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Abstract

The aim of Inverse Reinforcement Learning (IRL) is to infer a reward function
R from a policy π. This problem is difficult, for several reasons. First of all,
there are typically multiple reward functions which are compatible with a given
policy; this means that the reward function is only partially identifiable, and that
IRL contains a certain fundamental degree of ambiguity. Secondly, in order to
infer R from π, an IRL algorithm must have a behavioural model that describes
how π relates to R. However, the true relationship between human preferences
and human behaviour is very complex, and practically impossible to fully capture
with a simple model. This means that the behavioural model in practice will be
misspecified, which raises the worry that it might lead to unsound inferences if
applied to real-world data. In this thesis, we provide a comprehensive mathematical
analysis of partial identifiability and misspecification in IRL. Specifically, we fully
characterise and quantify the ambiguity of the reward function under all of the
behavioural models that are most common in the current IRL literature. We also
provide necessary and sufficient conditions that describe precisely how the observed
demonstrator policy may differ from each of the standard behavioural models before
that model leads to faulty inferences about the reward function R. In addition to
this, we introduce a cohesive framework for reasoning about partial identifiability
and misspecification in IRL, together with several formal tools that can be used
to easily derive the partial identifiability and misspecification robustness of new
IRL models, or analyse other kinds of reward learning algorithms.
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All men by nature desire to know.

— Aristotle, sometime in the 4th century BCE.

1
Introduction

In this chapter, we provide the background and broader context for the work in this

thesis, an overview of major related work from the existing literature, an overview

of our contributions, and an overview of the structure of this text.

1.1 Background and Context

Inverse Reinforcement Learning (IRL) is an area of machine learning that is

concerned with the problem of inferring what objective an agent is pursuing based on

the actions which that agent takes within some environment (Ng and Russell, 2000).

IRL can be related to the notion of revealed preferences in psychology and economics,

since it aims to infer preferences from behaviour (Rothkopf and Dimitrakakis, 2011).

There are many possible applications of IRL. For example, it has been used in

natural science contexts, as a tool for understanding animal behaviour (Yamaguchi

et al., 2018). It can also be used in various engineering contexts; many important

tasks can be represented as sequential decision-making problems, where the goal is

to maximise a given reward function over several steps (Sutton and A. G. Barto,

2018). However, for many complex tasks it can be very challenging to manually

specify a reward function that robustly incentivises the intended behaviour (see

e.g. Clark and Amodei, 2016; Paulus, Xiong, and Socher, 2018; Ibarz et al., 2018a;

1
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Manheim and Garrabrant, 2019; Krakovna, Uesato, et al., 2020; Knox et al., 2023;

Pang et al., 2022). In those contexts, IRL can be employed to automatically learn a

good reward function, based on demonstrations of correct behaviour (e.g. Abbeel,

Coates, and Ng, 2010; A. Singh et al., 2019). IRL can also be used as a tool for

imitation learning, where the goal is to use machine learning to clone the behaviour

of an agent. In these cases, IRL can improve metrics such as out-of-distribution

robustness (e.g. Hussein et al., 2017). Overall, IRL relates to many fundamental

questions about goal-directed behaviour and agent-based modelling.

It is important to note that the properties which we desire an IRL method to

have will depend on the context in which that IRL method will be applied. For

example, when IRL is used as a tool for imitation learning, it is not fundamentally

important that the inferred preferences actually correspond to the true intentions

of the demonstrator, as long as they help the imitation learning process. However,

when IRL is used to understand the preferences and motivations of an agent (as in

e.g. Hadfield-Menell et al., 2016, etc), then it is crucial that the inferred preferences

actually capture the true intentions of the observed agent as faithfully as possible.

We should note that this thesis is written with mainly the latter motivation in mind.

IRL faces several fundamental challenges. First of all, the IRL problem is

typically formalised as the problem of inferring a reward function R from a policy

π.1 To do this, an IRL algorithm needs a model of how π relates to R, which is

referred to as a behavioural model. However, under most behavioural models, there

are typically multiple reward functions that are consistent with each given policy.

For example, two different reward functions may result in exactly the same optimal

policy. In that case, we cannot distinguish between those reward functions by

observing their optimal policy. This means that the reward function is ambiguous,

or partially identifiable, based on this data source. This ought to be intuitive:

informally, there can be multiple different reasons for doing something, which means

that observed behaviour sometimes can be explained in multiple different ways. For

this reason, the IRL problem is fundamentally ambiguous, and we should prima
1Throughout this section, we will sometimes make use of technical terms that we expect to be

familiar to most readers. For a rigorous definition of these terms, see Chapter 2.



1. Introduction 3

facie expect this ambiguity to be irreducible. As such, it is important to fully

characterise and quantify this ambiguity in order to clearly understand its impact.

Another core challenge for IRL is that it must assume a specific relationship

between the observed policy and the underlying reward function, i.e., it requires a

specific behavioural model. In reality, the relationship between human preferences

and human behaviour is incredibly complex: indeed, a complete account of this

relationship would amount to a solution to many of the main questions in fields

such as cognitive science, behavioural psychology, decision science, and artificial

intelligence, etc. By contrast, most IRL algorithms are based on rather simple

behavioural models, that typically correspond to some form of noisy optimality (c.f.

Chapter 2). In fact, there are observable differences between human data and data

synthesised using these standard assumptions (see, e.g., Orsini et al., 2021). This

means that these behavioural models are misspecified, which raises the concern that

they might systematically lead to flawed inferences if applied to real-world data.

Resolving the issue of misspecification in IRL is fundamentally difficult. Of

course, we can incorporate findings from behavioural psychology to create be-

havioural models that are more and more accurate (and hence subject to less and less

misspecification). Similarly, we can use machine learning to learn behavioural models

from data (an approach pioneered by Shah, Gundotra, Abbeel, and A. Dragan, 2019),

which may also yield more accurate models. However, it will never be realistically

possible to create a behavioural model that is completely free from all forms of

misspecification. For this reason, it is important to understand how sensitive the

IRL problem is to misspecification of the underlying behavioural model: is a mostly

accurate behavioural model sufficient to ensure that the inferred reward function

likewise is mostly accurate, or can a slight error in the behavioural model lead to a

large error in the inferred reward? In the former case misspecification may be a

manageable issue, whereas in the latter case it may be practically insurmountable.

In this thesis, we provide a comprehensive theoretical study of partial identifia-

bility and of misspecification in inverse reinforcement learning. To do this, we first

introduce a cohesive theoretical framework for analysing partial identifiability and
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misspecification robustness in IRL, and derive a number of core results and formal

tools within this framework. We then apply these tools to exactly characterise the

ambiguity of the reward function given several popular behavioural models, and

derive necessary and sufficient conditions which exactly describe what forms of

misspecification these behavioural models will tolerate. The tools we introduce

can also be used to easily derive the partial identifiability and misspecification

robustness of new behavioural models, beyond those we consider explicitly. Our

analysis is general, as it is carried out in terms of behavioural models, rather than

algorithms. This means that our results will apply to any IRL algorithm based

on these behavioural models.

The motivation behind our work is to provide a theoretically principled un-

derstanding of whether and when IRL methods are (or are not) applicable to the

problem of inferring a person’s (true) preferences and intentions. It will never be

realistically possible to fully eliminate ambiguity and misspecification from IRL,

except possibly in very narrow domains. Therefore, if we wish to use IRL as a tool

for preference elicitation, then it is crucial to have a good understanding of how

IRL is affected by partial identifiability and misspecified behavioural models. In

this thesis, we aim to contribute towards building this formal understanding.

1.2 Related Work

The issue of partial identifiability in IRL is well-known, and has been studied in a

number of previous works. Indeed, the first paper to formally introduce the IRL

problem (Ng and Russell, 2000) acknowledges the issue of partial identifiability, and

characterises the ambiguity of the reward function under the assumption that the

observed policy is optimal and the assumption that the reward of a transition ⟨s, a, s′⟩

only depends on the state s. This work is extended by Dvijotham and Todorov

(2010), who study partial identifiability in IRL for a particular type of environment

called linearly-solvable Markov decision processes (LMDPs). Partial identifiability in

IRL is also studied by Cao, Cohen, and Szpruch (2021). In this paper, it is assumed

that the observed policy maximises causal entropy (c.f. Chapter 2), and that the
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reward of a transition ⟨s, a, s′⟩ only depends on the state s and action a (but not the

subsequent state s′). Cao, Cohen, and Szpruch (2021) also show that the ambiguity

of the reward function in this setting can be reduced by combining information

from multiple environments. Also relevant is Metelli, Lazzati, and Restelli (2023),

who generalise the results of Cao, Cohen, and Szpruch (2021) by also considering

environments with constraints, as well as other types of regularisation. They also

provide an analysis of the sample complexity of the IRL problem in this setting.

We extend this previous work on partial identifiability in IRL by providing a more

complete analysis, and by integrating our analysis into the study of misspecification

robustness. In particular, our analysis explicitly considers three types of policies —

optimal policies, maximal causal entropy policies, and Boltzmann-rational policies.

Of these, only the first two have been considered by previous works. Moreover,

unlike Ng and Russell (2000) and Cao, Cohen, and Szpruch (2021), we allow the

reward of a transition ⟨s, a, s′⟩ to depend on each of s, a, and s′, and show that this

reveals important additional structure that is not captured by the analysis of Ng and

Russell (2000) or Cao, Cohen, and Szpruch (2021). In addition to this, we provide

a general, unified framework for reasoning about both partial identifiability and

misspecification robustness, and integrate our results into this framework. However,

unlike Dvijotham and Todorov (2010), we will not consider LMDPs. Moreover,

unlike Metelli, Lazzati, and Restelli (2023), we will not consider environments with

constraints, other types of regularisation, or finite-sample bounds. Extending our

analysis to cover these cases will be a direction for future work.

It is well-known that the standard behavioural models of IRL are misspecified in

most applications. However, there has nonetheless so far not been much research on

how sensitive IRL is to misspecification, and what forms of misspecification it can

tolerate. There are previous papers which aim to reduce misspecification in IRL, by

creating more realistic behavioural models. For example, most work in IRL assumes

that the observed agent discounts exponentially. However, there is an extensive body

of work in the behavioural sciences which suggests that humans are better modelled

as discounting hyperbolically (see e.g. Thaler, 1981; Mazur, 1987; Green and Myerson,
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1996; Kirby, 1997; Frederick, Loewenstein, and O’Donoghue, 2002). For this reason,

Evans, Stuhlmueller, and Goodman (2015) analyse IRL for agents that use an

approximation of hyperbolic discounting. Similarly, most work in IRL assumes

that the observed agent is risk-neutral, whereas humans often are risk-sensitive (see

e.g. Allais, 1953; Ellsberg, 1961; Kahneman and Tversky, 1979). For this reason,

S. Singh et al. (2018) analyse IRL for agents with different forms of risk-sensitivity.

Also relevant is Chan, Critch, and A. Dragan (2021), who provide an empirical study

of IRL which incorporates many different models from the behavioural psychology

literature. Chan, Critch, and A. Dragan (2021) also empirically confirm that

misspecified behavioural models can lead to large errors in the inferred reward, but

that this error can be reduced when the misspecification is reduced.

These approaches to reducing misspecification rely on creating more accurate

behavioural models by manually incorporating more information about human

behaviour. Another approach to reducing misspecification is to try to learn a

behavioural model from data. Shah, Gundotra, Abbeel, and A. D. Dragan (2019)

carry out an empirical analysis of IRL where the behavioural model and the

underlying reward function are learnt in two different steps, but conclude that this

approach comes with significant practical challenges. By contrast, Armstrong and

Mindermann (2019) carry out a theoretical analysis of the setting where the reward

function and the behavioural model are learnt at the same time, from a single stream

of data. Notably, Armstrong and Mindermann (2019) derive several impossibility

theorems for this setting. In particular, they show that this problem setting always

will admit several degenerate solutions that fail to solve the problem in a satisfactory

way, given that the learning algorithm has an inductive bias towards joint simplicity.

These earlier works all aim to reduce misspecification in IRL, by creating more

accurate behavioural models. By contrast, we are not focusing on the problem

of reducing misspecification. Rather, our work aims to understand how sensitive

IRL is to misspecification of the behavioural model. As such, our analysis of

misspecification is distinct from this earlier work, although it is very relevant to it.

Our work aims to answer whether or not IRL will yield accurate inferences given
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that the behavioural model is misspecified, which in turn would tell us how much

misspecification has to be removed (be that manually or by a learning algorithm)

before we can make accurate inferences about the reward function through IRL.

There are some previous papers that (like our work) study the question of how

robust IRL is to misspecification of the behavioural model. In particular, Freedman,

Shah, and A. Dragan (2020) study the effects of choice set misspecification in

IRL (and reward inference more broadly), following the formalism of Jeon, Milli,

and A. Dragan (2020). They also show that choice set misspecification in some

cases can be catastrophic. Also relevant is Viano et al., 2021, who study the

effects of misspecified environment dynamics. They also propose a bespoke IRL

algorithm that is meant to be more robust to such misspecification. By contrast,

we present a broader analysis that covers all forms of misspecification, within a

single framework. Our work is therefore much wider in scope, and aims to provide

necessary and sufficient conditions which fully describe all kinds of misspecification

to which each behavioural model is robust.

Another relevant paper is J. Hong, Bhatia, and A. Dragan (2022), who also

study how sensitive IRL is to misspecification of the behavioural model. Our work

is more complete than this earlier work in several important respects. To start

with, our problem setup is both more realistic, and more general. In particular,

in order to quantify how robust IRL is to misspecification, we first need a way to

formalise what it means for two reward functions to be “close”. J. Hong, Bhatia,

and A. Dragan (2022) formalise this in terms of the L2-distance between the reward

functions. However, this choice is problematic, because two reward functions can

be very dissimilar even though they have a small L2-distance, and vice versa

(cf. Section 4.4). By contrast, our analysis is carried out in terms of specially

selected metrics on the space of all reward functions, which are backed by strong

theoretical guarantees (cf. Section 4.4). Moreover, J. Hong, Bhatia, and A. Dragan

(2022) assume that there is a unique reward function that maximises fit to the

training data, but this is violated in most real-world cases (Ng and Russell, 2000;

Dvijotham and Todorov, 2010; Cao, Cohen, and Szpruch, 2021; Kim et al., 2021;
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Schlaginhaufen and Kamgarpour, 2023). In addition to this, many of their results

also assume “strong log-concavity”, which is a rather opaque condition that is left

mostly unexamined. Indeed, J. Hong, Bhatia, and A. Dragan (2022) explicitly

do not answer if strong log-concavity should be expected to hold under typical

circumstances. Our work is not subject to any of these limitations. Moreover,

unlike J. Hong, Bhatia, and A. Dragan (2022), we also integrate our analysis of

misspecification with the study of partial identifiability, which is crucial for gaining

a complete understanding of the problem. In addition to this, we also present

a large number of novel results that are not analogous to any results derived by

J. Hong, Bhatia, and A. Dragan (2022). This includes — among other things —

necessary and sufficient conditions that fully describe what kinds of misspecification

many behavioural models will (or will not) tolerate.

In our analysis, we will provide a method for quantifying the difference between

reward functions. Previous works have also considered this problem. In particular,

Gleave et al. (2021) provide a pseudometric on the space of all reward functions,

which they call EPIC (Equivalent Policy Invariant Comparison). They also show

that EPIC induces a regret bound. Similarly, Wulfe et al. (2022) also provide

a pseudometric for reward functions, which they call DARD (Dynamics-Aware

Reward Distance). While EPIC is invariant to the transition dynamics of the

environment, DARD incorporates some information about the transition function,

which can lead to tighter correlation to worst-case regret. However, unlike Gleave

et al. (2021), Wulfe et al. (2022) do not show that DARD induces a bound on

worst-case regret. We will also introduce a family of pseudometrics on the space

of all reward functions. However, unlike EPIC and DARD, our pseudometrics

induce much stronger theoretical guarantees.

In our analysis, we will also provide necessary and sufficient conditions that

describe when two reward functions have the same optimal policies, or the same

ordering of policies. Previous work has also sought to identify transformations that

can be applied to a reward function without changing some of its properties. Notably,

Ng, Harada, and Russell (1999) show that if two reward functions differ by potential
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shaping, then those reward functions have the same optimal policies. They also show

that potential shaping transformations are the only additive transformations that

have this property for any choice of transition function. We are not only concerned

with additive transformations, and we are interested in reward transformations

that may depend on the underlying transition function. For these reasons, we

obtain results that are somewhat different from those derived by Ng, Harada, and

Russell (1999). Nonetheless, potential shaping transformations will show up in

this work, and will feature in many of our results.

A number of other previous works have also considered different cases in which

two related Markov decision processes (MDPs) are guaranteed to have the same

optimal policies in the context of abstraction, where the goal is to translate an MDP

into an “abstract” MDP, such that the abstract MDP is easier to solve, and such

that a policy that is optimal in the abstract MDP is guaranteed or likely to be

exactly or approximately optimal in the original MDP (e.g. Mccallum and Ballard,

1996; Sutton, Precup, and S. Singh, 1999; Li, Walsh, and M. Littman, 2006; Givan,

Dean, and Greig, 2003; Ravindran and A. Barto, 2003; Jong and Stone, 2005; Abel,

Hershkowitz, and M. L. Littman, 2017; Jinnai, Abel, et al., 2019; Jinnai, Park,

et al., 2019; Abel, Umbanhowar, et al., 2020; Abel, 2022). The abstracted MDP is

often smaller than the original MDP (e.g. Li, Walsh, and M. Littman, 2006), but it

may also be larger (e.g. Sutton, Precup, and S. Singh, 1999). In cases where the

MDP is made smaller by merging certain states or actions, the transformation of the

MDP into an “abstract” MDP also corresponds to a transformation of the reward

function. For example, Li, Walsh, and M. Littman (2006) consider abstractions

where some states in the MDP are merged, and the transition function and reward

function are replaced with a weighted average of the original reward and transition

function (to ensure that they are well-defined relative to the new state space). They

also enumerate several different methods for deciding what states to merge, and

show that some of these methods guarantee that any policy that is optimal in

the new, abstract MDP also is optimal in the original MDP. Their results can

easily be extended to show that the new reward function also has the same optimal
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policies as the original reward function relative to the original state space and

transition function, which relates their results to some of the results we will present

in this work. However, unlike Li, Walsh, and M. Littman (2006), we are concerned

with finding necessary and sufficient conditions that characterise when two reward

functions have the same optimal policies, whereas Li, Walsh, and M. Littman (2006)

only (indirectly) derive sufficient conditions. For example, the transformations

derived by Li, Walsh, and M. Littman (2006) all preserve the optimal Q⋆-values of

the reward function, but there are reward functions that have the same optimal

policies but different optimal Q⋆-values. Moreover, not all transformations of the

reward function that preserve optimal policies can be constructed by averaging the

reward across certain states or actions (as already demonstrated by Ng, Harada,

and Russell, 1999). Other works on creating abstract MDPs only require that the

policies which are optimal in the abstract MDP are approximately optimal in the

original MDP (e.g. Abel, Hershkowitz, and M. L. Littman, 2017; Abel, Umbanhowar,

et al., 2020). Such work can be used to derive sufficient conditions for two reward

functions to be “similar”, in the sense that there is a bound on the regret that may

be incurred under one reward function if the other reward function is optimised.

Such results are also related to some of the results we will present in this work.

However, as before, we will be concerned with finding conditions that are sufficient

and necessary, rather than merely sufficient, and not all reward functions that are

“similar” in this sense can be formed by abstracting the MDP. Other previous work

on abstracting MDPs will relate to our results in similar ways.

There is also other work that studies the question of what happens if a reward

function is changed or misspecified. For example, Zhuang and Hadfield-Menell (2020)

consider the case when a reward function R2 depends on a strict subset of the features

which are relevant to another reward function R1, and show that optimising R2 in

this case may lead to a policy that is arbitrarily bad according to R1, given certain

assumptions. Related to this work is also e.g. Pan, Bhatia, and Steinhardt (2022)

and Pang et al. (2023), who carry out an empirical investigation of the consequences

of misspecified reward functions in certain environments. Another relevant paper is
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Karwowski et al. (2023), who study the effects of reward misspecification through

the lens of Goodhart’s Law, and Skalse and Abate (2023b), who provide examples

of natural preference structures which cannot be expressed by reward functions at

all. These papers are not concerned with deriving general methods for quantifying

the difference between reward functions, nor do they characterise necessary and

sufficient conditions for two reward functions to be equivalent. Our results thus

complement these earlier results, but do not overlap with them.

Another body of relevant existing work is the work on the imitation gap in

behavioural cloning and imitation learning. In this problem setting, the goal is

(typically) to learn a policy that imitates the behaviour of an expert demonstrator.

The imitation gap refers to the issue that if the demonstrator has access to

information that is not available to the imitating agent, but a standard imitation

learning algorithm is applied naïvely, then the resulting policy may have poor

performance (e.g. Swamy et al., 2021; Weihs et al., 2021; Cai et al., 2022; Vuorio,

Haan, et al., 2024; Vuorio, Fellows, et al., 2024). Intuitively, the imitator will learn

to randomise its behaviour in states where the demonstrator would act based on

information that is not available to the imitator, whereas it may be more optimal

for the imitator to instead act conservatively or perform actions that let it gather

more information, even if the demonstrator would not take such actions. The

imitation gap can also refer to the converse issue, where the imitator has access

to more information than the demonstrator. Several approaches to mitigating this

issue have been proposed, some of which involve learning a reward function via

IRL (e.g. Vuorio, Fellows, et al., 2024), and some which do not (e.g. Vuorio, Haan,

et al., 2024). Our work is distinct from this literature in several ways. First of all,

while the imitation gap can be viewed as stemming from the use of misspecified

statistical models, this misspecification is best modelled as concerning the state

space of the environment, and affects the process by which the demonstrator policy

is inferred from samples from that policy. By contrast, we take both the state

space of the environment and the demonstrator policy as given, and instead focus

on misspecification of the model that describes how the demonstrator policy is
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generated from the underlying reward function. Moreover, we aim to characterise

all forms of misspecification that this model will tolerate, instead of focusing on

one specific form of misspecification. Finally, the literature on the imitation gap

is typically concerned with mitigating or removing this misspecification, whereas

we only focus on understanding the effects of misspecification.

The literature on third-person imitation learning (e.g. Stadie, Abbeel, and

Sutskever, 2019; Sharma, Pathak, and Gupta, 2019; Klein et al., 2023) is also

tangentially related to our work. This literature concerns imitation learning where

the expert demonstrations are provided from a “third-person” perspective, rather

than a “first-person” perspective (or, more concretely, where the format of the

observed training data does not match the required format of the learnt policy).

For example, the learning algorithm may be required to solve a task by controlling

a robot, but the training data is provided in the form of videos of humans solving

that task, rather than in the form of input-output data for the robot. However,

this literature is not primarily concerned with studying partial identifiability or

misspecification, but rather, with inferring certain latent variables from a set of

indirect observations. As such, its connection to our work is less direct.

There is also a range of work in (Bayesian and frequentist) statistics that

studies the issues of partial identifiability and misspecification in general (but

without focusing on IRL specifically). Manski (2003) is a central work on partial

identifiability; this book focuses on statistical problems where a parameter cannot

be identified uniquely – even in the limit of infinite data – but where it can

instead be determined to lie in some identified set (or “identification region”).

The book considers several such sampling processes, and determines what may

be inferred about different partially identifiable population parameters based on

these sampling processes, and how the set-valued identification regions are affected

if different assumptions are imposed. Our work on partial identifiability follows

a similar methodology as Manski (2003), in that we will characterise which sets

of reward functions produce identical policies under a given behavioural model

(meaning that those reward functions cannot be distinguished by samples from



1. Introduction 13

those policies, even in the limit of infinite data). However, Manski (2003) does not

specifically consider the sampling processes that are used in IRL, and so our results

extend those presented by Manski (2003). Another relevant work is Imbens and

Manski (2003); this work considers partially identifiable real-valued parameters, and

introduces interval estimates that asymptotically cover the identification region with

fixed probability. Unlike Imbens and Manski (2003), we are working with reward

functions rather than real-valued parameters.2 Moreover, we focus on infinite-data

bounds, rather than finite-data bounds. Other noteworthy works include Haile

and Tamer (2003) and Chernozhukov, H. Hong, and Tamer (2007), who study

partial identifiability in a variety of game-theoretic models (including e.g. auction

models and asset pricing models). Moon and Schorfheide (2009) compare frequentist

confidence sets and Bayesian credible sets in partially identifiable models. They

note that Bayesian credible sets can concentrate inside the identification region,

whereas frequentist confidence sets typically extend beyond the identification region.

Intuitively, this is simply because the prior of a Bayesian method may give a

very low prior probability to some elements of the identification region (and for a

partially identifiable model, the prior is not “washed away” in the limit of infinite

data). The Bayesian setting is also studied by e.g. Liao and Simoni (2019), who

focus on partially identifiable models for which the identified set is convex with a

smooth boundary, whose support function is locally smooth with respect to the

data distribution, and show that this setting admits a number of computationally

attractive algorithms. Again, these works do not consider the IRL problem, which

means that our results extend these earlier results.

In Bayesian statistics, it is common to model an inference problem as consisting

of an input space X = Rn, an output space Y = Rm, and a joint distribution Q

2In particular, Imbens and Manski (2003) are concerned with the problem of inferring a single
real-valued parameter θ from a set of data, and seek to identify an interval that this parameter
is likely to be contained inside. However, a reward function must be defined in terms of several
real-valued parameters – one for each transition. Moreover, the information that is obtained
from IRL is typically only sufficient to identify the underlying reward function up to a certain
equivalence class, within which the reward of each individual transition is unconstrained (c.f.
Chapter 5). This means that IRL does not let us infer an upper or lower bound on the reward for
each transition, but rather, lets us infer dependencies between the rewards of different transitions.
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over X × Y , such that the marginal distribution which Q induces over X is known,

but such that the conditional probabilities Q(y | x) (where y ∈ Y and x ∈ X) are

unknown. We also assume that we have a compact set of parameters W ⊂ Rd, and

a statistical model p which provides a conditional distribution p(y | x,w) for each

y ∈ Y, x ∈ X,w ∈ W , such that there is some w ∈ W for which p(y | x,w) = Q(y | x)

for all x and y. The task is then to infer a posterior distribution over W given a prior

distribution over W , and a number of data points {x, y} sampled i.i.d. from Q (see

e.g. Watanabe, 2009; Watanabe, 2018). In the context of IRL, we may think of W

as being the space of all reward functions (though we may then have to assume that

the reward function is bounded or normalised, since W typically is required to be

compact). X could be the space of all possible initial states in a given MDP, and Y

could be the space of all trajectories (though in that case, we would have to impose

the requirement that all trajectories have a bounded length, since Y typically must

be finite-dimensional). Alternatively, we may think of X as being the space of all

states, and Y as being the space of all actions (though in that case, we would have

to relax the assumption that each {x, y} is sampled i.i.d.). We could also think

of Y as being the space of all trajectory occupancy measures, etc. The model p

corresponds to the behavioural model of the IRL algorithm. Most work in Bayesian

statistics focuses on statistical models which are regular. Such statistical models are

identifiable, which means that p(y | x,w1) = p(y | x,w2) for all x, y only if w1 = w2.

They are also required to have a positive-definite Fisher information matrix for all

w ∈ W ; this essentially amounts to assuming that the Kullback-Leibler divergence

between the data distribution and the distributions induced by p for different values

of w satisfy a kind of convexity condition. The model classes studied in IRL are

not regular, because they are not identifiable; two different reward functions may

induce exactly the same data distribution (i.e., the same observed behaviour from

the demonstrator). A model which is not regular is strictly singular. Bayesian

statistics for singular model classes is studied in singular learning theory, for which

the most prominent current texts are Watanabe (2009) and Watanabe (2018). This

literature contains several results concerning the shape of the posterior distribution
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and the likelihood function for singular models, and how they change with the size

of the set of training data. It also contains results such as Bayesian generalisation

bounds, etc. Our work differs from the existing work in singular learning theory in

several ways. First of all, singular learning theory primarily focuses on properties

of general (arbitrary) singular models, whereas we focus on results that are specific

to the IRL setting (and which do not generalise to arbitrary singular learning

problems). Moreover, we derive several results concerning misspecification, which

singular learning theory typically does not study. Additionally, our work is mostly

not done in a Bayesian setting, and focuses on the asymptotic behaviour of learning

algorithms in the limit of infinite data (whereas singular learning theory studies

Bayesian uncertainty given finite data).

White (1982) is a classical text on misspecification in a frequentist setting. This

paper studies maximum-likelihood inference with misspecified likelihoods, which

it introduces as the quasi-maximum likelihood estimate (QMLE). Specifically, we

assume that we have a distribution D over some set Y , a set of parameters Θ, and

a family of distributions {Pθ : θ ∈ Θ}, but where there may not be any θ ∈ Θ for

which Pθ = D. For example, we might have that θ = R2 and that Pθ is a Gaussian

distribution with mean and variance θ, but that D is an exponential distribution

rather than a Gaussian distribution, etc. We assume that we have a data set {yi}ni=1

sampled from D, and that we find a θ that minimises the empirical Kullback-Leibler

divergence −Σn
i=1 logPY∼Pθ

(Y = yi). White (1982) derives conditions under which

the QMLE satisfies consistency and asymptotic normality (even when the likelihoods

are misspecified), and introduces tests for detecting misspecification. In general,

the conditions derived by White (1982) are not directly applicable to the problem

setting studied in IRL. For example, White (1982) assumes that θ is identifiable,

whereas the IRL problem typically is partially identifiable. Moreover, White (1982)

is generally interested in conditions under which the estimate of θ converges (in

probability) to the value of θ that minimises the (true) Kullback-Leibler divergence

between D and Pθ (in other texts, this is sometimes referred to as the “pseudo-true”

value of θ). However, in the IRL problem setting, we do in general not merely
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want to infer a reward function that makes the observed data distribution likely

(under a given behavioural model), but rather, we want to infer a reward function

that is qualitatively similar to the true reward function used by the demonstrator.

As such, there is a need for an analysis of misspecification that is tailored to the

IRL context, which we provide in this work. The results in White (1982) are also

extended and elaborated upon in works such as White (1994), etc.

Misspecification has also been studied in the Bayesian setting. Kleijn and Vaart

(2012) extend the Bernstein-Von-Mises theorem to misspecified Bayesian statistical

models. Formally, let {Pθ : θ ∈ Rk} be a family of distributions over a set Y , let π be

a prior distribution over Rk, and let {yi}ni=1 be a number of samples drawn i.i.d. from

a distribution D over Y . The standard Bernstein-Von-Mises theorem then says that

the posterior distribution π(θ | y1 . . . yn) converges to a Gaussian distribution whose

mean is the maximum likelihood estimate maxθ∈Rk PY1...Yn∼Pθ
(Y1 . . . Yn = y1 . . . yn)

and whose covariance matrix is given by the inverse of the Fisher Information matrix,

given the assumption that the model is correctly specified (i.e., D = Pθ for some

θ), the assumption that θ is identifiable (i.e., Pθ1 ̸= Pθ2 if θ1 ̸= θ2), the assumption

that the model is non-singular, and the assumption that Pθ is sufficiently smooth

in θ. Kleijn and Vaart (2012) extend this theorem by relaxing the assumption

that D = Pθ for some θ, and show that the posterior distribution of θ still shrinks

to the point that minimises the Kullback-Leibler divergence between Pθ and D

(i.e., the pseudo-true value of θ). However, they also show that Bayesian credible

sets are not valid confidence sets if the model is misspecified (unlike when the

model is correctly specified). As for the results derived by White (1982), the results

derived by Kleijn and Vaart (2012) are not directly applicable to the IRL problem

setting; Kleijn and Vaart (2012) assume that θ is identifiable (which is not the case

in IRL), and consider conditions under which the estimate of θ converges to the

pseudo-true value of θ (which is not the goal in IRL).

Another relevant paper on misspecification in a Bayesian setting is Müller

(2013), which builds on Kleijn and Vaart (2012). Müller (2013) focuses on the

“sandwich covariance matrix”, which is a correction to the standard covariance



1. Introduction 17

matrix used in maximum likelihood estimation. The paper shows how the sandwich

covariance matrix can be used to correct the posterior distribution of a misspecified

Bayesian model, and that this correction leads to asymptotically uniformly lower

risk (i.e., expected loss). Frazier, Kohn, et al. (2023) is similar to Müller (2013),

in that Frazier, Kohn, et al. (2023) also focuses on how to correct the posterior

distribution of a misspecified Bayesian model. Their method, which they call the

Q-posterior, leads to more reliable uncertainty quantification, and is applicable

to a wide range of statistical models.

There is also prior work on misspecification in Bayesian statistics which focuses

on more specific types of models. For example, Grünwald and Ommen (2017) study

Bayesian linear regression models which assume homoskedastic data (i.e., data with

noise of constant variance), but which are applied to heteroskedastic data (i.e., data

where the noise may depend on the input). They show that the linear models may

fail to be consistent in this setting (i.e., the parameter estimates may not converge to

the pseudo-true values). They also propose a novel method, SafeBayes, which fixes

this problem. Yang and Zhu (2018) study Bayesian methods applied to the problem

of inferring phylogenetic trees. In this setting, Bayesian methods can sometimes

give extremely high confidence to a model, even when this does not appear to

be intuitively justified by the data, or oscillate between giving near-1 posterior

probability to different models as additional data is provided. Yang and Zhu (2018)

show that this behaviour is caused by misspecification in the statistical model, and

provide practical recommendations for how to handle these issues in phylogenetic

studies. Frazier, Robert, and Rousseau (2020) focus on approximate Bayesian

computation (ABC), which is a method for approximating posterior distributions by

comparing simulated data to real data, and study the case when the data simulator

is misspecified. They show that the accept–reject ABC approach concentrates

posterior mass around a pseudo-true parameter value, but that it may lead to

incorrect credible sets (which mirrors the results derived by Kleijn and Vaart, 2012).

They also show that local regression adjustment of ABC may lead to very different

(and less reliable) asymptotic behaviour under model misspecification, and propose
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a few new methods for detecting and diagnosing model misspecification in ABC.

Unlike these papers, our work is focused on the IRL problem setting.

1.3 Contributions

This thesis makes several core contributions to the machine learning literature. First

of all, in Chapter 3, we introduce a number of precise definitions that formalise

what it means for an application to tolerate the ambiguity of a reward learning

method, and what it means for a behavioural model to be robust to a given form

of misspecification. Together, these definitions constitute a unified framework for

reasoning about partial identifiability and misspecification in IRL. We also derive

a number of lemmas and general results about this framework, that make it easy

to reason about partial identifiability and misspecification.

In Chapter 4, we provide several results related to the issue of comparing different

reward functions. Specifically, we provide necessary and sufficient conditions that

describe when two reward functions have the same optimal policies, or ordering of

policies. We also introduce a family of pseudometrics for continuously quantifying

the difference between reward functions. We show that these pseudometrics induce

both an upper and a lower bound on worst-case regret, and that any pseudometric

with this property must be bilipschitz equivalent to ours.

In Chapter 5, we fully characterise the ambiguity of the reward function given

several different behavioural models, and we describe the practical consequences

of this ambiguity. Notably, we show that this ambiguity usually is unproblematic,

but that it is too great to guarantee robust transfer to new environments.

In Chapters 6 and 7 we analyse the question of misspecification, and derive

necessary and sufficient conditions that fully describe what forms of misspecification

each of the standard behavioural models will tolerate. We also study a few specific

types of misspecification in greater depth, such as misspecification of the parameters

of the behavioural model or perturbations of the observed policy. We find that

the standard behavioural models do tolerate some forms of misspecification, but

that they are highly sensitive to other forms of misspecification. Notably, we find
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that even mild misspecification of the discount factor γ or transition function τ

can lead to very large errors in the inferred reward function.

In Chapter 8, we discuss how to extend our analysis further, by generalising the

definitions we introduce in Chapter 3. Notably, we study the effects of incorporating

prior knowledge about the underlying true reward function, or about the inductive

bias of the reward learning algorithm, using a number of different methods. We

show that most of our analysis from Chapters 4-7 carries over without any major

change if our definitions are generalised.

Most of the material in this dissertation has also appeared in a number of earlier

research publications, namely Skalse, Howe, et al. (2022), Skalse, Farrugia-Roberts,

et al. (2022), Skalse and Abate (2023a), Skalse, Farnik, et al. (2023), and Skalse

and Abate (2024). Specifically, Section 4.2 is based on some of the material from

Skalse and Abate (2023a), Section 4.3 is based on Skalse, Howe, et al. (2022), and

Sections 4.4-4.6 are based on Skalse, Farnik, et al. (2023). Chapter 5 and parts of

Section 4.1 are based on work from Skalse, Farrugia-Roberts, et al. (2022), Chapter 6

is in large part based on the results in Skalse and Abate (2023a), and Chapter 7 is

based on the results in Skalse and Abate (2024). However, this thesis also contains a

number of results that cannot be found in any earlier work, especially in Section 6.2,

Chapter 8, and part of Chapter 5, but also strewn throughout other sections.



Instead of trying to produce a programme to simulate
the adult mind, why not rather try to produce
one which simulates the child’s? If this were then
subjected to an appropriate course of education one
would obtain the adult brain.

— Alan Turing, 1950.

2
Technical Background

In this chapter, we introduce the technical prerequisites that are needed to under-

stand the rest of this thesis, together with our choice of notation. We also introduce

all the assumptions we will make about the environment. For a more in-depth

overview of reinforcement learning, see e.g. Sutton and A. G. Barto (2018), and

for a more in-depth overview of inverse reinforcement learning, see e.g. Arora and

Doshi (2020) or Adams, Cody, and Beling (2022).

2.1 Reinforcement Learning

A Markov Decision Processes (MDP) is a tuple (S,A, τ, µ0, R, γ) where S is a set

of states, A is a set of actions, τ : S×A⇝ S is a transition function, µ0 ∈ ∆(S) is

an initial state distribution, R : S×A×S → R is a reward function, and γ ∈ (0, 1)

is a discount rate.1 Here f : X ⇝ Y denotes a probabilistic mapping from X to Y .

A (stationary) policy is a function π : S ⇝ A, which encodes the behaviour of an
1Note that we exclude the case where γ is equal to 0 or 1 – this is primarily a theoretical

convenience. If γ = 0 then an MDP is essentially no longer a reinforcement learning environment,
which makes this case less relevant to our work. Moreover, the assumption that γ > 0 is used
in Lemma 36 (and hence in all results which rely on Lemma 36), so it would take some work to
extend our results to cover this case. If γ = 1 then several important quantities are no longer
well-defined in general (such as Q-functions, value functions, and occupancy measures, etc), unless
we make additional assumptions about the environment or the reward function. Extending our
results to cover this case may be an interesting direction for future work.

20
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agent in each state of an MDP. We use Π to denote the set of all stationary policies.

A triple ⟨s, a, s′⟩ ∈ S×A×S is a transition, and a trajectory ξ = ⟨s0, a0, s1, a1 . . . ⟩ is

an infinite (potentially repeating) path through an MDP, i.e. an element of (S×A)ω.

If s0 ∈ supp(µ0) and st+1 ∈ supp(τ(st, at)) for each t ∈ N, then we say that ξ is

a possible trajectory, and otherwise it is impossible.

In this work, we assume that S and A are finite. Moreover, we also assume

that all states in S are reachable under τ and µ0 (i.e., for all states s, there

exists a possible trajectory which includes s). This is primarily a theoretical

convenience. Also note that if an MDP has unreachable states, then we may

simply remove these states from S.

The return function G : (S×A)ω → R gives the cumulative discounted reward of

each trajectory, i.e. G(ξ) = ∑∞
t=0 γ

tR(st, at, st+1). Similarly, the evaluation function

J : Π → R gives the expected trajectory return of each policy, J(π) = Eξ∼π [G(ξ)].

The value function V π : S → R of a policy π encodes the expected future cumulative

discounted reward from each state when following that policy π. The Q-function

Qπ : S×A → R of a policy π is given by Qπ(s, a) = ES′∼τ(s,a) [R(s, a, S ′) + γV π(S ′)],

i.e. the expected future cumulative discounted reward conditional on taking action

a in state s, and then following the policy π. Similarly, the advantage function of

π is given by Aπ(s, a) = Qπ(s, a) − V π(s). We say that the ordering of policies

in an MDP is the ordering on Π that is induced by J .

Both V π and Qπ can also be defined in terms of fixed points, because they

satisfy the following Bellman equations:

V π(s) = EA∼π(s),S′∼τ(s,A) [R(s, A, S ′) + γV π(S ′)] , (2.1)

Qπ(s, a) = ES′∼τ(s,a),A′∼π(S′) [R(s, a, S ′) + γQπ(S ′, A′)] . (2.2)

Both of these equations specify a recursion, and these recursions can be shown

to be contraction maps. Thus, V π and Qπ are the only functions which satisfy

Equations 2.1 and 2.2 respectively. Similarly, we can specify a unique function
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V ⋆ : S → R and a unique function Q⋆ : S×A → R via the following two

Bellman recursions:

V ⋆(s) = max
a∈A

ES′∼τ(s,a) [R(s, a, S ′) + γV ⋆(S ′)] , (2.3)

Qπ(s, a) = ES′∼τ(s,a)

[
R(s, a, S ′) + γmax

a∈A
Qπ(S ′, a)

]
, (2.4)

We refer to V ⋆ as the optimal value function, and to Q⋆ as the optimal Q-function.

We can also define an optimal advantage function A⋆ as A⋆(s, a) = Q⋆(s, a) − V ⋆(s).

Note that A⋆ always is non-positive.

If an action a maximises Q⋆(s, a) (or, equivalently, A⋆(s, a)) in some state s,

then we say that a is an optimal action in s. If a policy π only takes optimal

actions with positive probability, then we say that π is an optimal policy. We will

sometimes denote an optimal policy as π⋆. If π is optimal, then π maximises the

evaluation function J . However, the converse does not hold. To see this, note that

π may maximise J , even if π takes sub-optimal actions in states that π visits with

probability 0. Also note that if π is optimal, then Qπ = Q⋆ and V π = V ⋆. Since

Equations 2.3 and 2.4 always have a solution, there is always at least one optimal

policy. Moreover, the set of all optimal policies form a convex set, given by all

distributions over the optimal actions in each state.

In this paper, we will often talk about pairs or sets of reward functions. In these

cases, we will give each reward function a subscript Ri, and use Ji, V ⋆
i , and V π

i ,

and so on, to denote Ri’s evaluation function, optimal value function, and π value

function, and so on. We reserve R0 for the reward function that is zero everywhere,

i.e. R0(s, a, s′) = 0 for all s, a, s′. Moreover, if a reward function R satisfies that

J(π1) = J(π2) for all policies π1, π2, then we say that R is trivial. R0 is trivial,

but there are other trivial reward functions as well (c.f. e.g. Proposition 29 or

Theorem 40). We will also use R to denote the set of all possible reward functions.

Note that we have have defined reward functions as having the type signature

S×A×S → R. In practice, it is common to instead consider reward functions with
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the type signature S×A → R. The reason for this is that, for any reward function

R1 : S×A×S → R, we can define a second reward function R2 : S×A → R as

R2(s, a) = ES′∼τ(s,a) [R1(s, a, S ′)] .

It is now easy to see that J2 = J1, Q⋆
2 = Q⋆

1, and so on. Thus, we arguably do

not gain any expressive power from allowing the reward of a transition ⟨s, a, s′⟩ to

depend on s′. However, it is important to note that R1 and R2 only are equivalent

relative to one particular transition function τ . Moreover, in some of our results,

we will quantify over multiple transition functions. We must therefore allow the

reward to depend on s′, to ensure that our results are fully general.

The occupancy measure ηπ of a policy π is the (|S||A||S|)-dimensional vector

in which the value of the (s, a, s′)’th dimension is given by

∞∑
t=0

γtPξ∼π (St, At, St+1 = s, a, s′) ,

where the probability is over a trajectory ξ sampled from π (assuming the first

state is sampled from µ0 and transitions are sampled from τ). In other words, the

occupancy measure ηπ of π measures the cumulative discounted probability with

which π visits each transition. To prove our results, it will sometimes be useful to

map policies to their occupancy measures. One reason for this is that, if we represent

the reward function R as an (|S||A||S|)-dimensional vector, then J(π) = ηπ ·R. In

other words, occupancy measures allow us to decompose J into two separate steps,

the first of which is independent of the reward function, and the second of which

is linear. We will sometimes use Ω to denote the set of all occupancy measures,

i.e. Ω = {ηπ : π ∈ Π}, where Π is the set of all (stationary) policies.

2.2 Inverse Reinforcement Learning

The aim of an IRL algorithm is to infer a representation of an agent’s preferences

based on their behaviour. It is typically assumed that these preferences can be

represented as a reward function, and that the observed behaviour has the form

of a policy. It is also typically assumed that the environment of the agent can be
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modelled as an MDP. The IRL problem can thus loosely be stated as follows. There

is an unknown reward function R. You get to observe a policy π, which has been

computed from R relative to some transition function τ , initial state distribution µ0,

and discount factor γ. We may or may not assume that τ , µ0, and γ are known.2

The goal is then to infer a reward function RH , that is as similar as possible (in

some relevant sense) to the true reward function R.

An IRL algorithm must make assumptions about how the observed policy π

relates to the underlying reward function, R. These assumptions are referred to

as the behavioural model. In some cases, the behavioural model simply assumes

that π is optimal under R (e.g. Ng and Russell, 2000). However, this assumption

is often unrealistic; people sometimes make mistakes, and are subject to limited

information and limited cognitive resources. As such, many IRL algorithms make

use of other behavioural models. One common model is Boltzmann rationality (e.g.

Ramachandran and Amir, 2007), which says that

P(π(s) = a) =
(

exp βQ⋆(s, a)∑
a′∈A exp βQ⋆(s, a′)

)
.

Here β ∈ R+ is known as a temperature parameter. When π satisfies this relationship,

we refer to it as a Boltzmann-rational policy. The function f : Rn → Rn given by

f(v)i = exp βvi/
∑n
j=1 exp βvj is known as the softmax function for temperature

β. Thus, a Boltzmann-rational policy is given by applying a softmax function

to the optimal Q-function. Intuitively speaking, such a policy takes every action

with positive probability, but is more likely to take actions with high value than

actions with low value. Boltzmann-rationality can therefore be seen as a form

of noisy optimality.

Another common behavioural model is causal entropy maximisation (e.g. Ziebart,

2010). This behavioural model specifies an alternative optimisation criterion, known

as the maximal causal entropy (MCE) objective:

JMCE(π) = Eξ∼π
[ ∞∑
t=0

γt(R(st, at, st+1) + αH(π(st)))
]
.

2Note that we generally have to assume that the set of states S and the set of actions A are
known, since these are the domain and codomain of π.
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Here α ∈ R+ is a weight, and H is the Shannon entropy function. A policy π

which maximises the MCE objective is referred to as an MCE policy. Moreover,

let the soft Q-function QS
α : S×A → R be the function that is defined by the

following Bellman recursion:

QS
α(s, a) = ES′∼τ(s,a)

R(s, a, S ′) + γα log
∑
a′∈A

exp
(( 1

α

)
QS
α(S ′, a′)

) (2.5)

This recursion is a contraction map, and thus has a unique solution. Moreover,

it can be shown that the MCE policy is given by

P(π(s) = a) =
(

exp(1/α)QS
α(s, a)∑

a′∈A exp(1/α)QS
α(s, a′)

)
,

i.e., by applying the softmax function with temperature 1/α to QS
α (see Haarnoja et

al., 2017, their Theorem 1 and 2). Note that this implies that the MCE policy always

is unique. Intuitively speaking, the MCE policy maximises expected cumulative

discounted reward, subject to a regularisation term that encourages the policy to

be as stochastic as possible. One way to justify the MCE objective as a model of

human behaviour is to note that a boundedly rational agent presumably is less

likely to solve a given problem using a strategy that is highly sensitive to mistakes.3

In the current literature, most IRL algorithms assume that the observed policy

is either optimal, Boltzmann-rational, or MCE optimal. Therefore, we will refer

to these behavioural models as the standard behavioural models, and focus on

them in our analysis. We will however additionally present many results that hold

for wider classes of behavioural models.

There are many ways to design an IRL algorithm around a given behavioural

model (see e.g. Ng and Russell, 2000; Ramachandran and Amir, 2007; Ziebart,

2010; Haarnoja et al., 2017, etc). However, the details of these algorithms will

not be important for understanding this work, because our analysis will be carried
3As an intuitive example, suppose you are choosing between two different train routes between

a point A and some destination B, where the first route is a direct connection, and the second
route involves several stops. Suppose also that the second route is slightly faster if you do not
miss any connecting trains, but longer if you do miss one or more of the connections. A boundedly
rational agent may then be more likely to pick the first route, even if an optimal agent would pick
the second route. The entropy regularisation in the MCE objective roughly captures this kind of
reasoning, which may make it a plausible model of bounded rationality.
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out primarily in terms of behavioural models, rather than specific algorithms. In

this way, we can derive results that apply to any IRL algorithm that is based

on a given behavioural model.

2.3 Metrics, Pseudometrics, and Norms

In our analysis, we will often quantify the difference between different kinds of

objects (especially reward functions). To do this, we will make use of metrics,

pseudometrics, and norms. Given a set X, a function m : X × X → R is a

pseudometric on X if it satisfies the following axioms:

1. Indiscernibility of identicals: m(x, x) = 0 for all x ∈ X.

2. Positivity: m(x, y) ≥ 0 for all x, y ∈ X.

3. Symmetry: m(x, y) = m(y, x) for all x, y ∈ X.

4. Triangle inequality: m(x, z) ≤ m(x, y) +m(y, z) for all x, y, z ∈ X.

If m additionally satisfies the identity of indiscernibles, which says that m(x, y) ̸=

0 for all x, y ∈ X such that x ̸= y, then m is a metric. Every metric is a

pseudometric, but not vice versa.

Given a vector space V , a function n : V → R is a norm on V if n satisfies

the following axioms:

1. Non-negativity: n(v) ≥ 0 for all v ∈ V .

2. Positive definiteness: n(v) = 0 if and only if v is the zero vector.

3. Absolute homogeneity: n(c · v) = c · n(v) for all v ∈ V and c ∈ R.

4. Triangle inequality: n(v + w) ≤ n(v) + n(w) for all v, w ∈ V .

For any real number p ≥ 1, the function Lp : Rd → R given by

Lp(v) =
(

d∑
i=1

|vi|p
)1/p
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is a norm on Rd. The function L∞ : Rd → R, given by L∞(v) = maxi |vi|, is also

a norm. Moreover, if n : Rd → R is a norm , and M : Rd → Rd is an invertible

matrix, then n ◦ M is also a norm.

If n : Rn → R is a norm, then the function m : Rn × Rn → R given by

m(v, w) = n(v − w) is a metric on R. For convenience, we will (in a mild overload

of notation) also denote this metric using n, so that e.g.

L2(v, w) =
 |v|∑
i=1

|vi − wi|2
1/2

,

and so on. Every norm corresponds to a metric in this way, but not every metric

corresponds to a norm.

Given a set X, and two metrics m1,m2 on X, if there exists positive constants

ℓ, u ∈ R+ such that

ℓ ·m1(x, y) ≤ m2(x, y) ≤ u ·m1(x, y)

for all x, y ∈ X, then m1 and m2 are said to be bilipschitz equivalent. All norms (but

not all metrics) are bilipschitz equivalent on any finite-dimensional vector space.



The only way to rectify our reasonings is to make
them as tangible as those of the Mathematicians, so
that we can find our error at a glance, and when there
are disputes among persons, we can simply say: Let
us calculate, without further ado, to see who is right.

— Gottfried Wilhelm Leibniz, 1685.

3
New Definitions and Formalisms

In this chapter, we introduce the theoretical frameworks that underpin our further

analysis. First, we will introduce a number of definitions that formalise the notion

of partial identifiability. After this, we will introduce two related but distinct

ways of formalising misspecification robustness, and discuss the benefits of each

approach. In addition, we will present several relevant intermediate results about

our framework. These lemmas will be used to prove our later results, but are

also insightful in their own right.

Some of the definitions we provide in this section will be given relative to

an equivalence relation ≡ or a pseudometric dR on R, the set of all possible

rewards. The purpose of these is to quantify differences between reward functions

(in particular, the difference between the learnt reward function and the true reward

function). In this section, we will not discuss the issue of which equivalence relation

≡ or pseudometric dR to use — this question will instead be addressed in Chapter 4.

3.1 Partial Identifiability

In this section, we describe the framework that we will use to analyse partial

identifiability. Before going into the specifics, let us recall the details of the problem.

In IRL, there are typically multiple reward functions that are consistent with a

28
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given data source, even in the limit of infinite data. This means that the reward

function is ambiguous, or partially identifiable, based on such data sources. We

wish to characterise this ambiguity.

At the same time, it is important to note that it often is unnecessary to identify

a reward function uniquely, because all plausible reward functions might lead to the

same outcome in a given application. For example, if we want to learn a reward

function in order to compute an optimal policy, then it is enough to learn a reward

function that has the same optimal policies as the true reward function. It is

therefore important to also consider the ambiguity tolerance of various applications.

Our framework for characterising partial identifiability in IRL is based on

the following three definitions:

Definition 1. We say that a reward object is a function f : R → X, where R is

the set of all reward functions, and X is any set. If X is the set of all policies Π,

then we refer to f as a behavioural model.

Definition 2. Given a reward object f : R → X, the invariance partition Am(f)

of f is the partition of R according to the equivalence relation ≡f where R1 ≡f R2

if and only if f(R1) = f(R2).

Definition 3. Given two partitions P , Q of R, if R1 ≡P R2 =⇒ R1 ≡Q R2 then we

write P ⪯ Q. Given two reward objects f : R → X, g : R → Y , if Am(f) ⪯ Am(g)

then we say that f is no more ambiguous than g. If Am(f) ⪯ Am(g) but not

Am(g) ⪯ Am(f), then we write Am(f) ≺ Am(g) and say that f is strictly less

ambiguous than g.
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Figure 3.1: This figure illustrates Definition 1-3 visually. Specifically, suppose f : R → X
and g : R → Y are functions (or “reward objects” in our terminology). Now f induces a
partitioning Am(f) of R according to which R1 and R2 belong to the same partition if
(and only if) f(R1) = f(R2), and likewise for g and Am(g). If g(R1) = g(R2) whenever
f(R1) = f(R2), then Am(f) is a partition refinement of Am(g), which can be visualised
as in the figure above. This corresponds to the case when Am(f) ⪯ Am(g), where f is
less ambiguous than g.

Before moving on, let us provide an intuitive explanation of these definitions.

First of all, anything that can be computed from a reward function can be seen

as a reward object. For example, we could consider the function fτ,γ that, given

a reward function R, returns the optimal Q-function given transition function τ

and discount factor γ. In this case, X would be the set of functions S×A →

R. Similarly, we could consider the function bτ,γ,β that returns the Boltzmann-

rational policy for temperature β, given transition function τ and discount factor

γ. In this case X would be the set Π encompassing all policies, which means

that bτ,γ,β is a behavioural model. As we can see, reward objects (as defined in

Definition 1) are a versatile abstract building block that can be used for complex

constructions. We will mainly, but not exclusively, consider reward objects with

the type R → Π, i.e. behavioural models.

We can use reward objects to create an abstract model of a reward learning

algorithm L as follows; first, we assume that there is a true underlying reward
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function R⋆. We model the data source as a function f : R → X, for some data

space X, so that the learning algorithm observes f(R⋆). Note that f(R⋆) could be a

distribution, which models the case where the data comprises a set of samples from

some source, but it could also be a single finite object. Next, we assume that L

learns (or converges to) a reward function RH that is compatible with the observed

data, which means that f(RH) = f(R⋆). Note that this primarily is a model of the

asymptotic behaviour of learning algorithms, in the limit of infinite data.

Hence, the defined invariance partition Am(f) of f groups together all reward

functions that a learning algorithm L that is based on f could converge to. For

example, let bβ,τ,γ : R → Π be the function that returns the Boltzmann-rational

policy for temperature β given transition function τ and discount factor γ. If

two reward functions R1, R2 have the same Boltzmann-rational policy — i.e., if

bβ,τ,γ(R1) = bβ,τ,γ(R2) — then R1 and R2 cannot be distinguished by bβ,τ,γ. Thus,

Am(bβ,τ,γ) partitions R according to which reward functions can and cannot be

separated by a learning algorithm based on Boltzmann-rational policies. This means

that Am(f) describes the ambiguity of the reward R given the data f(R).

Next, note that we can also interpret the invariance partition of f as a char-

acterisation of the information that we need to have about R to construct f(R).

Specifically, let g : R → Y be a function whose output we wish to compute. If R⋆

is the true reward function, then it is acceptable to instead learn a reward function

RH as long as g(RH) = g(R⋆). This means that the invariance partition of g also

groups together all reward functions that it would be acceptable to learn, for the

purpose of computing the output of g. Stated differently, Am(g) describes the

ambiguity tolerance of R when computing the value of g(R).

We can now see that ⪯ formalises two important relationships between reward

objects. First of all, if f and g correspond to two different reward learning data

sources, and Am(f) ≺ Am(g), then we get strictly more information about the

underlying reward function by observing data from f than we get by observing data

from g. Moreover, if f is a reward learning data source and g is a downstream appli-

cation, then Am(f) ⪯ Am(g) is precisely the condition of g tolerating the ambiguity
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of the data source f (i.e., any two reward functions that cannot be distinguished

by data from f lead to identical outputs when computing the value of g).

To make this more intuitive, let us discuss an example. Consider first a reward

learning data source, such as trajectory comparisons. In this case, we can let X

be the set of all (strict, partial) orderings of the set of all trajectories, and f be

the function that returns the ordering of the trajectories that is induced by the

trajectory return function, G. Let R⋆ be the true reward function. In the limit

of infinite data, the reward learning algorithm will learn a reward function RH

that induces the same trajectory ordering as R⋆, which means that f(RH) = f(R⋆).

Furthermore, if we want to use the learnt reward function to compute a policy,

then we may consider the function g : R → Π that takes a reward function R,

and returns a policy π⋆ that is optimal under R (given some τ and γ). Then if

f(RH) = f(R⋆) =⇒ g(R′) = g(R⋆), we will compute a policy that is optimal

under the true reward R⋆. This corresponds to the condition that Am(f) ⪯ Am(g).

Before moving on, we should also briefly add a remark on our use of the term

“ambiguity” in this thesis. We will mostly use this as a general term, corresponding

to a number of related technical notions in different contexts. In particular, “the

ambiguity of f” and “the ambiguity of the reward function under f” should both

normally be taken to refer to Am(f). Similarly, “f is less ambiguous than g” and

“g tolerates the ambiguity of f” should be understood as “Am(f) ⪯ Am(g)”, as

per Definition 3. If we say that f is “too ambiguous” (for some purpose), then

this should normally be taken to mean that Am(f) ̸⪯ P (for some partition P

of R). The intended meaning should generally be clear in each given context.

However, to avoid any risk of confusion, all theorems and proofs are stated in

terms of unambiguous technical terms.

Next, it is useful to note that the invariances of an object are inherited by all

objects that can be computed from it. More formally:

Lemma 4. Consider two reward objects f : R → X, g : R → Y . If there exists a

function h : X → Y such that h ◦ f = g, then Am(f) ⪯ Am(g).
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Proof. If f(R1) = f(R2), then h ◦ f(R1) = h ◦ f(R2), so g(R1) = g(R2). Thus

f(R1) = f(R2) =⇒ g(R1) = g(R2), so Am(f) ⪯ Am(g).

This simple observation has the important consequence that if there is an

intermediate object (e.g., a Q-function) that is too ambiguous for a given application,

then this ambiguity will also hold for any object that can be computed from

this intermediate object.

Note that ⪯ is transitive; if P ⪯ Q and Q ⪯ R then P ⪯ R. It is also

antisymmetric; if P ⪯ Q and Q ⪯ P then P = Q. This means that our framework

endows all reward learning data sources and applications with a lattice structure,

where f → g if Am(f) ⪯ Am(g). This lattice structure enables reading out several

important relationships graphically:

1. If f → g then a data source based on f is at least as informative as a data

source based on g.

2. If f → g then a data source based on f contains enough information to

compute the output of g.

3. If f → g then it is in principle possible to compute g(R) from f(R).

4. If f → g and f ̸→ h then g ̸→ h. In other words, if f is a data source that

does not contain enough information to compute h, and g is a data source

that can be derived from f , then g does not contain enough information to

compute h.

As such, our definitions make it easy to reason about partial identifiability, ambiguity,

and ambiguity tolerance, within a single unified framework.
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R

Q⋆

π⋆ V ⋆

Figure 3.2: This figure gives a simple illustration of how Definition 1-3 induces a partial
order over objects that can be computed from reward functions. For example, let q be
the function that, given a reward function R, returns the optimal Q-function Q⋆, and
let v be the function that, given a reward function R, returns the optimal value-function
V ⋆. Since V ⋆ can be computed from Q⋆, we have that Am(q) ⪯ Am(v), which can be
represented as q → v (or Q⋆ → V ⋆) in a figure. Important relationships between data
sources can then be read out graphically — for example, if Q⋆ is too ambiguous for a
given application, then V ⋆ must be too ambiguous as well.

Next, it will often be useful to express Am(f) in terms of the set of all

transformations of R that preserve f(R). Formally:

Definition 5. A reward transformation is a map t : R → R. We say that the

invariances of f is a set of reward transformations T if for all R1, R2 ∈ R, we have

that f(R1) = f(R2) if and only if there is a t ∈ T such that t(R1) = R2. We then

say that f determines R up to T .

Moreover, when talking about a particular kind of object, we will for the sake

of brevity sometimes leave the function f implicit, and instead just mention the

relevant object. For example, we might say that “the Boltzmann-rational policy

determines R up to T ”. This should be understood as saying that “f determines R

up to T , where f is the function that takes a reward and returns the corresponding

Boltzmann-rational policy”. It is also worth noting that f and T often will be

parameterised by τ , µ0, or γ; this dependence will usually be spelt out, but it may

in some cases be omitted when it is unambiguous from the context. Moreover, we

will sometimes express the invariances of a function f in terms of several sets of

reward transformations – for example, we might say that “f determines R up to T1
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and T2”. This should be understood as saying that f determines R up to T , where

T is the set of all transformations that can be formed by composing transformations

in T1 and T2 (in any order). For more details, see Section 3.4.

It is worth noting that if f determines R up to T1, and g determines R up to

T2, where T1 ⊆ T2, then Am(f) ⪯ Am(g). Similarly, if f determines R up to T1,

and g determines R up to T1 and T2, then we also have that Am(f) ⪯ Am(g).

This ought to be quite intuitive, but noting this will make it easier to compare

our theorem statements in Chapter 5.

Note that the notions introduced in Definition 1-3 only let us compare the

ambiguity of different data sources f and g by examining whether or not the

ambiguity of f is strictly greater than the ambiguity of g, or vice versa. This means

that Definition 1-3 do not let us quantify the absolute ambiguity of a data source.

To address this, we introduce the following definition:

Definition 6. Given a set of reward functions S ⊆ R, and a pseudometric dR on

R, we say that the diameter diam(S) of S is the supremum of the distance between

pairs of reward functions in S under dR, i.e.

diam(S) = sup{dR(R1, R2) : R1, R2 ∈ S}.

Moreover, given a reward object f : R → X, we say that the upper diameter of

Am(f) is the greatest diameter of any set in Am(f), i.e.

sup{diam(S) : S ∈ Am(f)}.

Similarly, we say that the lower diameter of Am(f) is the smallest diameter of any

set in Am(f), i.e.

inf{diam(S) : S ∈ Am(f)}.

To understand these definitions, note that if we have a pseudometric dR on R

that provides a quantification of how different any two reward functions are, then

we can use this pseudometric to measure the “size” of Am(f), where a larger size

corresponds to greater ambiguity. Since not every set in Am(f) may have the same
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size, we further distinguish between the upper and the lower diameter of Am(f).

Intuitively, the upper diameter measures the worst-case ambiguity of the reward

function under f , whereas the lower diameter measures the best-case ambiguity.

For example, if the lower diameter of Am(f) is ϵ, then that means that there for

any x ∈ Im(f) exists two reward functions R1, R2 such that f(R1) = f(R2) = x,

but such that the distance between R1 and R2 is ϵ (or arbitrarily close to ϵ).

By contrast, if the upper diameter of Am(f) is ϵ, then that means that there

is some x ∈ Im(f) for which there exists two reward functions R1, R2 such that

f(R1) = f(R2) = x, but such that the distance between R1 and R2 is ϵ (or

arbitrarily close to ϵ). Also note that the upper diameter of Am(f) always is at

least as great as the lower diameter of Am(f).

It is also important to note that, while the (upper and lower) diameter of Am(f)

provides a way of quantifying the size of Am(f), this does not capture all of the

structure of Am(f). For example, even if the lower diameter of Am(f) is greater

than the upper diameter of Am(g), this does not guarantee that Am(g) ⪯ Am(f).

For this reason, it may in some cases be more informative to characterise Am(f)

in terms of reward transformations (rather than in terms of its upper and lower

diameter), since this provides a complete description of the structure of Am(f).

3.2 Misspecification Robustness

In this section, we introduce the frameworks that we will use for analysing robustness

to misspecification. Do do this, we will fist give an abstract model of a reward

learning algorithm L that is slightly more general than that provided in Section 3.1.

As before, we assume that there is a true underlying reward function R⋆, and

that the training data is generated by a function g : R → X, so that the learning

algorithm observes g(R⋆). Moreover, we assume that the learning algorithm L has a

model f : R → X of how the observed data relates to R⋆, such that L converges to

a reward function RH that satisfies f(RH) = g(R⋆). However, unlike in Section 3.1,

we will not assume that f = g; this allows us to reason about the impact of

misspecification. If f ̸= g, then f is misspecified, otherwise f is correctly specified.
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Intuitively, we want to say that f is robust to misspecification with g if a learning

algorithm L that is based on f is guaranteed to learn a reward function that is

“close” to the true reward function if it is trained on data generated from g. To

make this statement formal, we need a definition of what it means for two reward

functions to be “close”. Our first formalisation defines this in terms of equivalence

classes. Specifically, we assume that we have a partition P of R (which, of course,

corresponds to an equivalence relation), and that the learnt reward function RH

is “close enough” to the true reward R⋆ if they are in the same equivalence class,

RH ≡P R
⋆. We will for the time being leave out the question of how to pick the

partition P , and later revisit this question in Chapter 4. Given this, we can now

provide our first definition of robustness to misspecification.

Definition 7. Given a partition P of R, and two reward objects f, g : R → X, we

say that f is P -robust to misspecification with g if each of the following conditions

are satisfied:

1. If f(R1) = g(R2) then R1 ≡P R2.

2. Im(g) ⊆ Im(f).

3. Am(f) ⪯ P .

4. f ̸= g.

Let us explain each of these conditions. The first condition says that if f is

P -robust to misspecification with g, then any learning algorithm L based on f is

guaranteed to learn a reward function that is P -equivalent to the true reward function

when trained on data generated from g. This is the core property of misspecification

robustness, which ensures that the mismatch between f and g is unproblematic.

The second condition ensures that L can never observe data that is impossible

according to its assumed model. For example, suppose f maps each reward function

to a deterministic policy; in that case, the learning algorithm L will assume that the

observed policy must be deterministic. What happens if such an algorithm is given

data from a nondeterministic policy? This is undefined, absent further details about
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L. Since we do not want to make any strong assumptions about L, it is reasonable

to require that any data that could be produced by g, can be explained under f .

The third condition says that any learning algorithm L based on f is guaranteed

to learn a reward function that is P -equivalent to the true reward function when

trained on data generated by f , i.e. when there is no misspecification. In other

words, f is no more ambiguous than P , in the sense of Definition 3. This condition

is included to rule out certain uninteresting edge cases — we discuss this in more

detail at the end of this section. The final condition simply says that f and g are

distinct — if they are not, then f is not misspecified!1

Figure 3.3: This figure illustrates the conditions in Definition 7. Both f and g are
functions from the space of rewards R to a set X, and P is a partitioning of R. The
learning algorithm L observes x = g(R1) for some unknown reward function R1, and will
find a reward function R2 such that f(R2) = x. We wish to ensure that R2 ≡P R1. If
this holds for all R2 and R1 such that f(R2) = g(R1), together with the other conditions
in Definition 7, when we say that f is P -robust to misspecification with g.

Our next definition formalises misspecification robustness in terms of pseudo-

metrics on R (rather than equivalence relations). While Definition 7 captures

many important properties of misspecification, it is also limited by the fact that
1Note that if we were to drop condition 4, and set f = g, then Definition 7 would be equivalent

to Definition 3, which is the definition we use to formalise ambiguity tolerance. Definition 7 is thus
an extension of Definition 3, designed to cover the case where the true data generating process
(i.e. g) is different from model assumed by L (i.e. f).
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it quantifies the differences between reward functions in terms of equivalence

relations. With this definition, two reward functions are either equivalent or

not, which means that Definition 7 cannot distinguish between small and large

errors in the learned reward function. To alleviate this limitation, we introduce

a second definition of misspecification robustness that is based on pseudometrics

on R; this will let us quantify the error in the learnt reward function in a fine-

grained and continuous manner.

Definition 8. Given a pseudometric dR on R, and two reward objects f, g : R → X,

we say that f is ϵ-robust to misspecification with g as measured by dR if each of

the following conditions are satisfied:

1. If f(R1) = g(R2) then dR(R1, R2) ≤ ϵ.

2. Im(g) ⊆ Im(f).

3. If f(R1) = f(R2) then dR(R1, R2) ≤ ϵ.

4. f ̸= g.

The conditions in Definition 8 mirror the conditions in Definition 7; the second

and fourth conditions are identical in both definitions, and the first and third

conditions are restated in terms of a pseudometric dR. We will for the time

being leave out the question of how to pick a pseudometric dR, and later revisit

this question in Chapter 4.
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Figure 3.4: This figure illustrates the conditions in Definition 8. Both f and g are
functions from the space of all rewards R to some set X, and we have some pseudometric
dR on R. The learning algorithm L observes x = g(R1) for some unknown reward function
R1, and will find a reward function R2 such that f(R2) = x. We wish to ensure that
dR(R1, R2) ≤ ϵ. If this holds for all R1 and R2 such that f(R2) = g(R1), together with
the other conditions in Definition 8, when we say that f is ϵ-robust to misspecification
with g (as measured by the pseudometric dR).

Next, note that any result expressed in terms of Definition 7 can be translated

into a corresponding result expressed in terms of Definition 8:

Proposition 9. Consider a pseudometric dR and an equivalence relation ≡P on

R such that R1 ≡P R2 if and only if dR(R1, R2) = 0. Then f is P -robust to

misspecification with g if and only if f is 0-robust to misspecification with g as

measured by dR.

Proof. Immediate from Definition 7 and 8.

Also note that if f is 0-robust to misspecification with g, then it of course follows

that f is ϵ-robust to misspecification with g for all ϵ > 0:

Proposition 10. If f is ϵ-robust to misspecification with g measured by dR, and

δ > ϵ, then f is δ-robust to misspecification with g measured by dR.

Proof. Immediate from Definition 8.
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In light of this, one might ask why we should use Definition 7 if Definition 8 is

strictly more expressive. There are several reasons for this. First of all, Definition 7

still captures most of what we care about in practice, while also being notably

easier to work with. Moreover, while any pseudometric can be straightforwardly

translated into an equivalence relation, it is not always straightforward to translate

an equivalence relation into a metric, other than by letting this metric be equal

to 0 for equivalent reward functions and 1 for non-equivalent reward functions.

Additionally, Definition 7 will let us derive results that are both stronger and easier

to interpret qualitatively, than what is possible using Definition 8. For this reason,

we will make use of both Definition 7 and Definition 8.

In Chapter 8, we provide a more extensive discussion of Definition 7 and 8,

including ways in which these definitions may be modified or generalised, and

whether such modifications would have a meaningful impact on any of our results.

We show that many natural generalisations would lead to results that are identical

or closely analogous to the results that we will provide for Definition 7 and 8.

Before moving on, let us briefly comment on the third condition in Definition 7

and Definition 8. This condition informally says that for f to be robust to

misspecification with g, it is necessary that a learning algorithm which is based on

f should be guaranteed to learn a reward function that is close to the true reward

function when there is no misspecification. It may not be immediately obvious

why this assumption is included, since we assume that the data is generated by g,

where f ̸= g. Let us therefore provide an example, to explain the motivation

for this condition.

Let R1, R2, R3, R4 be four rewards such that dR(R1, R2) < ϵ, dR(R3, R4) < ϵ, and

dR(R2, R3) ≫ ϵ (or, alternatively, R1 ≡P R2, R3 ≡P R4, and R2 ̸≡P R3). Moreover,

let f, g : R → Π be two behavioural models where f(R1) = π1, f(R2) = f(R3) = π2,

f(R4) = π3, and g(R1) = g(R2) = π1, g(R3) = g(R4) = π3. We may assume that

f = g for all other reward functions. This is illustrated in the diagram below:
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In this case, we have that f(R2) = f(R3), but dR(R2, R3) ≫ ϵ. As such, f

violates the third condition in Definition 8; a learning algorithm L based on f is

not guaranteed to learn a reward function that has distance at most ϵ to the true

reward function when there is no misspecification, because f cannot distinguish

between R2 and R3, which have a large distance. However, if f(R) = g(R′), it does

in this case follow that dR(R,R′) ≤ ϵ. In other words, if the training data is coming

from g, then a learning algorithm L based on f is guaranteed to learn a reward

function that has distance at most ϵ to the true reward function. As such, we could

define misspecification robustness in such a way that f would be considered to be

robust to misspecification with g in this case. However, this seems unsatisfactory,

because g essentially has to be carefully designed specifically to avoid certain blind

spots in f . In other words, while condition 1 in Definition 7/8 is met, it is only met

spuriously. The third condition is included to rule out these edge cases.

3.3 Intermediate Results About Our Definitions

In this section, we provide several lemmas and intermediate results about Definition 7

and 8. These results give insight into the properties of our problem setting, and

will also be used to prove our object-level results. We begin by listing a number

of interesting properties of Definition 7:

Lemma 11. If f is not P -robust to misspecification with g, and Im(g) ⊆ Im(f),

then for any h, h ◦ f is not P -robust to misspecification with h ◦ g.
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Proof. If f is not P -robust to misspecification with g, and Im(g) ⊆ Im(f), then

either f ̸⪯ P , or f = g, or f(R1) = g(R2) but R1 ̸≡P R2 for some R1, R2.

In the first case, if f ̸⪯ P then h ◦ f ̸⪯ P , as per Lemma 4. Thus h ◦ f is not

P -robust to misspecification with any reward object (including h ◦ g).

In the second case, if f = g then h ◦ f = h ◦ g. This implies that h ◦ f is not

P -robust to misspecification with h ◦ g.

In the last case, suppose f(R1) = g(R2) but R1 ̸≡P R2 for some R1, R2. Thus

implies that h ◦ f(R1) = h ◦ g(R2), but R1 ̸≡P R2. Thus h ◦ f is not P -robust to

misspecification with h ◦ g.

Lemma 11 says that if f lacks robustness to a given form of misspecification,

then any object that can be computed from f inherits a lack of robustness to its

corresponding misspecification. This lemma can be seen as analogous to Lemma 4,

and will later be used to show that broad classes of data models lack robustness

to some forms of misspecification.

Lemma 12. If f is P -robust to misspecification with g then Am(g) ⪯ P .

Proof. Suppose f is P -robust to misspecification with g, and let R1, R2 be any two

reward functions such that g(R1) = g(R2). Since Im(g) ⊆ Im(f) there is an R3

such that f(R3) = g(R1) = g(R2). Since f is P -robust to misspecification with g,

it must be the case that R3 ≡P R1 and R3 ≡P R2. By transitivity, we thus have

that R1 ≡P R2. Since R1 and R2 were chosen arbitrarily, it must be that R1 ≡P R2

whenever g(R1) = g(R2).

It may be easier to understand Lemma 12 by considering the contrapositive

statement; if Am(g) ̸⪯ P then no f is P -robust to misspecification with g. In

other words, if data from g is insufficient for identifying the P -class of the true

reward function when there is no misspecification, then we cannot identify the

correct P -class by using a misspecified data model. This means that we can never

gain anything from misspecification.
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Proposition 13. If f is P -robust to misspecification with g and Im(f) = Im(g)

then g is P -robust to misspecification with f .

Proof. If f is P -robust to misspecification with g then this immediately implies

that f ̸= g, and that if f(R1) = g(R2) for some R1, R2 then R1 ≡P R2. Lemma 12

implies that Am(g) ⪯ P , and if Im(f) = Im(g) then Im(f) ⊆ Im(g). This means

that g is P -robust to misspecification with f .

Proposition 13 says that misspecification robustness is symmetric under many

typical circumstances. For example, if f and g are both surjective, then Im(f) =

Im(g). This means that there are equivalence classes of behavioural models that

are all robust to misspecification with each other.

Lemma 14. Let Am(f) ⪯ P . Then there is no g such that f is P -robust to

misspecification with g if and only if Am(f) = P .

Proof. First consider the case when Am(f) = P , and assume for contradiction

that f is P -robust to misspecification with g. Let R1 be any reward function, and

consider g(R1). Since Im(g) ⊆ Im(f), there is an R2 such that f(R2) = g(R1). Since

f is P -robust to misspecification with g, this implies that R2 ≡P R1. Moreover, if

Am(f) = P then R2 ≡P R1 if and only if f(R2) = f(R1), so it must be the case

that f(R2) = f(R1). Now, since f(R2) = f(R1) and f(R2) = g(R1), we have that

g(R1) = f(R1). Since R1 was chosen arbitrarily, this implies that f = g, which is a

contradiction. Hence, if Am(f) = P then there is no g such that f is P -robust to

misspecification with g.

Next, consider the case when Am(f) ⪯ P and Am(f) ̸= P . This implies

that there are R1, R2 such that R1 ≡P R2 but f(R1) ̸= f(R2). We can then

construct a g as follows; let g(R1) = f(R2), g(R2) = f(R1), and g(R) = f(R) for all

R /∈ {R1, R2}. Now f is P -robust to misspecification with g. Hence, if Am(f) ⪯ P

and Am(f) ̸= P then there is a g such that f is P -robust to misspecification with g,

which in turn implies that if Am(f) ⪯ P and there is no g such that f is P -robust

to misspecification with g then Am(f) = P .
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Lemma 14 has a few interesting implications. First of all, note that it means

that we should expect most well-behaved data models to be robust to some forms

of misspecification, assuming that Am(f) ̸= P . Moreover, it also suggests that data

models that are less ambiguous also are less robust to misspecification, and vice

versa. One way to interpret this is to note that if Am(f) ≺ P , then f is sensitive to

properties of R that are irrelevant from the point of view of P . Specifically, it means

that there are reward functions R1, R2 such that f(R1) ̸= f(R2) but R1 ≡P R2.

Informally, we may then expect f to be robust to misspecification with g if f and g

only differ in terms of such “irrelevant details” (c.f. Section 6.2).

Lemma 15. Let Am(f) ⪯ P . Then f is P -robust to misspecification with g if and

only if f ̸= g and g = f ◦ t for some t : R → R such that R ≡P t(R) for all R.

Proof. First suppose that f is P -robust to misspecification with g — we will

construct a t that fits our description. Since Im(g) ⊆ Im(f), we have that there

for each R exists an R′ such that g(R) = f(R′). Let t : R → R be a function that

maps each R to one such R′. Since by construction g(R) = f(t(R)) for each R, we

have that g = f ◦ t. Moreover, since f is P -robust to misspecification with g, we

have that R ≡P t(R). This completes the first direction.

For the other direction, suppose f ̸= g and g = f ◦ t for some t : R → R such

that R ≡P t(R) for all R. By assumption we have that Am(f) ⪯ P . Moreover, we

clearly have that Im(g) ⊆ Im(f). Finally, if g(R1) = f(R2) then f(t(R1)) = f(R2).

Since Am(f) ⪯ P , this means that t(R1) ≡P R2. Moreover, since R ≡P t(R) for all

R, we have that R1 ≡P t(R1). By transitivity, this means that R1 ≡P R2. Thus f

is P -robust to misspecification with g, and we are done.

Lemma 15 is very important, because it provides us with an easy method for

deriving necessary and sufficient conditions that completely describe what forms

of misspecification any given data model f is robust to. In particular, given an

equivalence relation P , if we can find the set T of all functions t : R → R such

that R ≡P t(R) for all R, then we can completely characterise the misspecification

robustness of any data model f by simply composing f with each element of T .



3. New Definitions and Formalisms 46

We will later use this method to characterise the misspecification robustness of

several important data models.

Let us next consider Definition 8. We will show that Definition 8 mostly fails

to induce results analogous to those given in Lemma 11-15.

Proposition 16. There exists a pseudometric dR on R such that for each ϵ > 0

there are reward objects f, g : R → X where f is ϵ-robust to misspecification with g

as measured by dR, but there are reward functions R1, R2 such that g(R1) = g(R2)

but dR(R1, R2) > ϵ.

Proof. For example, let dR be the metric induced by the L2-norm, let X be any set

such that |X| ≥ |R|, and let f : R → X be any injective function. Pick two reward

functions R1, R2 such that dR(R1, R2) = 2ϵ, let g(R1) = g(R2) = f((R1 + R2)/2),

and let g(R) = f(R) for R ̸= R1, R2.

As such, Definition 8 does not induce a result analogous to Lemma 12; there are

f and g such that a learning algorithm that is based on f is guaranteed to learn a

reward function that is close to the true reward function if trained on data generated

from g, but where this is not true if we instead use a learning algorithm that is
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based on g, even though the former algorithm is misspecified and the latter is not.

This is somewhat pathological. However, we can prove a similar but weaker result:

Lemma 17. Let f, g : R → be two reward objects, and let dR be a pseudometric

on R. Suppose f is ϵ-robust to misspecification with g (as measured by dR). Then

if g(R1) = g(R2), we have that dR(R1, R2) ≤ 2ϵ.

Proof. Let R1, R2 be any two reward functions such that g(R1) = g(R2). From

condition 2 in Definition 8, we have that there is a reward R3 such that f(R3) =

g(R1) = g(R2). From condition 1 in Definition 8, we have that dR(R3, R1) ≤ ϵ and

that dR(R3, R2) ≤ ϵ. The triangle inequality then implies that dR(R1, R2) ≤ 2ϵ.

Definition 8 does also not induce a result analogous to Proposition 13:

Proposition 18. There exists a pseudometric dR on R such that for each ϵ > 0

there are reward objects f, g : R → X where f is ϵ-robust to misspecification

with g as measured by dR, and Im(f) = Im(g), but where g is not ϵ-robust to

misspecification with f as measured by dR.

Proof. For example, let dR be the metric induced by the L2-norm, let X be any

set such that |X| ≥ |R|, and let h : R → X be any injective function. Pick four

reward functions R1, R2, Ra, Rb such that dR(R1, R2) = 2ϵ, dR(R1, Ra) < ϵ, and

dR(R2, Rb) < ϵ. Let g(R1) = g(R2) = h((R1 + R2)/2), and let g(R) = h(R) for

R ̸= R1, R2. Let f(R1) = h(Ra), f(R2) = h(Rb), and f(R) = h(R) for R ̸= R1, R2.
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Now g is not ϵ-robust to misspecification with f , since g(R1) = g(R2) even

though dR(R1, R2) = 2ϵ. However, f is ϵ-robust to misspecification with g. First,

if f(R) = g(R′), then either R = R′, or R′ = (R1 + R2)/2 and R is either R1 or

R2. In the former case dR(R,R′) = 0, and in the latter dR(R1, R2) = ϵ. Moreover,

if f(R) = f(R′), then either R = R′, or R = R1 and R′ = Ra (or vice versa),

or R = R2 and R′ = Rb (or vice versa). In the first case dR(R,R′) = 0, and

in the latter two cases dR(R,R′) < ϵ. Next, f ̸= g, since f(R1) ̸= g(R1) and

f(R2) ̸= g(R2). Finally, Im(f) = Im(g), since both Im(f) and Im(g) are equal to

Im(h) \ {h(R1), h(R2)}.

In other words, Definition 8 fails to be symmetric even if Im(f) = Im(g).

This will make it more difficult to establish equivalence classes of behavioural

models that are internally robust to misspecification. Lemma 14 cannot even be

straightforwardly translated into Definition 8 for ϵ > 0. Definition 8 also fails

to induce a result analogous to Lemma 15:

Proposition 19. There exists a pseudometric dR on R such that for each ϵ > 0

there is an f : R → X such that if f(R1) = f(R2) then dR(R1, R2) ≤ ϵ, and a

t : R → R such that dR(R, t(R)) ≤ ϵ, where f ≠ f ◦ t, but where f is not ϵ-robust

to misspecification with f ◦ t as measured by dR.
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Proof. For example, let dR be the metric induced by the L2-norm, and let X be

any set such that |X| ≥ |R|. Pick three reward functions R1, R2, R3 such that

dR(R1, R2) = ϵ, dR(R2, R3) = ϵ, and dR(R1, R3) = 2ϵ. Let f be injective, except

that f(R1) = f(R2), and let t(R) = R for all R, except that t(R3) = R2. Now

f(R1) = f ◦ t(R3), even though dR(R1, R2) = 2ϵ > ϵ, and so f is not ϵ-robust to

misspecification with f ◦ t (as measured by dR).

This is particularly unfortunate, since Lemma 15 is very useful for easily deriving

necessary and sufficient conditions for P -robustness. However, we can derive a

sufficient condition for ϵ-robustness that mirrors Lemma 15; if f satisfies that

f(R1) = f(R2) implies dR(R1, R2) ≤ ϵ, and t satisfies that dR(R, t(R)) ≤ ϵ, then

f is guaranteed to be 2ϵ-robust to misspecification with f ◦ t. However, there

can be g such that f is 2ϵ-robust to misspecification with g, but where g cannot

be expressed in this way. We can also derive a necessary and sufficient condition

by imposing stronger requirements on f :

Lemma 20. Let f : R → X be a reward object, and let dR be a pseudometric

on R. Assume that f(R1) = f(R2) =⇒ dR(R1, R2) = 0. Then f is ϵ-robust to
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misspecification with g as measured by dR if and only if g = f ◦t for some t : R → R

such that dR(R, t(R)) ≤ ϵ for all R, and such that f ̸= g.

Proof. For the first direction, let t : R → R be a transformation such that

dR(R, t(R)) ≤ ϵ for all R, and let g = f ◦ t. Suppose f ̸= g. To show that

f is ϵ-robust to misspecification with g, we need to show that:

1. If f(R1) = g(R2) then dR(R1, R2) ≤ ϵ.

2. Im(g) ⊆ Im(f).

3. If f(R1) = f(R2) then dR(R1, R2) ≤ ϵ.

4. f ̸= g.

For the first condition, suppose f(R1) = g(R2), which implies that f(R1) = f ◦t(R2).

By assumption, we have that if f(R) = f(R′), then dR(R,R′) = 0. This implies

that dR(R1, t(R2)) = 0. Moreover, we have that dR(R, t(R)) ≤ ϵ for all R; this

implies that dR(R2, t(R2)) ≤ ϵ. By the triangle inequality, we then have that

dR(R1, R2) ≤ 0 + ϵ = ϵ. Since R1 and R2 were chosen arbitrarily, this means that

condition 1 holds. Condition 2 holds straightforwardly, from the construction of

g. For condition 3, note that we by assumption have that if f(R1) = f(R2), then

dR(R1, R2) = 0 < ϵ. Condition 4 is satisfied by direct assumption. This proves the

first direction.
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For the other direction, let f be ϵ-robust to misspecification with g (as measured

by dR). Since Im(g) ⊆ Im(f), we have that there for each R exists an R′ such that

g(R) = f(R′). Let t : R → R be a function that maps each R to one such R′.

Since by construction g(R) = f(t(R)) for each R, we have that g = f ◦ t. Moreover,

since f is ϵ-robust to misspecification with g as measured by dR, we have that

dR(R, t(R)) ≤ ϵ. This completes the proof of the other direction.

Moreover, Definition 8 does induce a result analogous to Lemma 11:

Proposition 21. For any pseudometric dR on R and any ϵ ≥ 0, if f is not ϵ-robust

to misspecification with g as measured by dR, and Im(g) ⊆ Im(f), then for any h,

h ◦ f is not ϵ-robust to misspecification with h ◦ g as measured by dR.

Proof. If f is not ϵ-robust to misspecification with g as measured by dR, and Im(g) ⊆

Im(f), then either there are R1, R2 such that f(R1) = g(R2) but dR(R1, R2) > ϵ,

or there are R1, R2 such that f(R1) = f(R2) but dR(R1, R2) > ϵ, or f = g.

In the first case, if f(R1) = g(R2) but dR(R1, R2) > ϵ then h◦ f(R1) = h◦ g(R2)

but dR(R1, R2) > ϵ. In the second case, if f(R1) = f(R2) but dR(R1, R2) > ϵ

then h ◦ f(R1) = h ◦ f(R2) but dR(R1, R2) > ϵ. In the third case, if f = g then

h◦f = h◦g. In each case, we thus have that h◦f is not ϵ-robust to misspecification

with h ◦ g as measured by dR.

The comparison between Lemma 11-15 and the results provided above exemplify

the fact that Definition 7 sometimes lets us derive results that are stronger and

more informative than what is possible using Definition 8, unless we assume that

ϵ = 0 (in which case Definitions 7 and 8 are equivalent). For this reason, we will

make use of both Definition 7 and Definition 8.

3.4 Reward Transformations

Recall that a reward transformation is a map t : R → R. In this section, we

introduce several important classes of reward transformations, that we will later

use to express our results. First recall potential shaping, which was first introduced

by Ng, Harada, and Russell, 1999:
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Definition 22. A potential function is a function Φ : S → R. Given a discount γ,

we say that R1 and R2 differ by potential shaping with γ if for some potential Φ,

R2(s, a, s′) = R1(s, a, s′) + γ · Φ(s′) − Φ(s).

for all s, s′ ∈ S and all a ∈ A.

Ng, Harada, and Russell, 1999 proved that if R1 and R2 differ by potential

shaping, then they have the same optimal policies for any choice of τ and µ0.

Potential shaping also has many other interesting properties, which we discuss in

more detail in Section 4.1. We next define two new classes of transformations,

starting with S ′-redistribution.

Definition 23. Given a transition function τ , we say that R1 and R2 differ by

S ′-redistribution with τ if

ES′∼τ(s,a) [R1(s, a, S ′)] = ES′∼τ(s,a) [R2(s, a, S ′)]

for all s, s′ ∈ S and all a ∈ A.

S ′-redistribution accounts for any difference between R1 and R2 that does not

affect the expected reward. If s1, s2 ∈ Supp(τ(s, a)) then S ′-redistribution can

increase R(s, a, s1) if it decreases R(s, a, s2) proportionally. S ′-redistribution can

also change R arbitrarily for transitions that occur with probability 0. We next

consider optimality-preserving transformations:

Definition 24. Given a transition function τ and a discount γ, we say that R1 and

R2 differ by an optimality-preserving transformation with τ and γ if there exists a

function ψ : S → R such that

ES′∼τ(s,a)[R2(s, a, S ′) + γ · ψ(S ′)] ≤ ψ(s),

with equality if and only if a ∈ argmaxa∈AA
⋆
1(s, a).
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As the name suggests, an optimality-preserving transformation preserves op-

timal policies (c.f. Theorem 34). Intuitively speaking, an optimality-preserving

transformation let us pick an arbitrary new value function ψ, and then adjust R2

in any way that respects the new value function and the argmax of A⋆1 — the latter

condition ensures that the same actions (and hence the same policies) stay optimal.

In addition to these transformations, we also say that R1 and R2 differ by

positive linear scaling if R2 = c ·R1 for some positive constant c, and that they differ

by constant shift if R2 = R1 + c for some constant c. Based on these definitions,

we can now specify several sets of reward transformations:

1. Let PSγ be the set of all reward transformations t such that t(R) is given by

potential shaping of R relative to the discount γ.

2. Let S ′Rτ be the set of all reward transformations t such that t(R) is given by

S ′-redistribution of R relative to the transition function τ .

3. Let LS be the set of all reward transformations t that scale each reward

function by some positive constant, i.e. for each R there is a c ∈ R+ such that

t(R)(s, a, s′) = c ·R(s, a, s′).

4. Let CS be the set of all reward transformations t that shift each reward function

by some constant, i.e. for each R there is a c ∈ R such that t(R)(s, a, s′) =

R(s, a, s′) + c.

5. Let OPτ,γ be the set of all reward transformations t such that t(R) is given

by an optimality-preserving transformation of R with τ and γ.

Note that these sets are defined in a way that allows their transformations to be

“sensitive” to the reward function it takes as input. For example, a transformation

t ∈ PSγ might apply one potential function Φ1 to R1, and a different potential

function Φ2 to R2, and a transformation t ∈ LS might scale R1 by a positive

constant c1, and R2 by a different constant c2, etc. Many of our results will be

expressed in terms of these sets.
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It is worth noting that CS ⊆ PSγ ; to see this, note that we for any constant c and

any discount factor γ can define a potential function Φ such that Φ(s) = c/(γ − 1)

for all states s. Moreover, each of PSγ, S ′Rτ , LS and CS are subsets of OPτ,γ.

First note that OPτ,γ is exactly the set of all reward transformations that preserve

optimal policies (c.f. Theorem 34). Next, it should be clear that positive linear

scaling of the reward preserves the set of optimal policies, which means that

LS ⊆ OPτ,γ. Moreover, using the linearity of expectation, it is also easy to see

that S ′-redistribution preserves optimal policies, which means that S ′Rτ ⊆ OPτ,γ.

Finally, Ng, Harada, and Russell, 1999 show that potential shaping preserves optimal

policies, which means that CS ⊆ PSγ ⊆ OPτ,γ (c.f. also Proposition 29).

We will also combine sets of reward transformations to form bigger sets. Specifi-

cally, if T1 and T2 are sets of reward transformations, then we use T1
⊙
T2 to denote

the set of all transformations that can be obtained by composing transformations in

T1 and T2 arbitrarily, in any order. Formally, we define this operator in the

following way:

Definition 25. Let T1 and T2 be two (non-empty) sets of reward transformations.

Define S0 as T1 ∪ T2, and

Si+1 = {t1 ◦ t2 : t1 ∈ T1 ∪ T2, t2 ∈ Si}.

Then T1
⊙
T2 = ⋃∞

i=0{Si : i ∈ N}.

For example, this means that PSγ
⊙
S ′Rτ is the set of all reward transformations

that can be created by composing potential shaping and S ′-redistribution, in any

order. In the text, we will sometimes refer to this set as “potential shaping and

S ′-redistribution”. This means that the statement “R1 and R2 differ by potential

shaping and S ′-redistribution” should be understood as saying that there is a

t ∈ PSγ
⊙
S ′Rτ such that R2 = t(R1), and so on. Also note that ⊙ is both

commutative and associative.

We next note a few basic algebraic properties of our transformations:

Proposition 26. If T is PSγ, S ′Rτ , LS, CS, or OPτ,γ, then
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1. The identity transformation, id, is in T .

2. For all t ∈ T there is a t− ∈ T such that t ◦ t− = id.

3. For all t, t′ ∈ T , we have that t ◦ t′ ∈ T .

Proof. For (1), first note that id satisfies the conditions for potential shaping with

the function Φ such that Φ(s) = 0 for all s; hence id ∈ PSγ. Next, since trivially

ES′∼τ(s,a) [R(s, a, S ′)] = ES′∼τ(s,a) [R(s, a, S ′)], we have that id ∈ S ′Rτ . Moreover,

id satisfies the conditions for positive linear scaling with a factor c = 1, and so

id ∈ LS. Furthermore, id satisfies the conditions for constant shift with a factor

c = 0, and so id ∈ CS. Finally, id satisfies the conditions for optimality-preserving

transformations, where Ψ = V ⋆ (this is precisely the Bellman optimality equation

for V ⋆, see Equation 2.3).

For (2), first note that if R1 and R2 differ by potential shaping with Φ, then

R2 and R1 differ by potential shaping with −Φ. Furthermore, we trivially have

that if ES′∼τ(s,a) [R1(s, a, S ′)] = ES′∼τ(s,a) [R2(s, a, S ′)] then ES′∼τ(s,a) [R2(s, a, S ′)] =

ES′∼τ(s,a) [R1(s, a, S ′)]. Moreover, if R1 and R2 differ by positive linear scaling by

c, then R2 and R1 differ by positive linear scaling by (1/c). Similarly, if R1 and

R2 differ by constant shift with c, then R2 and R1 differ by constant shift with

−c. Finally, if R1 and R2 differ by an optimality-preserving transformation, then

A⋆1 = A⋆2, and so R2 and R1 also differ by an optimality-preserving transformation.

For (3), note that if R2 is given by potential shaping of R1 with Φ1, and R3 is

given by potential shaping of R2 with Φ2, then R3 is given by potential shaping of

R1 with Φ1 + Φ2. Moreover, we trivially have that

ES′∼τ(s,a) [R1(s, a, S ′)] = ES′∼τ(s,a) [R3(s, a, S ′)]

if

ES′∼τ(s,a) [R1(s, a, S ′)] = ES′∼τ(s,a) [R2(s, a, S ′)]

and

ES′∼τ(s,a) [R2(s, a, S ′)] = ES′∼τ(s,a) [R3(s, a, S ′)] .
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Next, if R2 is given by positive linear scaling of R1 with c1, and R3 is given by

positive linear scaling of R2 with c2, then R3 is given by positive linear scaling of R1

with c1 · c2. Similarly, if R2 is given by constant shift of R1 with c1, and R3 is given

by constant shift of R2 with c2, then R3 is given by constant shift of R1 with c1 + c2.

Finally, suppose that R1 and R2 differ by an optimality-preserving transformation,

and that R2 and R3 differ by an optimality-preserving transformation. We then

have that A⋆1 = A⋆2 and A⋆2 = A⋆3, so A⋆1 = A⋆3, which means that R1 and R3 differ

by an optimality-preserving transformation.

Proposition 26 implies that each of the sets PSγ , S ′Rτ , LS, CS, and OPτ,γ form

groups. It also implies that each of these sets partitions R into equivalence classes.

Note that these properties do not hold for arbitrary sets of reward transformations,

so they are special properties of PSγ, S ′Rτ , LS, CS, and OPτ,γ. The following

is also worth noting:

Proposition 27. Let T1 and T2 be sets of reward transformations such that if T is

T1 or T2, then

1. The identity transformation, id, is in T .

2. For all t ∈ T there is a t− ∈ T such that t ◦ t− = id.

We then have that

1. The identity transformation, id, is in T1
⊙
T2.

2. For all t ∈ T1
⊙
T2 there is a t− ∈ T1

⊙
T2 such that t ◦ t− = id.

3. For all t, t′ ∈ T1
⊙
T2, we have that t ◦ t′ ∈ T1

⊙
T2.

Proof. For (1), note that T1, T2 ⊂ T1
⊙
T2. For (2), note that if t ∈ T1

⊙
T2,

then t = t1 ◦ · · · ◦ tn, where each transformation ti is in either T1 or T2. Let

t− = t−n ◦ · · · ◦ t−1 . Now t ◦ t− = id, and t− ∈ T1
⊙
T2. It is immediate from the

definition of the ⊙-operator that (3) is satisfied.
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This means that the properties described in Proposition 26 also hold for any

set of reward transformations which can be constructed from PSγ, S ′Rτ , LS, CS,

and OPτ,γ using the ⊙-operator. The following is also useful:

Proposition 28. If both T1 and T2 are PSγ, S ′Rτ , LS, CS, or OPτ,γ, then for each

t1 ∈ T1 and t2 ∈ T2, there is a t′1 ∈ T1 and a t′2 ∈ T2 such that t1 ◦ t2 = t′2 ◦ t′1.

Proof. If T1 = T2, the proposition is trivial. Next, recall that each of PSγ, S ′Rτ ,

LS, and CS is a subset of OPτ,γ. This means that if one of T1 or T2 is OPτ,γ, then

we can set t′2 = t1 ◦ t2 and t′1 = id, or vice versa (recalling also the properties listed

in Proposition 26).

For the remaining cases, let S be the set of all reward functions that can be

expressed as R(s, a, s′) = γ · Φ(s′) − Φ(s) for some potential function Φ, and let Z

be the set of all reward functions that satisfy ES′∼τ(s,a) [R(s, a, S ′)] = 0. Note that

R1 and R2 differ by potential shaping if and only if R1 = R2 +RS for some RS ∈ S,

and that R1 and R2 differ by S ′-redistribution if and only if R1 = R2 +RZ for some

RZ ∈ Z.

Now, let T1 be PSγ and T2 be S ′Rτ . We now have that for all R, there is an

RS ∈ S and an RZ ∈ Z such that t1 ◦ t2(R) = R +RS +RZ . Since vector addition

is commutative, this means that we can find the desired t′1 and t′2. The case where

T1 is S ′Rτ and T2 is PSγ is analogous.

Next, let T1 = PSγ and T2 = LS. We now have that there for all R is an

RS ∈ S and a c ∈ R+ such that t1 ◦ t2(R) = c · R + RS. This also means that

t1 ◦ t2(R) = c · (R + 1
c
RS). Since 1

c
RS ∈ S, this means that we can find the desired

t′1 and t′2. The case where T1 = LS and T2 = PSγ is analogous, and likewise for the

case where T1 and T2 are S ′Rτ and LS.

The case where T1 or T2 is CS is covered by the above cases, since CS ⊆ PSγ.

This completes the proof.

Proposition 28 means that we do not have to be very careful about the order in

which transformations from PSγ , S ′Rτ , LS, CS, or OPτ,γ are applied. For example,

if we can produce R1 from R2 by first applying potential shaping, and then applying
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S ′-redistribution, then we can also do this by first applying S ′-redistribution, and

then applying potential shaping, and so on. This fact, combined with the properties

listed in Proposition 26, will substantially reduce the number of cases that we

have to consider in some proofs. For example, if t ∈ PSγ
⊙LS⊙S ′Rτ , then it can

always be expressed as t1 ◦ t2 ◦ t3, where t1 ∈ PSγ, t2 ∈ LS, and t3 ∈ S ′Rτ , etc.

We will make use of these properties in many of our proofs, sometimes without

explicitly stating that we are doing so.

In Section 4.1, we list and prove several key properties of the reward transfor-

mations we have introduced above. These properties are primarily used in our

proofs, but may also be helpful for gaining an intuitive understanding of how

these reward transformations work.

3.5 Behavioural Models

In this section, we will introduce special notation for the three behavioural models

that are most common in the current IRL literature, i.e. optimal policies, Boltzmann-

rational policies, and MCE policies. Given a transition function τ and a discount

parameter γ, let bτ,γ,β : R → Π be the function that returns the Boltzmann-rational

policy of R with temperature β, and let cτ,γ,α : R → Π be the function that returns

the MCE policy of R with weight α. These policies exist and are unique for each

τ , γ, β, and α, and so bτ,γ,β and cτ,γ,α are well-defined.

The optimality model requires a bit more care, because there may in general

be more than one policy that is optimal under a given reward function. To resolve

this, recall that a policy is optimal if and only if it only gives support to optimal

actions, where the “optimal actions” are the actions that maximise Q⋆. A state may

have multiple optimal actions, so we can get multiple optimal policies by breaking

ties in different ways. However, if an optimal policy gives support to multiple

actions in some state, then we would normally not expect the exact probability it

assigns to each action to convey any information about the reward function. We

will therefore only look at the actions that the optimal policy takes, and ignore

the relative probability it assigns to those actions. Formally, we will treat optimal
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policies as functions π⋆ : S → P(argmaxa∈AA
⋆) − {∅}; i.e. as functions that for

each state return a non-empty subset of the set of all actions that are optimal in

that state. Let Oτ,γ be the set of all functions that return such policies (relative

to transition function τ and discount factor γ). Moreover, let o⋆τ,γ ∈ Oτ,γ be the

function that, given R, returns the function that maps each state to the set of all

actions which are optimal in that state. Intuitively, o⋆τ,γ corresponds to optimal

policies that take all optimal actions with positive probability. Alternatively, we

can also think of o⋆τ,γ as corresponding to the set of all optimal policies (noting that

this set determines the set of optimal actions for each state, and vice versa).



Any observed statistical regularity will
tend to collapse once pressure is placed
upon it for control purposes.

— Charles Goodhart, 1975.

4
Comparing Reward Functions

When analysing a reward learning algorithm, we wish to derive claims that compare

the learnt reward function to the underlying true reward function, given different

setups and conditions. To do this, we must first have principled methods for

comparing reward functions. In this chapter, we discuss different methods for doing

this. First, we will introduce two natural equivalence relations on the space of

all reward functions, and characterise the corresponding equivalence classes. We

will also introduce a family of pseudometrics on the space of all reward functions,

and show that these pseudometrics satisfy several desirable properties. In later

chapters, we will use these reward transformations, equivalence classes, and metrics,

to express and prove our results about IRL algorithns.

4.1 Key Properties of Reward Transformations

In this section, we will list and prove a few key properties of the reward trans-

formations we introduced in Section 3.4. These properties will help to provide

some intuition for how these transformations work, and will also be used to prove

some of our later results.

We first prove a number of important properties of potential shaping, which are

not explicitly discussed in Ng, Harada, and Russell, 1999. These properties will be

60
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important for our later results, and will also help with providing more intuition

for what potential shaping does and how it behaves.

Proposition 29. Let R1 and R2 be any two reward functions. If R2 is produced by

potential shaping of R1 with a potential function Φ, then

1. G2(ξ) = G1(ξ) − Φ(s0),

2. Qπ
2 (s, a) = Qπ

1 (s, a) − Φ(s),

3. V π
2 (s) = V π

1 (s) − Φ(s),

4. Aπ2 (s, a) = Aπ1 (s, a), and

5. J2(π) = J1(π) − ES0∼µ0 [Φ(S0)]

for all trajectories ξ, policies π, states s, actions a, transition functions τ , and

initial state distributions µ0. In (1), s0 is the first state of ξ.

Proof. To prove (1), first consider a finite trajectory fragment ζ with n transitions.

It is then easy to prove via induction on n that G2(ζ) = G1(ζ) + γn · Φ(sn) − Φ(s0),

where s0 is the first state of ζ, and sn is the last state. Moreover, Φ is bounded

(since S is finite) and γ ∈ (0, 1). This means that γn · Φ(sn) goes to 0 as n

goes to infinity. (2) and (3) follow immediately from (1). For (4), note that

Aπ(s, a) = Qπ(s, a) − V π(s). (5) is immediate from (3).

This means that we can think of Φ as assigning “credit” to each state s, such that

the total reward of any policy or trajectory which starts in that state s will lose a

total of Φ(s) reward. Note that this directly implies that potential shaping preserves

optimal policies (and the ordering of policies), since the value of every policy is shifted

by the same amount. Moreover, this property also extends to the soft Q-function:

Proposition 30. Let R1 and R2 be two reward functions, where R2 is given by

potential shaping of R1 with Φ. Let QS
α,1 and QS

α,2 be their soft Q-functions (for

some τ , γ, and α). Then QS
α,2(s, a) = QS

α,1(s, a) − Φ(s).
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Proof. Recall that QS
α,1 is the unique function which satisfies

QS
α,1(s, a) = ES′∼τ(s,a)

R1(s, a, S ′) + γα log
∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
for all s, a. Since R2(s, a, s′) = R1(s, a, s′) + γ · Φ(s′) − Φ(s), we can rewrite the

right-hand side of this equation as

E

R1(s, a, S ′) + γα log
∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
=E

R2(s, a, S ′) − γ · Φ(S ′) + Φ(s) + γα log
∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
By moving Φ(s) to the left-hand side, we get that QS

α,1(s, a) − Φ(s) is equal to

E

R2(s, a, S ′) − γ · Φ(S ′) + γα log
∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
=E

R2(s, a, S ′) + γα

−
( 1
α

)
Φ(S ′) + log

∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
=E

R2(s, a, S ′) + γα

log exp −
( 1
α

)
Φ(S ′) + log

∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
=E

R2(s, a, S ′) + γα log
(exp −

( 1
α

)
Φ(S ′)

)∑
a′∈A

exp
(( 1

α

)
QS
α,1(S ′, a′)

)
=E

R2(s, a, S ′) + γα log
∑
a′∈A

exp
(( 1

α

)
(QS

α,1(S ′, a′) − Φ(S ′))
)

This means that QS
α,1(s, a) − Φ(s) satisfies the soft Q-function recursion (Equa-

tion 2.5) for R2. Since the soft Q-function is the unique solution to this equation,

we conclude that QS
α,2(s, a) = QS

α,1(s, a) − Φ(s).

We next show that potential shaping of the reward function R correspond

exactly to constant shift of the return function, G:

Proposition 31. Let R1 be any reward function and k any constant. Then we have

that G2(ξ) = G1(ξ) + k for all trajectories that start in a state s if and only if R2 is

given by potential shaping of R1 with a potential function Φ such that Φ(s) = −k.
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Proof. The first direction follows from part (1) of Proposition 29. For the other

direction, suppose G2(ξ) = G1(ξ)+k for all trajectories that start in state s. We will

show that this implies a constant difference between G1 and G2 for all trajectories

starting in any state, and then use this difference to define a potential function that

transforms R1 into R2.

Consider an arbitrary state s′ ∈ S. Given a trajectory ξ starting in s′, let

∆ξ = G2(ξ) −G1(ξ). We will show that for any two trajectories ξ1, ξ2 starting in s′,

we have that ∆ξ1 = ∆ξ2 . Let ζ be a finite trajectory fragment that starts in s and

ends in s′, and let n = |ζ|. Let ζ + ξ denote the concatenation of ζ and ξ. Then,

∆ξ = G2(ξ) −G1(ξ)

= G2(ζ + ξ) −G2(ζ)
γn

− G1(ζ + ξ) −G1(ζ)
γn

= k −G2(ζ) +G1(ζ)
γn

.

The first line follows from the fact that G(ζ + ξ) = G(ζ) + γ|ζ|G(ξ). For the second

line, note that ζ + ξ is a trajectory starting in s. Thus, by assumption, we have that

G2(ζ + ξ) −G1(ζ + ξ) = k. Since this expression is independent of ξ, this means

that ∆ξ1 = ∆ξ2 for any two trajectories ξ1, ξ2 starting in s′. Since s′ was picked

arbitrarily, this holds for all states s′.

Let Φ : S → R be the potential function where Φ(s′) is the value of −∆ξ for

all trajectories ξ which start in s′. In other words, Φ(s′) = G1(ξ) − G2(ξ) for all

trajectories ξ which start in s′. We will show that R2 is given by potential shaping

of R1 with Φ. Let (s, a, s′) be any transition, let ξ′ be any trajectory starting in s′,

and let ξ = (s, a, s′) + ξ′. Then:

R1(s, a, s′) + γΦ(s′) − Φ(s)

=R1(s, a, s′) + γ(G1(ξ′) −G2(ξ′)) − (G1(ξ) −G2(ξ))

=G2(ξ) − γG2(ξ′) +R1(s, a, s′) + γG1(ξ′) −G1(ξ)

=G2(ξ) − γG2(ξ′) +G1(ξ) −G1(ξ)

=R2(s, a, s′) .
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Thus, R2 is given by potential shaping of R1 with Φ. Finally, note that Φ(s) = −k,

since Φ(s) = G1(ξ) − G2(ξ) for all trajectories starting in s, and since G2(ξ) =

G1(ξ) + k for all trajectories that start in s. This completes the proof.

Note that Proposition 31 quantifies over all trajectories in (S×A)ω, rather than

all trajectories which are possible under some transition function τ . However,

it should be clear from Proposition 31 that G2(ξ) = G1(ξ) + k for all possible

trajectories that start in a state s if and only if R2 is given by potential shaping of

R1 with a potential function Φ such that Φ(s) = −k, and an arbitrary change of all

transitions that are unreachable from s. Next, we show that positive linear scaling of

G corresponds to a combination of potential shaping and positive linear scaling of R:

Proposition 32. G2(ξ) = c ·G1(ξ) for all trajectories ξ that start in a state s if

and only if R2 is given by potential shaping of R1 with a potential function Φ such

that Φ(s) = 0, and positive linear scaling by a factor of c.

Proof. For the first direction, suppose R2 is given by potential shaping of R1 with

a potential function Φ such that Φ(s) = 0, and positive linear scaling by a factor of

c. Let R3 be given by potential shaping of R1 with Φ, so that R2 = c ·R3. As per

Proposition 29, this means that G3(ξ) = G1(ξ) for all trajectories ξ that start in s.

This then implies that G2(ξ) = c ·G1(ξ) for all trajectories ξ that start in a state s.

This completes the first direction.

For the other direction, suppose G2(ξ) = c · G1(ξ) for all trajectories ξ that

start in a state s. Let Rc be the reward function given by c · R1. It is clear that

Gc(ξ) = c ·G1(ξ). Thus, G2(ξ) = c ·G1(ξ) for all trajectories ξ that start in a state

s, if and only if G2(ξ) = Gc(ξ) for all trajectories ξ that start in a state s. As

per Proposition 31, this is equivalent to R2 being produced from Rc by potential

shaping with a potential function Φ such that Φ(s) = 0. This means that we can

produce R2 from R1 by first applying positive linear scaling by a factor of c, and

then applying potential shaping. This completes the other direction.
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Together, Proposition 31 and 32 imply that potential shaping and positive

linear scaling of R correspond exactly to affine transformations of G. This may

help with providing some intuition for what potential shaping does, and how

it behaves. Next, it is worth noting that PSγ and S ′Rτ correspond to linear

subspaces of R. Specifically:

Proposition 33. Let S be the set of all reward functions which can be expressed as

R(s, a, s′) = γ · Φ(s) − Φ(s′)

for some potential function Φ, and let Z be the set of all reward functions such that

ES′∼τ(s,a) [R(s, a, S ′)] = 0.

Then S and Z are linear subspaces of R, where S is |S|-dimensional and Z is

|S||A|(|S| − 1)-dimensional, and where S ∩ Z = R0.

Moreover, R1 and R2 differ by potential shaping if and only if R2 = R1 +R′ for

some R′ ∈ S, and R1 and R2 differ by S ′-redistribution if and only if R2 = R1 +R′

for some R′ ∈ Z.

Proof. To show that S and Z are linear subspaces of R, we must show that R0 ∈ S,

that if R1, R2 ∈ S then R1 +R2 ∈ S, and that if R ∈ S then c ·R ∈ S for all scalars

c, and likewise for Z. Each of these properties are straightforward in both cases.

To see that S is |S|-dimensional, for each state s, let Rs be the reward function in

S which corresponds to the potential function Φ such that Φ(s) = 1, and Φ(s′) = 0

for s′ ̸= s. Now the vectors {Rs : s ∈ S} form a basis for S. They are also

linearly independent. To see this, recall Proposition 29. In particular, we have that

V π(s) = −1 for the reward function Rs, where π is any policy. However, for any

reward function that can be expressed as a linear combination of reward functions

in {Rs : s ∈ S} \ {Rs}, we have that V π(s) = 0. This means that {Rs : s ∈ S} is a

minimal basis. Since |{Rs : s ∈ S}| = |S|, this means that S is |S|-dimensional.

To see that Z is |S||A|(|S| − 1)-dimensional, for each state-action pair s, a, pick

a state s′ such that s′ ∈ supp(τ(s, a)). We can now set the reward of the transition
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⟨s, a, s′′⟩ freely for each s′′ such that s′′ ̸= s′, given that R(s, a, s′) is selected to

ensure that ES′∼τ(s,a) [R(s, a, S ′)] = 0. To see that S ∩ Z = R0, note that if R ∈ Z,

then V π(s) = 0 for every policy π and every state s. Then Proposition 29 implies

that Φ(s) = 0 for all s, and so R = R0.

It can be shown from straightforward algebra that R1 and R2 differ by potential

shaping if and only if R2 = R1 + R′ for some R′ ∈ S, and likweise that R1 and

R2 differ by S ′-redistribution if and only if R2 = R1 + R′ for some R′ ∈ Z. This

completes the proof.

Note that Proposition 33 implies that for any reward function R, the set of all

reward functions that differ from R by potential shaping forms a |S|-dimensional

affine subspace of R, and similarly for S ′-redistribution. Moreover, since S∩Z = R0,

we have that the set of all reward functions that differ from R by potential shaping

and S ′-redistribution forms a (|S||A|(|S| − 1) + |S|)-dimensional affine space.

4.2 Equivalent Reward Functions

In this section, we will introduce and study two important equivalence relations on

R. The first equivalence relation considers two reward functions to be equivalent if

they have the same ordering of policies, and the second equivalence relation considers

two reward functions to be equivalent if they have the same optimal policies. We

will also characterise these equivalence relations in terms of reward transformations.

Given a discount γ and transition function τ , we say that ORDτ,γ is the

equivalence relation under which R1 ≡ORDτ,γ R2 if and only if R1 and R2 have

the same policy ordering under τ and µ0.1 Moreover, we say that OPTτ,γ is the

equivalence relation under which R1 ≡OPTτ,γ R2 if and only if R1 and R2 have

the same optimal policies under τ and µ0. Note that if R1 ≡ORDτ,γ R2 then

R1 ≡OPTτ,γ R2, but the converse does not hold — if two reward functions have

the same policy ordering, then they have the same optimal policies, but they may
1Note that while the policy ordering of R may depend on the initial state distribution µ0, we

have that R1 and R2 have the same policy order for one µ0 if and only if they have the same
policy order for all µ0, c.f. Theorem 40.
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have the same optimal policies, without having the same policy ordering. This

means that ORDτ,γ is stronger than OPTτ,γ.

We will characterise these equivalence relations in terms of necessary and

sufficient conditions on R1 and R2 (relative to a particular choice of transition

function τ and discount factor γ). We first show that OPTτ,γ corresponds to

optimality-preserving transformations:

Theorem 34. R1 ≡OPTτ,γ R2 if and only if R2 = t(R1) for some t ∈ OPτ,γ.

Proof. Suppose R1 and R2 differ by an optimality-preserving transformation. Let

Ψ be the corresponding value-bounding function, that is, a function Ψ : S → R

satisfying, for all s ∈ S and a ∈ A,

ES′∼τ(s,a) [R2(s, a, S ′) + γ · Ψ(S ′)] ≤ Ψ(s) ,

with equality if and only if a ∈ argmaxA⋆1(s,_). This gives us that

Ψ(s) = max
a∈A

(
ES′∼τ(s,a) [R2(s, a, S ′) + γ · Ψ(S ′)]

)
.

This recursive condition on Ψ is the Bellman optimality equation for the unique

optimal value function V ⋆
2 for R2 (Equation 2.3). Therefore, Ψ(s) = V ⋆

2 (s) for all

s ∈ S, and we can rewrite the above as

ES′∼τ(s,a) [R2(s, a, S ′) + γ · V ⋆
2 (S ′)] ≤ V ⋆

2 (s) ,

with equality if and only if a ∈ argmaxA⋆1(s,_). This means that the actions which

are optimal under R1 are optimal under R2, and vice versa, which in turn means

that R1 ≡OPTτ,γ R2.

Conversely, let R1 and R2 be any rewards such that R1 ≡OPTτ,γ R2. This means

that R1 and R2 share the same optimal actions. Let V ⋆
2 and A⋆2 denote the optimal

value and advantage functions for R2. The Bellman optimality equation for R2

ensures that, for s ∈ S,

V ⋆
2 (s) = max

a∈A

(
ES′∼τ(s,a) [R2(s, a, S ′) + γ · V ⋆

2 (S ′)]
)
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with the maximum attained precisely when a ∈ argmaxa∈A(A⋆2(s, a)). We thus have

ES′∼τ(s,a) [R2(s, a, S ′) + γ · V ⋆
2 (S ′)] ≤ V ⋆

2 (s)

for all s ∈ S and a ∈ A, with equality if and only if a ∈ argmaxa∈A(A⋆2(s, a)).

Note also that argmaxa∈A(A⋆2(s, a)) = argmaxa∈A(A⋆1(s, a)). This means that R2 is

produced from R1 by an optimality-preserving transformation (with Ψ(s) = V ⋆
2 (s)),

which completes the proof.

Stated differently, Theorem 34 says that the MDPs (S,A, τ, µ0, R1, γ) and

(S,A, τ, µ0, R2, γ) have the same optimal policies if and only if R1 and R2 differ

by an optimality-preserving transformation.

Before we can characterise the equivalence relation ORDτ,γ , we must first derive

a few lemmas about the topological structure of MDPs. Recall that the occupancy

measure ηπ of a policy π is the (|S||A||S|)-dimensional vector in which the value

of the (s, a, s′)’th dimension is given by
∞∑
t=0

γtPξ∼π (St, At, St+1 = s, a, s′) .

Let mτ,µ0,γ : Π → R|S||A||S| be the map that sends each policy π to its occupancy

measure, ηπ. Recall also that J(π) = ηπ · R. This means that we can use mτ,µ0,γ

to decompose J into two separate steps, the first of which is independent of the

reward function, and the second of which is linear. We will first show that mτ,µ0,γ

is a continuous function. Throughout this section, we will assume that Π is

equipped with the topological structure that is induced by the L2-norm, when

each policy is represented as an (|S||A|)-dimensional vector (where the value of

the (s, a)’th dimension is π(a | s)).

Lemma 35. mτ,µ0,γ : Π → R|S||A||S| is a continuous function.

Proof. Recall that a uniformly convergent series of continuous functions is con-

tinuous. Specifically, if X is a topological space and Y is a metric space, and

{fn : X → Y }∞
n=1 is a sequence of functions that converge uniformly to a function

f : X → Y , and each function fi ∈ {fn}∞
n=1 is continuous, then f is continuous.



4. Comparing Reward Functions 69

Moreover, {fn}∞
n=1 converges uniformly to f if there for each ϵ exists an i such that

for all j ≥ i, |f(x) − fj(x)| < ϵ for all x ∈ X. We will show that mτ,µ0,γ can be

expressed in this way.

Let fn : Π → R|S||A||S| be the function that maps each policy π to its occupancy

measure, when only the first n time steps are considered. That is, fn(π) is the

vector in which the value of the (s, a, s′)’th dimension is
n∑
t=0

γtPξ∼π (St, At, St+1 = s, a, s′) .

Note that Pξ∼π (St, At, St+1 = s, a, s′) ∈ [0, 1], and that γ ∈ (0, 1). This means that

mτ,µ0,γ(π) ≥ fn(π), and that

mτ,µ0,γ(π) − fn(π) =
∞∑

t=n+1
γtPξ∼π (St, At, St+1 = s, a, s′) ≤

(
γn+1

1 − γ

)
.

As n goes to ∞, we have that
(
γn+1

1−γ

)
goes to 0. Thus, for any n that is sufficiently

large, we have that |mτ,µ0,γ(π) − fn(π)| < ϵ. This means that {fn}∞
n=1 converges

uniformly to mτ,µ0,γ. Moreover, each function fi ∈ {fn}∞
n=1 is continuous, since it

can be expressed as a finite sum of terms in which each term is given by a finite

number of matrix multiplications.

Next, let Π̄ ⊂ Π be the set of all policies that visit each state with positive

probability. We then have that:

Lemma 36. mτ,µ0,γ is injective on Π̄.

Proof. Suppose mτ,µ0,γ(π) = mτ,µ0,γ(π′) for some π, π′ ∈ Π̄. Next, given τ, µ0, define

wπ as

wπ(s) =
∞∑
t=0

γtPξ∼π(St = s).

Note that if mτ,µ0,γ(π) = mτ,µ0,γ(π′) then wπ = wπ′ , and moreover that
∑
s′∈S

mτ,µ0,γ(π)[s, a, s′] = wπ(s)π(a | s).

This means that if wπ(s) ̸= 0 for all s, which is the case for all π ∈ Π̄, then we can

express π as

π(a | s) =
∑
s′∈S mτ,µ0,γ(π)[s, a, s′]

wπ(s) .

This means that if mτ,µ0,γ(π) = mτ,µ0,γ(π′) for some π, π′ ∈ Π̄ then π = π′.
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Note that mτ,µ0,γ is not injective on Π; if there is some state s that π reaches with

probability 0, then we can alter the behaviour of π at s without changing mτ,µ0,γ(π).

Note also that Lemma 36 holds for all τ and µ0, assuming that all states are reachable

(which we assume throughout this work). We will also need the following lemma:

Lemma 37. Im(mτ,µ0,γ) is located in an affine space with no more than |S|(|A| − 1)

dimensions.

Proof. We wish to establish an upper bound on the number of linearly independent

vectors in Im(mτ,µ0,γ). We can do this by establishing a lower bound on the size of

the space of all reward functions that share the same policy evaluation function,

J . To see this, consider the fact that J(π) = mτ,µ0,γ(π) ·R, and note that R is an

|S||A||S|-dimensional vector. Let R1 be a reward function, and let X be the space

of all reward functions R2 such that R1 ·η = R2 ·η for all η ∈ Im(mτ,µ0,γ). It is then a

straightforward consequence of linear algebra that if Im(mτ,µ0,γ) contains n linearly

independent vectors, then X forms an affine space with |S||A||S| − n dimensions.

We can thus obtain an upper bound on the number of linearly independent vectors

in Im(mτ,µ0,γ) from a lower bound on the dimensionality of X.

Next, recall that ifR1 andR2 differ by potential shaping with Φ, and ES0∼µ0 [Φ(S0)] =

0, then J1(π) = J2(π) for all π (Proposition 29). Also recall that if R1 and R2

differ by S ′-redistribution, then J1(π) = J2(π) for all π. This means that for

any R1, we have that X contains all reward functions R2 that differ from R1

by S ′-redistribution and potential shaping with a potential function Φ such that

ES0∼µ0 [Φ(S0)] = 0. The space of all such reward vectors is an affine space with

|S||A|(|S| − 1) + |S| − 1 dimensions (Proposition 33). This means that Im(mτ,µ0,γ)

contains at most |S|(|A| − 1) + 1 linearly independent vectors.

Next, note that there is no π such that mτ,µ0,γ(π) is the zero vector. In fact,∑
mτ,µ0,γ(π) = 1/(1 − γ) for all π. This means that the smallest affine space which

contains Im(mτ,µ0,γ) does not contain the origin. Therefore, Im(mτ,µ0,γ) is located

in an affine space with no more than |S|(|A| − 1) dimensions.
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For the next lemma, let Π+ ⊂ Π be the set of all policies that take all actions

with positive probability in each state. Note that Π+ ⊂ Π̄ (i.e., a policy that

takes every action with positive probability in each state visits every state with

positive probability), since we assume that all states are reachable under µ0 and

τ . We then have that:

Lemma 38. Im(mτ,µ0,γ) is located in an affine space with |S|(|A| − 1) dimensions,

in which mτ,µ0,γ(Π+) is an open set, and mτ,µ0,γ is a homeomorphism between Π+

and mτ,µ0,γ(Π+).

Proof. By the Invariance of Domain theorem, if

1. U is an open subset of Rn, and

2. f : U → Rn is an injective continuous map,

then f(U) is open in Rn, and f is a homeomorphism between U and f(U). We will

show that m and Π+ satisfy the requirements of this theorem.

We begin by noting that Π can be represented as a set of points in R|S|(|A|−1).

We do this by considering each policy π as a vector π⃗ of length |S||A|, where

π⃗[s, a] = π(a | s). Moreover, since ∑a∈A π(a | s) = 1 for all s, we can remove |A|

dimensions, and embed Π in R|S|(|A|−1).

Π+ is an open set in R|S|(|A|−1). By Lemma 37, we have that mτ,µ0,γ is a mapping

from Π+ to an affine space with no more than |S|(|A|−1) dimensions. By Lemma 36,

we have that mτ,µ0,γ is injective on Π+. Finally, by Lemma 35, we have that mτ,µ0,γ

is continuous. We can therefore apply the Invariance of Domain theorem, and

conclude that mτ,µ0,γ(Π+) is open in this |S|(|A| − 1)-dimensional affine space, and

that mτ,µ0,γ is a homeomorphism between Π+ and mτ,µ0,γ(Π+).

Note that lemma 38 holds for all τ and µ0 (for which all states are reachable).

Using these results, we can now state necessary and sufficient conditions that

describe when J1(π) = J2(π) for all policies π:

Lemma 39. J1 = J2 if and only if R1 and R2 differ by S ′-redistribution and

potential shaping with a potential Φ such that ES0∼µ0 [Φ(S0)] = 0.
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Proof. For the first direction, suppose R1 and R2 differ by S ′-redistribution and

potential shaping with a potential Φ such that ES0∼µ0 [Φ(S0)] = 0. Then V π
2 (s) =

V π
1 (s) − Φ(s), as per Proposition 29. Hence J1(π) = J2(π) − Es0∼µ0 [Φ(s0)] = J2(π),

and so we have proven the first direction.

For the other direction, first recall that J(π) = mτ,µ0,γ(π) ·R. Next, Lemma 38

implies that Im(mτ,µ0,γ) contains |S|(|A| − 1) + 1 linearly independent vectors. It is

then a straightforward fact of linear algebra that, for any reward function R1, the

space X of all reward functions R2 such that R1 · η = R2 · η for all η ∈ Im(mτ,µ0,γ),

forms an affine space with |S||A||S| − (|S|(|A| − 1) + 1) = |S||A|(|S| − 1) + |S| − 1

dimensions.

We have already shown that J1(π) = J2(π) for all policies π if R1 and R2

differ by S ′-redistribution and potential shaping with a potential Φ such that

ES0∼µ0 [Φ(S0)] = 0. Next, given R1, the space of all reward functions R2 such that

R1 and R2 differ by S ′-redistribution and potential shaping with a potential Φ

such that ES0∼µ0 [Φ(S0)] = 0, forms an affine space with |S||A|(|S| − 1) + |S| − 1

dimensions (Proposition 33). Since this space is contained in X, and since they

have the same number of dimensions, they must be one and the same. Therefore, if

J1 = J2, then it must be the case that R1 and R2 differ by S ′-redistribution and

potential shaping with a potential Φ such that ES0∼µ0 [Φ(S0)] = 0. We have thus

proven the other direction, which completes the proof.

Using these results, we can now derive necessary and sufficient conditions for

two reward functions R1, R2 to have the same ordering of policies (relative to

a particular choice of τ and µ0):

Theorem 40. For all R1, R2 ∈ R, all τ and all γ, we have that R1 ≡ORDτ,γ R2 if

and only if R2 = t(R1) for some t ∈ S ′Rτ
⊙PSγ

⊙LS.

Proof. The first direction is straightforward. First, if R1 = t(R2) for some t ∈ S ′Rτ

then J1 = J2. Next, if R1 = t(R2) for some t ∈ PSγ then J1 = J2 − ES0∼µ0 [Φt(S0)]

(Proposition 29). Finally, if R1 = t(R2) for some t ∈ LS then J1 = c · J2 for some

c ∈ R+. Hence if R1 = t(R2) for some t ∈ S ′Rτ
⊙PSγ

⊙LS, then J1 = a · J2 + b



4. Comparing Reward Functions 73

for some a ∈ R+, b ∈ R. This means that J1 and J2 differ by a strictly monotonic

transformation, and so R1 and R2 have the same ordering of policies.

For the other direction, first note that R1 and R2 have the same ordering of

policies only if J1 is a monotonic transformation of J2. Moreover, since J(π) =

mτ,µ0,γ(π) ·R, we have that all possible monotonic transformations of J are affine.

Hence R1 and R2 have the same ordering of policies only if J1 = a · J2 + b for some

a ∈ R+, b ∈ R.

Now suppose J1 = a · J2 + b for some a ∈ R+, b ∈ R. Consider the reward

function R3 given by first scaling R2 by a, and then shaping the resulting reward

with the potential function Φ that is equal to −b for all initial states, and equal

to 0 elsewhere. Now J3 = J1, so (by Lemma 39) we can produce R1 from R3 by

S ′-redistribution and potential shaping with some potential function Φ such that

ES0∼µ0 [Φ(S0)] = 0. By composing these transformations with the transformation

that produced R3 from R2, we obtain a t ∈ S ′Rτ
⊙PSγ

⊙LS such that R1 = t(R2).

Hence if R1 and R2 have the same ordering of policies then R1 = t(R2) for some

t ∈ S ′Rτ
⊙PSγ

⊙LS. We have thus proven both directions.

Stated differently, Theorem 40 says that the MDPs (S,A, τ, µ0, R1, γ) and

(S,A, τ, µ0, R2, γ) have the same ordering of policies if and only if R1 and R2 differ

by potential shaping, positive linear scaling, and S ′-redistribution. This result

will be very important for our analysis.

In Section 8.5, we discuss the question of how to define and characterise even

stronger equivalence relations on R.

4.3 Unhackable Reward Functions

Recall that we require a method for comparing reward functions in order to formalise

what it means for the learnt reward function RH to be “close” to the true reward

function, R⋆. So far, we have formalised this in terms of equivalence relations

and pseudometrics. In this section, we briefly explore another option. Specifically,

we will define the notion of unhackability, which is a non-transitive relationship
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between reward functions, and argue that it would be sufficient for RH and R⋆ to

be unhackable to ensure that RH is “close” to R⋆. However, we will then show

that no reward functions are unhackable relative to each other, except in trivial

cases. We thus conclude that the notion of unhackability, though initially promising,

cannot be used in our later analysis.

Our motivation for considering the notion of “unhackability” is the observation

that a misspecified proxy reward in practice is problematic primarily when it is

possible to increase the proxy reward while decreasing the “intended” reward.

For example, a chess-playing agent trained to maximise material gain may be

incentivised to pursue a strategy that has a high probability of losing the game,

provided that the strategy leads to a sufficiently large material gain during the

match. Note that what is problematic about this reward is not only that it may

fail to induce good chess-playing behaviour, but also that a good chess-playing

policy may get worse as a result of being optimised for this reward. This leads

us to introduce the following definition:

Definition 41. Given a transition function τ and a discount factor γ, we say that

two rewards R1 and R2 are unhackable if there are no policies π1, π2 such that

J1(π1) > J1(π2) but J2(π1) < J2(π2).

Intuitively, R1 and R2 are unhackable if there is no way to increase R1 while

decreasing R2. Note that this is not equivalent to saying that R1 and R2 have

the same policy ordering, because Definition 41 permits there to be policies π1, π2

such that J1(π1) > J1(π2) but J2(π1) = J2(π2), etc. For example, we could define

an analogous notion for real-valued functions, and say that f, g : R → R are

unhackable if there are no x, y ∈ R such that f(x) > f(y) but g(x) < g(y). In

that case, we would find that the Heaviside step function and the tanh function

are unhackable, even though they induce different orderings over R. If R1 and R2

are unhackable in this sense, then it seems reasonable to say that R1 is similar to
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(or, at least, safe from the point of view of) R2, because an agent that maximises

R1 is never actively incentivised to decrease R2.2

Now that we have this definition, we can immediately make a few prelimi-

nary observations:

1. The trivial reward function R0 is unhackable with respect to any other reward

function. This tells us that Definition 41 can be satisfied, and that it does

not imply that R1 and R2 must have the same policy ordering.

2. Definition 41 is not transitive. In particular, for any two reward functions

R1 and R2, we have that R1 and R0 are unhackable, and that R0 and R2 are

unhackable. However, it is not the case that any two reward functions are

unhackable.3 This means that Definition 41 is not an equivalence relation.

In light of this, it seems like Definition 41 may be a promising candidate for an

alternative way to formalise what it should mean for the learnt reward RH to be

“similar” to the true reward R⋆. Unfortunately, our next result shows that there

are no interesting ways to satisfy Definition 41:

Theorem 42. For any τ and any γ, if R1 and R2 are unhackable, then either

R1 ≡ORDτ,γ R2, or at least one of R1 and R2 is trivial.

Proof. Let R1 and R2 be unhackable and non-trivial. We will begin by showing

that if J1(π1) = J1(π2) then J2(π1) = J2(π2). First recall that J1(π) and J2(π)

can be expressed as ηπ · R1 and ηπ · R2, where ηπ = mτ,µ0,γ(π) is the occupancy

measure of π. Also recall that the set of all occupancy measures, Ω, lies in an affine

space Z of |S|(|A| − 1) dimensions (Lemma 37), and that multiplication by R1 or

R2 induces two linear functions over Z. Let π1, π2 be any two policies such that
2Note, however, that it is still possible for an agent to decrease R2 while optimising R1, because

there could be policies π1, π2 such that J1(π1) = J1(π2) but J2(π1) < J2(π2). Thus, an agent
which optimises R1 could start with a policy π2 and replace it with π1 — this is equivalent
according to R1, but worse according to R2. However, such reductions in performance (according
to R2) could only happen as a result of random drift (according to R1), which seems much less
concerning than the case where R1 can actively incentivise the agent to reduce R2.

3For example, if R is non-trivial, then R and −R are not unhackable.
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J1(π1) = J1(π2), and let π̄ be an arbitrary policy in Π̄ (where Π̄ is the set of all

policies that visit all states with positive probability).

Let y1 and y2 be the vectors such that ηπ1 = ηπ̄ + y1 and ηπ2 = ηπ̄ + y2. Since

mτ,µ0,γ(Π̄) is open in Z (as per Lemma 38), since ηπ1 , ηπ2 ∈ Z, and since Z is

affine, we have that there is a δ > 0 such that ηπ̄ + δy1 and ηπ̄ + δy2 both are

contained in mτ,µ0,γ(Π̄). Moreover, recall that J1(π1) = R1 · ηπ1 = R1 · (ηπ̄ + y1) and

J1(π2) = R1 · ηπ2 = R1 · (ηπ̄ + y2). This gives us that

J1(π1) = J1(π2) =⇒

R1 · (ηπ̄ + y1) = R1 · (ηπ̄ + y2) =⇒

R1 · ηπ̄ +R1 · y1 = R1 · ηπ̄ +R1 · y2 =⇒

R1 · y1 = R1 · y2 =⇒

R1 · δy1 = R1 · δy2 =⇒

R1 · (ηπ̄ + δy1) = R1 · (ηπ̄ + δy2)

Thus J1(π′
1) = J1(π′

2), where π′
1 and π′

2 are the policies whose occupancy measures

are (ηπ̄ + δy1) and (ηπ̄ + δy2) respectively.

Since neither R1 or R2 is trivial, there exists two hyperplanes H1 and H2 such

that (ηπ̄ + δy1) is located on both H1 and H2, and such that R1 · x is equal to

R1 · (ηπ̄ + δy1) for all points x ∈ H1, and R2 · x is equal to R2 · (ηπ̄ + δy1) for all

points x ∈ H2. Now, if it were the case that H1 ̸= H2, then it would be the case

that there are points in Im(Π̃) that are located above H1 but below H2, or vice

versa. This would imply that there are policies π̃1, π̃2 ∈ Π̃ such that J1(π̃1) > J1(π̃2)

but J2(π̃1) < J2(π̃2), or vice versa. Since R1 and R2 are unhackable, this cannot

happen. That means that H1 = H2, which thus implies that (ηπ̄ + δy2) is located

on H2, and hence that R2 · (ηπ̄ + δy1) = R2 · (ηπ̄ + δy2). By the properties of linear

functions, this implies that R2 · (ηπ̄ + y1) = R2 · (ηπ̄ + y2), which in turn implies

that J2(π1) = J2(π2).

Since π1 and π2 were picked arbitrarily, this implies that if J1(π1) = J1(π2) then

J2(π1) = J2(π2). By symmetry, we thus have that for all π1, π2,

J1(π1) = J1(π2) ⇐⇒ J2(π1) = J2(π2).
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Since R1 and R2 are unhackable, this then implies that R1 ≡ORDτ,γ R2.

Of course, the case where R1 or R2 is trivial is uninteresting. Thus, Definition 41

effectively collapses to saying that R1 and R2 have the same policy order. This, in

turn, means that it cannot be used to reveal any interesting structure not already

revealed by our analysis using the equivalence relation ≡ORDτ,γ .4

4.4 STARC Metrics

In this section, we introduce a family of pseudometrics on R, which we can use to

get a fine-grained quantification of the difference between any two reward functions.

First, we note that it is not straightforward to quantify the difference between

reward functions in an informative way. A simple method might be to measure their

L2-distance. However, this is unsatisfactory, because two reward functions can have

a large L2-distance, even if they induce the same ordering of policies, or a small

L2-distance, even if they induce the opposite ordering of policies. For example, given

an arbitrary reward function R and an arbitrary constant c, we have that R and c ·R

have the same ordering of policies, even though their L2-distance may be arbitrarily

large. Similarly, for any ϵ, we have that ϵ ·R and −ϵ ·R have the opposite ordering of

policies, unless R is trivial, even though their L2-distance may be arbitrarily small.

Constructing a pseudometric on R which provides an informative quantification of

the difference between two reward functions will therefore require more care.

Before proceeding, we should consider what properties a function d : R×R → R

needs to have, in order to provide a useful way of quantifying the difference

between reward functions. First of all, it would certainly be desirable for d to be

a pseudometric, since pseudometrics provide a well-defined notion of “distance”

that can be used in mathematical analysis. Moreover, it seems reasonable to

permit d to be a pseudometric, rather than to require d to be a (proper) metric,
4It is worth noting that Theorem 42 relies on specific properties of MDPs, policies, and reward

functions. For example, in the case of real-valued functions, the analogous statement does not
hold — as already noted, the Heaviside step function and the tanh function are unhackable and
non-trivial (if these definitions are modified to fit real-valued functions), but they do induce
different orderings over R.
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because we may want to consider distinct reward functions to be equivalent. For

example, if R1 and R2 have the same ordering of policies, then it would be natural

to consider their distance to be 0.

Moreover, it would be highly desirable for d to induce an upper bound on

worst-case regret. Specifically, we want it to be the case that if d(R1, R2) is small,

then the impact of optimising R2 instead of R1 should also be small. When a

pseudometric has this property, we say that it is sound:

Definition 43. A pseudometric d on R is sound if there exists a positive constant

U , such that for any reward functions R1 and R2, if two policies π1 and π2 satisfy

that J2(π2) ≥ J2(π1), then

J1(π1) − J1(π2) ≤ U · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2).

Let us unpack this definition. J1(π1)−J1(π2) is the regret, as measured by R1, of

using policy π2 instead of π1. Division by maxπ J1(π) − minπ J1(π) normalises this

quantity based on the total range of R1 (though the term is put on the right-hand

side of the inequality, instead of being used as a denominator, in order to avoid

division by zero when R1 is trivial). The condition that J2(π2) ≥ J2(π1) says that R2

prefers π2 over π1. Taken together, this means that a pseudometric d on R is sound

if d(R1, R2) gives an upper bound on the maximal regret that could be incurred

under R1 if an arbitrary policy π1 is optimised to another policy π2 according to

R2. It is worth noting that this includes the special case when π1 is optimal under

R1 and π2 is optimal under R2. It is also worth noting that Definition 43 implicitly

is given relative to a particular choice of τ and γ (via J1 and J2).

Moreover, it would also be preferable for d to induce a lower bound on worst-

case regret. It may not be immediately obvious why this property is desirable. To

see why this is the case, note that if a pseudometric d on R does not induce a

lower bound on worst-case regret, then there are reward functions that have a low

worst-case regret, but a large distance under d. This would in turn mean that d is

not tight, and that it should be possible to improve upon it. In other words, if we

want a small distance under d to be both sufficient and necessary for low worst-case
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regret, then d must induce both an upper and a lower bound on worst-case regret.

As such, we also introduce the following definition:

Definition 44. A pseudometric d on R is complete if there exists a positive constant

L, such that for any reward functions R1 and R2, there exists two policies π1 and

π2 such that J2(π2) ≥ J2(π1) and

J1(π1) − J1(π2) ≥ L · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2),

and moreover, if both R1 and R2 are trivial, then d(R1, R2) = 0.

The last condition is included to rule out certain pathological edge-cases.

Intuitively, if d is sound, then a small d is sufficient for low regret, and if d is

complete, then a small d is necessary for low regret. Soundness implies the absence

of false positives, and completeness the absence of false negatives. Soundness and

completeness also implies the following property:

Proposition 45. If a pseudometric d on R is both sound and complete, then

d(R1, R2) = 0 if and only if R1 ≡ORDτ,γ R2.

Proof. For the first direction, assume that R1 and R2 have the same ordering of

policies. If both R1 and R2 are trivial, then the definition of completeness directly

implies that d(R1, R2) = 0. Next, assume that R1 and R2 are not trivial, and

assume for contradiction that d(R1, R2) > 0. Since d is complete, there exists two

policies π1 and π2 such that J2(π2) ≥ J2(π1) and

J1(π1) − J1(π2) ≥ L · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2)

for some L > 0. Since R1 is non-trivial, we have that (maxπ J1(π) − minπ J1(π) > 0,

which means that the right-hand side of this expression is positive. This implies

that there are policies π1 and π2 such that J2(π2) ≥ J2(π1) but J1(π2) < J1(π1),

which is a contradiction, since R1 and R2 have the same policy order. Thus, if R1

and R2 have the same policy order, then d(R1, R2) = 0.
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For the other direction, assume that d(R1, R2) = 0. Since d is sound, we have

that there exists a positive constant U such that if two policies π1 and π2 satisfy

that J2(π2) ≥ J2(π1), then

J1(π1) − J1(π2) ≤ U · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2).

Since d(R1, R2) = 0, this means that J1(π1) − J1(π2) ≤ 0, which means that

J1(π2) ≥ J1(π1). Since π1 and π2 were chosen arbitrarily, this means that if

J2(π2) ≥ J2(π1), then J1(π2) ≥ J1(π1). As such, R1 and R2 have the same policy

order.

In other words, a pseudometric that is sound and complete must consider two

reward functions to be equivalent exactly when they induce the same ordering

of policies. Next, it is worth noting that if two pseudometrics d1, d2 on R are

both sound and complete, then d1 and d2 are bilipschitz equivalent. This means

that if there is a pseudometric on R that is both sound and complete, then this

pseudometric is unique up to bilipschitz equivalence:

Proposition 46. Any pseudometrics on R that are both sound and complete are

bilipschitz equivalent.

Proof. Assume that d1 and d2 are pseudometrics on R that are both sound and

complete. Since d1 is complete, we have that

L1 · d1(R1, R2) · (max
π

J1(π) − min
π
J1(π)) ≤ max

π1,π2:J2(π2)≥J2(π1)
J1(π1) − J1(π2).

Similarly, since d2 is sound, we also have that

max
π1,π2:J2(π2)≥J2(π1)

J1(π1) − J1(π2) ≤ U2 · d2(R1, R2) · (max
π

J1(π) − min
π
J1(π)).

This implies that

L1 · d1(R1, R2) · (max
π

J1(π) − min
π
J1(π))

≤U2 · d2(R1, R2) · (max
π

J1(π) − min
π
J1(π)).
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First suppose that (maxπ J1(π) − minπ J1(π)) > 0. We can then divide both sides,

and obtain that

d1(R1, R2) ≤
(
U2

L1

)
d2(R1, R2).

Similarly, we also have that
(
L2

U1

)
d2(R1, R2) ≤ d1(R1, R2).

This means that we have constants
(
U2
L1

)
and

(
L2
U1

)
not depending on R1 or R2, such

that (
L2

U1

)
d2(R1, R2) ≤ d1(R1, R2) ≤

(
U2

L1

)
d2(R1, R2)

for all R1 and R2 such that (maxπ J1(π) − minπ J1(π)) > 0.

Next let (maxπ J1(π)−minπ J1(π)) = 0 but (maxπ J2(π)−minπ J2(π)) > 0. Since

d1 and d2 are pseudometrics, we have that d1(R1, R2) = d1(R2, R1) and d2(R1, R2) =

d2(R2, R1). Therefore,
(
L2
U1

)
d2(R1, R2) ≤ d1(R1, R2) ≤

(
U2
L1

)
d2(R1, R2) in this case

as well, as already shown above.

Finally, let (maxπ J1(π) − minπ J1(π)) = 0 and (maxπ J2(π) − minπ J2(π)) = 0.

In this case, R1 and R2 induce the same policy order. This in turn means that

d1(R1, R2) = d2(R1, R2) = 0, and so
(
L2

U1

)
d2(R1, R2) ≤ d1(R1, R2) ≤

(
U2

L1

)
d2(R1, R2)

in this case as well. This completes the proof.

We will next derive a family of pseudometrics on R, which we refer to as STAn-

dardised Reward Comparison (STARC) metrics, and show that these pseudometrics

are both sound and complete. This means that all pseudometrics in this family

induce both an upper and a lower bound on worst-case regret, and that any other

pseudometric with this property must be bilipschitz equivalent to our metrics. As

such, STARC metrics can be considered to be canonical, in a certain sense.

STARC metrics are computed in several steps, where the first steps collapse

certain equivalence classes in R to a single representative, and the last step measures

a distance. Recall that Proposition 45 says that if d is both sound and complete,
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then d(R1, R2) = 0 if and only if R1 and R2 have the same policy order. Moreover,

also recall that Theorem 40 says that R1 and R2 have the same policy order if

and only if R1 and R2 differ by potential shaping, S ′-redistribution, and positive

linear scaling. This implies that if d is sound and complete, then d(R1, R2) = 0 if

and only if R1 and R2 differ by potential shaping, S ′-redistribution, and positive

linear scaling. Our metrics are therefore computed by first standardising the reward

functions to ensure that rewards are considered to be equivalent when they differ

by these transformations. After this, the distance can be measured.

The first step standardises potential shaping and S ′-redistribution. These trans-

formations can be characterised in terms of linear subspaces of R (Proposition 33),

which means that this standardisation can be achieved by a linear transformation:

Definition 47. A function c : R → R is a canonicalisation function if c is linear,

c(R) and R differ by potential shaping and S ′-redistribution, and c(R1) = c(R2) if

and only if R1 and R2 only differ by potential shaping and S ′-redistribution.

A canonicalisation function is a quotient map for the subspace of R that is

given by potential shaping and S ′-redistribution. Note that we require c to be

linear. We will later provide examples of canonicalisation functions. Let us next

introduce the functions that we use to compute a distance:

Definition 48. A metric m : R × R → R is admissible if there exists a norm p

and two (positive) constants u, ℓ such that ℓ · p(x, y) ≤ m(x, y) ≤ u · p(x, y) for all

x, y ∈ R.

A metric is admissible if it is bilipschitz equivalent to a norm. Any norm is an

admissible metric, though there are admissible metrics which are not norms.5 Recall

also that all norms are bilipschitz equivalent on any finite-dimensional vector space.

This means that if m satisfies Definition 48 for one norm, then it satisfies it for all

norms. Given these two components, we can now define our class of reward metrics:
5For example, the unit ball of m does not have to be convex, or symmetric around the origin,

etc.
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Definition 49. A function d : R × R → R is a STARC metric (STAndardised

Reward Comparison) if there is a canonicalisation function c, a function n that

is a norm on Im(c), and a metric m that is admissible on Im(s), such that

d(R1, R2) = m(s(R1), s(R2)), where s(R) = c(R)/n(c(R)) when n(c(R)) ̸= 0,

and c(R) otherwise.

Intuitively speaking, c ensures that all reward functions which differ by potential

shaping and S ′-redistribution are considered to be equivalent, and division by n

ensures that positive linear scaling is ignored as well. Note that if n(c(R)) = 0,

then c(R) = R0. Note also that Im(c) is the image of c, if c is applied to the

entirety of R, and similarly for Im(s). If n is a norm on R, then n is also a norm

on Im(c), but there are functions which are norms on Im(c) but not on R (c.f.

Proposition 55), and similarly for Im(s).

STARC metrics have a number of important properties. We first note that

STARC metrics indeed are pseudometrics on R, which means that they give us

a well-defined notion of a “distance” between reward functions:

Proposition 50. All STARC metrics are pseudometrics on R.

Proof. To show that d is a pseudometric, we must show that

1. d(R,R) = 0

2. d(R1, R2) = d(R2, R1)

3. d(R1, R3) ≤ d(R1, R2) + d(R2, R3)

1 follows from the fact that m is a metric, and 2 follows directly from the fact that

the definition of STARC metrics is symmetric in R1 and R2. For 3, the fact that

m is a metric again implies that d(R1, R3) = m(s(R1), s(R3)) ≤ m(s(R1), s(R2)) +

m(s(R2), s(R3)) = d(R1, R2) + d(R2, R3). This completes the proof.

In Section 4.6, we will prove that all STARC metrics are both sound and

complete. In other words, for any STARC metric d, we have that a small value of d

is both necessary and sufficient for a low regret. This means that STARC metrics,



4. Comparing Reward Functions 84

in a certain sense, exactly capture what it means for two reward functions to be

similar, and that we should not expect it to be possible to significantly improve

upon them. Also recall that Proposition 46 says that if two pseudometrics d1 and

d2 are both sound and complete, then d1 and d2 are bilipschitz equivalent. This

means that STARC metrics are unique up to bilipschitz equivalence. In particular,

all STARC metrics are bilipschitz equivalent, and any other pseudometric on R

that induces both an upper and a lower bound on worst-case regret (as we define

it) must also be bilipschitz equivalent to STARC metrics.

We will next give a few concrete examples of STARC metrics. We begin by

showing how to construct canonicalisation functions:

Proposition 51. For any policy π, the function c : R → R given by

c(R)(s, a, s′) = ES′∼τ(s,a) [R(s, a, S ′) − V π(s) + γV π(S ′)]

is a canonicalisation function. Here V π is computed under the reward R given as

input to c. We call this function Value-Adjusted Levelling (VAL).

Proof. To prove that c is a canonicalisation function, we must show

1. that c is linear,

2. that c(R) and R differ by potential shaping and S ′-redistribution, and

3. that c(R1) = c(R2) ifR1 andR2 differ by potential shaping and S ′-redistribution.

We first show that c is linear. Given a state s, let vs be the |S||A||S|-dimensional

vector where the (s′, a, s′′)’th dimension is given by

∞∑
i=0

γi · P(Si = s′, Ai = a, Si+1 = s′′),

where the probability is given for a trajectory that is generated from π and τ ,

starting in s. Now note that V π(s) = vs · R, where R is represented as a vector.

Using these vectors {vs}, it is possible to express c as a linear transformation.
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To see that c(R) and R differ by potential shaping and S ′-redistribution, it is

sufficient to note that V π acts as a potential function, and that setting R2(s, a, s′) =

ES′∼τ(s,a)[R1(s, a, S ′)] is a form of S ′-redistribution.

To see that c(R1) = c(R2) if R1 and R2 differ by potential shaping and S ′-

redistribution, first note that if R1 and R2 differ by potential shaping, so that

R2(s, a, s′) = R1(s, a, s′) + γΦ(s′) − Φ(s) for some Φ, then V π
2 (s) = V π

1 (s) − Φ(s)

(Proposition 29). This means that

c(R2)(s, a, s′) =E[R2(s, a, S ′) + γ · V π
2 (S ′) − V π

2 (s)]

=E[R1(s, a, S ′) + γ · Φ(S ′) − Φ(s)

+ γ · (V π
1 (S ′) − Φ(S ′)) − (V π

1 (s) − Φ(s))]

=E[R1(s, a, S ′) + γ · V π
1 (S ′) − V π

1 (s)]

=c(R1)(s, a, s′).

It is also easy to see that c(R1) = c(R2) if R1 and R2 differ by S ′-redistribution.

To see that c(R1) = c(R2) only if R1 and R2 differ by potential shaping and S ′-

redistribution, first note that we have already shown that R and c(R) differ by

potential shaping and S ′-redistribution for all R. This implies that R1 and c(R1)

differ by potential shaping and S ′-redistribution, and likewise for R2 and c(R2).

Then if c(R1) = c(R2), we can combine these transformations, and obtain that R1

and R2 also differ by potential shaping and S ′-redistribution.

Proposition 51 gives us an easy way to make canonicalisation functions. Moreover,

while our focus in this work is on theoretical analysis, we think it is worth noting

that VAL can be approximated in large-scale environments, as long as V π can be

approximated well. We next give another example of canonicalisation functions

with desirable theoretical properties:

Definition 52. A canonicalisation function c : R → R is minimal for a norm n if

for all R1 we have that n(c(R1)) ≤ n(R2) for all R2 such that R1 and R2 differ by

potential shaping and S ′-redistribution.
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It is not a given that minimal canonicalisation functions exist for a given norm n,

or that they are unique. For example, the minimal canonicalisation function is not

unique for the L1-norm, since its unit ball is not strictly convex. However, for any

weighted L2-norm, the minimal canonicalisation function does exist, and is unique:

Proposition 53. For any weighted L2-norm, a minimal canonicalisation function

exists and is unique.

Proof. Let R0 be the reward function that is 0 for all transitions. First recall

that the set of all reward functions that differ from R0 by potential shaping and

S ′-redistribution forms a linear subspace of R (Proposition 33). Let this space be

denoted by Y, and let X denote the orthogonal complement of Y in R. Now any

reward function R ∈ R can be uniquely expressed in the form RX + RY , where

RX ∈ X and RY ∈ Y. Consider the function c : R → R where c(R) = RX . Now

this function is a canonicalisation function such that n(c(R)) ≤ R′ for all R′ such

that c(R) = c(R′), assuming that n is a weighted L2-norm. To see this, we must

show that

1. c is linear,

2. c(R) and R differ by potential shaping and S ′-redistribution for all R,

3. c(R1) = c(R2) for all R1 and R2 which differ by potential shaping and S ′-

redistribution, and

4. n(c(R)) ≤ n(R′) for all R′ such that c(R) = c(R′).

It follows directly from the construction that c is linear. To see that c(R) and R

differ by potential shaping and S ′-redistribution, simply note that c(R) = R −RY ,

where RY is given by a combination of potential shaping and S ′-redistribution

of R0. To see that c(R1) = c(R2) if R1 and R2 differ by potential shaping and

S ′-redistribution, let R2 = R1 + R′, where R′ is given by potential shaping and

S ′-redistribution of R0, and let R1 = RX +RY , where RX ∈ X and RY ∈ Y. Now

c(R1) = RX . Moreover, R2 = RX +RY +R′. We also have that R′ ∈ Y , which means
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that R2 can be expressed as RX + (RY + R′), where RX ∈ X and (RY + R′) ∈ Y.

This implies that c(R2) = RX , so if R1 and R2 differ by potential shaping and

S ′-redistribution, then c(R1) = c(R2). To see that c(R1) = c(R2) only if R1 and R2

differ by potential shaping and S ′-redistribution, first note that we have already

shown that R and c(R) differ by potential shaping and S ′-redistribution for all R.

This implies that R1 and c(R1) differ by potential shaping and S ′-redistribution,

and likewise for R2 and c(R2). Then if c(R1) = c(R2), we can combine these

transformations, and obtain that R1 and R2 also differ by potential shaping and

S ′-redistribution.

To see that n(c(R)) ≤ n(R′) for all R′ such that c(R) = c(R′), first note that if

c(R) = c(R′), then R = RX +RY and R′ = RX +R′
Y , where RX ∈ X and RY , R

′
Y ∈ Y .

This means that n(c(R)) = n(RX ), and n(R′) = n(RX + R′
Y). Moreover, since

n is a weighted L2-norm, and since RX and R′
Y are orthogonal, we have that

n(RX +RY) =
√
n(RX )2 + n(RY)2 ≥ n(RX ). This means that n(c(R)) ≤ n(R′).

To see that this canonicalisation function is the unique minimal canonicalisation

function for any weighted L2-norm n, consider an arbitrary reward function R.

Now, the set of all reward functions that differ from R by potential shaping and

S ′-redistribution forms an affine space of R, and a minimal canonicalisation function

must map R to a point R′ in this space such that n(R′) ≤ n(R′′) for all other

points R′′ in that space. If n is a weighted L2-norm, then this specifies a convex

optimisation problem with a unique solution.

Finally, we will introduce one more canonicalisation function, which will be

useful for illustrative purposes:

Proposition 54. Let Ω = {ηπ : π ∈ Π} be the set of all occupancy measures, and

let c : R → R be the function that projects each reward function onto the linear

subspace of R that is parallel to Ω. Then c is a canonicalisation function.

Proof. To show that c is a canonicalisation function, we must show that

1. c is linear,
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2. c(R) and R differ by potential shaping and S ′-redistribution for all R, and

3. c(R1) = c(R2) for all R1 and R2 which differ by potential shaping and S ′-

redistribution.

It is straightforward that c is linear, since it is a projection map. To see that R and

c(R) differ by potential shaping and S ′-redistribution, note that there is a constant

k such that ηπ ·R = ηπ · c(R) + k for all policies π, since Im(c) is parallel to Ω. This

means that the policy evaluation functions of R and c(R) differ by a constant k. By

Proposition 29, this means that we can create a reward function R′ which has the

same policy evaluation function as c(R), by applying potential shaping to R with a

potential function such that Φ(s) = −k for all s ∈ supp(µ0). By Lemma 39, this

implies that R′ and c(R) differ by potential shaping and S ′-redistribution. Thus R

and c(R) differ by potential shaping and S ′-redistribution. Finally, note that if R1

and R2 differ by potential shaping and S ′-redistribution, then there is a constant

k such that ηπ · R2 = ηπ · R1 + k for all policies π (Proposition 29). This in turn

means that c(R1) = c(R2).

A STARC metric can use any canonicalisation function c. Moreover, the

normalisation step can use any function n that is a norm on Im(c). This does of

course include the L1-norm, L2-norm, L∞-norm, and so on. We next show that

maxπ J(π) − minπ J(π) also is a norm on Im(c):

Proposition 55. If c is a canonicalisation function, then the function n : R → R

given by n(R) = maxπ J(π) − minπ J(π) is a norm on Im(c). Here J is computed

under the reward R given as input to c.

Proof. To show that a function n is a norm on Im(c), we must show that it satisfies:

1. n(R) ≥ 0 for all R ∈ Im(c).

2. n(R) = 0 if and only if R = R0 for all R ∈ Im(c).

3. n(α ·R) = α · n(R) for all R ∈ Im(c) and all scalars α.
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4. n(R1 +R2) ≤ n(R1) + n(R2) for all R1, R2 ∈ Im(c).

Here R0 is the reward function that is 0 everywhere. It is trivial to show that

Axioms 1 and 3 are satisfied by n. For Axiom 2, note that n(R) = 0 exactly when

maxπ J(π) = minπ J(π). If R is R0, then J(π) = 0 for all π, and so the “if” part

holds straightforwardly. For the “only if” part, let R be a reward function such that

maxπ J(π) = minπ J(π). Then R and R0 induce the same policy ordering under

τ and µ0, which means that they differ by potential shaping, S ′-redistribution,

and positive linear scaling (Theorem 40). Moreover, since R0 is 0 everywhere,

this means that R and R0 in fact differ by potential shaping and S ′-redistribution.

However, from the definition of canonicalisation functions, if R1, R2 ∈ Im(c) differ

by potential shaping and S ′-redistribution, then it must be that R1 = R2. Hence

Axiom 2 holds as well. We can show that Axiom 4 holds algebraically:

n(R1 +R2) = max
π

(J1(π) + J2(π)) − min
π

(J1(π) + J2(π))

≤ max
π

J1(π) + max
π

J2(π) − min
π
J1(π) − min

π
J2(π)

= (max
π

J1(π) − min
π
J1(π)) + (max

π
J2(π) − min

π
J2(π))

= n(R1) + n(R2)

This means that n(R) = maxπ J(π) − minπ J(π) is a norm on Im(c).

For the final step we of course have that any norm is an admissible metric,

though some other metrics are admissible as well. For example, if m(R1, R2) is

the angle between R2 and R2 when R1, R2 ̸= R0, and we define m(R0, R0) = 0

and m(R,R0) = π/2 for R ̸= R0, then m is also admissible. To obtain a STARC

metric, we then pick any canonicalisation function c, norm n, and admissible metric

m, and combine them as described in Definition 49.

Some of our results will apply to any pseudometric on R, and most of our

other results will apply to any pseudometric on R that is both sound and complete

(including any STARC metric). However, to obtain specific quantitative results,

we will sometimes have to use a specific pseudometric. Therefore, we will use the

following STARC metric as our “standard” pseudometric:
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Definition 56. Let dSTARC
τ,γ be the STARC metric for which n is the L2-norm, c is

the canonicalisation function that is minimal for the L2-norm, and m is the metric

given by m(x, y) = 0.5 · L2(x, y).

We will use cSTARC
τ,γ to denote the canonicalisation function of dSTARC

τ,γ (i.e.,

the minimal canonicalisation function for the L2-norm). Moreover, we will use

sSTARC
τ,γ : R → R to denote the function that is equal to

(
cSTARC
τ,γ (R)

L2(cSTARC
τ,γ (R))

)

when L2(cSTARC
τ,γ (R)) > 0, and cSTARC

τ,γ (R) otherwise.6 We let m be equal to half the

L2-distance, to ensure that dSTARC
τ,γ is bounded between 0 and 1. The reason for

why we will use dSTARC
τ,γ as our “standard” STARC metric is mainly that dSTARC

τ,γ

is easy to work with. However, this choice is not very consequential, since all

STARC metrics are bilipschitz equivalent.

4.5 Understanding STARC Metrics

In this section, we provide a geometric intuition for how STARC metrics work.

This will make it easier to understand STARC metrics, and may also make it

easier to understand our proofs.

First of all, note that the space of all reward functions R forms an |S||A||S|-

dimensional vector space. Next, recall that if two reward functions R1 and R2 differ

by (some combination of) potential shaping and S ′-redistribution, then R1 and R2

induce the same ordering of policies. Moreover, these transformations correspond

to a linear subspace of R (Proposition 33). A canonicalisation function is simply a

linear map that removes the dimensions that are associated with potential shaping

and S ′-redistribution. In other words, they map R to an |S|(|A| − 1)-dimensional

subspace of R in which no reward functions differ by potential shaping or S ′-

redistribution. The canonicalisation function that is minimal for the L2-norm is

the orthogonal map that satisfies these properties, whereas other canonicalisation
6This means that dSTARC

τ,γ (R1, R2) = 0.5 · L2(sSTARC
τ,γ (R1), sSTARC

τ,γ (R2)).
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functions are non-orthogonal. When we normalise the resulting reward functions

by dividing by a norm n, we project the entire vector space onto the unit ball of n

(except the zero reward, which remains at the origin). The metric m then measures

the distance between the resulting reward functions on the surface of this sphere:

To make this more clear, it may be worth considering the case of non-sequential

decision making. Suppose we have a finite set of choices C, and a utility function

U : C → R. Given two distributions D1, D2 over C, we say that we prefer D1 over

D2 if Ec∼D1 [U(c)] > Ec∼D2 [U(c)]. The set of all utility functions over C forms a |C|-

dimensional vector space. Moreover, in this setting, it is well-known that two utility

functions U1, U2 induce the same preferences between all possible distributions over

C if and only if they differ by an affine transformation. Therefore, if we wanted

to represent the set of all non-equivalent utility functions over C, we may consider

requiring that U(c0) = 0 for some c0 ∈ C, and that L2(U) = 1 unless U(c) = 0 for

all c ∈ C. Any utility function over C is equivalent to some utility function in this

set, and this set can in turn be represented as the surface of a (|C| − 1)-dimensional

sphere, together with the origin. This is essentially analogous to the standardisation

that the canonicalisation function c and the normalisation function n perform for

STARC metrics. Here C is analogous to the set of all trajectories, the trajectory

return function G is analogous to U , and a policy π induces a distribution over

trajectories. Affine transformations of the trajectory return function, G, correspond

exactly to potential shaping and positive linear scaling of R (Propositions 31 and

32). However, it is also important to note that while the cases are analogous, it
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is not a direct correspondence, because not all distributions over trajectories can

be realised as a policy in a given MDP.

Another perspective that may help with understanding STARC metrics comes

from considering the occupancy measures of policies. Recall that the occupancy

measure ηπ of a policy π is the |S||A||S|-dimensional vector in which the value

of the (s, a, s′)’th dimension is

∞∑
t=0

γtPξ∼π(St = s, At = a, St+1 = s′).

Also recall that J(π) = ηπ ·R. Therefore, by computing occupancy measures, we

can divide the computation of J into two parts, the first of which is independent of

R, and the second of which is a linear function. Moreover, let Ω = {ηπ : π ∈ Π} be

the set of all occupancy measures. We now have that the policy value function J of

a reward function R can be visualised as a linear function on this set. Moreover, if

we have two reward functions R1, R2, then they can be visualised as two different

linear functions on this set:

From this image, it is visually clear that the worst-case regret of maximising

R1 instead of R2, should be proportional to the angle between the linear functions

that R1 and R2 induce on Ω. Moreover, this is what STARC metrics measure. In

particular, the function c that projects each R onto the linear subspace of R that

is parallel to Ω is a canonicalisation function (Proposition 54). Normalising these

reward functions, and measuring their distance using a metric that is bilipschitz

equivalent to a norm, is bilipschitz equivalent to measuring their angle. This should

in turn give an intuition for why the STARC distance between two rewards provide

both an upper and lower bound on their worst-case regret.
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4.6 Soundness and Completeness

In this section, we will prove that all STARC metrics are both sound and complete.

We will begin by showing that they are sound. To do this, we must first prove

a number of supporting lemmas:

Lemma 57. For any rewards R1 and R2, and any policy π, we have that

|J1(π) − J2(π)| ≤
(

1
1 − γ

)
L∞(R1, R2).

Proof. This follows from straightforward algebra:

|J1(π) − J2(π)|

=
∣∣∣∣Eξ∼π

[ ∞∑
t=0

γtR1(St, At, St+1)
]

− Eξ∼π
[ ∞∑
t=0

γtR2(St, At, St+1)
] ∣∣∣∣

=
∣∣∣∣ ∞∑
t=0

γtEξ∼π[R1(St, At, St+1) −R2(St, At, St+1)]
∣∣∣∣

≤
∞∑
t=0

γtEξ∼π[|R1(St, At, St+1) −R2(St, At, St+1)|]

≤
∞∑
t=0

γtL∞(R1, R2) =
(

1
1 − γ

)
L∞(R1, R2).

Here the third line follows from the linearity of expectation, and the fourth line

follows from Jensen’s inequality.

Thus, the L∞-distance between two rewards bounds the difference between

their policy evaluation functions. Since all norms are bilipschitz equivalent on any

finite-dimensional vector space, this extends to all norms:

Lemma 58. If p is a norm, then there is a positive constant Kp such that, for any

reward functions R1 and R2, and any policy π, |J1(π) − J2(π)| ≤ Kp · p(R1, R2).

Proof. If p and q are norms on a finite-dimensional vector space, then there are

constants k and K such that k · p(x) ≤ q(x) ≤ K · p(x). Since S and A are finite,

R is a finite-dimensional vector space. This means that there is a constant K such

that L∞(R1, R2) ≤ K · p(R1, R2). Together with Lemma 57, this implies that

|J1(π) − J2(π)| ≤
(

1
1 − γ

)
·K ·m(R1, R2).

Letting Kp =
(

K
1−γ

)
completes the proof.
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Next, we show that if the difference between two policy evaluation functions

can be bounded, then we can derive a regret bound:

Lemma 59. Let R1 and R2 be reward functions, and π1, π2 be two policies. If

|J1(π) − J2(π)| ≤ U for π ∈ {π1, π2}, and if J2(π2) ≥ J2(π1), then

J1(π1) − J1(π2) ≤ 2 · U.

Proof. First note that U must be non-negative. Next, note that if J1(π1) < J1(π2)

then J1(π1) − J1(π2) < 0, and so the lemma holds. Now consider the case when

J1(π1) ≥ J1(π2):

J1(π1) − J1(π2) = J1(π1) − J2(π2) + J2(π2) − J1(π2)

≤ |J1(π1) − J2(π2)| + |J2(π2) − J1(π2)|

Our assumptions imply that |J2(π2) − J1(π2)| ≤ U . We will next show that

|J1(π1) − J2(π2)| ≤ U as well. Our assumptions imply that

|J1(π1) − J2(π1)| ≤ U

=⇒ J2(π1) ≥ J1(π1) − U

=⇒ J2(π2) ≥ J1(π1) − U

Here the last implication uses the fact that J2(π2) ≥ J2(π1). A symmetric argument

also shows that J1(π1) ≥ J2(π2) − U (recall that we assume that J1(π1) ≥ J1(π2)).

Together, this implies that |J1(π1) − J2(π2)| ≤ U . We have thus shown that if

J1(π1) ≥ J1(π2) then

|J1(π1) − J2(π2)| + |J2(π2) − J1(π2)| ≤ 2 · U,

and so the lemma holds. This completes the proof.

Note that Lemma 57 and 59 together imply that, for any two reward functions

R1, R2, and any two policies π1, π2, if J2(π2) ≥ J2(π1), then

J1(π2) − J1(π2) ≤
(

2
1 − γ

)
L∞(R1, R2).
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Moreover, Lemma 58 says that a similar bound can be derived for any norm. To

turn this into a regret bound for STARC metrics, we must consider the effect of

the canonicalisation function and normalisation. Our next lemma will be used

to account for the difference between the size of a reward function before and

after canonicalisation:

Lemma 60. For any linear function c : Rn → Rn and any norm n, there is a

positive constant Kn such that n(c(v)) ≤ Kn · n(v) for all v ∈ Rn.

Proof. First consider the case when n(v) > 0. In this case, we can find an upper

bound for n(c(v)) in terms of n(v) by finding an upper bound for n(c(R))
n(R) . Since c is

linear, and since n is absolutely homogeneous, we have that for any v ∈ Rn and

any non-zero α ∈ R,

n(c(α · v))
n(α · v) =

(
α

α

)
n(c(v))
n(v) = n(c(v))

n(v) .

In other words, n(c(v))
n(v) is unaffected by scaling of v. We may thus restrict our

attention to the unit ball of n. Next, since the surface of the unit ball of n is

a compact set, and since n(c(v))
n(v) is continuous on this surface, the extreme value

theorem implies that n(c(v))
n(v) must take on some maximal value Kn on this domain.

Together, the above implies that n(c(v)) ≤ Kn · n(v) for all R such that n(v) > 0.

Next, suppose n(v) = 0. In this case, v is the zero vector. Since c is linear,

this implies that c(v) = v, which means that n(c(v)) = 0 as well. Therefore, if

n(v) = 0, then the statement holds for any Kn. In particular, it holds for the value

Kn selected above. This completes the proof.

Note that the value of Kn depends on how “tilted” Im(c) is. If c is an orthogonal

projection (as is the case if c is the minimal canonicalisation function for an L2-

norm), then Kn = 1. Our next lemma has a somewhat complicated statement,

but its purpose is simply to derive a bound on the difference between the policy

evaluation functions J1, J2 of two reward functions R1, R2, based on the difference

between the policy evaluation functions of their standardised counterparts:
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Lemma 61. Let c be a canonicalisation function, and let n be a norm on Im(c).

Let R be any reward function, and let RS =
(

c(R)
n(c(R))

)
if n(c(R)) > 0, and c(R)

otherwise. Then J(π1) − J(π2) = n(c(R)) · (JS(π1) − JS(π2)), where JS is the policy

evaluation function of RS.

Proof. Let us first consider the case where n(c(R)) = 0. Since n is a norm, c(R)

must be the reward function that is 0 everywhere. Since c is a canonicalisation

function, we have that R and c(R) have the same ordering of policies. Thus R is

trivial, which means that J(π1) = J(π2) for all π1, π2. Thus J(π1) − J(π2) = 0, and

so the statement holds.

Let us next consider the case when n(c(R)) > 0. Let RC = c(R). Since c is a

canonicalisation function, we have that R and RC differ by potential shaping and

S ′-redistribution. Thus, for all π, JC(π) = J(π) − ES0∼µ0 [Φ(S0)] for some potential

function Φ, where JC is the policy evaluation function of RC . (Proposition 29).

Moreover, JS = JC ·
(

1
n(c(R))

)
. This means that

JS(π) =
(

1
n(c(R))

)
(J(π) − ES0∼µ0 [Φ(S0)])

for all π. This further implies that

JS(π1) − JS(π2) =
(

1
n(c(R))

)
(J(π1) − J(π2))

since the ES0∼µ0 [Φ(S0)]-terms cancel out. By rearranging, we get that

J(π1) − J(π2) = n(c(R))(JS(π1) − JS(π2)).

This completes the proof.

Using this, we can now finally prove that all STARC metrics are sound:
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Theorem 62. All STARC metrics are sound.

Proof. Consider any transition function τ and any initial state distribution µ0, and

let d be a STARC metric. We wish to show that there exists a positive constant

U , such that for any R1 and R2, and any pair of policies π1 and π2 such that

J2(π2) ≥ J2(π1), we have that

J1(π1) − J1(π2) ≤ (max
π

J1(π) − min
π
J1(π)) · U · d(R1, R2).

Recall that d(R1, R2) = m(s(R1), s(R2)), where m is an admissible metric. Since m

is admissible, we have that p(s(R1), s(R2)) ≤ Km ·m(s(R1), s(R2)) for some norm p

and constant Km. Moreover, since p is a norm, we can apply Lemma 58 to conclude

that there is a constant Kp such that for any policy π, we have that

|JS1 (π) − JS2 (π)| ≤ Kp · p(s(R1), s(R2)),

where JS1 is the policy evaluation function of s(R1), and JS2 is the policy evaluation

function of s(R2). Combining this with the fact that p(s(R1), s(R2)) ≤ Km ·

m(s(R1), s(R2)), we get

|JS1 (π) − JS2 (π)| ≤ Kp · p(s(R1), s(R2))

≤ Kp ·Km ·m(s(R1), s(R2))

= Kmp · d(R1, R2)

where Kmp = Kp ·Km. We have thus established that, for any π, we have

|JS1 (π) − JS2 (π)| ≤ Kmp · d(R1, R2).

Let π1 and π2 be any two policies such that J2(π2) ≥ J2(π1). Note that

J2(π2) ≥ J2(π1) if and only if JS2 (π2) ≥ JS2 (π1). We can therefore apply Lemma 59

and conclude that

JS1 (π1) − JS1 (π2) ≤ 2 ·Kmp · d(R1, R2).

We can now apply Lemma 61:

J1(π1) − J1(π2) ≤ n(c(R1)) · 2 ·Kmp · d(R1, R2).



4. Comparing Reward Functions 98

We have that n is a norm on Im(c). Moreover, maxπ J1(π) − minπ J1(π) is also a

norm on Im(c) (Proposition 55). Since Im(c) is a finite-dimensional vector space,

this means that there is a constant Ks such that n(c(R1)) ≤ Ks · (maxπ J1(π) −

minπ J1(π)) for all R1 ∈ R. Let U = 2 ·Kmp ·Ks. We have now established that,

for any π1 and π2 such that J2(π2) ≥ J2(π1), we have

J1(π1) − J1(π2) ≤ (max
π

J1(π) − min
π
J1(π)) · U · d(R1, R2).

This completes the proof.

This is one of our main results for this section. Our second main result is

that all STARC metrics are complete. To prove this, we must yet again first

prove a number of supporting lemmas:

Lemma 63. Let S ⊂ Rn be the boundary of a bounded convex set whose interior

is non-empty and includes the origin. Then there is an A > 0 such that for any

x, y ∈ S, if x ̸= y then the angle between x and y − x is at least A.

Proof. Let x, y be two arbitrary points in S such that x ̸= y. Let α be the angle

between x and y, let β be the angle between −y and x − y, let γ be the angle

between −x and y − x, and let δ be the angle between x and y − x. Note that

α+β+γ = π, since these angles are the interior angles of the triangle whose corners

lie at x, y, and the origin. We also have that γ + δ = π, since these two angles add

up to the angle between x and −x. We seek a lower bound on δ.
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First note that if α > π/2 then γ < π/2, since α + β + γ = π. This means that

δ > π/2, since γ + δ = π. Next, suppose α ≤ π/2. Since γ + δ = π, we can derive a

lower bound for δ by deriving an upper bound for γ. Let z be the point such that

the angle between y and z is π/2, and such that x lies on the line segment between

z and y. Let θ be the angle between −z and y − z.

Now elementary trigonometry tells us that γ < π/2 + θ.7 By deriving an upper

bound for θ, we thus obtain an upper bound for γ (and hence a lower bound for δ).

Note that θ = arctan(L2(y)/L2(z)). Moreover, since S is the boundary of some

set X, and since the interior of X is non-empty, there must be some ℓ > 0 such

that L2(x) ≥ ℓ for all x ∈ S. Moreover, since X is bounded, there must be some

u ≥ ℓ such that L2(x) ≤ u for all x ∈ S. We have that L2(y) ≤ u, since y ∈ S.

It may be that z ̸∈ S. However, since S is the boundary of a convex set, it

must still be the case that L2(z) ≥ ℓ. To see this, suppose L2(z) < ℓ, and let z′

be the point in S such that z′ = a · z for some a ∈ R+. L2(z′) ≥ ℓ, since s′ ∈ S,

and so L2(z′) > L2(z). Consider the triangle that lies between z′, y, and the origin.

Since S is the boundary of a convex set X, every point that lies in the interior of

this triangle must lie in the interior of X. But if L2(z′) > L2(z), then x lies in the
7In particular, γ = π − α − β, and β = π/2 − θ. Thus γ is maximised when α = 0, in which

case γ = π − (π/2 − θ) = π/2 + θ. Moreover, if α = 0 then x = y, which by assumption is not the
case. Hence γ < π/2 + θ.
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interior of this triangle. This is a contradiction, since x lies on the boundary of X.

Thus L2(z) ≥ ℓ.

We thus have that θ ≤ arctan(u/ℓ), which means that γ < π/2 + arctan(u/ℓ),

and thus that δ > π − (π/2 + arctan(u/ℓ)) = π/2 − arctan(u/ℓ). Since this value

does not depend on x or y, we have that the angle δ between x and y− x is at least

π/2−arctan(u/ℓ) for all x, y ∈ S such that x ̸= y, and such that the angle α between

x and y is less than or equal to π/2. Also recall that if α > π/2 then δ > π/2.

Since u/ℓ > 0, we have that π/2 − arctan(u/ℓ) < π/2, and so δ > π/2 − arctan(u/ℓ)

for all x, y ∈ S such that x ̸= y. Finally, since arctan(x) < π/2, we have that

π/2−arctan(u/ℓ) > 0. Setting A = π/2−arctan(u/ℓ) thus completes the proof.

Using this, we can now show that we can get a lower bound on the angle between

two standardised reward functions in terms of their STARC-distance:

Lemma 64. For any STARC metric d, there exist an ℓ1 ∈ R+ such that the angle θ

between s(R1) and s(R2) satisfies ℓ1 · d(R1, R2) ≤ θ for all R1, R2 for which neither

s(R1) or s(R2) is R0.

Proof. Let d be an arbitrary STARC-metric, and let R1 and R2 be two arbitrary

reward functions for which neither s(R1) or s(R2) is R0. Recall that d(R1, R2) =

m(s(R1), s(R2)), where m is a metric that is bilipschitz equivalent to some norm.

Since all norms are bilipschitz equivalent on any finite-dimensional vector space,

this means that m is bilipschitz equivalent to the L2-norm. Thus, there are positive

constants p, q such that

p ·m(s(R1), s(R2)) ≤ L2(s(R1), s(R2)) ≤ q ·m(s(R1), s(R2)).

In particular, the L2-distance between s(R1) and s(R2) is at least ϵ = p · d(R1, R2).

For the rest of our proof, it will be convenient to assume that ϵ < L2(s(R1)); this

can be ensured by picking a p that is sufficiently small.8

Let us plot the plane which contains s(R1), s(R2), and the origin, and orient it

so that s(R1) points straight up, and so that s(R2) is not on the left-hand side:
8Specifically, we need to pick a p that is no bigger than maxR L2(s(R))/ maxR1,R2 d(R1, R2).
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Since the distance between s(R1) and s(R2) is at least ϵ, and since s(R2) is not

on the left-hand side, we know that s(R2) cannot be inside of the region shaded

grey in the figure above (though it may be on the boundary). Moreover, as per

Lemma 63, we know that there is an α > 0 (named A in the statement of Lemma 63)

such that the angle between s(R1) and s(R2) − s(R1) is at least α. This means that

we also can rule out the following region:

Let v be the element of Im(s) that is perpendicular to s(R1) and lies on the

right-hand side in the figure.9 Since Im(s) is the boundary of a convex set, we know

that s(R2) cannot lie within the triangle that lies between s(R1), v, and the origin:
9That is, v is perpendicular to s(R1), lies on a plane with s(R1), s(R2), and the origin, and

minimises the angle to s(R2) among the two vectors that satisfy the previous constraints.
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Since Im(s) is compact, we know that there is a vector a in Im(s) whose L2-norm

is bigger than all other vectors in Im(s), and a (non-zero) vector b in Im(s) whose

L2-norm is smaller than all other (non-zero) vectors in Im(s), by the extreme value

theorem. From this, we can infer that the angle between −s(R1) and v − s(R1) is

at least β = arctan(|b|/|a|). Also note that β > 0.

We now have everything we need to derive a lower bound on the angle θ between

s(R1) and s(R2). First note that θ can be no smaller than the angle between s(R1)

and the points marked A and B in the figure below (whichever is smaller):

To make things easier, replace α and β with γ = min(α, β). Since this makes

the shaded region smaller, we still have that s(R2) cannot be in the interior of the
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new shaded region. Moreover, in this case, we know that the angle between s(R1)

and s(R2) is no smaller than the angle θ′ between s(R1) and the point marked A:

Deriving this angle is now just a matter of trigonometry. Let z denote L2(A).

Using the law of sines, we have that:

ϵ

sin(θ′) = z

sin(π − γ) = z

sin(γ)

From this, we get that

θ′ = arcsin
((

ϵ

z

)
sin(γ)

)
≥
(
ϵ

z

)
sin(γ)

Moreover, it is also straightforward to find an upper bound z′ for z. Specifically,

z2 = L2(s(R1))2 + ϵ2 − 2L2(s(R1))ϵ cos(π − γ)

= L2(s(R1))2 + ϵ2 + 2L2(s(R1))ϵ cos(γ).
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Since ϵ < L2(s(R1)), and since γ < π/2, this means that

z <
√

2L2(s(R1))2 + 2L2(s(R1))2 cos(γ)

= L2(s(R1))
√

2(1 + cos(γ))

Moreover, since Im(s) is compact, there is a vector a ∈ Im(s) whose L2-norm is

bigger than all other vectors in Im(s). We thus know that

z < z′ = L2(a)
√

2(1 + cos(γ)).

Putting this together, we have that

θ ≥ θ′ ≥
(
ϵ

z′

)
sin(γ) = m(s(R1), s(R2)) · p ·

(
sin(γ)
z′

)
.

Setting ℓ1 = p ·
(

sin(γ)
z′

)
thus completes the proof, since the values of p, γ, and z′ do

not depend on R1 or R2.

Finally, before we can give the full proof, we will also need the following:

Lemma 65. For any invertible matrix M : Rn → Rn there is an ℓ2 ∈ (0, 1] such

that for any v, w ∈ Rn, the angle θ′ between Mv and Mw satisfies θ′ ≥ ℓ2 · θ, where

θ is the angle between v and w.

Proof. We will first prove that this holds in the 2-dimensional case, and then extend

this proof to the general n-dimensional case.

Let M be an arbitrary invertible matrix R2 → R2. First note that we can

factor M via Singular Value Decomposition into three matrices U , Σ, V , such that

M = UΣV ⊤, where U and V are orthogonal matrices, and Σ is a diagonal matrix

with non-negative real numbers on the diagonal. Since M is invertible, we also

have that Σ cannot have any zeroes along its diagonal. Next, recall that orthogonal

matrices preserve angles. This means that we can restrict our focus to just Σ.10

10If there are vectors x, y such that the angle between x and y is θ and the angle between Mx
and My is θ′, then there are vectors v, w such that the angle between x and y is θ and the angle
between Σv and Σw is θ′, and vice versa.
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Let α and β be the singular values of M . We may assume, without loss of

generality, that

Σ =
(
α 0
0 β

)
.

Moreover, since scaling the x and y-axes uniformly will not affect the angle between

any vectors after multiplication, we can instead equivalently consider the matrix

Σ =
(
α/β 0

0 1

)
.

Let v, w ∈ R2 be two arbitrary vectors with angle θ, and let θ′ be the angle between

Σv and Σw. We will derive a lower bound on θ′ expressed in terms of θ. Moreover,

since the angle between v and w is not affected by their magnitude, we will assume

(without loss of generality) that both v and w have length 1 (under the L2-norm).

First, note that if θ = π then v = −w. This means that Σv = −Σw, since Σ is

a linear transformation, which in turn means that θ′ = π. Thus θ′ ≥ ℓ2 · θ as long

as ℓ2 ≤ 1. Next, assume that θ < π.

We may assume (without loss of generality) that the angle between v and the x-

axis is no bigger than the angle between w and the x-axis. Let ϕ be the angle between

the x-axis and the vector that is in the middle between v and w. This means that

we can express v as (cos(ϕ−θ/2), sin(ϕ−θ/2)) and w as (cos(ϕ+θ/2), sin(ϕ+θ/2)).

Moreover, since reflection along either of the axes will not change the angle between

either v and w or Σv and Σw, we may assume (without loss of generality) that

ϕ ∈ [0, π/2]. For convenience, we will also let σ = α/β.
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(Note that we can visualise the action of Σ as scaling the x-axis in the figure

above by σ.)

We now have that Σv = (σ cos(ϕ − θ/2), sin(ϕ − θ/2)) and Σw = (σ cos(ϕ +

θ/2), sin(ϕ+ θ/2)). Using the dot product, we get that cos(θ′) equals

σ2 cos(ϕ− θ/2) cos(ϕ+ θ/2) + sin(ϕ− θ/2) sin(ϕ+ θ/2)√
σ2 cos2(ϕ− θ/2) + sin2(ϕ− θ/2)

√
σ2 cos2(ϕ+ θ/2) + sin2(ϕ+ θ/2)

.

We next note that if θ ∈ [0, π) and ϕ ∈ [0, π/2], then the derivative of this expression

with respect to ϕ can only be 0 when ϕ ∈ {0, π/2}.11 This means that cos(θ′) must

be maximised or minimised when ϕ is either 0 or π/2, which in turn means that

the angle θ′ must be minimised or maximised when ϕ is either 0 or π/2.

It is now easy to see that if σ > 1 then θ′ is minimised when ϕ = 0, and that if

σ < 1 then θ′ is minimised when ϕ = π/2. Moreover, if ϕ = π/2, then

θ′ = 2 arctan
(
σ cos(π/2 − θ/2)
sin(π/2 − θ/2)

)
= 2 arctan (σ tan(θ/2)) ,

which in turn is greater than θ · σ when σ < 1.12 Similarly, if ϕ = 0, then

θ′ = 2 arctan
(

sin(θ/2)
σ cos(θ/2)

)
= 2 arctan

(
σ−1 tan(θ/2)

)
,

11For example, this may be verified using tools such as Wolfram Alpha.
12To see this, let x = tan(θ/2). Now 2 arctan (σ tan(θ/2)) > σ · θ for all θ ∈ [0, π) if and only if

arctan (σx) > σ · arctan(x) for all x ≥ 0. This is true, since arctan is strictly concave on [0, ∞).
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which is in turn greater than σ−1 · θ when σ > 1. In either case, we thus have

θ′ ≥ θ · min(σ, σ−1) = θ · min(β/α, α/β).

Finally, if σ = 1, then of course θ′ = θ and β/α = α/β = 1, and so θ′ ≥

θ · min(β/α, α/β) in this case as well. We have therefore show that, for any

invertible matrix M : R2 → R2, there exists a positive constant min(β/α, α/β),

where α and β are the singular values of M , such that if v, w ∈ R2 have angle θ,

then the angle between Mv and Mw is at least θ · min(β/α, α/β).

To generalise this to the general n-dimensional case, let v, w ∈ Rn be two arbi-

trary vectors. Consider the 2-dimensional linear subspace given by S = span(v, w),

and note that M(S) also is a 2-dimensional linear subspace of Rn (since M is linear

and invertible). The linear transformation which M induces between S and M(S)

is isomorphic to a linear transformation M ′ : R2 → R2.13 We can thus apply our

previous result for the two-dimensional case, and conclude that if the angle between

v and w is θ, then the angle between Mv and Mw is at least θ · min(β/α, α/β),

where α and β are the singular values of M ′. Next, note that the singular values of

M ′ cannot be smaller than the smallest singular values of M or bigger than the

biggest singular values of M . We can therefore let ℓ2 = α/β, where α is the smallest

singular value of M and β is the greatest singular value of M , and conclude that

the angle between Mv and Mw must be at least ℓ2 · θ. Since the value of ℓ2 does

not depend on v or w, this completes the proof.

Using this, we can now prove that all STARC metrics are complete:

13To see this, let A be an orthonormal matrix that rotates R2 to align with S, and let B be
an orthonormal matrix that rotates M(S) to align with R2. Now M ′ = BMA is an invertible
linear transformation R2 → R2. Moreover, since orthonormal matrices preserve the angles between
vectors, we have that v, w ∈ S have angle θ and Mv, Mw ∈ M(S) have angle θ′, if and only if
A−1v, A−1w ∈ R2 have angle θ and BMv, BMw ∈ R2 have angle θ′. Note that M ′A−1v = BMv
and M ′A−1w = BMw. This means that there are v, w ∈ S such that v, w have angle θ and
Mv, Mw have angle θ′, if and only if there are v′, w′ ∈ R2 such that v′, w′ have angle θ and M ′v′

and M ′w′ have angle θ′ (with v′ = A−1v and w′ = A−1w).
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Theorem 66. All STARC metrics are complete.

Proof. Let d be an arbitrary STARC metric. We need to show that there exists a

positive constant L such that, for any reward functions R1 and R2, there are two

policies π1, π2 with J2(π2) ≥ J2(π1) and

J1(π1) − J1(π2) ≥ L · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2),

and if both R1 and R2 are trivial, then we have that d(R1, R2) = 0.

Let c be the canonicalisation function of d, and let s : R → R be the function

such that s(R) = c(R)/n(c(R)) if n(c(R)) ̸= 0, and c(R) otherwise, where n is the

norm used in the normalisation step of c.

First note that the last condition holds straightforwardly. If both R1 and R2

are trivial, then c(R1) = c(R2) = R0, which implies that d(R1, R2) = 0.

For the first condition, let us first consider the case when R1 is trivial (and R2

may be trivial or non-trivial). In this case the left-hand side is 0 for all π1 and π2.

Moreover, maxπ J1(π) − minπ J1(π) = 0, and so the right-hand side is also 0 (for

any value of L). In this case, the inequality is therefore satisfied for any L.

Let us next consider the case where R2 is trivial, but where R1 is not. In this case,

J2(π2) ≥ J2(π1) for all π1 and π2, which means that maxπ1,π2:J2(π2)≥J2(π1) J1(π1) −

J1(π2) = maxπ J1(π) − minπ J1(π). Therefore, the inequality is satisfied as long as

we pick an L such that L · d(R1, R2) ≤ 1 for all R1 and all trivial R2. In other

words, we need that L ≤ 1/maxR d(R,R0). This can be ensured by picking an L

that is sufficiently small (noting that any STARC metric d is bounded).

Finally, let us consider the case where neither R1 or R2 is trivial, i.e., the

case where maxπ J1(π) − minπ J1(π) > 0 and maxπ J2(π) − minπ J2(π) > 0. Let

m : Π → R|S||A||S| be the function that takes a policy π and returns its occupancy

measure ηπ, and let Ω = Im(m). Note that m implicitly depends on τ and γ. We

will use d to derive a lower bound on the angle θ between the level sets of J1 and

J2 in Ω. We will then show that Ω contains an open set with a certain diameter.

From this, we can find two policies that incur a certain amount of regret.
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First, by Lemma 64, there exists an ℓ1 such that for any non-trivial R1 and

R2, the angle between s(R1) and s(R2) is at least ℓ1 · d(R1, R2). To make our

proof easier, we will assume that we pick an ℓ1 that is small enough to ensure that

ℓ1 · d(R1, R2) ≤ π/2 for all R1, R2. Since d is bounded, this is possible.

Note that s(R1) and s(R2) may not be parallel with Ω, which means that the

angle between s(R1) and s(R2) may not be the same as the angle between the level

sets of s(R1) and s(R2) in Ω. Therefore, consider the matrix M that projects R

onto the linear subspace of R that is parallel to Ω, where c is the canonicalisation

function of d. Now the angle between Ms(R1) and Ms(R2) is the same as the

angle between the level sets of the linear functions which J1 and J2 induce on Ω.

Moreover, recall that M is a canonicalisation function (Proposition 54). This means

that the elements of Im(M) and Im(c) can be put in a one-to-one correspondence,

and so M is invertible when viewed as a function from Im(c). Also note that

s(R1), s(R2) ∈ Im(c). We can therefore apply Lemma 64, and conclude that there

exists an ℓ2 ∈ (0, 1], such that the angle θ between the normal vectors (and hence

the level sets) of s(R1) and s(R2) in Ω is at least ℓ2 · ℓ1 · d(R1, R2). Moreover, since

ℓ1 · d(R1, R2) ≤ π/2, and since ℓ2 ≤ 1, we have that ℓ2 · ℓ1 · d(R1, R2) ≤ π/2.

This gives us that, for any two policies π1, π2, we have:

J1(π1) − J1(π2) = JC1 (π1) − JC1 (π2)

= c(R1) ·m(π1) − c(R1) ·m(π2)

= c(R1) · (m(π1) −m(π2))

= M(c(R1)) · (m(π1) −m(π2))

= L2(M(c(R1))) · L2(m(π1) −m(π2)) · cos(ϕ)

where ϕ is the angle between M(c(R1)) and m(π1)−m(π2), and JC1 is the evaluation

function of c(R1). Note that the first and fourth line follow from Proposition 29.

We can thus derive a lower bound on worst-case regret by deriving a lower bound

for the greatest value of this expression.

By Lemma 38, we have that Ω contains a set that is open in the smallest affine

space which contains Ω. This means that there is an ϵ, such that Ω contains a
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sphere of diameter ϵ. We will show that we always can find two policies within this

sphere that incur a certain amount of regret. Consider the 2-dimensional cut which

goes through the middle of this sphere and is parallel with the normal vectors of

the level sets of J1 and J2 in Ω. The intersection between this cut and the ϵ-sphere

forms a 2-dimensional circle with diameter ϵ. Let π1, π2 be the two policies for

which m(π1) and m(π2) lie opposite to each other on this circle, and satisfy that

J2(π1) = J2(π2) (or, equivalently, that Mc(R1) ·m(π1) = Mc(R1) ·m(π2)). Without

loss of generality, we may assume that J1(π1) ≥ J1(π2).

Now note that L2(m(π1)−m(π2)) = ϵ. Moreover, recall that the angle θ between

Mc(R1) and Mc(R2) is at least θ′ = ℓ1 · ℓ2 · d(R1, R2), and that this quantity is at

most π/2. This means that the angle ϕ is at most π/2 − θ′, and so cos(ϕ) is at least

cos(π/2 − θ′) = cos(π/2 − ℓ1 · ℓ2 · d(R1, R2)). This means that we have two policies

π1, π2 where J2(π2) = J2(π1) and such that

J1(π1) − J1(π2) = L2(M(c(R1))) · L2(m(π1) −m(π2)) · cos(ϕ)

≥ L2(M(c(R1))) · ϵ · cos(π/2 − ℓ2 · ℓ1 · d(R1, R2))

= L2(M(c(R1))) · ϵ · sin(ℓ2 · ℓ1 · d(R1, R2)).

Note that sin(x) ≥ x · 2/π when x ≤ π/2, and that ℓ2 · ℓ1 ·d(R1, R2) ≤ π/2. Putting

this together, we have that there exists π1, π2 with J2(π2) = J2(π1) such that

J1(π1) − J1(π2) ≥ L2(M(c(R1))) ·
(
ϵ · ℓ1 · ℓ2 · 2

π

)
· d(R1, R2).
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Next, note that, if p is a norm and M is an invertible matrix, then p ◦M is also a

norm. Furthermore, recall that maxπ J1(π) − minπ J1(π) is a norm on Im(c), when

c is a canonicalisation function (Proposition 55). Since all norms are equivalent

on a finite-dimensional vector space, this means that there must exist a positive

constant ℓ3 such that

L2(M(c(R1))) ≥ ℓ3 · (max
π

JC1 (π) − min
π
JC1 (π)) = ℓ3 · (max

π
J1(π) − min

π
J1(π)).

We can therefore set L ≤ (ϵ · ℓ1 · ℓ2 · ℓ3 · 2/π), and obtain the result we want:

J1(π1) − J1(π2) ≥ L · (max
π

J1(π) − min
π
J1(π)) · d(R1, R2).

This completes the proof.

We have thus proven that all STARC metrics are complete, which is our second

main result for this section. Since STARC metrics are both sound and complete, they

provide a canonical method for quantifying the differences between reward functions.



I conclude that other human beings have feelings like
me, because, first, they have bodies like me, which I
know, in my own case, to be the antecedent condition
of feelings; and because, secondly, they exhibit the
acts, and other outward signs, which in my own case
I know by experience to be caused by feelings.

— John Stuart Mill, 1865.

5
Partial Identifiability

In this chapter, we present our results about the partial identifiability of the reward

function in IRL, relative to the standard behavioural models. Specifically, we

derive the ambiguity of the Boltzmann-rational model, the MCE model, and the

optimality model. We also discuss the ambiguity tolerance of a number of different

applications, and analyse the question of transfer learning. Note that our results

in this section cover both the case where reward functions are compared using

equivalence relations, and the case where they are compared using pseudometrics.

5.1 Invariances of Intermediate Objects

Many types of policies can be computed via some intermediate objects. For example,

the Boltzmann-rational policy can be computed by first computing the optimal

advantage function A⋆, and then applying a softmax function. Moreover, recall

that for any two reward objects f : R → X and g : R → Y , if there exists a

function h : X → Y such that h ◦ f = g, then Am(f) ⪯ Am(g) (Lemma 4). This

means that if g(R) can be computed by first computing some intermediate object

f(R), then g inherits all of the invariances of f . For example, bτ,µ0,β inherits the

invariances of A⋆. For this reason, it will be useful to catalogue the invariances

of a number of such objects, which we will do in this section.

112
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We begin by deriving the invariances of different forms of Q-functions:

Lemma 67. For any transition function τ , any discount factor γ, and any policy

π, the Q-function Qπ determines R up to S ′Rτ .

Proof. Recall that Qπ is the only function which satisfies the Bellman equation

(Equation 2.2) for all s ∈ S and a ∈ A:

Qπ(s, a) = ES′∼τ(s,a),A′∼π(S′) [R(s, a, S ′) + γ ·Qπ(S ′, A′)] .

This equation can be rewritten as

ES′∼τ(s,a) [R(s, a, S ′)] = Qπ(s, a) − γ · ES′∼τ(s,a),A′∼π(S′) [Qπ(S ′, A′)] .

Since Qπ is the only function which satisfies this equation for all s ∈ S, a ∈ A, we

have that the values of the left-hand side for each s ∈ S, a ∈ A together determine

Qπ, and vice versa. Since the left-hand side values are preserved by S ′-redistribution

of R, and no other transformations, we have that Qπ is preserved by S ′-redistribution

of R, and no other transformations.

Lemma 68. For any transition function τ and any discount factor γ, the optimal

Q-function Q⋆ determines R up to S ′Rτ .

Proof. Analogous to Lemma 67, noting that Q⋆ is the only function which satisfies

the Bellman optimality equation for all s ∈ S and a ∈ A:

Q⋆(s, a) = ES′∼τ(s,a),A′∼π(S′)

[
R(s, a, S ′) + γ · max

a′∈A
Qπ(S ′, a′)

]
.

Lemma 69. For any transition function τ , any discount γ, and any weight α, the

soft Q-function QS
α determines R up to S ′Rτ .

Proof. Analogous to Lemma 67, noting that QS
α is the only function which satisfies

the following modified Bellman equation for all s ∈ S and a ∈ A:

QS
α(s, a) = ES′∼τ(s,a)

R(s, a, S ′) + γα log
∑
a′∈A

exp
( 1
α

)
QS
α(S ′, a′)

 .
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By Lemma 4, this means that any type of policy which can be derived from one

of these three Q-functions will be invariant to S ′-redistribution. We next derive

the invariances of different forms of advantage functions:

Lemma 70. For any transition function τ , any discount γ, and any policy π, the

advantage function Aπ determines R up to PSγ
⊙
S ′Rτ .

Proof. First, recall that Aπ can be derived from Qπ, via Aπ(s, a) = Qπ(s, a) −

EA∼π(s) [Q(s, A)]. Since Qπ is invariant to S ′-redistribution (Lemma 67), this means

that Aπ is invariant to S ′-redistribution (Lemma 4). Next, recall that if R1 and R2

differ by potential shaping with Φ, then Q1(s, a) = Q2(s, a) − Φ(s) (Proposition 29).

This means that

Aπ1 (s, a) = Qπ
1 (s, a) − EA∼π(s) [Q1(s, A)]

= Qπ
2 (s, a) − Φ(s) − EA∼π(s) [Q2(s, A) − Φ(s)]

= Qπ
2 (s, a) − EA∼π(s) [Q2(s, A)]

= Aπ2 (s, a).

Together, this means that Aπ is invariant to both S ′-redistribution and potential

shaping.

We next need to show that Aπ is not invariant to any transformations that

cannot be expressed as a combination of S ′-redistribution and potential shaping.

Let R1 and R2 be two reward functions such that Aπ1 = Aπ2 , and let Qπ
1 , Qπ

2 be their

Q-functions. Define

Φ(s) := EA∼π(s) [Qπ
1 (s, A) −Qπ

2 (s, A)]

and let

R3(s, a, s′) = R2(s, a, s′) + γ · Φ(s) − Φ(s′).

Now R2 and R3 differ by potential shaping (with Φ). Moreover, by Proposition 29,

we have that Qπ
3 = Qπ

1 . Therefore, by Lemma 67, we have that R3 and R1 differ by

S ′-redistribution. This implies that R1 and R2 differ by a combination of potential

shaping and S ′-redistribution.
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Lemma 71. For any transition function τ and any discount γ, the optimal advantage

function A⋆ determines R up to PSγ
⊙
S ′Rτ .

Proof. Analogous to Lemma 70.

By Lemma 4, this means that any type of policy which can be derived from

one of these two advantage functions will be invariant to S ′-redistribution and

potential shaping.

5.2 Invariances of Policies

In this section, we derive the invariances of the three behavioural models that are

most common in the current IRL literature. We first note that the softmax function

is invariant to constant shift, and to no other transformations:

Proposition 72. Let v, w ∈ Rn be two vectors, and let β ∈ R+. Then

exp βvi∑n
j=1 exp βvj

= exp βwi∑n
j=1 exp βwj

for all i ∈ {1 . . . n} if and only if there is a constant scalar c such that vi = wi + c

for all i ∈ {1 . . . n}.

Proof. For the first direction, suppose there is a constant scalar c such that vi = wi+c

for all i ∈ {1 . . . n}. Then

exp βvi∑n
j=1 exp βvj

= exp β(wi + c)∑n
j=1 exp β(wj + c)

= exp(βc) · exp βwi
exp(βc) ·∑n

j=1 exp βwj

= exp βwi∑n
j=1 exp βwj

.

For the other direction, suppose

exp βvi∑n
j=1 exp βvj

= exp βwi∑n
j=1 exp βwj
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for all i ∈ {1 . . . n}. Note that this can be rewritten as follows:

exp βvi
exp βwi

=
∑n
j=1 exp βvj∑n
j=1 exp βwj

exp(βvi − βwi) =
∑n
j=1 exp βvj∑n
j=1 exp βwj

vi − wi =
(

1
β

)
log

(∑n
j=1 exp βvj∑n
j=1 exp βwj

)

Since the right-hand side of this expression does not depend on i, it follows that

vi − wi is constant for all i.

We can now derive the invariances of the Boltzmann-rational model:

Theorem 73. For any transition function τ , discount γ, and temperature β, we

have that bτ,γ,β determines R up to PSγ
⊙
S ′Rτ .

Proof. Let aτ,γ : R → (S×A → R) be the function that takes R and returns the

optimal advantage function A⋆ for R, given transition function τ and discount

factor γ. We will show that Am(bτ,γ,β) = Am(aτ,γ), by showing that the Boltzmann-

rational policy can be derived from the optimal advantage function, and vice

versa.

First, recall that the Boltzmann-rational policy is given by applying the softmax

function (with temperature β) to the optimal Q-function, Q⋆, in each state. More-

over, since the the softmax function is invariant to constant shift (Proposition 72),

and since A⋆ and Q⋆ differ by constant shift in each state (given by V ⋆), we have

that the Boltzmann-rational policy also can be obtained by applying the softmax

function with temperature β to the optimal advantage function in each state. This

means that there exists a function h such that bτ,γ,β = h ◦ aτ,γ . Thus, by Lemma 4,

we have that Am(aτ,γ) ⪯ Am(bτ,γ,β).

For the other direction, recall that any softmax function is invariant to constant

shift, and no other transformations (Proposition 72). Since the Boltzmann-rational

policy can be derived from A⋆ by applying a softmax function in each state, this

means that if bτ,γ,β(R1) = bτ,γ,β(R2), then there is a function B : S → R such

that A⋆1(s, a) = A⋆2(s, a) + B(s) for all s, a. Moreover, since maxa∈A A
⋆(s, a) = 0
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for all s, it follows that B(s) = 0 for all s, which means that A⋆1 = A⋆2. In other

words, if bτ,γ,β(R1) = bτ,γ,β(R2) then aτ,γ(R1) = aτ,γ(R2), which means that there

exists a function h such that aτ,γ = h ◦ bτ,γ,β. Thus, by Lemma 4, we have that

Am(bτ,γ,β) ⪯ Am(aτ,γ).

Since Am(aτ,γ) ⪯ Am(bτ,γ,β) and Am(bτ,γ,β) ⪯ Am(aτ,γ), we have that Am(bτ,γ,β) =

Am(aτ,γ). In other words, since the Boltzmann-rational policy can be derived from

the optimal advantage function, and vice versa, it must be the case that they have

the same invariances. Applying Lemma 71 completes the proof.

Stated differently, Am(bτ,γ,β) is given by PSγ
⊙
S ′Rτ , so two reward functions

have the same Boltzmann-rational policy if and only if they differ by potential

shaping and S ′-redistribution. We next consider the MCE model:

Theorem 74. For any transition function τ , discount γ, and weight α, we have

that cτ,γ,α determines R up to PSγ
⊙
S ′Rτ .

Proof. First, recall that the MCE policy is given by applying the softmax function

with temperature (1/α) to the soft Q-function QS
α in each state. Next, recall that

any softmax function is invariant to constant shift, and no other transformations

(Proposition 72). This means that cτ,γ,α is invariant to all transformations that

induce a constant shift of QS
α in each state, and no other transformations.

The first direction is straightforward; Lemma 69 and Proposition 30 together

imply that S ′-redistribution and potential shaping results in a constant shift of QS
α

in all states. This means that cτ,γ,α is invariant to these transformations.

For the other direction, let R1 and R2 be two reward functions such that

the corresponding soft Q-functions satisfy QS
α,1(s, a) = QS

α,2(s, a) +B(s) for some

function B : S → R. Recall that QS
α,1 is the unique function which satisfies the

following equation for all s and a:

QS
α,1(s, a) = ES′∼τ(s,a)

R(s, a, S ′) + γα log
∑
a′∈A

exp
( 1
α

)
QS
α,1(S ′, a′)

 .
This can be rewritten as

E [R1(s, a, S ′)] = QS
α,1(s, a) − E

γα log
∑
a′∈A

exp
( 1
α

)
QS
α,1(S ′, a′)

 .
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We can now rewrite the right-hand side as follows:

QS
α,1(s, a) − E

γα log
∑
a′∈A

exp
( 1
α

)
QS
α,1(S ′, a′)


=QS

α,2(s, a) +B(s) − E

γα log
∑
a′∈A

exp
( 1
α

) (
QS
α,2(S ′, a′) +B(S ′)

)
=QS

α,2(s, a) +B(s) − E

γα log
∑
a′∈A

exp
( 1
α

)
QS
α,2(S ′, a′)

+ γB(S ′)


=E [R2(s, a, S ′) +B(s) − γB(S ′)] .

Now set Φ(s) = −B(s), and we can see that the difference between R1 and R2 is

described by potential shaping and S ′-redistribution.

Stated differently, Am(cτ,γ,α) is given by PSγ
⊙
S ′Rτ , so two reward functions

have the same MCE policy if and only if they differ by potential shaping and

S ′-redistribution. We next consider the optimality model:

Theorem 75. For any transition function τ and discount γ, we have that o⋆τ,γ
determines R up to OPτ,γ.

Proof. Immediate from Theorem 34, since o⋆τ,γ(R1) = o⋆τ,γ(R2) if and only if R1 and

R2 have the same optimal policies.

Stated differently, Am(o⋆τ,γ) is given by OPτ,γ, so two reward functions have

the same maximally supportive optimal policies if and only if they differ by an

optimality-preserving transformation. These results exactly characterise the partial

identifiability of the reward function R under IRL which uses any of these three

behavioural models.

5.3 Ambiguity Tolerance and Applications

Now that we have derived the ambiguity of R under each of the three standard

behavioural models, it may be worth reflecting on the implications of these results.

First of all, both bτ,γ,β and cτ,γ,α determine R up to S ′-redistribution (with τ) and

potential shaping (with γ). From this, we can straightforwardly derive the following:
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Corollary 76. If f is bτ,γ,β or cτ,γ,α, then we have that:

1. Am(f) ⪯ ORDτ,γ.

2. Am(f) ⪯ OPTτ,γ.

3. If dR is a pseudometric on R that is both sound and complete, then the upper

and lower diameter of Am(f) under dR is 0.

Proof. As per Theorem 73 and 74, if f is either bτ,γ,β or cτ,γ,α, and f(R1) = f(R2),

then R1 and R2 differ by a transformation in PSγ
⊙
S ′Rτ . As per theorem 40, this

implies that R1 ≡ORDτ,γ R2, and so Am(f) ⪯ ORDτ,γ. Since ORDτ,γ ⪯ OPTτ,γ,

we also have that Am(f) ⪯ OPTτ,γ. Finally, as per Proposition 45, all sound

and complete pseudometrics metrics have the property that dR(R1, R2) = 0 if

R1 ≡ORDτ,γ R2. Thus the upper (and hence also the lower) diameter of Am(f)

under dR is 0.

This means that for any transition function τ , any discount factor γ, and any

true reward function R⋆, if an IRL algorithm L for Boltzmann-rational policies or

MCE policies is trained on data that in fact is generated by a Boltzmann-rational

policy or an MCE policy, then L will converge to a reward function RH such that

R⋆ and RH have the same policy ordering (and optimal policies) under τ and γ,

and that for any STARC metric dR, we have that dR(R⋆, RH) = 0. This is good;

it means that the ambiguity of these models is unproblematic.

Of course, there are a few caveats here that it is important to be cognisant

of. First of all, this result relies on the assumption that the training data in fact

comes from a Boltzmann-rational policy or MCE policy (i.e., that there is no

misspecification). In reality, this assumption is unrealistic. In Chapters 6 and 7, we

will loosen this assumption. Moreover, we are only guaranteed that R⋆ and RH have

the same policy order under τ and γ. In other words, we assume that RH will be

applied in the same environment where it is learnt (or, stated differently, that there

is no distributional shift after the learning process). In Section 5.4, we will loosen
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this assumption, and see that we fail to obtain similar guarantees in that setting.

Nonetheless, even with these caveats, Theorems 73 and 74 are still good news.

Our results also show that the invariances of o⋆τ,γ preserve OPTτ,γ. This is

perhaps obvious — the information that is contained in an optimal policy is of

course sufficient to construct an optimal policy. Nonetheless, it is good to assimilate

this result into our framework, and express it in the same terminology as our other

results. Moreover, this result is of course also subject to the caveat that the training

data in fact must come from an optimal policy, and the caveat that it only applies for

the τ and γ that were used during training. Next, we will show that the invariances

of o⋆τ,γ do not preserve ORDτ,γ, except in highly constrained environments:

Proposition 77. If oτ,γ ∈ Oτ,γ, then unless |S| = 1 and |A| = 2, there are reward

functions R1, R2 such that o⋆τ,γ(R1) = o⋆τ,γ(R2) but R1 ̸≡ORDτ,γ R2.

Proof. If |S| ≥ 2 or |A| ≥ 3, then there exists uncountably many reward functions

that do not have the same ordering of policies (this is immediate from Theorem 40).

Moreover, Im(oτ,γ) is finite. By the pigeonhole principle, this means that there must

exist reward functions R1, R2 such that oτ,γ(R1) = oτ,γ(R2) but R1 ̸≡ORDτ,γ R2.

We can thus summarise our results about the ambiguity of o⋆τ,γ as follows:

Corollary 78. Unless |S| = 1 and |A| = 2, we have that:

1. Am(o⋆τ,γ) ̸⪯ ORDτ,γ.

2. Am(o⋆τ,γ) ⪯ OPTτ,γ.

3. If dR is a pseudometric on R that is both sound and complete, then the lower

diameter of Am(o⋆τ,γ) under dR is 0, but the upper diameter is greater than 0.

Proof. The first part follows from Proposition 77, and the second part follows from

Theorem 75. For the third part, first note that Proposition 45 implies that if dR

is both sound and complete, then dR(R1, R2) = 0 if and only if R1 ≡ORDτ,γ R2.

Thus the fact that Am(o⋆τ,γ) ̸⪯ ORDτ,γ implies that the upper diameter of Am(o⋆τ,γ)

under dR is greater than 0. To see that the lower diameter is 0, consider the
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reward function R0 that is 0 everywhere. Then o⋆τ,γ(R0) must indicate that all

actions are optimal in all states, which means any reward function R such that

o⋆τ,γ(R) = o⋆τ,γ(R0) must be trivial. All trivial reward functions have the same policy

order, and so dR(R,R0) = 0.

Note that there are some special cases where o⋆τ,γ(R) does allow us to infer the

policy order of R, even if |S| ≥ 2 or |A| ≥ 3. As a simple example, if we have a

one-state MDP with three actions a1, a2, a3, and o⋆τ,γ(R) shows that action a1 and

a2 are optimal, then we can also infer the policy order of R. Alternatively, if o⋆τ,γ(R)

shows that all actions are optimal in all states, then all policies must have the same

value — this is why the lower diameter of Am(o⋆τ,γ) is 0. Nonetheless, these cases

are marginal, and in most situations, we will not be able to infer the policy order of

R from o⋆τ,γ(R). Also note that the exact value of the upper diameter will depend

on which pseudometric we use, as well as on the transition function τ and discount

factor γ. Calculating this value exactly would be quite difficult, but we expect it

to typically be quite large (since two reward functions may have the same optimal

policies, and yet have wildly different policy orderings).

Before moving on, let us also briefly note that the behavioural models in Oτ,γ

other than o⋆τ,γ in fact are too ambiguous to identify even the correct equivalence

class of OPTτ,γ:

Theorem 79. If o ∈ Oτ,γ but o ̸= o⋆τ,γ, then Am(oτ,γ) ̸⪯ OPTτ,γ.

Proof. This can be demonstrated by a pigeonhole argument. Specifically, the

codomain of each o ∈ Oτ,γ has (2|A| − 1)|S| elements, and there are (2|A| − 1)|S|

OPTτ,γ-equivalence classes. This means that if Am(o) ⪯ OPTτ,γ, then there must

be a one-to-one correspondence between OPTτ,γ-equivalence classes and elements of

o’s codomain, so that there for each equivalence class C ∈ OPTτ,γ is a yC ∈ Im(o)

such that o(R) = yC if and only if R ∈ C. Further, say that if f, g : X → P(Y ) are

set-valued functions, then f ⊆ g if f(x) ⊆ g(x) for all x ∈ X, and f ⊂ g if f ⊆ g but

g ̸⊆ f . Then if o ∈ Oτ,γ we have that o(R) ⊆ o⋆τ,γ(R) for all R — a policy is optimal

if and only if it takes only optimal actions, but it need not take all optimal actions.
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Moreover, if o ̸= o⋆τ,γ then there is an R1 such that o(R1) ⊂ o⋆τ,γ(R1). Let R2 be a

reward function so that o⋆τ,γ(R2) = o(R1) — for any function S → P(A) − ∅, there

is a reward function for which those are the optimal actions, so there is always some

R2 such that o⋆τ,γ(R2) = o(R1). Now either o(R2) = o(R1) or o(R2) ⊂ o(R1), since

all actions that are optimal under R2 are optimal under R1. In the first case, since

o(R1) = o(R2) but R1 ̸≡OPTτ,γ R2, we have that Am(o) ̸⪯ OPTτ,γ. In the second

case, let R3 be a reward function so that o⋆τ,γ(R3) = o(R2), and repeat the same

argument. Since there can only be a finite sequence o(Rn) ⊂ · · · ⊂ o(R2) ⊂ o(R1),

we have that we must eventually find two Rn, Rn−1 such that o(Rn) = o(Rn−1) but

Rn ̸≡OPTτ,γ Rn−1. This means that it cannot be the case that Am(o) ⪯ OPTτ,γ .

As described in Section 3.1, we can use the invariances of different reward objects

to place them in a lattice structure, which graphically explains the relationship

between their respective ambiguity and ambiguity tolerance — see Figure 5.1.

Other data sources can be placed in the same graph, using similar techniques

to what we have used in this section.

5.4 Transfer Learning

It is interesting to consider the setting where a reward function is learnt in one

MDP, but used in a different MDP. For example, we may learn the reward under

one transition function τ1, but wish to use it under another transition function τ2.

Alternatively, the observed agent may discount using one discount factor γ1, but

we wish to use the reward with a different discount factor γ2. In this section, we

will demonstrate that it is impossible to guarantee robust transfer in this setting.

We first derive the following lemma:

Lemma 80. Let r : S×A → R be any function, R1 any reward function, and

τ1, τ2 any transition functions. Then there exists a reward function R2 such

that ES′∼τ1(s,a) [R2(s, a, S ′)] = ES′∼τ1(s,a) [R1(s, a, S ′)] for all s, a, and such that

ES′∼τ2(s,a) [R2(s, a, S ′)] = r(s, a) for all s, a such that τ1(s, a) ̸= τ2(s, a).
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R

Q⋆, Qπ, QS
α

bτ,γ,β, cτ,γ,α, A
⋆, Aπ

ORDτ,γ

OPTτ,γ, o⋆τ,γ

id

S ′Rτ

S ′Rτ
⊙PSγ

S ′Rτ
⊙PSγ

⊙LS

OPτ,γ

Figure 5.1: This figure summarises our results from Chapter 5. On the left-hand
side, we list several reward objects and equivalence relations on R. We write f → g if
Am(f) ⪯ Am(g). Since ambiguity refinement is transitive and antisymmetric, this lets
us place all reward objects in a lattice structure. Using this structure, we can read out
several important relationships graphically: if f → g, then a data source that is based on
g is at least as ambiguous as a data source based on f , the information contained in a
data source based on f is sufficient to derive the value of g as an application, and it is in
principle possible to compute g based on f . Note that the lattice structure in this case
forms a linear order — this is a special property of the reward objects and equivalence
relations we have studied, and does not hold in general. On the right-hand side of the
figure we list the reward transformations that characterise the ambiguity of the reward
objects to the left.

Proof. The requirement that R2 is produced from R1 by S ′-redistribution under τ

is satisfied if, for all s ∈ S and a ∈ A,

ES′∼τ(s,a) [R1(s, a, S ′)] = ES′∼τ(s,a) [R2(s, a, S ′)] .

Let s ∈ S and a ∈ A be any state and action such that τ1(s, a) ̸= τ2(s, a). Let τ⃗1s,a

and τ⃗2s,a be τ1(s, a) and τ2(s, a) expressed as vectors, and let R⃗1s,a be the vector

where R⃗1
(i)
s,a = R1(s, a, si). The question is then if there is an analogous vector R⃗2s,a

such that:
τ⃗1s,a · R⃗2s,a = τ⃗1s,a · R⃗1s,a ,

τ⃗2s,a · R⃗2s,a = r(s, a).

Since τ⃗1s,a and τ⃗2s,a differ and are valid probability distributions, they are linearly

independent (recall also that |A| ≥ 2). Therefore, the system of equations always
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has a solution for R⃗2s,a. Form the required R2 as R1 modified to have the values of

R⃗2s,a in these states where the τ1 and τ2 differ.

To unpack this, let R1 be the true reward function, τ1 be the transition dynamics

of the training environment, and τ2 be the transition dynamics of the deployment

environment. Lemma 80 then says, roughly, that if the training data is invariant

to S ′-redistribution, and τ1 and τ2 differ for enough states, then the learnt reward

function is essentially unconstrained in the deployment environment. Specifically,

for every reward function R1 there exists a reward function R2 such that R1 and R2

are indistinguishable in the training environment, but such that R2 may have any

value for any state-action pair for which τ1 ̸= τ2. This means that no guarantees

can be obtained. Moreover, note that Lemmas 67-69 and Lemma 4 imply that

this result extends to any object that can be computed from a Q-function, which

is a very broad class. Lemma 80 then suggests that any such data source is too

ambiguous to guarantee transfer to a different environment. From this, we can

immediately derive the following:

Theorem 81. If fτ1 is invariant to S ′-redistribution with τ1, and τ1 ̸= τ2, then we

have that Am(fτ1) ̸⪯ OPTτ2,γ.

Proof. Let R1 be an arbitrary reward. If τ1 ̸= τ2, then there exists some s, a

such that τ1(s, a) ̸= τ2(s, a). Using the construction in Lemma 80, we can find

a reward function R2 such that R1 and R2 differ by S ′-redistribution with τ1,

and such that A⋆2(s, a) has any arbitrary value when computed under τ2 (and

any discount γ). In particular, if a ̸∈ argmaxa′A⋆1(s, a′) under τ2 and γ, then

we can let a ∈ argmaxa′A⋆2(s, a′) under τ2 and γ, and vice versa. This means

that argmaxaA⋆1(s, a) ̸= argmaxaA⋆2(s, a) under τ2 and γ, and so R1 ̸≡OPTτ2,γ R2.

However, R1 and R2 differ by S ′-redistribution with τ1, and so fτ1(R1) = fτ1(R2).

We can also extend this result to a stronger statement, expressed in terms of

Definition 6. To do this, we will need the following lemma:
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Lemma 82. Let f be a reward object such that, for every reward R there exists

a reward R† such that R† is non-trivial, and such that f(R) = f(R+ αR†) for all

α ∈ R. Then the lower and upper diameter of Am(f) under dSTARC
τ,γ is 1.

Proof. Let R be an arbitrary reward function, and let S be the set given by

S = {R + αR† : α ∈ R}.

Note that S forms a line through R, and let us consider what happens when the

canonicalisation and normalisation of dSTARC
τ,γ is applied to S. Specifically, recall

that cSTARC
τ,γ only collapses dimensions along which every reward differs by potential

shaping and S ′-redistribution. Moreover, R and R +R′ differ by potential shaping

and S ′-redistribution if and only if R′ is trivial. Since R† is non-trivial, this means

that cSTARC
τ,γ (S) forms a line through Im(cSTARC

τ,γ ). After the normalisation step, we

have that cSTARC
τ,γ (S) is projected onto the unit ball of n, where n is the norm used in

the normalisation step of dSTARC
τ,γ . If cSTARC

τ,γ (S) intersects the origin, then sSTARC
τ,γ (S)

will contain two points that are on the opposite sides of Im(sSTARC
τ,γ ), and these

points have an L2-distance of 2. If cSTARC
τ,γ (S) does not intersect the origin, then

sSTARC
τ,γ (S) forms an arc along the surface of Im(sSTARC

τ,γ ). For every ϵ > 0, there are

two points on the far ends of this arch whose L2-distance is at least 2 − ϵ. Recall

that the STARC-distance between R1 and R2 is half of the L2-distance between

sSTARC
τ,γ (R1) and sSTARC

τ,γ (R2).
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Since R was chosen arbitrarily, we have that there for any x ∈ Im(f) and

ϵ > 0 exists reward functions R1, R2 such that f(R1) = f(R2) = x, and such that

dSTARC
τ,γ (R1, R2) > 1−ϵ. This means that the lower diameter of Am(f) under dSTARC

τ,γ

is 1. Since 1 is the maximal distance under dSTARC
τ,γ , we also have that the upper

diameter of Am(f) under dSTARC
τ,γ is 1.

We also need the following lemma:

Lemma 83. If fτ1 is invariant to S ′-redistribution with τ1, and τ1 ̸= τ2, then for

all γ and all rewards R, there exists a reward R† such that R† is non-trivial under

τ2 and γ, and fτ1(R) = fτ1(R + αR†) for all α ∈ R.

Proof. Let R† be a reward such that ES′∼τ1

[
R†(s, a, S ′)

]
= 0 for all s, a, and such

that ES′∼τ2

[
R†(s, a, S ′)

]
= 1 for some s, a such that τ1(s, a) ̸= τ2(s, a). Lemma 80

implies that such a reward function exists. Note that R† is non-trivial under τ2 and

γ (there is a policy whose value under R†, τ2, and γ is 0, and a policy whose value

is greater than 0). Moreover, for all R and all α, we have that R and R+αR† differ

by S ′-redistribution (with τ1), and so fτ1(R) = fτ1(R + αR†).

Using this lemma, we can now derive a quantitative result. Recall that dSTARC
τ,γ

is the STARC metric described in Definition 56:

Theorem 84. If fτ1 is invariant to S ′-redistribution with τ1, and τ1 ≠ τ2, then the

lower and upper diameter of Am(fτ1) under dSTARC
τ2,γ is 1.

Proof. Immediate from Lemma 82 and 83.

Note that 1 is the maximal distance that is possible under dSTARC
τ,γ . This result

may be surprising; if τ1 ≈ τ2, then one might expect that a reward function that is

learnt under τ1 should be guaranteed to be mostly accurate under τ2. Note also

that Theorem 84 applies for any two transition functions τ1, τ2 such that τ1 ≠ τ2 in

any state; it is not required that τ1 ̸= τ2 in every state. At the end of this section,

we will provide an intuitive explanation of Theorem 84.

We will next show that any behavioural model that is invariant to potential

shaping is unable to guarantee transfer learning to a different discount factor γ. We
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say that τ is trivial if for each s ∈ S, τ(s, a) = τ(s, a′) for all a, a′ ∈ A. Moreover,

we say that a state s is controllable relative to a transition function τ , initial state

distribution µ0, and discount γ, if there exist two policies π, π′ such that

∞∑
t=0

γtPξ∼π(St = s) ̸=
∞∑
t=0

γtPξ∼π′(St = s).

In other words, a state is controllable if the agent can influence how often it visits

that state in expectation. We note the following:

Lemma 85. For any µ0, γ, and τ , there exists a controllable state if and only if τ

is non-trivial.

Proof. It is straightforward to see that if τ is trivial then there are no controllable

states. For the other direction, suppose there are no controllable states. Let a

“state-valued” reward function be a reward function R such that for each s ∈ S,

we have that R(s, a1, s1) = R(s, a2, s2) for all s1, s2 ∈ S, a1, a2 ∈ A. Given a

state-valued reward R, let R⃗ ∈ R|S| be the vector such that R⃗[s] is the reward

that R assigns to transitions leaving s. Moreover, given a policy π, let T π be the

|S| × |S|-dimensional transition matrix that describes the transitions of π under τ ,

so that T π[s, s′] = PA∼π(s),S′∼τ(s,A)(S ′ = s′), and let V⃗ π ∈ R|S| be the vector such

that V⃗ π[s] = V π(s). Using the Bellman equation for V π (Equation 2.1), we now

have that that:

V⃗ π = R⃗ + γT πV⃗ π

V⃗ π − γT πV⃗ π = R⃗

(I − γT π)V⃗ π = R⃗

V⃗ π = (I − γT π)−1R⃗

To see that (I − γT π) always is invertible, note that the identity (I − γT π)V⃗ π = R⃗

implies that we, for any value function V π, can find a state-valued reward function

R such that V π is the value function for R. Moreover, via the Bellman optimality

equation (Equation 2.1), we have that we, for any state-valued reward function

R, can find a value function V π such that V π is the value function for R. There
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is therefore a one-to-one correspondence between value functions and state-valued

reward functions, and so (I − γT π) must be invertible.

Next, note that if there are no controllable states, and R is state-valued, then

every policy π has the same value function V π. This means that

(I − γT π)−1R⃗ = (I − γT π
′)−1R⃗

for all policies π, π′. Next, since R was chosen arbitrarily, this identity must hold

for all state-valued reward functions (i.e., all vectors in R|S|), which means that

(I − γT π)−1 = (I − γT π
′)−1

for all policies π, π′. From this, it follows that T π = T π
′ for all π, π′, which in turn

implies that the transition function τ must be trivial.

We can now state the following result:

Theorem 86. If fγ1 is invariant to potential shaping with γ1, γ1 ̸= γ2, and τ is

non-trivial, then we have that Am(fγ1) ̸⪯ OPTτ,γ2.

Proof. As per Lemma 85, if τ is non-trivial then there is a state s that is controllable

relative to τ and γ2 (and any µ0 under which all states are reachable). Let Φx :

S → R be the potential function given by Φx(s) = X and Φx(s′) = 0 for all s′ ̸= s,

where X ∈ R and X ̸= 0, and let R be the reward function given by

R(s, a, s′) = γ1 · Φx(s′) − Φx(s).

Now R0 and R differ by potential shaping with γ1, where R0 is the reward function

that is zero everywhere, which means that fγ1(R0) = fγ1(R). Let J be the policy

value function of R, evaluated under τ , γ2, and some initial state distribution µ0

under which all states are reachable. Moreover, given a policy π, let

nπ =
∞∑
t=0

γt2Pξ∼π(St+1 = s),

xπ =
∞∑
t=0

γt2Pξ∼π(St = s).
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We then have that J(π) = X · (γ1n
π − xπ). Let p denote µ0(s). If γ1 = γ2 then we

know that J(π) = −X · p (Proposition 29), which gives that

X · (γ2n
π − xπ) = −X · p

γ2n
π − xπ = −p

xπ = γ2n
π + p

By plugging this into the above, and rearranging, we obtain

J(π) = Xnπ(γ1 − γ2) − pX.

Moreover, if s is controllable then there are π1, π2 such that nπ1 ̸= nπ2 , which

means that J(π1) ̸= J(π2). Thus R is not trivial under τ and γ2. Since R0 is

trivial under τ and γ2, this means that R ̸≡OPTτ,γ2
R0. Thus, there exists reward

functions R,R0 such that fγ1(R) = fγ1(R0) but R ̸≡OPTτ,γ2
R0, which means that

Am(fγ1) ̸⪯ OPTτ,γ2 .

Note that if τ is trivial, then there can never be any situations where the agent

has to decide between obtaining a smaller reward sooner or a greater reward later,

which means that the discount factor has no impact on which policies are optimal.

This requirement is therefore necessary, although it is very mild. We can also extend

this result to a stronger statement, expressed in terms of Definition 6:

Theorem 87. If fγ1 is invariant to potential shaping with γ1, γ1 ̸= γ2, and τ is

non-trivial, then the lower and upper diameter of Am(fγ1) under dSTARC
τ,γ2 is 1.

Proof. In the proof of Theorem 86 we show that if γ1 ̸= γ2 and τ is non-trivial,

then there exists a reward R† such that R and R + αR† differ by potential shaping

with γ1 (for all R and all α ∈ R), and such that R† is non-trivial under γ2. We can

thus apply Lemma 82.

Again, recall that 1 is the maximal distance that is possible under dSTARC
τ,γ . This

result may also be surprising; if γ1 ≈ γ2, then one might expect that a reward

function that is learnt under γ1 should be guaranteed to be mostly accurate under γ2.

Before moving on, let us therefore provide an intuitive explanation for these results.
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Let us start with Theorem 84. Suppose we have a simple N × N gridworld

environment, as illustrated in Figure 5.2. We assume that the agent has four actions,

up, down, left, and right. We assume that τ2 is deterministic, so that if the agent

takes action up, then it moves one step up, etc. Moreover, we assume that τ1

is “slippery”, so that if the agent takes action up, then it moves up, up-left, and

up-right with equal probability, and that if it takes action right, then it moves right,

up-right, and down-right with equal probability, etc. For simplicity, we will also

assume that the environment wraps around itself (like a torus), so that if the agent

moves up from the top of the environment, then it ends up at the bottom, and so on.

Figure 5.2: A simple illustration of a gridworld environment.

Now suppose that R1 and R2 reward each transition (s, a, s′) depending on the

relative location of s and s′, according to the following schemas:

R1

0

1

1

1

0

−1

−1

−1

R2

0

3

−1

−1

0

1

1

−3
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These two reward functions are equivalent under τ1, and give the agent 1 reward

for going right, −1 for going left, and 0 for going up or down. However, under

τ2, they are opposites; R1 rewards the agent for going right, and R2 rewards the

agent for going left. Thus, if we observe a policy computed under τ1, then we

will not be able to distinguish between R1 and R2, even though they induce very

different behaviour under τ2. For this reason, it is difficult to obtain guarantees

for transfer learning in IRL.

Let us next explain Theorem 87. Consider a simple environment with three

states s0, s1, s2, where s0 is the initial state, and where the agent can choose to

either go directly from s0 to s2, or choose to first visit state s1:

s0start

s1

s2

Let R1 be any reward function over this environment, and let R2 be the reward

function that we get if we take R1 and increase the reward of going from s0 to s1 by

γ1 ·X, and decrease the reward of going from s1 to s2 by X. Now, the policy order

under discounting with γ1 is completely unchanged. This transformation corresponds

to potential shaping where Φ(s1) = X and Φ(s0) = Φ(s2) = 0. Therefore, if

f : R → Π is invariant to potential shaping with γ1, then f(R1) = f(R2). However,

if we discount with γ2, then R1 and R2 have a different policy order. In particular,

the value of going from s0 to s1 is changed by γ1 ·X−γ2 ·X = (γ1 −γ2)·X ≠ 0. Thus,

if the optimal action under R1 at s0 is to go to s1, then by making X sufficiently

large or sufficiently small (depending on whether γ1 > γ2, or vice versa), then we

can create a reward function R2 for which the optimal action instead is to go to s2,
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and vice versa. Thus, if we observe a policy computed under γ1, then we will not be

able to distinguish between R1 and R2, even though they induce different behaviours

when discounting with γ2. This makes it difficult to ensure robust transfer to a new γ.

Intuitively speaking, we can use potential shaping to move reward around in

the MDP (so that the agent receives a larger immediate reward at the cost of

a lower reward later, or vice versa). However, to cancel out the effect of the

discounting, later rewards must be made larger than immediate rewards. If the

discount values do not match, then this “compensation” will also not match, leading

to a distortion of the policy ordering. Indeed, we can make it so that this distortion

dominates the rest of the reward function.



For even when a living body is moved, there is no way
opened to our eyes to see the mind, a thing which
cannot be seen by the eyes...

— St. Augustine of Hippo, 400.

6
Misspecification With Equivalence

Relations

In this section, we present our results about how robust IRL is to misspecified

behavioural models, using the formalisation provided by Definition 7. First, we will

derive necessary and sufficient conditions that describe all forms of misspecification

that are tolerated by the Boltzmann-rational model, the MCE model, and the

optimality model. In so doing, we will also define some broader equivalence classes

of behavioural models that are internally robust to misspecification, and which

include more behavioural models than the standard three. After this, we will

discuss how to generalise some of our results to even wider classes of behavioural

models, and show that some of our results should be expected to apply with some

universality. After this, we will discuss the case where the environment model is

misspecified, as well as the issue of transfer learning. Most of our results in this

section are expressed in terms of the two equivalence relations ORDτ,γ and OPTτ,γ

on R, which were introduced in Appendix 4.

6.1 Necessary and Sufficient Conditions

In this section, we will present necessary and sufficient conditions that describe

all forms of misspecification that are tolerated by the Boltzmann-rational model,

133
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the MCE model, and the optimality model. Let Π+ be the set of all policies such

that π(a | s) > 0 for all s, a, and let Fτ,γ be the set of all functions fτ,γ : R → Π+

that, given R, returns a policy π which satisfies

argmaxa∈Aπ(a | s) = argmaxa∈AQ
⋆(s, a),

where Q⋆ is the optimal Q-function for R under τ and γ. In other words, Fτ,γ is the

set of functions that generate policies which take each action with positive probability,

and that take the optimal actions with the highest probability. This class is quite

large, and includes e.g. Boltzmann-rational policies (for any β), but it does not

include optimal policies (since they do not take all actions with positive probability)

or MCE policies (since they may take suboptimal actions with high probability).

Theorem 88. Let fτ,γ ∈ Fτ,γ be surjective onto Π+. Then fτ,γ is OPTτ,γ-robust to

misspecification with g if and only if g ∈ Fτ,γ and g ̸= fτ,γ.

Proof. Let fτ,γ ∈ Fτ,γ be surjective onto Π+. By definition, we have that fτ,γ is

OPTτ,γ-robust to misspecification with g if and only if Am(fτ,γ) ⪯ OPTτ,γ , g ≠ fτ,γ ,

Im(g) ⊆ Im(f), and if fτ,γ(R1) = g(R2) then R1 and R2 have the same optimal

policies under τ and γ.

Since fτ,γ ∈ Fτ,γ, we have that for all R,

argmaxa∈Afτ,γ(R)(a | s) = argmaxa∈AQ
⋆(s, a).

Moreover, R1 and R2 have the same optimal policies under τ and γ if and only

if argmaxa∈AQ
⋆
1(s, a) = argmaxa∈AQ

⋆
2(s, a) under τ and γ. Thus, if fτ,γ(R1) =

fτ,γ(R2) then R1 ≡OPTτ,γ R2, and so Am(fτ,γ) ⪯ OPTτ,γ.

Let g ∈ Fτ,γ and g ≠ fτ,γ. Since g is a function R → Π+, and since fτ,γ is

surjective onto Π+, we have that Im(g) ⊆ Im(fτ,γ). Next, by the same argument

as above, if fτ,γ(R1) = g(R2) then argmaxa∈AQ
⋆
1(s, a) = argmaxa∈AQ

⋆
2(s, a), which

implies that R1 ≡OPTτ,γ R2. Thus fτ,γ is OPTτ,γ-robust to misspecification with g.

Next, suppose fτ,γ is OPTτ,γ-robust to misspecification with g. This means that

Im(g) ⊆ Im(f), that fτ,γ ̸= g, and that if fτ,γ(R1) = g(R2) then R1 ≡OPTτ,γ R2.
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First, note that Im(g) ⊆ Im(f) implies that g is a function R → Π+. Next, let

R1 be an arbitrary reward function, and let R2 be a reward function such that

fτ,γ(R2) = g(R1). Since Im(g) ⊆ Im(f), we have that such a reward function R2

must exist. Next, since fτ,γ(R2) = g(R1),

argmaxa∈Afτ,γ(R2)(a | s) = argmaxa∈Ag(R1)(a | s).

Moreover, we have that R1 ≡OPTτ,γ R2, since fτ,γ is OPTτ,γ-robust to misspecifica-

tion with g. This means that

argmaxa∈AQ
⋆
1(s, a) = argmaxa∈AQ

⋆
2(s, a).

Now, since fτ,γ ∈ Fτ,γ, we have that

argmaxa∈Afτ,γ(R2)(a | s) = argmaxa∈AQ
⋆
2(s, a).

By transitivity, this implies that

argmaxa∈Ag(R1)(a | s) = argmaxa∈AQ
⋆
1(s, a).

Since R1 was chosen arbitrarily, this must hold for all R1. Thus g ∈ Fτ,γ.

Boltzmann-rational policies are surjective onto Π+. To see this, note that if a

policy π takes each action with positive probability, then its action probabilities are

always the softmax of some Q-function, and any Q-function corresponds to some

reward function (via Equation 2.4). Therefore, Theorem 88 exactly characterises all

forms of misspecification to which the Boltzmann-rational model is OPTτ,γ-robust.

Specifically, bτ,γ,β is OPTτ,γ-robust to misspecification with g if and only if g(R)

always is a policy that takes each action with positive probability, and takes the

optimal actions with the highest probability. This includes Boltzmann-rational

policies with different temperature parameters than β. It also includes the policies

that with probability 1 − ϵ take an optimal action, and with probability ϵ take

a random action (for ϵ ∈ (0, 0.5]), and so on.

Let us briefly comment on the requirement that π(a | s) > 0, which corresponds

to the condition that Im(g) ⊆ Im(f) in Definition 7. If a learning algorithm L
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is based on a model f : R → Π+ then it assumes that the observed policy takes

each action with positive probability in every state. What happens if such an

algorithm L is given data from a policy that takes some action with probability

0? This depends on L, but for most sensible algorithms the result should simply

be that L assumes that (or acts as if) those actions are taken with a positive but

low probability. This means that it should be possible to drop the requirement

that π(a | s) > 0 for many reasonable learning algorithms L.

We next consider the misspecification to which the Boltzmann-rational model

is ORDτ,γ-robust. Let ψ : R → R+ be any function from reward functions to

positive real numbers, and let bτ,γ,ψ : R → Π+ be the function that, given R,

returns the Boltzmann-rational policy with temperature ψ(R) given transition

function τ and discount γ. Moreover, let Bτ,γ = {bτ,γ,ψ : ψ ∈ R → R+} be the

set of all such functions bτ,γ,ψ. This set includes Boltzmann-rational policies; just

let ψ return a constant β for all R.

Theorem 89. For any β > 0, bτ,γ,β is ORDτ,γ-robust to misspecification with g if

and only if g ∈ Bτ,γ and g ̸= bτ,γ,β.

Proof. As per Theorem 73, Am(bτ,γ,β) is characterised by PSγ
⊙
S ′Rτ , and as per

Theorem 40, ORDτ,γ is characterised by PSγ
⊙
S ′Rτ

⊙LS. Hence Am(bτ,γ,β) ⪯

ORDτ,γ, which means that Lemma 15 implies that bτ,γ,β is ORDτ,γ-robust to mis-

specification with g if and only if g ̸= bτ,γ,β, and there exists a t ∈ PSγ
⊙
S ′Rτ

⊙LS

such that g = bτ,γ,β ◦ t.

For the first direction, assume that there exists a t ∈ PSγ
⊙
S ′Rτ

⊙LS such

that g = bτ,γ,β ◦ t and g ̸= bτ,γ,β. Now bτ,γ,β(R) is the policy given by

bτ,γ,β(R)(a | s) = exp βAR(s, a)∑
a∈A exp βAR(s, a) .

where AR is the optimal advantage function of R under τ and γ. If g(R) = bτ,γ,β◦t(R)

for some t ∈ PSγ
⊙LS⊙S ′Rτ , then we have that

g(R)(a | s) = exp βAt(R)(s, a)∑
a∈A exp βAt(R)(s, a)

= exp βcRAR(s, a)∑
a∈A exp βcRAR(s, a) ,
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where cR is the linear scaling factor that t applies to R. Note that the advantage

function A is preserved by both potential shaping and S ′-redistribution (Lemma 70).

Now let ψ(R) = β · cR, and we can see that g = bτ,γ,ψ ∈ Bτ,γ. Thus, if bτ,γ,β is

ORDτ,γ-robust to misspecification with g, then g ∈ Bτ,γ and g ̸= bτ,γ,ψ.

For the other direction, assume that g ∈ Bτ,γ and g ≠ bτ,γ,β. Since g ∈ Bτ,γ,

there is a function ψ : R → R+ such that g(R) is the policy given by applying a

softmax function with temperature ψ(R) to the optimal advantage function of R.

Now let t ∈ LS be the function that scales each R ∈ R by a factor of ψ(R)/β, and

we can see that g = bτ,γ,β ◦ t. This completes the proof.

Theorem 89 thus says that the Boltzmann-rational model is ORDτ,γ-robust

to misspecification of the temperature parameter β, but not to any other form

of misspecification (with the only complication being that the misspecification of

β is allowed to depend arbitrarily on the underlying reward function). We next

turn our attention to optimal policies.

Theorem 90. For each o ∈ Oτ,γ, we have that Am(o) ̸⪯ ORDτ,γ, unless |S| = 1

and |A| = 2. The only function o ∈ Oτ,γ such that Am(o) ⪯ OPTτ,γ is o⋆τ,γ, but

there is no function g such that o⋆τ,γ is OPTτ,γ-robust to misspecification with g.

Proof. The first part follows from Proposition 77, which says that Am(o) ̸⪯ ORDτ,γ ,

unless |S| = 1 and |A| = 2. Moreover, Am(o⋆τ,γ) = OPTτ,γ (Theorem 75).

Therefore, by Lemma 14, there is no function g such that o⋆τ,γ is OPTτ,γ-robust to

misspecification with g. Finally, Theorem 79 says that if o ∈ Oτ,γ but o ̸= o⋆τ,γ , then

Am(o) ̸⪯ OPTτ,γ.

This essentially means that the optimality model is not robust to any form of

misspecification (regardless of whether that is measured using ORDτ,γ or OPTτ,γ).

We finally turn our attention to causal entropy maximising policies. As before, let

ψ : R → R+ be any function from reward functions to positive real numbers, and

let cτ,γ,ψ : R → Π+ be the function that, given R, returns the MCE policy with

weight ψ(R) given τ and γ. Furthermore, let Cτ,γ = {cτ,γ,ψ : ψ ∈ R → R+} be the

set of all such functions cτ,γ,ψ. Moreover, as usual, we let cτ,γ,α : R → Π+ be the
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function that, given R, returns the MCE policy with weight α given τ and γ. Also

note that cτ,γ,α ∈ Cτ,γ for each α, since we may let ψ return a constant α for all R.

Theorem 91. For any α > 0, we have that cτ,γ,α is ORDτ,γ-robust to misspecifica-

tion with g if and only if g ∈ Cτ,γ and g ̸= cτ,γ,ψ.

Proof. As per Theorem 74, Am(cτ,γ,α) is characterised by PSγ
⊙
S ′Rτ , and as per

Theorem 40, ORDτ,γ is characterised by PSγ
⊙
S ′Rτ

⊙LS. Hence Am(cτ,γ,α) ⪯

ORDτ,γ, which means that Lemma 15 implies that cτ,γ,α is ORDτ,γ-robust to mis-

specification with g if and only if g ̸= cτ,γ,α, and there exists a t ∈ PSγ
⊙
S ′Rτ

⊙LS

such that g = cτ,γ,α ◦ t.

For the first direction, assume that g ̸= cτ,γ,α, and that there exists a t ∈

PSγ
⊙
S ′Rτ

⊙LS such that g = cτ,γ,α ◦ t. Recall that cτ,γ,α(R) is the unique policy

that maximises the maximal causal entropy objective;

JMCE
R (π) = JR(π) − α

∞∑
t=0

ESt∼π,τ,µ0 [γtH(π(St))],

where JR is the policy evaluation function for the reward function R. Therefore, if

g(R) = cτ,γ,ψ ◦ t(R) then g(R) is the policy

max
π

JMCE
t(R) (π)

= max
π

Jt(R)(π) − α
∞∑
t=0

ESt∼π,τ,µ0 [γtH(π(St))]

= max
π

cR · JR(π) − α
∞∑
t=0

ESt∼π,τ,µ0 [γtH(π(St))]

where cR is the linear scaling factor that t applies to R. Note that JR is preserved by

S ′-redistribution, and potential shaping can only change JR by inducing a uniform

constant shift of JR for all policies (Proposition 29). Thus linear scaling is the only

transformation in PSγ
⊙
S ′Rτ

⊙LS that could affect the MCE objective. Finally,

let ψ be the function ψ(R) = α/cR, and we can see that g = cτ,γ,ψ ∈ Cτ,γ.

For the other direction, assume that g ∈ Cτ,γ and g ̸= cτ,γ,ψ. Then there is a

function ψ : R → R+ such that g(R) is the unique policy that maximises the MCE

objective given by

JR(π) − ψ(R)
∞∑
t=0

ESt∼π,τ,µ0 [γtH(π(St))].
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Now let t ∈ LS be the function that applies a positive linear scaling factor of ψ(R)/α

to each reward function R, and we can see that g = cτ,γ,ψ ◦ t. Since t ∈ LS, this

completes the other direction, and the proof.

In other words, the maximal causal entropy model is ORDτ,γ-robust to mis-

specification of the weight α, but not to any other kind of misspecification (with

the only complication being that the misspecification of α is allowed to depend

arbitrarily on the underlying reward function). This is similar to what is the

case for Boltzmann-rational policies.

Finally, let us briefly discuss the misspecification to which the maximal causal

entropy model is OPTτ,γ-robust. Lemma 15 tells us that cτ,γ,α is OPTτ,γ-robust

to misspecification with g if g = cτ,γ,α ◦ t for some t ∈ OPTτ,γ. In other words,

if g(R1) = π then there must exist an R2 such that π maximises causal entropy

with respect to R2, and such that R1 and R2 have the same optimal policies. It

seems hard to express this as an intuitive property of g, so we have refrained

from stating this result as a theorem.

6.2 Wider Classes of Policies

At this point, it is worth remarking on the fact that there are several noteworthy

parallels between the invariances and the misspecification robustness of bτ,γ,β and

cτ,γ,α. In particular, both are invariant to potential shaping and S ′-redistribution,

and no other transformations. Moreover, both are defined in terms of a parameter

(β or α), and both are ORDτ,γ-robust to misspecification of this parameter, and

no other forms of misspecification. Additionally, misspecification of this parameter

results in positive linear scaling of the learnt reward function. Is this a coincidence,

or should we expect the same result to generalise to a wider class of behavioural

models? Before moving on, we will discuss this question in some more depth.

First of all, Q-functions and advantage functions are invariant to S ′-redistribution

(Lemma 67-71). It is easy to show that value functions and policy evaluation func-

tions, etc, also are invariant to S ′-redistribution. This means that any behavioural
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model which can be computed via one of these objects also will share this invariance,

as per Lemma 4. More generally, since S ′-redistribution does not change the expected

value of any policy in any state, it is quite natural for a behavioural policy to be

invariant to such transformations. It is also quite natural for a behavioural model

to be invariant to potential shaping, if that behavioural model uses exponential

discounting, considering the properties of potential shaping discussed in Section 4.1.

Lemma 14 tells us that for f to be ORDτ,γ-robust to some forms of misspecifica-

tion, it has to be the case that f is sensitive to some reward transformations which

do not affect the policy order of the reward function. For example, bτ,γ,β and cτ,γ,α

are sensitive to positive linear scaling, even though this does not affect the policy

order. Lemma 15 then tells us that f can be composed with these transformations,

to produce the forms of misspecification that f will tolerate. Composing bτ,γ,β or

cτ,γ,α with positive linear scaling is equivalent to scaling β or α; hence bτ,γ,β and

cτ,γ,α are ORDτ,γ-robust to such misspecification. But is it reasonable to expect a

behavioural model to be sensitive to some order-preserving transformations? We

next show that if f : R → Π+ is continuous, surjective onto Π+, and satisfies

Am(f) ⪯ ORDτ,γ, then f must be sensitive to some such transformations:

Proposition 92. If f : R → Π+ is continuous, and f(R1) = f(R2) if and only if

R1 ≡ORDτ,γ R2, then f is not surjective onto Π+.

Proof. Assume for contradiction that f : R → Π+ is continuous and surjective,

and that f(R1) = f(R2) if and only if R1 ≡ORDτ,γ R2. Then f is a continuous

bijection from Im(sSTARC
τ,γ ) to Π+, where sSTARC

τ,γ is the standardisation function of

dSTARC
τ,γ (Definition 56). Moreover, Im(sSTARC

τ,γ ) is compact (because it is a closed

and bounded subset of a finite-dimensional Euclidean space), and Π+ is Hausdorff.

It thus follows that f is a homeomorphism. This is a contradiction, since Π+ is not

homeomorphic to Im(sSTARC
τ,γ ). For example, Im(sSTARC

τ,γ ) contains an isolated point,

which Π+ does not.

Thus, if we want f to be both continuous and surjective onto Π+, then there

must either be some order-preserving reward transformations to which f is not
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invariant (i.e. Am(f) ≺ ORDτ,γ), or f must be invariant to some transformations

which are not order preserving (i.e. Am(f) ̸⪯ ORDτ,γ). The latter case would imply

that f violates condition 3 in Definition 7, and thus that f is not robust to any

misspecification. In the former case, which transformations would it be reasonable

to pick? We next show that linear scaling is a natural choice:

Proposition 93. If f : R → Π+ is continuous and invariant to positive linear

scaling, then f(R1) = f(R2) for all R1, R2.

Proof. This is straightforward. Suppose f : R → Π+ is continuous and invariant to

positive linear scaling. Let R1, R2 be two arbitrary reward functions, and consider

a sequence ct where ct > 0, but ct → 0 as t → ∞. Next, consider the sequence

given by ct ·R1. Since ct ·R1 → R0 as t → ∞, and since f is continuous, we have

that f(ct ·R1) → f(R0) as t → ∞. Moreover, since f is invariant to positive linear

scaling, we have that f(ct ·R1) = f(R1) for all ct. This implies that f(R1) = f(R0).

By an analogous argument, we also have that f(R2) = f(R0), and hence that

f(R1) = f(R2).

Of course, if f(R1) = f(R2) for all R1, R2, then f is completely trivial. Thus, a

continuous behavioural model f should not be (everywhere) invariant to positive

linear scaling. Of course, it could be the case that f is sensitive to positive linear

scaling in the vicinity of R0, but otherwise invariant to positive linear scaling,

although this seems somewhat unnatural. This then suggests that if a behavioural

model f : R → Π+ is continuous, surjective, and satisfies Am(f) ⪯ ORDτ,γ, then

it is natural for f to be sensitive to positive linear scaling, in which case f can be

composed with positive linear scaling to produce forms of misspecification to which

f is robust.1 This is exemplified by bτ,γ,β and cτ,γ,α, and the above argument suggests

that we should expect a similar result to hold for many other behavioural models.
1Very roughly and informally, a set of reward functions in which no two reward functions

share the same policy order will be one dimension short of being able to cover the set of all
policies. Therefore, if f does cover all policies, then it must be sensitive to one “dimension” of
order-preserving transformations. This, in turn, translates to one “dimension” of misspecification
to which f is ORDτ,γ-robust.
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6.3 Misspecified Parameters

A behavioural model will typically be parameterised by a γ or τ , implicitly or

explicitly. In this section, we explore what happens if these parameters are

misspecified. We show that a wide class of behavioural models lack robustness

to this type of misspecification.

Theorems 88-91 already tell us that the standard behavioural models are not

(ORDτ,γ or OPTτ,γ) robust to misspecified γ or τ , since the sets Fτ,γ, Bτ,γ, and

Cτ,γ, all are parameterised by γ and τ . We will generalise this further. First,

we note that any behavioural model that is invariant to S ′-redistribution will

lack robustness to a misspecified τ . Recall Theorem 81; if fτ1 is invariant to

S ′-redistribution with τ1, and τ1 ̸= τ2, then we have that Am(fτ1) ̸⪯ OPTτ2,γ.

Using this, we can prove the following:

Theorem 94. If fτ is invariant to S ′-redistribution with τ , and τ1 ≠ τ2, then fτ1 is

not OPTτ3,γ-robust to misspecification with fτ2 for any τ3 or γ.

Proof. Suppose for contradiction that fτ1 is OPTτ3,γ-robust to misspecification

with fτ2 . If τ1 ̸= τ2, then τ3 ̸= τ1, or τ3 ̸= τ2, or both. Theorem 81 then implies

that Am(fτ1) ̸⪯ OPTτ3,γ, or Am(fτ2) ̸⪯ OPTτ3,γ, or both. The former violates

condition 3 in Definition 7, and the latter violates Lemma 12. Thus fτ1 cannot be

OPTτ3,γ-robust to misspecification with fτ2 .

Recall that all of the three standard behavioural models are invariant to

S ′-redistribution, and thus subject to Theorem 94. More generally, since S ′-

redistribution does not change the expected value of any policy in any state,

it is quite natural for a behavioural model to be invariant to S ′-redistribution. We

should therefore expect Theorem 94 to apply very broadly. Also recall that if fτ1 is

not OPTτ3,γ-robust to misspecification with fτ2 , then it is also not ORDτ3,γ-robust

to misspecification with fτ2 .

Similarly, we can show that a behavioural model which is invariant to potential

shaping will not be robust to misspecification of γ. Recall Theorem 86; if fγ1
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is invariant to potential shaping with γ1, γ1 ̸= γ2, and τ is non-trivial, then

Am(fγ1) ̸⪯ OPTτ,γ2 . This implies the following:

Theorem 95. If fγ is invariant to potential shaping with γ, γ1 ̸= γ2, and τ is

non-trivial, then fγ1 is not OPTτ,γ3-robust to misspecification with fγ2 for any γ3.

Proof. Suppose for contradiction that fγ1 is OPTτ,γ3-robust to misspecification with

fγ2 . If γ1 ̸= γ2, then γ3 ≠ γ1, or γ3 ̸= γ2, or both. Theorem 86 then implies

that Am(fγ1) ̸⪯ OPTτ,γ3 , or Am(fγ2) ̸⪯ OPTτ,γ3 , or both. The former violates

condition 3 in Definition 7, and the latter violates Lemma 12. Thus fγ1 cannot be

OPTτ,γ3-robust to misspecification with fγ2 .

In other words, if a behavioural model is invariant to S ′-redistribution, then

that model is not OPTτ,γ-robust (and therefore also not ORDτ,γ-robust) to mis-

specification of the transition function τ . Similarly, if the behavioural model is

invariant to potential shaping, then that model is not OPTτ,γ-robust (and therefore

also not ORDτ,γ-robust) to misspecification of the discount parameter γ. These

results should apply to most behavioural models. For example, we can derive

the following corollary:

Corollary 96. Let fτ,γ : R → (S×A → R) be the function that, given a reward R,

returns the optimal Q-function Q⋆ for R under τ and γ. Suppose gτ,γ = h ◦ fτ,γ for

some h, and let τ1 ̸= τ2. Then gτ1,γ is not OPTτ3,γ-robust to misspecification with

gτ2,γ for any τ3 or γ.

Proof. By Lemma 68, we have that fτ,γ determines R up to S ′Rτ . Thus, by

Theorem 94, we have that fτ1,γ is not OPTτ3,γ-robust to misspecification with fτ2,γ .

Moreover, Im(fτ1,γ) = Im(fτ2,γ), since for any function q : S×A → R, we can

always find a reward function R such that the optimal Q-function for R is q (via

the Bellman optimality equation). We thus apply Lemma 11, and conclude the

proof.
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In other words, any policy which can be derived from Q⋆ is not robust to

misspecification of τ . This is because Q⋆ already is invariant to S ′-redistribution,

and so this follows from Lemma 11 and Theorem 94. Lemma 11 could also be

used to derive analogous results for other intermediate reward objects, such as

those discussed in Section 5.1.

6.4 Transfer Learning

The equivalence relations we have worked with (OPTτ,γ and ORDτ,γ) only guarantee

that the learnt reward function RH has the same optimal policies, or ordering of

policies, as the true reward R⋆ for a given choice of τ and γ. A natural question

is what happens if we strengthen this requirement, and demand that RH has

the same optimal policies, or ordering of policies, as R⋆, for any choice of τ or

γ. We briefly discuss this setting here.

In short, it is impossible to guarantee transfer to any τ or γ. This is already

implied by the results in Section 5.4. In particular, if fτ,γ is invariant to S ′-

redistribution (with τ) and potential shaping (with γ), then

Am(fτ1,γ1) ̸⪯ OPTτ2,γ2

if either τ1 ̸= τ2, or γ1 ̸= γ2 and τ2 is non-trivial. Then fτ1,γ1 will violate condition

3 in Definition 7. Since each of the standard behavioural models are invariant to

S ′-redistribution and potential shaping, this applies to all of them.



On two occasions I have been asked, ’Pray, Mr.
Babbage, if you put into the machine wrong figures,
will the right answers come out?’ I am not able rightly
to apprehend the kind of confusion of ideas that could
provoke such a question.

— Charles Babbage, 1864.

7
Misspecification With Metrics

In this section, we present our results about how robust IRL is to misspecified

behavioural models, using the formalisation provided by Definition 8. First, we will

derive necessary and sufficient conditions that describe all forms of misspecification

that are tolerated by the Boltzmann-rational model and the MCE model, and

discuss the issue of how to derive similar results for the optimality model. After this,

we analyse a particular form of misspecification, which we refer to as perturbation,

provide necessary and suffucient conditions for a behavioural model to be robust to

such misspecification, and show that none of the three main behavioural models

meet these conditions. After this, we will discuss the case where the environment

model is misspecified, as well as the issue of transfer learning. Section 7.1 is quite

dense, but 7.2 and 7.3 both provide more intuitive takeaways.

Our results in this section are expressed in terms of pseudometrics on R.

Most of these results apply for any choice of pseudometric, but when we need

to select a specific pseudometric, we will use the STARC metric dSTARC
τ,γ , as specified

in Definition 56.

145
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7.1 Necessary and Sufficient Conditions

Recall that if f : R → X is a behavioural model such that if f(R1) = f(R2) then

dR(R1, R2) = 0, then we can use Lemma 20 to derive necessary and sufficient

conditions for the types of misspecification that f is robust to (as measured by

dR). Also recall that if dR is both sound and complete, then dR(R1, R2) = 0

if and only if R1 and R2 induce the same ordering of policies (Proposition 45).

Moreover, if f is either bτ,γ,β or cτ,γ,α, then f(R1) = f(R2) if and only if R1 and

R2 differ by potential shaping with γ and S ′-redistribution with τ (Theorem 73

and 74), and both of these transformations preserve the policy order under τ and γ

(Theorem 40). This means that if dR is sound and complete, then bτ,γ,β and cτ,γ,α

satisfy the assumptions for Lemma 20, and so we can use it to characterise the

forms of misspecification that these models will tolerate. To do this, we need to

find the set Tϵ of all transformations t : R → R such that dR(R, t(R)) ≤ ϵ for all

R. We thus begin by deriving this set Tϵ, for the STARC metric dSTARC
τ,γ :

Theorem 97. For any ϵ < 0.5, t : R → R satisfies that

dSTARC
τ,γ (R, t(R)) ≤ ϵ

for all R ∈ R if and only if t can be expressed as t1 ◦ t2 ◦ t3 where

L2(R, t2(R)) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ))

for all R, and where t1, t3 ∈ S ′Rτ
⊙PSγ

⊙LS.

Proof. For the first direction, suppose dSTARC
τ,γ (R, t(R)) ≤ ϵ for all R ∈ R, and let

R be an arbitrarily selected reward function. We will show that it is possible to

navigate from R to t(R) using the described transformations.

Recall that dSTARC
τ,γ (R, t(R)) is computed by first applying cSTARC

τ,γ to both R and

t(R), normalising the resulting vectors, measuring their L2-distance, and dividing

the result by 2. This means that if dSTARC
τ,γ (R, t(R)) < 0.5, then the L2-distance

between sSTARC
τ,γ (R) and sSTARC

τ,γ (t(R)) is less than 1. Note also that if R is trivial

and t(R) is non-trivial, or vice versa, then the L2-distance between sSTARC
τ,γ (R) and
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sSTARC
τ,γ (t(R)) is exactly 1. Thus, either R and t(R) are both trivial, or they are

both non-trivial.

If R and t(R) are both trivial, then they differ by some transformation in

PSγ
⊙
S ′Rτ (as implied by Theorem 40), and so the theorem holds. Next, if R and

t(R) are both non-trivial, then sSTARC
τ,γ (R) and sSTARC

τ,γ (t(R)) can be placed in the

following diagram, where ϵ′ ≤ 2ϵ:

Now, elementary trigonometry tells us that the angle θ between sSTARC
τ,γ (R) and

sSTARC
τ,γ (t(R)) is θ = 2 arcsin(ϵ′/2). 1 Moreover, suppose we make a right triangle

by extending sSTARC
τ,γ (R) as follows:

Note that this can be done, since ϵ′ ≤ 2ϵ < 2 · 0.5 = 1 <
√

2. Here elementary

trigonometry again tells us that

x/(1 + y) = sin(θ) = sin(2 arcsin(ϵ′/2)),
1This can be seen by bisecting the triangle along the vertex between sSTARC

τ,γ (R) and
sSTARC

τ,γ (t(R)), to form two right triangles. Since the hypotenuse is 1, we have that sin(θ/2) = ϵ′/2.
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or that x = (1 + y) sin(2 arcsin(ϵ′/2)). This means that we can go from R to t(R)

as follows:

1. Apply cSTARC
τ,γ . Since R and cSTARC

τ,γ (R) differ by potential shaping and S ′-

redistribution, this transformation can be expressed as a combination of

potential shaping and S ′-redistribution. Call the resulting vector R′.

2. Normalise R′, so that its magnitude is 1. This transformation is an instance

of positive linear scaling. Call the resulting vector R′′.

3. Scale R′′ until it forms a right triangle with sSTARC
τ,γ (t(R)). This transformation

is an instance of positive linear scaling. Call the resulting vector R′′′.

4. Move from R′′′ to sSTARC
τ,γ (t(R)). This will move R′′′ by a distance equal

to (1 + y) sin(2 arcsin(ϵ′/2)), where (1 + y) = L2(R′′′). Moreover, since

R′′′ is in the image of cSTARC
τ,γ , we have that R′′′ = cSTARC

τ,γ (R′′′), and so

L2(R′′′) = L2(cSTARC
τ,γ (R′′′)). This means that R′′′ is moved by L2(cSTARC

τ,γ (R′′′))·

sin(2 arcsin(ϵ′/2)). Since 0 ≤ ϵ′ ≤ 2ϵ < 1 <
√

2, and since sin(2 arcsin(x/2))

is growing monotonically on [0,
√

2] this means that

L2(R′′′, sSTARC
τ,γ (t(R))) ≤ L2(cSTARC

τ,γ (R′′′)) · sin(2 arcsin(ϵ)).

5. Move from sSTARC
τ,γ (t(R)) to cSTARC

τ,γ (t(R)). Since sSTARC
τ,γ (t(R)) is simply a

normalised version of cSTARC
τ,γ (t(R)), this is an instance of positive linear

scaling.

6. Move from cSTARC
τ,γ (t(R)) to t(R). Since t(R) and cSTARC

τ,γ (t(R)) differ by

potential shaping and S ′-redistribution, this transformation can be expressed

as a combination of potential shaping and S ′-redistribution.

Thus, for an arbitrary reward function R, we can find a series of transformations

that fit the given description. This completes the first direction.

For the other direction, suppose t can be expressed as t1 ◦ t2 ◦ t3 where

L2(R, t2(R)) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ))
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for all R, and where t1, t3 ∈ S ′Rτ
⊙PSγ

⊙LS.

Recall that dSTARC
τ,γ is invariant order-preserving transformations, and that

all transformations in S ′Rτ
⊙PSγ

⊙LS are order-preserving. This means that

dSTARC
τ,γ (R, ti(R)) = 0 for i ∈ {1, 3}.

For t2, let R be an arbitrary reward function. First note that if R is trivial,

then cSTARC
τ,γ (R) = R0, and so L2(cSTARC

τ,γ (R)) = 0. This implies that L2(R, t2(R)) =

0, and so dSTARC
τ,γ (R, t2(R)) = 0. By the triangle inequality, we then have that

dSTARC
τ,γ (R, t(R)) = 0 ≤ ϵ.

Next, assume that R is non-trivial. Recall that cSTARC
τ,γ is a linear orthogonal

projection; this means that L2(cSTARC
τ,γ (R1), cSTARC

τ,γ (R2)) ≤ L2(R1, R2). As such, if

L2(R, t2(R)) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ)), then

L2(cSTARC
τ,γ (R), cSTARC

τ,γ (t2(R))) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ))

as well. Consider the set of all reward functions in Im(cSTARC
τ,γ ) whose distance to

cSTARC
τ,γ (R) is at most L2(cSTARC

τ,γ (R)) · sin(2 arcsin(ϵ)), as in the following diagram:

Now cSTARC
τ,γ (t2(R)) is located within the sphere depicted in the diagram above.2

The vectors R′ within this sphere that maximise the distance to cSTARC
τ,γ (R) after

normalisation lie on the tangents of this sphere and the origin. That is, we wish to

find an R′ ∈ Im(cSTARC
τ,γ ) which maximises

L2

(
R′

L2(R′) ,
cSTARC
τ,γ (R)

L2(cSTARC
τ,γ (R))

)
,

2Note that L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ)) < L2(cSTARC

τ,γ (R)) for ϵ < 0.5.
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subject to the constraint that

L2(cSTARC
τ,γ (R), R′) ≤ L2(cSTARC

τ,γ (R)) · sin(2 arcsin(ϵ)).

This optimisation problem is solved by the rewards R′ such that L2(cSTARC
τ,γ (R), R′) =

L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ)), and such that R′ forms a right triangle with

cSTARC
τ,γ (R) and the origin.

Let R′ be any such reward, and let δ be the distance between this reward and

cSTARC
τ,γ (R) after normalisation (i.e., δ = L2

(
R′/L2(R′), cSTARC

τ,γ (R)/L2(cSTARC
τ,γ(R))

)
).

Let θ be the angle between cSTARC
τ,γ (R) and R′.

Note that dSTARC
τ,γ (R,R′) = 0.5 · δ, from the definition of dSTARC

τ,γ (also noting

that R′ = c(R′)). Elementary trigonometry now tells us that

sin(θ) =
L2(cSTARC

τ,γ (R)) · sin(2 arcsin(ϵ))
L2(cSTARC

τ,γ (R)) ,

which gives that θ = 2 arcsin(ϵ). From this, we have that δ = 2ϵ, and so

dSTARC
τ,γ (R,R′) = ϵ. Since R′ was selected to maximise the dSTARC

τ,γ -distance to

R among all rewards R′′ such that L2(R,R′′) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ)), we

conclude that if L2(R,R′′) ≤ L2(cSTARC
τ,γ (R)) · sin(2 arcsin(ϵ)), then dSTARC

τ,γ (R,R′′) ≤

ϵ. Since R was selected arbitrarily, this proves that dSTARC
τ,γ (R, t2(R)) ≤ ϵ for all R.

Since dSTARC
τ,γ (R, t1(R)) = 0 and dSTARC

τ,γ (R, t3(R)) = 0 for all R, and since dSTARC
τ,γ is

a pseudometric, we thus have that dSTARC
τ,γ (R, t(R)) ≤ ϵ for all R. This completes

the other direction, and hence the proof.

The statement of Theorem 97 is quite terse, so let us briefly unpack it. First of all,

dSTARC
τ,γ is invariant to any transformation that preserves the policy ordering of the
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reward function, and these transformations are exactly those that can be expressed

as a combination of potential shaping, S ′-redistribution, and positive linear scaling.

As such, we can apply an arbitrary number of such transformations. Moreover, we

can also transform R in any way that does not change the standardised reward

function sSTARC
τ,γ (R) by more than ϵ; this is equivalent to the stated condition on t2.

Note that sin(2 arcsin(ϵ)) ≈ 2ϵ for small ϵ, so the right-hand side is approximately

equal to 2ϵ · L2(cSTARC
τ,γ (R)). However, also note that L2(cSTARC

τ,γ (R)) ≤ L2(R).

The requirement that ϵ < 0.5 makes the calculation easier, and is included for

convenience. Generalising Theorem 97 by removing this requirement would be

straightforward, but tedious. However, note that dSTARC
τ,γ ranges between 0 and 1,

so a dSTARC
τ,γ -distance greater than 0.5 would be very large.

Using this, we can now state necessary and sufficient conditions that completely

characterise all types of misspecification that the Boltzmann-rational model and

the MCE model will tolerate:

Corollary 98. Let ϵ < 0.5, and let Tϵ be the set of all reward transformations

t : R → R that satisfy Theorem 97. Let f : R → Π be either bτ,γ,β or cτ,γ,α. Then f

is ϵ-robust to misspecification with g (as measured by dSTARC
τ,γ ) if and only if g = f ◦ t

for some t ∈ Tϵ such that f ̸= g.

Proof. Immediate from Lemma 20 and Theorems 97, 73, and 74.

In principle, Corollary 98 completely describes the misspecification robustness

of the Boltzmann-rational model and of the MCE model, as measured by dSTARC
τ,γ .

However, the statement of Corollary 98 is rather opaque, and difficult to interpret

qualitatively. For this reason, we will in the subsequent sections examine a few

important special types of misspecification, and derive results that are more

intuitively intelligible.

We should also briefly comment on the fact that Corollary 98 does not cover

o⋆τ,γ, i.e. the optimality model. The reason for this is that, unless |S| = 1 and

|A| = 2, there are reward functions R1, R2 such that o⋆τ,γ(R1) = o⋆τ,γ(R2), but
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dSTARC
τ,γ (R1, R2) > 0 (Corollary 78). This means that Lemma 20 does not apply

to o⋆τ,γ when dR = dSTARC
τ,γ . Moreover:

Proposition 99. Let dR be a pseudometric on R that is both sound and complete.

Then unless |S| = 1 and |A| = 2, there exists an E > 0 such that for all ϵ < E,

there is no behavioural model g such that o⋆τ,γ is ϵ-robust to misspecification with g

as measured by dR.

Proof. By Corollary 78, if |S| ≥ 2 or |A| ≥ 3, and dR is both sound and complete,

then there exists reward functions R1, R2 such that o⋆τ,γ(R1) = o⋆τ,γ(R2), and such

that dR(R1, R2) > 0. Thus dR(R1, R2) = E > 0, and so o⋆τ,γ violates condition 3 of

Definition 8 for all ϵ < E.

An analogous result will hold for any behavioural model f and any pseudometric

dR for which f(R1) = f(R2) ≠⇒ dR(R1, R2) = 0. Note that E corresponds to

the upper diameter of Am(o⋆τ,γ). This means that the exact value of E will depend

on the choice of pseudometric dR, and potentially also on the transition function

τ , discount γ, and initial state distribution µ0.

7.2 Perturbation Robustness

It is interesting to know whether or not a behavioural model f is robust to

misspecification with any behavioural model g that is “close” to f . But what

does it mean for f and g to be “close”? One option is to say that f and g are

close if they always produce similar policies. In this section, we will explore under

what conditions f is robust to such misspecification, and provide necessary and

sufficient conditions. Our results are given relative to a pseudometric dΠ on Π. For

example, dΠ(π1, π2) may be the L2-distance between π1 and π2, or it may be the

KL divergence between their trajectory distributions, or it may be the L2-distance

between their occupancy measures, and so on. As usual, our results apply for any

choice of dΠ unless otherwise stated. We can now define a notion of a perturbation

and a notion of perturbation robustness:
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Definition 100. Let f, g : R → Π be two behavioural models, and let dΠ be a

pseudometric on Π. Then g is a δ-perturbation of f if g ̸= f and for all R ∈ R we

have that dΠ(f(R), g(R)) ≤ δ.

Definition 101. Let f : R → Π be a behavioural model, let dR be a pseudometric

on R, and let dΠ be a pseudometric on Π. Then f is ϵ-robust to δ-perturbation if f

is ϵ-robust to misspecification with g (as measured by dR) for any behavioural model

g : R → Π that is a δ-perturbation of f (as defined by dΠ) with Im(g) ⊆ Im(f).

A δ-perturbation of f is simply any function that is similar to f on all inputs,

and f is ϵ-robust to δ-perturbation if a small perturbation of the observed policy

leads to a small error in the inferred reward function. It would be desirable for a

behavioural model to be robust in this sense. To start with, this captures any form

of misspecification that always leads to a small change in the final policy. Moreover,

in practice, we can often not observe the exact policy of the demonstrator, and

must instead approximate it from a number of samples. In this case, we should

also expect to infer a policy that is a perturbation of the true policy. Before

moving on, we need one more definition:

Definition 102. Let f : R → Π be a behavioural model, let dR be a pseudometric

on R, and let dΠ be a pseudometric on Π. Then f is ϵ/δ-separating if dR(R1, R2) >

ϵ =⇒ dΠ(f(R1), f(R2)) > δ for all R1, R2 ∈ R.

Intuitively speaking, f is ϵ/δ-separating if reward functions that are far apart,

are sent to policies that are far apart.3 Using this, we can now state our main

result for this section:

Theorem 103. Let f : R → Π be a behavioural model, let dR be a pseudometric

on R, and let dΠ be a pseudometric on Π. Then f is ϵ-robust to δ-perturbation (as

defined by dR and dΠ) if and only if f is ϵ/δ-separating (as defined by dR and dΠ).
3Note that this definition is not saying that reward functions which are close must be sent to

policies which are close. In other words, f being ϵ/δ-separating is not a continuity condition. It is
also not a local property of f , but rather, a global property. It is, however, a continuity condition
on the inverse of f .
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Proof. For the first direction, suppose f is ϵ/δ-separating, and let g be a δ-

perturbation of f with Im(g) ⊆ Im(f). We will show that f and g satisfy the

conditions of Definition 8. For the first condition, let R1, R2 be two arbitrary

reward functions such that f(R1) = g(R2). Since g is a δ-perturbation of f , we

have that dΠ(g(R2), f(R2)) ≤ δ. Since f(R1) = g(R2), straightforward substitution

thus gives us that dΠ(f(R1), f(R2)) ≤ δ. Since f is ϵ/δ-separating, this means

that dR(R1, R2) ≤ ϵ. Since R1 and R2 were chosen arbitrarily, this means that if

f(R1) = g(R2) then dR(R1, R2) ≤ ϵ. Thus, the first condition of Definition 8 holds.

For the third condition, note that if f(R1) = f(R2), then dΠ(f(R1), f(R2)) = 0 ≤ δ.

Since f is ϵ/δ-separating, this means that dR(R1, R2) ≤ ϵ, which means that the

second condition is satisfied as well. The second condition is satisfied, since we

assume that Im(g) ⊆ Im(f), and the fourth condition is satisfied by the definition of

δ-perturbations. This means that f and g satisfy all the conditions of Definition 8,

and thus f is ϵ-robust to misspecification with g. Since g was chosen arbitrarily,

this means that f is ϵ-robust to misspecification with any δ-perturbation g such

that Im(g) ⊆ Im(f). Thus f is ϵ-robust to δ-perturbation.

For the second direction, suppose f is not ϵ/δ-separating. This means that

there exist R1, R2 ∈ R such that dR(R1, R2) > ϵ and dΠ(f(R1), f(R2)) ≤ δ. Now

let g : R → R be the behavioural model where g(R1) = f(R2), g(R2) = f(R1), and

g(R) = f(R) for all R ̸∈ {R1, R2}. Now g is a δ-perturbation of f . However, f is not

ϵ-robust to misspecification with g, since g(R1) = f(R2), but dR(R1, R2) > ϵ. Thus,

if f is not ϵ/δ-separating then f is not ϵ-robust to δ-perturbation, which in turn

means that if f is ϵ-robust to δ-perturbation, then f is must be ϵ/δ-separating.

We have thus obtained necessary and sufficient conditions that describe when a

behavioural model is robust to perturbations — namely, it has to be the case that this

behavioural model sends reward functions that are far apart, to policies that are far

apart. This ought to be quite intuitive; if two policies are close, then perturbations

may lead us to conflate them. To be sure that the learnt reward function is close

to the true reward function, we therefore need it to be the case that policies that
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are close always correspond to reward functions that are close (or, conversely, that

reward functions which are far apart correspond to policies which are far apart).

Our next question is, of course, whether or not the standard behavioural

models are ϵ/δ-separating. Surprisingly, we will show that this is not the case,

when the distance between reward functions is measured using dSTARC
τ,γ , and the

policy metric dΠ is similar to Euclidean distance. Moreover, this applies to any

continuous behavioural model:

Theorem 104. Let dR be dSTARC
τ,γ , and let dΠ be a pseudometric on Π which

satisfies the condition that for all δ there exists a δ′ such that if L2(π1, π2) < δ′ then

dΠ(π1, π2) < δ. Let f : R → Π be any continuous behavioural model. Then f is not

ϵ/δ-separating for any ϵ < 1 or δ > 0.

Proof. Let δ be any positive constant. By assumption, there exists a δ′ such that if

L2(π1, π2) < δ′ then dΠ(π1, π2) < δ. Moreover, since f is continuous, there exists

an ϵ such that if L2(R1, R2) < ϵ, then L2(f(R1), f(R2)) < δ′. Next, let R be any

reward function that is non-trivial under τ and γ. We now have that, for any

positive constant c, the reward functions c ·R and −c ·R have the opposite policy

ordering, which means that dSTARC
τ,γ (c · R,−c · R) = 1. Moreover, by making c

sufficiently small, we can ensure that L2(c ·R,−c ·R) < ϵ. Thus, for any positive δ

there exist reward functions c ·R and −c ·R such that dΠ(f(c ·R), f(−c ·R)) < δ,

and such that dSTARC
τ,γ (c ·R,−c ·R) = 1. Hence f is not ϵ/δ-separating for any δ > 0

and any ϵ < 1.

Note that the Boltzmann-rational model and the maximal causal entropy model

(i.e. bτ,γ,β and cτ,γ,α) both are continuous, and hence subject to Theorem 104. The

condition given on dΠ in Theorem 104 is satisfied by any norm, but will also

be satisfied by other metrics.4

Intuitively, the fundamental reason for why Theorem 104 holds is that if f is

continuous, then it must send reward functions that are close under the L2-norm
4Note that while Theorem 104 uses a “special” pseudometric on R, in the form of dSTARC

τ,γ ,
we do not need to use a special (pseudo)metric on Π, because for policies, L2 does capture the
relevant notion of similarity.
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to policies that are close under the L2-norm. However, there are reward functions

that are close under the L2-norm but which have a large STARC distance. Hence f

will send some reward functions that are far apart (under dSTARC
τ,γ ) to policies which

are close, which means that f is not ϵ/δ-separating. A similar result will hold for

any other pseudometric dR on R that is both sound and complete, if the upper

bound on ϵ is replaced with the smallest distance between any two opposite reward

functions under dR. Note that this distance always is 1 under dSTARC
τ,γ .

It is worth noting that the proof of Theorem 104 only demonstrates that we

may run into trouble for reward functions that are very close to R0, and we

may expect such reward functions to be unlikely (both in the sense that the

observed agent is unlikely to have such a reward function, and in the sense that the

learning algorithm is unlikely to generate such a hypothesis). It would therefore

be natural to restrict R in some way, for example by imposing a minimum size

on the L2-norm of all considered reward functions, or by supposing that they

are normalised. We will discuss this option further in Chapter 8, where we also

give a generalisation of Theorem 104.

7.3 Misspecified Parameters

In Chapter 6, we showed that many behavioural models are not OPTτ,γ-robust to any

misspecification of τ or γ. However, this result says that we cannot identify the exact

right optimal policies, or the exact right policy order, given misspecification of τ or

γ. This does not rule out the possibility that a small misspecification of τ or γ leads

to a small (but nonzero) STARC distance between the true reward function and the

learnt reward function. This is the question that we will investigate in this section.

First of all, recall that Lemma 17 implies that if f is ϵ-robust to misspecification

with g (as measured by dR), and g(R1) = g(R2), then we have that dR(R1, R2) ≤ 2ϵ.

The converse of this statement is that if there are reward functions R1, R2 such that

g(R1) = g(R2) and dR(R1, R2) > 2ϵ, then f is not ϵ-robust to misspecification with g

(as measured by dR). Therefore, we can use the (upper) diameter of Am(g) to derive
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a limit on how robust any f may be to misspecification with g. Our results in this

section will use this proof strategy. We first consider the case when τ is misspecified:

Theorem 105. If fτ : R → X is invariant to S ′-redistribution with τ , and τ1 ̸= τ2,

then fτ1 is not ϵ-robust to misspecification with fτ2 under dSTARC
τ3,γ for any τ3, any γ,

and any ϵ < 0.5.

Proof. If τ1 ̸= τ2, then either τ1 ̸= τ3 or τ2 ̸= τ3. If τ1 ≠ τ3, then Theorem 84 implies

that there for each δ > 0 exists reward functions R1, R2 such that fτ1(R1) = fτ1(R2),

but such that dSTARC
τ3,γ (R1, R2) ≥ 1 − δ. Thus fτ1 violates condition 2 of Definition 8

for all ϵ < 1. Similarly, if τ2 ̸= τ3, then Theorem 84 implies that there for each

δ > 0 exists reward functions R1, R2 such that fτ2(R1) = fτ2(R2), but such that

dSTARC
τ3,γ (R1, R2) ≥ 1 − δ. Then Lemma 17 implies that there can be no f that is

ϵ-robust to misspecification with fτ2 (as defined by dSTARC
τ3,γ ) for any ϵ < 0.5.

Theorem 105 is saying that if some behavioural model f is invariant to S ′-

redistribution, then it is not robust to any degree of misspecification of τ (even if

τ1 and τ2 are arbitrarily close). Note that a dSTARC
τ,γ -distance of 0.5 is very large;

this corresponds to the case where the reward functions are nearly orthogonal.

The greatest possible value of dSTARC
τ,γ is 1. Moreover, optimal policies, Boltzmann-

rational policies, and maximal causal entropy policies, are all invariant to S ′-

redistribution, and hence o⋆τ,γ, bτ,γ,β, and cτ,γ,α are subject to Theorem 105. This

means that Theorem 94 generalises to the setting with distance metrics. Moreover,

contrary to what we might expect, a small amount of misspecification of τ does

not guarantee a small error in the learnt reward RH , if this error is quantified

with STARC metrics.

We next consider the case when the discount parameter, γ, is misspecified.

As before, we say that a transition function τ is trivial if for all states s and all

actions a1, a2, we have that τ(s, a1) = τ(s, a2).

Theorem 106. If fγ : R → Π is invariant to potential shaping with γ, and γ1 ̸= γ2,

then fγ1 is not ϵ-robust to misspecification with fγ2 under dSTARC
τ,γ3 for any non-trivial

τ , any γ3, and any ϵ < 0.5.
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Proof. If γ1 ̸= γ2, then either γ1 ̸= γ3 or γ2 ̸= γ3. If γ1 ̸= γ3, then Theorem 87 implies

that there for each δ > 0 exists reward functions R1, R2 such that fγ1(R1) = fγ1(R2),

but such that dSTARC
τ,γ3 (R1, R2) ≥ 1 − δ. Thus fγ1 violates condition 2 of Definition 8

for all ϵ < 1. Similarly, if γ2 ≠ γ3, then Theorem 87 implies that there for each

δ > 0 exists reward functions R1, R2 such that fγ2(R1) = fγ2(R2), but such that

dSTARC
τ,γ3 (R1, R2) ≥ 1 − δ. Then Lemma 17 implies that there can be no f that is

ϵ-robust to misspecification with fγ2 (as defined by dSTARC
τ,γ3 ) for any ϵ < 0.5.

Of course, any interesting environment will have a non-trivial transition function,

so this requirement is very mild. This means that Theorem 106 is saying that if

a behavioural model f is invariant to potential shaping, then it is not robust to

any misspecification of the discount parameter. Note that this holds even if γ1 and

γ2 are arbitrarily close! Moreover, optimal policies, Boltzmann-rational policies,

and MCE policies are all invariant to potential shaping, and hence oτ,γ, bτ,γ,β, and

cτ,γ,α are subject to Theorem 106. This means that Theorem 95 generalises to

the setting with distance metrics. Moreover, contrary to what we might expect,

a small amount of misspecification of γ does not guarantee a small error in the

learnt reward RH , if this error is quantified with STARC metrics.

Before moving on, let us briefly give some additional intuition for why Theo-

rems 105 and 106 are true. Roughly speaking, the core reason for why Theorem 105 is

true is that, if τ1 ̸= τ2, then there are reward functions which are equivalent under τ2,

but very different under τ1. We give an intuitive example of such a case in Section 5.4.

More formally, for each reward R1 we can find a reward R2 such that R1 and R2

differ by S ′-redistribution under τ2, but such that dSTARC
τ1,γ (R1, R2) is arbitrarily close

to 1. Now suppose the observed policy is computed by a behavioural model gτ2

that is invariant to S ′-redistribution with τ2, and that the learning algorithm L is

given training data from a policy π such that π = gτ2(R1) = gτ2(R2). What reward

function RH should L converge to? It is impossible to find any RH that is close to

both R1 and R2 under dSTARC
τ1,γ , and so L must necessarily be unable to guarantee

that the learnt reward function is close to the true reward function. Similarly, the

reason for why Theorem 106 is true is that, if γ1 ̸= γ2 (and τ is nontrivial), then
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there are reward functions which are equivalent when discounting with γ2, but very

different when discounting with γ1 (we also give an intuitive example of such a case

in Section 5.4). Thus, a misspecified γ causes similar problems as a misspecified τ .

7.4 Transfer Learning

STARC metrics, such as dSTARC
τ,γ , are designed to be sound and complete. Moreover,

our definitions of soundness and completeness for a pseudometric dR require that

dR(R1, R2) is small if and only if the regret of using R1 instead of R2 is small, relative

to a particular transition function τ and discount factor γ. A natural question is

what happens if we strengthen this requirement, and demand that the regret is

small for any choice of τ or any choice of γ. We briefly discuss this setting here.

In short, as for Definition 7, it is impossible to guarantee transfer to any τ or γ.

This is already implied by the results in Section 5.4. In particular, if fτ,γ is invariant

to S ′-redistribution (with τ) and potential shaping (with γ), then the (upper and

lower) diameter of Am(fτ1,γ1) under dSTARC
τ2,γ2 is 1, provided that either τ1 ≠ τ2, or

γ1 ̸= γ2 and τ2 is non-trivial. Then fτ1,γ1 will violate condition 3 in Definition 8.

Moreover, note that this result is not specific to dSTARC
τ,γ , and that a similar result

will hold for any pseudometric on R that is both sound and complete.



All models are wrong, but some are useful.

— George Box, 1979.

8
Generalising Our Analysis

In this chapter, we discuss how to generalise our analysis, and extend the frameworks

presented in Chapter 3. In particular, the definitions that we have worked with so

far quantify over all reward functions, both for the true reward function R⋆ and

the learnt reward function RH . In some cases, we may have some prior knowledge

about the true reward function R⋆, or we may know that the inductive bias of the

learning algorithm is unlikely to generate certain reward functions RH , even if they

are compatible with the training data. Consequently, we may wish to incorporate

assumptions about the true reward or about the inductive bias of the learning

algorithm into our analysis. We will discuss these extensions, and show that our

analysis remains largely unchanged by such generalisations. We will also discuss

some alternative equivalence relations on R.

8.1 Assumptions About Inductive Bias

It is worth noting that none of the definitions in Chapter 3 make any assumptions

about the inductive bias of the learning algorithm. By “inductive bias”, we here

refer to everything that determines which hypothesis a learning algorithm selects,

when there are several hypotheses in its hypothesis space that are compatible with

a given learning objective and set of training data. In particular, in the case of

160
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IRL, there will typically be multiple reward functions that fit a given set of training

data under a given behavioural model – all parts of the learning algorithm that

determine which of these reward functions is learnt together make up the inductive

bias of the learning algorithm.1 For example, let the true reward function be R⋆, let

the true data generating process be described by g, and let f be the assumed model

of the data generating process. Then both Definition 7 and 8 require that every

reward function RH that is compatible with the training data must be equivalent

or similar to the true reward. This requirement may seem unnecessarily strong,

because some reward functions RH such that f(RH) = g(R⋆) may be very unlikely

to be generated by the learning algorithm, L. This, in turn, raises the question

of whether we may be able to create weaker, more permissive formalisations of

ambiguity tolerance and misspecification robustness by also making assumptions

about the inductive bias of the learning algorithm (i.e., assumptions about how

the learning algorithm selects a reward function when multiple reward functions

fit the training data). In this section, we discuss this option.

Let us first focus on Definition 3, which formalises when a given application

tolerates the ambiguity of a given data source. In this case, it does not seem like

anything can be gained from incorporating assumptions about inductive bias. To

see this, consider the following modified definition:

Definition 107. Given a reward object f : R → X, we say that I : X → R is an

inductive bias for f if f(I(x)) = x for all x ∈ X.

Definition 108. Given two reward objects f : R → X, g : R → Y , and an

inductive bias I : X → R for f , we say that g tolerates the ambiguity of f with I

if, for all R⋆ ∈ R, if RH = I(f(R⋆)), then g(RH) = g(R⋆).
1Note that different texts in the machine learning literature may consider different things to

be part of the “inductive bias” of a learning algorithm. For example, some authors may consider
the behavioural model to be a part of the inductive bias of an IRL algorithm. In this text, we
instead consider the behavioural model to be a part of the learning objective. That is, the learning
objective specifies when a hypothesis (which in our case is a reward function) is considered to fit a
set of training data (which in our case is a policy), and the inductive bias is that which determines
which hypothesis the learning algorithm selects. However, this is just a terminological choice, and
it has no impact on the mathematical results we derive.
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Note that I : X → R is an inductive bias for f : R → X if, for any x ∈ X, I maps

x to a reward function R such that f(R) = x. In other words, I is a function that,

for any possible observable data x, picks a reward function R that is compatible with

x under f . Definition 108 then says that g tolerates the ambiguity of f with I if, for

any true reward function R⋆ and any corresponding data distribution f(R⋆), I always

picks a reward function RH such that g(RH) = g(R⋆). This is directly analogous to

Definition 3, except that we assume that the learning algorithm uses a particular

inductive bias I. Using these definitions, we can now derive the following result:

Theorem 109. Let f : R → X, g : R → Y be any two reward objects, and let

I : X → R be any inductive bias for f . Then g tolerates the ambiguity of f with

I (in the sense of Definition 108) if and only if Am(f) ⪯ Am(g) (in the sense of

Definition 3).

Proof. For the first direction, assume that Am(f) ⪯ Am(g). Let R⋆ be an arbitrary

reward function, and let RH be the reward such that I(f(R⋆)) = RH . Note that

f(I(x)) = x for all x ∈ X, which means that f(I(f(R⋆))) = f(R⋆). In other words,

f(RH) = f(R⋆). Since Am(f) ⪯ Am(g), this means that g(RH) = g(R⋆). This

completes the first direction.

For the other direction, assume that g tolerates the ambiguity of f with I, in

the sense of Definition 108. Suppose f(R1) = f(R2). Since g(I(f(R))) = g(R) for

all R, we have that g(I(f(R1))) = g(R1) and g(I(f(R2))) = g(R2). Moreover, since

f(R1) = f(R2), this means that g(I(f(R1))) = g(I(f(R2))). By transitivity, this

then implies that g(R1) = g(R2), and so Am(f) ⪯ Am(g).

Thus, Definition 108 is functionally equivalent to Definition 3. In other words,

for the purposes of ambiguity tolerance, it does not make any difference which

inductive bias I the learning algorithm uses. Also note that, while Definition 107

defines I to be a function that deterministically picks a fixed R for each x ∈ X,

we would obtain a result analogous to Theorem 109 if we instead defined I to

be a set-valued function, etc. Thus, the analysis in Chapter 5 which is based on
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Definition 3 would remain unchanged if we defined ambiguity tolerance relative to

a particular choice of inductive bias for the learning algorithm.

Let us next consider Definition 7, which defines misspecification robustness

relative to equivalence relations on R. In this case, we similarly find that the

inductive bias does not affect our results. To see this, consider the following

modified definition of misspecification robustness:

Definition 110. Given a partition P of R, two reward objects f, g : R → X, and

an inductive bias I : X → R for f , we say that f is P -robust to misspecification

with g using I if each of the following conditions are satisfied:

1. I(g(R)) ≡P R for all R.

2. Im(g) ⊆ Im(f).

3. I(f(R)) ≡P R for all R.

4. f ̸= g.

Definition 110 is simply directly analogous to Definition 7, except that it makes

the assumption that the learning algorithm L uses the inductive bias described

by I. Using this definitions, we then get the following result:

Theorem 111. Let P be any partition of R, let f, g : R → X be any two reward

objects, and let I : X → R be any inductive bias for f . Then f is P -robust to

misspecification with g (in the sense of Definition 7) if and only if f is P -robust to

misspecification with g using I (in the sense of Definition 110).

Proof. For the first direction, assume that f is P -robust to misspecification in the

sense of Definition 7. We then have that:

1. If f(R1) = g(R2) then R1 ≡P R2.

2. Im(g) ⊆ Im(f).

3. Am(f) ⪯ P .
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4. f ̸= g.

To show that f is P -robust to misspecification with g using I, we must show that

the following two conditions hold:

1. I(g(R)) ≡P R for all R.

2. I(f(R)) ≡P R for all R.

Let R be an arbitrary reward function. Note that f(I(x)) = x for all x ∈ X.

This means that I(g(R)) is a reward function such that f(I(g(R))) = g(R). Since

R1 ≡P R2 whenever f(R1) = g(R2), this means that I(g(R)) ≡P R. Thus, the first

condition holds. Similarly, I(f(R)) is a reward function such that f(I(f(R))) =

f(R). Since Am(f) ⪯ P , this means that I(f(R)) ≡P R, and so the second

condition also holds. This completes the first direction.

For the other direction, assume that f is P -robust to misspecification with g

using I in the sense of Definition 110. We then have that

1. I(g(R)) ≡P R for all R.

2. Im(g) ⊆ Im(f).

3. I(f(R)) ≡P R for all R.

4. f ̸= g.

To show that f is P -robust to misspecification with g, we must show that the

following two conditions hold:

1. If f(R1) = g(R2) then R1 ≡P R2.

2. Am(f) ⪯ P .

First, suppose f(R1) = f(R2). Since I(f(R)) ≡P R for all R, we have that

I(f(R1)) ≡P R1 and I(f(R2)) ≡P R2. Moreover, since f(R1) = f(R2), this means

that I(f(R1)) = I(f(R2)). By transitivity, this then implies that R1 ≡P R2, and

so Am(f) ⪯ P . Similarly, suppose f(R1) = g(R2). Since I(g(R)) ≡P R for all R,
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we have that I(g(R2)) ≡P R2. Moreover, since f(I(f(R1))) = f(R1), and since

Am(f) ⪯ P , we have that I(f(R1)) ≡P R1. Since f(R1) = g(R2), we thus have

that R1 ≡P R2. This completes the proof.

In other words, our analysis of misspecification robustness in terms of equivalence

relations on R is also not affected by the inductive bias of the learning algorithm.

As such, all of our results in Chapter 6 would be identical if we used Definition 110

instead of Definition 7.

The case is less straightforward when we characterise the difference between

reward functions in terms of pseudometrics on R, rather than equivalence relations

on R (as with Definition 6 and Definition 8). For example, we can have a reward

object f : R → X for which the lower diameter of Am(f) is greater than ϵ, but

where there exists an inductive bias I for f such that dR(I(f(R)), R) ≤ ϵ for all R.

To see this, suppose the (upper and lower) diameter of Am(f) is 2ϵ, but that the

inductive bias I always picks a reward function that is in the “middle” of each set

in Am(f), such that the distance between this reward function and all other reward

functions in the same set of Am(f) always is at most ϵ. In this way, the worst-case

error between the learnt reward function RH and the true reward function R⋆ may

be more than ϵ for data generated under f , even though it can be guaranteed to

be at most ϵ under a particular inductive bias I. In a similar way, the conditions

for when f is ϵ-robust to misspecification with g (under Definition 8) may also be

affected by the inductive bias I of the learning algorithm.

However, note that this generalisation cannot affect the derived results by a

substantial amount. To see this, first note that if the upper diameter of Am(f)

under dR is δ, then for any inductive bias I for f , there is a reward function R

such that dR(R, I(f(R))) ≥ δ/2, by the triangle inequality. This means that we

will still have to require that the upper diameter of Am(f) is small. Furthermore,

if there are reward functions R1, R2 such that f(R1) = g(R2) and dR(R1, R2) = ϵ,

and if the upper diameter of Am(f) is δ, then for any inductive bias I for f , we
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have that dR(R2, I(g(R2))) ≥ ϵ− δ, again by the triangle inequality.2 Thus, if the

upper diameter of Am(f) is small, then the inductive bias cannot have a large

impact on the misspecification robustness of the algorithm. In other words, we

must require the upper diameter of Am(f) to be small, but if this is the case,

then the inductive bias cannot matter much.

More generally, the inductive bias of the learning algorithm could make a

meaningful difference to the derived results primarily when the (upper) diameters of

Am(f) and Am(g) are small, but greater than zero. However, in most of the cases

we have analysed, the diameter of Am(f) is either zero, or very large. For example,

the upper diameter of both Am(bτ,γ,β) and Am(cτ,γ,α) is zero (Corollary 76), and the

upper diameter of Am(o⋆τ,γ) is large (Corollary 78). Similarly, when f is invariant

to potential shaping with γ or S ′-redistribution with τ , and γ or τ is misspecified,

then the upper diameter of Am(f) is large (Theorem 84 and 87). Therefore, we

should not expect any of the results we have derived using Definition 8 to change

substantially if we modify Definition 8 to also incorporate assumptions about the

inductive bias of the learning algorithm. Nonetheless, carrying out this analysis

in more detail may be an interesting direction for future work.

8.2 Assumptions About the True Reward

It is worth noting that our definitions in Chapter 3 make no assumptions about

the true reward function, R⋆. While this is reasonable, it does raise the worry

that some of our negative results (e.g., those in Sections 5.4, 6.3, and 7.3) may be

caused by specific edge-cases that are unlikely to arise in practice. For example, in

order for f to be P -robust to misspecification with g, it is required that there for

every reward function R⋆ is no RH such that f(RH) = g(R⋆), but RH ̸≡P R
⋆. This

may seem unnecessarily strong, if we have reason to believe that certain reward

functions R⋆ are unlikely to come up in practice. A natural question is therefore
2For clarity, let us spell this out. First, note that if g(R2) = f(R1), and I is an inductive

bias for f , then I(g(R2)) is some reward function R3 such that f(R1) = f(R3). Since the upper
diameter of Am(f) is δ, we have that dR(R1, R3) ≤ δ. We also have that dR(R1, R2) = ϵ. By the
triange inequality, dR(R1, R2) ≤ dR(R1, R3) + dR(R3, R2), so ϵ ≤ x + dR(R3, R2), where x ≤ δ.
This implies that ϵ − δ ≤ dR(R2, R3).
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if we may be able to obtain stronger results by incorporating some assumptions

about R⋆. In this section, we will discuss this question.

In short, most of our negative results would not change if we incorporate

assumptions about the true reward function R⋆. This is largely ensured by the

fact that we distinguish between the upper and lower diameter of Am(f). For

example, let us first consider the results in Section 5.4, which show that a wide

range of behavioural models are unable to guarantee robust transfer to a different

transition function τ or discount factor γ. These results are not merely saying that

there exists some R⋆ and some RH such that R⋆ and RH are indistinguishable by

the learning algorithm, but such that R⋆ and RH are qualitatively different after

transfer to a different τ or γ. Rather, they are saying that there for every R⋆ is an

RH such that R⋆ and RH are indistinguishable by the learning algorithm, but such

that R⋆ and RH are qualitatively different after transfer. In other words, it is not

just the upper diameter of Am(f) that is too large, but also the lower diameter.

Every reward function R⋆ is indistinguishable from some reward RH such that R⋆

and RH are too different to guarantee robust transfer.

The negative results in Section 6.3 and 7.3, which concern misspecified τ or γ,

will generalise for a similar reason. Recall that these results are saying, roughly,

that if fτ,γ is invariant to S ′-redistribution with τ or potential shaping with γ,

and either τ or γ is misspecified, then fτ1,γ1 is not robust to misspecification with

fτ2,γ2 . Intuitively speaking, the reason for why this is true is that at least one of

Am(fτ1,γ1) or Am(fτ2,γ2) will be too large. This result is derived from the ambiguity

results in Section 5.4, which means that it is not just the worst-case size (i.e. the

upper diameter) of Am(fτ1,γ1) or Am(fτ2,γ2) that is too large, but the best-case size

(i.e. the lower diameter) as well. These results will therefore also not be affected

by any assumptions we could make about R⋆.

The only exception to this is Theorem 104, which says that no continuous

behavioural model is ϵ/δ-separating relative to dSTARC
τ,γ , which also means that

no continuous behavioural model is perturbation robust relative to dSTARC
τ,γ . The

proof of Theorem 104 finds a specific counterexample in the vicinity of the zero
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reward, R0, which could be ruled out by making certain assumptions about R⋆.

This issue will also be discussed in Section 8.3.

8.3 Restricting the Space of Reward Functions

In Section 8.1, we discussed the option of incorporating assumptions about the

inductive bias of the learning algorithm, and in Section 8.2, we discussed the option

of incorporating assumptions about the true reward function. Moreover, we argued

that neither of these generalisations would make a meaningful difference to our

results. But what if we do both at the same time? Formally, suppose that instead

of quantifying over all reward functions in R, we restrict the reward functions to

lie in some set R̂ ⊆ R. We can then assume that the true reward function R⋆

is in R̂, and that the learning algorithm L only will generate reward functions

RH that are also in R̂. In this section, we will discuss this option. As we will

see, our results are largely unaffected by this generalisation, though it does open

up some avenues for further analysis.

We first need to generalise the definitions in Chapter 3, which is straightforward;

simply replace any quantifier which ranges over all of R with one that only ranges

over R̂ (where R̂ is permitted to be any subset of R). We do this as follows:

Definition 112. Given two partitions P , Q of R, and a set R̂ ⊆ R, we say that

P ⪯ Q on R̂ if R1 ≡P R2 implies that R1 ≡Q R2 for all R1, R2 ∈ R̂.

Definition 113. Given a pseudometric dR on R, a set R̂ ⊆ R, and a reward object

f : R → X, we say that the upper diameter of Am(f) on R̂ is

sup{diam(S ∩ R̂) : S ∈ Am(f), S ∩ R̂ ≠ ∅}.

Similarly, the lower diameter of Am(f) on R̂ is

inf{diam(S ∩ R̂) : S ∈ Am(f), S ∩ R̂ ≠ ∅}.

Here diam is defined as in Definition 6. If R̂ = ∅, then the upper and lower

diameter of Am(f) on R̂ is undefined.
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Definition 114. Given two reward objects f, g : R → X, a set R̂ ⊆ R, and a

partition P of R, we say that f is P -robust to misspecification with g on R̂ if

1. f(R1) = g(R2) implies that R1 ≡P R2 for all R1, R2 ∈ R̂,

2. Im(g|R̂) ⊆ Im(f |R̂),

3. Am(f) ⪯ P on R̂, and

4. f |R̂ ̸= g|R̂.

Definition 115. Given two reward objects f, g : R → X, a set R̂ ⊆ R, and a

pseudometric dR on R, we say that f is ϵ-robust to misspecification with g on R̂

(as measured by dR) if

1. f(R1) = g(R2) implies that dR(R1, R2) ≤ ϵ for all R1, R2 ∈ R̂,

2. Im(g|R̂) ⊆ Im(f |R̂),

3. f(R1) = f(R2) implies that dR(R1, R2) ≤ ϵ for all R1, R2 ∈ R̂,

4. f |R̂ ̸= g|R̂.

Using these more general definitions, we can now generalise our analysis. We

should first note that all lemmas in Chapter 3 apply with these more general

definitions for any arbitrary subset R̂ ⊆ R. We will not spell out these proofs

explicitly, but they are directly analogous to the proofs given in Chapter 3, since

none of these proofs rely on any assumptions about R.3 In addition to this, most

of our results in Chapters 5, 6, and 7 carry over to this setting very directly, with

only minor modifications. We can first make two straightforward observations:

Proposition 116. Let P,Q be any partitions on R, and let R̂ be any subset of R.

We then have that if P ⪯ Q on R, then P ⪯ Q on R̂.
3We should also note that the propositions given in Section 3.3 (in particular, Proposition 16,

18, and 19) do not hold for arbitrary sets R̂. However, none of our later results rely on
these propositions, since their purpose primarily is to highlight some of the differences between
Definition 7 and 8.
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Proof. Immediate from the definitions.

Proposition 117. For any reward object f : R → X, any pseudometric dR R,

and any nonempty R̂ ⊆ R, the upper diameter of Am(f) on R̂ is no greater than

the upper diameter of Am(f) on R, and likewise for the lower diameter.

Proof. Immediate from the definitions.

Proposition 116 says that if g tolerates the ambiguity of f relative to the space

of all reward functions R (in the sense that Am(f) ⪯ Am(g)), then this is (of

course) also the case for any restricted space of reward functions R̂. In other words,

ambiguity tolerance cannot decrease if the space of all reward functions is restricted.

Similarly, Proposition 117 says that the ambiguity of f cannot increase if the space

of reward functions is restricted. Intuitively speaking, this means that all our

positive results about ambiguity and ambiguity tolerance generalise to arbitrary

restrictions on the space of considered reward functions.

However, the converse does not hold; it is possible that Am(f) ⪯ Am(g) on R̂

for some R̂ ⊆ R, even though Am(f) ̸⪯ Am(g) on R. This is easy to see: Am(f) ̸⪯

Am(g) on R if there are reward functions R1, R2 ∈ R such that f(R1) = f(R2) but

g(R1) ̸= g(R2). It may be that R contains such a counterexample, even though R̂

does not. In the same way, it may be that the upper diameter of Am(f) on R̂ is

ϵ, even though the upper diameter of Am(f) on R is greater than ϵ. This means

that a negative result about ambiguity or ambiguity tolerance may not generalise

to a given restricted space of reward functions.

We next show how to extend our results about misspecification to the setting

where the space of rewards is restricted. This requires a bit more work:

Theorem 118. For any R̂ ⊆ R and any partition P of R, if f is P -robust to

misspecification with g on R then f is P -robust to misspecification with g on R̂,

unless f |R̂ = g|R̂. Similarly, if f is P -robust to misspecification with g on R̂ then

f is P -robust to misspecification with g′ on R for some g′ where g′|R̂ = g|R̂, unless

Am(f) ̸⪯ P on R.
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Proof. For the first claim, suppose that f is P -robust to misspecification with g

on R, and that f |R̂ ≠ g|R̂. Since f is P -robust to misspecification with g on R,

we have that for all R1, R2 ∈ R, if f(R1) = g(R2) then R1 ≡P R2. Since R̂ ⊆ R,

this directly implies that for all R1, R2 ∈ R̂, if f(R1) = g(R2) then R1 ≡P R2.

We also have that Im(f) ⊆ Im(g), which directly implies that Im(g|R̂) ⊆ Im(f |R̂).

Moreover, we have that Am(f) ⪯ P on R, which (as shown in Proposition 116)

implies that Am(f) ⪯ P on R̂. We assume that f |R̂ ̸= g|R̂. Thus, f is P -robust to

misspecification with g on R̂.

For the second claim, suppose f is P -robust to misspecification with g on R̂,

and that Am(f) ⪯ P on R. We construct a g′ as follows; let g′(R) = g(R) for

all R ∈ R̂, and let g′(R) = f(R) for all R ̸∈ R̂. By construction, we have that

g(R) = g′(R) for all R ∈ R̂. Moreover, f is P -robust to misspecification with

g′ on R. To see this, first note that if f |R̂ ̸= g|R̂, and g|R̂ = g′|R̂, then f ̸= g′.

Moreover, if Im(g|R̂) ⊆ Im(f |R̂), and g′ is equal to g on R̂ and equal to f outside R̂,

then Im(g′) ⊆ Im(f). Moreover, we have assumed that Am(f) ⪯ P on R. Finally,

suppose that f(R1) = g′(R2). If R2 ̸∈ R̂, then g′(R2) = f(R2). Since Am(f) ⪯ P

on R, this implies that R1 ≡P R2. Next, if R1, R2 ∈ R̂, then R1 ≡P R2, since f is

P -robust to misspecification with g on R̂. Finally, if R2 ∈ R̂, R1 ̸∈ R̂, let R3 be a

reward function such that R3 ∈ R̂ and f(R3) = g′(R2). Since Im(g|R̂) ⊆ Im(f |R̂),

such a reward function R3 does exist. Since f is P -robust to misspecification

with g on R̂, we have that R2 ≡P R3. Moreover, since Am(f) ⪯ P on R, and

f(R1) = f(R3), we have that R1 ≡P R3. By transitivity, this implies that R1 ≡P R2.

This covers all cases, which means that if f(R1) = g′(R2) then R1 ≡P R2. Thus f

is P -robust to misspecification with g′ on R.

Theorem 119. For any R̂ ⊆ R and any pseudometric dR on R, if f is ϵ-robust to

misspecification with g on R using dR, then f is ϵ-robust to misspecification with

g on R̂ using dR, unless f |R̂ = g|R̂. Similarly, if f is ϵ-robust to misspecification

with g on R̂ using dR then f is 2ϵ-robust to misspecification with g′ on R using dR

for some g′ where g′|R̂ = g|R̂, unless there are R1, R2 ∈ R such that f(R1) = f(R2)

but dR(R1, R2) > ϵ.
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Proof. For the first claim, suppose that f is ϵ-robust to misspecification with g on

R, and that f |R̂ ̸= g|R̂. Since f is ϵ-robust to misspecification with g on R, we

have that for all R1, R2 ∈ R, if f(R1) = g(R2) then dR(R1, R2) ≤ ϵ. Since R̂ ⊆ R,

this directly implies that for all R1, R2 ∈ R̂, if f(R1) = g(R2) then dR(R1, R2) ≤ ϵ.

We also have that Im(f) ⊆ Im(g), which directly implies that Im(g|R̂) ⊆ Im(f |R̂).

Moreover, we have that for all R1, R2 ∈ R, if f(R1) = g(R2) then dR(R1, R2) ≤ ϵ.

Since R̂ ⊆ R, this directly implies that for all R1, R2 ∈ R̂, if f(R1) = g(R2) then

dR(R1, R2) ≤ ϵ. We assume that f |R̂ ̸= g|R̂. Thus, f is ϵ-robust to misspecification

with g on R̂.

For the second claim, suppose f is ϵ-robust to misspecification with g on R̂,

and that for all R1, R2 ∈ R, if f(R1) = f(R2) then dR(R1, R2) ≤ ϵ. We construct

a g′ as follows; let g′(R) = g(R) for all R ∈ R̂, and let g′(R) = f(R) for all

R ̸∈ R̂. By construction, we have that g(R) = g′(R) for all R ∈ R̂. Moreover, f is

2ϵ-robust to misspecification with g′ on R. To see this, first note that if f |R̂ ̸= g|R̂,

and g|R̂ = g′|R̂, then f ̸= g′. Moreover, if Im(g|R̂) ⊆ Im(f |R̂), and g′ is equal

to g on R̂ and equal to f outside R̂, then Im(g′) ⊆ Im(f). Moreover, we have

assumed that for all R1, R2 ∈ R, if f(R1) = f(R2) then dR(R1, R2) ≤ ϵ ≤ 2ϵ.

Finally, suppose that f(R1) = g′(R2). If R2 ̸∈ R̂, then g′(R2) = f(R2). Since

the upper diameter of Am(f) on R is assumed to be at most ϵ, this implies that

dR(R1, R2) ≤ ϵ ≤ 2ϵ. Next, if R1, R2 ∈ R̂, then dR(R1, R2) ≤ ϵ ≤ 2ϵ, since f is

ϵ-robust to misspecification with g on R̂. Finally, if R2 ∈ R̂, R1 ̸∈ R̂, let R3 be a

reward function such that R3 ∈ R̂ and f(R3) = g′(R2). Since Im(g|R̂) ⊆ Im(f |R̂),

such a reward function R3 does exist. Since f is ϵ-robust to misspecification with

g on R̂, we have that dR(R2, R3) ≤ ϵ. Moreover, since the upper diameter of

Am(f) on R is at most ϵ, and f(R1) = f(R3), we have that dR(R1, R3) ≤ ϵ. By

the triangle inequality, this implies that dR(R1, R2) ≤ 2ϵ. This covers all cases,

which means that if f(R1) = g′(R2) then dR(R1, R2) ≤ 2ϵ. Thus f is 2ϵ-robust to

misspecification with g′ on R relative to the pseudometric dR.

Theorem 118 says that if f is P -robust to misspecification with g on R, then f

is P -robust to misspecification with g on R̂ (unless f = g on R̂). Thus, all positive
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results generalise to arbitrary subsets R̂ of R. The converse case is similar, but

slightly more complicated; if f is P -robust to misspecification with g if and only if

g ∈ G for some G, then f is P -robust to misspecification with g′ on R̂ if and only

if g′ behaves like some g ∈ G for all R ∈ R̂. Roughly speaking, this means that if

f is not robust to a given form of misspecification relative to R, then this is still

the case if we impose restrictions on the space of all reward functions, unless this

restriction ensures that this misspecification has no impact on the generated data,

or makes this misspecification equivalent to some other form of misspecification

that f is robust to. Theorem 119 is analogous to Theorem 118.

To make this easier to understand, let us provide an example. Recall that

the Boltzmann-rational behavioural model is ORDτ,γ-robust to misspecification

of the temperature parameter β, and no other misspecification. More precisely,

relative to the set of all rewards R, we have that bτ,γ,β, is ORDτ,γ-robust to

misspecification with g if and only if there is a function ψ : R → R such that

g(R) = bτ,γ,ψ(R)(R) and bτ,γ,β ≠ g (Theorem 89). In particular, bτ,γ,β is not ORDτ,γ-

robust to misspecification of the discount parameter, γ. However, now suppose

|S| ≥ 3, and that we pick a peculiar transition function τ , initial state distribution

µ0, and two states s0, s
⊤ ∈ S, s0 ̸= s⊤, such that

1. PS0∼µ0(S0 = s0) = 1,

2. PS′∼τ(s0,a)(S ′ ∈ {s0, s
⊤}) = 0 for all a ∈ A, and

3. if s ̸= s0 then PS′∼τ(s,a)(S ′ = s⊤) = 1 for all a ∈ A.

Moreover, let R̂ be the set of all reward functions R such that R(s, a, s′) = 0 unless

s′ = s⊤ and s ̸= s⊤, and such that R(s, a1, s
⊤) = R(s, a2, s

⊤) for all s ∈ S and

all a1, a2 ∈ A. In other words, τ and µ0 specify an environment in which s⊤ is a

terminal state that any policy will enter after exactly 2 steps, and then stay in

forever. Moreover, R̂ contains reward functions that only give a positive reward

when the terminal state s⊤ is entered (from a state other than s⊤), and that give

the same reward to any two transitions that enter s⊤ from the same state. This
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means that any policy only can get non-zero reward on the second step of any run.

Moreover, the value of a policy only depends on what action it takes in the initial

state s0, since all actions will have the same Q-values in all other states.

We now have that bτ,γ1,β is ORDτ,γ-robust to misspecification with bτ,γ2,β relative

to R̂ for any γ2 such that γ1 ≠ γ2. To see this, note that changing γ in this

environment has the same impact on the Boltzmann-rational policy as positive

linear scaling of R, for all R ∈ R̂ (and that R̂ is closed under positive linear scaling).

This means that, while bτ,γ,β is not ORDτ,γ-robust to misspecification of γ on the

space of all reward functions R, it is robust to misspecification of γ relative to the

set R̂ for this specific transition function and initial state distribution. However, the

reason for this is that there for any γ2 exists a β2 such that bτ,γ2,β(R) = bτ,γ1,β2(R)

for all R ∈ R̂. In other words, for this τ , µ0, and R̂, misspecification of γ is

equivalent to misspecification of β. Thus, restricting R to a smaller set R̂ can in

a sense make a behavioural model f robust to forms of misspecification that it is

not normally robust to. However, this can only happen if R is restricted in such

a way that this misspecification becomes equivalent to a form of misspecification

that f normally is robust to. This means that the setting where R is restricted

ultimately is mostly similar to the setting where R is unrestricted, and that our

results from Chapters 6 and 7 still are directly applicable.

However, this does not mean that it would be uninteresting to identify restrictions

on R that make certain kinds of misspecification less problematic. For example,

Theorem 106 shows that a wide range of behavioural models in principle can be

highly sensitive to arbitrarily small misspecification of the discount parameter,

γ. However, although it is rather contrived, our example above shows that even

arbitrary misspecification of γ can be entirely unproblematic in certain environments,

for certain restricted sets of reward functions. This means that the negative effects

of misspecification, at least in some cases, can be mitigated by incorporating prior

knowledge about the true reward function. By studying the effects of different

types of restrictions on R, we might get a better understanding of what forms of

prior knowledge can help with what forms of misspecification.
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For example, Theorem 105 shows that if fτ is invariant to S ′-redistribution,

and τ1 ̸= τ2, then fτ1 is not ϵ-robust to misspecification with fτ2 as measured by

dSTARC
τ1,γ , for any ϵ < 0.5. The reason for this, intuitively, is that there are reward

functions that differ by S ′-redistribution under τ2, but which have a large distance

under dSTARC
τ1,γ . However, suppose we restrict R to the set R̂ of reward functions

such that if R ∈ R̂, then for all s, a, s1, s2, we have that R(s, a, s1) = R(s, a, s2). In

that case there are no reward functions in R̂ that differ by S ′-redistribution, which

suggests that misspecification of τ might be less problematic relative to this set of

rewards. Similarly, Theorem 106 says that if fγ is invariant to potential shaping,

and γ1 ̸= γ2 (and τ is non-trivial), then fγ1 is not ϵ-robust to misspecification with

fγ2 as measured by dSTARC
τ,γ1 , for any ϵ < 0.5. Again, the reason for this is, intuitively,

that there are reward functions that differ by potential shaping under γ2, but which

have a large distance under dSTARC
τ,γ1 . However, suppose we restrict R to the set R̂ of

reward functions that only reward a single transition (or the set of reward functions

that only are non-zero in a single state, etc). In that case there are no reward

functions in R̂ that differ by potential shaping, which suggests that misspecification

of γ might be less problematic relative to this set of rewards. Investigating the

relationship between misspecification robustness and restrictions on R may thus

be an interesting and fruitful direction for future work.

We think it is also worth remarking on Theorem 104, which says that no

continuous behavioural model is ϵ/δ-separating relative to dSTARC
τ,γ . This also means

that no continuous behavioural model is perturbation robust relative to dSTARC
τ,γ .

The proof of Theorem 104 finds a specific counterexample in the vicinity of the zero

reward, R0, and these kinds of counterexamples could be ruled out by imposing

certain restrictions on R̂. A natural suggestion might be to require that each reward

function in R̂ should be normalised, or perhaps that each reward function in R̂

should have a certain minimum L2-norm, etc. Our next result shows that such

restrictions are insufficient to mitigate Theorem 104:

Theorem 120. Let dR be dSTARC
τ,γ , and let dΠ be a pseudometric on Π which

satisfies the condition that for all δ1 there exists a δ2 such that if L2(π1, π2) < δ2
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then dΠ(π1, π2) < δ1. Let c be any positive constant, and let R̂ be a set of reward

functions such that if L2(R) = c then R ∈ R̂. Let f : R̂ → Π be continuous. Then

f is not ϵ/δ-separating for any ϵ < 1 or δ > 0 on R̂.

Proof. Let R be a non-trivial reward function that is orthogonal to all trivial reward

functions. Since the set of all trivial reward functions form a linear subspace

(Proposition 33 and Theorem 40), such a reward function R exists. Note that R

must not necessarily be contained in R̂.

Since R is non-trivial, we have that dSTARC
τ,γ (ϵR,−ϵR) = 1 for any positive

constant ϵ. Next, let RΦ be some potential-shaping reward function such that

L2(ϵR +RΦ) = c. Since potential shaping does not change the ordering of policies,

we have that dSTARC
τ,γ (ϵR + RΦ,−ϵR + RΦ) = 1. Moreover, since RΦ is trivial, we

have that both ϵR and −ϵR are orthogonal to RΦ, and so L2(−ϵR+RΦ) = c as well.

Since L2(ϵR+RΦ) = L2(ϵR+RΦ) = c, we have that both ϵR+RΦ and −ϵR+RΦ

are contained in R̂.

Let δ1 be any positive constant. By assumption, there exists a δ2 such that if

L2(π1 − π2) < δ2 then dΠ(π1, π2) < δ1. Moreover, since f is continuous, there exists

an ϵ1 such that if L2(R1, R2) < ϵ1, then L2(f(R1), f(R2)) < δ2. Next, note that by

making ϵ sufficiently small, we can ensure that the L2-distance between ϵR+RΦ

and ϵR +RΦ is arbitrarily small (and, in particular, less than ϵ1).

Thus, for any positive δ there exist reward functions ϵR + RΦ and −ϵR + RΦ

that are both contained in R̂, such that dΠ(f(ϵR + RΦ), f(−ϵR + RΦ)) < δ, and

such that dSTARC
τ,γ (ϵR + RΦ,−ϵR + RΦ) = 1. Thus f is not ϵ/δ-separating for any

δ > 0 and any ϵ < 1.

The reason for why Theorem 120 is true is that there are reward functions which

are “nearly” trivial, in the sense that maxπ J(π) ≈ minπ J(π), but which nonetheless

have a large norm — we can find such reward functions by applying potential shaping

and S ′-redistribution to rewards in the vicinity of R0. This does not necessarily

mean that we cannot circumvent Theorem 104 by finding an appropriate restriction

on R, but it does mean that simple normalisation is insufficient for doing so.
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8.4 Making the Analysis Probabilistic

The definitions we have given in Chapter 3 provide what is essentially a worst-

case analysis, in the sense that they require each condition to hold for all reward

functions. However, in certain cases, we may know that R⋆ is sampled from a

particular distribution D over R. In those cases, it may be more relevant to know

whether the learnt reward function RH is similar (in a relevant sense) to the true

reward R⋆ with high probability. In this section, we will discuss this generalisation.

To make this setting a bit more formal, we may assume that we have two reward

objects f, g : R → X and a distribution D over R, that R⋆ is sampled from D,

and that the learning algorithm L observes the data given by g(R⋆). We then

assume that L returns a reward function RH such that f(RH) = g(R⋆), and that L

selects among all such reward functions using some (potentially nondeterministic)

inductive bias. We can then ask whether or not RH ≡P R
⋆ with probability at least

1 − δ, or dR(R⋆, Rh) ≤ ϵ with probability at least 1 − δ, for some δ and ϵ, and some

partition P or pseudometric dR on R. As usual, if f ̸= g, then f is misspecified,

and otherwise f is correctly specified. Moreover, if the learnt reward RH will be

used to compute some object h : R → Y , then we can set P = Am(h).

To some extent, our analysis in Section 8.3 can be used to understand this

setting as well. In particular, suppose we pick a set R̂ of “likely” reward functions

such that PR∼D(R ∈ R̂) ≥ 1 − δ, and such that the learning algorithm L will return

a reward function Rh ∈ R̂ if there exists a reward function Rh ∈ R̂ such that

f(Rh) = g(R⋆). Then if f is P -robust to misspecification with g on R̂, we have that

L will learn a reward function RH such that RH ≡P R
⋆ with probability at least

1 − δ. Similarly, if f is ϵ-robust to misspecification with g on R̂, then L will learn a

reward function RH such that dR(R⋆, RH) ≤ ϵ with probability at least 1 − δ.

So, for example, suppose R̂ is the set of all reward functions that have “low

complexity”, for some complexity measure and complexity threshold. The above

argument then informally tells us that if the true reward function is likely to have

low complexity, and if L will attempt to fit a low-complexity reward function to

its training data, then the learnt reward function will be close to the true reward
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function with high probability, as long as f is robust to misspecification with g

on the set of all low-complexity reward functions. Similarly, if the true reward

function is likely to be sparse, and L will attempt to fit a sparse reward function

to its training data, then we may let R̂ be equal to the set of all sufficiently

sparse reward functions, and so on.

Thus, while our definitions in Chapter 3 give us a worst-case formalisation

of ambiguity and misspecification robustness, it is relatively straightforward to

carry out a more probabilistic analysis within the same framework. In particular,

our results in Section 8.3 directly provide us with results about the probabilistic

setting as well. However, this analysis could probably be extended with more

specific results. Doing so is out of scope for this dissertation, but it may be an

interesting direction for future work.

8.5 Stronger Equivalence Conditions

We have introduced three primary methods for characterising the difference between

two reward functions; the equivalence relations given by ORDτ,γ and OPTτ,γ, and

the pseudometrics given by STARC. Intuitively, ORDτ,γ considers R1 and R2 to be

equivalent if they have the same ordering of policies under τ and γ, and OPTτ,γ

considers R1 and R2 to be equivalent if they have the same optimal policies under

τ and γ. Similarly, STARC metrics consider R1 and R2 to be similar if they have

a similar ordering of policies under τ and γ.

It is worth noting that all of these are parameterised in terms of τ and γ;

this means that ORDτ,γ only requires R1 and R2 to have the same ordering of

policies in one particular environment, and so on. Moreover, two reward functions

can have the same policy order in one environment, without having the same

policy order in a different environment. To see this, note that Theorem 40 says

that R1 and R2 have the same ordering of policies if and only if R1 and R2

differ by potential shaping, S ′-redistribution, and positive linear scaling, and these

transformations are parameterised by τ and γ. Thus, while R1 ≡ORDτ,γ R2 ensures
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that R1 and R2 are equivalent under τ and γ, it does not guarantee this for other

transition functions or discounts.

To guarantee robust transfer learning, one may therefore wish to consider stronger

equivalence relations. Unfortunately, the reward learning methods that we consider

are unable to ensure that the learnt reward function has such guarantees (see

Section 5.4), which makes it redundant to consider stronger equivalence relations

or metrics than those we have already presented. Nonetheless, for the sake of

completeness, we will briefly discuss how to create stronger equivalence relations on

R. First, let ORD⋆ be the equivalence relation according to which R1 ≡ORD⋆ R2

if and only if, for any state s, we have that

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ Eξ∼D1 [G2(ξ)] ≥ Eξ∼D2 [G2(ξ)]

for all distributions D1, D2 over trajectories that start in s. This means that

if R1 ≡ORD⋆ R2, then R1 and R2 induce the same preferences over all policies

for all transition functions τ — indeed, this will hold even if we permit τ to be

non-Markovian, etc. To characterise ORD⋆, we will make use of the following lemma:

Lemma 121. Let Ξ = (S×A)ω be the set of all trajectories, and let d : Ξ × Ξ → R

be the function given by d(ξ1, ξ2) = 0 if ξ1 = ξ2, and else d(ξ1, ξ2) = 1
et , where t is

the smallest index on which ξ1 and ξ2 differ. Then (Ξ, d) is a compact metric space.

Proof. We must first show that d is a metric, which requires showing that it satisfies

the following:

1. Indiscernibility of Identicals: d(ξ1, ξ2) = 0 if ξ1 = ξ2.

2. Identity of Indiscernibles: d(ξ1, ξ2) = 0 only if ξ1 = ξ2.

3. Positivity: d(ξ1, ξ2) ≥ 0.

4. Symmetry: d(ξ1, ξ2) = d(ξ2, ξ1).

5. Triangle Inequality: d(ξ1, ξ3) ≤ d(ξ1, ξ2) + d(ξ2, ξ3).
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It is straightforward to see that 1-4 hold. For 5, let t be the smallest index on

which ξ1 and ξ3 differ. Note that if d(ξ1, ξ3) > d(ξ1, ξ2) and d(ξ1, ξ3) > d(ξ2, ξ3),

then it must be the case that ξ1[i] = ξ2[i] for all i ≤ t, and that ξ2[i] = ξ3[i] for

all i ≤ t. However, this is a contradiction, since it would imply that ξ1[t] = ξ3[t].

Thus either d(ξ1, ξ3) ≤ d(ξ1, ξ2) or d(ξ1, ξ3) ≤ d(ξ2, ξ3), which in turn implies that

d(ξ1, ξ3) ≤ d(ξ1, ξ2) + d(ξ2, ξ3).

Thus d is a metric, which means that (Ξ, d) is a metric space. Next, we will

prove that (Ξ, d) is compact. We will do this by showing that (Ξ, d) is totally

bounded and complete.

To see that (Ξ, d) is totally bounded, let ϵ be an arbitrary positive real number,

and let t = ln(1/ϵ), so that ϵ = 1/et. Moreover, let s and a be an arbitrary state

and action, and let Ξ̂ be the set of all trajectories ξ such that ξ[i] = ⟨s, a⟩ for all

i > t (but which may include arbitrary transitions before time t). Now Ξ̂ is finite,

and for every trajectory ξ1 there is a trajectory ξ2 ∈ Ξ̂ such that d(ξ1, ξ2) ≤ ϵ (given

by letting ξ2[i] = ξ1[i] for all i ≤ t). Thus, for every ϵ > 0, we have that (Ξ, d) has

a finite cover. This means that (Ξ, d) is totally bounded.

To see that (Ξ, d) is complete, let {ξi}∞
i=0 be a Cauchy sequence. This implies

that for every ϵ > 0 there is a positive integer N such that for all n,m ≥ N we have

d(ξn, ξm) < ϵ. In our case, this means that there, for each time t is a positive integer

N such that for all n,m ≥ N , we have that ξn[i] = ξm[i] for all i ≤ t. We can thus

define a trajectory ξ∞ by letting ξ∞[i] = ⟨s, a⟩ if there is an N such that, for all

n ≥ N , we have that ξn[i] = ⟨s, a⟩. Now limi→∞{ξi}∞
i=0 = ξ∞, and ξ∞ ∈ (Ξ, d).

Thus every Cauchy sequence in (Ξ, d) has a limit that is also in (Ξ, d), and so (Ξ, d)

is complete.

Every metric space which is totally bounded and complete is compact. Thus,

(Ξ, d) is a compact metric space.

We can now characterise ORD⋆ as follows:

Proposition 122. R1 ≡ORD⋆ R2 if and only if R1 and R2 differ by potential shaping

and positive linear scaling.
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Proof. Fix a state s. It is now straightforward that

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ Eξ∼D1 [G2(ξ)] ≥ Eξ∼D2 [G2(ξ)]

for all distributions D1, D2 over trajectories that start in s, if and only if G1 and

G2 differ by an affine transformation for all trajectories starting in s. Moreover,

this corresponds exactly to potential shaping and positive linear scaling of R, as

per Proposition 31 and 32. Furthermore, since this condition holds for all s ∈ S

whenever it holds for one s ∈ S, this means that R1 ≡ORD⋆ R2 if and only if R1

and R2 differ by potential shaping and positive linear scaling.

We will next show rigorously that

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ Eξ∼D1 [G2(ξ)] ≥ Eξ∼D2 [G2(ξ)]

for all distributions D1, D2 over trajectories that start in s, if and only if G1 and

G2 differ by an affine transformation for all trajectories starting in s. For the first

direction, suppose there is an a ∈ R+ and a b ∈ R such that G2(ξ) = a ·G1(ξ) + b

for all trajectories ξ that start in s. Then Eξ∼D [G2(ξ)] = a · Eξ∼D [G1(ξ)] + b for

all distributions D over trajectories that start in s, by the linearity of expectation.

This in turn implies that

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ Eξ∼D1 [G2(ξ)] ≥ Eξ∼D2 [G2(ξ)]

for all distributions D1, D2 over trajectories that start in s, since

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ a · Eξ∼D1 [G1(ξ)] + b ≥ a · Eξ∼D2 [G1(ξ)] + b.

For the other direction, suppose

Eξ∼D1 [G1(ξ)] ≥ Eξ∼D2 [G1(ξ)] ⇐⇒ Eξ∼D1 [G2(ξ)] ≥ Eξ∼D2 [G2(ξ)]

for all distributions D1, D2 over trajectories that start in s. Next, let Ξ = (S×A)ω

be the set of all trajectories, and let d : Ξ × Ξ → R be the function given by

d(ξ1, ξ2) = 1
et , where t is the smallest index on which ξ1 and ξ2 differ, or 0 if ξ1 = ξ2.

As per Lemma 121, (d,Ξ) is a compact metric space. Moreover, it is easy to see that
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this still holds if we restrict Ξ to the set of trajectories Ξs that start in s, and that G1

is continuous with respect to the metric d. As per the extreme value theorem, this

implies that there are two trajectories ξ1, ξ2 ∈ Ξs such that G1(ξ1) ≤ G1(ξ) ≤ G1(ξ2)

for all ξ ∈ Ξs. Next, if G1(ξ1) = G1(ξ2), then G1(ξ) = G1(ξ′) for all ξ, ξ′, in

which case G2(ξ) = G2(ξ′) for all ξ, ξ′ as well. In this case, simply let a = 1 and

b = G2(ξ) −G1(ξ). Otherwise, let

a = G2(ξ2) −G2(ξ1)
G1(ξ2) −G1(ξ1)

,

and let b = G2(ξ1) − a ·G1(ξ1). By rearranging, we see that G2(ξ1) = a ·G1(ξ1) + b

and G2(ξ2) = a ·G1(ξ2) + b. Moreover, let ξ be an arbitrary trajectory in Ξs. The

intermediate value theorem now implies that there is a p ∈ [0, 1] such that

(1 − p) ·G1(ξ1) + p ·G1(ξ2) = G1(ξ).

Moreover, since (1 − p) · G1(ξ1) + p · G1(ξ2) grows monotonically in p, this value

must be unique. We can now consider the distribution D1 over Ξs that returns

ξ2 with probability p, and ξ1 otherwise, and the distribution D2 that returns

ξ with probability 1. This means that Eξ∼D1 [G1(ξ)] = Eξ∼D2 [G1(ξ)], and so

Eξ∼D1 [G2(ξ)] = Eξ∼D2 [G2(ξ)]. In other words,

(1 − p) ·G2(ξ1) + p ·G2(ξ2) = G2(ξ),

which in turn implies that

(1 − p) · (a ·G1(ξ1) + b) + p · (a ·G1(ξ2) + b) = G2(ξ).

By rearranging, and simplifying, we get that

a · ((1 − p) ·G1(ξ1) + p ·G1(ξ2)) + b = G2(ξ)

and so G2(ξ) = a ·G1(ξ) + b. Since ξ was chosen arbitrarily, this holds for all ξ ∈ Ξs.

This completes the other direction.
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Moreover, we would like to remark on a minor subtlety. One might expect

that the equivalence relation ≡Ω according to which R1 ≡Ω R2 if and only if

R1 ≡ORDτ,γ R2 for all τ , is the same as ORD⋆. However, this is not the case. To

see this, consider the rewards R1, R2 where R1(s1, a1, s1) = 1, R1(s1, a1, s2) = 0.5,

R2(s1, a1, s1) = 0.5, and R2(s1, a1, s2) = 1, and where R1 and R2 are 0 for all other

transitions. Now R1 and R2 do not differ by potential shaping and linear scaling, yet

they have the same policy order for all τ . The reason for this is that ORD⋆ considers

all distributions over ξ, and that not all of these distributions can be realised by

some policy π and some transition function τ . Characterising ≡Ω would therefore

require a more careful analysis of the impact of changing the transition function τ .



Information is closely associated with uncertainty. The
information I obtain when you say something to me
corresponds to the amount of uncertainty I had, previous
to your speaking, of what you were going to say.

— Claude Shannon, 1953.

9
Discussion

In this chapter, we discuss the impact and significance of our results, their limitations,

and how they may be extended and expanded upon in future work.

9.1 Impact and Significance

We have shown that both the partial identifiability as well as the misspecification

robustness of behavioural models in IRL can be both quantified and understood.

Specifically, we have fully characterised the partial identifiability (or the ambiguity)

of the reward function under the three standard behavioural models, and we have

fully characterised all forms of misspecification that these behavioural models

are robust to. Moreover, we have shown that these results can be used to gain

an intuitive insight into the practical consequences of partial identifiability and

misspecification in IRL.

Our results show that the ambiguity of the reward function under the Boltzmann-

rational model and the MCE model is low as long as the learnt reward function is

evaluated in the training environment, whereas the ambiguity under the optimality

model is larger. Moreover, and perhaps surprisingly, we have shown that each of

these models can be too ambiguous to guarantee that the learnt reward function

184
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robustly leads to desirable behaviour in new environments (namely, environments

where the transition function τ or discount γ differ from the training environment).

We have shown that the optimality model lacks robustness to any kind of mis-

specification, whereas both the Boltzmann-rational model and the MCE model are

robust to several forms of misspecification, where the exact forms of misspecification

they are robust to depends on how we quantify the error in the learnt reward

function. However, we have shown that none of these behavioural models are robust

to even slight misspecification of the transition function τ or the discount function

γ. Moreover, we have shown that very minimal assumptions about the behavioural

model are needed to obtain this result, which means that new behavioural models

are likely to also have this property. We find this quite surprising, as in the

reinforcement learning literature the discount γ is typically selected in a somewhat

arbitrary way, and it can often be difficult to establish post-facto which γ was

used to compute a given policy. The fact that τ must be specified correctly is

somewhat less surprising (considering, for instance, the examples discussed by

Freedman, Shah, and A. Dragan, 2020), yet important to have established. We

have also shown that none of these behavioural models are robust to arbitrarily

small perturbations of the observed policy. We have similarly needed very minimal

assumptions about the behavioural model to obtain this result, which means that

this result also is likely to generalise to new behavioural models.

In addition to these contributions, we have also derived several powerful formal

tools that can be used in the analysis of reward learning algorithms. First of all, in

Chapter 4, we have provided a wide range of useful results about the properties of

reward functions. Notably, we have introduced STARC metrics, shown that these

pseudometrics induce both an upper and a lower bound on worst-case regret (see

Definitions 43 and 44), and that they are unique in doing so. Thus, STARC metrics

are an appropriate tool for analysing the properties and performance of reward

learning algorithms. We have also provided necessary and sufficient conditions that

describe when two reward functions have the same optimal policies, or the same

ordering of policies, and we have elucidated the properties of many important forms
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of reward transformations. In addition to this, we have provided several powerful

lemmas in Chapter 3, that are useful for proving results about partial identifiability

and misspecification robustness. We expect these results and contributions to be

useful for further theoretical analysis of reward learning algorithms, beyond the

analysis that we have carried out in this paper.

Our analysis provides a first step towards answering the more general question

of how sensitive IRL is to misspecification of the behavioural model. Our results

show that a very wide range of behavioural models — including all the three

behavioural models that are most common in the current IRL literature — can

be highly sensitive to some types of misspecification, namely misspecification of

the transition function τ or discount factor γ, or perturbations of the observed

policy. These results indicate that IRL in general can be highly sensitive to

misspecification of the behavioural model. This provides a cautionary lesson on

the prospects of IRL as a tool for accurate preference elicitation. The relationship

between human preferences and human behaviour is very complex, and while it is

certainly possible to create increasingly accurate models of human behaviour, it

will never be realistically possible to create a behavioural model that is completely

free forms of misspecification. Therefore, if IRL is unable to guarantee accurate

inferences under even mild misspecification of the behavioural model, then we

should expect it to be very difficult to guarantee that IRL reliably will produce

accurate inferences in real-world situations. Our results suggest that IRL should be

used cautiously, and that the learnt reward functions should be carefully evaluated

(as done by e.g. Michaud, Gleave, and Russell, 2020; Jenner and Gleave, 2022).

This also means that we need IRL algorithms that are specifically designed to be

more robust to misspecification, such as e.g. that proposed by Viano et al. (2021).

It may also be fruitful to combine IRL with other data sources, as done by e.g.

Ibarz et al., 2018b, or consider policy optimisation algorithms that conservatively

assume that the reward may be misspecified, as done by e.g. Krakovna, Orseau,

Kumar, et al. (2018), Krakovna, Orseau, Ngo, et al. (2020), Turner, Ratzlaff, and

Tadepalli (2020), and Griffin et al. (2022).
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9.2 Limitations and Further Work

There are several ways to extend our work. First of all, our analysis has primarily

focused on the three behavioural models that are most common in the current

IRL literature (namely optimality, Boltzmann-rationality, and MCE optimality).

One way to extend our work is to consider broader classes of behavioural models,

or behavioural models that are more realistic. For example, there is an extensive

body of work in the behavioural sciences that suggests that human behaviour (and

that of many other animals) are better modelled using hyperbolic discounting,

rather than exponential discounting for example, see Thaler, 1981; Mazur, 1987;

Green and Myerson, 1996; Kirby, 1997; Frederick, Loewenstein, and O’Donoghue,

2002. However, the three standard behavioural models are all based on exponential

discounting. It would therefore be interesting to extend our analysis to behavioural

models that are based on hyperbolic discounting (or other kinds of discounting).

Similarly, humans typically exhibit risk-averse behaviour, according to which losses

are given a greater weight than gains, and this is not modelled by any of the three

standard behavioural models. Therefore, it would also be interesting to extend

our analysis to behavioural models that incorporate current models of human risk-

aversion, such as prospect theory (Kahneman and Tversky, 1979). Alternatively,

our analysis could also be extended by deriving results that apply to very wide

classes of behavioural models, obtained by raising minimal assumptions (as we

do in e.g. Sections 5.4 and 6.2).

Another way to extend our work is to consider other equivalence relations or

other pseudometrics on R. Much of our analysis has been based on the equivalence

relations given by ORDτ,γ and OPTτ,γ, as well as on STARC metrics. Note that

we have shown that any pseudometric on R that gives rise to both an upper

and a lower bound on worst-case regret must be bilipschitz equivalent to STARC

metrics, so these pseudometrics must have a degree of canonicity. However, our

definition of regret is quite strong: it may thus be possible to create more permissive

pseudometrics, by allowing them to induce guarantees that are weaker than a
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worst-case regret bound. There may also be other interesting equivalence relations

on R that it would be worthwhile to study, besides ORDτ,γ and OPTτ,γ.

Next, our work has assumed that the environment is described by a single-

agent MDP. An interesting extension would be to considering more general classes

of environments, such as multi-agent environments, environments with partial

observability, environments with non-Markovian dynamics, or environments where

the actions of the agent may be predicted in advance (as done by e.g. Bell et al.,

2021). We have also assumed that S and A are finite. However, this does not

hold in continuous environments, which are common in practice, and so it may be

interesting to lift this assumption as well. Note that such extensions also would

require the results in Chapter 4 to be generalised.

Another interesting direction for future work is to extend our analysis in

Chapter 8, by more carefully considering the consequences of imposing restrictions

on the set of rewards R, or the consequences of using a probability distribution over

R, and demanding that the learnt reward RH is close to the true reward R⋆ with

high probability. We provide a range of results regarding these settings in Chapter 8.

However, these results are somewhat preliminary, and it seems likely that it would

be possible to draw additional interesting conclusions if these settings are explored

more extensively. In Chapter 8, we also provide a more detailed discussion of a

few different ways in which this could be done.

Furthermore, our analysis primarily concerns the asymptotic behaviour of IRL

algorithms, in the limit of infinite data. Thus an interesting extension could study

the properties of IRL algorithms in the case of finite data (as done by e.g. Metelli,

Lazzati, and Restelli, 2023). Finally, whilst our analysis has been theoretical, it

could be insightful to study the impact of misspecification in IRL from an empirical

angle (as done by e.g. Chan, Critch, and A. Dragan, 2021).
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