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ABSTRACT

Semiclassical Transition State Theory (SCTST), a method for calculating rate con-

stants of chemical reactions, offers gains in computational efficiency relative to more

accurate quantum scattering methods. In full-dimensional (FD) SCTST, reaction

probabilities are calculated from third and fourth potential derivatives along all vi-

brational degrees of freedom. However, the computational cost of FD SCTST scales

unfavorably with system size, which prohibits its application to larger systems. In

this study, the accuracy and efficiency of 1-D SCTST, in which only third and fourth

derivatives along the reaction mode are used, are investigated in comparison to those

of FD SCTST. Potential derivatives are obtained from numerical ab initio Hessian

matrix calculations at the MP2/cc-pVTZ level of theory, and Richardson extrap-

olation is applied to improve the accuracy of these derivatives. Reaction barriers

are calculated at the CCSD(T)/cc-pVTZ level. Results from FD SCTST agree with

results from previous theoretical and experimental studies when Richardson extrap-

olation is applied. Results from our implementation of 1-D SCTST, which uses only

4 single-point MP2/cc-pVTZ energy calculations in addition to those for conven-

tional TST, agree with FD results to within a factor of 5 at 250 K. This degree of

agreement and the efficiency of the 1-D method suggest its potential as a means of

approximating rate constants for systems too large for existing quantum scattering

methods.

a)Electronic mail: samuel.greene@chem.ox.ac.uk
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I. INTRODUCTION

Theoretical methods for calculating rate constants of chemical reactions have useful ap-

plications in a variety of areas, including atmospheric chemistry,1–4 biological chemistry,5

and materials science.6–8 Quantum reactive scattering (QRS) approaches involve solving the

nuclear Schrödinger equation on a potential energy surface (PES) and often yield the most

accurate rate constants.9–15 However, constructing a suitably accurate PES and perform-

ing a full-dimensional (FD) calculation become very computationally demanding as the size

of the system increases.16–19 To our knowledge, despite recent advances in both of these

areas,20–30 the applicability of FD QRS methods remains limited to reactions involving six

atoms.29,31–40

This limitation has prompted the development of a variety of approximate methods for

dynamics calculations. Variational Transition State Theory with Multidimensional Tunnel-

ing corrections (VTST/MT) constitutes a class of methods in which reaction probabilities

are calculated semiclassically from action integrals along paths on the PES.41–43 It is often

possible to obtain results in good agreement with benchmark QRS results with an appropri-

ate choice of a VTST/MT method.44–52 Other methods that require a complete PES include

include quantum mechanical formulations of Transition State Theory53–56 and the ring poly-

mer molecular dynamics (RPMD) method.57,58 Both of these methods have yielded accurate

results for a variety of reactions.44,45,48,59,60

Semiclassical Transition State Theory (SCTST) is another approximate theory and was

developed originally by Miller et al.61–63 It differs from the aforementioned theories in that

it depends on the PES and its derivatives only at the transition state (TS). In SCTST,

reaction probabilities are calculated semiclassically from an expression for the energy at

the TS in terms of the system’s “good” quantum numbers. This expression is commonly

derived using second-order vibrational perturbation theory (VPT2), which depends only

upon second, third, and fourth derivatives of the PES (i.e., a quartic force field). Evaluating

these derivatives is often more efficient than constructing a complete PES. This efficiency

gain has been a primary motivation in the development and application of SCTST, which

has been applied previously to reactions such as H + H2 −−→ H2 + H,64 HBr + Cl −−→

Br+HCl,65 HO+H2 −−→ H2O+H and isotopologues,66 and Cl+CH4 −−→ HCl+CH3 and

isotopologues.67 In all of these cases, results from SCTST have exhibited good agreement
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with those from other theories and from experiment.

Previously,68 we evaluated a reduced-dimensionality (RD) approach to SCTST, in which

only a subset of the system’s degrees of freedom (DOFs) are included explicitly in calculations

of the reaction probability (i.e., via calculation of a quartic force field) while the remaining

DOFs are treated harmonically with a partition function. In an earlier study, Nguyen et

al.66 implemented a one-dimensional (1-D) approach to SCTST. We previously applied this

approach to four reactions69 and found that the deep tunneling corrections to this theory

described byWagner70 had to be applied to ensure close agreement with results from accurate

QRS calculations performed on the same 2-D PESs. It should be noted that 1-D SCTST

with deep tunneling corrections is similar to the asymmetrical Eckart method implemented

in Ref. 66 but differs in that (1) it treats the anharmonicity of the reaction mode and (2) it

can be improved systematically by treating more DOFs.

These previous findings suggest that RD SCTST calculations can yield suitable esti-

mates of rate constants from higher-dimensionality calculations. Typical implementations

of full-dimensional (FD) SCTST calculations require on the order of F ab initio frequency

calculations, where F is the number of internal DOFs of the system.66,67 The computational

cost of RD SCTST calculations scales more favorably than that of FD calculations with

respect to system size, which suggests the applicability of the RD SCTST method to sys-

tems larger than those that can be treated using other theories. The primary objective of

this study is to evaluate whether good estimates of rate constants can be obtained using

1-D SCTST, as judged by comparison with results from FD SCTST, and to compare the

computational costs of these methods. More rigorous treatments that involve greater com-

putational expense are possible for the systems considered in this study, but the aim here

is to develop a practical method that can be applied to larger systems.

The quartic force field required for FD SCTST calculations is often obtained by dif-

ferentiating the Hessian matrix of second derivatives of the PES numerically.71–73 This

approach has been applied previously in cases in which analytical first or second deriva-

tives are available.66,67,71–76 Many electronic structure software packages enable the efficient

calculation of analytical first and second derivatives at various levels of theory, although

analytical derivatives for open-shell systems are not as widely implemented as for closed-

shell systems.77–81 Many of the elementary gas-phase chemical reactions studied previously

have open-shell transition state structures,15,31,32,40,82,83 including those reactions considered
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in this study.

We discuss an approach to quartic force field calculations that does not require analytical

derivatives. An advantage of this approach is that it is available to users of all electronic

structure packages at all levels of theory. In some cases, calculations of analytical second

derivatives are computationally more expensive than numerical calculations, so this ap-

proach may offer advantages in efficiency in those cases.84,85 Fully numerical calculations

are also more conducive to parallelization,85 an advantage that becomes more important as

the system size increases. Numerical differentiation is required for SCTST calculations even

when analytical first or second derivatives are available,66,67 and the approach discussed in

this study, which uses Richardson extrapolation,86 enables systematic improvement of the

accuracy of these numerical derivatives. Their accuracy can be adjusted according to what

is required for the system being investigated.

FD and 1-D calculations are performed in this study for the following reactions:

H + CH4 −−→ H2 + CH3 (1)

H + C2H6 −−→ H2 + C2H5 (2)

The size of these systems is small enough that FD SCTST calculations are computationally

tractable but large enough to allow evaluation of the impact on calculated rate constants

of a significant reduction in the number of DOFs treated. There are a wide variety of

existing theoretical and experimental studies on reaction (1), as it is the simplest H atom

abstraction reaction involving a hydrocarbon.33,34,37,40,59,60,87–90 Reaction (2), although more

complicated, has also been studied as a prototypical H atom abstraction reaction.91–94 Both

reactions are important in combustion processes18,91 and involve the exchange of a light H

atom, suggesting the importance of quantum mechanical effects in determining the reaction

rate. Comparing results from SCTST to those from conventional TST will allow for an

evaluation of the accuracy with which SCTST treats these effects.

The remainder of this paper is organized as follows. Section II discusses the methods em-

ployed to calculate rate constants from quartic force fields and the application of Richardson

extrapolation to quartic force field calculations. Section III presents the results of FD and

1-D calculations on reactions (1) and (2). Finally, Section IV summarizes the key findings

of this study.
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FIG. 1. Optimized structures of the stationary points for reaction (1), i.e., (a) the TS, (b) CH4,

(c) CH3, and (d) H2, calculated at the MP2/cc-pVTZ level of theory. Bond lengths are reported

in Å, and bond angles in degrees. In (a), the H atom being abstracted from CH4 is denoted as Ha.

II. METHODS

A. Ab Initio Calculations

All quantum chemistry calculations in this study were performed using the MOLPRO

software package.77 The geometries of the stationary points on the PES were found us-

ing second-order Møller-Plesset perturbation theory (MP2) with a correlation consistent

polarized valence triple-ζ Dunning basis set95 (cc-pVTZ). A tight geometry optimization

condition (maximum gradient component less than 10−8 Eh a−1
0 ) was used to calculate the

transition state (TS) geometries, as suggested by Barone73 for the purpose of anharmonic

constant calculations. No symmetry constraints were applied in geometry optimization cal-

culations in order to ensure that no species had strictly degenerate frequencies. Barone73

suggested that degeneracy be broken in order to allow the use of formulas for asymmetric

tops in anharmonic constant calculations, which greatly simplifies SCTST calculations. Re-

cent SCTST studies66,67 employed the MultiWell Program Suite96,97 to perform calculations,

which only includes formulas for asymmetric tops, suggesting that degeneracy was broken

in these studies as well.
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FIG. 2. Optimized structures of the stationary points for reaction (2), presented as in Fig. 1.

Geometries of the stationary points of reaction (1) are presented in Fig. 1. The C−H and

C−Ha bond lengths of the TS differ from those obtained in previous theoretical studies34,39

by < 1%. The H−Ha bond is approximately 2% shorter than those reported in the previous

studies. Geometries of the reactants and products exhibit a similar level of agreement.

Geometries for reaction (2) are presented in Fig. 2. The H−Ha bond in the TS is 3% longer

than that calculated previously,91 and the C−Ha bond is 3% shorter. The remaining bond

lengths and angles of the TS and other stationary points exhibit closer agreement.

Single-point energies of the stationary points at these geometries were obtained at the cou-

pled cluster level including single, double, and perturbative triple excitations [CCSD(T)]98

using the augmented cc-pVTZ basis set.99 These results, as well as the reaction barrier

heights, are presented in Table I. The nonadiabatic forward barrier height of reaction (1) is

0.439 kcal mol−1 greater and 0.6 kcal mol−1 less than those calculated at the CCSD(T)/cc-

pVTZ level of theory in Refs. 18 and 19, respectively. The forward barrier height of reac-
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TABLE I. Single-point CCSD(T)/aug-cc-pVTZ energies of the stationary points of reactions

(1) and (2), and the associated forward and reverse barrier heights and reaction enthalpies.

Molecular energies (Eh)

R = CH3 R = C2H5

RH −40.44087814 −79.67985655

H −0.49982118 −0.49982118

TS −40.91725818 −80.16078001

R −39.76359163 −79.00787961

H2 −1.17231562 −1.17231562

Reaction Energetics (kcal mol−1)a

Reaction (1) Reaction (2)

∆Vf 14.710 11.859

∆Vr 11.703 12.183

∆rH 3.007 −0.325
aZero-point energies are not included in these quantities.

tion (2) is 0.1 kcal mol−1 less than that reported in Ref. 19, which was calculated at the

CCSD(T)-F12a/cc-pVTZ-F12a level of theory.

Hessian matrices, which were used to calculate anharmonic constants and vibrational

partition functions, were calculated at the MP2/cc-pVTZ level of theory, which is commonly

employed in rate constant calculations.19,46,100–102 All Hessian elements were calculated from

central differences of the energy, using the NUMERICAL option in MOLPRO. Richardson

extrapolation was used to improve the accuracy of Hessian elements for the TS, as described

in the following section. This involves calculating the numerical Hessian using multiple step

sizes by changing the STEP parameter in MOLPRO.

B. Numerical Differentiation by Richardson Extrapolation

In general terms, Richardson extrapolation is a method for accelerating convergence in

a calculation of the value of an infinite series.103 Ridders86 adapted this technique to the

calculation of the derivatives of a function.104 Calculations of a numerical derivative at larger
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step sizes are used to remove the contribution of higher-order derivatives to the error in a

calculation at a smaller step size. A summary of this method is presented below.

Consider a Taylor expansion of the function f about a point x, evaluated at (x+ h) and

(x− h):

f(x+ h) = f(x) + f ′(x)h+
∞∑
n=2

1

n!
f (n)(x)hn (3)

f(x− h) = f(x)− f ′(x)h+
∞∑
n=2

(−1)n

n!
f (n)(x)hn (4)

where f (n)(x) denotes the nth derivative of f evaluated at x. Combining these expressions

gives:

A(0)(h) ≡ f(x+ h)− f(x− h)

2h
= f ′(x) +

∞∑
n=1

1

(2n+ 1)!
f (2n+1)(x)h2n (5)

Only odd-numbered derivatives of f are included, and these error terms are proportional to

only even powers of h.

Next considering calculations of this derivative with a different step size, A(0)(ch), where

c > 1, gives:

A(0)(ch) =
f(x+ ch)− f(x− ch)

2ch
= f ′(x) +

∞∑
n=1

1

(2n+ 1)!
f (2n+1)(x)c2nh2n (6)

Both A(0)(h) and A(0)(ch) represent the exact value of the first derivative, f ′(x), plus an

infinite sum of error terms. They can be combined as follows:

c2A(0)(h)− A(0)(ch)

c2 − 1
= f ′(x) +

∞∑
n=1

1

(2n+ 1)!
f (2n+1)(x)

c2 − c2n

c2 − 1
h2n (7)

When n = 1, the first term in the above sum is 0. Thus, this expression can be rewritten:

c2A(0)(h)− A(0)(ch)

c2 − 1
= f ′(x) +

∞∑
n=2

1

(2n+ 1)!
f (2n+1)(x)

c2 − c2n

c2 − 1
h2n (8)

In situations in which this formulation is useful, successively higher-order terms in the Taylor

expansion constitute lesser contributions to f(x). The left-hand side of the above expression

will be referred to as a first-order extrapolation of f ′(x). Because it does not include the

f (3)(x) term from the Taylor expansion, it is an estimate of f ′(x) with a lesser error than

the zeroth-order extrapolation (Eq. 5).

The key feature of Eq. 5 that enables the construction of an expression for f ′(x) with

fewer error terms is the dependence of the error terms on even powers of h. Eq. 8 also
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depends only on even powers of h, so the above technique can be applied again to further

reduce the error. Defining Eq. 8 as B(h), we have:

c4B(h)−B(ch)

c4 − 1
= f ′(x) +

∞∑
n=3

1

(2n+ 1)!
f (2n+1)(x)

c2 − c2n

c2 − 1

c4 − c2n

c4 − 1
h2n (9)

where the error is further reduced because the above sum does not include the f (5)(x) term.

Substituting the definition of B(h) and simplifying gives:

c4B(h)−B(ch)

c4 − 1
=

c6A(h)− (c2 + c4)A(ch) + A(c2h)

(c2 − 1)2(c2 + 1)
(10)

This is a second-order extrapolation of f ′(x), and evaluating it involves calculating numerical

derivatives at three different step sizes. In theory, the above approach can be applied

arbitrarily many times, with successively larger step sizes cnh, with n a positive integer, to

reduce the error in a numerical calculation of f ′(x).

Richardson extrapolation can also be used to improve estimates of second derivatives as

follows:
f(x+ h)− 2f(x) + f(x− h)

h2
= f ′′(x) +

∞∑
n=1

2

(2n+ 2)!
f (2n+2)(x)h2n (11)

Because the error terms are proportional to even powers of h, successively better approxi-

mations of f ′′(x) can be obtained from numerical calculations of f ′′(x) with step sizes cnh,

as above. Expressions for the first- and second-order extrapolations of the derivative are

identical to those given above, except that A(h) is defined as f ′′(x) calculated numerically

with a step size of h.

Furthermore, this technique can be applied to calculate mixed second partial derivatives

numerically. Briefly, the function f(x, y) is expanded in four Taylor series at f(x±h, y±h).

These expressions are combined to give:

f(x+ h, y + h)− f(x+ h, y − h)− f(x− h, y + h) + f(x− h, y − h)

4h2
=

fxy(x, y) +
∞∑

nx=2

∞∑
ny=2

1

nx!ny!

(
∂(nx+ny)f

∂xnx∂yny

)
hnx+ny [1− (−1)nx − (−1)ny + (−1)nx+ny ] (12)

which again is the numerical expression for the mixed second partial derivative of f with

respect to x and y, here denoted fxy(x, y), plus a sum of error terms. The error terms are

nonzero only when both nx and ny are odd, in which case the quantity (nx + ny) is even,

so all error terms are proportional to even powers of h. The analysis discussed above can

therefore be applied here, yielding analogous expressions for higher-order extrapolations of

the derivative.

9

http://dx.doi.org/10.1063/1.4954840


C. Anharmonic Constants

The quartic force fields used in SCTST are most conveniently defined in terms of sec-

ond, third, and fourth directional derivatives of the system’s potential along normal mode

eigenvectors.63,64,105 These derivatives are calculated according to the commonly employed

technique referenced in Section I.71,73,106 First, H(0) is defined as the Hessian matrix eval-

uated at the stationary point of the potential (i.e., the minimum for a molecule and the

saddle point for the TS), and the elements of the matrix M are defined as follows:

Mij = δijm
−1/2
i (13)

where the atomic masses mi correspond to the Cartesian coordinates used to construct the

Hessian matrix. The mass-weighted Hessian matrix, MH(0)M, is diagonalized to obtain a

matrix of eigenvectors, L. The matrix Φ(0) is defined as follows:

Φ(0) = LTMH(0)ML (14)

such that its elements are directional derivatives of the potential along normal mode eigen-

vectors:

ϕij(0) =
∂2V

∂Qi∂Qj

(15)

By definition, Φ(0) is diagonal, and its elements are proportional to the squares of the

system’s harmonic frequencies. These elements can be differentiated to obtain third and

fourth directional derivatives of the potential at the stationary point. Third derivatives,

fijk, are calculated as follows:

fijk =
∂3V

∂Qi∂Qj∂Qk

=
1

3

(
∂ϕjk(0)

∂Qi

+
∂ϕki(0)

∂Qj

+
∂ϕij(0)

∂Qk

)
(16)

Note that fijk can be obtained by differentiating three different matrix elements, and the

above formula reflects an average of those three derivatives. Only fourth derivatives of the

form fiijj are needed for anharmonic constant calculations.64 These are calculated as follows:

fiijj =
1

2

(
∂2ϕii(0)

∂Q2
j

+
∂2ϕjj(0)

∂Q2
i

)
(17)

In principle, these derivatives could also be obtained by differentiating the matrix element

ϕij(0) along Qi and Qj. However, as will be made apparent below, adding these terms in
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the calculation of these derivatives would greatly increase the number of Hessian matrix

calculations required for the implementation presented in this study.

Calculating these derivatives numerically involves obtaining the Hessian matrixH(±∆Qi)

at positive and negative displacements ±∆Qi away from the stationary point along each

respective eigenvector. If x(0) represents the vector of atomic coordinates at the stationary

point, then x(±∆Qi), the coordinates at the displaced geometry, is calculated as follows:

x(±∆Qi) = x(0)±∆QiMLi (18)

where Li denotes the i
th eigenvector. The matrix Φ(±∆Qi) is thus defined at these displaced

geometries:

Φ(±∆Qi) = LTMH(±∆Qi)ML (19)

Φ(±∆Qi) is not necessarily diagonal because the matrix of eigenvectors L diagonalizes the

mass-weighted Hessian matrix at the stationary point, and not at the displaced geometries.

The derivatives fijk can then be calculated numerically as follows:71,73

fijk =
1

3

(
Φjk(∆Qi)−Φjk(−∆Qi)

2∆Qi

+
Φki(∆Qj)−Φki(−∆Qj)

2∆Qj

+
Φij(∆Qk)−Φij(−∆Qk)

2∆Qk

)
(20)

fiijj is calculated similarly:

fiijj =
1

2

(
Φii(∆Qj) +Φii(−∆Qj)− 2Φii(0)

∆Q2
j

+
Φjj(∆Qi) +Φjj(−∆Qi)− 2Φjj(0)

∆Q2
i

)
(21)

Eqs. 20 and 21 comprise numerical derivatives of elements of Φ; elements of the Hessian

matrices used to calculateΦ are also calculated numerically. Thus, Richardson extrapolation

can be applied in two independent ways to calculations of the potential derivatives fijk and

fiijj. Calculations can be performed with higher-order extrapolations of Hessian elements

and zeroth-order extrapolations of derivatives of elements of Φ, or vice-versa, or higher-order

extrapolations of both.

Displacements along normal mode eigenvectors are given in dimensionless reduced nor-

mal coordinates. A displacement ∆Qi in units of (length mass1/2) is calculated from a

displacement ∆q in reduced normal coordinates as follows:73,107,108

∆Qi =
h̄1/2

ω
1/2
i

∆q (22)

where ωi is the frequency of the ith normal mode. In this study, Richardson extrapolation

is applied to both Hessian elements and to the potential derivatives fijk and fiijj for the
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TSs of reactions (1) and (2). Richardson extrapolation is not applied to the calculation of

anharmonic constants for the reactants CH4 and C2H6, as those calculated with Richardson

extrapolation were not found to differ significantly from those calculated without it. A single

displacement of ∆q = 0.4 was used.

The anharmonic constants xij and associated constant term G0 can then be calculated

from the third and fourth derivatives according to second-order vibrational perturbation

theory (VPT2):63,64,105

xii =
h̄2

16ω2
i

(
fiiii −

F∑
k=1

f 2
iik

ω2
k

8ω2
i − 3ω2

k

4ω2
i − ω2

k

)
(23)

xik =
h̄2

4ωiωk

(
fiikk −

F∑
j=1

fiijfjkk
ω2
j

+
F∑

j=1

2f 2
iik(ω

2
i + ω2

k − ω2
i )

[(ωi + ωk)2 − ω2
i ][(ωi − ωk)2 − ω2

i ]

)
+(

ωi

ωk

+
ωk

ωi

)∑
α

Bα(ζ
α
ik)

2, i ̸= k (24)

G0 =
h̄2

64

F∑
i=1

fiiii
ω2
i

− 7h̄2

576

F∑
i=1

f 2
iii

ω2
i

+
3h̄2

64

∑
i̸=k

f 2
iik

(4ω2
i − ω2

k)ω
2
i

− h̄2

4

∑
i<j<k

f 2
ijk

[(ωi + ωk)2 − ω2
j ][(ωi − ωk)2 − ω2

j ]
(25)

where Bα is the rotational constant associated with axis α, and ζαik is the associated Coriolis

coupling constant, calculated as described in Ref. 109. Fermi resonances in these formulas

were deperturbed as described previously.73

D. Density of States

The partition functions required for rate constant calculations are typically calculated

from a Boltzmann-weighted sum over energy levels. The anharmonic energy levels of a

species are given according to VPT2:63,64,105

E{n} =
F∑
i=1

h̄ωi(ni + 1/2) +
∑
i≥j

xij(ni + 1/2)(nj + 1/2) +G0 (26)

where {n} is the set of quantum numbers of the F vibrational modes of the species. As

this expression for the energy is not separable, it is not possible to separate the partition
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function for this system into a product of individual partition functions for each mode, as

is the case for a system of harmonic oscillators. Consequently, one must enumerate over all

configurations of {n}. This is very computationally expensive for systems with more than

3 or 4 atoms.110

To improve the efficiency of this calculation for larger systems, Nguyen and Barker110

adapted a random walk algorithm in energy space developed originally by Wang and

Landau111,112 and modified later by Basire et al.113 Details of this Wang-Landau algo-

rithm can be found in Ref. 110. Briefly, the energy space from the anharmonic zero-point

energy of the species to a maximum energy Emax, chosen to ensure convergence of the

partition function, is partitioned into energy bins, and each bin is initialized with a trial

density of states. A density-weighted Monte-Carlo sampling of the configurations {n} is

then performed, and the density of states in each bin is modified as different bins are visited.

This yields a final density of states ρ(E). The Boltzmann-weighted average of ρ(E) is the

anharmonic partition function Qanh:

Qanh(T ) =

∫ Emax

0

ρ(E) exp
(
−Ek−1

B T−1
)
dE (27)

In this study, parameters of Niter = 22 and Ntrial = 107, defined in Ref. 110, were used. This

choice of parameters has previously been demonstrated to be sufficient for convergence.110

For the species considered in this study, our implementation of the Wang-Landau algorithm

required less than 600 s of CPU time on a 2.4 GHz processor.

E. FD SCTST Rate Constants

In FD SCTST, as in other rate constant theories, the rate constant kFD(T ) is calcu-

lated from a Boltzmann-weighted average of the cumulative reaction probability (CRP),

NFD(Ev):
63,67,68

kFD(T ) =
1

h

Q‡
trans(T )Q

‡
rot(T )Q

‡
elec(T )

∫∞
0

NFD(Ev) exp
(
−Evk

−1
B T−1

)
dEv

Qr(T )
(28)

where Qr(T ) is the partition function for the reactants, and Q‡
trans(T ), Q

‡
rot(T ), and Q‡

elec(T )

are the translational, rotational, and electronic partition functions for the transition state.

Rotational partition functions were calculated from equilibrium geometries obtained from ab

initio calculations, and electronic partition functions were assumed to be 1 and 2 for closed-
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and open-shell systems, respectively. Anharmonic partition functions were calculated for

the vibrational DOFs of the reactants as described above.

Both C2H6 and the TS of reaction (2) have a normal mode that corresponds to torsional

motion about the C−C bond. These torsional modes generally have low frequencies, so

treating them with a harmonic or quartic force field can be problematic. Consequently,

these modes were not considered vibrational DOFs and therefore not included in anharmonic

constant calculations or anharmonic partition functions. Instead, they were treated with

partition functions for hindered rotors using the “single-frequency” approximation presented

in Ref. 114. Thus, the expression for the FD rate constant for reaction (2) has an additional

partition function in the numerator and in the denominator.

The F vibrational modes of the TS are considered in a FD SCTST calculation. One of

these modes, the reaction mode, has an imaginary frequency and is tangent to the reaction

path at the TS. The remaining F − 1 bound modes have real frequencies and an associated

set of quantum numbers {n}′. Typically, the semiclassical CRP is calculated as a sum of

state-dependent reaction probabilities, P{n}′(Ev):
63,67,68

NFD(Ev) =
∑
{n}′

P{n}′(Ev) (29)

where the sum is over all energetically allowed configurations of {n}′ at energy Ev. The

maximum allowed quantum number for a particular mode, nmax,i, is a function of Ev and

the quantum numbers of all other bound modes:110

nmax,i =

nD,i if Ev − EF−2 ≥ Di

nD,i

[
1−

(
1− EvD

−1
i

)1/2]
if Ev − EF−2 < Di

(30)

where EF−2 is the vibrational energy calculated from the F − 2 quantum numbers of the

other bound modes (Eq. 26), and

nD,i = −
h̄ωi +

∑
j ̸=i xij(nj + 1/2)

2xii

− 1

2
(31)

and

Di = −

[
h̄ωi +

∑
j ̸=i xij(nj + 1/2)

]2
4xii

(32)

Each state-dependent reaction probability is calculated from a barrier penetration inte-

gral θ{n}′ , which is calculated analytically according to the method described by Wagner.70
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Previously, we found that this method yields results of comparable or better accuracy to

those obtained from SCTST in its original form, as it treats tunneling at low energies close

to the reaction’s quantum mechanical threshold energy more accurately.68,69 Briefly, this

method involves constructing an asymmetric piecewise-continuous Eckart potential V (s)

from the reaction’s forward and reverse barrier heights, the anharmonic constant xFF , and

an effective reaction mode frequency Ω{n}′ , defined as follows:

Ω{n}′ = Im(h̄ωF ) +
F−1∑
i=1

Im(xiF )(ni + 1/2) (33)

where the index F indicates the reaction mode. Treating Ω{n}′ as the reaction-mode fre-

quency accounts for coupling between the bound modes and the reaction mode for a par-

ticular configuration {n}′. The barrier penetration integral is then calculated according to

WKB Theory:115

θ{n}′(Ev) =
1

h̄

∫
[2(V (s)− Ev + E{n}′ +G0)]

1/2ds (34)

where s is the reaction coordinate, with units of (mass1/2 length), and E{n}′ is the energy

in the F − 1 bound modes, calculated from Eq. 26. G0 was defined in Eq. 22. Finally, the

state-dependent reaction probability is calculated as follows:41

P{n}′(Ev) =



{1 + exp
[
2θ{n}′(Ev)

]
}−1 if Ev − E{n}′ < ∆Vf +G0,

1− P{n}′(2∆Vf − Ev) if ∆Vf +G0 < Ev − E{n}′ ≤

∆Vf + 2G0 +min(∆Vf ,∆Vr) + E{n}′

1 if ∆Vf + 2G0 +min(∆Vf ,∆Vr)

+ E{n}′ < Ev − E{n}′ .

(35)

where ∆Vf and ∆Vr are the reaction’s forward and reverse barrier heights, respectively.

The zero-point energies (ZPE) of the reactants and products are included in ∆Vf and ∆Vr,

respectively, but the ZPE of the TS is not, as it is included in the expression for E{n}′ (Eq.

26).

Typically, the rate constant expression in Eq. 28 is evaluated by enumerating over all

configurations {n}′ with energies E{n}′ less than a maximum energy Emax chosen to ensure

convergence of the integral. As is the case when evaluating partition functions, this is

impractical for systems with more than 3 or 4 atoms. The Wang-Landau algorithm110 is
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therefore applied to approximate the density of vibrational states of the TS, ρTS(E). Average

values of Ω{n}′ and E{n}′ are calculated for each energy bin from the configurations of {n}′

sampled within that bin.96,97 The average reaction probability for the ith bin, Pi(E), is

calculated from these parameters according to Eqs. 34 and 35. Thus, the CRP is calculated

as follows:97

NFD(E) =

E/∆E∑
i=1

ρTS(Ei)Pi(E)∆E (36)

where Ei is the energy of the ith bin and ∆E is the bin width.

F. 1-D SCTST Rate Constants

In a 1-D SCTST calculation, only the reaction mode is treated anharmonically. The

remaining F − 1 spectator modes are treated harmonically and assumed not to couple with

the reaction mode. Third and fourth derivatives of the potential with respect to spectator

modes are assumed to be 0. The anharmonic constant for the reaction mode is given as

follows:

xFF =
h̄2

16ω2
F

(
fFFFF − 5f 2

FFF

3ω2
F

)
(37)

and the remaining anharmonic constants are 0. The G0 term is:

G0 = h̄2

(
1

64

fFFFF

ω2
F

− 5

576

f 2
FFF

ω4
F

)
(38)

The effective reaction mode frequency does not depend on the quantum numbers of the

spectator modes:

Ω = Im(h̄ωF ) (39)

The calculation of the CRP N1-D is greatly simplified by neglecting the energy in the spec-

tator modes when calculating the barrier penetration integral and instead including an

additional partition function, Q‡
spec(T ) in the rate constant expression:18,102,116

kRD(T ) =
1

h

Q‡
trans(T )Q

‡
rot(T )Q

‡
elec(T )Q

‡
spec(T )

∫∞
0

N1-D(Ev) exp
(
−Evk

−1
B T−1

)
dEv

Qr(T )
(40)

Q‡
spec(T ) is calculated from a product of individual harmonic oscillator partition functions

for each spectator mode. This removes the need to enumerate over configurations {n}′ when

calculating the CRP. Only one asymmetric Eckart potential is constructed.
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TABLE II. MP2/cc-pVTZ harmonic frequencies of the stationary points of reaction (1), ob-

tained with different orders of Richardson extrapolation applied to the calculation of Hessian

matrix elements.

CH4 TS CH3

Ordera 2nd 0th 4th 2nd 0th 0th

3211.83 3211.86 1642.93i 1643.02i 1644.09i 3368.94

3211.79 3211.76 3291.55 3291.51 3290.98 3368.73

3211.79 3211.70 3290.09 3290.08 3289.88 3178.37

3076.09 3076.05 3133.46 3133.37 3132.10 1446.04

1586.14 1586.14 1948.13 1948.02 1946.41 1446.00

1586.13 1586.10 1473.15 1472.92 1468.93 486.593

1349.61 1349.61 1469.65 1469.47 1466.57

1349.57 1349.59 1151.75 1151.46 1146.80

1349.57 1349.56 1148.09 1147.85 1144.02

1090.13 1089.93 1086.67

591.965 591.292 580.398

576.733 576.268 568.752

ZPEb 28.495 28.495 27.397 27.394 27.336 19.006
aThe order of Richardson extrapolation applied to the calculation of the Hessian matrix ele-

ments used to calculate frequencies. For all orders, the smallest step size used was 0.01 a0.

bHarmonic zero-point energy in kcal mol−1.

III. RESULTS AND DISCUSSION

A. Vibrational Frequencies

Vibrational frequencies for the stationary points of reaction (1) are presented in Table II.

Higher orders of Richardson extrapolation were applied to calculate Hessian elements and

frequencies of CH4 and the transition state (TS). Step sizes of 0.01, 0.02, and 0.04 a0 were

used for CH4, and step sizes from 0.01 to 0.16 a0 were used for the TS. All zeroth order

calculations were performed at 0.01 a0. For CH4, second-order frequencies differ from their
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TABLE III. MP2/cc-pVTZ harmonic frequencies of the stationary points of reaction (2) used

in rate constant calculations.

Frequencies (cm−1) ZPEa

C2H6
b 3176.48 3176.40 3154.37 3154.29 3082.40 3080.94 47.484

1522.88 1522.84 1522.65 1522.56 1430.90 1410.76

1229.57 1229.56 1029.26 827.033 826.344 316.378

TSc 1644.08i 3254.62 3168.86 3156.37 3150.23 3082.05 46.669

1867.81 1528.38 1524.86 1506.54 1409.28 1279.77

1212.80 1204.12 1148.88 1064.20 912.838 887.457

617.580 350.584 318.029

C2H5
b 3337.15 3223.29 3181.13 3127.42 3045.94 1536.31 38.345

1521.32 1507.27 1409.52 1225.58 1099.32 1013.28

810.847 490.931 293.700

aHarmonic zero-point energy in kcal mol−1.

bCalculated without Richardson extrapolation.

cCalculated using second-order Richardson extrapolation.

zeroth-order counterparts by at most 0.09 cm−1. Larger differences between second- and

zeroth-order frequencies are observed for the TS, particularly for lower-frequency modes.

The difference for the lowest-frequency mode of the TS is 7.516 cm−1. Fourth-order fre-

quencies for the TS are significantly closer to second-order frequencies than to zeroth-order

frequencies, indicating that Hessian elements converge as the order of extrapolation is in-

creased. All frequencies exhibited agreement with those calculated previously by Banks et

al.18 at the same level of theory. The zeroth-order frequencies of the products, CH3 and H2

are also reported in Table II. These are used only to calculate the reaction’s vibrationally

adiabatic reverse barrier height, ∆Vr (Eq. 35). SCTST calculations are generally signifi-

cantly less sensitive to the reverse barrier height than to the forward barrier height, so only

zeroth-order frequencies were calculated for the products.

The vibrational frequencies used in rate constant calculations for reaction (2) are pre-

sented in Table III. Only second-order Richardson extrapolation was applied to the TS, as

higher orders of extrapolation were not found to significantly change the frequencies for the
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TS of reaction (1). The TS frequencies of reaction (2) differ somewhat from those reported

in Ref. 91. This is likely due to the tighter geometry optimization condition used to calcu-

late the TS geometry in this study and not to the application of Richardson extrapolation.

Zeroth-order frequencies were more similar to second-order frequencies than to those from

Ref. 91.

B. Full-Dimensional SCTST Calculations

1. H+CH4 −−−→ H2 +CH3 (reaction 1)
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FIG. 3. Rate constants for reaction (1) calculated in this study by SCTST using two different sets

of anharmonic constants (“Q1 H2,” black curve, and “Q1 H0,” dashed green curve), as defined

in the text, presented in comparison with results from two previous MCTDH studies performed

using the WWM38 and XCZ40 PESs (red and green curves, respectively), in addition to one RPMD

study59 (blue squares). Results from conventional Transition State Theory (TST) are presented

for comparison (dashed red curve).

The anharmonic constants of the TS required for full-dimensional (FD) rate constant

calculations on reaction (1) were calculated at three different levels of accuracy. At the
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highest level of accuracy, fourth-order Richardson extrapolation was applied to calculate

elements of the TS Hessian. A fourth-order calculation requires five numerical Hessian

matrices, each calculated using a different step size. Calculations were then performed at four

displacements along each of the normal mode eigenvectors, ∆q = ±0.8 and ∆q = ±1.6. At

each of the 4F displaced geometries, 3 Hessian matrices were calculated numerically in order

to apply second-order Richardson extrapolation to the Hessian matrix elements. 0.01a0 was

the smallest step size used in these calculations. First-order Richardson extrapolation was

then applied using these converged Hessian elements at both ∆q displacements to calculate

third and fourth potential derivatives. This calculation will be denoted “Q1 H2,” since

Hessian elements at each of the displaced geometries were calculated at second order and

derivatives along the normal mode coordinates Q were calculated at first order. This is the

most computationally expensive method applied in this study, requiring 149 TS Hessian

matrix calculations. At this level of accuracy, increasing the size of the system requires 36

additional Hessian matrix calculations per additional atom.

The rate constants calculated using this set of anharmonic constants are presented in

Fig. 3 and Table IV. Rate constants calculated previously using a QRS method, Multi-

Configurational Time-Dependent Hartree (MCTDH), on two different potential energy

surfaces38,40 and using RPMD on another PES59 are also presented in Fig. 3 for comparison.

Results from SCTST are somewhat greater than those from other studies, differing from

RPMD results by a factor of 3.08 and from MCDTH results by factors of 2.75 and 6.23 at

300 K. This level of agreement is comparable to that among results from the other studies.

In order to evaluate the extent to which Richardson extrapolation affects rate constants

calculated using SCTST, another calculation was performed without Richardson extrapola-

tion. Hessians were calculated at displacements of ∆q = ±0.8 along different eigenvectors

than in the “Q1 H2” calculation, as the Hessian calculated at the TS without Richardson

extrapolation differs from the fourth-order Hessian. It was impossible to calculate a density

of states for the bound vibrational modes of the TS using the resulting set of anharmonic

constants because the first derivatives of the energy in the bound modes E{n}′ with respect

to each of the F − 1 quantum numbers were all negative in the zero-point configuration.

These derivatives must be non-negative for all configurations {n}′ considered in the calcula-

tion of the CRP, as this ensures that the quantum number of each mode does not exceed its

dissociation limit, as discussed in detail by Nguyen and Barker.110 The fact that the zero-
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TABLE IV. Rate constants for reaction (1), in units cm3 molecule−1 s−1, calculated by TST

and SCTSTa

SCTST, SCTST, 1-D SCTST, 1-D SCTST,

T (K) TST Q1 H2 Q1 H0 Hessians energies

200 1.30(−25) 5.33(−21) 3.94(−21) 4.56(−22) 3.96(−22)

250 1.15(−22) 5.54(−20) 4.78(−20) 1.22(−20) 1.13(−20)

300 1.08(−20) 5.23(−19) 5.12(−19) 2.22(−19) 2.14(−19)

350 2.81(−19) 4.01(−18) 4.24(−18) 2.45(−18) 2.41(−18)

400 3.31(−18) 2.33(−17) 2.58(−17) 1.73(−17) 1.72(−17)

450 2.30(−17) 1.04(−16) 1.18(−16) 8.55(−17) 8.56(−17)

500 1.10(−16) 3.70(−16) 4.27(−16) 3.24(−16) 3.25(−16)

600 1.20(−15) 2.78(−15) 3.26(−15) 2.61(−15) 2.63(−15)

700 6.93(−15) 1.28(−14) 1.52(−14) 1.25(−14) 1.26(−14)

800 2.67(−14) 4.25(−14) 5.03(−14) 4.27(−14) 4.31(−14)

1000 1.89(−13) 2.49(−13) 2.94(−13) 2.61(−13) 2.63(−13)

Number of ab initio Hessian calculations required

CH4 1 19 19 1 1

TS 1 149 53 17 5
aNumbers in parentheses denote powers of 10.

point configuration was determined to be beyond the dissociation limits for all modes implies

that the anharmonic constants used in this calculation were not realistic. Rate constants

therefore could not be calculated in this case.

As discussed previously, the number of Hessian matrix calculations required to perform

a calculation at the “Q1 H2” level of accuracy increases significantly with system size. Fur-

thermore, the cost of each individual numerical Hessian matrix calculation increases with

system size. It is therefore desirable to find a method at an intermediate level of accuracy

that scales more favorably but yields accurate results, as determined by agreement with

results from the “Q1 H2” calculation. We therefore performed further calculations and

found that results from a “Q1 H0” calculation with the same step sizes exhibited the best

agreement. This treatment only differs from the “Q1 H2” scheme in that only one numer-
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FIG. 4. Rate constants for reaction (2) calculated in the “Q1 H0” scheme described in the text

(black curve) shown in comparison with results from previous 2-D QRS studies19,91 (magenta and

blue curves), and other experimental studies92,93 (dashed green and blue curves). Results calculated

in this study using conventional TST are included as well (red dashed curve).

ical Hessian matrix calculation was performed at each displaced geometry. Rate constants

calculated with this set of TS anharmonic constants can be found in Fig. 3 and Table IV.

These results differ from the “Q1 H2” results by 14% at 250 K.

The number of ab initio Hessian matrix calculations required for each of the rate constant

calculations discussed in this section are listed in Table IV in order to give a sense of their

relative computational costs. Numerical Hessian matrices calculated at different step sizes

and used to calculate higher-order matrix elements by Richardson extrapolation are consid-

ered separate Hessian calculations. The “Q1 H0” calculation requires 36% of the Hessian

calculations required for the “Q1 H2” calculation, and yet the resulting rate constants are

comparable in accuracy. This reduction in the number of Hessian calculations required may

yield substantial efficiency gains for larger systems with more DOFs.
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2. H+C2H6 −−−→ H2 +C2H5 (reaction 2)

Rate constants for reaction (2) calculated in the “Q1 H0” scheme described above are

presented in Fig. 4 and Table V. In these calculations, the DOFs corresponding to internal

rotation about the C−C bond (torsional modes) in both the TS and C2H6 were not included

in anharmonic constant calculations and were instead treated using hindered rotor partition

functions. These results exhibit reasonable agreement with those from a previous 2-D QRS

calculation by von Horsten et al.,19 differing by 19% at 250 K but by more at higher tem-

peratures (factor of 2.40 at 500 K). Results from an earlier 2-D QRS calculation91 exhibit

better agreement at higher temperatures but are 16.2 times less than the SCTST rate con-

stants from this study at 260 K. Results from two experimental studies,92,93 as well as from

conventional TST, are included for comparison. In TST calculations, torsional modes were

treated as in SCTST calculations.

C. One-Dimensional SCTST Calculations

A 1-D SCTST calculation depends only on the third and fourth derivatives of the PES

along the reaction mode, which are used to calculate the anharmonic constant for the reaction

mode, xFF . 1-D SCTST calculations were performed using the same derivatives that were

used in the “Q1 H2” and “Q1 H0” FD calculations for reactions (1) and (2), respectively.

The resulting rate constants are labeled as “1-D SCTST, Hessians” in Fig. 5 and Tables

IV and V, as they were calculated by differentiating Hessian matrix elements. For both

reactions (1) and (2), results from 1-D calculations agree sufficiently well with those from

FD calculations. This 1-D method underestimates rate constants by factors of 4.54 and 2.14

at 250 K, respectively.

These discrepancies can be understood by considering the potential barriers associated

with each of these calculations, which are presented in Figs. 5b and 5d. Only the po-

tential barriers corresponding to the ground-state configuration of {n}′ are shown for the

FD calculations. The ground-state configuration is the only configuration sampled in the

lowest-energy bin of the density of states (Eq. 36), as is required in the Wang-Landau

algorithm.110 This configuration contributes most significantly to calculated rate constants

due to the presence of a Boltzmann factor in Eq. (28).
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FIG. 5. (a) Rate constants for reaction (1) calculated using FD and 1-D SCTST. The results

labeled “1-D SCTST, Hessians” were calculated using anharmonic constants obtained from Hessian

matrices at displaced geometries (dashed blue curve). Those labeled “1-D SCTST, energies” were

calculated using single-point energy calculations along the reaction mode (red curve). (b) The

corresponding vibrationally adiabatic potential barriers used to calculate these rate constants.

The FD barrier is presented for the case in which the quantum numbers of all bound modes are 0.

(c) & (d) The same results for reaction (2).

24

http://dx.doi.org/10.1063/1.4954840


TABLE V. Rate constants for reaction (2), in units cm3 molecule−1 s−1, calculated using the

methods discussed in this study.a

SCTST, 1-D SCTST 1-D SCTST

T (K) TST Q1 H0 (Hessians) (energies)

200 8.36(−23) 2.50(−18) 8.30(−19) 2.08(−19)

250 2.09(−20) 9.51(−18) 4.45(−18) 2.37(−18)

300 8.47(−19) 3.88(−17) 2.47(−17) 2.14(−17)

350 1.22(−17) 1.56(−16) 1.21(−16) 1.34(−16)

400 9.16(−17) 5.66(−16) 4.86(−16) 6.03(−16)

450 4.48(−16) 1.78(−15) 1.60(−15) 2.08(−15)

500 1.62(−15) 4.85(−15) 4.43(−15) 5.88(−15)

600 1.16(−14) 2.50(−14) 2.27(−14) 3.03(−14)

700 4.93(−14) 9.00(−14) 7.97(−14) 1.04(−13)

800 1.51(−13) 2.51(−13) 2.15(−13) 2.77(−13)

1000 7.70(−13) 1.19(−12) 9.53(−13) 1.18(−12)

Number of ab initio Hessian calculations required

C2H6 1 35 1 1

TS 1 83 7 3
aNumbers in parentheses denote powers of 10.

The FD barriers for reactions (1) and (2) are higher than the respective 1-D barriers but

are also narrower, which gives rise to greater reaction probabilities at low energies in FD

calculations, and therefore greater rate constants, relative to the “1-D, Hessians” calcula-

tions. The width of each barrier is determined by the effective reaction mode frequency Ω

and reaction mode anharmonic constant xFF used to construct it. Both of these parameters

incorporate coupling between the reaction mode and bound modes through cross-derivatives

of the PES. Therefore, this coupling can be thought to narrow the FD barrier relative to

the 1-D barrier. Differences in the heights of these barriers arise from differences between

the harmonic and anharmonic ZPEs of the reactants and TS.

Performing a 1-D calculation in this way requires two numerical Hessian matrix calcu-

lations at displaced geometries. The number of single-point energy calculations required
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for these calculations generally increases with system size. In principle, however, only four

single-point energy calculations along the reaction mode are required to calculate the third

and fourth PES derivatives required for a 1-D SCTST calculation, in addition to one at

the TS. An additional calculation was performed in this way, using single-point energies

calculated at the MP2/cc-pVTZ level of theory with a step size of 0.02 Da1/2a0, which was

found to yield the best agreement with FD rate constants. Second-order Richardson extrap-

olation was found not to significantly change these results. Rate constants calculated from

the resulting anharmonic constants are presented in Fig. 5 and Tables IV and V and labeled

as “1-D SCTST, energies.” These results exhibited a high level of agreement with the “1-D

SCTST, Hessians” results, which is reflected in the similarity of the corresponding potential

barriers (Figs. 5b and 5d).

In the case of reaction (1), calculating the FD “Q1 H2” rate constants required 144

Hessian matrix calculations at displaced geometries, which in total required 33,504 single-

point energy calculations, more than 8000 times more than the 4 required for the “1-D

SCTST, energies” calculation. For reaction (2), this difference in the computational costs

of the FD and 1-D calculations beyond those required for a conventional TST calculation

differed by a factor of approximately 10,000.

IV. CONCLUSIONS

This study investigates the accuracy of a 1-D SCTST approach to approximating the

rate constants of chemical reactions. Rate constants from 1-D SCTST calculations are

compared to those from full-dimensional (FD) calculations, which require third and fourth

derivatives of the PES. A practical procedure for evaluating these derivatives numerically

was discussed, and a method (Richardson extrapolation) for systematically improving their

accuracy was presented and applied. Third and fourth derivatives along only the reaction

mode are required for 1-D SCTST calculations, so these were also obtained by differentiating

single-point energies.

FD SCTST rate constants calculated for both reactions agreed well with results from

previous theoretical and experimental studies. FD calculations for the H + CH4 reaction

were performed at three different levels of accuracy, as specified by the order of Richardson

extrapolation applied to different derivatives. Calculations at the lowest level of accuracy,
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which involved the least computational expense, failed because the anharmonic constants

calculated by this method were determined not to be physically realistic. Calculations at an

intermediate level of accuracy agreed very well with those at the highest level of accuracy

but required 64% fewer Hessian matrix calculations. Rate constant calculations for the

H + C2H6 reaction were therefore performed at this intermediate level of accuracy. These

results suggest the applicability of Richardson extrapolation to SCTST calculations as an

alternative to existing methods that depend upon analytical derivatives.

For both reactions, the two 1-D SCTST methods yielded rate constants in acceptable

agreement with each other and with FD rate constants. The 1-D method that used single-

point energy calculations was significantly more efficient than the FD methods implemented

in this study, as it requires at minimum 4 single-point energy calculations in addition to

those required for a conventional TST calculation. If necessary, this approach can be sys-

tematically improved by Richardson extrapolation. The low computational expense of this

1-D method suggests its applicability as a method for approximating the rate constants

for systems significantly larger than those that could previously be treated by quantum

scattering approaches.
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CFOUR, Coupled-Cluster techniques for Computational Chemistry, a quantum-chemical

program package,” (2009).
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