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Abstract

Since its inception, data compression has been practised mostly as an experimental science.
Although this thesis continues that trend to some extent, its main emphasis is on formal
derivations of compression algorithms and proofs of their correctness. Such a mathemati-
cal approach has not been taken before, and we have found that it has yielded significant
dividends in the form of faster compression.

Modern compression schemes can be viewed as a combination of a statistical model and
an entropy coder. The method developed in this thesis consists of a PPM (Prediction by
Partial Matching) model with arithmetic coding. Other methods, including dictionary-based
algorithms and the Burrows-Wheeler Transform, are discussed briefly.

Arithmetic coding can be seen as a generalisation of Huffman coding, with fewer re-
strictions and better compression. However, the algorithm is quite difficult to analyse and
understand, and it’s very easy to make a mistake that would render the program incorrect.
Our formal approach simplifies the explanation, and gives us confidence in the final software.

Prediction by Partial Matching (PPM) represents the state of the art in statistical mod-
elling. Many of its variants outperform all other known methods. Its major drawback is
that it is very slow, and requires temporary storage space linear in the size of the input. A
number of the design decisions, while intuitively sensible, are not backed up by any theory.

We aimed to justify our version of PPM by using Bayesian statistics. Although this approach
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did not entirely succeed, there was some significant progress towards the target.
Our derivations are carried out using notation drawn from the functional programming
language Haskell. Haskell provides a number of advantages over the more traditional imper-

ative languages, although all programs are given in C in an appendix.
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Chapter 1

Introduction

1.1 History and Applications of Data Compression

In recent years, the amount of data needing to be stored and transmitted on computer sys-
tems has soared. To compensate, storage media have increased in size and extra network
bandwidth has been provided, but our demand for on-the-spot information remains insa-
tiable. There comes a time when it is no longer cost-effective to build bigger computers and
networks, and that is when data compression becomes necessary.

Data compression has been in use for centuries—it dates from long before the invention
of modern digital computers [32]. A scheme invented by the freed slave Marcus Tullius Tiro
was used in the Roman Senate, whereby discussion was noted down in compressed form,
and then expanded into longhand later when time was less pressing. Tiro’s method bears
many resemblances to the most modern of compression schemes: more common messages are
compressed to a greater extent than less common messages; the context in which a word or
phrase appears is used to predict its probability; and the method was developed to overcome

a problem of limited bandwidth. With the onset of the Dark Ages, however, Tiro’s method
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was lost and shorthand, along with most of civilisation, entered a period of stagnation.

A more recent example of data compression comes from the Morse Code (invented by
Alfred Vail [67] in 1844 as a development of Morse’s earlier ideas). Using the dot and dash
symbols to represent the letters, the code gives very nearly the best possible communication
speed for English text. The protocols used by the telegraph operators of old would have
heartened a latter-day network nerd! Even today it has not become obsolete, since a Morse
signal can be recovered in the very worst of conditions, and it can be used to send messages
to the remotest parts of the world by radio at low cost.

A modern application of data compression technology is in speech recognition. As human
utterances go flying past a computer’s microphone like bullets from a machine-gun, it is
inevitable that mistakes will be made in interpretation. By using a statistical model of
speech, we can predict what sounds might be appearing next, and so can reduce the error
rate.

Data compression can help increase the execution speed of microprocessors. When a
conditional branch instruction is encountered, a processor will typically have to flush all
of the partially-executed instructions from its pipeline. This costs a great deal of time,
particularly in a tight loop. To reduce this cost, branch prediction is employed: we take a
guess as to which way the flow of execution will go, and only flush the pipeline when that
guess is wrong. Once more, data compression can assist us with the prediction process [7].

By predicting upcoming letters, compression algorithms have been used as the basis
for efficient input devices for people with special needs. Of particular note is the Dasher
system [22], which is based on arithmetic coding. It can be controlled using almost any
muscle of the body, by mouse gestures, or even by glancing at the screen. Because of the
fact that misspellings occur with lower frequency than correct spellings, the system actually

makes it harder to misspell words, and the resultant decrease in such errors was apparent
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in objective testing. After training, the speed of data input was comparable to the use of a
keyboard, even for users with limited mobility.

There have even been suggestions that data compression is, in a sense, the same thing
as artificial intelligence [40]: the more intelligent a machine is, the better it will be able
to predict what letters are about to occur in a file to be compressed, and therefore it will

achieve increased compression.

1.2 How Data Compression Works

The rigorous mathematical study of data compression was initiated by Shannon’s famous
papers on information theory [58]. With his Noiseless Coding Theorem, he proved that there
was a limit on how well data could be compressed!. Huffman coding provided an example
of a compression algorithm that came very close to Shannon’s limit, and this was further
improved upon with the advent of arithmetic coding, which (in theory) can achieve that

limit.

1.2.1 Lossy and Lossless Compression

If we are to store a file in less space, we will clearly have to throw some information away. We
can classify the data in a file as either useful, redundant or irrelevant. Redundant information
is that which can be reconstructed or deduced from the useful information, while irrelevant
information is simply that which can be lost irretrievably without ill-effect.

Clearly, we can’t throw away any of the useful information, or our data will be damaged.

IThis fact is often forgotten by people who should know better, for example [27, 14]. A simple counting
argument shows that no compression scheme can compress every possible string into something shorter

without losing some information.
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However, we can remove the redundant information with no problem at all, and in certain
situations we may wish to throw away irrelevant information as well. This is the means
by which compression algorithms do their work. If only redundant information is discarded,
then the result is lossless compression: we can exactly reconstruct the redundant information,
so the decoded data is identical to the original file. If the irrelevant information is thrown
away as well then we have lossy compression, since there may be some distortion in the
decoded data. We can’t reconstruct the irrelevant data, but that doesn’t matter because it
is irrelevant.

Natural languages provide many examples of these ideas. For example, English text has
redundancy in its letters: ‘E’ occurs with probability 10%, while ‘Z’ occurs only 0.2% of the
time. There is also redundancy in the words, since certain parts of speech can occur only in
certain contexts, following rules defined by the grammar. The context in which a sentence
is uttered affords us yet more redundancy.

This incredible level of redundancy means that we can recover a spoken word in a crowded
room, we can delete letters or misspell words, and we can even violate the normal rules of

grammar and still be understood:

The itndened mnieang is eisaly receroved evne fi hte spilgelns hvae bene mnglead.

W cn dscrd mst f th vwls wth n prblm.

This sentence no verb.

Interestingly, that isn’t the whole story, since some sentences that are perfectly well-

formed are nonetheless nonsense:
e Don’t look at me in that tone of voice—it smells a funny colour.

and some utter nonsense has acquired a meaning of its own:
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e All your base are belong to us.

Some gibberish (such as “Jabberwocky” by Lewis Carroll) even “seems to fill [one’s] head
with ideas” [12].

All of this redundancy means that English text is a prime target for data compression.
Current methods will typically compress text down to about 2 bits per character, although
our limited understanding of how human language really works surely indicates that this
figure will be improved upon one day.

An example of lossy compression comes from the storage of music. A sound wave is a
continuous function of time, and so there is significant redundancy when this is encoded into
a file. Furthermore, there is also irrelevant information, since some sounds are too high-
pitched for us to hear. These can simply be discarded. The decoded sound is almost—but

not exactly—the same as the original, and the differences are too small to notice.

1.2.2 The Compromises That Must Be Made

There are four measures of how well a data compression algorithm performs: compression
speed, decompression speed, size of the compressed file, and (for lossy compression) the
quality of the encoded data. Following Moffat’s lead [45], we use the term efficient for
algorithms that achieve a high speed, and effective for those that achieve a high compression
ratio.

It is usually impossible to build an algorithm that is both very efficient and very effective;
instead a tradeoff is required. Algorithms such as LZW are fast at encoding, extremely fast
at decoding, but aren’t terribly effective. By contrast, arithmetic coders tend to be much
slower, but much more effective.

What kind of algorithm is to be used depends entirely on the application. When a file
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is to be sent over a network, for example, fast decompression is usually more of a concern
than the size of the compressed data. When backing up a large quantity of data, however,
it’s usually more important to ensure good compression ratios. Since backed-up data will

(hopefully) never be needed, decompression speed is less of an issue.

1.3 Various Data Compression Schemes

Data compression algorithms can be broadly classified into one of two kinds: statistical
methods and dictionary based methods.

Statistical methods, as the name implies, rely on the use of a statistical model of the
data being encoded. The model predicts the distribution of the forthcoming letters in the
data stream, and feeds the predictions to an entropy coder. Entropy coders use fewer bits to
represent a very likely message than to represent a very unlikely message, thereby minimising
the expected length of the compressed data stream.

Dictionary algorithms work in a totally different way. They maintain a data structure
containing some of the substrings of the part of the input data that has already been encoded.
When a previously-observed substring occurs, a pointer into the data structure is stored
instead of the full substring. Because the pointers usually take less space than the original
substring, data compression is achieved.

The dictionary-based methods tend to be much faster than the statistical methods, par-

ticularly at decoding, but their compression effectiveness is markedly less.
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1.3.1 Statistical Methods: Huffman Coding and Arithmetic Cod-
ing

Huffman coding was discovered by David A. Huffman in 1951. He found it impossible to

prove that any of the then-known coding algorithms will always produce a minimum-length

symbol code. The simple reason for this is that it isn’t true. Instead, he produced a variant

of the Shannon-Fano encoding that does have this desirable property.

A Huffman coder works by creating a binary tree whose leaves are labelled with the
symbols to be encoded. We begin with a list of all the trees consisting of a single leaf,
together with the probabilities of occurrence of the corresponding letters. We then remove
the two least likely trees in our list and give them a common parent node. The resulting
larger tree then has a probability that is the sum of the probabilities of the two original
trees. The new tree is added back to our list. We repeat this process until there is only a
single tree in our list. This is called the Huffman tree.

To encode a symbol, we give a path through the (binary) tree from the root to the
appropriate leaf. Similarly, we can decode by following the given path to see what symbol is
at that leaf. Because less likely symbols have a greater depth in the Huffman tree, they have
longer code words, and so more likely symbols can have shorter codewords. The expected
length of a codeword is minimised and so compression is achieved.

Arithmetic coding is seen by some authors as a generalisation of Huffman’s method,
although this is by no means a universally-held opinion. It is discussed in much more detail
in the following chapters. The main disadvantage of Huffman coding is that it always requires
at least one bit to represent a letter (even if that letter occurs with near certainty) whereas
arithmetic coding can cope with fractions of a bit of information. A further advantage to

arithmetic coding is that it doesn’t require the use of the Huffman tree, and therefore saves
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the time that would be spent building and maintaining it. This makes it much more suitable
for adaptive encoding—see Chapter 3.

When Huffman coding was invented, it precipitated the near-instantaneous death of
Shannon-Fano encoding, since there were no good reasons to continue using the older, inferior
method. By contrast, arithmetic coding has failed to displace Huffman coding in spite of
its many strengths. This has been caused by its encumbrance with a number of software
patents with extremely restrictive licence terms. Fortunately, these patents are now nearing
the ends of their lives—check with your friendly lawyer before using the technique yourself!
Even once the patents are gone, it is likely that Huffman coding will continue to be used for
some significant time. So many file formats rely on it nowadays that replacing it will be a

major undertaking.

1.3.2 Dictionary-Based Methods: LZ77, LZ78 and LZW

The dictionary-based methods do not rely on an explicit statistical model of the text; instead,
they maintain a data structure representing the part of the text that has been encoded, and
they refer back to that structure to see what the next few letters in the data stream are.
Precisely how this happens depends on the algorithm in question.

It is not intended to give a full description of these methods here, as they are not discussed
in the rest of the thesis. Instead, we just give a flavour of how such algorithms work.

The first of the dictionary-based methods was developed by Abraham Lempel and Jacob
Ziv [71], and became known as LZ77. In this method, we search through the already-encoded
part of the data stream to find the longest prefix of the data remaining to be encoded. If
there is such repetition, then we simply give the index into the already-encoded data where
this prefix can be found, together with the length of the prefix. Finally, we give the letter

following the repeated section of text.
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The decoder simply copies bytes from the locations indicated in order to reconstruct the
original file. This simplicity means that the decoder can be extremely fast.

Various kinds of data structure can be used to search for repeated text. One of the faster
ones is a suffix tree, although many implementations of the algorithm simply search in a
finite-length circular queue, ignoring any repetitions that occurred in the distant past.

The main problem with LZ77 is that there is still a large amount of redundancy in
the encoded data stream, since a particular substring may have occurred more than once.
LZ78 [72] relies on maintaining an explicit dictionary of previously-seen substrings: instead
of recording substrings by their start position and length, an offset into the dictionary is
given. Since there is only one dictionary entry for each previously-seen substring, there is
reduced duplication of information, and so better compression can be achieved.

LZW [65] is a further refinement of the method. In both LZ77 and LZ78, the encoded
data stream contains references to previously-occurring substrings, together with a single
byte that is encoded literally. LZW does away with the literal byte. Instead, we begin with
a dictionary that contains all single-byte substrings, and the encoded data stream contains
references to this expanded dictionary.

There are many variations on this basic theme, including LZSS, LZFG, LZRW, and

others.

1.3.3 Other Methods: The Burrows-Wheeler Transform

No discussion of data compression methods would be complete without mentioning the
Burrows-Wheeler Transform. The method was first discovered by David Wheeler in 1983,
but it was not until 1994 that he and Mike Burrows published a technical report [11] outlining
the method. It was still largely unknown until Mark Nelson published an article [48] in Dr

Dobb’s Journal in 1996, after which papers concerning the algorithm started to appear in
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Figure 1.1: The rotations (left) and sorted rotations (right) of “BARBARA”.

many other places.

The interest generated by this method is not really surprising: it is an exceptionally
beautiful algorithm, and compression software based on it can perform almost as well as the
state of the art with a much lower cost in time and space.

The rotation of a string of length n is the result of removing the last letter and putting
it on the front of the n — 1 letters remaining. For example, the rotation of the string
“BARBARA” is “ABARBAR”. This can be further rotated, resulting in “RABARBA”,
“ARABARB?”, etc. The nth rotation will be identical to the original string.

To compute the Burrows-Wheeler transform of our string, we sort the n rotations into
lexicographic order and take the last letter of each of the sorted rotations. Figure 1.1 shows
that the Burrows-Wheeler Transform of “BARBARA” is “RBBRAAA”.

In order to decode the message uniquely, we will also need to know that the original
message occurs in the Hth line of the table of sorted rotations.

Notice that we can take the sorted table, rotate it, and sort it again to get back to where
we started (see Figure 1.2). This is the basis of the reverse transform. Initially, we know
only the BWT of the original string, so we can enter this into our table, as in Figure 1.3.

We apply the rotation to all the elements in the table, and then we sort the result. Since we
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Figure 1.2: Rotating and sorting the table
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know that rotating followed by sorting has no effect on the sorted table, we know that the
shaded column is unaffected by these operations.

We continue rotating and sorting until the whole of the original table has been recov-
ered. Looking at the 5th line of the recovered table, you can see the original message,
“BARBARA”.

We have glossed over many of the details of the algorithm: in particular, we can avoid
building the whole Burrows-Wheeler table. These shortcuts are discussed more fully in [48,
41, 33, 37].

So why is this method useful for data compression? The reason is that letters in a string
are usually heavily influenced by nearby letters. For example, in English, the string “here”
is usually preceded by a space or a “t”. When the rotations are sorted, those that begin
with “here” are likely to end with a space or a “t”, and so there will be lots of spaces and
“t”s close together in the transformed text. In fact, the BWT of a text contains many long
runs of the same letter. For example, the BWT of part of this chapter contains the string
“aaaatttttttt TnnnswSnsttttstrrr”, with long runs of identical letters. This is much easier to
compress than the original string. Typically [18], the BWT will be followed by move-to-front

encoding or run-length encoding, followed by an entropy encoder.
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Figure 1.3: Computing the inverse BWT of “RBBRAAA”.
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1.4 Thesis Aims

1.4.1 The Need for Formal Derivation of Compression Algorithms

Reading the data compression literature, one frequently encounters references to experimen-
tal results that show that one algorithm outperforms another on specific examples of text,
but there is often little in the way of formal proof that any particular algorithm is the best
possible for any particular situation. Indeed, there is not usually even a statement of what
assumptions an algorithm makes of the string being encoded.

Starting from a definition of arithmetic coding, we derive a framework for practical
arithmetic coding algorithms. The standard Witten, Neal and Cleary coder [70] falls within
this theoretical framework, and we will also see how this formal work leads quite naturally
to a significantly faster coding algorithm that would have been hard to spot by informal
methods.

The second part of this thesis concerns the PPM algorithm, which is used to build a statis-
tical model of the data being encoded. We attempt to start from some sensible assumptions
about our data and derive a PPM-like algorithm from those assumptions. Although it proved
impossible to carry the reasoning through to the intended result, we have nonetheless made

some useful progress for others to build on.

1.4.2 Intended Audience

Data compression is an area that sits on the boundary between several different disciplines.
It is both computer science and statistics; both a theoretical and an experimental field
of study. Many in the data compression community are unfamiliar with the functional
programming paradigm, while the functional programmers have not published many papers

on data compression or statistical algorithms [6]. We intend to cater for both of these groups,
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although we will be assuming that the reader has basic knowledge of both probability and

programming.

For those that prefer experimentation to theory, the algorithms developed are refined to

C code in Appendix A.



Chapter 2

Mathematical Preliminaries

2.1 Functional Programming

All the derivations in this thesis are carried out using the conceptual framework provided by
functional programming. The great advantage of this is that it allows us to concentrate on
what is being computed, rather than how it is computed. Functional programming languages
do not have the concept of state, thereby removing a complication that frequently arises in
the analysis of imperative programs. Issues of how a computation is carried out can be
deferred until after an algorithm has been thoroughly studied and understood.

Execution of a program in a functional language is performed by evaluating an expres-
sion. By contrast, traditional imperative languages are executed by performing a series of
instructions. Church proved that the two models of computation give rise to precisely the
same set of computable functions.

In this thesis, we will be using a syntax loosely based on the functional programming
language called Haskell. We use this language mainly as a specification tool, before refining

our programs to C code later on. Equivalent programs can usually be executed much faster

15
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in C than in Haskell, but the downside is that C has many more pitfalls: in particular, bugs
that manifest themselves in C programs usually cause compiler errors when the equivalent
program is written in Haskell, thereby saving a great deal of time and effort tracking down
the offending lines of source.

By using these methods, we hope to get the best of both worlds: the ease of reasoning
in Haskell, together with the speed of C.

In this section, we give only a brief overview of Haskell: for a fuller introduction, con-

sult [5] or [54]. For further discussion of the rationale behind the use of Haskell, see [55].

2.1.1 The Haskell Type System

Haskell is a strongly-typed language, meaning that a variable can hold data of only one
type. Attempting to use data of one type where we expect to see a different type will cause

a compiler error. For example, the following Haskell code will not work:

zs :: [Integer| -- zs is declared to be a list of integers.

zs =0 -- 0 is an integer, not a list of integers. This is an error.
ys :: [Integer]

ys = [0] -- [0] is the list containing the integer 0, so this is fine.

Haskell has all the usual types that one might expect to see in a programming language,
including Char, Integer, Float and Bool.

One of Haskell’s most important data-types is the list. As we have seen, lists are indicated
by square brackets. Additionally, strings (lists of characters) can be indicated by using

quotes.
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xs :: String
xs = “Hello”
ys :: [Char]

ys = [‘H’,%e’, ‘1", I, ‘0’] - Same thing, with the same type, as zs

Lists have a concatenation operator, denoted H-, where

[x07"'7'ra]—’+[y07"'7yb] = [IOV"?xaqu?"wyb]'

As a useful shorthand, we will write x : zs to mean [z] + zs." The empty list is written [].
One thing that is novel to seasoned C programmers? is that functions are first-class
objects in Haskell. They can be passed as parameters to other functions, and they can be

manipulated in various ways. The type of functions is represented with the — symbol:

plusone :: (Integer — Integer) — (Integer — Integer)

plusone f =g

where g x = f (z +1)

Equivalently, we could write
plusone :: (Integer — Integer) — (Integer — Integer)

plusone f z = f (z+1)

There are two ways to pass multiple arguments to a function in Haskell. The one that

will be more familiar is to use a tuple:

'Tn actual fact, Haskell has : as its primitive operator, from which ++ is defined. For our purposes, this

minor detail can be overlooked.

2Perl programmers may be more familiar with this, since Perl has apparently borrowed this, and several

other features, from Haskell.
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times :: (Integer, Integer) — Integer
times (z,y) =z %y

However, since functions are first-class objects, we can also say

times :: Integer — (Integer — Integer)

timesx y=x*y

which is to say that times x is itself a function taking a single parameter, y. The type of

times can equivalently be written without the brackets:
times :: Integer — Integer — Integer

This mechanism is extremely powerful, for it allows us to combine functions together in all

kinds of interesting ways. For example, it is perfectly sensible to evaluate
plusone (times 2) z

which is the same as 2 * (z + 1).

Functions can be composed with the o operator:

(fog)xz=f (g7

In this thesis, we will be referring to some types that are not present in Haskell as
standard. This is because we are using Haskell as the basis of a language for derivation of

programs, not as a programming language in itself. They are:

Symbol: Used to represent arbitrary symbols. A symbol may be a character, or a group
of characters, or even something that can’t be represented with the Char datatype.

Interval: Intervals in the real number line.

Real: Arbitrary real numbers.

Digit: The type of digits in some specified number base. First introduced in Section 3.3.
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2.1.2 Function Evaluation

In Haskell, functions are evaluated by performing a series of reductions. At each step, an
expression is reduced, by substitution, to something simpler. The computation halts when
no further reductions are possible.
2.1.1 Example. Two of the standard Haskell functions, head and repeat are defined as
head (z:zs) =z
repeat © = x : repeat x

The expression head (repeat 42) can be evaluated as follows:

head (repeat 42)
= { Definition of repeat }
head (42 : repeat 42)
= { Definition of head }

42 0

It is interesting to note that many traditional imperative languages would have choked
on the previous program, for repeat 42 is an infinite list. An important aspect of Haskell is
its lazy semantics: expressions are evaluated only as much as is necessary. In this case, it
was not necessary to completely evaluate repeat 42 before passing it to head. It’s quite OK
to produce an infinite data structure, as long as most of its data is not used.

Haskell provides us with a wide variety of standard functions that are the building blocks

for creating programs. For reference, many of these are described in Appendix B.
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2.1.3 Constructors

Haskell provides a special kind of function, called a constructor, for representing the values
of a datatype. A constructor differs from other functions in that it can’t perform any
computation or be reduced further; an expression involving a constructor is already in its
simplest form. In Haskell, constructors are distinguished by the fact that their names begin
with a capital letter. Since constructors can’t be reduced any further, we can extract the

values of their arguments by a process of pattern-matching.

2.1.2 Example. The Either o § datatype has two constructors, Left :: o — Either a 5 and
Right :: 3 — Either o 3. This datatype is often used to represent computations that may
return an error. The values Left z represent the error x, while values of the form Right y
represent a successful computation that returns y.

To illustrate how constructors can be used in pattern-matching, we define a function

called show.

show :: Either String Bool — String
show (Left x) = “Left 7 H =z
show (Right False) = “Right False”

show (Right True) = “Right True” O

Some of the datatypes that we will encounter, including intervals and real numbers, will
be considered initially as abstract entities. When we wish to write programs that manipulate
elements of these types we will have to declare constructors and specify the abstract values
that are represented by the constructors. For example, a list of digits could be used to

represent an abstract real number.
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2.2 Interval Operations

In order to be able to build and use arithmetic coders easily, we will need to develop a little
of the mathematics of intervals. The aim of this section is to present the operations that
we will be using, and to discover some of their properties. The proofs of these results are

unilluminating, so they have been relegated to Appendix C.1.

2.2.1 Definition. For real numbers a and b such that a < b, we use the notation (a, b) to

represent the interval® {z € R:a < x <b}. Welet Z = {(a, b) : a,b € R Aa < b}. O

Of course, the set 7 is not very interesting without some operations, and so we will give

it some.
2.2.2 Definition. For any (lj, r1), (I3, ro) and (I, r) in Z, let

o (I, 1) ®(la, m2) = (i +lo(r1 — 1), Ly +1ra(r1 — 11))
-l 1-1
Lry '={(—, — O
« &) <r—rr—z>

Suppose that [ and J are any two intervals. If we translate and stretch the real line so
that (0, 1) is mapped to I, then J will be mapped to I ® J and I~! will be mapped to (0, 1).

Elastic bands provide a useful mental image.

2.2.3 Proposition. Let I, .J, K € 7. Then

e I®JeT
e [7leT
e /I®(0,1)=(0,1HI=1I

e IRIt=I"1®1=/(0,1)

3The standard notation for such intervals is [a,b). We have avoided this notation owing to the possible

confusion between interval delimiters, list brackets and parentheses.
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e IQ(JRK)=(I®J)®K
In short, Z is a group with identity (0, 1) and operations ® and ~'. O

When we translate and stretch the real line like this, we move not only intervals, but also
single points. We can therefore extend our definition of ® to act on real numbers as well as

intervals.

2.2.4 Definition. For ([, r) € Zand x € R, let (I, r) @ x =+ z(r —1). O

2.2.5 Proposition. Let I, J € 7 and let x € R. Then

e (0,)®@x=ux

e (I®))@r=I®(J®x) O

To put it another way, Proposition 2.2.5 says that Z has a group action on R, and it is
for this reason that we have chosen to use the ® symbol both for the group operation and

the group action.

2.2.6 Definition. For (I, r) € Z, define

o left (I, ) =1
e right ([, ry=r

e width (I, 7) =7r—1 O

2.2.7 Proposition. Let I,.J € Z. Then

o left (1 ®J)=1®left.J
e right (I ® J) = I ®right J.
e width (/ ® J) = width I x width J O
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As well as having some pleasing algebraic properties, Z behaves well in a set-theoretic

sense.
2.2.8 Proposition. Let I, X and Y be in Z, and let z € R. Then
e XCVY <= IRXCI®Y

e rcX «— IRzxclxX O

The kinds of mathematical structures described in this section occur in many other places

as well. For a fun introduction to the area, see [49].

2.3 Integer Arithmetic

We will need to use some results about the floor and ceiling functions, x +— |z| and z — [z].
These are used when we come to discuss incremental decoding, as well as when we discuss
speed improvements to the new algorithm. Many published proofs involving arithmetic
coding have been made more difficult than necessary because the authors were unaware of

these useful characterisations.
2.3.1 Lemma. (Rule of Floors and Ceilings) Let z € R and n € Z. Then

en<|z|] <= n<uz

o 2| <n <= z<n.

n<lzr] <= n<czx

[z] <n <= z<n.

o —|z)=[-x].

Proof. Follows directly from the definitions: |z| is the largest integer that is less than or

equal to x and [z] is the smallest integer that is greater than or equal to z. 0
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There is one final observation that we will use: if n and m are integers, then n < m <=

n < m + 1. We refer to this as the “Plus 1 Rule”.

2.4 String Operations
There are a couple of notations that will be used for string operations.

o 1s X ys if xs is a prefix of ys.
e 1s = ys if xs is equal to ys.
o 1s =, ys if zs is a substring of ys that occurs at position n.

o 1s =, ys if zs is the longest substring of ys that occurs at position n.

More formally,

o 15 X, ys <= 1zs 2 dropn ys A n < length ys, and

o 15 =, ys < zs=dropn ys A n < length ys.



Chapter 3

Anatomy of an Arithmetic Coder

3.1 An Overview of Arithmetic Coding

A message can be considered as a finite list of symbols drawn from some alphabet. In
arithmetic coding, each message is represented by an interval of real numbers in (0, 1).
Messages containing more information are represented by narrower intervals; the empty
message is always encoded as (0, 1).

Every interval that represents some message xs can be partitioned into disjoint subinter-
vals, one for each letter x of our alphabet. The subintervals are then taken to represent the
messages xs +- [z]. By repeating this partitioning process, we can encode messages of any
required length.

To decode, all we need to know is a single element e of the interval representing the
message. Suppose that zs is any message whose corresponding interval I contains e. The
messages zs +H- [x] will be represented by disjoint subsets of I, only one of which contains
e. We can use this fact to find successively longer messages whose corresponding interval

contains e. Eventually, we will have recovered the whole message.

25
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l12/25
Fish Chips EOF
Fish | Chips | EOF | Fish | Chips | EOF |
|
| FIC|E | FlC|E | |
| | |
I | | I | I !
I |
' | ' |
0 1/9 2/9 1/3 4/9 5/9 2/3 1

Figure 3.1: The Arithmetic Coder of Example 3.1.1.

The partitions used by these algorithms are fixed at the design stage, so both the encoder
and decoder will know how to partition each interval. The particular choice of partition used

is known as a model, and is discussed further in the next section.

3.1.1 Example. Suppose that our alphabet consists of the three symbols “Fish”, “Chips”
and “EOF”. Every interval that represents a message xs is partitioned into thirds, with the
lowest third representing the message xs++ [Fish], the middle third representing the message
zs + [Chips|, and the highest third representing the message zs ++ [EOF|. The EOF symbol
occurs at the end of every message we wish to encode, and nowhere else.

Suppose that we need to encode the message [Fish, Chips, EOF|. The only message whose
encoding we know straight away is the empty message, [], which is encoded as (0, 1).

By using our model, we see that [] + [Fish] is encoded as (0, Y3). The middle third of
this, or (Y, ), is the interval representing [Fish|] + [Chips|. Finally, [Fish, Chips| + [EOF]
is represented by the top third of (Yo, %/y), or (547, 6/27), and our complete message has been
encoded.

Suppose now that a friend has encoded a message, and we are told that its corresponding
interval contains 12/55. We know straight away that []| is a message whose corresponding

interval, (0, 1), contains 12/5.
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As before, (0, 1) is partitioned into thirds, and the subset containing 1%/55 is (1/3, 2/3). This
corresponds to the message [|+[Chips]. The middle third of (Y5, 2/5) is (4/g, 5/}, representing
the message [Chips] ++ [Chips], and this too contains 12/55. The message [Chips, Chips| ++
[Fish] is represented by the interval (12/57, 13/57), which also contains 12/55; as does (38/s1, 39/s1),
representing [Chips, Chips, Fish] ++ [EOF]. This message ends in EOF, and so is the same

as the message that our friend encoded. We have successfully decoded the message. U

The arithmetic decoder continues to emit symbols until the whole message has been
recovered. The question then arises of how the decoder can know when it has decoded a
complete message. The commonest method in the literature is to use of a special EOF
symbol, as was the case in the preceding example. Another common choice is to record
the length of the message and decode precisely that many symbols. Which method is used
is largely a matter of taste. The first method may be more useful when the length of the
message to be compressed is not known in advance, while the second might be better if
one wishes to check in advance that there is sufficient space to decode the entire message.
Throughout this thesis, we follow the literature and assume that all messages end in the
EOF character.

Although the idea behind arithmetic coding is strikingly simple, practical implementa-
tions have earned themselves a deserved reputation for being difficult to understand and
reason about. Perhaps as a result of this, there have been only a few attempts (eg. [6])
to produce a rigorous proof of the method’s correctness. This chapter aims to rectify this
omission by producing a formal derivation of the method. Along the way we find ourselves
able to create a much faster algorithm than Witten, Neal and Cleary’s original program [70].
(Experimental results proving this claim are included in Section 4.5.) Previous attempts at

speed improvements [45] have come at a high cost in the algorithm’s reduced effectiveness.
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3.2 A Definition of Arithmetic Coding

A model is an association between symbols and disjoint intervals in (0, 1). Formally, we

treat it as an abstract type, with functions

adapt :: Model — Symbol — Model
lookup :: Model — Symbol — Interval
symbol :: Model — Real — Symbol

satisfying, for all models m and for all symbols x and y,

1. lookup m z C (0, 1)

2. symbol m e =2 <= e € lookup m z

Given a symbol z, we can find the associated interval by evaluating lookup m z. Given a
real number e, we can find the associated symbol by evaluating symbol m e. These functions
are the mainstay of the encoder and decoder.

If the interval I represents the message zs, and the model m is to be used for encoding
the next letter z, then the interval I ® lookup m x represents the message zs + [z]. This
is the mechanism behind the arithmetic encoder. Observe that the intervals I ® lookup m x
are disjoint subsets of I (by Proposition 2.2.8).

If z is as yet unknown, but we have that e € I ® lookup m x, then Proposition 2.2.8 says
that I~! ® e € lookup m z. By the definition of a model, therefore, x = symbol m (I™! ®¢).
We can use this fact to invert arithmetic coding.

Having encoded or decoded a symbol, we will generally want to adjust the model for
subsequent symbols. This is the purpose of adapt, which enables the compression algorithm
to adapt itself to more closely fit the kind of data being encoded. For this reason, our models
are generally known as adaptive models in the literature. Authors also refer to static models

in which no adaptation can occur, although these have limited usefulness. Static models are
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often used with Huffman coding, since each alteration to the model requires the Huffman tree
to be re-built from scratch—a slow process. The theory developed in this thesis absolutely

requires the use of an adaptive model, and so we use only the more general concept.

3.2.1 Example. Returning to the food example of the previous section, we can define a

model, foodmodel, by

lookup foodmodel x
| x ==Fish = (0, ¥s)
| 2 == Chips = {15, %

| 2 ==EOF = (23, 1)

symbol foodmodel e
| e € (0, Y3) = Fish
| e € (13, ¥3) = Chips
| e € (%5, 1) = EOF

adapt foodmodel = = foodmodel

If I is the interval representing the message zs, then

I ® lookup foodmodel Fish = I ® (0, Ys) ,

which is the lowest third of I. This is the interval representing the message zs -+ [Fish],
as in Example 3.1.1. Similarly, I ® lookup foodmodel Chips is the middle third of I, and

I ® lookup foodmodel EOF is the top third of I. 0
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To carry out the actual encoding of messages, we define new functions, encode and decode.

They are constructed in precisely the manner discussed earlier.

encode :: Model — Interval — [Symbol] — Interval
encode m I [] =1

encode m I (x: zs) = encode (adapt m x) (I ® lookup m x) zs

decode :: Model — Interval — Real — [Symbol]
decode m [ e =z : xs
where x = symbol m (I7! ®¢)

zs = decode (adapt m z) (I ® lookup m x) e

In this definition, [ is the interval representing the part of the message that has already been

encoded, and m is the model to be used for the remainder of the encoding.

3.2.2 Proposition. Let m be a model, and let I be an interval. Let zs be a message, and

let e be a real number. If e € I, then
e € encode m I s < s < decode m I e.

Proof. To prove the result, we will need the auxiliary fact that encode m I zs C I. We
use induction on the length of zs. The base case follows immediately from the definition of

encode. The inductive step is as follows:
encode m I (x: zs)
= { Definition }
encode (adapt m z) (I ® lookup m x) xs

C {Induction }
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I ® lookup m x

C {Since lookup m x C (0, 1), using Proposition 2.2.8 }

We use induction on the length of zs for the main result. The base case is trivial. For

the inductive step, we reason thus:

e € encode m I (x: zs)
< { Definition of encode }

e € encode (adapt m x) (I ® lookup m x) xs
< {Since encode (adapt m z) (I ® lookup m z) zs C I ® lookup m z }

e € encode (adapt m z) (I ® lookup m x) xs A e € I ® lookup m «
< {Induction }

zs = decode (adapt m z) (I ® lookup m x) e Ae € I ® lookup m x
< {Proposition 2.2.8 }

zs < decode (adapt m ) (I ® lookup m x) e AI"' ® e € lookup m
< { Definition of a model }

25 = decode (adapt m ) (I ® lookup m x) e Az = symbol m (I"' ®¢)
< { Definition of decode }

z:xs < decodem [ e |
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3.3 Input and Output

We have seen that the output from an arithmetic coder is an interval. Most of the time,
this is not useful. Instead, we need to store our encoded data as a sequence of letters from
some finite alphabet. For convenience, and without loss of generality, we will assume that
the alphabet used is {0, 1, ..., base — 1}, where base is a fixed constant. The letters in this

alphabet will be given the following type:
type Digit = Integer (0,1,...,base —1).

In Witten, Neal and Cleary’s coder, base = 2, and the list of bits has to be packed
into bytes before it can be written to disk. This introduces an avoidable (and significant)
overhead: we can take base = 256 and write bytes directly. This is the first optimisation
that leads to the improved coder.

To perform the translation between intervals and lists of digits, we introduce two new

functions, output and input:

output :: Interval — [Digit]
input :: [Digit] — Real.

and our compression and decompression algorithms will be given by

compress :: Model — [Symbol] — [Digit]

compress m zs = (output o encode m I) zs

decompress :: Model — [Digit] — [Symbol]

decompress m ys = (decode m [ o input) ys

for some fixed I. (It turns out that we want I = (0, 1). See section 3.4.) For any model m,
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and for any message zs, we require! that

zs = (decompress m o compress m) zs.

By Proposition 3.2.2, we can achieve this by requiring that (input o output) I € I for all
intervals I C (0, 1).
One obvious way to map lists of digits to real numbers in (0, 1) is by using the standard

radix notation. This immediately suggests a suitable definition for input.

3.3.1 Definition. We define

input |] =0

input (d: ds) = (d + input ds)/base O

At present there is not enough information to derive a unique matching output function:
instead, some creativity will be needed. For example, taking base = 10 and I = (0.25, 0.5),
we could take output I = [3], [4], or even [2,5,0]. Since we are interested in data compression,
it is natural to let output I be a minimal-length list of digits such that (inputooutput) I € [—
in this example, we could take output I = [3].

In practice, it is useful to have the length of output I depend only on the width of I, and
not on left I or right I: this enables us to concatenate other information to the compressed
data stream without the need for any messy re-positioning of file pointers. For example, the
intervals (0.99, 1) and (0.9, 0.91) both have the same width, 0.01. However, the shortest
number in (0.99, 1) is 0.99, while the shortest number in (0.9, 0.91) is 0.9.

So how long does output I need to be?

'The decoder produces some extra rubbish after completing the decoding, and so we can’t require that

xs = (decompress m o compress m) zs just yet. That’s what the special EOF symbol is for.
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3.3.2 Lemma. Let 0 < w <1, and let n = [—logy,. w]. Then every interval I C (0, 1) of

width w contains a number that is at most n digits long.

Proof. There are base” numbers in (0, 1) that are up to n digits long. Each is separated
from its nearest neighbours by a distance of 1/base™. If I contained no numbers that were
n digits long, then those numbers would be separated by more than the width of I: that is,
1/base™ > w. We show that actually 1/base” < w, and so I contains at least one number

that is up to n digits long.
—108pase W < [—10gpaee 0]
< { Definition of n }
—logp.ew <
< { Arithmetic }
1/base™ < w

This proves the claim. O

3.3.3 Lemma. Let 0 < w < 1, and let n = [—logy,ew]|. Then there is an interval

I € (0, 1) of width w whose shortest number is n digits long.

Proof. Let I = (1 —w, 1). The highest number with only n— 1 digits is 1 — base” ™. We

show that 1 — base™ ™™V < left I, and so I contains no number of n — 1 digits or fewer.
lOgbase w < Uogbase IUJ +1
< {Lemma 2.3.1}

lOgbase w < _< ’7_ 1Ogbase w—‘ - 1)

< { Definition of n }
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10gpase w < —(n —1)
< { Arithmetic }
1 —base ™V <1 —w
& {leftI=1—-w}
1 —base "V < left T
By the previous lemma, I contains at least one number that is at most n digits long, and

this reasoning shows that I contains no numbers that have fewer than n digits. The shortest

number in [ is therefore exactly n digits long. 0

By the previous two lemmas, we need to ensure that

length (output I) = [—log,. W]

if the interval I has width w. Returning to our example involving intervals of width 0.01,
we see that [—log;;0.01] = 2, so output (0.99, 1) = [9,9], while output (0.9, 0.91) = [9,0].

One of the effects of output I will be to convert a real number in [ to a list of digits, and
we define a new function, digits, to do this. Once again, we use our intuitive understanding

of the radix notation.
digits :: Real — [Digit]
digits z = d : ds
where d = |z x base]

ds = digits (z X base — d)

For example, 7 = 0.142857142857 . .., while digits 17 = [1,4,2,8,5,7,1,4,2,8,5,7, .. ]

(assuming base = 10).
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For each interval I C (0, 1), we have to find a real number = € I whose digits we can
take to be the result of evaluating output I. Which number = to use is largely a matter of

choice.

3.3.4 Lemma. Let I C (0, 1), and let n = [—logy . (width I)]. Let

[right [ x base"| —1
r = .
base™

Then z € 1.

Proof. Let w = width I. Then
—108pase W < [ 10gpae 0]
< { Arithmetic }
base ™ 1%8bsse ® < hage! ™ 108base ]
< { Arithmetic and definition of n }
1/w < base”
< { Arithmetic }
—w X base™ < —1
= { Since right I x base™ < [right I x base"] }
right I x base™ — w x base™ < [right I x base"| — 1
< { Arithmetic }
(right T —w) x base™ < [right I x base™] — 1
< {Since [right I x base"| — 1 < right I x base" }

(right I —w) x base™ < [right I x base™| — 1 < right I x base”
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< { Arithmetic }

[right [ x base™] — 1
base™

right [ —w < < right I
< { Definition of z and w }
left I < x <right I

< {Set theory }

el O

Observe that = x base™ is an integer. Therefore, the only non-zero digits of x occur in
the first n places. To specify = exactly, it is only necessary to give the first n digits, since

the rest are all zero. We can put this more formally by saying that

x = input (take n (digits x)).

This suggests a suitable definition for output.

3.3.5 Definition. Let I C (0, 1). We define

output I = take n (digits x)
where n = [—log,.. w]|
w = width [

x = [right I x base" — 1]/base” O

3.3.6 Proposition. With these definitions of input and output, (inputooutput) I € I for all

intervals 1 C (0, 1).

Proof. This follows easily:
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(input o output)
= { Definition of output }
input (take n (digits z))

= {Previous observation }

€ {Lemma 3.3.4}

As they stand, our input and output functions are not as useful as they might be for the
subsequent analysis. In order to reason about these functions, we will need to explore how
they interact with the interval operations given in Chapter 2, and to express them in a more

friendly form.

3.3.7 Proposition. Let

interval :: Digit — Interval

interval d = (d/base, (d 4 1)/base)

Let d be a digit, ds be a list of digits, and I C (0, 1). Then
input (d: ds) = interval d ® input ds

and
output (interval d ® I) = d : output [

Proof. Given in Section C.2 |
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3.4 Data Compression with Arithmetic Coding
The aim of any data compression algorithm is to minimise the expected length of the com-
pressed file. This is achieved by ensuring that very likely messages get compressed into
shorter output sequences than very unlikely messages. The amount of output produced de-
pends upon the width of the interval produced by the encoder; this in turn depends upon
the choice of model used. A good choice of model is crucial for the success of arithmetic
coding.

Since we don’t know in advance what message is to be compressed, we can consider it to

be a random variable, XS. The expected length of the compressed file—the quantity that

we wish to minimise—is then given by the following expression:
E (length (compress m XS))
= { Definition of compress }
E ((length o output o encode m I) XS
= { Definition of expectation }
ZIP’ (zs = XS) x (length o output o encode m 1) zs
~ | Deﬁj:ition 3.35}
ZIP’ (zs = XS) x (—logy, o width o encode m I) zs
By a Standa:ji result?, this is minimised precisely when
width (encode m [ xs) =P (zs = X9)

for all messages zs. Recall that we are assuming that all messages end with the special EOF

symbol that occurs nowhere else. Therefore, xs = X§ < xs <= XS, and so this equation is

2For a proof, see [66], page 5.
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satisfied whenever

width (encode m I zs) =P (zs < XS) (%)

We have to design a model so that (x) holds. We calculate the width of the interval rep-
resenting an encoded message, and we derive equation () as a corollary to this result. Note
that foldl is a standard Haskell function, defined in Appendix B, and that foldl adapt m ys

gives us the model in use after the string ys has been processed.

3.4.1 Theorem. Suppose that, for all messages ys and symbols z,

width (lookup (foldl adapt m ys) x) =P (ys +H [x] = XS | ys < X9).

Then, for all messages xs and ys,

width (encode (foldl adapt m ys) I zs) = width I x P (ys ++ zs < XS | ys < XS).

Proof. Given in Section C.2. O

3.4.2 Corollary. Suppose that, for all messages ys and symbols x,

width (lookup (foldl adapt m ys) x) =P (ys + [z] = XS | ys < X9).

Then, taking I = (0, 1),

width (encode m [ xs) =P (zs < XS)

for all complete messages zs.

Proof. Take ys =[] in Theorem 3.4.1. O
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We now know how to build a model that minimises the expected length of the arithmetic
coder’s output, and we have also completed the definition of compress and decompress by

finding the fixed interval I:

compress :: Model — [Symbol] — [Digit]

compress m zs = (output o encode m (0, 1)) zs

decompress :: Model — [Digit] — [Symbol]

decompress m ys = (decode m (0, 1) o input) ys

The key to using arithmetic coding for data compression is to produce an accurate model
for the data that is being encoded. This is fairly easy to do; for example, we could maintain
a count of the frequencies with which different letters make an appearance, and base our
probability estimates on that.

However, designing a really good model invariably requires a combination of clever algo-
rithms and a lot of computation. There is always a tradeoff between efficiency and effective-
ness. This is still a very active area of data compression research.

At last, we know how to use arithmetic coding to achieve data compression. There are
still a number of issues that need to be resolved, the most important of which is the need to

get away from using unimplementable real-valued arithmetic.

3.5 Rational-Valued Models

As things stand, our definition of a model is of limited practical value. We are using real
arithmetic when integer arithmetic would suffice (and real arithmetic can’t be implemented
on a finite computer). Furthermore, no real-world models would require arbitrary real num-

bers. Instead, we will always assume that the intervals returned by the lookup function have
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rational endpoints:

lookup m & = (ny/d, ny/d)

for some integers ny, ny and d. We can assume without loss of generality that d depends
only on the model m and not on the letter x being encoded.

The symbol function can also be adapted to work with integers. Observe that

e € (ni/d, ng/dy <= |d xel]/d e (ni/d, ny/d).

For any real number e, it is easy to calculate an integer n = |d X e| such that

symbol m e = symbol m (n/d).

3.5.1 Definition. A model is rational-valued if there are functions

denominator :: Model — Integer
int_lookup :: Model — Symbol — (Integer, Integer)

int_symbol :: Model — Integer — Symbol

such that (taking d = denominator m)

e int_lookup m = = (ny,n2) = lookup m z = (ny/d, ny/d)

e int.symbol m n =2 = symbol m (n/d) = x

for all models m, for all letters x, and for all integers n.
By contrast, we will refer to the arbitrary models discussed in previous sections as real-

valued models. O

An easy consequence of this definition is that

int_lookup m & = (ny,n2) A intsymbolmn=y = (x =y < n; <n < ny).
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3.5.2 Example. The food model, discussed at the beginning of the chapter, is a rational-

valued model. We take

denominator foodmodel = 3

int_lookup foodmodel Fish = (0,1)
int_lookup foodmodel Chips = (1, 2)

int_lookup foodmodel EOF = (2, 3)

int_symbol foodmodel 0 = Fish
int_symbol foodmodel 1 = Chips

int_symbol foodmodel 2 = EOF U

All the models we consider in this thesis will be rational-valued. By representing rational
numbers as a pair of integers, we find that our arithmetic coder could, in principle, be
implemented as it now stands. It would, however, be horribly inefficient, requiring integers
of unbounded size. In order to derive a practical algorithm, we need to make a number of

approximations.

3.6 Approximate Arithmetic Coding

Our current arithmetic coding algorithm requires the use of arbitrary-precision arithmetic.
This greatly slows our compression and decompression algorithms, and costs a great deal of
memory. Therefore, we would like to introduce some alterations to our algorithm to enable
us to use only finite-precision integers to represent intervals. Since we can’t represent all
possible intervals using such integers (there aren’t enough integers) we will have to make

some approximations.
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Of course, an approximate arithmetic coder will be slightly less effective than the exact
version, but this is a small price to pay for practicality.

The problem with building an approximate arithmetic coder is that we have to change the
definition of a coder: there is no mention of approximations in the work that has gone before.
It looks like our earlier work will have to be done all over again to allow for the approximations
that we’re about to make. In fact, we will find that we can express approximate coders in
terms of exact coders, and so our previous effort is saved.

In the exact coder, we used the ® operator to perform exact arithmetic on real-valued
models. For the approximate coder, we will introduce a new operator, X, , that performs
approximate arithmetic on rational-valued models with denominator d. The program we are
aiming for will look like:

approx_encode :: Model — Interval — [Symbol] — Interval
approx_encode m I [] =1
approx_encode m I (x: zs) = approx_encode (adapt m z) (I X, int_lookup m x) xs

where d = denominator m

approx_decode :: Model — Interval — Real — [Symbol]
approx_decode m I e = x : xs
where r = int_symbol m (I7! X, e)
zs = approx_decode (adapt m x) (I X int_lookup m x) e

d = denominator m
Of course, we would like to have that
I X, int_lookup m x =~ I ® lookup m x

or, more generally,

I'X®y (1, ng) = I® (ny/d, ny/d)
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so that the approximate coder is almost as effective as the exact version.

3.6.1 Definition. An interval approximation consists of an operator, X, satisfying:

e [ X, (ny,ng) C I, and

e cc Iy (n,ny) < ni < I 'Nye<ny

whenever 0 < n; < ny < d. O

Just as ® could act on both intervals and real numbers, so X, can also. I X (n1,ns) will

be an interval, while I=! X, e will be an integer.

3.6.2 Example. An example of an interval approximation is given by
I &d (nl,ng) =17 X <n1/d, TLQ/d> .

This “approximation” is, in fact, identical to the exact algorithm. As such, it isn’t terribly
useful, but it illustrates the point.

Since (ny/d, ny/d) C (0, 1), the first part of the definition for an interval approximation
is satisfied (by Proposition 2.2.8).

For the second part, we observe that
e € I Xy (n,ng)

< { Definition of X, }
eel®(ni/d, ny/d)

< { Proposition 2.2.8 }
I'"'®e € (n/d, ny/d)

& {Set theory }



CHAPTER 3. ANATOMY OF AN ARITHMETIC CODER 46
n/d<I'®e<ny/d
< { Arithmetic }
n <dx(I"'®e) < ny
< {Rule of Floors }
m < ldx (I @e)] < ny

and so we can take

IMRge=|dx (I""®e)l.

This makes X; an interval approximation. O

Unfortunately, we can’t blindly attach an interval approximation into the arithmetic
coding algorithm in the way we’ve described, or all of our previous careful work is invalidated;
we don’t even have a proof that the approximate encoding can be reversed! What we can
do, however, is to adjust our model slightly so that the new model just happens to agree

with the approximation. This adjustment will be carried out by the function
approximate :: Model — Interval — Model

and we will require that

I ® lookup (approximate m I) z = I X, int_lookup m x,
symbol (approximate m I) (I7! ® e¢) = int_symbol m (I~ X, ¢), and

adapt (approximate m I) x = approximate (adapt m z) (I K, int_lookup m x),

for then, by substituting into the definition of encode and decode, we see that

encode (approximate m [I) [ zs = approx_encode m [ xs, and

decode (approximate m I) I e = approx_decode m [ e,
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and so we can express the approximate coder in terms of the exact one. Consequently, all
our previous results will still hold, including its invertibility and correctness.

We can achieve this by taking

lookup (approximate m I) x = [~ ® (I M  int_lookup m ), and

symbol (approximate m I) e = int_symbol m (I7* X, (I ® ¢)).

It is necessary to check that our approximate model really is a model according to the
formal definition. The proof shows why it was necessary to define interval approximations
in the way we have. Once we have the proof, then we can see that all the other results we've

proved apply as much to approximate arithmetic coders as they do to exact ones.

3.6.3 Theorem. If m is a rational-valued model and [ is an interval, then approximate m [

is also a model.
Proof. By the definition of an interval approximation,
I Ky int_lookup m x C I
< { Proposition 2.2.8 }
I'® (I Xy int_lookup m ) C I ' ® 1 = (0, 1)
< { Definition of approximate }

lookup (approximate m I) x C (0, 1)

This is the first half of the definition of a model.

We check that the second part of the definition of a model holds.

e € lookup (approximate m I) z

< { Definition of approximate }
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e € I"' ® (I ®yint_lookup m x)

< {Proposition 2.2.8 }
I ®e e IN;int_lookup m x

& { Taking int_lookup m = = (ny,n2) }
IT®ee Xy (n,ng)

< { Definition of interval approximation }
n < I 'Ry (I®e) < ny

< {Since m is a rational-valued model }
int_symbol m (I X, (I®e)) =z

< { Definition of approximate }
symbol (approximate m [) e = x

Therefore, approximate m [ really is a model (although not necessarily rational-valued).

O

Finally, the approximate compression and decompression algorithms can be specified as
approx_compress :: Model — [Symbol] — [Digit]

approx_compress m s = (output o approx_encode m (0, 1)) xs

approx_decompress :: Model — [Digit] — [Symbol]

approx_decompress m ys = (approx_decode m (0, 1) o input) ys
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3.7 Conclusion

In this chapter, we have seen how to build an arithmetic coder. There are a number of details
that need to be added before we get a complete, implementable algorithm. In particular, we

need to decide on:

e a model for the data that is to be encoded, and

e an interval approximation.

By considering arithmetic coding in the most general setting possible, we have made
ourselves aware of all possible options. A thorough exploration of all possibilities enables us
to derive the promised faster arithmetic coder.

This chapter has considered all the things that arithmetic coders have in common. In

the next, we explore their differences.



Chapter 4

Some Arithmetic Coding Schemes

4.1 Introduction

We’ve seen how to build arithmetic coders in theory; we now have to make them work in
practice. We begin by giving a naive coder that has a number of serious drawbacks. We
show how these problems can be solved, resulting in Witten, Neal and Cleary’s arithmetic
coder—the canonical example that is referred to in most papers on the subject. Finally, a
novel arithmetic coder is introduced that runs significantly faster than those presently in

use.

4.2 A First Attempt

In this section, we introduce our first attempt at a practical arithmetic coder. The word
“attempt” is used deliberately, since it turns out that this coder doesn’t work. However,
most of the interesting coders are based on it, and they take various different approaches to
fixing the problems that we encounter.

The major obstacle to practical arithmetic coding is the use of arbitrary-precision num-

50
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bers, both for representing the interval I and the real number e in our encoding and decoding
functions. The space required to process a message is therefore unbounded, and the time
required is prohibitive. Perhaps the most natural way around this is to approximate intervals
and reals using only fixed-precision numbers. To do this, we introduce new constructors for

the Interval and Real types:

Naive_int :: Integer — Integer — Interval

Naive_int a b = (a/base”, b/base™)

Naive_real :: Integer — [Digit] — Real

Naive_real n ys = (n + input ys)/base’

where N is some fixed constant. We will require that 0 < a < b < base” and 0 < n < base”.
These conditions have an important consequence, which is discussed in Section 4.2.3

Since Naive_int and Naive_real are constructors, they can’t be reduced to other values in
the course of evaluation; instead, they are taken to represent intervals and real numbers.
The relationship between Naive_int a b and <a/ base™, b/ base’ > is one of equivalence, not

equality, and the same goes for Naive_real.

4.2.1 Shrinking Intervals

If we are to data-refine all our intervals to pairs of integers, then we will need to choose an

interval approximation so that
Naive_int a b Xy (n1, ny) = Naive_int a’ V'

for some ' and ¥'. Further, these integers will be bounded by base’, and so have finite

precision.
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4.2.1 Theorem. Let

Naive_int a b X, (n1, ne) = Naive_int {a +

] ot

and

— 1) -1
(Naive_int a b)~! X, Naive_real n ys = V(n atl) J :

b—a

Then X is an interval approximation. Further,
Naive_int a b X, (n1, ny) ~ Naive_int a b ® (ny/d, ny/d),
in the sense that
0 < left (Naive_int a b ® (n1/d, ny/d)) — left (Naive_int a bX, (ny, ny)) < 1/base™
and
0 < right (Naive_int a b ® (n1/d, ny/d)) — right (Naive_int a b Xy (n1, no)) < 1/base’.

Proof. Suppose that 0 < n; < ny < d. Then we can see by some simple arithmetic that

o as O |, =)y

and so Naive_int a b X, (ny, ng) C Naive_int a b. This is the first part of the definition of an
interval approximation (Definition 3.6.1).
We can use Definition 3.6.1 and the formula for Naive_int a b X, (n1, n2) to derive the

value of (Naive_int a b)~! X; Naive_real n ys.

Naive_real n ys € Naive_int a b X, (ny, no)
< { Definition of X, }

Naive_real n ys € Naive_int [a +ny(b —a)/d] [a + na(b—a)/d]



CHAPTER 4. SOME ARITHMETIC CODING SCHEMES 53
< { Definition of Naive_int and Naive_real }
la+ ny(b—a)/d]/base” < (n + input ys)/base” < |a + ny(b —a)/d]|/base™
< { Arithmetic }
la+ni(b—a)/d|] <n+input ys < |a+ nay(b—a)/d]
< {Rule of Floors }
la+ni(b—a)/d] < |n+input ys|] < |a+ na(b—a)/d]
< {Since input ys € (0, 1) }
la+ni(b—a)/d] <n < |a+n(b—a)/d]
< {Plus 1 Rule}
la+ni(b—a)/d] <n+1<|a+ny(b—a)/d]
< {Rule of Floors' }
a+ni(b—a)/d<n+1<a+ny(b—a)/d
< { Arithmetic }
ni(b—a) <dn—a+1) <ny(b—a)
< {Plus 1 Rule}
nib—a)<dn—a+1)—1<ny(b—a)

< { Arithmetic }

dn—a+1)—1
- b—a

1 < N9

!Observe that the Rule of Floors would be inapplicable without the previous application of the Plus 1

Rule.
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< {Rule of Floors }

d(n — 1)—1
< \‘ (n ba:ra) J<n2

< { Definition of X, }

ny; < (Naive_int a b) ™' X, Naive_real n ys < ny

and so X, really is an interval approximation.

For the last claim, it is easy to see that

Naive_int a b Xy (ny, no)

= { Definition of X, }

Naive_int {a + y 7

mi—a)| |, mbod)

{ Definition of Naive_int }

(o572 . o2 )

and

Naive_int a b ® (ny/d, ny/d)

{ Definition of Naive_int }
(a/base™, b/base™ ) @ (ny/d, ns/d)

= { Arithmetic }

(572 . o252 )

from which we see that

Naive_int a b X, (nq, n2) ~ Naive_int a b ® (ny/d, ny/d).

as claimed.

o4
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4.2.2 The Complete Algorithm

Whatever architecture we are using, there will be some operations that are more costly than
others. The way most computers today are built, fixed-precision addition and subtraction
are very cheap, multiplication rather less so, and division is to be avoided as much as possible.
Arbitrary-precision arithmetic is usually prohibitively expensive for practical use, and often
has to be implemented in software.

Our choice of interval approximation means that we get a reasonably good encoding,
while avoiding those operations that are too expensive. In particular, we use only addition,
multiplication and integer division, all of which are usually implemented in fast hardware.
The use of an approximation has enabled us to bridge the gap from theory to practice.

The complete algorithms will be given by

naive_compress :: Model — [Symbol] — [Digit]

naive_compress m zs = output (approx_encode m (0, 1) zs)

naive_decompress :: Model — [Digit] — [Symbol]

naive_decompress m ys = approx_decode m (0, 1) (input ys)

naive_encode :: Model — Integer — Integer — [Symbol] — Interval
naive_encode m a b xs = approx_encode m I zs

where [ = Naive_int a b

naive_decode :: Model — Integer — Integer — Integer — [Digit] — [Symbol]
naive_decode m a b n ys = approx_decode m [ e
where [ = Naive_int a b

e = Naive_real n ys
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except that we wish to give these functions in terms of naive_encode and naive_decode, not
approx_encode and approx_decode.

We can easily see that?

(0, 1) = Naive_int 0 base™

and

input ys = Naive_real (base™ x input (take N ys)) (drop N ys)
and therefore our naive compression and decompression algorithms can be given as

naive_compress :: Model — [Symbol] — [Digit]
naive_compress m zs = output (naive_encode m a b xs)
where a =0

b = base™

naive_decompress :: Model — [Digit] — [Symbol]
naive_decompress m ys = naive_decode m a b n (drop N ys)
where a =0
b = base’

n = base™ x input (take N ys)

If we substitute the definitions of approx_encode, approx_decode, Naive_int, Naive_real and
X, into naive_encode and naive_decode, we complete the derivation of the naive encoder and

decoder:

2Recall that base is the maximum integer that the encoder and decoder can handle.
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naive_encode m a b [] = Naive_int a b
naive_encode m a b (z : xs) = naive_encode (adapt m z) a’ V' xs
where (n;,ny) = int_lookup m x
d = denominator m
ad=a+[n(b—a)/d]

bV =a+ |ny(b—a)/d]

naive_decode m a bn ys = x: zs
where z = int_symbol m |(d(n —a+1)—1)/(b—a)]|
rs = naive_decode (adapt m x) @’ V' n ys
(n1,n9) = int_lookup m z
d = denominator m
a=a+ |[ni(b—a)/d]

b =a+ [na(b—a)/d]

These algorithms would be easy to implement in practice, given a suitable model. All
arithmetic is performed with finite-precision integers, using reasonably inexpensive opera-

tions. There’s just one little snag.

4.2.3 A Problem

The major drawback of this algorithm is that the length of the message is severely limited.
As the message is encoded and a and b approach each other, the accuracy of the coding
reduces further and further, and eventually a and b will collide. If this were to happen,
then Naive_int a b = @, which is not allowed. The encoded message would be lost, and the
coder’s state would no longer be well-defined. In practice, it would probably crash or spew

out infinite rubbish.
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Formally speaking, the problem has been caused because there is no guarantee that

Naive_int a b X, (nq, ng) is in the domain of Naive_int, and so this needs to be proven.

4.2.2 Example. Suppose that ny =0, ng =1 and b —a < d. Then

Naive_int a b X, (nq, n2)

= { Definition of X, }

Naive_int La + 1 ]

mi—a)| |, mboo)

= { Definitions of ng and n, }

(b;a)J

Naive_int |a] {a +
= {Sinceb—a<d}
Naive_int a a

Therefore, if we attempt to shrink Naive_int a b, we will get a collision. O

In fact, the conditions necessary to ensure that collisions cannot occur are so strict
that the naive coder is unusable. We haven’t really succeeded in limiting the precision
required for the encoder, as we now require N to have a very large value to prevent collisions.
Furthermore, the value of N puts an upper bound on the amount of information that can
be encoded at once using this coder. This is known as the underflow problem, and it was

first solved by Witten, Neal and Cleary in 1987.

4.3 Witten, Neal and Cleary’s Coder

In the long history of arithmetic coding, Witten, Neal and Cleary’s coder was the first to

be widely used. Their paper [70] included an implementation of the algorithm in C, making
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it easy for people to experiment with and use. We can derive their coder using the work of
the previous chapter. It also overcomes the drawbacks of the naive coder. The result of this

coder is always a list of bits: base = 2.

4.3.1 Representing Intervals

The insight that enabled Witten et al. to produce a usable algorithm was incremental en-
coding. They observed that whenever a and b approach each other sufficiently closely, then

at least one of the following conditions will hold3.

4.3.1 Conditions.

e Naive.int a b C (0, o) = interval 0 —ie. 0 <a < b <1 x 2N
e Naive_int a b C (1/5, 1) = interval 1 —ie. 1o x 2N <qa < b <2V

e Naive.int a b C (Vy, 3/) —ie. Yy x 2V <a<b<3yx2V O

This suggested to them that they should use the following constructors to represent

intervals and real numbers instead:
Whnc_int :: [Digit] — Integer — Integer — Integer — Interval

Whnc.int zs ¢ a b = foldr (®) (0, 1) (map interval zs) @ (Y4, 3/1)° @ Naive_int a b

Whnc_real :: [Digit] — Integer — Integer — [Digit] — Real

Whnec_real zs ¢ n ys = foldr (®) (0, 1) (map interval zs) @ (Y4, 3/4)° ® Naive_real n ys

which is to say that
Whnc.int [z0,21,...,2k] ca b=
interval zg ® interval z; ® ... ® interval z; ®

(Y4, 3/4) @ (Y, 3/4) @ ... ® (Y4, 3/4) @ Naive_int a b

(.

g

¢ times

3Recall that the interval function was defined on page 38.
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and

Wnc_real [z9, 21, ...,2k] ¢ n ys =
interval zp ® interval z; ® ... ® interval z; ®

(Y, 3a) @ (Y, 34) @ ... @ (Ya, 34) @ Naive_real n ys.

(. S/

~—
c times

As in the naive coder, we require that 0 < a < b < base’¥. Also like the naive coder, our

compression and decompression algorithms will be defined as

wnc_compress :: Model — [Symbol] — [Digit]

wnc_compress m xs = output (approx_encode m (0, 1) zs)

wnc_decompress :: Model — [Digit] — [Symbol]

wnc_decompress m ys = approx_decode m (0, 1) (input ys)

wnc_encode :: Model — [Digit] — Integer — Integer — Integer —
[Symbol] — Interval
wnc_encode m zs ¢ a b xs = approx_encode m I xs

where ] =Whnc.int zs ca b

wnc_decode :: Model — [Digit] — Integer — Integer — Integer —
Integer — [Digit] — [Symbol]

wnc_decode m zs ¢ a b n ys = approx_decode m I e
where [ = Wnc.int zs ca b

e = Wnc_real zs ¢ n ys

Once again, we will aim to express all of these functions in terms of wnc_encode and

wnc_decode only, eliminating references to approx_encode and approx_decode.
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4.3.2 Re-Normalisation

Unlike in the naive coder, there is not a unique representation of most intervals. For example,

the interval (Y5, 3/4) can be represented in several ways:

e Wnc_int [] 0 (Y x base™) (3/4 x base™)
e Wncint [] 1 (Y x base™) (base™)

e Wnc.int [1,0] 0 0 (base™)

among others.

Which representation of an interval should we use? We choose the representation that
ensures that none of Conditions 4.3.1 above holds—in this example, we represent (Y/s, 3/4)
as Wnc_int [1,0] 0 0 (base™), since Naive_int 0 (base™) is a subset of none of (0, Ys), (Y5, 1),
and (Y, 3/4).

Suppose we are faced with an interval Wnc_int zs ¢ a b, where Naive_int a b is suffi-
ciently narrow that at least one of Conditions 4.3.1 holds. Then we have to re-normalise
it, meaning that we find an alternative representation of the interval in which a and b are
widely-separated.

The simplest case to consider is when Naive_int a b C (Y4, 3/4), for then

Whnc_int zs ca b

{ Definition of Wnc_int }

foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° ® Naive_int a b

{ Definition of Naive_int }
foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° ®
{(a/base”, b/base™)

= { Arithmetic }
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foldr (®) (0, 1) (map interval 2s) @ (s, 3/4)° @ (Y4, 34) &
(2a/base™ — 1/5, 2b/base™ — 1)
= { Arithmetic }
foldr (®) (0, 1) (map interval zs) ® (Y4, 37" ®

(2a/base™ — 1/5, 2b/base™ — 1)

{ Definition of Naive_int, since 0 < 2a — /5 X base™ < 2b — s X base’¥ < baseN}

foldr (®) (0, 1) (map interval zs) ® (Y4, 37" ®

Naive_int (2a — Y5 x base™) (2b — /5 x base™)

{ Definition of Wnc_int }

Whnc_int zs (¢4 1) (2a — Y x base™) (2b — Vs x base™)
= { Arithmetic, since base = 2}
Wnc_int zs (¢4 1) (2a — 2¥71) (20 — 2V 1)

Note that Naive_int (2a — 2V~1) (2b — 2V~1) has twice the width of Naive_int a b, and so the
risk of collision has been reduced.
In the case where Naive.int a b C (0, V), the reasoning is similar, but with a very

important extra step:

Whnc.int zs ca b

{ Definition of Wnc_int }

foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° ® Naive_int a b

{ Definition of Naive_int }

foldr (®) (0, 1) (map interval 2s) ® (s, 31)° ® (a/base™, b/base™ )
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= { Arithmetic }
foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° ®
(0, 1) ® (2a/base”™, 2b/base™ )
= {Since (Y4, 3/1) ® (0, Vo) = (Y4, Vo) = (0, Vo) @ (Yo, 1) }
foldr (®) (0, 1) (map interval zs) ® (0, o) @ (12, 1)° ®
(2a/base™, 2b/base™)
= { Definition of interval }
foldr (®) (0, 1) (map interval (zs +- 0 :replicate ¢ 1)) ®
(2a/base”™, 2b/base™)

{ Definition of Naive_int, since 0 < 2a < 2b < baseN}

foldr (®) (0, 1) (map interval (zs ++ 0 : replicate ¢ 1)) ® Naive_int (2a) (2b)

{ Definition of Wnc_int }

Whnc_int (zs ++ 0 : replicate ¢ 1) 0 (2a) (2b)
The case in which Naive_int a b C (Y5, 1) is almost identical:

Whnc.int zs ca b

{ Definition of Wnc_int and Naive_int }
foldr (®) (0, 1) (map interval zs) ® (Y4, ¥1)° ® (a/base”™, b/base™)
= { Arithmetic }

foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° @ (Yo, 1) ®
(2a/base™ — 1, 2b/base™ — 1)

= {Since (Vs, ¥2) ® (Y2, 1) = (2, ¥a) = (Y2, 1) @ (0, V) }

63
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foldr (®) (0, 1) (map interval zs) ® (12, 1) ® (0, 1) ®

(2a/base™ — 1, 2b/base™ — 1)

{ Definition of Naive_int, interval and Wnc_int }

Whnc_int (zs + 1 : replicate ¢ 0) 0 (2a — base”™) (2b — base™)
= {Since base =2}
Wnc_int (zs +- 1 : replicate ¢ 0) 0 (2a — 2™) (2b — 2V)

Therefore, in any case where a and b approach each other too closely, we have an escape
route: we can use a better representation of the same interval to separate a and b and

continue with the encoding.

4.3.3 Re-Normalisation in the Decoder

Whenever we re-normalise the interval in the decoder, we will also have to adjust the values
of n and ys, since Wnc_int zs ¢ a b and Wnc_real zs ¢ n ys both depend on the values of zs
and c.

The reasoning is not difficult. We consider first the case where Naive_int a b C (Y4, 3/4).

Then

Whnc_real zs ¢ n ys

{ Definition of Wnc_real }
foldr (®) (0, 1) (map interval zs) ® (Y4, 3/4)° ® Naive_real n ys
= {Proposition 2.2.3 }
foldr (®) (0, 1) (map interval zs) ® (Y4, 32)"" @ (4, 3/4) " ® Naive_real n ys

= { Arithmetic }
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foldr (®) (0, 1) (map interval zs) ® (Y4, 3,)T" ® (2 x Naive_real n ys — 1)
= { Arithmetic }

foldr (®) (0, 1) (map interval zs) ® (Y4, 37" @
Naive_real (2n — Vobase™ + head ys) (tail ys)

= { Definition of Wnc_real }
Whnc_real zs (¢ +1) (2n — obase™ + head ys) (tail ys)
= {Since base =2}
Wnc_real zs (c+1) (2n — 2V~ 4+ head ys) (tail ys)
The other cases are very similar, and we see that

Whnc_real zs ¢ n ys = Wnc_real (zs ++ 0 : replicate ¢ 1) 0 (2n + head ys) (tail ys)

= Whnc_real (zs ++ 1 : replicate ¢ 0) 0 (2n — 2V + head ys) (tail ys)

Whenever zs and c are altered by the re-normalisation process, therefore, we can update

n and ys to match.

4.3.4 The Interval Approximation

As we did with the naive coder, we wish to choose our interval approximation so that
(Wnc.int zs ¢ a b) Ky (ny, no) = Wnciint zs' ¢ o’

for some values of zs’, ¢/, a’ and O’. We shrink intervals in exactly the same way as we did

with the naive coder, but we always re-normalise first since that reduces the risk of collisions.
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Whc.int zs ¢ a b Xy (n1, ng)
| Naive_int a b C (0, Y5)
= Whnc.int (zs + 0: replicate ¢ 1) 0 (2a) (2b) K, (n1, n2)
| Naive_int a b C (Y5, 1)
= Whnc_int (zs ++ 1 : replicate ¢ 0) 0 (2a — 2%) (2b — 2V) Ky (ny, no)
| Naive_int a b C (Y4, 3/4)
= Wnc_int zs (¢ + 1) (2a — 2V71) (2b — 2V1) Ky (ny, ng)

| otherwise

— Whne.int s ¢ {a + @J {“ T WJ

Interval approximations come in two parts, and we now have to consider the part that
is used by the decoder. As before, we re-normalise first. If we assume that Wnc_int zs ¢ a b

has been re-normalised, then

Wnc_real zs ¢ n ys € Wnc_int zs ¢ a b Xy (ng, n2)

& { Definition of X, }

Whnc_real zs ¢ n ys € Wnc_int zs ¢ {a + g

mi—a)| |, mb o)

< { Definitions of Wnc_int and Wnc_real }

nl )] |, o)

Naive_real € Naive_int
alve_real n ys Ive_l {a+ p P

< {Result from previous section }

ny < {d(n—a—%l)—lJ <y
b—a

Therefore, we take

d(n — 1)—1
(Wnc_int zs ¢ a b) ' Xy Wnc_real zs ¢ n ys = { (n—atl) J

b—a

and this gives us our interval approximation
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(Wnc_int zs ¢ a b)~! Ky Wnc_real zs ¢ n ys
| Naive_int a b C (0, 1a)
= (Wnc_int (zs ++ 0 : replicate ¢ 1) 0 (2a) (2b))! Ky
Wnc_real (zs + 0 : replicate ¢ 1) 0 (2n + head ys) (tail ys)
| Naive_int a b C (Y5, 1)
= (Wnc_int (zs ++ 1 : replicate ¢ 0) 0 (2a — 2V) (20 — 2V)) "1 K,
Whnc_real (zs ++ 1 : replicate ¢ 0) 0 (2n — 2V + head ys) (tail ys)
| Naive_int a b C (14, 3/4)
= (Wnc.int zs (¢ +1) (2a —2V71) (2b — 2N 1)1 K,
Whnc_real zs (¢ +1) (2n — 2V~ + head ys) (tail ys)

| otherwise

_ Ld(n—ajtl)—lJ

b—a

4.3.5 Putting it all Together

We have all the parts needed to build an arithmetic coder: a data refinement for representing
intervals, another one for reals, and an interval approximation. When we put these parts
together, we obtain the complete Witten, Neal and Cleary coder. We simply substitute the
definitions into wnc_compress and wnc_decompress. The result is given in figures 4.1-4.3.

In practical implementations, the variable zs is stored as a file on disk. Appending
information to a file is cheap, and, by Proposition 3.3.7, output (Wnc.int zs ¢ a b) =
zs + output (Wnc_int [] ¢ a b). Therefore, finishing the encoding is also a cheap opera-
tion, consisting of appending a few more bits to the file we've created.

During decoding, the variables zs and ¢ have no effect whatsoever, and so can be removed

from the algorithm. They were necessary for the formal derivation, as they ensure that the
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wnc_compress :: Model — [Symbol] — [Digit]

wnc_compress m s = output (wnc_encode m zs ¢ a b xs)

where zs = []
c=0
a=0
b=2V

wnc_decompress :: Model — [Digit] — [Symbol]

wnc_decompress m ys = wnc_decode m zs ¢ a b n (drop N ys)

where zs = []
c=0
a=0
b=2V

n = 2N x input (take N ys)

Figure 4.1: The definitions of wnc_compress and wnc_decompress
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wnc_encode m zs ca b [] = Wnc.int zs ca b
wnc_encode m zs c a b (x: zs)
|0<a<b<lox2N
= wnc_encode m (zs + 0 : replicate ¢ 1) 0 (2a) (2b) (2 : zs)
| ox 2N <a<b< 2V
= wnc_encode m (zs ++ 1 : replicate ¢ 0) 0 (2a — 2V) (20 — 2%) (: 2s)
| Vax 2V <a<b <3, x2N
= wnc_encode m zs (c+ 1) (2a — 2N71) (2b — 2V71Y) (2 : xs)
| otherwise
= wnc_encode (adapt m x) zs ¢ a’ V' xs
where (ny,ny) = int_lookup m z
d = denominator m
ad=a+ |[ni(b—a)/d]
bV =a+ |ny(b—a)/d]

Figure 4.2: The definition of wnc_encode
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wnc_decode m zs ¢ a bn ys
|0<a<b<lox2N
= wnc_decode m (zs + 0 : replicate ¢ 1) 0 (2a) (2b)
(2n + head ys) (tail ys)
| ox 2V <a<b<2V
= wnc_decode m (zs ++ 1 : replicate ¢ 0) 0 (2a — 2V) (2b — 2V)
(2n — 2V + head ys) (tail ys)
| Vg x 2V <a<b <3, x2N
= wnc_decode m zs (c+ 1) (2a — 2N71) (20 — 2N~1)
(2n — 2N=! + head ys) (tail ys)
| otherwise
=x: s
where z = int_symbol m |(d(n —a+1)—1)/(b—a)]|
rs = wnc_decode (adapt m ) zs ¢ a’ b’ n ys
(n1,ng) = int_lookup m z
d = denominator m
ad=a+|[n(b—a)/d]

b =a+ [na(b—a)/d]

Figure 4.3: The definition of wnc_decode
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decoder and encoder are always in the same state at the same time. (In the literature, it is

said that the encoder and decoder are “in lockstep”.)

4.3.6 The Underflow Problem Again

The Witten, Neal and Cleary coder hasn’t managed to vanquish the underflow problem
completely, but has reduced it to an acceptable level. Example 4.2.2 still applies, but it is
now always the case that b —a > /4, x 2V, and so we can prevent disasters by ensuring that
/4 x 2V > d = denominator m. This can be done by using a sufficiently large value of N
together with models whose denominators are bounded. Unlike in the naive coder, we don’t
have to choose a really huge value for N, and the length of file that we can encode is no
longer limited by underflow.

We’ve also lied slightly about the use of finite-precision arithmetic. The variable ¢ can
grow arbitrarily large in pathological cases. However, the probability of this occurring is

vanishingly small and it can be ignored in practice.

4.4 A Fast, General-Purpose Coder

The fast arithmetic coder is presented in much the same manner as the Witten, Neal and
Cleary coder: we give a data refinement that is used to represent intervals, and then install
it into the compression algorithm.

One of the reasons for the increased speed of the fast coder is that it produces a list of
bytes (base = 256), whereas Witten’s coder produced a list of bits. Lists of bits have to be
packed into bytes before they can be written to disk, and this consumes a surprising amount
of time.

The use of integer division in the Witten, Neal and Cleary coder also costs significantly.



CHAPTER 4. SOME ARITHMETIC CODING SCHEMES 72

We give a novel interval approximation that avoids the need for any divisions or multipli-
cations. In fact, we only need to use addition, subtraction and bit shifts. Moffat et al. [45]
attempted a similar idea, but their speedup relied on the fact that they were running their
coder on a machine that did multiplication and division in software. As soon as hardware-
based arithmetic is used, their advantage vanishes. By contrast, the algorithm presented here
outperforms even hardware-based arithmetic without a significant cost in the compression’s
effectiveness.

Other coders that have used similar methods to increase their speed include the Q-coder
and the Z-coder [53, 8]. These are all limited to binary alphabets, whereas the method
presented here can cope with alphabets of any size.

The constructors used are

Fast_int :: [Digit] — Digit — Integer — Integer — Integer — Interval
Fast_int zs z ¢ a b = foldr (®) (interval z) (map interval zs) ®

(interval (base — 1))¢ ® Naive_int a b

Fast_real :: [Digit| — Digit — Integer — Integer — [Digit] — Real
Fast_real zs z ¢ n ys = foldr (®) (interval z) (map interval zs) ®

(interval (base — 1))¢ ® Naive_real n ys

In the Witten, Neal and Cleary coder, we required that 0 < a < b < base”. Here, we relax
this condition somewhat: 0 < a < b < 2 x base™ and 0 < b — a < base’¥. As in the Witten,
Neal and Cleary coder, zs is the list of digits that have been output from the coder, and ¢
is used to prevent underflow. However, we now have the additional variable, z. There are
some circumstances in which the coder may wish to revise the last digit that it produced,
and so we keep that digit separately in z.

As with the previous coders, we would like to define:



CHAPTER 4. SOME ARITHMETIC CODING SCHEMES 73

fast_compress :: Model — [Symbol] — [Digit]

fast_compress m s = output (approx_encode m (0, 1) zs)

fast_decompress :: Model — [Digit| — [Symbol]

fast_decompress m ys = approx_decode m (0, 1) (input ys)

fast_encode :: Model — [Digit] — Digit — Integer — Integer — Integer —
[Symbol] — Interval
fast_encode m zs z ¢ a b xs = approx_encode m I xs

where [ = Fast_int zs zca b

fast_decode :: Model — [Digit] — Digit — Integer — Integer — Integer —
Integer — [Digit] — [Symbol]

fast_decode m zs z ¢ a b n ys = approx_.decode m I e
where [ = Fastiint zs z ca b

e = Fastreal zs z ¢ n ys

This doesn’t quite work, however, since there’s no way to represent the interval (0, 1) in
terms of Fast_int, and so no way to express fast_compress in terms of fast_encode. Instead,

note that
output (encode m (0, 1) xs)
= { Definition of tail }
tail (0 : output (encode m (0, 1) xs))
= {Proposition 3.3.7 }

tail (output (interval 0 ® encode m (0, 1) zs))
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= {Property of encode }
tail (output (encode m (interval 0) zs))
~ { Property of approx_encode }

tail (output (approx_encode m (interval 0) zs))

and so we take

fast_compress :: Model — [Symbol] — [Digit]

fast_compress m zs = tail (output (approx_encode m (interval 0) zs))

fast_decompress :: Model — [Digit] — [Symbol]

fast_decompress m ys = approx_decode m (interval 0) (input (0 : ys))

4.4.1 Re-Normalisation

As before, we will want to express Fast_int zs z ¢ a b in a normal form to prevent Naive_int a b
from becoming too small, although the normal form looks somewhat different to that in the

Witten, Neal and Cleary coder. In this case, re-normalisation happens whenever

width (Naive_int a b) < 1/base,

which occurs precisely when b — a < base™ ™.

When we normalise, we aim to express Naive_int a b in the form
Naive_int a b = interval 2’ ® Naive_int a, b,

for some 2/, a, and b, such that 0 < a, < by < 2 x base”™ and 0 < b, — a., < base”.

An elementary calculation shows that

Naive_int a b = interval 2’ ® Naive_int a, b,
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< {Proposition 2.2.3 }
(interval ') ' ® Naive_int a b = Naive_int a./ b.,
< { Definition of interval and Naive_int }
(' /base, (2 +1)/base) " @ {(a/base”, b/base” ) = Naive_int a.s b,
< {Interval arithmetic }
{(a x base — 2’ x base™)/base”™, (b x base — 2’ x base”)/base™) = Naive_int a. b,
< { Definition of Naive_int }
Naive_int (a x base — 2’ x base™) (b x base — 2’ x base™) = Naive_int a. b.,
< { Naive.int is a constructor }

a, = a X base — 2/ x base™ and b, = b x base — 2’ x base”

We also require that 0 < a.,, < 2 x base”, which is always the case when 0 < a, < base”.

Therefore,

0 < a, < base™
< { Previous discussion }

0 < a x base — 2’ x base’¥ < base”
< { Arithmetic }

2 <afbase™ Tt < 2 41
< { Definition of floor }

2 = |a/base™ ]

and so we have derived the values of 2/, a, and b,.
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We now split into cases. When 2z’ < base — 1, then

Fastiint zs z ca b
= { Definition }

foldr (®) (interval z) (map interval zs) @ (interval (base — 1)) ® Naive_int a b
= { Definition }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1))°®
interval 2’ ® Naive_int a,/ b,/

= { Definition }
Fast_int (zs + 2 : replicate ¢ (base — 1)) 2’ 0 a./ b,/
When 2’ > base — 1, we get a very similar result:

Fastiint zs z ca b
= { Definition }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1))¢ ® Naive_int a b
= { Definition }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1)) ®

interval 2’ ® Naive_int a,/ b,/

= {Since interval z ® interval 2z’ = interval (z + 1) ® interval (2’ — base) for all z }

foldr (®) (interval (z 4+ 1)) (map interval zs) ® (interval 0)¢ ®

interval (2’ — base) ® Naive_int a,/ b,/

= { Definition }

Fast.int (zs ++ (z + 1) : replicate ¢ 0) (2" — base) 0 a, b,/
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Finally, consider the case z’ = base — 1.

Fast.int zs z ca b
= { Definition }

foldr (®) (interval z) (map interval zs) @ (interval (base — 1)) ® Naive_int a b
= { Definition }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1))°®
interval 2’ ® Naive_int a,/ b,/

= {Since 2’ = base — 1}

foldr (®) (interval z) (map interval zs) ® (interval (base — 1))“™ ® Naive_int a./ b.,

{ Definition }
Fast.int zs z (¢ + 1) a, b,

We also have to consider what happens in the decoder during re-normalisation. This is

rather simpler than in the previous arithmetic coder.

Fast_real zs z ¢ n ys

{ Definition of Fast_real }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1)) ® Naive_real n ys

= {Interval arithmetic and definition of Naive_real }
foldr (®) (interval z) (map interval zs) ® (interval (base — 1))° ® interval 2’ ®
(interval 2')~' @ ((n + input ys)/base™)

= { Arithmetic }
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foldr (®) (interval z) (map interval zs) ® (interval (base — 1)) ® interval 2’ ®

((n x base — 2’ x base™ + head ys + input (tail ys))/base™)

{ Definition of Naive_real }

foldr (®) (interval z) (map interval zs) ® (interval (base — 1))° ® interval 2’ ®

Naive_real (n x base — 2’ x base™ + head ys) (tail ys)

{ Definition of Fast_real }
Fast_real zs z (c+ 1) (n x base — 2’ x base™ + head ys) (tail ys)

Therefore, when 2z’ = base — 1,

Fast_real zs z ¢ n ys = Fast_real zs z (¢ + 1)
(n x base — 2/ x base™ + head ys) (tail ys)

by the earlier discussion. Similarly, when 2’ < base — 1,

Fast_real zs z ¢ n ys = Fast_real (zs ++ z : replicate ¢ (base — 1)) 2’ 0
(n x base — 2’ x base™ + head ys) (tail ys)
and finally,
Fast_real zs z ¢ n ys = Fast_real (zs + (2 + 1) : replicate ¢ 0) (2’ — base) 0
(n x base — 2/ x base™ + head ys) (tail ys)

when 2’ > base — 1.

4.4.2 Approximate Interval Shrinking

In the Witten, Neal and Cleary coder, we require to calculate ' = a + [ny(b — a)/d| and
b =a+ |na(b—a)/d], where 0 < ny; < ng < d and, to prevent the underflow problem rearing

its ugly head, d < b — a. We give an approximation [20, 23, 51, 52] to

{@J when 0<n; <d<b-—a
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where n; = nq or ns.

Let k € N be such that 1/5(b — a) < 2¥d < b — a, that is k = |logy(w/d)|. Then

2 [2e

and so we can assume without loss of generality that Y5(b —a) < d < b — a. Now,
Yo(b—a)<d < (b—a)
< { Arithmetic }

b—a
<

1< <2

= {Since 0 <z —|z] <1forall z}

L omilb—a) Lni(bd—a)J +b;a

< P <3

< { Arithmetic }

- Vi(bd— a)J cmthb-a) o {MJ

< {Rule of Floors }

- Vi(bd—a)J - L(ni—klc)l(b—a)J s V(b_a)J

< { Arithmetic }

- {(ni—klc)l(b—a)J B {@J 4

< { Arithmetic }

L(nﬁlzl(b—a)J - {@J ~or2

Observe that

g(vnﬁ%@_aw ) {@D ) V(bd_a)J . {oa);a)J L
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But each of the terms in this sum evaluates to either 1 or 2. Suppose that p of them evaluate

to 1 and ¢ of them evaluate to 2. There are d terms in total. Therefore,
1p + 2¢ = b — a (writing the above sum in a different way) and
p + q = d (since the total number of terms is d).
This pair of equations has solution
p=2d—(b—a), and
g=(b—a)—d.

We therefore make the following approximation:

{(nZ +1)(b— a)J B {ni(b— a)J L ifn; > (b—a)—d
d d 2 ifn < (b—a)—d
Note that there are p = 2d — (b — a) values of n; for which this approximation is 1, and
¢ = (b — a) — d for which it is 2. Furthermore, we can easily see that
{ni(b_a)J N ni+b—-—a)—d ifn;>(0b—-a)—d
d - 2n; ifn, <(b—a)—d
Since this approximation requires at most a small constant number of additions, subtractions
and bit-shifts, it is clear that it will be much quicker to evaluate than the original function,
which used multiplication and division. In effect, we have approximated integer division
by putting a kink into the graph: see Figure 4.4. This approximation also lends itself to
hardware implementations [20] of arithmetic coding, since multiplication and division require
a significantly larger quantity of silicon than these simple operations.
The cost is that the compression effectiveness is reduced by about 1%. This compares

favourably with the cost of 21% that Moffat was prepared to accept in his improved coder [45].
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O approx w n; d

0 1 2 3 4 5 6
n;

o

Figure 4.4: Integer Division and Approximate Division with d = 6 and w = 8

4.4.1 Proposition. Let

approx :: Integer — Integer — Integer — Integer
approx w n; d

| 2Fn; > w — 2Fd = 2%n; + w — 2%d

| 2Fn; < w — 28d = 2(2%n;)

where ow < 2Fd < w

unapprox :: Integer — Integer — Integer — Integer
unapprox w n d

| n > 2(w — 2kd) = [27%(n — w + 2%d) |

| n < 2(w = 2%d) = 27" (V)]

where ow < 2%d < w

Then

o)

y J ~ approx (b—a) n; d
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and

approx w n; d <n <= n; < unapprox w n d.

Proof. The first part follows directly from the previous discussion.

Suppose that approx w n; d < n. There are three cases to consider:

o 2Fp; > w—2%d. Then 2%n;+w—2%d < n,son > 2(w—2%d) and n; < 27%(n—w+2*d).
By the Rule of Floors, therefore n; < unapprox w n d.

o 2%n; < w — 2% and n > 2(w — 2%d). Then 2(2*n;) < n, so n; < 27%(1an). Also,
Uon > w — 2%d, so n —1an < n —w — 28d. Therefore, n; < 27%(n —w + 2%d). The Rule
of Floors gives us that n; < unapprox w n d.

o 2Fn; < w—2%d and n < 2(w — 2¥d). Then 2(2%n;) < n, so n; < 27%(1an). Once again,

the Rule of Floors gives us that n; < unapprox w n d.

The proof that n; < unapprox w n d = approx w n; d < n is very similar. U

Not only is our approximation reversible, but the operations required to reverse it are

also extremely cheap. We can therefore make a very fast decoder as well.

4.4.3 The Faster Interval Approximation

Using the work of the previous sections, we can build the interval approximation used by

the faster coder. As always, we want it to take the form
Fast_int zs 2 ¢ a by (ny, ny) = Fast.int zs' 2/ ¢ a' V'

for some zs’, 2/, ¢, a’ and b'. We also want it to be able to re-normalise its interval parameter.
Putting together all of the results about re-normalisation, along with with the interval-

shrinking approximation, gives us the interval approximation of Figures 4.5 and 4.6.
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Fast_int zs z ¢ a b, (nq, n2)
| b—a <base™ ' A 2 < base—1
= Fast_int zs¢ 2’ 0 a, b, Xy (ny, ns)
|b—a < base™ ' A 2/ > base — 1
= Fast_int zs; (2’ — base) 0 a, b, Xy (n1, n2)
| b—a < base™ ' A 2 =base—1
= Fast_int zs z (c+ 1) a, by Ky (ny, no)
| otherwise
= Fast_int zs z ¢ (a + approx (b — a) ny d) (a + approx (b — a) ny d)
where a. = a x base — 2’ x base™
b, = b x base — 2’ x base”
2 = |a/base™
289 = zs + z : replicate ¢ (base — 1)

zs1 = 25 +H (2 + 1) : replicate ¢ 0

Figure 4.5: The interval approximation used in the fast arithmetic coder
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(Fast_int zs 2z c a b) "' X, Fast_real zs z c n ys
|b—a < base™¥ ! A 2/ < base — 1
= (Fast_int zs¢ 2’ 0 a, bzz)_1 X,
Fast_real zso 2’ 0 (n. + head ys) (tail ys)
|b—a < base™¥ ! A 2/ > base — 1
= (Fast.int zs; 2/ 0 ay bzz)_1 X,
Fast_real zs; (2' — base) 0 (n, + head ys) (tail ys)
| b—a < base™ ' A 2 =base—1
= (Fast_int 25 z (c+ 1) au b.) " Ky
Fast_real zs z (c+ 1) (n. + head ys) (tail ys)
| otherwise
= unapprox (b—a) (n—a) d
where a,, = a x base — 2’ x base”
b, = b x base — 2’ x base”
n. =n X base — 2/ x base™
2/ = |a/base™ ]
zsg = zs + z : replicate ¢ (base — 1)

281 = zs +H (2 + 1) : replicate ¢ 0

Figure 4.6: The interval approximation used in the fast arithmetic coder
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4.4.2 Theorem. Under the definition above, X is an interval approximation.

Proof. We check the definition of an interval approximation (Definition 3.6.1). Since we

have that 0 < ny; < ny < d, the definition of approx gives us that
a < a-+approx (b—a) ny d <a+approx (b—a) na d <b
from which we conclude that
Naive_int (a 4 approx (b — a) ny d) (a + approx (b — a) ny d) C Naive_int a b
and so
Fast_int zs z ¢ (a + approx (b —a) ny d) (a + approx (b —a) ny d) C Fast_int zs z ¢ a b.
Therefore, whenever Fast_int zs z ¢ a b is in its normal form,
Fast_int zs z ¢ a b, (nq, ny) C Fast_int zs z ¢ a b,

and whenever it is not in its normal form, then the results of Section 4.4.1 show that the
same conclusion holds. This is the first part of the definition of an interval approximation.
For the second part, we see that (again, assuming that Fast_int zs z ¢ a b is in its normal

form)
Fast_real zs z ¢ n ys € Fast_int zs z ¢ a bX; (ny, noy)
< { Definition of X, and fact that normalise [ =1}
Fast_real zs z ¢ n ys € Fast_int zs z ¢ (a+approx (b—a) n; d) (a+approx (b—a) ns d)
< { Definitions of Fast_int and Fast_real }
Naive_real n ys € Naive_int (a + approx (b — a) ny d) (a + approx (b — a) ny d)

< { Definitions of Naive_real and Naive_int }
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(a4 approx (b — a) ny d)/base”™ < (n + input ys)/base™ <
(a + approx (b — a) ny d)/base”™

< { Arithmetic and the Rule of Floors }

approx (b —a) ny d <n—a < approx (b —a) ny d
< {Proposition 4.4.1}

ny < unapprox (b —a) (n —a) d < ny
< { Definition of X, }

ny < (Fast.int zs z c a b) "' X, Fast_real zs 2 ¢ n ys < ny

and so this really is an interval approximation. For the cases where Fast_int zs z ¢ a b is not

in its normal form, we can use the results of Section 4.4.1. 0

4.4.4 The Complete Coder

We are ready to put all the parts of the faster coder together in much the same way as we did
for the Witten, Neal and Cleary coder. The result is the programs given in figures 4.7-4.9.
Following the lead of [70], we have provided a C implementation of this algorithm in

Appendix A.

4.5 Analysis of the New Coder’s Performance

Table 4.1 shows the performances of the various arithmetic coders discussed so far, measured
on a SunBlade 100 machine with a 500MHz Sparc 9 processor running Solaris. In addition,

Moffat’s coder [45] is tested, as that outperforms Witten’s coder when the machine carries
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fast_compress :: Model — [Symbol] — [Digit]

fast_compress m s = output (fast_encode m zs z ¢ a b xs)

where zs =[]
z=0
c=0
a=0
b = base”

fast_decompress :: Model — [Digit] — [Symbol]

fast_decompress m ys = fast_decode m zs z ¢ a b n (drop N ys)

where zs = []
z=0
c=0
a=0
b = base’

n = base™ x input (take N ys)

Figure 4.7: The definitions of fast_compress and fast_.decompress
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fast_encode m zs z ca b [| = Fastiint zs z ca b
fast_encode m zs z ca b (z : xs)
|b—a < base™¥ ! A 2/ < base — 1
= fast_encode m (zs ++ z : replicate ¢ (base — 1)) 2/ 0 a,/ b, (v : x5)
| b—a < base™ ' A 2 > base—1
= fast_encode m (zs ++ (z + 1) : replicate ¢ 0) (2’ — base) 0 a./ b, (z : xs)
| b—a < base™ ' A 2 =base — 1
= fast_encode m zs z (¢ + 1) ay by (x: xs)
| otherwise
= fast_encode (adapt m x) zs z c a' b xs
where (ny,n5) = int_lookup m z
d = denominator m
a' =a+approx (b—a) ny d
b = a+ approx (b —a) ny d
2 = |a/base” ]
a. = a X base — 2’ x base”

b, = b x base — 2z’ x base”

Figure 4.8: The definition of fast_encode
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fast_decode m zs z ca bn ys
| b—a < base™ ' A 2/ < base—1
= fast_decode m (zs ++ z : replicate ¢ (base — 1)) 2’ 0 a, b, n, (tail ys)
|b—a < base™¥ ! A 2/ > base — 1
= fast_decode m (zs ++ (2 + 1) : replicate ¢ 0) (2 — base) 0 a,/ b, n,/ (tail ys)
| b—a < base™ ' A 2 =base—1
= fast_decode m zs z (¢ + 1) ay by ny (tail ys)
| otherwise
=x:xs
where = = int_symbol m (unapprox (b —a) (n —a) d)
zs = fast_decode (adapt m x) zs ¢ a’ b/ n ys
(ny,n2) = int_lookup m z
d = denominator m
a' =a+approx (b—a) ny d
b = a+ approx (b —a) ny d
2 = |a/base” ]
a. = a X base — 2’ x base”
b, = b x base — 2z’ x base”

Ny = n X base — 2’ x base’ + head ys

Figure 4.9: The definition of fast_decode



CHAPTER 4. SOME ARITHMETIC CODING SCHEMES

Encoding

Encoded Size

Encoding Time

Decoding Time

None
Witten
Moffat

Fast

3,251,493 bytes
1,795,707 bytes
2,180,261 bytes

1,818,799 bytes

4.181 s
3.583 s

1.335 s

4.378 s
4.712 s

1.710 s

Table 4.1: Comparison of the Different Arithmetic Coders
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out multiplications in software. The test file is the concatenation of the files in the Calgary

Corpus [68]. Each test was repeated 10 times, and the results were averaged to reduce

random fluctuations. The fast coder produces an output file that is about 1% larger than

the output of Witten’s coder, while encoding and decoding take only 32% and 39% of the

time respectively. The model used in all cases was identical to that given in Witten’s original

paper [70]. It is interesting to note that the time required for modelling in the encoder was

0.814 seconds, meaning that the faster encoder runs at about 6.5 times the speed when

modelling time is discounted.



Chapter 5

The PPM Model

5.1 Introduction

We have seen how to build an efficient arithmetic coder. In order to produce a complete data
compression algorithm, we require a good model for the data that is being encoded. Having
seen a part of the input stream, the model is used to estimate the probability distribution
for the next (as yet, unseen) letter so that the arithmetic coder can produce an encoding
that is of minimal expected length. In cases where we have a great deal of knowledge about
the data being encoded (say a stochastic grammar or something similar [24, 56]) then this
can be fairly simple.

Unfortunately, we can’t usually specify in advance what kind of information is to be
encoded. Users might choose to compress something written in any language and with any
encoding of the characters. The information might be buried inside markup or transformed
in a myriad of other ways. Languages themselves come in many dialects and change with
time.

Faced with a moving target, we have to design a model that can learn about the infor-
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mation being encoded, and base its future predictions on past observations.

Over the years, several methods for achieving this have been proposed, including Dynamic
Markov Coding [15] and the fiendishly clever Burrows-Wheeler Transform [11, 48]. Of all
these techniques, we choose to focus upon Prediction by Partial Matching (PPM)—the
current state of the art in data compression. It is amenable to the kind of formal work that
is the emphasis of this thesis, and there are several ad-hoc choices that must be made. There
are several variations on the theme, and it is unclear that any of them are better than any
others. The justification for the use of one variant or another is usually experimental. By
producing a formal analysis of the algorithm, we hope to do away with all of this ad-hockery,

or at least make it clear what assumptions are being made.

5.2 Prediction by Partial Matching

The simplest of all adaptive models is called the zero-order model. We simply count the
frequencies of the letters, and use that to make our prediction about the forthcoming letters.
For example, if we had seen the letter A 35 times and the letter B 65 times in the string we
are compressing, then we might predict that the probability that the next letter is an A is
about 35%.

Using this method, we can compress English text down to around 4 or 5 bits ber symbol—
a saving of 40-50% compared to uncompressed text in a 256-letter alphabet. We can do
rather better than this, however, by looking at the previous letter to help predict the next
letter. In English, the letter Q is almost always followed by a U, but occasionally by A or
I. The probability that a U occurs is normally about 3%, but after a Q it jumps to about
97%. Clearly, the context is useful in predicting what the next letter will be.

The idea behind PPM is to look at the previous few letters in the input stream (the
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context), and use them to predict what the next letter is going to be. For each context, we

keep a tally of how many times each letter has been seen in that context.

5.2.1 Definition. Let

count :: [Symbol] — [Symbol] — Integer

count [| [] =1
count ys [] =0
count ys zs

| ys < zs = count ys (tail zs) + 1

| ys A zs = count ys (tail xs)
That is, count ys xs returns the number of times ys occurs as a substring of zs. ([l

Suppose that XS is the (random) string that we are trying to compress, and that we have
observed that zs < XS. Then we choose a context that is a suffix of zs, and we estimate
that

P (25 -+ [1] < XS | 25 < XS) = count (context +H [x]) zs

count context zs — 1

(Observe that ) count (context +- [x]) s = count context xs — 1 since context is a suffix

of zs. This accounts for the — 1 term in the denominator of the above expression.)

5.2.2 Example. Suppose that zs = “MISSISSIPPI”, and that we take context = “I”. Then

e count context xs = 4
e count (context ++ ['S’]) zs = 2

e count (context ++ ['P’]) s = 1.
Therefore, we estimate that

o P (“MISSISSIPPI” ++ ['S’] < XS | “MISSISSIPPI” < XS) = 2/3, and

o P (“MISSISSIPPI” ++ [P’] < XS | “MISSISSIPPI" < XS) = Vs. =
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5.2.1 Which Context?

The trouble with this scheme is that it is not clear which context would be the best to use.
In the previous example, we could have taken contert = [], in which case we estimate that
P (“MISSISSIPPT” ++ ['S’] < XS | “MISSISSIPPI” < XS) = 4/4;. If we were to choose to
take contert = “IPPI” then we wouldn’t have any information at all on which to base our
estimate.

There is an even deeper problem than this, however. If we use a short context, then
our estimates of the probabilities will be more accurate, but we might not be using all the
available information in the input stream. If we use a longer context, then the estimates
will be less accurate, but we might be better able to use the information we’ve just seen
in the input stream. Where should we draw the line? Unfortunately, there seems to be no
answer that stands up to rigorous scrutiny. Instead, we take the intuitively-sensible option
of blending together the various estimates.

This still leaves us with one further problem: what if we come across a symbol that has
never been seen [69] in the current context? We can’t assign it a zero probability, as that
would upset the arithmetic coder. In practice, we add an extra symbol to our alphabet,
called the escape symbol. Whenever we attempt to encode a letter that has not been seen
in the current context, an escape symbol is encoded and the model switches to a shorter
context before trying again. Whenever the decoder sees an escape symbol in the encoded
data stream, it becomes aware that the next letter has never been seen in the present context,
and so switches to the next shortest context before attempting to decode the letter. If the
letter still hasn’t been seen, then further escape symbols can be emitted. The trouble is that
the escape character then has to be assigned an estimated probability and there are many

ways to do this, again with no theoretical justification.
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These various setbacks have spawned a large number of different PPM variants, including
PPMA, PPMB, PPMC, PPMD, PPMZ, and others [10]. Then there’s PPM*, in which the

contexts are allowed to grow arbitrarily long, and that too comes in many different forms [13].

5.2.2 Implementing PPM with Suffix Trees and DAWGs

The space requirements of the PPM algorithm are quite large. Fortunately, we don’t have to
store the full list of contexts and probabilities in memory, as we can use suffiz trees [64] in-
stead. The context-switching mechanism of PPM bears a marked resemblance to Ukkonen’s
algorithm [62], and indeed this algorithm can be used as the basis for an implementation of
PPM.

A suffix tree of a string zs is an edge-labelled tree. Each node in the tree can be labelled
with the concatenation of the edge-labels on the path from the root to the node. For each
suffix ys of s, there is exactly one node whose label has ys as a prefix. Additionally, no
node is allowed to have a single child. An example is given in Figure 5.1.

A suffix tree often contains some additional information. For each non-leaf node zs, it is
useful to maintain a pointer to the node tail zs, known as a suffiz link, as this information is
useful when an escape symbol is encountered. The suffix links are also of vital importance
in Ukkonen’s algorithm. They are marked with a dashed line in Figure 5.1.

A closely related data structure is the Directed Acyclic Word Graph (DAWG), in which
nodes that have identically-labelled descendants are merged together. Since the descendants
are identical, there is no need to store them repeatedly, and so the DAWG provides a further

saving of space. An example of a DAWG is given in Figure 5.2.
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MISSISSIPPI

SSIPPI

SSIPPI SSIPPI

Figure 5.1: The suffix tree of the string “MISSISSIPPI”.

MISSISSIPPI

PI

Figure 5.2: The DAWG of the string “MISSISSIPPI”.
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5.2.3 Theme and Variations

What probability should we assign to the escape symbol when we are modelling with PPM?
This is not an easy question to answer, as we are attempting to estimate the probability
of an event that we have never observed in the current context. To give a flavour of the
various solutions that have been proposed for this problem, we will give details of three PPM
variants.

In PPMA, the escape symbol gets assigned a count of 1.

PPMB is almost identical to PPMA, with the exception that it assigns a probability to
each letter only after it has been seen at least twice in the present context. When a letter
has not been seen at least twice, then we switch to a shorter context, emit an escape symbol,
and try again.

In PPMC, the escape symbol is treated exactly like any other symbol: we keep a tally of
how many times it has occurred in each context and use that to predict the probability of it

recurring.

5.3 Statistical Estimation

There are many situations in which we would like to know the value of some variable that
cannot be measured directly or is too difficult to measure directly. For example, it is not
possible to measure the probability that a given coin shows heads when tossed. All we can
do is to toss it a few times, and estimate the probability based on the observed outcomes.
In data compression, it is impossible to know in advance the probability of a given letter
occurring in a given context, and so, for similar reasons, we have to employ estimation

techniques.
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5.3.1 Maximum Likelihood Estimation

Often, one of the simplest ways of estimating the value of some parameter is by using the
maximum-likelihood method. Suppose that we have made some observation O, and we wish
to estimate the value of parameter P. Then we choose the estimate, p, of P that maximises

the probability of O occurring: that is, we choose p to maximise

P(O|P=p).

5.3.1 Example. Suppose we have a file containing some bits, and we observe that there
are n zeros and m ones in the file. We wish to estimate the probability that a bit is a zero,
and this is our parameter P.

The probability of getting n zeros and m ones is given by the Binomial Distribution:

(n+m)!

P (n zeros and m ones | P = p) = — xpx (L=p)™.

nlm

We can show that this expression is maximised when p = n/(n + m), and so this is our

estimate of the probability P that a zero occurs. 0

5.3.2 Bayesian Estimation

Bayesian statistics [4] takes a rather different approach. We assume that our parameter
P has some known distribution of values, called the prior distribution. We then make the
observation O, and use Bayes’s Theorem to update our prior distribution in the light of our
newly-gained knowledge from the observation O. This gives us a new distribution on P,

called the posterior distribution.
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5.3.2 Example. We return to the file of the previous example, and use Bayesian methods
to estimate the value of P. As our prior distribution, we might assume that P is uniform

on (0, 1). Then the prior distribution’s density function is:

1 if0<<p<1
fP(p):

0 otherwise

By Bayes’s Theorem, the posterior distribution given the observation O is:
P (O|P=p)x fr(p)
P (0)
_ P (O]P=p)xfr(p)
JP (O] P=p)x fr(p)dp

Once again, we calculate P (n zeros and m ones | P = p) by using the Binomial Distribution.

frio (p) =

The result of this calculation (by a standard method) is that

(n+m+2)!
(n+ 1) (m+1

fpio (p|n zeros and m ones) = I x p" x (1—p)™,

a function with a sharp spike around n/(n 4+ m).
Notice that the Bayesian estimate is not a single number, but rather a distribution. If
we need a number, then we can take the expectation of P, which in this case is E (P) =

(n+1)/(n+m+2). O

The choice of prior is often subjective, depending on such things as one’s state of mind.
For example, when someone hands us a coin, we might assume that it’s reasonably fair, or
we might be paranoid and assume that it’s highly biased. In the latter case, after tossing the
coin and finding that it shows heads, we are inclined to believe that the coin will only ever
show heads. Since the prior is subjective, Bayesian methods are somewhat controversial, but

they do enable us to state precisely what assumptions are being made.
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5.4 A New PPM Model

Our description of the PPM algorithm has highlighted a number of difficulties. The most
significant is the difficulty in assigning probabilities to the escape sequences. A number of
different methods have been proposed, all of which lack theoretical justification. They are
distinguished purely by experimental results.

In order to stand any chance of deriving a PPM algorithm, it will be necessary to state
precisely the assumptions we are making of the strings being encoded. The attempted
axiomatisation led to a beautiful piece of mathematics that proved difficult to work with.
Although it was not possible to derive a PPM algorithm from scratch using this method,

some useful results were gained nonetheless.

5.4.1 The Axiomatisation

The intention behind this axiomatisation is to produce a Bayesian version of the PPM
algorithm. We begin by exploring the relationships between the probabilities of occurrence
of the various substrings of the message being encoded.

Our most important assumption will be that the future is similar to the past. Without
this, it would be impossible (or at least very difficult) to estimate probabilities of letters
in any meaningful way. When we’ve seen a sample of the data being encoded, then this
stationarity assumption ensures that the data will continue to behave in the manner we’ve
already seen.

We will also be assuming that the contents of a message do not help us to predict where
the end of the message is. This seems like a fair assumption, given that we have no prior
knowledge about the message that is being encoded.

These axioms can be stated formally as follows.
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5.4.1 Axiom. We assume that the random message XS to be encoded has the following

properties for all strings xs and for all natural numbers n and m:

o P (zs <, XS|[] 20 XS) =P (zs <, XS |[] 2 XS5), and
o P (zs=, XS|[] 20 XS)=(1—2)xP (zs %, XS |[] 20 X)

where 1 — 2z =P ([] =, X5 |[] =n X9). O

5.4.2 Proposition. The axioms are equivalent to

2x P (zs <, XS |[] =, XS) = ZIP’ | H as <, XS [] 20 X9)

— TP (a5 44 o] % X1 [] 20 X9

for all strings xs.

Proof. Simply chase definitions.

2x P (zs <, XS |[] %, X9) ZIP’ | H 25 <, XS |[] =0 XS)

< { Arithmetic }

Y. P ([x] Has =, XS ][] =0 XS)

P (25 <, XS |[] < XS) = :

& {Sincel—z=P ([] =, XS|[] <» X5)}

> P ([:1:]~H—xs = XS|[] =20 X9)

P s S XS] 20 XS8) = = 35 17 <, x9)

< {Since [] =%, XS = ([] 21 XS <[] #, XS) }

S, P ([2] + 25 <, XS | [] =, XS)
P ([] 2 XS [[] =0 XS)

P (25 <, XS |[] < XS) =

< { Partitioning the event xs <, 11 XS}

P (zs <p1 XS |[] 20 X9)
P ([] Znr XS ][] 20 X9)

P (zs <, XS|[] 20 X9) =
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< { Conditional probability }
P (zs <, XS|[] 20 XS) =P (s <01 XS | [] Zna1 X9)
< {Property of the natural numbers }

P (zs <, XS|[] 20 XS) =P (2zs <, XS |[] 2w XS5)
This is the first axiom.

2 x P (35 2 XS |[] 20 XS) =D P (35 + [2] 20 XS |[] =0 X6)
< { Arithmetic }
P (25 % XS |[] 20 XS) =D P (35 + [2] 20 XS |[] =0 X5) +

T

(1—2)xP (zs <, X5 |[] =0 X9)

< { Partitioning the event zs <,, XS5 }
D P (35 + [x] 2 XS |[] 20 XS) + P (25 =, XS |[] =, XS) =
x ZP (zs H [z] <, XS |[] 20 XS)+ (1 —2) x P (zs %, XS |[] 20 X9)
s | Arithmet:zc }
P(zs=p XS|[] 20 XS)=(1—2)xP (zs <, XS|[] 2n XS5)
This gives us the second axiom. ([l
When performing calculations, we’ll usually use the form of the axioms given by Propo-
sition 5.4.2 rather than as they were initially stated, as the calculations are slightly less
unpleasant that way. Proposition 5.4.2 still gives a fairly complicated relationship between

the probability estimates that we’re going to want to make, however. In order to simplify

things, we will explore a little deeper.
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5.4.3 Theorem. Let 1 <[ € N, and let z € R. Let f :: String — Real be any function

satisfying
Zf | H x5) Zf(xs%—l—[a:])

whenever length zs = [ — 1. Then there is a unique function f’ :: String — Real such that

o length zs =1 =" xs =f zs

o length s <l =z xf as =3 f ([a] Has) =) f (zs+H [z]).
Proof. We define f’ by

' xs
| length zs =1 =f s

| length zs <1 = (>, f ([z] Hzs))/z

Clearly, this is the only f’ for which the conclusion can hold. We have to show that z xf" zs =

>, f (zs + [z]). To do this, we use induction on [ — length zs.

Base Case. For the base case, we take [ — length zs = 1.

Zf’ (zs +H [z])

= {Since length (zs + [z]) =}

Zf (s H [z])

= {Property of f}

Zf | + xs)

= {Since length ([z] + xs) =1}

Zf’ | +H xs)

= { Definition of '}
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2z x ' xs
Inductive Step. We proceed thus:

SO (as -+ [a])

= { Definition of f' }

ZZf’ )+ w5+ [a])/2

= { The summations are finite }

ZZ]" 1+ zs + [z]) /2

= {Induction }
Z ' ([2'] + xs)
= { Definition of f'}

2z x ' xs O

Once we have constructed a function f such that P (zs <,, XS | xs <, []) = f xs for all
zs of length [, we automatically have that P (zs <,, XS | zs <, []) = f’ zs for all zs of length

up to . We don’t have to carry out any extra verification to ensure that this is the case.

5.4.2 A Simplification
We can simplify things even more than this. We have that
ZIP’ (xs+H [z] 2, XS |[] 20 XS) =2 x P (s <, XS |[] 2 X9)

= { Arithmetic }
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P (x5 + [z] <, XS |[] =n X9)
Z P (xs <, XS |[] 20 X9)

T

= { Conditional probability }
ZIP’ (xs + [z] <, XS | xs <, XS) =2

It would be far easier to specify a distribution satisfying our axioms by giving the prob-
abilities P (xs -+ [z] <, XS | zs <, XS) rather than P (xs + [z] <, XS |[] 2 XS), since
the verification that > P (zs + [z] <, XS | s <, XS) = 2 is so much easier than verifying
that Y P (zs + [z] <, XS |[] 20 XS) =", P ([z] H 25 <, XS |[] = XS). Fortunately,

we can do exactly this, although the proof requires a certain amount of linear algebra.

5.4.4 Definition. We write the matrix P as (p;;) if the number in the jth row and the ith

column of P is p;;. We say that P’s columns sum to 2z if >, p;; = 2 for all columns 1. O

5.4.5 Theorem. Let P = (p;;) be an m x m matrix whose columns sum to z. For each 1,

let
Poo — < Po1 ce Po,i—-1 Doi+1 te DPo,m
P10 P11 —%z2 - P1i-1 Pi1,i+1 ce P1m
pi = det Pi-1,0 Pi-11 - Pi-li-1 — 2 Pi-1i+1 o Picim
Pit10 Pit1a ce Dit1,i—1 Pit1i+1 — 2 - Pit1,m
Pm,0 Pm,1 e Pmi—1 Pmi+1  Pmom — R
Then
Po Po
P =z

Pm Pm
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Proof. Let
Po qo
(P —2I) : =

Pm m

Then, for each j,

q; = (ij,z‘ X Pz’) + (P — 2)p)-
i#j
We simplify this expression for each j, aiming to show that ¢; = 0.

One of the properties of a determinant is that you can add one row to another without
altering the value of the determinant. Adding to row j the values of all other rows in p;

therefore gives another formula for p; when j # i:

DPoo — < s DPo,i—1 DPoi+1 s Po,m
Zk;éi Pro—2 - Zk;«éi Pri-1— %2 Zk;éi Priv1— = - Zk;éi Pem — 2
p; = det
Pi—1,0 T Pi-1i-1— % Pi—1,i+1 te Pi—1m
Pit1,0 T Di+1i—1 Pit1i+1 — 2 T Dit+1m

Pm,o e Pmi—1 Prmi+1 e Pmm — <%
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but P’s columns sum to z, so we can simplify this:

pi = det

By the method of minor determinants, we see that

pj,i X p; = det

Poo — = Po,i—1 Po,i+1
—Pio —Pii—1 —Piji+1
Pi—1,0 Pi—1i-1 — % Di—1,i+1
Pit+1,0 Dit1,i—1 Pit1i+1 — =
Pm,0 T Pmi—1 Pm.i+1

Poo — = Po,i—1 0 Poi+1
—DPio —Pii—1 0 —Pii+1
Di—1,0 Pi—1i-1—2 0 Di—1,i+1

0 s 0 pj,’i O

Pi+1,0 Dit1,i—1 0 Dit1i+1 — Z
Pm,o ce Pmi—1 0 Pmi+1

Po,m

—DPim

Pi—1,m

Di+1,m

Po,m

—Pim

Pi—1,m

Pi+1,m

pm,m —Z
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It is well-known that swapping two rows of a determinant changes the sign of one of the
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rows, so we swap rows ¢ and j:

Poo — =

pji X p; = det Di—1.0

Dio

Pit+1,0

Pm,0

Po,i—1

Di—1i-1— %
Pii—1

Pit1,i-1

Pmi—1

Dji

0

0

Po,i+1

Di-1i+1

Pii+1

0 Pitrit1 — 2

0

Pmi+1

p(],m

Pi—1,m
Dim

Pi+1,m

pm,m -z
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This gives us the value of p;; x p; for each 7 and j. The remaining term in the formula

for ¢; is (p;; — 2)p;, and we can easily show that

Poo — 2

Pj-1,0

(pjj — 2)p; = det 0

Pj+1,0

Pm,0

DPo,j—1

Pj-145-1 — =

Pj+1,5-1

Pm,j—1

Djj —

0

Po,j+1

Pj-1,5+1

z 0

Pj+i+1 — %

Pm,j+1

Po,m

Pj—1,m

Pj+1,m

pm,m -z

We are now in a position to evaluate ¢;. By the method of minor determinants, we see

that

q; = det

Poo — = Po,1
P10 P11 — %
Pm,o Pm1

Po,m

Pim
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or, to put it more succinctly, ¢; = det (P — zI). Since P has columns summing to z, z is an

eigenvalue, and so det (P — 2I) = 0. Therefore, ¢; = 0 for all j, and the result follows. O

5.4.6 Corollary. Let

pii =P ([i,5] 2o XS [i] = XS),
and let p; be as in Theorem 5.4.5. If

Di

Zk Pk

P ([]] <n XS |[] <» XS) = 2 x

then the axioms are satisfied.

Proof. By our earlier discussion,

ZP ([i, 5] Zn XS | [i] =0 XS) =2

J

and so )~ pj; = z. In other words, P = (p;;) has columns summing to z, and Theorem 5.4.5
applies.

Therefore,

ZIP ([i,4] = XS ][] =0 XS)

J

= { Conditional probability }
> P ([0 5] 20 XS | [i] =0 XS) x P ([i] 20 XS | [] %0 XS)
J
= { Assumption }
> pis x P (] 20 XS[[] 20 XS)
J

= {Since ) ;pji =2}

2x P ([i] <n XS |[] <n XS)
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and
Z]P’ ([5, 5] =2 XS |[] =0 X5)
= { Conditional probability }
> P ([i:5] 20 XS | [i] =0 XS) x P ([i] 20 XS | [] %0 XS)
= { Assumption }
i X Dji
IDEL v
= {Theorem 5.4.5}
= { Definition }
2 x P ([j] 20 XS [] 20 X5)
Finally, we can easily see that
ZIP’ ] =0 XS [ [] 20 XS) = 2 x P ([] 20 XS [ [] 20 XS)

and we’re done. O

Suppose we wish to calculate P ([i,j] <, XS |[] = XS) when we know the value of
P ([, 4, k] 2 XS|[i,7] = XS) for all i, j and k. Then we can use Theorem 5.4.5 for that
too, by using an alphabet consisting of pairs of symbols. For example, the string “Hello”

could be represented as [“He”, “el”, “II”, “lo”], and
P (“Hel” =, XS | “He” =<,, XS) =P ([“He”, “el”] %, XS' | [“He”] =<, XS').

Theorem 5.4.5 can also be used to give an explicit formula for the stationary distribution

of a stationary Markov chain (contrary to the claim in several statistics textbooks that this
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is not possible). Just take z = 1 to ensure that P is a stochastic matrix. Although the
system we’ve set up looks a little bit like a stationary Markov process, it isn’t. In particular,
we allow the prediction of the next symbol to depend on events that happened at arbitrarily

distant positions in the string.

5.5 Towards Bayesian PPM

The main aim of this work was to produce a Bayesian version of PPM, thereby making
explicit the assumptions that are being made of the string being compressed. This would
enable us to rigorously derive the algorithm from scratch. The main problem was in finding
a suitable family of priors for our probabilities P (zs ++ [z] <,, XS | zs <,, XS). In the case
where zs = [], this has already been done: we use a Dirichlet distribution [39]. However, in
more complicated cases it is not clear how to build these priors in a way that is consistent
with our axioms.

We have seen how the PPM algorithm works in its currently-used form, and have at-
tempted to produce a formal axiomatisation of the method, in the hope of rigorously de-
riving a similar algorithm. A certain amount of progress has been made in that direction,
although more remains to be done—in particular, we will need to find a well-behaved prior

distribution before we can begin to apply Bayesian methods.
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The New Coder in C

A.1 Introduction

The arithmetic coding program given here is based on the fast coder described in Section 4.4.
It is optimised for readability as well as speed, and is intended to be used as a general-purpose
arithmetic coding library—experience has shown that it’s very hard to get arithmetic coding
algorithms to run correctly, so it is much better to reuse tried and tested code!

It contains a few differences from the formally-derived algorithm, intended to make it
more useful in practical applications. In particular, the coder adds a few dummy bytes to
the compressed file that aren’t present in the original algorithm. These ensure that the file
pointer is left immediately after the end of the compressed data stream when encoding and
decoding. We can therefore concatenate more data onto the end of a compressed file if we so
choose, and not have to reposition the pointer after we’ve finished reading the compressed
data. This convenience is not present in the Witten, Neal and Cleary coder.

Before using this code, the reader should be aware that arithmetic coding was covered

by a number of patents. Many of these have now expired, since the method is over 20 years

112
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old; others may still be in force. You need to perform your own checks. None of the novel
ideas in this paper are covered by additional patents, so you can use them as you wish.

These files can be downloaded from

http://web.comlab.ox.ac.uk/oucl/research/pdt/ap/ac/coder.zip.

A.2 The Arithmetic Coding Library

A.2.1 ac.h

The programmers’ interface for this arithmetic coder is fairly self-explanatory. The de-
nominator used by AC_Encode and AC_Decode is that passed to the previous call to those
functions. Initially, the denominator is set to 1, so you will almost certainly want to say
AC_Encode (0, 1, new_denom) before beginning the encoding of the file, and equivalently
value = AC_Decode (0, 1, new_denom) before decoding.

In order to ensure correct operation, both the compressor and decompressor must make
matching calls to AC_Encode and AC_Decode. If the compression software makes a call to
AC_Encode (low, high, new_denom) then the decompressor must make a matching call to

AC_Decode (low, high, new_denom).

/*

* ac.h

* By Barmey Stratford

* Version 14, 4th May 2005
*/

#ifndef AC_H
#tdefine AC_H

#define MAX_DENOM 65536
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void AC_InitialiseEncoder (FILE *compressed);
void AC_InitialiseDecoder (FILE *compressed);

void AC_Encode (register long low, register long high, long new_denom);
long AC_Decode (register long low, register long high, long new_denom);

void AC_FinaliseEncoder (void);
void AC_FinaliseDecoder (void);

#endif

A.2.2 encode.c
/%

* encode.c

* By Barney Stratford

* Version 14, 4th May 2005
*/

#include <assert.h>
#include <stdio.h>
#include "ac.h"

#define BITS 16

static FILE *xfile = NULL;
static long left, kink, bits;
static long denom;

extern const int ac_shift[];

static void write_byte (long byte);

void AC_InitialiseEncoder (FILE *compressed)
{
#ifdef DEBUG
assert (compressed != NULL);
assert (file == NULL);
#endif
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/* Initialise state */

file = compressed;

left = 0;
kink = 0;
bits = BITS + 8;
denom = 1;

void AC_Encode (register long low, register long high, long new_denom)

{
register long width;

#ifdef DEBUG
assert (1 <= new_denom);
assert (new_denom <= MAX_DENOM) ;
assert (0 <= low);
assert (low < high);
assert (high <= denom);
assert (file !'= NULL);
#endif

/* Shrink the interval x/
low <<= bits;

high <<= bits;

if (low < kink) low <<= 1;
else low += kink;

if (high < kink) high <<= 1;
else high += kink;

left += low;

width = high - low;

/* If necessary, write out some bytes */
while (width <= 1L << BITS)
{
write_byte (left >> BITS);
left = (left & ((1L << BITS) - 1)) << 8;
width <<= 8;
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/* Adjust the denominator */
if (new_denom <= 256)
bits = BITS + ac_shift[new_denom] - ac_shift[width >> BITS];
else
bits = BITS - 8 + ac_shift[new_denom >> 8] - ac_shift[width >> BITS];
if (new_denom << bits > width) bits--;
kink = width - (new_denom << bits);
denom = new_denom;

void AC_FinaliseEncoder (void)

{

#ifdef DEBUG

assert (file != NULL);

#tendif

/* Write out any remaining data in the buffer */
write_byte (left >> BITS);

write_byte (256);

write_byte (0);

write_byte (0);

file = NULL;

static void write_byte (long byte)

{

static int buffer = 0, carry = 0;

if (byte < 255)

{
putc (buffer, file);
while (carry)

{
putc (255, file);
carry--;

+

buffer = byte;
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else if (byte > 255)

{
putc (buffer + 1, file);
while (carry)
{
putc (0, file);
carry--;
}
buffer = byte - 256;
}

else carryt+;

A.2.3 decode.c
/%

* decode.c

* By Barney Stratford

* Version 14, 4th May 2005
*/

#include <stdio.h>
#include <assert.h>
#include "ac.h"

#define BITS 16
static FILE *xfile = NULL;
static long left, kink, bits;

static long denom, value;
extern const int ac_shift[];

static long read_byte (void);

117
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void AC_InitialiseDecoder (FILE *compressed)

{
#ifdef DEBUG
assert (compressed != NULL);
assert (file == NULL);
#endif
/* Initialise state */
file = compressed;
read_byte ();
left = (read_byte () << 16) + (read_byte () << 8) + read_byte ();
kink = O;
bits = BITS + 8;
denom = 1;
value = O;
}

long AC_Decode (register long low, register long high, long new_denom)

{
register long width;

#ifdef DEBUG
assert (1 <= new_denom);
assert (new_denom <= MAX_DENOM) ;
assert (0 <= low);
assert (low <= value);
assert (value < high);
assert (high <= denom);
assert (file !'= NULL);
#endif
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/* Shrink the interval x/
low <<= bits;

high <<= bits;

if (low < kink) low <<= 1;
else low += kink;

if (high < kink) high <<= 1;
else high += kink;

left —= low;

width = high - low;

/* If necessary, read in some bytes */
while (width <= 1L << BITS)
{

left = (left << 8) + read_byte ();
width <<= 8;

/* Adjust the denominator */
if (new_denom <= 256)
bits = BITS + ac_shift[new_denom] - ac_shift[width >> BITS];
else
bits = BITS - 8 + ac_shift[new_denom >> 8] - ac_shift[width >> BITS];
if (new_denom << bits > width) bits--;
kink = width - (new_denom << bits);
denom = new_denom;

/* Find the next symbol */
if (left < kink << 1) return (value = (left >> 1) >> bits);
else return (value = (left - kink) >> bits);

void AC_FinaliseDecoder (void)
{
#ifdef DEBUG

assert (file != NULL);
#endif

file = NULL;
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static long read_byte (void)

getc (file);

return (byte == EOF 7 0

int byte

: byte);

lookup.c

A.24

ever 0 < n && n <= 256. We use a lookup table for this task because it’s faster than per-

This lookup table satisfies 256 <= n << ac_shift[n] && n << ac_shift[n] < 512 when-

forming the calculation.

/%

lookup.c

*

By Barney Stratford

*

Version 14, 4th May 2005

*

*/
const int ac_shift

=

9,8, 7,7,6,6,6,6,5,5,5,5,5,5,5,5,

4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4,
3, 3,3,3,3,3,3, 3, 3, 3, 3, 3, 3, 3, 3, 3,

3,3, 3,3, 3,3, 3,3, 3,3, 3, 3, 3, 3, 3, 3,

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,

EN £ LS £ EN £ LS

N
Y v~ = A A —H A —H O
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A.3 Example Compression Software

For completeness, we will give an example of the use of the arithmetic coding library given

in the previous section.

A.3.1 main _encode.c

/%

* main_encode.c

* By Barmney Stratford

* Version 14, 3rd December 2005
*/

#include <stdio.h>
#include "ac.h"
#include "model.h"

int main (void)
{
int letter;
long low, high, new_denom;

new_denom = Model_Initialise ();
AC_InitialiseEncoder (stdout);
AC_Encode (0, 1, new_denom);
do
{
letter = getchar ();
Model_Encode (&low, &high, &new_denom, letter);
AC_Encode (low, high, new_denom);
} while (letter !'= EOF);
AC_FinaliseEncoder ();
Model_Finalise ();

return O;
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A.3.2 main decode.c

/*

* main_decode.c

* By Barmey Stratford

* Version 14, 3rd December 2005
*/

#include <stdio.h>
#include "ac.h"
#include "model.h"

int main (void)
{
int letter;

long low, high, value, new_denom,

new_denom = Model_Initialise ();

AC_InitialiseDecoder (stdin);

value = AC_Decode (0, 1, new_denom);

do

{
letter = Model_Decode (&low, &high, &new_denom, value);
value = AC_Decode (low, high, new_denom);
if (letter != EOF) putchar (letter);

} while (letter != EOF);

AC_FinaliseDecoder ();

Model_Finalise ();

return O;
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A.3.3 model.h

/*

* model.h

* By Barmey Stratford

* Version 14, 3rd December 2005
*/

#ifndef __MODEL
#define __MODEL

long Model_Initialise (void);

void Model_Encode (long *low, long *high, long *new_denom, int letter);
int Model_Decode (long *low, long *high, long *new_denom, long value);
void Model_Finalise (void);

#endif

A.3.4 model.c

We give the very simplest example of a model: a static model. The files available for
download also include an adaptation of the models given in Witten, Neal and Cleary’s

paper [70] so that fair comparisons can be made.

/%

* model.c

* By Barney Stratford

* Version 14, 3rd December 2005

*

* Cumulative frequency counts sourced from "Arithmetic Coding for
* Data Compression", Communications of the ACM, 30(6):520--540,

* June 1987, by Ian H. Witten, Radford M. Neal and John G. Cleary.
*/

#include <stdio.h>
#include "ac.h"
#include "model.h"
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#define NUM_SYMBOLS 257
const int frequencies[NUM_SYMBOLS + 1] =

0, 1, 2, 3, 4, 5, 6, 7,

8, 9, 10, 134, 135, 136, 137, 138,
139, 140, 141, 142, 143, 144, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154,
155, 1391, 1392, 1413, 1422, 1425, 1426, 1451,
1466, 1468, 1470, 1472, 1473, 1552, 1571, 1631,
1632, 1647, 1662, 1670, 1675, 1679, 1686, 1691,
1695, 1699, 1705, 1708, 1710, 1711, 1712, 1713,
1714, 1715, 1739, 1754, 1776, 1788, 1803, 1813,
1822, 1838, 1854, 1862, 1868, 1880, 1903, 1916,
1927, 1941, 1942, 1956, 1984, 2013, 2019, 2022,
2033, 2034, 2037, 2038, 2039, 2040, 2041, 2042,
2045, 2046, 2537, 2622, 2795, 3027, 3771, 3898,
4008, 4301, 4719, 4725, 4764, 5014, 5153, 5582,
6028, 6139, 6144, 6532, 6907, 7438, 7590, 7647,
7744, 7756, 7857, 7862, 7864, 7865, 7867, 7870,
7871, 7872, 7873, 7874, 7875, 7876, 7877, 7878,
7879, 7880, 7881, 7882, 7883, 7884, 7885, 7886,
7887, 7888, 7889, 7890, 7891, 7892, 7893, 7894,
7895, 7896, 7897, 7898, 7899, 7900, 7901, 7902,
7903, 7904, 7905, 7906, 7907, 7908, 7909, 7910,
7911, 7912, 7913, 7914, 7915, 7916, 7917, 7918,
7919, 7920, 7921, 7922, 7923, 7924, 7925, 7926,
7927, 7928, 7929, 7930, 7931, 7932, 7933, 7934,
7935, 7936, 7937, 7938, 7939, 7940, 7941, 7942,
7943, 7944, 7945, 7946, 7947, 7948, 7949, 7950,
7951, 7952, 7953, 7954, 7955, 7956, 7957, 7958,
7959, 7960, 7961, 7962, 7963, 7964, 7965, 7966,
7967, 7968, 7969, 7970, 7971, 7972, 7973, 7974,
7975, 7976, 7977, 7978, 7979, 7980, 7981, 7982,
7983, 7984, 7985, 7986, 7987, 7988, 7989, 7990,
7991, 7992, 7993, 7994, 7995, 7996, 7997, 7998,
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long Model_Initialise (void)

{
return frequencies[NUM_SYMBOLS];

void Model_Encode (long *low, long *high, long *new_denom, int letter)
{

if (letter == EOF) letter = NUM_SYMBOLS - 1;

xlow = frequencies[letter];

xhigh = frequencies[letter + 1];

*new_denom = frequencies[NUM_SYMBOLS];

int Model_Decode (long *low, long *high, long *new_denom, long value)
{

int letter;

for (letter = 0; frequencies[letter + 1] <= value; letter++);
xlow = frequencies[letter];

*high = frequencies[letter + 1];

*new_denom = frequencies[NUM_SYMBOLS];

if (letter == NUM_SYMBOLS - 1) letter = EOF;

return letter;

void Model_Finalise (void)

{3



Appendix B

Some Standard Haskell Functions

drop removes the first few elements from a list.
drop :: Integer — [a] — [a]
drop 0 xs = x5

drop (n+1) (z: zs) = drop n s

foldl combines list items together starting from the left.
foldl:: (f - o — ) = f —[a] =
foldl f e [] =e
foldl f e (z:xs) =foldl f (f e x) xs

foldr combines list items together starting from the right.
foldr::(a—=p8—0)—08—[a =70
foldr f e [] =e

foldr f e (z:xs) = f z (foldr f e xs)

126



APPENDIX B. SOME STANDARD HASKELL FUNCTIONS

head returns the first element of a list.
head :: [a] — «

head (z:zs) =z

map applies a function to all elements in a list.
map :: (a — ) — [a] — [0]
map [ [] =[]

map f (x:zs) = f x:map f xs

replicate produces a list whose elements are all identical.
replicate :: Integer — a — [/
replicate 0 z =]

replicate (n + 1) x = x : replicate n x

tail removes the first element of a list.
tail :: [a] — [¢]

tail (z:axs) = s

take leaves behind only the first few elements of a list.
take :: Integer — [a] — [q]
take 0 zs =[]

take (n+ 1) (z:zs) = x : take n s
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Proofs of Theorems

C.1 Interval Operations

For completeness, we give the proofs of the group-theoretic results about Z that were deferred
from Section 2.2. They don’t add much to the discussion, and can safely be skipped if you're

not interested.

2.2.3 Proposition. Let I, J, K € Z. Then

e I®JeEL

o [T

e IR0, 1)=(0,1)0l=1I
e IR '=I1T®I=/(0,1)

e IR(JRK) =(I®J) 0K

In short, Z is a group with identity (0, 1) and operations ® and ~.

Proof. Throughout the proof, let (I;, r1) = I, (l;, ;) = J and (lk, rx) = K.

We begin by checking that Z is closed under the operations:

128



APPENDIX C. PROOFS OF THEOREMS 129
ITeInNJel
= { Definition of Z }
lr<ry ANly<ry
= { Arithmetic }
O<rr—UNly<r; AN =l <1-1;
= { Arithmetic }
lr+l(rr=1U) <lp+ry(rr=1U) N =l/(rr=1;) < =1p)/(rr = 11)
= { Definition of 7 }
U+ loCrr =1, +rs(rr =) € LA (=l f(rr = 1), A =1)/(rr=11)) €T
= { Definition of ® and ~'}
Ar,r) @ ry) €T A, ) €T
= { Definition of I and J }
I@JeINnI'eT
We check that the identity has the required properties:
I®(0,1)
= { Definition }
(ly +0(ry —1p), Iy + 1(rr — 1p))
= { Arithmetic }

(U1, r1)
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= { Definition }

0,1)®1
= { Definition }
(0+1r(1-=0),0+7r(1—-0))
= { Arithmetic }
{Ir, r1)

= { Definition }

We check that the inverse operation ! works correctly:
Il
= { Definition }
(U, ) @ (=l /(rr = 1p), (L= 1p)/(rr = 1))
= { Definition }
(r+—l(rr =10/ (rr =), b+ (X = 1) (rr = Up)/(rr — 11))
= { Arithmetic }
(0, 1)
I'®I

= { Definition }
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(=lf(rr=10), A =11)/(rr = 11)) ® (r, rr)
= { Definition }
(=lf(rr = 1)+ 1/ (rr = 1), =l /(rr = 1p) + 71/ (rr = 1p))
= { Arithmetic }
(0, 1)
Finally, we check that ® is associative.
[®(J®K)
= { Definitions }
(U, 1) @ ((Ls, ) @Ik, 7))
= { Definition of ® }
(i, r)) @y +1g(ry—15), Ly +rx(ry—15))
= { Definition of ® }
(I 4y Flec(rg —=10)rr =), b+ Uy +rre(ry —17)(rr —15))
= { Definition of ® }
A+ 1y(rr=1p), lr+ry(rr = 1)) @ Ik, Tk)
= { Definition of ® }
(lr, ) @ Ly, r)) @ (Ik, Txc)
= { Definitions }

I®J) K
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Therefore, as claimed, Z is a group.

2.2.5 Proposition. Let I,J € 7 and let x € R. Then

e (0,)®@zr=ux

e (I®)@r=1I®(J®x)

Proof. Let (I;, ;) = I and (l;, r;) = J. Then the identity behaves correctly:

0, 1)@=
= { Definition }
0+ 2(1—0)

= { Arithmetic }

and the order in which operations are performed is irrelevant:

I®(J®)

= { Definitions }
(I, rr) @ ({(ly, 7)) @)

= { Definition of ® }
(U, rr) @ Ly +x(ry—1y))

= { Definition of ® }
b+ =) +x(ry—1)(rr — 1)

= { Definition of ® }
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(r+lrr =), i+ry(rr—1U)®@x
= { Definition of ® }
({lr, r) @ (g, 15)) @
= { Definitions }
I®J)®x

Therefore, the claimed properties really do hold. O

2.2.7 Proposition. Let I, J € Z. Then

o left(I®J)=1Rleft J
o right (/ ® J) =1 ®right J.

e width (I ® J) = width I x width J
Proof. As always, let (I;, r;) = I and (l;, r;) = J. Then

I®J

= { Definitions }
(U, 1) @ (L, 7s)

= { Definition of ® }
(r+1(rr—=1p), ly +ry(rr — 1))

= { Definition of ® }
({{r, 1) @1y, {1, 11) @71)

= { Definitions }
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(I ® left J, I ®right J)

from which the first two results follow.

width (I ® J)
= { Definitions }

width (I, 1) ® (L5, 7))
= { Definition of ® }

width (I; + 1y (rr = 1p), I + 75 (rr = 1p))
— {Definition of width }

(ly+ry(rr=1) — U+ 1y(rr = 1))
= { Arithmetic }

(7”1 - ll)(TJ - ZJ)
— {Definition of width }

width (I, r;) x width (I, r;)
= { Definitions }

width I x width J O

2.2.8 Proposition. Let I, X and Y be in Z, and let € R. Then

e XCV <= IRXCI®Y

e rcX «— IRQerxeclxX
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Proof. Suppose that I = (I;, r1), X = (Ix, rx) and Y = (ly, ry). Then
XCY
< { Definitions and set theory }
ly <lx and rx <ry
< { Arithmetic, since I; < r; }
b +ly(rr =) <lr+ix(rr =) and I +rx(rr =) <l +ry(rr =)
< {Set theory }
(+ixtrr =), L +rx(rr = 1)) S+ by (rr =), L +ry(rr —1p))
< { Definition of ® }
(Ur, r1) @ (lx, rx) S, 1) @ (ly, Ty)
< { Definitions }
I XCI®RY

and

re X
< { Definitions and set theory }
Ix <zx<ry
< { Arithmetic, since I; < r; }
lr+ix(rr=1U) <lp+ax(r; =) <lr+rx(rr = 1)

& {Set theory }
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lr+x(rr—1) €y +Ix(rr =), I +rx(rr — 1))
& { Definition of ® }
(lr, ri) @x € (I, rr) @ (Ix, rx)
< { Definitions }

IQerel®X O

C.2 Arithmetic Coding Proofs

3.3.7 Proposition. Let

interval :: Digit — Interval

interval d = (d/base, (d + 1)/base)

Let d be a digit, ds be a list of digits, and I C (0, 1). Then
input (d: ds) = interval d ® input ds

and
output (interval d ® I) = d : output [

Proof. The first expression follows immediately from the definition of ®.
We now prove the second. As in the definition of output, let
n = [—logp.ee(width I)]
n' = [—1ogp.e(width (interval d @ I))]
x = ([right [ x base"] — 1)/base”

¥ = ([right (interval d ® I) x base”ﬂ - 1)/base",
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Then

and

{ Definition of n’ }
[— logy e (Width (interval d ® I))]
{ Proposition 2.2.7 }
[— logy . (Width I/base)]
{ Arithmetic }
[—logp,e(Width T) + 1]
{ Definition of n }

n—+1

{ Definition of 2’ and preceding result }

([right (interval d ® I) x base(”H)} _ 1)/base(”+1)
{ Proposition 2.2.7 }

([interval d ® right I x base(”“)} _ 1)/base("+1)
{ Definition of ® }

([(d + right I) x base™| — 1) /base™ )

{d x base™ is an integer }
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(d x base™ 4 [(right I x base™] — 1)/base(”“)
= { Definition of z }
(d + x)/base

(Clearly,

digits ((d + x)/base) = d : digits «
whenever d is a digit and = € (0, 1). Therefore,
output (interval d ® I)
= { Definition of output }
take n’ (digits z')
= {Preceding results }
take (n 4+ 1) (d : digits x)
= { Definition of take }
d : take n (digits )
= { Definition of output }

d : output [ ([l

3.4.1 Theorem. Suppose that, for all messages zs and symbols =,
width (lookup (foldl adjust m xs) z) =P (zs + [z] = XS | zs < XS)

and

width (lookup (foldl adjust m xs) EOF) =P (zs = XS | xs < XS).
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Then, for all messages xs and ys,
width (encode (foldl adjust m ys) zs) =P (ys H zs = XS | ys = XS).

Proof. Use induction on zs. For brevity, we write m’ = foldl adjust m ys.
Case []. In this case, encode m' [| = lookup m’ EOF, from which the result follows

Case x : zs. Once more, we chase definitions.
width (encode m' (z: zs))
= { Definition of encode }
width ((lookup m' ) ® encode (adjust m’ x) xs)
= {Proposition 2.2.7 }
width (lookup m' x) x width (encode (adjust m’ x) zs)
= { Definition of foldl }
width (lookup m' x) x width (encode (foldl adjust m (ys + [z])) xs)
= {Induction }
width (lookup m' ) X P (ys + [x] + zs = XS | ys + [z] < XS)
= { Assumption }
P (s + [2] X XS | xs = XS) x P (ys + [x] H zs = XS | ys + [z] < XS)
= { Probability theory }
P (ys + (z: 2s) = XS | ys 2 XS)

This proves the claim. 0
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