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Abstract 

 

Metamaterials are artificially constructed “materials” which are formed from 

arrays of engineered elements. By designing individual elements as well as their 

interactions, the propagation of electromagnetic (EM) waves within the structure 

can be manipulated, so that new responses can be realised which may not be found 

in nature.  

 

The subject of this research concerns the study of miniaturised elements with 

strong EM responses so that the constructed metamaterial can better approximate 

an ordinary low-loss material. The research involves designing miniaturised 

magnetic resonators operating in the microwave frequency range. A novel resonator 

prototypes, so-called “helical resonators”, have been successfully designed and 

fabricated whose physical sizes can fall below 1% of the free space wavelength at 

resonance. This contributes to a size reduction of 90% compared with previously 

published work. In addition, an analytical model has been developed, so that the 

resonance parameters of a helical resonator have explicit expressions. In particular, a 

constant optimal metallic fill ratio is demonstrated to exist, which can achieve a 

minimum resonant frequency and a maximum miniaturisation for any given outmost 



dimension of the element. The accuracy of the model has been verified by both 

simulation and experiment. The frequency responses of fabricated helical elements 

were measured using a vector network analyser and a pair of small loop non- 

resonant dipole probes, and the parameters were extracted using the phase 

frequency fit method which proves to have the best accuracy and robustness. 

 

The properties of a regular square array of helical resonators are subsequently 

investigated, which can be regarded as a two-dimensional metamaterial. A relevant 

analytical model has been developed, which characterises the array as an equivalent 

sheet with surface current distributions, rather than an artificial medium with finite 

thickness. The relation between the macroscopic EM fields and the small scale 

properties of individual helical resonators are then established. In particular, the 

helical resonators are observed to be inherently chiral, thus the assembled 

interlocking array exhibits dichroism. The transmission coefficients for the circular 

EM waves with two different polarisation states have been derived, which have been 

verified by simulation and measurement results as well. In addition, it has been 

theoretically demonstrated that the resonator elements and their spacings can be 

engineered, so that the circular EM wave with one particular polarisation state can 

be totally attenuated around the element resonance, while the other state suffers 

negligible attenuation. A quadratic relation between the optimal array spacing and 

the elements’ quality factor has been demonstrated. 
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Chapter 1

Introduction

1.1 General Background of Double Negative Metamaterials

Ordinary materials consist of atoms and molecules. When electromagnetic (EM) waves

enter a material, the electric and magnetic �elds may change the charge distribution

within the material, and induce electric and magnetic dipole moments inside the com-

prising elements. The responses of a material to the external EM wave radiation are

macroscopically depicted by two parameters, namely, relative dielectric permittivity �r

and relative magnetic permeability �r. These two parameters characterise the collective

contributions from the excited dipole moments, and usually do not depend on the size or

the shape of the material sample, i.e., they are homogeneous and inherent properties of

a material. Generally speaking, �r and �r are both positive for most ordinary materials.

Metamaterials are arti�cially constructed "materials" which are formed from arrays

of engineered elements [1]-[8]. Their properties are gained from structure at levels much

1



larger than the atomic scale, i.e., the elements are big enough to be fabricated into

complex shapes. Each element simulates the behaviour of a molecule in an ordinary di-

electric in that it exhibits a dipole moment, and the collective e¤ect of these microscopic

inhomogeneities within the structure contributes to e¤ective macroscopic behaviour. In

addition, it is generally acknowledged that arti�cially engineered periodic microstruc-

tures, where the wavelength of operation is much longer than the composition units and

the periodicity, can be described as e¤ective media when depicting electromagnetic phe-

nomena at a macroscopic level [9]. In general, the EM properties of such structures can

be expressed in terms of e¤ective permittivity and permeability. By tailoring individual

elements as well as their interactions, the propagation of EM waves within the structure

can be manipulated, so that new responses can be realised which may not be found in

nature.

The most common type of metamaterials refers to structures which show both nega-

tive permittivity and negative permeability. The properties of such materials were �rst

investigated theoretically by the Russian physicist Veselago [10], who predicted that a

material with both negative �r and �r could have extraordinary optical phenomena. How-

ever, his work was largely ignored until Pendry analysed several periodic con�guration of

conductor arrays, and envisaged the �rst practical realisation of double negative meta-

material [11]-[13]. This research �eld was revived when Smith and Shultz succeeded in

the experimental demonstration using straight conducting wires to yield negative values

of permittivity �r, and split ring resonators (SRRs) to generate negative �r [14]-[17]. A

transmission passband of EM wave with negative index of refraction was observed over a

�nite bandwidth in the microwave region. Since then, there has been an ever expanding

interest in theoretical investigation and actual realisation of metamaterials with improved

performance.

2



The simultaneous negative permittivity and permeability for metamaterials lead to

unique properties which are never encountered in natural materials. Already back in

1968, Veselago predicted a number of remarkable characteristics for wave propagation

in double negative metamaterials. Since the refractive index is also negative, propaga-

tion of EM wave described by the wave vector ~k is contrary to the direction of energy

�ow. This can result in various unusual phenomena including the reversal of Snell�s law,

reversal of Doppler e¤ect, backward Cerenkov radiation, etc [10]. Furthermore, Pendry

has theoretically suggested that a slab of metamaterial with �r = �r = �1 can act as a

�perfect lens�[18], i.e., both the propagating and evanescent spatial Fourier components

of an object can be ideally reconstructed at the image plane, and focusing beyond the

Abbe di¤raction limit can thus be realised when the lens locates in the near �eld of the

object.

Due to the various aspects of extraordinary attributes exhibited, the metamaterials

are known by several other names. The commonly used terms include: double negative

materials (DNG) - signifying the simultaneous negative values for both permittivity and

permeability; left-handed materials (LHM) - highlighting the presence of left-handed�
~E; ~H;~k

�
triplet; backward wave materials (BW) - emphasising the opposite phase and

group velocities; and negative refractive index materials (NRI) - stressing the negative

index of refraction for these materials.

The realisation of metamaterials is of tremendous technological growth potential.

The current trend is towards the application of these revolutionary arti�cial materials

to utilise their unusual behaviour and the ability of tailoring material parameters in a

controlled manner [20]-[35]. The possible practical application areas include those in

aerospace, telecommunication, biomedical engineering, information technology, etc.
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1.2 Theoretical Interpretation and Actual Implementation of

Metamaterials

The study on the impact of material parameters on EM wave propagation lead to the

prediction of di¤erent types of materials. Fig. 1-1 shows the permittivity�permeability

(�r � �r) and refractive index (n) diagram. Ordinary materials having both positive �r

and �r allow the propagation of EM waves, in which the electric �eld ~E, magnetic �eld ~H

and wave vector ~k form a right-handed triplet. In the second and fourth quadrants, either

the permittivity or permeability is negative and �r�r < 0. EM waves cannot e¤ectively

propagate, and only evanescent waves exist inside such media. When negative �r is

combined with negative �r, as the case in the third quadrant, EM waves can in theory

traverse such materials in the form of backward waves, i.e., wave vector ~k has reversed

direction as ~E � ~H [4],[20]. Thus the third quadrant is also known as the left-handed

media region, where the refractive index have real negative values.

The macroscopic parameters of metamaterials are largely determined by the properties

of the comprising elements and their interactions, therefore extensive research have been

conducted on this area. With the aid of the theoretical frame developed by Pendry,

researchers at the University of California, San Diego (UCSD) produced the �rst double

negative metamaterial prototype working in the microwave range as depicted in Fig. 1-

2(a). The composite metamaterial was comprised of a regular two-dimensional array of

metallic rods stacking interlaced with another array of split ring resonators (SRRs). The

former accounts for negative permittivity within a relatively broad frequency bandwidth,

while the latter produces a narrowband response of negative permeability around element

resonance, as depicted by the dip in the measured transmission response in Fig. 1-2(b).

The appearance of a passband within the previous stopband indicates that the negative
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Figure 1-1: Four quadrant diagram of permittivity�permeability (�r � �r) and refractive
index (n) [19].

Figure 1-2: (a) The �rst fabricated double negative metamaterial prototype working in
the microwave range by stacking both SRR array and wire array interlaced. (b) Measured
transmitted power of the split ring resonator (SRR) array alone with regular lattice of 8.0
mm (solid line) and the metamaterial sample by adding wires uniformly between SRRs
(dashed line) [14].
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�r of the SRR array has combined with the negative �r of the wire array to allow the

propagation of EM wave, which results in a composite metamaterial with double negative

material parameters simultaneously. As can be seen, the transmission loss is extremely

high. Later the UCSD team experimentally demonstrated the negative refraction for

such a material using a prism [15]-[17].

The principles of achieving negative values of permittivity and permeability in the

above prototype will be discussed as follows.

1.2.1 Principle of Realisation of Negative Permittivity

Arti�cial materials with negative equivalent permittivity can be realised using plasma or

its analogy. Plasma generally refers to an electrically neutral medium composed of both

positive and negative charges, of which at least one charge type is mobile. In a solid,

the negative charges of the conduction electrons are balanced by an equal concentration

of positive charge of the ion cores. The plasma has a dielectric function of the following

form [36]:

�r (!) = 1�
!2p

! (! + j
)
(1.1)

The plasma frequency !p is typically in the ultraviolet or visible region of the spectrum for

ordinary metals. Around the plasma frequency, a collective oscillation of electron density

occurs which is de�ned as plasmon. 
 is a damping term representing dissipation of the

plasmon�s energy. The equivalent permittivity �r is essentially negative below the plasma

frequency !p, at least down to frequencies comparable to 
. At lower frequencies below

the near infrared, the dielectric function becomes imaginary due to large dissipation.

In order to achieve negative values of permittivity at microwave frequencies, Pendry
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Figure 1-3: Periodic con�guration of thin metallic wires having negative equivalent per-
mittivity in the microwave frequency range.

proposed a mechanism for reducing the plasma frequency using periodic structures of

very thin metallic wires. The plasma frequency of the thin cylindrical metallic wire array

(as shown in Fig. 1-3) is given as

!p =
c0
a

s
2�

ln (a=r)
(1.2)

where c0 is the speed of EM wave in free space, a is the lattice parameter and r is the

radius of the wires.

In the thin wire case (r << a), the corresponding wavelength for !p is much larger

than both a and r. Therefore, such an array of thin wires behaves as e¤ectively homo-

geneous diluted plasma with plasma frequency within the microwave range.
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1.2.2 Principle of Realisation of Negative Permeability

The realisation of an arti�cial material with negative equivalent permittivity in the mi-

crowave frequency range has been demonstrated. The negative value can exist within a

relatively large frequency bandwidth. Consequently, it would be of interest to explore

the possibility of achieving negative permeability in a similar way. However, the solution

is not so simple.

The relative magnetic permeability of most ordinary materials are equal to unity, and

the magnetic responses of most natural materials begin to tail o¤ at frequencies above

gigahertz range. Those materials that remain active are often heavy, and may not have

very desirable mechanical properties. On the other hand, arti�cially engineered materials

can be employed to achieve negative equivalent permeability even at high frequencies.

By incorporating suitable microstructrue, materials can be fabricated from non-magnetic

components, that still show magnetic responses when they interact with EM waves of

the correct frequency. Their weight is normally quite small, which provides an additional

advantage. However, due to the lack of magnetic analogue to a good electrical conductor,

one cannot directly imitate the procedure as in § 1.2.1 and realise negative permeability

through "magnetic plasma".

Pendry introduced a variety of microstructures built from conducting sheets. When

grouped into a periodic array, they were shown to exhibit e¤ective permeability which

can be tuned to values not accessible in natural materials [13]. Fig. 1-4 shows the layout

of a split ring resonator (SRR) as being employed in UCSD�s prototype, which consists

of two planar concentric metallic rings and each has a split with opposite orientations.

The transient current and charge distributions illustrate that the current on the two

rings circulate in the same direction, thus the concentric rings jointly act as an inductive
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Figure 1-4: Layout of a split ring resonator (SRR) with quasi-static transient current
and charge distributions [37].

loop. The charges accumulate at both sides of the gap between the rings, which serves

as a distributed capacitance. If all the gaps are absent so that the SRR degenerates

into a single metallic loop, it is well known that the induced current in such a loop

tends to oppose the change in the external magnetic �ux, which exhibits diamagnetic

response. However, the diamagnetism is generally too weak to a¤ect the e¤ective material

permeability if arti�cial materials are built from these loops.

The introduction of capacitative elements into the structure plays a key role in en-

hancing the magnetic response of arti�cially designed materials, so that the e¤ective

permeability can signi�cantly deviate from unity. The combination of inductive loop

and capacitive gap makes the SRR unit to have resonant behaviour. When being ap-

proximated by a lumped LC resonant circuit fed by external magnetic �ux, the phase

of current circulating around the element follows that of the excitation before resonance
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while reverses after resonance. Therefore both paramagnetic and diamagnetic behaviour

can be realised. In addition, the self capacitance of an SRR element is much larger than

that of a single split ring with similar size due to the edge coupled capacitance between

the rings, thus the SRR unit can resonate at a wavelength much larger than its diameter,

which makes the e¤ective medium approach applicable, i.e., the SRR array will respond

to external EM �elds homogeneously on the scale of wavelength.

The SRR element, as shown in Fig. 1-4, can only respond to external magnetic �eld

perpendicular to its plane while has no response to excitations in other directions, thus

exhibits anisotropic behaviour. In order to realise an isotropic material having negative

permeability among all dimensions, Pendry proposed a three-dimensional symmetry unit

by placing planar SRRs on each side of a cubic cell [13]. However, the actual fabrication

process for a lattice structure based on such unit cells will be quite cumbersome.

In order to better approximate a low loss uniform material, the elements of meta-

materials should have physical sizes much smaller than the operating wavelength. The

typical size of SRR, however, is around a tenth of the free space wavelength at resonance

[38], which is just within the limit of e¤ective medium description. Therefore the assem-

bled metamaterials lack homogeneity, and the consequent signi�cant di¤raction within

the structure makes its EM properties inconsistent with the estimations using e¤ective

medium theory [39]. In addition, elements with such large size have substantial radiation

loss, which even exceed the conductive loss [38]. Therefore miniaturised low loss mag-

netic metamaterial elements with strong responses to external excitation are aimed to be

developed, which is the bottleneck of the metamaterial design.

10



1.3 Investigation of Bulk Metamaterials

Ever since the successful implementation of double negative metamaterials, there has

been a booming interest in characterising their EM properties, and exploring how to

design the elements and lattice structures so as to achieve desired macroscopic material

characteristics [40]-[65]. A common practice when designing or analysing metamateri-

als consisting of three-dimensional lattice of elements is to view the whole structure as

an e¤ective uniform dielectric with equivalent �r and �r. These equivalent parameters

can be retrieved from the measured scattering parameters (re�ection and transmission

coe¢ cients) from a slab of metamaterial under test, which is a well established method

for similar parameter extraction on ordinary materials [66]. By employing magneti-

cally/electrically self resonant particles, a wide range of e¤ective material parameters

can be obtained.

The validity of such a method on characterising composite metamaterial, however, is

left to be questioned. First, since most metamaterial structures contain only a �nite num-

ber of regularly cascaded parallel layers of particles, their thickness can only be integer

multiple of the layer spacing, which introduces ambiguity to the retrieved material para-

meters. The ambiguity can theoretically be suppressed by reducing the sample thickness,

but then the boundary e¤ect will become signi�cant, and the extracted parameters tend

to be dependent on the thickness of material samples [40],[59]-[61]. This is in contrast

to those inherent parameters for ordinary dielectrics. In addition, for those metamate-

rials that are based on resonating elements, the magnitude of the e¤ective parameters

can become quite large near resonance, which can make the thickness of the composite

arti�cial material comparable to the equivalent dielectric wavelength.

So far realisable metamaterial samples quite often have only a few layers of particles
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across the sample thickness, partly because the transmission loss of EM wave through the

material is still quite signi�cant. It can then be envisaged that the transmission prop-

erties of such thin layer structure can be accurately calculated as the cascade of those

of two-dimensional planar array of elements, which can be developed from the transition

conditions of an equivalent sheet with certain electric and magnetic surface current dis-

tributions. This idea has been well established from the research on frequency selective

surfaces [49], [60]-[64], and can thus be employed to guide the accurate characterisation

of thin layer arti�cial materials rather than using e¤ective medium theory.

1.4 Thesis Structure

This thesis is organised as follows.

In Chapter 2, a new type of miniaturised magnetic metamaterial elements, the so-

called "helical resonators", will be thoroughly investigated. The self capacitance of el-

ements is signi�cantly increased by adopting the broadside coupled con�guration com-

paring with planar edge coupled SRR, thus the physical size is dramatically reduced. By

employing thin-�lm substrate with a thickness of 30 �m, helical resonators with outmost

dimensions below 1% of the free space wavelength at resonance have been successfully

designed and fabricated. This means 90% size reduction comparing with that of a typical

SRR, which o¤ers signi�cant potential in building metamaterial with better homogeneity.

In addition, an analytical model is developed from quasi-static circuit analysis. The

explicit expressions for equivalent circuit parameters are derived, thus the dependence of

element resonance parameters including resonant frequency and quality factor Q on its

physical dimensions can be accurately estimated, and some unexpected phenomena can

12



be revealed. For example, it will be illustrated that a roughly constant optimal dimension

ratio independent of outmost size exists for both circular and square helical resonators,

which can achieve the maximum level of miniaturisation.

The quality factorQ of magnetic resonators is a dominant factor which determines the

frequency dependent complex permeability of the assembled arti�cial media. In order

to accurately model its behaviour, the losses induced from both conductor, dielectric

substrate and radiation are all incorporated into the analysis, and the element dimensions

are modi�ed to re�ect the actual spatially nonuniform conduction current distribution

at resonance. Finally, the e¤ect of miniaturisation on the Q of helical resonators will be

investigated.

The resonance parameters estimated from analytical circuit model are in good cor-

respondence with the numerical results using commercial simulation software, as well as

experimental measurement. Chapter 3 will illustrate the details of how to retrieve these

parameters from the recorded responses. Especially, measurement of the transmission

spectrum were conducted using a vector network analyser and two small loop dipoles as

the magnetic probes, and the parameters were extracted using the nonlinear least-squares

�t to the phase of S21 data versus frequency. This method has been demonstrated to

have the best performance in terms of both precision and robustness when measuring

microwave cavity resonators, and will be re-examined for accuracy when being applied

to the current experiment con�guration by comparing with other methods. In addition,

the impact of the coupling strength of probes to the resonator under test on the accuracy

of parameter extraction will be investigated.

After thoroughly examined the properties of individual elements, the performance of

two-dimensional (2D) array of helical resonators will be subsequently studied in Chapter
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4. A relevant analytical model will be developed, which characterises the array as an

equivalent sheet with electric and magnetic surface current distributions, rather than an

arti�cial medium with �nite thickness. The relation between the macroscopic EM �elds

and the small scale properties of individual helical resonators, as well as the interactions

between elements, will then be established.

The helical resonators are inherently chiral, thus the assembled 2D interlocking ar-

ray exhibits dichroism around element resonance, i.e., left- and right-handed circularly

polarised EM waves experience di¤erent levels of attenuation when passing through the

array. The analytical expressions of transmission coe¢ cients for the circular waves have

been derived, which depend on the properties of individual chiral elements and their den-

sity of distribution. The results of the analytical model will be compared with those from

simulation and measurement as well. In addition, it will be theoretically demonstrated

that the resonator elements and their spacings can be engineered, so that circular EM

wave with one particular polarisation state can be totally attenuated around the element

resonance when traversing the chiral array, while the other experiences negligible varia-

tion. The relation between the optimal spacing of array and the corresponding quality

factor of element will be revealed.

Finally, Chapter 5 will present summary and conclusions of the entire thesis, which

are followed by discussions on possible future works as well as applications of the research

outcome stated in this thesis.
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Chapter 2

Analytical Modelling of

Miniaturised Helical Resonators

It has been demonstrated that the SRR prototype has various inherent faults, especially

the relatively large element size, which makes it unsuitable for assembling uniform low loss

isotropic metamaterials. Therefore many other element prototypes have been proposed

so as to make improvements [67]-[75]. For example, by moving one ring in a SRR to

the other side of substrate, the coupling mechanism between the two rings evolves from

planar edge coupling to greater broadside coupling, as illustrated in Fig. 2-1. Thus the

formed "broadside coupled SRR (BC-SRR)" has much larger self-capacitance than an

ordinary SRR with roughly the same size, which contributes to signi�cant reduction in

its resonant frequency [37],[67].

In this chapter the so-called "helical resonator", which is a type of miniaturised mag-

netic metamaterial element that employs a broadside coupled two-turn helix structure,
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Figure 2-1: Evolvement from edge-coupled split ring resonator (SRR) to broadside-
coupled alternative (BC-SRR).

will be thoroughly investigated. An equivalent quasi-static RLC circuit model will be

developed in § 2.1 having analytically derived circuit parameters, so that the dependence

of element properties including resonant frequency and quality factor Q on its physical

dimensions can be accurately estimated. In § 2.2, it will be illustrated that a roughly

constant optimal metallic �ll ratio independent of diameter exists for helical resonators,

which can achieve the maximum level of miniaturisation. The quasi-static analysis is

valid since the physical size of element is much smaller comparing with the free space

wavelength at element resonance. For example, by employing thin-�lm substrate with a

thickness of 30 �m, helical resonators with outmost dimension below 1% of the free space

wavelength at resonance have been successfully fabricated.

The quality factor Q of magnetic resonators, which is de�ned as the ratio of the total

stored energy and those dissipated per cycle of oscillation, is a key feature describing the

frequency dependent complex permeability of the assembled arti�cial media. In § 2.3 an

analytical approach for predicting the Q of helical resonators working in the microwave

frequency range will be provided, which is also applicable to other miniaturised magnetic
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resonators with a broadside coupled con�guration. The losses induced from both conduc-

tor, dielectric substrate and radiation are all incorporated into the analysis. The element

dimensions are modi�ed to re�ect the actual spatially nonuniform conduction current

distribution at resonance, so that the accuracy of estimation of circuit parameters, espe-

cially conductor loss, can be signi�cantly improved. Finally, the e¤ect of miniaturisation

on the Q of helical resonators will be investigated in § 2.4.

The analytical model developed in this chapter can provide results which are in good

coincidence with both numerical simulation and experiment, thus can be utilised as a

reliable starting point in the design of miniaturised magnetic resonating elements. These

can be used to fabricate a bulk metamaterial with good homogeneity and low loss, as

well as other electrically small devices including antennas, �lters, etc.

2.1 Helical Resonator and Quasi-Static Analysis

The general structures of both circular and square helical resonators are plotted in Fig.

2-2. Two concentric metallic split rings with the same dimensions (outer diameter/side

dout, strip width w) are printed on both sides of a dielectric slab with a thickness of h. A

conducting via through the slab connects the two rings into a broadside-coupled version

of two-turn spiral. The relative dielectric constant and loss tangent of the substrate are

denoted by �r and tan � respectively. Through numerical simulation, it has been demon-

strated by researchers in our group that the helical resonator has superb characteristics

including high miniaturisation level, small radiation loss and extremely high quality fac-

tor [76]. In this section, an analytical equivalent circuit model will be built based on

quasi-static analysis.
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Figure 2-2: Layout of circular and square helical resonators. Grey zones with solid
boundaries correspond to conductor patterns on the top of substrate while those with
dashed boundaries correspond to conductor on the bottom level. The two rings in each
helical resonator are connected by a metallic via. The snapshot of charge and current
distributions on the resonators are also exhibited.

Generally speaking, the behaviour of an object when interacting with external incident

EM waves can only be comprehensively characterised by solving the full-wave Maxwell

equations with certain boundary conditions. When the element size is much smaller

compared with the wavelength of propagation, however, the spatial variation of EM

�elds in the element are quite small and can be safely neglected, which enables the

quasi-static analysis procedure (i.e., the spatial variation of magnetic �eld is induced by

current excitation only, with the displacement current item @D=@t removed fromMaxwell

equations).

The helical resonator can be excited when external magnetic �ux penetrates the helix,

which then behaves as a lumped RLC resonant circuit fed by the external magnetic �eld

B0. Assuming that the incident magnetic �eld vector is along the normal axis of the
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element, one can obtain the induced quasi-static electromotive force according to the law

of electromagnetic induction [9]

" = �@ 
@t
= �j!B0S (2.1)

where ! is the angular frequency of the incident EM wave, and ej!t time harmonic has

been assumed; S is the area enclosed by the element.

Using a circular helical resonator as an example, due to the quasi-static assumption,

the distribution of voltage along the continuous metallic strip can be assumed to have a

linear variation with the rotation angle � as a �rst-order approximation, which can be

plotted as in Fig. 2-3(a) (the e¤ect of splits in each ring is neglected). As can be seen, the

voltage di¤erence between the strips on both sides of substrate is a constant value along

the element circumference, which equals the above electromotive force. The loop currents

�owing on both rings also have linear dependence on �, which can be deduced to have

the distribution as shown in Fig. 2-3(b). Such a distribution leads to an angle-invariant

sum current �owing on both rings, which coincides with the rotational symmetry of the

circular element structure. These conclusions also hold for square resonators since the

variation in radial dimension can be safely neglected in the quasi-static regime.

The quasi-static equivalent RLC circuit for a helical resonator can be drawn as in

Fig. 2-4, which is in series resonant form and incorporates loss mechanisms including

conduction loss (re�ected by Rc), dielectric dissipation (Rd) and radiation (Rr).

Due to the uniform current distribution assumption, Rc, Rr and L can be approxi-

mated by the electrical resistance, radiation resistance and inductance of a single planar

conductive disk having the same dimensions as each split ring in a helical resonator.

Meanwhile, Rd and C can be regarded to equal the distributed dissipation loss and ca-
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Figure 2-3: (a) The quasi-static voltage and (b) current intensity in a helical resonator as
functions of the angular polar coordinate � under �rst-order approximation. The dashed
lines (- -) in both graphics correspond to those of the upper ring and the dashed and
dotted lines (-.-) correspond to those of the lower ring. The continuous line in (b) stands
for the total current �owing along the circumference of a helical resonator, i.e., the sum
of the two lines.

Figure 2-4: The quasi-static equivalent RLC circuit model of helical resonator.
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pacitance of a capacitor formed by the broadside coupled metallic strips. The square

helical resonator has a longer circumference, a larger inductance and capacitance and

hence a lower resonant frequency than the circular version with the same dimensions,

thus should be a better candidate for maximum miniaturisation purposes. However, the

corners of a square resonator introduce additional inductance, which have to be incorpo-

rated into the modelling process.

This section targets the miniaturisation of elements, thus all the losses will be ne-

glected in the �rst instance in the following analysis of element resonance. The resonant

frequency f0 of a helical resonator is given by classical circuit analysis as

f0 =
1

2�
p
LC

(2.2)

It is then of interest to compare helical resonators with BC-SRRs which also have

broadside coupled con�guration. Based on similar analysis procedure, the �rst-order ap-

proximation of angular voltage and current distributions on a BC-SRR can be deduced,

with the graphs plotted in Fig. 2-5. As can be seen, the sum current is still uniform at

any cross-section of element, while the direction of the constant voltage drop between

the strips reverses at the two halves of resonator divided by the gaps. This essentially

illustrates that the two capacitors formed by the broadside coupled metallic strips sepa-

rated by the planar gaps are in series connection, while those in a helical resonator are

in parallel connection where a constant voltage drop holds throughout the entire element

circumference. Therefore it can be deduced that a helical resonator has the same quasi-

static inductance L as that of a BC-SRR with the same physical dimensions, but four

times capacitance C than the latter. These contribute to a reduction of roughly a half

in the resonant frequency, which demonstrates that helical resonator is a better element
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Figure 2-5: (a) The quasi-static voltage and (b) current intensity in a broadside coupled
split ring resonator (BC-SRR) as functions of the angular polar coordinate � under �rst-
order approximation. The dashed lines (- -) in both graphics correspond to those of the
upper ring and the dashed and dotted lines (-.-) correspond to those of the lower ring.
The continuous line in (b) stands for the total current �owing along the circumference of
a BC-SRR, i.e., the sum of the two lines.

prototype in terms of miniaturisation level than BC-SRR.

It needs to be pointed out that a helical resonator has another distinct "chiral" prop-

erty that is exempt within a BC-SRR, which means it can also be excited by an electric

�eld along its normal axis. This property will be fully investigated in Chapter 4 when

analysing the macroscopic transmission of EM waves through a two-dimensional inter-

locking array assembled by helical elements.

In the following the in�uence of di¤erent geometric parameters on the resonant fre-

quency of helical resonators will be theoretically investigated. The inductance is es-

timated by employing the accurate "modi�ed Wheeler formula" which was originally

developed for the total inductance of a planar spiral inductor by treating a conductive

disk as a one-turn spiral [77], rather than numerically solving an in�nite integral as was
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used in [67]. The expression for the quasi-static inductance L of a helical resonator can

thus be deduced as follows

L = k1�0
2r

1 + k2
w

2r

= k1�0
(dout � w)2

dout + (k2 � 1)w
(2.3)

where r, w and dout are the geometric parameters as illlustrated in Fig. 2-2. k1;2 are

constant coe¢ cients dependent on the geometry of the structure. For circular rings,

k1 = 1:96; k2 = 2:81 (2.4)

while for square rings,

k1 = 2:34; k2 = 2:75 (2.5)

The expression for parallel plate capacitors is employed to estimate the global equiv-

alent quasi-static capacitance of a helical resonator as follows

C =
2�0�rgmrw

h
=
�0�rgm (dout � w)w

h
(2.6)

where �r is the relative dielectric constant of substrate, g is a correction factor which

accounts for the e¤ect of the planar split on the total capacitance. When the splits

are small compared with the total circumference, g � 1, but if they become larger

then g is reduced. m is a geometry dependent factor. For circular resonators m = �,

while for square resonators m = 4. The employment of parallel plate model implies

that the fringe capacitances are insigni�cant contributions, which holds true for thin

substrates with h � w. This is a reasonable assumption because the miniaturisation

level of elements with broadside coupled con�guration can be improved by reducing the

substrate thickness, which coincides with the aim of this chapter.
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Figure 2-6: (a) Fabricated helical resonators with di¤erent sizes and shapes on a thin-�lm
polyimide sheet with �r = 3.1 and h = 30 �m. (b) Close-up of a circular helical resonator.

In order to verify the accuracy of the developed model, the resonant frequencies of

helical resonators with di¤erent geometric parameters are calculated, and then compared

with the results derived from commercial full-wave EM simulation software CST Micro-

StripesTM [78] as well as data retrieved from measurement of actual elements, as shown

in Fig. 2-6. The details of numerical simulation and experimental measurement will

be provided in Chapter 3. The helical resonators were fabricated altogether using stan-

dard optical lithography technique at the Photofabrication Unit, Department of Physics,

University of Oxford. The substrate used was EspanexTM � an adhesiveless polyimide

�exible laminate with copper cladding on both sides. The thickness of polyimide layer is

h = 30 �m, while that of each copper layer is t = 18 �m. The relative dielectric constant

and loss tangent of the dielectric are �r = 3.1 and tan � = 0.006. Initially the geometric

parameters of helical elements are taken to be r = 3.5 mm and w = 1 mm. Only one

parameter is changed at a time, while the other remains constant.

First, the strip width w is varied, with the impact on element resonant frequencies
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shown in Fig. 2-7(a). Smaller strip width results in a higher resonant frequency. Then,

the mean radius r of the ring (or side for square element) is changed and the corresponding

frequencies are depicted in Fig. 2-7(b). Larger rings have smaller resonant frequencies.

The calculated resonant frequency data from the analytical model (fana), CST Micro-

StripesTM simulation (f sim) and experimental measurement (fmea) are provided in Table

2.1 - 2.4 together with the relative discrepancies in terms of fmea

�fana=sim =
fmea � fana=sim

fmea
(2.7)

In both cases a circular resonator has a higher resonant frequency than its square

counterpart with the same dimensions, which is in line with intuition. The data retrieved

from experiment have reasonably good agreements with those of the quasi-static circuit

model, although greater disagreements can be seen when the strip width is signi�cant as

in the right part of Fig. 2-7(a); while numerical simulation tends to slightly underestimate

the resonance when the element dimension (either r or w) is small. The measured width

and radius of the fabricated copper patterns are given in the tables as wmea and rmea

respectively. The mean error in dimensions of all fabricated helical resonators is -0.012

mm, while the standard deviation is 0.011 mm. Therefore the fabrication process was

highly accurate.

All of the helical resonators investigated have diameters which occupy only a few per-

cent of the free space wavelength at resonance, thus a signi�cant level of miniaturisation

can be achieved by exploiting the broadside coupled structure with very thin dielectric

layers.
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Figure 2-7: The impact of geometrical parameters (a) strip width w; (b) mean radius/side
r on the resonant frequency of both circular (solid line) and square (dashed line) helical
resonators. Circles and upper triangles denote the numerical simulation and measured
results. The relative dielectric constant and thickness of thin-�lm substrate is �r = 3.1
and h = 30 �m, and the metallisation thickness is t = 18 �m.
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Table 2.1: Comparison of the resonant frequencies of circular helical resonators from
quasi-static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m,
r = 3.5 mm.
w(mm) wmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim(%)
0.2 0.185 676.4 560.6 722.8 6.4 22.4
0.6 0.590 418.5 390.3 417.5 -0.2 6.5
1.0 1.000 344.5 332.7 346.5 0.6 4.0
1.4 1.385 307.4 302.4 311.7 1.4 3.0
1.8 1.790 284.7 285.9 291.8 2.4 2.0
2.2 2.180 269.2 277.8 281.9 4.5 1.5
2.6 2.580 258.9 272.9 275.8 6.1 1.1
3.0 2.990 249.4 271.7 273.2 8.7 0.5

Table 2.2: Comparison of the resonant frequencies of square helical resonators from quasi-
static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m, r =
3.5 mm.
w(mm) wmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim(%)
0.2 0.190 536.0 444.5 574.1 6.6 22.6
0.6 0.595 332.3 312.4 334.3 0.6 6.6
1.0 0.990 273.9 264.9 275.6 0.6 3.9
1.4 1.390 244.6 246.3 249.7 2.0 1.4
1.8 1.775 226.8 233.6 234.1 3.1 0.2
2.2 2.190 214.6 225.5 225.8 5.0 0.1
2.6 2.585 205.8 221.6 222.1 7.3 0.2
3.0 2.975 199.1 220.7 220.8 9.8 0.0

Table 2.3: Comparison of the resonant frequencies of circular helical resonators from
quasi-static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m,
w = 1 mm.

r(mm) rmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim(%)
1.5 1.500 1063.4 967.7 1080.0 1.5 10.4
2.0 1.995 707.7 682.5 713.1 0.8 4.3
2.5 2.480 526.9 509.9 527.8 0.2 3.4
3.0 2.990 416.9 420.3 429.7 3.0 2.2
3.5 3.490 344.5 345.6 349.8 1.5 1.2
4.0 3.995 293.1 288.3 292.4 -0.2 1.4
4.5 4.490 254.9 248.3 250.8 -1.6 1.0
5.0 5.000 225.3 219.2 220.7 -2.1 0.7
5.5 5.490 201.8 196.3 197.1 -2.4 0.4
6.0 5.990 182.7 176.2 177.0 -3.2 0.5
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Table 2.4: Comparison of the resonant frequencies of square helical resonators from quasi-
static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m, w =
1 mm.

r(mm) rmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim(%)
1.5 1.495 822.1 785.8 856.0 4.0 8.2
2.0 2.000 554.8 546.1 565.9 2.0 3.5
2.5 2.485 415.3 413.3 419.2 0.9 1.4
3.0 2.990 330.6 334.6 337.7 2.1 0.9
3.5 3.485 273.9 273.9 275.8 0.7 0.7
4.0 3.990 233.5 231.5 231.8 -0.7 0.1
4.5 4.490 203.3 199.2 199.6 -1.9 0.2
5.0 4.995 179.9 175.1 175.3 -2.6 0.1
5.5 5.490 161.3 156.9 157.0 -2.7 0.1
6.0 5.985 146.1 141.0 141.0 -3.6 0.0

2.2 Optimal Design of Miniaturised Thin-FilmHelical Resonators

After the initial analysis in § 2.1, it is consequently of interest to investigate the max-

imum miniaturisation level that can be achieved by helical resonators. Since it�s more

meaningful to refer to the outmost dimensions of resonators when discussing the achiev-

able miniaturisation level, the outer diameter (or side for square elements) dout instead

of the average radius r (as depicted in Fig. 2-2) is used in this section. The metallic �ll

ratio of a helical resonator is de�ned as

� =
w

dout
(2.8)

which re�ects how much area enclosed by the resonator is covered by metal surface and

has an upper limit of 0.5.

By incorporating the quasi-static expressions for inductance L (2:3) and capacitance

C (2:6) into (2:2), the analytical expression for the frequency of fundamental mode res-
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onance of a helical resonator has the following form

f0 =
1

2�

s
h [dout + (k2 � 1)w]

k1�0�0�rgm (dout � w)3w
(2.9)

If the outmost dimension dout and substrate thickness h remain �xed, whilst the strip

width w varies, it can be shown using equations (2:3) ; (2:6) and (2:9) that the increase

of w results in a monotonic decrease of the equivalent inductance and an similar increase

of the capacitance, hence a unique optimum strip width wopt ought to exist which can

achieve a minimum resonant frequency for given dout and h.

This optimal value can be obtained by �nding the stationary point of resonant fre-

quency f0 as a function of the strip width w. Since the valid solution is unique, it also

equals the point where the derivative of the product of inductance and capacitance to w

is zero, which can be deduced as follows

@ (LC)

@w
= 0

) @

@w

"
(dout � w)3w

dout + (k2 � 1)w

#
= 0

) (dout � w)2

[dout + (k2 � 1)w]2
�
3 (k2 � 1)w2 + 4doutw � d2out

�
= 0

) �opt =
wopt
dout

=
�2 +

p
4 + 3 (k2 � 1)

3 (k2 � 1)
(2.10)

The derived optimal ratio is only a function of the coe¢ cients in the Wheeler formula,

thus is relevant with the geometry of element but independent of the detailed dimensions.

The optimal ratios for both square and circular helical resonators are calculated to be

approximately �opt = 0.2.
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The normalised electrical size of element

� =
dout
�0

(2.11)

is a useful gauge of the miniaturisation level achieved and radiation loss incurred, where

�0 is the free space wavelength corresponding to the element resonance. For an optimised

resonator, the minimum resonant frequency and associated normalised electrical size are

given by

fmin =
c0
2�

s
h [1 + (k2 � 1)�opt]

k1�rgm (1� �opt)
3 �optd3out

(2.12)

�min =
1

2�

s
h [1 + (k2 � 1)�opt]

k1�rgm (1� �opt)
3 �optdout

/ h
1
2 ; d

� 1
2

out (2.13)

where c0 = 1=
p
�0�0 is the speed of EM wave propagation in free space. Therefore

higher level of miniaturisation can be achieved by increasing the outmost dimension and

reducing the substrate thickness of resonator. In this case, the use of very thin substrates

is indicated which helps to support the assumption of quasi-static conditions.

In order to validate the existence of the optimal ratio, helical resonators of both

circular and square shapes were fabricated for both dout = 8 mm and 12 mm, and a

range of strip widths. The thin-�lm substrate used was the same as in § 2.1. The

resonant frequencies obtained from both measurements and simulations using CSTMicro-

StripesTM are plotted in Fig. 2-8 together with the analytical predictions.

From Fig. 2-8 it is clear that there is an optimal ratio �opt at which the resonant

frequency is minimum for all sets of results and is relatively independent of the outermost

dimension and shape of resonator, although its exact value is around 0.17 for experimental

and numerical results which di¤ers from the analytical prediction of 0.2. The resonant

frequencies of elements estimated by all three means are again listed in Table 2.5 - 2.8,
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Table 2.5: Comparison of the resonant frequencies of circular helical resonators from
quasi-static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m,
dout = 8 mm.

w(mm) wmea fana(MHz) fana0 f sim fmea �fana(%) �fana0 �f sim

1.0 0.975 345.9 331.0 332.7 337.6 -2.5 2.0 1.5
1.2 1.205 335.8 326.5 328.3 329.3 -2.0 0.9 0.3
1.4 1.385 330.8 326.6 327.0 328.6 -0.7 0.6 0.5
1.6 1.590 329.6 330.5 334.3 333.1 1.1 0.8 -0.4
1.8 1.775 331.3 337.7 342.4 338.9 2.2 0.4 -1.0

Table 2.6: Comparison of the resonant frequencies of square helical resonators from quasi-
static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m, dout
= 8 mm.
w(mm) wmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim (%)
1.0 1.000 274.7 268.2 275.5 0.3 2.6
1.2 1.195 266.9 266.0 272.2 1.9 2.3
1.4 1.380 263.1 267.0 271.1 3.0 1.5
1.6 1.595 262.3 270.7 272.5 3.7 0.7
1.8 1.785 263.8 277.7 277.5 4.9 -0.1

Table 2.7: Comparison of the resonant frequencies of circular helical resonators from
quasi-static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m,
dout = 12 mm.

w(mm) wmea fana(MHz) fana0 f sim fmea �fana(%) �fana0 �f sim

1.6 1.600 181.1 174.4 173.4 173.1 -4.6 -0.8 -0.2
1.8 1.790 177.9 173.1 172.5 172.0 -3.4 -0.6 -0.3
2.0 1.990 175.9 172.8 172.3 172.0 -2.3 -0.5 -0.2
2.2 2.180 174.9 173.4 173.3 172.0 -1.7 -0.8 -0.8
2.4 2.385 174.6 174.9 175.0 173.7 -0.5 -0.7 -0.7

Table 2.8: Comparison of the resonant frequencies of square helical resonators from quasi-
static circuit model, numerical simulation and measurement. �r = 3.1, h = 30 �m, dout
= 12 mm.
w(mm) wmea(mm) fana(MHz) f sim(MHz) fmea(MHz) �fana(%) �f sim(%)
1.6 1.595 144.8 138.4 144.0 -0.6 3.9
1.8 1.785 142.3 137.6 142.9 0.4 3.7
2.0 1.995 140.8 137.7 142.6 1.3 3.4
2.2 2.190 140.0 138.8 142.4 1.7 2.5
2.4 2.390 139.9 140.6 144.2 3.0 2.5
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Figure 2-8: Variation of the resonant frequency of helical resonators with metallic �ll
ratio � for both circular and square shapes with two di¤erent outmost dimension dout =
8 mm and 12 mm.

respectively, and the relative error of the quasi-static model �fana is within the range

of �5% (fana0 and �fana0 in the tables for circular elements denote the results of the

modi�ed analytical model, which will be illustrated in § 2.3.3). However, the minimum

resonant frequency and the corresponding maximum achievable miniaturisation level are

in good agreements with the measurement and simulation.

For identical physical dimensions, the square helical resonators achieve 20% smaller

electrical sizes than their circular alternative. The bigger discrepancies between the mea-

sured data and simulation results for square helical resonators can be largely attributed

to a small shift in fabrication, which results in imperfect alignment of the upper and lower
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copper patterns by 0.13 mm. A similar shift is also present in the circular resonators but

in this case has negligible impact. The mean error in dimensions of all fabricated helical

resonators is -0.012 mm, while the standard deviation is 0.011 mm.

The coincidence of the analytical, numerical and experimental results illustrates that

the simple circuit model provides useful insight into the potential limitations for miniatur-

isation of helical resonators, although further re�nements to improve the correspondence

are possible. Fabrication errors, in our case a horizontal shift of the metal patterns, may

cause signi�cant error for elements with very thin substrates such as the 30 �m layer

used in our experiments.

In order to investigate the limits of the achievable miniaturisation level, the variation

of the normalised electrical size � of an optimised helical resonator with dout, calculated

from (2:13), is plotted in Fig. 2-9 for the two topologies with four di¤erent substrate

thicknesses, together with the numerical simulation data. The agreements between the

two results are quite good. It is clear that a normalised electrical size of below 1% can

be easily realised using thin-�lm substrates, which is an order smaller than that of an

ordinary planar SRR.

Since the quasi-static circuit models for BC-SRR and helical resonator only di¤er by

a constant coe¢ cient in the global capacitance, a similar behaviour for the BC-SRR with

an equal optimal �ll ratio should also exist accordingly.

In conclusion, an optimal metallic �ll ratio of around 0.2 is demonstrated to exist for

both circular and square helical resonators, which can achieve minimum resonant fre-

quency and normalised electrical size for any given outmost dimension of element. The

minimum achievable electrical size can be reduced by increasing the radial size and de-

creasing the substrate thickness, thus thin �lms with a thickness much smaller than the
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Figure 2-9: Variation of the normalised electrical size � of an optimised helical resonator
with its outmost dimension dout for the two topologies with four di¤erent thicknesses.
The lines represent results from analytical model while the dots represent the numerical
simulation data. The upper and lower curves correspond to the circular and square helical
resonator separately for a given substrate thickness h.

helical strip width should be utilised. Since the size of thin-�lm helical resonators can

easily fall below 1% of the free space wavelength at resonance, a metamaterial composed

from them can closely approximate a continuous medium, which is required for imple-

mentation of high quality imaging devices and other metamaterial components. The

helical resonators are scalable and can be used for frequency up to IR or optics, but the

analysis should be adjusted to include the additional high frequency e¤ects (e.g. the

kinetic inductance for frequency above 10 THz).
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2.3 Modelling the Quality Factor of Helical Resonators

Miniaturised elements with high quality factor Q are required for assembling metama-

terials with good homogeneity and low loss, which can better approximate ordinary

continuous media. In addition, it has been illustrated in [79] that the resonant e¤ective

permeability of an arti�cial material comprising of resonating particles can be estimated

from the Q of individual elements. This discovery greatly facilitates the design process,

therefore the element�s Q is of key importance in metamaterial design.

An analytical model of the quality factor of individual resonators can provide a clear

physical insight into the e¤ect of the various existing loss mechanisms arising from con-

ductor resistance, dielectric absorption and radiation, so that the design of elements with

engineerable loss properties can be realised. However, so far, only a few references specif-

ically address the Q of metamaterial elements, predominantly based on the results from

numerical simulation rather than analytical approach [76]-[82]. Bilotti et al. developed a

comprehensive analytical model that is applicable to various planar magnetic resonators

employing edge-coupled self-capacitance [80],[81]. However, radiation loss was not in-

corporated into the analysis, and there was no experimental veri�cation of the model

proposed.

This section focuses on the accurate analytical modelling of quality factor of helical

resonators. In § 2.3.1, analytical expressions for Q associated with di¤erent loss mecha-

nisms are derived. Their accuracies are veri�ed by comparing with numerical simulation

and experimental results in § 2.3.2. The loss incurred from the dielectric absorption

appears to dominate the quality factor of helical resonators in this con�guration. Af-

ter scrutinising the discrepancies in the model predictions, the accuracy of quasi-static

equivalent RLC circuit model is greatly improved by using geometric modi�cation as
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introduced in § 2.3.3, which re�ects the e¤ect of actual spatially nonuniform conduction

current �ow at element resonance.

From the previous sections, it can be known that the circular and square helical

resonators have quite similar properties. Therefore only circular elements are investi-

gated in this section, while the obtained conclusions can also be extended to the square

counterparts with simple modi�cations.

2.3.1 Analytical Expressions for Quality Factors of Helical Resonators

As has been described, the Q of resonator elements determines the equivalent perme-

ability function of the developed arti�cial material, which on the other hand is limited

by the loss inherent in the element. Generally speaking, there are three di¤erent loss

mechanisms associated with a dielectric loaded resonating element, including conductor

resistance, dielectric absorption and radiation. The quasi-static equivalent RLC circuit

approach is employed again to estimate the quality factor of helical resonators by calcu-

lating the energy stored and loss dissipated in the element at resonance, whose validity

has been demonstrated as in [83],[84]. The whole equivalent circuit as depicted in Fig.

2-4 will be utilised, with the analytical expressions for various resistances be derived.

Therefore this equivalent circuit model incorporates all the loss mechanisms, and the

overall Q of such a resonator can then be calculated as [86]

1

Q
=
1

Qc
+
1

Qd
+
1

Qr
(2.14)

whereQc, Qd andQr are the quality factors related to the losses induced from the metallic

conductor, dielectric substrate and far-�eld radiation respectively.
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Qc can be regarded as the quality factor of the equivalent inductor, thus has the

following de�nition

Qc =
!0L

Rc
(2.15)

where !0 is the angular frequency at resonance, L is the quasi-static inductance as in

(2:3), and Rc is the equivalent series resistance re�ecting conductor loss, which can be

calculated as follows by neglecting the curvature e¤ects

Rc =
�c
wt0
2�r (2.16)

�c= (wt
0) is the per-unit-length resistance along the current path, where �c is the electrical

resistivity of the metal, r and w are the mean radius and strip width of elements, and t0

is the e¤ective metallisation thickness which will be explained as follows.

This estimation is based on assuming uniform current distribution among the cross-

section of current path, which is a narrow rectangle for the equivalent disk employed.

However, the conduction current �ow tends to concentrate near the metal surface at high

frequency as the EM �elds attenuate when penetrating through the conductor, which is

well known as the "skin e¤ect". Due to the much smaller conductor thickness t comparing

with its width w, only the concentration close to the broad surfaces of metal disk need

to be considered. The skin depth � at frequency !0 is given as

� =

s
2�c
�0!0

(2.17)

When the concentration e¤ect is not signi�cant, the current density can still be re-

garded as constantly distributed across the rectangular cross-section. On the other hand,

when the skin depth is smaller than a half of the metallisation thickness t, the current �ow
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can be approximated to have "sandwich" shaped distribution among the cross-section:

uniform �ow within a layer of thickness � below upper and lower broad surfaces of disk,

while no current exists beyond these two thin layers. Thus the resistance can be cal-

culated by (2:16) with an e¤ective thickness of metallisation t0 = 2�. In summary, the

e¤ective thickness of equivalent conducting disk t0 in (2:16) is introduced as

t0 = min (t; 2�) (2.18)

Similarly, Qd can be considered as the quality factor of the equivalent parallel plate

capacitor. The inherent shunt resistance Rd re�ecting dissipation loss in the dielectric

substrate thus has the following form

Rd =
h

�dS
(2.19)

where

�d = !�0�r tan � (2.20)

is the e¤ective conductivity of dielectric substrate, �r and tan � denote the relative per-

mittivity and the loss tangent of dielectric respectively. S is the area of metallisation in

an element. Therefore Qd can be deduced as follows

Qd = !0RdC

= !0
h

�dS

�0�rS

h

=
!0�0�r
�d

=
1

tan �
(2.21)
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which is only relevant with the inherent loss property of substrate. Such a concise result

has also been found in the analysis of dielectric loaded metallic cavity resonators [86].

If the physical size of resonator is in a scale comparable with the free space wavelength

at resonance (as the case of SRRs), the loss due to far-�eld radiation cannot be neglected

[38]. Generally speaking, the accurate estimation of equivalent radiation resistance would

be quite cumbersome due to the complex current distribution on the resonator. However,

the radiation resistance of a circular helical resonator can be reasonably approximated

by that of a loop antenna [87]

Rr = 320�
6
� r
�

�4
(2.22)

with a radius equal to the mean radius r of the helical structure, due to the uniform

current distribution and relatively small strip width. Qr has the same form as Qc

Qr =
!0L

Rr
(2.23)

Then the e¤ect of far-�eld radiation loss is incorporated into the quality factor analy-

sis.

2.3.2 Validation of the Model�s Accuracy

In order to validate the accuracy of the above quasi-static model, the Q of the fabricated

circular helical resonators as in § 2.2 are extracted from data of numerical simulation

(denoted by Qsim) and measurement (Qmea), and then compared with the estimation

from the analytical model (Qana) as shown in Fig. 2-10 (dashed lines) and Table 2.9 -

2.10. Qana0 and �Qana0 represent the results of the modi�ed model which will be explained
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in § 2.3.3. The relative errors are still de�ned as

�Qana=sim =
Qmea �Qana=sim

Qmea
(2.24)

CST Micro-StripesTM can provide results of the total stored energy and losses in-

curred from di¤erent mechanisms, thus can determine Qc, Qd and Qr separately and

hence be used to verify the analytical predictions in detail. The comparison of the three

components of Q are exhibited in Fig. 2-11, 2-12 and Table 2.11 - 2.16, respectively. The

plot of Qd is omitted since its theoretical value is a constant independent with element

dimensions. The experimental Q are extracted from measured S21 transmission spectrum

using the nonlinear least-squares �t to the phase of S21 versus frequency curve, which is

the most accurate and precise method [88]. Those details of simulation and experiment

will be further speci�ed in Chapter 3.

In Fig. 2-10 and Table 2.9, 2.10, the overall quality factor monotonically increases

with the metallic �ll ratio �. Good consistency exists between the results from simula-

tion and measurement, while an overestimation of more than 10% from analytical model

can be observed. This discrepancy is attributed to the signi�cant underestimation of

conduction loss Rc (almost one-third smaller) deduced from the uniform current distri-

bution assumption, because the concentration of current leads to higher conductor loss

and hence lower Qc as illustrated in Fig. 2-11 and Table 2.11, 2.12. This will be further

analysed in the next section.

As can be seen from Table 2.13, 2.14, the simulated Qd of all helical resonators are

quite close to the theoretically predicted value of 167, which dominates the total losses in

the current resonator con�guration. Therefore thin-�lm substrate with low loss tangent

should be utilised to fabricate miniaturised helical resonators with high quality factors.
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Figure 2-10: Variation of the overall quality factor with metallic �ll ratio � for circular
helical resonators with two di¤erent outer diameters dout (a) 8 mm. (b) 12 mm. The
solid lines represent results from quasi-static circuit model with modi�ed element size,
while the dashed lines represent results from model with original size.
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Table 2.9: Comparison of the overall quality factors of circular helical resonators from
quasi-static circuit model with original dimensions, modi�ed dimensions, numerical sim-
ulation and measurement. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 8 mm.

w(mm) Qana Qana0 Qsim Qmea �Qana(%) �Qana0(%) �Qsim(%)
1.0 125 112 115 111 -12.6 -0.9 -3.6
1.2 128 116 116 116 -10.3 0.0 0.0
1.4 131 119 120 113 -15.9 -5.3 -6.2
1.6 132 122 117 118 -11.9 -3.4 0.8
1.8 134 124 125 115 -16.5 -7.8 -8.7

Table 2.10: Comparison of the overall quality factors of circular helical resonators from
quasi-static circuit model with original dimensions, modi�ed dimensions, numerical sim-
ulation and measurement. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 12 mm.

w(mm) Qana Qana0 Qsim Qmea �Qana(%) �Qana0(%) �Qsim(%)
1.6 129 117 118 115 -12.2 -1.7 -2.6
1.8 131 120 120 117 -12.0 -2.6 -2.6
2.0 132 121 120 120 -10.0 -0.8 0.0
2.2 134 123 120 120 -11.7 -2.5 0.0
2.4 135 124 122 120 -12.5 -3.3 -1.7

Since the Qc for the fabricated resonators with optimal metallic �ll ratio are around

400, then the conductor loss will dominate if tan � < 1/400 = 0.0025, which can be

regarded as a limit when looking for better dielectric materials.

From Fig. 2-12 and Table 2.15, 2.16, the analytical predictions on Qr deduced from

loop model also have a monotonic relation with the metallic �ll ratio, which are roughly

10% lower than those estimated from simulation. The agreements are reasonably good

given the coarse approximation adopted. These values of Qr are several orders higher

than the other two components due to the miniaturised physical sizes of helical resonators,

thus can be safely neglected in the current element con�guration. However, when the

resonator size is comparable with the wavelength at resonance, such as the case of SRRs,

radiation loss will become signi�cant and must be incorporated into the modelling process

[38].
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Figure 2-11: Variation of quality factor re�ecting conduction loss with metallic �ll ratio
� for circular helical resonators with two di¤erent outer diameters dout (a) 8 mm. (b)
12 mm. The solid lines represent results from quasi-static circuit model with modi�ed
element size, while the dashed lines represent results from model with original size.
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Figure 2-12: Variation of quality factor re�ecting radiation loss with metallic �ll ratio
� for circular helical resonators with two di¤erent outer diameters dout (a) 8 mm. (b)
12 mm. The solid lines represent results from quasi-static circuit model with modi�ed
element size, while the dashed lines represent results from model with original size.
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Table 2.11: Comparison of the quality factor re�ecting conduction loss of circular helical
resonators from quasi-static circuit model with original dimensions, modi�ed dimensions,
and numerical simulation. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 8 mm.

w(mm) Qanac Qana0c Qsimc
Qsimc �Qanac

Qsimc
(%) Qsimc �Qana0c

Qsimc
(%)

1.0 500 346 329 -52.0 -5.2
1.2 554 383 340 -62.9 -12.6
1.4 602 417 369 -63.1 -13.0
1.6 645 449 361 -78.7 -24.4
1.8 683 477 409 -67.0 -16.6

Table 2.12: Comparison of the quality factor re�ecting conduction loss of circular helical
resonators from quasi-static circuit model with original dimensions, modi�ed dimensions,
and numerical simulation. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 12 mm.

w(mm) Qanac Qana0c Qsimc
Qsimc �Qanac

Qsimc
(%) Qsimc �Qana0c

Qsimc
(%)

1.6 566 392 373 -51.7 -5.1
1.8 605 419 384 -57.6 -9.1
2.0 641 444 411 -56.0 -8.0
2.2 673 467 426 -58.0 -9.6
2.4 704 489 432 -63.0 -13.2

Table 2.13: Comparison of the quality factor re�ecting dielectric absorption of circular
helical resonators from quasi-static circuit model and numerical simulation. �r = 3.1,
tan� = 0.006, h = 30 �m, dout = 8 mm.

w(mm) Qanad Qsimd
Qsimd �Qanad

Qsimd
(%)

1.0 167 177 5.6
1.2 167 176 5.1
1.4 167 178 6.2
1.6 167 173 3.5
1.8 167 180 7.2

Table 2.14: Comparison of the quality factor re�ecting dielectric absorption of circular
helical resonators from quasi-static circuit model and numerical simulation. �r = 3.1,
tan� = 0.006, h = 30 �m, dout = 12 mm.

w(mm) Qanad Qsimd
Qsimd �Qanad

Qsimd
(%)

1.6 167 173 3.5
1.8 167 175 4.6
2.0 167 169 1.2
2.2 167 167 0.0
2.4 167 170 1.8
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Table 2.15: Comparison of the quality factor re�ecting far-�eld radiation of circular helical
resonators from quasi-static circuit model with original dimensions, modi�ed dimensions,
and numerical simulation. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 8 mm.

w(mm) Qanar (�105) Qana0r (�105) Qsimr (�105) Qsimr �Qanar

Qsimr
(%) Qsimr �Qana0r

Qsimr
(%)

1.0 3.3 5.6 3.9 15.4 -43.6
1.2 3.7 6.2 4.3 14.0 -44.2
1.4 3.9 6.8 4.5 13.3 -51.1
1.6 4.0 7.2 4.4 9.1 -63.6
1.8 4.1 7.4 4.6 10.9 -60.9

Table 2.16: Comparison of the quality factor re�ecting far-�eld radiation of circular helical
resonators from quasi-static circuit model with original dimensions, modi�ed dimensions,
and numerical simulation. �r = 3.1, tan� = 0.006, h = 30 �m, dout = 12 mm.

w(mm) Qanar (�105) Qana0r (�105) Qsimr (�105) Qsimr �Qanar

Qsimr
(%) Qsimr �Qana0r

Qsimr
(%)

1.6 6.8 11.5 8.2 17.1 -40.2
1.8 7.3 12.4 8.6 15.1 -44.2
2.0 7.7 13.1 8.9 13.5 -47.2
2.2 7.9 13.8 9.0 12.2 -53.3
2.4 8.1 14.3 9.1 11.0 -57.1

2.3.3 Improved RLC Circuit Model for Helical Resonators

It has been demonstrated in previous sections that the established quasi-static circuit

model can provide reasonable estimations on the resonant frequency and quality factors

re�ecting dielectric absorption and radiation loss of helical resonators. However, the

deviation in resonant frequencies tends to increase when the element strip width w is

either small or large comparing with its diameter dout, and the conduction loss is greatly

underestimated. The former can be solely attributed to the inaccuracy of the analytical

expression in estimating inductance L (2:3) since the parallel plate model for capacitance

C (2:6) is believed to be precise for the adopted thin-�lm structure, while the latter is

due to the concentration of conduction current on the element at resonance.

The actual conduction current distribution on an optimised helical resonator (� =
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Figure 2-13: Radial distribution of conduction current density from the inner to the outer
edge for a sample optimised circular helical resonator at resonance. The dots represent
simulation results using CST Micro-StripesTM, and the line is for visual guidance. The
inset is a colour plot of surface current distribution with red/blue denote higher/lower
current density respectively.

w=dout = 0.2) at resonance simulated by CSTMicro-StripesTM is plotted in Fig. 2-13. It�s

clear that the current �ow is concentrated towards the inner edge of the ring, and peak

density appears near both edges. The median position of the current density calculated

using the adopted discretization across the strip width is 0.37w from the inner edge. This

distribution is qualitatively consistent with the results reported in [85], which leads to a

reduction in the inductance L and an increase in the resistance Rc of helical resonators

in the quasi-static circuit model, comparing with the corresponding ones estimated from

uniform current distribution assumption.

From analysis in terms of basic physics, such a current distribution can be qualita-

tively understood. If the equivalent thin planar conductive disk employed for calculating

inductance and conduction loss is hypothetically divided into a series of circular �la-
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ments with di¤erent radius, these can be regarded as parallel connected inductors which

are excited by the same electromotive force. Since the resistance and inductance of a

single �lament ring is roughly proportional to its radius, the current �owing on ring with

smaller radius is larger, therefore its distribution tends to concentrate near the inner

edge. Such an e¤ect would be more pronounced at helical element with larger metallic

�ll ratio. Although this coarse analysis neglects the mutual interaction among thin rings,

it can still be used as an intuitive explanation. In addition, the concentration of current

is further enhanced by the skin e¤ect at the inner edge.

Theoretically, the quasi-static inductance and resistance of a single conductive disk

can be accurately calculated if the current density distribution across its width is known.

However, it has been illustrated that the estimation of such actual distributions would be

quite cumbersome, if not impossible, by Grover [89] who has engaged in the calculation of

static self and mutual inductances of various structures. Most of his developed formulas

and tables have been adopted by the National Bureau of Standards in the United States

because of their very good accuracies. In addition, he has pointed out that the concen-

tration of current near the inner edge of ring at high frequency e¤ectively reduces the

area of cross-section of current path, which moderately changes the value of inductance

L but greatly increases the resistance Rc. These well echo the conclusions observed from

the analysis in previous subsection.

In order to accurately estimate the impact of nonuniform current distribution at res-

onance on quasi-static circuit parameters of helical resonators, �rstly another analytical

expression for self inductance in [77] is employed, which again considers a conductive

disk as a one-turn spiral,

L = �0r

�
ln
�
4:92

r

w

�
+ 0:2

� w
2r

�2�
(2.25)
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This expression has much simpler form than the accurate formulas for circular coils

with rectangular cross-sections as given in [89],[90], but very good coincidence has been

achieved. The relative errors are within 2% for all the element sizes that have been

discussed so far, which veri�es its accuracy. In comparision, the expression (2:3) gives

smaller values of inductance L when the strip width w is small comparing with outer

diameter dout. It has to be emphasised that the accurate formulas in references were all

derived in the static regime, i.e., the current distributions are again assumed constant.

Then, being inspired by Grover�s insight, the author proposes an assumption to make

modi�cations to the geometric parameters of the equivalent planar disk as follows when

calculating inductance L and resistance Rc

w0 =
w

�1
(2.26)

r0 = r � w

2
+
w0

�2
(2.27)

where the parameters with and without prime denote those of the equivalent disk and

actual element, respectively. The starting point for the modi�cation is that the equiva-

lent disk, still with uniform current distribution, should have a smaller radius and width

so as to approximate the e¤ect of current concentration near the inner edge. In addi-

tion, the actual inner edge, where the maximum of current circulates around, should

be roughly retained. By adopting these adaptions in element dimensions, the e¤ects of

current concentration are aimed to be fully incorporated, so that both inductance L and

conduction resistance Rc should be manipulated to have better correspondence with the

actual quasi-static values simultaneously. The calculations of other circuit parameters

remain unchanged.

The coe¢ cients �1;2 can be extracted, for example, by �tting the analytically cal-
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culated resonant frequencies to the measured results for the fabricated circular helical

resonators with two di¤erent outer diameters as in Table 2.5 and 2.7. In this way, the

equivalent size modi�cation are obtained via �tting the results of inductance L, which in

turn determines the correct level of conduction loss. The obtained coe¢ cients are

�1 = 1:66; �2 = 2:57 (2.28)

The above process is in a way similar to Wheeler�s work of producing accurate em-

pirical formulas for coil inductances [91],[92]. The obtained coe¢ cients are applicable

for accurately estimating the inductance and resistance of metal disks with similar sizes,

while the range of validity is left to be examined. Strictly speaking, a lookup table of

those two coe¢ cients should be produced for conducting metal disks with a series of

dimensions, in order to provide more accurate and reliable data for actual element de-

sign. The analytically estimated resonant frequencies using the adapted and the original

element size are compared in Fig. 2-14. Those obtained from full-wave numerical simu-

lation and measurement are also provided as reference. The abscissa is the metallic �ll

ratio � of a helical resonator. The model with geometric modi�cation has been optimised

to have more accurate correspondence to the simulation and experimental results than

the origin model. The relative errors between analytical model and measured results are

within 1% for almost all resonators, as listed in Table 2.5 and 2.7.

In § 2.2, it was pointed out that maximum miniaturisation of helical resonators could

be achieved at an optimal metallic �ll ratio of around 0.2 independent of diameter.

However, it can be seen from Fig. 2-14 that the optimal ratio deduced from the analytical

model with geometric correction is around 0.16, which is also of better correspondence

with the experimental results. The reduction in the value of optimal ratio is because the
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Figure 2-14: Comparison of calculation results of resonant frequency for a series of circular
helical resonators with two di¤erent outer diameters dout (a) 8 mm and (b) 12 mm and
a range of strip widths w. Substrate speci�cation: h = 30 �m, �r = 3.1, tan � = 0.006.
The solid lines represent results from quasi-static circuit model with modi�ed element
size, while the dashed lines represent results from model with original size.
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quasi-static inductance L estimated by the revised model decreases more rapidly than the

original model when the strip width w increases while the outer diameter dout remains

�xed. In addition, the maximum miniaturisation level realised at the optimal ratio is

also greater than the one using the original model, which further illustrates that the

helical resonator is an excellent candidate for developing arti�cial materials with better

homogeneity.

Next the impact of geometry modi�cation on the calculated quality factors will be

explored. As shown in Fig. 2-10, 2-11 and Table 2.9 - 2.12, if the element dimensions

are modi�ed by the factors � (2:28) retrieved from the correspondence of inductance, the

analytically calculated Q and Qc are in quite good agreements with both simulation and

experimental results, which demonstrate precise estimations of the conduction resistance

Rc. Good coincidences also exist for other fabricated elements, which are not incorpo-

rated when �tting the correction factors �. Therefore by employing the above geometric

modi�cation method, the quasi-static circuit model with improved parameters can give

very accurate results on resonant frequencies and quality factors of helical resonators

than the model with original element size, which paves an easy way of circuit parameter

extraction at high frequency involving complex current distributions.

It should be pointed out from Fig. 2-12 and Table 2.15, 2.16 that such adaptions

in element dimensions should not be applied when calculating the radiation loss, which

leads to greater discrepancies in the estimation of Qr.
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2.4 E¤ect of Miniaturisation on Quality Factors

It is well known that simply scaling down the size of resonators will lead to degradation

of their quality factors due to the di¢ culty in con�ning the resonant EM �elds within

subwavelength volumes. Consequently, controlling losses may be a challenge in magnetic

metamaterials when miniaturised resonators are employed in order to better approximate

a continuous medium [79]. In this section, the in�uence of miniaturisation level on the

Q of helical resonators will be investigated using the developed analytical circuit model.

In order to give a fair comparison, several circular helical resonator elements with

di¤erent outer diamaters dout but the same resonant frequency at f0 = 300 MHz are

designed. The corresponding free space wavelength at resonance is � = 1 m. The

substrate has the same parameters as the thin-�lm polyimide used in previous sections (�r

= 3.1, tan � = 0.006, t = 18 �m), except that the substrate thickness h will be estimated

using the analytical model to maintain the resonant frequency. All the elements have

optimal metallic �ll ratio of �opt = 0.16, when the resonant frequency is minimum for

a given set of dout and h. After obtaining the detailed dimensions of each element, the

corresponding quality factors are calculated using the model with geometric modi�cation

as developed in § 2.3.3.

Fig. 2-15 shows how the Q varies with the resonator�s normalised electrical size �,

accompanied by simulation results using CST Micro-StripesTM. Fig. 2-15(a) depicts the

calculated behaviour of the two dominant components of the quality factor (Qc and Qd)

as a function of �. Qd are predicted to be independent with the element scale, and

the computed points from simulation con�rm this. Qc on the other hand have a linear

dependence on �, with possible high value for relatively large devices but dropping below

the dielectric value for very small resonators. Between these limits there is a crossover
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Figure 2-15: Dependence of (a) Qc and Qd; (b) overall quality factor Q on the normalised
electrical size � of optimised circular helical resonators with �xed resonant frequency at
300 MHz. The lines represent results from quasi-static circuit model and the dots and
triangles represent CST Micro-StripesTM simulation results.
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from dielectric dominated losses to conduction dominated behaviour. In addition, the

contribution from radiation (Qr) is a very large value and cannot be plotted on the same

scale e¤ectively.

The overall Q is shown in Fig. 2-15(b) which is asymptotic at larger values of � to

the constant component Qd. Thus, via the losses inherent in the dielectric, the overall

Q of a resonator has a scale independent upper maximum limit. This upper limit is a

crucial parameter for determining the maximum positive/negative values of the resonant

e¤ective medium permeability of assembled magnetic material that can be achieved [79].

On the other hand, for greater scaling when � is much smaller Qc is dominant. At

the crossover point the e¤ective Q is a half that of the Qd limit. Below this point, Q

very rapidly decays which shows that attempting to develop high Q resonator below

this scaling is e¤ectively impossible due to the limits imposed by the conduction losses.

Unless cryogenic cooling and superconducting materials (e.g. high temperature YBCO)

are used, the current fabrication using copper is quite close to the best possible limit,

although further improvement may be available by using silver.

It will then be of interest to investigate the crossover point of normalised electrical

size �0 when the Qc and Qd are equal to each other for optimised helical resonators with

�xed resonant frequency. After some algebraic deduction the following equation can be

obtained

�0 =
�1�c

c0�0�optt
0 tan � [ln (4:92
) + 0:05
�2]

(2.29)

where �1;2 are the geometric correction factors, �c is the electrical resistivity of the metal,

c0 is the speed of EM wave in free space, �opt = 0.16 is the optimal ratio, t0 is the e¤ective

thickness of metal strip as in (2:18) and tan � is the loss tangent of substrate. 
 is the
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ratio of modi�ed mean radius and width of the element at optimal ratio


 =
r0

w0
=

1

2
� �opt +

�opt
�1�2

�opt
�1

(2.30)

which is a constant. It can then be inferred from (2:29) that �0 is inversely proportional

to tan � and independent of other parameters of the dielectric substrate, provided that

the resonant frequency remains unchanged. For example, for the substrate used here with

tan � = 0.006, �0 = 0.35%. However if a better substrate is employed, such as Rogers

5880 with tan � = 0.0009, then �0 will increase to 2.33%. Therefore by using substrates

with smaller loss tangent, resonators with larger Q at large sizes can be realised. On the

other hand, �0 increases with the use of better dielectrics, making the Q of the fabricated

resonating elements more sensitive to the miniaturisation.

2.5 Summary and Conclusions

This chapter develops a quasi-static equivalent RLC circuit model for analysing the reso-

nance properties of thin-�lm helical resonators, which is a type of magnetic metamaterial

elements with miniaturised physical dimensions comparing with the wavelength of in-

terest. The analytical expressions for circuit parameters have been derived, including

resistance, inductance and capacitance, so that the resonant frequency and quality factor

of helical element have explicit forms.

The developed analytical model provides a convenient while accurate way to inves-

tigate the impact of various geometric parameters on resonance properties of elements.

By utilising thin-�lm substrate with a thickness much smaller than the metallic strip
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width, helical resonators with normalised electrical size of only a several percent have

been fabricated. A metamaterial composed from them can closely approximate a contin-

uous medium. In addition, an optimal metallic �ll ratio of around 0.16 is demonstrated to

exist for both circular and square helical elements, which can achieve minimum resonant

frequency and normalised electrical size for any given outmost dimension of element.

The nonuniform conduction current distribution at resonance e¤ectively reduces the

cross-section of current path, which introduces a moderate change in the equivalent

inductance but huge impact on the conduction resistance and associated quality factors

of resonators, especially for those whose widths are comparable with the radius. The

di¢ culty in accurate estimation of current density distribution has been circumvented

by simple modi�cations on the element dimensions, and precise results for both resonant

frequency and quality factor have been obtained with good correspondence with both

numerical simulation and measurement.

The three loss mechanisms present in helical resonators have been analysed. For our

fabricated elements, the dielectric loss is dominant while the radiation loss can be safely

neglected. Based on electrical size, very small resonators have a low Q dominated by

conduction losses, medium sized resonators have Q that have a constant upper limit

determined by the loss tangent of substrate, while radiation loss will in�uence the Q of

large resonators with sizes comparable with the wavelength at resonance, such as SRRs.

The impact of miniaturisation on element�s Q is signi�cant, and a linear dependence

of Qc on the normalised electrical size has been discovered for resonators with optimal

ratio and �xed resonant frequency. Consequently, the overall Q of a resonator will remain

relatively constant until its electrical size is reduced below a certain critical point, which

is inversely proportional to the loss tangent of substrate. After this point, Q degrades
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rapidly following the limit imposed by conduction losses.

The results in this chapter illustrate that the helical resonators can be made at ex-

tremely small sizes with usefully high quality factors, and therefore can be employed

to construct metamaterials with better homogeneity and lower loss. In addition, the

fabrication of helical elements only requires normal lithography technique as for making

ordinary printed circuit boards, which enables mass production. Furthermore, the sym-

metrical layout of helical resonator element o¤ers great facilitation in actual fabrication,

as only one lithography mask is actually needed for patterns on both sides of substrate.
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Chapter 3

Extraction of Resonance Parameters

of Helical Resonators from the

Simulation and Measurement

In Chapter 2, the resonance parameters (resonant frequency and quality factor) of the

helical resonators deduced from the analytical RLC circuit model have been compared

with the results from numerical simulation using CST Micro-StripesTM and experimental

measurement. In this chapter, the details of retrieving these parameters from the recorded

responses of simulation and measurement will be illustrated. Especially, measurement of

the complex transmission coe¢ cient S21 as a function of frequency has been conducted

using two small non-resonant loop dipoles as the magnetic probes weakly coupled to the

resonator under test, and the parameters are extracted using the nonlinear least-squares

�t to the phase of S21 data versus frequency. This method has been demonstrated to have

the best performance in terms of both precision and robustness in a reference, and will be

59



re-examined for accuracy when being applied to the measured data of helical resonators

using dipole probes. In addition, the impact of the coupling strength of probes to the

resonator under test on the accuracy of parameter extraction will be investigated.

3.1 Simulation Results of Helical Resonators using CST Micro-

StripesTM

The commercial software CST Micro-StripesTM is used throughout this thesis to simulate

the responses of helical resonator elements and arrays to the external electromagnetic

(EM) �eld excitations, which employs the time-domain three dimensional transmission-

line method [78]. The simulated model is spatially discretized into a large amount of

small cuboids, so that the electric and magnetic �elds within each cuboid, which are

linearly represented by the voltage and current along the equivalent transmission line,

are assumed constant. A pulse excitation in the time-domain is fed into the system

when the simulation starts, and the transient responses of EM �elds at certain prescribed

positions are recorded as the simulation proceeds, which �nally terminates after su¢ cient

attenuation. The associated frequency responses can then be calculated as the Fourier

transform of the corresponding truncated time-domain ones, thus broadband frequency

response can be obtained after a single run. In addition, the distribution of conduction

current �ow, as well as the integrals of energy and loss within a �nite region around the

model at speci�ed frequencies can also be calculated, which can thus be used to estimate

the quality factors.

The layout for simulating a circular helical resonator is depicted in Fig. 3-1. The

resonator element is spatially discretized in all three dimensions, and the lengths of mesh
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Figure 3-1: The diagram of simulating a circular helical resonator using CST Micro-
StripesTM. The element is placed within x � y plane, and the plane wave excitation
indicated by the antenna propagates along ŷ axis, with the electric and magnetic �elds
along x̂ and ẑ axes, respectively.

grid along ẑ axis are comparatively small to incorporate the small thickness of the metallic

pattern and thin-�lm substrate. The element is being excited by a pulsed plane wave

with the electric �eld pointing in x̂ direction as shown by the antenna outside the mesh,

and the magnetic �eld is along the element�s axis ẑ which induces resonance. A �nite

cuboid "absorbing boundary" is placed around the element to minimise the re�ections

at the boundary. It should be pointed out that other boundary types are also available.

For example, the "wrap around boundary" will be employed in Chapter 4 to simulate

the EM properties of periodic structures comprising of helical resonators.

The transient responses at the centre of the resonator element are recorded, and the

corresponding frequency responses can be obtained as illustrated above. Sample time-

and frequency-domain responses of the amplitude of magnetic �eld are depicted in Fig.

3-2. As can be seen, the pulse excitation of the resonator element induces �eld oscillation
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with damping amplitude. The damping is not signi�cant, which demonstrates the low loss

and high quality factor attributes of the helical resonator. The corresponding frequency

response exhibits a maximum at certain frequency, while the ripple is caused by the

truncation in the time-domain.

Strictly speaking, the simulation should proceed until the oscillation in the time do-

main has su¢ ciently decayed. However, it has been demonstrated that the resonant

frequency can be determined by Fourier transforming just the initial part of the time-

domain response, as the further advancement of simulation will mainly a¤ect the re-

sponses away from the resonance [93]. Actually, when the same simulation as in Fig.

3-2 is repeated with 10 times the duration time, the ripples exhibited in the frequency

response are greatly suppressed, but the value of the resonant frequency remains almost

unchanged.

CST Micro-StripesTM can get both the stored energy and power loss in a cubiod

region enclosing the model under simulation at given frequency points by calculating the

distribution of EM �elds and surface currents, respectively. Both can be determined for

each separate material body, which enables estimating partial quality factors re�ecting

di¤erent loss mechanisms according to the following equation

Q = !
Etotal
Pl

(3.1)

where ! is the angular frequency, Etotal denotes the total stored energy, and Pl is the

loss incurred. It has also been instructed that the time-domain truncation will reduce

the calculated energy and loss by the same factor [93]. Since the quality factor is the

ratio between the two, its value should not be greatly in�uenced by the truncation when

being requested at resonance. This conclusion has been con�rmed by actual simulations
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Figure 3-2: Examples of the simulated magnetic �eld at the centre of a helical resonator
to pulse plane wave excitation using CST Micro-StripesTM. (a) time-domain response;
(b) frequency-domain response.
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that the increase in the duration time will enlarge both the calculated energy and loss

by almost the same factor at the resonant frequency.

Since the ripple is signi�cant in the obtained frequency response, the resonant fre-

quency from the simulation is determined as the frequency point where the calculated

energy and loss reach maximum, which is slightly bigger than the frequency correspond-

ing to the highest �eld amplitude.

It should be pointed out that the radiation loss incurred in a helical resonator element

is calculated as the power emitted from the equivalent surface enclosing the model, whose

value is stored in a �le di¤erent from the one for energy and loss.

3.2 Parameter Extraction from Measured Transmission Fre-

quency Responses

Research on parameter extraction of microwave resonators from their measured responses

has a long history [94]-[105]. It has been demonstrated that the retrieved results for

resonant frequency are quite robust, while the accurate estimation of the quality factor

proves to be more di¢ cult. In recent years, network analysers have been widely employed

which inject energy to the resonator under test and record the resonating frequency

response. The parameters are then extracted from the recorded data using di¤erent

algorithms [97]-[103].

There are several ways of characterising the frequency responses of resonators, among

which the transmission-type measurement has been widely adopted due to its better

accuracy [100],[102]. This method is employed in this thesis as well, which is implemented
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Figure 3-3: Diagram of transmission-type measurement of helical resonator elements.
Two loop probes are placed concentrically and in proximity with the resonator under
test, and the frequency response of complex transmission coe¢ cient S21 is recorded by
the network analyser.

by placing a transmitting and a receiving probe both in proximity to the resonator

under test placed on a thin piece of balsawood, and recording the complex transmission

coe¢ cient S21 as a function of frequency. The layout of the experiment is plotted in Fig.

3-3. The probes are in the form of small non-resonant circular loop, which were made

by bending the protruding end of the inner conductor of a coaxial cable into a circle and

then connecting it to the outer conductor. The two probes have the same size with a

diameter of 5 mm, which are much smaller comparing with the free space wavelength at

the resonance of the helical resonator element.

3.2.1 Analytical Model for Characterising the Transmission Measurement

The equivalent circuit model widely employed for illustrating the transmission measure-

ment of microwave resonators is depicted in Fig. 3-4. The resonator element under test
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Figure 3-4: The "series-coupled" equivalent circuit characterising the transmission-type
measurement of microwave resonators. The two probes with characteristic impedance Z0
are coupled to the RLC resonator by mutual inductances M1 and M2: There is no direct
coupling between the two probes.

is characterised by a lumped series RLC resonant circuit, and the two probes with char-

acteristic impedance Z0 are coupled to the resonator via mutual inductances M1;2. It

needs to be emphasised that there is no direct signal path between the two probes with-

out passing through the resonator in this model. Such a circuit topology will be termed

"series-coupled" in the following text. In the limit of weak coupling, the expression for

the complex transmission coe¢ cient can be derived as

S21 (f) =
jS21jmax

1 + jQ

�
f

f0
� f0
f

� (3.2)

where f0 and Q are the resonant frequency and unloaded quality factor of the element,

jS21jmax is the maximum amplitude of the transmission coe¢ cient which occurs at the

resonance:

jS21jmax =
8�2f 2M1M2

Z0R
= 2
p
�1�2 (3.3)
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Figure 3-5: Typical frequency responses of the (a) amplitude and (b) phase of the complex
transmission coe¢ cient S21 derived from the weakly series-coupled RLC circuit model.

this expression again is valid in the weak coupling limit when the coupling coe¢ cients

�1;2 � 1; where

�i =
(2�fMi)

2

Z0R
; i = 1; 2 (3.4)

Typical frequency responses of the amplitude and phase of S21 as given in (3:2) have

the shape as plotted in Fig. 3-5. Its amplitude reaches maximum at resonance and

monotonically decreases when the frequency deviates from resonance. Its phase is pos-

itive before reaching the resonant frequency, and monotonically turns negative beyond

resonance.

The measured S21 as a function of frequency from the experiment con�guration as

illustrated in Fig. 3-3, however, is not exactly the same as the one given by the series-

coupled RLC circuit model. Since the circuit analysis is just a simpli�ed approach for

characterising the responses of helical element to external EM excitations, a model de-

rived from the quasi-static �eld analysis should provide more comprehensive descriptions.
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From the quasi-static analysis as in Chapter 2, the resonator is excited by the mag-

netic �eld which is induced by the current circulating around the transmitting loop. In

addition, the receiving loop essentially detects the overall magnetic �eld near the res-

onator, since its electrical size is too small to behave as an e¢ cient receiving antenna and

have signi�cant impact on the overall EM �eld distribution. In terms of circuit analysis,

it can also be claimed that the two dipole probes are weakly coupled to the resonator un-

der test, but the measured S21 is linearly related to the intensity of the overall magnetic

�eld.

Assuming that the transmitting loop generates a magnetic �eld of Bi along the el-

ement�s axis which excites the resonator element. Then the expressions of the induced

quasi-static electromotive force and current circulating around the resonator are repro-

duced here from the results in Chapter 2:

" = �j!BiS (3.5)

I =
"

R + j

�
!L� 1

!C

� = S

L

�
1

!2LC
� 1 + j R

!L

�Bi (3.6)

where S is the area enclosed by the resonator and R;L and C denote the equivalent

circuit parameters. Such a loop current will introduce a secondary scattering magnetic

�eld, which has the following expression at the element centre

Bs =
�0I

2r
(3.7)
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r is the radius of the circular resonator. Thus the total magnetic �eld can be written as

B = Bi +Bs

=

26641� j
�0�

2rf=R

1 + jQ

�
f

f0
� f0
f

�
3775Bi (3.8)

=

�
1 +

(�0�r=2L)!
2

!20 � !2 + j!!0=Q

�
Bi (3.9)

As can be seen, the expression for the magnetic �eld (3:8) is di¤erent from the trans-

mission response derived from the series-coupled circuit model (3:2). The numerator is

frequency dependent, and an additional constant 1 re�ecting the incident �eld presents in

the parenthesis. The introduction of this constant can be regarded as a direct signal path

from the transmitting to the receiving probe. From the analysis for microwave bandpass

�lters with cross-coupled circuit topologies [106], such an additional cross-coupling path

may lead to a "transmission null" in the frequency response when the signal from the

two paths cancel each other, which agrees with the attribute of the developed function

for magnetic �eld (3:8) as will be illustrated later.

Due to the di¤erence in the transmission frequency response, the parameter extraction

methods which have been developed for measurement with the series-coupled circuit

model should be re-examined for accuracy when being applied to the current experiment

con�guration using concentric dipoles, which is the content of the next section.

In fact, the equivalent expression for the overall magnetic �eld (3:9) is in the same

Lorentzian form as the one that has been commonly accepted for describing the equivalent

permeability � of metamaterials comprising of dense (in terms of the wavelength) arrays
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Figure 3-6: Typical frequency responses of the (a) amplitude and (b) phase of the
Lorentzian coe¢ cient derived from the quasi-static local �eld approach.

of magnetic resonating elements [84]

� = �0

�
1 +

A!2

!20 � !2 + j!�

�
(3.10)

It is then of interest to brie�y introduce the homogenisation approach that has been

widely employed in the research on characterising metamaterials using e¤ective medium

theory. It was argued in Pendry�s pioneering paper [13] that the equivalent permeability

� of metamaterials comprising of regular array of elements can be de�ned as the ratio of

the total magnetic �eld averaged on the individual unit to the incident magnetic �eld.

This is also in line with the Lorentz local �eld homogenisation theory [107]-[108] for

characterising arti�cial materials. Thus the coincidence between the equivalent perme-

ability in (3:10) and the total excited magnetic �eld in (3:9) can be explained. Typical

frequency responses of the amplitude and phase of the Lorentzian coe¢ cient as given in

(3:9) ; (3:10) are plotted in Fig. 3-6.

The responses around the resonant frequency f0 are similar to those developed from
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weakly coupled series circuit model. However, there exists a frequency point fmp where

the amplitude vanishes ("transmission null" in circuit analysis). It is the so-called "mag-

netic plasma frequency" where the scattered magnetic �eld essentially cancels out the

incident �eld, making the equivalent permeability � = 0. As can be seen, if the arti�-

cial material composed from magnetic resonators is characterised by equivalent material

parameters, it exhibits both paramagnetic and diamagnetic behaviour before and after

resonance separately. Strong diamagnetism appears at the frequency range from f0 to

fmp where the real part of � is negative. The extent of above range increases with the

positive constant A in (3:10) which re�ects the density of the arti�cial material [79]:

3.2.2 Comparison of Parameter Extraction Methods

The 3 dB method is the simplest way of retrieving the resonance parameters. If the

transmission coe¢ cient S21 has the form as deduced from the series-coupled circuit model

(3:2), the 3 dB method determines the frequency corresponding to the maximum mag-

nitude jS21jmax as the resonant frequency f0. The half power points with an amplitude

of jS21jmax =
p
2 are found on either side of the resonance and the di¤erence of those

frequency positions is the bandwidth �f3 dB. The quality factor is then given by

Q3 dB =
f0

�f3 dB
(3.11)

Although quite straightforward and physically meaningful, the 3 dB method may give

poor results because it relies solely on the discrete data rather than a �t. If the frequency

response is extremely narrowband for resonator with high quality factor, the resolution

in frequency domain can be too low to capture the whole sharp response which leads to

signi�cant errors. In addition, other corruptions are introduced to the measured data
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under actual experimental conditions. The possible reasons include crosstalk between

the probes and cables, the phase changes in S21 due to the �nite length of cables, and

unavoidable noise. Thus methods incorporate curve �tting should be employed in order

to improve the estimation accuracy.

Petersan [88] compared the precision and robustness of several methods for estimat-

ing resonance parameters from the measured transmission spectrum of a microwave res-

onator. He has concluded that two methods have the best performances, namely the

nonlinear least-squares �t of the phase of S21 versus frequency method and the nonlinear

least-squares �t of jS21j to the Lorentzian curve method separately. The former has a

major advantage by using vector data so that it allows one to perform corrections to

remove cross talk, delay, and nearby resonances. The latter is preferable for very noisy

data. Their basic principles will be explained in detail as follows.

For the Lorentzian magnitude �t method, the amplitude of S21 versus frequency data

are �t to a Lorentzian curve with the following expression

jS21 (f)j = A1 + A2f +
jSmaxj+ A3fs
1 + 4

�
f � f0
�fL

�2 (3.12)

using a nonlinear least-squares �t. The resonant frequency f0, bandwidth�fL, maximum

magnitude jSmaxj, and three constant re�ecting unrealistic data corruption including

constant background A1, slope on the background A2, and skew A3 are used as �tting

parameters. The Q is then calculated using the values of f0 and �fL from the �nal �t

results

QL =
f0
�fL

(3.13)
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Figure 3-7: Measured data of complex transmission coe¢ cient S21, their circle �t as well
as the ideal circle of S21 in the canonical position. Large dots indicate circle centres and
reference point.

Although having the same mathematical form, this method is substantially more

robust and accurate than the 3 dB method.

The phase frequency �t method, on the other hand, relies on a circle �t to the complex

S21 data as a step to �nding f0 andQ. It can be veri�ed that the plot of the imaginary part

of S21 given in (3:2) versus its real part (with frequency as a parameter) forms a circle in

the canonical position with its centre on the real axis. The frequency point corresponding

to the intersection of the circle to the real axis is the resonant frequency. The actual

measured data, however, can be signi�cantly altered due to the similar undesired aspects

in the real measurement situation as explained above. A typical set of measured complex

S21 is given in Fig. 3-7, which can be �t to a circle with the following general expression
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(x� xc)
2 + (y � yc)

2 = r2 (3.14)

where (xc; yc) is the coordinate of the circle centre, and r is the radius of the circle. These

three parameters are aimed to be regressed from �tting the data to the circle. (3:14) can

be rearranged as

2xxc + 2yyc +
�
r2 � x2c � y2c

�
= x2 + y2 (3.15)

Let

zc = r2 � x2c � y2c (3.16)

then (3:15) becomes a linear relation among xc; yc and zc. The real and imaginary parts

of the measured data of complex S21 are substituted into the equation as the coe¢ cients

x = Re (S21) ; y = Im (S21) (3.17)

Then the best linear �t results of xc; yc and zc can be estimated using standard linear

least-squares algorithm. The radius of the circle

r =
p
x2c + y2c + zc (3.18)

In the circle �t, a nonuniform weighting scheme is adopted which assigns the data

points closer to the resonant frequency heavier weights than those further away. Since the

transmission near resonance has greater amplitude, such a scheme can further suppress

the interference of noise.

The speci�c weights are calculated by �rst locating the reference point (xref ; yref )

midway between the �rst and last data point in the complex plane, as shown in Fig.
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3-7. Next, the distance from the reference point to each data point (xi; yi) is calculated,

whose square is the weight assigned to that data point

w(i) = (xref � xi)
2 + (yref � yi)

2 (3.19)

After obtaining the centre and radius of the best �t circle, the measured data are

rotated around the origin altogether so that the centre of the best �t circle falls on the

real axis. The phase angles of every data points after rotation with respect to the positive

real axis are then calculated, and �t as a function of frequency of the following form using

a nonlinear least-squares �t method.

� (f) = �0 + tan
�1
�
Q

�
f

f0
� f0
f

��
(3.20)

In this equation �0, the phase at which the resonance occurs (close to zero), f0, and Q

are determined from the �t. A similar weighting scheme is again employed to emphasise

data near resonance. A typical set of �t results to the phase of the calibrated measured

S21 data is plotted in Fig. 3-8. As can be seen, the agreement is quite good around the

resonance where the phase approaches zero, while degraded away from resonance.

The above two curve �tting methods have been demonstrated to be quite precise

and robust for data extracted from experiment with con�guration represented by the

series-coupled circuit as in Fig. 3-5. In order to thoroughly check their accuracies when

being applied to the current con�guration, arti�cial complex S21 data were created in

Lorentzian form as in (3:9). For simplicity, helical resonators with optimal dimension

ratio � = 0.16 were assumed, so that the coe¢ cient of !2 in the numerator is a constant

0.61. The resonant frequency was given as f0 = 1 GHz, and two values of quality factor
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Figure 3-8: Phase of the calibrated measured S21 data as a function of frequency as well
as their nonlinear �t. The complex S21 data are rotated around the origin so that the
centre of their best �t circle locates on the positive real axis, and the phase to each point
is calculated from the positive real axis.

Q = 30 and 300 were selected which roughly represent the lower and upper limits of the

achievable values for the actual fabricated resonators. The data were created within a

frequency range from 0.9 to 1.1 GHz with 1 MHz spacing.

The noise was introduced to both the real and imaginary parts of the data as Gaussian

distributed random numbers, with an amplitude scaled to the maximum amplitude of

S21 according to the signal-to-noise ratio (SNR) speci�ed. The resonance parameters f0

and Q were extracted from the arti�cial data using the above two methods and 3 dB

method, with a SNR ranges from 5 to 500. The nonlinear least-square �t were conducted

using the relevant curve �tting function in Matlab. At each SNR level, the process was

repeated 100 times, and the mean values of retrieved f0 and Q as well as their standard

deviation �f0 and �Q were calculated for each method so as to characterise both their

accuracy and robustness.
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The relation between the mean values and normalised standard deviations (standard

deviation �f0 and �Q normalised by their mean values separately) of retrieved f0 and Q

versus SNR for helical resonators with Q = 30 and 300 are illustrated in Fig. 3-9 and

Fig. 3-10 separately. The phase frequency �t method outperforms the other two in terms

of both accuracy and robustness. Its mean values consistently equal the given theoretical

values in the two graphs. For resonator with Q = 30, the normalised standard deviation

are within 0.03% and 2% for f0 and Q separately. For resonator with Q = 300, these are

within 0.01% and 6% for f0 and Q separately. Therefore the increase in quality factor

improves the estimation accuracy for f0 while degrades the accuracy for Q itself.

The 3 dB method exhibits much larger deviation for resonator with Q = 30, which can

be attributed to its poor resilience to the in�uence of noise. It can accurately estimate

the resonant frequency when Q = 300, but the estimated quality factor di¤ers from the

theoretical value. This is because it fails to capture the sharp resonant response due

to the limited frequency resolution of the discrete data points. On the other hand, the

Lorentzian amplitude �t method consistently underestimates both f0 and Q when the

SNR is low. Generally speaking, all the three methods exhibit improved accuracy as the

SNR increases, which agrees with the intuition as the in�uence of noise declines.

From the above analysis, it can be seen that the phase frequency �t method can give

very accurate estimation on both the resonant frequency and quality factor of helical

resonators from the complex transmission coe¢ cient S21 with the form of (3:9). The

standard deviation of the results for quality factor is within several percent of the esti-

mated value, which fully demonstrates its validity when being applied to the measured

S21 data from the experiment con�guration using magnetic dipole probes. This method

has been employed for parameter extraction from the actual measured S21 data.
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Figure 3-9: Mean values of (a) resonant frequency and (b) quality factor as well as
their standard deviations (c)(d) normalised by corresponding mean values estimated
from created complex S21 data with di¤erent signal-to-noise ratio (SNR) levels using
phase frequency �t method (black), Lorentzian magnitude �t method (blue) and 3 dB
method (red). The dots represent the discrete calculation results for di¤erent SNR ratios
while the lines connecting these dots are for visual guidance. The helical resonator with
optimal dimension ratio has a resonant frequency of 1 GHz and a quality factor of 30.
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Figure 3-10: Mean values of (a) resonant frequency and (b) quality factor as well as
their standard deviations (c)(d) normalised by corresponding mean values estimated
from created complex S21 data with di¤erent signal-to-noise ratio (SNR) levels using
phase frequency �t method (black), Lorentzian magnitude �t method (blue) and 3 dB
method (red). The dots represent the discrete calculation results for di¤erent SNR ratios
while the lines connecting these dots are for visual guidance. The helical resonator with
optimal dimension ratio has a resonant frequency of 1 GHz and a quality factor of 300.
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3.2.3 Impact of Coupling Strength on the Extracted Resonance Parameters

When measuring the quality factor of resonators, it is well known that the probes should

be weakly coupled to the resonator under test, so that only a negligible part of energy

oscillating within the resonator would be exported, and the measured Q can approxi-

mate the unloaded Q of a resonator. On the other hand, the signal around resonance

recorded by the network analyser should be signi�cantly greater than the noise thresh-

old. Therefore the appropriate level of external coupling in the experiment needs to be

quantitatively clari�ed.

In order to investigate the impact of coupling strength on the retrieved resonance

parameters, the measurement of transmission spectrum S21 were repeated using magnetic

dipoles with di¤erent sizes and spacing with the resonator under test to provide various

level of external coupling. The resonance parameters were then extracted using the phase

frequency �t method. It was discovered that the results of resonant frequency were quite

consistent and irrelevant with the strength of coupling. However, the quality factor Q

could be greatly a¤ected.

When the coupling was too small (measured jS21jmax < -40 dB), the extracted Qs were

inconsistent, but systematically higher than the results given by the accurate analytical

model developed in Chapter 2 due to the signi�cant in�uence of noise. On the other

hand, when the coupling was too strong (measured jS21jmax > -20 dB), the extracted

Qs were smaller than the analytical predictions because the energy exported by the

probes accounts for a signi�cant part of the total energy which degrades the loaded Qs.

When the coupling level is moderate (-40 dB < jS21jmax < -20 dB), the retrieved results

were consistent and coincided well with analytical predictions. Therefore an appropriate

coupling level is required for the accurate extraction of resonance parameters even when
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the most precise �tting method has been employed.

In addition, another set of measurements were conducted following the con�guration

given in other references [81],[109], in which two monopoles were used as probes and

placed in parallel with the resonator in between. It was discovered that although the res-

onator could be excited by the penetrating magnetic �eld of the monopole, its resonance

could only slightly a¤ect the measured transmission frequency response because the two

monopoles were mainly coupled to each other via electric rather than magnetic �eld. On

the other hand, the loop probes employed in our experiment can provide the appropriate

level of magnetic coupling. Therefore it can be safely concluded that the monopoles are

not suitable for measuring magnetic metamaterial elements.

3.3 Conclusions

This chapter gives a detailed explanation on the process of simulating the response of

individual helical resonator using CST Micro-StripesTM, as well as the method for ex-

tracting resonant frequency and quality factor from the measured frequency response of

complex transmission coe¢ cient S21. CST Micro-StripesTM is a time-domain simulation

software using transmission line method, thus the transient response is recorded as the

simulation proceeds and the frequency response is obtained as the Fourier transform of

the truncated time response. The energy and loss (including radiation loss) incurred at

speci�ed frequencies can also be calculated from the distribution of EM �elds as well as

current �ow, which can thus be used to estimate the quality factors. Only some initial

part of transient response is needed to estimate the resonant frequency and quality factor.

The measurement of the complex transmission coe¢ cient S21 as a function of fre-
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quency has been conducted using two small loop dipoles as the magnetic probes weakly

coupled to the resonator under test. The frequency response is in di¤erent form as the

one developed from series-coupled circuit model, thus several parameter extraction meth-

ods have been re-examined for precision and robustness using arti�cially constructed S21

data incorporating random noise. The nonlinear least-squares �t to the phase of S21

versus frequency method proves to have the best accuracy and robustness, and has been

employed to analyse the actual measured data using dipole probes.

In addition, the impact of the coupling strength of probes to the resonator under

test on the accuracy of parameter extraction has been investigated. When the maximum

amplitude of measured S21 were within a range of -40 dB to -20 dB, the retrieved results

were consistent and had good agreements with the predictions from accurate analytical

model developed in Chapter 2. Therefore both an appropriate coupling level and a

precise parameter extraction method are required for the accurate extraction of resonance

parameters for helical resonators.
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Chapter 4

The Dichroism Properties of

Two-Dimensional Interlocking

Square Arrays of Chiral Resonators

After thoroughly investigating the characteristics of individual helical resonators, the

properties of assembled arrays are consequently aimed to be explored. The helical res-

onator is inherently chiral, i.e., its image cannot be superimposed on itself, which en-

ables the assembled metamaterial to have unusual characteristics [110]-[116]. Especially,

it has been demonstrated that negative refraction of one of the left-/right-handed cir-

cularly polarised electromagnetic (EM) waves, both of which are eigensolutions of the

EM wave propagation in chiral media [117], can be realised via strong chirality with no

requirements on negative values of permittivity and/or permeability [110]-[112]. Such

an attribute leads to much more �exible design requirements of metamaterials than the

traditional double negative prototype.
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As been illustrated in § 1.3, most of the actual fabricated metamaterial samples based

on resonating elements are comprised of only a few layers of two-dimensional arrays of

elements. Their properties can be more accurately characterised by analysing the trans-

mission of EM waves through the planar array, compared with employing the e¤ective

medium theory. This can be done by treating the array as an equivalent frequency se-

lective surface, and deducing the relations between macroscopic transmission properties

and microscopic characteristics of elements [118]-[124].

In this chapter an interlocking square lattice of helical resonators will be investigated,

which can be regarded as a two-dimensional (2D) version of metamaterials. Due to

the inherent chirality of the elements, the assembled array exhibits dichroism, which is

characterised by the di¤erence in the macroscopic transmissions of the two circularly

polarised EM waves with the same wave vector through the array. The dichroism is most

signi�cant around the element resonance.

The aim of this chapter is to develop an analytical model, which can provide a physical

insight into the interaction of EM wave with the in�nite array of elements and enable

the design of 2D metamaterial according to the required transmission properties. In the

model the macroscopic EM �elds (on a scale comparable with the free space wavelength

of interest) on both sides of the array are expressed as a function of the electric and

magnetic polarisabilities of the individual chiral elements and their density of distribution.

Therefore the impact of the characteristics of individual elements on the macroscopic

array transmission performance can be revealed. It will be illustrated that the quality

factor of elements plays a crucial role on the dichroism of such a 2D interlocking array,

while an optimal lattice spacing exists for given elements which can achieve the greatest

di¤erence in the absorption of the two circularly polarised EM waves around resonance.
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It has to be emphasised that the de�nitions of handedness of circularly polarised EM

waves in this thesis are in accordance with the IEEE standard (i.e., left/right handedness

is determined by pointing one�s left/right thumb in the same direction that the wave is

propagating, and then matching the curling of one�s �ngers to the temporal rotation of

the �eld) [125],[126], and time harmonic term of ej!t is assumed unless speci�ed otherwise.

These are in opposite to those widely used by physicists, therefore great attention have

to be paid when making comparisons with other published results, as will be illustrated

later.

4.1 Modelling theMacroscopic Transmission Properties of Two-

Dimensional Array

The element used in this chapter is a modi�ed version of helical resonator - the "double"

helical resonator. As shown in Fig. 4-1(a), its topology has better symmetry than the

original one, and can in theory be applied for the design of three-dimensional isotropic

arti�cial media [127].

By conducting similar quasi-static circuit analysis as in Chapter 2, it can be derived

that a double helical resonator has the same self-inductance L as that of a helical resonator

with the same size. The self-capacitance C, however, is the series connection of the

capacitances of two half helices, while that of a helical resonator is the parallel connection

of the two. Therefore a double helical resonator has a quarter of the self-capacitance

as that of a helical resonator with the same physical dimensions, and two times the

resonating frequency of the latter as a consequence. In the following text the "helical

resonator" refers to double helical resonator unless speci�ed otherwise.

85



Figure 4-1: (a) The layout of a double helical resonator. Grey zones with solid bound-
aries correspond to conductor on top of the dielectric substrate while those with dashed
boundaries correspond to conductor on the bottom level. The metal patterns on the two
sides are connected by two metallic vias, forming a double helix pattern. (b) Part of an
in�nite two-dimensional (2D) interlocking square array of double helical resonators. The
element orientations are in line with the principal axes x̂ and ŷ.

It has been experimentally veri�ed that a 2D interlocking array of double helical

resonators o¤ers both signi�cant dichroism around element resonance and symmetry

in the transmissions along both propagation directions [128],[129], which lead to great

application potential in building isotropic three-dimensional metamaterials. Thus the

development of an analytical model for characterising the array properties is of signi�cant

importance so as to engineer the dichroism properties of such a 2D slab.

In this chapter an analytical model will be developed which associates the macroscopic

EM �elds to the small scale properties of individual helical resonator elements as well

as their interactions. The 2D slab will be regarded as continuous distribution of electric

and magnetic currents (and polarisation densities) across an equivalent surface, provided

that the slab thickness is much smaller than the operating wavelength, which contributes
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to the dichroism in the macroscopic transmission. These continuous surface polarisation

densities are then related to the discrete dipole moments induced at the centre of ele-

ments, which are assumed to be characterised completely by their electric and magnetic

polarisabilities and density of distribution. Such relations have been named "generalised

sheet transition conditions (GSTCs)" in previously published work [119],[120].

It is assumed throughout the modelling procedure that the array is a two-dimensional

in�nite square lattice with rigid period, under normal incidence of planar EM wave.

Therefore the elements with the same orientation are uniformlly excited.

4.1.1 Quasi-Static Analysis of Excitation and Interaction of Chiral Elements

Due to the inherent chirality of the helical resonators, both the electric and magnetic

dipole moments will be induced when the elements are subjected to external electric

and/or magnetic �eld excitation [107]. The electric dipole comes from the strong electric

�eld between the broadside coupled upper and lower rings, while the magnetic dipole

arises from the resonating current �owing along the metal path. The cross-coupled

expressions linking dipole moments and excitation �elds are as follows

pn = �eeEn + �emBn (4.1)

mn = ��emEn + �mmBn (4.2)

where En=Bn are the local excitation �elds and pn=mn are the induced electric/magnetic

dipole moments separately, both of which are oriented parallel to the normal axis of the
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element. The quasi-static polarisabilities � of double helical resonators are as follows:

�mm =
�2r4

L

�
!20
!2
� 1 + j R

!L

��1
(4.3)

�em = �j 2�r
2h

�r!L

�
!20
!2
� 1 + j R

!L

��1
(4.4)

�ee =
4h2

(�r!)
2 L

�
!20
!2
� 1 + j R

!L

��1
(4.5)

where r and h are the geometric parameters as shown in Fig. 4-1(a), L, R, and !0 are

the self-inductance, resistance, and frequency of resonance, respectively. The quasi-static

resistance incorporates the loss incurred from both conductor and dielectric. �r is the

relative dielectric constant of the substrate. The sign of �em depends on the element�s

handedness: positive sign corresponds to left-handed helix while minus sign applies to

right-handed one. The detailed derivation process of these polarisabilities are listed in

Appendix I. For single helical resonators, the coe¢ cients of 2 and 4 in the expressions

for �em (4:4) and �ee (4:5) are absent.

It should be pointed out that the radiation e¤ects have been excluded from these

expressions due to their quasi-static nature, which will be incorporated in § 4.1.3 so as to

provide more accurate estimations on the macroscopic transmission properties as well as

ful�ll energy conservation requirements. In addition, nonresonant electric polarisabilities

are also present in the plane of the elements, with constant value of 16�0r3ext=3. This value

is generally much smaller than the electric polarisability �ee around resonance, therefore

can be safely neglected in the modelling process.

From (4:3)� (4:5), it is known that the following general relation holds for the three

polarisabilities

�mm � �ee = � (�em)2 (4.6)
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The excited electric and magnetic dipoles will then induce secondary scattering �elds.

The full-wave �elds generated by an electric dipole ~p have the following form [9]:

~Ep (~r) = [~p� r̂ (r̂ � ~p)] k
2e�jkr

4��0r
+ [3r̂ (r̂ � ~p)� ~p]

�
1

r3
+
jk

r2

�
e�jkr

4��0
(4.7)

~Hp (~r) = (r̂ � ~p)

�
1 +

1

jkr

�
k2c0e

�jkr

4�r
(4.8)

where ~r is the vector pointing from the dipole to the observation point, while r̂ = ~r= j~rj

is the unit vector in the direction of ~r. k and c0 are the phase constant and speed of EM

wave in free space, respectively.

The corresponding results for full-wave EM �elds generated by a magnetic dipole ~m

follow from the duality principle

~Em (~r) = (~m� r̂)

�
1 +

1

jkr

�
k2Z0e

�jkr

4�r
(4.9)

~Hm (~r) = [~m� r̂ (r̂ � ~m)] k
2e�jkr

4�r
+ [3r̂ (r̂ � ~m)� ~m]

�
1

r3
+
jk

r2

�
e�jkr

4�
(4.10)

where Z0 =
p
�0=�0 = 120�
 is the free space wave impedance.

From the above, it can be seen that the e¤ective �elds acting to polarise an element

inside such a 2D lattice are the superposition of two parts: the contribution from the

external incident �elds as well as those from all the other dipoles except the one under

consideration. The latter will be termed as "interaction �eld" hereafter.

Due to the in�nite periodicity of the array, and from considerations of symmetry, the

origin of the three-dimensional Cartesian coordinate system for the array can be set at

the centre of an individual element to be investigated. The other element centres all
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locate within the x � y plane, and all the elements are set to be oriented in line with

either x̂ or ŷ, as indicated in Fig. 4-1(b). The normally incident EM wave propagates

along +ẑ direction through the array.

The direct in�nite summation involved in calculating the electric and magnetic in-

teraction �elds may raise concerns in terms of convergence. Because the elements have

subwavelength dimensions, the detailed �elds associated with individual elements are

generally unimportant with respect to the overall wave propagation properties of the

composite; thus a homogenisation procedure can be applied as follows. The in�nite

array of discrete elements, except the one at the origin, are replaced by a continuous

distribution of dipole moments on an equivalent planar sheet coinciding with the x � y

plane, with a punctured circular hole of radius Ra around the origin. This procedure

is illustrated in Fig. 4-2, which is in a way similar to the Clausius-Mossotti theory for

determining the e¤ective dielectric constant of a volume distribution of small scatterers

[108]. The discrete and continuous dipole moments are related as

~ps =
~p

S0
(4.11)

~ms =
~m

S0
(4.12)

where ~ps and ~ms are the electric and magnetic surface dipole moments density (polari-

sation density) respectively. S0 is the area of unit cell. The interaction �elds generated

by the two con�gurations should be equal, therefore can be written as follows

~Eint =
X

~Ep;m (~r) =
1

S0

Z
r>Ra

~Eps;ms (~r) dS (4.13)

90



Figure 4-2: The approximation of a layer of in�nite regular array of discrete elements,
except the one at the origin, by a continuous current distribution on an equivalent planar
surface with a punctured circular hole around the origin.

~H int =
X

~Hp;m (~r) =
1

S0

Z
r>Ra

~Hps;ms (~r) dS (4.14)

Substituting the expressions for full-wave electric and magnetic �elds (4:7) � (4:10)

into the above equations, these integrals can be deduced into very simple forms after

some algebra as follows

~Eint;p =
�jk~p
4�0S0

�
1� 1

jkRa

�
e�jkRa (4.15)

~H int;m =
�jk~m
4S0

�
1� 1

jkRa

�
e�jkRa (4.16)

~Eint;m = ~H int;p = 0 (4.17)

In Appendix II the details are given on how these interaction �elds created by con-

tinuous surface polarisation densities are evaluated.
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De�ne the interaction constant of the array

� =
�jk
4�0S0

�
1� 1

jkRa

�
e�jkRa =

1� jkRa
4�0RaS0

e�jkRa (4.18)

then

~Eint;p = �~p (4.19)

~H int;m = �0� ~m (4.20)

The deduced explicit results (4:19) ; (4:20) reveal some important conclusions about

the interaction among helical resonator elements. First, it can be seen that sheet electric

polarisation distribution contributes to electric �eld at the hole centre with the same

orientation only, and so does the magnetic counterpart. In addition, since the helical

resonator element only responds to excitation �elds along its normal axis, it can be

deduced that one element can only be polarised by the interaction �elds induced by

all other elements with the same orientation (e.g., x̂), while the overall contribution by

elements with the other orthogonal orientation (e.g., ŷ) is ine¤ective.

Since there is no overall cross-coupling among elements with orthogonal orientations,

the array can be divided into two groups of elements according to their orientations and

be analysed separately. Due to the rotational symmetry of the array, analysis on only one

square lattice of elements with the same orientation is needed. This conclusion greatly

facilitates the modelling procedure. In particular, it should be emphasised that the

lattice period d in the analytical model denotes the spacing between adjacent elements

with the same orientation, and the continuous polarisation densities are the average of

dipole moments on a unit cell with an area of S0 = d2.

The value of the hole radius Ra determines the accuracy of the continuous sheet
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approximation. In the static limit (k ! 0), it was given that [118]

Ra � 0:6956d (4.21)

for a distribution of scatterers in a square lattice of period d. More discussions on the

accuracy of Ra will be proposed in § 4.1.3 when incorporating the radiation e¤ects.

4.1.2 Macroscopic Transmission of 2D Interlocking Array of Helical Res-

onators

In order to model the macroscopic transmission properties of the 2D interlocking slab, it

is assumed that the discontinuities in the EM �elds on both sides of array are attributed

to the continuous distribution of surface electric and magnetic currents (polarisation

densities) across the unpunctured equivalent sheet. By doing this the microscopic �elds

near the equivalent sheet or discrete elements are forgone. Then the relations between

the external incident �elds and the induced surface polarisation distributions are aimed

to be developed.

On the other hand, it is known from the analysis in § 4.1.1 that the surface polarisa-

tion densities are proportional to the local �elds acting on each element, which are the

superposition of the external incident �elds and the interaction �elds. Substituting �eld

expressions (4:15)� (4:17) into dipole moments (4:1) ; (4:2) lead to

px;y = �ee
�
Eextx;y + Eint;px;y

�
+ �em�0

�
Hext
x;y +H int;m

x;y

�
= �ee

�
Eextx;y + �px;y

�
+ �em�0

�
Hext
x;y + �0�mx;y

�
(4.22)

93



mx;y = ��em
�
Eextx;y + Eint;px;y

�
+ �mm�0

�
Hext
x;y +H int;m

x;y

�
= ��em

�
Eextx;y + �px;y

�
+ �mm�0

�
Hext
x;y + �0�mx;y

�
(4.23)

The diochroic nature of a material is characterised by the di¤erence in the macroscopic

transmissions of the two circularly polarised EM waves with the same wave vector but dif-

ferent handedness within such a material, which are both eigensolutions for propagation

in a chiral medium [117]. Firstly it is assumed that the incident �elds are right-handed

polarised with the following form

~Eext = (x̂� jŷ)E0e
j(!t�kz) (4.24)

~Hext = (jx̂+ ŷ)
E0
Z0
ej(!t�kz) (4.25)

It should be highlighted again that the IEEE standard de�nitions are used, which are

in opposite to those widely employed among physicists [125],[126]. Since all elements are

oriented in either x̂ or ŷ, the discrete electric and magnetic dipole moments in these two

orthogonal directions can be written as

px = �ee (E0 + �px) + �em�0

�
j
E0
Z0
+ �0�mx

�
(4.26)

mx = ��em (E0 + �px) + �mm�0

�
j
E0
Z0
+ �0�mx

�
(4.27)

py = �ee (�jE0 + �py) + �em�0

�
E0
Z0
+ �0�my

�
(4.28)

my = ��em (�jE0 + �py) + �mm�0

�
E0
Z0
+ �0�my

�
(4.29)

The time harmonic term ej(!t�kz) has been omitted.
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The polarisabilities have the balance relation as in (4:6), which can be transformed

to
�mm

�em
= ��

em

�ee
defined
= �jKem (4.30)

Then the electric and magnetic dipole moments induced on a chiral helical resonator

are linearly correlated as

~m = �jKem~p (4.31)

ThereforeKem can be termed as "chirality ratio". From the expressions of polarisabilities

(4:3) �(4:5), its expression can be derived as

Kem = �
�r2�r!

2h
(4.32)

which is a real number. The de�nition of its sign is the same as that of �em, i.e., plus for

left-handed element and minus for right-handed one. Then the following explicit results

for the dipole moments can be deduced after some algebra

px =

�ee
�
1� Kem

c0

�
1�

�
1 +

K2
em

c20

�
�ee�

E0 (4.33)

py =

�j�ee
�
1� Kem

c0

�
1�

�
1 +

K2
em

c20

�
�ee�

E0 (4.34)

mx;y = �jKempx;y (4.35)
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Similar expressions can be derived for left-handed polarised incident circular wave

~Eext = (x̂+ jŷ)E0e
j(!t�kz) (4.36)

~Hext = (�jx̂+ ŷ)
E0
Z0
ej(!t�kz) (4.37)

The induced electric dipole moments are

px =

�ee
�
1 +

Kem

c0

�
1�

�
1 +

K2
em

c20

�
�ee�

E0 (4.38)

py =

j�ee
�
1 +

Kem

c0

�
1�

�
1 +

K2
em

c20

�
�ee�

E0 (4.39)

After obtaining the expressions of dipole moments and associated surface polarisation

densities, the macroscopic transmission properties of unpunctured continuous sheet are

aimed to be modelled with the aid of classical boundary conditions [108]. It is known

that the surface electric and magnetic polarisation densities ~ps; ~ms are related to relevant

surface current densities ~J; ~Jm as follows

~J =
@

@t
~ps = j!~ps (4.40)

~Jm =
@

@t
�0 ~ms = j!�0 ~ms (4.41)

while the classical boundary conditions give

ẑ �
�
~H2 � ~H1

�
= ~J (4.42)
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�
~E2 � ~E1

�
� ẑ = ~Jm (4.43)

where ẑ is the normal direction of the continuous sheet (and direction of incidence).

Subscripts 1,2 represent the illuminated and transmitted sides of the sheet separately. In

the current con�guration both sides of the slab are free space, therefore surface current

densities ~J= ~Jm create magnetic/electric �elds with the same amplitude but opposite

directions on the two sides of the sheet, respectively. By summing up the contributions

from both surface electric and magnetic polarisation densities ~ps; ~ms we have

~Etrans = ~Eext � j!Z0~ps
2

+ ẑ � j!�0 ~ms

2
(4.44)

~Erefl = �j!Z0~ps
2

� ẑ � j!�0 ~ms

2
(4.45)

where ~Etrans and ~Erefl denote the electric �elds of EM wave transmitted through and

re�ected by the slab at the position of the equivalent planar sheet separately. ~Etrans

corresponds to ~E2 in the boundary condition (4:43), while ~Eext + ~Erefl equals ~E1.

De�ne the transmission and re�ection coe¢ cients for circularly polarised EM waves

Tab
defined
=

Etransa

Eextb

(4.46)

Rab
defined
=

Erefla

Eextb

(4.47)

where subscripts a and b are either r or l, representing right-/left-handed polarisations

separately. a and b indicate the polarisation states of transmitted/re�ected and incident

waves, respectively. Substituting the expressions for dipole moments (4:33) ; (4:34) ; (4:38) ; (4:39)

into the �eld equations (4:44) ; (4:45), the transmission and re�ection coe¢ cients of a cir-
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cular wave can be deduced as follows:

Trr = 1�

j!Z0�
ee

2S0

�
1� Kem

c0

�2
1�

�
1 +

K2
em

c20

�
�ee�

(4.48)

Tll = 1�

j!Z0�
ee

2S0

�
1 +

Kem

c0

�2
1�

�
1 +

K2
em

c20

�
�ee�

(4.49)

Trl = Tlr = 0 (4.50)

Rrl = Rlr = �

j!Z0�
ee

2S0

�
1� K2

em

c20

�
1�

�
1 +

K2
em

c20

�
�ee�

(4.51)

Rrr = Rll = 0 (4.52)

These analytical results provide explicit characterisation on the dichroism properties

of the in�nite 2D array of chiral elements. First, as can be seen in the expressions of

Trr (4:48) and Tll (4:49), the di¤erence in these two transmissions, which contributes to

dichroism, arises from the chirality of the elements (magnetoelectric polarisability �em)

which is in line with intuition. Second, several other factors in�uence the dichroism,

including element properties such as the polarisability �ee and the chirality ratio Kem, as

well as the interaction constant � which re�ects attributes of the array (elements densities

depicted by S0 and the hole radius Ra). The impact of these factors on the macroscopic

dichroism of array will be assessed in § 4.3. Finally, there is no polarisation conversion

e¤ect between the two circular EM waves, as stated in (4:50). It should be emphasised

again that the lattice period d denotes the spacing between adjacent elements with the

same orientation.
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Unlike the transmission coe¢ cients, the re�ection coe¢ cients are the same for the

two polarisation states, as illustrated in (4:51) and (4:52). Therefore it can be inferred

that the part of energy represented by the di¤erence in the transmission coe¢ cients of

circularly polarised plane waves is dissipated within the lossy chiral array rather than

re�ected back. It needs to be pointed out that the handedness of re�ected circular wave

is in opposite to those of incident and transmitted waves since the propagation direction

is reversed.

The model developed has established a generalised explicit relation between the micro-

scopic characteristics of individual elements to the macroscopic transmission properties

of the whole array, describing the physical nature of excitation of elements by external

incidence and interaction among elements in the array, therefore can �nd great appli-

cation potential for analysing frequency selective surfaces comprising of regular array of

elements. The procedure is also straightforward, without calculating complicated double

Fourier transformations and Bessel function integrals as in other references [119],[120]

which also introduces a great deal of approximations as a consequence. Thus the accu-

racy of the model can be guaranteed. In following sections the model will be employed

for predicting the transmission properties of 2D chiral arrays, as well as analysing their

dependence on various microscopic parameters.

The approximations and assumptions involved in the modelling procedure include the

following aspects.

� Firstly, the elements are characterised as discrete dipole moments via their polar-

isabilities and the local �elds acting on them, therefore the physical dimensions of

elements should be small compared with the free space wavelength around reso-

nance.
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� Secondly, only fundamental mode dipole interactions among elements have been

taken into account, while higher order interactions are neglected. This is valid when

the size of elements are not signi�cant comparing with their spacing. An upper limit

ratio of 0.7 has been suggested in [120] for valid approximation of dipole interaction.

� Thirdly, the in�nite array of elements is replaced by a continuous sheet when mod-

elling the macroscopic transmission properties, with the surface polarisation densi-

ties equal the average of the discrete dipole moments over a unit area of the square

lattice. Such approximation holds true when the lattice spacing is also much smaller

than the wavelength of interest (an upper limit ratio of 0.5 has also been suggested

in [120]).

� In addition, the deduced macroscopic �elds vary only on a scale comparable with

the free space wavelength at the frequency range of interest, therefore the precise

knowledge of �eld distribution near individual elements are excluded.

� Finally, the expressions for interaction constant � (4:18) and the hole radius Ra

(4:21) are developed in static limit, which have to be re-examined for accuracy

when being applied to the current situation. In § 4.1.3 improved expressions for �

and polarisabilities will be derived which incorporate energy conservation, thus can

provide results that are more physically meaningful.

In summary, the elements should be "densely" distributed in terms of the free space

wavelength of interest, but "sparse" in terms of the element size compared with the lattice

spacing. The valid range of the approximations are aimed to be quantitatively assessed

in the following by comparison with results from numerical simulations and experimental

measurements.
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4.1.3 Improved Model Incorporating Energy Conservation

In this subsection modi�ed expressions for the interaction constant � as well as polar-

isability �ee will be derived. Speci�cally, their imaginary parts are revised from energy

conservation point of view, thus can provide results which better comply with physical

laws than the original ones deduced from quasi-static analysis.

The modi�cation of � can be derived with the aid of lossless non-chiral electric dipoles.

First we analyse an individual lossless electric dipole scatterer under external polarisation

Eext in free space. The induced dipole moment is

p = �eeEext (4.53)

Thus the time-averaged power absorbed from the incident �eld to excite the dipole is

P abs =
1

2
Re
�
Eext � J�

�
=
1

2
Re

�
Eext � @

@t
p�
�

=
1

2
Re
�
�j!Eextp�

�
=
1

2
Re (�j! (�ee)�)

��Eext��2
= �!

2
Im (�ee)

��Eext��2 (4.54)

where the asterisk represents complex conjugate. J denotes the electric current induced.

Comparing with quasi-static analysis, an imaginary part re�ecting the scattering e¤ect

is introduced into the polarisability �ee of element, which is a complex number even for

lossless case.
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On the other hand, an electric dipole radiates power

P rad =
�0!

4 jpj2

12�c0
=
�0!

4 jaeej2

12�c0

��Eext��2 (4.55)

No energy is dissipated inside a lossless element, therefore the above two powers in

(4:54) and (4:55) should be equal, which leads to

Im (�ee) = ��0!
3 jaeej2

6�c0
(4.56)

and

Im

�
1

�ee

�
=
�0!

3

6�c0
(4.57)

As can be seen, the introduction of such an imaginary part re�ects the radiation from

an individual dipole.

Next, an in�nite regular 2D square array based on these lossless electric dipole scat-

terers will be analysed from energy conservation point of view. From the de�nition of

� (4:18), it is known that the local electric �eld exciting each individual element in the

array is the sum of external incidence and � times the dipole moment, i.e.,

p = �ee
�
Eext + �p

�
(4.58)

which gives

p =
�ee

1� �ee�
Eext (4.59)

Adopting the same approximation as in § 4.1.1 which replaces the in�nite array of
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electric dipoles by a planar sheet with equivalent electric surface current �ow

~J =
j!~p

S0
(4.60)

Transmission of EM wave through a lossless sheet ful�lls the following energy conser-

vation condition (with no contribution from the magnetic counterpart)

Re
�
~Etotal � ~J�

�
= 0 (4.61)

where ~Etotal represents the total average electric �eld at the sheet position. From trans-

mission conditions (4:44) we have

~Etotal = ~Eext � j!Z0
2S0

~p (4.62)

where S0 denotes the unit cell area that is occupied by a single dipole in the array.

Substituting (4:59) ; (4:60) and (4:62) into (4:61), the following results can be deduced

Re
�
~Etotal � ~J�

�
= Re

��
1� �ee�

�ee
p� j!Z0

2S0
p

�
�
�
j!p

S0

���
= Re

��
�j!
S0

1� �ee�

�ee
� !2Z0
2S20

�
jpj2
�
= 0 (4.63)

which leads to

Im

�
1

�ee
� �

�
=
Z0!

2S0
(4.64)

and

Im (�) =
�0!

3

6�c0
� Z0!

2S0
(4.65)
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This imaginary part, which is physically responsible for the energy transmission, only

depends on the frequency and the array period speci�ed. It is interesting to notice that by

incorporating both the power scattered by individual dipole (!3 term) and that by plane-

wave propagation (! term), such an imaginary part guarantees that the overall energy

of EM wave in a regular array is transported by plane wave propagation only, with no

individual scattering occuring. Thus the energy conservation law can be ful�lled.

Since � characterises the interaction of a single element with the �elds generated by

all other elements, it should be independent with the intrinsic properties of particular

elements. Therefore the modi�ed expression for the interaction constant � incorporating

energy conservation has the following form

� = Re

�
1

4�0RaS0
(1� jkRa) e

�jkRa
�
+ j

�
�0!

3

6�c0
� Z0!

2S0

�
=

cos (kRa)� kRa sin (kRa)

4�0RaS0
+ j

�
�0!

3

6�c0
� Z0!

2S0

�
(4.66)

which should hold true for both lossless and lossy elements. The above process is also

reported in [121].

The level of modi�cation on the imaginary part of � can be assessed as follows. Let

Im

�
1

4�0RaS0
(1� jkRa) e

�jkRa
�
= �sin (kRa) + kRa cos (kRa)

4�0RaS0

=
�0!

3

6�c0
� Z0!

2S0
(4.67)

By employing Taylor series expansion of the trigonometric functions, it can be deduced

that

sin (kRa) + kRa cos (kRa) = 2kRa �
2

3
(kRa)

3 +O
�
(kRa)

5� (4.68)
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therefore

�
2kRa � 2

3
(kRa)

3

4�0RaS0
= �Z0!

2S0
+

!3R2a
6�0S0c30

=
�0!

3

6�c0
� Z0!

2S0
(4.69)

which �nally leads to

R2a =
S0
�
=
d2

�
(4.70)

Ra =
dp
�
� 0:5642d (4.71)

Comparing with the result (4:21) developed from quasi-static analysis, it can be seen

that the hole radius Ra is reduced in order to obtain better accuracy under the cur-

rent situation. Actually, it has been discovered that the developed array transmission

properties are much more resilient to the change in the real part of � than that in the

imaginary part. Since its imaginary part has been accurately estimated according to

energy conservation law, in the following text � will have the form as in (4:66) with the

static value of Ra (4:21) still being employed.

After obtaining the improved expression for the interaction constant, the polarisabil-

ities of double helical resonator elements deduced in § 4.1.1 are subsequently aimed to

be revised. The chiral elements are again assumed to be lossless in the �rst instance.

Now the energy conservation condition for transmission of planar EM waves with

arbitrary polarisation through a lossless sheet is as follows, incorporating the contribution

from the magnetic part

Re
h
~Etotal � ~J� +

�
~H total

��
� ~Jm

i
= 0

) Re

��
~Eext � j!Z0

2S0
~p

�
�
�
j!

S0
~p

��
+

�
~Hext � j!�0

2Z0S0
~m

��
�
�
j!�0
S0

~m

��
= 0 (4.72)
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Assuming that the linear relations among the three polarisabilities (4:6) ; (4:30) ; (4:31)

developed in the quasi-static situation still hold, with a real number chirality ratio Kem,

the above energy conservation condition can be rewritten as

Re
h
�j ~Eext � ~p� +Kem�0

�
~Hext

��
� ~p
i
=
!Z0
2S0

�
1 +

K2
em

c20

�
j~pj2 (4.73)

On the other hand, the excited vector electric dipole moment on individual chiral

element has the following form

~p = �ee
�
~Eext + �~p

�
+ �em�0

�
~Hext + �0� ~m

�
= �ee

�
~Eext + �~p

�
+ jKem�

ee�0

�
~Hext � jKem�0�~p

�
)

�
1

�ee
�
�
1 +

K2
em

c20

�
�

�
~p = ~Eext + jKem�0 ~H

ext (4.74)

By calculating the inner product with �j~p� on both sides, we have

�j
�
1

�ee
�
�
1 +

K2
em

c20

�
�

�
j~pj2 = �j ~Eext � ~p� +Kem�0 ~H

ext � ~p�

) Im

�
1

�ee
�
�
1 +

K2
em

c20

�
�

�
j~pj2

= Re
h
�j ~Eext � ~p� +Kem�0 ~H

ext � ~p�
i

= Re
h
�j ~Eext � ~p� +Kem�0

�
~Hext

��
� ~p
i

=
!Z0
2S0

�
1 +

K2
em

c20

�
j~pj2

) Im

�
1

�ee

�
=

�
1 +

K2
em

c20

��
Im (�) +

!Z0
2S0

�
(4.75)

Substituting the modi�ed expression of imaginary part of the interaction constant �
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(4:65) leads to the following result

Im

�
1

�ee

�
=

�
1 +

K2
em

c20

�
�0!

3

6�c0
(4.76)

Comparing with that for the electric polarisability of non-chiral element (4:57), the

imaginary part increases by (Kem=c0)
2 which re�ects the impact of chirality, as the exci-

tation of both electric and magnetic dipole moments imply greater power absorption and

radiation from a chiral element than its non-chiral counterpart. The increased amount

is directly relevant with the chirality ratio, which coincides with intuition.

The above analysis is based on lossless assumption. When dissipation inside individual

element is introduced, the full expression for the electric polarisability of double helical

resonator can be written as
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Comparing with the quasi-static result (4:5), an additional imaginary part is introduced

into the denominator to re�ect the scattering e¤ect.

The other polarisabilities can be deduced as follows by employing the linear depen-

dence (4:31)� (4:32)

�em = �
��

2h

�r!�r2
+
�r!�r

2

2hc20

�
�0!

3

6�c0
� j

�r!L

2�r2h

�
!20
!2
� 1 + j R

!L

���1
(4.78)

�mm =

(
L

(�r2)2

�
!20
!2
� 1 + j R

!L

�
+ j

"�
2h

�r!�r2

�2
+
1

c20

#
�0!

3

6�c0

)�1
(4.79)

107



It can be seen that additional real and imaginary part are incorporated into the

denominator in the expressions for cross- and co-polarisability, respectively.

In this subsection, the expressions for the array interaction constant � and ele-

ment polarisabilities are revised, so that the scattering e¤ects of individual elements

are eliminated, and the energy of EM wave through the array are transmitted in plane

wave form only which ful�lls the energy conservation law. Therefore these expressions

(4:66) ; (4:77)� (4:79) should be employed instead of the original ones (4:18) ; (4:3)�

(4:5) when estimating the transmission properties of 2D chiral array so as to obtain

physically meaningful results.

4.2 Validation of the Analytical Model

4.2.1 Validation Using Reported Results

In order to validate the model developed, in this section the numerical simulation and

experimental results reported in previously published work are employed [128],[129]. In

these references a 2D interlocking square lattice of double helical resonators on both

sides of FR-4 printed circuit boards were fabricated and assembled, whose parameters

are listed in Table 4.1.

Table 4.1: The parameters of the 2D interlocking array of double helical resonators as in
[128].

Substrate thickness (mm) 1.6 Outer radius (mm) 2.25
Relative dielectric constant 3.76 Metal strip width (mm) 1
Substrate loss tangent 0.0186 Gap width (mm) 0.3
Metal thickness (�m) 36 Via diameter (mm) 0.5
Lattice spacing (mm) 8 Number of unit cells in one 26
Slab size (mm2) 208 � 208 dimension

108



Figure 4-3: Measurement of transmission responses through the 2D chiral array by a pair
of horn antennas, which were connected to a vector network analyser (not shown) [129].

The macroscopic transmissions of left- and right-handed circularly polarised EMwaves

through the slab were simulated and measured. Two linearly polarised horn antennas

were employed as transmitter and receiver, as shown in Fig. 4-3, and the frequency

responses for transmission of linear waves with two di¤erent orthogonal polarisations

were acquired by a network analyser. The desired transmission coe¢ cients for circularly

polarised EM waves were deduced from linear combination of these responses for linearly

polarised waves. The details of the measurement and data analysis will be illustrated in

§ 4.2.3.

The two sets of results derived from simulation and measurement separately are repro-

duced in Fig. 4-4, which are in good agreements. The resonant frequency of individual

elements is around 7.8 GHz, and signi�cant di¤erence in the transmission responses ap-

pears around the element resonance. The "left-handed" circular EM wave experiences

negligible absorption, while the other shows attenuation of around 6 dB. The notations

T++ and T�� in the �gure correspond to Trr and Tll in this thesis, respectively, while

R denotes the identical re�ection coe¢ cient of the two polarisations. The polarisation
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Figure 4-4: Simulation and measured results for the dichroism properties of 2D array
of double helical resonators [128],[129]. The transmission and re�ection amplitudes for
the two circularly polarised EM waves (top panel), the azimuth rotation angle � (middle
panel) and the ellipticity � (bottom panel).

azimuth rotation,

� =
1

2
(arg (Trr)� arg (Tll)) (4.80)

and the ellipticity

� =
1

2
sin�1

 
jTrrj2 � jTllj2

jTrrj2 + jTllj2

!
(4.81)

were also calculated, which gauge the di¤erences in phase and amplitude of the trans-

missions of the two circular waves and thus characterise the dichroism. The peak values

of the azimuth rotation � (-100�) and ellipticity � (-17�) all appear at resonance.

In the following the developed analytical model is employed to estimate the dichroism

properties of such an array. The elements are left-handed helices, therefore the sign of �em
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is positive. After substituting the parameters in Table 4.1 into the model, the frequency

responses of various dichroism properties are obtained as exhibited in Fig. 4-5.

It can be noticed that the results from the analytical model have good correpondence

with those from reference [128],[129] in absolute values, but some have reversed signs.

For example, it is the right-handed circular wave that experiences negligible attenuation,

and the ellipticity � is always positive. However, the results for azimuth rotation angle

� have good correspondence. The maximum attenuation of Tll is 8.0 dB, while the peak

values of the azimuth rotation � and ellipticity � are 86� and 22� respectively, all of

which exhibit slightly larger dichroism than the reported results. The 3 dB bandwidth

is 0.26 GHz. An upward frequency shift of around 0.2 GHz has been observed for the

analytical results comparing with those from reference. This can be attributed to the

inaccuracy in the prediction of element resonant frequency using quasi-static RLC model

for the current resonator, whose thickness is already comparable with its radius. The

relative error is 0.2 / 7.8 � 2.6% which is still quite acceptable. The key parameters are

summarised and compared in Table 4.2.

The reversed responses arise from the di¤erence in both the de�nition on handedness

of circular polarisation and the time harmonic assumption. In references [128],[129] the

de�nitions of circular polarisation widely adopted by physicists, and e�j!t assumption,

were employed; while IEEE standard de�nitions and ej!t assumption are used in the

Table 4.2: Comparison of parameters characterising dichroism of the 2D interlocking
array of double helical resonators from the analytical model and reference [128].

Parameters Analytical Model Reference
Resonant Frequency (GHz) 8.0 7.8

min(Trr) (dB) 0 -6
min(Tll) (dB) -8.0 0

Azimuth Rotation � (deg) 86 -100
Ellipticity � (deg) 22 -17
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Figure 4-5: The transmission and re�ection amplitudes for the two circularly polarised
EM waves (top panel), the polarisation rotation angle � (middle panel) and the ellipticity
� (bottom panel) calculated from the analytical model.
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Figure 4-6: Transmission line model loaded with a shunt resonator.

model developed [125],[126]. These two de�nitions on handedness of circular polarisation

are in contrary with each other, which leads to the reversed responses in transmission

and ellipticity �, as can be comprehended. The similarity in azimuth rotation angle �

can be further illustrated using the conventional transmission line theory as follows.

Consider a shunt impedance Z loaded between a pair of transmission lines with char-

acteristic impedance Z0, as depicted in Fig. 4-6. ej!t assumption is adopted. Z is in

series resonant form, i.e.,

Z = R + j

�
!L� 1

!C

�
(4.82)

Then its imaginary part will have opposite sign if e�j!t is used. The traditional

transmission line theory gives a transmission coe¢ cient of

T =
1

1 +
Z0
2Z

=

26641 + j Z0

2!L

�
!20
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� 1 + j R

!L

�
3775
�1

(4.83)

where !0 = 1=
p
LC is the resonant frequency. For frequencies far away from resonance,

the shunt impedance Z is much larger than the characteristic impedance Z0, and the

transmission coe¢ cient T � 1. At resonance, T = (1 + Z0=2R)
�1 < 1. Therefore the

transmission line model imitates the absorption of normally incident circularly polarised
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plane wave through the 2D array of chiral resonators.

The phase response will be investigated further. If the in�uence of resistance R is

neglected, when ! < !0; the denominator has a positive imaginary part, therefore T

has a negative imaginary part which corresponds to phase lag. When ! > !0; T has a

positive imaginary part which corresponds to phase advance. On the other hand, if e�j!t

is used, the reverse holds true.

These conclusions can be applied to verify the analytically derived phase response

re�ecting dichroism of the chiral array. For the current 2D array of left-handed helix

elements, the propagation of left-handed circularly polarised EM wave (in IEEE stan-

dard) can be characterised by the loaded transmission line model, while the right-handed

counterpart experiences negligible absorption that also incorporates little variation in the

phase of transmitted signal. From the de�nition (4:80) it can be known that the polarisa-

tion rotation angle � is in opposite to the phase response of resonator-loaded transmission

line as derived above, i.e., positive before resonance and negative after resonance. The

reverse holds true for arrays of right-handed chiral elements. Due to both the reversed

de�nition on handedness and time harmonic assumption adopted, the phase response

from the analytical model corresponds to that from the reference [128],[129].

In conclusion, the analytical model provides results that are in good coincidence with

those reported from reference when being applied to predict the transmission properties

of 2D interlocking array of left-handed double helical resonators. It should be emphasised

that the diameter of elements and the lattice spacing are 0.12 and 0.21 times the free

space wavelength at resonance separately, while their ratio is 2 � 2.25 / 8 = 0.57. The

former two numbers demonstrate the validity of the analytical model derived in terms

of element size and the "dense" level of array, while the latter ratio re�ects the range of
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e¤ectiveness of dipole interactions among the elements.

4.2.2 Validation by Measurement of Fabricated Sample Arrays

In order to further validate the accuracy of the derived analytical model, as well as inves-

tigate the in�uence of physical parameters of the array on the transmission properties,

two interlocking square arrays of double helical resonators with di¤erent lattice spacings

were fabricated and assembled, as shown in Fig. 4-7. Their parameters are listed in

Table 4.3. One array has the same period (8 mm) as the one reported before in reference

[128],[129], and the other has a larger period (10 mm). The number of elements are dif-

ferent in the two arrays in order to roughly maintain the overall slab size, and eliminate

the impact of possible edge di¤raction when making comparisons between the transmis-

sions of EM wave through the two arrays. It has to be emphasised that the elements are

right-handed helices whose physical dimensions are almost the same as the left-handed

ones in § 4.2.1, which were fabricated on a FR-4 PCB with a di¤erent dielectric constant.

The frequency responses of dichroism properties of the fabricated chiral arrays were

deduce from the measured transmission spectrums, which are plotted in Fig. 4-8 together

with the results from analytical model as well as simulation using CST Micro-StripesTM

[78]. The details of numerical simulation and measurement will be summarised in §

Table 4.3: The parameters of the fabricated 2D interlocking arrays of double helical
resonators.

Substrate thickness (mm) 1.6 Outer radius (mm) 2.3
Relative dielectric constant 4.55 Metal strip width (mm) 1
Substrate loss tangent 0.0175 Gap width (mm) 0.5
Metal thickness (�m) 36 Via diameter (mm) 1
Lattice spacing (mm) 8 No. of unit cells in one dimension 12

10 10
Slab size (mm2) 100 � 100
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Figure 4-7: Pictures of (a) the two fabricated 2D interlocking square arrays of double
helical resonators and (b) the comprising 1D array units on comb-shape PCB board.
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Table 4.4: Comparison of parameters characterising dichroism of the fabricated 2D in-
terlocking array with d = 10 mm from the analytical model, numerical simulation and
measurement.

Parameters Analytical Simulation Measurement
Resonant Frequency (GHz) 7.8 7.8 7.8

min(Trr) (dB) -17 -13 -23
Azimuth Rotation � (deg) 90 90 115

Ellipticity � (deg) -37 -30 -41

Table 4.5: Comparison of parameters characterising dichroism of the fabricated 2D in-
terlocking array with d = 8 mm from the analytical model, numerical simulation and
measurement.

Parameters Analytical Simulation Measurement
Resonant Frequency (GHz) 7.8 7.9 7.7

min(Trr) (dB) -10 -7 -13
Azimuth Rotation � (deg) 90 90 120

Ellipticity � (deg) -25 -17 -31

4.2.3. The comparison of key parameters are listed in Table 4.4 and 4.5. Now it is the

right-handed circular wave that experiences signi�cant attenuation, and the correspond-

ing ellipticity is negative. Good coincidences exist between analytical and experimental

results, in which the �uctuation beyond 8 GHz can be attributed to the ine¤ective oper-

ation of the transmitter/receiver horn antennas, while the numerical data exhibit smaller

chirality. Since the frequency responses of transmission from numerical simulation are

the Fourier transformation of the corresponding truncated responses in the time-domain

under pulse excitation, the truncation introduces unavoidable expansion of the band-

width and decrease in the level of absorption in the frequency responses. More accurate

results can be obtained by signi�cantly increasing the simulation time, which can only

provide marginal improvements.

All the results illustrate that the array with larger spacing (d = 10 mm) exhibits bigger

di¤erence in the transmission of the two circular waves around the element resonance, and

a consequent greater ellipticity, while its bandwidth of absorption is smaller than that of
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Figure 4-8: Comparison of circular transmission coe¢ cients (top panel), linear polarisa-
tion rotation angle (middle panel) and ellipticity (bottom panel) obtained from analytical
model (left column), numerical simulation (middle column) and experiment (right col-
umn). The solid lines represent results of array with d = 10 mm spacing while dashed
lines represent those of the d = 8 mm array.
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the array with smaller spacing (d = 8 mm). This conclusion is in line with intuition, as

array with smaller spacing has stronger coupling among elements, which tends to result

in wider bandwidth. The impact of lattice spacing on the dichroism properties of the

chiral array will be further investigated in § 4.3.

In conclusion, good correspondence in the dichroism properties have been obtained

from results derived from analytical model, numerical simulation and experimental mea-

surement for the fabricated arrays of right-handed double helical resonators resonating

around 7.8 GHz. The element size (diameter) is roughly the same as that in § 4.2.1,

which is 0.12 times the free space wavelength at element resonance. For the array with

larger spacing (d = 10 mm), the ratio between spacing and the free space wavelength at

resonance is 0.26. This value states the valid range of the derived analytical model in

terms of the array density.

4.2.3 Details of Measurement and Simulation of 2D Chiral Arrays

Measurement of Fabricated Finite 2D Interlocking Chiral Arrays

As mentioned in § 4.2.2, two interlocking square arrays of double helical resonators with

roughly the same size but di¤erent periods were fabricated and assembled, with parame-

ters listed in Table 4.3. The detailed process are explained below.

Firstly, all the identical double helical resonator elements were fabricated altogether

as two 2D planar arrays on a plate PCB using standard optical lithography technique

at the Photofabrication Unit, Department of Physics, University of Oxford, as depicted

in Fig. 4-9. Two negative masks were designed each consisting of two 2D rectangular

arrays with 9�20 and 11�24 unit cells of double-split-single-ring pattern, respectively.
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Figure 4-9: Photos of the fabricated (a) square arrays of elements on a plate PCB; (b)
the feature of individual double helical resonator. The dashed lines were used for guiding
further processing.
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The array layouts on the two masks were mirror images of each other, but the element

patterns were the same because the metallic patterns of a double helical resonator on

both sides of substrate are identical. The masks were printed on two transparent �lms

separately, having a resolution of 600 dpi.

All the through holes were drilled on a bare photosensitised half-ounce copper-clad

FR-4 circuit board according to the coordinates provided, which would become the metal-

lic vias later connecting the metallic patterns of double helical resonator elements on both

sides of substrate. Three additional holes were made as reference points for aligning pat-

terns, as shown in Fig. 4-9(a) (calibration circles).

The circuit board was then covered by the negative masks on both sides, with the

printed sides of �lms adhering to the board. The accuracy of the pattern alignment

was guaranteed by collimating the centres of three target-shaped circles to the reference

through holes separately. The masked board was then exposed to ultraviolet light for 5

minutes in a Kinsten three-bulb UV exposure unit. The photoresist was developed in

a sodium carbonate solution and then placed in an ferric chloride etching solution for

15 minutes. All the through holes were covered by copper after this procedure forming

e¤ective metallic vias. Finally, the board was placed in a stripper solution (potassium

hydroxide) for 10 minutes to remove the remaining photoresist.

After the fabrication of planar PCB, the long strip units (one-dimensional array of

elements) were cut using a guillotine according to the dashed lines in the fabricated

pattern, as shown in Fig. 4-9. The width of strips equals the array spacing. Next,

the slots between elements, which were made for the purpose of joining the interlocking

arrays of strips, were cut using a bandsaw. All the strip units were stacked together so

as to guarantee the consistency in fabrication. The width of slots equals the substrate
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thickness while their length equals a half the strip width, thus the cross joints between

1D strip units should be well �t.

The schematic and photo of the experiment for measuring the transmission proper-

ties of the 2D chiral arrays are provided in Fig. 4-10. The experiment con�guration is

essentially the same as that reported in [128],[129] (see Fig. 4-3) and [130], but with

improvements as follows. The experiment was conducted in an anechoic chamber, and a

3 mm thick aluminium plate with a 15 cm � 15 cm square window was placed around

the array sample under test. The aim of the latter is to reduce unwanted transmis-

sion around the sample edges, as well as provide a physical support. A vector network

analyser (Agilent 8722ES) and a pair of identical horn antennas were employed to make

measurements, and the measured data were collected by a computer via a Labview HPIB

interface.

The antennas operate at a frequency range of 6.0 - 8.2 GHz, during which the re�ection

coe¢ cient S11 < -10dB. This range covers the resonance of individual elements, which

is estimated to be 7.9 GHz by the quasi-static circuit model. The 3 dB beamwidth of

the horn antenna is 20� in the E plane (x � z plane as in Fig. 4-10(a)) and 30� in the

H plane (y � z plane in Fig. 4-10(a)). Both antennas were carefully adjusted to align

with the centre of sample throughout the experiment. In order to approximate normal

incidence of plane waves on the array, the transmitter horn antenna was placed 55 cm

away from the aluminium screen, so that the spread angle of the sample under test seen

at the aperture plane of horn antenna is 2tan�1(5/55) = 10.4� which is smaller than

the 3 dB beamwidth. Therefore the EM wave incident on the array can be regarded as

uniformly distributed. The receiver horn was placed close to the sample on the other

side of screen so as to receive signal with larger amplitude.
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Figure 4-10: Schematic drawing of the measurement of transmissions through square
arrays of double helical resonators. The array samples were placed inside the square win-
dow within an aluminium screen. A pair of horn antennas and Agilent 8722ES network
analyser were employed for measurement.
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Since the far-�eld radiation generated from a horn antenna is linearly polarised, four

transmission responses were measured when the transmitter and receiver horns were

either horizontally or vertically placed. The co- and cross-polarisation linear transmission

coe¢ cients were derived via normalising the measured response through the chiral array

by the corresponding reference response without array samples in between. This will be

discussed in explicit mathematical formula as follows.

First the reference transmission responses T refab between the two antennas through the

punctured screen without samples were measured. The de�nition of the subscripts are

the same as before, i.e., a (x or y) denotes the orientation of the E plane of the receiver

horn antenna, thus the polarisation of the electric �eld of the received EM wave, while b

(x or y) represents that of the transmitter antenna. The measured frequency response of

transmission when the two antennas are placed as depicted in Fig. 4-10(a), for example,

is de�ned as T refxx . Due to the symmetry in experimental layout, T
ref
xx and T refyy should

be roughly equal if the phase centres remain steady when rotating both antennas during

the experiment. In addition, no linear polarisation conversion e¤ect should exist, i.e.,

T refxy = T refyx = 0:

Then if a chiral array is placed inside the square window, the received signal is the

transmission of the unloaded screen itself modulated by the co-polarisation linear trans-

mission coe¢ cient of the array. Therefore the measured co-polarisation transmission

responses of the array write

T arrayxx = Txx � T refxx (4.84)

T arrayyy = Tyy � T refyy (4.85)

The polarisation conversion e¤ect of linear plane wave now exists due to the presence
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of the chiral array. If the receiver antenna is rotated 90� clockwise with respect to ẑ

axis, it is orthogonal to the transmitter antenna (with E plane in y � z plane as in Fig.

4-10(a)), and the received signal is the transmission of the unloaded screen modulated

by the cross-polarisation linear transmission coe¢ cient of the array. Thus the measured

cross-polarisation transmission responses of the array write

T arrayyx = Tyx � T refxx (4.86)

T arrayxy = Txy � T refyy (4.87)

In a word, the linear coe¢ cients of array are the measured transmission responses

normalised by the reference responses without loading samples. The transmission coe¢ -

cients for left- and right-handed circularly polarised EM waves can then be obtained by

linear combination of the linear transmission coe¢ cients, which will be deduced next.

Consider a chiral array under the normal incidence of linear planar EM wave

~Eext = x̂E0e
j(!t�kz) (4.88)

The transmitted signal have the form

~Etrans = (x̂Txx + ŷTyx)E0e
j(!t�kz) (4.89)

Similarly, the corresponding signal under the normal incidence of linear planar EM
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wave with ŷ-polarised electric �eld have the form

~Etrans = (x̂Txy + ŷTyy)E0e
j(!t�kz) (4.90)

Therefore, the overall array transmission under the normal incidence of right-handed

circularly polarised EM wave

~Eext = (x̂� jŷ)E0e
j(!t�kz) (4.91)

are the linear combination of the corresponding transmission responses of linear waves

~Etrans = [(x̂Txx + ŷTyx)� j (x̂Txy + ŷTyy)]E0e
j(!t�kz)

= [x̂ (Txx � jTxy) + ŷ (Tyx � jTyy)]E0e
j(!t�kz)

= Trr (x̂� jŷ)E0e
j(!t�kz) + Tlr (x̂+ jŷ)E0e

j(!t�kz) (4.92)

where the circular transmission coe¢ cients write

Trr =
(Txx + Tyy)� j (Txy � Tyx)

2
(4.93)

Tlr =
(Txx � Tyy)� j (Txy + Tyx)

2
(4.94)

The other two coe¢ cients can be similarly derived as follows

Tll =
(Txx + Tyy) + j (Txy � Tyx)

2
(4.95)

Trl =
(Txx � Tyy) + j (Txy + Tyx)

2
(4.96)
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From the symmetry point of view, it can be known that the linear transmission

coe¢ cients of the fabricated 2D square arrays should in theory satisfy the following

relationships

Txx = Tyy; Txy = �Tyx (4.97)

which lead to

Tlr = Trl = 0 (4.98)

i.e., no polarisation conversion between the two circular EM waves would occur. However

the actual transmission coe¢ cients may not ful�ll these relations due to imperfections in

the experimental conditions, thus all four linear coe¢ cients were measured and derived

in the experiment.

The measured frequency responses of transmission as well as the deduced linear co-

e¢ cients are depicted in Fig. 4-11. As can be seen from the left plot in Fig. 4-11(a),

the amplitude of the two orthogonal co-polarisation transmissions through the unloaded

screen (T refxx and T refyy ) are essentially the same, while the cross-polarisation transmissions

(T refxy and T refyx ) are roughly lower by more than an order of magnitude, thus can be safely

neglected in the data analysis procedure. The frequency range of e¤ective transmission

between the two antennas matches the result from the re�ection measurement of a single

antenna, which demonstrates e¤ective normal plane wave excitation of the investigated

array of helical elements at resonance.

As for the responses of the screen loaded with chiral samples, the amplitude of the two

orthogonal co-polarisation transmissions (T arrayxx and T arrayyy ) agree well with each other

for both of the two arrays, which exhibit sharp decrease around the element resonance

comparing with the reference responses without samples (T refxx and T refyy ). The agreements

between those of the cross-polarisation transmissions (T arrayxy and T arrayyx ) are not as good
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Figure 4-11: (a) Amplitude of the measured transmission responses of punctured alu-
minium screen itself and when loaded with the two chiral arrays. (b) Amplitude of the
derived linear co-polarisation transmission coe¢ cients of the two arrays and their di¤er-
ence. (c) Amplitude of the derived linear cross-polarisation transmission coe¢ cients of
the two arrays and their sum.
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as the co-polarisation ones, but are still reasonable around the element resonance where

their amplitude are most signi�cant. The polarisation conversion for linear EM waves

are much greater than those in the reference responses, which illustrates strong chirality

presented in the array.

The amplitude of the normalised co-polarisation linear transmission coe¢ cients (Txx

and Tyy) of the two arrays are exhibited in Fig. 4-11(b). Their di¤erences (Txx � Tyy)

are also plotted so as to verify their coincidence in both amplitude and phase responses.

As can be seen, good agreements have been obtained among these coe¢ cients, which are

close to 1 except around the element resonance.

The amplitude of the normalised cross-polarisation linear transmission coe¢ cients

(Txy and Tyx) of the two arrays are shown in Fig. 4-11(c). Their sums (Txy + Tyx) are

also plotted so as to verify the coincidences as above. Again the agreements are not

so good beyond the element resonance when the cross-polarisation transmission ampli-

tudes are much smaller than the co-polarisation ones, which can be greatly in�uenced by

unwanted interference signals in the experiments. However, the correspondence around

element resonance are pretty good, where the maximum amplitude of cross-polarisation

transmissions appear, which demonstrates that the polarisation conversion of linear EM

waves in this region can be genuinely attributed to the chirality of the array sample.

The normalised transmission coe¢ cients, both for co- and cross-polarisation, show

signi�cant �uctuation above 8.2 GHz. The amplitude of cross-polarisation transmissions

are comparable with those of co-polarisation, which can be attributed to the signi�cant

reduction in the co-polarisation radiation, as well as the spurious mode excited for both

transmitter and receiver horn antennas. In addition, the agreements in the phase of the

corresponding orthogonal transmission coe¢ cients (e.g. Txx and Tyy) also deteriorate,
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which may due to the crosstalk in the cables connecting the antennas with the network

analyser.

After obtaining the normalised linear transmission coe¢ cients, the experimentally

derived frequency responses of transmission of circular EM waves with the two polarisa-

tion states, together with the polarisation azimuth rotation angle � and ellipticity �, are

calculated for each of the arrays.

There were many challenges when measuring the co- and cross-polarisation transmis-

sion responses of the above chiral array samples, as explained below.

� Firstly, the transmitter and receiver antennas should be able to radiate e¤ectively at

the operating frequency range of the chiral samples, which is around the resonance

of individual elements.

� Secondly, the responses from array samples with �nite size were measured to ap-

proximate those from in�nite array, thus the antennas were carefully aligned to be in

line with the centre of sample during the experiment process; 3 dB beamwidths were

measured to assure quasi-planar wave incidence, and undesired di¤raction around

the �nite array were roughly eliminated by the aluminium screen placed around the

samples.

� Thirdly, the measured dichroism properties depend on four linear transmission re-

sponses for each array, and both transmitter and receiver antennas should be ro-

tated in two orthogonal positions during the experiment as a consequence. The

free space wavelength at element resonance is about 40 mm, which put stringent

requirements on the allowed shift of antenna phase centre and the orthogonality of

the two positions.
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� Finally, the cross-polarisation transmission is comparatively small, and thus can

be easily in�uenced by the interference signals. In order to receive signal with

signi�cant amplitude and suppress the interference, the horn antennas were placed

close to each other. In addition, the resulted reduction in the length of cables for

connecting the antennas with the vector network analyser further improved the

strength of the received signal.

Based on the reported experiment process, further improvements can be made if

better standard horn antennas operating at the range where the chirality is signi�cant

are available, as the antennas currently employed do not provide maximum radiation at

the element resonance. In addition, the utilisation of an antenna support structure with

mechanically controllable rotation can o¤er better stability of phase centres and rotation

angles for both transmitter and receiver antennas, which can lead to better accuracy in

the measured phase responses of transmissions.

Numerical Simulation of In�nite 2D Interlocking Array

In terms of numerical simulation, CST Micro-StripesTM o¤ers a "wrap around" boundary

type that aids the simulation of periodic structures, in which the phase shift between any

opposite boundaries of the modelling region is zero. In order to utilise this boundary

to simulate the transmission properties of in�nite 2D interlocking arrays, a set of four

identical isolated double helical resonator elements are employed as a unit composing the

array, which are orthogonal to each other in turn and are placed diagonally with respect

to x̂ and ŷ axis (as exhibited in Fig. 4-12). The "wrap around" periodic boundaries

in the x � z and y � z planes are then placed symmetrically according to the array

spacing required. Plane wave excitations polarised in x̂ and ŷ are then added, and the
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Figure 4-12: Layout of simulation of in�nite 2D array of double helical resonators using
CST Micro-StripesTM. The four orthogonal elements are utilised as a unit comprising the
in�nite interlocking array, and periodic boundaries are placed in x� z and y � z planes.
The exhibited array is being excited by a linear planar EM wave with x̂-polarised electric
�eld. The transmitted �eld on the other side of the array is recorded.

amplitude and phase of the transmitted EM wave on the other side of array are recorded.

This gives the frequency responses of the normalised transmission coe¢ cients for linearly

polarised EM waves, which are di¤erent from those in analytical model and experiment

as illustrated above. However, the transmission of circular waves, deduced from the linear

responses using the same linear algorithm as for measured results, are the same due to the

rotational symmetry of the array structure and are thus employed to make comparisons.
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4.3 Investigating the Dependence of Dichroism Properties on

Element and Array Parameters

So far the analytical model has provided accurate predictions on the transmission proper-

ties of two-dimensional chiral arrays. In addition, it has been discovered that arrays with

the same elements but di¤erent spacings have diverse dichroism characteristics. In this

section, the impact of the lattice spacing d and the quality factor Q of elements on the

dichroism characteristics of the in�nite 2D interlocking square array will be investigated

using the analytical model developed.

4.3.1 Impact of the Lattice Spacing of Square Array

In this subsection, the transmission properties are calculated for the in�nite arrays com-

prised of the same right-handed double helical resonators as in § 4.2.2 (their parameters

are listed in Table 4.3) with di¤erent array spacing d. It has been illustrated that an

array with smaller spacing has larger chiral bandwidth due to stronger coupling among

elements. In order to make fair comparisons, the greatest achievable ellipticity � by each

array is employed as the benchmark. The element quality factor Q = 55 is used, which

is calculated by the improved quasi-static RLC model as in Chapter 2.

The relation between the maximum achievable � and lattice spacing d for the given

element is plotted in Fig. 4-13(a). An optimal spacing dopt = 11.73 mm exists when the

array has the largest ellipticity of -45�. This is the lower limit for ellipticity � as can be
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Figure 4-13: The relation between the lattice spacing d of 2D interlocking square array
comprising of the double helical resonator elements as given in Table 4.3 and (a) maximum
achievable ellipticity �; (b) the frequency corresponding to maximum �:

seen from its de�nition (4:81)

� =
1

2
sin�1

 
jTrrj2 � jTllj2

jTrrj2 + jTllj2

!

which implies that transmission of the right-handed circular wave through the chiral slab

is essentially suppressed at the resonance.

In addition, the relation between the frequency corresponding to the greatest � and

lattice spacing d is plotted in Fig. 4-13(b). When the lattice spacing is smaller than

dopt, the frequency increases with the spacing as the coupling among elements attenuate,

thus the frequency would approach the individual element resonance. When the lattice

spacing expands beyond dopt, however, the frequency gradually drops with the further

increase of spacing.
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Figure 4-14: The relation between the quality factor Q of double helical resonator ele-
ments with the size given in Table 4.3 and the maximum achievable ellipticity � of the
comprising in�nite 2D array.

4.3.2 Impact of the Quality Factor of Elements

This subsection explores the impact of quality factor Q of individual elements on the

array dichroism properties. The in�nite 2D array still consists of the same double helical

resonator as in Table 4.3, except that Q will be speci�ed rather than calculated from

quasi-static model. The array spacing equals the optimal value of dopt = 11.73 mm as

given in the previous subsection.

The relation between the quality factor Q of element and the maximum achievable �

of the assembled chiral array is plotted in Fig. 4-14. The lower limit of ellipticity (-45�)

is achieved when Q = 55, which is the Q of the original element thus coincides with the

result in previous subsection. The ellipticity decreases when Q deviates from this optimal

value. In addition, the frequency corresponding to the greatest � is independent with the

element�s Q, which also accords with intuition.
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Figure 4-15: The relation between the optimal lattice spacing dopt of the 2D square
array of chiral elements when the maximum achievable ellipticity reaches -45� and the
corresponding elements�quality factor Q: The dots represent results from the analytical
model developed, and the line is a �tting quadratic curve.

It is then of interest to explore the dependence of the optimal spacing dopt on the

element�s Q, and the results are given in Fig. 4-15. Each data point corresponds to an

array con�guration where the maximum achievable � is -45�. As can be seen, the optimal

array spacing dopt expands monotonically with the increase in Q: Surprisingly, the data

points can be well �t to the following simple quadratic relations

Q = �d2opt (4.99)

where the constant � = 4 � 105 for the employed double helical elements. The good

correspondence in curve �tting can be seen in Fig. 4-15.

It should be emphasised that the developed analytical model is valid when the el-

ements are "densely" distributed in terms of the scale of free space wavelength � at

resonance, thus the results for spacing d > �=2 (which is 20 mm in this case) are not

reliable.
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4.3.3 Summary

In this section, the analytical model has been employed to explore the impact of lattice

spacing d and element�s quality factor Q on the maximum achievable ellipticity � of the

chiral array. The existence of an optimal spacing dopt for given helical elements, as well as

an optimal element�s Q for given array spacing, have been illustrated which enables the

assembled in�nite 2D array achieve the extreme ellipticity of �45�. This discovery can

�nd potential applications in the design of spatial �lters for left-/right-handed circularly

polarised EM waves, as � = �45� implies zero transmission for one of these polarisation

states. Especially, it has been illustrated that the optimal spacing dopt and quality factor

Q are related to each other in a simple quadratic manner. Such a behaviour requires

further investigation.

4.4 Summary and Conclusions

This chapter includes the development of an analytical model for characterising the

dichroism properties of 2D in�nite square array of chiral elements, as well as validat-

ing its accuracy and the associated applications. By approximating the square array of

discrete elements as a continuous sheet with surface currents (dipole moments) distrib-

ution, the relations between the external incident �elds and the excited dipole moments

are established, therefore the transmission of left- and right-handed circularly polarised

EM waves can be modelled using classical boundary conditions. The elements are char-

acterised as discrete dipole moments by their polarisabilities and the local �elds acting

on them, and their fundamental mode interactions are modelled with the aid of the array

interaction constant. The model is developed using quasi-static analysis �rst, then the
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Figure 4-16: Outline of the process of developing the analytical model, which associates
the macroscopic array transmission properties to the element characteristics.

expression for polarisabilities and interaction constant are re�ned to comply with energy

conservation law. The outline of the modelling process is illustrated in Fig. 4-16.

The accuracy of the deduced model has been veri�ed by comparing with the results

reported in other references, as well as with the experimental measurement conducted by

the author. Good correspondence have been achieved for both sets of results. The accu-

rate measurement of cross-polarisation transmissions are much more di¢ cult than that

of co-polarisation, as its amplitude is comparatively small and the phase centre of both

transmitter and receiver antenna have to be carefully aligned throughout the experiment.

It has to be emphasised again that two opposite de�nitions on circular polarisation and

time harmonic assumptions are simultaneously used by researchers, while these employed

in this thesis are in accord with the IEEE standards.

The impact of the lattice spacing d and element�s quality factor Q on the dichroism

properties of the assembled chiral array are investigated using the model, which reveals

the existence of a series of optimal array con�gurations where the ellipticity can reach

the extreme value of �45� at resonance. The relation between the spacing dopt and

element�s Q in the optimal con�guration has been illustrated to exhibit an unexpected

simple quadratic form, which requires further investigation on its universality and the

underlying physical principle.
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The model developed fully characterises the physical process of exciting individual

elements by both external incidence and interaction among other elements in the array,

and the generalised explicit relation between the microscopic characteristics of elements

to the macroscopic transmission properties of the whole array has been obtained without

involving much approximation. Therefore the model has good accuracy, and can thus

�nd great application potential for analysing frequency selective surfaces comprising of

regular array of chiral elements, as well as assist the analysis of isotropic three-dimensional

metamaterials comprised of double helical resonators.

The main limitation of the model is that the elements have to be "densely" distributed

in terms of the free space wavelength of interest, in order to enable the continuous sheet

approximation, but "sparse" when comparing the element size with their spacing so as

to validate the dipole approximation. The latter requirement is relatively loose, as it

has been demonstrated that the dipole approximation is valid for element diameter as

large as 0.7 times the array spacing [120]. In this chapter, the deduced model has been

successfully applied to the chiral array with the element diameter and lattice spacing as

large as 0.12 and 0.26 times the free space wavelength at element resonance, respectively.

4.5 Appendix I

Following the same quasi-static analysis procedure as in Chapter 2, the electric and

magnetic excitations of double helical resonators will be analysed, and their quasi-static

polarisabilities will be deduced. It is assumed that the excitation �elds are all oriented

along the normal axis of resonator.

Firstly, if a single element in free space is excited by a magnetic �eld Bn along its
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Figure 4-17: Equivalent electric and magnetic dipole moments induced on a right-handed
double helical resonator by external magnetic �eld excitation.

normal axis, a quasi-static electromotive force

" = �@ 
@t
= �j!BnS (4.100)

will be generated. S = �r2 is the area of the inner space enclosed by the helical resonator.

Such a force induces a current

I =
"

R + j

�
!L� 1

!C

� = �r2

L

�
1

!2LC
� 1 + j R

!L

�Bn (4.101)

along the circular element, as shown in Fig. 4-17, which contributes to a magnetic dipole

of

m = IS =
�2r4

L

�
1

!2LC
� 1 + j R

!L

�Bn (4.102)

along its normal axis. Therefore the quasi-static magnetic polarisability

�mm =
m

Bn
=
�2r4

L

�
!20
!2
� 1 + j R

!L

��1
(4.103)

which is (4:3), where !0 = 1=
p
LC is the resonant frequency of element.
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The current I contributes to accumulation of free charge

q =

Z
Idt =

I

j!
(4.104)

on each of the half helix (+q on one end of metal strip at one side of substrate and �q on

the other). The total charge is reduced by 1=�r due to the presence of the dielectric sub-

strate, where �r is the relative dielectric constant. Therefore the total induced equivalent

electric dipole

p = �2qh
�r

= � 2�r2h

j�r!L

�
!20
!2
� 1 + j R

!L

�Bn (4.105)

and the quasi-static magnetoelectric polarisability

�em =
p

Bn
= �j 2�r

2h

�r!L

�
!20
!2
� 1 + j R

!L

��1
(4.106)

which is (4:4). The sign depends on the handedness of element. For right-handed helix

as shown in Fig. 4-17, the direction of ~p will be along the magnetic �eld excitation (plus)

after a phase delay of ej
�
2 , therefore the sign coe¢ cient for �em should be e�j

�
2 = �j.

On the other hand, the left-handed helix corresponds to +j coe¢ cient.

Next the electric excitation of double helical resonator will be analysed. As exhibited

in Fig. 4-18, the element is being excited by an electric �eld En along its normal axis.

The induced voltage di¤erence between the broadside coupled upper and lower rings is

V =
Enh

�r
(4.107)

The excitation is weakened due to the presence of dielectric. A double helical resonator

can be regarded as the series connection of two half helices, therefore the equivalent
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Figure 4-18: Equivalent electric and magnetic dipole moments induced on a right-handed
double helical resonator by external electric �eld excitation.

quasi-static electromotive force " = 2V , which induces a current

I =
"

R + j

�
!L� 1

!C

� = 2h

�j�r!L
�
!20
!2
� 1 + j R

!L

�En (4.108)

along the circular element, as shown in Fig. 4-18. The corresponding magnetic dipole is

m = IS = �j 2�r2h

�r!L

�
!20
!2
� 1 + j R

!L

�En (4.109)

and the associated polarisability is

�me =
m

En
= �j 2�r

2h

�r!L

�
!20
!2
� 1 + j R

!L

��1
(4.110)

The amplitude of �me is the same as �em. For right-handed helix as shown in Fig.

4-18, the direction of ~m is in opposite to the electric �eld excitation (minus) after a

phase delay of ej
�
2 , as the current tends to �ow from higher to lower potential. Therefore

the sign coe¢ cient for �me should be +j. On the other hand, the left-handed helix

corresponds to �j coe¢ cient. In summary, it has been illustrated that

�me = ��em (4.111)
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which ful�lls the Onsager symmetries [107].

Similarly, the current I contributes to charge accumulation on both sides of the sub-

strate. The total induced equivalent electric dipole

p = �2qh
�r

= � 4h2

(�r!)
2 L

�
!20
!2
� 1 + j R

!L

�En (4.112)

and the quasi-static electric polarisability

�ee =
p

En
= � 4h2

(�r!)
2 L

�
!20
!2
� 1 + j R

!L

��1
(4.113)

According to Fig. 4-18, the direction of ~p will be in opposite to the electric �eld

excitation after a phase delay of ej� = �1, therefore the sign coe¢ cient for �ee should

be positive, which is (4:5). The same conclusion holds for left-handed elements as well.

4.6 Appendix II

This section will derive the relation between the continuous current (polarisation den-

sity) distribution on an in�nite sheet with a punctured circular hole and the scattered

interaction �elds at the centre of the hole. The double helical resonator elements in the

2D interlocking slab have two di¤erent and orthogonal orientations, and those with the

same orientation are identically excited by the normally incident EM wave. Therefore

the induced surface polarisation densities are uniform within the equivalent sheet plane.

As an example, the interaction electric �eld ~Eint;p at the centre of the hole scattered
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by the uniform surface polarisation density ~ps on the punctured sheet will be derived.

Substituting the full-wave �eld expression of electric dipole (4:7) into the integral (4:13)

we have

~Eint;p =
1

S0

Z
r>Ra

~Ep (~r) dS

=
1

4��0S0

Z +1

Ra

Z 2�

0

�
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2e�jkr

r
+ [3r̂ (r̂ � ~p)� ~p]

�
1

r3
+
jk

r2

�
e�jkr

�
rd'dr

Since ~p and r̂ are all oriented within the integral plane, ' can be regarded as the angle

between these two vectors. Therefore

r̂ (r̂ � ~p) = r̂ j~pj cos' = ~p cos2 '+ j~pj cos' �
�
r̂ � ~p (r̂ � ~p) = j~pj2

�
(4.114)

The second item can be veri�ed to be perpendicular to ~p, while its amplitude is

j~pj cos' sin', therefore it will vanish after the loop integration from 0 to 2�. After some

transformations it can be deduced that

~Eint;p =
~p
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Since
@

@r

�
e�jkr

r
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r2
e�jkr (4.116)

then

~Eint;p =
�jk~p
4�0S0
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1� 1

jkRa

�
e�jkRa (4.117)

144



which is (4:15).

When calculating ~H int;p, the involved vector direction is r̂�~p. It can be demonstrated

that if the punctured sheet is divided into two halves according to the direction of electric

polarisation ~p, the contributions from the two halves at the hole centre exactly cancel

each other as r̂ � ~p is reversed. Therefore

~H int;p = 0 (4.118)

The expressions for ~Eint;m and ~H int;m can be similarly derived.
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Chapter 5

Conclusions and Future Works

5.1 Summary and Conclusions of the Work in This Thesis

Research on metamaterials has been increasingly booming in recent years, which has de-

veloped into a comprehensive subject incorporating contributions from researchers from

various disciplines including physics, engineering, chemistry as well as material science.

The work in this thesis focuses on the actual composition of metamaterials. In particular,

helical resonators with broadside coupled con�guration have been demonstrated to have

low loss and miniaturised size, which makes them an ideal candidate for assembling meta-

materials with better homogeneity, thus their electromagnetic (EM) properties can be

better characterised using the e¤ective medium theory. In addition, it has been illustrated

that the e¤ective material parameters of magnetic metamaterials can be estimated from

the quality factor Q of individual resonators [79], therefore accurate analytical model for

the element�s Q is aimed to be developed which can greatly facilitates the design process

of metamaterials to avoid "blind trials".
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The speci�c research work reported in this thesis has essentially been conducted in

the following three areas.

� Analytical modelling of the properties of helical resonator elements;

� Selecting accurate method for retrieving the resonance parameters from the mea-

sured data for fabricated elements;

� Analytical modelling of the properties of in�nite two-dimensional (2D) interlocking

square array composed of helical resonator elements.

In Chapter 2, the properties of individual helical resonator, which is a type of mag-

netic metamaterial element with miniaturised physical dimension comparing with the free

space wavelength at resonance, are investigated. An analytical model has been developed

characterising its resonant properties with the aid of quasi-static analysis. The resonant

frequency and quality factor of resonator are calculated from its equivalent RLC circuit,

where explicit analytical expressions for all the circuit parameters are derived. All the

three loss mechanisms present in helical resonators, including conduction loss, dielectric

dissipation and radiation, are incorporated in the model.

The analytical model developed provides a convenient while accurate way to investi-

gate the impact of various geometric parameters on the resonance properties of elements.

The resonant frequency reduces alongside the increase in the element diameter as well the

decrease in the thickness of dielectric substrate. When the outer diameter (side length

for square elements) is �xed, however, an optimal metallic �ll ratio (ratio of metallic

strip width to outmost dimension) of around 0.16 is demonstrated to exist for both cir-

cular and square helical elements, which can achieve minimum resonant frequency and

normalised electrical size for any given outmost dimension of element. The results of
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resonant frequency from the analytical model have been veri�ed using numerical simula-

tion and actual measured data of fabricated elements, which exhibit similar trend with

maximum relative error within 10%.

The above error can be partly attributed to the inaccuracy of uniform current dis-

tribution assumption adopted in the modelling process. Actually, the distribution of

conduction current �ow at resonance concentrates towards the inner conductor edge,

which e¤ectively reduces the cross section of current path. This introduces a moderate

change in the equivalent inductance, but has huge impact on the conduction resistance

and associated quality factors of resonators, especially for those whose widths are com-

parable with the radius. In this thesis, the di¢ culty in accurate estimation of current

density distribution has been circumvented by simple modi�cations on the elements�di-

mensions. As a result, the analytical model can give predictions with improved precision

for both resonant frequency and quality factor, which are in good correspondence with

both numerical simulation and measurement. The relative errors of resonant frequencies

are reduced from within 5% to within 2%, while those of quality factors are reduced from

17% to 8%. Especially, the relative errors of quality factor re�ecting the conduction loss

Qc are on a scale of 60% for the original model, but are reduced to within 20% for the

model with modi�ed elements�dimensions.

The impact of miniaturisation on element Q is theoretically investigated using the

model developed, which shows that the dominant loss mechanism in a helical resonator

depends on its electrical size. Very small resonators have low Q dominated by conduction

losses, medium sized resonators have Q that have a constant upper limit determined by

the loss tangent of substrate, while radiation loss in�uences the Q of large resonators

with sizes comparable with the wavelength at resonance, such as SRRs. In addition, a

linear dependence of Qc on the normalised electrical size has been discovered. Conse-
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quently, the overall Q of a resonator remains relatively constant approaching the limit

by dielectric loss until its electrical size is reduced below a certain critical point, which

is inversely proportional to the loss tangent of substrate. After this point, Q degrades

rapidly following the limit imposed by conduction losses.

The helical resonator elements operating in the microwave frequency range with dif-

ferent shapes and sizes were fabricated on a thin-�lm substrate with a thickness of 30

�m. The physical sizes of some elements are below 1% of the free space wavelength at

resonance, which contributes to a size reduction of 90% compared with that of a split-ring

resonator (SRR) element reported in previously published work. Their quality factors are

around 120, which is mainly limited by the dielectric loss. These results have illustrated

that the helical resonators can be made at extremely small sizes with usefully high quality

factors, and therefore can be employed to construct metamaterials with better homogene-

ity and lower loss. In addition, the fabrication of helical elements only requires normal

lithography technique as for making ordinary printed circuit boards, which enables mass

production.

The results from the analytical model are compared with those from numerical simula-

tion using commercial software CST Micro-StripesTM, as well as the parameters retrieved

from measurement of the fabricated elements. CST Micro-StripesTM can simulate the

time-domain response of individual helical resonator to external pulse EM �eld excita-

tion. The frequency response is obtained as the Fourier transform of the truncated time

response. In addition, both the energy and loss incurred from di¤erent mechanism (in-

cluding radiation loss) at speci�ed frequencies can also be calculated, which can thus be

used to estimate the di¤erent partial quality factors as in the analytical model.

In the experiment, the frequency responses of complex transmission coe¢ cient S21 for
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each fabricated helical resonator were measured using a vector network analyser com-

bined with two small loop dipoles as probes. Then the resonant frequency and quality

factor were retrieved using nonlinear least-squares �t to the phase of S21 versus frequency

method. This method has been demonstrated to have the best performance among all the

parameter extraction schemes when analysing the response of microwave cavity resonators

[88]. In Chapter 3, its performance has been re-examined using arti�cially constructed

S21 data with random noise corresponding to the adopted measurement con�guration.

The results have been proved to be far better than the other two methods in terms of

both precision and robustness.

In addition, the impact of the coupling strength of probes to the resonator under

test on the accuracy of parameter extraction has been investigated. When the maximum

amplitude of measured S21 was within the range of -40 dB to -20 dB, the extracted reso-

nant frequencies and quality factors were consistent and had good coincidence with the

estimations from the analytical model within a maximum relative error of 7%. There-

fore both an appropriate coupling level and a precise parameter extraction method are

required for the accurate extraction of resonance parameters for helical resonators.

Based on the research outcome for individual helical resonators, the properties of

assembled in�nite interlocking square arrays are investigated in Chapter 4, which can

be regarded as a two-dimensional metamaterial. A relevant analytical model has been

developed, which approximates the array of discrete elements as an equivalent sheet

with electric and magnetic surface current (dipole moments) distributions rather than

an arti�cial medium with �nite thickness. The relation between the macroscopic trans-

mitted EM �elds (on a scale comparable with the free space wavelength of interest) and

the small scale properties of individual helical resonators are then established. Espe-

cially, the helical resonators are inherently chiral, thus the comprising interlocking array
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exhibits dichroism, i.e., circular EM waves with the same wave vector but opposite po-

larisation states experience di¤erent levels of absorption when passing through the array.

The transmission of circular waves are related to the equivalent surface current distri-

butions via classical boundary conditions, which are then expressed as functions of the

induced discrete dipole moments at the centre of elements and their density of distrib-

ution. The helical resonator elements are totally represented by their electric/magnetic

polarisabilities, and their coupling are modelled as static dipole interactions with the

aid of the array interaction constant. The model is �rstly developed using quasi-static

analysis, then the expression for polarisabilities and interaction constant are revised to

ful�ll energy conservation law.

The accuracy of the analytical model derived for the transmission of circular waves

has been veri�ed by comparing with the results reported in other references, as well

as with the numerical simulation and experimental measurement conducted by the au-

thor. The simulation using CST Micro-StripesTM has taken advantage of the "wrap

around" boundary type for calculating the responses of periodic structures. In addi-

tion, two-dimensional interlocking array samples of helical resonators were fabricated,

and their dichroism properties were deduced from the measured transmissions of EM

waves with linear polarisations using horn antennas. An algorithm has been illustrated

which expresses the transmission coe¢ cients for circularly polarised EM waves as the

linear combination of those for linear waves. Good correspondence have been achieved

for all sets of results. It should be highlighted that two opposite de�nitions on circular

polarisation and time harmonic assumptions simultaneously exist, while these employed

in this thesis are in accord with the IEEE standards [125],[126].

The two approximations employed in developing the analytical model put limitations

on the valid range of applications. One is replacing the discrete array of elements by
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a continuous sheet, which is justi�able when the elements are "densely" distributed in

terms of the free space wavelength of interest. The other is that the interactions among

elements are modelled by that of static dipoles, with higher order interactions neglected,

which is reasonable when the space between elements is large comparing with the element

size. The latter requirement is relatively loose, as it has been demonstrated that the

dipole approximation is valid for element diameter as large as 0.7 times the array spacing

[120]. In this thesis the analytical model has provided accurate results for characterising

the dichroism properties of the fabricated chiral array of double helical resonators, where

the element diameter and lattice spacing as large as 0.12 and 0.26 times the free space

wavelength at element resonance, respectively.

It has been demonstrated in the experiment process that the accurate measurement

of cross-polarisation transmissions is a much more challenging task comparing with that

of co-polarisation transmissions. Firstly it�s because the amplitude is comparatively

small, and the rotation of both transmitter and receiver into two orthogonal positions

during the measurement may introduce further interference. Therefore both transmitter

and receiver antenna have to be carefully aligned throughout the experiment. Further

improvement can be achieved by using an antenna support structure with mechanically

controllable rotation.

The analytical model developed has been further applied to analyse the impact of the

lattice spacing and element�s quality factor on the dichroism properties of the assembled

chiral array. It has been revealed that a series of optimal array con�gurations exist with

di¤erent combination of lattice spacing and element�s quality factor, so that the circular

EM waves with one particular polarisation state can be totally attenuated around the

element resonance when traversing the array, while the other experiences negligible atten-

uation. In addition, an unexpected simple quadratic relation between the lattice spacing
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and element�s quality factor in the optimal con�guration has been illustrated. Further

investigation is required in order to demonstrate the universality of this conclusion.

The model developed provides a physically meaningful characterisation on excitation

of individual elements by both external incidence and interaction among other elements,

and the generalised explicit relation between the element attributes to the macroscopic

transmission properties of the whole array has been proved to have good accuracy. There-

fore the model can �nd great application potential for analysing frequency selective sur-

faces comprising of regular array of chiral elements, as well as assist the analysis of

isotropic three-dimensional metamaterials comprised by double helical resonators. The

chiral metamaterial has become an important constituent in the research on metamate-

rials [131].

5.2 Possible Future Works

5.2.1 Modelling the Properties of Three-Dimensional Metamaterials

As been illustrated in Chapter 1, most of the actual fabricated metamaterial samples

have only a few layers in the lateral dimension due to the �nite transmission loss of EM

wave through the periodic structure. In addition, it has been illustrated in § 4.1 that the

double helical resonator can in theory be employed to construct isotropic arti�cial media.

Therefore it can be envisaged that the assembled bulk arti�cial material can be regarded

as the cascade of layers of two-dimensional arrays as compositing units, and the e¤ective

material parameters be derived using the analytical model developed in this thesis for

2D arrays. This method enables accurate theoretical characterisation on the properties

of bulk materials, particularly for those with thin layer structures. The miniaturised
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physical size and usefully high quality factor Q of helical resonators further contributes

to the eligibility of e¤ective medium theory.

5.2.2 Two-Dimensional Chiral Arrays as Spatial Filters

In Chapter 4, it has been theoretically demonstrated that for in�nite 2D interlocking ar-

ray of double helical resonators with certain combination of lattice spacing and element�s

Q, transmission of circular EM wave with one particular polarisation state is essentially

suppressed around the resonance of element, while the other experiences negligible at-

tenuation. An array with this transmission response can be employed as e¢ cient spatial

�lters, so that circular wave with high purity polarisation state is available after trans-

mitting EM wave with arbitrary polarisation through the array. This conclusion can be

further validated by fabricating array samples with prescribed parameters and making

measurements on their dichroism properties.

On the other hand, the revealed quadratic relation between the optimal lattice spacing

and element�sQ needs further theoretical demonstration, in order to verify its universality

and reveal the underlying physical principle. The obtained conclusion may �nd great

application in guiding the design of periodic array of chiral elements as e¢ cient frequency

selective surfaces.

5.2.3 Investigating the Propagation of Magneto-Inductive Wave in Arrays

of Miniaturised Helical Resonators

The magneto-inductive (MI) wave owes its existence to the magnetic couplings among

metamaterial elements. Its e¤ect was �rst realised when researchers including our group
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conducted near �eld imaging experiments using the magnetic conducting "Swiss roll"

structure [74],[75],[132]. The distribution of the magnetic �eld can be transferred through

the structure with small distortion just below the resonant frequency of each individual

element. However, at higher frequency (above resonance), the excitation and transmission

of MI wave lead to strong distortion of the transferred image. The MI wave plays a role

similar to surface wave in ordinary materials which cannot be e¢ ciently incorporated

into the e¤ective medium theory.

By employing di¤erent elements and altering their distance and relative positioning,

the coupling among elements can be changed which provides various dispersion char-

acteristics [133]-[137]. In addition, the wavelength of MI wave within the passband is

signi�cantly smaller than that of EM wave with the same frequency, thus the MI wave is

essentially a slow wave and can be applied to realise various components, e.g., waveguides,

couplers, power dividers, transducers, etc [138]-[141]. Speci�cally, by bringing two planar

arrays of metamaterial elements close together, a stopband of MI wave appears in the

vicinity of the resonant frequency due to the strong interlayer coupling, which enables

good near �eld subwavelength imaging [142]-[149].

The helical resonator investigated in this thesis has two distinct features: miniaturised

size and �exible thin-�lm structures. It has been demonstrated that the achievable reso-

lution of imaging using MI wave devices is directly related to the physical size of elements.

Therefore helical resonator can be employed to fabricate near �eld imaging devices with

superb resolution. In addition, their �exible structures enable the assembled magneto-

inductive waveguide to be utilised as adaptable contactless data-transfer channels, which

o¤ers the potential of realising "body networking", i.e., connecting a variety of devices

at di¤erent locations near human body with high bandwidth [150].
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