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Abstract Stochastic representation of the influence of the subgrid-scales on the resolved scales in
weather and climate models has been shown to improve ensemble spread and resolved variability. We
propose a statistical scale-aware space-time model to characterize the contribution of mesoscale wind
variability to air-sea exchanges. In an earlier study, we analyzed the difference between “true” fluxes
computed from a high resolution simulation and “resolved” fluxes obtained by coarse graining. This
discrepancy is modeled in space and time, conditioned on the coarse-grained wind and precipitation
fields, to parameterize the enhancement of fluxes by mesoscale velocity variations. Stochastic
parameterization models have traditionally been developed for particular model resolutions without
the explicit capability to adapt to model resolution. We present an approach to develop stochastic
models that adapt to resolution in a scale-aware fashion. The scale-aware parameterization is developed
from empirical results for systematically coarse-grained high-resolution numerical model output. The
statistical model is fit from numerical model output at three different coarsening resolutions. From this
scale-aware parameterization, we derive a stochastic parameterization of flux enhancement by subgrid
velocity variations for arbitrary resolutions and characterize the conditional distributions and space-time
structures of the flux enhancement across model resolutions.

Plain Language Summary Computer models of weather and climate rely on physics-based
equations, and because of their discretization need to approximate the effects of fine scale phenomena.
Different techniques have been used to develop such approximations through physically based or data-
driven methods. In the following, we consider a statistically based approach and propose a statistical
model of the enhancement of air-sea exchanges due to small-scale wind variability. In particular, we
demonstrate that this enhancement is stochastic and exhibits mean and space-time structures that
change with model resolution. Consequently, we build a statistical model that accounts for the resolution-
dependence of the air-sea exchange enhancement. The proposed approach is shown to realistically
represent the effect of small-scale winds and the change of this effect across resolutions.

1. Introduction

Numerical physically based models are used extensively to simulate phenomena in the Earth system and
its components. In general, many physical phenomena happen at scales below the discretization scale of
such models. These phenomena interact with the resolved scales. Quantifying and modeling the influence
of subgrid-scale (SGS) processes on the resolved scales are needed in order to better represent the full sys-
tem. In the absence of a scale separation between resolved and unresolved scales, the upscale influence of
SGS processes is not a deterministic function of the resolved state. Stochastic models of SGS tendencies
have shown great improvement over deterministic models in both uncertainty quantification and simula-
tion of atmospheric variability (e.g. Berner et al., 2017; Dorrestijn et al., 2016; Gagne et al., 2020; Grooms
et al., 2015; Palmer, 2019; Strommen et al., 2019). Such stochastic parameterizations, introduced to repre-
sent model uncertainty in ensemble forecasts, have been shown to improve forecast reliability (e.g. Leut-
becher et al., 2017) as well as the simulated climate mean state and variability (e.g. Christensen et al., 2017).
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SGS parameterizations should in general change with increasing resolution, as processes go from being
unresolved, to partially resolved (i.e. “permitted”), to being fully resolved. As such, the problem of rep-
resenting the upscale effect of subgrid variability illustrates the need for “scale-aware” models that adapt
with changes in resolution (e.g. Fox-Kemper et al., 2019; National Academies of Sciences, Engineering,
and Medicine, 2016). Recent interest has focused on scale-aware stochastic parameterization. The need for
parameterizations to be both scale-aware and stochastic is particularly high in the absence of scale separa-
tions, such as the “gray zone” in which atmospheric convection or ocean eddies are only partially resolved.

A range of approaches to develop both deterministic and stochastic scale-aware parameterizations have
been presented in previous studies. Some of these approaches are based on developing effective models
for the reduced dynamics of multiscale systems. For example, Keane et al. (2014); Sakradzija et al. (2015),
and Sakradzija et al. (2016) used approaches adapted from statistical physics to parameterize shallow con-
vection in a way that adapts automatically to grid resolution. Visso and Lucarini (2018) used projection
methods to develop reduced “slow” dynamics of the Lorenz ‘96 dynamical system, in which the predicted
functional forms of the SGS tendency terms involve both stochastic and non-Markovian components with
parameters determined by the effective model “resolution.” While such approaches have the benefit of being
physics-based, the approximate nature of the reduced systems can result in biased parameterizations that
require further quasi-empirical tuning.

An alternative approach to developing stochastic parameterizations is through systematic coarse-graining
of high-resolution simulations. For example, Zanna et al. (2017) represented oceanic mesoscale eddy flux-
es in terms of an effective, resolution-dependent non-Newtonian viscosity with stochastic perturbations.
Several studies have recently explored and modeled statistically the scale dependence of subgrid variability
for various atmospheric phenomena and variables. For example, Huang et al. (2014) explored statistically
the scale dependence of the first-order moments describing the cloud liquid-water path distribution. Time
averaging and spatial coarsening were used interchangeably to study the subgrid variability of cloud liquid
water across different seasons and spatial locations. In a subsequent study (Huang & Liu, 2014), the ef-
fects on biases in radiative transfer processes of subgrid variability of cloud liquid-water path and its scale
dependence were investigated. In Xie and Zhang (2015), a Gamma distribution was used to represent the
subgrid variability of cloud water in large-scale models. The shape parameter of the Gamma distribution
representing the cloud water inhomogeneity explicitly depended on the model spatial resolution.

In this study, we specifically consider the scale dependence of the enhancement of air-sea fluxes by unre-
solved, mesoscale wind variations. In the absence of direct eddy covariance measurements, surface fluxes
of mass, momentum, and energy between the atmosphere and ocean are calculated using bulk formulae. A
generic form for the flux F, of quantity X is

Fy = pex()s(X, - X,) (€Y)

where p, is the near-surface air density, s is the wind speed, c(s) is a dimensionless exchange coefficient (of-
ten modeled as wind speed dependent) and the subscripts a and o, respectively, denote values of X measured
in the atmosphere and ocean. In Equation 1 the bar denotes Reynolds averaging.

When such bulk formulae are applied using spatially or temporally averaged fields (such as in weather and
climate models, in which resolved variables are grid-box averaged in space and Reynolds-averaged in time),
variability on scales below the averaging scale leads to a biased estimate of the true average flux. While in
principle this missing part of the flux involves contributions from SGS variations in all of X, p,, and s (as well
as their correlations), the dominant contributions come from SGS velocity variations (Blein et al., 2020).
These SGS velocity variations result in a systematic enhancement of air-sea fluxes relative to estimates
obtained from bulk formulae using the “resolved” wind (e.g. Bessac et al., 2019; Blein et al., 2020; Godfrey
& Beljaars, 1991; Mahrt & Sun, 1995; Redelsperger et al., 2000; Vickers & Esbensen, 1998; Williams, 2001;
Zeng et al., 2002). A standard approach accounts for the difference between the space-time grid-box aver-
aged wind speed and the norm of the average horizontal wind vector due to SGS velocity variations through
a SGS velocity flux enhancement term, ssgs:

&) =W P sl )
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In Equation 2, u = (u, v) denotes the horizontal wind vector, with s = Vu® +v2, and angle brackets de-
note spatial averaging over a grid box. For standard resolutions of global models, SGS motions include
contributions from both boundary layer turbulence and mesoscale variability. Studying the dependence
on averaging scale of flux enhancements by SGS velocity variations, Mahrt and Sun (1995), Vickers and
Esbensen (1998), and Zeng et al. (2002) found that the corrections become larger for coarser resolutions and
proposed deterministic power-law expressions for the dependencies.

Focusing on the contribution of mesoscale SGS velocity variations, Bessac et al. (2019) modeled the en-
hancement of air-sea fluxes statistically by regressing “true” fluxes from a convection-permitting (4 X 4 km)
simulation on coarse-grained “resolved” fluxes and precipitation and representing the residual as an ex-
plicitly stochastic space-time field. As boundary layer turbulence is parameterized in the simulations they
considered, the subgrid flux enhancement is entirely due to spatial averaging of mesoscale motions. Bessac
et al. (2019) demonstrated that the flux enhancement is non-deterministic and provided evidence of con-
tinuous changes across scale. Only the probability distributions of SGS flux enhancements at individual
averaging scales were considered in this study. We shall refer to such distributions as “scale marginals,” in
contrast to joint distributions across multiple scales. The focus of the present study is the development of a
data-driven scale-aware parameterization of air-sea fluxes appropriate for use in weather and climate mod-
els in terms of such joint distributions across scale.

In particular, this study builds on Bessac et al. (2019) by proposing a data-driven, scale-aware, and locally
stationary space-time Gaussian process (GP) for air-sea fluxes driven by surface wind speed over the Indian
and Western Pacific Oceans. The study relies on coarse-graining of convection-permitting model output, as
is commonly used to assess subgrid variability when observational data are not available. The novelty of the
current work consists in considering the regression and GPs simultaneously across a range of resolutions
relevant to weather and climate models with a parametric representation of the scale dependence. Guided
by multiple coarse grained resolutions, we propose a scale-aware parameterization of the regression and
space-time GP correlation structure that enables expression of SGS flux enhancement at unobserved reso-
lutions and provides further understanding of this dependence structure. To the best of our knowledge, this
is the first data-driven, scale-aware parametrization that accounts for the space-time covariance structure
of the random fluctuations. As in Bessac et al. (2019), we adopt an idealized representation of air-sea fluxes
to focus on flux enhancement by SGS velocity variations. We do not consider other SGS contributions to the
averaged flux.

The study is organized as follows. Section 2 presents the high-resolution numerical model outputs and
the coarse-graining setup used to generate realizations at various resolutions as well as to define a ground
“truth.” In Section 3, we present the regression used in Bessac et al. (2019) and its extension to a scale-aware
regression. We also propose a model for the regression residuals that embeds scale information in the spa-
tiotemporal structure of the residuals. In Section 4, we describe the estimation procedure and discuss our
interpretation. In Section 5, we discuss the realism of outputs from the proposed scale-aware space-time
GP, showing in particular that the model can be fit on a reduced set of resolutions and that the difference
between true and resolved fluxes seamlessly extrapolates or interpolates to unseen resolutions. A discussion
and conclusions are presented in Section 6.

2. Data and Coarse-Graining Framework

Ideally, SGS wind variability statistics would be measured from observational data sets as in J. Sun
et al. (1996). However, such data sets generally come from field campaigns of limited extent and duration,
representing a small number of “snapshots” of the flow. Our analysis requires data over a large domain and
of a sufficiently high spatial resolution for which suitable observational data sets are not available. Instead,
we use as our “truth” an existing high-resolution, convection-permitting model simulation produced as part
of the UK Natural Environment Research Council (NERC) Cascade project (Holloway et al., 2012; Love
et al., 2011; Pearson et al., 2010). High-resolution model output is averaged over grids at various resolu-
tions to represent relevant resolutions of state-of-the-art weather and climate numerical models (~10 to
~200 km) and serves as a proxy of varying model resolutions.
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Figure 1. Left: Map of relative difference in mean squared error (MSE) VSE £ in log scale of regression residuals at N = 0.4°. Right: Time-
regional

mean precipitation averaged to N = 0.4°.

We use the 4 km resolution Cascade simulation over the tropical Indo-Pacific Warm Pool. This Cascade
simulation has proven useful for assessing stochastic parameterization schemes in other coarse-graining
studies (e.g. Bessac et al., 2019; Christensen, 2020). A detailed description of the simulation is presented in
Holloway et al. (2012). In summary, the simulation was produced by using the limited-area MetUM version
7.1 (Davies et al., 2005), covering the domain 20°S-20°N, 42°-177°E (Figure 1). The 4 km simulation formed
one of a hierarchy of simulations. First, a 12 km parameterized convection simulation was produced over
a domain 1° larger in each direction, with lateral boundary conditions relaxed to the ECMWF operational
analysis. The lateral boundary conditions in the 4 km simulation were specified from the 12 km simulation,
through a nudged rim of eight model grid points. The 4 km simulation is convection permitting in that the
model resolution falls within the range of scales of mesoscale convective systems. The simulation begins on
April 6, 2009 and spans 10 days, chosen as a case study of an active MJO event. The data are stored at full
resolution in space and once an hour in time.

We discard the first day of simulation because Holloway et al. (2012) demonstrated a strong spin-up of the
simulation over this period. Thorough assessment of the Cascade simulation has been reported by Hollo-
way et al. (2012); Holloway et al. (2013, 2015). The simulation produces a realistic MJO, including realistic
convective organization, MJO strength, and propagation speed (Holloway et al., 2013). The model also has
a realistic representation of vertical and zonal wind speeds compared with ECMWF operational analysis,
although regions of large-scale ascent are less confined than in observations (Holloway et al., 2013). We
refer the reader to Bessac et al. (2019) for descriptive statistics of the data at the original and a range of
coarse-grained resolutions.

It is important to note that with a resolution of 4 km, the CASCADE simulation does not resolve all SGS
motions that would in principle contribute to flux enhancement. The dependence of the SGS flux enhance-
ment on precipitation rate demonstrated in Bessac et al. (2019) indicates that the winds responsible for SGS
flux enhancement in the coarse-grained simulation are largely associated with deep convective systems.
Not all motions associated with such systems are resolved at 4 km resolution; this resolution is within the
convection-permitting gray zone. Neither are motions associated with boundary layer turbulence resolved.
As a result, our estimate of the magnitude of the SGS flux enhancement will be biased low. Smaller-scale
features of the space-time statistical structure of the enhancement will also not be captured. The resolution
of the simulation we consider is similar to that of other convection-permitting models used to assess SGS
flux contributions (e.g. the 2.5 km resolution simulation in Blein et al., 2020). This limitation of our analysis
is unavoidable because simulations capturing all relevant boundary layer and mesoscale variations cannot
be conducted on a domain large enough to capture the organization of these motions on synoptic and plan-
etary scales. Nevertheless, this limitation must be acknowledged.

3. Scale-Aware Space-Time Model for Air-Sea Fluxes Difference
3.1. Initial Single-Scale Model

In the following, we consider a simplified generic power-law representation of the wind speed dependence
of air-sea fluxes (as is often found in bulk parameterizations, e.g. Fairall et al., 2003), expressed in nondi-
mensional terms:
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F,(s) = (ij . 3)
So

This idealized representation neglects contributions to air-sea fluxes

R2

degression with precipitation
Regression without precipitation

other than those associated with wind speed variations; previous studies
have found these neglected contributions to be relatively small (e.g. Blein

02 03 04 05

et al., 2020). In Equation 3, s = Vu? +v? is the surface wind speed; u and
v are the zonal and meridional components, respectively; s, = 1 ms™'is a

. speed scale to make the flux nondimensional. Neglecting the wind speed
dependence of the exchange coefficient cx(s), the exponent n distinguish-

0.0 0.1

es between fluxes of different quantities: for example, n = 1 for energy

SS A~ —
Figure 2. Coefficient R* = —% where $S,,, = X;(J; - y)* and

SSi = Z:(y; — ¥)* for flux exponent n = 2. The R*-coefficient represents
the percentage of variance explained by the regression prediction y of
the observed output variable y. The overall trend shows that at coarser
resolutions the mean process explains more of the total variability of the
true flux than at finer resolutions. R*-coefficients have been additionally
computed for the scale-aware regression proposed in Equation 7. It is
not shown here because it is indistinguishable from the scale-specific

5 .
Resolution N (degree)

regression with precipitation.

1.0 1.5

and water vapor, and n = 2 for momentum. In fact, Blein et al. (2020)
find SGS variations of the exchange coefficient to be the second-largest
contribution to the difference between true and resolved heat, freshwater,
and momentum fluxes, smaller only than those coming from the direct
contribution of s in Equation 1. To some extent, variations in cyx can be
accommodated in the value of n (e.g. in parameterizations of gas fluxes
with n = 2, as in Wanninkhof, 2014). Because the wind-speed depend-
ence of the exchange coefficient is different for different quantities, and a
range of empirical forms of this dependence exist for any single quantity,
we do not explicitly include this SGS contribution and use the idealized
flux formulation Equation 3. As shorthand, we will refer to the ideal-
ized formulation with the given value of n as the “flux.” In the main part
study, we focus on the value n = 2. Results for n = 1 are presented in
Appendix B.

Bessac et al. (2019) fit a regression model to ey, defined as the base-10 logarithm of the difference between
the true flux averaged over a grid-box and the resolved flux over a grid-box

ENn = logm(Fva? - 1\(/Rn)) €))
where the true flux is F\’) = <(si) > , representing the grid-box average of pointwise fluxes and the re-
’ 0
N
[, 2 2y )
uy) + (v
solved flux F,S’f,,) = M is the flux computed from grid-box averaged (resolved) wind compo-
So

nents. The subscript N denotes the grid-box size in degrees (N X N) and < . > denotes the spatial averaging.
The log-10 error process ey, is real valued because FA(,TJ > F, 1f,Rn) by Jensen’s inequality (resolved fluxes always
underestimate true fluxes when only SGS velocity variations are accounted for). The previously proposed
linear regression by which the SGS quantity ey, is predicted in terms of resolved quantities is given by:

3 k 4
E = Gy + T log(FR) | + TBy 0P + v )

where P is the coarse-grained precipitation rate. Bessac et al. (2019) showed that the resolved precipitation
plays an important role in characterizing the space-time structure of the error ey,. The substantial improve-
ment of the R*coefficient for n = 2 is evident when using the resolved precipitation as a covariate in the
regression fit separately at a range of resolutions (Figure 2). Such an improvement is also found for n = 1,
although it is smaller. In contrast the resolved flux explains more variance for n = 1 compared to n = 2 (cf.
Appendix B and Bessac et al., 2019). For a simpler generalization of our statistical model to different ex-
ponents n, we use the resolved flux and precipitation as predictors in this study since both of them explain
substantial amounts of the error process variance for some exponents (Bessac et al., 2019).
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Figure 3. Regression parameters of model Equation 5 for flux exponent n = 2 when fit independently across various
resolutions and when fit with the scale-aware parameterization from Equation 7 on the reduced set of resolutions N =
(0.40°, 0.76°, 1.51°) (marked with “Xx”) and expressed for the whole range of studied resolutions through Equation 7.

In Bessac et al. (2019), the regression model (5) was fit independently for each coarse-grained resolution
and the residual ¥y, was shown to be well approximated by a GP with zero mean and a spatiotemporal cor-
relation structure. This residual represents the part of ey, that can be parameterized stochastically, and was
assumed to be statistically independent of the resolved flux and precipitation rate. The following space-time
covariance model K was fit locally on the residuals ¢y,:

K(r,r',t,t") = oexp(=d(r,r',t,t)) + 61, ,(r',1') (6)

2 2 2
with the space-time metric d(r,r',t,1') = L U I b -t . The parameters 8, 6y, 61, 0,
0, o Or

and § are positive real numbers; and ;/e] 0,2}; r = (x, ) is the geographical position with longitude x and lat-

itude y; and ¢ is the time (in hours). The indicator function 1() is such that 1,(x) = 1 if u € A and 14(x) = 0 if
x ¢ A. The parameters 6, 6y, and Or, respectively, determine the correlation scales in the zonal, meridional,
and temporal directions. The parameter y controls the roughness of the stochastic fields, while o determines
their magnitude. The “nugget” parameter § accounts for local fluctuations not captured by the assumed co-
variance function. All parameters 6, 6y, 6r, ¥, 0, and § are estimated locally by using maximum likelihood.
In Appendix A, we provide some details and references for Gaussian processes, covariances, maximum
likelihood, and other statistical concepts used in this study.

3.2. From Scale-Specific to Scale-Aware Models

In the following, we explore the statistical characteristics of the regression Equation 5 for n = 2 and its
residuals ¥y, as functions of the grid-box size N. Specifically, the regression Equation 5 and the covariance
model Equation 6 are fit independently on a succession of resolutions (N = (0.11°, 0.18°, 0.25°, 0.32°, 0.40°,
0.50°,0.76° 1.01°,1.26°,1.51°, 1.76°)) in order to guide us in the construction of the scale-aware parameteri-
zation. Throughout the text, we will refer to the set of models that are fit independently at a given resolution
as “scale-specific.” Figure 2 illustrates the effects of the resolution on the explained variance, demonstrating
that the regression explains more variance on coarser resolutions than finer resolutions. Physically, this
behavior is a consequence of the fact that as resolution coarsens, the scale separation between resolved
scales and parameterized mesoscales increases with a concomitant decrease in relative importance of the
explicitly stochastic process Py,. Since regression coefficients and covariance parameters estimated at indi-
vidual resolutions reveal a smooth dependence on the resolution parameter N (Figures 3 and 5), we propose
a statistical formulation of the scale dependence that enables fitting at several resolutions simultaneously
both a single scale-aware regression model (Section 3.1) and a scale-aware space-time Gaussian structure of
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the residuals (Section 3.2). There exists no obvious physically motivated form to parameterize the scale de-
pendence due to the complexity of the involved processes. Therefore, we choose an empirical form based on
the single-scale model fits. In order to demonstrate the capability of the model to extrapolate and interpolate
across resolutions, and to illustrate for application purposes that not the entire set of resolutions is needed,
the scale-aware parameterizations are fit to a reduced set of resolutions (N = 0.40°, 0.76°, 1.51°). From this
fit, the parameterization can be expressed for any resolution across the broad range studied.

3.3. Local Versus Regional Linear Regression

In Bessac et al. (2019) and the results presented in Figure 2, the parameters in regression Equation 5 were
estimated for each resolution N individually by using all space-time points at that resolution at once. That is,
the estimated regression model was across the entire model domain; we denote this model as being regional.
Because of the relatively short (9-day) duration of the simulation, it is difficult to distinguish true spatial
nonstationarity of the statistics from sampling variability with confidence. Nevertheless, before construct-
ing a scale-aware model of ey, it is important to assess the representativeness of the regional regression.
Therefore, we compare the regression Equation 5 fit regionally and locally. Local regressions are defined
with the same set of predictants and predictors, taken from moving boxes of ~400 km over the area with
overlaps of 40 km to ensure continuity. The local estimation is based on the moving window setup used in
Bessac et al. (2019) to estimate a space-time GP on the residuals. Figure 1 shows the relative difference in
mean squared error (MSE) of the regression evaluated for a coarse-grained resolution of 0.4° in a local and
regional fashion. The overall magnitude and spatial structure of the MSE difference indicate that the local
fit has few advantages over the regional fit. Most discrepancies are observed in areas with either low mean
precipitation (Figure 1 right panel) over the 9-day duration of the simulation (e.g. in the Arabian Sea and
Southwest Indian Ocean) or in coastal locations such as the Philippines archipelago. SGS flux enhancement
in coastal areas involves contributions from processes such as offshore advection of land boundary layer
features, land-sea breezes, and remote effects of orography that are not present in the open ocean (e.g. Blein
et al., 2020; Dorenkdmper et al., 2015). In view of the application of this analysis to parameterize fluxes in
global weather and climate models, our focus is on open ocean fluxes. Accurate modeling of SGS flux en-
hancement in coastal areas requires a different approach, which we do not consider in this study.

In the following, since the difference between local and regional regressions is not substantial, we fit the
regression in a regional fashion in order to reduce the estimation uncertainty associated with the small (9-
day) sample size. This approach is also consistent with the fact that SGS parameterizations in weather and
climate models are normally not explicitly dependent on spatial position.

3.4. Scale-Aware Regression Model

The independent fitting of regression Equation 5 at successive resolutions N reveals a smooth dependence
of the parameters A and B on the resolution N (Figure 3). The main evolution across resolutions comes
from the intercept Ay, which shows a decreasing absolute magnitude as resolution coarsens. To embed the
scale-dependence exhibited by the parameters A and B and to provide a scale-aware regression model, we
propose the following regression model to be fit regionally using least-squares estimation:

3 k 4
&3 (N) = (A (N))o + kgl(Az(N))k[logm(@’”(m)} + ZBN)P 4y, V),
(A (N))y = 0t + gy In(N) + g ,N?,
(Ay(N)) = gy + a N + oy ,N* fork =1,.3,
(By(N)); = PBro + BN + BoN* forl =1, .4.

(7

In Equation 7, the notation for the log-10 error process €,(NN), the regression coefficients, and the stochastic
residual ¥,(N) have been changed from Equation 5 to emphasize the continuous dependence on the reso-
lution N (although parameter estimates are made over a discrete set of scales). In order to investigate the
predictive capabilities of the scale-aware model, the parameterized forms of the regression coefficient de-
pendence on resolution N are fit on a reduced set of resolutions (N = 0.40°, 0.76°, 1.51°). These parametric
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Figure 4. Mean (left and central columns) and standard deviation (right column) of residuals },(N) at resolution N = 0.25° (top row), N = 0.5° (central row),
N = 1.76° (bottom row) when the scale-specific regression Equation 5 is fit at each individual resolution (left column) and when the scale-aware regression
Equation 7 is fit (central and right columns). Contours of the mean precipitation (mm per day) over the study period are added in gray scale (top left corner).

fits capture well the scale dependence of the scale-specific coefficients (Figure 3). The R*-coefficients of the
scale-aware regression are not shown but are indistinguishable from the scale-specific values in Figure 2.
A closer examination of the residuals is shown in Figure 4, where the mean and standard deviation of
residuals from scale-specific regressions Equation 5 (left column) and scale-aware regressions Equation 7
(central column) are compared for different resolutions N, which are not used in the estimation. The in-
tensity and spatial structure of the scale-aware regression residual mean are largely indistinguishable from
the scale-specific regression residuals indicating that the scale-aware regression preserves the main struc-
ture of residuals at individual resolutions. The standard deviation of the scale-aware regression residuals
(right column) is also essentially indistinguishable from that of the scale-specific regression residuals (not
shown), indicating the ability of the parameterizations in Equation 7 to capture the dependence of the SGS
flux enhancement on precipitation and resolved flux. As discussed earlier in the context of Figure 2, the
residuals’ variability decreases at coarser resolutions.

In the following, a space-time scale-aware GP structure is proposed for the residuals {,(N) of the scale-
aware regression Equation 7.

3.5. Locally Stationary Scale-Aware Gaussian Process

Residuals ,(N) of regression Equation 7 have scale-dependent space-time structures as already observed in
Bessac et al. (2019), where the covariance model Equation 6 was fit locally. The evolution across resolution
of the spatiotemporal covariance parameters from Equation 6, estimated separately at individual resolu-
tions N as in Bessac et al. (2019), is illustrated by the red boxplots in Figure 5 and shows a smooth evolu-
tion of the parameters with the resolution N. In particular, coarser resolutions that smooth out small-scale
features display longer ranges in spatiotemporal dependence and more pronounced covariance anisotropy
(67 > 6y). The variance decreases with coarsening resolutions as the “scale separation” between the mesos-
cale and the resolved scale increases, and the exponent parameter controlling the smoothness of the field
increases slightly, which implies somewhat smoother fields.

We now provide a statistical parameterization of the space-time structure of the residuals as a scale-aware
space-time GP. We assume that ' = (i, (Ny),....w»,(N,)) is a space-time process available at different spa-
tial resolutions N = Ny, ..., Ny, such that each component P,(N) is the space-time residual process of the
regression Equation 7 at resolution N. In this case, Ny = 0.11° and N; = 1.76°. Each ¥,(N) is observed at T
time-points and Ky spatial points. The number of spatial points varies with resolution because the spatial
domain is fixed. To account for a scale-aware parameterization of the space-time model, we jointly model
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Figure 5. Functional (green) and classical (red) boxplots of respectively scale-aware parameterization of the GP covariance from Equation 9 and scale-specific
estimated covariance parameters from Equation 6. The variability in the boxplots arises from parameters being estimated for moving windows over the Indian
and Western Pacific Oceans. In red, the boxes are delimited by the 25th and 75th quantiles, the median is shown inside the boxes, and whiskers represent

the interquartile range inflated by the factor 1.5. In green, the shaded area is delimited by the 25th and 75th curve quantile, the solid black line is the median
curve and green lines show the interquartile envelope inflated by the factor 1.5. Note that for display purposes, the x-axis is not scaled linearly, creating visual
distortions of some curves. The exponent and variance are nondimensional quantities, where the nondimensionality of the variance is due to the formulation of
the flux defined in Equation 3 as nondimensional. GP, Gaussian process.

the process y = (1/12 (No),...,l//2 (N] )) assuming that y is a space-time zero-mean GP. Since weather and
climate models require stochastic enhancements at a given resolution (that is, they make use only of the
“scale marginals”), we assume the cross-dependence between resolutions to be null. While dependence
across resolutions exists and will affect the estimation procedure, it does not need to be accounted for in
the application. For simplicity and model parsimony, we neglect this dependence. The covariance of y is
modeled by a block-diagonal covariance, where each block is a space-time covariance associated with a
resolution N and a parameterization depending on N:

Cov(y,(Ny) 0 0 2O.N) 0 0
Cov(y) = 0 0 = 0 0
0 0 Cov(p,(N)) 0 0 XO.N)

with the covariance (6, N) following a three-dimensional powered exponential similar to that used in
Equation 6:
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(O.N) = a(N)exp(—dy .11, Y ™)

_ "2 12 N2 (8)
dy (i) = \/(x )L =) =)
0,(N) 0y (N) 6, (N)

where r = (x, y) is the geographical position with longitude x and latitude y; ¢ is time (hour); and 6 is the set
of covariance parameters defined below. The nugget parameter & used by Bessac et al. (2019) is omitted for
simplicity since its value was found to be very small in fits to individual resolutions. Although we neglect
the cross-correlation among resolution, we model the scale dependence between the scale marginals by
parameterizing the parameters 6, 6y, 6, 0, and y as functions of the resolution N using functional forms
suggested by the single-scale fits (Figure 5):

0,(N) = 0,,exp(d,,N) with 6,, >0

Oy (N) = 6y, exp(6y,N)  with 6, >0

Or(N) = 0 exp(@r,N) with 6, >0 (9)
o(N) = o,exp(o,N) with o, >0
7(N) =1+ tanh(y, + 72N)e]0,2:|.

The hyperbolic tangent parameterization of y(IN) ensures that this parameter falls in the required range 0,
2]. The parameter 6 represents the collection of coefficients 6 = (621, 62, Or1, Omas O1.15 O12, O15 T2y V1, V2)-
The scale-aware space-time GP model is fit locally by Maximum Likelihood on a subset of residuals selected
at three scales representative of the entire span of scales by estimating the optimal parameter 6. The estima-
tion procedure is described in the following section.

4. Covariance Parameter Estimation and Interpretation

In this section, we describe the estimation, based on local estimations and using Maximum Likelihood
(Section 4.1). The uncertainty of these estimates is discussed in Section 4.2. Section 4.3 illustrates the spatial
distribution of the locally estimated parameters.

Parameters of the scale-aware GP introduced in Section 3.2 are estimated through optimization of the fol-
lowing log-likelihood:

1 _
N exp[—zz//z(N)Tz(e,N) llez(N)J
log L(0;5(Ny).....w»(N))) = NZN log TR . (10)
=No

Qm) N z@6,N)|

The summation over the different model resolutions results from the block-diagonal covariance matrix en-
abling to write the joint likelihood as a product of the terms specific to each resolution. Since no analytical
solution is available for the maximizer of Equation 10, numerical optimization is used to find the parame-
ters that maximize the logarithm of the likelihood function. The numerical optimization of the log-likeli-
hood Equation 10 is performed in R (R Core Team, 2020) according to the following procedure. Details of
the likelihood expression can be found in Appendix A.

4.1. Local Maximum Likelihood Estimations

To investigate potential spatial heterogeneity of the space-time structure of {,(IN) across the domain, and be-
cause of the large amount of data, we make use of local fitting in a moving-window as in Bessac et al. (2019).
More specifically, the whole domain is subdivided into smaller regions of size 400 X 400 km. Within each
window, stationarity is assumed, and the proposed GP model from Section 3.2 is fit independently to the
set of representative resolutions (1,(0.40), 1,(0.76), $,(1.51)) used in the multi-scale regression model
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Figure 6. Estimation uncertainty of the maximum-likelihood estimates of the parameters expressed at resolution N = 0.76° for 1,(n). Results of random

samples from the asymptotic distribution N (é,I -l (é)) of the maximum-likelihood estimates @ are shown for a spatial window realizing the median MSE
within the domain. MSE, mean squared error.

(Section 3.1). In order to ensure continuity, the windows overlap by 40 km. Maximum Likelihood estima-
tion (MLE) is used within each window to maximize Equation 10.

Figure 5 displays in green the resulting fits of the functional parameterizations from Equation 9 via func-
tional boxplots (Hyndman & Shang, 2010; Sun & Genton, 2011), where curves are ordered according to
the band-depth measure of centrality for functional data. This measure enables an ordering of curves that
corresponds to the visual centrality (also called depth in this context) of a curve with respect to a group of
curves and provides an extension of point ordering to curve ordering. The ranking of the curves provides
a concept analogous to that of quantiles in point-wise statistics. The R-package fda is used to create the
functional boxplots (Ramsay et al., 2020). The spread of the estimates in Figure 5 results from estimates in
different moving windows of the domain. The estimated scale-aware covariance parameters (green) show
good agreement with scale-specific estimates (red) of the covariance parameters: the medians match well,
although the 50%-envelope (green shaded area) is wider for the scale-aware parameters than for scale-spe-
cific parameters, which indicates more variability across the domain, especially for the spatiotemporal
range parameters. We note that functional boxplots based on band-depth ordering, as performed here, are
dependent on the curves’ shapes, leading to potentially wider envelopes compared to classical point-wise
boxplots (Y. Sun & Genton, 2011).

4.2. Estimation Uncertainty

The MLE procedure provides estimates and their estimation variance for the coefficients 6, 625, ..., o1,
0,. The estimation variance 7 ‘l(é) associated with the Maximum Likelihood is extracted from the inverse
Hessian of the log-likelihood value at the optimum point. The multivariate Delta-method is used to approx-
imate the variance of the transformed parameters (6, 6y, Oy, ¥, 0) in Equation 9 from the estimation vari-
ance 7 _l(é) of the coefficients 8,3, 8, ..., 01, 0,. We provide details of these computations in Appendix A. In
order to illustrate the estimation uncertainty, random samples from the normal distribution (which under
regularity conditions is the parameters’ asymptotic distribution) N (é,I ! (é)) centered on the estimated pa-
rameters @ and with estimation variance Z~! (é) as a dispersion parameter are displayed in Figure 6. Results
are shown for the particular spatial window that contains the median MSE. Estimates and their variances
are shown for the scale-aware model and the model fit on a single resolution without the parameterization
Equation 9. For the considered spatial window, the temporal range parameter shows a larger estimation
variance for the scale-aware model, as has been observed at other spatial windows (not shown), meaning
that the confidence in this parameter estimation is lesser than for the other parameters. This might be due
to the short temporal record of data. In contrast, the estimation variances of the zonal and meridional range
parameters are smaller for the scale-aware model. Additionally, we note that over the entire domain the
MLE estimation procedure is less sensitive to initial conditions and less subject to divergence of the optimi-
zation method for the scale-aware model than for scale-specific models, which we attribute to the increased
amount of data used in the MLE.
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Figure 7. Spatial structure of estimated parameters from Equation 9. Each pixel represents an estimate from a single spatial moving window. Contours of the
mean precipitation (mm per day) over the study period are added in gray scale (top left corner).

4.3. Spatial Structure of Estimated Parameters

The spatial structure of the parameters from Equation 9, estimated in a moving window fashion, is dis-
played in Figure 7. The spatial variability of most parameters appears to be closely related to the distribution
of mean precipitation in Figure 1. The 6 , values for the zonal, meridional, and temporal ranges are small
where precipitation is almost absent, suggesting a weak scale dependence in the absence of precipitation in
the area. The y, parameter distribution reveals that the {,(N) fields become smoother with larger N where
precipitation is low. In contrast, the field is rougher with weaker scale dependence in areas with more
abundant precipitation. Moreover, as observed and discussed earlier, the o, parameter representing the
magnitude of the SGS contributions decays more rapidly with increasing N in the low-precipitation areas
(Arabian Sea, Southeastern Indian Ocean, and Western Pacific Ocean).

These results suggest that the flux error may have a dependence on precipitation beyond the first-order
modeled by the regression. However, some of the spatial variability may be due to the limited duration of
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Figure 8. Maps of regional MSE (left column) and its decomposition into centered MSE (central column) and squared bias (right column) for the different
extrapolated and interpolated resolutions with the scale-aware model N = 0.25° (top row), N = 0.5° (second row), and N = 1.76° (third row) and for the scale-
specific model at N = 0.5° (bottom row). MSE and its components are computed between the data flux error &,(N) from Equations 4 and 30 samples from
Equation 7. For ease of readability, results show log(MSE), log(squared bias), and log(centered MSE). Contours of the mean precipitation (mm per day) over the
study period are added in gray scale (top left corner). MSE, mean squared error.

the data set: the long-term mean precipitation field in the domain does not contain as much small-scale
structure as this 9-day sample. Additionally, some numerical compensation between estimates of the pa-
rameter pairs in each of the expressions in Equation 9 might be present and potentially create “spatial
artifacts.” Determination of whether these apparent structures represent true spatial heterogeneity or result
from sampling variability or numerical compensation requires consideration of alternative, longer datasets
and is a subject of future research.

5. Evaluation of the Model Performance

The scale-aware model from Section 3 is fit to the following resolutions simultaneously: N = (0.40°, 0.76°,
1.51°) as described in Section 4. In order to assess how well the scale-aware model generalizes to other
resolutions, parameters at resolutions not used for the estimation, N = (0.25°, 0.5°, 1.76°), are determined
from the model. These parameters are then used to generate realizations of &,(N) by computing the mean
from Equation 7 and sampling from the GP {,(NN) in Equation 9. Samples from the GP {,(N) in Equation 9
are independent from one another and identically distributed according a multidimensional Gaussian dis-
tribution with mean zero and covariance given by Equations 8 and 9 prescribing their space-time covari-
ance structure. These samples of &,(N) can be seen as equally probable realizations of the derived stochas-
tic parameterization. Each sample corresponds to the realization of the flux in an ensemble member of a
weather and climate model. Thus, the samples characterize the uncertainty in the flux due to SGS wind
speed variability as determined by the GP model. The samples rely on the coarse-grained data for the res-
olutions, which are used for fitting the scale-aware model, solely through the estimated parameter values.
Potential correlations between different scales are not exploited for sample generation to focus on the “scale
marginals” as described above. Evaluations of these simulated temporal realizations compared with ones
sampled from a scale-specific model are presented across the entire region in Section 5.1 and pointwise in
Section 5.2.
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Figure 9. Time series of original and reconstructed flux errors e,(N) for the three resolutions N = 0.25° (top row), N = 0.5° (central row), N = 1.76° (bottom
row) at locations corresponding respectively to the first quartile (left column), median quartile (central column), and third quartile (right column) of the MSE
over the entire domain. Ten trajectories simulated with the scale-aware model are in blue, 10 trajectories simulated with a scale-specific model are in gray, and
the observed flux error is in solid black. MSE, mean squared error.

5.1. Regional Assessment of Scale-Aware Model

In order to quantify the simulation fidelity of the scale-specific and scale-aware models, the MSE of &,(N)
(between “true” and sampled fields) and the decomposition of MSE into centered MSE and squared bias
are computed from 30 samples of &,(N) (Figure 8). The overall MSE is smaller at coarser resolutions; as
discussed above, the need for stochastic corrections to the flux parameterization is less at larger resolutions.
The scale-aware model shows results similar to those of the scale-specific model (illustrated for N = 0.5°)
demonstrating the ability of the scale-aware model to characterize variability on resolutions not used in the
estimation. The average relative differences of MSE between the scale-aware model and the scale-specific
model are respectively — 4.06%, 4.21%, and — 12.65% for the predicted resolutions N = 0.25°, N = 0.5°, and
N = 1.76°, indicating the presence of only modest differences between the two models. The squared bias,
which shows the contribution of the regression model, exhibits spatial structures apparently correlated with
mean precipitation (Figure 1) such that relatively high biases are observed in low precipitation areas. The
centered MSE indicates how the variability of the field is captured by the GP model. It shows weaker spatial
structure than the full MSE does, indicating that the model performs well at capturing field variability of
&,(N). The similarity of scale-aware and scale-specific centered MSE as well as squared bias shows that both,
scale-aware regression and GP model, perform similarly to the respective scale-specific models.

5.2. Pointwise Assessment of Scale-Aware Model

In this section, regional variations of the log-10 flux error process &,(NN) are investigated in more detail. Fig-
ure 9 provides a visual characterization of the reconstructed e,(N) time series at interpolated and extrapolat-
ed resolutions N = (0.25°, 0.5°, 1.76°), for both the original CASCADE simulation and for realizations drawn
from the scale-aware and scale-specific models. Time series are shown at different locations representative

BESSAC ET AL. 14 of 23



A7
ra\%“1%
ADVANCING EARTH
AND SPACE SCIENCE

Journal of Advances in Modeling Earth Systems 10.1029/2020MS002367

N=0.25 N=0.5 N=1.76

—— Observed —— Observed —— Observed
Scale-aware Scale-aware @Q |\ Scale-aware
E-) —— Single-scale —— Single-scale o —— Single-scale
<<
I
o
o
5
= b
< : = :
5 10 15 20 R85 10 15 20 5 10 15 20
Time-lag (hr) Time-lag (hr) Time-lag (hr)

Figure 10. Temporal autocorrelation of observed and simulated flux errors e,(N) for the three resolutions N = 0.25°
(left), N = 0.5° (central), N = 1.76° (right) at the location realizing the median MSE over the entire domain.
Autocorrelation of 30 trajectories simulated with the scale-aware interpolated model are in blue, trajectories simulated
with a scale-specific model are in gray, and the observed flux error is in black. The horizontal dashed lines show the
95% correlation coefficient confidence interval of a white noise and within this interval the autocorrelation can be
considered statistically insignificant. MSE, mean squared error.

of the three lower quartiles of the MSE across the whole domain; higher quantiles of MSE are not shown
because they are realized in coastal areas that are strongly influenced by the nearby land. Figure 9 shows
that the extrapolated and interpolated scale-aware model performs similarly to a scale-specific model in
terms of intensity, spread and temporal dynamics, and captures most features of the observed time series.
Again, the smaller contribution to the variance of the stochastic residual {,(N) at coarser resolutions is
evident. These results are corroborated by the temporal auto-correlation functions of the residual process
P,(N) in Figure 10, estimated for the three different resolutions at the point realizing the median MSE over
the domain. Both statistical models show generally good agreement with the CASCADE temporal autocor-
relation, except at the coarsest resolution. Note again that the resolutions considered in Figures 8-11 are not
those used to estimate the parameters of the scale-aware model.

To assess the spatial dependence structure of the 1,(N) field, we show in Figure 11 contour lines of the
correlation of each moving window central point with points across the rest of the domain. For each central
point, a single correlation contour is shown (chosen at correlation strength z = 0.7). Contours computed on
the original and sampled &,(IN) from scale-aware and scale-specific models are compared. The original cor-
relation shows areas with zonally elongated contours, particularly in the Arabian Sea and Southern Indian
Ocean. Both sets of realizations show zonally elongated contours and some of the spatial heterogeneity;
however, they tend to underestimate this anisotropy (particularly in the Arabian Sea). The simulations
reproduce well the observed correlation structure in the Western Pacific (both its anisotropy and its spatial
variations). Despite the moving window setup of the GP estimation, however, simulations tend to capture
less of the spatial heterogeneity in the northwestern part of the domain. Again, it is not clear to what extent
the apparent spatial inhomogeneity is a consequence of sampling variability in this relatively short-duration
data set.

These statistics reveal that the proposed scale-aware space-time model provides realistic realizations of flux
errors in terms of their intensity and space-time structure. The validation analysis further indicates that the
spatial heterogeneity of many of the field aspects such as signal intensity, space-time correlation ranges,
anisotropy, and smoothness are captured by the proposed model and its local estimation framework. The
scale-aware model performs similar to scale-specific models indicating the accuracy and strong predictive
capabilities of the proposed scale dependence in the parameterization.

6. Discussion and Conclusions

In this study, we have built a scale-aware representation of a previously proposed parameterization of air-
sea flux enhancement by SGS wind variability for use in climate and weather models (Bessac et al., 2019).
The existing model expresses the logarithmic error between a “true” flux and a “resolved” flux, conditioned
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Figure 11. Contours of spatial correlation of the flux error e,(N) at each moving window center with the rest of the
field, for the single contour level z = 0.7. Correlations are computed on log-10 flux errors &,(N) from Equation 4 (top),
simulations of the flux errors from the scale-aware interpolated model (center), and simulations from the scale-specific
model (bottom) at resolution N = 0.5°.

on the resolved flux and the total precipitation, while accounting for the stochasticity and spatiotemporal
structure via a local GP. The “truth” is defined by the output of a high-resolution atmospheric simulation,
and “resolved” quantities are coarse-grained versions of the truth, mimicking a model at lower resolution.
Fluxes are represented in an idealized fashion, focusing on the contribution of wind speed variations and
neglecting other factors. The proposed scale-aware parameterization of both regression and spatiotemporal
structures provides a flexible and adaptive framework to model SGS variability in the context of models
running at ever-increasing resolution—particularly those operating in the “gray zone” where important
physical processes (e.g., convection) are “permitted” but not fully resolved. Scale awareness has been repre-
sented by empirical functions which forms are guided by the data-driven combination of CASCADE data
and fits of the scale-specific model across a broad range of resolutions. While our focus has been on a wind
speed exponent characteristic of momentum and gas fluxes, similar results are obtained for the exponent
relevant to heat and freshwater fluxes (Appendix B).
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The scale-aware model is fit simultaneously on three resolutions in order to investigate the capabilities of
the model to extrapolate and interpolate at unseen resolutions. In assessments performed at extrapolated
and interpolated resolutions, the scale-aware model performs similarly to scale-specific models in terms of
fidelity of generated outputs, indicating that in this particular setup and application, one can use a reduced
set of resolutions and obtain an accurate model at untrained resolutions. Additionally, the MLE estima-
tion procedure is numerically more stable (sensitivity to initial conditions and optimization non-degen-
eracy) for the scale-aware space-time GPs than for scale-specific GPs, which we impute to the increased
amount of data used in fitting the scale-aware model. As discussed in the Introduction, in this case study
the dependence across resolutions is smooth and could be represented by simple mathematical functions.
However, other systems or phenomena might exhibit complex evolution throughout resolutions such as
changing tails or probability distributions, challenging their mathematical representations. The evaluation
of whole-domain and pointwise structures reveals that spatiotemporal structures are generally well cap-
tured except in areas with very low precipitation during the 9-day study period or with complex features
close to the coasts. Further work will focus on assessing the representativeness of the 9-day period by con-
sidering outputs from longer atmospheric model simulations in order to improve the characterization of
spatial variability, which we expect to be smoother (especially in terms of precipitation). There is also the
need to consider the structure of the SGS flux enhancement in spatial domains other than the Warm Pool/
Northern Indian Ocean, and to repeat our analysis using other convection-permitting models to assess the
robustness of our statistical model. In future work, we will conduct such analysis using a suite of glob-
al, convection-permitting simulations generated by the Dynamics of the Atmospheric General Circulation
Modeled on Non-Hydrostatic Domains initiative (e.g. Stevens et al., 2019). This work will also investigate
the development of a unified parameterization across values of the flux exponent n, so that consistent reali-
zations of SGS enhancements of different fluxes can be generated simultaneously. Such an extension could
additionally be applied to non-integer values of n as they could result from including contributions of the
exchange coefficient cy in bulk formulae. Comparing the n = 1 results presented in Appendix B with the
n = 2 results, that we have focused on above, suggests that the statistical features of the SGS velocity flux
enhancement vary smoothly with n.

Implementation in operational models of a stochastic parameterization scheme such as we have proposed is
neither difficult nor numerically expensive. Because the residuals ¥,(N) are represented as a Gaussian ran-
dom process with specified spatial covariance, realizations on a grid can be generated in principle by multi-
plying a vector of independent unit variance Gaussians by a matricial square-root of the covariance matrix
such as the Cholesky decomposition (e.g. Rasmussen & Williams, 2006). In practice such a calculation may
not be practical for a large grid, in which case dimensionality reduction such as the use of orthogonal basis
functions in space may be necessary (as is done in the stochastic parameterizations used by the European
Centre for Medium-Range Weather Forecasts, cf. Palmer et al. (2009)). Temporal dependence can be repre-
sented by modeling ¥,(N) as a multivariate Ornstein-Uhlenbeck process. Since the covariance between two
grid boxes is only depending on distance between them and the estimated parameter values, the stochastic
parameterization can be implemented for arbitrary grid structures.

As in Bessac et al. (2019), the present study has focused on the modification of model-simulated air-sea
fluxes by SGS velocity variations, neglecting the contribution from other variations (and their correlations).
In particular, it does not include an explicit treatment of the wind speed dependence of the exchange co-
efficient in bulk flux formulae. While this choice avoids tying the results of the analysis to any specif-
ic semi-empirical flux parameterization, it has the consequence that these results are more a theoretical
proof of concept than a final form appropriate for incorporation in operational weather or climate models.
Further analyses considering less idealized flux formulations are therefore needed. Finally, the 4 X 4 km
resolution of the atmospheric model used as “truth” implies that our stochastic parameterization accounts
only for mesoscale velocity variations; motions on the scale of boundary-layer turbulence are not included.

The statistical model formulation and parameter estimates provide insight into transitions across resolu-
tions that are smooth and exhibit spatial variability in their intensity. As observed in Bessac et al. (2019),
zonal anisotropy is stronger at coarser resolutions, and the overall variability decays at coarser resolutions
suggesting a smaller need for stochastic enhancements of SGS variability. Precipitation, to which &,(N)
displays a strong first-order dependence through the regression model, may also play a role in the intensity
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of the scale-dependence and its spatial variability. This result suggests a higher-order dependence of the
flux errors on precipitation, although it could also simply reflect sampling variability in both quantities. It
is also possible that the regression model could be improved by introducing additional predictors. In future
work, it would be interesting to study this higher-order dependence of the flux errors on precipitation and
investigate other potential predictors. Such an analysis of higher-order dependence might require the use
of nonlinear models such as regime-switching models driven by precipitation states or synoptic conditions.
One could as well consider covariates, in particular precipitation, in the description of the scale dependence
in Equation 9. Such an approach would be analogous to that of Xie and Zhang (2015), where both model
scale and a measure of atmospheric instability are considered in the scale-aware parameterization of cloud
water. In general, exploring the processes imprinting on the spatial heterogeneity could serve to improve
the accuracy of the statistical model.

Appendix A: Statistical Background

In the following, we provide more details for some of the statistical methods and concepts used above; more
details can be found in Cressie and Wikle (2015), Gelfand et al. (2010), Gneiting et al. (2006), Rasmussen
and Williams (2006), and Von Storch and Zwiers (2001).

Gaussian Processes

Gaussian distributions are widely used in statistics and other fields due to their mathematical properties,
their flexibility in modeling purposes, and their role as the limiting distribution in the Central Limit Theo-
rem. Unidimensional normal distributions can be generalized to a multidimensional setup in the following
way. The random vector Y = (Y7, ..., ¥y) has a d-dimensional normal distribution with mean x and covari-
ance matrix X if its probability density function is given by:

p oG ,u)} forally e R?.

1
fay) = ———ex
! J2r)! det(z) [ 2

In this case, the notation ¥ ~ N, (u,X)is standard. Similar to the unidimensional case, a multidimensional
normal distribution is entirely characterized by its mean vector and its covariance matrix.

A stochastic process Y (x), where x € X R¥, is an infinite-dimensional generalization of a random vector,
where the collection of random variables is indexed continuously. In particular, a stochastic process Y (x) is
a Gaussian process (GP) if for any set of input “locations” x;, ..., X4, the joint probability distribution for the
vector of responses Y = (Y (xy), ..., Y (x3)) is a multidimensional normal distribution. Following the proper-
ties of the multidimensional Gaussian distribution, a Gaussian process is entirely characterized by a mean
function g : X — R and a covariance function K : X x X — (0,+0).

In geostatistics, parametric models and covariates are commonly used to express the mean u whereas the
covariance expression K relies mostly on parametric models such as the squared-exponential or Matern
covariances. Coefficients describing these parametric models are referred to as parameters in statistics and
usually denoted as 6. They are calibrated in order for the parametric model to match the input data as well
as possible according to specified criteria (e.g. maximizing the log likelihood). An introductory review of
Gaussian Processes is presented in Rasmussen and Williams (2006).

Covariance Kernels

The covariance function K of a Gaussian process can be decomposed as the product of a scalar variance term
o by a correlation function that provides a measure of linear dependence between the stochastic process
at two points (in space and/or time). Parametric forms are generally used to represent the correlation such
as exponential, squared-exponential or Matern models (e.g. Chapter 4 in Rasmussen &Williams, 2006). A
“nugget” term ¢ is often added to capture additional local variability which is not resolved by the product
variance-correlation. For instance, a commonly used full covariance model is the squared-exponential mod-
el: K(d) = oexp(—(d/p)?) + 814-0, where o is the variance, d is a distance in space or time, p the decorrelation
range over space or time, ¢ is the nugget, and 1 is the indicator function. In this case, one would estimate the
parameters o, p and § through an estimation procedure (e.g. maximizing the log-likelihood).
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One can extend the covariance concept to a spatio-temporal field Y(¢, r) where the focus is on the covariance
between Y(t, ) and Y(t + h, r + u), where ¢ is time, r a spatial location, h and u are respectively a time lag
and a spatial translation vector. This relates to the study of the covariance between spatial locations that are
considered at different observation times (Gneiting et al., 2006).

Similarly to spatial covariance, if the covariance Cov(Y(t, r), Y(¢t + h, r + u)) does not depend on the spatio-
temporal location (¢, ) and depends only on the lags h and u, the covariance is said to be second-order sta-
tionary and is denoted by K(h, u). However, by building more complex covariances, it is likely to encounter
non-stationarity especially in a space-time context. Mathematical representations of non-stationary space-
time covariance is still very challenging. One way among others to deal with non-stationary is by consider-
ing local sub-domains in which stationary is assumed, as performed in the above study. A concept associat-
ed with space-time covariances is the space-time separability which neglects the interaction between space
and time. The assumption is commonly made for computational tractability; however, it is often unrealistic
with geophysical data. In the above study, we consider a three-dimensional space-time distance to account
for the non-separability of the data set.

Maximum-Likelihood Estimation and its Uncertainty

To estimate model parameters, Maximum Likelihood estimation (MLE) is one of the most popular methods
given the optimality of the estimators and their asymptotic properties. The intuition behind the MLE is
to estimate a set of parameters that makes the data the most likely to occur under the chosen parametric
probabilistic model.

Definition Let Y7, ..., Y, be a set of random variables, which realizations are denoted y;, ..., y,, with joint
probability density function L(6; yy, .., V) = Pe(Y1 = ¥1, ., Yy = y,) that depends on a set of parameters 6 €RP.
Then 6, is the Maximum-Likelihood estimator for © associated to an observed set of realizations (yy, ..., ) if

6, = argmax,L(6;y,,...,y,)-

In practice, likelihood values for large numbers of data are very small, so the log-likelihood is optimized
instead

U0 Yy ) = 10g(L(G: Yy 3,))-

Note that n is the number of realizations (replicates) and has to be distinguished from the dimension d of
a random vector. Oftentimes, an analytical form of the maximum is not available due to the complexity of
proposed models. Numerical optimization techniques are used instead to compute the optimum iteratively.
The choice of optimization method varies depending on the level of non-linearity and the constraints, e.g.
parameter positivity, of the likelihood and its parameters. Initial conditions are often hand-picked from a
priori empirical analysis or least-square estimation for instance.

Asymptotic Properties and Uncertainty Quantification

Under certain regularity conditions, maximum-likelihood estimators are consistent (they converge in prob-
ability to the “true” value 6,) and asymptotically Gaussian distributed. More precisely, under certain regu-

larity conditions, the following convergence in distribution (denoted by i)) of § holds
R d
V@, -6) — N, 0.I7@G).
n—»+0

2

where Z(6,) = [E [—ﬁlogu&oﬂ)]] is the Fisher information matrix. In practice, the Fisher
e ij=l.p

information matrix is extracted from the Hessian (i.e., curvature) of the log-likelihood evaluated at the

optimum én and provides the variance-covariance associated with the estimation of the parameters 6. Intu-

itively, the level of confidence in the estimates of the parameters is inversely proportional to the curvature

of the log-likelihood (e.g. poor confidence in the estimates when the curvature is flat).
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Delta method: The Delta method enables approximation of an asymptotic distribution of a transformed

random variable. It is commonly used to complement the Central Limit Theorem, though it has other ap-

plications. For simplicity, let us assume the following convergence in distribution holds for a sequence of
d ,

random vectors X, ..., X, of R”: \/; [X, - >N ,(0,Z). Fora function g : R” — R’ differentiable in 6,, the

following convergence of the transformed random vectors g(X,), ..., g(X,,) holds:

d
Vnlg(X,) = @)1 N, (0.V8(0)" - - Ve(@y)),

where Vg is the gradient of g. The Delta method is used in Section 4 to compute the estimation variance
of 8, 6y, Or, 0, and y as transformations of the coefficients 6,3, 6z,, ..., 01, 0, through the functions (9).
Gradients of the functions (9) are computed with respect to each coefficient 8,1, 65, ..., 01, 0, and combined
with the Fisher information matrix of the log-likelihood log L(€;y, (Ny),.. ..\, (N})) from Equation 10 with
0 = (021, 022, Or1> Om2s O11, O12s 01, 02, V1, V2)-

Appendix B: Resultsforn=1

In this section, we present results relevant to heat and freshwater fluxes from fitting the scale-aware regres-
sion model (7) on the error process &;(N) for n = 1 and the local scale-aware GP from Equations 8 and 9 on
the regression residuals ;(N). The fit is performed on the same three resolutions considered previously N
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Figure B1. Same as Figure 2, but for flux exponent n = 1.
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Figure B2. Same as Figure 3, but for flux exponent n = 1.
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Figure B3. Same as Figure 7, but for flux exponent n = 1.

=(0.40°, 0.76°, 1.51°) and in the same fashion as described earlier. Overall results from fitting the full sta-
tistical model on &,(N) and ¥,(NN) are similar to those of the n = 2 fit and suggest smooth transitions of the
quantities of interest across different values of the exponent n. For instance, Figure Bl presents the R*-co-
efficient of regression (5) fitted for n = 1, indicating a stronger importance of the resolved flux compared
to the case n = 2. In Figure B2, the fits of the scale-aware regression model (7) are depicted. These show
overall similar shapes and quality of fit compared to the case n = 2. Figure B3 shows the spatial distribution
of the estimated parameters of the local GP (8) and (9) fitted on %,(IN) showing similar overall behavior as
for the case n = 2.

Data Availability Statement

Data from the Cascade project are freely available upon registration with the NERC Centre for Environ-
mental Data Analysis (CEDA) at https://catalogue.ceda.ac.uk/uuid/20981e3052a66ca71c2ba92b94760150
and referenced as (Lister & Woolnough, 2008). The R codes used for this study are available for download at
https://github.com/jbessac/sgs_fluxes_scaleaware.
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