490 LRP6. Since Kim et al. (2013) did not measure the levels
of pS497/500 Axin in complex with pS1490 LRP6, we fit the S; model to the output
for the pS497/500 Axin/pS1490 LRP6 complex from the original candidate model Hy;.
Figure 4.13 displays the typical output of the H,; model. For all parameter sets found
for model H,;, upon Wnt stimulation levels of pS497 /500 Axin/pS1490 LRP6 complex
increase before dropping to a level higher than the “Wnt-off” levels. We require the
candidate model S; to produce similar qualitative behaviour. Upon Wnt stimulation:

¢ Levels of pS497/500 Axin (A, + C) drop monotonically,
¢ Levels of pS1490 LRP6 (L, + C') increase monotonically,
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* Levels of pS497/500 Axin in complex with pS1490 LRP6 (C') increase within half
an hour before dropping to a level which is higher than the original Wnt off level.

Our cost function hence differs from the original cost vector described in Table B.1
in Appendix B in one term. We now require levels of Axin/LRP6 complex to reach a
level higher than the “Wnt-off” value.

4.4.5 Exploring the model output

We applied CMA-ES to the candidate model S; of the canonical Wnt pathway. We
initiate the algorithm again at 112 random parameter vector values 8. The parame-
ter vector 0 has ten elements including w, 7, phosphorylation and dephosphorylation
rates k1, and k.-, association rate k3, dissociation rates K3 and K, and total Axin Ai.
We use the range and values as defined in Table 4.5

The algorithm found six sets of parameter values that could describe the experi-
mental observations. Figure 4.14 displays the model outputs for these parameter sets.

7 LRP6 and Axin Complex 4 0 phosphorylated Axin

0.9
e 0.8
0.7
0.6
0.5
0.4

»

Fold change

N W A~ O

1 0.3
.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
Time after Wnt stimulation/hour
e Kimetal. (2013) —— (1) B — @4 — (5

(0) (2)

FIGURE 4.14: Typical output of candidate model S; fitted to a combination of experimental
results by Kim et al. (2013) and output from candidate model H»;. Since Kim et al. (2013) do
not measure the level of pS497 /5500 Axin in complex with pS1490 LRP6, we fit this quantity in
model S; to the output from our original reduced model Hy;. The numbers in the figure legend
corresponds to the number of the parameter set. These are provided in Appendix C.

4.4.6 Further model analysis

We performed in silico experiments and sensitivity analysis of candidate model 5, to in-
vestigate its suitability in describing the observations by Kim et al. (2013). Figure 4.16A
displays the sensitivity of fold changes in total levels of pS497/500 Axin upon Wnt
stimulation to changes in model parameters. For all six parameter sets, this is below
0.5, meaning a 1% change in each rate parameter on average, affects the fold change in
levels of pS497/500 Axin by less than 0.5%. We conclude that the model is robust for
the parameter sets that are qualitatively consistent with the experimental observations.

Similarly to the study by Kim et al. (2013), where they measured the cell’s re-
sponse to PP1 inhibitor, Tautomycin (TM), we use the parameter sets found earlier for
model S; to run similar in silico experiments to study the response of each candidate
model and parameter set to a combination of TM and Wnt stimulation. Similarly to
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Section 4.3.2, we assume TM reduces the rate of Wnt-dependent dephosphorylation of
Axin. Since S; does not have a reaction corresponding directly to Axin dephospho-
rylation upon Wnt stimulation, we assume release of Axin from LRP6 (k_,) is slowed
down upon TM stimulation instead by 90% = 10% on a relative basis (i.e. 81%, 90% or
99%).

We display the results of the in silico experiments in Figures 4.16B, 4.16C, and
4.16D. We note that several set of parameter sets found for candidate model S, are
able to describe these further in vitro experimental observations by Kim et al. (2013).

The results of these analyses suggest that candidate model S, is consistent with the
experimental observations concerning the interaction of LRP6 and Axin in the canoni-
cal Wnt pathway.

4.4.7 Final remarks about the simplified candidate model 5

In this section, we showed that a simplified version of candidate model H,;, namely S,
is able to reproduce various features of this candidate model. We note that, similarly to
model Hj;, in model S; the only Wnt-driven reaction is LRP6 phosphorylation. Can-
didate model Hy; is a simplified version of candidate model Hg;, which contains two
Wnt-driven reactions, LRP6 phosphorylation and release of Axin from LRP6. Equiv-
alently, if in model S; we assume that release of Axin from LRP6 (R,) is also Wnt-
dependent, this will describe a simplified version of candidate model Hg;. We will call
this model S, for future reference. Since S; and S, are nested models, with S, a more
detailed version of S;, it will also be able to reproduce the experimental observations
by Kim et al. (2013).

FIGURE 4.15: (Next page) Further analysis of candidate model S;. (A) Standard deviation of
control coefficients corresponding to fold change in total levels of pS497/500 Axin for various
parameter sets. A lower standard deviation corresponds to a more robust system against per-
turbations in model rate parameters. Candidate model \S; is robust for all parameter sets found
that fit the experimental observation. (B,C and D) in silico experiments suggest that the model
is able to describe further in vitro experiments by Kim et al. (2013). The final bars displayed in
different colours represent a quantification of these equivalent in vitro experiments. We assume
that stimulation with TM reduces rate of Axin dephosphorylation due to Wnt stimulation by
90% + 10% (see main text for further details). Black lines above each bar represent a one stan-
dard deviation confidence interval.
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4.5 Discussion

Various mathematical models of the canonical Wnt pathway have been proposed since
the first model was introduced by Lee et al. (2003). Whereas many of these models have
included some description of the pathway from Wnt stimulation to degradation of -
catenin, we have taken an alternative approach by focusing on the cell’s first response
to Wnt stimulation.

Instead of considering one mathematical model that may be suitable, we proposed
a set of candidate models that may enable us to reject alternative hypotheses that have
been proposed. For example, Zeng et al. (2008) proposed that Axin is required for
LRP6 phosphorylation at PPPSP motifs by GSK3, and hence Axin recruitment to LRP6
might be an important Wnt driven biochemical reaction. On the other hand, other
studies have suggested LRP6 phosphorylation is one of the first Wnt driven steps and
in fact provides a docking site for Axin (MacDonald et al., 2008).

Starting from twelve candidate models, we reduced the number of suitable models
to four. We proposed new tractable in vitro experiments that may enable us to discrim-
inate between these remaining candidate models. We established that by measuring
levels of Axin in complex with pS1490 LRP6 upon Wnt stimulation we can establish
whether the primary Wnt driven reaction is LRP6 phosphorylation by GSK3 or recruit-
ment of Axin to LRP6 and its release from LRP6.

In the absence of suitable experimental data, we established that LRP6 phospho-
rylation is the most likely Wnt driven reaction. If Axin recruitment was a Wnt driven
reaction, we showed that its rate of release from LRP6 would also likely need to in-
crease upon Wnt stimulation. Our investigations also suggested that LRP6 phospho-
rylation at S1490 residue (or the other equivalent 4 residues on the PPPSP motifs) does
not necessarily recruit a substantial quantity of dephosphorylated Axin (see Summary
in Section 4.4.1).

Having established suitable candidate mathematical models for the interaction
between Axin and LRP6, we aim to extend these candidate models to incorporate (3-
catenin and a more detailed description of the destruction complex in Chapter 6. This
increases the experimental data that the candidate models need to reproduce and the
dimensionality of the models’ parameter space. In an effort keep the problem of model
selection computationally tractable, we introduced a simpler mathematical model that
was able to replicate various experimental observations. This simplification reduced
the average number of model simulations required for model selection using the CMA-
ES technique from 3.6M to 630k (see Figure 6.20 in Chapter 6). Without availability of
suitable experimental data, namely changes in levels of pS497/500 Axin in complex
with pS1490 LRP6, we fitted this model using data generated from one of our orig-
inal candidate models. We note that without our initial ground work on the twelve
candidate models this step would not have been possible.

In this chapter we also used qualitative cost functions for model selection. In doing
so, we demonstrated their relevance for fitting models to semi-quantitative experimen-
tal data, such as co-IP’s and Western blots.

Mathematical models of signalling pathways are often fitted by minimisation of
residual distance between model output and quantified Western blot results. This
means a decision has to be made on ’‘closeness of fit". In the same way as we may
use a fit by eye to confirm whether a model fit looks reasonable, we use satisfaction
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metrics to measure the goodness of fit of a model to experimental data. This means a
model either fits (cost = 0), or does not (cost # 0).

We explored the model outputs using CMA-ES, a numerical optimisation algo-
rithm over a region of parameter space that we consider to be biologically relevant.
We note that the search space is still very wide for most parameter values in our math-
ematical models. Consequently values found via our optimisation algorithm may not
be biologically appropriate with respect to the Wnt pathway and our proteins of in-
terest. Further in vitro and in vivo experiments should be carried out to ensure model
outputs are consistent under further scrutiny.

We note that there is not enough information in the experimental studies we have
used here to allow us to identify suitable parameter values for our mathematical mod-
els of the canonical Wnt pathway. Qualitative cost functions and satisfaction metrics
also add further complications to parameter identifiability as the acceptable model
output, where the requirements are satisfied, can be very wide, making the space of
suitable model parameters non-unique. However, our framework does enable us to
generate parameter sets that we may use to perform further analysis, such as in silico
experiments.

We build on the work in this chapter in the next two chapters. In Chapter 5 we
detail the in vitro experiments we carried out to discriminate between our original can-
didate models that were able to reproduce experimental observations by Kim et al.
(2013) (Ha1, Haz, Hz1, Hs).

In Chapter 6 we extend the simplified candidate models S; and S; described in
the schematic in Figure 4.11. We introduce $3-catenin and a more detailed description
of the destruction complex in order to investigate whether the new extended model
may fit experimental observations from different studies.



Chapter 5

Experimental work

5.1 Introduction

The primary aim of my D.Phil. study has been to use a combination of mathematical
modelling and laboratory experiments to increase our understanding of the canonical
Wnt pathway. In this chapter we summarise the experimental work that I carried out
in the lab. I spent two periods in the lab. During the first six-month period, I learnt
cell culture work and immunofluorescence. I spent another six months in the end of
my second year/start of the final year, where I carried out co-immunoprecipitation
experiments.

We gave a detailed description of the canonical Wnt pathway in Chapter 2, and
in particular described that Wnt stimulation leads to deactivation of the destruction
complex. The way in which the destruction complex becomes inactivated is poorly
understood. Deactivation of the destruction complex drives an increase in levels of -
catenin, which translocates to the nucleus, leading to transcription of Wnt-target genes.

There are now several models proposed that describe how Wnt stimulation leads
to deactivation of the destruction complex. Some studies have focussed on the inter-
actions between the scaffolding protein Axin and the LRP6 co-receptor and the role
that their conformational state plays in regulating the dynamics of the pathway. We
note that upon Wnt stimulation, Axin is recruited to LRP6 and dephosphorylated at
5497/5500. This reduces its binding affinity for $-catenin (Kim et al., 2013). LRP6 is
phosphorylated at several sites upon Wnt stimulation. Of particular interest is phos-
phorylation of several residues on five PPPSP motifs, which have been observed to
play important roles in deactivation of the destruction complex. First phosphorylated
PPPSP petptides directly inhibit GSK3-phosphorylation of B-catenin (Wu et al., 2009),
while LRP6 phosphorylated by GSK3 at S1490 on the PPPSP motif A binds preferen-
tially to phosphorylated Axin (Kim et al., 2013). We refer the reader to the literature
review in Chapter 2 for more details.

In the last chapter, we used our understanding of the biological literature to pro-
pose twelve candidate mathematical models for the first steps following Wnt stimula-
tion. We focused on results by Kim et al. (2013), which showed how upon Wnt stim-
ulation levels of Axin phosphorylated at 5497 /5500 (pS497/S500 Axin), LRP6 phos-
phorylated at 51490 (pS1490 LRP6) and the Axin/LRP6 complex change over time (see
Figure 5.2).

Each candidate model has 8 species including pS497/500 Axin, pS1490 LRP6,
their unphosphorylated analogues, and the four complexes that these four species may
form. Figure 5.1 displays a simplified schematic of these candidate models. Table 5.1
summarises the structure of the candidate mathematical models and the model selec-
tion results.

The twelve mathematical candidate models differ in two ways:
¢ the biochemical reactions that are altered upon Wnt stimulation in the candidate

101
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FIGURE 5.1: A simplified schematic of our candidate models illustrating how Axin and LRP6
interact. We do not show the recruitment of unphosphorylated Axin to LRP6 (for a more de-
tailed and accurate schematic see Figure 4.2 in Chapter 4).

models vary. For example, Wnt stimulation may increase the rate of LRP6 phos-
phorylation or it may increase the rate of recruitment of Axin to LRP6, which
may in turn increase LRP6 phosphorylation.

¢ the biochemical reactions included in each candidate model also vary. For some
models phosphorylated LRP6 recruits Axin in all conformational states whereas
in others it only recruits phosphorylated Axin.

We refer the readers to Section 4.2.2 of Chapter 4 for justification of the structure of
each candidate model.

Candidate Wnt Dependent Reactions Basal Accepted
Model Axin/LRP6 model?
Binding

Hi LRP6/Axin binding X X

Hyo LRP6/Axin binding v X

Hoyy LRP6 phosphorylation X v

Hyy LRP6 phosphorylation v v

Hs LRP6/Axin binding and release X v

Hsy LRP6/Axin binding and release v v

Hy Axin dephosphorylation X X

Hyo Axin dephosphorylation v X

Hs, Axin dephosphorylation and Axin/LRP6 X X
release

Hso Axin dephosphorylation and Axin/LRP6 v X
release

Hg, LRP6 phosphorylation and Axin/LRP6 release X X

Hgo LRP6 phosphorylation and Axin/LRP6 release v X

TABLE 5.1: The twelve candidate models proposed in Chapter 4, and whether they are accepted
or reject under our framework. We proposed new in vitro experiments (Figure 5.3) that may
discriminate between these remaining four candidate models.

Using our framework, we reduced the number of suitable candidate models from
twelve to four (see Table 5.1 or the Results section in Chapter 4). The four remain-
ing candidate models (Hs1, Ha2, Hs; and Hjy) were able to reproduce experimental
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FIGURE 5.2: Kim et al. (2013) stimulate human cell lines HEK293T and L-Cells with Wnt condi-
toned media or Wnt3A ligands and use Western blots and co-immunoprecipitation studies to
measure changes in levels of components of the Wnt signalling pathway. (A) Actual blots data
in L-cells reproduced with permission. (B) Quantification of these results.

observations by Kim et al. (2013), including response to stimulations by Wnt and/or
phosphatase inhibitor, Tautomycin.

By studying the output of these four candidate models, we identified a new in vitro
experiment, where we measure levels of pS1490 LRP6 in complex with Axin using a co-
IP experiment, that we predict could enable us to discriminate between the remaining
candidate models (see Figure 5.3). An increase to a higher steady state level would
imply candidate models Hy; and H,; may be appropriate, whereas a reduction or no
change would suggest candidate models H3; or Hj, respectively may be appropriate
for describing the observed dynamics.

We emphasise that this experiment would determine which reaction is altered in
our models upon Wnt stimulation; in candidate models H,,, (y = 1,2), LRP6 phos-
phorylation is the Wnt driven reaction, whereas in candidate models Hs,, (v = 1,2),
Axin/LRP6 association and disassociation reactions are altered by Wnt.

We note that if there is an increase in levels of Axin in complex with pS1490 LRP6,
then we cannot discriminate between candidate models Hy; and Hys. In this case, we
would have to study the models further to propose new experiments. We note also that
changes in levels of Axin/pS1490 LRP6 complex should be measured alongside levels
of Axin/LRP6 since different studies (e.g. Li et al. (2012) and Azzolin et al. (2014))
have observed qualitatively different behaviours for levels of Axin/LRP6 complex to
the experimental data we used by Kim et al. (2013). Our model selection is valid only if
we are able to observe the same results as our candidate model output for Axin/LRP6
and Axin/pS1490 LRP6 complexes.

The rest of this Chapter is structured as follows. In Section 5.2, we provide the
materials and methods used in carrying out our experiments during this work. We
include the immunofluorescence protocol used to produce some of the figures in other
chapters. In Section 5.3, we provide our preliminary results. Finally, we discuss our
results and outline directions for future work.



104 Chapter 5. Experimental work

10 Axin/phospho LRP6
Hy; (5) 26 LRP6 and Axin Complex
— Hy (1) H,, (5)
s ( \ . Hs (1) — Hy (1)
....... Hz (8) === Hs (1)
se6 N 204N Hs; (8)
c
@©
e
[&]
k=]
o 4
A TR
-
0
0.0 1.0 2.0 3.0 08
Time after Wnt stimulation/hour 0.0 1.0 20 30

(A) (B)

FIGURE 5.3: (A) Measuring changes in levels of Axin/pS1490 LRP6 upon Wnt stimulation
could discriminate between the remaining candidate models. However, it cannot discriminate
between candidate models Hy; and Hs,. (B) The dynamics of the Axin/LRP6 complex associ-
ated with the four candidate models is consistent with observations by Kim et al. (2013).

5.2 Materials and Methods

All chemicals and materials were used according to manufacturers” guidelines. Most
were from Sigma-Aldrich or Fisher Scientific, and all culture media and supplements
purchased from Gibco. All concentrations are given as volume/volume unless oth-
erwise stated. In Table 5.2 we list the antibodies and the concentrations used in our
experiments.

5.2.1 Cell culture

All cell lines were maintained in a humidified incubator in 5% CO, at 37°C and cul-
tured in Dulbeccos modified Eagle’s medium (DMEM) with 10% Fetal bovine serum
(FBS), 100Units/ml of Pen/Strep, and 2mM of Glutamine. The cells were passaged as
necessary with 1x PBS and 0.25% Trypsin-EDTA.

5.2.2 Ligands, inhibitors and conditioned media

All stimulants were diluted to the appropriate concentration in 10% FBS media. Re-
combinant Human Wnt3A ligands were purchased from R&D systems and suspended
in 0.1% (mass/volume) Bovine serum albumin (BSA) as per the manufacturer’s in-
structions. A concentration of 100 ng/ml was used for all experiments. We used 0.75ml
of media per well in 12-well plates or 7ml of media per 10cm dish. 0.1% BSA was used
as Control. MG132, a proteasomal inhibitor, was similarly diluted to appropriate con-
centrations of 5, 10 or 20 M.

Wnt3A conditioned media and control media were produced using L-Wnt3a cells
(ATCC 2647) and control L-cells (ATCC CRL-2648) according to the provided guide-
lines. They were aliquoted in 10 ml Falcon tubes and kept at -20°C for up to 6 months.
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. Catalogue

Type Name Concentratio = Manufacturer Number

. 1:200 (IF),
Primary . ) Santa Cruz
(IF, WE) Mouse B-catenin (G-10) 1(‘}\(7)](3);) Technology SC-376959
. 1:200 (IF),
Primary - pabbit g-catenin (H-102)  1:1000 Santa Cruz SC-7199
(IF, WB) (WB) Technology
P“(rl?,‘;‘ry Rabbit E-cadherin 1:100 Cell Signalling 3195
Primary i Santa Cruz
(IF) mouse YAP (63.7) 1:100 T R—— SC-101199
. . 1:200 (IF),
Primary Non-phospho (active) . . .
(IF, WB)  B-catenin Ser33/37/Thr41 1("}5)3)0 Cell Signalling bi3Al
Primary Phospho-f-catenin i . .

(WB) (Ser33/37/Thra1) 1:1000 Cell Signalling 9561
Pgrvng)ry Phospho-LRP6 (Ser1d90) ~ 1:1000  Cell Signalling 2568
PE%‘S‘;Y LRP6 1:1000 Cell Signalling 3395
Primar 1:100 (IP),

ay Axin 1:1000 Cell Signalling 2087
(WB, IP) (WB)
Prtrlrll)?ry Axin-1, clone A5 1:100 Merck Millipore 05-1579
Alexa fluor goat Invitrogen, Life
Secondary anti-mouse 488 nm 1:500 et A-11001
Technologies
(Green)
Alexa fluor goat : Invitrogen, Life )
SSRGS anti-rabbit 488 nm (Green) 1:500 Technologies A-11008
Alexa fluor goat . Invitrogen, Life )
Secondary anti-mouse 594 nm (Red) 1:500 Technologies A-11005
Alexa fluor goat ) Invitrogen, Life
Secondary anti-rabbit 594 nm (Red) 1:500 Technologies A-11012
Sec(zf]‘gfry Goat anti-mouse 680 nm ~ 1:5000 Licor 926-32210
Sec(g{]‘g;‘ry Goat anti-rabbit 800nm  1:5000 Licor 926-32221

TABLE 5.2: Antibodies used in our immunofluorescence (IF), Western blots (WB) and immuno-
precipitation (IP) experiments and the specific concentrations we used.

5.2.3 Immunofluorescence

Cells were plated on glass coverslips (Fisher) in 12-well plates. Unless otherwise
stated, RKO, Caco-2 and HEK293T cells were plated at 50,000-100,000 cells per well,
and experiments started when cells had reached more than 60 — 70% confluency. Cov-
erslips for HEK293T experiments were pre-coated with Fibronectin at a concentration
of 1 u/cm? to improve adhesion.
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Cells were washed with 1x PBS before being fixed by 0.5ml of 4% Paraformalde-
hyde (PFA) in 1x PBS for 15 minutes, and permeabilised with 0.2% Titon-x solution in
1x PBS for 5 minutes and blocked for 1 hour in 0.2% Fish Skin Gelatin (FSG). Each cov-
erslip was incubated in 50ml of appropriate dilution of primary antibody for 3-4 hours
at room temperature (or overnight at 4°C), before they were incubated with secondary
antibodies for 2-3 hours. Cells were mounted onto slides with Prolong Gold anti-fade
reagent with DAPI (Life Technologies), and fixed with nail varnish. Cells were washed
with 1x PBS at least twice between each of the steps described above. All images were
taken using a Nikon 901 widefield microscope with most images taken using a 100x oil
lens using NIS Elements software.

Buffer Content
5% skimmed milk 5% (w/v)skimmed milk powder in 1x PBST
blocking solution

PBS (pH 7.4) 137 mM NaCl, 2.7 mM KCl, 10mM Na,HPO,, 1.76 mM
KH,PO,

PBST PBS, 0.1% Tween20

Transfer buffer 25 mM Tris, 190 mM Glycine, 20% Methanol

2x SDS-PAGE Sample 40% (v/v) NuPAGE LDS sample buffer, 40% (v/v)

Buffer Nuclease-Free Water, 0.2Molar DTT

TABLE 5.3: The content of buffers used in our experiments which were mixed in the lab.

5.2.4 Protein complex immunoprecipitation (Co-IP)

Figure 5.4 summarises the protocol we used to carry out co-IP’s. The protocol, includ-
ing the antibodies and lysis buffer used in is based on the Materials and Methods by
Kim et al. (2013), For steps that were not detailed, we used and optimized protocols
used commonly in our laboratory (the cell signalling group in the Department of On-
cology, University of Oxford).

Stock . Volume for 50 ml

concentration Kim et al. (2013) of lysis buffer
HEPES (7.4 pH) 1 mM 50 mM 2.5 ml
NaCl 5 mM 150 mM 150 ul
EDTA 500 mM 1.5 mM 1.5 ml%
Triton X-100 100% 1% 0.5 ml
Glycerol 50% 10% 10 ml
DTT 1M 0.5 mM 25 ul
Protease inhibitor cocktail 1 tablet per 50ml 1
tablets (EDTA-free) (Roche)
Phosphatase inhibitor cock- 1 tablet per 10ml 5
tail tablets (Roche)
Distilled water 35.3 ml

TABLE 5.4: Lysis buffer used in the co-IP studies, produced according to the protocol by Kim
et al. (2013).

We ran our IPs using Sepharose beads and Dyna magnetic beads, using protein G
for mouse antibodies and protein A for rabbit antibodies. We focus here on description
of the experiments with magnetic beads as using Sepharose beads we achieved similar
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create IP's SDS-PAGE
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FIGURE 5.4: Summary of steps involved in a co-immunoprecipitation study. We have broken
down the steps into (1) pre IP steps, which are similar for other procedures such as simple
Western blots, (2) actual IP steps, and (3) Western blot steps. We have displayed these steps in
the order we carry them out during a typical experiment.

Optimise

results. We used 20 pl of magnetic beads per IP, ensuring the beads container was
vortexed before collecting the appropriate amount.

The beads were washed 3 times using 5 times the volume of beads with lysis buffer
and re-suspended in 20 pl of lysis buffer per IP. We used 1.5 mg/ml of antibody (or the
recommended dilution antibodies from Cell Signalling where the antibody concentra-
tion is not provided). The total volume of the lysate was used to calculate the volume
of antibody required. We used 0.5ul of IGG mouse/rabbit IGG for the control IP’s. The
beads were kept on ice or at 4°C until needed.

40ml of lysis buffer (Table 5.4) was made the day before sample collection and kept
at 4°C. Protease and phosphotase inhibitors were added on the day of the experiment.

Media (control, Wnt conditioned media or media plus Wnt3A ligands) were pre-
warmed to 37°C, and any extra ligands or inhibitors were added. We used one 10cm
dish per sample and started the experiment when cells had reached 60%-70% conflu-
ency. The media in each dish was changed to the experiment’s media and placed back
in the incubator. The times for media changes were staggered for each dish to ensure
that the cells were lysed and collected at similar times.

In order to minimise the break up of protein complexes all samples were kept on
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ice and PBS and the eppendorf tubes used for sample collection were all pre-chilled
and kept on ice. When the allocated stimulation time was reached, the dishes were
moved to an ice tray. The media was aspirated, and the dish washed once and the cells
were lysed using 750 pl of lysis buffer.

The lysates was removed using cell scrappers and added to pre-chilled eppendorf
tubes and rotated for 15 minutes at 4°C. Each sample was then sonicated twice before
being spun at 4°C at 13200 rpm for 30 minutes. Once the centrifuge was completed the
supernatants were moved to new tubes and the pelletes discarded.

In order to load the same quantity of proteins when carrying out gel electrophore-
sis we used the Bradford assay (Bradford, 1976). The Bradford assay uses the change
in colour of Coomassie Brilliant Blue G-250 dye, which changes from 465 nm (brown)
to 595 nm (blue) depending on whether it is bound to a protein or not.

A standard curve was created using BSA diluted in PBS at different concentra-
tions: 0, 0.125, 0.1875, 0.25, 0.375, 0.5, 0.75 and 1 mg/ml. BSA standards were created
once by using BSA Standard Ampules (2 mg/mL) and kept at -20°C.

Protein samples were diluted 1:10 in 18l of PBS. 5ul of each sample and the BSA
standards were loaded twice on Sterlin 96-well plates alongside 245 pl of Bradford
reagent. Absorption at 595 nm wavelength was measured using a spectrophotometer.

We calculated the average absorption for each sample and the BSA standards. Us-
ing a simple linear regression analysis on the BSA standard curve we calculated a line
of best fit for protein concentration versus light absorption at 595 nm wavelength. This
enabled us to calculate the protein concentration in each sample.

Once total protein concentrations were known for each sample, we diluted all
samples to the lowest calculated concentration in order to ensure the IP and gel elec-
trophoresis were carried out at the same total protein levels. We collected a total vol-
ume of 350-500 ul (“IP Volume”) of lysate for the sample with the lowest protein con-
centration, while ensuring a total protein level of 1-1.5mg in the samples. Samples with
higher protein concentrations were diluted using the lysis buffer to reach the same con-
centration at “IP Volume”.

For each sample, one tenth (35-50ul) of these normalised cell lysates was mixed
with equal volume of 2x dye to create the inputs for SDS-PAGE. These were kept in
eppendorf tubes at -20°C to be run alongside the IP’s.

Cell lysates were incubated with an appropriate concentration of antibody or IGG
overnight at 4°C. This mix was then added to pre-washed beads for 1 hour with mixing
at room temperature. The beads were washed 4 times with 1ml of lysis buffer. 1x SDS
dye was added to the beads to create the IP SDS-PAGE samples. These samples were
also kept at -20°C.

5.2.5 Western blot

Levels of the proteins of interest in the samples collected in the co-IP study were stud-
ied using Western blot analysis. First gel electrophoresis was used to separate out the
proteins in our samples according to their size. The SDS added to the samples nega-
tively charges the proteins and breaks up all the secondary and other structures such
that the proteins can move through the gel from negative to positive.

The samples were boiled using a heat block for 30 minutes to denature the proteins
turther and, for the IP’s eluting the proteins from the beads. We then spun down each
sample for 30-45 seconds to facilitate loading.
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Since LRP6 is more than 200 kDa whereas $3-catenin is less than 100 kDa, we used
NuPAGE 3-8% Tris-Acetate pre-cast gels. The gels were loaded into BioRad mini-
Protean TetraCell gel tanks filled with pre-chilled 1x Tris-Acetate buffer. We loaded
15-20pl of sample in each well. We used 7.5ul of HiMark pre-stained protein ladder.
The gels were run at a constant voltage of 120 V until the sample front was almost run
off the bottom of the gel.

The proteins separated on the gels were transferred to Immobilon membranes
from Millipore. Membranes were activated using 100% methanol and the transfer was
performed in the BioRad mini gel blotting system at a fixed current of 350mA for 3
hours at 4°C.

The transfer was checked using Ponceau S staining solution to ensure good trans-
fer in particular at higher molecular weights. The membranes were then washed
three times for a total of 20 minutes on a shaker, before being blocked for 30 min-
utes in a fresh mixed solution of 5% (mass/volume) skimmed milk in PBST or 2.5% or
(mass/volume) BSA in PBST, depending on the antibody.

The blocked membranes were then placed in Falcon tubes with the appropriate
dilution of primary antibody in 3ml of milk/BSA solution, and were left on a roller
at 4°C overnight. The membranes were again washed three times for a total of 20
minutes, before secondary antibody conjugated to Horseradish Peroxidase (HRP) was
applied at a dilution of 1:5000 in 5ml of milk for 1-3 hours at room temperature.

After another set of PBST washes, the membranes were incubated for 1 minute at
room temperature in Pierce ECL Western Blotting Substrate. Finally, Fuji X-ray films
were exposed to the membranes in the dark room for a period of a few seconds (for
GAPDH primary) to 30 minutes (when probing for p51490 LRP6 in co-IP samples)
depending on the protein of interest, before the film was developed. In some cases, the
membranes were washed with PBST and re-incubated with the Millipore Immobilon
ECL, which can provide a stronger signal. To run the membrane for another primary
antibody, the membrane was re-blocked in milk/BSA in PBST solution with addition
of sodium azide to deactivate the secondary antibody.

Protocol optimisation. Since the materials and methods of papers investigating the
interaction between Axin and LRP6 in recent years were not detailed, I spent a large
amount of time optimising the procedure described above. Table 5.5 describes some of
the optimisation steps I carried out in order to improve the experimental results.
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Step

Wnt Con-
ditioned
Media
(CM)
/Ligands

IP beads

Incubation
with anti-
body and
beads

Membrane
transfer

Membrane

Details

What is a suitable
concentration for Wnt
ligands/CM to ensure
good pathway activity?

Is there an advantage
in using magnetic or
sepharose IP beads?

Should we incubate our
samples with the an-
tibody and beads at
the same time or seper-

ately?
What is the most ap-
propriate  electroblot-

ting procedure when
working with heavy
proteins such as LRP6?
What is the most suit-
able blocking buffer
and detection proce-
dure when blotting for
LRP6?

Results summary

Pathway activation as measured
by LRP6 phosphorylation was
comparable using 100% CM and
100ng/ml ligands. We noticed a
substantial drop in activity after 4
months of keeping CM at -20°C.

Many papers studying the inter-
action of Axin/LRP6 have used
Sepharose beads. We confirmed
with one of the authors that they
have not tried magnetic beads.
We tried sepharose beads once
and saw no improvement com-
pared to magnetic beads.

We achieved slightly better blots
by incubating our samples with
antibody overnight at 4°C and
then with the beads at room tem-
perature for 1 hour with mixing.
We had a better transfer of heavy
proteins, in particular LRP6 us-
ing a fixed current of 350mA for 3
hours (at 4°C), rather than using a
fixed voltage of 100 V for 80 min.
We detected no signal for LRP6 in
the Axin IP samples using milk
but detected a faint signal when
using BSA, however the resulting
blots were dirtier.

Conclusion

Use 100% CM or
100ng/ml  ligands.
Regularly check both
for activity using
TOP/Flash, pLRP6
levels or [-catenin
levels.

Further investigation
with Sepharose beads
might be required as
they are more com-
monly used.

Further optimisation
required.

Use the fixed current
method.

Further optimisation
is required here, in
particular experi-
menting with exact
washing and blocking
procedure.

TABLE 5.5: Summary of the steps we optimised during our investigation of the interactions
between Axin and LRP6.

5.3 Results

The results from Chapter 4 lead us to the conclude that for the conditions used by
Kim et al. (2013), measuring changes in levels of pS1490 LRP6 in complex with Axin
upon Wnt stimulation, might enable us to discriminate between our candidate models
(see Figure 5.3). In particular it could reveal which reactions are most markedly Wnt
driven; association and dissociation of Axin to LRP6 (models H3; and Hs,) or LRP6
phosphorylation (models Hy; and Hys).

Figure 5.5 summarises the results of our co-IP experiments. Unfortunately, our
results are inconclusive and further experiments are needed to discriminate between
the candidate models.

As reported in other studies, we observe an increase in levels of pS1490 LRP6 (see
input columns in Figures 5.5A, 5.5B and 5.5C). We remark that the GAPDH blots
are likely saturated, making it difficult to accurately quantify and validate the total
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protein levels in our samples. However, levels of Axin remain unchanged. This is a
good second control as levels of Axin are not expected to change significantly in the
tirst few hours of Wnt stimulation.

Kim et al. (2013) observed an initial increase in levels of LRP6 in Axin IP upon Wnt
stimulation, followed by a return to the original levels. We make a similar observation
in Figure 5.5C, however, we believe the Axin blot is saturated in this experiment and
hence we have some concerns about the quality of these results.

Figure 5.5 also shows how levels of Axin with pS1490 LRP6 change. These blots
suggest that levels of Axin in complex with pS1490 LRP6 are higher after 2 hours of
Wnt stimulation compared to the levels with no Wnt stimulation (see Figures 5.5A
and 5.5C). These results are consistent with the candidate models Hy; and Hyy and
suggest that Wnt increases rate of phosphorylation of LRP6 at 51490, which in turn
drives recruitment of pS497 /500 Axin to the membrane.

We spent several months trying to optimise the experimental procedure described
in the last section as detailed in Table 5.5. However, the protocol needs to be optimised
turther to improve the quality of these results.

Lack of IGG. By the end of my six months in the laboratory, I was focusing solely on
optimising the protocol for the IP, and hence did not run Western blots on the IGG sam-
ples. The only control I have is hence from earlier experiments, where we confirmed
that the IGG lanes were empty.

HEK293T Axin IP INPUT
2h +Wnt oh 0.5h 1h 2h Oh .5h 1h 2h

RKO Axin IP INPUT
+Wnt Oh 05h 1h 2h  Oh 05h 1h

pLRP6m|' tray e -| pLRP6| -y v 4 -||_:-- ‘“|

Adn [ ————— | =] ain | ——— [ |
CAPDH |~| GAPDH —
(A) (B)
HEK293T Axin IP INPUT

+Wnt Oh  0.5h 1h 2h Oh 0.5h 1h 2h

RP6 | el 1511 =]

pLRP6|.“ - || ' ...|
- s emEben o]
©)

FIGURE 5.5: Preliminary results measuring the interaction between Axin and pS1490 LRP6
upon Wnt stimulation in (A) RKO cells, and (B,C) in HEK293T cells. These preliminary results
suggest that levels of Axin in complex with pS1490 LRP6 may increase after 2 hours of Wnt
stimulation. These experiments will have to be repeated and the protocols have to be optimized
further.

5.4 Discussion

In this chapter we detailed our attempts to measure the interaction between two core
components of the canonical Wnt pathway; Axin and LRP6. Our protocol was based
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on the Materials and Methods section of Kim et al. (2013). We aimed to reproduce their
observations, before studying the interaction between Axin and pS1490 LRP6. This
would have enabled us to discriminate between the candidate models /1, as proposed
in Chapter 4.

In summary, our preliminary results hint that levels of Axin/LRP6 complex in-
crease quickly after Wnt stimulation before returning to their original levels within 2
hours (in line with results of Kim et al. (2013)), while levels of Axin/pS1490 LRP6 may
stay higher than the non-stimulated levels. These results suggest that Hy; and Ho
may be best in describing the dynamics of the interactions between Axin and LRP6.
However, further work is required to completely validate these results.

Candidate models Hy; and Hj, assume that the primary Wnt driven reaction is
phosphorylation of LRP6, rather than recruitment of Axin to LRP6. We remark that
candidate model Hy; is in fact the simplest candidate model that could reproduce the
experimental observation by Kim et al. (2013). In Chapter 4, we invoked the principle
of Occam’s razor to select candidate model H,; as the model we will take forward
to study further. Our results in this chapter, although inconclusive, provide further
support for this decision.

My struggle to reproduce the results by Kim et al. (2013) in the laboratory highlight
the problem of reproducibility in science that has been discussed in the past (Kaiser,
2017; Baker, 2016). We have confidence that with more time in the laboratory and more
guidance it will be possible to complete these experiments.

Frustratingly, I lost several months since the paper by Kim et al. (2013) had not
provided the correct antibody used for the Axin IP’s. Moreover, incomplete materials
and methods in different experimental papers meant I spent time optimising protocols
which had already been optimised in other labs. We discuss these issues further in
Chapter 7 of this thesis.

Although our results have been inconclusive, we hope that the detailed protocols
described here will assist future scientists studying the interactions between Axin and
LRP6.

In the next chapter, we extend our mathematical models of the Wnt pathway be-
yond the interaction between Axin and LRP6. We extend the simplified models S;
and S, and look beyond the results by Kim et al. (2013) and consider whether a single
mathematical model can reconcile the different experimental results in the literature.



Chapter 6
A new model of the Wnt pathway

6.1 Introduction

In Chapter 2 we described the state-of-the-art biological literature with regards to in-
teractions between core components of the Wnt pathway and the post translational
modifications that these go through upon Wnt stimulation. We summarised the lat-
est verbal models of the Wnt pathway, which had been proposed to explain different
experimental observations (see Section 2.2.1). We introduced some of the hypotheses
with regards to how Wnt signalling leads to deactivation of the destruction complex
(see Figure 2.5).

Li et al. (2012) suggested that the release of 3-TrCP from the destruction complex
upon Wnt stimulation prevents it from marking (-catenin for degradation. In a simi-
lar fashion, Azzolin et al. (2014) proposed that LRP6 replaces YAP and pB-TrCP in the
destruction complex, and thereby prevent it from ubiquitinating B-catenin. Kim et al.
(2013) and Hernédndez et al. (2012) argued that the ubiquitination step of the destruc-
tion complex is unchanged upon Wnt stimulation. Instead Kim et al. (2013) proposed
that Wnt stimulation leads to dephosphorylation of Axin, which prevents it from re-
cruiting B-catenin. Herndndez et al. (2012), Wu et al. (2009), and Piao et al. (2008) and
several other studies have proposed that Wnt reduces the rates of phosphorylation of
B-catenin by CK1 and GSK3, but do not explicitly model how this may occur.

It is a main aim of this thesis to use mathematical modelling to investigate whether
a single model can reconcile the observations that have led to different models. Lee et
al. (2003) proposed the first mathematical model of the Wnt pathway, and since then
many alternatives have been proposed over the past fourteen years (please see our
summary in Chapter 2 or a more detailed review by Lloyd-Lewis et al. (2013)). To our
knowledge, none of these models consider the interactions between Axin and LRP6
and how these alter the destruction complex. Our goal is hence to develop a new
model of the Wnt pathway that studies these interactions.

In order to keep the problem computationally tractable, in Chapter 4, we focused
on the cell’s initial response to Wnt stimulation and recruitment of the Axin scaffolding
protein to the receptors at the cell membrane. We proposed a set of candidate models
and studied which may best describe various experimental observations. Our analysis
revealed that the simplest of our candidate models, which is consistent with the exper-
imental data considered, is one where Axin is recruited to LRP6 even in the absence of
Wnt. Axin facilitates phosphorylation of LRP6 upon Wnt stimulation, which amplifies
the recruitment of Axin to LRP6, thereby enhancing Axin dephosphorylation.

After establishing this model of the Wnt pathway (namely candidate model Hy,),
we ended Chapter 4 by simplifying this model further (to develop candidate models
S1 and Sy) and showing that they were could reproduce experimental observations by
Kim et al. (2013). Our candidate models in Chapter 4 did not model 3-catenin. In this
chapter, we extend these candidate models to include 3-catenin and a more detailed
explanation of the destruction complex. We aim to use our candidate mathematical

113
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models to analyse existing competing verbal models proposed in the literature (Li et
al., 2012; Kim et al., 2013; Azzolin et al., 2014).

In order to ensure that model selection is computationally tractable, we extend the
candidate models in two steps. In the next section we describe the first extension to
models S; and S;. We introduce a set of candidate models that account for synthesis
and degradation of 3-catenin. We study these candidate models analytically and use
the framework developed in Chapter 4 to establish whether they can reproduce the
experimental observations by Kim et al. (2013).

After identifying the most suitable candidate models from this first extension us-
ing our model selection framework, we then introduce further details about the de-
struction complex and propose a new set of candidate models. This final extension
enables us to explore whether these candidate models can reproduce the experimental
observations from three different studies: Kim et al. (2013), Li et al. (2012) and Azzolin
et al. (2014). Once we have established suitable candidate models and feasible param-
eter sets, we use in silico experiments to study the models further to learn more about
the dynamics of the pathway.

6.2 Extension 1: Introducing the destruction complex

6.2.1 Introduction

The candidate mathematical models in Chapter 4 focused on the interaction between
Axin and LRP6 and whether they can reproduce observations by Kim et al. (2013). Kim
et al. (2013) also measured levels of 3-catenin in complex with Axin. In this section, we
incorporate this additional constraint into new candidate models.

Since [3-catenin is observed to have higher affinity for pS497/500 Axin compared
to its unphosphorylated counterpart (Jho et al., 1999; Kim et al., 2013), in this first
extension we assume that -catenin binds only to pS497/500 Axin. We do not explic-
itly model other components of the destruction complex. We neglect modifications 3
catenin is observed to go through, and simply assume it is degraded once it is released
from Axin.

6.2.2 Methods

Figure 6.1 summarises the framework we used in Chapter 4. We now use this frame-
work to study a more complete model of the Wnt pathway.

We start this section by describing the biochemical reactions included, and detail-
ing the candidate models and associated mathematical equations. We then summarise
the experimental observations by Kim et al. (2013) we aim to reproduce. Next, we carry
out a steady state analysis of the system of ODEs describing the temporal dynamics of
the models. Finally, we quickly touch on the setup for the CMA-ES optimisation algo-
rithm we use to perform model selection.
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Study the latest literature and summarise the
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FIGURE 6.1: The framework we use for studying dynamics of signalling pathways. We applied
this framework to study the interaction of Axin and LRP6 upon Wnt stimulation in Chapter 4.
We again recruit this framework as we extend our mathematical model of the Wnt pathway
further to include -catenin and the destruction complex.

6.2.2.1 Qualitative description of our mathematical models

We base our candidate models on models S; and S, from Section 4.4 (see Reactions
(4.28)-(4.31)). These models comprise of 5 ODEs describing the evolution of pS1490
LRP6, pS495/500 Axin, their unphosphorylated counterparts, and the complex of
pS1490 LRP6 and pS497 /500 Axin (see Equations (4.32)-(4.36).

In Figure 6.2 we indicate the new candidate models. The models now have up to
eight species: five of these also appear in candidate models S; and S,. The new species
represent free B-catenin (B), the destruction complex/p-catenin complex (D = [A, : B])
and the destruction complex and [3-catenin complex recruited to LRP6 (E = [A4, : L, :
B]). Table 6.1 summarises these dependent variables.

Dependent Variable Description

A, Concentration of Axin not phosphorylated at S497 /S500
Ap Concentration of Axin phosphorylated at S497 /5500

L, Concentration of LRP6 not phosphorylated at S1490

L, Concentration of LRP6 phosphorylated at 51490

B Concentration of 3-catenin

C=[A,: Ly Concentration of Complex of L, and A,

D =[A,: B] Concentration of Complex of B and A4,

E=[Ap:L,: B] Concentration of Complex of B, A, and L,

TABLE 6.1: Dependent variables in our candidate mathematical models in first Extension in-
troduced in this chapter.

The reactions included are:
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The colour of each reaction matches that used in the model schematics in Fig-
ure 6.2. Reactions R;, Ry, R34 and R44 appeared in models S; and S; (see Chapter 4
for details). We now provide the motivation behind the new reactions R;, R4, Rsp, Rap
and Rs.

Reaction ;. CTNNBI (the (3-catenin gene) mRNA levels have been observed to re-
main unchanged during Wnt stimulation (Herndndez et al., 2012), we hence assume
that B-catenin is synthesised at a fixed rate, s.

Reaction R;. [-catenin is degraded via recruitment to the destruction complex and
in particular to Axin (Valenta et al., 2012; Stamos and Weis, 2013; MacDonald and He,
2012). This reaction represents the reversible binding of (3-catenin to the destruction
complex.

Reaction R,;. This reaction represents the degradation of (3-catenin after recruitment
to the destruction complex. This releases pS497/500 Axin (A,), which can then recruit
turther (3-catenin.

Reaction R3p. [-catenin is observed in complex with LRP6 upon Wnt stimula-
tion (Hendriksen et al., 2008), we assume that the destruction complex D may be re-
cruited to LRP6 upon Wnt stimulation (Reaction R35), leading to dephosphorylation
of Axin and its release alongside 3-catenin back into the cytoplasm.

Reaction R,5. LRP6 phosphorylated at PPPSP motifs can inhibit phosphorylation of
B-catenin by GSK3 (Piao et al., 2008; Wu et al., 2009; Cselenyi et al., 2008). Hence
we assume that the destruction complex cannot continue degrading 3-catenin while in
complex with LRP6 in complex E. We note that Reaction R, is one where a trispecies
complex of Axin, LRP6 and (-catenin is broken down into its constitutive parts in one



Chapter 6. A new model of the Wnt pathway 117

R
LRP6 <——x—> LRP6* =
2 R4A
Candidate models M,;: we B-catenin
introduce a simple exten- synthesis A ; signalosome ' in
. . xin '
sion to model S; and S in \ 7 pIDE/LRERS
Chapter 4 (see Figure 4.11): Ry ;= Rl el el 12
- , — Axin*/B-catenin
A, may be recruited to L,
as before, or form a complex
with B, leading to degrada- B -catenin :
. (B a4 B-catenin
tion o : degradation
(A)
-— - ~—
LRP6 <——p—> LRPG*
R
B-catenin !
X synthesis
Candidate models M,o: A, y _ Axin* Axin
. . 3 A Rup
is not recr1.11ted to LRP6. II.‘I |j, (R Bestricton Comlas &, S -
stead, D is the only Axin —-* Axin*/B-catenin - —» Axin*/B-catenin/LRP6* . — —
COI’I’IpleX that can fOI'l’n a \ / Signalosome/Destruction ('nnr;].‘r"x%
complex with LRP6. — __Ra _
\B-catenln / \ R B-catenin
S e degradation
~—— R,
(B)
‘d__-—f_‘_d__ T
LRP6 “‘—2"‘ LRP&*
Candidate models M,3: A, B-catenin
or D may be recruited to synthesis Axln® Signalosome  odn
. Xin '
L, and released from it at P AXin*/LRP6* ‘
exactly the same rate, le H//" (i{ Destruction Complex /
. S~ e L e : .
all forms of the destruction / R.,__ﬂ' Axin*/B-catenin —> Axin*/B catgn\rj!LF_tPG i
R Signalosome/Destruction Complex
complex are recruited to the Voo Rug —
membrane upon Wnt stimu- B-catenin s -
lati 4 B-catenin
ation. — degradation

(©)

FIGURE 6.2: Schematics of the candidate models of the canonical Wnt pathway incorporat-
ing degradation of 3-catenin via the destruction complex (A) M1, (B) M2, and (C) M3 (See
Section 6.2.2.2 for details).
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step. This is a simplification of a more detailed model which may include an interme-
diate step leading to Axin dephosphorylation and release of (3-catenin before a second
step in which Axin is released from LRP6.

We remark that we ignore some components of the destruction complex and, par-
ticularly, the GSK3 and CK1 kinases and APC. We do this for simplicity and because

recent studies have suggested that levels of these proteins in complex with Axin do not
change in the first few hours after Wnt stimulation (Li et al., 2012; Kim et al., 2013).

intensity/A.U.

time/hour
’-—- BSA —s MG132 e—s Exp 1 (Wnt) o—e Exp 2 (Wnt)

—e MG132 (20) e—e CHX

FIGURE 6.3: We stimulated RKO cells with various stimuli including Wnt, CHX and MG132
and measured the intensity of B-catenin in the nucleus versus the cytoplasm. We failed to detect
any significant changes in this ratio in the first few hours after stimulation.

The mechanism of entry of B-catenin into the nucleus is not very well understood,
however an increase in levels of cytoplasmic -catenin generally leads to its translo-
cation into the nucleus (Valenta et al., 2012). Our own data suggests that the ratio of
nuclear 3-catenin and cytoplasmic [3-catenin is independent of Wnt stimulation and
rates of degradation and synthesis of (-catenin (Figure 6.3). Therefore we ignore the
nuclear compartment and, as in Chapter 4, assume that all reactions take place in a
single well-mixed compartment.

Modelling the effect of Wnt. As detailed in Chapter 4, we follow Lee et al. (2003)
and introduce the effect of Wnt via an externally prescribed function of time that acts
on certain reactions. We assume a “Wnt-off” value for a Wnt-dependent rate param-
eter corresponding to the activity of the pathway in the absence of a Wnt stimulus.
Upon Wnt stimulation, we assume that an exponential function with a time constant
of between 1 and 20 minutes changes this rate parameter from the “Wnt-oft” value to
a new “Wnt-on” value.

6.2.2.2 Candidate models

We consider several candidate models and study whether they are consistent with the
experimental observations by Kim et al. (2013). We use notation M, where z and y are
positive integers to refer to different candidate models.
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Subscript x = 1, 2, determines which rates are altered by Wnt stimulation, whereas
subscript y = 1, 2, 3 determines how the destruction complex is recruited to LRP6:
¢ x=1: LRP6 phosphorylation (k).
¢ x=2: LRP6 phosphorylation (k) and release of Axin from LRP6 (k_4, k*, ),
¢ y=1: LRP6 recruits only Axin without 3-catenin, i.e. it recruits only A, and hence
rates for reactions Rsp and R, are zero: k%, = k*, = 0 (see Figure 6.2A).
* y=2: LRP6 recruits only Axin with B-catenin, i.e. it recruits only D, and hence
rates for reactions R34 and R44 are zero: ki3 = k_, = 0 (see Figure 6.2B).
* y=3: LRP6 recruits A, and D at the same rate: ki3 = ki3, k_y = k*, (see Fig-
ure 6.2C).
Figure 6.2 illustrates the three different cases described by subscript y. Table 6.2 sum-
marises all six candidate models under consideration.

We remark that assumptions under subscript + = 1,2 correspond to assumptions
in candidate models S} and S; respectively. We also note that we assume only reactions
that involve LRP6 may be altered by Wnt. We do so since Wnt ligands bind to the
extracellular domain of LRP6, and can lead to modifications in this protein, which in
turn may change the rates of the reactions involving LRP6.

A Al D Apand D g
. . . <5 9
z 8 Wnt Dependent binds binds bindtoL, & 3§ 4
2 B Reactions to to at the same g’_ 358
e 5 L 5 =°
= Ly D rate g8 %
M1 LRP6 phosphorylation v/ X - 7 11
Mz  LRP6 phosphorylation X v - 7 11
M3  LRP6 phosphorylation v v v 8 11
LRP6 phosphorylation
Mz and Axin/LRP6 release v S 7 1
LRP6 phosphorylation
Mz and Axin/LRP6 release X v 7 1
LRP6 phosphorylation
Mz and Axin/LRP6 release v v v 8 1

TABLE 6.2: Candidate models for our first extension to the model proposed in Chapter 4.

We do not consider a model in which rate of recruitment of Axin to LRP6 depends
on whether or not Axin is in complex with 3-catenin as we are not aware of any exper-
imental observations that suggest this may be the case.
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6.2.2.3 Mathematical representation of our candidate models

If we assume mass-action kinetics for all reactions, we may use the principles of mass
balance to derive the following time dependent system of ODEs to represent the dif-
ferent candidate models:

dB

P rs— + T4—T5, (6.10)
dA,
v - N + Tag+ Tap, (6.11)
dA
d_tp = gt —T34 —7rs, (6.12)
dL,
dt = —T9, (613)
dL
d_tp = To—=130a—"3pF T4a+" 10, (614)
dC
E = +734q —T4a, (615)
dD
E =—Tq —T3b 75, (6.16)
dE
E = +73 — T4p, (617)
where
R1 : = klAu - kflApa
R2 : To = ]{fg(w)Lu — k_QLp,
RgA . T3q=— ]CgApr — /{3_30,
]1);;]'; : r'3p=— /‘EDLI) — A;;E
R4A . T4q= k—4(w)07
Ru; . T'ap— ]1'i|<1,L'>E,
R, : rs=S§,
R(/ : rda= (]DT
RV) : I's= ]1'5/1[,B — /\,V)D

Table 6.1 summarises all the dependent variables. We impose initial conditions in the
“Wnt-off” simulation for which all dependent variables are zero except L, (t = 0) = Lo
and A,(t = 0) = Ao, where Ly and Ay represent the total levels of LRP6 and Axin.

Summing up the relevant combinations of Equations (6.11)-(6.17) yields the fol-
lowing identities, which represent the conservation of total levels of Axin and LRP6:

Aot =A, +A,+C+D+E, (6.18)

These equations may be used to reduce the number of species in our candidate models
by two. Tables 6.1 and 6.3 summarise the dependent variables and parameters used in
our candidate models.
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parameter Description Unit

k41 Rate of Axin phosphorylation/dephosphorylation min~—!

k4o Rate of LRP6 phosphorylation/dephosphorylation min !

ki3 Rate of association/dissociation of Axin and LRP6 min~'nM~!

ks Rate of association/dissociation of Axin/f-catenin complex and min~'nM~!
LRP6

k_4 Rate of release of unphosphorylated Axin from Axin/LRP6 com- min~*
plex

k*, Rate of release of unphosphorylated Axin and B-catenin from min!
Axin/LRP6/3-catenin complex

s Rate of synthesis of -catenin nMmin~!

d Rate of degradation of 3-catenin via the destruction complex min~!

kis Rate of association/dissociation of 3-catenin and phosphorylated min~'nM !
Axin

Aiot, Lot Total Axin and LRP6 nM

wo, w—g  Wnt multiplier -

T Time constant =

TABLE 6.3: Parameters used in our mathematical models M, (x = 1,2; y = 1,2, 3). Note under
candidate models M1, k%5 = k* , = 0; under candidate models M2, k+3 = k_4 = 0; and under
candidate models M3, k43 = ki3, k_4 = k¥

6.2.2.4 Implementation of the mathematical model

As described in Section 4.2.4, we use the Python packages PySB (Lopez et al., 2014)
and SciPy, to solve the candidate mathematical models numerically.

6.2.2.5 Experimental observations

As in Chapter 4 we focus on establishing whether the candidate mathematical models
can reproduce the experimental observations by Kim et al. (2013). Figure 6.4 displays
in quantitative form the data we aim to reproduce (see method in Appendix A). For
completeness, the original Western blot data for L-cells are displayed in Figure 6.5.
The data for HEK293T cells yielded similar qualitative outputs except for the levels of
Axin/{3-catenin complex. In L-cells the levels of this complex dropped after 30 minutes
before increasing, whereas in HEK293T cells these levels increased monotonically.

As in Chapter 4, we employ satisfaction metrics when comparing the output from
the candidate models to the experimental observations. The qualitative behaviours
we would aim to replicate using the candidate mathematical models M, (r = 1,2;
y = 1,2, 3) are that in response to Wnt stimulation:

Levels of pS497/500 Axin decrease monotonically,

Levels of pS1490 LRP6 increase monotonically,

Levels of B-catenin increase monotonically,

B-catenin levels have attained a new steady state level at four hours.

SARE SRR

Levels of Axin/LRP6 complex are biphasic, increasing to a maximum value
within half an hour before falling to levels that are higher than non-stimulated
levels.
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—o— Axin/LRP6 complex
total S-catenin
—e— phospho LRP6
(B-catenin/Axin complex
(-catenin/Axin complex (HEK293T cells)

L\/\
.
.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Time after Wnt3A stimulation/hours

_ A

Fold change in Western Blot Intensity
OOAI\)OJLOWCD\IGJ(DO—\I\)

FIGURE 6.4: Quantification of typical blots from studies by Kim et al. (2013). All results are
from L-cells, apart from one, which is from HEK293T cells. The authors observe qualitatively
similar results in HEK293T cells in all experiments apart from changes in levels of Axin/(3-
catenin complex.

6. levels of Axin/B-catenin complex do not increase rapidly in the first half hour
before increasing to levels above the original non-stimulated levels.

Ap D
binds binds Total pS497/500 Axin Total pS1490 Total Axin/ 3- Total 3-catenin
toL, tolL, LRP6 catenin

v X Ay +C+D L,+C D B+ D

X v A,+D+E L,+FE D+ FE B+D+E

v v Ap+C+D+E L,+C+E D+ FE B+D+E

TABLE 6.4: Summary of the different combination of dependent variables that are used when
comparing the behaviour of model outputs to the results by Kim et al. (2013).

We note that for the candidate models, different combinations of model depen-
dent variables need to be compared with the experimental observations. Table 6.4
summarises these combinations. We remark also that the qualitative behaviour we
require for the Axin/LRP6 complex in (5) is different to the Axin/LRP6 interaction
observed by Kim et al. (2013). Since in these models we ignore several Axin/LRP6
complex combinations, unlike models H,,, and because Kim et al. (2013) do not mea-
sure the levels of the pS497/500 Axin/pS1490 LRP6 complex, similar to models S,, we
compare this model output qualitatively to the model output from candidate model
Hs1 (see Section 4.4 for further details).

6.2.2.6 Steady state analysis

We can study the candidate models analytically and solve for steady states. Summing
Equations (6.10), (6.16) and (6.17), we deduce that
d(total B-catenin) d(B+ D + E)

= =s—dD. 2
T = s—d (6.20)
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FIGURE 6.5: Kim et al. (2013) study interactions between some of the core components of the
canonical Wnt pathway using co-immunoprecipitation and Western blots. They create an anti-
body specifically for Axin phosphorylated at S497/S500 and study these interactions in L cells

and HEK293T cells. The results displayed here were generated from L cells

Setting <& = 0 in Equation (6.20) for steady state, we deduce that the steady state for D

is given by
s
D=-. 6.21
y (621)
We can use this and Equation (6.17) to write £ in terms of L, to obtain
kiDL, k3sL,
= — = —. (6.22)
(krs+k2y)  d(kis+ k)
Similarly, Equation (6.13) supplies
k_
L,= 2L, (6.23)
k2
We can substitute Equations (6.22) and (6.23) into Equation (6.19) yields
C = Lot — k3 Ly, (6.24)
where
]C_Q k:;fs
k=14 —+——"——=>1 6.25
2 ke d(k*s+ k) (6.25)
Substituting Equation (6.24) into Equation (6.15) gives
(ks kg (Lot — k3L,
= () (B i o2
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Finally, we can use Equation (6.11) to eliminate A, from Equation (6.18) to obtain

1 S
A, = m (lﬁ (Atot — c_l) — (k1 + k4)Ltot>
b (k) bk )L (6.27)
bk YAk, k) TR '

The intersections in (L,, A,) space of the hyperbola and line described by Equa-
tions (6.26) and (6.27) describe the steady state solutions of our candidate models. We
note that there is a discontinuity in Equation (6.26) at L, = 0 and since k; > 1, Equa-
tion (6.26) describes a strictly decreasing function of A, for L, > 0. Moreover, Equation
(6.27) is a monotonically increasing or decreasing function of L,,. There is hence a max-
imum of one positive steady state possible for our candidate models, confirming that
bistability is not possible for any of the models.

It may be possible to use the expression for the steady state solutions to identify
regions of parameter space in which the model outputs are biologically relevant and
consistent with the experimental observations. Where steady state solutions are in-
consistent with the experimental observations, such an analysis enables us to reject a
candidate model outright. In other cases, it might enable us to reduce the search space
when running the CMA-ES optimisation algorithm. We remark that we refrain from
carrying out any significant such analysis as this will slow down the candidate model
development procedure. For us, the efficient prototyping of new candidate models
using PySB package and exploration of the model parameter space using SciPy and
CMA-ES outweighs its potential disadvantage of requiring longer computational time
due to a larger parameter space.

6.2.2.7 Model selection

We solve the model ODEs numerically in the “Wnt-off” conditions until the system
reaches steady state, before switching the parameter values to the “Wnt-on” value and
solving the ODEs again numerically. We check that the “Wnt-oft” steady state matches
the value found in Section 6.2.2.6. As in Chapter 4, we assume that if Wnt acts on
reaction rate k;, then it increases it by a factor of w upon Wnt stimulation, that is

kN (t) = ki<1 +w—1)(1- eH/ﬂ)), (6.28)

where w is the Wnt multiplier, and 7 is the exponential time constant, meaning 7 log 2
is the half life of the exponential growth describing the change in ;.

We compare model output to experimental observations described in Sec-
tion 6.2.2.5 via a cost function based on satisfaction metrics (see Section 3.5.2). In Sec-
tion B.2 of Appendix B, we detail the elements of the cost vector. The final cost value
is then given by

8
J=> w.J}, (6.29)
1=0

where J; and w; correspond to the cost elements and their associated weights.

We explore the candidate model outputs using the CMA-ES optimisation algo-
rithm. As summarised in Table 6.2, each candidate model has eleven rate parameters.



Chapter 6. A new model of the Wnt pathway

125

Description
Total LRP6
concentration

Total Axin

A .
tot concentration

Phosphorylation,
dephosphory-
lation
rates

Association
rates

Dissociation
constants

w; Wnt multipliers

B-catenin

degradation

(B-catenin
synthesis

Activation time
constant

min

min -

Unit
nM

nM

nM—1
s 1

min

Value

17

0.001-
200

10~4-10%

10—°-106

0.01-10*

0.01-100

10~4-104

0.01-10

1-20

Details

Bafico et al. (2001) calculate 2500-5000 molecules/ cell
in NIH3T3 cells. Average number of receptors per cell
(3750) is converted to a concentration level using a
membrane volume of 0.37pL for HEK293T cells (Tan
etal., 2012).

150 (HEK293T), 110 (MDCK), 30 (Caco-2), 30
(SW480), 20 (SW480APC) (Tan et al.,, 2012), 0.02
(Xenopus egg extracts) (Lee et al., 2003).

Upper bound chosen to be one order of magnitude
above highest measured by Rose and Dube (1976),
and the lower bound chosen one order of magnitude
below the lowest values found in mathematical mod-
els of the Wnt pathway.

Northrup and Erickson (1992) argue that typical val-
ues for association rates are of order of 10°M~1s~! =
10%x 60 x 10~?nM ! min~! = 0.06nM~' min~"'. There
is a large range of fitted parameter values in the rel-
evant literature. We select upper and lower bounds
that are one order of magnitude beyond the highest
and lowest values fitted.

Upper and lower bounds chosen one order of mag-
nitude beyond the values found in the relevant refer-
ences (Lee et al., 2003; Wei et al., 2007). Other math-
ematical models of the Wnt pathway have found
lower fitted rate constants, however we do not use
these values as they are not backed by any experi-
mental observations.

Upon Wnt stimulation, Herndndez et al. (2012) see up
to a ten fold increase in the inhibition of the rate of
phosphorylation of 3-catenin. We use a range which
is one order of magnitude beyond this value. Unlike
Chapter 4, we consider both an increase and decrease
(see the discussion in Section 6.4.)

Calculated using a flux of 25 nMh™! =~
0.4nMmin~! (Lee et al., 2003), and the range for
Aot given above. We allow values one order of
magnitude above and below these.

Calculated using a flux of 25nMh™! ~
0.4nMmin~' (Lee et al, 2003), we assume upper
and lower bounds one order of magnitude beyond
these levels.

Exponential time constant used to calculate the speed
of fold change in the rate of Wnt driven reaction, in
line with values observed by Herndndez et al. (2012).

TABLE 6.5: Range of parameter values used to explore the output of each candidate mathemat-
ical model. The upper and lower ranges for the rate constants are taken from a combination
of measurements from biological experiments or values used in other mathematical models of

the Wnt pathway.
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Depending on the candidate model there are one or two Wnt multipliers, one time
constant 7 and two parameters for total levels of Axin and LRP6 (At and Lyy).

As we explore the model parameter space, we assume that total levels of LRP6
are fixed. However, since a wide range of values for levels of Axin are reported in the
literature, we allow total levels of Axin to vary. The elements of our parameter vector
0 are:

¢ Phosphorylation and dephosphorylation rates (K41, k+2),

e Association rates (ks, k5),

Dissociation constants (K3 = k_3/ks, Ky = k_4/ks, K5 = k_5/ks),
Rate of B-catenin synthesis and degradation (s, d),

¢ Time constant 7 for the exponential change in Wnt dependent reaction rates,

A subset of Wnt multipliers w; and w_,, depending on the candidate model,

Total Axin levels Ay;.
We represent the ranges for the model parameters in Table 6.5.

6.2.2.8 Parameter values for the multi-start CMA-ES technique

In order to gain confidence that we are exploring the high dimensional parameter space
sufficiently, we again apply the multi-start CMA-ES technique to synthetic model out-
puts generated using each candidate model. For each candidate model, M5, M3, Moo
and My3, we generated eight random vectors from the parameter space defined in Table
6.5 and used these to generate 4 x 8 = 32 synthetic model outputs. We ignore candidate
models M, as we can reject these using steady state analysis - see Section 6.2.3.

We solve each model numerically as described earlier and use a sum of squared
errors distance function at 10 equidistant time points to compare the model outputs
with the true synthetic output. We accept any fits with a cost less than 0.001. For
consistency with the problem of interest, we use levels of pS497/500 Axin, pS1490
LRP6, Axin/LRP6 complex and Axin/p-catenin complex when measuring the distance
between the target data and model output.

We ran the CMA-ES technique with the same number of random starts (112) in
log-space as before, however, we doubled the number of particles used in the CMA-
ES technique from the default value of 4 + 3log(ny), where ny is the dimensionality
of the parameter space. In all cases we confirmed that we are able to recover a set
of parameter values that reproduce the synthetic target outputs. We hence use these
parameter values on our real cost function.

6.2.3 Results

We have proposed a set of candidate models and investigated whether any of these
models can reproduce the experimental observations by Kim et al. (2013). By carrying
out steady state analyses and exploring the output of the models numerically using the
CMA-ES technique, we have established whether we can find a feasible set of param-
eter values for each model. Table 6.6 summarises these results.

First we reject candidate models M;; and Mj; on the basis of the steady state anal-
ysis in Section 6.2.2.6. Kim et al. (2013) observe an increase in levels of Axin/f-catenin
complex (see Figure 6.4). The total levels of -catenin/Axin complex in candidate mod-
els M, and My, is represented by D (see Table 6.4), which has a steady state value that
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is independent of Wnt (see equation (6.21). Consequently, we can dismiss candidate
models M;; and Mo;.

A, and o
D bind °
Q) A D optimisation
S p
Oz 3. Wné;iﬁiiient binds binds ti’é at runs with Method
& § toL, tolL, good
— same 2
@ . qualitative fit
Steady
M1 LRP6 phosphorylation v X - X state
analysis
Mz  LRP6 phosphorylation X v - X Numerical
M3 LRP6 phosphorylation v v v 3.5% Numerical
M LRP6 phosphorylation v X ) X S::;i y
21 and Axin/LRP6 release sl
LRP6 phosphorylation .
Mzo and Axin/LRP6 release X v ) * Numerical
LRP6 phosphorylation .
Mos and Axin/LRP6 release 4 4 4 LA Dl

TABLE 6.6: Candidate models of the canonical Wnt pathway considered in this section and
whether or not they match experimental observations by Kim et al. (2013). We also name the
method used to establish whether they can reproduce the experimental observations.

For the other candidate models, we use the multi-start CMA-ES algorithm to es-
tablish if they can reproduce observations by Kim et al. (2013). We failed to find any
such fits for candidate models M, and My, but we could find suitable parameter val-
ues for candidate models M;3 and My3. We find 4 feasible parameter sets for candidate
model M3, and 5 feasible parameter sets for model M,; (these parameter values are
presented in Appendix D). Figure 6.6 displays the model outputs for some of the pa-
rameter sets found.

We note that M3 and M,; are nested, with M3 a simpler version of candidate
model Ms3. Assuming both models pass further tests as defined by our model selec-
tion framework, we preferentially select candidate model M3 as it has only one Wnt
dependent reaction rather than two. However, we note that we extend both of these
models in the next section where continue our analysis of the Wnt pathway.

6.2.3.1 Sensitivity analysis

We have established that model M3 is the simplest candidate model that reproduces
the experimental observations of Kim et al. (2013). As described in Chapter 4, Goentoro
and Kirschner (2009) show that the fold change in total levels of 3-catenin upon Wnt
stimulation is robust to perturbation in Wnt pathway machinery in the first few hours
after Wnt stimulation.

As in Chapter 4, we recruit control coefficients to calculate the robustness of fold
change in total levels of $-catenin for different candidate model and parameter sets.
For each candidate model and feasible parameter set, we perturb each reaction rate
locally and measure the fold change in total levels of -catenin upon Wnt stimulation
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FIGURE 6.6: Typical output of candidate models M3 and Ma3 for some feasible parameter sets
found as suitable fits to experimental results by Kim et al. (2013). The inset in each plot shows
the equivalent experimental observation by Kim et al. (2013).
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over 4 hours. We use the standard deviation o of all control coefficients, where X is
a model output, to calculate a measure of system robustness to variation in all model
parameters. A high value of 0¥ indicates that the given model output X = B+ D + E
is on average very sensitive to changes in reaction rates. Figure 6.7 shows how the
standard deviation of control coefficients, c* for the two remaining candidate models
M3 and M3 and feasible parameter sets. We observe that for several parameter sets
fold changes in [3-catenin are robust to local variations in rate parameters.

6.2.3.2 in silico experiments

In addition to studying the cell’s response to Wnt, Kim et al. (2013) also studied its re-
sponse to various other stimuli. We analyse the candidate models and feasible param-
eter sets to investigate whether they can reproduce other experimental observations by
Kim et al. (2013) (see Section 4.3.2 of Chapter 4 for a detailed description).
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FIGURE 6.8: Kim et al. (2013) stimulate L cells with Wnt and/or the PP1 inhibitor, Tautomycin
(TM). They measure levels of various proteins in complex with Axin after 30 minutes (left), and
levels of various proteins after 2 hours (right) in vitro. We present the results from similar in
silico experiments performed on each candidate model in Figure 6.9.

In particular, Kim et al. (2013) stimulated L cells with the PP1 inhibitor, Tauto-
mycin (TM), and/or Wnt. Their results are presented in Figure 6.8 and can be sum-
marised as follows

* Levels of the Axin/LRP6 complex are higher after stimulation with Wnt and TM,
compared to Wnt alone.

¢ Unlike with Wnt stimulation alone, levels of pS497/500 Axin do not fall upon
stimulation with TM, or Wnt and TM combined.

¢ The increase in levels of pS1490 LRP6 on stimulation with Wnt is similar to that
for stimulation with Wnt and TM.

* Levels of B-catenin do not increase upon stimulation with Wnt and TM, whereas
they increase with Wnt alone.
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* Levels of B-catenin in complex with Axin after stimulation with Wnt and TM are
higher than levels after stimulation with Wnt alone.

We do not re-run the CMA-ES optimisation algorithm to study whether the can-
didate models can describe these new experimental observations. Instead, we start
with the feasible parameter sets found earlier and assume that stimulation with the
phosphatase inhibitor TM reduces the rate of Wnt-driven Axin dephosphorylation by
90% =+ 10% on a relative basis. Since we do not explicitly model dephosphorylation of
Axin after recruitment to LRP6, we assume that TM reduces the rate of release of Axin
from LRP6 (i.e. rate parameter k_,). Figure 6.9 summarise the results of these in silico
experiments.

Three parameter sets under candidate models M;3 and two under candidate
model M3 are able to reproduce the experimental observations by Kim et al. (2013)
involving Wnt and TM.

6.2.3.3 Summary so far

In this section we have proposed a set of candidate models to help us understand how
Wnt stimulation leads to the observed dynamics involving some of the core compo-
nents of the Wnt pathway including Axin, LRP6 and [-catenin. Using the framework
introduced in Chapter 4 applied to in vitro experiments by Kim et al. (2013), we were
able to reduce the number of candidate models from 6 to 2.

We were able to find several feasible set of parameter values for each candidate
model using the CMA-ES technique. We confirmed that fold change in levels of -
catenin was robust to changes in rate parameters for all but one of these parameter
sets. By carrying out further in silico experiments, we showed that these two candidate
models can describe further in vitro observations. These results combined confirmed
the suitability of these candidate models. Since candidate models M;3 and Ms3 have
the same biochemical reactions, with the latter model having one extra Wnt dependent
reaction rate (k_,), we reject candidate model M3 and select M;3 as the most suitable
candidate model.

Our results suggest that recruitment of Axin with and without 3-catenin and accu-
mulation of $-catenin at the cell membrane in the LRP6 signalosome (as in candidate
models M3 and Ms;3) is important in describing the observing the dynamics between
LRP6, Axin and [-catenin. According to candidate model M3, an increase in the rate
of LRP6 phosphorylation upon Wnt stimulation is sufficient to describe these observed
dynamics.

So far we have focused on using our candidate models to reproduce the experi-
mental observations by Kim et al. (2013). In the next section, we will extend our candi-
date models further by including more details about the destruction complex in each
candidate model. This enables us to compare our candidate models with experimental
observations reported by Li et al. (2012) and Azzolin et al. (2014). In particular we aim
to determine wherther one unifying mathematical model of the canonical Wnt path-
way can describe all of the different experimental observations.
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FIGURE 6.9: Results of in silico experiments using candidate models M;3 and Mas3. The bars
displayed on right hand side depict quantification of the equivalent in vitro experiments by Kim
etal. (2013). Starting from a “Wnt-off” steady state, we solve each model numerically using the
parameter values found earlier. We assume that stimulation with the phosphatase inhibitor
TM reduces the reaction rate k_4 by 90% + 10% on a relative basis. Black lines above each bar
represent a one standard deviation confidence interval. We perturb our candidate models with
TM alone, with Wnt alone, or with Wnt and TM for 30 minutes or 2 hours, before measuring the
fold change in protein concentrations. * above each bar marks model and parameter sets that
are consistent with in vitro experimental observations (Figure continues onto the next page).
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6.3 Extension 2: [B-catenin modifications in the destruc-
tion complex

6.3.1 Introduction

As summarised in Section 6.2.3.3, we established using our framework that the most
suitable model for reproducing the observations by Kim et al. (2013) is model M3
where

* pS497/500 Axin is recruited to pS1490 LRP6 independently of whether or not it
is in complex with p-catenin,

¢ The rate of recruitment and release of Axin to LRP6 are independent of whether
or not 3-catenin is in complex with phosphorylated Axin,

* Wnt acts on only one reaction in the model; it increases the rate of phosphoryla-
tion of LRP6.

We now extend the candidate models from the last section to include the steps
that 3-catenin goes through following recruitment to the destruction complex. This
will enable us to compare the candidate models against experimental observations by
Azzolin et al. (2014), Li et al. (2012), and Kim et al. (2013).

In the next section we describe the new candidate models we study and introduce
the three sets of experimental observations we aim to reproduce. We then explain the
parameter value and cost function used for the CMA-ES technique. In the Results sec-
tion we give the results of model selection. Finally, we use our new candidate models
to carry out further in silico experiments. We compare the results of these experiments
with in vitro experiments to provide further information about the Wnt pathway:.

6.3.2 Methods

Rather than repeating the details of our model selection framework here, we simply
provide the new qualitative and mathematical description of our new candidate mod-
els, the new experimental observations and explain any aspects that are different from
Section 6.2.2 (see Sections 4.2 and 6.2.2 for further details).

6.3.2.1 Qualitative description of our mathematical models

(-catenin undergoes three well characterised modifications after recruitment to the de-
struction complex. It is phosphorylated by CK1 at the 545 residue. This primes it for
phosphorylation at the T41, S33 and S37 residues by GSK3. (3-catenin phosphorylated

at S33 and S37 is recognised by the 3-TrCP subunit of Skp1/Cull/F-box/3-TrCP E3
ubiquitin ligase, which marks it for ubiquitination and degradation.

In this extension, we ignore phosphorylation of 3-catenin by CK1. We include the
GSK3 phosphorylation step only as it is observed that LRP6 phosphorylated at PPPSP
motifs can directly inhibit GSK3 activity.

Our candidate models now contain up to ten species. Eight of these species were
introduced in models M,,: A,, A,, L,, L,, B, C, D and E. The new species are D,,
which corresponds to the complex of pS497/500 Axin and pS33/S37/T41 B-catenin,
and £,, which is the complex of pS1490 LRP6, pS497/500 Axin and pS33/S37/T41
(-catenin. Table 6.7 summarises the ten dependent variables.
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We do not explicitly model ubiquitination of (3-catenin in our models and simply
assume instead that 3-catenin may be degraded after phosphorylation by GSK3 while
in complex with Axin (Li et al., 2012). Since in the last section we established that the
most suitable candidate models were ones where both A, and D are recruited to L, we
assume A,, D and D, may be recruited to pS1490 LRP6. We also investigate whether
simpler models where only A, and D bind to L, can reproduce the experimental ob-
servations.

The reactions describing the new candidate models are:

k1

Ri: A == A, (6.30)
ko (w)
Ry: L,=—L, (6.31)
k:
Rya: Ay +L,=C, (6.32)
Ria: C2=Uh A 41, (6.33)
Ry: 0 —— B, (6.34)
Rs: A +B A‘: D, (6.35)
Rs: D % D, (6.36)
Ri: D, —25 A+, (6.37)
Rsp: D+L % E, (6.38)
Rip: BEY% A 41, +B, (6.39)
K
Ryc: D,+L, ==, (6.40)
°_3
and finally
k* 4 (w
Ric: B, S A +L +B, (6.41)
or
k** (w
R B, % A+ L +0. (6.42)

It has been observed that pS33/537/T41 {3-catenin not protected by the destruc-
tion complex component APC is quickly dephosphorylated (Su et al., 2008). However,
pS33/537 /T41 [3-catenin may also be degraded if it has been ubiquitinated (Stamos and
Weis, 2013). So under different candidate models whether pS33/537/T41 (-catenin in
the LRP6 signalosome is (1) degraded or (2) dephosphorylated upon its release. These
two hypotheses are captured by Reactions Ryc and R

6.3.2.2 Candidate models

We use notation N,, where x and y are positive integers to refer to different candidate
models. The subscript z = 1,2 indicates which reactions are altered by Wnt, whereas
subscript y = 1, 2, 3 indicates different candidate structures (see Figure 6.10):

e x=1: LRP6 phosphorylation (k2),
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Dependent Variable Description

Concentration of Axin not phosphorylated at S497/S500
Concentration of Axin phosphorylated at S497 /S500
Concentration of LRP6 not phosphorylated at 51490
Concentration of LRP6 phosphorylated at S1490
Concentration of 3-catenin

Concentration of pS33/537/T41 (3-catenin (NOTE: appears only
in complex with 4, and not as an independently.)
Concentration of Complex of L, and A4,

Concentration of Complex of B and A4,

Concentration of Complex of A, and B,

Concentration of Complex of B, A, and L,
Concentration of Complex of A, and L, and B,
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TABLE 6.7: Dependent variables used in our candidate mathematical models.

x=2: LRP6 phosphorylation (k;) and release of Axin from LRP6 (k_4, k*,),

y=1: LRP6 recruits A, and D only, i.e. D, is not recruited to LRP6: k3; = k*, =

k¥ = 0 (see Figure 6.10A).

y=2: LRP6 recruits the destruction complex in all forms (A,, D and D,) and

at the same rate. When E, breaks into its constituent parts via Reaction Ryc,

pS33/5S37/T41 [-catenin is quickly dephosphorylated: k%, = ki3, k', = k_4,
** = 0 (see Figure 6.10B).

y=3: LRP6 recruits the destruction complex in all forms (4,, D and D,) and

at the same rate. When FE, breaks into its constituent parts via Reaction R/,

pS33/S37/T41 B-catenin is degraded: kig = kys, k¥, = 0, k¥ = k_4 (see Fig-

ure 6.10C).

A D D

(@) P P g d

z 5 Wnt Dependent binds binds binds Fate of b 538/537/Tdl Sf’% §

5 a : (B-catenin upon release 2. @ z

8 = Reactions to to to 22 ?S =

o 2 I I I from LRP6 2 a -

T P o P =R

Nyt LRP6 phosphorylation v v X - 9 13

Ni2  LRP6 phosphorylation v v v dephosphorylated 10 13

Niz  LRP6 phosphorylation v v v degraded 10 13
LRP6 phosphorylation

Nt and Axin/LRP6 release v v X i ? 13
LRP6 phosphorylation

Noo and Axin/LRP6 release v v v dephosphorylated 10 13
LRP6 phosphorylation

Nas and Axin/LRP6 release v v v degraded 10 13

TABLE 6.8: Summary of the differences between candidate models V.
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Candidate models N,i: An
extension to the candidate
models M,3 (Figure 6.2C),
the destruction complex
now includes phospho-
rylation of [-catenin via
Reaction Rg.

Candidate models Ngo:
D, may also be recruited
to LRP6. Upon break up
of the signalosome E,,
pS33/537/T41 [3-catenin is
quickly dephosphorylated.

Candidate models N.3:
D, may also be recruited
to LRP6. Upon break up
of the signalosome FE,,
pS33/S37/T41 [-catenin is
degraded.
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FIGURE 6.10: Series of schematics showing the structure of different candidate mathematical
models of the canonical Wnt pathway: (A) Ny, (B) Ny, and (C) N,3 (see Section 6.3.2.2 for

details).
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6.3.2.3 Mathematical representation of our candidate models

As before, we can derive a time dependent system of ODEs to represent our candidate

models:

where

Rll
RQI

R3A .
Ra3p :

Rg(j .

R4AZ
[{4}}1

R4C .

a5 _
dt
dA,

dt
dd,
dt
dL,
dt
L,
dt
dc
dt
4D
dt
D,
dt
dE
dt
4L,
dt

rs— + rapt+ Tae—Ts,

= -7 + T4+ Tap+T4c,

= ryt+nr —T3q —5

= —7ra,

= T9—T3a =73, =T3¢+ Tda+7ab,+ Tac

= +73q —T4aq,

= —7r3p + r5—"s6,
=—ry —73e +76,
= +73p — T4b,

= +73c - T4c,

T = k?lAu — k‘_lAp,
To = k;g(w)Lu — ]{Z,QLP,
T3a— kgApr — k',go,

ray= ks DL, — k_3E,
0 for N1,
T'3c= {: kiD,L, — k*3E, for Ny and N,
rya= k_4(w)C,
rap=k_4(w)E,
0 for N,i,
A 0 for N1, N3,
He {A:*’Z(w)EP for N,
rs= S,
ro= dD,,

rs= /i,'r,/lpB - kfg')Dt
re= k(iD — kf(iDp'

(6.43)
(6.44)
(6.45)
(6.46)
(6.47)
(6.48)
(6.49)
(6.50)
(6.51)

(6.52)

As before, we impose initial conditions in the “Wnt-off” simulation for which all de-
pendent variables are zero except L, (t = 0) = Lot and A,(t = 0) = Ao, where Ly and
Aot represent the total levels of LRP6 and Axin.
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parameter Description Unit

ki1 Rate of Axin phosphorylation/dephosphorylation min !

k4o Rate of LRP6 phosphorylation/dephosphorylation min !

ki3 Rate of association/dissociation of Axin and LRP6 min~'nM~!

ks Rate of association/dissociation of Axin/pS33/S37/T41 (- min~'nM~!
catenin complex and LRP6

k_4 Rate of release of unphosphorylated Axin from Axin/LRP6 com- min~*
plex

k*4 k¥ ~Rate of release of unphosphorylated Axin from min~
Axin/LRP6/pS33/537/T41 3-catenin complex

s Rate of synthesis of -catenin nMmin~!

d Rate of degradation of 3-catenin via the destruction complex min~!

kis Rate of association/dissociation of 3-catenin and phosphorylated min~'nM !
Axin

ki6 Rate of phosphorylation/dephosphorylation of 3-catenin min~!

Aiot, Lot Total Axin and LRP6 nM

w3, w—4  Wnt multiplier -

T Time constant -

TABLE 6.9: Parameters used in our mathematical models N,,. We note that parameter values
k%, and k7% are either zero or fixed at the same values as the non-*'ed values.

Summing up the appropriate combinations of Equations (6.44)-(6.52) yields the
following identities for conservation of total levels of Axin and LRP6:

Atot:Au+Ap+O+D+Dp+E+Ep7 (653)
Liw=L,+L,+C+E+E, (6.54)

which may be used to reduce the number of species in our candidate models by two.
We also represent the effect of Wnt in our models in the same form as before using
a time-dependent function (see Section 4.2.1.1 in Chapter 4). Tables 6.7 and 6.9 sum-
marise the dependent variables and parameters used in our candidate models.

6.3.2.4 Experimental observations

With a set of candidate models that provide a more detailed description of the Wnt
pathway we may investigate whether a single model can reproduce the observations of
Kim et al. (2013), Li et al. (2012) and Azzolin et al. (2014). In Figure 6.12 we present the
quantification of Western blots from these three studies (the actual blots are displayed
in Figure 6.11). For example, we note very different behaviours for how the levels of -
catenin in complex with Axin change upon Wnt stimulation. The differences between
these observations have led the authors to propose different verbal models of the Wnt
pathway. Table 6.11 summarises the equivalent model output that should be compared
with the experimental observations.

Notes on results of Kim et al. (2013). Apart from differences in the changes in levels
of B-catenin/Axin complex upon Wnt stimulation for different cell lines, the Kim et
al. (2013) results are consistent across different cell lines. The other difference of note
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FIGURE 6.11: Western blots from (A) Kim et al. (2013), (B) Li et al. (2012) and (C) Azzolin et
al. (2014), to which we fit our candidate model. Table 6.10 summarises the results we extract
from these blots qualitatively. Actin, Tubulin and GAPDH are used as loading control and we
adjust the quantification results based on the levels of these proteins. We also note that we do
not explicitly model GSK3, 3-TrCP, YAP or TAZ in our candidate models. All reproduced with

permission.



140 Chapter 6. A new model of the Wnt pathway
Kim et al. (2013) Li et al. (2012) Azzolin et al. (2014)
Cell line HEK293T, L-cells, HEK293T HEK293T, P19
RKO
LRP6 . .
Levels increase Levels increase
phosphorylated monotonicall monotonicall i
at 51490 4 4
Axin Levels fall
phosphorylated monotonicall i i
at 5497 /5500 4
Increase within half ~ Increase within half
Axin/LRP6 an }}our, befgr? an h9ur eiioe Increase
Complex dropping to original ~ dropping to levels monotonically.
P levels within 2 higher than original ’
hours. level.
Axin/pS1490 ) Increases [see )
LRP6 complex comment in text].
Increase
monotonically in . . Either drop
HEK?293T cells or Droig;ﬁfegi bl monotonically (P19
Axin/(-catenin  drop in the first half . . cells), or stay the
increasing to levels .
complex hour before above the orieinal same or increase
increasing to levels & (HEK293T cells) [see
. levels. .
above the original comment in text].
levels in L-cells.
Axin/active
B-catenin - - fall.
complex
Fall in the first half
Axin/-catenin Fall before returning . hogr before
phosphorylated to orieinal levels increasing to levels -
at T41/S33/S37 & i above the original
levels.
Increase
-catenin Increase monotonically [see Increase
P monotonically. y monotonically.

comment in text].

TABLE 6.10: Summary of the experimental observations used to explore our candidate mathe-
matical models of the canonical Wnt pathway.

Candidate Model N1 Nyo, Nu3

Total pS497 /500 Axin Ay+C+D+Dy+E A, +C+D+D,+E+E,
Total pS1490 LRP6 L,+C+E L,+E+E,

Total Axin/ B-catenin D+D,+FE D+D,+E+E,

Total B-catenin B+D+D,+E B+D+D,+E+E,
Total active -catenin D+ E D+E

total pS33/537/T41 B-catenin D, D,+ E,

TABLE 6.11: Summary of the combinations of dependent variables needed for comparison of
the candidate model outputs to experimental observations.

between results across different cell lines was how quickly the cells respond to Wnt
stimulation (Figure S5 in the original paper).
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Notes on the results of Li et al. (2012). The authors measured levels of Axin/LRP6
and Axin/pS1490 LRP6 after Wnt stimulation. Since in our candidate models N,, we
ignore all Axin/LRP6 complexes apart from pS497/500 Axin/pS1490 LRP6 complex,
we ignore the Axin/LRP6 results and base our fitting on Axin/pS1490 LRP6 complex
levels only.

Another issue with Li et al. (2012) results is the absence of protein in the inputs of
some of the co-IP’s (e.g. Figure 2A in the original paper). Moreover, a slight drop in the
levels of (B-catenin is observed after 15 minutes of Wnt stimulation (Figure 1A in the
original paper), however, we speculate that this may be due to limitations of Western
blots rather than a real phenomenon.

Notes on the results of Azzolin et al. (2014). Interestingly, the authors observe that
B-catenin in complex with Axin:

¢ increases in HEK293T cells (Figure 5 in the original paper),

¢ stays the same in HEK293T cells (Figure 4 in the original paper),

e falls in P19 cells (Figure S2 in the original paper).
They observe a fall in levels of active -catenin (i.e. -catenin not phosphorylated at
T41/S33/5S37 by GSK3) in complex with Axin in both HEK293T cells (Figure 4 in the
original paper) and P19 cells (Figure S2 in the original paper). The authors do not
comment on these differences as these particular results are not relevant to their con-
clusions. For our study we assume that total levels of B-catenin in complex with Axin
drop in line with levels of active (3-catenin in complex with Axin.
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FIGURE 6.12: Quantification of typical blots from: (A) Kim et al. (2013) in L-cells (B) Li et al.
(2012) in HEK?293T cells and (C) Azzolin et al. (2014) in P19 cells. Table 6.10 summarises these
observations. Since Li et al. (2012) detect little Axin in complex with pS1490 LRP6 at time ¢ = 0,
we normalise these levels from the second time point.

6.3.2.5 Steady state analysis

We can determine explicit steady state solutions for all candidate models to investigate
whether our models can exhibit bistability. Below we describe this analysis for each of
the model structures V,,,.
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Steady state solution for candidate models N,;. We proceed as in Section 6.2.2.6 by
tirst calculating the time rate of change of total levels of -catenin, and eliminating
different dependent variables to re-write all dependent variables in terms of L, and
model parameters. In this way, we deduce
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By eliminating A, from Equation (6.53) using Equation (6.44), we can write a second
equation for A, in terms of L,
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The intersections of these two equations in (4,, L,) space describe the steady state solu-
tion of candidate models N,;. In the same fashion as in Section 6.2.2.6, since Equations
6.60 and 6.62 describe two monotonic functions of L,, we can conclude that biologi-
cally appropriate bistability (where all dependant variables have a positive value) is
not possible.

where

Steady state solution for candidate models N,,. Following a similar procedure we
can derive a pair of simultaneous equations for A, in terms of L,
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The solution of this pair of equations is the steady state solutions of our candidate
models N,,. Since both b and c are positive for all model parameter values, we conclude
that the quadratic ¢ — bL, — L? in Equation (6.65) has one positive and one negative
root in L,. Hence there is a maximum of one positive intersection for the line defined
in Equation (6.64) and the hyperbola in Equation (6.65) in the positive quadrant in (4,,
L,) space. We conclude that bistability is not possible for this set of candidate models.

Steady state solution for candidate models N,;. Finally using a similar procedure
to candidate models N,; and NV,,, by setting % = 0 in Equations (6.44)-(6.52) we can
eliminate all dependent variables bar A, and L, to write two equations for A, in terms
of L, and model parameter values
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The intersection points of these two lines represent the steady state solution of our
system of ODEs for candidate models N,;. Grouping similar terms together, we note
that we can re-write these two equations in the following forms
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Assuming that all our model parameters are positive, then Cy, Cs, D1, Dy, D3 and Dy
are also positive (we note C; may not be). We remark that both these equations are
continuous for L, > 0. We can differentiate Equation (6.70) with respect to L, to get

dA, Cs
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dL, 2 + L2 (6.72)
Hence Equation (6.70) describes a monotonically increasing function of L,. Differenti-
ating Equation (6.71) with respect to L,
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(6.73)
Setting 3—2‘;’ = 0 in Equation (6.73) and re-arranging the terms while assuming L, # 0,
we have
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The solution of Equation (6.74) represents the turning points for the function described

in Equation (6.71). We note that since both sides of this equation are complete squares
and Dy, Ds and D, > 0, there is a maximum of one positive root for this equation. %
also reaches zero while A, - —D, < 0 as L, — co. Moreover A, — +o00 as L, — +0.
Notice this means A, is either a monotonically decreasing function of L, for L, > 0 or
it has one turning point, at wich L, < —D,. Hence both Equations (6.68) and (6.69)
describe monotonic functions for positive values of A, and L, > 0 with a maximum of
one possible point of intersection. We again conclude that bistability is not possible for

candidate models N,;.
In summary, none of our candidate models can exhibit bistability.

6.3.2.6 Model selection

We explored the candidate model outputs in the same manner described for in Sec-
tion 6.2.2.7 for Extension 1. There are now two additional parameter values; rate of
phosphorylation and dephosphorylation of B-catenin (k.5). Our candidate models now
have thirteen rate parameters, 2 parameters for total levels of Axin and LRP6, a time
constant and up to two Wnt multipliers.

6.3.2.7 Parameter values for the multi-start CMA-ES technique

Similarly to Sections 4.2.5.1 and 6.2.2.8, we use synthetically generated model outputs
to determine the appropriate parameter values for the CMA-ES technique. We gener-
ated eight random vectors for each of the six candidate models to produce 48 = 6 x 8
synthetic targets. Using the same methodology as before we run the multi-start CMA-
ES technique on these model outputs. For consistency with the original problem, we
included pS497/500 Axin, pS1490 LRP6, Axin/LRP6 complex, Axin/{-catenin com-
plex, Axin/active $-catenin and Axin/pS33/S37/T41 3-catenin.

We found that a combination of increasing the number of random starts in log-
space to 320 and doubling the population of particles similarly to Extension 1 from
their default value enabled us to recover suitable parameter sets for all synthetic
datasets. In all but 5 of the 48 cases, fewer than 35 random starting points were suf-
ticient to find a feasible parameter value, while two sets of synthetic targets required
160 and 310 starting points.

6.3.3 Results

So far in this section we have proposed a set of candidate models that include the in-
terplay between Axin, LRP6 and [3-catenin. We have included each of these proteins in
two different conformational states and considered whether we can explain seemingly
contradictory experimental observations using a single mathematical model.

We explored the outputs for each model numerically using different cost functions
corresponding to each set of experimental results. Table 6.12 summarises these results.
We remark that the parameter sets found for each cost function are independent.

The first important observation we make is that again only one Wnt dependent
reaction, namely LRP6 phosphorylation, is needed to describe the experimental obser-
vations by Kim et al. (2013), Li et al. (2012) and Azzolin et al. (2014). Moreover, all
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TABLE 6.12: Model selection results for candidate models N,,. Model outputs were explored
numerically using the cost functions corresponding to each set of experimental results. The
final column marks if the particular model is accepted or rejected after all the steps of our
framework has been completed.

forms of active destruction complex (A,, D and D,) are required to bind to LRP6 in
order to explain the observed dynamics.

Interestingly, since models N, and Ny, fail to reproduce some of the experimen-
tal observations, our results suggest that the majority of pS33/537/T41 B-catenin in
the LRP6 signalosome (i.e. in E,) is degraded upon release. Since Li et al. (2012) ob-
serve that pS33/537/T41 B-catenin is ubiquitinated while in complex with Axin, this
suggests that the majority of pS33/537/T41 (3-catenin may in fact be ubiquitinated.

Figures 6.13, 6.14 and 6.15 display some typical model outputs for candidate
model N3 for each set of experimental observations. The technique was able to only
identify 2 suitable parameter vectors for observations by Kim et al. (2013), but it was
able to find many more suitable fits for the other two observations. One reason behind
this could simply be that we had fewer constraints for the latter two experimental
observations (6 target model outputs versus 5 and 4). We provide some example pa-
rameter vectors for candidate model N;3 for each set of experimental observations in
Appendix C.

We note that candidate models N;3 and N,3 are nested with N3 the simpler model.
Since we now have three rather than one set of experimental observations, for simplic-
ity we restrict any further analysis of the candidate models to model N;3 only. As we
will later find (see Sections 6.3.3.1 and 6.3.3.2) this particular model in fact satisfies all
other requirements, including robustness and further in silico experiments.
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FIGURE 6.13: Output of candidate model N3 for the two feasible parameter sets found as
suitable fits to experimental results by Kim et al. (2013). The inset in each plot shows the
equivalent experimental observation by Kim et al. (2013). We note again that the qualitative
behaviour required for Axin/LRP6 is different to the observations by Kim et al. (2013) (see
Section 6.2.2.5). Interestingly, the CMA-ES technique has found two parameter sets where the
change in levels of 3-catenin/Axin complex are consistent with the observed results in L-cells
(parameter set 0) and HEK293T cells (parameter set 1) (see Section 6.2.2.5). We also note that
the model output for B-catenin/LRP6 complex (£ + E, in terms of our dependent variables) for
parameter set 0 has an unusual shape just before ¢ = 1. We investigated the numerical solution
and confirmed this output is not in error for the given parameter set. We remark that our cost
function has no terms to disallow such behaviour, but such requirements could be incorporated
if desired.
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FIGURE 6.14: Output of candidate model N3 for five of the feasible parameter sets that repro-
duce the experimental results by Li et al. (2012). The inset in each plot shows the equivalent
experimental observation by Li et al. (2012). 34% of all the multi-start optimisation runs were
able to find a suitable parameter set.
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FIGURE 6.15: Output of candidate model N3 for five of the feasible parameter sets that re-
produce the experimental results by Azzolin et al. (2014). The inset in each plot shows the
equivalent experimental observation by Azzolin et al. (2014). 59% of all the multi-start optimi-
sation runs were able to find a suitable parameter set.
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6.3.3.1 Sensitivity analysis
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FIGURE 6.16: Standard deviation of control coefficients of fold change in levels of 3-catenin for
candidate model Vi3 for different parameter sets . * above the bar marks parameter sets that
produce a robust model output. We show only 5 parameter sets for fits to results by Li et al.
(2012) and Azzolin et al. (2014)

Using the same methodology as before, we study the robustness of fold change in
levels of 3-catenin with respect to local changes in model rate parameters. Figure 6.16
summarises the standard deviation (o) of control coefficients for rate parameters under
Model Ny; for different feasible parameter sets found using the CMA-ES algorithm that
reproduce the three sets of target experimental observations. We display only five of
the feasible parameter sets that reproduce observations by Li et al. (2012) and Azzolin
et al. (2014). All feasible parameter sets found in the last section for the experimental
observations by Li et al. (2012) had a o value of less than one. All but six feasible
parameter sets found for Azzolin et al. (2014) were also similarly robust.

6.3.3.2 in silico experiments: Kim et al. (2013)

We found two suitable parameter sets for the candidate model N5 that reproduce the
cell’s response to Wnt stimulation as observed by Kim et al. (2013). We would like to
study whether the model using these parameter sets can reproduce other experimental
observations. We hence carry out in silico experiments using the same technique de-
scribed in Section 6.2.3.2. We again perturb the model N3 for each feasible parameter
set found earlier to reproduce stimulation of the system by the PP1 inhibitor, Tauto-
mycin (TM) and/or Wnt, and compare the behaviour of various model outputs with
in vitro experiments by Kim et al. (2013). We refer the reader to Section 6.2.3.2 for a
more detailed description of the in silico experiments carried out here.
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Figure 6.17 display the results of these experiments. The only results we would
like to highlight are changes in levels of phosphorylated Axin and LRP6 upon stim-
ulation with Wnt or Wnt and TM. All other results are consistent with the in vitro
observations. For the two feasible parameter sets found:

* Figure 6.17C: Levels of phosphorylated LRP6 increase under both stimulation
with Wnt and TM, and Wnt alone. However, we find higher levels of phos-
phorylated LRP6 under stimulation with Wnt and TM, compared to Wnt alone;
whereas the Kim et al. (2013) observe a similar increase,

¢ Figure 6.17B: Levels of phosphorylated Axin stay the same or increase under
stimulation with Wnt and TM, and Wnt alone, whereas Kim et al. (2013) observe
no increase.

We can hypothesise two reasons behind this difference:

1. This may be due to the semi-quantitative nature and possible saturation of the
Western blot procedure, since Kim et al. (2013) would have only been looking to
observe an increase in pS1490 LRP6 levels and no drop in levels of pS497/500
Axin, or

2. It may be due to the strength of TM stimulation; reducing levels of our in silico
TM stimulation from 90% to 75% brings the results of in silico experiments in line
with the in vitro observations. We avoid reducing these perturbation levels to
stay consistent with other in silico experiments carried out so far in this thesis.
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Experimental observation:
Levels of Axin/LRP& Complex is higher after
stimulation with Wnt+TM, compared to Wnt alone.
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FIGURE 6.17: Results of in silico experiments using candidate model N3 and parameter sets
found earlier that reproduce observations by Kim et al. (2013). The final bars, displayed in
different colours, are quantification of the equivalent in vitro experiments by Kim et al. (2013).
Starting from a “Wnt-oft” steady state, we solve each model numerically using the parameter
values found earlier with the assumption that phosphatase inhibitor TM exposure reduces the
reaction rate k_4 by 90% =+ 10% on a relative basis. Black lines above each bar represent a one
standard deviation confidence interval. We perturb our candidate models with TM alone, with
Wnt alone, or with Wnt and TM for 30 minutes or 2 hours depending on the equivalent in
vitro experiment, before measuring the fold change in protein concentrations. * above each bar
marks model and parameter sets that are consistent with in vitro experimental observations
(Figure continues onto the next page).
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Experimental ocbservation:
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and Wnt and TM stimulation.
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6.3.3.3 in silico experiments: Li et al. (2012)

Li et al. (2012) carry out several experiments involving Wnt and MG132, a proteasome
inhibitor that can inhibit proteasomal degradation of 3-catenin via the destruction com-
plex and lead to accumulation of 3-catenin. They observe that levels of pS33/537/T41
f-catenin are higher upon stimulation of HEK293T cells with MG132 alone compared
to MG132 and Wnt combined (Figure 6.18).

D Input lgG Axini

Wnt - 4+ - * - +
MG132 _+ + + + + +

kDa

o g phusph.n-
E[ = [i-catenin

100~ - (s3:307Ta)

FIGURE 6.18: Li et al. (2012) observe lower levels of ubiquitinated -catenin after stimulating
HEK293T cells for 4 hours with MG132 and Wnt compared to with MG132 alone.

Using the candidate model N;3 and the feasible parameter sets found earlier, we
carry out in silico experiments on model N;3. We assumed MG132 reduces the rate of
degradation of B-catenin (d in Reaction R;) by 90%.

In our in silico experiments, we measured the levels of pS33/537/T41 (3-catenin
(in complex with Axin) upon stimulation with MG132 alone, or Wnt and MG132 after
4 hours. For 63% of the feasible parameter sets found earlier, these levels were over
30% lower (and in 15% the levels were half as much) upon stimulation with Wnt plus
MG132 compared to MG132 alone. For these parameter sets, our in silico results are
consistent with results by Li et al. (2012) (see Figure 6.18).

As described in Chapter 2, Li et al. (2012) use their results (e.g. Figure 6.18) to
propose a verbal model of the Wnt pathway where Wnt alters the ubiquitination step
of the destruction complex. However, as we have demonstrated here, their results are
consistent with our candidate model N;3 where rate of ubiquitination of B-catenin is
left unchanged.

We note that we do not change the rate of degradation of $-catenin via Reaction
R}~ and hence allow degradation of B-catenin via this reaction after MG132 stimula-
tion. This is because in our candidate models we have combined Axin dephosphory-
lation, release of Axin from LRP6, and -catenin degradation in this single reaction.
Perturbing this reaction is not consistent with a simple MG132 stimulation.

6.3.3.4 in silico experiments: Azzolin et al. (2014)

Azzolin et al. (2014)’s primary focus was on the role of YAP, a Hippo pathway target, on
canonical Wnt signalling. They carry out time course Axinl co-IP’s in cell lines with
endogenous levels of YAP and with cell lines overexpressing YAP (see Figure 6.19).
They observe that YAP overexpression

¢ stops the observed dissociation of 3-TrCP from Axin,
¢ reduces association of Axin and LRP6, and
* reduces TOP-FLASH reporter assay activity.
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TOP-FLASH reporter assay activity is used to measure activation of the Wnt path-
way. We remark that we do not model Wnt-driven gene transcription in our candidate
model explicitly and instead use levels of free $-catenin as a proxy for levels of Wnt
pathway activity. We also note that we do not explicitly model 3-TrCP.
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- B W p-TrCP =
f [7}]
- - - YAP é 4
i o
- - LRP6 S 2
e - .E. . . - ﬁ-catenin --‘YAP

0 A xin

FIGURE 6.19: Azzolin et al. (2014) observe that in cells that overexpress YAP, there is reduced
canonical Wnt pathway activity alongside lack of recruitment of Axin to LRP6 and increased
association of 3-TrCP and Axin.

The authors propose a verbal model where YAP allows LRP6 to replace 3-TrCP
from the destruction complex leading to deactivation in the final step of the destruction
complex.

Since we do not explicitly model YAP in our candidate models, we investigated
how YAP overexpression might change our mathematical model for the canonical Wnt
pathway by exploring which reaction rates in our candidate models may be altered
upon YAP overexpression. For example, if YAP is required for recruitment of Axin to
LRP6, we may model YAP overexpression as an increase in the rate of recruitment of
Axin to LRP6, k3.

We run in silico experiments on candidate model N;35 and the feasible parameter
sets found earlier that reproduce experimental observations by Azzolin et al. (2014)
to study if they may reproduce the changes observed upon YAP overexpression. We
investigate whether changing a rate parameter due to YAP overexpression can:

¢ reduce levels of Axin/LRP6 complex,
* reduce levels of free 3-catenin, which we assume as a proxy for TOP-FLASH re-
port assay activity.

We assume YAP overexpression may increase or reduce a reaction rate ten-fold. In
each experiment, we reduce a given reaction rate, we then solve the model numerically
as before: we first solved the model in “Wnt-off” conditions until the system reaches
state state. Taking the final “Wnt-off” simulation values as initial conditions for “Wnt-
on” simulation, we switch to “Wnt-on” parameter values and run the simulation for
another 4 hours. We look at the fold change in levels of Axin/LRP6 complex and fold
change in levels of free 3-catenin.

We found that

1. a reduction in LRP6 phosphorylation (k;) (or increase in k_5),
2. areduction in Axin recruitment to LRP6 (k3) (or increase in k_3), or
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3. areduction in Wnt multiplier w,

had a substantial impact in fold change in levels of free (3-catenin, and complex forma-
tion between Axin and LRP6, in line with in vitro observations by Azzolin et al. (2014).
Table 6.13 summarises these results.

Parameter  Level of shock % of feasible parameter sets showing 50% drop in

shocked Axin/LRP6 complex and in free 3-catenin levels
ko Down 10-fold 22%
ks Down 10-fold 23%
Wo Down 10-fold 24%

TABLE 6.13: Results of in silico experiments studying where YAP might act in model V13 of Wnt
signalling. We shocked different model parameters up and down by 10 folds and investigated
whether the model output is consistent with in vitro experiments by Azzolin et al. (2014). We
found that for just over 20% of the feasible parameter sets found using the CMA-ES technique
(see Table 6.12) reducing levels of k3, k3 or w2 (or increasing the reverse reactions k_3 or k_3)
produces outputs consistent with the observed in vitro results.

This suggests that YAP might block LRP6 phosphorylation or recruitment of Axin
to LRP6. In the first case, levels of LRP6 phosphorylated at S1490 are much lower in
cells overexpressing YAP, whereas in the latter, this level is unchanged.

We also note that for all parameter sets where the in silico experiments were con-
sistent with the in vitro YAP overexpression results, the levels of phosphorylated Axin
fail to drop from their “Wnt-off” levels with YAP overexpression. This is in line with
the behaviour the authors observe in levels of 3-TrCP in complex with Axin upon Wnt
stimulation. We hypothesise that Axin not phosphorylated at S497/S500 might have a
lower affinity to 3-TrCP, and hence release of 3-TrCP from Axin upon Wnt stimulation
might simply be due to dephosphorylation of Axin at S497/5500.

New in vitro experiments where we measure levels of Axin phosphorylated at
5497/5500 residues and LRP6 phosphorylated at S1490 may shed further light on
where exactly YAP acts in the canonical Wnt pathway, and whether 3-TrCP may have
higher affinity to phosphorylated Axin.

6.4 Discussion

Several recent studies have investigated the effect of Wnt stimulation on the interaction
between Axin, LRP6 and f3-catenin in different conformational states. Different results
in these papers have led their authors to propose different verbals models of the Wnt
pathway (see Section 2.2.1 in Chapter 2). The initial aim of this chapter was to investi-
gate whether a unifying mathematical model could in fact describe these observations.

We proposed sets of candidate models and focused on model selection to
study which potential pathway structures may be consistent with these observations.
Proposing simpler models of the canonical Wnt pathway in Chapter 4 and the first
part of this chapter, enabled us to keep the problem of model selection tractable. Fig-
ure 6.20 summarises the number of model simulations needed for model selection us-
ing the multi-start CMA-ES algorithm for different sets of candidate models studied in
this chapter and Chapter 4. In order to investigate the increase in computational cost
as we introduce more complexities into the candidate models, we include only those
results that compare our model outputs to the experimental results of Kim et al. (2013).
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Figure 6.20A displays the number of model simulations per candidate model, whereas
Figure 6.20B displays the total number for all candidate models. Without the ground-
work earlier in Chapter 4, where we only focused on the interaction between Axin
and LRP6, exploring the possible structures for the interactions between Axin, LRP6
and [>-catenin (as we did under models NV,,) would have been more computationally
expensive.
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FIGURE 6.20: As we introduced further complexities in our candidate models of the Wnt
pathway, model selection became more computationally intensive. These figures represent the
number of model simulations required for fitting each set of candidate models to experimental
results of Kim et al. (2013). (A) the average number of model simulations carried out by the
multi-start CMA-ES algorithm per candidate model (B) the total number of model simulations
when considering all candidate models. The number in the bracket indicates the number of
candidates models that the CMA-ES technique was run for.

Unlike in Chapter 4, in this chapter, we allowed Wnt to reduce the rate of Wnt-
dependent reactions by allowing the parameters w to vary between 0.01 and 100. How-
ever, a review of the feasible parameter values found reveals that for all candidate
models, the rate of LRP6 phosphorylation increases upon Wnt stimulation (wy > 1 for
all parameter sets found). For some parameter vectors in candidate models M3, and
Na3, the change in rate of release of Axin from LRP6 (w_,) is found to be less than 1,
however, these candidate models are a more complicated version of our preferred can-
didate models M3 and N,3, which also describe the experimental results. As such the
result that levels of w_, are below 1 for some parameter sets is not meaningful.

Nondimensionalization can be used to reduce the number of independent param-
eters in a mathematical model, reducing the dimensionality of the parameter vector
when carrying out model selection. We note that we do not nondimensionalize the
candidate mathematical models in order to speed up prototyping and testing new
structures, even though exploring the parameter space of each model is slower without
nondimensionalization.

Our final candidate model N;;3 was consistent with observations by three recent
publications studying the interaction between Axin, LRP6 and B-catenin (Kim et al.,
2013; Li et al., 2012; Azzolin et al., 2014). The model output was robust to parameter



158 Chapter 6. A new model of the Wnt pathway

perturbation, and the results of in silico experiments were consistent with observed in
vitro results.

Studying the structure of our final candidate model N3 reveals several important
features. First, a change in rate of LRP6 phosphorylation upon Wnt stimulation seems
sufficient to describe various observed dynamics of the pathway in the first 4 hours
after Wnt stimulation. Moreover, accumulation of B-catenin at the membrane and with
LRP6 phosphorylated at PPPSP motifs seems important to describing the dynamics
of the pathway. LRP6 phosphorylation plays an important role in slowing down the
rate of 3-catenin phosphorylation by GSK3, whereas it does not seem to hinder the
degradation of pS33/S37/T41 [-catenin.

Recently crosstalk between the Hippo and Wnt pathways have been observed (Az-
zolin et al., 2012; Azzolin et al., 2014). We have used our mathematical model to study
this crosstalk. We have investigated where the Hippo pathway target, YAP, might act
in the canonical Wnt pathway. We found that observations by Azzolin et al. (2014) are
consistent with our candidate models if we assume YAP either (1) increases the basal
rate of LRP6 phosphorylation, or (2) increases the rate of recruitment of Axin to LRP6,
or (3) increases how much Wnt stimulation increases rate of LRP6 phosphorylation.
We proposed two new in vitro experiments which can help us discriminate between
these three possibilities. Moreover, Azzolin et al. (2014) have observed that YAP over-
expression stops dissociation of 3-TrCP from Axin, whereas in our in silico study, we
found that YAP overexpression stops dephosphorylation of Axin. This might suggest
that dephosphorylation of Axin at 5497/S500 leads to a reduced affinity of Axin to
B-TrCP.

The ground work in Chapter 4 has enabled us to extend a simplified model for
the recruitment of Axin to the membrane (candidate models S;) to one that includes
a more complete picture of the pathway (/Vy3), while keeping the problem of model
selection computationally tractable. We note that in all of these models we ignore the
experimental observation that Axin increases the rate of phosphorylation of LRP6 and
do not explicitly model several species such as unphosphorylated Axin in complex
with LRP6. We also note that due to lack of suitable experimental results, while study-
ing the observations by Kim et al. (2013), we fit the output of our candidate models for
the Axin/LRP6 complex to the output from the candidate model Hs; from Chapter 4.

We also remark that we started this chapter by extending the final candidate mod-
els in Chapter 4. In particular, this means that we assumed that Wnt alters rate of LRP6
phosphorylation and release of Axin from LRP6 only. We ignored other possible can-
didate models where for example Wnt alters the rate of recruitment of Axin to LRP6,
which was originally rejected in Chapter 4.

We also note that all model selection runs under different experimental observa-
tions by Kim et al. (2013), Li et al. (2012) and Azzolin et al. (2014), were independent. A
next step in our work could be to start with a set of parameter values that are feasible
under one set of experimental observations and explore how such a parameter vector
might change to reproduce other experimental results. This could explain why dif-
ferent labs report markedly different results when studying the interactions between
Axin, LRP6 and f-catenin. We discuss these next steps further in the next chapter.



Chapter 7

Discussion

7.1 Summary of the thesis

The elaborate biochemical networks underlying signalling pathways, the complicated
interactions between their components, and crosstalk between different pathways,
make studies of signalling pathways highly challenging. The qualitative and/or semi-
quantitative nature of the associated experimental data, the challenge of reproducibil-
ity, and the sparsity of such data add to the challenge of identifying consistent models
of these pathways. These challenges mean that experimental data and proposed mod-
els of signalling pathways can appear contradictory.

In this thesis, we have used the canonical Wnt pathway as a model system to
propose a new computational framework that may be combined with qualitative ex-
perimental data to discriminate between competing verbal models of the pathway and
to guide the design of new experiments. The framework combines qualitative compar-
ison of quantitative model outputs with experimental data and in silico experiments to
establish whether a given model is consistent with observed experimental results.

We used our framework to study the Wnt pathway in the first few hours after Wnt
stimulation. We proposed and carried out new in vitro experiments to elucidate the in-
teractions between two of the core components of the Wnt pathway; Axin and LRP6.
We then applied our framework to a more detailed set of candidate mathematical mod-
els and established that under this framework, we can use existing experimental data
to narrow down the list of suitable models to unify seemingly inconsistent experimen-
tal data with a single mathematical model.

In the next section, we summarise the findings in the earlier chapters of this thesis.
We will then discuss our ideas for future work, before concluding with a few final
remarks.

7.2 Summary of the work in each chapter

In Chapter 2, we presented a detailed literature review of the latest research on the
canonical Wnt pathway. We introduced the core components of the Wnt pathway,
and summarised competing hypotheses about how Wnt signalling leads to accumula-
tion of 3-catenin. We focused on the steps that lead to deactivation of the destruction
complex. We also described the experimental procedures that are often used to study
signalling pathways and how they can often produce semi-quantitative and/or quali-
tative experimental data.

In Chapter 3 we provided a brief introduction to mathematical model selection.
We described model selection based on a well established technique, Approximate
Bayesian Computation Sequential Monte Carlo (ABC SMC). We also introduced model
selection using qualitative comparisons and the Covariance Matrix Adaptation Evo-
lution Strategy (CMA-ES) optimisation algorithm. We compared the performance of
the two techniques in various cases studies. We applied the techniques for model se-
lection on simple biochemical reaction networks using qualitative cost functions. We
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discussed the advantages and disadvantages of the two techniques and explained why
we use the CMA-ES optimisation technique in our framework.

We established in Chapter 2 that some of the recent studies of the Wnt pathway
identified post translational modifications of Axin and LRP6 as important steps that
lead to deactivation of the destruction complex. To our knowledge, none of the mathe-
matical models of the Wnt pathway have focused on this interaction and its role in de-
activation of the destruction complex. We therefore proposed twelve candidate models
in Chapter 4 that describe the interactions between Axin and LRP6. We explained why
we focused on LRP6 phosphorylation at 51490, and Axin phosphorylation at 5497 /500.
We used our model selection framework and results by Kim et al. (2013) to show that
four of our original twelve models were consistent with experimental observations.
We proposed a new in vitro experiment to discriminate between the remaining four
models. Without suitable experimental data, we ended Chapter 4 by establishing why
one of the candidate models (model H,;) may be the most suitable for further stud-
ies. In order to ensure the problem of model selection is computationally tractable,
we simplified this model, and showed that it can still reproduce several experimental
observations. Due to the lack of suitable experimental results, we fitted the new sim-
plified model, which neglected certain interactions between Axin and LRP6, to model
output from our candidate model Hy;.

Having identified a suitable experiment to discriminate between the four remain-
ing candidate models; in Chapter 5 we described the methods and results for carrying
out this experiment. Our preliminary results suggested that the models Hy; and Hy,
may be the most appropriate models of the four remaining candidates. We discussed
why further work is required to completely validate our results.

In Chapter 6, we proposed new candidate models that extended the simplified
model from Chapter 4 to include (-catenin and a more detailed description of the
destruction complex. We carried out this extension in two steps; first introducing [3-
catenin synthesis and degradation, and then introducing [3-catenin phosphorylation.
We applied our model selection framework to the new candidate models, and ended
Chapter 6 with what we think is an exciting contribution to modelling of the canonical
Wnt pathway; a mathematical model of the pathway that reconciles seemingly incon-
sistent experimental observations from three different experimental studies of the Wnt
pathway:.

Our model is focused on the first few hours after Wnt stimulation and describes
interactions between Axin, LRP6 and {3-catenin. We found different model parameter-
isations that describe the in vitro observations by Kim et al. (2013), Azzolin et al. (2014)
and Li et al. (2012). The acceptance of this particular model, and the rejection of alterna-
tives allowed us to make several observations. Firstly, simply assuming that binding of
Wnt ligands increases the rate of phosphorylation of LRP6 at S1490 (and other PPPSP
motifs) by GSK3 is sufficient to describe the signalling cascade observed in the first
few hours after Wnt stimulation. Secondly, our mathematical model suggests that re-
cruitment of B-catenin to LRP6 via Axin seems to be an important factor in describing
the observed experimental dynamics. To our knowledge, this conclusion has not been
investigated by other mathematical models of the Wnt pathway. Finally, one of the
discrepancies in the existing models of the Wnt pathway concerns the identification
of which functions of the destruction complex are altered upon Wnt stimulation. Our
model suggests that the following two events lead to deactivation of the destruction
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complex upon Wnt stimulation:

* a reduction in the rate at which (-catenin is recruited to Axin, due to Axin de-
phosphorylation at 5497/500,

¢ and, a slowdown in the rate of 3-catenin phosphorylation, due to inhibition of
GSK3 by pS1490 LRP6.

In fact rejection of candidate models (N2 and Nj3) in Chapter 6 suggests that Axin
in complex with pS1490 LRP6 must continue to degrade already phosphorylated 3-
catenin.

We ended Chapter 6, by carrying out in silico experiments on our mathematical
model of the Wnt pathway. We established that our model reproduces additional in
vitro observations by Kim et al. (2013), Li et al. (2012) and Azzolin et al. (2014). This
again highlights the fact that the different results in these studies are not inconsis-
tent and the competing verbal models proposed by these studies are not required to
describe the observed experimental results. This illustrates why care is needed in de-
veloping verbal models of signalling pathways from such experimental data.

7.2.1 A note on reproducibility of experimental results

The work of Chapter 5 did illustrate a noticeable phenomenon in experimental studies;
namely that the materials and methods sections of publications do not necessarily pro-
vide enough details for a experimentalist to reproduce the results quickly. My aim to
reproduce and extend the experimental results of Kim et al. (2013) within six months
seemed realistic to me, whereas, my experimentalist colleagues felt it too ambitious.
The main reason for this discrepancy is that any experimental procedure needs to be
optimised for the problem of interest. This raises an interesting question: with the
almost unlimited availability of resources online, why do the materials and methods
sections of papers limit the description of a one week procedure to just one paragraph?
A simple solution would be to require a detailed materials and methods section online.
The field of computer science is moving towards open sourcing code bases used to pro-
duce results. We hope this trend continues and that it will be extended to experimental
studies in biological sciences.

I experienced other problems that were beyond my control. For example, I lost a
month of work due to a faulty batch of Wnt ligands, which we later discovered is a
common problem. I also lost four months of work because Kim et al. (2013) stated the
wrong antibody in their paper. By the time I received the new antibody, I only had one
month to carry out the experimental work.

7.3 Future work

There are many potential avenues for extending the work proposed in this thesis. As
the very first step, it might be appropriate to extend the original candidate model Hs;,
instead of the simplified model S; to study a more complete picture of the Wnt path-
way as we did in Chapter 6. There are also several issues we did not address. We did
not include the Dvl, APC or Frizzled proteins which are known to influence the path-
way dynamics. We did not model several other phosphorylation sites on LRP6, Axin
and [-catenin.

Of these, we believe APC is a strong candidate for future work. APC is mutated
in 75% of colorectal cancer cases and yet its role in the canonical Wnt pathway remains
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poorly understood. Comparing the results of in silico experiments on our mathematical
model with existing in vitro studies involving APC will be a good first step in under-
standing the role APC plays in Wnt signalling. We should then be able to use these
results to introduce APC explicitly in our model.

Our model treats the membrane, cytoplasm and the nucleus as a well-mixed com-
partment. Several compartmentalised mathematical models of the Wnt pathway have
been proposed in the past (MacLean et al., 2015b; Schmitz et al., 2013; Haack et al.,
2015). A suitable extension to our model will be to investigate how compartmen-
talisation could contribute to the observed dynamics involving Axin, 3-catenin and
LRP6. Although experimental procedures exist to study protein localisations around
the cell, extended experimental results are still lacking which will make discrimination
between any proposed candidate models of the pathway difficult. Such a study needs
to be combined with careful experimental collaboration to ensure that experimental
procedures exist for collection of suitable experimental data.

Crosstalk between signalling pathways can lead to interesting and important re-
sponses within the cell. Some of the recent mathematical models of the Wnt pathway
have investigated crosstalk involving the Wnt pathway (Chen et al., 2014; Kay et al.,
2017). Recently the first mathematical model of the Hippo pathway has been devel-
oped (Sun et al., 2016). Another area for future work is the cross talk between the
Hippo pathway and the canonical Wnt pathway. We touched on this problem briefly
in Chapter 6, demonstrating the role that YAP/TAZ, which are the Hippo pathway
targets, might play in recruitment of Axin to LRP6. It will be interesting to study this
crosstalk further in silico. A model incorporating this crosstalk could be well-suited
for study in a multiscale model of the intestinal crypts where both of these pathways
are known to play important roles (Imajo et al., 2014; Clevers and Nusse, 2012). The
mechanotransductional properties of YAP/TAZ alongside their role in Wnt signalling
might provide new insights into the dynamics of the intestinal crypts.

Given the qualitative nature of the experimental data in studies of signalling path-
ways, parameter inference is a problem we do not tackle in our framework. An inter-
esting extension to our work may be to study the size of the parameter space that is
consistent with the experimental observations. It will be useful to establish a protocol
to investigate how pathway outputs change as parameter values vary. In particular, it
would be interesting to study the importance of levels of Axin, which have been ob-
served to vary from 0.02 nM (Lee et al., 2003) to 150 nM (Tan et al., 2012) in different
cell lines.

We established in Chapter 6 that with different parameterisations, our mathemat-
ical model can reproduce different experimental observations. However, we did not
establish what these parameters tell us about the state of the system that reproduces
each set of results. A good next step will be to study the minimum number of changes
required to switch from one feasible qualitative model output (e.g. one that fits results
by Kim et al. (2013)) to another (e.g. one that fit results by Azzolin et al. (2014)). What
do these changes tell us about the state of the cells and the procedures in different ex-
perimental labs? If we can establish that changes in a particular model parameter (e.g.
total levels of Axin) can describe this difference, can we replicate and validate such
result in vitro (e.g. by overexpressing or suppressing Axin)?

We focused our modelling on the first few hours after Wnt stimulation. Doing
so allowed us to ignore various feedback loops (see Chapter 2 for details). Another
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avenue for model extension would be to study the pathway over longer time periods,
including the various feedback loops involving Axin and LRP6. Recently, Brunt and
Scholpp (2017) carried out a detailed review of the function of endocytosis in Wnt
signalling. It would be interesting to use mathematical modelling to investigate the
role of endocytosis, and in the first instance, LRP6 recycling in Wnt signalling.

On the experimental side, the first piece of future work is to optimise the protocol
detailed in Chapter 5 further. We hope the groundwork in this chapter and the detailed
materials and methods will help future students who continue this work.

Our framework provides a tool that can be used to discriminate between alterna-
tive models of signalling pathways using qualitative data. For example, two differ-
ent models have been proposed about the role of YAP phosphorylation in the Hippo
pathway (Downward and Basu, 2008). First, YAP phosphorylation has been observed
to lead to its cytoplasmic retention (Harvey et al., 2013; Hao et al., 2008; Zhao et al.,
2007). Second, YAP phosphorylation has been observed to promote its binding to p73
tumour suppressor in the nucleus (Pefani and O’Neill, 2016; Matallanas et al., 2007).
A detailed study of these interactions could elucidate the underlying mechanism that
leads to these discrepancies.

Another example where our framework could be applied is the role of homod-
imerization and heterodimerization of STAT proteins in JAK-STAT signalling (Delgoffe
and Vignali, 2013). For example, heterodimerization could lead to reducing the num-
ber of available STAT molecules (Ho and Ivashkiv, 2006), or heterodimers and homod-
imers may lead to transcription of different genes (Collison et al., 2012). Mathemat-
ical modelling has been used to study the role of dimerization and phosphorylation
in signalling via STAT1 in mammalian cells (Shudo et al., 2007). Further mathemati-
cal modelling using a framework such as one proposed here could help clarify these
interactions further.

7.4 Final remarks

In this thesis, we have established a new framework for studying the dynamics of sig-
nalling pathways. We have shown that care must be taken when using qualitative and
semi-quantitative experimental data to propose new models of signalling pathways,
and how, with careful model selection, we may be able to discriminate between com-
peting models.

We have applied our framework to the canonical Wnt pathway and proposed a
mathematical model that elucidates how post translational modification of LRP6 and
Axin lead to deactivation of the destruction complex. We were able to reconcile seem-
ingly inconsistent experimental observations with a single mathematical model.

We also showed how our framework can be used to guide the design of new ex-
periments that may discriminate between competing model structures of a signalling
pathway. Our framework, as implemented in python using PySB, SciPy and CMA-ES
packages, allows for quick prototyping of new mathematical models and as such could
be generalised to study other signalling pathways. We hope that our work encourages
new collaborations between mathematical modellers and experimental biologists, and
in particular, helps the experimentalists with the design of future experiments.
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Appendix A

Theoretical methods

A1 Image segmentation

In the few months we spent in the lab when we carried out immunofluorescence ex-
periments, we collected over 22 GB worth of images. It is hence essential to come
up with a robust automated segmentation algorithm. All image analysis was done in
Python using the Numpy, Scipy and CV2 scientific packages. Images were saved in
Nikon nd2 format, which were loaded using a modified version of SLOTH (http:
//pythonhosted.org/SLOTH).

A cytoplasmic mask for the images is calculated using a k-means clustering algo-
rithm, trained over the intensity of randomly selected subset of the image pixels in all
image channels. The nuclear mask is calculated using a simple adaptive thresholding
algorithm on the DAPI channel.

Once the masks are defined, we simply calculate the average pixel intensity in var-
ious channels (taking into account the manual intensity multiplier on the microscope)
to measure the relative protein concentration in different cellular compartments. We
subtract the average background intensity calculated from empty channels from a few
images from the final intensity value. We used a value of 15 A.U. for the background
noise/intensity level. The algorithm only segments cells from the background and not
individually. In most of the collected images, segmenting individual cells by eye is also
extremely difficult if not impossible (Figure A.1A).

HEK293T BC

0 50 100 150 200 250 300

(A) (B)

FIGURE A.1: (A) RKO cells stained for 3-catenin (green), YAP antibodies and DAPI (blue). It is
difficult to segment RKO cells individually. (B) Quantification of blot in Figure S5A of Kim et
al. (Kim et al., 2013).
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A.2 Estimating number of Wnt ligands and receptors

A.21 Number of Wnt ligands in a typical in vitro experiment

We start in vitro experiments in 10cm-diameter dishes when cells are at 60%-70% con-
fluency. This corresponds to about 5 million cells per dish. Bafico et al. (2001) esti-
mate 2500-5000 LRP6 co-receptors per NIH3T3 cells; thus assuming a similar number
of co-receptors in HEK293T cells used in our experiments, we estimate 2 x 10'° LRP6
co-receptors per well.

Wnt3A is a 44Da protein, which is equivalent to 44 x 10%g/mol molecular mass.
Assuming a typical concentration of 100ng/ml of Wnt3A for a typical experiment and
10ml media, we have approximately 2 x 10~''mol of Wnt3A ligands. This gives us
approximately 6 x 10%* x 2 x 10~ ~ 10" ligands in a typical experiment.

This suggests the number of Wnt3A ligands is approximately 500 times more than
LRP6 co-receptors, and hence it is unlikely that exhaustion of Wnt ligands is the pri-
mary reason behind the behaviours observed experimentally.

A.3 Western blot quantification

We developed a Python script that enables us to quantify the relative intensity of dif-
ferent blots in these publications efficiently. The input is a simple blot image, plus the
expected number of wells in the given image. The algorithm calculates local minima
in the image intensity, which are assumed to be the gap between the two separate gel
runs. The results are then adjusted, using the control protein if required (Figure A.1B).



Appendix B

Cost vectors used in Chapters 4 and 6

This appendix includes the elements of the cost vectors we use to compare our candi-
date models to various experimental results by Kim et al. (2013), Li et al. (2012) and
Azzolin et al. (2014). The quantity of interest (Y;), calculated from the model outputs,
is the value used to calculate the cost element (.J;). The exact levels of the satisfaction
boundaries are chosen to achieve a qualitative match to the experimental observations.
The weights w; are evolved during the fitting process to give more importance to par-
ticular qualitative behaviour that were missed in earlier optimisations.

In Section 3.5.2 of Chapter 3, we introduced the satisfaction metrics and gave a
description of how we propose each element of the cost vectors. Here, we provide
further examples of how we write down each cost element below.

¢ Levels of LRP6/Axin complex should double after 30 minutes of Wnt stimula-
tion: To enforce this behaviour, we look at the fold change in this complex, and
define the cost to be the distance from 2 if this level is below 2, or 0 otherwise

X(O.5h)>’ (B.1)

max <O7 2 X (0h)

¢ Phosphorylated Axin should not reach steady state too quickly: We enforce this
be ensuring levels of phospho Axin at¢ = 0.5k minutes and ¢ = 1h are not close to
each other. We calculate the difference between phospho Axin at these two time
points and normalize it using the level at ¢ = 0. We set the cost to the reciprical
of this value unless this level is greater than 5%

1

X (0.5h)— X (1h)
X(0)

X(0.5h) — X (1h)
X(0)

if | | < 0.05. (B.2)

B.1 Cost vectors for Chapter 4
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P . Output Quantity of Interest : Weight
Qualitative Requirement Variable (X) ) Value (J;) (w;)
Levels of phosphorylated Axin should A, + C; + Cs %.8;1) \‘5;; —_ (())Zi || liff 3; ><([)).éi, 2
drop to 10% — 40% of the initial level Lo ¢ '

Levels of phosphorylated LRP6 L, + C+Cs %ig)al) Dlz'/i—_lf)h 11ff 5;; i 2110 2
should increase between two and ten ¢ ¢
fold.

X(tiv1) =X (ti)
Levels of phosphorylated Axin should A, + Cy + C3 _0 ot ’ maxy; =0, .. tgea_s (Yi(t5),0) 10
decrease monotonically ti =0, tinal -1

X (tig1)=X(t:)
Levels of phosphorylated LRP6 L, + Cy+Cs _o 5t ming —o, e (Yi(t5),0) 10
should increase monotonically ti =0, ..., tinal-1
Levels of LRP6/Axin complex should Cg ++Ccl,+ X(%.g)h) max(0,2 —Y;) 10
double after 30 minutes of Wnt stimu- 2 3
lation
Levels of LRP6/Axin complex should Cg ++Cé,+ );((20};) m?;(if(’ Oyll__ly2 )) " 20
drop to within 20% and no less than 2 3 ’ ¢
the initial level

Ap+C1+Cs, X (tnan)

Phosphorylated LRP6 and phosphory- Lo +CotCy X(1.5/;) |Y; — 1] 1

lated Axin should reach their steady
state within 90 minutes
Phosphorylated Axin should notreach A4, + C; + Cs |W| v if ¥i < 0.05 1
steady state too quickly

All dependent

All dependent variables must be posi- variables

tive

Xi(t) S, ming(X;(t), 0) 1

TABLE B.1: Cost vector for qualitative fit to results by Kim et al. (2013) as displayed in Fig-
ure 4.4.

B.2 Cost vectors for Chapter 6

Cost vector elements displayed in Table B.2 are applied to all model selection runs and
include in particular the qualitative requirements for total levels of B-catenin, which is
shared between all experimental results and added to all cost vectors in Chapter 6.

Qualitative Requirement Vai)izltallp::X) Quantlt}(r;:f Rate st Value (J;) V:I;z)ght
Concentration of B-catenin should not B+ D+ E X Y;>1 1
be too low
fB-catenin should start to reach steady B+ D+ FE W Y; —0.05if Y; > 0.05 10
state by 4 hours

X(tiz1)—X(t:)
Levels of (-catenin should increase @~ B+ D+ E ot ’ ming—o, e, (Yi(t5),0) 10

monotonically ti=0,..., nal-1

Levels of B-catenin should increasebe- B+ D+ E % Y =15 ¥; <15, 1

tween 1.5 and 20 fold. % =20 7 = 5
All dependent

All dependent variables must be posi- variables

tive

X (¢) > ming(X;(t),0) 1

TABLE B.2: Requirements shared between all cost vectors in Chapter 6
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o ] Output Quantity of Interest : Weight
Qualitative Requirement Variable (X) ) Value (J;) (w)
X(tip1)=X(t:)
I\/ilonotonic decrease in levels of phos- A,+C+D+E t 0 ot to ’1 maxy; =o,... tgna_1 (Yi(t5),0) 10
pOAXil’\ V1 s+« Uinal—
Levels of phosphorylated Axin should A,+C+D+E % max(0,Y; — 0.6) 1
drop to below 60% of the initial level.
X(tig1)—X(t:)
Monotonic increase in levels of phos- L,+C+FE N ot oot ’1 ming—o, . 5 (Yi(t;),0) 10
phOLRP6 1 3+ VInal—
Levels of LRP6/Axin complex should C+E X)((O('g)h ) max(0,2 —Y;) 10
increase within half hour
Levels of LRP6/Axin complex should C+E );(((Jéz’;) max(0,1.2 - Y;) 10
drop by three hours
Levels of LRP6/Axin complex should C+E };((3(;;) max(0,1.5 - Y;) 10
stay above the original non-stimulated
levels
Levels of Axin/B-catenin should not D+ FE X)((O('g)h ) max(0,Y; — 1.1) 1
have a sharp increase in the first half
hour
Levels of Axin/B-catenin increase over D+ E )g(((g(;;) max(0,1.5 - Y;) 1
three hours
Maximum levels of LRP6/Axin com- C+E arg max; X;(t) Vi — 1] Y; > 1, 1

plex should be reached between 5
minutes and 60 minutes.

|Y; — 5/60| if Y; < 5/60

TABLE B.3: Cost vector for qualitative fit of Extension 1 to results by Kim et al. (2013) as dis-

played in Figure 6.5.

Qualitative Requirement

Monotonic decrease in levels of phos-
pho Axin

Levels of phosphorylated Axin should
drop to below 60% of the initial level.

Monotonic increase in levels of phos-
pho LRP6

Levels of LRP6/Axin complex should
increase within half hour

Levels of LRP6/Axin complex should
drop by three hours

Levels of LRP6/Axin complex should
stay above the original non-stimulated
levels

Levels of Axin/B-catenin should not
have a sharp increase in the first half
hour

Levels of Axin/B-catenin increase over
four hours

Maximum levels of LRP6/Axin com-
plex should be reached between 5
minutes and 60 minutes.

Levels of phosphorylated (-catenin
should drop within the first hour

Levels of phosphorylated p-catenin
should return to within 25% of the
original value within 4 hours.

Output
Variable (X)

Ay+C+D+E

Ap+C+D+E

L,+C+E
C+E
C+FE

C+E

D+FE

D+ FE

C+FE

D, + E,

D, + E,

Quantity of Interest
(Y?)

X(tip1)=X(t:)

3t ’

t;=0,... tfnal—1
X (tfina1)

X(0)
X(tig1) =X (ti)

ot ’
ti=0,..., final-1

X (0.5h)
X(0)

X(0.5h)

X (3h)

X (3h)

Weight
Value (J;) (w,)
MAXE;=0,... tinal -1 (Yi(t;),0) 10
max(0,Y; — 0.6) 1
mintJZO ----- tfinal—1 (}/’t(tj)v 0) 10
max(0,2 — Y;) 10
max(0,1.5 — Y;) 10
max(0,1.5 - Y;) 10
max(0,Y; — 1.1) 1
max(0,1.5 — Y;) 1
Vi —1ifY; > 1, .
[Y; — 5/60] if Y; < 5/60
|Y; — 0.5]if Y; > 0.5 1
|V; — 0.75] if Y; < 0.75, .

|Y; — 1.25|if ¥; > 1.25

TABLE B.4: Cost vector for qualitative fit of Extension 2 to results by Kim et al. (2013) as dis-

played in Figure 6.12A.
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Appendix B. Cost vectors used in Chapters 4 and 6

Qualitative Requirement

Levels of Axin/LRP6 complex should
increase between 0 and 4 hours

Levels in phosphorylated LRP6
should be monotonically increasing
Levels of phosphorylated (-catenin
should not increase too quickly
Levels of phosphorylated B-catenin
should increase over 2 hours.

Output
Variable (X)

C+E+E,
L,+C+E+E,
D, +E,

D, + E,

Quantity of Interest
09)
X (4h)
X(0)

X (tiv1) =X (t:)
&

7 ’
ti=0,..., a1

X(0.5h)
X(0)

X(2h)
X(0)

Value (J;)
lY; — 3]ifY; < 3
MiNg; =0, .ty (Yi(t;),0)
Y; — 11]ifV; < 1.1

Y; — L5|if ¥; < 1.5

Weight
(w;)
10

10

TABLE B.5: Cost vector for qualitative fit of Extension 2 to results by Li et al. (2012) as displayed

in Figure 6.12B

Qualitative Requirement

Levels of Axin/LRP6 complex should
increase at least 1.5 fold

Levels of Axin/LRP6 complex should
increase monotonically

Levels of Axin/B-catenin compelex
should drop at least 80%

Levels of Axin/active 3-catenin com-
plex should drop at least 80%

Levels of Axin/B-catenin complex
should decrease monotonically

Levels of Axin/LRP6 complex should
not increase too quickly

Output
Variable (X)

C+E+E,

C+E+E,
D+E+D,+E,

D+E

D+E+Dy+E,

C+E+E,

Quantity of Interest
(V9]
X (tfinal)

X(0)

X(tit1)=X(ti)
)

7

i
t; =0,...  inal—-1

X (tfinal)

X(0)

X (tfina1)

(¢
X(0)
X(tig1) =X (ti)
ot

t;=0,. ., final-1

X(2h)
X(0.5h)

Value (J;)
Y; — L5|if Y; < 1.5

mint]‘:O 11111 Lfinal—1 (Yi(t]')7 0)
|Y; — 0.8 if Y; > 0.8

Y; — 0.8 if ¥; > 0.8

Y; — 1.2]if ¥; < 1.2

Weight
(w;)
10

10

TABLE B.6: Cost vector for qualitative fit of Extension 2 to results by Azzolin et al. (2014) as

displayed in Figure 6.12C



Appendix C

Parameter values for candidate
in Chapter 4

Model
Hiy
Hyy
Hiy
Hiy
Hiy

Index

BN o

ka
3228.7
3.117
6356.0
1802.0
0.323

k-5
1227
1.951
1448.3
177.5
104.0

k_2
4.162e-03
1.069e-04
0.188
1.239e-04
1.028e-04

ka ks

1.167e-04  3.323e-04
3.562e-04  1.501e-04
67.81 8847.3
1.154e-04  1.540e-04
1.206e-04  10.16

ks

12404.8
468938.6
1831.8
10.96
6.262e-02

K3 K7
2044 3135
4360  4039.6
23789  457.0
24626 11843
8207  84.89

Ks

35.60
2.552
1.140e-02
0.663
158.8

k-6

5.691
0.177
0.125
21.67
330.2

ke
1.465e-02
7.515e-03
1.127
4.880
612.2

k1

2.641e-02
1.006e-02
3.897e-03
9.963e-03
7.543e-03

models

k1

2.777e-04
1.132e-04
1.004e-04
1.046e-04
1.028e-04

P
11.10
14.57
8.406
16.88
17.54

w3

50.93
53.44
9.241
29.58
7.110

Aot

2.190
9.638
144.5
43.88
98.18

TABLE C.1: Parameter sets found using the multi-start CMA-ES algorithm for model H1; that
reproduce experimental observations by Kim et al. (2013).

Model Index ky

Hay
Hy,
Hay
Hy,
Hy,
Hy,
Hy,
Hy,
Hy
Hy
Hy,
Hy,
Hy,
Hy,
Hy,
Hy,

TABLE C.2: Parameter sets found using the multi-start CMA-ES

0

® N oUW N

k_s

26.31 20.15
1.944e-03  4.120e-
57.00 1985.7
51.71 19.15
6.843e-03  9.416e-
677.8 2523.6
5063.5 2084.9
62.10 114.7
1476.9 1597.3
816.5 3120.6
1644.7 7836.0
178.3 500.0
0.424 0.339
56.29 208.5
2597.7 3817.3
59.49 95.84

=
0.483

ks
1.225e-03

03 3.740e-02 2.335e-04

408.7

46.89

8.501e-03 0.163

03  3.823e-02 4.638e-04
8.743e-02  4.040e-04
7.229¢-02  0.309

9.381

1147.6

26.45
4.583

2.195e-02 1273
1.231e-02 378.5
4.204e-02  4.858e-03
1.444e-02  1.029e-03
4.166e-04 8.567
3.822e-04 4.649e-04

115.2

0.204

ks ks
405.9 10338.1
13792 2745
0.366 5053.9
9.693e-03  7182.6
1.413e-03 0.105
2.365¢-03  1106.0
68.66 11160.9

5.960e-02 98808.7
600278.8 9389429 1379.2

2.201 173.3
4.381 3873.1
8.442e-04 79673.1
3308.5 750.4
7.381 397.5

98.71 46206.6
201822 2835134 9426.2

K
983.6
549.1
2539.6
955.5
3542.6
361.2
2183
9167.7

465.6
426.5
500.9
5718.1
204.1
73.99

Ky
18.33
0.496
7448.5
6110.7
575.6
2734.6
118.1
7409.3
1.081
2229
641.5
288.0
0.282
299.6
106.9
0.165

Ks

0.588
0.453
5.518e-02
1.124
30.51
0.536
1.129¢-02
2.746e-02
0.744
1.13%-02
1.047e-02
36.20
129.3
1.092e-02
1.000e-02
2.958

reproduce experimental observations by Kim et al. (2013).

Model Index k4

Ha,

O XN U RN O

0.628

162.0
4.130

k_s
1.030
2517.9
3460.1
161.3
854.1
5.092
1040.3
415.6
5238.0
8.020

k_s
2.333e-02

1.608e-02

ks ks ks
5.490e-04 1.614e-04 411.0
39.26 0.252 173.6
2428 0.144 2576.6
1.414e-03 4.351e-04 2591.0
2.024 1.850 6020.2
2.845e-02 3.541e-03 220.9
0.783 7.755 33801.1
1.201e-04 1.900e-04 8297.3
55.72 0.459 4794.4
0.121 4.028e-04 2957.8

K
590.7
2328.7
3897.8
1777.1
2044.0
577.0
695.7
3093.5
5787.6
2144.6

K7
1089.4
3320.9
7372.4
4158.8
2594.2
617.9
1266.8
9949.1
3174.4
11.48

K
3.984e-02
0.653
1.514e-02
5.515
3.573
0.152
7.551e-02
4.805
7.054
12.34

kg
0.421
0.532
0.304
3.178
578.6
64.34
2822
0.183
0.205
25.82
20.66
1786.9
3.342
3297
402.0
1.821

kg
517.5
0.536
0.808
300.0
0.415
0.334
0.250
1000.4
1.278
0.497

ke
68.01
168.5
1.042
351.7
3.785
1216.2
3177.9
0.404
8.160
378.0
673.7
2722
877.2
977.9
5041.9

ki
7.140e-03
1.467e-02
1.226e-03
1.424e-02
5.572e-03
1.107e-04
0.726
5.202e-03
2.624e-03
1.111e-02
4.045e-02
6.088e-03
1.076e-02
0.313
15.51

4.902e-04 3.587e-03

kg

407.4
1l.614
4.453
845.9
0.195
0.418
0.668
230.7
2.635
0.289

ko
3.567e-04
8.934e-03
4.417e-03
3.434e-04
2.078e-04
2.149e-02
7.274
1.119e-04
2.281e-03
1.227e-02
0.196
1.203e-04
1.077e-04
2.951e-04
16.39
2.337e-04

k1 ko1

4.052e-03

1.218e-02

1.366e-02  1.006e-04

1.241e-03

1.896e-04

9.298e-04  6.463e-03

6.037e-03

1.644e-04

8.132e-03  1.486e-04
2.176e-03  8.077e-04
1.139e-02  3.162e-04

2.033e-03
7.511e-03

1.665e-04
1.506e-03

p
15.15
8.458
1517
10.11
5.041
7.922
8.892
19.79
14.44
9.614
10.08
14.84
11.76
14.11
15.72
14.63

wy

5.343
96.02
88.88
8.080
35.69
13.93
5.717
73.30
6.166
56.45
48.12
40.75
17.37
59.30
12.58
7.766

algorithm for model Hy;

Wy

28.97
89.35
36.07
11.44
11.08
55.03
13.02
8.816
84.92
36.36

TABLE C.3: Parameter sets found using the multi-start CMA-ES algorithm for model Hs,
reproduce experimental observations by Kim et al. (2013).

Model
Hsy
Hs
H,
Hz
Hsy
Hz
H,
Hz
Ha
Hay
H,

Index

2O XN U R WN O

=)

ky

1508.8
101.8
3450.7
5.720e-02
5.137e-02
98.79
40.91
9999.9
8.411e-02
0.429
8403.6

ks ke ks ks
8278  6.397e-02 1.000e-04

1285 2277 0473

603.0 1.010e-04 2.394e-04

3029 1236e-04 1.022e-04 7748.8
4208  1.834e-04 2.051e-04

2527 7.112e-03 1.318e-03

84973 2.005¢-02 4.656e-03

1089.7 0.881 0.657 45855.0
0572 1560e-02 2.006e-04

0121 2.851e-02 5.890e-04

4382.0 2.353e-03

ks

2.104e-05 434.8
250037.2  7.326e-04
3.867e-04 232.1

0.141

3.509e-02  126603.1
2.255e-03 39.05
1.665e-03  1.296e-02

479.1

1.158e-02  0.461
2.261e-03 5.786
6.024e-02  0.160

570.3

Ks
4383.7
25518
304.7
15.36
15.40
86.18
55.92
1199.7
18.86
847.1
3817.5

K; K; kg ke Iy ks -
83441 3306 6386.1  549.9 2501e-02 1.891e-03 9.488
1.001e-02 1282 2.888¢-03 1748 4490e-02 0.527 11.84
1425 1318 238.2 1135 6.371e-02 0.198 11.99
1.003e-02 12.43 4029 3282 945102 2.25le-04 19.95
86.90 242.6 23.04 8.460 0.436 0.129 19.98
1.014 1215 2134 1.157e-02 133902 3.726e-02 1824
147.6 3289 15.05 252904 2.680e-03 5.146e-04 14.64
1.203e-02 1.130e-02 18.02 60.62 7113e-02 1.162e-04 12.14
9.503 1.007e-02 1441 1.281 1.097 536.7 20.00
0.725 102.8 152.2 3.927 1.048¢-03 4.542¢-03 13.96
13125 6841 1335 74604  1.810e-02 2.380 14.63

ws wy
5193 26.38
73.56  66.75
98.28 29.46
80.18 4.894
99.98 94.95
9541 2243
1891 99.78
5.828 6.737
6512 65.98
14.48 74.90
5.018 66.40

Arot

115.4
111.7
149.9
52.84
81.14
106.4
3.359
150.0
103.1
64.21
81.87
118.1
150.0
68.06
8.043
35.60

that

Aot

149.9
39.41
4.551
114.3
21.18
3.465
2.776
3.855
146.5
129.0

that

Aot

68.27
1.883
1.172
1.482e-03
1.011e-03
0.444
4.851
6.940
2.723e-03
59.68
16.90

TABLE C.4: Parameter sets found using the multi-start CMA-ES algorithm for model H3; that
reproduce experimental observations by Kim et al. (2013).
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Appendix C. Parameter values for candidate models in Chapter 4

Model Index k4

H;,
H;,
H32
H;,
Hj,
H;,
H3p
H;,
Hj,

® N U WN = O

607.0
42,57
41.63
1623.0
62.09
121.9
4263.8
346.7
0.251

ks
8385.6
4419
363.6
3060.5
7521.0
826.5
642.8
865.1
0.373

ks ks k3 ks K
10.36 47.95 18396.2 9301.2 33.22
4.234e-04 2.029 92.90 64448 4799
0.109 1.401e-04 1.986e-04 176.1 407.7
0.331 1.006 2088.9 13169.5 2517.4
0.273 1.536 96.36 63.01 18.75
4.034e-02 1.041 9534.5 1439 671.9
3.517e-02 1.007e-04 5.132e-05 1247.5 1304.0
7.712e-02 2432 585004.3  9.200 277.1
6.855e-04 1.472e-04 13280.5 6215.6  3621.2

Kz
325.6
663.9
173.8
3381.4
2156.8
1044.3
73.14
177.3
1270.9

Ks k_g ke

21.19 0.168 0.313
19.18 0446 2128
7175 3268 27.75
3.018 2451 56.90
129.0 0.668  8.249e-02
12882 3.366 20.17
1821.4 44533 14.43
4801 0.643 2541
1702.6 1711.1 646.6

ki
2.371e-03
2.609e-04
3.021e-03
2.256e-04
3.054e-03
5.893e-03
5.746e-03
1.007e-04
1.620

koy
5.680e-04
1.202e-04
1.131e-04
1.151e-04
1.707e-04
5.588e-04
6.903e-04
1.053e-04
33.03

P
10.46
8.533
7.765
9.893
12.84
8.577
7.753
10.84
17.44

w3

12.35
3.989
4.247
4.433
23.72
3.129
11.55
5.573
8.915

wy

86.81
99.36
99.51
99.28
79.24
98.32
54.09
99.33
98.81

TABLE C.5: Parameter sets found using the multi-start CMA-ES algorithm for model Hs,

reproduce experimental observations by Kim et al. (2013).

Model Index Ay

Hg,
He
He
He,
Hg,
Hy,
He
He,
He,
He
Hg
He,
He,
He1
He
He
He
Hey
He
Hy,

©ONOU R WN O

10
11
12
13
14
15
16
17
18
19
20
21

1477.8
57.30
253.6
196.6
263.8
113.3
1103.2
7.787
46.17
180.9
481.6
4407.7
878.8
2412
226.4
750.6
1918.5
76.28
856.9
13.89
58.52
591.8

ks
996.8
95.72
139.6
626.6
1321.1
3712
4312.6
30.53
95.55
31.96
2543
2262.1
3094.1
269.7
460.8
658.8
4327.6
302.6
5266.6
193.8
29.89
4168.2

ks ks ks ks K, K
6.673e-02 1.020e-04 9.401e-05 8092.8  5457.6 9047.8
1.000e-04 0.242 3.626 6362 6890 0.8%2
2152e-04 1.621 65.62 746014.9 1826 17.01
3.868e-02 2.75le-04 2.029¢-04 1586 5419 14817
0.729 7.884e-03 2.657e-04 19426  6147.7 11047
6311e-02 1701e-04 5073e-04 3602 3739 1443
1.309 3125 75.19 13577 2829  100.2
7.007 0.290 3666924 39221  70.00 1.018e-02
1.290e-02 0.538 88875 5949 2257  1.437e-02
1.290e-04 1.447¢-02 0.842 500.0 25768 6.050
3.634e-03 0.858 0372 3781 30112 2421
9.523e-04 0.204 3.084e-02 68077 21197 77.20
9.254e-02 1.010e-04 3.619-04 7753 9392 959.7

0.321 15.10
1.552¢-02 3.771
1.196e-02 8.471e-02
1.872e-02 58.94
5.194 2043
2.768 142.3
5.723e-02  0.690
7.010e-02  0.389
4.703e-04 187.7

2276.1 202.5
10.72 1198.6
7867.6 2076.9
330.9 1625.2
1486.6 417.7
6.138 42.79

0.114 0.908
823.8 880.0
4.828 80.18

8428  1.957e-02
3014 1471
92.60 1.179
106.5  0.467
1163 2952
3679 2491
183.3 3710

3849.5 1.285e-02

310.6 2417

K

1.884
1.432e-02
2.019e-02
0.144
2115
8.407e-02
1.443e-02
2.404e-02
0.143
1.138e-02
1.222e-02
6.601e-02
9.809
1.279e-02
2155
1.000e-02
1.009e-02
1.004e-02
0.111
1.064e-02
41.22
1.065e-02

kg
1878.5
16.67
66.21
2844
409.5
1465.6
3.677
0.105
42.50
5424
12.66
7486.9
2802.7
201.1
91.84
10.28
4921.1
30.81
64.53
30.73
47.14
79.35

ke
5416.1
35.16
4233.0
401.2
696.8
558.0
1636.4
26.88
624.5
1435.7
545.1
8084.5
358.6
2303.5
108.5
1044.6
71453
6776.4
3181.3
3612.0
310.3
336.8

ki
3.111e-02
0.132
0.715
6.319e-03
1.717¢-03
1.200e-03
2.828e-02
1.849e-02
0.137
9.031e-02
7.440e-02
1.951e-02
3.732e-03
2.595e-02
0.122
0.183
23.63
2.118e-02
4.265e-02
2.013e-04
1.766e-04
1.553

kg
1.072e-04
1.788e-02
0.129
7.079e-03
1.423e-02
1.141e-02
2.272e-03
1.029e-04
0.362
1.501
6.722e-04
1.774
1.947e-04
0.146
0.147
1.822
1.016
5.246e-02
4.578e-02
5.686e-03
3.579e-02
1.134e-04

p
12.10
9.104
9.610
1.838
11.04
10.53
9.047
8.707
9.441
9.308
9.882
9.262
6.375
9.178
9.671
11.43
12.23
11.49
11.28
13301
13.57
18.28

wy
9.066
35.89
14.87
14.58
10.80
10.68
68.99
27.29
25.01
3.023
14.96
4.307
1117
17.99
20.15
15132
38.02
54.90
49.11
73.40
8.513
98.75

wy
14.46
7.331
6.612
1.540
11.58
22.15
52.59
16.10
11.61
14.73
17.21
3.677
1.125
60.55
14.50
7.321
15.10
14.85
64.75
6.926
16.98
46.08

All)t

6.534
31.44
36.39
52.73
3.061
34.29
47.52
27.64
123.5

that

Aot

0.476
1212
30.56
0.229
65.00
21.84
35.14
31.08
65.48
34.13
15.12
73.25
17.67
18.44
57.78
5.312
24.15
26.76
74.04
4.981
58.91
83.67

TABLE C.6: Parameter sets found using the multi-start CMA-ES algorithm for model Hg; that

reproduce experimental observations by Kim et al. (2013).

Model Index ky

Hg
Hgy
Hez
Hez
He»
Hgy
Hgy
Hg,
Hez
Hg
Hez
Hgy
Hygo
Hg,
Hg,
Hgy
Hez
Hez

O ®N U WO

106.5
1.092e-02
249.0
409.4
3.317e-02
59.33
1683.9
1.358
0.519
4.796
0.165
1.909
9270.5
359.0
19.74
225.6
713.8
11.20

ks ko
470.3 4.792¢-02
2.562¢-02 2.459-02
360.1 1.954¢-02
3429 4,642

0.136 3.427e-02
3122 73.12

821.0 1.641e-02
1.818 5.573e-02
1.843 2.957e-02
13.68 4.116e-02
0514 2.374e-02
5.094 3.372e-02
11604  8.044e-02
42198 2193

30.81 6.553e-03
307.8 3.986e-02
339.6 3.991e-04
53.40 0.457

ks
2.540e-04
1.652e-04
4.360e-03
8.119e-02
3.482e-03
9.123
2.113e-02
1.026e-04
1.321e-04
4.897e-04
2.297e-04
1.043e-04
1.740e-03
60.39
0.649
1.016e-02
1.219e-04
0.201

ks ks

Ky

5.458e-04 223.4 296.0
8.429e-04 259.8 138.2
4.308e-04 1209.1 263.1
6.917 689.2 2576.4

4.600e-04 57.

64 711.4

2.898 465.2 201.6
1.613e-03 22414.1 506.4
4.998e-04 3240.2 642.0

1.970e-03  32.

91 55.07

9.845e-05 449643.3 1287.6
4.918e-04 416.5 354.6
3.370e-04 469.5 699.0
1.153e-03 784789  1377.7
0.132 2122 6498.4
1.694e-03 578.8 1376.6

3.312e-04 14.

48 501.0

1.316e-02 240.5 7446.6
0.806 3112.6 3898.9

K
177.8
2212
0.553
674.8
3.838
1804.8
236.4
1611.0
2323.5
2762.2
21.84
19.17
39.67
9483.6
61.22
67.72
1279.6
190.1

Ks
6.215e-02
4.554e-02
2.526e-02
11.61
355.9
3.405e-02
4.674e-02
1.365
1.215e-02
0.530
6.435
30.10
1.013e-02
8.179
0.699
2.833e-02
169.0
31.18

kg
2424
338.3
25.06
0.889
593.3
0.210
66.92
83.10
2.686
296.3
475.4
3252.0
32.10
1173
5.197
579.7
1.967
0.432

ke k
22178 1551e-02
179.7 6.321e-03
9.643 4.088¢-03
4.871e02  1.266e-02
17.78 8.201e-03
3.403 1.882¢-02
13954 4.888¢-04
430.4 1.577e-02
15570  1.160e-04
479.4 3.060e-03
1855 2.080e-03
535.9 2.605¢-03
13342 1474e-04
6519 1.318¢-03
215.0 2.528e-03
527.8 4.299¢-03
9561 1.400e-02
2217 5.446¢-03

L=

1.894e-02
3.05%-04
1.018e-04
1.001e-04
1.328e-04
1.065e-04
5.678e-04
1.504e-04
1.415e-04
1.855e-02
1.008e-04
6.053e-04
2.347e-03
1.214e-02
3.659e-03
1.376e-03
1.013e-04
1.306e-04

p
9.038
5.617
7.719
14.45
7.302
15.02
14.03
12.95
2.095
13.27
9.792
13.76
7.290
10.48
13.86
17.68
17.06
13.42

wy
19.00
61.09
31.48
9.426
61.91
36.02
15.79
20.96
43.27
21.95
39.50
33.24
2.850
38.46
19.53
12.97
9.808
73.45

wy
4291
2.037
7.282
88.32
34.90
70.89
8.153
3.323
8.397
1.927
1.547
2.490
77.03
61.47
86.99
1.000
78.69
99.16

Aot

87.55
40.16
66.94
1223
79.88
44.13
67.45
4.531
15.76
46.41
97.01
122.8
1.452
115.4
100.1
5257
106.4
0.103

TABLE C.7: Parameter sets found using the multi-start CMA-ES algorithm for model He> that

reproduce experimental observations by Kim et al. (2013).

k_s

0.130
71.58
34.41
161.2
137.3
884.7
0.322
365.8

ks

7.95%-03

2.455

3.702e-03
4.121e-03
7.111e-04
3.202e-03
3.606e-03
4.018e-03

k3 Kg K4 kl

1.133e-02 887.0 1567.8 9.362e-03
12.28 7726  5.050e-02 1.006e-04
64.76 3946.7 52.35 2.793e-03
19.07 185.8 2186.3 3.058e-04
84.70 5229 1334 2.130e-03
387.8 2292.6 686.4 9.233e-04
0.125 0.244 0.278 1.001e-04
55.83 66.90 80.44 3.527e-03

k_y

1.214e-02
2.634e-02
9.671e-03
7.880e-03
2.068e-02
2.352e-02
6.091e-03
2.043e-02

p
16.29
19.99
13.98
11.17
11.11
11.19
18.87
11.53

Wy

38.50
51.78
19.85
9.073
20.97
15.37
65.04
21.96

Atot

71.76
148.4
27.00
149.6
150.0
148.0
147.7
149.4

TABLE C.8: Parameter sets found using the multi-start CMA-ES algorithm for our simplified
reduced model that reproduce experimental observations by Kim et al. (2013).



Appendix D

Parameter values for candidate models
in Chapter 6

Model
M3
Mz
Mz
M3

TABLE D.1: Parameter sets found using the multi-start CMA-ES algorithm for model

Index
0

1
2
B

k_2 k2

2454 0.352
14.45 0.170
2.149e-02  2.940e-03
116.1 7.898

k3
7.649¢-02
0.508
2.664e-02
8.642¢-03

K3

0.727
10.36
11.77
5.059

Ky k1

2528 1.615e-03
0.250  7.715e-05
1.832  9.120e-03
7.632  1.614e-05

k1

3.385e-02
2.197e-02
4.656e-04
1.424e-02

ks

52.65
423975.8
391176.6
10032.7

reproduce experimental observations by Kim et al. (2013).

Model
Mas
Mas
Moz
Mas
Ms3

Index

0
1
2
3
4

k_o
890.1
397.7

8.488e-

9.138
98.66

ko k3 K3 Ky
1.892 9.445e-02  0.142  0.922
55.50 7.404e-03  0.257  24.02

02 9.837e-05 130.8 1.347  1.050e-02
1.287 5.418e-03 1.597 47.21
1.574 4.413 3.119  3.726e-02

k1

3.177e-03
5.994e-06
7.465e-03
4.031e-03
3.828e-03

k—1

8.633e-02
2.603e-04
1.967e-02
3.631e-03
2.951e-05

ks

30.09
237.3
26.50
22675.9
159813.1

Ks s d

758.4 0.987 435.6
193.4 0.582 120.3
1.039e-02  2.634e-02  2.966e-02
14.93 0.107 3552.8

Ks
4807.5
330.9
153.7
6.400
52.16

s
7.851e-02
0.284
0.601
0.255
0.850

d
4112.9
2138.9
26.50
2.037
13.52

=
20.00
6.688
16.01
8.050
19.35

=
14.61
19.89
19.83
9.314

w2

81.08
19.45
61.36
83.33
11.88

w2

99.70
52.76
29.23
24.67

M3,

w4
3.705
0.547
0.620
0.401
0.537

TABLE D.2: Parameter sets found using the multi-start CMA-ES algorithm for model M3,
reproduce experimental observations by Kim et al. (2013).

Model
Nig
Niz

Index
0
1

k_2

k2

2.852e-02  9.228e-05
2.748e-02  3.645e-04

k3

K3 Ky
0319 0.441 2489
0226 0611 0.859

k1
1.571e-02
1.222e-02

k1
2.399¢-03
3.714e-03

ks
5.142e-02
570.9

Ks &
2.541 0.338
1.006e-02  6.059e-02

d ke
1.066 0.613
0.178  8.336e-02

k—¢

1.455e-05
5.498e-03

=
5.717
9.212

w2
96.92
60.30

TABLE D.3: Parameter sets found using the multi-start CMA-ES algorithm for model N3
reproduce experimental observations by Kim et al. (2013).

Model
Ni3
Nz
Ni3
Nis
Ni3
Nis
Nis
Nis
Nig
Nis

Index
0

© N O Ul W N =

k—2

20.11
17.57
81.75
58.43
14.16
209.3
7.006
53.61
108.1
92.54

ko k3

0.529  12.29
0.300 12.03
1.094 1257
3.348 7315
0.104 10.81
1.004 27.76
0.290  78.80
0.344 2132

0.536  2.345e-02
0.134  1.088e-02

K3 Ky
1.711e-02  2.098
0.347 4.769
1.096 6.173
1.383 2.878
2.927e-02  0.629
0.521 1.020
1.093e-02  7.979
0.635 2.610
0.499 8.266e-02
0.173 1.030

k1 k—1
7.222 6222.6
7.239 18.93
11.26 2323
6.562 46.68
4.896 12.88
8170.2 70.42
3.792 359.5
3.339e-02 2758
314.1 33.04
175.6 13.26

ks
2.706
15732.0
5.053
0.621
11046.4
2.005e-02
448.4
536.5
377.0
2.206

Ks
1.565e-02
637.5
362.4
42.82
6932.5
4140.3
30.55
45.26
368.6
55.52

s

0.513
0.746
0.531
0.412
0.394
0.345
4.340e-02
0.103
5.686e-02
6.793e-02

d
119.2
5114
4149.2
62.24
20.94
362.6
3649.8
21.51
0.972
8.225

ke
642.7
12.06
13.98
18.99
1374.6
221.1
7.927
12.20
1094.6
104.6

k—¢
5847.0
27.03
82.81
167.2
6.932
5620.4
283.7

1.126e-05

43.26
36.20

P
15.98
20.00
18.47
19.21
15.47
13.69
19.82
17.66
19.88
19.79

wz

27.38
4276
94.67
84.06
4298
90.15
46.89
57.08
12.93
76.22

TABLE D.4: Parameter sets found using the multi-start CMA-ES algorithm for model N3
reproduce experimental observations by Li et al. (2012). Showing only 10 of 54 fits found.

Model
Nig
Nis
Nz
Ni3
Nis
Nis
Nis
Nis
Ni3
Nz
Ni3

Index

=0 0N Ul WN = O

S

ko ko
2850  0.407
6466 0153
18978  3.124
19.68  0.129
5587  0.560
1960 0442
3343 0129
1093 0.132
13.00  0.179
3104 0210
43699  60.35

k3

22.50
27.62
48.69
19.21
4391
693.8
41.69
22.45
5.936
63.46

K3
233.3
12.32
97.00
4.394
3330.7
141.1
950.1
12.24
46.16
178.0

182090.3  1755.4

K, ks k1
2690 3700  0.675
3578 1755 6328
3805 4259  86.84
87437 1269 2442
5033 2627 1926
11.72 1677  33.00
4415 0772 5926
7162 77814 4320
5263 8779 34338
161.0 10234 20.05
1478 34320 9959

ks
5.190e-02
28.50
11.44
0.311
1.680
0.394
8.164
0.441
2.690
0.328
2.214e-02

Ks

22.54
6.955e-02
0.301
48.00
4.134e-02
73.13
2.856e-02
1.423
0.114
40.21
474.8

s
0.626
0.615
0.348
0.754
0.374
0.790
0.987
0.306
0.519
0.843
0.891

d

6.295
40.77
46.16
10.82
4.310
74.72
5.651
7.679
6.377
40.69
685.6

ke

9.446
38.34
14.38
13.71
2091
12.23
20.31
54.98
4.479
38.93
911.8

k—6
11.74
1530.1
1807.1
5.605
196.3
110.8
34.82
91.37
12.19
2744.8
1704.1

=
19.82
20.00
19.84
19.83
19.97
19.61
19.77
19.95
19.79
20.00
19.97

w3

12.45
20.73
36.97
9.680
15.05
21.41
17.89
12.59
8.379
28.72
9.376

Aot

6.864
76.37
6.397
0.558

that

Atot

2.746
60.34
14.55
4.681
3.515

that

Atol
134.8
7358

that

Atot

22.62
12.88
71.59
6.867
1.492
14.84
19.49
2835
1.193
0.236

that

Agot

10.23
4.618
23.27
2.729
5225
15.80
4.752
0.638
9.459
20.15
20.67

TABLE D.5: Parameter sets found using the multi-start CMA-ES algorithm for model N3 that
reproduce experimental observations by Azzolin et al. (2014). Showing 10 of the 93 fits found.
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