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Abstract

In this thesis, we study a structural default model of an interconnected bank-

ing system with mutual liabilities. We develop novel numerical and analytical

methods for the computation of important characteristics of the model and

assess their impact on counterparty credit risk. First, we study the case when

the banks’ asset values follow a pure diffusion process and develop analytical

and semi-analytical methods for default probabilities, which are the first of

their kind in the three-dimensional case. Next, we consider a jump-diffusion

model and develop new splitting finite difference methods for the resulting

partial integro-differential equations, which we test numerically in the case

of two banks. Due to the curse of dimensionality, these methods are not ex-

tendable practically to a large number of banks. Therefore, we consider a

mean-field approximation of the model in this case, which leads to a McK-

ean–Vlasov equation where the drift term depends on the absorption rate

on the boundary. We develop and analyse a novel simulation method and

an alternative approach based on reduction of the corresponding nonlinear,

nonlocal PDE to a coupled system of Volterra integral equations.
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Chapter 1

Introduction

Since the global financial crisis around 2008, the estimation and mitigation of counter-

party credit risk has become a pillar of financial risk management. The impact of such

risks on financial derivatives is explicitly acknowledged by a valuation adjustment. More-

over, a particular concern to regulators and central banks is the impact of default of an

entity on the financial system – credit contagion, which might lead to a chain of defaults

of the whole banking system. The possibility of events that might cause instability of the

banking system is called systemic risk , the risk of collapse of an entire financial system.

Different approaches are used to model systemic risk. One approach is based on

network analysis (Eisenberg and Noe (2001); Gai and Kapadia (2010); Glasserman and

Young (2016); Allen and Gale (2000); Cont et al. (2010); Gai et al. (2011)). We call this

a static approach since it models the current behaviour of the banking network based on

interbank data. Barker et al. (2016) and Lipton (2017) (Chapter 16) measured systemic

risk in Central Clearing House Networks.

Another approach is dynamic and based on credit default models. There are two main

approaches for this: the reduced form approach and the structural approach. We are going

to briefly review both approaches. Then, we briefly discuss mean-field approximations in

the structural framework for a large number of banks.

The focus of this thesis is to develop and analyse semi-analytical and numerical meth-

ods for a structural default model with contagion through mutual liabilities for a small

number of banks and in the large-pool limit.

1.1 Literature overview

Reduced form models The idea of reduced-form models is not to go deep into the

economic reasons a default event, but to assume that the default comes purely randomly

and to model the default rate, given that the default has not occurred yet, called the

hazard function. There are many papers devoted to the reduced-form approach. Some of

the ones mainly used in practice are Artzner and Delbaen (1995), Jarrow and Turnbull

(1995), Duffie and Singleton (1997), Duffie and Singleton (1999), Lando (1998). A full

review of this approach can be found in Bielecki and Rutkowski (2013).

The main advantage of the reduced-form approach is that it can be quite well cali-

brated to market quotes and, therefore, used for pricing credit derivatives. But, on the
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other hand, the approach does not have any economic interpretation of the cause of the

default event.

This approach was also extended by Spiliopoulos (2015) and Giesecke et al. (2013),

who considered a large-pool limit of credit portfolios and measured systemic risk using

this approach.

Structural models The second class of models are structural models. In contrast to

reduced-form models, the structural framework deduces default from the balance sheet

(i.e., from the information about assets and liabilities). We further follow Lipton and

Sepp (2013) for the review of structural models.

Originally, the structural framework was developed in Merton (1974) by what is now

known as the Merton model. There, it is assumed that firms’ asset values are driven by

Geometric Brownian Motion and the firm borrows a zero-coupon bond with face value F

and time to maturity T . The firm defaults at time T if its asset value at maturity time

T is less than the corresponding face value. Then, the corresponding bond price at time

t or default probability can be computed via the standard Black and Scholes framework.

Many authors proposed various extensions of this basic model. One of them was

introduced in Black and Cox (1976), where the authors introduced continuous default

monitoring. Thereby, the default probability can be computed using pricing formulas

for barrier options in the Black and Scholes framework. Also, a more complicated debt

structure was considered, for instance in Kim et al. (1993), Nielsen et al. (1993), Leland

(1994), Longstaff and Schwartz (1995), Leland and Toft (1996), Albanese and Chen

(2005). Most recent research papers concentrated on extending the model in order to be

able to generate the high short-term CDS spreads typically observed in the market. This

has been done in different ways: Hyer et al. (1999), Hull and White (2001), Avellaneda and

Zhu (2001) made default barriers curvilinear, Finger et al. (2002) made default barriers

stochastic, and Zhou (2001b), Hilberink and Rogers (2002), Lipton (2002), Lipton et al.

(2007), Sepp (2004), Sepp (2006), Cariboni and Schoutens (2007), Feng and Linetsky

(2008) incorporated jumps into the firm values’ dynamics.

Several authors also considered multi-dimensional extensions of the structural model:

Zhou (2001a), Hull and White (2001), Haworth (2006), Haworth et al. (2008), Valuzis

(2008) considered bivariate correlated log-normal dynamics for two firms; Li (2000) con-

sidered the Gaussian copula description of correlated default times in multi-dimensional

structural models; Kiesel and Scherer (2007) studied a multi-dimensional structural model

and proposed a mixture of semi-analytical and Monte–Carlo methods for pricing and cal-

ibration. Lipton and Sepp (2013) built a general multi-dimensional structural model

aimed in quantitative estimation of counterparty risk. Ballotta et al. (2019) considered

another type of structural model, where they model the assets as general correlated Lévy

process.

Recent studies (see e.g. David and Lehar (2014)) showed that the banking system is

highly interconnected and large mutual obligations can have a severe effect on the stability

of the system. Itkin and Lipton (2017), Itkin and Lipton (2015), and Lipton (2016)

extended the Lipton–Sepp framework for the case of mutual obligations. Of the various

channels of such systemic risk described in Hurd (2016), we focus here on dependencies
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through asset correlation and interbank liabilities. Specifically, we consider the extended

structural default model introduced in Lipton (2016), where asset values are assumed to

follow stochastic processes with correlated diffusion and jump components, and where

mutual liabilities can lead to default cascades.

Itkin and Lipton (2017) considered the model without jumps and obtained explicit

expressions for several quantities of interest including the joint and marginal survival

probabilities as well as CDS and FTD prices. They demonstrate that mutual liabilities

can have a large impact on the survival probabilities of banks. Thus, a shock of one bank

can cause ripples through the whole banking system. On the other hand, Itkin and Lipton

(2015) developed a finite difference method for the resulting partial integro-differential

equation (PIDE) where the integral term results from a fairly general correlated Lévy

process in the jump component.

Mean–field models When the banking system is large and homogenous, and only

macroscopic quantities are of interest, one can consider a large-pool approximation of the

banks’ asset value processes (technically, by taking the limit of their empirical measure

for an infinite number of banks).

The approach based on mean-field limit is commonly used in various areas of applied

mathematics. Full details with various examples are given in Carmona and Delarue

(2018).

In banking system modeling context, it was first studied by Bush et al. (2011). Fol-

lowing on, Nadtochiy and Shkolnikov (2017) and Hambly et al. (2018) took into account

interaction effects by considering a particle system with positive feedback from the firms’

defaults. This leads to McKean–Vlasov type equations, which model a typical represen-

tative of the banking system whose dynamics depends on the losses in the wider system.

Hambly et al. (2018) assumed zero correlation between banks with linear dependence

of the interaction on the loss function and obtained existence and uniqueness of the solu-

tion, with the necessity of blow-ups for large enough interaction parameter. Later, Ham-

bly and Sojmark (2018) and Ledger and Sojmark (2018) introduced positive correlation

between banks, while Nadtochiy and Shkolnikov (2017) and Nadtochiy and Shkolnikov

(2018) considered a nonlinear dependence through the loss function. Very recently, Ichiba

et al. (2018) derived a McKean-Vlasov SDE in nonlinear jump-diffusion form for the av-

erage bank reserves in an interacting banking system with local and mean-field default

intensities.

In the next chapter, we show the connection between the structural model framework

of Lipton (2016) and the mean-field models described above. We show that by taking

the number of banks to infinity, this leads to the same McKean–Vlasov equation.

1.2 Main contributions

The main contributions of the thesis are the following:
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• We find a semi-analytical formula for the three-dimensional transition probability of

Brownian motion in the positive octant with absorbing boundaries. The density is

hereby represented as a series of special functions containing unknown parameters,

which can be found as the solution of a nonlinear eigenvalue problem. We apply the

results to the default model for three banks without jumps, and obtain expressions

for joint survival probability, CVA and DVA for a CDS. The results have been

published in Kaushansky et al. (2018b) and are given in Sections 3.6–3.8.

• We develop a finite-difference method, an extension of the Hundsdorfer-Verwer

scheme, for a partial integro-differential equation (PIDE) resulting from a jump-

diffusion model, study its stability and consistency. The method gives second order

convergence in both time and space variables and is unconditionally stable. By

applying the finite-difference method, we compute various model characteristics,

such as joint and marginal survival probabilities, CDS and FTD spreads, as well

as CVA and DVA, and estimate the impact of jumps on the results. For a more

sophisticated analysis, we calibrate the model to the market, and demonstrate a

sizeable impact of jumps on joint and marginal survival probabilities in the case

of two banks. The development of numerical methods which are feasible for larger

systems of banks appears to be an important future research direction. The results

have been published in Kaushansky et al. (2018a) and are given in Sections 4.2–4.3.

• We develop particle methods with explicit timestepping for the simulation of the

McKean–Vlasov equation arising in the infinite-dimensional model. Convergence

with a rate up to 1 in the timestep is shown under a condition on the model pa-

rameters and time horizon, when the loss function is differentiable. Experimentally,

the method also converges in the blow-up regime, and the variance of estimators is

inversely proportional to the number of samples. The results have been published

in Kaushansky and Reisinger (2018) and are given in Chapter 5.

• We develop a semi-analytical approach to finding the hitting density of the McKean–

Vlasov equation. In PDE terms, this leads to a nonlinear and nonlocal parabolic

equation. Using the method of heat potentials, we derive an equivalent coupled

system of Volterra integral equations and solve it numerically, or by expansion for

a small interaction parameter α. We confirm empirically the convergence of order

1 of the numerical method. The results, submitted for a publication and available

in Lipton et al. (2018), are given in Chapter 6.

1.3 Outline of the thesis

In Chapter 2, we present the modeling framework. We start with the main definitions

of survival probabilities, credit derivatives, and valuation adjustments. After that, we

formulate the general case of the extended default model with mutual liabilities (Lip-

ton (2016)), and show how to formulate corresponding valuation equations for survival

probabilities and credit derivatives. As examples, we consider special cases of one, two,

and three banks, describe the model and problems for these cases. Finally, under several
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additional assumptions we compute the mean-field limit of the model when the number

of banks goes to infinity.

In Chapter 3, we consider the case when the asset values follow a simple diffusion

process. In this case, for a small number of banks, several quantities are available analyt-

ically. We start with a formulation of the problem of transition probability of Brownian

motion in RN
+ and show how it is related to the computation of main characteristics of

the model. After that, we review how to compute the transition probability of Brownian

motion for N = 1 and N = 2, which are well-known results in the literature. Next, we

develop a novel semi-analytical method for computation of the transition probability for

N = 3. Finally, we show how to apply these results for the default model with one, two,

and three banks.

In Chapter 4, we consider numerical methods for a jump–diffusion model with a small

number of banks. We start with the model for one bank. The results for this case are

well-known in the literature and are given in Lipton and Sepp (2013). Next, we develop

an alternative direction implicit (ADI) type method for the multi-dimensional problem;

we prove the stability and deduce the convergence rate, and show how to improve the

convergence rate for discontinuous boundary and initial conditions. Finally, we apply the

method to the extended default model described in Chapter 2. We show how to compute

important model characteristics and calibrate model parameters to the market.

In Chapter 5, we develop a simulation method for the McKean–Vlasov equation arising

in a mean-field approximation of the model for independent diffusion processes. We

start with a simple particle method, where at each step the loss rate is estimated as

the proportion of defaulted banks from the previous step. We show the convergence

rate of the method in the number of time steps and the convergence in the number of

particles. After that, we improve the convergence rate in the number of time steps by

using Brownian bridges. We confirm our results empirically.

In Chapter 6, we solve the McKean–Vlasov equation from the previous chapter by

solving the corresponding PDE for the transition probability density. Using the method of

heat potentials, we express the solution as a coupled system of Volterra integral equations

of the second kind. We propose two methods to solve the system numerically. First, we

propose a perturbation method, which uses an expansion in the interaction parameter

and works well when it is small. Second, we propose a numerical method based on integral

approximation by quadratures. We confirm our results numerically.

In Chapter 7, we offer some conclusions.
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Chapter 2

Modeling framework

In this chapter, we give a general overview of the structural default model with mutual

obligations developed in Lipton (2016), which is the basis for the analytical and numerical

methods developed in the thesis. We start with the main definitions, such as survival

probabilities and credit derivatives. Then, we describe the extended default model with

mutual liabilities (Lipton (2016)) and derive the main equations.

2.1 Main definitions

In this section, we give the main definitions, which we further apply to the default model.

These definitions are model independent. We only assume that we work on the probability

space (Ω,F ,P) endowed with filtration F = (F)t)0≤t≤T , for some T > 0, which is large

enough to support the main objects of the model (such as firm’s asset value process). We

also assume that there exists a risk-neutral measure Q and use it to compute survival

probability and price credit derivatives.

2.1.1 Survival probability

In the case of a single bank, its survival probability at time t is the probability of no

default between time t and T , and can be written as

Q(t, T ) = EQ[1{τ>T} | Ft], (2.1)

where τ is the default time.

In the case of several banks, the survival probability also depends on the assets of

other banks. In this case, we can define joint and marginal survival probabilities as

follows.

The joint survival probability of N banks is the probability that none of the banks

defaults between t and T . This can be written as

Q(t, T ) = EQ[1{τ1>T,...,τN>T} | Ft], (2.2)

where τi is the default time of bank i.
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On the other hand, the marginal survival probability of bank i is the probability of

no default of bank i between t and T conditional on its and all other banks’ assets. It

can be written as

qi(t, T ) = EQ[1{τi>T} | Ft], (2.3)

where τi is the default time of bank i.

2.1.2 Credit Default Swap

Credit default swaps (CDS) are some of the most liquid credit derivatives, which are

designed to exchange credit risk of a Reference Name (RN) between a Protection Buyer

(PB) and a Protection Seller (PS). PB makes periodic coupon payments to PS conditional

on no default of RN up to the nearest payment date, in the exchange for receiving loss

given RN’s default from PS.

For a CDS contract we define payment dates t1 < t2 < . . . < tm, when PB makes

coupon payments c. Most liquid CDSs have maturity 3–5 years and the coupon is usually

paid quarterly.

In order to price a CDS contract, usually two legs are considered, fixed V fixed(t, T ) and

floating V floating(t, T ), where the fixed leg accounts for the coupon payments, while the

floating leg accounts for the final payment in case of default. In this section, we assume

that there is no counterparty risk, i.e. PS and PB cannot default. Mathematically, the

values can be written as

V fixed(t, T ) = EQ

[
m∑

i=1

D(t, ti)1{ti≤τ}(ti − ti−1) | Ft

]
, (2.4)

V floating(t, T ) = EQ
[
(1− R)D(t, τ)1{τ≤T} | Ft

]
, (2.5)

where τ is the default time of the RN,D(t, s) is the discount factor, assumed deterministic

recovery rate R, a percentage of defaulted debt which can be recovered.

Taking expectations in the last two equations, we get

V fixed(t, T ) =
m∑

i=1

D(t, ti)Q(t, ti)(ti − ti−1), (2.6)

V floating(t, T ) = −(1− R)

∫ T

t

D(t, s) dQ(t, s), (2.7)

where Q(t, s) is the survival probability defined in (2.1).

As a result, the arbitrage-free value of a CDS is given by

V CDS(t, T ) = V floating(t, T )− cV fixed(t, T ). (2.8)

Alternatively, a par-spread is also considered, i.e. the CDS spread, when the arbitrage-

free value of a CDS contract in (2.8) is zero:

cpar(t, T ) =
V floating(t, T )

V fixed(t, T )
. (2.9)
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In the following, for simplicity, we assume that the coupon is paid continuously. Then,

the fixed leg can be rewritten as

V fixed(t, T ) =

∫ T

t

D(t, s)Q(t, s) ds. (2.10)

We also assume that the interest rate is constant. Hence, the discount factor can be

written as D(t, s) = e−r(s−t), where r is the interest rate. In this case, integrating (2.7)

by parts, we get

V floating(t, T ) = (1− R)

[
1− e−r(T−t)Q(t, T )− r

∫ T

t

e−r(s−t)Q(t, s) ds

]

= (1− R)
[
1− e−r(T−t)Q(t, T )− rV fixed(t, T )

]
. (2.11)

Using the last expression for V floating(t, T ), we get the final expression of (2.8) for valu-

ation of a CDS contract without counterparty risk:

V CDS(t, T ) = − (c+ r(1−R)) V fixed(t, T ) + (1− R)
(
1− e−r(T−t)Q(t, T )

)
. (2.12)

Moreover, assuming the interest rate to be zero, (2.12) simplifies to

V CDS(t, T ) = −cV fixed(t, T ) + (1− R) (1−Q(t, T )) . (2.13)

The last formula is quite intuitive. We pay the fixed leg V fixed, and get back the recovery

with the default probability 1−Q(t, T ).

2.1.3 First-to-Default Swap

A First-to-Default Swap (FTD swap) is a contract designed to exchange credit risk of a

basket of Reference Names between a Protection Buyer and a Protection Seller. Similar

to a regular CDS, the Protection Buyer (PB) pays a regular coupon payment c to the

Protection Seller (PS) up to the first default of any of RNs in the basket or the maturity

time T . In return, PS compensates PB for the loss caused by the first default. It can be

seen as an extension of a standard CDS to multiple names. Hence, the valuation of an

FTD is similar to a regular CDS, where the main difference is that we have to model the

joint distribution of the default times of the basket of the RNs, which leads to a higher

dimensional problem. Again, here we assume that there is no counterparty risk.

By considering the basket of N reference names, and τi, the default time for RN i,

for 1 ≤ i ≤ N . Then, similar to (2.4)–(2.5), we can define the fixed and floating legs for

an FTD swap

V fixed
FTD (t, T ) = EQ

[
m∑

i=1

D(t, ti)1{ti≤τ}(ti − ti−1) | Ft

]
, (2.14)

V floating
FTD (t, T ) = EQ

[
N∑

i=1

(1− Ri)D(t, τi)1{τi≤T,τ=τi} | Ft

]
, (2.15)

where τ = min1≤i≤N τi, D(t, s) is the discount factor, and Ri is the recovery rate of RN i.
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Taking expectations in (2.14)–(2.15), we get

V fixed
FTD (t, T ) =

m∑

i=1

D(t, ti)Q(t, ti)(ti − ti−1), (2.16)

V floating
FTD (t, T ) = −

N∑

k=1

(1− Rk)

∫ T

t

D(t, s) dqk(t, s), (2.17)

where qk(t, s) is the marginal survival probability of bank k defined in (2.3).

As a result, the arbitrage-free value of an FTD is given by

F (t, T ) = V floating
FTD (t, T )− cV fixed

FTD (t, T ). (2.18)

2.1.4 Credit Default Swap with counterparty risk

In Section 2.1.2 we assumed that there is no counterparty risk, i.e. PS and PB are risk-

free. In this section, we show how to valuate a CDS, when counterparties might default.

In this section we assume that either one counterparty is risky, or both counterparties

are risky.

PS is risky and PB is non-risky Assume that PS is risky, while PB is non-risky.

For convenience, we denote all cashflows by

CF (t, T ) = (1− RRN )D(t, τ)1{τRN≤T} − c
m∑

i=1

D(t, ti)1{ti≤τRN}(ti − ti−1). (2.19)

Then, the arbitrage-free value of a CDS with counterparty risk is given by

V CDS
CPrisk(t, T ) = EQ

[
CF (t, T )1{τPS>min(τRN ,T )} | Ft

]

+ EQ
[[
CF (t, τPS) +D(t, τPS)(RPSV

CDS
+ (t, τPS) + V CDS

− (t, τPS))
]
×

1{τPS≤min(τRN ,T )} | Ft

]
, (2.20)

where V CDS is the CDS spread with non-risky counterparties, V+ = max(V, 0), V− =

min(V, 0), τPS and τRN are the default times of PS and RN correspondingly.

PS is non-risky and PB is risky Assume that PB is risky, while PS is non-risky.

Similar to the previous section, the arbitrage-free value of a CDS is given by

V CDS
CPrisk(t, T ) = EQ

[
CF (t, T )1{τPB>min(τRN ,T )} | Ft

]

+ EQ
[[
CF (t, τPB) +D(t, τPB)(RPBV

CDS
− (t, τPB) + V CDS

+ (t, τPB))
]
×

1{τPB≤min(τRN ,T )} | Ft

]
, (2.21)

where CF (t, T ) is from (2.19), V CDS is the spread of a CDS with non-risky counterparties,

V+ = max(V, 0), V− = min(V, 0), τPB and τRN are the default times of PB and RN

correspondingly.
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Both counterparties are risky Now assume both PS and PB are risky. Similar to

the previous section denote the cashflows (2.19) by CF (t, T ) and τ = min(τPS, τPB).

Then, the we can compute the value of a CDS

V CDS
CPrisk(t, T ) = EQ

[
CF (t, T )1{τ>min(τRN ,T )} | Ft

]

+ EQ
[[
CF (t, τPS) +D(t, τPS)(RPSV

CDS
+ (t, τPS) + V CDS

− (t, τPS))
]
×

1{τ=τPS≤min(τRN ,T )} | Ft

]

+ EQ
[[
CF (t, τPB) +D(t, τPB)(RPBV

CDS
− (t, τPB) + V CDS

+ (t, τPB))
]
×

1{τ=τPB≤min(τRN ,T )} | Ft

]
. (2.22)

where V CDS is the spread of a CDS with non-risky counterparties, V+ = max(V, 0), V− =

min(V, 0), τPS, τPB, and τRN are the default times of PS, PB, and RN correspondingly.

2.1.5 Credit and Debt Value Adjustments

Credit Value Adjustment (CVA) represents the additional costs associated with the pos-

sibility of default of the protection seller (PS). Similar, one can consider Debt Value

Adjustment, which represents the additional costs associated with the possibility of de-

fault of the protection buyer (PB).

There are two possible formulations of CVA and DVA problems. First, we consider

unilateral CVA/DVA, where we assume that one of the counterparties is risky and another

one is non-risky. Next, we consider bilateral CVA/ DVA, where both counterparties are

risky.

Unilateral CVA/DVA We can define unilateral CVA as

V CV A(t, T ) = V CDS(t, T )− V CDS
CPrisk(t, T ), (2.23)

where V CDS(t, T ) is defined in (2.8) and V CDS
CPrisk(t, T ) is defined in (2.20).

Simple computations yield

V CV A = (1− RPS)E
Q[1{τPS<min(T,τRN )}(V

CDS
t,τPS )+ |Ft], (2.24)

Similar, for DVA

V DVA(t, T ) = V CDS(t, T )− V CDS
CPrisk(t, T ), (2.25)

where V CDS(t, T ) is defined in (2.8) and V CDS
CPrisk(t, T ) is defined in (2.21). It yields,

V DV A = (1−RPB)E
Q[1{τPB<min(T,τRN )}(V

CDS
τPB )− |Ft], (2.26)

Bilateral CVA/DVA For bilateral CVA/DVA we assume that both counterparties

(PB and PS) are risky. Then

V CDS(t, x) = V CDS(t, x)− V CDS
CPrisk(t, x), (2.27)

where V CDS(t, x) is defined in (2.8) and V CDS
CPrisk(t, x) is defined in (2.22).
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2.2 Extended default model with mutual liabilities

In the remainder of the chapter we describe the default model from Lipton (2016) and

formulate the problems which we further consider in the thesis.

Consider a network of N banks with the i-th bank having directly held assets Ai,

external liabilities Li, and mutual obligations with other banks Lij , j = 1, . . . N .

We denote by A−i the interbank assets of bank i and by L−i for interbank liabilities

of bank i,

A−i =
∑

j 6=i
Lji, L−i =

∑

j 6=i
Lij .

Then, the total assets and total liabilities can be expressed as

Ãi = Ai + A−i, (2.28)

L̃i = Li + L−i. (2.29)

Accordingly, an individual bank’s capital is given by

Ei = Ãi − L̃i = Ai + A−i − Li − L−i. (2.30)

We use the matrix notation

A = (Aij), Aii = Ai, Aij = Lji,

L = (Lij), Lii = Li, Lij = Lij.
(2.31)

2.2.1 Dynamics of assets and liabilities

We assume that assets are driven by jump-diffusion processes with negative exponential

jumps as described in Lipton and Sepp (2013),

dAi
Ai

= (r − κiλi(t))dt+ σidWi(t) + (eJi − 1)dNi(t), (2.32)

where r is growth rate, σi are corresponding volatilities, Wi are correlated Brownian

motions,

dWi(t)dWj(t) = ρijdt, (2.33)

Ni are Poisson processes independent of Wi, λi are intensities of jump arrivals, Ji are

random jump sizes with probability density function

ω̃i(s) =

{
0, s > 0,

ϑie
ϑis, s ≤ 0,

(2.34)

with parameters ϑi > 0; and κi are jump compensators

κi = EQ[eJi − 1] = − 1

ϑi + 1
. (2.35)

The jump processes are correlated in the spirit of Marshall and Olkin (1967). Denote by

Π(N) the set of all subsets of N names except the empty subset. Then, for every subset

π ∈ Π(N) we associate the Poisson process Nπ(t) with intensity λπ:

11



• Nπ(0) = 0,

• a process with independent increments,

• P(Nπ(t) = k) = (λπt)k

k!
e−λπt.

We define the process Ni(t) as

Ni(t) =
∑

π∈Π(N)

1{i∈π}Nπ(t) (2.36)

with

λi =
∑

π∈Π(N)

1{i∈π}λπ. (2.37)

Using this jump definition, we assume that there are both systemic and idiosyncratic

sources of jumps. In practice, it is sufficient to consider N + 1 sets of Π(N): {i}, i =
1, . . . , N and {1, . . . , N}. To exclude other subsets, we can put their intensities λπ = 0.

If we need more risk factors, we can include additional subsets, for example, representing

particular regions or sectors.

A special case of asset’s dynamics without jumps can also be considered. In this case,

we set all intensities λπ to 0,

dAi
Ai

= rdt + σidWi(t). (2.38)

We assume that liabilities are deterministic and grow with rate r,

dLi
Li

= r dt,
dLij
Lij

= r dt. (2.39)

In the following, we assume r to be 0, in this case, liabilities are constant.

2.2.2 Default boundaries

Bank i defaults if its asset value process crosses its default boundary. The default time

for bank i is

τi = inf{t | Ai(t) ≤ Λi}, i = 1, . . . , N, (2.40)

and we also define τ = min1≤i≤N τi.

When t < τ , the default boundary Λi for bank i is

Ai ≤ Λi :=

{
RiL̃i −A−i ≡ Λ<i , t < T,

L̃i − A−i ≡ Λ=
i , t = T,

(2.41)

where 0 ≤ Ri ≤ 1 is the recovery rate.
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Figure 2.1: Example of default boundaries for two banks at t < T .

If the k-th bank defaults at intermediate time t′ (i.e. τk < t), then we consider a

system of N − 1 banks and their modified default boundaries. We re-numerate surviving

banks by applying the function

i→ i′ = φk(i) =

{
i, i < k,

i− 1, i > k.
(2.42)

We also introduce the inverse function

i→ i′ = ψk(i) =

{
i, i < k,

i+ 1, i ≥ k.
(2.43)

The corresponding asset and liability matrices have the form

A
(k)(t) =

(
A

(k)
ij (t)

)
, L

(k)(t) = (Lij(t)) ,

A
(k)
ii (t) = Aψk(i)ψk(i)(t), A

(k)
ij (t) = Aψk(i)ψk(j)(t),

L
(k)
ii (t) = Lψk(i)ψk(i)(t)− Lψk(i)k(t

′) +RkLkψk(i)(t
′), L

(k)
ij (t) = Lψk(i)ψk(j)(t),

t > t′, i, j = 1, . . . , N − 1.

(2.44)

The corresponding default boundaries are modified to

Ai ≤ Λ
(k)
i =

{
Rψ(k)(i)L̃

(k)
i −A

(k)
−i , t < T,

L̃
(k)
i − A

(k)
−i , t = T.

(2.45)

It is clear that

∆Λ
(k)
i = Λ

(k)
i − Λi =

{
(1− RiRk)A

(k)
−i , t < T,

(1− Rk)A
(k)
−i , t = T.

(2.46)

Thus, ∆Λ
(k)
i > 0 and the corresponding default boundaries move to the right.

We illustrate this effect on the example of two banks in Figure 2.1.
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Figure 2.2: Example of default boundaries for two banks at t = T .

2.2.3 Terminal conditions

We need to describe the settlement process at time t = T . We shall do it in the spirit

of Eisenberg and Noe (2001). Since at time T full settlement is expected, we assume

that bank i will pay the fraction ωi of its total liabilities to creditors. It means that if

ωi = 1, the bank pays all liabilities (both external and interbanking) and survives. On

the other hand, if 0 < ωi < 1, it means that the bank i defaults, and pays only a fraction

of liabilities. Thus, we can describe the terminal condition as a system of equations

min

{
Ai(T ) +

∑

j 6=i
ωjLji, Li +

∑

j 6=i
Lij

}
= ωi

(
Li +

∑

j 6=i
Lij

)
. (2.47)

Dividing both parts by Li +
∑

j 6=i Lij , we have

min

{
Ai(T ) +

∑
j 6=i ωjLji

Li +
∑

j 6=i Lij
, 1

}
= ωi. (2.48)

Denote the left-hand side as Φ(ω). Then, (2.48) can be rewritten as

Φ(ω) = ω. (2.49)

Eisenberg and Noe (2001) have shown that the equation (2.49) is a non-expanding map-

ping in the standard Euclidian metric and formulated conditions under which there is

just one fixed point. We assume that these conditions are satisfied and for each A(T )

there is a unique vector ω = (ω1, . . . , ωN)
T such that the condition (2.48) is satisfied. In

Figure 2.2, we show default boundaries on the example of two banks.

The actual terminal condition depends on the problem we want to solve. Based on

the vector ω we can find which banks defaulted, ωi < 1, and which did not, ωi = 1, and,

therefore, determine the terminal condition. In the following, we consider several useful

examples of the terminal conditions.
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Denote the vector I = (I1, . . . , IN)
T with elements Ii ∈ {0, 1}. Denote by D(I) the

following domain:

D(I) = {A(T ) | ⌊ωi(A(T ))⌋ = Ii} . (2.50)

In this domain, the bank i survives if Ii = 1 and defaults otherwise. For example, in

the domain D(1, . . . , 1) all banks survive, and in the domain D(0, 1, . . . , 1) the first bank

defaults and all other banks survive.

Now we can formulate the terminal conditions for joint and marginal survival proba-

bilities. For the joint survival probability (2.2), the terminal condition has the form

Q(T, T, A) = 1{A∈D(1,...,1)}. (2.51)

For the marginal survival probability of bank i (2.3), the terminal condition is

qi(T, T, A) = 1{A∈∪
I(i)

D(I(i))}, (2.52)

where I(i) is the set of indicator vectors where the ith position equals to one.

We shall discuss the terminal conditions of more complicated products later in this

chapter.

2.2.4 Formulation of backward Kolmogorov equation

Introduce normalized dimensionless variables

t̄ = Σ2t, Xi =
Σ

σi
ln

(
Ai
Λ<i

)
, λ̄i =

λi
Σ2
, T̄ = Σ2T, (2.53)

where

Σ =

(
N∏

i=1

σi

)1/N

.

Denote also

ξi = −
( σi
2Σ

+ κiλ̄i

)
, ζi =

Σ

σi
. (2.54)

Xi(t) is also called the distance-to-default of bank i. Applying Itô’s formula for Xi we

find its dynamics

dXi = ξidt̄+ dWi(t̄) + ζiJidNi(t̄). (2.55)

The default boundaries change to

Xi ≤ µi :=

{
µ<i = 0, t < T,

µ=
i = Σ

σi
ln
(

Λ=
i (t̄)

Λ<
i (t̄)

)
, t = T.

(2.56)

We further omit bars for brevity and for convenience denote X(t) = (X1(t), . . . , XN(t))
T .

Consider the terminal condition ψ(X), intermediate contract payment (for example,

coupon payment) χ(s, x), the boundary conditions φi,0 (the payoff in case of intermediate
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default of bank i). Then, the arbitrage-free value at time t is given by

V (x, t) = EQ

[
ψ(X(T ))1{τ≥T} +

∫ T

t

χ(s,X(s))1{τ>s} ds

N∑

i=1

φi,0(τi, X−i(τi))1{τi<T,τi=τ} | X(t) = x

]
, (2.57)

where X−i = (X1, . . . , Xi−1, Xi+1, . . . , XN)
T .

According to the Feynman–Kac formula, the corresponding pricing equation is the

Kolmogorov backward equation

∂V

∂t
+ L(N)V = χ(t, x), (2.58)

V (t, x0,k) = φ0,k(t, x−k), V (t, x) −→
xk→+∞

φ∞,k(t, x−k), (2.59)

V (T, x) = ψ(x), (2.60)

where
x = (x1, . . . , xN),

x0,k = (x1, . . . , 0
k
, . . . , xN),

x−k = (x1, . . . , xk−1, xk+1, . . . , xN ),

(2.61)

with Kolmogorov backward operator

L(N)f =
1

2

N∑

i,j=1

ρijfxixj +
N∑

i=1

ξifxi +
∑

π∈Π(N)

λπ
∏

i∈π
Jif(x)−

∑

π∈Π(N)

λπf(x) =

=
1

2
∆ρf + ξ · ∇f + J f − vf, (2.62)

where

J f(x) =
∑

π∈Π(N)

λπ
∏

i∈π
Jif(x), (2.63)

Jif(x) = ςi

∫ xi

0

f(x1, . . . , xi − u, . . . , xN )e
−ςiu du, (2.64)

and ςi = σiϑi/Σ.

In the remainder of the section we formulate the Kolmogorov backward equation for

specific products described in Section 2.1. For all products, the terminal time is T and

we omit it for brevity. For example, in Section 2.1 we used Q(t, T ) for the survival

probability; now we omit T , but include the dependence on the initial state x. Hence,

the survival probability is denoted by Q(t, x).

2.2.5 Joint survival probability

We defined the joint survival probability in Section 2.1.1. Adapting it to the framework

described in this section, we get

Q(t, x) = EQ[1{X(T )∈D(1,...,1)} | X(t) = x]. (2.65)
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Then, applying (2.58)–(2.60) with ψ(x) = 1{X(T )∈D(1,...,1)}, χ(t, x) = 0, φi,0(t, y) = 0, we

get
∂Q

∂t
+ L(N)Q = 0,

Q(t, x0,k) = 0,

Q(T, x) = 1{x∈D(1,...,1)}.

(2.66)

2.2.6 Marginal survival probability

The marginal survival probability for bank i was defined in Section 2.1.1. In our frame-

work, it becomes

qi(t, x) = EQ

[
1{X(T )∈∪

I(i)
D(I(i)),τ≥T} +

N∑

j=1

φj,0(τj , X−j(τj))1{τj<T,τi=τ} | X(t) = x

]
,

(2.67)

where I(i) is the set of indicator vectors, such that Ii = 1,

X−i(t) = (X1(t), . . . , Xi−1(t), Xi+1(t), . . . , XN(t))
T , (2.68)

and φj,0(t, y) is the survival probability for the system of N − 1 banks, when bank j

defaulted. Correspondingly, φi,0(t, y) = 0.

Applying (2.58)–(2.60) with ψ(x) = 1{X(T )∈∪
I(i)

D(I(i))}, χ(t, x) = 0, we get

∂

∂t
qi(t, x) + L(N)qi(t, x) = 0,

qi(t, x0,i) = 0, qi(t, x0,k) = Ξ(t, x−k) =

{
χik,0(t, x−k), xi ≥ µ̃i,

0, xi < µ̃i.
,

qi(t, x) −→
xk→+∞

1, qi(t, x) −→
xk→+∞

χik,∞(t, x−k),

qi(T, x) = 1{x∈∪
I(i)

D(I(i))}.

(2.69)

where k 6= i, χik,0(t, x−k) and χik,∞(t, x−k) are the solutions of N − 1 dimensional prob-

lems with corresponding default boundaries (for χi,0(t, x−k) the i-th bank defaults, for

χi,∞(t, x−k) it does not).

2.2.7 Credit default swap

Consider a CDS contract written on the first bank without counterparty risk. Denote

its spread C1(t, x).
1 As in Section 2.1.2, we assume that the coupon is paid continuously

and equals c. Then, in our framework, (2.13) becomes

C1(t, x) = EQ

[
−c
∫ T

t

1{τ>s} ds+ (1−min(R1, R̃1)1{X(T )∈∪i2,...,iN∈(0,1)D(0,i2,...,iN )}

+(1− R1)1{τ1<T,τ1=τ} +

N∑

i=2

c1i,0(τi, X−i(τi))1{τi<T,τi=τ} | X(t) = x

]
, (2.70)

1For the CDS contracts written on the bank i, the similar expression could be provided by analogy.
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where

X−i(t) = (X1(t), . . . , Xi−1(t), Xi+1(t), . . . , XN(t))
T , (2.71)

R̃1 = min


1,

A1(T ) +
N∑
i=2

ωiLi1(T )

L1(T ) +
N∑
i=2

ωiL1i(T )


 . (2.72)

Here, ω = ω(XT ) is determined from (2.48), and c1i,0(t, y) is the CDS spread for the

system of N − 1 banks, when bank i defaulted.

We thus apply (2.58)–(2.60) with χ(t, x) = c and terminal condition

ψ(x) = (1−min(R1, R̃1)) · 1x∈∪i2,...,iN∈(0,1)D(0,i2,...,iN ),

where ω = ω(x) is defined in (2.48).

Thus, the pricing problem for CDS contract on the first bank is

∂

∂t
C1(t, x) + L(N)C1(t, x) = c,

C1(t, x0,1) = 1−R1, C1(t, x) −→
xk→+∞

c1k,∞(t, x−k),

C1(t, x0,k) = Ξ(t, x−k) =

{
c1k,0(t, x−k), x1 ≥ µ̃1,

1− R1, x1 < µ̃1.

C1(T, x) = (1−min(R1, R̃1(ω))) · 1{x∈∪i2,...,iN∈(0,1)D(0,i2,...,iN )},

(2.73)

where k 6= 1, c1k,0(t, x−k) and c1k,∞(t, x−k) are the solutions of the corresponding N − 1

dimensional problems.

2.2.8 First-to-Default Swap

Consider the FTD contract referenced on N banks and denote its price F (t, x). An FTD

swap was defined in Section 2.1.3. Assuming the coupon is paid continuously, in our

framework (2.18) becomes

F (t, x) = EQ


−c

∫ T

t

1{τ>s} ds+
∑

I=(i1,...,iN ),ik∈(0,1)
βI1{X(T )∈D(I)}

+
N∑

i=1

(1− Ri)1{τi<T,τi=τ} | X(t) = x

]
, (2.74)

where

βI = 1− min
k:Ik=0

[
min{R̃k, Rk}

]
,

and

R̃k = min


1,

Ak(T ) +
∑
i 6=k

ωiLik(T )

Lk(T ) +
∑
i 6=k

ωiLki(T )



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with ω = ω(XT ) defined in (2.48).

Applying (2.58)–(2.60) with χ(t, x) = c and terminal condition

ψ(x) =
∑

I=(i1,...,iN ),ik∈(0,1)
βI1{x∈D(I)},

we get the pricing problem for an FTD

∂

∂t
F (t, x) + L(N)F (t, x) = c,

F (t, x0,k) = 1− Rk, F (t, x) −→
xk→+∞

fk,∞(t, x−k),

F (T, x) =
∑

I=(i1,...,iN ),ik∈(0,1)
βI1{x∈D(I)},

(2.75)

where fk,∞(t, x−k) is the solution of the corresponding N−1 dimensional problem without

the bank k.

2.2.9 Credit and Debt Value Adjustments for a CDS

We associate X1(t) with a protection seller (PS), X2(t) with a protection buyer (PB), and

X3(t) with a reference name (RN); all other banks are numbered 4 to N . As we defined

in Section 2.1.5, the CVA can be computed as

V CV A(t, x) = EQ[(1− R1)1{τ1<T,τ1=τ}(V
CDS
τ1

)+

+
N∑

i=4

1{τi<T,τi=τ}Ṽ
CV A,i(τi) | X(t) = x], (2.76)

where Ṽ CV A,i is CVA for the system of N − 1 banks with modified boundaries assuming

bank i defaulted.

Then, applying (2.58)–(2.60) with ψ(x) = 0, χ(t, x) = 0, we get

∂

∂t
V CV A(t, x) + L(N)V CV A = 0,

V CV A(t, x0,1) = (1− R1)V
CDS(t, y1)+,

V CV A(t, x0,2) = 0, V CV A(t, x0,3) = 0,

V CV A(t, x0,k) = Ṽ CV A,i(t, x−k), k ≥ 3.

(2.77)

Similarly, for the Debt Value Adjustment

V DVA(t, x) = EQ[(1−R2)1{τ2<T,τ2=τ}(V
CDS
τ2

)−

+
N∑

i=4

1{τi<T,τi=τ}Ṽ
DV A,i(τi) | X(t) = x], (2.78)

where Ṽ DV A,i is DVA for the system of N − 1 banks with modified boundaries assuming

bank i defaulted.

Applying (2.58)–(2.60) with ψ(x) = 0, χ(t, x) = 0, we get
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∂

∂t
V DVA(t, x) + L(N)V DV A = 0,

V DVA(t, x0,2) = (1− R2)V
CDS(t, y2)−,

V DVA(t, x0,1) = 0, V DVA(t, x0,3) = 0,

V DVA(t, x0,k) = Ṽ DV A,i(t, x−k), k ≥ 3.

(2.79)

In Appendix A we explicitly consider special cases of N = 1, 2, 3 of the model.

2.3 Infinite limit of the banking system

As we saw before in (2.58)–(2.60), to solve the model with N banks, we have to solve

an N -dimensional PDE/PIDE, which is computationally infeasible for large values of N .

Therefore, in this section we consider an infinite-dimensional limit of the banking system

under further simplifying assumptions. Specifically, we assume that there is an infinite

number of banks, whose values are drawn from the same distribution independently, and

we want to model a “typical representative”. Thus, instead of the N -dimensional system,

we consider a one-dimensional process which takes into account the interaction effect

through dependence of the coefficients on its distribution (a McKean-Vlasov process).

In this section, we assume that there are no jumps, and the asset value process of

bank i follows (2.38)
dAi
Ai

= r dt+ σi dWi.

We also assume that Wi are independent standard Brownian motions for 1 ≤ i ≤ N . It

means that interconnection of the system comes only from interbank liabilities.

At time t = 0, following Section 2.2.2,

Λi(t) = Ri

(
Li +

∑

j 6=i
Lij

)
−
∑

j 6=i
Lji,

where 0 < Ri < 1 is the recovery rate of bank i, i.e., bank i defaults if the recovery value

of its liabilities, external and to other banks, exceeds the sum of its assets, external and

from other banks.

Since liabilities and recovery rates are assumed constant in time, the default boundary

remains constant until some bank defaults. If bank k defaults at time t, the default

boundary of bank i jumps by (2.46),

∆Λi(t) = (1− RiRk)Lki.

In the following, we assume that the banks have the same parameters, i.e., σi = σ

and Ri = R, for some r, σ, R, Li = L and Lij =
γ
N

, both constant, respectively, for some

L, γ > 0. In particular, this implies that the asset value processes are exchangeable, and

we have Λi(0) = Λ0 for some Λ0, which will allow us to take a large-pool limit.

As a result, we can write Λi(t) as

Λi(t) = Λi(0) +
γ

N

∑

k 6=i
(1−R2)1{τk≤t}.
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Considering the change of variables

t̄ = σ2t, , Xi(t) = log(Ai(t)/Λi(t)),

and omitting bars for brevity, we have

Xi(t) = Xi(0) +
1

σ2
(r − σ2/2)t+W i

t − log

(
1 +

γ

N

∑

k 6=i
(1− R2)

1

Λi(0)
1{τk≤t}

)
.

Using the approximation log(1+x) ≈ x for small x (i.e., assuming only a small proportion

of the banks have yet defaulted), we get for t < τi

Xi(t) = Xi(0) +
1

σ2
(r − σ2/2)t+Wi(t)−

γ(1− R2)

Λi(0)
LN (t),

LN(t) =
1

N

∑

k

1{τk≤t}.

For simplicity, we take the special case r − σ2/2 = 0 (in any case, this term will be

small for realistic parameter values and not have any qualitative impact on the results).

Then, using propagation of chaos as in Hambly et al. (2018), one can obtain that in

the limit for N → ∞ all Xi(t) have the same distribution as X given by2

X(t) = X0 +W (t)− αL(t),

L(t) = P(τ ≤ t),

τ = inf{t ∈ [0, T ] : X(t) ≤ 0},
(2.80)

where α = γ(1−R2)
Λ0

and X0 is a random variable with density f0.

We consider a right-continuous solution L(t). At the points of discontinuity, we say

that the banking system exhibits a “blow-up”, which means that there is a chain of

defaults, and, as result, the system loses a significant mass (a finite amount at a single

time).

The distribution of the stopped process Xt∧τ can be written as Ltδ + p, where δ is

the atomic measure concentrated at 0 and p is the continuous component. Writing the

increasing process L as αL(t) = −
∫ t
0
µ(t′) dt′ for some negative µ, p satisfies

pt (t, x) = −µ(t) px (t, x) +
1

2
pxx (t, x) ,

p (0, x) = f0(x),

p (t, 0) = 0.

(2.81)

Using the relation L(t) = 1−
∫∞
0
p(t, x; z) dx, we can express µ in terms of p by

g(t) :=
dLt
dt

= −
∫ ∞

0

pt dx = µ(t)

∫ ∞

0

px dx−
1

2

∫ ∞

0

pxx dx =
1

2
px(t, 0), (2.82)

2Note the slight ambiguity between the liabilities above and the loss function below, which are both
denoted by L. It should be clear from the context and indices applied which one is being referred to,
hence for consistency with the literature we keep the notation.
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where we have used the PDE (2.81) as well as p(t, 0) = 0 and limx→∞ p(t, x) = limx→∞ px(t, x) =

0. Hence, (2.81) can be written in the self-consistent form

pt (t, x) =
α

2
px(t, 0) px (t, x) +

1

2
pxx (t, x) ,

p (0, x) = f0(x),

p (t, 0) = 0.

(2.83)
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Chapter 3

Analytical methods for the model

without jumps

3.1 Introduction

In this chapter, we consider analytical and semi-analytical methods developed to compute

various important characteristics of the model. In general, the analytical solution is not

available, therefore, we concentrate on several particular cases. We consider the case

when there are no jumps, i.e. all jump intensities λi = 0. In this case, the infinitesimal

generator L(N) (2.62) simplifies to

L(N)f =
1

2

N∑

i,j=1

ρijfxixj +
N∑

i=1

ξifxi =
1

2
∆ρf + ξ · ∇f. (3.1)

We solve the pricing problem (2.58)–(2.60) using the Green’s function approach. We

define the Green’s function and give its interpretation as a transition probability of a

Markov process in Section 3.2; in Section 3.3, we show how to eliminate the drift term and

cross–derivatives. In Section 3.4, we show how to find the solution for the one-dimensional

problem, which is a classical problem and solved analytically using the method of images

(Lipton (2001)). In Section 3.5, we solve the two-dimensional problem using separation of

variables and show that the Green’s function for this PDE can be represented as a series

of Bessel functions (He et al. (1998), Lipton and Sepp (2009), Itkin and Lipton (2017),

Zhou (2001b)). In Section 3.6, we develop a novel semi-analytical method to solve the

three-dimensional problem. Using separation of variables, we represent the solution as a

double series of special functions, where unknown parameters are found as a solution of

a nonlinear eigenvalue problem.

Further, we show the financial applications of the developed methods. In Section 3.7,

we show how to compute model characteristics for the model with one bank. This case is

classical and fully considered in Lipton and Sepp (2013). In Section 3.8, we consider the

model with three banks, and show how to compute survival probabilities and bilateral

CVA/DVA.
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3.2 Transition probability of Brownian motion in RN
+

The transition probability of multi-dimensional Brownian motion in RN
+ , N ≥ 1, with

absorption at the boundary, occurs in different areas of applied mathematics, and math-

ematical finance in particular. For example, it appears in counterparty credit risk model-

ing (Lipton and Savescu (2014), Lipton and Sepp (2009), Itkin and Lipton (2017), Zhou

(2001b)), market microstructure (Cont and De Larrard (2012), Lipton et al. (2014)), and

exotic option pricing (Escobar et al. (2014)) for barrier options on three assets with spe-

cial correlation structure; He et al. (1998) for lookback options whose payoff depends on

the minimum, maximum, and endpoint of the asset price process; Lipton (2001)).

We consider aN -dimensional correlated Brownian motion with constant drift (µi)1≤i≤N ,

dXi(s) = µi ds+ dWi(s), Xi(t) = xi, 1 ≤ i ≤ N,

with infinitesimal generator

L(N) =
1

2

N∑

i,j=1

ρij
∂2

∂xi∂xj
+

N∑

i=1

µi
∂

∂xi
,

where P = (ρij)1≤i,j≤N is a symmetric positive definite matrix with ρii = 1, 1 ≤ i ≤ N ,

the correlation matrix of the standard Brownian motion W .

Now consider the stopped process X(s ∧ τ), with τ = inf{u : X(u) /∈ RN
+} the exit

time of RN
+ . Then the distribution of X(s∧ τ) has a singular component at the boundary

where one of the coordinates is 0, corresponding to the absorbed mass, and a continuous

density in the interior, which goes to zero at the boundaries. Let p(t′, x′|t, x) denote this

continuous component of the distribution evaluated at x′ ∈ RN
+ at time t′ ≥ t. For a fixed

pair (t, x), it satisfies the forward Kolmogorov equation

∂p

∂t′
(t′, x′|t, x) = L(N)∗p(t′, x′|t, x), (3.2)

with initial condition p(t, x′|t, x) = δ(x′ − x), boundary condition p(t′, x′|t, x) = 0 for

x′1 × . . .× x′N = 0, t′ ≥ t, and where L(N)∗ is the adjoint operator of L(N),

L(N)∗ =
1

2

N∑

i,j=1

ρij
∂2

∂x′i∂x
′
j

−
N∑

i=1

µi
∂

∂x′i
.

In PDE theory, the transition probability can be interpreted as Green’s function, that

is the fundamental solution to a suitable initial(-boundary) value problem. Thus, by time

homogeneity, we use the notation G(t′ − t, x′, x) = p(t′, x′|t, x).
Once the Green’s function has been constructed for a set of model parameters, the

solution of (2.58)–(2.60) can be found as the solution of (3.2) by simple convolution of

the Green’s function with the appropriate inhomogeneous right-hand sides and boundary

data. It is the strength of the Green’s function concept that no further numerical solution

of PDEs is required. We illustrate this in the following sections.
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Applying the Green’s theorem (Kythe (2011)) for (2.58)–(2.60), we get

V (t, x) =

∫

RN
+

ψ(x′)G(T − t, x′, x) dx′+

+

N∑

k=1

T∫

t

dt′
∫

R
N−1
+

φ0,k(t
′, x′−k)gk(t

′ − t, x′−k, x) dx
′
−k −

T∫

t

dt′
∫

RN
+

χ(t′, x)G(t′ − t, x′, x) dx,

(3.3)

where

gk(t
′ − t, x′−k, x) =

1

2

∂G

∂x′k
(t′ − t, x′0,k, x).

Thus, in order to solve the backward problem with non-homogeneous right-hand side

and boundary conditions, it is sufficient to solve the forward problem for the Green’s

function with homogeneous right-hand side, boundary and terminal conditions.

3.3 Drift elimination

We can rewrite (3.2) in the vector form

∂G

∂t
=

1

2
∇∗P∇G− ξ · ∇G, (3.4)

where P is the correlation matrix.

Consider Cholesky decomposition of the matrix P = L∗L, where L is a lower-

triangular matrix. Then, equation (3.4) can be rewritten in a matrix form

∂G

∂t
=

1

2
(L∇)∗(L∇)G− ξ · ∇G, (3.5)

Now consider the change of variables y = L−1x. Then, the gradient transforms to

∇xG(x) = L−1∇yG(y). Thus, in new variables we get rid of the cross-derivatives term

∂G

∂t
=

1

2
∆yG− ξ · L−1∇yG, (3.6)

The domain also changes to transformation of basis vectors V to L−1V .

Now introduce

G̃(t′ − t, y′, y) = exp

(
ξ · L(y′ − y)− 1

2
ξ∗Pξ(t′ − t)

)
G(t′ − t, y′, y) (3.7)

that satisfies the following equation

∂G̃

∂t′
=

1

2
∆G, (3.8)

with the same initial and boundary conditions.

Coming back to the original variables x = Ly (and the original domain) we get the

PDE without the drift term

∂G̃

∂t
=

1

2

d∑

i,j=1

ρij
∂2G̃

∂x′i∂x
′
j

, (3.9)

As a result, we have showed how to eliminate the drift term. In the following, we consider

(3.9) and ignore tilde for brevity.
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3.4 One-dimensional problem

When N = 1, the problem (3.9) becomes

∂G

∂t′
(t′ − t, x′, x)− 1

2

∂2G

∂x′2
(t′ − t, x′, x) = 0, (3.10)

G(t′ − t, x′, 0) = 0, G(t′ − t, x′, x) −→
x →+∞

0, (3.11)

G(0, x′, x) = δ(x′ − x). (3.12)

Using the method of images, we represent G(t′−t, x′, x) = H(t′−t, x′, x)−H(t′−t,−x′, x),
where H(t′ − t, y′, y) is the solution of (3.10) and (3.12) on the infinite line. Then, both

H(t′ − t, x′, x) and H(t′ − t,−x′, x) satisfy (3.10) as well as their difference. Moreover, it

is easy to see that (3.11) and (3.12) are also satisfied.

Solving (3.10) with the initial condition (3.12) on R, we get

H(t′ − t, x′, x) =
1√

2π(t′ − t)
e
− (x′−x)2

2(t′−t) . (3.13)

Therefore, we finally get

G(t′ − t, x′, x) =
1√

2π(t′ − t)

(
e
− (x′−x)2

2(t′−t) − e
− (x′+x)2

2(t′−t)

)
. (3.14)

3.5 Two-dimensional problem

When N = 2, the problem (3.9) becomes




∂G

∂t′
− 1

2
Gx′x′ −

1

2
Gy′y′ − ρGx′y′ = 0,

G(t′ − t, 0, y′, x, y) = 0, G(t′ − t, x′, y′, x, y) −→
x′ →+∞

0,

G(t′ − t, x′, 0, x, y) = 0, G(t′ − t, x′, y′, x, y) −→
y′ →+∞

0,

G(0, x′, y′, x, y) = δ(x′ − x)δ(y′ − y).

(3.15)

First, we eliminate the cross–derivative by applying the change of variables





α(x, y) = x,

β(x, y) = − 1√
1− ρ2

(ρx− y).
(3.16)

It transforms the equation (3.15) to





∂G

∂t′
− 1

2
Gα′α′ − 1

2
Gβ′β′ = 0,

G(0, α′, β ′, α, β) = δ(α′ − α)δ(β ′ − β),

∂G(t′ − t, α′, β ′, α, β) = 0.

(3.17)

The domain has also changed from the positive quadrant to the interior of an angle

characterized by cos(ω̄) = −ρ.
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The next step is to change the variables to polar coordinates to take advantage of the

domain, {
α = −r sin (ϕ− ω̄),

β = r cos (ϕ− ω̄).
(3.18)

Then, the equation (3.17) can be rewritten as




∂G

∂t′
− 1

2

(
Gr′r′ +

1

r′
Gr′ +

1

r′2
Gϕ′ϕ′

)
= 0,

G(0, r′, ϕ′, r, ϕ) =
1

r
δ(r′ − r)δ(ϕ′ − ϕ),

G(t′ − t, r′, 0, r, ϕ) = 0, G(t′ − t, r′, ω̄, r, ϕ) = 0, G(r′, ϕ′, r, ϕ) −→
r′ →+∞

0.

(3.19)

To solve the equation (3.19), we use the separation of variables technique

G(t′ − t, r′, ϕ′, r, ϕ) = g(t′ − t, r′, r)f(ϕ′, ϕ). (3.20)

Thus, we can rewrite the equation (3.19) as two separate equations




gt′ =
1

2

(
gr′r′ +

1

r′
gr′ +

C

r′2
g

)
,

g(0, r′, r) =
1

r
δ(r′ − r),

g(t′ − t, 0, r) = 0, g(t′ − t, r′, r) −→
r′ →+∞

0,

(3.21)

and {
fϕ′ϕ′ = Cf,

f(0, ϕ) = 0, f(ω̄, ϕ) = 0.
(3.22)

Both equations can be solved analytically. It is also clear that C < 0. Thus, we denote

C = −Λ2. For equation (3.21) the solution is

g(τ, r′, r) =
e−

r′2+r2

2τ

τ
IΛ

(
r′r

τ

)
, (3.23)

where IΛ is the modified Bessel function of the first kind defined as the solution of

ξ2
d2I

dξ2
+ ξ

dI

dξ
− (ξ2 + Λ2) = 0. (3.24)

To verify the initial condition, we use the approximation of Bessel function IΛ(z) when

z ≫ Λ:

IΛ(z) ≈
ez√
2πz

. (3.25)

It yields

lim
τ→0

g(τ, r′, r) = lim
τ→0

e−
(r′−r)2

2τ

√
2πr′rτ

=
1√
r′r
δ(r′ − r) =

1

r′
δ(r′ − r). (3.26)

For the equation (3.22), with respect to the boundary condition, we obtain Λn = πn
ω̄

and the solution is

fn(ϕ
′, ϕ) = An sin

(
nπϕ′

ω̄

)
. (3.27)
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Once we have solved the equations and found the corresponding eigenvalues and eigen-

functions, we can write the eigenvalue expansion of the Green’s function

G(τ, r′, ϕ′, r, ϕ) =
e−

r′2+r2

2τ

τ

∞∑

n=1

CnInπ
ω̄

(
r′r

τ

)
sin

(
nπϕ′

ω̄

)
. (3.28)

The coefficients Cn can be computed by applying the initial condition. Using the fact

that

g(τ, r′, r) −→
τ →0

1

r
δ(r′ − r),

the initial condition yields

∞∑

n=1

Cn sin

(
nπϕ′

ω̄

)
= δ(ϕ′ − ϕ).

Multiplying both parts by sin
(
mπϕ′

ω̄

)
and integrating from 0 to ω̄, we find the coeffi-

cients Cn = 2
ω̄
sin
(
nπϕ
ω̄

)
. Thus, we finally get

G(τ, r′, ϕ′, r, ϕ) =
2e−

r′2+r2

2τ

ω̄τ

∞∑

n=1

Inπ
ω̄

(
r′r

τ

)
sin

(
nπϕ′

ω̄

)
sin
(nπϕ

ω̄

)
. (3.29)

3.6 Three-dimensional problem

The three-dimensional problem is much more difficult than the one- and two-dimensional

ones. For several particular cases of the correlation matrix, Escobar et al. (2013) offered

solutions to the three-dimensional problem by the method of images. Unfortunately, it

cannot be extended to general correlation matrices. A semi-analytical solution was pro-

posed in Lipton and Savescu (2014), where a separation of variables technique is used

and the problem is split into radial and angular PDEs. The radial PDE is solved an-

alytically, while the angular PDE is solved by finite elements. In this section, we use

the separation of variables technique and solve the angular PDE semi-analytically, and

thus provide a “fully semi-analytical” representation of the Green’s function. By this

we mean that the solution is expressed as a (double) infinite series of terms involving

special functions (hypergeometric and Bessel). We also require the solution of a count-

ably infinite-dimensional non-linear eigenvalue problem. In practice, the sums can be

truncated to a relatively small number of terms (low tens) without significant loss of

accuracy, as evidenced by our numerical tests, and similarly for the dimension of the

non-linear eigenvalue problem.

3.6.1 Problem formulation and preliminaries

When N = 3, the problem (3.9) becomes

∂G

∂t′
=

1

2
Gx′x′ +

1

2
Gy′y′ +

1

2
Gz′z′ + ρxyGx′y′ + ρxzGx′z′ + ρyzGy′z′, (3.30)
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with the boundary and initial conditions





G(0, x′, y′, z′, x, y, z) = δ(x′ − x)δ(y′ − y)δ(z′ − z), (x′, y′, z′) ∈ R3
+,

G(t′ − t, 0, y′, z′, x, y, z) = 0, G(t′ − t, x′, y′, z′, x, y, z) −→
x′ →+∞

0, (t′, y′, z′) ∈ R3
+,

G(t′ − t, x′, 0, z′, x, y, z) = 0, G(t′ − t, x′, y′, z′, x, y, z) −→
y′ →+∞

0, (t′, x′, z′) ∈ R3
+,

G(t′ − t, x′, y′, 0, x, y, z) = 0, G(t′ − t, x′, y′, z′, x, y, z) −→
z′ →+∞

0, (t′, x′, y′) ∈ R3
+,

for given (t, x, y, z) ∈ R4
+.

To eliminate the cross-derivatives, we introduce the following change of variables

(Lipton et al. (2014), Lipton and Savescu (2014))





α(x, y, z) = x,

β(x, y, z) = − 1

ρ̄xy
(ρxyx− y),

γ(x, y, z) =
1

ρ̄xyχ

[
(ρxyρyz − ρxz)x+ (ρxyρxz − ρyz)y + ρ̄2xyz

]
,

where ρ̄xy =
√

1− ρ2xy and χ =
√
1− ρ2xy − ρ2xz − ρ2yz + 2ρxyρxzρyz, which is the Cholesky

decomposition, we used earlier. It transforms the equation (3.30) to





∂G

∂t′
=

1

2
Gα′α′ +

1

2
Gβ′β′ +

1

2
Gγ′γ′ ,

G(0, α′, β ′, γ′, α, β, γ) = δ(α′ − α)δ(β ′ − β)δ(γ′ − γ),
(3.31)

with zero boundary conditions on the new domain

D = {ω1e1 + ω2e2 + ω3e3|ωi > 0},

where

e1 = (0, 0, 1), e2 =

(
0,

χ

ρ̄xyρ̄xz
,−ρyz − ρxzρxy

ρ̄xyρ̄xz

)
, e3 =

(
χ

ρ̄yz
,− ρxyχ

ρ̄xyρ̄yz
,−ρxz − ρyzρxy

ρ̄xyρ̄yz

)
,

Finally, we rewrite the equation in spherical coordinates (r, ϕ, θ) to take advantage of

the wedge-shape of the domain, where r ∈ (0,∞), ϕ ∈ (0, ω̄) with ω̄ = arccos(−ρxy), and

θ ∈ (0,Θ(ϕ)), where Θ(ϕ) can be implicitly defined as

ϕ(ω) = arccos

(
1− ρxyω√

1− 2ρxyω + ω2

)
, (3.32)

Θ(ω) = arccos


− ρyz − ρxzρxy + ω(ρxz − ρyzρxy)√

ρ̄xy(ρ̄2xz − 2ω(ρxy − ρxzρyz) + ω2ρ̄2yz)


 , (3.33)

where ρ̄ =
√

1− ρ2 for ρ ∈ {ρxy, ρyz}.
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The final initial-boundary value problem for the Green’s function has the form





∂G

∂t′
− 1

2

[
1

r′
∂2

∂r′2
(r′G) +

1

r′2

(
1

sin2 θ′
Gϕ′ϕ′ +

1

sin θ′
∂

∂θ′
(sin θ′Gθ′

)]
= 0,

G(0, r′, ϕ′, θ′, r, ϕ, θ) =
1

r2 sin θ
δ(r′ − r)δ(ϕ′ − ϕ)δ(θ′ − θ),

G(t′ − t, r′, 0, θ′, r, ϕ, θ) = 0, G(t′ − t, r′, ω̄, θ′, r, ϕ, θ) = 0,

G(t′ − t, r′, ϕ′, 0, r, ϕ, θ) = 0, G(t′ − t, r′, ϕ′,Θ(ϕ′)e,r, ϕ, θ) = 0,

G(t′ − t, 0, ϕ′, θ′, r, ϕ, θ) = 0, G(t′ − t, r′, ϕ′, θ′, r, ϕ, θ) −→
r′ →+∞

0.

(3.34)

3.6.2 Semi-analytical solution by expansion

In this section, we show how the solution to (3.34) can be given via an eigenvalue expan-

sion. First, we apply separation of variables

G(t, r′, ϕ′, θ′, r, ϕ, θ) = g(t, r′, r)Ψ(ϕ′, θ′, ϕ, θ),

then (3.34) decomposes into two separate (initial-)boundary value problems





gt′ =
1

2

(
1

r′
∂2

∂r′2
(r′g)− Λ2

r′2
g

)
,

g(0, r′, r) =
1

r
δ(r′ − r),

g(t′ − t, 0, r) = 0, g(t′ − t, r′, r) −→
r′ →+∞

0,

(3.35)

and




1

sin2 θ′
Ψϕ′ϕ′ +

1

sin θ′
∂

∂θ′
(sin θ′Ψθ′) = −Λ2Ψ,

Ψ(0, θ′, ϕ, θ) = 0,Ψ(ω̄, θ′, ϕ, θ) = 0,Ψ(ϕ′, 0, ϕ, θ) = 0,Ψ(ϕ′,Θ(ϕ′), ϕ, θ) = 0,
(3.36)

where Λ2 ∈ R+ is an eigenvalue. The eigenvalue is real and positive because the dif-

ferential operator on the left-hand side of (3.36) is symmetric and positive definite with

respect to a certain weighted inner product, as is seen from the variational formulation

given in equation (40) in Lipton and Savescu (2014).

We note an asymmetry between (3.35), which contains the time variable and hence

an initial condition is imposed, and (3.36), which is stationary and hence does not match

any initial condition. The initial condition of the solution in (3.34) will eventually be

ensured by superposition in Section 3.6.5. Since (3.36) does not depend on (ϕ, θ) here

(due to the ignorance of the initial condition), we further write Ψ(ϕ′, θ′, ϕ, θ) = Ψ(ϕ′, θ′)

for simplicity.

The PDE (3.35) can be solved analytically, with solution

g(t, r′, r) =
e−

r2+r′2
2t

t
√
rr′

I√
Λ2+ 1

4

(
rr′

t

)
,

where Ia(b) is the modified Bessel function of the second kind.
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To verify the initial condition is satisfied, we again use the approximation (3.25):

lim
t→0

g(t, r′, r) = lim
t→0

e−
(r′−r)2

2t

√
2πr′rt

=
1√
r′r

δ(r′ − r) =
1

r′
δ(r′ − r).

The eigenvalue problem for the angular PDE (3.36) was solved numerically in Lipton

and Savescu (2014) by a finite element method. In the next section we demonstrate this

method.

3.6.3 Finite element method for angular PDE

Lipton and Savescu (2014) solved the equation (3.36) numerically via the finite element

method. In this section we briefly explain the method.

It can be shown that there is an infinite sequence of eigenvalues 0 ≤ Λ1 ≤ Λ2 ≤ . . .

(see Lipton and Savescu (2014)).

We reformulate the problem (3.36) in a weak formulation. We use the test functions

Ψ′ and integrate over the domain,
∫∫

Ω

1

sin θ′
Ψϕ′Ψ′

ϕ′ dω +

∫∫

Ω

sin θ′Ψθ′Ψ
′
θ′ dω = Λ2

∫∫

Ω

ΨΨ′ sin θ′ dω. (3.37)

For this non-rectangular shape of the domain we can construct a triangular mesh and

look for the finite-dimensional solution on this mesh. See mesh construction section for

details.

The dimension n is the number of free points on the mesh. Denote by Φi, i = 1, . . . , n

the basis of this space.

We consider linear basis functions on each triangle. Hence, there are only three

independent (non-zero) basis functions on each triangle T . We denote by (ϕ′
1, θ

′
1), (ϕ

′
2, θ

′
2),

and (ϕ′
3, θ

′
3) the vertices of triangle T and by Φ1,Φ2 and Φ3 the corresponding basis

functions that are defined by

Φi(ϕ
′
j , θ

′
j) =

{
1, i = j,

0, i 6= j,

and can be represented as Φi(ϕ
′, θ′) = ai + biϕ

′ + ciθ
′, (ϕ′, θ′) ∈ T, i = 1, 2, 3, where the

coefficients ai, bi, ci can be found by solving 3× 3 system of linear equations.

Thus, the solution of finite-dimensional problem can be represented as Ψ(ϕ′, θ′) =∑n
i=1Φi(ϕ

′, θ′)ψi and equation (3.37) can be written as

KΨ = Λ2MΨ, (3.38)

where K and M are matrices with elements

Kij =

∫∫

Ω

(A∇Φj) · ∇Φi dω,

Mij =

∫∫

Ω

sin θ′ΦiΦj dω,
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with matrix A

A =

(
1

sin θ′
0

0 sin θ′

)
.

Denote by Nt the number of triangles. Then, equations for Kij and Mij can be further

simplified to

Kij =

Nt∑

k=1

∫

Tk

1

sin θ′
∂Φi
∂ϕ′

∂Φj
∂ϕ′ dω +

Nt∑

k=1

∫

Tk

sin θ′
∂Φi
∂θ′

∂Φj
∂θ′

dω,

Mij =
Nt∑

k=1

∫

Tk

sin θ′ΦiΦj dω.

In order to compute integrals over Tk we approximate them by the quadrature rule

∫

Tk

f(ϕ′, θ′) dω = AreaTk f(ϕ̄, θ̄),

where (ϕ̄, θ̄) is the centroid of the triangle Tk.

Taking into account that over triangles the basis functions are linear and, therefore,

their derivatives are constant, the computation of Kij can be further simplified.

To solve the equation (3.38), we perform a Cholesky decomposition of the symmetric

matrix M = MMT , then

M−1KΨ = Λ2MTΨ.

We introduce the matrix C = M−1K(M−1)T , then the last equation can be rewritten as

C(MT )Ψ = Λ2(MTΨ). (3.39)

The equation (3.39) is the matrix eigenvalue problem for matrix C and can be solved

via standard numerical methods. Once we solved the problem (3.39), the eigenvalues of

the original problem can be found as M−1E, where E is an eigenvector of (3.39). As a

result, we have found the first N eigenvalues and the corresponding eigenvectors.

3.6.3.1 Mesh construction

In this section, we briefly describe the triangular mesh construction algorithm. Lipton

and Savescu (2014) presented an iterative algorithm based on ideas of Persson (2004),

where the nodes of the mesh are adjusted in each iteration based on current element sizes.

See Algorithm 1 for the algorithm description.

The simplest case is to choose a uniform distribution of the edge size. But, on our

domain, there is a singularity on the boundary, therefore we choose a size distribution

that selects smaller elements near the boundary and larger in the center.

An example of the mesh is in Figure 3.1.
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Algorithm 1 Algorithm for constructing an adaptive mesh

Require: X1.X2, Y1, Y2 — boundary box of the domain
Require: d(x, y) — distance function to the closest boundary (negative inside the do-

main)
Require: h(x, y) — element size function (gives the relative element size distribution

over the domain)
1: Build a mesh with equally spaced points for the bounding box of the domain
2: Remove points outside the domain
3: Rejection method: reject points inside the domain with probabilities proportional

1/h(x, y)2

4: while i < MAXITER do
5: Delaunay triangulation using the divide and conquer algorithm described in

Guibas and Stolfi (1985)
6: Assemble triangles obtained through the Delaunay procedure
7: for each triangle do
8: Compute centroid
9: If centroid is outside the domain, remove triangle from the list

10: end for
11: Move mesh points based on current edge lengths using ideas described in Persson

(2004)
12: Bring points that have moved outside of the domain back to the boundary
13: i = i + 1
14: end while
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Figure 3.1: An example of mesh for the domain obtained for ρxy = 0.8, ρxz = 0.2, ρyz = 0.5
for 4000 points after 100 iterations of the algorithm (the color have no significance).

3.6.4 Semi-analytical method for angular PDE

In this section, we consider an alternative, semi-analytical approach.

We begin by further simplifying the problem by the extra transformation (as in Lipton

et al. (2014) for the stationary case)

ζ ′ = ln tan θ′/2, (3.40)

which changes the domain to the semi-infinite strip −∞ < ζ ≤ Z(ϕ) = ln tanΘ(ϕ)/2

and the eigenvalue problem to




Ψϕ′ϕ′ +Ψζ′ζ′ = −4Λ2 e2ζ
′

(1 + e2ζ′)2
Ψ,

Ψ(0, ζ ′) = Ψ(ω̄, ζ ′) = lim
ζ′→−∞

Ψ(ϕ′, ζ ′) = Ψ(ϕ′, Z(ϕ′)) = 0.
(3.41)

Denote λ = 1
2
+
√

1
4
+ Λ2. Then, (3.41) becomes

Ψϕ′ϕ′ +Ψζ′ζ′ = −λ(λ− 1)

cosh2(ζ ′)
Ψ.

We shall find solutions in the form Ψ(ϕ′, ζ ′) = Φ(ϕ′) · Υ(ζ ′). Thereby, we can split

(3.41) into the system

Φ′′ = −k2Φ, (3.42)

Υ′′ =

(
k2 − λ(λ− 1)

cosh2(ζ ′)

)
Υ, (3.43)
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where k2 ∈ R+ is an eigenvalue and with boundary conditions

Φ(0) = 0, Φ(ω̄) = 0, Υ(ζ ′) −→
ζ →−∞

0, Ψ(ϕ′, Z(ϕ′)) = 0. (3.44)

Equation (3.42) with the first and second boundary conditions in (3.44) can be solved as

Φn(ϕ
′) = cn sin (knϕ

′),

where kn = πn/ω̄.

Equation (3.43) is the Schrödinger equation with Pöschl–Teller potential. In the next

section we show how to solve it.

3.6.4.1 Schrödinger equation with Pöschl–Teller potential

Consider (3.43) with boundary condition

Υ(−∞) = 0. (3.45)

Fundamental solution We follow Flügge (2012) for the solution of (3.43). Consider

the change of variables y = cosh2(ζ). Then, (3.43) can be rewritten as

y(1− y)Υ′′ +

(
1

2
− y

)
Υ′ +

(
k2

4
− λ(λ− 1)

4y

)
Υ = 0.

Then, if we consider v(y) = y−λ/2Υ(y), we get the hypergeometric equation

y(1− y)v′′ +

((
λ+

1

2

)
− (λ+ 1)y

)
v′ +

1

4

(
k2 − λ2

)
v = 0.

The solution of this equation is

v(y) = A · 2F1

(
a, b,

1

2
, 1− y

)
+B

√
1− y · 2F1

(
a+

1

2
, b+

1

2
,
3

2
, 1− y

)
,

where

a =
1

2
(λ− k) , b =

1

2
(λ+ k) .

As a fundamental system we consider standard odd and even real solutions:

Υe(ζ) = coshλ(ζ)2F1

(
a, b,

1

2
,− sinh2(ζ)

)
,

Υo(ζ) = coshλ(ζ) sinh(ζ)2F1

(
a+

1

2
, b+

1

2
,
3

2
,− sinh2(ζ)

)
,

where 2F1(a, b, c, z) is the Gaussian hypergeometric function.

Any solution can be represented as a linear combination of the fundamental system,

Υ(ζ) = AΥe(ζ) +BΥo(ζ). (3.46)

Now consider an asymptotic expansion for large ζ . Unlike Flügge (2012), who consider

the asymptotics at ±∞ (see the case Z ≡ ∞ below), if Z(ϕ) is bounded above, we only

consider the asymptotics at −∞.
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General boundary conditions From the known expansion of the hypergeometric

function we get

Υe(ζ) → 2−λeλ|ζ|Γ

(
1

2

)[
Γ(b− a)

Γ(b)Γ
(
1
2
− a
)22ae−2a|ζ| +

Γ(a− b)

Γ(a)Γ
(
1
2
− b
)22be−2b|ζ|

]

and

Υo(ζ) → −2−λ−1e(λ+1)|ζ|Γ

(
3

2

)[
Γ(b− a)

Γ
(
b+ 1

2

)
Γ (1− a)

22a+1e−(2a+1)|ζ|+

+
Γ(a− b)

Γ
(
a + 1

2

)
Γ (1− b)

22b+1e−(2b+1)|ζ|

]
.

Assume k > 0. First, consider the case λ − k = 2l. Thus, Γ
(
1
2
− a
)

is singular and

Υe(ζ) satisfies the condition (3.45). Similar, if λ− k = 2l + 1, then Γ (1− a) is singular

and Υo(ζ) satisfies the condition (3.45).

Hence, in order to satisfy the condition (3.45) we can choose

A =





Γ(b)Γ
(
1
2
− a
)
, λ− k /∈ Z+,

1, λ− k = 2l

0, λ− k = 2l + 1

, B =





2Γ
(
b+ 1

2

)
Γ (1− a) , λ− k /∈ Z+,

0, λ− k = 2l,

1, λ− k = 2l + 1.

Using identities for hypergeometric functions we can simplify (3.46) to

Υ(ζ) = c · ekζ2F1

(
λ, 1− λ, 1 + k,

e2ζ

1 + e2ζ

)
,

for all λ and k.

Special case ρxy = ρxz = 0, ρyz = 1, i.e. Z ≡ ∞ Consider first the case when Z(ϕ)

is unbounded. Now we have to take into account also the asymptotics at +∞. We note

that Υe(−ζ) = Υe(ζ) and Υo(−ζ) = −Υo(ζ). The first term in Υo(ζ) and Υe(ζ) goes to

infinity unless Γ(1
2
− a) and Γ(1 − a) are singular, respectively. The gamma function is

singular if the argument is a negative integer. Thus,

λrl =
πr

ω̄
+ l

and

Ψr
l (ϕ, ζ) =

{
c sin(krϕ)Υe(ζ), l is even,

c sin(krϕ)Υo(ζ), l is odd.

Special case ρxy = ρxz = ρyz = 0, i.e. Z ≡ 0 In this case ω̄ = π
2
. We can easily see

that Υe(0) = 1 and Υo(0) = 0 for any k and λ. Thus, A = 0, B = 1. Now we want to

find the corresponding eigenvalues. Applying boundary condition (3.45), we get

λl = 2l + 1, n ≥ 0,

and the corresponding eigenvectors are

Ψr
l (ϕ, ζ) = c sin(krϕ)Υo(ζ),

where 1 ≤ r ≤ l.

36



3.6.4.2 Expansion for Ψ(ϕ′, ζ ′)

As we showed in the previous section

Υn(ζ
′) = cne

knζ′
2F1

(
λ, 1− λ, 1 + kn,

e2ζ
′

1 + e2ζ′

)
,

where 2F1(a, b, c, z) is the Gaussian hypergeometric function. Thus, we find Ψ(ϕ′, ζ ′) in

the form

Ψ(ϕ′, ζ ′) =

∞∑

n=1

cn sin (knϕ
′)eknζ

′
2F1

(
λ, 1− λ, 1 + kn,

e2ζ
′

1 + e2ζ′

)
. (3.47)

As an aside, we note that 2F1

(
λ, 1− λ, 1 + kn,

e2ζ
′

1+e2ζ′

)
= 1 for λ = 0, which gives

Ψ0(ϕ
′, ζ ′) =

∞∑

n=1

cn sin (knϕ
′)eknζ

′

and coincides with the expression in Lipton et al. (2014) for the stationary problem.

To find the coefficients cn and eigenvalues λ, we use the fourth condition in (3.44),

∞∑

n=1

cn sin (knϕ)e
knZ(ϕ′)

2F1

(
λ, 1− λ, 1 + kn,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)
= 0 (3.48)

for all ϕ′ ∈ [0, ω̄].

We introduce the integrals

Tmn(λ) = 〈fm, fn〉 =

ω̄∫

0

fm(ϕ
′)fn(ϕ

′) dϕ′, (3.49)

fn(ϕ
′) = sin (knϕ

′)eknZ(ϕ
′)
2F1

(
λ, 1− λ, 1 + kn,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)
,

and note that Tmn is a function of λ only. Then, applying (3.48), we get

∞∑

n=1

Tmn(λ)cn = 0, ∀m ≥ 1. (3.50)

We defer the solution of (3.50) for λ and (cn)n≥1 to Section 3.6.6.

3.6.5 Final expression for Green’s function

Now we can write the expression for the Green’s function using the eigenvalue expansion

G(τ, r′, ϕ′, ζ ′, r, ϕ, ζ) =
∞∑

l=1

algl(τ, r
′)Ψl(ϕ

′, ζ ′)

=
∞∑

l=1

algl(τ, r
′)

∞∑

n=1

clnΦn(ϕ
′)Υl

n(ζ
′)

=
e−

r′2+r2

2τ

τ
√
r′r

∞∑

l=1

alIλl

(
r′r

τ

)
×

∞∑

n=1

cln sin (knϕ
′)eknζ

′
2F1

(
λl, 1− λl, 1 + kn,

e2ζ
′

1 + e2ζ′

)
,(3.51)
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where the (countably many) eigenvalues λl and coefficients cln can be determined as the

solution of the nonlinear eigenvalue problem (3.50) and kn = πn
ω̄

.

The coefficients al can be determined by imposing the initial condition

G(0, r′, ϕ′, θ′, r, ϕ, θ) =
1

r2 sin θ
δ(r′ − r)δ(ϕ′ − ϕ)δ(θ′ − θ).

We have already ensured the initial condition for the radial part, thus we need

∞∑

l=1

alΨl(ϕ
′, θ′) =

1

sin θ
δ(ϕ′ − ϕ)δ(θ′ − θ). (3.52)

From the weak formulation of the angular PDE it is easy to see that the eigenvectors

are orthogonal in the scalar product weighted by sin θ′ (Lipton and Savescu (2014)).

Multiplying (3.52) by Ψm(ϕ
′, θ′) sin θ′ and integrating over the whole domain,

al =

∫∫

Ω

1

sin θ
Ψl(ϕ

′, θ′) sin θ′δ(ϕ′ − ϕ)δ(θ′ − θ) dϕ′dθ′ = Ψl(ϕ, θ).

Substituting the expression for al from the last equation into (3.51), expanding the ex-

pression for Ψl(ϕ
′, ζ ′) and Ψl(ϕ, ζ), we get

G(τ, r′, ϕ′, ζ ′, r, ϕ, ζ) =
e−

r′2+r2

2τ

τ
√
r′r

∞∑

l=1

Iλl

(
r′r

τ

)
×

×
( ∞∑

n=1

cln sin (knϕ
′)eknζ

′
2F1

(
λl, 1− λl, 1 + kn,

e2ζ
′

1 + e2ζ′

))
×

×
( ∞∑

n=1

cln sin (knϕ)e
knζ

2F1

(
λl, 1− λl, 1 + kn,

e2ζ

1 + e2ζ

))
.

Returning to the variable θ, we have

G(τ, r′, ϕ′, θ′, r, ϕ, θ) =
e−

r′2+r2

2τ

τ
√
r′r

∞∑

l=1

Iλl

(
r′r

τ

)
×

×
( ∞∑

n=1

cln sin (knϕ
′) tankn

(
θ′

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ
′

2

))
×

×
( ∞∑

n=1

cln sin (knϕ) tan
kn

(
θ

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ

2

))
. (3.53)

3.6.6 Solution of the nonlinear eigenvalue problem

In this section, we first give properties of the eigenvalue problem (3.50). Then, we describe

several methods to solve nonlinear eigenvalue problems and outline how the methods are

applied in the tests.
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3.6.6.1 Truncation and the smallest (linear) eigenvalue of T (λ)

If we truncate the sum (3.50) after N terms, the resulting equation can be rewritten in

matrix form

T (λ) · c = 0, (3.54)

where T (λ) ∈ RN×N , c ∈ RN .

Equation (3.54) is a nonlinear eigenvalue problem for a symmetric positive semi-

definite matrix (as the matrix T is a Gram matrix). Eigenvalues λ of this truncated

problem have to satisfy the equation

µmin(T (λ)) = 0, (3.55)

where µmin is the minimum eigenvalue of the positive semi-definite matrix T (λ). Due to

the truncation, however, the problem (3.54) generally does not have real-valued solutions

for λ. Indeed, numerical tests suggest that T is typically strictly positive definite for all

λ and then a non-zero solution for c does not exist. Figure 3.2 illustrates the dependence

of the smallest eigenvalue µmin(T (λ)) of T (λ) on λ.

0 10 20 30 40 50 60 70 80 90 100
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Λ2

m
in

(e
ig

(T
))

(a)

3 4 5 6 7 8 9 10
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

Λ2

m
in

(e
ig

(T
))

(b)

0 5 10 15 20 25 30 35 40
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Λ2

m
in

(e
ig

(T
))

(c)

20 22 24 26 28 30 32 34 36 38 40
0

0.5

1

1.5

2

2.5

3

3.5
x 10

−4

Λ2

m
in

(e
ig

(T
))

(d)

Figure 3.2: Minimum eigenvalue of matrix T : µmin(T (λ)) for ρxy = 0.8, ρxz = 0.2, ρyz =
0.5 and N = 15. Note the different plot ranges in (a) and (b).
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In order to find an approximation to the original problem, we need to “regularize”

it in the sense that there exists a solution of the truncated problem that is close to the

solution of the infinite problem when the number of terms increases.

A first simple approach is based on the minima of µmin (instead of its roots). Here,

we use Chebyshev polynomials (Driscoll et al. (2014)) to approximate all local minima of

the left-hand side of (3.55), and use these as approximation to the nonlinear eigenvalues.

More sophisticated and efficient methods by considering complex nonlinear eigen-

values, based on Chebyshev interpolation of T (λ) directly and on contour integration,

respectively, are given in Sections 3.6.6.2 and 3.6.6.3 below.1

3.6.6.2 Chebyshev polynomial interpolation of T (λ)

In this approach, we approximate T (λ) for complex λ using Chebyshev polynomials,

T (λ) ≈ T̂ (λ) ≡
m∑

j=0

AjT̃j(λ), (3.56)

where {T̃j , 0 ≤ j ≤ m} is a (scalar) Chebyshev polynomial basis of degree m and Aj ∈
RN×N are the corresponding coefficients.

The following result is a modification of Theorem 18.1 in Trefethen (2013) (see, for

example, Nakatsukasa et al. (2015), Section 7.2).

Theorem 3.1. The solutions of the polynomial eigenvalue problem for T̂ in (3.56) are

the eigenvalues of the linear matrix pencil (of dimension mN ×mN)

λ




Am
IN

. . .
. . .

. . .

IN



− 1

2




−Am−1 IN−Am−2 −Am−3 · · · A0

IN 0 IN
. . .

. . .
. . .

IN 0 IN
2IN 0



, (3.57)

(i.e., all λ such that the above matrix is singular), where entries not displayed are zero.

Thus, by finding the eigenvalues of the linear matrix pencil we obtain the solution of

a polynomial eigenvalue problem, which is an approximation to the nonlinear eigenvalue

problem (3.54).

3.6.6.3 Contour integral method

The following method due to Beyn (2012) finds nonlinear complex eigenvalues within a

given contour Γ. The main idea is to use the fact that

1

2πi

∫

Γ

f(z)T (z)−1 dz =

n(Γ)∑

n=1

f(λn)vnw
∗
n,

1 We avoid using
ω̄∫
0

f(ϕ)ḡ(ϕ) dϕ instead of 〈·, ·〉 in (3.49) due to the positive definiteness.
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where λj is the nonlinear eigenvalue, vn and w∗
n are corresponding right and left eigen-

vectors.

Applying the last equation for f(z) = 1 and f(z) = z, we get

A0 =
∑

n

vnw
∗
n = VW ∗,

A1 =
∑

n

λnvnw
∗
n = V ΛW ∗.

From the last two equations, we can find eigenvalues Λ. We give the main steps in

Algorithm 2 and subsequently discuss the choice of contour.

Algorithm 2 Contour integral algorithm for nonlinear eigenvalue problem

1: l = 1
2: Compute A0 =

1
2πi

∫
Γ
T (z)−1V̂ dz and A1 =

1
2πi

∫
Γ
zT (z)−1V̂ dz numerically.

3: Compute SVD A0 = V ΣWH .
4: Perform a rank test for Σ, i.e., find 0 < k ≤ l such that

σ1 ≥ σ2 ≥ . . . tolrank > σk+1 ≈ . . . ≈ σl ≈ 0.

5: if k = l then l = l + 1 and go to line 1;
6: else let V0 = V (1 : N, 1 : k),W0 =W (1 : l, 1 : k) and Σ0 = diag(σ1, . . . , σk).
7: end if
8: Compute B = V H

0 A1W0Σ
−1
0 .

9: Solve the eigenvalue problem for B: BS = SΛ, where S = (v1|v2| . . . |vk).
10: For all j with ||T (λj)vj || ≤ tolres and λj ∈ int(Γ) accept λj as nonlinear eigenvalue

and vj = V0sj as eigenvector.

A few further specifications and comments:

1. In line 2, we choose V̂ = (Il|O)T with Il the l×l identity matrix and O an l×(N−l)
matrix of zeros.

2. The integrands in line 3 are found by solution of linear systems T (z)x = V̂ for x.

3. For the linear systems, SVDs and linear eigenvalue problems we use the Matlab

default functions.

4. We choose as contours circles with the center µ and radius R. Then, for ϕ(t) =

µ+R exp
(
2πij
L

)
, A0 and A1 can be approximated by quadrature with L nodes,

A0,L =
R

L

L−1∑

j=0

T (ϕ(tj))
−1V̂ exp

(
2πij

L

)
,

A1,L = µA0,L +
R2

L

L−1∑

j=0

T (ϕ(tj))
−1V̂ exp

(
4πij

L

)
.

5. As µ can be large, for computational stability it is better to shift the coordinates

to z̃ = z − µ.
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3.6.7 Numerical tests

In this section, we discuss the application of the methods in Sections 3.6.2 and 3.6.6 for

solving (3.54) and give numerical tests.

3.6.7.1 Matrix assembly

To compute the elements of T , we have to evaluate the integral in (3.49). We notice that

fmn(ϕ
′) = sin (kmϕ

′) sin (knϕ
′)e(km+kn)Z(ϕ′)

2F1

(
λ, 1− λ, 1 + km,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)
×

× 2F1

(
λ, 1− λ, 1 + kn,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)

is analytic on {|z| < 1} and f ′
mn(0) = f ′

mn(ω̄), where ω̄ = arccos(−ρxy). Then, according

to Javed and Trefethen (2014), the trapezoidal quadrature rule with K nodes converges

with order O(K−4) with small constant.

An advantage of using the standard trapezoidal rule compared to other, adaptive

quadrature rules is that on a fixed grid we can precompute the functions

fn(ϕ
′) = sin (knϕ

′)eknZ(ϕ
′)
2F1

(
λ, 1− λ, 1 + kn,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)
.

Therefore, we use only N instead of N2 computations of hypergeometric functions, which

is an expensive operation.

The elements of T (λ) grow fast in n and m due to the term exp ((kn + km)Z(ϕ)),

and for large N can become highly inaccurate. We will use the following straightforward

result to improve the condition of T .

Proposition 3.1. Consider non-singular square matrices V and W . Define T̃ (λ) =

V T (λ)W . Then, λ is a nonlinear eigenvalue of T (λ) if and only if it is a nonlinear

eigenvalue of T̃ (λ).

Define the matrices as V =W = D with

D = diag(e−αk1 , e−αk2 , . . . , e−αkN ).

Then, the elements of T̃ (λ) = DT (λ)D are

T̃ (λ)mn =

ω̄∫

0

sin (kmϕ
′) sin (knϕ

′)e(km+kn)(Z(ϕ′)−α)
2F1

(
λ, 1− λ, 1 + km,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)

× 2F1

(
λ, 1− λ, 1 + kn,

e2Z(ϕ
′)

1 + e2Z(ϕ′)

)
dϕ′. (3.58)

Transformation (3.58) helps to decrease the elements proportionally to the growth

rate, where α is chosen in the tests as maximum or average value of Z(ϕ).

The standard Matlab hypergeometric function is very slow. Therefore, we imple-

mented our own function in C and inserted it into Matlab as mex function.
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3.6.7.2 Computation of eigenvalues

Now we consider the application of the numerical methods from Section 3.6.6 to the

truncated problem (3.54).

Chebyshev approximation of smallest eigenvalue of T (λ) (Section 3.6.6.1). For

this method the application is straightforward, using Cholesky factorisation and chebfun

(Driscoll et al. (2014)) to find the local minima.

Chebyshev polynomial interpolation (Section 3.6.6.2). Here, we consider com-

plex eigenvalues and Chebyshev interpolation of T (λ) is implemented using chebfun

(Driscoll et al. (2014)). The resulting generalised linear eigenvalue problem is solved

by the default method in Matlab.

Contour integral method (Section 3.6.6.3). To find all (complex) eigenvalues, we

have to pick suitable centres and radii to apply Algorithm 2. Based on the empirical

observation that the distribution of the eigenvalues is roughly uniform (see Table 3.1

below), we can choose a fixed radius and increase the centre by slightly under twice that

amount to find the next eigenvalue. We discard any eigenvalues found previously due to

the overlap of contours. This is summarised in Algorithm 3.

Algorithm 3 Contour integral algorithm for nonlinear eigenvalue problem

1: Choose µ = µ0 and R as discussed above.
2: while µ ≤ µmax do
3: Use Algorithm 2 with Γ = C(µ,R), a circle with centre µ and radius R.
4: µ = µ+ 2R
5: end while

In Tables 3.1 and 3.2, we compare the approximate nonlinear eigenvalues and the com-

putational time for different methods (from Section 3.6.6) in the semi-analytical approach

with those from the finite element method in Lipton and Savescu (2014). Consider pa-

rameters ρxy = 0.8, ρxz = 0.2, ρyz = 0.5. For the semi-analytical method we take N = 20

for the approximation of the infinite sum in (3.50), K = 1000 and L = 500 quadrature

nodes.
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EV Finite elements Chebyshev approximation Contour integrals /
of smallest eigenvalue of T (λ) Chebyshev interpolation

Λ2
1 5.232 5.228 5.229 (0.028)

Λ2
2 11.805 11.787 11.787 (0.076)

Λ2
3 16.313 16.285 16.284 (0.068)

Λ2
4 21.204 21.149 21.147 (0.151)

Λ2
5 26.184 26.112 26.109 (0.188)

Λ2
6 33.392 33.230 33.261 (0.215)

Λ2
15 72.911 72.841 72.708 (0.731)

Λ2
30 138.087 139.421 139.391 (1.331)

Table 3.1: Eigenvalues for parameters ρxy = 0.8, ρxz = 0.2, ρyz = 0.5. In the last column,
the imaginary part is in brackets. As the contour integral method and Chebyshev poly-
nomial interpolation gave identical results up to 5 digits, we unite them in one column.

Chebyshev approximation Chebyshev interpolation of T (λ) Contour integrals
of smallest eigenvalue of T (λ)

561.17 s 60.27 s 220.79 s

Table 3.2: Computation time of first 30 eigenvalues.

We also compare the numerically computed nonlinear eigenvalues to the analytic

expressions in the case ρxy = ρxz = ρyz = 0 (see Appendix 3.6.4.1), in Table 3.3. We

can see that the semi-analytical method is vastly superior to the finite element method.

The semi-analytical method has the advantage in this case that there exists a finite basis

and the truncation for the nonlinear eigenvalue problem after sufficiently many, say N

terms does not change the solution (see Section 3.6.4.1). Here, N is chosen large enough

so that the remaining errors come predominantly from the approximate solution of the

linear eigenvalue problem in the case of the Chebyshev method and the singular value

decomposition in the contour integral method.

EV Value Finite elements Chebyshev approx. Chebyshev Contour integrals
of sm. eig of T (λ) interpolation

Λ2
1 12.0 0.018 4.1× 10−15 3.6× 10−12 1.3× 10−12

Λ2
2 30.0 0.097 9.5× 10−14 1.1× 10−11 3.4× 10−12

Λ2
3 30.0 0.105 9.5× 10−14 1.1× 10−11 3.4× 10−12

Λ2
4 56.0 0.309 7.7× 10−12 6.0× 10−11 6.1× 10−11

Λ2
5 56.0 0.353 7.7× 10−12 6.0× 10−11 6.1× 10−11

Λ2
7 90.0 0.767 1.0× 10−10 5.4× 10−10 7.8× 10−10

Λ2
15 132.0 2.311 2.3× 10−5 1.8× 10−9 4.5× 10−8

Λ2
30 306.0 8.896 1.3× 10−2 4.1× 10−8 1.0× 10−6

Table 3.3: Error of eigenvalues for ρxy = 0.0, ρxz = 0.0, ρyz = 0.0. We present the
difference between eigenvalues computed by different methods and the analytical solution.
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From the numerical experiments we can conclude that the method based on the small-

est linear eigenvalue is slow. The methods based on contour integrals and Chebyshev

interpolation show the best results. From a computational point of view, Chebyshev

interpolation is faster than the contour integral method, because for the latter we have

to run the computations several times on different circles, as well as compute numerical

integrals along contours.

The complexity of the Chebyshev interpolation method consists of two steps. The

first step is the interpolation of T (λ) in λ using Chebyshev polynomials as in (3.56)

to obtain a polynomial eigenvalue problem. This can be performed in O(N2m), where

N is the number of terms in the eigenvalue expansion and m is the dimension of the

Chebyshev basis. The second step is to solve the polynomial eigenvalue problem, for

which the complexity equals that of the linear eigenvalue decomposition of a matrix of

size Nm×Nm. Thus, the complexity of the second step is proportional to that of matrix

multiplication, i.e., O(N3m3) in practice.2

We give an empirical analysis of the CPU time3 in Table 3.4. Since the first step

has a higher constant factor, it dominates for small m, while for large m the second step

dominates.

Once we have computed the eigenvalues and the corresponding eigenvectors, we can

compute Ψ(ϕ, ζ) using expression (3.47). An example of eigenvectors is given in Figure

3.3, shown in the (ϕ, θ)-plane.

3.6.7.3 Convergence of expansion and computational speed

We now focus on the most efficient method, the Chebyshev interpolation method from

Section 3.6.6.2. To explore the convergence numerically, we compare our results for the

Green’s function with the analytical solution available for the special correlation case

ρxy = − cos
(
π
3

)
, ρxz = − cos

(
π
3

)
, ρyz = 0 using a method of images (Escobar et al.

(2013)).

It is worth pointing out that we should not expect uniform convergence in (t′, x′, y′, z′),

especially as t′ ↓ t, because the initial condition is a Dirac delta. In applications, the

quantity of interest is usually an integral in the space variables of the Green’s function

for t′ > 0. It is well-known that for t′ > 0 the Green’s function is smoothed. In our

experiments, we consider the spatial L2 norm (for fixed t′) for comparison.

2Theoretically, algorithms with O(Nωmω) for 2 < ω < 2.37 are available (see Demmel et al. (2007)),
but the constant is found to be too large to be competitive for the matrix size relevant here.

3We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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(a) Eigenvector 1: Λ2

1
= 5.2 (b) Eigenvector 2: Λ2

2
= 11.8

(c) Eigenvector 3: Λ2

3 = 16.3 (d) Eigenvector 4: Λ2

4 = 21.1

(e) Eigenvector 8: Λ2

8 = 39.3 (f) Eigenvector 30: Λ2

30 = 139.4

Figure 3.3: An example of eigenvectors and corresponding eigenvalues for the domain
obtained for ρxy = 0.8, ρxz = 0.2, ρyz = 0.5.
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Our truncated Green’s function approximation has the form

G(τ, r′, ϕ′, θ′, r, ϕ, θ) =
e−

r′2+r2

2τ

τ
√
r′r

M∑

l=1

Iλl

(
r′r

τ

)
×

×
(

N∑

n=1

cln sin (knϕ
′) tankn

(
θ′

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ
′

2

))
×

×
(

N∑

n=1

cln sin (knϕ) tan
kn

(
θ

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ

2

))
.

We have several numerical parameters:

(i) M , the number of terms in the superposition solution of (3.34), i.e., the number of

nonlinear eigenvalues and eigenvectors in (3.50) we approximate;

(ii) N , the dimension of the nonlinear eigenvalue problem (3.54) approximating the

infinite-dimensional problem (3.50);

(iii) m, the dimension of the Chebyshev basis in (3.56) to approximate the nonlinear

eigenvalue problem by a polynomial one;

(iv) K, the number of quadrature points to approximate the integral in (3.49); see also

Section 3.6.7.1.

We expect convergence of the approximation as those four parameters go to infinity.

This involves in particular that cnl , combined with the terms they are multiplied by,

go to zero sufficiently fast as n, l → 0. Moreover, one needs that for fixed n, l the cnl
and λl, which implicitly depend on N through the truncation of the infinite-dimensional

eigenvalue problem and onm andK by the approximations made to the finite-dimensional

eigenvalue problems, converge as N,m,K → ∞.

In absence of theoretical error estimates, we test this empirically. In our experiments,

we choose K = 1000 nodes for the trapezoidal rule for (3.49); very good tolerance is

already achieved with much fewer nodes, however, even for K = 1000 the computational

time for these integrals is not very significant (about 10-15% of the total eigenvalue

computation procedure).

We now provide three experiments: in each, we fix two of the remaining parameters

(M , N , m) to be large enough and vary the third parameter to compare the Green’s

function with the analytical solution. For N = 30,M = 50, m = 100, in our experiments,

further increase of either parameter does not affect the Green’s function’s value beyond

the accuracy required here.

The results and computational times are given in Table 3.4 below. Recall that the

infinite-dimensional nonlinear eigenvalue problem (3.50) is ultimately approximated by

the (mN)-dimensional generalized linear eigenvalue problem for (3.57). To investigate the

convergence in the number of terms in the expansion, M , we choose the M smallest out of

the resulting mN eigenvalues and corresponding eigenvectors. As the main computational
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cost comes from the solution of the eigenvalue problem, which is here identical for all M ,

we do not report computational times for different M .

In comparison, using the finite element method from Lipton and Savescu (2014) with

a 1500 point mesh, we get the precision 3.1× 10−5 with CPU time 621s.4 This accuracy

is comparable with that of the semi-analytical solution for m around 15 and N around 7,

which is computable within a fraction of a second. Note that the approach of Lipton and

Savescu (2014) requires the solution of a 1500-dimensional (determined by the number

of finite elements) generalized linear eigenvalue problem. In our tests, however, the cost

was dominated by the construction of the locally refined finite element mesh.

m 10 20 50 80 100
Error 2.52× 10−4 7.73× 10−6 6.21× 10−7 1.76× 10−7 8.60× 10−8

CPU time (s) 79.9 94.8 256.5 604.1 1070.1

N 5 10 20 25 30
Error 7.92× 10−5 3.46× 10−6 2.68× 10−7 8.60× 10−8 8.60× 10−8

CPU time (s) 9.9 56.6 333.1 667.4 1070.1

M 5 10 20 40 50
Error 4.87× 10−4 1.19× 10−5 9.71× 10−7 1.02× 10−7 8.60× 10−8

Table 3.4: L2 norm of the Green’s function’s error for different m (N = 30,M = 50), N
(m = 100,M = 50), and M (m = 100, N = 30).

As a further benchmark, we present the results for a second order ADI finite-difference

method (the Hundsdorfer-Verwer scheme; see Hundsdorfer and Verwer (2013)) in Table

3.5 below. We use up to NX = 100 points in each spatial direction and NT = 200 points

in time.

The numerical initial condition is chosen as

G(0, xi1, x
j
2, x

k
3, x1, x2, x3) =

{
1

∆x1∆x2∆x3
, xi1 = x1, x

j
2 = x2, x

k
3 = x3,

0, otherwise.

in order to approximate the Dirac delta, with the mesh constructed in such a way that

(x1, x2, x3) coincides with a mesh point. This is a special case of the approximations to

non-smooth initial conditions analysed numerically in Pooley et al. (2003) and by means

of Fourier methods in Reisinger and Whitley (2014).

The data in Table 3.5 show second order convergence in both NX and NT .

4We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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NX 25 50 100
Error 4.44× 10−4 1.04× 10−4 2.65× 10−5

CPU time (s) 30.8 274.3 2239.1

NT 50 100 200
Error 3.41× 10−4 9.23× 10−5 2.65× 10−5

CPU time (s) 723.2 1156.6 2239.1

Table 3.5: L2 norm of the Green’s function’s error for the ADI method with different NX

(NT = 200) and NT (NX = 100).

This test demonstrates the superior accuracy of the semi-analytical solution for rela-

tively few terms in comparison to the ones obtained for the ADI scheme on the highest

computationally feasible levels.

It is worth pointing out though that the semi-analytical expression gives the density

in a single point, while the finite difference solution is simultaneously obtained on a whole

mesh. This is useful, for example, to compute survival probabilities, where one needs to

integrate the density.

3.7 Extended Default Model with one bank

For N = 1, (2.58)–(2.60) become

∂V

∂t
+ L(1)V = χ(t, x, y, z), (3.59)

V (t, 0) = φ0(t), V (t, x) −→
x→+∞

φ∞(t), (3.60)

V (T, x) = ψ(x), (3.61)

with suitably defined terminal conditions ψ, boundary conditions φ and right-hand sides

χ, and where the Kolmogorov backward operator is

L(1)f =
1

2
fxx + ξfx.

3.7.1 Survival probability

Using Green’s formula (3.3) and taking into account the drift, the survival probability

(A.11) is given by

Q(t, x) =

∫ +∞

µ=
G(T − t, x′, x) dx′. (3.62)

Hence, applying (3.14), we get

Q(t, x) = N

(
−µ

= − x− ξ(T − t)√
T − t

)
− e−2ξxN

(
−µ

= − x+ ξ(T − t)√
T − t

)
, (3.63)

where N(x) is normal CDF.
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3.7.2 Credit Default Swap

Using Green’s formula (3.3) and taking into account the drift for (A.13), we get

C(t, x) = (1−R)

∫ µ=

0

G(T − t, x′, x) dx′ +
1− R

2

∫ T

t

∂G(T − τ, 0, x)

∂x′
dτ

− c

∫ T

t

∫ +∞

0

G(T − τ, x′, x) dτdx′.

(3.64)

The integrals in the last equation can be computed analytically and expressed via the

normal CDF.

3.7.3 Numerical examples

Consider σ = 1, R = 0.4, L = 70, T = 1. In Figure 3.4 we present survival probability

and CDS spreads computed using the methods described above.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
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0.8

1

x

Q
(x

)
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0
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0.3

0.4

0.5
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x

C
(x
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(b)

Figure 3.4: The model with one bank: (a) Survival probability (b) CDS spread.

3.8 Extended Default Model with three banks

For N = 3, (2.58)–(2.60) become

∂V

∂t
+ L(3)V = χ(t, x, y, z), (3.65)

V (t, 0, y, z) = φ0,x(t, y, z), V (t, x, y, z) −→
x→+∞

φ∞,x(t, y, z), (3.66)

V (t, x, 0, z) = φ0,y(t, x, z), V (t, x, y, z) −→
y→+∞

φ∞,y(t, x, z), (3.67)

V (t, x, y, 0) = φ0,z(t, x, y), V (t, x, y, z) −→
z→+∞

φ∞,z(t, x, y), (3.68)

V (T, x, y, z) = ψ(x, y, z), (3.69)

with suitably defined terminal conditions ψ, boundary conditions φ and right-hand sides

χ, and where the Kolmogorov backward operator is

L(3)f =
1

2
fxx +

1

2
fyy +

1

2
fzz + ρ12fxy + ρ13fxz + ρ23fyz + ξ1fx + ξ2fy + ξ3fz.
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3.8.1 Joint survival probability

The corresponding Kolmogorov backward equation for the joint survival probability is

∂Q

∂t
+ L(3)Q = 0,

Q(t, 0, y, z) = 0, Q(t, x, 0, z) = 0, Q(t, x, y, z) = 0,

Q(T, x, y, z) = 1(x,y,z)∈Dxyz
,

where Dxyz = {x ≥ µx, y ≥ µy, z ≥ µz} is the subset of R3
+ where all banks survive.

Due to various regulation requirements, assets of large banks cannot drop below their

liabilities, which means that their recovery rates R should be close to 1. This implies

that the domain Dxyz becomes the positive octant R3
+.

The analytical solution for the survival probability in the positive quadrant (i.e., two

dimensions) with non-zero drift was recently found by Itkin and Lipton (2017). Here, we

extend this result to three dimensions using the expression for the Green’s function from

Section 3.6.2 and an expansion in Gegenbauer polynomials.

In this section alone, we use (x, y, z) instead of (x′, y′, z′), and (x0, y0, z) instead of

(x, y, z), to shorten the notation in the integrals, and similarly for (r, ϕ, θ). The solution

Q can then be written as

Q(τ, x0, y0, z0) =

∫∫∫

R3
+

G(τ, x′, y′, z′, x0, y0, z0) dx
′dy′dz′.

Using (3.53),

Q(τ, r0, ϕ0, θ0) =

+∞∫

0

ω̄∫

0

Θ(ϕ)∫

0

exp (ξα(r sin θ sinϕ− r0 sin θ0 sinϕ0)+

ξβ(r sin θ cosϕ− r0 sin θ0 cosϕ0) + ξγ(r cos θ − r0 cos θ0))G(τ, r, θ, ϕ)r
2 sin θ dθdϕdr =

eκ

τ
√
r0

∞∑

l=1

Ψl(ϕ0, θ0)

ω̄∫

0

Θ(ϕ)∫

0

Ψl(ϕ, θ) sin θ

∫ +∞

0

e−αr
2

r
3
2 eγ(ϕ,θ)rIλl(βr) drdθdϕ, (3.70)

where λl =
√

Λ2
l +

1
4
, α = 1

2τ
, β = r0

τ
, γ(ϕ, ϑ) = ξα sin θ sinϕ+ ξβ sin θ cosϕ+ ξγ cos θ and

κ = −ξαr0 sin θ0 sinϕ0 − ξβr0 sin θ0 cosϕ0 − ξγr0 cos θ0 − αr20.

Next, we use the idea of exponent representation via ultra-spherical polynomials from

Itkin and Lipton (2017),

e−Sx = Γ(ν)

(
S

2

)−ν ∞∑

k=0

(−1)k(ν + k)Iν+k(S)C
ν
k (x),

where Cν
k (x) are Gegenbauer polynomials and the parameter ν can be chosen arbitrarily.
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Substituting this representation with S = βR, x = −γ(ϕ, θ)/β into (3.70), we get

Q(τ, r0, ϕ0, θ0) =
eκ

τ
√
r0
Γ(ν)

(
β

2

)−ν ∞∑

l=1

∞∑

µ=0

(−1)µ(µ+ ν)Ψl(ϕ0, θ0)×

×
∫∫

Ω

Ψl(ϕ, θ) sin θC
ν
µ(−γ(ϕ, θ)/β) dθdϕ

∫ +∞

0

e−αr
2

r
3
2
−νIλl(βr)Iµ+ν(βr) dr. (3.71)

For simplicity we choose ν = 1 and then use the identity (Gradštejn et al. (2007)) for the

second integral

I l,µ2 =

∫ ∞

0

e−αr
2

r
1
2 Iλl(βr)Iν+µ(βr)dr = 2−λl−µ−2α−(λl+µ+5/2)/2βλl+µ+1

·Γ[(3/2 + µ+ λl)/2]

Γ(µ+ 1)Γ(λl + 1)
3F3

[
λl+µ+2

2
λl+µ+3

2
λl+µ+5/2

2

µ+ 2 λl + 1 µ+ λl + 2
;
β2

α

]
,

(3.72)

where 3F3(a1, b1, c1; a2, b2, c2; z) is a generalized hypergeometric function.

Moreover, with ν = 1 the Gegenbauer polynomials become the Chebyshev polynomials

of the second kind, which admit the representation (Abramowitz and Stegun (1964))

Ul(x) =

[l/2]∑

k=0

(−1)kC l−k
k (2x)l−2k,

where [x] is the floor function. Thus, the integral in (3.71) over Ω can be represented as

I l,µ1 =

[µ/2]∑

k=0

2µ−2k(−1)µ−kCµ−k
k

∫∫

Ω

Ψl(ϕ, θ) sin θ(ξα sin θ sinϕ+ξβ sin θ cosϕ+ξγ cos θ)
µ−2kdθdϕ.

(3.73)

As a result, we get the expression for the integral

Q(τ, r0, ϕ0, θ0) =
2eκ

βτ
√
r0

∞∑

l=1

∞∑

µ=0

(−1)µ(µ+ 1)Ψl(ϕ0, θ0) · I l,µ1 · I l,µ2 , (3.74)

where the expression for I l,µ1 is given in (3.73) and the expression for I l,µ2 in (3.72).

From a computational point of view, this semi-analytical representation has an advan-

tage in comparison to a direct integration of the Green’s function. Consider parametersM

and µmax, the limits in the summation (3.74), andN the number of terms in the eigenvalue

expansion of Ψl. The integrals over Ω can be computed numerically. Since Θ(θ) is smooth,

we can transform the domain to a rectangle by a smooth change of variables and use a

high order integration method such as Gaussian quadrature. We denote by NΩ the num-

ber of two-dimensional integration nodes. First, we precompute Ψl for all l on the grid;

it can be done with O(MNNΩ) operations. Then, we precompute the integrals in (3.73),

the complexity of which is is O(µmaxMNΩ). Then, we precompute I l,µ1 , with complex-

ity O(µ2
maxM). Finally, we compute (3.74), using our precomputations, with O(µmaxM)

operations. As a result, overall complexity is O(MNNΩ +µmaxMNΩ +Mµ2
max). In com-

parison, the direct integration of the Green’s function with pre-computations of Ψl for all
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l gives O(MNNΩ +MNrNΩ) operations, where Nr is the number of quadrature nodes

for the variable r, and which requires a truncation at some rmax in order to deal with the

improper integral over r. Note that (3.53) is for the de-drifted Green’s function, so that

after multiplication by the factor in (3.7) each term in the sum is a non-trivial function

of (r′, φ′, θ′) and no separation structure can be exploited. Usually, the values of µmax
and N can be chosen relatively small in comparison to Nr for comparable accuracy.

In our computations we use the parameters in Table 3.6, and liabilities as in Table

3.7.

σ1 σ2 σ3 ρxy ρxz ρyz R1 R2 R3 T
1 1 1 0.8 0.2 0.5 0.4 0.45 0.4 1

Table 3.6: Assumed model parameters.

L1 L2 L3 L12 L13 L21 L23 L31 L32

60 70 65 10 15 10 10 5 10

Table 3.7: Assumed external and mutual liabilities.

In Figure 3.5 we show the computed joint survival probabilities as a projection onto

the y-z plane for different values of x.

3.8.2 Computation of Credit and Debt Value Adjustments

In this section, we compute valuation adjustments for credit default swaps (CDS). We

associate x

Rewriting (A.43) in (x, y, z) variables, our PDE for CVA becomes

∂V CV A

∂t
+ LV CV A = 0,

V CV A(t, 0, y, z) = (1− RPS)V
CDS(t, z)+,

V CV A(t, x, 0, z) = 0, V CV A(t, x, y, 0) = 0,

V CV A(T, x, y, z) = 0.

Then, by an application of Green’s formula as in Lipton and Savescu (2014),

V CVA(0, r, ϕ, θ) =
1− RPS

2

T∫

0

∞∫

0

Θ(0)∫

0

V CDS(t, r′, 0, θ′)+Gϕ′(t, r′, 0, θ′, r, ϕ, θ)

sin θ′
dθ′dr′dt,

(3.75)

where V CDS can be found analytically (Itkin and Lipton (2017)).

Similarly, the PDE for DVA in (x, y, z) variables becomes
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∂V DVA

∂t
+ LV DVA = 0,

V DVA(t, 0, y, z) = (1− RPS)V
CDS(t, z)−,

V DVA(t, x, 0, z) = 0, V DV A(t, x, y, 0) = 0,

V DVA(T, x, y, z) = 0.

Thus,

V DVA(0, r, ϕ, θ) =
RPB − 1

2

T∫

0

∞∫

0

Θ(0)∫

0

V CDS(t, r′, 0, θ′)−Gϕ′(t, r′, ω̄, θ′, r, ϕ, θ)

sin θ′
dθ′dr′dt.

(3.76)

A distinct advantage of our semi-analytical method is that we can compute the deriva-

tive Gϕ in (3.75) and (3.76) analytically as

Gϕ′(τ, r′, 0, θ′, r, ϕ, θ) = κ(r′, 0, θ′, r, ϕ, θ)
e−

r′2+r2

2τ

τ
√
r′r

∞∑

l=1

Iλl

(
r′r

τ

)
×

×
( ∞∑

n=1

clnkn tan
kn

(
θ′

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ
′

2

))
×

×
( ∞∑

n=1

cln sin (knϕ) tan
kn

(
θ

2

)
2F1

(
λl, 1− λl, 1 + kn, sin

2 θ

2

))
.

Therefore, all terms in (3.75) and (3.76) can be computed analytically, and CVA can be

computed by integration. As the functions are smooth, this can be done with a higher

order integration method, such as Gaussian quadrature.

In our computations we use the parameters from Tables 3.6 and 3.7. In Figure 3.6,

we then show the computed CVA as a projection on the z-x plane for different values of

y.

The CVA decreases with the distance x (or xPS) from the default boundary of the

protection seller: the less likely the protection seller is to default, the lower the CVA. In

terms of the distance to default z (or xRN) of the reference name, the CVA is highest for

intermediate values: if the RN is close to default, it is unlikely that the PS defaults before

their CDS liability and the CVA is small; if the RN is far from default, it is unlikely that

the protection is payable and again the CVA is small. The CVA mostly increases with

the value of the protection buyer y (or xPB) as their default, which is more likely for small

y, voids the protection payment.

For all three firms, the marginal default probability decreases with the (rescaled,

logarithmic) firm value. It increases with the firm’s volatility. The dependence of the

CVA on the marginal default probabilities and volatilities is therefore implicitly given by

the plots in Figure 3.6 and we do not show them explicitly for brevity.

The impact of CVA and DVA on CDS prices in this model and its sensitivity to

input parameters, specifically and importantly the correlations between the firms, is
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discussed in more detail in Section 7 of Lipton and Savescu (2014) (using the finite

element approach). The complexity of the integration remains the same in the finite-

element method, but, using our semi-analytical method, we compute derivatives in (3.75)

and (3.76) analytically.
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Figure 3.5: Joint survival probability for 3 banks as a projection on the y-z plane for
different values of x.
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Figure 3.6: CVA as a projection on the z-x plane for different values of y. We plot on a
truncated domain to better show the impact of the protection buyer on CVA. In (a) there
is a small hump due numerical error (assets for PB are small, while for PS are large).
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Chapter 4

Finite-difference splitting methods for

the jump model

In this chapter, we focus on the numerical computation of survival probabilities and prices

of credit products in the extended model with jumps, where closed-form expressions are

no longer available. Due to the curse of dimensionality, PDE methods are not efficient

for a growth of the dimension, therefore they are usually used for N ≤ 3.

Our work is most similar to Itkin and Lipton (2015), who develop a finite difference

method for the partial integro-differential equation (PIDE) where the integral term results

from a fairly general correlated Lévy process in the jump component. By Strang splitting

into the diffusion and jump operators, overall second order consistency in the timestep is

obtained. Hereby, the multi-dimensional diffusion operator is itself split dimensionwise

using the Hundsdorfer-Verwer (HV) scheme, and the jump operator is treated as a pseudo-

differential operator, which allows efficient evaluation of the discretised operator by an

iterative procedure. Stability of each of the steps is guaranteed under standard conditions.

Our approach is more straightforward in that we apply a modification of the HV

scheme directly, where we treat the jump term in the same way as the cross-derivative

term in the classical HV scheme. For the analysis we consider infinite meshes, i.e. ignoring

the boundaries, such that the discrete operators are also infinite-dimensional. In our

analysis we build heavily on the results in In’t Hout and Welfert (2007) on stability of

the PDE with cross-derivatives (but no integral term) and periodic boundary conditions

on a finite mesh.

We show that the (unconditional) von Neumann stability of the scheme is not mate-

rially affected by the jump operator, as its contribution to the symbol of the scheme is of

a lower order in the mesh size. For concreteness, we restrict ourselves to the model with

negative exponential jumps described in Lipton (2016). This allows a simple recursive

computation of the discrete jump operator and gives an explicit form of its eigenvalues.

However, the analysis can in principle be extended to other jump size distributions. Re-

cent papers by in’t Hout and Toivanen (2018) and Boen and Hout (2019) improve our

splitting scheme ADI scheme and stability analyses for a general jump process,

A survey of splitting methods in finance is found in Toivanen et al. (2016). These

are roughly arranged in two groups: splitting by dimension (for multi-dimensional PDEs;

such as in In’t Hout and Welfert (2007)), and splitting by operator type (for PIDEs,
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diffusion and jumps; such as in Andersen and Andreasen (2000)). Itkin and Lipton

(2015) perform these two splittings successively as described above. To our knowledge,

the present paper is the first to perform and analyse splitting into dimensions and jumps

simultaneously.

The scheme is constructed to be second order consistent with the continuous integro-

differential operator applied to smooth functions. However, the discontinuities in the

data lead to empirically observed convergence of only first order in both space and time

step. To address this, we apply a spatial smoothing technique discussed in Pooley et al.

(2003) for discontinuous option payoffs in the one-dimensional setting, and a change of

the time variable to square-root time (see Reisinger and Whitley (2014)), equivalent to

a quadratically refined time mesh close to maturity, in order to restore second order

convergence. We emphasise that the presence of discontinuous initial data is essential to

the nature of P(I)DE models of credit risk. Hence this approach improves on previous

works in a key aspect of the numerical solution.

Similar to Itkin and Lipton (2017), we restrict the analysis to the two-dimensional

case, but there is no fundamental problem in extending the method to multiple dimen-

sions. However, due to the curse of dimensionality, for more than three-dimensional

problems, standard finite-difference methods are computationally too expensive. The

two-dimensional case already allows us to investigate various important model character-

istics, such as joint and marginal survival probabilities, prices of credit derivatives, Credit

and Debt Value Adjustments, and specifically the impact of mutual obligations.

Moreover, we provide a calibration of the model with negative exponential jumps to

market data, and for this calibrated model assess the impact of mutual obligations on

survival probabilities.

In Section 4.1, we consider the one-dimensional model, we show how to solve the

pricing equation using a finite difference scheme and the Laplace transform method (both

methods are described in Lipton and Sepp (2013)). In Section 4.2, we consider the model

with two banks, we develop a numerical finite difference method, which is a modification

of an ADI scheme, show its stability and convergence rate as well as how to improve

the convergence rate to deal with discontinuous boundary and initial conditions. For

the model with N ≥ 3, a modification of the same scheme can be applied, therefore

we restrict ourselves to the two-dimensional problem in this chapter. In Section 4.3,

we consider some financial applications of the model. We compute joint and marginal

survival probabilities, CDS and FTD spreads, CVA and DVA. Moreover, we show our

calibration results to the market data.

4.1 Numerical methods for a one-dimensional problem

For a one-dimensional problem, (2.58)–(2.60) can be rewritten as

∂V

∂t
+ ξ

∂V

∂x
+

1

2

∂2V

∂x2
+ λJ V − λV = χ(t, x), (4.1)

V (t, 0) = φ0(t), V (t, x) −→
x→+∞

φ∞(t), (4.2)

V (T, x) = ψ(x), (4.3)
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where χ, φ0, φ∞, ψ are given functions as previously.

In order to deal with a forward equation instead of a backward equation, we change

the time variable to τ = T − t. Then, (4.1)–(4.3) transform to

∂V

∂τ
= ξ

∂V

∂x
+

1

2

∂2V

∂x2
+ λJ V − λV − χ(τ, x), (4.4)

V (τ, 0) = φ0(τ), V (τ, x) −→
x→+∞

φ∞(τ), (4.5)

V (0, x) = ψ(x). (4.6)

In this section, we show how to solve (4.1)–(4.3) numerically. Following Lipton and

Sepp (2013), in Section 4.1.1 we show how to solve it using the Laplace transform, and

using a finite–difference method in Section 4.1.2.

4.1.1 Laplace transform method

We will find the solution using the Green’s function as we described in Chapter 3 . Writing

(3.2) for (4.1)–(4.3), we get

∂G

∂τ
+ ξ

∂G

∂x
− 1

2

∂2G

∂x2
− λJG+ λG = 0, (4.7)

G(τ, x′, 0) = 0, G(τ, x′, x) −→
x→+∞

0, (4.8)

G(0, x′, x) = δ(x′ − x). (4.9)

Once the Green’s function is found, V (t, x) can be easily computed using (3.3). For the

one-dimensional problem, this simplifies to

V (t, x) =

∫ +∞

0

ψ(x)G(T − t, x′, x) dx′ +
1

2

T∫

t

φ0(t)Gx(t
′ − t, 0, x) dt′

−
T∫

t

∫ ∞

0

χ(t′, x′)G(t′ − t, x′, x) dx′dt′. (4.10)

Applying the Laplace transform in τ, G(τ, x′, x) → Ĝ(p, x′, x) for (4.7)–(4.9), we get

pĜ(p, x, x′) + ξ
∂Ĝ

∂x
− 1

2

∂2Ĝ

∂x2
− λJG+ λG = δ(x′ − x). (4.11)

The characteristic equation for the last equation has the form

1

2
ψ2 − ξψ − (λ+ p) +

λς

ς − ψ
= 0. (4.12)

This equation has three roots ψj , 1 ≤ j ≤ 3, and the solution has the form

Ĝ(p, x, x′) =





C3e
ψ3(x−x′), x ≥ x′,

3∑

j=1

Dje
ψj(x−x′), x < x′,

(4.13)
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where

D1 = − 2(ς − ψ1)

(ψ1 − ψ2)(ψ1 − ψ3)
, (4.14)

D2 = − 2(ς − ψ2)

(ψ2 − ψ1)(ψ2 − ψ3)
, (4.15)

D3 = −e−(ψ1−ψ3)xD1 − e−(ψ2−ψ3)xD2, (4.16)

C3 = D1 +D2 +D3. (4.17)

The inverse Laplace transform can be found numerically, for example, using the Gaver-

Stehfest algorithm (Abate et al. (2000)).

Using this method, the Green’s function can be expressed as

G(τ, x′, x) ≈ ln 2

t

2m∑

k=1

ωkĜ

(
k ln 2

τ
, x′, x

)
,

where

ωk = (−1)m+k

min(k,m)∑

j=⌊(k+1)/2⌋

jm+1

m
Cj
mC

j
2jC

j
k−j.

As an example of using the Gaver-Stehfest algorithm in finance, one can refer to

Lipton and Sepp (2011), where the authors used it for the calibration of a local volatility

surface.

4.1.2 Finite–difference method

We consider the same grid for integral and differential part of the equation

0 = x0 < x1 < . . . < xm, (4.18)

where xm is a large positive number.

The grid is non-uniform, and is chosen such that relatively many points lie near the

default boundaries for better precision. We use a method similar to Itkin and Carr (2011)

to construct the grid.

4.1.2.1 Discretization of the integral part of the PIDE

In this section, we shall show how to deal with the integral part of the PIDE, and develop

an iterative algorithm for the fast computation of the integral operator on the grid.

The first approach is to deal with the integral operators directly. After the approxi-

mation of the integral, we get (Lipton and Sepp (2013))

J V (x+ h) = e−ςhJ V (x) + ω0(ς, h)V (x) + ω(ς, h)V (x) +O(h3), (4.19)

where

ω0(ς, h) =
1− (1 + ςh)e−ςh

ςh
, ω1(ς, h) =

−1 + ςh+ e−ςh

ςh
.
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Then, we can write recurrence formulas for computing the integral operator on the grid.

Denote J i the corresponding approximations of J V (xi) on the grid. Applying (4.19), we

get

J i+1 = e−ςhi+1J i + ω0(ς, hi+1)V (xi) + ω1(ς, hi+1)V (x
i+1), (4.20)

where hi+1 = xi+1 − xi.

For an alternative method, we rewrite the integral operator as a differential equation

∂

∂x
(J V (x)eςx) = ςV (x)eς . (4.21)

Then, we apply the Adams-Moulton method of second order which gives us third order

of accuracy locally (Butcher (2008))

J i+1 = e−ςhi+1J i +
1

2
hi+1e

−ςhi+1ςV (xi) +
1

2
hi+1ςV (xi+1), (4.22)

where hi+1 = xi+1 − xi, and is equivalent to the trapezoidal rule.

We can rewrite (4.22) in the same notation as (4.20) by defining

ω0(ς, h) =
1

2
he−ςhς, ω1(ς, h) =

1

2
hς.

So,

J i+1 = e−ςhi+1J i + ω0(ς, hi+1)V (xi) + ω1(ς, hi+1)V (xi+1). (4.23)

As a result we get explicit recursive formulas for approximations of J V that can be

computed for all grid points via O(m) operations. Both methods give the same order of

accuracy.

4.1.2.2 Discretization of the differential part of the PIDE

Now consider the approximation of derivatives in the differential operator on a non-

uniform grid. We use the standard derivative approximation (Kluge (2002), In’t Hout and

Foulon (2010)). For the first derivative over each variable consider right-sided, central,

and left-sided schemes. So, for the derivative over x we have:

∂V

∂x
(x) ≈ αi,−2V (x

i−2) + αi,−1V (xi−1) + αi,0V (xi), (4.24)

∂V

∂x
(x) ≈ βi,−1V (x

i−1) + βi,0V (xi) + βi,1V (xi+1), (4.25)

∂V

∂x
(x) ≈ γi,0V (xi) + γi,1V (xi+1) + γi,2V (xi+2), (4.26)

with coefficients

αi,−2 =
∆xi

∆xi−1(∆xi−1 +∆xi)
, αi,−1 =

−∆xi−1 −∆xi

∆xi−1∆xi
, αi,0 =

∆xi−1 + 2∆xi

∆xi(∆xi−1 +∆xi)
,

βi,−1 =
−∆xi+1

∆xi(∆xi +∆xi+1)
, βi,0 =

∆xi+1 −∆xi

∆xi∆xi+1
, βi,1 =

∆xi

∆xi+1(∆xi +∆xi+1)
,

γi,0 =
−2∆xi+1 −∆xi+2

∆xi+1(∆xi+1 +∆xi+2)
, γi,1 =

∆xi+1 +∆xi+2

∆xi+1∆xi+2
, γi,2 =

−∆xi+1

∆xi+2(∆xi+1 +∆xi+2)
.
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For the boundaries at 0 we use the schemes (4.24), for the right boundaries at xm, we

use the schemes (4.26), and for other points we use the central schemes (4.25).

To approximate the second derivative we use the central scheme:

∂2V

∂x2
(xi) ≈ δi,−1V (xi−1) + δi,0V (x

i) + δi,1V (xi+1), (4.27)

with coefficients

δi,−1 =
2

∆xi(∆xi +∆xi+1)
, δi,0 =

−2

∆xi∆xi+1
, δi,1 =

2

∆xi+1(∆xi +∆xi+1)
,

As a result, we can approximate the differential operator DV by a discrete operator

DV .

4.1.2.3 Time discretization

Consider a uniform time mesh with time step ∆t : tn = n∆t for n = 0, . . . , N . For

simplicity, we use an Euler type method in this section, which guarantees only first order

of convergence in time. But, in principle, the scheme can be improved to second order

using predictor-corrector methods. The idea is to treat the integral part of the equation

explicitly, and the diffusion part of the equation implicitly by inverting the tridiagonal

matrix. Denote V0 = V (t0, x) and χi = χ(ti, x). Then,

U = Vi−1 +∆t (λJ − λVi−1 − χi) , (4.28)

Vi = (I −∆tD)−1 U. (4.29)

The overall complexity of the method is O(Nm) operations, since the computation of the

integral operator and inversion of the tridiagonal matrix can be done in O(m) operations.

The method guarantees second order of convergence in space and first order of convergence

in time variables. The latter can be further improved by applying more advanced methods

for time-stepping.

4.2 Numerical method for a multidimensional problem

We shall solve the PIDE (2.58)–(2.60) numerically with an ADI method. This scheme is a

modification of Lipton and Sepp (2013).We improve it to accommodate the integral part

(jumps) in Hundsdorfer–Verwer (HV) scheme, which gives us second order of convergence

in both time and step variable. We also show that the scheme is unconditionally stable.

In order to deal with a forward equation instead of a backward equation, we change

the time variable to τ = T − t

∂V

∂τ
= LV (τ, x1, x2)− χ(τ, x1, x2),

V (τ, x1, 0) = φ0,1(τ, x1), V (τ, 0, x2) = φ0,2(τ, x2),

V (τ, x1, x2) −→
x2→+∞

φ∞,1(τ, x1), V (τ, x2, x2) −→
x1→+∞

φ∞,2(τ, x2),

V (0, x1, x2) = ψ(x1, x2),

(4.30)
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We consider the same grid for integral and differential part of the equation

0 = x01 < x11 < . . . < xm1
1 ,

0 = x02 < x12 < . . . < xm2
2 ,

(4.31)

where xm1
1 and xm2

2 are large positive numbers.

The grid is non-uniform, and is chosen such that relatively many points lie near the

default boundaries for better precision. We use a method similar to Itkin and Carr (2011)

to construct the grid.

In the next two sections, we consider a multiple-dimensional extension of the methods

from the previous section.

4.2.1 Discretization of the integral part of the PIDE

In this section, we shall show how to deal with the integral part of the PIDE, and develop

an iterative algorithm for the fast computation of the integral operator on the grid. To

this end, we outline the scheme from Lipton and Sepp (2013) and then give a new method.

As previously,

J1V (x1 + h, x2) = e−ς1hJ1V (x1, x2) + ω0(ς1, h)V (x1, x2) + ω1(ς1, h)V (x1 + h, x2) +O(h3),
(4.32)

J2V (x1, x2 + h) = e−ς2hJ2V (x1, x2) + ω0(ς2, h)V (x1, x2) + ω1(ς2, h)V (x1, x2 + h) +O(h3),
(4.33)

where

ω0(ς, h) =
1− (1 + ςh)e−ςh

ςh
, ω1(ς, h) =

−1 + ςh+ e−ςh

ςh
.

We can also approximate J12V = J1J2V by applying above approximations for J1

and J2 consecutively.

Consider the grid
0 = x01 < x11 < . . . < xm1

1 ,

0 = x02 < x12 < . . . < xm2
2 ,

(4.34)

where xm1
1 and xm2

2 are large positive numbers.

Then, we can write recurrence formulas for computing the integral operator on the

grid. Denote J i,j1 , J i,j2 , J i,j12 the corresponding approximations of J1V (xi1, x
j
2) , J2V (x

i
1, x

j
2),

J12V (xi1, x
j
2) on the grid. Applying (4.32) and (4.33) we get

J i+1,j
1 = e−ς1h

1
i+1J i,j1 + ω0(ς1, h

1
i+1)V (x

i
1, x

j
2) + ω1(ς1, h

1
i+1)V (x

i+1
1 , xj2), (4.35)

J i,j+1
2 = e−ς2h

2
j+1J i,j2 + ω0(ς2, h

2
j+1)V (xi1, x

j
2) + ω1(ς2, h

2
j+1)V (x

i
1, x

j+1
2 ), (4.36)

where h1i+1 = xi+1
1 − xi1, h

2
j+1 = xj+1

2 − xj2.
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For an alternative method, we rewrite the integral operator as a differential equation

∂

∂x1
(J1V (x1, x2)e

ς1x1) = ς1V (x1, x2)e
ς1x1, (4.37)

∂

∂x2
(J2V (x1, x2)e

ς2x2) = ς2V (x1, x2)e
ς2x2, (4.38)

∂2

∂x1∂x2

(
J12V (x1, x2)e

ς1x1+ς2x2
)
= ς1ς2V (x1, x2)e

ς1x1+ς2x2 . (4.39)

Then, we apply the Adams-Moulton method of second order which gives us third order

of accuracy locally (Butcher (2008))

J i+1,j
1 = e−ς1h

1
i+1J i,j1 +

1

2
h1i+1e

−ς1h1i+1ς1V (xi1, x
j
2) +

1

2
h1i+1ς1V (x

i+1
1 , xj2), (4.40)

J i,j+1
2 = e−ς2h

2
j+1J i,j2 +

1

2
h2j+1e

−ς2h2j+1ς2V (x
i
1, x

j
2) +

1

2
h2j+1ς2V (x

i
1, x

j+1
2 ), (4.41)

where h1i+1 = xi+1
1 − xi1, h

2
j+1 = xj+1

2 − xj2, and is equivalent to the trapezoidal rule.

We can rewrite (4.40)–(4.41) in the same notation as (4.35)–(4.36) by defining

ω0(ς, h) =
1

2
he−ςhς, ω1(ς, h) =

1

2
hς.

So,

J i+1,j
1 = e−ς1h

1
i+1J i,j1 + ω0(ς1, h

1
i+1)V (xi1, x

j
2) + ω1(ς1, h

1
i+1)V (xi+1

1 , xj2),

J i,j+1
2 = e−ς2h

2
j+1J i,j2 + ω0(ς2, h

2
j+1)V (x

i
1, x

j
2) + ω1(ς2, h

2
j+1)V (xi1, x

j+1
2 ).

As a result we get explicit recursive formulas for approximations of J1V and J2V

that can be computed for all grid points via O(m1m2) operations. Both methods give the

same order of accuracy. As was discussed above, in order to compute the approximation

of J12V we can apply consecutively the approximations of J2V and J1(J2V ). So, we

have the two-step procedure:

I i+1,j
12 = e−ς1h

1
i+1I i,j12 + ω0(ς1, h

1
i+1)V (x

i
1, x

j
2) + ω1(ς1, h

1
i+1)V (x

i+1
1 , xj2), (4.42)

and

J i,j+1
12 = e−ς2h

2
j+1J i,j12 + ω0(ς2, h

2
j+1)I

i,j
12 + ω1(ς2, h

2
j+1)I

i,j+1
12 . (4.43)

Using this two-step procedure, we can also compute an approximation of J12V on the

grid in complexity O(m1m2).

We shall subsequently analyze the stability of the second method and use it in the

numerical tests. The results for the first method would be very similar.

For the implementation, computing and storing a matrix representation of the jump

operator is not necessary, since the operator can be computed iteratively as described

above, but we shall use matrix notation for the analysis. We henceforth denote J1, J2,

and J12 the matrices of the discretized jump operators. From (4.35)–(4.36) we can find

that the matrices J1 and J2 are lower-triangular with diagonal elements w1 = ω1(ς1, h1)

and w2 = ω1(ς2, h2). Then, J12 = J1J2 is also a lower-triangular matrix with diagonal
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elements w1w2. To illustrate, in Figure 4.1 we plot the sparsity patterns in J1, J2, and

J12.
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(c) J12.

Figure 4.1: Sparsity pattern of J1, J2, and J12. Here, m1 = m2 = 20 and nz is the number
of non-zero elements of the matrices.

4.2.2 Discretization of the differential part of the PIDE

Now consider the approximation of derivatives in the differential operator on a non-

uniform grid. As before, we use the approximation methods from (Kluge (2002), In’t Hout

and Foulon (2010)). For the first derivative over each variable consider right-sided, cen-

tral, and left-sided schemes. So, for the derivative over x1 we have:

∂V

∂x1
(xi1, x

j
2) ≈ α1

i,−2V (xi−2
1 , xj2) + α1

i,−1V (xi−1
1 , xj2) + α1

i,0V (xi1, x
j
2), (4.44)

∂V

∂x1
(xi1, x

j
2) ≈ β1

i,−1V (xi−1
1 , xj2) + β1

i,0V (xi1, x
j
2) + β1

i,1V (x
i+1
1 , xj2), (4.45)

∂V

∂x1
(xi1, x

j
2) ≈ γ1i,0V (x

i
1, x

j
2) + γ1i,1V (x

i+1
1 , xj2) + γ1i,2V (xi+2

1 , xj2), (4.46)

while for derivative over x2 we have:

∂V

∂x2
(xi1, x

j
2) ≈ α2

j,−2V (x
i
1, x

j−2
2 ) + α2

j,−1V (x
i
1, x

j−1
2 ) + α2

j,0V (xi1, x
j
2), (4.47)

∂V

∂x2
(xi1, x

j
2) ≈ β2

j,−1V (x
i
1, x

j−1
2 ) + β2

j,0V (x
i
1, x

j
2) + β2

j,1V (xj1, x
j+1
2 ), (4.48)

∂V

∂x2
(xi1, x

j
2) ≈ γ2j,0V (x

i
1, x

j
2) + γ2j,1V (x

i
1, x

j+1
2 , xj2) + γ2j,2V (x

i
1, x

j+2
2 ), (4.49)

with coefficients

αki,−2 =
∆xik

∆xi−1
k (∆xi−1

k +∆xik)
, αki,−1 =

−∆xi−1
k −∆xik

∆xi−1
k ∆xik

, αki,0 =
∆xi−1

k + 2∆xik
∆xik(∆x

i−1
k +∆xik)

,

βki,−1 =
−∆xi+1

k

∆xik(∆x
i
k +∆xi+1

k )
, βki,0 =

∆xi+1
k −∆xik

∆xik∆x
i+1
k

, βki,1 =
∆xik

∆xi+1
k (∆xik +∆xi+1

k )
,

γki,0 =
−2∆xi+1

k −∆xi+2
k

∆xi+1
k (∆xi+1

k +∆xi+2
k )

, γki,1 =
∆xi+1

k +∆xi+2
k

∆xi+1
k ∆xi+2

k

, γki,2 =
−∆xi+1

k

∆xi+2
k (∆xi+1

k +∆xi+2
k )

.
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For the boundaries at 0 we use the schemes (4.44) and (4.47), for the right boundaries

at xm1
1 and xm2

2 we use the schemes (4.46) and (4.49), and for other points we use the

central schemes (4.45) and (4.48).

To approximate the second derivative we use the central scheme:

∂2V

∂x21
(xi1, x

j
2) ≈ δ1i,−1V (x

i−1
1 , xj2) + δ1i,0V (x

i
1, x

j
2) + δ1i,1V (xi+1

1 , xj2), (4.50)

∂2V

∂x22
(xi1, x

j
2) ≈ δ2j,−1V (xi1, x

j−1
2 ) + δ2j,0V (xi1, x

j
2) + δ2j,1V (x

j
1, x

j+1
2 ), (4.51)

with coefficients

δki,−1 =
2

∆xik(∆x
i
k +∆xi+1

k )
, δki,0 =

−2

∆xik∆x
i+1
k

, δki,1 =
2

∆xi+1
k (∆xik +∆xi+1

k )
,

and to approximate the second mixed derivative we use the scheme:

∂2V

∂x1∂x2
(xi1, x

j
2) ≈

1∑

k,l=−1

β1
i,kβ

2
j,lV (x

i+k
1 , xj+l2 ). (4.52)

As a result, we can approximate the differential operator DV by a discrete operator

DV = D1V +D2V +D12V, (4.53)

where D1V contains the discretized derivatives over x1 defined in (4.44)–(4.46) and (4.50),

D2V contains the discretized derivatives over x2 defined in (4.47)–(4.49) and (4.51), and

D12V contains the discretized mixed derivative defined in (4.52).

By straightforward but lengthy Taylor expansion of the expression in (4.44)–(4.52),

the scheme (4.57) has second order truncation error in variables x1 and x2 for meshes

which are either uniform or smooth transformations of such meshes, as we shall consider

later.

4.2.3 Time discretization: ADI scheme

After discretization over (x1, x2) we can rewrite the PIDE (4.30) as a system of ordi-

nary (linear) differential equations. Consider the vector U(t) ∈ Rm1m2×1 whose elements

correspond to V (t, xi1, x
j
2). Then

U ′(t) = ÃU(t) + b(t),

U(0) = U0,
(4.54)

where Ã = D1+D2+D12+λ1J1+λ2J2+λ12J12− (λ1+λ2+λ12)I, and b(t) is determined

from boundary conditions and the right-hand side.

To solve this system, we apply an ADI scheme for the time discretization. Consider,

for simplicity, a uniform time mesh with time step ∆t : tn = n∆t, n = 0, . . . , N − 1.
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We decompose the matrix Ã into three matrices, Ã = Ã0 + Ã1 + Ã2, where

Ã0 = D12 + λ1J1 + λ2J2 + λ12J12,

Ã1 = D1 −
(
λ1 +

λ12
2

)
I,

Ã2 = D2 −
(
λ2 +

λ12
2

)
I,

and b(t) = b0(t) + b1(t) + b2(t), where b0(t) corresponds to the right-hand side and the

FD discretization of the mixed derivatives on the boundary, b1(t) and b2(t) correspond to

the FD discretization of the derivatives over x1 and x2 on the boundary.

Now we can apply a traditional ADI scheme with matrices Ã0, Ã1, and Ã2. We choose

the Hundsdorfer–Verwer (HV) scheme (Hundsdorfer and Verwer (2013)) in order to have

second order accuracy in the time variable, and unconditional stability, as we shall prove

below. For convenience, denote

Fj(t, x) = Ãjx+ bj(t), j = 0, 1, 2, (4.55)

F (t, x) = (Ã0 + Ã1 + Ã2)x+ (b0(t) + b1(t) + b2(t)), (4.56)

and apply the Hundsdorfer–Verwer (HV) scheme:





Y0 = Un−1 +∆tF (tn−1, Un−1),

Yj = Yj−1 + θ∆t(Fj(tn, Yj)− Fj(tn, Un−1)), j = 1, 2,

Ỹ0 = Y0 + σ∆t(F (tn, Y2)− F (tn−1, Un−1)),

Ỹj = Ỹj−1 + θ∆t(Fj(tn, Ỹj − Fj(tn, Y2)), j = 1, 2,

Un = Ỹ2.

(4.57)

In this scheme, parts that contain F1 and F2 are treated implicitly. The matrix Ã1 is

tridiagonal and Ã2 is block-tridiagonal and can be inverted via O(m1m2) operations. As

a result, the overall complexity is O(m1m2) for a single time step or O(Nm1m2) for the

whole procedure.

Moreover, the scheme has second order of consistency in both (x1, x2) and t for any

given θ and σ = 1
2
.

4.2.4 Stability analysis

In this section, we consider the PIDE (4.30) with zero boundary conditions at 0 in both

directions and on a uniform grid, such that Fj(t, x) = Ãjx and





Y0 = Un−1 +∆tÃUn−1,

Yj = Yj−1 + θ∆t(ÃjYj − ÃjUn−1), j = 1, 2,

Ỹ0 = Y0 + σ∆t(ÃY2 − ÃUn−1),

Ỹj = Ỹj−1 + θ∆t(Ãj Ỹj − ÃjY2), j = 1, 2

Un = Ỹ2.

(4.58)
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For convenience, we denote by F : Un = FUn−1.

We further consider the PDE on R2, i.e., without default boundaries. Hence, we

assume that diffusion and jump operators are discretized on an infinite, uniform mesh

{(j1h1, j2h2), (j1, j2) ∈ Z2}, such that, e.g. D1, D2, D12, J1, J2 are infinite matrices. This

is different to In’t Hout and Welfert (2007), where finite matrices and periodic boundary

conditions (without integral terms) are considered.

We use von Neumann stability analysis, as first introduced by Charney et al. (1950),

by expanding the solution into a Fourier series. Hence, we shall show that the pro-

posed scheme (4.58) is unconditionally stable, i.e. we will show that all eigenvalues of

the operator F have moduli bounded by 1 plus an O(∆t) term, where the corresponding

eigenfunctions are given by exp(iφ1j1) exp(iφ2j2), with φ1 and φ2 the wave numbers and

j1 and j2 the grid coordinates.

In’t Hout and Welfert (2007) show that when all matrices commute (as in the PDE

case with periodic boundary conditions), the eigenvalues for F are given by

T (z̃0, z̃1, z̃2) = 1 + 2
z̃0 + z̃

p
− z̃0 + z̃

p2
+ σ

(z̃0 + z̃)2

p2
with (4.59)

p = (1− θz̃1)(1− θz̃2),

where z̃j = µ̃j∆t, where µ̃j is an eigenvalue of Ãj , j = 0, 1, 2, z̃ = z̃1 + z̃2, θ ≥ 0.

The analysis is made slightly more complicated in our case through the presence of the

jump operators. In the remainder of this section, we show that stability is still given under

the same conditions on θ and σ as in the purely diffusive case. For the correspondence

of notation with In’t Hout and Welfert (2007), we denote A = A0 + A1 + A2, where

A0 = D12, A1 = D1, A2 = D2 and µ0, µ1, and µ2 are the eigenvalues of the corresponding

matrices. Similar to z̃0, z̃1, and z̃2, we define scaled eigenvalues z0 = µ0∆t, z1 = µ1∆t, z2 =

µ2∆t.

We have the eigenvalues µ̃j of Ãj given by

µ̃0 = µ0 + λ1w1 + λ2w2 + λ12w12, (4.60)

µ̃1 = µ1 −
(
λ1 +

λ12
2

)
, (4.61)

µ̃2 = µ2 −
(
λ2 +

λ12
2

)
, (4.62)

where µj is an eigenvalue of Aj , and w1, w2, and w12 are eigenvalues of J1, J2, and J12.

Denote z = z1 + z2, s1 = w1∆t, s2 = w2∆t, s12 = w12∆t, where w1, w2, w12 are

eigenvalues of J1, J2, J12 respectively, and s0 = λ1s1 + λ2s2 + λ12s12.

Multiplying (4.60)–(4.62) by ∆t, we have

z̃0 = z0 + s0, (4.63)

z̃1 = z1 −
(
λ1 +

λ12
2

)
∆t, (4.64)

z̃2 = z2 −
(
λ2 +

λ12
2

)
∆t. (4.65)
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Theorem 4.1 (In’t Hout and Welfert (2007), Theorem 3.2). Assume ℜ(z1) ≤ 0,ℜ(z2) ≤
0, |z0| ≤ 2

√
ℜ(z1)ℜ(z2), where z0, z1, and z2 are the eigenvalues of A0, A1, and A2, and

1

2
≤ σ ≤

(
1 +

√
2

2

)
θ.

Then,

|T (z0, z1, z2)| ≤ 1,

and the Hundsdorfer–Verwer scheme (4.58) is stable in the purely diffusive case.

Lemma 4.1. The scaled eigenvalues of A0, A1, A2, J1, J2, J12 can be expressed as

z0 = −ρb[sin φ1 sinφ2], (4.66)

z1 = −a1(1− cosφ1) + iξ1q1 sin φ1, (4.67)

z2 = −a2(1− cosφ2) + iξ2q2 sin φ2, (4.68)

s1 = ∆t ζ1h1

(
1

2
+

exp(−h1ζ1 + iφ1)

1− exp(−h1ζ1 + iφ1)

)
, (4.69)

s2 = ∆t ζ2h2

(
1

2
+

exp(−h2ζ2 + iφ2)

1− exp(−h2ζ2 + iφ2)

)
, (4.70)

s12 = s1s2/∆t, (4.71)

where

q1 =
∆t

h1
, q2 =

∆t

h2
, a1 =

∆t

h21
, a2 =

∆t

h22
, b =

∆t

h1h2
,

and φj ∈ [0, 2π] for j = 1, 2.

Moreover,

|z0| ≤ 2
√

ℜ(z1)ℜ(z2). (4.72)

Proof. All six eigenvalues follow by insertion of the ansatz U = exp(iφ1j1) exp(iφ2j2).

For instance,

(J1U)(j1, j2) = ζ1h1

(
1

2
U(j1, j2) +

∞∑

k=1

exp(−ζ1h1k)U(j1 − k, j2)

)
,

and the result follows by using the special form of U and evaluating the geometric series.

Alternatively, the first three equations follow immediately from the eigenvalues for

finite matrices (In’t Hout and Welfert (2007), p.29), which are given by (4.66)–(4.68)

where φj = 2lπ/mj , l = 1, . . . , mj . In the infinite mesh case, the spectrum is the

continuous limit and (4.72) still holds.

Theorem 4.2. Consider 1
2
≤ σ ≤

(
1 +

√
2
2

)
θ. Then there exists c > 0, independent of

∆t ≤ 1, h1 and h2, such that

1.

|T (z̃0, z̃1, z̃2)| ≤ 1 + c∆t, ∀φ1, φ2 ∈ [0, 2π], (4.73)

i.e., the scheme is von Neumann stable;
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2.

|Un|2 ≤ ecn∆t|U0|2, ∀n ≥ 0, (4.74)

for |Un|2 = h1h2

(∑∞
j1,j2=−∞ |Un(j1, j2)|2

)1/2
, i.e., the scheme is l2 stable.

Proof. First, we have that

|T (z0, z̃1, z̃2)| =
∣∣∣∣1 + 2

z0 + z̃

p
− z0 + z̃

p2
+ σ

(z0 + z̃)2

p2

∣∣∣∣ ≤ 1,

where as before p = (1 − θz̃1)(1 − θz̃2) and z̃ = z̃1 + z̃2. This follows from Theorem 4.1

because λ1, λ2 and λ12 are positive and therefore (4.72) is still satisfied with z1 and z2
replaced by z̃1 and z̃2.

We have

T (z̃0, z̃1, z̃2) = T (z0, z̃1, z̃2) + 2
s0
p

− s0
p2

+ σ
2s0(z0 + z̃) + s20

p2
.

A simple calculation shows that |s0| ≤ c0∆t for a constant c0 (independent of ∆t, h1, h2, φ1,

φ2; indeed, c0 = 2λ1+2λ2+4λ12 works for small enough h1, h2). Therefore, and because

|p| ≥ 1, |z0 + z̃|/|p| ≤ c1 for a constant c1,∣∣∣∣2
s0
p

− s0
p2

+ σ
2s0(z0 + z̃) + s20

p2

∣∣∣∣ ≤ c∆t,

for any c ≥ (3 + 2σc1 + c0σ)c0. From this the first statement follows.

We can now deduce part 2 by a standard argument. For the discrete-continuous

Fourier transform

l2(Z
2) → L2(−π, π)2, U → Û , Û(φ1, φ2) = h1h2

∑

j,k∈Z
U(j, k)e−i(jφ1+kφ2),

we have

Ûn+1(φ1, φ2) = T (z̃0, z̃1, z̃2) Ûn(φ1, φ2), ∀n ≥ 0.

Then, by Parseval,

|Un|22 =
1

4π2
|Ûn|2

=
1

4π2

1

h21h
2
2

∫ π

−π
|Ûn(φ1, φ2)|2 dφ1 dφ2

≤ 1

4π2

1

h21h
2
2

∫ π

−π
(1 + c∆t)2n|Û0(φ1, φ2)|2 dφ1 dφ2

≤ e2cn∆t
1

4π2

1

h21h
2
2

∫ π

−π
|Û0(φ1, φ2)|2 dφ1 dφ2

= e2cn∆t|U0|22.

This (l2-)stability result together with second order consistency implies (l2-)convergence

of second order for all solutions which are sufficiently smooth that the truncation error

is defined and bounded. In our setting, where the initial condition is discontinuous, this

is not given. Since the step function lies in the (l2-)closure of smooth functions, conver-

gence is guaranteed, but usually not of second order. We show this empirically in the

next section and demonstrate how second order convergence can be restored practically.
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4.2.5 Discontinuous boundary and terminal conditions

It is well documented (see, e.g. Pooley et al. (2003)) that the spatial convergence order

of central finite difference schemes is generally reduced to one for discontinuous payoffs.

Moreover, the time convergence order of the Crank-Nicolson scheme is reduced to one

due to the lack of damping of high-frequency components of the error, and this behaviour

is inherited by the HV scheme. We address these two issues in the following way.

First, we smooth the terminal condition by the method of local averaging from Pooley

et al. (2003), i.e., instead of using nodal values of φ directly, we use the approximation

φ(xi1, x
j
2) ≈

1

h1h2

∫ xi2+h2/2

xi2−h2/2

∫ xj1+h1/2

xj1−h1/2
φ(ξ1, ξ2) dξ1dξ2.

For step functions with values of 0 and 1, this procedure attaches to each node the fraction

of the area where the payoff is 1, in a cell of of size h1 × h2 centred at this point.

We illustrate the convergence improvement on the example of joint survival probabil-

ities. Other quantities show a similar behaviour. The model parameters in the following

tests are the same as in the next section, specifically Table 4.1.

We choose σ = 1
2

and θ = 3
4

in the HV scheme.

The observed convergence with and without this smoothing procedure is shown in

Figure 4.2. We choose the l2-norm for its closeness to the stability analysis – in the

periodic case, Fourier analysis gives convergence results in l2 – and the l∞-norm for its

relevance to the problem at hand, where we are interested in the solution pointwise. The

behaviour in the l1-norm is very similar.

Hereby, for a method of order p ≥ 1 we estimate the error by extrapolation as

|QnX(x1, x2)−Q(x1, x2)| ≈
1

2p − 1
|QnX(x1, x2)−QnX/2(x1, x2)|,

where Q is the exact solution, QnX the solution with nX mesh points, and the norms

are computed by either taking the maximum over mesh points or numerical quadrature.

Here, nT = 1000 is fixed.
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Figure 4.2: Convergence analysis for l2- and l∞-norms of the error depending on the mesh
size with fixed time-step.
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The convergence is clearly of first order without averaging and of second order with

averaging.

Second, we modify the scheme using the idea from Reisinger and Whitley (2014) by

changing the time variable t̃ =
√
t. This change of variables leads to the new PDE

∂V

∂t̃
+ 2t̃LV = 2τχ(t̃2, x),

instead of (2.58), to which we apply the numerical scheme.

In Figure 4.3, we show the convergence with and without time change, estimating the

errors in a similar way to above, with nX = 800 fixed.
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Figure 4.3: Convergence analysis for l2- and l∞-norms of the error depending on time-step
with fixed mesh size.

The convergence is clearly of first order without time change and of second order with

time change. We took here T = 5 to illustrate the effect more clearly.

4.3 Financial applications

4.3.1 Numerical experiments

In this section, we analyze the model characteristics and the impact of jumps. Specifically,

we compute joint and marginal survival probabilities, CDS and FTD spreads as well as

CVA and DVA depending on initial asset values. We also compute the difference between

the solution with and without jumps.

Consider the parameters in Table 4.1.

L1,0 L2,0 L12,0 L21,0 R1 R2 T σ1 σ2 ρ ς1 ς2
60 70 10 15 0.4 0.45 1 1 1 0.5 1 1

Table 4.1: Model parameters.
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For the model with jumps, we further consider the parameters in Table 4.2.

λ1 λ2 λ12
0.5 0.5 0.3

Table 4.2: Jump intensities.

We compute all tests using a 100× 100 spatial grid with the maximum values X100
1 =

X100
2 = 10 and constant time step ∆τ = 0.01. As the parameters of the HV scheme, we

choose σ = 1
2

and θ = 3
4
.

In Figures 4.4–4.6 we present various model characteristics and compare the results

with and without jumps. From these figures, we can observe that jumps can have a

significant impact, especially near the default boundaries:

• in Figure 4.4 for the joint survival probability, the biggest impact of jumps is around

the default boundaries for both x1 and x2;

• in Figure 4.5 for the marginal survival probability of the first bank, we can observe

that the biggest impact of jumps is near the default boundary of the first bank;

• for the CDS spread, in Figure 4.6, (b), the biggest impact of jumps is also seen near

the default boundary, but it has the opposite direction, because jumps can only

increase the CDS spread;

• in Figure 4.6, (d) for FTD the spread, the biggest impact of jumps is near both

default boundaries, and it has a positive impact;

• finally, for CVA, (f), the highest impact of jumps is near the default boundary of

the first bank, see Figure 4.6.

The computation time for each model characteristic on the chosen grid is 1.5-1.7

s.1

4.3.2 Calibration

In this section we present calibration results of the model. There are eight unknown

parameters, see (A.26)–(A.29): σ1, σ2, ρ, ς1, ς2, λ1, λ2, λ12. We use CDS and equity put

option prices (with different strikes) as market data. If FTD contracts are available, one

can use them to estimate ρ and λ12. Otherwise, historical estimation with share prices

time series can be used.

The data for external liabilities can be found in banks’ balance sheets, which are pub-

licly available. Usually, mutual liabilities data are not public information, thus we made

an assumption that they are a fixed proportion of the total liabilities, which coincides

1We performed the scheme in Matlab on a PC with Intel Core i7 3.4Ghz CPU.
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Figure 4.4: The joint survival probability: (a) value, (b) difference between model with
and without jumps.
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Figure 4.5: The marginal survival probability: (a) value, (b) difference between model
with and without jumps.
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Figure 4.6: Values of different credit products with left the value and right the difference
between model with and without jumps. Top row: Credit Default Swap spread, written
on the first bank. Middle row: First-to-Default spread. Bottom row: CVA of CDS, where
the first bank is Reference name (RN) and the second bank is Protection Seller (PS).
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with David and Lehar (2014). In particular, we fix the mutual liabilities as 5% of total

liabilities.

The asset’s value is the sum of liabilities and equity price.

We choose Unicredit Bank as the first bank and Santander as the second bank. In

Table 4.3 we provide their equity price Ei, assets Ai and liabilities Li. As in Lipton

and Sepp (2013), the liabilities are computed as a ratio of total liabilities and shares

outstanding.

E1(0) L1(0) A1(0) E2(0) L2(0) A2(0)
6.02 137.70 143.72 6.23 86.41 92.64

Table 4.3: Assets and liabilities on 30/06/2015 (Bloomberg).

For the calibration we choose 1-year at-the-money, in-the-money, and out-of-the-

money equity put options on the banks, and 1-year CDS contracts. Since the spreads

of CDS are usually significantly lower than the option prices, we scale them by some

weight wi in the objective function. As a result, we have the following 6-dimensional

minimization problem:

min
θ
{w1(V

CDS
1 (θ)− V̄ CDS

1 )2 +

3∑

i=1

(V opt
1 (Ki,1, θ)− V̄ opt

1 (Ki,1))
2+

+ w2(V
CDS
2 (θ)− V̄ CDS

2 )2 +
3∑

i=1

(V opt
2 (Ki,2, θ)− V̄ opt

2 (Ki,2))
2}, (4.75)

where θ = (σ1, σ2, λ1, λ2, ς1, ς2), V
CDS
i (θ) is the model CDS spread on the i-th bank

and V̄ CDS
i is the market CDS spread on the i-th bank, V opt

1 (K, θ) is the model price of

the equity put option on the i-th bank with the strike K and V̄ opt
i (K) is the market

price of the equity put option on the i-th bank with strike K. Strikes K1,j , K2,j, and

K3,j are chosen in such a way to take into account the smile. In particular, we choose

K1,j = 1.1Ej, K2,j = Ej , K3,j = 0.9Ej .

In order to find the global minimum of (4.75) by a Newton-type method, we need

to find a good starting point, otherwise an optimization procedure might finish in local

minima which are not global minima. To choose the starting point, we calibrate one-

dimensional models for each bank without mutual liabilities

min
θj

{wj(V CDS
j (θj)− V̄ CDS

j )2 + (V opt
j (K1,j , θj)− V̄ opt

j (K1,j))
2+

+ (V opt
j (K2,j , θj)− V̄ opt

i (K2,j))
2 + (V opt

j (K3,j , θj)− V̄ opt
j (K3,j))

2}, (4.76)

where θj = (σj , λj, ςj) for j = 1, 2.

The global minima of (4.76) can be found via the chebfun toolbox (Driscoll et al.

(2014)) that uses Chebyshev polynomials to approximate the function, and then the

global minima can be easily found. The calibration results of the one-dimensional model

for the first and the second banks are presented in Table 4.4. We note that the global
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minima of (4.75) cannot be found via the chebfun toolbox, since it works with functions

up to three variables. There are also more fundamental complexity issues for higher-

dimensional tensor product interpolation.

σ1 λ1 ς1 σ2 λ2 ς2
0.0117 0.1001 0.3661 0.0154 0.0160 0.0545

Table 4.4: Calibrated parameters of one-dimensional models on 30/06/2015 for T = 1.

Similar to Lipton and Sepp (2013), for simplicity, we further assume that

λ{12} = ρ ·min(λ1, λ2). (4.77)

Then, we estimate ρ from historical data. We take one year daily equity prices Ei(t) by

time series (from Bloomberg) and estimate the covariance of asset returns rit =
∆Ai(t)
Ai(t)

ĉov(A1, A2) =

n∑

i=1

(ri,1 − r̄1) (ri,2 − r̄2) , (4.78)

where r̄1 and r̄2 are the sample mean of asset returns.

Using (2.32), we can see that (4.78) converges to

ĉov(A1, A2) −→
n→+∞

σ1σ2
(
ρ+ λ{12}/(ς1ς2)

)
. (4.79)

Using the last equation and (4.77), we can extract the estimated values of ρ and λ{12}.

The estimation results are in Table 4.5.

ρ λ{12}
Estimated value 0.510 0.0188

Confidence interval 2 (0.500, 0.526) (0.0182, 0.0194)

Table 4.5: Historically estimated correlation coefficients on 30/06/2015 with 1 year win-
dow.

Finally, we perform a six-dimensional (constrained) optimization of (4.75) with the

starting point from Table 4.4 and correlation parameters from Table 4.5. We choose

different alternatives of mutual liabilities to have a clear picture how mutual liabilities

influence on model parameters. We use the lsqnonlin method in Matlab that uses a Trust

Region Reflective algorithm Conn et al. (2000) (with the gradient computed numerically).

Results are presented in Table 4.6.

Model σ1 λ1 ς1 σ2 λ2 ς2
With jumps 0.0122 0.0950 0.3958 0.0160 0.0148 0.0505

Without jumps 0.0206 – – 0.0317 – –

Table 4.6: Calibrated parameters of two-dimensional model with mutual liabilities on
30/06/2015 for T = 1.

2We use a 3σ confidence interval.
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In Table 4.7 we present joint and marginal survival probabilities computed using the

equations from Section A.2. From these results, we can conclude that jumps play an

important role in the model.

Model Joint s/p Marginal s/p
With jumps 0.9328 0.9666

Without jumps 0.9717 0.9801

Table 4.7: Joint and marginal survival probabilities for the calibrated models.

The computation time for our calibration procedure is 500s (75s for calibration of

each one-dimensional model and 23s per iteration of the optimization procedure for the

two-dimensional model that converges in 15 iterations).3

3We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores) CPU.
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Chapter 5

Simulation of the infinite-dimensional

model

5.1 Introduction

In this chapter, we study the infinite-dimensional approximation of the model, which

we considered in Section 2.3. As we showed before, when the number of banks goes to

infinity, the distance-to-default follows (2.80), a McKean–Vlasov equation with feedback

from hitting the boundary.

We therefore propose and analyse numerical schemes for the simulation of the McKean–

Vlasov equation

Xt = X0 +Wt − αLt, t ∈ [0, T ], (5.1)

Lt = P(τ ≤ t), t ∈ [0, T ], (5.2)

τ = inf{t ∈ [0, T ] : Xt ≤ 0}, (5.3)

where α, T ∈ R+,W a standard Brownian motion on a probability space (Ω,F , (Ft)t≥0,P),

on which is also given an R+-valued random variable X0 independent of W . The non-

linearity arises from the dependence of Lt in (5.1) on the law of X. More specifically, if

t→ Lt has a derivative pτ , which is then the density of the hitting time τ of zero,

dXt = dWt − α pτ (t) dt, t ∈ (0, T ),

so that the drift depends on the law of the path of X.

Theoretical properties of (5.1)–(5.3) have been studied in Hambly et al. (2018), who

prove the existence of a differentiable solution (Lt)0<t<t∗ up to an “explosion time” t∗.

Conversely, they show that L cannot be continuous for all t for α above a threshold

determined by the law of X0. Such systemic events where discontinuities occur are also

referred to as “blow-ups” in the literature.

The question of the constructive solution, however, remained open. Examples of a

numerical solution computed with Algorithm 4 introduced in Section 5.2 are shown in

Figure 5.1. The left plot shows the formation of a discontinuity in the loss function t→ Lt
for increasing α, with X0 ∼ Gamma(1.5, 0.5). The density of XT for T before and after

the shock is displayed in the right panel.
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Figure 5.1: (a) Lt for different α near the jump; (b) distribution of XT for XT > 0 before
and after the jump (for α = 1.5). Fitted by kernel density estimation with normal kernel
for N = 107.

A similar model has been studied in Nadtochiy and Shkolnikov (2017), where the

authors consider log(1 − Lt) instead of −Lt in (5.1). Our numerical scheme can be

applied in principle to this problem, but we concentrate the analysis on (5.1)–(5.3) in

this chapter.

An earlier version of this problem is found in neuroscience, where a large network of

electrically coupled neurons can be described by McKean–Vlasov type equations (Cáceres

et al. (2011); Carrillo et al. (2013); Delarue et al. (2015b,a)). If a neuron’s potential

reaches some fixed threshold, it jumps to a higher potential level and sends a signal to

other neurons. This feedback leads to the following equations

Xt = X0 +

∫ t

0

b(Xs) ds+ αE[Mt] +Wt −Mt, (5.4)

Mt =
∑

k≥1

1[0,t](τk), τk = inf{t > τk−1 : Xt− ≥ 1}, (5.5)

where X0 < 1 a.s. The similarity to (5.1)–(5.3) is seen by noticing that Lt = E[1[0,t](τ)]

and Mt in (5.5) is constant between hitting times, however, while in (5.4) an upper

boundary is hit and after that the value resets to zero, in our model we are interested

in hitting the zero boundary (from above), and after hitting the particle’s value remains

zero.

While McKean–Vlasov equations are an active area of current research, to our knowl-

edge, there is only a fairly small number of papers where their simulation is studied

rigorously and none of these encompass the models above.

Early works include Bossy and Talay (1997), which proves convergence (with order

1/2 in the timestep and inverse number of particles) of a particle approximation to the

distribution function for the measure νt of Xt in the classical McKean-Vlasov equation

Xt = X0 +

∫

R

β(Xt, u) νt(du) dt+

∫

R

α(Xt, u) νt(du) dWt (5.6)
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with sufficient regularity. The proven rate in the timestep is improved to 1 in Antonelli

et al. (2002) using Malliavin calculus techniques.

More recently, multilevel simulation algorithms have been proposed and analysed:

Ricketson (2015) considers the special case of an SDE whose coefficients at time t depend

on Xt and the expected value of a function of Xt; Szpruch et al. (2017) study a method

based on fixed point iteration for the general case (5.6). An alternative variance reduction

technique by importance sampling is given in Reis et al. (2018).

The system (5.1)–(5.3) above does not fall into the setting of (5.6) due to the extra

path-dependence of the coefficients through the hitting time distribution. In this chap-

ter, we therefore propose and analyse a particle scheme for (5.1)–(5.3) with an explicit

timestepping scheme for the nonlinear term. We simulate N exchangeable particles at

discrete time points with distance h, whereby at each time point t we use an estimator of

Lt−h from the previous particle locations to approximate (5.3). We prove the convergence

of the numerical scheme up to some time T as the time step h goes to zero and number

of particles goes to infinity. We also prove that the scheme can be extended up to the

explosion time under certain conditions on the model parameters. The order in h for

this standard estimator is 1/2. Next, we use Brownian bridges to better approximate the

hitting probability, similar to barrier option pricing (Glasserman (2013)). In this case,

the convergence order improves to (1 + β)/2, where β ∈ (0, 1] is the Hölder exponent of

the density of the initial value X0 (e.g., 0.5 in the example from Figure 5.8 below). The

order can be improved to 1 for all β ∈ (0, 1] by non-uniform time-stepping.

A main contribution is the first provably convergent scheme for equations of the type

(5.1)–(5.3). The analysis uses a direct recursion of the error and regularity results proven

in Hambly et al. (2018). This has the advantage that sharp convergence orders – i.e.,

consistent with the numerical tests – can be given, but also means that it seems difficult

to apply the analysis directly to variations of the problem where such results are not

available. Nonetheless, the method itself is natural and applicable in principle to other

settings such as those outlined above.

The rest of the chapter is organized as follows. In Section 5.2 we list the running

assumptions and state the main results; in Sections 5.3.1 and 5.3.2 we prove the uniform

convergence of the discretized process; in Section 5.3.3, we show the convergence of Monte

Carlo particle estimators with an increasing number of samples; in Section 5.3.4 we prove

the convergence order for the scheme with Brownian bridges; in Section 5.4 we give

numerical tests of the schemes; finally, in Section 5.5, we conclude.

5.2 Assumptions and main results

We begin by listing the assumptions. The first one, Hölder continuity at 0 of the initial

density, is key for the regularity of the solution. The Hölder exponent will also limit the

rate of convergence of the discrete time schemes.

Assumption 5.1. We assume that X0 has a density fX0 supported on R+ such that

fX0(x) ≤ Bxβ , x ≥ 0, (5.7)
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for some β ∈ (0, 1].

Under Assumption 5.1, we can refer to Theorem 1.8 in Hambly et al. (2018) for the

existence of a unique, differentiable solution t→ Lt for (5.1)–(5.3) up to time

t∗ := sup {t > 0 : ||L||H1(0,t) <∞} ∈ [0,∞],

and a corresponding B̂ such that for every t < t∗

L′
t ≤ B̂t−

1−β

2 a.e. (5.8)

This estimate admits a singularity of the rate of losses at time 0, however, what is actually

observed in numerical studies (see Figure 5.1, left) is that the loss rate is bounded initially

but then has a sharp peak for small β (and then especially for large α).

Integrating (5.8), we have for future reference a bound on Lt,

Lt ≤ B̃t
1+β

2 , (5.9)

where B̃ = 2B̂/(1 + β).

The following assumption will be used to control the propagation of the discretisation

error, by bounding the density (especially at 0) of the running minimum of X and its

approximations.

Assumption 5.2. We assume that T < min(T ∗, t∗), where T ∗ is defined by

αB

[√
2T ∗

π
+ αB̃(T ∗)

1+β

2

]β
= 1, (5.10)

with B and B̃ the smallest constants such that (5.7) and (5.9) hold for given β.

In the following, we assume that Assumptions 5.1 and 5.2 hold. Consider a uniform

time mesh 0 = t0 < t1 < . . . < tn = T , where ti − ti−1 = h, and a discretized process, for

1 ≤ i ≤ n,

X̃ti = X0 +Wti − αL̃ti , (5.11)

L̃ti = P(τ̃ < ti), (5.12)

τ̃ = min
0≤j≤n

{X̃tj ≤ 0}. (5.13)

We extend L̃ti to [0, T ] by setting L̃s = L̃ti−1
for ti−1 < s < ti.

The first theorem, proven in Section 5.3.1, shows that L̃t converges uniformly to Lt.

Theorem 5.1. Consider L̃ti from (5.11)–(5.13) and Lt from (5.1)–(5.3). Then, for any

δ > 0, there exists C > 0 independent of h such that

max
i≤n

|L̃ti − Lti | ≤ Ch
1
2
−δ. (5.14)
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We now propose a particle simulation scheme for (5.11)–(5.13) in Algorithm 4.

Algorithm 4 Discrete time Monte Carlo scheme for simulation of the loss process

Require: N — number of Monte Carlo paths
Require: n — number of time steps: 0 < t1 < t2 < . . . < tn
1: Draw N samples of X0 (from initial distribution) and W (a Brownian path)
2: Define L̂0 = 0
3: for i = 1 : n do
4: Estimate L̃ti by L̂Nti = 1

N

∑N
k=1 1{minj<i X̂

(k)
tj

≤0}
5: for k = 1 : N do
6: Update X̂

(k)
ti = X

(k)
0 +W

(k)
ti − αL̂Nti

7: end for
8: end for

In Section 5.3.3, we prove convergence in probability of Algorithm 4 as N → ∞.

Theorem 5.2. For all i ≤ n,

L̂ti
P−−−→

N→∞
L̃ti . (5.15)

Next, we improve our scheme by using a Brownian bridge strategy to estimate the

hitting probabilities. In order to do this, we consider the process

X̆t = X0 +Wt − αL̆t, t ∈ [ti, ti+1), (5.16)

L̆t = P(τ̆ < ti), t ∈ [ti, ti+1), (5.17)

τ̆ = inf
0≤s≤T

{X̆s ≤ 0}. (5.18)

Then, for each Brownian path (W
(k)
t )t≥0, we compute X̄

(k)
t = X

(k)
0 +W

(k)
t − αL̄Nt in

(ti, ti+1), where L̄Nt is an N -sample estimator of L̆ti given below. Then, we estimate the

hitting probability

p
(k)
ti = P

(
inf
s<ti

X̄(k)
s > 0|X̄(k)

0 , . . . , X̄
(k)
ti

)

=

i∏

j=1

P

(
inf

s∈[tj−1,tj)
X̄(k)
s > 0 | X̄(k)

tj−1
, X̄

(k)
tj

)
.

It is well-known that using Brownian bridge, one can derive the hitting probability of

Brownian motion:

P( inf
s∈[0,t]

Ws ≤ 0 |W0 > 0,Wt > 0) = exp

(
−2WtW0

T

)
.

Using the last result, we have

p
(k)
ti =

i∏

j=1

(
1− exp

(
−
2(X̄

(k)
tj−1

∨ 0)(X̄
(k)
tj− ∨ 0)

h

))
.
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Thus, a natural choice for L̄Nti is

L̄Nti =
1

N

N∑

k=1

(
1− p

(k)
ti

)
. (5.19)

As a result, the new algorithm with the Brownian bridge modification is the following.

Algorithm 5 Discrete time Monte Carlo scheme with Brownian bridge

Require: N — number of Monte Carlo paths
Require: n — number of time steps: 0 < t1 < t2 < . . . < tn
1: Draw N samples X0 (from the initial distribution) and W (a Brownian path)
2: for i = 1 : n do
3: Estimate L̄ti using (5.19)
4: for k = 1 : N do
5: Update X̄

(k)
ti = X

(k)
0 +W

(k)
ti − αL̄Nti

6: end for
7: end for

The convergence rate for (5.17) is given as follows and proven in Section 5.3.4.

Theorem 5.3. Consider L̆t from (5.16)–(5.18) and Lt from (5.1)–(5.3), β ∈ (0, 1] from

Assumption 5.1. Then, there exists C > 0 independent of h such that

max
i≤n

|L̆ti − Lti | ≤ Ch
1+β

2 . (5.20)

We will later give a result with variable time steps which achieves rate 1 for all β.

5.3 Convergence results

5.3.1 Convergence of the timestepping scheme

In this section we prove Theorem 5.1. Then, in Section 5.3.2, under a modification of

Assumption 5.2, we formulate and prove an improvement of this theorem which extends

the applicable time interval.

The proof is based on induction on the error bound over the timesteps, which requires

an error estimate of the hitting probability after discretisation (Lemmas 5.1 and 5.2), a

sort of consistency, plus a control of the resulting misspecification of the barrier through

a bound on the density of the running minimum (Lemma 5.3), a kind of stability.

As we have crude estimates on the densities, using only Assumption 5.1 but no sharper

bound on, and regularity of, fX0 , or any regularity of the distribution of infs≤t(Ws−αLs)
or its approximations, the time T ∗ until which the numerical scheme is shown to converge

will by no means be sharp. Indeed, in our numerical tests (see Section 5.4) we did not

encounter any difficulties for any t, even t > t∗.

We first formulate and prove these auxiliary results which we will use to prove Theo-

rems 5.1, 5.3, and 5.4.

First, we modify Proposition 1 from Asmussen et al. (1995), where an analogous result

is shown for standard Brownian motion, without the presence of L and L̃ (i.e., α = 0).
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Lemma 5.1. Define X∗
t = X0 +Wh⌊ t

h
⌋ − αLh⌊ t

h
⌋ and X̃∗

t = X0 +Wh⌊ t
h
⌋ − αL̃h⌊ t

h
⌋ for

t < t∗. Then, as h→ 0,

1√
h
sup
s≤t

(Xs −X∗
s ) →d

√
2 log

t

h
, (5.21)

and
1√
h
sup
s≤t

(
X̃s − X̃∗

s

)
→d

√
2 log

t

h
. (5.22)

Proof. Writing

sup
s≤h⌊ t

h
⌋
(Xs −X∗

s ) = max
1≤k≤⌊ t

h
⌋
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1) − α(Lh(k−1)+s − Lh(k−1))

)

= max
1≤k≤⌊ t

h
⌋
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1) − αsL′

h(k−1)+θs

)

for some θ ∈ [0, 1], the last expression can be estimated from both sides,

max
1≤k≤⌊ t

h
⌋

{
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1)

)
− α sup

0≤s≤h
hL′

h(k−1)+θs

}
≤

max
1≤k≤⌊ t

h
⌋
sup

0≤s≤h

(
Wh(k−1) −Wh(k−1)+s − αsL′

h(k−1)+θs

)

≤ max
1≤k≤⌊ t

h
⌋

{
sup

0≤s≤h

(
Wh(k−1) −Wh(k−1)+s

)
− α inf

0≤s≤h
sL′

h(k−1)+θs

}
.

Since 0 ≤ L′
s ≤ B̂s−

1−β

2 ,

sup
s≤h⌊ t

h
⌋
(Xs −X∗

s ) ≥ max
1≤k≤⌊ t

h
⌋

{
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1)

)
− αB̂h(h(k − 1))−

1−β

2

}

=d

√
h max

1≤k≤⌊ t
h
⌋

{
sup
0≤s≤1

W (k)
s − αB̂

√
h(h(k − 1))−

1−β
2

}
,

and

sup
s≤h⌊ t

h
⌋
(Xs −X∗

s ) ≤ max
1≤k≤⌊ t

h
⌋

{
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1)

)}

=d

√
h max

1≤k≤⌊ t
h
⌋

{
sup
0≤s≤1

W (k)
s

}
,

where W (1),W (2), . . . are i.i.d. copies of W .

Taking into account that
√
h(h(k − 1))−

1−β

2 → 0, as h → 0, and applying the same

arguments as in Proposition 1 in Asmussen et al. (1995), we get (5.21).

Similar,

sup
s≤h⌊ t

h
⌋

(
X̃s − X̃∗

s

)
= max

1≤k≤⌊ t
h
⌋
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1)

)

= max
1≤k≤⌊ t

h
⌋
sup

0≤s≤h

(
Wh(k−1)+s −Wh(k−1)

)
=d

√
h max

1≤k≤⌊ t
h
⌋

{
sup
0≤s≤1

W (k)
s

}
,
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where W (1),W (2), . . . are i.i.d. copies of W .

Again, applying the same arguments as in Proposition 1 in Asmussen et al. (1995),

we get (5.22).

The next lemma deduces the convergence rate of the hitting probabilities on the mesh.

Lemma 5.2. Consider the processes X and X̃. Then, for any δ > 0 there exist γ, γ̃ > 0,

independent of h and i, such that

0 ≤ P

(
min
j<i

Xtj > 0

)
− P

(
inf
s<ti

Xs > 0

)
≤ γh

1
2
−δ (5.23)

and

0 ≤ P

(
min
j<i

X̃tj > 0

)
− P

(
inf
s<ti

X̃s > 0

)
≤ γ̃h

1
2
−δ, (5.24)

where ti < t∗.

Proof. We first prove (5.23). It is obvious that

P

(
min
j<i

Xtj > 0

)
≥ P

(
inf
s<ti

Xs > 0

)
.

Also,

P

(
min
j<i

Xtj > 0

)
= P

(
inf
s<ti

Xs > 0

)
+ P

({
inf
s<ti

Xs ≤ 0

}
∩
{
min
j<i

Xtj > 0

})
.

Thus,

P

(
min
j<i

Xtj > 0

)
− P

(
inf
s<ti

Xs > 0

)
= P

({
inf
s<ti

Xs ≤ 0

}
∩
{
min
j<i

Xtj > 0

})

≤ P

(
min
j<i

Xtj − inf
s<ti

Xs ≥ ε

)
+ P

(
min
j<i

Xtj ∈ (0, ε),min
j<i

Xtj − inf
s<ti

Xs < ε

)
,

for any ε > 0.

Consider the first term. Using Markov’s inequality

P

(
min
j<i

Xtj − inf
s<ti

Xs ≥ ε

)
≤ E

[(
minj<iXtj − infs<ti Xs

)p]

εp
,

for any p ≥ 1.

Using Lemma 5.1,

1√
h

(
min
j<i

Xtj − inf
s<ti

Xs

)
→d

√
2 log

ti
h

thus
E
[(
minj<iXtj − infs<ti Xs

)p]

εp · hp/2 −→ (2 log ti
h
)p/2

εp
.
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For the second term

P

(
min
j<i

Xtj ∈ (0, ε),min
j<i

Xtj − inf
s<ti

Xs < ε

)
≤ P

(
min
j<i

Xtj ∈ (0, ε)

)
=

P

(
min
j<i

Xtj > 0

)
− P

(
min
j<i

Xtj > ε

)
= F̄i(ε)− F̄i(0) ≤ ε sup

θ∈[0,1]
ϕ̄i (θε) ,

where F̄i(x) and ϕ̄i(x) are the CDF and PDF of the process minj<iXtj . We also note

that ϕ̄i (θε) is bounded according to Lemma 5.3.

Combining both terms, we have

P

(
min
j<i

Xtj > 0

)
− P

(
inf
s<ti

Xs > 0

)
≤ A

hp/2

εp
+Bε.

Minimising the right-hand side over ε, we find ε = ha with a = p
2(p+1)

. As a result,

choosing p→ ∞, we get that for any δ > 0, there exists γ > 0, such that

P

(
min
j<i

Xtj > 0

)
− P

(
inf
s<ti

Xs > 0

)
≤ γh

1
2
−δ.

For (5.24), we use identical steps and the corresponding estimates in Lemma 5.1 and

Lemma 5.3 for X̃ instead of X.

Finally, we bound the probability that the running minimum is close to the boundary.

Lemma 5.3. Consider Zi = infs≤ti Xs, Z̄i = minj<iXtj , and Z̃i = minj<i X̃tj for some

i ≤ n and ti < t∗. Then, Zi, Z̄i, and Z̃i each have a density, denoted ϕi, ϕ̄i, and ϕ̃i,

respectively, with

max(ϕi(z), ϕ̄i(z), ϕ̃i(z)) ≤ B

[
(z ∨ 0) +

√
2ti
π

+ αB̃t
1+β

2
i

]β
, (5.25)

where β, B are from (5.7) and B̃ is from (5.9).

Proof. We can rewrite Zi = X0 + Vi, where Vi = infs≤ti(Ws − αLs). As X0 and Vi are

independent, using convolution, we have

ϕi(z) =

∫ +∞

−∞
fX0(z − v)P(Vi ∈ dv).

Using the fact that Vi ≤ 0, X0 ≥ 0, and (5.7), we have

ϕi(z) =

∫ z∧0

−∞
fX0(z − v)P(Vi ∈ dv) ≤ B

∫ z∧0

−∞
(z − v)βP(Vi ∈ dv)

= BFVi(z ∧ 0)

∫ z∧0

−∞
(z − v)β

P(Vi ∈ dv)

FVi(z ∧ 0)
, (5.26)

where FVi is the CDF of Vi. It is obvious that FVi(z) > 0 for all z ≤ 0. Indeed,

FVi(z) ≥ P(Vi ≤ z) ≥ P(infs≤ti Ws ≤ z) > 0.
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Since β ∈ (0, 1], for all z the function (z − ·)β : (−∞, z ∧ 0) → (0,∞) is concave and,

using Jensen’s inequality for the proper probability measure P(Vi∈dv)
FVi

(z∧0) on (−∞, z ∧ 0),

ϕi(z) ≤ BFVi(z ∧ 0)1−β
(∫ z∧0

−∞
(z − v)P(Vi ∈ dv)

)β

= BFVi(z ∧ 0)1−β
(
E
[
(z − Vi)1{Vi≤z}

])β
, (5.27)

where (Vi ≤ z) ⇔ (Vi ≤ z ∧ 0) as Vi ≤ 0. Since t→ Lt is non-decreasing, inserting Vi,

ϕi(z) ≤ BFVi(z ∧ 0)1−β(E[(z − inf
s≤ti

{Ws}+ αLti)1{infs≤ti
{Ws}−αLti

≤z}])
β

≤ BFVi(z ∧ 0)1−β
(
E[(z − inf

s≤ti
{Ws}+ αB̃t

1+β

2
i )1{

infs≤ti
{Ws}≤z+αB̃t

1+β
2

i

}]
)β

.

(5.28)

By simple integration of the density of the running minimum of Brownian motion,

E[(ξ − inf
s≤ti

Ws)1{infs≤ti
Ws≤ξ}] =

(
2Φ

(
ξ√
ti

)
∧ 1

)
ξ +

√
2ti
π
e
− ξ2

2ti , (5.29)

and, taking ξ = z + αB̃t
1+β

2
i , we get from (5.28) for z > 0,

ϕi(z) ≤ B

[
z + αB̃t

1+β

2
i +

√
2ti
π

]β
,

and, similarly, for z ≤ 0,

ϕi(z) ≤ B

[
αB̃t

1+β

2
i +

√
2ti
π

]β
.

Combing the last two equations, we finally get (5.25) for ϕi.

Using similar arguments for Z̄i and Z̃i, using infs≤ti Ws ≤ minj<iWtj and Lti ≥ L̃ti ,

respectively, we get the analogous estimates for ϕ̄i and ϕ̃i, and hence (5.25).

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. We shall proceed by induction. For t0 = 0, we have L0 = L̃0; for

t1, we have minj<1 X̃tj = X0 and P(X0 > 0) = 1, hence,

|L̃t1 − Lt1 | ≤
∣∣∣∣1− P

(
inf
s<t1

Xs > 0

)∣∣∣∣ ,

which can be estimated using Lemma 5.2, (5.23).

For i > 1, assume now that we have shown L̃tj = Ltj − C̃jh
1
2
−δ for j < i, where C̃j ≥ 0

as L̃tj ≤ Ltj . We split the error into two contributions,

|L̃ti − Lti | =
∣∣∣∣P
(
min
j<i

X̃tj > 0

)
− P

(
inf
s<ti

Xs > 0

)∣∣∣∣

≤
∣∣∣∣P
(
min
j<i

X̃tj > 0

)
− P

(
min
j<i

Xtj > 0

)∣∣∣∣+
∣∣∣∣P
(
min
j<i

Xtj > 0

)
− P

(
inf
s<ti

Xs > 0

)∣∣∣∣ .
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We can use Lemma 5.2, (5.23), for the second term. For the first term,

P

(
min
j<i

X̃tj > 0

)
− P

(
min
j<i

Xtj > 0

)

= P

(
min
j<i

(
Xtj + αC̃jh

1
2
−δ
)
> 0

)
− P

(
min
j<i

Xtj > 0

)

≤ P

(
min
j<i

Xtj > −αmax
j<i

C̃jh
1
2
−δ
)
− P

(
min
j<i

Xtj > 0

)

= F̄i(0)− F̄i

(
−αmax

j<i
C̃jh

1
2
−δ
)

≤ αmax
j<i

C̃jh
1
2
−δ sup

θ∈[0,1]
ϕ̄i

(
−θαmax

j<i
C̃jh

1
2
−δ
)
,

where F̄i(x) and ϕ̄i(x) are the CDF and pdf of minj<iXtj .

Then, using Lemma 5.3, we have

ϕ̄i

(
−θα

2
max
j<i

C̃jh
1
2
−δ
)

≤ B

[√
2ti
π

+ αB̃t
1+β
2

i

]β
,

as −θα
2
maxj<i C̃jh

1
2
−δ < 0. As a result, we have the following inequality for C̃i,

C̃i ≤ αmax
j<i

C̃jB

[√
2ti
π

+ αB̃t
1+β

2
i

]β
+ γ,

hence C̃i is bounded independent of i and h by Assumption 5.2. By induction we get

(5.14).

5.3.2 Extension of the result in time

The following result extends the applicability of Theorem 5.1 up to the explosion time t∗
under certain conditions on the parameters, as specified precisely in (5.31) below.

We shall adapt Theorem 1 in Borovkov and Novikov (2005), which states: For a

Lipschitz function f with Lipschitz constant K, and g such that sups≤t |f(s)− g(s)| ≤ ε,

|P(∃s ∈ [0, t] : Ws < f(s))− P(∃s ∈ [0, t] : Ws < g(s))| ≤
(
2.5K +

2√
t

)
ε.

By Remark 2 in Borovkov and Novikov (2005), this result can be improved for a non-

decreasing function g. Indeed, retracing the steps in their proof and using monotonicity,

one finds easily the slightly better bound

|P(∃s ∈ [0, t] : Ws < f(s))− P(∃s ∈ [0, t] :Ws < g(s))| ≤ 2

(
K +

1√
t

)
ε.

In our case, we cannot directly apply the result with f(s) = −X0 + αLs and g(s) =

−X0 + αL̃s as f is not guaranteed to be Lipschitz at s = 0. But, along the lines of the

proof of Theorem 1 in Borovkov and Novikov (2005), the above result can be modified

as follows:
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Lemma 5.4. For a non-decreasing function g which is Lipschitz with constant K on

[T ∗, T ], and a function f such that f(t) = g(t) for t ≤ T ∗ and sups≤T |f(s)− g(s)| ≤ ε,

|P(∃s ∈ [0, T ] :Ws < f(s))− P(∃s ∈ [0, T ] :Ws < g(s))| ≤ 2

(
K +

1√
T

)
ε. (5.30)

Theorem 5.4. Assume T ∗ from (5.10) satisfies

2α

(
B̂(T ∗)−

1−β

2 +
1√
T ∗

)
< 1. (5.31)

Then Theorem 5.1 holds for any T < t∗ (and not only up to T ∗ as per Assumption 5.2).

Proof. We first split again the error by

|L̃ti − Lti | =
∣∣∣∣P
(
min
j<i

X̃tj > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣

≤
∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣+
∣∣∣∣P
(
min
j<i

X̃tj > 0

)
− P

(
inf
s≤ti

X̃s > 0

)∣∣∣∣ .
(5.32)

The second term can be estimated from Lemma 5.2, (5.24). Again, we shall then proceed

by induction. We have already shown that |L̃ti − Lti | ≤ Cih
1
2
−δ for ti ≤ T ∗ according to

Theorem 5.1.

Consider T ∗ < ti ≤ T . Assume we have shown that |Ltj − L̃tj | ≤ Cjh
1
2
−δ for j < i.

We want to derive Ci such that |Lti − L̃ti | ≤ Cih
1
2
−δ and where all Ci are bounded

independent of h. First, consider an intermediate point s ∈ (ti−1, ti), then

Ls − L̃s ≤ Lti−1
+K(s− ti−1)− L̃ti−1

≤ Lti−1
− L̃ti−1

+Kh,

with K the Lipschitz constant of L, and thus

sup
s≤ti

|Ls − L̃s| ≤ max

(
max
j<i

|Ltj − L̃tj |+Kh, |Lti − L̃ti |
)
. (5.33)

Now we show that |Lti − L̃ti | ≤ Ctih
1
2
−δ. Consider

lt =

{
Lt, t ≤ T ∗,

L̃t, t > T ∗,

and X l
t = X0 +Wt − αlt. Then,

∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣

≤
∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

X l
s > 0

)∣∣∣∣ +
∣∣∣∣P
(
inf
s≤ti

X l
s > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣ . (5.34)
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To estimate the first term, we can write

∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

X l
s > 0

)∣∣∣∣ = E

[
1{∃t∈[0,ti]:Xl

t≤0,∀s∈[0,ti]X̃s>0}

]

= E

[
1{∃t∈[0,T ∗]:Xl

t≤0,∀s∈[0,ti]X̃s>0}

]

≤ E

[
1{∃t∈[0,T ∗]:Y l

t ≤0,∀s∈[0,T ∗]Ỹs>0}

]

=

∣∣∣∣P
(

inf
s≤T ∗

X̃s > 0

)
− P

(
inf
s≤T ∗

X l
s > 0

)∣∣∣∣ ,

where we have used in the second line that since lt = L̃t for t > T ∗, hitting after T ∗ does

not affect the difference. For t ≤ T ∗, lt = Lt. Then, using Theorem 5.1,

∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

X l
s > 0

)∣∣∣∣ ≤
∣∣∣∣P
(

inf
s≤T ∗

X̃s > 0

)
− P

(
inf
s≤T ∗

Xs > 0

)∣∣∣∣ ≤ C̄T ∗
h

1
2
−δ.

For the second term in (5.34), Lt is Lipschitz on [T ∗, T ] with K = B̂(T ∗)−
1−β

2 and we

can apply (5.30). Thus,

∣∣∣∣P
(
inf
s≤ti

X̃s > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣ ≤ 2α

(
K +

1√
ti

)
sup
s≤ti

|Ls − L̃s|+ C̄T ∗
h

1
2
−δ (5.35)

≤ 2α

(
K +

1√
ti

)
max

(
max
j<i

|Ltj − L̃tj |+Kh, |Lti − L̃ti |
)
+ C̄T ∗

h
1
2
−δ, (5.36)

using (5.33). Moreover, by (5.24) and (5.36), (5.32) can be written as

|Lti − L̃ti | ≤ 2α

(
K +

1√
ti

)
max

(
max
j<i

|Ltj − L̃tj |+Kh, |Lti − L̃ti |
)
+ γ̄h

1
2
−δ,

where γ̄ = γ̃ + C̄T ∗
.

Taking into account (5.31), we have

|Lti − L̃ti | ≤ max



(
2α

(
K +

1√
ti

)
max
j<i

Cj + γ̄ + ε̃

)
h

1
2
−δ,

γ̄

1− 2α
(
K + 1√

ti

)h 1
2
−δ


 ,

where ε̃ = 2α
(
K + 1√

T ∗

)
Kh

1
2
+δ.

As a result, we have the following inequality for Ci,

Ci ≤ max



(
2α

(
K +

1√
ti

)
max
j<i

Cj + γ̄ + ε̃

)
,

γ̄

1− 2α
(
K + 1√

ti

)


 .

Since the Lipschitz constant K ≤ B̂(T ∗)−
1−β

2 , using (5.31), 2α
(
K + 1√

ti

)
< 1. Hence,

Ci is bounded independent of h, and by induction we get the result.
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5.3.3 Monte Carlo simulation of discretized process

In this section, we prove the convergence in probability of

L̂ti =
1

N

N∑

k=1

1{minj<i X̂
(k)
tj

≤0}

in Algorithm 4 to L̃ti as N → ∞. We note that we cannot directly apply the law of large

numbers, as the summands are dependent through L̂Ntj , j < i. However, we see below that

the dependence diminishes (i.e., the covariance goes to zero) as N → ∞, which easily

gives convergence, albeit without a Central Limit Theorem-type error estimate or a rate

for the variance.

First, we formulate an auxiliary lemma.

Lemma 5.5. Consider i ≤ n. Assume for all j < i

L̂Ntj
P−→ L̃tj . (5.37)

Then,

E[L̂Nti ] −−−→
N→∞

L̃ti (5.38)

V[L̂Nti ] −−−→
N→∞

0. (5.39)

Proof. We can write

E[1{minj<i X̂
(k)
tj
>0}] = E[1{minj<i(X

(k)
0 +W

(k)
tj

−αL̃tj
+α(L̃tj

−L̂N
tj
))>0}],

and estimate

E[1{minj<i X̃
(k)
tj

>−αminj<i(L̃tj
−L̂N

tj
)}] ≤ E[1{minj<i X̂

(k)
tj
>0}] ≤ E[1{minj<i X̃

(k)
tj
>−αmaxj<i(L̃tj

−L̂N
tj
)}].

(5.40)

We evaluate left- and right-hand side of the last equation separately. We start with the

right-hand side, and define for brevity Ã
(k)
i = {minj<i X̃

(k)
tj > −αmaxj<i(L̃tj − L̂Ntj )}.

Consider some ε > 0. Then,

E[1
Ã

(k)
j

] = E[1
Ã

(k)
j

∩({maxj<i(L̃tj
−L̂N

tj
)≤ε}∪{maxj<i(L̃tj

−L̂N
tj
)>ε})] =

E[1
Ã

(k)
j ∩{maxj<i(L̃tj

−L̂N
tj
)≤ε}] + E[1

Ã
(k)
j ∩{maxj<i(L̃tj

−L̂N
tj
)>ε}] ≤

P

(
Ã

(k)
j ∩ (max

j<i
(L̃tj − L̂Ntj ) ≤ ε)

)
+ P

(
max
j<i

(L̃tj − L̂Ntj ) > ε

)
≤

P

(
min
j<i

X̃
(k)
tj > −αε

)
+ P

(
max
j<i

(L̃tj − L̂Ntj ) > ε

)
=

P

(
min
j<i

X̃
(k)
tj > 0

)
+

(
P

(
min
j<i

X̃
(k)
tj > −αε

)
−P

(
min
j<i

X̃
(k)
tj > 0

))
+P

(
max
j<i

(L̃tj − L̂Ntj ) > ε

)
≤

1− L̃ti + αε sup
θ∈[0,1]

ϕ̃i (−θαε) + P

(
max
j<i

(L̃tj − L̂Ntj ) > ε

)
,
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where ϕ̃i(x) is the pdf of minj<i X̃
(k)
tj , which is bounded according to Lemma 5.3.

Using (5.37) and properties of convergence in probability, we have

max
j<i

(L̃tj − L̂Ntj )
P−→ 0.

Thus, the last term goes to 0 with N → ∞. Considering ε→ 0, we get

lim
N→∞

E[1
Ã

(k)
j

] ≤ 1− L̃ti . (5.41)

Similarly, denote by Ā
(k)
i = {minj<i X̃

(k)
tj > −αminj<i(L̃tj − L̂Ntj )}, then

E[1
Ā

(k)
j

] = E[1
Ã

(k)
j ∩({minj<i(L̃tj

−L̂N
tj
)}≥−ε}∪{minj<i(L̃tj

−L̂N
tj
)}<−ε})] =

E[1
Ā

(k)
j ∩{minj<i(L̃tj

−L̂N
tj
)≥−ε}] + E[1

Ā
(k)
j ∩{minj<i(L̃tj

−L̂N
tj
)<−ε}] ≥

P

(
Ā

(k)
j ∩ {min

j<i
(L̃tj − L̂Ntj ) ≥ −ε}

)
≥

P

(
min
j<i

X̃
(k)
tj > αε

)
≥ 1− L̃ti − αε inf

θ∈[0,1]
ϕ̃i (θαε) ,

where ϕ̃i(x) is the pdf of minj<i X̃
(k)
tj , which is bounded according to Lemma 5.3. Thus,

lim
N→∞

E[1
Ã

(k)
j

] ≥ 1− L̃ti . (5.42)

Combining (5.41), (5.42), and (5.40), we immediately get (5.38).

Consider now the variance

V[L̂Nti ] =
1

N2

(
N∑

k=1

V[1{minj<i X̂
(k)
tj
>0}] +

∑

k 6=l
cov

(
1{minj<i X̂

(k)
tj
>0},1{minj<i X̂

(l)
tj
>0}

))
.

(5.43)

The covariance can be estimated by

cov

(
1{minj<i X̂

(k)
tj
>0},1{minj<i X̂

(l)
tj
>0}

)
=

E

[
1{minj<i X̂

(k)
tj
>0}1{minj<i X̂

(l)
tj
>0}

]
− E

[
1{minj<i X̂

(k)
tj
>0}

]
E

[
1{minj<i X̂

(l)
tj
>0}

]
. (5.44)

As above and because of exchangeability, for the second term of the last expression,

E

[
1{minj<i X̂

(k)
tj
>0}

]
E

[
1{minj<i X̂

(l)
tj
>0}

]
−−−→
N→∞

(
1− L̃ti

)2
. (5.45)

Now we consider the first term of (5.44). Similar to above, it can be estimated by

E[1{minj<i X̃
(k)
tj

>−αminj<i(L̃tj
−L̂N

tj
)}1{minj<i X̃

(l)
tj

>−αminj<i(L̃tj
−L̂N

tj
)}] ≤

E

[
1{minj<i X̂

(k)
tj
>0}1{minj<i X̂

(l)
tj
>0}

]

≤ E[1{minj<i X̃
(k)
tj

>−αmaxj<i(L̃tj
−L̂N

tj
)}1{minj<i X̃

(l)
tj

>−αmaxj<i(L̃tj
−L̂N

tj
)}]. (5.46)
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Similar to (5.41) and (5.42), one can show that

lim
N→∞

E[1{minj<i X̃
(k)
tj

>−αminj<i(L̃tj
−L̂N

tj
)}1{minj<i X̃

(l)
tj

>−αminj<i(L̃tj
−L̂N

tj
)}] ≥ (1− L̃ti)

2,

lim
N→∞

E[1{minj<i X̃
(k)
tj

>−αmaxj<i(L̃tj
−L̂N

tj
)}1{minj<i X̃

(l)
tj

>−αmaxj<i(L̃tj
−L̂N

tj
)}] ≤ (1− L̃ti)

2.

Hence,

E

[
1{minj<i X̂

(k)
tj
>0}1{minj<i X̂

(l)
tj
>0}

]
−−−→
N→∞

(1− L̃ti)
2. (5.47)

Thus, combining (5.45) and (5.47), we get

cov

(
1{minj<i X̂

(k)
tj
>0},1{minj<i X̂

(l)
tj
>0}

)
−−−→
N→∞

0.

Considering the first term of (5.43), it is easy to see that each variance is bounded by 1.

As a result, we have

V[L̂Nti ] ≤
1

N
+max

k 6=l

∣∣∣∣cov
(
1{minj<i X̂

(k)
tj
>0},1{minj<i X̂

(l)
tj
>0}

)∣∣∣∣ −−−→N→∞
0.

Now we can deduce the convergence instantly.

Proof of Theorem 5.2. The proof is immediate by induction. The statement is true for

i = 0. Now take i ≥ 1. By Lemma 5.5, there exists N∗ such that for all N > N∗,

|E[L̂Nti ]− L̃ti | ≤
ε

2
.

Thus, by Chebyshev’s inequality, we have

P(|L̂Nti − L̃ti | > ε) ≤ P

(
|L̂Nti − E[L̂Nti ]| >

ε

2

)
≤ 4V[L̂Nti ]

ε2
.

Using again Lemma 5.5, we have that V[L̂Nti ] −−−→N→∞
0. Hence,

L̂Nti
P−−−→

N→∞
L̃ti ,

for i and by induction we have proved the theorem.

5.3.4 Brownian bridge convergence improvement

In this section, we prove Theorem 5.3, which ascertains the uniform convergence (in t) of

L̆ to L at the improved rate.

Proof of Theorem 5.3. We shall proceed by induction. For i = 0, we have that L̆0 =

L0 = 0. Assume we have shown that |L̆tj −Ltj | ≤ Cjh
1+β

2 for all j < i with some Cj > 0,

and we want to estimate |L̆ti − Lti |. First, for j > 0 we have

sup
tj≤s<tj+1

|L̆s − Ls| ≤ |L̆tj − Ltj |+ B̂h
1+β

2 ≤ (Cj + B̂)h
1+β

2 , (5.48)
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since L′
ζ ≤ B̂ζ−

1−β
2 , while for j = 0, sup0≤s<t1 |L̆s − Ls| ≤ Lt1 ≤ B̃h

1+β
2 . Now consider

|L̆ti − Lti | =
∣∣∣∣P
(
inf
s≤ti

X̆s > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣

=

∣∣∣∣P
(
inf
s≤ti

(Xs + α(Ls − L̆s)) > 0

)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣

≤
∣∣∣∣P
(
inf
s≤ti

Xs > −α sup
s<ti

|L̆s − Ls|
)
− P

(
inf
s≤ti

Xs > 0

)∣∣∣∣

≤ P

(
inf
s≤ti

Xs > −αmax
j<i

(Cj + B̂)h
1+β
2

)
− P

(
inf
s≤ti

Xs > 0

)

≤ αmax
j<i

(Cj + B̂) sup
θ∈[0,1]

ϕ

(
−θαmax

j<i
(Cj + B̂)h

1+β

2

)
h

1+β

2 ,

where ϕi(x) is the density of infs<ti Xs.

Then, using Lemma 5.3, we have

Ci ≤ αBmax
j<i

(Cj + B̂)

[√
2ti
π

+ αB̃t
1+β

2
i

]β
≤ γ

i∑

k=0

(αB)k
k∏

j=1

[√
2tj
π

+ αB̃t
1+β

2
j

]β
,

where γ = αBB̂
[√

2T
π
+ αB̃T

1+β
2

]β
.

Thus, Ci is bounded independent of h and i by (5.10). By induction we get (5.20).

The proof of Theorem 5.3 indicates that the order is limited by the behaviour of L

for small t. The next result shows that a locally refined time mesh achieves convergence

order 1 for all β.

Corollary 5.1. Consider a non-uniform time mesh ti = (ih)
2

1+β for 0 ≤ i ≤ n with

h = T
1+β

2 /n. Then, there exists C1 > 0, independent of h, such that

max
i≤n

|L̆ti − Lti | ≤ C1h.

Proof. We shall proceed by induction as in the proof of Theorem 5.3 above. We now have

the time step

tj+1 − tj = ((j + 1)h)
2

1+β − (jh)
2

1+β =
2

1 + β
h

2
1+β (j + ξ)

1−β

1+β ,

for some ξ ∈ (0, 1), and, for j > 0,

L′
ζ ≤ B̂t

− 1−β

2
j = B̂(jh)−

1−β
1+β .

Hence, for j > 0,

sup
tj≤s<tj+1

|L̆s − Ls| ≤ |L̆tj − Ltj |+ L′
ζ(tj+1 − tj) ≤ |L̆tj − Ltj |+ B̄h, (5.49)

for some B̄ > 0 independent of h and j. We treat j = 0 separately and obtain directly

sup
0≤s<t1

|L̆s − Ls| ≤ Lt1 ≤ B̃h.

Repeating the remaining steps of the proof of Theorem 5.3, we get the result.
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5.4 Numerical experiments

In this section, we demonstrate that the proven convergence orders in the timestep of

1/2, (1 + β)/2, and 1 for the different methods are indeed sharp in the case of regular

solutions; that the empirical variance ofN -sample estimators is 1/N ; and that the method

also converges experimentally in the presence of blow-up. To show this, we study three

test cases with varying regularity of the initial data and of the loss function.

5.4.1 Lipschitz initial data and no blow-up

In our first experiment, we choose X0 such that 1
X0

∼ exp(λ), which guarantees that the

density decays exponentially near zero. We take λ = 1 in our experiments, and pick the

parameters in (5.1) to be α = 0.8, T = 2. The solution is found to be continuous.

We perform numerical simulations using Algorithms 4 and 5 with N = 2 × 105 par-

ticles and different time meshes varying from 50 to 3200 points. To estimate the error,

we consider the difference |L̃2n
T − L̃nT | between the solutions with n and 2n timesteps,

respectively, computed with the same paths. The results, presented in Figure 5.2, agree

with the theory: for Algorithm 4, we get the convergence rate 1
2
, and for Algorithm 5,

the rate is 1, because the initial distribution is regular enough around 0, i.e. β = 1 in

(5.1). We also investigate the convergence rate of L̂ti to L̃ti and L̄ti to L̆ti empirically.

n
101 102 103 104

er
ro

r

10-5

10-4

10-3

10-2

10-1
MC error

C1n
−1/2

MC with BB error

C2n
−1

(a)

N
103 104 105

er
ro

r

10-2

absolute error without BB

absolute error with BB

CN−1/2

(b)

Figure 5.2: Error of the loss process at t = T for 1
X0

∼ exp(1): (a) for increasing number
n of timesteps; (b) for increasing number N of samples, both for Algorithms 4 and 5.

In order to compute the benchmark solution, we used N = 5 × 107 particles. From the

results we conclude that both Algorithm 4 and 5 have the convergence rate 1
2

in N .

To illustrate the dependence on the parameter α, we include in Figure 5.3 plots for

Lt and L′
t for different values of α. We evaluate L′

t numerically using a central finite

difference approximation. In order to reduce the Monte Carlo noise, we increase N to

5× 107 and reduce n to 200.
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Figure 5.3: (a) Lt and (b) L′
t for different values of α.

5.4.2 Hölder 1/2 initial data and no blow-up

In another example, we again consider α = 0.8 and T = 2, but choose X0 ∼ Gamma(1+

β, 1/2), i.e. with density

fX0(x) =
xβe−x/2

Γ(1 + β)21+β
,

such that we have that fY0(x) ≤ Cxβ for x > 0 and some C > 0. We choose β = 1
2
. The

solution is again found to be continuous.

We perform numerical simulations using Algorithm 4, and Algorithm 5 on uniform

and non-uniform meshes varying from 50 to 3200 points and with N = 2× 105 particles.

The results are presented in Figure 5.4. As predicted by the theory, for Algorithm 4 we

get the convergence rate 1
2
; for Algorithm 5 on uniform meshes, we get the rate 1+β

2
= 3

4
;

and for Algorithm 5 on non-uniform meshes, we get the rate 1. As in the previous

example, we also investigate the convergence rate in N empirically. These results also

confirm 1
2

convergence rate in N for both Algorithms 4 and 5. In Figure 5.5 we present

the dependence of Lt and L′
t on the parameter α. As in the previous example, we use

N = 5× 107 and n = 200.

5.4.3 Hölder 1/2 initial data and blow-up

In our third example, we illustrate possible jumps arising in the solution for sufficiently

large values of α. We consider α = 1.5, T = 0.008 and choose Y0 as in the previous

example, X0 ∼ Gamma(1 + β, 1/2). Note that the blow-up happens already for very

small t due to the interplay of the mass close to 0 for X0 and the relatively large α.

With the lack of convergence theory for discontinuous (Lt)t≥0, we apply Algorithms 4

and 5, and empirically estimate the error. In Figure 5.6 (a) we show L̃t computed using

Algorithm 4 for different n; in Figure 5.6 (b) the numerical error as a function of t for

specific n; and in Figure 5.7 (a) and (b) we estimate the convergence rate for different t.
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Figure 5.4: Error of the loss process at t = T for X0 ∼ Gamma(3/2, 1/2): (a) for
increasing number n of timesteps; (b) for increasing number N of samples, both for
Algorithms 4 and 5.

Figure 5.6 (a) shows that a fairly fine resolution is needed to capture the discontinuity

and its timing, but that all meshes predict the size of the jump well. This is further

illustrated in Figure 5.6 (b), which shows the build-up of the error before the jump, the

lack of uniform convergence due to the displacement of the jump on different meshes, and

the relatively constant error after the jump.

In Figure 5.7 (a) we estimate the convergence order at T = 0.002, i.e. before the

jump. By regression, we get 0.53 (0.47, 0.59) for Algorithm 4 and 0.80 (0.72, 0.88) for

Algorithm 5, where the 95% confidence interval is in brackets, which agrees with the

theory for continuous Lt. In Figure 5.7 (b), for the error at T = 0.008, i.e. after the

jump, we get 0.93 (0.81, 1.05) for Algorithm 4 and 1.03 (0.92, 1.14) for Algorithm 5. The

faster convergence may result from the almost constancy of the losses after the jump.

To get an overall picture of the accuracy, we suggest the following metrics to measure

the “closeness” of the computed solutions to Lt:

1. d1(Lt, L̃t) =
∫ T
0
|Lt− L̃t| dt. This is practically computed by numerical integration.

2. d2(Lt, L̃t) = |t∗ − t̃∗|, where t∗ and t̃∗ are the jump times for Lt and L̃t, respec-

tively. They are approximated by the points with the steepest gradient j∗ =

argmaxj(L̃tj − L̃tj−1
), t∗ = j∗h.

3. d3(Lt, L̃t) = supt∈[0,T ] |L−1
t − L̃−1

t |, where L−1
t and L̃−1

t are the corresponding inverse

functions. The inverse functions are found by the chebfun toolbox (Driscoll et al.

(2014)), which automatically splits functions into intervals of continuity.
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Figure 5.5: (a) Lt and (b) L′
t for different values of α.

In the absence of the exact Lt, we use again the difference between quantities computed

using 2n and n points, for the same Monte Carlo paths, as a proxy.

We present the results in Figure 5.8 (a) for Algorithm 4 and in Figure 5.8 (b) for

Algorithm 5. For metric 1 we have convergence rate 0.68 (0.63, 0.73) and 0.76 (0.71, 0.81),

for metric 2 we have 0.70 (0.65, 0.80) and 0.76 (0.72, 0.80), and for metric 3 we have

0.60 (0.52, 0.68) and 0.71 (0.63, 0.79) for Algorithms 4 and 5, respectively, where the 95%

confidence interval are in brackets. We observe that the convergence rate for Algorithm 4

is somewhat better than 0.5, while for Algorithm 5 it is around 0.75 for all three metrics.
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Figure 5.6: (a) Loss process computed using Algorithm 4 for different n; (b) error as a
function of t.
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Figure 5.8: Convergence rate for d1(Lt, L̃t), d2(Lt, L̃t), d3(Lt, L̃t) for (a) Algorithm 4, (b)
Algorithm 5.

5.5 Conclusion

We have developed particle methods with explicit timestepping for the simulation of

(5.1)-(5.3). Convergence with a rate up to 1 in the timestep is shown under a condi-

tion on the model parameters and time horizon, when the loss function is differentiable.

Experimentally, the method also converges in the blow-up regime, and the variance of

estimators is inversely proportional to the number of samples.

This opens up several theoretical and practical questions. The efficiency of the method

could be significantly improved by a simple application of multilevel simulation (Szpruch
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Figure 5.7: Convergence rate: at (a) T = 0.001, (b) T = 0.008.

et al. (2017); Ricketson (2015)). If the variance can be shown to behave on the finer levels

as suggested by the numerical tests, combined with the proven result on the time stepping

bias, the computational complexity for root-mean-square error ǫ would be brought down

to ǫ−2, from ǫ−3 as observed presently (ǫ−2 from the number of samples and ǫ−1 from the

number of timesteps).

For the particular system (5.1)–(5.3), it is conceivable to apply a particle method

without time stepping of the form

X
(i)
t = X

(i)
0 +W

(i)
t − α

1

N

N∑

j=1

1{τ(j)≤t},

where X
(i)
0 and W (i) are N i.i.d. copies of Y0 and W , and τ(j), 1 ≤ j ≤ N , is the order

statistic of the hitting times of zero. Then, for τ(i) < t < τ(i+1), conditional on the

information up to τ(i), the law of X
(j)
t −X

(j)
τ(i) for those N − i particles j which have not

yet hit, is identical to that of independent standard Brownian motions with constant drift

−αi/N . So if we simulate those independent hitting times of −X(j)
τ(i) for each and then

take the smallest one to be τ(i+1), this inductive construction satisfies the correct law.

The complexity is then O(N2), and combined with the observed variance of O(1/N), this

gives a complexity of ǫ−4 for error ǫ. Another disadvantage is that this method with exact

sampling is restricted to the constant parameter case, while the time stepping scheme

can more easily be extended to variable coefficients.

Theoretically, one would like guaranteed convergence also in the blow-up regime. This

requires the choice of an appropriate metric – the Skorokhod distance may be suitable,

considering the analysis in Delarue et al. (2015b) and the tests in Section 5.4.3. It also

requires verification that the limit in the case of blow-up is a so-called “physical solution”

as defined in Hambly et al. (2018); Nadtochiy and Shkolnikov (2017); Delarue et al.

(2015b), which on the one hand results from a specific sequential realisation of the losses

in the case of blow-up (Nadtochiy and Shkolnikov (2017); Delarue et al. (2015b)), and
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on the other hand is the right-continuous solution with the smallest jump size (Hambly

et al. (2018)).
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Chapter 6

Integral equation methods for the

infinite-dimensional model

6.1 Introduction

In this chapter we solve (2.80), or more precisely (2.83) using integral equation methods.

For simplicity, we assume that the initial state of all banks is the same, i.e. X0 = z for

some z > 0. To emphasize the dependence on z, in the following we denote the density

as p(t, x; z). Then, (2.83) transforms to

pt (t, x; z) =
α

2
px(t, 0; z) px (t, x; z) +

1

2
pxx (t, x; z) ,

p (0, x; z) = δ(x− z),

p (t, 0; z) = 0.

(6.1)

First, for given drift term from the mean-field interaction, the problem is formulated

as diffusion problem on a semi-infinite domain with curvilinear boundary, and its solution

represented semi-analytically by the method of heat potentials. A detailed introduction

to heat potentials can be found in Appendix B.

The first use of the method of heat potentials in mathematical finance is found in

Lipton (2001) for pricing path-dependent options with curvilinear barrier (Section 12.2.3,

pp. 462–467).

Second, expressing the interaction term by the solution from the first step results in

two coupled Volterra equations. For early applications of heat potentials to versions of the

Stefan problem see already, e.g., (Rubinstein, 1971, Part II, Chapter 1). These singular

Volterra equations are then solved by either an expansion method for small interaction

parameter, or numerically by discretisation and Newton-Raphson iteration.

An expansion approach for a certain McKean–Vlasov equation with mean-field in-

teraction through the drift was recently studied in Gobet and Pagliarani (2018), who

perform an iterative two-step procedure which decouples the nonlinearity arising from

the dependence of the drift on the law of the process from the standard dependence on

the state-variables. The present paper differs not only in the solution approach taken,

but fundamentally in the considered mean-field interaction (through hitting times rather
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than the expectation of the drift) and the parameter of the expansion (for small drift

interaction rather than small volatility).

To assess the accuracy of the (first order) perturbation solution and to illustrate

the behaviour for strong interactions where the expansion breaks down, we describe a

simple numerical algorithm, but refer the reader to the large and well-established body

of literature on more advanced numerical methods for Volterra equations (see Section

6.3.3).

The rest of the chapter is organized as follows: in Section 6.2, we derive a solution for

the first passage density of Brownian motion over a curve in terms of a Volterra equation,

using the method of heat potentials, and thus obtain the interaction term in the original

McKean–Vlasov equation; in Section 6.3, we we consider a perturbation method and a

numerical method for the corresponding system of Volterra equations; in Section 6.4, we

show numerical illustrations and compare the methods; in Section 6.5 we conclude.

6.2 The method of heat potentials

In this section we compute the transition density and the first passage density of Brownian

motion with a known time-dependent drift µ(t) on the positive semi-axis. The transition

probability density p(t, x, z) satisfies the Kolmogorov forward equation (2.81).

We first derive an expression for p(t, x; z) using the method of heat potentials with

an unknown weight function which can be found as a solution of a Volterra equation of

the second kind. Next, we differentiate the expression for p(t, x; z) with respect to x and

take its limit to 0 in order to find the first passage density of X in (2.80), or, equivalently,

g in (2.82). This limit is less well-known, so we calculate it for completeness.

Below we omit z when possible.

6.2.1 Semi-closed formula for the transition density

Let M (t) =
∫ t
0
µ (t′) dt′. The change of variables (t, x) → (t, y) = (t, x−M (t)) yields

the following Cauchy-Dirichlet problem:

pt (t, y) =
1

2
pyy (t, y) ,

p (0, y) = δ (y − z) ,

p (t,−M (t)) = 0.

(6.2)

We split p in two parts:

p (t, y) = q (t, y) +H (t, y) ,

where H (t, y) is the standard heat kernel,

H (t, y) =
exp

(
− (y−z)2

2t

)

√
2πt

.
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The corresponding problem for q has the form

qt (t, y) =
1

2
qyy (t, y) ,

q (0, y) = 0,

q (t,−M (t)) = −
exp

(
− (M(t)+z)2

2t

)

√
2πt

.

We use the method of heat potentials (see Lipton (2001), pp. 462–468). Thereby, we

represent q in the form

q (t, y) =

∫ t

0

(y +M (t′)) exp
(
− (y+M(t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′,

where ν is a suitable weight which will be determined to match the boundary condition.

Assuming that ν (t) is known, we can revert to the original variables and get

p (t, x) =

∫ t

0

(x−Ψ (t, t′)) exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′ +
exp

(
− (x−M(t)−z)2

2t
,
)

√
2πt

, (6.3)

where Ψ(t, t′) =M(t)−M(t′).

By construction, p in (6.3) satisfies the first two equations in (6.2). We also need to

satisfy the boundary condition in (6.2). It is easy to show that

L1 := lim
x→0

∫ t

0

(x−Ψ (t, t′)) exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′

= ν (t)−
∫ t

0

Ψ (t, t′) Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′.

We split L1 into two parts,

L1 = L
(1)
1 − L

(2)
1 ,

where

L
(1)
1 = lim

x→0


x

∫ t

0

exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′


 ,

L
(2)
1 = lim

x→0

∫ t

0

Ψ (t, t′) exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′.
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We represent ν (t′) = ν (t) + (ν (t′)− ν (t)), and write

L
(1)
1 = lim

x→0


xν (t)

∫ t

0

exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

dt′




+ lim
x→0


x

∫ t

0

exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

(ν (t′)− ν (t)) dt′




= ν (t) lim
x→0


x

∫ t

0

exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

dt′


 ,

since the second integral converges. We use the change of variables t− t′ = x2u, so that

lim
x→0


x

∫ t

0

exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

dt′


 = lim

x→0

∫ t/x2

0

exp
(
− 1

2u

)
√
2πu3

du =

∫ ∞

0

exp
(
− 1

2u

)
√
2πu3

du = 1.

Since the second integral converges, it is clear that

L
(2)
1 =

∫ t

0

Ψ (t, t′) Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′.

Thus, (6.2.1) is valid.

The requirement limx→0 p(t, x) = 0 thus leads to the following Volterra integral equa-

tion of the second kind for ν,

ν (t)−
∫ t

0

Ψ (t, t′) Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′ +
exp

(
− (M(t)+z)2

2t

)

√
2πt

= 0, (6.4)

where

Ξ (t, t′) = exp

(
−Ψ (t, t′)2

2 (t− t′)

)
, t 6= t′,

Ξ (t, t) = 1.

6.2.2 Computation of loss rate over boundary

In this section, we compute g(t) from (2.82), suppressing z, by first differenting (6.3),

px (t, x) =

∫ t

0

(
1− (x−Ψ (t, t′))2

(t− t′)

)
exp

(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′

− (x−M (t)− z)
exp

(
− (x−M(t)−z)2

2t

)

√
2πt3

.
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We need to compute limx→0 px(t, x). This limit is less standard and more difficult to

compute

L2 := lim
x→0

px(t, x) = lim
x→0

∫ t

0

(
1− (x−Ψ (t, t′))2

(t− t′)

)
exp

(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′

= 2

(
Mt (t)−

1√
2πt

)
ν (t) +

∫ t

0

((
1− Ψ(t,t′)2

(t−t′)

)
Ξ (t, t′) ν (t′)− ν (t)

)

√
2π (t− t′)3

dt.

We introduce a non-singular function φ,

φ (t, t′) =
Ψ (t, t′)

t− t′
, t 6= t′, φ (t, t) =Mt (t) ,

and write

L2 = lim
x→0

∫ t

0

(
1− x2

(t− t′)
+ 2xφ (t, t′)− φ (t, t′)

2
(t− t′)

)

×
exp

(
− x2

2(t−t′) + xφ (t, t′)
)
Ξ (t, t′)

√
2π (t− t′)3

ν (t′) dt′

= L
(1)
2 + L

(2)
2 + 2L

(3)
2 − L

(4)
2 ,

where

L
(1)
2 = lim

x→0
ν (t)

∫ t

0

(
1− x2

(t− t′)

) exp
(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

dt′,

L
(2)
2 = lim

x→0

∫ t

0

(
1− x2

(t− t′)

) exp
(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

(Ξ (t, t′) ν (t′)− ν (t)) dt′,

L
(3)
2 = lim

x→0
x

∫ t

0

φ (t, t′)
exp

(
− x2

2(t−t′) + 2xφ (t, t′)
)
Ξ (t, t′)

√
2π (t− t′)3

ν (t′) dt′,

L
(4)
2 = lim

x→0

∫ t

0

φ (t, t′)
2
exp

(
− x2

2(t−t′) + xφ (t, t′)
)
Ξ (t, t′)

√
2π (t− t′)

ν (t′) dt′.
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We have

L
(1)
2 = lim

x→0
ν (t)

∫ t

0

(
1− x2

(t− t′)

) exp
(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

dt′

= ν (t) lim
x→0

1

x

∫ t/x2

0

(
1− 1

u

)
exp

(
− 1

2u

)
√
2πu3

du

= 2ν (t) lim
x→0

1

x

∫ ∞

x/
√
t

(
1− v2

) exp
(
−v2

2

)

√
2π

dv

= −2ν (t) lim
x→0

1

x

∫ x/
√
t

0

(
1− v2

) exp
(
−v2

2

)

√
2π

dv

= − 2√
2πt

ν (t) ,

where (t− t′) = u, u = 1/v2 and we have used the fact that

∫ ∞

0

(
1− v2

) exp
(
−v2

2

)

√
2π

dv = 0.

Further,

L
(2)
2 = lim

x→0

∫ t

0

(
1− x2

(t− t′)

) exp
(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

(Ξ (t, t′) ν (t′)− ν (t)) dt′

= lim
x→0

∫ t

0

exp
(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

(Ξ (t, t′) ν (t′)− ν (t)) dt′

=

∫ t

0

(Ξ (t, t′) ν (t′)− ν (t))√
2π (t− t′)3

dt′,

where we have dropped the higher order x2 term in the integral in the second line,

L
(3)
2 = lim

x→0
x

∫ t

0

φ (t, t′)
exp

(
− x2

2(t−t′) + 2xφ (t, t′)
)

√
2π (t− t′)3

Ξ (t, t′) ν (t′) dt′

= φ (t, t) Ξ (t, t) ν (t) =Mt (t) ν (t) ,

and

L
(4)
2 = lim

x→0

∫ t

0

φ (t, t′)
2
exp

(
− x2

2(t−t′) + xφ (t, t′)
)

√
2π (t− t′)

Ξ (t, t′) ν (t′) dt′

=

∫ t

0

φ (t, t′)
2 Ξ (t, t′)√

2π (t− t′)
ν (t′) dt′ =

∫ t

0

Ψ (t, t′)2

(t− t′)

Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′.
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Finally,

L2 = L
(1)
2 + L

(2)
2 + 2L

(3)
2 − L

(4)
2

= −2
1√
2πt

ν (t) +

∫ t

0

(Ξ (t, t′) ν (t′)− ν (t))√
2π (t− t′)3

dt′

+ 2Mt (t) ν (t)−
∫ t

0

Ψ (t, t′)2

(t− t′)

Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′

= 2

(
Mt (t)−

1√
2πt

)
ν (t) +

∫ t

0

((
1− Ψ(t,t′)2

(t−t′)

)
Ξ (t, t′) ν (t′)− ν (t)

)

√
2π (t− t′)3

dt′,

as stated.

Accordingly,

g (t) =

(
Mt (t)−

1√
2πt

)
ν (t)

+
1

2

∫ t

0

((
1− Ψ(t,t′)2

(t−t′)

)
Ξ (t, t′) ν (t′)− ν (t)

)

√
2π (t− t′)3

dt′ +
(M (t) + z) exp

(
− (M(t)+z)2

2t

)

2
√
2πt3

.

(6.5)

6.2.3 Direct computation of loss rate

Alternatively, we can represent g (t) using (2.82) by

g (t) = − d

dt

∫ ∞

0

p (t, x) dx,

so that

g (t) = − d

dt

∫ t

0



∫ ∞

0

(x−Ψ (t, t′)) exp
(
− (x−Ψ(t,t′))2

2(t−t′)

)

√
2π (t− t′)3

dx


 ν (t′) dt′

− d

dt

∫ ∞

0

exp
(
− (x−M(t)−z)2

2t

)

√
2πt

dx

= − d

dt

∫ t

0



∫ ∞

−Ψ(t,t′)

ξ exp
(
− ξ2

2(t−t′)

)

√
2π (t− t′)3

dξ


 ν (t′) dt′ − d

dt

∫ ∞

− (M(t)+z)√
t

exp
(
− ξ2

2

)

√
2π

dξ

=
d

dt

∫ t

0

(∫∞
−Ψ(t,t′)

d
(
exp

(
− ξ2

2(t−t′)

)))

√
2π (t− t′)

ν (t′) dt′ − d

dt
Φ

(
M (t) + z√

t

)

= − d

dt

∫ t

0

Ξ (t, t′)√
2π (t− t′)

ν (t′) dt′ −
(
Mt (t)−

(M (t) + z)

2t

) exp
(
− (M(t)+z)2

2t

)

√
2πt

.

As an aside, we can verify easily by direct computation that the two expressions for

g agree. We apply the following lemma, which will also be useful in Section 6.3.2.
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Lemma 6.1. Consider a differentiable function Ξ(t, t′) such that Ξ(t, t) = 1. Then,

d

dt

∫ t

0

Ξ (t, t′) ν (t′)√
2π (t− t′)

dt′ =
ν (t)√
2πt

+
1

2

∫ t

0

ν (t)− (Ξ (t, t′)− 2 (t− t′) Ξt (t, t
′)) ν (t′)√

2π (t− t′)3
dt′

=

∫ t

0

((Ξ (t, t′)− 2 (t− t′) Ξt (t, t
′)) ν (t′))t′√

2π (t− t′)
dt′.

Proof of Lemma 6.1. We start with the first term and judiciously use integration by parts

several times to get

d

dt

∫ t

0

Ξ (t, t′) ν (t′)√
2π (t− t′)

dt′

= −2
d

dt

∫ t

0

Ξ (t, t′) ν (t′) d

√
(t− t′)

2π

= 2
d

dt

(
Ξ (t, 0) ν (0)

√
t

2π
+

∫ t

0

√
(t− t′)

2π
d (Ξ (t, t′) ν (t′))

)

=
(2tΞt (t, 0) + Ξ (t, 0)) ν (0)√

2πt
+

∫ t

0

1√
2π (t− t′)

d (Ξ (t, t′) ν (t′)− ν (t))

+ 2

∫ t

0

√
(t− t′)

2π
d (Ξt (t, t

′) ν (t′))

=
(2tΞt (t, 0) + Ξ (t, 0)) ν (0)√

2πt
− Ξ (t, 0) ν (0)− ν (t)√

2πt
− 1

2

∫ t

0

Ξ (t, t′) ν (t′)− ν (t)√
2π (t− t′)3

dt′

− 2Ξt (t, 0) ν (0)

√
t

2π
+

∫ t

0

Ξt (t, t
′)√

2π (t− t′)
ν (t′) dt′

=
ν (t)√
2πt

+
1

2

∫ t

0

ν (t)− (Ξ (t, t′)− 2 (t− t′) Ξt (t, t
′)) ν (t′)√

2π (t− t′)3
dt′

=
ν (t)√
2πt

+

∫ t

0

(ν (t)− (Ξ (t, t′)− 2 (t− t′) Ξt (t, t
′)) ν (t′)) d

(
1√

2π (t− t′)

)

=

∫ t

0

((Ξ (t, t′)− 2 (t− t′) Ξt (t, t
′)) ν (t′))t′√

2π (t− t′)
dt′.

We use (6.4) and rewrite the second term in the form

Mt (t)
exp

(
− (M(t)+z)2

2t

)

√
2πt

= −Mt (t) ν (t) +Mt (t)

∫ t

0

Ψ (t, t′) Ξ (t, t′)√
2π (t− t′)3

ν (t′) dt′.
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Using the first equality in the lemma, we arrive at the following expression:

g (t) =

(
Mt (t)−

1√
2πt

)
ν (t)

− 1

2

∫ t

0

ν (t)− (Ξ (t, t′)− 2 (Mt (t) Ψ (t, t′) Ξ (t, t′) + (t− t′) Ξt (t, t
′))) ν (t′)√

2π (t− t′)3
dt′

+
(M (t) + z) exp

(
− (M(t)+z)2

2t

)

2
√
2πt3

.

We notice that

Ξt (t, t
′) =

(
−Mt (t)Ψ (t, t′)

(t− t′)
+

Ψ (t, t′)2

2 (t− t′)2

)
Ξ (t, t′) ,

so that

Ξ (t, t′)− 2 (Mt (t)Ψ (t, t′) Ξ (t, t′) + (t− t′) Ξt (t, t
′)) =

(
1− Ψ (t, t′)2

(t− t′)

)
Ξ (t, t′) ,

from which (6.5) follows.

6.3 Solution of the McKean-Vlasov equation

Now, for the McKean-Vlasov equation (2.83) we set in (6.4) and (6.5)

M (t) = −α
∫ t

0

g (t′) dt′,

Ψ (t, t′) =M (t)−M (t′) = −α
∫ t

t′
g (t′′) dt′′ = −αΩ (t, t′) ,

to obtain a system of integral equations





ν (t) +

∫ t

0

αΩ (t, t′) exp
(
−α2Ω(t,t′)2

2(t−t′)

)

√
2π (t− t′)3

ν (t′) dt′ +
exp

(
− (αΩ(t,0)−z)2

2t

)

√
2πt

= 0,

g (t) +

(
αg (t) +

1√
2πt

)
ν (t) +

(αΩ (t, 0)− z) exp
(
− (αΩ(t,0)−z)2

2t

)

2
√
2πt3

+
1

2

∫ t

0

(
ν (t)−

(
1− α2Ω(t,t′)2

(t−t′)

)
exp

(
−α2Ω(t,t′)2

2(t−t′)

)
ν (t′)

)

√
2π (t− t′)3

dt′ = 0.

(6.6)

6.3.1 Special cases

For illustration, we work out the solution from the formula obtained in Section 6.2 for two

special cases which are also accessible by the standard reflection principle for Brownian

motion or method of images for parabolic equations.
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6.3.1.1 M(t) = 0

When M (t) = 0, we get





ν (t) +
exp

(
−z2

2t

)

√
2πt

= 0,

g (t) +
1√
2πt

ν (t) +
1

2

∫ t

0

(ν (t)− ν (t′))√
2π (t− t′)3

dt′ −
z exp

(
−z2

2t

)

2
√
2πt3

= 0.

Integration by parts of the second equation and use of the first yields

g (t) = −
∫ t

0

·
ν (t′)√

2π (t− t′)
dt′ +

z exp
(
−z2

2t

)

2
√
2πt3

=
z exp

(
−z2

2t

)

2
√
2πt3

+
z exp

(
−z2

2t

)

2
√
2πt3

=
z exp

(
−z2

2t

)

√
2πt3

,

as expected.

6.3.1.2 M(t) = µt

When M (t) = µt, we get





ν(t)− µ

∫ t

0

exp
(
−µ2(t−t′)

2

)

√
2π(t− t′)

ν(t′)dt′ +
exp

(
− (µt+z)2

2t

)

√
2πt

= 0,

g (t) =
1

2
√
2π

∫ t

0

1√
(t− t′)3

(
exp

(
−µ

2(t− t′)

2

)
ν (t′)− ν(t)

)
dt′

− µ2

2
√
2π

∫ t

0

1√
t− t′

exp

(
−µ

2(t− t′)

2

)
ν (t′) dt′ +

(
µ− 1√

2πt

)
ν(t)

+
(µt+ z) exp

(
− (µt+z)2

2t

)

√
2πt3

.

(6.7)

Taking the Laplace transform of the first equation in (6.7), we have

ν̂(s)− µν̂(s)
1√

2s+ µ2
+

exp(−z
√

2s+ µ2 − µz)√
2s+ µ2

= 0.

Hence,

ν̂(s) = −exp(−z
√

2s+ µ2 − µz)√
2s+ µ2 − µ

.

The inverse Laplace transform of ν̂(s) can be found analytically, but we do not need it to

compute g(t). Consider the second equation of (6.7). The first integral can be rewritten
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as

1

2
√
2π

∫ t

0

1√
(t− t′)3

(
exp

(
−µ

2(t− t′)

2

)
ν (t′)− ν(t)

)
dt′

=
1√
2π

∫ t

0

(
exp

(
−µ

2(t− t′)

2

)
ν (t′)− ν(t)

)
d

(
1√

(t− t′)

)

= − 1√
2πt

(
exp

(
−µ

2t

2

)
ν (0)− ν(t)

)
− 1√

2π

∫ t

0

1√
t− t′

exp

(
−µ

2(t− t′)

2

)
ν̇ (t′) dt′

− µ2

2
√
2π

∫ t

0

1√
(t− t′)

exp

(
−µ

2(t− t′)

2

)
ν (t′) dt′.

Thus,

g(t) = µν(t)− 1√
2πt

exp

(
−µ

2t

2

)
ν (0)− 1√

2π

∫ t

0

1√
t− t′

exp

(
−µ

2(t− t′)

2

)
ν̇ (t′) dt′

− µ2

√
2π

∫ t

0

1√
(t− t′)

exp

(
−µ

2(t− t′)

2

)
ν (t′) dt′ +

(µt+ z) exp
(
− (µt+z)2

2t

)

2
√
2πt3

.

Taking Laplace transform of the last equation, we get

ĝ(s) = µν̂(s)− 1√
2s+ µ2

ν(0)− 1√
2s+ µ2

(sν̂(s)− ν(0))− µ2

√
2s+ µ2

ν̂(s)

+

(
1

2
+

µ

2
√
2s+ µ2

)
exp(−z

√
2s+ µ2 + µz)

=

(
− µ√

2s+ µ2 − µ
+

s+ µ2

√
2s+ µ2

1√
2s+ µ2 − µ2

+
1

2
+

µ

2
√

2s+ µ2

)
exp(−z

√
2s+ µ2 + µz) = exp(−z

√
2s+ µ2 + µz).

The inverse Laplace transform yields the final expression for g(t):

g(t) =
z exp

(
− (z−µt)2

2t

)

√
2πt3

,

as expected.

In general, only approximations to the solution can be found. We give an asymptotic

and a numerical approach in the remainder of this section.

6.3.2 Perturbation solution

We expand the solution of (6.6) formally in powers of α:

(ν (t) , g (t)) = (ν0 (t) , g0 (t)) + α (ν1 (t) , g1 (t)) + α2 (ν2 (t) , g2 (t)) + ...,

which we will truncate after the first two terms. This will give us an analytical expression

which can be expected to be a good approximation for small values of α.
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By plugging the formal expansion in (6.6), and collecting the terms of the same order

in α, we get the following systems for (ν0 (t) , g0 (t)) and (ν1 (t) , g1 (t)):




ν0 (t) +
exp

(
−z2

2t

)

√
2πt

= 0,

g0 (t) +
1√
2πt

ν0 (t) +
1

2

∫ t

0

(ν0 (t)− ν0 (t
′))√

2π (t− t′)3
dt′ −

z exp
(
−z2

2t

)

2
√
2πt3

= 0.





ν1 (t) +

∫ t

0

Ω0 (t, t
′)√

2π (t− t′)3
ν0 (t

′) dt′ +
zΩ0 (t, 0) exp

(
−z2

2t

)

√
2πt3

= 0,

g1 (t) + g0 (t) ν0 (t) +
1√
2πt

ν1 (t) +
1

2

∫ t

0

(ν1 (t)− ν1 (t
′))√

2π (t− t′)3
dt′

+

(
1− z2

t

) Ω0 (t, 0) exp
(
−z2

2t

)

2
√
2πt3

= 0,

where Ω0 (t, t
′) =

∫ t
t′
g0 (t

′′) dt′′. The equations for g0 and g1 can be written as

g0 (t) +

∫ t

0

ν0t (t
′)√

2π (t− t′)3
dt′ −

z exp
(
−z2

2t

)

2
√
2πt3

= 0,

g1 (t) + g0 (t) ν0 (t) +

∫ t

0

ν1t (t
′)√

2π (t− t′)
dt′ +

(
1− z2

t

) Ω0 (t, 0) exp
(
−z2

2t

)

2
√
2πt3

= 0.

Thus, using the results in Section 6.3.1 for α = 0,

ν0 (t) = −
exp

(
−z2

2t

)

√
2πt

, g0 (t) =
z exp

(
−z2

2t

)

√
2πt3

Ω0 (t, t
′) = 2

(
Φ

(
z√
t′

)
− Φ

(
z√
t

))
,

Ω0t (t, t
′) =

z exp
(
−z2

2t

)

√
2πt3

= g0(t), Ω0t′ (t, t
′) = −g0(t′).

Next,

ν1 (t) = −
∫ t

0

Ω0 (t, t
′)√

2π (t− t′)3
ν0 (t

′) dt′ −
zΩ0 (t, 0) exp

(
−z2

2t

)

√
2πt3

= 2

∫ t

0

(
Φ
(

z√
t

)
− Φ

(
z√
t′

))

√
2π (t− t′)3

exp
(
− z2

2t′

)

√
2πt′

dt′ +
2z
(
Φ
(

z√
t

)
− 1
)
exp

(
−z2

2t

)

√
2πt3

,

g1 (t) = −g0 (t) ν0 (t)−
∫ t

0

ν1t (t
′)√

2π (t− t′)
dt′ −

(
1− z2

t

) Ω0 (t, 0) exp
(
−z2

2t

)

2
√
2πt3

,

(6.8)

115



where

Ω0 (t, 0) = 2

(
1− Φ

(
z√
t

))
.

We can write ν1 (t) in the form

ν1 (t) = −
∫ t

0

ω0 (t, t
′)√

2π (t− t′)
g0 (t

′) ν0 (t
′) dt′ −

zΩ0 (t, 0) exp
(
−z2

2t

)

√
2πt3

,

where

ω0 (t, t
′) =

Ω0 (t, t
′)

g0 (t′) (t− t′)
= −

2
(
Φ
(

z√
t

)
− Φ

(
z√
t′

))√
2πt′3 exp

(
z2

2t′

)

z (t− t′)
, t 6= t′,

ω0 (t, t) = 1,

and obtain an expression for ν1t:

ν1t (t) = − d

dt

∫ t

0

ω0 (t, t
′)√

2π (t− t′)
g0(t

′)ν0 (t
′) dt′ − d

dt



zΩ0 (t, 0) exp

(
−z2

2t

)

√
2πt3


 . (6.9)

To compute the first term of (6.9), we use the second equality in Lemma 6.1 with ν(t) =

ν0(t)g0(t) and Ξ(t, t′) = ω0(t, t
′), to get

ν1t (t) = −
∫ t

0

((ω0 (t, t
′)− 2 (t− t′)ω0t (t, t

′)) g0 (t
′) ν0 (t

′))t′√
2π (t− t′)

dt′

− d

dt



zΩ0 (t, 0) exp

(
−z2

2t

)

√
2πt3




= −
∫ t

0

((
3Ω0(t,t′)
(t−t′) − 2Ω0t (t, t

′)
)
ν0 (t

′)
)
t′√

2π (t− t′)
dt′ − d

dt



zΩ0 (t, 0) exp

(
−z2

2t

)

√
2πt3




=

∫ t

0

(
3g0(t′)
(t−t′) − 3Ω0(t,t′)

(t−t′)2

)
ν0(t

′)−
(
3Ω0(t,t′)

(t−t′) − 2g0 (t)
)
ν0t (t

′)
√
2π (t− t′)

dt′

−
z2 exp

(
−z2

t

)

2πt3
+ 2z

(
1− Φ

(
z√
t

))(
3− z2

t

) exp
(
−z2

2t

)

2
√
2πt5

.

(6.10)

Substituting this in the second equation (6.8) yields an expression for g1 (t), which can

be evaluated by numerical integration.

Finally, we evaluate the complexity of the computation of g1(t). Consider numerical

quadrature with N points. First, we precompute ν1t(t) using (6.10); it can be done

in O(N2) operations. Then, we can compute g1(t) using the second equation in (6.8)

with precomputed ν1t(t) again in O(N2). Thus, the total complexity of the perturbation

method is O(N2).

116



6.3.3 Numerical solution

In this section, we present (without convergence analysis) a simple method for the nu-

merical approximation of the solution to the coupled Volterra equations (6.6). We note

that Volterra equations and their numerical solution are a well-established research field.

For a relevant discussion of the stability and convergence of some methods for equations

with a weak singularity see Linz (1985). Noble (1969) discusses possible instabilities of

multi-step methods in the presence of weak singularities.

A number of papers propose higher order methods and collocation techniques to im-

prove the convergence and treat instabilities. For example, Brunner (1985) proved the

convergence for a polynomial spline collocation method with quadratures; Kolk et al.

(2009), Kolk and Pedas (2009), and Kolk and Pedas (2013) used a piecewise polynomial

collocation method to solve a Volterra equation with weak singularity, and derived op-

timal global convergence estimates and a local superconvergence result. An alternative

is to consider a special functional basis, such as Chebyshev polynomials and Bernstein

polynomials (see Maleknejad et al. (2007) and Maleknejad et al. (2011), respectively). In

both cases, the approximation leads to a system of linear or nonlinear algebraic equations.

Hairer et al. (1985) developed a method based on fast Fourier transform to reduce the

number of kernel evaluations on an N -point grid from O(N2) to O(N(logN)2).

In this paper, for simplicity, we consider trapezoidal quadrature, with a special treat-

ment of the interval containing the singularity, to obtain the numerical solution recur-

sively. We divide the interval [0, T ] into equally spaced subintervals of length ∆ and

discretize (6.6) appropriately. To this end, we assume that ν and g are piecewise linear

with ν(l∆) = νl and g(l∆) = gl, so that on the interval [(l − 1)∆, l∆] we have

ν (t) =
νl−1 (l∆− t) + νl (t− (l − 1)∆)

∆
= νl −

(νl − νl−1)

∆
(l∆− t) ,

g (t) =
gl−1 (l∆− t) + gl (t− (l − 1)∆)

∆
= gl −

(gl − gl−1)

∆
(l∆− t) .

Accordingly,

Ωnl =

∫ n∆

l∆

g (t′′) dt′ =
∆

2
(gl + 2gl+1 + ...+ 2gn−1 + gn) ,

Ωnl = Ω(n−1)l +
∆

2
(gn + gn−1) .

Inserting in (6.6), the discretized system of equations has the form





νn + α
n∑

l=1

Inl +
exp

(
− (αΩn0−z)2

2n∆

)

√
2πn∆

= 0,

gn +

(
αgn +

1√
2πn∆

)
νn +

1

2

n∑

l=1

J n
l +

(αΩn0 − z) exp
(
− (αΩn0−z)2

2n∆

)

2
√
2πn3∆3

= 0.

(6.11)
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For a given n, all the relevant integrals Il,Jl, 1 ≤ l < n, can be approximated by the

trapezoidal rule (or via more accurate composite formulas, if necessary). Accordingly,

Inl =

∫ l∆

(l−1)∆

Ω (n∆, t′) exp
(
−α2Ω(n∆,t′)2

2(n∆−t′)

)
ν (t′)

√
2π (n∆− t′)3

dt′

≈ 1√
8π∆



Ωnl exp

(
− α2Ω2

nl

2(n−l)∆

)
νl

(n− l)3/2
+

Ωn(l−1) exp

(
− α2Ω2

n(l−1)

2(n−l+1)∆

)
νl−1

(n− l + 1)3/2


 ,

(6.12)

and

J n
l =

∫ l∆

(l−1)∆

(
νn −

(
1− α2Ω(n∆,t′)2

(n∆−t′)

)
exp

(
−α2Ω(n∆,t′)2

2(n∆−t′)

)
ν (t′)

)

√
2π (n∆− t′)3

dt′

≈ 1√
8π∆




(
νn −

(
1− α2Ω2

nl

(n−l)∆

)
exp

(
− α2Ω2

nl

2(n−l)∆

)
νl

)

(n− l)3/2

+

(
νn −

(
1− α2Ω2

n(l−1)

(n−l+1)∆

)
exp

(
− α2Ω2

n(l−1)

2(n−l+1)∆

)
νl−1

)

(n− l + 1)3/2


 .

(6.13)

However, the last two integrals, Inn ,J n
n , require special care, because they have weak

singularities. Consider the integral In, which has the form

Inn =

∫ n∆

(n−1)∆

Ω (n∆, t′) exp
(
−α2Ω(n∆,t′)2

2(n∆−t′)

)

√
2π (n∆− t′)3

ν (t′) dt′.

In view of our piecewise linearity assumption, we have

Ω (n∆, t′) = gnτ −
gn − gn−1

2∆
τ 2, (6.14)

where τ = n∆− t′. Accordingly,

Inn =

∫ ∆

0

(
gn − gn−gn−1

2∆
τ
)
exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2



(
νn − (νn−νn−1)

∆
τ
)

√
2πτ

dτ.

A standard change of variables τ = u2 yields

Inn =
2√
2π

∫ √
∆

0

(
gn −

(gn − gn−1)

2∆
u2
)
exp


−

α2
(
gn − (gn−gn−1)

2∆
u2
)2
u2

2




×
(
νn −

(νn − νn−1)

∆
u2
)
du. (6.15)
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The latter integral is now non-singular and can be approximated by the trapezoidal rule:

Inn ≈ 1√
2π∆

(
∆gnνn + Γn exp

(
−α

2Γ2
n

2∆

)
νn−1

)
=

√
∆

2π
gnνn +

Γn exp
(
−α2Γ2

n

2∆

)

√
2π∆

νn−1,

(6.16)

where

Γn =
∆

2
(gn + gn−1) .

Similarly,

J n
n =

∫ n∆

(n−1)∆

(
νn −

(
1− α2 Ω(n∆,t′)2

(n∆−t′)

)
exp

(
−α2Ω(n∆,t′)2

2(n∆−t′)

)
ν (t′)

)

√
2π (n∆− t′)3

dt′

=

∫ n∆

(n−1)∆

(
νn − exp

(
−α2Ω(n∆,t′)2

2(n∆−t′)

)
ν (t′)

)

√
2π (n∆− t′)3

dt′

+ α2

∫ n∆

(n−1)∆

Ω (n∆, t′)2 exp
(
−α2Ω(n∆,t′)2

2(n∆−t′)

)
ν (t′)

(n∆− t′)
√

2π (n∆− t′)3
dt′

= J n,1
n + α2J n,2

n .
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We have

J n,1
n =

∫ ∆

0


νn − exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2



(
νn − (νn−νn−1)

∆
τ
)



√
2πτ 3

dτ

=

∫ ∆

0




1− exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2




 νn




√
2πτ 3

dτ

+
(νn − νn−1)

∆

∫ ∆

0

exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2




√
2πτ

dτ

≈ α2νn
2

∫ ∆

0

(
gn − (gn−gn−1)

2∆
τ
)2

√
2πτ

dτ (6.17)

+
(νn − νn−1)

∆

∫ ∆

0

exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2




√
2πτ

dτ

=
α2νn√
2π

∫ √
∆

0

(
gn −

(gn − gn−1)

2∆
u2
)2

du

+
2 (νn − νn−1)√

2π∆

∫ √
∆

0

exp


−

α2
(
gn − (gn−gn−1)

2∆
u2
)2
u2

2


 du

≈ α2

2

1√
2π∆3

(
∆2g2n + Γ2

n

)
νn +

1√
2π∆

(
1 + exp

(
−α

2Γ2
n

2∆

))
(νn − νn−1) ,

J n,2
n =

∫ ∆

0

(
gn − gn−gn−1

2∆
τ
)2

exp


−

α2

(

gn− (gn−gn−1)
2∆

τ

)2

τ

2



(
νn − (νn−νn−1)

∆
τ
)

√
2πτ

dτ

=
2√
2π

∫ √
∆

0

(
gn −

(gn − gn−1)

2∆
u2
)2

exp


−

α2
(
gn − (gn−gn−1)

2∆
u2
)2
u2

2




×
(
νn −

(νn − νn−1)

∆
u2
)
du

≈ 1√
2π∆3

(
∆2g2nνn + Γ2

n exp

(
−α

2Γ2
n

2∆

)
νn−1

)
.

(6.18)
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Thus,

J n
n ≈ 1√

2π∆

(
1 + exp

(
−α

2Γ2
n

2∆

))
(νn − νn−1)

+
α2

√
2π∆3

((
3

2
∆2g2n + Γ2

n

)
νn + Γ2

n exp

(
−α

2Γ2
n

2∆

)
νn−1

)

=




(
1 + exp

(
−α2Γ2

n

2∆

))

√
2π∆

+
α2
(
3
2
∆2g2n + Γ2

n

)
√
2π∆3


 νn

−




(
1 + exp

(
−α2Γ2

n

2∆

))

√
2π∆

−
α2Γ2

n exp
(
−α2Γ2

n

2∆

)

√
2π∆3


 νn−1.

(6.19)

By using (6.14) we can represent expressions (6.12), (6.13) in a recurrent form, ne-

glecting now quadrature errors:

Inl =
1√
8π∆



Ωnl exp

(
− α2Ω2

nl

2(n−l)∆

)
νl

(n− l)3/2
+

Ωn(l−1) exp

(
− α2Ω2

n(l−1)

2(n−l+1)∆

)
νl−1

(n− l + 1)3/2




= Inl (gn| νl−1, νl, g1, ..., gn−1) ,

J n
l =

1√
8π∆




(
νn −

(
1− α2Ω2

nl

(n−l)∆

)
exp

(
− α2Ω2

nl

2(n−l)∆

)
νl

)

(n− l)3/2

+

(
νn −

(
1− α2Ω2

n(l−1)

(n−l+1)∆

)
exp

(
− α2Ω2

n(l−1)

2(n−l+1)∆

)
νl−1

)

(n− l + 1)3/2




=

(
1√

8π∆(n− l)3/2
+

1√
8π∆(n− l + 1)3/2

)
νn

−

(
1− α2Ω2

nl

(n−l)∆

)
exp

(
− α2Ω2

nl

2(n−l)∆

)
νl

√
8π∆(n− l)3/2

−

(
1− α2Ω2

n(l−1)

(n−l+1)∆

)
exp

(
− α2Ω2

n(l−1)

2(n−l+1)∆

)
νl−1

√
8π∆(n− l + 1)3/2

= Jnl (νn, gn| νl−1, νl, g1, ..., gn−1) = Un
l νn + Vn

l (gn| νl−1, νl, g1, ..., gn−1) .

By the same token, Inn , J n
n given by (6.16), (6.19) can be written in the form

Inn = Inn (νn, gn| νn−1, gn−1)

= An
n (gn| gn−1) νn + Bnn (gn| νn−1, gn−1) ,

J n
n = Jnn (νn, gn| νn−1, gn−1)

= Un
n (gn| gn−1) νn + Vn

n (gn| νn−1, gn−1) .
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In view of the above, system (6.11) can be written as follows:





νn + α

n−1∑

l=1

Inl (gn) + αInn (νn, gn) +
exp

(
− (αΩn0−z)2

2n∆

)

√
2πn∆

= 0,

gn +

(
αgn +

1√
2πn∆

)
νn +

1

2

n−1∑

l=1

Jnl (νn, gn) +
1

2
Jnn (νn, gn)

+
(αΩn0 − z) exp

(
− (αΩn0−z)2

2n∆

)

2
√
2πn3∆3

= 0,

(6.20)

where we suppress explicit dependencies on g1, ..., gn−1, ν1, ..., νn−1 for brevity. provided

that g1, ..., gn−1, ν1, ..., νn−1 are given. This system can be solved by using the Newton-

Raphson method, say. As a result, the new pair (νn, gn) can be found and the recurrence

advanced by one more step as required.

If so desired, system (6.20) can be simplified further. We notice that the dependence

on νn is linear, eliminate νn in favor of gn from the first equation,

νn = −
α

(
n−1∑

l=1

Inl (gn) + Bnn (gn)

)
+

exp

(

− (αΩn0−z)2

2n∆

)

√
2πn∆

(1 + αAn
n (gn))

,

and substitute this expression in the second equation, obtaining a scalar recursive non-

linear equation of the form

gn +
1

2

(
n−1∑

l=1

Vn
l (gn) + Vn

n (gn)

)
−

(
αgn +

1√
2πn∆

+ 1
2

(
n−1∑

l=1

Un
l + Un

n (gn)

))

(1 + αAn
n (gn))

×


α

(
n−1∑

l=1

Inl (gn) + Bnn (gn)

)
+

exp
(
− (αΩn0−z)2

2n∆

)

√
2πn∆




+
(αΩn0 − z) exp

(
− (αΩn0−z)2

2n∆

)

2
√
2πn3∆3

= 0.

(6.21)

6.4 Numerical tests and results

In this section, we first analyse the convergence (order) of the numerical method, then

test the accuracy of the first order expansion against the numerical solution, and finally

perform parameter studies (in α) to investigate the influence of the mean-field interaction

on the behaviour of the solution.

6.4.1 Numerical method

To demonstrate the performance of the discretisation scheme, we compare the solution

with (6.3.1.1), the analytical solution, in the case α = 0.
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Figure 6.1: ν(t): (a) Numerical and analytical solution for α = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for α = 0.
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Figure 6.2: g(t): (a) Numerical and analytical solution for α = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for α = 0.
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Figure 6.3: Lt: (a) Numerical and analytical solution for α = 0, N = 1000 (visually
indistinguishable). (b) The difference with the exact solution for α = 0.

We use the method described in Chapter 5 with sufficiently many particles and

timesteps as a benchmark and compare the results.

We illustrate the difference between the method described in this chapter and Chapter

5 in Figure 6.4.
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Figure 6.4: Lt: Comparison of the numerical solution by the method of heat potentials
(N = 1000) with that of the particle method described in Chapter 5 for α = 0.5: (a) The
solutions are visually indistinguishable (b) The difference between the solutions.

We now analyse the convergence order of the discretisation scheme for the Volterra

equation empirically. WithN time steps, the error of the approximation (6.21) is expected

to be O(N−1), because the trapezoidal integration in (6.15), (6.17), and (6.18) is on

intervals (0,
√
∆), and the result is divided by

√
∆ after that. We empirically confirm

this in Figure 6.5.
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Figure 6.5: Error in the maximum norm for numerical method in Section 6.3.3: (a) for g
compared to the exact solution for α = 0; (b) for L compared to the simulation solution
for α = 0.5.

The complexity of our method is O(N2). Hence, in order to achieve precision ε, we

need O(ε−2) operations. In comparison, the particle method with Brownian bridge in

Chapter 5 requires O(ε−3) operations. The latter could be improved to O(ε−2) by multi-

level simulation, but equally a higher order method for the Volterra equation would bring

the complexity down. Another advantage of the method above is that we automatically

get directly the derivative g of the loss function, which is harder to obtain in simulation

method because of Monte Carlo noise.

6.4.2 Comparison of perturbation and numerical methods

Here, we compare the numerical and perturbation solutions described above. We fix

T = 1, z = 0.5, and choose N = 1000, the number of grid points, sufficiently large so

that the numerical error is negligible. In Figure 6.6 we plot g, the hitting time density,

computed with numerical and perturbation methods as well as g0(t), the solution for

α = 0, to measure the impact of the nonlinear term, for different values of α. For

α = 0.1, the two solutions are visually indistinguishable; for α = 0.3 there is small but

visible difference between the solutions, which increases further for α = 0.5 and arises

from the higher order terms.1 For α = 1, where the numerical solution shows a jump in

the loss function at around t = 0.1, the first order expansion approximation breaks down.

6.4.3 Parameter studies

We now assess the impact of the mean-field interaction by varying the parameter α.

We fix T = 1, z = 0.5, and choose N = 1000, the number of the grid points. Figure

6.7 demonstrates the behavior of ν(t) and g(t) for different values of α, starting with

α = 0; for Lt, including a case with discontinuity.

1In our implementation of the perturbation solution, we also perform a scaling to ensure the correct
cumulative density at T (which in practice is unknown) to improve the results slightly.
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Figure 6.6: Comparison of the numerical and perturbative methods for different values
of α.: (a) α = 0.1; (b) α = 0.3; (c) α = 0.5; (d) α = 1. For visibility, we take N = 100 in
the numerical method in the last plot.
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Figure 6.8: (a) and (b): E[τ |τ < T ]; (c) and (d) V[τ |τ < T ] for different values of α and
T .

To illustrate the impact of the interaction further, we consider the expectation and

variance of the default time depending on α. Since the expectation is infinite, we restrict

it to the interval (0, T ), i.e. consider E[τ |τ < T ] and V[τ |τ < T ]. These expectations

must be finite for any fixed T , and go to infinity when T → ∞. The conditional density is

then pτ |τ<T (t) =
pτ (t)

∫ T

0 pτ (s) ds
for t ∈ [0, T ]. Using this, one can easily evaluate the moments

numerically. We present the results in Figure 6.8. As expected, we observe that the

expected default time and its variance become smaller with increasing of α, and grow

with increasing T .

6.5 Conclusion

We have developed a semi-analytical approach to finding the density of interacting parti-

cles where their common downward drift increases in magnitude when particles hit a lower

boundary, thus creating a positive feedback effect. This leads to a nonlinear and nonlo-

cal parabolic equation. Using the method of heat potentials, we derived an equivalent
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coupled system of Volterra integral equations and solved it numerically, or by expansion

for a small interaction parameter α. We confirmed empirically the convergence of order

1 of the numerical method and demonstrated its better complexity in comparison to the

particle method in Chapter 5. There are striking financial implications as the computa-

tions uncover, in a very simplified setting, how mutual liabilities accelerate defaults of

individual banks.
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Chapter 7

Conclusions

In this thesis we considered the extended default model with mutual liabilities and mea-

sured systemic risk using it. The general case of the model is computationally intense,

therefore, we considered several special cases.

For the case when the assets follow a diffusion process, we considered special cases

of one, two, and three banks. The equations for one and two banks have analytical

solutions which are already known in the literature. We considered the case of three banks,

for which we developed a semi-analytical method to compute corresponding transition

probabilities. Using this result, we were able to compute the joint survival probability as

well as bilateral CVA and DVA semi-analytically.

Next, we developed a numerical method for the case when the assets follow a jump-

diffusion process. The method is based on discretization of the integral part of the

resulting PIDE and modifying ADI type methods to accommodate it. Unfortunately, it

works well only for N = 2 and N = 3. For a larger N it becomes inefficient and only

Monte Carlo methods are considered. Using this numerical method, we computed several

important characteristic of the model, such as joint and marginal survival probabilities,

CDS and FTD spread, CVA and DVA. We also calibrated model parameters to market

quotes and showed the importance of jumps in the model for a short time horizon.

In order to deal with the model for larger N , we considered an infinite-dimensional

approximation of the model. We showed that the mean-field limit of the model when the

number of banks go to infinity leads to a specific McKean–Vlasov equation, whose drift

depends on the absorption rate at the boundary, and analyzed it numerically.

We developed a particle method for the simulation of the process, and proved its

convergence of order 1/2 in the time step under certain technical assumptions. Moreover,

we improved the convergence rate up to 1 using a Brownian bridge technique and a non-

uniform time grid. We confirmed our findings numerically and empirically investigated

cases with “blow-up”.

We also developed another method for this McKean-Vlasov equation based on the

solution of the corresponding PDE for the transition probability. We reduced the problem

to a free boundary-value problem, and, using the method of heat potentials, derived a

coupled system of Volterra integral equations for the transition density and for the loss

through absorption. We developed a numerical method to solve the system as well as an

analytical method for the approximation when the value of the interaction parameter is
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small. The method has a better convergence rate and allows to compute the loss rate

directly.

The mean-field approximation of the model opens up many directions for future re-

search. The nature of the “blow-up” requires more attention, in particular in the proof of

the convergence of developed numerical methods. A recent paper by Delarue et al. (2019)

reveals new properties of the model, proving existence and uniqueness of the solution af-

ter the blow-up. These results can be further used for constructing a global numerical

scheme, which guarantees the convergence after the blow up. Another interesting direc-

tion is to extend the methods for the model with common noise factor.

131



Appendix A

Special cases of the default model

In this section, we consider special cases of one, two, and three banks. It gives us a better

intuition and understanding of the model and the mechanism of mutual liabilities.

A.1 One bank

In case of just one bank, there are no interbank liabilities, and the model reduces to the

standard framework given in Lipton and Sepp (2013). We fully describe it for complete-

ness, since one-dimensional results are used as boundary conditions for higher-dimensional

models.

We have assets A and liabilities L, where assets follow jump-diffusion process (2.32)

dA

A
= −κλ(t) dt + σ dW (t) + (eJ − 1) dN(t), (A.1)

where µ is the growth rate, σ the volatility, W is a Brownian motion, N is a Poisson

process independent of W , λ is the intensity of jump arrivals, and J is a random jump

size with pdf

ω̃(s) =

{
0, s > 0,

ϑeϑs, s ≤ 0,
(A.2)

with parameters ϑ > 0.

Default boundaries The default occurs at time τ = inf{t | A(t) ≤ Λ}. For the case

of one bank, the default boundary (2.41) simplifies to

Λ =

{
RL ≡ Λ<, t < T,

L ≡ Λ=, t = T,
(A.3)

where 0 ≤ R ≤ 1 is the recovery rate.

Formulation of backward Kolmogorov equation The value function (2.57) for the

case of one banks simplifies to

V (x, t) = EQ

[
ψ(X(T )) · 1{τ≥T} +

∫ T

t

χ(s,X(s)) · 1{τ>s}ds+

+φ0(τ) · 1{τ<T}|X(t) = x
]
, (A.4)
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where χ(s, x) is the contract payment at an intermediate time t ≤ s ≤ T (for example,

coupon payment), and φ0(t) is the payoffs in case of the intermediate default.

Then, according to the Feynman–Kac formula, the corresponding pricing equation is

the Kolmogorov backward equation

∂V

∂t
+ L(1)V = χ(t, x), (A.5)

V (t, 0) = φ0(t), V (t, x) −→
x→+∞

φ∞(t), (A.6)

V (T, x) = ψ(x), (A.7)

with the Kolmogorov backward operator

L(1)f =
1

2
fxx + ξfx + λJ f − λf. (A.8)

where

J f(x) = ϑ

∫ x

0

f(x)e−ϑudu, (A.9)

and φ0, φ∞ are given.

Survival probability The survival probability for one bank is given by

Q(t, x) = EQ[1{τ≥T,X(T )≥µ=} | X(t) = x]. (A.10)

Then, applying (2.58)–(2.60) with ψ(x) = 1{x≥µ=} and χ(t, x) = 0, we get

∂Q

∂t
+ L(1)Q = 0,

Q(t, 0) = 0,

Q(T, x) = 1{x≥µ=}.

(A.11)

Simple CDS In case of one bank, the valuation formula for a CDS simplified to

C(t, x) = EQ

[
−c
∫ T

t

1{τ>s} ds + (1− R)1{τ≤T} | X(t) = x

]
. (A.12)

Applying (A.5)–(A.7) with χ(t, x) = c and ψ(x) = 1− R, we get

∂C

∂t
+ L(1)C = c,

C(t, 0) = 1− R,

C(T, x) = (1− R)1{x≤µ=}.

(A.13)

A.2 Two banks

In the case of two banks, we have external assets A1 and A2, external liabilities L1 and

L2, as well as interbank mutual liabilities L12 and L21, where Lij is the amount the i-th

bank owes to the j-th bank. Then, the total assets and liabilities are

Ã1 = A1 + L21, L̃1 = L1 + L12,

Ã2 = A2 + L12, L̃2 = L2 + L21.
(A.14)
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The assets’ processes follow (2.32), and the Brownian motions have correlation

dW1(t)dW2(t) = ρ dt. (A.15)

We also write the jump processes explicitly. Consider independent Poisson processes

N{1}(t), N{2}(t), and N{12}(t) with the corresponding intensities λ{1}, λ{2}, and λ{12}.

Then, we define the processes N1(t) and N2(t) as

N1(t) = N{1}(t) +N{12}(t),

N2(t) = N{2}(t) +N{12}(t),
(A.16)

with
λ1 = λ{1} + λ{12},

λ2 = λ{2} + λ{12}.
(A.17)

Default boundaries For the case of two banks, the default boundary (2.41) simplifies

to

Λi =

{
Ri(Li + Līi)− Līi ≡ Λ<i , t < T,

Li + Līi − Līi ≡ Λ=
i , t = T,

(A.18)

where 0 ≤ Ri ≤ 1 is the recovery rate and ī = 3− i.

If the k-th bank defaults at intermediate time t′, then for the surviving bank k̄ = 3−k
the default boundary changes to

Λ̃k̄ =

{
Rk̄(Lk̄ + Lk̄,k − RkLkk̄) ≡ Λ̃<k , t < T,

Lk̄ + Lk̄k −RkLkk̄ ≡ Λ̃=
i , t = T.

(A.19)

It is clear that

∆Λk = Λ̃k − Λk =

{
(1− Rk̄Rk)Lkk̄, t < T,

(1− Rk)Lkk̄, , t = T.
(A.20)

Formulation of backward Kolmogorov equation The value function (2.57) for the

case of two banks simplifies to

V (x, t) = EQ

[
ψ(X(T )) · 1{τ≥T} +

∫ T

t

χ(s,X(s)) · 1{τ>s}ds+

+φ1,0(τ1, X2(τ1)) · 1{τ1<T,τ1=τ} + φ2,0(τ2, X1(τ2)) · 1{τ2<T,τ2=τ}|X(t) = x
]
. (A.21)

Accordingly, (2.58)–(2.60) becomes

∂V

∂t
+ L(2)V = χ(t, x), (A.22)

V (t, 0, x2) = φ1,0(t, x2), V (t, x1, x2) −→
x1→+∞

φ1,∞(t, x2), (A.23)

V (t, x1, 0) = φ2,0(t, x1), V (t, x1, x2) −→
x2→+∞

φ2,∞(t, x1), (A.24)

V (T, x) = ψ(x), (A.25)
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where Kolmogorov backward operator is

L(2)f =
1

2
fx1x1 + ρfx1x2 +

1

2
fx2x2 + ξ1fx1 + ξ2fx2 + λ1J1f + λ2J2f + λ12J12f − vf =

= ∆ρf + ξ · ∇f + J f − vf, (A.26)

where v = λ1 + λ2 + λ12 and

J1f(x) = ς1

∫ x1

0

f(x1 − u, x2)e
−ς1udu, (A.27)

J2f(x) = ς2

∫ x2

0

f(x1, x2 − u)e−ς2uddu, (A.28)

J12f(x) = J1J2f(x) = ς1ς2

∫ x1

0

∫ x2

0

f(x1 − u, x2 − v)e−ς1u−ς2vdudv. (A.29)

Joint survival probability The joint survival probability simplifies to

Q(t, x) = EQ[1{τ≥T,X1(T )≥µ=1 ,X2(T )≥µ=2 } | X(t) = x]. (A.30)

Accordingly,
∂Q

∂t
+ LQ = 0,

Q(t, x1, 0) = 0, Q(t, 0, x2) = 0,

Q(T, x1, x2) = 1{x1≥µ=1 ,x2≥µ=2 }.

(A.31)

Marginal survival probability The marginal survival probability for the first bank

simplifies to

q1(t, x) = EQ[1{τ≥T,X(T )∈D1∪D12)} + Ξ(τ2, X1(τ2)) · 1{τ2<T,τ2=τ} | X(t) = x], (A.32)

where D12 is the set where both banks survive at the terminal time, D1 is the set where

only the first bank survives, and Ξ(τ2, X1(τ2)) is the one-dimensional survival probability

with the modified boundaries.

Then, applying (2.58)–(2.60) with ψ(x) = 1{x∈D1∪D12)}, χ(t, x) = 0, we get

∂

∂t
q1(t, x) + Lq1(t, x) = 0,

q1(t, 0, x2) = 0, q1(t, x1, 0) = Ξ(t, x1) =

{
χ1,0(t, x1), x1 ≥ µ̃<1 ,

0, x1 < µ̃<1 ,

q1(t, x1, x2) −→
x1→+∞

1, q1(t, x1, x2) −→
x2→+∞

χ1,∞(t, x1),

q1(T, x) = 1{x∈D1∪D12},

(A.33)

where χ1,0(t, x1) and χ1,∞(t, x1) are the survival probabilities for one bank defined in

Section A.1.
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Credit default swap In the case of two banks, the CDS pricing equation (2.70) sim-

plifies to

C1(t, x) = EQ

[
−c
∫ T

t

1{τ>s} ds+ (1−min(R1, R̃1)1{X(T )∈D̂∪D2}

+(1− R1)1{τ1<T,τ1=τ} + c1,0(τ2, X1(τ2))1{τ2<T,τ2=τ} | X(t) = x
]
, (A.34)

and (2.73) transforms to

∂

∂t
C1(t, x) + L(2)C1(t, x) = c,

C1(t, 0, x2) = 1− R1, C1(t, x1, x2) −→
x1→+∞

−c(T − t),

C1(t, x1, 0) =

{
c1,0(t, x1), x1 ≥ µ̃1,

1−R1, x1 < µ̃i,
C1(t, x1, x2)) −→

x2→+∞
c1,∞(t, x1),

C1(T, x) = ψ(x) =

{
1−min(R1, R̃1(1)), (x1, x2) ∈ D2,

1−min(R1, R̃1(ω2)), (x1, x2) ∈ D12,

(A.35)

where

R̃1(ω2) = min

[
1,
A1(T ) + ω2L21(T )

L1(T ) + ω2L12(T )

]
,

where c1,0(t, x1) and c1,∞(t, x1) are the solutions of one-dimensional problems described

in Section A.1.

First-to-default swap In the case of two banks, the FTD pricing equation (2.74)

simplifies to

F (t, x) = EQ

[
−c
∫ T

t

1{τ>s} ds+ β01{X(T )∈D̂} + β11{X(T )∈D1} + β21{X(T )∈D2}

+(1−R1)1{τ1<T,τ1=τ} + (1− R2)1{τ2<T,τ2=τ} | X(t) = x
]
, (A.36)

where

β1 = 1−min(R2, R̃2(ω)), β2 = 1−min(R1, R̃1(ω)),

β0 = 1−min(min(R̃1(ω), R1),min(R̃2(ω), R2)),

and (2.75) transforms to

∂

∂t
F (t, x) + L(2)F (t, x) = c,

F (t, 0, x2) = 1− R1, F (t, x1, 0) = 1− R2,

F (t, x1, x2) −→
x2→+∞

f1,∞(t, x1), F (t, x1, x2) −→
x1→+∞

f2,∞(t, x2),

F (T, x) = β01{x∈D̂} + β11{x∈D1} + β21{x∈D2},

(A.37)

where f1,∞(t, x1) and f2,∞(t, x2) are the solution of one-dimensional CDS pricing problems

described in Section A.2.
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Credit and Debt Value Adjustments for CDS When we have two banks, we

consider unilateral CVA and DVA described in Section 2.1.5.

For CVA, we associate x1 with the Protection Seller and x2 with the Reference Name.

Then, using (2.24), it can be given by the solution of (2.58)–(2.60) with χ(t, x) = 0 and

ψ(x) = 0,

∂

∂t
V CV A + L(2)V CV A = 0,

V CV A(t, 0, x2) = (1− RPS)V
CDS(t, x2)

+, V CV A(t, x1, 0) = 0,

V CV A(T, x1, x2) = 0.

(A.38)

Similarly, for DVA, we associate x1 with the Protection Buyer and x2 with the Refer-

ence Name. Then, using (2.26), DVA can be given by the solution of (2.58)–(2.60),

∂

∂t
V DV A + L(2)V DV A = 0,

V DV A(t, 0, x2) = (1−RPB)V
CDS(t, x2)

−, V DV A(t, x1, 0) = 0,

V DV A(T, x1, x2) = 0.

(A.39)

A.3 Three banks

In contrast to the previous section, it is not so informative to write default boundaries

explicitly. Thus, we just use Sections 2.2 for N = 3. We concentrate on the formulation

of Kolmogorov backward equations for joint survival probability and CVA/DVA, which

we use in the following chapters.

For the joint survival probability, (2.58)–(2.60) transforms to

∂Q

∂t
+ L(3)Q = 0, (A.40)

Q(t, 0, x2, x3) = 0, Q(t, x1, 0, x3) = 0, Q(t, x1, x2, 0) = 0, (A.41)

Q(T, x1, x2, x3) = 1{x1≥µ=1 ,x2≥µ=2 ,x3≥µ=3 }. (A.42)

For CVA, we associate x1 with the Protection Seller (PS), x2 with the Protection Buyer

(PB), and x3 with the Reference Name (RN). Then, (2.77) can be rewritten as

∂

∂t
V CV A + L(3)V CV A = 0,

V CV A(t, 0, x2, x3) = (1−R1)V
CDS(t, x3)+,

V CV A(t, x1, 0, x3) = 0, V CV A(t, x1, x2, 0) = 0,

V CV A(T, x1, x2, x3) = 0.

(A.43)

Similarly, for DVA, (2.79) can be rewritten as

∂

∂t
V DV A + L(3)V DVA = 0,

V DV A(t, 0, x2, x3) = (1−R2)V
CDS(t, x3)−,

V DV A(t, x1, 0, x3) = 0, V DV A(t, x1, x2, 0) = 0,

V DV A(T, x1, x2, x3) = 0.

(A.44)
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Appendix B

The method of heat potentials

We follow Tikhonov and Samarskii (1963), Section 6.4 in this section.

Consider a heat equation

ut = a2uxx, (B.1)

with moving boundaries χ1(t) and χ2(t) and zero initial condition. The boundary condi-

tions are

u(t, χ1(t)) = g1(t), (B.2)

u(t, χ2(t)) = g2(t). (B.3)

First, we consider a solution of (B.1) without the boundary conditions. It is well-

known that the Green’s function for (B.1) on R is

G(τ, x′, x) =
1

2
√
πa2τ

e
(x′−x)2

4a2τ . (B.4)

B.1 Heat potentials

Consider two integrals

V = a2
∫ t

0

G|x′=χ1(τ)
ν dτ, (B.5)

W = 2a2
∫ t

0

∂G

∂x′

∣∣∣∣
x′=χ1(τ)

µ dτ, (B.6)

for some ν(t) and µ(t).

Using (B.4), the last two equations become

V =
a2

2
√
π

∫ t

0

1√
a2(t− τ)

e
− (x−χ1(τ))

2

4a2(t−τ) ν(τ) dτ, (B.7)

W =
1

2a
√
π

∫ t

0

x− χ1(τ)

(t− τ)3/2
e
− (x−χ1(τ))

2

4a2(t−τ) µ(τ) dτ. (B.8)

Functions V and W are called single layer and double layer heat potentials. In the rest

of the section, we study the behaviour of the heat potentials along the curve x = χ(t).
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We want to show that

W |x=χ1(t)+0 = W |x=χ1(t)
+ µ(t), (B.9)

W |x=χ1(t)−0 = W |x=χ1(t)
− µ(t), (B.10)

and

∂V

∂x

∣∣∣∣
x=χ1(t)+0

=
∂V

∂x

∣∣∣∣
x=χ1(t)

+
ν(t)

2
, (B.11)

∂V

∂x

∣∣∣∣
x=χ1(t)−0

=
∂V

∂x

∣∣∣∣
x=χ1(t)

− ν(t)

2
, (B.12)

assuming that χ1(t), µ(t), and ν(t) are differentiable.

Consider W 0, defined with constant µ(t) = µ0:

W 0 =
1

2a
√
π

∫ t

0

x− χ1(τ)

(t− τ)3/2
e
− (x−χ1(τ))

2

4a2(t−τ) µ0 dτ, (B.13)

and auxiliary function

Ṽ 0 =
1

2a
√
π

∫ t

0

2χ′
1(τ)√
t− τ

e
− (x−χ1(τ))

2

4a2(t−τ) µ0 dτ. (B.14)

The difference W 0 − Ṽ 0 is

W 0(t, x)− Ṽ 0(t, x) =
1

2a
√
π

∫ t

0

e
− (x−χ1(τ))

2

4a2(t−τ)

[
x− χ1(τ)

(t− τ)3/2
− 2χ′

1(τ)√
t− τ

]
µ0 dτ

=
2µ0√
π

∫ α0

x−χ1(0)

2a
√

t

e−α
2

dα,

where

α =
x− χ1(τ)

2a
√
t− τ

,

α0 =





+∞, x > χ1(t),

0, x = χ1(t),

−∞, x < χ1(t).

Hence,

[W 0(t, x0±0)−W 0(t, x0)]−[Ṽ 0(t, x0±0)−Ṽ 0(t, x0)] =
2µ0√
π

∫ ±∞

0

e−α
2

dα = ±µ0. (B.15)

Since Ṽ is continuous, we have

W 0(t, x0 ± 0) = W 0(t, x0)± µ0. (B.16)

As a result

W (t, x) =W 0(t, x)− ψ(t, x), (B.17)
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where

ψ(t, x) =
a2

2
√
π

∫ t

0

x− χ1(τ)

[a2(t− τ)]3/2
e
− (x−χ1(τ))

2

4a2(t−τ) [µ(t)− µ(τ)] dτ.

Since we assumed that µ(t) is differentiable, the integral in the last equation has a square-

root (integrable) singularity, and, therefore ψ(t, x) is continuous. Thus,

W (t, x0 ± 0) = W (t, x0)± µ(t), (B.18)

and we get (B.9)–(B.10).

Similarly, taking the derivative ∂V
∂x

,

∂V

∂x
= − 1

2a
√
π

1

2

∫ t

0

x− χ1(τ)

(t− τ)3/2
e
− (x−χ1(τ))

2

4a2(t−τ) µ(τ) dτ, (B.19)

and is equal to −W (t, x) with density µ(t) = ν(t)
2

.

As a result, we immediately get (B.11)–(B.12).

B.2 Boundary value problem

In this section we show how to solve (B.1) with boundary conditions (B.2) (assuming

χ2(t) = +∞ in (B.3)), and the initial condition u(0, x) = 0.

Using Green’s theorem, we can write the solution as

u(t, x) =
1

2a2
W (t, x) =

∫ t

0

∂G

∂x′
(t− τ, x, χ1(τ)µ(τ)) dτ. (B.20)

Using the expression for the Green’s function, we have

u(t, x) =
1

4
√
π

∫ t

0

x− χ1(t)

[a2(t− τ ]3/2
e
− (x−χ1(τ))

2

4a2(t−τ) µ(τ) dτ. (B.21)

This function satisfies (B.1) for x > χ1(t), has zero initial condition, and bounded for any

choice of µ(t). Moreover, at the point x = χ1(t), as we showed in the previous section,

the function is discontinuous, and using (B.18), we have

µ(t)

2a2
+

1

4
√
π

∫ t

0

χ1(t)− χ1(τ

[a2(t− τ)]3/2
e
− (χ1(t)−χ1(τ))

2

4a2(t−τ) µ(τ) dτ = g1(t). (B.22)

The last equation is a Volterra integral equation of the second kind. Solving this equation,

we find the density function µ(t), and therefore can find the solution of the original

problem in the form (B.21).
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