Uncommon Knowledge



AsTrACT. This dissertation collects four papers on common knowledge and one
on introspection principles in epistemic game theory. The first two papers offer a
sustained argument against the importance of common knowledge and belief in ex-
plaining social behavior. Chapters 3 and 4 study the role of common knowledge of
tautologies in standard models in epistemic logic and game theory. The first considers
the problem as it relates to Robert Aumann’s Agreement Theorem; the second (joint
work with Peter Fritz) studies it in models of awareness. The fifth paper corrects a
claimed Agreement Theorem of Geanakoplos (1989), and exploits the corrected theo-

rem to provide epistemic conditions for correlated equilibrium and Nash equilibrium.
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Introduction

This dissertation collects four papers on common knowledge and one on introspection
principles in epistemic game theory.

The first two papers offer a sustained argument against the importance of common
knowledge and belief in explaining social behavior. A group commonly knows a propo-
sition just in case all members know it, all know that all know it, and so on. A group
commonly believes a proposition just in case all believe it, all believe that all believe it
and so on. The main argument for the prevalence of common knowledge and belief is
an abductive one: common knowledge and belief provide the best explanation for a wide
range of social behavior. Chapters 1 and 2 demonstrate that the argument is unsound:
there are other, better explanations of behavior.

Chapter 1 considers three examples which have been taken to illustrate the impor-
tance of common knowledge and common belief. In each case, I propose an alternative
explanation for the behavior we observe (and for the rationality of that behavior).

But does the presence of common knowledge or belief offer a simpler explanation of
this behavior than my alternative? I provide an example in which people exhibit behavior
which is supposed to be typical of that observed in the presence of common knowledge and
belief, but where people cannot achieve common knowledge of the relevant propositions.
I use this example to show that the explanation of behavior based on common knowledge
or common belief is not as simple as my alternative.

The examples in Chapter 1 are not the only ones which have been thought to mo-
tivate the importance of common knowledge or belief. Another motivation comes from
linguistics and philosophy of language. The intricacies of conversational phenomena seem
to demand that participants not only have beliefs about others’ beliefs, but beliefs about
others’ beliefs about their own beliefs, and so on. This thought—along with more so-
phisticated arguments—has suggested that the common ground, the information shared
by participants in a conversation, has the iterative structure of common belief. In his
influential work on the subject, Robert Stalnaker has developed a theory of the common

ground according to which it has this structure.



INTRODUCTION 7

Chapter 2 motivates an alternative to Stalnaker’s approach by considering some
prima facie odd consequences of the view that the common ground has the iterated
structure of common belief. I then develop a “minimal” theory, and show how it accounts
for a variety of linguistic data. According to my minimal theory, the common ground has
the structure of mutual belief, where a proposition is mutually believed just in case all
parties believe it. The minimal theory can provide explanations of speaker presupposition,
update, and a variety of subtle sentences involving epistemic vocabulary. I argue that
these explanations are at least as compelling as the explanations available to those who
take the common ground to have the structure of common belief.

Chapters 3 and 4 turn to the role of common knowledge of tautologies in standard
models in epistemic logic and game theory. In these models, axioms on belief and knowl-
edge are typically imposed by making them tautologies—true at every state in every
model. But in these models, it is also a tautology that every agent knows every tautol-
ogy. It follows by an easy induction that the agents commonly know every tautology.

Chapter 3 (a version of which has been accepted by the Review of Symbolic Logic)
studies this issue in the context of Robert Aumann’s Agreement Theorem. I use pointed
models—in which a single state in the model is designated as the actual world, and
assumptions are imposed only at that state—to show how Aumann’s result depends on
certain assumptions about the agents’ common knowledge. I provide examples in which
all of Aumann’s informal assumptions hold at the actual world, but in which the agents
in the model still “agree to disagree”.

Chapter 4, which is joint work with Peter Fritz, pursues a related project for models
of awareness. Dekel, Lipman and Rustichini (1998) prove a series of triviality results for
“state space models” of unawareness. We show that moving to pointed models avoids
these triviality results, while preserving the simplicity of standard state space models.

Chapter 5 is a technical exercise. The main novel observation is that Geanakoplos’s
(1989) claimed Agreement Theorem is false. The correction of the result, and the ex-
tension to provide epistemic conditions for correlated equilibrium and Nash equilibrium
is mathematically trivial (and also not particularly illuminating). The reader may wish
to read this Chapter only through Section 5.3, before skipping to the final section. (The
reader unfamiliar with epistemic game theory may find Proposition 5.5.2 of some interest,
although this result no longer counts as “new”, since it has now appeared in a number
of places. Still, the observation that nothing in the proof of this proposition depends on

introspection principles may be of some interest to philosophers.) But let me emphasize
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again, for readers short of time, that the novel results of Sections 5.4 and 5.5 will not be
particularly conceptually rewarding.

Each of the papers is written to stand alone. The reader of the whole dissertation will
thus find a number of definitions repeated throughout, which will at least make reading
the dissertation faster. The bibliography is at the end of the whole dissertation. I have
included back-references in the bibliography, to serve as a partial index for where specific

topics are discussed.



CHAPTER 1

Uncommon Knowledge

ABSTRACT. A group commonly knows a proposition if all know it, all know that
all know it, and so on (and similarly for common belief). An important argument
for the existence of common knowledge and belief is an abductive one: these states
provide the best explanation of human behavior. This paper argues that the abductive

argument for common knowledge and belief fails.

1.1. Introduction

A group mutually knows (or: mutually knows!) a proposition if and only if all know
it. A group mutually knows™ a proposition if and only if all know that the group mutually
knows™ ™! it. The group then commonly knows a proposition just in case, for all natural
numbers n, the group mutually knows™ it. Common belief is defined by replacing “know”
with “believe” in these definitions.

Common belief and common knowledge have been claimed to play a crucial role in
explaining social behavior. But do we ever have these complex attitudes? Normal people
certainly do not often think about the infinitely iterated states of common knowledge and
common belief at a conscious, representational level. So proponents of common knowledge
and belief must hold that an agent’s conscious experience of belief is not a decisive factor
in determining what he or she believes. For them, in deciding what an agent believes,
it is at least as important to look to the beliefs our best theory of the agent’s behavior
attributes to him or her. So the question of whether we have common knowledge or
common belief reduces to the question of whether our behavior is best explained by the
hypothesis that we do.

Now in fact, models of behavior which assume a great deal of common knowledge are
used widely in a range of disciplines. The formal theory of common knowledge and belief
has enabled game theorists to provide transparent analyses of rational action in complex
multi-agent situations. And today, these models are widely used in philosophy, linguistics,
sociology, and, above all, in theoretical economics and computer science. Proponents of
common knowledge in philosophy take these models to provide evidence about human

psychology. For example, Dan Greco has recently claimed that if an epistemological

9
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theory is inconsistent with the existence of common knowledge, it conflicts with our best
theories from the social sciences, and should be rejected in part for that reason.!

But do models which assume a great deal of common knowledge really provide our
best theory of human behavior? In this paper, I will argue that they do not. I consider
two examples which are supposed to motivate the importance of common knowledge, and
I propose much simpler, more familiar psychological patterns to explain the observed be-
havior in these situations. In pursuing this project I build on a rich body of work in recent
economic theory, which has demonstrated that relaxing overly strong common knowledge
assumptions can often lead to more accurate predictions of behavior. I then provide an
example in which information in “plain view” nevertheless fails to be commonly known.
I exploit the example to argue that explanations in terms of common knowledge and
belief cannot be as powerful as my preferred explanation. I conclude that the abductive
argument for common knowledge and belief fails.

Models which assume a great deal of common knowledge can provide insight into
the situations they represent, and it is easy to understand why they are so prevalent.
These simplified and idealized models do not accurately reflect the realities of human
psychology. But in abstracting away from the ugly reality, the models help to reveal
the structure of the situations they represent in a particularly simple and illuminating
form. Even so, we must be careful not to take the simplifying assumptions too seriously.
Greco’s argument—that the prevalence of models which assume a great deal of common
knowledge demonstrates that arguments against the K K principle are not sound—is a
prime example of this fallacy.

The plan of the paper is as follows. Section 1.2 develops the abductive argument
in favor of common knowledge in slightly more detail. Section 1.3 then considers the
coordinated attack scenario. I first introduce my positive explanation of the rationality
of coordinated attack, and then show why an abductive argument based on this scenario
fails. Section 1.4 studies the electronic mail game, a much subtler case for both propo-
nents and opponents of common knowledge. Section 1.5 then presents the crux of my
argument. I provide an example in which agents exhibit the kind of behavior common
knowledge is supposed to explain, but in which (as I argue), the relevant propositions
cannot be common knowledge. Section 1.6 completes the main argument, with a survey
of some of the models in which common knowledge is used. Section 1.7 concludes by

bolstering the conclusion that common knowledge is not particularly important, with

1Greco 2014a, 2014b
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considerations derived from Timothy Williamson’s “antiluminosity argument”. Common
knowledge, to the extent that it exists, is luminous. But even granting that knowledge
is luminous, I am unaware of any theory which explains the further, striking fact that if
public announcements (for example) lead to common knowledge, then the occurrence of

a public announcement is luminous.?

1.2. The Abductive Argument

The abductive argument for common knowledge relies on the claim that common
knowledge provides the best explanation of behavior. But how should we understand
this notion of “best”” I will not attempt here to give a general theory of when one
explanation is better than another; the issue is typically best settled by considering
concrete alternatives. But at the outset it will be helpful to distinguish a few senses in
which one explanation might be simpler than another, and to identify two which will be
important later on.

Robert Stalnaker makes some suggestive remarks about the sense in which common

knowledge and belief might be “simpler” than other states:

...There is no problem with an infinite number of tacit, or implicit
beliefs. For example, I believe (tacitly, at least) that no human being
weighs more than x pounds, for each x greater than 2000. Instead
of thinking of beliefs, and presuppositions in terms of sentences that
express them, in the language of thought, stored in the belief or pre-
supposition box of the mind, think of them negatively: it is the live
options—the space of possibilities one allows for—that need to be rep-
resented. One’s beliefs or presuppositions are the propositions that are
true in all of those possibilities. What would put an unrealistic compu-
tational load on the mind would be a situation in which one believed,
up to six iterations, that one believed that, but failed to believe the
seventh iteration. That would require representing a possible situation
(and a representation of the complex relational structure of possibili-

ties compatible with possibilities that are compatible with possibilities

2Some authors (most notably Schiffer 1972) use “mutual knowledge” for what I call “common knowledge”.
This usage has lost out in the vast literature in economic theory, and I’ll go with the current terminology,
which reserves “common knowledge” for the infinitely iterated attitude. There are other defined notions
of common knowledge, and I show how my argument generalizes to them in Appendix 1.A. Note finally
that I’ll often slip into writing “common knowledge” when I mean “common knowledge or common belief”.
When the distinction matters, it should be clear from context.
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compatible with...etc.) in which this mind-bogglingly subtle distinc-
tion is made. Infinitely iterated beliefs and presuppositions are much

simpler for the subject to represent, and to understand. (2009: 402-3)

I think Stalnaker’s concerns about “computational load” are not a promising way of
making precise the way in which common knowledge or belief might be simpler than
other states. It is hard to see what Stalnaker could mean when he claims that we must
“represent” live possibilities in order for them to be compatible with our beliefs. He
cannot mean that subjects must have actively drawn the distinctions between each of
the possibilities compatible with what they believe. For every integer n greater than 100
trillion, it’s compatible with what I believe that there are exactly n stars. These are
live possibilities for me. But I have never “represented” many of these possibilities in
any substantive sense.® So granting Stalnaker that the distinction between higher order
beliefs and knowledge is “mind-bogglingly subtle”, it’s not clear why ruling in possibilities
which differ with respect to this distinction, as opposed to ruling them out, imposes a
greater computational load on the subject.

But Stalnaker’s comments suggest a more promising thought, which is more closely
related to the argument introduced in the Introduction. According to this view, the hy-
pothesis that people have common knowledge is the best explanation of behavior because
it is a simple one. Later, we will consider two senses in which the hypothesis that people
have common knowledge might be simple. First, it might be that the explanation unifies
a wide variety of behavior, providing a single explanation of a variety of phenomena.
Second, it might be that the explanation simplifies our models of individual situations.
In the next section, we’ll see an example of the second kind of simplicity. The first kind

will become central in Section 1.5.

1.3. Coordinated Attack

I now turn to the first example which is supposed to motivate the importance of
common knowledge. The example of coordinated attack has been used to argue that
people will coordinate only if they commonly know that they will. There are two ways
to understand this claim. In the first, it is claimed that the explanation of the behavior
of coordinating crucially relies on the assumption that the agents commonly know that
3The same point refutes another interpretation of Stalnaker’s remarks, as based on the idea that rep-
resenting universal generalizations is easier than representing partial ones. The simplest version of this
thought is at odds with Stalnaker’s invocation for us not to consider beliefs as sentences in the belief-
box. Still, one might suppose that he holds that possibilities in which universal generalizations hold are

easier to represent—keep live—than ones in which they do not. But again the example of the stars is a
counterexample to this claim.
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they coordinate. This is not a serious argument, and I do not think proponents of com-
mon knowledge would wish to endorse it. But considering an argument of this form will
help us to introduce some important ideas. A second, more serious argument based on
coordinated attack relies on a claim about simple formal models. This argument will be

the subject of Section 1.3.2.

1.3.1. A Version of Coordinated Attack. Here, finally, is the scenario:

Two divisions of an army, each commanded by a general, are camped
on two hilltops overlooking a valley. In the valley awaits the enemy. It
is clear that if both divisions attack the enemy the next day at dawn
they will win the battle, while if only one division attacks it will be
defeated. As a result, neither general will attack unless he believes the
other will attack with him. Their only method of communicating in

the night is by sending a messenger through the enemy camp.*

Will the generals attack? The usual line of reasoning says: No. If General Row sends
General Column a message, Row won’t believe that Column will attack unless Row sends
a confirmation and Column receives it. But Column, in turn, won’t believe that Row will
attack unless Column believes that Row has received his message, and he will believe
this, once again, only if Row sends a message confirming that he received the message.
And so on. The argument is supposed to show that common knowledge is required for
coordination in this scenario. Since the generals’ message-passing mechanism prevents
them from achieving common knowledge, they cannot coordinate.

The conclusion of this argument is absurd. Suppose the generals, repeatedly risking
the life of their messenger, transmit seventeen messages in the course of the night, each
saying that they will attack the next day. But still, they do not attack. What will they say
when they return to the court and the King wonders why they did not defeat the enemy
on that fateful day? The scene is something out of a comedy. “With only 17 messages, |
just wasn’t ready to attack.”

But why is this outcome so absurd? One reply would be to hold that it is much easier
to achieve common knowledge than the story makes it seem. Maybe seventeen messages

are enough to generate the needed common knowledge or belief. Another reply is to give

4This is a much modified and redacted version of Fagin et al. 1995: 190-191. For earlier versions of the
problem, cf. Akkoyunlu et al. 1975: 73-4; Gray 1978. In the standard version of the story of coordinated
attack, much emphasis is placed on the timing of the attack, but this won’t be important for our purposes
in this section. The issues raised by timing in coordinated attack will resurface in the discussion of
SAPLING, but they arise in SAPLING in a way which is more surprising than the more abstract cases
involving times.
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up on common knowledge, and to seek an alternative explanation for how the generals
coordinate.

1.3.1.1. An Argument for Common Knowledge? 1 want to start by undermining the
motivation for adopting the first line of response: that is, for preserving common knowl-
edge. I will do so by observing that it is not necessary for (rational) coordination that
the generals commonly know that they will attack.

To see this point, suppose the generals pass no messages, but an angel comes to
each of them separately, and in each case truthfully says: “The other general will attack.”
(Suppose the angel has foreseen the future.) We may suppose that both generals now
know that the other general will attack. But do they know that they both know this?
The angel told them nothing about the other’s mind, and the angel could even have
told each of them falsely but credibly that the other general has lost his mind, and
will attack without thinking. In this case, it would be rational to attack, even though
there is no common knowledge. It suffices for one general’s attack to be rational that he
believes the other will attack. (It is best if these beliefs are true—for then the attack will
be successful—but if the angel misled one of them, that general’s action could still be
explained by his (false) belief that the other would attack.)

So the generals may be rational in attacking even if they do not commonly know
that they will attack. What about sufficiency: if the generals commonly know that they
will attack, will they then be rational in coordinating? Of course, but not not because
common knowledge has any particularly favored position in the explanation of action.
The reason common knowledge is sufficient for coordination is that if the two commonly
know that they will attack, each also knows that the other will attack, and, as we saw,
this on its own was sufficient to explain why they attack. The point can be further il-
lustrated by considering messages with different contents. In the story above, we may
suppose that the generals are passing messages which say “I will attack tomorrow.” Ac-
cording to the argument which “shows” that the generals won’t attack, at the end of the
story the proposition that they will both attack is not even believed, let alone known,
or commonly known. But the status of a different proposition does alter through the
course of the message passing. For if 2n + 1 messages are passed, it plausibly becomes
mutually known™ that the first message was received. And yet even common knowledge
that this first message has been passed would not on its own be enough to explain the
generals’ attacking. We can dramatize this point once again by deus ex machina. Suppose

the angels appear in a burst of light, midway between the generals in the heavens and
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Column

A B

Row A | M,M|0,—L
B|-L,0| 0,0

FIGURE 1.3.1. Coordinated Attack

announce “We are telling you both that General Column has received the message.” If
one of the generals is uncertain whether common knowledge that the message has been
passed is enough for the other to act, this public announcement will not help him out of
his predicament.

This preliminary discussion already shows us two important points. First, attacking
is a “stable” outcome of the situation, even if common knowledge is not achieved. In fact,
as we’ll see in a moment, that profile of strategies is a Nash equilibrium of the game the
generals are playing. Second, what is needed to achieve this stable situation is just belief,
not common belief. If rational generals fail to coordinate, this is because one of them
fails to believe that the other will attack. As it is—if we accept the opening argument,
at any rate—the generals don’t trust one another’s messages. When the one receives a
message saying that the other will attack, he doesn’t believe that the other will in fact
attack.’

1.3.1.2. How the Generals Coordinate. Now we will turn back to the original exam-
ple, and I will introduce my positive explanation for how the generals can reasonably
come to coordinate. In introducing this explanation, it will be useful to think in terms of
probabilities, and to assign real-valued utilities to the outcomes. So let’s suppose that e
is the probability of the messenger being captured, M is the utility of coordinating, —L
is the utility of attacking on one’s own, and 0 is the utility of doing nothing. The basic
game—without signals—is depicted in normal form in Figure 1.3.1, where action A is
attack, and B is “do nothing”.

We can now give a simple explanation according to which, for any finite positive
values of M and L, there is some finite number of messages after which the generals
coordinate. We suppose that each general is uncertain what kind of person the other is.
Each general assigns different probabilities to different “types” of the other, where a “type”

is associated with a function from external factors to actions, in particular, from the

5This explanation also holds the key to some examples in Heal 1978. The framing of those examples
makes higher-order beliefs appear important, and so, raises an error-possibility we don’t usually consider.
The framing undermines the agents’ first-order knowledge of what the other agent will do: the agents
make the mistake of thinking that higher-order beliefs are important (after all, the case makes them
seem as if they are!), and this mistake leads their usually stable patterns of action to unravel.
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number of messages received to the actions of attacking or not. Each general i believes to
degree p;; that if the other general has received j messages, the other general will attack.
Our account will assume that both Generals are rational, in the sense that each maximizes
expected utility relative to his beliefs. Now we consider the case of General Row. If the
actual number of messages Row has sent is m, then the number he has received is m — 1.
So if m is great enough that: (orm(1—€) +€prim—1))M > (1= [prm(1 =€) +€prm—1)]) L,
then General R (Row) will attack. If as m goes to infinity, p;,, goes to 1, then for any
finite positive values of M and L, there will be some number of messages after which
the generals attack. As the absurdity of the example with 17 shows, for most of us, this
value p;n, in fact becomes close to 1 very quickly.

This simple model gives a natural explanation for why it seems so obvious that the
generals should attack. The explanation is natural in part because the psychology of the
model is so familiar. We often decide what to do on the basis of a somewhat automatic
process. We size up a situation, arrive at an “uppermost thought” about what will happen,
and then choose our action according to this uppermost thought about the outcome. In
this case, we see the number of messages which has been passed, and 17 certainly seems
large enough for the other player to attack. So we attack.

In the model just presented, the generals do not engage in any higher-order reasoning.
Each only thinks at “depth 1”7 about the other’s actions, and doesn’t take account of the
other general’s beliefs, utilities or rationality at all. But such a model is often appropriate:
in many circumstances, it doesn’t occur to us to think about what others are thinking;
we only think about what they will do.

But in other circumstances, we do engage in this kind of reasoning, so it is worth
considering an amendment of the model to account for some form of higher-order rea-
soning. In addition to the “level-1” and “level-0” types already introduced informally, we
add level-2 and higher types, who do take account of others’ reasoning, via a distribution
over the space of types of strictly lower levels. A level-0 type, as we saw, is a function
from messages received to actions. A level-1 type treats everyone else as level-0 types.
The generals above were level-1 types of this kind: their beliefs were described by a distri-
bution over the space of level-0 types. A level-2 type, in turn, has a distribution over the
union of the space of level-1 and level-0 types: that is, a distribution over a measurable
space containing all functions from message counts to actions and the set of distributions
over the set of functions from message counts to actions. And so on for types of higher

and higher levels. Here in this new model, suppose—as seems eminently plausible—that
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the p;; of level-1 types go to 1 as j goes to infinity, that level-2 types only assign positive
probability to such level-1 types, and level-3 types only assign positive probability to
such level-2 types, and so on. Then once again for any positive finite M and L, there
will be an m such that if m messages are passed, the generals coordinate. In fact, as I've
said before, it’s plausible that most people assign comparatively high probability to types
who will act after, say, four or five messages. So once again the model can explain—in a
familiar way—how agents will coordinate after finitely many messages have been passed.
This time, in the more complex model, there is room for higher-order reasoning. The
level-3 types, for example, do think about how the other general might be thinking. A
level-3 type even thinks about how the other general thinks that he himself (the first
general) thinks. This makes the psychology of the model even more familiar than it was
before. On a given occasion, we find ourselves perhaps thinking about what others think,
or thinking about what others think we think, but not much more than this. Moreover,
the depth of our own thinking may vary from case to case: in one instance we might be
level-0 thinkers; in another level-1, and so on. Both our confidences and how deep our
reasoning processes go are somewhat automatically determined in a given situation.®
The fact that these processes are automatic does not make using them “irrational”.
Obeying one’s “uppermost thought” in this way is often the right thing to do. We au-
tomatically recognize certain relevant features of many situations to which we may not
attend consciously (and if we did, we might misunderstand their importance). But even
if these automatic processes weren’t taking account of extra information in this way,
there’s a more obvious reason for the generals to trust them, which holds for us too.
The generals win their battle if they coordinate. If they trust their capacity to mimic
unbounded high-level processes with explicit reasoning, they might conclude that 17 is
not enough to warrant attacking. So it is better in this case to be bounded and victorious,

than boundless and inert.

1.3.2. The Argument from Simple Models. The first argument from coordi-
nated attack was not a serious argument for the importance of common knowledge or
belief. We considered it at such length because it gave us a simple, concrete setting to in-
troduce some important ideas, and in particular a “level-k” model for describing people’s
behavior. But there is a more serious argument for the importance of common knowledge

and belief based on this example, to which we now turn.

6For a nice recent study of the depth of reasoning, see Arad and Rubinstein 2012. The classic game-
theoretic studies of how far agents reason are: Nagel 1995, Stahl and Wilson 1994; 1995.
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The argument proceeds as follows. We begin by specifying a simple class of models
which encode plausible assumptions about the above situation. It then turns out to be
valid on this class of models that agents coordinate only if they commonly believe that
they coordinate. So the simple models seem to show that coordination requires common
belief.

Let’s consider the argument in more detail. Fagin et al. 1995 prove a theorem for a
different purpose which we can use to introduce the problem. They consider a class of
Kripke models on which it’s valid (true at all worlds in every model in the class) that A
attacks if and only if B attacks. They also assume that it’s valid on this class of models
that A attacks only if she believes she does, and that B attacks only if he believes he
does. These assumptions alone are sufficient to prove that A and B attack only if it’s
common knowledge that they do.”

The class of models Fagin et al. consider diverges from the story above in one striking
way. At the outset of the story, each agent reasons in part by considering the possibility
that he might attack when the other doesn’t, leading to a catastrophic defeat. The agents’
fear of this possibility is part of what makes the story compelling. But since there are no
worlds in any of Fagin et al.’s models in which A attacks but B doesn’t, there are also
no worlds at which A or B consider it possible that A attacks but B doesn’t. So there
are no worlds in the models which represent the outcome which the agents fear.

But this unfaithful assumption is in fact unnecessary for the main result: we can
replace our assumption that A attacks if and only if B attacks with the assumption that
A attacks only if A believes B attacks (and vice-versa). Once again, we consider only
those models where A attacks only if she believes she herself attacks (and similarly for B).
The expanded class of models now includes some models with worlds where the agents

experience catastrophic defeat; they falsely believe the other will attack, and so attack

"In this section, I’'m going to be using facts about a logic interpreted over a set of Kripke models
without formally introducing a language or a class of models. The notation is fairly standard, and
those who are interested will be able to check my arguments against standard definitions. Proof: (1)
Attacks < Attackp (assumption); (2) = Attacksa = Ba(Attacka) (assumption). Now suppose (3)
w = Attacka N Attackp. Then, by (2), we have w |= Bg Attack 4. (1) gives us that the set of worlds at
which A attacks is the set of worlds at which B attacks, so if A believes that A attacks, he believes also
that B attacks (since those are the same proposition). So w |= B4 (Attacka A Attackp), and similarly if
we replace Bp for B4. But now it’s clear that attacking is a “self-evident” event for all agents, and thus
“public”; it’s a standard fact in epistemic logic that public events of this kind are commonly believed (see,
e.g. Monderer and Samet 1989; Fagin et al. 1995: Ch. 1. The theorem is often attributed to Lewis 1969
and Aumann 1976, but priority belongs to Friedell 1969). Note that Monderer and Samet also prove a
more general theorem which applies to p-common belief: that each agent assigns probability p that each
assigns probability p that...So if we interpret belief here as “probability p”, the result still goes through.
(Note also that no specification of times or runs is needed to get the counterintuitive conclusion.)
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without the needed support. But it remains the case that, if the agents coordinate, it’s
common belief that they do.®

Reasoning about common knowledge and belief is hard. Epistemic models help us
to ensure that we correctly assess the consequences of our assumptions about the world,
and about agents’ knowledge and belief. But the use of multimodal logics interpreted on
Kripke models to represent multi-agent belief brings with it an additional risk. Anything
which holds at all worlds in a model will be a matter of common belief among the agents
in that model. So when faced with a surprising result such as what Fagin et al. dub the
“paradox of common knowledge”, we must check carefully that we cannot chalk up the
“surprising” result to a background assumption of common belief.

Our result is in fact a textbook example of this phenomenon: the resulting common
belief is a mere artifact of other modeling assumptions. First, observe that in our class of
models, it’s a tautology that each agent will act only if they believe the other will (if we
had introduced the right sort of propositional language, this would be true at all worlds
in all models). But in Kripke models, for any tautology, it’s a tautology that each agent
knows it. And this property carries over, by a simple inductive argument, to common
belief: it’s also a tautology that agents commonly believe that (each will act only if she
believes the other will).

This common belief is part of what leads to our surprising result. If agents may
fail to commonly believe that (each will act only if she believes the other will), then
there may be worlds where the agents coordinate even though they do not commonly

believe that they do.? In fact, this may be so even though agents mutually believe™ that

8By assumption we now have that = Attacka = BaAttacka p. Similarly, that = Attackp =
BpAttacka, p. So if w = Attacka g, then w = BypAttack 4, p; once again, attacking is a “self-evident”
event; for the completion of the proof, see references in previous note.

9In the following example, at w1, both players believe both players are attacking. At wi, A knows the
actual state is wi, but B considers waq1 possible. From w241, A (not B) considers wap; possible; from
wap1 B (but not A) considers wa,x possible. Finally, from wagx, A considers w3 possible. At wa,x and
w3, A attacks without believing B attacks (she considers it possible that B is not attacking, as at ws).
As a result the agents mutually believe® that they attack, but do not mutually believe? that they do, and
so don’t commonly believe that they do. This is possible because they don’t mutually believe? (and so
don’t commonly believe) that (each will attack only if she believes the other will). The example could be
made more realistic by including a sequence of worlds, w242, Wap2, W243...Wop N, between waop; and wog x,
where each waqn (and each wayp,) has the same relationship to its neighbors as waq1 (respectively wap1)
does. Adding N such worlds makes it so that, at w, the agents mutually believeM —! that (each acts
only if he or she believes the other does). They would also mutually believe" that they are coordinating.

A,B A,B A,B A,B
, (o, ), O, Oy,
A,B Cﬂn W2q1 W2b1 W2aX w3 w4 A,B

Attacka,p  Attacka,p Attackap Attackap Attacky No Attack
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(each will act only if she believes the other will), for any natural number n (so long
as they don’t commonly believe it). The examples which demonstrate this fact do not
require relaxing any introspection assumptions or assumptions about logical omniscience.
They demonstrate that, in a slogan, it takes common belief to make common belief.
The “paradox of common belief”—at least in this example—is not the product of an
attractively simple model, but the unintended consequence of an overly simplistic one.

Other plausible weakenings also lead to the same result. For example, if we weaken the
assumption that agents’ beliefs are closed under entailment, we can give countermodels
to the claim that agents coordinate only if they commonly believe that they do, even if
agents commonly believe that (each attacks only if she believes the other does).!? We
can interpret these formal models as describing situations in which the agents are closed
under entailments; in fact they may mutually believe™ for any natural number n that
their beliefs are closed in this way. All that is required is that the agents do not commonly
believe that each of them believes everything entailed by what he or she believes.

The argument based on coordinated attack began with the observation that simple
models deliver the result that the agents coordinate only if they commonly believe that
they do. It then holds that we should accept the theorems of such simple models at face
value. This is an abductive argument based on the second kind of simplicity introduced in
Section 1.2. But the proposed argument cannot be that every theorem of simple models
should be accepted as describing reality. In simple models used in classical physics, for
example, objects are treated as point masses. It’s a theorem that in these models objects
have no spatiotemporal extension. But we don’t take the success of these models in
1075 relax closure, we use neighborhood models, where each world is associated with a subset of 2,
and at each world an agent believes only those propositions that are elements of this “neighborhood”.
We suppose that it’s common knowledge that A’s beliefs are closed under entailments so that A’s
beliefs can be represented as usual in a Kripke frame. (Kripke frames are special neighborhood models,
where the neighborhood is a filter on the algebra of propositions, that is, the power set algebra of the
underlying state space.) At every world except for wa, B’s beliefs are similarly closed under entailments;
his neighborhood is a filter on the space of propositions. (We represent this in the depiction below by, e.g.
“Cg” to indicate that B’s beliefs there are closed.) But at ws, B’s neighborhood has only the following
sets: {wa }H{w1, w2, w3, wa} (only the first is represented in the figure). At w2, B believes all tautologies
of the model, including Attacks = BaAttacks; B also believes that A attacks. But he fails to draw
the conclusion that A believes that A attacks. Notice that if w; is the actual world, then B is in fact
logically omniscient; wsg is required only to represent the fact that A considers it possible that B may
fail to draw this conclusion. Using a tactic related to the one in the previous note, we can easily provide

a model where the two have arbitrarily high iterations of mutual belief that they’re logically omniscient.
Finally, note that in the model it’s common belief that (each attacks only if she believes she does).

A,B B

RV
A,BCwl wo w3 w4®A,B

Attack s, Attacka, Attack o No Attack

Ca.B Ca Ca,B Ca,B
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explaining the phenomena to demonstrate that real objects don’t have spatiotemporal
extension. This simplifying assumption was just something we built in at the start.

The two models just given show that the common belief present in coordinated attack
is a consequence of similar, deliberately idealized models. By building in common knowl-
edge that (each acts only if she believes the other will), along with common knowledge
of logical competence, the models assume at the start that coordination requires com-
mon knowledge of these aspects of the situation. These simplifying assumptions about
common knowledge then breed other, downstream examples of common knowledge. But
as with spatiotemporal extension in models of Newtonian physics, these downstream in-
stances of common knowledge are simply components of our idealization, not interesting

facts which the models reveal about our reality.

1.4. Electronic Mail Game

One of our first observations about coordinated attack was that it could be rational
for the agents to coordinate on attacking in that scenario. In particular, we noted that
when utilities are added to the game, the coordination outcome where both generals
attack is a Nash equilibrium of the game. Since it’s a Nash equilibrium, it’s also com-
posed of strategies which survive iterated deletion of strictly dominated strategies. So
in the first instance we could think of the problem of coordinated attack as a problem
about equilibrium selection, not about whether we should play an equilibrium at all. The
argument for the purported importance of common knowledge aimed to show that the
generals would not achieve the best equilibrium, given the information they were able to
share. But in that case the intuitive, better outcome was also an equilibrium profile.

A more powerful argument for the importance of common knowledge begins from
a situation in which the intuitive outcome is not an equilibrium. In Ariel Rubinstein’s
electronic mail game (1989), in the absence of common knowledge, the only Nash equi-
librium is one where players fail to coordinate on the better coordination point. In fact,
variations on Rubinstein’s game can be given in which, if common knowledge is absent,
the only strategies which survive iterated deletion of strictly dominated strategies are
the ones in which players fail to coordinate on the best outcome (see n. 11 below). In this
situation, intuition still says that the players should coordinate on the better outcome.
But all the usual game theoretic notions of rationality say that it is irrational for agents
to play these actions. Whereas in the earlier example, the mathematical notions were

just more permissive than intuition, here the mathematics says that intuition is wrong.
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Column Column
A B A B
Row A | M,M |0,—L Row A| 0,0 | 0,—L
B|—-L,0| 0,0 B|—-L0| MM
GA GB

FIGURE 1.4.1. The Electronic Mail Game

Two players, Row and Column, are uncertain which of two coordination games, G 4
or Gp, they are playing (see Figure 1.4.1); in each of the games, the players receive a
payoff of M if they coordinate on an optimal action and 0 if they coordinate on the non-
optimal action. The two games are in one sense inverses: the optimal pair of acts (A, A)
in Game G4 (payoff of M to each) is the non-optimal coordination outcome (payoff of 0
to each) in game G g; conversely, the optimal play (B, B) in Game G g is the non-optimal
coordination point in game G 4. If players fail to coordinate, however, both games favor
A as the safer option: in both games, if Row plays B when Column plays A, Row receives
—L, while Column receives 0; similarly if Column plays B while Row plays A, Column
receives the losing —L, and Row receives 0. The payoffs obey the inequality L > M > 0.
Game G 4 occurs with probability p > 1/2; Gp occurs the rest of the time.

Row will be informed of the true game. If the game is G g, his computer will send a
message to Column’s computer. If either player’s computer receives a message, it auto-
matically replies. But each message has a positive, equal and independent rate of failure
(€); the process ends almost surely. When it is over, each Player’s monitor will display
the number of messages he or she has received and sent. As Rubinstein showed, there
is a single Nash equilibrium in which Row plays A in G4, and in this equilibrium, both
players play A regardless of how many messages they have received.!!

There are three data which a theory of this example must explain. First, when the
game is Gp and we receive a high number of messages, playing B seems intuitively

rational. Second, people do coordinate when they play the electronic mail game.'? But,

1\We can now state the version of the game in which the only rationalizable profile is the intuitively
wrong one (it is borrowed from Strzalecki 2010). Here, p = 1/2, and the payoffs are as follows:

Column Column
A B A B
Row A | —2,-2| —2,0 Row A 1,1 —2,0
B 0,—2 0,0 B | 0,—2 0,0
Ga Gp

12R ubinstein himself predicted this (1989: 389). See now Camerer, 2003, pp. 226-232. Comparable studies
(e.g. Heinemann et al 2004) also indicate that the absence of public information is something of an
impediment to coordination, but not as much as theory predicts.
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third, they do not coordinate as often in playing this game as they do in situations where
they don’t have a noisy messaging system.

In coordinated attack, the common knowledge-based analysis did not accord with
the intuitive verdict about what is rational, nor did it accord with what we expect
people to do. It failed on every count. But here it appears to have two points in its
favor. First, while the common knowledge-based explanation still fails to agree with our
intuitions about what it’s rational to do, this counterintuitive verdict is now supported
by the fact that the only Nash equilibrium is to play in accord with what the players
commonly know. Second, the common knowledge-based explanation promises to explain
why people coordinate more often in “open” situations, since they are supposed to have
common knowledge in those situations, by contrast to what happens in the electronic
mail game.

But we should hope for a theory which can also explain what people do—and ideally
one which shows us that our intuitions about rationality are not as hopeless as the
common knowledge-based theory claims. I will provide a theory which explains all three
of the data: how it is rational to coordinate, why people do, and why they coordinate
less often in the electronic mail game than in other situations. In doing so, I’ll argue that
Nash (and even rationalizability) don’t capture the only interesting notion of rationality
in the area; the reasoning I propose is rational in a new way, based on an extension
of the ideas behind rationalizability. And—it will be no news to the reader—this more
satisfactory theory will not employ common knowledge.

I will introduce the theory in two stages. First, I will discuss ways in which the elec-
tronic mail game is a very special situation, which does not often arise in ordinary life.
Most ordinary situations which involve something like message passing are ones where
the rational action is to coordinate after finitely many messages. Second, I will describe
the reasoning of players in the electronic mail game, just as I did for coordinated attack.
This second stage will in a way rely on the first: the rationality of players’ behavior in
these circumstances depends to some degree on what are good policies in other, similar
situations. This second stage will also include an explanation for why successful coordina-
tion on the better outcome is not as frequent in the electronic mail game as in situations

where players can communicate “openly”.
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1.4.1. Why the Electronic Mail Game is Special. The electronic mail game
relies on a very special structure to ensure that common knowledge is required for coor-
dination on the best outcome. Two of these special features concern the structure of the
payofls. First, the game requires that L (the loss agents will suffer) be greater than M
(the upside to coordinating). In real life the payoffs to coordinating are typically greater
than the losses of failing to coordinate. For example, if I want to meet Frank tomorrow at
2, the payoff to failed coordination is not so bad; perhaps I must send him an additional
email or wait 15 minutes before realizing he won’t come. But, second, even those real-life
situations where the appropriate inequality is observed typically differ from the formal
example in that L will not be unevenly distributed between the participants. If Frank
misses our meeting, then he’ll suffer the costs of my unhappiness and generally be forced
to compromise in the next round, even if I'm the one who bears the upfront costs of
waiting impatiently for him to arrive.

These facts about payoffs are already enough to explain why in ordinary life, we can
(rationally) coordinate using texts or email, only after sending a single message. A single
message can be credible in normal life, in a way it was not for the generals in coordinated
attack or the players in electronic mail.

But Rubinstein’s Remark 1 (1989: 388) demonstrates an even more striking way in
which the formal example differs from real life. The Remark states that the expectation of
limited communication makes coordination possible, even in the absence of substantial
common knowledge, and even when the payoffs observe the delicate pattern just de-
scribed. Rubinstein shows that if € is sufficiently small in the sense that (1 — €)M > €L,
then if it is commonly believed that only 7" messages will be sent, there is a Nash equi-
librium in which both players play B if they receive confirmation of all their messages. In
fact, although Rubinstein states his remark using common belief, the proof only requires
mutual belief (here: certainty): what needs to be ruled out is the possibility that waiting
for another message could be a conditional strategy with a higher expected payoff. Mu-
tual certainty is enough for this, since each player is certain that no such message will
come.

To see how this works, suppose Row and Column mutually believe that Column will
reply to one message but no more, and mutually believe that Row will send only one

message. Then when payoffs are as above, it’s a Nash equilibrium for both players to play
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B if they receive one message (and to play A otherwise).!? In this situation, since Column
doesn’t know whether Row received her confirmation message, they coordinate on B (if
they do) without having common belief of whether they’re playing G4 or G, or common
belief that they will play B—in fact they don’t even have mutual knowledge? of what
action they will take.!* As is now well known, Nash does not require common knowledge
even of the other player’s strategies—first-order knowledge is enough. So we don’t need
to require that players commonly know that they are using these conditional strategies,
either. If it is mutually known that only finitely many messages are sent, coordinating
on the best outcome requires little substantive common knowledge.'®

Still, even in the modified scenario there is a Nash equilibrium (albeit one with a lower
expectation for each player) in which the players fail to coordinate on the better outcome
in Gp. So one might wonder whether there’s a way to understand the coordination we
observe in normal life as the uniquely rational outcome of the game (or some close
modification of it).

In an elegant paper, Ken Binmore and Larry Samuelson (2001) show that there
is a way to understand coordination as the uniquely rational outcome. They expand
on Rubinstein’s Remark, studying versions of the electronic mail game in which message
sending is not automatic, but voluntary, and also where attention to messages is costly. If
either of these assumptions hold, then as in the example above, there are Nash equilibria
where agents coordinate after only finitely many messages. But more importantly, Bin-
more and Samuelson show that in models where both assumptions hold (message-sending

is voluntary and attending to messages is costly) the equilibria in which players play B

13 Justification: When Column has received her message (and automatically replied), her expected payoff
from B is (1 — €)M — €L, which is strictly greater than 0, her expected payoff from A. So Column always
plays B when she’s received one message, presuming Row will do the same. If Row receives the reply,
for his part, he’s guaranteed M by playing B, as opposed to 0 from playing A.

1 justification: Column isn’t certain that Row has received her message; she believes that with proba-
bility € Row hasn’t received it. So they don’t even mutually believe Row will play B. Moreover, Column
knows that if Row hasn’t received the message back, Row will believe with probability € that Column
hasn’t received the message, so they do mutually believe that the game is G, but they don’t mutually
believe that they do.

15The classic paper is Aumann and Brandenburger 1995, but cf the reply by Polak 1999. Subsequent
work has shown that Aumann and Brandenburger’s result can be extended significantly to avoid common
belief of the kind alleged by Polak (e.g. Barelli 2009, Liu 2010 (unpublished), Bach and Tsakas 2014).
An extremely simple form of the theorem can now be found in Dekel and Siniscalchi 2014, and also in
Battigalli et al. 2014. It is also Proposition 5.2, in Chapter 5 of this thesis.
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after finitely many messages are “evolutionarily stable for sufficiently small costs”.'6 Ig-
noring all messages as in the unique Nash equilibrium of Rubinstein’s game, by contrast,
is not stable in this way. So Binmore and Samuelson demonstrate that, in an important

sense, coordinating is the uniquely rational action in close variants on the original game.

1.4.2. Explaining Electronic Mail, and Why Coordination Rates Differ.
We have seen that the electronic mail game is very special: it depends on a special
pattern of payoffs, on the automatic character of the message-sending machines, and
on the assumption that message-sending and attention are costless. If we relax these
assumptions there are Nash equilibria—and, in the final case, even Nash equilibria with
a further, special characteristic—in which players coordinate on the best outcome. For
most of our lives, it can be rational to coordinate on the better equilibrium in analogous
situations, even in the absence of common knowledge.

But this still leaves us with two questions. Since people do in fact coordinate even
in the electronic mail game, we want to understand how they reason in these situations,
ideally, in a way which explains how their behavior is rational. Moreover, we want a
theory which also explains the difference between the electronic mail game and more
usual situations in which information is shared without this messaging system.

The explanation I will propose will be familiar already.'” The simplest model is ex-
actly the one I used for coordinated attack. Different agents assign different probabilities
to different level-0 “types” of other players, where a “type” is again a function from the
number of messages to actions. Once again, we suppose that people assign varying proba-
bilities to types who act after m messages have been received. To make this slightly more
precise, we suppose that each person ¢ has a belief that p;,, of the population are such

that they’ll play B if they receive at least m messages. Thus, once again, for the case of

1611 their paper, Binmore and Samuelson defend the importance of this notion, as opposed to the usual
notion of evolutionary stability. The problem is that every Nash equilibrium of their revised game is
strict, and hence evolutionarily stable in the standard sense. As they point out, the standard definition
of evolutionary stability is justified on the basis of the assumption that the “basin” in which a strict
equilibrium lies is guaranteed to be sufficiently steep that chance occurrences which would lead away
from the equilibrium will be sufficiently rare as to be safely ignored. But in fact, this need not be so;
even strict equilibria may lie in very “shallow” basins. The notion of evolutionarily stable for small costs
avoids this problem by ensuring that small shocks cannot lead away from the equilibrium. Formally,
a strategy is evolutionarily stable for sufficiently small costs iff for every sufficiently small ¢, there are
values c*and d* so that for all ¢ < ¢* and d < d* and all strategies s’ not equal to s,
P(s,(1—¢€)s+es’,c,d) > P(s',(1 —¢€)+es,¢,d),

where P(s,s’,c,d) is the payoff for a strategy s, playing against s’, and ¢ and d are costs to sending
messages and to attention, respectively.

17In this case, we are fortunate that a full analysis of this kind of model has already been given: see
Strzalecki 2010. In my model, the level 0 types differ from those considered in Strzalecki’s basic model, in
that I have heterogeneous versions of the level 0 types. But under the assumption that higher-level types
assign probabilities in the way discussed for coordinated attack, his results carry over straightforwardly
to the new setting.
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Row, if m is great enough that (pry (1—€)+€prm—1))M > (1= [prm(1—€)+€prim—1)])L,
then Row will play B.

Let’s suppose that, for both Row and Column, p;; = 1. Then if two messages are
passed, they’re guaranteed to coordinate. Now as I've said, these strategies do not form
part of any Nash equilibrium, and in the variant in note 11, they won’t survive iterated
deletion of strictly dominated strategies. But, I want now to argue that these formal
senses of rationality are too restrictive: the actions just described are rational. Since
every strategy that is part of a Nash profile survives iterated deletion of strictly dominated
strategies, I'll focus on arguing that agents can be rational in playing strategies which do
not survive iterated deletion of strictly dominated strategies. If my argument succeeds,
it will also show that agents can be rational in playing strategies which do not form part
of any Nash equilibrium.!®

To understand the argument, we need to consider the “epistemic” justification of the
play of strategies which survive iterated deletion of strictly dominated strategies. It’s a
standard fact that these strategies are all and only the ones which are “rationalizable”,
that is, consistent with common knowledge of rationality (Bernheim 1984 and Pearce 1984
Brandenburger and Dekel 1987). The formal sense of rationality employed in this result
involves two components: first, that agents maximize subjective expected utility; second,
that each player has an infinite hierarchy of beliefs-about-beliefs-about-beliefs and so on.
But what if one player maximizes subjective expected utility, but has a limited capacity
for forming beliefs-about-beliefs? It seems clear that in such a circumstance an action
might be rationalized by this player’s limited beliefs, even if it is not rationalizable by
any infinite hierarchy of beliefs. In fact, new actions could be rationalized even if neither
player is in fact limited, but each player thinks the other has a limited capacity for forming
beliefs. (This is in fact the situation in our example above.) So even if a strategy doesn’t
survive iterated deletion of strictly dominated strategies, it could be rational to play
that strategy if you are limited, or if you believe the other player might be. Usually, as
is familiar from Savage, rationality is assessed not by asking whether the beliefs a player
has are appropriate, but by asking whether what the player did was rational relative
to his beliefs. The formal theory of rationalizability diverges from this paradigm, since
it doesn’t allow players to assign positive probability to the hypothesis that others are

limited. But this also makes the formal sense inappropriate in real life circumstances. In

181y any case, it’s fairly well known the fact that an action is rationalizable is a more compelling necessary
condition for an action to be rational than the fact that it belongs to a Nash equilibrium. A beautiful
example in which a Nash strategy does not appear to be rational is given by Aumann 1985, figure 1.
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the real world, it often seems right to assign the hypothesis that others are limited at
least some positive probability.

So the fact that this eminently rational way of playing the game is not rationalizable
reflects a limitation of the formal notion of rationalizability. Moreover, the behavior just
described is rational in more substantive ways than just that it maximizes subjective
expected utility relative to a specific hierarchy of beliefs. Remember how special the
electronic mail game is. In most message-passing situations, coordinating on the better
equilibrium is the rational action in the sense of being Nash, and thus rationalizable.
Real life is, at least in this way, kind. In real life, reasoning boundedly usually gets us
the same payoffs as reasoning unboundedly would. So in real life it makes sense to have
simple heuristics which tend to lead to the good Nash outcome, without forcing us to
think in detail about what’s Nash and what’s not.

Our experience tells us that when people pass messages, they coordinate on good
outcomes. So when two people come to play the electronic mail game, each will assign
high probability to the other coordinating on the good outcome. And it is perfectly
reasonable to do so: we know that we have all learned our way around the kind world
where bounded reasoning often gets us the best outcome. So good belief-forming policies
lead to the belief that other players, too will reason boundedly—not because the other
is irrational, but because reasoning boundedly is the right thing to do in situations such
as this one.

But then why do people coordinate any less often in this situation, as compared with
“normal” public announcement situations? The answer is not far to seek. We far more
often encounter situations akin to a public announcement scenario. In such situations,
our dispositions are stable, and our models of others are well-formed. The closest analog
to the electronic mail game in real life is a scenario of normal communication. So we tend
to bring our model of people’s behavior “across” from these more familiar situations to
deal with the new electronic mail scenario.!” But we recognize that there’s something
fishy in the new situation, and some of us, or each of us with some probability, will
decide on a different analogy, bringing a different model to the new situation. These
mistakes are enough to explain the differences between public announcement scenarios
and message-passing versions of the game. But since we display considerable regularity

in how we form models of the new situation, we still coordinate at very high rates.

19For more precise work along these lines, see Mengel 2012 and Grimm and Mengel 2012.
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The electronic mail game seemed to promise a new argument for the importance of
common knowledge and common belief. But observed behavior in this situation suggests
that the mathematics of higher-order belief in the electronic mail game does not track the
psychological reality. If we try to respect this psychological reality, we see that common
knowledge is a distraction. A simpler theory explains in one fell swoop why we coordinate
so often, why it can be rational to do so, but also why the new game is hard, and

sometimes gives us trouble.

1.5. Uncommon Knowledge

So far, we’ve seen that some important motivating examples for common knowledge
are not compelling. I've provided explanations of these situations which I believe are
more natural and more faithful to ordinary psychology than the explanations based on
common knowledge. But there’s a vast array of other examples which might be invoked
in defense of the claim that common knowledge is crucial to explaining our social lives.
We need some more decisive way of showing that theories which explain social behavior
by invoking common knowledge are not as powerful and not as simple as the kind of
theory I've been proposing.

In this section I will provide an example which exhibits all of the characteristics that
common knowledge is usually invoked to explain. Some information is “public” or “open”
in an important sense: it is in plain view for all to see. But the information is not common
knowledge.

A simple, powerful theory of behavior will explain all examples of “public” information
by the same mechanisms. This class of phenomena is unified, and deserves a uniform
explanation. My example shows that the explanation in terms of common knowledge
cannot deliver on this demand. I will argue that the alternative “level-k” explanations

can deliver on the demand. So the abductive argument for common knowledge is doomed.

1.5.1. SAPLING.

SAPLING: You are playing in a game show. Two contestants compete at
a time, together. Each contestant has a single button in front of them.
The contestants have an unobstructed view of each other’s faces (noth-
ing below the neck), and of a sapling in the middle of the stage. They
cannot see each other’s keyboard; if they speak to each other, they
are disqualified. Prior to the show, all players are taught important

facts about inches and feet. If the sapling is taller than 6 inches, and
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both players press the button, they receive $1, 000, 000. If the sapling
is not taller than 6 inches, or if only one person presses the button,

that person pays the show $10, 000.

Suppose that the sapling is in fact 510 (that is, five foot ten inches tall—the single /
comes after the feet; when the double is used, it indicates inches). It’s clear that you're
in luck: you’ll win $1,000,000. But, as I’ll now argue, the most prominent theories of our
knowledge of tree-heights—even those which preserve the K K or “positive introspection”
principle—predict that it’s not common knowledge that the tree is taller than 6 inches.
(Recall that K K is the principle that if a subject knows a proposition, the subject knows
that she knows it.)

To make things concrete—and to show that my argument doesn’t depend on deny-
ing positive introspection—I’ll give the argument using Robert Stalnaker’s view of the
situation (Stalnaker, 2009). For Stalnaker, if the height of the tree is in fact within a
particular plus / minus range of one’s precise “best guess”, then one knows that it is,
regardless of where the height of the tree falls in that range.2’

Suppose that both you and your partner have a range of 6 inches (we can even sup-
pose that this was publicly announced before the game, after empirical tests). Moreover
suppose that your best guess is right on the mark, at 5’10, so that you know that the
tree is between 5’4 and 6’4. What do you know about what your partner knows? That
depends on your best guess, and on the general accuracy of your best guess about his
best guess. Suppose, as is plausible, that there are some independent factors contributing
to differences in his perception of the tree, but that many sources of potential error are
correlated between you, so that your best guess provides evidence about your partner’s
best guess beyond the evidence given by the height of the tree. In other words, your
accuracy about your partner’s best guess is much greater than your accuracy about the
height of the tree: your range concerning his best guess lies within £1 inch around your
own best guess. So in the case above, you believe that his best guess is between 5’9 and
5'11. (If it in fact lies in this range, then you know that it does.)

Now here’s the argument. You know that he believes the height of the tree is within 6
inches of his best guess. So, given your uncertainty about his best guess, you believe (and
let’s suppose you know) that he believes the tree is somewhere between 5’3 and 6'5. But
20To simplify the discussion, I’ll be considering point-valued best guesses. But the argument goes through
as well with interval-valued best guesses, so long as agents do not have precise knowledge of their partner’s

interval. (Goodman 2013 explores models of interval-valued appearances in a K K-denying framework,
but his models could be adapted to Stalnaker’s “cliffhanger knowledge” setting.)
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the process continues: for you know that his best guess about your best guess depends on
his own best guess. Thus if his best guess is 5’9 (as you think it might be), then he knows
that you know that the tree is somewhere between 5’2 and 6’4, but no more. Similarly if
his best guess is 5’11, he knows that you know that the tree is somewhere between 54
and 6'6. So you know that he knows that you know only that the tree is between 5’2 and
6’6. By the obvious extension of this pattern of reasoning, it’s clear that it is common
knowledge only that the tree is of some positive height in inches.

Here’s an abstract Kripke model to represent the situation for two agents A and B.
Let worlds be elements of R3>0, triples of positive real numbers representing: an actual
tree height, A’s best guess and B’s best guess. In a simple version, we define knowledge
in terms of belief. We do everything for player A, but the same holds for B, with the

obvious changes. A’s belief relation is as follows:
Ri(z,y,2) ={(«/,y,2) : |2/ —y| <oy =y, ¢ —y| < ¢}

(The subscripted B is for belief.) That is, if the player’s best guess is y, he or she believes
that the tree lies within o of y, and believes that her partner’s best guess lies within € of
y. (Note that the relation is serial, euclidean and transitive so that we have a model of
K D45, Stalnaker’s preferred logic for belief (Stalnaker 2006).) We then define knowledge

as follows:

Case 1. R (x,y,2) = Ra(x,y, 2) if (v,y, 2) € Ri(x,y, 2);

Case 2. R (z,y,2) ={(z',y,2") |2/ —y| <oy =u, |2 — 2| <|y—z|}if |y — 2| > €
and |y — z| < o

Cased. Ri(w,3,2) = {(@9/,#) : [ — o] <y —al o/ = 3,17 —y| < e} it [y~ > 0
and |y — z| < €; and finally

Case 4. R (x,y,2) = {(2',y/,2') : |2’ — x| < |y — 2|,y =9, |2 — 2| < |y — 2|} if both

ly — x| >0 and |y — 2| > €.

It’s then easily checked that the model obeys positive introspection at every point. In
the concrete story above, o was set to 6” and € was set to 1”. The important fact is this:
if € ## 0, then from any point, only the universe is common knowledge.

This gives us a model against which we can assess the argument, but it’s time to
consider the premises of the argument, or the ingredients of the model, in more detail,
at a conceptual level. Before doing so, it’s important to note that the argument nowhere

uses a margin-for-error principle about knowledge like Williamson’s (2000: Ch. 4 and 5).
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We assumed that both agents are positively introspective about their knowledge; this as-
sumption (together with the factivity of knowledge) is in contradiction with Williamson’s
margin for error principle.

First, we made the simplifying assumption that your range and your partner’s are
the same (o is the same for both players, and so is €). But we can relax this assumption
without any effect whatsoever on the argument. If each player has a constant o and
constant € at every point, the argument goes through as before.

Second, we assumed that you and your partner are both certain of each other’s range.
If we’d allowed for uncertainty instead, the argument would be longer, but the result
would be unchanged. For conditional on any hypothesis about your partner’s (constant)
range, nothing substantial would be commonly known about the height of the tree.
Adding uncertainty about his range generates more uncertainty about what he knows,
but this uncertainty is not compensated for by greater knowledge about the height of the
tree.

Our third assumption requires more discussion. We assumed that both you and your
partner’s ranges about the tree and about one another’s best guess do not vary as a
function of your own best guess or the actual height of the tree. For example, if your
range is £6” when the tree is 5’10, it’s also =6” when the tree is 5, or even 4”. (Clearly
in the latter case, your range is in a sense a function of the tree-height, since you would
not then consider it possible that the tree was —2” tall (whatever that means). When I
say that your range is constant, I mean that it’s constant except for this kind of boring
exception.)

This is a substantial assumption. If we think in terms of our Kripke structure, it
ensures that for every positive real number x, a world at which the tree is x inches tall
is “reachable” by a finite number of steps using yours and your partner’s (A’s and B’s)
accessibility relation. Since the common knowledge accessibility relation is the transitive
closure of the union of your respective relations, it follows that nothing non-trivial is
commonly known about the height of the tree.

But rejecting this assumption about reachability is unpromising. Suppose that prior
to the play of the game, researchers conduct extensive tests on the reliability of the
subjects at assessing tree heights. In each case, subjects report their best guess, and
researchers plot where this best guess falls relative to the actual tree height. For each

individual, they produce a “score sheet”, matching actual tree heights with ranges of
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accuracy, perhaps defined by a statistical metric, for the different individuals. Each player
of the game then receives both her own score sheet, and her partner’s.

We can now ask: What would the score sheet have to be like for agents to commonly
know that the height of the tree was greater than 6”? There would have to be some n
greater than or equal to 6, such that no finite steps from one player’s “best guess” can
reach a tree height of n inches. For actual tree heights which are close to but greater
than n, the subjects’ best guesses would have to be arbitrarily precise, at least on the
lower bound of their guess. To make this slightly more concrete, suppose that there was
a greatest such unreachable n, and that it was 7 inches.?! In the imagined scenario, if
the tree was 7.1 inches, the score sheet would say that they reliably guessed it to be at
least 7. Even if it was 7.00001 inches, they still guessed it to be above 7 inches, and the
same for any real number greater than 7.

This hypothesis is absurd. There is clearly no n around which we have arbitrarily
precise estimates of tree heights. But to heighten the absurdity, let’s suppose that there is
such a greatest unreachable n and that it is again 7 inches. Now suppose that instead of
asking subjects to coordinate if the tree is taller than 6 inches, we ask them to coordinate if
it is taller than 8 inches. If the tree is 5”10, it seems just as clear as before that agents will
coordinate. But since 7 was the greatest unreachable n by hypothesis, then in the revised
situation where the relevant information is whether the tree is taller than 8 inches, once
again, the subjects will not commonly know this fact. The two points made in terms of 7
and 8 apply completely generally. Any choice of greatest unreachable n, or least reachable
n leads to the absurd verdict that our assessments are arbitrarily precise close to n.
Moreover, any choice of such an n will make subjects’ behavior unrealistically sensitive
to slight differences in the announcements made by the game show hosts. Denying the
reachability assumption is therefore hopeless.

The fourth and final premise of the argument is that the agents do not know whether
their partner’s best guess is exactly the same as theirs. But to assume that you know
your co-contestant’s precise best guess is to assume an absurd level of interpersonal
knowledge of phenomenology. After all, his visual system is subject to some errors which
are independent of yours; you can’t rule out the possibility that his experience of the tree

differs subtly from yours.

21“Suppose” because of course it might be that the best guesses displayed the structure of an interval
which is closed on its lower bound, so that there was no greatest unreachable n, but there was a least
reachable one. In the latter case, we’d still have the bizarre feature that when the tree was 7 inches, the
players never or very rarely guessed anything below 7.
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The argument so far has been given in terms of knowledge. But what about belief?
Belief can of course outrun knowledge. It might be that, although we don’t know our
partner’s best guess, we still believe that it has a precise value, and even believe that we
know this. Can we save common belief by this route?

We cannot. Just as it’s possible for people to form beliefs which outrun their knowl-
edge, it’s also possible for people to be more conservative, to form only those beliefs in a
given domain which coincide with knowledge. Humans are systematically overconfident
in our own abilities. But the coordination behavior in this kind of case seems eminently
rational. We do not want an explanation of the behavior which relies crucially on our
irrational overconfidence in our own abilities. Worse yet: this way of preserving common
belief fails to accord with our judgements about the case, since we judge the information
in question to be public or shared in the relevant sense, independently of our judgements
about the ways in which the participants form beliefs, whether they form them according
to what they may know, or not.

So the participants in SAPLING don’t commonly know (or, in general, commonly

believe) that the tree is taller than 6”.

1.5.2. What SAPLING Shows. This example spells doom for the abductive argu-
ment for common knowledge. It shows that a plausible thought about common knowledge
is incorrect. One might think that if information is “in plain view” to all, it is commonly
known. The example shows that this prima facie plausible thought is wrong. The tree
is in plain view to all. But its height is not a matter of common knowledge. In general,
this makes it clear that the notion of common knowledge does not carve up social or
informational phenomena in the right way. We should hope to explain such “plain view”
situations in the same way in all examples. So we should hope for a better explanation
than the one common knowledge offers.

But can my preferred theory do better? It can. We encounter such “plain view” situa-
tions every day. And every day we succeed in finding the better coordination equilibrium:
not the one where we lie inertly wondering which equilibrium others will choose, but the
one where we engage in projects and move around the social world. Just as in coordinated
attack and electronic mail, our dispositions to act are formed in such situations, and we
form beliefs about others’ behavior on the basis of this experience. When we encounter
such a situation, where it’s clear that the tree is taller than 6", it’s also clear what we

should do, and we do it.
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1.6. Completing the Negative Argument

The abductive argument for common knowledge relies on the premise that common
knowledge provides the best explanation of behavior. In coordinated attack—an example
often used to motivate the importance of common knowledge—we saw that the behavior
predicted by common knowledge was neither intuitively rational, nor what we observe.
A different hypothesis predicted the correct behavior. Moreover, we saw that a formal
argument based on a class of simple models of the situation made inappropriate use of
idealizations implicit in the model.

In electronic mail, the situation was more complex. It took more work to show how
a simple explanation of people’s behavior delivered the verdict that that behavior was
rational. But the simple explanation satisfied more of our demands in that case than any
explanation in terms of common knowledge could.

Finally, SAPLING showed that a simple view of “plain view” situations was incorrect.
One might have thought that when information is open to all as it was in this situation,
then it is commonly known. But the example shows that this thought is mistaken. Even
in such “plain view” situations, the information we share need not be common knowledge.

But if the foregoing arguments are correct, why are models which assume a great
deal of common knowledge so prevalent? The answer is that these models are simpler,
just not in a way which gives us any reason to think that people have common knowledge.
We saw this already in coordinated attack. The models in which agents attack only if
they commonly know that they do were formally simpler than my alternatives. But they
were simpler in ways which made them worse, not better predictors of what we observe.
Common knowledge doesn’t just simplify our models; it also helps in a further way, which
we have not yet encountered, by simplifying the statements of general results.

To see this, consider rationalizability, which I mentioned in the discussion of the
electronic mail game. In a pair of papers, Bernheim 1984 and Pearce 1984 showed
that the rationalizable strategy profiles—behavior predicted under common knowledge
of rationality—are exactly the profiles which survive iterated elimination of strictly dom-
inated strategies. (The result was subsequently extended by Brandenburger and Dekel
1987 to include correlated beliefs.) But the use of common knowledge here is simply to
encompass every finite game in one simple statement. Eliminating common knowledge
from the statement of the theorem is trivial: informally, the revised statement would

say that, for all natural numbers n, if there’s mutual belief” that players are rational,
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then the only strategies which receive positive support in players’ conjectures are those
which survive n rounds of deletion of strictly dominated strategies. For every finite game,
there’s some finite n such that no strategies are deleted in the n + 1th round of deletion.
So for every finite game, there’s some finite n such that if players mutually believe™ that
the others are rational, they’ll play only those strategies which survive infinitely iterated
deletion of strictly dominated strategies (since those are exactly the strategies which
survive n rounds of deletion).

The example of the “muddy children”, another story often used to motivate the
importance of common knowledge, is no different. Some number of the muddy children
have mud on their foreheads, and each wants to determine whether she herself has mud
on her forehead. The children can’t do this unless someone makes an announcement
saying that at least one of them has mud on her forehead. Once the announcement is
made—making it “common knowledge” among the children that one of them has mud
on her forehead—then if the children announce whether they know that they have mud
on their foreheads or not, they can each figure out whether they are muddy or clean in
a finite number of rounds. But here, too, for finite numbers of children, we need only
mutual belief” for some finite n: common knowledge is only used because it allows us to
give a single statement covering all sets of children. (In any case, for sufficiently high n,
say, 100 muddy children, we of course shouldn’t expect that even logicians will reason in
this way “in the field”, at least if they are unfamiliar with the problem.)

The prevalence of common knowledge and belief in the technical literature is readily
explained by these two facts: common knowledge simplifies our models, and simplifies our
formal statements. But neither of these reasons provides any evidence for the empirical
prevalence of common knowledge or belief. Some, it’s true, have explicitly taken common
belief and knowledge to give genuine explanations of observed phenomena. But on inves-
tigation this is more owing to the popularity (or catchiness) of the phrase than it is to any
need for the infinitely iterated state. In his book Rational Ritual, for example, Michael
Chwe argues that a series of social practices can be explained on the assumption that
they aim at generating common knowledge (Chwe 2001). But Chwe never motivates the
need for this infinitely iterated state, and aside from stylistic reasons, I don’t imagine he’d
be averse to replacing his statements with “finitely iterated mutual knowledge”. When he
argues that the progress of the king in medieval England was designed to promote com-
mon knowledge that the new king was king, for example, it’s perfectly compatible with

the data that the progress was designed to promote higher orders of mutual knowledge
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among a greater percentage of the population. Replacing Chwe’s definitions in this way
doesn’t change his central point: that sometimes, social practices are best understood
as aiming at generating more shared information. The point is a very general one, and
carries over similarly to many other explanations which use common knowledge.??

The theorists themselves in general do not believe that agents have the common
knowledge or belief ascribed to them in standard models. This point can be illustrated by
considering recent developments in the field. Recent years have seen a move away from the
common knowledge assumptions associated with the high theory of earlier mathematical
game theory. In part this is because more care has shown that core theoretical concepts
such as Nash equilibrium in fact require no common knowledge at all: neither of the game,
nor of other players’ actions.?® This revolution in our understanding of the mathematics
has liberated game theorists from many standard common knowledge assumptions. The
rise of behavioral economics, too, has led to greater interaction with psychologists, and
a search for empirically viable and psychologically realistic models of behavior. The
tradition of level-k models invoked throughout this paper is a particularly rich vein of
empirical explanations which use only low finite levels of higher-order reasoning.?4 These
models are designed to reduce common knowledge assumptions, and accordingly they
have enjoyed comparative success at predicting observed behavior.

So the argument from the fact that common knowledge and belief simplify our models
and our statements fails in the general case for the same reason that it failed in the case
of coordinated attack. This version of the abductive argument fails, just as the one which
claims that common knowledge unites a wide range of phenomena.

As noted in the introduction, this verdict has at least one important ramification
for mainstream epistemology. Dan Greco has recently suggested the following line of
argument in favor of the KK principle: the social sciences invoke common knowledge;
arguments against K K typically have the result that common knowledge is impossible;
so we should reject those arguments. But the suggested argument—as the reader can
see—is at best unpromising. The uses of common knowledge in the social sciences are
an accident of (theoretical) social scientists’ pursuit of formal simplicity—whether to
simplify the models they consider, or to simplify the statements of general theorems. In

this case, we cannot infer from the prevalence of common knowledge in the models to its

22For example the use of common knowledge by Steven Pinker and his coauthors (2008) to explain the
“logic” of “indirect speech” can be similarly explained away.

233ee above, n. 15 for references.

24For standard references, see above, n. 6.
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importance to human social life or its psychological reality. To do so would be to commit
the error of an engineer who takes mathematical physicists’ models of point-like objects

to be evidence that bridges have no spatiotemporal extension.

1.7. Antiluminosity and Common Knowledge

This completes the main argument of the paper. The standard abductive argument
in favor of common knowledge fails. But could other arguments succeed? In this final
section, I close by considering the relationship of Timothy Williamson’s antiluminosity
argument to debates over the existence of common knowledge. I'll suggest that even those
who maintain the K K principle in the face of this argument should not therefore hold
that common knowledge of “non-trivial” propositions is possible.

Recall that a condition ¢ is luminous just in case, if a subject s is in ¢, s is in a
position to know that s is in ¢. Recall furthermore that agents commonly know that p
if and only if they mutually know™ that p for all n. As Williamson himself points out
(2000), common knowledge is luminous by definition. Since for each natural number n,
the agents mutually know™ p they also each know that they mutually know™ that p (this
is just the claim that they mutually know™*! that p). Thus if the agents commonly know
a proposition, they each know that they commonly know it.

If common belief were prevalent, then it is plausible that it would sometimes occur
in such a way that each of the beliefs amounted to knowledge. If these social beliefs never
coincided with knowledge, our social lives—or whatever common belief is supposed to
explain—would be a practice founded on irrational overconfidence, a practice of forming
beliefs which have no hope of achieving their aim. But now, since common knowledge is
by definition luminous, if common belief were prevalent, there would be prevalent “non-
trivial” luminous conditions. So those who accept Williamson’s anti-luminosity argument
as applied to all conditions ¢ must reject not just the possibility of common knowledge;
they will also be pressed to deny the commonness of common belief.

But the audience for denying common knowledge on the basis of anti-luminosity is
much broader than this argument suggests. The most popular strategy for rejecting the
antiluminosity argument has been to hold that for certain conditions ¢, the belief that one
is in c¢ is related to the obtaining of ¢ in a special way. In the jargon, for these conditions,
there’s a “constitutive connection” between the belief and the obtaining of the condition.

By implication, the proponents of this class of views do accept that conditions which do
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not enjoy such a constitutive connection fail to be luminous, that is, an agent may be in
the condition but not be in a position to know that she is.
Does common knowledge enjoy this constitutive connection? The following example

will show that it does not.

Three of us are in a small room, and a public announcement is made

stating that one of us has mud on our foreheads.

This is a paradigm example of common belief; since we may suppose it is truthful and
reliable, here, if ever the proposition announced should be common knowledge. But now
imagine a series of slight variations on the original case. In each new variation, my eyelids
are a little more closed. Each case differs from the last by a change which you are unable
to perceive. At the end of the series, however, my eyes are completely closed, and you
believe I may be asleep.

Clearly the content of the announcement is no longer common knowledge (or even
belief). The series of slight variations is exactly the kind of series envisioned in the
original antiluminosity argument. But here it’s utterly implausible that my being awake
is constitutively connected to your belief that I'm awake, or that your belief that the
third person knows I'm awake is constitutively related to this third person’s belief that
I'm awake.?® To assume otherwise is to assume a conspiratorial relationship between
my state of mind and yours. So the public character of the announcement is not itself
luminous. But the state of common knowledge is, by definition, luminous. So we have a
gap between the obtaining of the precondition for publicity, and the epistemic features
of the situation which are supposed to explain this publicity.

So I think those who reject the antiluminosity argument for the restricted class of
conditions where beliefs are “constitutively connected” to the obtaining of the condition
should agree that common knowledge never occurs in examples such as the one above.
But if common belief explicates what’s public about the information in this case, then,
as I've argued, sometimes that common belief will amount to common knowledge. So if
one accepts even a restricted version of the antiluminosity argument, one should reject
the prevalence of both non-trivial common belief and non-trivial common knowledge.
25To make this point slightly more precise, it’s obvious that neither of the two principles Srinivasan

(2013) offers to the “luminist” hold with “she feels cold” and “is in a condition R” replaced by “an

announcement is public”:

(CON) If S has done everything she can to decide whether she feels cold, then she believes that she
feels cold if and only if she feels cold. (15)

(CONFIDENCE-SAFETY) If in case a S knows with degree of confidence ¢ that she is in a condition
R, then in any sufficiently similar case a* in which S has an at-most-slightly-lower degree of
confidence c* that she is in condition R, it is true that she is in condition R. (16)
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Now of course there are still others who not only reject the unrestricted antiluminosity
argument, but reject the version of the argument used for knowledge. They hold that if
an agent knows that p, she knows that she knows that p. Two views of this form are most
prominent: Robert Stalnaker’s and Dan Greco’s. As Greco explains the idea, the principle
KK follows from general facts about what it is for a state to encode information. If a state
carries information, the fact that it does so is sufficient for it to carry the information
that it carries the original information. Since Greco and Stalnaker take belief to carry
information in the way that tree rings do, they hold that to believe that p is just to
believe that one believes that p. They argue that we should reject the antiluminosity
argument as applied to knowledge because the state of knowing is identical with the
state of knowing that one knows.

Whatever we may think of this line of thought in the case of knowledge, it simply
cannot be extended to the interpersonal case. Any reduction of common knowledge to
finitely iterated mutual knowledge cannot proceed by reducing a state with a greater
number of iterations to a state with fewer. For even if as a medical matter people were
incapable of distinguishing between say mutual knowledge'%® and mutual knowledge'°?,
these states are nevertheless different states. In particular, they are not necessarily equiv-
alent. The former state just doesn’t have enough information to entail the latter, and no
finite iterations have sufficient information to entail the infinitely iterated state. That’s
one of the many things that Rubinstein’s beautiful example dramatizes.

So even if one rejects the antiluminosity argument altogether, it’s a very difficult
challenge to come up with a philosophically motivated way of understanding how common
knowledge could be luminous. Certainly, we haven’t been given such an explanation to
date. Stalnaker and Greco’s prominent style of preserving introspection principles for
individual attitudes doesn’t have much promise for explaining why we should preserve
them in the interpersonal case. This doesn’t show that those responses fail on their own
terms—in fact, they might succeed. But I think it does demonstrate conclusively that the
considerations adduced in the antiluminosity argument are damning for the possibility
of common knowledge, even if they aren’t for knowledge itself. One of the aims of this
paper has been to show that we shouldn’t be concerned that we never have common
knowledge. Life can go on as usual without common knowledge or belief. Once we see
that common knowledge is not needed to explain behavior, we should embrace a world

without this outlandish epistemic state.
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1.A. Alternative definitions

In the main text, I focused on the definition of common knowledge which takes it
to be an infinitely iterated attitude. But other definitions have been offered, and one
might think the core arguments of the paper leave these definitions unaffected. In this
Appendix I'll make some schematic remarks about why I think this position is mistaken:
SAPLING is a problem for alternative definitions of common knowledge and belief, just
as it is for the definition as an infinitely iterated attitude.

Consider, for example, the reason to believe definition. In a schema that will already
be familiar, you and I have mutual reason to believe! that p if and only if we both have
reason to believe that p; we have mutual reason to believe™ that p if and only if we have

mutual reason to believe that we have mutual reason to believe” ! that p. So

You and I have RB-common belief that p just in case, for all natural

numbers n, we have reason to believe™ that p.?%

In SAPLING, because the agents don’t have common knowledge, they don’t have RB-
common belief. To dramatize the point, suppose two people have read Section 1.5, so that
they understand acutely the difficulties imprecise “best guesses” pose for the achievement
of common knowledge. This would undermine their mutual reason to believe™ that the
tree is taller than 6 inches, for some finite n. So the example undermines this “reason-to-
believe” explanation of public information as well.?”

Another prominent definition, the fized point definition of common knowledge, is

somewhat different:

You and I have FP-common knowledge that p if we both know that p

and q,

where ¢ is the proposition that we both know p and gq.
A special case of the fixed point definition focuses on a natural way for representing

the fixed point ¢, by way of an indexical:

You and I have I-common knowledge that p if (1) we both know that

p, and this,

261 ewis’s definitions—the obvious omission from the three here—is discussed in an appendix. The dis-
cussion of RB common belief is intended to apply also to Heal 1978 and Peacocke 2005.

27Margaret Gilbert 1989 proposes the following theory of common knowledge: agents commonly know
a proposition if, if fully rational agents were in the same situation, they would have common knowledge
of the infinitely iterated variety. But unless fully rational agents have perfect knowledge of each others’
best guesses, Gilbert must also deny that common knowledge obtains in the example above.
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where “this” refers to the whole state of affairs in (1).2®

SAPLING presents a dilemma for proponents of FP-common knowledge or its I-
common knowledge variant. Do the agents above have I-common knowledge or not? If
they do not, then the example is also a counterexample to this explanation of what makes
information public or “open”. If it is claimed that agents do have I-common knowledge
in the example, then I-common knowledge is poorly motivated, as I will now argue.

Agents can sometimes have seemingly contradictory beliefs under different “guises”.
However we explain this phenomenon—by “compartmentalization or “fragmentation”,
by fine-grained contents, or even by genuinely contradictory beliefs—sometimes action
and reasoning will follow one of the “beliefs” as opposed to the other. For example,
Kripke’s Peter, who assents to the claim that Paderewski the pianist is not Paderewski
the president of Poland, will “use” only one of these descriptions when discussing famous
pianists (Kripke, 1979). Similarly, Ann and Bob may have I-common belief, even though,
under the “guise” involving iterated belief, Ann may believe that Bob doesn’t believe
that Ann believes that Bob believes that p. In the case above, it’s clear that this is
true: the agents don’t have common belief or knowledge under the more straightforward
guise, even though they might infer it if they utilized their common knowledge of the
indexical state of affairs. But it seems plausible that it’s the straightforward guise which
governs their action and reasoning, and not the infinite conjunction they might infer
by the appropriate use of the indexical. And if the information can be open in spite of
agents’ acting on only finitely iterated belief or knowledge, it’s unclear why we need a
definition which gives us the infinite conjunction in the first place.

These remarks remain schematic. But I think they show that there’s no simple retreat
to getting infinitely many iterations by some sly route which differs from the explicit

definition considered in the main text.

28There’s an in-house metaphysical dispute between those who favor a version of the fixed point definition
and those who prefer the indexical one. For this debate, see Peacocke 2005, Appendix, contra Barwise
(e.g. 1988). Nothing I say here will turn on this difference.



CHAPTER 2

A Theory of Common Ground

ABSTRACT. A new theory of common ground is proposed.

2.1. Introduction

In the 1970s Robert Stalnaker (and, independently, Lauri Karttunen) described the
notion of the common ground of a conversation: a body of information shared among
participants in the conversation (Stalnaker 1974, 1978, Karttunen 1974).1 In the first
instance, Stalnaker proposed that these were the propositions participants “mutually
assume that they take for granted”. But in later work (especially 1998, 2002, 2014), he
has elaborated this idea, arguing that the attitudes which determine the common ground
have the “iterative” structure of common belief, where a group commonly believes a
proposition just in case all believe it, all believe that all believe it, and so on.

At the outset, the common ground was envisioned as an enrichment of formal ap-
proaches to semantics, allowing for an equally formal explanation of certain pragmatic
phenomena. Stalnaker’s theory of assertion, for example, uses properties of the common
ground to explain divergences between the semantic content of a sentence in context
and what is said by an assertion of that sentence in that context. Stalnaker himself has
continued to emphasize, broadly following Grice, that the laws of pragmatics—including,
for example, the theory of assertion—should be derivable from general laws of rational
interaction. Since the common ground is a primitive postulate of Stalnaker’s pragmatic
theory, he accordingly holds that the common ground itself is a mandatory feature of
anything which is to count as rational communicative activity.

Some aspects of the theory of the common ground are hotly contested today, even
among those who use the common ground in their own linguistic theories. For example,
“dynamic” semanticists argue that the common ground plays an even more central role
in communication than Stalnaker believes it does. These theorists have developed the
hypothesis that the value of a sentence is a function from common grounds to common
IThanks to Frank Arntzenius, Emil Méller, Daniel Rothschild and Timothy Williamson for detailed

comments on this material. Bob Stalnaker generously gave helpful comments on a much earlier draft.
Parts of this paper are deeply indebted to numerous conversations with Jeremy Goodman.
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grounds (often in this setting called “contexts”).? Whereas Stalnaker’s original theory
adhered to a more traditional notion of semantic content, these theories make the much
more radical step of holding that the meaning of some if not all expressions cannot be
understood in isolation from their effect on the common ground. In a second, equally
prominent example, discourse representation theorists argue that the common ground
must have a highly articulated logical structure to account for phenomena such as tense
anaphora.> Whereas the common ground was initially understood as a body of informa-
tion with only Boolean structure, discourse representation theorists have endowed it with
a much more complex structure, which also requires new laws governing the dynamics of
update.

But one aspect of Stalnaker’s theory has enjoyed almost unanimous support: that
if there is a common ground, the attitudes which determine what is common ground
have the iterative structure of common belief.* Stalnaker and his followers have proposed
various different hypotheses about the precise nature of the attitudes which determine the
common ground, but in each case they have agreed that the attitudes have this infinitely
iterated structure.® In other traditions, too, the point is often simply taken for granted.
To return to the earlier examples, dynamic semanticists and discourse representation
theorists are not often given over to detailed discussion of the epistemology of the common
ground (their “contexts”). But the minimal discussion one does find refers favorably to
Stalnaker’s views on the common ground.®

But is this unanimity justified? There are at least two reasons for thinking that
Stalnaker’s theory of the epistemology or psychology of the common ground is mistaken.
First, the “iterated” theory of common ground makes intuitively irrelevant and even
unnecessary features of agents’ psychology essential to the possibility of communication.
To see this, suppose scientists discover that an isolated linguistic community—whom I will
call “Luxembourgers”—do not possess a part of the brain which is active whenever non-
Luxembourgers think about what others believe they believe others believe they believe
(and similarly, for other propositional attitudes relevant to conversation). Moreover, if
you ask a Luxembourger about people’s higher-order beliefs beyond this level, she will

shrug and say that she has no idea about attitudes of this kind. Worse still: except for

2For a good survey of this development, see van Eijck and Visser 2012. Standard references include Heim
1983; Groenendijk and Stokhof 1991 and Veltman 1996.

3For an excellent overview, see Kamp et al. 2011.

4An important complicating example is Veltman 1996.

5See7 e.g. Clark and Marshall 1981, Clark 1996, Yalcin 2007: 1007 for examples.

6See7 for a “dynamic” example, Portner 2007: 357; for an (admittedly less clear) example from discourse
representation theory, see van Eijck and Kamp 2011: 191.
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the consistent shrug, Luxembourgers’ dispositions to act regarding higher-order beliefs
beyond the specified limit are so inconsistent that by far the best hypothesis concerning
their behavior is that they have no such beliefs.

If the common ground has the infinitely iterated structure of common belief, this
scientific discovery about Luxembourgers would amount to the discovery that Luxem-
bourgers do not have a practice of assertion. In fact, given Stalnaker’s views about the
importance of the common ground to communication, some of his remarks suggest that
we should think of this discovery as a discovery that Luxembourgers’ practice of com-
munication is fundamentally defective. But both of these judgments are implausible. It
seems far more likely—at least on a first pass—that the members of the hypothesized
community might be very normal, even with respect to their communicative practices.
And this point holds regardless of whether we think people in fact generally do com-
monly believe propositions which are relevant to their conversations. The point is simply
that the common ground should not be defined so that it requires an infinite hierarchy
of attitudes.

A second example of the same form may help to clarify the point. Suppose it turns out
that building computers which can “think” about others’ thoughts is considerably more
resource intensive than building them with the ability to think about others’ actions and
concrete physical objects. We may suppose we are in a situation where it would require
a whole new set of programming tools, as well as new hardware, to endow computers
with the capacity to describe others’ thoughts. Moreover, to make the point as clear as
possible, let us suppose that with each embedding of attitudes (thinking about others’
thoughts about others’ thoughts...), the programs and hardware required to implement
the possibility of machines engaging in this sort of “cognitive” activity become harder
and harder to design. And, finally, suppose that we know that, even if we did successfully
write these programs, and build this hardware, the computing power utilized by the new
processes would swamp all other processes.”

Here again, it seems that we would not need to overcome all of these design hurdles

in order to create a computer which could mimic various basic communicative activities.

7According to some philosophers—and to a large body of work in psychology—the hypothesized Luxem-
bourgers and these computers are in fact much like real people: using theory of mind in reasoning requires
a great deal of effort, and humans’ dispositions regarding embedded attitude reports are highly unstable.
For the first point, see Lin et al. 2010; for the second see especially Kinderman et al. 1998 (cf. Stiller
and Dunbar 2007). In fact, one might even go so far as to suggest that the computational difficulties
described in the main text correspond to evolutionary pressures away from devoting cognitive resources
to unimportant questions about iterated attitudes (unless the capacity for them was a consequence of
some other, more fundamental capacity).
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The computers might be capable of performing a wide range of normal conversational
behavior, even if they do not have an infinite capacity for thoughts about thoughts about
thoughts. Depending on the precise limitations of these machines, they would be more
or less obviously different from us—for example, in their ability to parse attitude reports
or make inferences about others’ beliefs. But these differences in degree do not seem
to be ones which would prevent them from engaging in many of our ordinary linguistic
practices.

The second reason for doubting Stalnaker’s theory of the epistemology or psychology
of the common ground is that the theory predicts a sharp divergence between one-on-one,
face-to-face communication and other kinds of communication. Consider the following

example:

Sam is at the airport, about to leave town for a few days. He knows
that his neighbor has set up a device which will destroy Sam’s house
either today at noon or tomorrow at noon. Sam knows that the day
of destruction depends on the outcome of a coin flip the device will
perform at 11:30 today. Sam knows that his wife will stop by today
at 1pm, to stay at home for the night. He has left a note telling her
about his neighbor’s plans and the device. If she sees it, the house will

not have been destroyed, but will be destroyed only the following day.

In this case, the contents of Sam’s message cannot be commonly believed, since Sam does
not believe that his house has not yet been destroyed, and so does not believe that his
wife believes that Sam knows about the neighbor’s dastardly plans. If the message gets
through, Sam’s wife will know that Sam knows about the plans, but she will also know
that Sam does not know whether she knows that he knows about the plans.

If the common ground has the structure of common belief, this kind of message
passing will be an unusual or defective form of communication. Written communication
does seem to involve a variety of complexities which may not be present in face-to-face
conversations, but these complexities do not seem to mean that, at the appropriate level
of abstraction, note passing is a fundamentally different form of communicative activity
than conversation. To mention just one consideration, agents who have a practice of
assertion would thereby be able to understand taped recordings of speakers of their
own language. And it seems they would be able to do this, even if they did not have

the capacity to pretend to have a common ground (or to have whatever other complex
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attitudinal states one might wish to invoke to preserve the iterated theory in the face of
noisy message passing examples such as the one above).

More mundane examples than Sam’s odd situation also generate a related problem.
People who make speeches at weddings know that some listeners will be whispering to
their neighbors, but their speeches are generally unaffected by the fact that they don’t
know who their audience is. Even more clearly, it doesn’t bother speakers in such situ-
ations that their audience doesn’t know who the audience is—although such knowledge
would be required if the group were to achieve common knowledge. This example is no
different from that of writers who send their books into the world to be read by an unspec-
ified audience. As in our first example of written notes, these more mundane examples
are still instances of intricate social practices which undoubtedly involve very complex
psychological states and cultural backgrounds. But once again, these forms of communi-
cation do not, at the appropriate level of abstraction, strike us as forms of communication
that are fundamentally different from one-on-one, face-to-face communication.

These two reasons for doubting Stalnaker’s theory of the epistemology or psychology
of the common ground are certainly not full-fledged arguments against the theory. I don’t
wish to pretend that the proponent of this “iterated theory” of common ground has no way
of responding to them. But these two problems with the Stalnaker’s view do motivate the
search for a different theory of common ground, which delivers more intuitive verdicts
about these cases. The aim of this paper is to provide just such a theory of common
ground.

In developing this theory, I will follow Stalnaker in considering only propositional
attitudes. This means that the theory I propose here will be limited in important ways.
For example, my models of common ground cannot be used to describe some of the more
complex structural features of the common ground we find in discourse representation
theory. But just as with Stalnaker’s theory, I intend my theory as a framework or starting
point, from which other developments may begin. Much of the structure missing in my
theory could easily be added. To take a simple example, the universe of objects utilized in
discourse representation theory can be explicated in a first-order modal language with a
distinguished predicate of “salience”. We say that if it’s common ground that o is salient,
then o belongs to the universe of objects. Many other structural features—for example
ordering sources, probability distributions, and self-locating attitudes—can be included

by similarly small extensions of the theory presented here.
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But still these extensions will be left for another day. Our question is: what atti-
tudes must agents be capable of having about each other in order to have something
recognizable as the common ground? Since this question can be posed using a purely
propositional language, we will only need a propositional theory to answer this question.

The plan of the paper is then as follows. Section 2 introduces the notion of conversa-
tional acceptance, and canvasses various different theories of acceptance. The bulk of the
paper is then dedicated to showing how the minimal theory can be used to explain three
important conversational phenomena: speaker presupposition (Section 3); update of the
common ground (Section 5); and the infelicity and felicity of certain patterns involving
epistemic sentences (Section 6). Section 4 takes a brief digression to consider a direct
argument for the iterated theory as opposed to the minimal one. Section 7 concludes.
The Appendices present a variety of formal facts used in the main text. The main text
can be read without referring to the appendices. The interested reader may find it most
convenient to read a given appendix immediately after reading the main text which refers

to it.

2.2. Defining the Common Ground

I will develop the theory of common ground using the notion of “conversational ac-
ceptance”, or “acceptance for the purposes of conversation”. When I use the word “accept”,
it will mean “conversationally accept”. Using this notion, I define a sentential operator
“it’s common ground that”, as follows:

Common Ground: It’s common ground that p if and only if all participants accept
that p.

But what is acceptance? Although I will use this notion extensively in the paper, I

will not settle this important question here. Instead, my aim will be to understand the

notion—and its role in theories of conversation better—by canvassing various theories of

acceptance. Accordingly, I’ll begin with a taxonomy.

2.2.1. Acceptance. Our first two theories of acceptance make use of the idea that
a conversation has what we might call a conversational tone.® This conversational tone
determines what attitude is appropriate to the propositions introduced in the course
of the conversation. This attitude might be belief, knowledge, supposing, pretending,
or something else. I will make the simplifying assumption that conversational tone de-
termines a unique attitude, although in real conversations different attitudes may be

8The phrase comes from Yalcin 2007.
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appropriate to different (subsets of the) propositions which are relevant to the progress
of the conversation.

The three theories of acceptance I will consider are as follows:

(1-Identity) To accept a proposition for the purposes of conversation is to take the atti-

tude determined by the conversational tone to that proposition.

(2-Necessity) To accept a proposition for the purposes of conversation it is necessary but
not sufficient that one take the attitude determined by the conversational

tone to that proposition.

There are three different ways in which this might be so:

(a-Attention) To accept a proposition is to attend to it, and to take the

attitude determined by the conversational tone to it.

(b-Table) To accept a proposition is to believe that the proposition is “on the
table”, and to take the attitude determined by the conversational

tone to that proposition.

(b1-Reducible) To believe a proposition is “on the table” is to
believe that all others take the attitude determined

by the conversational tone to this proposition.

(b2-Primitive) The property of “being on the table” is taken as a
primitive property, which is understood independently
of others’ attitudes, perhaps explicated as a mixture
of relevance, salience, importance and other features

of appropriateness.

(c-Distinct) Acceptance is a distinct psychological attitude, which happens
to be accompanied by the attitudes determined by the conversa-
tional tone. Whereas the foregoing views of type (1) and (2) define

acceptance in terms of other attitudes, this final theory does not
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take such a strong view of the relationship between acceptance

and the attitude determined by the conversational tone.

(3-Primitive) Acceptance is a primitive attitude, and one need not take other attitudes
to propositions one accepts. This view may deny the idea of a conversational
tone altogether, or it may simply hold that conversational tone is not very
important. If the idea of a conversational tone is maintained, this last view
holds that one may accept a proposition without supposing it, even when the
conversational tone determines supposition as attitude appropriate to that

proposition.

It will be useful to begin with a few remarks about the advantages and disadvantages of
these theories of acceptance, and its role in the common ground.

The first, “Identity” theory of acceptance takes conversation to be a psychologically
heterogeneous phenomenon: there is no single attitude which is common to all conver-
sations. For some, this feature of the theory may be undesirable: the phenomenon of
conversation may seem sufficiently uniform that it demands a unified psychological ex-
planation. A second, perhaps more interesting problem with the identity theory concerns
examples in which belief is the attitude determined by the conversational tone, but in
which one does not accept every proposition one believes. For example, even if everyone
at a fancy party can see that there is toothpaste on the hostess’s forehead, the polite
party-goers may still not presuppose this proposition in the course of their conversations.
The first theory of acceptance owes us an explanation of this phenomenon.’

The Necessity theories of acceptance offer various different answers to the first of
these questions—about the psychological uniformity of conversation. For example, both
(2a) and (2b1) offer a conservative story about the attitude which unifies conversations.
Neither of these theories posit a new, distinct attitude which we employ only in conver-
sation; instead they hold that conversation involves a combination of attitudes which are
familiar from other areas. In the Attention theory, this attitude is attention, plus the
attitude determined by the conversational tone; in (2b1), the story involves higher-order

attitudes, although only one iteration—mnot the infinitely iterated attitudes mentioned in

91 don’t take either of these arguments to be decisive against the identity theory. But we’ll see in a
moment that the Identity theory is unattractive on Stalnaker’s own view of the common ground. Later,
in Section 5, we’ll see that the minimal theory also has trouble given this view of the nature of acceptance.
So there is some reason to doubt the prospects of this theory.
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the introduction. (The precise strategy for avoiding iteration in (2b1) is somewhat subtle;
later we will spend more time understanding its mechanics.)

But both of these fairly conservative theories are similar to the Identity theory, as
far as the second kind of example is concerned: neither offers a simple solution to the
story about the hostess’s toothpaste. In the example, it’s plausible that all parties may
not just believe that the toothpaste is there, staring them in the face, they may also
be attending to it, however discreetly. Similarly, everyone may not just believe that the
toothpaste is there, but believe that all others believe it is there, as well. In any case,
each of these three theories may advocate the plausible position that the phenomenon
should be explained in terms of general social norms, independent from the norms of
conversation.

(2b2) sits at a threshold between the more conservative theories above it, and the
more radical ones which follow. On the one hand, it uses only the familiar attitude of
belief, but on the other it invokes a new, primitive property. A theorist of this kind must
offer us some explanations of this new property, and in particular some explanation for
why it is not to be understood in terms of others’ attitudes. As so often, this explanation
need not be particularly informative: it may be that the logic of the theory of acceptance
provides the best explication of what it is for a proposition to be “on the table”, and that
we cannot hope for anything more informative.'°

The final two theories of acceptance (2c) and (3) do not suffer from the putative
difficulties about the unity of conversation or the presence of toothpaste, because they
may take the attitude of acceptance to have whatever properties they like. This flexibility,
however, comes at a fairly severe cost: of introducing a previously undiscovered attitude.
According to these two theories, acceptance is supposed to be a very important attitude,
which pervades our social lives, and yet somehow we do not have a word for this attitude.
One way of responding to this problem is to identify acceptance with an attitude for which
we do have a name. For example, one might think that presupposition is an attitude which
cannot be explained in terms of others. One might then replace “accepts” in my statements
with “presupposes”.*! But in any case, the “Distinctness” theory, (2c), suffers from this
problem less severely than (3), the “Primitive” theory, since (2c) can explain the absence

of a word for this attitude by the fact that our acceptances are always masked by the

101y this paper, I won’t define how propositional quantification would work officially, in a defined object
language. This is mainly because I won’t introduce a language or logic at all. Unofficially, I will be able
to quantify over propositions since propositions are just sets of worlds. In any case, it should be clear
that formalizing this theory by introducing propositional quantifiers and constants would be easily done.
HFor the relationship of this view to Seth Yalcin’s theory of the common ground, see below, n. 15.
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attitude determined by the conversational tone. Once again, however, this explanation
comes at a certain cost: the Distinctness theory, (2¢), owes us an explanation for why these
different, distinct attitudes are always found in pairs. Is this a matter of metaphysical
necessity, or a contingent feature of our psychology, or some other, alternative form of
connection?

The Primitive theory, (3), has a further interesting feature. Moore sentences, such
as “it’s raining but I don’t believe it is”, are widely agreed to be unassertable in all
contexts. A natural explanation, available to all theorists of the first and the second
kind, is that in contexts where one asserts a sentence, if one has the attitude determined
by the conversational tone toward a proposition then one also believes that proposition.
These sentences are then unassertable because they cannot be truly believed. (Other
sentences, involving knowledge or certainty, might force stronger views of the attitude
determined by the conversational tone, but assuming that true belief is required will
be enough for our purposes in this paragraph.) But the theorist of our third kind—of
primitive acceptance—cannot straightforwardly adopt this kind of explanation. He or
she must explain the unassertability of Moore-sentences by different means—perhaps by
a separate norm governing assertion: for example, that one should assert a proposition
only if one believes it. This theory would separate the norms for assertion from the norm
that one should converse in such a way that one’s contributions have the appropriate
relationship to the common ground. This in itself is not a problem for the theory, it
simply marks a difference between the primitive theory and the earlier theories which
place emphasis on the notion of the conversational tone.

These different theories of acceptance will be useful in later sections—especially Sec-
tion 6 on “epistemic sentences”™—when we come to consider different styles of explaining
important conversational phenomena. As I've said, I will not attempt to decide between
these theories here, but merely to understand their different properties in the context of

the minimal theory of common ground.

2.2.2. Stalnaker’s Theory. Stalnaker has offered a variety of different theories of
the common ground, which it will be useful to have before us for the sake of comparison.
Recall that, where ¢ is an arbitrary propositional attitude, a group mutually ¢s (or:
mutually ¢'s that p) if all ¢ that p, and mutually ¢"s that p if they mutually ¢' that

they mutually "~ ! that p. They then commonly ¢ that p just in case, for all natural
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numbers n, they mutually ¢™ that p. Common belief, common knowledge, and common
acceptance are all defined in this way, substituting “believe”, “know” and “accept” for ¢.
Stalnaker’s first theory takes acceptance to be determined by conversational tone, as

above in (1), and then defines

(CB-A): It’s S;-common ground that p if and only if the parties commonly believe that
they accept that p. (1998, 2002)

One could also use knowledge in place of belief:

(CK-A): It’s Sy-common ground that p if and only if the parties commonly know that

they accept that p.

(This definition could be seen as derived from Yalcin 2007, although see below.)
More recently, Stalnaker uses acceptance, apparently as a primitive attitude, al-

though he does not give a detailed account of its nature:

(CA): It’s Sg-common ground that p if and only if the parties commonly accept that p,
(2014)

where acceptance is a primitive attitude of type (3). (When I don’t want to disambiguate
between the S1, So and S3 sentential operators, I'll simply write “it’s S-common ground
that”.)

Each of the first two of these theories could be developed in tandem with any of
the theories of acceptance described in the previous section. The proponent of (CA),
however, cannot adopt either of the theories of acceptance (1) or (2). The reason is fairly
easy to see. If I ask you to suppose that we do not exist, then it may become common
ground that we do not exist. But if our supposition is to be consistent, we cannot then
also be supposing that we are supposing that we do not exist, for that would be a
way of supposing that, after all, we do exist. Since it cannot coherently be commonly
supposed that we do not exist, one must, on this theory of acceptance, be able to accept
a proposition without bearing the attitude determined by the conversational tone to it.
(Rejecting closure for supposition is not a real way out of this problem, since while our
suppositions certainly often fail to be logically closed, we might engage in a conversation
where we were aware of the conflict in supposing that we do not exist and supposing that
we are supposing that we do not exist.)

This is a deep problem for related theories of the common ground. To see this,
consider the proposal of Seth Yalcin 2007. Yalcin takes “presuppose” as a primitive, and

holds that it validates the axiom: S presupposes that p if and only if S presupposes that
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the others presuppose that p.'? Yalcin then defines common ground as the propositions
that subjects commonly know that they presuppose, making his theory at least formally
analogous to CK-A. He does not articulate the claim that one presupposes that p only if
one bears the attitude determined by the conversational tone to p, but he does say that
the conversational tone determines the attitudes one should bear to the propositions in
the common ground. When we coordinate on a conversational tone, we commonly know
that this is the attitude we should bear to the propositions in the common ground. But
then, at least on a Stalnakerian, coarse-grained view of content, the various iteration
principles Yalcin endorses lead him back into the problem just described. For suppose
it’s commonly known that: if p belongs to the common ground, I am supposing it. Then
by definition of the common ground, it will be commonly known that, if it’s commonly
known that we all presuppose that p, I am supposing it. But because one presupposes that
p only if one presupposes that others do, then if it’s commonly known that all presuppose
that p, it’s also commonly known that all presuppose that all presuppose that p. So if
it is common ground that p, it will be common ground that all presuppose that p. So in
addition to supposing that p, I will have to suppose that all presuppose that p. But if I
wish to suppose that we do not exist, then I am engaging in an incoherent supposition,
for I am also supposing that all presuppose that they do not exist, and hence that they
both do and do not exist.

Once again, my point is not to discard CA, Yalcin’s theory or any other. I wish merely
to point out that neither CA nor Yalcin’s theory can endorse theories (1) or (2) about the
relationship of acceptance (respectively, presupposition) to the attitude determined by
the conversational tone. Later, we’ll see that the minimal theory should also reject (1),
although it may be some small point in favor of the minimal theory that it can accept
theories of type (2), and thus is not forced to posit a new social attitude of acceptance
or presupposition.

Before moving to the main argument, it will be useful to have Stalnaker’s notion of
the “context set” or the common ground. To state this idea, we use the framework of multi-
agent Hintikka-Kripke models in epistemic logic, and in fact we will restrict attention

to models which have a finite state space.'® Each agent has three binary accessibility

12F’resumably “others” includes oneself, so that one presupposes that p only if one presupposes that one
presupposes that p, but what I say in the main text won’t rely on this assumption.

13The Appendices to this chapter develop the full formal apparatus behind this paper. There, I use the
more general setting of neighborhood models of belief and knowledge. The Appendices are designed so
that they could be read on their own, or could be read, one at a time, as they are referred to by the
main text. See now Appendix A.
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relations, associated with the attitudes of acceptance, belief, and knowledge. We think
entirely from the perspective of the model, without introducing a language or logic, and
define belief, knowledge and acceptance by functions from propositions to propositions,
that is, sets of worlds within a universe . Thus for example, B;(E) takes the proposition
that E to the proposition that ¢ believes that E; a world w belongs to the proposition
B;(E) just in case RP(w) C E, where R(w) is the set of worlds accessible from w.

Common knowledge, belief or acceptance is defined using the transitive closure of the
union of the agents’ accessibility relations, whether for acceptance, belief or knowledge.
If this relation is denoted R*(w), we define (for example) the common belief function on
propositions by w € CB(F) if and only if R*(w) C E.

We use these definitions to define, at last, a common ground accessibility relation.
For example, according to the minimal theory of common ground, the common ground
accessibility relation is the union of the agents’ accessibility relations for acceptance.
According to CA, by contrast, the relevant relation is the transitive closure of the agents’

accessibility relations for acceptance. We can then define:

Context Set: The context set or the common ground is the set of worlds reachable in

one step by the common ground accessibility relation.

When discussing Stalnaker’s theories, I will sometimes speak of the S-context set or the
S-common ground to avoid confusion. It should also be emphasized that the noun phrase
“the common ground” does not have the same denotation as the sentential operator
“it’s common ground that”. In our simplified Kripke models, the two have the following
relationship: a world belongs to the context set just in case it’s not common ground that
that world does not obtain. In more general settings, however, as in the next chapter,

this relationship would not be preserved.

2.3. Presupposition and Accommodation

The next four sections will consider and respond to a series of purported arguments
for Stalnaker’s theory as opposed to the minimal one. In each case, I show that these
arguments do not succeed. In responding to the arguments, I develop the mechanics of
the minimal theory in more detail. I also show how the arguments which supposedly tell
in favor of Stalnaker’s theory lead to considerations which in fact tell against his theory

and in favor of the minimal one.



2.3. PRESUPPOSITION AND ACCOMMODATION 56

The first argument for the iterative conception of the common ground is based on
Stalnaker’s theory of speaker presupposition. Stalnaker has proposed that a speaker S-
presupposes that p if and only if the speaker believes (or, now, accepts) that it’s S-common
ground that p. If this elegant theory of speaker presupposition depends on Stalnaker’s
iterated theory of the common ground, then one might take this fact to support this
theory of the common ground. Since the theory of speaker presupposition seems attractive
in its own right, we should prefer a theory of common ground which allows us to explain
speaker presupposition in this way.

My main strategy for defusing this argument will be to show that Stalnaker’s theory
of speaker presupposition does not in fact depend on Stalnaker’s iterated theory of the
common ground. But before turning to this main response, let me first make one point
about Stalnaker’s theory of speaker, since I think this point already diminishes the force
of the proposed argument. The point is that Stalnaker’s theory of speaker presupposition
is at least not clearly a theory of the interesting phenomenon in the vicinity of presup-
position. Speakers have a clear grasp of sentential presupposition, which is independent
of their understanding of the attitudes of a specific speaker on a specific occasion. But
the deep phenomena in the area seem to be facts about sentential presupposition—not
speaker presupposition. So it is at best unclear how powerful an argument based on
Stalnaker’s theory of speaker presupposition could be.

While I think this is an important observation about Stalnaker’s theory of presuppo-
sition, in the present context it is just an aside. We can respond to the proposed argument
without settling the importance of speaker presuppositions or their potential relevance to
the theory of sentential presupposition, because, as I will now argue, the minimal theory

can exactly reproduce Stalnaker’s theory of speaker presupposition.

Presupposition: A speaker S presupposes that p if and only if S accepts that p and

believes that the others accept that p.

Sometimes, speakers can introduce new information by presupposing it. This phenome-
non of presupposition accommodation is one of the main data which make it seem that
the theory of speaker presupposition captures an important component of conversational
behavior. So it is important to show that the minimal theory can also explain accommo-
dation. And in fact, it can: the minimal theory can replicate Stalnaker’s law governing

the dynamics of presupposition accommodation.
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Accommodation: If B believes that A presupposes that p, and B comes to accept that

p, then B presupposes that p.!4

Since Presupposition and Accommodation are the main principles of Stalnaker’s theory
of speaker presupposition, this completes the argument that the minimal theory can also
deliver the main components of that theory. There are of course many further issues
about presupposition. But I will not discuss them here. It suffices for our purposes to see
that the core of Stalnaker’s theory of presupposition can be replicated by the minimal
theory. The defects of Stalnaker’s theory of speaker presupposition will also be defects
of the new theory, but so will its virtues. There is thus no argument based on speaker
presuppositions in favor of the iterated theory of common ground as opposed to the
minimal theory.

There are two principles which my theory of presupposition does not deliver, but
which Stalnaker’s CA theory, the theory of S3-common ground does. Most important is
a principle of “social” introspection. Discussing presupposition, Stalnaker writes: “What is
most distinctive about this propositional attitude is that it is a social or public attitude:
one presupposes that ¢ only if one presupposes that others presuppose it as well.” (2002:
701) Following Stalnaker, Seth Yalcin agrees that “one presupposes that p only if one
presupposes that one’s interlocutors presuppose that p” (Yalcin 2007: 1007). Related to
this principle of “social” introspection is the principle of “positive introspection” which
Stalnaker want the logic of presupposition to obey: “if Alice presupposes that ¢, then she
presupposes that she presupposes that ¢” (Stalnaker 2002: 708).

Now in general, where a is some attitude, if a group commonly a’s that p, they
commonly a that they commonly a that p. This “positive introspection” principle simply
follows by definition: a group commonly a’s that p if and only if, for all natural numbers n
they mutually a™ that p. But then it’s clear that for all natural numbers n, they mutually
a™ that they mutually a” that p. This is why Stalnaker’s (2014) theory, the CA theory

delivers both of these principles.'?

14866, e.g. Stalnaker’s 2002; the idea stretches back to his 1974, and has been developed in a number of
places. This is as it should be, since one of the aims is to show that the minimal theory can account for
the principles he holds are crucial to the notion of common ground.

15The emphasis on the “social introspection” and “positive introspection” principles in Stalnaker’s (2002),
however, is somewhat surprising, since the theory of presupposition in that paper invalidates both of
these supposedly crucial principles. There, it is understood that belief is not sufficient for conversational
acceptance: there may be settings in which the conversational tone determines attitudes other than belief
or knowledge as the attitude appropriate to the conversation. Presupposition is defined as above: we say
that one Si-presupposes that p if and only if one believes that it’s S;-common ground that p. So if one
Si1-presupposes that p, it follows that one believes that others S; presuppose that p, but since one need
not accept this, nor believe that others accept it, it does not follow that one S; presupposes that one
Si-presupposes that p, nor that one S; presupposes that others S;-presuppose that p. As we’ve seen
above Yalcin 2007 takes presupposition as a primitive attitude, so he’s not subject to this particular
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It may be helpful to see why the minimal theory fails to validate this principle, in
the subtlest case, the theory of acceptance (2b). Recall that according to this position, to
accept a proposition is in part to believe that it is on the table, where for a proposition
to be on the table is for all participants to adopt the attitude determined by the conver-
sational tone to that proposition. Consider a conversation in which the conversational
tone determines the attitude of belief. According to this view, it’s common ground that
p in this conversation just in case the participants mutually believe that p, and mutually
believe? p. (Note that the proposition that all believe that p may not belong to the com-
mon ground, since even though all believe that all believe that p, it may not be the case
that all believe that all believe that all believe it.)

Now suppose in this same context that a speaker s presupposes that p: that is, s
believes that p, s believes that the participants mutually believe that p , and s believes
that the participants mutually believe? that p. To presuppose that p, s need not believe
that the participants mutually believe? that p. But if s presupposes that all presuppose
that p, s would have to believe that the participants mutually believe™ that p, for 3 <
n < 6. So the question whether a speaker presupposes that p and the question whether
a speaker presupposes that others presuppose that p are simply independent questions,
which may receive different answers.

But if anything the failure of the minimal theory to validate this principle seems
an advantage, not a disadvantage. Suppose in a context where the conversational tone
determines the attitude of belief, I tell you “I can’t come to the meeting, I have to pick
up my sister from the airport.” With all the qualifications already mentioned about the
notion of speaker presupposition, it’s plausible that I presuppose in the relevant sense
that I have a sister. But do I presuppose that you believe that I believe that you believe
that I have a sister? Utterances involving this kind of iteration are hard to process, so
giving a concrete example of an obviously infelicitous sentence of this kind does not seem
possible. (At any rate, I haven’t been able to come up with an example.) But the putative
presupposition of the speaker in this example is odd. This is especially clear if we consider
again the relationship between speaker presupposition and sentential presupposition. The
sentential presuppositions of the sentence “I have to pick up my sister from the airport” do
not make reference to the attitudes of others at all. One might be attracted to the schema:

if a sentence s presupposes (sententially) that p, a speaker utters s felicitously only if

problem, although, as we’ll discuss in the next section, he still does not validate positive introspection
for the common ground itself.
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the speaker presupposes that p. But this schema cannot be used to explain the bizarre
speaker presupposition in our example. For the sentence has no sentential presuppositions
whatsoever about the attitudes of the participants in any conversation.

In fact, there is some reason to suspect that Stalnaker and Yalcin’s endorsement of
the iteration principle for presupposition stems from a misunderstanding of a much more
obviously desirable principle. Consider the following “maxim” presented as an imperative,
following Grice:

Aim-P: Presuppose that p if and only if your interlocutors presuppose that p!'6

An important goal of many conversations is to coordinate on a body of information.
We do this in part by attempting to bring our presuppositions in line with each other.
Presuppositions about others’ presuppositions are not important to achieving this aim of
coordination. What is important is that our presuppositions in fact agree. One very good
way to ensure this kind of agreement is to know what others presuppose, and bring one’s
presuppositions into accord with what one knows they presuppose. But even in this good
case, it is knowledge of others’ presuppositions, not presuppositions about them, which
play the role of ensuring coordination on the relevant body of information. In any case,
one might reasonably hold that the activity of coordinating on this body of information
is rarely if ever as sophisticated as even the knowledge-based picture suggests. Much
more usually, we adjust our presuppositions, one step at a time without thinking about
it. We try a variety of alternatives, perhaps in parallel, until we find a hypothesis about
others which seems to work in processing the conversation we are having. Sometimes,
these adjustments involve beliefs about the attitudes of others, but perhaps just as often
they involve adjustments in our beliefs about the world. In this latter case, we do not
even need beliefs or knowledge about others’ presuppositions: we coordinate on a body
of information by presupposing only what is true.

For some of our theories of acceptance, the maxim Aim-P can be explained by a

second, semi-Gricean maxim, governing acceptance:

Aim-A: Accept that p if and only if your interlocutors accept that p!

Typically, when we move around the world, we update our beliefs directly by acquiring
new information. According to the minimal theory, if Aim-A is satisfied in a given context,

we can follow a similar practice in conversation. Since in this case, for each speaker s,

it’s common ground that p if and only if s accepts that p, s doesn’t need to think about

16This is related to Stalnaker’s notions of “non-defective” and “equilibrium” contexts. See the appendix
to the next chapter for more detailed discussion of these notions.
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the common ground to decide what has been said or to update his own beliefs and
acceptances. Instead, he must simply refer to what he himself accepts.

This “Gricean” maxim for acceptance is not available on the “Identity” theory of
acceptance, (1). Aim-A will sometimes conflict with the aims of other attitudes, for
example, belief. But the other theories of acceptance can endorse this maxim, perhaps
claiming it as an aim of the special attitude of acceptance. This approach is perhaps
most natural for the theories which take acceptance as primitive or as defined in terms
of a new primitive, that is, theories (2b2), (2¢) and (3). According to (2b2), for example,
one should believe that a proposition is on the table if and only if the others do, too. For
each of these theories, Aim-A could state a special aim of acceptance, just as truth or

knowledge is the aim of belief.

2.4. Informativeness and Positive Introspection

My main aim is to show how the minimal theory accounts for some basic conversa-
tional phenomena, as a way of responding to various objections to this minimal theory.
Sections 5 and 6 will continue to pursue this project. But in this section, we take a
brief digression to consider some differences between Stalnaker’s “iterated” theory and
the minimal one I have been proposing. These differences have been thought to provide
the basis for an argument against the minimal theory, so although this discussion will be
a digression from the project of explaining conversational behavior, we are still dealing
with a topic which is central to the goals of this paper.

In Stalnaker 2014, we find a number of places where Stalnaker offers the beginnings
of an argument for the claim that the common ground has the structure of common

belief:

When one speaks, one presupposes (takes it to be common ground)
that one is speaking, and this means that the conversation is taking
place, not only in the actual situation, but in each of the possible
situations in the context set. This fact is reflected in the formal rep-
resentation of the common ground by the iterative structure. (2014:
92)

This passage, from Chapter 7, comes closer to a direct argument:

When we are engaged in conversation, it is common ground that we are
engaged in that particular conversation. This is crucial for the role of

common ground in constraining the means used to communicate, and
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is built into the iterative structure of common ground. (The iterative
structure implies that information presupposed includes information
about what is being presupposed in the conversation in question.)

(2014: 178)

It is important to distinguish the claim Stalnaker is making here from something that
sounds similar, but which he cannot be saying. When people are speaking they tend to
believe that they are. Presumably all of the theories of acceptance on offer above would
agree that people do not just believe that they are speaking, they accept this, too. But if
all parties accept that Bob is speaking, for example, then on the minimal conception of
the common ground, too, it will be common ground that Bob is speaking. “In each of the
possibilities in the context set”, this act will be taking place. Similarly, since we do tend
to accept propositions about others’ beliefs in the context of a conversation (and about
what others accept), our presuppositions will typically include “information about what
is being presupposed in the conversation in question.” The fact that “we are engaged
in that particular conversation” is typically part of the common ground in the minimal
sense of common ground, just as much as it is in Stalnaker’s.

Instead Stalnaker is, I think, adverting to the fact that his theory Ss delivers the
principle of presupposition discussed in the previous section: that if one presupposes that
p, one presupposes that all others also presuppose that p. In fact, as we’ve discussed, S3
also validates the principle that if it’s common ground that p, it’s common ground that
it’s common ground that p. The minimal theory does not validate this principle. (For
reasons mentioned earlier, the theories S; and Sg do not deliver the relevant principle
for presupposition or for common ground. Even on Yalcin’s version of So, where pre-
supposition is taken as a primitive, and assumed to be “socially” introspective, we are
not guaranteed to satisfy the principle that if it’s common ground that p, it’s common
ground that it’s common ground that p, since participants may commonly know that p
but nevertheless fail to presuppose that they commonly know that p.)

From a formal perspective, the fact that Stalnaker’s latest theory validates this “pos-
itive introspection” axiom for common ground has what might seem to be important
consequences. If we think again in terms of our Hintikka-Kripke models of belief, knowl-
edge and acceptance, the positive introspection axiom has the consequence that from

any point within the context set, the context set from that point will be a subset of
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the actual one.'” In this sense, as Stalnaker says, positive introspection for the common
ground ensures that the common ground “constrain[s| the means used to communicate”.

But Stalnaker buys this particular formal constraint at the cost of preventing the
common ground from constraining communication in much more important ways. On his
view, the common ground is constrained with respect to what it “thinks” the common
ground is. But it is much less constrained with respect to many other matters of im-
portance, which do not concern the common ground. To see this, consider the following
example.

Louis comes from Luxembourg. I overheard him saying he’s from Luxembourg the
other day, so I know he’s Luxembourgish. Louis slyly saw me listening to his conversation
when Luxembourg came up; he knows I know he’s from Luxembourg. But I saw him
looking at me only later, when he was talking about the Netherlands, so I think he thinks
I think that, in spite of his name, he’s Dutch. Louis saw me see him see me watching him
only when the conversation turned to France, so he thinks I think he thinks I think he’s
from France.

Now if Louis and I find ourselves in a conversation where the attitude determined by
the conversational tone is belief, the minimal theory predicts a much more informative
common ground than Stalnaker’s theory does. Here, it’s S-common ground that Louis
is from Luxembourg or the Netherlands or France, and that’s it. (The example could
of course be extended so that we commonly believe nothing about Louis’ origins. It
would thus only be S-common ground that he’s from some country.) But according to
the minimal theory, it’s common ground that Louis is from Luxembourg. In fact, if we
take the simplest version of the minimal theory, where to accept a proposition is to
take the attitude determined by the conversational tone to that proposition, then it will
also be common ground that it’s common ground that Louis is from Luxembourg. (It
won’t, however, be common ground that it’s common ground that it’s common ground
he’s from Luxembourg.) So while S-common ground does ensure that facts about the
common ground will belong to the common ground, it does so at the cost of the common
ground being much less informative than it might be.

The point is not specific to this example: it’s easy to see that in any situation, if it’s
S-common ground that p, it’s common ground (in my sense) that p, while the converse

doesn’t hold in general. If facts about the world are commonly believed, then they’re

T The point is subtler in the neighborhood frames used in the Appendices, since the definition of the
context set does not have such a simple relationship to the operator “it’s common ground that”.
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also believed, so if the conversational tone determines the attitude of belief, they will
be common ground in my sense, just as much as in Stalnaker’s sense. It’s just that the
minimal theory of common ground says that much more is common ground, since we
may mutually believe many propositions we fail to commonly believe.

In fact, this kind of example allows us to add a new motivation for seeking an
alternative to Stalnaker’s theory of common ground. This new example will also help us
to develop a more concrete sense for the difference between the two theories.

Suppose that in the serious context described above, where one should accept a
proposition only if one believes it, I say, “Wow, Louis, you must be very glad you’re going

I” He replies “Yes, my country is very beautiful.”

home soon

What does Louis say? In a context like this one, it’s S-common ground that p if and
only if it’s common belief that p (or common knowledge that we believe that p). The
most informative proposition of this kind, at least as far as Louis’ origins are concerned,
is that he’s from Luxembourg, France or Holland.

Our example will now concern Stalnaker’s theory of assertion. Recall that the di-
agonal proposition expressed by a sentence contains exactly those worlds w such that
the semantic content of the sentence as uttered at w contains w itself. According to
Stalnaker when phrases such as “your country” are uttered in a context where it’s not
common ground which country that is, the semantic content of the sentence cannot be
asserted. Instead, we take the asserted content to be the diagonal proposition. Thus in
the situation just described, Stalnaker would hold that Louis asserts the diagonal propo-
sition, the proposition that if he’s from Luxembourg, it’s beautiful and if he’s from the
Netherlands, it’s beautiful and if he’s from France it’s beautiful. Louis doesn’t say very
much.

On my view, by contrast, it is common ground that Louis comes from Luxembourg.
So we don’t need to consider the diagonal proposition: Louis asserts the semantic content
of the sentence. He says that that Luxembourg is beautiful. Since the context is much
more informative, the content of what is said is much more informative, too.

As with our first two examples considered in the introduction, this example is hardly
an argument for my view as opposed to Stalnaker’s. It’s hard to disentangle our judge-
ments about the semantic value of Louis’s assertion from what we take the content of his
assertion to be. And even if one agrees with my judgement about what Louis says in this
context, one might respond to the example by rejecting the use of diagonalization, while

holding fast to Stalnaker’s theory of common ground. But still, the example adds to the
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growing body of strange predictions made by the “iterative” conception of the common
ground. My theory of common ground, by contrast, guarantees what seems the right
result: Louis successfully communicates the proposition that Luxembourg is beautiful,

and not the far weaker claim that, if he’s from a country, it’s beautiful.

2.5. Update

We now end the digression and return to the project of demonstrating how the
minimal theory of common ground can explain important conversational phenomena. In
this section I consider perhaps the most important desideratum for a theory of common
ground: that it be able to explain how the common ground alters in the course of the
conversation. In the next section, I will then turn to a final question: how to explain the
felicity and infelicity of certain patterns involving epistemic vocabulary.

An influential cluster of arguments for the “iterative” conception of the common
ground concerns update, and, in particular, the “transparency” of update. In this section,
I will consider two such arguments, and show that they are not really arguments for the
iterative conception of the common ground at all. I will do this by demonstrating that
these demands can be met within the minimal theory just as easily as within the iterative
one.

The first argument takes the perspective of the speaker. It begins from the observa-
tion that linguistic communication involves intentional action. It is then claimed that a
necessary condition for intending to perform an action is that one believes one can per-
form it, if one chooses to do so. In the context of communication, it is urged, if speakers
are to be capable of the intentional action of, say, assertion, there must be some effect
on context such that they believe their utterances will have that effect.

A second line of thought takes the perspective of the listener, and is more direct.
Instead of beginning with abstract claims about intentional action, it begins from the
claim that in ordinary circumstances we are not in fact at a loss as to how to update
context on hearing others’ utterances. We do not generally find ourselves in a state of
confusion when someone makes an assertion or asks a question. If we do find ourselves
confused, we count the utterances “defective”, and our theory should aim to predict their
defectiveness.

These demands become stronger if they are paired with specific commitments about
how the “effect” of an utterance is calculated from the semantic value of a sentence

together with features of the common ground itself. Stalnaker holds that it’s a norm of
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rational communication that one perform an utterance u in a context ¢ only if, for all
w in ¢, what is said by u in c¢ is the same as what is said by u in ¢,,. The only way to
guarantee this identity within Stalnaker’s theory by ensuring that, for all w in ¢, ¢ = ¢,,.
I will be arguing that this demand for the relationship of contexts to their “candidate
contexts” is much stronger than what is required to make sense of the possibility of

updating contexts.'®

2.5.1. Intentional Action? Our first task is to think more carefully about inten-
tional action.

Consider the following game. There is a row of equally marvelous and indestructible
prizes arrayed on a shelf. One wins a prize just in case one manages to knock it off the
shelf. To do so, one must operate a mysterious machine, by pressing one of two buttons,
the green or the red. The mysterious machine has a number of states, corresponding to
the marvelous prizes. If the machine is in state 1, and one presses the green button, then
the machine will knock off the first prize. If it is in state 2, it knocks off the second prize,
and so on for all of the prizes. Players of the game are given no information about the
state of this mysterious machine. But they know that the red button, regardless of what
the state of the machine is, knocks off no prizes, whereas the green, regardless of the
state of the machine, will knock off a prize.

Players of this game may be unable to coherently form certain intentions. For ex-
ample, because of their limited information about the state of the machine, it seems
plausible that there is no prize such that they can coherently intend to knock off that
prize. They may want to knock off one rather than another, but they are uncertain of the
outcome of their actions, and so cannot have intentions about which one they will knock
off. On the other hand, they can have other intentions: they can intend, in pressing the
green button, to knock off some prize.

I propose that conversation is not so different from this mysterious machine. We can
have the appropriate kind of intentions about what we are saying, even if we do not
18The fact that Stalnaker’s theory of assertion requires negative introspection for the common ground
was observed by Hawthorne and Magidor 2009. Appendix 2.B gives more detailed discussion, correcting
one important formal error in their argument. It may be worth remarking here on one feature of the
discussion inspired by their paper (Stalnaker 2009, Almotahari and Glick 2010, Hawthorne and Magidor
2011). A casual reader of that debate would be forgiven for thinking that the central issue between
those authors concerns introspection principles for individual attitudes such as knowledge and belief.
But the problem about access to asserted content is independent of this debate (as Hawthorne and
Magidor recognized (2009: 387)). Even granting that belief and acceptance satisfy positive and negative
introspection, or that knowledge satisfies positive introspection, common belief and common knowledge
still won’t satisfy negative introspection. Stalnaker needs further assumptions to achieve that result.
But also, even if one denies that individual attitudes satisfy positive introspection, common belief and

common knowledge will satisfy positive introspection, as a matter of logic. So the real issue concerns
negative introspection for the common ground, and this issue is discussed in Appendices 2.C and 2.D.
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always know enough to know what precise effect our utterances will have on the common
ground.

The idea will be that there is a set or “cloud” of contexts in play at any moment of
a conversation.!® We may say different things in each of these contexts. But the typical
situation is that the differences in each context are not great enough or are not of the
right kind to impede our choice of the “gist” of our utterances. (When the differences are
great or important, an utterance may be infelicitous, as I'll discuss below.) Our capacity
for intentional action in communication should be assessed against our capacity to choose
this “gist” of our utterances, not our capacity to choose the precise effect of what we say.
Communication is more like the pursuit of what Rawls called an “overlapping consensus”
as opposed to a pursuit of precise agreement. We attempt to select our utterances, and
interpret others as selecting utterances, so that the differences in what our utterances
express according to the different contexts won’t matter to the main points we are making.

But where does this cloud come from? It’s time to make these vague ideas a bit more

precise.

2.5.2. Minimal Transparency. Part of being a competent speaker is knowing
how to compute a new context set from two inputs: the old context set and an utterance.

The following principle makes official an idealized version of this idea:

Transparency: For any competent speaker 7, context ¢, and utterance u, if ¢ updated

on u is ¢, then 7 knows that ¢ updated on u is c.

Transparency is only an idealized principle because it’s implausible that we need to
have settled dispositions about every utterance and context to be competent speakers.
Moreover, for many utterances, there can be room for reasonable disagreement about
the effects of expressions on different contexts; the meaning of expressions is not as
transparent as Transparency suggests. But this kind of semantic uncertainty affects all
theories which claim that a successful assertion requires that one know what one is saying.
For example, on Stalnaker’s theory of assertion, too, if one does not know how to compute
the semantic value of an utterance at a world, one will be unable to diagonalize. If we
assume Transparency, we can abstract from this kind of semantic uncertainty, to focus

on issues related to the common ground itself.

Opm borrowing the word “cloud” from Kai von Fintel and Anthony Gillies (see, e.g. 2011 118-119). They
borrow it, in turn, from Kratzer. I suppose it ultimately dates back to very natural picture-thinking about
Lewis’s view in Lewis 1975, or to early discussions of supervaluationism.
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Now, given this principle, we want to understand the origins of the cloud of contexts.

The following definition introduces two natural notions of “candidate” contexts:

Candidate Context: A proposition c,, is an i-candidate context or a candidate context
for i just in case i does not believe a proposition which entails that ¢, is not

the context set.

A proposition ¢, is a candidate context if it’s not common ground that p, for

any p which entails that ¢, is not the context set.2’

It is worth emphasizing that the definition of an i-candidate context uses belief, not
acceptance. What’s important is not that ¢ accept that the context has a certain form,
but what i in propria persona thinks the context might be. In general, when we consider
the agent’s individual view of the situation, it is no longer appropriate to consider what
the agent accepts about what the common ground is, but rather what the agent believes
it is.

Transparency has the consequence that, for any set of contexts, the agent “knows
how to update” each of its members. In particular, the agent will know how to update
all of the candidate contexts, and so will correctly map the cloud of contexts to a new
cloud, in which each context has been updated in the appropriate way.

But in fact, once we have the idea of candidate contexts, we can relax the idealization
of Transparency. Instead, we can define a class of circumstances in which ¢ will understand

what is said:

Minimal Transparency: An utterance u is transparent for an agent ¢ if, for any i-
candidate context c, if ¢ updated on u is ¢/, then ¢ knows that ¢ updated on

uisc.

u is ultra-transparent for ¢ if, for any candidate context c, if ¢ updated on u

is ¢/, then ¢ knows that ¢ updated on w is ¢’.

20The use of the “entails” clause is needed for them to be usable in the neighborhood frames in the
Appendices. In Kripke frames, we could have just written: “A proposition ¢, is an i-candidate context
or a candidate context for i just in case ¢ does not believe that ¢, is not the context set,” and made an
analogous change to the definition of a candidate context. Note also that I could have written “c,, is the
context”, and made no reference to the specific world-based implementation of the idea of the common
ground. Thus a context here could be a very different object, with much more structure than just a set
of possible worlds.
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In other words, ¢ does not need to know this for every utterance whatsoever, but when
utterances succeed (or succeed as far as i is concerned), it is because i knows what to do
in the relevant “candidate” contexts.

With these definitions out of the way, we can come to our real task: to make the
earlier analogy to the game with marvelous prizes more precise. Say that an agent 7 ¢-
globally asserts that p if, for every i-candidate context c, if ¢ were the context, she would
assert that p. In other words, one globally asserts that p if, when we “supervaluate” over
candidate contexts, the contexts agree that one asserts that p. My proposal is then that
one may satisfy the requirements of intentional action by choosing an utterance which
ensures that one globally asserts that p, even if one is uncertain which context set is
the actual one. The content of the utterance may differ as regards other propositions in
the different candidate contexts. There may be some i-candidate contexts in which one
asserts p and ¢ but not r, and others where one asserts p and r, but does not assert q.
This kind of uncertainty affects one’s ability to have coherent intentions regarding an
assertion that ¢, but it doesn’t affect the possibility of asserting that p, and intending
to do so. Just as in the game described in the previous subsection, we may intend to
perform one action even if our epistemic position is too weak for us to coherently have
other, more specific intentions.

So even if one is uncertain about the context, it may be coherent to have the intention
to assert that p. This of course does not mean that for any set of contexts C, it will be
possible to assert that p, if one knows only that the context is some member of C. But
it does demonstrate that the motivation from intentional action does not force us to the
position that speakers always know, of some context ¢, that it is the context.

We still have one further duty to discharge: to show that the “clouds of contexts”
model can offer a reasonable picture of update. I'll turn to that task first, and then close

by considering some lingering objections.

2.5.3. Updating Sets of Contexts. In the clouds of contexts model, there are
two forms of update. The first is to alter which contexts are candidates, whether simply
i-candidates or candidates; the second is to update each i-candidate or candidate context
according to what is said in that context.

Some updates can occur only if the common ground satisfies some preconditions. For
example, on one theory of epistemic modals, “it might be that p” is felicitous only if there’s

a world in the context set where p. In the sets of contexts model, this translates to the
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requirement that there be some i-candidate or simply candidate context which satisfies
the precondition. Update now breaks into two cases. If no candidate context satisfies
the precondition, the utterance is infelicitous, and the conversation breaks down. If some
candidate context satisfies the precondition, we rule out those i-candidate or candidate
contexts which fail to satisfy it, and update those which do.

In the second kind of update, the situation is equally simple. We update each candi-
date context by what would be said in that context were it actual. We map the old set of
contexts into a new set of contexts according to the usual rules. We tend to identify what
has been said by ¢ with what has been said i-globally: what is said in every i-candidate
context. This reflects the fact that we often identify what ¢ said with what ¢ meant to say:
i’s false beliefs about what the context is are sometimes more important in determining
what 7 said, than what the context in fact was.

But identifying what has been said is of course more delicate and flexible than these
rigid rules suggest. If, for some listener j, what is said in two different j-candidate contexts
is very different, especially concerning questions of great import to the conversation, it
forces j to choose between two ways of proceeding. If one of the two j-candidate contexts
yields a much more plausible view of what has been said, then j may simply update her
beliefs by ruling out the candidate which yielded the implausible verdict. This may be
so, even if the context in question did not yield a strictly speaking infelicitous utterance.
On other occasions, however, what is said in different candidate contexts may be equally
plausible, so that j is forced to ask for clarification of the ambiguous utterance. (Or she
may proceed even though she recognizes that there are two possible disambiguations of
what 4 just said; she trusts that the issue will be resolved in due course.)

This discussion brings us, however, to a lingering problem. What I've said might
seem plausible when we restrict to small numbers of candidate contexts. But won’t the
number of candidate contexts typically be very large? In that case, how can we possibly
represent all the candidate contexts we need to represent? I'll close by considering this

issue, and also a related issue about learning.

2.5.4. Representation and Learning. The minimal theory appears to impose
huge representational demands on speakers and hearers, since they have to compute what
would be said in a vast array of candidate contexts. Do we really have to think about all

of these i-candidate contexts to understand what has been said in a conversation?
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To dramatize the problem, suppose we’ve both read Our Mutual Friend and remem-
ber what happens at the end. But suppose that I don’t know that you’ve read it, and you
don’t know that I have. Now suppose we’re discussing the World Cup, so that the conver-
sational tone determines (as it should) the very serious attitude of belief or knowledge.
Now according to the first theory of acceptance (Identity), we’re uncertain about what
the context is. This problem doesn’t just arise from Victorian literature: anything you
might believe will be relevant to determining what the context in fact is. In such serious
contexts, for example, there will be variability regarding my grandmother’s birthday, the
color of my favorite copy of my favorite book, and so on.

The minimal theorist can offer two different responses to this problem. First, he might
note that the uncertainty here clearly does not impede our ability to communicate. We
don’t need to know everything about the context to update it. For example, suppose you
respond to my comment about the German performance, by saying “They played very
well last night”. It would be absurd to hold that the value of this sentence depends on
whether you’ve read Our Mutual Friend or not. So I can add the appropriate proposition
to the common ground even though I'm uncertain what propositions exactly belong to
the common ground. Since most utterances are sensitive only to a select range of features
of the common ground, listeners don’t have to know what the common ground is exactly
in order to update it according to these utterances. In this sense, our beliefs about
context are similar to our beliefs about many things: we can get by just fine even if we
represent contexts only partially. We don’t have to think about different possible contexts
at a conscious or representational level in order to update them. We simply update the
context which we represent partially, by adding new facts to our partial representation.

A second way of responding is to hold that in the example above, it’s not in fact
common ground that we’ve read Our Mutual Friend. This may be so either because
we’re not attending to this proposition (2a), or it’s not on the table (2b), or we’re not
accepting it for some other reason (2c) and (3). Each of these theories could lead to a
view on which it’s not common ground that we’ve read Our Mutual Friend, and so, to a
theory according to which we’re not in fact uncertain about the context in the situation
above.

Both of these responses are, I think, both powerful and plausible. But the discus-
sion brings us to a second objection, about learning. Both Transparency and Minimal
Transparency make use of speakers’ and listeners’ ability to compute updates on contexts

“pointwise”. But how did we acquire this ability? If we are generally uncertain about what
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the context is, then we will learn to update sets of contexts, not individual contexts. So
it seems that the minimal theory of update undermines itself.

My response to this problem will depend on a preliminary observation. Throughout
the preceding discussion I have been slowly moving the reader to thinking in terms of
i-candidate contexts as opposed to candidate contexts more generally. The reason for
this shift should be clear, but it is nonetheless an important point. If ¢ thinks there
is only one possible context, and j’s utterance is felicitous in that context, then even if
(owing to some of k’s beliefs, for example) j’s utterance was infelicitous, i won’t have any
trouble updating on it. To think in terms of candidate contexts is to take an objectionably
“context-eye” view of the conversation. The conversation is not about what the context
“thinks”, it is about what the participants think.

This observation is important because it shows that what is required to meet the
demands of learning is not that the contert know what the context is, but that each
agent know what the context is. Stalnaker holds that it’s crucial that the same thing be
asserted at every point in the context set. But it should now be clear that this demand
is too strong. It’s much more important that, for each individual i, the same thing be
asserted in every context ¢ thinks might be the actual one.

This suggests the answer to our problem. All we need to give a theory for how agents
learn how to update individual contexts is a set of cases in which individual agents know
what the context is. If a child encounters situations in which she knows, of some ¢, that ¢
is the context, and if later behavior confirms to her that she acted appropriately when she
updated it as she did, then she will learn how to update individual contexts. It needn’t
always be the case that speakers and hearers know, of some set ¢ that it is the context,
for them to learn how to update contexts appropriately.

This response has a different character depending on our theory of acceptance. As
noted before, the theories (2) and (3) of acceptance may hold that contexts are not very
complex objects. There may be comparatively few propositions in a given context, since
we may only accept relatively few propositions. So it can be fairly easy to know, on these
theories, what the context is.

The “Identity” theorist has a harder time explaining the prevalence of contexts in
which we “know what the context is”. The most plausible version of this view is to hold
that one only needs to know select facts about a context in order to know how to update
it on a given utterance. Learning how to update “pointwise” does not then require that

we know exactly what the context is in a very strong sense; we need only know some
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features of the context. A child who knows that it was common ground that the Germans
played a soccer game may learn how to update any context which satisfies this condition
(even if he or she didn’t know which context was the actual one). (This version of the
Identity theory, however, is in a sense a notational variant of some version of theory (2) of
acceptance. For why should we not, in the situation above, simply say that the common
ground contains only the relevant propositions, and that the child did in fact know the
exact context?)

I want to close now by noting one structural relationship between the simple-minded
version of the identity theory and the iterative theory. Suppose we define a class of
situations where it’s common ground that p if and only if all agents know that it’s
common ground that p. These are the situations in which we “know what the context
is”. If we adopt the “Identity” theory (1) of acceptance, plus this simple-minded view of
what it takes to know what the common ground is, then if these situations can be ones in
which the conversational tone determines the attitude of knowledge, it will be common
ground that p if and only if it’s common knowledge that p. In these situations, in other
words, the minimal theory will collapse into the iterative theory.

This is an interesting formal property, but, I think not an important conceptual fact.
As T've argued, theorists of type (1) should hold that the contexts which are crucial for
learning how to update are not ones where it’s common ground that p if and only if
participants know that it is. In these special contexts, they should hold that it’s common
ground that p and relevant that p if and only if participants know that it’s common
ground that p. As I've noted above there’s a way in which this is a notational variant of a
view such as (2b) where “on the table” is explicated by a primitive property of relevance
or something like relevance. But notational variant or not, it seems to be the only hope
for a minimal theory of this kind.

In any case, the formal collapse only occurs within the Identity theory (and given
the simple-minded and implausible view of what it takes to know what the context is
according to that theory). If in contexts where the conversational tone determines the
attitude of knowledge, knowing a proposition is still not sufficient for accepting that
proposition, then individual agents can know the common ground without the common
ground having the iterative structure of common belief. More carefully: even in situations
where the conversational tone determines knowledge, and it’s common ground that p if
and only if all agents know that it’s common ground that p, it may still fail to be the case

that if it’s common ground that p, it’s common ground that it is common ground that
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p. Those who accept one of the theories (2) or (3) for acceptance may thus define a set
of contexts where all agents know what the context is. These special contexts will still
not have the structure of common belief.2! Minimal theorists of this kind may hold that
we learn how to update the common ground pointwise by engaging in conversational
situations where we know what the common ground is. And they may do so without
invoking the existence of any contexts where the relevant attitudes have the structure of
common belief.

I’'ve shown how the minimal theory can explain some important demands on the
common ground. The minimal theory can still deliver a sense in which communication is
a form of intentional action, since one may know the important effects one’s utterance will
have on the context without knowing what the context is. Moreover, listeners may know
how to update the context even if they don’t know which context is the actual one. I closed
by responding to some putative problems about representation and learning. I showed
that, appearances to the contrary, the minimal theory does not raise special problems
about the difficulty of representing contexts or about learning how to update individual
contexts. Finally, we saw how once we take an agent’s-eye view of the conversation, there
need be no collapse of the special contexts where we know what the common ground is
into cases where the attitudes which determine what’s common ground have the structure

of common belief.

2.6. Epistemic Sentences

We now turn to our final topic: sentences which include epistemic vocabulary. I'1l
consider three example sentences, and how they are to be explained on each of the
theories of common ground and update. My strategy here will be somewhat different
from the strategy in previous sections. Instead of opting for a specific explanation of the
phenomena, as I did with presupposition and update, I will aim to map the territory
around these sentences. Our primary interest in these sentences or patterns is whether
they can form the basis of an argument against the minimal theory of common ground.
The short answer is that they cannot. There are two very plausible ways of explaining
the sentences which force no alteration to the theory offered thus far. At the end of the
responses, ['ll note the ways in which the responses affect the K K principle, since some
recent authors have attempted to use these epistemic sentences to argue for this principle.

The three sentences—or, properly, schemas—are:

21T he formal argument for this point is given in Appendix 2.E.
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(1) “p and I don’t believe that p”; “p and I don’t know p”.
(IT) “p and I might not believe that p.”
(I1I) A pattern: The question “how ¢?” presupposes that ¢. But in most settings

it’s acceptable to challenge someone’s assertion that p by asking: “how do you

know that p?”

In general, the various views of (I) will be much the same, regardless of one’s theory of
the common ground. The other sentences are subtler, and this section will mainly be

devoted to explaining these sentences.

2.6.1. Replies Based on the Logic of Acceptance. (I) We saw already that
theory (3) of acceptance—that acceptance is a primitive attitude—can’t explain Moore
sentences via the logic of acceptance. For this subsection and the next, then, I won’t
consider theories of type (3).

On the other theories of acceptance, where speakers accept a proposition only if
they also bear the attitude determined by the conversational tone to the proposition,
the logic of acceptance itself explains (I). According to Stalnaker’s theory of common
ground, as well as to my own, one of the aims of assertion is to add a proposition
to the common ground. If the conversational tone of a conversation where one makes
assertions is knowledge, then both sentences are explained immediately. Since one accepts
a proposition only if one knows it, then one can accept the proposition that p in an
assertional context only if one knows that p, and so it cannot be the case that in that
context one also doesn’t know that p.

If (IT) and (III) are to be explained in terms of acceptance, however, we need some

elaboration of the logic of acceptance. The obvious principle is:
KA: An agent accepts that p only if she knows that she accepts that p.

(II) Let’s first see how this principle explains (IT). Suppose that the conversational tone
for a given conversation is knowledge, so that one accepts that p only if one knows it,
according to theories (1) and (2) of acceptance. Next, by KA, one accepts a proposition
only if one knows that one accepts it. Now, we assume that agents also know that if they
accept that p in such a context, they know that p. If they draw the inference on the basis
of what they know, it follows from KA that they accept that p in such a context only
if they know that they know it. We are now very close to the conclusion. To assert that

p, one must accept it in a way appropriate to assertion. So then by KA, one must know



2.6. EPISTEMIC SENTENCES 75

that one knows it. So one cannot both assert that p and “I might not know that p”, since
the latter entails that one does not know that one knows that p.

(III) Does this principle also explain the felicity of sentences such as (III)? The
question “how do you know?” stops a conversation in its tracks. The usual way of un-
derstanding the phenomenology of this “arrest” is to take it to be the same as that of
accommodation. Let me defend this claim briefly.??

One reason for thinking that accommodation is involved in this utterance derives
from the “hey wait a minute” test. Suppose that after I assert that p, you ask me: “how
do you know?” Now I can fairly easily say, “I didn’t say that I know that p, I just said that
p’. What usually happens in this circumstance is that we reach an impasse. You have
indicated that you do not accept my utterance, and I have not satisfactorily answered
your challenge. But in making this concession, I have not retracted my assertion, and
this is the crucial point. My assertion has been rendered inefficacious because of your
attitude to the proposition. I will be forced to find other ways of making my point. But if
I am stubborn, I don’t have to concede that I shouldn’t have made this assertion in the
first place. So in making my initial assertion I did not presuppose that I knew p; your
question introduced this presupposition and asked me to accommodate to include it in
my own presuppositions. (Of course, there may be circumstances where I admit that I
shouldn’t have made the assertion. But this is usually where I concede that I don’t know
that p itself, not ones where I merely concede that I don’t know whether I know p.)

Given this picture of accommodation, the principle KA also helps to explain (III).
After the assertion that p, all agents accept that p, and all know that they do. So while
p is presupposed by all, it’s not necessarily the case that it’s also presupposed that the
asserter knows that p. But since (according to KA), all presuppose that p, it’s fairly easy

to accommodate, and start presupposing that the asserter knows that p.?

221 fact, in asking questions of the form “how ¢7” speakers presuppose that the answerer knows how
¢, and thus knows that ¢. Is this a problem for the explanation in the main text. I don’t think it is.
First, this speaker presupposition is surely not the kind involved in semantic presupposition. Second,
this presupposition need not be accepted by the answerer. I say “It’s going to rain.” You say: “How do
you know?” I shrug, “I dunno, look at the sky.” I’ve clearly rejected your presupposition that I know how
I know, and rejected the appropriateness of the presupposition that I know that I know (I need not be
denying the truth of this claim; I just don’t think it should be added to context). So while an assertion
provides a basis on which a reasonable conversant can and often does subsequently presuppose that I
know that I know, the assertion doesn’t make that fact uncontroversially belong to the common ground.
In a sense “how do you know?” makes a similarly contentious presupposition that I know (once again,
the contentiousness of the presupposition needn’t derive from a concern about the truth or falsity of the
claim). But in this case, the situation is different: I can’t reject the presupposition that I know without
retracting the assertion. And this is why it seems crucial to have a theory which accounts for this latter
datum.

237 different principle from KA is AA. But as I've noted before, this can’t be true for the theories
(1) and (2) of acceptance. If in a conversation where the conversational tone determines supposition, I
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2.6.2. Replies Based on the Logic of the Common Ground. It’s possible to
explain these problematic sentences within the minimal theory of common ground, by
expanding the logic of acceptance to include the KA principle. An alternative form of
explanation is to expand the logic of the common ground, without expanding the logic of
acceptance. Doing this requires giving up on the most basic form of the minimal theory,
but it also does not force us to go all the way to the iterative conception of the common
ground. (Recall that in this subsection, as in the previous, I won’t be thinking about
theories of acceptance of type (3).)

Instead of the the KA principle, we can use:

2-Common Ground: It’s 2-common ground that p if all accept that p and all know

that all accept that p.

Given that the conversational tone of an assertional context is knowledge, then the ex-
planation goes as in the previous section. One asserts p appropriately only if one knows
that one knows that p, and then the explanation is as before. The difference between
this theory and ones based on KA is that 2-Common Ground tells us nothing about the
psychology of acceptance. But this revised theory of common ground should be unattrac-
tive to those who endorse theories (1) or (2) of acceptance, for a reason I've noted often
before. If we suppose that we don’t exist, so that it becomes common ground that we do
not exist, then on pain of having incoherent suppositions, we cannot also be supposing

that we’re supposing that we do not exist.

2.6.3. Replies Based on Speech Acts. A third response to these problem sen-
tences is perhaps the most powerful. According to this response, we do not need to alter
the logic of either acceptance or common ground. Instead, the response invokes gen-
eral facts about speech acts, deriving from yet more general principles governing certain
actions.

For certain actions, one must have a particular standing in order to perform the
action. If one does not have this standing, performing the action is inadmissible or even
impossible. Timothy Williamson (2013: 82-3) considers the example of a commanding
officer. To issue a command to his soldiers, an officer must have certain standing as an
officer. He cannot issue this command, while (publicly) questioning his own standing as a
lieutenant. (Of course, he can have private doubts about his ability or right to command,

accept that we do not exist, then I will be supposing that we do not exist. But then I cannot also be
supposing that we are supposing that we do not exist, on pain of engaging in an incoherent supposition.
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but he cannot in one breath command, and also question his standing to do so, out loud
to his underlings.)

In Williamson’s view, assertion is no different. To assert that p one must know
that p. Just as with the lieutenant’s command, then, it is incoherent to assert that p
and (publicly) question one’s own standing to assert that p. But this is precisely the
performance one engages in if one asserts that p and then says “I might not know that p”;
one questions one’s own standing to make the assertion. Williamson suggests that this
is a very general feature of communication. In support of this view, he adds a further
example, of someone who says: “How are you feeling today?—and I have no interest in
your answer.”

This response to our sentences does not impinge at all on the minimal theory of
common ground, or on the theories of acceptance which we have considered. Instead, it
invokes general laws about speech acts, and considers how they apply to the speech act
of assertion. (The explanation of the question “how do you know?” proceeds as discussed
in 2.6.1. An assertion licenses the inference that the asserter has the standing to perform
the assertion. So it’s easy to accommodate a respondent’s new presupposition that the
speaker has that standing.)

It’s worth noting again that Stalnaker’s own theory of the common ground must
invoke an explanation of this form for Moore sentences in general. Since, as we’ve seen,
Stalnaker can’t require that one accepts that p only if one bears the attitude deter-
mined by the conversational tone to p, he cannot claim that it follows from the logic of
acceptance that the serious context of assertion demands the attitude of belief to the
components of the common ground. So Stalnaker must offer an explanation of even stan-
dard Moore-sentences by appealing to facts about speech acts in general, and assertion
in particular. Similarly, when we come to the extended Moore-sentences, Stalnaker must
also think in terms of general norms of speech acts, as Williamson suggests we should.

This is not a problem for either theory of these patterns. But it does mean that
Moore-sentences can’t be used to argue in favor of Stalnaker’s most recent theory of the
common ground as opposed to the minimal theory. Since Stalnaker himself must adopt
a theory of Moore-sentences which explains them as infelicitous because of features of
certain speech acts (independent of the common ground), his theory and a minimal theory
which adopts this response will be on a par. There is thus no argument based on these

sentences against the minimal theory.
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2.6.4. The KK Principle: Summarizing the Discussion. Before concluding
the whole discussion, I want to discuss briefly the relationship between these responses
and the so-called K K principle. This is of interest because the data sentences in this
section have recently been argued to pose a problem for a package of views endorsed
by Williamson.?* Williamson (2000) argues that knowledge is the norm of assertion. His
arguments are directed at showing that knowledge that p, as opposed to (say) belief that
p governs the practice of assertion. Williamson has also argued forcefully against the
so-called “ K K7 principle, that if one knows a proposition one knows that one knows it.

The first point to note is that the explanation in 2.6.1 can be given within the
minimal theory of common ground, and without invoking K K. Once again, this is a very
important point which I think has been overlooked in the literature.

The explanation based on the K A principle is subtler. If we adopt the Identity theory
of acceptance, then in a serious context where to accept a proposition is to know it, the
K A principle will entail that if one accepts a proposition, one knows it, knows that one
knows it, and so on. Now in general even this phenomenon does not lead to the return
of the K K principle, which is a very general principle saying that whenever one knows a
proposition, one knows that one does. But still the phenomenon would not be amenable
to the spirit of Williamson’s views since such an infinitely iterated hierarchy of knowledge
would amount to a non-trivial “luminous” state.

But we’ve seen a number of reasons to doubt the Identity theory in any case. And
if we adopt either theory (2) or (3) of acceptance, the KA principle will not imply the
existence of such an infinitely iterated hierarchy. For since in a serious context knowing
that p will be necessary for accepting that p (but not sufficient), then one may know
that one accepts that p without accepting that one accepts it. Moreover, since the K A
principle should be thought of as a norm, not as a fact about the psychological state of
acceptance, there need be no requirement that acceptance itself is luminous.

Many will find this discussion of the possibility that one might fail to know one’s own
mind perverse. But for those who do believe that there are some failures to know one’s
own mind, it will be natural to think that certain propositions enjoy a special status,
distinguished by the fact that one not merely has a given attitude toward them, but knows
that one has this attitude. And it is clear that this status, while in general less important
than the first order attitude itself, is an important one in the context of communication,

where one’s own standing with respect to the contents of one’s acceptances may be called

24Cohen and Comesana 2013, Greco 2014b
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into question, and where others will use one’s own utterance as strong evidence for facts
about one’s own acceptances. If I myself do not know that I believe a proposition, for
example, it would be bizarre for me to convey the contents of this belief to others, since
I would then be giving them evidence about the state of my own mind which I myself do

not possess.

2.6.5. Conclusion. The epistemic sentences discussed in this section don’t provide
the basis of an argument against the minimal theory of common ground. We may preserve
the minimal theory by expanding the logic of acceptance or by invoking general laws
about speech acts. On the most promising theories of acceptance, the expansion of the

logic of acceptance does not entail even a restricted K K principle.

2.7. Conclusion

I have argued that the main reasons people have favored the iterative conception of
common ground are uncompelling. The minimal theory of common ground can explain
speaker presupposition just as well as Stalnaker’s theory; it yields a theory of common
ground according to which common ground is guaranteed to be at least as informative
as it would be on the iterative theory; it can account for the basic phenomena of update
just as well as the iterative theory; and it can be used to explain extended Moore-like
sentences.

Recall now the challenge with which we began. In certain cases of communication it is
not possible for the attitudes of the participants to become a matter of common knowledge
or even belief among the participants. In successful communication, the attitudes of the
participants toward a given subject matter change. I tell you that Mary is coming to town,
and you learn something about Mary. But according to the iterated theory of common
ground, this change is not enough for normal or successful communication. It must also
be that your change in attitude becomes public between us. Our opening examples put
pressure on this idea. Communication seems normal, even when it is not possible to make
the change in attitudes public between “speaker” and “hearer”.

The minimal theory can be thought of as a return to the core Gricean thought
which has animated Stalnaker’s theory of language throughout. Communication induces
complex changes in participants’ attitudes. But communication is not in the first instance
directed at making these changes in attitude public. This may often be a consequence of
the ways in which our attitudes change throughout a conversation, but the fact that our

change in view becomes public is not a core feature of communication. In my view, the
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common acceptance or common belief based theories of communication adulterate this
pure Gricean thought by making the publicity of our changes of attitude central to the
theory of communication. Part of my aim in this paper has been to show that Stalnaker’s
most profound discoveries about the nature of communication do not depend on his view
about the publicity of our changes of attitudes. Once Stalnaker’s theory is liberated from
the unnecessary encumbrance of common belief or acceptance, we can see more clearly

the elegance, simplicity and robustness of his insights into the structure of conversations.

2.A. Models

In the Appendices, I use the formalism of pointed neighborhood models. T first in-

troduce these models, and then discuss briefly why this formalism is appropriate.

2.A.1. Models. A pointed conversational model is a structure
<Q7 a, I7 (B)i617 (K)iEI7 (A)i61>7

where “propositions” are subsets of the set of states €2, and a € ) is interpreted as the
“actual state”. I is then a set of agents, the participants in the conversation. The functions
B;, K;, and A; represent these participants’ beliefs, knowledge, and acceptances: B; maps
a proposition F to the proposition that i believes E; K; takes a proposition E to the
proposition that 7 knows E, and A; takes E to the proposition that ¢ accepts E. As usual,
I will use —F to abbreviate Q\ F, and E — F for (-E)UF. Note that this last definition
allows an analog of contraposition, since obviously =E U F' = =(=F) U —E. (I will often
also write propositions with lower case p’s and ¢’s, but the reader should remember that
we don’t have an object language in the normal sense.)

I will use [J as a variable over the operators A;, B; and K;. The functions representing
these attitudes can be used to define neighborhood functions, N9 : Q — 2(2(Q)) ,
where F € NU (w) just in case w € OE. Neighborhood models generalize standard Kripke
semantics for modal logic. Kripke models associate with each world an ultrafilter on the
power set algebra of the state space. (That is, a filter on the algebra of propositions.) In
our setting, these are the propositions an agent believes knows or accepts. Neighborhood
models, by contrast, associate each world with an arbitrary subset of &2(Q), an arbitrary
set of propositions. This may be an ultrafilter on the algebra of propositions, but it
needn’t be.

In addition to the above, pointed conversational models satisfy three additional re-

quirements:



2.A. MODELS 81

Necessitation N;cr1,Q = Q
Anti-Necessitation U;cr;0 = 0

Factivity K;(E) = E=Q.

The first two conditions ensure that there’s always something the agent believes, and,
moreover, the agent doesn’t believe the absurdity. In Kripke models (to be introduced
in a moment), the first condition has the consequence that the D axiom is satisfied
(OEF — —0O-E). The third condition is self-explanatory.

We define group operators as follows:
Op(E) == Nie/E.

(Here Og involves a slight abuse of notation; the idea is that “everyone accepts” is
defined so that Ag(FE) := NijerA;E, and similarly for “everyone knows” and “everyone
believes”.)

We then define the common ground:
CG(E) := Ag(E).

Finally, fixing a pointed conversational model, the event of it being commonly [1’ed
that F is defined recursively. Letting OLFE = OgFE and OLE = DED%_lE, we define:
CO = NpenO% E. This definition gives us a common knowledge operator C'K, common

belief, CB, and common acceptance C A.

2.A.2. Stalnaker Models. We now define propositions corresponding to the sat-

isfaction of some standard axioms:

(K): Nier Noe{s;,K:,4,3 Nece Nrca (OE = F) — (O(F) — O(F)))
(C): Nier NoeyB, k;,4,) Neca Nrco (O(E) NO(F)) - O(ENF)
(4): Nics Nes,.x, .41 Necal(E) — OO(E)

(5): Nics Noes,.x,.4,) Neco—0(E) — O-0(E)

(BA4): Nier Ngca Ai(E) — B;A;(E)

(BA5): Nicr Neca ~A4i(E) = B;—A;(E).

A Hintikka-Kripke conversational model is a conversational model with KN C = Q. A
K D45 conversational model is a Hintikka-Kripke conversational model with 4 N5 = Q
(note that D is guaranteed by the semantic form of necessitation above). A Stalnaker

model is a K D45 Hintikka-Kripke conversational model with BA4 N BA5 = Q. (Given
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these properties, it is unclear why we should not write this B as K, since one’s intro-
spective beliefs at least are always true, but we’ll maintain this version of the axioms
for present purposes.) Finally, we define an a-Stalnaker model as a conversational model
such that a € KN CN4N5NBA4NBAS5. Analogously a specific operator [J satisfies
a-K if a € Ngco Nrco (O(F — F) — (O(FE) — O(F))), and similarly for the other
conditions.

We can then define three notions of Stalnakerian common ground. Fixing a pointed

conversational model:

(CB-A) CGs,E =CBAgE
(CK-A) CGs,E=CKARE
(CA) CGs,E = CAE.

Note that these notions are defined for any conversational model.

2.A.3. The Context Set. It will also be useful to have the notion of a “context
set”. As above, in Kripke frames, we simply defined this as the set of worlds reachable by
the common ground accessibility relation. In neighborhood frames, we need to do a bit
more work to define this accessibility relation, since the individual agents’ acceptances
cannot necessarily be defined from such a relation. So we define a relation from a given

function as follows, for an arbitrary function [I:

RP(w) = {w' : 3E[(3F 2 E)(F € NP(w)) A (3G € E)(G € NP (w)) Aw' € E]}

(Note that this O is no longer restricted to the B;, K, A;; it can be defined also for
Ag, for example.)

For each operator, we can use this accessibility relation to define a new function:

O°E = {w : R®(w) C E}.

Since this is an operator defined from an accessibility relation, as in Kripke models, for
any w, the set of propositions {E : w € OY(E)} is a filter in the power set algebra of (2.
Moreover, if we started with a relational (Kripke) model of the operator 0J, it’s obvious

from the definition that if w € O(E) then w € O (E). (This will mean that if the A; are
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given by an accessibility relation as in the main text, the definition of context set here
will be equivalent to the one in the main text, since everything there was finite.)?®

To understand the interpretation of the defined operator, consider the case of ac-
ceptance, where we read AZ»C as “i assumes that”.?% In our general models, assumption
is independent of acceptance. In this setting, propositions may be accepted but not as-
sumed, for example, if an agent accepts only three propositions, 2, E, F', where £ C F
and F' C E. Conversely, a proposition may be assumed but not accepted, for example, if
an agent accepts only E and Q, where Q\ E # (. One need not consider a proposition in
order to assume it. “You're right: I hadn’t thought about it,” I might say, “I was simply
assuming it” or “I was simply taking it for granted”. Assumptions lie behind each of our
surface, logically ill-behaved acceptances.

Now we define a context set for an arbitrary world
Context Set ¢, = J;c; R4 (w)

(Note again, that in finite Kripke models, this definition is equivalent to the definition

used in the main text.)

2.A.4. Neighborhood Models. The use of neighborhood models in this setting
can be motivated in two ways. First, from a purely formal perspective, the generality of
neighborhood frames gives us insight into what is important in the models. When we
attempt to do logic without the law of excluded middle, familiar equivalences no longer
hold. This forces us to be particularly careful about which assumptions are required in
which derivations. If we only knew of models of our logic in which the law of the excluded
middle held, we would have difficulty assessing which aspects of our logical systems were
due to the law of the excluded middle, since we would not be able to consider models
where that principle failed. The logic of belief and knowledge is no different. Making
fewer background assumptions helps us to understand which assumptions are and are
not needed for particular applications.

The use of these more general models can also be motivated from a psychological
perspective. As is well known, standard Hintikka-Kripke models represent agents with
unrealistically idealized logical competence. In Hintikka-Kripke models, if an agent be-

lieves that p, and believes that g, then she believes that p A ¢. But many reject this

251 finite relational frames, of course, the exact converse holds, since there can be no infinite descending
chains. In infinite relational frames, we have only an inexact converse: if w € € E, then (VF)(if FCE
then w € O(F)).

26Note that assumption is sometimes used in a very different way in epistemic logic, e.g. Brandenburger
and Keisler 2006. Our usage has no relationship to theirs.
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view of belief. For example, proponents of the Lockean thesis, that belief is sufficiently
high confidence, reject it because one’s confidence in a conjunction may be lower than
one’s confidence in the conjuncts, and so fall below the threshold required for belief. In
more banal examples, people may behave as if they do not believe the conjunction of two
propositions they believe because they have never considered the conjunction. Similarly,
in Kripke models, if a subject believes that p, and p entails g, then the subject believes
that ¢ as well. But what if the subject has not acquired the conceptual resources to
consider the proposition that ¢ under any guise? In this case, her behavior also will not
accord with her supposed “belief” that q.

The relaxation of the assumption in Kripke frames that every agent believes ev-
ery theorem of propositional logic is in general less significant in neighborhood models.
Neighborhood frames still do not allow us to represent distinct modes of presentation, so
if an agent believes any instance of any theorem of propositional logic, the agent will be
represented as believing all theorems. But it’s very plausible that we each believe some
instance of the law of excluded middle (for example). So we should represent agents as
believing at least one propositional tautology. In my models, accordingly, I’'ll be assum-
ing that every agent accepts (and believes, and knows) the propositional tautology, so in

every model I consider, agents will still be omniscient with respect to propositional logic.

2.A.5. Pointed Models? In general, I will be focusing on pointed models, where
the axioms are satisfied only at the actual world a. But is this the right choice? We
could have treated propositional logic and the logic of belief on a par, by requiring that
every world in every model satisfy the proposed axioms of common ground, acceptance,
belief and knowledge. This, after all, is what happens in Hintikka-Kripke conversational
models, and in Stalnaker models, too.

But this “global” method has the immediate consequence that, if an agent believes
a propositional tautology, he or she will believe and know that the target axioms hold.
It has a more drastic, less obvious consequence, too. Recall that agents mutually know!
that p if all agents know that p. Agents mutually know™ that p if they mutually know!
that they mutually know™ ! that p. Then agents commonly know that p if they mutually
know™ that p for all natural numbers n. Now suppose, as is extremely plausible, that at
every world in every model every agent knows some instance of a propositional tautology
(“Look”, T say to you “it’s either raining now, or it’s not”). Then the axioms will not only

be known, but, more strikingly, they will be a matter of common knowledge. Knowledge is
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not special in this respect; we could have run the same argument with belief or acceptance
in place of knowledge (or with certainty, if our models were endowed with probabilities).

The assumption that the axioms are commonly known will be most obviously un-
congenial to those who understand features of the “logic” of belief as not really features
of logic at all, but contingent facts about human psychology and biology. For example,
psycholinguists who conduct empirical studies of the common ground will hold that it
is neither an a priori nor a necessary matter whether the beliefs of people pattern in a
given way. There are of course some features of belief which are necessary or a priori—for
example that it has contents—it’s just that the interesting features of belief we aim to
study are not among those special features. If one takes this view of the properties of
belief which interest us here, it is not just natural, but mandatory that the agents in our
models not be apprised of the full psychological and biological truth about belief. After
all, it’s precisely that contingent truth that we’re trying to discover.

But pragmatic reasons also militate against this method of building models, reasons
which apply even if we should suppose that the relevant laws of belief are an a priori or
necessary matter, so that any creature who had beliefs at all would have beliefs which
obey these laws. The method forces us to prejudge important questions about the role
of iterated beliefs, precisely the target of our investigation. Since the class of models
cannot draw the appropriate distinctions between situations in which the agents mutually
believe! the axioms and one in which the agents commonly believe the axioms, they do
not allow us to distinguish when a particular phenomenon is due to belief in the axioms,
and when it is due to common belief. We should not choose models which are unable to
distinguish importantly distinct hypotheses about our subject matter.

Moreover, granting again the hypothesis that the relevant laws of belief are a priori or
necessary, we may still wish to treat these truths differently from the laws of propositional
logic. It seems fairly clear that agents in the world do not behave as if they have perfect
knowledge of propositional logic. It’s a shortcoming of our models that they don’t allow
us to represent distinctions among different theorems of propositional logic: between the
“obvious” ones and the ‘“unobvious” ones. But we should be grateful that, in the case
of axioms on belief, we are not compelled to adopt this unrealistic assumption. Pointed
models allow us the chance to isolate a class of propositions for which the assumption
of logical omniscience is not forced on us. Whatever our views of belief, we should not

forego this chance.
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2.B. Stalnaker’s Theory of Assertion

Stalnaker’s theory can be stated as involving three principles:

Uniformity: In cases of rational communication, the same proposition is asserted in
every candidate context.?”
Default: If no norm of rational conversation is violated, the content of an assertion of

a sentence s is the semantic content of s in the actual world.?8

Recall that Stalnaker holds that a standard repair strategy is to identify asserted content
with diagonal content. The diagonal content of an utterance is the proposition that is
true at a world if the semantic content of the utterance as made at that world is true, and
false otherwise. Stalnaker’s hope seems to be that if we identify asserted content with
diagonal content, compliance with Uniformity will be restored (at least if the assertion
has any chance of success). We strengthen this principle about diagonal content into a

generalization:

Diagonalization: If the content of an assertion of s is not the semantic content of s,

then the asserted content is the diagonal content of s.

To state these principles more formally, we need a more precise notion of utterances.
For a given conversational model M, the set of utterances U (Kaplanian characters) will
be the set of functions u :  — 2%\ {()}, where each utterance is understood to be a
function from worlds to the semantic content of the utterance at that world (we assume,
for simplicity, that contradictions are never uttered). For v € U, we write u(w) to denote
the semantic content of u as uttered at w. We often think of this proposition as identified
with its characteristic function, letting u(w)(w’) = 1 iff w’ € u(w), and 0 otherwise. The
diagonal proposition is then constructed for each u as the set u? = {w : w € u(w)}.
Note that we assume the set of utterances is very rich; every function from worlds to
propositions is associated with an utterance.

Fixing a model and an utterance u, we write the asserted content of an utterance as
Ay s Q0 — 29,

Now, fixing a pointed conversational model, the axioms Hawthorne and Magidor
attribute to Stalnaker are:
Uniformity: Vw(Yv,x € ¢y)(ay(v) = ay(x))
HMDefault: Yw (Yv € ¢y)ay,(v) = u(w) = ay(w) = u(w)
2THawthorne and Magidor 2009: 380; cf. Stalnaker 1978 [1999]: 88

281y fact, the formulation of this principle is due to Hawthorne and Magidor, but Stalnaker does not
contest it in his reply (2009) to their paper.
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HMDiagonalization: (Vw)[((Fv € cy)(au(v) # u(w)) = a,(w) = u?)

(I use = for the material conditional in the meta-language. It should not be mistaken
for a strengthening of the set-theoretically defined —.)

These laws depart from the spirit of Stalnaker’s theory in giving a world w an im-
portant place in what is asserted, even if w & ¢,,. This is especially clear in HMDiago-
nalization. Even if w & ¢,,, u(w) has an important effect on what can be asserted in that
context. The following combination (together with Uniformity) seems more in line with

Stalnaker’s original:

Default:  Vw (Yv,z € ¢y)(ay(v) = u(x)) = Vo € cy(ay(w) = u(x))

Diagonalization: Yw (v, € cy)(ay,(v) # u(z)) = (au(w) = u?)

This pair of axioms yields odd consequences if there can be v € ¢, such that both v & ¢,
and ¢, € ¢,. But Stalnaker’s S3 theory of context rules out this possibility by definition,

since it validates Positive CG-Introspection:
Positive CG-Introspection: Q=CG(F) - CGCG(E)

We can now ask for what class of pointed conversational models M it is the case that
for any v € U, u satisfies these axioms. This question was first posed by Hawthorne and
Magidor 2009, who answered it in a more restricted setting.

(In fact, they claim that one-step transitivity or symmetry violations are enough to
lead to conflicts in these three principles, but this is not quite enough, since Uniformity,
Default and Diagonalization really impose conditions on the transitive closure of the
context-accessibility relation, as the following proof shows. Their argument on the basis
of transitivity violations (383) is also incorrect: they claim that the presence of a world
w € ¢, where one diagonalizes is insufficient to force diagonal content to be asserted
in ¢,, but this contradicts their own formulation of Uniformity: any such world forces
diagonal content to be asserted in ¢, as well. This is made clear by the “sublemma” in
the proof below.)

Fixing a conversational model, let R* be the transitive closure of the union of the
R4, defined in Appendix 2.A.3. (We could equivalently define it as the transitive closure

of RA%.) Then we show:

ProrosITION 2.B.1. Let M be a pointed conversational model.

(A) All utterances u satisfy Uniformity, Default and Diagonalization if and only if
(*) Vw(Yv € ¢y)[R*(w) = R*(v)].
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(B) All utterances u satisfy Uniformity, HM-Default and HM-Diagonalization if and
only if (*) Yw(Vv € ¢y)[R*(w) = R*(v)] and (T) (Vw)(w € R*(w)).

PRrROOF. (A) If: If (Vv,z € ¢y)(u(v) = u(z)), then for all such z, a,(w) = u(x),
and Uniformity is trivially satisfied. If a,(w) = u?, then there’s some v,z € ¢, such
that a,(v) # u(z). Since R*(v) = R*(w), both v and z are in R*(v). We show that
ay(v) = ay(x) = u? by way of a general lemma (which itself requires a sublemma).

The statement of the lemma is: If 3b, ¢ € R*(2)(ayu(b) # au(c)) then a,(z) = u?.

There are finite paths from d to b and d to ¢ using R4#: we induct on the maximum
of these two path lengths. For the base case: if b,c € RAZ(z) then there are two cases. If
both a,(b) = u(b) and a,(c) = u(c), then since a,(b) = u(b) # u(c) = ay(c) au(z) = ud.
If either a,(b) # u(b) or a,(c) # u(c), then these single worlds fulfill the antecedent of
Diagonalization, so again a,(z) = u?. Now we assume we have shown that if both b and
c are reachable in at most n steps, then a,(z) = u?, and show the claim for n + 1 steps.

For this we need a sublemma: if 3f € R*(g)(a,(f) = u?) then a,(g) = u¢. Again, we
prove this by induction on path length. For the base case, if u(f) # u?, then f fulfills the
antecedent of Diagonalization, so a,(g) = u?. If u(f) = u?, then the only way Default
could be fulfilled is if all h € ¢, have u(h) = u?, but this would still make a,(g) = u®.
Now we suppose the claim holds for worlds reachable in n steps and show it for n + 1.
By hypothesis there’s some n-reachable f’ so that f € ¢y, and a,(f) = u?. We proceed
exactly as in the base case to show that a,(f’') = u(d). Since f’ is reachable in n steps,
it follows by the induction hypothesis that a,(g) = u.

Now we return to the induction of our lemma. We know there are V', ¢, reachable in
at most n steps from z such that b € RA# (V') and ¢ € RA#(¢'). Now there are two cases.
If a,(b') = u(d') = ayu(b) = u(b) and a, (") = u(c’) = ay(c) = u(c), then since a,(c) #
ay(b), and ¢/,b" are reachable in n steps, we're done. And if for any h € {b,V',c,c'},
a,(h) = u?, then the sublemma gives us the desired result, that a,(z) = u®.

With the lemma and the sublemma in hand, the main If: claim follows trivially. If
ay(v) = u or a,(r) = u¢, then we use the sublemma to show that both of them must
be u?. The supposition that both of them have a,(v) = u(v) and a,(z) = u(z) leads to
contradiction using the main lemma. So Uniformity is satisfied.

Only if: Now suppose (x) fails: there’s a w,w’ so that w’ € ¢,, but R*(w) # R*(w').

This can only be because R*(w') C R*(w) (and so, w ¢ R*(w’)). Then define a u so that
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for all w” € R*(w') u(w’) = u(w”), but for some w” € R*(w) \ R*(w'), uw(w”) # u(w’).
Then u? is asserted at w, but at w’, u(w’) # u? is asserted, in contradiction of Uniformity.

(B) If: If (Vv € cy)(ay(v) = u(w)), then a,(w) = u(w), and Uniformity is trivially
satisfied. If on the other hand (v € ¢,,)(a,(v) # u(w)), so that a,(w) = u?, we now show
that (Vo € cy)(ay(v) = u?) as well. We do this with a version of the earlier “sublemma’”,
proving by induction on path length in RA# that if (3z € R*(v))(au(x) = u?) then

d

ay(v) = u? as well. For the base case, if u(v) = u? already, then we’re done. If not, then

since we're assuming z € ¢,, HMDiagonalization immediately gives that a,(v) = u?. The
induction step is similar. So since a,(w) = u¢ and w € R*(v), it follows that a,(v) = u?
as well.

Only if: TIf (*) fails, the argument is exactly as before.

Now suppose (T) fails: w ¢ R*(w). Define a u so that for all w',w” € R*(w),

u(w') = u(w”), but for w itself, u(w) # u(w’). Then u? is asserted at w, but at w’,

u(w') # u? is asserted, in contradiction of Uniformity. O

This result gives us another reason to prefer Default and Diagonalization as Stal-
naker’s intended axioms. For it is often claimed that the following two principles are

sufficient to ensure that Stalnaker’s theory is consistent:

Positive CG-Introspection: Q=CG(F) - CGCG(E)
Negative CG-Introspection: ? = -CG(F) - CG-CG(E);

but if we use the HM principles, these are necessary but not sufficient to ensure that the
theory is consistent.

In Hintikka-Kripke frames, Positive CG-Introspection ensures that ¢, = R*(w).
Negative CG-Introspection is needed to ensure that (Vv € ¢y )(cy, = ¢y). As I've ob-
served often enough Stalnaker’s Ss-theory (though not, I repeat, S; and S3) validates
positive introspection by definition, Proposition 2.B.1 demonstrates that Negative CG-
Introspection is the key to the question of whether his theory of assertion is consistent
with his theory of the common ground. The next appendix studies this axiom in some

detail.

2.C. Negative Introspection

To guarantee negative introspection, Stalnaker needs the following condition (the

name for the condition is mine):
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Genuinely Non-Defective: a € N;e;(A;CAp — CAp) and a € CA(Nicr(A;CAp —
CAp))*

In Stalnaker models, this axiom delivers negative introspection for common ground (an

analogous axiom delivers it for presupposition). I'll state and prove a more general version

of the theorem which shows this, since the more general statement is illuminating.

ProPoOSITION 2.C.1. Let M be a Hintikka-Kripke conversational model. Then for
any n € N, if the model satisfies
(i) a € =A;jp — A;—Aip
(i) a € AjATp — A%p
(791) a € A;(Akp — A;A%p)
(ia) a € A% (-A;p — Ai—A;p)
(iia) a € A%(A;A%Lp — ALp) and
(7ita) a € A%L(A;(ALp — A;A%p)) then

a € -Agp — AL-ALD.

Stalnaker’s version of the proposition replaces my A™ with C'A. Even when we make
these replacements, (i) and (ia) hold trivially in Stalnaker-models, since 5 = Q. In
Stalnaker models, all agents are negatively introspective, and it’s commonly accepted
that they are. Moreover, both (4i¢) and (iiéa) hold by definition when we replace A%

with C'A. Finally, Stalnaker models are of course Hintikka-Kripke conversational models.

PrROOF. It’s a standard fact that any operator formed by iterating and conjoining
normal modal operators is itself normal: that is, the versions of K and C for A% also
equal the universe 2. We first show that (2),(#2),(i7) entail a € =A% — Ap—ALp. Assume
a € " A%Lp. By contraposition of (i7) we have a € =A; A%p, by (i) we have a € A;—A; A%Lp.
By contraposition of (ii¢) and the fact that K holds for A; at a, we have a € A;—~A%Lp. We
repeat for each i € I to derive Ag—~AEp. Thus by conditional proof, we have (using (i),
(43), (i47) as abbreviations for the statements) Q = (¢) A (i) A (441) — [A%p — Ap—ALp|.
Now we use RN to derive a € A%([(2) A (i) A (i48)] — [-A%p — Ag—A%p]). We use
(ta), (iia), (itia) and C to give us that AR[(7) A (i3) A (i43)]. So then by K we have
(*) AL(-ALp — Ap—A%p). But now suppose that —=A%p. By (4), (i7), (ii7) we have

Ap—A%tp. and by () and K, we have Ag—Agp - ApAgp—Agp, and so on up ton. O

The minimal theory requires fewer assumptions to prove the same conclusion, that
negative introspection holds for common ground:

293ee next appendix for discussion of Stalnaker’s own definition of non-defective contexts.
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PROPOSITION 2.C.2. (Minimal Negative Introspection) Let M be a pointed conver-
sational model where each A; obeys a — K (a € A;(p — q) = Aip — Aiq). Then if

(i) a € =A;jp — A;—Aip

(i) a € A;Agp — Agp

(7i1) a € A;(Agp — A;Agp) then

a € ~Agp — Ag—Agp.

PROOF. If a € ~Agp, then by (ii), a € ~A;Agp. By (i) a € A;,mA;Agp. By contra-
position of (iii) and a — K for A;, a € A;—Agp. Since i was chosen arbitrarily the claim

holds for all 7, and so a € Ag—Agp. O

This proposition drops three controversial (in my view, implausible) assumptions:
(1) that agents have to accept (in fact commonly accept) that acceptance obeys negative
introspection; (2) that agents’ acceptances are closed under conjunction in the problem-
atic direction: AENAF — A(ENF); (3) that the context not just be non-defective, but
it be commonly accepted that it is non-defective.

Stalnaker does not find these assumptions problematic, so this difference won’t con-
vince him. He believes that the introspection axioms are necessary facts about belief, and
S0, given his coarse grained conception of content, he is committed to the claim that we
do commonly know these facts about belief. Moreover, he thinks belief does satisfy this
closure principle, and, third, he may simply take it as a deliverance of his theory that
genuine non-defectiveness requires common acceptance that the context is non-defective.

On its own, then, negative introspection leaves us at an impasse. Both Stalnaker and
I require additional assumptions to ensure this introspection axiom. The assumptions
needed on the minimal theory are weaker than those needed on Stalnaker’s, but Stalnaker
will not find the difference in strength conceptually important.

This brings us back to Positive CG-Introspection. Positive CG-Introspection is in
fact a logical watershed between Stalnaker’s theory and the minimal one. The reason has
already been touched on in passing. If we add Positive CG-introspection to the minimal
theory, then according to the new theory, if it’s common ground that p, it is also Ss-
common ground that p.3° This holds for Positive CG-Introspection in any theory where
common ground is defined by iterating mutual acceptance.

307 should also note that this version of collapse is a particularly implausible theory. There are clearly
cases where you and I both accept something, but we fail to mutually accept that both accept it (this

is a point on which Stalnaker and I agree). But the theory under consideration in the main text would
(bizarrely) rule out this commonplace phenomenon.
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In light of Proposition 2.B.1 this difference might seem critical. If Stalnaker’s theory
of assertion is to be consistent for all the set of all utterances, we must have both positive
and negative introspection.

But I don’t think the argument that the minimal theory fails here is a very strong
one. The minimal theorist has two replies which do not require guaranteeing positive
introspection in all contexts. The conservative option is to hold that Diagonalization was
merely intended as a restricted principle governing some utterances in some contexts. The
aim of the theory was surely not to claim that every utterance can always be interpreted!
A less conservative option is to give up on Stalnaker’s theory of assertion full stop. This
option should not, I think, be overlooked. The theory of Diagonalization, Uniformity and
Default has interesting structure, but I do not believe that its predictions are so well
confirmed for its rejection to count as a clear cost to the minimal theory of common

ground.

2.D. Non-Defective Contexts

Instead of “Genuine Non-Defective”, Stalnaker originally defined the following notion

of context:

Non-Defective: A context is non-defective if, for all 4, if ¢ S-presupposes that p, then

it’s S-common ground that p.

In early draft material for this paper, I provided countermodels to the following claim
(Stalnaker 2009: 401) “If a speaker believes the context is nondefective, then that speaker’s
presuppositions will satisfy both negative and positive introspection.” The construction

of counterexamples to the claim is sufficiently delicate that I include an example here:

w1 w2 w3 Wy
b a

W) ) )

a,b a,b a a,b

At w1, the context is non-defective in the defined sense, and both a and b believe it
is. And yet, while it’s not common ground that {w4}, it’s also not common ground that
it’s not common ground that {ws}. (In fact, this example is simpler than my originals;
thanks to Bob Stalnaker for showing me a related one, and also to Matt Mandelkern who
caught some errors in an earlier draft.)

In response to these earlier counterexamples, Stalnaker now adopts a version of the

condition which I called “Genuinely Non-Defective”, and a variant for presupposition
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(it’s presupposed that the context is non-defective), to ensure negative introspection
for common ground and presupposition (2014: Appendix main text at n. 14). In fact,
while the condition Stalnaker now provides for presupposition is correct, the one for
common ground is still not quite right: he says “if it is common ground that the context is
nondefective, then the negative introspection principle will hold for the common ground.”
But in fact, the context must also actually be non-defective, as the following model shows.
In the figure, at wy it is common ground that the context is non-defective (the common
ground is {wy,ws}), and not common ground that {w;}, but also not common ground
that it is not common ground that {w;} (since at wj, the common ground would be
{wi}).

a b
a,wal%wQngDa,b

In both cases, Stalnaker may have been led to his claims on the basis of a result by
Bonanno and Nehring (2000), which shows that adding the aziom B,CBp — CBp to
a normal multi-modal doxastic logic where each individual’s beliefs obey K D45 returns
negative introspection for common belief. Their result depends on the fact that we can use
Necessitation with respect to this axiom itself. In model-theoretic terms, it’s not just that
our beliefs about what we commonly believe are true at the actual world; they’re true at
every world in the model. As a result, for any world B;C'Bp — CBp is both true at that
world and a matter of common belief there. Proposition 2.C.1 is an easy generalization
of their theorem, but the statement of it demonstrates the role Necessitation plays in
the proof, by making explicit the beliefs about beliefs one must have for the proof to go
through.

In any case, this point about definitions is a minor detail; the revised condition serves

Stalnaker’s theoretical purposes just as well as the one he adopts in the book.

2.E. Unique i-Candidate Contexts and Agent-Relative Introspection

In the main text I noted that it is important that the minimal theorist can define a
class of contexts in which agents do know what the context is. This appendix fulfills that
promise. We want the following two axioms.

Agent-Relative Positive CG-Introspection: CGp — B;CGp

Agent-Relative Negative CG-Introspection: ~CGp — B;—~CGp.3!

3lFor reasons mentioned repeatedly above, replacing “B;” in these conditions with A; is unpromising,
at least if one accepts that p only if one also adopts the attitude determined by the conversational
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In fact, we might as well replace the B; with K. By essentially the same argument as

used for Proposition 3, we then have

PROPOSITION 2.E.1. (Contextual Omniscience) Let M be a pointed conversational
model where each B; obeys a — K (a € B;(p — q) — (Bip — Biq)). Then if the model
obeys:

(i) a € =A;jp — B;—A;p

(#4) a € B;CGp <> CGp

(791) a € B;(CGp — A,CGp) then

a € CGp— B;,CGpnN-CGp — B;-CGp.

There is one slight difference between this proposition and Proposition 2.C.2. Condi-
tion (4¢) has now been strengthened to a biconditional, delivering Agent-Relative Positive
Introspection by stipulation.

I take this result to show that, as far as the intuitive demand about knowing what
the context is, there is little to choose between the two theories. Given the appropriate
additional stipulations, each can deliver the needed form of omniscience about context.
The case of Stalnaker’s theory of assertion is a subtler question. It is unsurprising that
Stalnaker’s theory of context is tailored to that theory of assertion. But it is unclear
whether that amounts to an argument, never mind a powerful one, against the minimal

theory of common ground.

tone to p. Note that in our general neighborhood frames, these axioms will not suffice, since RPi (w)
is defined for the version of belief which corresponds to assumption, not for the original belief operator
(which corresponds to acceptance). We then have two options. We can either impose an axiom directly
on BY for each agent, or we can alter i-Uniformity to be defined as: (Yw)(3w’)(au(w’) € NP (w)). It
then suffices to have simply: VwIv({w’ : ¢y = ¢,v} € NP (w). The former will be my approach in what
follows in the main text.



CHAPTER 3

People with Common Priors Can Agree to Disagree

ABsTRACT. Robert Aumann presents his Agreement Theorem as the key conditional:
“if two people have the same priors and their posteriors for an event A are common
knowledge, then these posteriors are equal” (1976: 1236). This paper focuses on four
assumptions which are used in Aumann’s proof but are not explicit in the key condi-
tional: (1) that agents commonly know, of some prior u, that it is the common prior;
(2) that agents commonly know that each of them updates on the prior by condi-
tionalization; (3) that agents commonly know that if an agent knows a proposition,
she knows that she knows that proposition (the “K K” principle); (4) that agents
commonly know that they each update only on true propositions. It is shown that
natural weakenings of any one of these strong assumptions can lead to countermod-
els to Aumann’s key conditional. Examples are given in which agents who have a
common prior and commonly know what probability they each assign to a propo-
sition nevertheless assign that proposition unequal probabilities. To alter Aumann’s
famous slogan: people can “agree to disagree”, even if they share a common prior.
The epistemological significance of these examples is presented in terms of their role
in a defense of the Uniqueness Thesis: If an agent whose total evidence is E is fully
rational in taking doxastic attitude D to P, then necessarily, any subject with total

evidence E who takes a different attitude to P is less than fully rational.

3.1. Introduction

Robert Aumann presented his seminal Agreement Theorem as the claim that: “If two
people have the same priors, and their posteriors for an event A are common knowl-
edge, then these posteriors are equal” (1976: 1236).! According to this key conditional,
if two agents commonly know what probability they each assign to a proposition, their
probabilities agree.? In Aumann’s phrase, these agents cannot “agree to disagree”.

One often reads that Aumann proved the key conditional, or that this key conditional

requires no further assumptions worth questioning. Thus, Stephen Morris writes:

IThanks to Frank Arntzenius, Daniel Rothschild, and Tim Williamson for detailed and insightful com-
ments on numerous versions of this paper. I am grateful to two anonymous referees for extremely helpful
comments and suggestions. Thanks finally to Peter Fritz, Jeremy Goodman and Tiankai Liu for many
conversations both about this material and not.

2Aumann’s result holds for potentially infinite numbers of agents, but it is difficult to state clearly in
English with more than two. I will say that agents “commonly know” or “commonly believe” a proposition
as an abbreviation for “it is common knowledge among the agents that”, and “it is common belief among
the agents that”.

95
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“Perhaps the most compelling argument against the common prior as-
sumption is the following reductio argument. If individuals had com-
mon prior beliefs then it would be impossible for them to publicly
disagree with each other about anything, even if they started out
with asymmetric information. Since such public “agreeing to disagree”
among apparently rational individuals seems to be common...an as-
sumption which rules it out is surely going to fail to explain important

features of the world.”3

Similarly, the computer scientist Scott Aaronson remarks that his “conclusion that com-
plexity is mot a major barrier to agreement” “strengthens Aumann’s original theorem
substantially, by forcing our attention back to origin of prior differences.”*

But in fact, Aumann’s original proof depends on a number of strong assumptions
which are not stated explicitly in the key conditional. This paper focuses on four:

(1) that agents commonly know, of some prior u, that it is the common prior;

(2) that agents commonly know that each of them updates on the prior by condi-
tionalization;

(3) that agents commonly know that if an agent knows a proposition, she knows that
she knows that proposition;

(4) that agents commonly know that they update only on true propositions.

I make each of these four assumptions explicit, and then show that natural weaken-
ings of any one of them allows for countermodels to the key conditional. Four examples
are given in which agents who have a common prior and commonly know the probabilities
each assigns to a proposition nevertheless assign that proposition unequal probabilities.
The examples show that the reductio articulated by Morris, and which lies behind Aaron-
son’s remark requires these further, strong assumptions.

In fact, the examples show something subtler as well. The intuitive idea behind
the common prior assumption is that if rational agents have the same information or
evidence, they have the same beliefs. But when one formalizes this assumption, one
typically imposes the common prior “globally”, at every state in a given model. This way
of formalizing the assumption has consequences which show that it is unfaithful to the
original intuitive idea. In particular, the formal implementation of the assumption has
the consequence that agents do not just have a common prior, they commonly know, of

3Morris 1995: 227-8
4Aaronson 2005: 3 (of the full version); his emphasis. See also Cowen and Hanson 2014 (forthcoming).
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some prior u, that it is the common prior. (This was the first implicit assumption noted
above.) A similar point holds for each of our four target assumptions. In each case, the
informal motivation suggests at most that a given law holds at the actual state, not that
it is common knowledge, nor that it holds at every state in the model. And in fact, as
my examples will show, the key conditional may fail even when all of Aumann’s informal
assumptions hold at the actual state. The apparent paradox of the Agreement Theorem
can thus be resolved without giving up on any of Aumann’s intuitive assumptions; all
that must be relaxed are common knowledge assumptions which were unattractive to

begin with.

3.1.1. Epistemological Motivation. One aim of this paper is to make the Agree-
ment Theorem more accessible to philosophers. To do this, much of the paper will be
devoted to presenting a particular epistemological interpretation of Aumann’s theorem.
This discussion is unnecessary for understanding the formal content of the paper. Read-
ers primarily interested in these formal results may wish to skip these more discursive
sections of the paper.®

Recently, a number of epistemologists have advocated versions of the Uniqueness

Thesis:

Uniqueness Thesis: If an agent whose total evidence is E is fully rational in taking
doxastic attitude D to P, then necessarily, any subject with total evidence F
who takes a different attitude to P is less than fully rational.®

We will consider a Bayesian elaboration of the Uniqueness Thesis:”

Bayesian Uniqueness: There is some prior u, such that, for any agent ¢ and for any
proposition P, if i’s evidence is determined by a set of propositions the con-
junction of which is a proposition F, then i is fully rational in her attitude to

P only if she has a degree of confidence in P equal to u(P|E).®

5Technically minded readers should simply read Sections 3.4 and 3.5 in detail. Sections 3.6 and 3.7
may then be skimmed with an eye to the “pointed” interpretation of the models presented there. The
discussion of Moses and Nachum’s (1990) problem may also be of interest, and is found in n. 36.
6White (2013), cited in Kelly (2013). An earlier version is found in White (2005: 445): “given one’s total
evidence, there is a unique rational doxastic attitude that one can take to any proposition.” For a differ-
ent development, see Feldman 2007. A charitable reading of this thesis requires prefixing “necessarily”.
Otherwise, if the conditional is material, then if no one is ever fully rational in taking a given doxastic
attitude, the principle is true, but vacuously so.

"In Section 3.2.1, I will formalize the Uniqueness Thesis directly. In the introduction, however, I focus
exclusively on Bayesian Uniqueness, since Aumann’s original theorem applies most directly to that thesis.
8For the purposes of this paper, I will consider only finite models, where the evidential prior is assumed
to be regular, that is, if u is the evidential prior and Q our finite universe, u(E) > 0 for every non-empty
E € 2(Q2). Thus I will be abstracting from substantial issues about undefined conditional probabilities.
For some discussion, see Williamson 2007, Hajek 2010, Easwaran 2014. Note that Bayesian Uniqueness
is vacuous if there is no agent whose evidence is “determined by” a set of propositions. Later, I rule this
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To motivate a version of Bayesian Uniqueness, consider the evidential prior of Williamson
(2000). In Williamson’s view, conditionalizing the evidential prior on what one knows
determines the degree to which one’s body of evidence supports a given proposition.
Williamson does not claim that the degree of support a proposition enjoys on one’s
evidence determines the attitude that one should take to that proposition. But a theorist
of Bayesian Uniqueness who identifies ¢ with the evidential prior would endorse precisely
that stronger claim.”

The key conditional can be used as a premise in a reductio of Bayesian Uniqueness
which is directly analogous to Morris’s argument. I will call this form of argument the
“argument from Agreement”; since it uses Aumann’s key conditional as its main premise.
The argument runs as follows. The key conditional says that if agents have the same prior,
then they cannot “agree to disagree”. Bayesian Uniqueness says that rational agents, inso-
far as they are rational, have the same prior. Together with the key conditional, Bayesian
Uniqueness entails that rational agents cannot agree to disagree. But this result is ab-
surd. Scientists who have exchanged their views in person and in print over the course of
decades are paradigmatic examples of those who commonly know one another’s opinions.
Jurors who have sincerely debated the verdict in a long trial, and sincerely discussed their
decisions with each other, are yet another paradigmatic example of those who commonly
know one another’s beliefs. Even so, these scientists may have different degrees of confi-
dence in specific scientific theories, just as these jurors may cast different votes in a given
trial. But these disagreements do not give us grounds to fault the scientists’ or jurors’

rationality.

out explicitly by adding a further thesis (Evidential Determination), which takes a stand on the nature
of evidence.

9S0me may agree with the spirit of Bayesian Uniqueness but reject its commitment to there being, for
any proposition, a precise degree of confidence one should have in that proposition. One version of such
a “mushy” or “imprecise” view holds that one’s attitudes at a time should be represented by a set of
probability functions, often called the “representer”. Similarly, one’s attitude to a given proposition P at
a time is represented by a set of values, which by extension we call “the agent’s representer on P”. We
would then have:

Mushy Uniqueness: There is some family of priors {fta }aca, for an index set A, such that, for any
agent ¢, and for any proposition P, if i’s evidence is determined by a set of propositions, the
conjunction of which is a proposition F, then i is fully rational in her attitude to P only if
©’s representer on P is {pa(P|E)}aca-

In this setting, the key conditional would become: “if it is common knowledge among two agents what
one agent’s representer on P is, and common knowledge what the other’s representer on P is, then
their representers on P are the same.” (It is easy to see that, since Aumann’s original theorem holds
for each element of the representer, the relevant modification of the original theorem will yield this
modification of the key conditional. Theorem 3.2.1 and its corollary thus apply straightforwardly to
Mushy Uniqueness.) I will not explore these imprecise or mushy ideas further here, except to note that
the examples of later sections also provide ways of defending Mushy Uniqueness from the analogous
argument from Agreement (see next paragraph in the main text). Since Bayesian Uniqueness is just a
special case of Mushy Uniqueness (where the representer is a singleton), a model which satisfies Bayesian
Uniqueness is also a model which satisfies Mushy Uniqueness.
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This argument from Agreement threatens more than just Bayesian Uniqueness. Some
reject Bayesian Uniqueness in its most general form, but still hold that very often, or
when confined to certain subject matters, there is a uniquely rational attitude that each
individual should have. Many subjective Bayesians, for example, hold that, although some
agents’ priors sometimes differ, very often or at least when restricted to propositions in
certain subject matters, we do have the same priors. If the argument from Agreement is
sound, it imposes a surprising and severe restriction on the prevalence of shared priors.
It shows that common priors are only as common as agreeing to disagree is rare. For if
you and I agree to disagree, then, given the key conditional, we have different priors.

The dialectic of this paper will thus run as follows. I take my “opponent” to be
someone who claims that the argument from Agreement shows that Bayesian Uniqueness
is false (and that agents share a common prior less often than the subjective Bayesian
of the previous paragraph claims). The countermodels to the key conditional will then
offer the theorist of Bayesian Uniqueness different ways of replying to the argument
from Agreement. The formal examples show that the argument from Agreement requires
further, unstated premises. The motivations for the examples show that these further
premises are difficult to defend.

Before we begin, let me set aside one natural response to the argument from Agree-
ment. According to this response, the scientists or jurors in the above examples do not in
fact commonly know one another’s opinions. Instead of challenging the key conditional it-
self, this response merely questions how often the key conditional applies. This response
to the argument from Agreement is of considerable interest. I myself believe common
knowledge is comparatively rare. But I won’t consider this line of response further in the
paper. Many philosophers, and many if not most economists and computer scientists be-
lieve that common knowledge is extremely common. If denying that scientists or jurors
have achieved common knowledge represents the only resort of the Uniqueness Theo-
rist, Aumann’s Agreement Theorem would already have provided an astonishing result:
that the Uniqueness Thesis is inconsistent with standard views about the prevalence and

attainability of common knowledge.

3.1.2. Outline. Section 3.2 sets up the basic model. I use the formalism of decision
functions to provide a version of the argument from Agreement which applies directly to
the qualitative Uniqueness Thesis (and not just to its Bayesian elaboration). I further

strengthen my opponent’s position by proving a novel qualitative Agreement Theorem,
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which uses only S4 (not S5) for knowledge. In Section 3.3 I describe how this theorem
carries over to the Bayesian setting, and to Bayesian Uniqueness in particular (the proofs
are in the Appendix).

Sections 3.4-3.7 develop the main observations of the paper, relaxing each of the
target assumptions in order. In each of these examples, the agents have a common prior,

and commonly know one another’s posterior beliefs. But still, they disagree.

3.2. The Qualitative Theorem

Our basic models will use the framework of epistemic logic introduced by Hintikka
(1962). We begin from an interactive Kripke frame, F =< Q, N, {R; };cn >, containing:
a set ) of states or “worlds”; a countable set, IV, of “agents”; and a set of accessibility
relations (one for each agent) R; C Q x Q. For the purposes of this paper, we restrict
attention to frames in which the set of states, Q, is finite (that is, |2] = n, for some
positive integer n); this ensures that our results do not turn on paradoxes of infinity.
Informally, we think of worlds as coarse-grainings of the space of maximally specific
situations, by equivalence classes with respect to what is relevant in the case we are
modeling. The relations R; are then interpreted as describing what an agent “considers
possible” at any given world.

We use these R; to define possibility correspondences, P; : © — 29, with P;(w) :=
{w" € Q| wR,w'}. These functions take a world w to the set of worlds the agent 4
“considers possible” or “sees” at that world.'® A proposition is a set of states, E C Q.
An agent is said to believe a proposition if and only if it holds at every world he or
she considers possible. Formally, we represent this interpretation by defining a function
B; : 2% — 2% as follows: B,E := {w € Q|Pi(w) C E}. Each function B; takes each
proposition E to the proposition that i believes F.

We will be interested in agents with consistent beliefs. Accordingly, we require that, if
an agent believes a proposition, he or she does not believe the negation of that proposition.
This condition corresponds to the requirement that the accessibility relation be serial;

an agent who has a serial accessibility relation will be said to satisfy (D).'? By extension,

10Note that we could have taken possibility correspondences as primitive and defined the accessibility
relations R; in terms of the possibility correspondences: wR;w’ := w’ € P;(w). These are equivalent and
interchangeable ways of describing the models.

Tt is a substantive and controversial thesis that the objects of “propositional attitudes” (e.g. belief-that
and knowledge-that) can be represented by—mnever mind identified with—sets of states. Nevertheless, 1
adopt this assumption throughout, in accordance with the results I will be discussing.

128eriality is the condition that: (Vew)(3w’)wRsw'. It is equivalent to the condition that for all w, P;(w) #
(. It is also equivalent to the condition that for all E C Q, B;E C =B;—E (where “~” is an abbreviation
for set complement, so that “—~E” abbreviates Q \ F). For more on this, and the conditions discussed
below, see again Fagin, Halpern, Moses and Vardi 1995.
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a frame satisfies (D) (or one of the conditions introduced below) if every agent in the
frame satisfies (D). Every frame discussed in this paper satisfies (D).

Knowledge is factive: for any proposition p, if an agent knows that p, then p. To
represent the factivity of knowledge, we require that the accessibility relation be reflezive:
an agent with a reflexive accessibility relation is such that, at any world, the agent
considers that world possible. An agent with a reflexive accessibility relation will be said
to satisfy (T).'3

We can also formalize what are sometimes called “introspection principles” by impos-
ing additional constraints on the accessibility relation. An agent’s beliefs are positively
introspective just in case, for any proposition p, if she believes that p, she believes that
she believes that p. Her beliefs are negatively introspective just in case, for any proposi-
tion p, if she fails to believe that p, she believes that she fails to believe that p.'* These
constraints, which are also called (4) and (5), correspond respectively to transitivity and
euclideanness of the accessibility relation.'®> When the possibility correspondences are in-
terpreted as representing knowledge, positive introspection, (4), is the formal analogue
of a simplistic “ K K”-principle.

S5 or partitional frames obey both (T) and (5).' (Any frame which satisfies these
constraints also satisfies (4).) S4 frames obey (4) and (T), and, finally, K D45 frames
obey (D), (4), and (5). These names are derived from the names of normal modal
logics which are sound and complete with respect to the class of frames which satisfy the
relevant conditions.

Epistemic models make a number of substantial idealizations about knowledge and
belief. All standard models of this kind abstract from the possibility that someone might
know that Hesperus rises in the evening, but not know that Phosphorus rises in the
evening (presuming this is indeed possible).!” Abstractly, if an agent believes that p

and p = ¢, then the agent believes that ¢. In addition, Hintikka-Kripke models make

I3Reflexivity is the condition that: (Vw € Q)wR;w. It is equivalent to the condition that Vw w € P;(w).
It is also equivalent to the condition that, for all E C Q, B,E C E. Reflexivity, (T), is strictly stronger
than seriality, (D).

14The same terminology applies to knowledge, with “know” substituted for “believe” in the above state-
ments.

1‘r)rl‘ransitivity is the condition that for all xz,y,z € Q, if zR;y and yR;z, then zR;z. In our setting, it
is equivalent to the condition that Vw,w’ (v’ € P;j(w) — P;(w’) C P;(w)). It is also equivalent to the
condition that for all E C Q, B;E C B;B;E. Euclideanness (also called “right euclideanness”) is the
condition that for all z,y,z € Q, if xR;y and zR;z, then yR;z. It is equivalent to the condition that for
all w,w’,w” € Q, W, w"” € Pij(w) = w” € P;(w'). It is also equivalent to the condition that for all E C 2,
~B,E C B;i(~B;E).

16These frames are “partitional” because P; = {P;(w)|w € 2} partitions the state space.

17In this paragraph and the next I use “knmowledge” in the main text. But my observations about models
of knowledge apply, mutatis mutandis, to models of belief, and the reader should keep this in mind.
(This is true generally for the remainder of the section.)
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three further assumptions, of “logical omniscience” for belief and knowledge. First, by
the definition of knowledge in these models, for any proposition an agent knows, she
knows every proposition entailed by it. Second, if an agent knows E and knows F', she
knows ENF’; agents’ knowledge is closed under conjunction. Finally, every agent trivially
knows or believes the tautology, €1, since every world she can see is an element of the
universe. If worlds are interpreted as logically possible situations, it follows that each
agent knows every logical truth.

All but a small minority of philosophers reject the claim that people’s belief and
knowledge exhibit logical omniscience of this kind.'® Even computer scientists and economists,
with their more robust appetite for idealization, have recognized that these assumptions
are too strong.'® But I will not contest these assumptions in what follows. Since logi-
cally omniscient agents cannot disagree on the basis of mistakes about logic, it is harder
and not easier for them to disagree. My counterexamples to the key conditional will be
more powerful because they exhibit logically omniscient agents who, in spite of their
omniscience, agree to disagree.

In addition to single-agent notions of belief and knowledge, we wish to describe rela-

tionships between the knowledge and belief of a group of agents. The simplest such rela-
tionship is mutual knowledge (or belief). A group mutually knows (or, mutually knows!)
a proposition F at a world w if and only if every agent in the group knows E at w.?°
A group mutually knows™ a proposition F if and only if the group mutually knows that
they mutually know” ' E. The group commonly knows E if and only if, for all natural
numbers n, they mutually know” it.2!

In the finite models we will be considering here, the definition of common knowledge
as an infinite conjunction is provably equivalent to a more elegant one, in terms of what
are called self-evident propositions.?> A proposition E is self-evident to an agent i if and
only if, if F obtains, i knows that it obtains.?®> When the P; are interpreted as representing
knowledge self-evident propositions are akin to what are called “luminous” propositions
in Williamson (2000: 95).24 Now call a proposition public to a group G C N if and only
18The exception is Stalnaker 1999: 241-73.
195ee Halpern and Pucella 2011 for a recent survey.
20In symbols: Vi i € G — P;(w) C E, where G C N.
21The formalism for common knowledge was developed independently by Friedell 1969, Lewis 1969 and
Aumann 1976.
22The explicit statement is due to Monderer and Samet 1989, but the idea is present already in Friedell
1969, Aumann 1976, and in a less formal way, in Lewis 1969: 52-7.
23For allw € E, P;(w) C E. Equivalently, E is self-evident to i if and only if there are now € E,w’ € Q\E

such that wR;w’. Again, belief could have been used here.
24williamson 2000 used “in a position to know” in place of “know”.
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if it is self-evident to all agents in the group.2® Using these definitions, we can show that
a proposition F' is commonly known by a group G at a world w if and only if there is

some public proposition E such that, for each i, E entails that i knows F.26

3.2.1. Qualitative Agreement. Aumann’s original theorem has been shown to be
a special case of a more general theorem using “decision functions”. Formally, a decision
function d : 2 — A, where A is a set of (possibly infinitely many) “actions”, takes propo-
sitions as arguments, and yields abstract “actions”.?” On the standard interpretation, if
P;(w) = E, with E C Q, then at w, the agent ¢ does or should take the action d(F).
In spite of their name, “decision functions” need not have anything to do with conscious
“decisions”. On the standard interpretation, they simply represent some feature of the
situation which is fully determined by the conjunction of all of the propositions to which
a given agent stands in the relation (for example, believes or knows) represented by the
possibility correspondence.

I will discuss a specific interpretation of decision functions. Consider the following

thesis:

Evidential Determination: There is some relation to propositions, such that one’s

evidence supervenes on or is determined by the set of propositions to which one

stands in this relation.?®

Evidential Determination does mot require that one’s evidence be a proposition or set
of propositions, but merely that one’s evidence supervenes on or is determined by some
relation to propositions.

We wish to use our models to represent a class of agents who satisfy Evidential
Determination. Evidential Determination says nothing about the structure of the set

of propositions to which one stands in the evidence-determining relation; this set of

257 proposition F is self-evident if and only if for all i € I,w € E,P;(w) C E. Equivalently, a proposition
E is self-evident if and only if there is no i € I, such that for some w € E, w’ € Q\ E, wR;w’. The
relationship to common knowledge is made more transparent by considering a third equivalent definition.
Let R* be the transitive closure of the union of the R; for ¢ € I. Then a proposition E is public just in
case, for all w € F, wR*w' — W' € E.

26Formally, F is commonly known (or: believed) at w if and only if there exists a public proposition F,
such that £ C {«’ € Q: P;(w') C F}. Note that, in models of knowledge, where (T) is assumed, if E
is public, then for all i € N, E C {w' € Q: P;(w’') C F} +» E C F. So when we assume (T) in these
models of knowledge, we can simplify the definition as follows: F' is commonly known at w if and only if
there exists a public proposition E, such that £ C F.

2"Decision functions were introduced to the literature on Agreement by Cave 1983 and Bacharach 1985.
28 A version of this view is explicitly endorsed by Williamson (2000: Ch.9) and Conee and Feldman 2004
Ch. 9.
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propositions might even contain contradictory pairs. But in this paper, we will not coun-
tenance such unhappy sets of evidence. We will use the P; in the Hintikka-Kripke frame
to represent the evidence-determining relation. In particular, we will say that an agent’s
evidence at w is determined by the propositions which include P;(w), or, in symbols by
the set {E € 22 : Pj(w) C E}. This representation means (as we saw above) that the
set of propositions which determines an agent’s evidence will have special properties: the
propositions in it will be logically consistent ((D)); the set will be closed under semantic
entailment and under conjunction; and the set will contain all logical truths. Although
this representation of Evidential Determination is somewhat restrictive, in what follows,
when I say that a model represents Evidential Determination, or that something follows
from Evidential Determination, I mean this mathematical implementation of the thesis.
The implementation has one very convenient feature. Since specifying a single proposi-
tion is enough to specify the whole set of propositions, we can use a single proposition
as a proxy for the set.

The project is now to use decision functions to represent the conjunction of Evidential
Determination with the Uniqueness Thesis. To this end, we consider modified decision
functions, d* : 29 x 2 — A, functions from ordered pairs of propositions to actions.
On this interpretation, the first element of these ordered pairs is understood to be the
proposition which stands proxy for a given body of evidence. The function takes as
argument a pair consisting of: the proxy for a body of total evidence and a proposition—
and yields an element of A, here understood as a doxastic attitude. This interpretation
allows us to represent the Uniqueness Thesis. According to the Uniqueness Thesis, if
one’s total evidence is E, then for every proposition, there is a uniquely rational attitude
which one should have to that proposition. Thus we understand the function d* as taking
evidence, proposition pairs as arguments, and delivering the uniquely rational attitude
one should have to the relevant proposition, given that body of evidence.

On this interpretation, models with qualitative decision functions represent views
which incorporate the conjunction of Evidential Determination and the Uniqueness The-
sis. The decision function itself takes one’s total evidence (or a proxy for one’s total
evidence) to a function which describes, for every proposition, the uniquely rational dox-
astic attitude one should have to that proposition. When this interpretation is in view,
we call decision functions evidential response functions.

Without any further constraints on decision functions, we can say very little. But

even weak structural constraints allow us to start proving interesting results. A decision
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function d satisfies the formal sure-thing principle if and only if, if d(E) = d(F) = a for
some action a, where E and F are disjoint (ENF = @), then d(E' U F) = a. Cave (1983)
and Bacharach (1985) first showed that:

THEOREM (Qualitative Agreement Theorem). If all members of a group of agents
have partitional (S5) knowledge and use the same sure-thing decision function, then if
they commonly know the value of each others’ decision functions, the value of the decision

functions is the same.

To suit the application which interests us, we must modify this theorem in two minor
ways. First, an evidential response function d* satisfies the evidential sure-thing principle
if and only if, for all E' C Q, if d*(E,E') = d*(F,E’) = a for some attitude a, where F
and F are disjoint (ENF = (), then d*(EUF, E') = a. Second, whereas the statement of
Bacharach and Cave’s uses knowledge, we simply require that the evidence determining
attitude (whether it be knowledge or not) obey S5. We can now restate the theorem as

follows

THEOREM (Modified Qualitative Agreement Theorem). Suppose each member of a
group of agents has an evidence-determining relation which induces a partition on the
space of worlds, and that all members of the group use the same evidential sure-thing
evidential response function. Then if they commonly know which attitude each should

take to a given proposition, they should all take the same attitude to that proposition.

The proof of Bacharach and Cave’s theorem proceeds by way of a key lemma, shared
by a wide range of agreement theorems. Discussion of this key lemma will illuminate the
structure of this and other similar results.

A decision function is constant for an agent on a proposition E C Q if, for every
w,w’ € E, the decision function has d(P;(w)) = d(P;(w’)). The key lemma states that, if
the decision function is constant for an agent on a proposition E, which is self-evident to
that agent, then the value of d(P;(w)) for any w € E is equal to the value of the decision
function on the self-evident proposition itself, that is, d(E).

In Bacharach and Cave’s theorem, the key lemma is particularly transparent. Recall
that a proposition F is self-evident to an agent 4 if and only if, for every w € E, P;(w) C E.
In Bacharach and Cave’s models, each agent’s knowledge is partitional. So, for any agent,
any self-evident proposition can be written as the disjoint union of elements of the agent’s

partition. (This follows from the fact that the models are partitional or S5.) Now suppose
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that the decision function is constant for an agent on a self-evident proposition. The
formal sure-thing principle says that if the function takes the same value on each of a
pair of disjoint sets, it takes the same value at their union. So it follows by this principle
that the decision function has the same value on the whole of the self-evident proposition
E, as it does on each P;(w), for w € E.

With this key lemma in hand, the proof of the theorem is merely a question of
transforming definitions. The antecedent of the key conditional says that the value of
the decision function for each agent is commonly known. Thus, by hypothesis and the
definition of common knowledge, for each agent, the decision function is constant for that
agent on a public proposition. Now (once again, by definition) public propositions are
self-evident to all agents. We choose the smallest non-null public proposition F' which
contains the actual world.?? The key lemma shows that, for all agents, d(P;(w)) = d(F),
for all w € F. Since all agents use the same decision function, and F is the same for all

of them, they all take the same action.

3.2.2. Beyond S5. A concrete form of Fvidential Determination is advocated by
Williamson (2000: Ch. 9): that one’s evidence is what one knows. On this version of
Evidential Determination, the assumption that agents satisfy S5 with respect to the
evidence-determining relation is implausible. Philosophers of all stripes reject the claim
that knowledge satisfies the negative introspection principle ((5)) which is validated by
partitional models (Hintikka 1962; Williamson 2000: 23-27; Stalnaker 2009: 400). Thus if
knowledge (or in fact any factive attitude) underwrites the evidence-determining relation,
the modified version of Bacharach and Cave’s result is of limited interest for our purposes.

If we strengthen the evidential sure-thing principle, however, we can go beyond par-
titional knowledge, and prove a different result, using a weaker epistemic logic.?® This
follows from a more general principle: stronger constraints on decision functions allow
us to weaken the epistemic logic and preserve the claim that, if agents commonly know
what each will do (according to the shared decision function), then they will take the

same action (as given by that decision function).

29There is guaranteed to be such a proposition because common knowledge, like each individual’s knowl-
edge, is closed under conjunction. The smallest commonly known proposition is thus the conjunction of
all propositions which are commonly known. (Since the models have finitely many propositions, this is
nonempty.)

30Even using only the sure-thing principle, we can improve the Agreement Theorem by using local
decomposability in place of S5. A possibility correspondence P; is locally decomposable with respect
to a set E if and only if there is a set F C E such that, for all w,w’ € F, Pj(w) N Pj(w') = 0
and J,cp Pi(w) = E. A possibility correspondence is locally decomposable simpliciter if it is locally
decomposable with respect to all self-evident sets. We can prove that all locally decomposable possibility
correspondences cannot agree to disagree on a sure-thing decision function.
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An example will help to make the point, and also focus attention on a key difficulty
about qualitative Agreement results. A decision function satisfies the strong sure-thing
principle if and only if, if d(E) = d(F) = a, and if ENF = 0, or d(ENF) = a,
then d(E U F) = a.3! The strong sure-thing principle strengthens the formal sure-thing
principle because it has consequences even if the relevant propositions £ and F' are not
disjoint. Using only 54 for the evidence-determining attitude, we can prove an Agreement

Theorem for decision functions that satisfy the strong sure-thing principle.

THEOREM 3.2.1. If a group of S4 agents have the same decision function, which
satisfies the strong sure-thing principle, and if each agent’s action is commonly known

among the group, then they all take the same decision.>?

Once again, we can modify the definition of the strong sure-thing principle in a
straightforward way to apply to evidential response functions. An evidential response
function satisfies the strong evidential sure-thing principle if and only if, for all E’ C €,
ifd(E,E")=d(F,E')=a,and if ENF =0, or d(ENF,E’) = a, then d(EUF, E') = a.
If we fix a proposition E/ C Q, we can use Theorem 3.2.1 to show that the agents
cannot agree to disagree about E’. Since E’ was chosen arbitrarily, Theorem 3.2.1 has,
as an immediate corollary, that S4 agents who obey an evidential response function
which satisfies the strong evidential sure-thing principle cannot agree to disagree in their

attitude to any proposition.

3.2.3. The Sure-Thing Principle: A Problem for the Argument from Qual-
itative Agreement. In the Introduction (Section 3.1), I stated an argument from Agree-
ment directed against Bayesian Uniqueness. The Modified Qualitative Agreement The-
orem and Theorem 3.2.1 suggest a more general argument, directed at the Uniqueness
Thesis itself, and not merely the Bayesian version of the thesis. The argument runs as fol-
lows. If the rational evidential response function satisfies the strong evidential sure-thing
principle, then by Theorem 3.2.1, the Uniqueness Thesis is inconsistent with rational
agreeing to disagree among S4 agents. But, as our earlier examples of scientists and
jurors showed, such disagreements seem to be possible. So the Uniqueness Thesis is false.
31Note for specialists: this condition is implied by preservation under difference plus the sure-thing
principle (Rubinstein and Wolinsky 1990). It is also implied by preservation under union. But it does

not imply either of these conditions.
32The proof of this theorem is given in the Appendix.
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This apparently powerful argument, however, has two problems. The first of these
problems is particular to the argument from Qualitative Agreement. This new argument
has a new premise: that the rational evidential response function satisfies the (strong)
evidential sure-thing principle.

The sure-thing principle is usually motivated by stories like the following, taken from

Savage:33

A businessman contemplates buying a certain piece of property. He
considers the outcome of the next presidential election relevant to the
attractiveness of the purchase. So, to clarify the matter for himself,
he asks whether he would buy if he knew that the Republican candi-
date were going to win, and decides that he would do so. Similarly, he
considers whether he would buy if he knew that the Democratic can-
didate were going to win, and again finds that he would do so. Seeing
that he would buy in either event, he decides that he should buy, even
though he does not know which event obtains, or will obtain, as we

would ordinarily say.

Savage concludes this example by observing that: “It is all too seldom that a decision can
be arrived at on the basis of the principle used by this businessman, but, except possibly
for the assumption of simple ordering, I know of no other extralogical principle governing
decisions that finds such ready acceptance.”®*

Savage’s principle, in spite of its putative “ready acceptance”, is subject to counterex-
amples. Here is a striking one.?® The businessman considers whether he should place a
bet on the outcome of the election with a certain bookie who charges a small fee on
each bet. The businessman’s current subjective probabilities about the outcomes of the
election match the bookie’s odds exactly. So the businessman should not place a bet: the
bookie’s fee is greater than his nil expected gain by placing a bet, whether he bets on the
Republican or on the Democrat. But the businessman has read his Savage. He considers
what he would do if he knew the Republican will win. In this case, if he bet, he would
bet on the Republican’s victory, and would win considerably more than he would lose by
paying the bookie’s fee. So he would place a bet. The businessman then considers what
33Bacharach 1985: 181; Aumann, Hart and Perry 2005 (unpublished): 8; Samet 2010: 171.
34Savage 1954: 21.
35Thanks to Tim Williamson and an anonymous referee for this example. It bears some structural
similarities to Parfit’s miners example (1988 (1983), recently revived for a different purpose by Kolodny
and MacFarlane 2010), though Parfit originally used his example to exhibit the difference between

subjective and objective “oughts”, not as a counterexample to the Sure-Thing Principle. For another
related example, see Aumann, Hart and Perry 2005 (unpublished): 10.
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he would do if he knew the Democrat will win. Once again, in this case, his bet would
win, so he would place a bet. If he follows Savage’s principle, he should place a bet, in
spite of the expected loss of that action, given his current uncertainty.

It is controversial whether this example can be extended to the formal version of
Savage’s principle. But we need not settle this here. The point in the present context is
merely to dramatize the fact that Savage’s argument for his principle is not enough. If the
argument from Qualitative Agreement is to be effective, the opponent of the Uniqueness
Thesis will have to offer a new argument to show that the rational evidential response
function satisfies (for example) the strong sure-thing principle.?%

This was the first problem with the argument from Qualitative Agreement. The
second problem—my countermodels—is in a sense the target of the remainder of the
paper. The countermodels of Sections 3.4—3.7 will show that agreeing to disagree is pos-
sible among agents who update by conditionalization on a common prior. Update by
conditionalization satisfies the strong evidential sure-thing principle.?” And since agents
update on a shared prior, the agents in these models have the same evidential response
function. So the later countermodels will also be countermodels to the more abstract ar-
gument from Qualitative Agreement. Even if the opponent of the Uniqueness Thesis were
to establish that the rational response function satisfies the strong sure-thing principle,
she would still have more work to do. She would still have to rule out the four classes of
counterexamples described in the remainder of the paper.

I will now present the theorem for Bayesian update, before turning to these counter-

models.

36714 is perhaps worth noting that a putative and much discussed problem with the formal sure-thing
principle, first stated by Moses and Nachum (1990, Lemma 3.2), does not apply on our interpretation of
decision functions (for recent discussion, see especially Aumann and Hart 2006 (unpublished); Aumann,
Hart and Perry 2005 (unpublished); Samet 2010). The supposed problem runs as follows. In partitional
frames, Qualitative Agreement theorems require an assumption that the shared decision function is
defined on belief-sets or knowledge sets agents could not have. Suppose agent ¢ has partitional knowledge.
Thus for some E, the proposition that E is identical to the proposition that i knows E. Similarly, if
i’s partition is not the trivial one, there is some F # FE, such that F' is identical to the proposition
that ¢ knows F'. If 4 knows E, she does not know F (since E N F = (J; they are incompatible), and, by
negative introspection, she knows that she does not know F. By the same argument, if she knows F,
she does not know E, so she knows that she does not know E. The sure-thing principle says that, if ¢
would take a given action if she knew that E, and if she would take the same action if she knew that
F, then she would take the same action if she knew only that (E or F'). But if ¢ knew only that (E or
F'), she would know that (she knows that E or she knows that F'). But, by negative introspection, she
would also know that (she does not know E and that she does not know F'), which is a contradiction.
But in our interpretation of the formalism, this problem does not apply. If a decision function is the
action a given agent would or should take, given certain knowledge, then contradiction looms. But the
Uniqueness Thesis is an interpersonal principle. The evidential response function, on this interpretation,
need not be sensitive to whether ¢ (as opposed to j or k) could know the proposition which it takes as
its argument. The response function merely gives a verdict about the doxastic attitude someone who
had a given body of evidence should take, irrespective of which agents can or cannot have that body of
evidence. The objection thus does not apply.

3TThis is proven in the appendix, as Fact 3.8.1.
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3.3. Agreement on Posterior Probabilities

Aumann’s original theorem concerns the specific decision function of update by con-
ditionalizing on a common prior. To present this theorem, we must add probabilities to
our frames. We expand the basic frame to include a prior u, which is a probability measure
over the finite space (2, yielding an extended common prior frame < Q, N, {R;}ien, pt >.
For simplicity, we assume that p assigns positive probability to every world in the frame; p
is regular. We continue to use the P; to define a set of propositions, {E € 2 : P;(w) C E}.
As before, we take this set to determine each ¢’s evidence, in accord with Evidential De-
termination. Finally, the agents in these frames determine their “posterior” attitudes as
Bayesian Uniqueness says they should: by conditionalizing the prior on the conjunction of
the set of propositions to which they bear the evidence-determining relation. To simplify
the English argumentation, when the attitude represented in the frames is factive, I inter-
pret the frames as modeling knowledge, in line with the view of evidence in Williamson
(2000: Ch. 9). I will interpret frames with a non-factive attitude as representing belief.
The models, of course, do not force either of these interpretations. Those who have dif-
ferent views about the evidence-determining relation should substitute their preferred
relation for my “know that” (if they hold that one can only bear this relation to true
propositions) or “believe that” (if they think false propositions can be evidence, t00).38

In common prior frames, an agent’s “posterior” probability in a proposition £ C 2
at a world w € Q can be defined as follows m;(w)(E) = w(E N Pi(w))/u(Pi(w)) =
w(E|P;(w)).?° Tt is now elementary to observe that this form of update by conditional-
ization obeys the strong evidential sure-thing principle (and thus, a fortiori, the formal
sure-thing principle).* In Aumann’s partitional frames, the Agreement Theorem for pos-
terior probabilities obtained by conditionalizing on a common prior is thus a corollary

of Bacharach and Cave’s Qualitative Agreement theorem.*' If we consider the class of

38Those who reject Evidential Determination in full generality should consider the set of cases (if any)
where a restricted version of that thesis does hold. Any Bayesian will of course think that evidence is
(at least in cases described by his or her Bayesianism) propositional, so the assumption should not be
overly controversial in this context. (Thanks to an anonymous referee here.) Those who think evidence
is never determined by a set of propositions in this way may have to engage in some exercises of the
imagination.

39Gince we assume that w is regular, and that all of the P;(w) are nonempty, this value is always defined.
40This claim is proven as Fact 3.8.1 in the appendix, for completeness.

41Tn these frames, a world w’ is accessible from w if and only if, at w, w’ has positive probability.
Probabilities march in step with the full attitudes represented by the accessibility relations. In the
application under consideration (to Bayesian Uniqueness) this assumption holds by hypothesis. But
in general, many deny that belief or knowledge entails full confidence or certainty. Especially when
factivity fails, then, those who deny that belief requires full confidence should replace my “belief” with
“full confidence” or “certainty”.
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S4 frames (and not merely the partitional ones), the Agreement Theorem for posterior
probabilities in S4 frames is a corollary of the new Theorem 3.2.1.42

But this corollary is still not as general as the key conditional. The next four sections
consider four further assumptions which are required to close the gap between the key

conditional and the theorem.

3.4. Common Knowledge of Common Priors

In common prior frames, all agents use the same prior.*> This assumption is often
called the common prior assumption. But the name is misleading. The implementation of
the common prior assumption has much stronger consequences than the mere assumption
that agents have the same prior. In the class of models for which the Agreement Theorem
is proven, agents not only have a common prior: they commonly know which prior they
share, and commonly know that they update by conditionalizing on that prior.

These assumptions are not stated explicitly in the key conditional. Nor are they
represented explicitly in Aumann’s class of models, even though the models guarantee
that they hold. When substantial assumptions are represented “behind the scenes” in this
way, it is difficult to assess their strength. So in this section, I first introduce a class of
models in which knowledge of the prior can be represented explicitly. (The next section
turns to update by conditionalization.) I then show that, in these models, even if agents
commonly know that they use the same prior, they may agree to disagree if they fail to
commonly know which prior they share.** A group may commonly know that they share
a prior, but fail to commonly know which prior they share, if some member of the group
fails to know which prior she herself employs.*>

Worlds represent the full domain of agents’ uncertainty. To represent uncertainty
about priors, we must relativize priors to worlds. A prior assignment function p; : Q —
A(Q) takes each world to a probability distribution over worlds. To respect the notion
that the prior is regular, we insist that the prior assigns positive probability to all w € .

The standard common prior frame is a special case of this class of models, where two

421 fact, we can prove a more technical result, which generalizes even this one, using a property I call
“local balancedness”, which is defined in the Chapter 5. Accordingly, the examples in Sections 3.6 and
3.7 will in fact give agents who not only fail to be positively introspective or have true beliefs, but do so
in a way that makes them fail to be locally balanced.

43Thanks to Robin Hanson for correspondence about the models presented in this section.
44Through0ut this section and the next, I use partitional frames in the examples. I thus speak of “common
knowledge” and not “common belief”. This is simply to hold fixed one aspect of the theorem while testing
another.

451 a different idiom, the agents may fail to know de re, of a given prior, that it is the common prior.
But they may still know de dicto, that they have the same prior. Thanks to an anonymous referee for
this way of putting the point.
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additional constraints are imposed: first, that for every pair of agents, ¢ and j, p; = p;;
second, that for every pair of worlds, w.w’, p;(w) = p;(w’') = u, where p is the common
prior.

To respect the view that the prior is the same for all agents, we will retain the
first assumption from the common prior frames, that every player has the same prior
assignment function. But to represent agents’ uncertainty about the exact value of the
prior, we relax the second assumption. An uncertain common prior frame is thus a tuple
< N,Q,(P,)ien,p >, where p is the shared prior assignment function. As above, we
stipulate that the value of agents’ posterior on a proposition F at a world w are given
by p(w)(E|P;(w)), in accord with Bayesian Uniqueness.*®

This new class of models allows us to distinguish two kinds of “common knowledge
of common priors”: first, that agents know that they have the same prior (but not which
one it is); second, that they know which prior they share. In uncertain prior frames,
agents commonly know that they have the same prior, but they may fail to know which
prior that is, since they may fail to know which prior they themselves have. Common
knowledge of which prior they all share is thus strictly stronger than common knowledge
that all have the same prior.

So we can use these models to test a possible response to the argument from Agree-
ment for theorists of Bayesian Uniqueness. Proponents of Bayesian Uniqueness may well
deny that properties of the prior are a matter of common belief (never mind common
knowledge). For example, I do not believe the proposition that [the (evidential) prior
assigns the proposition that space-time is supersymmetric probability < .5|. I also do
not believe its negation. Perhaps I share this state with other, more rational agents. So
we might wonder whether this kind of uncertainty can make room for the possibility of
agreeing to disagree.

Before answering this question, we should consider how this reply might suit subjec-
tive Bayesians, as well. Without any restriction on priors, subjective Bayesianism is overly
permissive to be a plausible normative theory. Many subjective Bayesians endorse a more
restrictive theory, holding that cases of permissible heterogeneous priors are relatively

rare, and considerably rarer than disagreements among agents who commonly know each

46For subjective Bayesians, these models represent a situation in which Bayesian agents commonly know
that they have the same prior, whether on all events or merely on the events represented in the model.
Note that, in finite frames, even if we relax the assumption that p; = p;, there will still be substantial
common knowledge about which priors all agents might have. But if we move to infinite frames, and
allow p; # pj, we can relax this common knowledge assumption significantly. For example, we can build
models in which, for some proposition E, for any real number z € [0, 1], there is some world where agent
¢ has a prior which has p; (w)(F) = x. Thanks to an anonymous referee here.
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others’ probabilistic attitudes to a given proposition. The argument from Agreement
would show that this position about the relative frequency of these occurrences is unten-
able. Still, like the theorist of Bayesian Uniqueness, the subjective Bayesian may believe
that agents often fail to know which prior they themselves have. So once again we may
ask: is this ignorance of one’s own prior enough to recover the possibility of agreeing to
disagree?4”

It is. Failure to know one’s own prior does provide a way out of the argument from
Agreement, for theorists of Bayesian Uniqueness and for subjective Bayesians. Consider
an uncertain prior frame with seven worlds (2 = {1,2,3,4,5,6,7}) and two agents, Leo
and Ulrich, as depicted in Figure 3.4.1. At worlds 1,2, 3 and 4, both Leo and Ulrich have
the prior pa (formally, if w € {1,2, 3,4}, then g4 = p(w) ). In worlds 5,6 and 7, however,
they both have the prior pup (in symbols, if when w € {5,6,7}, then up = p(w)). At
every world, the agents’ priors are equal to each other’s, but at different worlds they
have different priors from the prior they would have had in other worlds. The worlds also
differ by what agents know if they are actual. Leo’s partition is described by the two
sets {1,2,3,4},{5,6, 7}, while Ulrich’s partition is given by {1,2},{3,4,5,6,7}. At every
world, the agents commonly know that they have the same prior, but at every world they
fail to commonly know which prior they have.

Now consider the proposition A = {1,3,7}. (In Figure 3.4.1, the elements of this

proposition are circled.) Given his partition, Leo’s posterior probability in this proposition

47Subjective Bayesians in philosophy often interpret priors and update by conditionalization literally,
holding that priors are distributions agents have at some time, and that, at a subsequent time, they have
a distribution obtained by conditionalizing on the earlier one. But subjective Bayesians may understand
the combination of a common prior and update by conditionalization in other ways. For example, a
number of economists have recently argued that the conjunction of these claims can be understood as a
feature of the consistency of the beliefs of a group of agents. Yossi Feinberg (2000) has shown that under
certain conditions the beliefs of a group of agents can be represented as deriving from a common prior
if and only if the agents’ present beliefs render them jointly immune from arbitrage by an outsider. (See
also Bonanno and Nehring 1997, 1999, and Barelli 2009.) On this interpretation of the common prior,
the prior is a mathematically tractable representation of the kind of doxastic consistency dramatized by
immunity from arbitrage by an outside party. The vast and fast-growing literature on priors in economics
includes numerous further characterizations of this assumption, which I cannot begin to do justice to
here.

Since the models in the main text do not represent times, they are closely related to this interpretation
of the common prior as a consistency assumption. But for subjective Bayesians who adopt a more lit-
eral approach to these assumptions, it is worth noting that my models can also be extended to directly
represent their “literal” subjective Bayesian approach. Since this subjective Bayesianism takes condition-
alization as form of genuine update, we must add a set of times to the models, 7', a renaming of the
natural numbers. We then define the possibility correspondences for each agent as P; : Q x T — 29XT
Possibility correspondences now take world, time pairs as arguments, and produce subsets of the Carte-
sian product of the set of eternal propositions (worlds) with the set of times. We can now define the
subjective Bayesian notion of a prior as the agent’s probability distribution at time 1. A prior assignment
function p; : Q@ — A(, t1) takes each world to a distribution over histories (worlds) at the first time.
We insist that the prior assigns positive probability to all pairs (w,t1), where w € Q. In the simplest
version of the models, agents are always certain of the time, though this assumption could be relaxed
(earlier examples of related models can be found in Geanakoplos 1994: 1455-8, Heifetz 1996, and, from
a different perspective, Hanson 2006).
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(at every world) is 2/3, while Ulrich’s posterior probability (again at every world, given
his partition) is 1/2. Regardless of which world is actual, the agents’ probabilities in A
differ, in spite of the facts that the values are commonly known, that they commonly
know that they have the same prior, and that they commonly know that their attitudes
are given by conditionalizing the prior on what they know. If agents do not commonly

know which prior they have, the key conditional may fail.

pa: (110 1/10 1/5  1/20 3/20 1/5  1/5)
Worlds - @//Q/é\Zl 5 6
AN
pp: o (112 112 112 14 1/12 1/12 1/3)
Leo: (1 2 3 1) € 6 7)

Ulrich : (3 4 5 6 7)

FI1GURE 3.4.1. Agents Commonly Know that they Share a Prior, but
still Agree to Disagree

3.5. Common Knowledge of Update by Conditionalization

In addition to common knowledge of a common prior, standard models (as well as
the class of frames just introduced) assume informally that agents commonly know that
they update by conditionalization. The proponent of Bayesian Uniqueness holds that
rational agents form their beliefs by conditionalizing the conjunction of their evidence
on the prior. But she is not committed to the claim that, for any two rational agents,
they commonly know that each of them updates according to this rule. The subjective
Bayesian may similarly believe that even in cases where a group of agents do commonly
know that they began with the same probabilistic beliefs about a given subject matter,
they do not commonly know that they have continued to update these beliefs correctly.

Once again, our first task is to make this common knowledge assumption explicit. We
add a new set of functions ; : @ — A(Q), one for each i € N, which describe each agent
1’s posterior probabilities at worlds. Crucially, these new posterior probabilities are no
longer guaranteed to accord with what one would obtain by conditionalizing on the prior.
To maintain the tight connection between probabilistic attitudes and the full attitudes

of belief and knowledge, we still require that, for all ¢, for all w,w’ € Q, m(w)(w’) > 0
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if and only if w’ € P;(w).*® Now we say that an agent is an actual Bayesian at w if her
posteriors or degrees of belief are what would be obtained by conditionalizing her prior
at w on what she knows at w.*® An agent i is commonly known at w to be Bayesian if it
is common knowledge at w that ¢ is an actual Bayesian.

These new models allow us to show that if one denies that agents commonly know
that each of them satisfies the stringent demands of Bayesian Uniqueness, the argument
from Agreement can be avoided. Agents who do not commonly know that they update by
conditionalization may agree to disagree, even if, in the actual world, each of them does
in fact update by conditionalization on a shared prior.’® Consider the following frame,
with six worlds and two agents, Arnheim and Diotima. We make the strong assumption
that Arnheim and Diotima commonly know which prior they share, namely, the uniform
prior (which we call p, for the remainder of the example) over the six worlds in the
model. Moreover, each agent updates on a partition. Here, Arnheim’s partition is given
by {1,2,3},{4, 5,6}, while Diotima’s partition is given by {1,2},{3,4,5,6}. Arnheim is,
naturally, an actual Bayesian at all worlds. Diotima, however, is an actual Bayesian at
worlds 1 and 2, but not at worlds 3,4,5 and 6. At these worlds she assigns probability
1/2 to world 6, and 1/6 to each of 3,4 and 5. Now it is commonly known at world 1 that
Arnheim assigns the event {1,6} probability 1/3, and commonly known that Diotima
assigns the same event probability 1/2. If Diotima were a Bayesian in worlds {3,4, 5,6},
then Arnheim would not even know (never mind commonly know) Diotima’s posterior
probabilities in the proposition {1,6}. But since Diotima is not a Bayesian in those
worlds, Arnheim and Diotima commonly know Diotima’s posterior probabilities. In spite
of this common knowledge, the agents’ posteriors differ. They agree to disagree, even
though they are both actual Bayesians at world 1, and commonly know that they have
the uniform distribution as a prior.

The finite examples in this section and the last have an artificial feel. When we are
uncertain about our priors (or present probabilistic beliefs) in a given proposition, we
are usually uncertain over an interval of probability assignments to that proposition.
For example, a physicist may know that her present beliefs assign probability > .9 to
the hypothesis that the big bang initiated the universe as we know it, but she may

be uncertain over the open interval (.9,1) about the probability she herself assigns to

48Given this condition, plus the assumption that the m; are regular, and 2 is, as usual, finite, we can
simply take the frame to be < N, 2, (7;);e v >. We can then treat the P; as derivative, defined as follows:
Pi(w) = {w' : mi(w)(w') > 0}.

49In symbols, if m;(w) = p(w)(-|P;(w)).

50 Aymann also recognizes that his theorem requires common knowledge of Bayesianism (1998: 929 n.2).
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this proposition. These infinite cases, while more familiar and more natural, require the
introduction of technicalia which are irrelevant to the present, conceptual point: that
a certain form of uncertainty about priors, and uncertainty about other agents’ update
rules can lead to countermodels to the key conditional, and a way out of the argument

from Agreement for the theorist of Bayesian Uniqueness.

3.5.1. Pointed Models. The new classes of models introduced in the previous two
sections allow us to make precise an informal observation made in the introduction. There,
I drew the distinction between assumptions holding at the actual world, and assumptions
holding at all worlds in the state space. To formalize this distinction, we can use “pointed”
frames. We let an Aumann frame be a structure (N, Q, (P;)ien, (pi)ier, (7i)ic1), including
all of the new elements introduced in this section and the last. A pointed Aumann frame
is then a tuple (N, Q,a, (Pr)ien, (pi)icr, (7:)icr) where a € Q. This distinguished a is
interpreted as the actual world. In such a pointed model, the natural form of some of

Aumann’s main assumptions is:

Common Prior: For all i,j € N p;(a) = p;(a)

Update by Conditionalization: For all i € N;(a) = p;(a)(-|Pi(a))
(actual-4): For all i € N, w € P;(a) — P;(w) C P;(a)

(actual-T): For all i € N, a € P;(a).

It is now easily checked that, given the appropriate specification of the actual world, the
previous two examples satisfy all of these axioms. (In the first example, we can let a be
any of the worlds in the frame; in the second, we let @ = 1.) The examples of the next
two sections will similarly satisfy all four of the “pointed” versions of the axioms. What
fails in these later examples are Aumann’s stronger, global versions of the axioms.

The example from this section also exhibits a theme which will recur in the next
two sections. The common prior assumption is explicitly an assumption about the rela-
tionships among the beliefs of many agents, so it may be unsurprising that it leads to
“social” consequences. (What is surprising is that common knowledge can do so much
of the work.) But the assumption that all agents update by conditionalization does not
appear to be an “interpersonal” assumption of this kind. And yet the assumption that
all agents update by conditionalization is implemented in such a way that the models
yield a further, stronger assumption: that agents commonly know that each of them up-
dates by conditionalization. This stronger assumption does explicitly make reference to

the beliefs (knowledge) of many agents. And, as our example shows, this implementation
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of the assumption brings with it an important social consequence: the impossibility of
agreeing to disagree.

Pointed models, and the pointed axioms just introduced, do not have this kind of
consequence for what the agents in the model know. At least in part for this reason,
they do not yield social consequences such as the Agreement Theorem. In the next two
sections, we will see that the same point holds for the remaining two of our four target

assumptions.

3.6. Inexact Knowledge: Failures of K K

The examples in the previous two sections demonstrate that natural weakenings of
the assumption that agents commonly know which prior they share, or of the assumption
that agents commonly know that they each live up to the stringent standards of Bayesian
Uniqueness, can lead to counterexamples to the key conditional. But, as the next two
sections will show, a theorist of Bayesian Uniqueness who is attracted to these assump-
tions has still other ways to save the phenomenon of disagreement among agents who
commonly know one another’s attitude to a proposition. The following example shows
that certain failures of positive introspection or “K K” for knowledge can induce failures
of the key conditional, even given Bayesian Uniqueness, common knowledge of the prior,
and common knowledge that agents update by conditionalizing.

A subject in an experiment, Clarisse, is to be presented with a rectangular object at
a distance.’® Clarisse will attempt to assess the object’s height and width by looking at
it. Because of the distance, Clarisse cannot tell by looking exactly what the height and
width of the object are. In particular, she cannot discriminate differences of less than
.6 centimeters in height or width. Clarisse’s discriminatory limitations impose limits on

Clarisse’s knowledge:

Margins For Error: If the rectangle is n centimeters tall (or wide),

Clarisse does not know that it is not n + .6 centimeters tall (wide).*?

Clarisse knows that the experimenters will choose one of eight scenarios according to the
roll of a fair, eight-sided die. Six of the sides of the die are labeled with the dimensions of
a rectangle; if one of these sides come up, the experimenters simply display the relevant
rectangle where Clarisse will see it. Clarisse knows that this rectangle will be chosen from

a set, of objects with dimensions varying between 10cm x 10e¢m and 11.5¢m x 1lcm, at

51Thanks to Tiankai Liu and Yan Zhang for showing me a model on which this example is based.
52This is modeled directly on (I;) from Williamson (2000: 115; Cf. 1992).
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2 e

FIGURE 3.6.1. Clarisse’s Possibility Correspondence in the Rectangle Experiment

increments of .5¢m on each dimension. But Clarisse also knows the experimenters will
not choose from all twelve of these rectangles; they have left out six. In particular, they
have not included 10em x 10.5¢m; 10.5¢m x 10em; 10.5¢m x 11em; 11em x 10em; 11em x
11cm; and 11.5em x 10.5¢m. So they will choose only from 10cm x 10cm; 10ecm x 11em;
10.5cm x 10.5em; 11em x 10.5¢m; 11.5em x 10em; and 11.5e¢m x 11em. The possibilities
from which they may choose are represented in the following figure.?

The final two sides of the die are labeled, respectively C' : 10cm x 10cm, and C' :
10.5¢m x 10.5¢m. If one of these two sides comes up, the experimenters will display a
large card which states in clear letters that the chosen object was from the set {10em x
10em, 10.5¢m x 10.5¢m}. In this case, let us suppose that Clarisse’s margins for error
are irrelevant; in this outcome, she satisfies both positive and negative introspection for
knowledge.

Suppose now that a second agent, Walter, also knows the setup of the experiment.
Like Clarisse, he knows that the experimenters will roll their eight-sided die to determine
what Clarisse will experience. Within these constraints, Walter is maximally ignorant
about which outcome has been chosen. Perhaps he is seated with his back to the wall
where Clarisse will see the rectangle or the card.

Now consider the proposition that the object which was presented was one of the
extreme objects: {10cm x 10e¢m, 10em x 11em, 11.5¢m x 10em, 11.5¢m x 11em, C' : 10cm ¥
10¢m}. Call this proposition Eztremities. Regardless of which object is presented, Clarisse’s
posterior probability in Extremities is 1/2. Regardless of which object is presented, Wal-

ter’s posterior probability in Extremities is 5/8.54

53Note that in this example, both agents have symmetric accessibility relations. The frame therefore
satisfies (B): for all 4, Vw,w’ € Q (w € P(w') < w’ € P;(w)), or, equivalently, for all 4, for all E C (2,
E C B,-B;,~E .

541 the main text, we are considering probabilities as they are understood by the theorist of Bayesian
Uniqueness, but little turns on this in the example. Walter and Clarisse may well have calibrated their
subjective probabilities to match the distribution from which they know the rectangle will be drawn. If
they update by conditionalizing on the conjunction of the propositions to which they bear the evidence-
determining relation, then the argument for the difference in subjective probabilities is the same as the
one given for the “objective” probabilities of the theorist of Bayesian Uniqueness.
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We may suppose that Clarisse and Walter commonly know the set-up of the situation.
We may also suppose that they commonly know what Clarisse will learn by seeing any
given object, and that Walter will learn nothing when the object appears. Finally, there
is no harm in supposing that, as the good intellectuals they are, they have performed all
relevant deductions.

But Clarisse’s inexact knowledge leads Walter and Clarisse to agree to disagree. At
every world in the space, Clarisse assigns Fxtremities 1/2. Similarly, at every world in
the space, Walter assigns Extremities 5/8. Since the space represents a proposition they
commonly know, they commonly know what probability each assigns to Extremities. And
yet they assign this proposition unequal probabilities.?>

The example of Walter and Clarisse extends the example of Mr Magoo from Williamson
(2000: 116-123) to two dimensions. Clarisse’s correspondence satisfies (T'), but she fails
“KK” or (4) for knowledge.”®

The Margins-for-Error premise is controversial. But the exact machinery of Margins-
for-Error is not required for the point of the present section. First, failures of an unre-
stricted, simple-minded K K principle abound for mundane reasons. Most obviously, on
a natural picture of belief, we often fail to believe that we know a proposition, even if
we know it. (Some agents who seem to able to know propositions may not even be able
to form beliefs about knowledge.) And if, as many philosophers maintain, knowledge
requires belief, then our failure to have beliefs about our knowledge will lead directly to
failures of this simplistic K K principle. The Margins-for-Error premise gives us a simple
structural constraint which generates failures of K K of the relevant form. But other fail-
ures of K K could have been used to generate an example which has the same structure
as the example of Walter and Clarisse. And the structure of the example is all that is

required to yield a countermodel to the key conditional.®”

55Note that the two C : or “card” worlds are unnecessary to generate agreeing to disagree. If we deleted
them from the frame, Clarisse would still assign Ezxtremities 1/2 at every world, while Walter assigned it
2/3. The “card” worlds are only needed to provided worlds where Clarisse actually satisfies the pointed
axioms.

561 fact, as noted earlier, at least one correspondence must also fail to be “locally balanced”.

ST KK fails, how can there be common knowledge at all? It is true that, for any proposition i and j
commonly know, ¢ also knows that ¢ knows that ¢ knows that...that proposition. But as in the example
above, the agents may commonly know one proposition but nevertheless fail to be positively introspective
about another proposition. So there is no immediate inconsistency between failures of KK and the
presence of common knowledge. Some motivations for denying K K do lead naturally to the denial of the
possibility of common knowledge full stop (see, e.g., Greco 2014a: 169-70 cf. 179-80). For example, if one
is attracted to margins-for-error principles in general (and not just for knowledge of the dimensions of
objects seen at a distance), one may accept a version of the margins-for-error premise for sorites series
involving knowledge itself. If, as a result, one denies the possibility of infinitely iterated knowledge of any
“nontrivial” propositions, then one is committed to the impossibility of common knowledge. But this is
a particular feature of a particular view about K K failures. And there seem to be a variety of consistent
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In fact, failures of the K K principle are unnecessary in a further way. Suppose that
the actual outcome of the above experiment is C' : 10c¢m x 11em. In this outcome, Clarisse
actually satisfies (4) (in fact, she also satisfies (5)). In the presentation just given, Clarisse
and Walter can agree to disagree because of certain outcomes where Clarisse might have
failed (4). In this presentation, although Clarisse actually satisfies (4) at this world (and
in fact both agents satisfy all of Aumann’s informal assumptions there), a “real” failure
of this axiom was required to produce the example.

But we could have presented a different story for our eight world model. Poor Walter
might simply be a philosopher who has read Stalnaker and Williamson, and cannot make
up his mind as to whether knowledge satisfies (4). while Clarisse, for her part, is a
stalwart economist or computer scientist. We may suppose that Clarisse is right: she
does in fact satisfy the constraints of partitional models of knowledge. Still, because of
Walter’s uncertainty about the axioms governing knowledge, he assigns some probability
to Clarisse’s knowledge forming a partition, and some probability to her requiring a
Margin for Error. Thus, Clarisse and Walter can agree to disagree. And this, once again,
without any actual failures of Aumann’s intuitive axioms.

This example shows that the theorist of Bayesian Uniqueness (and also subjective
Bayesians) can avoid the argument from Agreement by rejecting positive introspection for
knowledge (or the evidence-determining attitude). In fact, they may respond to it without
rejecting positive introspection in the actual state, but simply allowing that agents may
assign positive probability to the proposition that positive introspection fails.

This observation brings us back to the theme introduced at the close of the last
section. The KK assumption itself appears to be a primarily “single-agent” principle.
But in standard S4 models of knowledge, every agent is assumed to satisfy positive
introspection at every world in the model. On this implementation of the assumption,
the agents in the model commonly know that each of them satisfies KK or (T) and (4).
But, as we have seen, even if they actually satisfy positive introspection, if they merely
fail to commonly know that they do, they may agree to disagree. The implicit assumption
that agents commonly know that they satisfy K K thus plays a role in generating the

surprising social consequence that agents cannot agree to disagree.

positions according to which KK failures are prevalent (for the mundane reasons given above), but it is
nevertheless possible to have infinitely iterated knowledge of the kind required for common knowledge.
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3.7. False Beliefs

Positive introspection or K K is one restrictive constraint which might be imposed
on the knowledge of ideal agents. But the factivity of knowledge also imposes structural
constraints on the models we have considered so far. The following two examples show
that if agents update on false propositions, they can agree to disagree, even if they
commonly believe, of a given prior p, that that p is their shared prior, commonly believe
that they update by conditionalizing on what they believe, and commonly believe that
they satisfy both positive and negative introspection for belief.

The common prior frame in figure 3.7.1 is a K D45 frame: each agent satisfies both
positive and negative introspection at every world in the frame. But the agents agree to
disagree not only on their posterior probabilities: they commonly know (believe) that they
each believe the negation of a proposition that the other believes. In this frame, Agent 1
sees only (3, regardless of which world is actual, while Agent 2 sees only « regardless of
which world is actual. Any prior which gives positive probability to each world will yield
a situation in which agents agree to strongly disagree. Agents 1 and 2 commonly believe
that Agent 1 believes {8}, and Agent 2 believes {a} = Q\ {S}, or, in other words, the

negation of {3}.%

O

Agent 1: a——sf

Agent 2 : a<—3,

FIGURE 3.7.1. False Beliefs Allow for Common Knowledge Disagreements

In fact, we can go further. Disagreements among agents who commonly know each
others’ attitudes do not require that any agents have false beliefs at the actual world.
Consider the frame in figure 3.7.2, again with two agents 1, and 2, and two states a and .
Once again, regardless of whether the actual world is « or 3, Agent 1 sees exactly 3, while
Agent 2 now sees exactly the elements of {«, 8}. The result is that, for any prior that

gives nonzero probability to each state, and regardless of which world is actual, it will be

58 John Collins (1997) argues that van Fraassen’s (1984) Reflection Principle can be used to rule out
examples of common knowledge disagreement like the one above. The Reflection Principle says, roughly:
if one is certain that one will have a certain credence at a later time, one should now have the credence
that one knows one will have later. Collins argues that no rational agent could assign positive prior
probability to a world in which he knows he would have a false belief. But unless the Reflection Principle
is restricted to cases in which one is certain one will update on veridical evidence, the Reflection Principle
is subject to clear counterexamples. For a recent survey see Briggs 2009: 64-6. Briggs” “qualified reflection”
is restricted to cases in which one is certain one’s evidence will be veridical (see (ii) on pg. 69). An earlier,
similar view can be found in Elga 2007.
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a matter of common belief that Agent 1 has posterior probability 1 in 3, and posterior
probability 0 in «. It will also be common belief that Agent 2 has positive posterior
probability in both a and . The agents thus agree to disagree about their posterior
credences in the singleton proposition {a}. And if 8 is the actual world, the agents will
agree to disagree about {«}, even though, in 8 both agents have only true beliefs. False
beliefs are not required for agents to agree to disagree: the view that another might have

a false belief suffices.

O

Agent 1: a——pf
Agent 2 : a<—>pf

FiGure 3.7.2. Common Knowledge Disagreement at § with only True Beliefs

This second example displays perhaps the most intuitive case for how rational, com-
mon knowledge disagreement is possible. We very often consider it possible that others
are be mistaken. Even in this simple, stylized example, the fact that one agent allows
for this possibility yields a situation in which agents assign different probabilities to a
proposition, even though they commonly believe that their posteriors have the values
they in fact have.5® This disagreement occurs, even though both agents (commonly know
that they) satisfy both negative and positive introspection. The model fails (T), but
not necessarily because anyone has false beliefs. It fails (T) because the agents do not
commonly know that they each have only true beliefs. Formally, if 8 is the actual world,
the model satisfies each of the “pointed” axioms in Section 3.5.1. We can even think of
world « as a figment of Agent 2’s imagination. As a matter of fact, in every relevant
possible situation Agent 1 would have only true beliefs. It is only Agent 2’s misguided
view of the situation which allows for the possibility that Agent 1 has a false belief.

The theorist of Bayesian Uniqueness holds that agents whose doxastic attitudes are
determined by conditionalizing the evidential prior on propositions stronger or weaker
than their total evidence fail to be fully rational. A proponent of Bayesian Uniqueness
who endorses a conception of evidence on which a false proposition may be part of one’s
evidence may accept the examples above as examples of fully rational agents. But if one

believes that one’s evidence must consist of only true propositions, then conditionalizing

59This model could be taken to represent the familiar disagreement between the skeptic and the dogmatist
(Pryor 2000). The skeptic believes that the dogmatist may, in irrational exuberance, have plumped for
the belief that we are in the “good case”, and not in the skeptical scenario. The skeptic and the dogmatist
agree to disagree.
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on the set of propositions one believes, where one’s beliefs may be false, may result in
a failure of full rationality. Still, the proponent of Bayesian Uniqueness who endorses
this factive conception of evidence may hold that such failures of full rationality are
pervasive. On this version of the view, the examples above, which rely on false beliefs,
would be examples of agents who fail to be fully rational, but may satisfy a weaker
standard, such as reasonableness.For a similar move in a different context, see Lasonen-
Aarnio 2010. When faced with disagreements among agents who commonly know each
other’s probabilistic attitudes, then, this theorist of Bayesian Uniqueness may wish to
claim that, even though at least one of the parties to the disagreement is less than fully
rational, every agent is reasonable.

The examples also show why “Savageite” subjective Bayesians may view Aumann’s
partitional, S5 models as uninteresting, or at least extremely restrictive. For these sub-
jective Bayesians, false beliefs are interpreted as certainty or credence 1 in a false propo-
sition. As a matter of sociology, subjective Bayesians have two conflicting views about
the prevalence of certainty. Some subjective Bayesians are apt to claim that we rarely
if ever are certain of any propositions. Subjective Bayesians may hold (in addition, or,
instead) that we are never warranted in being certain of any contingent propositions,
or any propositions whatsoever. But, on the other hand, subjective Bayesians are often
attracted to the simple view that agents primarily learn or update by conditionalizing a
probability function on what they learn. If standard conditionalization (not Jeffrey con-
ditionalization) is a common mode of update, then we are often certain of propositions,
namely, whenever we update. In Savage’s (1954) benchmark framework, for example,
certainty is prevalent, and rational agents may have false beliefs (or: certainties) without
forfeiting their rationality. Subjective Bayesians inclined to this Savageite line on the
prevalence of certainties may hold that, even when agents begin with the same priors
(and satisfy the requisite common knowledge assumptions), the prevalence of rational
false belief explains how rational agreeing to disagree is possible after all.

The examples also continue the elaboration of a theme we have traced now through
three sections. Factivity, (T), is on its face a principle about each individual’s knowledge
or belief. The assumption does have some social consequences on its own. For example,
if all agents have only true beliefs at the actual world (and their beliefs are consistent),
then it cannot be that one agent believes the negation of a proposition that another
believes. But when we impose (T) in interactive frames, we generally assume that all

agents satisfy this constraint at all worlds. We thus make the further assumption that
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the agents in the frame commonly believe that they each have only true beliefs. But
this stronger assumption has a more surprising social consequence. If Aumann’s other
assumptions are held fixed, it eliminates the possibility of agreeing to disagree. Pointed
models, and the pointed axioms introduced in Section 3.5.1 help us to see exactly how
this global method of imposing the axioms leads, via unintended consequences about

common knowledge, to the impossibility of agreeing to disagree.

3.8. Conclusion

Sections 3.4—3.7 have focused on four assumptions which are implicit in Aumann’s
original models: (1) that agents commonly know which prior they share; (2) that agents
commonly know that they update by conditionalization; (3) that agents commonly know
that they satisfy positive introspection; (4) that agents commonly know that they update
on true propositions. Natural ways of relaxing these assumptions have been shown to
lead to countermodels to the key conditional. As noted in the Introduction (Section 3.1),
some have argued that observed violations of the Agreement Theorem, both for belief and
knowledge, imply that humans have heterogeneous priors. The four main examples in this
paper show that this argument is invalid. Disagreements among agents who commonly
know the probability each assigns to a proposition may stem from factors other than
heterogeneous priors.

Throughout the paper, we have seen that that special care must be taken when
imposing constraints on epistemic models, especially models with many agents. Any con-
straint which is imposed at all worlds in epistemic models of the kind used here will
be a matter of common knowledge among the agents in the models. These unintended
assumptions about common knowledge can cause the models to have surprising and even
counterintuitive validities. But unlike the surprising deliverances of deep mathematics,
these validities simply reveal that the models contain assumptions which we did not
intend to make. They are symptoms of errors in our attempt to represent agents’ knowl-
edge and beliefs, not profound discoveries about the structure of our social lives. The

Agreement Theorems themselves are one of these symptoms.

Appendix

Recall the claim to be proven.
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THEOREM. If a group of S4 agents have the same decision function, which satisfies
the strong sure-thing principle, and if each agent’s action is commonly known among the

group, then they all take the same decision.

PROOF. Say that a decision function d is constant on a set E if and only if d(P;(w)) =
d(P;(w")) for all w,w’ € E. We first show that any self-evident set E for an S4 correspon-
dence is such that, if a decision function satisfies the strong sure-thing principle, and is
constant on E with some arbitrary value a, then d(E) = a.

Define the set Pr = {P;(w)|w € E}. The proof is by induction on the cardinality
of Pg. If |[Pg| = 1, the result follows trivially, since, by (T), Pi(w) = E for all w € E.
Now suppose the result holds for |Pg| < n. We use this hypothesis to show that it
holds for [Pg| = n + 1. We consider two cases. (A) If, for some w € E, P;j(w) = E,
the result follows trivially. (B) If there is no w € E with P;(w) = E, then by (4) and
(T), there exist at least two worlds «, 8 € E such that there is no world w € E with
Pi(a) € P;(w), and, similarly, no w € E with P;(8) € P;(w). We divide further into two
subcases. (B1) If P;(a) N P;(8) = 0, then by the strong sure-thing principle, we know
that d(P;(a) U P;(B)) = d(P;(«)). We define a new possibility correspondence P} so that
P} (w) = Pi() UP;(B) for all w with P;(w) = P;() or Pi(w) = P;(), and P} (w) = Pi(w)
otherwise. The set E is self-evident for the new S4 correspondence P}, and for allw € E,
d(P}(w)) = d(P;(w)). Moreover, P}, = {P;(w)lw € E} has cardinality n, so, by the
induction hypothesis, d(E) = P;(w), for all w € E. (B2) If P;(a) N P;(B) # 0, we know,
by (4), that every w € P;(a)NP;(8) has P;(w) C P;(a)NP;(B). (Suppose for contradiction,
there was a world in w € P;(a)NP;(8) withw’ € P;(w) and w’ & P;(a)NP;(8). Transitivity
would be violated, since either « or 8 would be unable to “see” w'.) It follows that
Pi(a) N P;(B) is itself a self-evident set, call it F, with |Pr| at most equal to n — 1.
By the induction hypothesis it follows that for all w € F, d(F) = d(P;(w)). We thus
have d(P;(a)= d(P;(8)) = d(P;(a)) N P;(B)). It follows by strong union consistency that
d(P;(c) U P;(8)) = a. We define P as in B1, and use the same reasoning to conclude
that d(P;(E)) = a.

The value of a decision function is commonly known to a group if and only if the
decision function is constant on a proposition which is public for the group. Every public
proposition is self-evident for each agent, and we have shown that any self-evident set

E, with d constant on E at value a has d(FE) = a. We simply consider a public F so
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that (Vi)(3k;)(Vw € E)(d(Pi(w)) = k;). But now since (Vi)(d(E) = k;), it follows that
(Vi)(V3) (ki = k;). O

Fact 3.8.1. Let (2, %, u) be a probability space where 2 is finite and p is reqular. For
E,A,BeX, if (1) u(E|A) = w(E|B) =a and ANB =10, or if (2) n(E|A) = u(E|B) =
w(E|AN B) = a, then u(E|AU B) = a.

PROOF. We first show that the conclusion follows given (1). (This establishes sat-
isfaction of the evidential sure-thing principle.) Suppose that AN B = @, and u(E |
A)=w(E | B) =a, for A,B,E € . We can rewrite this equation as u(E N A)/u(A) =
w(ENB)/u(B) = a. Taking each equation individually, we have: u(ENA) = au(A), and
p(E N B) = au(B). Adding these two equations, and dividing by p(A) + u(B), we have:

wW(ENA)+ pu(ENB)
w(A) + u(B)

= a.

But by the disjointness of A and B, we know that u(AUB) = p(A)+u(B), and, moreover,
that p(X N (AU B)) = u(AN X) + p(B N X). So the above equation is equivalent to
w(E|A U B) = a, as required.

We now show (2). We first establish that, if u(E|A) = p(E|C) = a, where A,C, F €
P(Q), and C C A, then u(E|A\ C) = a. (Note that if C' = A, the claim is trivial. Since
w is regular and C' C A, u(A) — u(C) > 0.) By assumption, rearranging somewhat, we
have: u(ENA) = p(E N C)u(A)/pu(C). Since C C A, u(A) = p(C) + p(A\ C), and
similarly for ENA, ENC and EN A\ C. So we have:

pENA) - pENC)
p(A) = u(C)

u(EIA\ C) =

By assumption, and rearranging again, we have: u(E N A) = pu(E N C)u(A)/u(C).

We use this equation to get:

(3.8.1) WENA) —pENC)  wENC)uA)/uC) —(ENC)

n(A) — p(C) n(A) — p(C)

We multiply u(E N C), by u(C)/u(C), to make this clearer. Then (3.8.1) becomes:

p(E N C)u(A)/(C) — p(E N C)pu(C)/u(C)

Rearranging, we have




APPENDIX 127

And so u(E|A\ C) = p(E|C) = a as desired.

Now suppose we have that pu(E|A) = p(E|B) = u(E|AN B) = a. Since ANB C A
and AN B C B, repeated application of the claim we have just shown gives us that
w(E|A\ B) = u(E|B\ A) = a. Now, since (ANB)NA\B =10, (AnNB)NB\ A=0, and
A\ BN B\ A = ), the evidential sure-thing principle gives us directly that u(E|AUB) =
a. ]



CHAPTER 4

State Space Models do Not Preclude Unawareness

(with Peter Fritz)

ABsTRACT. Dekel, Lipman and Rustichini (1998) claim that “standard” state space
models preclude unawareness. We show that their results depend on the implicit
assumption that axioms governing unawareness are common knowledge. This as-
sumption is problematic, since it entails that the agents know facts about events of
which they are unaware. We use “pointed” state space models to show that without
this problematic assumption, the triviality results disappear.

Dekel, Lipman and Rustichini (1998, hereafter, DLR) claim that “standard state
space models preclude unawareness”. They support this claim with three formal triviality
results. In each case, they show that certain axioms on unawareness lead to triviality, in
the presence of one or another natural assumption about knowledge.

To model unawareness, DLR use unawareness models, structures (Q, K,U) where K
and U are functions on “events”, understood as subsets of the “state space”’, Q. K and U
represent the agent’s knowledge and unawareness, respectively: K maps each event E to
the event K (FE) of the agent knowing F; U similarly takes each E to U(E), the event of
the agent being unaware of F.

In such “standard state-space models”, if E is an event, then the event that it does
not occur is Q\E, abbreviated as —E. Similarly, for any two events E and F, the event
of their both occurring is E N F. Thus —(E N —F) is the event that if E occurs F also
occurs, abbreviated £ — F.

Fixing M = (Q, K,U), DLR’s axioms on unawareness are then:

Plausibility: UE)— (WK(E)N-K-K(E))=Q
KU-Introspection: —-KU(FE) =
AU-Introspection: U(F) = UU(F) =%

Their triviality results concern the following natural axioms on knowledge:
Necessitation: K(Q)=9Q
Monotonicity: If E C F then K(FE) C K(F)
Weak Necessitation: K(E) C K(Q)

Their main results are then:

128
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THEOREM 4.0.2. [DLR] Let M = (,K,U) be an unawareness model satisfying

plausibility, KU -introspection and AU -introspection.

1(i): If M satisfies necessitation, then for every event E, U(E) = (.

1(ii): If M satisfies monotonicity, then for all events E and F, U(E) C =K (F).

2: If M satisfies weak necessitation, then for all events E, F and G, U(E) = U(F) C
-K(G).

DLR lay the blame for these results on state space models. But on inspection, DLR’s
formalization of the intuitive ideas behind their axioms leads to unintended and undesir-
able consequences about what the agents in the model know. These consequences suggest
that the blame rests with DLR’s axioms, and not with state space models. And in fact,
as we will see, this suggestion turns out to be correct.

We start with the unintended consequences about agents’ knowledge. Suppose an un-
awareness model satisfies A U-introspection and necessitation. Thus, for any F, U(E) —
UU(E) = Q. By necessitation, then, for any F, the agent knows U(E) — UU(FE). In
fact, by necessitation, K(U(E) — UU(FE)) is itself identical to €, so the agent knows
this as well. And the point iterates indefinitely. For any event E, let K'(E) = K(F) and
K""1(E) = KK"(FE). Then, as usual, we define the event of the agent commonly knowing
Eby CK(E) =Ni<pn<w K™(E).! In the presence of necessitation, AU-introspection en-
tails that for every E, the agent does not just know U(E) — UU(E), she also commonly
knows this event. If we replace necessitation with monotonicity or with weak necessita-
tion, the point is only slightly weaker: if the agent commonly knows anything, then, for
any F, she commonly knows U(E) — UU(F). AU-introspection is not a special case.
Similar points could also be made using plausibility or K U-introspection instead.

These facts about agents’ knowledge conflict with the motivations DLR provide for
their axioms. The axioms governing unawareness are “based on the idea that unawareness
of a possibility corresponds to a complete lack of positive knowledge regarding it” (p. 160).
But given this motivation, if an agent is unaware of E, the agent must not be able to
(commonly) know events such as U(E) — UU(FE). This, if anything, would amount to
substantial “positive knowledge” about E. But, as we have seen, necessitation and AU-
introspection lead to the requirement that even agents who are unaware of £ know and

commonly know the event U(E) — UU(E).

ISince we are working with models for a single agent, this is a degenerate case of common knowledge.
But everything we say below carries over straightforwardly to the multi-agent case.
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What went wrong? The intuitive idea behind A U-introspection was that if an agent
is unaware of an event, she is unaware of being unaware of it. But A U-introspection says
something much stronger than this: it says not just that U(E) — UU(E) holds at the
actual state, but that this event is equal to the universe 2.

An analogy may help to illustrate this distinction. Suppose we wish to evaluate a
novel regulatory strategy which the government has chosen in secret from the public. If we
use a state space in which the government adopts the same regulatory strategy at every
state, then investors in the model, unlike the ones in the real world, know which policy the
government has chosen. To model the real investors’ behavior more accurately, we must
represent their limited information by including some states at which the government
adopts different regulatory strategies than the one it has actually adopted.

We can formalize the notion of an “actual” state by using “pointed” state space
models. A pointed unawareness model is a tuple M = (Q,a, K, U) such that (Q, K,U) is
an unawareness model and a € . The state a is interpreted as the actual state of the
world; the other states are required to represent the agent’s limited information about
this state. For a pointed unawareness model, the natural versions of DLR’s axioms are

then:

a-Plausibility: a € U(E)— (-K(E)N-K-K(F))
a-KU-Introspection: a € ~KU(FE)

a-AU-Introspection: a € U(E) - UU(E)

These axioms are the ones supported by DLR’s informal motivations. And once we use
these more accurate formalizations, we can verify the suggestion mentioned earlier: the
blame for DLR’s impossibility results rests not on state space models, but rather on
DLR’s unduly strong formal implementation of these intuitive ideas. In fact, we can
exhibit non-trivial unawareness in a model which not only satisfies these a-axioms on
unawareness, but also simultaneously satisfies all three of the natural assumptions about

knowledge introduced earlier:

PROPOSITION 4.0.3. There is a pointed unawareness model satisfying monotonicity,
necessitation, a-plausibility, a-KU -introspection and a-AU -introspection in which there

is an event E such that a € U(E).

PRrROOF. The following figure describes a three-state model M witnessing the claim:
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P(a) =Q P(wy) = {wi} P(wz) = {w2}
/\
C a wy D Wa D

N(a) = N(w1)  N(wi) = {{w},{a,w1}} N(wz) =0
Here, we use possibility sets P(w) to give a simple representation of the agent’s
knowledge: K(E) = {w : P(w) C E}. The directed graph depicts P in the sense that
P(w) is the out-neighborhood of a given vertex w. Unawareness is slightly subtler. Each
world is associated with N(w) C 2%, and we set U(E) = {w : E € N(w)}. It is easily

seen that M satisfies the five conditions, and that a € {a, w1} = U({a,w }).? O

The proposition shows that DLR’s Theorem 1(i) cannot be extended to the present
setting. In fact, any model M = (Q, a, K, U) which satisfies the five conditions in Proposi-
tion 1 can also be used to show that DLR’s other two results cannot be extended either.
For 1(ii), note that by necessitation, a € K(Q), so a € U(FE) despite a € K(Q). For
2, note first that necessitation entails weak necessitation; further, by necessitation and
a-plausibility, a ¢ U(2), but as before a € U(E) and a € K ().

The model in Proposition 4.0.3 satisfies a number of additional attractive constraints
on knowledge, demonstrating that non-trivial unawareness is compatible with a strong

logic of knowledge. In particular, it satisfies:

Distribution: K(E)yNnK(F)=K(ENF)
Anti-Necessitation: K®)=0
Reflexivity: K(E)—-E=Q

Positive Introspection: K(E) C KK(FE)

Moreover, the model in Proposition 4.0.3 is not an isolated case. On the very mild as-
sumption that the agent doesn’t know the trivially false event @), we can characterize the
conditions under which a given model for the knowledge of an agent can be extended to a
pointed unawareness model according to which the agent is unaware of a given event E.
Let a pointed unawareness model M extend a pointed knowledge model M = (Q,a, K) if

and only if there is a function U : 22 — 29 such that M = (Q, a, K,U).

20ne might consider an extension of a-plausibility along the following lines: Let M be a-w-plausible just
in case a € U(E) — (—K)¥(E) for all events E, where (=K)“(E) =<, <, (~K)"(E), and (-K)"(E)
is defined inductively by the two clauses: (-K)'(E) = -K(E) and (-K)"T(E) = =K (=K)"(E). The
model used in the proof of Proposition 4.0.3 is also a-w-plausible.
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PROPOSITION 4.0.4. Let M = (Q,a,K) be a pointed knowledge model such that
a ¢ K(D) and let E be an event. M has an extension satisfying a-plausibility, a-KU -
introspection and a-AU -introspection such that a € U(E) if and only if

(i) a € -K(E)N-K-K(E), and

(ii) there is an event F such that a € F N —~K(F)N-K-K(F).?

PROOF. Assume first that (i) and (ii). Let U : 2% — 29 be defined so that U(E) =
U(F) = F, and U(G) = () for all other events G. It is routine to verify that M =
(2, a, K, U) satisfies a-plausibility, a- KU-introspection and a-A U-introspection, and a €
U(E), using the assumption that a ¢ K(()) in the proof of a- K U-introspection.

For the converse, note that (i) follows from a-Plausibility. For (ii), let F' = U(FE).
Then a € F, by a-AU-introspection, a € U(F), and by a-plausibility, a« € —-K(F) N
~K-K(F). O

DLR’s informal motivations suggest that if an agent is unaware of an event F, we
should not require that the agent (commonly) know, for example, U(E) — UU(E). But
we might wonder whether, if the agent is not unaware of F, the agent can then (com-
monly) know events of this kind, while still being unaware of other events F. That is, we
might wonder whether we can impose the following constraints on a pointed unawareness
model (2, a, K,U) without running into a triviality result:

a- CK-Plausibility: a¢U(E)=a€ CK(UE)— (-K(F)N-K-K(E)))
a-CK-KU-Introspection: a ¢ U(F) = a € CK(-KU(E))
a-CK-AU-Introspection: a ¢ U(E) = a € CK(U(E) —» UU(E))

In fact, we can: the example in Proposition 4.0.3 satisfies these three conditions as well as
the conditions stated explicitly there. More generally, Proposition 4.0.4 can be extended
straightforwardly to these three additional conditions, assuming we impose the plausible

constraints of necessitation and anti-necessitation:

PROPOSITION 4.0.5. Let M = (Q,a, K) be a pointed knowledge model satisfying ne-
cessitation and anti-necessitation and let E be an event. Then M has a non-trivial exten-
sion satisfying a-plausibility, a-K U -introspection, a-AU -introspection, a-CK -plausibility,
a-CK -KU -introspection and a-CK-AU -introspection such that a € U(E) just in case

(i) a € -K(E)N-K-K(E), and

(ii) there is an event F such that a € F N—K(F)N-K-K(F).*

3This result also holds if we replace a-plausibility by a-w-plausibility, (i) by a € (=K)¥(E), and (ii) by
the claim that there is an event F' such that a € F'N (—K)“(F).
4Again7 we can extend this result to a-w-plausibility analogously to the extension in the previous footnote.
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PROOF. We establish (i) and (ii) as in the proof of Proposition 4.0.4. Assuming (i)
and (ii), we define U as in the proof of Proposition 4.0.4, which we have there seen to
satisfy a-plausibility, a-KU-introspection and a-A U-introspection, and a € U(F). For
the CK-conditions, consider any event G such that a ¢ U(G). Then by construction of
U, U(G) = 0. Therefore U(G) — H = Q for any event H, and so a € CK(U(G) — H)
by necessitation, which establishes a- CK-plausibility and a- CK-A U-introspection. For
a- CK-KU-introspection, note that by anti-necessitation, KU(G) = 0, so ~KU(G) = Q,

from which a € CK(—~KU(QG)) follows again by necessitation. O

In this note, we have focused on DLR’s results. But pointed models provide a com-
pletely general strategy for eliminating common knowledge assumptions from epistemic
models. We often wish to impose conditions on a model while preserving necessitation,
but without assuming that the agents in the model know or commonly know the con-
ditions we are imposing. Pointed models allow us to do this without abandoning the

simplicity of state-space models.



CHAPTER 5

Agreement and Equilibrium with Minimal

Introspection

ABsTrACT. Standard models in epistemic game theory make strong assumptions
about agents’ knowledge of their own beliefs. Agents are typically assumed to be
introspectively ommiscient: if an agent believes an event with probability p, she is
certain that she believes it with probability p. This paper investigates the extent to
which this assumption can be relaxed while preserving some standard epistemic re-
sults. Geanakoplos (1989) claims to provide an Agreement Theorem using the “truth”
axiom, together with the property of balancedness, a significant relaxation of intro-
spective omniscience. I provide an example which shows that Geanakoplos’s state-
ment is incorrect. I then introduce a new property, local balancedness, which allows
us both to correct Geanakoplos’s result, and to extend it to cases where the truth
axiom may fail. I exploit this general Agreement Theorem to provide novel epistemic
conditions for correlated and Nash equilibrium, both of which relax the assumption of
introspective omniscience. In all three cases, the results are also extended to infinite
state spaces.

JEL CurassiricatioN NuMBER: C70, C72; D82

Keyworbps: Agreement Theorem, Nash Equilibrium, Correlated Equilibrium,
common prior assumption, epistemic game theory, interactive epistemology, bounded

rationality.

5.1. Introduction

5.1.1. Motivation. People often don’t know what they want.! They don’t know
what they want for dinner, they don’t know who they want to win the game, they don’t
know where they’d prefer to go on vacation, and so on. The simplest way of modeling
this uncertainty is to take it at face value: agents are uncertain about their preferences.

This kind of uncertainty is not just pervasive; in many cases it seems intuitively
rational. Learning one’s own preferences can require considerable time, effort, and cost.
People who try many varieties of wine, for example, expend effort and resources to learn

not just about wine, but also about their own preferences for different wines. Similarly,

1Thanks to Frank Arntzenius, Amanda Friedenberg, Peter Fritz, Stephen Morris, Sujoy Mukerji and

Timothy Williamson for discussion of aspects of this material.
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it takes investors a great deal of experience to learn their own levels of risk tolerance.
In a range of areas, “you can’t know what you like until you try it”. But if the cost of
determining one’s own preferences over a given choice set is greater than the expected
value derived from knowing those preferences, it may be rational to remain uncertain of
them.

In many cases, it is natural to model agents’ uncertainty about their own preferences
as uncertainty about their utility function, and this has been the usual approach in
economics. But in other cases, agents’ uncertainty about their preferences seems better
represented as uncertainty about their beliefs. Agents are often unable to draw fine
distinctions in their hypothetical choice behavior. For example, most people don’t know
at what odds they would bet on Hilary Clinton’s election to the presidency. While this fact
can be modeled by agents’ uncertainty of their own utilities, a more natural strategy is to
represent these people as uncertain about which probability distribution represents their
preferences. As before, being uncertain of this distribution can be intuitively rational.
Since it can take a great deal of time and effort to imagine bets with sufficient clarity
to predict one’s own choice behavior, there may be cases where it is efficient to remain
uncertain of one’s own probabilistic beliefs.

This uncertainty about one’s own preferences—and the resulting uncertainty about
one’s own beliefs—can be rational in a formal sense as well. Agents who satisfy Savage’s
axioms on preferences may still be uncertain of their own preferences, and thus of their
own beliefs.? As a matter of fact, even agents who are rational in Savage’s sense may still
be uncertain whether they satisfy Savage’s axioms at all. In an important paper, Stephen
Morris (1996) states additional axioms which can be added to Savage’s to ensure that
agents are certain of their beliefs. But Morris himself concludes that the new axioms on
preferences are unpersuasive from a normative standpoint.®> Even rational agents may
fail to know their own beliefs.

Standard epistemic models abstract from the phenomenon of agents’ uncertainty
about their own beliefs. In Harsanyi type structures, for example, agents are generally
assumed to “know” their own type. Since each type is associated with a single probability
distribution, by knowing his or her own type, each agent knows his or her own distribu-

tion. Let an agent be introspectively omniscient just in case, if the agent believes an event

2For this formal observation, see Morris 1996 and Epstein and Wang 1996: 1351. Savage himself also
made some interesting remarks on the conceptual side of the issue (1967: 308).
SMorris 1996: 22.
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with probability p, she is certain of believing that event with probability p.* In standard
Harsanyi type structures, then, agents are introspectively omniscient. Moreover, since
every type of every player satisfies this condition, the players in the model have common
belief that each of them is introspectively omniscient.

Introspective omniscience implies two more familiar “introspection axioms” on cer-
tainty. An agent is positively introspective if, if she is certain of an event, she is certain
of being certain of that event. She is negatively introspective if, if she is not certain of
an event, she is certain of not being certain of it. Negative and positive introspection
together are still weaker than introspective omniscience: an agent may satisfy both of
these conditions but still fail to be certain what probability p (where p is less than 1) she
assigns to a given event.

Uncertainty about preferences can lead to failures of both positive and negative in-
trospection (and thus of introspective omniscience). First, consider an example which
merely reports an empirical fact. I am uncertain whether my preferences would be rep-
resented as assigning the event of there being a banking crisis in 2008 probability 1 or
merely very high probability. If in fact I assign this event probability less than 1, then I
fail to be negatively introspective; if in fact I assign it probability 1, I fail to be positively
introspective.

But less brute, subtler examples can also be given. As mentioned earlier, even agents
who satisfy Savage’s axioms on preferences may be uncertain whether they are rational
in Savage’s sense at all. Someone might reasonably assign positive probability to the
event that she herself is ambiguity averse, and so be uncertain whether she is rational
in Savage’s sense. Such a person would be disposed to bet at some odds that there is no
single distribution which represents her preferences. If in fact there is a distribution which
represents her preferences, she fails to be positively introspective: she may be certain of
some event, but since she is uncertain whether she is represented by a single probability
distribution at all, she is not certain of being certain of this event.

These observations raise the question: do standard epistemic analyses survive without
the usual, idealized assumptions about introspection? Our first example will show that
the simple answer is: “not in full generality”. This paper then takes up the task of finding
weak sufficient conditions which do guarantee that these standard results hold. As a test

case, I will restrict attention to one class of prominent models, in which it is assumed

41 will use “is certain of E” and “E is a certainty” to mean an agent “assigns E probability 17 and “FE is
an event the agent assigns probability 17, respectively.
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that agents’ interim beliefs are consistent with a “common prior”. In this common prior
setting, I provide a new agreement theorem and new epistemic conditions for correlated
equilibrium and Nash equilibrium.

An earlier literature explored the extent to which the Agreement Theorem survives
relaxing some of these axioms, and, in particular, negative introspection.® But this work
was carried out in the presence of the “truth” axiom—that if an agent is certain of an
event, that event obtains. The truth axiom is now recognized to be overly strong: rational
agents, too, may be wrong about the state of the world. In this paper, I will be exploring
not just failures of introspection axioms, but failures of introspection axioms for agents

who also may be wrong about the state of the world.®

5.1.2. Example. Aumann (1987) showed that if introspectively omniscient agents
update on a common prior, commonly know the game, and are commonly known to
be rational, then the prior forms a correlated equilibrium distribution for the game in
question. We do not yet have a formal definition of the game, rationality or the common
prior, but I will present a simple example somewhat informally, to give a feel for the

topic of the paper.

EXAMPLE 5.1.1. In this example, there are three states of the world (2 = {w1, wa, ws}),
two players, a and b, and two actions for each player, A, = {u,d}; Ap({l,r}. At each
world, player a considers only that world possible; a always knows the exact state of
the world. (Formally, P,(w1) = {w1}; Pa(w2) = {w2} Pu(ws) = {ws}.) Player b is not
so lucky. If the state of the world is ws, then b knows that this is the true state. But
if the state of the world is wy, player b is uncertain whether the state is w; or wy. And
if the state is ws, player b is uncertain whether the true state is wy or ws. (Formally,
Py(wy) = {wi,wa}; Pp(we) = {wa}; Pp(ws) = {wa,ws}.) The players assign probabilities
to events as if they were updating on a common prior p which assigns % to each possible
state. So, for example, in wy, a assigns {wy} probability 1 = p({w;}|P,(wy)), while b

assigns the same event 1 = p({w; }|Py(w1)).

5Bacharach 1985, Cave 1983, Geanakoplos 1989, Monderer and Samet 1989, Rubinstein and Wolinsky
1990, Samet 1990, Shin 1993, Brandenburger et al. 1992. Two further motivations for studying failures
of negative introspection are well known. First, the condition of “plausibility” on unawareness structures
(see Dekel et al. 1998) requires a failure of negative introspection. Second, a plausible constraint on
the idealization of a rational agent is that the set of sentences of which the agent is certain at least
be recursively enumerable. Moreover, it seems plausible that a rational agent could be certain of the
theorems of arithmetic. But if such an agent in addition satisfies negative introspection, then it can be
shown that the agent is certain of a contradiction: his or her theory of the world is logically inconsistent
(McGee 1991 n. 7, Shin and Williamson 1994, Proposition 1).

6Agreement Theorems have also been proven with introspective omniscience, but without truth: see,
e.g., Bonanno and Nehring 1999 and Hellman 2012. I discuss these results in Section 3.4.
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The players’ payoffs are the same regardless of the actual state; they are given by
the matrix in Figure 5.1.1 where a picks rows and b picks columns.

Players’ actions at each state are also represented in Figure 5.1.1 (along with their
possibility correspondences). As is easily checked, at each state, each player’s actions
maximizes subjective expected utility relative to their probabilistic beliefs at that state.
(As in this figure, I will use directed graphs throughout the paper to represent simple
models. In these figures, directed edges are labelled to indicate that the edge is part of a
given player’s graph. The out-neighborhood of a vertex w € 2 in a player i’s graph is the

event 4 considers possible at w: in symbols, P;(w) = Na (w).)

Au(w) " J y
a,b l r
Q u | 3,022

Pp(w) : ap w1 b, wWo b w?’i) ab d|3,3]10,0

Ap(w) - I ! I The game

FiGUrE 5.1.1. Example of Failure of Correlated Equilibrium

The players, as usual, commonly believe the universe Q = {wq, w2, ws}. Thus, since
the players’ beliefs are consistent with the prior at every world, and they maximize
expected utility at every world, they commonly believe that they are rational and that
their beliefs are consistent with the prior. By the same reasoning, they also commonly
believe that their payoffs are the ones depicted in the matrix.

But the prior induces a distribution over action profiles such that (u, ) is played with
probability %, and (d, 1) is played with probability % This distribution is not a correlated
equilibrium distribution: given a’s play, the correlated distribution would require that b
play r at least as often as a plays u.

As later definitions will make clear, this result fails even though the players obey the

“truth axiom” and also positive introspection.

5.1.3. Interpretation and Outline. As this example illustrates, standard com-
mon prior-based results cannot be extended if we allow even slight weakenings of the
usual introspection assumptions. The bulk of this paper is dedicated to providing weak
conditions on introspection which are sufficient to “resurrect” these standard results. The
possibility of providing necessary conditions is discussed in the conclusion.

But these results are best understood negatively. They exhibit the way in which

standard common prior-based results rely on introspection assumptions of one form or
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another. The fact that these common prior-based analyses depend on introspection as-
sumptions can be seen as a conceptual difficulty with these analyses, and with the com-
mon prior assumption itself.

The plan of the paper is then as follows. Section 5.2 lays out the basic model.
Geanakoplos (1989) “Theorem 6” provides what would be, if it were correct, the most
general known Agreement Theorem for interim beliefs. I present a counterexample to
Geanakoplos’s statement, which motivates the search for a correct, general Agreement
Theorem. Section 5.3 introduces the property of local balancedness, an extension of
the property used by Geanakoplos (1989). I then provide a new result which corrects
Geanakoplos’s, extends it to cases where the truth axiom may fail, and also extends it to
infinite state spaces. This is the main result of the paper. The rest of the paper exploits
this agreement theorem to provide epistemic conditions for correlated equilibrium and
Nash equilibrium. Section 5.4 presents two results for correlated equilibrium: one extends
the result of Brandenburger et al. (1992); the other has a new form. Section 5.5 presents
epistemic conditions for Nash equilibrium which improve those of Bach and Tsakas (2014)
by allowing failures of introspection. In each case, the details of the epistemic conditions
are somewhat involved. The main payoff is rather that we can use the new agreement
theorem to give these epistemic conditions.

Section 5.6 concludes; discussion of related work is given at the close of each section.

5.2. The Basic Model: Earlier Use of Balancedness

5.2.1. The Model. A pure epistemic model will be a tuple (I, (2, T), (p;)icr) in-
cluding a finite set of players I = 1,2,...n; and a topological space (2,7), which is
separable and completely metrizable (it is “Polish”). The Borel algebra generated by the
topology is then used to give the measurable state space (€, B), where elements of B are
events. In the sequel, I will often omit reference to B and 7; when the algebra is clear
from context I write simply Q. In Sections 2 and 3, “model” will mean a pure epistemic
model; in Sections 4 and 5, a “model” will be a game model.

For a Polish space such as Q, let A(Q2) be the set of probability measures on 2, where
A(9Q) itself is endowed with the weak topology. The belief maps p; : Q — A() represent
the players’ probabilistic beliefs at elements of (2; these too are required to be measurable
(where the algebra on A(f) is taken to be the Borel algebra of the weak topology). A

player i is said to be certain of an event E € B at a state w if and only if p;(w)(E) = 1.
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Now for a measure p on 2, let supp(u) denote the support of u, {w : w € N, €
T = pu(N, > 0)}, that is, the set of states such that every open neighborhood of every
state has positive measure. We use this idea to define possibility correspondences from
the belief maps, as follows: P;(w) = supp(p;(w)). A player i is then said to believe an
event £ € B at a state w € Q if and only if P;(w) C E. It will be useful also to
have belief functions B; : B — B, defined in terms of the possibility correspondences:
B;(F) := {w: P;(w) C E}. A player i’s belief function takes each event E to the event
of i’s believing F. Note that these definitions allow that a player may be certain of an
event which he or she does not believe.

Later, we will describe events in terms of elements of the model. For example, for
some p* € A(Q), we may wish to speak of the event that i’s probabilistic beliefs are equal
to p*. To do this, I will use square brackets as follows: [p; = p*] will denote the event of i’s
probabilistic beliefs being equal to the distribution p*, that is, the event {w : p;(w) = p*}.
Similarly, if F is an event and k € [0,1], T will write [p;(E) = k] for the event that ¢
assigns F probability k: {w : p;(w)(E) = k}.

Introspective omniscience is defined as follows:
Introspective Omniscience: Yw € ), P;(w) C {w' : p;(w') = pi(w) A P;(w") = Py(w)}

As noted in the introduction, introspective omniscience implies the following two condi-

tions:

Positive Introspection: Vw,w’ v’ € P;j(w) — (P;(w') C P;(w)) (also called (4))

Negative Introspection: Vw,w’' w’ € P;(w) = Pi(w) C P;(w’) (also called (5))

These axioms are more familiar when stated using the notion of belief. Positive intro-
spection says that if an agent believes an event, then she believes that she believes it
(B;(E) C B;B;(F)). Negative introspection says that if she does not believe an event,
she believes that she does not believe it (using — for relative complement within €,
-B;(E) C B;(—B;(F))). (Note that introspective omniscience also implies the analogous
conditions for certainty, but in our setting it is more natural to consider the ones for
belief.)

Aumann’s (1976) original models were “partitional”. Every agent in these models

satisfies (T'), (4) and (5), where (T) is:
Truth: Yw w € P;(w) (also called (7))

(in fact, the conjunction of (7') and (5) entails (4)).
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We wish to describe not just one player’s beliefs, but the relationship between players’

beliefs. Accordingly, we introduce some key interactive notions.

DEFINITION 5.2.1. Fix a model M. An event FE is self-evident to i if and only if for

allw € E, P;(w) C E. An event is public to a group G C [ if it is self-evident to all i € G.

A group G C I commonly believes an event F' at w just in case there is some event F
with E public to G, w € E, and, for all i € G, Yw € E, Pi(w) C F.” Just as with belief,
we define a function CBg(F') which takes events to the event of their being commonly
believed by G.

This paper studies cases in which agents’ interim beliefs are consistent with a common

prior. We define a prior as follows:

DEFINITION 5.2.2. Fix a model M and a group G C I. An event E € B is common
prior consistent for a group G C I if there exists a measure p € A(Q2) such that

(i) (E) = 1;

for every i € G, for every w € F,

(iia)p(Py(w)) > 0; and

(iib) pi(w) = pu(-|Pi(w)).

w is then a common prior for G over E. If G =1, pis a common prior over E.

Note that this definition is consistent with more recent justifications of the common
prior assumption, as a form of consistency among interim beliefs (Bonanno and Nehring
1999; Feinberg 2000). The common prior is not assumed to be unique or to be a “genuine”

representation of agents’ beliefs at some prior time.

5.2.2. Earlier Definitions of Balancedness; Geanakoplos’s Theorem. Geanako-

plos (1989) defines his property of “balancedness” for a restricted class of models.

DEFINITION 5.2.3. A model M is regular if:

(1) €] is finite;

(ii) © is common prior consistent for the group I; and,

(iii) for some common prior u over €2, for all w € Q, pu({w}) > 0.

"Monderer and Samet (1989) prove that in finite spaces, the characterization in terms of public events
(suggested originally by Aumann 1976, and informally by Lewis 1969: 52-7; cf. also Friedell 1969) is
equivalent to the characterization as an infinite intersection: letting B} (E) = N;eqB;i(E) and BE(E) =
ﬂieGBiBgfl(E) N Bgfl(E)7 CBg(E) = NpenBE(E). Their result holds in our “regular models” (see
below, Definition 5.2.3). Kajii and Morris (1997, Theorem 9) prove an analogous result for measure
spaces in general, using equivalence classes of measurable sets defined by symmetric difference under
a prior u. Their result applies to a well-behaved subset of the models considered here. But since I am
taking the P; as primitive, and not defined from certainties, I do not need this machinery.
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(Note that condition (iii) implies that the algebra B must contain all singletons.) In
regular models, we can replace the p; with the specification of a prior pu, since together
with the P;, this is enough to determine players’ interim probabilistic beliefs.

Balancedness comes in two varieties. In the first instance it is defined with respect to
a specific event. The second, general definition is then given with respect to all self-evident

events. Here is Geanakoplos’s definition:

DEFINITION 5.2.4. Fix a regular model M. A possibility correspondence P; is bal-
anced with respect to an event £ C  if and only if there exists some function A\ :
{P;(w)|w € O} — R such that for every w € Q, ZCG{Pi(w’)\w’EQ} AMCO)xe(w) = xp(w).

P; is then balanced if and only if, for every self-evident event FE, it is balanced with

respect to F.

Note that in the unqualified definition of balancedness, different functions A may be
used to “balance” each self-evident event: all that is required is that for each self-evident
event, there is some such A.

Geanakoplos (1989) claims that agents in regular models agents who are balanced

and satisfy (T') cannot agree to disagree (“Theorem 6”):

CrLAmM 5.2.5. Let M be a regular model and G C I a group where for each ¢ € G, P,
is balanced and satisfies (T'). If there is a state w € , an event F and for each i € G, a
k; € [0,1] such that it is commonly known that ¢ assigns E probability k;, then for each

ij, ki = k;.

The following example shows that this claim is incorrect.

EXAMPLE 5.2.6. Let M be a model with: I = {a, b}, Q = {w1, w2, w3, ws,ws}.

The model is depicted in Figure 5.2.1. (Note that the directed graph is altered for the
sake of simplicity; arrows pointing to the box indicate that an agent considers the worlds
in the box possible.) The table describes what players consider possible at each world.
Their probabilities at each world w are consistent with the uniform prior u, defined so
that Vw € Q, p(w) = 1. For this , for all w € Q and i € I, p;(w) = pu(-|P;(w)). Thus the

model is regular.
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a
Q Pa(wn) Pb(wn)
a a

a Cwl w2 w3:> a w1 {wh w2} {Wlaw% WS}
b wy | {wi wo} {wr, wa, w3}
f ) w3 {waz, w3} {wi,wa, w3}

Wy {wa, w5} {ws, ws}

GT ws Q {wyg, ws}

a,b Cw4 <—b> w5/;> a,b
a?

F1GURE 5.2.1. Countermodel to Geanakoplos’s Agreement Theorem

It is easily seen that both agents in the example are balanced. For b, this is trivial.
The only self-evident events are {wy,ws,ws}, {ws,ws} and the universe . The first is
balanced by A(Py(w1)) = 1, and for all other admissible E, A\(E) = 0. The second is
balanced by A\(P,(w4)) =1 and for all other admissible E, A(E) = 0. For §, we let A be
1 on both Py(w;) and on Ppy(wy).

For a, balancedness is similarly trivial for the self-evident events {wiws}, {wa,ws}
{wg,ws} and Q. The only mildly tricky case is the event {w;,ws,ws}. Here we set
A(Py(ws)) =1, A(Pa(ws) = —1, and for all other admissible E, A\(E) = 0.

The event F = {wy,ws, w3} is public, and thus a matter of common belief. Consider
now the event F' = {wj,w3}. Given the prior p, it is easy to see that for all w € E,
pa(W)(F) = p(F|P,(w)) = 1. But it is equally easy to see that Yw € E, Py(w)(F) =
u(F|E) = 2. So it is both common belief that p,(F) = 4 and py(F) = %. The agents

“agree to disagree”.

The problem in this example arises because a’s correspondence can be balanced only
by using sets “outside” of the relevant self-evident event. Geanakoplos’s “balancing” sum
allows this correspondence to count as balanced because it ranges over the whole set
{P;(w)|w € Q}. We need some restriction to rule out the counterexample.

Brandenburger et al. (1992) restrict this sum. They also call their property balanced-

ness, but I will call it subset balancedness:

DEFINITION 5.2.7. Fix a regular model M. A possibility correspondence is subset
balanced with respect to an event E C € if and only if there exists some function A :
{Pi(w)lw € @} — R such that Yw € Q, 3o p, () pyw)cry MCO)xe(w) = xE(W).

As usual it is subset balanced if it is subset balanced with respect to all self-evident

events.

Note here that the sum ranges only over elements of {P;(w)|P;(w) C E}.



5.3. LOCAL BALANCEDNESS: THE AGREEMENT THEOREM 144

If subset balancedness were used instead of balancedness plus truth (7°), then we
could prove a version of the Agreement Theorem. But this is only because we require
that the correspondence be subset balanced on the whole universe. Later, however, we
will want to relax the truth axiom, and to use the Agreement Theorem “locally” within
a specific self-evident event, without requiring any “global” properties on the whole uni-
verse. But under these conditions, subset balancedness is ill-behaved. To see this, con-
sider a modification of Example 5.2.6 so that P,(ws) = {w1,ws,w3}. P, is now subset
balanced with respect to the self-evident event F = {wq, w2, ws}. Since this event is still
self-evident, and since for all w € E the possibility correspondences are unchanged, the
same argument as above shows that a and b can agree to disagree in their probabilities
for F.® The property of local balancedness, introduced in the next section, will avoid this

kind of problem.

5.3. Local Balancedness: The Agreement Theorem

5.3.1. Local Balancedness. To give the intuition for local balancedness, I will
first define it in the finite case, providing two results which relate it to better-known
properties from epistemic models.

Subset balancedness uses a particular restriction on the sum in the definition of
balancedness. Local balancedness is a variation on this theme. It will be convenient to
have the following notation. The set Cr will denote the events the agent could believe,
if E obtains: Cp = {C|3w(w € E A Pi(w) = C)}. The elements of Cg are events “local”
to F in the sense that, if E occurs, they might represent the information of the agent in

question.

DEFINITION 5.3.1. Fix a regular model M. A possibility correspondence P; is lo-
cally balanced with respect to an event E C ) if and only if there exists a function
A {Pi(w)|w € Q} — R such that for all w € Q, 3", MC)xc(w) = xE(W)-

A possibility correspondence is locally balanced within €2 if it is locally balanced with

respect to every self-evident event.

This is not our official definition, since it is restricted to regular models. But the
definition for regular models allows us to prove some preliminary results which help to

give a sense for the property.

8To see that this correspondence is not subset balanced globally, consider the self-evident event
{w1, w2, w3, ws}.
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First, let M be a regular model, ¢ € I a player so that P; satisfies (T'), and an E
which is self-evident to ¢. Then it is easy to see that P; is subset balanced with respect E
if and only if it is locally balanced with respect to E. The two properties (for self-evident
events) differ only once we have relaxed the truth axiom.

Next, we can show, following Geanakoplos:

PROPOSITION 5.3.2. (Geanakoplos) Let M be a regular model and i a player. If P;
satisfies (4) and (T'), P; is locally balanced.

Geanakoplos proves this proposition for his property of balancedness, but the argu-

ment is the same for local balancedness.

PRrROOF. By induction on |[©2|. The base case is trivial. Now we suppose the result
holds for all || < n, and consider |Q2] = n. Find some w* such that |P;(w*)| is minimal
among {P;(w)lw € Q}. By (4), every w’ € P;j(w*), has P;(w') C P;(w*). Since |P;(w*)]
is minimal, it must be that P;(w’) = P;(w*). Now construct a new model, F’, where
Q' = Q\ Pi(w*), and P, (w) = Pi(w) \ P;(w*). The new P! itself satisfies (4) and (T),
and || < n, so P/ is locally balanced, by the induction hypothesis. Now consider an
E which is self evident for the original P;. If E N P;(w*) = (), then F is self-evident to
the new P/ as well, so we use the A\ which witnesses the local balancedness of P/. If
E = Pi(w*), we simply use A\(P;(w*)) = 1, and A(P;(w)) = 0 for all other sets P;(w).
Finally if P;(w*) C E, we first consider F' = E '\ P;(w*), which must be self-evident for
P!. We use the A which witnesses the local balancedness of P’ on F. This leaves P;(w*)

unbalanced, but we can simply set A(P;(w*)) to whatever value is needed. O

It is an immediate corollary of this proposition that every partitional correspondence
is locally balanced (since partitional correspondences obey both (") and (4)). Thus lo-
cal balancedness affords more generality than the standard partitions of Aumann 1976.
Moreover, it is known that in finite spaces, the Agreement Theorem holds in the presence
of positive introspection and truth (Bacharach 1985, Samet 1990). If we can provide an
Agreement Theorem using local balancedness, it will be more general than those results.

We will also extend these results to infinite spaces, where local balancedness will prove
to be more flexible than standard conditions. Samet 1992 shows that, in infinite spaces,
positive introspection (4) plus truth (7') is not enough to ensure that the Agreement
Theorem holds. Local balancedness not only generalizes the finite case; it also provides

the needed condition in infinite spaces.
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Before we define local balancedness in infinite spaces, we extend the notion of a

characteristic function, using intersection instead of membership.

DEFINITION 5.3.3. Let x¢ : £(Q) — {0,1} be the function with xc(F) = 1 if
CNF #0, and xc(F) = 0 otherwise.

Instead of using individual states in the definition of local balancedness, we now use
cells of finite partitions. Recall that a partition P of a set F is at least as fine as a
partition Q of FE if for every P € P, there is some @ € Q such that P C Q.

In addition to using finite partitions, we have to require finiteness in a further respect.
Note that when we move from regular models to infinite spaces, the sum in the definition
of local balancedness is no longer guaranteed to be well defined. For a given i and E, |Cg|
is no longer be guaranteed to be finite, so even in the countable case we would need to
sum relative to a sequence. In the official definition of local balancedness, we avoid this
difficulty by simply stipulating that the balancing function A assign non-zero value to at

most finitely many elements of Cg.

DEFINITION 5.3.4. Fix a model M. A possibility correspondence P, is locally balanced
with respect to an event E € B if and only if there is some partition Q of €2 which

(i) induces a finite partition of E; and

(ii) for all finite partitions P of Q which are at least as fine as Q, there exists a
function A : {P;(w)|w € 2} — R so that

(a) {C € Cg : M(C) # 0} € N; and

(b) for every P € P, 3 cce, MC)xc(P) = xe(P).

A correspondence is locally balanced within F if it is locally balanced with respect

to every self-evident £/ C F.

The definition of balancedness within E is not the global definition we used earlier
for balancedness and subset balancedness. Those definitions use the special case where a
correspondence is (locally) balanced within Q.

Since P is itself finite, (ila) and (iib) together have the consequence that there is a
finite cover of E contained in Cg. In other words, there is an event F' such that |F| is
finite and {P;(w)|w € F'} covers E.

We will be particularly interested in the following class of events:

DEFINITION 5.3.5. Fix a model M and a group G C I. A common prior consistent

event E is consistently balanced for G if for every i € G, P; is locally balanced within E.
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E is consistently balanced if it is consistently balanced for I.

5.3.2. Agreement Theorem. The next lemma is key to the Agreement Theorem.
But in a way it is more flexible than the Agreement Theorem, and will also provide
the basis for the later epistemic conditions. The lemma gives conditions under which an
agent’s probabilistic beliefs throughout a self-evident event agree with the distribution

obtained by conditionalizing a prior on that event.

LEMMA 5.3.6. Let M be a model, i a player, E an event which is consistently balanced
for i, and E* C E an event which is self-evident for i. If there is an event F and a

k € ]0,1] such that E* C [p;(F) = k] then for any common prior u over E, k = p(F|E*).

PROOF. By hypothesis, there is a k such that E* C [p;(F) = k]. Since p is a common
prior, we know that u(C) > 0 for all C € {C|Fw(w € E* A P;(w) = C)} = Cg~, and
F
moreover M = k for all such C.
1(C)
For a given C € Cg, we rewrite as u(F N C) = ku(C). Choose a finite partition
Q of F* which is sufficiently fine that, for all C' € Cg which are given non-zero value
by a A which balances E*, Q induces a partition of FF N C, and Q itself witnesses local

balancedness with respect to E*. (It’s clear that such a partition exists by the definition

of local balancedness.) So for a given C' we have:

> xe@xr(@u@) =D kxe(@QuQ)

QeQ Qe

Since this is true for each C' € Cg+ to which A assigns nonzero value, we have
(5.3.1) D MO Y xe@xr@u(@) = D MO) Y kxe(@u(Q)
CeCpx QeQ CeCp+ QeQ

for any function A. By local balancedness with respect to E*, and by our choice of Q, for

any cell Q € Q, we have, for an appropriately chosen A:

xe- (@) = Y MO)xe(Q).
CECpx
Using this A, equation 5.3.1 becomes:
> xe-@xr@u@Q) = > kxe- (Qu(Q)

QeQ Qe

Or, equivalently: u(F|E*) = k, as required. a

With this lemma in hand, the Agreement Theorem follows easily:
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PROPOSITION 5.3.7. (Agreement Theorem) Let M be a model, G C I a group, and
E an event which is consistently balanced for G. Suppose there is an w € E, and an event
F so that for each i € G, there is a k; € [0,1] such that w € CBg([pi(F) = k;i]). Then
foralli,je G, k =k;.

PROOF. For each i, we know there is a public event E; C [p;(F') = k;]. For each such
E;, w € B, so choosing one for each player, (,. E; is nonempty and thus also public;

we denote this intersection E*. Now pick an arbitrary i € G. For any C € Cg«, we write,

wFNC)
u(C)

respect to E*, it follows by Lemma 5.3.6, that, for each i, k; = pu(F|E*). Since u, E* and

as above: = k;. By the hypothesis that each agent is locally balanced with

F' are the same for all agents in G, k; = k; for all 7,5 € G. a

An extensive earlier literature examined failures of introspective omniscience in con-
nection with the Agreement Theorem and in the presence of the truth axiom (Bacharach
1985, Geanakoplos 1989, Rubinstein and Wolinsky 1990, Samet 1990, Shin 1993). Geanako-
plos’s theorem is the most general one presented in this initial body of work; Proposition
5.3.7 corrects this result, and extends it both to infinite spaces, and possibility corre-

spondences which do not satisfy (7).

5.3.3. Conditioning Events and “False” Beliefs. More recently, Bonanno and
Nehring (1999) proved an Agreement Theorem for finite K D45 models (where, in addition
to (4) and (5), we have, as here: (D) Vw € Q P;j(w) # 0). But there is an important
conceptual difference between their setting and the one used here. In defining consistency
with a common prior, Bonanno and Nehring take the agent’s “posterior” at w (thought
of as “interim beliefs”) to be defined as p(-|[{w'|P;(w’) = P;(w)}). In words, the agent’s
interim beliefs are as if the agent had conditioned on the event of her having the beliefs she
has. This is conceptually difficult to understand; intuitively, agents should conditionalize
(or be consistent with regard to) their information, not the event of their having the

information they in fact have.

An example may help to illustrate the point.

wlwn) = 5 5

FI1GURE 5.3.1. Conditioning Events
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EXAMPLE 5.3.8. Let M be amodel with Q = {w;,ws}, and I = {a, b}. The possibility
correspondences are as follows: Yw € Q, P,(w) = {w2} while Py(w) = {wi} (this is
depicted in the figure). Finally, p,(w1) = 0, pa(w2) = 1, pp(w1) = 1 and py(wz) = 0.
Intuitively, these probabilistic beliefs are consistent with the uniform prior p, defined
so that Yw € Q, pu(w) = .5. Player a conditionalizes this prior on what she believes; b
conditionalizes the prior on what he believes. But according to Bonanno and Nehring’s

definition, as is easily checked, these beliefs are not consistent with a common prior.

This is the conceptual difficulty just noted. The P; are supposed to represent what
the agent believes. So the agent should conditionalize on P;(w) itself—what she believes—
not on the event that she has the beliefs she in fact has. Even if we do not interpret the

PANAS

relationship between the “prior” and “posterior” as given by the agents’ “update”, it is
unclear how to interpret the resulting property of “consistency”.

This definition of conditioning events is not specific to Bonanno and Nehring. In
results we will discuss later, Aumann and Brandenburger (1995), Barelli (2009) and Bach
and Tsakas (2014), all similarly define the conditioning events as the set of all worlds
where agents have a given type. As a formal matter, this means that if any agent has a
false belief at a state, the only admissible prior will be one which assigns 0 to this state.
But if the prior assigns a state 0 , then all agents’ interim beliefs must assign that state 0.
So although the models nominally relax the truth axiom, the common prior assumption
plus this definition of conditioning events effectively restores it. From the standpoint of
the probabilities, the agents in the models are de facto partitional.

Hellman (2012) also proves an Agreement Theorem for K D45 models. His theo-
rem applies to K D45 models not included in the hypothesis of Proposition 5.3.7, but

Proposition 5.3.7 describes many models in which the P; are not K D45.

5.4. Correlated Equilibrium

Example 5.1.1 showed that standard epistemic conditions for correlated equilibrium
may fail if agents are not introspectively omniscient. In this section, I will provide two
different sets of epistemic conditions for correlated equilibrium. Both results replace the
usual assumption of introspective omniscience with properties related to local balanced-

ness.
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5.4.1. Game Models, Conjectures, Rationality, and Games. To study games,

we must first extend our pure epistemic models. Let a game model be a tuple

M =(I,(Q,T), (pi)icr, A, (Ai)icr, (Wi)icr)-

The new elements of the model are:

e a finite set of action profiles : A = A; x As,...A,, where each A; is also finite
(and is assumed to be endowed with the discrete algebra);
e for each i, a measurable function A; : ) — A; mapping states to actions; and
e for each i, a state-dependent utility function u; : 2 x A — R, which for all w,
is integrable with respect to (2, B, p;(w)).
In this section and Section 5, when I write “model”, I will mean a game model. Since
game models are extensions of epistemic models, the definitions in terms of pure epistemic
models can be carried over straightforwardly to this new class of models.

As before we will want to consider certain events, such as the event that a player takes
a given action. For a given a; € A;, we use [a;] = {w|A;(w) = a;} to denote the event
that ¢ plays action a;. (This notation is slightly different than the one for conjectures
and utilities.) As usual, we will use A_; for A; X Ag...4;_1 X A;11...A,, and a_; for an
element of this set (recall that I use n for |I]). The event [a_;] is then defined in the
obvious way.

In earlier results, we considered groups of players, subsets of I. When dealing with
actions and utilities it becomes clumsy to achieve this kind of generality. So the main
results in the following sections will use I as the group in question. This loss of generality
is very slight, and it could be remedied easily, by requiring that some players’ utilities
be insensitive to the actions of others, and defining games relative to a group. But these
extensions are both cumbersome and mathematically trivial, so I won’t pursue them here.

We will consider one restriction on the relationship between actions and beliefs.

DEFINITION 5.4.1. An event E is action evident for i if for all w € E, Ja; € A; such

that P;(w) C [a;] N E.

This definition is motivated by the plausible idea that if players are playing a game
(E obtains), they know their own actions. Formally, action evidence means more than
this: each player’s actions are self-evident to him or her within F.

Beliefs over actions will be particularly important. A player i’s conjecture at a world

w, ¢;(w) € A(A_;), is a distribution over the action profiles of other players, defined
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as follows: ¢i(w)(a_i) := pi(w)([a_i)). ©’s conjecture about j at w, ¢! (w) is defined by
¢} (W)(a5) = pi(w)([a;))-

A player i is rational at w* if

/ui(w,Ai(w*),A_i(w))dpi(w*)2/ui(w,bi,A_i(w))dpi(w*)
Q Q

for all b; € A;.

I will use Rat; for the event that 7 is rational (the set of states w such that i is
rational at w), and Raty for N;crRat;.

For fixed w € Q, u;(w,-) denotes a state independent utility function. A game T is
then a tuple of pure actions and state independent payoff functions I = ((A)ier, (w; (W}, -))ier)-
Note again that the game is not defined for an arbitrary group, but only for I itself.

Fixing a game I' = ((A)ier, (u;(w),-))icr), the event of a player i believing in T,
denoted B;(I'), is the event of ¢ believing that he has the utilities he would have in T,
that is, B;(T') = Bj[u; = u;(w*,-)]. Note that for i to believe in the game, he doesn’t
have to have any beliefs about others’ utilities; ¢ believes in the game in the very limited
sense that i believes his or her own utilities are as they would be in T'.

Earlier, we used consistency with a common prior, where the prior must agree with
interim beliefs on all events. When considering games we won’t make this strong re-
quirement. Instead, we’ll use priors over actions. To do this, we extend the notion of

action-consistency introduced by Barelli (2009).

DEFINITION 5.4.2. Fix a model M. An event F € B is action consistent among a
group G C [ if and only if there exists a probability distribution p € A(£2) such that

(i) u(E) =13

for every i € G, and every w € F,

(iia) p(Pi(w)) > 0; and

(iib) for every a_; € A_; ¢i(w)([a_i]) = u((a_i]|Pi(w)).

Call any such p an action prior over E. If G = I, we call y simply an action prior

over F.

Recall that our definition of conditioning events is different from the one used by
Barelli and others, as noted above in Section 3.4. Thus the above definition is slightly
different than Barelli’s.

Every common prior is an action prior, but the converse does not hold in general.

Action priors behave like a common prior over actions in E, by ensuring that players’
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conjectures (not necessarily the full complement of their beliefs) relate to each other as

if they were derived from a common prior.

5.4.2. Positive Local Balancedness and Brandenburger et al. (1992). Bran-
denburger et al. (1992) use a version of subset balancedness to provide epistemic condi-
tions for correlated equilibrium. Here, I will show that we can provide a related result
using local balancedness.

First, we modify the definition of local balancedness by restricting the sign of the

“balancing” function A:

DEFINITION 5.4.3. Fix a model M. A possibility correspondence P; is positively
locally balanced with respect to an event E € B if and only if it is locally balanced with
respect to E by a function A : {P;(w)|w € Q} — Rso.

It is positively locally balanced within F if it is positively locally balanced with

respect to every self-evident E* C F.

Instead of requiring that the agent be locally balanced with respect to every self-

evident event, we need only the following weaker property:

DEFINITION 5.4.4. Fix a model M. An agent i € I is balanced in action within F if,
for every a; € A;, P; is locally balanced with respect to [a;] N E.
1 i8 positively balanced in action within E if, for every a; € A;, i is positively locally

balanced with respect to [a;] N E.

If F itself is action-evident then for each a;, [a;] N E is self-evident. So if a correspon-
dence P; is locally balanced within an action-evident event FE, it is balanced in action
within F. But since not every self-evident event need be of this form, a correspondence
P; may be balanced in action within E, but not locally balanced within E.

Now, by analogy to the case of consistently balanced events, we use action consistency

and balancedness in action to define:

DEFINITION 5.4.5. Fix a model M and a group G C I. An action consistent event
E is (positively) consistently action balanced for G if for every i € G, P; is (positively)
balanced in action within F.

An action consistent event F is (positively) consistently action balanced if for every

i €1, P, is (positively) balanced in action within E.
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The general definition (not restricted by “positively”) will be used later, in Section 5.
The next proposition—our first epistemic condition for correlated equilibrium—uses the

notion of a positively consistently action balanced event:

PROPOSITION 5.4.6. (Brandenburger et al. 1992) Let M be a model, T' a game, and
E an action evident, positively consistently action balanced event. If E C [, (B;(T') N
Rat;), then the distribution fi € A(A), given by ji(a) := p([a]), is an objective correlated

equilibrium distribution for T.

Brandenburger et al. (1992) provide the basis of this proposition. The above state-
ment generalizes their result in three ways. (i) It allows for false beliefs (whereas they
require truth), (ii) it uses action-consistency in place of a common prior, and, finally (iii)
it extends the result to infinite spaces. Note also that we use local balancedness in place
of subset balancedness.

The proof, however, is a straightforward extension of theirs, so I simply recite it in

an appendix for completeness.

5.4.3. Local Action Balancedness: A Second Result. Now we turn to a new
kind of epistemic condition for correlated equilibrium, which will use our earlier results
about agreement. The basic strategy will be to show that the agents each agree with
an action prior conditioned on their own action, in spite of not being introspectively
omniscient.

First, we want to ensure that our earlier Lemma 5.3.6 about agreement carries over

to action priors:

LEMMA 5.4.7. Let M be a model, i a player, and E an event which is consistently
balanced for i. Suppose there is an event E* C E which is action evident for i so that for
some A*, C A_;, and some k € [0,1], E* C [p;({w|A—;(w) € A*,}) = k]. Then for any

action prior p for i over E, k = pu(F|E*).

PROOF. Observe that Lemma 5.3.6 used only the fact that the prior y is a prior
for P; for the relevant event F', that is, for all w € E, u(F|Pi(w)) = pi(w)(F). The
requirement that F' have a fixed projection on A_; suffices to ensure that the action

prior p is a prior for F, and the proof goes through as above. O

With this Lemma in hand, we state epistemic conditions for correlated equilibrium:
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PROPOSITION 5.4.8. Let M be a model, I' a game, and E an action consistent event.
Suppose there is an action-evident E* C E such that for every i € T

(a) E* C B;(T") N Rat;;

(b) i is balanced in action within E*;

(c) for each a; € A;, pF € A(A_;) such that E* N [a;] C [¢; = ¢7];

Then for any action prior u over E, the distribution i € A(A) given by ji(a) :=

w([a]|E*) is an objective correlated equilibrium distribution for T'.

This proposition is independent of the one given by Brandenburger et al. (1992).
Some correspondences are positively locally balanced within £ but fail to be balanced
in action within E. Conversely, some correspondences are balanced in action within a
given E, and have constant conjectures in their actions, as above, but fail to be positively

balanced within F.

PROOF. Since E* is action-evident, for each ¢ and each a;, E N [a;] is self-evident.
Now for each i, P; is balanced in action and ¢; is constant in each E* N [a;]. So by
Lemma 5.4.7, for every w € EN[a;], and a—; € A_;, ¢;(w)([a—i]) = f([a—i]|[ai])). Since
each player is rational with respect to each of these conjectures in the game T, it follows

immediately that fi is a correlated equilibrium distribution of I'. O

5.5. Epistemic Conditions for Nash

Aumann and Brandenburger (1995) provided epistemic conditions for games with
more than 2 players via the agreement theorem. Example 5.1.1 shows that the Agree-
ment Theorem cannot be extended to generalized possibility correspondences. With slight
alteration, the example could be used to show that we also cannot extend Aumann and
Brandenburger’s result to this more general setting.

The question then arises: can we use the Agreement Theorem of Section 5.3 to provide
epistemic conditions for Nash along the lines of Aumann and Brandenburger’s original?
Is the new Agreement Theorem also robust to more recent extensions of Aumann and
Brandenburger’s result? In this Section, I answer the question in the affirmative. The
details are somewhat involved, and the new result does not give a particularly clear form
to Aumann and Brandenburger’s core insights. But still it is of some interest that such

a result can be given.

5.5.1. Nash for Interim Beliefs without a Prior. We start by re-stating some

standard facts about Nash equilibrium—mnot in the common prior setting. These results
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are very clear conceptually, and they also form the basis of the more involved, technical
proposition which follows.

To state these results, we need one more definition. A player i’s conjectures about
j and k are independent if, for all a; € A; and aj, € Ay, ¢! (w)([a;])¢F(w)([ar]) =
gbg’k(w)([aj} N [ak]). A conjecture ¢;(w) is independent if it is independent for all j, k €
I\ {i}. A player’s conjecture being independent is itself an event, which I will denote by
Ind(¢;).

In general, for two measures py and po, I will write the product measure as p1 ® us.
If more than two distributions are involved, I will use the symbol for product; for exam-
ple, ¢i(w) = [I;ep (i) marga, ¢i(w) = marga, ¢i(w) @marga,¢;(w) ®...marga,_, ;(w) ®
marga,., ® ...marga,¢;(w) expresses the statement that i’s conjecture at w is indepen-
dent.

To set the stage for the common-prior based result, we first develop simple, minimal

epistemic conditions for Nash. The following Lemma is now standard:

LEMMA 5.5.1. Let M be a model and T' = ((A)er, (ui (W), -))icr) a game. Suppose
that for some w, for some i,j € I with i # j,

(a) for some ¢f € A(A_;), w € Bj[¢; = ¢},

(b) w € B;B;T" and

(¢) w € Bj(Rat;).

Then for any a; € A; such that ¢j(w)([a:]) >0, >°, a4 ¢F(la—i)ui(w*, ai,a—;) >

Za_iEA_i OF(la—i)ui(w*, bi,a_;), for all b; € A;.

Under conditions (a)-(c) any action which has positive support in j’s conjecture

about ¢ is rational for ¢ with respect to the conjecture j believes ¢ has.

PROOF. By hypothesis, at w, j believes three events: [¢; = ¢f], B, = {w €
QP;(w') C [ui(w*,-)]} and Rat;. It follows that p;(w) assigns 1 to these three events.
Since ¢;(w)([a;]) > 0, pj(w) assigns positive probability also to [¢; = ¢7|NB;I'NRat;Na;].
So since this intersection is nonempty, it must be that a; maximizes u;(w*, -), with respect

to the conjecture ¢;. O

We then have:

PROPOSITION 5.5.2. Let M be a model and T' = ((A)ier, (ui(w},-))icr) a game.

Suppose that for some world w € Q, for every player i € I, there is a o; € A(A;) so that
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for every 3,k € I\ {i}, ¢§' (w) = @i (w) = ;. Suppose further that, for every i € I, there
is some player j € I\ {i}, such that

(a) for every k € I'\ {i}, w € B;[¢} = ¢ (w)];

(b) we B;B;(I),

(¢) w € Bj(Rat;),

(d) w € B;(Ind(¢:)).

Then (01,09...01) is a Nash Equilibrium of T.

Notice that (a) in this Proposition is different from (a) in the previous Lemma. Here,
it is not just that there is some conjecture j believes i has; the believed conjecture must
(a) agree with i’s actual marginal conjectures (i’s marginal conjectures at w) and (d)

represent others’ actions as independent.

PrOOF. Consider an arbitrary player i. By hypothesis, there is some j # i such

kx

that j believes that, for every k € I\ {i}, s conjecture about k is ¢7*, where in fact
this is correct and ¢¥* = ¢¥(w). Since every player agrees in their marginal conjectures
at w, then for all k € I\ {i}, this ¢¥(w) = o4. Moreover, at w, j believes that i’s full
conjecture is J[cp () o (w) = [Tien iy ok, J believes that ¢ is rational, and believes
that ¢ believes ¢ has utility u;(w},-). By Lemma 5.5.1, it follows that every a; assigned
positive probability by qﬁ; (w) = oy is a best response to erl\{i} ok, when i’s payoffs are

given by wu,;(w},-). Since ¢ was chosen arbitrarily, this holds for every player, and thus

(01,09...01,) is a Nash Equilibrium of T'. O

Versions of this fact are given in Brandenburger and Dekel (1987: Proposition 4.1),
Aumann and Brandenburger (1995) Remark 7.1, Liu (2010 (unpublished)), Dekel and
Siniscalchi (2014: 21-2) and Battigalli et al. (2014). As usual, this result is more gen-
eral than the standard ones, since I have made no assumptions whatsoever about in-
trospection. In fact, this proposition is very general, since it does not even require local

balancedness.

5.5.2. Independence. As Proposition 5.5.2 illustrates, two claims must be estab-
lished to give the epistemic conditions for Nash: agreement of marginal conjectures,
and independence of believed conjectures. For agreement, we will simply use the earlier
Lemma 5.4.7. Independence will require two new lemmas.

In later results we will be using events E which are both action evident and consis-
tently action balanced (see Definition 5.4.5). Our first lemma will show that if F satisfies

these properties, it turns out that each P; is also locally balanced with respect to E itself.
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LEMMA 5.5.3. Let M be a model, © a player, and E an event which is action con-
sistent and action-evident for i. If P; is balanced in action within E, then P; is locally

balanced with respect to E.

PrOOF. P = {{[a;] N E}|a; € A,;} is a finite partition of E. Moreover, since E is
action-evident, each of these events is self-evident to 4, so for any distinct a;,a; € A; of
Cerla;) NCEn[a,] = 0. Fix an enumeration of the a; € A;, and denote the nth action as aj'.
For each such al', by hypothesis, there exists Q,, a finite partition of E N [a]'], such that,
for Q,, and any finer finite partition of E N [a?], there is some \,, which witnesses the
local balancedness of P; with respect to this £ N [al]. For each a} pick such a Q,,, and
now consider the union of all these partitions ¢, <), Qn = Q. This new Q partitions
E, and is finite. We now construct A so that, if w € P,, A(Pi(w)) = A\ (Pi(w)). (Given
any finer but still finite partition, we can construct A in the same way.) These A witness

the local balancedness of P; with respect to E. O

Now we turn to independence directly.

LEMMA 5.5.4. Let M be a model, i a player, and E an event which is action evident,
and consistently action balanced for i. If for some ¢f € A(A_;), E C [¢p; = ¢7], then for

any action prior p for i over E, margap = marga, ® marga_,, and for every w € E,

i

@i(w) =marga_, ji.

PROOF. By constancy of i’s conjectures within the action-evident E, and ¢’s local
balancedness with respect to E N [a;], for each a; € A;, it follows from Lemma 5.4.7 that,

for w € E with A;(w) = ay,

(5.5.1) pi(w)(la—) = plai, a—ill[ai])

for all a_; € A_;. Rearranging, for every w € F with A;(w) = a;, we have u([a;,a_;]) =
@i (w)([a—:])p([ai]), for all a_; € A_;. Since this holds for each a; € A;, it follows that
margap = marga, b @ marga_, . But then for each a;, it’s clear that marga(u(-|[a;]) =
marga_, . Since P; is action balanced within the action evident F, and 3¢* such that E C
[¢; = ¢7], it follows from Lemma 5.4.7 that, for any w € E, ¢;(w) = margap(-|[A;(w)]) =

marga_, jb. O

5.5.3. Pairwise Epistemic Conditions. Following Bach and Tsakas (2014), we
can give epistemic conditions for Nash equilibrium using a notion of pairwise general

action consistency, defined relative to a graph on the set of players. Our strategy will be
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to build up agreement and independence pair-by-pair along the edges of the graph, to
show that the conjectures of the whole group agree, and that each conjecture treats all
others as acting independently.

First, we recall some graph-theoretic definitions. An undirected graph G = (N, &)
consists of a set of vertices and a set of edges described by the binary symmetric relation
€ C N x N (where (i,7) € € describes the same edge as (j,7) € £). A sequence (ix)j",
of players is a path if and only if (ig,igy1) € € for all k € {1,...,m — 1}. A graph is
connected if for every i,j € N, there is a path (iy)j, with ¢ = 41 and j = i,,. A cut
vertex of a connected graph is a node ¢ € N such that, if it is deleted (and any edges
containing it are removed), the resulting graph is not connected. A graph is biconnected

if it has no cut vertices.

DEFINITION 5.5.5. Fix a model M. Let a state w € ) be pairwise action consistent
if and only if there exists a biconnected graph H = (I, &) where for each (j, k) € £, there
exists an action evident, consistently action balanced event E, for the group G, = {j, k}
such that:

(i) w € Ej k; and

(ii) for some ¢; € A(AZj), ¢ € A(A_k), Eji C [¢; = (b;‘] N [P = o5l
This definition sets the stage for our final proposition:

PROPOSITION 5.5.6. Let M be a model, I' a game, and w € Q a pairwise action
consistent state.

Suppose that for every i € I, there exists some j € I with j # i, such that:

(a) w € By6s = 6:(w)]

(b) w € B;B;(T)

(¢) w € Bj(Rat;).

Then all j € I\ {i} share the same conjecture o; about i, and the vector of these

conjectures about individuals, (01, ...,07) is a Nash Equilibrium for the game T.

PROOF. We break the proof into three stages: (1) agreement; (2) independence; (3)
Nash.

Agreement. Pick an arbitrary ¢ € I, and an arbitrary j € I\ {i}. We first show, by
induction on path length in H, that ¢%(w) = ¢},(w) for all k € I'\ {i,7}. Suppose, for
the base case, that (j, k) € &: k is reachable from j in a single step. By Lemma 5.5.3,

Definition 5.5.5 (z) — (i) imply j and k’s local balancedness with respect to Ej;. We now
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use Lemma 5.4.7, and Definition 5.5.5 (i) — (it), to obtain ¢;(w)([a;]) = ¢r(w)([as]), for
all a; € A;.

Now we suppose this holds for any k,, reachable in n steps on the graph H, and show
that it holds for any k41 reachable in n + 1 steps on H. Any such k41 is reachable
in one step from some k, with (k,,k,4+1) € €. So Definition 5.5.5 (i) — (i4) hold for

G kinis = {kn, knt1}, where k,, € I is some player reachable in n steps from this initial

nt1
J. Now another application of Lemma 5.4.7 gives us that ¢y, (w)([ai]) = ¢k, (w)([ai]),
for all a; € A;. But, by the induction hypothesis, ¢, (w)([ai]) = ¢;(w)([a;]), for all
a; € A;. Since the graph H is biconnected, and I is finite, we can reach every element
of T\ {i} in a finite number of steps, without passing through ¢,. Moreover, since the
initial ¢ was chosen arbitrarily, it follows that for any ¢ € I, all 5,k € I'\ {i} agree in their
conjecture about i.

Independence. We now use agreement in marginal conjectures to show that all players’
conjectures are independent. First we show that, for every i, j, k,1 € I, with (4, j), (k1) €
E, margap;j = margau, by showing that an arbitrary subpath (a,b), (b,c) € € pre-
serves equality of margau., = margaps.. By b’s local action balancedness relative to
E,;, and Lemma 5.5.4, we have margapiqay = marga, it ® ¢p(w). By Lemma 5.4.7, a’s
constancy in FE,p, and a’s local balancedness with respect to F,, (given, once again
by using Lemma 5.5.3, and Definition 5.5.5(i) — (ii)), we have marga,u = #° = oy,
where oy, is the marginal conjecture shared among all players other than b about b. Thus
margapap = 0p @ ¢p(w). The same argument shows that up. = op ® Pp(w), and thus,
that pep = ppe. Since a, b, ¢ were chosen arbitrarily, any such path preserves equality. By
the (bi)connectedness of H, there is such a path from any ¢ to any [. Every step in any
such path preserves equality of the relevant action-priors, and thus, for all i, j,k,1 € I,
with (4,7), (k,1) € €, margapi; = margapg, as required. From now on we denote this
distribution on actions simply by p.

Now we show that p = [[,.; marga,p. Pick an arbitrary ¢ € I. By connectedness

i€
of H, there is some j with (¢,7) € £. By the argument just given margap,; = p.
Moreover, by @’s local action balancedness with respect to E;;, we have margau;; =
o= marga,p ® marga_, . Since this holds for all ¢ € I, we have, by Aumann and
Brandenburger (1995) Lemma 4.6, that 4 = [[,.; marga,p. (The full argument is by
induction on the cardinality of I, and may be found in their paper.)

To complete the proof of independence, it remains to show only that, for every i,

¢i = marga_,p. By the connectedness of H, every ¢ has at least one neighbor, j, and for
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every (i,7) € &, there is some E;,;, with p1;; an action prior on E;;, and ¢ locally balanced
with respect to F;;. By the constancy of i’s conjecture in Fj;, we can use Lemma 5.4.7, to
derive that ¢;(w) = marga_,p;;. But, by the earlier argument marga_,p;; = marga_, fi,
as required.

Nash. With agreement and independence in hand, Nash follows by Lemma 5.5.1. [

Proposition 5.5.6 generalizes Bach and Tsakas (2014) in two ways. First, it allows
belief in rationality to float free from the graph structure. In the above statement, belief
in rationality may fail to form even a connected graph.® Second, local action balancedness
is weaker than their assumption that agents are introspectively omniscient. Note once
again that the definition of conditioning events used here is different from theirs as well.

Polak (1999) observed that, in Aumann and Brandenburger’s Theorem B, common
knowledge of conjectures plus common knowledge of payoffs implies common knowledge
of rationality. As a result, in perfect information games, where payoffs are assumed to
be commonly known, satisfaction of Aumann and Brandenburger’s weak conditions still
implies common knowledge of rationality. Barelli (2009) and Bach and Tsakas (2014)
have shown that this result need not follow, by giving weaker epistemic conditions for
Nash Equilibrium. Proposition 5.5.6 and Proposition 5.5.2 share this feature, though the

more general and transparent Lemma 5.5.1 has a more striking version of it.

5.6. Conclusion: Interpretation of Local Balancedness

Without introspective omniscience, some common prior-based results fail. Local bal-
ancedness is considerably weaker than introspective omniscience, and it allows us to
preserve some standard results.

But this leaves us with two questions. First, are these the weakest constraints which
can be given which validate these results? Second, and somewhat relatedly, does local
balancedness have any interesting interpretation? Given positive introspection, for ex-
ample, the Agreement Theorem holds. Positive introspection has a simple interpretation,
and some might be happy maintaining positive introspection in this setting. But in oth-
ers, e.g. for correlated equilibrium, positive introspection is not enough. (Recall that the
agents in Example 5.1.1 were both positively introspective—they obeyed (4)—but the
prior there failed to form a correlated equilibrium.) For local balancedness, we don’t

seem to have an interpretation which is as clear as the one for positive introspection.

9For example, with four players, a, b, ¢, d: if the other conditions are satisfied, it suffices that a believe
that b is rational and b believe that a is rational, while ¢ believe that d is rational, and d believes that ¢
is rational. a and b may each believe ¢ and d not to be rational, and ¢ and d may return the favor.
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Ideally we would like to find some way of understanding local balancedness in terms of
the constraints it imposes on players’ beliefs and knowledge.

The first question can be answered partly in the affirmative. As I have noted, the
main result of the paper is the Agreement Theorem. Geanakoplos provided a partial
converse to his version of this result. Recall that we can specify regular models just by
specifying a prior over the state space in the model. Then if M = (Q, I, (P);cr, p) is a
regular model, and ¢ € I is a player, then a regular model M’ == (Q, I', (P');cr, 1) is
i-equivalent if ¢ € I', and P; = P/.

Then we can state Geanakoplos’s converse, using local balancedness, as follows:

PROPOSITION 5.6.1. (Geanakoplos 1989) Let M be a regular model, and i € T a
player. If P; is not locally balanced, there is an i-equivalent M' and a j € I’ such that

P; is locally balanced within Q, and i and j agree to disagree.

This converse applies only to regular models. It also requires quantifying i-equivalent
models, that is, over possible priors and possible balanced possibility correspondences.
It says nothing about agents on a specific occasion, given the beliefs they in fact have.
But unfortunately, stronger converses are not available. If two agents have possibility
correspondences which are ill-behaved in exactly the same ways—that is, Vw P;(w) =
Pj(w) and p;(w) = pj(w)—then they cannot agree to disagree, because they cannot
disagree at all. This converse may be the best we can hope for.1?

How should we understand local balancedness? Geanakoplos suggested that “Bal-
ancedness is a condition under which one can say that every w € F is equally scrutinized
by the information correspondence E. Every element C' € P has an intensity A\(C'), and
the sum of the intensities with which each w € FE is considered possible by P is the
same, namely 1.” (1989: 18) The following model, however, is both balanced and locally

balanced, although it does not appear to exhibit “equal scrutiny” in any intuitive sense.

10Hellman 2012 gives more exact necessary conditions, but his theorem is of an essentially different
kind than the ones studied in this paper. The statement of Hellman’s conditions on agents’ beliefs are
essentially interactive: a given possibility correspondence does not satisfy them (or fail to satisfy them)
if a group has not been specified. This makes his result essentially different from the standard theorems,
where interactive results are derived from at least prima facie single-agent constraints.
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FIGURE 5.6.1. Local Balancedness and Truth do Not Imply Equal Scrutiny
(0 can see itself)

World 0 is seen from 9 worlds, whereas all other 8 worlds in the model are seen only
from one, namely, themselves. The example could be extended to yield any finite “degree
of scrutiny” for one world, while every other world is seen by only itself.

So we are still in need of an intuitive characterization. In the case of positive introspec-
tion, we give an intuitive characterization of a model-theoretic property by considering
the propositional modal logic which characterizes the class of models which satisfy this
property (or, in the logical terminology the class of “frames”). One might hope that, as
with positive introspection, we can similarly use a propositional modal logic to give a
transparent characterization of which models are locally balanced. Formally, this would
mean finding a logic of belief which is valid exactly on the class of models M in which
agents are (positively) locally balanced within the universe Q of M. If a class of models
can be characterized in this way, we say that the class of models is definable. Unfor-
tunately, the following proposition shows that such an equivalence cannot be given; it
thus suggests that properties related to local balancedness may not admit an intuitive

characterization in terms of belief.

PROPOSITION 5.6.2. The class of (positively) locally balanced models is undefinable

by a normal modal logic.

N
SN

FIGURE 5.6.2. A Locally Balanced model which has a Bounded Morphic
Image that is not Locally Balanced
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Recall that for conditions such as (T') + (4) on possibility correspondences, the class

of models is definable by a normal modal logic, in this case, the logic 54.

PrOOF. By the Goldblatt-Thomason theorem, a class of models is definable by a nor-
mal modal logic only if it is closed under bounded morphic images.!! In figure 5.6.2 the
left-hand model is positively locally balanced (and therefore locally balanced). To see this,
note that the only self-evident event is the universe, and that {P;(a*), P;(e*), P;(c*), P;(f*)}
partitions the universe. The right-hand model is not locally balanced. To see this, con-
sider the uniform prior x defined so that: Yw € Q, p(w) = &. While p({a,c,e, f}) = 2,
n({a,c.e, f}|Py(w)) = L for all w € Q. Since pu({a,c,e, f}|Pi(w)) is constant within €,
but does not agree with u({a,c,e, f}|Q), it follows by contraposition of Lemma 5.3.6
that the correspondence is not locally balanced. But the model on the right-hand side
of Figure 5.6.2 is a bounded morphic image of the one on the left. Consider the function
h which takes every unasterisked world to itself, but takes the asterisked worlds to their
unasterisked counterparts. Call the accessibility relation (the relation of directed adja-
cency) of the left-hand model ‘R’, and the accessibility relation of the right hand model
‘R". Tt is straightforward to check that (i) wRv implies h(w)R'h(v); (ii) h(w)R'v" implies

that there is some v such that wRv and h(v) = ¢'; (iii) h is surjective. O

Appendix

PROPOSITION. (Brandenburger et al. 1992) Let M be a model, T' a game, and E

an action evident, positively consistently action balanced event. If E C [, (B;i(T') N
Rat;), then the distribution i € A(A) given by fi(a) := u([a]) is an objective correlated

equilibrium distribution for T.

PROOF. (Brandenburger et al. 1992) Following Brandenburger et al, fixing the game
I'= ((A)ier, (ui(wF,))ier) and given a distribution v € A(A), with v({a;} x A_;)) > 0,
let

Qu(a;) = {q € A(A) : supp(q) € supp(v(-|a;)),

Z qla—i)u; (W, a,a_;) = Z qla—;)u;(w}, bj,a_;) for all b; € A;.}
a_,EA_; a_;€EA_;

(We use supp, as usual, to denote the smallest closed set with measure 1, and use the
discrete topology on the finite set of action profiles.) Observe that @, (a;) is a compact,

HFor a standard reference, and proof of the Goldblatt-Thomason theorem, see Blackburn et al. 2001:
Sections 3.8 and 5.4.
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convex subset of A(A_;). We now show that for any action-prior u on E, i, defined as
above, is a correlated equilibrium distribution. This claim is equivalent to the claim that,
for each ¢, for every a; € A; such that u([{a;} x A_;]) >0, marga_,p(-|[a;]) € Qulas).

For every i € I, a; € A; and w € E N [a], it is straightforward to show that
¢i(w) € Qpla;). Since p is an action prior, for every ¢ € I, and w € E, supp(¢;(w)) C
supp(marga_, (f)). Moreover, by the fact that £ C (,.;(B;(I') N Rat;), we have that for
every i € I, a; € A; and w € E N [a;], a; is optimal with respect to ¢;(w), and w;(w},-).
Thus for every i € I, a; € A; and w € EN[a;], ¢i(w) € Qua;).

By the convexity of Qmarg, u(as), it now suffices to show that, for every i € I, for every
a; € A;, marga_,i(-|[a;]) € conv{g;(w)|lw € E N [a;]}, where conv denotes the convex
hull of the set of all such conjectures. By action consistency, we have ¢;(w)([a—;]) =
p([a—;]|Pi(w)), for every a_; € A_;. Recall that given an event E and a player i, we use
Cg to denote the set Cp = {C|Fw(w € E A Pi(w) = C)}. Consider an arbitrary ¢ € I,
a; € A;, and a_; € A_;, so that p(la—;]|F N [a;]) > 0. Now choose a finite partition O,
but fine enough to partition E N [a;,a—;], and fine enough to witness the positive local
balancedness of ¢ with respect to E N [a;]. Since 4 is positively locally balanced in action

within F,

D Xane(@)Xa_ ) (@)1(Q)

:WﬁZEZWWWMW@

QEQ CECRA(q;]

for an appropriately chosen A. It follows that:

) A(C)M(C)ﬁ S %@ (Qu(Q)

CGCEm[ai] QeQ

(5.1) = Y AOUOu(aO)

wlai) ot

But local positive balancedness gives us that m ZCECEN%] AMC)u(C) =1, and,

moreover, that every value in the sum is at least 0. So 5..1 gives us

(5.2) u(la—illai]) € conv{e:(w)(fa_ilw € ENfai]}
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This holds for all a_; € A_;, so marga_,p(+|[a;]) lies in the convex hull of the ¢;(w)
such that w € E N [a;], as required. Since Qmargap(a;) is convex, it follows by 5..2 that
marga_, i lies in Qmarg,pu(a;) as well, for every a; such that margap({a;} x A_;)) > 0.

So margap = fi is a correlated equilibrium for T |
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