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Abstract

In this thesis, we study a structural default model of an interconnected bank-
ing system with mutual liabilities. We develop novel numerical and analytical
methods for the computation of important characteristics of the model and
assess their impact on counterparty credit risk. First, we study the case when
the banks’ asset values follow a pure diffusion process and develop analytical
and semi-analytical methods for default probabilities, which are the first of
their kind in the three-dimensional case. Next, we consider a jump-diffusion
model and develop new splitting finite difference methods for the resulting
partial integro-differential equations, which we test numerically in the case
of two banks. Due to the curse of dimensionality, these methods are not ex-
tendable practically to a large number of banks. Therefore, we consider a
mean-field approximation of the model in this case, which leads to a McK-
ean—Vlasov equation where the drift term depends on the absorption rate
on the boundary. We develop and analyse a novel simulation method and
an alternative approach based on reduction of the corresponding nonlinear,
nonlocal PDE to a coupled system of Volterra integral equations.
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Chapter 1

Introduction

Since the global financial crisis around 2008, the estimation and mitigation of counter-
party credit risk has become a pillar of financial risk management. The impact of such
risks on financial derivatives is explicitly acknowledged by a valuation adjustment. More-
over, a particular concern to regulators and central banks is the impact of default of an
entity on the financial system — credit contagion, which might lead to a chain of defaults
of the whole banking system. The possibility of events that might cause instability of the
banking system is called systemic risk, the risk of collapse of an entire financial system.

Different approaches are used to model systemic risk. One approach is based on
network analysis ([Ei and Noc . Gai i . Glasserman and
Young ); )i ); )). We call this
a static approach since it models the current behaviour of the banking network based on

interbank data. Barker et all (IZQld) and |L_LpIQ_n| (IZQUI) (Chapter 16) measured systemic

risk in Central Clearing House Networks.

Another approach is dynamic and based on credit default models. There are two main
approaches for this: the reduced form approach and the structural approach. We are going
to briefly review both approaches. Then, we briefly discuss mean-field approximations in
the structural framework for a large number of banks.

The focus of this thesis is to develop and analyse semi-analytical and numerical meth-
ods for a structural default model with contagion through mutual liabilities for a small
number of banks and in the large-pool limit.

1.1 Literature overview

Reduced form models The idea of reduced-form models is not to go deep into the
economic reasons a default event, but to assume that the default comes purely randomly
and to model the default rate, given that the default has not occurred yet, called the
hazard function. There are many papers devoted to the reduced-form approach. Some of

the ones mainly used in practice are Artzner and Delbaen (|l9_9_5| Jarrow and Turnbull
(Il&%l |Ih1fﬁ€_a.mLSmgl€LQn| (Il&‘)jl Duffie and Singleton (|l9_9ij |Lzmdd (Il&‘)j A full
Bielecki and Rutkowski 12()13

review of this approach can be found in

The main advantage of the reduced-form approach is that it can be quite well cali-
brated to market quotes and, therefore, used for pricing credit derivatives. But, on the



other hand, the approach does not have any economic interpretation of the cause of the
default event.

This approach was also extended by lS_p_thpm.l]Q.S] (IZQlﬂ) and (Giesecke et. all (lZ.Qlj),

who considered a large-pool limit of credit portfolios and measured systemic risk using

this approach.

Structural models The second class of models are structural models. In contrast to
reduced-form models, the structural framework deduces default from the balance sheet
(i.e., from the information about assets and liabilities). We further follow Lipton and
Sepp (|2D_lj) for the review of structural models.

Originally, the structural framework was developed in (@) by what is now

known as the Merton model. There, it is assumed that firms’ asset values are driven by

Geometric Brownian Motion and the firm borrows a zero-coupon bond with face value F
and time to maturity 7. The firm defaults at time T if its asset value at maturity time
T is less than the corresponding face value. Then, the corresponding bond price at time
t or default probability can be computed via the standard Black and Scholes framework.

Many authors proposed various extensions of this basic model. One of them was
introduced in Black and Cox (|19_7_d), where the authors introduced continuous default
monitoring. Thereby, the default probability can be computed using pricing formulas

for barrier options in the Black and Scholes framework. Also, a more complicated debt

structure was considered, for instance in lKlm_e_La.]_J (|19_9j), INlﬁlSﬁnﬁLalJ (|l9_9j), ll@la.nd‘
%), Longstaff and Schwartz (1995), Leland and Toftl (1996), Albanese and Chen

). Most recent research papers concentrated on extending the model in order to be

able to generate the high short-term CDS spreads typically observed in the market. This
has been done in different ways: Hyer et all 19991), [Hull and White (|200]J), Avellaneda and
Zhu (lZDD.l) made default barriers curvilinear, [Finger et all (120_@) made default barriers

stochastic, and Zhou dZDQllJ), Hilberink and Rogers dZDQd), Lipton (lZDDd) Lipton et all
%), Seppt (2004), Sepp (2006), (Cariboni and Schoutend (2007), [Feng and Linetsky

) incorporated jumps into the firm values’ dynamics.

Several authors also considered multi-dimensional extensions of the structural model:
[Zhoﬂ(lZD.Q].a'),lHull_and_WhjLA dzﬂaﬂ),mamﬂdzmd),hammﬂdzmd lMaluzas]

) considered bivariate correlated log-normal dynamics for two firms; ) con-

sidered the Gaussian copula description of correlated default times in multi-dimensional

structural models; [Ki (IZ_OD_T]) studied a multi-dimensional structural model
and proposed a mixture of semi-analytical and Monte-Carlo methods for pricing and cal-
ibration. lLJ.p_m_n_a.mLS_Qp_d (|2D_lj) built a general multi-dimensional structural model
aimed in quantitative estimation of counterparty risk. Ballotta et all (|2Qld) considered

another type of structural model, where they model the assets as general correlated Lévy

process.
Recent studies (see e.g. David and Lehar (lZQlAI)) showed that the banking system is

highly interconnected and large mutual obligations can have a severe effect on the stabilit
(m)

of the system. llﬂsm_aud_LJ.pI&rJ (|2D_1j), Iﬁkm_ami_LJ.ijn' (|2D_15]), and m

extended the Lipton—Sepp framework for the case of mutual obligations. Of the various

channels of such systemic risk described in m (’M), we focus here on dependencies



through asset correlation and interbank liabilities. Specifically, we consider the extended
structural default model introduced in ), where asset values are assumed to
follow stochastic processes with correlated diffusion and jump components, and where
mutual liabilities can lead to default cascades.

Itkin and Lipton (M) considered the model without jumps and obtained explicit
expressions for several quantities of interest including the joint and marginal survival
probabilities as well as CDS and FTD prices. They demonstrate that mutual liabilities
can have a large impact on the survival probabilities of banks. Thus, a shock of one bank
can cause ripples through the whole banking system. On the other hand, hikln_am_Lngnl

) developed a finite difference method for the resulting partial integro-differential

equation (PIDE) where the integral term results from a fairly general correlated Lévy
process in the jump component.

Mean—field models When the banking system is large and homogenous, and only
macroscopic quantities are of interest, one can consider a large-pool approximation of the
banks’ asset value processes (technically, by taking the limit of their empirical measure
for an infinite number of banks).

The approach based on mean-field limit is commonly used in various areas of applied

mathematics. Full details with various examples are given in

In banking system modeling context, it was first studied by |B_1.lshj1_al.| (IZQlJJ) Fol-
lowing on, h\hmmhm&@_lmhﬂ (|2£)Jj) and LHambl;uLalJ ([ZQlfi) took into account
interaction effects by considering a particle system with positive feedback from the firms’

defaults. This leads to McKean—Vlasov type equations, which model a typical represen-
tative of the banking system whose dynamics depends on the losses in the wider system.

Hambly et al. (|2D_18) assumed zero correlation between banks with linear dependence
of the interaction on the loss function and obtained existence and uniqueness of the solu-
tion, with the necessity of blow-ups for large enough interaction parameter. Later, Ham-
bly and Sojmark (|2Q1é) and |Ledaer and Soimarkl (lZD_lé) introduced positive correlation
between banks, while ' ' (|2Q1j) and ' i

) considered a nonlinear dependence through the loss function. Very recently, Ichiba
et al. (|2Q1é) derived a McKean-Vlasov SDE in nonlinear jump-diffusion form for the av-
erage bank reserves in an interacting banking system with local and mean-field default

intensities.

In the next chapter, we show the connection between the structural model framework
of m (M) and the mean-field models described above. We show that by taking
the number of banks to infinity, this leads to the same McKean—Vlasov equation.

1.2 Main contributions

The main contributions of the thesis are the following:



e We find a semi-analytical formula for the three-dimensional transition probability of
Brownian motion in the positive octant with absorbing boundaries. The density is
hereby represented as a series of special functions containing unknown parameters,
which can be found as the solution of a nonlinear eigenvalue problem. We apply the
results to the default model for three banks without jumps, and obtain expressions
for joint survival probability, CVA and DVA for a CDS. The results have been
published in hiau&h@ns]gLeI_alJ (IZ_O_l&H) and are given in Sections

e We develop a finite-difference method, an extension of the Hundsdorfer-Verwer
scheme, for a partial integro-differential equation (PIDE) resulting from a jump-
diffusion model, study its stability and consistency. The method gives second order
convergence in both time and space variables and is unconditionally stable. By
applying the finite-difference method, we compute various model characteristics,
such as joint and marginal survival probabilities, CDS and FTD spreads, as well
as CVA and DVA, and estimate the impact of jumps on the results. For a more
sophisticated analysis, we calibrate the model to the market, and demonstrate a
sizeable impact of jumps on joint and marginal survival probabilities in the case
of two banks. The development of numerical methods which are feasible for larger
systems of banks appears to be an important future research direction. The results

have been published in L[iaush.&n&km_aﬂ (lZD_lfiab and are given in Sections A2HL3]

e We develop particle methods with explicit timestepping for the simulation of the
McKean—Vlasov equation arising in the infinite-dimensional model. Convergence
with a rate up to 1 in the timestep is shown under a condition on the model pa-
rameters and time horizon, when the loss function is differentiable. Experimentally,
the method also converges in the blow-up regime, and the variance of estimators is
inversely proportional to the number of samples. The results have been published

in mwm&ngﬁﬂ ([Zﬂ_lé) and are given in Chapter

e We develop a semi-analytical approach to finding the hitting density of the McKean—
Vlasov equation. In PDE terms, this leads to a nonlinear and nonlocal parabolic
equation. Using the method of heat potentials, we derive an equivalent coupled
system of Volterra integral equations and solve it numerically, or by expansion for
a small interaction parameter . We confirm empirically the convergence of order
1 of the numerical method. The results, submitted for a publication and available

in |L].p_tmm1.| (|2D_1§), are given in Chapter

1.3 QOutline of the thesis

In Chapter 2| we present the modeling framework. We start with the main definitions
of survival probabilities, credit derivatives, and valuation adjustments. After that, we
formulate the general case of the extended default model with mutual liabilities (Lip-

ton (|2Q1d)), and show how to formulate corresponding valuation equations for survival
probabilities and credit derivatives. As examples, we consider special cases of one, two,
and three banks, describe the model and problems for these cases. Finally, under several

4



additional assumptions we compute the mean-field limit of the model when the number
of banks goes to infinity.

In Chapter Bl we consider the case when the asset values follow a simple diffusion
process. In this case, for a small number of banks, several quantities are available analyt-
ically. We start with a formulation of the problem of transition probability of Brownian
motion in Rﬂf and show how it is related to the computation of main characteristics of
the model. After that, we review how to compute the transition probability of Brownian
motion for N = 1 and N = 2, which are well-known results in the literature. Next, we
develop a novel semi-analytical method for computation of the transition probability for
N = 3. Finally, we show how to apply these results for the default model with one, two,
and three banks.

In Chapter 4l we consider numerical methods for a jump—diffusion model with a small
number of banks. We start with the model for one bank. The results for this case are

well-known in the literature and are given in [Lipton and Sepﬂ (2!!13). Next, we develop

an alternative direction implicit (ADI) type method for the multi-dimensional problem;

we prove the stability and deduce the convergence rate, and show how to improve the
convergence rate for discontinuous boundary and initial conditions. Finally, we apply the
method to the extended default model described in Chapter 2l We show how to compute
important model characteristics and calibrate model parameters to the market.

In Chapter Bl we develop a simulation method for the McKean—Vlasov equation arising
in a mean-field approximation of the model for independent diffusion processes. We
start with a simple particle method, where at each step the loss rate is estimated as
the proportion of defaulted banks from the previous step. We show the convergence
rate of the method in the number of time steps and the convergence in the number of
particles. After that, we improve the convergence rate in the number of time steps by
using Brownian bridges. We confirm our results empirically.

In Chapter [6 we solve the McKean—Vlasov equation from the previous chapter by
solving the corresponding PDE for the transition probability density. Using the method of
heat potentials, we express the solution as a coupled system of Volterra integral equations
of the second kind. We propose two methods to solve the system numerically. First, we
propose a perturbation method, which uses an expansion in the interaction parameter
and works well when it is small. Second, we propose a numerical method based on integral
approximation by quadratures. We confirm our results numerically.

In Chapter [l we offer some conclusions.



Chapter 2

Modeling framework

In this chapter, we give a general overview of the structural default model with mutual
obligations developed inlﬂijg_n' ), which is the basis for the analytical and numerical
methods developed in the thesis. We start with the main definitions, such as survival
probabilities and credit derivatives. Then, we describe the extended default model with

mutual liabilities m (M)) and derive the main equations.

2.1 Main definitions

In this section, we give the main definitions, which we further apply to the default model.
These definitions are model independent. We only assume that we work on the probability
space (€2, F,P) endowed with filtration F = (F);)o<i<r, for some 7" > 0, which is large
enough to support the main objects of the model (such as firm’s asset value process). We
also assume that there exists a risk-neutral measure Q and use it to compute survival
probability and price credit derivatives.

2.1.1 Survival probability

In the case of a single bank, its survival probability at time ¢ is the probability of no
default between time ¢ and 7', and can be written as

Q(t.T) =E%[Lromy | Fil, (2.1)

where 7 is the default time.

In the case of several banks, the survival probability also depends on the assets of
other banks. In this case, we can define joint and marginal survival probabilities as
follows.

The joint survival probability of N banks is the probability that none of the banks
defaults between ¢t and T'. This can be written as

Q<t7T> = IEQ[-ﬂ{7'1>T ..... T~>T} ‘ Ft]; (22)

where 7; is the default time of bank 7.



On the other hand, the marginal survival probability of bank ¢ is the probability of
no default of bank 7 between ¢ and T conditional on its and all other banks’ assets. It
can be written as

QZ<t7 T) = IE(I:D[IL{T,'>T} | Ft]a (23)

where 7; is the default time of bank <.

2.1.2 Credit Default Swap

Credit default swaps (CDS) are some of the most liquid credit derivatives, which are
designed to exchange credit risk of a Reference Name (RN) between a Protection Buyer
(PB) and a Protection Seller (PS). PB makes periodic coupon payments to PS conditional
on no default of RN up to the nearest payment date, in the exchange for receiving loss
given RN’s default from PS.

For a CDS contract we define payment dates ¢; < 5 < ... < t,,, when PB makes
coupon payments c¢. Most liquid CDSs have maturity 3-5 years and the coupon is usually
paid quarterly.

In order to price a CDS contract, usually two legs are considered, fixed V/@¢4(¢, T) and
floating V/0atn9 (¢ T) where the fixed leg accounts for the coupon payments, while the
floating leg accounts for the final payment in case of default. In this section, we assume
that there is no counterparty risk, i.e. PS and PB cannot default. Mathematically, the
values can be written as

VﬁRd(t,T) — EQ Z D(t’ tz‘)ﬂ{tigﬂ—}(ti — ti—l) | Fil| (24)
i=1

Vfloating(t’T) — EQ [(1 _ R)D(t,T)ﬂ{TgT} | ]—"t} , (2.5)

where 7 is the default time of the RN, D(¢, s) is the discount factor, assumed deterministic
recovery rate R, a percentage of defaulted debt which can be recovered.
Taking expectations in the last two equations, we get

yised( T = ip(t, ti)Q(t, ;) (ti — tiz1), (2.6)
- foating( 7Y — (1 _ R) /tT D(t,s)dQ(t, s), (2.7)

where (¢, s) is the survival probability defined in (2.1]).
As a result, the arbitrage-free value of a CDS is given by

VOPS(1,T) = Vileating (1 T) — e/ fiwed(y, T). (2.8)

Alternatively, a par-spread is also considered, i.e. the CDS spread, when the arbitrage-
free value of a CDS contract in (Z8)) is zero:

Vfloating (t, T)

D=

(2.9)



In the following, for simplicity, we assume that the coupon is paid continuously. Then,
the fixed leg can be rewritten as

ylized(t Ty = /t TD(t, $)Q(t, s) ds. (2.10)

We also assume that the interest rate is constant. Hence, the discount factor can be
written as D(t,s) = e "7Y where 7 is the interest rate. In this case, integrating (Z7)
by parts, we get

T
Vfloating<t’ T) — (1 o R) |:1 o eir(T*t)Q(t, T) _ 7’/ efr(sft)QOf’ S) ds

t

=(1=R)[1—e T 0Q(t,T) — rVI=ed(¢, T)] . (2.11)

Using the last expression for V/en9(¢ T) we get the final expression of (ZJ) for valu-
ation of a CDS contract without counterparty risk:

VOPS(#.T) = —(c+r(l = R) VI" ¢, T)+ (1 = R) (1 —e "T0Q(t,T)) .  (2.12)
Moreover, assuming the interest rate to be zero, (212]) simplifies to
VEPS( T) = V=t T) + (1 — R) (1 — Q(t,T)). (2.13)

The last formula is quite intuitive. We pay the fixed leg V/#¢? and get back the recovery
with the default probability 1 — Q(¢, 7).

2.1.3 First-to-Default Swap

A First-to-Default Swap (FTD swap) is a contract designed to exchange credit risk of a
basket of Reference Names between a Protection Buyer and a Protection Seller. Similar
to a regular CDS, the Protection Buyer (PB) pays a regular coupon payment ¢ to the
Protection Seller (PS) up to the first default of any of RNs in the basket or the maturity
time T'. In return, PS compensates PB for the loss caused by the first default. It can be
seen as an extension of a standard CDS to multiple names. Hence, the valuation of an
FTD is similar to a regular CDS, where the main difference is that we have to model the
joint distribution of the default times of the basket of the RNs, which leads to a higher
dimensional problem. Again, here we assume that there is no counterparty risk.

By considering the basket of N reference names, and 7;, the default time for RN 1,
for 1 <i < N. Then, similar to (Z4)—(2.5]), we can define the fixed and floating legs for
an FTD swap

vieed T) = B¢ ZD(tati)ﬂ{tigT}(tz‘ —ti1) | J—}] : (2.14)
Lt=1

Vgé?zc)ting (t, T) =E° (1 - Ri)D<t7 Ti) H{TiST,TzTi}

‘Mz I

]-"t] : (2.15)

=1

where 7 = miny<;<y 7, D(t, s) is the discount factor, and R; is the recovery rate of RN 4.
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Taking expectations in (2.14)-2.I5), we get

Ms

VIESH(ET) =3 D(t, 1) QUt, ) (8 — tiy), (2.16)

-
Il

MZH

T
Vloating () = (1— Ry) / D(t,s)dqs(t, s), (2.17)
t

e
—_

where g (t, s) is the marginal survival probability of bank & defined in (23]).
As a result, the arbitrage-free value of an FTD is given by

F(t,T) = Vilewting Ty — cylized ). (2.18)

2.1.4 Credit Default Swap with counterparty risk

In Section we assumed that there is no counterparty risk, i.e. PS and PB are risk-
free. In this section, we show how to valuate a CDS, when counterparties might default.
In this section we assume that either one counterparty is risky, or both counterparties
are risky.

PS is risky and PB is non-risky Assume that PS is risky, while PB is non-risky.
For convenience, we denote all cashflows by

CF(t,T) = (1 = Ran)D(t, 7)Lirpyry — € Y Dt 1) Lt <rppy (i — tioy). (2.19)

i=1

Then, the arbitrage-free value of a CDS with counterparty risk is given by

Vglil’)rfsk@v T) = EQ [CF<t7 T)IL{TPS>min(TRN7T)} ‘ }-t}
+ EQ HCF(t, Tps) + D(t, TpS)<RP5VfDS<t, TPS) + VCDS<t Tps))}
1{Tps<mln TRN } ‘ ‘Ft] ) (220)

VCDS

where is the CDS spread with non-risky counterparties, V, = max(V,0),V_ =

min(V,0), 7ps and 7y are the default times of PS and RN correspondingly.

PS is non-risky and PB is risky Assume that PB is risky, while PS is non-risky.
Similar to the previous section, the arbitrage-free value of a CDS is given by

Vg£f8k<t7 T) =E° [CF(tv T>1{TPB>min(TRN7T)} ‘ ]:t}
+EC [[CF(t,7pp) + D(t, 7pp)(RppVE 5 (t, pp) + VEP2 (8, 7pp))] X
]]-{TpB<m1n TRN } | ft] ) (221)

where CF(t,T) is from [2I9), V“P? is the spread of a CDS with non-risky counterparties,
Vi = max(V,0),V_. = min(V,0), 7pp and 7y are the default times of PB and RN
correspondingly.



Both counterparties are risky Now assume both PS and PB are risky. Similar to
the previous section denote the cashflows ([2ZI9) by CF(¢,T) and 7 = min(7pg, Tpp).
Then, the we can compute the value of a CDS

Vglil')rfsk@v T) =E“ [CF<t7 T)H{T>min(TRN7T)} ‘ ]:t}
+ EQ HCF(t, TPS) + D(t, TpS)<RP5VfDS<t, Tps) + V_CDS@, Tps))} X

]]_{T:Tpsgmin(TRN,T)} | ‘/—_.t}

]]-{T:TPBSmiH(’TRNvT)} | ft] : (222)

where V¢PS is the spread of a CDS with non-risky counterparties, V. = max(V,0), V_ =
min(V,0), 7ps, Tpp, and Ty are the default times of PS, PB, and RN correspondingly.

2.1.5 Credit and Debt Value Adjustments

Credit Value Adjustment (CVA) represents the additional costs associated with the pos-
sibility of default of the protection seller (PS). Similar, one can consider Debt Value
Adjustment, which represents the additional costs associated with the possibility of de-
fault of the protection buyer (PB).

There are two possible formulations of CVA and DVA problems. First, we consider
unilateral CVA /DVA, where we assume that one of the counterparties is risky and another
one is non-risky. Next, we consider bilateral CVA/ DVA, where both counterparties are
risky.

Unilateral CVA/DVA We can define unilateral CVA as
VAR T) = VRS T) = VERL(tT), (2.23)

where VEP3 (¢, T) is defined in (Z8) and VEES, (¢, T) is defined in (Z20).

Simple computations yield
VA = (1 = Rps)E2[L{rrs coniner, o)y (V98 + |, (2.24)
Similar, for DVA
VEVAGT) = VOPS(,T) — VERS (. T), (2.25)

where VEP3 (¢, T) is defined in (Z8) and VSES, (¢, T) is defined in (Z2ZI)). It yields,
VIVA = (1 — Rpp)E° Lo opinr vy (VSB) |, (2.26)

Bilateral CVA/DVA For bilateral CVA/DVA we assume that both counterparties
(PB and PS) are risky. Then

VEPS(t,2) = VEPS(t,2) — VERT(t @), (2.27)
where VP35 (¢, x) is defined in Z8) and VEE?, (¢, ) is defined in (Z22).
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2.2 Extended default model with mutual liabilities

In the remainder of the chapter we describe the default model from IED-UI (M) and
formulate the problems which we further consider in the thesis.

Consider a network of N banks with the i-th bank having directly held assets Aj;,
external liabilities L;, and mutual obligations with other banks L;;,j =1,... N.

We denote by A_; the interbank assets of bank ¢ and by L_; for interbank liabilities

of bank 1,
A=) Li Loi=)Y Ly
J# J#
Then, the total assets and total liabilities can be expressed as

Li=L;+L_;. (2.29)

Accordingly, an individual bank’s capital is given by
Ei=A —Li=A+A_,—L;— L_;. (2.30)
We use the matrix notation
A= (Ay), Auw=Ai, A= Ly,
L= (L), Li;=L; Liy=Ly.
2.2.1 Dynamics of assets and liabilities

We assume that assets are driven by jump-diffusion processes with negative exponential

jumps as described in [Li ),
dA,; J
it (r — ke Ni(t))dt + o;dWi(t) + (e — 1)dN;(t), (2.32)

where r is growth rate, o; are corresponding volatilities, W; are correlated Brownian
motions,

AW, (£)dW; (1) = pydt, (2.33)

N; are Poisson processes independent of W;, \; are intensities of jump arrivals, J; are
random jump sizes with probability density function

0, s >0,
wi(s) = { (2.34)

9;
192‘6 Sa S S 07

with parameters 9J; > 0; and k; are jump compensators
1
Y+ 1

The jump processes are correlated in the spirit of [Mmsh.&l]_andﬁlkml (Ile)_Zl) Denote by

™) the set of all subsets of N names except the empty subset. Then, for every subset

ki =B’ — 1) = —

(2.35)

7 € II™Y) we associate the Poisson process N(t) with intensity A:

11



e a process with independent increments,

o P(N,(t) = k) = Cxtlot,

We define the process N;(t) as

Ni(t) = Z LicnyNx (1) (2.36)
rellY)
with
\ = Z Licr) An- (2.37)
rellY)

Using this jump definition, we assume that there are both systemic and idiosyncratic
sources of jumps. In practice, it is sufficient to consider N + 1 sets of II™: {i}, i =
1,...,Nand {1,...,N}. To exclude other subsets, we can put their intensities A\, = 0.
If we need more risk factors, we can include additional subsets, for example, representing
particular regions or sectors.

A special case of asset’s dynamics without jumps can also be considered. In this case,
we set all intensities A\, to 0,

dA;
A

= rdt + o;dW;(1). (2.38)

We assume that liabilities are deterministic and grow with rate r,

dL; dL;;
L= rdt Y= pdt. 2.
I rdt, » r (2.39)

In the following, we assume r to be 0, in this case, liabilities are constant.

2.2.2 Default boundaries

Bank ¢ defaults if its asset value process crosses its default boundary. The default time
for bank i is

and we also define 7 = min;<;,<n 7;.

When t < 7, the default boundary A; for bank 7 is

Rifzi—A_iEAf, t<T,

EZ—A,ZEAZ:7 t:T,

where 0 < R; < 1 is the recovery rate.

12
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Figure 2.1: Example of default boundaries for two banks at ¢t < 7.

If the k-th bank defaults at intermediate time t' (i.e. 7, < t), then we consider a
system of N — 1 banks and their modified default boundaries. We re-numerate surviving

banks by applying the function

i i<k
i—i =M =" ’
#) {i—l, i> k.

We also introduce the inverse function

1 1< k
._)./: k- — 9 9
i= 7 =) {¢+1, i> k.

The corresponding asset and liability matrices have the form

A = (470 LOW) = (Ly().
AP = Apryur @), AR (1) = Agriyur i (8),
k

k
LY (t) = Lyryory(t) — Lyr i (t') + RiLigry (), LY () = Lk yun i) (1)
t>ti,j=1,...,N—1.

The corresponding default boundaries are modified to

7 —1)

It is clear that

k
ALK A p (1- RR)AY, t<T,
(4 7 ? (1 o Rk)A(—kz)’ t = T

Thus, AAgk) > (0 and the corresponding default boundaries move to the right.
We illustrate this effect on the example of two banks in Figure 211
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Figure 2.2: Example of default boundaries for two banks at t = T'.

2.2.3 Terminal conditions

We need to describe the settlement process at time ¢ = T". We shall do it in the spirit

of |E15§_n.berg_and_NQA (|2D_0_].|) Since at time 7' full settlement is expected, we assume

that bank ¢ will pay the fraction w; of its total liabilities to creditors. It means that if

w; = 1, the bank pays all liabilities (both external and interbanking) and survives. On
the other hand, if 0 < w; < 1, it means that the bank i defaults, and pays only a fraction
of liabilities. Thus, we can describe the terminal condition as a system of equations

J# J#i J#i
Dividing both parts by L; + Z#i L;;, we have
min{ (L) 2 sl ,1} = w;. (2.48)
Li + Zj;éi Lij

Denote the left-hand side as ®(w). Then, ([248)) can be rewritten as

d(w) =w. (2.49)

|Eis_en.b_€]:g_a.nd_Nb£J (|2_0_Q1|) have shown that the equation (2.49]) is a non-expanding map-

ping in the standard Euclidian metric and formulated conditions under which there is

just one fixed point. We assume that these conditions are satisfied and for each A(T)
there is a unique vector w = (wi,...,wy)? such that the condition (Z48) is satisfied. In
Figure 22 we show default boundaries on the example of two banks.

The actual terminal condition depends on the problem we want to solve. Based on
the vector w we can find which banks defaulted, w; < 1, and which did not, w; = 1, and,
therefore, determine the terminal condition. In the following, we consider several useful
examples of the terminal conditions.
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Denote the vector I = (I, ..., Iy)T with elements I; € {0,1}. Denote by D(I) the
following domain:

D(I) = {A(T) | [wi(A(T))] = L} . (2.50)

In this domain, the bank i survives if I; = 1 and defaults otherwise. For example, in
the domain D(1,...,1) all banks survive, and in the domain D(0,1,...,1) the first bank
defaults and all other banks survive.

Now we can formulate the terminal conditions for joint and marginal survival proba-
bilities. For the joint survival probability (2.2), the terminal condition has the form

Q(T, T, A) = Taepq,...1)}- (2.51)

For the marginal survival probability of bank i (233]), the terminal condition is
ql(T, T, A) = ]]'{AEUI(i)D(I(i))}’ (252)

where 1 is the set of indicator vectors where the i** position equals to one.
We shall discuss the terminal conditions of more complicated products later in this
chapter.

2.2.4 Formulation of backward Kolmogorov equation

Introduce normalized dimensionless variables

_ b)) A, -
_ 2 _ 2 _ V2
where
N 1/N
i=1
Denote also 5
o; -
=== z‘>\i>, P = . 2.54
§=— (3 +n == (2.54)

X;(t) is also called the distance-to-default of bank i. Applying 1t6’s formula for X; we
find its dynamics
dX; = &dt + dWi(t) + ¢ J;dN;(1). (2.55)

The default boundaries change to

{,uf:(), t<T,

_ 2.56
,LLi::Eln<Ai®>, t="T. ( )

i AF (D)

We further omit bars for brevity and for convenience denote X (t) = (X;(¢),..., Xn(t))T.
Consider the terminal condition (X ), intermediate contract payment (for example,
coupon payment) x(s, z), the boundary conditions ¢; o (the payoff in case of intermediate

15



default of bank 7). Then, the arbitrage-free value at time ¢ is given by
T
Viwt) =B [6(X(T) 1 + [ x5 X(5) T ds
t

N
> oo, Xa(mi) Urerin=ry | X (1) = 2|, (2.57)
=1

where X—i = (Xl, NN 7Xi—17 Xi—l—h c. ,XN)T.
According to the Feynman—Kac formula, the corresponding pricing equation is the
Kolmogorov backward equation

ov

V(t,zok) = gox(t,z—x), VI(t ) St Poo k(T 1), (2.59)
V(T z) = ¢(), (2.60)
where
xr = (.Tl,...,I‘N),
xO,k:(xla--'ugw-'uxN)u (261)
T = (371, sy L1, Thegly - - - 737N)7

with Kolmogorov backward operator

L) =55 pifue, + 3t 3 [0 = 3 Aefla) =

1,7=1 mell(N) 1ET Tell(N)
1
= iApf—i-f-Vf%—jf—vf, (2.62)

where

THx)= > A]]Ff (), (2.63)

TeIl(NV) 1em
Jif(z) :gi/ flxy, ..oy —u,...,xy)e " du, (2.64)
0

and ¢; = 0,9, /3.

In the remainder of the section we formulate the Kolmogorov backward equation for
specific products described in Section 2.1l For all products, the terminal time is 7" and
we omit it for brevity. For example, in Section 2] we used Q(¢,T') for the survival
probability; now we omit 7', but include the dependence on the initial state . Hence,
the survival probability is denoted by Q(¢, x).

2.2.5 Joint survival probability

We defined the joint survival probability in Section ZZT.1l Adapting it to the framework
described in this section, we get

Qt,r) = EQ[H{X(T)eD(l ..... y | X(t) = «]. (2.65)
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Then7 applylng (mi(m) with w('r) = H{X(T)ED(I ..... 1)}7X(t7x> = 07¢i,0<t7 y) = 07 we

get 5
99 | v
BT + LY Q =0,
Q(t,zox) = 0, (2.66)

2.2.6 Marginal survival probability

The marginal survival probability for bank ¢ was defined in Section ZZT.Il In our frame-
work, it becomes

N
qi(t,x) = E® ]]'{X(T)eul(i)l)([(i))JZT} + Z 05 0(7j X—j(Ti) Ly <rm=ry | X(t) = |,
j=1
(2.67)
where I is the set of indicator vectors, such that I, = 1,
X_i(t) = (X1(t), ..., Xica(t), Xipa (), ..., Xn ()T, (2.68)

and ¢;o(t,y) is the survival probability for the system of N — 1 banks, when bank j
defaulted. Correspondingly, ¢;o(t,y) = 0.

Applylng M’m with w('r) = H{X(T)eul(i)p([(i))}v X(tv SL’) = 07 we get

0 (N)

—qi(t,x) + L qi(t,x) =0,

ot

Xiko(t, o_g), x; > [,

0, T < fl. (2.69)

QZ(tax) — ]-7 QZ(tax) — Xik,oo(tax—k)a
T —r+00

Tj—+00

Qi(taxo,i) - Oa Qi(t>$0,k) = E(twr—k) = {

Qi<T7 SL’) = H{xeul(i)’D(I(i))}'

where k # i, Xiro(t,x—x) and ik o(t, ©_x) are the solutions of N — 1 dimensional prob-
lems with corresponding default boundaries (for x;o(t,z_x) the i-th bank defaults, for
Xi,oo(t, z_j) it does not).

2.2.7 Credit default swap

Consider a CDS contract written on the first bank without counterparty risk. Denote
its spread C'(t, a:)El As in Section Z.1.2] we assume that the coupon is paid continuously
and equals ¢. Then, in our framework, (ZI3]) becomes

N
+(1 = R) 1y ermi=ry + Z c150(Ti, X (1)) U rierr=ry | X(t) = 2|, (2.70)

1=2

IFor the CDS contracts written on the bank 4, the similar expression could be provided by analogy.
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where
X_(t) = (1), s Xea(£), Xoa(8), . Xn(0))T, (2.71)

A(T) + %wiLﬂ(T)

Rl =min |1,

= (2.72)
Li(T) + Y. wili(T)

Here, w = w(Xr) is determined from (2.48), and ¢y, (t,y) is the CDS spread for the
system of N — 1 banks, when bank 7 defaulted.
We thus apply (Z58)-(260) with x(¢,z) = ¢ and terminal condition

,,,,,

where w = w(x) is defined in (Z4]).
Thus, the pricing problem for CDS contract on the first bank is

9 nitsa) + LN (b 2) = o

ot
Ci(t,zo1) =1— Ry, Ci(t,x) — cipoolt,z—k),
T —r+00
N 2.73
- o Clk,o(tv x*k‘>7 Ty > M1, ( )
Cl(t, SL’Q,k) = :(t, SL’,k) = _
1 — Ry, xp < fi1.

AAAAA

where k # 1, c150(t, 2_x) and c1x o0(t, 2_y) are the solutions of the corresponding N — 1
dimensional problems.
2.2.8 First-to-Default Swap

Consider the FTD contract referenced on N banks and denote its price F'(¢,z). An FTD
swap was defined in Section P.1.3l Assuming the coupon is paid continuously, in our

framework (ZI8) becomes

T
L T

I:(’il ..... iN),’ikE(O,l)

N
+ Z(l — Ri)]l{Ti<T,Ti:T} ‘ X(t) = SL’] y (2.74)
1=1

where
Br=1-— kI:rIlkiEO [min{Rk, Rk}} :
and
Ap(T) + > wiLlip(T)
R, = min |1 ik
' " IK(T) + Y wili(T)
itk
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with w = w(X7r) defined in (2.48).
Applying (Z58)-(2.60) with x(¢,2) = ¢ and terminal condition

Y(z) = Z Brlizep)},

I=(i1,...,in),ix€(0,1)

we get the pricing problem for an FTD

gF’(t, )+ LYVFE(t x) =,

ot
F(t,rop) =1— Ry, F(t ) e oot wk), (2.75)
F(T,x)= Z Brlizen(n),

I=(i1,..,in),ip€(0,1)

where fi »(t,2_) is the solution of the corresponding N —1 dimensional problem without
the bank k.

2.2.9 Credit and Debt Value Adjustments for a CDS

We associate X (t) with a protection seller (PS), X5 (¢) with a protection buyer (PB), and
X3(t) with a reference name (RN); all other banks are numbered 4 to N. As we defined
in Section 2.5 the CVA can be computed as

VCVA<t7 SL’) = EQKl - Rl)]l{7'1<T,T1=T}<V;?DS)+
N
+ Z ]]-{Ti<T,Ti=T}‘~/CVA7i(Ti) | X(t) - ZL‘], (276)

=4

where VEVAi is CVA for the system of N — 1 banks with modified boundaries assuming
bank ¢ defaulted.

Then, applying (Z58)—(Z60) with ¢ (x) = 0, x(¢,z) = 0, we get

%VCVA(t, )+ LNV =,

VYAt 21) = (1= R)VEPS(t,y1), (2.77)
VCVA(t7 ‘TO,Q) = 07 VCVA(t7 $073) = 07
VCVA(t, x07k) _ f/CVA,i(t’ $—k)a k > 3.

Similarly, for the Debt Value Adjustment

VEVA# 2) = E¥(1 — Ro) Liryermery (VSP)
N
+ Z ]]-{T¢<T,T¢=T}VDVA7i(Ti) | X(t) = ZL‘], (278)

=4

where VPVAi is DVA for the system of N — 1 banks with modified boundaries assuming
bank ¢ defaulted.

Applying ([Z58)-(Z60) with ¢ (x) =0, x(¢,2) = 0, we get
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%VDVA(t,$) + L(N)vDVA _ 0’

VEVA( 205) = (1 — Ry)VEPS (8, y) (2.79)
VDVA<t7 xO,l) = 07 VDVA<t7 .T073> = O’
VDVA@’ ka) _ ‘N/DVA’i(t, SL’,k‘), k> 3.

In Appendix [Al we explicitly consider special cases of N = 1,2,3 of the model.

2.3 Infinite limit of the banking system

As we saw before in (2.58)-(2.60), to solve the model with N banks, we have to solve
an N-dimensional PDE/PIDE, which is computationally infeasible for large values of N.
Therefore, in this section we consider an infinite-dimensional limit of the banking system
under further simplifying assumptions. Specifically, we assume that there is an infinite
number of banks, whose values are drawn from the same distribution independently, and
we want to model a “typical representative”. Thus, instead of the N-dimensional system,
we consider a one-dimensional process which takes into account the interaction effect
through dependence of the coefficients on its distribution (a McKean-Vlasov process).
In this section, we assume that there are no jumps, and the asset value process of

bank i follows (2.3]))
dA;

Aj
We also assume that W; are independent standard Brownian motions for 1 <i < N. It

=rdt + o; dW;.

means that interconnection of the system comes only from interbank liabilities.
At time t = 0, following Section 2.2.2]

Ai(t) = R; (Ll- +) Lm) - L,
J#i J#i
where 0 < R; < 1 is the recovery rate of bank i, i.e., bank i defaults if the recovery value
of its liabilities, external and to other banks, exceeds the sum of its assets, external and
from other banks.
Since liabilities and recovery rates are assumed constant in time, the default boundary
remains constant until some bank defaults. If bank k& defaults at time ¢, the default
boundary of bank 7 jumps by (240]),

AA(t) = (1 — R;Ry) L.

In the following, we assume that the banks have the same parameters, i.e., o; = o
and R; = R, for some r, o, R, L; = L and L;; = 3, both constant, respectively, for some
L,~ > 0. In particular, this implies that the asset value processes are exchangeable, and
we have A;(0) = A° for some A% which will allow us to take a large-pool limit.

As a result, we can write A;(t) as

N
Ai(t) = Ai(0) + N kz#i(l — R*)1gr, <yy-
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Considering the change of variables

t=0  Xi(t) =log(Ai(t)/Ni(t),

and omitting bars for brevity, we have

1 2 i i N

Using the approximation log(1+4x) ~ x for small z (i.e., assuming only a small proportion
of the banks have yet defaulted), we get for ¢ < 7

(1 - R?)

Xi(t) - Xi(0)+%(r—a2/2)t+Wi(t)—WL (0),

1
LN@) = Nzﬂ{ﬂcﬁt}-
k

For simplicity, we take the special case r — ¢?/2 = 0 (in any case, this term will be
small for realistic parameter values and not have any qualitative impact on the results).

Then, using propagation of chaos as in |H.ambl;uﬂ_a.l_| ), one can obtain that in
the limit for N — oo all X;(¢) have the same distribution as X given b

X(t) = Xo+W(t) — aL(t),
L(t) =P(r <t), (2.80)
T=1inf{t € [0, 7] : X(t) < 0},
Y(1-R?)

Ao
We consider a right-continuous solution L(t¢). At the points of discontinuity, we say

where o = and X is a random variable with density fj.
that the banking system exhibits a “blow-up”, which means that there is a chain of
defaults, and, as result, the system loses a significant mass (a finite amount at a single
time).

The distribution of the stopped process X;,, can be written as L;d + p, where ¢ is
the atomic measure concentrated at 0 and p is the continuous component. Writing the
increasing process L as aL(t) = — fo (t') dt’ for some negative u, p satisfies

e lt,2) = —(0) pa (6,2) + S (1,2)

P (t, 0) =0.
Using the relation L(t) =1 — fo (t,z; z) dx, we can express j in terms of p by

dL o o 1 [ 1
g(t) = L = _/ Dbt dr = :u(t)/ Pz dx — _/ Pz dx = _px(ta 0)7 (282)
dt ; ; 2 J, 2

2Note the slight ambiguity between the liabilities above and the loss function below, which are both
denoted by L. It should be clear from the context and indices applied which one is being referred to,
hence for consistency with the literature we keep the notation.
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where we have used the PDE (2.81)) as well as p(¢,0) = 0 and lim, . p(t, ) = lim, . po (¢, ) =
0. Hence, (Z8T]) can be written in the self-consistent form

Dt (ta {L‘) = %px(t’ 0) Pz (ta {L‘) + 5Dz (t7 l‘) )
p(0,2) = folz), (2.83)
p(t,0)=0
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Chapter 3

Analytical methods for the model
without jumps

3.1 Introduction

In this chapter, we consider analytical and semi-analytical methods developed to compute
various important characteristics of the model. In general, the analytical solution is not
available, therefore, we concentrate on several particular cases. We consider the case

when there are no jumps, i.e. all jump intensities A\; = 0. In this case, the infinitesimal
generator L) ([Z.62) simplifies to

1 & al 1
L =23 pijfea, + D) &ife = 500 + €V, (3.1)
i=1

ij=1

We solve the pricing problem (Z58)—(2.60) using the Green’s function approach. We
define the Green’s function and give its interpretation as a transition probability of a
Markov process in Section 3.2} in Section 3.3l we show how to eliminate the drift term and
cross—derivatives. In Section3.4], we show how to find the solution for the one-dimensional
problem, which is a classical problem and solved analytically using the method of images

)). In Section 3.5 we solve the two-dimensional problem using separation of
variables and show that the Green’s function for this PDE can be represented as a series

I%ssel functions dHE_Qtj.LI (IJ.M), |L].p_tgn_a.nd_s_ep_d (IZ_O_O_d), |IIJ&m_a1]d_LJ.p_th| (|2_Qlj),

)). In Section BBl we develop a novel semi-analytical method to solve the

three-dimensional problem. Using separation of variables, we represent the solution as a
double series of special functions, where unknown parameters are found as a solution of
a nonlinear eigenvalue problem.

Further, we show the financial applications of the developed methods. In Section B.7]
we show how to compute model characteristics for the model with one bank. This case is

classical and fully considered in |L.Lp_tp_u_amLSep_d (|2D_1j) In Section B.8 we consider the

model with three banks, and show how to compute survival probabilities and bilateral
CVA/DVA.
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3.2 Transition probability of Brownian motion in ]Rf

The transition probability of multi-dimensional Brownian motion in ]Rf ,N > 1, with
absorption at the boundary, occurs in different areas of applied mathematics, and math-
ematical finance in particular. For example, it appears in counterparty credit risk model-

ing (Li (lZQlAI), Lipton and Seppl (2009), Itkin and Lipton (|2D_1j), Zhou
)), market microstructure (Iﬁml_and_]le_lﬁn_ald dZ_Qlj), |L].p_tm_eLaJ..| (|2ﬂ1_4|)), and

exotic option pricing ([Escobar et all )) for barrier options on three assets with spe-

cial correlation structure; He et al (I;I_M) for lookback options whose payoft depends on
mﬁ (2001)).

the minimum, maximum, and endpoint of the asset price process;

We consider a N-dimensional correlated Brownian motion with constant drift (1;)1<i<n,
dX;(s) = p; ds + dW;(s), X;(t) = x;, 1<i<N,

with infinitesimal generator

1w P~ 0
N) _ = g _
E o 2 Z pl]axlaxj +Zzllulaxl7

,7=1

where P = (p;;)1<ij<n is a symmetric positive definite matrix with p; =1, 1 <i < N,
the correlation matrix of the standard Brownian motion W.

Now consider the stopped process X (s A7), with 7 = inf{u : X(u) ¢ RY} the exit
time of RY. Then the distribution of X (s A7) has a singular component at the boundary
where one of the coordinates is 0, corresponding to the absorbed mass, and a continuous
density in the interior, which goes to zero at the boundaries. Let p(t', 2’|t, x) denote this
continuous component of the distribution evaluated at 2’ € RY at time ¢’ > ¢. For a fixed
pair (¢, z), it satisfies the forward Kolmogorov equation

9p

5 ', 2'|t,x) = LNt 2|t x), (3.2)

with initial condition p(t,2'|t,z) = §(2' — z), boundary condition p(t',2’|t,x) = 0 for
o x ... x a2y =0, >t and where L™* is the adjoint operator of L),

1 R i)
L0 =~ i E e — i
2 Z pj@:c;@x; ;M oz}

ij=1

In PDE theory, the transition probability can be interpreted as Green’s function, that
is the fundamental solution to a suitable initial(-boundary) value problem. Thus, by time
homogeneity, we use the notation G(t' —t,2', x) = p(t', 2'|t, x).

Once the Green’s function has been constructed for a set of model parameters, the
solution of (ZE8)—([2.60) can be found as the solution of ([B.2) by simple convolution of
the Green’s function with the appropriate inhomogeneous right-hand sides and boundary
data. It is the strength of the Green’s function concept that no further numerical solution
of PDEs is required. We illustrate this in the following sections.
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Applying the Green’s theorem (M)) for (2.58)-(2.60), we get
V(t,z) = /@Z)(x')G(T—t,:p’,x) dz'+

RY
N T T
+Z/dt/ / ¢0k(t7$ k)gk(t/_tvxlfkax) dxik —/dt//x(t/,l‘)G(t/—t,{L‘/,l‘) dl‘,
k=1 t Rﬁ—l t Rf
(3.3)
where
190G ,

gt —t, 2", )= SR (t' — t, 4, ).
k

Thus, in order to solve the backward problem with non-homogeneous right-hand side
and boundary conditions, it is sufficient to solve the forward problem for the Green’s
function with homogeneous right-hand side, boundary and terminal conditions.

3.3 Drift elimination

We can rewrite ([B.2)) in the vector form

oG 1
— =-V'"PVG -¢- VG 3.4
AE £ Ve (3.4
where P is the correlation matrix.
Consider Cholesky decomposition of the matrix P = L*L, where L is a lower-

triangular matrix. Then, equation (3.4) can be rewritten in a matrix form

oG 1

— =—(LV)"(LV)G - ¢ -VG 3.5
= LY (V)G — € VG, (35
Now consider the change of variables y = L7'x. Then, the gradient transforms to
V.G(z) = L7'V,G(y). Thus, in new variables we get rid of the cross-derivatives term
oG 1
— = _AG-¢-L71 3.6

The domain also changes to transformation of basis vectors V to L'V
Now introduce

1
G(t' =ty y) = exp (6 Ly —y) = GEPE - t)) G(t' —t,9,y) (3.7)
that satisfies the following equation

oG 1

o 2
with the same initial and boundary conditions.

AG, (3.8)

Coming back to the original variables x = Ly (and the original domain) we get the
PDE without the drift term

G 1< 2G

As a result, we have showed how to eliminate the drift term. In the following, we consider
33) and ignore tilde for brevity.
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3.4 One-dimensional problem

When N = 1, the problem (3.9) becomes

%(t’—t ! )_1626’
ot’ TS

G{t'—t,2,0)=0, G{t' —t,2',2) — 0,

T —-+00

(t'—t,2',x) =0,

G(0,2',2) = 0(2" — x).

(3.10)
(3.11)
(3.12)

Using the method of images, we represent G(t'—t, 2/, x) = H(t'—t,2',x)— H(t'—t, —2', x),
where H(t' —t,y',y) is the solution of (BI0) and (3.I2) on the infinite line. Then, both
H(t' —t,2',x) and H(t' —t,—2', x) satisfy (B810) as well as their difference. Moreover, it

is easy to see that (B.I11]) and (B.12) are also satisfied.
Solving (B.I0) with the initial condition (B:12)) on R, we get

/ / 1 _ e
H({t'—t 2 2) = ————=e 200,
2r(t —t)
Therefore, we finally get
O (@' +)?
Gt —t,a',z) = L (e_ ST o A ) :
2r(t —t)

3.5 Two-dimensional problem

When N = 2, the problem (3.9) becomes

(0G 1 1
o §G:v’x’ - §Gy/y’ — PGy =0,
Gt'—=t,0,¢,2,y) =0, G —t,2",¢,2,y) — 0,

' =400

G(t/ - taxla 0,z, y) =0, G(t/ - t,l‘,, yla fL‘,y) — 0,

y' —+oo

o o I I
\ G(Oaxay7$ay) _5('I x)a(y y)
First, we eliminate the cross—derivative by applying the change of variables
a(r,y) =,

Blx,y) = —ﬁ(px —y).

It transforms the equation (B.I3) to

oG 1 1
% — §Ga’a’ — éGﬁ/ﬁ/ = 07

G(0,d, 8, a,8) = 6(a/ —a)d(8 — B),
Gt —t,a, ' a, B) = 0.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

The domain has also changed from the positive quadrant to the interior of an angle

characterized by cos(w) = —p.
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The next step is to change the variables to polar coordinates to take advantage of the
domain,

a= —rsin (@ — ),
(o =) (3.18)
f=rcos(p—w)
Then, the equation (3.I7)) can be rewritten as
(0G 1 1 1
5~ 3 (Gt 50+ 5000) =0
1
G(0,7',¢',7,0) = ~0(" = 1)d(¢ — ), (3.19)
r
Gt' —t,7,0,r,¢0) =0, Gt —t,r,0,r,0)=0, GU' ¢ ,r,p) — 0.
. r’ —4o0

To solve the equation (B.19), we use the separation of variables technique

Gt —t, 7", ¢ rp) =gt —t,r",r)f(¢, ). (3.20)

Thus, we can rewrite the equation (3.19) as two separate equations

( 1 1 C
gy = 5 Grip! + ;gr’ + 7’_/29 )
1
9(0,7",7) = ~8(r' — 1), (3:21)
r
gt' —t,0,7r)=0, gt —t,r,r) — 0,
\ r’ —4o00
and
= CFf,
fore ! ) (3.22)
f(0,0) =0, f(w,¢)=0.

Both equations can be solved analytically. It is also clear that C' < 0. Thus, we denote
C = —A?. For equation ([B.2I)) the solution is

24,2 ,
g(r,r',r)= S I\ <ﬁ) , (3.23)
T

T

where [, is the modified Bessel function of the first kind defined as the solution of

5 +£——(§+ %) =0. (3.24)

ez e
To verify the initial condition, we use the approximation of Bessel function 7,(z) when
z> A

eZ

In(2) ~ (3.25)

2mz
It yields

-

_ (7‘/77‘)2
27

1
hm 'rr—hm = 5(r'—r)==6(r" —1). 3.26
$IT ) = I T~ T =) (3.26)

For the equation (B8.22]), with respect to the boundary condition, we obtain A, = 7

and the solution is

fal¢', ) = Ay sin (nw ) : (3.27)

w

27



Once we have solved the equations and found the corresponding eigenvalues and eigen-
functions, we can write the eigenvalue expansion of the Green’s function

7‘ +7‘ /
G(r,r' '\, - ZC [ux <—) i (”720). (3.28)

The coefficients C), can be computed by applying the initial condition. Using the fact
that

1
/
g<77T7T)7j)T5<T T)

the initial condition yields

0 /
> Cusin (") <’ - ).
n=1

Multiplying both parts by sin (%"/) and integrating from 0 to w, we find the coeffi-
cients ), = = sm ("W) Thus, we finally get

7‘ +7‘ /
G(r,7', ¢ 1, ) il Zlnw (—) (?) sin <n%p> ) (3.29)

3.6 Three-dimensional problem

The three-dimensional problem is much more difficult than the one- and two-dimensional
ones. For several particular cases of the correlation matrix, [Escobar et al. (21!13) offered

solutions to the three-dimensional problem by the method of images. Unfortunately, it

cannot be extended to general correlation matrices. A semi-analytical solution was pro-

posed in [Li (|2_0_14|), where a separation of variables technique is used
and the problem is split into radial and angular PDEs. The radial PDE is solved an-
alytically, while the angular PDE is solved by finite elements. In this section, we use
the separation of variables technique and solve the angular PDE semi-analytically, and
thus provide a “fully semi-analytical” representation of the Green’s function. By this
we mean that the solution is expressed as a (double) infinite series of terms involving
special functions (hypergeometric and Bessel). We also require the solution of a count-
ably infinite-dimensional non-linear eigenvalue problem. In practice, the sums can be
truncated to a relatively small number of terms (low tens) without significant loss of
accuracy, as evidenced by our numerical tests, and similarly for the dimension of the
non-linear eigenvalue problem.

3.6.1 Problem formulation and preliminaries
When N = 3, the problem (3.9) becomes

oG 1

1 1
% - éGa:’a:’ + §Gy’y’ + éGz’z’ + pa&yGa:’y’ + pa&sz’z’ + pysz’z’a (330)
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with the boundary and initial conditions

Gt'—t,0,y,2,x,y,2) =0, Gt —t, 2"y, 7 x,y,z2) —+> 0, (t v, z') e R,
$ —+00

Git' —t,2,0,2 ,2,y,2) =0, Gt —t,2',y,7 x,y,2) 3 0, (t',2',2) e R3,
y —+oo

G<tl _tuxlay/707xuyaz) = 07 G<tl _tuxlay/u zlwrayu ) —+> O ( 73/) S Riv
\ Z —+00

for given (¢,z,y,2) € RY.
To eliminate the cross-derivatives, we introduce the following change of variables

(Lipton et all (2014), Lipton and Savescu (2014))

( alz,y,z) =,
1
ﬁ<x7y7 Z) = _T<pxyx - y)7
zy
1 _
V(2 y,2) = = [(pa:ypyz — P22)T + (PeyPuz — Py=)y + pi‘yz} )
L PryX

where p,, = /1 — p2, and x = /1 — p2, — p2. — p2. + 2PuyPr=py., Which is the Cholesky
decomposition, we used earlier. It transforms the equation ([B.30) to

oG 1 1 1

_— = _GO/O/ —G 131 —G Iy

ot 2 TRt G (3.31)
with zero boundary conditions on the new domain

D= {w161 + woeo + W3€3‘wl' > 0},
where
€1 = (0707 1)7 €2 = (07 — Xf 7_pyzj pxzpl‘y) ) €3 = (iu - 7pxy7X 7_p$zj pyszy) 9
PxyPxz PryPxz Pyz PxyPyz PxyPyz

Finally, we rewrite the equation in spherical coordinates (7, , #) to take advantage of
the wedge-shape of the domain, where r € (0,00), ¢ € (0,w) with w = arccos(—p,,), and
0 € (0,0(¢)), where ©(p) can be implicitly defined as

ow) = arccos(\/ L= Pyt ), (3.32)

1 —2pw + w?

@(w) —  arccos o pyz - pa:zpa:y + w(parz - pyzpary) (333)

\/ﬁmy<ﬁ%z - 2w<pxy - pxzpyZ) + w2ﬁg2/z)

where p = \/1 — p? for p € {pay, py:}-
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The final initial-boundary value problem for the Green’s function has the form

(06 1[1 0%, 1/ 1 1
- I —— —a /oAl - 1 0/ / =
o 2 |r'or? (rG) + r'? <sin2 A + sin 6’ 89’(Sm Go )} 0
G(Ov rla Spla 0,7 Ty ®, 0) = r2sin 05(T, - 7")5(()0, - 80)5(9, - 0)7 5 34
Gt —t,7,0,0,r,¢,0) =0, Gt —t,r", 0,0 ,rp,0)=0, (3:34)
Gt —t,r, ¢, 0,r,¢0,0)=0, Gt —t,r, ¢, 0(L)er, ¢,0) =0,
Gt —t,0,¢,0" ,r,¢,0) =0, Gt —t,r", ¢ 0 r ¢ 0) - 0.

\ r’ —+oo

3.6.2 Semi-analytical solution by expansion

In this section, we show how the solution to ([B.34]) can be given via an eigenvalue expan-
sion. First, we apply separation of variables

G(t,r', 0,0 r,0,0)=g(t, 7, r)V(, 0, ¢, 0),
then ([B.34]) decomposes into two separate (initial-)boundary value problems
( 1/1 0% A?
gy = 2 (F 2 (r'g) — ﬁg> )
g(0,7" 1) = %5(7” —r), (3.35)
gt —¢,0,r)=0, gt'—t,r",r) — 0,

\ r’ —+oo

and

1 . 9
m o'y’ + m%(sul 0/\:[/9/) = —A \II,

U(0,0,0,0)=0,V(w,0,0,0)=0,V(¢",0,0,0)=0,V(¢, O(¢"), p,0) =0,

(3.36)

where A? € R, is an eigenvalue. The eigenvalue is real and positive because the dif-
ferential operator on the left-hand side of ([3.30) is symmetric and positive definite with
respect to a certain weighted inner product, as is seen from the variational formulation
given in equation (40) in [Lipton and Savescu (IZOA)

We note an asymmetry between (8.35)), which contains the time variable and hence

an initial condition is imposed, and (3.36)), which is stationary and hence does not match
any initial condition. The initial condition of the solution in (334]) will eventually be
ensured by superposition in Section B.6.5l Since (8.36]) does not depend on (¢, 6) here
(due to the ignorance of the initial condition), we further write U(¢', 0', p,0) = VU(¢', )
for simplicity.

The PDE (B30 can be solved analytically, with solution

24,2 ,

e 2t rr

t.r' r)= I —
g<7T7T) t\/ﬁ \/A2+i(t)7

where [,(b) is the modified Bessel function of the second kind.
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To verify the initial condition is satisfied, we again use the approximation (B.23]):

(' =r)?
B 1 1
lim g(¢,7',r) = lim (r'—r)==46(r"—7).

e %
= )
t—0 t=0\/27r'rt  Ar'r r’

The eigenvalue problem for the angular PDE (3.36]) was solved numerically in Lipton

and Savescu (|2Q1_41) by a finite element method. In the next section we demonstrate this
method.

3.6.3 Finite element method for angular PDE

Lipton and Savescu (|2_0_14|) solved the equation (3.36) numerically via the finite element
method. In this section we briefly explain the method.

It can be shown that there is an infinite sequence of eigenvalues 0 < Ay < Ay < ...
(see Lipton and Savescul (2014)).

We reformulate the problem (3.30) in a weak formulation. We use the test functions

U’ and integrate over the domain,

1
// m\l&pl@:&/ dw+// Sine/\ll,gl\l]/g/ dw = A2 // \I]\I]/ Sine/ dw (337)
Q Q Q

For this non-rectangular shape of the domain we can construct a triangular mesh and
look for the finite-dimensional solution on this mesh. See mesh construction section for
details.

The dimension n is the number of free points on the mesh. Denote by ®;,7e=1,...,n
the basis of this space.

We consider linear basis functions on each triangle. Hence, there are only three
independent (non-zero) basis functions on each triangle 7'. We denote by (¢, 07), (5, 05),
and (4, 05) the vertices of triangle T and by ®;, Py and ®3 the corresponding basis
functions that are defined by

0,i# J,
and can be represented as ®;(¢’,0") = a; + b’ + 0/, (¢',0") € T,i = 1,2,3, where the
coefficients a;, b;, ¢; can be found by solving 3 x 3 system of linear equations.

;o L=y,
(I)i(%‘a@j) =

Thus, the solution of finite-dimensional problem can be represented as W(¢',0") =
Yo @i(¢', )1 and equation (B3T) can be written as

KU = A*MV, (3.38)

where K and M are matrices with elements

Q
Mij = // sinH'CDiCI)j dw,
Q
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with matrix A
_1 0
— sin 6’
A= ( 0 sin# ) ’

Denote by N; the number of triangles. Then, equations for K;; and M;; can be further
simplified to

Nt Nt
1 0P, 00, 0®; 09,
K;; = -—2d inf——72d
=3 | wmrap s W ),

Nt
k=17 Tk

In order to compute integrals over 7T} we approximate them by the quadrature rule

f(‘pla 0/) dw = AreaTk f(@a 9)’
Tk

where (@, ) is the centroid of the triangle Tj.

Taking into account that over triangles the basis functions are linear and, therefore,
their derivatives are constant, the computation of K;; can be further simplified.

To solve the equation ([B38)), we perform a Cholesky decomposition of the symmetric
matrix M = MM?, then

MKV = M.

We introduce the matrix C = MK (M™1T then the last equation can be rewritten as
C(MTYT = A2 (MTD). (3.39)

The equation (3.39) is the matrix eigenvalue problem for matrix C' and can be solved
via standard numerical methods. Once we solved the problem (3:39)), the eigenvalues of
the original problem can be found as M~'E, where E is an eigenvector of (3.39). As a
result, we have found the first N eigenvalues and the corresponding eigenvectors.

3.6.3.1 Mesh construction

In this section, we briefly describe the triangular mesh construction algorithm. Lipton
and Savescu 2Q14]) presented an iterative algorithm based on ideas of Persson (120_0_4|),
where the nodes of the mesh are adjusted in each iteration based on current element sizes.

See Algorithm [l for the algorithm description.

The simplest case is to choose a uniform distribution of the edge size. But, on our
domain, there is a singularity on the boundary, therefore we choose a size distribution
that selects smaller elements near the boundary and larger in the center.

An example of the mesh is in Figure Bl
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Algorithm 1 Algorithm for constructing an adaptive mesh

Require: X;.X5,Y],Y; — boundary box of the domain
Require: d(x,y) — distance function to the closest boundary (negative inside the do-
main)
Require: h(z,y) — element size function (gives the relative element size distribution
over the domain)
1: Build a mesh with equally spaced points for the bounding box of the domain
2: Remove points outside the domain
3: Rejection method: reject points inside the domain with probabilities proportional
1/h(z, y)*
4: while i < MAXITER do
Delaunay trianﬁgzéion using the divide and conquer algorithm described in
Guibas and Stolfi )
Assemble triangles obtained through the Delaunay procedure
for each triangle do
Compute centroid
If centroid is outside the domain, remove triangle from the list
10: end for
11: (Im%\fove mesh points based on current edge lengths using ideas described in [Persson]
)
12: Bring points that have moved outside of the domain back to the boundary
13: 1—=1+1
14: end while

o

33



25

KoK
O, X

4 v,

D D AT
DERIERSAALO KRS

aTA Ay S ANANANA b VAV AR v v Lo38

SN RSP
AV AVAVAVAVAVAVANAYS WS ZAVAYSS S woaravars
s;‘eﬂVA VAV ‘V S APAVATATA
X AN S AT RS

.
OOK
A%
/

AN
77

v,
Pl
VN
AW
S

UnR
/\/

V/

15

A LVAN
A AN % e g PVAYAS AN SN
=S ave <§a31¢zs'
B VAVA vj"%‘ 2
5 2
' ;' \VAV/ ‘V'x%’ N/ ‘E:"f? s
vavay V SIS -
PRSP S Eﬂs‘«hv 4‘7 ‘VAAV SRR
B IR AN S AR SRS
S 7 SIS,
S R R DO O s
PSS S|
0.5 A P TAVAVAV 8 Pz N O D AVA W I A ST v

VAR
XX
Aavy
XK
N
W\

0 0.5 1 15 2 25

Figure 3.1: An example of mesh for the domain obtained for p,, = 0.8, p,. = 0.2, p,. = 0.5
for 4000 points after 100 iterations of the algorithm (the color have no significance).

3.6.4 Semi-analytical method for angular PDE

In this section, we consider an alternative, semi-analytical approach.
We begin by further simplifying the problem by the extra transformation (as in Lipton

et al. (IZQIAI) for the stationary case)

(' =Intan6'/2, (3.40)
which changes the domain to the semi-infinite strip —oo < ¢ < Z(p) = Intan©(p)/2
and the eigenvalue problem to

e
22 ¥
(14e*) (3.41)
U(0,¢")=¥(w,¢") = lim ¥(,¢")=V(, Z(¥)) =0.

¢{'——o0

Denote A = 1 + /4 + A2, Then, (341 becomes

AA-T)
\If 7oAl —|— \I/ 1 = —7\11
e ¢’¢ Cosh2(C’)
We shall find solutions in the form W(¢', (") = ®(¢’
(B4T) into the system

\P‘pls@l -|— \I/C/C/ = —4A2

) - T(¢’). Thereby, we can split

P’ = —k*®, (3.42)

" __ 2 >‘(>‘ - 1)
= (K- Sdme) T (3.43)

<
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where k? € R, is an eigenvalue and with boundary conditions

B0)=0, @) =0, Y() — 0, W, Z()) =0. (3.44)

( —+—o0
Equation (3:42) with the first and second boundary conditions in (3.44]) can be solved as
D, (¢") = ¢y sin (kn'),

where k, = mn/w.
Equation ([3.43) is the Schrodinger equation with Péschl-Teller potential. In the next
section we show how to solve it.

3.6.4.1 Schrodinger equation with Poschl-Teller potential
Consider ([B:43]) with boundary condition

T(—o0) = 0. (3.45)

Fundamental solution We follow M (@) for the solution of (3.43]). Consider
the change of variables y = cosh?(¢). Then, [B43) can be rewritten as

y(l—y)T”+(%—y> T'+<%2—)\()?T;1))T:0.

Then, if we consider v(y) = y~2Y(y), we get the hypergeometric equation

y(1 —y)" + (<A+%) —()\—i-l)y) v’—i—i(kQ—)\Q)v:O.

The solution of this equation is

1 1 13
U(y>:A'2F1 (a7b7§71_y)+BV1_y'2Fl (a+§7b+§7§71_y)7

where ] 1
=—(A—k b=-(A+k).
As a fundamental system we consider standard odd and even real solutions:

T.(¢) = cosh*(¢). Fy (a, b, %, — sinhz(C)) ,

T,(¢) = cosh*(¢) sinh(¢)o F} <a + % b+ % g — sinh2(§)) ,

where o F(a, b, ¢, z) is the Gaussian hypergeometric function.
Any solution can be represented as a linear combination of the fundamental system,

T(¢) = AY(C) + BY,(C). (3.46)

Now consider an asymptotic expansion for large (. Unlike @ (IE), who consider
the asymptotics at 00 (see the case Z = oo below), if Z(p) is bounded above, we only
consider the asymptotics at —oo.
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General boundary conditions From the known expansion of the hypergeometric
function we get

Y.(C) 92T <1) [ I'(b—a) 92a-2alC| I'(a — ) 22be—2b|¢|]

2) 1T (3 —a) [(a)l (3 —b)
and
e 3 I'b—a) _
To s 9 A—1 ()\Jrl)\C\F _) 22a+1 (2a+1)|§|_'_
(©) ¢ 2) [T+ DT (1—a)

N ['(a—0)
I'(a+3)T(1-0b)

22b+le(2b+1)<] _

Assume k > 0. First, consider the case A — k = 2[. Thus, T" (% — a) is singular and
T.(C) satisfies the condition ([B.45]). Similar, if A — k = 2]/ + 1, then I' (1 — a) is singular
and Y,(C) satisfies the condition (B.43]).

Hence, in order to satisfy the condition ([345) we can choose

rOr(t—a), X—k¢zZ,, 2 (b+3)T(1—a), N\—k¢Zy,
A=2¢1, A—k=20 ,B=X0, A=k =2l
0, A—k=20+1 1, A—k=20+1.

Using identities for hypergeometric functions we can simplify (340 to

e
T(g) = C-ekCQFl ()\,1 —\N1+k, m) )

for all \ and k.

Special case p,, = p,. =0, p,. =1, i.e. Z =00 Consider first the case when Z(y)
is unbounded. Now we have to take into account also the asymptotics at +o0o. We note
that Yo(—C) = Te(¢) and T,(—C) = =Y,(¢). The first term in T,(¢) and Y.({) goes to
infinity unless I'(3 — a) and I'(1 — a) are singular, respectively. The gamma function is
singular if the argument is a negative integer. Thus,
N= T4
w

and
csin(k,p)Ye(C), 1 is even,

Vil ©) = {csin(k;r@)To(C),l is odd.

Special case p,y = p,. = py. = 0, i.e. Z =0 In this case © = 5. We can easily see
that Y.(0) = 1 and Y,(0) = 0 for any k& and A. Thus, A =0,B = 1. Now we want to
find the corresponding eigenvalues. Applying boundary condition ([B.43]), we get

)\l:2l+1,n20,
and the corresponding eigenvectors are

i (p,¢) = esin(k0)To(C),
where 1 < r <.
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3.6.4.2 Expansion for ¥(¢', (')

As we showed in the previous section

2!
n o knC' e
T, (¢") = cpe™ o Fy (Aul_)\71+knum)7

where 9F}(a, b, ¢, z) is the Gaussian hypergeometric function. Thus, we find ¥(¢’, (') in
the form

o0 24/
Z Cposin ( k”C o Fy ()\, 1=\ 14k, ﬁ) ) (3.47)
e

n=1

As an aside, we note that o F} ()\, 1-\N1+k,, - T 2c’> =1 for A = 0, which gives

[e.e]
=D casin (kg)e™
n=1

and coincides with the expression in Em_@_aﬂ ([20_1_4]) for the stationary problem.
To find the coefficients ¢, and eigenvalues A, we use the fourth condition in (B3.44),

> . knZ () eQZ(‘PI)
Z cpsin (kyp)e o Fy ()\ 1 =M1+ k,, m) =0 (3.48)
for all ¢’ € [0, @].
We introduce the integrals
TonN) = i) = [ 515 A (3.49)

0
27(4')
(@) = sin(k go')e"fnz(ﬁ",)zF’1 ANl—=MN1+E i
n n b ) mny 1—’—622(@,) )

and note that T,,, is a function of A only. Then, applying ([B.48]), we get
> Twn(New =0, ¥m>1. (3.50)
We defer the solution of (B.50) for A and (¢;,),>1 to Section B.6.61

3.6.5 Final expression for Green’s function

Now we can write the expression for the Green’s function using the eigenvalue expansion

G<7-7 Tlv ()0/7 C/u T, ¥, C) = Z algl<7-7 TI)\IIl<()0/7 C/)
=1
= Z agi(7, 1) Z @ (@) T3, (¢)

o e
= 7-\/_ Zal[)‘l( ) ZC sm ngO Fl()\l,l—)\l,1+kn,m>c351)
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where the (countably many) eigenvalues \; and coefficients ¢!, can be determined as the

7rn
w

The coefficients a; can be determined by imposing the initial condition

solution of the nonlinear eigenvalue problem (B350) and k&, =

1
r2sin 6

G(0,7, ¢, 0 1, 0,0) = 5(r' = r)8(¢ — p)o(0" —6).

We have already ensured the initial condition for the radial part, thus we need
1
Z arVi(p ———0(¢" —p)d(0' —0). (3.52)

From the weak formulation of the angular PDE it is easy to see that the eigenvectors

are orthogonal in the scalar product weighted by siné’ (Lipton and Savescu (2!!14))

Multiplying ([B.52) by V,,(¢',0")sinf" and integrating over the whole domain,

“= // Slnﬁ\yl 0')sin0'o(¢" — )o(0' — 0) dy'dd’ = Wy (¢, 0).

Substituting the expression for g; from the last equation into (BXE]), expanding the ex-
pression for W;(¢’, (") and V(¢ (), we get

7‘+1"

).
2!
Zc sin ( k”CF A, 1=, 14+ k& R X
) ) n71+62<l

n=1
X E ¢, sin (k,p)e™ o F <>\l,1—)\l71+kn7—1+62<) :

n=1

G(r,r', ¢ ('m0, 0) =

Returning to the variable 6, we have

7‘+1"

I [ ==

i (7))

X icz sin (kny') tan® A oF AN, 1=, 1+ k sinQe—l X
n n 9 ; ) n 92

n=1

X <Z c sin (k) tan™ (g) o Fy ()\l, 1— X\, 1+ k,,sin? g)) . (3.53)

G<T7 7J7 90/7 9/7 T? (p7 9)

n=1

3.6.6 Solution of the nonlinear eigenvalue problem

In this section, we first give properties of the eigenvalue problem (B.50]). Then, we describe
several methods to solve nonlinear eigenvalue problems and outline how the methods are
applied in the tests.
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3.6.6.1 Truncation and the smallest (linear) eigenvalue of T'()\)

If we truncate the sum (B.50) after N terms, the resulting equation can be rewritten in
matrix form

T(A)-c=0, (3.54)

where T'(\) € RVN ¢ e RV,

Equation (B.54) is a nonlinear eigenvalue problem for a symmetric positive semi-
definite matrix (as the matrix 7" is a Gram matrix). Eigenvalues A of this truncated
problem have to satisfy the equation

where i, is the minimum eigenvalue of the positive semi-definite matrix 7°(A). Due to
the truncation, however, the problem (B.54]) generally does not have real-valued solutions
for A\. Indeed, numerical tests suggest that T is typically strictly positive definite for all
A and then a non-zero solution for ¢ does not exist. Figure illustrates the dependence
of the smallest eigenvalue i, (T'(A\)) of T(A) on A.

L L L L L L L
30 40 50 60 70 80 90 100

(eig(T))

mi

(c) (d)
Figure 3.2: Minimum eigenvalue of matrix 7" fi,n(T'(N)) for pyy = 0.8, pr. = 0.2, py. =
0.5 and N = 15. Note the different plot ranges in (a) and (b).
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In order to find an approximation to the original problem, we need to ‘“regularize”
it in the sense that there exists a solution of the truncated problem that is close to the
solution of the infinite problem when the number of terms increases.

A first simple approach is based on the minima of fi,,;, (instead of its roots). Here,

we use Chebyshev polynomials (IDUS_CLﬂ.LeIﬁlJ (|2_0_14|)) to approximate all local minima of
the left-hand side of (3.50]), and use these as approximation to the nonlinear eigenvalues.

More sophisticated and efficient methods by considering complex nonlinear eigen-
values, based on Chebyshev interpolation of T'(\) directly and on contour integration,
respectively, are given in Sections 3.6.6.2] and [3.6.6.3] below

3.6.6.2 Chebyshev polynomial interpolation of T'()\)

In this approach, we approximate T'(\) for complex A using Chebyshev polynomials,

TN ~T(\) = ij ATi(N), (3.56)

where {Tj, 0 < j < m} is a (scalar) Chebyshev polynomial basis of degree m and A; €

RN*N are the corresponding coefficients.

The following result is a modification of Theorem 18.1 in Trefethen (|2Q1ﬂ) (see, for

example, Nakatsukasa et. all (|2Q15|), Section 7.2).

Theorem 3.1. The solutions of the polynomial eigenvalue problem for T in B358) are
the eigenvalues of the linear matriz pencil (of dimension mN x mN )

[A,, ] (A, 1 Iv—A,2 —Ans - Ao
In X In 0 In
A -5 : - . , (3.57)
Iy 0 Iy
In 2In 0

(i.e., all X such that the above matriz is singular), where entries not displayed are zero.

Thus, by finding the eigenvalues of the linear matrix pencil we obtain the solution of
a polynomial eigenvalue problem, which is an approximation to the nonlinear eigenvalue

problem (B.54)).

3.6.6.3 Contour integral method

The following method due to IEI]' (IE) finds nonlinear complex eigenvalues within a
given contour I'. The main idea is to use the fact that

n(T)
1
57 | ST dz = Z FOwvnwr,,

! We avoid using [ f(4)g(¢) de instead of (-,-) in (B49) due to the positive definiteness.
0
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where A; is the nonlinear eigenvalue, v, and w; are corresponding right and left eigen-

vectors.

Applying the last equation for f(z) =1 and f(z) = z, we get
Ag = wawh =VW*,

A=) Awawy = VAW™,

From the last two equations, we can find eigenvalues A. We give the main steps in

Algorithm 2] and subsequently discuss the choice of contour.

Algorithm 2 Contour integral algorithm for nonlinear eigenvalue problem

10:

=1

Compute Ay = 5= [ T(2)"'V dz and A; = 5L [1. 2T(2)"'V dz numerically.
Compute SVD AO VZWH

Perform a rank test for ¥, i.e., find 0 < k <[ such that

012>09 2> ... t0lgn > 01 = ...~ o = 0.

if k=1[0then! =1+ 1 and go to line 1;

elselet Vo =V (1: N,1:k),Wo=W(1:1,1:k) and Xy = diag(oy,..., o).

end if

Compute B = VI AWy,

Solve the eigenvalue problem for B: BS = SA, where S = (v|va] . .. |vg).

For all j with ||T'();)v;|| < tol,.s and A; € int(I") accept A; as nonlinear eigenvalue
and v; = Vjs; as eigenvector.

A few further specifications and comments:

1. In line 2, we choose V = ([,|O)T with I; the [ x [ identity matrix and O an [ x (N —1)
matrix of zeros.

2. The integrands in line 3 are found by solution of linear systems 7'(z)x = V for x.

3. For the linear systems, SVDs and linear eigenvalue problems we use the Matlab

default functions.

4. We choose as contours circles with the center p and radius R. Then, for ¢(t) =

i+ Rexp (2”” ) Ag and A; can be approximated by quadrature with L nodes,

211y
_ —1
AO,L—ZET VX(L)>

R? il 47ig
A = MAOL‘i‘f T(p(t;) 1V€XP< LJ)-

7=0

5. As p can be large, for computational stability it is better to shift the coordinates

to 2 =2z —p.
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3.6.7 Numerical tests

In this section, we discuss the application of the methods in Sections B.6.2] and [3.6.6] for
solving (B.54]) and give numerical tests.

3.6.7.1 Matrix assembly

To compute the elements of T', we have to evaluate the integral in (8.49). We notice that

, 2Z(¢")
fmn(901> = sin (kmgol> sin (knwl)e(kMJrkn)Z(@ )2F1 ()\’ L= A1+ ky, 167) .

—+ e2Z(<P')
e2Z(#")
X2F1 <)\71—)\,1+kn,m)
is analytic on {|z| < 1} and f;,.(0) = £}, (@), where @ = arccos(—py,). Then, according
to ), the trapezoidal quadrature rule with K nodes converges

with order O(K %) with small constant.
An advantage of using the standard trapezoidal rule compared to other, adaptive
quadrature rules is that on a fixed grid we can precompute the functions

fulg) =si NeknZ(¢) _ o242
w (") = sin (kp,¢')e o ()\,1 N1+ Ky, 1+e2Z(w’)) )
Therefore, we use only N instead of N? computations of hypergeometric functions, which
is an expensive operation.

The elements of T'(\) grow fast in n and m due to the term exp ((k, + k) Z(p)),
and for large N can become highly inaccurate. We will use the following straightforward
result to improve the condition of 7T'.

Proposition 3.1. Consider non-singular square matrices V. and W. Define T(\) =
VT(MW. Then, X is a nonlinear eigenvalue of T'(\) if and only if it is a nonlinear
eigenvalue of T(N).

Define the matrices as V =W = D with
D = diag(e @M, e k2 emkN),

Then, the elements of T'(\) = DT(\)D are

~ i ) N N (b +En ) (Z (o) — ) )
TN)n = [ sin (k") sin (k¢ )e o F1 | A1 = A 1+ ki, 14 2207
0

ezZ(SO/)

X 2F1 ()\, 1-— )\, 1+ kn, m) dQOI (358)

Transformation (B3.58) helps to decrease the elements proportionally to the growth
rate, where « is chosen in the tests as maximum or average value of Z(y).

The standard Matlab hypergeometric function is very slow. Therefore, we imple-
mented our own function in C and inserted it into Matlab as mex function.
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3.6.7.2 Computation of eigenvalues
Now we consider the application of the numerical methods from Section [3.6.6] to the
truncated problem (3.54)).

Chebyshev approximation of smallest eigenvalue of 7'(\) (Section[3.6.6.1]). For
this method the application is straightforward, using Cholesky factorisation and chebfun

(Driscoll et al. (lZQl_Z}I)) to find the local minima.

Chebyshev polynomial interpolation (Section 3.6.6.2]). Here, we consider com-

plex eigenvalues and Chebyshev interpolation of 7'(\) is implemented using chebfun

)). The resulting generalised linear eigenvalue problem is solved
by the default method in Matlab.

Contour integral method (Section [3.6.6.3]). To find all (complex) eigenvalues, we
have to pick suitable centres and radii to apply Algorithm Based on the empirical
observation that the distribution of the eigenvalues is roughly uniform (see Table B
below), we can choose a fixed radius and increase the centre by slightly under twice that
amount to find the next eigenvalue. We discard any eigenvalues found previously due to
the overlap of contours. This is summarised in Algorithm [3

Algorithm 3 Contour integral algorithm for nonlinear eigenvalue problem

1: Choose i = pg and R as discussed above.

2: while p < fiy4, do

3: Use Algorithm @l with I' = C'(u, R), a circle with centre p and radius R.
4. nw=pu+ 2R

5: end while

In TablesB.Iland 3.2 we compare the approximate nonlinear eigenvalues and the com-
putational time for different methods (from Section B.6.6]) in the semi-analytical approach

with those from the finite element method in [Li ). Consider pa-
rameters p,, = 0.8, py. = 0.2, p,. = 0.5. For the semi-analytical method we take N = 20
for the approximation of the infinite sum in ([B.50), K = 1000 and L = 500 quadrature
nodes.
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EV | Finite elements Chebyshev approximation Contour integrals /
of smallest eigenvalue of T'(\) | Chebyshev interpolation

A2 5.232 5.228 5.229 (0.028)

A3 11.805 11.787 11.787 (0.076)

A2 16.313 16.285 16.284 (0.068)

A2 21.204 21.149 21.147 (0.151)

A2 26.184 26.112 26.109 (0.188)

A2 33.392 33.230 33.261 (0.215)

A2, 72.911 72.841 72.708 (0.731)

A3, 138.087 139.421 139.391 (1.331)

Table 3.1: Eigenvalues for parameters p,, = 0.8, pz. = 0.2, p,. = 0.5. In the last column,
the imaginary part is in brackets. As the contour integral method and Chebyshev poly-
nomial interpolation gave identical results up to 5 digits, we unite them in one column.

Chebyshev approximation
of smallest eigenvalue of T'(\)
561.17 s

Chebyshev interpolation of T'(A) | Contour integrals

60.27 s 220.79 s

Table 3.2: Computation time of first 30 eigenvalues.

We also compare the numerically computed nonlinear eigenvalues to the analytic
expressions in the case p,y = ps. = py. = 0 (see Appendix B.6.4.T]), in Table B.3 We
can see that the semi-analytical method is vastly superior to the finite element method.
The semi-analytical method has the advantage in this case that there exists a finite basis
and the truncation for the nonlinear eigenvalue problem after sufficiently many, say N
terms does not change the solution (see Section B.6.4.1]). Here, N is chosen large enough
so that the remaining errors come predominantly from the approximate solution of the
linear eigenvalue problem in the case of the Chebyshev method and the singular value
decomposition in the contour integral method.

EV | Value | Finite elements | Chebyshev approx. | Chebyshev | Contour integrals
of sm. eig of T'(\) | interpolation
A2 | 120 0.018 4.1 x 1071 3.6 x 10712 1.3 x 10712
A2 | 30.0 0.097 9.5 x 10714 1.1 x 1071 3.4 x 10712
A2 | 30.0 0.105 9.5 x 10714 1.1 x 1071 3.4 x 10712
A% | 56.0 0.309 7.7 x 10712 6.0 x 1071 6.1 x 107!
A2 | 56.0 0.353 7.7 x 10712 6.0 x 101 6.1 x 10711
AZ | 90.0 0.767 1.0 x 10710 5.4 x 10710 7.8 x 10710
A2 | 132.0 2.311 2.3 x 107 1.8 x 1079 4.5 % 1078
A2, | 306.0 8.896 1.3 x 1072 4.1 %1078 1.0 x 1076

Table 3.3: Error of eigenvalues for p,, = 0.0,p,. = 0.0,p,. = 0.0. We present the
difference between eigenvalues computed by different methods and the analytical solution.

44



From the numerical experiments we can conclude that the method based on the small-
est linear eigenvalue is slow. The methods based on contour integrals and Chebyshev
interpolation show the best results. From a computational point of view, Chebyshev
interpolation is faster than the contour integral method, because for the latter we have
to run the computations several times on different circles, as well as compute numerical
integrals along contours.

The complexity of the Chebyshev interpolation method consists of two steps. The
first step is the interpolation of T'(A\) in A using Chebyshev polynomials as in (B.56])
to obtain a polynomial eigenvalue problem. This can be performed in O(N?m), where
N is the number of terms in the eigenvalue expansion and m is the dimension of the
Chebyshev basis. The second step is to solve the polynomial eigenvalue problem, for
which the complexity equals that of the linear eigenvalue decomposition of a matrix of
size Nm x Nm. Thus, the complexity of the second step is proportional to that of matrix
multiplication, i.e., O(N3m3) in practice

We give an empirical analysis of the CPU timeﬁ in Table B4l Since the first step
has a higher constant factor, it dominates for small m, while for large m the second step
dominates.

Once we have computed the eigenvalues and the corresponding eigenvectors, we can
compute V(yp, () using expression ([3.47). An example of eigenvectors is given in Figure
B3 shown in the (¢, §)-plane.

3.6.7.3 Convergence of expansion and computational speed

We now focus on the most efficient method, the Chebyshev interpolation method from
Section B.6.6.21 To explore the convergence numerically, we compare our results for the
Green’s function with the analytical solution available for the special correlation case

Pzy = — COS (%),pm = —cos (%),pyz = 0 using a method of images
bord)).

It is worth pointing out that we should not expect uniform convergence in (t', 2’, v/, 2’),
especially as ' | t, because the initial condition is a Dirac delta. In applications, the
quantity of interest is usually an integral in the space variables of the Green’s function
for t' > 0. It is well-known that for ¢ > 0 the Green’s function is smoothed. In our
experiments, we consider the spatial Ly norm (for fixed ¢') for comparison.

2Theoretically, algorithms with O(N“m®) for 2 < w < 2.37 are available (see [Demmel et all (2007)),
but the constant is found to be too large to be competitive for the matrix size relevant here.
3We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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Figure 3.3: An example of eigenvectors and corresponding eigenvalues for the domain
obtained for p,, = 0.8, p,, = 0.2, p,, = 0.5.
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Our truncated Green’s function approximation has the form

~ 0 0
X Z c sin (k') tan™ (5) o Iy ()\l, 1— X\, 1+ k,,sin? 5) X
n=1

N ) )
X ( ¢;, sin (ky ) tan*" (5) oI ()\1, 1— X\, 1+ k,,sin? 5)) .

n=1

We have several numerical parameters:

(i) M, the number of terms in the superposition solution of (B:34)), i.e., the number of
nonlinear eigenvalues and eigenvectors in (3.50) we approximate;

(ii) N, the dimension of the nonlinear eigenvalue problem (B.54]) approximating the
infinite-dimensional problem (B.50);

(iii) m, the dimension of the Chebyshev basis in (3.56]) to approximate the nonlinear
eigenvalue problem by a polynomial one;

(iv) K, the number of quadrature points to approximate the integral in (3.49); see also
Section B.6.7.11

We expect convergence of the approximation as those four parameters go to infinity.
This involves in particular that ¢}, combined with the terms they are multiplied by,
go to zero sufficiently fast as n,l — 0. Moreover, one needs that for fixed n,! the ¢}
and A\;, which implicitly depend on N through the truncation of the infinite-dimensional
eigenvalue problem and on m and K by the approximations made to the finite-dimensional
eigenvalue problems, converge as N, m, K — co.

In absence of theoretical error estimates, we test this empirically. In our experiments,
we choose K = 1000 nodes for the trapezoidal rule for (3.49); very good tolerance is
already achieved with much fewer nodes, however, even for K = 1000 the computational
time for these integrals is not very significant (about 10-15% of the total eigenvalue
computation procedure).

We now provide three experiments: in each, we fix two of the remaining parameters
(M, N, m) to be large enough and vary the third parameter to compare the Green’s
function with the analytical solution. For N = 30, M = 50, m = 100, in our experiments,
further increase of either parameter does not affect the Green’s function’s value beyond
the accuracy required here.

The results and computational times are given in Table B.4] below. Recall that the
infinite-dimensional nonlinear eigenvalue problem (B.50) is ultimately approximated by
the (mN)-dimensional generalized linear eigenvalue problem for (3:57). To investigate the
convergence in the number of terms in the expansion, M, we choose the M smallest out of
the resulting mN eigenvalues and corresponding eigenvectors. As the main computational
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cost comes from the solution of the eigenvalue problem, which is here identical for all M,
we do not report computational times for different M.

In comparison, using the finite element method from mm&m (|2D_1_4|) with
a 1500 point mesh, we get the precision 3.1 x 10~° with CPU time 6215H This accuracy
is comparable with that of the semi-analytical solution for m around 15 and N around 7,
which is computable within a fraction of a second. Note that the approach of Lipton and
Savescu (|2Q14|) requires the solution of a 1500-dimensional (determined by the number
of finite elements) generalized linear eigenvalue problem. In our tests, however, the cost
was dominated by the construction of the locally refined finite element mesh.

m 10 20 20 80 100
Error 2.52x 1074 | 773 x107° [ 6.21 x 1077 | 1.76 x 107" | 8.60 x 1078
CPU time (s) 79.9 94.8 256.5 604.1 1070.1
N 5 10 20 25 30
Error 7.92 x 1075 | 3.46 x 107° | 2.68 x 107 | 8.60 x 107% | 8.60 x 1078
CPU time (s) 9.9 56.6 333.1 667.4 1070.1
M 5 10 20 40 20
Error 4.87x107* [ 1.19x 107> [ 9.71 x 107 | 1.02 x 10~7 | 8.60 x 10~®

Table 3.4: Ly norm of the Green’s function’s error for different m (N = 30, M = 50), N
(m =100, M = 50), and M (m = 100, N = 30).

As a further benchmark, we present the results for a second order ADI finite-difference
method (the Hundsdorfer-Verwer scheme; see Hundsdorfer and Verwer (|2D_lﬁl)) in Table
below. We use up to Nx = 100 points in each spatial direction and Ny = 200 points

in time.

The numerical initial condition is chosen as

1

GOxixjxkxlxzxgz Az1AzsAz3)? '
(a 1)%2s 3 9 ) ) 07 OtherWlse_

i J o kE _
Ty = T1, Ty = T, T3 = T3,

in order to approximate the Dirac delta, with the mesh constructed in such a way that

(1,9, x3) coincides with a mesh point. This is a special case of the approximations to
non-smooth initial conditions analysed numerically in [Pooley et al. (IZOQ&) and by means
of Fourier methods in [Reisi i ).

The data in Table show second order convergence in both Ny and Np.

4We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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Nx 25 20 100
Error 444 x107% | 1.04 x 107 | 2.65 x 107°
CPU time (s) 30.8 274.3 2239.1
Nr 50 100 200
Error 3.41 x 10741 9.23 x 107° | 2.65 x 107°
CPU time (s) 723.2 1156.6 2239.1

Table 3.5: Ly, norm of the Green’s function’s error for the ADI method with different Ny
(NT = 200) and NT (NX = 100)

This test demonstrates the superior accuracy of the semi-analytical solution for rela-
tively few terms in comparison to the ones obtained for the ADI scheme on the highest
computationally feasible levels.

It is worth pointing out though that the semi-analytical expression gives the density
in a single point, while the finite difference solution is simultaneously obtained on a whole
mesh. This is useful, for example, to compute survival probabilities, where one needs to
integrate the density.

3.7 Extended Default Model with one bank
For N =1, (Z58)—[.60) become

88—‘; + LYV = x(t, 2,9, 2), (3.59)
V00 = bolt), Vitr) — 6lt) (3.60)
V(T,z) = ¢(x), (3.61)

with suitably defined terminal conditions ¢, boundary conditions ¢ and right-hand sides
X, and where the Kolmogorov backward operator is

L0f = ~fuu+E

3.7.1 Survival probability

Using Green’s formula ([B.3]) and taking into account the drift, the survival probability
(A.11)) is given by
+oo
Qt,x) = / G(T —t, 2/, x)da’. (3.62)
“w

Hence, applying (3.14]), we get

Qt,z) = N (—“: - x;f(f - t)) —e XN (—“: - x;fip - t)) . (3.63)

where N (z) is normal CDF.
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3.7.2 Credit Default Swap

Using Green’s formula (33]) and taking into account the drift for (AI3]), we get

e o T .
C(t,z) = (1- R)/ G(T —t, 2/, z)da’ + ! R/ 9G(T' — 7,0, ) dr
0 2 t 837,

T +o00
—c/ / G(T — 7,2, x)drda’.
t Jo

The integrals in the last equation can be computed analytically and expressed via the
normal CDF.

(3.64)

3.7.3 Numerical examples

Consider 0 = 1, R = 0.4,L = 70,7 = 1. In Figure B4 we present survival probability
and CDS spreads computed using the methods described above.

Figure 3.4: The model with one bank: (a) Survival probability (b) CDS spread.

3.8 Extended Default Model with three banks

For N = 3, (Z358)-(2.60) become
ov

o + LOV = x(t, z,y, 2), (3.65)
V(t,0,y,2) = doa(t:y,2), V(t2,y,2) — ¢ooult y, 2), (3.66)
V(t,z,0,2) = ¢oy(t,z,2), V(t,x,y,2) y_>—+>oo Gooy(t, z,2), (3.67)
V(t,z,y,0) = do.(t2,y), V({E2,y,2) — dooslt,z,y), (3.68)

V(T,z,y,2) =vY(x,y, 2), (3.69)

with suitably defined terminal conditions ¢, boundary conditions ¢ and right-hand sides
X, and where the Kolmogorov backward operator is

1 1 1
‘C(3)f - éfmc + §fyy + éfzz + p12fa:y + p13fa:z + p23fyz + glfar + §2fy + £3fz
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3.8.1 Joint survival probability

The corresponding Kolmogorov backward equation for the joint survival probability is

0Q | 3 _
e+ LIQ =0,

Q<t7 07 y7 z) - 07 Q(t7 x’ 07 z) = 07 Q(t7 x’ y7 Z) - 07
Q<T7 z,y, Z) = ]1($7y,Z)Enyz7

where Dy, = {x > p,,y > py, 2 > .} is the subset of Ri where all banks survive.

Due to various regulation requirements, assets of large banks cannot drop below their
liabilities, which means that their recovery rates R should be close to 1. This implies
that the domain D,,. becomes the positive octant Ri.

The analytical solution for the survival probability in the positive quadrant (i.e., two

dimensions) with non-zero drift was recently found by [Itki i ). Here, we
extend this result to three dimensions using the expression for the Green’s function from
Section and an expansion in Gegenbauer polynomials.

In this section alone, we use (z,y, z) instead of (2/,v’,7"), and (x¢, yo, 2) instead of
(x,y, z), to shorten the notation in the integrals, and similarly for (r, ¢, #). The solution
() can then be written as

Q(Ta x07y0720) = /// G<7-7 xlay/u zl7x07y0720) dx'dy/dz/.
RS

Using (B33),

400 @ O(p)

Q(T,To,cpo,ﬁo):///exp(fa(rsinﬁsincp—rosineosincpo)Jr
00 0

€5(rsin @ cos ¢ — 1o sin by cos @g) + &, (1 cos — rgcosby)) G(1,7, 0, ©)r? sin 6 dddpdr =

e:“@

@ O(p)
o +00
> W0, bo) / / (g, 0)sin 6 / e r2e @A, (Br) drdfdy, (3.70)
=1 5 0 0

T/To “=

where \; = \/Alz+i, o= %,5: 2 y(p, V) = Easin O sin o + {gsin b cos p + &, cos § and

K = =& sin Oy sin g — g7 sin Oy cos g — E47g cos Oy — ozrg.
Next, we use the idea of exponent representation via ultra-spherical polynomials from

Ttkin and Liptonl (2017),
s

9 =10) (5) 0+ L)),

k=0

where C}(z) are Gegenbauer polynomials and the parameter v can be chosen arbitrarily.
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Substituting this representation with S = SR,z = —v(, 0)/ into [B.10), we get

Qo ) = 27210 (5) 2Dt )

=1 p=

400
< [ [ wite.0ysindcy(—1(o0)/3) 0o [ e AL (B0) s () dr (3.7
A 0
For simplicity we choose v = 1 and then use the identity (Iﬁmdétfgnﬁ_aﬂ (|2D_Qj)) for the

second integral

L' = / e L (Br) L pu(Br)dr = 27RO/ gkt
’ (3.72)

LI(3/2+ p+N)/2] { Arbpt?  Atptd N+pi+5/2 N
: 313 2

2
1“(,u+1)1“()\1+1) ,u+2 )\1+1 M+>\l+2 al’

where 3F5(aq, by, c1; ag, ba, co; 2) is a generalized hypergeometric function.
Moreover, with v = 1 the Gegenbauer polynomials become the Chebyshev polynomials
of the second kind, which admit the representation (Im&mmmiﬁgguﬂ 1964))

(/2]

Ui(x) = ) _(=1)*Ci (22)' 2,

k=0

where [x] is the floor function. Thus, the integral in ([B.71) over Q can be represented as

(/2]

]{“—22“ k(—1)rkor- k// (¢, 0) sin O(&,, sin 0 sin p-+&4 sin 0 cos p+&, cos O)**dhdep.
k=0
(3.73)
As a result, we get the expression for the integral
Q(7,70, 0, 60) = Z “(p 4+ 1)Wi(po, 00) - " - Iy, (3.74)

BT\/_

where the expression for 11" is given in ([BZ3) and the expression for I} in (B72).
From a computational point of view, this semi-analytical representation has an advan-
tage in comparison to a direct integration of the Green’s function. Consider parameters M
and fiyqz, the limits in the summation (3.74), and N the number of terms in the eigenvalue
expansion of U;. The integrals over €2 can be computed numerically. Since ©(#) is smooth,
we can transform the domain to a rectangle by a smooth change of variables and use a
high order integration method such as Gaussian quadrature. We denote by N the num-
ber of two-dimensional integration nodes. First, we precompute ¥; for all [ on the grid;
it can be done with O(M N Ng) operations. Then, we precompute the integrals in (373),
the complexity of which is is O(ptmee M Ng). Then, we precompute I , with complex-
ity O(p2,,,M). Finally, we compute (B3.74)), using our precomputations, with O(pmeeM )
operations. As a result, overall complexity is O(MN N + fiymae M No + Mp?,,..). In com-
parison, the direct integration of the Green’s function with pre-computations of ¥; for all
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[ gives O(MN Ng + M N, Ng) operations, where N, is the number of quadrature nodes
for the variable r, and which requires a truncation at some r,,,, in order to deal with the
improper integral over r. Note that (3.53)) is for the de-drifted Green’s function, so that
after multiplication by the factor in (87)) each term in the sum is a non-trivial function
of (r',¢',0') and no separation structure can be exploited. Usually, the values of 4,
and N can be chosen relatively small in comparison to NN, for comparable accuracy.

In our computations we use the parameters in Table B.0] and liabilities as in Table

B.1

01| 02| 03| Pay | Paz | Py= | B1 | Ra | R3
1111108 102]05[04]045]041]1

Table 3.6: Assumed model parameters.

Ly | Ly | Ly | Liz | Lnz | Loy | Log | La1 | Lao
60 | 70| 65| 10 | 15 | 10 | 10 | 5 10

Table 3.7: Assumed external and mutual liabilities.

In Figure we show the computed joint survival probabilities as a projection onto
the y-z plane for different values of x.

3.8.2 Computation of Credit and Debt Value Adjustments

In this section, we compute valuation adjustments for credit default swaps (CDS). We
assoclate x

Rewriting ([A.43)) in (z,y, z) variables, our PDE for CVA becomes

CVA
8V8t + LVEVA =0,

VYA 0,y,2) = (1 — Rps)VOPS (¢, 2) 1,
VAL 2,0,2) =0, VYAt x,y,0) =0,
VCVA(T,x,y, z) =0.

Then, by an application of Green’s formula as in [Lipton and Savescu 12“14),

T oo
VCVA(O T’ (p’ 1 _2RPS / / VCDS t T 0 9/)+G (t7 ,r,7 07 6,7 /r.7 (107 9)
0 0

sin 6’
where VP9 can be found analytically (Ili_kmj.nd_LJ.}L’mnl (|2Qlj))

Similarly, the PDE for DVA in (z,y, z) variables becomes

d6'dr’dt,

o\%

(3.75)
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DV A
Wa — LV =0,

VOVA( 0y, 2) = (1 — Rps)VEPI(t, 2)_,
VPVA(t 2,0,2) =0, VPVt 2,y 0)=0,
VPOVA(T, 2,y,2) = 0.

Thus,

T oo
—1 CDS (¢, 0" 0,0)_Gu(t,r w0 0
VDVA(O,T,()O,H):RPB /// V (,T’,O, ) GQO(7T7W7 7T7S07 )dQ’dr’dt
0O 0 O

sin 0’
(3.76)
A distinct advantage of our semi-analytical method is that we can compute the deriva-

tive G, in (B.73) and (B.76) analytically as

- r’2+r2

- r'r
Gy (r,7,0,0 ,r,0,0)=r(r"0,0,r 0,0 I <—)><
o 0.0 =00.0.n 003 0 (7

= o' o'
X < E clnkn tan®n (5) o F ()\l, 1— X\, 1+ Ek,,sin 5)) X
n=1
X EOO c sin (k) tan® 4 Fi{x,1=X\1+k sinQQ
a n n 9 2141 s 1y ny 9 .

Therefore, all terms in (B.75) and (B.76) can be computed analytically, and CVA can be
computed by integration. As the functions are smooth, this can be done with a higher

order integration method, such as Gaussian quadrature.

In our computations we use the parameters from Tables and B7 In Figure B.0l
we then show the computed CVA as a projection on the z-x plane for different values of
Y.

The CVA decreases with the distance = (or zpg) from the default boundary of the
protection seller: the less likely the protection seller is to default, the lower the CVA. In
terms of the distance to default z (or xry) of the reference name, the CVA is highest for
intermediate values: if the RN is close to default, it is unlikely that the PS defaults before
their CDS liability and the CVA is small; if the RN is far from default, it is unlikely that
the protection is payable and again the CVA is small. The CVA mostly increases with
the value of the protection buyer y (or zpg) as their default, which is more likely for small
1y, voids the protection payment.

For all three firms, the marginal default probability decreases with the (rescaled,
logarithmic) firm value. It increases with the firm’s volatility. The dependence of the
CVA on the marginal default probabilities and volatilities is therefore implicitly given by
the plots in Figure and we do not show them explicitly for brevity.

The impact of CVA and DVA on CDS prices in this model and its sensitivity to
input parameters, specifically and importantly the correlations between the firms, is

o4



discussed in more detail in Section 7 of [Lipton and Savescu (2014) (using the finite
element approach). The complexity of the integration remains the same in the finite-
element method, but, using our semi-analytical method, we compute derivatives in (3.75])

and (B.706]) analytically.
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Joint survival probability q(x, y, z), x =1.0612

Joint survival probability q(x, y, z), x =0.32653
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Joint survival probability q(x, y, z), x =4

Joint survival probability q(x, y, z), x =3.2653
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Figure 3.5: Joint survival probability for 3 banks as a projection on the y-z plane for

different values of .
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Bilateral CVA with Xpg = 0.1020 Bilateral CVA with Xpg = 1.0204
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(c) (d)
Figure 3.6: CVA as a projection on the z-z plane for different values of y. We plot on a
truncated domain to better show the impact of the protection buyer on CVA. In (a) there
is a small hump due numerical error (assets for PB are small, while for PS are large).
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Chapter 4

Finite-difference splitting methods for
the jump model

In this chapter, we focus on the numerical computation of survival probabilities and prices
of credit products in the extended model with jumps, where closed-form expressions are
no longer available. Due to the curse of dimensionality, PDE methods are not efficient
for a growth of the dimension, therefore they are usually used for N < 3.

Our work is most similar to hﬁkln_and_LJJmml (lZQlle), who develop a finite difference
method for the partial integro-differential equation (PIDE) where the integral term results
from a fairly general correlated Lévy process in the jump component. By Strang splitting
into the diffusion and jump operators, overall second order consistency in the timestep is
obtained. Hereby, the multi-dimensional diffusion operator is itself split dimensionwise
using the Hundsdorfer-Verwer (HV) scheme, and the jump operator is treated as a pseudo-
differential operator, which allows efficient evaluation of the discretised operator by an
iterative procedure. Stability of each of the steps is guaranteed under standard conditions.

Our approach is more straightforward in that we apply a modification of the HV
scheme directly, where we treat the jump term in the same way as the cross-derivative
term in the classical HV scheme. For the analysis we consider infinite meshes, i.e. ignoring
the boundaries, such that the discrete operators are also infinite-dimensional. In our

analysis we build heavily on the results in In’t Hout and Welfert dZDLLZl) on stability of

the PDE with cross-derivatives (but no integral term) and periodic boundary conditions

on a finite mesh.

We show that the (unconditional) von Neumann stability of the scheme is not mate-
rially affected by the jump operator, as its contribution to the symbol of the scheme is of
a lower order in the mesh size. For concreteness, we restrict ourselves to the model with
negative exponential jumps described in m (M) This allows a simple recursive
computation of the discrete jump operator and gives an explicit form of its eigenvalues.
However, the analysis can in principle be extended to other jump size distributions. Re-

cent papers by lin’ i (|2Q1§) and Boen and Hout (lZQlQ) improve our
splitting scheme ADI scheme and stability analyses for a general jump process,

A survey of splitting methods in finance is found in [Toi ). These
are roughly arranged in two groups: splitting by dimension (for multi-dimensional PDEs;

such as in [In’ (|2D_0j)), and splitting by operator type (for PIDEs,
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diffusion and jumps; such as in ‘Andersen and Andreasen (lZDLﬂ)) hikln_and_LLpIQI]I

) perform these two splittings successively as described above. To our knowledge,
the present paper is the first to perform and analyse splitting into dimensions and jumps
simultaneously.

The scheme is constructed to be second order consistent with the continuous integro-
differential operator applied to smooth functions. However, the discontinuities in the
data lead to empirically observed convergence of only first order in both space and time
step. To address this, we apply a spatial smoothing technique discussed in
(EDE) for discontinuous option payoffs in the one-dimensional setting, and a change of

the time variable to square-root time (see |Bﬂﬂngﬁr_and_ﬂlhm.€4| (|2D_1_4|)), equivalent to
a quadratically refined time mesh close to maturity, in order to restore second order
convergence. We emphasise that the presence of discontinuous initial data is essential to
the nature of P(I)DE models of credit risk. Hence this approach improves on previous
works in a key aspect of the numerical solution.

Similar to hikln_and_L].p_t&d (|2Qlj), we restrict the analysis to the two-dimensional
case, but there is no fundamental problem in extending the method to multiple dimen-

sions. However, due to the curse of dimensionality, for more than three-dimensional
problems, standard finite-difference methods are computationally too expensive. The
two-dimensional case already allows us to investigate various important model character-
istics, such as joint and marginal survival probabilities, prices of credit derivatives, Credit
and Debt Value Adjustments, and specifically the impact of mutual obligations.

Moreover, we provide a calibration of the model with negative exponential jumps to
market data, and for this calibrated model assess the impact of mutual obligations on
survival probabilities.

In Section 4.1, we consider the one-dimensional model, we show how to solve the
pricing equation using a finite difference scheme and the Laplace transform method (both

methods are described in |L.Lp_t9_n_amiﬂep_d (|2_0_13)) In Section .2 we consider the model

with two banks, we develop a numerical finite difference method, which is a modification

of an ADI scheme, show its stability and convergence rate as well as how to improve
the convergence rate to deal with discontinuous boundary and initial conditions. For
the model with N > 3, a modification of the same scheme can be applied, therefore
we restrict ourselves to the two-dimensional problem in this chapter. In Section H.3]
we consider some financial applications of the model. We compute joint and marginal
survival probabilities, CDS and FTD spreads, CVA and DVA. Moreover, we show our
calibration results to the market data.

4.1 Numerical methods for a one-dimensional problem

For a one-dimensional problem, (Z58)—(2.60]) can be rewritten as
oV oV 10V

Sttty tATV = AV =x(t ), (4.1)
V(t,0) = o(t), V(t,z) —— duolt), (4.2)
V(T,z) = (), (4.3)

99



where x, ¢g, o, ¥ are given functions as previously.
In order to deal with a forward equation instead of a backward equation, we change
the time variable to 7 =T — ¢. Then, ([LI)-(43) transform to

ov oV 19*V

EASY AT A AT W A A | 4.4

5 = &5y Tagz TN x(7,2), (4.4)

V(T7 0) = ¢0<T>7 V(T7 .T}) :vjoo ¢oo<7->7 (45)

V(0,z) = 9(). (4.6)

In this section, we show how to solve (4I])-(4.3) numerically. Following Lipton and
Sepp ), in Section LTIl we show how to solve it using the Laplace transform, and

using a finite-difference method in Section [L.1.2

4.1.1 Laplace transform method

We will find the solution using the Green’s function as we described in Chapter@l. Writing

.2) for @I)-E3), we get

oG~ I0G 10°G

g—f‘ a—x—éﬁ—)\jG—F)\G:O, (47)
/ . /

G(r,2',0) =0, G(1,2',x) xjoo 0, (4.8)

G(0,2',x) = 0(2' — ). (4.9)

Once the Green’s function is found, V (¢, x) can be easily computed using (33). For the
one-dimensional problem, this simplifies to

T
V(t,x) = : P(2)G(T —t, 2/, z) da’ + % /gbo(t)Gm(t' —t,0,x)dt
0

¢
z o
—// X, Gt —t, o' x)da’dt’.  (4.10)
0
¢

Applying the Laplace transform in 7, G(7, ', z) = G(p, 2, ) for @T) @), we get

: 0G  10°G
N+ — 55 — = 6(' — ). 4.11
pG(p,z,2") + &5 = S5 5 —ATG+AG = 6(a" — 7) (4.11)
The characteristic equation for the last equation has the form

G
-

This equation has three roots 1;,1 < 7 < 3, and the solution has the form

%1/12 — & — (A +p)+ . = 0. (4.12)

0361/13(3371'/)’ €T Z x/7

G(p,z,2') = (4.13)

3
> Dy g <o,
7j=1
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where

2(s — 1)

RER o (4.14)
2(¢ — o)

Do = — 4.15

S P . 1)

Dy = —e”W1m¥aep, _ o=(Wa—va)o (4.16)

Cs =D, + Dy + Ds. (4.17)

The inverse Laplace transform can be found numerically, for example, using the Gaver-

Stehfest algorithm dAlm.If_Qt_alJ (IZDD_d))

Using this method, the Green’s function can be expressed as

n2 <% . /kIn2
/ ~ /
G(r, 2’ x) ~ T;ka (T,x,x) ,

where
min(k,m) .49

_ (_1\m+k J
PSR S
i=1(k+1)/2]
As an example of using the Gaver-Stehfest algorithm in finance, one can refer to

Eimgnm&eppl (|2Q1J.|), where the authors used it for the calibration of a local volatility

surface.

CJ,C3:Ci_.

4.1.2 Finite—difference method

We consider the same grid for integral and differential part of the equation
0=a2<al<...<a™, (4.18)

where x™ is a large positive number.
The grid is non-uniform, and is chosen such that relatively many points lie near the

default boundaries for better precision. We use a method similar to [Itki (2011)
to construct the grid.

4.1.2.1 Discretization of the integral part of the PIDE

In this section, we shall show how to deal with the integral part of the PIDE, and develop
an iterative algorithm for the fast computation of the integral operator on the grid.
The first approach is to deal with the integral operators directly. After the approxi-

mation of the integral, we get (ILLM&n_anfL&Qppl (|2Q13))

TV (z+h) =e"TV(x) +wls, )V (x) +w(s, h)V(z) + O(h?), (4.19)
where et R
W0(§, h) _ B ( ‘;hg )e ’ w1(§, h) _ -1+ ggh‘|‘ e .
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Then, we can write recurrence formulas for computing the integral operator on the grid.
Denote J* the corresponding approximations of JV () on the grid. Applying ({I9), we
get

JiHl = eshin gi wo (S, his1)V (x') + wi(s, hiyr)V ('), (4.20)

where h; = 2t — 2t

For an alternative method, we rewrite the integral operator as a differential equation
0

9 (TV (z)e”) =V (x)e. (4.21)
x

Then, we apply the Adams-Moulton method of second order which gives us third order

of accuracy locally (IB_UMZh_QII (|2D_O_é))

' 1 . 1 ;
JHl — efghiHJz 4 5hiﬂefghiﬂgv<xl) + 5}7JZ.+1g‘/'(szr1)’ (4.22)

where h; = 21 — 2%, and is equivalent to the trapezoidal rule.

We can rewrite ([22]) in the same notation as (£20) by defining

1 1
wols, h) = She™™"s, wn(s, h) = Shs.
So,
Ji+1 = eighiﬂji + wo(g, hl+1>v<l’l> + W1<§, hi+1)v<l’i+1>. (423)

As a result we get explicit recursive formulas for approximations of JV that can be
computed for all grid points via O(m) operations. Both methods give the same order of
accuracy.

4.1.2.2 Discretization of the differential part of the PIDE

Now consider the approximation of derivatives in the differential operator on a non-
uniform grid. We use the standard derivative approximation 1Klu9:g 2002), In’t Hout and
Foulon (IZD_l_d)) For the first derivative over each variable consider right-sided, central,
and left-sided schemes. So, for the derivative over x we have:

ov

%(Jj) =~ Oéi,,gv<.§l]i72) + Oéi,,l‘/(ﬂfiil) + ()éi,()V(l’i), (424)
ov 4 . .

%(ﬂf) ~ @',flv(ﬂfzfl) + BioV (2') + 52‘,1‘/(1’”1)7 (4.25)
ov . . .

%@) ~ Y0V (2) + 7V (@) + 72V (272), (4.26)

with coefficients

Az’ —Az — Azt Az 4+ 2Ax"

%i-2 = Axi=1(Azi—1 + Axt)’ %=1 Axi-1Axt @0 = Art(Az—1 + Ax?)’
_Al,z‘Jrl A:EHI _ Al‘i A:Ei
/Bi,fl = . . i1\ 6@’,0 - TN G A il Bi,l - i1 . i1 1)’
Azt (Axt + Axitt) Azt Azit AzrH(Ax? + Axitl)
—QAI‘HI _ AIEH2 B A:EHl + AIEH2 —A:EHl

Vi = Az (Azitl + Agit?)’ Vil T TACIFIA g2 0 2T Az 2 (Azitl + Agit?)
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For the boundaries at 0 we use the schemes (L.24]), for the right boundaries at =™, we
use the schemes ([.20]), and for other points we use the central schemes ([ZL25]).
To approximate the second derivative we use the central scheme:

o’V . . A
w(l‘l) ~ 5i7_1V(l‘1_1) -+ 52‘70V(I‘Z) + 5i71V(ZL‘Z+1), (427)
with coefficients
81 = 2 Sio= ——2 gy = 2
LT A (A + Axitt) T T AgiAgt TP T Agit (At + Azitl)’

As a result, we can approximate the differential operator DV by a discrete operator
DV.

4.1.2.3 Time discretization

Consider a uniform time mesh with time step At : t, = nAt for n = 0,...,N. For
simplicity, we use an Euler type method in this section, which guarantees only first order
of convergence in time. But, in principle, the scheme can be improved to second order
using predictor-corrector methods. The idea is to treat the integral part of the equation
explicitly, and the diffusion part of the equation implicitly by inverting the tridiagonal
matrix. Denote Vo = V (o, ) and x; = x(;, ). Then,

V= (I —AtD)"'U. (4.29)

The overall complexity of the method is O(Nm) operations, since the computation of the
integral operator and inversion of the tridiagonal matrix can be done in O(m) operations.
The method guarantees second order of convergence in space and first order of convergence
in time variables. The latter can be further improved by applying more advanced methods
for time-stepping.

4.2 Numerical method for a multidimensional problem

We shall solve the PIDE (2.58])-(2.60]) numerically with an ADI method. This scheme is a

modification of Elpi&llﬁ.ﬂd_&p_d dZQlj).We improve it to accommodate the integral part

(jumps) in Hundsdorfer—Verwer (HV) scheme, which gives us second order of convergence

in both time and step variable. We also show that the scheme is unconditionally stable.
In order to deal with a forward equation instead of a backward equation, we change
the time variable to 7 =T — ¢

1%
8— — LV(T, l‘l, xQ) - X(Ta xl) xQ))
.
V(r,21,0) = gou(r, 21), V(7,0,22) = do2(T, 22), (4.30)

V (T, 21, x3) mjoo%o,l(ﬂ%), V(T x9,29) — ¢oo,2(7—7x2)7

r1—>+00
V(Oa I, x2) = @/}(1‘1, x2)7
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We consider the same grid for integral and differential part of the equation

O=a) <2 <...<a™
1 1 1 > (4 31)
0=a) <xy < ... <ah? '
=Ty 2 < .- 2 s
where z|"* and xy"? are large positive numbers.

The grid is non-uniform, and is chosen such that relatively many points lie near the
default boundaries for better precision. We use a method similar to Itkin and Cart (I2ﬂ11|)
to construct the grid.

In the next two sections, we consider a multiple-dimensional extension of the methods
from the previous section.

4.2.1 Discretization of the integral part of the PIDE

In this section, we shall show how to deal with the integral part of the PIDE, and develop

an iterative algorithm for the fast computation of the integral operator on the grid. To

this end, we outline the scheme fromh‘ipimmd_s_ep_d (IZD_lj) and then give a new method.
As previously,

jIV(gjl + h,7 x2) — efglhjl‘/(l’l, .TQ) —+ wO<§1, h)V(.Tl, 1’2) + wl(gl, h)V(SL’l + h .TQ) -+ O(hs),
(4.32)
TV (w1, 29 + h) = e " DLV (21, 2) + wolsa, B)V (21, 22) + wi(se, B)V (21, 22 + h) + O(R?),
(4.33)

where

1—(1+ch)e <" ~1+ch+e <t
h) = :
h ) wl(ga ) ch

We can also approximate J12V = J1 .V by applying above approximations for 7;

wo(s, h) =

and J, consecutively.

Consider the grid
0=a)<a;<...<a™,
0=ay <ab<.. <al? (1.34)
= Ty 2 < .- 2

mi

where ] 52

and z,? are large positive numbers.
Then, we can write recurrence formulas for computing the integral operator on the
grid. Denote Ji”, J37, J}J the corresponding approximations of 7,V (2%, x) , JoV (i, x),

T2V ('}, x)) on the grid. Applying [@32) and [@33) we get

R = e (e hia)V (@ 23) 4 wi(as hi)V (™ o), (4.35)
Jott = e2hi Jo? + wo (<o, h?H)V(a:i, x3) + wi(se, h?H)V(:cl, .T%—H), (4.36)
where bl = ot — 2l b2, = 2] — ).
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For an alternative method, we rewrite the integral operator as a differential equation

0
Er (JWV (21, 22)e") = GV (21, 29)e™ ", (4.37)
€
0
D (J2V (w1, 12)e272) = @V (21, 2)e2"2, (4.38)
)
62
7O (Jr2V (1, 29)e ™1 H22) = GV (1, @p )1 1272, (4.39)
1 2

Then, we apply the Adams-Moulton method of second order which gives us third order

of accuracy locally (|2D_O_é))

JE = et gid 4 2hme gV (af, 2f) + —h%+1<1v<x3“, ), (440)
Tyt = eme i gy h “ehing V(@ h V (), 2} 4.41
2 " +5hje TG (37171’2) + 5% (37171’2 ) (4.41)

where A}, = 2™ — 2t h? = = 2" — 22, and is equivalent to the trapezoidal rule.

We can rewrite (£.40)—(Z.41]) in the same notation as (£.35)—(£36) by defining
1, 1
wo(s, h) = ihe S, wi(s,h)= ihg.
So,

JH = e T wo(qr, bl )V (@, 23) + wi(s, bl )V (@t o),
. T o
J;’]Jrl =e s2hjia J;] + w0<§2, h§+1)V(.T21, SL’%) + wq (§2, h§+1)V(Jf1, .T}%Jrl).

As a result we get explicit recursive formulas for approximations of 7,V and JV
that can be computed for all grid points via O(m;my) operations. Both methods give the
same order of accuracy. As was discussed above, in order to compute the approximation
of J12V we can apply consecutively the approximations of JV and J1(J2V). So, we
have the two-step procedure:

I = e™ M I+ wolsr, b )V (2, 23) + wilsr, bl )V (2 a), (4.42)

and
Tt = em e T 4 wolo, B2 0) 11+ wi(so, W24 i (4.43)

Using this two-step procedure, we can also compute an approximation of J52V on the
grid in complexity O(mjms).

We shall subsequently analyze the stability of the second method and use it in the
numerical tests. The results for the first method would be very similar.

For the implementation, computing and storing a matrix representation of the jump
operator is not necessary, since the operator can be computed iteratively as described
above, but we shall use matrix notation for the analysis. We henceforth denote Ji, Js,
and Jj5 the matrices of the discretized jump operators. From (A35)—-(£30) we can find
that the matrices J; and J, are lower-triangular with diagonal elements w; = wy (s, hy)
and wy = wq(s2, he). Then, Jjo = JiJo is also a lower-triangular matrix with diagonal
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elements wiw,. To illustrate, in Figure [A.1] we plot the sparsity patterns in Ji, Jo, and
J12.

N
I
50 50 50 k ‘ k
0 0 150
200 200
250
300 300
| N
A
AAA
50 200 250 300 30 400 10 200 250 300 30 400 150 200 250 350
nz = 4200 nz = 4200 nz = 44100
(a) Jl. (b) JQ. (C) J12.

Figure 4.1: Sparsity pattern of J;, Jo, and J15. Here, m; = mo = 20 and nz is the number
of non-zero elements of the matrices.

4.2.2 Discretization of the differential part of the PIDE

Now consider the approximation of derivatives in the differential operator on a non-
uniform grid. As before, we use the approximation methods from 1Kluz~za (M) In’t Hout
and Foulon (|2Q1d)) For the first derivative over each variable consider right-sided, cen-
tral, and left-sided schemes. So, for the derivative over x; we have:

ov . . . 4 . o
8—:[:1(:'721’ w3) & g LV (277 w) + o V(T ag) 4 ooV (e, 1), (4.44)
v o o o L

8—331(93’1, wy) &~ B V(@ ag) + BV (et ay) + 8LV (T ), (4.45)
ov , . P ; . . .

8—:1:1<x1’ Ty) A ’Yz‘l,ov<371a r5) + ’Yz‘l,lV(leaﬂ?%) + ’Yz'l,zv(xlﬁaﬂfé)a (4.46)

v, . S - .
8—:1:2(%’ Ty) %2‘,—2‘/(%7 ry )+ a?,—lv(xlv Ty )+ %Q‘,OV(%a 73), (4.47)
ov . . i -1 i i+l
8—332(:61’ wy) m BF V(a0 + BV (@, a3) + 67,V (a5, (4.48)
A N S B N S R NG R N SN Ry St
8—1’2( 1> T3) ~ ’Yj,OV(xla Ty) + 7]‘,1‘/@17 Ty, Ty) + ’Yj,ZV(xlv Ty ), (4.49)
with coefficients
N Aaz}c N —Aazf{l — Az}, o A:c?lf 2Az!
S AN AT 4 Agt) ! AztAzi T 0 At (At 4 Agt)
T Aaj (A + Az U ArgAtt T T An(Aag + Axy)
20 = A po A A — Azt
Tio = Axi Az + Azit?y i1 = Axi Azit? 7 T2 = AxiP2 (Axi + Azit?)
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For the boundaries at 0 we use the schemes ([L44]) and ([£47), for the right boundaries
at " and x5 we use the schemes (£40) and (£49), and for other points we use the

central schemes (£45) and (4.48).

To approximate the second derivative we use the central scheme:

?V , o . .

o7 2 (2}, 23) ~ 51—1V( , %) + 51‘1,0‘/(551737%) + 5i1,1V(371+17 3), (4.50)
A% . o

o 2 (3717 1’2) ~ 52 V(] my 1) + 5]2',0V<5U17 r3) + 5g2‘,1v<1’1737%+1)7 (4.51)

with coeflicients
2 P S 2
Azt (Azi + Azt 0 Azt ALY T Art (A 4 Axtth)

k _
51',71

and to approximate the second mixed derivative we use the scheme:

oV z+k J-H
8.1’18.1’ x17x2 Z /sz le ) (452)

kil=—1

As a result, we can approximate the differential operator DV by a discrete operator

where D,V contains the discretized derivatives over 2 defined in (£.44])-(£.46]) and (£.50),
D,V contains the discretized derivatives over xo defined in (£47)—([49) and ([@5]), and
D15V contains the discretized mixed derivative defined in (L52).

By straightforward but lengthy Taylor expansion of the expression in (A.44)—(Z.52]),
the scheme (L57) has second order truncation error in variables z; and xy for meshes
which are either uniform or smooth transformations of such meshes, as we shall consider
later.

4.2.3 Time discretization: ADI scheme

After discretization over (xy,x2) we can rewrite the PIDE (£30) as a system of ordi-
nary (linear) differential equations. Consider the vector U(t) € R™™2*! whose elements
correspond to V (¢, 2}, x3). Then

U'(t) = AU(t) + b(t),

U(0) = U, (4.54)

where A = Dy + Do+ Dig+ M Jy + Aado+ Ao Jio — (M + A2+ A12)1, and b(t) is determined
from boundary conditions and the right-hand side.

To solve this system, we apply an ADI scheme for the time discretization. Consider,
for simplicity, a uniform time mesh with time step At : t, = nAt,n=20,..., N — 1.
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We decompose the matrix A into three matrices, A = Ay + A; + As, where

1210 = Dy + A J1 4+ Ao do + A2 Jio,
AIIDI_ (}\14—%)[,

A2:D2—<)\2+%)[,

and b(t) = by(t) + bi(t) + bo(t), where by(t) corresponds to the right-hand side and the
FD discretization of the mixed derivatives on the boundary, by (t) and by(t) correspond to
the FD discretization of the derivatives over x; and x5 on the boundary.

Now we can apply a traditional ADI scheme with matrices Ay, A1, and A,. We choose
the Hundsdorfer—Verwer (HV) scheme dHundsdQLfELaﬂdAlem&II (IZ.O.lj)) in order to have
second order accuracy in the time variable, and unconditional stability, as we shall prove
below. For convenience, denote

Fi(t,x) = Ajz +bi(t), j=0,1,2, (4.55)
F(t,z) = (Ag+ Ay + Ax)z + (bo(t) + by (t) + ba(2)), (4.56)

and apply the Hundsdorfer—Verwer (HV) scheme:

( YE) = Unfl + AtF(tnfh Un71>7
Y} = Y}*l + HAt(F}(tn7Y3) - Fj(tn7 Un*1>)7 J= 1,2,

Yo = Yy + o At(F(tn, Ys) — Fta_1,Un1)), (4.57)
Y; =Y + 0AHF(tn,Y; — Fi(t,, Ya)), j=1,2,
\ Un - }72

In this scheme, parts that contain Fy and Fy are treated implicitly. The matrix A4, is
tridiagonal and A, is block-tridiagonal and can be inverted via O(mymsy) operations. As
a result, the overall complexity is O(myms) for a single time step or O(Nmyms) for the
whole procedure.

Moreover, the scheme has second order of consistency in both (z1,z5) and ¢ for any
1

given ¢ and o = 3.

4.2.4 Stability analysis

In this section, we consider the PIDE (430]) with zero boundary conditions at 0 in both
directions and on a uniform grid, such that Fj(t,z) = A;z and

(Yo = Upr + AtAU, -y,
Y = Y1+ 0AH(AY; = AU), G =12,

Yy = Yo + 0 At(AY, — AU, 1), (4.58)
Yj = Yj1 H0AH(AY; - AjYa), j=1,2
\ Un - Y/
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For convenience, we denote by F': U, = FU,_;.

We further consider the PDE on R2, i.e., without default boundaries. Hence, we
assume that diffusion and jump operators are discretized on an infinite, uniform mesh
{(j1h, johs), (j1,j2) € Z*}, such that, e.g. Dy, Do, Dy, Jy, Jo are infinite matrices. This
is different to In’ (IZD_Oj), where finite matrices and periodic boundary

conditions (without integral terms) are considered.

We use von Neumann stability analysis, as first introduced by klh.a.]:n(jm_alj (Il%.d),

by expanding the solution into a Fourier series. Hence, we shall show that the pro-

posed scheme (A58]) is unconditionally stable, i.e. we will show that all eigenvalues of
the operator F' have moduli bounded by 1 plus an O(At) term, where the corresponding
eigenfunctions are given by exp(i¢y7j1) exp(igajs), with ¢y and ¢ the wave numbers and
71 and j» the grid coordinates.

In’t Hout and Welfert dZDLLﬂ) show that when all matrices commute (as in the PDE
case with periodic boundary conditions), the eigenvalues for F' are given by

T 522
T(Go 1, 5) = 142077 ZOJQFZJFO—(Z'Otz) with (4.59)
P P P

where z; = 1;At, where [i; is an eigenvalue of flj, j=0,1,2,2=2 4+ 25,0 > 0.

The analysis is made slightly more complicated in our case through the presence of the
jump operators. In the remainder of this section, we show that stability is still given under
the same conditions on # and ¢ as in the purely diffusive case. For the correspondence
of notation with [n’t Hout and Welfert (|2D_0j), we denote A = Ay + Ay + Ay, where
Ag = D19, Ay = Dy, Ay = Dy and pyg, pt1, and uo are the eigenvalues of the corresponding

matrices. Similar to Zy, Z1, and 2y, we define scaled eigenvalues zg = pgAt, 21 = 1 At, 20 =
/,LQAt
We have the eigenvalues fi; of A; given by

flo = o + AWy + Agws + Ao, (4.60)
- A

fn = 1 — ()\1 + %) : (4.61)
- A12

fro = pa — | A2 + 5 ) (4.62)

where p1; is an eigenvalue of A;, and wy, ws, and wy are eigenvalues of Jy, Jo, and Jio.
Denote z = z; + 29, 81 = w1 At, 89 = wyAt, s19 = wiaAt, where wy, wy, wiy are
eigenvalues of Ji, Js, Ji5 respectively, and sqg = A\is1 + AgSo + A\j2s19.
Multiplying (A.60)—([4.62]) by At, we have

20 = 20 + S0, (463)
~ )\12
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Theorem 4.1 (In’t Hout and Welfert! (2007), Theorem 3.2). Assume R(z1) < 0, R(z2) <

0, |z0] < 2/R(21)R(22), where zy, z1, and zo are the eigenvalues of Ay, Ay, and Ay, and

<og< <1+§)9.

|T(20a 21y ZZ)| S ]-7

(NN

Then,

and the Hundsdorfer—Verwer scheme (A1) is stable in the purely diffusive case.

Lemma 4.1. The scaled eigenvalues of Ay, Aq, Aa, Ji, Jo, Jia can be expressed as

2o = —pb[sin ¢y sin o], (4.66)
z1 = —ai(l —cos¢r) + i§1qisin ¢y, (4.67)
2o = —ag(l — cosgy) + i€aqs sin ¢, (4.68)
si = AtGh (1 exXp(=hiC + id) ) (4.69)

-+ -
2 1 —exp(—hi( +id1)

1 eXp(—hQCQ + ’Lgbg)
= AtGhy | = 4.70
7 - 2<2+1—exp<—h2<2+z¢2> ’ (4.70)
S12 = 8182/At, (471)
where
At At At At At
= — =— =, Q9= —% = —
N=5 75, TR 2T g hihy’
and ¢; € 0,27 for j =1, 2.
Moreover,

|20] < 24/R(21)R(22). (4.72)

Proof. All six eigenvalues follow by insertion of the ansatz U = exp(ig171) exp(idajz).
For instance,

(SLU)(J1,792) = Gl <— (41, 72) +ZGXP (=Cihik)U (51 — k%]é)) )
k=1

and the result follows by using the special form of U and evaluating the geometric series.

Alternatively, the first three equations follow immediately from the eigenvalues for
finite matrices (Iln’_t_Hm.lLa.ndJMdfﬂﬂ (IZM), p.29), which are given by (ZL.60)—(4.GS)
where ¢; = 2ln/m;, | = 1,...,m;. In the infinite mesh case, the spectrum is the
continuous limit and ([A72) still holds. O

Theorem 4.2. C’onszder 2 <o < (1 + */_> 0. Then there exists ¢ > 0, independent of
At <1, hy and hg, such that

1.
|T(207 217 22)| S I+ CAt) \V/le, ¢2 S [07 27T]’ (473)

i.e., the scheme 1s von Neumann stable;
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|Unla < e2|Upls, Vn >0, (4.74)

1/2
for |Upla = hihy (Z;ﬁﬁ:f& |Un(j1,j2)|2> , i.e., the scheme is Iy stable.
Proof. First, we have that

5 5 )2
1T (20, 21, 22)| = ’1+220+Z— ZO+Z+J(ZO+Z) <1

p p? I
where as before p = (1 — 02;)(1 — 0Zy) and Z = Z; + Z5. This follows from Theorem [A.T]
because A1, Ay and Ay are positive and therefore ([L72) is still satisfied with z; and z
replaced by Z; and 2.
We have
L o sg S 250(20 + 2) + 83
T(Z, 21, 22) = T(zo,zl,22)+2—0—p—g+a of 0p2 ) 9,
A simple calculation shows that |sg| < c¢g At for a constant ¢q (independent of At, hy, ho, ¢1,
¢9; indeed, ¢y = 2\ + 2y + 412 works for small enough hy, hy). Therefore, and because
Ip| > 1, |z0 + Z|/|p| < ¢; for a constant ¢y,

so s 2s0(z0 + 2) + S¢
0 (2J +o 0( 0 . ) 0
p p p
for any ¢ > (3 + 20¢1 + co0)co. From this the first statement follows.

< cAt,

We can now deduce part ] by a standard argument. For the discrete-continuous
Fourier transform

12(27) — Lo(—m, )%, U—U, U(¢1, ) = hih Z U(j, k)e~iie1tké2)
7,kEZ
we have

ﬁnJrl((blv ¢2) = T(0, %1, 22) ﬁn(%, P2), Vn > 0.
Then, by Parseval,

2 772
‘Un‘z = 4—7T2\Un|
1 1 T )
= Hh%h% 7W|UN(¢1’¢2)| d¢y dey
1 1 T PN
S e /ﬂ“ + et Do, 60)[2 Ao dy
1 1 LN
< TN S / [Tol61, 6) | Ay de
1'%2 J —m

— chnAt ‘ UO | g )
]

This (I2-)stability result together with second order consistency implies (I-)convergence
of second order for all solutions which are sufficiently smooth that the truncation error
is defined and bounded. In our setting, where the initial condition is discontinuous, this
is not given. Since the step function lies in the (l-)closure of smooth functions, conver-
gence is guaranteed, but usually not of second order. We show this empirically in the
next section and demonstrate how second order convergence can be restored practically.
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4.2.5 Discontinuous boundary and terminal conditions

It is well documented (see, e.g. [Pooley et all (|2D_0j)) that the spatial convergence order

of central finite difference schemes is generally reduced to one for discontinuous payoffs.

Moreover, the time convergence order of the Crank-Nicolson scheme is reduced to one
due to the lack of damping of high-frequency components of the error, and this behaviour
is inherited by the HV scheme. We address these two issues in the following way.

First, we smooth the terminal condition by the method of local averaging from Pooley
et al. (|2£K)j), i.e., instead of using nodal values of ¢ directly, we use the approximation

oo, x}) ~

1 1’%+h2/2 x{+h1/2
/ o(61, &) derdéy.

hiha Joihy2 Joi-my2

For step functions with values of 0 and 1, this procedure attaches to each node the fraction
of the area where the payoff is 1, in a cell of of size h; X hy centred at this point.

We illustrate the convergence improvement on the example of joint survival probabil-
ities. Other quantities show a similar behaviour. The model parameters in the following
tests are the same as in the next section, specifically Table [£1]

We choose 0 = % and 6 = % in the HV scheme.

The observed convergence with and without this smoothing procedure is shown in
Figure We choose the ls-norm for its closeness to the stability analysis — in the
periodic case, Fourier analysis gives convergence results in [ — and the [,,-norm for its
relevance to the problem at hand, where we are interested in the solution pointwise. The
behaviour in the [;-norm is very similar.

Hereby, for a method of order p > 1 we estimate the error by extrapolation as

1
-1 |QnX(x1’x2) - QnX/2(x17x2)|a

|an($1,$2) — Q(z1,72)| = op

where @) is the exact solution, @™X the solution with 7.X mesh points, and the norms
are computed by either taking the maximum over mesh points or numerical quadrature.
Here, nT" = 1000 is fixed.

10 - : 10"

10°F

I, norm

107

10°

-6
10
10*

O with space smoothing

ox?
#*  without space smoothing
- ,Ckxfl

.
10°
nX

(a) l-norm.

10°

|, norm

10°F

107°F

10°

6
10
10"

O with space smoothing

ox?
#*  without space smoothing
- ,Ckxfl

10°
nX

(b) loo-norm.

10°

Figure 4.2: Convergence analysis for [5- and [,-norms of the error depending on the mesh
size with fixed time-step.
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The convergence is clearly of first order without averaging and of second order with

averaging.

Second, we modify the scheme using the idea from mmﬂngmam_ﬂlhﬁkdl (|2Ql_4|) by

changing the time variable £ = v/¢. This change of variables leads to the new PDE

68—‘15{ +2tLV = 27x(#*, ),

instead of (Z.58), to which we apply the numerical scheme.
In Figure 4.3, we show the convergence with and without time change, estimating the

errors in a similar way to above, with n.X = 800 fixed.

10"

107

1072k -~

10°F

1, norm

107
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o2
* without time change
- ,C*xfl

10°

107

107
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107F

ox?

— - -t

-6
10 O with time change

*  without time change

107

.
10' 10°
nT

10 10*

(a) lo-norm.

(b) lso-norm.

.
10°
nT

10°

Figure 4.3: Convergence analysis for [5- and [,,-norms of the error depending on time-step

with fixed mesh size.

The convergence is clearly of first order without time change and of second order with
time change. We took here T' =5 to illustrate the effect more clearly.

4.3 Financial applications

4.3.1 Numerical experiments

In this section, we analyze the model characteristics and the impact of jumps. Specifically,
we compute joint and marginal survival probabilities, CDS and FTD spreads as well as
CVA and DVA depending on initial asset values. We also compute the difference between
the solution with and without jumps.

Consider the parameters in Table [4.1]

Lio | Lao | L2
60 70 10 15

L21,0 Ry Ry T | oy | o9 1Y 1| S2
0410451 1 1 (05111

Table 4.1: Model parameters.
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For the model with jumps, we further consider the parameters in Table 4.2

A A | Aip
05105103

Table 4.2: Jump intensities.

We compute all tests using a 100 x 100 spatial grid with the maximum values X{% =
X% =10 and constant time step A7 = 0.01. As the parameters of the HV scheme, we
choose 0 = % and 6 = %.

In Figures we present various model characteristics and compare the results
with and without jumps. From these figures, we can observe that jumps can have a

significant impact, especially near the default boundaries:

e in Figure[d.4lfor the joint survival probability, the biggest impact of jumps is around
the default boundaries for both z; and x5;

e in Figure for the marginal survival probability of the first bank, we can observe
that the biggest impact of jumps is near the default boundary of the first bank;

e for the CDS spread, in Figure 6] (b), the biggest impact of jumps is also seen near
the default boundary, but it has the opposite direction, because jumps can only
increase the CDS spread;

e in Figure [0 (d) for FTD the spread, the biggest impact of jumps is near both
default boundaries, and it has a positive impact;

e finally, for CVA, (f), the highest impact of jumps is near the default boundary of
the first bank, see Figure [1.6

The computation time for each model characteristic on the chosen grid is 1.5-1.7

s

4.3.2 Calibration

In this section we present calibration results of the model. There are eight unknown
parameters, see (A26)-([A.29): 01,09, p,1,%, A1, A2, A12. We use CDS and equity put
option prices (with different strikes) as market data. If FTD contracts are available, one
can use them to estimate p and Aj5. Otherwise, historical estimation with share prices
time series can be used.

The data for external liabilities can be found in banks’ balance sheets, which are pub-
licly available. Usually, mutual liabilities data are not public information, thus we made
an assumption that they are a fixed proportion of the total liabilities, which coincides

'We performed the scheme in Matlab on a PC with Intel Core i7 3.4Ghz CPU.
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between model with and without jumps. Top row: Credit Default Swap spread, written
on the first bank. Middle row: First-to-Default spread. Bottom row: CVA of CDS, where
the first bank is Reference name (RN) and the second bank is Protection Seller (PS).
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with David and Lehax (|2Q1_4]) In particular, we fix the mutual liabilities as 5% of total
liabilities.

The asset’s value is the sum of liabilities and equity price.

We choose Unicredit Bank as the first bank and Santander as the second bank. In
Table we provide their equity price F;, assets A; and liabilities L;. As in Lipton
and Sepp ([2&11;4), the liabilities are computed as a ratio of total liabilities and shares
outstanding.

E1(0) | L1(0) | Ai(0) | E5(0) | Ly(0) | A5(0)
6.02 | 137.70 | 143.72 | 6.23 | 86.41 | 92.64

Table 4.3: Assets and liabilities on 30/06/2015 (Bloomberg).

For the calibration we choose 1-year at-the-money, in-the-money, and out-of-the-
money equity put options on the banks, and 1-year CDS contracts. Since the spreads
of CDS are usually significantly lower than the option prices, we scale them by some
weight w; in the objective function. As a result, we have the following 6-dimensional
minimization problem:

3
min{us(VOPS(0) — VEP5)2 + S (VP (10, 0) — Vi (5,
=1
3
+wy (V7P (0) = VEP%)? + Z(‘/;pt([(i,% 0) — Va"'(K;2))’}, (4.75)

i=1

where 0 = (01,09, M\, Ao, 51,52), V;YP9(0) is the model CDS spread on the i-th bank
and V,°P% is the market CDS spread on the i-th bank, V,” t(K ,0) is the model price of
the equity put option on the i-th bank with the strike K and V;” t(K ) is the market
price of the equity put option on the i-th bank with strike K. Strikes K ;, K5 ;, and
K3 ; are chosen in such a way to take into account the smile. In particular, we choose
K,;=11F;, Ky, = E;, K3 ; = 0.9E}.

In order to find the global minimum of ([LT7H) by a Newton-type method, we need
to find a good starting point, otherwise an optimization procedure might finish in local
minima which are not global minima. To choose the starting point, we calibrate one-
dimensional models for each bank without mutual liabilities

min{uw; (Ve (0;) — VP9 + (VP (K, 0) — Vi (K )+

J

+ (V7 (Kay, 0;) = VP (K))? + (V7 (K, 0) — V7' (Ks )Y, (4.76)

where 0; = (0}, \j,s;) for j =1,2.
The global minima of (A7) can be found via the chebfun toolbox m
)) that uses Chebyshev polynomials to approximate the function, and then the
global minima can be easily found. The calibration results of the one-dimensional model
for the first and the second banks are presented in Table .4l We note that the global
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minima of (L.7H) cannot be found via the chebfun toolbox, since it works with functions
up to three variables. There are also more fundamental complexity issues for higher-
dimensional tensor product interpolation.

01 A1 1 02 A2 2
0.0117 | 0.1001 | 0.3661 | 0.0154 | 0.0160 | 0.0545

Table 4.4: Calibrated parameters of one-dimensional models on 30/06,/2015 for 7" = 1.

Similar to [Lipton and Sepﬂ (2!!13), for simplicity, we further assume that

Afigy = p - min(Ag, Ag). (4.77)
Then, we estimate p from historical data. We take one year daily equity prlces E ( ) by
time series (from Bloomberg) and estimate the covariance of asset returns r{ = T t;)
GOV(Ar, Ao) = Y (rin —71) (rip —T2), (4.78)

i=1
where 71 and 75 are the sample mean of asset returns.

Using (2.32)), we can see that ([ALT8]) converges to
(i)\V(Al, AQ) njoo 0109 (p —+ )\{12}/<§1§2)) . (479)

Using the last equation and (4.77), we can extract the estimated values of p and Agg;.
The estimation results are in Table [£.5

14 )\{12}
Estimated value 0.510 0.0188
Confidence interval 2 | (0.500, 0.526) | (0.0182, 0.0194)

Table 4.5: Historically estimated correlation coefficients on 30/06/2015 with 1 year win-
dow.

Finally, we perform a six-dimensional (constrained) optimization of (LT75) with the
starting point from Table 4] and correlation parameters from Table We choose
different alternatives of mutual liabilities to have a clear picture how mutual liabilities
influence on model parameters. We use the Isqnonlin method in Matlab that uses a Trust
Region Reflective algorithmkb_unﬁ_tﬁl.l (IZ_O_O_d) (with the gradient computed numerically).
Results are presented in Table

Model o1 A <1 P Ay G
With jumps | 0.0122 | 0.0950 | 0.3958 | 0.0160 | 0.0148 | 0.0505
Without jumps | 0.0206 - - 0.0317 - -

Table 4.6: Calibrated parameters of two-dimensional model with mutual liabilities on
30/06/2015 for T' = 1.

2We use a 30 confidence interval.
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In Table [£7 we present joint and marginal survival probabilities computed using the
equations from Section [A2l From these results, we can conclude that jumps play an
important role in the model.

Model Joint s/p | Marginal s/p
With jumps 0.9328 0.9666
Without jumps | 0.9717 0.9801

Table 4.7: Joint and marginal survival probabilities for the calibrated models.

The computation time for our calibration procedure is 500s (75s for calibration of
each one-dimensional model and 23s per iteration of the optimization procedure for the
two-dimensional model that converges in 15 iterations)

3We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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Chapter 5

Simulation of the infinite-dimensional
model

5.1 Introduction

In this chapter, we study the infinite-dimensional approximation of the model, which
we considered in Section 2.3l As we showed before, when the number of banks goes to
infinity, the distance-to-default follows (Z80), a McKean—Vlasov equation with feedback
from hitting the boundary.

We therefore propose and analyse numerical schemes for the simulation of the McKean—
Vlasov equation

Xt = XO + Wt — O[Lt, t € [O,T], (51)
L =P(r <1, te0,7],
T =inf{t € [0,7]: X; <0},

where a, T € R, W astandard Brownian motion on a probability space (2, F, (F;)t>0, P),
on which is also given an R -valued random variable X independent of WW. The non-
linearity arises from the dependence of L; in (5I) on the law of X. More specifically, if
t — L; has a derivative p,, which is then the density of the hitting time 7 of zero,

dXt = th — p7—<t) dt, te (0, T),

so that the drift depends on the law of the path of X.

Theoretical properties of (B.I)—(5.3]) have been studied in |Ham.b_bueiﬁl.| (|2Q1§), who

prove the existence of a differentiable solution (L;)o<i<;, up to an “explosion time” t,.

Conversely, they show that L cannot be continuous for all ¢ for o above a threshold
determined by the law of X,. Such systemic events where discontinuities occur are also
referred to as “blow-ups” in the literature.

The question of the constructive solution, however, remained open. Examples of a
numerical solution computed with Algorithm (] introduced in Section are shown in
Figure[5.Il The left plot shows the formation of a discontinuity in the loss function t — L,
for increasing «, with Xy ~ Gamma(1.5,0.5). The density of X7 for T" before and after
the shock is displayed in the right panel.
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Figure 5.1: (a) L, for different o near the jump; (b) distribution of Xr for X7 > 0 before
and after the jump (for « = 1.5). Fitted by kernel density estimation with normal kernel
for N = 107.

A similar model has been studied in Mammhms.hkglmkml dZQl_ZI), where the

authors consider log(l — L;) instead of —L; in (BJJ). Our numerical scheme can be

applied in principle to this problem, but we concentrate the analysis on (B.I)-(53) in
this chapter.

An earlier version of this problem is found in neuroscience, where a large network of
electrically coupled neurons can be described by McKean—Vlasov type equations (Cédceres

et al. (|2D_]_l|), Carrillo_et._al. (IZQlj), Delarue et. all dZQlBHH)) If a neuron’s potential

reaches some fixed threshold, it jumps to a higher potential level and sends a signal to

other neurons. This feedback leads to the following equations

t
Xt = XO + / b(Xs) dS + O{E[Mt] + Wt — Mt7 (54)
0
M, = D Tpg(m), m=inf{t>mn_: X, >1}, (5.5)
k>1

where Xy < 1 a.s. The similarity to (BI)—(2.3) is seen by noticing that L; = E[1 ()]
and M, in (B3] is constant between hitting times, however, while in (54]) an upper
boundary is hit and after that the value resets to zero, in our model we are interested
in hitting the zero boundary (from above), and after hitting the particle’s value remains
ZEro.

While McKean—Vlasov equations are an active area of current research, to our knowl-
edge, there is only a fairly small number of papers where their simulation is studied
rigorously and none of these encompass the models above.

Early works include |&1§.§;Land_'fala;z| (Il%ll), which proves convergence (with order

1/2 in the timestep and inverse number of particles) of a particle approximation to the

distribution function for the measure v, of X; in the classical McKean-Vlasov equation

X, = Xo 4+ /]R B(X,, 1) vy(du) df + /R (X, 1) vy(du) IV, (5.6)
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with sufficient regularity. The proven rate in the timestep is improved to 1 in Antonelli

et al. M) using Malliavin calculus techniques.

More recently, multilevel simulation algorithms have been proposed and analysed:
Ricketson (|2Q15) considers the special case of an SDE whose coefficients at time ¢ depend

on X; and the expected value of a function of X;; [Szpruch et al. (|2ﬂlj) study a method
based on fixed point iteration for the general case (5.6]). An alternative variance reduction

technique by importance sampling is given in |B£J.Sji_al.| (|2ﬂ1§)
The system (B.I)—(%3) above does not fall into the setting of (B.6]) due to the extra
path-dependence of the coefficients through the hitting time distribution. In this chap-

ter, we therefore propose and analyse a particle scheme for (B.I)—(5.3]) with an explicit
timestepping scheme for the nonlinear term. We simulate N exchangeable particles at
discrete time points with distance h, whereby at each time point ¢t we use an estimator of
Ly, from the previous particle locations to approximate (5.3]). We prove the convergence
of the numerical scheme up to some time 7" as the time step h goes to zero and number
of particles goes to infinity. We also prove that the scheme can be extended up to the
explosion time under certain conditions on the model parameters. The order in h for
this standard estimator is 1/2. Next, we use Brownian bridges to better approximate the
hitting probability, similar to barrier option pricing (IQL&swmaﬂ (|2Q1j)) In this case,
the convergence order improves to (14 /3)/2, where 5 € (0, 1] is the Holder exponent of
the density of the initial value X, (e.g., 0.5 in the example from Figure (.8 below). The

order can be improved to 1 for all 5 € (0, 1] by non-uniform time-stepping.
A main contribution is the first provably convergent scheme for equations of the type
(EI)-(&3). The analysis uses a direct recursion of the error and regularity results proven

in ). This has the advantage that sharp convergence orders — i.e.,
consistent with the numerical tests — can be given, but also means that it seems dlfﬁcult
to apply the analysis directly to variations of the problem where such results are not
available. Nonetheless, the method itself is natural and applicable in principle to other
settings such as those outlined above.

The rest of the chapter is organized as follows. In Section we list the running
assumptions and state the main results; in Sections (.31l and we prove the uniform
convergence of the discretized process; in Section [0.3.3] we show the convergence of Monte
Carlo particle estimators with an increasing number of samples; in Section [5.3.4] we prove
the convergence order for the scheme with Brownian bridges; in Section B.4] we give
numerical tests of the schemes; finally, in Section 5.5 we conclude.

5.2 Assumptions and main results

We begin by listing the assumptions. The first one, Hélder continuity at 0 of the initial
density, is key for the regularity of the solution. The Hélder exponent will also limit the
rate of convergence of the discrete time schemes.

Assumption 5.1. We assume that Xy has a density fx, supported on R, such that

fxo(x) < B, x>0, (5.7)
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for some [ € (0,1].

Under Assumption B.I we can refer to Theorem 1.8 in |Ha.me;LQt_al.| (|2_0_l§j) for the
existence of a unique, differentiable solution ¢ — L; for (B.1)—(5.3) up to time

ti=sup{t > 0:||L||m o < oo} € [0, 00],

and a corresponding B such that for every t < t,

L < Bt ae. (5.8)
This estimate admits a singularity of the rate of losses at time 0, however, what is actually
observed in numerical studies (see Figure[5.1] left) is that the loss rate is bounded initially
but then has a sharp peak for small 5 (and then especially for large «).
Integrating (5.8)), we have for future reference a bound on L,

L < Bt's, (5.9)

where B = 23/(1 + 7).

The following assumption will be used to control the propagation of the discretisation
error, by bounding the density (especially at 0) of the running minimum of X and its
approximations.

Assumption 5.2. We assume that T < min(T*,t,), where T* is defined by

B
=1, (5.10)

*

aB +0zB(T*)#

7

with B and B the smallest constants such that (5.2) and Q) hold for given 5.

In the following, we assume that Assumptions [5.1] and hold. Consider a uniform
time mesh 0 =ty <ty < ... <t, =T, where t; —t;,_1 = h, and a discretized process, for
1 <1< n,

X, = Xo+ W, —al,, (5.11)
L, = P(F<t), (5.12)
Fo= orgnjlgn{thSO}' (5.13)

We extend Eti to [0, 7] by setting Ly = ‘Zti—l for t;_1 < s <t;.
The first theorem, proven in Section (.31l shows that L; converges uniformly to L;.

Theorem 5.1. Consider Ly, from EI0)-(GEI3) and Ly from &I)-E3). Then, for any
0 > 0, there exists C' > 0 independent of h such that

max |Ly, — Ly,| < Chz~°. (5.14)

i<n
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We now propose a particle simulation scheme for (B.11))-(5.13]) in Algorithm [l

Algorithm 4 Discrete time Monte Carlo scheme for simulation of the loss process

Require: N — number of Monte Carlo paths
Require: n — number of time steps: 0 < t; <ty < ... <1,

1: Draw N samples of Xy (from initial distribution) and W (a Brownian path)
2: Define ﬁo =0

3: fori=1:ndo R

4: Estimate L, by L) =+ >, l{minj<i5(ff)§0}

5: for k=1: N do

6: Update )A(t(f) = Xo(k) + VVt(lk) — aﬁg

7: end for

8: end for

In Section (.3.3], we prove convergence in probability of Algorithm [ as N — oo.

Theorem 5.2. For all i < n,
Lt, LN Ltl (5.15)

N—o0

Next, we improve our scheme by using a Brownian bridge strategy to estimate the
hitting probabilities. In order to do this, we consider the process

Xt = Xo+W;— azt, t e [tz, t’i-l—l)) (516)
L = P(7<t), t € [ti,tir1), (5.17)
v _ <
T 0<1181£T{X 0}. (5.18)

Then, for each Brownian path (Wt(k))tzo, we compute X" = Xék) + WP - aLY in
(t;,tiy1), where LY is an N-sample estimator of Iv/ti given below. Then, we estimate the
hitting probability

e = P(lnthk)>O|X ,X,f_’“))
1 s< 1
- ||IP’< inf X% >o0]x® ,X,ff“)).
sE€[tj—1,t5) i1 J

It is well-known that using Brownian bridge, one can derive the hitting probability of
Brownian motion:

2W, W,
IP’(1an<O|W0>OWt>O)—eXp( ! 0).
5€[0,1] T

Using the last result, we have

w1 2" v o)X vo)
Dy, = H l—exp| — N .

j=1
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Thus, a natural choice for L) is

N

I

=y (1 . pg‘“’) . (5.19)
k=1

As a result, the new algorithm with the Brownian bridge modification is the following.

Algorithm 5 Discrete time Monte Carlo scheme with Brownian bridge

Require: N — number of Monte Carlo paths

Require: n — number of time steps: 0 <t} <ty < ... <1,
1: Draw N samples X (from the initial distribution) and W (a Brownian path)
2: fori=1:ndo
3: Estimate Ly, using (5.19)
4 for k=1: N do
5 Update )_(t(f) = Xék) + VVt(zk) —alL
6: end for
7: end for

The convergence rate for (517 is given as follows and proven in Section 5341

Theorem 5.3. Consider L, from (5I6) (GI8) and L, from &I)-E3), 8 € (0,1] from
Assumption 51l Then, there exists C' > 0 independent of h such that

max |L, — L,| < Ch'=". (5.20)

i<n

We will later give a result with variable time steps which achieves rate 1 for all .

5.3 Convergence results

5.3.1 Convergence of the timestepping scheme

In this section we prove Theorem .1l Then, in Section [£.3.2] under a modification of
Assumption (.2 we formulate and prove an improvement of this theorem which extends
the applicable time interval.

The proof is based on induction on the error bound over the timesteps, which requires
an error estimate of the hitting probability after discretisation (Lemmas Bl and B.2), a
sort of consistency, plus a control of the resulting misspecification of the barrier through
a bound on the density of the running minimum (Lemma [5.3]), a kind of stability.

As we have crude estimates on the densities, using only Assumption [B.I]but no sharper
bound on, and regularity of, fx,, or any regularity of the distribution of infs<;(Ws —aLs)
or its approximations, the time 7™ until which the numerical scheme is shown to converge
will by no means be sharp. Indeed, in our numerical tests (see Section [5.4]) we did not
encounter any difficulties for any ¢, even t > t,.

We first formulate and prove these auxiliary results which we will use to prove Theo-
rems 5.1] 6.3, and 541

First, we modify Proposition 1 frommmuﬁﬁnﬂjl] (Il9_9_5]), where an analogous result

is shown for standard Brownian motion, without the presence of L and L (i.c., a = 0).
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Lemma 5.1. Deﬁne X = X(] + WhL%J — OéLhL%J and Xt* = X(] + WhL%J — aZhL%J fOT

t <ty. Then, as h — 0,
L up (X, = X7) =4 1/210g 2 (5.21)
—su s — X, og —, .
\/Esﬁlt) ¢ gh

1 . /
— sup (X, —X;‘) g 1/2log . 5.22
ﬂsSE)( ¢ gh ( )

sup (X, — X)) = max.  Sup (Wh(k71)+s — Whr-1) — a(Lh(kfl)Jrs - Lh(kq)))
s<h|L] 1<k<|3]0<s<h

and

Proof. Writing

= max sup (Whk—1)4s — Whis—1) — @SL} .
ey ogslg)h( h(k—1)+ h(k—1) h(k 1)+93)

for some 6 € [0, 1], the last expression can be estimated from both sides,

max sup (Whtk—1)1s — Whs—1)) — & sup hL} .. <
1<k<[L] {ogsgh( Hk=E i 1)) ogsgh hk 1)+€s} -

max  sup (Whu—1) — Whk—1)4s — sL)
1<k<| L Ogsgh( h(k—1) h(k—1)+ h(k71)+€s)

< max { sup (Wh(k—l) - Wh(k—1)+s) —a inf 8LIh(k1)+9$}'

T 1<k<[t] Lo<s<h 0<s<h

: A _1-8
Since 0 < L, < Bs™ = |

sup (X, — X[) > max { sup (Wigk—1)4s — Wage—1)) — aBh(h(k — 1))—1—26}

s<h[L] - 1k<|£] Lo<s<h

—, VI max { sup W® — aBVA(h(k — 1))12},

1<k<|£] Lo<s<1

and

sup (X — X7) < max { sup (Whge—1)4s — Wh(k—l))}

s<h[L] k<[ £] Lo<s<h

—,Vh max { sup Ws(k)},

1<k<|£] Lo<s<1

where W W® . areii.d. copies of W.
18

Taking into account that vh(h(k —1))"2 — 0, as h — 0, and applying the same
arguments as in Proposition 1 in Asmussen et al) (Il&%l), we get (.21]).

Similar,

sup ()N(s - X:) = a sup (Wh(kfl)Jrs - Wh(kfl))

X
s<h|t] 1<k<|£] 0<s<h

= max sup (Wh(kfl)Jrs — Wh(kfl)) =4 Vh max { sup Ws(k)} ’

1<k<|f] 0<s<h 1<k<[£] Lo<s<1
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where W W® . areii.d. copies of W.

Again, applymg the same arguments as in Proposition 1 in |A§m_u§s_en_a_a1_| (|l9_9j|
we get (5.22]).

The next lemma deduces the convergence rate of the hitting probabilities on the mesh.

Lemma 5.2. Consider the processes X and X. Then, for any & > 0 there exist v,7 > 0,
independent of h and i, such that

0<P (mln Xy, > 0) P (intf X, > 0) < yh2d (5.23)
1< s<t;
and
0<P (min)?tj > o) —P (intf X, > 0) < Fh27, (5.24)
1< s<ti;

where t; < t,.

Proof. We first prove (5:23)). It is obvious that

IP’(mlnXt >0) ZIP(me >O)

1< s<t;

Also,

P(mth >O) IP’(me >0> +P({1an <O} {mth >O}>
1< s<t; s<t; 1<

Thus,

P (mth > O) P (inf X, > O) =P ({inf X, < 0} N {mth > O})
1<t s<t; s<t; 1<t

<P (mth — inf X, > 5) +P (mth (0,¢), min X;, — inf X, < 8)

1< s<t; 1<t 1<t s<t;

for any € > 0.
Consider the first term. Using Markov’s inequality

) < E [(minj<i X, —infooy, Xs)p}

)

P (mth - me > e
cb

1<t

for any p > 1.
Using Lemma [B.1]

1 , t;
U7 (i % X ) o

E [(minj<i X, —infey, Xs)p] (2 log tiyp/2
ep J hP/Q — egp ’

thus
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For the second term

P <m1nXt (0,¢), mlnXt — inf X, < E) <P (mth (0,5)) =

1<t s<t; 1<t

P <m1nXt > 0) P <m1nXt > 5) = Fj(e) — F3(0) < e sup @; (fe),

j<i J<t 0€[0,1]

where Fj(z) and ¢;(x) are the CDF and PDF of the process minj; X;,. We also note
that ¢; (fe) is bounded according to Lemma
Combining both terms, we have

hp/?
P (mth > O) P (me > O) < A—p + Be.
3

1< s<t;

Minimising the right-hand side over e, we find ¢ = h® with a = As a result,

P
2(p+1)°
choosing p — oo, we get that for any § > 0, there exists v > 0, such that

1<t s<t;

P (mth > 0) P (inf X, > 0) < ’yh%ﬂ;

or (5.24]), we use identical steps and the corresponding estimates in Lemma [5.]] and
Lemma for X instead of X.
O

Finally, we bound the probability that the running minimum is close to the boundary.

Lemma 5.3. Consider Z; = inf,<;, X, Z; = min;; Xy, and Z; = min;.; th for some
i <nandt; <t,. Then, Z;,Z;, and Z; each have a density, denoted ¢;, @;, and @;,

2t; 145
(z\/0)+\/ +aBt

where B, B are from [G1) and B is from [59).

Proof. We can rewrite Z; = Xy + V;, where V; = inf <, (W5 — aLg). As X, and V; are
independent, using convolution, we have

respectively, with

B

max(i(2), pi(2), ¢i(2)) < B ) (5.25)

o) = [ Faalz— 0BV € dv).

—00

Using the fact that V; <0, Xy > 0, and (57), we have

— / o fx,(z = v)P(V; € dv) < B / ZAO(z —0)PP(V; € dv)
— BFy,(: A0) /_ (2 — v)ﬁ%, (5.26)

where Fy, is the CDF of V;. It is obvious that Fy,(z) > 0 for all z < 0. Indeed,
Fy,(z2) > P(V; < z) > P(infs<;, Ws < z) > 0.
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Since 3 € (0, 1], for all z the function (z —-)# : (—o0, 2 A0) — (0, 00) is concave and,

P(V;€dv
FE/i(fAO; on (—o0, 2z A 0),

using Jensen’s inequality for the proper probability measure

E7A\0)

o) < BRn0r (- opie dv))ﬁ

— BF, (2 A0)'? (B [(z = Vi) 1juiesy])” s (5.27)
where (V; < z2) < (V; < z2A0) as V; <0. Since t — L; is non-decreasing, inserting V;,

¢i(z) < BFy,(2 AN0)"P(E[(z — 8i1<1tf_{Ws} + L) Vint ey (W} —ar, <3])”

. 148 A
< BFy,(z AO)"? [ E[(z — inf {W,} + aBt; > )1 sy -
¢ s<t; ! {infsgti{Ws}SeraBti 2 }
(5.28)

By simple integration of the density of the running minimum of Brownian motion,

. 13 2t; ,g
E[(g — slgtf, WS)]]‘{infsgti ngg}] = (2‘1> <\/E A\ ]. §+ ?6 i, (529)

. 148
and, taking £ = z 4+ aBt,? | we get from (B.28)) for z > 0,

. 148 2t; ’
0i(2) < B |z4+aBt;? +4/—| .,
s
and, similarly, for z <0,
B
- 148 2t;
vi(z) < B |aBt;? + \/—] :
T

Combing the last two equations, we finally get (5.25) for ;.
Using similar arguments for Z; and Z;, using inf,<y, Wy < min;; Wy, and Ly, > Ly,
respectively, we get the analogous estimates for ¢; and @;, and hence (.25]). O

We are now in a position to prove Theorem [5.11

Proof of Theorem 5. We shall proceed by induction. For ty = 0, we have Ly = Lo; for
t1, we have min; th = Xy and P(X, > 0) = 1, hence,

|Ly, — Ly, | < ‘1—1@('an8 >0)',
<

s<ti

which can be estimated using Lemma [(5.2] (5.23)).
For 7 > 1, assume now that we have shown L;, = L;, — th%"; for j < ¢, where C; > 0
as Ly; < Ly;. We split the error into two contributions,

Ly, — Li,| = 'IP <minth > 0) ~-P <mf X, > 0) ’

Jj<i s<t;

< 'P (minf(tj > 0) —P (minth > 0)'+ ‘P (minth > O) —P (inf X, > O)‘

1< 1< 7<t s<t;
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We can use Lemma 5.2 (5.23)), for the second term. For the first term,

P (mln Xt > O) P (mm X, > O)
J<1 j<i
= P(mm(Xt +ozC'h2 ) >O) —P(mlnXt >0

1< 1<t )

SIP’(mth > amaXCh2 ) P(mth >0

J<1 j<i 7<i

_ FZ-(O)—F( — )

Jj<i

< amaXCh2 sup @-( HamaXC}w )

7<t 96[0,1} 1<t

where Fj(z) and @;(z) are the CDF and pdf of min;; X, .

Then, using Lemma (.3 we have
2t; 148 ’
\/ — + B
T

as —0% max;; C’jh%*‘s < 0. As a result, we have the following inequality for C;,

/2t; 118 ’
+ aét
hence C; is bounded independent of i and h by Assumption .2 By induction we get

G.14).

j<u

( 0 maXCh2 )<B

C < amaXC B

j<u

+7

O

5.3.2 Extension of the result in time

The following result extends the applicability of Theorem 5.1l up to the explosion time t,
under certain conditions on the parameters, as specified precisely in (37]) below.

We shall adapt Theorem 1 in Borovkov_and Novikoy (|2D_O_5b, which states: For a
Lipschitz function f with Lipschitz constant /K, and g such that sup,., [f(s) — g(s)| < e,

IP(3s € [0,] : W, < f(s)) — P(3s € [0,4] : W, < g(s))| < (2.5K+ %) e

By Remark 2 in Borovkov and Novikoy (|2M)j), this result can be improved for a non-

decreasing function ¢g. Indeed, retracing the steps in their proof and using monotonicity,

one finds easily the slightly better bound

1
IP(3s € [0,t] : Wy < f(s)) —P(3s € [0,¢t] : W < g(s))| §2<K+%)8
In our case, we cannot directly apply the result with f(s) = — Xy 4+ aLs and g(s) =
—Xo + oL, as f is not guaranteed to be Lipschitz at s = 0. But, along the lines of the
proof of Theorem 1 in Borovkov and Novikou (IZDDEI), the above result can be modified
as follows:
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Lemma 5.4. For a non-decreasing function g which is Lipschitz with constant K on
[T*,T], and a function f such that f(t) = g(t) fort <T* and sup,.r |f(s) —g(s)| < e,

P(3s € [0,T]: Wy < f(s)) —P(3s € [0,T] : Wy < g(s))| <2 (K+ %) e. (5.30)

Theorem 5.4. Assume T from (210) satisfies

20 <B(T*)156 + \/1T_) <1 (5.31)

Then Theorem [21] holds for any T < t. (and not only up to T* as per Assumption[52).

Proof. We first split again the error by
|L, — L,| = 'IP’ (mm)?t, > 0) —P (inf X, > o)‘
1<t J s<t;
< ’IP’ (inf)?s >0) —]P’(ians >0)'+ ’IP’ (mth >0) P(inff(s >0)’.
s<t; s<t; 71<1t s<t;
(5.32)

The second term can be estimated from Lemma [(5.2] (524]). Again, we shall then proceed
by induction. We have already shown that |I~/t1 — L] < C’ih%_‘s for t; < T™* according to
Theorem [B.11

Consider T* < t; < T. Assume we have shown that |L;, — f/tj| < th%—a for j < 1.
We want to derive C; such that |L, — L,,| < C;hz~ and where all C; are bounded
independent of h. First, consider an intermediate point s € (¢;_1,t;), then

Ly—Ly<Lg  +K(s—ti1)—Ly, <L, —L., +Kh,

with K the Lipschitz constant of L, and thus

sup | Ly — Ly| < max (rglglx |Ls; — f/tj| + Kh,|Li; — I~/t1|) : (5.33)

s<t;

Now we show that |L;, — Ly,| < Cy,h2~%. Consider

L s
R R o

and le = Xo + W; — al;. Then,

'P <1I<1tf)~(s >O) (me >0>'

< ’1@ (mf X, > 0) (mf X> )’ + ’ (mf Xl> 0) P (mf X, > 0) ’ . (5.34)
s<t; s<t; s<t; s<t;

91



To estimate the first term, we can write

'P (;thfl X, > O) - P (SH<1£ X, > 0) ' = E _]l{ﬂte[o,ti}:XfﬁO,Vse[O,ti]f(s>0}]

]1{3256[O,T*]:XégO,Vse[O,ti}f(s>0}:|

< E

_H{HtG[O,T*]:ngO,Vse[O,T*]YS>O}]
= ’P(inf Xs>o) —P(inf X;>0>',
s<T* s<T*

where we have used in the second line that since [, = f/t for t > T, hitting after 7™ does
not affect the difference. For ¢t < T*, [, = L;. Then, using Theorem [5.1],

'IP’ (inff(s >0) —P(infxg >0)' < ']P’(inf X, >0) —]P(inf X, >o)’ <C"h
s<t; s<t; s<T* s<T*
_17

For the second term in (G5.34), L, is Lipschitz on [T*, T] with K = B(T*) +* and we
can apply (£.30). Thus,

-6

N

~ 1 ~ — % 1
. _ . < _ T30 (5
'IP (;22)(5 >O) P(;rslfiXs >0)' < 2 <K+ \/E) sup |Ls — Ls| + C" h27° (5.35)

s<t;

1 ~ ~ —* o 1
<2« <K+ \/E) max < gx\Lt]. — Ly | + Kh, |Ly, — Ld) +C™h27°, (5.36)

J

using (B.33). Moreover, by (5.24]) and (5.36]), (5.32) can be written as

~ 1 ~ ~ 1
|Ls, — Lt,| <2« (K + ) max (1?33(|Ltj — Ly, |+ Kh, |Ly; — Lti|) +Fh270,

Vi

where ¥ = 5 + CT".
Taking into account (B.31]), we have

- 1 1 Y 1
|L;, — Ly,| < max (2a <K + ) max Cj + 7 + 5) h27°, 7 h2=° |,
Vi) i< 1—2a(K+1>
NG
= 1 146
Wheres—Qa(KJrﬁ)Kh .
As a result, we have the following inequality for C;,
1 . gl
Ci<max | (20| K+ —= |maxC; +7+¢€ |,

i) e Y P

Since the Lipschitz constant K < B(T*)_%, using (B.31)), 2« (K + %) < 1. Hence,

C; is bounded independent of h, and by induction we get the result.
O
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5.3.3 Monte Carlo simulation of discretized process

In this section, we prove the convergence in probability of

L
La, = N ; ﬂ{minj<¢X§f)S0}

in Algorithm @ to Eti as N — oo. We note that we cannot directly apply the law of large
numbers, as the summands are dependent through I:ij ,J < 1. However, we see below that
the dependence diminishes (i.e., the covariance goes to zero) as N — oo, which easily
gives convergence, albeit without a Central Limit Theorem-type error estimate or a rate
for the variance.

First, we formulate an auxiliary lemma.

Lemma 5.5. Consider i < n. Assume for all j <1

LY = L. (5.37)
Then,
E[LY] —— L, (5.38)
v N—00
VILY] —— 0. (5.39)
g N—o0
Proof. We can write
[]]'{minj<¢ ngf)>0}] - E[]]'{mian(Xék)wLWt(f)7cvl~/tj +a([~/tj ,i/é\]{))>0}]7
and estimate
[]]'{minj<¢ ch) >7aminj<¢([~/tj 7[:2{\;)}] S E[]]'{minjg ngf)>0}] S E[]]'{minjg ng)>famax]'<¢(l~/tjfﬁg)}]'
(5.40)

We evaluate left- and right-hand side of the last equation separately. We start with the
right-hand side, and define for brevity Agk) = {min;, Xt(f) > —amaxji(Ly; — Li}[ )}
Consider some € > 0. Then,

A§k)ﬂ({man<i(I~ztj —I:i\;)ge}u{maxj-d(itj —[A/{\;)>E}):|

E[1 +E[L

- - - = <
A;k)ﬂ{man<i(Ltj —Lé\;)ﬁe}] A;k)ﬁ{man<i(Ltj —Lé\]f,)>6}] -

P (Agk) N (max(Ly, — LYy < 8)) +P <max(£tv — LMy > E) <
J j<i J J

j<u

P (min Xt(f) > —ae) +P <max([~/tj — ﬁg) > 5) =

J<t j<i
IP’(min Xt(k) > 0) + (IP’ (min Xt(k) > —oze) —P(min Xt(k) > 0)) +P(max([~/t. — ﬁiv) > z—:) <
j<i J ]<z J j<’l J ]<Z J j

1 — L, + as sup @; (—bae) +P (max(f/tj - ﬁg) > z—:) :

6€[0,1] J<i

93



where ¢;(z) is the pdf of min;, Xt(f), which is bounded according to Lemma 5.3
Using (5.37) and properties of convergence in probability, we have

max(L;, — L) 5o
j<i ’ I

Thus, the last term goes to 0 with N — oco. Considering ¢ — 0, we get

lim B[l ;0] <1— Ly, (5.41)

Similarly, denote by flgk) = {min;; Xff) > —a minj<i(itj — El{j)}, then

E[1 0] = E[L

A§k>m({minj<i(itj —ig\]’,)}z—e}u{minj<i(itj fig)}«e})]

E[1 | +E[1

A;k)ﬁ{mlnj<i([/tj —Li\Jr_)Z—E} Agk)ﬁ{mlnj<i(Ltj —Lg)<—8}] -

j<i

P (Agk) N{min(L,, — L)) > —s}) >

P (min Xt(f) > as) >1— Ly, —ae inf @ (fac),

j<i 0€)0,1]
where ¢;(x) is the pdf of min;; )N(t(f), which is bounded according to Lemma 53] Thus,

lim E[L ;0] > 1— Ly,. (5.42)

N—oo

Combining (B41]), (242), and (540), we immediately get (B.38]).
Counsider now the variance
1 N
SNy
V[Ltz] - m (Z V[ﬂ{minj<i ch) >O}] + Z cov (ﬂ{minj<i Xt(f)>0}7 l{minj<¢ Xt(j)>0}>> :

k=1 k1
(5.43)
The covariance can be estimated by

cov (ﬂ{minj<i X§5)>0}’ H{minj<¢ Xt(j)>0}) -

= |:]]'{min]~<i Xg_c)>0}]]'{minj<i XZSJL_)>O}:| -k [ﬂ{minj<i Xt(;c)>0}:| E |:]1{minj<i Xt(;_)>0}:| . (544)

As above and because of exchangeability, for the second term of the last expression,

~ 2
E {ﬂ{minjdxggo}} E {ymmm xg;>>0}} — (1 - Lti) . (5.45)

N—oo

Now we consider the first term of (5.44]). Similar to above, it can be estimated by

1 1 <
[ {mmj<iXt(]’?) >—am1nj<i(LtjfLé\;)} {min;; XZS;) >7am1nj<¢(Ltj7L£\Jf)}] >

< E[1

. S N
- [ {mlnj<¢Xt(;_€) >7aman<¢(Ltj7L£\;_)} {mlnj<¢Xt(Jl_) >7aman<¢(Ltj7L£\;_)}] (

5.46)
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Similar to (B.41)) and (5.42)), one can show that

]\}LIE)OE[]]_{minj<iXt(;) >faminj<¢(l~/tj7[A,£\;)}]]'{minj<iX'ZS;) >faminj<¢(itfﬁgj)}] > (1-— Eti)z,
&%E[ﬂ{minm}?g) >famax]~<i(l~/tj7ﬁ§\]’,)}]]'{minj<iX't(;) >famaxj<¢(itfig)}] < (1—Ly)>%
Hence,
g [“{mmmx§;>>0}1{mmj<¢xg;>>o}} —— (1 L)~ (5.47)

Thus, combining (.43]) and (54T), we get

1, . . 1, . iy — 0.
COV( {mlnj<iXt(;_€)>0}’ {mmj<iXt(Jl_)>0} N—oco 0

Considering the first term of (5.43), it is easy to see that each variance is bounded by 1.
As a result, we have

— 0.
N—oo

A 1
N
<_
NILi] = 7 +max

Now we can deduce the convergence instantly.

Proof of Theorem[2.2. The proof is immediate by induction. The statement is true for
1 =0. Now take 7 > 1. By Lemma [5.5] there exists N* such that for all N > N*,

DO ™

Thus, by Chebyshev’s inequality, we have

. - . . 4V[LY
PLY ~ Ly > <) < B (L) ~BILY) > 5) < 2t
Using again Lemma [5.5] we have that V[[Ajg ] = 0. Hence,
—00
Ly ——— Ly,
Y N—oo
for ¢ and by induction we have proved the theorem. O

5.3.4 Brownian bridge convergence improvement

In this section, we prove Theorem [5.3] which ascertains the uniform convergence (in t) of
L to L at the improved rate.

Proof of Theorem[2.3. We shall proceed by induction. For ¢ = 0, we have that Ly =
Lo = 0. Assume we have shown that |Iv/tj —Ly| < th# for all 7 < ¢ with some C; > 0,
and we want to estimate |L,, — L, |. First, for j > 0 we have

sup Ly — Ly < |Ly, — Ly,| + Bh™>" < (C;+ B)h'™", (5.48)

tj §S<t]‘+1
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since Ly < BC*%, while for j = 0, supg< .y, |Ly — L] < Ly, < Bh'%”. Now consider

|Li, — Li,| = |P ( inf X, >0) IP’(me >0)‘

s<t; s<t;

s<t;

IN

P

(
= IP’(me +a(L, —L))>O)—IP’<me >0)‘
(

inf X, > —asup |L, — Ls\) —]P(inf Xs>0)'
s<t; s<t; s<t;

S]P(me > amaX(C]jLé)hlgﬁ) IP’(me >O)

s<t; J<t s<t;
< amax(C; + B) sup ¢ (—0(1 max(C; + B)h#> h#,
1<t 96[0,1} 1<t

where ;(z) is the density of inf,;, X;.
Then, using Lemma [B.3] we have

/2t 146
— + aBt

11577

C; < aBmax(C; + B)

1<t

B i
2t ~ 148
k [ 4t
S’y (OzB) H[ 7+C¥Btj2
Wherefy:ozBé[ 2L+ oBT =

Thus, C; is bounded independent of h and i by (I0). By induction we get (2.20).
U

The proof of Theorem indicates that the order is limited by the behaviour of L

for small ¢. The next result shows that a locally refined time mesh achieves convergence
order 1 for all S.

Corollary 5.1. Consider a non-uniform time mesh t; = (ih)% for 0 < i < n with
148

h=T"=2 /n. Then, there exists Cy > 0, independent of h, such that
max Ly, — Li,| < Cih.

Proof. We shall proceed by induction as in the proof of Theorem [5.3] above. We now have
the time step

E

ti—t; = (( + 1)R) ™7 — (jh)TH7 =

for some £ € (0, 1), and, for j > 0,

9 13
1+ﬁh1“’(]+f)

Hence, for j > 0,
sup |Ls — Ly| < |Ly; — Lyj| + Li(tjs1 — t;) < Ly, — Ly,| + Bh, (5.49)

tj§8<tj+1
for some B > 0 independent of h and j. We treat j = 0 separately and obtain directly
sup |L, — L,| < L,, < Bh.

0<s<ty

Repeating the remaining steps of the proof of Theorem (.3l we get the result.

96



5.4 Numerical experiments

In this section, we demonstrate that the proven convergence orders in the timestep of
1/2, (14 f)/2, and 1 for the different methods are indeed sharp in the case of regular
solutions; that the empirical variance of N-sample estimators is 1/N; and that the method
also converges experimentally in the presence of blow-up. To show this, we study three
test cases with varying regularity of the initial data and of the loss function.

5.4.1 Lipschitz initial data and no blow-up

In our first experiment, we choose X such that XLO ~ exp(A), which guarantees that the
density decays exponentially near zero. We take A = 1 in our experiments, and pick the
parameters in () to be a« = 0.8, T' = 2. The solution is found to be continuous.

We perform numerical simulations using Algorithms B and [ with N = 2 x 10° par-
ticles and different time meshes varying from 50 to 3200 points. To estimate the error,
we consider the difference |L2" — L%| between the solutions with n and 2n timesteps,
respectively, computed with the same paths. The results, presented in Figure [0.2] agree
with the theory: for Algorithm [ we get the convergence rate %, and for Algorithm [l
the rate is 1, because the initial distribution is regular enough around 0, i.e. 5 = 1 in

(E1). We also investigate the convergence rate of ﬁti to Ly, and L, to iti empirically.

-1
10 j % MC error
Cin 12
% MC with BB error *
Cynt
{
102 E 1021 *
o
*
N (o]
_ . N ®
S 109} 1 = N
[} (] .
\\ R
N
*
(e}
104 F k| . ) .
g

10
10t 102 10° 10* 10% 104 10°

Figure 5.2: Error of the loss process at t = T for XLO ~ exp(1): (a) for increasing number
n of timesteps; (b) for increasing number N of samples, both for Algorithms @l and [l

In order to compute the benchmark solution, we used N = 5 x 107 particles. From the
results we conclude that both Algorithm [ and Bl have the convergence rate % in N.

To illustrate the dependence on the parameter o, we include in Figure plots for
L; and L; for different values of a. We evaluate L; numerically using a central finite
difference approximation. In order to reduce the Monte Carlo noise, we increase N to
5 x 107 and reduce n to 200.
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Figure 5.3: (a) L; and (b) L; for different values of a.

5.4.2 Holder 1/2 initial data and no blow-up

In another example, we again consider o = 0.8 and 7' = 2, but choose X, ~ Gamma(1 +

£,1/2), i.e. with density
—x/2

lﬂe
fxo() = (11 f)2rs’

such that we have that fy,(z) < Ca? for x > 0 and some C' > 0. We choose 3 = % The
solution is again found to be continuous.

We perform numerical simulations using Algorithm (], and Algorithm [ on uniform
and non-uniform meshes varying from 50 to 3200 points and with N = 2 x 10° particles.
The results are presented in Figure 5.4l As predicted by the theory, for Algorithm [l we
get the convergence rate %; for Algorithm [Bl on uniform meshes, we get the rate # = %;
and for Algorithm [l on non-uniform meshes, we get the rate 1. As in the previous
example, we also investigate the convergence rate in N empirically. These results also
confirm 1 convergence rate in N for both Algorithms fl and Bl In Figure we present
the dependence of L; and L} on the parameter . As in the previous example, we use

N =5 x 107 and n = 200.

5.4.3 Holder 1/2 initial data and blow-up

In our third example, we illustrate possible jumps arising in the solution for sufficiently
large values of a. We consider a« = 1.5, T" = 0.008 and choose Y as in the previous
example, Xy ~ Gamma(1l + 3,1/2). Note that the blow-up happens already for very
small ¢ due to the interplay of the mass close to 0 for X, and the relatively large «.
With the lack of convergence theory for discontinuous (L;);>0, we apply Algorithms [
and Bl and empirically estimate the error. In Figure (a) we show L; computed using
Algorithm [ for different n; in Figure (b) the numerical error as a function of ¢ for
specific n; and in Figure 5.7 (a) and (b) we estimate the convergence rate for different ¢.
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Figure 5.4: Error of the loss process at ¢t = T for Xy ~ Gamma(3/2,1/2): (a) for
increasing number n of timesteps; (b) for increasing number N of samples, both for
Algorithms [ and [Bl

Figure 5.6 (a) shows that a fairly fine resolution is needed to capture the discontinuity
and its timing, but that all meshes predict the size of the jump well. This is further
illustrated in Figure (b), which shows the build-up of the error before the jump, the
lack of uniform convergence due to the displacement of the jump on different meshes, and
the relatively constant error after the jump.

In Figure 0.7 (a) we estimate the convergence order at 7' = 0.002, i.e. before the
jump. By regression, we get 0.53 (0.47,0.59) for Algorithm [F] and 0.80 (0.72,0.88) for
Algorithm B, where the 95% confidence interval is in brackets, which agrees with the
theory for continuous L;. In Figure [ (b), for the error at T = 0.008, i.e. after the
jump, we get 0.93 (0.81,1.05) for Algorithm [l and 1.03 (0.92,1.14) for Algorithm Bl The
faster convergence may result from the almost constancy of the losses after the jump.

To get an overall picture of the accuracy, we suggest the following metrics to measure
the “closeness” of the computed solutions to L;:

1. dy(Ly, Et) = fOT |L; — it\ dt. This is practically computed by numerical integration.

2. dy(Ly, L) = |t. — .|, where t, and £, are the jump times for L, and L,, respec-
tively. They are approximated by the points with the steepest gradient j, =
argmax;(Ly; — Ly,_, ), t« = juh.

3. ds(Ly, Ly) = SUPyefory | Lt L L7, where L; ! and L; ! are the correspondini inverse

functions. The inverse functions are found by the chebfun toolbox
)), which automatically splits functions into intervals of continuity.
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and (b) L; for different values of «.
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In the absence of the exact L;, we use again the difference between quantities computed

using 2n and n points, for the same Monte Carlo paths, as a proxy.

We present the results in Figure (a) for Algorithm @ and in Figure (b) for
Algorithm [l For metric 1 we have convergence rate 0.68 (0.63,0.73) and 0.76 (0.71,0.81),
for metric 2 we have 0.70 (0.65,0.80) and 0.76 (0.72,0.80), and for metric 3 we have
0.60 (0.52,0.68) and 0.71 (0.63,0.79) for Algorithms [ and [ respectively, where the 95%
confidence interval are in brackets. We observe that the convergence rate for Algorithm [l
is somewhat better than 0.5, while for Algorithm [l it is around 0.75 for all three metrics.
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Figure 5.8: Convergence rate for dy(Ly, L), do(Ly, Ly), ds(Ly, Ly) for (a) Algorithm @ (b)
Algorithm

5.5 Conclusion

We have developed particle methods with explicit timestepping for the simulation of
(EI)-(E3). Convergence with a rate up to 1 in the timestep is shown under a condi-
tion on the model parameters and time horizon, when the loss function is differentiable.
Experimentally, the method also converges in the blow-up regime, and the variance of
estimators is inversely proportional to the number of samples.

This opens up several theoretical and practical questions. The efficiency of the method
could be significantly improved by a simple application of multilevel simulation (Szpruch
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Figure 5.7: Convergence rate: at (a) 7" = 0.001, (b) 7" = 0.008.

et al. (|2Q1j), Ricketson (IZQlﬂ)) If the variance can be shown to behave on the finer levels
as suggested by the numerical tests, combined with the proven result on the time stepping
bias, the computational complexity for root-mean-square error ¢ would be brought down
to €72, from ¢ as observed presently (¢2 from the number of samples and €' from the
number of timesteps).

For the particular system (GI)—-(2.3]), it is conceivable to apply a particle method
without time stepping of the form

X9 = X0+ wP —a

==

N
Z Liry <ty
j=1

where Xéi) and W@ are N ii.d. copies of Yy and W, and TGy, 1 < 7 < N, is the order
statistic of the hitting times of zero. Then, for 7; < ¢ < 7(;41), conditional on the
information up to 7(;), the law of Xt(j ) X%)) for those N — i particles j which have not
yet hit, is identical to that of independent standard Brownian motions with constant drift
—ai/N. So if we simulate those independent hitting times of —X% for each and then
take the smallest one to be 7(;41), this inductive construction satisfies the correct law.
The complexity is then O(N?), and combined with the observed variance of O(1/N), this
gives a complexity of e~ for error e. Another disadvantage is that this method with exact
sampling is restricted to the constant parameter case, while the time stepping scheme
can more easily be extended to variable coefficients.

Theoretically, one would like guaranteed convergence also in the blow-up regime. This
requires the choice of an appropriate metric — the Skorokhod distance may be suitable,
considering the analysis in DeLamej_t_alJ (|2Q15_b|) and the tests in Section It also
requires verification that the limit in the case of blow-up is a so-called “physical solution”

as defined in Hambly ct all (2018); Nadtochiy and Shkolnikey (2017);

), which on the one hand results from a specific sequential realisation of the losses

in the case of blow-up deImhmmLShlmlm]ﬁml (|2Q1j); Delarue et all ([ZQLSH)), and
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on the other hand is the right-continuous solution with the smallest jump size (Hambly
et al. (|2ng))
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Chapter 6

Integral equation methods for the
infinite-dimensional model

6.1 Introduction

In this chapter we solve (280), or more precisely (283)) using integral equation methods.
For simplicity, we assume that the initial state of all banks is the same, i.e. Xy = 2 for
some z > 0. To emphasize the dependence on z, in the following we denote the density
as p(t,x; z). Then, ([Z83) transforms to

Q 1
pe(t,z;2) = §px(t, 0;2) pr (t,2;2) + Paa (t,z;2),
p(0,2;2) = 6(x — 2), (6.1)
p(t,0;2)=0.

First, for given drift term from the mean-field interaction, the problem is formulated
as diffusion problem on a semi-infinite domain with curvilinear boundary, and its solution
represented semi-analytically by the method of heat potentials. A detailed introduction
to heat potentials can be found in Appendix [Bl

The first use of the method of heat potentials in mathematical finance is found in
(M) for pricing path-dependent options with curvilinear barrier (Section 12.2.3,
pp. 462-467).

Second, expressing the interaction term by the solution from the first step results in
two coupled Volterra equations. For early applications of heat potentials to versions of the

Stefan problem see already, e.g., (IBJ.LbinsIﬁid, |l911|, Part II, Chapter 1). These singular
Volterra equations are then solved by either an expansion method for small interaction
parameter, or numerically by discretisation and Newton-Raphson iteration.

An expansion approach for a certain McKean—Vlasov equation with mean-field in-

teraction through the drift was recently studied in |Gobet and Pagliarani 121!1é), who

perform an iterative two-step procedure which decouples the nonlinearity arising from

the dependence of the drift on the law of the process from the standard dependence on
the state-variables. The present paper differs not only in the solution approach taken,
but fundamentally in the considered mean-field interaction (through hitting times rather
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than the expectation of the drift) and the parameter of the expansion (for small drift
interaction rather than small volatility).

To assess the accuracy of the (first order) perturbation solution and to illustrate
the behaviour for strong interactions where the expansion breaks down, we describe a
simple numerical algorithm, but refer the reader to the large and well-established body
of literature on more advanced numerical methods for Volterra equations (see Section
633).

The rest of the chapter is organized as follows: in Section [6.2] we derive a solution for
the first passage density of Brownian motion over a curve in terms of a Volterra equation,
using the method of heat potentials, and thus obtain the interaction term in the original
McKean—Vlasov equation; in Section [6.3] we we consider a perturbation method and a
numerical method for the corresponding system of Volterra equations; in Section [6.4], we
show numerical illustrations and compare the methods; in Section we conclude.

6.2 The method of heat potentials

In this section we compute the transition density and the first passage density of Brownian
motion with a known time-dependent drift x(t) on the positive semi-axis. The transition
probability density p(t, z, z) satisfies the Kolmogorov forward equation (2.81).

We first derive an expression for p(t, z; z) using the method of heat potentials with
an unknown weight function which can be found as a solution of a Volterra equation of
the second kind. Next, we differentiate the expression for p(¢, x; z) with respect to x and
take its limit to 0 in order to find the first passage density of X in (2.80), or, equivalently,
g in (2.82)). This limit is less well-known, so we calculate it for completeness.

Below we omit z when possible.

6.2.1 Semi-closed formula for the transition density

Let M (t) = fotu(t’)dt’. The change of variables (t,x) — (t,y) = (t,z — M (t)) yields
the following Cauchy-Dirichlet problem:

P t9) = 5o (9),
p(0,y) =0d(y—2), (62)
p(t,—M(t)) =0.
We split p in two parts:
p(ty) =q(ty)+H(ty),
where H (t,y) is the standard heat kernel,

exp <_(y2t) )

H(t,y) = Wors
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The corresponding problem for ¢ has the form

1
@ (ty) = 54wy (t,y),

q(0,y) =0,

oxp (~13120)

V27t

We use the method of heat potentials (see m M), pp. 462-468). Thereby, we
represent ¢ in the form

q(t,=M(1)) = -

) v (¢ dt,

N\ 2
¢ (y+ M (') exp @%
q(t,y) —/
0 om (t —t)°

where v is a suitable weight which will be determined to match the boundary condition.
Assuming that v (t) is known, we can revert to the original variables and get

¢ (z— (L t)) exp (_7@;5%;)?) exp (_(wMé:)—z)Q )
/ v(t)dt' +
0

2 (t — ) v2nt

p(tz) =

(6.3)

where U(t,t') = M(t) — M(t').
By construction, p in (6.3) satisfies the first two equations in ([6.2)). We also need to
satisfy the boundary condition in (6.2)). It is easy to show that

d (= U (1)) exp (_%

Ll = lim ) 14 (t/) dt/

70 Jo 2 (t — )

/ (t,t') 2 tt’) "
/ t/

L, = Lgl) - L§2)7

We split IL; into two parts,

where
(z—T(tt ))2>

t exp ( :
LY — tim | 2 / 20
0 27 (t t’

t W (t,t')exp (—%

) v(th)dt'.

om (t —t)?
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We represent v (') = v (t) + (v (') — v (1)), and write
@ w(t))?
¢ exp , )
LY = lim / A
27 (t

z—0 t,

(z—T(t,t)
texp e )
+ lim / V() dt

z—0 / t/

(z— \Iltt)))

t exp 2(t—t/
t) lim / ,
x—)O / t/

since the second integral converges. We use the change of variables t — ¢ = x

(@=U(tt)* ) /a2 1 - it
i Mdu:/ oxp(—50) o
0

I / = %Q(t - s s
1m
z—0 t, z—0 0 27ru3 27Tu3

Since the second integral converges, it is clear that

2u, so that

tt’Ett’) o ar

L(Q) /
/ t/
Thus, ([62)) is valid.

The requirement lim, o p(t, z) = 0 thus leads to the following Volterra integral equa-

tion of the second kind for v,

(M()+2)°
(t, ) E(t, 1) eXp (— )
Ndt + 2/, (6.4)

- [, g L

W (¢, 1)
2 (tat,) = exp <_M> ;o 1 7& tla

where

20t —t)
= (1) = 1.

6.2.2 Computation of loss rate over boundary
In this section, we compute ¢(t) from (2.82]), suppressing z, by first differenting (€.3)),

(=¥ (t,t))*

po (t,7) = /Ot (1 = —( v, t'>>2> exp (- 507) v (t)dt

Y
t=*) o (t — 1)

exp (=)

\ 2mt3

—(z=M(1) - 2)
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We need to compute lim, ,op,(¢,2). This limit is less standard and more difficult to
compute

L, = hm pm(t z) = lim

z—0

(2—W(t))
t — )2\ exp (_ﬁ>
(1_(20 (\II(t,t))) 0 ) ) ar
0

Y
t=*) o (t — 1)

- (Mt (t) - \/%) v (t) +/0 <<1 “n ) SO V(t)) dt.

om (t —t)?

We introduce a non-singular function ¢,

W (t, ¢
tt') = (’), t£t, o (t,t) = M, (t),
t—t
and write . )
T B T AN N2y gl
L=ty | (1 g )~ 0 () 1))
exp (—giy + 20 (L)) E@E)
X v(t") dt
o (t — t)?
3 4
=LY + LY + 2L — LYY,
where
X t 22 exp( 2(t 7y + 250 (t, t’))
LY = limy(t)/ <1— , ) d’,
z—0 0 (t—t) 27T(t—t/)
2
t 2 exp (—% +2x¢ (t, t’))
LY — fin <1 _ ) Sl (E @) v () —v (1) d,
z—0 0 (t —t ) A (t _ t/>3

exp( s H 200 (L) 2w
IL —hmx gbtt v (t') dt’,
om (t —t')°

2
t exp (—% + x¢ (t,t’)) =(t,t)
LY — lim / 6 (t,t')’ A v (t') dt’.
0 2w (t — t’)
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We have

250 t—1t) 2 (t — )}
1 [t 1\ exp (—&
= v (t) lim— (1 — —) P ( 2“) du
z—0x 0 u 27Tu3
00 ), &XP (—%)
=2 (t) im— 1 —v*) ————=dv
z—0 m/\/i \ 271
2
1 [e/Vi exp (—%)
= —2v(t) im— 1—v?)) ——Z v
( >:L‘—>0,’L‘ 0 ( ) \/27‘(
2
= — v(t),
V27t ( )

where (t — ') = u, u = 1/v? and we have used the fact that

/Om(l—vz)ﬁdv:().

V2
Further,
2
¢ 2 exp | —s——~ + 22¢ (t,t')
LY — lim <1 - ) (Catr ) (Et ) v (t) —v(t) d
20/, (t—1) 2 (t — 1)}
t exp (—Q(f—jt,) + 2zo (t, t’)) /
= lim ENvt)—v(t) dt
0o o (t — t)°
[ v,
0 o (t — t)°

where we have dropped the higher order 2% term in the integral in the second line,

exp 2(t 7y + 250 (t, t’))
= hmx/ o (t,t) =, v () dt
om (t —t')°

=o(t,t)Z(t, v (t) =M (t)v(t),

and

—_ / t "2 —_ /
/ (b tt — t t) )V(t/) dt/:/ \I/(tvt,) ‘—‘(tat) V(t/) dt/
0

E=2) o (¢ — )
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Finally,
Ly = LS + LY 4+ 21 — LY
tt)v(t
I/(t)+/(( Wv(#) —v(®) 4
0

i

Ut t)  Z(t)

(t—t) \/7
:2<Mt(t)— ] ) +/t((1—‘12§“; )Ett’ (t") —u(t)> w

=2

1
V27t

+2M; (t)v (t) — /0

V2t [om (t — t’
as stated.
Accordingly,
1
t) = | M (t) — v(t
90 = (M0~ =)0
P (=2 2w @) —v (1) (M (1) +2)exp (-GS
+ —/ dt’ + .
2 0 27T (t _ t/)3 2\/ 27Tt3
(6.5)
6.2.3 Direct computation of loss rate
Alternatively, we can represent ¢ (¢) using (2.82]) by
(t) = _i/oo (t,x)dx
g - dt 0 p ) )
so that
t oo (z— W (t,t)) exp | —EHLD)]
(=2 / VTP 20 ) g ) vy ar
g = —— Tr |V
dtJo \ Jo \/ 21 (t —t)?
z—M(t)—z)2
o e (o)
- — x
dt 0 vV 27t
£ €
d rt o0 Eexp | =575 d [ exp | —%
_d / ( 2(t t>>d§ ()dt—— ( 2>d§
dt 0 —\I/(t,t’) 27T (t . t/)g dt (AI(\t/)ZJFZ) \ 27]’
0o 2
B i /t (‘ff\lj(tﬂf/) d (eXp (_Q(tgi—t’)>>) U (t/) dt/ B gq) <M (t) + Z)
dt g o (t —t) dt Vi
(M (t)+2)
d EWY) gy (M (t) +2) eXp(_ 2 )
- v () dt — (Mo () -
m 2t V2nt

As an aside, we can verify easily by direct computation that the two expressions for
g agree. We apply the following lemma, which will also be useful in Section [6.3.2]
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Lemma 6.1. Consider a differentiable function Z(t,t") such that Z(t,t) = 1. Then,

d [ME@DvE) 4 — v(t) 1 tz/(t)—(E(t,t’)—2(t—t’)Et(t,t’))y(t’)d

e Vo) © T Va2, (1) t
:i/<@@tv—2@—wa<uwwww»dﬂ
0 2 (t — ) '

Proof of Lemmal6.1. We start with the first term and judiciously use integration by parts
several times to get

d [TEGOVE)
dt Jo /2 (t —t)

_ —2% 0 =(t,t) v (t)d (t;:)
_ d o l ! (t - t,) /
—%44www | 2Wu<m>aﬁ
_E60EeE , [ e
+A e B v )

t—t’
+2/ d(Z () v ()
(2t2, (t,0) + 2 (£,0)) v (0) =

=, (t,1)
— 25, (t,0) v ,/ / _EGE) ) dt’
2m 27rt—t’
= (1)

v (t) N2 -t)E @) vE)
v 1 at
vamt 2 /0 o (1 — 1)

_Vt) tl/ (= N A= /l// 1
-2 [ wa-cen ﬂtw%@w>wmﬁgﬁ;5>
:/«ammﬂu—wa@wwwm&4

2 (t —t')

We use (6.4]) and rewrite the second term in the form

exp (—7(]\4(215“)2) ()2 (L, T)
=—M,; (t)v(t) + M (t) . .
V27t 0 o7 (t _ t’)3

M, (¢

~—

v (t")dt'.
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Using the first equality in the lemma, we arrive at the following expression:

90 = (M0~ =)o)

Vot
1 / v () = (E(01) =2 (M ()W (L) E(@E) + (=) Z, (L)) v (F)
2 Jo

om (t —t)?

< - (A0 S0

so that
E(t,t) —2(My ()Y (6, ) E () + (=) E (8, 1) = (1 — M) =(t,t),

from which (G.3]) follows.

6.3 Solution of the McKean-Vlasov equation

Now, for the McKean-Vlasov equation (2.83]) we set in (6.4]) and (G.5])

U(tt)=M(t)— M) = —a / L)t = —a0 (4,1,

t/

to obtain a system of integral equations

taf)(t,t) exp( %) exp (_(aﬁ(t;;)—Z)Q)
/ (') dt’ + =0,

14
/ t/ V 27Tt

| (a2 (t,0) — z) exp (—%)
90+ (ag(0)+ ﬂ_m) J () 4 i (66)
|0 (o () ),
2/0 o (t — 1)’ o

\

6.3.1 Special cases

For illustration, we work out the solution from the formula obtained in Section [6.2] for two
special cases which are also accessible by the standard reflection principle for Brownian
motion or method of images for parabolic equations.
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6.3.1.1 M(t) =0
When M (t) =0, we get

1 L —ew) ., 2o (oR)
V(t)+—/omdt—w_

g(t)—l—\/?m

\

Integration by parts of the second equation and use of the first yields
t ' Z exp 2
v (%)
g (t) — L dt’ + —Qt
0 \2m(t—1t) 2V 273

2’2 22
zZ exp (—2—t> Z exp (—2—t>

= +
24/ 27t3 24/ 273

22
zZ exp (—2—t>

Vortd
as expected.
6.3.1.2  M(t) = ut
When M (t) = ut, we get
( t exp (—7“ Q(Z_t,)> exp <——(Mt;)2)
v(tde' + =0,

\ 27t

0= V2t — 1)
Uit t/)) v(t) - y(t)) dt

g(t)ZQ\}%/Ot\/(tl_it,)g(eXp<— 5

- 25227 /0 \/tl——tfeXp (‘@) v ()t + (M -— ) (1)

P 2
. (put + z) exp (—W)

L 273

Taking the Laplace transform of the first equation in (€1]), we have

1 exp(—zv/2s + p? — pz)

_ MU(S) *25 n ,u2 + ’725 n ,u2

v(s) = 0.

Hence,

o exp(—2zy/2s + p? — pz)
v(s)=— R )

The inverse Laplace transform of 7(s) can be found analytically, but we do not need it to
compute g(t). Consider the second equation of ([€7). The first integral can be rewritten
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as

_ \/% Ot (exp G#) v () — u(t)) d (ﬁ)
_ _\/% <exp (_’“‘;t) v (0) — y@)) _ \/127/: \/%exp (—@) o () dt
~ 25227 /Ot (tl_ o G@) V().

g(t) = pv(t) — \/%exp <—%2t) v (0) — \/12_7T/0t \/%exp (_@) v(t)dt
o e—t)) o, s e (U5
—;%/0 mexp(—%)u(t)dt—i— Wore :

Taking Laplace transform of the last equation, we get

9

N 1 1 .
(s) = po(s) — W”(O) - \/ﬁ (s(s) ) \/ﬁ”( )
+ (% e ) exp(—21/2s + 12 + p2)
24/2s + p?
( 1 s+ pi° 1

- 25 + U2 — i /28 + p2 /25 + p2 —

2¢/2s + p?

1
+§ + #> exp(—zv/2s + pu? + pz) = exp(—z+/2s + p? + pz).
The inverse Laplace transform yields the final expression for g(¢):

z exp (— —(Z;Zt)Q )
Vot ’

g(t) =

as expected.

In general, only approximations to the solution can be found. We give an asymptotic
and a numerical approach in the remainder of this section.

6.3.2 Perturbation solution
We expand the solution of (6.6 formally in powers of a:
W (t),g(1) = (), 90 () +a (v (t), g1 (1) +” (12 (t), g2 (1)) + -,

which we will truncate after the first two terms. This will give us an analytical expression
which can be expected to be a good approximation for small values of «.
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By plugging the formal expansion in (6.6)), and collecting the terms of the same order
in «, we get the following systems for (v (t),go (t)) and (v (t), g1 (2)):

( 22
exp (—§>

v (t) + ——= =0,

V27t

L w20 (-F)
&)+ =m0+ [ -

\
t t/ ZQO (t, O) eXp <_§>

/ 't + —

/ t _ t/ 27Tt3

91 () + g0 (t) vo (t)+ﬁm(t)+§

22\ o (t,0) exp (—;—j)
(1= ~0,

24/ 273

where g (¢,t) = f; go (1) dt”. The equations for gy and g; can be written as

22
/ VOt zexp <_2_t) 0
/271' t_t/ 2\/27Tt3 ’

Qo (£,0) exp (—=

) < ) ot Qt
t) + 4+ (1-= = 0.
91(8) + 90 ()0 V2 (t—t) t 2V 273
Thus, using the results in Section [6.3.1] for o = 0,
Z2 Z2
exp (—Q—t) Z exp —2—t>
v (1)

o (t —t)° Vot
(@) o (F)ewx) 2 (0(H) e (5)
2/0 f27r(t t')\g Vo T - 273 89




where

QMu®:2<1—¢<Z

We can write v (¢) in the form

S
N————
N———

t t t/)

t) = dt’ —
) == | Bt ) TR
where
- o 2(0() -0 () veren (7)
T @) @1 2t 1) T
Wo (t,t) = ]_,

and obtain an expression for vq;:

Wyar - g 280 (t,0) exp (—;—j)
dt 27t3

d owg (1)

/715_75, go

To compute the first term of (6.9), we use the second equality in Lemma B with v(t) =
vo(t)go(t) and Z(t,t') = wo(t,t'), to get

" ((wo (8,1) = 2(t — ) wor (£,£) 9o (') o ()
Vlt(t):_/o 2r (L — 1) g
d [ %0 (t,0) exp (—%)
dt Vaorts
¢ ((3%‘1(1;3/) —2Q0 (¢, t’)) 7 (t’)) a4 [ %S0 (t,0)exp ( )

:—/ Ldt — —
0 27 (t — t') de V27t

Qo( Qo(t,t’
o) e - (B ) ),

V1t (t) = (69)

dt

2

) (2 ) (o2 D)

27t3 Vit t 2/ 2mtd
(6.10)

Substituting this in the second equation (6.8]) yields an expression for g; (¢), which can
be evaluated by numerical integration.

Finally, we evaluate the complexity of the computation of g;(¢). Consider numerical
quadrature with N points. First, we precompute vy,(t) using (G.I0); it can be done
in O(N?) operations. Then, we can compute g;(¢) using the second equation in (G.8)
with precomputed v1,(t) again in O(N?). Thus, the total complexity of the perturbation
method is O(N?).
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6.3.3 Numerical solution

In this section, we present (without convergence analysis) a simple method for the nu-
merical approximation of the solution to the coupled Volterra equations (6.6). We note
that Volterra equations and their numerical solution are a well-established research field.
For a relevant discussion of the stability and convergence of some methods for equations

with a weak singularity see Linz (Il%le) Nobld (Il%d) discusses possible instabilities of

multi-step methods in the presence of weak singularities.

A number of papers propose higher order methods and collocation techniques to im-

prove the convergence and treat instabilities. For example, |Brj.mnﬁ]:| (|l9§_5b Eroved the

convergence for a polynomial spline collocation method with quadratures;
(lZDlld), Kolk and Pedas dZDQd), and Kolk and Pedas (lZ_Qlﬁ) used a piecewise polynomial

collocation method to solve a Volterra equation with weak singularity, and derived op-

timal global convergence estimates and a local superconvergence result. An alternative
is to consider a special functional basis, such as Chebyshev polynomials and Bernstein

polynomials (see Maﬁkngad_e&_aﬂ (IZLK)_ﬂ) and hﬂa]ﬁkn@adﬂ_aﬂ ([29.1]]), respectively). In

both cases, the approximation leads to a system of linear or nonlinear algebraic equations.

) developed a method based on fast Fourier transform to reduce the
number of kernel evaluations on an N-point grid from O(N?) to O(N(log N)?).

In this paper, for simplicity, we consider trapezoidal quadrature, with a special treat-
ment of the interval containing the singularity, to obtain the numerical solution recur-
sively. We divide the interval [0, 7] into equally spaced subintervals of length A and
discretize (6.6]) appropriately. To this end, we assume that v and g are piecewise linear
with v(IA) = v, and g(IA) = ¢;, so that on the interval [(I — 1) A, IA] we have

v (t) = Vi1 (lA—t)—i—Zl(t— (1—-1)A) - (v —Ayll) (A1),
g () = 91 (lA—t)ﬂLil(t— (-1DA) g (91 _AgH) (IA—1).
Accordingly,

nA

A

in :/ g(t”)dt/: §(gl_|_2gl+1—|—+29n71+gn)u
IA

A
Q= Q(n—l)l + 5 (gn + gnfl) :

Inserting in (6.6]), the discretized system of equations has the form

n exp (__(a9n0;2)2>
2n

vy, + o "+ =0,
lz; : V2mnA

1 1< (
n+ an+7 Vn+_ jn+
g (g \/27TnA) 2; :

4

afdno — 2) exp <_ (aﬂgnysA_Z)2>
=0

24/2mn3 A3

\
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For a given n, all the relevant integrals Z;, J;,1 < [ < n, can be approximated by the
trapezoidal rule (or via more accurate composite formulas, if necessary). Accordingly,

1a - Q(nAt')exp (—%) v(t)
- |
(

dt’
=DA or (nA — t)°
a?Q? (612)
1 in exXp (—2?:?%IA) Y Qn(l—l) exXp <_ﬁ) Vi1
=~ + ’
8TA (n—1)*? (n—1+ 1)
and ) ) 2 )
A (y _ (1 _ M) exp (_a QnA.L) )V(t,)>
" (nA—t) 2(nA—t) .
g = / dt
(=1a om (nA — t')°
QQQil CVQQ?LL
o1 (”n - (1 - (n_zm> eXp (—m) Vl)
~ VRrA (n— 1) (6.13)
a?Q? azgi -
<Vn - <1 - (nlﬁl)Z) exp (_Q(nlil)l)A) Vl—l)
+
(n—1+ 1)3/2

However, the last two integrals, Z7, J", require special care, because they have weak
singularities. Consider the integral Z,, which has the form

" =

n

N2
na Q(nA, 1) exp (—7(12975”%’?) )
/ 20 ) () at'.
(

n—1)A 27 (nA — t’)3
In view of our piecewise linearity assumption, we have

9n — Gn—1 7_2

Q(nA.t) = —
(nA ) = gnT A ,

(6.14)

where 7 = nA — t'. Accordingly,

(on=on-1) )
(gn B %T) eXp _042 (gn— 9 ;gA L T) T (Vn . (l/n*”n—l)T)

A
I, = / dr.
0 27T

A standard change of variables 7 = u? yields

2
9 VA (g _yg 1) , &2 (gn _ (g";ihl)uQ) u2
! \/27T/0 ( )

2A 2

X (,,n - wqﬁ) du. (6.15)

118



The latter integral is now non-singular and can be approximated by the trapezoidal rule:

O¢2F2
1 a’I'? A L' exp (_ 2An)
1, ~ A wln + ' - = Vn— = 5= Gnln + Vn—1,
NGy ( o eXp( 24 ) 1) V 2r 2mA 1
(6.16)

where
A

Pn:_ n n—1) -
5 (9n + 9n1)

Similarly,

n — _ ZQ(”Ayt/)Q) (_QQQ(nA,t/)2> ’ )
T = / s (V" (1 O ma—v) ) OXP sa ) V(1) "
(

n-1a o1 (nA — 1)’
a2Q(nAt')> /
nA (Vn — exXp (_T> 14 (t ))
- / 2na ) dt’
(n=1)A 27 (nA — t’)3

dt

s QA ) exp (~ A (1)
+ aQ/

(n=DA (nA — ') /27 (nA — t')?
— \77:171 +0[2j:’2.
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We have

2
a2 (gn—lonzom=1) )",
n 2A (Vn—vn—1)
Vn—=""Q®R T

A
j:’l - / dr
’ V2rrs

A
- dr
! Vorrs

exp | — ;
(Vn - anl) /A
T dr
A 0 2T
2 A (g _ MT>2
QO Un n 2A
i / Vo (6.17)
0 2T
o2 (g”_(gn;?71)7>27
exp | —
_'_(Vn_ynfl) /A 2 .
A T
A 0 2T
2
— OZQVn va G — (gn - gn,l) 5 du
V2r Jo " 2A
2
2 v (5[0 m ) )
exp | — "
NoZINE 5
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Thus,

" 1 a’r?
Ty = NGO (1 + exp (— A )) (Vn = Vn1)

a? 3 o2
_A2 2 F2 F2 o n B
+ /—27TA3 ((2 gn+ n) Vn_'_ neXp< IA )Vn 1)
a?I2
(Lrew(—5)) | o2arg 112) (.19

21w A V2w A3

(1 + exp (—O‘;El)) a’T'2 exp (—O‘;£%>
- - Vp—1-

21 A V2w A3

By using (6.14]) we can represent expressions ([6.12)), (€I3) in a recurrent form, ne-

glecting now quadrature errors:

a?Q?
1 [Quen (—tis)u e (‘W) Vi1
4= 3/2 3/2
§TA (n—1) (n—141)

= ]Iln (gn| Vi—1,V, 91, "'7gn—1) )

Q{QQQ a2Q2
(e (1 ) e () )
: V8TA (n— l)3/2

O‘2Qi(l—1) O‘Qﬂi(l—l)
Vo =\ 1= G=ivna ) &P | ~amiina ) Y

1 1
= + v
( 87A (n—1)*?*  VBrA(n—1+ 1)3/2>

1 _ o o’ 1— iy exp My V1
(1 ) oxp (%) (1 o) exw (st )

N VETA (n — 1)* N VETA (n — 1 + 1)

= I (Vns Gul Vet 1, g1 s gn1) = Ui'vn + V7 (gn| Vi1, v, 91, 0y Gnn) -
By the same token, Z7, J" given by (6.16]), (6.19) can be written in the form

Ig = HZ (Vnagn‘ anlagn71>
= A} (gn‘ gnfl) Vn + By, (gn| Vp—1, gnq) ,

j,f = JZ (an gn‘ Vn—1, gn71>
= U, (9nl Gn—1) Vn + V3 (Gn| Vn-1,9n-1) -
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In view of the above, system (6.11]) can be written as follows:

( n—1 B (aQno—z)2
S"I () + (v ga) + 25 )
Up + « 1 (gn) + ol (v, gn) + =0,
p— V2mnA

n—1
1 1 1
n"‘ (07 n"‘ Vn"__ Jn Un, dn +_JZ Un, gn (620)
9 <g 2MA) 25 ! (s ) + S50 (Vo 9)

=1
aQno—2)>
(€20 — 2) exp (—7( stA ) )
+ =0,

\ 24/ 2mn3 A3

where we suppress explicit dependencies on g1, ..., gn_1, V1, ..., Vn_1 for brevity. provided

that g1, ..., gn_1,v1,...,y_1 are given. This system can be solved by using the Newton-
Raphson method, say. As a result, the new pair (1, g,) can be found and the recurrence
advanced by one more step as required.

If so desired, system (6.20]) can be simplified further. We notice that the dependence
on v, is linear, eliminate v, in favor of g, from the first equation,

n—1 ex fw
a<zﬂ? (gn) + B2 (gn)> + p(mw:f )

=1

Up = —

(14 A% (9n)) ’

and substitute this expression in the second equation, obtaining a scalar recursive non-
linear equation of the form

n—1
At (Z Uy + U? (gn>))
=1

(14 A% (9n))

exp (%) (6.21)
x |« ZH?(gn)+BZ(gn)>+
(11 V2rnA

1 n—1 (Ozgn +
gt (ZV () + V7 <gn>> -

a —2)?
(OanO - Z) exXp (_( Q;,SA ) ) 0

24/2mn3 A3

+

6.4 Numerical tests and results

In this section, we first analyse the convergence (order) of the numerical method, then
test the accuracy of the first order expansion against the numerical solution, and finally
perform parameter studies (in «) to investigate the influence of the mean-field interaction
on the behaviour of the solution.

6.4.1 Numerical method

To demonstrate the performance of the discretisation scheme, we compare the solution
with (E3I.T]), the analytical solution, in the case a = 0.
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Method of heat potentials

-0.051 Analytical solution

-0.1f
-0.15
-0.2

g -0251

v v

Figure 6.1: v(t): (a) Numerical and analytical solution for « = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for o = 0.

T T T T
Method of heat potentials

18- Analytical solution

0,000

Figure 6.2: ¢g(t): (a) Numerical and analytical solution for « = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for oo = 0.
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Figure 6.3: L;: (a) Numerical and analytical solution for @« = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for o = 0.

We use the method described in Chapter [l with sufficiently many particles and
timesteps as a benchmark and compare the results.

We illustrate the difference between the method described in this chapter and Chapter
in Figure

()
o
kS

T

diff

Figure 6.4: L;: Comparison of the numerical solution by the method of heat potentials
(N = 1000) with that of the particle method described in Chapter Bl for & = 0.5: (a) The
solutions are visually indistinguishable (b) The difference between the solutions.

We now analyse the convergence order of the discretisation scheme for the Volterra
equation empirically. With N time steps, the error of the approximation (€.21)) is expected
to be O(N™'), because the trapezoidal integration in (GI5), (6I7), and (EIX) is on
intervals (0,v/A), and the result is divided by v/A after that. We empirically confirm
this in Figure
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(a) (b)

Figure 6.5: Error in the maximum norm for numerical method in Section [6.3.3 (a) for g
compared to the exact solution for a = 0; (b) for L compared to the simulation solution
for a = 0.5.

The complexity of our method is O(N?). Hence, in order to achieve precision &, we
need O(¢72) operations. In comparison, the particle method with Brownian bridge in
Chapter Bl requires O(e73) operations. The latter could be improved to O(e72) by multi-
level simulation, but equally a higher order method for the Volterra equation would bring
the complexity down. Another advantage of the method above is that we automatically
get directly the derivative g of the loss function, which is harder to obtain in simulation
method because of Monte Carlo noise.

6.4.2 Comparison of perturbation and numerical methods

Here, we compare the numerical and perturbation solutions described above. We fix
T =1, z = 0.5, and choose N = 1000, the number of grid points, sufficiently large so
that the numerical error is negligible. In Figure we plot g, the hitting time density,
computed with numerical and perturbation methods as well as go(t), the solution for
a = 0, to measure the impact of the nonlinear term, for different values of a. For
a = 0.1, the two solutions are visually indistinguishable; for o = 0.3 there is small but
visible difference between the solutions, which increases further for a = 0.5 and arises
from the higher order terms For o« = 1, where the numerical solution shows a jump in
the loss function at around ¢ = 0.1, the first order expansion approximation breaks down.

6.4.3 Parameter studies

We now assess the impact of the mean-field interaction by varying the parameter .

We fix T'= 1,z = 0.5, and choose N = 1000, the number of the grid points. Figure
demonstrates the behavior of v(t) and g(t) for different values of «a, starting with
a = 0; for L;, including a case with discontinuity.

'In our implementation of the perturbation solution, we also perform a scaling to ensure the correct
cumulative density at 7' (which in practice is unknown) to improve the results slightly.
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9(t)

Pertubative:g(t)
Numerical: g(t)

Analytical:go(t)

3 : : :
/ Pertubative:g(t)
/ Numerical: g(t)
25l /’ \ Analytical:gg(t)

Figure 6.6: Comparison of the numerical and perturbative methods for different values
of a.: (a) a=0.1; (b)  =0.3; (¢) « =0.5; (d) a = 1. For visibility, we take N = 100 in

the numerical method in the last plot.
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Figure 6.7: (a) v(t) for different values of a. (b) g(t) for different values of «. (c) L(t)
for different values of o computed by solving (6.6]) via numerical method.
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E[r] 7<T]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 6.8: (a) and (b): E[r|7 < TY; (¢) and (d) V[r|r < T] for different values of o and
T.

To illustrate the impact of the interaction further, we consider the expectation and
variance of the default time depending on «. Since the expectation is infinite, we restrict
it to the interval (0,7"), i.e. consider E[r|7 < T| and V[r|r < T]. These expectations
must be finite for any fixed 7', and go to infinity when 7" — co. The conditional density is
then p-j<r(t) = 151;7((2)115 for t € [0,T]. Using this, one can easily evaluate the moments
numerically. We present the results in Figure [6.8 As expected, we observe that the
expected default time and its variance become smaller with increasing of «, and grow

with increasing T

6.5 Conclusion

We have developed a semi-analytical approach to finding the density of interacting parti-
cles where their common downward drift increases in magnitude when particles hit a lower
boundary, thus creating a positive feedback effect. This leads to a nonlinear and nonlo-
cal parabolic equation. Using the method of heat potentials, we derived an equivalent
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coupled system of Volterra integral equations and solved it numerically, or by expansion
for a small interaction parameter . We confirmed empirically the convergence of order
1 of the numerical method and demonstrated its better complexity in comparison to the
particle method in Chapter B There are striking financial implications as the computa-
tions uncover, in a very simplified setting, how mutual liabilities accelerate defaults of
individual banks.
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Chapter 7

Conclusions

In this thesis we considered the extended default model with mutual liabilities and mea-
sured systemic risk using it. The general case of the model is computationally intense,
therefore, we considered several special cases.

For the case when the assets follow a diffusion process, we considered special cases
of one, two, and three banks. The equations for one and two banks have analytical
solutions which are already known in the literature. We considered the case of three banks,
for which we developed a semi-analytical method to compute corresponding transition
probabilities. Using this result, we were able to compute the joint survival probability as
well as bilateral CVA and DVA semi-analytically.

Next, we developed a numerical method for the case when the assets follow a jump-
diffusion process. The method is based on discretization of the integral part of the
resulting PIDE and modifying ADI type methods to accommodate it. Unfortunately, it
works well only for N = 2 and N = 3. For a larger N it becomes inefficient and only
Monte Carlo methods are considered. Using this numerical method, we computed several
important characteristic of the model, such as joint and marginal survival probabilities,
CDS and FTD spread, CVA and DVA. We also calibrated model parameters to market
quotes and showed the importance of jumps in the model for a short time horizon.

In order to deal with the model for larger N, we considered an infinite-dimensional
approximation of the model. We showed that the mean-field limit of the model when the
number of banks go to infinity leads to a specific McKean—Vlasov equation, whose drift
depends on the absorption rate at the boundary, and analyzed it numerically.

We developed a particle method for the simulation of the process, and proved its
convergence of order 1/2 in the time step under certain technical assumptions. Moreover,
we improved the convergence rate up to 1 using a Brownian bridge technique and a non-
uniform time grid. We confirmed our findings numerically and empirically investigated
cases with “blow-up”.

We also developed another method for this McKean-Vlasov equation based on the
solution of the corresponding PDE for the transition probability. We reduced the problem
to a free boundary-value problem, and, using the method of heat potentials, derived a
coupled system of Volterra integral equations for the transition density and for the loss
through absorption. We developed a numerical method to solve the system as well as an
analytical method for the approximation when the value of the interaction parameter is
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small. The method has a better convergence rate and allows to compute the loss rate
directly.

The mean-field approximation of the model opens up many directions for future re-
search. The nature of the “blow-up” requires more attention, in particular in the proof of
the convergence of developed numerical methods. A recent paper by hk]amuj_alj (IZQLd)
reveals new properties of the model, proving existence and uniqueness of the solution af-
ter the blow-up. These results can be further used for constructing a global numerical

scheme, which guarantees the convergence after the blow up. Another interesting direc-
tion is to extend the methods for the model with common noise factor.
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Appendix A

Special cases of the default model

In this section, we consider special cases of one, two, and three banks. It gives us a better
intuition and understanding of the model and the mechanism of mutual liabilities.

A.1 One bank

In case of just one bank, there are no interbank liabilities, and the model reduces to the

standard framework given in |L.Lp_t_Qn_akud_S_Qp_p| (|29_lf£|) We fully describe it for complete-

ness, since one-dimensional results are used as boundary conditions for higher-dimensional

models.
We have assets A and liabilities L, where assets follow jump-diffusion process (2.32])
A
dj — RAB) dt 4 o dIV(E) 4+ (¢ — 1) dAN(8), (A1)

where g is the growth rate, o the volatility, W is a Brownian motion, N is a Poisson
process independent of W, X is the intensity of jump arrivals, and J is a random jump

0, s >0,
wo(s) = { (A.2)

ve’. <0,

size with pdf

with parameters ¢ > 0.

Default boundaries The default occurs at time 7 = inf{¢ | A(t) < A}. For the case
of one bank, the default boundary (2.47]) simplifies to

RL=A~, t<T,
L=A", t="T,

(A.3)

where 0 < R <1 is the recovery rate.

Formulation of backward Kolmogorov equation The value function (2.57)) for the
case of one banks simplifies to

Vi) = B2 [9(X(T) - Liory + [ x(5.X(9) - Loyt

+¢0(7) - Lipery| X (1) = 2], (A4)
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where x(s,x) is the contract payment at an intermediate time ¢ < s < T (for example,
coupon payment), and ¢g(t) is the payoffs in case of the intermediate default.

Then, according to the Feynman—Kac formula, the corresponding pricing equation is
the Kolmogorov backward equation

ov

e + LYV = x(t, z), (A.5)
V(t,0) = ult), V(ha) — ouelt) (A6)
V(T,z) = (x), (A7)
with the Kolmogorov backward operator

L0 = S foet €+ ATT =S (A3)

where N
Jf(x) = 19/ f(:p)e_ﬂ“du, (A.9)

0

and ¢g, ¢ are given.

Survival probability The survival probability for one bank is given by

Qt,z) = EQ[H{TZT,X(T)ZM:} | X(t) = x]. (A.10)
Then, applying (ZE8)-(260) with ¢(z) = 1i>,-) and x(¢,z) = 0, we get
%—C’E +£YQ =0,
Q(t.0) =0, (A-11)

Q(T,r) = Lo p=y-

Simple CDS In case of one bank, the valuation formula for a CDS simplified to

T
C(t, :E) = EC [—C/ ﬂ{T>S} ds + (1 — R)]]-{TST} | X(t) =1 . (A.12)
¢
Applying (AD)-(AT) with x(¢,z) = c and ¢(z) = 1 — R, we get
%—Cj +LWC =,
C(t,0)=1-R, (A-13)

C(T, l‘) = (1 - R)]]-{:vgp:}-

A.2 Two banks

In the case of two banks, we have external assets A; and A,, external liabilities L; and
Ly, as well as interbank mutual liabilities Ly and Loy, where L;; is the amount the i-th
bank owes to the j-th bank. Then, the total assets and liabilities are

A=A+ Loy, Li=IL+ Ly,

N ~ (A.14)
Ay = Ao+ Lis, Ly = Lo+ Lo.
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The assets’ processes follow (232]), and the Brownian motions have correlation
AW (t)dWs(t) = pdt. (A.15)

We also write the jump processes explicitly. Consider independent Poisson processes
Ny (1), Niay(t), and Nyigy(t) with the corresponding intensities Apy, Afzy, and Agig.
Then, we define the processes Ni(t) and No(t) as

Ni(t) = Ny (t) + Nugy (1),

(A.16)
Na(t) = Nigy(t) + Nugy (1),

with
A1 = Agy + Mgy

(A.17)
)\2 - )\{2} -+ )\{12}.

Default boundaries For the case of two banks, the default boundary (2.41]) simplifies
to

R1<Lz + L”) LE@ = A< t < T,

L+ Lg— Ly = A7, t="T,
where 0 < R; < 1 is the recovery rate and ¢ = 3 — i.

If the k-th bank defaults at intermediate time ¢/, then for the surviving bank k = 3—k
the default boundary changes to

. Ri(Li+ L;, — RiL,;) =AS,  t<T,
A = i (Lk kk k kkN)_ k (A.19)
It is clear that
~ 1 — R;R.) L,z T

Formulation of backward Kolmogorov equation The value function (2.57) for the
case of two banks simplifies to

T
V(z,t) =E? [(X(T)) - Loty + / X(s,X(s)) - Lz>syds+
t
+010(71, Xo(71)) - Lircrmi=r} + 02,0(72, X1(72)) - Lirycrry=ry| X (t) = IE} . (A21)

Accordingly, ([2.58)-(2Z60) becomes

%Y + LV = x(t,2), (A.22)
V(t,0,22) = drot;22), V(t21,22) — et z2), (A.23)
V(t21,0) = 620t 1), V(t21,22) — baelt.z), (A.24)
V(T z) = (), (A.25)
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where Kolmogorov backward operator is

1 1
LOf = éfxlxl + Pfaras t §f$2$2 +&1foy + & oy T MTLS + XTaf + A2diaf —vf =
=A f+E-VI+Tf—vf, (A.26)

where v = A\; + \g + Ao and

Jif(z) =« /ml f(x1 —u, xp)e M du, (A.27)
0
Jof (x) = §2/ f(zq, 29 — u)e”*"ddu, (A.28)
0
Jof(x) = N Jaf(x) = gng/ 1 / 2 flxy —u, x9 —v)e " 2?dudv. (A.29)
o Jo

Joint survival probability The joint survival probability simplifies to

Qt,x) = EQ[H{TET,Xl(T)ZHT,XQ(T)ZH2=} | X(t) = x]. (A.30)
Accordingly,
9Q
e + LQ =0,
Q(t,x1,0) =0, Q(t,0,25) =0, (A.31)

Q(Tu I, x?) = 1{1‘12},61:7$22M2:}'

Marginal survival probability The marginal survival probability for the first bank
simplifies to

a1 (t, ) = E®[Li st x(myeniupn) + 2(72, X1(72)) - Lin<rimer | X(t) =z],  (A.32)

where D15 is the set where both banks survive at the terminal time, D; is the set where
only the first bank survives, and =(7y, X(72)) is the one-dimensional survival probability
with the modified boundaries.

Then7 applylng (Im)i(m) with 1/’(“’) = IL{:13€D1UD12)}7 X(tv SL’) = 07 we get

0
aql(t, x) 4+ Laq(t,z) =0,

ql(t, O,.’L‘Q) = 0, ql(t, Ty, 0) = E(t, .Tl) = {

t — 1 t — olt, 1),
Q1(,$U17372) A (J1(7371,56’2) x2_>+OOX1, ( 1’1)

a1 (T, :L‘) - IL{966D1UD12}7

where x10(t,21) and x1.(t, 1) are the survival probabilities for one bank defined in

Section [A1]
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Credit default swap In the case of two banks, the CDS pricing equation (2.70]) sim-
plifies to

T
Cy(t,x) = E¢ {_C/ Lirssy ds + (1 —min(Ry, R) Ly e pun,)
t
_'_(1 - Rl)]l{7'1<T,T1:T} + 6170(7—27 Xy (T2))]1{T2<T»T2:T} ‘ X<t) - SL’] ’ (A34)
and (Z73) transforms to

9 Crlta) + O 1,2) =
Cl<t, 0, 1’2) =1- Rl, Cl<t, Xy, 1’2) — —C(T — t),

xr1—+00

t > [
CI,O( 7371), T = Ml, Cl(t,l‘l,l‘Q)) N CLOO(t’xl)’ (A35)

1-— Rl, T < ﬂi, Tag—r+00

Cl(t,l‘l,()) = {

1-— min(Rl, Rl(l)), (l‘l,ZL'Q) € DQ,

Ci(T,z) = ¢(z) = {1 —min(Ry, Ry(ws)), (1, 22) € Dys,

where
A1 (T) + W9 L21 (T)

’ L1 (T) + (,{.}2L12(T) ’
where ¢ o(t, 1) and ¢ o(f, 1) are the solutions of one-dimensional problems described

in Section [A.1]

Ry (w;) = min {1

First-to-default swap In the case of two banks, the FTD pricing equation (2.74])
simplifies to

T
F(t,x) = E° [—C/ Lirssp ds + Bolxmepy T Prlixmen,y + Bolix(ren:}
t
+(]- - Rl)]]-{7'1<T,7'1=T} + (]- - RZ)]]-{TQ<T,T2=T} | X(t) = "L‘} ) (A36)
where

61 =1- min(Rg, RQ(W)), 62 =1- min(Rl,Rl(w)),
Bo = 1 — min(min(Ry(w), Ry), min(Ry(w), Ry)),

and (Z70) transforms to

8
(2) —

F(t,O,ZL'Q):]_—Rl, F(t,l‘l,O):l—RQ,

F<t7 X1, x2) 932—>—+>oo fl,oo<t7 xl)a F<t7 .’,171,.’172) J:1—>—+>oo f2,oo(t7 x2)7

F(Ta l‘) - Bol{me[)} + /81]]'{$6D1} + BZﬂ{xEDQ}a

(A.37)

where f oo(t, z1) and fo oo (, 22) are the solution of one-dimensional CDS pricing problems

described in Section [A.2]
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Credit and Debt Value Adjustments for CDS When we have two banks, we
consider unilateral CVA and DVA described in Section
For CVA, we associate x; with the Protection Seller and x5 with the Reference Name.
Then, using ([2:24)), it can be given by the solution of ([258])-(2.60) with x(¢,2) = 0 and
U(z) =0,
0

EVCVA + E(Z)VCVA _ O,

VYA, 0,25) = (1 — Rpg)VEP3 (t,a0) ", VEVA(t,24,0) = 0,
VCVA<T, Ty, 1’2) =0.
Similarly, for DVA, we associate z; with the Protection Buyer and x5 with the Refer-
ence Name. Then, using (Z20]), DVA can be given by the solution of (Z58)—(Z60),

%VDVA + £(2)VDVA _ 0’

VPVA(1,0,3) = (1 — Rpg)VEOPS(t,00)™,  VPVA(21,0) = 0, (A.39)
VDVA(T, Ty, 1’2) = 0.

(A.38)

A.3 Three banks

In contrast to the previous section, it is not so informative to write default boundaries
explicitly. Thus, we just use Sections for N = 3. We concentrate on the formulation
of Kolmogorov backward equations for joint survival probability and CVA/DVA, which
we use in the following chapters.

For the joint survival probability, ([Z58)—(2.60) transforms to

9Q

X g =, (A.40)
Q(t, O,I‘Q,l‘g) = 0, Q(t,l‘l, O,l‘g) = O, Q(t, T1,T9, O) = 0, (A41)
Q(T, w1, 2, 23) = Loy > )= o> s ws>ps ) (A.42)

For CVA, we associate z; with the Protection Seller (PS), x5 with the Protection Buyer

(PB), and x5 with the Reference Name (RN). Then, (Z71) can be rewritten as
9,

EvCVA + £(3)VCVA — 0’

VCVA<t7 07 T2, .T3) = (1 - RI)VCDS<t7 1’3)+, (A43)
VCVA(t,SL’l,O,.T3) = 0, VCVA<t, .Tl,.l’g,O) = O,

VCVA(T, T1,T9, l‘g) =0.

Similarly, for DVA, ([279) can be rewritten as

%VDVA + E(3)vDVA _ 07

VDVA(t, O, T, .1’3) = (1 — RQ)VCDS(t, 1’3),, (A44)
VDVA(t,SUl,O,.Tg) = 0, VDVA(t,SUl,.TQ,O) = 0,

VDVA(T, 1’17372,.’173) =0.

137



Appendix B

The method of heat potentials

We follow [Tikhonov and Samarskii (IL%j), Section 6.4 in this section.

Consider a heat equation
Up = a*Uyy, (B.1)

with moving boundaries x;(t) and x2(¢) and zero initial condition. The boundary condi-
tions are

u(t, x1(t)) = g1(t), (B.2)
u(t, x2(t)) = g2(t). (B.3)

First, we consider a solution of (B.Il) without the boundary conditions. It is well-
known that the Green’s function for (B.IJ) on R is

1 (z/ —a)?

€ 4a27 B.4
2V mralT (B4)

G(r, 2, x) =

B.1 Heat potentials

Consider two integrals

¢
V= / Glyyy (v AT, (B.5)
G
W = 2a2/ % pudr, (B.6)
0 I lw=x(r)
for some v(t) and p(t).

Using (B.4), the last two equations become

a? /t 1 o (r)? (1)d (B
— e da®(t—7) (T T, .
VLS Va2 (t —7)

x—Xl (i 2><(1(T);
a?(t—7 dr. B.8
Wi [EN (B3)

Functions V and W are called single layer and double layer heat potentials. In the rest
of the section, we study the behaviour of the heat potentials along the curve z = x(t).
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We want to show that

W‘x =x1(t)+ W|x =x1(t) IU/(t)7 (Bg)
W‘x =x1(t)— W|x =x1(t) _lu<t>7 (BlO)
and
o _ ’/(t) (B.11)
O |,pyiyro 0T r=X1() 2
LB B 70) 1)
0% lompur-0 0% lompaiy 2

assuming that yi(t), p(t), and v(t) are differentiable.
Consider W?, defined with constant u(t) = po:

r—xa(T (”fl QX&(”;
a?(t—7 d B.13
wo- L [2ull, podr, (B.13)
and auxiliary function

- 1 IV _(@=x1()?
VO = NG il(:)_e 1a2(e-7) fio dT. (B.14)
o VE—

The difference W° — V0 is

_ (= ()2 _ VU
WO(t, z) — Vo(t x) / e [:1: xa(r) B Xi(7) 1o dr

2a\/_ (t—7)32 Jt—71
_ 210
o? g
SV et
where
_ T~ x1(7)
2a/t — T’
+oo, x> x1(t),
ap =10, z=x1(t),
—o00, < x1(t).
Hence,

5 5 2 +oc0 )
Ot 2040) — WOt 29)] — [Vt 20£0) — VOt 20)] = 22 / eda = . (B.15)
0
Since V is continuous, we have

WO(t, 2o £ 0) = WOt, 20) £ o (B.16)

As a result

W(t,z) = WO(t,x) —(t, ), (B.17)
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where ,
€T — Xl ) _(E=x1(1)

ottr) = 3= [ B ) — i)

Since we assumed that u(t) is differentiable, the integral in the last equation has a square-

root (integrable) singularity, and, therefore 1 (¢, z) is continuous. Thus,

W(t,xo £0) = W(t, zo) £ u(t), (B.18)
and we get (B.9)—(B.10).
Similarly, taking the derivative %—‘;,
oV 1 1 t.ﬁL’—Xl(T) _(w—gcﬂ
or _2a\/7_T§/o (t— 7)3/2e W p(r) dr, (B.19)

and is equal to —W (¢, z) with density pu(t) = @

As a result, we immediately get (B.II)-(B.12).

B.2 Boundary value problem

In this section we show how to solve (B.I]) with boundary conditions (B.2)) (assuming
X2(t) = +o0 in (B.3)), and the initial condition u(0,z) = 0.
Using Green’s theorem, we can write the solution as

ults) = 5 W ) = [ 52— r (e dr (.20)

2a?

Using the expression for the Green’s function, we have

xr — Xl(t) _ =xg ()2
t,x) e 4= p(7)dr. B.21
it = = [ S () (B.21)
This function satisfies (B.1]) for & > x1(¢), has zero initial condition, and bounded for any
choice of p(t). Moreover, at the point x = x;(t), as we showed in the previous section,
the function is discontinuous, and using (BI8)), we have

pu(t (7 _ta®=x(n)?
e e R U LT

The last equation is a Volterra integral equation of the second kind. Solving this equation,
we find the density function p(t), and therefore can find the solution of the original

problem in the form (B.21]).

140



Bibliography

Abate, J., Choudhury, G. L., and Whitt, W. (2000). An introduction to numerical trans-
form inversion and its application to probability models. In Computational Probability,
pages 257-323. Springer.

Abramowitz, M. and Stegun, 1. A. (1964). Handbook of Mathematical Functions: with
formulas, graphs, and mathematical tables, volume 55. Courier Corporation.

Albanese, C. and Chen, O. X. (2005). Discrete credit barrier models. Quantitative
Finance, 5(3):247-256.

Allen, F. and Gale, D. (2000). Financial contagion. Journal of Political Economy,
108(1):1-33.

Andersen, L. and Andreasen, J. (2000). Jump-diffusion processes: Volatility smile fitting
and numerical methods for option pricing. Review of Derivatives Research, 4(3):231—
262.

Antonelli, F., Kohatsu-Higa, A., et al. (2002). Rate of convergence of a particle method
to the solution of the McKean—Vlasov equation. The Annals of Applied Probability,
12(2):423-476.

Artzner, P. and Delbaen, F. (1995). Default risk insurance and incomplete markets.
Mathematical Finance, 5(3):187-195.

Asmussen, S., Glynn, P., and Pitman, J. (1995). Discretization error in simulation of one-
dimensional reflecting Brownian Motion. The Annals of Applied Probability, 5(4):875—
896.

Avellaneda, M. and Zhu, J. (2001). Distance to default. Risk, 14(12):125-129.

Ballotta, L., Fusai, G., and Marazzina, D. (2019). Integrated structural approach to
credit value adjustment. European Journal of Operational Research, 272(3):1143-1157.

Barker, R., Dickinson, A., Lipton, A., and Virmani, R. (2016). Systemic risks in CCP
networks. arXiw preprint arXiw:1604.00254.

Beyn, W.-J. (2012). An integral method for solving nonlinear eigenvalue problems. Linear
Algebra and its Applications, 436(10):3839-3863.

141



Bielecki, T. R. and Rutkowski, M. (2013). Credit risk: modeling, valuation and hedging.
Springer Science & Business Media.

Black, F. and Cox, J. C. (1976). Valuing corporate securities: Some effects of bond
indenture provisions. The Journal of Finance, 31(2):351-367.

Boen, L. and Hout, K. J. (2019). Operator splitting schemes for the two-asset merton
jump-diffusion model. arXiv preprint arXiv:1901.03839.

Borovkov, K. and Novikov, A. (2005). Explicit bounds for approximation rates of bound-
ary crossing probabilities for the Wiener process. Journal of Applied Probability,
42(1):82-92.

Bossy, M. and Talay, D. (1997). A stochastic particle method for the McKean-Vlasov
and the Burgers equation. Mathematics of Computation, 66(217):157-192.

Brunner, H. (1985). The numerical solution of weakly singular Volterra integral equations
by collocation on graded meshes. Mathematics of Computation, 45(172):417-437.

Bush, N., Hambly, B. M., Haworth, H., Jin, L., and Reisinger, C. (2011). Stochastic evolu-
tion equations in portfolio credit modelling. SIAM Journal on Financial Mathematics,
2(1):627-664.

Butcher, J. C. (2008). Numerical Methods for Ordinary Differential Equations. John
Wiley & Sons.

Céceres, M. J., Carrillo, J. A., and Perthame, B. (2011). Analysis of nonlinear noisy inte-
grate & fire neuron models: blow-up and steady states. The Journal of Mathematical
Neuroscience, 1(1):7.

Cariboni, J. and Schoutens, W. (2007). Pricing credit default swaps under Lévy models.
Journal of Computational Finance, 10(4):71.

Carmona, R. and Delarue, F. (2018). Probabilistic Theory of Mean Field Games with
Applications I-1I. Springer.

Carrillo, J. A., Gonzdlez, M. d. M., Gualdani, M. P., and Schonbek, M. E. (2013).
(Classical solutions for a nonlinear Fokker-Planck equation arising in computational
neuroscience. Communications in Partial Differential Equations, 38(3):385-409.

Charney, J. G., Fjortoft, R., and Neumann, J. v. (1950). Numerical integration of the
barotropic vorticity equation. Tellus, 2(4):237-254.

Conn, A. R., Gould, N. L., and Toint, P. L. (2000). Trust region methods, volume 1. Siam.

Cont, R. and De Larrard, A. (2012). Order book dynamics in liquid markets: limit
theorems and diffusion approximations. Working paper.

142



Cont, R., Moussa, A., and Santos, E. (2010). Network structure and systemic
risk in banking systems. Awailable at SSRN: https://ssrn.com/abstract=1733528 or
http://dx.doi.org/10.2139/ssrn.1733528.

David, A. and Lehar, A. (2014). Why are banks highly interconnected? Awvailable at
SSRN 1108870.

Delarue, F., Inglis, J., Rubenthaler, S., and Tanré, E. (2015a). Global solvability of a
networked integrate-and-fire model of McKean—Vlasov type. The Annals of Applied
Probability, 25(4):2096-2133.

Delarue, F., Inglis, J., Rubenthaler, S., and Tanré, E. (2015b). Particle systems with a
singular mean-field self-excitation. Application to neuronal networks. Stochastic Pro-
cesses and their Applications, 125(6):2451-2492.

Delarue, F., Nadtochiy, S., and Shkolnikov, M. (2019). Global solutions to the su-
percooled Stefan problem with blow-ups: regularity and uniqueness. arXiv preprint
arXw:1902.05174.

Demmel, J., Dumitriu, I., and Holtz, O. (2007). Fast linear algebra is stable. Numerische
Mathematik, 108(1):59-91.

Driscoll, T. A., Hale, N., and Trefethen, L. N. (2014). Chebfun guide. Pafnuty Publ.

Duffie, D. and Singleton, K. J. (1997). An econometric model of the term structure of
interest-rate swap yields. The Journal of Finance, 52(4):1287-1321.

Duffie, D. and Singleton, K. J. (1999). Modeling term structures of defaultable bonds.
Review of Financial studies, 12(4):687-720.

Eisenberg, L. and Noe, T. H. (2001). Systemic risk in financial systems. Management
Science, 47(2):236-249.

Escobar, M., Ferrando, S., and Wen, X. (2013). Three dimensional distribution of Brown-
ian motion extrema. Stochastics: An International Journal of Probability and Stochas-
tic Processes, 85(5):807-832.

Escobar, M., Ferrando, S., and Wen, X. (2014). Barrier options in three dimensions.
International Journal of Financial Markets and Derivatives, 3(3):260-292.

Feng, L. and Linetsky, V. (2008). Pricing discretely monitored barrier options and default-
able bonds in Lévy process models: a fast Hilbert transform approach. Mathematical
Finance, 18(3):337-384.

Finger, C., Finkelstein, V., Pan, G., Lardy, J.-P., Ta, T., and Tierney, J. (2002). Credit-
grades technical document. RiskMetrics Group, pages 1-51.

Fligge, S. (2012). Practical quantum mechanics. Springer Science & Business Media.

143



Gai, P., Haldane, A., and Kapadia, S. (2011). Complexity, concentration and contagion.
Journal of Monetary Economics, 58(5):453-470.

Gai, P. and Kapadia, S. (2010). Contagion in financial networks. In Proceedings of the
Royal Society of London A: Mathematical, Physical and Engineering Sciences, page
rspa20090410. The Royal Society.

Giesecke, K., Spiliopoulos, K., Sowers, R. B., et al. (2013). Default clustering in large
portfolios: Typical events. The Annals of Applied Probability, 23(1):348-385.

Glasserman, P. (2013). Monte Carlo methods in financial engineering, volume 53.
Springer Science & Business Media.

Glasserman, P. and Young, H. P. (2016). Contagion in financial networks. Journal of
Economic Literature, 54(3):779-831.

Gobet, E. and Pagliarani, S. (2018). Analytical approximations of non-linear SDEs of
McKean—Vlasov type. Journal of Mathematical Analysis and Applications, 466(1):71-
106.

Gradstejn, 1. S., Ryzik, I. M., Jeffrey, A., and Zwillinger, D. (2007). Table of integrals,
series, and products. Elsevier/Academic Press.

Guibas, L. and Stolfi, J. (1985). Primitives for the manipulation of general subdivisions
and the computation of voronoi. ACM Transactions on Graphics (TOG), 4(2):74-123.

Hairer, E., Lubich, C., and Schlichte, M. (1985). Fast numerical solution of nonlinear
Volterra convolution equations. SIAM Journal on Scientific and Statistical Computing,
6(3):532-541.

Hambly, B., Ledger, S., and Sojmark, A. (2018). A McKean—Vlasov equation with positive
feedback and blow-ups. arXiv preprint arXiv:1801.07703.

Hambly, B. and Sojmark, A. (2018). An SPDE model for systemic risk with endogenous
contagion. arXw preprint arXiw:1801.10088.

Haworth, H. (2006). Structural models of credit with default contagion. PhD thesis,
University of Oxford.

Haworth, H., Reisinger, C., and Shaw, W. (2008). Modelling bonds and credit default
swaps using a structural model with contagion. Quantitative Finance, 8(7):669—-680.

He, H., Keirstead, W. P.; and Rebholz, J. (1998). Double lookbacks. Mathematical
Finance, 8(3):201-228.

Hilberink, B. and Rogers, L. (2002). Optimal capital structure and endogenous default.
Finance and Stochastics, 6(2):237-263.

Hull, J. C. and White, A. (2001). Valuing credit default swaps II: modeling default
correlations. Journal of Derivatives, 8(3):12-22.

144



Hundsdorfer, W. and Verwer, J. G. (2013). Numerical solution of time-dependent
advection-diffusion-reaction equations, volume 33. Springer Science & Business Me-
dia.

Hurd, T. R. (2016). Contagion! Systemic Risk in Financial Networks. Springer.

Hyer, T., Lipton, A., Pugachevsky, D., and Qui, S. (1999). A hidden-variable model for
risky bonds. Technical report, working paper, Bankers Trust.

Ichiba, T., Ludkovski, M., and Sarantsev, A. (2018). Dynamic contagion in a banking
system with births and defaults. arXiv preprint arXiv:1807.09897.

In’t Hout, K. and Foulon, S. (2010). ADI finite difference schemes for option pricing in
the Heston model with correlation. International Journal of Numerical Analysis and
Modeling, 7(2):303-320.

In’t Hout, K. and Welfert, B. (2007). Stability of ADI schemes applied to convection—
diffusion equations with mixed derivative terms. Applied Numerical Mathematics,
57(1):19-35.

in’t Hout, K. J. and Toivanen, J. (2018). Adi schemes for valuing european options under
the bates model. Applied Numerical Mathematics, 130:143-156.

Itkin, A. and Carr, P. (2011). Jumps without tears: A new splitting technology for barrier
options. International Journal of Numerical Analysis and Modeling, 8(4):667-704.

Itkin, A. and Lipton, A. (2015). Efficient solution of structural default models with corre-
lated jumps and mutual obligations. International Journal of Computer Mathematics,
92(12):2380-2405.

Itkin, A. and Lipton, A. (2017). Structural default model with mutual obligations. Review
of Deriwatives Research, 20:15-46.

Jarrow, R. A. and Turnbull, S. M. (1995). Pricing derivatives on financial securities
subject to credit risk. The Journal of Finance, 50(1):53-85.

Javed, M. and Trefethen, L. N. (2014). A trapezoidal rule error bound unifying the Euler—
Maclaurin formula and geometric convergence for periodic functions. In Proceedings of
the Royal Society A, volume 470:2161.

Kaushansky, V., Lipton, A., and Reisinger, C. (2018a). Numerical analysis of an extended
structural default model with mutual liabilities and jump risk. Journal of Computa-
tional Science, 24:218-231.

Kaushansky, V., Lipton, A., and Reisinger, C. (2018b). Transition probability of Brown-
ian motion in the octant and its application to default modelling. Applied Mathematical
Finance. https://doi.org/10.1080/1350486X.2018.1481439.

145



Kaushansky, V. and Reisinger, C. (2018). Simulation of a simple particle system inter-
acting through hitting times. Discrete and Continuous Dynamical Systems, To appear.

Kiesel, R. and Scherer, M. (2007). Dynamic credit portfolio modelling in structural
models with jumps. Preprint, Universitit Ulm.

Kim, I. J., Ramaswamy, K., and Sundaresan, S. (1993). Does default risk in coupons affect
the valuation of corporate bonds?: A contingent claims model. Financial Management,
22(3):117-131.

Kluge, T. (2002). Pricing derivatives in stochastic volatility models using the finite
difference method. Diploma thesis, Technische Universiteta Chemnitz.

Kolk, M. and Pedas, A. (2009). Numerical solution of Volterra integral equations with
weakly singular kernels which may have a boundary singularity. Mathematical Mod-
elling and Analysis, 14(1):79-89.

Kolk, M. and Pedas, A. (2013). Numerical solution of Volterra integral equations with
singularities. Frontiers of Mathematics in China, 8(2):239-259.

Kolk, M., Pedas, A., and Vainikko, G. (2009). High-order methods for Volterra integral
equations with general weak singularities. Numerical Functional Analysis and Opti-
mization, 30(9-10):1002-1024.

Kythe, P. K. (2011). Green’s Functions and Linear Differential Equations: Theory, Ap-
plications, and Computation. CRC Press.

Lando, D. (1998). On Cox processes and credit risky securities. Review of Derivatives
research, 2(2-3):99-120.

Ledger, S. and Sojmark, A. (2018). At the mercy of the common noise: blow-ups in a
conditional McKean—Vlasov problem. arXww preprint arXiv:1807.05126.

Leland, H. E. (1994). Corporate debt value, bond covenants, and optimal capital struc-
ture. The Journal of Finance, 49(4):1213-1252.

Leland, H. E. and Toft, K. B. (1996). Optimal capital structure, endogenous bankruptcy,
and the term structure of credit spreads. The Journal of Finance, 51(3):987-1019.

Li, D. X. (2000). On default correlation: A copula approach. Journal of Fized Income,
9(4):43-54.

Linz, P. (1985). Analytical and Numerical Methods for Volterra Equations. STAM.

Lipton, A. (2001). Mathematical Methods For Foreign Exchange: A Financial Engineer’s
Approach. World Scientific.

Lipton, A. (2002). Assets with jumps. Risk, 15(9):149-153.

146



Lipton, A. (2016). Modern monetary circuit theory, stability of interconnected banking
network, and balance sheet optimization for individual banks. International Journal
of Theoretical and Applied Finance, 19(6). doi: 10.1142/50219024916500345.

Lipton, A. (2017). Financial Engineering: Selected Works of Alexander Lipton. World
Scientific.

Lipton, A., Kaushansky, V., and Reisinger, C. (2018). Semi-analytical solution of a
McKean-Vlasov equation with feedback through hitting a boundary. arXiv preprint
arXiw:1808.05511.

Lipton, A., Pesavento, U., and Sotiropoulos, M. (2014). Trading strategies via book
imbalance. Risk, April, pages 70-75.

Lipton, A. and Savescu, I. (2014). Pricing credit default swaps with bilateral value
adjustments. Quantitative Finance, 14(1):171-188.

Lipton, A. and Sepp, A. (2009). Credit value adjustment for credit default swaps via the
structural default model. The Journal of Credit Risk, 5(2):123-146.

Lipton, A. and Sepp, A. (2011). Filling the gaps. Risk Magazine, 24(10):78:66-71.

Lipton, A. and Sepp, A. (2013). Credit value adjustment in the extended structural
default model. In Lipton, A. and Rennie, A., editors, The Oxford Handbook of Credit

Deriwatives, chapter 12, pages 406-463. Oxford University Press.

Lipton, A., Song, J. Z., and Lee, S. (2007). Systems and methods for modeling credit
risks of publicly traded companies. US Patent 7,236,951.

Longstaff, F. A. and Schwartz, E. S. (1995). A simple approach to valuing risky fixed
and floating rate debt. The Journal of Finance, 50(3):789-819.

Maleknejad, K., Hashemizadeh, E., and Ezzati, R. (2011). A new approach to the nu-
merical solution of Volterra integral equations by using Bernstein’s approximation.
Communications in Nonlinear Science and Numerical Simulation, 16(2):647-655.

Maleknejad, K., Sohrabi, S., and Rostami, Y. (2007). Numerical solution of nonlinear
Volterra integral equations of the second kind by using Chebyshev polynomials. Applied
Mathematics and Computation, 188(1):123-128.

Marshall, A. W. and Olkin, I. (1967). A multivariate exponential distribution. Journal
of the American Statistical Association, 62(317):30-44.

Merton, R. C. (1974). On the pricing of corporate debt: The risk structure of interest
rates. The Journal of Finance, 29(2):449-470.

Nadtochiy, S. and Shkolnikov, M. (2017). Particle systems with singular interac-
tion through hitting times: application in systemic risk modeling. arXiv preprint
arXiw:1705.00691.

147



Nadtochiy, S. and Shkolnikov, M. (2018). Mean field systems on networks, with singular
interaction through hitting times. arXww preprint arXiv:1807.02015.

Nakatsukasa, Y., Noferini, V., and Townsend, A. (2015). Computing the common zeros of
two bivariate functions via bézout resultants. Numerische Mathematik, 129(1):181-209.

Nielsen, L., Sad-Requejo, J., and Santa-Clara, P. (1993). Default risk and interest rate
risk: The term structure of credit spreads. INSEAD working paper.

Noble, B. (1969). Instability when solving Volterra integral equations of the second
kind by multistep methods. In Conference on the Numerical Solution of Differential
Equations, pages 23-39. Springer.

Persson, P.-O. (2004). Mesh generation for implicit geometries. PhD thesis, MIT.

Pooley, D. M., Vetzal, K. R., and Forsyth, P. A. (2003). Convergence remedies for non-
smooth payoffs in option pricing. Journal of Computational Finance, 6(4):25-40.

Reis, G. d., Smith, G., and Tankov, P. (2018). Importance sampling for McKean-Vlasov
SDEs.

Reisinger, C. and Whitley, A. (2014). The impact of a natural time change on the conver-
gence of the Crank—Nicolson scheme. IMA Journal of Numerical Analysis, 34(3):1156—
1192.

Ricketson, L. (2015). A multilevel Monte Carlo method for a class of McKean—Vlasov
processes. arXww preprint arXiv:1508.02299.

Rubinstein, L. (1971). The Stefan Problem, volume 27 of Translations of Mathematical
Monographs. American Mathematical Society, Providence, RI.

Sepp, A. (2004). Analytical pricing of double-barrier options under a double-exponential
jump diffusion process: applications of Laplace transform. International Journal of
Theoretical and Applied Finance, 7(02):151-175.

Sepp, A. (2006). Extended CreditGrades model with stochastic volatility and jumps.
Wilmott Magazine, pages 50—62.

Spiliopoulos, K. (2015). Systemic risk and default clustering for large financial systems.
In Large Deviations and Asymptotic Methods in Finance, pages 529-557. Springer.

Szpruch, L., Tan, S., and Tse, A. (2017). Iterative particle approximation for McKean—
Vlasov SDEs with application to Multilevel Monte Carlo estimation. arXiv preprint
arXiv:1706.00907.

Tikhonov, A. N. and Samarskii, A. A. (1963). Equations of Mathematical Physics. Dover
Publications, New York. English translation.

Toivanen, J. et al. (2016). Application of operator splitting methods in finance. pages
541-575.

148



Trefethen, L. N. (2013). Approzimation Theory and Approximation Practice. SIAM,
Philadelphia.

Valuzis, M. (2008). On the probabilities of correlated defaults: a first passage time
approach. Nonlinear Analysis: Modelling and Control, 13(1):117-133.

Zhou, C. (2001a). An analysis of default correlations and multiple defaults. Review of
Financial Studies, 14(2):555-576.

Zhou, C. (2001b). The term structure of credit spreads with jump risk. Journal of
Banking & Finance, 25(11):2015-2040.

149



	Introduction
	Literature overview
	Main contributions
	Outline of the thesis

	Modeling framework
	Main definitions
	Survival probability
	Credit Default Swap
	First-to-Default Swap
	Credit Default Swap with counterparty risk
	Credit and Debt Value Adjustments

	Extended default model with mutual liabilities
	Dynamics of assets and liabilities
	Default boundaries
	Terminal conditions
	Formulation of backward Kolmogorov equation
	Joint survival probability
	Marginal survival probability
	Credit default swap
	First-to-Default Swap
	Credit and Debt Value Adjustments for a CDS

	Infinite limit of the banking system

	Analytical methods for the model without jumps
	Introduction
	Transition probability of Brownian motion in RN+
	Drift elimination
	One-dimensional problem
	Two-dimensional problem
	Three-dimensional problem
	Problem formulation and preliminaries
	Semi-analytical solution by expansion
	Finite element method for angular PDE
	Mesh construction

	Semi-analytical method for angular PDE
	Schrödinger equation with Pöschl–Teller potential
	Expansion for (', ')

	Final expression for Green's function
	Solution of the nonlinear eigenvalue problem
	Truncation and the smallest (linear) eigenvalue of T()
	Chebyshev polynomial interpolation of T()
	Contour integral method

	Numerical tests
	Matrix assembly
	Computation of eigenvalues
	Convergence of expansion and computational speed


	Extended Default Model with one bank
	Survival probability
	Credit Default Swap
	Numerical examples

	Extended Default Model with three banks
	Joint survival probability
	Computation of Credit and Debt Value Adjustments


	Finite-difference splitting methods for the jump model
	Numerical methods for a one-dimensional problem
	Laplace transform method
	Finite–difference method
	Discretization of the integral part of the PIDE
	Discretization of the differential part of the PIDE
	Time discretization


	Numerical method for a multidimensional problem
	Discretization of the integral part of the PIDE
	Discretization of the differential part of the PIDE
	Time discretization: ADI scheme
	Stability analysis
	Discontinuous boundary and terminal conditions

	Financial applications
	Numerical experiments
	Calibration


	Simulation of the infinite-dimensional model
	Introduction
	Assumptions and main results
	Convergence results
	Convergence of the timestepping scheme
	Extension of the result in time
	Monte Carlo simulation of discretized process
	Brownian bridge convergence improvement

	Numerical experiments
	Lipschitz initial data and no blow-up
	Hölder 1/2 initial data and no blow-up
	Hölder 1/2 initial data and blow-up

	Conclusion

	Integral equation methods for the infinite-dimensional model
	Introduction
	The method of heat potentials
	Semi-closed formula for the transition density
	Computation of loss rate over boundary
	Direct computation of loss rate

	Solution of the McKean-Vlasov equation
	Special cases
	M(t) = 0
	M(t) = t

	Perturbation solution
	Numerical solution

	Numerical tests and results
	Numerical method
	Comparison of perturbation and numerical methods
	Parameter studies

	Conclusion

	Conclusions
	Special cases of the default model
	One bank
	Two banks
	Three banks

	The method of heat potentials
	Heat potentials
	Boundary value problem

	Bibliography

