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”All change is a miracle to contemplate,

but it is a miracle which is taking place every instant.”

— Henry David Thoreau, Walden
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Abstract

Humans and non-human animals live and learn in a continuous stream of informa-

tion, and rarely experience catastrophic interference between currently and previ-

ously acquired knowledge. In contrast, artificial neural networks suffer from catas-

trophic forgetting and typically remain static once trained. In this work, we provide

an analytical study of continual learning and its effects on neural representations

in deep linear networks. We present a mathematical analysis of the solution man-

ifold, illustrating how different areas result in different neural representations and

computational properties; and obtain an exact expression for the continual learning

dynamics under gradient descent. Based on these analyses, we derive exact contin-

ual learning rules for categorical and relational knowledge, and demonstrate how

common replay- and regularisation-based algorithms either require exploding mem-

ory and computational capacity or fail to learn representations that capture the

structure of experiences. Our theory predicts that any successful continual learning

rule requires representational drift of previously acquired knowledge, and it makes

testable predictions about the geometry and temporal evolution of drifting neu-

ral representations. Empirically, we confirm this prediction by studying relational

learning in humans through functional magnetic resonance imaging, showing that a

single experience can cause systematic reorganisation of representations to preserve

previously acquired knowledge. Taken together, our results provide a mathemati-

cal framework for studying neural representations during continual learning in both

biological and artificial neural networks.
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General Introduction

The ability to continuously acquire new skills and knowledge is a hallmark of intel-

ligent behaviour. Crucially, continual learning happens throughout a lifetime and

without major interference with previously acquired knowledge. This is achieved

even though experiences are being processed by shared sensory streams and encoded

within the same nervous system. Despite the large body of research on human and

animal learning and learning in artificial neural networks, a quantitative theory

that explains and can make accurate predictions about continual learning in minds

and machines is missing.

Theoretically, this thesis presents exact mathematical analysis of the solution

manifold (Chapter 3) and exact continual learning dynamics (Chapter 4) in deep

linear networks. These results are then used to derive provably exact continual

learning rules for categorical and relational knowledge (Chapter 5). Empirically,

the theoretical results are then tested against changes in neural representations

during relational learning in humans (Chapter 6).

1.1 A connectionist perspective on action and

cognition

Action and cognition emerge in the nervous system: an intricate network of highly

interconnected neurons. Therefore, unravelling the functional underpinnings of

the distributed and parallel computations within a nervous system are key to un-

derstanding cognition (Thagard, 1986; Rumelhart, Hinton, & McClelland, 1986).
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However, the sheer size and complexity of these neural networks, even in tiny or-

ganisms like Caenorhabditis elegans (Cook et al., 2019) or Drosophila melanogaster

(Scheffer et al., 2020), render reverse engineering the functionality of the nervous

system a tremendous challenge. Data has to be acquired from delicate organic

tissue and then mapped to function across the spatial scales of nanometer-sized

synaptic processes to entire brains and temporal scales that range from millisecond-

long individual neuronal spikes to processes that can last a lifetime (Sejnowski et

al., 2014). This challenge is further aggravated by the fact that as new experiences

unfold, new knowledge and skills are acquired, and complex processes renew and

adjust the neural tissue, the underlying structure and function of the nervous sys-

tem is constantly changing. So how can we understand how this intricate and ever

changing network gives rise to action and cognition?

1.1.1 Early developments of connectionism

Already in the 40s McCulloch & Pitts (1943) proposed that the functionality of

nervous systems could be understood through the use of logical calculus. Based on

the all-or-none response of biological neurons, they studied the computational prop-

erties of feed-forward and recurrent networks in which artificial neurons compute

binary outputs based on weighted inputs from the environment or other neurons.

They analytically showed that such networks can calculate any first-order logic

function. A key assumption in their analysis was that weights do not change,

meaning that no learning occurs. Thus, this left the question unanswered of how

such networks can acquire a certain computation from experience, a challenge that

any nervous system faces. In his seminal work, Rosenblatt (1958) formalised ideas

from Hebb (1949) and Hayek (1952) into the perceptron learning rule, which can

be used to optimise the synaptic weights of a single artificial neuron with binary

output. Given a set of inputs and target outputs, the learning rule iteratively adds
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or subtracts a fraction of a given input to the synaptic weights, based on whether

its output was correct or incorrect. While the perceptron learning rule can be used

to learn any set of linearly separable patterns, and is guaranteed to converge to a

solution in a finite amount of training steps (Novikoff, 1962), single binary neurons

are incapable of learning patterns that are not linearly separable like XOR (Min-

sky & Papert, 1969). Although it was already known from the work of McCulloch

& Pitts (1943) that by combining multiple binary neurons, any first-order logical

function, such as XOR, could be implemented, the question of how such a network

of multiple neurons could learn the synaptic weights that would implement these

functions remained unresolved. The conceptual framework of Parallel Distributed

Processing (Rumelhart, Hinton, & McClelland, 1986) was pivotal in bridging this

gap. It proposed that action and cognition arise from simple, parallel compu-

tations in individual neurons, which collectively generate meaningful distributed

representations across the network and that these distributed representations are

essential for enabling networks to perform flexible, robust, and scalable information

processing. This marked a paradigm shift from traditional logic-based and sym-

bolic representations to a distributed perspective, where knowledge is represented

and processed by the network as a whole rather than by individual neurons. As

summarised by Schmidhuber (2014), it was only with the combination of efficient

reverse-mode automatic differentiation (Linnainmaa, 1970) and neural networks

with differentiable activation functions (Werbos, 1982) that it became technically

possible to train such networks (Rumelhart, Hinton, & Williams, 1986), sparking

the rise of modern connectionism (Rumelhart, Hinton, & McClelland, 1986) and

deep learning (LeCun et al., 2015).
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1.1.2 Deep learning

The realisation that complex, non-linear, and inherently non-convex artificial neu-

ral networks (ANNs) can be effectively optimised using first-order methods such as

gradient descent, started a revolution in the field of machine learning. Throughout

the early 2000s, the massive increase in computational power (Amodei et al., 2018;

Sevilla et al., 2022), advances in network architecture (Schmidhuber & Hochreiter,

1997; LeCun et al., 1989; Krizhevsky et al., 2012; Simonyan & Zisserman, 2014;

Goodfellow et al., 2014; Kingma & Welling, 2014; Szegedy et al., 2015; K. He et al.,

2016; Vaswani et al., 2017), activation functions (Maas et al., 2013; K. He et al.,

2015; Clevert, 2015; Hendrycks & Gimpel, 2016; Klambauer et al., 2017), optimi-

sation algorithms (Duchi et al., 2011; Zeiler, 2012; Kingma, 2014; Schulman et al.,

2017), network initialisation techniques (LeCun et al., 2002; Glorot & Bengio, 2010;

Saxe et al., 2013; K. He et al., 2015) and novel regularisation methods (N. Srivas-

tava et al., 2014; Ioffe & Szegedy, 2015) led to a series of breakthroughs. In 2012

Krizhevsky et al. (2012) combined convolutional neural networks (Fukushima, 1980;

LeCun et al., 1989), max-pooling layers for downsampling (Weng et al., 1993), rec-

tified linear units as activation function (Fukushima, 1969) and parallel optimisa-

tion on multiple GPUs using CUDA (Nickolls et al., 2008), to win the ImageNet

competition (Russakovsky et al., 2015), in which images have to be assigned to

one of a thousand categories. Their neural network AlexNet was trained on 1.2

million images, and achieved a top-5 classification error of 15.3%, outperforming

competitors by a margin of more than 10% (Russakovsky et al., 2015). Over the

next few years, the error rate rapidly dropped further (K. He et al., 2015, 4.94%)

and further (K. He et al., 2016, 3.57%), quickly surpassing human level perfor-

mance (Russakovsky et al., 2015, ∼ 5%). At the same time, researchers combined

Q-learning (Watkins & Dayan, 1992) with ANNs to achieve human-level perfor-

mance across 49 Atari games (Mnih et al., 2015). Silver et al. (2016) combined
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convolutional networks, policy gradient algorithms (Williams, 1992; Schulman et

al., 2017) and Monte-Carlo tree search to a network that defeated the best hu-

man Go players, a breakthrough that was believed to be at least a decade away.

Follow-up work, replaced the dependence on human training data by self-play (Sil-

ver et al., 2017), and reduced training time to surpass human performance from 3

weeks to less than 24 hours (Silver et al., 2018). Models were developed to create

captions for images (Karpathy & Fei-Fei, 2015), machine translation (Cho et al.,

2014; Sutskever et al., 2014) or map text to speech (Van Den Oord et al., 2016).

Generative models, quickly evolved from generating low-resolution, low-quality im-

ages (Goodfellow et al., 2014; Kingma & Welling, 2014; Sohl-Dickstein et al., 2015)

to text-to-image models (Reed et al., 2016), which generate photo-realistic, high-

resolution images (Saharia et al., 2022; Esser et al., 2024). The development of

advanced self-supervised learning algorithms (De Sa, 1993) eliminated the need for

large amounts of human-annotated training data (T. Chen et al., 2020; Caron et

al., 2020; Grill et al., 2020; X. Chen & He, 2021; Zbontar et al., 2021). Finally,

the emergence of the transformer architecture (Vaswani et al., 2017) with its self-

attention mechanism, which in contrast to earlier recurrent models that process

data sequentially, allows models to process entire sequences of data in parallel, led

to a breakthrough in natural language processing (Devlin et al., 2018; Brown et

al., 2020; Touvron et al., 2023). These large language models are first trained in

an autoregressive fashion to predict missing parts of large text corpora (Bengio

et al., 2000), allowing them to learn grammar, context, and meaning without ex-

plicit human labelling, and are subsequently fine-tuned to adapt their knowledge

to specialised tasks like sentiment analysis or question answering, closing the gap

towards passing the Turing Test (Turing, 1950). Scaling these models (Kaplan et

al., 2020), led to the emergence of in-context learning, in which models are capable

of solving tasks from examples without updating their parameters (Brown et al.,

2020).
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While this summary only scratches the surface of the advances made during the

last two decades, the impact of deep learning on society, industry, and research is

irrefutable. With ANNs now performing tasks that were previously believed to be

only attainable with human intelligence, what are the implications for connection-

ism? Can ANNs aid our understanding of the brain and how can our understanding

of the brain aid research in ANNs?

1.1.3 Gradient-based learning and the brain

The great success of deep learning has not only led to a minor revolution in machine

learning but also in the neuro- and cognitive sciences (Richards et al., 2019; Saxe

et al., 2021; Doerig et al., 2023). With ANNs performing on par with humans on

specific tasks, do they employ similar computational mechanisms, and can we gain

insights into one by studying the other?

We begin by exploring work which has studied whether gradient-based optimi-

sation, which is used to optimise complex distributed and parallel computations

in deep networks, could also be the underlying algorithm driving learning in the

brain. There are several key aspects on the implementational level of the backprop-

agation algorithm that raise questions regarding its biological plausibility (Crick,

1989; Whittington & Bogacz, 2019; Lillicrap et al., 2020). For example, the same

weights are used during forward propagation of information and backpropagation

of errors. It is unclear how the information to preserve this symmetry could be

shared across neurons in the brain. This concern has been partially addressed by

work that showed that this symmetry may not be required for the backpropagation

algorithm to work (Lillicrap et al., 2016; Nøkland, 2016; Launay et al., 2020) due to

symmetries in the solution space (Refinetti et al., 2021). Further, during backprop-

agation, a global error signal is propagated backwards through multiple layers and

requires synchronous updates to all weights, but the brain lacks an obvious method
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for globally distributing such an error signal across distant neurons and cortical lay-

ers. Again, this concern has been partially addressed by algorithms like (difference)

target propagation (Le Cun, 1986; Bengio, 2014; Meulemans et al., 2020; D.-H. Lee

et al., 2015) and energy-based approaches (Friston, 2010; Scellier & Bengio, 2017;

Song et al., 2024) like predictive coding (Friston, 2005; Whittington & Bogacz,

2017; Sacramento et al., 2018). The limitation that the all or none response of

spiking is non-differentiable has for example been addressed by surrogate-gradient

methods (Courbariaux et al., 2016; Zenke & Ganguli, 2018; Zenke & Vogels, 2021;

Braun & Vogels, 2021).

Although the brain may not implement the backpropagation algorithm exactly,

the neural computations, representations, and learning dynamics observed in deep

networks could be closely related to those used in the brain (Richards et al., 2019;

Doerig et al., 2023; Haxby et al., 2014). This idea gave rise to a line of research

that has focused on examining the similarities between computational mechanisms

and neural representations in artificial and biological networks. For example, the

structure of receptive fields and the layer-wise hierarchical feature extraction are

computational properties that are observed both in the ventral visual pathway as

well as convolutional neural networks (Hubel & Wiesel, 1962; Erhan et al., 2009;

Zeiler & Fergus, 2014; DiCarlo et al., 2012; Lindsay, 2021). Importantly, this ob-

servation is consistent across species. For example, training a convolutional neural

network with an architecture similar to that of the Drosophila retina results in

analogous spatial and temporal receptive fields as observed in the fly (McIntosh et

al., 2016). Albeit differences exist and neural networks do not account for many

results from psychological research (Bowers et al., 2023). For example, they exhibit

a strong preference for texture over shape (Geirhos et al., 2018) and are suscepti-

ble to minimal image perturbations known as adversarial attacks (Szegedy et al.,

2014, though see Veerabadran et al. (2023)). One way to understand how neural

networks encode information is to study and compare the computational properties
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of single cells. However, action and cognition are encoded across populations of

neurons throughout the brain. Given a certain stimulus or task, the corresponding

experience elicits patterns of neural activity, which can be analysed and compared

across experiences, individuals and even between artificial and biological networks

(Haxby et al., 2014). More formally, a pattern of activity can be thought of as a

single point in a high-dimensional space, in which each dimension represents the

level of activity of a single neuron. Then, analysing and comparing patterns is a

matter of studying the relation of points in this high dimensional space.

For example, similar low-dimensional population dynamics were observed dur-

ing context-dependent decision Mante et al. (2013) and delayed match-to-category

tasks Chaisangmongkon et al. (2017) in artificial recurrent neural networks and

monkey prefrontal cortex. In their seminal work, Yamins et al. (2014) used the ac-

tivity patterns of the final layer of convolutional neural networks to predict single-

cell and population-level neural responses in monkey inferior temporal cortex when

exposed to the same natural stimuli. Critically, neural networks were not trained

to model or predict neural data, but rather were either untrained or trained on

image classification tasks. They found that in both cases, a network’s categorisa-

tion performance strongly correlated with their ability to predict neural activity.

In a similar line of work Khaligh-Razavi & Kriegeskorte (2014) compared neural

representations in ANNs to neural activity patterns in human and monkey infe-

rior temporal cortex using representational similarity analysis (Kriegeskorte, Mur,

& Bandettini, 2008). Specifically, they compared the representations of networks

that where trained using supervised and unsupervised training algorithms. They

also found that better performing models have larger representational similarity

and that only supervised learning algorithms gave rise to categorical clustering,

which is observed in inferior temporal cortex. Accordingly, later work showed sim-

ilar activity patterns across the layers of neural networks and the visual hierarchy

in humans (Eickenberg et al., 2017). These observations gave rise to a whole new
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field of research, which aims at facilitating comparisons between the dynamical

and representational features of artificial and biological neural networks (Schrimpf

et al., 2018). However, this methodology has been criticised on the basis that

overlap of representational similarities does not foster understanding of perceptual

and cognitive processes (Bowers et al., 2023). Furthermore, theoretical work has

demonstrated that partial observations can result in network models exhibiting

spurious attractor structures, which fail to accurately capture similarities in neural

dynamics (Qian et al., 2024). Additionally, it has been shown that the observed

similarity between representations is highly contingent upon the similarity mea-

sure used (Soni et al., 2024). In summary, a quantitative theory that explains why,

when, and under what circumstances neural representations in brains and machines

align is essential for advancing our understanding of neural computation.

One key aspect of these comparisons between mind and machine is that they

often treat both as static systems. However, humans and non-human animals

live and learn in a continuous stream of information, meaning their brains are

constantly evolving. This is in contrast to artificial neural networks, which are

typically trained once and then remain static in their computations. Incorporating

the dimension of time however, is challenging, as the underlying computational

systems are already highly non-linear and complex, even without considering the

dynamics of learning. While some progress has been made, such as relating learning

dynamics in linear networks to concept learning in children (Saxe et al., 2019),

understanding how neural computations and representations unfold over time is

crucial to understanding how the brain gives rise to action and cognition.

1.2 Continual Learning

Humans and non-human animals stand as living proof for the existence of a sys-

tem that can continuously acquire new knowledge and skills throughout a life-
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time. At first glance, this ability may appear unsurprising, as it arises naturally

without conscious effort or major interference with previously acquired knowledge.

However, while biological neural networks excel at continual learning, the underly-

ing computational mechanisms remain poorly understood and the subject remains

an unsolved problem for ANNs. Continual learning can occur over various time

scales, from brief moments to a lifetime and requires the integration of experi-

ences to one coherent whole. It can involve mastering new skills, refining prior

knowledge, or adapting to novel environments and contexts. As such, continual

learning fundamentally differs from traditional optimisation of ANNs, which are

typically trained all at once on a fixed dataset. Already in the late 1980s, Mc-

Closkey & Cohen (1989) and Ratcliff (1990) explored this fundamental difference,

observing that when ANNs were trained continuously using gradient descent, ear-

lier acquired knowledge was often completely overwritten by parameter updates

during the acquisition of new knowledge, a phenomenon they termed catastrophic

forgetting. Specifically, drawing inspiration from how children learn, McCloskey

& Cohen (1989) trained ANNs to learn addition involving ones (e.g., 1 + 1 = 2,

1 + 2 = 3, ...) and subsequently trained them on additions involving twos (e.g.,

2 + 1 = 3, 2 + 2 = 4, ...). They observed that after training on the twos-task, the

network’s performance on the ones-task had declined back to the level of random

guessing. This is in stark contrast to how human and non-human animals learn, as

they not only do not suffer from catastrophic forgetting, but even more so, benefit

from structured learning curricula (Krueger & Dayan, 2009; Bengio et al., 2009;

Flesch et al., 2018; Dekker et al., 2022). Continual learning quickly developed into

its own research field (French, 1999), which experienced a resurgence with the rise

of deep learning (Goodfellow et al., 2013), with a vast literature investigating and

developing algorithms for continual learning. In the following, we give an overview

over common algorithms and theoretical insights into the continual learning prob-

lem.
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1.2.1 Overcoming catastrophic forgetting

A plethora of algorithms have been proposed to circumvent catastrophic forgetting

(as reviewed in Parisi et al., 2019; Hadsell et al., 2020; Wang et al., 2024), which can

be broadly separated into four groups. Architecture and optimisation-based meth-

ods adjust the network structure and calculation of gradients, while regularisation-

based approaches control how and which synapses change, and replay-based meth-

ods store previous training examples and combine them with new data for sub-

sequent learning. Most algorithms are motivated by either a mathematical or

biological insights (Kudithipudi et al., 2022). For example, optimisation and

regularisation-based approaches are often motivated by overparameterisation

(C. Zhang et al., 2021) or Bayes-optimal learning (Huszár, 2017) and are closely

related to the stability-plasticity dilemma in neuroscience (Grossberg, 1987; Abra-

ham & Robins, 2005). Whereas, replay-based approaches aim at approximating

full-batch learning and are motivated by complementary learning systems theory

(McClelland et al., 1995; Kumaran et al., 2016).

Solving the stability-plasticity dilemma

The stability-plasticity dilemma hypothesises that a core challenge of learning is the

need for synaptic weights to remain stable enough to preserve previously acquired

knowledge, while also maintaining enough plasticity to encode new information

(Grossberg, 1987; Abraham & Robins, 2005). If we view the continual learning

problem through this conceptual framework, an effective continual learning al-

gorithm must be capable of identifying synapses essential for encoding previous

knowledge and restricting plasticity therein while allowing plasticity in others. For

ANNs, this involves analysing the shape of the error landscape. If we identify direc-

tions in which parameters can be updated without increasing the loss, those repre-

sent permissible plasticity, while directions where the loss increases rapidly indicate
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updates that should be restricted. To this end, one can use a Bayesian approach,

combined with Laplace’s method, to get a point estimate of the error landscape

for the current set of network parameters (Huszár, 2017). Since the Bayesian ap-

proach requires the computation of the Hessian matrix, which is computationally

expensive and scales quadratically in the number of parameters, continual learn-

ing algorithms often approximate the Hessian using the diagonal of the empirical

Fisher information (Kirkpatrick et al., 2017) or approximations thereof (Zenke et

al., 2017; Aljundi et al., 2018; Benzing, 2022). These algorithms then regularise

parameter updates in proportion to the estimated curvature. Alternatively, it has

been suggested to use techniques such as dropout, learning rate decay, and an ap-

propriate batch size to converge to solutions that are both wide and flat (Mirzadeh

et al., 2020). However, point estimates of the error surface may miss important

non-local structure like manifolds and symmetries in the solution space (Baldi &

Hornik, 1989; Sussmann, 1992; Fukumizu & Amari, 2000; Dinh et al., 2017; Simsek

et al., 2021). Furthermore, controlling synaptic plasticity will change how informa-

tion is processed and encoded in the network, possibly leading to ineffective neural

representations (Prabhu et al., 2024). However, a clear understanding of the rela-

tionship between the stability-plasticity dilemma, the structure and symmetry of

solution manifolds and its implications for continual learning, necessitates a robust

theoretical framework that goes beyond heuristics and numerical simulations.

Minimising interference

The idea to mitigate catastrophic forgetting by minimising interference between in-

ternal representations of old and new information is nearly as old as the discovery of

catastrophic forgetting itself (Kortge, 1989; French, 1991). While early approaches

primarily focused on explicitly finding disjoint representations (R. K. Srivastava et

al., 2013), newer methods primarily focus on exploiting that ANNs are highly over-

paramterised. They aim at orthogonalising gradient updates or directly learning

25



Preserving Knowledge During Learning

in orthogonal subspaces to minimise interference. Gradients can be orthogonalised

with respect to previous inputs (Zeng et al., 2019) or previous gradient updates

(Farajtabar et al., 2020), and networks can be separated explicitly into low-rank

orthogonal subspaces (Chaudhry et al., 2020) or indirectly by projecting gradient

updates into activity-defined (Duncker et al., 2020) or gradient-defined (Saha et

al., 2021) subspaces within the network. Prior work has argued that biological

networks indeed use orthogonal task representations, however, for tasks in which

an explicit context is provided (Roy et al., 2010; Flesch et al., 2022; Koay et al.,

2022). Almost as old as the idea to mitigate catastrophic forgetting by minimising

interference, is the concern that, when using distributed representations, networks

might lose their highly desirable generalisation properties (Lewandowsky, 1994).

For example, simulations showed that training networks on orthogonal subspaces

can indeed fail to find and exploit structure that is shared across tasks (Duncker et

al., 2020). However, a quantitative theory that can explain the impact of learning

in orthogonal subspaces on generalisation and neural representations is missing.

Complementary learning systems and replay

The complementary learning systems theory (McClelland et al., 1995; Kumaran

et al., 2016) suggests that there are two interdependent systems for memory and

learning in the brain. In this framework, the hippocampus and adjacent corti-

cal areas like the entorhinal and perirhinal cortex in the medial temporal lobe

are responsible for rapidly memorising newly arriving information with minimal

interference. Over time, these memories are then gradually integrated and consoli-

dated into generalised long-term knowledge in the neocortex. The theory emerged

from the observation that damage to the medial temporal lobe, like in patient HM

(Scoville & Milner, 1957), results in temporally graded retrograde amnesia, where

memories formed before the injury become inaccessible, with more recent memories

being more affected than older memories (Alvarez & Squire, 1994). According to
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the theory, to combine and consolidate memories, they first have to be retrieved

and replayed. It has been shown that neural activity representing past experiences

are in fact reoccurring in hippocampus and cortex, particularly during sleep and

rest (Wilson & McNaughton, 1994; Carr et al., 2011), and that interrupting these

reactivations impairs memory consolidation (Girardeau et al., 2009; Ego-Stengel &

Wilson, 2010). While it remains an active area of research how replay facilitates

learning, planning and memory consolidation (reviewed in Z. S. Chen & Wilson,

2023; Wittkuhn et al., 2021), and when and what memories exactly should be re-

played to facilitate these functions (Sun et al., 2023), a system that memorises and

integrates newly arriving information is an ideal candidate mechanism to support

continual learning.

The simplest way to address catastrophic forgetting in ANNs is to store the

training data from previous tasks and then train jointly on both past and current

data (Robins, 1995). However, this näıve approach demands significant memory

or may be unfeasible when past information is inaccessible. A large body of work

thus investigated how to select items for memorisation and replay (Wittkuhn et

al., 2021). Approaches include choosing a small, random subset of training data

(Chaudhry et al., 2019), data that covers the task’s distribution (Rebuffi et al.,

2017; Isele & Cosgun, 2018), or the distribution of gradients induced by the data

(Aljundi, Lin, et al., 2019), data whose retrieval is most at risk of being disrupted

by parameter updates (Aljundi, Belilovsky, et al., 2019), data that maximises sam-

ple diversity (Bang et al., 2021), and tricks to tackle class imbalance between

memorised and current data (Wu et al., 2019). One way to avoid explicitly stor-

ing training data is to generate and replay pseudo training data instead (Robins,

1995). This pseudo data can for example be random (Robins, 1995), a compressed

version of the original data (Wang et al., 2022; Caccia et al., 2020), or come from

a generative model (Goodfellow et al., 2014) that generates pseudo inputs that are

then replayed (Shin et al., 2017; Van de Ven et al., 2020; Atkinson et al., 2021).
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However, the effectiveness of methods that try to improve over näıve replay has

been called into question, as many of them are outperformed by a simple baseline

model that greedily stores a small subset of memories and then retrains a model

from scratch after each task rather than continuing to retrain an existing model

(Prabhu et al., 2020). This observation may be explained by the loss of plastic-

ity throughout the acquisition of knowledge (Dohare et al., 2024). In summary,

replay-based algorithms seek to mimic training over the full data distribution to

integrate newly arriving knowledge. However, a quantitative theory that provides

limitations and guidance on item selection and data compression is missing.

1.3 Representational drift

A major difference between artificial and biological neural networks is that biologi-

cal neural networks are ever changing, while artificial networks become static once

trained. But when, why and how do biological neural networks undergo change?

Intuitively, one would assume that under behavioural and perceptual stability for a

given stimulus, associated neural computations and therefore the underlying neu-

ral representations should remain stable too. This intuition, however, is challenged

by a phenomenon called representational drift: the observation that neural repre-

sentations are fully reorganised over the course of weeks without any noticeable

changes in performance or behaviour (Rule et al., 2019; Driscoll et al., 2022). Rep-

resentational drift has been observed in many brain regions and modalities. For

example in neurons coding for spatial navigation in mouse hippocampus (Ziv et al.,

2013), and mouse parietal cortex (Driscoll et al., 2017), representations of odours

in the mouse primary olfactory cortex (Schoonover et al., 2021; Chapman et al.,

2024), representations of simple and complex visual stimuli in mouse visual cor-

tex (Marks & Goard, 2021; Deitch et al., 2021), representations of whisker touch

in barrel cortex (Alisha et al., 2023), monkey motor cortex (Gallego et al., 2020)
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and even human visual cortex (Roth & Merriam, 2023). Further, there is strong

evidence that representational drift cannot be simply attributed to measurement

error as similar rates and patterns of drift are observed regardless of whether elec-

trophysiological or optical recording methods were used (Driscoll et al., 2022) and

significant efforts and technological advances have been made to reliably identify

the same cells across long time scales (e.g. Dhawale et al., 2017; Schoonover et

al., 2021). Also, studies that argue that drifting neural representations may be a

mere consequence of the behavioural state of the animal (Sadeh & Clopath, 2022),

which is known to modulate neural activity (Musall et al., 2019), are challenged

by long-term studies showing that time is a stronger predictor of representational

drift than behavioural factors (Driscoll et al., 2017) and that distinct aspects of

representational drift depend on time and experience (Geva et al., 2023). But what

are the causes and consequences of drifting neural representations? Are they sim-

ply the consequence of noise-driven processes similar to the constant shedding and

renewal of skin that leaves it broadly unchanged, or must representational drift

be attributed to learning and the acquisition of new knowledge? A large body of

theoretical work and simulation studies has tried to clarify the nature of represen-

tational drift. In the following, we will categorise them into epiphenomenal and

functional explanations.

Representational drift as epiphenomenon

As elaborated by Rule et al. (2019), if representational changes occur along dimen-

sions not accessed by upstream neurons during a specific task, these alterations

would lead to drifting neural representations without affecting behaviour (Kauf-

man et al., 2014; Rokni et al., 2007). However, while such drift might not disrupt

network function within this given task, it could change how other tasks are pro-

cessed. Thus, one possibility is that all representational drift occurs along directions

that do not affect upstream processing across all tasks. Another possibility is that
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changes in neural circuitry that create drift in neural representations are compen-

sated for by upstream neural circuits, maintaining overall computational stability

while allowing neural representations to change. This compensation could occur

through mechanisms such as local Hebbian plasticity (Rule et al., 2020). Formally,

this relates to the analytical concept of solution manifolds: If there exist many com-

binations of synapses that all implement the same function, neural representations

can change without changing the underlying function. For example, stochastic

gradient descent can induce drift along this manifold, resulting in drifting neural

representations (Pashakhanloo & Koulakov, 2023; Avidan et al., 2023; Li et al.,

2024). Similarly, leveraging permutation symmetries within the manifold (Simsek

et al., 2021), a combination of Hebbian and anti-Hebbian learning in two-layer

nonlinear neural networks causes drifting neural representations by inducing sud-

den transitions between different points on the manifold (Qin et al., 2023). In this

view of representational drift, neural representations change as a result of system

noise, which either has no effect on upstream computations, necessitates a compu-

tational mechanism that counterbalances these changes, or causes a diffusion on

the solution manifold with inherently stable underlying computations.

Functional representational drift

If drifting neural representations were indeed driven by noisy processes, such as

synaptic turnover, it might be anticipated that all neural representations would

change over time. The rate of this change, however, would likely vary depending

on regional differences in physiology, with some regions exhibiting faster or slower

turnover rates. However, certain neural circuits, such as those involved in encoding

task-relevant information in the mouse medial prefrontal cortex (Muysers et al.,

2024), the generation of the courtsong in zebra finches (Katlowitz et al., 2018), and

face-selective cells in the macaque inferotemporal cortex (McMahon et al., 2014),

produce neural representations that are remarkably stable, remaining virtually un-
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changed over weeks to months. This suggests that drifting neural representations

may not be driven by random processes but depend on perceptions (Bauer et al.,

2023) and support an underlying function. For example, drift along the solution

manifold may occur in directions that regularise and consolidate underlying com-

putations (Aitken et al., 2022; Masset et al., 2022; Micou & O’Leary, 2023; Ratzon

et al., 2024), or newly arriving information could lead to changes in the neural

representations of previously acquired knowledge to minimise interference (Devalle

et al., 2024). Furthermore, while it has been suggested that continual learning may

be the underlying cause of representational drift (Driscoll et al., 2022; Micou &

O’Leary, 2023; Anthes et al., 2024), the quantitative relationship between the two

remains illusive, as the continual learning problem is still only partially understood

and largely unresolved.

In summary, a unifying theory that can distinguish between epiphenomenal

and functional causes of representational drift and generates testable predictions

is missing. Throughout this thesis, we will use deep linear networks to study and

dissociated how neural representations can drift as an epiphenomena or during

functional refinement and reveal that representations must drift during continual

learning.
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Here, we introduce mathematical notation and key analytical concepts used through-

out this thesis. While each chapter begins with a brief preliminaries section, this

section offers formal definitions and more detailed explanations.

2.1 Mathematical notation

Throughout this thesis, scalars are denoted by letters (e.g. a, τ , L), matrices by

bold uppercase letters (e.g. X, Γ), column vectors are denoted by bold lowercase

letters (e.g. x, λ), and row vectors by the transpose of a column vector (e.g. xT ,

λT ). The vector dot product and vector outer product are denoted by aTb and

abT respectively. The identity matrix of size n is denoted by In. A−1 and A+

denote the inverse and Moore–Penrose pseudoinverse of a matrix. The ℓ2-norm of

a vector is then expressed by ||x||2 and the Frobenius norm of a matrix is expressed

by ||A||F . The Kronecker product is denoted by ⊗. Column-wise and row-wise

vectorisation of a matrix are denoted by vec(A) and vecr(A) respectively. Given

a univariate or multivariate function f , we write their respective derivatives and

partial derivatives with respect to a variable • as df
d• and ∂f

∂• .

2.2 Supervised learning

This thesis focuses on supervised learning, a process in which a human, non-human

animal, or machine learning model learns to generate correct responses from ex-

amples with known answers. Formally, a supervised learning task T consists of
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a set of P training pairs D = {(xn, yn)}n=1...P , with input vectors xn ∈ RNi and

associated target output vectors yn ∈ RNo . Here, Ni and No are the input and

output dimension respectively. We denote by X = [x1, ...,xP ] ∈ RNi×P the matrix

containing all inputs, and by Y = [y1, ...,yP ] ∈ RNo×P the matrix containing all

targets. The objective of a learner is then to make predictions ŷn that resemble

the respective target yn when presented with input xn.

2.2.1 Covariance matrices

We define the input, output, and input-output covariance matrices of the training

data as

Σxx =
1

P

P∑
i=1

xnx
T
n ∈ RNi×Ni , (2.1)

Σyy =
1

P

P∑
i=1

yny
T
n ∈ RNo×No , (2.2)

and

Σyx =
1

P

P∑
i=1

ynx
T
n ∈ RNo×Ni (2.3)

respectively.

2.3 Continual learning

During continual learning, a learner has to incrementally acquire knowledge from

a sequence of supervised learning tasks T 1, T 2, T 3, .... The learning objective is

then to maximise performance on the current task while maintaining performance

on all previous tasks. Crucially, the learner has access to a single learning task at

a time and is presented with each task exactly once.
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2.4 Deep linear networks

Let

ŷn =

(
L∏
l=1

Wl

)
xn (2.4)

denote a deep linear network model (Saxe et al., 2013) of depth L, where Wl ∈

RNl×Nl+1 is the l-th weight matrix of the network with input dimension Nl and

output dimension Nl+1. We note that the input and output dimension of the

overall network function are equivalent to the dimensionality of the training data,

i.e., N1 = Ni and NL+1 = No. The entries of the weight matrices are also referred

to as parameters or weights, of which the model has a total number of

N =
L∑
l=1

NlNl+1. (2.5)

We write θ ∈ RN to denote the vector that contains a collection of all parameters

of the model.

2.4.1 Two-layer linear network

We call a linear network with L = 2 a two-layer linear network and write

ŷn = W2W1xn (2.6)

for its network function. In this special case, we denote the dimensions of the weight

matrices as W1 ∈ RNo×Nh and W2 ∈ RNh×Ni , where Nh = N2 is the dimension of

the hidden layer representation

hn = W1xn. (2.7)
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2.5 Loss function

A loss function is then used to quantify the difference between predicted outputs

ŷn and respective target outputs yn. We write ℓ and L for loss functions that

quantify a single or all training pairs respectively. Specifically, we use the ℓ2-loss

ℓ2 =
1

2
||ŷn − yn||22. (2.8)

and the mean squared error loss, i.e., the average ℓ2-loss

LMSE =
1

2P

P∑
n=1

||ŷn − yn||22 (2.9)

to quantify the performance of linear neural network models. We note that the

mean squared error can also be written as

LMSE =
1

2P
||Ŷ −Y||2F . (2.10)

2.6 Gradient descent

To minimise a loss function L, i.e., optimise a model’s performance across all

training pairs, the gradient descent algorithm adjusts the network’s parameters

by taking steps in the opposite direction of its gradient. Given the gradient with

respect to the parameters of a scalar-valued (partially) differentiable loss function

∇θL =

[
∂L
∂θ1

, ...,
∂L
∂θN

]T
, (2.11)

the parameters at time t are iteratively updated by

θ(t+ 1)← θ(t)− η∇θ(t)L, (2.12)
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where the learning rate η is an adjustable hyperparameter, which determines the

step size of the parameter updates. Gradient descent is a first-order method, it

converges to local minima. Since the gradient is calculated over all training pairs

in each step, this parameter update rule is also called batch or full-batch gradient

descent.

2.6.1 Stochastic and online gradient descent

The computational burden of full-batch gradient descent increases with the size

of the dataset. Thus, the gradient in each training step is often approximated by

calculating it over a random subset of the training data. This is referred to as

mini-batch gradient descent. In the extreme case, where the gradient is calculated

for a single training pair only

θ(t+ 1)← θ(t)− η∇θ(t)ℓ, (2.13)

we speak of stochastic gradient descent, which can model online learning.

2.6.2 Gradient descent in deep linear networks

In case of neural networks, the gradient update is usually derived as a partial

derivative with respect to the weight matrices instead of the vectorised parame-

ters θ, which leads to parameter updates

Wj(t+ 1)←Wj(t)− η
∂L
∂Wj

∀ j ∈ {1, ..., L}. (2.14)
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For deep linear networks, the partial derivative of the mean squared error with

respect to the j-th weight matrix is

∂LMSE

∂Wj

=

(
L∏

l=j+1

Wl

)T (( L∏
l=1

Wl

)
Σxx −Σyx

)(
j−1∏
l=1

Wl

)T

. (2.15)

In the special case of two-layer linear networks this is

∂LMSE

∂W1

= WT
2 (W2W1Σxx −Σyx) (2.16)

and

∂LMSE

∂W2

= (W2W1Σxx −Σyx)W
T
1 . (2.17)

2.6.3 Gradient flow

The stepwise gradient descent parameter updates turn into a continuous time dif-

ferential equation, in the limit of small learning rates

d

dt
Wj = lim

η→0

Wj(t+ 1)−Wj(t)

η
= − ∂L

∂Wj

. (2.18)

This is called the gradient flow. For non-infinitesimal but sufficiently small learning

rates, the discrete time steps of the gradient descent parameter updates can be

related to the continuous time dynamics by rescaling time by the time constant

τ =
1

η
, (2.19)

which yields

τ
d

dt
Wj = −

∂L
∂Wj

. (2.20)
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2.7 Compact singular value decomposition

Throughout this thesis, we will extensively employ the so called compact singular

value decomposition (SVD) to analyse the structure of training data and examine

how the weight matrices project and process the training data within the network.

The compact SVD (Strang, 2014, p. 396), decomposes any matrix A ∈ Rm×n with

rank r into a product of three matrices

SVD (A) = USVT . (2.21)

In contrast to the full SVD, the singular vectors U ∈ Rm×r and V ∈ Rn×r are

not generally square orthogonal matrices but may be semi-orthogonal dependent

on the relationship between m, n and r (Table 2.1). The matrix S ∈ Rr×r is a

m = n m < n m > n
r = m r < m r = m r < m r = n r < n

UTU = Im = Ir = Im = Ir = In = Ir
UUT = Im ̸= Im = Im ̸= Im = Im ̸= Im
VTV = Im = Ir = Im = Ir = In = Ir
VVT = Im ̸= Im ̸= In ̸= In = In ̸= In

Table 2.1: Orthonormality of singular vectors

square matrix with ordered, non-zero eigenvalues on its diagonal. Thus, S−1 is

well defined. Using that (BC)+ = C+B+ if B has orthonormal columns or C has

orthonormal rows (Greville, 1966), we can then show that

A+ =
(
USVT

)+
= V (US)+ = VS+UT = VS−1UT (2.22)

is the Moore-Penrose inverse of any matrix A.
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2.8 Representational similarity matrices

A common tool to understand neural computations and representations is to anal-

yse how similar the neural representations of stimuli are (Kriegeskorte, Mur, &

Bandettini, 2008; Haxby et al., 2014). Let

hn = W1xn (2.23)

denote the hidden-layer representation of the n-th input. Then, a representational

similarity matrix (RSM) is a symmetric P ×P matrix, where the entry at position

(i, j) represents the degree of (dis)similarity between objects i and j. The simplest

measure of representational similarity is the inner product covariance matrix of the

hidden-layer representations, i.e.,

RSMij = xT
i W

T
1 W1xj. (2.24)

Other measures of representational similarity include euclidean distance

RSMij = ||hi − hj||2 (2.25)

and the Pearson correlation coefficient

RSMij =
cov(hi,hj)

σiσj

, (2.26)

where cov is the covariance and σi and σj denote the standard deviation of hi and

hj respectively.
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Not all solutions are created

equal: Understanding the solution

manifold of deep linear networks

This chapter presents original work. Contributions to the research presented in

this chapter are as follows:

Supervision Professor Andrew M. Saxe, Professor Christopher Summerfield

Derivations, simulations, and figures Lukas Braun

3.1 Introduction

To understand learning in biological and artificial neural networks one has to an-

swer two principal questions. First, how does a neural computation solve a certain

task? Second, how is this computation attained? The first question is concerned

with neural circuitry, representations and computation, while the second one is

concerned with the changes in neural circuitry and neural representations that are

required to attain this computation. While ultimately, these two components are

inextricably intertwined, in this chapter we focus on the former. In particular, we

are going to study how a linear network can solve a certain task and how these

solutions differ from each other. This has the advantage that we can derive state-

ments about neural computations and representations that are independent from

the learning algorithm that achieve them. While the computations performed by
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Understanding the solution manifold of two-layer linear networks

the nervous system are highly nonlinear and most real-world tasks require nonlin-

ear systems to solve them (LeCun et al., 2015), patterns of neural activity often

lie on a low dimensional manifold (Gao et al., 2017; Gallego et al., 2017; Jazayeri

& Ostojic, 2021; Kriegeskorte & Wei, 2021; Langdon et al., 2023) that sometimes

can be decoded using linear methods (Graf et al., 2011; Mante et al., 2013). We

note, that any deep linear network can be simplified to a single linear projection, as

the composition of multiple linear transformations is equivalent to a single linear

transformation and therefore, that the best a deep linear neural network can do

is to perform linear regression (Laurent & Brecht, 2018). However, in contrast to

simple linear regression, deep linear networks perform multistage distributed com-

putations, giving rise to hidden-layer neural representations, much like the brain.

Linear networks retain a non-convex optimisation problem with a high-dimensional

solution manifold that in detail depends on the statistics of the training data and

the shape of the neural network (Baldi & Hornik, 1989; Saxe et al., 2013; Arora et

al., 2018) and therefore can be used as an analytically tractable model of represen-

tation learning (Saxe et al., 2019; Braun et al., 2022). As such, they are insightful

not despite, but because of their simplicity.

We can think of the computations performed by a two-layer linear network as

follows: In a first step, a stimulus is mapped to a neural representation and in the

second, this neural representation is read out to a target output (Figure 3.1A).

As such, they are minimal models of biological connectionist systems that project

stimuli through an intricate and highly nonlinear network to a neural representa-

tion, which is then read out by a higher order brain area to facilitate action and

cognition (Figure 3.1B). Accordingly, they are minimal models for multivariate

pattern analysis (Haxby et al., 2014) in which neuroscientist try to map neural

representations to brain function (Figure 3.1C).

Deep linear networks are highly overparametrised and as a consequence, there

exist many network configurations that all have optimal performance. In this
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Figure 3.1: Linear networks as a model for neural computation. (A) Schematic of
a two-layer linear network. A stimulus is mapped to a neural representation via the
first-layer weights, and this representation is subsequently read out by the second-
layer weights to produce an output. (B) Schematic of a mouse performing a lick in
response to an odour. As in A, a stimulus is mapped to a a neural representation in
the mouse brain which is then mapped to an output response. (C) Schematic of a
neuroscientist’s setup. As in A, a stimulus is mapped onto a neural representation
via neural recordings, which is then analysed using a linear model.

chapter, we examine the variety of solutions in two-layer networks and explore how

they differ. Thinking about differences of solutions may seem counter intuitive,

as per definition, they all obtain optimal linear performance on the training data.

However, as we will see, they differ in how they implement the global optimum,

which has significant consequences for their sensitivity to input and parameter

noise and furthermore on the hidden-layer neural representations and therefore for

multivariate pattern analysis.

3.1.1 Related work

The solution manifold of two-layer neural networks was first described by Baldi &

Hornik (1989). Subsequent work showed, under a small set of assumptions, that

all minima in deep linear networks are global and equivalent to those in linear

regression (Laurent & Brecht, 2018). The dissociation between general linear so-

lutions and minimum-norm solutions has been previously studied under a set of

strong assumptions (Saxe et al., 2013). The sensitivity to noise for task-specific

and task-agnostic rich and lazy solutions has been previously studied numerically in
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non-linear neural networks (Flesch et al., 2022) and the generalisation and transfer

performance of deep linear networks have been previously investigated (Lampinen

& Ganguli, 2018; Advani et al., 2020) using a teacher-student paradigm (Biehl &

Schwarze, 1995; Saad & Solla, 1995). The relation between representational drift

and drift on the solution manifold that resulted from stochastic parameter updates

during gradient descent (Chaudhari & Soatto, 2018), has been studied on a subpart

of the solution manifold in linear networks (Pashakhanloo & Koulakov, 2023) and

in non-linear networks, again, relying on the teacher-student paradigm (Avidan et

al., 2023; Li et al., 2024).

3.2 Preliminaries and setting

Connectionist neural systems employ a multi-step process to perform the computa-

tions required to solve a task. First, a stimulus is mapped to a neural representation

and subsequently, this neural representation is read out. Here, we consider the set-

ting in which a neural network has already learned this mapping. More formally,

the parameters of the model are already optimised such that a set of input vectors

xn ∈ RNi from a dateset with a total of P training pairs D = {(xn,yn)}n=1,...,P are

mapped to their corresponding target values yn ∈ RNo , such that the mean-squared

error

LMSE =
1

2P

P∑
n=1

||ŷn − yn||22 (3.1)

is at its minimum. We use two-layer linear neural networks to model connectionist

neural computations

ŷn = W2W1xn. (3.2)

The input weights W1 ∈ RNh×Ni map stimuli to a hidden-layer neural representa-

tion

hn = W1xn, (3.3)
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and the readout weights W2 ∈ RNo×Nh map the neural representations to a target

output. For our analysis it is essential that any change to W1 that lies in the left

null space of X does not affect the projection H = W1X. The left null space of X

consists of vectors u such that uTX = 0. So, modifying W1 by adding any linear

combination of vectors from this null space leaves the projection from inputs to

hidden-layer representations unchanged, as

(W1 + auT )X = W1X+ auTX = W1X. (3.4)

Accordingly, we can add any vector v that lies in the left null space of H to W2

without affecting the projection from hidden representations to outputs, as

(W2 + bvT )H = W2X+ bvTH = W2H. (3.5)

Further, it is essential to our analysis, that matrix multiplication can never increase,

but only decrease the rank of its product. Specifically,

rank(AB) ≤ min(rank(A), rank(B)), (3.6)

and therefore, whenever, the rank of a neural representation has collapsed, there

is no way to expand it again. We begin our analysis by investigating the solution

manifold of deep linear networks.

3.3 Results

3.3.1 Types of linear solutions

In our setting, two-layer linear networks are highly overparametrised. As a con-

sequence, there exist many combinations of W1 and W2 that minimise the mean
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squared error for a given set of training pairs. Laurent & Brecht (2018) showed

that under

Assumption 1. The loss function is convex and differentiable, e.g., the mean-

squared error loss

Assumption 2. The network is not bottlenecked, i.e., min (Ni, No) ≥ Nh

all minima of deep linear networks over the training data are global and identical

to the global optimum of the equivalent convex single-layer optimisation problem.

In other words, the only minima that exist in two-layer linear neural networks, are

identical to single-layer linear regression. As we show in Appendix A.1, it follows

for our setting that any combination of network weights Ω1 = W1 and Ω2 = W2

for which

Ω2Ω1Σxx = Σyx (3.7)

is a general linear solution, where

Σxx =
1

P

P∑
i=1

xnx
T
n and Σyx =

1

P

P∑
i=1

ynx
T
n (3.8)

are the input and input-output correlation matrices of the training data. We em-

phasise that this result holds without any assumptions regarding the structure of

the training data. We further emphasise, that the absence of local minima does not

imply that there are no saddle points or that gradient-based algorithms converge.

The collection of all combinations of input and output weights that implement a

solution is the so called solution manifold

M =
{
Ω2Ω1 : Ω2Ω1Σxx = Σyx

}
. (3.9)

Describing all points on this manifold is challenging due to the complexity of con-

structing a single parameterised equation that captures the manifold’s intricate
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Figure 3.2: Solution manifold. (A) Schematic of a two-layer linear network with a
single training pair, featuring three synaptic weights connecting the input, hidden,
and output neurons. (B) Solution manifold for the network in A (blue plane).
Weight W12 lies in the input null-space of the input and can be set arbitrarily,
while W11 and W22 are interdependent. The least-squares solution (blue line)
and minimum-norm solution (red dot) are special regions of the manifold. (C) A
random walk (Methods 3.4.2) on the manifold of a network with many input, hid-
den and output neurons modifies all weights without affecting the network output,
keeping the loss at minimum. (D) Schematic of linear projections by weight matri-
ces: W1 projects from the input to hidden space, and W2 projects from the hidden
to output space. Grey solid circles depict the range of X and Y, while open circles
depict the column spaces of W1 and W2. (E) Same as D but for least-squares
solutions and for (F) minimum-norm solutions.

geometric structure. For example, one can scale the input weights by a factor of α

and the readout weights by α−1 or one can add any transformation to W1 that is

in the left null space of X. While the solution manifold can be visualized for very

small networks with a single training pair (Figure 3.2A-B), grasping the degrees

of freedom in larger networks with intricate training data becomes increasingly

difficult (Figure 3.2C). This difficulty arises from a combination of factors such as

transformations in the null space, scaling, and permutation invariances within and

across network layers. Some intuition on the structure of the solution manifold can

be gained by thinking of it as points that are connected through a linear trans-

formation. Let Ω1 and Ω2 be a pair of optimal network weights and let Q be an
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arbitrary invertible matrix, such that Q−1Q = I, then any pair of network weights

Ω̃2 = Ω2Q
−1 and Ω̃1 = QΩ1 (3.10)

implements the same input-output map and is therefore a solution too. While

helpful, this perspective on the solution manifold is limited to the case where

Ni = No and Σyx has full rank (Appendix A.4). Otherwise, the rank of either

of the weight matrices may not be full, and since matrix multiplication can not

increase rank, full-rank solutions cannot be attained by means of Q. Without

loss of generality, we will now define different parts of the solution manifold and

subsequently, analyse and compare their computational properties.

General linear solutions

We call any combination of network weights Ω1 = W1 and Ω2 = W2 for which

Ω2Ω1Σxx = Σyx (3.11)

a general linear solution (Appendix A.1).

Least-squares solutions

As we derive in Appendix A.2, any linear solution for which the norm of the network

function is minimised, i.e.,

argmin
Ω1,Ω2

||Ω2Ω1||2F s.t. Ω2Ω1Σxx = Σyx (3.12)

is a least-squares linear solution. All least-squares solutions obey

Ω2Ω1 = Σyx (Σxx)
+ . (3.13)
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Minimum-norm solutions

Any least-squares solution for which the norm of the weight matrices is minimised,

i.e.,

argmin
Ω1,Ω2

||Ω1||2F + ||Ω2||2F s.t. Ω2Ω1 = Σyx (Σxx)
+ (3.14)

is a minimum-norm solution. We show that the network weights of a minimum-

norm solution obey

Ω2 = U
√
SRT and Ω1 = R

√
SVT , (3.15)

where

SVD
(
Σyx (Σxx)

+) = USVT (3.16)

is the compact SVD of any least-squares solution and R is an arbitrary (semi-

)orthonormal matrix of appropriate shape. For a proof see Appendix A.3. We note

that this relation has been previously derived under a set of strong assumptions,

namely that Ni = No and that Σyx has full rank (Saxe et al., 2019, Appendix

S14-S15).

3.3.2 Dissociating computational properties of varying

types of linear solutions

General, least-squares and minimum-norm solutions all achieve the same minimal

error on the training data, however, they differ in how they implement the solution.

We begin by developing an intuition behind the operations performed by the two

weight matrices. In a two-layer linear network, W1 projects from the input space

to the space of hidden-layer representations and W2 projects from the space of

hidden-layer representations to the output space. Importantly, depending on the

exact configuration of the weight matrices, the subspace which is covered by each
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of the matrices varies. In particular, general solutions can have W1 that project

from parts of the input space that are not actually covered by inputs of the training

data, i.e., the left null space of X. Similarly, W2 may project from parts of the

hidden space that are not covered by hidden-layer representations, i.e., the left null

space of H. In other words, weight matrices of a general linear solution may project

from and to parts of the input, hidden and output space that is not encoded by

the task (Figure 3.2D). In contrast, W1 of least-squares solutions are guaranteed

to only project from parts of the input space that are actually covered by inputs

of the task. However, the projection of W2 remains unrestricted (Figure 3.2E).

Finally, minimum-norm solutions are guaranteed to have W1 that only project

from task relevant parts of the input to the hidden space and W2 project from

exactly this part of the hidden space to only task relevant parts of the output

space (Figure 3.2F). We note, that the space covered by task-relevant parts of the

inputs or outputs may be smaller than the space covered by the inputs or outputs

themselves, as the rank of the task is

rank (Σyx) ≤ min(rank(X), rank(Y)). (3.17)

Therefore, W1 of a minimum-norm solution immediately discards all task irrele-

vant information; and W2 only project into the subspace of outputs that is task

relevant. We depict random walks (Method 3.4.2) on the general, least-squares and

minimum-norm solution and their respective network functions in Figure 3.3A-C.

Next, we discuss implications of these differences.

Norm of network function and weight matrices

Since for a general linear solution, weights that are associated with the null space

of the input and hidden space can be adjusted arbitrarily without affecting how

inputs are processed, there is no upper limit on the norm of the network function or
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Figure 3.3: Computational properties of varying types of linear solutions. (A) In-
put and output weights and resulting network function during a random walk on the
general, (B) least-squares and (C) minimum-norm solution manifold. (D) Tempo-
ral evolution of norms during a random walk on the general, (E) least-squares and
(F) minimum-norm solution manifold. (G) Representational similarity of hidden-
layer neural representations at the first and last time step of a random walk on the
general, (H) least-squares and (I) minimum-norm solution manifold. Note how
the representational similarity remains steady for minimum-norm solutions despite
changes in the input and output weights. (J) Expected loss under input and pa-
rameter noise throughout the random walk on the general, (K) least-squares and
(L) minimum-norm solution manifold.

individual weight matrices (Figure 3.3D). In contrast, for least-squares solutions,

input-weights are restricted to project from the space that is covered by training

data. As a consequence, any change that is happening toW1 has to be compensated

by W2 and the norm of the network function has to remain constant and minimal.

However, changes to one weight matrix that are compensated by the other and

perturbations to W2 that lie in the null space of the hidden space are still possible

and therefore there is no restriction on the norm of the individual weight matrices

(Figure 3.3E). Finally, for minimum-norm solutions, changes to the projections in

the hidden space must be tracked precisely by the readout weights, and the norm of

the network weights and the network function must remain minimal and identical

(Figure 3.3F).
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Hidden-layer representations

General linear solutions and least-square solutions do not constrain the shape of

hidden-layer representations as long as they preserve sufficient information for the

task to be solvable by the readout weights. As a consequence, a general linear

solutions can achieve almost arbitrary representational similarity (Figure 3.3G-H).

Again, while limited, an intuition why this is true can be gained by thinking of

the representational similarity by means of Q. We can choose any invertible Q to

modify the representational similarity

RSMij = xT
i Ω

T
1Q

TQΩ1xj. (3.18)

In contrast, minimum-norm solutions reduce the degrees of freedom in the hidden

layer representation to a rotational invariance, which necessitate neural represen-

tations that obey

RSMij = xT
i Ω

T
1Ω1xj

= xT
i V
√
SRTR

√
SVTxj

= xT
i VSVTxj.

(3.19)

Here, the (semi-)orthonormal matrix R cancels out, leaving the representational

similarity determined entirely by the left-singular vectors and singular values of the

least-squares solution, which depend solely on the training data (Equation 3.16).

Thus, hidden-layer neural representations of minimum-norm solutions are task-

specific, and reflect the underlying correlational structure of the task (Figure 3.3I).

Sensitivity to noise

Biological neural systems are subject to a multitude of internal and external sources

of noise, which range from fluctuations in synaptic efficacy and spontaneous neural

activity to variability in incoming sensory signals. Therefore, solutions that exhibit
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robustness to such noise are advantageous, as they enable the neural circuitry to

maintain reliable function. In Appendix A.5, we show that the expected loss of a

linear solution under additive, independent and identically distributed, zero-centred

input noise ξxn with variance σ2
x is

〈
1

2P

P∑
n=1

||Ω2Ω1 (xn + ξxn)− yn||22

〉
=

σ2
x

2
||Ω2Ω1||2F + c, (3.20)

where c is a noise-independent constant that only depends on the statistics of

the training data. Since every minimum-norm solution is a least-squares solution

and least-squares solutions are solutions that minimise the norm of the network

function, both minimise sensitivity to input noise (Figure 3.3J-L). Furthermore, we

show that the expected loss under additive, independent and identically distributed,

zero-centred noise in the parameters, i.e., in the first and second layer weights, with

variance σ2
1 and σ2

2 is

〈
1

2P

P∑
n=1

|| (Ω2 +Ξ2) (Ω1 +Ξ1)xn − yn||22

〉

=
1

2

(
σ2
1||Ω2||2F Tr(Σxx) +Noσ

2
2 Tr(Ω

T
1Ω1Σxx) +Nhσ

2
1Noσ

2
2 Tr(Σxx)

)
.

(3.21)

Both general and least-squares solutions are sensitive to parameter noise, whereas

minimum-norm solutions exhibit a low and constant expected loss (Figure 3.3J-L).

Thus, adopting a minimum-norm solution with task-specific neural representations

offers a clear computational advantage.

3.3.3 Consequences for neural analyses and the brain

In the previous section, we established the existence of a solution manifold and dif-

ferentiated between computational properties of general, least-squares, and minimum-

norm solutions. Specifically, our analysis shows that for general and least-squares

solutions, changes in the network function are not necessarily reflected in hidden-
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layer neural representations. Since any change in W1 can be compensated by ad-

justments in W2, changes in hidden-layer neural representations can occur without

changes in the underlying network function. Vice versa, learning can occur entirely

within W2, leaving neural representations unchanged while changing the under-

lying network function. However, in the minimum-norm regime, changes in the

underlying function must lead to corresponding changes in neural representations.

We now explore the implications of these findings for multivariate pattern analysis

of neural recordings, the synaptic stability-plasticity dilemma, and representational

drift.

Linear predictivity

Linear predictivity, as for example used in Yamins et al. (2014), assesses how well

the activation patterns from one model or recording can linearly predict the activa-

tions of another model or recording. When two models exhibit high linear predic-

tivity, a common conclusion is that they process information similarly, or that one

serves as a good model for the other. However, as our analysis reveals, hidden-layer

neural representations of two-layer linear networks have many degrees of freedom

and therefore, high linear predictivity does not imply functional alignment. For

instance, linear decoding of the least-squares solution from the minimum-norm so-

lution (or vice versa) yields an R2 ≈ 0.5, despite both networks implementing the

same function (Figure 3.4A). Similarly, a network that predicts−y can use identical

hidden-layer representations, resulting in perfect linear predictivity, even though it

implements the inverse function of the model under comparison (Figure 3.4A).

Representational similarity analysis

Representational similarity analysis aims to decode computational similarity of

two networks by examining how neural responses within or across artificial and

biological networks relate to one another (Kriegeskorte, Mur, & Bandettini, 2008;
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A B C

Figure 3.4: Consequences for neural analyses and the brain. (A) Linear predictivity
of hidden-layer representations of the least-squares solution on the representations
of the general (blue) or least-squares solution (red) throughout a random walk on
the solution manifold. (B) Pearson correlation between the hidden-representations
of the least-squares solution and the general (green) and minimum-norm solution
(green), and whether their representational similarity is statistically significant.
(C) Error of linear decoder that was fit on the hidden-representation of the first
time-step of the random walk. The neural representations are drifting and there-
fore, the performance of the decoder deteriorates, while the underlying function
remains unchanged.

Haxby et al., 2014). From our analytical results it follows that in the general and

least-squares regimes, the geometric relationships between representations in linear

networks do not carry information about the underlying computation. Hidden-

layer neural representations are only determined by the underlying function if the

network operates in the minimum-norm regime. This has profound implications

when using representational similarities to compare computations across networks.

For example, performing representational similarity analysis between the least-

squares solution and the general linear or minimum-norm solution yield results

that randomly fluctuate between statistically significant and insignificant similarity,

despite the fact that they implement the same function (Figure 3.4B).

Synaptic stability

The stability-plasticity dilemma states that an underlying challenge of learning is

that neural systems must remain plastic enough to integrate new knowledge while

maintaining stability to preserve previously learned information (Grossberg, 1987;

Abraham & Robins, 2005). This dilemma has driven the development of algorithms

designed to balance stability and plasticity at the level of individual synapses during
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continual learning (Kirkpatrick et al., 2017; Zenke et al., 2017). However, from a

network perspective, synaptic stability is not necessary for preserving knowledge

(see e.g. Figure 3.3A-C). Due to the existence of a solution manifold, knowledge is

not encoded in specific synapses but through their interactions within the network.

Furthermore, in the case of minimum-norm solutions, all synapses can be altered

without affecting the representational similarity of stimuli (see e.g. Figure 3.3C,I).

Drifting neural representations

From an intuitive standpoint, one might infer that if a stimulus ensures both be-

havioural and perceptual stability, that the associated neural representations should

remain stable too (Rule et al., 2019; Driscoll et al., 2022). However, this intuition

has been challenged by the observation of drifting neural representations. Our

analysis shows that the existence of a solution manifold in two-layer linear net-

works enables hidden-layer neural representations to change without a change in

network function and therefore that behavioural and perceptual stability in theory

are dissociated from stable neural representations. Therefore, an optimal linear

decoder on the neural representation may quickly become inaccurate even though

the underlying function remains unchanged (Figure 3.4C). We note that if the net-

work implements a minimum-norm solution, representations may drift but that

representational similarity must remain stable.

3.4 Methods

3.4.1 Network and task

To study our analytical results, we used two-layer linear networks with Ni = 12,

Nh = 20, and No = 9 neurons. Networks implemented a teacher-student task for

which inputs are uncorrelated Gaussian noise and targets are generated from these
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samples using a random linear projection. Specifically,

X ∼ N (µ = 0, σ = 1/2) ∈ RNi×P (3.22)

and

Y = AX ∈ RNo×P with A ∼ N (µ = 0, σ = 1/
√

Ni) ∈ RNi×No . (3.23)

To ensure that the left null space of the inputs was not empty, we set P = 10 < Ni.

3.4.2 Random walk

Given a two-layer linear network with weight matrices W1 and W2, we imple-

mented random walks on the solution manifold on the general linear solution as

follows. First, we randomly initialised weight matrices using a random normal ini-

tialisation with zero mean and standard deviation 1/
√
Ni and 1/

√
Nh respectively.

For each step, we first diffused both weight matrices by

W(t+ 1) = (1− α)W(t) + αξ with ξ ∼ N (µ = 0, σ = 5), (3.24)

and α = 0.0125, and then performed gradient descent on the mean squared error

of the task with learning rate η = 0.01 to return back to the solution manifold.

Similarly, for the random walk on the least-squares solution, we sampled initial W1

and W2 randomly, then, restricted W1 to the space covered by the inputs

W1 = W1GGT with SVD(X) = GBHT , (3.25)

and subsequently performed gradient descent on W2 only to return to the solution

manifold. The random walk on the minimum-norm solution was implemented by
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computing the compact SVD of the least-squares solution

SVD
(
Σyx(Σxx)

+
)
= USVT (3.26)

and sampling a random semi-orthogonal matrix R from the random orthogonal

group. Then, for each step, we defused R with the same operation as described for

the weight matrices and then re-orthogonalised by

R(t+ 1) = R1R
T
2 with SVD(R(t)) = R1CRT

2 . (3.27)

Network weights were then set to

W1(t) = R(t+ 1)
√
SVT and W2(t) = U

√
SR(t+ 1)T . (3.28)

3.4.3 Linear predictivity

For Figure 3.4A, we fit a linear model to predict the hidden-layer activations of one

model by the hidden-layer activations of another for each time step of the random

walk, and subsequently calculated the R2 score of that fit.

3.4.4 Representational similarity analysis

Representational similarity matrices in Figure 3.3G show the inner product covari-

ance matrix of the hidden-layer representations

RSMij = xT
i W

T
1 W1xj. (3.29)
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We performed representational similarity analysis between two models by calculat-

ing the euclidean distance matrix of their respective hidden-layer representations

RSMij = ||hi − hj||2 (3.30)

and subsequently compared their off-diagonal values using Pearson correlation co-

efficients.

Drift analysis

To analyse drift, we fit a linear decoder on the hidden-layer representation of a

model at the beginning of the random walk

W̃ = ΣyxW1(1)
T (W1(1)XXTW1(1)

T )+ (3.31)

and subsequently calculated the mean squared error of that classifier, given the

hidden-layer representation at each time-step.

3.5 Discussion

Our analysis is limited to the solution manifold of linear networks and therefore it

is not immediately apparent how it applies to non-linear networks and the brain.

However, similar degrees of freedoms exist in non-linear networks (Sussmann, 1992;

Fukumizu & Amari, 2000), particularly in those with ReLU activation functions

(Dinh et al., 2017). While non-linearities enable networks to decorrelate inputs and

capture complex relationships, and with enough layers, can map inputs to almost

arbitrary hidden-layer representations and representational similarities, they still

broadly operate in the two regimes discussed in this chapter, using task-specific

or task-agnostic representations, often referred to as the rich and lazy regimes
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(Chizat et al., 2019; Woodworth et al., 2020; Flesch et al., 2022; Farrell et al.,

2023). In neuroscience, it is common practice to first extract low-dimensional rep-

resentations from high-dimensional neural activity patterns and then apply a linear

decoder. Thus, even though out two-layer linear model is a stark simplification of

brain function, it closely mirrors this common practice. Finally, we note that if

inputs are one-hot encoded, each input can be assigned to any hidden layer rep-

resentation, as each input is essentially a column in W1. In fact, as we show in

Appendix A.7, in this case any non-linear network is achievable by the identical lin-

ear network. In conclusion, while the solution manifold of two-layer linear networks

are a simple model of the non-linear manifolds of artificial and biological systems,

their analytical tractability offers value insights, where our intuitions about these

more complex systems fall short.
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Exact learning dynamics of deep

linear networks with prior

knowledge

This chapter is based on published work (Braun et al., 2022). If not indicated

otherwise, contributions to the research presented in this chapter are as follows:

Supervision Professor Andrew M. Saxe, Professor James E. Fitzgerald

Derivations, simulations, and figures Lukas Braun

Additional results on the dynamics of alignment, reversal learning and knowledge

revision that were derived in collaboration with Cleméntine C.J. Dominé can be

found in the original publication.

4.1 Introduction

Learning is known to critically depend on prior knowledge in humans, non-human

animals, and artificial neural networks. This impact of prior knowledge on learning

in mind and machine becomes evident in a wide range of learning paradigms, in-

cluding transfer learning (Perkins & Salomon, 1992; Zhuang et al., 2020; Lampinen

& Ganguli, 2018; Gerace et al., 2022), curriculum learning and shaping (Krueger &

Dayan, 2009; Bengio et al., 2009; Dekker et al., 2022; Saglietti et al., 2022; Hwa Lee

et al., 2024), meta-learning (Schmidhuber, 1987; Finn et al., 2017; Javed & White,

2019), and in particular during continual learning (McCloskey & Cohen, 1989).
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That is, how exactly does learning new things depend on the initial state of the

underlying neural system, which has been shaped throughout the acquisition of

prior knowledge; and furthermore, how well does the neural system perform on

prior tasks after learning? Although the importance of prior knowledge in learn-

ing is evident, our theoretical understanding remains limited, and fundamental

questions remain about the implicit inductive biases of neural networks trained

from structured initial states. Here, we derive exact solutions to the dynamics of

learning for two-layer linear networks for a broad class of initial conditions (Fig-

ure 4.1A), by generalising Fukumizu’s matrix Riccati solution (Fukumizu, 1998).

We obtain explicit expressions for the evolving network function, hidden repre-

sentational similarity, and neural tangent kernel over training for a broad class of

initialisations. Our analytical solution reveals an intricate and systematic depen-

dence of a network’s initial state on the learning dynamics (Figure 4.1B-C), and

generalises to the continual learning setting in which the initial weights encode pre-

viously acquired knowledge (Figure 4.1D). Taken together, our results provide a

mathematical toolkit for understanding the impact of initial conditions on learning

in two-layer linear neural networks.

4.1.1 Prior work

Our work builds upon a large body of analytical studies, which have investigated

the intricate fixed point structure (Baldi & Hornik, 1989; Saxe et al., 2013; Laurent

& Brecht, 2018), nonlinear learning dynamics (Saxe et al., 2013; Fukumizu, 1998;

Tarmoun et al., 2021), convergence properties (Arora et al., 2018; Min et al., 2021),

generalisation (Lampinen & Ganguli, 2018; Advani et al., 2020), and implicit bias

of gradient descent (Gunasekar et al., 2018; Ji & Telgarsky, 2018; Arora et al.,

2019; Varre, Vladarean, et al., 2024) in deep linear networks.

Other work has focused on the influence of different random initialisations on
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Figure 4.1: Learning with prior knowledge. (A) A deep linear network with Ni

input, Nh hidden, and No output neurons is trained from a particular initialisa-
tion using gradient descent. The exact learning dynamics depend in detail on the
initialisation: (B) Network output throughout training, starting from small ran-
dom weights, (C) large random weights, (D) or network weights derived from prior
training on another task. Solid and dotted lines indicate simulations and analytical
solutions we derive in this work respectively. Short lines indicate target values.

learning dynamics in linear and nonlinear neural networks. Guided by the central

limit theorem, they unravelled the relationship between initialisation and vanishing

and exploding gradients, leading to enhanced initialisation techniques (LeCun et

al., 2002; Glorot & Bengio, 2010; Saxe et al., 2013; K. He et al., 2015; Mishkin

& Matas, 2015; Pennington et al., 2017; Xiao et al., 2018; H. Zhang et al., 2018;

Burkholz & Dubatovka, 2019; Lu et al., 2019; Huang et al., 2020; Bachlechner et

al., 2021). While these approaches overcome the vanishing and exploding gradient

problem, they do not provide insights into exact learning dynamics, convergence

properties, and structure of neural representations.

It has been shown that the scale of the random initial weights mediates a

transition from the so called rich to lazy regime in both linear as well as nonlinear

networks (Chizat et al., 2019; Woodworth et al., 2020; Flesch et al., 2022; Farrell

et al., 2023; Varre, Vladarean, et al., 2024; Tu et al., 2024). These regimes are

usually associated with small and large initial weights, respectively, leading to

62



Exact learning dynamics of deep linear networks with prior knowledge

qualitatively different learning dynamics and neural representations. Specifically,

small initial weights have been linked to slow, step-like nonlinear learning dynamics

that result in rich, task-specific representations (Saxe et al., 2013; Chizat et al.,

2019; Woodworth et al., 2020; Varre, Vladarean, et al., 2024). In contrast, large

initial weights have been associated with fast, exponential learning dynamics that

exploit the initial, high-dimensional random projections of the data, leading to

lazy, task-agnostic representations (Du et al., 2018; Jacot et al., 2018; J. Lee et

al., 2019; Allen-Zhu et al., 2019; Du et al., 2019; Varre, Vladarean, et al., 2024).

However, an exact link between the network’s initial state, learning dynamics, and

neural representations remains unclear.

Another line of theoretical work has derived ordinary differential equations to

describe the exact learning dynamics during online-learning in the teacher-student

paradigm in linear and nonlinear networks (Biehl & Schwarze, 1995; Saad & Solla,

1995; Goldt et al., 2019), and applied those equations to the continual learning

setting (S. Lee et al., 2021; Shan et al., 2024). However, solving these equations

requires numerical integration.

Contributions

• We derive an explicit solution for the temporal dynamics of the network

function, representational similarity, and finite-width neural tangent kernel

of two-layer deep linear networks for a broad class of initial conditions.

• We characterise a set of random initial network states that exhibit fast, ex-

ponential learning dynamics and yet converge to rich neural representations.

Dissociating fast and slow learning dynamics from the rich and lazy learning

regimes.

• We provide exact solutions to the learning dynamics in the continual learning

setting.
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4.2 Preliminaries and setting

Consider a supervised learning task in which input vectors xn ∈ RNi from a set

of P training pairs D = {(xn, yn)}n=1...P have to be associated with their target

output vectors yn ∈ RNo . We learn this task with a two-layer linear network model

(Fig. 4.1A) that produces the output prediction

ŷn = W2W1xn, (4.1)

with weight matrices W1 ∈ RNh×Ni and W2 ∈ RNo×Nh , where Nh is the number

of hidden units. The network’s weights are optimised using full batch gradient

descent (General Methods 2.6) with learning rate η (or respectively time constant

τ = 1/η) on the mean squared error loss

LMSE =
1

2P
||Ŷ −Y||2F . (4.2)

The input and input-output correlation matrices of the dataset are

Σxx =
1

P

P∑
i=1

xnx
T
n ∈ RNi×Ni and Σyx =

1

P

P∑
i=1

ynx
T
n ∈ RN0×Ni . (4.3)

Our goal is then to derive a solution for the time trajectory of the network func-

tion and its resulting output and internal representations throughout training as a

function of the network’s initial state and the statistics of the task.

To this end, we build upon the seminal work of Fukumizu (1998), which showed

that the gradient flow (General Methods 2.6.3) of the matrix

QQT =

WT
1 W1 WT

1 W
T
2

W2W1 W2W
T
2

 (4.4)
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can be written as a matrix Riccati equation

τ
d

dt

(
QQT

)
= FQQT +QQTF−

(
QQT

)2
, (4.5)

with known solution (Yan et al., 1994; Fukumizu, 1998), where

F =

 0 ΣT
yx

Σyx 0

 . (4.6)

Instead of directly solving for the temporal dynamics of the weight matrices W1(t)

andW2(t), this approach is tracking the temporal dynamics of the network function

(and its transpose) as the off-diagonal blocks of QQT and the correlation structure

of the weight matrices as its on-diagonal blocks. In particular, defining the initial

state

Q(0) =

WT
1 (0)

W2(0)

 , (4.7)

the solution to the Ricatti equation is then

QQT (t) = eF
t
τ Q(0)

[
I+

1

2
Q(0)T

(
eF

t
τ F−1eF

t
τ − F−1

)
Q(0)

]−1

Q(0)T eF
t
τ , (4.8)

if the following five assumptions hold:

Assumption 3. The inputs are whitened, that is, Σxx = I

Assumption 4. The initial network weights are zero-balanced, that is,

W1(0)W1(0)
T = W2(0)

TW2(0)

Assumption 5. The input and output dimension are identical, that is, Ni = N0

Assumption 6. The input-output correlation of the task has full rank, that is

rank (Σyx) = Ni = No
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Assumption 7. The initial network weights Q(0) have full rank, that is,

rank(W1(0)) = rank(W2(0)) = min(No, Nh, Ni)

Assumptions 3 and 4 are required to derive the matrix Riccatti equation as shown

in Appendix A of Braun et al. (2022). Assumptions 5 and 6 are required for F to

be non-singular. And finally, Assumption 7 is required during the derivation of the

solution to the Ricatti equation (Yan et al., 1994; Fukumizu, 1998).

The solution provided by Fukumizu (1998) comes with limitations. First, it

involves general matrix exponentials and inverses, which tend to be numerically

unstable. Second, the asymptotic behaviour of the equation as time goes to infinity

cannot be explicitly derived. Third, the equation holds true only for equal input

and output dimensions, limiting the variety of learning tasks that can be analysed.

And lastly, the temporal dynamics of the individual quadrants of the QQT matrix,

e.g., the network function, can’t be expressed independently of the other quadrants.

We will address these limitations in the following.

4.3 Results

4.3.1 Exact learning dynamics

Here, we present an exact and numerically stable solution for QQT (t) that reveals

the learning dynamics, convergence behaviour and generalisation properties of two-

layer linear networks from a broad class of initial conditions. First, we note that if

the inputs are whitened (Assumption 3), any combination of network weights for

which

W2W1 = Σyx (4.9)

is a solution (Appendix A.1). Then, let

SVD
(
W2(0)W1(0)

)
= USVT and SVD

(
Σyx

)
= ŨS̃ṼT (4.10)
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denote the compact SVD (General Methods 2.7) of the initial network function and

the input-output correlation of the task. Further, let

B = UT Ũ+VT Ṽ and C = UT Ũ−VT Ṽ (4.11)

and define

Assumption 8. B is non-singular.

Assumption 8 implies that B must be square, which in turn requires the input-

output correlation of the task to have full rank (Assumption 6). Additionally,

the assumption requires that the network is not bottlenecked, meaning Nh ≥

min (Ni, No).

Theorem 4.1. Under the assumptions of whitened inputs (Assumption 3), zero-

balanced and full-rank initial weights (Assumptions 4 and 7), and B non-singular

(Assumption 8), the temporal dynamics of QQT are

QQT (t) = Z

[
4e−S̃ t

τ B−1S−1B−T e−S̃ t
τ +

(
I− e−2S̃ t

τ

)
S̃−1

− e−S̃ t
τ B−1C

(
e−2S̃ t

τ − I
)
S̃−1CT (BT )−1e−S̃ t

τ

+4
t

τ
e−S̃ t

τ B−1
(
2I−VT ṼṼTV −UT ŨŨTU

)
B−T e−S̃ t

τ

]−1

ZT

(4.12)

with

Z =

Ṽ
(
I− e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ṼṼT

)
VB−T e−S̃ t

τ

Ũ
(
I+ e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ŨŨT

)
UB−T e−S̃ t

τ

 . (4.13)

For a proof of Theorem 4.1 please refer to Appendix B.1.

Given our solution, the four quadrants of theQQT matrix are fully separable by

means of the upper and lower parts of Z. Therefore, the temporal dynamics of the

lower-left quadrant (W2W1)(t) provide exact temporal dynamics of the network
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A

B

C

D

Figure 4.2: Exact learning dynamics. (A) Temporal dynamics of the the loss,
network function, correlation of input and output weights and the neural tangent
kernel for small initial weights and (B) large initial weights. Solid and dotted
lines indicate simulations and analytical solutions respectively. (C) Deviation from
analytical loss from the numerical loss for n = 50 independent simulations with
varying network architecture and training data across a range of learning rates.
The deviation decreases with decreasing learning rate. Coloured markers indicate
five example networks with corresponding (D) numerical and analytical loss curves.

function

Ŷ(t) = (W2W1)(t)X, (4.14)

and the mean square loss

LMSE(t) =
1

2P
||(W2W1)(t)X−Y||2F . (4.15)

Whereas, the on-diagonal entries (WT
1 W1)(t) and (W2W

T
2 )(t), provide exact so-

lutions for the temporal dynamics of the network’s RSM (Kriegeskorte, Mur, &

Bandettini, 2008) of the hidden layer representations

RSM(t) = XT (WT
1 W1)(t)X (4.16)

and the network’s finite-width neural tangent kernel (Jacot et al., 2018)

NTK(t) = INo ⊗XT (WT
1 W1)(t)X+ (W2W

T
2 )(t)⊗XTX. (4.17)

For a derivation of these quantities refer to Appendix B.2. In Figure 4.2A-B
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we show that our analytical solution closely matches numerical simulations (Meth-

ods 4.4.3) for these quantities. As the solution only contains negative exponentials,

it is numerically stable and provides high precision across a wide range of learn-

ing rates and network architectures (Figure 4.2C-D). Moreover, we can derive the

steady state solution.

Theorem 4.2. Under the assumptions of Theorem 4.1, the network function con-

verges to the global optimum W2W1 = ŨS̃Ṽ and acquires a minimum-norm solu-

tion, that is, WT
1 W1 = ṼS̃ṼT and W2W

T
2 = ŨS̃Ũ.

The proof of Theorem 4.2 is in Appendix B.3. We now turn to several implication

of these results.

4.3.2 Convergence behaviour

In Chapter 3 we established that the solution manifold of two-layer linear net-

works is partitioned into qualitatively different regions. In particular, general lin-

ear solutions that use task-agnostic hidden-layer representations, are sensitive to

noise in the inputs and parameters, and have suboptimal generalisation properties.

Whereas, minimum-norm solutions have hidden-layer representations that are task-

specific and are most robust to noise in the inputs and parameters. This raises the

question of how and when different regions of the solution manifold are reached

when the parameters of a network are optimised with gradient descent.

The so called rich learning regime has been associated with small initial weights,

task-specific representations and slow, step-like nonlinear learning dynamics (Saxe

et al., 2013; Woodworth et al., 2020; Varre, Vladarean, et al., 2024). Whereas

the lazy regime has been associated with large initial weights, task-agnostic neural

representations and fast, exponential learning dynamics (Chizat et al., 2019; Wood-

worth et al., 2020; Varre, Vladarean, et al., 2024). We illustrate these phenomena

with the help of a semantic hierarchy learning task in a two-layer linear network
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A

Animal Plant

Bird AlgaeFish

C FB D E

Figure 4.3: Rich and lazy learning. (A) In the semantic learning task, items
have to be assigned to their properties. (B) SVD of the input-output correlation
of the task (top) and the respective minimum-norm solution (bottom). (C) Final
QQT matrices after training converged when initialised from random small weights,
(D) random large weights (note how the upper left and lower right quadrant dif-
fer from the task’s minimum-norm solution) and (E) large zero-balanced weights.
(F) Learning curves for the three different initialisations as in C (blue), D (green)
and E (pink). While both large weight initialisations lead to fast exponential learn-
ing curves, small weight initialisations lead to a slow step-like decay of the loss.

(Figure 4.3A). The minimum-norm solution for the input weights

WT
1 W1 = ṼS̃ṼT (4.18)

reveals the task’s inherent structure (Fig. 4.3B). For example, the representations

of the two fish are most similar to each other, less similar to birds and least similar

to plants. Likewise, the minimum-norm solution of the readout weights

W2W
T
2 = ŨS̃ŨT (4.19)

reveals the three levels among which items in the hierarchical tree are organised

(Fig. 4.3B). The neural representations of the minimum-norm solution are thus

task-specific. They obey the correlational structure of the task. Crucially, QQT (t)

contains the temporal dynamics of the weights’ correlation and therefore can be

used to study if a network finds a rich task-specific or lazy task-agnostic solution.

We note that more generally, knowledge is often organised within an underlying

shared structure, which can be learned and represented in deep linear networks

(Saxe et al., 2019). In Figure 4.3C we show that the on-diagonal entries of QQT at
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convergence when training the network from random small initial weights converges

to a minimum-norm solution with task-specific neural representations. Whereas

when training from large initial weights, the network converges to a general so-

lution with task-agnostic neural representations (Figure 4.3D). In both cases, the

off-diagonal entries of QQT reveal that the network function is identical and op-

timal (Figure 4.3C-D). As expected, small initial weights lead to slow, step-wise

learning dynamics, whereas large initial weights result in fast, exponential dynamics

(Figure 4.3F).

Our results challenge the association of initial weight scale, shape of learning

dynamics and type of solution at convergence. In particular, from Theorem 4.2 it

follows that there exist large scale initial weights that converge to a minimum-norm

solution with task-specific neural representations (Figure 4.3E) and exponential

learning dynamics (Figure 4.3F). From this it further follows that convergence to

a minimum-norm solution and the scale of the initial weights are in fact dissoci-

ated. We note, that the connection between large zero-balanced initial weights and

convergence to a minimum-norm solution has been made before (Min et al., 2021).

In summary, our equations describe the emergence of learning dynamics for the

whole range of initial weights, from step-like to exponential, and dissociate this

dynamical phenomenon from the structure of internal representations.

4.3.3 Exact continual learning dynamics

Understanding the dynamics of continual learning is challenging because the learn-

ing dynamics for any given task depends on the state of the synaptic weights after

training on previous tasks. Prior work describing exact learning dynamics either

relied on the initial weights sharing singular vectors with the training data, i.e.,

U = Ũ and V = Ṽ, and therefore that the learning dynamics can be fully de-

scribed by a change in singular values (Saxe et al., 2013), or that learning begins
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A C

B

D E F

Figure 4.4: Exact continual learning dynamics. (A) Learning dynamics during
training of a network from small zero-balanced initial weights on a sequence of
four tasks and (B) corresponding loss for each task. Solid and dotted lines indicate
simulations and analytical solutions respectively. (C) Comparison of numerical and
analytical forgetting on the first task after training on a second task for n = 50
independent simulations of a linear (red), tanh (blue), or ReLU (green) network.
(D) Zero-balancedness before and after training on a sequence of two tasks for the
same networks as in B. Shaded areas show ± std. (E) Evaluation loss for each
of 5 tasks during training a linear (red), tanh (blue) and ReLU (green) network.
(F) Same data es in D but evaluated as forgetting, i.e., relative change in loss. The
top half of each square shows the precomputed analytical amount of forgetting and
the bottom half the numerical value.

from small initial weights (Atanasov et al., 2021). However, both these assump-

tions are violated in the continual learning setting. In contrast, the assumptions

for Theorem 4.1 and Theorem 4.2 are met at any time during training. In particu-

lar, if the network was initialised zero-balanced, the weights remains zero-balanced

during gradient flow (Arora et al., 2018). That means that the network weights at

any point during training on one task are a valid starting point for the equation to

describe the learning dynamics for another, making our solution applicable to task

switching. Therefore, our equation provides a solution to the exact learning dy-

namics in the continual learning setting and provide the exact temporal dynamics

of the network function and the performance on each individual task throughout

training (Figure 4.4A-B).
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Forgetting

When switching the task, the learning dynamics evolve according to Theorem 4.1

and are therefore guaranteed to converge in accordance with Theorem 4.2. Con-

sequentially, the network converges to the global optimum of the current task in-

dependent of prior tasks’ training and structure. Thus, forgetting is truly catas-

trophic: No information about prior tasks is preserved.

Formally, let the input-output correlation of tasks T i, T j, and T k be denoted

by Σi
yx, Σj

yx, and Σk
yx. Then, according to Theorem 4.2, training on task T j

completely overwrites the initial network function at convergence

lim
t→∞

(W2W1) (t) = Σj
yx. (4.20)

At that time, the loss of any prior or future task T i is then determined by the

difference of the input-output correlations

Li
MSE =

1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
+ c, (4.21)

where c is a constant offset that only depends on the structure of the training data

of task T i (Appendix B.4). As a consequence, the amount of forgetting, i.e., the

relative change of loss, is fully determined by the similarity of the input-output

correlations of tasks. In particular, the amount of forgetting for task Ti when

training on task Tk after having previously trained the network on task Tj is

F i
j→k =

1

2

∣∣∣∣Σk
yx −Σi

yx

∣∣∣∣2
F
− 1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
. (4.22)

For a derivation of this quantity see Appendix B.4. It follows that the performance

and amount of forgetting for any task and network can be fully precomputed with-

out any training (Figure 4.4C-F). We show numerically that our results depend
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on the network to be linear and that networks with tanh or ReLU nonlinearities

show different behaviour. Typically, in nonlinear networks, weights quickly be-

come unbalanced and the performance on each individual task improves, while the

amount of forgetting on all other tasks worsens relative to their linear counterparts

(Figure 4.4C-F).

In summary, our results link exact learning dynamics with the exact temporal

dynamics of forgetting during continual learning in two-layer linear networks and

thus provide an analytical tool to study its mechanisms, and potential countermea-

sures like early stopping or replay.

4.4 Methods

4.4.1 Zero-balanced initial weights

For the initial network weights to be zero-balanced, the left singular vectors of the

first-layer weights have to be equal to the right singular vectors of the second-layer

weights, and both weight matrices have to share the same singular values. Let the

compact SVD of the initial network weights be denoted by

SVD(W1(0)) = R
√
SVT and SVD(W2(0)) = U

√
SRT (4.23)

then

W1(0)W1(0)
T = W2(0)

TW2(0)

R
√
SVTV

√
SRT = RT

√
SUTU

√
SRT

⇔ RSRT = RSRT .

(4.24)

Therefore, if we denote sampling from the random orthogonal group by X ∼ G, and

sampling from a random normal distributed with mean µ and standard deviation
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σ by X ∼ N (µ, σ), then zero-balanced network weights with initial norm

a = ||W1(0)||F = ||W2(0)||F (4.25)

can be generated using the following algorithm

Algorithm 1 Zero-balanced weight initialisation

Require: Ni, Nh, No, a
Nm ← min(Ni, No)
R ∼ G ∈ RNh×Nm

U ∼ G ∈ RNo×Nm

V ∼ G ∈ RNm×Ni

a ∼ N ∈ RNm√
S← diag (aa2/||a2||2)

W1 ← R
√
SVT

W2 ← U
√
SRT

return W1W2

4.4.2 Learning tasks

The following tasks were used during network simulations:

Random regression task

A random regression task consists of network inputs and target outputs that are

uncorrelated Gaussian noise. Specifically, inputs are sampled from a normal dis-

tribution X ∼ N (µ = 0, σ = 1) ∈ RNi×P and subsequently whitened, such that

Σxx = I; and the corresponding target values are sampled from a random normal

distribution Y ∼ N (µ = 0, σ = 1/
√
No) ∈ RNo×P .

Teacher-student task

A teacher-student task (Biehl & Schwarze, 1995; Saad & Solla, 1995) consists of

inputs X that are sampled and whitened as in the random regression tasks. The

corresponding target values are generated by Y = AX, where A ∼ N (µ = 0, σ =
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1/
√
Ni) ∈ RNo×Ni . We note that, unlike a random regression task, the teacher-

student setting ensures the existence of a linear solution with zero error.

Semantic hierarchy

Each item in the semantic hierarchy task (Figure 4.3) is encoded as a scaled one-

hot vector, e.g., [0, 0, 0, 0,
√
8, 0, 0, 0] for the fifth out of the eight items, such that

Σxx = I. Corresponding target vectors encode for the position in the hierarchical

tree. A one and minus one encode for being a left or right child of a node, and a

zero encodes that the item is not a child of a node. For example, the blue fish is

a left child of the root node, a left child of the animal node, not part of the plant

branch, a right child of the fish node, and not part of the bird, algae, or flower

branch, leading to the label [1, 1, 1, 0,−1, 0, 0, 0]. The complete target matrix for

all eight items is then

Y =



1 1 1 1 1 1 1 1

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 0 0 0 0

0 0 0 0 1 1 −1 −1

1 −1 0 0 0 0 0 0

0 0 1 −1 0 0 0 0

0 0 0 0 1 −1 0 0

0 0 0 0 0 0 1 −1



. (4.26)

4.4.3 Simulation details

All simulation studies were implemented using Jax (Bradbury et al., 2018) and a

learning rate of η = 0.05.
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Figure 4.1

Simulations for panels B-D are based on a teacher-student task with P = 10,

Ni = 5, Nh = 10 and No = 2. The norm of the initial zero-balanced weights was

set to a = 0.05, a = 0.9, and a = 1 respectively.

Figure 4.2

Simulations for panels A-B are based on a teacher-student task with P = 10,

Ni = 4, Nh = 5 and No = 3. The norm of the initial zero-balanced weights was set

to a = 0.002, and a = 0.9 respectively. Panel C and D were generated by running

n = 50 independent simulations for each of which we sampled Ni ∈ [2, 50], No ∈

[2, 50], Nh = [min(Ni, No), 50], and P ∈ [2max(Ni, Nh, No), 3max(Ni, Nh, No)].

Networks were then trained on a random regression task until convergence. Each

of the networks was trained from the same initial weights and task for learning

rates in η ∈ [0.005, 0.05].

Figure 4.3

Simulations for panels C-F are based on the semantic hierarchy task. A network

with Ni = 8, Nh = 14 and No = 8 was trained on the P = 8 items. The initial

weights for panel C, D and E were sampled from a random normal distribution

with σ = 0.0001 and σ = 0.42 and zero-balanced weights with a = 4.3 respectively.

Figure 4.4

Simulations for panel A and B were generated by training a network with Ni = 5,

Nh = 10 and No = 6 on a sequence of four random regression tasks with P = 25

training examples. Panels C and D were generated by running n = 50 independent

simulations on a sequence of two random regression tasks with P = 100. We run the

simulations three times, with a linear, tanh, and ReLU activation function in the
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hidden layer. Network dimensions were randomly sampled such that Ni ∈ [2, 50],

No ∈ [2, 50], and Nh = [min(Ni, No), 50]. Likewise, we trained n = 50 independent

simulations on a sequence of five random regression tasks with Ni = 15, Nh = 18,

No = 21, and P = 50 for panels D and E.

4.5 Discussion

Our equations for the exact learning dynamics in two-layer linear networks are

constrained by several assumptions. Specifically, the network must not have bot-

tlenecks, so these equations are not applicable to autoencoder-like architectures

(Hinton & Zemel, 1993; Kingma & Welling, 2014). Additionally, the requirement

that inputs are whitened and that input-output correlations are of full rank limits

the applicability to settings where training tasks have non-trivial correlations in the

inputs or are underconstrained. This is especially relevant for studying continual

learning scenarios with varying degrees of task overlap. Even when the task has full

rank and the network is not bottlenecked, the matrix B may still be non-invertible,

as for example seen during reversal learning (Braun et al., 2022). Moreover, the

zero-balancedness assumption, which causes input and output norms to be iden-

tical during initialisation and training, prevents us from examining the impact of

norm imbalances, such as those in the neural tangent kernel regime (Jacot et al.,

2018), on the rich and lazy regimes. Followup research has partially addressed

these limitations (Tarmoun et al., 2021; Dominé et al., 2024). Furthermore, our

analysis is confined to full-batch gradient flow, disregarding the stochastic effects

of stochastic gradient descent with finite learning rates (F. He et al., 2019; Varre,

Sagitova, & Flammarion, 2024). Finally, our study is restricted to linear networks.

Recent work on gated deep linear networks, which mimic ReLU networks, has intro-

duced a tractable nonlinear architecture beyond the finite-width thermodynamic

limit (Saxe et al., 2022).
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Exact continual learning and the

necessity of drifting neural

representations in linear networks

This chapter presents original work. Contributions to the research presented in

this chapter are as follows:

Supervision Professor Andrew M. Saxe, Professor Christopher Summerfield

Derivations, simulations, and figures Lukas Braun

5.1 Introduction

During continual learning, the connections of a neural system have to be opti-

mised to incrementally acquire knowledge from a continuous stream of information.

While humans and non-human animals are capable of acquiring new knowledge and

skills throughout their lifetime, artificial neural networks suffer from catastrophic

forgetting. In the previous chapter we investigated how the initial state of the

network influences catastrophic forgetting and analytically derived under a set of

assumptions that knowledge during learning is not preserved, but rather, that net-

works simply acquire the current task, leading to truly catastrophic forgetting of

previously acquired knowledge. This poses the question, how previously acquired

knowledge can be preserved during the acquisition of new knowledge? The plethora

of continual learning algorithms that have been proposed to overcome catastrophic
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forgetting are often based on heuristics. While these heuristics are typically math-

ematically or biologically motivated, a full understanding usually remains difficult

due to the complexity and intractability of nonlinear networks and the brain. In

this chapter we analytically study popular algorithms that have been proposed

to circumvent catastrophic forgetting, using two-layer linear networks. The well

defined solution manifold of linear networks (Chapter 3) makes their connection-

ist computations ideally suited to study and compare the algorithms’ performance,

success and failure modes. Based on our observations, we subsequently derive exact

continual learning rules for categorical and relational knowledge. Further, we show

that exact continual learning to a solution with task-specific neural representations

requires drifting neural representations. Based on our observations, we argue, that

perceptual and behavioural stability is not observed despite, but because of drifting

neural representations.

5.2 Preliminaries and setting

Formally, a learning algorithm has to optimise the parameters of a model such that

input vectors xn ∈ RNi from a set of P training pairs D = {(xn,yn)}n=1,...,P are

mapped to their corresponding target values yn ∈ RNo . In the case of continual

learning, the algorithm has access to a single training pair at a time and is pre-

sented with each training pair example exactly once. The learning objective during

continual learning is then to maximise the performance on the current training ex-

ample while maintaining performance across all previously encountered examples.

This is in contrast to mini-batch, multi-epoch learning in which the learning al-

gorithm has access to multiple training pairs at each training step and can revisit

training data multiple times. We use two-layer linear neural networks as a model
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for connectionist neural computations

ŷn = W2W1xn, (5.1)

with firstW1 ∈ RNh×Ni and second layerW2 ∈ RNo×Nh network weights. Through-

out this chapter we make

Assumption 9. The network is not bottlenecked, i.e., Nh ≥ min (Ni, No).

We quantify the performance of learning algorithms with the mean squared error

on all K ≤ P training examples that the model has encountered so far

LK
MSE =

1

2K

K∑
n=1

||W2W1xn − yn||22. (5.2)

After having successfully learned about the first K−1 training pairs, starting from

initial network weights WK−1
1 and WK−1

2 , learning can then be defined as finding

additive parameter updates ∆W1 and ∆W2, which minimise the loss across all

K items. While in practice, we are going to apply gradient-descent for T training

steps, with learning rate η on a loss function L to find parameter updates

∆W1 = −η
T∑
t=0

∂L
∂W1(t)

and ∆W2 = −η
T∑
t=0

∂L
∂W2(t)

, (5.3)

we are interested in the shape and geometry of the solution manifold and less so

by which algorithm a solution is reached. In particular, we are interested in if and

how the hidden-layer neural representations of stimuli

hn = W1xn (5.4)

and their representational similarity

RSMij = hT
i hj (5.5)
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change during the continuous acquisition of knowledge. Intuitively, an algorithm

that integrates newly arriving information should keep the network’s input-output

mapping of previously learned neural computation stable, i.e.,

WK−1
2 WK−1

1 xn ≈ (WK−1
2 +∆W2)(W

K−1
1 +∆W1)xn. (5.6)

One question that then arises is, if the hidden-layer neural representations of pre-

viously acquired knowledge should remain stable too, i.e.,

WK−1
1 xn

?
= (WK−1

1 +∆W1)xn. (5.7)

To analyse if and under which conditions a change in the neural representations is

to be expected during the continuous acquisition of knowledge, we have to identify

and study the shape and geometry of the solution manifold and respective parame-

ter updates. In our setting, the best the neural network can do is to perform linear

regression (Laurent & Brecht, 2018). However, in contrast to simple linear regres-

sion, deep linear networks are highly overparametrised. Specifically, after exposure

to K training pairs, any combination of network weights ΩK
2 and ΩK

1 for which

ΩK
2 Ω

K
1 Σ

K
xx = ΣK

yx (5.8)

is a linear solution, where

ΣK
xx =

1

K

K∑
n=1

xnx
T
n and ΣK

yx =
1

K

K∑
n=1

ynx
T
n (5.9)

are the input and input-output correlation matrices of the K training pairs. In

Chapter 3, we investigated how these solutions differ from each other despite having

optimal linear performance on the training data. In the following, we are going to

investigate which consequences this has for continual learning.
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5.3 Results

5.3.1 Representation learning

In Chapter 3 we established that the solution manifold of two-layer linear networks

can yield almost arbitrary representational similarities. However, neural repre-

sentations observed in neural recordings are generally not arbitrary but are often

specific to the structure of the environment and the task (O’Keefe & Dostrovsky,

1971; Kiani et al., 2007; Kriegeskorte, Mur, Ruff, et al., 2008; Knudsen & Wallis,

2021; Flesch et al., 2022; Muhle-Karbe et al., 2023).

For instance, in the mouse olfactory bulb, neural representations adhere to the

structure of categorical learning tasks (Kudryavitskaya et al., 2021). In this experi-

ment, mice learned to classify intermediate mixtures of two odours using a go-no-go

paradigm, initially according to a 5-boundary categorisation task and subsequently

a 1-boundary categorisation task (Figure 5.1A-C). During the acquisition of the 5-

boundary task, neural representations of the six different odour mixtures in the

olfactory bulb became linearly separable (Figure 5.1D). However, during the ac-

quisition of the 1-boundary task, these representations collapsed, making odours

within each of the two groups linearly inseparable (Figure 5.1E). Importantly, both

downstream categorisation tasks can be solved using the linearly separable repre-

sentations, but not vice versa.

This can be illustrated using a two-layer linear network. The 1-boundary de-

cision task can be solved with a network that employs a general linear solution

(Section 3.3.1). This results in task-agnostic and linearly separable hidden-layer

neural representations (Figure 5.1E) that are qualitatively similar to the neural

representations observed during the 5-boundary decision task in mice. Alterna-

tively, the 1-boundary task can be solved using a network that adopts a minimum-

norm solution (Section 3.3.1). In this case, the hidden-layer representations are
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Figure 5.1: Representation learning. (A) Schematic of the go-no-go task in
Kudryavitskaya et al. (2021). The mouse is presented with a mixture of two odours.
Depending on the exact mixing ratio a trial is or is not rewarded. (B) Assignment
of odour mixtures to rewards in the 5-boundary and (C) 1-boundary discrimination
task. (D) Average representational similarity matrix and confusion matrix follow-
ing linear discriminant analysis of neural representations of odours in olfactory
bulb mitral cells after training on the 5-boundary task. Higher correlations indi-
cate greater similarity between the neural encodings of two odours. Diagonal values
in the confusion matrix represent correct decoding, while off-diagonal values reflect
misclassification. (E) Same as D but after training on the 1-boundary task. Note
how odours within each of the two groups are now similar and are confused during
decoding. (F) Representational similarity and confusion matrix of neural repre-
sentations in a two-layer linear network after training to a task-agnostic solution.
The 1-boundary task can be solved with linearly-separable neural representations
as observed in the 5-boundary task in mice. (G) Same as in E but using a solution
with task-specific neural representations as observed after the 1-boundary task ob-
served in mice. Panels D and E are reproduced from Kudryavitskaya et al. (2021)
with permission.
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task-specific and linearly inseparable (Figure 5.1F) and model the neural repre-

sentations observed during the 1-boundary decision task in mice. Given that the

1-boundary decision task could have been solved using the linearly separable neu-

ral representations, why did the stimulus representations instead collapse into a

low-rank, task-specific form during the acquisition of the 1-boundary task?

To this end, we refer to Chapter 3, where we analytically demonstrated that

points on the solution manifold with task-specific hidden-layer representations are

least sensitive to input and parameter noise. This computational advantage, com-

bined with the experimental data, suggests that neural circuits may leverage learn-

ing mechanisms that favour minimum-norm solutions with task-specific neural rep-

resentations. Therefore, in the following, we will not only examine whether a

continual learning algorithm can acquire new knowledge without catastrophic for-

getting but also determine whether the algorithm converges to a task-agnostic or

task-specific solution. We measure the distance to the minimum-norm solution

using

D = ||QTQ− I||F with Q = W1V
√
S−1 (5.10)

where SVD(Σyx) = USVT is the compact SVD of the task. Further, since the

standard deviation of initial weights is known to influence the type of solution

found (Woodworth et al., 2020), we test algorithms across a wide range of initial

values.

5.3.2 Continual learning in two-layer linear networks

During continual learning, a learning algorithm has to change the connections of a

neural system to integrate the information contained in the current training pair

without eradicating knowledge about all previous training pairs. Splitting the mean
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squared error into the contribution of the current and all previous items

LMSE =
1

2K
||W2W1xk − yk||22︸ ︷︷ ︸

Current pair

+
1

2K

K−1∑
n=1

||W2W1xn − yn||22︸ ︷︷ ︸
Previous pairs

, (5.11)

makes it apparent why continual learning is difficult, even in the simple, linear

setting. Optimising the weight matrices based on the current training pair may

also change how previous training pairs are processed by the network and thus

change their contribution to the loss. For example, when training a two-layer

linear network on a semantic hierarchy task (Figure 5.2A-B, Section 4.4.2) using

näıve gradient descent, performance on previously learned items deteriorates during

the acquisition of new items. This phenomenon, known as catastrophic forgetting,

persists regardless of the size of the initial weights, and the network converges to

hidden-layer neural representations that deviate significantly from the minimum-

norm solution (Figure 5.2C). As described before (Mirzadeh et al., 2020), adding

weight decay (Hinton, 1987) further deteriorates the situation as it actively removes

previously acquired knowledge from the network (Figure 5.2D). This raises the

question of how the näıve objective can be altered with a correction term R such

that minimising that loss leads to continual learning without forgetting

L =
1

2K
||W2W1xk − yk||22 +R. (5.12)

In the following, we use the simplicity of our setting, the linear solution manifold

and corresponding neural representations to dissociate the functionality and failure

modes of continual learning algorithms.
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Figure 5.2: Catastrophic forgetting. (A) Schematic of a semantic hierarchy task.
The items at the lowest level of the hierarchy have to be mapped to their cor-
responding properties. (B) Task-specific neural representation of the semantic
hierarchy. The closer items are within the hierarchy, the more similar their rep-
resentation is. (C) Temporal evolution of per item loss during continual learning
with gradient descent (left), final mean squared error at the end of training for a
range of initial weight standard deviations (centre), distance to task-specific neural
representation and example representational similarity for best-performing network
as indicated by circle (right). (D) Same as C but for gradient descent with weight
decay. Note how all knowledge except the current training item is erased. Solid
lines and shaded area indicate mean and ± standard deviation across 50 random
initialisations.

Replay based algorithms

One proposed mechanism to prevent catastrophic forgetting is to first memorise

and subsequently replay previous items during learning (McClelland et al., 1995).

The idea behind this is persuasive: To find parameter updates that accurately

integrate newly arriving information, experiences are memorised and subsequently,

the loss is jointly minimised across all items

RReplay =
1

2K

K−1∑
n=1

||W2W1xn − yn||22. (5.13)

However, while memorisation and replay of all previously encountered knowledge

resembles full-batch learning and thus successfully circumvents catastrophic for-

getting and converges to a rich representation for small Gaussian or zero-balanced

initial weights, full replay (Figure 5.3A) has computational and memory storage
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requirements that linearly increase with the amount of training examples (Fig-

ure 5.3B). While the runtime of such an algorithm may be optimised by finding

an optimal learning rate, this does not alter its inherent memory or computational

complexity per gradient step. To circumvent the computational demands of full

replay, a plethora of alternative algorithms have been put forward (Section 1.2.1).

Reminiscent of stochastic gradient descent, during random replay (Figure 5.3C)

only a single item is randomly selected from memory and replayed in each training

step, drastically reducing the computational complexity (Figure 5.3D). However,

as expected by a stochastic algorithm, the time until convergence increases with

the number of memorised items. In contrast, prioritised replay (Figure 5.3E) al-

gorithms select the most informative item instead of a randomly selected one. For

example, if an algorithm has access to an oracle to select the memorised item that

is contributing to the loss the most, convergence time can be kept approximately

constant, while keeping computational complexity on par with random replay (Fig-

ure 5.3F). Finally, during compressed replay (Figure 5.3G) instead of replaying

memorised items, pseudo input-output pairs are being assembled and replayed.

We show analytically, that in our setting, the minimum number of pseudo input-

output pairs depends on the rank of the input-output correlation matrix and is

therefore directly related to the statistics of the task (Appendix C.1, Figure 5.3H).

However, such an algorithm would predict neural activations during replay that

are statistically distinct from previous experiences, potentially evading detection

by the techniques commonly used to identify replay events in neural recordings.

In summary, replay based algorithms either suffer from adverse computational and

memory requirements or require access to an oracle to provide item selection or

item compression.
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Figure 5.3: Replay based algorithms. (A) Continual learning a semantic hierarchy
with eight objects (first column), results in a zero mean squared error when trained
from random Gaussian (blue) or zero-balanced (red) initial weights across a range
of standard deviations (second column), and task-specific neural representations
for small Gaussian and zero-balanced weights (third column), with example rep-
resentational similarity for best performing networks, for full replay. Solid lines
and shaded area indicate mean and ± standard deviation across 50 random initial-
isations. (B) Memory and computational complexity increases linearly with the
number of training pairs for full replay. (C) Same as in A but for random replay.
(D) During random replay only one item is replayed per training step. (E) Same
as in A but for prioritised replay. Note how the loss across all previously learned
items stays low despite (F) only replaying a single training pair per training step.
(G) Same as in A but for compressed replay. (H) Memory and computational
complexity depends on the statistics of the task and can lie in between a single
item and a linear relationship as in full replay.
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Solving the stability-plasticity dilemma

Another class of algorithms (Kirkpatrick et al., 2017; Zenke et al., 2017; Aljundi

et al., 2018) is motivated by the stability-plasticity dilemma (Grossberg, 1987;

Abraham & Robins, 2005). These algorithms create a point estimate of the net-

work’s error surface (Benzing, 2022) and then penalise changes in weights through

a regularisation term for which the curvature of the loss is high. Again, the idea

behind this is persuasive: To mitigate catastrophic forgetting, first identify synap-

tic weights that are crucial for encoding previously acquired knowledge and subse-

quently, during the acquisition of new knowledge, penalise changes to those weights.

However, as we have established in Chapter 3, there exists a manifold of solu-

tions and therefore that the network function can be fully reparameterised without

changing the underlying computation. Thus, preserving knowledge does not re-

quire synapses to be stable Abraham & Robins (2005), nor is knowledge encoded

in specific synapses but through their interplay within the network. While we be-

lieve that this interpretation of the stability-plasticity dilemma, in which synaptic

weights have to stay stable to continuously encode previous knowledge is ill-posed

and has been driving misconceptions of learning in neural networks and particu-

lar about the continual learning problem, this does not exclude the possibility that

there may exist a solution to the continual learning problem within this framework.

Applying a Bayesian approach along with Laplace’s method to the continual

learning problem results in a loss function that penalises changes to synapses con-

sidered critical for preserving prior knowledge (Huszár, 2017; Kirkpatrick et al.,

2017). Following this approach fully mitigates catastrophic forgetting, however,

does generally not converge to a minimum-norm solution (Figure 5.4A). This is

coherent with the dilemma’s hypothesis: Using disjoint sets of synapses to encode

knowledge should lead to disjoint hidden-layer representations. The regularization

term in the Bayesian approach depends on the Hessian matrix, which makes its
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Figure 5.4: Bayes based algorithms. (A) Continual learning a semantic hierar-
chy with eight objects (first column) with full Hessian regularisation, results in
(close to) zero mean squared error when trained from random Gaussian (blue) or
zero-balanced (red) initial weights across a range of standard deviations (second
column). However, neural representations are completely task-agnostic except for
a very narrow band of Gaussian initial weights, where they are less task-agnostic,
with example RSMs for best performing networks (third column). Solid lines and
shaded areas indicate mean and ± standard deviation across 50 random initialisa-
tions. (B) The memory and floating point operations per training step quickly rise
as a function of network parameters. (C) Same as in A but for diagonal Hessian
regularisation. Note how training generally not converge to a zero-error solution
and neural representations are very task-agnostic. (D) Same as in B, but for di-
agonal Hessian regularisation. (E) Loss as a function of overlap in the inputs for
σ = 0.13. (F) Reparameterisation to reduce overlap in the hidden-layer representa-
tions after each training pair improves training loss, especially when starting from
very small initial weights.

effects difficult to interpret. In Appendix C.3 we use the analytical tractability

of our setting to show that learning using the Bayesian approach is identical to

minimising

R̃Bayesian =
1

2K

K−1∑
n=1

||WK−1
2 W1xn +W2W

K−1
1 xn − 2yn||22. (5.14)

Thus, the error landscape of the Bayesian approach is identical to the error land-

scape of full-replay through a network with pairwise combinations of current weight

matrices (W2 and W1) and weight matrices at training onset (WK−1
2 and WK−1

1 ).

The Bayesian approach requires the computation and storage of the full Hessian

matrix which scales quadratically in the number of synaptic weights in the net-

work (Figure 5.4B). To circumvent the costly calculation of the Hessian matrix, in
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practice, the Hessian matrix is approximated by the empirical Fisher information

or approximations thereof (Benzing, 2022) To further reduce complexity, usually

only the diagonal or an approximation of the empirical Fisher information matrix

is used (Kirkpatrick et al., 2017; Zenke et al., 2017; Aljundi et al., 2018). In our

setting, instead of relying on an approximation we directly use the approximation’s

upper bound: The diagonal of the Hessian. When using the diagonal of the Hessian

matrix, training suffers from mild forgetting, but converges to network functions

that are far from the minimum-norm solution (Figure 5.4C). Note however, how

the memory and the computational complexity are drastically reduced in compar-

ison to full Hessian regularisation (Figure 5.4D). In Appendix C.4, we show that

under the assumption that training on previous training pairs has converged to a

minimum-norm solution, minimising

R̃Diagonal = (W1 −Ω1)
2 ⊙ diag

(
No∑
i=1

W2
2i

)(
1

K − 1

K−1∑
n=1

x2
n

)T

+ (W2 −Ω2)
2 ⊙ diag (I)

(
1

K − 1

K−1∑
n=1

h2
n

)T
(5.15)

is gradient equivalent to regularising with the diagonal of the Hessian. Here, W2i

denotes the i-th column of W2. Therefore, the stability-plasticity trade-off in two-

layer linear networks is not a function of overparameterisation, cf. Kirkpatrick et

al. (2017), but is governed by the overlap of inputs, hidden-layer representations,

and readout weights. As a result, training converges to a solution when inputs are

non-overlapping (e.g., one-hot inputs, i.e., vectors that are all 0 except for one entry

that identifies the object that is equal to 1), but performance deteriorates as input

overlap increases (Figure 5.4E). Since, the hidden-layer representation in linear

networks can be chosen almost arbitrarily, the amount of overlap in the hidden-

layer representation, and therefore convergence to a soltion, can be controlled by

reparameterising the network after each training pair (Figure 5.4F). This gives
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further insights why these methods are particularly successful in tasks with non-

overlapping inputs like the permuted-MNIST task (Goodfellow et al., 2013) but

struggle otherwise (Farquhar & Gal, 2018), and why reparameterisation of network

weights can improve their performance (X. Liu et al., 2018).

5.3.3 Preserving categorical knowledge during learning

Humans and non-human animals excel in learning new categorical information from

minimal exposure. For example, a child that went to the zoo for the first time in

her life will afterwards report with ease that an elephant is grey and that a cheetah

is lightning fast. And a mouse that is footshocked while being exposed to an odour

will immediately learn to avoid that odour. Crucially, this acquisition of knowledge

usually occurs without catastrophic interference with previously acquired knowl-

edge. Formally, during the acquisition of categorical knowledge, a specific input xn

has to be related to a set of properties yn. In the following, we make

Assumption 10. Inputs are decorrelated and of unit length, i.e., xT
i xj = 1 for

i = j and 0 otherwise,

to ensure that inputs are distinct. Notably, we make no further assumptions about

the properties yn and they may be (partially) shared for different inputs. For

example, a giraffe and an elephant are distinct inputs but they share properties, e.g.,

they are mammals. We note that one special instantiation of Assumption 10 that

is often used when studying categorical learning are one-hot vectors. Interestingly,

if inputs are encoded as one-hot vectors, any solution to the learning problem that

is achievable by a two-layer neural network with any desired nonlinear activation

function is also achievable by a two-layer linear network (Appendix A.7).

The objective of continuous categorical learning is to find parameter updates

that minimise the loss across all training pairs, while having access to the current

training pair only. As defined, the learning problem is trivial. For example, it can
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be solved in a one-shot manner by a one-layer linear neural network (Appendix C.5).

This becomes apparent in the special case of one-hot inputs, where each new yn

can simply be stored as the i-th column of the weight matrix. However, learning

becomes surprisingly difficult in a multi-layered connectionist system: Näıve op-

timisation of a linear two-layer network with gradient-descent on the loss of the

current training example fails catastrophically despite the simplicity of the task

and network architecture (Figure 5.2C).

Exact categorical learning

Next, we show that exact continual learning (ECL) for categorical learning does

not require memorisation and replay of previously acquired knowledge, nor has to

address the stability-plasticity dilemma. Rather, using correction term

RExact = ||W2W1 −WK−1
2 WK−1

1 ||2F − ||W2W1xk||22, (5.16)

leads to a loss function that when being minimised, minimises the distance to the

least-squares solution. The ECL algorithm thus perfectly integrates knowledge

without catastrophic forgetting and converges to a rich solution if training begins

from small initial weights or random zero-balanced weights (Figure 5.5A). The ECL

loss does only depend on the current state of the synaptic weights (W1 and W2),

the current training pair (xk,yk) and the state of the synaptic weights at the onset

of training (WK−1
1 and WK−1

2 ). As such, ECL has tractable computational and

memory complexity (Figure 5.5B) and does not require resource intensive calcula-

tions in between training pairs, like derivation of the Hessian matrix or empirical

Fisher information. In brief, the presented ECL algorithm uses the fact that after

successful acquisition of some knowledge, this knowledge is fully encoded into the

network’s synapses and thus readily available during training. As a consequence,

we have to set W0
2W

0
1 = 0 independent of the actual initial values, as at the begin-
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Figure 5.5: Exact categorical learning. (A) Exact continual learning of semantic
hierarchy with eight objects (first column) results in zero mean squared error when
trained from random Gaussian (blue) or zero-balanced (red) initial weights across
a range of standard deviations (second column). Neural representations are task-
specific for small Gaussian initial weights and zero-balanced weights. Example
RSMs for best performing networks (third column). Solid lines and shaded areas
indicate mean and ± standard deviation across 50 random initialisations. (B) The
memory and floating point operations per training step as a function of network
parameters.

ning of the training, there is no knowledge encoded in the network. It is reminiscent

of previously suggested function normalisation for continual learning (Benjamin et

al., 2018) while being analytically exact. For a full derivation see Theorem C.6.

5.3.4 Preserving relational knowledge during learning

A remarkable aspect of intelligent behaviour is the ability to continuously integrate

information about relationships between objects, places, and events into a coherent

understanding of the world. This process must effectively adapt and integrate newly

arriving information into an coherent worldview. A single experience, such as a

plot twist in a work of fiction, may require previous relations to be reorganized

instantly to accommodate the new information. However, it remains unclear how

relational knowledge can be continuously learned in both biological and artificial

neural networks, given that changes in connectivity could overwrite previously

acquired knowledge.

Relational knowledge can be represented as a connected graph, in which nodes

represent objects and edges represent relationships. For example, transitive and

spatial relationships, and hierarchies can all be represented as a graph (Figure 5.6A-

B). Relations can be either learned by being exposed to two nodes (e.g. giraffe and
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Figure 5.6: Relational knowledge. (A) Relational knowledge like transitive in-
ference tasks and (B) spatial relationships using euclidean or abstract cardinal
relationships can be represented as graphs. (C) Learning can either be relational,
in which two nodes have to be mapped to their relation, or predictive, in which
a node and a relation have to be mapped to the corresponding node. (D) New
experiences can add a new graph, add a node to an existing graph, connect two
existing graphs, connect two graphs, add a new relation within a graph, or add a
self-relation. (E) Loss and neural representations throughout training on a transi-
tive inference task in a one-layer linear network. During the acquisition of B < C,
the update to the neural representation of B is corrupting the relation between
A < B. Note how the neural representation A remains static during the acqui-
sition of the second relation. (F) Loss, hidden-layer neural representations, and
network output throughout training on a transitive inference task in a two-layer
linear network. During the acquisition of C < D, the hidden-layer representation
of A and B remains unchanged, however their output and loss change due to up-
dates in the readout-layer.
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elephant) and their edge has to be learned (e.g. larger than) or through predictive

coding, in which a node and an edge (e.g. Bob and sister) have to be related to

the corresponding node (e.g. Alice) (Figure 5.6C). In both cases, learning can be

exhaustively studied as a sequence of alterations to a graph and its connections.

A new experience may (a) establish a new graph, (b) add a node to an existing

graph, (c) connect two graphs, (d) add a new relation within a graph or (e) add a

self-relation (Figure 5.6D). For example, when first entering your neighbours house

(a), you could learn how their foyer is connected to the backyard (b), discover

that their backyard is connected to yours (c), find a second door that connects the

garden and the foyer (d), and notice the high ceiling of their foyer (e).

Formally, during the acquisition of relational knowledge, two objects i and j

have to be mapped to a set of relationships yij. To encode pairs of objects, we

make

Assumption 11. Inputs are encoded as hot-cold vectors of unit length, i.e., xT
ijxij =

1, xT
ijxjk =

1
2
, and xT

ijxkl = 0.

For example, the hot-cold vector that can encode relationships of up to 4 objects

and specifically encodes for object 1 and 3 would be x1,3 = [0,
√
1/2, 0,−

√
1/2, 0].

As a consequence, inputs are not generally decorrelated and tasks cannot be learned

in a one-shot manner in a single-layer neural network anymore. For example, when

learning two transitive relationships A < B and B < C, while learning the second

relationship, knowledge about the first is corrupted as the representation for B

is updated (Figure 5.6E). This also applies to two-layer neural networks, where

näıve gradient descent optimization leads to catastrophic forgetting. In this case

however, there is also catastrophic forgetting when there is no overlap between

inputs, for example when learning transitive relationships A < B and C < D, due

to the readout weights being shared across all inputs (Figure 5.6F). Specifically,

during the acquisition of the second relation the hidden-layer neural representations
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A

B

C

D

Figure 5.7: Exact relational learning. (A) Given a graph with 8 nodes and 7 edges
that are arranged as a spiral. The task consist of the 7 pairwise relationships
between nodes. (B) Example training pairs. Pairwise relationships have to be
mapped to their relative distance in two dimensions. (C) Training with näıve gra-
dient descent does not converge to the global optimum even after multiple training
epochs. After one epoch, the hidden layer representation and network output are
disorganised and incoherence with the provided information. (D) ECL seamlessly
integrates information provided during one epoch of training to a task-specific hid-
den layer representation and accurate network outputs.

of the first pair remain unchanged. Meanwhile, the readout weights are updated,

altering how the first relation is mapped to the output and thus causing catastrophic

forgetting. In summary, forgetting occurs not despite but because hidden-layer

neural representations of the first pair remain unchanged.

Exact relational learning

In the following, we present a general ECL rule for relational learning that can be

formulated as connected graphs. Let’s consider the case in which the network has

to learn to map the k-th relational input xij to its corresponding output yij and

make

Assumption 12. All inputs xij either establish a new graph, add a new node to a

graph or connect two graphs.
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Further, let object i belong to graph G1 and object j belong to graph G2, then,

we define the entries of vector h for the n = 1, ..., P objects as

h(n) =



1√
2|G1|

if object n ∈ G1,

− 1√
2|G2|

if object n ∈ G2,

0 otherwise,

(5.17)

where |G1| and |G2| denote the size of the two graphs respectively. Additionally,

we define

y0 = WK−1
2 WK−1

1 xij. (5.18)

Then, we propose that if

xk = h and yk = y0 − yij, (5.19)

minimising RExact is gradient equivalent to minimising the distance to the least-

squares solution across all training data. Therefore, as in the case of ECL for re-

lational knowledge, learning is only depended on the current state of the synaptic

weights and the state of the synaptic weights at the onset of training on the current

training pair. Crucially, the only knowledge required to generate h is if objects are

part of the same graph. The approach does not require memorizing previously

acquired knowledge, nor does it address the stability-plasticity dilemma. For ex-

ample, while learning the pairwise relationship of items that are connected as a

spiral (Figure 5.7A-B), when using näıve optimisation, even after multiple epochs

of repeated exposure, the linear two-layer network does not converge to a solution

(Figure 5.7C). During the acquisition of the current training pair, previously ac-

quired relations are not preserved, leading to catastrophic forgetting. In contrast,

using the ECL rule, the neural network preserves previously acquired knowledge

and seamlessly assembles incoming information to one coherent whole, reaching
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Maze 1 Maze 2Gate

A C D E

F G HB

Figure 5.8: Building a cognitive map. (A) Experimental setup from Carpenter et
al. (2015). Rats are placed in two identically looking rooms that are connect via
a corridor (top). Initially, grid cells form two identical patterns for each of the
rooms (bottom left) and over time they form one coherent whole (bottom right).
Panel is reproduced from Carpenter et al. (2015) with permission. (B) Schematic
of the experimental setup. Two independent mazes that are connected by a gate.
(C) Training with näıve gradient descent on the first maze (blue), second maze
(red), and connecting corridor (black star). (D) Hidden-layer neural representa-
tions of positions within the maze (dots), visualised using multidimensional scaling,
after training on the first and second maze, and on the relationship that is connect-
ing the two mazes. Lines visualise relationships between locations. (E) Validation
loss on items of the first, second and joint maze. (F) Same as in C but for ECL.
Knowledge about each maze is integrated within a single epoch. (G) Same as D
but for ECL. The algorithm seamlessly forms and assembles neural representations
into one coherent whole as new information arrives. (H) Validation loss on items
of the first, second and joint maze. Knowledge is integrated perfectly.

perfect accuracy after a single exposure to each pairwise relation.

Building a cognitive map

The idea of a cognitive map refers to a mental representation that helps to organise

and navigate relational knowledge. Tolman (1948) demonstrated the existence of

such mental representations through experiments with rats in mazes, showing that

they rely on an internal map rather than a simple mapping from visual cues to

behaviour. But how are these cognitive maps assembled from experience (Whit-

tington et al., 2022)? To assess the ECL algorithm’s ability to build cognitive

maps, we conducted an experiment that was inspired by the work of Carpenter et

al. (2015); they observed that grid cells initially form two overlapping grids, which
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gradually merge into a unified whole when rats are exposed to two connected,

identical rooms (Figure 5.8A). To this end, we placed an artificial agent in a maze

and trained it to predict relative directions from adjacent locations (Figure 5.8B).

After visiting each location in the maze at least three times, the agent was moved

to a second maze. Once the agent had similarly explored the second maze, a gate

connecting the two mazes was opened. While näıve optimisation with gradient de-

scent fails to form neural representations that are coherent with the experience of

the agent (Figure 5.8C-E). In contrast, ECL seamlessly integrates the information

within each maze and stitches knowledge into one coherent whole upon discovery of

the gate (Figure 5.8F-H). This is in contrast to the Tolman-Eichenbaum machine

(Whittington et al., 2020), which requires prior training on tasks with identical

structure to integrate knowledge and has difficulty assembling multiple pieces of

knowledge (Hosoya, 2024). Crucially, the ECL rule is general and not limited to

spatial relationships, but generalises to any kind of relational knowledge, as long

as inputs are encoded as hot-cold vectors (Assumption 11) and knowledge acquisi-

tion only relies on operations that establish new graphs, add new nodes or connect

graphs (Assumption 12).

5.3.5 Exact continual learning requires drifting

neural representations

The central challenge of continual learning it to preserve the input-output map of

previously acquired knowledge stable while adjust neural connectivity to integrate

new information. This might lead to the assumption that under stable behavioural

and perceptual stability for a stimulus, the associated neural structure and thus

the corresponding neural representations, should remain stable too. Since two-

layer linear neural networks are highly overparameterised, continual learning with

stable neural representations in our setting is possible. This can be intuitively
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A B C D

Figure 5.9: Exact continual learning requires drifting neural representations.
(A) Network performance on two stimuli that are used during an experiment dur-
ing the acquisition of new knowledge about six items that are not part of the
experiment themselves. (B) The hidden-layer representation of experimental stim-
ulus one (left) and two (right) changes during the integration of knowledge about
non-stimuli outside of the experiment with the ECL rule. (C) The loss for the two
stimuli remains zero during a diffusion on the solution manifold from a general to
a minimum-norm solution, however, (D) the hidden-layer neural representation is
drifting for both stimuli.

understood by considering an extreme case: setting W1 = I and performing all

learning in W2. However, under the additional constraint that learning must inte-

grate knowledge into task-specific neural representations that reflect the structure

of the world, we must revise this line of reasoning. As new information is incorpo-

rated, the representations of related knowledge must be updated too. As a result,

we would predict that an experimenter may observe representational drift and

changes in representational similarity for stimuli under investigation, even when

no new information about the stimuli themselves is acquired, simply because they

share structure with other experiences within or outside of the experiment that

are not under investigation (Figure 5.9A-B). This becomes particularly evident in

the case of relational knowledge, where changing the neural representations of one

item necessitates corresponding updates to all related items to preserve their rela-

tionships. The example of building a spatial cognitive map in Figure 5.8 provides

a clear illustration of this idea. One situation where learning can occur without

drifting representations is when inputs and target outputs are in fact decorrelated,

i.e., xT
i xj = yT

i yj = 0. In this cases, task-specific representations are decorrelated

and therefore can be implemented by separate parts of the network. We note, that
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in addition to changes induced by learning, drift on the solution manifold may

occur at any time, as for example induced by gradient noise (Chaudhari & Soatto,

2018; Avidan et al., 2023; Li et al., 2024) or as we show in Figure 5.9C-D, when

refining representations from task-agnostic to task-specific. In summary, we argue

that behavioural and perceptual stability during continual learning is observed not

despite, but because of drifting neural representations.

5.3.6 Preserving knowledge with intricate correlational

structure

In the previous sections we presented exact and efficient algorithms for continu-

ous learning without catastrophic forgetting. However, these algorithms relied on

stimuli being encoded as decorrelated vectors of unit length in the case of categor-

ical learning or as hot-cold vectors in the case of relational knowledge. Therefore,

they only work once stimuli can be dissociated and identified. In particular, the

reason why these algorithms exist is that in both cases, the pseudo-inverse of the

input correlations are tractable. This is generally not the case for inputs with

higher order correlational structure. For example, images have intricate correla-

tional structure and are neither categorical nor relational. Even in the simple, linear

case, to learn without catastrophic forgetting from correlated information, an exact

algorithm would have to incrementally compute, store and use the pseudo-inverse

or an approximation thereof. Even though incremental algorithms to compute

the pseudo-inverse exist (Sherman & Morrison, 1950; Meyer, 1973), this approach

seems computationally prohibitive for a continuous stream of sensory information

with intricate correlational structure.

We propose that continual learning must therefore rely on a two-fold process.

First, a neural network has to learn to reliably distinguish objects from sensory

streams and then, these representations can be utilised to learn in a continuous
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A

Self-Supervised Learning Exact Continual Learning

B C

D E F G

H Example Inputs I J

Figure 5.10: Exact continual learning from knowledge with intricate correlational
structure. (A) Schematic of network architecture in which a convolutional neural
network is trained using a self-supervised learning algorithm and readouts from the
learned representations are learned using exact continual learning. (B) Loss over
time during training a convolutional neural network on MNIST digits using self-
supervised learning. (C) multidimensional scaling (MDS) of hidden-layer neural
representations of MNIST digits at the end of self-supervised training. Represen-
tations for different image classes are orthogonal. (D) Example network input and
(E) target outputs for a categorical learning task. (F) Training loss during contin-
ual learning. The network is trained on one digit of each class using either gradient
descent or exact continual learning. (G) Validation loss after training on unseen
MNIST digits. Gradient descent has failed to preserve knowledge throuhgout learn-
ing. (H) Example network input and target outputs for a relational learning task.
(I) Training loss during continual learning. The network is trained on each rela-
tion using either gradient descent or exact continual learning. (J) Average network
output for all possible relations. Gradient descent failed to preserve relationships
during learning whereas exact continual learning seamlessly integrated all informa-
tion.
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fashion without catastrophic forgetting. In this chapter, we showed that the second

step can be achieved using fast and accurate algorithms. In the following, we

investigate how ECL may be combined with a sensory stream.

Self-supervised learning algorithms, such as Barlow Twins (Zbontar et al.,

2021), are capable of projecting stimuli with complex correlational structures, such

as MNIST digits, into orthogonal representations without requiring supervision

(Figure 5.10A). Once objects are projected to dissociate representations like this,

we can apply the ECL algorithm to learn categorical and relational knowledge,

one-shot and without catastrophic forgetting and with perfect generalisation to

previously unseen images of a known class.

For example, after a convolutional neural network has been successfully trained

to map MNIST digits to dissociated, orthogonal representations using the Barlow

Twins algorithm (Figure 5.10B-C), ECL can seamlessly use these representations

to integrate facts about numbers, like if it is even, a factorial and its square root

(Figure 5.10D-E). In particular, if the network is trained on the aforementioned

facts on a single instance of each MNIST digit (Figure 5.10F), as expected, naive

gradient descent suffers from catastrophic forgetting, whereas ECL perfectly inte-

grates the knowledge and generalises to previously unseen images of the same class

(Figure 5.10G).

Similarly, relational knowledge like if one number is larger or smaller than an-

other (i.e., 3 < 4) can be acquired without catastrophic forgetting (Figure 5.10H).

Again, the convolutional network maps MNIST images to orthogonal representa-

tions, which then can be used by the ECL algorithm for relational knowledge to

seamlessly integrate information. After a single exposure to a learning example of

each relation, the network trained with the ECL algorithm perfectly generalises to

previously unseen relations, and unseen images of the same class (Figure 5.10i-J).

We would predict that the first process, which maps sensory stimuli to unique

representations, is slow and requires extended exposure to a sensory stream with
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varied experiences, whereas the second, which acquires knowledge about facts and

relations, is fast and seamless. This proposal is coherent with the observation

that neural representations in sensory areas like the visual cortex are constantly

changing, while cells that encode categorical knowledge like face-cells stay stable for

months (McMahon et al., 2014). In summary, in such a network, a self-supervised

learning algorithms would generate neural representations that allow to uniquely

distinguish between items of a class, and an ECL algorithm would continuously

integrate new information about and relations between classes.
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humans and neural networks

This chapter is based on published work (Nelli et al., 2023). If not indicated

otherwise, contributions to the research presented in this chapter are as follows:

Supervision Professor Christopher Summerfield, Professor Andrew M. Saxe

Experimental design Stephanie Nelli, Christopher Summerfield

Human data acquisition Stephanie Nelli, Tsvetomira Dumbalska

Human data analysis Stephanie Nelli

Derivations, simulations, and figures Lukas Braun

6.1 Introduction

Human understanding of the world must adapt swiftly and continuously to make

sense of how objects, people, and places related to each other. This ability to assem-

ble and reassemble knowledge as new information emerges, often requires few-shot

reorganisation of neural codes. However, how this rearrangement of relations can

emerge in the brain, while preserving other relations intact, remains largely un-

known. In this chapter, we examine the process of knowledge assembly in humans

and neural networks through a transitive inference task. Human participants were

first trained to learn a transitive ordering among novel objects within two distinct

sets through pairwise comparisons. Following this training, participants were ex-
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posed to a small number of trials that explicitly revealed a link between the two

sets, revealing a single unified transitive ordering. Blood-oxygen-level-dependent

(BOLD) signals (Logothetis, 2003) in dorsal frontoparietal cortical areas revealed

that the neural representation of the objects within the two groups were rapidly

rearranged in consistence with the connecting information. We show that human

neural representations are task-specific and that the changes of neural represen-

tations during knowledge assembly are in line with the predictions made by the

exact continual learning rule for relational knowledge in Chapter 5. To capture

inter-individual differences in between participants, we extend the exact algorithm

for relational knowledge to account for uncertainty in the relationships between

objects.

6.2 Preliminaries and setting

6.2.1 Experiment

Human participants (n = 34) learned the transitive ordering of arbitrary-looking

visual objects (Horst & Hout, 2016) through a visual decision-making task. Twelve

objects were randomly assigned a ground truth rank along a nonsense dimension

called brispiness, with object 1 being the most brispy and object 12 the least

brispy (Figure 6.1A). The objects were arbitrary-looking and the dimension was

intentionally meaningless to prevent participants from using familiar attributes or

preconceived associations. The experiment consisted of two training phases, each

followed by a test phase (Figure 6.1B).

During the first training phase, participants were trained in alternating blocks

of 60 trials using objects from either the first half (objects 1–6) or the second half

(objects 7–12) of the hierarchy. In the following, we refer to objects 1-6 as the

first and objects 7-12 the second set. During each trial (Figure 6.1D), participants
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1 2 3 4 5 6 7 8 9 10 11 12

Set 1 Set 2
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Test≤5000 ms 475 ms ≤5000 ms 475 ms

750 ms 2000 ms 1500-5000 ms 750 ms
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Test 1 Train 2
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> > > > > > > > > > > > > > > > > > > > > >

B
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Figure 6.1: Experimental design. (A) Schematic of object assignment to ground
truth rank of brispiness, and object separation into two sets. We note that each
participant viewed a unique, randomly sampled set of objects. (B) Schematic of
experimental design. Coloured squares refer to trial tyes as detailed in panel F.
(C) Percentage accuracy during training for each participant (green), 90% stopping
criterion (black), and minimum amount of trials (grey). A training cycle consist of
two blocks, one for each set. (D) Example sequence of two trials during the first
training phase. In each trial, participants were presented with a pair of objects
and received feedback after providing a response. (E) Example sequence of a test
trial. Participants indicated whether each object was more or less brispy than
the previous one, followed by a brief, randomly timed interval for fMRI scanning,
which was indicated by a blue fixation dot. (F) Schematic of trial types. Each
square indicates a pair of stimuli as defined by their row and column. Adjacent
pairs within sets (dark blue and red) were used during training phase one. The two
objects at the boundary between the two sets (black) were used during training
phase two. All pairs, within and across sets were used during testing.
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were shown two objects with adjacent ranks (e.g. objects 3 and 4), and pressed

a button to indicate which object was more (or less) brispy. After responding,

feedback was provided with a green box (correct) or a red box (incorrect) around

the selected object. Participants were trained on the sets in alternating blocks until

they reached at least 90% accuracy on both sets (Figure 6.1C). Since only objects

with adjacent rank were presented during training phase one, participants had to

use transitive inference to infer relations of objects within each set. Importantly,

no information about the relationship between the two sets was provided during

the first training phase.

After the first training phase, participants entered the fMRI scanner for a test

phase where they viewed all possible pairwise combinations of the 12 objects in

random order. They performed a 1-back task, indicating the brispiness of each

object relative to the preceding one via button press (Figure 6.1E). The test phase

included comparisons of trained adjacent pairs (e.g., 2 and 3), untrained non-

adjacent pairs within each set (e.g., 2 and 5), and untrained pairs spanning the two

sets (e.g., 2 and 7) (Figure 6.1F). No feedback was provided during the test phase.

Immediately after the first test phase, participants began the second training

phase while remaining in the scanner. This phase consisted of 20 training trials with

feedback. During each trial, only the least brispy object from the first set (object

6) and the most brispy object from the second set (object 7) were presented. Note,

that this relation had not been included in the first training phase and revealed

that the two sets were connected, forming a single unified hierarchy. The second

training phase was followed by a second test phase, identical to the first.

6.2.2 Model

During the experiment participants had to do pairwise comparisons between two

objects i and j, one shown on the left-hand side and the other one on the right-hand
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side of the screen. We model these comparisons using hot-cold input vectors xij of

length 12 that are all 0 except at the i-th and j-th position, where they are
√
1/2

and −
√
1/2 respectively. If i > j, the target output is yij = 1, indicating that

object i is more brispy than object j, and if i < j, the target output is yij = −1,

indicating that object i is less brispy than object j respectively (Figure 6.2A). Like

in the experiment, we do not perform training or comparisons between identical

objects, i.e., i = j. This results in a dataset of P 1 = 20 training pairs for the first

training phase, a dataset of P 2 = 2 training pairs for the second training phase,

and a combined dataset with a total of P = 22 training pairs. We use two-layer

linear neural networks

ŷij = wT
2 W1xij, (6.1)

withNh = 6 hidden neurons as a network model, whereW1 ∈ R6×12 andwT
2 ∈ R1×6

denote the first and second layer network weights respectively (Figure 6.2B). We

quantify the performance of the network using the mean squared error

LMSE =
1

2P

P∑
n=1

||ŷij − yij||22 (6.2)

and use the representational similarity matrix

RSMij = xT
i W

T
1 W1xj (6.3)

to compare neural representations. In our setting, it follows from Laurent & Brecht

(2018) that any combination of optimal network weights Ω2 and Ω1 for which

Ω2Ω1Σxx = Σyx (6.4)
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Figure 6.2: Network Model. (A) Example hot-cold encoding of training pairs for
different trial types, with colour codes as in Figure 6.1. White, grey and black
circles represent inputs of −

√
1/2, 0 and

√
1/2 respectively. (B) Schematic of the

network architecture. Input weights combine the two inputs to a joint hidden layer
representation, which is then mapped to a prediction by the second layer weights.
(C) Least-squares solution of the training data in phase one, (D) phase two, and
(E) combined training data across the two phases are one-dimensional and reveal
the inherent structure of the tasks.

is a linear solution (Appendix A.1). To convert the outputs of a linear network

into choice probabilities, we applied a sigmoid function to the outputs

p(i > j) =
1

1 + eŷij
. (6.5)

We say that a network uses a task-specific neural representation, if the network

uses a minimum-norm solution (Appendix A.3), that is

Ω2 = U
√
SRT and Ω1 = R

√
SVT , (6.6)

where

SVD
(
Σyx (Σxx)

+) = USVT , (6.7)

is the compact SVD of the least-squares solution and R is an arbitrary semi-

orthogonal matrix. The least-squares solution for the first, second, and combined
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datasets is one-dimensional and reveals the underlying structure for the different

training phases and the combined training dataset. The solution for training phase

one reveals the ordering within the two separate sets (Figure 6.2C), the solution to

the second training phase reveals the pairwise relationship between the two objects

at the boundary (Figure 6.2D), and the solution for the combined datasets reveals

the full order across both sets (Figure 6.2E).

6.3 Results

6.3.1 Minimum-norm solutions predict human behaviour

and neural representations during test phase one

During the first training phase, participants acquired knowledge about object

brispiness of adjacent objects within each set. We begin our analysis by investigat-

ing how this knowledge was generalised to the relationships of other object pairs

both within and across the two sets. As shown in Figure 6.3A, the minimum-norm

solution of a two-layer linear network makes the following predictions for responses

during the first test phase. First, participants should perform transitive inference,

i.e., generalise knowledge about object brispiness from trained adjacent pairs (e.g.

2 > 3) to untrained non-adjacent pairs within each set (e.g. 2 > 5). Second, ac-

curacy should increase with growing distance between comparanda, known as the

symbolic distance effect (Woocher et al., 1978; D’amato & Colombo, 1990). And

last, participants should match rank orderings between sets, e.g., rank the 3rd ob-

ject in one set identically to the 3rd object of the other set and higher than the 4th

object in either of the sets. While least-squares and general linear solutions predict

transitive inference, and the symbolic distance effect, they do not generally predict

rank matching. In both cases, there exist solutions in which one set is partially or

entirely perceived as more or less brispy than the other (Figure 6.3B-C).
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Figure 6.3: Network and human behaviour. (A) In the network choice matrix, the
colour of each entry represents the probability of the network responding greater
than for the object pair defined by the corresponding row and column during the
first test phase. The minimum-norm solution network predicts transitive inference
(e.g. blue entries), the symbolic distance effect (e.g., orange arrow) and rank
matching (e.g., green entry). (B) Example choice matrix of a general linear solution
in which the first set is perceived as more brispy than the second set. (C) Example
choice matrix of a least-squares solution in which the entire second set is perceived
as more brispy than the first one. (D) Average human choice matrix for test phase
one, presented in the same format as A. Note the close resemblance between the
minimum-norm network and human choice matrices, including transitive inference,
the symbolic distance effect, and rank matching.

Human behaviour (Figure 6.3D) during the first test phase followed all three

principles, leading to choices as predicted by a neural network with minimum-norm

solution with task-specific representations. First, participants performed transitive

inference within each set, as shown by an accuracy of M = 96.7% (SD = 19.2)

on untrained non-adjacent pairs. Second, fitting a linear regression revealed the

symbolic distance effect, showing an increase in participants’ accuracy by β = 3.4%

per rank with growing object distance. Finally, participants made choices that were

indicative of rank matching between contexts. The mean accuracy of adjacent (e.g.

the 3rd and 4th object of set one and two repectively, that is objects 3 and 10)

and non-adjacent (e.g. object 3 and 12) pairs across sets were M = 75.9% (SD =

20.9) and M = 91.5% (SD = 9.3) respectively. Accordingly, the average human

choice matrix and network choice matrix of the minimum-norm solution are highly

correlated (r = .97, p < .001).

We proceeded by analysing and comparing the neural geometry of represen-

tations in both neural networks and humans. To this end, we probed networks
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A B C D

Figure 6.4: Representational geometry. (A) RSM of minimum-norm solution
hidden-layer presentations and corresponding 2D MDS plot of the same data. Red
and blue lines denote the two sets; numbered circles denote objects with their rank
indicated by the inset number. (B) Same as A but for a general linear solution.
(C) Neural data RSMs from patterns of BOLD in the PPC region of interest and
corresponding 2D MDS plot of the same data. (D) Same as B but for dmPFS
region of inters.

with individual objects to compute an RSM based on the hidden layer represen-

tations and next, applied multidimensional scaling (MDS) to visualise the sim-

ilarity structure in two dimensions (Figure 6.4A). In accordance with the net-

work behaviour, the hidden-layer neural representations of individual objects in

the minimum-norm solution evolved along two aligned number lines with matching

rank. In contrast, general and least-squares solutions yielded task-agnostic neural

representations (Figure 6.4B). In humans, we examined neural representations in

the posterior parietal cortex (PPC) and dorsomedial prefrontal cortex (dmPFC),

which where identified as regions of interest during an independent task where par-

ticipants judged the magnitude of Arabic digits. In both regions of interest, we

observed a strong correlation between their respective RSMs (Figure 6.4C-D) and

neural representations observed in the hidden-layer of the minimum-norm neural

network. As investigated in great detail in the original publication, these effects

survived cross-validation, including reaction times as a nuisance covariate, and

were confirmed using a whole-brain searchlight approach (Nelli et al., 2023). In
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line with the representations used by the minimum-norm solution, using MDS to

visualise the neural geometry of BOLD signals in these areas revealed overlapping

neural number lines with matching rank (Figure 6.4C-D). Unlike the network’s

neural representations, the number lines derived from BOLD data were curved.

This phenomenon has previously been observed in scalp EEG recordings (Luyckx

et al., 2019) and multi-unit activity in the macaque’s lateral intraparietal cortex

(Okazawa et al., 2021). We note that the curvature arises naturally in a model

where inputs are subject to Gaussian noise, rather than relying on noise-free hot-

cold input vectors. A neural representation in which ranked items are encoded on

overlapping manifolds supports generalization across sets of items with equivalent

levels of brispiness. The overlapping representations align with the structure of the

task and inherently facilitate transitive inference, the symbolic distance effect, and

importantly, rank-matching, as demonstrated in the analysis of network behaviour

for minimum-norm solutions.

6.3.2 Exact continual learning predicts human behaviour

and neural representations during test phase two

Next, we turned to the central question of how neural representations must be re-

organised to integrate knowledge during the second training phase. The minimum-

norm solution across all pairs of objects, including the two objects that connect

set one and set two (i.e., 6 and 7), makes the following behavioural predictions:

All items in set one should be ranked as more brispy than items in set two and

the symbolic distance effect should span the whole range of items (Figure 6.5A).

How then, can one rearrange the overlapping neural representations after the first

training phase, into a single, unified hierarchy upon exposure to the two connecting

objects, as predicted by the minimum-norm solution?

To this end, we optimised a neural network in accordance with the experimen-
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A B C D

E F G

Figure 6.5: Final network and human behaviour. (A) Network choice matrix
of minimum-norm solution. The network predicts that all items in set one are
ranked higher than items in set two and the symbolic distance effect spans the
whole range of items. (B) Network choice matrix after training phase one for
α = 0.3. Choice matrix after training phase one for α = 0 is identical (not shown).
(C) Network choice matrix for test phase one for α = 0 learns the relation between
items 5 and 6 as an exception, whereas (D) training with α = 0.3 integrates
information into responses that are reminiscent of the minimum-norm solution in
A. (E) Average choice matrix across all human subjects after boundary training.
The red box highlights item 5 and 6. On average, choices respect the ground truth
rank. (F) Human choice matrix of lower performing subjects during test phase
two. The choice pattern is reminiscent of training with α = 0. (G) Human choice
matrix of higher performing subjects is reminiscent of exact continual learning with
α = 0.3.
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tal procedure. First, the network was trained on 960 trials of training phase one

and subsequently on 20 trials of training phase two. As formulated, the learning

problem can be solved in one shot using the ECL rule for relational knowledge

(Section 5.3.4). The ECL rule relies on knowing whether two objects belong to

the same graph. However, while the ECL rule connects items within a graph from

a single exposure, humans gradually build certainty about relationships between

experiences over time. To address this difference, we modified the ECL rule by

incorporating a certainty measure to estimate whether two objects belong to the

same graph (Methods 6.4.2). To regulate the speed at which certainty was accu-

mulated, we introduced the hyperparameter α. When α was set to zero, relational

evidence was ignored, and items were never grouped into the same graph, effectively

reducing the ECL rule to gradient descent. In contrast, for α = 0.3, the network

gradually accumulated evidence that objects appearing together belonged to the

same graph and that their relationships should be preserved as new knowledge was

acquired.

When training started from small initial weights, the network converged to the

minimum-norm solution of training phase one, independent of the choice of α (Fig-

ure 6.5B). However, during the second training phase, the neural network learned

the relation between object 6 and 7 as an exception for small α, failing to preserve

previously learned relationships between objects within each set (Figure 6.5C). In

contrast, for large α the network learned that objects within each of the two sets

are part of a graph and preserved these relationships. This allowed the network

to seamlessly integrate knowledge during the second phase of training, leading to

minimum-norm network behaviour (Figure 6.5D).

In humans, the second test phase showed that participants correctly learned the

relation between objects 6 and 7 (accuracy: 86%± 15%). On average, participants

successfully inferred that all objects lay on a single, continuous axis of brispiness

(Figure 6.5E). However, there was substantial variability in performance across
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participants for other relations, as indicated by a drop in median accuracy from

88.3% in the first test phase to 79.8% in the second. Since average response times

remained consistent between the first test phase (1, 153 ± 41 ms) and the second

test phase (1, 166± 43 ms), this decline was unlikely to result from reduced atten-

tion between conditions. Instead, we reasoned that some participants may have

failed to restructure their knowledge, continuing to view the two sets as indepen-

dent and treating objects 6 and 7 as exceptions, consistent with the predictions of

the network trained with α = 0. Supporting this idea, splitting participants based

on median performance revealed two groups: one group learned objects 6 and 7 as

exceptions, while the other group successfully integrated the new information and

linked the two sets into a single hierarchy (Figure 6.5F-G). Analysis of response pat-

terns during the second test phase within each group revealed a strong correlation

with the respective network models. Responses from the lower performing group

were highly correlated with the network that ignored relational evidence (r = .87,

p < .001), while responses from the higher performing group were highly correlated

with the network that preserved relational structure (r = .98, p < .001). Thus,

training the neural network using the ECL rule with different values of α correctly

predicts successful and less successful patterns of knowledge assembly observed in

humans.

Next, we analysed RSMs and the geometry of neural representation in both

neural networks and BOLD signals during the second test phase. The minimum-

norm solution across all pairs of inputs predicts neural representations that are

one elongated number line, reflecting the ranking of items 1 to 12 (Figure 6.6A).

Networks trained using gradient descent-like dynamics (α = 0) failed to encode

relations within each set, treating boundary items as exceptions while leaving the

representations of other objects unchanged and overlapping (Figure 6.6B). In con-

trast, networks that encoded relations within each set (α = 0.3), preserved the

previously acquired relationships between objects by effectively pushing objects
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A B C D E

Figure 6.6: Final representational geometry. (A) RSM of minimum-norm solution
hidden-layer presentations and corresponding 2D MDS plot of combines dataset
consisting of all training pairs. (B) Same as A but for learning with α = 0. Note
how 6 and 7 are learned as an exception. (C) Same as A but for learning with
α = 0.3. (D) Neural data RSMs from patterns of BOLD in the PPC region of
interest and corresponding 2D MDS plot of the same data during test phase two.
(C) Same as B but for dmPFS region of inters.

within each context in opposing directions, leading to one elongated number line

(Figure 6.6C). In BOLD, we observed neural geometry forming a single, elongated

curved line in both the PPC and dmPFC regions of interest (Figure 6.6D-E). This

reorganization of neural representations occurred within just 20 trials and aligns

with the predictions of the minimum-norm neural network. The ECL algorithm

offers a plausible mechanism for how such updates could be achieved.

6.4 Methods

6.4.1 Network model

All simulation studies were implemented using Python and a learning rate of η =

0.05. We implemented the two-layer linear neural network with Ni = 12, Nh = 6

and No = 1. Inputs where encoded as hot-cold vectors and target outputs as ±1.

Minimum-norm solutions where implemented as

Ω2 = U
√
SRT and Ω1 = R

√
SVT , (6.8)
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where

SVD
(
Σyx (Σxx)

+) = USVT , (6.9)

is the compact SVD of the least-squares solution of the respective training pairs

and R is an arbitrary semi-orthogonal matrix that we sampled from the random

orthogonal group. General and least-squares solution where implemented by sam-

pling large initial weights from a uniform distribution in [−3, 3] and [−2, 2] for W1

and W2 respectively. We then, optimised the network with gradient descent unil

convergence. In the case of least-squares solutions, we further ensured that W1

was restricted to the space covered by the inputs by setting

W1 = W1GGT with SVD(X) = GBHT . (6.10)

6.4.2 Exact continual learning with evidence accumulation

Instead of directly encoding the graph structure and encoding relations as binary

variable, we introduces the symmetric and square matrix A ∈ RNi×Ni . Each of

the entries of the matrix Aab encoded how certain the network is, that two objects

a and b are part of the same graph. Since objects are always correctly related to

themselves, we enforced the diagonal of A to be equal to 1 at all times. Let the

i-th row and column of A be denoted by Ai∗ and A∗i respectively, then, during

training on input-pair xab, we set

Aa∗(t+ 1) = A∗a(t+ 1) = (1− α)Aa∗(t) + αAb∗(t), (6.11)

and respectively

Ab∗(t+ 1) = A∗b(t+ 1) = (1− α)Ab∗(t) + αAa∗(t). (6.12)
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Hence, training on objects i and j partially increased the certainty that object i is

connected to object j and all other objects that object j was related to (and vice

versa). The free parameter α determined how quickly evidence was accumulated.

Training was then performed using the ECL rule for relational knowledge, where

objects were considered part of the same graph if the corresponding entry Aab

exceeded a threshold of 0.95.

6.5 Discussion

In this chapter, we presented both behavioural and neural evidence for the rapid as-

sembly of knowledge in human participants. In just 20 training trials, participants

successfully linked two sets of related objects into one coherent whole. Remarkably,

human behavioural patterns and neural representations were closely aligned with

the minimum-norm solution of a two-layer linear network model, indicating that

humans rely on task-specific, low-dimensional neural representations.

By adapting the ECL rule to dynamically integrate evidence of objects being

part of the same graph structure, we were able to account for participants who

either treated the boundary condition as an exception or those who successfully in-

tegrated knowledge into one coherent whole. Notably, näıve gradient descent could

not account for the process of knowledge integration. The ECL rule is agnostic

regarding how exactly certainty about object relations is acquired and encoded.

As long as the binary information about whether two objects are related to each

other is available, the ECL rule can preserve their relationship, independent from

how and where the objects are encoded in the network. This provides a general,

computational mechanism for relational learning in both humans and artificial sys-

tems.

While periods of quiet rest between trials could allow for alternative compu-

tational mechanisms such as replay, which has been linked to consolidation (Ego-
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Stengel & Wilson, 2010) and spontaneous reorganisation of mental representation

(Y. Liu et al., 2019), our training paradigm left very little time for rehearsal or

replay. Given that boundary training was few-shot and the large number of train-

ing pairs that would need to be replayed, we think that it is unlikely that replay

is the main driver of participants’ knowledge assembly. Instead, the results imply

that the brain may rely on efficient updates to its neural representations during

learning, similar to how the ECL rule updates neural representations of relational

structure.

We note that one potential downside of the ECL algorithm is that objects

must be uniquely identifiable to be encoded as hot-cold inputs. For a discussion

and analysis of transitive inference with flexible object encoding, see Lippl et al.

(2024). One way to test the reliance on uniquely identifiable objects would be to

conduct a knowledge stitching experiment, in which objects are not unique or novel

but are highly similar. If two objects are confused, our theory predicts that their

neural representations should overlap, causing them to be treated as part of the

same graph. Consequently, if the neural representation of one of these objects is

updated, the other should also be updated.

In summary, this chapter demonstrates that both human behavioural and neu-

ral data align with predictions from the ECL-based network model, suggesting that

human relational learning involves efficient mechanisms for integrating and reorga-

nizing knowledge. The results highlight how both humans and artificial networks

may employ similar computational principles for relational learning, utilizing low-

dimensional, task-specific neural representations and computational mechanisms

that preserve previously acquired relational knowledge.
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Understanding continual learning requires rethinking neural computations and rep-

resentations. In this thesis, we used an analytically tractable model to study the

continual learning problem in a computational system that processes information

in a parallel and distributed manner, much like the brain. A key challenge in un-

derstanding continual learning in both biological and artificial neural networks is

their inherent complexity. Even in artificial networks, where every part is acces-

sible before, during, and after training, understanding how neural computations

and representations generate network behaviour and evolve throughout learning

is an exceptionally hard problem. In biological systems, this challenge is further

aggravated by the inaccessibility of living tissue. Thus, analyses of neural com-

putations are often limited to heuristics, approximations, or isolated observations

of substructures and individual neurons. As a result, the conclusions drawn from

these partial observations can be misleading.

For example, one might come to the conclusion that neural representations

should remain stable to facilitate stable perception and behaviour. Here, we ar-

gue that contrary to this intuition, if the brain ought to acquire an input-output

function that approximately operates in the minimum-norm regime, keeping repre-

sentations fixed would be detrimental, and instead, representations must change to

preserve knowledge during learning. Importantly, this remains true independently

of what algorithm the brain employs for learning.

Similarly, one might assume that preserving neural computations requires main-

taining the stability of individual neurons’ computations. While this seems intu-

124



Chapter 7. General Discussion

itive, the solution manifold in both linear and nonlinear neural networks reveals a

whole set of solutions, offering significant flexibility in individual synaptic weights

and neuron-specific computations. Though there may be some truth to this idea

in biological neural networks, it is not the case at the representational level, as

demonstrated by our findings.

Importantly, misconceptions stemming from the stability-plasticity hypothesis

have shaped the field of continual learning and become the dominant framework

for addressing this problem. Already in the 90s French (1991) argued ”... you can’t

have it both ways. A system that develops highly distributed representations will be

able to generalize but will suffer from catastrophic forgetting; conversely, a system

that develops very local presentations will not suffer from catastrophic forgetting,

but will lose some of its ability to generalize.” In this thesis, we show that this

intuition is not universally true. By deriving a loss function from first-principle

that leverages the knowledge embedded within synaptic weights, we demonstrate

how to perfectly integrate new information into task-specific neural representations,

without catastrophic forgetting.

Ultimately, a continual learning algorithm should produce networks that utilise

task-specific neural representations as if they were trained from scratch on the entire

data distribution. Our exact continual learning framework is a first step in this

direction. The exact continual learning loss is a function of synaptic weights and the

current training pair only, and thus provides an ideal starting point for developing

biologically plausible local learning rules that effectively integrate knowledge during

learning. Extending or adapting this approach to nonlinear networks, whether

through approximations or rigorous analysis, remains a promising avenue for future

research. Crucially, our framework provides testable predictions, and we present

initial experimental evidence indicating that humans may employ a mechanism

akin to exact continual learning.

Until the continual learning problem is solved, artificial networks will remain
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static, lacking true adaptability and requiring costly retraining from scratch as the

world evolves, posing a tremendous financial and environmental burden (Strubell et

al., 2020). Taken together, our results provide a powerful mathematical framework

for studying continual learning in both biological and artificial neural networks and

bringing us one step closer to understanding efficient and adaptive learning.
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ics of stochastic gradient descent for two-layer neural networks in the teacher-

student setup. Advances in neural information processing systems , 32 .

Goodfellow, I. J., Mirza, M., Xiao, D., Courville, A., & Bengio, Y. (2013). An em-

pirical investigation of catastrophic forgetting in gradient-based neural networks.

arXiv preprint arXiv:1312.6211 .

137



Preserving Knowledge During Learning

Goodfellow, I. J., Pouget-Abadie, J., Mirza, M., Xu, B., Warde-Farley, D., Ozair,

S., . . . Bengio, Y. (2014). Generative adversarial nets. Advances in neural

information processing systems , 27 .

Graf, A. B., Kohn, A., Jazayeri, M., & Movshon, J. A. (2011). Decoding the activity

of neuronal populations in macaque primary visual cortex. Nature neuroscience,

14 (2), 239–245.

Greville, T. N. E. (1966). Note on the generalized inverse of a matrix product.

Siam Review , 8 (4), 518–521.
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Appendix to Chapter 3

A.1 General linear solution

Theorem A.1. Under the assumptions of a convex and differentiable loss function

(Assumption 1) and no bottlenecks (Asuumption 2), a two-layer linear network

(Equation 3.2) has converged to a global optimum if and only if

W2W1Σxx = Σyx. (A.1)

Proof of Theorem A.1. From Theorem 3 in Laurent & Brecht (2018) it follows that

any minimum of the mean-squared error of the two-layer linear neural network

LMSE =
1

2P

P∑
n=1

||W2W1xn − y||22 (A.2)

corresponds to a global optimum of the convex single-layer optimisation problem

LMSE =
1

2P

P∑
n=1

||W̄xn − y||22, (A.3)

where

W̄ = W2W1. (A.4)

Therefore, all optima of the two-layer linear network problem are global and cor-
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respond to
∂LMSE

∂W̄

!
= 0

⇔ 1

P

P∑
n=1

(
W̄xn − yn

)
xT
n = 0

⇔ W̄
1

P

P∑
n=1

xnx
T
n −

1

P

P∑
n=1

ynx
T
n = 0

⇔ W̄Σxx = Σyx.

(A.5)

Resubstitution then gives the general linear solution

W2W1Σxx
!
= Σyx. (A.6)

A.2 Least-squares solution

Theorem A.2. In accordance with Theorem A.1, let Ω1 and Ω2 denote a pair of

network weights that implement a general linear solution. Then, pairs of network

weights for which

argmin
Ω1,Ω2

||Ω2Ω1||2F (A.7)

obey

Ω2Ω1 = ΣyxΣ
+
xx. (A.8)

Proof of Theorem A.2. We use the method of Lagrangian multipliers to minimise

argmin
W1,W2

||W2W1||2F (A.9)

such that

W2W1Σxx = Σyx. (A.10)
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The Lagrangian is then

L = ||W2W1||2F + Tr
(
ΛT (W2W1Σxx −Σyx)

)
(A.11)

with gradients

∂L
∂W1

= 2WT
2 W2W1 +WT

2 ΛΣxx
!
= 0, (A.12)

∂L
∂W2

= 2W2W1W
T
1 +ΛΣxxW

T
1

!
= 0, (A.13)

and

∂L
∂Λ

= W2W1Σxx −Σyx
!
= 0. (A.14)

We continue with Equation A.12

2WT
2 W2W1 +WT

2 ΛΣxx = 0

⇔ 2ΣxxW
T
1 W

T
2 W2W1Σxx +ΣxxW

T
1 W

T
2 ΛΣxxΣxx = 0

⇔ 2ΣT
yxΣyx = −ΣT

yxΛΣxxΣxx

(A.15)

where in the third line we substituted Equation A.14. Next, we substitute the

compact SVD(X) = ABCT and the compact SVD(Y) = DEFT

2ΣT
yxΣyx = −ΣT

yxΛΣxxΣxx

⇔ 2
1

P
XYT 1

P
YXT = − 1

P
XYTΛ

1

P
XXT 1

P
XXT

⇔ 2ABCTFE2FTCBAT = − 1

P
ABCTFEDTΛAB4AT

⇔ 2CTFE2FTC = − 1

P
CTFEDTΛAB3

⇒ Λ = −2PDEFTCB−3AT

(A.16)
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Substitution into Equation A.13 then yields

2W2W1W
T
1 +ΛΣxxW

T
1 = 0(

2W2W1W
T
1 +Λ

1

P
XXT

)
WT

1 = 0(
2W2W1 − 2PDEFTCB−3AT 1

P
AB2AT

)
WT

1 = 0

(
W2W1 −DEFTCB−1AT

)
WT

1 = 0(
W2W1 −DEFTCBATAB−2AT

)
WT

1 = 0(
W2W1 −YXT (XXT )+

)
WT

1 = 0(
W2W1 −ΣyxΣ

+
xx

)
WT

1 = 0

⇒W2W1 = ΣyxΣ
+
xx.

(A.17)

Finally, substituting back into the constraint gives

W2W1Σxx = Σyx

ΣyxΣ
+
xxΣxx = Σyx

1

P
DEFTCBATPAB−2AT 1

P
AB2AT =

1

P
DEFTCBAT

1

P
DEFTCBAT =

1

P
DEFTCBAT ,

(A.18)

which shows that pairs of W1 and W2 for which W2W1 = ΣyxΣ
+
xx are indeed a

solution and therefore that the solution obeys

Ω2Ω1 = ΣyxΣ
+
xx. (A.19)
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A.3 Minimum-norm solution

Theorem A.3. In accordance with Theorem A.1, let Ω1 and Ω2 denote a pair of

network weights that implement a general linear solution. Then, pairs of network

weights for which

argmin
Ω1,Ω2

||Ω1||2F + ||Ω2||2F (A.20)

obey

Ω2 = U
√
SRT and Ω1 = R

√
SVT , (A.21)

where R is an arbitrary (semi-)orthogonal matrix of appropriate shape.

Proof of Theorem A.3. We use the method of Lagrangian multipliers to minimise

argmin
W1,W2

||W1||2F + ||W2||2F (A.22)

under the constraint that

W2W1 = ΣyxΣ
+
xx. (A.23)

Let

SVD(ΣyxΣ
+
xx) = USVT (A.24)

denote the compact SVD of the constraint. Then the Lagrangian is

L = ||W1||2F + ||W2||2F + Tr
(
ΛT
(
W2W1 −USVT

))
(A.25)

with gradients
∂L
∂W1

= 2W1 +WT
2 Λ

!
= 0

⇔W1 = −
1

2
WT

2 Λ,

(A.26)
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∂L
∂W2

= 2W2 +ΛWT
1

!
= 0

⇔W2 = −
1

2
ΛWT

1 ,

(A.27)

and

∂L
∂Λ

= W2W1 −USVT !
= 0. (A.28)

Starting from Equation A.27 we have

W2 = −
1

2
ΛWT

1

⇔WT
2 W2 = −

1

2
WT

2 ΛWT
1

⇔WT
2 W2 = W1W

T
1 ,

(A.29)

where in the last line we substituted Equation A.26. Let

SVD(W2) = ABCT and SVD(W1) = DEFT (A.30)

be the compact SVD of the network weights, then

WT
2 W2 = W1W

T
1

⇔ CBATABCT = DEFTFEDT

⇔ CB2CT = DE2DT ,

(A.31)

from which it follows that

C = D and B2 = E2 ⇔ B = E, (A.32)

where the last equality comes from the fact that B and E are diagonal matrices

with diagonal entries that are larger or equal to zero. In the following we denote

C and D as R, and B and E as G. Then, W1 and W2 must be of identical rank
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and

W2 = AGRT and W1 = RGFT , (A.33)

where R is an arbitrary (semi-)orthogonal matrix of appropriate shape. Finally,

substituting this result into Equation A.28 gives

W2W1 = USVT

⇔ AGRTRGFT = USVT

⇔ AG2FT = USVT

(A.34)

from which it follows that

A = U, FT = VT and G2 = S⇔ G =
√
S (A.35)

and therefore that

W2 = U
√
SRT and W1 = RT

√
SVT . (A.36)

A.4 Solution manifold

Theorem A.4. If Ni ̸= No, there exist pairs of optimal network weights Ω1, Ω2,

and Ω̄1, Ω̄2 in accordance with Theorem A.1, such that there exists no matrix Q

that satisfies the condition

Ω̄2 = Ω2Q
−1 and Ω̄1 = QΩ1. (A.37)

Proof of Theorem A.4. Note that rank(AB) ≤ min(rank(A), rank(B)) and there-
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fore, if No < Ni, then ryx = rank(Σyx) ≤ No < Ni. Let

SVD(ΣyxΣ
+
xx) = USVT (A.38)

denote the compact SVD of the least-squares solution, then network weights

Ω2 =

ryx∑
i=1

√
siuir

T
i and Ω1 =

ryx∑
i=1

√
siriv

T
i (A.39)

are a linear solution (Theorem A.3). Then, let

Ω̄1 =

ryx∑
i=1

√
siriv

T
i +
√
s̄r̄v̄T , (A.40)

where s̄ ̸= 0 is an arbitrary constant, r̄ is an arbitrary vector such that Rr̄ = 0,

and v̄ is a vector such that Vv̄ = 0. Since the network is not bottlenecked and

No < Ni we are guaranteed that such a vector exists. Further, let

Ω̄2 = ΣyxΩ̄
T
1 (Ω̄1ΣxxΩ̄

T
1 )

+, (A.41)

then Ω̄1 and Ω̄2 are a linear solution too. Note, that rank(Ω̄1) = rank(Ω1)+1 and

because

rank(QΩ1) ≤ min(rank(Q), rank(Ω1)) < Ω̄1, (A.42)

there can be no Q such that

Ω̄1 = QΩ1. (A.43)

Reversing the inequality to Ni < No and following the same logic leads to the same

result.
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A.5 Noise sensitivity

Theorem A.5. In accordance with Theorem A.1, let Ω1 and Ω2 denote a pair

of network weights that implement a linear solution. Then, the expected loss un-

der additive, independent and identically distributed, zero-centred input noise with

variance σ2
x is

〈
1

2P

P∑
n=1

||Ω2Ω1 (xn + ξn)− yn||22

〉
ξ

=
σ2
x

2
||Ω2Ω1||2F + c, (A.44)

where

c =
1

2
Tr(Σyy)−

1

2
Tr(Σyx(Σxx)

+ΣT
yx) (A.45)

is a noise-independent constant that only depends on the statistics of the training

data.

Proof of Theorem A.5. The expected mean squared error over the training data

of a linear solution (Theorem A.1) under additive, independent and identically

distributed, zero-centred input noise with variance σ2
x is

〈
1

2P

P∑
n=1

||Ω2Ω1(xn + ξn)− yn||22

〉
ξ

=
1

2P

P∑
n=1

〈
||Ω2Ω1xn − yn︸ ︷︷ ︸

a

+Ω2Ω1ξn︸ ︷︷ ︸
b

||22

〉
ξ

=
1

2P

P∑
n=1

aTa+
1

2P

P∑
n=1

2
〈
aTb

〉
ξ
+

1

2P

P∑
n=1

〈
bTb

〉
ξ
.

(A.46)
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Then, using the definition of a linear solution, i.e., Ω2Ω1Σxx = Σyx, we get

1

2P

P∑
n=1

aTa =
1

2P

P∑
n=1

(Ω2Ω1xn − yn)
T (Ω2Ω1xn − yn)

=
1

2P

P∑
n=1

xT
nΩ

T
1Ω

T
2Ω2Ω1xn −

1

2P

P∑
n=1

xT
nΩ

T
1Ω

T
2 yn

− 1

2P

P∑
n=1

yT
nΩ2Ω1xn +

1

2P

P∑
n=1

yT
nyn

=
1

2
Tr(ΩT

1Ω
T
2Ω2Ω1Σxx)− Tr(ΩT

1Ω
T
2Σyx) +

1

2
Tr(Σyy)

=
1

2
Tr(Σyy)−

1

2
Tr(ΩT

1Ω
T
2Σyx)

(A.47)

Which we can rewrite by means of the compact SVD of the input correlation matrix

Σxx = USUT

= USUTUS−1UTUSUT

= Σxx(Σxx)
+ΣT

xx,

(A.48)

as
1

2P

P∑
n=1

aTa =
1

2
Tr(Σyy)−

1

2
Tr(ΩT

1Ω
T
2Σyx)

=
1

2
Tr(Σyy)−

1

2
Tr(ΩT

1Ω
T
2Ω2Ω1Σxx)

=
1

2
Tr(Σyy)−

1

2
Tr(Ω2Ω1Σxx(Σxx)

+ΣT
xxΩ

T
1Ω

T
2 )

=
1

2
Tr(Σyy)−

1

2
Tr(Σyx(Σxx)

+ΣT
yx).

(A.49)

Next, using the assumption that noise is zero-centred and therefore that

⟨ξn⟩ξ = 0, (A.50)
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we derive

1

2P

P∑
n=1

2
〈
aTb

〉
ξ
=

1

2P

P∑
n=1

2(Ω2Ω1xn − yn)
TΩ2Ω1 ⟨ξn⟩ξ

= 0

(A.51)

Finally, using that

⟨ξnξTn ⟩ξ = σ2I (A.52)

we have
1

2P

P∑
n=1

〈
bTb

〉
ξ
=

1

2P

P∑
n=1

〈
ξTnΩ

T
1Ω

T
2Ω2Ω1ξn

〉
ξ

=
1

2P

P∑
n=1

Tr
(
ΩT

1Ω
T
2Ω2Ω1

〈
ξnξ

T
n

〉
ξ

)
=

1

2P
σ2
x Tr

(
ΩT

1Ω
T
2Ω2Ω1

)
=

σ2
x

2P
||Ω2Ω1||2F .

(A.53)

Substituting, Equations A.49, A.51, and A.53 back into Equation A.46, then con-

cludes the proof.

Theorem A.6. In accordance with Theorem A.1, let Ω1 and Ω2 denote a pair of

network weights that implement a linear solution. Then, the expected loss under

additive, independent and identically distributed, zero-centred parameter noise with

variance σ2
1 and σ2

2 is

〈
1

2P

P∑
n=1

|| (Ω2 +Ξ2) (Ω1 +Ξ1)xn − yn||22

〉

=
1

2

(
σ2
1||Ω2||2F Tr(Σxx) +Noσ

2
2 Tr(Ω

T
1Ω1Σxx) +Nhσ

2
1Noσ

2
2 Tr(Σxx)

)
+ c

(A.54)

where

c =
1

2
Tr(Σyy)−

1

2
Tr(Σyx(Σxx)

+ΣT
yx) (A.55)

is a noise-independent constant that only depends on the statistics of the training
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data.

Proof of Theorem A.6. We start by deriving general forms of expected values for

random matrix products. Let Ξ1 ∈ Rn×m and Ξ2 ∈ Rl×n denote matrices with

independent and identically distributed entries sampled from a zero-centred random

distribution with variance σ2
1 and σ2

2 respectively. Further, let Ξ•i and Ξ•j denote

the i-th and j-th column of these matrices. Then, the expected value of the matrix

product of these matrices is

〈
Ξ2Ξ1

〉
=
〈
Ξ2

〉〈
Ξ1

〉
= 0, (A.56)

because the matrices are zero-centred and independent and identically distributed.

Further, the expected value of their inner product is

〈
ΞT

1iΞ1j

〉
=


0, if i ̸= j

nσ2
1, otherwise

=⇒
〈
ΞT

1Ξ1

〉
= nσ2

1I ∈ Rm×m, (A.57)

and the expected value of the outer product is

〈
Ξ1iΞ

T
1j

〉
=


0, if i ̸= j

σ2
1I, otherwise

=⇒
〈
Ξ1Ξ

T
1

〉
= mσ2

1I ∈ Rn×n, (A.58)

and 〈
Ξ2jΞ

T
1i

〉
= 0 ∈ Rl×m. (A.59)

LetA ∈ Rn×l denote an arbitrary constant matrix. The i, j-th value of the expected
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value matrix of the matrix product ΞT
1AΞ2 can then be written as

〈
ΞT

1AΞ2

〉
i,j

=
〈
ΞT

1i
AΞ2j

〉
= Tr

(〈
ΞT

1i
AΞ2j

〉)
=
〈
Tr
(
ΞT

1i
AΞ2j

)〉
=
〈
Tr
(
AΞ2jΞ

T
1i

)〉
= Tr

(〈
AΞ2jΞ

T
1i

〉)
= Tr

(
A
〈
Ξ2jΞ

T
1i

〉)
= Tr

(
A
〈
Ξ2j

〉 〈
ΞT

1i

〉)
= 0,

(A.60)

and therefore 〈
ΞT

1AΞ2

〉
= 0. (A.61)

Similarly, with constant matrix B ∈ Rn×n for i ̸= j we get

〈
ΞT

1BΞ1

〉
i,j

= Tr
(
B
〈
Ξ1jΞ

T
1i

〉)
= Tr (B0)

= 0

(A.62)

and for i = j 〈
ΞT

1BΞ1

〉
i,j

= Tr
(
B
〈
Ξ1jΞ

T
1i

〉)
= Tr

(
Bσ2

1I
)

= σ2
1 Tr (B)

(A.63)

and therefore 〈
ΞT

1BΞ1

〉
= σ2

1 Tr (B) I. (A.64)

The expected mean squared error over the training data of a linear solution (The-

orem A.1) under additive, independent and identically distributed zero-centred
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parameter noise with variance σ2
1 and σ2

2 is

〈
1

2P

P∑
n=1

|| (Ω2 +Ξ2) (Ω1 +Ξ1)xn − yn||22

〉

=
1

2P

P∑
n=1

〈
||Ω2Ω1xn − yn︸ ︷︷ ︸

a

+Ω2Ξ1xn +Ξ2Ω1xn +Ξ2Ξ1xn︸ ︷︷ ︸
b

||22

〉

=
1

2P

P∑
n=1

aTa+
1

2P

P∑
n=1

2
〈
aTb

〉
+

1

2P

P∑
n=1

〈
bTb

〉
.

(A.65)

As in the previous proof, we have

1

2P

P∑
n=1

aTa =
1

2
Tr(Σyy)−

1

2
Tr(Σyx(Σxx)

+ΣT
yx). (A.66)

Using the fact that noise is zero-centred and independent, we solve

1

2P

P∑
n=1

2
〈
aTb

〉
=

1

P

P∑
n=1

〈
(Ω2Ω1xn − yn)

T (Ω2Ξ1xn +Ξ2Ω1xn +Ξ2Ξ1xn)
〉

=
1

P

P∑
n=1

(Ω2Ω1xn − yn)
T (Ω2 ⟨Ξ1⟩xn + ⟨Ξ2⟩Ω1xn + ⟨Ξ2Ξ1⟩xn)

= 0. (A.67)

Which leaves us with the third term, which we can rewrite as

〈
bTb

〉
= xT

n

(〈
ΞT

1Ω
T
2Ω2Ξ1

〉
+
〈
ΞT

1Ω
T
2Ξ2Ω1

〉
+
〈
ΞT

1Ω
T
2Ξ2Ξ1

〉
+
〈
ΩT

1Ξ
T
2Ω2Ξ1

〉
+
〈
ΩT

1Ξ
T
2Ξ2Ω1

〉
+
〈
ΩT

1Ξ
T
2Ξ2Ξ1

〉
+
〈
ΞT

1Ξ
T
2Ω2Ξ1

〉
+
〈
ΞT

1Ξ
T
2Ξ2Ω1

〉
+
〈
ΞT

1Ξ
T
2Ξ2Ξ1

〉)
xn.

(A.68)

Using the fact that noise is zero-centred and Equations A.61 we can solve summands
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2, 3, 4, 6, 7, and 8 as

〈
ΞT

1Ω
T
2Ξ2Ω1

〉
=
〈
ΞT

1Ω
T
2Ξ2

〉
Ω1 = 0, (A.69)〈

ΞT
1Ω

T
2Ξ2Ξ1

〉
=
〈
ΞT

1Ω
T
2

〈
Ξ2

〉
Ξ2
Ξ1

〉
Ξ1

= 0, (A.70)〈
ΩT

1Ξ
T
2Ω2Ξ1

〉
= ΩT

1

〈
ΞT

2Ω2Ξ1

〉
= 0, (A.71)〈

ΩT
1Ξ

T
2Ξ2Ξ1

〉
= ΩT

1

〈
ΞT

2Ξ2

〈
Ξ1

〉
Ξ1

〉
Ξ2

= 0, (A.72)〈
ΞT

1Ξ
T
2Ω2Ξ1

〉
=
〈
ΞT

1

〈
ΞT

2

〉
Ξ2
Ω2Ξ1

〉
Ξ1

= 0, (A.73)〈
ΞT

1Ξ
T
2Ξ2Ω1

〉
=
〈
ΞT

1

〉
Ξ1

〈
ΞT

2Ξ2

〉
Ξ2

Ω1 = 0. (A.74)

Which leaves us with summand 1, 5, and 9, which can be solved using Equa-

tion A.57, A.58, and A.64 as

〈
ΞT

1Ω
T
2Ω2Ξ1

〉
= σ2

1 Tr
(
ΩT

2Ω2

)
I

= σ2
1||Ω2||2F I,

(A.75)

〈
ΩT

1Ξ
T
2Ξ2Ω1

〉
= ΩT

1

〈
ΞT

2Ξ2

〉
Ω1

= ΩT
1Noσ

2
2IΩ1

= Noσ
2
2Ω

T
1Ω1, and

(A.76)

〈
ΞT

1Ξ
T
2Ξ2Ξ1

〉
ij
=
〈
Tr
(
ΞT

1i
ΞT

2Ξ2Ξ1j

)〉
= Tr

(〈
ΞT

2Ξ2

〉
Ξ2

〈
Ξ1jΞ

T
1i

〉
Ξ1

)
= Noσ

2
2 Tr

(〈
Ξ1jΞ

T
1i

〉
Ξ1

)

=


0, if i ̸= j

Noσ
2
2σ

2
1 Tr (I) , otherwise

=⇒
〈
ΞT

1Ξ
T
2Ξ2Ξ1

〉
= Nhσ

2
1Noσ

2
2I.

(A.77)
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Resubstitution of the summands, then yields

1

2P

P∑
n=1

〈
bTb

〉
=

1

2P

P∑
n=1

xT
n

(
σ2
1||Ω2||2F I+Noσ

2
2Ω

T
1Ω1 +Nhσ

2
1Noσ

2
2I
)
xn (A.78)

=
1

2

(
σ2
1||Ω2||2F Tr(Σxx) +Noσ

2
2 Tr(Ω

T
1Ω1Σxx) +Nhσ

2
1Noσ

2
2 Tr(Σxx)

)
.

Substituting Equations A.66, A.67, and A.78 back into Equation A.65, then

concludes the proof.

Theorem A.7. Under the assumption of one-hot inputs, an optimal two-layer

neural network with any desired non-linear activation function is achievable by a

two-layer linear network.

Proof of theorem A.7. Let

ŷ = Ω2ϕ(Ω1xn) (A.79)

be an optimal non-linear two layer neural network function with any desired ac-

tivation function ϕ and any desired one-hot input xn. Let Ω1i denotes the i-th

column of Ω1, then

ŷ = Ω2ϕ(Ω1xn)

= Ω2ϕ(Ω1i)

= Ω2ϕ(Ω1)xn

= Ω2Ω̃1xn

(A.80)

is the corresponding two-layer linear network with identical network function.
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B.1 QQT (t) dynamics

Proof of Theorem 4.1. The proof proceeds through three steps: first, we derive an

ansatz, then we demonstrate that the ansatz solves the matrix Riccati equation,

and finally, we verify that the ansatz matches the equation stated in the theorem.

Step 1: Derivation of the ansatz

Let Nm = min(Ni, No) denote the smaller of the input and output dimension.

Further, in accordance with the main text, let

SVD (Σyx) = ŨS̃ṼT (B.1)

denote the compact SVD of the input-output correlation matrix of the task. Then,

in the case of unequal input-output dimensions Ũ and Ṽ are not generally square

and orthonormal (General Methods 2.7).

More specifically, in the case of Ni < No, ŨT Ũ = ṼT Ṽ = ṼṼT = INi
but

ŨŨT ̸= INo . In this case, we use Ũ⊥ ∈ RNo×(No−Ni) to denote the matrix that

completes the basis such that ŨŨT + Ũ⊥Ũ
T
⊥ = INo and Ṽ⊥ ∈ RNi×(No−Ni) to

denote a matrix of zeros.

Conversely, in the case of Ni > No, ŨŨT = ŨT Ũ = ṼT Ṽ = INo but ṼT Ṽ ̸=

INi
and we define Ṽ⊥ ∈ RNi×(Ni−No) such that ṼṼT + Ṽ⊥Ṽ

T
⊥ = INi

and Ũ⊥ ∈

RNo×(No−Ni) to denote a matrix of zeros.

The solution to the matrix Riccati equation as provided by Fukumizu (Equa-
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tion 4.8) requires calculation of the matrix exponential eF
t
τ and the inverse F−1.

To this end, we diagonalise F as

F =

 0 ŨS̃ṼT

ŨS̃ṼT 0

 = PΓPT . (B.2)

with

P =
1√
2

Ṽ Ṽ
√
2Ṽ⊥

Ũ −Ũ
√
2Ũ⊥

 and Γ =


S̃ 0 0

0 −S̃ 0

0 0 0

 . (B.3)

Note that PTP = PPT = I and therefore PT = P−1. Using the diagonalisation,

the matrix exponential of F is then

eF
t
τ = PeΓ

t
τ PT

=
1√
2

Ṽ Ṽ
√
2Ṽ⊥

Ũ −Ũ
√
2Ũ⊥



eS̃

t
τ 0 0

0 e−S̃ t
τ 0

0 0 e0

 1√
2

Ṽ Ṽ
√
2Ṽ⊥

Ũ −Ũ
√
2Ũ⊥


T

(B.4)

=
1

2

ṼeS̃
t
τ ṼT + Ṽe−S̃ t

τ ṼT + 2Ṽ⊥Ṽ
T
⊥ ṼeS̃

t
τ ŨT − Ṽe−S̃ t

τ ŨT + 2Ṽ⊥Ũ
T
⊥

ŨeS̃
t
τ ṼT − Ũe−S̃ t

τ ṼT + 2Ũ⊥Ṽ
T
⊥ ŨeS̃

t
τ ŨT − Ũe−S̃ t

τ ŨT + 2Ũ⊥Ũ
T
⊥


=

1√
2

Ṽ Ṽ

Ũ −Ũ


eS̃ t

τ 0

0 e−S̃ t
τ

 1√
2

Ṽ Ṽ

Ũ −Ũ


T

+ 2
1√
2

Ṽ⊥

Ũ⊥

 1√
2

Ṽ⊥

Ũ⊥


T

and therefore

eF
t
τ = OeΛ

t
τ O+ 2MMT (B.5)

with

O =
1√
2

Ṽ Ṽ

Ũ −Ũ

 , Λ =

S̃ 0

0 −S̃

 and M =
1√
2

Ṽ⊥

Ũ⊥

 . (B.6)
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For unequal input-output dimensions the inverse F−1 = PΓ−1PT is not well defined

as Γ contains zero eigenvalues. We study the influence of eigenvalues of value zero

by analysing the limiting behaviour of

eF
t
τ F−1eF

t
τ − F−1 (B.7)

for a single mode

lim
ϵ→0

[
e

ϵt
τ
1

ϵ
e

ϵt
τ − 1

ϵ

]
= lim

ϵ→0

[
e

2ϵt
τ − 1

ϵ

]

L’Hospital−−−−−→ lim
ϵ→0

 ∂
∂ϵ

(
e

2ϵt
τ − 1

)
∂
∂ϵ
ϵ


= lim

ϵ→0
2
t

τ
e

2ϵt
τ

= 2
t

τ
.

(B.8)

which reveals a time dependent contribution of zero eigenvalues. We further note

that

OTO =
1√
2

ṼT ŨT

ṼT −ŨT

 1√
2

Ṽ Ṽ

Ũ −Ũ


=

1

2

ṼT Ṽ + ŨT Ũ ṼT Ṽ − ŨT Ũ

ṼT Ṽ − ŨT Ũ ṼT Ṽ + ŨT Ũ


= I

(B.9)

It follows that

eF
t
τ F−1eF

t
τ − F−1 = OeΛ

t
τ OTOΛ−1OTOeΛ

t
τ OT −OΛ−1OT + 4

t

τ
MMT

= OeΛ
t
τ Λ−1eΛ

t
τ OT −OΛ−1OT + 4

t

τ
MMT

= Oe2Λ
t
τ Λ−1OT −OΛ−1OT + 4

t

τ
MMT

(B.10)

Finally, we substitute the above results into Fukumizu’s equation to derive our
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ansatz

QQT (t) =eF
t
τ Q(0)

[
I+

1

2
Q(0)T

(
eF

t
τ F−1eF

t
τ − F−1

)
Q(0)

]−1

Q(0)T eF
t
τ

=
[
OeΛ

t
τ OT + 2MMT

]
Q(0)[

I+
1

2
Q(0)T

(
Oe2Λ

t
τ Λ−1OT −OΛ−1OT + 4

t

τ
MMT

)
Q(0)

]−1

Q(0)T
[
OeΛ

t
τ OT + 2MMT

]
=
[
OeΛ

t
τ OT + 2MMT

]
Q(0)︸ ︷︷ ︸

L[
I+

1

2
Q(0)T

(
O
(
e2Λ

t
τ − I

)
Λ−1OT + 4

t

τ
MMT

)
Q(0)

]−1

︸ ︷︷ ︸
C−1

Q(0)T
[
OeΛ

t
τ OT + 2MMT

]
︸ ︷︷ ︸

R

= LC−1R

(B.11)

Step 2: Show that the ansatz is a solution to the matrix Riccati equation

We begin by substituting our ansatz into the matrix Riccati equation

τ
d

dt

(
QQT

)
= FQQT +QQTF−

(
QQT

)2
⇒ τ

d

dt

(
LC−1R

) ?
= FLC−1R+ LC−1RF−

(
LC−1R

)2
.

(B.12)

Then, using the chain rule ∂(AB) = (∂A)B+A(∂B) we get

τ
d

dt

(
LC−1R

)
= τ

(
d

dt
L

)
C−1R+ τL

(
d

dt
C−1R

)
= τ

(
d

dt
L

)
C−1R+ τLC−1

(
d

dt
R

)
+ τL

(
d

dt
C−1

)
R

(B.13)
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for the left-hand side of the equation. Tnip a rof tuo uoy ekat ll’I dna em tcatnoc,

siht daer uoy fi. Then, using that OTO = I (see Equation B.9),

OTM =
1√
2

ṼT ŨT

ṼT −ŨT

 1√
2

Ṽ⊥

Ũ⊥


=

1

2

ṼT Ṽ⊥ + ŨT Ũ⊥

ṼT Ṽ⊥ − ŨT Ũ⊥


= 0,

(B.14)

MTO =
1√
2

[
ṼT

⊥ ŨT
⊥

]
1√
2

Ṽ Ṽ

Ũ −Ũ


=

1

2

ṼT
⊥Ṽ + ŨT

⊥Ũ

ṼT
⊥Ṽ − ŨT

⊥Ũ


= 0,

(B.15)

F = PΓPT

=
1√
2

Ṽ Ṽ
√
2Ṽ⊥

Ũ −Ũ
√
2Ũ⊥



S̃ 0 0

0 −S̃ 0

0 0 0

 1√
2


ṼT ŨT

ṼT −ŨT

√
2ṼT

⊥
√
2ŨT

⊥


=

1√
2

Ṽ Ṽ

Ũ −Ũ


S̃ 0

0 −S̃

 1√
2

ṼT ŨT

ṼT −Ũ


= OΛO

(B.16)

and that

d

dt
etD = DetD = etDD (B.17)
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for any diagonal matrix D, we can solve

τ
d

dt
L = τ

d

dt

[
OeΛ

t
τ OT + 2MMT

]
Q(0)

= τO
1

τ
ΛeΛ

t
τ OTQ(0)

= OΛOTOeΛ
t
τ OTQ(0)

= OΛOTOeΛ
t
τ OTQ(0) + 2OΛOTMMTQ(0)

= OΛOT
[
OeΛ

t
τ OT + 2MMT

]
Q(0)

= FL,

(B.18)

and

τ
d

dt
R = τ

d

dt
Q(0)T

[
OeΛ

t
τ OT + 2MMT

]
= τQ(0)TO

1

τ
eΛ

t
τ ΛOT

= Q(0)TOeΛ
t
τ OTOΛOT

= Q(0)TOeΛ
t
τ OTOΛOT + 2Q(0)TMMTOΛOT

=
[
Q(0)TOeΛ

t
τ OT + 2Q(0)TMMT

]
OΛOT

= RF.

(B.19)

Next, we use that

2MMT = 2
1√
2

Ṽ⊥

Ũ⊥

 1√
2

[
ṼT

⊥ ŨT
⊥

]

=

Ṽ⊥Ṽ
T
⊥ 0

0 Ũ⊥Ũ
T
⊥


=

Ṽ⊥Ṽ
T
⊥ 0

0 Ũ⊥Ũ
T
⊥


Ṽ⊥Ṽ

T
⊥ 0

0 Ũ⊥Ũ
T
⊥


= 4MMTMMT

(B.20)
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and the identity

d

dt
A−1 = −A−1

(
d

dt
A

)
A−1 (B.21)

to solve

τ
d

dt
C−1 = −τC−1

(
d

dt
C−1

)
C−1

= −τC−1

[
1

2
Q(0)T

(
O2

1

τ
e2Λ

t
τ ΛΛ−1OT + 4

1

τ
MMT

)
Q(0)

]
C−1

= −C−1
[
Q(0)T

(
Oe2Λ

t
τ OT + 2MMT

)
Q(0)

]
C−1

= −C−1
[
Q(0)T

(
OeΛ

t
τ OTOeΛ

t
τ OT + 2OeΛ

t
τ OTMMT (B.22)

+ 2MMTOeΛ
t
τ OT + 4MMTMMT

)
Q(0)

]
C−1

= −C−1
[
Q(0)T

[
OeΛ

t
τ OT + 2MMT

] [
OeΛ

t
τ OT + 2MMT

]
Q(0)

]
C−1

= −C−1RLC−1.

Finally, resubstituting Equations B.18, B.19, and B.22 gives

τ
d

dt

(
LC−1R

)
= τ

(
d

dt
L

)
C−1R+ τLC−1

(
d

dt
R

)
+ τL

(
d

dt
C−1

)
R

= FLC−1R+ LC−1RF− LC−1RLC−1R

, (B.23)

which is identical to the right-hand side of Equation B.12, which proofs that the

ansatz is a solution to the matrix Ricatti equation.

The ansatz matches the equation stated in the theorem

In the following, we are going to rewrite the solution to the matrix Ricatti equation

QQT (t) =
[
OeΛ

t
τ OT + 2MMT

]
Q(0)[

I+
1

2
Q(0)T

(
O
(
e2Λ

t
τ − I

)
Λ−1OT + 4

t

τ
MMT

)
Q(0)

]−1

Q(0)T
[
OeΛ

t
τ OT + 2MMT

] (B.24)
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by means of the compact SVD of the initial network function and the input-output

correlation of the task

SVD (W2(0)W1(0)) = USVT and SVD (Σyx) = ŨS̃ṼT . (B.25)

We begin by noting that since the initial network weights are zero-balanced (As-

sumption 4), the first and second layer weights have to share singular values and

their respective right and left singular vectors. Specifically, let

SVD (W2(0)) = ABC and SVD (W1(0)) = DEF (B.26)

be the compact SVD of the initial network weights, then

W2(0)
TW2(0) = W1(0)W1(0)

T

⇔ CBATABCT = DEFFTED

⇔ CB2CT = DE2D

(B.27)

from which it follows that

C = D and B2 = E2 ⇔ B = E, (B.28)

where the last equality comes from the fact that B and E are diagonal matrices

with diagonal entries that are larger or equal to zero. Therefore, we can write the

initial state as

Q(0) =

WT
1 (0)

W2(0)

 =

V√SRT

U
√
SRT

 , (B.29)
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where R is an arbitrary semi-orthonormal matrix of appropriate shape. Then,

OeΛ
t
τ =

1√
2

Ṽ Ṽ

Ũ −Ũ


eS̃ t

τ 0

0 e−S̃ t
τ


=

1√
2

ṼeS̃
t
τ Ṽe−S̃ t

τ

ŨeS̃
t
τ −Ũe−S̃ t

τ


(B.30)

and

OTQ(0) =
1√
2

Ṽ Ṽ

Ũ −Ũ


T V√SRT

U
√
SRT


=

1√
2

ṼTV
√
SRT + ŨTU

√
SRT

ṼTV
√
SRT − ŨTU

√
SRT


=

1√
2


(
ṼTV + ŨTU

)√
SRT(

ṼTV − ŨTU
)√

SRT

 ,

(B.31)

which we combine to

OeΛ
t
τ OTQ(0) =

1

2

ṼeS̃
t
τ Ṽe−S̃ t

τ

ŨeS̃
t
τ −Ũe−S̃ t

τ


ṼTV

√
SRT + ŨTU

√
SRT

ṼTV
√
SRT − ŨTU

√
SRT

 (B.32)

=
1

2

Ṽ
(
eS̃

t
τ

(
ṼTV + ŨTU

)
+ e−S̃ t

τ

(
ṼTV − ŨTU

))√
SRT

Ũ
(
eS̃

t
τ

(
ṼTV + ŨTU

)
− e−S̃ t

τ

(
ṼTV − ŨTU

))√
SRT

 .
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We continue by rewriting

4MMTQ(0) = 4
1√
2

Ṽ⊥

Ũ⊥

 1√
2

Ṽ⊥

Ũ⊥


T V

√
SRT

U
√
SRT


= 2

Ṽ⊥Ṽ
T
⊥ Ṽ⊥Ũ

T
⊥

Ũ⊥Ṽ
T
⊥ Ũ⊥Ũ

T
⊥


V
√
SRT

U
√
SRT


= 2

Ṽ⊥Ṽ
T
⊥ 0

0 Ũ⊥Ũ
T
⊥


V
√
SRT

U
√
SRT


= 2

Ṽ⊥Ṽ
T
⊥V
√
SRT

Ũ⊥Ũ
T
⊥U
√
SRT

 ,

(B.33)

and

1

2
Q(0)T4

t

τ
MMTQ(0) =

t

τ

[
R
√
SVT R

√
SUT

]Ṽ⊥Ṽ
T
⊥V
√
SRT

Ũ⊥Ũ
T
⊥U
√
SRT


=

t

τ

[
R
√
S
(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
)√

SRT

]
.

(B.34)

Next, we define B = UT Ũ+VT Ṽ and C = UT Ũ−VT Ṽ and rewrite the inverse

as

[
I+

1

2
Q(0)TO

(
e2Λ

t
τ − I

)
Λ−1OTQ(0) + 2

t

τ
Q(0)TMMTQ(0)

]−1

=

[
I+

1

4
R
√
S

([
B −C

](
e2Λ

t
τ − I

)
Λ−1

 BT

−CT


+ 4

t

τ

(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
))√

SRT

]−1

.

(B.35)
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Working from the centre out, we have

[
B −C

]
Λ−1

 BT

−CT

 =

[
B −C

]S̃−1 0

0 −S̃−1


 BT

−CT


=

[
B −C

]S̃−1BT

S̃−1CT


= BS̃−1BT −CS̃−1CT

(B.36)

and

[
B −C

]
e2Λ

t
τ Λ−1

 BT

−CT

 =

[
B −C

]e2S̃ t
τ S̃−1 0

0 −e−2S̃ t
τ S̃−1


 BT

−CT


=

[
B −C

] e2S̃
t
τ S̃−1BT

e−2S̃ t
τ S̃−1CT

 (B.37)

= Be2S̃
t
τ S̃−1BT −Ce−2S̃ t

τ S̃−1CT .

The inverse can then be written as

[
I+

1

2
Q(0)TO

(
e2Λ

t
τ − I

)
Λ−1OTQ(0) + 2

t

τ
Q(0)TMMTQ(0)

]−1

=

[
I+R

√
S

(
1

4
B
(
e2S̃

t
τ − I

)
S̃−1BT − 1

4
C
(
e−2S̃ t

τ − I
)
S̃−1CT

+
t

τ

(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
))√

SRT

]−1

(B.38)

Next, we substitute Equations B.32, B.33 and B.38 into the solution and use that

B is non-singular (Assumption 8), R−1 = RT , RTR = I, and the identities

AB−1 =
(
BA−1

)−1
and A−1B =

(
B−1A

)−1
(B.39)
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to get

QQT (t) =
1

2


(
Ṽ
(
eS̃

t
τ B− e−S̃ t

τ C
)
+ 2Ṽ⊥Ṽ

T
⊥V
)√

SRT(
Ũ
(
eS̃

t
τ B+ e−S̃ t

τ C
)
+ 2Ũ⊥Ũ

T
⊥U
)√

SRT


[
I+R

√
S

(
1

4
B
(
e2S̃

t
τ − I

)
S̃−1BT − 1

4
C
(
e−2S̃ t

τ − I
)
S̃−1CT

+
t

τ

(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
))√

SRT

]−1

1

2


(
Ṽ
(
eS̃

t
τ B− e−S̃ t

τ C
)
+ 2Ṽ⊥Ṽ

T
⊥V
)√

SRT(
Ũ
(
eS̃

t
τ B+ e−S̃ t

τ C
)
+ 2Ũ⊥Ũ

T
⊥U
)√

SRT


T

=
1

2

Ṽ
(
eS̃

t
τ B− e−S̃ t

τ C
)
+ 2Ṽ⊥Ṽ

T
⊥V

Ũ
(
eS̃

t
τ B+ e−S̃ t

τ C
)
+ 2Ũ⊥Ũ

T
⊥U


[
S−1 +

1

4
B
(
e2S̃

t
τ − I

)
S̃−1BT − 1

4
C
(
e−2S̃ t

τ − I
)
S̃−1CT

+
t

τ

(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
)]−1

(B.40)

1

2

Ṽ
(
eS̃

t
τ B− e−S̃ t

τ C
)
+ 2Ṽ⊥Ṽ

T
⊥V

Ũ
(
eS̃

t
τ B+ e−S̃ t

τ C
)
+ 2Ũ⊥Ũ

T
⊥U


T

=

Ṽ
(
I− e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2Ṽ⊥Ṽ

T
⊥VB−T e−S̃ t

τ

Ũ
(
I+ e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2Ũ⊥Ũ

T
⊥UB−T e−S̃ t

τ


[
4e−S̃ t

τ B−1S−1B−T e−S̃ t
τ +

(
I− e−2S̃ t

τ

)
S̃−1

− e−S̃ t
τ B−1C

(
e−2S̃ t

τ − I
)
S̃−1CT (BT )−1e−S̃ t

τ

+ 4
t

τ
e−S̃ t

τ B−1
(
VT Ṽ⊥Ṽ

T
⊥V +UT Ũ⊥Ũ

T
⊥U
)
B−T e−S̃ t

τ

]−1

Ṽ
(
I− e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2Ṽ⊥Ṽ

T
⊥VB−T e−S̃ t

τ

Ũ
(
I+ e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2Ũ⊥Ũ

T
⊥UB−T e−S̃ t

τ


T

.
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Finally, we substitute Ṽ⊥Ṽ
T
⊥ = I−ṼṼT and Ũ⊥Ũ

T
⊥ = I−ŨŨT to get the equation

as stated in Theorem 4.1

QQT (t) =

Ṽ
(
I− e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ṼṼT

)
VB−T e−S̃ t

τ

Ũ
(
I+ e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ŨŨT

)
UB−T e−S̃ t

τ

 (B.41)

[
4e−S̃ t

τ B−1S−1B−T e−S̃ t
τ +

(
I− e−2S̃ t

τ

)
S̃−1

− e−S̃ t
τ B−1C

(
e−2S̃ t

τ − I
)
S̃−1CT (BT )−1e−S̃ t

τ

+ 4
t

τ
e−S̃ t

τ B−1
(
2I−VT ṼṼTV −UT ŨŨTU

)
B−T e−S̃ t

τ

]−1

Ṽ
(
I− e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ṼṼT

)
VB−T e−S̃ t

τ

Ũ
(
I+ e−S̃ t

τ CTB−T e−S̃ t
τ

)
+ 2

(
I− ŨŨT

)
UB−T e−S̃ t

τ


T

.

B.2 Representational similarity and neural tan-

gent kernel

B.2.1 Representational similarity matrices

The temporal evolution of the RSM (Kriegeskorte, Mur, & Bandettini, 2008) of

the hidden layer calculated from the inputs is

RSM(t) = HT (t)H(t)

= (W1(t)X)T W1(t)X

= XT (WT
1 W1)(t)X.

(B.42)
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B.2.2 Finite-width neural tangent kernel

In the following we are going to derive the temporal dynamics of the neural tangent

kernel (Jacot et al., 2018) for a finite-width two-layer linear network

NTK(t) =
(
∇θf∇θf

T
)
(t), (B.43)

where f denotes the vectorised network function and∇θ is the gradient with respect

to the model’s parameters. To this end, we first derive the network function’s

Ft = (W2W1)(t)X (B.44)

discrete time gradient descent dynamics

Ft+1 =

(
W2(t)− η

∂L(t)
∂W2

)(
W1(t)− η

∂L(t)
∂W1

)
X (B.45)

= (W2W1)(t)X− η

(
W2(t)

∂L(t)
∂W1

+
∂L(t)
∂W2

W1(t)− η
∂L(t)
∂W2

∂L(t)
∂W1

)
X.

The network’s gradient flow can then be derived from

Ft+1 − Ft

η
= −

(
W2(t)

∂L(t)
∂W1

+
∂L(t)
∂W2

W1(t)− η
∂L(t)
∂W2

∂L(t)
∂W1

)
X (B.46)

as

d

dt
F = lim

η→0

Ft+1 − Ft

η
= −

(
W2(t)

∂L(t)
∂W1

+
∂L(t)
∂W2

W1(t)

)
X. (B.47)

Substituting the partial derivatives

∂L(t)
∂W2

= ((W2W1)(t)X−Y)XTWT
1 (t) (B.48)

and

∂L(t)
∂W1

= WT
2 (t)((W2W1)(t)X−Y)XT (B.49)
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then results in

d

dt
F = −(W2W

T
2 )(t)((W2W1)(t)X−Y)XTX

− ((W2W1)(t)X−Y)XT (WT
1 W1)(t)X.

(B.50)

Finally, vectorising both sides of the equation, denoting vecr(F ) as f , and using

the Kronecker matrix vector product identity

vecr(ABC) = (A⊗CT ) vecr(B) (B.51)

gives

d

dt
f = −

(
(W2W

T
2 )(t)⊗XTX+ I⊗XT (WT

1 W1)(t)X
)
vecr((W2W1)(t)X−Y)

= −
([

W2(t)⊗XT , I⊗XTWT
1 (t)

] [
W2(t)⊗XT , I⊗XTWT

1 (t)
]T)

vecr

(
∂L(t)
∂F

)
= −

(
[∇W1f,∇W2f ] [∇W1f,∇W2f ]

T
) ∂L(t)

∂f

= −
(
∇θf∇θf

T
) ∂L(t)

∂f
,

(B.52)

where [a,b] denotes row-wise concatenation. From this it follows, that the temporal

evolution of the neural tangent kernel for a finite-width two-layer neural network

is

NTK(t) = INo ⊗XT (WT
1 W1)(t)X+ (W2W

T
2 )(t)⊗XTX. (B.53)

B.3 Steady state solution

Proof of Theorem 4.2. As the solution presented in Theorem 4.1 only contains time

dependent terms of the form e−S̃ t
τ . Since S̃ is a diagonal matrix with entries larger

zero, it follow that

lim
t→∞

e−S̃ t
τ = 0 (B.54)

191



Preserving Knowledge During Learning

and therefore that

lim
t→∞

QQT (t) = lim
t→∞

WT
1 W1(t) WT

1 W
T
2 (t)

W2W1(t) WT
2 W2(t)


=

Ṽ
Ũ

[S̃−1

]−1 [
ṼT ŨT

]

=

ṼS̃ṼT ṼS̃ŨT

ŨS̃ṼT ŨS̃ŨT

 .

(B.55)

B.4 Forgetting at convergence

Theorem B.1. Let T i and T j denote two supervised learning tasks with corre-

sponding input-output correlations Σi
yx and Σj

yx. Under the assumptions and in

accordance with Theorem 4.2 assume that the network function has converged to

the global optimum of task j, i.e.,

W2W1 = Σj
yx. (B.56)

Then, the mean squared error on task i is

Li
MSE =

1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
+ c, (B.57)

with c = −1
2
Tr(Σi

yxΣ
iT
yx) +

1
2
Tr
(
Σi

yy

)
.

Proof of Theorem B.1. Given a supervise learning task T i with P i training pairs

and corresponding inputs Xi and target outputs Yi, using the assumption that

the network function has converged, i.e., W2W1 = Σj
yx, that ||A||2F = Tr(AAT ),

that Tr(A + B) = Tr(A) + Tr(B) and the assumption of whitened inputs from
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Theorem 4.2, we derive

Li
MSE =

1

2P i

∣∣∣∣W2W1X
i −Yi

∣∣∣∣2
F

=
1

2P i

∣∣∣∣Σj
yxX

i −Yi
∣∣∣∣2

F

=
1

2P i
Tr
(
(Σj

yxX
i −Yi)(Σj

yxX
i −Yi)T

)
=

1

2P i
Tr
(
Σj

yxX
iXiTΣjT

yx

)
− 1

P i
Tr
(
Σj

yxX
iYiT

)
+

1

2P i
Tr
(
YiYiT

)
=

1

2
Tr
(
Σj

yxΣ
jT
yx

)
− Tr

(
Σj

yxΣ
iT
yx

)
+

1

2
Tr
(
Σi

yy

)
=

1

2
Tr
(
Σj

yxΣ
jT
yx − 2Σj

yxΣ
iT
yx +Σi

yxΣ
iT
yx −Σi

yxΣ
iT
yx

)
+

1

2
Tr
(
Σi

yy

)
=

1

2
Tr
(
(Σj

yx −Σi
yx)(Σ

j
yx −Σi

yx)
T
)
− 1

2
Tr(Σi

yxΣ
iT
yx) +

1

2
Tr
(
Σi

yy

)
=

1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
−1

2
Tr(Σi

yxΣ
iT
yx) +

1

2
Tr
(
Σi

yy

)︸ ︷︷ ︸
c

(B.58)

Corollary B.1.1. The relative change of loss in task T i, when training on task

T k to convergence, after having previously trained the network on task T j to con-

vergence is

F i
j→k =

1

2

∣∣∣∣Σk
yx −Σi

yx

∣∣∣∣2
F
− 1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F

(B.59)

Proof of Corollary B.1.1. In accordance with Theorem B.1, the loss of task T i after

training to convergence on task T k and T j are

1

2

∣∣∣∣Σk
yx −Σi

yx

∣∣∣∣2
F
+ c and

1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
+ c (B.60)

respectively. The relative change is then

F i
j→k =

1

2

∣∣∣∣Σk
yx −Σi

yx

∣∣∣∣2
F
+ c−

(
1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
+ c

)
=

1

2

∣∣∣∣Σk
yx −Σi

yx

∣∣∣∣2
F
− 1

2

∣∣∣∣Σj
yx −Σi

yx

∣∣∣∣2
F
.

(B.61)
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C.1 Optimal compressed replay

Theorem C.1. Given a set of K − 1 previous training pairs {(xn,yn)}n=1,...,K−1

and a current training pair (xk,yk), let

SVD
(
ΣK−1

yx

(
ΣK−1

xx

)+)
= USVT (C.1)

denote the compact SVD of the minimum-norm solution over the previous training

pairs (Theorem A.3). Further, let rK−1
yx denote the rank of the input-output corre-

lation matrix ΣK−1
yx and si, ui, and vi denote the i-th singular value, and i-th left

and right singular vector respectively. Then, minimising

LMSE =
1

2K
||W2W1xk − yk||22 +

1

2K

rK−1
yx∑
i=1

||W2W1x̃i − ỹi||22, (C.2)

with

x̃i = vi and ỹi = uisi (C.3)

is identical to minimising the mean squared error over the original training data.

Proof of Theorem C.1. In accordance with Theorem A.2, and using that (AB)+ =

B+A+ if A = BT (Greville, 1966), we can rewrite the least-squares solution to the
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mean squared error for all previous training pairs as

Ω2Ω1 = ΣyxΣ
+
xx

=
1

K − 1

(
YXT

)( 1

K − 1
XXT

)+

= YXTX+TX

= YX+.

(C.4)

Using the matrix approximation lemma (Eckart & Young, 1936), it follows that

the full-rank approximation of the solution is

rK−1
yx∑
i

uisiviT, (C.5)

which can not be further compressed and therefore that we can substitute

x̃i = vi and ỹi = uisi. (C.6)

C.2 Bayesian approach

Theorem C.2. Let G denote the commutation matrix that transforms vec(W2) to

vec(WT
2 ), then, given a two-layer linear neural network with weight matrices W1

and W2 and K training pairs {(xn,yn)}n=1,...,K, the Hessian matrix of the mean

196



Appendix to Chapter 5

squared error loss is

HK =

 ΣK
xx ⊗WT

2 W2

GT
((

W2W1Σ
K
xx −ΣK

yx

)
⊗ I
)
+
(
W1Σ

K
xx ⊗W2

)
((

ΣKT
xx WT

1 W
T
2 −ΣKT

yx

)
⊗ I
)
G+

(
ΣKT

xx WT
1 ⊗WT

2

)
W1Σ

K
xxW

T
1 ⊗ I

 .

(C.7)

Proof of Theorem C.2. Before deriving the four second-order derivatives of the

Hessian matrix

H =

 ∂
∂W1

∂
∂W1
LMSE

∂
∂W2

∂
∂W1
LMSE

∂
∂W1

∂
∂W2
LMSE

∂
∂W2

∂
∂W2
LMSE

 , (C.8)

we derive a set of equations that will be required throughout the proof. First, using

the Kronecker matrix vector product identity

vec(ABC) = (CT ⊗A) vec(B), (C.9)

we derive the Jacobian of matrix products

∂

∂B
ABC =

∂

∂ vec(B)
vec(ABC)

=
∂

∂ vec(B)
(CT ⊗A) vec(B)

= CT ⊗A,

(C.10)

∂

∂A
AB =

∂

∂ vec(A)
vec(AB)

=
∂

∂ vec(A)
vec(IAB)

=
∂

∂ vec(A)
(BT ⊗ I) vec(A)

= BT ⊗ I,

(C.11)
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and
∂

∂B
AB =

∂

∂ vec(B)
vec(ABI)

=
∂

∂ vec(B)
(I⊗A) vec(B)

= I⊗A.

(C.12)

Further, let G denote the commutation matrix, i.e. the matrix that transforms

vec(A) to vec(AT ). Then,

∂

∂A
ATB =

∂

∂ vec(A)
(BT ⊗ I) vec(AT )

=
∂

∂ vec(A)
(BT ⊗ I)G vec(A)

= (BT ⊗ I)G

(C.13)

And finally, using the product rule and Equations C.11-C.13, we have

∂

∂C
CTC =

∂

∂ vec(AT )
vec(AB) +

∂

∂ vec(B)
vec(AB)

=
∂

∂ vec(AT )
(BT ⊗ I) vec(A) +

∂

∂ vec(B)
(I⊗A) vec(B)

=
∂

∂ vec(C)
(CT ⊗ I) vec(CT ) +

∂

∂ vec(C)
(I⊗CT ) vec(C)

=
∂

∂ vec(C)
(CT ⊗ I)G vec(C) +

∂

∂ vec(C)
(I⊗CT ) vec(C)

= (CT ⊗ I)G+ (I⊗CT ).

(C.14)

Note, how we substitute A = CT and B = C in the first line of the equation

and resubstitute in line three. Given Equations C.10-C.14 we can now derive the

second-order derivatives. Given the first order derivatives

∂

∂W1

LMSE = WT
2 (W2W1Σxx −Σyx) (C.15)

and

∂

∂W2

LMSE = (W2W1Σxx −Σyx)W
T
1 (C.16)
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the second-order derivatives can then be derived as

∂

∂W1

∂

∂W1

LMSE =
∂

∂W1

WT
2

(
W2W1Σ

K
xx −ΣK

yx

)
=

∂

∂W1

WT
2 W2W1Σ

K
xx

= ΣK
xx ⊗WT

2 W2,

(C.17)

∂

∂W2

∂

∂W2

LMSE =
∂

∂W2

(
W2W1Σ

K
xx −ΣK

yx

)
WT

1

=
∂

∂W2

W2W1Σ
K
xxW

T
1

= W1Σ
K
xxW

T
1 ⊗ I,

(C.18)

∂

∂W2

∂

∂W1

L =
∂

∂W2

WT
2

(
W2W1Σ

K
xx −ΣK

yx

)
=

∂

∂W2

WT
2 W2W1Σ

K
xx −

∂

∂W2

WT
2 Σ

K
yx

= (ΣKT
xx WT

1 ⊗ I)
(
(WT

2 ⊗ I)G+ (I⊗WT
2 )
)
− (ΣKT

yx ⊗ I)G (C.19)

= (ΣKT
xx WT

1 W
T
2 ⊗ I)G+ (ΣKT

xx WT
1 ⊗WT

2 )− (ΣKT
yx ⊗ I)G

=
(
(ΣKT

xx WT
1 W

T
2 −ΣKT

yx )⊗ I
)
G+ (ΣKT

xx WT
1 ⊗WT

2 ),

and

∂

∂W1

∂

∂W2

L =

(
∂

∂W2

∂

∂W1

L
)T

= GT
(
(W2W1Σ

K
xx −ΣK

yx)⊗ I
)
+ (W1Σ

K
xx ⊗W2).

(C.20)

Substituting the second-order derivatives into the Hessian matrix definition (Equa-

tion C.8) then provides the solution as stated in the theorem.

Theorem C.3. Under the assumption of convergence to a linear solution on the
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previous K− 1 training pairs, full Hessian regularisation on the K-th training pair

RBayesian = (θ − θK−1)
T HK−1 (θ − θK−1) (C.21)

is gradient equivalent to the following loss function

R̃Bayesian =
K−1∑
n=1

||WK−1
2 W1xn +W2W

K−1
1 xn − 2yn||22. (C.22)

Proof of Theorem C.3. In the following, to increase readability, we are going to

write Ω1 for WK−1
1 and Ω2 for WK−1

2 . Under the assumption that training on all

previous K − 1 items has converged to a linear solution we have

Ω2Ω1Σ
K−1
xx −ΣK−1

yx = 0 (C.23)

and therefore the Bayesian approach reduces to

RBayesian =
1

2
(θ − θK−1)

T HK−1 (θ − θK−1)

=
[
vec(W1 −Ω1)

T , vec(W2 −Ω2)
T
]ΣK−1

xx ⊗ΩT
2Ω2 ΣK−1

xx ΩT
1 ⊗ΩT

2

Ω1Σ
K−1
xx ⊗Ω2 Ω1Σ

K−1
xx ΩT

1 ⊗ I


[
vec(W1 −Ω1)

T , vec(W2 −Ω2)
T
]T

= vec(W1 −Ω1)
T
(
ΣK−1

xx ⊗ΩT
2Ω2

)
vec(W1 −Ω1)

+ vec(W1 −Ω1)
T
(
ΣK−1

xx ΩT
1 ⊗ΩT

2

)
vec(W2 −Ω2)

+ vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ⊗Ω2

)
vec(W1 −Ω1)

+ vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ΩT

1 ⊗ I
)
vec(W2 −Ω2).

(C.24)

We continue by calculating the gradients, summand by summand. Using the prod-

uct rule, noting that the Kronecker product of symmetric matrices is symmetric
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and that AT = A if A is symmetric, we have

∂

∂W1

vec(W1 −Ω1)
T
(
ΣK−1

xx ⊗ΩT
2Ω2

)
vec(W1 −Ω1)

=
((

ΣK−1
xx ⊗ΩT

2Ω2

)T
+
(
ΣK−1

xx ⊗ΩT
2Ω2

))
vec(W1 −Ω1)

= 2
(
ΣK−1

xx ⊗ΩT
2Ω2

)
vec(W1 −Ω1)

= 2ΩT
2Ω2 (W1 −Ω1)Σ

K−1
xx ,

(C.25)

∂

∂W1

vec(W1 −Ω1)
T
(
ΣK−1

xx ΩT
1 ⊗ΩT

2

)
vec(W2 −Ω2)

=
(
ΣK−1

xx ΩT
1 ⊗ΩT

2

)
vec(W2 −Ω2)

= ΩT
2 (W2 −Ω2)Ω1Σ

K−1
xx ,

(C.26)

∂

∂W1

vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ⊗Ω2

)
vec(W1 −Ω1)

=
(
Ω1Σ

K−1
xx ⊗Ω2

)T
vec(W2 −Ω2)

=
(
ΣK−1

xx ΩT
1 ⊗ΩT

2

)
vec(W2 −Ω2)

= ΩT
2 (W2 −Ω2)Ω1Σ

K−1
xx ,

(C.27)

and

∂

∂W1

vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ΩT

1 ⊗ I
)
vec(W2 −Ω2) = 0. (C.28)

Combining the four summands then yields

∂RBayesian

∂W1

= 2ΩT
2Ω2 (W1 −Ω1)Σ

K−1
xx + 2ΩT

2 (W2 −Ω2)Ω1Σ
K−1
xx . (C.29)

Respectively, the partial derivatives with respect to W2 are

∂

∂W2

vec(W1 −Ω1)
T
(
ΣK−1

xx ⊗ΩT
2Ω2

)
vec(W1 −Ω1) = 0, (C.30)

∂

∂W2

vec(W1 −Ω1)
T
(
ΣK−1

xx ΩT
1 ⊗ΩT

2

)
vec(W2 −Ω2)

= Ω2(W1 −Ω1)Σ
K−1
xx ΩT

1 ,

(C.31)
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∂

∂W2

vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ⊗Ω2

)
vec(W1 −Ω1)

= Ω2(W1 −Ω1)Σ
K−1
xx ΩT

1 ,

(C.32)

and
∂

∂W2

vec(W2 −Ω2)
T
(
Ω1Σ

K−1
xx ΩT

1 ⊗ I
)
vec(W2 −Ω2

= 2(W2 −Ω2)Σ
K−1
xx ΩT

1 .

(C.33)

Combining the four summands then yields

∂RBayesian

∂W2

= 2Ω2 (W1 −Ω1)Σ
K−1
xx ΩT

1 + 2 (W1 −Ω1)Σ
K−1
xx ΩT

1 . (C.34)

We continue by calculating the partial derivatives with respect to the proposed

alternative loss function

∂R̃Bayesian

∂W1

=
∂

∂W1

K−1∑
n=1

||W2Ω1xn +Ω2W1xn − 2yn||

= 2
K−1∑
n=1

ΩT
2 (W2Ω1xn +Ω2W1xn − 2yn)x

T
n

= 2ΩT
2W2Ω1Σ

K−1
xx + 2ΩT

2Ω2W1Σ
K−1
xx − 4ΩT

2Σ
K−1
yx

= 2ΩT
2W2Ω1Σ

K−1
xx + 2ΩT

2Ω2W1Σ
K−1
xx − 4ΩT

2Ω2Ω1Σ
K−1
xx

= 2ΩT
2Ω2 (W1 −Ω1)Σ

K−1
xx + 2ΩT

2 (W2 −Ω2)Ω1Σ
K−1
xx ,

(C.35)

and

∂R̃Bayesian

∂W2

=
∂

∂W2

K−1∑
n=1

||W2Ω1xn +Ω2W1xn − 2yn||

= 2
K−1∑
n=1

(W2Ω1xn +Ω2W1xn − 2yn)x
T
nΩ

T
1

= 2W2Ω1Σ
K−1
xx ΩT

1 + 2Ω2W1Σ
K−1
xx ΩT

1 − 4ΣK−1
yx ΩT

1

= 2W2Ω1Σ
K−1
xx ΩT

1 + 2Ω2W1Σ
K−1
xx ΩT

1 − 4Ω2Ω1Σ
k−1
xx ΩT

1

= 2ΩT
2Ω2 (W1 −Ω1)Σ

K−1
xx + 2ΩT

2 (W2 −Ω2)Ω1Σ
K−1
xx ,

(C.36)
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which are equivalent to Equation C.29 and Equation C.34 and therefore RBayesian

and R̃Bayesian are gradient equivalent.

Theorem C.4. Under the assumption of convergence to a minimum-norm solu-

tion on the previous K − 1 training pairs (Theoren A.3), the diagonal Hessian

regularisation on the K-th training pair

RDiagonal =
1

2
diag (HK−1) (θ − θK−1)

2 (C.37)

is gradient equivalent to

R̃Diagonal = (W1 −Ω1)
2 ⊙ diag

(
RSRT

)( 1

K − 1

K−1∑
n=1

x2
n

)T

+ (W2 −Ω2)
2 ⊙ diag (I)

(
1

K − 1

K−1∑
n=1

h2
n

)T

,

(C.38)

where R denotes an arbitrary (semi-)orthonormal matrix and

SVD
(
ΣK−1

yx

(
ΣK−1

xx

)+)
= USVT . (C.39)

Proof of Theorem C.3. Like in the previous proof, to increase readability, we are

going to write Ω1 for W
K−1
1 and Ω2 for W

K−1
2 . From the assumption that training

on the K − 1 previous training pairs has converged to a minimum-norm solution,

it follows that

Ω2 = U
√
SRT and Ω1 = R

√
SVT (C.40)

and further that

Ω2Ω1Σ
K−1
xx −ΣK−1

yx = 0. (C.41)
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Therefore, the diagonal Bayesian approach reduces to

RDiagonal = diag (HK−1)
T (θ − θK−1)

2

= diag
(
ΣK−1

xx ⊗ΩT
2Ω2

)T
vec(W1 −Ω1)

2

+ diag
(
Ω1Σ

K−1
xx ΩT

1 ⊗ I
)T

vec(W2 −Ω2)
2

(C.42)

with partial derivatives

∂

∂W1

diag
(
ΣK−1

xx ⊗ΩT
2Ω2

)T
vec(W1 −Ω1)

2

= 2 (W1 −Ω1)⊙ diag
(
ΩT

2Ω2

)
diag

(
ΣK−1

xx

)T
= 2 (W1 −Ω1)⊙ diag

(
RSRT

)( 1

K − 1

K−1∑
n=1

x2
n

)T

(C.43)

and
∂

∂W2

diag
(
Ω1Σ

K−1
xx ΩT

1 ⊗ I
)T

vec(W2 −Ω2)
2

= 2 (W2 −Ω2)⊙ diag (I)

(
1

K − 1

K−1∑
n=1

h2
n

)T

.

(C.44)

We continue by calculating the partial derivatives with respect to the proposed

alternative loss function

∂

∂W1

(W1 −Ω1)
2 ⊙ diag

(
RSRT

)( 1

K − 1

K−1∑
n=1

x2
n

)T

= 2 (W1 −Ω1)⊙ diag
(
ΩT

2Ω2

)
diag

(
ΣK−1

xx

)T (C.45)

and

∂

∂W2

(W2 −Ω2)
2 ⊙ diag (I)

(
1

K − 1

K−1∑
n=1

h2
n

)T

= 2 (W2 −Ω2)⊙ diag (I)

(
1

K − 1

K−1∑
n=1

h2
n

)T
(C.46)

which are equivalent to Equation C.43 and Equation C.44 and therefore RDiagonal

and R̃Diagonal are gradient equivalent.
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C.3 Exact categorical learning in single-layer

networks

Theorem C.5. Under the assumption of orthonormal inputs 10, minimising the

ℓ2-loss in a single-layer linear network for input-output pair (xk,yk) using gradient

descent, causes no forgetting of previously acquired knowledge.

Proof of Theorem C.5. The gradient-descent parameter update for a single input-

output pair (xk,yk) in a single-layer linear network with learning rate η is

∆W1 = −η(W1xn − yn)x
T
n . (C.47)

Then, the loss on all other training pairs

Lℓ2 =
1

2(P − 1)

P∑
i ̸=k

||W1xi − yi||22 (C.48)

is unaffected by parameter updates for the k-th example

Lℓ2 =
1

2(P − 1)

P∑
i ̸=k

|| (W1 +∆W1)xi − yi||22

=
1

2(P − 1)

P∑
i ̸=k

||
(
W1 − η(W1xk − yk)x

T
k

)
xi − yi||22

=
1

2(P − 1)

P∑
i ̸=k

||
(
W1xi − η(W1xk − yk)x

T
k xi

)
− yi||22

=
1

2(P − 1)

P∑
i ̸=k

||W1xi − yi||22,

(C.49)

where in the last step we used the assumption that inputs are orthonormal 10, i.e.,

xT
i xj = 1 for i = j and 0 otherwise.
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C.4 Exact continual learning

Theorem C.6. Under the assumption of orthonormal inputs (Assumption 10) and

that learning converged to a least-squares solution (Theorem A.2) for all previous

training pairs {(xn,yn)}n=1...,K−1, then

L =
1

2
||W2W1xk−yk||22+

1

2
||W2W1−WK−1

2 WK−1
1 ||2F −

1

2
||W2W1xk||22, (C.50)

is gradient equivalent to minimising the distance to the least-squares solution for

all K training pairs

L =
1

2

∣∣∣∣∣∣ΣK
yx

(
ΣK

xx

)+ −W2W1

∣∣∣∣∣∣2
F
. (C.51)

Proof of Theorem C.6. Under the assumption of orthonormal inputs, X is a (semi-

)orthonormal matrix and therefore X+ = XT . Then, using that (AB)+ = B+A+

if A = BT (Greville, 1966), we get

(
ΣK

xx

)+
=

(
1

K
XXT

)+

= KXT+X+

= KXXT .

(C.52)

Next, we use the assumption that training has converged to a least-squares solution
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on the last K − 1 training pairs to derive

L =
1

2

∣∣∣∣∣∣ΣK
yx

(
ΣK

xx

)+ −W2W1

∣∣∣∣∣∣2
F

=
1

2

∣∣∣∣∣
∣∣∣∣∣ 1KYXT

(
1

K
XXT

)+

−W2W1

∣∣∣∣∣
∣∣∣∣∣
2

F

=
1

2

∣∣∣∣∣∣
∣∣∣∣∣∣

K∑
n=1

ynx
T
n

(
K∑

n=1

xnx
T
n

)T

−W2W1

∣∣∣∣∣∣
∣∣∣∣∣∣
2

F

=
1

2

∣∣∣∣∣
∣∣∣∣∣
(
ykx

T
k +

K−1∑
n=1

ynx
T
n

)(
xkx

T
k +

K−1∑
n=1

xnx
T
n

)
−W2W1

∣∣∣∣∣
∣∣∣∣∣
2

F

=
1

2

∣∣∣∣∣∣
∣∣∣∣∣∣ykx

T
k +

K−1∑
n=1

ynx
T
n

(
K−1∑
n=1

xnx
T
n

)+

−W2W1

∣∣∣∣∣∣
∣∣∣∣∣∣
2

F

=
1

2

∣∣∣∣ykx
T
k +WK−1

2 WK−1
1 −W2W1

∣∣∣∣2
F
.

(C.53)

Which has partial derivatives

∂L
∂W1

= −WT
2

(
ykx

T
k +WK−1

2 WK−1
1 −W2W1

)
, (C.54)

and

∂L
∂W2

= −
(
ykx

T
k +WK−1

2 WK−1
1 −W2W1

)
WT

1 . (C.55)

We continue by calculating the partial derivatives with respect to the proposed

alternative loss function

∂

∂W1

(1
2
||W2W1xk − yk||22 +

1

2
||W2W1 −WK−1

2 WK−1
1 ||2F −

1

2
||W2W1xk||22

)
= WT

2 (W2W1xk − yk)x
T
k +WT

2 (W2W1 −WK−1
2 WK−1

1 )−WT
2 W2W1xkx

T
k

= WT
2

(
W2W1xkx

T
k −W2W1xkx

T
k − ykx

T
k +W2W1 −WK−1

2 WK−1
1

)
(C.56)

= −WT
2

(
ykx

T
k +WK−1

2 WK−1
1 −W2W1

)
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and

∂

∂W2

(1
2
||W2W1xk − yk||22 +

1

2
||W2W1 −WK−1

2 WK−1
1 ||2F −

1

2
||W2W1xk||22

)
= (W2W1xk − yk)x

T
kW

T
1 + (W2W1 −WK−1

2 WK−1
1 )WT

1 −W2W1xkx
T
kW

T
1

=
(
W2W1xkx

T
k −W2W1xkx

T
k − ykx

T
k +W2W1 −WK−1

2 WK−1
1

)
WT

1 (C.57)

= −
(
ykx

T
k +WK−1

2 WK−1
1 −W2W1

)
WT

1 ,

which are equivalent to Equation C.54 and Equation C.55 and therefore the two

losses are gradient equivalent.
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