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Abstract
The brain has developed a sophisticated hierarchical structure where information
is processed across multiple layers (Van Essen et al. 1992), which is critical for
forming abstraction from raw information. Inspired by this, modern machine
learning is largely built on deep artificial neural networks (LeCun, Bengio, et al.
2015), where neurons are organized in layers, and synaptic weights connect
neurons of different layers. One important piece of learning is to correct er-
rors in one’s predictions, and the hierarchical structure requires spreading the
errors in one’s predictions across multiple layers and neurons — creating the
core challenge of learning known as “credit assignment” (Lillicrap, Santoro,
et al. 2020). How the brain solves credit assignment is a key question to
understand learning and for creating artificial learning machines, and many
recent studies (Lillicrap, Santoro, et al. 2020; Richards, Lillicrap, et al. 2019;
Whittington and Bogacz 2019; Zipser and Andersen 1988; Singer et al. 2018;
Whittington, T. H. Muller, et al. 2020; Banino et al. 2018) approached it from
the perspective of backpropagation (Werbos 1974; Rumelhart et al. 1985; Parker
1985; LeCun, Bengio, et al. 2015). However, it has been questioned whether
it is possible for the brain to implement backpropagation exactly (Crick 1989;
Grossberg 1987), and learning in the brain seems to be more efficient than
backpropagation in several other critical aspects (Tsividis et al. 2017). On the
other hand, neuroscience researchers have developed many biologically plausible
models to solve the credit assignment problem (Rao and Ballard 1999; Whittington
and Bogacz 2017; Whittington and Bogacz 2019; Lillicrap, Santoro, et al. 2020).
However, biologically plausible models are still behind backpropagation in terms
of generalization and efficiency. The thesis is inspired by this mismatch: the brain
seems to be more advanced than backpropagation, while biologically plausible
models learn no better than machine learning models. Thus, the overall goal of
the thesis is to demonstrate biologically plausible models can inspire alternative
and potentially better solutions for credit assignment than backpropagation,
and we take inspiration mainly from predictive coding (PC). Specifically, I first
propose a variant of PC that is equivalent to backpropagation. I then propose
that the original PC has advantages over backpropagation, implementing a
fundamentally different principle from backpropagation, which I call “prospective
configuration”. Inspired by the above two findings, I finally propose another
variant of PC that is potentially more efficient than backpropagation and has
a similar generalization quality as backpropagation.
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Abstract

The brain has developed a sophisticated hierarchical structure where information
is processed across multiple layers (Van Essen et al. 1992), which is critical for
forming abstraction from raw information. Inspired by this, modern machine
learning is largely built on deep arti�cial neural networks (LeCun, Bengio, et al.
2015), where neurons are organized in layers, and synaptic weights connect neurons
of di�erent layers. One important piece of learning is to correct errors in one's
predictions, and the hierarchical structure requires spreading the errors in one's
predictions across multiple layers and neurons � creating the core challenge of
learning known as �credit assignment� (Lillicrap, Santoro, et al. 2020). How the
brain solves credit assignment is a key question to understand learning and for
creating arti�cial learning machines, and many recent studies (Lillicrap, Santoro,
et al. 2020; Richards, Lillicrap, et al. 2019; Whittington and Bogacz 2019; Zipser and
Andersen 1988; Singer et al. 2018; Whittington, T. H. Muller, et al. 2020; Banino
et al. 2018) approached it from the perspective of backpropagation (Werbos 1974;
Rumelhart et al. 1985; Parker 1985; LeCun, Bengio, et al. 2015). However, it has
been questioned whether it is possible for the brain to implement backpropagation
exactly (Crick 1989; Grossberg 1987), and learning in the brain seems to be more
e�cient than backpropagation in several other critical aspects (Tsividis et al. 2017).
On the other hand, neuroscience researchers have developed many biologically
plausible models to solve the credit assignment problem (Rao and Ballard 1999;
Whittington and Bogacz 2017; Whittington and Bogacz 2019; Lillicrap, Santoro,
et al. 2020). However, biologically plausible models are still behind backpropagation
in terms of generalization and e�ciency. The thesis is inspired by this mismatch: the
brain seems to be more advanced than backpropagation, while biologically plausible
models learn no better than machine learning models. Thus, the overall goal of the
thesis is to demonstrate biologically plausible models can inspire alternative and
potentially better solutions for credit assignment than backpropagation, and we
take inspiration mainly from predictive coding (PC). Speci�cally, I �rst propose a
variant of PC that is equivalent to backpropagation. I then propose that the original
PC has advantages over backpropagation, implementing a fundamentally di�erent
principle from backpropagation, which I call �prospective con�guration�. Inspired
by the above two �ndings, I �nally propose another variant of PC that is potentially
more e�cient than backpropagation and has a similar generalization quality as
backpropagation.
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x; • • • • • • • •Vector of all G;
8 speci�ed to layer ;.

w; • • • • • • • Matrix of all F ;
9–8speci�ed to layer ;.

m; • • • • • • • Matrix of all < ;
9–8speci�ed to layer ;.

x̂; • • • • • • • •Vector of all Ĝ;
8 speci�ed to layer ;.

9; • • • • • • • •Vector of Y;
8 speci�ed to layer ;.

Y • • • • • • • • A datapoint, containing sin and starget .

^ • • • • • • • •A set of x; of all layers in a network, unless de�ned to exclude
some layers in a particular context.

] • • • • • • • •A set of w; of all layers in a network, unless de�ned to exclude
some layers in a particular context.

S • • • • • • • A set of m; of all layers in a network, unless de�ned to exclude
some layers in a particular context.
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Mathematical Notations xiv

^̂ • • • • • • • •A set of x̂; of all layers in a network, unless de�ned to exclude
some layers in a particular context.

5¹º • • • • • • • Activation function.

50¹º • • • • • • •Derivative of 5¹º.

� ¹º • • • • • • • Energy function.

� ¹º • • • • • • • Loss function.

� • • • • • • • •The change of.

W • • • • • • • •Learning rate of relaxation in energy-based models.

T • • • • • • • •Total number of steps of relaxation in energy-based models.

V • • • • • • • •Learning rate of the iteration in Almeida-Pineda.

K • • • • • • • •Total number of steps of the iteration in Almeida-Pineda.

U • • • • • • • •learning rate.

O¹º • • • • • • • The time complexity of.

n • • • • • • • •A very small positive number.

In summary, I use the following notation throughout the thesis. Standard
weight letters (0) denote scalar quantities. Bold lower case letters (a) denote
vectors or matrices, the elements of which are0 of a speci�c layer ;. Bold upper
case letters (G) denote a set of vectors or matrices. Each elements inG is a in
di�erent layers of a network. I use superscripts to denote the variable belongs to
a speci�c layer ;, e.g., 0;

8 or a; . I use subscripts to denote speci�c elements of a
vector or matrix, e.g., 0;

8 or 0;
9–8. I use a second subscript to denote the time step

of relaxation in energy-based models, e.g.,0;
8–C.
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1
Introduction

The brain has developed a sophisticated hierarchical structure where information is

processed across multiple areas and layers (Van Essen et al. 1992). Such a hierarchical

structure is critical for the brain to e�ciently extract features from complex input

and form abstraction from raw information. Inspired by the hierarchical structure

of the brain, modern machine learning is largely built on the foundation of the

deep arti�cial neural networks (LeCun, Bengio, et al. 2015), where neurons are

organized in layers and synaptic weights connect neurons of di�erent layers. The

brain is constantly trying to make predictions about the world (Friston 2018).

For example, the brain may predict one modality (e.g., sound) from another (e.g.

vision) (O'reilly and Munakata 2000). Alternatively, the brain may predict the next

stimulus from a sequence of previous ones (Singer et al. 2018). Thus, at least one

important piece of learning is to correct errors in one's predictions, which is a result

of comparing one's prediction with a supervised signal (i.e., supervised learning,

or error-driven learning, since the learning is driven by the error in predictions).

The aforementioned hierarchical structure of the brain and deep arti�cial neural

networks requires spreading the errors in one's predictions across multiple areas,

layers, and neurons � creating the core challenge of learning known as �credit

assignment� (Lillicrap, Santoro, et al. 2020).

1
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How the brain solves credit assignment is a key question to understand learning

and for creating arti�cial learning machines, and many recent studies (Lillicrap,

Santoro, et al. 2020; Richards, Lillicrap, et al. 2019; Whittington and Bogacz

2019; Zipser and Andersen 1988; Singer et al. 2018; Cadieu et al. 2014; Yamins,

H. Hong, et al. 2014; Khaligh-Razavi and Kriegeskorte 2014; Yamins and DiCarlo

2016; Kell et al. 2018; Whittington, T. H. Muller, et al. 2020; Banino et al. 2018)

approached it from the perspective of backpropagation (Werbos 1974; Rumelhart

et al. 1985; Parker 1985; LeCun, Bengio, et al. 2015). Backpropagation, as a simple

yet e�ective model, is what underpins modern machine learning. Such emphasis on

backpropagation is placed by both neuroscientists and computer scientists mainly

because it is yet the only model that is capable of solving complex arti�cial problems

in various contexts such as speech, audio, visual, and action selection (Krizhevsky,

Sutskever, et al. 2012; He et al. 2016; Hannun et al. 2014; Vaswani et al. 2017; Mnih

et al. 2015; Silver et al. 2016). On the one hand, it has been questioned whether it is

possible for the brain to implement backpropagation exactly (Crick 1989; Grossberg

1987), and learning in the brain seems to be more e�cient than backpropagation

in several other critical aspects � for example, the brain can learn with much

fewer exposures (Tsividis et al. 2017). On the other hand, neuroscience researchers

have developed many other models to solve the credit assignment problem (Rao

and Ballard 1999; Whittington and Bogacz 2017; Whittington and Bogacz 2019;

Lillicrap, Santoro, et al. 2020). These models are inspired by various observations

from neuroscience studies, thus, are biologically plausible, i.e., they satisfy the

following constraints (quoted from page 199 in (Bogacz 2017)):

1. �Local computation: a neuron performs computations only on the basis of

the activity of its input neurons and synaptic weights associated with these

inputs (rather than information encoded in other parts of the circuit)�;

2. �Local plasticity: synaptic plasticity is only based on the activity of pre-

synaptic and post-synaptic neurons�.
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Figure 1.1: Performance in learning problems with biological constraints (y-axis) and
machine learning problems (x-axis), with biologically plausible models (red area) and
machine learning models (blue area).

I call such models biologically plausible models.

However, biologically plausible models are still behind backpropagation in terms

of generalization and e�ciency. Note that some of them have demonstrated a

similar level of generalization to backpropagation (Whittington and Bogacz 2017;

Song, Lukasiewicz, et al. 2020; Millidge et al. 2020a), however, they are still behind

backpropagation in terms of e�ciency). Thus, there is still a gap between machine

learning models (centered around backpropagation) and biologically plausible models

for current communities. Particularly, as shown in Figure 1.1:a, machine learning

models centered around backpropagation are learning better than biologically

plausible models in both machine learning problems (such as learning on a standard

image classi�cation dataset FashionMNIST (Xiao et al. 2017)) as well as learning

problems with biological constraints (such as learning on the same classi�cation

dataset but with fewer examples, with smaller architectures, with the necessity of

updating weights after each experience, and learning in changing environment).

Here, I separate the investigation of machine learning problems and learning

problems with biological constraints, because biological systems actually deal with

learning situations di�erent from the setup of machine learning problems, such as

learning with fewer data and smaller architectures. (more cases are investigated

in Chapter 4). Note that some work has demonstrated that biologically plausible

models approximate backpropagation closely in terms of generalization (Section 2.4),

i.e., the red area of biologically plausible models tangents with the black dot of

backpropagation in Figure 1.1:a.
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The thesis is inspired by the above mismatch: the brain seems to be more

advanced than backpropagation, while biologically plausible models learn no better

than machine learning models. Thus, the overall goal of the thesis is to demonstrate

biologically plausible models can inspire alternative and potentially better solutions

for the credit assignment than backpropagation.

Among these biologically plausible models, there is a large family called energy-

based models. The thesis focuses on this family of energy-based models, since

they have been used to successfully model information processing in di�erent brain

networks (Rao and Ballard 1999; Friston 2010; Hohwy et al. 2008; Auksztulewicz

and Friston 2016; Bastos et al. 2012). The thesis further places much attention

on one of the energy-based models: Predictive Coding Network (Rao and Ballard

1999; Whittington and Bogacz 2017; Buckley et al. 2017) (PC), because it is

widely used to describe information processing in the cortex (Rao and Ballard 1999;

Friston 2010; Hohwy et al. 2008; Auksztulewicz and Friston 2016). Furthermore,

it is established that PC is closely related to backpropagation (Whittington and

Bogacz 2017; Song, Lukasiewicz, et al. 2020; Millidge et al. 2020a), thus, providing

more insights into understanding the di�erence with backpropagation and making

a fair empirical comparison.

Speci�cally, the thesis �rst reviews the related models in Chapter 2, and

then takes three steps to close the gap between machine learning models and

biologically plausible models.

ˆ Firstly, I establish a connection of equivalence between biologically plausible

models (particularly, PC) and backpropagation in Chapter 3. Speci�cally, I

propose a variant of PC that produces the same updates of the neural weights

as backpropagation (i.e., biologically plausible models can be equivalent to

backpropagation). This chapter expands the area of biologically plausible

models to Figure 1.1:b, i.e., biologically plausible models can implement

exactly backpropagation. In the above chapter, the variant of PC that is
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equivalent to backpropagation applies constraints whose biological implemen-

tation is not clear yet, i.e., biologically plausible models can be equivalent to

backpropagation only with unrealistic constraints.

ˆ Secondly, I proposed that biologically plausible models without these unre-

alistic constraints (particularly, PC and other energy-based models) have

advantages over backpropagation in Chapter 4, implementing a fundamentally

di�erent principle that I call �prospective con�guration�. Prospective con�g-

uration is, compared to or in contrast with backpropagation, implemented

naturally in a large and well-established family of neural models with solid

biological groundings, conceptually more advanced from various perspectives,

empirically better in dealing with various learning problems with biological

constraints, and reproducing animal learning e�ects that cannot be explained

by backpropagation. This chapter expands the area of biologically plausible

models to Figure 1.1:c, i.e., biologically plausible models are superior to

backpropagation in learning problems with biological constraints.

ˆ Thirdly, inspired by the above two chapters, I propose another variant of PC

that (1) is potentially more e�cient than backpropagation, as it is easier to

parallelize, and that (2) has a similar generalization quality as backpropagation

on several image classi�cation tasks in Chapter 5. This chapter expands the

area of biologically plausible models to Figure 1.1:d, i.e., biologically plausible

models are superior to backpropagation in machine learning problems.
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4.3 De�nition of prospective con�guration with prospective index . 56
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This chapter reviews the models that are analyzed and extended in this thesis.

In the thesis, I will be mainly comparing four di�erent models: backpropagation,

Almeida-Pineda (Almeida 1990; F. Pineda 1987; F. J. Pineda 1988), Predictive

Coding Network (Rao and Ballard 1999; Whittington and Bogacz 2017; Buckley

et al. 2017) (PC) and GeneRec (O'Reilly 1996). I will review backpropagation

6
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and Almeida-Pineda in Section 2.1, because they are both backpropagation-based

models: they directly modify weights to minimize the error on the output neurons,

where errors are computed by comparing the activity of output neurons with the

target pattern. Then, in Section 2.2, I review PC and GeneRec, which are two

energy-based models: they �rst clamp the output neurons to the target, then change

the neural activity towards a con�guration that minimizes a de�ned energy function,

and �nally update the weights to further decrease the same energy function.

2.1 Backpropagation-based models

Backpropagation (Werbos 1974; Parken 1985; Rumelhart et al. 1986) is the main

principle underlying learning in deep arti�cial neural networks (LeCun, Bengio, et al.

2015). Growing evidence demonstrates that arti�cial neural networks trained with

backpropagation outperform alternative frameworks (Baldi and Sadowski 2016),

as well as closely reproduce activity patterns observed in the cortex (Zipser and

Andersen 1988; Lillicrap and Scott 2013; Cadieu et al. 2014; Yamins, H. Hong,

et al. 2014; Khaligh-Razavi and Kriegeskorte 2014; Yamins and DiCarlo 2016; Kell

et al. 2018; Banino et al. 2018; Whittington, T. Muller, et al. 2018), such as the

response properties of neurons in the posterior parietal cortex (Zipser and Andersen

1988) and primary motor cortex (Lillicrap and Scott 2013).

I now brie�y present di�erent backpropagation-based models. For all models, I

describe two stages, namely, (1) the prediction stage, when no supervision target

signal is present, and the goal is to use the current parameters and input signals

to make a prediction, and (2) the learning stage, when a supervision target signal

is present, and the goal is to update the current parameters.

2.1.1 Backpropagation

Arti�cial neural networks (Rumelhart et al. 1986) are organized in layers, with

multiple neuron-like value nodes in each layer as shown in Figure 2.1. Each

node gets input from a previous layer weighted by the strengths of the synaptic

connection and performs a nonlinear transformation of this input. The synaptic
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Figure 2.1: The di�erence between the architecture of backpropagation (i.e., feed-forward
network) and that of Almeida-Pineda (i.e., recurrent network).

weights connecting from layer; to layer ; ¸ 1 are indexed with ;, thus, the synaptic

weights are numbered from1 till ! and the neurons are numbered from1 (input

neurons) till ! ¸ 1 (output neurons). I denote byG;
8 the activity of the 8-th node

in the ;-th layer. Thus, the neural activity of each layer is computed from the

weights and activity of the previous layer:

G;
8 =

=; � 1Õ

9=1

F ;� 1
8– 95

�
G;� 1

9

�
(2.1)

where 5¹º is the activation function, F ;� 1
8– 9 is the weight from the 9C� node in

the ¹; � 1ºC� layer to the 8C� node in the ¹;ºC� layer, and =;� 1 is the number of

nodes in layer¹; � 1º. Note that, in this thesis, I consider only the case where

there are only weights as parameters and no bias values. This is due to that the

conclusions should generalize to the case with bias terms, thus, excluding bias

terms in the thesis simpli�es the presentation without loss of generality (as an

example of generalizing the conclusions in this thesis to the case with bias terms,

see Supplementary Material A.1 in (Song, Lukasiewicz, et al. 2020)).

Prediction Given values of the input

sin =

2
6
6
6
6
6
4

Bin
1
•••

Bin
=1

3
7
7
7
7
7
5

(2.2)

every G1
8 in the arti�cial neural network is set to the correspondingBin

8 , which

are values of the input, and then everyG! ¸ 1
8 is computed as the prediction via
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Equation (2.1). Prediction with backpropagation is given in detail in Algorithm 1,

where subscripts of indexes are removed and the notation is boldfaced to denote

the vector or matrix form of scalar variables. Speci�cally, I de�ne:

x; =

2
6
6
6
6
6
4

G;
1
•••

G;
=;

3
7
7
7
7
7
5

w; =

2
6
6
6
6
6
4

F ;
1–1 • • • F;

1–=;
•••

•••
•••

F ;
=;¸ 1–1

• • • F;
=;¸ 1–=;

3
7
7
7
7
7
5

(2.3)

Algorithm 1: Predict with backpropagation or Predictive Coding Net-
works (PC)

Input: input pattern sin ; synaptic weights
�
w1–w2–� � � –w!

	

Result: activity of output neurons x ! ¸ 1

1 x1 = sin ; // Clamp input neurons to input pattern
2 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Forward pass of the network
3 x;¸ 1 = w; 5

�
x; � ;

4 end

Learning Given a pair
�
sin–starget � from the training set, where

starget =

2
6
6
6
6
6
4

Btarget
1

•••
Btarget

=! ¸ 1

3
7
7
7
7
7
5

(2.4)

G! ¸ 1
8 is computed via Equation (2.1) from sin as input and compared with

starget via the following objective function � , the parameters of which are all

synaptic weights F:

� =
1
2

=! ¸ 1Õ

8=1

�
Btarget
8 � G! ¸ 1

8

� 2
(2.5)

Backpropagation updates the weights of the arti�cial neural network by:

� F ;� 1
8– 9= � U � m�•mF;� 1

8– 9= U� Y;
85

�
G;� 1

9

�
(2.6)
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whereUis the learning rate, andY;
8 = m�•mG;8 is theerror term. We can obtain the

error term Y;
8 for the output layer and recursive formula of error term in other layers:

Y;
8 =

(
Btarget
8 � G! ¸ 1

8 if ; = ! ¸ 1

50 �
G;

8

� Í =;¸ 1

: =1 Y;¸ 1
: F ;

:–8 if ; 2 f 1– • • • – !g
(2.7)

Learning with backpropagation is given in detail in Algorithm 2, whereU is the

learning rate for weights update,� denotes element-wise product. Speci�cally,

I additional de�ne:

9; =

2
6
6
6
6
6
4

Y;
1
•••

Y;
=;

3
7
7
7
7
7
5

(2.8)

Algorithm 2: Learn with backpropagation
Input: input pattern sin ; target pattern starget ; synaptic weights�

w1–w2–� � � –w!
	

Output: updated synaptic weights
�
w1–w2–� � � –w!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Forward pass of the network
3 x;¸ 1 = w; 5

�
x; � ;

4 end
5 9! ¸ 1 = starget � x ! ¸ 1 ; // Compute error of the output neurons
6 for ; = ! ¸ 1; ; ¡ 2; ; = ; � 1 do // Backpropagation of error

7 9;� 1 = 50 �
x;� 1�

�
� �

w;� 1� ) 9;
�
;

8 end
9 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights

10 � w; = U9;¸ 1 �
5

�
x; � � ) ;

11 w; = w; ¸ � w; ;
12 end

2.1.2 Almeida-Pineda

As demonstrated in Figure 2.1, backpropagation works in a network where prediction

is made from the input through a series of forwarding weights
�
w1–w2–� � � –w!

	

(Figure 2.1:a), thus called feed-forward network; Almeida-Pineda (Almeida 1990;

F. Pineda 1987; F. J. Pineda 1988) works in a network where prediction is made
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from input through a mixture of forwarding weights
�
w1–w2–� � � –w!

	
and backward

weights
�
m1–m2–� � � –m!

	
(Figure 2.1:b), and is thus called a recurrent network.

The forward weights
�
w1–w2–� � � –w!

	
and backward weights

�
m1–m2–� � � –m!

	
are

not necessarily related. A recurrent network is an interesting architecture because the

connections between areas in the brain are also bi-directional (Van Essen et al. 1992).

When I distinguish feed-forward and recurrent networks, I consider the weights

that are used to make a prediction: backpropagation uses only forward weights

to make a prediction (Algorithm 1), while Almeida-Pineda uses both forward and

backward weights to make a prediction (Algorithm 3).

Backpropagation-based learning in recurrent networks (Figure 2.1:b) is not

described by standard backpropagation, but a modi�ed version proposed by Almeida

and Pineda (Almeida 1990; F. Pineda 1987; F. J. Pineda 1988) (thus called

Almeida-Pineda).

Note that in some papers studying asymmetric forward and backward weights

(i.e., the recurrent network), they studied fully-connected networks, where the input

and output of a weight matrix w is the same set of neurons, so the asymmetric

forward and backward weights are represented byF8– 9< F 9–8. Here, I study a

layered network, where the input and output of a weight matrixw; are two sets

of neurons at the current layerx; and a later layerx;¸ 1. Thus, I de�ne two sets of

weights for Almeida-Pineda as well as GeneRec to be reviewed later that works in

the recurrent network: w; is the forward weights connecting fromx; to x;¸ 1; m;

is the backward weights connecting fromx;¸ 1 to x; .

Almeida-Pineda requires an additional iterative process to propagate error,

V and K are the learning rate and the total number of steps of this iterative

process, respectively.

Prediction Prediction with Almeida-Pineda is given in Algorithm 3. The key

idea is that since there are both forwardw; and backwardm; connections, neural

activity x; can no longer be calculated recursively as it is done in Equation(2.1).

Instead, neural activity x; is updated iteratively so that it satis�es the input from
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Algorithm 3: Predict with Almeida-Pineda or GeneRec
Input: input pattern sin ; forward and backward synaptic weights�

w1–w2–� � � –w!
	

and
�
m1–m2–� � � –m!

	

Result: activity of output neurons x ! ¸ 1

1 x1 = sin ; // Clamp input neurons to input pattern
2 for ; = 2; ; Ÿ ! ¸ 2; ; = ; ¸ 1 do // Initialize x
3 x; = 0;
4 end
5 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
6 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
7 � x; = W

�
� x; ¸ m; 50 �

x;¸ 1�
¸ w;� 1 50 �

x;� 1� �
;

8 x; = x; ¸ � x; ;
9 end

10 � x ! ¸ 1 = W
�
� x ! ¸ 1 ¸ w! 50 �

x ! � �
;

11 x ! ¸ 1 = x ! ¸ 1 ¸ � x ! ¸ 1;
12 end

both forward w; and backwardm; connections. For detailed derivations, one can

refer to (Almeida 1990; F. Pineda 1987; F. J. Pineda 1988).

Learning Learning with Almeida-Pineda is given in Algorithm 4. The key idea is

that since there are both forwardw; and backwardm; connections, the error terms

9; can no longer be calculated recursively as it is done in Equation(2.7). Instead,

the error terms 9; are updated iteratively so that it satis�es the backpropagated

error from both forward w; and backwardm; connections. For detailed derivations,

one can refer to (Almeida 1990; F. Pineda 1987; F. J. Pineda 1988).

Note that learning with Almeida-Pineda involves relaxation of the model, i.e.,

moving neuron activity, in lines 5-12 of Algorithm 4. However, this iterative

process is for the purpose of making a prediction, instead of propagating the

error or updating the weights, similar to the function of forwarding the model in

backpropagation in lines 2-4 of Algorithm 2. The neuron activity is then �xed

during the spreading of error, like in backpropagation. Thus, Almeida-Pineda is

a backpropagation-based model instead of an energy-based model (which moves

neural activity during the spreading of error).
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Algorithm 4: Learn with Almeida-Pineda
Input: input pattern sin ; target pattern starget ; forward and backward

synaptic weights
�
w1–w2–� � � –w!

	
and

�
m1–m2–� � � –m!

	

Output: updated forward and backward synaptic weights�
w1–w2–� � � –w!

	
and

�
m1–m2–� � � –m!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 for ; = 2; ; Ÿ ! ¸ 2; ; = ; ¸ 1 do // Initialize x
3 x; = 0;
4 end
5 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
6 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
7 � x; = W

�
� x; ¸ m; 50 �

x;¸ 1�
¸ w;� 1 50 �

x;� 1� �
;

8 x; = x; ¸ � x; ;
9 end

10 � x ! ¸ 1 = W
�
� x ! ¸ 1 ¸ w! 50 �

x ! � �
;

11 x ! ¸ 1 = x ! ¸ 1 ¸ � x ! ¸ 1;
12 end
13 9! ¸ 1 = starget � x ! ¸ 1 ; // Compute error of the output neurons
14 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Initialize 9
15 9; = 0;
16 end
17 for C= 1; C ŸK ¸ 1; C= Ç 1 do // Backpropagation of error
18 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
19 � 9; = V

�
� 9; ¸ 50 �

x; � �
�
m;9;¸ 1�

¸ 50 �
x; � �

�
w;� 19;� 1� �

;
20 9; = 9; ¸ � 9; ;
21 end
22 � 91 = V

�
� 91 ¸ 50 �

x1�
�

�
m192� �

;
23 91 = 91 ¸ � 91;
24 end
25 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights
26 � w; = U9;¸ 1 �

5
�
x; � � ) ;

27 w; = w; ¸ � w; ;

28 � m; = U9; �
5

�
x;¸ 1� � ) ;

29 m; = m; ¸ � m; ;
30 end
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2.1.3 Biological implausibility

Backpropagation-based models have long been criticized for their biological implau-

sibility (i.e., their computational procedures and principles are unrealistic to be

implemented in the brain) (Grossberg 1987; Crick 1989; Abdelghani et al. 2008;

Lillicrap, Cownden, et al. 2016; Roelfsema and Holtmaat 2018; Whittington and

Bogacz 2019). Such Biological implausibilities are reviewed in (Grossberg 1982;

Rao and Ballard 1999; Huang and Rao 2011; Bengio, Lee, et al. 2015), the most

crucial and most intensively studied gaps are (1) backpropagation's lack of local

plasticity, i.e., weights updates in backpropagation require information that is not

locally available, while in biologically plausible models weights are typically modi�ed

only on the basis of activities of two neurons (connected via synapses), and (2)

backpropagation's lack of autonomy, i.e., backpropagation requires some external

control over the network (e.g., to switch between prediction and learning), while

biologically plausible models work autonomously.

In contrast, energy-based models are a well-established family of models with

solid biological groundings, resolving the above two aspects of biological implausibil-

ity.

However, there are other biological implausibilities for backpropagation-based

models that this thesis does not address. In other words, predictive coding models

investigated in the thesis as well as some other energy-based models, are biologically

implausible just as backpropagation-based models in these aspects.

First, backpropagation is criticized for backward connections that are symmetric

to forward connections in adjacent layers. A common way to remove the backward

connections (Seung 2003; Werfel et al. 2004; Lillicrap, Cownden, et al. 2016;

Scellier and Bengio 2017; Lansdell et al. 2019) is based on the idea of zeroth-order

optimization (Shamir 2017; Golovin et al. 2019), where weights can randomly

introduce perturbation, and use unspeci�c feedback signals to observe their e�ect

on the objective function and thus approximate their gradient. However, such

methods need many trials depending on the number of weights (Spall 1992; Werfel

et al. 2004) Such �weight perturbation� methods can be further improved by
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perturbing the outputs of the neurons instead of the weights (Mazzoni et al. 1991;

Flower and Jabri 1993). Admitting the existence of backward connections, more

recent works show that asymmetric connections are able to produce a comparable

performance (Nøkland 2016; Liao et al. 2016; Amit 2019). In the predictive coding

models (PC, Z-PC, A-Z-PC, and PPC), the errors are backpropagated by correct

weights, because the model includes feedback connections that also learn. The

weight modi�cation rules for corresponding feedforward and feedback weights are

the same, which ensures that they remain equal if initialized to equal values (see

(Whittington and Bogacz 2017)). However, predictive coding models in this thesis

do not completely resolve this issue, i.e., the models in this thesis do not use random

initialized asymmetric forward and backward weights.

Second, backpropagation is also criticized for using unrealistic models of (non-

spiking) neurons. Backpropagation has recently been generalized to spiking neu-

rons (Zenke and Ganguli 2018). This thesis is orthogonal to the above, i.e., we still

use symmetric backward connections and do not consider spiking neurons.

Also, biological plausibility can be discussed at multiple levels. This thesis

discusses it at the level of layers of neurons, in other words, we model neural

activities as vectors of continuous values and weight as matrixes of continuous

values, and the computation between them as simple vector-matrix multiplication.

Another level of discussing biological plausibility is at the level of cells: studying

how particles or potentials at di�erent places in a cell represent these computational

quantities. This thesis does not give an answer of biological plausibility at this level.

2.2 Energy-based models

Backpropagation-based models directly modify weights to minimize the error on

the output neurons from the target pattern. While energy-based models, a well-

established family of neuroscience models (Hop�eld 1982; Friston 2005), �rst clamp

the output neurons to the target, then change the neural activity towards a

con�guration that minimizes a de�ned energy function, and �nally update the

weights to further decrease the same energy function.



2. Preliminaries 16

Energy-based models were originally proposed for associative memory tasks,

which is to store and retrieve patterns, preferably in a way that allows one to

recover stored patterns quickly with a low error rate. The basic idea of the energy-

based models is to construct an energy function that de�nes an energy landscape

containing basins of attraction around patterns one wants to store. Starting at any

pattern, we want to have an update rule pointing towards the closest stored pattern,

guided by a scalar �closeness� score provided by the energy function (Bal 2020).

Predictive Coding Network (Rao and Ballard 1999; Whittington and Bogacz

2017; Buckley et al. 2017) (PC) and GeneRec (O'Reilly 1996) are the two energy-

based models I investigate. Speci�cally, PC is compared against backpropagation

in later chapters, because it has been established that PC is closely related to

backpropagation (Song, Lukasiewicz, et al. 2020) and they make the same prediction

with the same weights and input pattern (Whittington and Bogacz 2017). Therefore

the simulation of prediction in these two models is the same (Algorithm 1). However,

they learn di�erently (c.f. Algorithms 2 and 5).

The other energy-based model, GeneRec (O'Reilly 1996), describes learning

in recurrent networks, and backpropagation-based learning in this architecture is

not described by standard backpropagation, but by Almeida-Pineda as reviewed

in Section 2.1.2. In other words, GeneRec should not be compared against

backpropagation since they make di�erent predictions with the same weights

and input pattern; in contrast, GeneRec should be compared against Almeida-

Pineda because they make the same prediction with the same weights and input

pattern (O'Reilly 1996). Therefore I simulated prediction in these two models in

the same way (Algorithm 3). But they learn di�erently (c.f. Algorithms 4 and 6).

In summary, PC and backpropagation are energy-based and backpropagation-based

models working in feed-forward network architecture, respectively; GeneRec and

Almeida-Pineda are energy-based and backpropagation-based models working in

recurrent network architecture, respectively.

In the thesis, I place more attention on one of the energy-based models, PC,

because it is widely used to describe information processing in the cortex (Rao and
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Ballard 1999; Friston 2010; Hohwy et al. 2008; Auksztulewicz and Friston 2016) and

only relies on local Hebbian plasticity (Rao and Ballard 1999). Furthermore, it is

established that PC is closely related to backpropagation (Whittington and Bogacz

2017; Song, Lukasiewicz, et al. 2020; Millidge et al. 2020a), thus, making a fair

comparison. Nevertheless, I show the �ndings generalize to the other energy-

based model GeneRec.

2.2.1 Predictive coding networks

Predictive Coding Network (Rao and Ballard 1999; Whittington and Bogacz 2017;

Buckley et al. 2017) (PC) is a widely used model of information processing in the

brain, originally developed for unsupervised learning (Rao and Ballard 1999). The

general principles of PC are: (i) the brain is organized into a hierarchy of areas;

(ii) each area generates predictions for the activity at a lower level, (iii) prediction

errors drive relaxation and learning. For more details on the general principles of

PC see (Friston 2010). In (Rao and Ballard 1999), the input pattern is provided

to the lower level of the hierarchy of the network (in the convention of this thesis,

; = ! ¸ 1) and they consider unsupervised learning problems so no target pattern is

presented. It has recently been shown that when �reversing the input and output

ends� of PC in (Rao and Ballard 1999): providing input pattern to the higher

level of hierarchy (; = ! ¸ 1) and target pattern to the lower level (; = 1), it can

be used for supervised learning (Whittington and Bogacz 2017). Since I focus on

supervised learning in the thesis, I will be discussing the PC for supervised learning,

thus, the PC in (Whittington and Bogacz 2017).

Similar as backpropagation, in PC, the inputĜof the neurons at layer; is

computed from the activity Gof the neuron at layer; � 1 via weights F:

Ĝ;
8 =

=; � 1Õ

9=1

F ;� 1
8– 95

�
G;� 1

9

�
(2.9)

For backpropagation networks, the activityGof the neuron is set to its inputĜ

(thus, Equation (2.1)). For PC (as well as other energy-based models), however,
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Figure 2.2: Standard neural implementation of PC.

the activity Gof the neuron is not set to its inputĜ. Particularly, for PC, an error

Y is de�ned between the activity Gand the input Ĝof the neuron:

Y;
8 = G;

8 � Ĝ;
8 (2.10)

The energy� of PC is de�ned to be the sum of the squares of the errorY (i.e.,

the energy of errorY) of all neurons at all layers except the input layer; = 1:

� =
! ¸ 1Õ

;=2

=;Õ

8=1

1
2

�
Y;

8

� 2
(2.11)

For energy-based models, relaxation changes the activityGof a neuron to decrease

the energy, i.e., in proportion to the negative of the gradient of the energy function� :

� G;
8 = � W� m� •mG;8 (2.12)

=

8>>>>>><

>>>>>>
:

0 if ; = 1

W�
�
� Y;

8 ¸ 50 �
G;

8

� Í =;¸ 1

: =1 Y;¸ 1
: F ;

:–8

�
if ; 2 f 2– • • • – !g

W�
�
� Y;

8

�
if ; = ! ¸ 1 during prediction

0 if ; = ! ¸ 1 during learning

(2.13)

whereWis the learning rate of relaxation in energy-based models. Detailed deriva-

tion from Equation from (2.12) to (2.13) is given in previous work (Whittington

and Bogacz 2017) as well as in the following section.

A standard neural implementation of PC is presented in Figure 2.2. Red nodes

compute prediction errorsY according to Equation(2.10); blue nodes encode values

Gand their dynamics are described by Equation(2.13).



2. Preliminaries 19

Prediction During prediction, only input neurons are �xed to the input signals,

and the value nodes are updated according to Equation(2.13). The value nodes

G;
8 will converge to their predictionsĜ;

8, thus, prediction with PC is the same as

that of backpropagation and is given in Algorithm 1.

Learning During learning both input and output neurons are �xed to the input

and target signals, value nodes are updated according to Equation(2.13), after

convergence, and the energy can no longer be decreased by changing neural activity,

the weights F are modi�ed to decrease energy� :

� F ;� 1
8– 9= � U � m� •mF;� 1

8– 9 (2.14)

= U� Y;
85

�
G;� 1

9

�
(2.15)

where U is the learning rate. Detailed derivation from Equation from(2.14)

to (2.15) is given in previous work (Whittington and Bogacz 2017) as well as

in the following section.

Learning with PC is given in Algorithm 5, whereT is the total number of steps

of relaxation in energy-based models. Speci�cally, I additional de�ne:

x̂; =

2
6
6
6
6
6
4

Ĝ;
1
•••

Ĝ;
=;

3
7
7
7
7
7
5

(2.16)

Derivation of networks dynamics and synaptic plasticity This section

gives

ˆ derivation of the networks dynamics of PC, i.e., derivation from Equation;

(2.12) to (2.13)

ˆ derivation of the synaptic plasticity of PC, i.e., derivation from (2.14) to

(2.15).
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Algorithm 5: Learn with Predictive Coding Networks (PC)

Input: input pattern sin ; target pattern starget ; synaptic weights�
w1–w2–� � � –w!

	

Output: updated synaptic weights
�
w1–w2–� � � –w!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 x ! ¸ 1 = starget ; // Clamp output neurons to target pattern
3 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Initialize x
4 x; = 0;
5 end
6 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
7 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
8 x̂;¸ 1 = w; 5

�
x; � ; // according to Equation (2.9)

9 9;¸ 1 = x;¸ 1 � x̂;¸ 1 ; // according to Equation (2.10)
10 end
11 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do

12 � x; = W
�
� 9; ¸ 50 �

x; � �
� �

w; � ) 9;¸ 1
� �

; // according to

Equation (2.13)
13 x; = x; ¸ � x; ;
14 end
15 end
16 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights
17 � w; = U9;¸ 1 �

5
�
x; � � ) ;

18 w; = w; ¸ � w; ;
19 end

Detailed derivations can also be found in previous works (Whittington and Bogacz

2017). Here I write the derivations in matrix and vector form. In later chapters, I

will refer to some of the derivations given here. I can then write Equation(2.9),

(2.10) and (2.11) in matrix/vector form as follows:

x̂; = w;� 1 5
�
x;� 1

�
(2.17)

9; = x; � x̂; (2.18)

� =
! ¸ 1Õ

;=2

1
2

� �
9;

� )
9;

�
(2.19)
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Derivation from Equation (2.12) to (2.13) is as follows:

� x; = � W
m�
mx;

= � W
m1

2

� �
9; � ) 9;

�
¸ 1

2

� �
9;¸ 1� ) 9;¸ 1

�

mx;
(2.20)

= W
�
�

�
x; � w;� 1 5

�
x;� 1

� �
¸ 50

�
x;

�
�

� �
w;

� ) �
x;¸ 1 � w; 5

�
x;

� � � �

= W
�
� 9; ¸ 50

�
x;

�
�

� �
w;

� )
9;¸ 1

� �
(2.21)

Derivation from Equation (2.14) to (2.15) is as follows:

� w;� 1 = � U
m�

mw;� 1
= � U

m1
2

� �
9; � ) 9;

�

mx;

= U
�
x; � w;� 1 5

�
x;� 1

� � �
5

�
x;� 1

� � )

= U9;
�
5

�
x;� 1

� � )
(2.22)

Limitations of PC Some features of PC are argued to be inconsistent with known

properties of biological networks. But it has recently been shown that variants of PC

can be developed without these implausible elements. Besides, these variants of PC

still retain high classi�cation performance. The �rst unrealistic feature is one-to-one

connections between value and error nodes (Fig. 2.2). However, it has been proposed

that errors can be represented in apical dendrites of cortical neurons (Sacramento

et al. 2018), and the equations of PC can be mapped on such an architecture (Whit-

tington and Bogacz 2019). Alternatively, it has been demonstrated how these

one-to-one connections can be replaced by dense connections (Millidge et al. 2020b).

The other two unrealistic features of PC are symmetric forward-backward weights

and non-linear functions a�ecting only some outputs of the neurons. Nevertheless,

it has been demonstrated that these features may be removed without signi�cantly

a�ecting the classi�cation performance (Millidge et al. 2020b).
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2.2.2 GeneRec

GeneRec (O'Reilly 1996) was the �rst biologically-plausible model that approxi-

mates a backpropagation-based model (particularly, Almeida-Pineda) in supervised

learning. It is also closely related to Hop�eld networks since it uses Hop�eld

energy. However, Hop�eld networks were proposed and used for associative memory.

Hop�eld networks as associative memories can be traced back to (Hop�eld 1982),

a model also known as the classical discrete Hop�eld networks. Hop�eld later

developed a continuous version of the classical discrete Hop�eld networks (Hop�eld

1984). Recently, modern discrete Hop�eld networks (also known as dense associative

memories) were introduced to improve pattern storage capacity and pattern separa-

tion capabilities of associative memory (Krotov and Hop�eld 2016; Demircigil et al.

2017). Since machine learning applications are tailored to work with continuous

embeddings (vector representations) rather than discrete patterns, most recent

work focuses more on the Hop�eld networks with continuous embeddings (Soto

et al. 2016; Ramsauer et al. 2020).

Since the thesis investigates supervised learning, I review GeneRec, which is,

as stated, an energy-based model for supervised learning using Hop�eld energy.

In contrast to PC, which describes learning in a feed-forward network, GeneRec

describes learning in recurrent networks. Thus, it is the energy-based model that

corresponds to the backpropagation-based model Almeida-Pineda, as demonstrated

in (O'Reilly 1996).

Recent works (Bengio and Fischer 2015; Bengio, Mesnard, et al. 2015) study

a model closely related to GeneRec, called �a kind of Hop�eld energy model� in

(Scellier and Bengio 2017). In particular, they investigated how part of the model

resembles backpropagation when the backward weights are the transposes of the

forward weights m; =
�
w; � ) (or for a fully-connected network in their context

F8– 9= F 9–8), and how an extreme version of the model approximate backpropaga-

tion (Scellier and Bengio 2017). Such connections are reviewed in Section 2.4.
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Prediction During the prediction of GeneRec, only input neuronsG1
8 are �xed

to the input pattern Bin
8 , and neural activities are updated to minimize its energy

function (i.e., relaxation). Since GeneRec works in recurrent networks, prediction

with GeneRec is given in Algorithm 3, which is the same as that of Almeida-Pineda.

Learning Once the activities of the neurons converge after relaxation in prediction,

GeneRec updates the weights to increase the energy (known as the �negative phase�

of learning, also known as the anti-Hebbian weight modi�cation). Then, input

G1
8 and output G! ¸ 1

8 neurons are clamped to inputBin
8 and target Btarget

8 patterns,

respectively. Neural activities are then updated to minimize their energy function

(i.e., relaxation). Once the activities of the neurons converge again, GeneRec updates

the weights to decrease the energy (known as the �positive phase� of learning, also

known as the Hebbian weight modi�cation). Learning with GeneRec is given in

Algorithm 6 and explained in detail in (O'Reilly 1996).

Algorithms in (Bengio and Fischer 2015; Bengio, Mesnard, et al. 2015) are

closely related to GeneRec as mentioned, since the focus of the thesis is PC and

backpropagation, they are not reviewed or investigated in the thesis.

2.3 Training with mini-batches

All models are simulated in mini-batch mode for a higher e�ciency (Robbins and

Monro 1951; Kiefer and Wolfowitz 1952; Bottou et al. 2018). That is to say, one

iteration is to update the weights for one step on a mini-batch of data randomly

sampled from the training set for classi�cation tasks. The above sampling is without

replacement, i.e., the same examples will not be sampled again before the completion

of an epoch, which is when the entire training set has been sampled once. For

example, considering a dataset of1000examples having a batch-size (number of

examples in a mini-batch) of10and each iteration would update weights for one step

on 10 examples, it will take100such iterations to complete one epoch. If the dataset

contains only1 example or the number of examples in a dataset is the same as the

batch-size, iteration and epoch are the same. To implement the Algorithms 1 to 6
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Algorithm 6: Learn with GeneRec
Input: input pattern sin ; target pattern starget ; forward and backward

synaptic weights
�
w1–w2–� � � –w!

	
and

�
m1–m2–� � � –m!

	

Output: updated forward and backward synaptic weights�
w1–w2–� � � –w!

	
and

�
m1–m2–� � � –m!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 for ; = 2; ; Ÿ ! ¸ 2; ; = ; ¸ 1 do // Initialize x
3 x; = 0;
4 end
5 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
6 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
7 � x; = W

�
� x; ¸ m; 50 �

x;¸ 1�
¸ w;� 1 50 �

x;� 1� �
;

8 x; = x; ¸ � x; ;
9 end

10 � x ! ¸ 1 = W
�
� x ! ¸ 1 ¸ w! 50 �

x ! � �
;

11 x ! ¸ 1 = x ! ¸ 1 ¸ � x ! ¸ 1;
12 end
13 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights (negative phase)
14 � w; = � U 5

�
x;¸ 1� �

5
�
x; � � ) ;

15 w; = w; ¸ � w; ;

16 � m; = � U 5
�
x; � �

5
�
x;¸ 1� � ) ;

17 m; = m; ¸ � m; ;
18 end
19 x ! ¸ 1 = starget ; // Clamp output neurons to target pattern
20 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
21 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
22 � x; = W

�
� x; ¸ m; 50 �

x;¸ 1�
¸ w;� 1 50 �

x;� 1� �
;

23 x; = x; ¸ � x; ;
24 end
25 end
26 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights (positive phase)
27 � w; = U 5

�
x;¸ 1� �

5
�
x; � � ) ;

28 w; = w; ¸ � w; ;

29 � m; = U 5
�
x; � �

5
�
x;¸ 1� � ) ;

30 m; = m; ¸ � m; ;
31 end
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described below in mini-batch mode, one can simply add an extra dimension, the

size of which is batch-size, to all the neuron-speci�c vectors in the algorithms such

as x; , x̂; , and 9; , then reduce this dimension by summing over it when computing

weight update � w; (and � m; if the models are GeneRec or Almeida-Pineda).

2.4 Connection between backpropagation-based
and energy-based models

Recent works (Bengio and Fischer 2015; Bengio, Mesnard, et al. 2015) show how part

of the GeneRec model resembles to backpropagation when the backward weights are

the transposes of the forward weightsm; =
�
w; � ) (or for a fully-connected network

in their context F8– 9= F 9–8), and how the extreme version of GeneRec approximate

backpropagation (Bengio and Fischer 2015; Scellier and Bengio 2017). Similar

connections have also been made for PC that PC approximates backpropagation

in its extreme versions (Whittington and Bogacz 2017; Song, Lukasiewicz, et al.

2020; Millidge et al. 2020a). This section reviews the literature building connections

between energy-based and backpropagation-based models.

They can be summarized as that the energy-based models approximate back-

propagation in the following two conditions:

1. Insu�cient relaxation: update of the weights is conducted at the very start of

relaxation instead of at relaxation convergence. Such condition is demonstrated

for both GeneRec (Bengio and Fischer 2015) and PC (Chapter 3);

2. Weakly supervised signal: the supervised signal is in�nitely weak, i.e., the

provided target pattern is in�nitely close to the prediction of the model

already (Whittington and Bogacz 2017; Millidge et al. 2020a; Scellier and

Bengio 2017). This condition is demonstrated for both GeneRec and PC.

Such condition is also generalized to a general energy function (Scellier and

Bengio 2017).

I review these works in detail in the following.
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2.4.1 Insu�cient relaxation

In GeneRec

A recent paper (Bengio and Fischer 2015) shows that the early steps of relaxation

(called inference in the paper) in GeneRec, starting from the equilibrium point

(called stationary point in the paper), approximate the propagation of gradient,

i.e., approximate backpropagation. The two key conditions need to be satis�ed

for the approximation to hold:

ˆ Starting from the equilibrium point

ˆ The early steps of relaxation

Starting from the equilibrium point means that the hidden neurons are at their

equilibrium, i.e., neural activity has been relaxed to minimize the energy function.

Then, once the output neurons are clamped to the target pattern, by relaxing

the neural activity, the neural activity will diverge from its equilibrium point.

Most importantly, a hidden neuron will not diverge from its equilibrium point

immediately after the output neuron is clamped to the target pattern, instead,

neurons at layers closer to the output neurons diverge from their equilibrium points

�rst. Thus, neurons will diverge from their equilibrium points starting from the time

depending on how far away they are from the output neurons: a behavior resembles

backpropagation where gradient backpropagates from the output layer into the

network layer by layer. The key �nding in (Bengio and Fischer 2015) is that the

�rst time a hidden neuron diverges from its equilibrium point, i.e., being perturbed,

the direction of such perturbation approximates the backpropagation gradient.

In PC

In this thesis, Chapter 3 presents that such a general idea applies to PC as well

(resulting in a variant of PC called Z-PC): the very �rst time the perturbation

caused by clamping output neurons to the target pattern reaches a hidden neu-

ron, the hidden neuron moves towards the direction of backpropagation gradient.



2. Preliminaries 27

Importantly, Z-PC presented in Chapter 3 is mathematically strictly equivalent

to backpropagation instead of being an approximation.

2.4.2 Weakly supervised signal

A more widely studied perspective of links between backpropagation-based and

energy-based models is when the supervised signal is in�nitely weak.

In PC

This section reviews the literature demonstrating that PC approximates backprop-

agation when the supervised signal is in�nitely weak.

To reveal such an approximation, I �rst demonstrate the relationship between

Y;
8 of di�erent layers ;, which will show that Y;

8 at the equilibrium of relaxation

during learning can be expressed in a recursive formula like the recursive formula

of backpropagation (Equation(2.7)) I can solve the �xed point of the dynamic of

the neural activity of PC, i.e., setting the left side of Equation(2.13) and solve for

Y;
8 and Y;¸ 1

: . The solution of Y;
8 and Y;¸ 1

: are denoted byY;
8–T and Y;¸ 1

:–T , respectively,

because they are the equilibrium at relaxation stepC= T . Similarly, subscript

T has been added to other notations as they are the variables at equilibrium

at relaxation step C = T :

� G;
8–T = 0 =) W� ©

­
«

� Y;
8–T ¸ 50

�
G;

8–T

� =;¸ 1Õ

: =1

Y;¸ 1
:–T F ;

:–8
ª
®
¬

= 0 (2.23)

=) � Y;
8–T ¸ 50

�
G;

8–T

� =;¸ 1Õ

: =1

Y;¸ 1
:–T F ;

:–8= 0 (2.24)

=) Y;
8–T = 50

�
G;

8–T

� =;¸ 1Õ

: =1

Y;¸ 1
:–T F ;

:–8 (2.25)

Obviously, if PC makes a perfect prediction, i.e., errorY;
8–T is zero at every

layer: G;
8–T = Ĝ;

8–T , the above equation is the same as the recursive formula of error

in backpropagation: Equation (2.7).
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The above �ndings motivate the results in (Whittington and Bogacz 2017).

Speci�cally, they stated three closely related conditions under which PC approx-

imates backpropagation:

ˆ First, when a PC is trained such that it correctly predicts the output training

samples, then the equation of updating weights for PC is the same as that

of BP. In particular, the change in weights is equal to 0; thus, the weights

resulting in perfect prediction are a shared �xed point for PC and BP.

ˆ Second, if the predictionG! ¸ 1
8–T is in�nitely close to the target pattern Btarget

8 ,

error Y;
8–T is in�nitely small: G;

8–T approximatesĜ;
8–T , and the error term in

PC at equilibrium during training, i.e., Equation (2.25) approximates the

recursive formula of error in backpropagation, i.e., Equation (2.7).

ˆ Thirdly, in (Whittington and Bogacz 2017) there are additional parameters

� ;
8 (whose inverses determine the in�uence of corresponding error termsY;

8 on

network dynamics). When the value of parameters� ! ¸ 1
8 is increased relative

to other � ;
8, the impact of �xing G! ¸ 1

8 on the activity of other nodes is reduced,

becauseY! ¸ 1
8 becomes smaller and its in�uence on the activity of other nodes

is reduced.

Recent work (Millidge et al. 2020a) further scales the above result of equiv-

alence to any computational graphs, motivated by the fact that the power of

backpropagation lies not in its instantiation in MLP (Multi-Layer Perceptron),

but rather in the automatic di�erentiation which allows for the optimization of

any di�erentiable program expressed as a computation graph (thus, complex and

powerful architectures such as CNN, RNN, and LSTMs). They demonstrate that

PC converges asymptotically (and in practice rapidly) to backpropagation on

arbitrary computation graphs. However, the scope of this thesis is limited to MLP,

and provides insights into how PC connects to backpropagation in an alternative

way (Chapter 3); how PC is fundamentally di�erent from and more �clever� than

backpropagation (Chapter 4); and how PC inspires a potentially more e�cient

alternative to backpropagation (Chapter 5).
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A general form demonstrated with GeneRec

The above works on showing PC approximate backpropagation with a weakly

supervised signal are uni�ed in the equilibrium propagation theory (Scellier and

Bengio 2017). The equilibrium propagation theory (Scellier and Bengio 2017) uses

an example of a model (Bengio and Fischer 2015; Bengio, Mesnard, et al. 2015)

minimizing the Hop�eld energy (thus, similar to GeneRec), and proposes a theory

on how any energy-based model can approximate backpropagation with in�nitely

weakly supervised signal. Speci�cally, they �rst de�ne a coe�cient V of the energy

term of the output layer, which nicely quanti�es how strong the supervised signal is:

V = 1 means the supervised signal is of the standard strength, andV ! 0 means the

supervised signal is of in�nitely small strength. Note that in (Scellier and Bengio

2017), they de�neV as the coe�cient of the objective function de�ned on the output

neurons. It is equivalent to what I de�ned here because in energy-based models

the output neurons are clamped to the target pattern during learning thus the

energy term of the output layer is actually the objective function de�ned on the

output neurons. The original de�nition is more general though because it allows

the output layer to de�ne a di�erent objective function from the energy function of

other layers, for example, I can de�ne a PC with the energy function of the output

layer equal to the cross-entropy loss to the target pattern. In this thesis, however, I

do not investigate these generalizations, thus, only considering the output neurons

clamped to the target pattern, thus, the objective function de�ned on the output

layer is the same as the energy function de�ned on all other layers.

To formally state the equilibrium propagation theory (Scellier and Bengio 2017),

I can de�ne any energy-based model with energy function� , and it is a function

of V thus � V, where V is the coe�cient of the energy term of the output layer.

Also, I consider the energy function at the equilibrium of relaxation, thus, following

the convention I used just now, I add a subscript ofT to denote a variable at

the equilibrium of relaxation. Thus, any energy function is a function ofT and

V: � T –V. The equilibrium propagation theory states that for any energy-based
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models with energy function� T –V, it approximates backpropagation as long as

the update of weights satis�es:

� F ;� 1
8– 9= U� lim

V! 0

1
V

 
m�T –0

mF;� 1
8– 9

�
m�T –V

mF;� 1
8– 9

!

(2.26)

GeneRec is demonstrated by (Scellier and Bengio 2017) as an example of the

above equilibrium propagation theory (Equation(2.26)). Speci�cally, m� T –0

mF; � 1
8– 9

and
m� T –V

mF; � 1
8– 9

in Equation (2.26) correspond to the negative and positive phases of GeneRec

in Algorithm 6, respectively.

The conditions of PC approximating backpropagation stated in (Whittington

and Bogacz 2017) reviewed in Section 2.4.2 are examples of the above equilibrium

propagation theory (Equation(2.26)), as demonstrated in (Whittington and Bogacz

2019). For PC, if the strength of the supervised signal is zeroV = 0, the error

terms Y;
8 converge to zero, thus,m� T –0

mF; � 1
8– 9

= 0 according to Equations(2.14) and (2.15).

Thus Equation (2.26) for PC becomes:

� F ;� 1
8– 9= U� lim

V! 0

1
V

 

�
m�T –V

mF;� 1
8– 9

!

(2.27)

which actually states the condition in Section 2.4.2 in a formal way:V ! 0

formally states the approximation of PC to backpropagation is when the supervised

signal is in�nitely weak; the additional term 1
V is to normalize the magnitude of the

updates, since, as one can imagine, the in�nitely weakly supervised signal means

in�nitely small weight updates, this 1
V will normalize the updates of weights to

the magnitude when settingV = 1. The third condition in Section 2.4.2 is even

more consistent with the equilibrium propagation theory: V in the equilibrium

propagation theory is exactly 1
2

�
1

� ! ¸ 1
8

� 2
in the third condition in Section 2.4.2

(assuming � ! ¸ 1
8 for di�erent 8 are the same).

Studying the above extreme conditions (insu�cient relaxation and weakly

supervised signal) provides insights into how energy-based models are related to

backpropagation, but they are not how the energy-based models work in their natural
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form and they impose biologically unrealistic constraints on energy-based models.

For example, updating weights at insu�cient relaxation requires an additional

control mechanism; assuming the presence of an in�nitely weakly supervised signal

is obviously unrealistic. As I will be demonstrating later in Chapter 4, energy-

based models in their natural form correspond to a fundamentally di�erent learning

principle than backpropagation, and such insights inspire potentially more e�cient

alternatives to backpropagation (Chapter 5).
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This chapter discusses the results that biologically plausible models, particularly,

Predictive Coding Network (Rao and Ballard 1999; Whittington and Bogacz

2017; Buckley et al. 2017) (PC), can be equivalent to backpropagation under

three conditions. The resulting model is a variant of PC that produces exactly

the same updates of the neural weights as backpropagation. Thus, I call such

model zero-divergent PC (Z-PC). This chapter is published in NeurIPS-2020 (Song,

32
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Lukasiewicz, et al. 2020).

Since this chapter will be investigating the relationship between PC and back-

propagation, it is necessary to use di�erent notations for neural activationG, weight

F, and error Y between PC and backpropagation, instead of uni�ed notations

as Chapter 2 and the other chapters. Speci�cally, the notations of these three

variables are changed toH, \ , and X for backpropagations in this chapter, while

the corresponding notations for PC remain unchanged asG, F and Y. Thus, for

backpropagation, Equations(2.1), (2.7), and (2.6) in this chapter becomes:

H;
8 =

=; � 1Õ

9=1

\ ;� 1
8– 95

�
H;� 1

9

�
(3.1)

� =
1
2

=! ¸ 1Õ

8=1

�
Btarget
8 � H! ¸ 1

8

� 2
(3.2)

� \ ;� 1
8– 9= � U � m�•m\;� 1

8– 9= U� X;
85

�
H;� 1

9

�
(3.3)

X;
8 =

(
Btarget
8 � H! ¸ 1

8 if ; = ! ¸ 1

50 �
H;

8

� Í =;¸ 1

: =1 X;¸ 1
: F ;

:–8 if ; 2 f 1– • • • – !g
I (3.4)

3.1 Temporal training dynamics

We should �rst notice that training PC requires the neural activation to be updated

�rst (lines 6-15 in Algorithm 5) to minimize an energy function. Weights are then

updated to further minimize the same energy function (lines 16-19 in Algorithm 5).

Such updating of neural activation is known as relaxation of energy-based models,

I here �rst investigate the temporal training dynamics of di�erent models, which

expand each time step of relaxation.



3. Predictive coding can be equivalent to backpropagation 34

Thus, I denote byCthe time axis during relaxation. Thus, notations of PC is

augmented with an additional subscript ofCif it is changed during relaxation:

Ĝ;
8–C=

=; � 1Õ

9=1

F ;� 1
8– 95

�
G;� 1

9–C

�
and Y;

8–C= G;
8–C� Ĝ;

8–C (3.5)

� C=
! ¸ 1Õ

;=2

=;Õ

8=1

1
2

�
Y;

8–C

� 2
(3.6)

� G;
8–C=

8>>>>>>><

>>>>>>>
:

0 if ; = 1

W�
�
� Y;

8–Ç 50
�
G;

8–C

� Í =;¸ 1

: =1 Y;¸ 1
:–CF

;
:–8

�
if ; 2 f 2– • • • – !g

W�
�
� Y;

8–C

�
if ; = ! ¸ 1 during prediction

0 if ; = ! ¸ 1 during learning

(3.7)

G;
8–C¸ 1 = G;

8–Ç � G;
8–C (3.8)

Y! ¸ 1
8–C = G! ¸ 1

8–C � Ĝ! ¸ 1
8–C = Btarget

8 � Ĝ! ¸ 1
8–C (3.9)

� F ;� 1
8– 9= � U � m�C•mF;� 1

8– 9= U� Y;
8–C5

�
G;� 1

9–C

�
(3.10)

Notations in the above are with a subscriptCto indicate changes during the

relaxation, where suchCdenotes the time steps during relaxation. If a variable does

not change during relaxation, e.g.,F ;¸ 1
8– 9, it is denoted without subscript C.

I now �rst describe the temporal training dynamics of backpropagation and

PC. Based on this, I then propose Z-PC in Section 3.2, which is a variant of PC

with zero divergences from backpropagation.
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Figure 3.1: Comparison of the temporal training dynamics of backpropagation, PC,
Z-PC and A-Z-PC.

I assume that I train the networks on a pair
�
sin–starget � from the dataset, which

is presented for a periodT , before it is changed to another pair, moving to the next

training epoch � . Within a single training epoch � ,
�
sin–starget � stays unchanged,

and Cruns from 0 to T . As stated before,Cis the time axis during relaxation, which

means that PC (also Z-PC and A-Z-PC, proposed below) in PCs run relaxation

starting from C= 0. In Figure 3.1, squares and rounded rectangles represent nodes

in one layer and connection weights between nodes in two layers of a neural network,

respectively: backpropagation (�rst row) only conducts weight updates within

all layers for one step in one training epoch, and no other computations within

this training epoch; while PC (second row) conducts relaxation until it converges

(C= C2) and updates weights in all layers for one step within one training epoch

(assuming the duration a training pair is presented is much longer than the time

needed for neurons to converge) � C2).

In the following, I introduce zero-divergent PC (Z-PC)and autonomous zero-

divergent PC (A-Z-PC), respectively: Z-PC (third row) also conducts relaxation

but until speci�c relaxation moments C= ! � ; ¸ 1 and updates weights between the

layers ; and ; ¸ 1, while A-Z-PC (fourth row) conducts relaxation all the time and

weights update is trigged autonomously at the same relaxation moments as Z-PC.
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3.2 Zero-divergent PC

I now present three conditions C3.2 to C3.2 with which a variant of PC is

proposed, denotedzero-divergent PC(Z-PC), produces exactly the same weights as

backpropagation (having the same initial weights) applied to the same datapoints

Y =
�
sin–starget � . In the following, I �rst describe the three conditions C3.2 to

C3.2, and then formally state and prove that Z-PC produces exactly the same

weights as backpropagation.

C1 Every G;
8–Cand everyĜ;

8–C, ; 2 f 1– • • • – !g, at C= 0 is equal toH;
8 in the correspond-

ing backpropagation with input sin . In particular, this also implies that Y;
8–C= 0

at C= 0, for ; 2 f 1– • • • – !̧ 1g. This condition is naturally satis�ed in PC, if

before the start of each training epoch over a training pair
�
sin–starget � , the

input sin has been presented, and the network has converged in the prediction

stage (see Section 2.2.1). This condition corresponds to a requirement in

backpropagation, that it needs one forward pass fromsin to compute the

prediction before conducting weight updates with the supervision signalstarget .

Note that neither the forward pass for backpropagation nor this initialization

for PC are shown in Figure 3.1.

C2 Every weight F ;
8– 9, ; 2 f 1– • • • – !g, is updated at C= ! � ; ¸ 1, that is, at a very

speci�c relaxation moment, related to the layer that the weight belongs to.

This may seem quite strict, but it can actually be implemented with autonomy

(see Section 3.3).

C3 The integration step of relaxationWis set to 1. Note that solely relaxing this

condition (keeping C3.2 and C3.2 satis�ed) results in backpropagation with a

di�erent learning rate for di�erent layers, where Wis the decay factor of this

learning rate along layers (see Section 3.2.2).

To prove the above equivalence statement under C3.2 to C3.2, I develop two

theorems in order (proved in Section 3.2.1). The following �rst theorem formally
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states that the prediction error in the PC with PC on Y under C3.2 to C3.2 is

equal to the error term in its ANN with backpropagation onY.

Theorem 3.2.1. Let " be a network to be trained with PC," 0 be another network

to be trained with backpropagation (with the same initial weights as" ), and let Y

be a datapoint. Then, every prediction errorY;
8–Cat C= ! � ; ¸ 1, ; 2 f 1– • • • – !̧ 1g,

in " trained with PC on Y under C3.2 and C3.2 is equal to the error termX;
8 in

" 0 trained with backpropagation onY.

I next formally state that every weights update in the PC onY under C3.2

to C3.2 is equal to the weights update in the corresponding ANN trained with

backpropagation onY. This then immediately implies that the �nal weights of the

PC on Y under C3.2 to C3.2 are equal to the �nal weights of backpropagation onY.

Theorem 3.2.2. Let " be a network to be trained with PC," 0 be another network

to be trained with backpropagation (with the same initial weights as" ), and let Y be

a datapoint. Then, every update� F ;
8– 9at C= ! � ; ¸ 1, ; 2 f 1– • • • – !g, in " trained

with PC on Y under C3.2 and C3.2 is equal to the update� \ ;
8– 9in " 0 trained with

backpropagation onY.

3.2.1 Proof of Theorems 3.2.1 and 3.2.2

Theorem 3.2.1. Let " be a network to be trained with PC," 0 be another network

to be trained with backpropagation (with the same initial weights as" ), and let Y

be a datapoint. Then, every prediction errorY;
8–Cat C= ! � ; ¸ 1, ; 2 f 1– • • • – !̧ 1g,

in " trained with PC on Y under C3.2 and C3.2 is equal to the error termX;
8

in " 0 trained with backpropagation onY.

Proof. We should �rst notice that Y;
8–Cunder C3.2 isY;

8–!� ;¸ 1. I give a proof by

induction on ;. SinceC= ! � ; ¸ 1, it is also inducing on the relaxation moments.

� Base Case: If ; = ! ¸ 1,

� putting C3.2 Ĝ;
8–0 = H;

8 into Equation (3.9), and by comparison with the

�rst case in Equation (3.4): Y;
8–!� ;¸ 1 = X;

8
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� Induction Step(s): For ; 2 f !– • • • –1g,

� Y;
8–!� ;¸ 1 = 50

�
Ĝ;

8–0

� Í =;¸ 1

: =1 Y;¸ 1
:–! � ;F

;
:–8, by Lemma 3.2.4

� X;
8 = 50 �

H;
8

� Í =;¸ 1

: =1 X;¸ 1
: \ ;

:–8, by the second case in Equation (3.4)

� Ĝ;
8–0 = H;

8, by C3.2

� \ ;
8– 9= F ;

8– 9, as corresponding initial weights in both models are assumed

to be identical

� Y;
8–!� ;¸ 1 = X;

8, if Y;¸ 1
:–! � ; = X;¸ 1

:

�

Theorem 3.2.2. Let " be a network to be trained with PC," 0 be another

network to be trained with backpropagation (with the same initial weights as" ),

and let Y be a datapoint. Then, every update� F ;
8– 9at C= ! � ; ¸ 1, ; 2 f 1– • • • – !g,

in " trained with PC on Y under C3.2 and C3.2 is equal to the update� \ ;
8– 9in

" 0 trained with backpropagation onY.

Proof. Looking at how m�C•mF;� 1
8– 9and m�•m\;� 1

8– 9are computed via Equations(3.10)

and (3.3), and putting C3.2C= ! � ; ¸ 1 into the equation,

� F ;� 1
8– 9= U� Y;

8–!� ;¸ 1 5
�
G;� 1

9–!� ;¸ 1

�
(3.11)

� \ ;� 1
8– 9= U� X;

85
�
H;� 1

9

�
(3.12)

We should notice that one of the terms in both equations are equivalent according

to Theorem 3.2.1: Y;
8–!� ;¸ 1 = X;

8. Thus, in the following, I focus on proving that

the other terms in both equations are identical:5
�
G;� 1

9–!� ;¸ 1

�
= 5

�
H;� 1

9

�
. First, C3.2

provides the base to start, which is the equivalence of the initial state between

PC and backpropagation under C3.2, C3.2, and C3.2:G;� 1
9–0 = Ĝ;� 1

9–0 = H;� 1
9 . Then,

Lemma 3.2.3 links later relaxation moments of PC under C3.2, C3.2, and C3.2 to

its initial state: G;� 1
9–!� ;¸ 1 = G;� 1

9–0 . Thus, we can have5
�
G;� 1

9–!� ;¸ 1

�
= 5

�
H;� 1

9

�
. �
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Lemma 3.2.3. Under C3.2, so that a variable at a speci�c layer may diverge from

its corresponding initial stable states, it needs speci�c relaxation steps related to the

layer that the variable belongs to. Formally,

x;
CŸ!� ;¸ 1 = x;

0–9;
CŸ!� ;¸ 1 = 9;

0 = 0–x̂;¸ 1
CŸ!� ;¸ 1 = x̂;¸ 1

0 for ; 2 f !– • • • –1g

i.e., � x;
CŸ!� ; = 0–� 9;

CŸ!� ; = 0–� x̂;¸ 1
CŸ!� ; = 0 for ; 2 f !– • • • –1g

Proof. Starting from the relaxation momentC= 0, x ! ¸ 1
0 is dragged away fromx̂ ! ¸ 1

0

and �xed to starget , i.e., 9! ¸ 1
0 turns into nonzero from zero. Sincex in each layer

is updated only on the basis of9 in the same and previous adjacent layer, as

indicated by Equation (3.7), also considering C3.2,9 is initially zero for all layers

but the output layer, it will take ; time steps to modify x;
C at layer ; from the

initial state. Hence, x;
C will remain in that initial state x;

0 for all C Ÿ ! � ; ¸ 1,

i.e., x;
CŸ!� ;¸ 1 = x;

0. Furthermore, any change inx;
C causes a change in9;

Cand x̂;¸ 1
C

instantly via Equation (3.5) (otherwise9;
Cand x̂;¸ 1

C remain in their corresponding

initial states). Thus, we should know9;
CŸ!� ;¸ 1 = 9;

0 and x̂;¸ 1
CŸ!� ;¸ 1 = x̂;¸ 1

0 . Also,

according to C3.2,9;
CŸ!� ;¸ 1 = 9;

0 = 0. Equivalently, we can have� x;
CŸ!� ; = 0,

� 9;
CŸ!� ; = 0, and � x̂;¸ 1

CŸ!� ; = 0. �

Lemma 3.2.4. The prediction error of PC Y;
8–Cat C= ! � ; ¸ 1 (i.e., Y;

8–!� ;¸ 1) under

C3.2 and C3.2 can be derived from itself at previous relaxation moments in the later

layer: Y;¸ 1
:–C at C= ! � ; (i.e., Y;¸ 1

8–!� ;). Formally,

Y;
8–!� ;¸ 1 = 50

�
Ĝ;

8–0

� =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8 for ; 2 f !– • • • –1g (3.13)

Proof. I �rst write a dynamic version of Y;
8–C= G;

8–C� Ĝ;
8–C:

Y;
8–C= Y;

8–C� 1 ¸
�
� G;

8–C� 1 � � Ĝ;
8–C� 1

�
(3.14)
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where� Ĝ;
8–C� 1 = Ĝ;

8–C� Ĝ;
8–C� 1. Then, I expand Y;

8–!� ;¸ 1 with the above equation and

simplify it with Lemma 3.2.3, i.e., Y;
8–CŸ!� ;¸ 1 = 0 and � Ĝ;¸ 1

8–CŸ!� ; = 0:

Y;
8–!� ;¸ 1 = Y;

8–!� ; ¸
�
� G;

8–!� ; � � Ĝ;
8–!� ;

�

= � G;
8–!� ; for ; 2 f !– • • • –1g (3.15)

I further investigate � G;
8–!� ; expanded with the relaxation dynamic Equation(3.7)

and simplify it with Lemma 3.2.3, i.e.,Y;
8–CŸ!� ;¸ 1 = 0,

� G;
8–!� ; = W

�
� Y;

8–!� ; ¸ 50
�
G;

8–!� ;

� � =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8

= W 50
�
G;

8–!� ;

� =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8 for ; 2 f !– • • • –1g (3.16)

Putting Equation (3.16) into Equation (3.15), we can obtain:

Y;
8–!� ;¸ 1 = W 50

�
G;

8–!� ;

� =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8 for ; 2 f !– • • • –1g (3.17)

With Lemma 3.2.3, G;
8–!� ; can be replaced withG;

8–0. With C3.2, we can further

replaceG;
8–0 with Ĝ;

8–0. Thus, the above equation becomes:

Y;
8–!� ;¸ 1 = W 50

�
Ĝ;

8–0

� =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8 for ; 2 f !– • • • –1g (3.18)

Then, put C3.2, W= 1, into the above equation. �

3.2.2 Solely relaxing C3.2

Solely relaxing C3.2 results in the conclusion of Lemma 3.2.4, i.e., Equation(3.13)

changing to:

Y;
8–!� ;¸ 1 = W 50

�
Ĝ;

8–0

� =;¸ 1Õ

: =1

Y;¸ 1
:–! � ;F

;
:–8 for ; 2 f !– • • • –1g (3.19)
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Algorithm 7: Learning one training pair
�
sin–starget � (presented for the

duration T ) with A-Z-PC

1 Require: x1 is �xed to sin , x ! ¸ 1 is �xed to starget ;
2 Require: G;

8–0 = Ĝ;
8–0 for ; 2 f 2– • • • – !̧ 1g (C3.2), and W= 1 (C3.2);

3 for C= 0; C ŸT ; C= Ç 1 do // Presenting a training pair
4 for each neuron8in each level; do // In parallel in the brain
5 Update G;

8–Cto minimize � Cvia Equation (3.7) ; // Relaxation
6 Update eachF ;

8– 9to minimize � Cvia Equation (3.10) with learning

rate U � q
�
Y;

8–C

�
;

7 end
8 end

since the derivation of Lemma 3.2.4 terminates at Equation(3.18). It further

causes the conclusion of Theorem 3.2.1 changing fromY;
8–C= X;

8 to Y;
8–C= W! � ;¸ 1X;

8 at

C= ! � ; ¸ 1, the proof of which is the same as that of the original Theorem 3.2.1

but using the new Lemma 3.2.4. The change in the conclusion of Theorem 3.2.1

immediately changes the conclusion of Theorem 3.2.2 fromm�C•mF;� 1
8– 9= m�•m\;� 1

8– 9

to m�C•mF;� 1
8– 9 = W! � ;¸ 1m�•m\;� 1

8– 9, where C= ! � ; ¸ 1. Thus, solely relaxing the

condition W= 1, i.e., relaxing C3.2 while keeping C3.2 and C3.2 satis�ed, results

in backpropagation with a di�erent learning rate for di�erent layers, whereWis

the decay factor of this learning rate along layers.

3.3 Autonomous zero-divergent PC

PC can autonomously switch between prediction and learning (some autonomy),

via running relaxation. However, a control signal is still needed to trigger the

weights update at C= C2; thus, the autonomy of triggering the weight update

is not realized yet.

Both PC and Z-PC optimize the uni�ed energy of Equation (3.6) during

prediction and learning. Thus, they both enjoy some autonomy already. Speci�cally,

they can autonomously switch between prediction and learning by running relaxation,

depending only on whetherx ! ¸ 1
C is �xed to starget or left unconstrained. However,
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Table 3.1: Learning rules and their properties.

Equivalence
to backpropagation

Local
plasticity

Autonomously triggers
weight update

Backpropagation 3 7 7
PC 7 3 7

Z-PC 3 3 7
A-Z-PC 3 3 3

when to update the weights still requires the control signal atC= C2 and C= ! � ; ¸ 1

for PC and Z-PC, respectively.

Targeting at removing this control signal from Z-PC, I now proposeA-Z-PC,

which realizes Z-PC with the autonomy of triggering weight update. Speci�cally,

I propose a functionq ¹�º that takes in Y;
8–Cand modulates the learning rateU,

producing a local learning rate forF ;� 1
8– 9. As can be seen from Figure 2.2,Y;

8–Cis

directly connected to F ;� 1
8– 9, meaning that q ¹�º works locally at a neuron scale.

For eachF ;� 1
8– 9, q

�
Y;

8–C

�
produces a spike of1 at exactly the relaxation moment of

C= ! � ; ¸ 1, which equals to triggingF ;� 1
8– 9 to be updated at C= ! � ; ¸ 1. In

this way, I can let the relaxation and weights update run all the time withq ¹�º

modulating the local learning rate with local information, thus, the resulting model

works autonomously in triggering weight update, performs all computations locally,

and updates weights atC= ! � ; ¸ 1, i.e., producing exactly Z-PC/backpropagation

as long as C3.2 and C3.2 are satis�ed. A-Z-PC is summarized in Algorithm 7.

As the core of A-Z-PC, I found that quite simple functionsq¹�º can detect

the relaxation moment ofC= ! � ; ¸ 1 from Y;
8–C. Speci�cally, from Lemma 3.2.3,

we should know that Y;
8–Cunder C3.2 diverges from its stable states at exactly

C= ! � ; ¸ 1, i.e., 9;
CŸ!� ;¸ 1 = 0. Thus, q ¹�º can take in Y;

8–Cand return 1 only if

Y;
8–C� C3

= 0– Y;8–C� C3 ¸ 1 = 0– • • • – Y;
8–C� 1 = 0– Y;8–C< 0, whereC3 is a hyperparameter. In this

way, q
�
Y;

8–C

�
detects the relaxation moment ofC= ! � ; ¸ 1 and produces a spike of

1 at exactly C= ! � ; ¸ 1. In special cases whereY;
8–C=! � ;¸ 1 = 0, the detection fails,

however, by Equation(3.10), � F ;� 1
8– 9 produced at C= ! � ; ¸ 1 is also zero, since

Y;
8–C=! � ;¸ 1 = 0, so the failure does no harm. Since it is possible forY;

8–Cto go across
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Table 3.2: Success rate of detecting relaxation momentsC= ! � ; ¸ 1 with q ¹�º of di�erent
C3 .

C3 1 2 3 4 5 6 7 8 16

Success rate 93•4% 92•4% 99•6% 100•0% 100•0% 100•0% 100•0% 100•0% 100•0%

zero, having a largerC3 means a more accurate detection. In experiments,q ¹�º of

C3 = 4 is already capable of detecting with100%success rate; see Table 3.2.

All proposed models are summarized in Table 3.1, where A-Z-PC is the only

model that is not only equivalent to backpropagation but also performs all com-

putations locally and autonomously triggers the weight update.

3.4 Experiments

In this section, I complete the picture of this chapter with experimental results,

providing ablation studies on MNIST and measuring the running time of the

discussed approaches on ImageNet.

3.4.1 Ablation of zero-divergent conditions

I now show that zero-divergent cannot be achieved when strictly weaker conditions

than C3.2, C3.2, and C3.2 in Section 3.2 are satis�ed only. Speci�cally, with

experiments on MNIST, I show the divergence of PCs trained with ablated variants

of Z-PC from backpropagation.

Setup I use the same setup as in (Whittington and Bogacz 2017). Speci�cally, I

train for 64 epochs withU= 0•001, batch size20, and logistic sigmoid as5¹º. To

remove the stochasticity of the batch sampler, models in one group within which I

measure divergence are set with the same seed. I evaluate three of such groups, each

set with di�erent randomly generated seeds (f 1482555873–698841058–2283198659g),

and the �nal numbers are averaged over them. The divergence is measured in terms

of the error percentage on the test set summed over all epochs (test error, for

short), as in (Whittington and Bogacz 2017; Lee et al. 2015; I. Ororbia et al.

2017; Nøkland and Eidnes 2019; A. G. Ororbia and Mali 2019), and of the �nal
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weights, as in (A. G. Ororbia and Mali 2019). The divergence of the test error

and the �nal weights is measured by the L1 and L2 distances, respectively. I

conducted experiments on MNIST (with 784 input and 10 output neurons; the

other settings are as in (LeCun and Cortes 2010)). I investigated three di�erent

network structures with 1, 2, and 3 hidden layers, respectively (i.e.,! 2 f 1–2–3g),

each containing32 neurons.

Ablation of C3.2 Assuming C3.2 and C3.2 satis�ed, to ablate C3.2, I consider

situations when the network has not converged in the prediction stage before the

training pair is presented, i.e.,G;
8–0 < Ĝ;

8–0. To simulate this, I sampledG;
8–0 around

the mean ofĜ;
8–0 with di�erent standard deviations f , where f = 0 corresponds

to satisfying C3.2. I swipef = f 0–0•0001–0•001–0•01–0•1–1–10–100g. Figure 3.2,

right column, shows that zero divergence is only achieved whenf = 0, i.e., C3.2

is satis�ed. A larger version of Figure 3.2 is given in Figures 3.3 and 3.4.

Ablation of C3.2 and C3.2 Assuming C3.2 satis�ed, to ablate C3.2, I swipe

W= f 0•01–0•1–0•5–1–5–10g, and to ablate C3.2, I swipeC= f ;–0–1–2–3–4–16–64g.

Here, settingCto a �xed number is exactly the implementation of PC with C2 set to

this �xed number. I put C= ! � ; ¸ 1 betweenC= ! � 1 and C= ! . This is due to the

fact that Z-PC (C= ! � ; ¸ 1) is doing relaxation at a degree betweenC= ! � 1 and

C= ! . Speci�cally, Z-PC (C= ! � ; ¸ 1) uses� ! to update F1
8– 9which is a result from

doing relaxation at C= ! � 1, however, Z-PC did not use� ! for weights update in

all layers, instead it uses� ;Ÿ! at previous relaxation moments to update weights

F ;
8– 9in other layers ; ¡ 1. Thus, I consider that Z-PC (C= ! � ; ¸ 1) lies between

C= ! � 1 and C= ! from the perspective of how much relaxation is conducted. For

example, for! = 2, I present the result asC= f 0–1– ;–2– • • •g. Figure 3.2, three left

columns, shows that zero divergence is only achieved whenC= ! � ; ¸ 1 and W= 1,

i.e., C3.2 and C3.2 are satis�ed. Note that the settings ofC� 16 and W� 0•5 are

typical for PC in (Whittington, T. Muller, et al. 2018).
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Figure 3.2: Ablation of C3.2, C3.2, and C3.2, where divergence is measured on test
error and �nal weights.

Table 3.3: Unscaled data in Figure 3.4.

f 0 0•0001 0•001 0•01 0•1 1 10 100

Divergence of
test error 0 4•23� 10� 3 1•77� 10� 2 6•05� 10� 2 6•15� 10� 1 3•73� 101 4•17� 101 4•26� 101

Divergence of
�nal weights 2•37� 10� 13 2•40� 10� 2 9•94� 10� 1 3•36� 100 1•43� 101 1•08� 102 1•12� 103 1•22� 104

3.4.2 Running time

I further conduct experiments on ImageNet to measure the running time of Z-PC

and A-Z-PC on large datasets. In detail, I show that Z-PC and A-Z-PC create minor

overheads over backpropagation, which supports their scalability. Experiments are

conducted on 2 GPUs of Nvidia GeForce GTX 1080Ti, and 8 CPUs of Intel Core i7,

with 32 GB RAM. The batch size is set to1 to test the running time. The input

size of the image is224� 224grayscale, I only implemented fully connected layers:

the hidden layers are of size4096, 2048, and 1024, respectively. The size of the

output layer is 27, corresponding to the27 high-level categories in ImageNet.

Table 3.4 shows the averaged running time of each weights update of back-

propagation, PC, Z-PC, and A-Z-PC.

For PC, I set C2 = 20, following (Whittington and Bogacz 2017). As can be

seen, PC introduces large overheads, since it needs at leastC2 relaxation steps

before conducting a weights update. In contrast, Z-PC and A-Z-PC run with minor
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(a) divergence of test error (! = 1) (b) divergence of �nal weights (! = 1)

(c) divergence of test error (! = 2) (d) divergence of �nal weights (! = 2)

(e) divergence of test error (! = 3) (f) divergence of �nal weights ( ! = 3)

Figure 3.3: Larger versions (with numbers as annotations) of the sub�gures in Figure 3.2.
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Figure 3.4: Larger versions (with numbers as annotations) of the sub�gures in Figure 3.2.
For visualization, the divergence of test error has been normalized to»0–1¼by a logarithmic
scale and then clipped to»0–1¼; the divergence of the �nal weights has been normalized
linearly to »0–1¼from min of 0 and max of 50, values larger than 50 have been clipped to
50. The unscaled data are given in Table 3.3.

Table 3.4: Average runtime of each weights update (in ms) of backpropagation, PC,
Z-PC, and A-Z-PC.

Devices backpropagation PC Z-PC A-Z-PC

CPU 3•1 19•2 3•6 3•6
GPU 3•7 56•3 4•1 4•2

overheads compared to backpropagation, as they require at most! � 1 relaxation

steps to complete one update of weights in all layers. Comparing A-Z-PC to Z-PC, it

is also obvious that the functionq creates only minor overheads. These observations

support the claim that Z-PC and A-Z-PC are indeed scalable.

3.5 Discussion and related work

One of the main contribution of this chapter is identifying two biologically plausible

alternatives to backpropagation: Z-PC and A-Z-PC. Backpropagation has been

criticized for being biologically implausible from several aspects. Thus, di�erent

e�orts have been made in each of these aspects to �nd biologically plausible

alternatives to backpropagation.

The �rst aspect is that backpropagation encodes error terms in a biologically

implausible way, i.e., error terms are not encoded locally. It is often discussed along
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with the lack of local plasticity. How error terms can be alternatively encoded

and propagated locally has been one of the most intensively studied topics. One

promising assumption is that the error term can be represented in dendrites of

the corresponding neurons (Körding and König 2001; Körding and König 2000;

Richards and Lillicrap 2019). Such e�orts are uni�ed in (Lillicrap, Santoro, et al.

2020), with a broad range of works (F. Pineda 1987; F. J. Pineda 1988; O'Reilly

1996; Ackley et al. 1985; G. E. Hinton et al. 1995; Bengio 2014; Lee et al. 2015)

encoding the error term in activity di�erences. PC (thus, also variants of PC

introduced in this thesis) was included in such category of encoding the error term

in activity di�erences. However, I cannot fully agree with this, because PC encodes

error in separated error neurons, at least in its standard neural implementation as

demonstrated in Figure 2.2. Nevertheless, I believe one can come up with a neural

implementation of PC that encodes the same error in activity di�erences.

Backpropagation is also criticized for requiring an external control (e.g., the

computation is changed between the prediction and learning phases). An important

property of PC, in contrast, is that they autonomously (Whittington and Bogacz

2017) switch between prediction and learning: irrespective of the target pattern

being provided, the same rules for neural dynamics and plasticity rules are used.

Speci�cally, if the target pattern is not provided, i.e., the output value neurons are

unconstrained, then the error neurons converge to zero, so the weight change is

equal to zero. Thus, PC operates without any need for external control except for

providing di�erent inputs and target patterns when switching between prediction

and learning phases. Z-PC proposed in this chapter also shares this property.

However, PC requires an external control over when to update weights (C= C2),

and Z-PC requires a similar level of control to only update weights at very speci�c

relaxation moments (C= ! � ; ¸ 1). Among PC and Z-PC, Z-PC can be realized

with more autonomy via A-Z-PC proposed in this chapter. In later Chapter 5, I

introduce a variant of PC, called PPC, that further removes the requirement of

such external control of when to update weights.
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Finally, backpropagation is also criticized for backward connections that are

symmetric to forward connections in adjacent layers and for using unrealistic

models of neurons (i.e., non-spiking neurons). A common way to remove the

backward connections (Seung 2003; Werfel et al. 2004; Lillicrap, Cownden, et al.

2016; Scellier and Bengio 2017; Lansdell et al. 2019) is based on the idea of

zeroth-order optimization (Shamir 2017; Golovin et al. 2019). In these methods,

weights can randomly introduce perturbations and use unspeci�c feedback signals

to observe their e�ect on the objective function and thus approximate their gradient.

However, such methods need many trials depending on the number of weights (Spall

1992; Werfel et al. 2004) Such �weight perturbation� methods can be further

improved by perturbing the neural activities instead of the weights (Mazzoni et al.

1991; Flower and Jabri 1993). Admitting the existence of backward connections,

more recent works show that asymmetric connections are able to produce a

comparable performance (Nøkland 2016; Liao et al. 2016; Amit 2019). As for

the models of neurons, backpropagation has recently also been generalized to

spiking neurons (Zenke and Ganguli 2018). Our work is orthogonal to the work

reviewed in this paragraph, i.e., I still use symmetric backward connections and

do not consider spiking neurons.
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This chapter discusses my results that biologically plausible models, particularly

Predictive Coding Network (Rao and Ballard 1999; Whittington and Bogacz 2017;

Buckley et al. 2017) (PC) and other energy-based models, have advantages over

backpropagation in learning problems with biological constraints. In Chapter 3,

I demonstrated that a particular modi�cation of PC, Z-PC, is exactly equivalent

to BP. In this chapter, I investigate the standard PC. Speci�cally, I propose

that PC and other energy-based models follow a fundamentally di�erent principle

compared to backpropagation. I call this principle �prospective con�guration� and

I demonstrate both theoretically and empirically that this principle enables more

e�ective learning in various contexts faced by biological organisms, and reproduces

animal learning e�ects that cannot be explained by backpropagation. Prospective

con�guration is not a new speci�c algorithm, instead, it is a general principle

50
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underlying learning in energy-based models (that includes PC) as reviewed in

Section 2.2, where neural activity and synaptic weights simultaneously optimize an

energy function. However, I identify and analyze this principle, and demonstrate

its superiority over backpropagation for the �rst time. In experiments, I focus on

a speci�c energy-based model: PC. That is to say, I focus on a speci�c algorithm

that follows the principle of prospective con�guration, because PC is closely related

to backpropagation (Whittington and Bogacz 2017; Song, Lukasiewicz, et al. 2020;

Millidge et al. 2020a) and makes a fair comparison. Nevertheless, I show that

prospective con�guration's mechanism, de�nition and empirical advantages also

generalize to other energy-based models in Section 4.2, 4.3 and 4.4.2.

4.1 Prospective-con�guration in PC

This section demonstrates the principle of prospective con�guration in PC, by

showing how PC behaves fundamentally di�erently from backpropagation using

a minimal and straightforward example. Later sections describe in detail the

mechanisms (Section 4.2) and formal de�nition (Section 4.3) of prospective con�gu-

ration, where I demonstrate that the prospective con�guration generalizes beyond

PC to other energy-based models.

To highlight the di�erence between backpropagation and PC, let us consider a

simple example. Imagine a bear seeing a river where it usually hunts for salmon,

the sight generates in the bear's mind predictions of the sound of water and the

smell of salmon. On that day the bear indeed hears the sound but does not smell

the salmon � the migration season has �nished, thus the bear needs to change its

expectation related to the smell. The backpropagation would enable such learning,

by reducing the weights on the path between visual neurons selective for water and

olfactory neurons selective for the smell of salmon (Figure 4.1:b: negative error is

backpropagated on the lower branch, so that weights on the shared path and lower

branch are reduced). However, this modi�cation would also reduce the expectation

of hearing the sound next time the river is visited (Figure 4.1:b:right, neuron activity

on the shared path is reduced as a result of weight modi�cation but the weight on the
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Figure 4.1: PC di�ers from backpropagation in that the neural activities settle to
their prospective state during error spreading, a distinct behavior I called �prospective
con�guration�. An abstract (top) and a concrete (bottom) example of a task inducing
interference during learning. One stimulus input (seeing the water) triggers two prediction
outputs (hearing the water and smelling the salmon). One output is correct (hearing
the water), while the other one is an error (not smelling the salmon). Backpropagation
produces interference during learning: not smelling the salmon reduces the expectation
of hearing the water (panel b), although the water was indeed heart. Prospective
con�guration, on the other hand, avoids such interference (panel c).

upper branch stays still), even though the sound was present and correctly predicted

in recent experience. Such undesired and unrealistic side-e�ects of learning with

backpropagation are closely related to the phenomenon of catastrophic interference,

where learning a new association destroys previously learned memories (McCloskey

and N. J. Cohen 1989; McNaughton and O'Reilly 1995). Here, in Figure 4.1:b, I

show that with backpropagation even learning one new aspect of an association

may interfere with the memory of other aspects of the same association.

In contrast, PC assumes that learning starts from the neurons being re-con�gured

to a new state � which corresponds to the activities that would have occurred after

the error is corrected by modifying the weights (Figure 4.1:c:left), i.e., a �prospective�

state. The weights are then modi�ed to produce such a state. I call such behavior of

PC �prospective con�guration�, and later demonstrate it is not a unique behavior of

PC but generally applies to other energy-based models. Thus, I also call prospective

con�guration a principle: a behavior commonly followed by a family of models. As

a result of this prospective con�guration behavior, PC can �foresee� side e�ects of
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potential weight modi�cations and compensate for them dynamically (Figure 4.1:c:

to correct the negative error on the lower branch, the neurons on the shared path

settle to their prospective state of lower activities, and as a result, a positive

error will be introduced to the upper branch). Consequently, PC increases the

weights in the upper branch in the �rst weight update (Figure 4.1:c:right) while

backpropagation does not (cf. right sides of Figure 4.1:b and c). Hence PC is able

to correct the side e�ects of learning an association (thus, reducing interference)

within a single learning iteration, while backpropagation would require multiple.

4.2 Mechanisms and theoretical advantages of pros-
pective-con�guration

In the last section, the example demonstrates prospective con�guration in PC and

shows how the principle of prospective con�guration present in PC is fundamentally

di�erent from backpropagation. This section describes in detail the mechanisms

of prospective con�guration with PC as an example.

To help understand the behavior of PC and how prospective con�guration

arises in it, I propose how it can be visualized as an abstract machine with

intuitive dynamics.

PC is de�ned as multivariate dynamical systems, guarded by an energy function:

Section 2.2.1 lists equations describing its neural dynamics and plasticity, which

are restated in Figure 4.2:a for easier reference. In Figure 4.2:a, Equation (5) and

Equation (7) highlight that both the neural dynamics and the plasticity of PC

minimize the energy function. Figure 4.2:b restates the list of notations used in

describing PC. Figure 4.2:c reminds the standard neural implementation of PC.

To provide an intuition for the dynamics of PC (neural dynamic of Equation (5)

and plasticity of Equation (7) in 4.2:a), I show that the same set of equations

can also describe a physical machine made of rods and springs that hold potential

energy, thus, called �energy machine�. As shown in Figure 4.2:d, the energy machine

includes nodes sliding on vertical posts, connected with each other via rods and

springs. Translating from the PC to the energy machine, neural activity maps to
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Figure 4.2: A machine analogy (called �energy machine�) reveals a new understanding
of PC, mechanism of prospective con�guration, and its theoretic advantages. In the
energy machine, the activity of a neuron corresponds to a height of a node (represented by
a solid circle) sliding on a post. The input to the neuron is represented by a hollow node
on the same post. A synaptic connection corresponds to a rod pointing from a solid to a
hollow node. The synaptic weight determines how the input to a post-synaptic neuron
depends on the activity of pre-synaptic neuron, hence it in�uences the angle of the rod.
In energy-based networks, relaxation (i.e., neural dynamics) and weight modi�cation (i.e.,
weight dynamics) are both driven by minimizing the energy, thus correspond to relaxing
the energy machine by moving the nodes and tuning the rods, respectively.

the vertical position of a node (Figure 4.2:d:top), synaptic connection maps to a rod

pointing from one node to another and the synaptic weight determines how the end

(right) position of the rod relates to the initial (left) position (Figure 4.2:d:bottom).

As shown in Figure 4.2:e, in PC, postsynaptic neural activity (right circle node)

is not set as the input of the neuron (rectangle node). Instead, the energy of error

is de�ned between the activity and the input of the neuron, thus, corresponding to

the elastic potential energy of a spring, whose relaxed length is 0, attached between
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the circle and the rectangle nodes. Thus, in Figure 4.2:e, translating from the PC

to the energy machine, the energy function maps to the elastic potential energy

of springs with nodes attached on both ends. In this way, the dynamics of PC,

which are driven by minimizing the energy function, map to the relaxation of the

energy machine, which is driven by reducing the total elastic potential energy on

the springs. In Figure 4.2:e:top, I demonstrate that the dynamics of neural activity

of PC, i.e., Equation (5) in the �gure, map to the energy machine: neural activityG

is updated to minimize the energy of error� , corresponding to relaxing the energy

machine by moving the circle nodes. In Figure 4.2:e:bottom, I demonstrate that

the dynamics of the synaptic weight of PC, i.e., Equation (7) in the �gure, map to

the energy machine: synaptic weightF is updated to also minimize the energy of

error � , corresponding to adjusting the energy machine by tuning the rods.

In Figure 4.2:f, prediction with PC involves clamping the input neuron (e.g.

according to the provided input pattern sin) and updating the activity of other

neurons, which in the energy machine corresponds to �xing one side of the energy

machine and letting the energy machine relax by moving nodes. In Figure 4.2:g,

learning with PC involves clamping the input and output neurons to corresponding

input sin and target starget patterns, letting the activity of remaining neurons

converge, and updating weights, which corresponds to �xing both sides of the

energy machine and letting the energy machine relax �rst by moving nodes, then

by tuning rods.

Figure 4.2:h shows the detailed version of the energy machine.

This energy machine of PC reveals the essence of PC (and other energy-based

models): the relaxation during learning lets the network settle to a new con�guration

of neural activities, corresponding to those that would have occurred after the error

was corrected by the modi�cation of weights, i.e., a prospective state (thus, such

behavior is called prospective con�guration). For example, the second layer �neuron�

in Figure 4.2:g increases its activity, and this increase in activity would also be

caused by the subsequent weight modi�cation (of connection between the �rst

and second neurons). In simple terms, the relaxation in PC infers the prospective
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state of neural activity after learning, towards which the weights are modi�ed then.

Using the energy machine, Figure 4.2:i simulates the learning problem from Figure

1. Here we can see PC indeed foresees the result of learning and its side e�ects,

through relaxation. Particularly, in Figure 4.2:i,

ˆ The �rst display shows the moment right after the target pattern is provided.

Here, there is a negative error on the output neuron of the lower branch, while

the output neuron of the top branch makes a correct prediction.

ˆ The second display shows the moment the relaxation converges. At this time,

PC foresees the result of learning that the hidden neural activity will be

decreased, thus, introducing a positive error to the output neuron of the upper

branch.

ˆ The third display shows the weights update according to the error allocated

in the previous display. We can see the weights connecting the input to the

output neuron of the bottom branch are weakened, while the weight connecting

the hidden to the output neuron of the top branch are strengthened.

ˆ The last display shows the result of the above weight update, i.e., making a

prediction with the updated weights. We can see from this panel, PC learns

to correct the negative error on the output neuron of the bottom branch while

trying to avoid introducing error to the output neuron of the upper branch

(which made a correct prediction in the recent experience).

Hence, PC learns to avoid interference within one iteration that would otherwise

take multiple for backpropagation.

4.3 De�nition of prospective con�guration with
prospective index

Following the straightforward example in Section 4.1 and energy machine in the last

Section 4.2, we can see how PC, i.e., prospective con�guration is fundamentally dif-

ferent from backpropagation and theoretically more advanced than backpropagation.
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Figure 4.3: De�nition of prospective con�guration with prospective index and gener-
alization of prospective con�guration to other energy-based models. Formal de�nition
of prospective con�guration with prospective index (panels a�c), a metric that one can
measure for any learning model. With this metric, we show that prospective con�guration
is present in di�erent energy-based models, but not in backpropagation-based models
(panels d�e). And the di�erences in di�erent energy-based and backpropagation-based
models are illustrated in panels f�g.

This section formally de�nes prospective con�guration, where we are able to quantify

and qualify prospective con�guration in di�erent models. Speci�cally, I formally

de�ne prospective con�guration using the prospective index (Figure 4.3:a-c), a metric

we can measure for any learning model. With this metric I show that prospective

con�guration is present in one of energy-based models PC (Figure 4.3:d) as well as

other energy-based models (Figure 4.3:e); in contrast, prospective con�guration is not

present in backpropagation and other backpropagation-based models (Figure 4.3:e).

To introduce prospective index, in Figure 4.3:a, each point on the plane represents

the neural activity of the hidden layer ; (1 Ÿ ; Ÿ ! ¸ 1 so that it is a hidden layer),

denoted byx; . I assume that the model does not make a perfect prediction with

the current weights, so that the error in the prediction drives the learning. I

consider x; in the following three phases.
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1. Learning starts from x; under current weights ] without target pattern

provided (	 ): x 	 –;
] . ] includes weights in all layers:] =

�
w1–w2–� � � –w!

	
,

where w; is weights connecting from layer; to layer ; ¸ 1. For energy

models with recurrent connections (e.g., GeneRec), it additionally includes the

backward weights: ] =
�
w1–w2–� � � –w!

	 Ð �
m1–m2–� � � –m!

	
. For energy-

based models, in this phase only input neurons are clamped to the input

pattern sin and the network is relaxed. For backpropagation-based models,

in this phase the model makes a prediction with current weight and input

pattern;

2. Then, a target pattern starget is provided (� ), and the network settles to a new

equilibrium x � –;
] . For energy-based models, in this phase both input and output

neurons are �xed to the input sin and target starget pattern, respectively, and

the hidden neuron activities settle tox � –;
] after relaxation, thus, x � –;

] < x 	 –;
] .

For backpropagation-based models, the hidden neuron activities do not change

when the target pattern starget is provided, thus,x � –;
] = x 	 –;

] ;

3. Finally, the weights ] are updated to] 0, the target pattern is removed (	 ),

and the neural activities settle tox 	 –;
] 0. For energy-based models, in this phase

the output neuron is freed from being clamped to the target pattern but the

input neurons are still clamped to the input pattern and the network is relaxed.

For backpropagation-based models, in this phase, it makes a prediction with

the input pattern and the new weights] 0.

I de�ne two vectors v� –; and v0–; as shown in Figure 4.3:a, representing the direction

of the hidden neural activity's changes as a result of the target pattern being given

(	 ! � ) and the weights being updated] ! ] 0, respectively.

I then propose a quanti�cation of prospective con�guration by the prospective

index in Figure 4.3:b, I de�ne prospective index of hidden layer;, q; , to be the cos

similarity of v� –; and v0–; (a small constantn is added to the denominator to prevent

it from being equal to 0). For energy-based models, the neural activities settle to

a new con�guration when the target pattern is provided, i.e.,x � –;
] < x 	 –;

] , so the
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prospective indexq; is non-zero; for backpropagation-based models, the neuron

activities are stationary when the target pattern is provided, i.e.,x � –;
] = x 	 –;

] , so

the prospective indexq; is zero. As demonstrated in Figure 4.3:c, a positive (close

to 1) prospective indexq; implies v� –; and v0–; are pointing in the same direction,

indicating that the hidden neural activity after the target pattern provided before

the weight updatex � –;
] informs the hidden neural activity after the weight update

x 	 –;
] 0, i.e., x � –;

] is prospective. Thus, I de�ne models with a positive prospective index

averaged over all the updates to be a model following the principle of prospective

con�guration. In contrast, a zero or negative prospective indexq; implies v� –; and

v0–; are not pointing in the same direction (orv� –; is of zero length), indicating that

the hidden neuron activities after the target pattern is provided before the weight

update x � –;
] is not informative of the hidden neural activity after the weight update

x 	 –;
] 0, i.e., x � –;

] is non-prospective. Thus, models with zero or negative prospective

index do not follow the principle of prospective con�guration.

In Figure 4.3:d, I demonstrate prospective indexq; of di�erent layers ; (x-axis)

in standard PC (blue squares). We can see that the prospective index of the �rst

hidden layer (; = 2) in standard PC (blue squares) is always one. This observation

is formally proved in Section 4.3.1. We can also see that for; ¡ 2 prospective index

q; in standard PC (blue squares) is close to1 but slightly smaller. To shed light on

this observation, I de�ne a modi�ed version of standard PC, i.e., target-PC, which

has q; = 1 for all layers (pink squares). Speci�cally, in Figure 4.3:d, standard PC

(blue squares) updates weights for one step to] 0 with Equations (2.12) and (2.13).

In contrast, target-PC (pink squares) is updating weights for many steps until

convergence to] � with Equations (2.12) and (2.13). Target-PC is summarized in

Algorithm 8 and it informs what the prospective index of the standard PC is. I

formally prove in Section 4.3.2 that the prospective indexq; for target-PC is 1 for all

layers. Thus, target-PC (pink squares) explains why prospective indexq; in standard

PC (blue squares) is close to1: standard PC updates the weights towards the values

in target-PC, so the updates in the two models should be in a similar direction.



4. Predictive coding has advantages over backpropagation in learning problems with
biological constraints 60

Algorithm 8: Learn with target-PC
Input: input pattern sin ; target pattern starget ; synaptic weights�

w1–w2–� � � –w!
	

Output: updated synaptic weights
�
w1–w2–� � � –w!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 x ! ¸ 1 = starget ; // Clamp output neurons to target pattern
3 for C= 0; C ŸT ; C= Ç 1 do // Relaxation
4 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
5 x̂;¸ 1 = w; 5

�
x; � ; // according to Equation (2.9)

6 9;¸ 1 = x;¸ 1 � x̂;¸ 1 ; // according to Equation (2.10)
7 end
8 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do

9 � x; = W
�
� 9; ¸ 50 �

x; � �
� �

w; � ) 9;¸ 1
� �

; // according to

Equation (2.13)
10 x; = x; ¸ � x; ;
11 end
12 end
13 while

�
w1–w2–� � � –w!

	
not convergeddo // Update weights till

convergence
14 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do
15 x̂;¸ 1 = w; 5

�
x; � ; // according to Equation (2.9)

16 9;¸ 1 = x;¸ 1 � x̂;¸ 1 ; // according to Equation (2.10)
17 end
18 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights
19 � w; = U9;¸ 1 �

5
�
x; � � ) ;

20 w; = w; ¸ � w; ;
21 end
22 end

In Figure 4.3:e, I demonstrate prospective indexq; of di�erent energy-based

models and backpropagation-based models. Speci�cally, there are two energy-

based models: PC (blue) and GeneRec (green); two backpropagation-based models:

backpropagation (orange) and Almeida-Pineda (purple) as reviewed in Chapter 2.

Here, we can see that all the energy-based models produce prospective indicesq;

close to1, i.e., the prospective con�guration is commonly observed in both energy-

based models. In other words, these energy-based models follow the principle

of prospective con�guration. In contrast, both backpropagation-based models

produce a prospective index0.
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The experiments in Figure 4.3:d-e were performed in the following way. I

trained the energy-based models and backpropagation-based to predict (with output

neurons) a randomly generated pattern (32entries) from a randomly generated input

(32 entries). The structure of the network was32 ! 32 ! 32 ! 32 ! 32 ! 32.

I used random patterns instead of speci�c choices of tasks so that the �ndings

are more general. The models were trained for one iteration (i.e., one update

of the weights), and the prospective index was then measured for this update.

Experiments were done with10 random seeds.

4.3.1 Prospective index of standard PC is one for the �rst
hidden layer

As stated earlier, I assume that the model does not make a perfect prediction

with the current weights, so that the error in the prediction drives the learning.

As de�ned, vectors v� –; and v0–; describe the changes in hidden neuron activity,

due to the target pattern being provided and learning respectively. Speci�cally

for layer ; = 2, these vectors are:

v� –2 = x � –2
] � x 	 –2

] (4.1)

v0–2 = x 	 –2
] 0 � x 	 –2

] (4.2)

I will now show that for PC the above vectorsv� –2 and v0–2 point in the same

direction. The change in activity due to learningv0–2 is equal to

v0–2 = w0–1 5
�
x 	 –1

] 0

�
� w1 5

�
x 	 –1

]

�
(4.3)
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Since the value nodes of the �rst (input) layerx1 are always �xed to the input

signal sin , the above Equation(4.3) can further be written as,

v0–2 = w0–1 5
�
sin �

� w1 5
�
sin �

=
�
w0–1 � w1�

5
�
sin �

= � w1 5
�
sin �

(4.4)

Using Equations (2.15) and (2.10), I write

v0–2 = U
�
x � –2

] � x̂ � –2
]

� �
5

�
sin � � )

5
�
sin �

(4.5)

Note that x̂ � –2
] = x 	 –2

] , because both of these quantities are equal tow1 5
�
sin �

(the input of the �rst hidden layer ( ; = 2) does not change in response to output

neuron being clamped). Usinĝx � –2
] = x 	 –2

] , the above Equation(4.5) can further

be written as,

v0–2 =
�
x � –2

] � x 	 –2
]

�
U

�
5

�
sin � � )

5
�
sin �

(4.6)

Note that U
�
5

�
sin � � ) 5

�
sin �

is a positive scalar (if at least one entry in the

input pattern is non-zero). Comparing Equations(4.1) and (4.6), we can see that

vectors v0–2 and v� –2 are just scaled versions of each other, hence the cosine of the

angle between them and thus prospective index are equal to 1.

4.3.2 Prospective index of target-PC is one for all layers

Similarly, I assume that the model does not make a perfect prediction with the

current weights, so that the error in the prediction drives the learning. I start with

recapping what happens in sequence in one iteration of a standard PC.

1. Start from relaxation with only input neurons clamped to input pattern (� )

and with current weight, ] , the hidden neuron activity settles tox 	 –;
] ;
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2. Both input and output neurons are clamped to the input and target pattern

respectively (� ) and then the hidden neuron activity is relaxed tox � –;
] ;

3. Weights ] are updated for one step to] 0 to decrease the energy, while hidden

neuron activity stays still from the last step: x � –;
] ;

4. Output neurons are freed but the input neuron is still clamped to the input

pattern and then the hidden neuron activity is relaxed tox 	 –;
] 0;

In the above step 3, weights are updated for one step from] to ] 0. However, one

can investigate the case of updating weights] for many steps until convergence] �

in the above step 3. This will result in weights] � that represent: �the target towards

which the weights] are updated�. Thus, I call this variant �target-PC�. Speci�cally,

the procedure of target-PC is to replace the above steps 3 and 4 of standard PC with:

3. Weights are updated for many steps from] to ] � to decrease the energy till

convergence, while hidden neuron activity stays still from the last step:x � –;
] ;

4. Output neurons are freed but the input neuron is still clamped to the input

pattern and then the hidden neuron activity is relaxed tox 	 –;
] � ;

In the following, I demonstrate the prospective index of target-PC is one for all

layers. First, we should notice that the minimum of energy� of PC is zero, since

the energy function is a sum of quadratic terms (Equation(2.11)).

Then, we should notice that such energy� of PC can be optimized to its

minimum of zero by optimizing only ] . Particularly, looking at the energy

term of layer ;:

1
2

�
9;

� )
9; =

1
2

�
x; � x̂;

� ) �
x; � x̂;

�

=
1
2

�
x; � w;� 1 5

�
x;� 1

� � ) �
x; � w;� 1 5

�
x;� 1

� �
(4.7)

In the above equation,x; � w;� 1 5
�
x;� 1�

can be optimized to produce a zero

vector by optimizing only w;� 1, as long as5
�
x;� 1�

is not a zero vector. Speci�cally,
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let's denote all the non-zero entries in5
�
x;� 1�

by
�

5
�
G;� 1

8

� 	
82� , where � is the set of

indexes8so that 5
�
G;� 1

8

�
is non-zero. Since5

�
x;� 1�

is not a zero vector,� < ; . For

any entry G;
9 of any value in vectorx; ,

n
F ;� 1

9–:

o

: 8�
can be of any value, and there is a

solution for
n
F ;� 1

9–8

o

82�
so that G;

9 =
Í

82� F ;� 1
9–85

�
G;� 1

8

�
. At least one of the solution is

to pick one index6 from � , then haveF ;� 1
9–6=

G;
9

5¹G; � 1
8 º and

n
F ;� 1

9–8= 0 : 82 �– 88 f 6g
o
.

Thus, as long as5
�
x;� 1�

is not a zero vector (� < ; ), there is a solution ofw;� 1

that makes x; � w;� 1 5
�
x;� 1�

a zero vector.

Thus, in step 3 of the target-PC, the energy of the network is at its minimum

of zero. This further gives that in the step 4 of the target-PC, the neural activity

does not move, i.e.,

x 	 –;
] � = x � –;

] (4.8)

According to the de�nition of prospective index in Section 4.3, the prospective

index of this target-PC (q� –;) is:

q� –; =
v� –; � v� –;

�
j jv� –;j j ¸ n

� �
j jv� –;j j ¸ n

�

� cos
�
v� –;–v� –;

�

= cos
� ������!
x 	 –;

] x � –;
] –

������!
x 	 –;

] x 	 –;
] �

�

= cos
� ������!
x 	 –;

] x � –;
] –

������!
x 	 –;

] x � –;
]

�
according to Equation (4.8)

= 1 (4.9)

This theoretical result is further con�rmed by empirical observation in Fig-

ure 4.3:d. One can also imagine that such conclusion should generalize to a family

of energy-based models with a �xed lower bound and the same lower bound can

be reached by optimizing solely weights or neural activity.
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4.4 Comparison of accuracy and e�ciency

4.4.1 Comparison of accuracy and e�ciency in learning
problems with biological constraints

Inspired by the theoretical advantage of prospective con�guration in PC, I show

that PC indeed deals with various learning problems that biological systems

would face better than backpropagation. Since the �eld of machine learning

has developed e�ective setups for testing learning performance, I use versions

of classic machine learning problems that share key features with the learning

tasks in natural environments. Such problems include online learning with the

necessity to update synaptic weights after each experience (rather than a batch

of training examples) (Igelnik 2013), learning with a limited amount of training

examples, with a limited size of architectures, and in changing environments. In all

the aforementioned learning problems, PC demonstrates notable superiority over

backpropagation, con�rming the theoretical advantage of prospective con�guration

with empirical evidence. I will �rst present the results of the simulations (Figure 4.4),

and the details of the simulations are described later in this section.

Based on my analysis of prospective con�guration in PC (Figures 4.2:i), we should

expect PC to require fewer episodes for learning than backpropagation. Before

presenting the comparison, it is useful to clarify how backpropagation is used to train

arti�cial neural networks. As reviewed in Section 2.3, the weights are typically only

modi�ed after a batch of training examples, based on the average of updates derived

from individual examples (Figure 4.4:a). In fact, backpropagation relies heavily on

averaging over multiple experiences to stabilize training (Io�e and Szegedy 2015),

and to train models that reach human-level performance (Jia et al. 2018; Puri

et al. 2018; Berner et al. 2019). By contrast, biological systems need to update

the synaptic weights after each experience, and I compare learning performance

in such a setting. Figure 4.4:b demonstrates the classi�cation error on the test

set (i.e., test error) as training progresses on FashionMNIST (Xiao et al. 2017),

where it is demonstrated that PC is more sample-e�cient than backpropagation.

Figure 4.4:c and d measure the sum and minimum of the test error as the training
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Figure 4.4: PC achieves superior performance over backpropagation on various learning
situations faced by biological systems, con�rming the theoretical advantage of prospective
con�guration with empirical evidence. These situations are: online learning (Fontenla-
Romero et al. 2013) (a�e), learning in changing environments (Gama et al. 2014) (f�i),
learning with a limited amount of training examples and limited size of architecture (j�k).
Every learning setup is evaluated on both FashionMNIST (Xiao et al. 2017) (default) and
CIFAR-10 (Krizhevsky and G. Hinton 2009) datasets. If the learning rate is not presented
in a plot, the plot corresponds to the best learning rate for each rule.

progresses. Figure 4.4:e shows that the gap between PC and backpropagation opens

as the batch size (the number of experiences updates are averaged over) decreases,

indicating that PC learns better when the batch size gets smaller, as in biological

settings. Backpropagation requires batch-averaging to get a �statistically good�

modi�cation, while PC produces weight changes without �side-e�ects� because of

the mechanism of prospective con�guration, and hence directly yields less erratic

weight modi�cations (see Section 4.4.2).

Biological learning is often characterized by limited architecture size and data

availability. Figure 4.4:f-g shows the test error when trained with di�erent sizes

of the networks and amounts of training examples (such subsets are randomly

selected according to di�erent seeds). In Figure 4.4:f-g, it is shown that PC

outperforms backpropagation as the model is limited to smaller architectures or

trained with fewer examples.
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Figure 4.5: The search of learning rate. The highlighted points are picked and presented
as Figure 4.4:f. In Fig. 4.4f, we demonstrate the learning performance of prospective
con�guration and backpropagation on FashionMNIST (Xiao et al. 2017), trained with
di�erent amounts of training examples and sizes of architecture. The result of each
con�guration there is obtained with the optimal learning rate, which was searched for
independently for each con�guration. Here, we expand the plots to show the search over
learning rates. The highlighted points are selected to be reported in Fig. 4.4f.

The learning rate of each point in Figure 4.4:f-g is independently optimized.

Speci�cally, in Figure 4.5, I present the search of learning rate. The highlighted

points in Figure 4.5 are picked and presented as Figure 4.4:f.

Biological systems also need to rapidly adapt to changing environments. A

common way to simulate this is �concept drifting (Gama et al. 2014)�, where the

mapping between the output neurons to the semantic meaning is shu�ed every a

period of time (Figure 4.4:h). Figure 4.4:h shows the test error during training with

concept drifting. Figure 4.4:i summarizes the results of Figure 4.4:h. Figure 4.4:j

repeats the same experiments of Figure 4.4:i on a natural-image dataset. Here,

we can see PC learns better with concept drifting, indicating better adaptation
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to changing environments.

Details of simulations

Default con�guration All simulations are con�gured to be as close to common

practice as possible, except for the investigated parameters (such as batch size,

size of the model, and size of the dataset.), which are adjusted as speci�ed in

the simulations. By default, the neural network is composed of4 layers and32

hidden neurons in each hidden layer. The weights in the network are initialized

from a normal distribution with mean 0 and standard deviation
q

2
=; ¸ =;¸ 1 , where=;

and =;¸ 1 are number of neurons of the layer before and after the synaptic weight,

respectively. Such initialization is known as Xavier normal initialization (Glorot

and Bengio 2010) and is adopted widely in the �eld. This initialization is also

applied in the �rst paper describing PC for supervised classi�cation (Whittington

and Bogacz 2017). In all simulations, the networks are trained and tested on dataset

FashionMNIST (Xiao et al. 2017), speci�cally, trained to do the classi�cation of

gray-scaled fashion item images into10 categories such as Trouser, Pullover, and

Dress. FashionMNIST is chosen because it is of moderate and appropriate di�culty

for multi-layer non-linear deep neural networks investigated in the chapter, so that

various comparisons are informative. A more di�cult dataset CIFAR-10 (Krizhevsky,

Nair, et al. 2010) of classifying colored natural images such as Cars, Birds, and Cats

is also investigated in the experiments. A simpler dataset MNIST (LeCun 1998) of

classifying handwritten digits is too simple because all models produce test errors

less than0•05, thus, excluded in this chapter. The dataset consists of60000training

examples (i.e., training set) and10000test examples (i.e., test set). The activation

function sigmoid was used. Mini-batches are sampled without replacement, i.e., in

each epoch, if some examples are sampled as a mini-batch to train the network, they

will not be sampled again in the same epoch. Thus, one epoch comprises presenting

the entire training set, split over multiple mini-batches. The number of examples in

a mini-batch, called the batch-size, is by default32. I de�ne one iteration of learning

as updating weights based on a single mini-batch of training examples. If the
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dataset contains only1 example or the number of examples in a dataset is the same

as the batch-size, iteration and epoch are the same (which is the case for some other

simulations). At the end of each epoch, the model is tested on the test set and the

classi�cation error is recorded as the �test error� of this epoch. The neural network

is trained for 64 epochs. Thus, it ends up with a series of64 test errors. The mean

or sum of the test errors over epochs is an indicator of how fast the model learns.

The minimum of the test errors over epochs is an indicator of how well the model

can learn, ignoring the possibility that the model may over-�t due to being trained

for too long. Learning rates are searched independently for each con�guration and

each learning rule, and it is always guaranteed that the optimal learning rate for

each learning rule in each setup lies within the range of the search conducted.

Figure 4.4:b-e Based on the default con�guration, panels b-d use a batch size of

1 and panel e uses di�erent batch sizes as speci�ed by the x-axis. Each con�guration

is repeated with 10 di�erent random seeds.

Figure 4.4:f-g Based on the default con�guration, panels f-g use a di�erent size

of training set and size of the hidden layer as speci�ed by the x-axis. Thus,6000

datapoints per class are the default con�guration of60000training examples (full

training set), and the plot in the middle is the default of32 hidden neurons in each

hidden layer. Each con�guration is repeated with10 di�erent random seeds.

Figure 4.4:h-j Based on the default con�guration panels h-j show performance

with �concept drifting� every 512 epochs and train for4096epochs in total, i.e.,

8 times of concept drifting. Concept drifting (Gama et al. 2014; šliobait
e 2010;

Tsymbal 2004) refers to occasional sudden changes to class labels. During each

such change, the �rst5 output neurons (out of 10 output neurons as there are10

classes) are selected, and the mapping from these5 output neurons to the semantic

meaning is shu�ed. Each con�guration is repeated with10 di�erent random seeds.
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Figure 4.6: PC assigning error more optimally than backpropagation, con�rming the
theoretical advantage of prospective con�guration with empirical evidence. A numerical
experiment (panels a�b) veri�es that energy-based models yield a accurate weight
modi�cation than backpropagation-based models (panels c�d). The following intuition
can be provided for why the PC enables an accurate weight modi�cation. In energy-based
models, if more error is assigned to a neuron, this neuron will settle to a prospective
activity that reduces the error. The prospective activity of this neuron is then propagated
through the network, resulting in less error being assigned to other neurons, thus the
error being assigned more accurately.

4.4.2 Comparison of accuracy and e�ciency in assigning
errors

In Section 4.2, one may anticipate that PC and other energy models assign error

more optimally than backpropagation, because of the mechanism of prospective

con�guration: the neural activity settles to their prospective states. For example,

if more error is assigned to a neuron, the neuron will settle to a prospective state

which minimizes this error. The prospective state of the neuron is then propagated

through the network, resulting in less error being assigned to other neurons, thus

the error being assigned more optimally. Here, I demonstrate an experiment to

empirically verify this prediction, and I demonstrate this for two popular energy-

based models: PC and GeneRec (O'Reilly 1996). In other words, I demonstrate

this prediction generalizes to di�erent energy-based models because prospective

con�guration is a common principle they follow.

In Figure 4.6:a, I demonstrate a summary of the experimental procedure (details
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will be given in a later part of the section): I take a pre-trained model (blue),

randomly select a hidden neuron and perturb the synaptic weights connecting to

this neuron (red), and retrain this model (purple). During retraining, an optimal

learning rule should identify that the error in the output neurons is due to the

perturbed weights, thus, (1) correct the error faster and (2) correct the perturbed

weights more. I refer to the above two properties as speed and speci�city.

In Figure 4.6:b, I measure the speci�city by a quantity I call the correction rate.

The correction rate is computed as the ratio of how much the perturbed weights are

corrected compared to how much all the weights are corrected during retraining.

In Figure 4.6:c, I demonstrate a comparison between the energy-based model

(particularly, PC) and the backpropagation-based model (particularly, backpropaga-

tion). The comparison is conducted to investigate both the speed and the speci�city.

The right plot is the mean of error during retraining, corresponding to measuring

the speed: if a learning rule corrects the introduced error fast. The left plot is the

correction rate de�ned in panel b, corresponding to measuring the speci�city: if a

learning rule corrects the perturbed weights much. The two plots verify that the

energy-based model (particularly, PC), compared to the backpropagation-based

model (particularly, backpropagation), (1) corrects such errors faster and (2) corrects

the perturbed weights more. In this plot, there is an additional baseline, which is

the number of perturbed weights divided by the number of all the weights. This

baseline indicates the expected correction rate if a learning rule randomly assigns

errors. This baseline highlights that the correction rates measured in both models

are well beyond that of randomly assigning error.

In Figure 4.6:d, I demonstrate the same comparison as panel c, but for an-

other energy-based model: GeneRec. GeneRec describes learning in recurrent

networks, and backpropagation-based learning in this architecture is not described

by standard backpropagation, but a modi�ed version proposed by Almeida and

Pineda (Almeida 1990; F. Pineda 1987; F. Pineda 1987; F. J. Pineda 1988) (thus

called Almeida-Pineda algorithm), as reviewed in Section 2.2.2. In a word, PC

and backpropagation are energy-based and backpropagation-based models working
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in feed-forward network architecture, respectively; GeneRec and Almeida-Pineda

are energy-based and backpropagation-based models working in recurrent network

architecture, respectively. In this panel d, the same conclusion as that in panel c is

drawn from the observation: energy-based model (particularly, GeneRec), compared

to backpropagation-based model (particularly, Almeida-Pineda), (1) corrects the

error faster and (2) corrects the perturbed weights more.

Details of simulations

I �rst pre-train the models to predict a randomly generated target pattern (32

entries) from a randomly generated input pattern (32 entries). The structure of the

network is 32 ! 32 ! 32 ! 32 . I use random patterns instead of speci�c choices

of tasks so that the conclusion is more general. The pre-training session is long

enough to allow for close to perfect prediction of the random target pattern by the

output neurons. Then, as stated in Figure 4.6:a, one neuron is randomly selected

from the ¹32¸ 32º hidden neurons, and all weights connecting to this neuron are

�ipped (i.e., multiplied by negative one). The current weights of the network are

recorded as] before re-train . The part of the current weights which are just �ipped

are recorded as] �ipped
before re-train . The network is then re-trained on the same pattern

to correct this error introduced by the �ipped weights, for64 iterations. At the end

of each re-training iteration, the model makes a prediction on the target pattern,

the error of which is recorded as the �error during re-train� of this re-training

iteration. Here, the error is measured as half of the square of the di�erence between

prediction and target pattern. At the end of the entire re-training session, the

�errors during re-train� over a series of re-training iterations, are then averaged,

producing the left plots of Figure 4.6:c-d. Current weights of the network are

recorded as] after re-train . The part of the current weights which are �ipped before

the re-training session are recorded as] �ipped
after re-train . Finally, �correction rate� is

computed as
k] �ipped

after re-train � ] �ipped
before re-train k

k] after re-train � ] before re-train k, producing the right plots of Figure 4.6:c-d.

Each con�guration is repeated with10 di�erent random seeds.
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Figure 4.7: Established e�ects in animal learning, which cannot be explained by
backpropagation, can be reproduced accurately by PC because of the mechanism of
prospective con�guration. Panel a top, the fear conditioning task, where rats are �rst
trained to associate fear (electric shock) with noise and light; then in one of the groups, fear
related to light is eliminated in extinction session; �nally, the predicted fear (percentage of
rats freezing) of noise is measures in test session. Panel a bottom, the predicted fear from
networks trained with PC and backpropagation, compared against the fear (percentage
freezing) measured in rats. Models are trained with the same procedure as rats. PC
reproduces the key �nding that eliminating the fear to light changes the fear to noise.
Panel b, the architecture of simulated networks. Panel c�d, explaining the overshadowing,
extinction and test sessions with the machien analog in Figure 4.2.

4.5 Explanation of established animal learning
e�ects

Based on the superior performance and biological plausibility of PC due to the

mechanism of prospective con�guration, we may expect that this learning mechanism

has been favored by evolution, and its signatures are visible in the learning behavior

of animals. The distinction of prospective con�guration from backpropagation is

that error on one branch may spread to the others. Several previous studies have

observed analogous e�ects in which learning about one stimulus a�ected memory

for another stimulus (Kaufman and Bolles 1981; Matzel, Schachtman, et al. 1985;

Matzel, Shuster, et al. 1987; Hallam et al. 1990; Miller, Esposito, et al. 1992). These

e�ects were explained by assuming additional mechanisms (Miller and Schachtman

1985; Miller and Matzel 1988), but prospective con�guration can explain them

naturally with just the learning rule itself, e.g., with PC.
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Figure 4.7 demonstrates one such learning e�ect (Kaufman and Bolles 1981),

accurately reproduced by PC but not backpropagation. As shown in Figure 4.7:a,

rats are divided into three groups, corresponding to three columns. Each group

underwent three sessions sequentially, corresponding to the top three rows in

Figure 4.7:a, namely, �Train�, �Extinction�, and �Test�. In �Train�, rats experienced

an electric shock paired with di�erent stimuli (noise alone �N+� or both light and

noise �LN+�) depending on the group, which is to associate fear with the presented

stimuli. In �Extinction�, for the last group, the light is presented but without

the shock (�L-�), which is to eliminate the fear of light. In �Test�, the noise is

presented and the percentage of freezing of rats is measured for all groups, which

indicated how much fear is associated with the noise. The bar plot in Figure 4.7:a

reports the metrics for each group, both measured in the animal experiments (i.e.,

Data) and simulated by the two learning rules.

Figure 4.7:b demonstrates the neural architecture considered: both stimuli are

processed by hidden neurons (i.e., intermediate neurons corresponding to visual and

auditory cortices) and are then combined to produce the prediction of electric

shock (i.e., fear).

Two e�ects are present in experimental data. First, comparing groups �N+�

and �LN+� demonstrates the overshadowing e�ect: there is less fear of noise if

it had been compounded with the light when paired with shock than if the noise

alone had been paired with shock (in even simpler words, light overshadows noise

in a conditioned fear experiment). This e�ect can be accounted for by the Rescorla-

Wagner model (Rescorla 1972) which assumes that fearF is a weighted combination

of light L and noiseN : F = FL L ¸ FN N , and these weights,FL and FN , are

adjusted during conditioning. The Rescorla-Wagner model would learnFL = FN =

0•5 for the �LN+� group resulting in reduced fear to noise alone (FN N = 0•5).

Figure 4.7:c shows the network that predicts fear from sensory receptors. Both PC

and backpropagation would learn similar weights and thus reproduce overshadowing

in a similar way as the Rescorla-Wagner model (Figure 4.7:c).
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Second, comparing groups �LN+� and �LN+, L-� shows a striking e�ect:

presenting the light during extinction increases fear response to the non-presented

stimuli noise. As shown in Figure 4.7:d:top, the Rescorla-Wagner model and

backpropagation cannot explain this, since the error cannot be backpropagated to

a non-activated branch, i.e., a branch where no stimuli are presented. As shown

in Figure 4.7:d:bottom, PC, however, can account for this with the mechanism of

prospective con�guration. Speci�cally, on the non-activated bottom branch (i.e.,

the branch corresponds to the auditory cortex), hidden neural activity decrease

from zero to a small negative value (it may correspond to neural activity decreasing

below baseline), in response to the output neural being clamped to the target

pattern. Consequently, the weight connecting from the hidden neuron of the bottom

branch to the output neuron is strengthened, even when no input stimuli are

presented in this bottom branch.

4.5.1 Details of simulations

The structure of the network is as demonstrated in Figure 4.7:b. As mentioned

before, the default con�guration is to initialize the weights with the Xavier normal

initialization (Glorot and Bengio 2010). In this simulation, unlike the default

con�guration, the network is initialized from randomly generated small weights

before the training session. Speci�cally, the initial weights are randomly generated

from a normal distribution of mean0•1 and standard deviation0•01. This is to

simulate that the animal subjects have not built any association between stimulus

and electric shock before the training session.

Presenting or not presenting the stimulus (noise, light, or shock) is encoded

as 1 and 0, respectively. The network includes2 input, 2 hidden, and 1 output

neurons, as illustrated in Figure 4.7:b. The �rst and second input neurons are

considered to be auditory and visual neurons, where their activity corresponds to

perceiving light and noise, respectively. The output neuron is considered to encode

the prediction of the electric shock. The training and extinction sessions are both

simulated for 32 epochs with a learning rate of0•01. Speci�cally, for simulating
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training, the input neurons are set to the stimulus shown to a given group (i.e.

x1 = »1–0¼for �L+� group, while x1 = »1–1¼for �LN+� groups), and the target is

set to 1 . Subsequently, for simulating extinction the input is set to stimulus shown

to a given group (i.e. x1 = »0–0¼for �L+� and �NL+� groups, while x1 = »1–0¼

for �LN+,L-� group), and the target is set to 0.

In the test session, for both PC and backpropagation, the input pattern is set to

x1 = »0–1¼, the model makes a prediction with the output neuron and the prediction

is recorded. Since it is a prediction of the electric shock, it is considered to be an

indicator of the percentage of freezing. I denote di�erent groups of experiments with

6, and the set of all groupsG. The percentage of freezing measured in (Kaufman

and Bolles 1981) isBData
6 . The activity of output neuron is GBP

6 for backpropagation

and GPC
6 for PC. The activity of output neuron is scaled by a coe�cient (0BP for

backpropagation and0PC for PC) and a bias (1BP for backpropagation and1PC for

PC). I called the scaled output neural activity the scaled prediction. The coe�cient

and bias are optimized for PC and backpropagation independently to minimize the

di�erence between the scaled prediction and the percentage of freezing measured in

animal experiments in (Kaufman and Bolles 1981) (i.e., Data in Figure 4.7:a):

0BP– 1BP = arg min
F–1

Õ

62G

�
FGBP

6 ¸ 1 � BData
6

� 2
(4.10)

0PC– 1PC = arg min
F–1

Õ

62G

�
FGPC

6 ¸ 1 � BData
6

� 2
(4.11)

Note that the coe�cient and bias map the prediction of a learning rule to

the actual measured data in animal experiments, thus, they should be optimized

independently for each learning rule only, so that the scaled prediction re�ects only

the di�erence in learning rules. It is also a common practice to add these coe�cients

and bias when modeling behavioral data, and these coe�cients and bias should be

optimized independently for each learning rule only (Bogacz and J. D. Cohen 2004).
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Figure 4.8: PC predicts distinct observation in physiological experiments from
backpropagation because of the mechanism of prospective con�guration: a comprehensive
study. To provide examples of experimental predictions of PC, this �gure highlight the
di�erent behaviour of the learning rules in simple network motifs, which are minimal
networks displaying given behaviour. Two motifs in this �gure have been already analysed
earlier in the thesis, but there we focused on di�erences corresponding to experimentally
observed e�ects, while in this �gure we also highlight other qualitative di�erences that
reveal a range of untested predictions of prospective con�guration. Here, we consider PC
with the energy machine in Figure 4.2. In each one of panels a-c, the top and bottom rows
demonstrate the prediction of PC and backpropagation, respectively. The left column
highlights the di�erences in the prediction errors during learning and the resulting weight
update. The right column demonstrates the neuron activity before (transparent) and
after (opaque) weight update. The di�erences between the rules are highlighted in green.

4.6 Physiological experiment predictions

Prospective con�guration makes predictions on changes in neural activity during

learning that are distinct from those of backpropagation. This can be used to

further test if prospective con�guration takes place in neural systems. Here I

demonstrate the predictions of PC, which is one of the models that follow prospective

con�guration, however, a similar analysis can be applied to other energy-based

models which also follow the principle of prospective con�guration. Although

some of these predictions were evident from earlier examples, in this section I

list the predictions and di�erences systematically. To list the predictions and
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Table 4.1: Di�erences of predictions between backpropagation and PC, summarized
from Figure 4.8.

Motif in Figure 4.8 Panel a Panel b Panel c

E
rr

or
ne

ur
on

s

PC
Positive activity of the output

error neuron of the bottom branch.
None.

Di�erent negative activities of the hidden
error neurons on two branches.

Backpropagation
Zero activity of the output

error neuron of the bottom branch.
None.

Same negative activities of the hidden
error neurons on two branches.

S
yn

ap
tic

w
ei

gh
ts

PC
Strengthened connection from the hidden
to the output neuron of the bottom branch.

Strengthened connection from the hidden
neuron of the bottom branch to the output neuron.

Strengthened connection from the hidden
to the output neuron (both of the bottom branch).

Backpropagation
Unchanged connection from the hidden

to the output neuron of the bottom branch.
Unchanged connection from the hidden

neuron of the bottom branch to the output neuron.
Unchanged connection from the hidden

to the output neuron (both of the bottom branch).

V
al

ue
ne

ur
on

s

PC
Higher activity of the output

value neuron of the bottom branch.
Higher activity of the output

value neuron.
Di�erent change of the activities of

the hidden value neurons on two branches.

Backpropagation
Lower activity of the output

value neuron of the bottom branch. +
Lower activity of the output

value neuron.
Same change of the activities of

the hidden value neurons on two branches.

di�erences systematically, one would have to enumerate all possible con�gurations of

physiological experiments, which is unrealistic. However, we can identify the minimal

motifs, with which complex con�gurations can be constructed. I demonstrate the

predictions and di�erences in these minimal motifs in this section.

As shown in Figure 4.8, di�erent minimal motifs are investigated in the section,

corresponding to each panel among panels a-c. In each panel, the top row

demonstrates the prediction of PC, the bottom row demonstrates the prediction

of backpropagation. The left column demonstrates the error spreading (i.e., credit

assignment) and the consequential weight update. The right column demonstrates

the neuron activities before (transparent) and after (opaque) weight update.

Note that there are two kinds of nodes in a network: error nodes and value

nodes. Value nodes are commonly believed to map on the activities of neurons

(i.e., value neurons). However, currently, it is not clear how the error nodes map

on di�erent parts of the neural circuits. Three key hypotheses have been proposed

in the literature that error nodes map to:

ˆ activities of separate error neurons (Rao and Ballard 1999; Bastos et al. 2012;

Attinger et al. 2017);

ˆ membrane potential of value neurons (Boerlin et al. 2013; Brendel et al. 2020).

ˆ membrane potential in apical dendrites of value neurons (Sacramento et al.

2018; Whittington and Bogacz 2019);
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Whether value and error nodes are easy to measure in practice also depends on

which one of the above assumptions is correct. For example, if the above �rst

assumption is correct: error nodes map to activities of error neurons, and value

nodes map on the activities of value neurons, we can assume the error neurons

are at rest if no supervised signal is provided. Then, value nodes mapped on

the activities of value neurons can be measured if the subject makes a prediction

without observing any supervised signal. With time the encoding of error in neural

circuits is likely to be identi�ed, so I make predictions for signals encoding both

error and values, and to make these predictions concrete I assume that separate

error and value neurons exist, in the following.

In Figure 4.8, the left columns present the predictions of error neurons, and

also the predictions of the change of the weights; the right columns present the

predictions of value neurons. Di�erences in the above predictions are highlighted in

Figure 4.8. As can be seen from the highlighted parts in the �gure, the key features

of PC (distinct from those of backpropagation) for each motif are that:

ˆ The error may spread to the branch where the prediction is correctly made

(the motif in Figure 4.8:a);

ˆ The error may cause weight change in the sensory regions associated with

absent stimuli (the motif in Figure 4.8:b);

ˆ The error of a hidden node depends on the proportion of the correctly predicted

associated outputs (the motif in Figure 4.8:c).

Such di�erences are described in detail in Table 4.1.

Figure 4.1 and 4.2:i investigate the motif in Figure 4.8:a. Figure 4.7 investigates a

similar motif as the one in Figure 4.8:b. The di�erence is that Figure 4.7 introduces

a negative error while Figure 4.8:b introduces positive error on the same architecture.

Interestingly, we can see introducing negative (Figure 4.7) or positive (Figure 4.8:b)

error to the same architecture produce a similar prediction by PC.

Actually, for all the motifs in Figure 4.8, predictions may be generated either

by creating a positive or negative prediction error in the output.
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Figure 4.9: PC predicts distinct observation in physiological experiments from
backpropagation because of the mechanism of prospective con�guration: a case study.
Here I demonstrate a striking di�erence in how PC and backpropagation assign error to
hidden nodes. Namely, in PC, the error assigned to a hidden node is reduced if the node
is also connected to correctly predicted outputs. This di�erence is illustrated in a motif
(Figure 4.8:a), for which we illustrate behaviour of learning rules with the energy machine,
and describe a sample experiment testing model predictions (panels a-b). Finally, we
report the simulation results of the two learning rules (panel c), con�rming that they
indeed make distinct predictions for this motif.

Additionally, as long as the prediction di�erences are visible on the output value

neurons in Table 4.1, the predictions are testable from behavioral experiments.

For example, Figure 4.8:b makes a behavioral prediction (presenting light with

stronger shock should also increase freezing for tone) that can be tested in a similar

way as described in Figure 4.7. Testing this prediction would also validate our

explanation of the experimental result in Figure 4.7.

In this section, I focus on investigating a new motif in Figure 4.8:c. Speci�cally,

I �rst demonstrate how the two learning rules give distinct predictions in this

motif with the energy machine (Figure 4.8:c). Then, I demonstrate the experiment

procedure of testing this motif (Figure 4.9:a-b). Finally, I report the simulation

results of the two learning rules on this motif with the proposed experiment

procedure, con�rming that they indeed make distinct predictions here.

As shown in Figure 4.8:c, in the motif I will be investigating here, two stimuli

are presented and two predictions are made. One of the two stimuli (the top stimuli)

contributes only to one of the two predictions (the top prediction); the other stimuli

(the bottom stimuli) contribute to both predictions. With this motif, a negative

error is introduced to the top prediction. Since it is the prediction both stimuli

contribute to, we would expect the error to be assigned to hidden neurons on both
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branches. Both learning rules do as expected, however, they assign errors di�erently.

With the energy machine, we can see that PC (top row) allocates less error on the

bottom hidden neuron than the top hidden neuron, because it sees that the bottom

hidden neuron also contributes to another prediction that is correctly predicted.

While backpropagation assigns the same error to the two hidden neurons.

Next, I describe the experiment that simulates the motif in Figure 4.8:c.

Figure 4.9:a shows the network corresponding to the task. There are two stimuli

(e.g., face and house) and two predictions (e.g., water and food). Each one of the

two stimuli should excite an independent group of hidden neurons, since faces and

houses each excite a particular area of the brain (Heekeren et al. 2004). Thus,

it is feasible to measure the activity of these hidden neurons by measuring the

activity of these particular areas. The pre-trained model should have the weight

connection pattern as in the �gure: the face only predicts water, and the house

predicts both water and food. How to get this pre-trained model is described

in the experimental procedure below.

Figure 4.9:b presents the experimental procedure. The experimental procedure

consists of two stages of pre-training and omission. The participants should be

shown with di�erent outcomes of water and food paired with di�erent stimuli of

face and house, and brain activities are measured in face and house areas at speci�c

moments. Speci�cally, the participants should �rst experience the pre-training

stage: they should be shown with the four examples in Figure 4.9:b:green box for

multiple times. After the pre-training stage, the participants should have been

trained to develop the pre-trained model described in Figure 4.9:a. We wish to

measure the response in the face and house areas after the pre-training stage.

Thus, the participants are shown with face and house, and the brain activities are

measured in the face and house areas asGface and Ghouse, respectively. Next, the

participants should experience the omission stage: they should be shown with the

example in Figure 4.9:b:yellow box for only one trial. This will introduce a negative

error in the prediction of water for only one trial. We now wish to measure the

response in face and house areas after the omission stage. Thus, the participants
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are shown with face and house, and the brain activities are measured in the face

and house areas asG0
face and G0

house, respectively.

Figure 4.9:c presents the simulation results. Speci�cally, the horizontal axis

shows the change of hidden neuron activities from before to after the single omission

trial. The top row shows that of the face branch (i.e.,Gface � G0
face); the bottom row

shows that of the house branch (i.e.,Ghouse� G0
house). Di�erent colors represent results

from di�erent learning rules. PC predicts that the change of hidden neural activity

from before to after the one omission trial on the two branches to be di�erent (i.e.,

Gface � G0
face < Ghouse� G0

house), while backpropagation predicts that they should be the

same (i.e.,Gface� G0
face = Ghouse� G0

house). Below I describe the details of this simulation.

4.6.1 Details of simulations

The structure of the network is2 ! 2 ! 2 as demonstrated in Figure 4.9:a. No

activation function is applied in this experiment (the network is purely linear).

The network is initialized to the pre-trained connection pattern demonstrated

in Figure 4.9:a as the focus of this simulation is not to pre-train the model. In

the connection pattern of Figure 4.9:a, the visible weights are set to one, and

other weights are set to zero. One can of course pre-train the network to develop

such a pre-trained connection pattern with the four examples in Figure 4.9:b (in

the green �Pre-training� box).

Presenting and not presenting a stimulus (face, house, water, or food) are

encoded as1 and 0, respectively. Presenting a reward of two bottles of water is

encoded as2. I �rst set both inputs to 1 and record the hidden neural activity of

the two branches asGface and Ghouse for the upper and lower branches, respectively.

With the pre-trained model, the omission session trains on a pattern that involves

an error in the prediction of water, for only one trail. Such pattern is demonstrated

in Figure 4.9:b (in the yellow �Omission� box). After this one trial of omission, I set

both inputs to 1 and record the hidden neural activity of the two branches for the

second time asG0
face and G0

house for the upper and lower branches, respectively. The

change of the hidden neuron activity from before to after the one trial is computed
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and demonstrated in Figure 4.9:c. Speci�cally, the face and house branches on y-axis

in Figure 4.9:c computeGface � G0
face and Ghouse � G0

house as the value of the x-axis of

the plot, respectively. The learning rate is �xed to0•8. This is because the network

is trained for just one trial and the purpose of the simulation is to show that PC

produces di�erent changes of hidden neural activities on di�erent branches, while

backpropagation produces the same, which is irrelevant to the choice of learning rate.

4.7 Discussion and related work

Much recent work has focused on understanding how biological neural networks

could learn in a way similar to backpropagation (Sacramento et al. 2018; Grossberg

1987; Scellier and Bengio 2017; Whittington and Bogacz 2017; Lillicrap, Cownden,

et al. 2016; Roelfsema and Ooyen 2005; Pozzi et al. 2018; Körding and König

2001; Richards, Lillicrap, et al. 2019; Payeur et al. 2021; Millidge et al. 2020a).

Although many proposed models do not implement backpropagation exactly, they

nevertheless try to approximate backpropagation and much emphasis is placed on

how close this approximation is (Sacramento et al. 2018; Grossberg 1987; Scellier

and Bengio 2017; Whittington and Bogacz 2017; Lillicrap, Cownden, et al. 2016;

Roelfsema and Ooyen 2005; Pozzi et al. 2018; Whittington and Bogacz 2019;

Millidge et al. 2020a). However, it has been questioned if it is possible for the

brain to implement backpropagation exactly (Crick 1989; Grossberg 1987) and

backpropagation may result in catastrophic interference of newly learned facts with

stored information (McCloskey and N. J. Cohen 1989; McNaughton and O'Reilly

1995). Also, learning in the brain seems to be more e�cient than backpropagation

in several critical aspects: for example, the brain can learn with much fewer

exposures (Tsividis et al. 2017). This raises the question of whether employing

backpropagation to understand learning in the brain should be the main focus

of the �eld. Besides, energy-based models (that includes PC) are often solidly

biological-grounded, however, overlooked in favor of the backpropagation theory.

This is mainly due to a lack of theoretical understanding or empirical evidence of

whether or why energy-based models are superior to backpropagation.
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In this chapter, I set out a new perspective that the brain instead solves credit

assignment with a fundamentally di�erent principle, which I refer as �prospective

con�guration�, which, in contrast to backpropagation, is implemented naturally

in energy-based models. I demonstrate with PC and other energy-based models

both theoretically (Section 4.2) and empirically (Section 4.4) that the mechanism

of prospective con�guration reduces the interference, thus enabling more e�ective

learning in various contexts faced by biological organisms, and reproduces animal

learning e�ects that cannot be explained by backpropagation (Section 4.5). The

advantage of prospective con�guration, particularly PC, in learning problems with

biological constraints demonstrated in this chapter suggests a great potential to

apply PC in machine learning problems. An obstacle to employing PC is that they

are computationally slow. However, I will demonstrate in the following Chapter 5

that the model can be adjusted by modifying weights after each step of relaxation

and it then becomes comparably fast to backpropagation or theoretically even

faster with appropriate implementation.



5
Predictive coding has advantages over
backpropagation in machine learning

problems

This chapter discusses my results that biologically plausible models may inspire

alternatives to backpropagation. Particularly, I propose Parallel Predictive Coding

(PPC), which is a variant of Predictive Coding Network (Rao and Ballard 1999; Whit-

tington and Bogacz 2017; Buckley et al. 2017) (PC) that is (1) more computationally

e�cient theoretically and (2) likely to be more computationally e�cient empirically

when fully parallelized on suitable hardware, compared to backpropagation.

PC can perform supervised learning as reviewed in Section 2.2.1, has advantages

over backpropagation as demonstrated in Chapter 4, and Z-PC is further equivalent

to backpropagation as shown in Chapter 3. However, both PC and Z-PC su�er

from critical drawbacks.

PC is orders of magnitude slower than backpropagation, as the necessary process,

relaxation (moving neural activities according to a particular rule), needs to run for

a large number of iterations until convergence before performing a single weight

update. Also, the PC requires a control signal to detect such convergence and

trigger the weight update. Z-PC demonstrates that the relaxation process does

not have to converge before the weight update, as it produces a weight update

85
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equivalent to that of backpropagation at the �rst few steps of relaxation. However,

this algorithm requires an even more delicate control signal to trigger the weight

update of speci�c layers at speci�c moments of relaxation. Nevertheless, PC and

Z-PC possess an interesting property that computations of both relaxation and

weight updates are local, thus can be parallelized across not only neurons but

also layers (computations in backpropagation are believed to be parallelizable

across neurons but not layers). However, the gain of this parallelization does not

outmatch the burden of running relaxation until convergence (PC) or running

relaxation for the �rst few steps (Z-PC).

Inspired by PC and Z-PC, I propose Parallel Predictive Coding (PPC) as a

simple combination of both (or a continuous shift from Z-PC to PC). Speci�cally,

in PPC, the relaxation process runs in parallel with the weight update, i.e., the

weight update is not conducted after the convergence of relaxation or at very speci�c

moments of relaxation but all the time in parallel with relaxation. Thus, PPC

updates weights at the end of relaxation (as in PC), at the beginning of relaxation

(as in Z-PC), and at all relaxation steps in between.

Though motivated by the previous algorithms, PPC decently solves their

drawbacks and shows promising properties that theoretically make it more com-

putationally e�cient than backpropagation. Speci�cally, PPC requires no control

signal to trigger the weight update, which runs from the start of relaxation and

in parallel with relaxation since then. Hence, all the computations in PPC can

be executedsimultaneously, locally, and autonomously, not only across neurons

but also across layers.

The main contributions of this chapter are brie�y as follows:

ˆ I propose PPC as a new biologically plausible learning algorithm and formally

show that when training a network with ! layers on a perfect parallel machine,

the time complexity of PPC is O¹1º, while that of backpropagation isO¹! º.

ˆ I give experimental evidence that when training on the perfect parallel machine,

the training loss and test error decrease faster using PPC than backpropagation

(Fig. 5.4, left and center).
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ˆ I show empirically that when training on CPUs, the above higher e�ciency of

PPC over backpropagation is preserved (Fig. 5.5). But this is not the case on

GPUs for now, as the implementation requires further optimization.

ˆ I show empirically that the �nal test accuracy (i.e., generalization quality) of

PPC is similar to that of backpropagation on multiple image classi�cation

benchmarks (Table 5.2).

Overall, the proposed PPC is more computationally e�cient than backpropagation

by being easier to parallelize (both theoretically and empirically on CPUs), while

achieving a similar generalization quality as backpropagation on several image

classi�cation tasks.

5.1 Temporal training dynamics

In this chapter, I will again be investigating what happens during the relaxation,

so it is important to denote by Cthe time axis during relaxation. Thus, notations

of PC is augmented with an additional subscript ofCif a variable is changed

during relaxation (as in Chapter 3):

Ĝ;
8–C=

=; � 1Õ

9=1

F ;� 1
8– 95

�
G;� 1

9–C

�
and Y;

8–C= G;
8–C� Ĝ;

8–C (5.1)

� C=
! ¸ 1Õ

;=2

=;Õ

8=1

1
2

�
Y;

8–C

� 2
=

! ¸ 1Õ

;=2

=;Õ

8=1

1
2

�
G;

8–C� Ĝ;
8–C

� 2
(5.2)

G;
8–C¸ 1 � G;

8–C= � G;
8–C=

8>>>>>>><

>>>>>>>
:

0 ; = 1

W�
�
� Y;

8–Ç 50
�
G;

8–C

� Í =;¸ 1

: =1 Y;¸ 1
:–CF

;
:–8

�
; 2 f 2– • • • – !g

W�
�
� Y;

8–C

�
; = ! ¸ 1 in prediction

0 ; = ! ¸ 1 in learning
(5.3)
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� F ;
8– 9= � U � m�C•mF;

8– 9= U� Y;¸ 1
8–C5

�
G;

9–C

�
(5.4)

As mentioned earlier, subscriptCis added if a variable is changing during the

relaxation, where suchCdenotes the time step during relaxation. In PC,F ;
8– 9is not

changing during the relaxation, thus, it is listed without the subscriptC. However,

F ;
8– 9is changing during the relaxation for the proposed PPC in this Chapter, thus,

Equation (5.4) will need to be modi�ed for PPC, as will be demonstrated later.

Furthermore, to simplify the discussion, I assume that the duration of presenting

the training pairs T is su�ciently long so that within this time the relaxation has

already converged. Thus, in the rest of this chapter, I discuss only the situation

in which the weights are updated at timeT rather than at the time of relaxation

convergenceC2. This is how normally PC is implemented in practice: instead

of detecting the convergence relaxation momentC2 (which could be non-trivial),

relaxation is run for a �xed but su�ciently long duration until the end of presenting

the datapoint (C= T ), e.g., T = 100 to 200 in (Millidge et al. 2020a).

5.2 E�ciency and autonomy of PC, Z-PC, and
backpropagation

To motivate PPC, in this section, I study the properties of the aforementioned

baselines, i.e., PC, Z-PC, and backpropagation, from the perspective of e�ciency

and autonomy.

5.2.1 E�ciency

E�ciency over matrix multiplications I �rst study the complexity of one

relaxation step. I consider the number ofmatrix multiplications (MMs) required

because it is by far the most complex operation performed. One relaxation step

requires¹2! � 1º MMs: ! for updating all the error nodes (i.e., Eq.(5.1)) and ¹! � 1º

for updating all the value nodes (i.e., Eq.(5.3)). To complete a single update of all
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Table 5.1: Number of operations (MMs or SMMs) per weight update of PC, Z-PC,
backpropagation, and PPC. Note that one relaxation step requires¹2! � 1º MMs or 2
SMMs.

PC Z-PC Backpropagation PPC

MMs ¹2! � 1ºT ¹2! � 1º¹! � 1º ¹2! � 1º ¹2! � 1º
SMMs 2T 2¹! � 1º ¹2! � 1º 2

weights, PC and Z-PC run forT and ¹! � 1º relaxation steps, respectively. Thus, to

complete one weight update, PC and Z-PC require¹2! � 1ºT and ¹2! � 1º¹! � 1º

MMs, respectively. We should also notice that backpropagation requires¹2! � 1º

MMs to complete a single weight update: ! for the forward and ¹! � 1º for

the backward pass. Such numbers are summarized in the �rst row of Table 5.1.

According to this measure, backpropagation is the most computationally e�cient

algorithm, Z-PC ranks second, and PC third (T is normally much larger than! ).

However, this measure only considers the total number of MMs needed, without

taking into account whether some of them can be performed in parallel, which could

signi�cantly reduce the time complexity. I now address this point.

E�ciency over simultaneous MMs The MMs performed during relaxation

can be parallelized across layers. Particularly, computations in Eqs.(5.1) and (5.3)

only depend on information in the current and adjacent layers. Thus,! MMs that

update all the error nodes in all layers take the time of only one MM if properly

parallelized. Similarly, in Eq. (5.3), ¹! � 1º MMs that update all the value nodes in

all layers take the time of only one MM if properly parallelized. As a result, one

relaxation step only takes the time of2 MMs if properly parallelized. Hence, I now

de�ne a measure that takes into account whether some MMs can run in parallel,

called simultaneous MMs(SMMs), and used to better de�ne the time complexity of

the studied algorithms. Thus, one relaxation step takes2 SMMs; one weight update

with PC and Z-PC takes2T and 2¹! � 1º SMMs, respectively. Backpropagation

propagates information through the entire network, i.e.,Y; is re-solved recursively

from Y0. Thus, no MM can be paralleled in backpropagation, i.e., one weight update

with backpropagation takes¹2! � 1º SMMs. These numbers are summarized in
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the second row of Table 5.1. Overall, measured over SMMs, backpropagation, and

Z-PC are equally computationally e�cient and much more e�cient than PC.

5.2.2 Autonomy

Both PC and Z-PC lack full autonomy, as an external control signal is always needed

to trigger the update of the weights: PC waits for reachingT relaxation steps,

while Z-PC updates the weights of speci�c layers at speci�c relaxation moments

C= ! � ; ¸ 1. Backpropagation is considered to be less autonomous than PC and

Z-PC: a control signal is required to switch between transmitting forward signals and

backward errors, and additional places to store the backward errors are required.

5.3 Parallel predictive coding

Algorithm 9: Learn with Parallel Predictive Coding (PPC)

Input: input pattern sin ; target pattern starget ; synaptic weights�
w1–w2–� � � –w!

	

Output: updated synaptic weights
�
w1–w2–� � � –w!

	

1 x1 = sin ; // Clamp input neurons to input pattern
2 x ! ¸ 1 = starget ; // Clamp output neurons to target pattern
3 for ; = 1; ; Ÿ ! ; ; = ; ¸ 1 do // Initialize x
4 x̂;¸ 1 = w; 5

�
x; � ;

5 x;¸ 1 = x̂;¸ 1;
6 end
7 for C= 0; C ŸT ; C= Ç 1 do // Relaxation and weight update
8 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Parallelized, thus takes one SMM
9 x̂;¸ 1 = w; 5

�
x; � ;

10 9;¸ 1 = x;¸ 1 � x̂;¸ 1;
11 end
12 for ; = 2; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Parallelized, thus takes one SMM

13 � x; = W
�
� 9; ¸ 50 �

x; � �
� �

w; � ) 9;¸ 1
� �

;

14 x; = x; ¸ � x; ;
15 end
16 for ; = 1; ; Ÿ ! ¸ 1; ; = ; ¸ 1 do // Update weights
17 � w; = U9;¸ 1 �

5
�
x; � � ) ;

18 w; = w; ¸ � w; ;
19 end
20 end
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Figure 5.1: Comparison of the temporal training dynamics of backpropagation, PC, PC
in practice, Z-PC, A-Z-PC, and PPC. I assume that we train the networks on a training
pair from a dataset, which is presented for a periodT , before it is changed to another
pair. Here, Cis the time axis during relaxation, which always starts at C= 0. The squares
represent nodes in one layer: blue squares indicate relaxation is conducted while empty
squares indicate no relaxation is conducted. Pink rounded rectangles indicate when the
connection weights are modi�ed. Theoretically, PC (second row) conducts relaxation
until it converges (C= C2) and updates the weights, PC in practice (third row) conducts
relaxation until the end of presenting the datapoint (C= T ) and updates the weights.
This chapter inspects only PC in practice (third row). Z-PC and A-Z-PC (fourth and
�fth rows) only update the weights at speci�c relaxation moments depending on which
layer the weights belong to. PPC proposed in this chapter updates the weights at every
relaxation moment C.

This section is dedicated to my proposed algorithm, called Parallel Predictive

Coding (PPC), which continuously runs relaxation, as PC, and it performs weight

updates before the relaxation has converged, as Z-PC. The key insights and

motivations here are

ˆ PC requires the settling of the relaxation of the network to achieve the correct

Y;
8–Cvalues for the weight updates.

ˆ Z-PC in Chapter 3 proves thatY;
8–Cin PC does not need to be obtained through

full settling of the relaxation of the network to be informative for updating the

weights. In fact, the �rst time Y;
8–Cis updated from0 to non-zero, it resembles

the error term in backpropagation.
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PPC is illustrated in the last row of Figure 5.1 and summarized in Algorithm 9, where

the weights of all layers are updated simultaneously along with the running relaxation.

Thus, all equations describing PC applies to PPC, except for Equation(5.4)

which is modi�ed to:

F ;
8– 9–C¸ 1 � F ;

8– 9–C= � F ;
8– 9–C= � U � m�C•mF;

8– 9–C= U� Y;¸ 1
8–C5

�
G;

9–C

�
(5.5)

In simple words, PPC can be seen as a continuous shift from Z-PC to PC; the

error used to update weights shifts from that of Z-PC (i.e., backpropagation) to

that of PC, but is informative for updating weights at all time steps.

I now analyze two interesting properties of my proposed model: e�ciency and

autonomy. Particularly, I show that (1) PPC is, to my knowledge, the �rst learning

algorithm for deep neural networks in which neurons work fully autonomously, and

(2) PPC theoretically (on suitable parallel hardware) takes! times less time to

complete a weight update compared to backpropagation, as well as being the most

computationally e�cient one among PC and Z-PC.

5.3.1 Autonomy

In terms of autonomy, PPC removes the control signal of triggering a weight update,

which is required by the other models, Z-PC and PC. PPC does not require a control

signal to switch between prediction and learning either. Because, as mentioned, the

error nodes decay to zero if the output neuron is not clamped to the target pattern,

thus, weights are not updated. To my knowledge, PPC is the �rst learning algorithm

for deep neural networks that is fully automatic (i.e., no control signal is required).

5.3.2 E�ciency

I �rst consider the training on a single datapoint for multiple iterations, as this is

the most basic setup of learning: a datapoint is presented for a duration of time,

during which the machine learns continuously from it and tries to reduce the error

to zero. I discuss the generalization to multiple datapoints afterwards.
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Figure 5.2: Graphical illustration of the e�ciency over backward SMMs of backpropa-
gation and PPC. PPC never clears the error (red neurons), while backpropagation clears
it after every update. This allows PPC to perform 5 full and 2 partial updates of the
weights in the �rst 6 SMMs. In the same time frame, backpropagation only performs
3 full updates. Note that the SMMs of forward passes during training are excluded
for simplicity, w.l.o.g., as the insight from this example generalizes to the SMMs of the
forward pass.

E�ciency with single datapoint

To complete one weight update, PPC requires one relaxation step, so¹2! � 1º MMs

or 2 SMMs. Thus, as shown in Table 5.1, compared to backpropagation, PPC

takes ! times fewer SMMs per weight update. Intuitively, this follows, as MMs

in backpropagation have to be done sequentially along with layers (errors need to

be solved recursively from the error on the output layer), while the ones in PPC

can all be done in parallel across layers. Formally, to complete one update of all

weights on a network with ! layers, the time complexity over SMMs isO¹2º and

O¹2! � 1º (i.e., O¹1º and O¹! º) for PPC and backpropagation, respectively.

To make the di�erence more visible and provide more insights, I explain this

in detail with a sketch of this process on a small network in Figure 5.2, where the

horizontal axis of < is the time step measured by SMMs. Note that here I only

consider the SMMs for spreading errors, i.e., Eq.(5.3) for PPC. For backpropagation,

it means that I only consider the SMMs for backpropagating the error. I ignore

Eq. (5.1) for PPC and correspondingly the forward pass of backpropagation, since

the insights after including them would remain the same. Thus,< in Figure 5.2

describes the number of backward SMMs performed.
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As stated above, for backpropagation, backpropagating the error from one layer

to an adjacent layer requires one MM; for PPC, one step of relaxation on one layer

via Eq. (5.3) requires one MM. Backpropagation and PPC are presented in the �rst

and second rows, respectively. Before both methods are able to update weights

in all layers, they need two MMs for spreading the error through the network,

i.e., a weights update of all layers occurs for the �rst time at< = 2 for both

methods. After < = 2, backpropagation cleared all errors on all neurons, so at

< = 3, backpropagation backpropagates the error from; = 4 to ; = 3, and at < = 4,

backpropagation backpropagates the error from; = 3 to ; = 2 after which it can

make an update of weights at all layers again for the second time. Note that the

MM that backpropagates errors from; = 3 to ; = 2 at < = 4 cannot be put at

< = 3, as it requires the results of the MM at< = 3, i.e., it requires the error to

be backpropagated to; = 3 from ; = 4 at < = 3. However, this is di�erent for

PPC. After < = 2, PPC does not resetG;
8–Cto Ĝ;

8–C, i.e., the error signals are still

held in Y;
8–C. At < = 3, PPC performs two MMs in parallel, corresponding to two

relaxations steps at two layers,; = 3 and ; = 2, updating G;
8–C, and hence the error

signals are held inY;
8–Cof these two layers. Note that the above two MMs of two

relaxation steps can run in parallel and be put into a single< , as the relaxation

in Eq. (5.3) requires only locally and immediately available information in current

and adjacent layers. In this way, a weight update in PPC is able to be performed

at every < ever since the very �rst few steps of< .

I further demonstrate the computational graphs of the same network as Figure 5.2

in Figure 5.3, for both backpropagation and PPC. For backpropagation, in Figure 5.3,

we can see that94 is computed �rst at < = 0, i.e. as94
0, then 93 needs to be computed

at < = 1, i.e., as93
1, because it is computed from94

0. Analogous updates of error

terms are performed at other steps< . Thus, 92 can only be computed at< = 2–4

and 6, i.e., as92
2, 92

4 and 92
6. For PPC, in contrast, updating x2 and 92 rely only

on variables in the current and adjacent layers:92 and 93 in the previous moment,

according to Eqs.(5.1) and (5.3). Thus, x2 and 92 are updated at all < steps.
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Figure 5.3: Computational graph of backpropagation and PPC.

E�ciency with multiple datapoints

Every time the algorithm switches to a new datapoint, PPC requires the �rst few

SMMs, as shown in Figure 5.2, to spread the error over hidden neurons, before

it can take 2 SMMs per weight update (one forward SMM for Eq.(5.1) and one

backward SMM for Eq. (5.3)). Such overhead is introduced when learning on

datasets with multiple datapoints, as PPC updates weights multiple times on a

single datapoint. Thus, so that the advantage of PPC can be preserved in training

with multiple datapoints, I train the whole dataset in a single batch, where there is

no such switching to a new datapoint. Instead, I store in the memoryx, x̂, and

9 corresponding to all datapoints and perform continuous computations on them.

Speci�cally, sin , starget , x; , x̂; , and 9; are all tensors with the last dimension being

the size of the dataset, so each entry along the last dimension of these variables

corresponds to these variables speci�ed to a datapoint. Takingx; for example,

assuming that layer; contains 32 neurons, and the size of the dataset is6000, the

tensor x; is of size»32–1–6000¼. Thus, x; »:–:–4¼is x; speci�ed to the 4-th datapoint

in the dataset. No lines in Algorithm 9 (except line 17, which will be mentioned

later) require any changes to describe training in this setup. For example, following

the above example,x; is of shape»32–1–6000¼, layer ; ¸ 1 contains 16 neurons,
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thus, w; is of shape»16–32¼, w; 5
�
x; � gives x̂;¸ 1 of shape»16–1–6000¼. However,

the update of weightsw; (line 17 in Algorithm 9) is changed to:

� w; = U
Õ

3

9;¸ 1»:–:– 3¼
�
5

�
x; »:–:– 3¼

�� )
(5.6)

This setup of training with a single batch is suitable for problems with small

datasets. However, when dealing with large datasets, full batch training is not

realistic. Thus, my claim of e�ciency is restricted to the situation when the dataset

can �t into a single batch. Dividing the dataset into multiple batches while still

preserving the high e�ciency of PPC is left as future work.

5.4 Experiments

My experiments investigate two aspects of PPC that are important in deep learning:

time e�ciency and generalization quality. To test the time e�ciency of my

method, I show that my model reduces the training loss and test error faster than

backpropagation over SMMs as well as over the actual running time, implemented

on CPUs and GPUs. To test the generalization quality, I compare the test accuracies

of backpropagation, PC, and PPC on multiple architectures and datasets, showing

that PPC achieves performances that are comparable, and sometimes better, than

the ones obtained by backpropagation.

5.4.1 E�ciency

I used an MLP with 4 hidden layers and 128 hidden neurons trained on Fash-

ionMNIST (Xiao et al. 2017). The dataset is trained with a single batch of size

60000. Every network was trained on FashionMNIST with independently optimized

learning rate from U 2 f0•1–0•05–0•01–0•005–0•001–0•0005–0•0001–0•00005g. The

objective function of the search over learning rates is the mean of the test error

during training. Thus, the reported results are from the learning rate with the

minimal value of the mean of the test error during training. I additionally veri�ed
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Figure 5.4: Training loss (left) and test error (center) of backpropagation (BP in
the �gure) and PPC on a 4-layer MLP trained on FashionMNIST over SMMs. Right:
Ratio of the actual running time needed to perform a single weight update between
backpropagation and PPC.

that the optimized learning rate for each algorithm at each setup lies within such

a range of searched learning rates.

E�ciency over SMMs I trained an MLP and compared the training losses and

the test errors as a function of SMMs. My results in Figure 5.4, left and center, show

that the training loss and the test error of PPC decrease signi�cantly faster compared

to backpropagation over SMM, empirically con�rming the theoretical e�ciency of

PPC. I additionally show the same plots as the above plots but for networks with

di�erent widths (number of hidden neurons) and depths (number of layers) in the

Figures 5.6 and 5.7. A similar observation is made that training loss and the test

error of PPC decrease signi�cantly faster compared to backpropagation over SMMs.

Note that what I demonstrate above, over SMMs, is the theoretical upper bound

of PPC's high e�ciency. To demonstrate how much we can approximate this

theoretical upper bound, I plot the ratio of the actual running time needed to

perform a single weight update between backpropagation and PPC in Figure 5.4,

right side. In this experiment, both backpropagation and PPC are implemented on

CPUs, to parallelize MMs, any MMs that can be executed at the same time are

sent to di�erent CPUs, thus, measuring the running time over SMMs implemented

on CPUs. There are in total 32 CPUs on the machine, thus, parallelizing 32 MMs

(a network with 32 layers of weights) is the best I can do and it takes all the 32

CPUs. Parallelizing fewer MMs, of course, takes fewer CPUs. In Figure 5.4, every
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